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ABSTRACT

During the last decade the field of quantum information has seen considerable progress both
theoretically and experimentally. The building block of this theory is the so-called qubit,
the quantum counterpart of the classical bit. It turns out that spin degrees of freedom
of quantum particles are among the most promising candidates for quantum information
processing and computation. Thus, a deep understanding of the different processes that
govern the dynamics of these objects is of fundamental importance. For instance, the de-
coherence process, caused the coupling of the qubits to their surrounding environment, is
the main obstacle to quantum information processing: it leads them to lose their quantum
coherence and thus behave classically. In addition, quantum systems exhibit correlations
that have no classical counterpart. This phenomenon is called entanglement and is the
vital resource for quantum teleportation and quantum computing. Decoherence and en-
tanglement dynamics were extensively studied within the framework of the Markovian
approximation using the master equation approach. However, due to the non-commuting
character of quantum observables, only few models are known to be exactly solvable.
Moreover, many spin systems display a strongly non-Markovian behavior. This thesis is
devoted to the development of new techniques for deriving the exact dynamics of spin
qubits, coupled through Heisenberg and/or Ising interactions to spin environments that
have internal dynamics. The basic idea behind these techniques is to use the underlying
symmetries exhibited by the Hamitonian operators of the composite systems. This allows

for the study of problems related to decoherence and entanglement.
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1. INTRODUCTION

1.1 Plan of the thesis

The thesis consists of an introduction, six research papers, and a conclusion. The reader
might notice that there exists an overlap between the chapters of the thesis. Neverthe-
less, they are self-consistent and can be regarded as independent from each other. As
a consequence, we tried to arrange them in a logical order that reflects the progress of
the investigations of the problems under consideration. The presentation we adopted is
standard: we start each chapter with an introduction, then we introduce the model to
be studied; this is followed by a detailed presentation of the derivations of the analytical
solutions we are seeking. The latter are then applied to particular initial conditions which

are of interest for applications. The chapters end with a conclusion or a summary.

The introduction contains an overview of the necessary material needed for the under-
standing of the content of the thesis such as the principles of the theory of open quantum
systems, decoherence and the entanglement. We begin the investigation in chapter 2 with
the study of the dynamics of a single qubit coupled to a spin bath with internal dynam-
ics at thermal equilibrium. The third and the fourth chapters are generalization of the
first one to the case of a two-qubit system interacting with a common spin bath; much
attention is given to the spin star model. Note that the third chapter can be regarded as
a special case of the fourth one. In chapter 5 we analytically investigate the relationship
between entanglement and quantum phase transition in the Lipkin-Meshkov-Glick model.
Chapter 6 presents a discussion of the partial trace over collective spin degrees of freedom,
which is of practical relevance for the study of spin baths. In chapter 7, we generalize the
models of chapters 3 and 4 to the case where the qubits are interacting with separate spin

star baths at infinite temperature. A short conclusion ends the thesis.

Note that each chapter contains its own bibliography. The list of references is not
exhaustive; only those which have been used or are relevant for the subject under study
were cited. For more details, the reader may consult review articles cited in this thesis.

Note also that we have used a different representation for Pauli matrices, namely,
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1.2 Overview of quantum mechanics

1.2.1 Historical background

By the end of the nineteenth century, X-rays, the electron and the radioactivity were
already discovered. Since then it was possible to investigate properties of atoms and
molecules. The results of a number of experiments carried out at that time, revealed that
classical mechanics, mainly dealing with macroscopic bodies, is unable to give an account
for phenomena taking place at the microscopic level. For instance the spectral distribution
of thermal radiation emitted from a black body, and the low-temperature specific heat of
solids were in direct contradiction with the results of classical mechanics [1]. The seminal
works of Planck on the black body radiation and Einstein on the photoelectric effect led to
the discovery of the wave-corpuscule duality of radiation: the electromagnetic radiation is
absorbed and emitted in discrete quanta, called photons, each carrying an amount of energy
E proportional to the frequency of radiation v, and a momentum inversely proportional

to the wavelength A, namely,
h

Xv

where h is a universal constant called Planck’s constant. The wave character of electro-

E=hv, p= (1.2)

magnetic radiation manifests itself in interference and diffraction phenomena (e.g. Young’s
double slit experiment), while the corpuscular one dominates in Compton scattering and

the photoelectric effect.

In their experiments on the ionization potentials of gazes, Franck and Hertz estab-
lished the discrete character of the atomic energy states. This led to the conclusion that
the energy of atoms is quantized. The narrow lines observed in atomic emission and ab-
sorption spectra can be explained by the fact that any photon emitted by the atom carries
an amount of energy equal to the difference between the permitted values E; of atomic
energies [1, 2, 3|:

huyy = |E: — Ej, (1.3)

Bohr and Sommerfeld proposed a semi-classical explanation of the quantization of atomic
level, by introducing the concept of electronic orbitals, and were able to come out with

empirical quantization rules.
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In 1922 Stern and Gerlach discovered that the component of the angular momentum of
electrons, along the direction of the applied magnetic field, can take on only certain discrete
values. Later, the study of the diffraction of electrons and neutrons by Davison, Germer,
and Thomson showed that interference patterns can be obtained for such particles. This
confirms the hypothesis of de Broglie, in which a material particle is assigned a wave

length X and a frequency v related to its momentum p and its energy £ by

A=l B (1.4)
P

The analogy between these relations and those corresponding to photons is clear. The
contributions cited above marked the birth of quantum mechanics, the fundamental theory

of atomic and molecular phenomena.

It is worth mentioning that the pattern characterizing the diffraction of monochromatic
light observed in Young’s experiment is due to the fact that the intensity of light at each
point on the screen is proportional to the square of the amplitude of the total electric field,
that is, the sum of the electric fields corresponding to each slit. The interference term,
which depends on the phase difference between the fields, is responsible of the appearance
of interference fringes. In fact a deep analysis of the double-slit experiment shows that, in
order to give an account for the interference, one has to renounce some classical notions,
central in Newtonian mechanics, such as the concept of particle trajectory (Heisenberg
uncertainty principle), and to question the concept of measurement at the microscopic
level. For instance the impossibility of determining through which slit the photon has
passed in Young’s experiment implies that quantum mechanics is essentially a probabilistic

theory (see bellow).

1.2.2  State vectors, operators, and the statistical interpretation of quantum mechanics

As a result of de Broglie’s hypothesis, confirmed by the diffraction experiments of Davisson
and Germer, it has been postulated that the state of a material particle of mass m,
subject to a potential energy V/(|7],t), can be described by means of an auxiliary complex-
valued wave function, say (7, t), which satisfies a differential equation containing a second
derivative with respect to the position 7 and a first derivative with respect to time t. This

equation is known as Schrédinger’s equation, which reads [2]:

. OY(T,1) R? 8% (7 1) B
ZH'T = —57;67 + V(|7—'1,t)1/)(1‘,t), (15)

where k= h/2m.
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One of the most important consequences of the linearity of the Schrodinger equation
resides in the so-called superposition principle. Roughly speaking, the above principle
states that the wave function is defined up to an arbitrary constant, and that a system
which can be described by the wave functions ¥; and s, can also be described by the

wave function 1, given by the linear combination

¥ =y + ey, (1.6)

where ¢; and ¢ are complex coefficients.

Mathematically, one says that the wave functions belong to an abstract complex linear
vector space H, called Hilbert space, whose elements are termed state vectors. This
space is equipped with a scalar product and a norm. The latter has a very important
interpretation in quantum mechanics. For instance the square of the modulus of the wave
function (7, t) multiplied by the infinitesimal volume d represents the probability of

finding the particle, at time ¢, in the volume d7 around the point defined by 7 .

The comparison between the classical energy equation and the Schrédinger equation
suggests the representation of the momentum and the energy of a free particle by linear

differential operators acting on the wave functions, namely,
. - L0
7 — —ihV, E— zha. (1.7

This association is known as the correspondence principle.

In general, measurable physical quantities such as position, energy, angular momen-
tum,...etc, are represented within the theory of quantum mechanics by linear Hermitian
operators acting in the Hilbert space corresponding to the physical system. By operator
one means a mathematical object (more precisely a mapping) which acts on state vectors
of the Hilbert space, to yield other state vectors belonging to the same (or different} Hilbert
space. For finite dimensional Hilbert spaces, operators can be represented by matrices,

written in the basis of the space.

From here on we shall adopt Dirac’s braket notation for state vectors and assume that
the Hilbert space is finite dimensional. Within this notation, the scalar product of two
state vectors |1) and |¢) is denoted by (1|@). The action of the operator A on the state
vector |¢) is denoted by Ajy). The notation (| A|$) means the scalar product of the state
vectors |1) and A|@). In particular, the quantity (¥|A|y) is called the expectation value

of the operator A with respect to the state vector |¢)

If {¢n)}n=1,.4 is an orthonormal basis for the d-dimensional Hilbert space H, then
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every state vector |®) € H can be decomposed as
d
2) =D calthn), (1.8)
n=1

where the ¢, are some constant coefficients satisfying 3, |ca|> = 1. Furthermore, the

following decomposition applies for the operator A:

d
A= Z Z <¢n‘A|¢m>|wn> <¢m| (1-9)

n=1m=1
This actually follows from the closure relation

d

D ) (nl =1, (1.10)

n=]1

where [ designates the unit matrix in H.

By definition, a state vector |¢,,) is an eigenvector of the linear operator A if there

exists a complex number A, such that

ijn) = /\nwjn>- (1-11)

We say that A\, is the eigenvalue associated with the eigenvector |i,). If we denote by
A the matrix representation of the operator A, i.e., the matrix whose elements A, are
given by (¥n|A|1m), then the eigenvalues A, of A can be determined from the characteristic
equation

det(A — AT) = 0. (1.12)

Note that it may happen that more than one eigenvector correspond to the same eigenvalue
An. In this case we say that A\, is degenerate with a multiplicity or degeneracy equal to

dimension of the subspace spanned by its eigenvectors.

Let us briefly summarize the main properties of Hermitian operators. We say that the

linear operator A is Hermitian if it satisfies

(WlAlg) = (oAl (1.13)

where the asterisk designates the complex conjugation. In matrix language, the above
condition implies that A is equal to the complex conjugate of its transpose, that is, A =
(A" = AT. Tt follows that all the diagonal elements of a Hermitian operator, and in
particular all of its eigenvalues, are always real. Furthermore, it can be shown that if
An is an eigenvalue of A, corresponding to eigenket |4n,), then it is also eigenvalue of Af

associated with the eigenbra (¢,|.
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Suppose that A, (|1n)) and A, ([¥m)), m # n, are two eigenvalues (eigenvectors) of the
Hermitian operator A. Then, since the eigenvalues are real, we can write (Yn|Al|m) =
A Vn|¥m) = A (¥nlm). It immediately follows that (1n|¢m) = 0, meaning that the
eigenvectors of a Hermitian operator corresponding to two different eigenvalues are orthog-
onal. Furthermore, with an appropriate choice of the eigenvectors within each eigenspace,
we can In principle construct a basis for the Hilbert space. In this case the Hermitian

operator A is said to be an observable.

According to the postulates of quantum mechanics, the possible outcomes of the mea-
surement of a physical observable should be one of its eigenvalues. The Hermiticity condi-
tion ensures that all the eigenvalues are real. When a measurement of a physical quantity
on the system in the state |®) is carried out, giving the outcome A, the state of the
system, immediately after the measurement, is given by the normalized projection of |®)

onto the subspace corresponding to the outcome, that is [2],

gn
B = e Y (IO U, (1.19)
2 lwsiop

where g, is the degeneracy of A,. The probability P(\,) of finding the eigenvalue A, is
given by

gn
P(A) = m; (w122, (1.15)

The Hermitian linear operator corresponding to the energy of a quantum system is
called the Hamiltonian of the system; it is the quantum analog of Hamilton'’s function of
classical mechanics. If we denote by H the Hamiltonian operator, then the Schrodinger

equation can be written as (= 1)
op/ot = Hp. (1.16)

Thus the outcome of the measurement of the energy of a quantum system is one of the
eigenvalues of the Hamiltonian H.

The algebra of linear operators in Hilbert space is similar to the algebra of N x N
matrices. In particular, operators do not necessarily commute with each other. In other
words, if A and B are two linear operators, then in general AB # BA. The commutator

of A and B is written [A, B]_, and is defined by

[A,B]_ = AB — BA. (1.17)
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When [A, B]- = 0, i.e. when A and B commute with each other, one can construct an
orthonormal basis of eigenvectors common to the above operators. In this basis A and B

can be simultaneously diagonalized.

1.2.3 The density operator

The complete description of a quantum system through (pure) state vectors corresponds
to situations where a full knowledge of all the independent physical parameters necessary
to assign a state vector to the system is possible [3]. When this is not case, we say that
the system is in a mixed state. The mathematical tool that enables the description of

quantum systems in such sates is known as the density operator, or the density matrix.

Before giving a precise definition for the density operator, it should be noted that
the statistical interpretation of quantum mechanics, presented in the preceding section, is
based on the concept of statistical ensembles. These are collections of large numbers of
identically prepared quantum systems. A mixed state can be regarded as an incoherent
mixture of M pure states |®;) corresponding to some statistical ensembles &;, each of
which is characterized by a statistical weight 0 < w; < 1 [4]. The average of any physical

observable A on the system is given by

M
(A) = wi(®;|A|®;). (1.18)
i=1
Obviously, we have
M
> wi=1. (1.19)
i=1

It is easily verified that equation (1.18) can be rewritten in terms of the operator

M
p=> wi| )T (1.20)
=1

(Ay = tr{Ap}, (1.21)
where tr denotes the trace over the Hilbert space H of the system, namely,
trA = (9] Al¢;), (1.22)
j=1
where {¢;} is an orthonormal basis for the space H.
The quantity p introduced in equation (1.20) is known as the density matrix; it fully

characterizes the state of the system, and satisfies a number of properties which we sum-

marize here:
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e pis positive (p > 0) and is Hermitian (p = p!)

trp=1

trp2 < 1, the equality being satisfied only for pure states, i.e. when p = |¢) (1]

The convex sum }, A;p; of the density matrices p;, where 0 < A; < 1land >, A = 1,
is also a density matrix. Furthermore, a pure state |1){1| cannot be decomposed as

a nontrivial convex sum of density matrices.

1.2.4 Dynamics of closed quantum systems

In the absence of any external perturbation, the dynamics of closed quantum systems is
completely causal. This follows from the fact that the evolution in time of the system’s
state vector |¢(t)) is governed by the Schrédinger equation

dy(t))
dt

?

= H(®)[¥ (), (1.23)

where H(t) denotes the Hamiltonian operator of the system, and Planck’s constant is set

to one.

In the case of a conservative system, that is, when the Hamiltonian is explicitly inde-

pendent of time (0H/0t = 0), the Schrédinger equation (1.23) can be formally integrated,

to yield
1 (8)) = U(t, to)[¥(to)), (1.24)
where
U(t, t0) = exp [—iH(t - to)} (1.25)
is known as the time evolution operator. The latter can be expanded in a power series as
follows: -
: n (t — to)n
Ut to) = > _(—iH) — (1.26)
n=0 )

From equation (1.25), one can see that the time evolution operator is unitary, that is,
UT(t,to) = U_l(t: tO) = U(t()vt)v (127)

and it satisfies the equation
dU(t, to)
il S AL2)

dt

subject to the initial condition U(tg,tg) = I. Here I denotes the unity operator in the

= HU(t, to), (1.28)

Hilbert space associated with the system.
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If we take the Hermitian conjugate of the Schrédinger equation (1.23)we obtain

W) = (W(to)|U' (¢, t0). (1.29)

It follows that the time development of the density matrix p(t), corresponding to the pure
state |3 (t)), is given by
p(t) = U(t, to)p(to) UT(t, to). (1.30)

Using equation (1.28), one can show that p(t) satisfies the von Neumann equation
o(t) = —ilH, p(t)]. (1.31)
The latter can be rewritten in terms of the Liouville operator £ as
p(t) = —iL(p). (1.32)
The solution of this equation can be formally expressed as

p(t) = exp[~iL(t — to)]p(to)- (1.33)

When the Hamiltonian operator is time dependent, it is still possible to find an operator
U(t, to), such that the state of the system at any moment ¢ is given by U(¢,%0)[%(t0)). This

operator satisfies an equation similar to (1.28), except that the total derivative with respect

to time is replaced by a partial derivative.

1.3 Open quantum systems

The concept of closed quantum systems is an idealization, since, in practice, one cannot
perfectly isolate them from the remainder of the universe. Realistic quantum systems
are in general parts of larger ones, and thus are subject to the influence of the surround-
ing through, in general, uncontrollable coupling interactions. Furthermore, measurement
operations affect to some extent the state of the systems of interest. This leads to the
conclusion that quantum systems should be regarded as open [4]. Generally speaking,
the mutual interactions between the subparts of a quantum system generate quantum
correlations that have no classical counterparts. The density matrix formalism provides
a convenient description for the states of open quantum systems, enabling the study of

these correlations.
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1.3.1 Composite quantum systems, the partial trace, and the reduced density matrix

When a quantum system possesses more than one degree of freedom, we postulate that its
Hilbert space is given by the tensor product of the Hilbert spaces corresponding to each
degree of freedom. This applies to single particles with various degrees of freedom as well
as to systems composed of multiple parts. The choice of a tensor product structure for
the composite Hilbert space is justified by the agreement between theoretical predictions
and experimental results. A typical example is the state of the electron in the atom: its
Hilbert space is given by the tensor product of the Hilbert space corresponding to the
orbital degrees of freedom and that associated with its intrinsic angular momentum or
spin.

For simplicity let us consider the case of a quantum system C composed of two (possibly
interacting) subsystems A and B described by the Hilbert spaces H 4 and H g, respectively.

The Hilbert space corresponding to the compound system is given by
He=HaQ Hp. (1.34)

Let {|¢)f4)} and {](;‘)JB)} denote orthonormal bases for H4 and Hp, respectively. Then the
state vectors |¢>iA) ® |¢>f4) form an orthonormal basis for the Hilbert space Hg. Any state

vector |U) € He can be decomposed as

10) = aijl¢) ® [¢). (1.35)

ij
It follows that the dimension of the Hilbert space H¢ is given by the product of the

dimensions corresponding to the spaces H4 and Hp, that is, dimH¢ = dimH4.dimHp.
The tensor product of two linear operators L4 and Lp defined on the the Hilbert
spaces H4 and Hp, respectively, is a linear operator on Hc¢, written Lg ® Lpg, whose
action is defined by
(La®Lp)|6%) ® |¢) = (Laldla)) ® (Ll¢h)). (1.36)
Let us denote by [4 and Ig the identity operatoré in H4 and Hp. Then the operators
Lac=La®lp, Lpc=1la®Lp (1.37)

can be regarded as an extension of L4 and Lp to the Hilbert space Hc. Using (1.36), it
can be shown that
Lac-Lpc = (La®lp).(Ia® Lg)
(Lala)® (I.Lp)
= La®Lg=LpcLac. (1.38)

i
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This implies that Lsc and Lpc commute with each other.

On the other hand, the elimination of the degrees of freedom corresponding to one
subsystem can be achieved using a partial trace with respect to the basis state vectors

associated with its Hilbert space. For instance, if X¢ is a linear operator on H¢, then

Xa=Y (#blXcléh) (1.39)

7

is an operator defined on the Hilbert space H4, and we write

Xa=trpXc. (1.40)

Reduced density matrix

If the density matrix of the compound system p¢ is known, then tracing out the degrees

of freedom of the subsystem B yields an operator

pa = trg{pc} (1.41)

satisfying all the properties of density matrices. In fact p4 fully characterizes the state of
the subsystem A; this is the reason for which it is called the reduced density matriz. For

instance, the mean value of the observable L4 is given by

(Ls) = tr{(La®]IB)pc}
tra{tra((Ls ® IB)pcl}
tra{Lapa}. (1.42)

i

il

Suppose now that the subsystems A and B are uncorrelated and do not interact with
each other. Hence the density matrix of the composite system is simply given by the

tensor product of the density matrices corresponding to its subsystems, that is,

pC = pA®pB. (1.43)

It follows that the mean value of the operator L4 ® Lp is equal to the product of the
mean values of the operators L4 and Lp evaluated with respect to the states ps and pg,

respectively. This can be expressed as

(La®@Lp) = tr{(La® Lg)pc}
tra{Lapa}tre{Lppp}
(La)(Lg). (1.44)

I
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We shall not go through all properties of the reduced density matrix. We only present the

following obvious results:

troc = tra{trppc} = trp{trapc} = 1, (1.45)
dpc\ _ d _dpa
trg{?}— EUB{PC} = (1.46)

which will be used later.

1.3.2  Dynamics of open quantum systems

We again restrict ourselves to the case of a system C composed of two subsystems A and
B, described by the Hamiltonian operators H4 and Hpg, respectively. The case of larger
numbers of subsystems follows straightforwardly. If we denote by H4p the Hamiltonian
operator describing the interaction between the subsystems, then the total Hamiltonian

reads:
Ho=Has®1g+14® Hg + Hyp. (1.47)

We are interested in the case where the total system can be regarded as closed. This

implies that the Liouville-von Neumann equation applies to the density matrix pc, namely,

d .
% = —i[Hg, pc]. (1.48)

Tracing out the degrees of freedom corresponding to the Hilbert space Hpg yields

doa
dt

Clearly, when Hsp = 0, we recover the Liouville-von Neumann equation for the density

= —’i[HA,pA] —itrB[HAB,pc]. (1.49)

matrix pA.

The interaction picture

When the Hamiltonian of a quantum system is the sum of a time-independent (free) term
Hy, and an interaction term V, which may depend on time, then a convenient description
of the dynamics may be achieved within the interaction picture. The latter is intermediate
between the Schrodinger and the Heisenberg pictures, in the sense that in this picture both

state vectors and operators evolve in time.
To begin we note that state vectors in the interaction picture are related to those in

the Schrodinger picture by
1! (£)) = Ul(t, to) [ (1)), (1.50)
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where,
Uo(t) = exp[—iHo(t — to)]- (1.51)

For the sake of simplicity, we assume that tg = 0 and we set Up(t,0) = Up(t), such that
Up(0) = I. Deriving both sides of (1.50) with respect to time yields

oy (1)) aUl(t) Bl (1))
S = ) + U=
= SHUY(®)p (1)) — iU () (Ho + V)| (1)
= —iUjOVI®). (1.52)
Consequently, using equation (1.50), we obtain
2O iy, (1.53)
Ot
where
Vi) = Ul($)VU(2). (1.54)

In general, the rule for transforming an operator L, written in the Schrodinger picture, to

the interaction picture is given by
L — L(t) = Ul(t) LUo(2). (1.55)

Clearly, when ¢ = 0 then [!(0)) = [%(0)) and LY(0) = L.

Second-order master equation, Born and Markov approximations

Let us now apply the above results to the density matrix p corresponding to the composite
system C = A+ B (from here on we omit the subscript C for convenience). To do so we
set Hy=Ha®lIg+14® Hp, and Hap = V. In the interaction picture pI(t) and V(t)

are given by

pl(t) = Ub(1)p(t)Uo (1), (1.56)
Vi) = Ul(t) VU (2). (1.57)
Consequently,
L imgeeot + 030 un(n) - 00 oot
=t ' (0] + Uy P w1

= i[Ho, p' (t)] — UL(t)[Ho + V, p(£)]U(2). (1.58)
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It immediately follows that
dp' ()
dt
The latter equation can be put into the following integral form:

= —i[VI(), o (2)]. (1.59)

p'(6) = p(0) — i | VI(s), '(5)ds. (1.60)
0

Combining equations (1.60) and (1.59), yields the following integro-differential equation
for pf(t):
dp'(t)
dt

= iV (1), p(0)] — /O V(). [V (s), o' (s)]lds. (1.61)

The reduced density matrix describing the subsystem A, which we denote here by p/{‘(t),

is obtained by tracing out the degrees of freedom of the subsystem B, that is,

% = —itrg[V!(t), p(0)] - / t tra[VI(t), [V/(s), ' (s)]ds. (1.62)
0

In most cases, solving the above equations exactly is not possible. However, it turns
out that introducing some approximations may lead to exact analytical solutions. For
instance, in the case of a subsystem A, weakly coupled to a very large environment B,
it 1s reasonable to assume that the state of the latter is not considerably affected by the

interaction. In other words, we assume that the density matrix factorizes into
Iy = ph(t (1.63)
p (t) = pa(t) ® pB. :

This is known as Born approximation, under which equation (1.62) becomes

dpy(t)
dt

— —iteg[V(t), pa(0) ® ps] - /0 tra(VI(e), [V1(s), Py () ® pallds.  (1.64)

If we further replace py(s) in (1.64) by p’(¢), we obtain the following time-local integro-

differential equation:

dp(%t(t) — —itrB[VI(t)’ ,DA(O) ® ,DB] _ /(: trB[VI(t)’ [VI(S), ,D,Iq(t) ® ,DBHdSA (165)

The Markov approximation is valid for the environments in which the time scales char-
acterizing the decay of their correlation functions are much shorter that those describing
the development of the state of the subsystem. In this case one replaces the variable s in

equation (1.65) by t — s, such that s runs from 0 to oo, that is,

dpf?t(t) = —itrg[V/(t), p4(0) ® p5] - / sV (0, V! (¢~ 5), ph(t) ® psllds. (166)
0

This constitutes the second-order Markovian master equation. Very often, especially in

quantum optics [5], the latter equation leads to an exponential decay of the reduced density

matrix.
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1.3.3 Decoherence

We have already mentioned that quantum mechanics is a theory for the infinitely small,
in the sense that it describes the behaviour of the constituents of matter such as atoms
and electrons. However, if one attempts to describe macroscopic bodies using the laws
of quantum mechanics many problems immediately arise, in particular, the fact that the
superposition principle cannot be observed for macroscopic bodies. Hence the need for
a description of the transition from the quantum world to the classical world naturally

emerges.

It has been recognized that the process responsible for this transition is the deco-
herence, which, in its simplest form, refers to the destruction of quantum interferences
(coherences) characterizing quantum systems. The decoherence has attracted much at-
tention since Schrodinger published his famous papers [6, 7]. We note here that Bohr went

further and suggested to consider this phenomenon as an axiom for quantum mechanics.

In the 1980s Zurek, among others, extensively investigated the decoherence and came
to the conclusion that this process can be regarded as a consequence of the axioms of
quantum mechanics, in contrast to what Bohr suggested. His arguments are based on the
fact that the decoherence is the result of the interaction of quantum systems with their
environments [8, 10, 11, 12, 13]. The latter are responsible of the dynamical destruction of
quantum interferences, leading coherent superpositions of pure states to evolve into mixed
states. In the course of this process, the environment becomes correlated (entangled) with
the system, and hence acquires information about it. This leads to a reduction of the
set of accessible states to the system, and generates some kind of quantum noise due to
the loss of information to the environment. This process selects a class of robust states
(pointer states) which persist in the course of time, and hence correspond to what we

observe classically.

All what has been said above can be better understood by investigating a simple

illustrative model, in which the interaction Hamiltonian reads [4]
Hr =) |n){(n| ® Ba, (1.67)

Here the state vectors |n) form an orthonormal basis for the Hilbert space of the system,
and B are environmental operators. We further assume that the free Hamiltonian Hy
commutes with the operators |n)(n| and By,. In this case the mean energy of the system

is conserved. Hence the evolution in time of any initially uncorrelated state

1T(0)) =D cnln) @ |9) (1.68)
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is given by
=D caln) @ [6a(t), (1.69)

where
|6n(t)) = et g). (1.70)

It follows that the reduced density matrix describing the state of the system is given by
p(t) = trp| T () (T(1)] = Zon ) (| {¢m ()| dn(2))- (1.71)

Consequently, the diagonal elements of the reduced density matrix are unchanged, while
the off-diagonal ones are multiplied by the overlap between the environmental states. At

this stage it is convenient to introduce the decoherence function by

Fonn = In[(¢m (1) |60 (2))]. (1.72)

Note that since |[(¢m(t)|¢n(t))| < 1, then Ty, < 0. Moreover, the time-dependence of
the decoherence function depends on the initial state and the nature of the environment.
In general, the irreversible character of the dynamics leads to a rapid increase of the
decoherence function I's,, corresponding to the off-diagonal element p,,,. In the case
where the environmental operators B, (t) are such that the off-diagonal elements vanish

after some time scale 7p, which we call the decoherence time, that is
Tmtn — 0, t>>7p, (1.73)
then the reduced density matrix becomes an incoherent superposition of the states |n):

p =3 leal*In)(nl. (1.74)

Hence the coherences of the density matrix in the basis |n) have vanished due to the cou-
pling to the environment. This local destruction of the coherences makes them inaccessible
to any observer. It is clear from equation (1.74) that the reduced density matrix becomes

diagonal in the set of basis state vectors |n). The latter is known as the preferred basis.

Measures for the decoherence

We have seen that the main effect of decoherence consists in transforming pure states into
mixed states. Thus a measure of the degree of mixing may also be a good measure for the
decoherence. Recall that for any density matrix p, we have trp? < 1; the equality holds

for pure states. The quantity
P = trp? (1.75)
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is thus a good candidate for a measure for decoherence; it is usually called the purity of
the state p. In a d-dimensional Hilbert space, the smallest value of P corresponds to the
maximally mixed state pm = éll. In fact it is more convenient to quantify the decoherence
using the quantity D = 1 — P instead of the purity itself. The latter quantity is maximum

for pm, and vanishes for pure states:

1
OSDgl—E. (1.76)
Sometimes it is desirable to quantify the distance between two density matrices, say p
and j. The measure enabling the fulfillment of such a task is called the fidelity, which we

denote by F. It is defined through the trace as follows:

F = tr{pp}. (1.77)

It can be shown that 0 < F < 1. The fidelity is also used as a measure of decoherence.

