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Abstract

This thesis investigates the Klein-Gordon equation (KGE) using a combined
theoretical and numerical approach. We develop a robust numerical approx-
imation scheme for the KGE that demonstrates good convergence properties
for various data types and explore the long-time behavior of semi-discrete
KGE solutions near finite- and infinite-dimensional invariant subsets of an

appropriate space.

In the first part of the thesis, we establish convergence results for the semi-
discrete, Fourier pseudo-spectral spatial approximation of the KGE with
smooth potentials. We present an extensive stability and convergence anal-
ysis for finite Sobolev regularity data in T and R, as well as for smooth
data from Gevrey classes in T. We demonstrate that the convergence rate is

algebraic in the first case and (sub-)geometric in the second case.

The second part of the thesis deals with the numerical studies of the long-time
dynamics of semi-discrete numerical solutions in periodic settings. Through
an extensive set of simulations, we show that the pseudospectral semi-discretiz-
ation is capable of preserving finite- and infinite-dimensional invariant struc-

tures over very long time intervals.
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Chapter 1

Introduction

1.1 The Klein-Gordon equation

In the field of applied mathematics, finding analytical solutions to certain
evolution equations can be extremely challenging, leading us to resort to
numerical approaches. Various numerical methods are available for differ-
ent types of problems, but when dealing with regular domains, spectral
methods are highly regarded for their accuracy and computational efficiency
[17, 22, 56, 63, 88]. Spectral methods comprise a collection of techniques that
represent solutions of a d ifferential equation as finite linear combinations of
globally defined basis functions, where the coefficients are chosen to ensure
the closest possible satisfaction of the differential equation and boundary

conditions [17, 22, 56, 63, 88].

This thesis focuses on the theoretical and numerical analyses of a Fourier-
type pseudo-spectral method in the context of the Klein-Gordon equation

(KGE). The nonlinear KGE is given by



uy = a*Au—V'(u), t>0, u(z,0)=uy wu(x,0)=uvy, (1.1.1)

where V(+) is a given non-negative potential, V(0) = V'(0) = 0, Au = uy
and u is defined in Q, where Q € {T,R}. Such models arises in a variety
of practical applications including theoretical physics, quantum field theory,
nonlinear optics, solid state physics, applied sciences and engineering [31, 64,
12, 10, 1, 87]. The concrete form of the potential V(-) depends on the physical
phenomenon under consideration, e.g. (1.1.1), with V(u) = 1 — cos(u), (the
so called Sine-Gordon or SGE equation) is widely used in the modeling of
shallow waves, V(u) = % — “72 has applications in solid state physics, see e.g.
[31], and V(u) = cosh(u) — 1 is used in describing the behavior of quantum

impurities in certain materials and the interaction of dislocations in crystals

[75], etc.

The problem (1.1.1) is Hamiltonian, i.e. introducing

U U 0 1
U: — ’j: s

v Uy -1 0

and

a 1
Ml o) = Slusl+ 5ol + [ Vs, @€ (TRY, Julf = [ luPde
it is easy to verify that (1.1.1) is equivalent to

U, = JVH(U), t>0, (1.1.2a)
UO = (UQ,U(])T. (112b)

Formally,

d 1
—H(u,v) = = /(21}% + 20Uz, + 2u V' (u))dz.
dt 2/,
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Using equation (1.1.1), integrating by parts and taking into account that v

is 2¢-periodic, we infer that
d
a’z‘{(u, v) = /(v[a%m — V' (u)] + a*vyu, + vV (u))dx
Q
= a2/(—vmuz + vy )dz + (vug)|an = 0.
Q

From the above, we conclude that the quantity H(u,v) is conserved along
classical solutions of (1.1.1). In applications, the quantity H(u, v) represents
total energy of a physical system under consideration. For example, in the
SGE scenario, ||ug|3 represents the kinetic energy of the wave, ||u,||2 rep-
resents its potential energy, and fﬂ V(u)dx represents the self-energy of the
wave so that H(u,v) is the total energy of a wave propagating in the spatial

domain §).

