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Abstract 

Due to an increase in wireless communication usage on several devices, the demand for high transmission rate and 

reliable connection has increased. In this dissertation, a generalized differential modulation with signal space 

diversity (GDM-SSD) for a multi-dimensional M-ary quadrature amplitude modulation (M-QAM) scheme is 

presented to improve the error performance of non-coherent systems in wireless communications. 

Signal space diversity (SSD) comprises two fundamental stages: constellation rotation and component interleaving. 

The angle at which the constellation is rotated is determined based on a design criterion which maximizes the 

diversity order by minimizing the Euclidean square product or, alternatively, minimizes a symbol error probability 

(SEP) expression. In this dissertation, an angle of 31.7 degrees is used as an angle of rotation in order to achieve 

SSD in two dimensions. 

This dissertation aims to improve the error performance of a non-coherent generalized differential modulation 

(GDM) wireless communication system. The proposed generalized differential scheme (GDM-SSD) is based on 

optimal power allocation, signal rotation and component interleaving/de-interleaving. GDM-SSD divides a frame 

into a reference part and normal part. The reference part is transmitted at a higher power than the normal part, and 

is used to encode and decode the information in the normal part. Optimal power allocation is applied to the system, 

and the results demonstrate that the SEP performance of the proposed GDM-SSD scheme losses about 5dB 

performance gap over coherent SSD scheme. It is observed that the performance of GDM-SSD detection gets better 

as the number of transmitted symbols in a frame increase.  
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INTRODUCTION 

Wireless network popularity has grown at a rapid rate over the last decade, resulting in congestion of 

data transmission, increased interference, and other communication deficits in terms of reliability and 

speed [1]. As a result, there is a growing demand for higher data rates and better quality service, 

prompting the development of wireless communication systems that are more bandwidth efficient and 

reliable [1]. However, developers must tackle a number of obstacles, including limited spectrum 

availability and unpredictable fading conditions, in order to achieve these objectives [2]. One approach 

for reducing the impact of noise and fading is to use multiple receive antennas thus, the reliability of 

the wireless system is improved without compromising the bandwidth of the signals that are transmitted 

[3, 4]. 

Reliability can be improved in a wireless communication system by using diversity techniques [5]. 

Diversity techniques are employed to reduce the effect of channel fading on wireless networks and thus 

improve the reliability between the transmitter and receiver [5]. Some of diversity techniques are: spatial 

or space diversity, time diversity, receiver diversity and signal space diversity. Space diversity is 

achieved by implementing a multiple transmit and receive antenna technique multiple-input-multiple-

output (MIMO) thus, multiple paths are established between the transmitter and the receiver [6, 5].  

Time diversity is achieved by conveying multiple copies of a signal over multiple time slots with 

independent channel responses [5]. Specifically, time diversity can be achieved simply by repeating the 

same signal over a range of time slots [7, 5]. Receiver diversity referred to as antenna diversity, is a 

diversity technique employed in wireless communication systems which requires multiple receiver 

antennas such as single-input multiple-output (SIMO) to achieve diversity gain in a wireless 

communication system [8]. SIMO is used to meet the demand for high data rate in wireless 

communication systems.  

Signal space diversity (SSD) incorporates diversity into a system, at no extra cost of antennas or 

bandwidth, this makes it an appropriate diversity technique for improving wireless communications   

[9, 10]. In the work presented in [9], SSD was implemented in a coherent system with M-ary quadrature 

amplitude modulation (M-QAM) symbol using SIMO to improve the error performance of the system 

however, at an expense of an increase in detection complexity.  

This dissertation investigates the error performance of signal space diversity applied to a non-coherent 

system  

CHAPTER 1 
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1.1 Research motivation 

Signal space diversity has previously been investigated and employed in coherent systems to implement 

diversity in wireless communication systems [9]. However, due to the detection complexity of the 

coherent system at the receiver, non-coherent systems were employed in wireless communication to 

simplify the detection complexity of coherent systems. The detection complexity of the coherent system 

is due to the channel state information (CSI), fading and the number of antennas amongst others [11]. 

Conventional differential modulation (CDM) and generalized differential modulation (GDM) are non-

coherent modulations employed in wireless communication. Since CDM suffers 3dB performance loss 

compared to its coherent counterpart, GDM is employed to reduce the performance gap between CDM 

and coherent detection. The aim of this dissertation is to employ diversity in a non-coherent system to 

enhance the error performance of wireless communication systems by applying SSD in GDM. SSD is 

the ideal diversity technique to be applied to a non-coherent GDM system for its ability to achieve 

diversity without an additional bandwidth and transmission power as GDM uses power allocation to 

improve the performance of non-coherent wireless communication systems. This led to the proposed 

generalized differential modulation with signal space diversity (GDM-SSD) scheme for M-ary 

quadrature amplitude modulation constellations. 

1.2 Research aim and objectives 

This dissertation aims to improve the error performance of a non-coherent generalized differential 

modulation wireless communication system. 

The following are the objectives of the research: 

1. Investigation of error performance of SSD in a non-coherent system. 

2. Investigation of power allocation in the proposed GDM-SSD. 

3. Formulation of the analytical expression for the proposed GDM-SSD and validate it with 

simulation results.  

1.3 Research contributions 

This dissertation presents the following contributions, while reproducing results from existing literature 

to provide a benchmark: 

1. In chapter 3, information bits are directly mapped onto an M-QAM signal set before rotation in 

a coherent SSD system with maximum ratio combining (MRC) reception. The received symbol 

combiner yields an instantaneous combined fading gain which was employed in maximum-
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likelihood detection (MLD). This approach provides robust performance improvements, 

especially in fading environments. It also, enhances the efficiency, reliability and performance 

of wireless communication systems by utilizing coherent SSD techniques in conjunction with 

direct mapping onto an M-QAM signal set. 

By leveraging coherent SSD techniques alongside direct mapping of the M-QAM signal set, 

demonstrates a potential for improving and advancing the effectiveness and capacity of wireless 

communication system in diverse environments. 

2. In chapter 4, a non-coherent GDM system was presented where power allocation is based on 

the Lagrange multiplier method. In this system, more power is allocated to the transmitted 

reference symbol (RS) compared to the normal symbols (NSs). This results to a better error 

performance with a gain of about 2dB to that of non-coherent CDM detection. 

This improvement highlights the potential of the power allocation strategy to provide a more 

stable communication system without requiring channel state information at the receiver. This 

approach demonstrates significant potential for robust and efficient wireless communication, 

especially in fading environment. 

3. In chapter 5, the proposed GDM-SSD scheme is presented, where SSD is applied to a non-

coherent GDM system for M-QAM constellations. Motivated by the benefits of both the GDM 

and SSD techniques, the combination enhances the robustness, diversity gain and, spectral 

efficiency and reliability especially in challenging fading environment.  

In this scheme, M-QAM signals are transmitted after rotation, components interleaving and 

differential encoding is performed. Following the transmission of the RS, which remains 

constant throughout the transmission frames, the remaining encoded symbols are transmitted 

separately in different frames as NSs. It is assumed that fading channels experienced by the 

symbols during transmission remain constant thus, quasi-static fading channel (QSFC).  

Transmission power is allocation between the reference block (RB) and normal blocks (NBs) 

where, more power is allocated to the RB since the reference symbol provides the combine 

channel estimation for NBs. The received symbols are combined using MRC reception, de-

interleaved and detected at the receiver.  

This approach results in an estimated 5dB performance loss of the proposed non-coherent 

GDM-SSD compared to the coherent SSD. Thus, the coherent SSD detection gains about 5dB 

over the proposed non-coherent GDM-SSD detection.  
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Overall, the proposed GDM-SSD scheme demonstrates significant potential in improving the 

performance and reliability or wireless communication systems, despite the performance gap 

compared to coherent SSD. 

1.4 Structure of the dissertation 

The remainder of this dissertation is structured as follows:  

 Chapter 2 presents a literature survey of wireless communication techniques used in this 

research.  

 Chapter 3 presents SSD in a coherent system, including the system model, error performance 

analysis of system, numerical and analytical results of the performance of coherent SSD system 

and, the chapter summary.  

 Chapter 4 presents CDM and GDM, including the system models, error performance analysis 

of systems, numerical and analytical results of the performance of the non-coherent modulations 

and, the chapter summary.  

 Chapter 5 presents the proposed scheme GDM-SSD literature including the system model, error 

performance analysis of system, numerical and analysis results of the performance of the 

proposed scheme and, the chapter summary.  

 Chapter 6 presents the conclusion of the dissertation.  
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LITERATURE SURVEY 

This section presents a literature survey of wireless communication techniques involved in the 

investigation of the proposed generalized differential modulation with signal space diversity (GDM-

SSD) scheme. 

2.1 Wireless channel     

During information signals transmission, each signal reaches the receiver via multiple independent 

paths, strength and time variations as they experience different delays and phase shift as explained in 

[8, 2]. This is due to the information signals going through reflection, absorption and scattering by 

objects (buildings, hills, ground, water, etc.) before arriving at the receiver as discussed in [2]. This 

phenomenon is known as multipath propagation. Multipath propagation causes constructive and 

destructive interference and can reduce the signal-to-noise ratio (SNR) [8]. The degradation of the 

signal quality is caused by fading in the multipath propagation often from a transmitter to a receiver, 

which is also referred to as multipath induced fading [5, 2]. 

Wireless communication channels are harmed by a variety of causes, but fading is the most serious one, 

resulting in a decrease in overall system efficiency. Fading causes the received signal power to vary 

and as the power varies, the quality of the received signal changes [8, 2]. Fading depends on obstacles 

in the signal path, which varies with time [2]. These obstacles create complex transmission effects on 

the transmitted signal. Fading models/channels include Rayleigh fading, Rician fading, Nakagami 

fading and Quasi-static fading amongst others and are referred to as fading distributions [5, 12, 2]. Each 

fading distribution is incorporated in the baseband data signal according to its requirements. In this 

research we will be using Rayleigh fading and Quasi-static fading which are discussed in Section 2.1.1 

and Section 2.1.2, respectively. 

2.1.1 Rayleigh fading 

Rayleigh fading is the form of fading that is often experienced in an environment with a large number 

of reflections present. It is used to analyze the overall nature of signals scattered between the transmitter 

and the receiver as defined in [12, 4]. In Rayleigh fading models, it is assumed that the magnitude of a 

signal that has passed through a communications channel will vary randomly, or fade according to a 

Rayleigh distribution. The amplitude gain of the transmitted signal is characterized by a distribution 

where the fading coefficient is denoted as: 

ℎ =  ℎ𝐼 + 𝑗ℎ𝑄  =  αejφ,                               (2.1) 

CHAPTER 2 
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where ℎ𝐼 and ℎ𝑄 are the in-phase and quadrature components, respectively, distributed as complex 

Gaussian random variables (RVs) with distribution 𝐶𝑁(0,1) with zero mean and 1 variance 𝐶𝑁 (0,1) 

as in [13] and, 𝛼 is the Rayleigh fading distributed amplitude denoted as:  

𝛼 = √(ℎ𝐼 )2 + (ℎ𝑄)2.                                                        (2.2) 

The probability density function (PDF) of the fading amplitude 𝛼 is denoted as:   

𝑓𝛼(𝛼) =  
𝛼

𝜎2 exp (−
𝛼2

2𝜎2),    𝛼 ≥ 0                           (2.3) 

where 𝜎 is the scale parameter, which determines the spread of the distribution. 

2.1.2 Quasi-static fading 

Quasi-Static fading Channel (QSFC) is known in the literature as a channel which is frequency flat and 

very slow with a fading that has little variations in time over transmission frame as in [14, 15]. Meaning, 

the fading of QSFC is considered constant over a transmission frame. To improve the quality of the 

communication system over QSFC, diversity is employed in the system. This means, redundant signals 

are transmitted over preferably independent channels as discussed in [15]. In QSFC, the instantaneous 

SNR varies independently from one frame to the other. An interest in quasi-static fading channel has 

numerously increased due to higher demand in data rates along with capacities and more reliable 

connections in wireless communication systems.  

Since multipath fading leads significantly to a decrease in symbol error rate (SER) and symbol error 

probability (SEP) efficiency in wireless communication system, reducing the effects of multipath 

fading can boost communication. This effect can be alleviated by the application of diversity into a 

wireless communication system. 

2.2 Diversity  

Diversity is a technique used to improve the reliability of wireless communication systems over fading 

channel as in [5]. In diversity techniques, instead of one signal that has passed through multiple fading 

channels, the receiver receives multiple copies of transmitting signals. Therefore, the employment of 

diversity in wireless communication systems reduces the duration and depth of fading experienced by 

the receiver in a case where multiple copies of the information signals are transmitted to the receiver 

as presented in the previous work [5]. A diversity system must have two or more transmit or receive 

antennas. Refer to Figure 2.1 below: 

 



19 

 

 

Figure 2.1: Transmit and receive diversity systems in wireless communication [16]. 

2.2.1 Types of diversity techniques  

This section presents a brief review of some of diversity techniques used in the wireless communication 

systems [5].  

2.2.1.1 Time diversity 

Time diversity is a diversity technique employed in wireless communication systems where signals are 

transmitted repeatedly with time at regular intervals that exceed the coherence time of the channel such 

that multiple repetitions of information in the signals are received with independent fading conditions 

[5, 17]. The maximum ratio of variations can be used to find the optimal combination. Additionally, 

rotation matrix or interleaved channel code can be used to ensure different errors are associated with 

multiple independent channels. 

2.2.1.2 Space diversity 

Space diversity is a diversity technique employed in wireless communication systems with two or more 

transmit or receive antennas placed far apart to gain possibly independent received signals as in [5, 16]. 

It provides a higher system capacity without requiring any additional power or bandwidth as noted in 

[8, 16]. Space diversity is implemented in systems like transmit diversity multiple-input-multiple-out 

(MIMO) and receive diversity single-input-multiple-output (SIMO) [16].  



20 

 

This approach offers significant error performance improvement without compromising the vital 

bandwidth on the energy resources transmitted. Spatial diversity is commonly applied as it is easy to 

deploy and very economical. In order to prevent the correlation among the signals received from each 

receive antenna, the spatial positions for receive antennas are separated sufficiently [5, 17]. The usual 

separation between the receive antennas is a few wavelengths of the transmitted signal. Each received 

signal is combined to increase its overall SNR by using selection combining (SC) or maximal ratio 

combining (MRC), which thus mitigates the effects of fading [17, 16]. 

2.2.1.3 Receiver diversity  

Receiver diversity referred to as antenna diversity, is a diversity technique employed in wireless 

communication systems which requires multiple receiver antennas such as SIMO and MIMO to achieve 

diversity gain in a wireless communication system [8]. This means that by using multiple receiver 

antennas, the channel capacity and multipath interference increases while no additional transmission 

bandwidth or power is needed [16]. The multiple receiver antennas must be spaced far apart from each 

other so that there is no correlation amongst the respective received signals [8]. The multiple transmitted 

signals are combined at the receiver using combining techniques such as MRC and SC as discussed in                

[5, 8, 16]. These combining techniques increase the SNR or the power of the received signal. 

2.2.1.4 Signal space diversity  

Signal space diversity (SSD) is a diversity technique used in wireless communications for its ability to 

improve the error performance of the system over fading channels. This is achieved by implementing 

diversity without the addition of bandwidth and transmission power though, at the expense of an 

increase in maximum-likelihood detection (MLD) complexity at the receiver as presented in [10, 9]. 

The increase in the detection complexity is due to the requirement of the knowledge of the channel 

state information (CSI) at the receiver. SSD can be considered as a conventional M-ary quadrature 

amplitude modulation (M-QAM) constellation that has been rotated by a certain angle. SSD is also 

known as a coordinate interleaving scheme, which obtains diversity by sending the components of a 

multidimensional signal constellation over separate fading channels [2]. The main benefit of this form 

of diversity is that it is only exchanged for higher demodulator complexity.  

Additionally, rotation matrix or interleaved channel code can be used to ensure different errors are 

associated with multiple independent channels. 

As the focus of this study, details of SSD are presented in chapter 3 where the diversity technique is 

applied in a coherent system. SSD is also presented in chapter 5 where it is applied in a non-coherent 

system.   
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2.3 Differential modulation 

Differential modulation (DM) is a non-coherent system in wireless communication which simplifies 

the complexity of coherent detection [18]. Since the receiver of the a coherent requires full knowledge 

of the CSI at the receiver, it yields an increase in detection complexity. DM has been employed in 

wireless systems for its ability to perform detection without the knowledge of CSI at the receiver. It 

uses differential detection as presented in previous work [18]. This characteristic results in a reduced 

complexity making DM an attractive method for implementation in wireless communication systems. 

In order to obtain differential detection, information symbols are differently encoded at the source 

before transmission where the first differentially encoded symbol is referred to as a reference symbol 

(RS) and the other remaining symbols are referred to as normal symbols (NSs) as indicated in [18]. It 

is assumed that fading channels remains constant during transmission of symbols thus, QSFC. Amongst 

other DM schemes in wireless communication, only two are the focus of study for this dissertation 

namely conversional differential modulation (CDM) and generalized differential modulation (GDM) 

and both are presented in chapter 4, respectively. 

2.3.1 Conversional differential modulation 

Conversional differential modulation is a scheme used to improve the wireless communication system 

error performance through differential detection as presented in [19]. Though CDM is capable of 

performing differential detection, it suffers 3dB performance loss compared to its coherent counterparts 

as presented in the previous work [18, 19]. This is due to the differential encoding at the transmitter 

and non-coherent detection at the receiver. 

2.3.2 Generalized differential modulation 

Generalized differential modulation is employed in wireless communication systems as presented in 

[18, 19] to reduce the error performance loss suffered by CDM detection to its coherent detection 

counterpart. GDM uses power allocation amongst encoded blocks to reduce the error performance gap 

between CDM detection and coherent detection where more power is allocated to the reference block 

(RB) as compared to normal blocks (NBs) as the RB provides the channel estimation for the NBs        

[18, 19]. 

As the focus of this study, both CDM and GDM are further presented in chapter 4. 
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SIGNAL SPACE DIVERSITY  

This section presents a diversity technique, signal space diversity (SSD) as indicated in Section 2.2.1.4 

and, the symbol error probability (SEP) performance analyses using union bound (UB), minimum 

distance lower bound (MDLB) and nearest neighbour (NN) approximation models. SSD is employed 

in a coherent system with maximum ratio combining (MRC) reception to implement diversity and 

improve the performance of the system over Rayleigh fading channel.  

3.1  Introduction 

Signal space diversity technique has sparked a lot of interest because it ensures that different 

components of a signal constellation are individually affected by independent fading without an 

additional bandwidth, transmit power or space. However, this is achieved at the expense of a complex 

maximum-likelihood detector (MLD) at the receiver [9, 2]. In a work presented in [9], SSD was 

applied in a coherent system with MRC reception to obtain diversity gain in fading channels. 

Maximum ratio combining is a diversity combining technique used to estimate the channel 

characteristics of a system with multiple antennas at the receiver [20, 21]. 

SSD employs rotation and component interleaving/de-interleaving on the multi-dimensional signal 

constellations such that the in–phase (real) and quadrature–phase (imaginary) components of each 

signal experience independent fading separately [2, 9, 21]. Signal rotation and interleaving can 

increase the diversity order of a multidimensional signal. The rotation of a signal constellation was 

implemented in [22] to achieve SSD in two dimensions. The employment of signal constellation 

rotation is to make the system insensitive to deep fading such that the components of the signals will 

not collapse at the same time [2, 10]. When non-rotated constellation signal experiences deep fading, 

the in-phase and quadrature components are both affected by the same fading, which makes it difficult 

to demodulate a symbol transmitted on components accurately [2]. To achieve rotation, constellation 

points are multiplied with an optimal rotation angle to increase the minimum number of distinct 

components between any two constellation points [23]. Figure 3.1 illustrates non-rotated and rotated 

conventional M-ary quadrature amplitude modulation (M-QAM) signal constellation: 

CHAPTER 3 
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A. Original (non-rotated) constellation (u)                   B. Rotated Constellation(x) 

Figure 3.1: Conventional non-rotated (u) and rotated (x) 16-QAM signal constellation [10]. 

Diversity gain is confirmed by component interleaving rotated signal constellations. The coordinate 

or component interleaving of the rotated signal constellation was presented in [9]. Component 

interleaving/de-interleaving ensures that not a single deep fade affects the components of the signal 

simultaneously as stipulated in [9, 2, 23]. Thus, the in-phase and quadrature components of the signal 

are affected by independent fading to obtain diversity. For the success of independent fading on the 

signals, de-interleaving is employed in an SSD system over successfully transmitted signals to 

reassemble the in-phase and quadrature components of the symbol pair to their original symbols          

[9, 2, 23].  

Due to the coherent system requirement of full knowledge of the channel state information (CSI) at 

the receiver to perform coherent detection, received signals are combined at the receiver before 

detection using MRC reception. This technique is employed to achieve the diversity order of the 

system as defined in [9, 20].  MRC applies weights to each receive antenna in order to maximize the 

signal-to-noise ratio (SNR) for the summed signal [21]. 

Furthermore, the SEP performance of the presented coherent SSD system is analyzed by maximizing 

the minimum product distance of the signal constellation using the UB, MDLB and NN approximation 

models in a closed form.  

3.2  System model 

Consider a coherent SSD system containing 𝑁𝑡 × 𝑁𝑟 Single-Input-Multi-Output (SIMO) system with 

MRC reception where 𝑁𝑡 = 1 is the number of transmit antennas and 𝑁𝑟 ≥ 𝑁𝑡 is the number of receive 
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antennas as illustrated in Figure 3.2. We assume that the receive antennas must be spaced far enough 

apart from each other so that there is no correlation among the respective received signals.  

 

Figure 3.2: Block diagram of coherent SSD SIMO system with MRC reception. 

Consider a conventional M-QAM signal set 𝜴 which yields symbol 𝑢𝑖 = 𝑢𝑖
𝐼 + 𝑗𝑢𝑖

𝑄 ,  assuming 

𝐸[|𝑢𝑖|
2] = 𝐸𝜔. (∙)𝐼 and (∙)𝑄 refer to the in-phase (real) and quadrature (imaginary) components of a 

signal, respectively, and 𝑖, 𝑖 ∈ [1: 2], is the symbol index. Information bits 𝒃𝑖 = [𝑏𝑖,1 𝑏𝑖,2 𝑏𝑖,3  ⋯𝑏𝑖,𝑘] 

are grouped in sequences of 𝑘 = 𝑙𝑜𝑔2𝑀 bits in size where 𝑀 is the modulation order.  

