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ABSTRACT 

Industrial symbiosis (IS) involves the repurposing of waste and by-product streams from one chemical 

industry as feedstock to another.  Given the growing environmental and economic concerns, it has 

become increasingly difficult for industries not to participate in IS. This has encouraged much research 

into the field, with IS network design being an important optimisation problem in the research space. 

However, challenges are associated with the creation of IS networks, with transportation costs and 

resource distribution being key factors. Furthermore, solution strategies are usually complex and neglect 

the structural features of the network. 

A possible solution is the use of graph theory for IS network creation. It was hypothesized that structural 

features of an IS network can evaluate the effect of distribution policies on IS networks created by graph 

matching algorithms. The Simplex method (SM), Edmonds-Karp algorithm (FF), and the Hungarian 

method (HM) were adapted to model IS networks, with the intention to establish a ranking in the 

suitability in creating IS networks. The adaption rendered the algorithms applicable to feasible IS 

network discovery under different distribution policies.  

This graph-based approach allowed for the seamless extraction of the network features as graph metrics. 

Rigorous testing of the adapted algorithms’ performance using graph metrics was done by simulating 

numerous IS scenarios. It was found that HM identified connections that, on average, minimised 

transportation costs to the greatest extent. The HM created networks with the smallest travelling 

distance than those of SM and FF, showing a 9 % and 6.06 % lower value than SM and FF, respectively. 

Furthermore, HM-IS networks created more stable and fair networks, which was inferred from the graph 

metrics. 

To confirm the HM’s apparent superiority in IS network creation, a case study was simulated with the 

defined distribution policies being modelled from the matching features. Each distribution policy was 

quantified as a cost from which it was found that HM-IS networks had a 72.5 % and 74.9 % lower 

overall distribution cost than FF-IS networks and SM-IS networks, respectively. It was concluded that 

HM is the most suited for IS network creation and that graph-based modelling of IS is a feasible 

approach. 
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1 INTRODUCTION 

There is a growing concern on the political and social landscape on the consequences economic 

development has had on the environment. This has resulted in sustainable development becoming a key 

feature in government policies (Gibbs, 2008). Such measures are necessary to be taken since, in the 

absence of regulation, individuals overexploit the environment to their own advantage (Stavropoulos et 

al., 2018) resulting in the depletion of natural resources. The concept of sustainable development has 

been the basis of a significant body of research into industrial development with initiatives being taken 

that are aimed at increasing business success and preserving the natural environment (Boix et al., 2015). 

While process optimisation has been implemented successfully in the past, with improvements made in 

terms of environmental performance and profitability, there exists a limit due to controllability and 

flexibility criteria (Marton et al., 2016). Hence, solutions are required that lead to greater environmental 

and economic sustainability. Efforts to reconcile economic, social and environmental concerns 

culminated into the emergence of Industrial ecology (Gibbs, 2008).  

Industrial ecology (IE) may be defined as a multi-disciplinary research field that seeks to contribute to 

sustainable development by closing materials cycles and realising a paradigm shift in industrial activity 

(O'Rourke et al., 1996). Frosch and Galllopoulos (1989) were early proponents of IE and explained that 

a more integrated model should replace the traditional linear individual manufacturing processes. An 

industrial ecosystem is needed that adopts a system view to optimise the raw materials usage, energy 

usage and capital. IE is a broad field with several traditional methods established to the study and 

development of IE. A promising method is Industrial symbiosis, a subfield of IE that has been described 

as a viable approach for the improvement of companies’ operational and environmental performance 

(Clift and Druckman, 2015) and is the focus of this study. 

Industrial symbiosis (IS) allows traditionally separate industries in geographical proximity to exchange 

energy and material flow as a collective approach to competitive advantage (Chertow, 2000). The waste 

streams or by-products of one plant can be used as a raw material to another thereby increasing 

profitability and environmental sustainability. Industrial symbiosis finds its analogy in biological 

systems in which there exists a symbiosis between different species such that the relationship results in 

mutual benefit (Schwarz and Steininger, 1997) . It is a field that allows for a systematic approach to 

sustainable development. IS has been shown to be a strong proponent for the achievement of waste 

minimisation and resource efficiency without negatively impacting economic growth (Martin and 

Harris, 2018) . Since industrialisation plays a key role in long-term economic growth (Haraguchi et al., 

2019), adopting IS presents itself as the middle path to ensuring that such a role remains viable without 

comprising the state of the environment (Neves et al., 2020). 
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IS has developed as a natural consequence to the economic and political pressure experienced by 

companies from all stakeholders. The idea of industrial relationships mimicking organic relationships 

found in nature was put forth by George Renner in 1947 (Zhang et al., 2015). The successful realisation 

of this idea came in the form of industrial exchanges in Kalundborg, Denmark, shown in Figure 1-1, 

where a group of companies decided to participate in resource exchanges due to the low availability of 

groundwater and has since allowed for the realisation of high levels of environmental and economic 

efficiency by the participants (Chertow and Ehrenfeld, 2012). Since then, many IS cases have developed 

over the years, especially in countries like China, Japan, UK, Algeria and USA, to name a few (Neves 

et al., 2020). 

 

Figure 1-1: The Industrial Symbiosis of Kalundborg, Modified from Chertow and Portlock (2002). 

This has encouraged much research into the field, with the design of Eco-Industrial Parks (EIPs) as an 

optimisation problem being a key research area. EIPs are industrial parks in which a collaboration 

occurs between the businesses in the park with the sole purpose of minimising material and energy 

waste through an exchange network of these waste streams. The result is the reduction in environmental 

impact without compromising profit (Kastner et al., 2015). Chertow (2007) has classified two models 

of symbiosis: 

 Planned EIP model 

 Self-organising symbiosis model  
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In a planned EIP model, there is an effort to identify companies from different industries before locating 

them together, whereas in a self-organised symbiosis model, companies are motivated to exchange 

waste streams and resources for business expansion and cost reduction, to name a few (Chertow, 2007). 

In both cases, close geographical proximity is a necessary precursor with some authors even stating it 

is critical to the success of IS (Christesen et al., 1999). Without incurring the cost of developing a 

planned EIP or limiting symbiosis to companies already in geographical proximity, Virtual Eco-

Industrial Parks (VEIPs) can be created. VEIPs stretch beyond the traditional boundaries of IS whereby 

the exchange of waste material and energy occurs across industries that are not collocated (Zhang et al., 

2015) .   

When it comes to the identification of inter-company exchanges and design of IS networks, the research 

efforts can be split into two general approaches: 

 Pinch analysis methods 

 Mathematical programming optimisation 

Pinch analysis consists of a set of methods that have been used in process industries to reduce energy 

demands and is based on thermodynamic principles. It is a set of systematic methods aimed at improving 

heat recovery energy use in process plants.  Initially developed for heat integration in a processing plant, 

different variations were developed for different fields after analogies were created from the thermal 

pinch (Nemati-Amirkolaii et al., 2019). Mass and water pinch are the most successful extensions of the 

thermal pinch (Klemeš et al., 2018). Both mass and water pinch are concerned with the minimisation 

of scarce resources, such as water, while still ensuring that the processes operate in the most cost-

efficient way.  

The difference between the water and mass pinch is that while both are applicable to water minimisation 

problems, mass pinch is also concerned with the design of the mass exchange units (Isafiade and Short, 

2019). Water pinch has been used to minimize freshwater usage and wastewater generation. The 

approach has been used extensively for the design of EIP networks. In these networks, inter-plant 

integration is achieved by the optimisation of water networks between the companies. The optimisation 

for these works involves the optimal distribution, treatment, and discharge of water between the 

processing units of the participating companies (Boix et al., 2015).  

However, the vision of IS is far more extensive than this. Multiple objectives can be achieved in the 

creation of an IS, where the triple bottom line for all participating companies can be met. This, however, 

adds several layers of complexity with social, environmental, and economic objectives often conflicting 

(Boix et al., 2015). This type of complexity usually necessitates the use of mathematical programming 

optimisation techniques, which include Mixed-Integer Linear Programming (MILP), Non-linear 

programming (NLP), and Mixed-Integer-Non-linear programming (MINLP) (Kantor et al., 2020). 
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Mathematical programming, in this context,  is a mathematical representation that reflects the aim of 

planning the optimal allocation of scarce resources. It is a well-developed branch of Operations 

Research (OR), a field that is concerned with the management of organisations by scientific methods 

(Hillier and Lieberman, 2010). The mathematical representation of the problem is a model which 

encompasses the constraints imposed on the problem as functional constraints and reflects the over-

arching policy that governs the problem as an objective function equation. The model can solve 

maximization and minimisation problems by finding the global extreme value of the problem within 

the feasible region defined by the constraints of the problem.  

Whether the functional constraints or objective function equation are linear or nonlinear determines 

whether it is a nonlinear program or not. Linear programs (LP) are those programs in which the variables 

are continuous, and both the constraint and objective function are linear. If some variables are restricted 

to integer values, then the model is said to be a mixed-integer linear program, requiring more complex 

solution strategies than its LP equivalent. The solution techniques to solving MILP centre around 

relaxations and the approaches listed below: 

• Branch-and-bound methods 

• Cutting plane methods 

• A combination of the above methods 

Relaxations involve the solving of the relaxed version of the problem, which is generally easier to solve, 

such that the solution provides a bound on the solution of the MILP. A common relaxation is the LP 

relaxation for MILP problems (Smith and Taskin, 2008). This involves solving the mathematical model, 

without imposing integer restrictions and using branch-and-bound methods and/or cutting plane 

methods to create subproblems until an optimal LP solution is rendered with all discrete variables taking 

on integer values. Most Premium MILP solvers, like CPLEX, use a combination of branch-and-bound 

and cutting plane techniques (Smith and Taskin, 2008).   

All these methods that concern the design of an optimal IS network ultimately result in the creation of 

relationships between a set of suppliers and consumers. Depending on the nature of the symbiosis, the 

inter-relations can prove to be quite complex in terms of the number of connections and the exchange 

types (material or energy exchanges). The creation, analysis, and improvement of these complex inter-

relations may be possible with graph theory due to its suitability in modelling systems that can be 

abstracted as a network (Ahmed et al., 2016, Mizuno and Ishida, 2016, Richardson and Thomson, 1996).  

Graph theory is the study of graphs, which are mathematical structures used to represent pairwise 

relations between objects. The objects are represented as vertices (points) and edges are the 

lines/connections that define the relationship between the objects. There are many types of graphs, 

however, there are but a few relevant to this research.  
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Formally, a graph 𝐺 = 𝐺 (𝑉, 𝐸) is a set of vertices 𝑉 connected by a set of edges 𝐸. The graph edges 

can either be undirected or directed (arcs), as shown in Figure 1-2. A simple graph is one that has no 

parallel edges or loops. Parallel edges connect the same vertices at their end points, whereas loops are 

edges with its endpoints attached to one vertex only. Vertices are said to be adjacent if they are 

connected by an edge/ directed arc.  

 

Figure 1-2: A basic example of an undirected graph (left) and a directed graph (right). 

One can attribute the work of Leonhard Euler on the Königsberg bridge problem in 1736 as the initial 

literature of graph theory and the beginning of the field (Kruja et al., 2001). Ever since then, much study 

was devoted to investigating different types of graphs and their mathematical properties. For example, 

it was the work of Euler on the Königsberg bridge problem that resulted in his conclusion that there 

was no path that crossed each of the seven bridges exactly once, exposing the nature that the geometric 

position afforded the problem and resulted in the creation of Eulerian graphs as seen in Figure 1-3. A 

Eulerian graph contains a path, consisting of a sequence of graph edges, that starts and ends at a vertex 

𝑢 and contains every edge in the graph, with the set of traversed graph edges being distinct.  

 

Figure 1-3: Konigsberg bridge problem as shown as a town (a), schematic representation (b) and graph 

theoretic representation by Euler (c), as extracted from the paper by Amaral and Ottino (2004). 
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A path can be defined as a sequence of vertices and edges, of the form [𝑣଴௜, 𝑒௜௝ , 𝑣௝௞ , 𝑒௞௟ , …] and describes 

the traversal of all edges in the graph with no edge being traversed more than once and no vertex being 

visited more than once, unless it is the starting vertex. Euler found that no such path exists in the case 

of the Konigsberg bridge problem.  

For the case of industrial symbiosis, a graph 𝐺 can be used to represent the IS, with companies being 

represented as the vertices 𝑉 and the edges 𝐸 used to represent the connections between them. After the 

design of the IS network with MP methods or pinch methods, a set of edges between the vertices of the 

graph represents the pairings made between companies. It would seem that the simplicity that graph 

theory affords in visualising IS networks is the reason that graph-theoretic modelling is commonly used 

in IS studies, either for facilitating the optimisation process using MP methods, or for providing 

descriptive and prescriptive analysis. The latter is made possible by Social Network Analysis (SNA), a 

popularised instance of network analysis, and has been used mostly to study the structural 

characteristics of IS networks (Fraccascia and Giannoccaro, 2020).  

 

Figure 1-4: The social network structure and betweenness centrality of different firms in the Guijao IP, 

extracted from the paper by Song et al. (2018). 

SNA studies are mostly focused on already implemented cases of IS and consists of quantitative 

measures used to formulate qualitative concepts related to the stability, resilience and robustness of 

networks. This is done using graph metrics, which are structural attributes extracted from the IS 

network, after it has been represented by a graph/network, as seen in Figure 1-4. The relationships that 

exist between the companies can be anything from material and energy flows to financial transactions 

(Schiller et al., 2014). Common metrics used can be summarised as either indicating “degree”, 

“closeness” or “betweenness” (Khakzad and Reniers, 2015), which are used in different extents to infer 

network stability, resilience, and ease of communication and has been used in engineering applications 

to assess cascading effects in process plants and hazardous environments (Khakzad et al., 2017, 

Khakzad and Reniers, 2015).  
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The growing interest and literature in graph theory naturally led to its introduction into its modern 

application of Operations Research (O.R). During World War 2 O.R was concerned with military 

management and focused on research into military organisations. O.R applies the scientific method for 

solving problems that are encountered by organisations. The problem in World War 2 was the difficulty 

in assigning available resources in a way that was most optimal to the organisation (the military) and 

this gave rise to O.R. This is similar to specific cases of IS, where the resource in question may be a 

scarce resource or energy and the task is to distribute the resource in the organisation (companies in the 

IS) in an optimal way.  

Since the 1950’s, its scope increased to the commercial and industrial sector (Hillier and Lieberman, 

2010) with advancements made due to contributions by researchers and computing power. An important 

problem in OR is the network flow problem, which is concerned with the minimisation of the cost of 

moving materials through a network from the initial location of the materials to the locations where the 

demand for the materials exist (Vanderbei, 2020). Three specialised versions of the network problem 

are the transportation problem, maximal flow problem and the optimal assignment problem.  

The transportation problem is concerned with determining the minimum transportation cost of 

distributing a single resource from a set of sources to a set of destinations. The transportation problem 

can be adapted to the case of IS, where the set of sources represent supplier companies of a resource, 

and the set of destinations represents that the consumer companies of the resource. The maximal flow 

problem is concerned with finding the maximum allowable flow of goods in a network from the starting 

location (source) to the destination (sink). This is relevant in the case of IS for situations where the 

maximal distribution of waste or resource material is required  

The assignment problem can be explained in the form of an analogy. Given that there are 𝑚 jobs and 

𝑚 employees, with each employee costing the company a certain cost of money for each job he/she is 

assigned to, find the optimal assignment of employees to jobs such that the total cost to the company is 

minimized. This is similar to IS, where the goal is to create optimal connections between suppliers 

(employees) and consumers (jobs) in such a way that the cooperative benefits received is maximised 

(cost of assignment is minimised). Not only are these three network flow problems relevant in the case 

of IS, but they also have strong graph representations. Of specific interest is the representation of these 

problems as bipartite graphs. 

Bipartite graphs have been used to model the assignment problem and the transportation problem. A 

bipartite graph can be defined as a graph whose vertices can be split into two distinct sets and are 

connected by the set of graph edges such that adjacent vertices belong to a different vertex set. A 

bipartite graph is presented in Figure 1-5. The collection of edges that define the adjacent vertices is 

called the cut set 𝐶̅. For the case of IS, this collection of graph edges may represent the connections and 
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resource exchanges made between supplier companies, as represented by the set of vertices 𝑈 in Figure 

1-5, and the consumer companies (vertex set 𝑉). 

While traditionally, a matching 𝑀 is the set of graph edges in a bipartite graph in which a vertex is 

incident to exactly 1 edge in 𝑀, for the purposes of this study, a matching 𝑀 will be defined as the set 

of graph edges that connect adjacent vertices in a bipartite graph. Depending on the application, a 

bipartite matching will represent the best pairings of vertices from disjoint sets of vertices.  

 

 

Figure 1-5: An example of a bipartite graph 𝐺 = 𝐺 (𝑈 ∪ 𝑉, 𝐸). 

The graph representation for the maximal flow problem is represented by a graph/network, with the 

vertices representing the starting location (source), destination (sink), and intermediate locations. The 

graph edges defining the allowable paths from the starting location to the destination. This graph is 

called a flow network and can be created from a bipartite graph with the addition of a source vertex, 

sink vertex and the corresponding graph edges between these added vertices and the original vertices 

of the bipartite graph. This is illustrated in Figure 1-6, showing that one can still use maximal flow 

algorithms for IS problems once the problem is represented as a bipartite graph.   

 

Figure 1-6: Conversion of an IS problem (as a bipartite graph) to a flow network for the application of 

the maximal flow problem. 
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A bijection is the matching 𝑀 for the assignment problem and is, therefore, a subset of the set of graph 

edges 𝐸. So as to differentiate between the types of matchings made from the transportation problem 

and the assignment problem, it is beneficial to define algorithms that creates a bijection as a bijective 

matching algorithm.  

For the creation of an IS network, pairings must be made between suppliers and consumers in a way 

that is environmentally and economically feasible and should also capture social objectives. This makes 

the IS problem a multi-objective problem (Yeşı̇lkaya et al., 2020) and usually calls for complex solution 

strategies to find a globally optimal solution or Pareto-optimal solutions. An instance of this is the 

creation of an IS network that is optimal with respect to transportation costs and distribution of waste 

by-product material. While this problem may be solved using linear programs and O.R methods, there 

are many problems in OR that are NP-Complete. This means that there currently exists no polynomial-

time algorithm/method to solve the problem and is noted to be one of the hardest problems in NP 

(Foulds, 1982). There are few options one can explore when faced with an NP-Complete problem and 

they are: 

1. Develop a methodology to efficiently solve for the optimal solution 

2. Find algorithms to solve special cases of the problem 

3. Solve for relaxed versions of the problem 

4. Devise an algorithm that runs in polynomial time, more often than not 

5. Provide heuristics that renders feasible, but not necessarily optimal, solutions 

The first approach is unrealistic due to the NP-Completeness of the problem. The second and third case 

may render results, however, the very fact that the problem is altered means the solution is that of an 

artificial problem. The fourth case is the best option with the second-best option being the fifth approach 

(Foulds, 1982). Graph-theoretic modelling allows for the difficult problem to be represented in a way 

where the structure that results from the modelling approach can be exploited such that at least one of 

the five approaches listed above may be achieved (Foulds, 1982).  

In this way, graph-theoretic modelling allows for robust methods to be explored for the solving of 

difficult problems. Given the link between IS and the network flow problems, it can be said that the 

flexibility of graph-theoretic modelling, and the strong graph-theoretic representation of the network 

flow problems, makes the application of graph theory for the creation of IS networks a promising 

approach.  
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2 LITERATURE REVIEW 

For more than 50 years, IS has evolved from just a concept to numbering over 100-150 operational or 

planned IS cases worldwide (Kastner et al., 2015). Shibin et al. (2016) state that ever since the 1990s, 

sustainable industrial activities have gained international recognition. This drive to sustainable practices 

in a way that meets social, environmental and financial objectives may be the reason why there is an 

increase in IS cases around the world (Neves et al., 2020), leading to a large number of case studies 

produced in the literature (Neves et al., 2020). As a result, numerous works have gone into the 

development and application of the tools of IS (Lawal et al., 2020), which include PA methods, MP and 

optimisation, and game theory. On the other hand, much research has gone into compiling, 

characterising, and deriving the strength and weaknesses of the IS cases (Neves et al., 2020). 

IS has also seen research efforts in nontechnical aspects of IS that are focused on trust, communication, 

and learning which drew scholars to draw knowledge from organisational theories such as social 

network analysis and environmental strategy (Walls and Paquin, 2015). It is therefore intended to 

review the available developments in the IS literature and highlight gaps that can be answered by this 

study.   

2.1 Industrial symbiosis Implementation models  

IS has become more geographically and institutionally diverse ever since the IS in Kalundborg, 

Denmark, which played a catalytic role in setting up the field (Graedel and Allenby, 2010). Modern 

implementation of IS has been in the form of Eco-industrial parks (EIPs), which are industrial parks 

whose occupants collaborate to minimize energy and waste streams in a way that meets the triple bottom 

line (Kastner et al., 2015). Chertow and Ehrenfeld (2012) have outlined 5 EIP development models that 

they identified from IS practices. They are:  

 Build and recruit model 

 Self-organised Model 

 Retrofit Industrial park model 

 Planned EIP Model 

 Circular economy EIP model 

The Build and recruit model is noted to be the most successful (Chertow and Ehrenfeld, 2012) and 

consists of finding compatible companies to occupy a newly constructed IP (industrial park) so that 

exchanges may take place. The Self-organised Model explains an EIP in which occupants are privately 

organised and usually from self-interest. A popular example of this model is the IS in Kalundborg, 

Denmark.  The Retrofit IP model involves converting existing IPs into EIPs, resulting in reduced costs 

and increased interfirm exchange cooperation (Chertow and Ehrenfeld, 2012). This conversion requires 
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possible connections to be identified from which avenues of constructing the connections are 

investigated (Kastner et al., 2015).  

A Planned EIP model is similar to the Build and recruit model, except that there is a deliberate attempt 

at identifying compatible companies from different industries, and involves the relocation of the 

companies into the park so that exchanges may occur. The Circular economy EIP model has been 

described as a new emerging model in China implemented at the facility level, industrial park level, and 

regional level and usually incorporates the other models implementing EIPs at the different levels 

(Chertow and Ehrenfeld, 2012). Chertow and Ehrenfeld (Chertow and Ehrenfeld, 2012) found that 

Planned EIPs are the least successful model and that the Retrofit IP model’s success is dependent on 

the receptivity from the individual companies on the collaboration implications. 

While all five models are based on the underlying principles of IS, much literature has been focused on 

the Retrofit IP model since there is a great discrepancy between the number of operational EIPs and 

IPs, with the latter numbering over 12000 (Kastner et al., 2015). Studies have also mostly focused on 

IS where companies are close to each other in the form of Eco-Industrial Parks (EIPs), with some 

authors even stating that proximity is a necessary precursor for the success of an IS (Christesen et al., 

1999).  

While this would ensure transport and infrastructure costs are kept low (Boix et al., 2015) , this view 

restricts the exploration of synergies between companies that are geographically distant, and hence there 

is a lack of research into resource distribution at this level. However, there has been some research into 

IS that stretches beyond the traditional boundaries of IS. This collaboration is called Virtual-Eco-

industrial Parks (VEIP). The Brownsville IS in the USA is a typical example of a VEIP, even though it 

was proposed but never implemented (Zhang et al., 2015). This goes to show VEIPs remain an 

unexplored possibility with a lack of research into the effects of transport costs and resource distribution 

over a larger spatial area on the optimisation of Industrial symbioses.  

IS brings economic and environmental benefit to the participating companies and key stakeholders, 

such as the surrounding community (O’Carroll et al., 2014). Benefits such as cost savings, increased 

resource consumption efficiency and job creation result when transportation and waste treatment 

facilities are shared (Neves et al., 2019). Also, valorisation of waste material can result in technical and 

organizational innovations, bringing to light that IS can be a proponent of regional sustainability (Baas, 

2011).  The extent to which these benefits are achieved is dependent on which connections are formed 

between the companies. As such, it is the connections that become of interest, ultimately determining 

the network quality. The goal is, therefore, to find the optimal connections to benefit as many of the 

occupants without affecting individual profitability.  
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2.2 Common optimisation methods 

Industrial symbiosis incorporates complex trade-offs between the many objectives it seeks to reconcile 

(Rødseth, 2016). Since IS seeks to benefit many companies (Kastner et al., 2015) a global optimisation 

is required that results in cooperative benefits in the network. Since it is possible that many companies 

have their own objectives and constraints, the IS problem can easily become a multi-objective 

optimisation problem. Environmental and economic objectives are usually antagonistic objectives that 

multi-objective and many-objective optimisation approaches can be used to satisfy (Cao et al., 2020, 

Erol and Thöming, 2005).  

Hence, to identify feasible IS networks that are optimal for the system (all participants), it becomes 

imperative to develop and apply optimisation tools to deduce the optimal connections between the 

participating companies. Without the application of optimisation to the case of IS, IS is just a concept. 

Much research efforts have gone into optimisation of IS networks. The main optimisation tools are 

Mixed-integer linear programming (MILP) and Pinch Analysis, which have been used in the processing 

industry for optimisation at the process-level but were adapted for optimisation among multiple 

processes and to tackle inter-company exchanges (Kastner et al., 2015).   

2.2.1 Pinch Analysis 

Pinch analysis has been a central tool in process optimisation and design in the processing industry. It 

originated from efforts to optimise heat recovery through process integration (Linnhoff and Flower, 

1978) as a result of the growing concerns of energy usage in the 1970s (Klemeš et al., 2018). The heat 

integration is usually in the form of Heat-exchanger networks (HENs), where optimal and 

thermodynamically possible energy exchanges are created by matching cold streams to hot streams. 

The term “pinch” refers to the minimum allowable temperature difference between hot and cold 

streams, which determines the maximum allowable heat that can be transferred. Pinch technology 

focuses on finding this temperature difference (Rokni, 2016), allowing for optimal hot and cold streams 

to be matched. The optimal matching can be done using numerical methods, such as the Problem table 

algorithm or graphical methods following the construction of a cumulative Temperature enthalpy 

diagram of the streams (Klemeš et al., 2018). 

After pinch technology reached a level of maturity, researchers developed water and material 

optimisation techniques based on the heat pinch technique.  

Mass exchange networks (MENs) were first proposed by El-Halwagi and Manousiouthakis (1989)  and 

have been used to treat waste process streams for the removal of pollutants using direct-contact mass 

transfer units.  This is done using mass-separating agents (MSA), which are substances that enable the 

separation of pollutants from process streams. The optimal allocation of MSAs to pollutant-rich streams 

can be done using the pinch technique (Isafiade and Short, 2019). Efforts into the synthesis of MENs 
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are either concerned with water streams or non-water-based and gaseous streams, with the former 

receiving significantly more attention than the latter (Isafiade and Short, 2019). This is due to many 

mass pinch studies tackling water minimisation problems in water networks since water is a common 

utility among many industries that face the same constraints such as the shortage of fresh water and 

discharge permit compliance (Chen and Wang, 2012), leading to the formation of water pinch studies.  

The use of the mass pinch technique to specifically address water networks was first done by Wang and 

Smith (1994) where a water grid diagram was used as a targeting procedure for the development of a 

water network (Boix et al., 2015).  

One of the first applications of water network optimisation at the industrial park level was given in a 

study by Olesen and Polley (1996) where three localised clusters in the park were optimised 

individually, after which inter-zone transfers were considered (Kastner et al., 2015).  The creation of 

the water network helps to minimise the consumption of freshwater and the generation of wastewater 

that would either be treated or disposed. The optimisation by the pinch method is done either by 

graphical methods or is assisted by other optimisation strategies. Graphical methods are straight forward 

and easy to interpret when a single contaminant is present in the wastewater, however the method 

becomes ineffective when dealing with multi-contaminant systems (Boix et al., 2015). Mathematical 

programming (MP) optimisation is a common optimisation strategy that is used exclusively or coupled 

with the pinch approach to solve systems that are significantly more complex.  

2.2.2 Mathematical programming (MP)  

Of the different mathematical programming, Mixed-integer linear programming (MILP) and Non-linear 

programming (NLP) are most used, especially for water networks (Ramos et al., 2018). Linear 

programming has been around since the 1950s, a tool developed from Operations research, and has 

been commonly used for the general problem of allocating limited resources among often competing 

activities in the most optimal way (Hillier and Lieberman, 2010). There are many situations that are 

applicable to the scenario of allocating scarce resources among competing activities. Basically, any 

problem that involves the planning of events/activities to obtain an optimal result can be modelled by a 

linear program (Hillier and Lieberman, 2010). The application of MP in optimisation studies in the 

context of Industrial symbiosis is widespread.  Studies involving large-scale and complex problems 

frequently use MP and superstructures (Boix et al., 2015), which are network representations showing 

the connections and features of the problem.  