Many authors have worked on KGE/SGE, including both its numerical and

analytical aspect. We shall present a review of these in the coming sections.

1.2 Contemporary studies on well-posedness

for the nonlinear KGE

Well-posedness and related studies. For a given evolution system like
KGE to be well-posed, one must ensure that solutions exist, are uniquely
determined by input data (that normally involves a number of initial and
boundary conditions) and depend on the data continuously. Mathematical
studies that are pertinent to well-posedness of the nonlinear KGE have at-
tracted a substantial number of authors [89, 18, 47, 48, 44, 62, 72, 73, 79, 81,
96, 100, 99].

The pioneering works by K. Jorgens, J.L Lions and F.E. Browder, [60, 69,

3



20], laid the foundation for the modern well-posedness theory of KGE and
related models. Building upon these foundational works, recent research
has extended well-posedness results to various physically relevant scenarios.
These extensions consider settings such as higher dimensions (d > 1), rapidly
growing potentials V(u) and diverse classes of input data. The specific detail

of these results depend heavily on three key factors:

(i) The type of nonlinearity V(u), implying that different nonlinearities

lead to distinct well-posedness conditions.

(ii) The dimensionality of the spatial domain, meaning that well-posedness

results often vary depending on the number of spatial dimensions.

(iii) The regularity and size of initial data, e.g., small or large input can

influence well-posedness outcomes.

A vast amount of effort in the literature is directed towards local and global
well-posedness for the KGE with general power-type nonlinearities, see e.g.
[47, 48, 72, 84] and references therein. These classes of works are mainly
focused on the existence of local and global weak solutions in the energy
space H'(R?) x L*(RY), d > 1. Depending on the nonlinearity sign and on
the size of input data one has two distinct scenarios: the weak solutions
exists globally for any data; the weak solutions exists globally for small data

and blow-up in finite time for data above a certain threshold.

The basic results of these types are found in [47, 48]. The authors demon-
strate existence and uniqueness of global weak solutions in the energy space

H'(RY) x L?(R?) for general power-type nonlinearities, satisfying

00, n=1,2,
VW) < fulf, p<
1+ -4, n>3.



In the settings of [47, 48], the total energy H(u,v) (see definition in Sec-
tion 1.1) carried by the weak solutions is sign definite. As a consequence,

global solvability is independent of the initial data (ug, vp).

The situation is significantly much more complicated, in the case when the
total energy H(u,v) (the Hamiltonian) is sign indefinite. Multiple authors
contributed to this problem, see in particular [72, 100, 84] and references
therein. For the same power-type nonlinearity as above, the solutions are
global if H(ug,vy) < ¢, blow-up when H(ug,v9) > ¢ and both scenarios are
possible in the border case of H(ug,v9) = ¢. The concrete value of ¢ is not
easy to determine explicitly, see however [84] for some sharp results in this

direction.

It is well known that the wave operator does not have smoothing properties
similar to those of operators of parabolic type. However, in the simplest
linear settings it preserves the original regularity of the input data. In the
general KGE case equipped with power-type nonlinearities, this phenomenon

was investigated in great detail by a number of authors, see in particular [18].

As compared to power-type nonlinearities, much less is known about general
smooth potentials V(u). In this direction, we can cite the relatively recent
works of [57] in H'(R?) x L?(R?) and of [79] in H*(R%) x H*(R?), both
dealing with exponential-type potentials; and the work of [82] on analytic

KGE solutions, equipped with general analytic potentials in d = 1.

It is worth mentioning that apart from stand-alone KGE equation, there
exists vast literature dealing with the well-posedness of coupled hyperbolic

systems of KGE type, see [66] for the results in this direction.