The grouped information bits are then directly mapped onto M-QAM signal set. The symbols (𝑢𝑖) are 

then rotated at a certain angle to maximize the minimum number of distinct components between any 

two points in the signal constellation while retaining the same average energy as shown in Figure 3.3 

of a conventional M-QAM signal constellation rotated at angle  : 

 

 

Figure 3.3: Conversional 16-QAM signal constellations rotated at angle . 
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The rotated signal  𝑥𝑖 = 𝑥𝑖
𝐼 + 𝑗𝑥𝑖

𝑄
, is obtained by applying a rotation matrix 𝑹𝜃 for a rotation angle 𝜃 

to each element of the symbol 𝑢𝑖 to form a pair of rotated symbols as shown in Eq (3.1) [9]: 

 [𝑥𝑖
𝐼 𝑥𝑖

𝑄] = [𝑢𝑖
𝐼   𝑢𝑖

𝑄
 ] × 𝑹𝜃,                                                     (3.1) 

where 𝑖 ∈ [1: 2] is the symbol index number, 𝐑𝜃 = [
𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃

−𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃
] is the rotation matrix with 

rotational angle 𝜃 = 31.7° as presented in [10].  

The rotation signal sets are effectively computed as follows: 

 [𝑥𝑖
𝐼 𝑥𝑖

𝑄]  =  [𝑢𝑖
𝐼 𝑢𝑖

𝑄]  [
𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃

− 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃
],  

                    =  [𝑢𝑖
𝐼 𝑐𝑜𝑠 𝜃 − 𝑢𝑖

𝑄𝑠𝑖𝑛𝜃 𝑢𝑖
𝐼 𝑠𝑖𝑛 𝜃 + 𝑢𝑖

𝑄 𝑐𝑜𝑠 𝜃],            (3.2) 

where 𝑥𝑖
𝐼 = 𝑢𝑖

𝐼 𝑐𝑜𝑠 𝜃 − 𝑢𝑖
𝑄  𝑠𝑖𝑛 𝜃 and 𝑥𝑖

𝑄 = 𝑢𝑖
𝐼 𝑠𝑖𝑛 𝜃 + 𝑢𝑖

𝑄 𝑐𝑜𝑠 𝜃.  

The rotated symbol pair  𝑥𝑖 are applied to the interleaver before transmission. The symbols are 

interleaved by swapping their quadrature components, where a typical pair of interleaved symbols is 

given as 𝑤𝑖, 𝑖 ∈ [1: 2] where the subscript 𝑖 is the index of the symbol in the symbol pair denoted as: 

          𝑤1 = 𝑥1
I + 𝑗𝑥2

Q
,                (3.3a) 

          𝑤2 = 𝑥2
I + 𝑗𝑥1

Q
,                (3.3b)                                    

The interleaved symbol pair are transmitted in two different time slots through the source. Each 

transmitted symbol experiences Rayleigh fading channels and additive white Gaussian noise (AWGN) 

as they arrive at the destination, giving received symbol vector 𝒚𝑡: 

      𝒚𝑡 = √
𝐸𝑠

𝐸𝜔
𝒉𝑡𝑤𝑡  +  𝒏𝑡,                                (3.4) 

where 𝒚𝑡 ∈ ℂ𝑁𝑟×1 is the received information symbol vector, the subscript 𝑡 ∈ [1: 2] is the time slot 

index, 𝐸𝑠 is the transmitted power, 𝐸𝜔 is the average signal power, 
𝐸𝑠

𝐸𝜔
 is the average transmit 

power, 𝒉𝑡 is the independent Rayleigh fading coefficient vector with entries ℎ𝑡𝑘 𝑘 ∈ [1:𝑁𝑟] modelled 

as independent and identically distributed (i.i.d.) random variables (RVs) with distribution unit 

variance 𝐸[|ℎ𝑡𝑘|2] = 1 and, 𝒏𝑡 is the AWGN vector with entries 𝑛𝑡𝑘 modelled as i.i.d. complex 

Gaussian RVs with distribution 𝑛𝑡𝑘~𝐶𝑁(0,1). The subscript  𝑘 is the receive antenna index. 

The received symbols are combined as they are received at the receiver using MRC reception on a 

symbol-by-symbol basis. The combined received symbols are defined as 𝑌𝑡 = 𝒉𝑡
𝐻𝒚𝑡 where the 
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subscript 𝑡,  𝑡 ∈ [1: 2] is the times index and superscript 𝐻 is the Hermitian transpose. The combined 

received symbol pair is denoted as in Eq (3.5a) and Eq (3.5b): 

  𝑌1 = 𝒉1 
𝐻𝒚1,   

       = √
𝐸𝑠

𝐸𝜔
‖𝒉1‖𝐹

2𝑤1 + 𝒉1 
𝐻𝒏1,  

       = √
𝐸𝑠

𝐸𝜔
  [‖𝒉1‖𝐹

2(𝑥1
𝐼 + 𝑗𝑥2

𝑄
)]  + 𝒉1 

𝐻𝒏1, 

        = √
𝐸𝑠

𝐸𝜔
[‖𝒉1‖𝐹

2(𝑥1
𝐼 + 𝑗𝑥2

𝑄
)] + 𝑛̃1,             (3.5a) 

   𝑌2 = 𝒉2 
𝐻𝒚2,      

        = √
𝐸𝑠

𝐸𝜔
‖𝒉2‖𝐹

2𝑤2 + 𝒉2 
𝐻𝒏2,  

        = √
𝐸𝑠

𝐸𝜔
  [‖𝒉2‖𝐹

2(𝑥2
𝐼 + 𝑗𝑥1

𝑄
)]  + 𝒉2 

𝐻𝒏2, 

        = √
𝐸𝑠

𝐸𝜔
  [‖𝒉2‖𝐹

2(𝑥2
𝐼 + 𝑗𝑥1

𝑄
)]  + 𝑛̃2,            (3.5b) 

where ‖𝒉𝑡‖𝐹
2  is the instantaneous combined fading gain and 𝑛̃𝑡 = 𝒉𝑡 

𝐻𝒏𝑡 is a noise term which has a 

variance of 𝐸[|𝒉𝑡
𝐻𝒏𝑡|

2] = ∑  |ℎ𝑡𝑘|
2𝑁𝑟

𝑘=1 .  

De-interleaving is then performed on the combined received symbol pair in Eq (3.5a) and Eq (3.5b) to 

ensure that the in-phase and quadrature components of the original symbols are reassembled before 

detection is performed. De-interleaving is performed by swapping the in-phase and quadrature 

components of the combined received symbols where a typical pair of de-interleaved symbols is given 

as 𝑟𝑡, 𝑡 ∈ [1: 2] : 

 𝑟1 =  𝑅𝑒 {[√
𝐸𝑠

𝐸𝜔
  ‖𝒉1‖𝐹

2(𝑥1
𝐼 + 𝑗𝑥2

𝑄
)]  + 𝑛̃1} +  𝑗𝐼𝑚 {[√

𝐸𝑠

𝐸𝜔
  ‖𝒉2‖𝐹

2(𝑥2
𝐼 + 𝑗𝑥1

𝑄
)]  + 𝑛̃2}, 

    = √
𝐸𝑠

𝐸𝜔
  ‖𝒉1‖𝐹

2  𝑥1
𝐼 + 𝑗√

𝐸𝑠

𝐸𝜔
  ‖𝒉2‖𝐹

2  𝑥1
𝑄 + 𝑛̃̃1,                                                  (3.6a) 

 𝑟2 =  𝑅𝑒 {[√
𝐸𝑠

𝐸𝜔
  ‖𝒉2‖𝐹

2(𝑥2
𝐼 + 𝑗𝑥1

𝑄
)]  + 𝑛̃2} +  𝑗𝐼𝑚 {[√

𝐸𝑠

𝐸𝜔
  ‖𝒉1‖𝐹

2(𝑥1
𝐼 + 𝑗𝑥2

𝑄
)]  + 𝑛̃1}, 

    = √
𝐸𝑠

𝐸𝜔
  ‖𝒉2‖𝐹

2  𝑥2
𝐼 + 𝑗√

𝐸𝑠

𝐸𝜔
  ‖𝒉1‖𝐹

2  𝑥2
𝑄 + 𝑛̃̃2,                                                  (3.6b) 

where the resultant noise term 𝑛̃̃𝑡 is a random variable which can be approximated as Gaussian 

distribution 𝑛̃̃𝑡~𝐶𝑁(0,1) and 𝑗 = √−1.  
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The receiver then performs MLD after the symbols are successfully de-interleaved and assuming full 

CSI. The MLD expressions for the symbol pair with MRC reception over Rayleigh fading for time 

slot 𝑡 ∈ [1: 2] are then denoted as: 

   𝑢̂1 = 𝑎𝑟𝑔𝑚𝑖𝑛
   𝑢1 ∈ 𝜴

{𝑃2│𝑟1
𝐼 − √

𝐸𝑠

𝐸𝜔
  ‖𝒉1‖𝐹

2  (𝑢1
𝐼 cos 𝜃 − 𝑢1

𝑄
sin𝜃)|2  

                        +𝑃1 |𝑟1
𝑄 − 𝑗√

𝐸𝑠

𝐸𝜔
  ‖𝒉2‖𝐹

2  (𝑢1
𝐼 sin𝜃 + 𝑢1

𝑄 cos 𝜃)|
2

}               (3.7a)  

  𝑢̂2 = 𝑎𝑟𝑔𝑚𝑖𝑛
             𝑢2 ∈ 𝜴

{𝑃1│𝑟2
𝐼 − √

𝐸𝑠

𝐸𝜔
  ‖𝒉2‖𝐹

2  (𝑢2
𝐼 cos𝜃 − 𝑢2

𝑄
sin𝜃)|2 

                           +𝑃2 |𝑟2
𝑄

−  𝑗√
𝐸𝑠

𝐸𝜔
  ‖ 𝒉1‖𝐹

2   (𝑢2
𝐼 sin 𝜃 + 𝑢2

𝑄
cos𝜃)|2}           (3.7b) 

where 𝑢̂1 and 𝑢̂2 are the detected symbols for both time slots, 𝜴 is the M-QAM signal set, 𝑟1
𝐼, 𝑟2

𝐼 are 

the real and 𝑟1
𝑄

, 𝑟2
𝑄

 are the imaginary component of the de-interleaved symbols in Eq (3.6a) and             

Eq (3.6b), 𝑢1
𝐼 𝑐𝑜𝑠 𝜃 − 𝑢1

𝑄  𝑠𝑖𝑛 𝜃 = 𝑥1
𝐼 , 𝑢2

𝐼 𝑐𝑜𝑠 𝜃 − 𝑢2
𝑄  𝑠𝑖𝑛 𝜃 = 𝑥2

𝐼  are the real and 𝑢1
𝐼 𝑠𝑖𝑛 𝜃 +

 𝑢1
𝑄

𝑐𝑜𝑠 𝜃 = 𝑥1
𝑄

, 𝑢2
𝐼 𝑠𝑖𝑛 𝜃 + 𝑢2

𝑄
𝑐𝑜𝑠 𝜃 = 𝑥2

𝑄
 are the imaginary component of the rotated symbols 

corresponding to 𝑢1 and 𝑢2, respectively. 𝑃1 and 𝑃2 are instantaneous combined fading gain denoted 

as 𝑃𝑡 = ‖𝒉𝑡‖𝐹
2 = ∑  |ℎ𝑡𝑘|2𝑁𝑟

𝑘=1 , 𝑡 ∈ [1: 2] and 𝑘 ∈ [1: 𝑁𝑟]. 

3.3  Error performance analysis of SSD 

This section presents the symbol error performance analysis of the coherent SSD system with              

𝑁𝑟-branches MRC reception for the M-QAM constellation presented on the system model in Section 

3.2 above. In this dissertation, the symbol error performance is based on the symbol error probability 

(SEP) of the system in a closed form using union bound, minimum distance lower bound and nearest 

neighbhour approximation of the transmitted symbol 𝑢𝑖 for each rotated constellation point and the 

chosen detected symbol 𝑢̂𝑖.  

In the high SNR region one symbol 𝑢2 can be assumed to always be detected correct and 𝑢1 can be 

considered to be a transmitted symbol and 𝑢̂1 as the detected symbol. 

3.3.1 Union bound 

Union bound (UB) as presented in [9], is an analysis method used to evaluate the error probability 𝑃(𝑒) 

of a signal set by summing the pairwise error probabilities (PEPs) of all possible transmitted and 

received symbol pair. The UB on the SEP is denoted as in [9]: 

   𝑃𝑀−𝑄𝐴𝑀
𝑈𝐵 (𝑒) ≤

1

| 𝜴 |
∑ ∑ 𝑃(𝑢1 → 𝑢̂1)𝑢̂1𝜖 𝜴 

𝑢1≠𝑢̂1
𝑢1𝜖 𝜴 ,                             (3.8) 
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where | 𝜴 | is the size of the M-QAM signal set and 𝑃(𝑢1 → 𝑢̂1) is the unconditional pairwise error 

probability (PEP) that estimated 𝑢̂1 at the receiver when  𝑢1 was transmitted.  

Due to the fading channel coefficient experienced by the symbol during transmission as in Eq (3.4), the 

unconditional PEP is conditioned as 𝑃(𝑢1 → 𝑢̂1|𝒉1, 𝒉2) referred to as the conditional PEP. The 

unconditional PEP, 𝑃(𝑢1 → 𝑢̂1) is computed by averaging the conditional PEP over the independent 

fading distributions for MRC reception and is expressed as: 

   𝑃(𝑢1 → 𝑢̂1) = ∫ ∫ 𝑃(𝑢1 → 𝑢̂1|𝒉1, 𝒉2) 𝑓𝛾1
(𝛾1) 𝑓𝛾2

(𝛾2) 𝑑𝛾1𝑑𝛾2
∞

0

∞

0
,                  (3.9) 

where  𝒉1 and 𝒉2 are the independent Rayleigh fading coefficient vector with entries ℎ𝑡𝑘 for 𝑡 ∈ [1: 2] 

and 𝑘 ∈ [1:𝑁𝑟], ℎ𝑡𝑘 = 𝛼𝑡𝑘𝑒𝑗𝑄𝑡𝑘, 𝛼𝑡𝑘 is the Rayleigh fading distributed amplitude denoted as            

𝛼𝑡𝑘 = √(ℎ𝑡𝑘
𝐼 )2 + (ℎ𝑡𝑘

𝑄
)
2
. 𝛾1 and 𝛾2 are combined instantaneous signal-to-noise ratio (SNR) defined 

as 𝛾𝑡 = ∑ 𝛾𝑡𝑘
𝑁𝑟
𝑘=1  for 𝑡 ∈ [1: 2], 𝑘 ∈ [1:𝑁𝑟] and 𝛾𝑡𝑘 = 𝛼𝑡𝑘

2(𝐸𝑠) as shown in Appendix A.8. 𝑓𝛾1
(𝛾1) 

and 𝑓𝛾2
(𝛾2) are the MRC probability density function (PDF) for 𝑁𝑟 receive antennas denoted as                               

𝑓𝛾𝑡 𝑀𝑅𝐶
(𝛾𝑡) =  

1

(𝑁𝑟−1)! 𝛾̅𝑁𝑟
𝛾𝑡

𝑁𝑟−1𝑒𝑥𝑝 (−
𝛾𝑡

𝛾̅
), 𝑡 ∈ [1: 2] and 𝛾̅ is the average SNR 𝛾̅ = 𝐸{𝛾𝑡}. 

The conditional PEP is defined in Eq (3.10) in a closed form as: 

𝑃(𝑢1 → 𝑢̂1|𝒉1, 𝒉2) =

𝑃 (∑ |𝑟1𝑘 − √
𝐸𝑠

𝐸𝜔
𝛼1𝑘  (𝑢1

𝐼 cos 𝜃 − 𝑢1
𝑄 sin𝜃) − 𝑗√

𝐸𝑠

𝐸𝜔
𝛼2𝑘  (𝑢1

𝐼 sin 𝜃 + 𝑢1
𝑄 cos 𝜃)|

2

>
𝑁𝑟
𝑘=1

      ∑ |𝑟1𝑘 −  √
𝐸𝑠

𝐸𝜔
𝛼1𝑘 (𝑢̂1

𝐼 cos𝜃 − 𝑢̂1
𝑄 sin𝜃) −  𝑗√

𝐸𝑠

𝐸𝜔
𝛼2𝑘  (𝑢̂1

𝐼 sin𝜃 + 𝑢̂1
𝑄 cos 𝜃)|

2
𝑁𝑟
𝑘=1 ),         (3.10) 

where 𝑟1𝑘, 𝑘 ∈ [1: 𝑁𝑟] is the de-interleaved symbol in the first time slot as shown in Appendix A. 
𝐸𝑠

𝐸𝜔
 is 

the average transmit power. 𝑢1
𝐼 𝑐𝑜𝑠 𝜃 − 𝑢1

𝑄  𝑠𝑖𝑛 𝜃 = 𝑥1
𝐼  and 𝑢1

𝐼 𝑠𝑖𝑛 𝜃 + 𝑢1
𝑄 𝑐𝑜𝑠 𝜃 = 𝑥1

𝑄
 are the real and 

imaginary components of the rotated symbol corresponding to 𝑢1, 𝑢̂1
𝐼 cos 𝜃 − 𝑢̂1

𝑄 sin𝜃 = 𝑥1
𝐼  and                         

𝑢̂1
𝐼 sin𝜃 + 𝑢̂1

𝑄
cos 𝜃 = 𝑥1

𝑄
 are the real and imaginary components of the of the rotated symbols 

corresponding to 𝑢̂1.  

The conditional PEP is effectively computed in Appendix A where the simplified conditional PEP 

expression is denoted as: 

  𝑃(𝑢1 → 𝑢̂1|𝒉1, 𝒉2) = 𝑄 (√
1

2𝐸𝜔
(𝛾1𝑑1

2 + 𝛾2𝑑2
2)),           (3.11) 
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where 𝐸𝜔 is the average signal power, 𝑑1 and 𝑑2 represent the in-phase and quadrature distances 

between 𝑥1 and 𝑥1, respectively.  

Substituting the simplified conditional PEP in Eq (3.11) onto Eq (3.9) gives the unconditional PEP in 

Eq (3.12): 

  𝑃(𝑢1 → 𝑢̂1) = ∫ ∫ 𝑄 (√
1

2𝐸𝜔
(𝛾1𝑑1

2 + 𝛾2𝑑2
2))𝑓𝛾1

(𝛾1) 𝑓𝛾2
(𝛾2) 𝑑𝛾1 𝑑𝛾2

∞

0

∞

0
,           

                       =
1

2𝑛
∗ [

1

2
𝐺 + ∑ 𝑊𝑛−1

𝑖=1 ], 

                          =
1

4𝑛
𝐺 + 

1

2𝑛
∑ 𝑊𝑛−1

𝑖=1 ,                                                   (3.12) 

where 𝐺 = (
2

2+(
𝑑1
2

2𝐸𝜔
)𝛾̅

)

𝑁𝑟

(
2

2+(
𝑑2
2

2𝐸𝜔
)𝛾̅

)

𝑁𝑟

and 𝑊 = (
𝑆𝑖

𝑆𝑖+(
𝑑1
2

2𝐸𝜔
)𝛾̅

)

𝑁𝑟

(
𝑆𝑖

𝑆𝑖+(
𝑑2
2

2𝐸𝜔
)𝛾̅

)

𝑁𝑟

.  

Refer to Appendix B for the derivation of Eq (3.12). Substituting Eq (3.12) onto Eq (3.8) gives the new 

expression for UB on the SEP with 𝑁𝑟-branches MRC reception in Eq (3.13): 

  𝑃𝑀−𝑄𝐴𝑀
𝑈𝐵 (𝑒) ≤

1

|𝜴|
∑ ∑ {

1

4𝑛
𝐺 + 

1

2𝑛
∑ 𝑊𝑛−1

𝑖=1   }𝑢̂1𝜖 𝜴
𝑢1≠𝑢̂1

𝑢1𝜖 𝜴 .               (3.13) 

3.3.2 Minimum distance lower bound 

Minimum distance lower bound (MDLB) as presented in [9], is the analysis method used to derive a 

lower bound on the SEP using the minimum Euclidean distance of the rotated constellation. Taking 

into consideration the independent fading on the in-phase and quadrature components of the signal due 

to component interleaving/de-interleaving.  

The conventional square M-QAM SEP is given as: 

  𝑃𝑀−𝑄𝐴𝑀(𝑒) ≥ 4 (1 −
1

√𝑀
)𝑄 (√

3𝐸𝑠

𝑁0(𝑀−1)
) −  4 (1 −

1

√𝑀
)
2
𝑄2 (√

3𝐸𝑠

𝑁0(𝑀−1)
),          (3.14) 

where 𝑀 is the modulation order, 𝑁0 = 1 is the power spectrum density, 𝐸𝑠 is the transmitted power. 

Let 𝑎 = (1 −
1

√𝑀
) and 𝑏 = (

3

𝑀−1
). The conventional square M-QAM on the SEP can be rewritten as: 

  𝑃𝑀−𝑄𝐴𝑀(𝑒) ≥ 4𝑎𝑄(√𝑏𝐸𝑠) −  4𝑎2𝑄2(√𝑏𝐸𝑠),                                    (3.15) 
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Considering the fading channel coefficient experienced by the rotated symbol during transmission as 

in Eq (3.15), the conventional square SEP is conditioned as 𝑃𝑀−𝑄𝐴𝑀(𝑒|𝒉1, 𝒉2) referred to as the 

conditional SEP. The conditional SEP can be denoted as: 

  𝑃𝑀−𝑄𝐴𝑀(𝑒|𝒉1, 𝒉2) ≥ 4𝑎𝑄 (√𝑏(𝛼1
2 + 𝛼2

2)𝐸𝑠) −  4𝑎2𝑄2 (√𝑏(𝛼1
2 + 𝛼2

2)𝐸𝑠),          (3.16) 

where 𝒉1 and 𝒉2 are the independent Rayleigh fading coefficient vector with entries ℎ𝑡𝑘 for 𝑡 ∈ [1: 2] 

and 𝑘 ∈ [1:𝑁𝑟] , ℎ𝑡𝑘 = 𝛼𝑡𝑘𝑒𝑗𝑄𝑡𝑘, 𝛼𝑡𝑘 is the Rayleigh fading distributed amplitude denoted as          

𝛼𝑡𝑘 = √(ℎ𝑡𝑘
𝐼 )2 + (ℎ𝑡𝑘

𝑄
)
2
,  𝛾𝑡𝑘 = 𝛼𝑡𝑘

2(𝐸𝑠) in the SNR as shown in Appendix A. 

The conventional square M-QAM on the SEP may be conditioned upon instantaneous SNR and be 

written as: 

  𝑃𝑀−𝑄𝐴𝑀
𝑀𝐷𝐿𝐵 (𝑒|𝛾1, 𝛾2) ≥ 4𝑎𝑄(√𝑏(𝛾1 + 𝛾2)) − 4𝑎2𝑄2(√𝑏(𝛾1 + 𝛾2)),                    (3.17) 

where 𝛾1 and 𝛾2 are combined instantaneous SNR defined as 𝛾𝑡 = ∑ 𝛾𝑡𝑘
𝑁𝑟
𝑘=1  for 𝑡 ∈ [1: 2], 𝑘 ∈ [1:𝑁𝑟]. 