Takama et al. (1980) used MP to determine the optimal water allocation in a petroleum refinery and 

showed that a 42% reduction in the annual cost and a 28% reduction in the amount of fresh water used 

is achievable. Lovelady and El-Halwagi (2009)used a superstructure and NLP for water management 

in an EIP facility consisting of multiple processes. The authors applied the approach to a case study and 
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showed that the total annualised cost could be reduced to a 10th of the cost when an EIP is not 

implemented(Lovelady and El‐Halwagi, 2009) .  

Keckler and Allen (1998) demonstrated that symbiosis in the form of a water network in an IP in 

Houston, Texas, is possible and economically feasible for all companies in the park and involved the 

blending of different water streams to obtain various degrees of purity (Keckler and Allen, 1998). The 

modelling allowed for different scenarios to be evaluated, including a scenario involving the addition 

of treatment processes, with the authors concluding that the modelling approach can be used for the 

study of a variety of material flow analyses.       

The generation of IS networks based on energy at the park level has not received as much attention in 

the research community as water networks (Boix et al., 2015). Pinch analysis was adapted by Dhole 

and Linnhoff (Dhole and Linnhoff, 1993) for the application to an entire plant and is called Total Site 

Analysis (TSA). Bagajewicz and Rodera (Bagajewicz and Rodera, 2000) developed a TSA approach 

with a MILP model for heat integration for a site consisting of n plants. The authors pointed out that 

the geographical position of each plant was fundamental as it affected the pinch temperature and the 

operating and capital costs (Boix et al., 2015).  These types of interdependencies, difficulty in acquiring 

reliable process data, and the exact resolution needed to be captured by LP models for energy balances 

make energy networks, in the case of an EIP, quite complex to solve (Boix et al., 2015).  This may be 

the reason why in the literature, energy networks for an EIP are designed but not optimised due to the 

difficulty in finding an optimal configuration of inter-company exchanges (Boix et al., 2015).   

With respect to material sharing in an EIP, there are many instances where by-product material sharing 

and by-product/waste valorisation are being initiated (Raabe et al., 2017, Collins and Ciesielski, 1994, 

Nasir et al., 2019, Ram et al., 2020, Haslenda and Jamaludin, 2011, Cimren et al., 2011) with benefits 

such as a reduction in disposal costs and generation of additional revenue from the sale of by-product 

materials (Lee, 2012). By-product exchange networks are an effective waste management approach 

(O’Carroll et al., 2014) that allows for the reuse of by-product materials, leading to a greater reduction 

in environmental impacts (Heshmati, 2017). However, industrial and solid waste still continues to be a 

major issue, with municipal solid waste (MSW) expected to grow to 2.2 billion metric tons by 2025 

(Vergara and Tchobanoglous, 2012).  

The study by Tisserant et al. (2017) found that of the 3.2 gigatons of global solid waste generated in 

2007, 1.5 gigatons were sent to landfills. Of the millions of metric tons of plastic that end up in the 

oceans annually (Gregory, as cited in Vergara and Tchobanoglous, 2012) a 6:1 ratio of plastic to marine 

debris can be found in some areas (Moore, as cited in Vergara and Tchobanoglous, 2012), illustrating 

the impact that improper waste management can have on the environment. Hence, while there is a biased 

focus on increasing energy efficiency among companies in an IS, the generation of waste is outpacing 

material recycling initiatives (Heshmati, 2017). By-product exchange networks can therefore be used 
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to supplement/reduce the use of landfills as a waste disposal scheme and provide economic benefit to 

the participating companies while allowing them to meet environmental regulations.  

However, there are not many optimisation works that deal with material sharing in an EIP (Boix et al., 

2015). It is for this reason that this study is focused on applying graph algorithms for creating matchings 

for an IS dealing with by-product material exchanges.  

2.3 Other optimisation strategies  

Optimisation is a process of finding the best solution to a given problem and is used in several fields, 

making it hard for one to give an exact definition (Weise et al., 2009). However, in many cases, the 

solution strategy incorporates optimisation algorithms, which are guided by mathematical functions 

(Weise et al., 2009). These functions collectively generate a solution space, which can be thought of as 

a multi-dimensional region that may consist of multiple maxima and minima and contain areas that are 

not continuous (Weise et al., 2009). Solution space topologies of this nature make solving the problem 

particularly difficult. In other words, finding a solution that is globally optimal becomes a tedious task, 

especially in the case where multiple local optima exist (Weise et al., 2009). In such cases, it becomes 

difficult to determine if the incumbent solution is an optimal over the whole solution space or just in its 

locality. As such, much research has been devoted to developing different optimisation approaches for 

tackling different optimisation problems with this type of nuance (Weise et al., 2009).  

Of the different approaches to optimisation, Mathematical programming is but one approach. There are 

other approaches, such as the use of greedy algorithms, dynamic programming, systematic search, and 

metaheuristics (Mehlhorn and Sanders, 2007). While greedy algorithms can produce solutions fast, with 

some greedy algorithms able to find the optimal solution (such as minimum spanning tree algorithms), 

the majority of greedy algorithms usually provide low-quality solutions because the algorithm gets 

trapped in a local optimum in the solution space (Mehlhorn and Sanders, 2007). 

 Dynamic programming consists of creating an exhaustive list of optimal solutions, in which the 

preceding solutions are for subproblems of smaller size to the actual problem and are used to construct 

the solution for the larger problem. This could require significant computational space and time, with 

the problem needing to be of a special structure (Mehlhorn and Sanders, 2007). Systematic search 

techniques are a brute force approach that seeks to enumerate through the possible solutions to find the 

optimal one. A common approach to the systematic search is the branch and bound approach, in which 

the  

feasible set of solutions to the problem is represented as a tree with smaller subsets of solutions 

partitioned as branches of the tree. The search then explores the branches of the tree, with a bounding 

rule that stops the search on certain branches if it is determined a more optimal solution than the 

incumbent solution cannot exist on those branches (Mehlhorn and Sanders, 2007). However, such 
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techniques are slow and may be infeasible when the search space is large (numerous possible feasible 

solutions) (Hajebi et al., 2015).  

Metaheuristics are a commonly used procedure in the field of operations research and combinatorial 

optimisation (Gendreau and Potvin, 2005). As opposed to heuristics, which are specialised for a 

particular problem, metaheuristics are a general solution scheme that can be adapted to be used to solve 

different types of problems (Gendreau and Potvin, 2005). Gendreau and Potvin (2005) presented an 

overview of metaheuristics and its applications in the field of combinatorial optimisation. The authors 

found that there are two distinctions of metaheuristics, Single Solution Metaheuristics (SSM) and 

Population Metaheurisitcs (PMH). SSM considers a single solution at a time (Gendreau and Potvin, 

2005) and is usually based on local search techniques, with common examples being Simulated 

Annealing, GRASP, Tabu Search, and Variable neighbourhood search. PMH is different in that a 

multiplicity of solutions are explored concurrently (Gendreau and Potvin, 2005), with common 

examples being the Ant Colony optimisation and the Genetic Algorithm (Gendreau and Potvin, 2005).  

Not much research has gone into applying these other optimisation methods for the case of industrial 

symbiosis, with only a few works being done using PMH methods (Zheng et al., 2013, Ren et al., 2016, 

Hajebi et al., 2014). Hajebi et al. (2014) have noted that metaheuristics do not consider the specificities 

of the problem, such as the structural requirements of the network. For instance,  the structural 

requirements of a water distribution network (WDN), such as network partitions and connectedness, 

have been identified by Hajebi et al.(2014) as important considerations in the design of the WDN. In 

fact, many studies often do not consider the structural features of the network when designing and 

optimising IS networks (Doménech and Davies, 2009). Excess network complexity, due to not 

considering the structural features of the network, is a problem since, for the case of interplant 

connections where companies are separated by relatively large distances, the network complexity can 

be considered as an investment cost (Boix et al., 2015) and therefore factors into the feasibility of the 

network/IS connections (Boix et al., 2015). Boix et al.(2012) found that factoring in the number of 

connections into the objective function for the case of waste water management between industrial 

companies allowed for the reduction in freshwater consumption and led to an increase in efficient inter-

plant exchanges. This demonstrates the importance of considering structural features of the resulting IS 

network and can assist in choosing the best alternative given multiple feasible networks for the same 

problem.  

2.4 Decision-support tools and commercial software 

While an EIP can be optimised in many ways, the task of optimising one with respect to profitability, 

environmental performance, and network operability is a difficult one as it has been noticed that 

numerous research works often deal with systems that have conflicting objectives (Boix et al., 2015) 

and this is especially true for energy networks. As a result, many authors often simplify the problem to 
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have an LP that is easier to solve (Boix et al., 2015). Integration efforts at the inter-company level have 

been made using multi-periodic MILP models (Fichtner et al., 2004, Hirata et al., 2004, Kim et al., 

2010) of the energy and material flows of the firms with the aid of a mathematical programming 

language called GAMS (Brooke et al., 1996).  

Karlsson (2011) created a decision support tool called MIND (Method for analysis of INDustrial energy 

systems), which is a software developed in Fortran and based on MILP. Karlsson and Wolf (2008) 

implemented this tool to demonstrate industrial symbiosis in a forest industry case study and showed 

that the integration of the companies based on the material and energy connections determined by the 

decision support tool brings economic benefit to the companies compared to operating alone. Cimren 

et al. (2011) used the Eco-Flow™ software to show the economic and environmental benefits of a by-

product exchange network in an IS network in Missouri. While these approaches are sophisticated and 

effective as decision support tools, they can’t find an optimal solution, rather they enable the 

identification of many feasible solutions.  

To this end, many studies conclude their optimisation with post-optimality decision strategies to 

evaluate the best alternative among the solutions rendered by the models (Boix et al., 2015).  

2.5 Post-optimality decision support tools 

Multi-Criteria Decision tools, such as the Weighted Sum Method (WSM), Analytical Hierarchy Process 

(AHP), and the Technique for Order Preference by Similarity to Ideal Solutions (TOPSIS), are used in 

multi-objective optimisation problems and allow decision-makers to choose the best solution based on 

their preference. The generation of the solution alternatives is typically done by Pareto optimisation for 

multi-objective optimisation studies (Limleamthong and Guillén-Gosálbez, 2017). Pareto optimisation 

is a solution to multi-objective optimisation studies that can be used to identify the set of points that lie 

on the boundary of the feasible criterion space, known as the Pareto-optimal points (Athan and 

Papalambros, 1996). The points represent solutions that have the property of not being able to be 

improved in one objective without seeing a worse performance in another objective. The non-inferiority 

of the solutions with respect to each other means that decision-makers can choose the Pareto-optimal 

alternatives that best reflects their preferences. This may be interpreted as the choice of distribution 

policy, since it is a policy/ optimality criterion that determines the distribution of the waste flows in the 

IS network.  

In other words, the choice of alternative is usually dictated by the policy the decision-makers most 

value, whether it is environmental, social, or economic. Furthermore, IS studies assess at least one of 

these benefits (Neves et al., 2019). While the economic objectives are most easily mathematically 

formulated (Boix et al., 2015), usually by way of an economic indicator (such as the net present value) 
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or a single composite objective function (Boix et al., 2015, Madani, 2010), social and environmental 

objectives are less so.  

2.5.1 LCA: Environmental objectives  

Life Cycle Analysis (LCA) is a formalised method (ISO 14040:2006;ISO 14044:2006) for the 

identification and quantification of material flows at every step of the process and is widely used in the 

literature to assess the environmental impacts/benefits of IS networks (Neves et al., 2019). Its 

procedures are recorded in the 14000 series of ISO. It has also been used in multi-objective optimisation 

studies as a post-optimality decision tool for Pareto-optimum solutions to identify more sustainable 

options (Azapagic, 1999, Boix et al., 2015). Ardente et al. (2010) conducted a study in which the authors 

applied LCA to determine the most environmentally friendly IS configuration between companies in 

Southern Italy that were identified as a possible Polypropylene (PP) based IS network. The study 

showed that the use of LCA allows for the management of complex information that is required for 

identifying connections. The LCA was applied to 3 economically feasible scenarios that involved the 

production of car upholstery from PP.  The authors found that the use of 90% recycled PP, obtained 

from the companies in the network, to produce car upholstery, was more environmentally friendly than 

using 100% virgin PP. A reduction in the total energy consumption, waste generation and raw material 

consumption was found (Ardente et al., 2010).  

Hence, the use of LCA is a viable method for the identification of environmentally friendly IS networks. 

However, it is a very data-intensive method (Finnveden et al., 2009), meaning that it is a costly and 

lengthy process. LCA also lacks the methodologies to assess water consumption (Friedrich and 

Buckley, 2002), and the flexibility of the ISO rules leads to concerns of the reliability and consistency 

of findings from different LCA studies on the same system (Gava et al., 2018). LCA is also limited to 

environmental aspects, usually omitting the economic and societal aspects of the symbiosis (Gava et 

al., 2018).  

Since the implementation of IS involves decision-makers cooperating and engaging in social relations, 

the societal impact of IS networks is an important factor as it speaks to the degree to which companies 

are willing to participate. A key facilitator to the progression of IS networks is a high level of trust 

between the companies involved (Hewes and Lyons, 2008). When this is lacking, company participation 

and network stability in the long term come into question. Game theory is well suited to these types of 

problems and has been used in the literature as a decision-making tool to facilitate cooperation in IS 

given different IS solutions. (Palafox-Alcantar et al., 2020).  

2.5.2 Game theory: Economic objectives  

Game theory is a set of mathematical tools that can be used to analyse the interaction among decision-

makers (Palafox-Alcantar et al., 2020) given some strategic interaction. It assumes that a decision-
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maker/player is rational and intelligent (Chew et al., 2009) and makes decisions that render the best 

strategic advantage for itself in a game/strategic interaction. The game is classified as non-cooperative 

if players don’t agree to coordinate their strategies (Chew et al., 2009) and cooperative if players do.  

In a non-cooperative game, the Nash equilibrium is the solution from which any unilateral change in 

decision from any single player will not improve his/her payoff (Chew et al., 2009), whereas, in a 

cooperative game, a Pareto-optimal solution can be reached between the players.  

Game theory determines the most probable outcome based on the assumption that players make self-

interested decisions. It has mostly been used for the assessment of the stability of IS networks and the 

analysis of players’ behaviours over time (Jato-Espino and Ruiz-Puente, 2021), using computational 

modelling tools such as Agent-based modelling. 

IS solutions generated by conventional optimisation methods assume perfect cooperation, when in 

reality companies optimise their own objective rather than optimising the IS system (Madani, 2010). 

This tends to lead to the collapse of the IS negotiations and is referred to by Yazdanpanah et al. (2020) 

as the Industrial symbiosis Implementation problem. Consequentially, the majority of the research 

focused on the application of game theory to IS networks is in the distribution of costs and benefits 

among the participants via cooperative game theory(Yazan et al., 2020, Madani, 2010) using allocation 

methods. It has also been used for analysing the stability of IS networks, rendered by company strategies 

(Yazan et al., 2020, Palafox-Alcantar et al., 2020).  

Andiappan et al. (2016) used a cooperative game theory approach to show that annual savings in the 

range of 14% to 48% is achieved when the three companies involved adopted a cooperative attitude. 

Parlar et al. (2019) used cooperative game theory to show that an increase in the NPV of 3 hypothetical 

companies is possible if the companies agree to share the benefits of the symbiosis. Chew et al. (2009) 

applied game theory to model the interactions of participants in an EIP and found that a higher collective 

payoff was achievable when a cooperative scheme was used as opposed to the non-cooperative scheme. 

The work done by Grimes-Casey et al. (2007) and Yazdanpanah and Yazan (2018), who have applied 

cooperative game theory to IS, concluded that cooperative game theory could be used to render fair and 

stable IS networks. However, Grimes-Casey et al. (2007) did state that government 

regulations/incentives are required to support cooperative game theory solution concepts. 

2.5.3 Social network analysis: Social objectives  

Another method that has been used to study the social mechanisms of IS is Social Network Analysis 

(SNA). SNA is a research method that uses graph theory and network analysis to formulate quantitative 

measures for the analysis of qualitative concepts (Adhikari, 1960). It has been used in IS to analyse the 

structural attributes and internal functional characteristics of IS networks (Zhang et al., 2016) using 

metrics quantified from the network abstraction of the IS.  
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Domenech and Davies  (2011) used SNA to understand the social aspects of IS and analyse the 

interaction of the participants. The authors used three different measures of centrality in the hope to 

understand the structural attributes of the Kalundborg EIP that make it so successful and found that the 

occurrence of a network core and periphery area allowed for ease of interaction between the main 

members of the IS network, with the former being dense and well-articulated (Domenech and Davies, 

2011). The average distance between nodes was found to be small and meant that transportation costs 

were low. The analysis also enabled the identification of 3 key players in the network, with the risk of 

network fragmentation and network instability if these companies are removed from the IS (Domenech 

and Davies, 2011).   

Song et al. (2018) analysed the Gujiao mining IP in China using SNA and found that while the network 

seemed to be well connected, waste exchanges could be increased since the metric value to measure 

network density was low. Zhang et al. (2016) used two metrics to compare the degree of completeness 

and dependence of 8 different IS networks, which allowed for the categorisation of the IS network into 

3 distinct types. This categorisation allowed for the authors to comment on the degree of instability that 

could result under different threats (such as the departure of key participants) (Zhang et al., 2016). The 

authors were also able to identify new connections that would improve the network density, resulting 

in increased water usage efficiency (Zhang et al., 2016).     

The benefits of SNA are in its abstraction of the participants in an IS to a graph, with a focus on the 

relational information of the participants (Doménech and Davies, 2009). This allows for the 

identification and proposition of structural network features that lead to the success of IS. These 

structural features are the graph metrics of the graph, which have been instantiated from the field of 

network analysis and has been used in SNA to allow for descriptive analysis of IS networks and 

characterisation (Song et al., 2018, Zhang et al., 2013, Chopra and Khanna, 2014). However, the 

implementation of SNA is mostly focused on already existing IS networks with suggestions on network 

improvement based on connections not being as automated and deterministic as the structural analysis 

it affords.  

Since the interest is in matching suppliers and consumers in an optimal way, which in turn generates 

the connections in the IS network, the IS problem may be considered as a matching problem. Matching 

problems, to which matching algorithms are applied, are found in many fields of research, such as 

automatic data processing, image processing, and artificial intelligence (Tanimoto et al., 1978). In lieu 

of its importance to matching problems, a review of matching algorithms is necessary. 

2.6 Matching algorithms 

At a high level, matching can be considered as the general case of mapping set(s) of objects to each 

other. Framed in this way, matching problems can consist of finding matchings between one, two, or 
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three sets of objects (Fàbregas Vázquez, 2015). Matching problems between two sets of objects (known 

as Two-sided Matching) will be focused on as it has direct relevance in the context of IS.   

Two-sided Matching was introduced by Gale and Shapley (1962) and has to do with matching one kind 

of object to another. It seems that from the literature, the application of matching algorithms has mostly 

been on determining the equivalence of objects or for determining the optimal assignment of one set of 

objects to another, both of which can be considered one and the same at a higher level.  

Arguably the most common application of matching algorithms is in string matching, which is one of 

the most studied problems in Computer science (Monge, 2000). It has a wide range of applications such 

as bioinformatics, plagiarism detection, information security, and text matching (Al-Khamaiseh and 

ALShagarin, 2014). The main approach used in string matching is based on edit distance, which is the 

minimum number of operations on individual string characters to transform one string of symbols to 

another (Monge, 2000). 

Graph matching 

Technologies like pattern recognition and computer vision also depend on identifying object similarity 

to work (Bunke, 2000), both of are linked to the problem of correspondence, which is concerned with 

finding the mapping between one set of points to another (Cour et al., 2007). This is usually enabled 

after the graph transformation of an image’s/ video content’s feature points as graph vertices and edges 

(Bunke, 2000), transforming the problem to a case of graph matching  (Cour et al., 2007).  

Graph matching has been used for the past 30 years for pattern recognition as well as for other 

applications where the structural information of the objects to be matched are represented as graphs, 

such as in chemical structure analysis (Rouvray and Balaban, 1979), one of the earliest implementations 

of graph matching (Bunke, 2000). Bunke (2000) states that other applications of graph matching are in 

machine learning, monitoring computer networks, and determining the similarity of conceptual graphs.  

The schema matching problem is another important problem in data application scenarios where 

semantic heterogeneity is a severe issue (Algergawy et al., 2007), such as preventing the seamless 

transfer of information between heterogenous sources in electronic business transactions (Kim et al., 

2011). It is a problem that seeks to find the semantic relationships between different data repositories/ 

elements of schemas (De Carvalho et al., 2013). The identification of structural and semantic 

similarities is enabled by the conversion of the schemas to a tree representation (acyclic graph with a 

root node) (Kim et al., 2011).      

The widespread application of graph theory for the case of matching is appropriate since, in graph-

theoretic terms, a matching is a graph 𝐺 = (𝑉, 𝐸) whose set of edges E don’t share a common vertex in 

V (Tarjan, 1983). In other words, every node is incident to at most one edge in E. Therefore, matching, 

in the case of graph theory, induces the pairing of the nodes in graph G (Ahuja et al., 1995). The graph 
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edges may have a certain numerical value/weight associated with them, which can be interpreted as the 

cost of the pairing between the two nodes the edge connects. Matching can be split into two general 

categories: 

1. Bipartite matching 

2. Non-bipartite matching  

Bipartite matching refers to a matching on a bipartite graph, which is a graph 𝐺 =  (𝑉, 𝐸) whose vertex 

set V can be divided into two disjoint sets of vertices, with an edge from E connecting a vertex from 

one set to the vertex of the other (Skiena, 1990). On the other hand,  Non-bipartite matching refers to 

matching on graphs that are, by definition, not bipartite graphs and are termed as non-bipartite graphs. 

Non-bipartite matching is generally a more complicated task than bipartite matching (Tarjan, 1983).  

Ahuja et.al. (1995) states that matching problems can be further classified as either cardinality matching 

problems or weighted matching problems. 

While the cardinality matching problem deals with maximising the number of nodes matched, the 

weighted matching problem is focused on minimising the weight of the matching, where the weight of 

a matching is the sum of the edge weights for those graph edges in the matching (Ahuja et al., 1995). 

Hence, given a bipartite graph, the weighted matching problem seeks to find the matching between the 

two disjoint sets of vertices that is of minimum weight/ cost. This weighted matching problem on a 

bipartite graph is particularly relevant to the case of IS, as the two disjoint sets of vertices of a bipartite 

graph, G, can represent the two sets of companies, suppliers and consumers, with the edge set E of the 

graph representing the connections that exist between the companies, forming an IS network. More 

importantly, since the optimality of the IS network are sensitive to which supplier and consumer pairs 

are deduced, finding the matching of minimum weight allows for the identification of the optimal 

pairing between the companies in the Industrial symbiosis.  

There are many graph algorithms that can be used to create matchings on bipartite graphs, particularly 

network flow algorithms that are designed to solve network flow problems. The network flow problem 

is a broad classification of problems that are concerned with minimisation of the cost (usually 

transportation costs) of moving materials through a network from the initial location of the materials to 

the locations where the demand for the materials exists (Vanderbei, 2020). Clearly, the application to 

IS becomes relevant, especially for the case of material sharing in an EIP, which has not received as 

much focus in the optimisation works as the other forms of EIP integration (such as water and energy) 

(Boix et al., 2015).  

A common network flow algorithm is the Ford Fulkerson method (Ford and Fulkerson, 1956) for 

maximal flow problems, which is a fundamental problem in network flow theory (Kyi and Naing, 2018). 

The Ford-Fulkerson method encompasses several implementations (Cormen et al., 2009), such as the 
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Edmonds-Karp algorithm, and has been used in various network-based applications (Neto and Callou, 

2015, Abdullah and Hua, 2017, Kyi and Naing, 2018). The Hungarian method is an algorithm, 

developed by H.W Kuhn (Kuhn, 1955) designed for the assignment problem, which is a weighted-

bipartite matching problem that seeks to find the optimal matching between two distinct and 

independent sets of objects such that the cost of the matching is minimised (Ahuja et al., 1995). It has 

been used in many assignment and matching applications, such as DNA computing (Frank, as cited in 

Zeng et al., 2014), Graph matching (Kriege et al., 2019, Fröhlich et al., 2005), and clustering 

applications (Goldberger and Tassa, 2008).  

The network simplex method by George Dantzig (Dantzig, 2016) is also an applicable algorithm for 

the weighted matching problem. It was the first algorithm designed for network flow problems and is a 

highly streamlined version of the Simplex method (Hillier and Lieberman, 2010) that takes advantage 

of the combinatorial nature of network flow problems (Goldberg et al., 1989). This study, however,  

makes use of the Primal Simplex method as it is not only extremely efficient in practice (Ahuja et al., 

1999) but also offers the opportunity of comparing the graph-based algorithms used in this study (HM 

and FF) over a linear-algebraic method like the 2-Phase Primal simplex method (SM).  

While there are instances in the literature where graph representation of IS systems are used (Hein et 

al., 2015, Aviso et al., 2015), these are mostly from SNA studies on already existing IS scenarios and 

used for descriptive analysis or make use of MP approaches for obtaining optimal solutions. Graph 

theory has mostly been used to model systems, from which MP methods are used to optimise the system. 

One wonders why the use of graph representations is not met with the complimentary use of graph 

algorithms in many studies.  With respect to the use of graph algorithms, the most common application 

was found to be graph decomposition in WDNs or for the identification of spanning trees/critical paths 

in the WDNs (Zheng et al., 2013, Kessler et al., 1990, Kadu et al., 2008).  To the best of the author’s 

knowledge, there hasn’t been any research that has used graph-theoretic representation to model IS with 

graph algorithms to deduce IS connections. More specifically, the question arises as to why the use of 

fundamental O.R problems that have strong graph representations has not been used to model the IS 

problem?  

2.7 Summary  

While there is active development in the field of IS, there are concerns regarding the practical 

implementation of IS, specifically surrounding the fairness and stability of the network (Yazdanpanah 

et al., 2020), which can be linked to structural features of the IS network. Furthermore, popular models 

of IS, i.e., EIPs, are mostly limited to situations in which close geographical proximity is a necessary 

precursor and, as such, involve companies within an IP. There are not as many VEIP studies done in 

which geographical proximity is not a necessity. While there are many optimisation tools available for 

IS network optimisation, many are either limited or are required to be inherently complex. Solutions 
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from such complex solution strategies usually produce Pareto-optimal solutions that are optimal with 

respect to different distribution policies. 

Furthermore, optimisation works on by-product exchange networks are not often conducted in the 

literature and are usually biased towards energy synergies between companies. It has been found that 

MP and Pinch methods are the dominant optimisation methods used by researchers for IS even though 

these methods have drawbacks. While there are many graph-based studies, most are SNA studies 

focused on gaining descriptive and prescriptive analysis of already implemented IS. As a result, not 

many graph-based techniques have been applied to IS as optimisation tools. Structural features are 

usually overlooked, especially when local search methods and metaheuristic approaches are used. This 

has been highlighted as one of the causes of excess network complexity in IS network solutions. It is 

therefore found that there exist significant gaps in the literature, which is deemed important to fill for 

the progression of the field. 
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3 THESIS OBJECTIVES 

Based on the review of the literature in Chapter 2, it was noted that while there are significant efforts in 

optimisation methods for the design and creation of IS networks, many research efforts don’t 

incorporate multiple objectives in the optimisation process (Boix et al., 2015). This results in the multi-

objective nature of the problem posing severe challenges to the possibility of finding a global optimum. 

Rather, Pareto-optimal solutions are generated for multi-objective studies (Limleamthong and Guillén-

Gosálbez, 2017) from which a solution is chosen that best reflects the distribution policy favoured by 

the decision-makers. While material sharing IS networks have been noted to be more of an identification 

problem than an optimisation problem  (Kastner et al., 2015), there are not as many research 

optimisation efforts regarding this type of exchange (Boix et al., 2015), specifically dealing with by-

product and waste exchanges in which transportation costs are a contributing factor.  

Optimisation works often don’t consider structural features of an IS network when trying to deduce 

optimal connections in IS networks (Doménech and Davies, 2009), which can lead to excess network 

complexity and result in long-term instability (Hajebi et al., 2014). It was noted that most studies of a 

graph-theoretic nature involve the application of SNA, offering more of a descriptive analysis on 

already existing IS networks than in deducing IS networks. Given these challenges, the potential is seen 

for a graph-based approach for creating IS networks. Furthermore, by making the study an instance of 

an IS concerning the exchange of a single waste by-product material, a contribution towards 

optimisation for material sharing IS networks will be made.  