1.4 Entanglement

1.4.1 The EPR paradox

Entanglement refers to quantum correlations that exist between multipartite systems even

when these are spatially separated from each other. Consider for instance the state vector

99 = 5 (lox) ®[b1) + laz) @ b2)), (1.79)

of the bipartite system C = A + B, where a; and b; denote, respectively, the degrees of
freedom of the systems A and B. The above state exhibits strong correlations between the
subsystems: if we measure separately the state of each part, we can find with a probability
% the system A in the state |a1) and B in the state |b;), or with the same probability the
system A in the state |az) and B in the state |by). In other words, if we measure the state
of one of the systems, we can deduce with certainty the result of the measurement on the

second one.

Einstein, Podolsky and Rosen were the first to point out the apparent paradoxical char-
acter of entanglement [14]. They used the latter to show how quantum mechanics would
contrast a realistic local theory of nature. According to EPR, quantum mechanics cannot
be the ultimate theory of physical phenomena because of its fundamental indeterminism.
Their arguments can be summarized as follows: There is an element of reality associated

with the degree of freedom b, since without disturbing the system B, we can determine
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with certitude the outcome of the measurement of b. Worse, following EPR, the analysis
shows that it may be possible to simultaneously measure two quantities associated with

non-commuting observables such as the z and z components of the spin of the electron.

From the point of view of quantum mechanics, the systems A and B, taken separately,
are not in a well defined state. What really matters is the state of the compound system.
The EPR reasoning can be applied only to separable states for which a measurement on
one part does not provide any information on the state of the other one, and hence there

is no paradox.

The work of Bell provided a direct tool for testing the validity of quantum mechan-
ics [15, 16]. He assigned to each EPR pair a hidden variable inaccessible by the observer,
which ensures that the new presumed theory is local, in accordance with what Einstein was
looking for. He derived some inequalities (Bell’s inequalities), describing the constraints on
the prediction of this theory. The results of subsequent experimental verifications proved
the violation of Bell’s inequalities [17]. In fact the former were in good agreement with
what quantum mechanics predicted. This led to the conclusion that there cannot exist an

alternative local theory for quantum mechanics.

The above discussion shows the important role played by entanglement in the devel-
opment of the theory of quantum mechanics [18]. As we shall see bellow, it is also of great

practical significance in the field of quantum information.

1.4.2 Measures of entanglement

Entanglement is considered as a fundamental resource for nature in the same level as
energy and entropy [19]. Thus, it is important to quantify it using measures that enable one
to know to what extent the state of a quantum system is entangled. Generally speaking,
the state p of a bipartite system A + B is said to be entangled (or not separable) if it
cannot be written as a tensor product of pure states of its subsystems, or as a statistical

mixture of tensor product (uncorrelated) states, that is [20],
k
p# ZCkP’E@pB- (1.79)
k

A state which is not untangled is said to be separable.

Recall that any normalized state vector |[Y45) € Ha ® Hp can be written in the form

of a Schmidt decomposition

X . .
ap) = Y VEIFN @), x < min(dimPa,dim?g), (180
j=1
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where {Id)ﬁ)} and {|<pJB)} are, respectively, the orthonormalized eigenvectors of the reduced

density matrices pa = trg(|vap)(¥ap|) and pg = tra(|vap)(¥anl). The p; can be shown
to be common eigenvalues of the latter reduced density matrices. The upper limit x of the
sum in (1.80) is called the Schmidt number. Hence, if x = 1 then the state is separable,

i.e., not entangled.

It turns out that, very often, the task of finding a decomposition for a given density
matrix is computationally very hard. As a consequence, one should look for practical
measures which enable the quantification of entanglement with a lower computational
effort. Let us first remark that, generally speaking, an entanglement measure E is, by
definition, a functional from the space of density matrices on the Hilbert space to the set

of positive real numbers which satisfies the following requirements [21, 22, 23]:

e E(p) =0 if and only if p is separable.
o E(p) =1 for maximally entangled states.

e E(Ap) < E(p) for any LOCC! operation A. The equality holds when the operation

is strictly local.
o E(Qwipi) <3, wiE(p;) with 0 < w; < 1 (convexity).
o E(p®") = nE(p) (weak additivity).

o If pn is a density matrix of n pairs such that lim,_.(¥®"|p,[¥®") = 1, then
lima oo E()($I%™) — B(pa)}/n = 0 (continuity).

Since pure states contain no classical correlation, then the von Neumann entropy of

the subsystems

S(pa) = S(pB) = —tra{palogypa} = —trp{pplog, pp} = E(|%ap)) (1.81)

represents a convenient measure of their entanglement. When E(|tap)) = 0, then the

state |¥apB) is separable, otherwise it is entangled. Note that, in general, if we denote by

A; the eigenvalues of p, then

S(p) == Ailogy . (1.82)
It follows that
X
E(l$aB)) = — Y _ pjlogy p;. (1.83)
j=1

! LOCC: Local Operations and Classical Communication
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The above measure is usually called the entropy of entanglement.

For mixed states the situation is much more complicated. Here we only consider one
measure for bipartite systems, namely, the entanglement of formation Er [24, 25, 26].
The latter is obtained by taking the infimum on all possible averages of the entropy of
entanglement with respect to the ensembles of pure states & = {|:),w;} corresponding

to the mixed state [¢), that is,
Er([) =inf > wiB(|¢:)). (1.84)

It turns out that the entanglement of formation assumes the following form:

oot (H\ w;mp)) (1.85)

where h(z) = —zlogyz + (z — 1) logy(1 — ), and C(p) is called the concurrence of the
density matrix p. Wooters [25] proved that the explicit form of the concurrence is given
by

Clp) = max{~v/ X1 — V2 — /A3 = /A4, 0}, (1.86)

where A1 > Ay > A3 > A4 are the eigenvalues of the operator
p = ploy ® ay)p*(oy @ ay). (1.87)

Here oy is the Pauli matrix, and asterisk denotes the complex conjugation. The concur-
rence can itself be used as a measure of entanglement: it is equal to zero for separable

states and one for maximally entangled states.

1.4.3 Entanglement and quantum critical phenomena

Quantum phase transition refers to the abrupt changes in the properties of the ground
states of quantum systems when some relevant parameters vary across their critical val-
ues [27]. In contrast to classical phase transitions, the quantum ones occur only at the
absolute zero temperature. One may regard quantum phase transitions as the result of
quantum fluctuations inherent to many body quantum systems. As an illustration, let us

consider the transverse 1D Ising model with N spins, whose Hamiltonian is given by
N o N
H=-) ZJ;J;H - Z a5 (1.88)
=1 i=1

Here A > 0 is the coupling constant, and afx, o = ,z, denote the Pauli matrices at site

i. When A — oo, the ground state of H is two-fold degenerate, with either all the spins
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pointing up or all pointing down along the z direction. However, when A = 0, the ground
state is such that all the spins are aligned ferromagnetically along the z direction. The
magnetization, in turn, vanishes in the thermodynamic limit when A — oo, and tends
to one as A — 0. There exists a critical point A. at which the magnetization displays a

sudden change.

It should be noted that due to the appearance of criticality, some correlations char-
acterizing many body systems may exhibit a power decay near the critical point; they,
however, decay exponentially far from the point of phase transition. This is the reason
which has led many authors to investigate the relation between entanglement and quan-
tum phase transitions. These studies revealed a genuine behaviour of entanglement as

measured by the entropy and the concurrence.

1.5 Qubits: The building blocks of quantum information

Quantum Information (QI) is a field of current research which deals with the possible ways
of using quantum mechanics to treat information, in a manner that is much more efficient
compared to what classical methods do offer [19]. Let us recall that, generally speaking,
Information Theory allows for the establishment of a framework for communications and
information processing, and provides us with tools to quantify the information. Within
this framework one can, for instance, derive bounds on the complexity and costs of storing
data or sending information over a noisy channel. The unit of classical information is the
bit. The latter can only have two possible values which are conventionally denoted by 0 and
1. The two different voltages across a transistor on a chip, the two different orientations of
the magnetic domain on a disc, and the two different classical light pulses traveling down
an optical fibre are examples of the realization of classical bits. Any physical object used
in the treatment of information is ultimately composed of atoms, and molecules. These
should, in turn, be described by the laws of quantum mechanics, the fundamental theory

of atomic phenomena.

Historically, Feynman was the first to come out with the idea of using quantum me-
chanics to accomplish tasks inaccessible by standard classical methods [28]. He pointed
out that the exponential growth of the dimension of the Hilbert space, due to the increase
of the number of degrees of freedom, makes it impossible to simulate large quantum sys-
tems by classical computers. Feynmann introduced the concept of quantum computer by
proposing the simulation of quantum systems by other quantum systems. This marked

the birth of quantum information theory, whose building block is known as the quantum
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bit or qubit [29]. This can be any two-level quantum system described by the Hilbert space
C?, where C denotes the field of complex numbers. As opposed to the classical bit, the
quantum bit posses infinite number of permitted states. This follows from the superpo-
sition principle of quantum mechanics. Indeed, if we denote by {[0),|1)} an orthonormal

basis for C?, then the general form of the state of the qubit is given by
) = al0) + bI1), (1.89)

where a,b € C, such that |a|?+ |b|> = 1. Taking into account this normalization condition,

the above state can be recast, up to a trivial unitary constant, into the form
) i (0
[¢) :cos(§)|0)—|—e 51n(§)[1). (1.90)

The variables ¢ and 8 represents the polar coordinates of a point on a unit sphere called

bloch sphere.

The two main branches of quantum information theory are quantum cryptography
and quantum computing. The first one is based on the fact that any measurement carried
out on a quantum system inevitably disturbs its state. Hence, encoding information in
quantum systems enables high communication security. For instance the effect of a spy on
the quantum channel, through which a sender and receiver are exchanging information,
can be instantaneously detected by the latter. Note, also, that classical cryptography is
founded on the algorithmic problem of factorizing large numbers into prime integers; this
is also the case for quantum cryptography, making it tightly related to the other branch

of quantum information, namely, quantum computing.

In a quantum computer, any algorithm can be regarded as a set of successive quantum
operations on the qubits [19]. These can be written as a linear combination of the Pauli

matrices along with the identity matrix in C?, namely,

1 0 — 10 10
x=|° Y= ‘1, z= CI= . (1.91)
10 i 0 0 -1 0 1

In order to be able to perform quantum computing, one should add gates that act on at
least two qubits simultaneously. The most important two-qubit gate is the CNOT gate,

given in the natural basis {|11),10),|01),|00)} by:

I 0
CNOT = . (1.92)
0 X

The CNOT gate together with all single qubit operations constitute a universal set of
quantum gates, in the sense that any m-qubit gate can be implemented by composing

operations on single qubits and CNOT gates.
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There have been many proposals for the implementation of quantum computers. The
most successful one is based on nuclear magnetic resonance where nuclear spin states of
atoms within the molecules play the role of qubits [30, 31]. This technique is characterised
by a relatively long decoherence time, which enables the realization of many elementary
quantum algorithms such as that of Deutsch-Jozsa. Trapped neutral atoms were also pro-
posed for the implementation of quantum information processing. Here the spin degrees
of freedom of the electrons corresponding to the ground states of atoms play the role of
qubits. The coupling between the qubits can be realized by divers mechanism, among
which we mention dipole-dipole interactions [32] and cold collisions [33]. Another real-
ization which is close to the above one consists in using trapped cooled ions instead of
atoms [34]. In this case, each qubit is represented by the combination of the ground state
and an excited metastable state of the ion. The coupling between qubits is mediated by

collective excitations of the ions.

The rapid progress in the field of spintronics and solid state nanostructures trig-
gered the interest on spin systems as candidates for the realization of quantum com-
puters [35, 36]. Spin systems are very promising in the sense that they offer the possibility
of integrating qubits on a large scale. Among these, we find quantum dots in which elec-
tron qubits couple to the surrounding electrons, which can be regarded as a spin bath,
through hyperfine interactions. The latter can be reasonably described using Heisenberg

model.

Entanglement is the main resource for quantum computing and quantum cryptogra-
phy [37]. Many of the known protocols are based on entanglement (e.g., see [38]). On
the other hand, decoherence is the major obstacle toward the implementation of quantum
computers, since it makes quantum system to behave classically. Therefore, the study of
decoherence and entanglement in many-body spin systems is of great importance, both
theoretically and experimentally [39, 40, 41]. Many of the precedent studies have dealt
with spin chains. This thesis focuses on the study of exactly solvable models for the dy-
namics of simple qubit systems interacting with the collective modes of their surrounding
spin environments. The obtained results are applied to the investigation of the decoherence

and entanglement evolution of the central systems.
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2. TIME EVOLUTION AND DECOHERENCE OF A SPIN—% PARTICLE
COUPLED TO A SPIN BATH IN THERMAL EQUILIBRIUM

2.1 Introduction

The loss of quantum coherence due to unavoidable interactions of quantum systems with
the surrounding environment is known as decoherence. It represents the main obstacle
to quantum computing and quantum information processing [1, 2, 3]. The environment
destroys quantum interferences of the central system within time scales much shorter than
those typically characterizing dissipation [4]. The unwanted effect of decoherence reduces
the advantages of quantum computing methods by producing errors in their outcomes.
Different strategies, such as error-correcting codes, are adopted to overcome this diffi-
culty [5, 6, 7, 8]. Great scientific effort has been devoted to the understanding of the
process of decoherence in quantum systems, mainly focused on solid state spin nanostruc-
tures. These systems seem to be the most promising candidates that can be efficiently

used in quantum information processing and computation [9, 10, 11].

Several models were proposed to study decoherence of single and multi-spin systems
interacting with a surrounding environment [12]. Very often, the derivation of the reduced
dynamics involves complications and difficulties that can be overcome in many cases by
making recourse to approximation techniques. In particular, the Markovian approxima-
tion together with the master equation approach turns out to be very useful [13, 14].
However, any approximation method is inevitably based on some assumptions which do
not necessarily reflect the actual properties of the composite system. Moreover, many
realistic spin systems exhibit non-Markovian behavior for which the standard deriva-
tion of the master equation ceases to be applicable. The non-Markovian dynamics of

a central spin-system coupled to a spin environment has been investigated by many au-
thors [15, 16, 17, 18, 19, 20].

In general, the course of the decoherence process depends on the intrinsic properties
of the bath such as temperature, polarizations, and quantum fluctuations. At low en-

vironmental temperatures, the dominant effect arises from the contributions of localized
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modes such as nuclear spins [21]. In quantum dots, the decoherence of the central spins
is mainly caused by the hyperfine coupling with the surrounding nuclear spins. The effect
of bath polarizations and external magnetic fields on the decoherence of electron spins in

quantum dots has been investigated by Zhang et al [22].

In this chapter we study the dynamics of a spin—% particle interacting with a large spin
environment in thermal equilibrium. In section 2.2, we introduce the model Hamiltonian
together with the initial states of the central spin and the environment. In section 2.3,
we calculate the exact time evolution operator of the composite system and we derive the
reduced density matrix of the central spin. Section 2.4 is devoted to the case of an infinite
number of spins in the bath. We study the long-time behavior as well as the short-time
behavior of the reduced density matrix, and we discuss the effect of the magnetic field and

the bath temperature on decoherence.

2.2 The model

We consider a central spin—% particle coupled to a spin bath composed of N interacting
spin—% particles in thermal equilibrium at temperature T". The spin operators correspond-
ing to the central system are denoted by S? with i = z,y, z; those associated with the
bath constituents are denoted by Sf, where k = 1,2,...,N and i = z,y,z. We assume
that the central system as well as every spin in the bath couples to all other spins through
long-range anisotropic Heisenberg interactions. Moreover, an external magnetic field of
controlled strength  is locally applied to the central spin along the z direction. Under

the above assumptions, the model Hamiltonian can be written as
H=Hgs+ Hgp + Hp, (2.1)

where Hg and Hp are, respectively, the Hamiltonian operators of the central spin and
the surrounding environment. The coupling between the open system and the bath is

described by the Hamiltonian Hgp. Explicitly, we have

Hs =2uS?, (2:2)
H —ﬁsofjsi+33[50§:5i+soisi] (2.3)
SB = \/N z g z \/]_V_ T — z Yy = y|?
N N
Hp= 2 [ (sist+ 5i89) + Ay 5181, (2:4)
g 7]

where v and « are the coupling constants of the central spin to the environment, ¢ stands

for the strength of interactions of spins in the bath, and A is the anisotropy constant. The
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coefficient 2 in front of x4, v and « in Eqgs. (2.2) and (2.3) is introduced for later convenience.
Furthermore, we have rescaled the above interaction strengths with appropriate powers of
the number of spins in the environment in order to ensure good thermodynamical behavior,
namely, an extensive free energy. Obviously, a more realistic model would include site-

dependent interactions.

Note that in the case where v = 0, Hgp reduces to Heisenberg XY Hamiltonian which
was recently used to model the coupling of one and two qubits to star-like environments [23,
15, 16, 17]. Moreover, when v = o we simply have Hgp = ﬁgo 1% §, which should be
compared with the Hamiltonian of the hyperfine contact coupling of electron spin to the
nuclear spins in quantum dot . In [24], the Hamiltonian hg = } ;.. gij(gigj —35159)
was used to model the intrabath dipolar coupling between nuclear spins in quantum dot.
If we assume uniform coupling between nuclear spins, i.e. all the g;; are the same, then
the operator hp (with rescaled coupling constant) becomes equivalent to Hp in the case
where A = —2. It should also be noted that the bath Hamiltonian Hp is very close to that
of the isotropic Lipkin-Meshkov-Glick model [25, 26]. There, the magnetic field globally
applied to all spins plays the role of the anisotropy present in our model. This can be

better seen by applying mean field approximation to the longitudinal term of Hp.

The Hamiltonian operators Hp and Hgp can be rewritten in terms of the lowering

and raising operators Sy = S% + iS; as follows

2y oN i, @ T al ; 0 o o
Hsp= L 505 si+ % [s :
8= ; Z+m[+;s_+s_;s+}, (2.5)
N N
Hp =52 (> (sisl+sisl) +2a3" 551 (2.6)
i#j 1]

— N —.
By introducing the total angular momentum of the bath J = 3 S, together with the cor-
i=1
responding lowering and raising operators Ji, it is possible to put the above Hamiltonian

operators into the following form

27 o a a0 0
Hsp=—=S5J,+ —=|SVJ_+S°J,.], 2.7
5B UN \/N[ * 4 (27
g 2, Q2+A)N
Hp = S5 [K + 20" ] (2.8)

Here, J, is the z component of the total angular momentum J, and we have introduced
the operator K = J,J_ + J_J,. From here on, we shall neglect the constant (2 + A)g/4
appearing in the expression of Hp since it has no effect on the dynamics of the system.

This can be done by redefining the energy origin of the spectrum of the bath Hamiltonian.
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The spin spaces corresponding to the central spin and the environment are given by
C? and (C%)®N respectively. The latter space can be decomposed as a direct sum of

subspaces C% each of which has a dimension equal to dj =25+ 1 where 0 < j < % [16](

N
2
we take N even), namely (C2)®V = @) v(N, j)C%. The degeneracy v(N, j) is given by [27]
=0
. 27+1 N
VN, ) = 5 (2.9)

THi+1E-E
It is worth noting that the bath Hamiltonian can be expressed in terms of the operators
J?and J; as Hp = §[J% 4+ (A — 1)J?]. Therefore, the operator Hp is diagonal in the
standard basis of (C2)®V formed by the common eigenvectors of J? and J, which we
denote by |j,m) where —j < m < j. In this basis, the eigenvalues of the operator K are

simply given by 2(j(j + 1) — m?) (we set A= 1).

2.3 Reduced dynamics of the central spin

In this section we derive the exact time evolution of the central spin for finite number of
environmental spins. As usual, we introduce the time evolution operator U(t) = g HHt
together with the total density matrix operator of the spin-bath system, pyot(t). The
initial value of the latter is denoted by pot(0). The evolution in time of the composite

system is unitary; its density matrix at any moment of time is given by
proc(t) = U(t) pron(0)UT(2). (2.10)

The reduced density matrix of the central spin can be calculated by tracing piot(t) with

respect to the environmental degrees of freedom, namely,
p(t) = trp{pee(t)}- (2.11)

This can be explicitly written in terms of bath states as

p(t) = D vV, 5) (G, mlpwec ()7, m). (2.12)
7,m
In order to solve the time evolution problem (2.10), one needs to calculate the exact

analytical form of U(t) and to specify the initial density matrix.

2.3.1 Initial conditions

Initially, the central spin is assumed to be uncorrelated with the environment. The cor-

responding total density matrix is given by the direct product piot(0) = p(0) ® pp where
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p(0) and pp are, respectively, the initial density matrices of the central spin and the bath.
In the standard basis composed of the eigenvectors |—) and |+) of the operator 59, ps(0)
takes the general form

P(1)1 9(1)2

o | (2.13)
P Pl

p(0) =

where p11 and pgp are positive real numbers which satisfy p11 + pa2 = 1. For instance, if

at t = 0 the central system was in the state
1¥(0)) = af=) + bl+), (2.14)

where a and b are complex numbers satisfying |a|?+[b|? = 1, then p}; = |a|? and p?, = ab*.
Alternatively, p(0) can be expressed in terms of the components of the Bloch vector

X = (A1, Ao, A3) as

1-2A3(0)  Ap(0) —iXa(0)

1 (2.15)
2 \0(0) +ix2(0) 14 A3(0)

p(0) =
with the condition \X\ < 1; the equality holds for pure initial states. We shall use both

representations of the density matrix throughout the paper.

At ¢t = 0, the spin bath is taken in thermal equilibrium at finite temperature T'. Its
density matrix is given by the Boltzmann distribution
e~ BHB

AN
where § = 1/T (we set kg = 1), and Zn = trge™PHB is the partition function of the bath.

pB = (2.16)

Clearly, pp is diagonal in the standard basis {|j,m)} from which it follows that [28]

. . 1 a8y _
(j,mlosli,m) = Z—Ne LG+1)+(A 1)mz]] 2.17)
and
N = Z v(N,j) e~ LLG+N+HA-1)m?] (2.18)
7m

In the case of the isotropic Heisenberg model, i.e., when A = 1, the above expression
simplifies to
Brifx
Zn = S vV, 5)(2) + 1) e FUOHL (2.19)
J
In the extreme case of an infinite temperature (8 — 0), the density matrix of the bath

reads

1
pa(T = 00) = -2§ (2.20)

which corresponds to a completely unpolarized spin bath. In the previous expression 1g

stands for the unity matrix in the bath space.
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2.3.2 Time evolution operator

Let U;; denote the components of the time evolution operator U in the basis {|-), |+)}
corresponding to the central system space. To be precise, we stress that the operator U

can be written in the basis {|£) ® |J,m)} as
U= Y Uiy male) ®1Jme| @ (] m]. (2.21)
i, J mm’

Here the quantities U,

40,0 mm' 2re complex numbers and |e;) = |&). The operator com-

ponents U;; are given by

Us= 2. Uyt 1m0 (2.22)

J,J mm'

Therefore, we can write

U|-) = Ury|=) + Ua1|+), (2.23)
Ul+) = Unz|-) + Unal+). (2.24)

On the other hand, the operator U satisfies the Schrodinger equation
d .
zEU\i) = HU|+). (2.25)

Substituting Eq. (2.23) into Eq. (2.25) yields the following system of coupled differential

equations
e vJz g 2 aJy
= |- == — 2
iU = | <u+\/ﬁ)+2N<K+2AJZ)}Un+ S Un, (2.26)
-7 _ ad- ’\/Jz g 2
U = ~Z U+ [(u+ m)+m(K +2872) | Va1, (2.27)
Similarly, froms Eq. (2.24) and (2.25) we obtain
- vz g 2 aJ_
= — == 2.2
iU = [(-+ \/N)+2N(K+2AJZ)]U22+ U, (2.28)
o ady ¥J:\, 9 2
iUy = ZE U + (s + \/N)+2N (K +2402)] 01 (2.29)
Since U(0) = 13 ® 1, one gets the initial conditions
U (0) = Un(0) = 1p, Una(0) = Un1(0) = 0. (2.30)

The difficulty with solving the above set of differential equations resides in the fact that the
coefficients of the operator variables U and Uip are not diagonal and do not commute

with those of Uj; and U Nevertheless, as we shall see bellow, this problem can be
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overcome by transforming these equations into new ones involving commuting diagonal
operators. Indeed, by making use of the change of variables (see [19] for a similar method)

u+-:’7ﬁ V% (K4+2802)) ~1

Un = Uwi, (2.31)
Ua1 = et P+ (K281, (2.32)
Us = “+‘1/__" Ve (KRBT, (2.33)
Upg = Jye (e P (K200 Uss, (2.34)
and taking into account the commutation relations
[T Ja] = £Jx,  [J2, Ja] = £J4(2J, £ 1)
and
we obtain
~ o _~
iUy = —=JyJ _Usy, 2.36
11 N + 21 (2.36)
o = 2 90 _ N g
iUo = \/NU11+2{#+ [\/N+N(l A)} (Jz 2)}U21, (2.37)
- o -~
gy = —J_JyUsg, 2.38
22 N 12 (2.38)
s a =~ v g INL =
=—=Uxp— —+ =1 -A)(J+ = ) .39
U2 \/NUQ? 2{#+[\/N+N( )]( +2)}U12 (2.39)

Now, the terms in front of the new operator variables [715 are diagonal in the common
eigenbasis of J? and J,, whence the standard method of solving systems of differential
equations can be easily applied. Combining the above relations leads to the following

second order homogeneous differential equations for the operators (721 and [712

(721 + 2i{u+ [\/LN + %(1 — A)} (Jz - %)}(721

2
& —~
+ NJ+J_U21 =0, (2.40)
1 A
U12—2z{ [\/_ L (1 -a)](v. 5)}U12
2
a _~
+ NJ_J+U12 =0, (2'41)

which admit the following solutions
Ty = 2iCye—iF1t sin(tx/Ml), (2.42)
U1z = 2iCre™ P sin (t/My). (2.43)
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Here, C1 and C; are some diagonal operators to be determined and we have

Fil=p+ [ﬁ+ La-)](%- %) (2.44)
My =F? + %QJ+J_, (2.45)
Fp=—p— [\/_ 201 -0) (Jz+—;—>, (2.46)
M, = F2 + NJ_J+. (2.47)

Integrating the right-hand side of Eq. (2.42) gives

Uy = —QCle_iF”¥ [cos (t

Ml> +

\;% sin (t\/ﬁlﬂ +Cs. (2.48)

The constant operators C; and C3 can be determined using the initial conditions (2.30) and
the unitarity condition for the time evolution operator, which yield C; = —a/(2v/NMi)1p

and C3 = 0. Hence, we obtain

Upi(t) = e—iGI‘[cos(t M1>+\;% sin(t\/ﬁl)], (2.49)
Uni(t) = —iJ_\/%Me_iG‘Lsin(t\/M), (2.50)
where
Gy = {)\/_ [(K+2AJ2)+2( A)(Jz— %)} (2.51)
Following the same method, we find that
Unp(t) = e~ Gzt [cos (t\/E)Jr\;%sin (t\/zv_fgﬂ (2.52)
Uia(t) = —iJ+ J;_%e_lcﬂtsm (t Mg), (2.53)
where
Gy = 2\/N KK + 2AJ2)+2( N (Jz n %)} (2.54)

It is easy to see that the operators Gy and G; are diagonal in the common basis of J2 and
J:. Note also that all the operator under the square root symbol have positive eigenvalues.

This is the reason for which it is permissible to safely use the usual definition of the square

root function.

2.3.3 Reduced density matrix

Having determined the exact analytical form of the time evolution operator, we are able

to calculate the reduced density matrix of the central spin. Indeed, from Eqgs. (2.10)
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and (2.11), and by making use of the trace properties of the lowering and raising operators

J+, we find that

_ 1 0 —-8H * 0 —ﬂHB * 2 55
p11(t) = Zn [putrB (6 BU11U11)+,022UB (6 U21U12)], (2.55)
1 - *
p1a(t) = —Z—pgztrB (6 ﬁHBUnUgg)- (2.56)
N

Furthermore, with the help of the commutation relations (4.3.2), we can easily prove that
J_Fy = —F»J_ and J_M; = MaJ_. Using the latter equalities, one can check that the

time-dependent components of the Bloch vector are given by

As(t) = _itrB{a2J+J“ exp [—g—f,[K AT+ (1- A)2J, — 1)]}sin2 (t\/]\Z)

VAN _N_A/[l—
x sinh [%(1 —A)(2J, — 1)} }+/\3(0) (1 - ZiNtrB{(aj\}];Z~>
X exp [—g%[K + 2AJ22 +(1-A)2J, - 1)]}
x sin2 (t\/z‘vf_l)cosh [%(1 — A2, — 1)} }) (2.57)
M) = trB{ (/\1(0) cos(Q2t) + Ag(0) sin(Qt))A . (/\1(0) sin(Q) — A2(0) cos(Qt))B},
(2.58)
() = —trB{(/\l(O) sin(Q) — Az(0) cos(Qt))A + (/\1(0) cos(Qt) + A2 (0) sin(Qt))B},
(2.59)
where
= %g(A —1)Jz, (2.60)
A= ZLN{G—ZI‘\’,[KHAJEJ [cos(t ]V[1>cos(t\/]\72>+\/%_}7;4—2 sin(t\/]\—/fz)sin(t\/]\zn },
(2.61)
B = Z_lN{e—g%[KHAJ?] [% sin (t\/]\Z)cos (t\/l\z) —\/% sin(t N[z)cos<t\/—]\71)} }
(2.62)

From here on, the parameters y and v will be given in units of the coupling constant
a. The behavior of the component Ay(t) does not significantly differ from the one corre-
sponding to Ai(t). Throughout the remainder of the paper we shall deal with the latter

component and restrict ourselves to positive values of the anisotropy constant A.