Taking into consideration the minimum Euclidean distance between the rotated constellation and 

independent fading experienced by the in-phase and quadrature components of the signal, let       

√𝑏𝛾𝑖  = √
𝑑𝑖

2

2𝐸𝜔
 for 𝑖 [1: 2]. The conditional MDLB on the SEP in Eq (3.16) can be denoted as: 

𝑃𝑀−𝑄𝐴𝑀
𝑀𝐷𝐿𝐵 ((𝑒|𝒉1, 𝒉2) ≥ 4𝑎𝑄 (√

(𝑑1
2+𝑑2

2)

2𝐸𝜔
 ) −  4𝑎2𝑄2 (√

(𝑑1
2+𝑑2

2)

2𝐸𝜔
 ),           (3.18) 

where 𝐸𝜔 is the average signal power, 𝑑1 and 𝑑2 represent the in-phase and quadrature minimum 

Euclidean distances between 𝑥1 and 𝑥1, respectively [9] denoted as: 

 𝑑𝑚𝑖𝑛  = {√‖𝑥1 − 𝑥2‖
2}

𝑥1, 𝑥2 ∈ 𝜴

𝑚𝑖𝑛
,            (3.19) 

where 𝜴 is the M-QAM signal set, 𝑥1 and 𝑥2 the rotated symbol corresponding to 𝑢1 and 𝑢2, 

respectively. 

Due to the independent fading experienced by the in-phase (real) and quadrature (imaginary) 

components of the rotated signal during transmission, the minimum distance can be modified as in      

Eq (3.20) [9]: 
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  𝑑𝑚𝑖𝑛  = {√𝒉1
2|𝑥1

𝐼 − 𝑥2
𝐼 |2 + 𝒉2

2|𝑥1
𝑄

− 𝑥2
𝑄
|
2
}

𝑥1, 𝑥2 ∈ 𝜴

𝑚𝑖𝑛

,                       (3.20) 

where 𝒉1
2 and 𝒉2

2 are the independent Rayleigh fading vectors of the in-phase and quadrature 

components of the signal, 𝑥1
𝐼 ,𝑥2

𝐼  are the real and 𝑥1
𝑄

,𝑥2
𝑄

 are the imaginary component of the rotated 

symbols corresponding to 𝑢1 and 𝑢2, respectively. 

Taking into consideration the rotation angel  of the rotated two-dimensional constellations, the 

minimum distance in Eq (3.20) can be written as:  

  𝑑𝑚𝑖𝑛 = √4 𝒉1
2𝐶𝑜𝑠2𝜃 +  4 𝒉2

2𝑆𝑖𝑛2𝜃,                        (3.21) 

where |𝑥1
𝐼 − 𝑥2

𝐼 | = 4 𝐶𝑜𝑠2𝜃 and |𝑥1
𝑄

− 𝑥2
𝑄
| = 4 𝑠𝑖𝑛2 𝜃. 

Substitute Eq (3.21) onto Eq (3.18) and, the conditional MDLB on the SEP over instantaneous SNR in 

Eq (3.17) can be written as: 

  𝑃𝑀−𝑄𝐴𝑀
𝑀𝐷𝐿𝐵 (𝑒|𝛾1, 𝛾2) ≥ 4𝑎𝑄(√𝑏(𝛾1 cos2 θ + 𝛾2 sin2 θ)) − 4𝑎2𝑄2(√𝑏(𝛾1 cos2 θ + 𝛾2 sin2 θ)), (3.22) 

where 𝛾1 and 𝛾2 are combined instantaneous SNR defined as 𝛾𝑡 = ∑ 𝛾𝑡𝑘
𝑁𝑟
𝑘=1  for 𝑡 ∈ [1: 2], 𝑘 ∈ [1:𝑁𝑟] 

and 𝛾𝑡𝑘 = 𝛼𝑡𝑘
2(𝐸𝑠) as shown in Appendix A.  

The unconditional MDLB on the SEP is further computed by averaging the conditioned SEP in              

Eq (3.22) as: 

𝑃𝑀−𝑄𝐴𝑀
𝑀𝐷𝐿𝐵 (𝑒) = ∫ ∫ 𝑃𝑀−𝑄𝐴𝑀

𝑀𝐷𝐿𝐵 (𝑒|𝛾1𝛾2)
∞

0
 𝑓𝛾1

(𝛾1)𝑑𝛾1 𝑓𝛾2
(𝛾2)𝑑𝛾2

∞

0
,                             (3.23) 

where 𝑓𝛾1
(𝛾1) and 𝑓𝛾2

(𝛾2) are the MRC probability density function for 𝑁𝑟 receive antennas denoted 

as 𝑓𝛾𝑡 𝑀𝑅𝐶
(𝛾𝑡) =  

1

(𝑁𝑟−1)! 𝛾̅𝑁𝑟
𝛾𝑡

𝑁𝑟−1𝑒𝑥𝑝 (−
𝛾𝑡

𝛾̅
), 𝑡 ∈ [1: 2] and 𝛾̅ = 𝐸{𝛾𝑡} is the average SNR.  

Let ζ = 𝛾1 cos2 θ + 𝛾2 sin2 θ. Substituting Eq (3.22) onto Eq (3.23) gives the new MDLB on the SEP 

as:  

  𝑃𝑀−𝑄𝐴𝑀
𝑀𝐷𝐿𝐵 (𝑒) = ∫ ∫ 4𝑎𝑄(√𝑏ζ) − 4𝑎2𝑄2(√𝑏ζ)

∞

0
𝑓𝛾1

(𝛾1)𝑑𝛾1 𝑓𝛾2
(𝛾2)𝑑𝛾2

∞

0
,   

                     =
𝑎

𝑛
{
1

2
× (

2

2 + α𝑏γ ̅
)
𝑁𝑟

(
2

2 + δ𝑏γ ̅
)
𝑁𝑟

−
𝑎

2
(

1

1 +  α𝑏γ̅
)
𝑁𝑟

(
1

1 +  δ𝑏γ̅
)
𝑁𝑟

 + (1 − 𝑎)  

                        (∑  (
𝑆𝑖

𝑆𝑖+α𝑏γ ̅
)
𝑁𝑟

(
𝑆𝑖

𝑆𝑖+δ𝑏γ ̅
)
𝑁𝑟𝑛−1

𝑖=1 )} ,       
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where 𝑑1 𝑝𝑒𝑟𝑝
2 , 𝑑1 𝑑𝑖𝑎𝑔

2  and 𝑑2 𝑝𝑒𝑟𝑝
2 , 𝑑2 𝑑𝑖𝑎𝑔

2  are the Euclidean distances for the perpendicular and 

diagonal neighbours, respectively and are defined in Eq (3.27a) and Eq (3.27b) as: 

  𝑑1𝑝𝑒𝑟𝑝
2 = 4 𝐶𝑜𝑠2𝜃                                      𝑑2𝑝𝑒𝑟𝑝

2 = 4 𝑠𝑖𝑛2 𝜃,                      (3.27a) 

  𝑑1𝑑𝑖𝑎𝑔
2 = 4(1 + 𝑠𝑖𝑛2𝜃)                            𝑑2𝑑𝑖𝑎𝑔

2 = 4 (1 − 𝑠𝑖𝑛 2𝜃).                      (3.27b) 

The perpendicular and diagonal PEPs expressions are simplified in Appendix B. The perpendicular and 

diagonal PEPs are then denoted as: 

  𝑃𝑝𝑒𝑟𝑝(𝑢1 → 𝑢̂1)   =
1

4𝑛
𝑇 + 

1

2𝑛
∑ 𝑅𝑛−1

𝑖=1 ,                                                  (3.28a) 

  𝑃𝑑𝑖𝑎𝑔(𝑢1 → 𝑢̂1)   =
1

4𝑛
𝑇 + 

1

2𝑛
∑ 𝑅𝑛−1

𝑖=1 ,             (3.28b) 

where 𝑇 = (
2

2+(
𝑑1𝑝𝑒𝑟𝑝
2

2𝐸𝜔
)𝛾̅

)

𝑁𝑟

(
2

2+(
𝑑2𝑝𝑒𝑟𝑝
2

2𝐸𝜔
)𝛾̅

)

𝑁𝑟

and 𝑅 = (
𝑆𝑖

𝑆𝑖+(
𝑑1𝑑𝑖𝑎𝑔
2

2𝐸𝜔
)𝛾̅

)

𝑁𝑟

(
𝑆𝑖

𝑆𝑖+(
𝑑2𝑑𝑖𝑎𝑔
2

2𝐸𝜔
)𝛾̅

)

𝑁𝑟

.  

Substituting Eq (3.28a) and Eq (3.28b) into Eq (3.25) gives the final expression for NN approximation 

with 𝑁𝑟-branches MRC reception on the SEP as:  

  𝑃𝑀_𝑄𝐴𝑀
𝑁𝑁 (𝑒) = 𝐾𝑀 [

1

4𝑛
𝑇 + 

1

2𝑛
∑ 𝑅𝑛−1

𝑖=1    ] +  𝐿𝑀 [
1

4𝑛
𝑇 + 

1

2𝑛
∑ 𝑅𝑛−1

𝑖=1    ].                       (3.29) 

3.4  Numerical and analytical results 

This section presents numerical and analytical results of coherent SSD maximum-likelihood detection 

and SEP analyses using UB, MDLB and NN approximation models of a coherent SSD SIMO system 

with 𝑁𝑡 = 1 and 𝑁𝑟 = 2, and 𝑁𝑡 = 1 and 𝑁𝑟 = 4 over Rayleigh fading and AWGN channel for both 

16-QAM and 64-QAM modulations.  
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For both 16-QAM and 64-QAM constellations, it is observed from Figure 3.4 and Figure 3.5 that when 

𝑁𝑟 = 2, the SEP performance of the coherent SSD MLD is lower and apart from that of the UB and 

NN approximation at a lower SNR and gradually gets closer and tight as the SNR increases. Where 

else, the SEP performance of the coherent SSD MLD for both 16-QAM and 64-QAM constellations is 

tight with that of the MDLB when the SNR is 0 and then gradually separates as the SNR increases. 

For both 16-QAM and 64-QAM constellations, it is observed from Figure 3.4 and Figure 3.5 that when 

𝑁𝑟 = 4, the SEP performance of the coherent SSD MLD is lower and apart from that of the UB and 

NN approximation when the SNR is 0 and increasingly separates as the SNR increases. For 16-QAM 

when 𝑁𝑟 = 4, the SEP performance of the coherent SSD MLD is higher and apart from that of the 

MDLB when the SNR is 0 and increasingly separates as the SNR increases. Where else, for 64-QAM, 

the SEP performance of the coherent SSD MLD is tight with that of the MDLB when the SNR is 0 and 

then gradually separates as the SNR increases. 

3.5  Chapter summary 

In this chapter, a coherent SSD system for M-QAM signal constellations using SIMO was successfully 

presented. Where, the signal rotation and components interleave/de-interleave were presented and 

discussed in the SSD system model to implement diversity in the wireless communication system 

without additional power and bandwidth. MRC reception was employed at the receiver in the coherent 

SSD system model to reduce the errors in the detection as the system requires the full knowledge of 

CSI at the receiver. The SEP performance of the coherent SSD system was analyzed using UB, MDLB 

and NN approximation in a closed form. Numerical and analytical results for both 16-QAM and           

64-QAM signal constellations when 𝑁𝑟 = 2  and 𝑁𝑟 = 4 were presented. It was observed that the for 

both 16-QAM and 64-QAM signal constellations, the performance of the UB, MDLB and NN 

approximation lowers from that of coherent SSD MLD as the number of receivers increase. 
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CONVENTIONAL DIFFERENTIAL MODULATION AND 

GENERALIZED DIFFERENTIAL MODULATION 

This chapter presents two differential modulation (DM) schemes, the conventional differential 

modulation (CDM) and generalized differential modulation (GDM). Both CDM and GDM schemes are 

employed in wireless communication systems to simplify the complexity of the coherent detection by 

using differential detection.   

4.1 Introduction 

This section presents the background of the CDM and GDM schemes which are non-coherent detections 

to improve the error performance of wireless communication systems. These schemes are presented in 

separate sections below. 

4.1.1  Conventional differential modulation 

Conventional differential modulation is used to improve wireless communication systems error 

performance by performing detection without the knowledge of channel state information (CSI) at the 

receiver. Though CDM has been proven in [24] to perform detection without the knowledge of CSI 

through differential detection, it suffers a 3dB performance loss compared to the coherent detection. As 

indicated in Section 2.3, information symbols are differential encoded at the source before being 

transmitted. In CDM, information symbols are encoded using a symbol-by-symbol encoder in a way 

that the previous symbol encodes the next symbol. 

After differential encoding is performed, there are (𝑁 + 1) differentially encoded symbols in each 

frame to be transmitted from the source to the destination. The first encoded symbol is referred to as 

the reference symbol (RS) and the remaining symbols are referred to as normal symbols (NSs).  

4.1.2  Generalized differential modulation 

Generalized differential modulation is a differential modulation scheme employed in wireless 

communication system to reduce non-coherent CDM error performance loss to its coherent counterpart. 

In [18, 11], GDM schemes are proposed where the concept of power allocation is employed between 

the reference block (RB) and normal blocks (NBs) to reduce the error performance gap between non-

coherent CDM detection and coherent detection. In [11, 18], information symbols are differential 

encoded at the source before transmission using a block-by-block differential encoder in a way that the 

NBs in a frame are differentially encoded based on the previous and current RB. It is observed that the 

CHAPTER 4 
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non-coherent CDM error performance is improved by allocating more transmit power to the RB as 

compared to the NBs in order to maximize the average output signal-to-noise ratio (SNR) of the 

respective systems. This results in an improved channel estimation. Similarly to [19], the GDM 

presented in [18] uses the frame structure and applies the block-by-block differential encoder. In [18], 

the RB and NBs convey information except for the first RB.  

The GDM scheme presented in [11], also uses the frame structure consisting of the RB and NBs 

however, only normal blocks convey information. Normal blocks in a frame are differentially encoded 

based on the reference block in the same frame. The reference symbol remains constant throughout 

transmission to allow the information carrying symbols in the normal-block to be drawn from M-ary 

quadrature amplitude modulation (M-QAM) constellation.  

Following [18, 19], the GDM scheme presented in this dissertation is based on the concept of power 

allocation between the reference symbol and normal symbols where more power is allocated to the 

reference symbol as compared to the normal symbols. Assume each frame length is (𝑁 + 1) symbols, 

the symbols are divided into several blocks where each block consists of 𝑛 symbols. The first symbol 

in each block is referred to as the RS, and the remaining 𝑛 − 1 symbols are referred to as NSs. Thus, 

information is transmitted via symbols in blocks. Using a block-by-block differential encoder, 

information symbols are differential encoded at the source before transmission in a way that the NSs in 

a frame are differentially encoded based on the RS. Assume that the RS in each frame remains constant 

throughout the transmission across all blocks.  

4.2 System model 

This section presents the system models for CDM and GDM schemes. In both these non-coherent 

systems, information symbols are differentially encoded before transmission. Also, it is assumed that 

fading channels experienced by the symbols during transmission remain constant thus, quasi-static 

fading channel (QSFC). 

4.2.1 Conventional differential modulation system model 

Consider a non-coherent CDM 𝑁𝑡 × 𝑁𝑟 single-input-multiple-output (SIMO) system where 𝑁𝑡 = 1 is 

the number of transmit antennas and 𝑁𝑟 ≥ 𝑁𝑡 is the number of receive antennas as illustrated in       

Figure 4.1 below. We assume that the receive antennas must be spaced far enough apart from each other 

so that there is no correlation among the respective received signals.  

 

 



38 

 

 

Figure 4.1: Block diagram of conversation differential modulation system model. 

Information bits  𝒃𝑡 = [𝑏𝑡,1 𝑏𝑡,2 𝑏𝑡,3  ⋯ 𝑏𝑡,𝑘] are grouped in sequences of 𝑘 = 𝑙𝑜𝑔2𝑀 bits in size where 

𝑀 is the modulation order and subscript 𝑡, 𝑡 ∈ [1: 𝑇] determines the index to be transmitted at the time 

slot 𝑇.  

The grouped information bits are directly mapped onto M-ary phase shift keying (M-PSK) signal set 𝜳, 

and yields symbol 𝑢𝑡 = 𝑢𝑡
𝐼 + 𝑗𝑢𝑡

𝑄
, assuming 𝐸[|𝑢𝑡|

2] = 1. Differential encoding is then performed on 

the information symbol (𝑢𝑡) before transmission using the differential transmission matrix on Eq (4.1): 

  𝑠𝑡 = 𝑠(𝑡−1) 𝑢𝑡,                                                     (4.1) 

where 𝑠0 = 1 and has normalized energy 𝐸[|𝑠0|
2] known at the receiver. 𝑠𝑡 is the differentially encoded 

symbol to be transmitted at time 𝑡, 𝑡 ∈ [1: 𝑇], 𝑠(𝑡−1) is the reference symbol, and  𝑢𝑡 is the information 

symbol. This means information is conveyed in two symbols 𝑢𝑡 and 𝑠(𝑡−1).  

During transmission each symbol experiences QSFC and additive white Gaussian noise (AWGN) 

giving the received symbol 𝒚𝑡: 

𝒚𝑡 = √𝐸𝑠𝒉𝑠𝑡 + 𝒏𝑡,                          (4.2) 

where 𝒚𝑡 ∈ ℂ𝑁𝑟×1 is the received symbol vector, 𝐸𝑠 is the transmitted power, 𝒉 is an independent quasi-

static fading coefficient vector whose entries are independent and identically distributed (i.i.d.) complex 

Gaussian random variables (RVs) with distribution 𝐶𝑁(0,1) and, 𝒏𝑡 is the AWGN vector with entries 

𝑛𝑡𝑘 modeled as i.i.d. complex Gaussian RVs with distribution 𝑛𝑡𝑘 ~𝐶𝑁(0,1). The subscript                        

𝑘,  𝑘 ∈  [1: 𝑁𝑟] is the receive antenna index.  
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A.  Detection 

Assuming that 𝒚𝑡 and 𝒚(𝑡−1) are known at the receiver. Where 𝒚(𝑡−1) is the previous received symbol 

defined as: 

   𝒚(𝑡−1) = √𝐸𝑠𝒉𝑠(𝑡−1) + 𝒏(𝑡−1).                                              (4.3) 

Therefore, 

   √𝐸𝑠𝒉𝑠(𝑡−1) = 𝒚(𝑡−1) − 𝒏(𝑡−1).              (4.4) 

The received symbol vector in Eq (4.2) may be rewritten as: 

   𝒚𝑡 = √
𝐸𝑠

𝐸𝜔
𝒉𝑠𝑡  +  𝒏𝑡,  

         = √
𝐸𝑠

𝐸𝜔
𝒉𝑠(𝑡−1)𝑢𝑡 +  𝒏𝑡.               (4.5) 

Substituting Eq (4.4) into Eq (4.5) gives:  

   𝒚𝑡 = √
𝐸𝑠

𝐸𝜔
(𝒚(𝑡−1) − 𝒏(𝑡−1))𝑢𝑡  +  𝒏𝑡,                                                                   

        = √
𝐸𝑠

𝐸𝜔
𝒚(𝑡−1)𝑢𝑡 − √

𝐸𝑠

𝐸𝜔
𝒏(𝑡−1)𝑢𝑡  +  𝒏𝑡.             (4.6)       

The receiver then performs maximum-likelihood detection (MLD) for a non-coherent CDM system 

denoted as:  

   𝑢̂𝑡 = min
𝑢𝑡 ∈ 𝜳 

‖𝒚𝑡 − √
𝐸𝑠

𝐸𝜔
  𝒚(𝑡−1)𝑢𝑡‖

2

,                                       (4.7) 

where 𝑢̂𝑡  is the detected symbol and 𝜳 is the M-PSK signal set.  

𝒚(𝑡−1) is used to estimate the channel so to recover information conveyed in  𝒚𝑡 .   

4.2.2 Generalized differential modulation system model 

Consider a non-coherent GDM 𝑁𝑡 × 𝑁𝑟 SIMO system where 𝑁𝑡 = 1 is the number of transmit antennas 

and 𝑁𝑟 ≥ 𝑁𝑡 is the number of receive antennas as illustrated in Figure 4.2 below. We assume that the 

receive antennas must be spaced far enough apart from each other so that there is no correlation among 

the respective received signals.  
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Figure 4.2: Block diagram of generalized differential modulation system model. 

Information bits  𝒃𝑛 = [𝑏𝑛,1 𝑏𝑛,2 𝑏𝑛,3  ⋯ 𝑏𝑛,𝑘] are grouped in sequences of 𝑘 = 𝑙𝑜𝑔2𝑀 bits in size 

where 𝑀 is the modulation order and 𝑛 is the signal index.  

The grouped information bits are directly mapped onto M-QAM signal 𝜴 and yields symbol 𝑢𝑛, 

assuming 𝐸[|𝑢𝑛|2] = 1. Differentially encoding is then performed on the information symbol (𝑢𝑛) 

before transmission using the differential transmission matrix on Eq (4.8): 

   𝑠𝑛 = 𝑠𝑟𝑢𝑛 ,                                                                  (4.8) 

where s𝑛 denotes differentially encoded symbol in a block to be transmitted, 𝑠𝑟  is the reference symbol 

and  𝑢𝑛 is information symbol.  

A.  Reference symbol 

The reference symbol 𝑠𝑟, is the first transmitted symbol across all frames through the source denoted 

as: 

 𝑠𝑟 = 1.                  (4.9) 

𝑠𝑟 remains constant for each frame throughout the transmission and does not convey information. This 

allows for the information carrying symbols in NSs to be drawn from M-QAM constellation. During 

transmission, the transmitted symbol experience QSFC and AWGN as it arrives at the destination, 

giving received reference symbol vector 𝒚𝑟: 
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  𝒚𝑟 = √𝐸𝑅𝑆 𝒉𝑠𝑟 + 𝒏𝑟,             (4.10) 

where 𝒚𝑟 ∈ ℂ𝑁𝑟×1 is the received reference symbol vector, 𝐸𝑅𝑆 is the RS transmitted power, 𝒉 is an 

independent quasi-static fading coefficient vector whose entries are i.i.d. complex Gaussian RVs with 

distribution 𝐶𝑁(0,1) and, 𝒏𝑟 is the AWGN vector with entries 𝑛𝑟𝑘 modeled as i.i.d. complex Gaussian 

RVs with distribution 𝑛𝑟𝑘~𝐶𝑁(0,1). The subscript 𝑘, 𝑘 ∈  [1: 𝑁𝑟] is the receive antenna index.   

B.  Normal symbols 

Normal symbols are the remaining encoded symbols in the transmission frame. NSs are encoded based 

on the RS of the same block as in Eq (4.11): 

   𝑠𝑛 = 𝑠𝑟𝑢𝑛,                (4.11) 

where the subscript 𝑛, denotes the symbol index in a block, 𝑠𝑛 is the differentially encoded normal 

symbol, 𝑠𝑟 is the reference symbol and  𝑢𝑛 is the information symbol. 