Long-time dynamics in near integrable settings. In the special cases
of V(u) =1 —cos(u), V(u) = cosh(u) — 1 and d = 1, the resulting PDEs are
known to be completely integrable. That is, in the classical settings both
problems have a complete countable family of first integrals that are in in-
volution. Hence, in complete analogy with finite-dimensional Hamiltonian
ODEs, the exact solution associated to sufficiently regular initial data can be
constructed using geometric methods. A vast amount of literature (specifi-
cally in physics) is dedicated to construction of such solutions. The classical
references are [81, 96], for the inverse scattering transform and multi-soliton
solutions in R; and [11], for the exact geometric integration of SGE and

hyperbolic SGE (hSGE) in the periodic settings T.

Presently, the long-time dynamics of SGE and hSGE in T is well understood.
For input data from H?(T) x H'(T) all solutions are quasi-periodic in time.
Note however that in realistic settings, we always deal with small pertur-
bations of the idealized mathematical models. Hence, a lot of effort was
directed towards building a Hamiltonian perturbation theory similar to the
famous KAM theory for ODEs, see [94] for the works in this direction. Note,
however, that, the current state-of-art results are far from being complete

and /or satisfactory. We provide a more detailed discussion in Chapter 5.

1.3 Contemporary studies of numerics for the

nonlinear KGE

In the numerical analysis realm, a number of semi- and fully- discrete schemes
were proposed in the literature. In particular, study of three finite-difference

approximations of the nonlinear KGE that respect the symplectic structure



of the equation in periodic settings is done in [35]. M. Dehghan and A.
Shokri in [28] employ radial basis functions. Their scheme appears to be
very similar to a finite-difference method and was successfully applied to solve
one-dimensional nonlinear KGE with quadratic and cubic nonlinearities. The
numerical techniques for the solution of nonlinear KGE based on the finite-
difference and collocation methods are presented by [65]. The validity of these
techniques is demonstrated with examples. Further details on classical finite-

difference methods for solving nonlinear KGE can be found in [14, 38, 55].

In [93], a fully discrete approach targeting a damped nonlinear Klein-Gordon
equation (KGE) in one dimension is implemented. The paper extensively dis-
cusses the numerical treatment of damped nonlinear Klein-Gordon equation,
employing a variational method in conjunction with a finite element ap-
proach. It introduces a semi-discrete algorithm featuring quadratic interpo-
lation functions and Gauss-Legendre quadrature for numerical integrations.
The study further implements a Runge-Kutta method for advancing numer-

ical solutions in time. The study is illustrated by numerous simulations.

Numerical schemes based on Chebyshev-type wavelet spectral approxima-
tions for solving the KGE and SGE are presented in [58]. The authors ap-
proach yields sparse differentiation matrices which significantly reduces the
computational cost of the algorithm. The approach transforms the given
problem into a system of algebraic equations that can be easily integrated
in time using standard methods for ODEs. On the other hand, the develop-
ment of schemes associated with Legendre-type wavelets is discussed in [101].
As in [58], this approach saves memory and computation time by leveraging
the hierarchical scale structure of Legendre wavelets. The paper includes 1D
and 2D examples to demonstrate the validity and applicability of the new

technique. The numerical results presented in the paper demonstrate the



exponential convergence of the algorithm.

Fast and accurate fourth-order time-stepping schemes, coupled with the dis-
crete Fourier transform, are proposed in [77]. Although the semidiscretized
in space differential operator is not diagonal, it is implemented as in the ap-
proach of the diagonal case. On one hand, this reduces computational time
on another hand the scheme preserves key qualitative features of the KGE

model, in particular the total energy of numerical solutions is conserved.

A Legendre-type pseudo-spectral scheme for solving initial-boundary value
problems of nonlinear KGE is developed in [68]. The authors investigate the
stability and convergence of numerical solutions. Their numerical method

exhibits high accuracy and extends to multi-dimensional settings.