Depending on the nature of interactions within the bath, we can distinguish two dif-

ferent cases. The first one corresponds to positive values of g, i.e., antiferromagnetic



2. Time evolution and decoherence of a spin-3 particle coupled... 37

0.4
0.2
£
<0
-0.2
0 5 10 15 20
at

Fig. 2.1: Time evolution of the components A3(t) and A, (t) for different values of the number of
spins in the environment: N = 100 (dotted lines), N = 200 (dashed lines), and N = 400

(solid lines). The other parameters are y =0, g =1, 6 =05, A =0, and p = o. The

Il

initial conditions are A3(0) = 3, A1 2(0) =

jwe

couplings between the constituents of the environment. In this case, as the number of
spins increases, the plots saturate and a nontrivial limit exists as shown in Fig. 2.1. This
will be investigated in the following section. The other case corresponds to negative values
of g, i.e., ferromagnetic couplings within the bath. When A < 1 the components of the
Bloch vector exhibit in general Gaussian decay accompanied by fast damped oscillations
even when the strength of the magnetic field is very weak. In contrast to A;(t), the com-
ponent Az(t) decays faster as the number of spins increases. When the latter is small,
A3(t) may revive to decay again and so forth. The numerical simulation shows that the
details of the time evolution of the reduced density matrix are rather complex and depend
on the different values of the parameters of the model, including the number of bath spins.
For example, if we set A = 0, we observe that the oscillations are quickly suppressed with
the increase of the strength of the magnetic field, or the value of the coupling constant .
In this case, the components A3 3(t) do not vanish at long time scales; the corresponding
asymptotic values depend, however, on N in contrast to the antiferromagnetic case. For
large values of the coupling constant g, the component A1(t) quickly decays whereas A3(t)
oscillates around zero with large amplitudes (typically of the same order of magnitude as
the corresponding initial value). We also notice that the frequencies of the damped oscilla-
tions increase with the increase of the number of bath spins as shown in Fig. 2.2. Roughly
speaking, when A > 1, the behavior of the components of the Bloch vector is quite similar
to the antiferromagnetic counterpart. For example, when v = 0, the components A;(%)
show saturation behavior with respect to the number of spins N; their asymptotic values

are different from zero.

In order to explain the differences between the behavior of the reduced density matrix

in the ferromagnetic and the antiferromagnetic environments, we note that in the latter
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Fig. 2.2: The Gaussian decay of the Bloch vector components As(t) and X;(t) in the case of
ferromagnetic interactions: (a) N=100 and (b} N=200. The plot on the left of each
subfigure corresponds to A3(t) whereas the one on the right corresponds to A;(t). The
other parameters are y =20, f=1,9 = -5, A =0.5, p =0, A3(0) = %, and A1 2(0) = %.

case, the form of interactions favors antiparallel spins. This is the reason for which the

ground state of the antiferromagnetic bath, |¥¢), is equal to |[0,0). On the contrary,
ferromagnetic interactions force the spins in the bath to align along an arbitrary direction
in the space. In this case |¥g) belongs to the subspace CV*! spanned by the state
vectors |%,m) corresponding to j = % . For instance, when A > 1, the ground state
of the bath turns out to be doubly degenerate, namely, |[¥g) = |%,i%) For A < 1,
we simply have |Tg) = |-12!,0). However, when A = 1, the ground energy of the bath is
independent of the quantum number m; the degeneracy of |¥¢) is equal to N + 1. Hence
we conclude that the Hamiltonian Hpg displays quantum phase transition at A = 1. This
is the reason for which the reduced dynamics depends on whether the anisotropy constant
is less or greater than 1. Note that the mean value of J2 is close to zero in the case of
antiferromagnetic interactions within the spin bath in contrast with the ferromagnetic case
where (J2) ~ N2. Obviously, the central spin decoheres less if the spin bath, to which it
couples, is characterized by a total angular momentum close to zero. At zero temperature,
the antiferromagnetic bath occupies its ground state |0,0) which is an eigenvector of Hp,
and satisfies Hgp|+)®]0,0) = 0. Hence, the central spin remains decoupled from the bath

if the initial state factorizes: the two-level system preserves its coherence regardless of the
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number of environmental spins. Let us now consider the case where v = 0 and A > 1.
At low temperatures, the total angular momentum of the ferromagnetic bath has the
tendency to be directed along the z direction. Since the central spin couples to the bath
through Heisenberg XY interactions (v = 0), we end up with a situation quite similar to
that where g > 0. The above results show that properties of the bath at zero temperature
affect the behavior of the reduced dynamics when T > 0. At infinite temperature, the
ferromagnetic and antiferromagnetic environments become completely unpolarized; the

reduced dynamics displays the same behavior in both systems as N increases.

2.4 The limit N — oo

This section is devoted to the case of an infinite number of spins in the environment, i.e.,
the case N — oo. We investigate the effect of the bath temperature, the external magnetic
field, and the anisotropy constant on the reduced density matrix of the central spin. To
this end it should be noted that the trace of the operators J+/v'N together with J,/vN

is identically zero, namely,

trB{j—%}ztrB{%}: 0. (2.63)
A more general property of the trace of the lowering and raising operators can be expressed
as
K K

i, [T () g s [1(2) ()} B

N—oo - .
i=1 =1

where n = Zk:ni is positive integer; the exponent may be regarded as any unordered
product of nzzléwering and n; raising operators (e.g., JyJ4+J—J+J_J_). The trace vanishes
for all the cases in which J; and J_ appear with different exponents. This means that
Ji/\/]v are well-behaved fluctuation operators with respect to the tracial state. Hence in
the limit N — oo, the operator J+/\/N convergés to a complex random variable z with
the probability density function [16]

i 22, (2.65)
m

Here, we wish to mention the similarity that exists between relation (2.64) and

o

2 —2t2 _ n'

4/tdtt"e = (2.66)
0
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(o0}
which is a special case of ft2"+1e_“‘2dt = %—Qlﬂ, where n = 0,1,2, ..., and the real part
of a satisfies Re(a) > 0.

The operator J,/ VN also converges to a real random variable m (to be differentiated

from the eigenvalue m) when N — oo, with the probability density function
m— 4] —e I (2.67)
i
For example, consider the operator e 178 7% and let us calculate
-3ty al —i%ak
trg{e v ‘}: Htr e VYNTF (2.68)
k=1

The trace under the product in the right-hand side of the above equation can be easily

evaluated as 2005(-\}'——1%). Consequently,

trB{e_i\z/%J’}: oN [cos(\}—iﬁ)}lv. (2.69)

Expanding the cosine function in a Taylor series and taking the limit N — oo yield

. 242 N
. -N -—z-f—/?—%Jz — T [1 7 i _1_ }
am 2 trB{e " } Mm - on +O<N2)
2,2
—e T (2.70)

On the other hand we have

x
] 2,2
\/E / =22ty — =T (2.71)
i
-0

which is in agreement with Eq. (2.70). In particular, we can infer that

;_ T(n+3)
=

where T'(2) is Euler gamma function. We shall use the latter results when we investigate

lim 2 Vtrg (Jz/\/N) (2.72)
N—oo

the short-time behavior of the reduced density matrix in the case where v is different from

Z€ero.

One can check that for large values of N,

nl () () o vua{ () Pl (52) ). o

For odd powers of J,, the left-hand side of the above relation vanishes as IV increases;

the right-hand side is always zero. Equation. (2.73) simply implies that the operators
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JiJ5/N and J,/v/N become uncorrelated under the tracial state at large values of V.
Note that the above state corresponds to a bath of N independent spin—% particles,
i.e., the state of maximum entropy. In the limit of large number of spins such a bath
has the tendency to behave as a classical stochastic system. The scaled bath operators
Ju/VN (where a = ,y,z) converge to independent commuting random variables. For
instance, we can easily show that the trace over the environmental degrees of freedom of

the operator exp{\/ﬁ—fV (alJI + asJy + ang)], where a123 € C and € = £1, is given by

oN [cosh(Qf/tN \/W)] N. If we expand the cosh function in Taylor series and take
the limit N — oo, as we did in Eq. (2.70), we end up with the result exp[%ﬁ(a% +ad+a?)].
The latter can be obtained by multiple integration over three independent random vari-
ables each of which has the same probability density function as m [see Eq. (2.71)]. It
follows that the random variables z and m can be treated as independent in the limit

N — oo.

From the above discussion, we can conclude that

x
3/2
lim 2—Ntr3{f(‘]i‘]¥, Jz )}: (3) /dm/dzdz*f(|z|2,m) e~ 2(m*+zl*) (9. 74)
N—oo ™
—o0 C

\ N VN

at least for bounded functions f : C x R — R. The latter relation has been numerically
checked for large number of functions; the agreement between its two sides is perfect. In
fact, the class of functions for which the integral in the right-hand side of Eq. (2.74) exists
contains all the functions having the form e_(“|z|2+”m2)h(|z|2, m) where h is bounded and
a and b are complex numbers satisfying Re(a) > —2,Re(b) > —2. If the latter conditions
are not satisfied then the integral does not converge. This is the reason for which we shall

restrict ourselves to the antiferromagnetic case where g and A are positive.

Under the above assumptions, it is possible to evaluate the quantity

N—o00 ™

o ¢)
Z: lim 2_NZN _ (g)B/Q/ dm/dzdz*e—(2+g,@A)m2_(2+g,B)Izli (275)
C

-0
by making use of the polar coordinates (r, ¢) where z = re'®. A straightforward calculation

ylelds

2v2 L2 (2.76)
(2+gB8)V2+gBA  (2+9B) '

when A — 0. Obviously, if g8 = 0 then Z = 1. The agreement between the right-hand

Z:

side and the left-hand side of Eq. (2.74) is illustrated in Table 2.1 where we display 2~NZy
at different values of N and compare it with Z for g = 2, A =5, and 8 = 1; the agreement

is clearly very good for N = 5000.
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Tab. 2.1: 2=V Zy at different values of N for g =2, A =5 and 8 = 1; Z=0.204124.
N 10 100 1000 5000

\2‘NZN 0.203026 | 0.203997 | 0.204111 | 0.204122
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Fig. 2.3: Evolution in time of A3(t) and A;(t) for N = 400 (dotted lines), and N — oo (solid lines);
the dashed lines correspond to the asymptotic values. Other parameters are y =0, g = 1,

B =5 A=05, p=0.4da, \3(0) = 1 and A1 2(0) = .

Let us now focus on the general structure of Eqgs. (2.57)-(2.59). Clearly, we need to

evaluate terms having the general form

_N Jrdy Jp
L, oy el U ) -
Zy N 'JN 2-NZn ' '
As N — o0, the previous quantity tends to
12 00 00
(fYy= 2—14(3) / dm/rdrf(r2,m) = 2(m+r%) {2.78)
T
-0 0

This is permissible since the functions of interest appearing in Egs (2.57)-(2.59) fulfil
all the conditions mentioned above. Note that the factor 4 in Eq. (2.78) appears after
performing the integration with respect to the polar coordinate ¢ (this actually follows
from the symmetry with respect to the z direction). It is also quite interesting to notice
that the behavior of the central spin when —2 < g8 < 0 and —2 < gB8A < 0 is similar
to that where g > 0 and A > 0 as indicated by the conditions on the convergence of the
integral in Eq. (2.74).

2.4.1 The casey=0

Let us assume that the coupling constant « is equal to zero. First of all, it should be noted

that, although the operator J,/v/N converges to a random variable, we can neglect the
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contribution of J,/N when N becomes very large. This means that in the limit N — co,
the quantities Mj 2 do not depend on the random variable m; the sinh (sin) and the cosh
(cos) functions appearing in Eq. (2.57) [Egs. (2.58)-(2.59)] should be replaced by zero and
one, respectively. We only need to integrate with respect to the random variable z since
the integrals with respect to m occurring in the numerator and denominator of Eq. (2.78)
cancel each other. One then concludes that the anisotropy constant A has no effect on the
dynamics of the central spin when N — co. This is due to the fact that Hgp simplifies
to Heisenberg XY Hamiltonian. Only transverse interactions contribute to the reduced
dynamics when N is sufficiently large because J,/v'N and K/N (or equivalently JyJ¢/N)

become practically uncorrelated under the tracial state [see Eq.(2.73)].

Hence, in the limit of an infinite number of spins within the bath we obtain
As(t) = 2s(0) (1~ (1)) (2.79)

where

2sin2 (t p?+ 7"2)
t)=(2

n(t) T o

Note that the time variable is now given in units of . We show in the Appendix that the

e‘gﬁ[’”mz]) (2.80)

above function can be written as

o a a )

x @O TG _ (g5 4 2)? eloBHAT [0, (98 + 2% | +4%(98 +2)

x 9720 Re{ 0, (98 + 2)ps® + 2pit| p+1* Mt 1, 0) (2381)
where
erf(z —2—/6 dt (2.82)
ﬁ >
0
o
I'(a,2) = /ta'le_tdt. (2.83)

z
are, respectively, the error and the incomplete gamma functions [29]. The function M is

given by Eq. (A.10) of the Appendix.
The remaining components of the Bloch vector are given by
1
A(t) = M(O)[¢) + 57()]+22(0)(0), (2.8
1
Na(t) = 22(0)[¢(0) + 57(0)] - M (0)E (1), (2.85)
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where

¢(t) = < e~ 90 +Am?) o (21& 2 +'r2)>

= cos (2Mt) +%t e[(2+gﬂ)“2’2fgﬁ] 2 —:g,@ {erf[“(gﬂg-;? ; it} —erf[ﬁ%} },

(2.86)

and
sin (Qt u? + 7'2)
//J‘Z 4 7-2

= %L (2 + g0B) égﬂﬂ)w—ﬁ]{erf{

£(t) = <M o 9B(r2 +am?)

w(gB +2) - it} _erf[u(gﬂ +2) + it] }
VgB +2 VgB+2 '
(2.87)

The asymptotic behavior of the reduced density matrix can be easily determined as
follows. Let us begin with the simplest functions namely, {(¢) and §(¢). Their limits when

t — oo are equal to zero which immediately follows from the Riemann-Lebesgue lemma
lim {(t) = lim £(¢t) = 0. (2.88)
t—oo t—00

The same lemma can be applied to the function 7(t) after some simplifications of the
integrals of interest as shown in the Appendix. Only one term survives the above approach

when t goes to infinity, namely,

lim n(t) =1 -0, (2.89)
t—00
where
7% = k(9B +2) e WPTIT |0, 12 (g8 + 2)|. (2.90)

Hence, the asymptotic behavior of the reduced density matrix can be expressed as

Jim X(t) = Xg — 1°WA(0) (2.91)
—00
with
A1(0) 5 00
- 1
Ao:§ X0) |, W=1]0 & 0. (2.92)
0 00 -1

The evolution in time of the components A3(t) and A;(¢) is shown in Fig. 2.3 for N' = 400
spins in the environment, along with the corresponding infinite case and the asymptotic
limits obtained in Eq. (2.91). We can see that the off-diagonal elements of the reduced

density matrix show partial decoherence. At low temperature, the relevant bath states are
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those with low energies (i.e., j close to zero). In this case, the central spin is weakly coupled
to the bath and hence preserves most of its coherence. At high temperature, the two-level
system becomes more correlated with the bath which, however, behaves as a system of
independent uncoupled particles. Thus quantum fuctuations within the antiferromagnetic
spin-environment reduce the effect of the decoherence of the central spin. In the following,
we discuss how the bath temperature and the strength of the applied magnetic field affect

the decay of the elements of the reduced density matrix.

£)

o O o O O

A3 {

PO RN Wi

0 5 10 15 20 0 5 10 15 20

Fig. 2.4: The decay of the componentsAs(t) and A (t) for g = 0 (dotted lines), g = 5 (dashed lines),
and g = 10 (solid lines). Other parameters are 8 =1, y = A =0, u = 0.1a, A3(0) = }
and /\1’2(0) = %

Clearly, if 4 = 0, the vector component A3(t) vanishes when ¢ — oo regardless of
the bath temperature. This means that pj1(c0) = paa(c0) = %, which is obviously in-
dependent of the initial state of the central system. On the contrary, the off-diagonal
elements tend asymptotically to half of their initial values. This follows from the fact that
the temperature-dependent quantity n° is proportional to the magnetic field strength.
The latter results are mainly due to the rotational symmetry of the model Hamiltonian
together with the randomness of the interactions within the bath. Figure 2.4 illustrates
the difference in the decoherence process between the case of a static bath (¢ = 0) and
a dynamic bath (g # 0). We can see that the asymptotic value of A;(t) decreases with
the increase of g in contrast to A3(t) which assurﬁes larger asymptotic values when g in-
creases. However, at short times the above components decay slower with the increase of
g, implying that strong quantum correlations within the environment suppress the effect
of the decoherence process [30]. As we shall see below, the decay of the reduced density
matrix exhibits a reverse behavior with respect to the temperature of the bath . This can
be explained by the dependence of the decoherence time constant of our model, which
turns out to be equal to 7 = 2—3«3-—" as revealed by Eqgs. (2.81), (2.86), and (2.87), on

the product g8. Clearly, 7 — o0 as ¢ — oo or/and T — 0, which confirms the above
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statements.
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Fig. 2.5: Dependence of A\3(t) and \;(t) on the strength of the magnetic field in the case N — oo
1 = 0 (dotted lines), u = 0.5c (dashed lines), and u = 2a (solid lines). The parameters

arey =0, g8 =2, A\3(0) = & and M\ 2(0) = 2.
Figure 2.5 illustrates the dependence of the components of the Bloch vector on the
strength of the magnetic field. We can see that A (¢) decays with the increase of u whereas
A3(t) approaches its initial value. Indeed, by making use of the following asymptotic

expression of the incomplete gamma function [29)

-1 -1 -2
D(a,z) ~ 20! e2 [1 ol e )ga ) 4 ] (2.93)
z z
when z — oo in | arg z| < 3w/2, we obtain
lim 7™ =1. (2.94)

@,0—00
Therefore, if the ratio u/¢ is infinitely big then the off-diagonal elements of the reduced
density matrix tend asymptotically to zero; the diagonal ones assume their initial values.
The above results can be explained by the fact that the effect of the bath on the dynamics
of the central spin can be neglected when p is very large compared to a. The evolution
in time is thus governed by the free Hamiltonian Hg which does not affect the diagonal
elements of the reduced density matrix. The off-diagonal elements, however, show periodic
oscillations; the vanishing asymptotic values obtained from Eqgs. (2.89) and (2.94) will

never be reached since the decoherence time constant is infinite (o — 0).

From Fig. 2.6 it can be seen that the bath temperature has a reverse effect on the decay
of the reduced density matrix elements. The components Az(t) and A;(t) decay faster
with the increase of T'. Furthermore, we can see that the diagonal elements assume larger
asymptotic values in contrast with the off-diagonal ones. In the limit of zero temperature,
the asymptotic behavior is identical to the one corresponding to g — o0, see Eq. (2.91).

Indeed, at zero temperature the bath and the central spin evolve independently from each
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Az (t

at

Fig. 2.6: Dependence of A3(t) and ) (t) on the bath temperature in the case N — oo 8 =0
(dotted lines), = 1 (dashed lines), and 8 = 10 (solid lines). The parameters are vy = 0,

g=2, p=05a, A3(0) = % and A; 2(0) = %.

other as we already mentioned in the previous section. Once again, we find that the
dynamics of the central spin is governed by the free Hamiltonian Hg which preserves the

coherence of the central system.

0.5
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—~0.3 . 0.3
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Fig. 2.7: The short-time behavior of A3(¢) and A (¢) in the case N — co. The solid lines correspond
to the exact solutions, the dotted lines denote the approximations (2.95-2.96). Here,

7=0,98=1, p=0.5a, \3(0) = 3 and A 5(0) = 3.

Let us now discuss the short-time behavior of the reduced dynamics. The aim here is
to find simple analytical expressions which describe the variation of the reduced density
matrix at short time scales. It is clear from the expressions of the functions 7(t), ((¢), and
&(t) that the tt(;zrm of interest which describes the decay of the E}L}och vector components is
given by e 99+ . We shall look for functions of the form e ¥9¥2 g(t) where g(t) is some
complex-valued function of the time. In the case of the off-diagonal elements, the ansatz
g(t) = e®* can be justified by the competition of two processes, namely, oscillations due
to the external magnetic field and damping due to the coupling with the environment. In
the limiting case where the magnetic field is absent, it is found that for small values of

the time, the decay is purely Gaussian. On the other hand if we assume that there is no

coupling between the bath and the central spin, i.e., @ = 0, then the dynamics is governed
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Fig. 2.8: Purity evolution for different values of the bath temperature in the case N — oo with

4=0,¢g=1and u=0. The initial conditions are A3(0) = %, A,2(0) = 3

Fig. 2.9: Evolution in time of the purity for different values of the bath temperature in the case

N — oo withy=0,g=1,and p = c.

by the external magnetic field. The component A3(t) is not affected by the magnetic field
even when there is no coupling between the spin and the bath. It is shown in [15] that
this component decays two times faster than the other ones. Consequently, the short-time

behavior of the reduced density matrix can be described by

As(t) 242

Af(O) = exp('m‘)’ (2.95)
)\1 (t) — i)\g(t) - 2 .
A1(0) —ix2(0) e"p(_m + QW)- (2.96)

In Fig. 2.7, the short-time behavior of the Bloch vector components Az(t) and A (t) is
shown together with the approximations (2.95) and (2.96); these are in good agreement

with the exact solutions.

There exist many measures that allow for the quantification of the degree of the de-

coherence due to the interaction with an environment. In this work we use the measure
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Fig. 2.10: Evolution of A3(t) and A;(t) for N = 600 (dotted lines) and N — oo (solid lines). The
dashed lines correspond to the asymptotic values. Here, v = 2a, g = 1, § = 1.5, A =1,

g = 03a, A3(0) = 3, and A1 2(0) = 2. The plots corresponding to A3(t) are almost

identical, the latter component saturates with respect to N faster than A, (t).

D(t) =1— P(t), where
P(t) = tr{p(t)*} (2.97)

is the purity of the central system. Note that in the previous expression the trace is
performed over the degrees of freedom of the central spin. The purity takes its maximum
value 1 at pure states; its minimum value, 1/2, corresponds to the fully mixed state
p = 12/2. In our case, the purity can be expressed in terms of the Bloch vector components

as

P(E) = 5 [T+ M0 + 2a(6)? + Xa(6?]. (2.98)

The above expression shows that the decay of the purity in the short-time regime described
by Eqs. (2.95)-(2.96) is Gaussian which reflects the non-Markovian character of the dy-
namics. The decay process is slowed down by decreasing the temperature of the bath
and/or applying a magnetic field of sufficient strength as illustrated in Figs. 2.8 and 2.9.
When ¢t — oo, the central spin shows partial decoherence; if 1 = 0, then the asymptotic

value of the purity is independent of the bath temperature as expected (see Fig. 2.8).

2.4.2 The case v # 0

The time dependence of the Bloch vector components when the constant v is different
from zero can be obtained with the same method used in the previous subsection. Since
v # 0, the quantities My o are m-dependent which means that the effect of the anisotropy
constant has to be taken into account. When v # 0, we need to perform double integration
with respect to the real variables r and m as shown in Eq. (2.74). By making use of the

Riemann-Lebesgue lemma, it is possible to find the following asymptotic expression for
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the function 7(t) obtained by replacing p by p + ym in Eq. (2.80)(see Fig. 2.10)

&)

1 - - ,

ghn&n(t) =1- ﬁ(Z + 908)v2 + gBA / (u+ym)? eut1m)?(g8+2)—(2+gB80)m
—00

«T [o, (1 +ym)2(2 + gﬂ)] dm.  (2.99)

Fig. 2.11: Dependence of A3(t) and A(¢) on the anisotropy constant in the case N — oo: A =0
(solid lines), A = 5 (dashed lines), and A = 10 (dotted lines). Here, v = 2¢, g6 = 1,

p=0.1a, A3(0) = § and Ay (0) = 3.

Obviously, the functions ((t) and £(t) tend to zero when ¢ — oco. Hence, even if
we set u = 0, the asymptotic state is still temperature dependent. Nevertheless, the
dependence of the Bloch vector components on the bath temperature is quite similar to
the one corresponding to v = 0. The influence of the magnetic field on the dynamics of
the central spin is appreciable only when its strength is sufficiently large; this can be seen
from the absence of oscillations in the components A;(¢) and A3(t) displayed in Figure
2.10. Figure. 2.11 shows that the off-diagonal elements decay slower and assume larger
asymptotic values when the anisotropy constant A increases. The opposite situation holds
for the component A3(t), that is, when A decreases the latter component assumes larger

asymptotic limits.

At short times the diagonal elements of the reduced density matrix do not depend on
A in contrast with the off-diagonal ones. In the case of the Heisenberg XY model, i.e.,
when A = 0, the short-time behavior of the Bloch vector components can be determined
with the same procedure used in the case where v = 0. The main difference here is that
the contribution of the interaction V = #SSJZ has to be taken into account. Using the

result we obtained in Eq. (2.70), we can describe the short-time behavior of the reduced
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A3 (t)

Fig. 2.12: The short-time behavior of A3(t) and A;(¢) in the case N — oo. The solid lines
correspond to the exact solutions, the the dotted lines denote the approximations (2.100-
2.101). The parameters are y = la, A =0, gf = 1 and p = 5a. The initial conditions

are the same as in Fig.2.11.

density matrix by (see Fig. 2.12)

As(t) 2t2

x50y P (‘2 + gﬂ)’ (2.100)
Ailt) —ida(t) 2 V242 .
m~exp<—2+gﬂ —T+2wt), {2.101)

For A # 0, the situation is much more complicated; here we only discuss the special case
where f1 = a = 0 and A >> 1. The last condition implies that the transverse term of
Hp can be neglected compared to the longitudinal one. Under the above assumption,
Hg simplifies to gA/NS? and thus all interactions are of Ising type. Therefore, the
operators Hgp and Hp commute with each other which means that the diagonal elements
are not affected by the coupling to the environment. The coherence of the central spin
can be calculated as usual. Taking the limit of an infinite number of spins and using the
probability density function corresponding to the random variable m, we find that the off-
diagonal elements decay according to the Gaussian law exp(—Q—fg-tl%). Hence the larger
the anisotropy constant, the slower the decay of the off-diagonal elements, which explains
the behavior at short times of A;(t) displayed in Fig. 2.11. More details about the case of
Ising couplings can be found in [31]. To end our discussion about the short-time behavior,
it should be noted that the deviation of the short-time expressions (2.96) and (2.101) from
the exact solutions depends on the value of the strength of the magnetic field. For small
values of u, the above relations are valid at relatively large intervals of time. However,

as u increases, the domains of time for which the above approximations are valid become

shorter.

The variation in time of the purity in this case differs from the one corresponding to

~ = 0 by the suppression of the damped oscillations caused by the external magnetic field
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Fig. 2.13: Purity evolution for different values of the bath temperature in the case N — oo with

v=2a, A=1,g=1, and g = . The initial conditions are A3(0) = -g—, M200) = §.

as shown in Fig 2.13. This is mainly due to the interaction described by the Hamiltonian
V. Consequently, the central spin decoheres less when 7 is equal to zero. The above result
was expected because the longitudinal coupling vanishes: the central spin is less correlated
to the environment and thus the destructive effect of the environment on the coherence of
the two-level system is less appreciable. Indeed, the decoherence time constant is found

to be inversely proportional to v, namely, 7 = }1,/74%;'(—22%5—). This simply implies that

7—0asy— o0

2.5 Conclusion

In conclusion we have investigated the dynamics of a spin—% particle, subjected to the
effect of a locally applied external magnetic field, and coupled to anisotropic Heisenberg
spin environment in thermal equilibrium. The reduced density matrix was analytically de-
rived for finite number of spins in the environment and arbitrary values of the interaction
strengths. The evolution in time of the central spin depends on the nature of interactions
within the bath. In the case of ferromagnetic environment, the decay of the Bloch vector
components is Gaussian accompanied by fast damped oscillations. In the antiferromag-
netic case, the components of the bloch vector saturate with respect to the number of
environmental spins and display partial decoherence. We showed that the partial trace
over the degrees of freedom of the bath can be calculated using the convergence of the
rescaled bath operators to normal independent Gaussian random variables. This allowed
us to study the case of an infinite number of environmental spins, and to analytically
derive the asymptotic behavior of the components of the Bloch vector. The above limit

represents a good approximation for the cases with finite number of spins (IV ~ 100). At
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short time scales, the decay of the off-diagonal elements is found to be Gaussian with a
decoherence time constant given by 7 = 2—‘5& (v = 0). This result is mainly due to the
non-Markovian nature of the dynamics, which in turn follows from the time independence
of the bath correlation functions and the symmetry of the bath Hamiltonian. Also, it
has be shown that the effect of low bath temperatures on the decoherence of the central
spin is similar to that of strongly applied magnetic fields and large bath anisotropy. The
results obtained in this work are valid for any number of spins in the environment and
arbitrary values of the strength of the external magnetic field and the bath temperature.
They are in good agreement with those of [22] where the authors studied decoherence of
electron spins in quantum dots. The model can be generalized to the case of two or more
interacting qubits where questions related to the decoherence and the entanglement can

be investigated.
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3. EXACT DYNAMICS OF A TWO-QUBIT SYSTEM IN A SPIN STAR
ENVIRONMENT

3.1 Introduction

Multi-qubit systems are of great importance in many fields of quantum technology. Ex-
perimental and theoretical evidences, accumulated during the last few years, indicate that
they exhibit interesting properties that make them central subjects in quantum informa-
tion processing and quantum computation [1, 2]. The inherent dissipation and decoherence
phenomena due to the interaction with a surrounding environment with many degrees of

freedom, unfortunately, limit their usefulness.