Normal symbols are transmitted after the transmission of the reference symbol in different time slots. 

Similarly to the RS, during transmission each symbol experiences QSFC and AWGN giving the 

received normal symbol 𝒚𝑡: 

  𝒚𝑡 = √𝐸𝑁𝑆 𝒉𝑠𝑡 + 𝒏𝑡,                     (4.12) 

where 𝒚𝑡 ∈ ℂ𝑁𝑟×1 , 𝑡, 𝑡 ∈ [1: 𝑇] is the received normal symbol vector at time 𝑡, 𝐸𝑁𝑆 is the NSs 

transmitted power, 𝒉 is an independent quasi-static fading coefficient vector whose entries are i.i.d. 

complex Gaussian RVs with distribution 𝐶𝑁(0,1) and, 𝒏𝑡 is the AWGN vector with entries 𝑛𝑡𝑘 

modeled as i.i.d. complex Gaussian RVs with distribution 𝑛𝑡𝑘 ~𝐶𝑁(0,1). The subscript 𝑘,  𝑘 ∈  [1:𝑁𝑟] 

is the receive antenna index.  

C.  Detection 

Assuming that  𝒚𝑟 and  𝒚𝑡 are known at the receiver. As in Eq (4.10), 𝒚𝑟 is defined as: 

   𝒚𝑟 = √ 𝐸𝑅𝑆 𝒉𝑠𝑟 + 𝒏𝑟.                                                                     

Therefore, 

   √𝐸𝑅𝑆 𝒉𝑠𝑟 = 𝒚𝑟 − 𝒏𝑟.                          (4.13) 

The received symbol vector in Eq (4.12) may be rewritten as: 
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  𝒚𝑡 = √ 
𝐸𝑁𝑆

𝐸𝑅𝑆
𝒉𝑠𝑡  +   𝒏𝑡  = √ 

𝐸𝑁𝑆

𝐸𝑅𝑆
𝒉𝑠𝑟𝑢𝑛 + 𝒏𝑡.           (4.14) 

Substituting Eq (4.13) on to Eq (4.14) gives:                 

  𝒚𝑡 = √ 
𝐸𝑁𝑆

𝐸𝑅𝑆
(𝒚𝑟 − 𝒏𝑟)𝑢𝑛 + 𝒏𝑡,    

        = √  
𝐸𝑁𝑆

𝐸𝑅𝑆
(𝒚𝑟𝑢𝑛 − 𝒏𝑟𝑢𝑛) + 𝒏𝑡,                                      (4.15) 

where 
𝐸𝑁𝑆

𝐸𝑅𝑆
 is the average transmitted power.  

The receiver then performs MLD for a non-coherent GDM system denoted as:  

   𝑢̂𝑡 = 𝑚𝑖𝑛
𝑠𝑡 ∈ 𝜴

‖𝒚𝑡 − √
𝐸𝑁𝑆

𝐸𝑅𝑆
𝒚𝑟𝑢𝑡‖

2

,                      (4.16) 

where  𝑢̂𝑡  is the detected symbol, 𝜴 is the M-QAM signal set. 

𝒚𝑟 is used to estimate the channels so to recover information conveyed in  𝒚𝑡. Symbols transmission 

powers are independently allocated amongst the RS and NSs where more power is allocated to the RS 

compared to NSs. Allocating more power to the RS results to a better estimation of the channel.  

4.2.3 Power allocation 

This section presents power allocation literature based on the symbol’s signal-to-noise ratio (SNR) since 

the receiver detection of the GDM system model in Section 4.2.2 is based on the transmitted symbols 

in a block. Assuming that each frame length is (𝑁 + 1) encoded symbols. Employing optimal power 

allocation from [19] obtained using Lagrange multiplier method, let the average power at the transmit 

antenna be denoted as  𝐸𝑠 and, the SNR for RS and NSs be 𝐸𝑅𝑆 and 𝐸𝑁𝑆, respectively. The total transmit 

power of the system is then denoted as: 

 (𝑁 + 1)𝐸𝑆 = 𝐸𝑅𝑆 + 𝑁𝐸𝑁𝑆.            (4.17) 

In order to improve the channel estimation, let a portion of power from each normal symbol be removed 

and re-allocated to the reference symbol. Doing so reduces the errors. Therefore, the average signal-to-

noise ratios (SNRs) for the RS and NSs can be denoted as:  

  𝐸𝑅𝑆 = (1 + 𝜌𝑁)𝐸𝑆,                        (4.18a) 

  𝐸𝑁𝑆 = (1 − 𝜌)𝐸𝑆,            (4.18b) 
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where 𝜌 is the portion of power from the normal symbols. 

From Eq (4.18a) and Eq (4.18b), it can be evident that the RS has more power that NSs.  

4.3 Error performance analysis 

This section presents the symbol error probability (SEP) analysis of non-coherent CDM and GDM 

system models presented in Section 4.2.1 and Section 4.2.2. The SEP analysis is performed with M-ary 

differential phase-shift keying (M-DPSK) for CDM and differential M-ary quadrature amplitude 

modulation for GDM based on the error probability of the system considering that 𝑢𝑖 is the transmitted 

symbol and 𝑢̂𝑖 is the chosen detected symbol.  

4.3.1 Conventional differential modulation error performance analysis 

The error performance of CDM is performed with M-DPSK as it eliminates the coherent referral signal 

at the receiver. This is performed by combining the differential encoding of the input signal and phase 

shift keying at the receiver [25]. The symbol error probability for M-DPSK is given as in Eq (4.19): 

   𝑃𝑀−𝐷𝑃𝑆𝐾(𝑒) = ∫ 𝑃𝑀−𝐷𝑃𝑆𝐾(𝑒|𝛾) 𝑓𝛾(𝛾)𝑑𝛾
∞

0
,                        (4.19) 

where 𝛾 = ∑ 𝛾𝑖
𝑁𝑟
𝑖=1  for 𝑖 ∈ [1: 2] is the average instantaneous SNR with 𝛾𝑖 =

𝐸𝑠

𝑁𝑜
 as an instantaneous 

SNR, 𝐸𝑆 is the average power, 𝑁𝑜 = 1 is the power spectrum density, 𝑃𝑀−𝐷𝑃𝑆𝐾(𝑒|𝛾) is the conditional 

SEP over instantaneous SNR and,  𝑓𝛾(𝛾) is the probability density function (PDF) denoted as                             

𝑓𝛾(𝛾) =
1

(𝑁𝑟−1)!𝛾̅𝑁𝑟
𝛾𝑁𝑟−1𝑒𝑥𝑝 (−

𝛾

𝛾̅
) with 𝛾̅ = 𝐸{𝛾𝑡}, 𝑡, 𝑡 ∈ [1: 𝑇] as the average SNR at time 𝑡. 

The conditional SEP in Eq (4.19) is defined as: 

   𝑃𝑀−𝐷𝑃𝑆𝐾(𝑒|𝛾) =
1

𝜋
∫ 𝑒𝑥𝑝 (− 

𝜅𝛾

1+𝑐𝑜𝑠
𝜋

𝑀
 𝑐𝑜𝑠 𝜃

)
𝜂𝜋

0
 𝑑𝜃,            (4.20) 

where 𝜂 = (
𝑀−1

𝑀
), 𝜅 = sin2 (

𝜋

𝑀
) and M is the modulation order. 

The conditional SEP is simplified by applying a trapezoidal approximation using the uniform 

distribution ∫ 𝑓(𝑥)𝑑𝑥 =  
𝑏−𝑎 

𝑛

𝑏

𝑎
[
𝑓(𝑎)+𝑓(𝑏)

2
+ ∑ 𝑓(𝑎 + 𝑘 

𝑏−𝑎

𝑛
𝑛−1
𝑘=1 )] where 𝑛 is the total number of 

iterations such that 𝑛 > 10 [9]. 

Therefore the conditional SEP is computed as:  
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   𝑃𝑀−𝐷𝑃𝑆𝐾(𝑒|𝛾) = (
1

𝜋
×

𝜂𝜋−0

𝑛
[
𝑒𝑥𝑝(− 

𝜅𝛾

1+𝑐𝑜𝑠
𝜋
𝑀

×𝑐𝑜𝑠 𝜂𝜋
)−𝑒𝑥𝑝(− 

𝜅𝛾

1+𝑐𝑜𝑠
𝜋
𝑀

×𝑐𝑜𝑠 0
)

2
+

                                      ∑ 𝑒𝑥𝑝 (−  
𝜅𝛾

(1+cos
𝜋

𝑀
 𝑐𝑜𝑠 (0+

𝑘𝜂𝜋

𝑛
))

)𝑛−1
𝑘=1 ]) , 

   𝑃𝑀−𝐷𝑃𝑆𝐾(𝑒|𝛾) =
𝜂

𝑛
[
exp(− 

𝜅𝛾

𝑝
)−exp(− 

𝜅𝛾

𝐿
)

2
+ ∑ 𝑒𝑥𝑝 (− 

𝜅𝛾

𝑅
)𝑛−1

𝑘=1 ],                            (4.21) 

where 𝑝 = 1 + cos  (
𝜋

𝑀
) 𝑐𝑜𝑠 (𝜂𝜋), 𝐿 = 1 + cos

𝜋

𝑀
, 𝑅 = (1 + cos

𝜋

𝑀
 𝑐𝑜𝑠 (

𝑘𝜂𝜋

𝑛
)). 

Refer to Appendix D for an effective computation of Eq (4.21). Substituting Eq (4.21) into Eq (4.19) 

gives the unconditional error probability for M-DPSK as: 

  𝑃𝑀−𝐷𝑃𝑆𝐾(𝑒) = ∫
𝜂

𝑛
[
exp(− 

𝜅𝛾

𝑝
)−exp(− 

𝜅𝛾

𝐿
)

2
+ ∑ 𝑒𝑥𝑝 (− 

𝜅𝛾

𝑅
)𝑛−1

𝑘=1 ]
∞

0
 𝑓𝛾(𝛾)𝑑𝛾,            (4.22) 

To simplify Eq (4.22), the moment generating function (MGF) of random variables                            

𝑀(𝑠) = ∫ exp(−𝑠𝛾) 𝑓𝛾(𝛾)𝑑𝛾 = (1 + 𝑠𝛾̅)−𝑁𝑟
∞

0
 defined in [13], is applied giving the new unconditional 

error probability for M-DPSK as: 

   𝑃𝑀−𝐷𝑃𝑆𝐾(𝑒)  =
𝜂

𝑛
[
1

2
(( 

𝑝

𝑝+𝑘𝛾 ̅
)
𝑁𝑟

− ( 
𝐿

𝐿+𝑘γ ̅
)
𝑁𝑟

) + ∑  (
𝑅

𝑅+𝑘𝛾 ̅
) 𝑛−1

𝑘=1

𝑁𝑟

],                      (4.23) 

Refer to Appendix D for an effective computation of Eq (4.23). 

4.3.2 Generalized differential modulation error performance analysis   

The error performance of the generalized differential modulation is performed with differential M-QAM 

[19] as the average SEP for M-QAM is given as: 

  𝑃𝑀−𝑄𝐴𝑀(𝑒) = ∫ 𝑃𝑀−𝑄𝐴𝑀(𝑒|𝛾)
∞

0
𝑓𝛾(𝛾),                                     (4.24) 

where 𝑃𝑀−𝑄𝐴𝑀(𝑒|𝛾) is the conditional SEP over instantaneous SNR, 𝛾 is the SNR for multiple receive 

antennas given by 𝛾 = ∑ 𝛾𝑖
𝑁𝑟
𝑖=1  for 𝑖 ∈ [1: 2], where 𝛾𝑖 is an instantaneous SNR given by 𝛾𝑖 =

𝐸𝑠

𝑁𝑜
 and 

𝑓𝛾(𝛾) is the PDF for 𝑁𝑟 receive antennas.  

The conditional SEP is defined as: 

   𝑃𝑀−𝑄𝐴𝑀(𝑒|𝛾) = 4 (1 −
1

√𝑀
)𝑄 (√

3𝛾

(𝑀−1)
) − 4 (1 −

1

√𝑀
)
2
𝑄2 (√

3𝛾

(𝑀−1)
),                   (4.25) 
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where 𝑀 is the modulation order and 𝑄 is the Gaussian 𝑄-function. 

The relationship between the error probability and the 𝑄-function is defined in Appendix A.  

Letting (1 −
1

√𝑀
) = 𝑎 and (

3

𝑀−1
) = 𝑏, Eq (4.25) can be written as: 

  𝑃𝑀−𝑄𝐴𝑀(𝑒|𝛾) = 4𝑎𝑄(√𝑏𝛾) − 4𝑎2𝑄2(𝑏𝛾).                      (4.26)                             

The expressions for the 𝑄-functions 𝑄(√𝑏𝛾) and 𝑄2(√𝑏𝛾) are defined in Appendix E. To simplify the 

conditional SEP the trapezoidal approximation is applied on 𝑄(√𝑏𝛾) and 𝑄2(√𝑏𝛾)  using the uniform 

distribution ∫ 𝑓(𝑥)𝑑𝑥 =  
𝑏−𝑎 

𝑛

𝑏

𝑎
[
𝑓(𝑎)+𝑓(𝑏)

2
+ ∑ 𝑓(𝑎 + 𝑘 

𝑏−𝑎

𝑛
𝑛−1
𝑘=1 )] where 𝑛 is the total number of 

iterations such that 𝑛 > 10 [9], refer to Appendix E for the derivation of the 𝑄-functions. The new 

expression for the conditional SEP is denoted as: 

  𝑃𝑀−𝑄𝐴𝑀(𝑒|𝛾) = 4𝑎 × [1 2𝑛⁄ ((
1

2
𝑒𝑥𝑝

−𝑏𝛾
2⁄ ) + ∑ 𝑒𝑥𝑝

−𝑏𝛾
𝑆𝑖

⁄𝑛−1
𝑖=1 )] − 4𝑎2 ×

                                 [1 4𝑛⁄ (
1

2
𝑒𝑥𝑝−𝑏𝛾 + ∑ 𝑒𝑥𝑝

−𝑏𝛾
𝑆𝑖𝐵

⁄2𝑛−1
𝑖=𝑛 )],  

               =
𝑎

𝑛
[
1

2
𝑒𝑥𝑝 (−

𝑏𝛾

2
) −

𝑎

2
𝑒𝑥𝑝(−𝑏𝛾) + (1 − 𝑎) (∑ 𝑒

−𝑏𝛾
𝑆𝑖

⁄𝑛−1
𝑖=1 + ∑ 𝑒𝑥𝑝 (−

𝑏𝛾

𝑠𝑖
)2𝑛−1

𝑖=𝑛 )],         (4.27) 

where 𝑆𝑖 = 2 𝑠𝑖𝑛2 𝜃𝑘 , 𝜃𝑘 =
𝑖𝜋

4𝑛
 , 𝑆𝑖𝐵 = 2𝑠𝑖𝑛2 𝛽𝑘, and 𝛽𝑘 =

𝑖𝜋

4𝑛
. 

Refer to Appendix E for an effective computation of Eq (4.27). Substituting Eq (4.27) onto Eq (4.24) 

give the new average SEP as: 

  𝑃𝑀−𝑄𝐴𝑀(𝑒)  = ∫
𝑎

𝑛
{
1

2
𝑒−

𝑏𝛾

2 −
1

2
𝑎𝑒−𝑏𝛾 + (1 − 𝑎) (∑ 𝑒

−𝑏𝛾

𝑆𝑖 + ∑ 𝑒
−𝑏𝛾

𝑆𝑖𝐵2𝑛−1
𝑖=𝑛

𝑛−1
𝑖=1 )}  𝑓𝛾(𝛾)𝑑𝛾

∞

0
     (4.28) 

Applying the MGF of random variables 𝑀(𝑠) = ∫ exp(−𝑠𝛾) 𝑓𝛾(𝛾)𝑑𝛾 = (1 + 𝑠𝛾̅)−𝑁𝑟
∞

0
 onto Eq (4.28) 

gives the new unconditional error probability for differential M-QAM as: 

  𝑃𝑀−𝑄𝐴𝑀(𝑒)  = ∫
𝑎

𝑛
{
1

2
𝑒−

𝑏𝛾

2 −
1

2
𝑎𝑒−𝑏𝛾 + (1 − 𝑎)(∑ 𝑒

−𝑏𝛾

𝑆𝑖 + ∑ 𝑒
−𝑏𝛾

𝑆𝑖𝐵2𝑛−1
𝑖=𝑛

𝑛−1
𝑖=1 )}  𝑓𝛾(𝛾)𝑑𝛾

∞

0
,   

                         =
𝑎

𝑛
{
1

2
× (

2

2+𝑏γ ̅
)
𝑁𝑟

 −
𝑎

2
(

1

1+ 𝑏 γ̅
)
𝑁𝑟

+ (1 − 𝑎) (∑  (
𝑆𝑖

𝑆𝑖+𝑏γ ̅
)
𝑁𝑟

 +𝑛−1
𝑖=1

                              ∑ (
𝑆𝑖𝐵

𝑆𝑖𝐵+𝑏γ ̅
)
𝑁𝑟

 2𝑛−1
𝑖=𝑛 )},                                              (4.29)      

where 𝛾̅ = 𝐸{𝛾𝑡}, 𝑡, 𝑡 ∈ [1: 𝑇] is the average SNR at time 𝑡 for 𝛾̅1 =
𝐸𝑅𝑆

𝑁0
 and 𝛾̅2 =

𝐸𝑁𝑆

𝑁0
, for the fading 

channels that are identical we let 𝛾̅ = 𝛾̅𝑡.     

Refer to Appendix E for an effective computation of Eq (4.29).               
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CDM. Furthermore, it is observed that when 𝑁 increases, the SEP performance of GDM is slightly 

approaching that of the coherent detection. This means as the number of symbols increase the SEP 

performs of non-coherent GDM improves.  

4.5 Chapter summary 

In this chapter, two differential detections over quasi-static fading channel were presented to improve 

the complexity of the coherent system. Non-coherent CDM detection losses about 3dB to coherent 

detection. Non-coherent GDM which uses power allocation between RS and NSs to bridge the error 

performance gap between non-coherent CDM and coherent detection was presented. Numeric results 

show that the gap between the non-coherent CDM and the coherent system is reduced by non-coherent 

GDM scheme with about 2dB performance gap gain.  
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GENERALIZED DIFFERENTIAL MODULATION WITH SIGNAL 

SPACE DIVERSITY FOR M-QAM 

This chapter presents a new proposed scheme generalized differential modulation with signal space 

diversity (GDM-SSD) for M-ary quadrature amplitude modulation (M-QAM).  

5.1 Introduction 

Signal space diversity (SSD) also known as modulation diversity as presented in [9], was proposed to 

emphases on equalization techniques for frequency selective channels. The basic premise of SSD is 

that multidimensional signal constellations are used and the components (also known as in-phase (I) 

and quadrature phase (Q)) of each signal constellation point are transmitted over independent fading 

channels [2, 10, 9]. SSD obtain the diversity order across fading channels using two concepts: 

constellation rotation and components interleaving [9, 10]. Signal constellation rotation is applied in 

such a way that any two points obtain the maximum number of distinct components to increase diversity 

[9]. Although, signal constellation rotation is important, the independence of the fading channels can 

be accomplished by component interleaving to obtain diversity gain [9]. Moreover, SSD is capable to 

achieve diversity without an additional bandwidth and transmission power. 

In [9], a signal space diversity scheme is presented where it is combined with receive maximal ratio 

combining (MRC) reception to achieve more diversity gain in fading channels. A theoretical analysis 

for the symbol error probability (SEP) for SSD systems paired with MRC over Rayleigh fading 

channels was derived for 4-QAM and 16-QAM. Additionally, the numerical results indicated that the 

angle of rotation affects the error performance, resulting in low complexity of the scheme. SSD was 

investigated in [9], in a Single-Input-Multi-Output (SIMO) coherent system with M-ary quadrature 

amplitude modulation symbol to improve the error performance of the system however, at the cost of 

increased detection complexity. The increase in detection complexity of the coherent systems is due to 

the requirement of the knowledge of the channel state information (CSI) at the receiver. Thus, the 

receiver in coherent wireless communication system has complete knowledge of the fading coefficients, 

and the parameter of the fading channel is a random number known to both the receiver and the 

transmitter. Due to the detection complexity of coherent systems, a non-coherent system has been used 

in wireless communication to reduce the detection complexity of coherent systems [24]. In contrast to 

coherent systems, non-coherent systems do not require CSI at the receiver [26]. Thus, in non-coherent 

wireless communications systems, neither the receiver nor the transmitter is aware of the knowledge of 

the channel coefficients. Coefficient statistics should be used to perform encoding and decoding in a 

non-coherent system [26]. 

CHAPTER 5 
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Generalized differential modulation (GDM) was introduced in [18], as a non-coherent detection which 

uses power allocation to reduce the error performance loss incurred by non-coherent conventional 

differential modulation (CDM) detection to its coherent counterpart. The non-coherent GDM system 

enhances the error performance and reliability of the wireless communication system. This modulation 

highlights the potential of the power allocation strategy to provide a more stable communication system 

without requiring channel state information at the receiver. The concept of power allocation is to 

maximise the average output signal-to-noise ratio (SNR) of the respective non-coherent system [18]. 

The transmission power is allocated between the reference block (RB) and normal blocks (NBs) where, 

more power is allocated to the RB. It was discovered that allocating more power to the RB results to 

an improved error performance when the frame length is increased [11]. However, the channel must 

remain unchanged for the duration of the frame. Thus, quasi-static fading channel (QSFC). 

In [19, 27], GDM was presented for spatial modulation (SM) schemes that implements the concept of 

power allocation amongst the RB and NBs. Similarly to [18, 11], the transmission power is allocation 

between the reference block and normal blocks where more power is allocated to the reference block. 

However, in [19] only normal blocks convey information. The RB remains constant throughout the 

transmission, while NBs are differentially encoded based on the RB. This means the RB remains 

constant across all frames, provided the channel remains constant for each transmission frame. It was 

shown that generalized differential spatial modulation (GD-SM) incurred about 0.5 dB performance 

loss as compared to coherent SM when the frame length is 400 [19].  

Motivated by the work in [9] of SSD in a coherent system and, the work presented in [19, 27], of GDM 

based on the concept of power allocation, a generalized differential modulation with signal space 

diversity for M-ary quadrature amplitude modulation is proposed in this chapter. The purpose of the 

proposed system is to investigate diversity gain based on SSD in a non-coherent system to improve the 

error performance of wireless communication systems. The concept of applying signal space diversity 

in generalized differential modulation scheme is encouraged by its ability to obtain diversity in wireless 

systems without the addition of bandwidth and transmission power as in [4], since GDM uses power 

allocation to improve the error performance of a non-coherent detection.  

5.2 System model  

Consider a non-coherent GDM-SSD 𝑁𝑡 × 𝑁𝑟 Single-Input-Multi-Output system where 𝑁𝑡 = 1 is the 

number of transmit antennas and 𝑁𝑟 ≥ 𝑁𝑡 is the number of receive antennas as illustrated in Figure 5.1 

below, assuming that the receive antennas are spaced far enough apart from each other so that there is 

no correlation among the respective received signals. 
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Figure 5.1: Block diagram of generalized differential modulation with signal space diversity system 

model. 