A graph-theoretic representation of the IS problem may ameliorate the difficulties in capturing multiple 

objectives by capturing a compact representation of the problem. Three O.R problems have been 

identified as suitable candidates to model the IS problem, viz., the transportation problem, optimal 

assignment problem, and the maximal flow problem, all of which have strong graph representations.  

These O.R problems are related to well-established graph algorithms that can be adapted for the case of 

matching in IS. For the optimal assignment problem, the application of the Hungarian method (HM) 

offers a graph-based approach of obtaining optimal pairings between two distinct sets of objects, such 

as suppliers and consumers. For the maximal flow problem, the Edmonds-Karp algorithm (FF) can be 

used to determine the flow network that maximises the flow of a resource from a set of starting locations 

(suppliers) to a set of destinations (consumers). Lastly, for the transportation problem, the 2-Phase 

Simplex method can be used to find the solution to the IS problem, defined by a linear program. The 

application of the Simplex method also provides the opportunity to determine if any distinction can be 

made between linear-algebraic approaches and graph-theoretic approaches (FF and HM). 

In this way, the study will make use of graph-theoretic modelling and the application of graph 

algorithms to deduce optimal IS networks between companies that are drawn together by the exchange 
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of a single waste by-product material. This thematic graph-based approach naturally allows for the 

opportunity to extract graph metrics that will allow for the structural characteristics to be evaluated as 

a decision support tool. Hence, structural features of the IS network can be inherently facilitated in the 

approach, which is beneficial given that SNA has been identified as an organisational theory to study 

participant trust in IS networks (Walls and Paquin, 2015).  

Since the three algorithms belong to 3 different classes of network flow problems, there is a possibility 

of different IS networks being rendered. The graph-based approach will, therefore, make it possible to 

identify graph characteristics unique to the algorithms and how it translates to distribution policies of 

an economic, social, and environmental bent. 

Hypothesis 

The structural features of an IS network can be used to evaluate the effect of distribution policies on IS 

networks created by graph matching algorithms when they are adapted to the IS problem. 

The aim of this research is to investigate the suitability of a few fundamental algorithms for the creation 

of IS networks that are feasible with respect to transportation costs and resource distribution under 

different distribution policies. Of specific interest is determining which of the algorithms is superior for 

different distribution policies 

To achieve this, the following objectives need to be met: 

 The development of a graph-theoretic model to represent a set of industrial companies, 

including all the necessary meta-data required to explore a suitable graph representation. 

 The development of a method that makes it possible for feasible IS networks to be rendered 

that satisfy all imposed environmental and economic constraints using fundamental Operations 

Research algorithms and graph theory algorithms. 

 The development of a framework to facilitate the analysis of the graphs rendered by each 

algorithm for determining the suitability of algorithms under different distribution policies. 
 Application of the algorithms to an IS case study to quantify the benefits derived from the IS 

network created by each algorithm. 

In the notation of Lütje and Wohlgemuth (2020), this study is focused on the facilitated synergy 

identification. The study covers the use of graph-based matching algorithms for the identification of IS 

opportunities that specifically deals with by-product/waste synergies with the aim of reducing 

transportation costs and achieving resource distribution.  The first step in this endeavour is to first define 

the problem formulation and ensure that a suitable graph-theoretic model can be developed from it. 

Such a model will provide the foundation for graph representations to be created for each algorithm. To 



27 

 

investigate the suitability of the algorithms in creating IS networks, a case study would have to be 

solved.  

A deeper understanding of the algorithms must first be gained. A rigorous study is conducted, that 

follows a pre-defined framework, by creating machine-generated datasets consisting of the participating 

companies’ information relevant for creating matchings. This allows for investigations into whether the 

graph algorithms render unique graph characteristics in the IS networks created. From this 

understanding, the suitability and ranking of the algorithms under different distribution policies can be 

inferred and tested. Accordingly, the next two chapters are focused on the representation of IS networks 

and the development of a framework and methodology to investigate whether the algorithms afford 

beneficial graph characteristics to IS networks.   
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4 MODELLING IS NETWORKS AS GRAPHS 

In this chapter, the problem formulation is specified and followed by the development of the Graph 

Theory-based modelling approach. However, the motivation for the formation of these graphs/networks 

is reviewed first. The IS matching that renders itself as an IS network is based on supplier-consumer 

pairings. These connections should respect a distribution policy that that will promote and encourage 

IS membership activity while still meeting the overall objective of reducing virgin material 

consumption. 

4.1 Distribution policy 

Matching in an IS network is subject to several, possibly contradictory, objectives. In addition to the 

original stated objective of reducing raw material consumption, it is only intended to promote the 

profitability of the participating member companies, and still maintain equity of distribution among the 

partners. In other words, the anticipated profitability increases should be as evenly distributed as 

possible. Therefore, the following categories of policies are identified. 

These policies may have an Environmentally biased Distribution (EVD), Economically biased 

Distribution (ECD), or a distribution policy based on Social Construction (SCD). An ECD policy is one 

in which the aim is solely focused on cost savings. An EVD policy is a policy that prioritizes a reduction 

in environmental impact rather than economic gain. An SCD policy is when the emergence of social 

constructs like trust, network stability, and competitive integrity is paramount in the IS network.  

In an SCD policy, companies attempt the creation of a matching that prioritises trust among companies, 

or one in which as many companies as possible gain competitive advantage. According to Capitalist 

theory, this is considered a fair distribution. This can be linked to cooperative behaviour from Game 

Theory. On the other hand, companies may seek to gain dominance, following  non-cooperative 

behaviour. As a result, hierarchies are formed with a distribution that more beneficial to some groups 

in the collaboration (e.g., the suppliers) compared to others (consumers). 

While one can’t deny that an ECD policy may bring a reduction in environmental impact or that an 

EVD policy may have some measure of stability, the distinction in distribution policy outlines that 

companies favour a specific outcome without being much concerned about optimising the benefits the 

other distribution policies bring.  

The implications of the distribution policies are listed below:  

1. Minimising transportation costs (ECD) 

2. Minimising waste material in landfills/water bodies from by-product disposal (EVD) 

3. Minimisation of resource purification costs (ECD) 

4. Minimising the power imbalance between supplier-consumer pairings (SCD) 
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It is seen that point 1 may also result in the minimisation of greenhouse gas emissions and point 2 will 

result in the reduction in waste disposal costs.  However, proportionalities like this may not be as evident 

in other cases. Point 1 would create matchings between companies that are in close geographical 

proximity, while point 2 would seek supplier-consumer pairings that result in the smallest amount of 

by-product material, irrespective of transportation costs. Point 4 would distribute by-product material 

such that a similar benefit is derived for all pair-wise relations.  

With the understanding that it is the distribution policies favoured by stakeholders that drive the IS 

collaboration, the general IS formulation may be given.  

4.2 IS Problem Formulation 

There are a group of companies that have a common interest in the exchange of a single by-product 

material and can be separated into two subgroups viz. a set 𝑆 of suppliers (|𝑆| = 𝑚) and a set 𝐶 of 

consumers (|𝐶| = 𝑛). The problem is to create an IS network by matching the set of suppliers and 

consumers such that the policies that the companies collectively favour are upheld. A supplier-consumer 

pairing is stronger if it upholds the specified policies to a greater extent. 

Each company has provided a set of data, which will be called the product attributes, that that are 

required to deduce supplier-consumer pairings. The product attributes from the companies are used to 

quantifiably represent the policies valued in the collaboration. For instance, product attributes could be 

comprised of the geo-location of the company, amount of by-product material required/available, the 

economic value of the by-product (selling/buying price), and the product purity. In this way, the 

transportation costs, purification costs, and resulting by-product material as landfill waste can be 

calculated based on which supplier-consumer pairings are created.  

 

Figure 4-1: Generalized problem formulation. 
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Figure 4-1 illustrates the problem formulation in geographical space. The blue dots represent the set of 

𝑚 suppliers (𝑚 = 6) and the red dots represents the set of 𝑛 consumers (𝑛 = 6). The coordinate space 

represents the geographical location of a company, with company data shown at the geo-location for 

each company. The values in magenta represent the percentage purity of the by-product material and 

this would be the purity available at the supplier and the purity desired by the consumer. The unit price 

proposed by each company for the by-product is shown in black, and the values in green represent the 

amount/capacity of by-product material, where: 

𝑅𝑒𝑠𝑜𝑢𝑟𝑐𝑒 𝐶𝑎𝑝𝑎𝑐𝑖𝑡𝑦 𝑜𝑓 𝐶𝑜𝑚𝑝𝑎𝑛𝑦 𝑖 = ቄ
𝑥௜

𝑦௜

𝑖𝑓  𝑖 ∈ 𝑆
𝑖𝑓  𝑖 ∈ 𝐶, 𝑦௜ < 0

 
Equation 4-1 

  

4.3 Graph modelling of the problem formulation 

The graph modelling entails representing the problem formulation as a graph. The problem formulation 

stipulates that the focus is to create a feasible IS network with respect to the policies. These policies 

impose constraints on the problem and take into consideration the companies’ attributes when creating 

an IS matching through supplier-consumer pairings. With the companies represented as graph vertices, 

a bipartite graph becomes the suitable graph-analogue, since there would be 2-distinct and disjoint sets 

of vertices, with one set of vertices being of size |𝑚| (𝑚 suppliers) and the other of size |𝑛| 

(𝑛 consumers).  

The pairing of a supplier to a consumer can be represented by an edge 𝑒 whose weight 𝑤 is a function 

of the constraints, and it reflects the strength of the pairing. In this way, all pairings between the two 

sets of vertices in the bipartite graph make up a matching 𝑀. Figure 4-2 illustrates a bipartite graph. 

The set of edges formed between the two sets of vertices/companies is the matching 𝑀, with every edge 

between a company pair (𝑆௜, 𝐶௝) representing the exchange of monetary goods and by-product material. 

For example, the edge 𝑒ଵଵ represents a pairing between supplier one and consumer one where the 

supplier would provide 𝑥ଵ units of by-product material to the consumer that required 𝑦ଵ units of by-

product material.   
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Figure 4-2: A generalized illustration of a bipartite graph G, showing two matchings. 

Since the weight of an edge reflects the strength of the pairing, the edge weight becomes a function of 

each company’s product attributes for the two companies (supplier and consumer). 

The company’s product attributes (𝑃𝐴) are listed below: 

1. 𝜎 = Resource capacity  

2. 𝛼 = Unit price for the resource 

3. 𝜑 = Purity of the resource 

4. 𝜃 = Geographic location of the resource 

Since the ideal matching 𝑀 would be the subset of edges that create strong supplier-consumer pairings, 

one first needs to deduce the edge weights for all possible supplier-consumer pairings. An adjacency 

matrix can be used to represent all possible supplier consumer pairings and is usually used to represent 

a graph 𝐺 = (𝑉, 𝐸, 𝑊), where 𝑊 represents the weight/strength of edges/pairing.  

The adjacency matrix 𝐴 can be computed using Equation 4-3 by first computing an assignment matrix 

𝐴ሖ  using Equation 4-2 .It becomes relevant in later sections and is therefore beneficial to derive. For the 

case of IS, the graph 𝐺 is the bipartite graph whose set of vertices 𝑉 = 𝑆 ∪ 𝐶 are a made up of 2 disjoint 

subsets of vertices 𝑆 and 𝐶. The assignment matrix 𝐴ሖ   is one that can be used to show the pair wise 

relations between a supplier and consumer, with the element 𝐴పఫ
ሖ  quantifying the strength of a 

relationship between supplier 𝑖 and consumer 𝑗 according to some cost function 𝑓(𝑃𝐴ௌ೔
, 𝑃𝐴஼ೕ

) that 

takes into account the product attributes for supplier 𝑖 ൫𝑃𝐴ௌ೔
൯ and consumer 𝑗 (𝑃𝐴஼ೕ

). 

 

𝐴ሖ: 𝐴పఫ
ሖ = 𝑓(𝑃𝐴ௌ೔

, 𝑃𝐴஼ೕ
) 
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In practice, the generation of the matrix 𝐴ሖ  is done using 2 × 𝑑 sets of lists, where 𝑑 is the number of 

product attributes to weight the edges and there are two sets of these lists, one belonging to the suppliers 

and the other set to the consumers. Hence, if the company resource capacity 𝜎 was the only parameter 

to weight the edges then the 𝜎 list for the suppliers and consumers would be the input to the cost function 

for quantifying pair-wise supplier-consumer connections: 

 

𝐴ሖ: 𝐴పఫ
ሖ = 𝑓 ቀ𝜎ௌ௜

, 𝜎஼௝ቁ , 𝑖 ∈ [1, 𝑚], 𝑗 ∈ [1, 𝑛] 

 𝜎ௌ = [𝑥ଵ, 𝑥ଶ, 𝑥ଷ … 𝑥௠] 

𝜎஼ = [𝑦ଵ, 𝑦ଶ, 𝑦ଷ … 𝑦௡] 

𝐴ሖ 𝑖𝑠 𝑎 𝑝 × 𝑝 𝑚𝑎𝑡𝑟𝑖𝑥, 𝑝 = 𝑛 𝑖𝑓 𝑛 ≥ 𝑚, 𝑒𝑙𝑠𝑒 𝑝 = 𝑚 

Equation 4-2 

 

𝐴[0, 𝑝: 𝑝 + 𝑝] = 𝐴ሖ  

𝐴[𝑝 + 𝑝, 0: 𝑝] = 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑒(𝐴ሖ) 

Equation 4-3 
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5 MATCHING INDUSTRIES BASED ON DISTRIBUTION POLICIES 

Regulation improves on the environmental performance of the chemical industry, and this is required 

in the chemical industry due to its negative reputation in the eyes of society with regards to accidents 

and toxic emissions that affect the lives of the surrounding community and the environment (National 

Research Council, 1999). The depletion of natural resources and waste disposal are also areas in which 

the public associates with the chemical industry (Clarck, 2003).  With the increasing load of waste 

material on landfill sites and the contribution of wastewater effluents on water pollution, solutions are 

required to minimize waste disposal. Industrial symbiosis aids in this regard as not only does the 

distribution of by-product material among companies aid in the reduction of by-product material 

disposal and pollution, but it also reduces the amount of virgin raw material consumed by the 

companies. This results in increased resource efficiency and lower environmental impact.  

This chapter is focused on the application of the graph algorithms to IS, with specific emphasis on 

minimising by-product material that ends up as waste while minimising transportation costs. Hence, the 

distribution policy is mainly an EVD and ECD type policy. This requires the graph representation to be 

established for each network flow problem that the graph algorithms are suited for.  

The chapter is split into subsections, with each subsection dedicated to a specific network flow problem 

and its corresponding algorithm. For each subsection, a brief introduction of the network problem will 

be provided before the graph representation is presented. This will then be followed by the required 

adaption of the graph model to the IS problem and the solution strategy of the algorithm.  

It will be seen that the graph representations for the transportation problem, maximal flow problem, and 

the optimal assignment problem are good candidates for modelling the IS problem as they have similar 

graph representations to the IS graph representation, outlined in Chapter 4, and will require slight 

modifications to facilitate the application of the algorithms identified, viz. the Hungarian method, 2-

Phase Simplex method and the Edmonds Karp-algorithm.  

5.1 The transportation problem and the 2-Phase Simplex method (SM) 

5.1.1 A gentle introduction to linear programming 

Linear programming (LP) is a mathematical discipline concerned with finding the optimal value of a 

linear function that is subject to a number of linear functional constraints (Thie and Keough, 2011). The 

formal representation of a standard linear program is shown below:  

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 𝑍 = ෍ 𝐶௜𝑋௜

௡

௜ୀଵ

 

 

Equation 5-1 
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𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜:   ∑ 𝑎ଵ௝𝑥௝
௡
௝ୀଵ ≤ 𝑏ଵ 

   ∑ 𝑎ଶ௝𝑥௝
௡
௝ୀଵ ≤ 𝑏ଶ 

   ⋮  

   ∑ 𝑎௠௝𝑥௝
௡
௝ୀଵ ≤ 𝑏௠ 

   𝑥ଵ, 𝑥ଶ, … . . , 𝑥௡ ≥ 0 

where there are 𝑛 decision variables and 𝑚 linear constraints, called functional constraints, and 𝑛 non-

negativity constraints 𝑥௝ > 0 ∀ 𝑗. Linear problems with all functional constraints being ≤ and variables 

being restricted to non-negative values are said to be in the standard form (Hillier and Lieberman, 2010). 

A simple standard linear program (SLP) may be used to understand the components of a linear program 

and how they relate to each other. Consider the following: 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 𝑍 = 𝑥ଵ + 𝑥ଶ  

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 ∶  

2𝑥ଵ + 𝑥ଶ ≤ 16 

𝑥ଶ ≤ 4  

𝑥௜ > 0, 𝑖 = 1,2 

 

Figure 5-1: Geometric representation of simple linear program. 
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Figure 5-1 shows the geometric representation of the simple linear program that has two decision 

variables. The dotted blue line segments are the functional constraints. There are two decision variables 

(𝑥ଵ and 𝑥ଶ) and the blue-coloured region is what is known as the feasible region, which is bounded by 

the functional constraints. It is within the feasible region, and at the boundaries of the region, that the 

solutions to the linear program are found and feasible with respect to the functional constraints. 

However, they may be different objective function values.  Clearly, the maximum value of  𝑍, or 

minimum −𝑍 value, that still satisfies all the constraints, is at (6,4), which renders the highest 𝑍 value 

of 10 units. The black dotted line is the objective function 𝑍 = 𝑓(𝑥ଵ, 𝑥ଶ) = 10.  

Corner-points (CP) are those points that correspond to the intersection of two or more functional 

constraints. Corner-point feasible solutions (CPF) are those CP solutions that fall on the boundary of 

the feasible region and are identified by the decision variables. 

At a boundary line, the corresponding functional constraint is in the form of an equality. It may be stated 

that for constraints of the form ∑𝑥௜ ≤ 𝑏, Equation 5-2 may be substituted:  

∑𝑥௜ + 𝑥௦௟ೕ
= 𝑏௝ 

 

Equation 5-2 

The variable 𝑥௦௟ೕ
 is the 𝑗௧௛ slack variable for the 𝑗௧௛ constraint and is defined to be the extent to which 

the left-hand side of the original inequality is less than the right-hand side.  

The addition of slack variables to all functional constraints of the form ≤ augments the linear program 

by these supplementary variables (Hillier and Lieberman, 2010). This converts the linear program into 

its augmented form, with the addition of 𝑚 slack variables to the 𝑚 functional constraints. As such, 

CPF solutions of the form (𝑥௜ , 𝑥௜ାଵ, . . , 𝑥௡) are now better represented as an augmented solution 

(𝑥௜ , 𝑥௜ାଵ, . . , 𝑥௡, 𝑥௡ାଵ, . . , 𝑥௡ା௠) where the numerical values of the 𝑚 slack variables are included. This 

is known as a basic solution and is an augmented CP solution. A basic feasible solution (BF) is an 

augmented CPF solution, with the only difference between the two being the inclusion of the numerical 

values of the slack variables in the former.  

With the addition of the slack variables, there are 𝑚 + 𝑛 + 1 variables and 𝑚 + 1 equations; the 

objective function is included as the additional equation, with the corresponding variable being 𝑍. This 

means there are 𝑛 free variables that can be assigned arbitrary values.  

This means that by assigning an arbitrary value to 𝑛 variables, the values of the 𝑚 other variables may 

be determined. These 𝑛 variables are called non-basic variables and the 𝑚 variables that are used to 

solve the 𝑚 equations are the basic variables (known as the basis). The distribution of the slack and 

decision variables as basic or non-basic depends on BF solution, with adjacent BF solutions having all 

but one of their non-basic variables being the same. A BF solution will always have non-negative basic 
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variables, regardless of whether the variables are slack or a decision variable. The 𝑛 non-basic variables 

are set to zero, an arbitrary value commonly used in the SM (Hillier and Lieberman, 2010).  

The optimal solution to the linear program will be at one of the extreme points/CPF solutions. In fact, 

for any linear program, the optimal solution will always be at the intersection of the line segments 

defined by the functional constraints. This is true due to the following properties of CPF/BF solutions:  

1. If there exists exactly one optimal solution, then that solution corresponds to a CPF solution. 

2. There are a finite number of CPF solutions. 

3. A CPF solution is the optimal solution if there exists no adjacent CPF solutions that return a 

larger value for the objective function Z. (Hillier and Lieberman, 2010) 

Once an SLP is converted into its augmented form, the Simplex method (SM) can be used to solve the 

linear program, to produce an optimal solution. It is a linear programming tool developed by George 

Dantzig in 1947 (Hillier and Lieberman, 2010). The SM solves the linear program by visiting a sequence 

of BF solutions and evaluates if the current BF solution is optimal or not. If not, it moves to the adjacent 

CPF/ BF solution that returns a higher objective function value. 

The difficulty is to identify the initial BF solution from which the SM starts at. A common approach is 

to set the slack variables as the basic variables and the decision variables as the non-basic variables 

(Hillier and Lieberman, 2010). In this way, the initial BF solution is at the origin (since all decision 

variables have a value of zero), from which the SM will proceed to find the optimal BF solution. Hence, 

for an SLP, the initial 𝑚 basic variables are the 𝑚 slack variables.  

5.1.2 The transportation problem 

The transportation problem (TP) is a linear programming problem that is concerned with the distribution 

of a commodity from a set of suppliers to a set of consumers in such a way that the total cost of 

transportation is minimized (Hillier and Lieberman, 2010). This would be an example of an ECD policy. 

The graph representation of the transportation problem is shown in Figure 5-2, with 𝑥௜௝  being the edge 

between vertex 𝑖 (Supplier) and vertex 𝑗 (Consumer).  The variable 𝑘௜௝ is the weight of the edge between 

supplier 𝑖 and consumer 𝑗 and represents the transportation cost per unit commodity exchanged between 

supplier 𝑖 and consumer 𝑗.  
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Figure 5-2:Graph-theoretic representation of the Transportation problem for an m×n system. 

The total cost of transportation is given in Equation 5-3, the objective function of the linear program of 

the TP for an 𝑚 × 𝑛 system. The decision variable 𝑥௜௝is the amount of resource exchanged between 

supplier 𝑖 and a consumer 𝑗. The functional constraints are given in Equation 5-4, where 𝜎ௌ௜
 is the 

resource amount supplier 𝑖 has and 𝜎஼௝
is the resource amount consumer 𝑗 needs.  

 

Minimize: 

 𝑍 = ෍ ෍ 𝑘௜௝𝑥௜௝

௡

௝ୀ଴

௠

௜ୀ଴

 
Equation 5-3 

 

subject to: 

෍ 𝑥௜௝

௡

௝ୀ଴

≤ 𝜎ௌ௜
 ∀ 𝑖 𝜖 [0, 𝑚] 

෍ 𝑥௜௝

௠

௜ୀ଴

≥ 𝜎஼௝
 ∀ 𝑗 𝜖 [0, 𝑛] 

𝑥௜௝ ≥ 0 ∀ 𝑖, 𝑗 

Equation 5-4 

 

The constraints explain that the total amount of commodity sent from any supplier 𝑖 to all consumers 

(𝑗 ∈ [1, 𝑛]) can’t be greater than the supplier’s availability. On the other hand, the total commodity 

supplied to a consumer 𝑗 by all suppliers (𝑖 ∈ [1, 𝑚]) can’t be less than that demanded by the consumer. 

With this in mind, what is sought is the minimisation of the objective function 𝑍, whose value is 

proportional to the variables 𝑥௜௝ and the corresponding cost coefficient 𝑘௜௝. Hence, the values of the 

variables 𝑥௜௝ are optimal when the objective function 𝑍 is minimised.  
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The TP is not an example of an SLP, since not all the functional constraints are of the form ≤. As such, 

the initial BF solution will be hard to identify. A standard approach is the artificial variable technique 

(Hillier and Lieberman, 2010), where an artificial version of the problem is created after modification 

of the objective function and transformation of the functional constraints of the form ≥ :  

𝑥ଵ + 𝑥ଶ ≥ 𝑏 → 𝑥ଵ + 𝑥ଶ − 𝑥௦௨ + 𝑥௔௩ = 𝑏 

The addition of a surplus variable 𝑥௦௨ signifies the extent to which the left-hand side is in surplus of the 

right-hand side and allows for the inequality constraint to be converted to an equality constraint. The 

artificial variable 𝑥௔௩ is introduced as the “slack variable” for ≥ inequalities. Hence for 𝑡 ≤ inequalities 

and v ≥ inequalities, there would be 𝑡 + 𝑣 initial basic variables with a value of 0 (the initial BF 

solution) and 𝑛 non-basic variables (the 𝑛 decision variables). Surplus variables can’t be an initial basic 

variable since it would violate the non-negativity constraint, which is why the artificial variable is 

required. There are two SM approaches to solving these linear programs, the Big M method and the 2-

phase Simplex method, which is a more streamlined version of the former method.  

The Two-phase Simplex method (SM) is a linear programming tool that splits the linear program into 

2 phases. In the first phase, the solution to the artificial problem is found, in which the artificial variables 

are included in the initial basis for Phase 1. At the end of Phase 1, where the optimal BF solution is 

found, all artificial variables will obtain a value of zero, and this BF solution becomes the initial solution 

to Phase 2. If any artificial variable has a non-zero value at the end of Phase 1, then no solution exists 

for the original linear program (Hillier and Lieberman, 2010). In phase 2, the original objective function 

is restored, and the standard Simplex method can be used to find the optimal BF solution to the real 

problem.  

In this way, the addition of slack, surplus, and artificial variables to the TP can be used to obtain an 

optimal solution via the 2-Phase Simplex method. This makes the TP a special application of the 2-

Phase SM.  

Conversion of the TP into the Standard TP (STP) 

A feasible solution to the TP is one where the constraints are satisfied. It is clear from Equation 5-3 and 

Equation 5-4that it is possible for more than one feasible solution to exist such as one where a consumer 

𝑗 can receive more than their demand 𝜎஼௝ (𝜎஼ ௝ < ∑ 𝑥௜௝
௠
௜ୀ଴ ) and a supplier 𝑖 give less than they have 

(∑ 𝑥𝑖𝑗
𝑛
𝑗=0 < 𝜎ௌ௜

). This is of course not a desirable feasible solution in the case of IS, as there are 

additional storage costs associated with a consumer receiving excess by-product material than is 

required. Hence, to make the constraints binding, i.e., to ensure a consumer receives at most what they 

require and promote the situation where a supplier gives all their inventory, the set of feasible solutions 
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becomes narrow. This would require changing the functional constraints to equality constraints, which 

turns out to be particularly beneficial for the run time complexity.  

The more functional constraints there are, the more slack and surplus variables there will be. Meaning, 

geometrically, there will be a higher density of CPF solutions in the space. This results in a high 

computational expense in solving the linear program, since the SM reaches the optimal solution to the 

problem by visiting adjacent extreme points in succession. Since the pivoting rule from Dantzig’s 

formulation of the SM makes the SM an exponential time algorithm (Klee and Minty, 1972, Hillier and 

Lieberman, 2010), it makes sense to reduce the number of variables in the problem where possible. By 

changing all the functional constraints in the problem formulation to equality constraints, the need for 

slack and surplus variables is avoided, and the addition of artificial variables is the only necessity.  In 

this way, the transportation problem is transformed into its standard form.  

The time complexity of the algorithm is more sensitive to the number of functional constraints than the 

number of variables (Hillier and Lieberman, 2010). It is proportional to the cube of the functional 

constraints, with the number of variables influencing the complexity to a minor degree (Hillier and 

Lieberman, 2010). Nonetheless, while the transformation of the constraints to equality constraints may 

not change the order of the time complexity, it may change the multiplying factor. 

Due to the special structure of the mathematical formulation, a tableau representation is commonly 

used. The simplex table (ST) for an 𝑚 × 𝑛 system consists of 𝑚 × 𝑛 + 1 rows (one for each constraint 

and the objective function equation) and 𝑚 × 𝑛 + 𝑚 + 𝑛 + 2 columns (for the Z variable,  𝑚 × 𝑛 

decision variables, 𝑚 + 𝑛 artificial variables, and the right-hand side values).  