Recently, questions related to entanglement and decoherence of some multi-qubit sys-
tems have been investigated. Mainly, attention was focused on thermal entanglement, i.e.,
entanglement induced by the interaction of the multi-qubit system with an environment
at thermal equilibrium. Usually, these approaches are within the framework of a master
equation for the reduced density matrix of the central system and within the Markovian
approximation. The main assumption is that the characteristic times of the interacting
systems are much longer than those of the environment [3]. The Markovian dynamics is

known to be widely applicable in quantum optics and in the study of quantum noise [4].

Several investigations have shown that dynamics of multi-qubit systems shows strong
non-Markovian behavior. Therefore, one has to seek new approaches in order to study
them. The Ising and Transverse Ising model were first applied to the description of the
reduced dynamics of one-qubit and two-qubit systems under a symmetry broken environ-
ment in thermal equilibrium where phase transitions occur [6, 5, 7]. Later, another model
was proposed [8] in which the central system is immersed in an environment composed
of N spin % particles arranged in a star structure. In Ref. [9] the exact solution of the
dynamics of one-qubit system in spin star configuration was found assuming a Heisenberg
XY interaction. In this model, the spin bath was in an unpolarized infinite temperature

state.

The present chapter provides an extension of the above model to the dynamics of
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a two-qubit system coupled to a spin star environment. The model is exactly solvable
because of the symmetry of the structure under consideration. As mentioned in Ref. [9],
this may represent a method to investigate the validity of approximation techniques and

numerical methods applied to the non-Markovian dynamics.

The chapter is organized as follows. In Section 3.2 we give a detailed description
of the model. In Section 3.3 we derive the exact dynamics of the reduced system. In
Section 3.4 we study the case of an infinite number of environmental spins, we determine
the correlation functions, and we study the long-time behavior of the density matrix of
the central system. We end the chapter with a brief conclusion regarding decoherence and

evolution of entanglement of the two-qubit system.

3.2 The model

We consider a system of two non-interacting qubits coupled to a set of N independent spin
% particles (the environment). We restrict ourselves to the case of a spin star configuration;
this is a structure in which the two-qubit system is surrounded by the N spin % particles
located on the surface of a sphere. The central qubits as well as the environment are
multipartite systems living in spaces given by two-fold and N-fold tensor products of the
local two dimensional spin spaces corresponding to the individual particles. From an open
quantum system point of view the central system is considered as an open system coupled

to an environment with a large number of degrees of freedom.

The nature of the coupling between the qubits and the environment is, in general,
complicated and depends on the details of the interaction. Nevertheless, some symmetry
properties characterizing the spin star configuration lead to an enormous simplification
of the model. Indeed, under some conditions [8], the structure under consideration is
invariant with respect to the exchange of any two outer spins. Moreover, the spin star
configuration is a rotationally invariant system which is the direct result of the isotropy of

the environment. More details about SO(3)-invariant spin systems can be found in [14].

3.2.1 The qubits

Let us first consider the general case of a bipartite system S composed of two particles

with spins j; and j2. The space C* of the composite system is given by the tensor product

C’=Ch ®C®. (3.1)
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Here, d; = 27; + 1 denotes the dimension of the space C% corresponding to the particle

with spin 7;. The total angular momentum of the global system is defined by
J=hQl+1Q Js, (3.2)

where J; and J; are the angular momentum operators of the individual particles and I

denotes the unit matrices on C# and C%.

The standard basis in the space C% is composed of the eigenvectors of the operator
jiz with eigenvalues m; = —7;, =7 + 1,..., /i with ¢ = 1,2. We denote the vectors of this
basis by |, m;) to stress that on this space J? = 55 + VL

The composite system admits, now, two equivalent orthonormal bases. The first one is

formed by the common eigenvectors |71, 72, m1, ma) of the set of operators {j12, jzz’ jlz, jzz},

they are given by the tensor products

|71, 32, ™M1, m2) = |71, m1) ® |2, ma). (3.3)

The second one is a standard basis constructed from the simultaneous eigenstates of the
square of the total angular momentum operator J? and its projection along the z-axis Ja
namely {|j,m >} with |j; — j2| < 7 < 51 + J2 and—j < m < j. As usual, we introduce
the lowering and the raising operators Jr=Jy ijy. The action of these operators on a

vector |7, m) belonging to the standard basis of the total space is given by (k= 1)
J2g,m) = §(3 + Dlg, m),
Jld,m) = mlj,m),

Jxlim) = GG+ 1) —mimE1)]j,m£1). (3.4)

In the special case of two spin % particles, the total angular momentum j takes on
either the value one or zero. One possible basis in the four-dimensional space C? @ C?
consists of the state vectors {|++), |+ —),|—+),| — —)} which correspond to the different
mutual orientations of the two spin vectors with respect to the z direction. The connection

with the standard basis {|jm)} of the composite system leads with an appropriate choice

of the phase to

I1,1) = [+ +),
1
1,0) = ﬁ(' )+ =H)
L-1)=|--)

1

10,0) = ﬂ(H_) —| —\ +))- (3.5)
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The picture is equivalent to the decomposition of the two-qubit space C2®C? into a direct
sum of the spaces C and C? corresponding to spin 0 (antisymmetric vectors) and spin 1

(symmetric vectors) respectively [13]

CloC?’=CeaC’ (3.6)

3.2.2 The environment

The above approach can be easily generalized to an arbitrary number of outer spins. In
particular, the total angular momentum operator of the spin environment is simply given
by the sum of the individual spin —% vectors. The environment space (C?)®¥ is equal to a
direct sum of subspaces C% where 0 < j < % (We assume that N is even). Due to the
different possible orientations of the single spins [19], the angular momentum j will have

a degeneracy v(N, j). We denote this formally as

|z

(C*)®N = P (N, ) CYh. (3.7)
7=0

The degeneracy v(N, j) is given by [5]

G0 = ()~ (e -) e (5)-e )

Obviously, the following equality holds

olz

v(j, N)(2j +1) =2V, (3.9)
7=0

3.2.3 The Hamiltonian

We assume that the two qubits do not interact with each other. Moreover, we will neglect
any kind of interactions between the constituents of the environment, the main contribu-
tion to the total Hamiltonian comes from the interaction between the central qubits and
the environment. The strength of the interaction is supposed to be the same for any two
interacting particles; this insures the symmetry with respect to permutations of the outer
spins. The qubits are coupled to the environment via Heisenberg XY interactions whose

Hamiltonilan is given by

H=allol +o2)®J- + (o1 + %) ® J4], (3.10)
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where o denotes the strength of the interaction. In this expression, o1 and o2 are Pauli
matrices associated with each of the central qubits and J+ denote the raising and lowering

operators of the environment which consists of N spin—1/2 particles.

It is easily seen that the action of H on any state vector of the form |00) ® |®p) always
gives a vanishing result. Taking into account this fact and the symmetry of the problem,
it is sufficient to consider only the space C3 ® (C?)®V. The subspace C? is spanned by
the vectors |1, —1), |1,0) and |1,1). In this basis the lowering and raising operators admit

the following representation:

000 010
o+=11 00 and o_=10 0 1 (3.11)
010 0 0O
Therefore, the Hamiltonian H can be written as
0 Jy 0
0 J- 0
One can easily prove by induction that powers of H are given by
JyK*h o 0 Ji KM
H™ = o 0 Kn 0 : (3.13)

J_K™Yj_. 0 J_K"lj,

0 J K™ 0
H =g gng 0 K, | (3.14)
0 J.K* 0

Here K denotes the anti-commutator of the operators J4 and J_, that is
K=JyJ_ +J_Jy =2(J% - J2). (3.15)

Note that K is diagonal in the standard basis of (C2)®V with eigenvalues 2(j(j + 1) —m?);

i

it satisfies the following commutation relations:
[K) Jz] = [K7 JZ] = Oa

(K, J_Jy] = [K,JpJ_] = 0. (3.16)

Equations (3.13) and (3.14) allow us to explicitly write out any function of the Hamil-

tonian restricted to C* @ (C2)®V. In particular, the explicit form of the time evolution
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operator U(t) = exp(—iHt) reads

1+ J+‘cos(at1\{/l?]—lj_ _?:J+sin(?}t}_(\/1—() Js cos cxt}\(/f)—lJ+
ut) = —iﬂy—TmJ_ cos(atVK) —im\/%ﬂlh_ . (3.17)
. cos at}\(/?)—lJ_ y sin(\aZ_(\/I_{) 1+ J_ COS(M;(/}_Q_1J+

3.3 Exact reduced dynamics

The state of the composite system is completely characterized by the total density matrix

p(t) whose evolution in time is given by

p(t) = U(D)p(O)U (1). (3.18)

Here U(t) is the time evolution operator and p(0) denotes the initial density matrix in
the space C? @ (C*)®V. For time-independent Hamiltonians, the operator U(t) takes the
simple form

U(t) = exp(—iHt) (3.19)
and we could use the expression (3.17).

Alternatively, one can use the Liouville superoperator £ to describe the evolution of

the total density matrix p(t) [3]:
Lo(t) = —ilH, p(). (3.20)
This leads to the von Neumann differential equation,

2P0 = Lo(t), (3.21)
whose integral form is
p(t) = exp(Lt)p(0). (3.22)

Tracing over the environmental degrees of freedom in the space (C2)®V enables us to

determine the dynamics of the reduced system density matrix, that is,
ps(t) = trp{p(t)}. (3.23)

We have used the letters B and S to denote the environment (bath) and the qubits
(system). Both descriptions of the dynamics are of course completely equivalent. The
difference just consists in a regrouping of terms. We only use the Liouville operator to

obtain a more concise description of the dynamics in (3.34) and (3.35).
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3.3.1 Initial conditions

We assume that the initial condition factorizes into the uncorrelated tensor product state

p(0) = ps(0) ® p5(0), (3.24)

where pg(0) and pp(0) are the initial density matrices describing the local state of the
qubits and the environment, respectively. The matrices ps(0) and pp(0) are self-adjoint,

positive and have trace one.

Any state vector of the qubits can be written as
) = 6] = =) + v+ =)t =) + 8]+ 4), (3.25)

where 3, 4, and § are complex numbers satisfying |8]2 + |v+|2 + |v=|> + |6]* = 1. Using
the relations (3.5) it is possible to rewrite |1) in the standard basis of C & C? as

[¥) = BI1, —1) +~I1,0) +6[1,1) + 7{0,0), (3.26)

where v = (v4 +v-)/v2 and ¥ = (y4+ — v-)/V2. Thus the initial density matrix

corresponding to the pure state vector |t) reads as follows

82 Byt B8 By
* 2 * Ik
01 I L o
s = | & ) . (3.27)
6B oyt |6 &Y™
VB A A6 Y

Here z* denotes the complex conjugate of z.

Once again, because of the symmetry of the problem and the degeneracy of the anti-
symmetric state vector |0, 0), our task is reduced to the study of the dynamics of a spin-one
particle in the space C?. Without loss of generality, we represent the initial reduced system

density matrix restricted to this subspace by

Pl Ay el
psO) = | P Ay A3 |- (3.28)

(053 0x 0
P13 P23 P33

Obviously, one has to keep in mind that the actual normalization condition for the
initial density matrix of the qubits reads 37, p% = 1, where p, = |7'|*. Although our
attention is focused on the subspace C3, we will investigate in parallel the evolution in

time of the remaining density matrix elements.
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Let us now take a look at the initial condition of the environment. It is well known
that the density matrix characterizing a bath in thermal equilibrium at temperature T’
is given by pp(0) = (e~#8/k8T)/Z where Hp is the Hamiltonian of the environment,
kp is the Boltzmann constant and Z = trge 8/%8T g the partition function. In our
model, we assume that the environment is initially in a state of infinite temperature with
corresponding density matrix

pp(0) = 27V, (3.29)

where I denotes the unity operator in the environment space.

3.3.2 Reduced system dynamics

The time-dependent reduced density matrix is obtained by taking the partial trace over
the environmental degrees of freedom

ps(t) = trp {exp(—iH1)ps(0) ® pp(0) exp(iHt)} (3.30)
trp {exp(Lt)ps(0) ® pp(0)}. (3.31)

I

Expanding the exponential function {3.31) in a Taylor series gives
ps(t) =Y —tr {LFps(0) @ 27Vg}. (3.32)

k!
k=1

In the above equation, powers of the Liouville operator appear. In order to evaluate them

we expand the unitary evolution operators in (3.30) to obtain

Ll =i" Z(—n‘f(i) HpHM (3.33)
£=0

For odd n’s, one gets always an extra lowering or raising operator under the trace, implying
that

trg{L£¥*1ps(0) @ 27 V1p} = 0. (3.34)
In fact, this holds for any number of central spins. This immediately follows from the

expression (3.17) for the unitary evolution operator of the full system.

With the help of the trace properties one can find that for non zero n

n—1 n—1

_ 2n 2n 9 9
trp{L™ps(0) ® 27Nz} = ;1 (%) S ;} <2k N 1) Sgpy +F, (3.35)
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where
(%) — P33) B2 + p33Pn P2Q%  p0%
S = (-a) Qi 9Fn  PaQi | (3:30)
i —k P%Qz—kﬂ M,
My = —(p) — P33) Rn2 + p33Fn + (P31 — 2033) Pr, (3.37)
1082Pn P(2)3Q2+1 0
Si = (=)™ | p5Qr . (6 — P3P+ PG Fn PR | (3.38)
0 Pk P (Fr — Pn)
and
200 P, Pho(Fn+ Pr) P3P
Fr = (—a)® | p%5(Fn+ Po)  20%F.  p%(2F— P |- (3.39)

P(1)3Fn ng(QFn - Pp) 2983(Fn - P)

Here we have introduced the environmental correlation functions

Ry =2 Nirp{(J-J4)? K™%}, (3.40)
Qp =2"Nurp{J KT K™Y, (3.41)
0p =2 Ntrpg{Jy Jy K* 1 J_ KR, (3.42)
P, =2"Ntrg{J_J, K1}, (3.43)
Fp=2"Ntrp{K"}. (3-44)

Notice that the above correlation functions are independent for small N, they were ob-
tained with the help of the commutation relations (3.16) with which we could derive
simple expressions relating them. Nevertheless, the number of independent functions still
remains large since the operator K does not commute with any polynomial of the lowering
and raising operators Ji. Besides this fact, one can see that there exists some similarity
among these correlation functions as it is the case between R, and O} on one hand and

P, and QF on the other hand.

By substitution into equation (3.32) one finds the explicit form of the various matrix

elements of ps(¢). One can check that the diagonal elements are given by

p11(t) = pd1 (1 + 29(1)) + (P — p3a) £ (2)
+ pYae(t) + (1), (3.45)
p22(t) = p3a + (P31 — PIa)h(t) + (p3 — p2)E(1), (3.46)
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and
pas(t) = pGs(1 = 29(t)) = (o) — p3)f (t) ~ pA(2)
+ (03 — 20%3)e(t) + (055 — p3s)(2). (3.47)
The off-diagonal elements read
pr2(t) = pa[E(t) + &1 (1)) + p3ah(t), (3.48)
p1a(t) = plalE(t) + F(2)), (3.49)
p2a(t) = phlH(t) + (1)) + phah(t), (3.50)
p21(t) = pi,(t), (3.51)
p31(t) = pis(t), (3.52)
p32(t) = paa(t). (3.53)
Here we have introduced the functions
t
y=2- trB{J J+M} , (3.54)
(atVK) — 1
y=2" NtrB{J J+——a——)—}, (3.55)
=92 NtrB{J g, S (atvK) at‘ﬁ) } (3.56)
—1
P NtrB{J 7. (cos( at\/—) )2 }, (3.57)
— 2 Ntrg{sm atVK } (3.58)
Z(t) - 2—Ntr3{cos(at\/ﬁ)}. (3.59)

The remaining functions are quite different in their analytical form from those listed

above. They are given explicitly by

T B{Jz COS(CYt\/R_) - 1J2 COS(at\/?) - 1}

fty=2"Ner 2
e1(t) = 2_NtrB{J+MJ_ cos(at\/-)}

eq(t) = 2_NtrB{J_M)—J+ cos(at\/-)}

K
~ _ sin(atvVK) . sin(atVK)
h(t) = 2 NtrB{J+ N }

(3.60)
(3.61)
(3.62)

(3.63)

One has to be careful when dividing by the operator K since its eigenvalue correspond-

ing to j = 0 vanishes. To overcome this difficulty, it is sufficient to write the quantity
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under the trace sign in the normal order, that is, to first apply the lowering operator J_

on the state |0,0) which leads obviously to zero.

In fact, the function e(t) can be expressed in terms of g(t) and h(t). We will leave it in
this form in order to maintain its symmetry with the functions €;(t) and €5(¢). Altogether,
we need a set of nine real-valued functions to describe the reduced system dynamics in
C3. In the special case of one-qubit dynamics [9] the number of independent functions is

significantly reduced to two because of the rotational invariance of the star configuration.

When the conditions p?; = pJ; and pJ, # 0 are satisfied (one can, e.g., set § = § in

Eq. (3.26)), the diagonal elements take the relatively simple form

puo(t) =1+ (- D), (3.64)
1

p22(t) 1-¢

2232 =1+(—£—)E(t), (3.65)
2(8) _ 1 4 (e — 1)(e(t) - h)). (3.66)
P33

where the parameter ¢ is given by p3,/0Y,.

It is not difficult to check that the solutions (3.45)—(3.47) as well as (3.64)-(3.66)
ensure that the trace is preserved, that is, Z?=1pﬁ(t) = Z?zl pY. This actually results
from the fact that the time evolution operator U(t) is unitary and hence trace preserving.
It is worth noting that the density matrix element pyq does not evolve in time, the time
evolution operator is reduced to 1 in the space C. This is due to the symmetry of the
Hamiltonian H. The subspace C is said to be decoherence free which was expected because
of the degeneracy in energy of the antisymmetric state vector |00). Moreover, the density

matrix elements p;q, 7 = 1,2,3 evolve according to

3
pua(t) =27V Z tra{Uik(t)} Ay, (3.67)
k=1

since Ujs(t) is equal to &;4. The last relation shows that the off-diagonal elements behave
like the components of a three dimensional state vector. Taking into account the fact that

the partial trace of any off-diagonal element of U (t) is zero, it is not difficult to find that

p14(t) ply(1+ g(2))
pault) [ =1 Ahult) |- (3.68)
p34(t) P (L + g(t)

Notice that the set of functions (3.54)—(3.63) can be rewritten in the standard basis of



3. Exact dynamics of a two-qubit system in a spin star environment 67

the environment space (C?)®V. For example, we can write the functions f(t) and & (t) as

W

e : x(j,m) . 2
fi&) = 2 Nj’zmu(],N){mcos(at w(],m))}, (3.69)

ety = 2_N2u(j,N)w(>;(+ﬁ_L)l)cos[at w(j,m — 1)] cos[at/w(j, m)], (3.70)
5m '

where the quantities x(j,m) and w(j, m) are,respectively, the eigenvalues of the operators
J_J; and K:

x(j,m) =3(G+1) —m(m—1), (3.71)
w(j,m) =2(j(j + 1) — m?). (3.72)

Taking the trace over the environment yields a superposition of weighted periodic func-
tions with different frequencies. Roughly speaking, this means that the time-dependent

density matrix elements evolve anharmonically starting from their initial values.

3.4 The limit of a large number of bath spins

In this section, we will investigate the behavior of the solution found previously when the

number of the environmental spins becomes very large, that is, the limit N — co.

To this end, let us anticipate and say that in the limit of large number of degrees of
freedom, the environment has the tendency to behave as a classical system. Consequently,
one can expect that the various operators related to the environment do commute at least
for the case where the total angular momentum j is very large compared to the quantum
number m. As we will see, this will enable us to determine the long-time behavior of the

reduced system density matrix.

3.4.1 Environment correlation functions

The trace operation over the environmental degrees of freedom can be carried out by

writing the lowering and raising operators in the standard basis of the environment space

{®Lls")}, namely,
N 1.
Je =) 5ok, (3.73)
i=1

where ot|st) = (—1)%|s'). With help of the formula

n

KM= (7;‘) (JpJ )Ty, (3.74)

=0
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the problem is reduced to the calculation of terms having the following general structure

Ay = trg{ﬁ JKHJ%} - trg{ﬁ i ol ot } (3.75)

11,42 11,32 J1,92
where the index x indicates the nature of the operator, raising or lowering. The main
restriction here is that the lowering and raising operators J_ and J, must appear the
same number of times under the trace in order to insure that the result is not zero. In
general, A, leads to a polynomial of order n in the environment spins number N. The
main contribution to such quantities comes from terms having the maximum number of
indices labeling the operators o,;. This is due to the fact that these terms are characterized

by the largest combinatorial weight and hence yield the largest exponent in N.
It is shown in [9] that

n n—¢ 14 ZNNnn!
trp{(J+J_)*} ~ trp{(J4J)" NI J4) ) = — (3.76)
With the help of the last relation, it is easy to compute the environment correlation

functions for the two-qubit case. For example we have for R,

N X n-2 2 fn -2\ Nond
Rn = 2— trB{Z ( e )(J+J_)n—£—2(']_']+)2+e} =~ Z ( e )—Zn—, (377)
£=0 =0
and thus
N™n!
R, =~ 1 (3.78)
Similarly, we find that when N — 0o then
N™nl
OF ~ Ry, ~ 4” , (3.79)
N™nl
Qk ~ P = 5 (3.80)
F, = N"n!, (3.81)

The above method does not apply for correlation functions where at least one of the
upper or lower indices is zero. In these cases the operator K appears in the denominator
of the correlation functions and hence the expansion (3.75) is no longer applicable. One
alternative way to determine them is by writing the trace in the eigenbasis of J, and J2.
"The point here is to write down the trace over the environment in the joint standard basis

of J? and J,; this gives

cal22) - U5t

K GG+ 1) - mo)e (3.82)

Jm
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This equation can be rewritten as
J_J+ 2 1 m2
trg ==Y V(G N1+ : (3.83)
( K ) 4 py { (GG +1) - m2)2}
where we have used the fact that
m
Py G+ -m
Taking into account the relation Do im V(N = 2V we find
Ro=+0y and 0 =27M3" m? 3.85
4 B e 559
Similarly, we have
(J-J4)®y 1 m?
trgy———t ==Y v N)jG+1)-m?>+ ——ov | :
{==="} 2; Gy {56 +1) (j(]+l)—m2)} (3.86)
With the help of Eq. (3.84), we find
(J_J)2%y 1 1 2
trgy ———— ¢ = ~trg{J_J = yN)——————. .87
s{" "} = sl 43 LN (3:87)
Then,
N
Ri==—+Tn
2
and
r —Q—NEZU(- N) m’ (3.88)
T 2y e |
With the same method one can find that
1 N 1
QSZZ_QN; Qé:_i‘FN and POZE- (3.89)

The quantity Qp is very small compared to 1 and can be neglected. Under this assumption

both methods lead to the same result; this is actually the same thing as assuming that

K =2J_J,. Thus the environment operators behave as if they commute when N tends

to infinity, a result which confirms the statement we gave in the beginning of this section.
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3.4.2 Time evolution

The dynamics of the reduced system can easily be determined in the limit NV — oo by
properly rescaling the coupling constant «. The substitution of the correlation functions

(3.79)—(3.81) into equations (3.36)—(3.39) yields

—N)'n!
trp{Lps(0) @ 27 NI} = {2" 1A + C}(T), (3.90)
where the matrices A and C are given by
AR+l —20%  20% — p) P
A=1 2p% - 0% 40— 200 +6%) 205 -0%) | (3.91)
3t 200% —0%) P+ oY — 2%
and
200 — n%3) 200, 200
C= 20% 0 203, : (3.92)
2003 2095 2(p35— o)

Inserting equation (3.90) into equation (3.32) yields a power series with terms of the

general form ((at)?N)k. Tt is then natural to rescale the coupling constant by setting

«x
a— ﬁ (3.93)

Consider for example the function f(¢) in (3.54). We have that

0 =2 { (00, BNV (LT ooy + (224)). (a0

The first term in the right hand side of the above equation can be written as

el (5 T o )

o at)n
= Ry — Ry(at)? + Z(—l)n(§(22)'
n=2 ’

Similarly, we find

2“Ntr3{<%)2c05(at\/§)} = i+QN—%FN(at)2+% i(—l)"n!@. (3.96)
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It is then sufficient to rescale the coupling constant to find that when N — co the function

f(t) becomes:

£ = Flo) = 7020 ~ <o) (3.97)

where
at at

¢(t) = —7D+(—7)- (3.98)

Here D, (z) denotes the Dawson function, also called Dawson’s integral [19], which arises

from the calculation of the Voigt spectral lines shape [20]. It is given by
2 z 2
Di(z)=e" / et dt. (3.99)
0
Dawson’s function is related to the imaginary error function erfi(z) by
Dy (z) = ‘/;e—fzerﬁ(z). (3.100)

As opposed to the ordinary error function, the imaginary one is unbounded. It is given

by the following series expansion

o0 2k+1
erfi(z) = Z ) (3.101)
Following the same procedure, we find that

g(t) = ¢(t), (3.102)

h(t) = B(t) = —%c(w), (3.103)

o) = —¢(2t), (3.104)

At) =1+ 2¢(b), (3.105)

eft) = %C(?t) —2ct), (3.106)

(1) = 50(26) — C(0) (3.107)

It is then sufficient to substitute the above functions into the set of equations (3.45)—(3.50)

to get the new form of the density matrix elements.

Fortunately, the function {(t) is bounded and admits a limit when ¢ tends to infinity.
In order to determine this limit let us stress that the Ji/v/N are well behave fluctuation
operators with respect to the tracial state on the bath. From a mathematical point of
view, the above statement means that .]+/\/1v converges to a complex random variable z

with probability density function

2o 2P (3.108)
T
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The explicit form of the functions (3.54)—(3.63) shows that it is sufficient to calculate the

expectation value of the function cos(8|z|) where 8 € R, namely
2
G8) = 2 / drdz* =27 cos(B)2)). (3.100)
mJC

In order to obtain the asymptotic state we need to take the limit 8 — oo, but this is

straightforward by the Riemann-Lebesgue lemma and so we simply obtain

Jim G(5) = 0. (3.110)

It is easy to see that G(at) = £(t), it follows that the limit of the function £(¢) is equal to
—%. Moreover, we can show that the following relation holds for any value of the non-zero

real parameter 6

Jim ¢(6%) = --;-. (3.111)
Therefore, as t — 0o

f0), fo - 3, (3112

9(t) — —%, (3.113)

A(e), Bt) = 5, (3.114)

£(t) — % (3.115)

£(t) — 0, (3.116)

e(t) — %, (3.117)

T1a(t) = :11 (3.118)

Consequently, the long-time limit of the reduced system dynamics yields the following

density matrix in C @ C3

3,0 0 L 2.0 1 3
g(p11 + P33 + 5030) 1P+ 109 i 3%
1 0x , 1 0k
o 1P12 + 1P23 1P + 033 + 20%,) 1% + 1%
Ps = 3 0% 1.0x , 1 0% 3,0 0,20y 10 - (3.119)

8013 1P23 + 1Pi2 3(p1i1 + P33+ 5032) 5034
1 0= 4
3P14 0 %934 /’24

In Figs. 3.1-3.2, we have drawn the variation of the diagonal elements p11(t) and
p22(t) respectively for the pure initial state | ——). The graphs were obtained for N = 100,
N =400 and the limit N — co. The evolution in time of the off-diagonal element p13(t)
corresponding to the maximally entangled state %ﬂ ++) +| — —)) is given in Fig. 3.3.
The plots show that the solution corresponding to infinite number of environment spins
N — o0 is almost identical to the exact solutions up to a value of time given by ot ~ 3

then the curves start to diverge.
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—— Infinite

Fig. 3.1: The time evolution of the density matrix element py;. Initial state of the two-qubit system

is the pure state | — —). The figure shows the plots obtained for N = 100, N = 400 and
the limit N — co.

—— Infinite
- — - N=100

P2z (E)

o N

0.25 TR -
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0.1

0.05

; - z p at

Fig. 3.2: The evolution in time of the density matrix element py, as a function of time. The initial
condition of the two-qubit system is the pure state | — —). The figure shows the plots
obtained for N = 100, N = 400 and the limit N — oo.

3.4.3 Decoherence and entanglement

From formula (3.119) we see that the off-diagonal elements show partial decoherence.

Indeed, the ratio between the asymptotic and the initial values of the density matrix
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—— Infinite

~ — - N=100

013 (t) /0%1;

Fig. 3.3: The evolution in time of the density matrix element p;3. The initial condition of the
two-qubit system is the entangled state '\}_E(‘ ++) +| — =)). The figure shows the plots
obtained for N = 100, N = 400 and the limit N — oo.

element p13 is equal to %. The contribution to the final result of the two other off-diagonal
elements, p12 and po3, is symmetrically shared by their original values with the same
weight, namely %. This can be seen, for example, in the case where the initial condition is
the separable state %|—)(|+) +1-)) or‘%|+)(|+) + |=)). In particular, if the condition
P95 = pJ; is satisfied, both matrix elements relax and assume half of their initial value.
Similarly, the off-diagonal elements p14 and py3 evolve asymptotically to half their original

values whereas the element pg4 relaxes and tends to zero.

A first look at the explicit form of the diagonal elements of the density matrix re-
veals that they only depend on the corresponding initial ones. Let us choose £ — 1 in
relations (3.64-3.66) and assume that the remaining off-diagonal elements vanish. The re-
sulting density matrix corresponds to the diagonal initial state (|1, 1)(1, 1|+ |1,0)(1,0] +
|1,—1)(1,—1]). It is not a hard task to see that this state does not change in time. Con-
sequently, the two qubits do not feel the presence of the environment. The same result
holds for the entangled antisymmetric state |00) which belongs to the decoherence-free

subspace C.