Information bits 𝒃𝑖 = [𝑏𝑖,1 𝑏𝑖,2 𝑏𝑖,3  ⋯ 𝑏𝑖,𝑘] are grouped in sequences of 𝑘 = 𝑙𝑜𝑔2𝑀 bits in size where 

𝑀 is the modulation order and 𝑖, 𝑖 ∈ [1: 2] is the symbol index.  

The grouped information bits are then directly mapped onto conventional M-QAM signal set 𝜴, and 

yields symbol 𝑢𝑖 = 𝑢𝑖
𝐼 + 𝑗𝑢𝑖

𝑄
, assuming 𝐸[|𝑢𝑖|

2] = 1. (∙)𝐼 and (∙)𝑄 refer to the in-phase (real) and 

quadrature (imaginary) components of a signal, respectively. The symbols (𝑢𝑖) are rotated at a certain 

angle to maximize the minimum number of distinct components between any two points in the 

constellation while retaining the same average energy. 

The rotation of the symbols is obtained by applying a rotation matrix 𝑹𝜃 for a rotation angle 𝜃 to each 

element of the symbols 𝑢𝑖 to form a pair of rotated symbols expressed as in Eq (5.1) [9]: 

[𝑥𝑖
𝐼 𝑥𝑖

𝑄] = [𝑢𝑖
𝐼   𝑢𝑖

𝑄  ] × 𝑹𝜃,                                                         (5.1) 

where 𝐑𝜃 = [
𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃

− 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃
] is the rotation matrix with rotational angle 𝜃 = 31.7°. The angle 31.7° 

is used as an angle of rotation in order to achieve SSD in two dimensions. 

The rotation of symbols is effectively computed as follows: 

      [𝑥𝑖
𝐼 𝑥𝑖

𝑄] = [𝑢𝑖
𝐼   𝑢𝑖

𝑄  ]  [
𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃

− 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃
],  

                          =  [𝑢𝑖
𝑙 𝑐𝑜𝑠 𝜃 − 𝑢𝑖

𝑄𝑠𝑖𝑛𝜃 𝑢𝑖
𝐼 𝑠𝑖𝑛 𝜃 + 𝑢𝑖

𝑄 𝑐𝑜𝑠 𝜃],             (5.2) 

where 𝑥𝑖
𝐼 = 𝑢𝑖

𝐼 𝑐𝑜𝑠 𝜃 − 𝑢𝑖
𝑄  𝑠𝑖𝑛 𝜃 and 𝑥𝑖

𝑄 = 𝑢𝑖
𝐼 𝑠𝑖𝑛 𝜃 + 𝑢𝑖

𝑄 𝑐𝑜𝑠 𝜃.  
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The rotated symbol pair 𝑥𝑖  are applied to a component interleaver giving a typical pair of interleaved 

symbols 𝑤𝑖, 𝑖 ∈ [1: 2] denoted as: 

𝑤1 = 𝑥1
𝐼 + 𝑗𝑥2

𝑄
,                           (5.3a) 

𝑤2 = 𝑥2
𝐼 + 𝑗𝑥1

𝑄
.                           (5.3b)                                     

Differential encoding is performed on the interleaved symbols prior to transmission in different frames 

using differential matrix giving a symbol pair of differentially encoded symbol defined as 𝑠𝑛
𝑓

= 𝑠𝑟
𝑓
 𝑤𝑛: 

𝑠1
1 = 𝑠0

1 𝑤1,               (5.4a) 

𝑠1
2 = 𝑠0

2 𝑤2,                                       (5.4b) 

where 𝑠𝑛
𝑓
 denotes the differentially encoded symbol in a block to be transmitted, the subscript 𝑛 denotes 

the symbol index in a block, superscript 𝑓 ∈ [1: 2] is the frame index, 𝑠𝑟
𝑓
is the reference symbol and 𝑤𝑛 

is the interleaved symbol now to be referred as the information symbol. 

A. Reference symbol 

The reference symbol (RS) 𝑠𝑟
𝑓
, is the first transmitted symbol across all frames through the source and 

it is defined as: 

𝑠𝑟
𝑓

= 1,                             (5.5) 

where the superscript 𝑓, 𝑓 ∈ [1: 2] is the frame index. 

𝑠𝑟
𝑓
remains constant for each frame throughout the transmission and does not convey information. This 

allows for the information carrying symbols in normal symbols to be drawn from M-QAM constellation. 

The encoded reference symbol is then transmitted individually in different time slots on separate frames 

respectively, giving the received reference symbol vector 𝒚𝑟
𝑓
: 

  𝒚𝑟
𝑓

= √𝐸𝑅𝑆 𝒉
𝑓𝑠𝑟

𝑓
+ 𝒏𝑟

𝑓
,               (5.6) 

where 𝒚𝑟
𝑓

∈ ℂ𝑁𝑟×1 is the received reference symbol vector, the superscript 𝑓, 𝑓 ∈ [1: 2] is the frame 

index, 𝐸𝑅𝑆 is the RS transmitted power, 𝒉𝑓 is the quasi-static fading coefficient vector for each 

transmission frame 𝑓 whose entries are independent and identically distributed (i.i.d.) complex 

Gaussian random variables (RVs) with distribution 𝐶𝑁(0,1) and, 𝒏𝑟
𝑓
 is the additive white Gaussian 
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More transmission power is allocated to the RS as compared to NSs to improve the error performance 

of the system since the reference symbol provides the combine channel estimation for normal symbols. 

The transmission power of the RS is represented as 𝐸𝑅𝑆 and it is denoted as (1 + 𝑁𝜌)𝐸𝑠 and, the 

transmission power of NSs is represented as 𝐸𝑁𝑆  and it is denoted as (1 − 𝜌)𝐸𝑠. 𝐸𝑠 is the average 

transmission power of the system. Refer to Section 4.2.3 for power allocation. 

C. Detection 

Substituting Eq (5.4a) and Eq (5.4b) into the received symbol pair vector, the received symbol pair 

vector may be rewritten as in Eq (5.9a) and Eq (5.9b): 

  𝒚1
1 = √𝐸𝑁𝑆 𝒉

1𝑠1
1 + 𝒏1

1, 

       = √ 𝐸𝑁𝑆 𝒉
1(𝑠0

1𝑤1) + 𝒏1
1,             

  𝒚1
1 = √ 𝐸𝑁𝑆 𝒉

1𝑤1 + 𝒏1
1,                           (5.9a)                       

  𝒚1
2 = √𝐸𝑁𝑆 𝒉

2𝑠1
2 + 𝒏1

2, 

       = √𝐸𝑁𝑆 𝒉
2(𝑠0

2𝑤2) + 𝒏1
2,            

  𝒚1
2 = √𝐸𝑁𝑆 𝒉

2𝑤2 + 𝒏1
2.                          (5.9b) 

Due to quasi-static fading channel, 𝒚0
𝑓
 and 𝒚𝑡

𝑓
 are known at the receiver. Similar to Eq (4.9), 𝒚0

𝑓
 is 

defined as: 

  𝒚0
𝑓

= √ 𝐸𝑅𝑆 𝒉
𝑓𝑠0

𝑓
+ 𝒏0

𝑓
. 

Therefore, 

  √ 𝐸𝑅𝑆 𝒉
𝑓 = 𝒚0

𝑓
− 𝒏0

𝑓
, 

  𝒉𝑓 =
𝒚0

𝑓
−𝒏0

𝑓

√ 𝐸𝑅𝑆
.                                   (5.10) 

Substituting Eq (5.10) into Eq (5.9a) and Eq (5.9b) gives:            

𝒚1
1 = √ 𝐸𝑁𝑆 (

𝒚0
1−𝒏0

1

√ 𝐸𝑅𝑆
)𝑤1 + 𝒏1

1,    

     = √
𝐸𝑁𝑆

𝐸𝑅𝑆
[𝒚0

1𝑤1 − 𝒏0
1𝑤1] + 𝒏1

1,                          (5.11a) 

 𝒚1
2 = √ 𝐸𝑁𝑆 (

𝒚0
2−𝒏0

2

√ 𝐸𝑅𝑆
)𝑤2 + 𝒏1

2,  

       = √
𝐸𝑁𝑆

𝐸𝑅𝑆
[𝒚0

2𝑤2 − 𝒏0
2𝑤2] + 𝒏1

2,                       (5.11b) 
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where 𝒚1
1 and 𝒚1

2 are the received normal symbol vectors for each transmission frame and, 𝒚0
1 and 𝒚0

2 

are the received reference symbol vectors for each transmission frame, respectively. 
𝐸𝑁𝑆

𝐸𝑅𝑆
 is the average 

transmitted power. 

The received symbols are combined as they are received at the receiver using maximum ratio combining 

(MRC) reception on a symbol-by-symbol basis. The combined received symbols are defined as         

𝑌𝑓 = (𝒚0 
𝑓
)
𝐻
𝒚𝑡 

𝑓
 where the superscript 𝑓, 𝑓 ∈ [1: 2] is the frame index, the subscript 𝑡, 𝑡 ∈ [1: 2] is the 

time slot index and superscript 𝐻 is the Hermitian transpose. The combined received symbol pair is 

denoted as in Eq (5.12a) and Eq (5.12b): 

𝑌1 = (𝒚0 
1 )𝐻𝒚1

1,   

      = (𝒚0 
1 )𝐻 [√

𝐸𝑁𝑆

𝐸𝑅𝑆
(𝒚0 

1 𝑤1 − 𝒏0
1𝑤1) + 𝒏1

1], 

      = √
𝐸𝑁𝑆

𝐸𝑅𝑆
[‖𝒚0 

1 ‖
2
𝑤1 − (𝒚0 

1 )𝐻𝒏0
1𝑤1] + (𝒚0 

1 )𝐻𝒏1
1,  

𝑌1 = √
𝐸𝑁𝑆

𝐸𝑅𝑆
[‖𝒚0 

1 ‖
2
(𝑥1

𝐼 + 𝑗𝑥2
𝑄
) − 𝑛̃0

1] + 𝑛̃1
1,           (5.12a) 

𝑌2 = (𝒚0 
2 )𝐻𝒚1

2,   

      = (𝒚0 
2 )𝐻 [√

𝐸𝑁𝑆

𝐸𝑅𝑆
(𝒚0 

2 𝑤2 − 𝒏0
2𝑤2) + 𝒏1

2], 

     = √
𝐸𝑁𝑆

𝐸𝑅𝑆
[‖𝒚0 

2 ‖
2
𝑤2 − (𝒚0 

2 )𝐻𝒏0
2𝑤2] + (𝒚0 

2 )𝐻𝒏1
2,  

𝑌2 = √
𝐸𝑁𝑆

𝐸𝑅𝑆
[‖𝒚0 

2 ‖
2
(𝑥2

𝐼 + 𝑗𝑥1
𝑄
) − 𝑛̃0

2] + 𝑛̃1
2,           (5.12b) 

where ‖𝒚0 
𝑓
‖

2
 is the received reference signal power, 𝑓 ∈ [1: 2] and 𝑛̃0

𝑓
= √

𝐸𝑁𝑆

𝐸𝑅𝑆
(𝒚0 

𝑓
)
𝐻
𝒏0

𝑓
𝑤𝑡 and      

𝑛̃𝑡
𝑓

= (𝒚0 
𝑓
)
𝐻
𝒏𝑡

𝑓
 are a noise term. 

De-interleaving is then performed on the combined received symbol pair in Eq (5.12a) and Eq (5.12b) 

to ensure that the in-phase and quadrature components of the original symbols are reassembled before 

detection is performed. De-interleaving is performed by swapping the in-phase and quadrature 

components of the combined received symbols where a typical pair of de-interleaved symbols is given 

as 𝑟𝑡,  𝑡 ∈ [1: 2] : 

  𝑟1 =  𝑅𝑒 {√ 
𝐸𝑁𝑆

𝐸𝑅𝑆
[‖𝒚0 

1 ‖
2
(𝑥1

𝐼 + 𝑗𝑥2
𝑄
) − 𝑛̃0

1] + 𝑛̃1
1} +  𝑗𝐼𝑚 {√ 

𝐸𝑁𝑆

𝐸𝑅𝑆
[‖𝒚0 

2 ‖
2
(𝑥2

𝐼 + 𝑗𝑥1
𝑄
) − 𝑛̃0

2] + 𝑛̃1
2}, 
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    = √ 
𝐸𝑁𝑆

𝐸𝑅𝑆
‖𝒚0 

1 ‖
2
 𝑥1

𝐼 + 𝑗√ 
𝐸𝑁𝑆

𝐸𝑅𝑆
 ‖𝒚0 

2 ‖
2
 𝑥1

𝑄
− 𝑛̃̃0

1 + 𝑛̃̃1
1,                                                              (5.13a) 

  𝑟2 =  𝑅𝑒 {√ 
𝐸𝑁𝑆

𝐸𝑅𝑆
[‖𝒚0 

2 ‖
2
(𝑥2

𝐼 + 𝑗𝑥1
𝑄
) − 𝑛̃0

2] + 𝑛̃1
2} +  𝑗𝐼𝑚 {√ 

𝐸𝑁𝑆

𝐸𝑅𝑆
[‖𝒚0 

1 ‖
2
(𝑥1

𝐼 + 𝑗𝑥2
𝑄
) − 𝑛̃0

1] + 𝑛̃1
1}, 

    = √ 
𝐸𝑁𝑆

𝐸𝑅𝑆
‖𝒚0 

2 ‖
2
 𝑥2

𝐼 + 𝑗√ 
𝐸𝑁𝑆

𝐸𝑅𝑆
 ‖𝒚0 

1 ‖
2
 𝑥2

𝑄 − 𝑛̃̃0
2 + 𝑛̃̃1

2,                                                             (5.13b) 

where the resultant noise term 𝑛̃̃0
𝑓
 and 𝑛̃̃𝑡

𝑓
 is a random variable which can be approximated as Gaussian 

distribution 𝑛̃̃𝑡
𝑓
~𝐶𝑁(0,1) and 𝑗 = √−1. 

The receiver then performs maximum-likelihood detection (MLD) for a non-coherent GDM-SSD 

system denoted as:  

   𝑢̂1
1  =  𝑎𝑟𝑔𝑚𝑖𝑛

𝑢1
1 ∈ 𝜴

{𝑃2 |𝑟1
𝐼 − √ 

𝐸𝑁𝑆

𝐸𝑅𝑆
 ‖𝒚0 

1 ‖
2
(𝑢1

𝐼 𝑐𝑜𝑠 𝜃 − 𝑢1
𝑄
 𝑠𝑖𝑛 𝜃)|

2

 

                                + 𝑃1 |𝑟1
𝑄

− j√
𝐸𝑁𝑆

𝐸𝑅𝑆
   ‖𝒚0 

2 ‖
2
(𝑢1

𝐼 𝑠𝑖𝑛 𝜃 + 𝑢1
𝑄
𝑐𝑜𝑠 𝜃)|

2

},          (5.14a) 

  𝑢̂1
2  =  𝑎𝑟𝑔𝑚𝑖𝑛

𝑢1
2 ∈ 𝜴

{𝑃1 |𝑟2
𝐼 − √

𝐸𝑁𝑆

𝐸𝑅𝑆
   ‖𝒚0 

2 ‖
2
(𝑢2

𝐼 𝑐𝑜𝑠 𝜃 − 𝑢2
𝑄  𝑠𝑖𝑛 𝜃)|

2

 

                               + 𝑃2 |𝑟2
𝑄

− j√
𝐸𝑁𝑆

𝐸𝑅𝑆
   ‖𝒚0 

1 ‖
2
(𝑢2

𝐼 𝑠𝑖𝑛 𝜃 + 𝑢2
𝑄

𝑐𝑜𝑠 𝜃)|
2

},         (5.14b) 

where 𝑢̂1
1 and 𝑢̂1

2 are the detected symbols, 𝜴 is the M-QAM signal set, 𝑢1
𝐼 𝑐𝑜𝑠 𝜃 − 𝑢1

𝑄  𝑠𝑖𝑛 𝜃 = 𝑥1
𝐼 , 

𝑢2
𝐼 𝑐𝑜𝑠 𝜃 − 𝑢2

𝑄
 𝑠𝑖𝑛 𝜃 = 𝑥2

𝐼  are the real and 𝑢1
𝐼 𝑠𝑖𝑛 𝜃 + 𝑢1

𝑄
𝑐𝑜𝑠 𝜃 = 𝑥1

𝑄
, 𝑢2

𝐼 𝑠𝑖𝑛 𝜃 + 𝑢2
𝑄

𝑐𝑜𝑠 𝜃 = 𝑥2
𝑄

 are 

the imaginary component of the rotated symbols 𝑢1
1 and 𝑢1

2, respectively. 𝑃1 and 𝑃2are the received 

reference signal power denoted as 𝑃𝑓 = ‖𝒚0 
𝑓
‖

2
, 𝑓 ∈ [1: 2]. 

𝒚0
1 and 𝒚0

2 are used to estimate the channels of the system so to recover information in 𝒚1
1 and 𝒚1

2. 

5.3 Error performance analysis  

This section presents the symbol error probability (SEP) analysis of the proposed non-coherent GDM-

SSD system. The SEP analysis is performed with differential M-QAM based on the error probability 

of the system in a closed form using minimum distance lower bound of the transmitted symbol 𝑢𝑖 for 

each rotated constellation point and 𝑢̂𝑖 as the chosen detected symbol.  

In the high SNR region one symbol 𝑢2 can be assumed to always be detected correct and 𝑢1 can be 

considered to be a transmitted symbol and  𝑢̂1 as the detected symbol. 
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5.3.1 Minimum distance lower bound 

Minimum distance lower bound (MDLB) as presented in [9], is the analysis method used to derive a 

lower bound on the SEP using the minimum Euclidean distance of the rotated constellation considering 

the independent fading on the in-phase (real) and quadrature (imaginary) components of the signal due 

to component interleaving/de-interleaving. Therefore, the MDLB on the SEP conditioned on 

independent fading is given as: 

  𝑃𝑀−𝑄𝐴𝑀
𝑀𝐷𝐿𝐵 ((𝑒|𝒉) ≥ 4𝑎𝑄 (√

𝑑2

2𝑁0
 ) −  4𝑎2𝑄2 (√

𝑑2

2𝑁0
 ),            (5.15) 

where 𝒉 is the quasi-static fading coefficient vector whose entries are independent and i.i.d. complex 

RVs with distribution 𝐶𝑁(0,1) and it is constant over a frame and independently changes from one 

frame to the next, 𝑁0 = 1 is the power spectrum density and, 𝑑 is the minimum distance between 

constellations given as in [9]: 

  𝑑𝑚𝑖𝑛 = min
𝑥1, 𝑥2 ∈ 𝜴

{√|𝑥1 − 𝑥2|
2},                     (5.16) 

where 𝜴 is the M-QAM signal set, 𝑥1 and 𝑥2 are the rotated symbol corresponding to 𝑢1 and 𝑢2, 

respectively. 

Following the approach from [9], the minimum distance in Eq (5.16) is modified to account for the 

independent fading on the in-phase and quadrature components of the signal as in Eq (5.17): 

  𝑑𝑚𝑖𝑛  = {√𝒉2|𝑥1
𝐼 − 𝑥2

𝐼 |2 + 𝒉2|𝑥1
𝑄 − 𝑥2

𝑄
|
2
}

𝑥1, 𝑥2 ∈ 𝜴

𝑚𝑖𝑛

,            (5.17) 

where 𝑥1
𝐼 ,𝑥2

𝐼  are the real and 𝑥1
𝑄

,𝑥2
𝑄

 are the imaginary component of the rotated symbols corresponding 

to 𝑢1 and 𝑢2, respectively. 

Taking into consideration the rotation angel  of the rotated two dimensional constellations, the 

minimum distance in Eq (5.16) can be written as:  

  𝑑𝑚𝑖𝑛
𝑥 = √4‖𝒉‖2 𝐶𝑜𝑠2𝜃 +  4 ‖𝒉‖2𝑆𝑖𝑛2𝜃,            (5.18) 

where |𝑥1
𝐼 − 𝑥2

𝐼 | = 4 𝐶𝑜𝑠2𝜃 and |𝑥1
𝑄 − 𝑥2

𝑄
| = 4 𝑠𝑖𝑛2 𝜃. 

Due to independent fading and rotation angel, the conditional MDLB on the SEP in Eq (5.15) can be 

conditioned over instantaneous signal-to-noise ratio (SNR) and denoted as: 
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  𝑃𝑀−𝑄𝐴𝑀
𝑀𝐷𝐿𝐵 (𝑒|𝛾1, 𝛾2) ≥ 4𝑎𝑄(√𝑏ζ) − 4𝑎2𝑄2(√𝑏ζ),                              (5.19) 

where 𝛾1 and 𝛾2 are the RS and NBs instantaneous signal-to-noise ratios defined as 𝛾1 =
𝐸𝑅𝑆

𝑁𝑜
 and       

𝛾2 =
𝐸𝑁𝑆

𝑁𝑜
, 𝐸𝑅𝑆 is the reference symbol transmitted power, 𝐸𝑁𝑆 is the normal symbols transmitted power, 

respectively, 𝑁𝑜 = 1 as defined in Eq (5.15), 𝑎 = (1 −
1

√𝑀
), 𝑏 = (

3

𝑀−1
) and ζ = 𝛾𝑡 cos2 θ + 𝛾𝑡 sin2 θ 

for 𝑡 ∈ [1: 𝑇] is the time index with the reference symbol being the first transmitted symbol across all 

frames.  

Integrating Eq (5.19) gives the MDLB on the SEP as: 

      𝑃𝑀−𝑄𝐴𝑀
𝑀𝐷𝐿𝐵 (𝑒) = ∫ ∫ 𝑃𝑀−𝑄𝐴𝑀

𝑀𝐷𝐿𝐵 (𝑒|𝛾1𝛾2)
∞

0
𝑓𝛾1

(𝛾1)𝑑𝛾2 𝑓𝛾2
(𝛾2)𝑑𝛾2

∞

0
,   (5.20) 

where 𝑓𝛾1
(𝛾1) and 𝑓𝛾2

(𝛾2) are the probability density function (PDF) for 𝑁𝑟 receive antennas. 

