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Abstract

Due to an increase in wireless communication usage on several devices, the demand for high transmission rate and
reliable connection has increased. In this dissertation, a generalized differential modulation with signal space
diversity (GDM-SSD) for a multi-dimensional M-ary quadrature amplitude modulation (M-QAM) scheme is

presented to improve the error performance of non-coherent systems in wireless communications.

Signal space diversity (SSD) comprises two fundamental stages: constellation rotation and component interleaving.
The angle at which the constellation is rotated is determined based on a design criterion which maximizes the
diversity order by minimizing the Euclidean square product or, alternatively, minimizes a symbol error probability
(SEP) expression. In this dissertation, an angle of 31.7 degrees is used as an angle of rotation in order to achieve

SSD in two dimensions.

This dissertation aims to improve the error performance of a non-coherent generalized differential modulation
(GDM) wireless communication system. The proposed generalized differential scheme (GDM-SSD) is based on
optimal power allocation, signal rotation and component interleaving/de-interleaving. GDM-SSD divides a frame
into a reference part and normal part. The reference part is transmitted at a higher power than the normal part, and
is used to encode and decode the information in the normal part. Optimal power allocation is applied to the system,
and the results demonstrate that the SEP performance of the proposed GDM-SSD scheme losses about 5dB
performance gap over coherent SSD scheme. It is observed that the performance of GDM-SSD detection gets better

as the number of transmitted symbols in a frame increase.
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CHAPTER 1

INTRODUCTION

Wireless network popularity has grown at a rapid rate over the last decade, resulting in congestion of
data transmission, increased interference, and other communication deficits in terms of reliability and
speed [1]. As a result, there is a growing demand for higher data rates and better quality service,
prompting the development of wireless communication systems that are more bandwidth efficient and
reliable [1]. However, developers must tackle a number of obstacles, including limited spectrum
availability and unpredictable fading conditions, in order to achieve these objectives [2]. One approach
for reducing the impact of noise and fading is to use multiple receive antennas thus, the reliability of
the wireless system is improved without compromising the bandwidth of the signals that are transmitted
[3, 4].

Reliability can be improved in a wireless communication system by using diversity techniques [5].
Diversity techniques are employed to reduce the effect of channel fading on wireless networks and thus
improve the reliability between the transmitter and receiver [5]. Some of diversity techniques are: spatial
or space diversity, time diversity, receiver diversity and signal space diversity. Space diversity is
achieved by implementing a multiple transmit and receive antenna technique multiple-input-multiple-

output (MIMO) thus, multiple paths are established between the transmitter and the receiver [6, 5].

Time diversity is achieved by conveying multiple copies of a signal over multiple time slots with
independent channel responses [5]. Specifically, time diversity can be achieved simply by repeating the
same signal over a range of time slots [7, 5]. Receiver diversity referred to as antenna diversity, is a
diversity technique employed in wireless communication systems which requires multiple receiver
antennas such as single-input multiple-output (SIMOQO) to achieve diversity gain in a wireless
communication system [8]. SIMO is used to meet the demand for high data rate in wireless

communication systems.

Signal space diversity (SSD) incorporates diversity into a system, at no extra cost of antennas or
bandwidth, this makes it an appropriate diversity technique for improving wireless communications
[9, 10]. In the work presented in [9], SSD was implemented in a coherent system with M-ary quadrature
amplitude modulation (M-QAM) symbol using SIMO to improve the error performance of the system

however, at an expense of an increase in detection complexity.

This dissertation investigates the error performance of signal space diversity applied to a non-coherent

system
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1.1 Research motivation

Signal space diversity has previously been investigated and employed in coherent systems to implement
diversity in wireless communication systems [9]. However, due to the detection complexity of the
coherent system at the receiver, non-coherent systems were employed in wireless communication to
simplify the detection complexity of coherent systems. The detection complexity of the coherent system
is due to the channel state information (CSl), fading and the number of antennas amongst others [11].
Conventional differential modulation (CDM) and generalized differential modulation (GDM) are non-
coherent modulations employed in wireless communication. Since CDM suffers 3dB performance loss
compared to its coherent counterpart, GDM is employed to reduce the performance gap between CDM
and coherent detection. The aim of this dissertation is to employ diversity in a non-coherent system to
enhance the error performance of wireless communication systems by applying SSD in GDM. SSD is
the ideal diversity technique to be applied to a non-coherent GDM system for its ability to achieve
diversity without an additional bandwidth and transmission power as GDM uses power allocation to
improve the performance of non-coherent wireless communication systems. This led to the proposed
generalized differential modulation with signal space diversity (GDM-SSD) scheme for M-ary

guadrature amplitude modulation constellations.

1.2 Research aim and objectives

This dissertation aims to improve the error performance of a non-coherent generalized differential

modulation wireless communication system.
The following are the objectives of the research:

1. Investigation of error performance of SSD in a non-coherent system.
2. Investigation of power allocation in the proposed GDM-SSD.

3. Formulation of the analytical expression for the proposed GDM-SSD and validate it with
simulation results.
1.3 Research contributions

This dissertation presents the following contributions, while reproducing results from existing literature

to provide a benchmark:

1. Inchapter 3, information bits are directly mapped onto an M-QAM signal set before rotation in
a coherent SSD system with maximum ratio combining (MRC) reception. The received symbol

combiner yields an instantaneous combined fading gain which was employed in maximum-
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likelihood detection (MLD). This approach provides robust performance improvements,
especially in fading environments. It also, enhances the efficiency, reliability and performance
of wireless communication systems by utilizing coherent SSD techniques in conjunction with

direct mapping onto an M-QAM signal set.

By leveraging coherent SSD techniques alongside direct mapping of the M-QAM signal set,
demonstrates a potential for improving and advancing the effectiveness and capacity of wireless

communication system in diverse environments.

In chapter 4, a non-coherent GDM system was presented where power allocation is based on
the Lagrange multiplier method. In this system, more power is allocated to the transmitted
reference symbol (RS) compared to the normal symbols (NSs). This results to a better error
performance with a gain of about 2dB to that of non-coherent CDM detection.

This improvement highlights the potential of the power allocation strategy to provide a more
stable communication system without requiring channel state information at the receiver. This
approach demonstrates significant potential for robust and efficient wireless communication,

especially in fading environment.

In chapter 5, the proposed GDM-SSD scheme is presented, where SSD is applied to a non-
coherent GDM system for M-QAM constellations. Motivated by the benefits of both the GDM
and SSD techniques, the combination enhances the robustness, diversity gain and, spectral

efficiency and reliability especially in challenging fading environment.

In this scheme, M-QAM signals are transmitted after rotation, components interleaving and
differential encoding is performed. Following the transmission of the RS, which remains
constant throughout the transmission frames, the remaining encoded symbols are transmitted
separately in different frames as NSs. It is assumed that fading channels experienced by the

symbols during transmission remain constant thus, quasi-static fading channel (QSFC).

Transmission power is allocation between the reference block (RB) and normal blocks (NBs)
where, more power is allocated to the RB since the reference symbol provides the combine
channel estimation for NBs. The received symbols are combined using MRC reception, de-

interleaved and detected at the receiver.

This approach results in an estimated 5dB performance loss of the proposed non-coherent
GDM-SSD compared to the coherent SSD. Thus, the coherent SSD detection gains about 5dB
over the proposed non-coherent GDM-SSD detection.

15



Overall, the proposed GDM-SSD scheme demonstrates significant potential in improving the
performance and reliability or wireless communication systems, despite the performance gap

compared to coherent SSD.

1.4 Structure of the dissertation

The remainder of this dissertation is structured as follows:

e Chapter 2 presents a literature survey of wireless communication techniques used in this

research.

e Chapter 3 presents SSD in a coherent system, including the system model, error performance
analysis of system, numerical and analytical results of the performance of coherent SSD system

and, the chapter summary.

e Chapter 4 presents CDM and GDM, including the system models, error performance analysis
of systems, numerical and analytical results of the performance of the non-coherent modulations
and, the chapter summary.

o Chapter 5 presents the proposed scheme GDM-SSD literature including the system model, error
performance analysis of system, numerical and analysis results of the performance of the

proposed scheme and, the chapter summary.

e Chapter 6 presents the conclusion of the dissertation.

16



CHAPTER 2

LITERATURE SURVEY

This section presents a literature survey of wireless communication techniques involved in the
investigation of the proposed generalized differential modulation with signal space diversity (GDM-
SSD) scheme.

2.1 Wireless channel

During information signals transmission, each signal reaches the receiver via multiple independent
paths, strength and time variations as they experience different delays and phase shift as explained in
[8, 2]. This is due to the information signals going through reflection, absorption and scattering by
objects (buildings, hills, ground, water, etc.) before arriving at the receiver as discussed in [2]. This
phenomenon is known as multipath propagation. Multipath propagation causes constructive and
destructive interference and can reduce the signal-to-noise ratio (SNR) [8]. The degradation of the
signal quality is caused by fading in the multipath propagation often from a transmitter to a receiver,

which is also referred to as multipath induced fading [5, 2].

Wireless communication channels are harmed by a variety of causes, but fading is the most serious one,
resulting in a decrease in overall system efficiency. Fading causes the received signal power to vary
and as the power varies, the quality of the received signal changes [8, 2]. Fading depends on obstacles
in the signal path, which varies with time [2]. These obstacles create complex transmission effects on
the transmitted signal. Fading models/channels include Rayleigh fading, Rician fading, Nakagami
fading and Quasi-static fading amongst others and are referred to as fading distributions [5, 12, 2]. Each
fading distribution is incorporated in the baseband data signal according to its requirements. In this
research we will be using Rayleigh fading and Quasi-static fading which are discussed in Section 2.1.1

and Section 2.1.2, respectively.
2.1.1 Rayleigh fading

Rayleigh fading is the form of fading that is often experienced in an environment with a large number
of reflections present. It is used to analyze the overall nature of signals scattered between the transmitter
and the receiver as defined in [12, 4]. In Rayleigh fading models, it is assumed that the magnitude of a
signal that has passed through a communications channel will vary randomly, or fade according to a
Rayleigh distribution. The amplitude gain of the transmitted signal is characterized by a distribution

where the fading coefficient is denoted as:
h = h!' +jh? = ael®, (2.1)

17



where h! and h? are the in-phase and quadrature components, respectively, distributed as complex
Gaussian random variables (RVs) with distribution CN(0,1) with zero mean and 1 variance CN (0,1)

as in [13] and, a is the Rayleigh fading distributed amplitude denoted as:

a =,/(h')? + (h9)2. (2.2)
The probability density function (PDF) of the fading amplitude « is denoted as:

a

2
fo(a) = %exp (— ﬁ), a=0 (2.3)
where o is the scale parameter, which determines the spread of the distribution.

2.1.2 Quasi-static fading

Quasi-Static fading Channel (QSFC) is known in the literature as a channel which is frequency flat and
very slow with a fading that has little variations in time over transmission frame as in [14, 15]. Meaning,
the fading of QSFC is considered constant over a transmission frame. To improve the quality of the
communication system over QSFC, diversity is employed in the system. This means, redundant signals
are transmitted over preferably independent channels as discussed in [15]. In QSFC, the instantaneous
SNR varies independently from one frame to the other. An interest in quasi-static fading channel has
numerously increased due to higher demand in data rates along with capacities and more reliable

connections in wireless communication systems.

Since multipath fading leads significantly to a decrease in symbol error rate (SER) and symbol error
probability (SEP) efficiency in wireless communication system, reducing the effects of multipath
fading can boost communication. This effect can be alleviated by the application of diversity into a

wireless communication system.

2.2 Diversity

Diversity is a technique used to improve the reliability of wireless communication systems over fading
channel as in [5]. In diversity techniques, instead of one signal that has passed through multiple fading
channels, the receiver receives multiple copies of transmitting signals. Therefore, the employment of
diversity in wireless communication systems reduces the duration and depth of fading experienced by
the receiver in a case where multiple copies of the information signals are transmitted to the receiver
as presented in the previous work [5]. A diversity system must have two or more transmit or receive

antennas. Refer to Figure 2.1 below:

18



¥R'I

/ ¥n
' \ > .
¥ ro ¥
A. Receive diversity Single-Input-Multi-Output B. Transmit diversity Multi-Input-Single-Output

¥Tl ¥R1

¥ir——— ¥

C. Both Transmit and receive diversity Multi-Input-Multi-Output

Figure 2.1: Transmit and receive diversity systems in wireless communication [16].

2.2.1 Types of diversity techniques

This section presents a brief review of some of diversity techniques used in the wireless communication

systems [5].

2.2.1.1 Time diversity

Time diversity is a diversity technique employed in wireless communication systems where signals are
transmitted repeatedly with time at regular intervals that exceed the coherence time of the channel such
that multiple repetitions of information in the signals are received with independent fading conditions
[5, 17]. The maximum ratio of variations can be used to find the optimal combination. Additionally,
rotation matrix or interleaved channel code can be used to ensure different errors are associated with

multiple independent channels.