A variant of the pseudo-spectral method for solving the nonlinear KGE is
proposed in [53]. The approach introduces modifications to the conventional
pseudo-spectral method aiming to improve its performance in solving the
KGE. The numerical simulations demonstrate high accuracy and stability of
the numerical scheme over long time intervals. Notably, even for moderate
number of modes retained in spatial approximation and for large integration

time steps, the proposed method remains robust and reliable.

A pseudo-spectral Fourier-type method for finding localized spherical soliton
solutions of (3 + 1)-dimension KGE is presented in [37], where the classical

fourth-order Runge-Kutta method is employed to perform time integration.

The continuous flow generated by KGE is symplectic, hence design of suit-
able high order time-stepping (marching) schemes preserving this structure
is an important issue. In this direction, in [70], a class of symmetric and
arbitrary high-order marching schemes suitable for time integration of KGE

is proposed. The construction makes use of two-point Hermite interpola-



tion polynomials, which are applied directly to approximate integrals in the
variation-of-constants formula. The high accuracy of the resulting scheme is

demonstrated in a number of practical simulations.

The numerical comparison of implicit and exponential time-differencing meth-
ods in context of ¢? KGE is performed in [36], where it was established that
the former techniques are more accurate than the latter. Similarly, B. Weizhu
and D. Xuanchun in [97], compared finite-difference and Fourier-type pseudo-
spectral schemes combined with a Gaustschi-type exponential integrators for

solving KGE in the non-relativistic limit region.

Further discussion of spectral and finite-element methods in context of KGE

can be found in [24, 29, 32, 9, 4].

1.4 Aims and objectives of the study

The KGE is a fundamental model that spans various fields, from quantum
mechanics to relativistic quantum field theory. Despite its widespread appli-

cations, significant gaps exist in our understanding of the KGE model.

(i) It is worth mentioning that most of numerical schemes developed in
the literature and reviewed in the previous section deal with the KGE
posed on bounded spatial domains. When the domain is unbounded,
it is standard to truncate it and then apply conventional schemes de-
signed for bounded domains. It is clear that doing so, we loose some
information about solutions of the KGE model. To the best of our
knowledge there exists no rigorous treatment of the numerical error

induced by domain truncation.

It is one of the purposes of the present thesis to demonstrate that this er-



(i)

(iii)

ror is properly controlled, provided the truncated domain is sufficiently

large to capture the essential features of the input data.

The spectral methods in general are known to converge extremely fast.
In context of various types of spectral schemes applied to KGE the
(sub-)geometric convergence rate was reported by large number of re-
searchers. However, to the best of our knowledge, rigorous mathemat-

ical proofs have not appeared in the numerical literature.

In Chapter 4, we employ the ideas of [82] to demonstrate (sub-)geometric

convergence for analytic data.

In a number of realistic scenarios, the pseudo-spectral Fourier-type
schemes can be viewed as a small Hamiltonian perturbation of the SGE
and/or the linear wave equation (LWE). In these cases, it is natural to
expect that the qualitative behaviour of the semidiscrete flow resembles
closely the flow generated by the SGE/LWE. Despite multiple attempts
to construct an infinite dimensional analogue of KAM theory, the avail-
able results are far from being satisfactory. The available results rely

on assumptions which are extremely pessimistic.

In Chapter 6, we provide comprehensive numerical simulations, indi-
cating that the long-time dynamics of semidiscrete solutions is close to
the dynamics of the unperturbed SGE/LWE models for a much wider

set of parameters than predicted by available theories.

Chapter 1 reviews some existing results from the literature on well-posedness

and numerics of KGE. In Chapter 2, we provide the necessary background

in functional analysis that is used throughout our work.

In Chapter 3, an analogue of well-posedness for the Fourier-type pseudospec-

10



tral discretizations is discussed, with a specific focus on convergence in both
T and R. Geometric convergence of the Fourier-type schemes is covered in

Chapter 4.