Substituting Eq (5.19) onto Eq (5.20) gives the new MDLB on the SEP as:  

  𝑃𝑀−𝑄𝐴𝑀
𝑀𝐷𝐿𝐵 (𝑒) = ∫ ∫ 4𝑎𝑄(√𝑏ζ) − 4𝑎2𝑄2(√𝑏ζ)

∞

0
𝑓𝛾1

(𝛾1)𝑑𝛾1 𝑓𝛾2
(𝛾2)𝑑𝛾2

∞

0
 

 

                     =
𝑎

𝑛
 {

1

2
× (

2

2+α𝑏𝛾̅1
)
𝑁𝑟

(
2

2+δ𝑏𝛾̅1
)
𝑁𝑟

−
𝑎

2
(

1

1+ α𝑏𝛾̅2
)
𝑁𝑟

(
1

1+ δ𝑏𝛾̅2
)
𝑁𝑟

+ (1 − 𝑎) 

                      (∑  (
𝑆𝑖

𝑆𝑖+α𝑏𝛾̅1
)
𝑁𝑟

(
𝑆𝑖

𝑆𝑖+δ𝑏𝛾̅1
)
𝑁𝑟

+ ∑ (
𝑆𝑖𝐵

𝑆𝑖𝐵+α𝑏𝛾̅2
)
𝑁𝑟

(
𝑆𝑖𝐵

𝑆𝑖𝐵+δ𝑏𝛾̅2
)
𝑁𝑟

 2𝑛−1
𝑖=𝑛

𝑛−1
𝑖=1 )},       

                     =
𝑎

𝑛
{
1

2
× 𝐹 −

𝑎

2
× 𝐴 + (1 − 𝑎)(∑  C + ∑ 𝑂 2𝑛−1

𝑖=𝑛
𝑛−1
𝑖=1 )},             (5.21) 

where α = cos2 θ, δ = sin2 θ, 𝐹 = (
2

2+α𝑏𝛾̅1
)
𝑁𝑟

(
2

2+δ𝑏𝛾̅1
)
𝑁𝑟

, 𝐴 = (
1

1+ α𝑏𝛾̅2
)
𝑁𝑟

(
1

1+ δ𝑏𝛾̅2
)
𝑁𝑟

,                    

𝐶 = (
𝑆𝑖

𝑆𝑖+α𝑏𝛾̅1
)
𝑁𝑟

(
𝑆𝑖

𝑆𝑖+δ𝑏𝛾̅1
)
𝑁𝑟

 and 𝑂 = (
𝑆𝑖𝐵

𝑆𝑖𝐵+α𝑏𝛾̅2
)
𝑁𝑟

(
𝑆𝑖𝐵

𝑆𝑖𝐵+δ𝑏𝛾̅1
)
𝑁𝑟

. 𝛾̅ = 𝐸{𝛾𝑡}, 𝑡, 𝑡 ∈ [1: 𝑇] is the 

average SNR at time 𝑡,  𝛾̅1 =
𝐸𝑅𝑆

𝑁0
 and 𝛾̅2 =

𝐸𝑁𝑆

𝑁0
 are the average SNR as defined in Eq (5.19). 

Noting that the transmission powers for the symbols are independently allocated amongst the RS and 

NSs where more power is allocated to the RS compared to NSs for a better estimation of the channel.  

Refer to Appendix C for an effectively computation of the final expression of the MDLB on the SEP in 

Eq (5.21). 
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CONCLUSION 

This chapter summarizes the research concluding remarks on the presented schemes and the future 

research. The fundamental idea of the proposed generalized differential modulation with signal space 

diversity (GDM-SSD) scheme is to employ diversity in a non-coherent system.  

6.1  Conclusion remarks 

A literature survey of wireless communication techniques involved in the investigation of the proposed 

scheme is presented in chapter 2.  

In chapter 3, a coherent signal space diversity (SSD) system over Rayleigh fading and additive white 

Gaussian noise (AWGN) channel was presented. Maximum ratio combining (MRC) reception was 

employed at the receiver to reduce errors that cause an increase in the signal-to-noise ratio (SNR) of the 

coherent SSD detection. This is due to the system requirement of the full knowledge of channel state 

information (CSI) at the receiver. The symbol error probability (SEP) performance of the coherent SSD 

was analyzed using the union bound (UB), minimum distance lower bound (MDLB) and nearest 

neighbour (NN) approximation models in a closed form. Numerical results show that as the number of 

receive antennas increase, the SEP performance of the UB, MDLB and NN approximation approaches 

0 SNR and away from that of coherent SSD. Therefore, the coherent SSD SEP performance is 

significant as diversity is achieved.  

Non-coherent detections conventional differential modulation (CDM) and generalized differential 

modulation (GDM) are presented in chapter 4 to simplify the complexity of the coherent detection. 

These schemes are presented over quasi-static fading channel (QSFC), where GDM uses power 

allocation to bridge the performance gab between non-coherent CDM and coherent detection. 

Numerical results show non-coherent CDM 3dB performance loss to coherent detection. And, that the 

gap between non-coherent CDM and its coherent counterpart is reduced by non-coherent GDM 

detection with about 1dB performance gap gain. This signifies GDM as an alternative non-coherent 

detection to non-coherent CDM.  

The proposed GDM-SSD scheme was presented in chapter 5 which employs diversity in a non-coherent 

system to improve the error performance of wireless communication systems by applying SSD in GDM. 

Numeric results show that the SEP performance of the proposed GDM-SSD scheme losses about 5dB 

performance gap over coherent SSD scheme. It is observed that the performance of GDM-SSD 

detection gets better as the number of transmitted symbols in a frame increase. 

  CHAPTER 6 
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Therefore, diversity was successfully applied to a non-coherent GDM system. The proposed GDM-

SSD scheme is significant in enhancing the performance of wireless communication systems. 

6.2  Future research 

This presents an opportunity to investigate the performance the following schemes: 

1. Non-coherent conventional differential modulation with signal space diversity (CDM-SSD) 

detection schemes. 

2. The employment of other diversity techniques to bridge the SEP performance gap between the 

non-coherent GDM-SSD and coherent detection. 
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This section presents the derivation of UB conditional PEP in Eq (3.11) of the performance analysis of 

the coherent SSD with 𝑁𝑟-branches MRC reception system in Section 3.  

DERIVATION OF UNION BOUND CONDITIONAL PEP 

The UB conditional PEP is effectively computed using the received symbol in Eq (3.4)                           

𝒚𝑡 = √
𝐸𝑠

𝐸𝜔
𝒉𝑡𝑤𝑡  +  𝒏𝑡  , 𝑡 ∈ [1: 2]. A typical received symbol pair is denoted as: 

  𝒚1 = √
𝐸𝑠

𝐸𝜔
𝒉1( 𝑥1

𝐼 + 𝑗𝑥2
𝑄
) + 𝒏1,             (A.1a) 

  𝒚2 = √
𝐸𝑠

𝐸𝜔
𝒉2( 𝑥2

𝐼 +  𝑗𝑥1
𝑄
) + 𝒏2.            (A.1b) 

The received symbols vectors 𝒚𝑡  with entries 𝑦𝑡𝑘, 𝑡 ∈ [1: 2] and 𝑘 ∈ [1:𝑁𝑟] are combined using MRC 

reception on a symbol-by-symbol basis as they are received and are denoted as 𝒛𝑡,  𝑡 ∈ [1: 2] with 

entries 𝑧𝑘𝑡, 𝑡 ∈ [1: 2] and 𝑘 ∈ [1:𝑁𝑟]. 𝒉𝑡 is the independent Rayleigh fading coefficient vector with 

entries ℎ𝑘𝑡 and 𝑘 ∈ [1:𝑁𝑟] where ℎ𝑘𝑡 is defined in Eq (3.10) in the dissertation. For each receiver the 

symbol pair is denoted as:  

 𝑧1𝑘 = 𝑒−𝑗𝑄1𝑘𝑦1𝑘, 

        = 𝑒−𝑗𝑄1𝑘 (√
𝐸𝑠

𝐸𝜔
ℎ1𝑘( 𝑥1

𝐼 + 𝑗𝑥2
𝑄
)  + 𝑛1𝑘), 

        = 𝑒−𝑗𝑄1𝑘 (√
𝐸𝑠

𝐸𝜔
𝛼1𝑘𝑒𝑗𝑄1𝑘( 𝑥1

𝐼 +  𝑗𝑥2
𝑄
) + 𝑛1𝑘), 

        = √
𝐸𝑠

𝐸𝜔
(𝑒−𝑗𝑄1𝑘𝛼1𝑘𝑒

𝑗𝑄1𝑘( 𝑥1
𝐼 +  𝑗𝑥2

𝑄
)) + 𝑒−𝑗𝑄1𝑘𝑛1𝑘, 

         = √
𝐸𝑠

𝐸𝜔
(𝛼1𝑘𝑒

𝑗(𝑄1𝑘−𝑄1𝑘)( 𝑥1
𝐼 +  𝑗𝑥2

𝑄
)) + 𝑒−𝑗𝑄1𝑘𝑛1𝑘, 

  𝑧1𝑘 = √
𝐸𝑠

𝐸𝜔
(𝛼1𝑘( 𝑥1

𝐼 +  𝑗𝑥2
𝑄
)) + 𝑛̃1𝑘,                        (A.2a) 

 

  𝑧2𝑘 = 𝑒−𝑗𝑄2𝑘𝑦2𝑘, 

         = 𝑒−𝑗𝑄2𝑘 (√
𝐸𝑠

𝐸𝜔
ℎ2𝑘( 𝑥2

𝐼 +  𝑗𝑥1
𝑄
) + 𝑛2𝑘), 

         = 𝑒−𝑗𝑄2𝑘 (√
𝐸𝑠

𝐸𝜔
𝛼2𝑘𝑒𝑗𝑄2𝑘( 𝑥2

𝐼 +  𝑗𝑥1
𝑄
) + 𝑛2𝑘), 

          = √
𝐸𝑠

𝐸𝜔
(𝑒−𝑗𝑄2𝑘𝛼2𝑘𝑒𝑗𝑄2𝑘( 𝑥2

𝐼 +  𝑗𝑥1
𝑄
)) + 𝑒−𝑗𝑄2𝑘𝑛2𝑘, 
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           = √
𝐸𝑠

𝐸𝜔
(𝛼2𝑘𝑒𝑗(𝑄2𝑘−𝑄2𝑘)( 𝑥2

𝐼 +  𝑗𝑥1
𝑄
) ) + 𝑒−𝑗𝑄2𝑘𝑛2𝑘, 

   𝑧2𝑘 = √
𝐸𝑠

𝐸𝜔
(𝛼2𝑘( 𝑥2

𝐼 +  𝑗𝑥1
𝑄
)) + 𝑛̃2𝑘,            (A.2b) 

where 𝑛̃𝑡𝑘 = 𝑒−𝑗𝑄𝑡𝑘𝑛𝑡𝑘, 𝑡 ∈ [1: 2] and 𝑘 ∈ [1: 𝑁𝑟] is a complex random variable with distribution 

𝑛̃𝑡𝑘~(0,1).   

Performing de-interleaving on Eq (A.2a) and Eq (A.2b) gives: 

  𝑟1𝑘 = 𝑅𝑒 {√
𝐸𝑠

𝐸𝜔
𝛼1𝑘( 𝑥1

𝐼 +  𝑗𝑥2
𝑄
)  + 𝑛̃1𝑘} +  𝑗𝐼𝑚 {√

𝐸𝑠

𝐸𝜔
(𝛼2𝑘( 𝑥2

𝐼 +  𝑗𝑥1
𝑄
)) + 𝑛̃2𝑘}, 

         = √
𝐸𝑠

𝐸𝜔
𝛼1𝑘  𝑥1

𝐼 + 𝑗√
𝐸𝑠

𝐸𝜔
𝛼2𝑘  𝑥1

𝑄
+ 𝑛̃̃1𝑘,                                  (A.3a) 

  𝑟2𝑘 = 𝑅𝑒 {√
𝐸𝑠

𝐸𝜔
(𝛼2𝑘( 𝑥2

𝐼 +  𝑗𝑥1
𝑄
)) + 𝑛̃2𝑘} +  𝑗𝐼𝑚 {√

𝐸𝑠

𝐸𝜔
𝛼1𝑘( 𝑥1

𝐼 +  𝑗𝑥2
𝑄
)  + 𝑛̃1𝑘}, 

         = √
𝐸𝑠

𝐸𝜔
𝛼2𝑘  𝑥2

𝐼 + 𝑗√
𝐸𝑠

𝐸𝜔
𝛼1𝑘  𝑥2

𝑄
+ 𝑛̃̃2𝑘,                                  (A.3b)  

where similar to Eq (A.2a) and Eq (A.2b), the resultant noise term 𝑛̃̃𝑡𝑘, 𝑡 ∈ [1: 2]and 𝑘 ∈ [1:𝑁𝑟] is a 

complex random variable with distribution 𝑛̃̃𝑡𝑘~(0,1) and 𝑗 = √−1.  

The UB conditional PEP is then computed as below: 

 𝑃(𝑢1 → 𝑢̂1|𝒉1, 𝒉2) = 𝑃 (∑ |𝑟1𝑘 − √
𝐸𝑠

𝐸𝜔
𝛼1𝑘 𝑥1

𝐼 −  𝑗√
𝐸𝑠

𝐸𝜔
𝛼2𝑘 𝑥1

𝑄
|
2

> 
𝑁𝑟
𝑘=1  

                                             ∑ |𝑟1𝑘 − √
𝐸𝑠

𝐸𝜔
𝛼1𝑘 𝑥1

𝐼 − 𝑗√
𝐸𝑠

𝐸𝜔
𝛼2𝑘 𝑥̂1

𝑄
|
2

𝑁𝑟
𝑘=1 ) , 

           = 𝑃 (∑ |(√
𝐸𝑠

𝐸𝜔
(𝛼1𝑘  𝑥1

𝐼 + 𝑗𝛼2𝑘  𝑥1
𝑄
) + 𝑛̃̃1𝑘) − √

𝐸𝑠

𝐸𝜔
𝛼1𝑘  𝑥1

𝐼 −  𝑗√
𝐸𝑠

𝐸𝜔
𝛼2𝑘  𝑥1

𝑄
|
2

>
𝑁𝑟
𝑘=1

                      ∑ |(√
𝐸𝑠

𝐸𝜔
(𝛼1𝑘  𝑥1

𝐼 + 𝑗𝛼2𝑘  𝑥1
𝑄
) + 𝑛̃̃1𝑘) − √

𝐸𝑠

𝐸𝜔
𝛼1𝑘  𝑥̂1

𝐼 −  𝑗√
𝐸𝑠

𝐸𝜔
𝛼2𝑘  𝑥̂1

𝑄
|
2

𝑁𝑟
𝑘=1 ),  

           = 𝑃 (∑ |√
𝐸𝑠

𝐸𝜔
𝛼1𝑘 𝑥1

𝐼 + 𝑗√
𝐸𝑠

𝐸𝜔
𝛼2𝑘 𝑥1

𝑄 + 𝑛̃̃1𝑘 − √
𝐸𝑠

𝐸𝜔
𝛼1𝑘 𝑥1

𝐼 −  𝑗√
𝐸𝑠

𝐸𝜔
𝛼2𝑘  𝑥1

𝑄
|
2

>
𝑁𝑟
𝑘=1

                      ∑ |√
𝐸𝑠

𝐸𝜔
𝛼1𝑘 𝑥1

𝐼 + 𝑗√
𝐸𝑠

𝐸𝜔
𝛼2𝑘 𝑥1

𝑄 + 𝑛̃̃1𝑘 − √
𝐸𝑠

𝐸𝜔
𝛼1𝑘 𝑥̂1

𝐼 − 𝑗√
𝐸𝑠

𝐸𝜔
𝛼2𝑘  𝑥̂1

𝑄
|
2

𝑁𝑟
𝑘=1 ),  

         = 𝑃 (∑ |√
𝐸𝑠

𝐸𝜔
𝛼1𝑘  𝑥1

𝐼 − √
𝐸𝑠

𝐸𝜔
𝛼1𝑘 𝑥1

𝐼 + 𝑗√
𝐸𝑠

𝐸𝜔
𝛼2𝑘 𝑥1

𝑄 −  𝑗√
𝐸𝑠

𝐸𝜔
𝛼2𝑘  𝑥1

𝑄 + 𝑛̃̃1𝑘|
2

>
𝑁𝑟
𝑘=1

                     ∑ |√
𝐸𝑠

𝐸𝜔
𝛼1𝑘 𝑥1

𝐼 − √
𝐸𝑠

𝐸𝜔
𝛼1𝑘  𝑥̂1

𝐼 + 𝑗√
𝐸𝑠

𝐸𝜔
𝛼2𝑘  𝑥1

𝑄 − 𝑗√
𝐸𝑠

𝐸𝜔
𝛼2𝑘 𝑥̂1

𝑄 +    𝑛̃̃1𝑘|
2

𝑁𝑟
𝑘=1 ),  
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         = 𝑃 (∑ | 𝑛̃̃1𝑘|
2

> ∑ |√
𝐸𝑠

𝐸𝜔
(𝛼1𝑘( 𝑥1

𝐼 − 𝑥1
𝐼) + 𝑗𝛼2𝑘( 𝑥1

𝑄
− 𝑥1

𝑄
)) + 𝑛̃̃1𝑘|

2
𝑁𝑟
𝑘=1

𝑁𝑟
𝑘=1 ).    (A.4) 

Let (𝑥1
𝐼 − 𝑥1

𝐼) = 𝑑1 and (𝑥1
𝑄 − 𝑥1

𝑄
) = 𝑑2 where 𝑥1

𝐼 ,𝑥2
𝐼  and 𝑥1

𝑄
, 𝑥2

𝑄
 are defined in Eq (3.11).  

   𝑃(𝑢1 → 𝑢̂1|𝒉1, 𝒉2) = 𝑃 (∑ | 𝑛̃̃1𝑘|
2

> ∑ |√
𝐸𝑠

𝐸𝜔
(𝛼1𝑘  𝑑1 + 𝑗𝛼2𝑘  𝑑2) + 𝑛̃̃1𝑘|

2
𝑁𝑟
𝑘=1

𝑁𝑟
𝑘=1 ).           (A.5) 

Apply |A + B|2 = |A|2 + |B|2 + 2Re{AB∗} onto Eq (A.5): 

  𝑃(𝑢1 → 𝑢̂1|𝒉1, 𝒉2)  =  𝑃 (∑ |𝑛̃̃1𝑘|
2𝑁𝑟

𝑘=1 > ∑ |√
𝐸𝑠

𝐸𝜔
(𝛼1𝑘 𝑑1 + 𝑗𝛼2𝑘  𝑑2)|

2

+ ∑ |𝑛̃̃1𝑘|
2𝑁𝑟

𝑘=1 +
𝑁𝑟
𝑘=1

                                           ∑ 2𝑅𝑒 {(√
𝐸𝑠

𝐸𝜔
(𝛼1𝑘  𝑑1 + 𝑗𝛼2𝑘 𝑑2)) 𝑛̃̃1𝑘

∗
}

𝑁𝑟
𝑘=1 ),                       

         =  𝑃 (∑ |𝑛̃̃1𝑘|
2
− ∑ |𝑛̃̃1𝑘|

2𝑁𝑟
𝑘=1

𝑁𝑟
𝑘=1 > ∑ |√

𝐸𝑠

𝐸𝜔
(𝛼1𝑘 𝑑1 + 𝑗𝛼2𝑘  𝑑2)|

𝑁𝑟
𝑘=1

2

+

              ∑ 2𝑅𝑒 {(√
𝐸𝑠

𝐸𝜔
(𝛼1𝑘 𝑑1 + 𝑗𝛼2𝑘  𝑑2)) 𝑛̃̃1𝑘

∗
}

𝑁𝑟
𝑘=1 ),  

       =  𝑃 (0 > ∑ |√
𝐸𝑠

𝐸𝜔
(𝛼1𝑘  𝑑1 + 𝑗𝛼2𝑘  𝑑2)|

𝑁𝑟
𝑘=1

2

+ ∑ 2𝑅𝑒 {(√
𝐸𝑠

𝐸𝜔
(𝛼1𝑘 𝑑1 +  𝑗𝛼2𝑘 𝑑2)) 𝑛̃̃1𝑘

∗
}

𝑁𝑟
𝑘=1 ),  

        =  𝑃 (∑ 2𝑅𝑒 {(√
𝐸𝑠

𝐸𝜔
(𝛼1𝑘 𝑑1 + 𝑗𝛼2𝑘  𝑑2)) 𝑛̃̃1𝑘

∗
}

𝑁𝑟
𝑘=1 > ∑ |√

𝐸𝑠

𝐸𝜔
(𝛼1𝑘  𝑑1 + 𝑗𝛼2𝑘  𝑑2)|

2
𝑁𝑟
𝑘=1 ),          

        =  𝑃 (∑ 𝑅𝑒 {(√
𝐸𝑠

𝐸𝜔
(𝛼1𝑘 𝑑1 + 𝑗𝛼2𝑘 𝑑2)) 𝑛̃̃1𝑘

∗
}

𝑁𝑟
𝑘=1 > ∑

|√
𝐸𝑠
𝐸𝜔

(𝛼1𝑘 𝑑1+𝑗𝛼2𝑘 𝑑2)|
2

2

𝑁𝑟
𝑘=1 ),     

        =  𝑃 (∑ 𝑅𝑒 {(√
𝐸𝑠

𝐸𝜔
(𝛼1𝑘 𝑑1 + 𝑗𝛼2𝑘 𝑑2)) 𝑛̃̃1𝑘

∗
}

𝑁𝑟
𝑘=1 > ∑

𝐸𝑠

2𝐸𝜔
(𝛼1𝑘

2 𝑑1
2 + 𝛼2𝑘

2 𝑑2
2)𝑁𝑟

𝑘=1 ).       (A.6) 

Let 𝑛 =

∑ 𝑅𝑒{(√
𝐸𝑠
𝐸𝜔

(𝛼1𝑘 𝑑1+𝑗𝛼2𝑘 𝑑2))𝑛̃̃1𝑘
∗
}

𝑁𝑟
𝑘=1

√∑   
𝐸𝑠

2𝐸𝜔
(𝛼1𝑘

2 𝑑1
2+𝛼2𝑘

2 𝑑2
2)

𝑁𝑟
𝑘=1

  be a Gaussian random variable distributed as 𝑛~𝑁(0,1) 

considering that: 

   ∑ 𝑅𝑒 {(√
𝐸𝑠

𝐸𝜔
(𝛼1𝑘  𝑑1 + 𝑗𝛼2𝑘  𝑑2)) 𝑛̃̃1𝑘

∗
}

𝑁𝑟
𝑘=1 ~𝑁 (0,∑   

𝐸𝑠

2𝐸𝜔
(𝛼1𝑘

2 𝑑1
2 + 𝛼2𝑘

2 𝑑2
2)𝑁𝑟

𝑘=1 )          (A.7) 

Substituting accordingly in Eq (A.6) gives: 

𝑃(𝑢1 → 𝑢̂1|𝒉1, 𝒉2) =  𝑃 (

∑ 𝑅𝑒{(√
𝐸𝑠
𝐸𝜔

(𝛼1𝑘 𝑑1+𝑗𝛼2𝑘 𝑑2))𝑛̃̃1𝑘
∗
}

𝑁𝑟
𝑘=1

√∑
𝐸𝑠

2𝐸𝜔
(𝛼1𝑘

2 𝑑1
2+𝛼2𝑘

2 𝑑2
2)

𝑁𝑟
𝑘=1

>
∑

𝐸𝑠
2𝐸𝜔

(𝛼1𝑘
2 𝑑1

2+𝛼2𝑘
2 𝑑2

2)
𝑁𝑟
𝑘=1

√∑
𝐸𝑠

2𝐸𝜔
(𝛼1𝑘

2 𝑑1
2+𝛼2𝑘

2 𝑑2
2)

𝑁𝑟
𝑘=1

). 
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                                =  𝑃 (𝑛 >
∑

𝐸𝑠
2𝐸𝜔

(𝛼1𝑘
2 𝑑1

2+𝑗𝛼2𝑘
2 𝑑2

2)
𝑁𝑟
𝑘=1

√∑
𝐸𝑠

2𝐸𝜔
(𝛼1𝑘

2 𝑑1
2+𝛼2𝑘

2 𝑑2
2)

𝑁𝑟
𝑘=1

),                                                         

                                   =  𝑃 (𝑛 > √∑
𝐸𝑠

2𝐸𝜔
(𝛼1𝑘

2 𝑑1
2 + 𝛼2𝑘

2 𝑑2
2)𝑁𝑟

𝑘=1 ).                          (A.8) 

Let  𝛾𝑡𝑘 = 𝛼𝑡𝑘
2(𝐸𝑠), 𝑡 ∈ [1: 2]and 𝑘 ∈ [1:𝑁𝑟] be the combined instantaneous SNR in the time slot 𝑡.  