2.2.1.2 Space diversity

Space diversity is a diversity technique employed in wireless communication systems with two or more
transmit or receive antennas placed far apart to gain possibly independent received signals as in [5, 16].
It provides a higher system capacity without requiring any additional power or bandwidth as noted in
[8, 16]. Space diversity is implemented in systems like transmit diversity multiple-input-multiple-out

(MIMO) and receive diversity single-input-multiple-output (SIMO) [16].
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This approach offers significant error performance improvement without compromising the vital
bandwidth on the energy resources transmitted. Spatial diversity is commonly applied as it is easy to
deploy and very economical. In order to prevent the correlation among the signals received from each
receive antenna, the spatial positions for receive antennas are separated sufficiently [5, 17]. The usual
separation between the receive antennas is a few wavelengths of the transmitted signal. Each received
signal is combined to increase its overall SNR by using selection combining (SC) or maximal ratio
combining (MRC), which thus mitigates the effects of fading [17, 16].

2.2.1.3 Receiver diversity

Receiver diversity referred to as antenna diversity, is a diversity technique employed in wireless
communication systems which requires multiple receiver antennas such as SIMO and MIMO to achieve
diversity gain in a wireless communication system [8]. This means that by using multiple receiver
antennas, the channel capacity and multipath interference increases while no additional transmission
bandwidth or power is needed [16]. The multiple receiver antennas must be spaced far apart from each
other so that there is no correlation amongst the respective received signals [8]. The multiple transmitted
signals are combined at the receiver using combining techniques such as MRC and SC as discussed in
[5, 8, 16]. These combining techniques increase the SNR or the power of the received signal.

2.2.1.4 Signal space diversity

Signal space diversity (SSD) is a diversity technique used in wireless communications for its ability to
improve the error performance of the system over fading channels. This is achieved by implementing
diversity without the addition of bandwidth and transmission power though, at the expense of an
increase in maximum-likelihood detection (MLD) complexity at the receiver as presented in [10, 9].
The increase in the detection complexity is due to the requirement of the knowledge of the channel
state information (CSI) at the receiver. SSD can be considered as a conventional M-ary quadrature
amplitude modulation (M-QAM) constellation that has been rotated by a certain angle. SSD is also
known as a coordinate interleaving scheme, which obtains diversity by sending the components of a
multidimensional signal constellation over separate fading channels [2]. The main benefit of this form

of diversity is that it is only exchanged for higher demodulator complexity.

Additionally, rotation matrix or interleaved channel code can be used to ensure different errors are

associated with multiple independent channels.

As the focus of this study, details of SSD are presented in chapter 3 where the diversity technique is
applied in a coherent system. SSD is also presented in chapter 5 where it is applied in a non-coherent

system.
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2.3 Differential modulation

Differential modulation (DM) is a non-coherent system in wireless communication which simplifies
the complexity of coherent detection [18]. Since the receiver of the a coherent requires full knowledge
of the CSI at the receiver, it yields an increase in detection complexity. DM has been employed in
wireless systems for its ability to perform detection without the knowledge of CSI at the receiver. It
uses differential detection as presented in previous work [18]. This characteristic results in a reduced
complexity making DM an attractive method for implementation in wireless communication systems.
In order to obtain differential detection, information symbols are differently encoded at the source
before transmission where the first differentially encoded symbol is referred to as a reference symbol
(RS) and the other remaining symbols are referred to as normal symbols (NSs) as indicated in [18]. It
is assumed that fading channels remains constant during transmission of symbols thus, QSFC. Amongst
other DM schemes in wireless communication, only two are the focus of study for this dissertation
namely conversional differential modulation (CDM) and generalized differential modulation (GDM)

and both are presented in chapter 4, respectively.

2.3.1 Conversional differential modulation

Conversional differential modulation is a scheme used to improve the wireless communication system
error performance through differential detection as presented in [19]. Though CDM is capable of
performing differential detection, it suffers 3dB performance loss compared to its coherent counterparts
as presented in the previous work [18, 19]. This is due to the differential encoding at the transmitter

and non-coherent detection at the receiver.

2.3.2 Generalized differential modulation

Generalized differential modulation is employed in wireless communication systems as presented in
[18, 19] to reduce the error performance loss suffered by CDM detection to its coherent detection
counterpart. GDM uses power allocation amongst encoded blocks to reduce the error performance gap
between CDM detection and coherent detection where more power is allocated to the reference block
(RB) as compared to normal blocks (NBs) as the RB provides the channel estimation for the NBs
[18, 19].

As the focus of this study, both CDM and GDM are further presented in chapter 4.
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CHAPTER 3

SIGNAL SPACE DIVERSITY

This section presents a diversity technique, signal space diversity (SSD) as indicated in Section 2.2.1.4
and, the symbol error probability (SEP) performance analyses using union bound (UB), minimum
distance lower bound (MDLB) and nearest neighbour (NN) approximation models. SSD is employed
in a coherent system with maximum ratio combining (MRC) reception to implement diversity and
improve the performance of the system over Rayleigh fading channel.

3.1 Introduction

Signal space diversity technique has sparked a lot of interest because it ensures that different
components of a signal constellation are individually affected by independent fading without an
additional bandwidth, transmit power or space. However, this is achieved at the expense of a complex
maximum-likelihood detector (MLD) at the receiver [9, 2]. In a work presented in [9], SSD was
applied in a coherent system with MRC reception to obtain diversity gain in fading channels.
Maximum ratio combining is a diversity combining technique used to estimate the channel

characteristics of a system with multiple antennas at the receiver [20, 21].

SSD employs rotation and component interleaving/de-interleaving on the multi-dimensional signal
constellations such that the in—phase (real) and quadrature—phase (imaginary) components of each
signal experience independent fading separately [2, 9, 21]. Signal rotation and interleaving can
increase the diversity order of a multidimensional signal. The rotation of a signal constellation was
implemented in [22] to achieve SSD in two dimensions. The employment of signal constellation
rotation is to make the system insensitive to deep fading such that the components of the signals will
not collapse at the same time [2, 10]. When non-rotated constellation signal experiences deep fading,
the in-phase and quadrature components are both affected by the same fading, which makes it difficult
to demodulate a symbol transmitted on components accurately [2]. To achieve rotation, constellation
points are multiplied with an optimal rotation angle to increase the minimum number of distinct
components between any two constellation points [23]. Figure 3.1 illustrates non-rotated and rotated

conventional M-ary quadrature amplitude modulation (M-QAM) signal constellation:
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A. Original (non-rotated) constellation (u) B. Rotated Constellation(x)

Figure 3.1: Conventional non-rotated (u) and rotated (x) 16-QAM signal constellation [10].

Diversity gain is confirmed by component interleaving rotated signal constellations. The coordinate
or component interleaving of the rotated signal constellation was presented in [9]. Component
interleaving/de-interleaving ensures that not a single deep fade affects the components of the signal
simultaneously as stipulated in [9, 2, 23]. Thus, the in-phase and quadrature components of the signal
are affected by independent fading to obtain diversity. For the success of independent fading on the
signals, de-interleaving is employed in an SSD system over successfully transmitted signals to
reassemble the in-phase and quadrature components of the symbol pair to their original symbols
[9, 2, 23].

Due to the coherent system requirement of full knowledge of the channel state information (CSI) at
the receiver to perform coherent detection, received signals are combined at the receiver before
detection using MRC reception. This technique is employed to achieve the diversity order of the
system as defined in [9, 20]. MRC applies weights to each receive antenna in order to maximize the

signal-to-noise ratio (SNR) for the summed signal [21].

Furthermore, the SEP performance of the presented coherent SSD system is analyzed by maximizing
the minimum product distance of the signal constellation using the UB, MDLB and NN approximation

models in a closed form.

3.2 System model

Consider a coherent SSD system containing N, X N,. Single-Input-Multi-Output (SIMO) system with

MRC reception where N; = 1 is the number of transmit antennas and N,- = N; is the number of receive
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antennas as illustrated in Figure 3.2. We assume that the receive antennas must be spaced far enough

apart from each other so that there is no correlation among the respective received signals.

Figure 3.2: Block diagram of coherent SSD SIMO system with MRC reception.

Consider a conventional M-QAM signal set £ which yields symbol u; = u! +juiQ, assuming
E[|u;?] = E,,. ()" and (-)? refer to the in-phase (real) and quadrature (imaginary) components of a
signal, respectively,and i, i € [1:2], isthe symbol index. Information bits b; = [bi,1 b, b;3 ---bi,k]

are grouped in sequences of k = log, M bits in size where M is the modulation order.

The grouped information bits are then directly mapped onto M-QAM signal set. The symbols (u;) are
then rotated at a certain angle to maximize the minimum number of distinct components between any
two points in the signal constellation while retaining the same average energy as shown in Figure 3.3

of a conventional M-QAM signal constellation rotated at angle &

&
A
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Figure 3.3: Conversional 16-QAM signal constellations rotated at angle 6.
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The rotated signal x; = x/ +jxiQ, is obtained by applying a rotation matrix R? for a rotation angle 6

to each element of the symbol w; to form a pair of rotated symbols as shown in Eq (3.1) [9]:
[ x?]=[ui uf xR, (31)

cosfO sin@

where i € [1:2] is the symbol index number, R® = [_ sind  cos B

] is the rotation matrix with

rotational angle 8 = 31.7° as presented in [10].

The rotation signal sets are effectively computed as follows:

0 in 6
R I R N o

= [ulcos6 —ulsing ulsind+ ulcos 6, (3.2)

where x! = u! cos 6 — u? sin 6 and xiQ =ulsing + ulQ cos 6.
The rotated symbol pair x; are applied to the interleaver before transmission. The symbols are

interleaved by swapping their quadrature components, where a typical pair of interleaved symbols is

given as w;, i € [1: 2] where the subscript i is the index of the symbol in the symbol pair denoted as:

wy = xi +jx?, (3.39)
wy = x5 +jx3, (3.3b)

The interleaved symbol pair are transmitted in two different time slots through the source. Each
transmitted symbol experiences Rayleigh fading channels and additive white Gaussian noise (AWGN)

as they arrive at the destination, giving received symbol vector y,:

ES
yt = \/%htwt + nt, (34)

where y, € C¥*1 is the received information symbol vector, the subscript t € [1: 2] is the time slot
index, E, is the transmitted power, E, is the average signal power,]f—s is the average transmit
power, h; is the independent Rayleigh fading coefficient vector with entries h;; k € [1: N,.] modelled
as independent and identically distributed (i.i.d.) random variables (RVs) with distribution unit

variance E[|h4|?] = 1 and, n, is the AWGN vector with entries n,, modelled as i.i.d. complex

Gaussian RVs with distribution ng,~CN(0,1). The subscript k is the receive antenna index.

The received symbols are combined as they are received at the receiver using MRC reception on a

symbol-by-symbol basis. The combined received symbols are defined asY, = hf'y, where the
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subscript t, t € [1: 2] is the times index and superscript H is the Hermitian transpose. The combined
received symbol pair is denoted as in Eq (3.5a) and Eq (3.5b):

Y, = hf}’b
_ | Es 2 H
= E”hlllel + hin,,

= |5 [RaliZ(ed +jx)] + hifm,,

=Ryl (] + jx$)] + s, (3.52)
Y, = hg)’z’
= |Z|\h,|I2w, + hiin
Ew 2IlFYV2 2182,
_ | Es 2( 1 1 12.Q H
= 5 [||h2||p(x2 +Jx4 )] + hy n,,

= & [l +x?)] + iz, (3.5b)

where ||h.||% is the instantaneous combined fading gain and 7, = h¥n, is a noise term which has a

variance of E[|hEn,|?] = X8, |hel?.

De-interleaving is then performed on the combined received symbol pair in Eq (3.5a) and Eq (3.5b) to
ensure that the in-phase and quadrature components of the original symbols are reassembled before
detection is performed. De-interleaving is performed by swapping the in-phase and quadrature
components of the combined received symbols where a typical pair of de-interleaved symbols is given
asry, t €[1:2]:

Es ) s , Es , .
r= Re {[ J& I IBCed +529)| + )+ jim ] [ Il (ed +jx9)| + 72}

E . |E =
= 25 lhallf xf +j 2> holl7 2 + 7y, (3.6a)
w w

ro= Re {[ (2 Iallp(xh + jx0)| + 7o} + jimd] (2 WAy Ged +529)] + 7
Es 2.0 4 ; |Es 2,0, =
= /a lh2|I7 %2 + ) /a lhqllF x5 + 7, (3.6b)

where the resultant noise term 71, is a random variable which can be approximated as Gaussian

distribution 7i,~CN(0,1) and j = v—1.
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The receiver then performs MLD after the symbols are successfully de-interleaved and assuming full
CSI. The MLD expressions for the symbol pair with MRC reception over Rayleigh fading for time
slot t € [1: 2] are then denoted as:

. . E .
2, = argmin {Pz |7 — 2= Ay )12 (ul cos @ — u sin 6)|?
u; EN Ey
— 2
+P, 18— j /E—S Ao lI% (ufsing + uf cos 9)| } (3.73)

w

N . E :

1, = argmin {P1 | vl — |22 ||k, |2 (ub cos 6 — us sin6)|?

u, EN Ey

+P,

o . [E
L i

where i, and i, are the detected symbols for both time slots, 2 is the M-QAM signal set, r{, 7 are

hyll? (ubsind + u? cos 9)|2} (3.7b)

the real and rlQ, rZQ are the imaginary component of the de-interleaved symbols in Eq (3.6a) and

Eq (3.6b), ulcos®—ulsing =xl, ubcosd—udsing=x} are the real and ulsin6 +

ul cos 0 = x2, ul sin® + ul cos§ = x?¢ are the imaginary component of the rotated symbols
corresponding to u, and u,, respectively. P; and P, are instantaneous combined fading gain denoted

as P = ||hllz = Xp7, lhel? t € [1:2] and k € [1:N,.].