For a 2 × 2 system, the simplex table for the transportation problem is compactly represented in an ST 

as :  

 

The variables (𝑥௔ଵ, 𝑥௔ଶ, 𝑥௔ଷ, 𝑥௔ସ) in the first column are the basic variables (the basis). The Simplex 

method makes use of the Simplex algorithm, which operates on the Simplex tableau and results in the 

change in basis until an optimal solution is reached. The basis is the minimal set of variables, called 

basic variables, that define the solution to the linear problem. Moving from one CPF solution results in 

a change of at least one basic variable to a non-basic variable and vice-versa. Phase 1 of the 2-phase 

Simplex method is the use of the Simplex algorithm in finding an initial feasible solution, whereas 

Phase 2 involves using the Simplex algorithm to find an optimal solution from the initial feasible 
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solution. For a more detailed understanding of the 2-Phase Simplex method, the Introduction to 

Operations Research by Lieberman and Hillier(2010) is recommended. Figure 0-1 and Figure 0-2, 

shown in the appendix, represent the flow chart for the simplex algorithm and the simplex method for 

the transportation problem, respectively.  

Balanced STP 

For cases in which the total supply is not equal to the total demand, an additional “dummy” vertex is 

required to be added to the graph representation in Figure 5-2 and an additional equality constraint: 

෍ 𝑥஽௨௠௠௬ே௢ௗ௘௝

௡

௝ୀ଴

= 𝑎𝑏𝑠(𝐷𝑒𝑓𝑖𝑐𝑖𝑡) ,   𝑖𝑓 ෍ 𝜎ௌ೔

௠

௜ୀ଴

< ෍ 𝜎஼ೕ

௡

௝ୀ଴

 

෍ 𝑥௜ ஽௨௠௠௬ே௢ௗ௘

௠

௜ୀ଴

= 𝑎𝑏𝑠(𝐷𝑒𝑓𝑖𝑐𝑖𝑡) ,   𝑖𝑓 ෍ 𝜎ௌ೔

௠

௜ୀ଴

> ෍ 𝜎஼ೕ

௡

௝ୀ଴

 

As a result, a balanced transportation problem is created, where  ∑ 𝜎ௌ೔௜ = ∑ 𝜎஼ೕ
 ௝  (Total supply=Total 

demand) 

To avoid departure from the original structure of the transportation problem, every edge incident to the 

“dummy” vertex is assigned a zero coefficient in the objective function, making it impossible for it 

being in the basis for the optimal solution. 

∑ 𝑘஽௨௠௠௬ே௢ௗ௘௝𝑥஽௨௠௠௬ே௢ௗ௘௝
௡
௝ୀ଴ = 0 (if additional dummy supplier is added) 

∑ 𝑘௜஽௨௠௠௬ே௢ௗ௘𝑥௜஽௨௠௠௬ே௢ௗ௘
௠
௜ୀ଴ = 0 (if additional dummy consumer is added) 

Hence, for an 𝑚 × 𝑛 system, the transportation problem can be solved with the 2-Phase simplex method, 

after the system has been converted into a balanced TP, which is said to be its standard form. 

5.1.3 Adaption of STP and SM to Industrial symbiosis  

The coefficients in the objective function are used to reflect transportation costs in the TP. The larger 

ห𝑘௜௝ห is, the stronger the supplier 𝑖 and consumer 𝑗 pairing is in the light of the simplex algorithm. The 

chief policy in the traditional STP is an ECD policy, which is a distribution based on the minimisation 

of transportation costs. For the application of IS, it is possible to reflect more than one policy by 

computing the objective function coefficients 𝑘௜௝ differently.  

While the transport cost minimisation is inherent in the STP, the inclusion of an SCD policy is possible 

by factoring in the unit price (𝛼) that each supplier and consumer attributes to the by-product material.  

Essentially, suppliers and consumers who attribute similar economic value to the by-product material 

(similar worth considered) will lead to more stable and fair matchings since similar economic benefits 
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to each company will be derived. A supplier and consumer who have a more similar value for the 𝛼 

product attribute (unit price) will reflect as a stronger pairing and, in this regard, will lead to the 

inclusion of an SCD policy. The policies are compactly represented using the 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒𝐹𝑎𝑐𝑡𝑜𝑟௜௝  and 

𝑃𝑟𝑖𝑐𝑒𝐹𝑎𝑐𝑡𝑜𝑟௜௝  which are, essentially, functions. The objective function coefficients 𝑘௜௝ are therefore 

adapted accordingly:   

𝑘௜௝ = −(𝑃𝑟𝑖𝑐𝑒𝐹𝑎𝑐𝑡𝑜𝑟௜௝ + 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒𝐹𝑎𝑐𝑡𝑜𝑟௜௝) 

, 𝑃𝑟𝑖𝑐𝑒𝐹𝑎𝑐𝑡𝑜𝑟௜௝ = 𝑀𝑎𝑥𝑃𝑟𝑖𝑐𝑒 − 𝑎𝑏𝑠(𝛼ௌ೔
− 𝛼஼ೕ

) 

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒𝐹𝑎𝑐𝑡𝑜𝑟௜௝ = 1.1 × 𝑀𝑎𝑥𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 − 𝑑௜௝ 

𝑀𝑎𝑥𝑃𝑟𝑖𝑐𝑒 = 𝑚𝑎𝑥 ([𝛼]௞  ), 𝑘 ∈ 𝑆 ∪ 𝐶 

𝑀𝑎𝑥𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 = max൫𝐷൯ 

Equation 5-5 

 

The matrix 𝐷 contains the elements 𝑑௜௝ (𝑖 ∈ 𝑆, 𝑗 ∈ 𝐶), where 𝑑௜௝ is the distance of the shortest path 

between supplier 𝑖 and consumer 𝑗. Section 5.4 elaborates on how this matrix is determined.  

As was explained in Section 4.3, it is the subset of edges in the bipartite graph that represent the 

matching 𝑀 and form the IS network. Since it is desired to find the optimal subset of edges from all 

possible supplier-consumer pairings, the value of all 𝑘௜௝, (𝑖 ∈ 𝑆, 𝑗 ∈ 𝐶) must be nonzero. As a result, for 

all edge weights between the suppliers and consumers to be nonzero, an arbitrary coefficient of 1.1 is 

multiplied to the 𝑀𝑎𝑥𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 value, ensuring 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒𝐹𝑎𝑐𝑡𝑜𝑟௜௝  is never zero. Once this is done, the 

simplex algorithm will then favour the smallest coefficient in the objective function or a negative 

coefficient with the largest absolve value.  

The Simplex method runs to optimality, ensuring that all the constraints are met and the value of the 

objective function is minimized. In other words, the resource requirements for all companies will be 

met in a way that results in the smallest objective function value.  

5.2 Maximal Flow Problem and The Edmonds-Karp algorithm (FF) 

5.2.1 An introduction to the Maximal flow problem and the Edmonds-Karp algorithm 

The maximal flow problem is a network flow problem that was initially posed by T.Harris (Ford and 

Fulkerson, 2009) after his studies on the transportation problem. Historically, researchers became 

interested in the optimization of the flow of commodity after observing the Soviet railway system, with 

the idea of finding the maximum flow of goods possible from a source (starting location) to a sink 

(destination). The network that defines the paths from the source to the sink is the flow network. In the 

flow network 𝐺, the directed edge set 𝐸 make up the paths and the vertex set 𝑉 make up the locations. 

More especially, there are two distinct vertices, a single source vertex, and a single sink vertex.  
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The mathematical formulation is a linear program, with the optimality criterion being on the maximal 

flow of commodity through the network, rather than it being cost-based.  The linear program is as 

follows:  

Maximize   

 

𝑍 = ෍ 𝑒଴௝

௡

௝ୀଵ

 
Equation 5-6 

 subject to: 

 

෍(𝑓௜௝ − 𝑓௝௜) = 0        𝑖 = 1, … . 𝑛 − 1

௝

 Equation 5-7 

 

0 ≤ 𝑓௜௝ ≤ 𝑐௜௝ 

 

Equation 5-8 

 

The parameter 𝑐௜௝  is the maximum flow (capacity) of commodity  and 𝑓௜௝ is the current flow of 

commodity along the directed edge (arc) 𝑒௜௝ . A suitable analogy to explain the formulation is a pipe 

network. Equation 5-6 is a continuity constraint, in which the net flow entering a pipe junction (vertex) 

must equal that leaving the junction. Equation 5-7 is the capacity constraint, which can be used to model 

the constraints of an application. An example is when the flow in a pipe can’t exceed the pipe capacity 

(𝑐௜௝) due to the volumetric size of the pipe or due to hydraulic considerations.   

Figure 5-3 shows a flow network in which the source vertex is 0, and the sink vertex is 6. While the 

Simplex method can be adapted to solve this linear program, it is the Ford-Fulkerson method that 

describes the class of algorithms that solve the maximal flow problem (Lammich and Sefidgar, 2016). 

The Ford Fulkerson method was established by Dr. Fulkerson and L R Ford in 1956 to determine the 

maximal capacity of a network to carry flow from a source to a sink in a flow network (Ford and 

Fulkerson, 1956).    
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Figure 5-3: An example of a flow network, G. 

The method operates on the residual network 𝐺௙ of the flow network 𝐺, which has the same vertices as 

𝐺 and will contain arcs that have positive capacity values 𝑐௙೔ೕ
, called residual capacities. If a flow 𝑓௜௝ 

exists in 𝐺 for arc 𝑒௜௝ , an arc 𝑒௜௝  is constructed in 𝐺௙ with the value of 𝑐௙೔ೕ
 being 𝑐௜௝ − 𝑓௜௝. An arc from 

𝑗 to 𝑖 is constructed in 𝐺௙ if an arc from 𝑖 to 𝑗 exists in 𝐺 and has a residual capacity value of 𝑓௜௝, the 

flow along 𝑒௜௝  in 𝐺.  Symbolically: 

 

𝑐௙೔ೕ
= ቐ

𝑐௜௝ − 𝑓௜௝ 

𝑓௜௝      

0       

𝑖𝑓 𝑒௜௝ ∈ 𝐸 

𝑖𝑓 𝑒௝௜ ∈ 𝐸

   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

 
Equation 5-9 

 

The residual graph 𝐺௙ shows all possible pathways from the source vertex to the sink vertex with the 

maximum amount by which flow can be changed along each arc 𝑒௜௝  indicated by 𝑐௙೔ೕ
. 

 

 

 

 

 

 

Figure 5-4: The flow network G (left) consisting of 1 arc with flow value 𝑓ଵଶ, and the corresponding 

residual graph 𝐺௙ (right), with two arcs determined from arc 𝑒ଵଶ of G. 
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Figure 5-4 shows the residual graph of 𝐺(left), 𝐺௙ (right). It can be seen that, while the maximum 

allowable flow for the arc 𝑒ଵଶ is a constant, (𝑐ଵଶ), the flow value 𝑓ଵଶ becomes the adjustable parameter, 

as it is this parameter that is affected in the Ford-Fulkerson method.   

It is noted that for simple flow systems, parallel arcs can’t occur in the flow network 𝐺. Consequently, 

for simple flow systems, the residual graph 𝐺௙ of 𝐺 will have at most two arcs (𝑒௜௝ and 𝑒௝௜ between any 

two vertices 𝑖 and 𝑗) that are connected by an arc in 𝐺.  

The next step is to find a path 𝑃 in 𝐺௙ from source to sink, called an augmenting path. The arc with the 

lowest available residual capacity is called the bottleneck of the path, as it is this arc that determines the 

maximum possible flow 𝑓௜௝ that can be added to each arc 𝑒௜௝  on the path in 𝐺 without violating any of 

the constraints of the problem.  

All flow values for the arcs in 𝐺 are increased by 𝑐௣ if they are in the augmenting path 𝑃, decreased by 

𝑐௣ if the reverse arc is in 𝑃 or kept constant if the arc is not in 𝑃. Symbolically:  

 

𝑓௜௝௡௘௪
= ቐ

𝑓௜௝ + 𝑐௣

𝑓௜௝ − 𝑐௣

𝑓௜௝

  

𝑖𝑓 𝑒௜௝ ∈ 𝑃 𝑎𝑛𝑑 𝑒௜௝ ∈ 𝐸

𝑖𝑓 𝑒௝௜ ∈ 𝑃 𝑎𝑛𝑑 𝑒௜௝ ∈ 𝐸

𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 
Equation 5-10 

, where: 

 

𝑐௣ = 𝑚𝑖𝑛ถ
௘೔ೕ∈௉

(𝑐௙೔ೕ
) Equation 5-11 

 

The Ford-Fulkerson method can be summarized in the following way:  

1. Create a residual graph 𝐺௙ based on the original graph 𝐺 using Equation 5-9 

2. Choose an augmenting path from source to sink 

3. Determine the minimum residual capacity 𝑐௣ in the augmenting path using Equation 5-11 

4. Update the flow values for all arcs in 𝐺 using Equation 5-10 

5. Recompute the residual graph 𝐺௙ based on 𝐺 using Equation 5-9 

6. If there exists at least one augmenting path, return to step 2, otherwise the process is terminated. 

Since there could be many augmenting paths from the source vertex to the sink vertex, the choice of the 

augmenting path becomes arbitrary. In choosing an arbitrary path, the flow of the network is increased 

but limited to the maximum allowable flow in the chosen path. Hence, a suboptimal solution could 

result because another path could have determined a larger increase in the flow of the network had it 
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been chosen first. Therefore, it is the lack of structure in finding an augmenting path that makes the 

Ford-Fulkerson method a greedy approach and has been found to affect the computational efficiency of 

the Ford-Fulkerson method and the solution rendered (Cormen et al., 2009).  

There are several heuristics for choosing augmenting paths, with each heuristic being better suited than 

the others for graph G based on the nature of the graph. The result of using a heuristic is that an algorithm 

is made available that essentially creates the order of the choice of augmenting path to consider. The 

Edmonds-Karp algorithm (FF) is a more efficient network flow algorithm than the Ford Fulkerson 

method as it uses the breadth-first search algorithm (BFS) for finding augmenting paths, and hence it is 

said to be an implementation of the Ford-Fulkerson method (Cormen et al., 2009).   

While depth-first search (DFS) can also be used to determine the order of choosing augmenting paths 

with the same run-time as using BFS (Cormen et al., 2009), there are cases in which DFS results in an 

exponential runtime, and BFS does not. Consider the flow network in Figure 5-5 with source vertex 0 

and sink vertex 3. The worse-case scenario is that the flow is increased by 1 unit. The DFS algorithm 

will take 2000 steps to produce the maximal flow. However, the BFS algorithm will take two steps. The 

Edmonds-Karp algorithm uses BFS to find the shortest augmenting path in 𝐺௙ from source to sink, 

given the arc flow values of 𝐺. Hence, paths with the lowest number of edges from source to sink will 

be chosen as the augmenting path 𝑃 first. 

 

Figure 5-5: An example of a flow network for which the BFS is more suited than DFS. 

 

5.2.2 Adaption of the Edmonds-Karp algorithm to IS 

A key feature in the graph representation is that there is a single source vertex and a single sink vertex, 

with the objective being to push as much flow from source to sink. For the case of IS, where there are 

multiple sources and sinks, two additional vertices need to be added, one being a “super-source” and 

the other being a “super-sink” (Tardos and Kleinberg, 2005).  
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This transforms the problem into the traditional graph representation that the Edmonds-Karp algorithm 

was designed to solve. Hence the graph representation for the Edmonds-Karp algorithm is a graph 𝐺 =

(𝑆∗ ∪ 𝐶∗, 𝐸) where 𝑆∗ is the set of suppliers (𝑠଴, 𝑠ଵ … . 𝑠௠) appended with the “super-source node” and  

𝐶∗ being  the set of consumers (𝑐଴, 𝑐ଵ … . 𝑐௡) appended with the “super-sink node”.  

For the maximal flow problems, all edge capacities are computed as follows: 

𝑐௜௝ = min ቀ𝜎ௌ௜
, 𝑎𝑏𝑠(𝜎஼ೕ

)ቁ , 𝑖 ∈ [1, 𝑚], 𝑗 ∈ [1, 𝑛] 

𝑐௦௨௣௘௥௦௢௨௥௖௘ ௜ = 𝜎ௌ௜
 

𝑐௝ ௦௨௣௘௥௦௜௡௞ = 𝑎𝑏𝑠(𝜎஼ೕ
) 

Equation 5-12 

The graph representation of the maximal flow problem in IS is shown in Figure 5-6. With the 

computation of the directed edge capacities following Equation 5-12, the saturation of any edge (𝑓௜௝ =

𝑐௜௝ , 𝑖 ∈ 𝑆, 𝑗 ∈ 𝐶) occurs simultaneously with the  saturation of either edge  𝑒௦௨௣௘௥௦௢௨௥௖௘ ௜ or 𝑒௝ ௦௨௣௘௥௦௜௡௞, 

depending on whether the supply or demand is greater in value. Symbolically:  

𝑓௦௨௣௘௥௦௢௨௖௘௜ = 𝜎ௌ೔
= 𝐶ௌௌ௢௨௥௖௘೔

 ∀ 𝑖 𝜖[1, 𝑚], 𝑖𝑓 ∑𝜎ௌ೔
< ∑𝜎஼ೕ

 

𝑓௝௦௨௣௘௥௦௜௡௞ = 𝑎𝑏𝑠 ቀ𝜎஼ೕ
ቁ = 𝐶஼ೕௌௌ௜௡௞  ∀ 𝑗 𝜖 [1, 𝑛], 𝑖𝑓 ∑𝜎ௌ೔

> ∑𝜎஼ೕ
 

Equation 5-13 

In this way, the flow conservation constraint is upheld. The algorithm will produce augmenting paths 

and update flow values until there exists no path from the super-source to the super-sink. This will occur 

if either the set of edges incident to the super-source or that which is incident to the super-sink are 

saturated. In both cases, an IS network will be produced with at least one set of companies’ resource 

requirements met. In this regard, the Edmonds-Karp method ensures that a feasible IS network always 

results when run. It is important to note that the saturation of the edges that allow for the flow 

conservation constraint to be upheld is due to the flow being equal to the by-product flow, with each 

directed edge capacity (constraint) known a priori (Equation 5-12). In other words, the edge capacities 

𝑐௜௝  are a function of the 𝜎 product attribute (resource capacity) with 𝑓: 𝑚𝑖𝑛(𝜎ௌ೔
, 𝜎஼ೕ

).  

When one wants other policies to be considered, the implementation of the Edmonds-Karp algorithm 

becomes compromised. Consider the case where one seeks to prioritize pairings between companies 

who are geographically closer (ECD policy) and their unit price proposals (𝛼) are most agreeable (SCD 

policy. The edge capacities will be computed as follows:  

 

𝑐௜௝ = 𝑃𝑟𝑖𝑐𝑒𝑓𝑎𝑐𝑡𝑜𝑟௜௝ × min ቀ𝜎ௌ೔
, 𝜎஼ೕ

ቁ +𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒𝑓𝑎𝑐𝑡𝑜𝑟௜௝  , 

 𝑖 ∈ [1, 𝑚], 𝑗 ∈ [1, 𝑛],  

𝑃𝑟𝑖𝑐𝑒𝐹𝑎𝑐𝑡𝑜𝑟௜௝ = 𝑀𝑎𝑥𝑃𝑟𝑖𝑐𝑒 − 𝑎𝑏𝑠(𝛼ௌ௜
− 𝛼஼௝

) 

Equation 5-14 
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𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒𝐹𝑎𝑐𝑡𝑜𝑟௜௝ = (1.1 × 𝑀𝑎𝑥𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 − 𝑑௜௝) × 𝑅𝑃𝐷 

If an augmenting path is chosen such that supplier 𝑘 exchanges by-product material with consumer 𝑙, 

with 𝑓௞௟ increased from 0 to  𝑐௞௟, it is either the supplier’s resource amount that is diminished or the 

consumers’ demand that is met, depending on which is smaller in absolute value. If 𝜎ௌೖ
< 𝑎𝑏𝑠൫𝜎஼೗

൯, 

then the edge 𝑒௞௟ will be saturated. As a result, there can be no future pairings between this supplier 𝑘 

and any other consumer. However, the graph property that ensures this, namely the mutual saturation 

of edge 𝑒௦௨௣௘௥௦௢௨௥௖௘ ௞ and 𝑒௞௟, is, in general, not present since for mutual saturation of the edges to 

occur: 

𝑐௦௨௣௘௥௦௢௨௥௖௘ ௜ = 𝑃𝑟𝑖𝑐𝑒𝑓𝑎𝑐𝑡𝑜𝑟௞௟ × 𝑚𝑖𝑛(𝜎௞ , 𝜎஼೗
) +𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒𝑓𝑎𝑐𝑡𝑜𝑟௞௟ , 𝑘 ∈ [1, 𝑚], 𝑙 ∈ [1, 𝑛] 

While the terms on the right are known, and 𝜎ௌೖ
 and 𝜎௟ can be solved for and updated accordingly, all 

other 𝑐௦௨௣௘௥௦௢௨௥௖௘ ௜, 𝑐௜௝ and 𝑐௝ ௦௨௣௘௥௦௜௡௞ (𝑖 ∈ [1, 𝑚], 𝑗 ∈ [1, 𝑛])  must be re-evaluated, using Equation 

5-9. This is so that when the next augmenting path is found involving either supplier 𝑘 or consumer 𝑙, 

the right-hand side of Equation 5-14 is equal to its left-hand side. Failing to update the edge capacities 

will result in the incorrect amount of commodity being sent from a supplier to a consumer, since 𝑓௜௝ is 

no longer a sole function of 𝜎ௌ೔
 and 𝜎஼ೕ

.  

Essentially, the graph 𝐺 must be recomputed after each augmenting path is found, corresponding to the 

exchange of by-product material between a supplier and a consumer. As a result, a modification in the 

Edmonds-Karp method has to be made. Figure 0-3 shows the flowchart for the general implementation 

of the Edmonds-Karp algorithm for maximal flow problems, and Figure 0-4 shows the modified 

implementation of the algorithm in its application in IS for transportation cost minimization.  

 

Figure 5-6: Graph representation of IS in maximal flow problems. 
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5.3 Optimal Assignment Problem and the Hungarian method (HM) 

5.3.1 Introduction to the Optimal Assignment problem and the HM 

The assignment problem is a Linear Programming problem that is concerned with assigning a set of 

𝑛 objects to another set of 𝑛 objects in the way that is optimal. The assignment problem is a 

minimization problem that has been considered as a special case of the transportation problem (Hillier 

and Lieberman, 2010). 

The standard form for the assignment problem is as follows: 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑍 = ෍ ෍ 𝑐௜௝𝑥௜௝

௡

௝ୀଵ

௡

௜ୀଵ

 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜:  ∑ 𝑥௜௝
௡
௜ୀଵ = 1   𝑓𝑜𝑟 𝑖 ∈ [1, 𝑛]  

  ∑ 𝑥௜௝
௡
௝ୀଵ = 1   𝑓𝑜𝑟 𝑗 ∈ [1, 𝑛] 

  𝑥௜௝ ≥ 0 ∀ 𝑖, 𝑗 

               𝑥௜௝ ∈ (0,1) ∀ 𝑖, 𝑗 

Stated informally, the assignment problem can be viewed as there being 𝑛 jobs available in a company 

and 𝑛 employees looking to fill a position in the company. There is a cost that the company incurs in 

assigning an employee to any one of the jobs available. The problem poses the question about which 

job an employee should be assigned to such that the cost of the assignments is minimized. Since an 

employee can either be assigned to a job or not, the variables 𝑥௜௝  are restricted to binary values (0 or 1), 

making the assignment problem a binary integer program.  

A matrix 𝐵 can be used to represent this scenario, with each element in the matrix being 𝑏௜௝. The element  

𝑏ଵଵ is the cost of assigning individual 1 to job 1.  The matrix 𝐵  is also an assignment matrix, where one 

set of elements (suppliers/employees) are ordered along the rows, and the other set of elements 

(consumers/job positions) are ordered along the column.  

𝐵 =

⎣
⎢
⎢
⎢
⎡
𝑏ଵଵ

𝑏ଶଵ

𝑏ଷଵ

𝑏ସଵ

𝑏ହଵ

𝑏ଵଶ

𝑏ଶଶ

𝑏ଷଶ

𝑏ସଶ

𝑏ହଶ

𝑏ଵଷ

𝑏ଶଷ

𝑏ଷଷ

𝑏ସଷ

𝑏ହଷ

𝑏ଵସ

𝑏ଶସ

𝑏ଷସ

𝑏ସସ

𝑏ହସ

𝑏ଵହ

𝑏ଶହ

𝑏ଷହ

𝑏ସହ

𝑏ହହ⎦
⎥
⎥
⎥
⎤

    

The graph representation for the assignment problem is a bipartite graph 𝐺 = (𝑉, 𝐸), 𝑉 = 𝑉ଵ ∪ 𝑉ଶ. 

Following the analogy, one set of vertices represents the employees (𝑉ଵ) and the other set 

(𝑉ଶ) represents the jobs. The edge 𝑒௜௝  corresponds to the entry 𝑏௜௝ in the matrix 𝐵 whose value 
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represents the weight of the edge 𝑒௜௝ , which is the cost of matching a vertex from 𝑉ଵ to a vertex from 

𝑉ଶ. A bijection is the solution output, where exactly one employee is matched to a job. 

Several researchers have worked on creating an algorithm for the assignment problem. The Hungarian 

method (HM) was formulated by H.W Kuhn, based on the work by Hungarian researchers D. König 

and J. Egerváry (Kuhn, 1956). Kuhn was studying the graph theory book by Dénes König when he 

encountered the author’s augmenting path algorithm for the matching problem on bipartite graphs 

(Martello, 2010). Kuhn realized that the matching of a bipartite graph on two sets, each with a size of 

𝑛, was identical to an 𝑛 by 𝑛 assignment problem with all decision variables 𝑎௜௝ = 0 𝑜𝑟 1 (Schrijver, 

2005). Based on a footnote in König’s book, Kuhn was directed to a paper by J. Egerváry that contained 

the method in which a general assignment problem could be reduced to a finite sequence of 0-1 

assignment problems (Kuhn, 2012).  

Based on their work, the Hungarian method was formulated. A few definitions need to first be 

established before understanding how the HM works. 

 

Figure 5-7: Bipartite graph showing a cycle C (blue edges) and a matching μ (highlighted edges). 

Consider the bipartite graph in Figure 5-7. The blue edges (𝑏ଵଶ, 𝑏ଶଷ, 𝑏ଷସ and 𝑏ସଵ) make up a cycle 𝐶, 

which is a path that starts and ends at the same vertex (𝑣ଵ, 𝑣ଶ, 𝑣ଷ, 𝑣ସ, 𝑣ଵ). The subset of edges highlighted 

in pink may be defined as a matching 𝜇. The blue edges may be regarded as the potential matches, and 

the pink highlighted edges represent the current pairings. Cycle C is said to be 𝜇-alternating if every 

other edge of C is in the matching 𝜇 (Roughgarden, 2016), which happens to be the case 

(𝒃𝟏𝟐, 𝑏ଶଷ, 𝒃𝟑𝟒 and 𝑏ସଵ) 

C is a negative 𝜇-alternating cycle if edges in the matching have a higher total cost than those outside 

the matching: 

෍ 𝑏௜௝ > ෍ 𝑏௜௝

௕೔ೕ∈஼\ఓ௕೔ೕ∈஼∩ఓ
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The matching 𝜇 in Figure 5-7 is a bijection defined by the edges 𝐶 ∩ 𝜇. Note that 𝐶\ 𝜇 ≡ 𝜇́ is also a 

bijection, connecting the same vertices in a different way. Lastly, one  can define a path from 𝑢 to 𝑤 in 

the graph G as a good path if: 

 Both 𝑢 and 𝑤 are unmatched, 𝑢 ∈ 𝑉ଵ, 𝑤 ∈ 𝑉ଶ.  

 The path contains edges in 𝜇 alternating with edges not in 𝜇.  

 Every edge of the path has a residual capacity 𝑐௙೔ೕ
 of zero, as defined in Equation 5-9, where 

𝑐௜௝ = 𝑏௜௝. These edges can be defined as “tight” edges (Roughgarden, 2016).  

With these definitions out of the way, the HM algorithm can be understood using the following higher-

level structure (Roughgarden, 2016):  

Hungarian method 

while there is no bijection do 

if there is a good path P then 

augment 𝜇 by P  

else find a good set S and update the 𝐵 matrix elements accordingly.  

The augmentation step is done using the ring sum operation 𝜇 ⨁𝑃, which creates a new graph with 

edges that are either exclusively in 𝜇 or 𝑃 but not both.  Finding a good path is done using the BFS 

algorithm, which is used to construct a tree. The BFS algorithm starts at an unmatched vertex 𝑣. Odd 

layers of the BFS tree consist of vertices that are connected with vertices in the previous layer via a 

tight edge but are not matched to these vertices. Even layers of the BFS tree are matched to vertices in 

the next layer of the BFS tree. Hence, the BFS tree will contain a good path P, if there is a 𝜇-alternating 

cycle, else the elements in the matrix 𝐵 , of size 𝑟 × 𝑟, will be updated. 
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Figure 5-8: BFS tree (left) for the bipartite graph (right) with matchings (red graph edges) and tight 

edges (blue dashed lines). 