Chapter 5 provides a detailed review of available results, concerning KGE
with general smooth/analytic potentials in both T and R. The special focus
is given to the long time behaviour of solutions in near completely integrable
regime.

Chapter 6 concludes the thesis with simulations, addressing convergence the-
ories of Chapters 3 and 4 in finite time intervals, illustrating long-time be-

havior of numerical solutions near n-gap tori and numerical near preservation

of harmonic actions over large time intervals.

Finally, the main theoretical results of the thesis, in particular those of Chap-

ters 3, 4 and partially 6 are published in

[89] S. Shindin, N. Parumasur, G. Lukumon (2022). Numerical analysis
of Fourier pseudospectral methods for the Klein-Gordon equation with
smooth potentials, Afrika Matematika, 33(3):85
https://doi.org/10.1007/s13370-022-01021-9

The work done in this thesis is a continuation of my MSc disseration

[71] Lukumon, G. A. (2018). Numerical solution of the Klein-Gordon equa-
tion in an unbounded domain (M.Sc. dissertation).

https://researchspace.ukzn.ac.za/handle/10413/16319
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Chapter 2

Preliminaries

The purpose of this Chapter is twofold. First, we assemble together basic
facts from functional analysis that are relevant for our study. Second, we fix

a notation that is used consistently throughout the thesis.

2.1 Banach spaces

All results listed below are classical, and we refer readers to e.g. [19, 39, 67,

86].

Banach spaces. A linear vector space X over R or C, equipped with a

function | - || : X — R such that:

(i) ||u]] > 0 and [Ju|| = 0 if and only if u = 0;
(ii) flul| = |alffull;

(i) Jlu+ vl < flufl + ol

12



hold for every u,v € X and a € R, is called a normed linear vector space.
The function || - || itself is called a norm in X. A norm || - || in X induces a
topology (strong topology). In particular, a sequence {u, },>0 C X converges

strongly to an element u € X iff lim,,_, ||u, — ul| = 0.

As usual, we say that a sequence {u,},>0 C X is Cauchy iff for every € > 0
and all n,m > N, we have [ju, — un| < ¢, provided N. is sufficiently
large. A normed linear vector space is called complete/Banach iff all Cauchy

sequences in X converge in norm to an element of X.

A subset Y C X is said to be everywhere dense in a Banach space X if its
strong closure equals X, i.e. if Y = X. A Banach space X is called separable

if it contains at least a countable everywhere dense subset.

The following two examples are standard:

(i) The spaces 7, 1 < p < oo of real-valued sequences u = (up)n>0,

equipped with the norms

1/p
ully = (3 lunl?) ™, 1<p< o,

n>0

[l s = sup [unl,
n>0

are Banach spaces. In the case of 1 < p < oo, these spaces are separa-

ble.

(ii) Let ©2 be an open measurable subset of R™. The Lebesgue spaces L?(€2),
1 < p < oo of measurable p-integrable (equivalence classes of) func-

tions, equipped with the norms
1/p
fully = ([ tupas) ", 1<p <o
Q
[ulloc = ess sup,cq [u(x)],

13



are Banach spaces. As in the previous example for 1 < p < oo, these

spaces are separable.

Linear maps. A linear map F' : X — Y between two Banach spaces X

and Y is bounded iff

IFllxoy = sup |Fally < o.
llz|l x =1

Since Banach spaces are bornological, all bounded linear maps as above are
continuous. The collection of all bounded (equivalently continuous) linear
maps from X to Y is denoted by L(X,Y) — it is again a Banach space with

respect to the induced norm || F||x_y.

A linear continuous map F € L(X,Y) is compact iff images of bounded
subsets of X are precompact in Y. A bounded injective linear map J : X —
Y is called an embedding of X into Y. The embedding J is compact if it is
compact as a linear map from X into Y. When X is a subspace of Y and J
acts as the identity on X, we speak about canonical embeddings and write

X =Y.