3.3 Error performance analysis of SSD

This section presents the symbol error performance analysis of the coherent SSD system with
N,-branches MRC reception for the M-QAM constellation presented on the system model in Section
3.2 above. In this dissertation, the symbol error performance is based on the symbol error probability
(SEP) of the system in a closed form using union bound, minimum distance lower bound and nearest
neighbhour approximation of the transmitted symbol u; for each rotated constellation point and the

chosen detected symbol ;.

In the high SNR region one symbol u, can be assumed to always be detected correct and u, can be

considered to be a transmitted symbol and i, as the detected symbol.

3.3.1 Union bound

Union bound (UB) as presented in [9], is an analysis method used to evaluate the error probability P(e)
of a signal set by summing the pairwise error probabilities (PEPS) of all possible transmitted and
received symbol pair. The UB on the SEP is denoted as in [9]:

1 ~
PIéIHEQAM(e) < mZuie!) Yajen P(ug — 4y), (3.8)

uq#lq
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where | 2 | is the size of the M-QAM signal set and P(u, — #,) is the unconditional pairwise error

probability (PEP) that estimated i, at the receiver when u, was transmitted.

Due to the fading channel coefficient experienced by the symbol during transmission as in Eq (3.4), the
unconditional PEP is conditioned as P(u; — #;|h,, h,) referred to as the conditional PEP. The
unconditional PEP, P(u, — i) is computed by averaging the conditional PEP over the independent

fading distributions for MRC reception and is expressed as:

Pl - 0y) = [ 7Py = @1lhy, hy) £y, (1) f,(v2) dvadya, (3.9)

where h; and h, are the independent Rayleigh fading coefficient vector with entries h; for t € [1: 2]

and k € [1:N,], hg = ape’?t, a is the Rayleigh fading distributed amplitude denoted as

2
A = J (hL)Z + (h?k) . y1 and y, are combined instantaneous signal-to-noise ratio (SNR) defined

as y; = Zﬁ;lytk for t € [1:2], k € [1: N, ] and yy = a*(Es) as shown in Appendix A.8. £, (1)
and f,,(y,) are the MRC probability density function (PDF) for N, receive antennas denoted as

_ 1 Ny—1 _h . =i = _
Fremre Vo) = o Ve exp( }_f) t € [1: 2] and y is the average SNR y = E{y;}.

The conditional PEP is defined in Eq (3.10) in a closed form as:

P(u; - d|hy, hy) =

2
P <Z£’;1 Tik — /g—salk (ul cos 6 —uf sing) — j /g—saZk (ulsin6 + ul cosg)| >
w w
2
YA e — /5—Sa1k (2} cos® — Y sing) — j /5—sa2k (2 sin® + 29 cos 9) ) (3.10)
w w

where ry, k € [1: N,] is the de-interleaved symbol in the first time slot as shown in Appendix A. 5—5 is

the average transmit power. u} cos 8 — u? sin @ = x! and u} sin 6 + u? cos 6 = x? are the real and

imaginary components of the rotated symbol corresponding to u,, i cos 8 —ﬁf sinf = £! and
113 sinf + af cosf = J?f are the real and imaginary components of the of the rotated symbols

corresponding to ;.

The conditional PEP is effectively computed in Appendix A where the simplified conditional PEP

expression is denoted as:

PG = iy, by) = 0 [0 +7249) (311)
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where E,, is the average signal power, d; and d, represent the in-phase and quadrature distances

between x; and X, respectively.

Substituting the simplified conditional PEP in Eq (3.11) onto Eq (3.9) gives the unconditional PEP in
Eq (3.12):

P~ ) = f;7 1770 ( 55 0ad? + 120 .00 () dya e,
=+ [z6+ 2tw],

- Lo+ Lymiw, (3.12)

Ny

Ny Ny

2 2 Si Si

where G = | ——| [—%—| andw = L L
2+<d_1)— s \, H(L)— g2 )y
28,7 2+EY 25, ﬁﬁ]’

Refer to Appendix B for the derivation of Eq (3.12). Substituting Eq (3.12) onto Eq (3.8) gives the new
expression for UB on the SEP with N,.-branches MRC reception in Eq (3.13):

1 1 1 _
P2 oam (@) < g Tucn T sen -6+ —xtw | (3.13)

uq =il an

3.3.2 Minimum distance lower bound

Minimum distance lower bound (MDLB) as presented in [9], is the analysis method used to derive a
lower bound on the SEP using the minimum Euclidean distance of the rotated constellation. Taking
into consideration the independent fading on the in-phase and quadrature components of the signal due

to component interleaving/de-interleaving.

The conventional square M-QAM SEP is given as:

Pu-oan(@) 2 4(1- ) € ( N0(315$—1)> - 4(1- viﬁ)z Q* (\l No<3n§5—1)>’ (3.14)

where M is the modulation order, N, = 1 is the power spectrum density, E; is the transmitted power.

Leta:(l—i)andb=(ﬁ

T ) The conventional square M-QAM on the SEP can be rewritten as:

Pu—qam(e) = 4aQ(\[bE;) — 4a*Q?(\/bE;), (3.15)
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Considering the fading channel coefficient experienced by the rotated symbol during transmission as
in Eq (3.15), the conventional square SEP is conditioned as Py_qgam(elhy, hy) referred to as the

conditional SEP. The conditional SEP can be denoted as:

Pu—qan(elhy, hy) = 4aQ (Vb(@F + ad)E;) — 4a2Q? (\/b(a? + ad)E;), (3.16)

where h; and h, are the independent Rayleigh fading coefficient vector with entries h;, for t € [1: 2]

and k € [1:N,], hy = ae’9t, ag, is the Rayleigh fading distributed amplitude denoted as

Aoy = \/(h{k)z + (h?k)z, Yer = au”(Es) in the SNR as shown in Appendix A.

The conventional square M-QAM on the SEP may be conditioned upon instantaneous SNR and be

written as:

PHPEE  (ely1,v2) = 4aQ(Vb(rs +7v2)) — 4a2Q* (Vbrs +72)), (317)

where y; and y, are combined instantaneous SNR defined as y; = zg;mk fort € [1: 2], k € [1: N,].

Taking into consideration the minimum Euclidean distance between the rotated constellation and
independent fading experienced by the in-phase and quadrature components of the signal, let

2
Jbyi = 2 for [1:2]. The conditional MDLB on the SEP in Eq (3.16) can be denoted as:
2E,

d?+d3 d?+d3
PP4Ew ((elhy, hy) >4aQ< o ;Ew2)>— 4a202< el ;Ew2)>, (3.18)
where E,, is the average signal power, d; and d, represent the in-phase and quadrature minimum
Euclidean distances between x,; and X, respectively [9] denoted as:

min

, = — 2
dmin = VI =[P} (3.19)

where 2is the M-QAM signal set, x; and x, the rotated symbol corresponding to u; and u,,

respectively.

Due to the independent fading experienced by the in-phase (real) and quadrature (imaginary)
components of the rotated signal during transmission, the minimum distance can be modified as in
Eq (3.20) [9]:

30



min

Apin = { h2|xl — x|z + h%|x1 —x2| } (3.20)

X1,X2 EN

where h? and h% are the independent Rayleigh fading vectors of the in-phase and quadrature

components of the signal, x!,x} are the real and xf,x;2 are the imaginary component of the rotated

symbols corresponding to u, and u,, respectively.

Taking into consideration the rotation angel & of the rotated two-dimensional constellations, the

minimum distance in Eq (3.20) can be written as:

Amin = 4 h?Cos20 + 4 h2Sin?0, (3.21)
where |x] — x}| = 4 Cos?6 and |x? — x?| = 4sin? 6.

Substitute Eq (3.21) onto Eq (3.18) and, the conditional MDLB on the SEP over instantaneous SNR in
Eq (3.17) can be written as:

Py 25amelyy,ve) = 4aQ(\/b(yl cos2 0 + y, sin? 6)) 4a2Q2(\/b(yl cos2 0 + y, sin? 6)), (3.22)

where y; and y, are combined instantaneous SNR defined as y; = zg;mk fort € [1:2], k € [1: N,]

and y, = a2 (Es) as shown in Appendix A.

The unconditional MDLB on the SEP is further computed by averaging the conditioned SEP in
Eq (3.22) as:

1\7%51\4 (e) = f f MDéﬁM (elyivz) fy1 (y1)dy1 fyz (r2)dya, (3.23)

where f,. (1) and f,, (y,) are the MRC probability density function for N, receive antennas denoted

1 _ _ .
8S fy, e (Ye) = Wyt’\’r Lexp (— %) t € [1: 2] and ¥ = E{y,} is the average SNR.

Let T =y, cos? 0 + y, sin? 0. Substituting Eq (3.22) onto Eq (3.23) gives the new MDLB on the SEP

as:

MDé'ﬁM(e)_f f 4aQ(\/_) 4‘12Q (\/_)fyl(h)dhfyz(yz)d)/z’

N, N, N, N,

i) rmr) 3G )+
“n127\Txwy) \2+6by 2\1+ aby) \1+ oby 1-a

st () ()
=1 \s;+aby Si+8by ;
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= %{l X FD — = x AE + (1 — a)(Ti2)! CL+ Y22 oV )}., (3.24)

2 2 =n

N N N N.
) 2 r 2 r 1 r 1 r
where a=c0326;8=sm29.F=( _) ,D=( _) A=( _) -E=( _)
2+aby 2+8by 1+ aby. 1+ 8by

N, N, N N,
S: r S: r S: r S: r
C:( l_) .I:( l_) a_ndo:( "B_) andV:(;B_) .
S;+aby Si+8by Sigptaby SiB+8by

Refer to Appendix B for an effective computation of the final expression of the MDLB on the SEP in
Eq (3.24).

3.3.3 Nearest neighbour approximation

The nearest neighbour (NN) approximation evaluates the symbol error performance of the wireless
communication system by considering the closest points in Euclidean distance to any point in a
constellation. The NN approximation employed in a coherent SSD system with MRC reception in a
closed form considers the nearest neighbouring points of any point of a rotated constellation. The PEPs
of the rotated constellation neighbour's points has perpendicular and diagonal neighbours with different
Euclidean distance. Considering u, was the transmitted symbol and #, the chosen detected symbol,

the NN approximation on the SEP can be written as in [9, 10]:
PAIXI—VQAM(Q) = KMPperp(ul - i) + LMPdiag(ul - ), (3.25)

where K, and L,, are the coefficients of the PEPs and are described in Table 3.1 as presented in [10]:

Table 3.1: Values of the PEPs coefficients K,, and L, [10].

M-QAM Constellations Ky, Ly
4 2 1
16 3 2.25
64 35 3.51
256 3.75 3.5156

Pyerp(ug — 114) and Pgiag(uy — 11,) are PEPs between a rotated constellation point and its

perpendicular and diagonal neighbours. The PEPs can be computed using the unconditional PEP

expression in Eq (3.12) as follows:

Poerp(uy > 1) = [ [°Q ( Ji (142 perp + V23 perp)) f,,(r1) f,(v2) dv, dy,  (3.26a)

Pdiag (u1 - 1’11) = fooo fooo Q (\/i (Y1d% diag + deg diag))fy1 (71) fy2 (Yz) dY1 de- (3.26b)
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where df ., di diag and d3 perp, d3 diag are the Euclidean distances for the perpendicular and

diagonal neighbours, respectively and are defined in Eq (3.27a) and Eq (3.27b) as:
d%perp = 4 Cos?* d%perp = 4sin%0, (3.27a)
dfaiag = 4(1 + sin26) 3 4iqg = 4 (1 — sin 26). (3.27h)

The perpendicular and diagonal PEPs expressions are simplified in Appendix B. The perpendicular and
diagonal PEPs are then denoted as:

Ly 1 1 on-1
Pperp(ul - ul) = ET + %Zi=1 R, (3.283)
~ 1 1 -1
Pdiag (ul - ul) = ET + EZ?:l R, (3.28b)
Ny Ny Ny N,
2 2 S: S:
where T = - — and R = L i
iperp |- 2perp |- ldiag \- 2diag \-
Ty ) ™) e

Substituting Eq (3.28a) and Eq (3.28b) into Eq (3.25) gives the final expression for NN approximation
with N,.-branches MRC reception on the SEP as:

1 1 - 1 1 -
P am(e) = Ky |- T+ IR |+ Ly [-T + - 305R |. (3.29)

3.4 Numerical and analytical results

This section presents numerical and analytical results of coherent SSD maximum-likelihood detection
and SEP analyses using UB, MDLB and NN approximation models of a coherent SSD SIMO system
with N, = 1 and N, = 2, and N, = 1 and N, = 4 over Rayleigh fading and AWGN channel for both
16-QAM and 64-QAM modulations.
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Figure 3.4: Coherent SSD maximum-likelyhood detection and SEP performance analytical results for
16-QAM with N, = 2 and N, = 4.
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Figure 3.5: Coherent SSD maximum-likelihood detection and SEP performance analytical results for
64-QAM with N,. = 2 and N,. = 4.
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For both 16-QAM and 64-QAM constellations, it is observed from Figure 3.4 and Figure 3.5 that when
N, = 2, the SEP performance of the coherent SSD MLD is lower and apart from that of the UB and
NN approximation at a lower SNR and gradually gets closer and tight as the SNR increases. Where
else, the SEP performance of the coherent SSD MLD for both 16-QAM and 64-QAM constellations is
tight with that of the MDLB when the SNR is 0 and then gradually separates as the SNR increases.