Figure 5-8 demonstrates this procedure, with all edges in the graph being tight and matched vertices 

being connected by red edges. The good set S is made up of the vertices in the even layers of the BFS 

tree (𝑣ଵ, 𝑣ଷ, 𝑣ହ). 𝑁𝑆 can be defined as the set of vertices at the odd levels of the BFS tree (𝑣ସ, 𝑣ଶ, 𝑣଺). 

Hence, the price updation step is: 

for all u ∈ 𝑆 do 

decrease 𝑏௨௞ by ∆ 

for all w ∈ 𝑁𝑆 do 

increase 𝑏௞௪ by ∆ 

, where 𝑘 ∈ [1, 𝑟], ∆=min൫𝑏௜௝൯ , 𝑏௜௝ ∈ 𝐵, 𝑏௜௝ > 0.  

In this way, new edges become tight until the algorithm terminates when a bijection is an output as a 

result of the ring sum operation. The flowchart of the general implementation of the Hungarian 

algorithm is shown in Figure 0-5.  

5.3.2 Adaption of the HM to IS 

The problem can be viewed in the light of IS, where an optimal matching is desired, with each matching 

having a certain cost. The smaller the cost of the matching, the more desirable it is. The minimization 

of by-product material that is sent to the landfill, for instance, can be achieved by computing the cost 

matrix 𝐵 in the following way: 

𝑏௜௝ = 𝑎𝑏𝑠(𝜎ௌ೔
+ 𝜎஼ೕ

) Equation 5-15 

Hence, the smaller 𝑏௜௝ is, the more desirable the matching is and results in the minimization of the 

amount of virgin material bought by the supplier. 
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To include other policies, like the previously described SCD policy and ECD policy, the edge capacities 

can be computed as follows:  

𝑏௜௝ = 𝑎𝑏𝑠 ቀ𝛼ௌ௜
− 𝛼஼ ௝ቁ × 𝑎𝑏𝑠 ቀ𝜎ௌ௜

+ 𝜎஼௝ቁ + 𝑑௜௝ × 𝑅𝑃𝐷 Equation 5-16 

An example of the solution output from the Hungarian method is shown in Figure 5-9, corresponding 

to the highlighted elements in matrix 𝐵 . For each pairing, the resource capacities for the supplier is 

reduced and increased for the consumer, resulting in a net decrease in the total demand and total supply. 

Since a square matrix is the required input to the HM, if 𝑛 ≠ 𝑚, then a 𝑝 × 𝑝 assignment matrix 𝑃 can 

be created, where 𝑝 = max(𝑛, 𝑚) with each 𝑝௜௝  in the assignment matrix 𝑃 defined as follows. 

𝑝௜௝ = ൜
𝑏௜௝ , 𝑖𝑓 𝑖 ≤ 𝑚, 𝑗 ≤ 𝑛

𝐾, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

Equation 5-17 

 

The value 𝐾 is an arbitrary large number, where 𝐾 ≫ max൫𝑏௜௝൯ , 𝑏௜௝  ∈ 𝐵, which reflects a weak pairing. 

Conceptually, this corresponds to adding |𝑚 − 𝑛| dummy suppliers (if 𝑚 > 𝑛) or |𝑚 − 𝑛| dummy 

consumer (if 𝑚 < 𝑛) with the matrix entry of 𝐾. The pairing made with a dummy supplier or consumer 

will be a weak pairing and will not factor in 𝑀, the matching in the IS network.    

Unlike the Simplex method and the Edmonds-Karp method, one successful run of the HM does not 

guarantee an optimal IS network since the case may exist where some suppliers still have resource 

available and some consumers still being in need. Hence, the HM must be called iteratively until either 

the total demand or supply is met, whichever is the smallest in absolute value. In between each iteration, 

the bijection from the previous iteration must be stored and reflected in the matching 𝑀, as it will affect 

the pairings in the next iteration.  

Consequentially, the subset of suppliers 𝑆ሖ(𝑆ሖ ⊂ 𝑆) whose supply is diminished will be taken out from 

the set of suppliers 𝑆 when creating the new assignment matric 𝐵௡௘௪ such that the bijection output from 

this assignment matrix will not pair any consumer with those suppliers. The same goes for those 

consumers whose resource demands are met. The step to creating matrix 𝑃, shown in Equation 5-17 

can then be proceeded with accordingly. The flowchart of the HM application in IS is shown in Figure 

0-6.  
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Figure 5-9: Solution output from the Hungarian method corresponding to the optimal entries in matrix 

𝐵. 

5.4 Dijkstra’s algorithm and the Minimum Spanning tree 

The Dijkstra’s algorithm is a useful method for the determination of the relative distances between each 

supplier and each consumer. The algorithm will find the shortest path from a single source vertex to 

any other vertex if a path exists (Dijkstra, 1959).  Dijkstra’s algorithm solves shortest path problems 

consisting of a single source on a weighted graph 𝐺 = 𝐺(𝑉, 𝐸) with non-negative weights (Cormen et 

al., 2009). Dijkstra's algorithm relies on the optimal substructure property, which is exhibited in 

problems whose optimal solution is made up of optimal solutions of subproblems (Cormen et al., 2009). 

The shortest part problem has the optimal substructure property in which the shortest part between two 

vertices is made up of other shortest paths within it. It is a greedy method as it always adds the next 

“closest” vertex to 𝑆 that is closest to the source vertex.  

The algorithm maintains a set of vertices 𝑆, with the final shortest paths from each vertex in S to the 

source vertex already determined. A vertex 𝑢 ∈ 𝑉 − 𝑆, with the minimum shortest path distance from 

the source, is repeatedly added to 𝑆 until 𝑉 − 𝑆 is empty. In this way, the shortest path from the source 

vertex to any other vertex in the graph is deduced by Dijkstra’s algorithm.Consider a simple 3 × 3 

system. The geographical locations of the three suppliers and consumers are shown in Figure 5-10. It is 

desired for the matrix 𝐷 to be computed. So that 𝑑௜௝  is not just the straight-line distance from supplier 

𝑖 to consumer 𝑗, a road network can be generated to reflect a more realistic geographical setting. A 

convenient structure for the road network is by constructing the minimum spanning tree (MST) of the 

graph.  

The MST is a tree of graph 𝐺 that connects all vertices of 𝐺 (Wilson, 2015). The MST of 𝐺 is a spanning 

tree whose total edge weight is a minimum. Prim’s algorithm was used to determine the MST. Prim’s 

algorithm works in a similar manner to Dijkstra’s algorithm for finding shortest paths in a graph 

(Cormen et al., 2009) as it maintains a set A of edges that form a single tree.  The algorithm iteratively 

adds the lightest edge that connects an isolated vertex to the tree until the three spans all the vertices in 
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𝐺. It is also a greedy method as, at each iteration, it includes edges that add the minimum weight to the 

edge weight of the tree (Cormen et al., 2009).  

Based on the MST, which is a convenient structure for a road network, Dijkstra’s algorithm can be used 

to determine the shortest distance between any supplier to any consumer by assigning the source vertex 

as a supplier. In this way, a path between any two vertices is guaranteed, and the distance matrix 𝐷 can 

be computed using Dijkstra’s algorithm where for element 𝑑௜௝ , (𝑖 ∈ 𝑆, 𝑗 ∈ 𝐶), the source vertex as input 

to Dijkstra’s algorithm would be the vertex for 𝑆௜, which would deduce 𝑑௜௝  ∀ 𝑗 ∈ 𝐶.  Flow charts for 

the Prim’s algorithm and Dijkstra’s algorithm can be found in the Appendix as Figure 0-7 and Figure 

0-8, respectively. 

 

Figure 5-10:MST for a 3 by 3 IS system. 

 

 

 

 

 

 

 

 

 

 

 



55 

 

6 IS NETWORK GENERATION USING THE ALGORITHMS 

Now that the graph representations for each network flow problem have been established, with the 

adaption of each network flow algorithm to the application of Industrial Symbiosis, it is possible to 

demonstrate the suitability of the algorithms in generating a feasible IS network. A single scenario is 

created where there are six suppliers and six consumers of a single resource that desire to be part of an 

industrial symbiosis. Each company is looking to have their resource requirement met such that the 

least amount of by-product material is sent to the landfill while keeping transportation costs as low as 

possible. In this way, an ECD and EVD distribution policy is favoured.  

Companies that are paired may agree to share the transportation costs in the interest of fairness. To 

speed up the negotiation process, all companies require that the selling and buying unit price 𝛼 for the 

by-product be as similar as possible between the supplier and consumer pairing. In this way, an SCD 

policy is included. A supplier may assert a unit resource price based on what allows them to make the  

IS venture a feasible solution and could be used to factor in as many of the operational, storage and 

administrative costs as possible. This could also reflect the product purity of the material and its 

perceived worth in its re-valorisation. For the consumer, the buying unit price that is volunteered would 

be one that fits the budget of the consumer after they have made an estimation of the expected 

purification costs (if any), transportation and storage costs.  

The by-product material is chemically similar in nature amongst the suppliers. However, the approach 

can be implemented even when the resource is dissimilar in chemical nature but affords the functionality 

in its substitution for the  consumers’ raw materials.   

 

 

Figure 6-1: The minimum spanning tree for the 6× 6 system. 
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The product attributes for the set of suppliers and consumers (𝜎, 𝛼, 𝜃) are provided in Table 6-1 and 

Table 6-2, respectively. The geographic location is conveniently represented as cartesian coordinates.  

 

Table 6-1: Product attributes for the set of suppliers. 

Product attribute 
Supplier  

0 1 2 3 4 5 

Res. Capacity (unit) 20 80 100 210 26 11 

Unit Price (R/unit) 3 4.5 1.5 4.5 1 5 

X position 1 3 4 14 7 9.5 

Y position 3 6 10 1 12 4 

 

Table 6-2: Product attributes for the set of consumers. 

Product 

attribute 

Consumer 

0 1 2 3 4 5 

Res. Capacity 

(unit) -81 -41 -60 -70 -20 -160 

Unit Price 

(R/unit) 4 3 2 1 2 4 

X position 4 6 9 11 11 13 

Y position 3 4 6 10 2 9 

 

The minimum spanning tree for this 6 × 6 system, shown in Figure 4-1, is shown in Figure 6-1. It is 

along the MST edges shown in Figure 6-1 that the Dijkstra’s algorithm will find a path from any supplier 

to any consumer, until the distance matrix 𝐷 is computed. The total supply of available by-product 

material is 447 units and the total demand is 431 units. 

With this information, the bipartite graphs for the FF and HM, guided by their respective graph 

representations, was computed as well as the creation of the simplex tableau for the SM. 
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Each algorithm was run and produced an output as an IS network. Figure 6-2 shows the IS network 

rendered by the HM, Figure 6-3 shows that the IS network rendered by the FF algorithm and Figure 6-4 

shows the IS network rendered by the SM.  

 

Figure 6-2: Industrial symbiosis network rendered by the Hungarian method. 

 

Figure 6-3:Industrial symbiosis network rendered by the Edmonds-Karp method. 

 

 

Figure 6-4: Industrial symbiosis network rendered by the Simplex method. 
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In all of the IS networks generated, the total demand is satisfied, confirming the fact that at least one 

set of companies’ resource requirements will be met. The total supply is still greater than zero in all the 

IS networks generated since the total demand was less than the total supply. Multiple solutions exist for 

this problem, as is evident in the different IS networks produced by each algorithm. While the 

assignment matrix is the same in terms of the row and column order, with the product attributes for 

supplier 𝑖 and consumer 𝑗 being used to create element (𝐴௜௝) ́ for each algorithm, there are differences 

in the network structure. This implies the following statement:   

Statement 1: For a given assignment matrix 𝐴ሖ: 𝐴పఫ
ሖ = 𝑓(𝑃𝐴ௌ௜ , 𝑃𝐴஼௝), the rendered IS network is 

dependent on the algorithm choice.  

If the assignment matrix 𝐴 is computed  as 𝐴ሖ: 𝐴పఫ
ሖ = 𝑓(𝑃𝐴ௌ௜ , 𝑃𝐴஼௝), 𝑗 ∈ [0,5], 𝑖 = 𝑎𝑏𝑠(5 − 𝑗), 

essentially transposing the assignment matrix, the  IS network rendered by the Edmonds-Karp algorithm 

has a completely different structure than the one it previously produced (Figure 6-2), as seen in Figure 

6-5.  

 

Figure 6-5: IS network rendered by the Edmonds-Karp algorithm with a different order of the rows and 

columns in the assignment matrix. 

This implies the following statement:   

Statement 2: For a given algorithm, the order of each company’s product attributes in its respective 

product attributes list affects the IS network that is rendered.  

 

Figure 6-6: Illustration of the change in order in a product attributes list. 
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Statement 2 essentially talks to the order of the rows and columns for a given assignment matrix 𝐴ሖ . A 

different row and column order seem to produce different IS networks, revealing that multiple solutions 

exist for the IS problem. Furthermore, since the algorithms follow a specific routine when processing 

the assignment matrix, it is the order of the rows and columns that determines the order that supplier-

consumer pairings are made.  

Clearly, the larger the system, the larger the set of potential solutions, each with possibly different 

structural features. A way to concisely evaluate this sensitivity in the structural features of the IS 

network is to use graph metrics. Graph metrics can be used to differentiate between multiple optimal 

solutions and can be useful for conducting a comparative study of the algorithms and determining the 

optimality of solutions with respect to a distribution policy.  

Graph metrics  

A few basic graph measures are:  

1. EdgeCount : number of edges in the graph 

2. Vertex degree: Number of edges incident to a vertex 

3. Number of graph components: The number of subgraphs  

4. Total edge distance: Sum of all the edge weights, representing the sum of the pairwise travelling 

distances.  

5. Eigenvector degree centrality: Vertex importance/influence (values determined for each vertex) 

These metrics have significant implications to the IS matching characteristics and indicate anything 

from the “fairness” of allocations/opportunities for competitiveness to the environmental impact and 

profitability of the transportation companies involved in the network. 

For example, in Figure 6-7 there are three graph components, which collectively make up graph G, and 

are demarcated by dotted boundaries. All the blue vertices have a vertex degree of 1 and the red vertices 

have a vertex degree of 2, except for the right most red vertex, which has three edges that are incident 

to it. There is a total of 7 edges, and if each edge has a unit length, the total edge distance is seven units.  
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Figure 6-7: Illustration of subgraphs in a graph G. 

One can imagine the red vertices being suppliers and blue vertices being consumers, in which case the 

metrics may be interpreted in the context of IS as follows: Three clusters are created in the IS matching, 

denoted by the 3 graph components, with smaller edge distances being better for companies in the 

cluster with respect to transportation costs. Higher edge counts may indicate there is generally more 

distribution across companies but also that transport activity and the associated environmental impact 

are greater.  

However, the metrics could also indicate that opportunistic behaviour, such as price gouging, could 

result due to a reduction in transportation costs. The Eigenvector centrality for the red vertices would 

be calculated to be higher than that of the blue vertices, indicating that their level of influence in their 

respective clusters is greater. This has implications to the power dynamics of the IS network and has 

implications on network stability.  

Hence, even though in Figure 4-1 a 6 × 6 system is shown and the application of any one of the 

algorithms will render a feasible IS network, one can ask the question, for or an 𝑚 × 𝑛 system, where 

𝑚, 𝑛 ∈ 𝑵, which algorithm is most suitable for generating IS networks that are feasible with respect to 

the imposed distribution policy? With the insight into the bias that the order of the elements in product 

attributes lists and having defined the modelling of IS networks and the development of the graph 

representations for each algorithm, a foundation is laid for Chapter 7, which is concerned with the 

development of a methodology to assess the suitability of each algorithm in the creation of IS networks 

and to answer the research questions posed, as defined in Chapter 3.  
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7 METHODOLOGY BASED ON GRAPH METRIC ANALYSIS 

In Chapter 6 it was seen that the product attributes were used to impose the distribution policies on the 

IS matching 𝑀 and that the order of the rows and columns in the assignment matrix affects the order 

that the supplier-consumer pairings are made. This results in different IS network solutions, given that 

multiple solutions to the problem exist. From these 2 observations, an updated formalism is realised 

that generalises the matching problem for the IS application.  

Given a cost 𝑟௜௝
௟

்
 , where 𝑟௜௝

௟
்

 for the 𝑙௧௛ product attribute in the pairing between supplier 𝑖 and 

consumer  𝑗 after 𝑇 pairings have already been made, determine 𝑀, the set of pairings, such that 𝑍 is 

minimized, where:  

 

𝑍 = ෍ ෍ ෍ 𝑟௜௝
௟

்
 𝑒௜௝

௡ିଵ

௝ୀ଴

, 𝑇 ∈ [0, sup 𝑇], 𝑒௜௝ ∈ ℤଶ 

௠ିଵ

௜ୀ଴

|஽௏|

௟ୀଵ

 

𝑟௜௝
௟

்
= 𝑓(𝑃𝐴ௌ௜ , 𝑃𝐴஼௝) 

 

Equation 7-1 

The product attributes 𝐷𝑉 are used to represent the policies that are the motivation for the industrial 

symbiosis. The binary variable 𝑒௜௝ is one if the pairing between supplier 𝑖 and consumer 𝑗 is in the 

matching or zero, otherwise. The formalism highlights the dependency that a pairing has on the order 

in which previous pairings are made. Since there are many different matchings that could be made, 

which may be suboptimal with respect to the policies, it is the correct order of pairings that results in 

the smallest 𝑍 value since 𝑟௜௝
௟

଴
 will have a different cost compared to 𝑟௜௝

௟

ଵ
; the previous pairing could 

have impacted the value of the 𝑙௧௛ product attribute for supplier 𝑖 and consumer 𝑗 (such as the resource 

capacity 𝜎).   

With this formalism, an over-arching methodology was implemented that would allow answers to the 

research questions to be determined. This chapter lays out the framework and methodology used to 

carry out an investigation into whether any interesting insights can be gained from larger IS systems 

with the view of answering the research questions. The framework was created in the programming 

software Python and is made up of classes designed to be run in an integrated manner. The following 

are the main classes in the framework: 

1. Dataset generation class 

2. Graph Metric class 

3. Algorithm class 
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Aside from these are functions/methods needed for pre-processing inputs to classes and post-processing 

of outputs from classes. The framework starts with the Data generation class, which creates 𝑑 number 

of randomly generated datasets with 𝑚 number of suppliers and 𝑛 number of consumes. Each user 

(supplier/consumer) has the following product attributes (𝑙 = 4): 

1. 𝜎 = Resource capacity required to be shared 

2. 𝛼 = Unit price for the resource 

3. 𝜑 = Purity of the resource 

4. 𝜃 = Geographic location of the resource 

A supplier’s resource capacity will be a positive value, and a consumer’s resource capacity will be a 

negative value. The values of the product attributes for each company are randomised, within limits, 

and are shown in Table 7-2. As explained previously, the product attributes allow for distribution 

policies to be imposed on the Symbiosis, for example, the minimization of by-product material sent to 

landfill as waste, the minimization of transportation costs, or optimal by-product distribution among 

companies. Functions/methods are used for pre-processing the data for each user.  

Based on the policy, a function 𝑓(𝑢, 𝑣) is applied for each pair 𝑢, 𝑣, where 𝑢 ∈ 𝑆𝑢𝑝𝑝𝑙𝑖𝑒𝑟𝑠, 𝑣 ∈

𝐶𝑜𝑛𝑠𝑢𝑚𝑒𝑟𝑠 resulting in a complete bipartite graph in the parameter space. This translates into all 

possible matchings between the set of suppliers and the set of consumers.  

The algorithm, which is in the form of a class with its own methods, should output a graph in the form 

of an adjacency matrix, showing the matchings created. The graph representations for all the algorithms 

established in Chapter 5 will be used in this investigation. Hence, the same distribution policies imposed 

in the cost functions for each algorithm are the same one to be used in this investigation.  

For the purposes of analysis, the graph metrics must be extracted and stored. This is done using a Graph 

metric class that extracts and records the relevant metrics required for analysis. 

It was clear in the IS application shown in Chapter 6 that, for the case where multiple feasible solutions 

exist, the order the companies’ product attributes (e.g., 𝜎ௌ೔
) are in their respective product attributes 

lists (e.g., 𝜎ௌ) affects the IS network that is rendered. To investigate the apparent bias the order of the 

list elements and the choice of algorithm has on the rendered solution, a subroutine was created to 

randomize the order of the company’s product attributes in their respective lists, as illustrated in Figure 

6-6. This “shuffling” subroutine also records the new order of each company’s product attributes in 

their respective lists, thereby allowing the order to be restored at a later stage, which is important to 

ensure consistency in the graph metrics. Performing this subroutine a number of times, for each dataset 

from the 𝑑 data sets, necessitates that the graph metrics be reported as its respective mean values.   
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Figure 7-1:Flow diagram of the generalised framework implemented in the study. 

Figure 7-1 illustrates the flow diagram of the framework. Ten was a convenient number of iterations to 

perform the shuffling routine to investigate the bias that the order of the elements in the product attribute 

lists has on the rendered solutions. Essentially, each algorithm is applied to a generated dataset and is 

performed ten times, with each time changing the order of the row elements and column elements of 

the assignment matrix 𝐴ሖ . Extending this to all 𝑑 generated datasets is the entirety of this investigation.  

These datasets can have more suppliers than consumers, fewer suppliers than consumers, or an equal 

number. With this in view, a scientific method can be used to structure the framework and investigation. 

The scientific method is concerned with how the datasets are generated.  Following three blueprints, 

the generation of 𝑑 datasets can be done in 3 ways: 
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Table 7-1: Table showing the 3 blueprints used for creating different sets of datasets, with each set 

having d datasets. 

Dataset Description 

Name Num. Supp. Num. Cons. 

GROUP SC 𝐶+𝑑𝑠௜, 

𝑖 ∈ [1, 𝑑] 

𝐶+𝑑𝑠௜,  

𝑖 ∈ [1, 𝑑] 

Generation of d data sets, each with size 𝑚 × 𝑛, 

with 𝑚 = 𝑛. The 𝑖௧௛ dataset 𝑑𝑠௜ would have 

𝐶+𝑑𝑠௜ suppliers and consumers. 

Datasets generated in this way means that the 

number of suppliers and consumers are equal and 

are referenced as GROUP SC datasets, with SC 

indicating both suppliers and consumers are 

varied in number  

GROUP S C+𝑑𝑠௜, 

𝑖 ∈ [1, 𝑑] 

𝜏 Generation of 50 data sets, each with size 𝑚 × 𝑛. 

The 𝑖௧௛ dataset 𝑑𝑠௜ would have 𝐶+𝑑𝑠௜  suppliers 

and 𝜏 consumers. The S in GROUP S indicates 

that suppliers are varied in number in the group 

of datasets 

GROUP C 𝜏 𝐶+𝑑𝑠௜,  

𝑖 ∈ [1, 𝑑] 

Generation of 50 data sets, each with size 𝑚 × 𝑛. 

The 𝑖௧௛ dataset 𝑑𝑠௜ would have 𝐶+𝑑𝑠௜ consumers 

and 𝜏 suppliers. 

Every dataset had a constant number of suppliers. 

The C in GROUP C indicates that consumers are 

varied in number in the group of datasets 

 

For each dataset, the product attributes for each company are given random values. The bounds on the 

randomized product attribute values for each company are given in Table 7-2. For ease of terminology, 

consumer-dominant datasets are those in which the number of consumers is greater than that of 

suppliers, whereas supplier-dominant datasets are those datasets where the opposite is true. The three 

blueprints for the generation of the datasets differ with respect to the number of suppliers to consumers.  

Each blueprint is used to generate a set of datasets, with the GROUP S datasets having the same number 

of consumers (𝝉) but differ in the number of suppliers.  

The GROUP C datasets are those having the same number of suppliers (𝝉) but differ in the number of 

consumers. On the other hand, GROUP SC datasets are datasets in which the number of suppliers 

equals the number of consumers. In this way, different scenarios are created, distinct from each other 

by their size (number of suppliers and consumers) and which type of company is dominant in number.  
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Table 7-2: Bounds placed on the values of the product attributes. 

Product attribute Lower bound Upper bound 

Resource Capacity (units) 25 210 

Unit Price (𝑅/𝑢𝑛𝑖𝑡 ) 1 6 

Geographical X-coordinate 0 25 

Geographical Y-coordinate  0 30 

By-product purity 0.455 0.999 

 

Figure 7-2 shows the schematic of how Figure 7-1 fits into the study for the purposes of obtaining 

results. Figure 7-1 can be thought of as the main generalized routine, and Figure 7-2 shows how IS 

networks from each dataset type will be processed and analysed.  

 

Figure 7-2:Flowchart of the overall methodology used in this study. 

This methodology was carried forward, with IS networks being produced from the simulated data sets. 

The graph metrics results were obtained and are presented in Chapter 8, where results are visualised 

and summarised in the form of scatter plots and tables. Observable trends in the results are interpreted 

with respect to the distribution policies and in light of the research questions posed in Chapter 3.   
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8 SIMULATION RESULTS 

The purpose of Chapter 8 is to analyse and interpret the results of the rigorous study, explained in 

Chapter 7. It was shown in Chapter 6 that all the three algorithms, i.e., the SM, HM, and FF create 

feasible IS networks with respect to different distribution policies. Furthermore, it was found that the 

IS network solution is dependent on the algorithm used, and the order of the product attributes in the 

lists used to create the assignment matrix, as illustrated in Figure 6-6. This observation was summarised 

in two statements (Statement 1 and 2) in Chapter 6. To explore the implications of these observations 

with larger datasets and thereby infer the suitability of the algorithms in creating IS networks, a rigorous 

study was devised using a methodology that creates and processes the results of sets of machine-

generated datasets.  

Each dataset containing the product attributes for a pre-determined number of supplier and consumer 

companies. The companies for a given dataset are keen to engage in an Industrial symbiosis of a single 

by-product material, with different distribution policies imposed as constraints on the distribution that 

is to occur. The size of the system for a dataset refers to the number of companies that are keen to 

engage in the IS. Once all company’s product attributes are extracted from a machine-generated dataset 

and represented by the graph representation of algorithm 𝑖, the optimality of the rendered IS network 

(as a graph) can be determined with respect to the distribution policies. The optimality is interpreted by 

extracting and analysing the graph metrics for the rendered IS network. A set of datasets is defined as 

a list of datasets that differ in size, with succeeding datasets in the list being larger in size than the 

preceding dataset.   

Processing a set of datasets by an algorithm 𝑖 using the methodology in Figure 7-2 allows for the 

investigation of how the optimality of an IS network is affected by the size of the IS network. 

Furthermore, by processing the set of datasets using the different algorithms, i.e., the SM, HM and FF, 

independently, one can determine if there exists any superiority in IS network creation between the 

algorithms with respect to the distribution policies.  

Three sets of datasets were created, as defined in Table 7-1, with the difference being in how the size 

of the system for consecutive datasets is increased. The size of the set is determined by the constant 𝑑 

(number of datasets). The constant 𝜏 is the number of  supplier or consumer companies in a group and 

is constant across all iterations. The constant 𝐶 defines the initial number of supplier or consumer 

companies at the first iteration in a group (e.g. GROUP S). Therefore, the values of 𝜏 and 𝐶 define the 

size of the first dataset. GROUP SC datasets increase in system size by both the number of suppliers 

and consumers, with an equal number of the two types of companies in each dataset of this group. 

GROUP S datasets are those datasets with a different number of suppliers but the same number of 

consumers. In this way, one can determine how increasing the number of suppliers for a given number 
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of consumers affects the IS network feasibility. GROUP C datasets have a different number of 

consumers but the same number of suppliers, and once they are processed, they can indicate how an 

increase in the number of consumers for a given number of suppliers can affect the IS network 

feasibility.  

For this study, 𝜏 was chosen as 30, 𝑑 as 50, and 𝐶 as 5. For each set of datasets, 50 were created, 

differing by either the number of suppliers, consumers, or both, as shown in Table 7-1. These values 

allow for there to be datasets in which there is a sufficiently large discrepancy between the number of 

suppliers and consumers for GROUP S and GROUP C datasets. It is anticipated that in practical 

application, suppliers and consumers can be identified from different industries, especially when the 

geographical area of implementation is not confined to an EIP. Therefore, these values could be 

representative of practical application. The definitions of the product attributes are reproduced below: 

1. 𝜎 = Resource capacity required to be shared 

2. 𝛼 = Unit price for the resource 

3. 𝜑 = Purity of the resource 

4. 𝜃 = Geographic location of the resource 

Random values were generated for each product attribute for all the companies in each dataset (Table 

7-2). These product attributes from all companies were then used in the graph representations for each 

algorithm, creating a bipartite graph.  