Dual spaces. Given a Banach space X, the space L(X,C) of all bounded
linear functionals on X is denoted by X’ and is called the topological dual of

X. The operator norm

[fllx—r = [[fllx = sup [ful,

llullx=1

turns X’ into a Banach space.

We may repeat the procedure described above and define the second dual
X" = (X") and the map J : X — X” that to each u € X assigns the linear

functional v” € X" acting on f € X’ according to the formula
u'f = fu.

14



It turns out that J is a continuous linear embedding (natural embedding) of
X into X”. In general, J is not onto, i.e. JX is a proper linear subspace of
X"”. In the important case when J is an isomorphism, i.e. when JX = X",

we say that the space X is reflezive.

We remark that due to the symmetry, the connection between u” € X",

u € X and f € X' is often expressed as

u'f = fu=(u,f).

The bilinear form (-, -) is called the duality pairing.

Weak and weak-* convergences. Given a sequence {uy,},>0 C X (re-
spectively, {fn}n>0 C X'), we say that u € X (respectively f € X') is its

weak limit (respectively, week-x limit) if

lim (u,, f) = (u, ). (respectively, lim (u, f,) = (u. f)).

n—oo
holds for all f € X’ (all u € X).

It is a elementary exercise to verify that strong convergence yields weak in X
and that weak convergence in X yields weak-* convergence in X”. Further,
in reflexive Banach spaces the notions of weak and weak-* convergences are
equivalent. The following two results are standard, see e.g. in [19, 39, 40,

67, 86, 90]:

Lemma 2.1.1. Bounded subset of reflexive Banach spaces are weakly com-

pact

Lemma 2.1.2. Bounded subsets of X', dual of a Banach space X , are weak-x

compact.

15



In the case of Lebesgue spaces LF(Q2), 1 < p < oo, in addition to the
weak /weak-* convergence, we say that a sequence {u, },>¢ converges almost

everywhere (a.e.) to u in Q iff

lim sup A({z € Q||u,(x) — u(x)| > e}) =0,

n—oo >0
where A denotes the standard Lebesgue measure in R”.

The following results can be found e.g. in [40, 90].

Lemma 2.1.3. Assume {u,}n,>0 converges strongly to uw € L*(Q), 1 < p <
0o. Then there exists a subsequence that converges a.e. to u in . If p = oo,

the sequence itself converges a.e. to u in €.

Lemma 2.1.4. Let {u,},>0 be a bounded sequence in LP(2), 1 < p < oco. If

Up —> u a.e. in §, then u € LP(Q) and u, converges weakly to u in LP(Q).

2.2 Hilbert spaces

The subsequent theoretical and numerical analyses of the KGE rely on the
theory of Hilbert spaces. Below, we list briefly several results from this
theory. All of them are standard and we refer readers to [13, 19, 39, 67, 86|

for further details.

Hilbert spaces. A linear vector space H over C, equipped with a sesquilin-
ear positive definite form (-,-) : H x H — C, is called an Euclidean /inner
product space. The form (-,-) itself is called an inner product in H. The

positive definite form (-,-) induces a norm on H via the formula
[ull =/ (u, u).
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It is readily verified that | - || is indeed a norm, so that H is a normed
linear vector space under the induced norm || - ||. Euclidean spaces that are
complete with respect to the induced norm are called Hilbert spaces. The
standard examples of Hilbert spaces are ¢? and L*(2), equipped with the

natural inner products

n
(u,v) = Zukm and (u,v) = / uvdx.
k>0 Q
By the Riesz representation theorem, for every element f € H' there exist a
unique member uy € H, so that f = (uy,-) in H'. Hence, the dual space H'
identifies naturally with the space H itself and, subsequently, every Hilbert

space is reflexive.

Orthogonal bases. Given a Hilbert space H, we say that u,v € H are
mutually orthogonal if (u,v) = 0 and orthonormal if, in addition, ||u|| =
lv|| = 1. A collection {us}aca C H of mutually orthogonal vectors is an

orthogonal basis of H if its linear span is everywhere dense in H.