For both 16-QAM and 64-QAM constellations, it is observed from Figure 3.4 and Figure 3.5 that when
N, = 4, the SEP performance of the coherent SSD MLD is lower and apart from that of the UB and
NN approximation when the SNR is 0 and increasingly separates as the SNR increases. For 16-QAM
when N, = 4, the SEP performance of the coherent SSD MLD is higher and apart from that of the
MDLB when the SNR is 0 and increasingly separates as the SNR increases. Where else, for 64-QAM,
the SEP performance of the coherent SSD MLD is tight with that of the MDLB when the SNR is 0 and

then gradually separates as the SNR increases.

3.5 Chapter summary

In this chapter, a coherent SSD system for M-QAM signal constellations using SIMO was successfully
presented. Where, the signal rotation and components interleave/de-interleave were presented and
discussed in the SSD system model to implement diversity in the wireless communication system
without additional power and bandwidth. MRC reception was employed at the receiver in the coherent
SSD system model to reduce the errors in the detection as the system requires the full knowledge of
CSl at the receiver. The SEP performance of the coherent SSD system was analyzed using UB, MDLB
and NN approximation in a closed form. Numerical and analytical results for both 16-QAM and
64-QAM signal constellations when N, = 2 and N,. = 4 were presented. It was observed that the for
both 16-QAM and 64-QAM signal constellations, the performance of the UB, MDLB and NN

approximation lowers from that of coherent SSD MLD as the number of receivers increase.
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CHAPTER 4

CONVENTIONAL DIFFERENTIAL MODULATION AND
GENERALIZED DIFFERENTIAL MODULATION

This chapter presents two differential modulation (DM) schemes, the conventional differential
modulation (CDM) and generalized differential modulation (GDM). Both CDM and GDM schemes are
employed in wireless communication systems to simplify the complexity of the coherent detection by
using differential detection.

4.1 Introduction

This section presents the background of the CDM and GDM schemes which are non-coherent detections
to improve the error performance of wireless communication systems. These schemes are presented in

separate sections below.

4.1.1 Conventional differential modulation

Conventional differential modulation is used to improve wireless communication systems error
performance by performing detection without the knowledge of channel state information (CSI) at the
receiver. Though CDM has been proven in [24] to perform detection without the knowledge of CSI
through differential detection, it suffers a 3dB performance loss compared to the coherent detection. As
indicated in Section 2.3, information symbols are differential encoded at the source before being
transmitted. In CDM, information symbols are encoded using a symbol-by-symbol encoder in a way

that the previous symbol encodes the next symbol.

After differential encoding is performed, there are (N + 1) differentially encoded symbols in each
frame to be transmitted from the source to the destination. The first encoded symbol is referred to as

the reference symbol (RS) and the remaining symbols are referred to as normal symbols (NSs).

4.1.2 Generalized differential modulation

Generalized differential modulation is a differential modulation scheme employed in wireless
communication system to reduce non-coherent CDM error performance loss to its coherent counterpart.
In [18, 11], GDM schemes are proposed where the concept of power allocation is employed between
the reference block (RB) and normal blocks (NBs) to reduce the error performance gap between non-
coherent CDM detection and coherent detection. In [11, 18], information symbols are differential
encoded at the source before transmission using a block-by-block differential encoder in a way that the

NBs in a frame are differentially encoded based on the previous and current RB. It is observed that the
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non-coherent CDM error performance is improved by allocating more transmit power to the RB as
compared to the NBs in order to maximize the average output signal-to-noise ratio (SNR) of the
respective systems. This results in an improved channel estimation. Similarly to [19], the GDM
presented in [18] uses the frame structure and applies the block-by-block differential encoder. In [18],

the RB and NBs convey information except for the first RB.

The GDM scheme presented in [11], also uses the frame structure consisting of the RB and NBs
however, only normal blocks convey information. Normal blocks in a frame are differentially encoded
based on the reference block in the same frame. The reference symbol remains constant throughout
transmission to allow the information carrying symbols in the normal-block to be drawn from M-ary
guadrature amplitude modulation (M-QAM) constellation.

Following [18, 19], the GDM scheme presented in this dissertation is based on the concept of power
allocation between the reference symbol and normal symbols where more power is allocated to the
reference symbol as compared to the normal symbols. Assume each frame length is (N + 1) symbols,
the symbols are divided into several blocks where each block consists of n symbols. The first symbol
in each block is referred to as the RS, and the remaining n — 1 symbols are referred to as NSs. Thus,
information is transmitted via symbols in blocks. Using a block-by-block differential encoder,
information symbols are differential encoded at the source before transmission in a way that the NSs in
a frame are differentially encoded based on the RS. Assume that the RS in each frame remains constant

throughout the transmission across all blocks.

4.2 System model

This section presents the system models for CDM and GDM schemes. In both these non-coherent
systems, information symbols are differentially encoded before transmission. Also, it is assumed that
fading channels experienced by the symbols during transmission remain constant thus, quasi-static
fading channel (QSFC).

4.2.1 Conventional differential modulation system model

Consider a non-coherent CDM N; X N,. single-input-multiple-output (SIMO) system where N, = 1 is
the number of transmit antennas and N, = N; is the number of receive antennas as illustrated in
Figure 4.1 below. We assume that the receive antennas must be spaced far enough apart from each other

so that there is no correlation among the respective received signals.
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Figure 4.1: Block diagram of conversation differential modulation system model.

Information bits b, = [bt,1 bey beg -+ bt,k] are grouped in sequences of k = log, M bits in size where
M is the modulation order and subscript t, t € [1: T] determines the index to be transmitted at the time
slot T.

The grouped information bits are directly mapped onto M-ary phase shift keying (M-PSK) signal set &,
and yields symbol u; = uf +juf, assuming E[|u.|?] = 1. Differential encoding is then performed on

the information symbol (u,) before transmission using the differential transmission matrix on Eq (4.1):
St = S(t-1) Ut (4.1)

where s, = 1 and has normalized energy E[|s,|%] known at the receiver. s, is the differentially encoded
symbol to be transmitted at time t, t € [1: T], s(._1) is the reference symbol, and u, is the information

symbol. This means information is conveyed in two symbols u; and s¢_y).

During transmission each symbol experiences QSFC and additive white Gaussian noise (AWGN)

giving the received symbol y,:

Y = \/ETShSt + ng, (42)

where y, € CN*1 is the received symbol vector, E is the transmitted power, h is an independent quasi-
static fading coefficient vector whose entries are independent and identically distributed (i.i.d.) complex
Gaussian random variables (RVs) with distribution CN(0,1) and, n; is the AWGN vector with entries
ng, modeled as i.i.d. complex Gaussian RVs with distribution n., ~CN(0,1). The subscript

k, k € [1:N,] is the receive antenna index.
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A. Detection

Assuming that y, and y .4y are known at the receiver. Where y,_) is the previous received symbol

defined as:

Yi-1) = \/E_shs(t_l) + N_q). (4.3
Therefore,

\/Fshs(t_l) = ¥Y(-1) — N-1)- (4.4)

The received symbol vector in Eq (4.2) may be rewritten as:

’Es
yt = ahst + nt,
ES
= ’ahS(t_l)ut‘F nt. (45)

Substituting Eq (4.4) into Eq (4.5) gives:

E.
Ye = ,/ﬁ(y(t—l) _n(t—l))ut + ng,

Es Eq
= \/%y(t—l)ut _\/%n(t—l)ut + ng. (4.6)

The receiver then performs maximume-likelihood detection (MLD) for a non-coherent CDM system

denoted as:

2
, 4.7)

i; = min
utElI’

E;
}’t_\/% Y(t-1)Ut

where i, is the detected symbol and ¥ is the M-PSK signal set.

¥(¢—1) is used to estimate the channel so to recover information conveyed in y, .

4.2.2 Generalized differential modulation system model

Consider a non-coherent GDM N; x N, SIMO system where N; = 1 is the number of transmit antennas
and N, = N, is the number of receive antennas as illustrated in Figure 4.2 below. We assume that the
receive antennas must be spaced far enough apart from each other so that there is no correlation among

the respective received signals.
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Figure 4.2: Block diagram of generalized differential modulation system model.

Information bits b,, = [bn,1 byno bps bn,k] are grouped in sequences of k = log, M bits in size

where M is the modulation order and n is the signal index.

The grouped information bits are directly mapped onto M-QAM signal 2 and yields symbol u,,
assuming E[|u,|?] = 1. Differentially encoding is then performed on the information symbol (u,,)

before transmission using the differential transmission matrix on Eq (4.8):
Sp = Syl , (4.8)

where s,, denotes differentially encoded symbol in a block to be transmitted, s,. is the reference symbol

and u, is information symbol.

A. Reference symbol

The reference symbol s,., is the first transmitted symbol across all frames through the source denoted

as:
sp=1. 4.9

s, remains constant for each frame throughout the transmission and does not convey information. This
allows for the information carrying symbols in NSs to be drawn from M-QAM constellation. During
transmission, the transmitted symbol experience QSFC and AWGN as it arrives at the destination,

giving received reference symbol vector y,.:
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yr = WIERS hSr + nr, (410)

where y,. € CN*1 is the received reference symbol vector, Eg is the RS transmitted power, h is an
independent guasi-static fading coefficient vector whose entries are i.i.d. complex Gaussian RVs with
distribution CN(0,1) and, n,. is the AWGN vector with entries n,,, modeled as i.i.d. complex Gaussian

RVs with distribution n,.,~CN(0,1). The subscript k, k € [1: N,] is the receive antenna index.

B. Normal symbols

Normal symbols are the remaining encoded symbols in the transmission frame. NSs are encoded based
on the RS of the same block as in Eq (4.11):

Sp = Sply, (4.11)

where the subscript n, denotes the symbol index in a block, s, is the differentially encoded normal

symbol, s,. is the reference symbol and wu,, is the information symbol.

Normal symbols are transmitted after the transmission of the reference symbol in different time slots.
Similarly to the RS, during transmission each symbol experiences QSFC and AWGN giving the

received normal symbol y,:

yt = 4/ ENS hSt + nt, (412)

where y, € CN*1 t, ¢t € [1:T] is the received normal symbol vector at time ¢, Eys is the NSs
transmitted power, h is an independent quasi-static fading coefficient vector whose entries are i.i.d.
complex Gaussian RVs with distribution CN(0,1) and, n; is the AWGN vector with entries ng
modeled as i.i.d. complex Gaussian RVs with distribution n;;, ~CN(0,1). The subscriptk, k € [1:N,]

is the receive antenna index.

C. Detection

Assuming that y,- and y, are known at the receiver. As in Eq (4.10), y,. is defined as:

Yy = Fas hs, + 1y,

Therefore,

WIERS hSr = yT - nr. (413)

The received symbol vector in Eq (4.12) may be rewritten as:
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ye = |2Shs, + n, = [ DSk, +n,. (4.14)
ERs ERs

Substituting Eq (4.13) on to Eq (4.14) gives:

E
Yt = ﬁ(yr_nr)un’l'nta
E
- ﬁ (yrun - nrun) + ng, (4-15)

E . .
where ELS is the average transmitted power.
RS

The receiver then performs MLD for a non-coherent GDM system denoted as:

2
E
Ve — /rﬁyrut , (4.16)

where 1, is the detected symbol, 2 is the M-QAM signal set.

iy = min
StE.Q

y,- is used to estimate the channels so to recover information conveyed in y;. Symbols transmission
powers are independently allocated amongst the RS and NSs where more power is allocated to the RS

compared to NSs. Allocating more power to the RS results to a better estimation of the channel.

4.2.3 Power allocation

This section presents power allocation literature based on the symbol’s signal-to-noise ratio (SNR) since
the receiver detection of the GDM system model in Section 4.2.2 is based on the transmitted symbols
in a block. Assuming that each frame length is (N + 1) encoded symbols. Employing optimal power
allocation from [19] obtained using Lagrange multiplier method, let the average power at the transmit
antenna be denoted as E and, the SNR for RS and NSs be Ers and Ey, respectively. The total transmit

power of the system is then denoted as:
(N + 1)ES = ERS + NENS' (417)

In order to improve the channel estimation, let a portion of power from each normal symbol be removed
and re-allocated to the reference symbol. Doing so reduces the errors. Therefore, the average signal-to-

noise ratios (SNRs) for the RS and NSs can be denoted as:

Ens = (1 - p)Es, (4.18h)
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where p is the portion of power from the normal symbols.

From Eq (4.18a) and Eq (4.18b), it can be evident that the RS has more power that NSs.