The bipartite graph, represented as an assignment matrix 𝐴ሖ , was then processed by the respective 

algorithms, 10 times, with each time changing the order of the rows and columns of the matrix in a 

random manner. A value of 10 (i.e. 10 reshuffles) was deemed a convenient and applicable value to 

demonstrate the different number of feasible solutions that are possible for this case study while also 

being small enough so as to not result in substantially long computational run time, as highlighted in 

Figure 8-7. The output from the algorithm, together with its representation as an adjacency matrix, was 

recorded, from which the graph metrics were extracted and averaged over the ten runs. Hence, the 

output from a given dataset for a specific graph metric is three averaged graph metric values, one for 

each matching algorithm (HM, FF, SM).  

At the outset, it was found that the key graph metrics in this study are the number of graph components 

and the number of graph edges. It is with these two metrics that the performance of each algorithm with 

respect to the distribution policies could be deduced and is, therefore, most stressed upon in the results. 

It must be reiterated that a subgraph is defined here as a graph made up of at least one edge and two 

vertices. Hence, an isolated vertex, having no incident edges, will not be classified as a subgraph.  

For the results and analysis, it was intended to compare the statistical results of the graph metrics from 

each algorithm. However, to begin the analysis, the trends of the graph metric results will be interpreted 
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by analysing the scatter plots of the results. Once an idea of the trends is gained, the statistical analysis 

will be used to verify the trends and how it relates to the quality of the connections and the IS Network, 

as a whole.  

8.1 General trends observation 

Since for each of the three sets of datasets (GROUP S, GROUP C, and GROUP SC) the size of the 

system changes across the datasets, it was decided to plot the graph metric results for the GROUP S 

and GROUP C datasets against the difference between the number of suppliers and consumers 

(|𝑚 − 𝑛|). In this way, a domain is created that allows for analysis into the effect of the difference in 

the number of suppliers and consumers has on the graph metrics of the IS network. To conduct a graph 

metric analysis across datasets in a given set, it was decided to scale the metrics for each dataset by the 

respective size of the system (|𝑚 + 𝑛|), allowing for comparison that isn’t hindered by excessive 

disproportionality in the graph metric absolute values. It also allows for a fairer analysis across datasets. 

This was done for each dataset. The scaled averaged metrics for the three sets of datasets are shown in 

Figure 8-1 and Figure 8-2. The graphs in Figure 8-1 show the relationship that the number of suppliers 

and consumers have on these two key graph metrics. These are results from both the GROUP S and 

GROUP C datasets. The graph metrics shown are scaled by the number of suppliers and consumers 

that make up the vertices in the graph, thereby reducing disproportionality that would make it difficult 

for visual analysis of the scatter plots. It also allows for a fairer analysis across datasets.  

The scaled metrics were then plotted against the absolute difference between the number of suppliers 

and consumers in the IS network since for both GROUP S and GROUP C datasets, there exists 

supplier-dominant and consumer-dominant datasets. It was found that the greater the difference 

between the number of suppliers and consumers, the smaller the number of graph edges. Also, the 

greater the difference between the two sets of companies, the greater the number of graph components.  

As opposed to the GROUP S and GROUP C datasets, graph metric results from the GROUP SC 

datasets, shown in Figure 8-2,  were plotted against their respective total number of suppliers and 

consumers. It was found that, on average, a larger number of edges and a smaller number of components 

result from GROUP SC set of datasets than the other sets of datasets for the same number of companies. 

It was also noted that the rate of change of the graph metrics decreased as the number of suppliers and 

consumers increased for the GROUP SC set of datasets. In other words, there exists a limit to the 

number of connections that are possible as the number of companies increases. Reasons for this are 

discussed in Chapter 8.3.  
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Plot results for GROUP C datasets 

 

 

 

 

 

Plot results for GROUP S datasets 

 

 

 

 

 

Figure 8-1:Scaled Graph metrics for the GROUP C (left) and GROUP S (right) datasets against the 

difference between the number of suppliers and consumers. 
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Plot results for GROUP SC datasets 

 

 

 

 

 

Figure 8-2:Scaled Graph metrics for the GROUP SC datasets against the total number of suppliers and 

consumers. 

Algorithm comparison 

As can be seen in Figure 8-2, it is difficult to conduct a visual analysis of the graphs rendered by each 

algorithm in the creation of IS networks with the imposed constraints.  It is for this reason that, for each 

dataset, a Z-score normalization was conducted for the graph metric results from each algorithm. Z-

score normalization is a measure of the number of standard deviations a data point is away from the 

mean value. For a given dataset 𝑥,the averaged graph metric 𝑋 rendered from each algorithm 𝑖 (𝑖 ∈

[1,3]) populates the data for Z-score normalisation. The mean 𝑋௫
തതത and the standard deviation 𝜎௫  of that 

data is used to calculate the Z-score value  𝑍௜,௫ of each data point 𝑋௜,௫, as shown in Equation 8-1. As a 

result, a much clearer evaluation can be done to determine trends between the metrics from each 

algorithm, as is evident in the Z-score normalized results from the GROUP SC datasets in Figure 8-3. 
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𝑍௜,௫ =
𝑋௜,௫ − 𝑋௫

തതത

𝜎௫
 

Equation 8-1 

As seen in Figure 8-3, the HM, on average, renders IS networks with the lowest number of graph edges 

than the other two algorithms and the largest number of graph components, whereas the FF renders IS 

networks with the largest number of graph edges and the smallest number of graph components than 

the other two algorithms. This is interpreted from the observed Z-score values. This visual analysis 

allowed for the general trends to be observed and for unique graph metrics to be inferred for a given 

algorithm. The suspected trends are then confirmed by analysing the statistical results for all sets of 

datasets.  

 

 

 

 

 

 

 

Figure 8-3:Z-score normalized graph metric results for the GROUP SC datasets against the number of 

suppliers and consumers. 
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8.2 Statistical graph metric results 

The trends were found to be consistent with the other sets of datasets (GROUP S and GROUP C), as 

seen in Table 8-1, Table 8-2 and Table 8-3, where for each algorithm 𝑖, the mean Z-score normalized 

metric 𝑍ప,்
തതതതത  across a given set of dataset 𝑇 (e.g. GROUP SC) was calculated. It must be stated again 

that the use of Z-score normalisation was solely to magnify the discrepancy in the metric values 

rendered by each algorithm to determine if unique graph characteristics could be attributed to a specific 

algorithm. In this case, the inclusion of the mean metric value  𝑋௫
തതത would not provide additional context 

for the intended analysis.  

Table 8-1: Mean Z-score value for the average number of graph components. 

Algorithm 

Mean Z-score normalized value for av. number of graph 

components 

GROUP S GROUP SC GROUP C 

SM -0.3668 -0.3511 -0.1078 

HM 0.8446 1.2488 0.7919 

FF -0.4778 -0.8977 -0.6841 

 

Table 8-2: Mean Z-score value for the average number of graph edges. 

Algorithm Mean Z-score normalized value for av. number of edges  

GROUP S GROUP SC GROUP C 

SM 0.3668 0.3511 0.1078 

HM -0.8446 -1.2488 -0.7919 

FF 0.4778 0.8977 0.6841 
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Table 8-3: Mean Z-score value for the average total edge distance. 

Algorithm 

Mean Z-score normalized value for  av. Total edge distance 

GROUP S GROUP SC GROUP C 

SM 0.2517 0.1312 0.0674 

HM -0.6000 -0.8617 -0.6175 

FF 0.3482 0.7305 0.5502 

 

In all cases, the HM produces the lowest number of graph edges and the highest number of graph 

components. Hence, given a group of companies, it can be said that the HM will produce a relatively 

smaller number of supplier-consumer pairings, which makes up an IS network and will be composed 

as smaller subnetworks. On the other hand, the FF algorithm will, on average, produce the greatest 

number of supplier-consumer pairings and the least number of graph components, meaning a denser IS 

network in terms of connections and a smaller number of subgraphs/clusters. It is also seen that the 

average total edge distance in an IS network is lowest when the HM is applied, compared to the other 

two algorithms, as seen in Table 8-3, where on average, the HM produced IS networks with a 9% and 

6.06% lower travelling distance than SM and FF, respectively. 

This puts the Hungarian method in a positive light for its application to IS since it creates networks with 

companies being in closer geographical proximity, which can be considered as the chief principle of IS. 

With the fewer number of graph edges, corresponding to a smaller number of supplier-consumer 

connections, it can be stated that the HM promotes efficient inter-company exchanges with respect to 

connections in minimising the by-product material sent to the landfill.  This bias to efficient inter-

company exchange is particularly important for industrial symbioses dealing with freshwater 

consumption (Boix et al., 2015).  

On the other hand, the FF algorithm produces IS networks that are more inter-connected, with a larger 

number of graph edges and a smaller number of subgraphs. This means more companies are included 

in the IS collaboration leading to a larger number of companies gaining a competitive advantage for the 

same amount of demand and supply. The implications on the distribution policies are expanded upon 

in Chapter 8.3.3.  

In terms of algorithm precision, the HM proves to be the most consistent algorithm in terms of the 

solution it renders for datasets of the type GROUP SC and GROUP C, since the lowest average 

standard deviation in the key graph metrics was found for the HM compared to the other two algorithms, 
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as seen in Table 8-4. It was noted however that the Simplex method is significantly more consistent in 

the solutions it generates for datasets of GROUP SC, making it a more suitable algorithm for systems 

in which the number of suppliers and consumers are equal, in terms of solution consistency. 

 

Table 8-4: Mean standard deviation in the graph metric results for each type of dataset and algorithm 

pair. 

Mean  Standard deviation  

Algorithm 

Num. Graph comp. Num. Edges 

GROUP 

S 

GROUP 

SC 

GROUP 

C 

GROUP 

S 

GROUP 

SC 

GROUP 

C 

SM 0.767 0.288 0.697 0.855 0.505 0.804 

HM 0.330 0.919 0.382 0.301 0.851 0.399 

FF 1.353 0.795 1.404 1.334 0.945 1.385 

  

GROUP 

S 2 

GROUP 

SC 2 

GROUP 

C 2 

GROUP 

S 2 

GROUP 

SC 2 

GROUP 

C 2 

SM 0.641 0.259 0.561 0.662 0.429 0.640 

HM 0.537 0.696 0.496 0.557 0.633 0.484 

FF 1.385 0.780 1.518 1.404 0.849 1.483 

  

GROUP 

S 3 

GROUP 

SC 3 

GROUP 

C 3 

GROUP 

S 3 

GROUP 

SC 3 

GROUP 

C 3 

SM 0.712 0.278 0.666 0.715 0.400 0.751 

HM 0.620 0.829 0.421 0.569 0.850 0.418 

FF 1.375 0.806 1.448 1.376 0.891 1.448 

 



75 

 

8.3 Discussion 

8.3.1 Main findings 

For the case of resource distribution and transport cost minimisation, all the algorithms applied for the 

generation of IS networks return feasible solutions, with the minimisation of unshared goods being 

achieved for every dataset generated. In other words, maximal flow of by-product between suppliers 

and consumers is maintained, while ensuring the imposed constraints are met. However, the nature of 

the connections made are found to differ. The graph characteristics that each algorithm tends to render 

and allows for general the suitability of each algorithm to be assessed with respect to distribution policy.  

It was explained in Chapter 8.1 that averaging of results, scaling and Z-score normalisation were 

required to analyse the results. Figure 8-4 illustrates the sequence of graph metric transformations. 

 

 

Figure 8-4: Illustration of the post-processing steps of the graph metric results. 

It is seen in Figure 8-1 that one is more likely to obtain a greater number of graph edges and a smaller 

number of graph components when the number of suppliers and consumers are closer in value. This 

makes sense since when one set of companies are smaller in number, it is more likely for their total by-

product requirement to be met. As such, it is not possible for any more edges to be incident to the 

smaller set of vertices, and this means that there will be companies, represented by the larger set of 

vertices (𝑆 or 𝐶), who don’t take part in the IS. Since these companies are not in the matching 𝑀 and 

don’t take part in the IS, they can’t be part of a subgraph or incident to an edge. Hence, the closer the 
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number of suppliers and consumers are to each other, the more companies are part of the IS network 

for the given system size. As such, the number of graph components and the number of edges will be 

higher for the size of the system.  

For the case of the GROUP SC datasets, the number of suppliers and consumers are equal, and a 

balanced bipartite graph results when an IS network is rendered by an algorithm. An interesting result 

was that there seemed to exist an asymptote to the scaled graph metric scatter plots in Figure 8-2. In 

other words, even though the absolute values of the graph metrics are not available after the scaling of 

the metrics, it is seen that some type of constant ratio exists between the absolute graph metric value 

and the size of the system. It was reasoned that this apparent asymptote is due to the bounds that were 

imposed on the randomized values of the variables for each company, as shown in Table 7-2. For 

instance, limits were imposed on the by-product amount that a company would require or have. Since 

these limits do not change when generating a dataset that is larger in size, they become the limiting 

factor to the IS network metrics, bounding the number of possible edges/connections that can be made.  

All the algorithms showed the same trends. Once these general trends were understood, it became 

apparent that the comparison of the algorithms could commence. As seen in Figure 8-2, it is difficult to 

conduct a visual analysis between the results from the graph algorithms. A solution to this was to 

perform Z-score normalization among the graph metric results for each dataset. As seen in Figure 8-3, 

the Z-score normalization magnified the discrepancies in the graph metric results from the algorithms 

and highlighted the graph characteristics unique to the algorithms.  

Figure 8-3 indicates that the HM renders IS networks with the least number of graph edges compared 

to FF and SM. Resultingly, it produced, on average, the greatest number of graph components. These 

graph characteristics are unique to HM and can be understood from an intuitive standpoint. With 

reference to Figure 0-6, the HM routine essentially creates one-one matchings, iteratively, until there 

exists no more net demand or supply, whichever value is lowest in absolute amount. Hence, given a 

cost matrix, traditionally termed as an Assignment matrix, a bijection is rendered.  

As a result, the rate at which the vertex degrees and the number of graph edges increase is limited by 

the bijection that the Hungarian method creates to achieve a resource deficit that is equal to the 

difference between the total supply and the total demand. This contrasts with the FF and SM, which 

tend to be biased to many-to-one matchings. Therefore, a distinction can be created for the HM by 

stating the class of matching algorithms it belongs to, which can be defined as Bijective-Bipartite 

Matching Algorithms (BBMA). 

Furthermore, the values in the Assignment matrix are computed by a function that prioritizes matchings 

between a supplier and consumer, who are not only in closer geographical proximity or have similar 

resource unit price allocations, but also result in the minimum amount of unshared goods left 
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over/required after the matching, as seen in Equation 5-16. Hence, “exact matchings” are promoted, 

thereby reducing the possibility of additional edges between either company and other companies. This 

type of policy is not upheld in the Simplex method or Edmonds-Karp algorithm, even though the 

minimisation of unshared goods is a constraint. This situation is identified as a Lack of guidance in the 

matching for the FF and SM and is elaborated on below. 

 

Lack of guidance in matching for the Edmonds-Karp algorithm 

The Edmonds-Karp algorithm is an implementation of the Ford-Fulkerson method (Cormen et al., 

2009), with the difference between the two being that the Edmonds-Karp algorithm implements the 

Breadth-First search (BFS) algorithm for choosing an augmenting path from a source node to a sink 

node, whereas the augmenting path chosen in the Ford-Fulkerson method is an arbitrary choice. The 

BFS algorithm acts as a shortest path algorithm, finding the path from source to sink that contains the 

minimum number of edges.  

If there is more than one path from source to sink having the minimum number of edges, then the path 

chosen is that path that contains the right-most edge from the root vertex, as seen in Figure 8-5 (the red 

path will be chosen). The problem with the Edmonds-Karp algorithm is that its advantage over the Ford-

Fulkerson method is rendered ineffective with the current graph representation since all paths from the 

“super-source” node to the “super-sink” node are of the same length of 3 edges. In such a case, the 

choice of the augmenting path is biased to the right-most edge from the “super-source” node. 

 As a result, if an exact matching exists, in most cases, it will not get chosen since the chance of the 

matching being made is dependent on the position of the companies in the graph, rather than their 

resource amount values. A solution to this issue would be to alter the BFS algorithm by representing 

the shortest paths as those that promote exact matchings. This would result in an augmenting path being 

chosen that connects a supplier vertex to a consumer vertex whose resource allocation is the most 

similar in absolute value.  

 

Figure 8-5: An example of a tie in the chosen augmenting path in the BFS routine for the Edmonds-

Karp algorithm. 
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Lack of guidance in the matching for the Simplex method 

For the case of the Simplex method, it is the transportation problem formulation that not only introduces 

bias to the Simplex algorithm but also does not promote exact matchings, resulting in an IS network 

that has more edges than an IS network in which more exact matchings are made. Consider the 

transportation problem formulation. The functional constraints ensure that no supplier can supply a 

resource amount more than it has, and no consumer can accept a resource amount more than it demands. 

The coefficients in the objective function are computed using Equation 5-5, ensuring that when the 

Simplex algorithm is called, the most negative coefficient is chosen, and the respective variable 

becomes the entering basic variable (EBV). 

In other words, the variable that enters the basis (entering basic variable) corresponds to a matching 

between a supplier and consumer that have the closest geographic proximity and have similar unit price 

allocations for the resource. However, since there may be cases in which the total supply is not equal to 

the total demand, the Two-phase Simplex method has to be incorporated, meaning that the inclusion of 

the objective function coefficients that reflect the policies are only done in Phase 2. Consider a simple 

2 supplier and 2 consumer system. For Phase 1 of the 2-phase Simplex method, the initial structure of 

the Simplex table can be generalized and is shown in Figure 8-6. 

 

Figure 8-6: General structure of the Simplex table (ST) for Phase 1 of the Simplex method. 

Phase 1 requires that 𝑍 = 𝑓(𝑥௔௜), the artificial variables, as seen Figure 0-2. When this is done, the first 

row of the ST must then not have any entries for the artificial variables, since they are the basis (Hillier 

and Lieberman, 2010). This is done by performing row operations with the other rows in the ST. The 

resulting table is as follows: 

 

As a result, all the coefficients for the decision variables in the objective function are identical, and this 

results in a tie for the entering basic variable. In situations like this, the tie is broken arbitrarily, with 

the first column from the left being chosen. Clearly, 𝑥ଵଵ will always be chosen initially in phase 1 of 
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the 2-phase simplex method as the entering basic variable. Hence, from the start, there is no approach 

for choosing the EBV in a way that prioritizes exact matchings, resulting in an initial basic solution 

being produced at the end of Phase 1 of the 2-phase simplex method that is, in most cases, an IS network 

that has more edges than required to meet the constraints. 

Therefore, it can be concluded that the strength of the HM lies in its bias to creating matchings in which 

the resource deficit between the supplier and consumer pair is a minimum, making it the most suitable 

algorithm that has been applied at transportation cost minimisation. It is suspected that it is because of 

this bias to creating exact matchings, which is not present in the other algorithms, that the HM is more 

consistent in terms of the solutions it generates, as seen in Table 8-4.  

It was intended to confirm these observations concerning the lack of guidance in the FF and SM, 

deducing a solution by empirically determining the average time complexity for the algorithms.   It was 

anticipated that the average time complexity for FF and SM would closely approach their respective 

worse case time complexity, indicating that, on average, the lack of guidance imposed by the graph 

representations results in the suboptimal intermediate pairings being made. These pairings would have 

to be revoked since compatible pairings contribute to a matching M. Compatible pairing are those 

pairings that do not violate any of the constraints imposed on the respective LP of the network flow 

problem. The flow continuity constraint and capacity constraints are the LP constraints for the maximal 

flow problem, and the LP constraints for the transportation problem are its functional constraints.  

8.3.2 Determination of Empirical Time complexity 

A simulation was run where 32 GROUP SC datasets were created, with the 𝑖௧௛ dataset containing an 

equal number of suppliers and consumers, resulting in the total number of companies/graph vertices 

being  2 × (10 × 𝑖). This meant that the largest dataset would have 320 suppliers and 320 consumers, 

each with randomized values for their product attributes. The algorithms processed each dataset once, 

instead of 10 times to save on computation time, and 32 datasets were processed instead of a planned 

50 GROUP SC datasets, as processing the 33rd dataset for the SM took well over 28 hours and still did 

not come to completion. Consequently, it was decided to terminate the simulation and record the results 

of the first 32 datasets. 
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Figure 8-7: Graph showing the runs to determine the time complexity of each algorithm. 

The simulation was conducted to determine the complexity function of each algorithm as a function of 

the number of graph vertices 𝑉. A log-log plot was used to observe the results. It is seen that the Simplex 

algorithm does take significantly longer to process larger datasets than the other two algorithms. While 

the FF algorithm does perform marginally the best in terms of time complexity for smaller datasets, for 

larger datasets, it is the HM that performs the fastest at determining IS networks. The empirical average 

time complexity of HM and FF was found to be 𝑂(𝑉ଶ) and 𝑂(𝑉ଷ), respectively, since the gradient of 

the black (HM) and blue (FF) linear functions in Figure 8-7 were 1.88 and 2.81, respectively. 

It is reasoned that the average time complexity for FF is due to the fact it will take 𝑂(𝐸) time for the 

BFS to find the shortest augmenting path in the flow network. FF runs so long as there is an augmenting 

path from the super-source to the super-sink vertex, which is the condition for a while loop in the FF 

routine. Given that the bottleneck edge from the augmenting path must be determined in a given loop, 

and there can be at most 𝐸 × 𝑉 bottleneck edges in the residual graph 𝐺௙ the time complexity is 

calculated as 𝑂(𝐸 × 𝑉 × 𝐸), with 𝐸 = 𝑉 in the residual graph, resulting in 𝑂(𝑉ଷ).  

Similar reasoning applies for the HM where there are at most 𝐸 edges, hence there are only 𝐸 iterations 

to find a good path. Since there are at most 𝐸 price updation steps required to find a good path and that 

the BFS tree can be computed in 𝑂(𝐸) time, the worst-case time complexity is 𝑂(𝑉 × 𝑉 × 𝐸). Since 

𝐸 =
௏

ଶ
, the time complexity is 𝑂(𝑉ଷ), which is different than the average time complexity empirically 

determined for the HM of 𝑂(1.88). This highlights the fact that the HM finds the solution without 

needing to enumerate all the suboptimal pairings to render a bijection.  

On the other hand, the FF approaches the worst-case time complexity since all paths have the same 

length and, therefore, approaches the worst-case time complexity.  The red graph in the log-log plot in 

Figure 8-7 shows that there is a slight change in gradient as the number of vertices increase, indicating 
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that there may be an exponential dependence that the time complexity has on the number of graph 

vertices, which seems to confirm that the time complexity of the SM is exponential.  

To determine whether this is true, a regression was done on the Time complexity versus the number of 

graph vertices for the SM data points. As can be seen in Figure 8-7, the last few data points for the SM 

don’t follow the same trajectory as the rest of the points, with some datasets taking one order higher 

than the previous and next dataset. This may be due to the increased computer usage at the time 

(Intel ® Core ™ i7-10510U). Hence, these points were omitted when performing the regression.  It was 

found that the exponential function 𝑦 = 7.4552(1.011)௏ fit the time complexity data for the SM with 

a reasonably high  𝑅ଶ value of 0.993. This concluded that the Simplex method could be regarded as an 

exponential time complexity algorithm.    

Table 8-5: Algorithm time complexity (seconds) for each type of dataset. 

Algorithm Total Time complexity (s) 

SICC SICI SCCI 

SM 320.94 577.38 367.81 

HM 207.41 249.28 190.18 

FF 158.73 232.86 158.87 

 

 

Figure 8-8: Regression on the SM time complexity datapoints, showing an exponential trend. 

In terms of the rigorous study, the Edmonds-Karp algorithm proves to be, marginally, the more 

computationally efficient algorithm, being 5.83% faster on average at determining IS networks for the 

different types of datasets than the Hungarian method, while the Simplex method is the most 
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computationally expensive, taking 43.34% longer, on average to determine IS networks than the 

Edmonds-Karp algorithm, as seen in Table 8-5. It was reasoned that the recomputing of the edge 

capacities as shown in Figure 0-4 (represented by its respective graph weight matrix) after a supplier-

consumer pair is made takes a smaller amount of time complexity than if the flow network was solved 

in the traditional way that the FF method proceeds in (Figure 0-3).  

While the weighting of travelling distance and fair resource distribution, based on resource unit price, 

complicated the FF application and required alteration in the algorithm’s subroutines, the FF still 

produces feasible IS networks faster. However, it is noted that in practical application, where the 

number of suppliers and consumers may not be a large number, algorithm time complexity may not be 

a factor, since real-time matching may not be important given the evidence in the literature that social 

factors (such as participant satisfaction) may require review of the suggested IS network by the 

appropriate stakeholders (Boix et al., 2015, Boons and Baas, 1997, Kastner et al., 2015). 

 

Table 8-6: Algorithm time complexity (seconds) for different runs of each type of dataset. 

Algorithm Time complexity (s) 

SICC2 SICI2 SCCI2 

SM 385.41 744.95 454.71 

HM 259.70 336.56 254.23 

FF 191.30 306.41 194.93 

 SICC3 SICI3 SCCI3 

SM 382.84 821.94 436.84 

HM 275.37 327.01 253.90 

FF 196.92 319.36 193.41 

 

8.3.3 Implications to Distribution policy 

It was found that the HM is the only algorithm among the three whose solution strategy is guided by 

the distribution policies imposed. The FF algorithm uses a BFS method to obtain the augmenting path, 

which initiates a pairing between a supplier and consumer. However, the graph representation of the IS 

problem has a constant path length of 3 edges. As such, all augmenting paths are non-inferior in the 
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light of the BFS algorithm. This results in the order of matchings being made by some default, as shown 

in Figure 8-5. 

For the 2-phase SM, a similar thing occurs, where in Phase 1, all the 𝑘௜௝ coefficients have a value of -

2. Due to this, the Simplex algorithm during Phase 1 will see all entering basic variables as non-inferior 

candidates, and a default choice will be made. Nonetheless, the FF and the SM algorithm still display 

bias to certain policies and is explained below.   

Economically biased distribution policy (ECD) 

This distribution policy was defined in Chapter 4 as one with a bias to increasing economic gain.  An 

example of this type of policy is the minimisation of transport costs, which will result in increased 

economic gain experienced by the suppliers and consumers. With respect to this policy, the HM is 

superior to the other algorithms since it produces IS networks with a smaller number of edges and a 

smaller travelling distance. As a result, the cost of transportation shared by the supplier-consumer pair 

will be lower, allowing for a larger profit for the companies. 

 

Environmentally biased distribution policy (EVD) 

This policy defines a distribution that is concerned with a reduction in environmental impact. An 

example of this is minimising greenhouse gas emissions associated with the transportation of the 

exchanged material. This distribution would focus on pairing companies that are in closer geographical 

proximity. Another example of this policy is in the minimisation of by-product material not shared 

between a supplier-consumer pairing. In this way, suppliers would have their waste by-product 

distributed such that their environmental impact from waste disposal and greenhouse gas emission is 

minimised. Hence, the HM is a superior algorithm compared to the FF and SM. The bijection that is 

created at each iterative application of the HM to the IS problem results in closely matched suppliers 

and consumers with respect to their 𝜎 values being paired. In this way, “exact matchings” are created, 

which results in the smallest deficit in unshared by-product material. Companies that are geographically 

closer are also favoured by the HM, which is why the algorithm rendered IS networks with the smallest 

travelling distance.   

Social construction-based distribution policy (SCD) 

While the EVD policy is concerned primarily with meeting increased environmental performance, and 

the ECD policy is primarily concerned with optimising cost savings, the SCD policy is unique, as it is 

focused on the social aspects of the IS network.  

Trust 
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Trust between companies has been noted to be an important precursor for the progression of IS networks 

(Hewes and Lyons, 2008). When companies work together to collectively reap the benefits of IS in a 

fair manner, a higher collective payoff is achievable than if companies focused on solely optimising 

their own objective. This notion was confirmed by Chew et al. (Chew et al., 2009) when they applied 

game theory to model the interactions of participants in an EIP and found that a higher collective payoff 

was achievable when a cooperative scheme was used as opposed to the non-cooperative scheme. 

Furthermore, the collapse of an IS network is most likely when competitive behaviour is prevalent 

rather than a cooperative one and has been termed by Yazdanpanah et al. (2020) as the Industrial 

symbiosis Implementation problem.  