Using the Axiom of Choice it is readily verified that every Hilbert space has
an orthonormal basis. Furthermore, if H is separable then the basis is at
most countable. The latter fact is of fundamental importance for Numerical
Analysis and Approximation Theory. Indeed, since every separable Hilbert
space H has a countable orthonormal basis {u,},>0 C H, every member
u € H is given by its Fourier series
u= Zanun, Up = (up,u), n >0,
n>0

that converges strongly in H and, for any u,v € H, the Parseval identities
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hold
o) =S tnim, [l = 3 Jaf2
n>0 n>0

Furthermore, if u € H, Hy = span{u, }*_, and S(u) = Zizo Uply, k >0,
we have

inf [lu— ol = [lu = S(w)].

vEH}

That is, the partial Fourier sum Sy(u) provides the best approximation to
u € H in the finite dimensional space Hy, k > 0. The extremal property lays
a foundation for the large class of practical computational algorithms known

as spectral methods.

In the next section, we turn our attention to the specific Hilbert-Sobolev
scale of 2¢-periodic functions. Members of this scale serve as natural phase

spaces for the flow generated by the KGE.

2.3 Hilbert-Sobolev Scale of Periodic Func-

tions

In this thesis, we utilize the following scale of Hilbert spaces:

H(—0,0) = {u | |lulls == [|A*%ullo}, s€R, (2.3.1)
where A is the L?(—/, () realization of the operator

A=1-0,, (2.3.2)

equipped with the periodic boundary condition and || - ||o stands for the norm

of L*(—¢, /). Each of the spaces H*(—/, () is a Hilbert space under the inner
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product
(u,v)s = (A, Av)y, s €R. (2.3.3)

Furthermore, we have
H¥(—0,0) = H'(=(,0), s>t
with the embedding being dense and compact. Additionally, we have

H(—0,0) < Cy[—0,0], s> 1

27
where Cy[—¢, (] is the space of bounded and continuous functions in [—¢, £].

The family {H*(—/,¢)}scr is a complex interpolation scale, i.e.,

[H* (=L, 0), H (=0, 0)]g = H*U=OH19(—0 1), (2.3.4)

for sg,s1 € R and 6 € (0, 1).

Viewing (-, -)o as the duality pairing in H*(—¢, (), we have

(H*(—€,0)) = H™*(—~(,0), seR. (2.3.5)

Each of the spaces H*(—/, () is separable with the class C*°(—/¢,¢) being

dense in each of H*(—¢,¢). The collection of complex exponentials

1 im,
{¢n}n€Z = {2_\/26 }neza

provides a complete orthonormal basis in each of H*(—(, (), for s € R. In

terms of Fourier coefficients, we have

(u, ) s = 2(1 n ”232) iy, (2.3.6)

ne”
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where 4, = (u, ¢,)r2 and v, = (v, ¢,) 2 are the classical Fourier coefficients
of uw and v, respectively. In particular, the Hilbert matrices associated with

closed operators 07, for n € Ny, are diagonal.

In the following section, we discuss briefly operators and forms defined on

the scale of H*(—(, 7).

2.4 Hilbert-Gevrey Scale of Periodic Func-

tions

In Chapter 4, we deal with the geometric convergence of semidiscrete ap-
proximations to the SGE/KGE. To control the covergence rate, we make use

of the following class of functions:

S S /
o(—0.0) = { lullgy, = 422 2u|rLz} S (24

where the operator A is defined in (2.3.2), and s € R, p > 0, and 0 € (0, 1]
82, 43, 42].

The space G;’;ﬁ(—f, ?) is a Hilbert space under the inner product:
m 971$ ) 1+M20/2A _
iy, =Y [ (7)) 00 i
neL
where w,, and v, are the classical Fourier coefficients of functions 