Because of the coupling between the central system and the environment, entanglement

between the two qubits may appear. Assume for instance that the two-qubit system was



3. Exact dynamics of a two-qubit system in a spin star environment 75

initially in a pure state, | — —) or | + +) for example. This corresponds to the preparation
of a spin-one particle in the pure states |1, —1) and |1, 1) respectively. Once the interaction

is switched on, the system evolves into a mixed state.

The case where the initial condition is one of the maximally entangled states %(_‘ +
—)y=£|—+)), is quite special. Indeed, the latter are regarded as pure states for the composite
system, they generally evolve into mixed states when exposed to the environment. One

then asks whether the evolving state is entangled or separable.

In order to quantify the amount of entanglement created between the two qubits, we
shall use the concurrence, C(p), as a measure of entanglement for mixed states. The
numerical values of the concurrence range from 0 for separable states to 1 for maximally

entangled states. According to Ref. [16], C(p) is defined as follows

Clp) = max{0,v/A1 — vVh2 — vVAs — A} (3.120)

AL > A2 > A3 > A4 are the eigenvalues of the operator p(V @ V)p(V @ V) where V' is a

linear skew-adjoint operator in C @ €3 such that V'V = —1. In our case
0 0 10
-1 0 0
Vev= (3.121)
0 00
0 0 01
Here we pick out some typical results:
e The concurrence corresponding to the initial separable state | — —) is equal to
C(p) = max{0, ~pz(t)} = 0. (3.122)

Therefore, the two-qubit state maintains its separability during time which means
that no entanglement will be produced by the interaction with the environment. For
the same reason, the initial state | + +) evolves into a separable state too. In fact,
the latter result is also true for the general case of pure separable states when one of

the qubits is in the state |—) (or |[+)) and the other one is at an angle, say ¢, from

the first qubit.

e If the initial state is the maximally entangled state |¥) = —\}—5(| + =) +|—+)), then

the concurrence takes the form

C(p) = max{0, p2a(t) — 2/ p11(t)psa(t)}. (3.123)
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The time behavior of C(p) is shown in the plot of Fig. 3.4 where one can see that
it quickly decreases and vanishes after a relatively short time. The two-qubit state
is completely disentangled whence the asymptotic state becomes separable. Conse-
quently, the coupling between the central system, initially in the maximally entan-

gled state |¥), and the spin environment causes the qubits to lose entanglement.

Let us now consider the maximally entangled state |®) = —15(| — =Y+ |++4). In

this case the concurrence reads
C(p) = max{0,2p13(t) — p22(t)}. (3.124)

The entanglement dynamics in this case is significantly different from the one cor-
responding to |¥). Indeed, the entanglement here decays from its maximum value,
one, and vanishes within a certain interval of the time, then starts to increase and
tends asymptotically to C*®(p) = % as shown in Fig. 3.4. Hence, the state loses its
entanglement for a short period of time in which the state is separable, entanglement
between the qubits will appear again whilst the asymptotic state is partially entan-
gled. Thus the effect of the environment is to decrease the amount of entanglement

of the initial state.

The above state is a special case of the so-called Werner states; the general form of

the density matrix corresponding to these states is given by
o 1
po= (1= p)ly + p|)(E| (3.125)

with 0 < p <'1. One can show that the asymptotic density matrix is

3p

2+
_8‘2 0 16 0
o L o0 o0
|
P = 5 ot (3.126)
% 0 % o0
0 0 o 2
and has the concurrence
op — 4
C(p™) = max{0, Z—21. (3.127)

This implies that the stationary state of the two-qubit system is entangled if p > %.
When the last condition is satisfied the concurrence behaves in the same manner as
the one associated with |®), i.e. decreases from its initial maximum value, vanishes
for certain interval of time to increase asymptotically to C(p®). Once again, we find

that the two-qubit state becomes partially entangled.
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e Because of the symmetry, the concurrence corresponding to the initial states %(H—) +
=))(+) £1-)) and %H:)(H—) F|—)) is identically zero. The corresponding asymp-

totic states are always separable.

Fig. 3.4: Concurrence as a function of time for initial states %ﬂ + =)+ |~ +)) (solid curve) and
%U — =)+ |+ +)) (dashed curve).

3.5 Conclusion

In this chapter, we have studied the dynamics of a two-qubit system in a spin star configu-
ration. The Hamiltonian we chose describes a Heisenberg XY interaction. We obtained the
exact analytical solution for the time evolution of the reduced system density matrix. This
model can also describe the dynamics of a spin-one particle coupled to an environment.

It may be used to test validity of numerical approximation techniques.

The solution which we have obtained simplifies in the limit of a large number of
environmental spins. The limit is carried out by rescaling the coupling constant «. The
long-time behavior of the density matrix reveals that some of the off-diagonal elements
show partial decoherence. The pure entangled state —\}—5(| + —) — | —+)) of the two qubits
is found to be decoherence-free, the mixed state %(|1, —1){(1,—-1]+11,0)(1,0/ 4+ |1, 1)(1,1])
written in the standard basis of a spin-one particle does not evolve in time. In these cases

the central system does not feel the presence of the environment.

Any pure state of the two-qubit system evolves into a mixed state. It turns out that the

environment has no effect on the separability of pure separable states. On the contrary, it
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has the tendency to decrease the degree of entanglement of initially entangled states of the

two-qubit system. This can be understood from the high symmetry of the XY interaction.

Many scenarios are possible regarding the extension of the model. One first step
may consist of adding a suitable term to the interaction Hamiltonian and investigate the
production of entanglement between the two qubits. Recently the dynamics of three qubits
in a symmetry broken fermionic environment has been exactly solved [7]. This could be
also investigated within the framework of the Heisenberg interaction and may be extended
to more qubit cases. Because of the high symmetry of the Hamiltonian, we expect that
some structure will appear when the number of central spins increases [14]. It will also be
of interest to investigate the dynamics for environments that are in coherent or squeezed

states.
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4. DECOHERENCE AND ENTANGLEMENT EVOLUTION OF TWO QUBITS
COUPLED THROUGH HEISENBERG INTERACTIONS TO SPIN BATH AT
THERMAL EQUILIBRIUM

4.1 Introduction

Entanglement is the most intriguing feature of quantum mechanics. It is a nonlocal cor-
relation between separate quantum mechanical systems which does not have a classical
counterpart. Besides its fundamental importance in the foundation of quantum mechan-
ics [1, 2, 3], entanglement is considered as a valuable resource for quantum communications
and information processing [4, 5, 6, 7, 8, 9] since it helps speeding-up implementation of
quantum algorithms and quantum communication protocols [10]. Considerable efforts,
both theoretically and experimentally, have been devoted to the understanding of en-
tanglement. Recently, intense interest was given to interacting spin systems which were
proposed as candidates to achieve gate operations in solid-state quantum computation
processors [11, 12]. This choice is motivated by the fact that such systems can be easily
manipulated (e.g., by tunneling potentials and energy bias), and scaled up to large regis-
ters. Hence it is important to investigate entanglement generation and dynamics in spin

systems.

On the other hand, quantum systems suffer decoherence because of their unwanted
interactions with the surrounding environment. The decoherence process is indeed the
major obstacle for quantum information processing because it directly affects quantum
interferences and correlations (entanglement) of quantum systems, leading them to behave
classically [13, 14, 15]. Many strategies such as error-correcting codes and decoherence
free subspaces were proposed in order to protect fragile quantum information against the
detrimental effect of decoherence [16, 17, 18, 19, 20, 21, 22]. A number of theoretical studies
have dealt with bosonic environments for which the Markovian approximation along with
the master equation approach are often used. It turns out that the main contribution to
decoherence in many solid-state systems (e.g., quantum dots) arises from the coupling to
localized modes like nuclear spins, which can be effectively regarded as spin baths [23].

Recently, attention was focused on the non-Markovian dynamics of multi-qubit systems
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interacting with spin environments [24, 25, 26, 27, 28, 29]. In our earlier work [24], we
have studied the reduced dynamics of two-qubit system coupled through Heisenberg XY
interactions to spin star bath which was assumed at infinite temperature. We neglected
the interaction between the central qubits. Later, Yuan et al [25], derived the dynamics of
the two interacting qubits for particular initial states and finite bath temperature, using
Holstein-Primakoff transformations expanded up to the first order with respect to the
number of environmental spins. The elements of the resulting reduced density matrix
were given in the thermodynamic limit by infinite series. In the following paper we derive
the exact dynamics of the central qubits, for arbitrary number of environmental spins at
finite bath temperature, for a particular choice of the Hamiltonian of the bath. The key
ingredient in this case consists of the underlying symmetries of the model Hamiltonian

which facilitate the derivation of exact analytical results.

The chapter is organized as follows. In section 4.2 we introduce the model Hamiltonian
of the composite system qubits-bath. In section 4.3 after we derive the analytical form of
the time evolution operator, we calculate the reduced density matrix for both finite and
infinite number of spins within the environment. In section 4.4, we investigate decoherence
and entanglement evolution of the two-qubit system for different initial states. We end

with a short conclusion.

4.2 The Model

The system under consideration consists of a pair of interacting spin—% particles (qubits)
coupled to quantum bath composed of a large number of spin-% particles in thermal
equilibrium at temperature 7. The number of environmental spins is denoted by V. The

Hamiltonian of the composite system is given by the sum of three operators, namely,
H=Ho+Hp+ Hr. (4.1)

Hy describes the interaction between the central spins, it is given by the anisotropic
Heisenberg Hamiltonian

Hy = Q(olo? + olod) + Aoyo7, (4.2)
where A and 0 denote the strength of interactions, and o! (with v = z,y,2) is the v-
component of the pauli operator Ftassociated with qubit number i. The corresponding
spin-flip operators are defined by % = }(o% £ io}).

Similarly, the environmental spins interact with each other through long-range anisotropic
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Heisenberg interactions. These are described by the bath Hamiltonian

N
g o o L
Hp = 'N‘ Z(SZstfBz + SZBySfo + ASZBZSJBZ)’ (4'3)
i<j
where S% (i =1,2,..., N ) are the spin operators of bath constituents, g is the strength of
interactions and A is the anisotropy constant. The central spins couple to the environment

through Heisenberg XY interactions, the corresponding Hamiltonian operator is given by

N N
o 2 ; 1 2 ;
Hr= o (034023 Sha+ (o) +03) D Sy |- (4.4)
i=1 i=1
In the above equation, o designates the coupling constant of the qubits to the bath. Note
that the coupling constants g and « are rescaled by, respectively, N and VN in order to

ensure good thermodynamical behavior.

By introducing the total spin operator of the environment, J = %E;VZI &7, together
with the corresponding lowering and raising operators, J+ = J; & iJy, it can be shown

that (up to a trivial constant)

Hy+Hp = [(a}r + o)+ (0t + 02_)J+] +-2gW [ﬂ N 1)J3)]. (4.5)

o
VN
Clearly, the model Hamiltonian is invariant under rotations with respect to the z-direction.
One can show by direct calculation that the operator J, + S. + S2, where S: = %02,
commutes with H, i.e., [H, J, + S} 4+ 5%]_ = 0. This simply implies that the z-component

of the total spin of the composite system is conserved.

The spin space corresponding to the central system is given by C2@ C2 = C@ C?. The
subspace C2 is spanned by the state vectors |1, —1), |1,0) and |1,1). These are related
to the basis vectors of C2 ® C? ( called computational basis vectors ) by |1,%1) = |, )
and |1,0) = %ﬂ —+) + |+ —)). The space C in turn is spanned by the antisymmetric
maximally entangled bell state |0,0) = %ﬂ —+) ~ |4+ —)). The above equalities fully

determine the unitary transformation that enable us to go from one basis to the other.

The standard basis of the bath space, ((C2)®N , iIs composed of the joint eigenvectors of
J? and J, which we denote by |, m), where J2|j,m) = j(j+1)|j,m) and J,|j,m) = m|j, m)
(We set & = 1, and assume N even). Note that 0 <j<N/2and —j <m < j. One
can then decompose the spin space of the environment as the direct sum of subspaces C%

each of which has dimension d; = 25 + 1, namely

(€Y = Pu(N, 5T, (4.6)
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Here v(N, j) is the multiplicity associated with j. In order to determine the explicit value of
v(NV, j), let us introduce the subspace F, of vectors ¥ € (C?)®V satisfying J,9 = md [30].
The latter space can be decomposed as a direct sum of subspaces E; . formed by the
vectors ¥ for which J29 = 3(7 + 1)9. Thus we simply have F,, = EB;V:/TQH E;m, and

dim(Fy,) = Zjvz/?n dim(E; ;) = (%Ixm) From the above, it immediately follows that

N, = aimmy) —dim() = (7 )= (5 ) (@)

4.3 Exact time evolution

This section deals with the derivation of the exact reduced dynamics of the central qubits.
The time dependence of the total density matrix describing the state of the composite

system is given as usual by

pros(t) = Ut)pron (0)UT(2), (4.8)

where U(t) = exp(—iHt) is the time evolution operator and pio(0) is the initial total
density matrix. In the following, after we introduce the initial states of the central system
and the bath, we derive the exact analytical form of U(t), then we calculate the time-
dependent reduced density matrix p(t) for both finite and infinite number of environmental

spins.

4.3.1 Initial conditions

At t = 0 the central two-qubit system is assumed to be decoupled from the environment.

This means that pet(0) factorizes into the following direct product

Pro(0) = p(0) ® pp(0), (4.9)

where p(0) and pg(0) are, respectively, the initial density matrices corresponding to the
two-qubit system and the environment.
Initially, the spin environment is taken in thermal equilibrium at finite temperature
T. The density matrix pg(0) is simply given by the Boltzmann distribution
p5(0) = —— e~ IRIEHA-DI (4.10)
ZN

where Zy = trB{e_iq“zsv{Jz”L(A_l)JZ]} is the partition function corresponding to the spin

bath and § = % is the inverse temperature. Note that the Boltzmann constant is set to
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one, i.e. kg = 1. The partition function Zy can be expressed as [31]

N/2 j
Zn =Y wNyg) Y e HUGRIHATI, (411)
=0 m=—j

In particular, we have ﬁlim pp(0) = 2Ny, where Iy stands for the unity matrix in the
— 00

bath space.

Let us now assume that at t = 0 the two-qubit system is prepared in the normalized
state |(0)) = Za1|§1) where |&;) € {|1,-1),|1,0),[1,1),/0,0)} and Z|a1|2 = 1. There-
fore, the initial den51ty matrix of the central spins can be written in the standard basis of

CoC?as )
0) = pleN&l oY =aia}, D pli=1. (4.12)
ij i=1

The time-dependent density matrix p(t) is calculated by performing the trace with respect
to the environmental degrees of freedom, i.e. p(t) = trp{ptot(t)}. This can be rewritten
in terms of the common eigenvectors of J? and J, as follows

N/2 j

ZpkeZ v(N,5) Y Gm[U)[&)pB(0)(&lUT () 15m). (4.13)

m=—j
4.3.2 Time evolution operator

Before we proceed with the determination of the reduced dynamics, it should be noted
that the evolution in time of the central qubits depends on the nature of interactions
between the spins in the environment. In the case of single central spin it is found that for
antiferromagnetic interactions within the bath, the effect of the anisotropy constant A can
be neglected when the number of environmental spins becomes sufficiently large (typically
of the order of 100) [29]. The above result is independent of the number of central qubits
as long as their coupling to the bath does not include interactions of the form o% ® J,.
Hence, it is sufficient to investigate the isotropic case which exhibits the advantage of
making our model exactly solvable. This is mainly due to the fact that [Hp, Hy] = 0 when
A =1, implying that the time evolution operator reduces to exp{—i(Hp + Hy)}.

It is worth mentioning that due to symmetry, states belonging to C® and C never mix;
they evolve independently from each other without leaving the subspaces to which they
belong. Thus we can write the model Hamiltonian as the direct sum of two operators living

in the above subspaces. Indeed, the Hamiltonian operators Hg and Hy can be written in
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C3® (C?)®V (up to a trivial constant for Hp) as

e 0 0 0 Jy 0
(67
Hy=|0 — 0| ®Iy, Hr=—1|J_- 0 J.|, 4.14
0 € N I \/N + ( )
0 0 e 0 J_ 0

where € = A—Q. Similarly, in the subspace C®(C?)®" we can rewrite the free Hamiltonian
as Hy = —kly, where k = 3Q2+ X. Since the action of the interaction Hamiltonian vanishes
in this subspace, it immediately follows that H™ = (—«)™. Furthermore, it can be shown
that in C3 @ (C?)®" the operator Hy anticommutes with Hy, i.e., [Hg, Hfl4 = 0 and
H? = H} + 2. We have shown in [24] that in C? ® (C*)®V, powers of H are given by

JeK™N I 0 JyKMTHL
o _ [ O\ n 4.15
o = <\/N) 0 K 0 : (4.15)
J_K"1J_ 0 J_K™LJp

0 JiK* 0

2n+1
o K'J_. 0 K", |, (4.16)
1 <\/N) J_K" o+
0o J

where K = J,J_ + J_J = 2(J? — J2). Using the above relations it is possible to derive

general expressions for even and odd powers of H = Hy + H.

As an example, let us calculate H%? We have forn > 1
i n
B =Y HpkSE R . (4.17)
k
k=0

Therefore,

n
n
HIQ{L — 6211. + J+ E d2€KZ—1€2(n—Z) J_

=1 £
noo~2f n 6277.
2n O‘_ 2 _2(n—¢) ——\J.
e+ J [;} i K-e ’ K]
2 ~2 n_ 2n
= "4 Jy €+ g) ‘ J-, (4.18)

where we have introduced & = a/V'N for ease of notation. Using the same method we get

6211 + J+ (52-{-&2?)“—62” J_ 0 J+ (62+&2§2n_62n J+
H™ = 0 (2 4+ a2K)™ 0 . (4.19)

22N 2n 2 -ZK n_ . 2n
J_ (et RPoE g 0 ¢ 4 g (EHEKoeT g,
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H2TL+1 —
X n n & n_2n
RS RCEL 0 Sy B PN R0 O LY R A
a(e? + aK)™J- —e(e + &*K)" a(e + &2K)"J4 (4)20)
ej_ﬁaz_ﬁkez_"]_ dJ_(e2 + dQK)" 62n+1 4 ej_ﬂ;?";‘hj+

Now we have all the ingredients that enable us to derive the explicit form of the time
evolution operator. Indeed, expanding U(t) in power series and using equations (4.19)
and (4.20) we find that the matrix elements of the time evolution operator in the space

C3 @ C are given by

Un(t) = exp(—iet)+Jy [cos(tM)I; cos (et) iesin(tM}{—]VIM sin(et)] J_ (421)
Un(t) = —iad, Sing\ZM), (4.22)
Us(t) = J. [cos(tM)I; cos (et) iesin(tM)K—;VIM sin(et)} e, (4.23)
Un(t) = cos(tM)+ 1651“](\2]” ) (4.24)
Uns(t) = ~iasmj(\t;v Dy, (4.25)
Uss(t) = exp(—iet)+J [cos(tM) —cos(et) € sin(tM) — M sin(et) J., (4.26)
- K KM T
Uwa(t) = Ungl(t) = Usa(t) =0, (4.27)
Uy (t) = exp(irt), (4.28)

where we have introduced the operator M = \/ET‘}-OI_2K/W . The remaining matrix
elements can be found by simply taking the transpose ( not the hermitian conjugate) of
those listed above. Taking into account the trace properties of the lowering and raising
operators, it can be shown by virtue of equation (4.13) that the elements of the reduced

density matrix can be written as

pu(t) = trB{pB(O)[PglUll(t)Ufl(t)+P32U12(t)U1Tz(t)+pgsUls(t)Ufa(t)H,(4-29)

prat) = trp{pn(0) [ pUn UL + P Un(t)U(1)] }, (4.30)
pis(t) = tra{pn(0) o Un(MUL(O)] }, (431)
pus(t) = wa{pa®[pUn(tUL®]}, (432)
pr(t) = trp{pn(0)|PhUa(OUL () + pLUn(OUL(®) + pUn(tUL ()] },(433)
ps(t) = tra{pB(0) [ Un(OUL() + AUn()UL(1)] }, (434)
pult) = tra{ps(0)|PuUn(tlUL(1)] }, (4.35)
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P13 (L) /0%,

O O O O O o O
W b U Oy N D W

Fig. 4.1: Evolution in time of some elements of the reduced density matrix for different values of
environmental spins: N = 10 (solid lines), N = 100 (dashed lines), and N = 300 (dotted
lines). The initial state corresponding to p1(t) and paa(t) is the product state | — —).

Here we have set p9, = p3;. The parameters are € = & and g8 = 10.

paa(t) = U'B{PB(O) [.0(1)1 Us1 (£)Ud(t) + p35Usa()USy(t) + p33Uss (£) Uy (t)} }:(4-36)
pa(t) = U‘B{pB(O) [Pg4U33(t)UI4(t)} }, (4.37)
paa(t) = pla- (4.38)

The remaining matrix elements are obtained by taking the complex conjugate of those
listed above.

Figure 4.1 illustrates the time dependence of some elements of the reduced density
matrix for different values of the number of spins in the environment. We can see that the
curves corresponding to each matrix element get more and more closer from each other as
the number of bath spins increases. If we let N to take sufficiently large values (N ~ 100),
then the curves saturate with respect to N and become almost identical. In the next
subsection we study the case in which N — co. All the results regarding decoherence and

entanglement evolution will be studied in this limit.

4.3.3 Infinite number of spins in the bath

In order to study the limit of an infinite number of environmental spins it should be

stressed that the operators Ji as well as J, are traceless in the standard basis formed
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by the common eigenvectors of J% and J,. Moreover, the scaled lowering and raising
operators Ji/V' N are well behaved fluctuation operators with respect to the tracial state

on the bath, and satisfy
k k

1\}@@2—%@{1_[(%;\}]*)""}: im 2'NtrB{H(’%)m (%)m}: ;1_7‘1

=1 i=1

k
where n = > n; and n; € N. This follows from the fact that [24, 27]
i=1
oN N1

- (4.39)

trp{(J+J-)"} =

Thus , J+/\/—1\7 converges to a normal complex random variable, z, with the probability
density function [24]

2 2e_2lz|2. (4.40)
w
In particular, we can infer that
J+J 2 2
. -N E AN 22022 4,4 .+ 441
Jim 2 Ve {f(FE) }= 2 [ (e g (@1

provided that the integral converges. This is typically the case for the functions e_“"zh(rz)
where |h(r2)| < o0, 7 € R and Re(a) > —2. Similarly, the operator J,/v/N converges to
a normal real random variable, 7, with probability density function

i) 2e2 (4.42)

w
In this case a similar equation to (4.41) can be obtained by replacing Ji/v/N and |z|
by J./ VN and 7, respectively. We have already mentioned that for antiferromagnetic
interactions within the bath, isotropic and anisotropic Heisenberg Hamiltonian operators
with A > 0 are completely equivalent when N — co. Let us explain this a little bit. One
can see that pp(0) always appears between two matrix elements of U(t). If we exchange
the order of pg(t) with one of the above matrix elements, which is possible using simple
commutation relations, we end up with extra operators of the form J,/N. These can
be indeed neglected when N — oo. Then using the cyclic property of the trace, it is
possible to transform any function Y, = UileIlZ inside the trace sign into a function
which depends on % Hence for all A > 0
1

_ , JiJ
Tiw) = | 6 POy (R
g N-30 trB{eJEEN [Jz+(A_1)13]} rB{e 2N ”“( N )}

f]R fC exp{—(2+ 913/2)|Z|2 -2+ !J,BA/Q)Tz}Tijke(|Z|2)dezdz*
Jr Jeexo{—(2+ gB/2) 12> — (2 + gBA/2)r?}drdzdz"

Jo© e B g (r)rdr

S
= = __(2 N2 = (44 g0) e_(2+gﬁ/2)rzTijkg(r2)r(j(ﬁ.43)
fO e—(2+98/2)r2 . qr 0
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where we have used polar coordinates (r, ¢) to simplify the integrals with respect to the
complex variable 7 = rei®. Clearly the latter expression is independent of A. Using the

above result we find that

UnUf) = (UnUL) = (UssUl)

- i[g + %f(2t) + 2cos(et) f(t) + g(t) + 2sin(et)e(t)}, (4.44)

(URUL) = (UnUk) = (Unlk) = (UsxULL) = h(t), (4.45)
(U13U1TS) = i{g + %f(Qt) — 2cos(et) f(t) + g(t) — 2sin(et)€(t)], (4.46)
WU = 5[5 +500 - gl) -0+ (0 —iew)], @4
(UQQUQTQ) = ';— l:l + f(Qt) + 2g(t)] s (448)
UnUl) = 5[5+ 35700 - ote) +ie2t) + & (70 + ie(e)) (4.49)
Un) = (Us) =5 [£0) —it(0) +¢74), (4.50)
(Uz2) = f(t)+1£(2). (4.51)

Here we have introduced the functions

0= (oe(e@TT), = ()
in’ \/2—71— in \/6_2—712_
h(t) = <Tzs (:2 ; 2:22 2) ), e = <6#62_+—%)> )

where ¢ and t are, respectively, given in units of a1 and a. Let us derive for example the

explicit expression of £(t). We have

rdr

° riaB/) 2sin(t\/ €2+ 27"2)
oty = 44+ g8 / e ey re__ N/
0 = dred) ], VET o

(2 o0 2
= S(4+g) T 00 / dn e T4 sin(rt), (4.53)
€

where we have made the change of variable n? = €2 + 272. The above expression can be

further simplified to

9 %]
62

0(t) = e(4 + gB) eXp[ ~(4+90) 5 i gﬂ]lm{/e_62d6}, (4.54)

a

where § = /4 + g,@—iﬁ, a=§v4+ gﬂ—i\ﬁ&gﬁ, and Im(x) stands for the imaginary

part of . The latter integral is nothing but the complementary error function [32], which
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Fig. 4.2: Comparison between the behaviour of p;;(¢) obtained for finite and infinite number of
environmental spins: N = 100 (solid line), N = 300 (dashed line), and N — oo (dotted
line). The initial state is | — —) with € = & and g8 = 10.

can be transformed into a sum of two ordinary error functions and we simply get

1 € 2
oty = \/—\/4+gﬂexr>[4(4+gﬂ) : ]

4+ g0
€/2(4 + gf) — it €/2(4+ gB) +it
[ LD D)y
with
erf(z \/_/ (4.56)
Following the same method we find that
_ it T €? 2
$8) = cos(et) + 5/ —s exp| T4 +g0) - 4+gﬂ}
5(4+908) +1it 5(4+98) -
x{erf[— W} erf[2 ﬂ%—g }}, (4.57)
g(t) = @ %(4+9ﬁ)1"|:0 ] 4+95) oS (4+00)
y / mdrwe—a—zmgm, (4.58)
L < (4+99) L
h(t) = 1 —6(4 + gf)e %79 F[O (4 + gﬂ)} —= cos(2et)
it & 4t? $(4+ gB) — 2it
4 4+gﬂ [4(4+gﬂ)-4+g5]{erf[ Vatg8 }

_ 5(4 +g08) + 2it 62(4 + gﬂ) ﬁ(4+95) o COS(QTt) _ﬁ(4+
erf[ Tt } }+ 3 e /E dT‘T—e T (449l 59)

where

(o)
[(a,z) = / 2 le7t dt (4.60)
z

is the incomplete gamma function. Note that the integral in equations (4.58) and (4.59)

cannot be calculated analytically, we leave it in that form.
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Using the Riemann-Lebesgue lemma it is possible to find the asymptotic behaviour

(i.e. when t — oo) of the above functions, namely

floo) = {(c0) = (4.61)
2
aleo) = %<4+gm 5 9r[0, (1 + 09)], (462)
€2
hloo) = - (a4 98) X490, S a4 g5)], (4.63)

Furthermore, we can prove using the following asymptotic expression of the incomplete

gamma function [32]

-1 -1 -2
['(a,2) ~ 2% te™? [l +2 + (e )ga ) + ], (4.64)
2 2
when z — oo provided | arg z| < 37/2, that
lim g(oo) = =, lim h{oo) =0 (4.65)
,35—'oog 2’ ﬁ,el——voo =5 '

The latter results will be used below to study decoherence and entanglement of the central
qubits. In figure 4.2 we have displayed the evolution in time of p11(t) corresponding to

the state | — —) for different vales of N including the limit N — oo.

4.3.4 Second-order master equation

The second order master equation can be derived in the interaction picture by noting that

t

Bron(t) = p(0) ® pi(0) — i / [1(5), pron(s)]ds, (4.66)
4]

where A(t) = e'Hot A(t)e~i#Ho! Tt is easy to see that

trp{[1(t), p(0) ® p5(0)] }= 0. (4.67)



4. Decoherence and entanglement evolution of two qubits... 93

Then under Born approximation, one can show that the second order master equation

yields the following set of integro-differential equations

t

pu(t) = —2a2R/ cos[2e(t—s)][,511(s) —,522(3)] ds, (4.68)
0: |

pr2(t) = —a’R / [3e2"f<“s>ﬁlz(s) - 2e2‘f<‘+~">/323(s)] ds, (4.69)
0

pa(t) = —2a2R/t cos[2¢(t — s)]p13(s) ds, (4.70)
0

pn(t) = —2azR/t cos[2¢(t — s)] [2/322(3) — pui(s) — /333(3)] ds, (4.71)
0

523(15) = —OzzR /t [362i€(3_t)ﬁ23(8) —2e~2i€(3+t),512(8)i| dS, (4.72)
0

bi(t) = —2a’R / tcos[Ze(t—s)] [,333(3) —522(3)} ds, (4.73)
0

pra(t) = ~a’R /t e2i€(t-3),514(s) ds, (4.74)
0

pua(t) = —20°R /66_216(6‘3)524(3) ds, (4.75)
0

paa(t) = —a’R /t eH€(t=5) 5oy (s) ds, (4.76)
0

palt) = 0, (4.77)

where the correlation function is given by R = trB{ J+A‘,]‘ pB(O)}z trB{J—‘#pB(O)}. In
the limit N — oo, we find that R = ﬁ. Clearly, ,511(15) +,522(t) +533(t) = (), as it should
be because p44(t) = paq(t) = p4a(0). The time-local master equation can be obtained by
replacing the matrix elements p;;(s) in equations (4.68-4.77) by py;(t). The integration
of the resulting first order differential equations yields solutions involving the exponential

function. For example when ¢ = 0, we find that

e ] (4.78)

4+ gp

This solution is valid only at short intervals of time, it quickly diverges from the exact

pra(t) = p1a(0) exp | -

solution as t increases. Nevertheless, we can see that the Gaussian behaviour is clearly
reproduced. It should be noted that the form of the master equation presented in the
paper where this chapter has been published are somewhat wrong. All matrix elements
within the integrand are, in fact, written in the Schrédinger picture, while the left-hand
side is written in the interaction picture. We shall not solve the above equations since we
shall encounter similar ones in chapter 6, where we obtained analytical solutions for the

time-local master equation.