As such, an important distribution policy is one based on the social construct of trust. According to 

Lewis and Weigert (1985, as cited in Doménech and Davies, 2009) found that the size of a network can 

negatively impact the trust in the network, with smaller networks, like Kalundborg, better suited for the 

development of trust than larger networks (Doménech and Davies, 2009). Hence, IS networks rendered 

from the HM are more likely to have long-term longevity than those rendered from the FF method since 

the HM produces a greater number of graph components than the FF. In other words, a larger number 

of sub-networks/clusters made of a smaller number of companies result from the HM than the other two 

algorithms.  

Fair distribution 

An SCD policy may be sought that is based on “fairness”. One can interpret fairness in 2 ways. 

1. A distribution based on fairness may seek to include as many companies as possible since 

economic benefit is derived from being a part of an IS.   

2. A distribution that pairs suppliers and consumers who derive similar economic benefit from the 

transaction or results in an IS network in which the majority of companies have a similar level 

of influence/importance.  

Point 1 implies that the distribution would seek to include as many suppliers (sources) and consumers 

(sinks) for a by-product material as possible. Given that there is a total supply amount by 𝑚 companies 

and demand amount 𝑛 companies, the distribution would seek to include as many of the 𝑚 companies 

and 𝑛 companies to be in the IS such that the difference in supply and demand (|𝜎ௌ − 𝜎஼|) is met. In 

other words, if there is a net supply left after the demand has been met, this surplus of by-product 

material would be due to the sum of surplus material from as many suppliers as possible, thereby 

maximising the number of supplier companies that gain some economic and environmental benefit from 

the IS.  

The FF and SM excel in creating IS networks with this type of distribution policy compared to HM. 

This is especially true for FF, which showed that it creates IS networks with the largest number of edges 
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(connections) between suppliers and consumers. As a result, these algorithms are good at maximising 

the number of companies that gain a competitive advantage in an IS network. However, with this 

increased number of connections comes an increase in travelling distance, as was noted in Table 8-3 for 

the FF, which would result in higher transportation costs and greenhouse gas emissions.  

Point 2 can be achieved by pairing suppliers and consumers whose economic value 𝛼 (buying/selling 

unit price) attributed to the by-product material is most similar. Furthermore, one could distribute the 

by-product supply in such a way that the importance of companies to the network or their level of 

influence is as similar as possible. A way to measure this is using the Eigenvector Centrality (EVC) 

measure (Wasserman and Faust, 1994). Node (Vertex) centrality is an important concept in SNA and 

has been used to determine the importance of a node due to the topology of the network/graph (Borgatti 

and Li, 2009). Each vertex in the graph can be assigned an EVC value, ranging from 0 to 1. A higher 

value indicates that the vertex has a stronger influence than a vertex with a lower value. In this way, 

EVC can rank vertices by their importance, where the importance of a vertex is evaluated based on the 

number of connections it has to other important nodes. Where an IS network includes many subgraphs 

(number of graph components>1), the EVC for a vertex would be with respect to its subgraph, and not 

the IS network as a whole.  

A fair distribution may be considered as one where all of the companies in the network have a similar 

degree of influence/importance; there is no power imbalance. In other words, there is no hierarchical 

nature to the IS in which power dynamics may ensue. Power imbalances are a barrier to IS 

implementation (Mulrow et al., 2017) or could lead to network instability. Fair distribution in this light 

is best achieved by the HM compared to the other algorithms. Consider a simple 3 by 3 system shown 

in Figure 8-9 : 

 

Figure 8-9: Simple IS system for EVC demonstration. 

The MST graph is shown for the 3 supplier-3 consumer IS problem in Figure 8-9. When each algorithm 

is applied to the problem, three different IS networks result as shown in Figure 8-10. 
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Figure 8-10: IS networks for the HM (left), SM (right) and FF (centre) with different EVC profiles. 

Table 8-7: Graph metric results for the IS networks rendered by each algorithm. 

 

Table 8-7 shows the graph metric results for each graph produced by the respective algorithm. It is seen 

in the case of FF and SM, there exist different EVC values for the supplier vertices and consumer 

vertices, with Supplier 𝑆଴ having a higher level of importance in the IS networks for the FF and SM 

(EV=0.52). However, for the HM, all vertices have the same EVC value (EVC=0.408). In this case, it 

is because each supplier is paired to one consumer. In general, one may say that the HM results in IS 

networks that are fairer because of the characteristic lower number of graph edges it produces and the 

bias it is able to afford to “exact-matchings”.   



87 

 

Hence, even though the EVC values were not calculated for each IS network deduced in the rigorous 

study presented in Chapter 7, it is anticipated that there will be a smaller discrepancy in the EVC values 

for the vertices of an IS network by the HM than the FF or SM because of the smaller number of graph 

edges and a larger number of graph components it produces.  

If this is the case, then the HM is a more useful matching algorithm than FF and SM since it excels in 

all outlined aspects of the SCD policy (trust and fairness). The purpose of the methodology in Chapter 

7 can be summarised as determining whether graph metrics can be used to differentiate between the 

results from each of the algorithms and explore how they can be related to distribution policies, outlined 

in Chapter 4.  

With the completion of the rigorous study, together with its analysis and discussion, it is clear that there 

are distinctions in the nature of the graphs obtained by the three algorithms. The HM deduces IS 

networks with unique graph characteristics, as does the FF algorithm, with both algorithms deemed to 

favour different distribution policies. A connection was made between the graph metrics and the 

implications on the distribution policy using the results of the study. Furthermore, it was confirmed that 

the intelligence of the FF in choosing an augmenting path by exploiting the BFS algorithm is rendered 

ineffective due to the graph representation. Similarly, due to the same weighting given to the objective 

function coefficients in Phase 1 of the 2-Phase simplex method, the efficiency of the SM in deducing 

an optimal IS network is diminished. With the positive distribution policy implications for the HM, 

inferred from the graph metrics, it was determined that the HM is the superior algorithm in deducing IS 

networks to the SM and FF algorithm.  

To determine if the graph metric analysis is a suitable approach in ranking the algorithms with respect 

to distribution policies and to confirm the superiority in IS network creation by the HM, Chapter 9 

presents a case study that quantifies the benefits gained with respect to the distribution policies from 

the IS network that each of the algorithms produces. Specifically, the minimisation of transportation 

costs will be evaluated, and the by-product distribution with respect to the ECD, EVD, and, most 

especially, the SCD policy for creating fair networks that nurture trust. Eigenvector centrality will be 

further elaborated upon and will be used to quantify the fairness of the network.  
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9 CASE STUDY: APPLICATION OF GRAPH-BASED ALGORITHMS 

FOR INDUSTRIAL SYMBIOSIS NETWORK CREATION  

A case study is now developed to further explore the influence of the matching algorithm choice on the 

character of distribution achieved. Two statements were made in Chapter 6 surrounding the creation of 

feasible IS networks and reiterated as follows: 

Statement 1: For a given assignment matrix 𝐴ሖ: 𝐴పఫ
ሖ = 𝑓(𝑃𝐴ௌ௜ , 𝑃𝐴஼௝), the rendered IS network is 

dependent on the algorithm choice.  

Statement 2: For a given algorithm, the order of each company’s product attributes in its respective 

product attributes list affects the IS network that is rendered.  

These statements were confirmed in Chapter 7 and 8 where the methodology was carried out, and the 

results were analysed, respectively. Graph metrics were found to be a good analytical tool in identifying 

unique graph characteristics rendered from the different algorithms. This was then linked to the impact 

that it could have with respect to different distribution policies. It is now intended to evaluate these 

findings with respect to their policy implications 

Three policies were defined in this study and are listed as follows: 

 Environmentally biased Distribution policy (EVD) 

 Economically biased Distribution policy (ECD) 

 Social construction-based Distribution policy (SCD) 

It is possible to rigorously compare the algorithms by reducing the characteristic graph metrics to a 

single metric/index, which can benchmark performance. The composition of this metric is based on the 

cost associated with a particular matching. Note that this cost comprises environmental impact as well 

as economic competitiveness and that the relative weights of these individual costs are as determined 

by the distribution policies.  

Therefore, this chapter is dedicated to outlining a possible method of quantifying distribution policies. 

Alongside this will be a case study that will test whether the previous observations surrounding IS 

network creation by the algorithms is consistent. Slight modifications to the problem statements are 

made to challenge the observations gathered in Chapter 8 regarding the algorithms’ performances for 

IS network creation. For instance, the payload of a distribution vehicle will be accounted for in the 

exchange of waste by-product material. Furthermore, the size of the IS case study will be smaller than 

the datasets in the rigorous study from Chapter 8, with the number of suppliers and consumers being 

smaller and closer in number, which will only amplify the discrepancies in the weightings of 

connections given that there are fewer options to choose from.  
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9.1 Case Study: Plastic waste distribution 

Plastic is a highly versatile material that is used in several industries such as the food industry, 

electronic, and construction industry (Alabi et al., 2019). It is said to be durable, chemically inert, 

inexpensive, lightweight, and easily processed (Seay et al., 2020), which explains its popularity in 

various industries (Singh and Sharma, 2016). However, despite these many benefits, plastic waste still 

causes great environmental damage in a multi-faceted way (Yogalakshmi and Singh, 2020, Verma et 

al., 2016). Plastics are high molecular mass compounds that usually contain other toxic substances 

(Verma et al., 2016). The waste mismanagement of plastic causes concern since the possibility of toxic 

contaminants leaching into the soil and subsoil affects soil quality and can affect marine life near water 

bodies (Verma et al., 2016). Waste disposal methods such as landfilling, incineration leads to the release 

of greenhouse gases and emission of toxic substances (Verma et al., 2016).  

While there are over 300 recycling companies in South Africa, only 46.3% of plastics were recycled in 

2018 (Plastics SA, 2019).  A promising approach to reduce plastic waste is revalorisation of waste 

plastic via chemical recycling (Dai et al., 2021, Rahimi and García, 2017). Chemical recycling is a 

process where the plastic is broken down into its monomers so that it can be used to create new plastic 

materials or products (Rahimi and García, 2017). The multi-national oil and gas company, Shell, is 

using pyrolysis to convert plastic to liquids that can be made into useful chemicals (Casparie, 2020).   

This case study is between a  set of companies that seek to convert waste plastic to new plastic materials, 

chemicals, and fuels, and a set of companies that need to discard their waste plastic. It is sought to 

develop an IS network that is optimal with respect to the distribution policies. The geographical position 

of each company is shown in Figure 9-1, with the black edges representing the roads and the vertices 

representing the site locations. The companies are situated within a 2500𝑘𝑚ଶ area.  Table 9-1 and Table 

9-2 show the product attributes for the supplier and consumer companies, respectively. The first step is 

in determining the shortest travelling distance for each supplier-consumer pair. Dijkstra’s algorithm is 

used for this purpose and in this way, the matrix 𝐷 is created.  
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Figure 9-1: Geographical location of the suppliers and consumers of plastic waste. 

 

Table 9-1: Product attributes for suppliers of plastic waste. 

Product attributes  𝑆଴ 𝑆ଵ 𝑆ଶ 𝑆ଷ 𝑆ସ 𝑆ହ 𝑆଺ 

Resource capacity 𝜎 (kg)  1778 1370 1608 1995 1325 1985 1493 

Unit Price 𝛼 (R/kg)  9 10 8 9 12 7 6 

Geographical location 

(𝜃௫ , 𝜃௬) 

(27,19) (40,2) (1,13) (0,34) (19,8) (16,26) (8,36) 

 

Table 9-2: Product attributes for consumers of plastic waste. 

Product attributes  𝐶଴ 𝐶ଵ 𝐶ଶ 𝐶ଷ 𝐶ସ 

Resource capacity 𝜎 (kg)  -1215 -1210 -1734 -1629 -1845 

Unit Price 𝛼 (R/kg)  7 10 11 10 8 

Geographical location 

(𝜃௫, 𝜃௬) 

(30,8) (26,26) (16,37) (34,32) (31,25) 

 

Before defining the cost functions that would weight the graph edges for each algorithm, one must first 

develop a way to quantify the alignment of a particular matching with the defined distribution policies. 

 



91 

 

9.2 Modelling Distribution policies  

Regulatory policies are the main drivers for companies adopting more sustainable supply chains 

(Darnall et al., 2019). When companies participating in a supply chain are distributed geographically, 

the company exchanges become dependent on the regional policy and local practices (Manning et al., 

2012; Darnall et al., 2008; Montabon et al., 2016 as cited in Darnall et al., 2019). The regulatory policy 

can be in the form of traditional regulations (in the form of bans), market-based regulations (incentivised 

regulations), and involuntary-based regulations (to induce voluntary agreements to reduce 

environmental impact), all of which is defined and outlined by Darnall et al. (2019). 

 

Figure 9-2: Example of a supply chain for a manufacturing company, extracted from Spekman et al. 

(1998). 

However, whatever the form of the regulatory policies, they affect different stages of the supply chain, 

an example of which is shown in Figure 9-2. At each stage, the choice of the suppliers is determined 

(Darnall et al., 2019), thereby affecting the distribution of the commodity in question. Therefore, it may 

be more appropriate to refer to these policies as distribution policies, as they dictate the supplier-

consumer partnerships created. Of specific interest is the distribution policies in the distribution and 

logistics stage of the supply chain in Figure 9-2.  

It is possible to determine the cost of a distribution policy choice by way of an index to speak to the 

value of a matching. This index/cost can be defined as a linear combination of cost functions of the 

relevant features of the matching. For example, the index 𝐼 for distribution policy 𝑘 can be defined as 

Equation 5-2. The variable 𝑥௜ defines a feature of the matching, of which there may be 𝑇 features. A 

function 𝑓௝ defines a specific cost that has been identified as a function of 𝑏 features and the coefficient 

𝜓௝
௞ corresponds to the weighting that the distribution policy gives to each type of cost.  

 

𝐼௞ = ෍ 𝜓௝
௞𝑓௝(𝑥ଵ,𝑥ଶ … 𝑥௕)

்

௝ୀଵ

 
Equation 9-1 
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Different policies will have different values for the weighting coefficients. Hence, by representing 

Equation 9-1 in vector form (as Equation 5-2), a distribution policy 𝑘 can be characterised by the vector 

𝜓௞, since it is a unique identifier of the distribution policy and 𝜓௞ represents the weighting the 

distribution policy 𝑘 gives to the cost vector of matching features.  

 

𝐼௞ = 𝜓௞ . 𝑓 Equation 9-2 

 

For this study, three distribution policies were defined, which are the Economically biased distribution 

policy (ECD), Environmentally biased distribution policy (EVD), and the Social construction-based 

distribution policy (SCD). While there are several features that one can choose from, four features were 

chosen for this study, which are: 

1. 𝑥ଵ:  The number of connections (represented by the number of graph edges) 

2. 𝑥ଶ:  Mass of 𝐶𝑂ଶ emitted (kg) 

3. 𝑥ଷ:  Distance travelled (km) 

4. 𝑥ସ:  Number of important companies in the network 

As was alluded to in chapter 8, the importance of a company is the degree of influence it has in the 

network and can be determined by the eigen vector centrality graph metric. This will be elaborated upon 

later in the chapter. A choice was made for the index to be the monetary cost since it is possible for 

each feature 𝑥௜ to be converted to a cost using some function 𝑓௜. What follows is the process of 

converting each feature to a cost.  

Distance travelled converted to transportation cost 

Transportation costs are a significant barrier to IS implementation (Doménech and Davies, 2009). 

Hence, it is best to seek IS networks that result in lower travelling distances, which can be used to 

indicate the size of the network. A convenient measure for the transportation costs is to estimate fuel 

consumption for the journey, which accounts for the majority of the logistics cost (Havenga, 2010).  

One can estimate the fuel consumption by assuming that the fuel economy 𝐹𝐸 (Distance travelled per 

litre of fuel) and the price of fuel per litre 𝑃𝑂𝐹 (Fuel price) are constant values.  

Hence, given a distanced travelled (𝑥ଷ), the associated transportation cost (𝒇𝟏(𝒙𝟑)) in Rands is as 

shown in Equation 9-3: 

𝑇𝑟𝑎𝑛𝑠𝑝. 𝐶𝑜𝑠𝑡 = 𝑥ଷ × 𝑃𝑂𝐹
𝑅

𝐿𝑖𝑡𝑟𝑒
× 𝐹𝐸

𝐿𝑖𝑡𝑟𝑒𝑠

100𝑘𝑚
 

Equation 9-3 
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An estimate of the average fuel economy for a delivery truck (single unit 2 axle 6 tire or more) was 

found to be 6.4 gallons of gasoline-equivalent/mile (Federal Highway Administration, 2018), or 36.752 

litres of gasoline-equivalent/100km and the price of gasoline was found to be R16.15 per litre 

(BusinessTech, 2021). 

Mass of 𝑪𝑶𝟐 emissions as an emissions tax 

To quantify the environmental impact of the IS, the carbon dioxide emissions from transportation can 

be determined. The 𝐶𝑂ଶ emissions can be calculated by first working out the amount of fuel consumed 

for a given distance travelled 𝑥ଷ (𝑘𝑚) using the fuel economy 𝐹𝐸 (
௅

ଵ଴଴௞௠
). Based on an estimate of the 

𝐺𝐻𝐺஼ைమ
, the average amount of 𝐶𝑂ଶ per L of gasoline, one can determine the mass amount of 𝐶𝑂ଶ 

released per km travelled. For gasoline, the factor 𝐺𝐻𝐺஼ைమ
 was taken to be 2.8𝑘𝑔

஼ைమ

௟௜௧௥௘
  (Cefic; ECTA, 

2011). Hence, the mass of 𝐶𝑂ଶ emitted is: 

𝑀𝑎𝑠𝑠 𝐶𝑂ଶ 𝑒𝑚𝑖𝑡𝑡𝑒𝑑 = 𝑥ଷ × 𝐹𝐸
𝐿𝑖𝑡𝑟𝑒𝑠

100𝑘𝑚
× 𝐺𝐻𝐺஼ைమ

 
Equation 9-4 

 

Based on the calculated amount of 𝐶𝑂ଶ emissions, one can estimate the tax incurred from 𝐶𝑂ଶ 

emissions, which, according to Van Heerden et al. (2016), has been set at R120 per ton of 𝐶𝑂ଶ emitted 

by the South Africa National Treasury.   

Hence the fuel tax can be calculated as follows: 

𝐹𝑢𝑒𝑙 𝑡𝑎𝑥 =
𝑅120

1000𝑘𝑔
× 𝑥ଶ 

 

Equation 9-5 

In this case, 𝑥ଶ is the mass of 𝐶𝑂ଶ emissions and 𝒇𝟐(𝒙𝟐, 𝒙𝟑) is the 𝐹𝑢𝑒𝑙 𝑡𝑎𝑥. 

The number of connections 

The number of connections in the IS network speaks to the network complexity of the IS network. It 

was noted by Nobel and Allen (2000) and Aviso et al.  (2011) that excess network complexity is a 

problem for inter-company exchanges and can be considered as an investment cost (Boix et al., 2015). 

For the purposes of this study, it is assumed that the investment cost is proportional to the number of 

connections (𝑥ଵ) in the network and the total travelling distance (𝑥ଷ) where, given a standard investment 

cost per unit distance (
ோ

௣௔௜௥௜௡௚.௞௠ 
) for a single supplier-consumer pairing (𝐼𝐶), the total investment cost 

(𝒇𝟑(𝒙𝟏, 𝒙𝟑))as a result of network complexity is: 



94 

 

𝑇𝑜𝑡𝑎𝑙 𝑖𝑛𝑣𝑒𝑠𝑡𝑚𝑒𝑛𝑡 𝑐𝑜𝑠𝑡 = 𝐼𝐶 × 𝑥ଵ × 𝑥ଷ 

 

Equation 9-6 

The number of important companies in the network 

As was alluded to in Chapter 8, the Eigenvector centrality (EVC) of a vertex is a measure of the level 

of importance or influence of the vertex in the network. Values of Eigenvector centrality range from 0 

to 1, with a higher value implying higher importance of the vertex in the network. Given a matching 𝑀, 

the EVC of each vertex can be determined. A vertex that has a higher EVC value would not only indicate 

that it is important in the network but that it is connected to other vertices of high importance. If an IS 

network is made up of subgraphs, where the number of graph components is greater than 1, then the 

EVC value of a vertex would be determined with respect to its subgraph and not the IS network as a 

whole. 

With this understanding, one can postulate that networks that have a smaller EVC standard deviation 

may be considered as a fairer network than those with a larger value. This would imply that there are 

more vertices that have similar EVC values and, hence, a more equal level of influence in the network. 

This would go a long way in terms of network stability since power imbalances are a barrier to IS 

implementation (Mulrow et al., 2017) and can lead to network failure if companies with a high level of 

importance leave the network.  

Since the EVC metric expresses a vertex’s importance based on which other important vertices it is 

connected to, the EVC value of a vertex is dependent on that of the other vertices it is connected to. 

Hence, given the adjacency matrix 𝐴 of a graph 𝐺, which stores all the connections of the graph, the 

EVC value 𝛾 of a vertex 𝑖  can be determined as shown in Equation 9-7.  

𝛾௜ = ෍ 𝐴௜௝𝛾௝

௝

, ∀ 𝑗 ≠ 𝑖 

 

Equation 9-7 

 

Equation 9-7 shows the dependence of a vertex 𝑖’s EVC value on the EVC values of all vertices it shares 

a  graph edge with. Equation 9-7 indicates that the EVC values for all vertices connected to vertex 

𝑖  to be known for 𝛾௜ to be calculated. This can be determined recursively, where the EVC values for 

all vertices, that are not vertex 𝑖,  are initialised as 1, and would allow for 𝛾௜ to be determined. This is 

shown in Equation 9-8. 

𝛾௜(𝑡 + 1) = ෍ 𝐴௜௝𝛾௝(𝑡)

௝

, ∀ 𝑗 ≠ 𝑖 

 

Equation 9-8 
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Equation 9-8 is computed recursively until an equilibrium is reached at the 𝑛௧௛ iteration, where 

𝛾௜(𝑡 + 𝑛) − 𝛾௜(𝑡 + 𝑛 − 1) ≪ 0. Theoretically, as 𝑡 → ∞, Equation 9-8 approximates to Equation 9-9 

where the largest eigenvalue 𝜆௅ of the adjacency matrix 𝐴 and its corresponding eigenvector 𝑥௅ are used 

to determine the vector of EVC values for the graph vertices (Dehmer, 2010).  

𝛾 =
1

𝜆௅
𝐴𝑥௅ 

Equation 9-9 

Hence, given a matching 𝑀, the 𝛾 can be determined. One can then use Equation 9-10  to determine the 

fairness of the IS network based on the value of 𝜒. The value of 𝜒 is the number of important companies 

in the network, which is the size of the set 𝑁 that contains the vertices whose EVC value lie within one 

standard deviation (𝜎ఊ) of the mean EVC value 𝛾. 

𝜒 = |𝑁|, 𝑁 = {𝑣௜, 𝑖𝑓 𝛾௜ − 𝛾 ≤ 𝜎ఊ   

 

Equation 9-10 

With this defined, it is possible to state the cost of fairness or a lack thereof. If a less fair network leads 

to long-term instability, then interventions must be made during the course of the IS to try and remedy 

any potential damage to partnerships. This may be in the form of meetings and re-drawing of contracts, 

all of which require negotiations. Furthermore, the lack of fairness and imbalance in company 

importance, companies can be exploited in a partnership. This exploitation is associated with transaction 

risk (Clemons et al., 1993).  

With both the negotiations and transaction risk, transaction costs will increase since it can be split into 

negotiation costs (defined by Clemons et al. as coordination costs (1993)) and transaction risk (Clemons 

et al., 1993).  

With this in mind, and the fact that smaller networks (in physical size and number of participants) 

reduce the transactional costs (Doménech and Davies, 2009), it is possible to determine the cost of 

fairness as follows: 

𝐶𝑜𝑠𝑡 𝑜𝑓 𝑓𝑎𝑖𝑟𝑛𝑒𝑠𝑠 = 𝑇𝐶 × (|𝑚 + 𝑛| − 𝜒) × 𝑥ଵ × 𝑥ଷ 

 

Equation 9-11 

 

𝑇𝐶 is the standard transactional cost per unit distance for one partnership (
ோ

௞௠ 
) and is increased by the 

number of companies that are significantly less important in the network (|𝑚 + 𝑛| − 𝜒), where 

|𝑚 + 𝑛| is the number of companies in the IS. Additionally, the greater the number of connections and 

size of the network, the transactional costs will increase proportionally.  

The cost of fairness (𝒇𝟒(𝒙𝟏, 𝒙𝟑, 𝒙𝟒)) is the fourth cost used to calculate the index/cost of a distribution 

policy, as defined in Equation 9-2. 
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As mentioned previously, the cost of each distribution policy includes each of the matching feature 

costs (𝑓௝ , 𝑗 ∈ [1,4]). However, the weighting the distribution policy gives to a matching feature cost 𝑓௝ 

is 𝜓௝ and therefore, a distribution policy can be uniquely profiled and quantified by the vector of 

weighting coefficients 𝜓. 

Table 9-3 summarises the vector of weighting coefficients for each distribution policy chosen for this 

study, while Table 9-4 lists the values for the 𝑇𝐶 and 𝐼𝐶, the unit transactional costs and unit investment 

costs, respectively. It is important to note that in this chapter, the quantifying of the cost of a distribution 

policy is more about modelling approach and determining the suitability of an algorithm to a distribution 

policy than the accuracy in the determination of the actual costs. Specific values for the weighting 

coefficients and values for unit transactional costs (𝑇𝐶) and unit investment costs (𝐼𝐶) can be researched 

and accurately or empirically determined.  

 

Table 9-3: Weighting coefficients for each distribution policy. 

Distribution policy 𝜓ଵ 𝜓ଶ 𝜓ଷ 𝜓ସ 

Economically biased distribution policy 

(ECD) 

 

4 20 1 1 

Environmentally biased distribution 

policy (ECD) 

 

2 500 1 1 

Social construction-based distribution 

policy (SCD) 

0.5 0.5 0.5 4 

 

Table 9-4: Values chosen for the unit conversion cost factors, which would otherwise be empirically 

determined. 

Unit conversion cost factor Value 

𝐼𝐶 0.15 

𝑇𝐶 0.2 

 



97 

 

9.3 Graph representations for each algorithm 

Now that the distribution policies have been quantified, the edge weights for the graphs for each 

algorithm can be defined. For the Simplex method, the weights of the graph edge 𝑒௜௝ is the 𝑘௜௝ in the 

objective function for the TP.  

 

In general, the cost function for the weights can be defined as: 

𝐸𝑑𝑔𝑒 𝑤𝑒𝑖𝑔ℎ𝑡 = 𝑃𝑟𝑖𝑐𝑒𝑓𝑎𝑐𝑡𝑜𝑟௜௝ × 𝜎௘௫௖௛௔௡௚௘

+ 𝑅𝑃𝐷 × 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒𝐹𝑎𝑐𝑡𝑜𝑟௜௝ × 𝑃𝑎𝑦𝑙𝑜𝑎𝑑 𝐹𝑎𝑐𝑡𝑜𝑟 

 

Equation 9-12 

 

, where  

𝑃𝑎𝑦𝑙𝑜𝑎𝑑 𝐹𝑎𝑐𝑡𝑜𝑟 = 𝑐𝑒𝑖𝑙 ቌ
min ቀ𝑎𝑏𝑠 ቀ𝜎஼ೕ

ቁ , 𝜎ௌ೔
ቁ

𝑃𝐴𝑌𝐿𝑂𝐴𝐷
ቍ 

The 𝑃𝑎𝑦𝑙𝑜𝑎𝑑 𝐹𝑎𝑐𝑡𝑜𝑟 accounts for the number of trips a delivery truck must make since the amount of 

by-product material to be exchanged is limited by the payload of the truck. For this case study, a payload 

of 1 ton (1000kg) is chosen. The maximum amount possible to distribute between a supplier 𝑖 and 

consumer 𝑗 is min ቀ𝑎𝑏𝑠 ቀ𝜎஼ೕ
ቁ , 𝜎ௌ೔

ቁ. If this value is less than 𝑃𝐴𝑌𝐿𝑂𝐴𝐷, it will result in a 

𝑃𝑎𝑦𝑙𝑜𝑎𝑑 𝐹𝑎𝑐𝑡𝑜𝑟 of 1. If the value is greater than the payload, then the nearest larger integer value will 

be chosen as the 𝑃𝑎𝑦𝑙𝑜𝑎𝑑 𝐹𝑎𝑐𝑡𝑜𝑟, which is taken care of by the function 𝑐𝑒𝑖𝑙().  