4.3 Error performance analysis

This section presents the symbol error probability (SEP) analysis of non-coherent CDM and GDM
system models presented in Section 4.2.1 and Section 4.2.2. The SEP analysis is performed with M-ary
differential phase-shift keying (M-DPSK) for CDM and differential M-ary quadrature amplitude
modulation for GDM based on the error probability of the system considering that w; is the transmitted

symbol and 4; is the chosen detected symbol.

4.3.1 Conventional differential modulation error performance analysis

The error performance of CDM is performed with M-DPSK as it eliminates the coherent referral signal
at the receiver. This is performed by combining the differential encoding of the input signal and phase
shift keying at the receiver [25]. The symbol error probability for M-DPSK is given as in Eq (4.19):

Py—ppsk(e) = fooo Py-ppsk(ely) f,(¥)dy, (4.19)

where y = Z’i\’;l y; for i € [1: 2] is the average instantaneous SNR with y; = % as an instantaneous
o

SNR, E; is the average power, N, = 1 is the power spectrum density, Py, _ppsk(ely) is the conditional

SEP over instantaneous SNR and, f,(y) is the probability density function (PDF) denoted as

— 1 Ny—1 Y\ with 7 — . i
) = oY exp ( 7) withy = E{y;}, t, t € [1: T] as the average SNR at time ¢.

The conditional SEP in Eq (4.19) is defined as:

Py _ppsk(ely) = %fonn exp (— L) do, (4.20)

3
1 +cosy; cos 6

where n = (%) K = sin? (%) and M is the modulation order.

The conditional SEP is simplified by applying a trapezoidal approximation using the uniform

distribution fff(x)dx = b%a[w+ lf(a+k b_—a)] where n is the total number of

n

iterations such that n > 10 [9].

Therefore the conditional SEP is computed as:
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nn’—o 1+COSM>< cosnm 1+COSM>< cos 0

n 2

1
Py_ppsk(ely) = e

n-1 — -
k=1€XP ( (1+cos% cos (0"'%))) ,

Pu—pesk(ely) = %[exp(_ 2 el) st e (- —V)] (421)

where p = 1 + cos (%) cos(mm),L=1+ cos%, R = (1 + cos% cos (kn—n))

n

Refer to Appendix D for an effective computation of Eq (4.21). Substituting Eq (4.21) into Eq (4.19)
gives the unconditional error probability for M-DPSK as:

p(-5)-ew(- )

Pu-ppsi(@) = [ | 2T B st oxp (- ’%)] Ly, (422)

To simplify Eq (4.22), the moment generating function (MGF) of random variables
M(s) = f0°° exp(—sy) f,(¥)dy = (1 + sy)~Nr defined in [13], is applied giving the new unconditional
error probability for M-DPSK as:

Pu-ppsi(e) = %E (( p+pk17)NT - (L+Lk7)Nr> + Xko (R+Rk17) NT]’ (4.23)

Refer to Appendix D for an effective computation of Eq (4.23).

4.3.2 Generalized differential modulation error performance analysis

The error performance of the generalized differential modulation is performed with differential M-QAM
[19] as the average SEP for M-QAM is given as:

Pu-oam(€) = Jy Pu—gam(ely) f,(¥), (4.24)

where Py _qam(ely) is the conditional SEP over instantaneous SNR, y is the SNR for multiple receive
antennas given by y = 2?’;1 y; for i € [1:2], where y; is an instantaneous SNR given by y; = % and

fy(¥) is the PDF for N,. receive antennas.

The conditional SEP is defined as:

Pu-aan(eln) =4(1-2)0( [225) -+ (1- %) o2 (7). (4.25)
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where M is the modulation order and Q is the Gaussian Q-function.

The relationship between the error probability and the @-function is defined in Appendix A.

Letting (1 - \/_M) =g and ( ) = b, Eq (4.25) can be written as:

Py—oam(ely) = 4aQ(\/by) — 4a%Q?(by). (4.26)

The expressions for the Q-functions Q (y/by) and Q2(,/by) are defined in Appendix E. To simplify the
conditional SEP the trapezoidal approximation is applied on Q(y/by) and Q?(y/by) using the uniform

distribution fabf(x)dx = %[@+ Yilf(a+k —)] where n is the total number of

iterations such that n > 10 [9], refer to Appendix E for the derivation of the Q-functions. The new
expression for the conditional SEP is denoted as:

-b
Py—_qam(ely) = 4a X [1/271 <( exp Y/Z) + Zl_ exp WS!’)] — 4q? x

[1/471( exp=bV + Y21 p‘bV/Sw)],

n

=2 Eexp (— bz—y) - —exp( w+A-a)lX ( /51 zn-1 exp( b’:))] (4.27)

Tl.'

where S; = 2sin? 0y, , 0y = 513 = 2sin? By, and By = —

Refer to Appendix E for an effective computation of Eq (4.27). Substituting Eq (4.27) onto Eq (4.24)

give the new average SEP as:

[e%) b —by
Py—qam(e) = |, %{le—zy ——ae_by +(1- a)< Ples +3in e )} fyn)dy (4.28)
Applying the MGF of random variables M (s) = f0°° exp(=sy) f, (¥)dy = (1 + sy)~"r onto Eq (4.28)
gives the new unconditional error probability for differential M-QAM as:

—by

o _by _ e
Py QAM(e) f %{%e 2 —Eae by+(1—a)< i= 19 i + Zn e >} fy()’)d%

= elix(2) i) e (e () +
ol (S:TBW)N )} (4.29)

where ¥ = E{y,}, t, t € [1:T] is the average SNR at time t for y; = % and y, = % for the fading
0 0

channels that are identical we let ¥ = ;.

Refer to Appendix E for an effective computation of Eq (4.29).
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4.4 Numerical and analytical results

In this section, Monte Carlo simulation results for CDM using M-PSK and GDM using M-QAM
constellations are compared. Additionally, employing M-QAM and M-PSK constellations, we illustrate
how GDM outperforms CDM in terms of error performance with systems of same spectral efficiency.
Results were simulated for frame lengths of N = 100 and N = 400, we assume that N, = 2 since N,
has no effect on the power allocation of the system. The SEP analysis for the systems in Section 4.2 is
performed with M-DPSK for CDM and differential M-QAM for GDM as discussed in Section 4.3, is

plotted against the average SNR (dB) for the systems.

4.4.1 CDM numerical and analytical results

Numerical and analytical results of non-coherent CDM system over quasi-static fading channel

compared with that of coherent detection system over Rayleigh fading channel for 16-PSK and 64-PSK

constellation with N = 100 and N = 400 are as follows:
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Figure 4.3: Non-coherent CDM and SEP performance analytical results for 16-PSK compared with
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Figure 4.4: Non-coherent CDM and SEP performance analytical results for 64-PSK compared with
that of coherent 64-PSK.

It is observed from Figure 4.3 and Figure 4.4, that for both 16-PSK and 64-PSK, the SEP performance
of non-coherent CDM is about 3dB higher than that of the coherent detection, which results to a
performance loss compared to the coherent detection. The SEP performance of non-coherent CDM
barely lowers as N increase. Therefore, it is evident that coherent detection gains about 3dB SEP

performance to non-coherent CDM detection.

4.4.2 GDM numerical and analytical results

Numerical and analytical results of non-coherent GDM system over quasi-static fading channel
compared with that of coherent detection system over Rayleigh fading channel for the 16-QAM and
64-QAM with N = 100 and N = 400 transmitted signals.
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Figure 4.5: Non-coherent GDM and SEP performance analytical results compared with that of
coherent system for 16-QAM.
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Figure 4.6: Non-coherent GDM and SEP performance analytical results compared with that of
coherent system for 64-QAM.

Figure 4.5 and Figure 4.6 shows non-coherent GDM and SEP performance analytical results compared
with that of coherent system for 16-QAM and 64-QAM. It is observed that the gap between the SEP

performance of non-coherent GDM and its coherent counterpart is about 1dB, better that of non-coherent
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CDM. Furthermore, it is observed that when N increases, the SEP performance of GDM is slightly
approaching that of the coherent detection. This means as the number of symbols increase the SEP

performs of non-coherent GDM improves.

4.5 Chapter summary

In this chapter, two differential detections over quasi-static fading channel were presented to improve
the complexity of the coherent system. Non-coherent CDM detection losses about 3dB to coherent
detection. Non-coherent GDM which uses power allocation between RS and NSs to bridge the error
performance gap between non-coherent CDM and coherent detection was presented. Numeric results
show that the gap between the non-coherent CDM and the coherent system is reduced by non-coherent

GDM scheme with about 2dB performance gap gain.
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CHAPTER 5

GENERALIZED DIFFERENTIAL MODULATION WITH SIGNAL
SPACE DIVERSITY FOR M-QAM

This chapter presents a new proposed scheme generalized differential modulation with signal space
diversity (GDM-SSD) for M-ary quadrature amplitude modulation (M-QAM).

5.1 Introduction

Signal space diversity (SSD) also known as modulation diversity as presented in [9], was proposed to
emphases on equalization techniques for frequency selective channels. The basic premise of SSD is
that multidimensional signal constellations are used and the components (also known as in-phase (1)
and quadrature phase (Q)) of each signal constellation point are transmitted over independent fading
channels [2, 10, 9]. SSD obtain the diversity order across fading channels using two concepts:
constellation rotation and components interleaving [9, 10]. Signal constellation rotation is applied in
such a way that any two points obtain the maximum number of distinct components to increase diversity
[9]. Although, signal constellation rotation is important, the independence of the fading channels can
be accomplished by component interleaving to obtain diversity gain [9]. Moreover, SSD is capable to

achieve diversity without an additional bandwidth and transmission power.

In [9], a signal space diversity scheme is presented where it is combined with receive maximal ratio
combining (MRC) reception to achieve more diversity gain in fading channels. A theoretical analysis
for the symbol error probability (SEP) for SSD systems paired with MRC over Rayleigh fading
channels was derived for 4-QAM and 16-QAM. Additionally, the numerical results indicated that the
angle of rotation affects the error performance, resulting in low complexity of the scheme. SSD was
investigated in [9], in a Single-Input-Multi-Output (SIMO) coherent system with M-ary quadrature
amplitude modulation symbol to improve the error performance of the system however, at the cost of
increased detection complexity. The increase in detection complexity of the coherent systems is due to
the requirement of the knowledge of the channel state information (CSI) at the receiver. Thus, the
receiver in coherent wireless communication system has complete knowledge of the fading coefficients,
and the parameter of the fading channel is a random number known to both the receiver and the
transmitter. Due to the detection complexity of coherent systems, a non-coherent system has been used
in wireless communication to reduce the detection complexity of coherent systems [24]. In contrast to
coherent systems, non-coherent systems do not require CSI at the receiver [26]. Thus, in non-coherent
wireless communications systems, neither the receiver nor the transmitter is aware of the knowledge of
the channel coefficients. Coefficient statistics should be used to perform encoding and decoding in a

non-coherent system [26].
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Generalized differential modulation (GDM) was introduced in [18], as a non-coherent detection which
uses power allocation to reduce the error performance loss incurred by non-coherent conventional
differential modulation (CDM) detection to its coherent counterpart. The non-coherent GDM system
enhances the error performance and reliability of the wireless communication system. This modulation
highlights the potential of the power allocation strategy to provide a more stable communication system
without requiring channel state information at the receiver. The concept of power allocation is to
maximise the average output signal-to-noise ratio (SNR) of the respective non-coherent system [18].
The transmission power is allocated between the reference block (RB) and normal blocks (NBs) where,
more power is allocated to the RB. It was discovered that allocating more power to the RB results to
an improved error performance when the frame length is increased [11]. However, the channel must

remain unchanged for the duration of the frame. Thus, quasi-static fading channel (QSFC).

In [19, 27], GDM was presented for spatial modulation (SM) schemes that implements the concept of
power allocation amongst the RB and NBs. Similarly to [18, 11], the transmission power is allocation
between the reference block and normal blocks where more power is allocated to the reference block.
However, in [19] only normal blocks convey information. The RB remains constant throughout the
transmission, while NBs are differentially encoded based on the RB. This means the RB remains
constant across all frames, provided the channel remains constant for each transmission frame. It was
shown that generalized differential spatial modulation (GD-SM) incurred about 0.5 dB performance

loss as compared to coherent SM when the frame length is 400 [19].

Motivated by the work in [9] of SSD in a coherent system and, the work presented in [19, 27], of GDM
based on the concept of power allocation, a generalized differential modulation with signal space
diversity for M-ary quadrature amplitude modulation is proposed in this chapter. The purpose of the
proposed system is to investigate diversity gain based on SSD in a non-coherent system to improve the
error performance of wireless communication systems. The concept of applying signal space diversity
in generalized differential modulation scheme is encouraged by its ability to obtain diversity in wireless
systems without the addition of bandwidth and transmission power as in [4], since GDM uses power

allocation to improve the error performance of a non-coherent detection.

5.2 System model

Consider a non-coherent GDM-SSD N; x N,. Single-Input-Multi-Output system where N, = 1 is the
number of transmit antennas and N,. = N; is the number of receive antennas as illustrated in Figure 5.1
below, assuming that the receive antennas are spaced far enough apart from each other so that there is

no correlation among the respective received signals.
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Figure 5.1: Block diagram of generalized differential modulation with signal space diversity system
model.