4. Decoherence and entanglement evolution of two qubits... 94

4.4 Decoherence and entanglement evolution

From equation (4.38), we can see that the maximally entangled state |0, 0) does not evolve
in time. The corresponding one-dimensional subspace C is thus decoherence-free. Taking
into account the unitarity condition of the time evolution operator U(t)UT(¢) = I4, we
find that the state %Hg, is also decoherence-free. Hence the decoherence-free subspace of
our model is of dimension two. The qubits prepared in any linear combination of the
above states do not perceive the surrounding environment. On the contrary, any other
pure state decoheres evolving into mixed one and hence loses partially or completely its

purity.

Generally speaking, the elements of the reduced density matrix show partial decoher-
ence. Indeed, by virtue of equations (4.61-4.63), it can be shown that the elements of the

stationary density matrix p(co) are given by

1
pr(00) = pra(o0) = 2|3+ D)1 + o) + 20851 - 2], (479)
0 0
_+.
pra(e0) = pa(oc) = 2B 1), (4.80)
Plsgoo) _ 3+ E’ (4.81)
P13 8
p14goo) — p34goo> — l e—i(f‘f’fi)ty (482)
P14 P34 2
1
pa(o0) = 7[(1= D)ok + o) + 20%(1+ B)), (4:89)
pa(o0) = 0, (4.84)
pa(co) = pla, (4.85)

where ¥ = %(4+gﬁ) exp[%(4+gﬁ)}1’[0, %(4+gﬁ)]. Note that the latter quantity satisfies
0 < ¥ < 1. This allows us to find upper bounds of the asymptotic values of the matrix
elements pi;(00). For instance, if 203, < p3) +p33 then we have p11(o0) < 2091+ %) and
p1a(c0) < 1p%. Similarly, when 253, > pf; + %5 then pi1(co) < 2203, + 3(6%1 + p3)l;
and pg(o0) < pYy. The matrix elements pi4(co) and p3a(oa) oscillate around half of
their initial values with period equal to 27/(e + £). When € = 0, the asymptotic state is

independent of the bath temperature.

4.4.1 Measures of decoherence and entanglement

Due to the decoherence process, initially pure states evolve into mixed ones. Thus it is

natural to use the extent of mixing as a measure of decoherence. This task can be carried
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Fig. 4.3: Time evolution of the linear entropy and the fidelity in the case of the initial state | — —)

for different values of € ¢ = 0 (solid lines), ¢ = 0.5¢x (dashed lines), and € = 2o {dotted

lines) with g8 = 10.
out with the help of the quantity

D(t)=1—tr [p(t)z}, (4.86)

usually called linear entropy or idempotency. The above measure is effectively a monotonic
decreasing function of the purity of the system, it vanishes for pure states and reaches its

maximum value, Dy = %, for the completely mixed state %Ll.

Although the linear entropy quantifies the decoherence, it does not provide any other
information about the state of the system. The so-called Fidelity, which we denote by
F(t), is a measure of decoherence that quantifies the deviation from the free evolution of

the system, i.e., in absence of the surrounding environment [33|. Explicitly, we have

F(t) = tr[a()o(t)], (4.87)

where p(t) describes the evolution, under the influence of the Hamiltonian operator Hp,

of the central system initially prepared in the pure state p(0), namely

e 0 0 0
i | 0 €000
0 0 e 0

0 0 0 e

p(t) = e Hotp(0) elffol, (4.88)

Note that the fidelity reaches its maximum value Fyax = 1 if and only if p(t) = p(t).
Clearly, in the case of initial pure state p(0) = [¥(0))(¥(0)|, where |¥(0)) is eigenvector
of Hy, we simply have 5(t) = p(0). This means that the maximum values of the fidelity
indicate the revival of the initial state when the latter is eigenvector of Hy. We shall use

this property when studying entanglement evolution.
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Fig. 4.4: Time evolution of the linear entropy and the fidelity in the case of the initial state | — =)

at different values of gf: g = 0 (solid lines), g3 = 2 (dashed lines), and g8 = 20 (dotted

lines) with € = a.

In this work we use the concurrence as a measure of entanglement between the central
qubits. Recall that the concurrence corresponding to the reduced density matrix p(t) is
defined by [34]

Clp) = max{y/\ — VX2 = v/A3 — v/A4, 0}, (4.89)

where A1, Ao, A3 and A4 are the eigenvalues, in descending order, of the operator

o(t) = p(t)(oy ® 0y)p™(t)(oy ® o) (4.90)

written in C2®C?, and p*(t) designates the complex conjugate of the density matrix. The
values of the concurrence range from zero, for unentangled states, to one for maximally
entangled states. Since the concurrence is invariant under unitary transformations, we

can rewrite the operator o(t) in the basis of the space C3 @ C as

0 0 10
0 -1 00
o(t) = p(t)Vp*(t)V, V = (4.91)
1 0 0
0 0 01

Bellow, we investigate decoherence and entanglement dynamics for some particular initial
states that are of interest for applications. Other states can be studied with exactly the

same method.

4.4.2 Results and discussion

Case 1: [¥(0)) = | ¥ ).

Let us suppose that the tow-qubit system is initially prepared in the product state |——) =

|1,-1). The corresponding time-dependent density matrix is diagonal, the idempotency
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Fig. 4.5: {c}(t)) versus the scaled time ot for different values of € and gB: i) e = 0 (solid line),

z

€ = 0.5¢r (dashed line), and € = 2a (dotted line) with g8 = 10 for the figure on the left;
ii) g8 = 0 (solid lines), g8 = 2 (dashed line), and g = 20 (dotted line) with ¢ = « for
the figure on the right. The initial state is | — —).

is then equal to D(t) = 1 — 3, [pu(t)]%. Since | — —) is eigenvector of the Hamiltonian
Hy, the fidelity simplifies to F(t) = p11(¢). The time dependence of the linear entropy
is shown in figures 4.3 and 4.4 for different values of the interaction strength ¢ and the
bath temperature 7. We can see that D(t) increases starting from its initial value, zero,
tending asymptotically to D(co) which can be evaluated as (21 —2X — 3%2)/32. This limit
assumes larger values as the strength of interactions e decreases in contrast with the bath
temperature T'. Therefore, in order to ensure lower linear entropy, and consequently to
reduce the effect of the environment, one has to increase (decrease) the value of the ratio
¢/a (temperature T'). Thus we set ¥ = 1 to find that Dpin(co) = 0.5. The fidelity shown
in the above figures displays reverse behavior compared to that of D(¢); its asymptotic
value turns out to be (3 + X)/8 from which it follows that Fiy.c(c0) = 0.5. It is quite

interesting to notice that Dyin{00) + Fnax(oo) = 1.

The mean value of the operator o1(t) = 25}(t) corresponding to the first spin is found

to be
(o1(t)) = —[cos(et) f(t) + sin(et)£(t)]. (4.92)

The latter quantity decays to zero, as shown in figure 4.5, indicating that the asymptotic
state of the qubit is a fully mixture of the eigenvectors |+). Moreover, we can see that
(o1(t)) decays slower at low bath temperatures and large values of e. A straightforward

calculation yields the following expression of the concurrence

C(t) = maX{O, Qmax[ p11(t)psa(t), 1022(75)} =24/ p11{t)p33(t) — ng(t)}. (4.93)

It turns out that C(t) = 0 independently of the values of ¢ and the temperature 7. This
implies that the state of the system is always separable; neither the interaction between

the central qubits nor the coupling with the bath is able to generate entanglement. All
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Fig. 4.6: Time dependence of D(t), F(t), (¢1(t)) and C(t) for different values of A in the case of
the initial state | — +): A = 0 (solid lines), A = 0.5« (dashed lines), and A = 2o (dotted
lines) with Q = 0 and g3 = 10.

the above results apply for the state | + +) as well.

Case2: [¥(0)) = | —+).

The state | — 4) can be written as a combination of the states |1,0) and |0,0), namely,
|—+) = %(]1, 0) +10,0)). In this case the diagonal elements together with po4(t) are the
only non-zero elements of the reduced density matrix. The idempotency, the fidelity and

the mean value of o}(t) are explicitly given by

D(t) = Z — [p11(®)]* — [p22(6)]* — [paz(t)]* — 2] p2a(2)[?, (4.94)
F(t) = §{1 + 200(t) + 4Re[p24(t)e4im]}, (o1(t)) = —2Re[pps].  (4.95)

The time dependence of the latter quantities is similar to that of the above case. When
Q1 =0, the asymptotic values of the linear entropy and the fidelity are, respectively, equal
to (21-2¥—3%?%)/32 and (3+X)/8. Hence we find again that Dmin(00) = Fipax(00) = 0.5,
and tl_i’rg(ag (t)) = 0.

The expression of the concurrence is quite long, we will not show it here for shortness.
Nevertheless, we can distinguish to different cases. The first one corresponds to {2 = 0, the

variation in time of the corresponding concurrence is displayed in figures 4.6 and 4.7 for

different values of A and 7. We can see that entanglement between the central qubits is
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Fig. 4.7: Evolution in time of D(t), F(t), (¢1(t)) and C(t) at different values of gf in the case of

z

the initial state | — +): g8 = 0 (solid lines), g8 = 2 (dashed lines), and g8 = 20 (dotted
line) with A = o and 2 = 0.

generated when )\ # 0 even though the initial state is separable. If there is no interaction
between the central spins, the concurrence is always zero. We can see that the increase and
the decay of the concurrence are faster at high temperatures and vice versa. Moreover, the
numerical simulation shows that the concurrence never exceeds the value Cpax = 0.5: no
maximally entangled states can be produced in this case. Note that | —+) is eigenvector of
the Hamiltonian Hg, in absence of the surrounding environment, the latter state remains
always separable. Roughly speaking, the interaction with the spin bath changes the state
of the central system so that the action of Hy produces, to some extent, entanglement

between the qubits.

The second case corresponds to 2 # 0. Here | — +) is not eigenvector of Hp, the action
of the latter on this state periodically generates maximally entangled states. Hence, the
effect of the environment consists of reducing the amount of the produced entanglement as
shown in figure 4.8 . We can also see that the maximum values of C(t) occur at instances

of time for which (c}(t)) is equal to zero.
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Fig. 4.8: Time dependence of C(t), (c1(t)), and F(t) in the case of the initial state | — +) for

A =20, 0 =cqand g8 = 10.
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Fig. 4.9: Time dependence of D(t) and F(t) at different values of € in the case of the initial state
(=) +1+))®2% € = 0 (solid lines), € = 0.5a (dashed lines) and ¢ = 2a (dotted lines)

with gd = 10.
Case 3: [T(0)) = 3(|-) + [+))®2.

In this case, it can be shown that

D) = 1-lpn®) —2{ln(®F +loz®P + lon(®) + lpa()},  (4.96)
P = {14 pu) + 2Relos(0)] + VE[(61l0) + p25(t)) €7 + ] }, (4.97)
(X)) = o. (4.98)

Hence, the asymptotic value of the linear entropy is equal to (267 4 114% — 7752)/256,
from which it follows that Dipax(oc) = 19/32, Dpyin = 167/256. The dependence of D(t)

and F'(t) on € is shown in figure 4.9; their variation with respect to 7" is quite similar to

that of the above two cases. Since Hp induces entanglement between the central qubits,

106055
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we conclude that the influence of the environment consists of reducing the degree of
entanglement of the central system. This is shown in figure 4.10 where we have displayed

the dynamics of entanglement at different values of e.

Cased: |¥(0)) = ﬁ(| - +|+ )

If the initial state of the qubits is the maximally entangled state |1,0) then the density
matrix is again diagonal. Since |1,0) is eigenvector of Hy, we simply get F'(t) = paa(t).
The mean value of o} (t) remains always zero. The behaviour of the linear entropy and the
fidelity is shown in figures 4.11 and 4.12. The asymptotic values of the above measures are
given by (5—2%—3%2)/8 and (1+X)/2, respectively. Hence, we find that Dpiz(c0) = 0 and
Finex(00) = 1. Note that the above values are obtained for €, — oo. This implies that
the state of the qubits can be protected from decohering at very low bath temperatures

or when their mutual interactions are sufficiently strong.

The concurrence in this case is given by relation (4.93). We can see form figure 4.11
that for € = 0 the concurrence decays from its maximum value to vanish at certain value
of time, the state of the two-qubit system becomes separable. This behaviour is known
as entanglement sudden death which has been investigated for bosonic environments [35].
As we increase the value of the interaction strength e, the concurrence approaches its
initial maximum value Cp,x = 1. This happens when the fidelity in turn approaches
its maximum value implying that the initial state of the two-qubit system revives. For

example, the asymptotic value of the concurrence turns out to be
C(oo) = 2. (4.99)
Since the quantity ¥ is a monotonic increasing function of both € and 8, and satisfies

gim Y =1, we simply obtain Crpax(00) = Fpax(co) = 1. When € # 0 the concurrence
e,0—x

Fig. 4.10: C(t) versus ot at different values of ¢ in the case of the initial state (=) + |82
e = 0.5 (solid line), € = 2o (dashed line) with g8 = 10. The concurrence corresponding

to € = 0 is identically zero.
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Fig. 4.11: Time dependence of D(t), F(t) and C(t) at different values of € in the case of the
maximally entangled state —\}—5(| ~+) 4+ |+ —)): € = 0 (solid lines), € = 0.5 (dashed
lines), and € = 2o (dotted line) with g8 = 10.

may vanish for certain interval of time then revives again to tend to its asymptotic value

(4.99). If € is sufficiently large, the concurrence never vanishes as displayed in figure 4.11.

Case 5: |U(0)) = %([ ++)+ |- ).

In this case, the non-zero elements of the reduced density matrix are p11(t), p2a(t), pa3(t)
and p13(t). Consequently, the mean value of ¢ (¢) remains always zero. The idempotency

and the fidelity are given by
D) =1-2(lpu (O + () ~len(®)]?, F() = pri®) +p1a(t). (4.100)
The asymptotic values of the above measures are, respectively, given by (75 — 14% —

1322)/128 and (9 + 3%2)/16. It follows that Dpyia(oc) = 0.375 and Fiax(oo) = 0.75
The square roots of the eigenvalues of the matrix o(t) can be easily calculated; they
are given explicitly by poo(t), [p11(t) + p13(t)| and [p11(t) — p13(t)|. Hence the concurrence
in this case is given by
O(t) = max{0, 2max paa(e), I (8) + pra(®)], lors (8) = pr3(0)

—paz(t) — |p11(t) + p13(t)| — |11 (t) — Pw(t)l}- (4.101)
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Fig. 4.12: Variation in time of D(t), F'(¢) and C(t) for different values of g8 in the case of the
maximally entangled state ﬁ(| — )+ ]|+ —=)): g8 = 0 (solid lines), g8 = 2 (dashed
lines), and g8 = 20 (dotted lines) with € = a.

From figure 4.13, we can see that even when € = 0 the asymptotic value of the concurrence
is different from zero. Indeed, by direct calculation we find

1433
- ==,

C(o0) (4.102)

implying that 0.125 < C(co0) < 0.5. By contrast with |I,0), the maximally entangled
state \/ii(‘l, —1) 4+ ]1,1)) does not revive, its entanglement cannot be recovered even for
large values of € at very low temperatures of the bath. We also see that for noninteracting

qubits, entanglement vanishes for some interval (dark period) then revives again.

case 6: Werner states.

Let us consider werner states

1
oYy = 71— Py +p|@)(®], (4.103)
where |®) = %([ — =)+ |++)),and 0 < p < 1. In C3@® C the above density matrix takes
the form
1+
= 0§ 0
o, | 0 & 0 0 4.104
0o o o Lz
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Fig. 4.13: Time dependence of D(t), F(t) and C(t) at different values of ¢ in the case of the
maximally entangled state %([ — =)+ |+ +)): ¢ =0 (solid lines), € = 0.5 (dashed
lines), and € = 2¢ (dotted lines) with g8 = 10.

The corresponding stationary density matrix is then equal to

2+p (1+X%) p (3+X)
5 0 5 0
o 0o == 0 0
PW =1 p+m) 0z aEm g |7 (4.105)
16 8
o o =

The maximum values of the asymptotic linear entropy and fidelity are, respectively, given
by (6 — 3p?)/8 and (1 + 2p?)/4. The square root of the largest eigenvalue of the operator
0% is equal to (4+5p+3p¥) /16, the root squared remaining ones read (1—p)/4, (1-pZ)/4
and (4 + pX — p)/16. The asymptotic value of the concurrence is then equal to

C(p3g) = max{o, %[p (2+5) -4}, (4.106)

Therefore, the two-qubit system is entangled if and only if

4
5+ 3%

p> (4.107)

The minimum value of p for which the asymptotic state of the qubits is entangled is equal
to 0.5 which corresponds to ¢ — oo and/or T' — 0. The behaviour of the concurrence in
this case is similar to that of |®).

To conclude our discussion we note that in [36], the fidelity of mixed state, calculated

with respect to a maximally entangled state, is shown to be bounded above by [1+C(t)]/2.
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Fig. 4.14: Variation in time of D(t) and C(t) for different values of g4 in the case of the maximally
entangled state 71§(l — =)+ |+ +)): g8 = 0 (solid lines), g8 = 2 (dashed lines), and
g8 = 20 (dotted lines) with € = .

This fully agrees with our results as can be seen in the case of the maximally entangled state
|1,0). Indeed, when poa(t) > p11(t) then C(t) = max[2p22(t) — 1,0] = max2F(t) — 1,0].
The corresponding asymptotic values do satisfy the latter condition. The above equality
implies that the concurrence is equal to the negativity [36]. The critical point at which
C(t) vanishes corresponds to F(t) = 0.5 (see figure 4.11). These results also hold for C(t)
and F'(t) corresponding to the state %(| 4+ 4) 4+ | — —)) at least at long times. In [37]
numerical simulation was used to study entanglement dynamics of two qubits coupled to
anisotropic bath. The authors found that concurrence can be produced in the case of the
initial states | & &) if the qubits are subjected to external magnetic field. It would then

be interesting to investigate this situation analytically.

4.5 Conclusion

In conclusion we have studied decoherence and entanglement dynamics of two qubit in-
teracting with antiferromagnetic spin bath at thermal equilibrium. The time evolution
operator of the composite system was analytical derived using symmetry properties of the
model Hamiltonian. The reduced density matrix was calculated by performing the partial
trace over the irrelevant bath degrees of freedom. In the limit of infinite number of spins in
the environment, IV, the lowering and raising operators corresponding to the total angular
momentum, as well as its z-component, converge to normal random variables. This en-
abled us to calculate the partial trace when N — oo The above limit turns out to be very
good approximation for finite numbers of spins. We found that the off-diagonal elements
of the reduced density matrix show partial decoherence. The decoherence-free subspace
in this model is spanned by the states |0, 0)(0, 0| and %Hg. Using the linear entropy and
the fidelity, we studied decoherence of the central qubits for different initial states. We
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showed that the decay of the elements of the reduced density matrix is Gaussian, which is
a hallmark of non-Markovian dynamics. The effect of decoherence can be reduced at low

bath temperature and strong coupling between the central qubits.

Entanglement behaviour depends on the initial states of the qubits. The concurrence
remains always zero when the central qubits are initially prepared in the pure product
states| £ +). These remains always separable. On the contrary, the qubits become en-
tangled if they are prepared in the states | £ F) or (|—) + [+))®2. In the latter case,
entanglement generation is due to mutual interactions between the central qubits. The
situation is different in the case of the states | £ F) which are eigenvectors of the free
Hamiltonian when € = 0: this is an example of environment-induced entanglement. Ini-
tially entangled states lose partially or completely their entanglement. This behavior
strongly depends on bath temperature and the strength of interactions between qubits. It
is found that entanglement can be protected to some extent from decohering at low bath
temperatures and/or strong interactions between the central qubits if they are prepared in
the maximally entangled state |1,0). For small values of ¢, it is found that entanglement
displays sudden death. I think that the results presented here help extending the class of

exactly solvable models for spin systems.
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5. NONZERO TEMPERATURE DYNAMICS NEAR QUANTUM PHASE
TRANSITION IN THE ISOTROPIC LIPKIN-MESHKOV-GLICK MODEL: AN
OPEN QUANTUM SYSTEM APPROACH

5.1 Introduction

Quantum Phase Transitions (QPTs) are associated with qualitative changes in the ground
states of many-body quantum systems, at the absolute zero temperature, when some
relevant parameters vary across their critical values [1]. Their manifestation in many
experimental results on the cuprate superconductors and organic conductors stimulated
much attention during the last decade. Recently, the relation between the entanglement
and the quantum phase transitions has been the subject of many studies [1, 2, 3, 4, 5, 6,
7, 8, 9, 10]. The critical behaviour of the former was proposed as a tool for detecting the
presence of QPTs in multi-spin systems. Most of the investigations have dealt with the
zero-temperature dynamics near the critical point at which the transition occurs. However,
it is believed that quantum phase transitions leave their fingerprints at temperatures close
to the zero absolute. Generally speaking, at such low temperatures, the long-time collective
dynamics of a quantum many-body system is investigated using the concepts of order
parameters and quasiparticles which lead, however, to a semiclassical description of the
dynamics [11]. Moreover, at nonzero temperatures, quantum correlations are suppressed
by the thermal fluctuations: there exits a threshold temperature above which the thermal
entanglement ceases to exist. Thus a deep understanding of the dynamics of multi-spin

systems at low temperatures is of theoretical and experimental significance.

The Lipkin-Meshkov-Glick (LMG) model [12, 13, 14|, initially introduced in nuclear
physics, has found many physical applications such as the Josephson effect and the two-
mode Bose-Einstein condensate [15, 16, 17]. This model was extensively used to investigate
the connection between the zero-temperature entanglement and QPTs [18, 19, 20, 21, 2>2,
23]. The Hamiltonian of the isotropic LMG model with N spins subjected to a magnetic
field of strength h is explicitly given by

N N

g o N h .

Ay (et e )
3
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where g is the coupling constant and & = 25" is the Pauli operator corresponding to the
particle labeled by i. The above Hamiltonian can be cast, up to an additive constant, into

the form

H-= % (72 - 7%)+hT., (5.2)

where J = va St is the total angular momentum of the multi-spin system. The standard
basis of H is composed of the state vectors |j, m) common to 72 and 7, such that 0 < j <
N/2, and —j < m < j (we set i =1). In the ferromagnetic case, i.e. g < 0, the ground
state and the first exited state belong to the subspace CN¥*1 spanned by the eigenvectors
|N/2,m). The model Hamiltonian displays a second order phase transition at the critical
point |he| = —g. Indeed, for |h| > |h.|, the ground state is unique and is equal to the fully
polarized state |[IV/2, —sign(h.)N/2) (symmetric phase), where sign(z) designates the sign
of z. On the contrary, in the domain || < |h¢|, the ground state depends on the coupling
constant ¢ ( symmetry broken phase); its explicit form is given by |N/2,I(’%)), where

I(z) denotes the round value of x.

In this chapter, we apply the general formalism of open quantum systems to investigate
the dynamics at low temperatures near the critical point of the isotropic LMG model.
The idea consists of deriving the reduced density matrix of a central spin system which
is coupled to a spin bath governed by the Hamiltonian (5.1). In section 5.2 we derive the
one-qubit and two-qubit thermal reduced density matrix and we investigated the pairwise
thermal entanglement. In section 5.3, we study the time evolution of the coherence and the
entanglement of, respectively, a single and a two spin % particles coupled via Heisenberg

or Ising interactions to the LMG spin bath. We end the paper with a short summary.

5.2 Thermal reduced density matrix

Let pn(0) denote the total density matrix of the multi-spin system whose dynamics is
governed by the Hamiltonian (5.1). The state of any subsystem with m spins is fully
described by its reduced density matrix, obtained by eliminating the degrees of freedom
corresponding to the remaining N — m particles. Note that H is invariant with respect to
the exchange of sites; it follows that the reduced density matrix should be independent of
the choice of the central particles. In the following we assume that our multi-spin system
is in thermal equilibrium at arbitrary temperature T. The corresponding total density
matrix is given by the Gibbs thermal state

(0) = —=2 (-H/T)
PN try {exp(—H/T)}’

(5.3)
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where the Boltzmann constant is set to one, and Z = try{exp(—H/T)} is the partition
function. Here, try designates the trace with respect to the full set of the eigenvectors of
H. In the following we derive the reduced density matrix for both one and two central
qubits. Without loss of generality we suppose that g = —1, and we only consider positive

values of h since the spectrum of H is odd.

5.2.1 The one-particle reduced density matrix

First of all, it should be noted that the reduced density matrix can be obtained by directly
calculating the mean values of the operators 72 and J;, with respect to the thermal state
[24]. However, we shall proceed differently and use an other method which allows us to
investigate, in a straightforward manner, the time evolution of a central qubit coupled to
the isotropic LMG bath (see the next section). Furthermore, one is usually seeking new

techniques that lead to exact analytical results.

Let us choose one arbitrary particle, whose spin vector operator is denoted by 5, and
call it central spin. The remaining N — 1 particles can be viewed as a spin bath with a
total angular momentum J. At this stage it is useful to decompose the total spin vector
of the full system as the sum of those corresponding to the central particle and the bath,
namely

T=8+J, T,=8.+J. (5.4)
Then, one can easily show that the isotropic Lipkin-Meshkov-Glick Hamiltonian can be
rewritten in terms of the new spin operators as

g 1 g
H= N[J?‘—JE + 5l T A+ 82) + IS4 + Sy, (5.5)

where Ly = L; & iL,. Hence the full system is equivalent to a central qubit coupled to a
spin bath through Heisenberg XY interactions. Similarly, the spin space of the composite

system, (C?)®V | can be decomposed as

=
L

C2e ()Y =2 e [D (N - 1,7)C¥+], (5.6)

n=(58) ()

'The basis of the latter space is formed by the vectors |k) @1, m), where S,|k) = _ﬁ‘_;.Lk\@

@

where [25]

(k € {0,1}), J*|5,m) = j(4 + 1)|4,m), and J,|5,m) = m|j,m). Note that in equation

(5.6), the summation over j takes into account whether N is odd or even. Also, due to
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the last term in the right-hand side of equation (5.5), the Hamiltonian operator H is no

longer diagonal in this new basis.

The method we adopt here is based on the fact that the operator ¢ = Z pn(0) =
exp [0 H] satisfies the following equation

0

a5 = ~He (5.8)

In the standard basis of C2, the above operator can be written as o = Y., , ok k) (4.
Consequently, equations (5.8) and (5.5) yield a set of four coupled first-order differential

equations, namely

%011 = %(J —J2+ %) +h(J; — %)} 011 — £J+021, (5.9)

aa—ﬁgzl = %J 011 — [I%U —-J2+ )+ h(Jz + 2)} 021, (5.10)

%022 = %(J ~Ji+ ) +h(J, + ;)} 022 — %J—Qm, (5.11)

%912 = *%J+022 — [%(J2 —Ji 4 %) +h(J, — :,12—)}912. (5.12)

The latter can be transformed into diagonal ones by introducing the following transfor-
mations [26]:

on = expf- [%(ﬂ 5+ R - )] s (5.13)

o = J- exp{ ﬁ[% ) + h(J: - 2)} }Vgl, (5.14)

o = expf- [%(ﬂ 5) +h(J: + 2)}}%2, (5.15)

o2 = Jyex{-p[2 (S SR D] vee (5.16)

Using the commutation relations [J;, J+] = £J+ and [J2, 4] = FJ+(2J, £ 1), it can be

shown that the operator variables V;; satisfy

8

6—ﬁV11=——]g\7J+J—V21, 35" Vi - (@] - DVar, (5.17)
) g )

9 Vg =~ A 7 V 2J, + 1)V 5.18
aﬁVQQ N J+Via, a0 12 = 22+ = ( + 1)Via. (5.18)

Combining equations (5.17) leads to the following second-order differential equation

Va1 + 2—9—(JZ - %)Vm - (%)2J+J_V21 —0.

N

(5.19)

It is worth mentioning that hm o= hm o = Iy, where [ denotes the 2N _dimensional

unit matrix. Therefore, Vu(ﬁ = 0) = HN ; and V;;(8 = 0) = 0 for ¢ # j. Taking into
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account the last conditions, it is easy to show that the general form of the solutions of

equation (5.19) is given by

o pe- L g |_9|_5\/ L2
Vo1 = 24e™ N 2 smh[ N <Jz 2) +J+J_}, (5.20)

where A is a yet-to-be-determined diagonal operator. It is then sufficient to integrate the
right-hand side of the first equation in (5.17) to obtain the exact form of V};. Taking into
account the values of V;; at 8 = 0, one can find that A = —/(g/N)?[(J, — 1/2)2 + J;+J_]/(29),
and thus by virtue of the transformations (5.13)-(5.14) we obtain

011 = _ﬁG‘{cosh |9|5\/ J,— = J+J_}
sign(g)(J: - Iglﬁ\/ 1 +J+J_”, (5.21)
\ﬂJz—§) +J+J_

0 = sign(—g)J_e G 12 sinh[¥\/<Jz—%)2+J+J_]}<,5.22)

<Jz — %) +JyJ

where Gy = §(J2 - J2 - 1/2) + (h + £)(J. — 3), and sign(g) designates the sign of the

coupling constant g.