The only differences for the cost function for each algorithm are the terms 𝑃𝑟𝑖𝑐𝑒𝑓𝑎𝑐𝑡𝑜𝑟௜௝, 𝜎௘௫௖௛௔௡௚  

and 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒𝐹𝑎𝑐𝑡𝑜𝑟௜௝, as shown in Table 9-5.  
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Table 9-5: Differences in the terms for the cost function for each algorithm. 

Algorithm Terms 

 
𝑃𝑟𝑖𝑐𝑒𝑓𝑎𝑐𝑡𝑜𝑟௜௝ 

 

𝜎௘௫௖௛௔௡௚௘ 

 

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒𝐹𝑎𝑐𝑡𝑜𝑟௜௝ 

 

 

HM 
𝑎𝑏𝑠 ቀ𝛼஼ೕ

− 𝛼ௌ೔
ቁ 𝑎𝑏𝑠 ቀ𝜎஼ೕ

+ 𝜎ௌ೔
ቁ 𝑑௜௝  

FF 
𝑀𝑎𝑥𝑃𝑟𝑖𝑐𝑒

− 𝑎𝑏𝑠(𝛼ௌ௜
− 𝛼஼௝

) 

min ቀ𝑎𝑏𝑠 ቀ𝜎஼ೕ
ቁ , 𝜎ௌ೔

ቁ 1.1 × max൫𝐷൯ − 𝑑௜௝ 

SM 
𝑀𝑎𝑥𝑃𝑟𝑖𝑐𝑒

− 𝑎𝑏𝑠(𝛼ௌ௜
− 𝛼஼௝

) 

𝑀𝑎𝑥(𝜎ௌ , 𝑎𝑏𝑠(𝜎஼))- 

𝑎𝑏𝑠 ቀ𝜎஼ೕ
+ 𝜎ௌ೔

ቁ 

1.1 × max൫𝐷൯ − 𝑑௜௝ 

 

With these terms defined for each algorithm, accordingly, IS networks solutions from each algorithm 

can be obtained. An order of the rows and column was chosen as follows: 

 

                                                         𝐶ଵ 𝐶ଶ 𝐶଴ 𝐶଺ 𝐶ଷ 𝐶ହ 𝐶ସ 

                                                   𝐴ሖ = 

⎣
⎢
⎢
⎢
⎡
𝑏ସଵ 𝑏ସଶ ⋯ ⋯ ⋯ ⋯ 𝑏ସସ

⋮ 𝑏଴ଶ ⋯ ⋯ ⋯ ⋯ ⋮
⋮ ⋱ ⋱ 𝑏ଶ଺ ⋯ ⋯ ⋮

𝑏ଷଵ … ⋱ 𝑏ଷ଺ ⋱ ⋯ ⋮
… ⋯ ⋯ ⋯ ⋯ ⋯ 𝑏ଵସ⎦

⎥
⎥
⎥
⎤

  

𝑆ସ

𝑆଴

𝑆ଶ

𝑆ଷ

𝑆ଵ

 

 

9.4 Results 

9.4.1 Matching results 

For the given row and column order of the assignment matrix 𝐴ሖ , an IS network for each algorithm was 

produced and is shown in Figure 9-3, Figure 9-4, and Figure 9-5. Alongside each network is the 

corresponding bipartite graph representation of the matching 𝑀. Confirming the rigorous study done in 

Chapter 7 and 8, Table 9-6 shows the key graph metric results for each algorithm, where the HM 

produces the lowest graph edges and the largest number of graph components. 
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Table 9-6: Graph metrics for the IS networks from each algorithm. 

Algorithm Num. Graph 

components 

Num. Graph edges 

HM 4 6 

FF 1 9 

SM 2 9 

 

 

 

 

 

 

Figure 9-3:IS network (left) and matching 𝑀  as a bipartite graph (right) from the HM algorithm. 

 

  

 

 

Figure 9-4: IS network (left) and the matching 𝑀 as a bipartite graph (right) from FF algorithm. 
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Figure 9-5: IS network (left) and the matching M as a bipartite graph (right) from SM method. 

In this IS system, the total supply was 11554kg, and the total demand was 7633kg. This meant that at 

least one supplier would be unmatched and, therefore, not be part of the IS. The SM method omits 1 

supplier (supplier 2) from the matching 𝑀 whereas two suppliers are omitted from the HM IS network 

(supplier 3 and 6), and the FF IS network (supplier 2 and 4).   

9.4.2 Matching feature results 

Shown in Figure 9-6 are the EVC (𝛾) scatter plots for the HM (left), FF (right), and SM (centre). The 

red dotted lines bound a region that is within one standard deviation of the mean EVC value (𝛾) for the 

IS network (shown as a blue horizontal line). The number of EVC data points that fall within this region 

corresponds to 𝜒௜ for the IS network of an algorithm 𝑖. The EVC values of a vertex is only shown in the 

scatter plot if it is not an isolated vertex (is within the Matching 𝑀). In other words, there is at least 

edge incident to the vertex. Any point in the scatter plot has a nonzero value, no matter how close it 

may be to the line 𝛾 = 0. 

It is observed that 𝜒ுெ=10, 𝜒ிி = 8 and . 𝜒ௌெ = 8. Hence, the HM distributed by-product material in 

a way where a fairer IS network was produced.  However, it was found that there is less dispersion in 

the 𝛾 values for the SM and FF IS network, as opposed to that in the HM IS network. When the RMSE 

was calculated for the 𝛾 datapoints from its mean 𝛾, for the algorithm 𝑖,  it was found that 𝑅𝑀𝑆𝐸ఊೄಾ =

0.125, 𝑅𝑀𝑆𝐸ఊಷಷ = 0.102 and  𝑅𝑀𝑆𝐸ఊಹಾ = 0.166. The lower RMSE values infer that the SM and FF 

create networks that are fairer since the level of influence of all vertices (companies), indicated by the 

𝛾 values, are closer in value. However, a higher mean EVC value is reported for the HM IS network 

(𝛾ுெ = 0.516) compared to that of the SM IS network ( 𝛾ௌெ=0.342) and FF IS network (𝛾ிி = 0.247).  
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This is due to the greater number of graph components in an HM IS network as opposed to an IS network 

from the SM and FF. The number of companies in each subgraph for the HM IS network is smaller than 

the number of companies in a subgraph for the SM and FF IS networks. As a result, the vertex influence 

in each HM IS network subgraph is higher than it would be if they belonged to a subgraph with a larger 

number of companies (like those subgraphs in the FF and SM IS network).  

Furthermore, it is seen in Figure 9-6 that the scatter plot for the HM (left) has relatively more vertices 

of equal 𝛾 value. This corresponds to the 1-1 supplier and consumer pairings for the HM (seen in Figure 

9-3), which make up a subgraph. Therefore, while the SM seems to create a slightly fairer IS network 

than the HM, it is the simplicity in the network connections of an HM IS network subgraph that affords 

higher average vertex importance than that of an SM and FF IS network. This would suggest that the 

subgraphs of an IS network by the HM are fairer than that by the SM or FF.  

As a result, subgraphs are created by the HM where companies have a smaller difference in their 

influence in the subgraph, which can be regarded as more stable as power dynamics are less likely to 

be experienced if more companies have a similar influence in their subgraph.  
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Figure 9-6: The 𝜒 results for the HM (top left), FF (top right) and SM (centre), show the number of 

vertices whose EVC value fall within 1 standard deviation of the mean EVC value. 

The travelling distance for the HM-IS network was found to be the lowest compared to that of the other 

algorithms. The HM does produce a smaller IS network since the distance travelled in an HM IS 

network is 60.01% lower than that of an SM IS network and 49.12% lower than that of an FF IS network. 

This results in lower fuel consumption and 𝐶𝑂ଶ emissions, based on Equation 9-4. Table 9-7 

summarises the matching feature results for each IS network generated by an algorithm. 

Table 9-7: Matching feature results associated with the exchange of by-product material for each IS 

network produced by the algorithms. 

Algorithm 𝑥ଵ: Number of 

connections 

𝑥ଶ: Mass 𝐶𝑂ଶ 

emitted (kg) 

𝑥ଷ: Travelling 

distance (km) 

𝑥ସ: Number of 

important 

companies 

HM 6 2.99 313.41 10 

FF 9 5.89 615.97 8 

SM 9 7.49 783.73 8 
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The matching feature costs are shown in Table 9-8, and the overall cost of a distribution policy is shown 

in Table 9-9. It is found that in all distribution policies, the HM produces the lowest distribution index 

𝐼௞ for all distribution policies (𝑘 = 1,2,3).  

 

Table 9-8: Results showing the matching feature costs from each algorithm. 

 
Matching feature cost (R)  

Algorithm f1 f2 f3 f4 

HM 1860.23 0.36 282.07 752.18 

FF 3656.04 0.71 831.55 4434.96 

SM 4651.79 0.90 1058.04 5642.86 

 

Table 9-9: Cost of each distribution policy, in terms of its index, for each algorithm. 

Distribution policy Formula Index (R)  

HM FF SM 

ECD 4f1+20f2+f3+f4 5158.21 8936.67 11370.65 

EVD 2f1+500f2+f3+f4 4934.11 12931.74 16453.81 

SCD 0.5f1+0.5f2+0.5f3+4f4 4080.06 19983.97 25426.79 

 

This would imply that the HM is a better-suited algorithm in creating IS networks. It creates IS networks 

whose subnetworks (subgraphs) contain companies that have greater similarity in their network 

influence than if they belonged to those subgraphs from IS networks of SM and FF. Furthermore, with 

reflecting the same bias to the distribution policies in the cost function for the algorithms, the HM still 

manages to produce a more optimal IS network with respect to transportation costs (𝑓ଵ), 𝐶𝑂ଶ emission 

tax (𝑓ଶ), investment costs due to network complexity (𝑓ଷ) and transactional costs (𝑓ସ).    

By performing ten randomisations of the row and column order of the assignment matrix, similar to the 

approach used in the methodology of Chapter 7, one can determine how successful the HM is in being 

a better-suited algorithm. Ten randomisations of the row and column order were performed before the 

input matrix was processed by each algorithm. An iteration corresponds to a different randomisation of 

the row and column order before an algorithm processes the assignment matrix. 
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Table 9-10: Matching feature results for the HM. 

Hungarian method 

 

Iteration x1 x2 x3 x4 
 

 
0 6 2.99 313.41 10  

1 6 2.99 313.41 10  

2 6 2.99 313.41 10  

3 6 2.99 313.41 10  

4 6 2.99 313.41 10  

5 6 2.99 313.41 10  

6 6 2.99 313.41 10  

7 6 2.99 313.41 10  

8 6 2.99 313.41 10  

9 6 2.99 313.41 10  

 

 

Table 9-11: Matching feature results for the FF algorithm. 

Edmonds-Karp algorithm 

 

Iteration x1 x2 x3 x4 
 

 
0 9 5.96 624.17 8  

1 9 6.74 704.99 8  

2 9 4.77 498.76 8  

3 10 8.14 851.61 8  

4 9 7.12 745.16 6  

5 9 4.26 445.83 9  

6 9 7.06 738.46 8  

7 9 5.70 596.34 8  

8 9 3.69 386.11 9  

9 9 5.89 615.97 8  
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Table 9-12: Matching feature results for the SM. 

Simplex method 

 

Iteration x1 x2 x3 x4 
 

 
0 9 7.43 777.71 9  

1 9 7.08 740.76 9  

2 9 6.83 715.15 7  

3 9 7.42 776.31 8  

4 9 6.70 701.51 8  

5 8 6.63 693.86 8  

6 9 6.95 727.13 7  

7 9 7.89 826.14 7  

8 9 7.43 777.71 9  

9 9 7.49 783.73 8  

 

Table 9-10, Table 9-11 and Table 9-12 show the results for the matching features for the HM, FF, and 

SM, respectively.  It is seen that in each iteration, the HM-IS network has the lowest number of 

connections (𝑥ଵ), results in the lowest travelling distance (𝑥ଷ) and lowest 𝐶𝑂ଶ emissions (𝑥ଷ) than the 

IS networks for the other algorithms. Furthermore, there are more companies in an HM-IS Network 

whose EVC is within one standard deviation from the mean EVC value than those in an FF-IS network 

or SM-IS network. In fact, there seems to be no difference in the reported results for the HM. This is 

due to the fact that the HM produces the same matching 𝑀 (same IS network structure) for each row 

and column order of the assignment matrix, whereas different IS networks result for the FF and SM. 

This was confirmed by determining the standard deviation in the travelling distance value among all 

iterations for each algorithm, which was found to be 0 km for the HM, 40.56 km for SM, and 138.17 

km for FF.  

Table 9-13: Mean graph metrics from each algorithm's IS network across the iterations. 

Algorithm 

Mean Graph metric results 

Number of 

edges 

Num. Graph 

comp. 

Travelling 

distance (km) 
 

HM 6 4 313.41  

FF 9.1 0.9 620.74  

SM 9 1 805.09  

 

It is reasoned that because the system is small (7 × 5), there are only a few Pareto-optimal solutions 

with respect to the cost function. All the algorithms are common in that the final solution results in the 
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deficit being the total supply and demand being minimised. However, the number of ways of 

distributing the material are numerous. Furthermore, the number of ways that result in the lowest cost 

function value (sum of the edge weights of matching 𝑀) is even smaller. 

Table 9-14 shows the distribution index for all algorithm and distribution policy pairs, averaged across 

iterations. Hence, in terms of the distribution index, it is seen in Table 9-14 that, on average, for all 

distribution policies, the HM produces the lowest cost. The total sum of all the distribution costs from 

HM-IS networks is 27.5% and 25.1% of that from the FF-IS networks and SM-IS networks, 

respectively.  

Table 9-14: Mean distribution index across all iterations for each algorithm and distribution policy 

pair. 

Algorithm 

Mean 
distribution 
index     

IECD IEVD ISCD 

 
HM 2901.66 4934.11 4080.06  

FF 9205.35 13231.38 20891.81  

SM 10839.41 15716.78 20891.81  

 

As opposed to the HM, the SM and FF make a series of default supplier and consumer pairings, for 

reasons explained in Chapter 8. For the FF, since all paths from the super source to the super sink 

vertices in the flow network are of equal length, the order in which augmenting paths are chosen from 

a set of possible augmenting paths follows a default order. As such, the feasible FF IS networks 

produced will be of inferior optimality. This is evident in when one compares Table 9-10, Table 9-11 

and Table 9-12, where the travelling distance and 𝐶𝑂ଶ emissions from SM-IS networks and FF-IS 

networks are greater at every iteration than those for the HM IS network.  

For the SM-IS network results in Table 9-12, there is less variance in the IS networks compared to that 

of FF-IS networks in Table 9-11. This is due to the fact that while in Phase 1 of the SM the network 

pairings are made in a default manner, in Phase 2 it is not the case. The simplex algorithm finds the 

correct pairings in Phase 2, since the 𝑘௜௝ coefficients of the decision variables, also known as the edge 

weights of the graph, are introduced into the simplex tableau. However, the initial feasible solution 

(CPF solution) from which Phase 2 starts may not be the most optimal choice. Since the problem has 

many variables, the state space is multi-dimensional. Hence, the initial feasible solution may be on a 

hyperplane from which the final CPF solution visited is from a set of Pareto-optimal points with respect 

to the objective function value 𝑍.  
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It is seen in Table 9-12 that an optimal CPF solution is reached, which produces a lower travelling 

distance (e.g., 𝑥ଷ =693.86 km) in some cases, and in other cases, a higher travelling distance is rendered 

(e.g., 𝑥ଷ =826 km). In each case, however, the objective function value Z for the TP linear program 

obtains the same value. It may be that the solution is more optimal with the 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒𝐹𝑎𝑐𝑡𝑜𝑟௜௝ or the 

𝑃𝑟𝑖𝑐𝑒𝐹𝑎𝑐𝑡𝑜𝑟௜௝ , which would result in different connections. Regardless, it is clear that both the SM and 

FF algorithm do not consider creating IS networks with network graph structures similar to HM IS 

networks (greater number of graph components), as seen in Table 9-13. It may be Phase 1 of the SM 

and the default choice in augmenting paths for the FF algorithm that a set of Pareto-optimal solutions 

having graph metric values similar to the HM is not explored.  

When one compares Table 9-10, Table 9-11 and Table 9-12, the HM comes out as the most suited 

algorithm for creating fair and stable IS networks since ten companies have 𝛾 values within 1 standard 

deviation of the mean EVC value 𝛾 whereas a lower 𝜒 value is reported for the FF and SM algorithm. 

The other 2 companies in the HM-IS network (supplier 3 and 6) have 𝛾 values of 0 as they are not in 

the matching 𝑀.  

Table 9-15: Mean EVC vertex value for each iteration and algorithm pair. 

Mean EVC value for each iteration and 

algorithm pair 
 

Iteration HM FF SM 
 

 
0 0.516 0.234 0.344  

1 0.516 0.238 0.344  

2 0.516 0.247 0.344  

3 0.516 0.247 0.344  

4 0.516 0.245 0.357  

5 0.516 0.236 0.445  

6 0.516 0.247 0.371  

7 0.516 0.238 0.340  

8 0.516 0.236 0.344  

9 0.516 0.247 0.342  

 

 

Table 9-16: RMSE for the EVC values for each iteration and algorithm pair. 
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Quantifying dispersion of EVC values 

using RMSE 
 

Iteration HM FF SM 
 

 
0 0.166 0.091 0.148  

1 0.166 0.095 0.148  

2 0.166 0.102 0.109  

3 0.166 0.082 0.133  

4 0.166 0.069 0.090  

5 0.166 0.108 0.138  

6 0.166 0.102 0.068  

7 0.166 0.095 0.104  

8 0.166 0.108 0.148  

9 0.166 0.102 0.125  

 

In all iterations, since the HM returns the same IS network for each column and row order of the 

assignment matrix, the same 𝑅𝑀𝑆𝐸ఊಹಾ  and 𝛾ுெ results for each iteration, as shown in Table 9-16 and 

Table 9-15, respectively. These measurements are highest for the HM than the other algorithms. Hence, 

it can be concluded that while there is more dispersion in the EVC values for all the vertices of an HM 

IS network, its subgraphs contain vertices that have higher EVC values and are more similar than the 

vertices in the subgraphs for the FF and SM IS network. In other words, more stable subgraphs are 

created by the HM as opposed by the SM and FF.  

This says much about IS networks in general. Specifically, that smaller IS networks containing a smaller 

number of companies, like the subgraphs in an HM IS network, are more likely to thrive since each 

company has more similarity in its network influence. These HM subnetworks are, therefore, simpler 

and less prone to excess network complexity. This is deemed particularly advantageous for the 

application of the HM in creating inter-company exchanges for water distribution networks, as it was 

noted by Nobel and Allen (2000) and Aviso et al.  (2011) that excess network complexity is a problem 

for inter-company exchanges. 

A study by Doménech et al.(2019) found that transportation costs and transactional costs are significant 

barriers for companies thinking of engaging in IS. Smaller networks, however, can help reduce the 

transactional costs since there are fewer actors/participants in the network (sub-network) (Doménech 

and Davies, 2009). This was confirmed by determining the distribution index for the SCD policy, where 

the transaction cost (𝑓ସ) was the lowest for the HM. In this regard, HM produces networks that are closer 

to optimality with respect to transportation costs, environmental impact, operability, and social aspects, 
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such as trust, than the FF or SM. This is attributed to the bijection that the HM makes, which results in 

a lower number of graph edges and a greater number of graph components. With the determination of 

the distribution cost results and finding out that HM results in the lowest cost for all distribution policies, 

it is therefore concluded that HM is the most suitable algorithm applied in this study.  
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10 CONCLUSIONS 

In this research, it was shown that the creation of optimal IS networks with respect to distribution 

policies is possible with fundamental and well-established graph-based algorithms. A graph-based 

modelling approach was used to model the IS problem in a way that captures multiple objectives such 

as economic, social and environmental objectives. This was accomplished by defining the companies 

as vertices and the possible connections between them as graph edges, with the strength of the 

connection being represented by the edge weight. The study was conducted to determine if structural 

features of an IS network can be used to evaluate the effect of distribution policies on IS networks 

created by graph matching algorithms when they are adapted to the IS problem. The IS network instance 

was the facilitated synergy identification across relatively large geographic distances, which contributes 

to Virtual Eco-industrial park studies.  

Three network flow problems were successfully used to model the IS problem using a bipartite graph. 

These network flow problems are the transportation problem, optimal assignment problem, and 

maximal flow problem, each of which had an associated matching algorithm. The matching algorithms 

were adapted and used to solve a particular instance of IS, which was the creation of feasible by-product 

synergies between companies seeking to exchange a single waste by-product material. 

The matching algorithms were the Hungarian method, Edmonds-Karp algorithm, and the 2-Phase 

simplex method, with the former two being graph-based methods and the last algorithm being a linear-

algebraic method. The study successfully captured multiple objectives in the graph-theoretic 

representation, with constraints on the transportation costs, fairness in matchings and minimisation of 

waste by-product material being observed. All the fundamental algorithms were able to be adapted to 

solve the IS problem by taking as input an assignment matrix, which represents the bipartite graph of 

the problem. This afforded the approach simplicity as a solution strategy and allowed for the seamless 

extraction of structural network features. These network features, called graph metrics, brought to light 

graph characteristics that were seemingly unique to a matching algorithm. 

Furthermore, it was found that multiple solutions existed due to the different IS networks produced. 

The graph metrics brought to light that for a given algorithm, the row and column order of the input 

assignment matrix affects the IS network produced. On the other hand, it was also found that for a given 

row and column order, the choice of algorithm used determines which IS network solution is rendered. 

It was postulated that this observation would be more prominent with larger IS networks and may 

provide more insight into the algorithm’s suitability in IS network creation. To investigate this, a 

framework was devised.  

The framework was produced to investigate the suitability of the algorithms in creating IS networks of 

different sizes. Of specific interest were the implications that the graph metrics had on the optimality of 
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an IS network under different distribution policies. Three distribution policies were defined, each 

having a bias to different aspects of sustainability, i.e., the social impacts, environmental impacts, and 

economic impacts. This framework was applied before a rigorous study commenced, with several 

simulated IS scenarios being evaluated by each algorithm.  

The results from the study found that the HM characteristically produces IS networks with a smaller 

travelling distance, having a smaller number of graph edges and a greater number of graph components, 

whereas the opposite was true for the FF algorithm. These graph characteristics were partly attributed 

to the bijection that the HM creates at each iteration in its application to the IS problem, where the rate 

at which pairings are made is lower than the other algorithms, which render more of a one-many 

mapping. This led to the HM being defined as a bijective bipartite matching algorithm. The HM results 

were positive in the light of IS as they had promising implications to transportation cost, reduced 

network complexity, and fairness in IS networks, all of which are imperative for the success of an IS 

network. 

It was reasoned that the apparent superior ability of HM in creating feasible IS networks is due to the 

potent optimisation features of the SM and FF being rendered ineffective due to the graph 

representations. This was confirmed by determining the consistency in the graph metrics produced by 

each algorithm, which was found to be higher for the HM. Furthermore, the average time complexity 

for each algorithm was empirically determined, where it was found that the average time-complexity 

for the FF and SM were significantly closer to the worst-case time complexity than was the average 

time complexity to its worse time complexity for the HM. In other words, the SM and FF visit sub-

optimal network states before arriving at a final IS network. This, coupled with the higher consistency 

in IS network solutions by HM proves the reasoning in the HM superiority as a matching algorithm.  

A simulated study was then conducted where it provided the opportunity for the structural 

characteristics and their implications surrounding the feasibility of IS networks to be quantified under 

different distribution policies. An attempt at modelling distribution policies from matching features was 

made, with a distribution index indicating the optimality of an algorithm in creating IS networks.  

It was found that under all defined distribution policies, the HM was the most performant, rendering IS 

networks that resulted in the lowest distribution index. The distribution index compactly confirmed that 

the HM-IS networks are the most optimal with respect to transportation costs, greenhouse gas 

emissions, and network complexity, compared to those networks from FF and SM. Furthermore, the 

fairness of HM-IS networks is greater and promotes trust compared to SM-IS networks and FF-IS 

networks. This was a promising result as it confirmed the results from the rigorous study and implied 

that graph metrics could be used as a criterion for evaluating networks and ranking algorithms. It can 

be conclusively said that the HM can be ranked the highest in its ability to create feasible IS networks. 
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11 RECOMMENDATIONS 

It is acknowledged that there are several solution strategies that may be able to render more optimal IS 

networks with respect to multiple objectives. However, in most cases, Pareto-optimal solutions are 

found, which usually requires stakeholder input. This questions the need for complex solution strategies 

given that an optimal solution may not exist. While it was proven that feasible IS networks can be 

created with these graph matching algorithms used in this study, there are a few recommendations to 

progress this thematic graph-based solution strategy. For instance, it is possible to apply this method to 

IS scenarios involving multiple and different by-product waste materials.  

Furthermore, future research can focus on pairing this solution method to empirical studies that provide 

values for important performance indicators, such as the unit investment cost per kilometre (𝐼𝐶) used 

in the case study. This would allow for the modelling of distribution policies to be done more thoroughly 

and may lead to a unifying theory in quantifying distribution policies in general.  

One can also improve the performance of the FF algorithm in creating IS networks by altering the BFS 

algorithm to define shortest augmenting paths as those augmenting paths of the largest total edge 

weight. This would, in this particular instance, restore the greedy approach of the BFS algorithm, which 

was otherwise ineffective in a flow network with all augmenting paths having the same length. 

Furthermore, while the 2-phase simplex method was used to compare a linear-algebraic approach to 

graph-based approaches (such as HM), future work should determine if the HM is superior to the 

network simplex method, which is known to be more efficient than the 2-Phase simplex method.  

Finally, it is acknowledged that IS network optimisation is not complete without considering time 

windows and route optimisation. While the aim of this study was to create feasible IS networks using a 

simpler approach, this study sets the foundation for future research to incorporate hybrid approaches 

that pair matching algorithms with route optimisation approaches. Specifically, it may be a more 

feasible situation if the optimisation of logistic operations is done in tandem with the optimisation of 

the IS network.  
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APPENDIX 

APPENDIX A: Flowcharts for the Algorithms  

 

 

Figure 0-1: Flowchart of the Simplex algorithm. 
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Figure 0-2: Flow chart of the 2-Phase Simplex method. 
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Figure 0-3: Flowchart for the Edmonds-Karp implementation in maximal flow problems. 
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Figure 0-4: Flowchart of the Edmonds-Karp algorithm in IS for transportation cost minimization. 
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Figure 0-5:Flowchart of the Hungarian method. 

 

 



127 

 

 

Figure 0-6: Flowchart for the Hungarian method implementation for IS. 
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Figure 0-7: Flow Chart for Prim's Algorithm. 
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Figure 0-8: Flow chart for Dijkstra's algorithm. 
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APPENDIX B: NOMENCLATURE 

Abbrev. Description 

BBMA 
Bijective-Bipartite matching 
algorithm  

BF Basic Feasible Solution 
BFS Breadth-First Search 
CP Corner Point Solution 
CPF Corner Point Feasible Solution 
DFS Depth-First Search 
EBV Entering basic variable 
ECD Economically biased Distribution 
EIP Eco-Industrial Park 
EVC Eigenvector Centrality 
EVD Environmentally biased Distribution 
FF Edmonds-Karp algorithm 
HEN Heat Exchanger Networks 
HM Hungarian Method 
IE Industrial Ecology 
IP Industrial Park 
IS Industrial Symbiosis 
LCA Lifecycle Analysis 
LP Linear Programming 
MEN Mass Exchange Network 
MILP Mixed integer Linear Programming 

MINLP 
Mixed integer Non-Linear 
Programming 

MP Mathematical Programming 
MSA Mass Separating Agents 
MST Minimum Spanning Tree 
MSW Municipal Solid Waste 
NLP Non-Linear Programming  
NPV Net Present Value 
OR Operations Research 
PA Pinch Analysis 
PM Pinch Methodology 
PMH Population Metaheuristics 
PP Polypropylene 
RMSE Root Mean Square Error 

SCD 
Social Construction based 
Distribution 

SLP Standard Linear Program 
SM Simplex Method 
SNA Social Network Analysis 
SSM Single Solution Metaheuristics 
ST Simplex Table 
STP Standard Transportation Problem  
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TP Transportation Problem 
TSA Total Site Analysis 
VEIP Virtual Eco-Industrial Park 
WDN Water Distribution Network 
  
  
𝜎, 𝛼, 𝜑, 𝜃  

Resource /Product attributes  

𝑑,𝐶,𝜏 
Constants defining the size of dataset 
groups 

𝑒௜௝ Graph edge between vertex 𝑖 and 𝑗 
𝑣௜ Vertex 𝑖 

 