Information bits b; = [bi,1 b;, b3 bi,k] are grouped in sequences of k = log, M bits in size where

M is the modulation order and i, i € [1:2] is the symbol index.

The grouped information bits are then directly mapped onto conventional M-QAM signal set £, and
yields symbol w; = u! + ju?, assuming E[|u;]?] = 1. ()" and ()@ refer to the in-phase (real) and
quadrature (imaginary) components of a signal, respectively. The symbols (u;) are rotated at a certain
angle to maximize the minimum number of distinct components between any two points in the

constellation while retaining the same average energy.

The rotation of the symbols is obtained by applying a rotation matrix R? for a rotation angle 6 to each
element of the symbols w; to form a pair of rotated symbols expressed as in Eq (5.1) [9]:

[x!  x?]=Tul ul]xR® (5.1)

4

cos 6 sin@

0 _
where R” = [— sinf cos0

] is the rotation matrix with rotational angle 8 = 31.7°. The angle 31.7°

is used as an angle of rotation in order to achieve SSD in two dimensions.

The rotation of symbols is effectively computed as follows:

3 0 cosf sinb
[x] xiQ] = [y 7] [— sinf cos 8t

= [uf cos 6 — uiQsinH ulsin@ + uiQ cos H], (5.2)

Q

where x{ = u{ cos 8 — u? sin 6 and xl-Q =ulsing + u? cos 6.
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The rotated symbol pair x; are applied to a component interleaver giving a typical pair of interleaved

symbols w;, i € [1: 2] denoted as:
wy = x! +jx?, (5.3a)
wy = x} + jx 2. (5.3b)

Differential encoding is performed on the interleaved symbols prior to transmission in different frames

using differential matrix giving a symbol pair of differentially encoded symbol defined as s,f = srf Wp!
st =sdwy, (5.4a)
s2 =s¢w,, (5.4b)

where s,{ denotes the differentially encoded symbol in a block to be transmitted, the subscript n denotes

the symbol index in a block, superscript f € [1: 2] is the frame indeX, sfis the reference symbol and w,

is the interleaved symbol now to be referred as the information symbol.

A. Reference symbol

The reference symbol (RS) sf , is the first transmitted symbol across all frames through the source and

it is defined as:

S[ = 1, (55)
where the superscript f, f € [1: 2] is the frame index.

sf remains constant for each frame throughout the transmission and does not convey information. This

allows for the information carrying symbols in normal symbols to be drawn from M-QAM constellation.

The encoded reference symbol is then transmitted individually in different time slots on separate frames

respectively, giving the received reference symbol vector yf :

v} = Ers W's] + n], (5.6)

where yf € CM*1 is the received reference symbol vector, the superscript f, f € [1: 2] is the frame
index, Egs is the RS transmitted power, h/ is the quasi-static fading coefficient vector for each

transmission frame f whose entries are independent and identically distributed (i.i.d.) complex

Gaussian random variables (RVs) with distribution CN(0,1) and, nf is the additive white Gaussian
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noise (AWGN) vector with entries n{k modelled as i.i.d. complex Gaussian RVs with distribution

nrfkw(,‘N (0,1). The subscript k., k € [1:N,] is the receive antenna index.

B. Normal symbols

Normal symbols (NSs) are the remaining encoded symbols in the transmission frame. Normal symbols

are encoded based on the reference symbol and are defined using differential matrix in Eq (5.4) as:
s,{ — srf Wy, (5.7)

where the subscript n is the symbol index in a block, s,{ is the differentially encoded symbol in a frame,

sf is the reference symbol in a frame and w,, is the information symbol.

Similar to the reference symbol, the transmitted symbol experience QSFC and AWGN as they arrive

at the destination in different time slots on separate frames respectively, giving the received normal

symbol y{ vector:

yl = [Exs W's + nl. (5.8)

where y{ € CNr*1 t € [1: T] is the received normal symbol vector at time ¢, Ey is the NSs transmitted

power, h/ is an independent quasi-static fading coefficient vector for each transmission frame whose
entries are i.i.d. complex Gaussian RVs with distribution CN(0,1) and, n{ is the AWGN vector with

entries n{k modelled as 1.1.d. complex Gaussian RVs with distribution n{k~CN (0,1). The superscript

f.f € [1:2] is the frame index and the subscript k, k € [1:N,] is the receive antenna index.

The received symbols order is presented in the table below:

Table 5.1: GDM-SSD received symbols,

Frame 1 Frame 2
¥6 = Ers h's5 + g ¥5 = VErs h*s§ +nj
¥i = Ens h'si +nj ¥} = VEns h’s] +n}
¥% = Ews s} + ) Y% = JEws 753 + 3
¥t = JEns hisi + ¥ = JEns s + n

where y, = y! ands(’,c =1for f € [1:2].
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More transmission power is allocated to the RS as compared to NSs to improve the error performance
of the system since the reference symbol provides the combine channel estimation for normal symbols.
The transmission power of the RS is represented as Ergs and it is denoted as (1 + Np)E, and, the
transmission power of NSs is represented as Eyg and it is denoted as (1 — p)E;. E; is the average

transmission power of the system. Refer to Section 4.2.3 for power allocation.

C. Detection

Substituting Eq (5.4a) and Eq (5.4b) into the received symbol pair vector, the received symbol pair
vector may be rewritten as in Eq (5.9a) and Eq (5.9b):

yi = Ens h'si +ni,
=, Ens h'(s§wy) + ni,
¥i =+ Ens h'w; +nj, (5.9a)

9% = B 257+,
= Ens h?(s§w,) + nZ,
y% = W,ENS h2W2 + n% (Sgb)

Due to quasi-static fading channel, y(’: and y[ are known at the receiver. Similar to Eq (4.9), y{; is
defined as:

yg = [ Egs hfs({ +n£.

Therefore,

(5.10)

Substituting Eq (5.10) into Eq (5.9a) and Eq (5.9b) gives:
y1 =+ Ens (%) wy +ni,

NS [ybwy — ndw,] +nd, (5.11a)
ERs

2 _ y%—n%) 2
s (B2) wy 4 w2,
Y1 NS \/E—RS 2 1

= |22 [y§w, — nfw,] +ni, (5.11b)
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where y1 and y? are the received normal symbol vectors for each transmission frame and, y3 and y3

are the received reference symbol vectors for each transmission frame, respectlvely |s the average

transmitted power.

The received symbols are combined as they are received at the receiver using maximum ratio combining

(MRC) reception on a symbol-by-symbol basis. The combined received symbols are defined as

Y/ = (y ) yt where the superscript f, f € [1: 2] is the frame index, the subscript t, t € [1: 2] is the

time slot index and superscript H is the Hermitian transpose. The combined received symbol pair is
denoted as in Eq (5.12a) and Eq (5.12b):

vt= (y5)"y1,
E
= 08)"| (22 b wy — mbwa) +md |
E
= / - [”J’o ” ws — (¥ )Hnowl] + (75)"n,

Jo |l I° (et + jx§ ) — 78] + 7, (5.12a)

Yl
Y2 = (y5)"yi,
= 5" [ Zs (YO Wy — Mgw,) + n%],
E, 2
= [2 (I3 IPw. — 0% mbwa] + %)n,
RS

v= 2 [IyBII" (ck +)x?) - 73] + a2, (5.12b)

ENS

where ||y} || is the received reference signal power, f € [1:2] and 7 (yo) nJw, and

= (v} ) n/ are a noise term.

De-interleaving is then performed on the combined received symbol pair in Eq (5.12a) and Eq (5.12b)
to ensure that the in-phase and quadrature components of the original symbols are reassembled before
detection is performed. De-interleaving is performed by swapping the in-phase and quadrature
components of the combined received symbols where a typical pair of de-interleaved symbols is given
asry, t €[1:2]:

r, = Re { /i—'}:;[”y(l, I° (¢! + jx2) —no] + nl} + ]Im{ / . [”)’0 17 (b + jx2) — nO] +7 }
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= |22y RIS ol b5 I° %2 — 75+ 7, (5.13a)
ro= Re { | 225y I (o + ) — 3] + 2} + jrm{ |21y el +9) - 3] + )
= |28 x4 2 (s | xS - R + A2, (5.13b)

where the resultant noise term 7 and |s a random variable which can be approximated as Gaussian

distribution 7 ~CN(0 1)andj =+v-1.

The receiver then performs maximum-likelihood detection (MLD) for a non-coherent GDM-SSD
system denoted as:

2
ol = argmin{Pz r - ENS || o” (ul cos 8 —uf sin9)

ulen
e —j / ||y0|| (ul sin6 +ulcos6)

2
I _ ’l;_g “y% ”2(u£ cos 0 — ug sin 9)

2
+P, } (5.14a)

2 = argmin{P1 T
uZen

2
+P2|r? —j /? 78 |17 (uf sin 6 + u2 cos 9)| } (5.14b)
RS
where @i} and @7 are the detected symbols, 2 is the M-QAM signal set, u} cos 8 — u? sin 6 = x1,

ul cos 0 —ul sin 6 = x} are the real and ul sin @ + u cos 0 = x°, uhsin6 + ul cos @ = x? are
the imaginary component of the rotated symbols u} and u?, respectively. P* and P?are the received

reference signal power denoted as P/ = ||y || fel1:2].

y§ and y3 are used to estimate the channels of the system so to recover information in y} and y2.

5.3 Error performance analysis

This section presents the symbol error probability (SEP) analysis of the proposed non-coherent GDM-
SSD system. The SEP analysis is performed with differential M-QAM based on the error probability
of the system in a closed form using minimum distance lower bound of the transmitted symbol u; for

each rotated constellation point and #; as the chosen detected symbol.

In the high SNR region one symbol u, can be assumed to always be detected correct and u, can be

considered to be a transmitted symbol and i, as the detected symbol.
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5.3.1 Minimum distance lower bound

Minimum distance lower bound (MDLB) as presented in [9], is the analysis method used to derive a
lower bound on the SEP using the minimum Euclidean distance of the rotated constellation considering
the independent fading on the in-phase (real) and quadrature (imaginary) components of the signal due
to component interleaving/de-interleaving. Therefore, the MDLB on the SEP conditioned on
independent fading is given as:

d? d?

Py25am((elh) = 4aQ < 2_No> - 4(12Q2< T ) (5.15)
where h is the quasi-static fading coefficient vector whose entries are independent and i.i.d. complex
RVs with distribution CN(0,1) and it is constant over a frame and independently changes from one
frame to the next, N, = 1 is the power spectrum density and, d is the minimum distance between
constellations given as in [9]:

dm = min {w/|x1—x2|2}, (5.16)

Xq,X; ENR

where 2 is the M-QAM signal set, x; and x, are the rotated symbol corresponding to u,; and u,,
respectively.

Following the approach from [9], the minimum distance in Eq (5.16) is modified to account for the
independent fading on the in-phase and quadrature components of the signal as in Eq (5.17):
min

Aimin = {\/hzlx{ —x}12+ h2|x] - x?lz}, (5.17)

Xq1,X2 EN

where x! ,x} are the real and xf ,x§ are the imaginary component of the rotated symbols corresponding

to u, and u,, respectively.

Taking into consideration the rotation angel @ of the rotated two dimensional constellations, the

minimum distance in Eq (5.16) can be written as:

d%;, = 4l|h||? Cos26 + 4 ||h||2Sin26, (5.18)
where |x] — x}| = 4 Cos?6 and |x{ — x3| = 4 sin? 6.

Due to independent fading and rotation angel, the conditional MDLB on the SEP in Eq (5.15) can be

conditioned over instantaneous signal-to-noise ratio (SNR) and denoted as:
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PiP5Eu(elyr,v2) = 4aQ(y/b0) — 4a2Q?(\/bY), (5.19)

where y; and y, are the RS and NBs instantaneous signal-to-noise ratios defined as y;, = % and
Yo = ENﬂ ERs is the reference symbol transmitted power, Ey is the normal symbols transmitted power,

respectively, N, = 1 as defined in Eq (5.15), a = (1 — \/—_) b= ( ) and { = y, cos? 0 + y; sin? @

for t € [1: T] is the time index with the reference symbol being the first transmitted symbol across all
frames.

Integrating Eq (5.19) gives the MDLB on the SEP as:

I%DéﬁM (e) = f f MDléﬁM(erVz) fy1 (y1dy, fyz (r2)dy>, (5.20)
where f, (y1) and f,, (y,) are the probability density function (PDF) for N, receive antennas.