Fig. 5.1: The dependence of the mean value of S, on the strength of the magnetic field at different
values of the number of spins: N = 10 (solid line), N = 20 (dashed line), and N = 30
(dotted line) with T = 0.01.

Similarly, it can be shown that Vi, satisfies

Vg — 22 (Jz )Vm - <%)2J_J+V12 =0, (5.23)
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Following the same method presented above, we find that

om = e P {cosh[%\/(‘]z + %)2+J_J+}

N sign(—g) <f + '21') sinh [%\/(']z . %)2+J_J+} }, (5.24)
\/(Jz +3) I
o2 = sign(—g)Jye P2 1 sinh[%\/(‘]z n %)2+J_J+} }95.25)

(/2 + %)2+J_J+

where Gz = §(J% = J2+1/2) + (b — §)(J: + 1),

In order to obtain the reduced density matrix corresponding to the central spin—%
particle, we need to perform the trace in the space spanned by the common eigenvectors

of J? and J,. This task can be carried out with the help of the relation

f=tn {72 )} = D v = LS50 +1),m, (5.26)
jim
where f is some function of J? and J,. Since the trace of the lowering and raising operators
is identically zero, we can immediately infer that the reduced density matrix is diagonal
in the standard basis of C2, namely
1 (o 0
o= o11 (5.27)

Z\ 0 fx

where the elements §;; are calculated using equation (5.26). It follows that the mean value

T T T T ) —— T

1.0

ET
I
I

P R

09f
0.8[
07"

0.6F

Fig. 5.2: The dependence of the mean value of the purity of the reduced density matrix on the
strength of the magnetic field at different values of the number of spins: N =10 (solid

line), N = 20 (dashed line), and N = 30 (dotted line) with T'= 0.0L.
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of S,, the purity and the von Neumann entropy corresponding to p are, respectively given
by (S.) = g (822 — 611), P = trp? = (8% + %), and S(p) = —(611/2) loga(en1/2) —
(022/Z) logy(822/2)-

Sw)

Fig. 5.3: The von Neumann entropy as a function of the strength of the magnetic field at different
values of the number of spins: N = 10 (solid line), N = 20 (dashed line), and N = 30
{dotted line) with T' = 0.01.

<S;>

Fig. 5.4: The mean value of S, as a function of the strength of the magnetic field at different values
of the temperature: T = 0.1 (solid line), T = 0.4 (dashed line), and T' = 0.8 {dotted line)
with N = 300.

Figures 5.1-5.3 display the variation of the above quantities as a function of the
strength of the magnetic field at different values of the number of spins. We can see
that (S,) vanishes for h = 0 regardless of the values of N and T. This follows from the
fact that, when A is equal to zero, the operator H reduces to Heisenberg XY Hamiltonian,
which is invariant under rotations with respect to the z direction. The above operator is

clearly even function of J,, which is also the case for the corresponding density matrix,
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Fig. 5.5: The dependence of the purity on the strength of the magnetic field at different values of
the temperature: 7' = 0.1 (solid line), T = 0.4 (dashed line), and T = 0.8 (dotted line)
with NV = 300.

pn (0): the thermal average of J, is identically equal to zero.

From the above figures one can also see that, in the symmetry broken phase, starting
from some value hg in the neighborhood of the critical point h, = 1, the von Neumann
entropy vanishes whereas (S,) and P become identically equal to -1 and 1, respectively.
This means that all the spins are pointing in the direction of the magnetic field. Obviously,
the above quantities maintain these values in the symmetric phase since the ground state
of the spin system is equal to the fully polarized state vector |[N/2, —N/2). Furthermore,
it can be seen that the variation of (S,), P and S(p) is accompanied in the broken phase
by some kind of oscillations which become appreciable at small values of N. This can be
explained by the dependence of the ground state |N/2, —I(hN/2)), which exhibits at low
temperatures the largest statistical weight, on the strength of the magnetic field. Clearly,
the quantity I(hN/2) has the structure of a step function with respect to h; as T increases,
the mean value of S, slightly deviates from —I(hN/2)/N. A similar behaviour can also
be observed for the purity and the von Neumann entropy. As we increase the number of
spins and/or the temperature T, the oscillations completely disappear. Also, we observe
that hg — k. for N — oo and T — 0, as expected, since in this limit I(AN/2)/N = h/2 .

The behaviour of the above quantities at large IV is shown in figures 5.4-5.6.

5.2.2 The two-particle reduced density matrix, pairwise thermal entanglement

Next, consider entanglement properties of the isotropic Lippkin-Meshkov-Glick model

at temperatures close to the zero absolute. The relevant quantity we shall look for
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Fig. 5.6: Variation of the von Neumann entropy with the strength of the magnetic field at different
values of the temperature: T = 0.1 (solid line), T = 0.4 (dashed line), and T = 0.8 (dotted
line) with N = 300.

is the two-spin reduced density matrix, p. A knowledge of the latter enables one to
quantify the pairwise thermal entanglement between the pairs of spin—% particles. The

simplest measure we can use is the concurrence, which is explicitly defined by C(p) =
4
max{O, 2 max [\/z\_,} -5V /\i}[27], where the ); are the eigenvalues of the operator p(ay®
i=1
oy)p*(0y®o0y). It is worth mentioning that due to the invariance with respect to exchange

of sites, the two-spin reduced density matrix in the space C2 ® C? takes the form

a_ 0 0 0
0 b C 0

p= : (5.28)
0 c b 0

0 0 0 a4

where, at, b, and ¢ are real numbers. The fact that ¢ is real ensures that the re-
duced density matrix is diagonal in the space C3 @ C = C? ® C? spanned by the vectors
{11,-1),11,0),]1,1),0,0)}(25]. The method presented in the previous subsection can also
be applied here to derive the explicit form of p; we find that in C3 @ C, the first two
diagonal elements of o read
m = e {6[LP - 2 1) a1
x{ [J+J_ AT TN = 20, — 120,04 J- + 1002 + 12, J_J2

~16J3 + SJﬂ cosh(g8M/N) — M sinh(g8M/N)



5. Nonzero temperature dynamics near quantum phase transition In... 118

x [3J+J_ — 20, — 4T, J. T+ 6J2 - 4J3}

+ [J+J_ ALV — AT T T, + 4J+J_J3}e%’ 3 (5.29)
_ 4eg1vﬁ 2 2
022 = m{ [J+J_ VAT T ) — T, — 8J4J_J, + 4T T

+472(1 = J.) | cosh(gBM/N) — M sinh(gBM/N) (e =T+ 2J2]

+o¥ (40,0 T2 4 2 4 43, - D}

X exp {—g[%(ﬁ ~J24+9)+ h(Jz)} } (5.30)

where M = /1 —4J, +4J2+4J,J_. Due to the symmetry, the explicit form of the
matrix element g3z can be obtained from the expression of g1; by simply making the
substitution A — —h. Moreover, since J1|0,0) = 0, then the fourth diagonal element

corresponding to C is simply given by

o = exp { 6|2 (7 = 2 + b . (5.31)

Then the elements of the two-spin reduced density matrix are given by
1 N .
pii = Y (N = 2,5)(j, mlguls, m). (5.32)
Jm
One can check their equivalence with the results of reference [24], where the elements of

the density matrix (5.28) are shown to be explicitly given by

N? —2N +4(J2) £ 4N — 1){T>)

i = AN(N - 1) ’ (5.83)
N? - 4(77)
b m, (5-34)
_ (I+T-+TJ-Js) =N
¢ = SNV = 1) , {5.35)

where the thermal average is defined as (L) = try{Lpn(0)}.

The main aim here is to investigate the pairwise thermal entanglement in the Lipkin-
Meshkov-Glick model. From figures 5.7 and 5.8, we can see that, even at nonzero tem-
perature, the concwrence is still sensitive to the phase of the system. Clearly, the above
quantity strongly depends on both the temperature and the number of spins of the sys-
tem. It turns out that, at sufficiently low 7' (IV), there exists a threshold Ny (Ty) above
which the pairwise concurrence becomes identically zero. The values of Ny and T depend,
however, on the temperature and the number of spins, respectively. Moreover, the con-
currence displays, in the broken phase, oscillations in the form of steps whose amplitudes

increase with the increase of A. Within the latter phase, C(p) also exhibits a peak which
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0.20F

Fig. 5.7 The pairwise thermal entanglement as a function of h at different values of N: N =10
(dotted line), N = 15 (dot dashed line), N = 30 (dashed line), and N = 50 (dotted line)
with 7' = 0.01.

rapidly falls to zero in the neighborhood of the critical point hc. At slightly higher T,
we can see that the accompanying oscillations together with the peak disappear; in this
case the concurrence is a monotonic decreasing function of the strength of the magnetic
field. As N increases, C(p) decreases until it becomes practically independent of h in the
symmetry broken phase. For sufficiently large h, the concurrence is obviously zero since
the state of the system is, to a good approximation, equal to its fully polarized ground
state. Finally, note that the behaviour of the mean value of S,, the purity and the von

Neumann entropy is quite similar to that of the one-particle case.

At zero temperature, the derivative of the concurrence with respect to h is expected to
display divergence at the critical point. However, for small N, even at zero temperature,
the concurrence vanishes at hg and not at h, = g. This is illustrated in figure 5.9 where
the variation of D(p) = d%‘hp) as a function of A is shown for N = 10 and T = 0.001.
Notice that the concurrence vanishes in the neighborhood of A = 0.9, which is exactly
the value of hg in this particular case when T" — 0. It is worth mentioning that the
behaviour of ground state entanglement (i.e., zero-temperature entanglement) of multi-
spin systems displaying quantum phase transition can be treated within the framework of

density functional theory as explained in reference [28].

5.3 Coherence and concurrence dynamics

In this section we investigate the dynamics of the central spin system, assuming that its

coupling constant to the bath, which we denote by «, is different from g. The former
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Fig. 5.8 The pairwise thermal entanglement as a function of 4 at different values of T: T = 0.01
(solide line), T = 0.03 ( dot-dashed line), T = 0.08 (dashed line), and T = 0.1 (dotted
line) with N = 10.
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Fig. 5.9: The derivative of concurrence as a function of A for N = 10 and T = 0.001.

will be rescaled, as usual, by vV N to ensure an extensive free energy. The Hamiltonian
operator describing the interaction between the two systems reads
o

VN

where S0 stands for the spin operator vector of the central system. Here we use the

H; [ng_ + 80 J+} , (5.36)

notation J for the total spin instead of J for convenience. In order to determine the exact
analytical form of the time evolution operator, U(¢), governing the unitary dynamics of
the full system, we note that it satisfies the equation [29]

dU()
Yt

with Hy = hSY. Then the matrix elements of U(t) can be determined, for both one and

= (Ho + Hy + H)U(2), (5.37)

two central spins, using the same method presented above. However, we shall not go
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through the details of the calculations since it is sufficient to make the replacement
B—it, (5.38)

and to take into account the fact that the coupling constants are different. In the case of

a single central spin one can find that in C?,

Unlt) = e_“G‘{cos[t\/E%(Jz—%))2+%2J+J_]

. ig/N (7. - §) Sm[t\/(%(]z_ l))2+5‘fJ+J_H, (5.39)
Z

_ | g sin [t\/(%(Jz + -;-))2+WJ_J+} } (5.40)

\/(%(Jz+§))2+7—\fJ_J+

Uat) = J+\/[l(_;ai\/17§2:z: - sin{t\/[%(Jﬁ—;—)rJrajJ_h}, (5.41)
N\Jz T3 NY-Y+

a/VNeTO sin{t [
VT

The coherence of the central system, which is assumed to be initially decoupled from the

Ua(t) = J-

bath, is given by

SO() = %trN{U(t) (52000 ® P )UT (1)} = #(2)52.0), (5.43)

where

B(t) = %trN () e S0y ()]. (5.44)

In the case of the two-qubit central system, we only consider the evolution in time
of the maximally entangled state |1,0) = -\}—E(|01) + |10)); other cases can be treated in
exactly the same manner. It can be shown that the time-dependent reduced density matrix
corresponding to the above initial state is diagonal in C3, with the matrix elements [25]

pee(t) = trN[UggpN(O)Ugﬂ where
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3
= 2 eTkt 2
Una(t) = e~ itl9/N (/2= T2)+h,] Z Fk [(1%) (1-4J2) + Qij%rk - ’I‘ZJ, (5.45)
Voo Tt
Ua(t) = -T‘] itlg/N(J2=J2)+h,) E (;Ik [(%)(1 - 2]3) + irk}, (5.46)
Voa Tkt
Usa(t) = e o—itlo/N (2= 2) +h] Z e [(%) (1+2J2) - irk}. (5.47)

2
Here, H; = (79\7) (1-4J2) —4a?/N(JpJ- — J,) + 4igr — 3r?; the quantities ry are the
solutions of the equation

. g\? o? )
3 — 2ig/Nr? + [(N) (42 = 1) +45- (T - Jz)}r +4ia2g/N3(J, —2J2 — J,J_) = 0.

(5.48)
They are explicitly given by
- % [2iRg/ — (5~ RY)], (5.49)
ro = é [4iRg/N + (1 + WB)(K +iR?)], (5.50)
o= = [4139/1\/ + (K - RY) —iW3(K + RQ)], (5.51)
where
K =12(c?/N)(JyJ- — J,) + (g/N)*(1 + 12J3), (5.52)
and
1 1/3
R = [iQg/N + 5VAKS = 4(g/NVQ?] ", (5.53)
with
Q = (g/N)*(=1 + 36J2) — 18a?/N[J;J_ + J.(—1 + 6J.)]. (5.54)

The concurrence corresponding to the sate |1,0) is simply given by [25, 30] C(t) =
max {0, 2 max[p22, /p11P33] — p22 — 2\/p11p33}. The evolution in time of both C(t) and
the absolute value of ®(t) is shown in figures 5.10 and 5.11. Clearly, the behaviour of
the above quantities depends on the phase of the system even though the temperature is
different from zero. This actually becomes more clear as N increases in contrast to the
thermal pairwise entanglement which exists only for small values of N. The change of
the behaviour of the concurrence and the coherence is related to the change of the ground
state of the bath at the critical point. Once again we recall that the ground state is

characterized by the largest statistical weight at low temperatures, which means that any
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Fig. 5.10: Time dependence of |®(t)| for different values of h with N = 100 and T' = 0.01. The

time variable is given in units of .

perturbation of the latter state affects the time evolution of the central spins. It can be
checked that at high temperatures, the behaviour of the reduced density matrix is exactly

the same in both phases.

So far we have only considered Heisenberg XY interactions between the central system
and the bath. Let us briefly investigate the case where the couplings are of Ising type.
The corresponding interaction Hamiltonian operator is given by Hy = \/LNSBJZ, where A
is the coupling constant. One can easily see that the Lipkin-Meshkov-Glick Hamiltonian
(5.1) commutes with Hy, that is [H, H;] = 0. Therefore, in the case of a single central
spin, the coherence is proportional to the function

A(t) = % > V(N j) exp{zih t—Blg/N(G(G + 1) —m?) + hm] + %m} (5.55)

whose dependence on the time and the strength of the magnetic field is illustrated in figure

Jm

5.12. This reveals that, at low temperatures, the absolute value of A(t) is equal to one in
the symmetric phase independently of the values of h. In the case of two central spins, the
bell state |1,0) is found to be decoherence-free: its concurrence does not evolve in time.
However, the behaviour of the concurrence corresponding to the maximally entangled state
%(H, 1) +11,-1)) is identical to that of A(t), except that it decays twice faster than the
above function. Once again, we find that the dynamics of the central system depends on
the phase of the bath. As a final remark, note that the sudden change of the concurrence
at the critical point above which it vanishes is quite similar to entanglement sudden death

[31, 32]. One should not take this comparison too seriously since entanglement sudden
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Fig. 5.11: Contour plot showing the time dependence of C(t) for different values of k with N = 100
and T' = 0.01. The time variable is given in units of a/v/2.

death corresponds to the time dependence of entanglement. In our case, however, the
parameter that controls the variation of entanglement is the strength of the magnetic
field, externally applied to the spin bath. What really matters is the difference in the
behaviour of the dynamics in both phases rather than the vanishing of the entanglement

itself.

5.4 Summary

In summary we have investigated the nonzero temperature dynamics of one and two central
qubits coupled to an isotropic Lipkin-Meshkov-Glick bath near its critical point. We
showed that the reduced density matrix of the central spin-system can be exactly derived
using an operator technique that makes use of the underlying symmetries of the model
Hamiltonian. It is found that, at sufficiently low temperatures, the dynamics is sensitive
to the phase of the bath. This is simply due to the fact that the main contribution to the
thermal state of the bath comes from its ground state. For small values of the number
of spins, the pairwise thermal entanglement clearly signals the existence of the critical
point at which the transition occurs. However, above some threshold values of both the
temperature and the number of spins within the bath, the pairwise thermal entanglement
ceases to exist. This turns out to be not the case when the central spin-system is not

part of the bath, i.e. its coupling constant is different form those of bath spins; here we
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Fig. 5.12: Time dependence of |A(¢)| at different values of & with N =100 and T = 0.01; the time

variable is given in units of A.

find that the differences between the behaviour of the concurrence within the two possible

phases of the bath become more clear at large values of the number of spins.
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6. ON THE PARTIAL TRACE OVER COLLECTIVE SPIN DEGREES OF
FREEDOM

6.1 Introduction

In recent years there has been an increasing interest in the description of the dynamics of
small quantum systems interacting with their surrounding {1]. This was motivated by the
necessity of understanding the phenomenon of decoherence in quantum systems (2, 3, 4, 5],
and the attempt to build quantum devices that enable the implementation of quantum
algorithms [6]. However, the main difficulty one faces in such a task consists in dealing
with the large number of environmental degrees of freedom, which makes most of the
proposed theoretical models impossible to be solved analytically even for finite sizes of the

surrounding.

Among the promising candidates to quantum information processing and quantum
computing, spin systems seem to be the most suitable for the construction of quantum
gates [7, 8]. Recently, it has been shown that exact analytical solutions can be obtained
for the dynamics of few central qubits coupled to spin baths of finite and infinite sizes [9,
10, 11]. There, the interaction Hamiltonians together with the baths Hamiltonians are
functions of the collective spin operators of the environments. In order to derive the
reduced density matrix of the central qubits, the partial trace over the environmental spin
degrees of freedom was carried out within the subspaces corresponding to the different

values of the total angular momentum of the surrounding.

Reqall that the state space of single spin—-%— particle is given by C2, where C denotes the
field of complex numbers. The corresponding basis is formed by the eigenvectors {|-), |[+)}
associated with the eigenvalues :i:% of the operator S, = %02, where o, designates the z-
component of the Pauli operator &. In general, the state space of a system of N qubits is
given by the N-fold tensor product of the state spaces of the individual particles, namely,

€N One possible basis of the latter space consists of the state vectors ®fv le;), with

N =

e; = =. These are eigenvectors of the collective spin operator J,, where J= '21‘21':1 a3

Alternatively, one can construct new basis composed of the common eigenvectors of the
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operators J? and J,; we shall denote them by [j,m) such that k < j < N/2and —j <m <
j, as imposed by the laws of addition of angular momentum in quantum mechanics [12].
In the above, kK = 0 for N even, and k = 1/2 for N odd. Note that the scalar product
of state vectors corresponding to different values of j vanishes. This means that the total
space C?®V can be decomposed as the direct sum of subspaces C**1, that is

C2®N — U(N,j)C2j+l. (61)

D

1=K

The quantity (N, 7) is the multiplicity corresponding to the value j of the total angular

momentum; its exact form reads [13]

(N O\ N 241 NI
V.9 = (N/2—j) (N/2—jfl> TN (E - E (6:2)

Hence, given any operator Ch}’(j} on C2®N its trace can be written as
J

v(N,3) > (5,ml|Glj,m). (6.3)

K m=—j

tré’z

Mo

7

Following the general ideas of the theory of open quantum systems, the problem of
finding a relation between the multiplicities of the subspaces C*®™ and that of Cc2eN,
where Y. N; = N, naturally arises. In this work we illustrate how this problem can be
solved, in the case N = Ni + Ny, using the invariance of the trace. The latter property

will also be used to describe the dynamics of two qubits in separate spin baths.

6.2 A decomposition law for the degeneracy v(N, J).

Let us denote by |7;,m;) the basis state vectors in the space C2®N: (4 =1,2). Hence the

trace of G(J) can also be expressed as

Ni/2 0 1 N2/2 g A
wG= > 3 ST > vy, j)w(WNV2, j2) (G1, J2,ma, ma| Gl g2, M, ma). (6.4)

J1=K1 M1=—7J1 J2=K2 M2=—]2

On the other hand we have [14]

ni+32 J .
J=|j1—72| M=-J
. . 7
x| 7 72 J, M), (6.5)
my ma -M
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where the quantity in matrix form denotes Wigner 3j-symbol; obviously, the condition
my + mg = M along with the triangle rule |j; — jo| £ J < Jj1 + j2 must be satisfied. By

equations (6.4) and (6.5), we can write:

1i+I2
trG = Z Z (N1, j1)v(N2, J2) Z Z Z 2(j1—g2) +M+M
Ji,my J2.me JJ'=|j1—72| M=—J M'=—J
) J2 J
x V(2] + )2 +1)
mi my -M
. . 7 )
x .71 ]2 (JI,A/II|G|J’ M>, (6.6)
mp mg —-M

where we have used the fact that 3j-symbols are real. The operator G is arbitrary; it can
be chosen such that it satisfies (J', M'|G|J, M) = (J, M|G|J, M)8 1 5:8ppp. In this case

equation (6.6) reduces to

J1+j2
trG = Z Z (N1, j1)v(Na, j2) Z Z 2(11 —j2)+2M
J1,m1 jo,m2 J=|j1—gal M=—J
. . ) )
(27 +1){ g V241G, .
mi mo _

The lower and upper limits of the sum over J in the above equation are, respectively,
|71 — j2| and 71 + j2. For J < |j1 — 2|, or J > j1 + jo, the triple (j1, j2, J) does not satisfy
the triangle rule and hence the corresponding Wigner 3j-symbol vanishes. Consequently,
the right-hand side of equation (6.7) will not be affected if we take —M%I—VZ as an upper
limit, and & as a lower limit for the sum over J such that « = 0 for N} + Ny even and
£ =1/2 for N1 + N2 odd. This effectively allows us to exchange the order of the sums in

the above equation. Then by comparing the resulting equation with (6.3), we obtain

v(Ny+ Ny, J) = Y > w(Ny, 1)u(Ng, G2) (—1)20 2+ (2 4 1)

]1,777.1 ]2 m2
2
x{ ) J2 . (6.8)
my ma -J

Herein, we have replaced M by its maximum value J (or equivalently by —J because of
the symmetry) since the sum does not depend on this quantum number; once again the

condition mj + mg = J is implied.
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Equation (6.8) can be regarded as a decomposition law for the degeneracy; many useful
relations satisfied by the latter can be easily obtained from it. Let us first begin by noting
that

iuw, n=(x" ), (6.9)

J=K 2 k

N

2
> @I+ 1)u(N,J) =2V (6.10)
J=kK

The first equation can be readily proved by expanding the sum over J. The second one
simply expresses the fact that the sum of the dimensions of the subspaces C%*1 is equal
to the dimension of the total state space, C*®V. Furthermore, if we let J to take the value

&;”—NZ in equation (6.8), we obtain

(DM (N Np+1) S ST w1 )w(Ng, G2) (—1) 209

j1,m1 j2,m2

. . . 2
j1 J2 g,

X =1 (6.11)
mi my - Maihs

Now let us suppose that J = 0, which is possible only when N; and N are either
both even or both odd positive integers. Here it should be noted that the denominator
of the corresponding Wigner 3j-symbol contains the product (j1 — j2)!(j2 — j1)! [14]; but
since z! = oo for z < 0, we conclude that when J = 0, the quantity under the sum sign

in the right-hand side of equation (6.8) is nonzero only when j; = j2. In fact one should

have [12, 14]
) J2 0 A A
= (—1)r7™ —0; 5—171. m: 6.12
m g O ( ) 2]1+1 7172 1me - ( )

By inserting the latter expression of Wigner 3j-symbol into equation (6.8), and performing

the sum over js and mg, we obtain

min{%l-,%z} j ) (_1)2<]._m)
(NN, = 30 3 v(NL (Ve )
J m=-
mm{%l-,%z}
= > v 5N, g),s (6.13)
j

where we have used the fact that 377 (=1)?™ = (—1)% (27 +1). It immediately follows

that

me=—ij

N/2
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The above procedure can be easily generalized to further decompositions of the total

number of spins.

6.3 Dynamics of two qubits in separate spin baths.

As a second application, let us investigate the dynamics of two qubits coupled via ising
interactions to separate spin environments of the same size, V. The total angular mo-
mentum operators of the latter are denoted by J and J. The full Hamiltonian of the

composite system is given by

H=\olo? + a;ag) + doto? + L(aiJz + 027, + ulol + 02y + Hp, + Hp,. (6.15)

VN
Here, A and § are the strengths of interaction of the central qubits with each other, + is
the coupling constant to the baths, and u is the strength of an applied magnetic field.
The operators Hp,, with ¢ = 1,2, denote the Hamiltonians of the spin baths. One can
show that the interaction Hamiltonian describing the coupling of the central qubits to the
environments is diagonal in the standard basis of C? @ C2, namely,

Hy = j—Ndiagezz, ~A,,A,,5,), (6.16)

where we have introduced the operators Y= J+ j and A = J— j Then it can be shown
that the model Hamiltonian is given by the direct sum of the Hamiltonian operators H;
and Hj, where

Hy = o0,(2u+ %zz) + o (Hp + §), (6.17a)

T
VN

with Hg = Hp, + Hp, and I3 is the 2 x 2 unit matrix. Note that the basis vectors of the

Hy =2)\oy + —=0,0, + [o(Hg — 6), (6.17b)

subspace corresponding to H; are given by

) =1--) (6.18)

[T =1++) (6.19)
those associated with Hy are given by

0) =[-+), (6.20)

) =|+-). (6.21)

Thus the system under consideration can be mapped onto two pseudo two-level systems

S1 and S; whose dynamics is governed by the operators H; and Hp, respectively. Each one
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is coupled to a spin environment consisted of 2N spin—% particles with the only exception
that S; and Sq see different compositions of the total angular momentum, namely ¥, and
A, respectively. Notice that the above pseudo systems become completely independent

from each other if the initial density matrix of the qubits takes the form

P(1)1 0 0 P(1)4
0 Py P 0
p(0) = o . (6.22)
0 P32 P33 0
021 0 0 024

In such a case, it is sufficient to investigate the coupling of each pseudo system separately.
For a reason that will become apparent bellow, we set Hg = Hp, + Hp, = h(J, — J2),
where h is the strength of an applied magnetic field. Moreover, we assume that the baths
are initially in thermal equilibrium at temperatures Ty = Tp = T (we set kg = 1); the

corresponding total initial density matrix is given by
hBN\12N
p5(0) = exp(=hA,) /[2 cosh(g)] , (6.23)

2N
where § = 1/T is the inverse temperature and Z = [2 cosh(%g)} is the partition
function. Under the above assumptions, the contributions of the coupling constant é can

be neglected.

The dynamics of Sy is quite trivial since the corresponding time evolution operator is

diagonal. Indeed, it is easy to show that p11(t) = p}; and pas(t) = p%4. Moreover,

pra(t) = Z 7y Z Z (N, j))v(N, 52)

J1,ma jz2,me

x exp{2:[2p + v(m1 + ma)/VN]t — hf(m1 — m2)}. (6.24)

In the special case when h =0 or T — oo, we can write

pralt) = 2—21Vp[1)4e4it,u. Z (2N, J)ez\/iwﬂw/\/ﬁ
J,M
t \2N
0, el cos(\}]v) . (6.25)

For arbitrary values of h and T, the right-hand side of equation (6.24) can be evaluated
within the computational basis; this yields

it cos?(v¢/VN) — 17N
e “[1 T cosh?(hG/2) }

pra(t)/pls (6.26)



6. On the partial trace over collective spin degrees of freedom 134

Then, by expanding the cosine function in Taylor series and taking the limit N — oo, we

obtain the Gaussian decay law:

pra(t), v*t?
\ 2, I—exr){—————coshg(hﬂ/g)}. (6.27)

This means that the decoherence time scale is given by 7p = cosh(h3/2)/|y|. Obviously

7p—>00asT — 0or h — oco.

As a measure of entanglement, we use the concurrence defined by [15]

4
C(p) = max{0,2 max[\//\j] - Z \/’\71}’ (6.28)
i=1

where the quantities ); are the eigenvalues of the operator p(oy ® oy)p*(oy ® o). In our
case, when applied to p(t), the above definition of the concurrence leads to the evaluation
of the eigenvalues of the operator p(t)o,p(t)* o, where p(t) is now restricted to the subspace

of Hy. A straightforward calculation yields

C(t) = 2|pra(t)l. (6.29)

An example of the evolution in time of the real value of p14(t) along with the concurrence
C(t) corresponding to the initial state (| — —) + | + +))/v/2 is shown in Figure 6.1. We
notice the revival of the concurrence in the case of finite number of spins. At short times,

the curves corresponding to N — oo coincide with those of finite N.