The probability that 𝑛 > √∑
1

2𝐸𝜔
(𝛾1𝑘  𝑑1

2 + 𝛾2𝑘 𝑑2
2)𝑁𝑟

𝑘=1  can be written in tearms of the 𝑄-Function as: 

   𝑃 (𝑛 > √∑
1

2𝐸𝜔
(𝛾1𝑘  𝑑1

2 + 𝛾2𝑘 𝑑2
2)𝑁𝑟

𝑘=1 ) = 𝑄 (√∑
1

2𝐸𝜔
(𝛾1𝑘  𝑑1

2 + 𝛾2𝑘  𝑑2
2)𝑁𝑟

𝑘=1 ).            (A.9) 

Therefore, Eq (A.8) can be written as: 

   𝑃(𝑢1 → 𝑢̂1|𝒉1, 𝒉2) =  𝑃 (𝑛 > √∑
1

2𝐸𝜔
(𝛾1𝑘  𝑑1

2 + 𝛾2𝑘  𝑑2
2)𝑁𝑟

𝑘=1 ),     

                                    =  𝑄 (√∑
1

2𝐸𝜔
(𝛾1𝑘 𝑑1

2 + 𝛾2𝑘  𝑑2
2)𝑁𝑟

𝑘=1 ),                      

                                     =  𝑄 (√
1

2𝐸𝜔
(𝛾1𝑑1

2 + 𝛾2𝑑2
2)),                (A.10)    

where 𝛾𝑡 = ∑ 𝛾𝑡𝑘
𝑁𝑟
𝑘=1  for 𝑡 ∈ [1: 2], and 𝑘 ∈ [1: 𝑁𝑟]. 
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This section presents the derivation of the UB unconditional PEP in Eq (3.13) of the performance 

analysis of the coherent SSD with 𝑁𝑟-branches MRC reception system in Section 3.  

DERIVATION OF UNION BOUND UNCONDITIONAL PEP 

The UB unconditional PEP is effectively computed by applying the trapezoidal approximation to the 

𝑄(𝑥) function as shown below: 

   𝑃(𝑢1 → 𝑢̂1) = ∫ ∫ 𝑄 (√
1

2𝐸𝜔
(𝛾1𝑑1

2 + 𝛾2𝑑2
2)) 𝑓𝛾1

(𝛾1) 𝑓𝛾2
(𝛾2) 𝑑𝛾1 𝑑𝛾2

∞

0

∞

0
,            (B.1)        

where 𝑓𝛾1
(𝛾1) and 𝑓𝛾2

(𝛾2) are defined in Eq (3.10). 

Given that: 

    𝑄(𝑥) =  
1

2𝑛
[
1

2
𝑒

−𝑥2

2 + ∑ 𝑒
−𝑥2

𝑆𝑖𝑛−1
𝑖=1 ],                                             (B.2)             

where 𝑖 ∈ [1: 2], 𝑠𝑖 = 2𝑠𝑖𝑛2 𝜃𝑗 and  𝜃𝑗 =
𝑡𝜋

2𝑛
.  

Substituting Eq (B.2) onto Eq (B.1) where 𝑥 = √
1

2𝐸𝜔
(𝛾1𝑑1

2 + 𝛾2𝑑2
2) yields: 

𝑃(𝑢1 → 𝑢̂1) =  ∫ ∫
1

2𝑛
[
1

2
𝑒𝑥𝑝{

−(√
1

2𝐸𝜔
(𝛾1𝑑1

2+𝛾2𝑑2
2))

2

2
} +

∞

0

∞

0

                           ∑ 𝑒𝑥𝑝 {
−(√

1

2𝐸𝜔
(𝛾1𝑑1

2+𝛾2𝑑2
2))

2

𝑆𝑖
}𝑛−1

𝑖=1 ] 𝑓𝛾1
(𝛾1) 𝑓𝛾2

(𝛾2) 𝑑𝛾1 𝑑𝛾2, 

                       =  
1

2𝑛
∫ ∫ [

1

2
𝑒𝑥𝑝{

−(√
1

2𝐸𝜔
(𝛾1𝑑1

2+𝛾2𝑑2
2))

2

2
} +

∞

0

∞

0

                            ∑ 𝑒𝑥𝑝 {
−(√

1

2𝐸𝜔
(𝛾1𝑑1

2+𝛾2𝑑2
2))

2

𝑆𝑖
}𝑛−1

𝑖=1 ] 𝑓𝛾1
(𝛾1) 𝑓𝛾2

(𝛾2) 𝑑𝛾1 𝑑𝛾2, 
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                      =
1

2𝑛
[
1

2
∫ ∫ 𝑒𝑥𝑝 {

−(√
1

2𝐸𝜔
(𝛾1𝑑1

2+𝛾2𝑑2
2))

2

2
}

∞

0
𝑓𝛾1

∞

0
(𝛾1) 𝑓𝛾2

(𝛾2) 𝑑𝛾1 𝑑𝛾2 +

                               ∑ ∫ ∫ 𝑒𝑥𝑝 {
−(√

1

2𝐸𝜔
(𝛾1𝑑1

2+𝛾2𝑑2
2))

2

𝑆𝑖
}

∞

0

∞

0
 𝑓𝛾1

(𝛾1) 𝑓𝛾2
(𝛾2)𝑑𝛾1 𝑑𝛾2

𝑛−1
𝑖=1 ].         (B.3) 

For simplicity of Eq (B.3), let ∫ ∫ 𝑒𝑥𝑝 {
−(√

1

2𝐸𝜔
(𝛾1𝑑1

2+𝛾2𝑑2
2))

2

2
}

∞

0
𝑓𝛾1

∞

0
(𝛾1) 𝑓𝛾2

(𝛾2) 𝑑𝛾1 𝑑𝛾2 = 𝐺 and can 

be computed as: 

  𝐺 = ∫ ∫ (𝑒𝑥𝑝{
−(

1

2𝐸𝜔
(𝛾1𝑑1

2))

2
} × 𝑒𝑥𝑝{

−(
1

2𝐸𝜔
(𝛾1𝑑1

2))

2
})

∞

0
 

∞

0
𝑓𝛾1

(𝛾1) 𝑓𝛾2
(𝛾2) 𝑑𝛾1 𝑑𝛾2,  

      = (∫ 𝑒𝑥𝑝 {
−(

1

2𝐸𝜔
(𝛾1𝑑1

2))

2
}𝑓𝛾1

(𝛾1) 𝑑𝛾1
∞

0
× ∫ 𝑒𝑥𝑝{

−(
1

2𝐸𝜔
(𝛾1𝑑1

2))

2
}𝑓𝛾2

(𝛾2) 𝑑𝛾2
∞

0
).              (B.4) 

Let 
𝑑1

2

2𝐸𝜔
= 𝑃1 therefore, ∫ 𝑒𝑥𝑝{

−(
1

2𝐸𝜔
(𝛾1𝑑1

2))

2
}𝑓𝛾1

(𝛾1) 𝑑𝛾1
∞

0
= ∫ 𝑒𝑥𝑝 {

−(𝑃1𝛾1)

2
} 𝑓𝛾1

(𝛾1) 𝑑𝛾1
∞

0
. Perform 

integration by applying the MGF expression ∫ 𝑒−𝑠𝛾𝑡  𝑓(𝛾𝑡  ) 𝑑(𝛾𝑡  )
∞

0
= (1 + 𝑠𝛾̅)−𝑁𝑟, 𝑡 ∈ [1: 2] as 

shown below:    

    ∫ 𝑒
−(𝑃1𝛾1)

2 𝑓𝛾1
(𝛾1) 𝑑𝛾1

∞

0
= [1 + (

𝑃1

2
) 𝛾̅]

−𝑁𝑟
, 

                         = (
2+𝑃1𝛾̅

2
)
−𝑁𝑟

, 

                                           = (
2

2+𝑃1𝛾̅
)
𝑁𝑟

.                                                   (B.5) 

The same can be done for ∫ 𝑒𝑥𝑝 {
−(

1

2𝐸𝜔
(𝛾2𝑑2

2))

2
}𝑓𝛾2

(𝛾2) 𝑑𝛾2
∞

0
 giving: 

     ∫ 𝑒𝑥𝑝{
−(

1

2𝐸𝜔
(𝛾2𝑑2

2))

2
}𝑓𝛾2

(𝛾2) 𝑑𝛾2
∞

0
= (

2

2+𝑃2𝛾̅
)
𝑁𝑟

.                                   (B.6) 

Therefore:                                 

    ∫ ∫ 𝑒𝑥𝑝 {
−(√

1

2𝐸𝜔
(𝛾1𝑑1

2+𝛾2𝑑2
2))

2

2
}

∞

0
𝑓𝛾1

∞

0
(𝛾1) 𝑓𝛾2

(𝛾2) 𝑑𝛾1 𝑑𝛾2 = (
2

2+𝑃1𝛾̅
)
𝑁𝑟

(
2

2+𝑃2𝛾̅
)
𝑁𝑟

.           (B.7) 
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The same can be done for  ∫ ∫ 𝑒𝑥𝑝 {
−(√

1

2𝐸𝜔
(𝛾1𝑑1

2+𝛾2𝑑2
2))

2

𝑆𝑖
}

∞

0

∞

0
 𝑓𝛾1

(𝛾1) 𝑓𝛾2
(𝛾2)𝑑𝛾1 𝑑𝛾2 giving: 

∫ ∫ 𝑒𝑥𝑝 {
−(√

1

2𝐸𝜔
(𝛾1𝑑1

2+𝛾2𝑑2
2))

2

𝑆𝑖
}

∞

0

∞

0
 𝑓𝛾1

(𝛾1) 𝑓𝛾2
(𝛾2)𝑑𝛾1 𝑑𝛾2 = (

𝑆𝑖

𝑆𝑖+𝑃1𝛾̅
)
𝑁𝑟

(
𝑆𝑖

𝑆𝑖+𝑃2𝛾̅
)
𝑁𝑟

, 

Therefore: 

     𝑃(𝑢1 → 𝑢̂1) =
1

2𝑛
[
1

2
((

2

2+𝑃1𝛾̅
)
𝑁𝑟

(
2

2+𝑃2𝛾̅
)
𝑁𝑟

) + ∑ (
𝑆𝑖

𝑆𝑖+𝑃1𝛾̅
)
𝑁𝑟

(
𝑆𝑖

𝑆𝑖+𝑃2𝛾̅
)
𝑁𝑟𝑛−1

𝑖=1 ],                      

                          =
1

4𝑛
((

2

2+𝑃1𝛾̅
)
𝑁𝑟

(
2

2+𝑃2𝛾̅
)
𝑁𝑟

) +
1

2𝑛
∑ (

𝑆𝑖

𝑆𝑖+𝑃1𝛾̅
)
𝑁𝑟

(
𝑆𝑖

𝑆𝑖+𝑃2𝛾̅
)
𝑁𝑟𝑛−1

𝑖=1 .             (B.8) 
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This section presents the derivation of the MDLB unconditional PEP in Eq (3.24) of the performance 

analysis of the coherent SSD with 𝑁𝑟- branches MRC reception system in Section 3.  

DERIVATION OF MINIMUM DISTANCE LOWER BOUND 

UNCONDITIONAL PEP 

The unconditional SEP for M-QAM is effectively computed as: 

  𝑃𝑀−𝑄𝐴𝑀
𝑀𝐷𝐿𝐵 (𝑒) = ∫ ∫ 4𝑎𝑄(√𝑏ζ) − 4𝑎2𝑄2(√𝑏ζ)

∞

0
𝑓𝛾1

(𝛾1)𝑑𝛾1 𝑓𝛾2
(𝛾2)𝑑𝛾2

∞

0
.            (C.1) 

Let 𝑎 = (1 −
1

√𝑀
) and  𝑏 = (

3

𝑀−1
), 𝜁 = 𝛾1 𝑐𝑜𝑠2 𝜃 + 𝛾2 𝑠𝑖𝑛2 𝜃, where 𝛾𝑡 for 𝑡 [1: 2] defined in               

Eq (3.22) and 𝑓𝛾𝑡
(𝛾𝑡) is defined in Eq (3.23). 

The relationship between the error probability and the 𝑄-function is defined in Appendix A. Apply the 

trapezoidal approximation on 𝑄(√𝑏ζ) and 𝑄2(√𝑏ζ) using the uniform distribution                

∫ 𝑓(𝑥)𝑑𝑥 =  
𝑏−𝑎 

𝑛

𝑏

𝑎
[
𝑓(𝑎)+𝑓(𝑏)

2
+ ∑ 𝑓(𝑎 + 𝑘 

𝑏−𝑎

𝑛
𝑛−1
𝑘=1 )] as presented below: 

    𝑄(√𝑏ζ) =  
1

𝜋
×

𝑏−𝑎

𝑛
[
exp(− 

√𝑏ζ
2

2𝑠𝑖𝑛2 𝑎
)+exp(− 

√𝑏ζ
2

2𝑠𝑖𝑛2 𝑏
)

2
+ ∑ 𝑒𝑥𝑝(− 

√𝑏𝜁
2

2𝑠𝑖𝑛2(𝑎+𝑘(
𝑏−𝑎 

𝑛
))

)𝑛−1
𝑘=1 ],           (C.2) 

where 𝑓(𝑎) = 𝑒𝑥𝑝 (− 
√𝑏ζ

2

2𝑠𝑖𝑛2 0
), 𝑓(𝑏) = 𝑒𝑥𝑝 (− 

√𝑏ζ
2

2𝑠𝑖𝑛2𝜋

2

) and where 𝑛 is the number of iterations such 

that 𝑛 > 10 [9].   

The 𝑄-function 𝑄(√𝑏ζ) is then computed as: 

   𝑄(√𝑏ζ) =  
1

𝜋
×

𝜋

2
−0

𝑛

[
 
 
 
 
𝑒𝑥𝑝(− 

√𝑏𝜁
2

2𝑠𝑖𝑛2 0
)+𝑒𝑥𝑝(− 

√𝑏𝜁
2

2𝑠𝑖𝑛2𝜋
2

)

2
+ ∑ 𝑒𝑥𝑝

(

 
 

− 
√𝑏𝜁

2

2𝑠𝑖𝑛2(0+𝑘(

𝜋
2−0 

𝑛
))

)

 
 𝑛−1

𝑘=1

]
 
 
 
 

 , 

                     =  
1

2𝑛
[
0+𝑒𝑥𝑝(− 

√𝑏𝜁
2

2𝑠𝑖𝑛2𝜋
2

)

2
+ ∑ 𝑒𝑥𝑝(− 

√𝑏𝜁
2

2𝑠𝑖𝑛2(𝑘(
𝜋 

2𝑛
))

)𝑛−1
𝑘=1 ] , 

                    =  
1

2𝑛
[
𝑒𝑥𝑝(− 

√𝑏𝜁
2

2𝑠𝑖𝑛2𝜋
2

)

2
+ ∑ 𝑒𝑥𝑝(− 

√𝑏𝜁
2

2𝑠𝑖𝑛2(𝑘(
𝜋 

2𝑛
))

)𝑛−1
𝑘=1 ] , 

 

APPENDIX C 



72 

 

                    =  
1

2𝑛
[
1

2
𝑒𝑥𝑝 (− 

√𝑏𝜁
2

2
) + ∑ 𝑒𝑥𝑝(− 

√𝑏𝜁
2

2𝑠𝑖𝑛2(𝑘(
𝜋 

2𝑛
))

)𝑛−1
𝑘=1 ].              (C.3) 

The same can be done for 𝑄2(√𝑏ζ)  giving: 

   𝑄2(√𝑏ζ)    =  
1

2𝑛
[
1

2
𝑒𝑥𝑝 (− √𝑏𝜁

2
) + ∑ 𝑒𝑥𝑝(− 

√𝑏𝜁
2

2𝑠𝑖𝑛2(𝑘(
𝜋 

4𝑛
))

)𝑛−1
𝑘=1 ].             (C.4)  

The 𝑄-functions 𝑄(√𝑏ζ) and 𝑄2(√𝑏ζ) may be written as:  

  𝑄(√𝑏𝜁) = 1
2𝑛⁄ [

1

2
𝑒

−(√𝑏𝜁)
2

2 + ∑ 𝑒
−(√𝑏𝜁)

2

𝑆𝑖𝑛−1
𝑖=1 ],                  (C.5a) 

  𝑄2(√𝑏𝜁) = (1 4𝑛⁄ ) [
1

2
𝑒−(√𝑏𝜁)

2

+ ∑ 𝑒
−(√𝑏𝜁)

2

𝑆𝑖2𝑛−1
𝑖=𝑛 ],            (C.5b) 

where 𝑆𝑖 = 2 𝑠𝑖𝑛2 𝜃𝑘 , 𝜃𝑘 =
𝑖𝜋

4𝑛
 , 𝑆𝑖𝐵 = 2𝑠𝑖𝑛2 𝛽𝑘, and 𝛽𝑘 =

𝑖𝜋

4𝑛
. 

Substitute Eq (C.5a) and Eq (C.5b) onto Eq (C.1) gives: 

   𝑃𝑀−𝐷𝑄𝐴𝑀
𝑀𝐷𝐿𝐵 (𝑒)  =  ∫ ∫ 4𝑎 × [1 2𝑛⁄ ((

1

2
𝑒

−𝑏ζ
2⁄ ) + ∑ 𝑒

−𝑏ζ
𝑆𝑖

⁄𝑛−1
𝑖=1 )] − 4𝑎2 ×

∞

0

∞

0

                                    [1 4𝑛⁄ (
1

2
𝑒−𝑏ζ + ∑ 𝑒

−𝑏ζ
𝑆𝑖𝐵

⁄2𝑛−1
𝑖=𝑛 )]  𝑓𝛾1

(𝛾1)𝑑𝛾1 𝑓𝛾2
(𝛾2)𝑑𝛾2,  

                             =  ∫ ∫ 𝑎 × [1 𝑛⁄ (
1

2
𝑒

−𝑏ζ
2⁄ ) + ∑ 𝑒

−𝑏ζ

𝑆𝑖𝑛−1
𝑖=1 ] − 𝑎2 × [1 𝑛⁄ (

1

2
𝑒−𝑏ζ +

∞

0

∞

0

                                   ∑ 𝑒
−𝑏ζ

𝑆𝑖𝐵
⁄2𝑛−1

𝑖=𝑛 )]  𝑓𝛾1
(𝛾1)𝑑𝛾1 𝑓𝛾2

(𝛾2)𝑑𝛾2 ,  

                         = ∫ ∫ 𝑎
𝑛⁄ ((

1

2
𝑒

−𝑏ζ
2⁄ ) + ∑ 𝑒

−𝑏ζ
𝑆𝑖

⁄𝑛−1
𝑖=1 ) − 𝑎2

𝑛⁄ ((
1

2
𝑒−𝑏ζ) +

∞

0

∞

0

                                  ∑ 𝑒
−𝑏ζ

𝑆𝑖𝐵
⁄2𝑛−1

𝑖=𝑛 )  𝑓𝛾1
(𝛾1)𝑑𝛾1 𝑓𝛾2

(𝛾2)𝑑𝛾2, 

                         = ∫ ∫ 𝑎
𝑛⁄  [(

1

2
𝑒

−𝑏ζ
2⁄ ) + ∑ 𝑒

−𝑏ζ
𝑆𝑖

⁄𝑛−1
𝑖=1 − 𝑎 (

1

2
𝑒−𝑏ζ) −

∞

0

∞

0

                                 𝑎 ∑ 𝑒
−𝑏ζ

𝑆𝑖𝐵
⁄2𝑛−1

𝑖=𝑛 ]  𝑓𝛾1
(𝛾1)𝑑𝛾1 𝑓𝛾2

(𝛾2)𝑑𝛾2, 

                            = ∫ ∫ 𝑎
𝑛⁄ [(

1

2
𝑒

−𝑏ζ
2⁄ ) − 𝑎 (

1

2
𝑒−𝑏ζ) + ∑ 𝑒

−𝑏ζ
𝑆𝑖

⁄𝑛−1
𝑖=1 −

∞

0

∞

0

                                 𝑎 ∑ 𝑒
−𝑏ζ

𝑆𝑖𝐵
⁄2𝑛−1

𝑖=𝑛 ]  𝑓𝛾1
(𝛾1)𝑑𝛾1 𝑓𝛾2

(𝛾2)𝑑𝛾2,  
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                      = ∫ ∫
𝑎

𝑛
{
1

2
𝑒

−𝑏ζ
2⁄ − 

𝑎

2
𝑒−𝑏ζ + (1 − 𝑎) (∑ 𝑒

−𝑏ζ
𝑠𝑖

⁄𝑛−1
𝑖=1 +

∞

0

∞

0

                             ∑ 𝑒
−𝑏ζ

𝑠𝑖𝐵
⁄2𝑛−1

𝑖=𝑛 )}  𝑓𝛾1
(𝛾1)𝑑𝛾1 𝑓𝛾2

(𝛾2)𝑑𝛾2.                                                                (C.6) 

Considering that 𝜁 = 𝛾𝑡 𝑐𝑜𝑠2 𝜃 + 𝛾𝑡 𝑠𝑖𝑛2 𝜃 for 𝑡 [1: 2], let α = cos2 θ; δ = sin2 θ. Eq (C.6) can be 

written as: 