Substituting Eq (5.19) onto Eq (5.20) gives the new MDLB on the SEP as:

A%DéﬁM (e) = foo fooo 4aQ (\/b_Z) - 4(12Q2(\/b—<) fy1 (y1)dy1 fyz (r2)dy,

G ) i) )t a-a
= —4J-X —_— —-a
n 27 \2+aby, 2+8b¥, 2 \1+ ab¥, 1+ 8b7,

Zr}—l( Si )N( Si )Nr + Zn—l( Sip )”( Sip )Nr
=1 \s;+aby, S;+8b¥; =1 \s;p+ab¥, Sig+8b¥;, '

=2LxF-2xa+ (1 -a)(Zi c+ X 0)} (5.21)

N. N, N. N.
. 2 r 2 r 1 r 1 r
where a=cos?0, & =sin?6, F=( _) ( _) , A=( _) ( _) :
2+aby, 2+8by; 1+ aby, 1+ 8bYy,

C = (Sﬁf;bﬂ)m (Sﬁf;bﬂ)m and 0 = (SiBfgb?z)Nr (Sisiigbﬂ)m. 7=E{y )t t €[1:T] is the

average SNR attime t, y; = % and y, = % are the average SNR as defined in Eq (5.19).
0 0

Noting that the transmission powers for the symbols are independently allocated amongst the RS and

NSs where more power is allocated to the RS compared to NSs for a better estimation of the channel.

Refer to Appendix C for an effectively computation of the final expression of the MDLB on the SEP in
Eq (5.21).
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5.4 Numerical and analytical results

This section presents numerical and analytical results of the proposed non-coherent GDM-SSD for
M-QAM maximum-likelihood detection and the SEP performance analyses of the system model
presented on the previous section. The presented results are for 16-QAM and 64-QAM constellation
with N = 100 and N = 400 transmitted symbols with the number of receive antennas N, = 2. The
results are compared with that of coherent SSD combined with MRC detections.

T T T I T
Coherent SSD MLD
0% _ ~—<— GDM-SSD MLD -N=100 .
= 6 g —&— GDM-SSD MLD -N=400 3
= =» = SSD Theory MDLB -
B o~ | - GDM-SSD Theory MDLB -N=100 |
107 e GDM-SSD Theory MDLB -N=400 |
o
i I
-2 = _
o 107 3
()] C 3
@
—
@©
<
10° F 3
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1 1 1 e,
0 5 10 15 20 25 30

SNR(dB)

Figure 5.2: Non-coherent GDM-SSD MLD and SEP performance analytical results compared with
that of coherent SSD for 16-QAM.
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Figure 5.3: Non-coherent GDM-SSD MLD and SEP performance analytical results compared with
that of coherent SSD for 64-QAM.

It is observed that for both16-QAM and 64-QAM, the SEP performance of the proposed GDM-SD
system is closely approaching that of coherent SSD MLD as the number of symbols increases. When
N = 100, the SEP performance of the proposed GDM-SSD scheme is about 5dB higher than that of
the coherent detection. When N = 400 the SEP performance is about 4dB higher than that of the

coherent detection, resulting to a performance loss compared to the coherent detection.

It is further observed that for a large number of transmitted symbols, the error performance of GDM-

SSD approach that of coherent detection.

5.5 Chapter summary

In this chapter, the proposed GDM-SSD scheme including the system model was presented. SSD was
applied to the non-coherent GDM system to improve the SEP performance of non-coherent detection.
Numerical and analytical results of the SEP performance of the proposed scheme GDM-SSD compared
to that of the coherent SSD MLD for 16-QAM and 64-QAM was presented using MATLAB. The results

show performance loss of the proposed scheme of about 5dB compared to the coherent detection.
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CHAPTER 6

CONCLUSION

This chapter summarizes the research concluding remarks on the presented schemes and the future
research. The fundamental idea of the proposed generalized differential modulation with signal space

diversity (GDM-SSD) scheme is to employ diversity in a non-coherent system.

6.1 Conclusion remarks

A literature survey of wireless communication techniques involved in the investigation of the proposed

scheme is presented in chapter 2.

In chapter 3, a coherent signal space diversity (SSD) system over Rayleigh fading and additive white
Gaussian noise (AWGN) channel was presented. Maximum ratio combining (MRC) reception was
employed at the receiver to reduce errors that cause an increase in the signal-to-noise ratio (SNR) of the
coherent SSD detection. This is due to the system requirement of the full knowledge of channel state
information (CSI) at the receiver. The symbol error probability (SEP) performance of the coherent SSD
was analyzed using the union bound (UB), minimum distance lower bound (MDLB) and nearest
neighbour (NN) approximation models in a closed form. Numerical results show that as the number of
receive antennas increase, the SEP performance of the UB, MDLB and NN approximation approaches
0 SNR and away from that of coherent SSD. Therefore, the coherent SSD SEP performance is

significant as diversity is achieved.

Non-coherent detections conventional differential modulation (CDM) and generalized differential
modulation (GDM) are presented in chapter 4 to simplify the complexity of the coherent detection.
These schemes are presented over quasi-static fading channel (QSFC), where GDM uses power
allocation to bridge the performance gab between non-coherent CDM and coherent detection.
Numerical results show non-coherent CDM 3dB performance loss to coherent detection. And, that the
gap between non-coherent CDM and its coherent counterpart is reduced by non-coherent GDM
detection with about 1dB performance gap gain. This signifies GDM as an alternative non-coherent

detection to non-coherent CDM.

The proposed GDM-SSD scheme was presented in chapter 5 which employs diversity in a non-coherent
system to improve the error performance of wireless communication systems by applying SSD in GDM.
Numeric results show that the SEP performance of the proposed GDM-SSD scheme losses about 5dB
performance gap over coherent SSD scheme. It is observed that the performance of GDM-SSD

detection gets better as the number of transmitted symbols in a frame increase.
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Therefore, diversity was successfully applied to a non-coherent GDM system. The proposed GDM-

SSD scheme is significant in enhancing the performance of wireless communication systems.

6.2 Future research
This presents an opportunity to investigate the performance the following schemes:

1. Non-coherent conventional differential modulation with signal space diversity (CDM-SSD)
detection schemes.

2. The employment of other diversity techniques to bridge the SEP performance gap between the
non-coherent GDM-SSD and coherent detection.
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APPENDIX A

This section presents the derivation of UB conditional PEP in Eq (3.11) of the performance analysis of

the coherent SSD with N,.-branches MRC reception system in Section 3.

DERIVATION OF UNION BOUND CONDITIONAL PEP
The UB conditional PEP is effectively computed using the received symbol in Eq (3.4)

Ve = /5—: h,w; + n,, t € [1:2]. A typical received symbol pair is denoted as:

E .

Y1 = /ﬁhl(x{ +jxd) + ny, (A.la)
E .

Y2 = /ﬁhz(xé + jx?) + ny. (A.1b)

The received symbols vectors y, with entries y;, t € [1: 2] and k € [1: N,.] are combined using MRC
reception on a symbol-by-symbol basis as they are received and are denoted as z;, t € [1: 2] with
entries z;, t € [1:2] and k € [1: N,]. h; is the independent Rayleigh fading coefficient vector with

entries hy, and k € [1: N,.] where h;; is defined in Eq (3.10) in the dissertation. For each receiver the
symbol pair is denoted as:

z1 = e Qkyyy,
—j ’Es . Q

e ]Qlk( Ehlk(x{ +]x2) + n1k>,
- Es i I .. Q

e JQlk( /Ealkemlk(xl + jxy )+ n1k>,
Es

_ . , I .0 .
= a(e ]QlkalkelQlk(x1+ ]xz )) + e JQlknlkl

Es i _ . —i
= ’E(alke](Qlk Q1k)(x{_|_ ]Xg)) + e JQ1kn1k,

= [E (ol 10) + "

Zy = e I 0kyy,

—j ’Es .
=e JQ2k< ahz,{(xé + ].Xf) + n2k>,
= e_jsz < s_Z)aZkejQZk( xé + ]le) + n2k>,
’E . . i .
= ﬁ(e_JQZkazke]sz(xé + ]x?)) + e ]QanZKl

64



5_Z(a2kej(Q2k—Q2k)(xé + ]le) ) + e—szank,
Zok = \/g(az;((xé + jxf)) + Ty, (A.2b)

where i = e /Qkny, t € [1:2] and k € [1: N,] is a complex random variable with distribution

ﬁtk~(0'1)'

Performing de-interleaving on Eq (A.2a) and Eq (A.2b) gives:

E , _ , E . N
Tk = Re { ialk(x{ + jxd) + nlk}+ ]Im{ ﬁ(az,c(xé + ]xf)) + nZk},
ES . Es =
= /aalk xi+j /E(ZZ" X2+ fiyy, (A.3a)

[E . _ . [E . N
7ok = Re { ﬁ(az,c(xé + ]xf)) + n2k}+ ]Im{ ﬁalk(x{ + jxd) + nlk},
Eg . | Eg =
= /aaz,( x5+ j /Ealk x$ + iz, (A.3b)

where similar to Eq (A.2a) and Eq (A.2b), the resultant noise term 7., t € [1:2]and k € [1: N,] is a
complex random variable with distribution 7i,,~(0,1) and j = vV—1.

The UB conditional PEP is then computed as below:

P(u; - 4|hy, hy) = (Zk 1M — f Qg X1 — f Aok x1
T = "Q
1k~ g, %1k 2 —J Ee, a2k Xl )

_ N. Eg 1 . Q = Eg I . |Es Q
—P< k=1 ( /E—(%kxl +jogr X ) + Ay ) = [Pl — [ x| >
w w w
E E 2
N, Eg I . Q = s ~1 , s ~Q
K1 ( /E_(alk X1 +Jjazgk x1)+ Mg | = |5 %k X1 — ] |z Qx| )
w w w

I




2
2 (e d = 2D+ joa(xf - 20)) + ﬁ1k| > (A4)

Y .
=P (leg£1| n1k| > 21111:1
Let (x] — 1) = dy and (x — 2¢) = d, where x{,x} and x?, x7 are defined in Eq (3.11),

2
). (A5)

~ - 2 r Eg . =
P(u; - tiy|hy,hy) =P <Zf=1| k| > lell:l \/%(auc dy +jag dy) + ngy

Apply |A + B|? = |A|? + |B|? + 2Re{AB*} onto Eq (A.5):

2
+ 21];];1|ﬁlk|2 +

d; + jay dy)

R 1= |2 .
P(u; - 1y|hy, hy) = P(ZZ=1|n1k| >ZZ=1

Es . z *
Zﬁf;l 2Re {( /a(alk dqy +jagk dz)) Mg })
N 2 N. 2 N, E 2
=P <Zk;1|ﬁ1k| - Zk;1|ﬁ1k| > Ylq /i(alk dy +jaz, dy)

ZIIXT 2Re {(\/% (ax dy + jayy d2)> ﬁlk*}>’
E 2 N. E *
\/% (ayx dy + jag, dy)| + XL, 2Re {(\/% (ap dy + jagy dz))ﬁlk })
N. E * N. E. 2
p <Zk£1 2Re {(\/% (aix dy + jagy dz)>ﬁ1k } >l \/%(alk dq + jag dz)| )

2
E .
“(aqk dy+jazy dz)
Eg . z ¥ r [3)
p Z’,l';l Re {(\/% (aj dq + jayy dz)) Ny } > 22;1 \/: 5 |
=P <21¥;1 Re {(\/7 (ajp dq + jayy d2)>ﬁ } > Zk 125 (ay2 df + ayy? d%)) (A.6)

r Re{(\/i(‘hk di+jazg d2)>n1k }

\/Zk 1 2B, (alkz d2+a2k2 dz)

= P<O >y

be a Gaussian random variable distributed as n~N(0,1)

Let n =

considering that:

Eg . =z * T Es
Zg;l Re {(\/% (a1x dq + jagy d2)> Nk }~N (0, ZI,Ll 2 (a1i? d? + ay? d%)) (A.7)

Substituting accordingly in Eq (A.6) gives:

Ny [Es . _
R pad Re{( (“1k ditjazg dz))”ﬂc] Zk 12E 2hay? d2)
P(uq - Gy|hy,hy) = P
\/Zk 12E 1+azi? df) Jzk 12E,, sp(a1k? df +agy? dz)
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E
Zkrles (a1k2 d1+1“2k dz)

Jzk 12E

_ n>\/2k (g B} + g dz)) (A8)

1
2 d2+ay,? d3)

Let yu = am?(Es), t € [1:2]and k € [1: N,.] be the combined instantaneous SNR in the time slot t.

The probability that n > \/Zk 175, — (Y1 d? + y4x d3) can be written in tearms of the Q-Function as:

(n> (B O 2 72 dD)) = 0 ([Eha gt O + v D). (A9

Therefore, Eq (A.8) can be written as:

PGy = iy hp) = P(n > [N, 21 (rae d} + yarc d))

= Q[ (B, or Oae & + 7 ),

= 0( [z e +v242), (A10)

where y, = Ynr, v for t € [1:2],and k € [1: N, ].

67



APPENDIX B

This section presents the derivation of the UB unconditional PEP in Eq (3.13) of the performance

analysis of the coherent SSD with N,.-branches MRC reception system in Section 3.

DERIVATION OF UNION BOUND UNCONDITIONAL PEP
The UB unconditional PEP is effectively computed by applying the trapezoidal approximation to the

Q (x) function as shown below:

P = ) = I} ;7 0 [53-0nt +72D) .00 fur2) dy e ®1)

where f, (v1) and f,, (v,) are defined in Eq (3.10).