   𝑃𝑀−𝐷𝑄𝐴𝑀
𝑆𝐸𝑅 (𝑒)  = ∫ ∫

𝑎

𝑛
{(

1

2
𝑒−

α𝑏𝛾𝑡
2 )(

1

2
𝑒−

δ𝑏𝛾𝑡
2 ) − (

1

2
𝑎𝑒−α𝑏𝛾𝑡) (

1

2
𝑎𝑒−δ𝑏𝛾𝑡) + (1 −

∞

0

∞

0

           𝑎) (∑ (𝑒
−α𝑏𝛾𝑡

𝑆𝑖 )(𝑒
−δ𝑏𝛾𝑡

𝑆𝑖 ) + ∑ (𝑒
−α𝑏𝛾𝑡

𝑆𝑖𝐵 )(𝑒
−δ𝑏𝛾𝑡
𝑆𝑖𝐵 )2𝑛−1

𝑖=𝑛
𝑛−1
𝑖=1 )}  𝑓𝛾1

(𝛾1)𝑑𝛾1 𝑓𝛾2
(𝛾2)𝑑𝛾2.   (C.7) 

Apply the MGF ∫ e−𝑠𝛾 f(γ ) d(γ ) = (1 + sγ̅)−𝑁𝑟 on Eq (C.7) as follows: 

 𝑃𝑀−𝐷𝑄𝐴𝑀
𝑆𝐸𝑅 (𝑒)  = ∫ ∫

𝑎

𝑛
{(

1

2
𝑒−

α𝑏𝛾

2 ) (
1

2
𝑒−

δ𝑏𝛾

2 ) − (
1

2
𝑎𝑒−α𝑏𝛾) (

1

2
𝑎𝑒−δ𝑏𝛾) + (1 −

∞

0

∞

0

                             𝑎) (∑ (𝑒
−α𝑏𝛾

𝑆𝑖 )(𝑒
−δ𝑏𝛾

𝑆𝑖 ) + ∑ (𝑒
−α𝑏𝛾

𝑆𝑖𝐵 )(𝑒
−δ𝑏𝛾

𝑆𝑖𝐵 )2𝑛−1
𝑖=𝑛

𝑛−1
𝑖=1 )}  𝑓𝛾1

(𝛾1)𝑑𝛾1 𝑓𝛾2
(𝛾2)𝑑𝛾2,       

                     =
𝑎

𝑛
{
1

2
(1 + (

α𝑏𝛾̅

2
))

−𝑁𝑟

(1 + (
δ𝑏𝛾̅

2
))

−𝑁𝑟

−
𝑎

2
(1 + α𝑏𝛾̅)−𝑁𝑟(1 + δ𝑏𝛾̅)−𝑁𝑟 + (1 −

                     𝑎) (∑ (1 + (
α𝑏𝛾̅

𝑆𝑖
))

−𝑁𝑟

(1 + (
δ𝑏𝛾̅

𝑆𝑖
))

−𝑁𝑟

+ ∑ (1 + (
α𝑏𝛾̅

𝑆𝑖𝐵
))

−𝑁𝑟

(1 + (
δ𝑏𝛾̅

𝑆𝑖𝐵
))

−𝑁𝑟

2𝑛−1
𝑖=𝑛

𝑛−1
𝑖=1 )},  

                    =
𝑎

𝑛
{
1

2
(
2+α𝑏𝛾 ̅

2
)
−𝑁𝑟

(
2+δ𝑏𝛾 ̅

2
)
−𝑁𝑟

−
𝑎

2
(1 + α𝑏𝛾̅)−𝑁𝑟(1 + δ𝑏𝛾̅)−𝑁𝑟 + (1 −

                         𝑎) (∑ (
𝑆𝑖+α𝑏𝛾 ̅

𝑆𝑖
)
−𝑁𝑟

(
𝑆𝑖+δ𝑏𝛾 ̅

𝑆𝑖
)
−𝑁𝑟

+ ∑ (
𝑆𝑖𝐵+α𝑏𝛾 ̅

𝑆𝑖𝐵
)
−𝑁𝑟

(
𝑆𝑖𝐵+δ𝑏𝛾 ̅

𝑆𝑖𝐵
)
−𝑁𝑟2𝑛−1

𝑖=𝑛
𝑛−1
𝑖=1 )},  

                    =
𝑎

𝑛
{
1

2
× (

2

2+α𝑏γ ̅
)
𝑁𝑟

(
2

2+δ𝑏γ ̅
)
𝑁𝑟

−
𝑎

2
(

1

1+ α𝑏γ̅
)
𝑁𝑟

(
1

1+ δ𝑏γ̅
)
𝑁𝑟

+ (1 −

                        𝑎) (∑  (
𝑆𝑖

𝑆𝑖+α𝑏γ ̅
)
𝑁𝑟

(
𝑆𝑖

𝑆𝑖+δ𝑏γ ̅
)
𝑁𝑟

+ ∑ (
𝑆𝑖𝐵

𝑆𝑖𝐵+α𝑏γ ̅
)
𝑁𝑟

(
𝑆𝑖𝐵

𝑆𝑖𝐵+δ𝑏γ ̅
)
𝑁𝑟

 2𝑛−1
𝑖=𝑛

𝑛−1
𝑖=1 )} ,                    (C.8) 
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This section presents the derivation of the unconditional SEP for M-DPSK in Eq (4.21) of the 

performance analysis of the non-coherent CDM system in Section 4.2.1.  

DERIVATION OF UNCONDITIONAL SEP FOR M-DPSK  

The unconditional SEP for M-DPSK is effectively computed as: 

𝑃𝑀−𝐷𝑃𝑆𝐾(𝑒) = ∫ (
1

𝜋
∫ 𝑒𝑥𝑝 (− 

𝜅𝛾

1+𝑐𝑜𝑠
𝜋

𝑀
 𝑐𝑜𝑠 𝜃

)
𝜂𝜋

0
 𝑑𝜃)

∞

0
 𝑓𝛾(𝛾)𝑑𝛾,             (D.1) 

where 
1

𝜋
∫ 𝑒𝑥𝑝 (− 

𝜅𝛾

1+𝑐𝑜𝑠
𝜋

𝑀
 𝑐𝑜𝑠 𝜃

)
𝜂𝜋

0
 𝑑𝜃 = 𝑃𝑀−𝐷𝑃𝑆𝐾(𝑒|𝛾), 𝜂 and 𝜅 are defined in Eq (4.20 ).  

Apply the trapezoidal approximation on Eq (D.1) using the uniform distribution                       

∫ 𝑓(𝑥)𝑑𝑥 =  
𝑏−𝑎 

𝑛

𝑏

𝑎
[
𝑓(𝑎)+𝑓(𝑏)

2
+ ∑ 𝑓(𝑎 + 𝑘 

𝑏−𝑎

𝑛
𝑛−1
𝑘=1 )] as presented below: 

  𝑃𝑀−𝐷𝑃𝑆𝐾(𝑒) = ∫ (
1

𝜋
×

𝜂𝜋−0

𝑛
[
𝑒𝑥𝑝(− 

𝜅𝛾

1+𝑐𝑜𝑠
𝜋
𝑀

×𝑐𝑜𝑠 𝜂𝜋
)−𝑒𝑥𝑝(− 

𝜅𝛾

1+𝑐𝑜𝑠
𝜋
𝑀

×𝑐𝑜𝑠 0
)

2
+

∞

0

                              ∑ 𝑒𝑥𝑝 (−  
𝜅𝛾

(1+cos
𝜋

𝑀
 𝑐𝑜𝑠 (0+

𝑘𝜂𝜋

𝑛
))

)𝑛−1
𝑘=1 ])  𝑓𝛾(𝛾)𝑑𝛾,   

                       = ∫ (
𝜂

𝑛
[
𝑒𝑥𝑝(− 

𝜅𝛾

1+𝑐𝑜𝑠  (
𝜋
𝑀

) 𝑐𝑜𝑠 (𝜂𝜋)
)−𝑒𝑥𝑝(− 

𝜅𝛾

1+𝑐𝑜𝑠
𝜋
𝑀

×1
)

2
+

∞

0

                              ∑ 𝑒𝑥𝑝 (−  
𝜅𝛾

(1+𝑐𝑜𝑠
𝜋

𝑀
 𝑐𝑜𝑠 (

𝑘𝜂𝜋

𝑛
))

)𝑛−1
𝑘=1 ])  𝑓𝛾(𝛾)𝑑𝛾,                         (D.2) 

where 𝑓(𝑎) = 𝑒𝑥𝑝 (− 
𝜅𝛾

1+𝑐𝑜𝑠  (
𝜋

𝑀
) 𝑐𝑜𝑠 (𝜂𝜋)

) and   𝑓(𝑏) = −𝑒𝑥𝑝 (− 
𝜅𝛾

1+𝑐𝑜𝑠
𝜋

𝑀
×1

).  

Let 1 + cos  (
𝜋

𝑀
) 𝑐𝑜𝑠 (𝜂𝜋) = 𝑝, 1 + cos

𝜋

𝑀
= 𝐿, (1 + cos

𝜋

𝑀
 𝑐𝑜𝑠 (

𝑘𝜂𝜋

𝑛
)) = 𝑅. The unconditional SEP 

is then denoted as: 

   𝑃𝑀−𝐷𝑃𝑆𝐾(𝑒) = ∫ (
𝜂

𝑛
[
exp(− 

𝜅𝛾

𝑝
)−exp(− 

𝜅𝛾

𝐿
)

2
+ ∑ 𝑒𝑥𝑝 (− 

𝜅𝛾

𝑅
)𝑛−1

𝑘=1 ])
∞

0
 𝑓𝛾(𝛾)𝑑𝛾.             (D.3) 

Apply the MGF ∫ e−𝑠𝛾 f(γ ) d(γ ) = (1 + sγ̅)−𝑁𝑟 on Eq (D.3) as follows:       

     𝑃𝑀−𝐷𝑃𝑆𝐾(𝑒) = ∫ (
𝜂

𝑛
[
exp(− 

𝜅𝛾

𝑝
)−exp(− 

𝜅𝛾

𝐿
)

2
+ ∑ 𝑒𝑥𝑝 (− 

𝜅𝛾

𝑅
)𝑛−1

𝑘=1 ])
∞

0
 𝑓𝛾(𝛾)𝑑𝛾, 
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                              =
𝜂

𝑛
[
(1+ (

𝑘

𝑝
)γ ̅)

−𝑁𝑟
−(1+ (

𝑘

𝐿
)γ ̅)

−𝑁𝑟

2
+ ∑ (1 + (

𝑘

𝑅
) γ̅)𝑛−1

𝑘=1

−𝑁𝑟

],  

                              =
𝜂

𝑛
[
1

2
(( 

1+𝑘γ ̅

𝑝
)
−𝑁𝑟

− ( 
1+𝑘γ ̅

𝐿
)
−𝑁𝑟

) + ∑  (
1+𝑘γ ̅

𝑅
) 𝑛−1

𝑘=1

−𝑁𝑟

],  

                           =
𝜂

𝑛
[
1

2
(( 

𝑝

1+𝑘𝛾 ̅
)
𝑁𝑟

− ( 
𝐿

1+𝑘γ ̅
)
𝑁𝑟

) + ∑  (
𝑅

1+𝑘𝛾 ̅
) 𝑛−1

𝑘=1

𝑁𝑟

].                           (D.4) 
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This section presents the derivation of the unconditional SEP for differential M-QAM in Eq (4.29) of 

the performance analysis of the non-coherent GDM system in Section 4.2.2.  

DERIVATION OF UNCONDITIONAL SEP FOR DIFFERENTIAL        

M-QAM  

The unconditional SEP for differential M-QAM is effectively computed as: 

   𝑃𝑀−𝐷𝑄𝐴𝑀(𝑒) = ∫ 4 (1 −
1

√𝑀
)𝑄 (√

3𝛾

(𝑀−1)
) − 4 (1 −

1

√𝑀
)
2
𝑄2 (√

3𝛾

(𝑀−1)
)  𝑓𝛾(𝛾)𝑑𝛾

∞

0
.           (E.1) 

Let (1 −
1

√𝑀
) = 𝑎 and  (

3

𝑀−1
) = 𝑏. As in Eq (4.19) , 𝛾 =

𝐸𝑆

𝑁𝑂
. The unconditional SEP of differential   

M-QAM can then be denoted as: 

𝑃𝑀−𝐷𝑄𝐴𝑀(𝑒) = ∫ 4𝑎𝑄(√𝑏𝛾) − 4𝑎2𝑄2(√𝑏𝛾) 𝑓𝛾(𝛾)𝑑𝛾
∞

0
,             (E.2) 

where 𝛾 and  𝑓𝛾(𝛾) are defined in Eq (4.19). 

The 𝑄-functions are given as: 

  𝑄(𝑥) =
1

𝜋
∫ 𝑒𝑥𝑝 (− 

𝑥2

2𝑠𝑖𝑛2 𝜃
)

𝜋

2
0

 𝑑𝜃,             (E.3a) 

  𝑄2(𝑥) =
1

𝜋
∫ exp (− 

√𝑏𝛾
2

2sin2 𝜃
)

𝜋

4
0

 𝑑𝜃,             (E.3b) 

where 𝑥 = √𝑏𝛾. 

The relationship between the error probability and the 𝑄-function is defined in Appendix A. Apply the 

trapezoidal approximation on 𝑄(√𝑏𝛾) and 𝑄2(√𝑏𝛾) using the uniform distribution                                 

∫ 𝑓(𝑥)𝑑𝑥 =  
𝑏−𝑎 

𝑛

𝑏

𝑎
[
𝑓(𝑎)+𝑓(𝑏)

2
+ ∑ 𝑓(𝑎 + 𝑘 

𝑏−𝑎

𝑛
𝑛−1
𝑘=1 )] as presented below: 

   𝑄(√𝑏𝛾) =  
1

𝜋
×

𝑏−𝑎

𝑛
[
exp(− 

√𝑏𝛾
2

2sin2 𝑎
)+exp(− 

√𝑏𝛾
2

2sin2 𝑏
)

2
+ ∑ 𝑒𝑥𝑝(− 

√𝑏𝛾
2

2sin2(𝑎+𝑘(
𝑏−𝑎 

𝑛
))

)𝑛−1
𝑘=1 ],         (E.4) 

where 𝑓(𝑎) = 𝑒𝑥𝑝 (− 
√𝑏𝛾

2

2𝑠𝑖𝑛2 0
) and 𝑓(𝑏) = 𝑒𝑥𝑝 (− 

√𝑏𝛾
2

2𝑠𝑖𝑛2𝜋

2

).  

The 𝑄-function 𝑄(√𝑏𝛾) is then computed as: 
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  𝑄(√𝑏𝛾) =  
1

𝜋
×

𝜋

2
−0

𝑛

[
 
 
 
 
exp(− 

√𝑏𝛾
2

2sin2 0
)+exp(− 

√𝑏𝛾
2

2sin2𝜋
2

)

2
+ ∑ 𝑒𝑥𝑝

(

 
 

− 
√𝑏𝛾

2

2sin2(0+𝑘(

𝜋
2−0 

𝑛
))

)

 
 𝑛−1

𝑘=1

]
 
 
 
 

,  

                   =  
1

2𝑛
[
0+exp(− 

√𝑏𝛾
2

2sin2𝜋
2

)

2
+ ∑ 𝑒𝑥𝑝(− 

√𝑏𝛾
2

2sin2(𝑘(
𝜋 

2𝑛
))

)𝑛−1
𝑘=1 ],  

                  =  
1

2𝑛
[
exp(− 

√𝑏𝛾
2

2sin2𝜋
2

)

2
+ ∑ 𝑒𝑥𝑝(− 

√𝑏𝛾
2

2sin2(𝑘(
𝜋 

2𝑛
))

)𝑛−1
𝑘=1 ],  

                =  
1

2𝑛
[
1

2
exp (− 

√𝑏𝛾
2

2
) + ∑ 𝑒𝑥𝑝(− 

√𝑏𝛾
2

2sin2(𝑘(
𝜋 

2𝑛
))

)𝑛−1
𝑘=1 ].              (E.5) 

The same can be done for 𝑄2(√𝑏𝛾)  giving: 

  𝑄2(√𝑏𝛾)    =  
1

2𝑛
[
1

2
exp (− √𝑏𝛾

2
) + ∑ 𝑒𝑥𝑝(− 

√𝑏𝛾
2

2sin2(𝑘(
𝜋 

4𝑛
))

)𝑛−1
𝑘=1 ],             (E.6)  

The 𝑄-functions 𝑄(√𝑏𝛾) and 𝑄2(√𝑏𝛾) may be written as:  

  𝑄(√𝑏𝛾) = 1
2𝑛⁄ [

1

2
𝑒

−(√𝑏𝛾)
2

2 + ∑ 𝑒
−(√𝑏𝛾)

2

𝑆𝑖𝑛−1
𝑖=1 ],            (E.7a) 

  𝑄2(√𝑏𝛾) = (1 4𝑛⁄ ) [
1

2
𝑒−(√𝑏𝛾)

2

+ ∑ 𝑒
−(√𝑏𝛾)

2

𝑆𝑖2𝑛−1
𝑖=𝑛 ],            (E.7b) 

where 𝑆𝑖 = 2 𝑠𝑖𝑛2 𝜃𝑘 , 𝜃𝑘 =
𝑖𝜋

4𝑛
 , 𝑆𝑖𝐵 = 2𝑠𝑖𝑛2 𝛽𝑘, and 𝛽𝑘 =

𝑖𝜋

4𝑛
. 

Substitute Eq (E.7a) and Eq (E.7b) onto Eq (E.2) gives: 

 𝑃𝑀−𝐷𝑄𝐴𝑀(𝑒)  =  ∫ 4𝑎 × [1 2𝑛⁄ ((
1

2
𝑒

−𝑏𝛾
2⁄ ) + ∑ 𝑒

−𝑏𝛾
𝑆𝑖

⁄𝑛−1
𝑖=1 )] − 4𝑎2 × [1 4𝑛⁄ (

1

2
𝑒−𝑏𝛾 +

∞

0

                               ∑ 𝑒
−𝑏𝛾

𝑆𝑖𝐵
⁄2𝑛−1

𝑖=𝑛 )]  𝑓𝛾(𝛾)𝑑𝛾,  

                          =  ∫ 𝑎 × [1 𝑛⁄ (
1

2
𝑒

−𝑏𝛾
2⁄ ) + ∑ 𝑒

−𝑏𝛾

𝑆𝑖𝑛−1
𝑖=1 ] − 𝑎2 × [1 𝑛⁄ (

1

2
𝑒−𝑏𝛾 +

∞

0

                              ∑ 𝑒
−𝑏𝛾

𝑆𝑖𝐵
⁄2𝑛−1

𝑖=𝑛 )]  𝑓𝛾(𝛾)𝑑𝛾,  

         = ∫ 𝑎
𝑛⁄ ((

1

2
𝑒

−𝑏𝛾
2⁄ ) + ∑ 𝑒

−𝑏𝛾
𝑆𝑖

⁄𝑛−1
𝑖=1 ) − 𝑎2

𝑛⁄ ((
1

2
𝑒−𝑏𝛾) + ∑ 𝑒

−𝑏𝛾
𝑆𝑖𝐵

⁄2𝑛−1
𝑖=𝑛 )  𝑓𝛾(𝛾)𝑑𝛾

∞

0
, 

         = ∫ 𝑎
𝑛⁄  [(

1

2
𝑒

−𝑏𝛾
2⁄ ) + ∑ 𝑒

−𝑏𝛾
𝑆𝑖

⁄𝑛−1
𝑖=1 − 𝑎 (

1

2
𝑒−𝑏𝛾) − 𝑎 ∑ 𝑒

−𝑏𝛾
𝑆𝑖𝐵

⁄2𝑛−1
𝑖=𝑛 ]  𝑓𝛾(𝛾)𝑑𝛾

∞

0
, 
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         = ∫ 𝑎
𝑛⁄ [(

1

2
𝑒

−𝑏𝛾
2⁄ ) − 𝑎 (

1

2
𝑒−𝑏𝛾) + ∑ 𝑒

−𝑏𝛾
𝑆𝑖

⁄𝑛−1
𝑖=1 − 𝑎 ∑ 𝑒

−𝑏𝛾
𝑆𝑖𝐵

⁄2𝑛−1
𝑖=𝑛 ]  𝑓𝛾(𝛾)𝑑𝛾

∞

0
,  

      = ∫
𝑎

𝑛
{
1

2
𝑒

−𝑏𝛾
2⁄ − 

𝑎

2
𝑒−𝑏𝛾 + (1 − 𝑎) (∑ 𝑒

−𝑏𝛾
𝑠𝑖

⁄𝑛−1
𝑖=1 + ∑ 𝑒

−𝑏𝛾
𝑠𝑖𝐵

⁄2𝑛−1
𝑖=𝑛 )}  𝑓𝛾(𝛾)𝑑𝛾

∞

0
.                (E.8) 

Apply the MGF ∫ e−𝑠𝛾 f(γ ) d(γ ) = (1 + sγ̅)−𝑁𝑟 on Eq (E.8) as follows: 

  𝑃𝑀−𝐷𝑄𝐴𝑀(𝑒)  = ∫
𝑎

𝑛
{
1

2
𝑒−

𝑏𝛾

2 −
1

2
𝑎𝑒−𝑏𝛾 + (1 − 𝑎)(∑ 𝑒

−𝑏𝛾

𝑆𝑖 + ∑ 𝑒
−𝑏𝛾

𝑆𝑖𝐵2𝑛−1
𝑖=𝑛

𝑛−1
𝑖=1 )}  𝑓𝛾(𝛾)𝑑𝛾

∞

0
,       

                           =
𝑎

𝑛
{
1

2
(1 + (

𝑏

2
) 𝛾 ̅)

−𝑁𝑟
−

𝑎

2
(1 +  𝑏 𝛾̅)−𝑁𝑟 + (1 − 𝑎) (∑ (1 + (

𝑏

𝑆𝑖
) 𝛾̅)

−𝑁𝑟
+𝑛−1

𝑖=1

                               ∑ (1 + (
𝑏

𝑆𝑖𝐵
) 𝛾̅)

−𝑁𝑟2𝑛−1
𝑖=𝑛 )},  

          =
𝑎

𝑛
{
1

2
(
2+𝑏𝛾 ̅

2
)
−𝑁𝑟

 −
𝑎

2
(1 +  𝑏 𝛾̅)−𝑁𝑟 + (1 − 𝑎) (∑  (

𝑆𝑖+𝑏𝛾 ̅

𝑆𝑖
)
−𝑁𝑟

+ ∑ (
𝑆𝑖𝐵+𝑏𝛾 ̅

𝑆𝑖𝐵
)
−𝑁𝑟2𝑛−1

𝑖=𝑛
𝑛−1
𝑖=1 )},  

          =
𝑎

𝑛
{
1

2
× (

2

2+𝑏γ ̅
)
𝑁𝑟

 −
𝑎

2
(

1

1+ 𝑏 γ̅
)
𝑁𝑟

+ (1 − 𝑎) (∑  (
𝑆𝑖

𝑆𝑖+𝑏γ ̅
)
𝑁𝑟

 + ∑ (
𝑆𝑖𝐵

𝑆𝑖𝐵+𝑏γ ̅
)
𝑁𝑟

 2𝑛−1
𝑖=𝑛

𝑛−1
𝑖=1 )},       (E.9)  
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