Given that;

=X

2 —x?
mm=§kﬁ1-g%%} (82)

tm

wherei € [1:2], s; = 2sin®6; and 6; = —

Substituting Eq (B.2) onto Eq (B.1) where x = \/% (y1d? + y,d3) yields:

0 zn|2%*P 2

Plu; » ty) = fooo o 1 [1 {_(m) }+

Si

2

(erazimaz)
vy { ( o ) }] fr.(v1) £, (v2) dy1 dy,

1 {-( /Z;U(ylamd%))z} X

2) 2
s; ) }] fry (r1) fr, (v2) dy1 dya,
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oo (([tndzimad)

=§l§fo I\ exp{ ( e )}fh 0D . (r2) dys dys +
B )]

Z?:_ffo fo exp{ ( VSi ’ )}fyl(h) fyz()’z)dh d)’z‘- (B.3)

oo ((fetama)
For simplicity of Eq (B.3), let [, [, exp — fr, 1) f,(v2) dy;1 dy, = G and can

be computed as:

o (sa0mad) (sa5mad)
G fo fo exp 2 X exp 2 f]/1 (Y1) fyz ()/2) d)/1 d)/Zv

_ o —(ﬁ()&d%)) o <2Ew(y1 1))
Jo expi———F—"1f,(r1) dys x [ exp fro(r2) Ay |. (B.4)

1 2
a? = _<ﬁ(“dl)> o (=)
Let ﬁ = P, therefore, [~ exp {f fru () dyy = [ exp {Tﬂ’l} fy, (v1) dy;. Perform

integration by applying the MGF expression fome‘syt fe)d@y:)=Q+sy) ™M, te[1:2] as
shown below:

e T o = [1+ (2) 7],

2

(B.5)
. (zgwwz 1)
The same can be done for [~ exp { ———=f,, (¥2) dy- giving:
0 - ﬁ(yzd%) Ny
Iy exp {Q}fn G dr: = (555=) - (B.6)

Therefore:

oo ((Emama) . i
fO fO exp{ ( ol 2 ik ) }fh 0’1) f}/z (VZ) dy, dy, = (2_‘;17)1\’ (2_:,2)—/)1\] - (B.7)
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Si

2
oo | (fatnditrad) .
The same can be done for [~ [~ exp fr, 1) £, (v2)dy1 dy, giving:

Si Si+PyY

fooo fooo exp {_(\/ZECU(meﬂ/zd%)) } . 1) £, (v)dys dy, = (Sif;ﬂ_/)Nr( S )Nr,

Therefore:

N N. N N
- 1aff 2 \Nrp 2 \Mr n-1 ( si ) v ( si ) v
- —_ = 3
Py - ) =5 [2 ((2+P1]7) (2+P2]7) ) + Ximi Si+P,¥ si+Py) |

1 2 \Nry/ 2 \Mr 1 enc1( Si \Vr/ si \Vr
_a((2+P17) (2+P27) )+EZ"=1 (Si+P1]7) (Si+P2]7) ' (B.8)
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APPENDIX C

This section presents the derivation of the MDLB unconditional PEP in Eq (3.24) of the performance

analysis of the coherent SSD with N,.- branches MRC reception system in Section 3.

DERIVATION OF MINIMUM DISTANCE LOWER BOUND
UNCONDITIONAL PEP

The unconditional SEP for M-QAM is effectively computed as:
PMD](}EM (e) = fooo fooo 4aQ (\/b_Z) - 4a2Q2(\/b_Z) fy1 (r1)drs fyz (r2)dy,. (C1)

Let a = (1—\/%) and b —( ) { =y, cos?8 +y,sin* 0, where y, for t[1:2] defined in

Eq (3.22) and f,, (y;) is defined in Eq (3.23).

The relationship between the error probability and the Q-function is defined in Appendix A. Apply the
trapezoidal ~ approximation on  Q(y/b7) and Q%(y/b7) using the uniform distribution

f:f(x)dx = b_Ta [M + Y fa+k bn;a)] as presented below:

2

2
exp(— ‘/.b_z >+exp<— ‘/.b_z

T n 2 Zsinz(a+k(b7))

2
—> and where n is the number of iterations such
2

:E

2sin? 0

where f(a) = exp< 5% > f(b) = exp(

thatn > 10 [9].

The Q-function Q(,/b?) is then computed as:

2

sz \/b_(z
1 E_O exp(— m)+exp<— m) _ D
Q(\/b_c)= ;XZT\ 2 +ZTI} %exp - L

— —_— ] ,
i 25in2<0+k<72_r%0>> ‘

0+exp< by 2
1 2sin bl
= —|————2+ Xk= 1exp< —) :

2n 2 Zsinz(k(zn—n))

Jb_{z
_ 1 exp(— Zsinzg> \/ﬁz
=l + Zk 1€exp w ,
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2n Zsinz(k(:—n»

=2 [; exp< ‘/b_T(z> +Yrlexp <— ‘/b_—fz)] (C.3)

The same can be done for Q2(,/b7) giving:
Q*(Vby) = [— exp (— /B0 )+ Siztexp <— %)‘ (C4)

The Q-functions Q(,/b) and Q2(,/b7) may be written as:

N -(/50)°
Q(VbS) = 1/zn 2 +Yige S ] (C.5a)
2 -(/50)°
Q*(VBS) = (Y47) [%e‘(ﬁ) + Y le S ] (C.5b)

WhereSi = 25in2 Qk , Qk = % , SiB = ZSinz ﬂk; and Bk = %

Substitute Eq (C.5a) and Eq (C.5b) onto Eq (C.1) gives:
PP () = [ [ 4 [1/2n ((1 ) + 3y ‘/)‘ et
[1/4n Ge"" + Xt e SiB)] fr, ) dys £y, (r2)dy2,
= 71 x| Va3 ") vz | x [V (fee+
= e SiB)] fr,(rddys fr,(v2)dy2
=1 Yn (Ge_bz/z) + 3 e_b</5i> —a*/ <Ge"’<) +
o e_bz/5w> Fu(rdrs f, (r2)dvs,
=Jo Iy Yn [Ge_b%) + X e s a(3e) -
agite” o] f0n)dn f.0)dr
= (e ) —a(Be) e mpe

axte” | b, 0mdn f,0m)dr
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= [ te e -y (site

e ) g, (dn f, o) ©)

Considering that { = y; cos? 8 + y; sin? 8 for t [1:2], let a = cos?8; § = sin?0. Eq (C.6) can be

written as:
—hre _8bye
M DQAM(e) f f n{( )(%e 2 ) — (% ae—“bl’t) G ae—Sbyt) + (1 _

@) <Z?=‘11 (e ) <e t)+zzn ( —) <e))} £ v £, (r2)dvs. (1)

Apply the MGF [ e~ f(y) d(y) = (1 + sy) ™ on Eq (C.7) as follows:
ocby _ &by
PR oam(@ = J, [ {( )Ge 2 ) - (% ae‘“by) (% ae‘&”’) +(1-

@) ( no1 (e ) (e ) 4yt <e ) (e ))} £ DAy £, (r2)dya,

N %{%<1 + (“zﬂ))w (1 + (Sﬂ))_m — 2@ +abp) ™M (1 + 8bP) N + (1 -

2

a) <2?;11<1+ ("‘Sﬂ))_N <1+(8by))_Nr+ Zn 1(1+(Z?:))_NT(1+(§?Z))_NT>},

1 (2+aby\“Nr r248by\ " Nr N —
S(EE) () TS+ abp) M1+ 8b7) N + (1 -

(Zn—l (Si+ab]7)_Nr (5i+8b77 )‘Nr + y2n=1 (5,3+aby) (s,-3+8by‘)""r)}
=LA s S; SiB SiB ’

(2+aby) (2+8by) (1+txby)NT (1+15b7)Nr + (1 —
. Ny , N,
Zn 1 (S +aby) (S +8by) 12:;1 (SiBilibV) (SiBS';'lgbV) )} , (C.8)

{

\./
—/ NI'—l
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APPENDIX D

This section presents the derivation of the unconditional SEP for M-DPSK in Eq (4.21) of the
performance analysis of the non-coherent CDM system in Section 4.2.1.

DERIVATION OF UNCONDITIONAL SEP FOR M-DPSK

The unconditional SEP for M-DPSK is effectively computed as:

Pu-oosi(@) = Jy (217" exp (— rtimems) 40) . GED

T
1+cosﬁ

Ky

1 mm
where = exp\— —=——
n:fO P( 1+cos% cos 6

) d0 = Pyy_ppsx (ely), 1 and x are defined in Eq (4.20 ),

Apply the trapezoidal approximation on Eq (D.1) wusing the uniform distribution

f:f(x)dx = b_Ta [M + Y fa+k bn;a)] as presented below:

Ky Ky
exp| -——— |—exp| - —F—
of 1 nm—0 p( 1+cos%>< cos nn) P( 1+cos%>< cos 0>
Py-ppsk(€) = fo pite Sy > +

nloxp (‘ (1+cos™ c’coys(0+k’7”))>‘ Ky dy,

exp - —exp| — w24
_ J.oo n 1+cos (%) cos (nm) 1+cos%><1 n
—Jo n 2

n-1 _ Ky
k=1 €XD ( (1+cos% cos (kz_ﬂ))) fy (Y)dy, (D.2)
_ _ Ky — _ Ky
where f(a) = exp( P (%) — (mﬂ) and f(b) exp( 1+COS%X1).

Let 1+ cos (=) cos (mm)=p,1+ cosZ =1, (14 cosZ cos k1T)) = R. The unconditional SEP
M N p M M n

is then denoted as:

Pu-prsi(€) = [} (” [ex"(_ ?);e""(‘ )y simtexy (- ;V)D f,(dy. (DI

Apply the MGF [e™Y f(y) d(y) = (1 + sy) " on Eq (D.3) as follows:

_kr Ky

PM_DPSK(G) _ fooo <% [GXP( p );exp(— T) + Zg;% exp (_ %)]) fy()/)d)/,
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APPENDIX E

This section presents the derivation of the unconditional SEP for differential M-QAM in Eq (4.29) of
the performance analysis of the non-coherent GDM system in Section 4.2.2.

DERIVATION OF UNCONDITIONAL SEP FOR DIFFERENTIAL
M-QAM

The unconditional SEP for differential M-QAM is effectively computed as:

Pu-von(@ = [ 4 (1- &) 0 ([5) -+ (1- %) @ () snar. €D

1 3 - E .- . .
Let (1 - \/—M) =gqa and (—) =b. AsinEq (419),y = N_Z The unconditional SEP of differential

M-1

M-QAM can then be denoted as:
Pu-poam(e) = [, 4aQ(y/by) — 4a?Q*(/by) f,¥)dy, (E2)
where y and £, (y) are defined in Eq (4.19).

The Q-functions are given as:

Q(x) = %fog exp (— sznzz 9) de, (E.3a)
Q2(x) = [ exp <— %) a0, (E.3b)

where x = \/by.
The relationship between the error probability and the Q-function is defined in Appendix A. Apply the
trapezoidal ~ approximation on  Q(y/by)and Q?(\/by) using the uniform distribution

f:f(x)dx = b_Ta [w + Yl fa+k bn;a)] as presented below:

/oy N
1 b-a exp(— 2sin? a>+eXp(_ 2sin? b> n-1 byz
Jby) = 2x 22 . ST — E.4
Q( b]/) T X n 2 + Zk—l exp ZSinz(a+k(b;a)> ' ( )

where f(a) = exp <_ ﬂl) and £(b) = exp (_ N >

. F3
2 ZSLnZE

The Q-function Q(,/by) is then computed as:

76



[ 2 2
L L
Z o eXp( 2sinZo ) TP Zsm2

Q(br) = 2 x 2>

+ Yc exp| —

|
— )

[
—

= % _%exp <_ Jbr > +Yrc] exp( 251n2(k )>] (E.5)

The same can be done for Q2(,/by) giving:
Q*(yby) = ﬁ[iexp (= Vor') +3i 1exp< %)‘ ES)

The Q-functions Q(y/by) and Q2(,/by) may be written as:

W’ ()’

Q(M)=1/zn[§e 2 +Yle S ] (E7a)
) . -(Bp)°

Q*(br) = (Van) |56 0 +Zite (E.7b)

i

WhereS _2517'1 9k Gk—— SLB—ZSlTl Bk andﬁk——n

Substitute Eq (E.7a) and Eq (E.7b) onto Eq (E.2) gives:

1/2n ((1 by/Z) 2?£1le_by/ >] 4a* x [1/ ( by 4
e )| f0ar,

= foooax[l/n( y/2)+21 re by]_azx[l/n(%e_by‘F
e )| f00ar,

_ fom a/n<(%e_by/2)+Z?=‘11e_by/51> a/ <( —b'y)_l_ Y1, V/sus) f,(dy,

Py DQAM(e) = f 4a X

=17 [Ge ") wmite e Getr) —axizte o] fyna.
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= [P, [Ge_by/Z) —a(3e™)+ 30} e s ayitt e Siﬂ] fdy,

= fpefte M- ter - (st Mr s M)l popar. €9

Apply the MGF [ e~ f(y) d(y) = (1 + sy) "™ on Eq (E.8) as follows:

—by —by

Py-poam(e) = fooo%{%e_z—y - %ae_by +(1-a) (Z?:_f eSi + 3t eﬁ)} f(dy,
=2 @) T tar e a-o (R () )
s (1 (2) 7))
S 50 s (2 2 (2™

= 4lx(2)" () o (mm (62) reme (e )L €9
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