T T T T T T 7T T

l.OE / _-

05 4

AL

~0.5 4

0.0

Time

Fig. 6.1: Evolution in time of the real part of pi4(t)/p}, (oscillating curve) and the concurrence
(enveloping curve) corresponding to the initial state (| — —) +|++))/v/2. Here, N = 100,
v7=2,h8=1,and up =4. Fort < 10, the curves coincide with those of the limit N — oco.
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It should be stressed that when the Hamiltonian of the composite spin bath is given
by Hg = h(J, + J,) = hZ,, then
:| 2N

p1a(t) = p9 etirt [cos(yt/\/fv) — isin(yt/V'N) tanh(h8/2) (6.30)

The existence of the sine function makes it not possible to find a relation similar to (6.27)
when N — oo. However if we rescale the coupling constant v by N instead of /N, that
is [16],

—

, (6.31)

=
2[=

exact analytical expression can be derived for the case of an infinite number of spins,

namely,
pra(t) = ply exp{ —it[4p + v tanh(h5/2)] } (6.32)

Consequently the central qubits preserve their coherence, since the decoherence time scale
in this case is infinite, as indicated by formula {6.32). With the new scaling of <y, the
larger the number of spins to which the qubits are coupled, the less appreciable is the

decoherence.

The Hamiltonian operator Hy can be diagonalized by dealing with the operator A, as
a scalar. This yields the following matrix elements in C?:
_— o N) N sin(t I3y +72A§/N) .
t) = cos(t\/ + +i—= .
22 v2Az/ JN-F é—4)\2+72A2/N
21
Upa(t) = Usa(t) = — sin(t\/él)\? ¥ 42A2/N (6.34)
23(t) = Usa(t) DI AT z )
~ sin(t\/4)\2+72A§/N)

—i—=A,
"IN AN+ 42A2/N

Uss(t) = cos (t AN 72A§/N) , (6.35)

Here we have omitted the contribution of Hg = hA, since it simply introduces a global

unitary term to the dynamics.

Let us consider the case when the qubits are initially prepared in the maximally en-
tangled state |¢) = %ﬂ — 4) + | + —))-( the case of the singlet state displays a similar
behavior.) Clearly, the density matrix p(0) = |¥)(3| belongs to the subspace corre-
sponding to the Hamiltonian H,. Using the fact that |Uaa(t)|? + |Uas(t)|?
Ugg(t)UZTB(t) + Ugg(t)U;r:,, = 0, it can be shown that the elements of the above density

= Iz, and

matrix evolve in time according to paa(t) = 5[1 — g(t)], p23 = 2[1 — f(t)], where

Ly { Ao sin?(1y/D7 + 7AZ/N) |

90 = Heosh(rhB PN "\ N AN2 + y2AZ/N

(6.36)
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and
242 A2ehBA sin? (t 4N + 'yzAg/N)
N 402 + y2A2/N
(e-hss.  sin(2t/INF77A7/N)
—q A .
TUN T /D21 2AYN )

Figures 6.2 and 6.3 display the behavior of the concurrence as a function of time for some

1
F®) = Geoshtha/ 22 irf

(6.37)

particular values of the model parameters. We can see that for h3 =1 ( i.e. at relatively
high temperature) the concurrence shows damped oscillations and converges to a certain
asymptotic limit which can be analytically derived, as we shall see bellow, only for h =0
and/or 8 = 0. As hf increases, the oscillations disappear and the concurrence converges

to lower asymptotic values as shown in Figure 6.2.

T T T T T T T T T T T — T

1.0

08 i

Concurrence
e
S
T
'

0262 " s L 1 1 s 1 s 1 1 ) n 1 s 1

Time

Fig. 6.2: Concurrence as a function of time in the case of the initial state (| — +) + | + —))/v2
for N =100, v=4,h3=4,and A= 2.

In what follows we focus our attention on the infinite temperature limit, i.e, 8 — 0.

In this case the reduced density matrix takes the form

_ifo 1-f()
plt) =35 i 1 ) (6.38)

whereas the function f(t) simplifies to

2+v2A2 sin? (t 432 + 'yQAE/N)
N 402 1 2AZ)N b (6.39)

£(t) = 2-2Ntr{
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Fig. 6.3: Concurrence as a function of time in the case of the initial state (| ~ +) 4+ | + =))/V2
for N=100,v=1,hB8=1,and A = 2.

Notice that 0 < f(t) < 1, in accordance with the general properties of density matrices

in C2. This enables us to derive the following explicit expression for the concurrence:

=—[\/f t)+4— f(2)]
=1— f(t). (6.40)

In the thermodynamic limit, N — oo, the function f(¢) can be expressed as

- 2
= 4y \/7/ 4)‘2 - 272 5 sin (t 4\% + 272:1:2> dz. (6.41)

Some comments are in order here: We have shown in [9] that the operator JZ/\/N
converges to a real normal random variable o with the probability density function
F(a) = /2/mexp{—2a?}; this is also the case for the operator 7,/v/N. Thus we are
led to the task of finding the probability distribution function L(a) of the sum of two
independent random variables a1 and a9 characterized by F{a;) and F'(az), respectively.
{note that the probability distribution function of aw, where a is nonzero real number, is
equal to (1/|a|])F(c/a).) The function L{c) is simply given by the convolution of F(«)
with itself, which yields L(a) = (1/+/7)exp{—a?}. This becomes apparent from the
change of variable & — v/2a carried out in equation (6.41). An other way to see that
is to simply notice that A,/(v/2N) converges to the random variable a — F(a). From
equation (6.41) it follows that

2

. A 42 A
=1 = e 7 2 6.42
tli’rgof(t) 1 Qﬁ’ye erfc( 'y>’ (6.42)
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where erfc(z) denotes the complementary error function. By virtue of equation (6.40), we

obtain

t—o0

22 A
C(c0) = lim C(t) = 2ﬁ$e4?erf0(2;). (6.43)

LTI Poo—
L WWW UUVVUUVVVVVVVV

Time

Fig. 6.4: Concurrence as a function of time in the case of the initial state (| — +) + |+ -N/V2
for N = 100 (coincides with that of the limit N — c0), v =1, 8 =0, and A = 2. The

straight line corresponds to the asymptotic limit.

In Figure 6.4 we have plotted the concurrence as a function of time in the limit N — oo
along with the asymptotic value given by formula (6.43). The behavior of C(c0) as a func-
tion of A and ~ is shown in Figures 6.5 and 6.6 . As one may expect, Ali_{r; C(o) =1
and an;o C(o0) = 0. This confirms the results of [10] where it is shown that strong cou-
pling’ybetween the central qubits reduces the effect of the environment on their dynamics.
Finally it is worth mentioning that due to the XY interaction between the central spins,
entanglement will be generated between them when the initial state is | ). However, the
corresponding off-diagonal elements of the reduced density matrix vanish at long times,

making the asymptotic state of the qubits unentangled.

6.4 Summary

In summary we have used the invariance of the trace to derive analytical properties of
the degeneracy v(N, j), and to describe the dynamics of two qubits embedded in separate
spin baths. We have shown that when the baths have the same size, the form of the model
Hamiltonian enables us to map the full dynamics onto the evolution in time of two pseudo
two-level systems coupled to a spin bath whose size is twice larger than the physical ones.

This allowed us to derive the limit of an infinite number of spins within the environments
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Fig. 6.6: C(o0) as a function of y for A = 2.

and to analytically calculate the asymptotic state. The results of this work provide more
evidences regarding the role played by the mutual interactions between the central qubits

in diminishing the effects of their coupling to the surrounding spin environments.
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7. AN EXACTLY SOLVABLE MODEL FOR THE DYNAMICS OF TWO
SPIN-; PARTICLES EMBEDDED IN SEPARATE SPIN STAR
ENVIRONMENTS

7.1 Introduction

Exactly solvable models play a very useful role in various fields of physics. They help
improving our understanding of physical processes and allow us to gain more insight into
complicated phenomena that take place in nature [1]. One may recall for instance the
usefulness of exactly solvable models such as the harmonic oscillator, the nuclear shell
model and the Ising model, to mention but a few. From a practical point of view, exactly
solvable models serve as a very convenient tool for testing the accuracy of numerical
algorithms, often used in the study of problems that cannot be analytically solved due to
the complexity of the systems under investigation. This is usually the case in the field
of open quantum systems, where one faces the uncontrolled degrees of freedom of the

environments.

Let us recall that realistic quantum systems are influenced by their surrounding through,
in general, complicated coupling interactions, leading them to lose their coherences [2].
This refers to as the decoherence process, which is the main obstacle to quantum informa-
tion processing [3, 4, 5]. The latter can be improved by exploiting the entanglement, i.e.
the nonlocal quantum correlations that exist between quantum systems [6]. This resource
has no classical analogue, and it turns out to be of great importance in quantum teleporta-
tion and quantum computing [7, 8, 9, 10, 11, 12]. It is worth mentioning that over the last
years many proposals have been made for the implementation of quantum information pro-
cessing. Solid state systems are very promising [13, 14] and have been the subject of many
investigations. Much attention was devoted to the study of the decoherence and the entan-
glement of simple qubit systems that are coupled to spin environments [15, 16, 17, 18, 19].
Thus new exactly solvable models describing the dynamics of qubits within spin baths
are highly welcome. Recently, the spin star configuration, initially proposed in [20], has
been extensively investigated [21, 22, 23, 24, 25]. An exact treatment of the dynamics of

two qubits coupled to common spin star bath via XY interactions is presented in [26, 27|.
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In this chapter we propose to investigate analytically the dynamics when the two qubits

interact with separate spin star baths (see [28] for a similar situation) .

The chapter is organized as follows. In section 7.2 the model Hamiltonian is introduced.
In section 7.3 we present a detailed derivation of the time evolution operator and we
investigate the dynamics of the qubits at finite IV for some particular initial conditions. In
section 7.4 we study the thermodynamic limit, in which the sizes of the spin environments

become infinite. Section 7.5 is devoted to the second-order master equation.

7.2 Model

The system under study consists of two two-level systems ( e.g., spin—% particles) each
of which is embedded in its own spin star environment composed of N spins—%. The
central particles interact with each other through a Ising interaction; the corresponding
coupling constant is equal to 46, where the factor 4 is introduced for later convenience. We
shall assume that each qubit couples to its environment via Heisenberg XY interaction
whose coupling constant is ¢, which is, in turn, scaled by N2 in order to ensure good
thermodynamic behavior. The spin baths will be denoted by B) and Bz. The Hamiltonian

for the composite system has the form

H = Hy+ Hs, B, + Hs,B,, (7.1)
where
Hy = 465152, (7.2)
and N N
Q@ i i i ik ;
Hgp, = (84 ) 8%+ 8% 5%), (1=12). (7.3)
\/—N k=1 k=1

Here S! and S2 denote the spin operators corresponding to the central qubits, whereas Sik
denotes the spin operator corresponding to the k" particle within the ith environment.
. . =4 g =2 N e .
Introducing the total spin operators J = Zﬁ:l Sk and J = >, _; S?F of the environments

Bj and By, respectively, one can rewrite the full Hamiltonian as

H=465282 + (St J_+81J, +STT +S274). (7.4)

&
VN
The dynamics of the two-qubit system is fully described by its density matrix p(t)

obtained, as usual, by tracing the time-dependent total density matrix pyot(t}, describing
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the composite system, with respect to the environmental degrees of freedom, namely,

p(t) = trB 4B, [Prot(t)]
= B8 | UOpex(0)U(1)], (75)

where U(t) and pgot(0) designate the time evolution operator and the initial total density

matrix, respectively.

At t = 0 the central qubits are assumed to be uncoupled with the environments; the
latter are assumed to be at infinite temperature. This means that the initial total density
density matrix can be written as

1 1

Prot(0) = p(0) ® oN @ oN (7.6)
Here p(0) is the initial density matrix of the two-qubit system, and 1 is the unit matrix
on the space C2®V. The former can be written as p(0) = Dok, Pl xk) (xel, with |xe) €
{-==)1=+)1+ )1+ 4} for £=1,4. Similarly, we introduce the basis state vectors
|7, m) of C?*®N | such that x < j < N/2 (k=0 for N even and & = 1/2 for N odd), and

—J £m < 7. The time-dependent reduced density matrix can be expressed as
p(t) =273 Re 30D v (N )N, )Gy my s[U)) (xe U ()l mymy ), (7.7)

k.l jm 1,8

where |j,m,m,s) = |j,m) ®|r,s), and v(N, j) = (N/Ig_j) - (N/Qlfj_l) [29]. Hence, our task

reduces to finding the exact form of the matrix elements of the time evolution operator

U(t) = exp(—iHt) (h = 1). This will be the subject of the next section.

7.3 Derivation of the exact form of the time evolution operator

The time evolution operator can be expanded as

B o (_l)nth . .°° (—1)"t2"+1 n
U(t)_gw—(Hf _zgom(m? H, (7.8)

In order to derive analytical expressions for even and odd powers of the total Hamiltonian

H let us notice that Hy anticommutes with Hg, g, + Hg, p,, that is,
[Ho, Hs, B, + Hs,B,]+ = 0. (7.9)

This can easily be shown using the following properties for spin—% operators: 5,5y = +8,,
and 515, = FS+. Moreover, it is easily seen that HZ" = 6%, which simply implies that
for n > 0,

n
H™ = Z(€>(H5131+H5232)%52<“—“>. (7.10)
=0
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In the standard basis of C2® C?, it can be shown that powers of Hg, g, and Hg,p, are

given by
(JpJ-)k 0 0 0
2% 0 (JpJ-)k 0 0
H¥p = (—— , (7.11)
i (\/ﬁ) 0 0 (J_Jp)k 0
0 0 0 (J_J. )k
0 0 J(J_Jp)k 0
2%k+1 0 0 0 Jr(J_Jp )k
el (%) 7,12)
Sib (\/W J_(JpJ_)F 0 0 0
0 J_(JpJ )k 0 0
(T+T-)F 0 0 0
2% 0 (T-T+)* 0 0
Y, = (X : (7.13)
S2B; (m) 0 0 (,_7+,_7_)" 0
0 0 0 (T-T4 )k
0 T (T-T+)F 0 0
2%+1 | T (T4 JT-)* 0 0
2kt = a (7.14)
528 <\/N) 0 0 0 T (T-T4 )k
0 0 ..7—(..7+._7—)k 0
It follows that
¢ -1
20 ' - 2¢ 2(0—k)—1
(HS1B1 +HSsz)28 = Z <2k) H.:SZ'I;B1H§EZBQIC) + <2k + l) éfE}HSEBz
k=0 k=0
[4 -1
a \2¢ 2/ 2¢
_ = Lo | . 7.15
- ( N) LZ:O (2k)Dek+kzo <2k+l> “‘} (7.15)
where
Dk = diag|(J+J-) (T ) *, (T T )H(T-T0)F,
(J TR (T Tk (T T F(T-T )] (7.16)
and

Lo = antidiag[J+j+(J_J+)k(j_j+)f—"—1, T T (J_ T (Te T

J_j+<J+J_>’“<J_J+)“—k—1,J-J+<J+J_)k<J+J_>“—’°—1]. (7.17)
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Using the fact that
e
S (on)=v = gloms v i, (7.15)
=0
S 2\ keka 1 2 20
S (ane) v = gm0 0w

(Hs, B, + Hs,5,)% (%)2’3
Fy 0 0 J+J+ﬁ
) 0 Ff _ R re v 0 .
0 J_j+J—+ffj_—j+ Ff 0 '
J_J_\/J—Jj_lﬁ 0 0 Py
where
- %[<\/J+J_ FTT )2Zi<\/J+J_ \/J+.7_)2€}, (7.21)
= | (VAT e vT 3 (VI - VET) ], (7.22)
- %[( T T + \/J+J_)%i(¢J_J+ V7T, (7.23)
=5 | (VI e VI (VT - vTR) . (7.24)
Inserting equation (7.20) into equation (7.10), yields
(M) + (M7 0 0 Jo 7y S
o wmroer s W
0 J_-T4 —2—2——,———— (M;’)" + (M3)" 0
JJ%% JJJ o 0 (M + (M7
where
ME =524 % (ﬂ+J_ + \/.7+.7_)2 (7.26)
MF =6+ %2(\[7+J_ VT T) (7.27)
ME =524 %2 J_ T+ +J_)2, (7.28)
ME = g2 4 %Q(W_h + /T J+)2. (7.29)
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The above operators satisfy
Mipde = I May,  MipJs = Te M3y, (7.30)
MEI Ty = e Te MG, M5IeT- = Jy J-M5 (7.31)
Furthermore, one can show that the matrix elements of H?**! are given by
1
(H™ ) = 56[(M+>" + (M), (7.32)
(H2n+1)12 = j+W \/j J+ + \/J+J— (M " (7.33)
+ (VI-Ty = I+ I M), (7.34)
(H21) 4 = J+2\/NT[ (VT T- + /I J)(MT) (7.35)
+ (VT =/ T T ) (M3, (7.36)
2n+1 _ (MI)” — (le_)n 7.37
U )14 = (5/2)J+j+ m J ( )
2n+1 _ 4TIy MT 7.38
(H )21 \7 \/W.;‘—j_ ‘\/34"7 \/ + (J ( )
+ (VI T- = VI )M, (7.39)
(H™ V) = —ZIME) + (M7 (7.40)
: (M3)" — (M3)"
2n+1 _ 7.41
(H )23 - (6/2)J+j m ! ( )
2 n .
(HZ )y, = J, ]?L/I__JJr (VT-Ts + VI=J$) (M) (7.42)
+ (VI-Jp =V I-T) M), (7.43)
2 n
(H™Hyg = I ;LJ_ (VTed-+ VT4 T ) M) (7.44)
+ (VI =TI+ T-) (7.45)
M
(H2n+1)32 — —((5/2).] j+ ('A:t/%j_#‘;—?-) , (746)
(B = — o8l + (M) (7.47)
2n+1 _ a/2 T 4+ /I J ) MH"™ (7.48)
(" )34 T+ e \/VT_ ava +) (Mg
+ (VI-Ty — VI I )M (7.49)
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(M) — (M)

(H™ Yy = (8/2)J-J- TTTT (7.50)
(H )y, = \/% T-Ty + Y(MP)? (7.51)
+ (VIed= = VJI-TH) (M), (7.52)
(H™)g = 7. \/fva%: T T I ML) (7.53)
+ (VI T- =/ I-J) (MM, (7.54)
(H™ ey = SOME + (M) (7.55)

Having in hand the explicit expressions of powers of the total Hamiltonian, it can eas-
ily be verified that the elements of the time evolution operator, obtained by inserting

equations (7.25) and (7.32)-(7.55) into equation (7.8), are given by

U11(t)=%{cos(t\/_/\/1_1+)+cos(t\//\71_)—id[s (\/{A?) Sln%)}}, (7.56)

Un(t) = - J- T—j—”}/f {m\/%m sin(1y/ 1)
VIS - VI sin(t\/AT;) } (7.57)

T

U31(t)=—J_\/]%{V:+:;/::A, \1+: sm(t\/./\71+

. VI I - VI JI- sin (t\//\T;) } (7.58)

SN

(7.59)

Ua(t) =%{cos(tM)+cos(t\/A7f) +i5[8in(t\//\72+) + Sin(t MQ_)”, (7.60)

(7.61)
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Usa(t) =J_J+ﬁ {cos (t@) — cos (t\/M_z_>

o) _on(y5) )

+z‘5{

(7.62)

(7.63)

U33(t):%{cos<t\/./‘\7;>+cos<t M3 +i5{sjn<tm> +Sin<t\/ﬂ§>}}, (7.64)

=l (P IT )
_ VIR T- Z VI sin (N/X/l?) }, (7.65)
Mg

sin(t/M3) sin<t\/E>} 3 (7.66)

+ +J- — Vs sin(t\/./\Tg> }, (7.67)

Uatt) = {oos (i) MT ) cos(1/ 5 ) a8 g v I} wes)
4 4

Unslt) =~ Tl =1 mz;;/m sin(ty/ 1)
- VI-Ty - VJ-Jy sin(t\/./‘\T;)}, (7.69)
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o) = — 7, 192 {¢J_J++¢J_J+ in (/M)

VNI-T+ MI
o VTV o (1) ), (7.70)

sin(t\/M_j) sin(t\/E) i (7.71)

It should be noted that the above components of the operator U(t) can also be derived

by solving the Schrédinger equation [22]

AR (7.72)
dt
For instance, we have

dUll( ) o o
=801 () + =T Un1(t) + ——=J+Us1(t), 7.73
o 11(t) \/Nj+ 21(t) TN 31(t) (7.73)

AU (1) «a o
= X T Un(t) = 6Un1(8) + ——=J 4 Us1 (), 7.74
— \/Nj 11(?) 21(t) TN a1(t) (7.74)

.dU31(t) o a
= —J_Un(t) — 6Usz1(t) + —=T+Ua(t), 7.75
= TN 1(t) 31(t) m.ﬁ a1(t) (7.75)

dU4(t) o’

= —J_U _Us1(t) + 86U (2). 7.76
i N 21(t) + \/—.7 31(t) a1(t) (7.76)
This set of differential equation can be solved by introducing the following transformations:
Un(t) - e Un (), (7.77)
Un (t) — e 9 T Uy (¢), (7.78)
Us (t) — e J_Us (t) (7.79)
U41(t) — e_ustJ_ ® J-Uai( ) (7.80)

The resulting differential equations involve diagonal terms; they can be solved by taking

into account the initial conditions:

1 for i=j, ‘
U:5(0) = Y (7.81)
0 for i#j.

Following the same procedure, it is possible to derive the remaining matrix elements of

the time evolution operator.
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There exist many measures for entanglement. Here we shall use the concurrence,

defined by [30]

4
C(p) = max{0,2max[v/A] = > /A}, (7.82)
i=1

where the quantities A; are the eigenvalues of the operator p(t)(c, ® oy)p(t)*(oy ® oy).
The above measure is equal to one for maximally entangled states, and is equal to zero
for separable states. On the other hand, as is well known, due to the decoherence process,
pure states evolve into mixed ones while the degree of mixing of mixed states increases.
A suitable measure for decoherence is the purity P(t), given by the trace of the square of

the reduced density matrix of the central two-qubit system, that is:
P(t) = trp(t)?. (7.83)

The above measure is equal to % for maximally mixed states, and is equal to 1 for pure

states.

It turns out that the density matrices corresponding to the initial product states |e1€3),
where ¢; = =+, are always diagonal. The analysis of the dynamics in this case, reveals that
if the qubits are prepared in one of the above states, they remain unentangled regardless of
the values of N and 8, in contrast to the case of common bath where entanglement may be
generated in the case of the initial product states |+, F). Furthermore, it is found that for
finite values of e, the purity decreases slower with the increase of the interaction strength,
5. This decay is of Gaussian nature, as expected for non-Markovian spin dynamics [19](see

section ?7).

lﬂt—
OB:
ﬂu;—
04;—

02

DR

Fig. 7.1: The evolution in time of the concurrence (solid curve) and the purity (dashed curve)

corresponding to the singlet state for § = o and N = 10.
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Fig. 7.2: The evolution in time of the concurrence (solid curve) and the purity (dashed curve)

corresponding to the singlet state for § = 4a and N = 10.

The matrix elements of the reduced density matrices corresponding to the states |ey) =

ﬁ-ﬂ — +) & |+ —)) are explicitly given by:

pu(t) = 2’(2N+1)tr31+32{Ulg(t)Ufz(t)+U13(t)Uf3(t)}, (7.84)
pa(t) = 2"(2N+1)tr31+32{ng(t)U;fz(t)+U23(t)UzT3(t)}, (7.85)
pualt) = =27V Virpp [Un(tUL(1)], (7.86)
pa(t) = 2’(2N+1)tr31+32{Ugg(t)U;rz(t)+U33(t)U§3(t)}, (7.87)
pas(t) = 27 Vup o {URMUL(E) + VUL |- (7.88)

Those associated with |vy) = 3=(| — =) £ | + +)) read:
V2

pn(®) = 27D g fun Ul ©) + Uu®ULG)}, (7.89)
paa(t) = 2’(2N+1)tr31+32{Ugl(t)U;rl(t)+U24(t)U§4(t)}, (7.90)
prat) = :i:2_(2N+1)tr31+32{Ull(t)UL(t)}, (7.91)
pa(t) = 27 erp g {Um (UL (1) + Usa(UL ()}, (7.92)
pus(t) = 2O Vg g {Un (UL (1) + Vaa()UL () }- (7.93)

The evolution in time of the concurrence and the purity corresponding to the above
maximally entangled states is practically the same. This is in clear agreement with [18]
where, with a different model Hamiltonian, it is shown that all Bell’s maximally entangled
states display the same behaviour when the two qubits are located in different spin environ-
ments. The author also concluded that if the qubits interact with the same spin bath, then

we can distinguish between the behaviour of the concurrence of the states %ﬂ —+)yE|+-))
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on the one hand and that corresponding to the states %(i ++)=£|——)) on the other hand.
In [27] we have shown that the singlet state is decoherence free whereas the concurrence
of all the other Bell states decay in time. However, we found that the state |ey) is less
sensitive to the effect of the environment than the states |vx). This implies a dependence
of the behaviour of the concurrence on the relative orientation of the two qubits if they
interact with the same bath. The above factor has no effect on the dynamics in the case
of separate environments. In what follows, we only present the results obtained for the

singlet state.

It is found that, for fixed &, the concurrence and the purity saturate as the number
of spins increases. This naturally suggests the investigation of the case N — oo (see the
next section). In figures 7.1 and 7.2 we have plotted the concurrence and the purity,
obtained from the analytical solution for, respectively, § = ¢ and 6 = 4 with N = 10
in both cases. We see that for small values of the coupling constant, the concurrence
decays from its initial maximum value Cp,, = 1, then vanishes at a certain moment of
time (i.e. entanglement sudden death [31]). For sufficiently large &, the purity and the
concurrence decay less, displaying fast oscillations. At long times they converge to certain
asymptotic values which increase with the increase of the strength of interaction. Notice
that it may happen that the concurrence revives at later time which depends, of course,
on the parameters of the model. It is also interesting to mention that at short times the
concurrence and the purity are identical. The intervals at which this occurs are longer for
Jarge 6. The investigation of the short-time behaviour will be carried out in section 77
through the solutions of the second order master equation. Finally let us remark that,
although we only have considered infinite temperature, we can ensure that for long-range
antiferromagnetic Heisenberg interactions within the baths, low temperatures will have the

same effect on decoherence and entanglement of the qubits as strong coupling constants.

7.4 Thermodynamic limit

In the thermodynamic limit, N — oo, the operators y/J+J%/N converge to the positive

real random variable r whose probability density function is given by
r f(r)=dre™, 720 (7.94)

Indeed, it has been shown in [25, 26] that the operator J../v/N converges to the complex

normal random variable z with the probability density function

z 2e‘2|"|2. (7.95)
s
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Expressing z in terms of the polar coordinates r and ¢, i.e., z = re!® simply gives |z:|2 =
Then integrating the corresponding probability density function over the variable ¢ from
0 to 2 yields

2w
2
dP(r) = f(r)dr = = / d¢ r dre™"
0
— dre” ¥ dp, (7.96)
from which (7.94) follows.

Hence we can ascertain that

lim 272Vtrp, 45,0 (\/JiJ:F/N V Tx T+ /N :lﬁ//rse (r24s? )Q(r, s)drds, (7.97)
0 0

N—oo

where Q(r, s) is some complex-valued function for which the integrals in the right-hand

side of equation (7.97) converge.

Using the above result, one can express the nonzero elements of the reduced density

matrix corresponding to the initial state (| —+)—|+-)), in the thermodynamic limit,
as
) = pu®)= 310 +A (), (7.98)
pn(t) = pa(t) = —[T+( +T_(t) + E4(2) + E-(1)], (7.99)
pas(t) = “g[T+(t) +T_(t) + E4(t) + E_(t) + 2T(2)], (7.100)

where ( we set o = 1 for the sake of shortness)

2
—2(r2+32) (1‘ + S) . 9 5 5
62 T+ (1‘ + 3)2 sin (t ] + (7' + S) )drds, (7101)

rs 6—2(T2+32) C082 (t 52 + (1‘ =+ 3)2) deS, (7102)

—2(r?+s2) 62 02 2 2
rse msm (t 02+ (r+s) )drds, (7.103)

TS e_Q(T2+32){cos (t 82+ (r+ 3)2) cos (t 62+ (r— 5)2)

0
sin(t 2+ (r+ 5)2) sin(t 2+ (r—s
8%+ (r+s)? 2+ (r —s)?

?) }drds. (7.104)
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Unfortunately the above functions cannot be evaluated analytically; one should make
recourse to numerical integration. This task can be significantly simplified by transforming
the double integration into single one, which is much easier to carry out. To do that notice
that the analysis of the expressions of the functions Ax(t), T+ (t), and Z4(¢) leads to the
evaluation of the probability density functions @(u) and R(n) corresponding, respectively,

to the random variables u = r + s and n = r — s (see [32] for a similar situation).

Let us begin with the variable p; its probability density function is simply given by

the convolution of f(r) with itself:

m
Qu) = 16/(u - r)re”g(”_r)z—zrzdr. (7.105)
0

Note that the upper limit of the integration over 7 is p because the quantity p — r should
be positive. The evaluation of the integral is somewhat lengthy, but elementary; one finds
that

2

Q) = [2p — Ve (1 — 2p®)erf(p))e ™, (7.106)
where erf(z) designates the error function [33].

Now consider the variable n = r — s. One should be careful when using the definition
of the convolution, since, in this case,  belongs to the interval | — 00,00[. We have to
distinguish between two cases, namely, 7 > 0 and < 0. In the first case r € [0, 0], and

hence

R(n>0) = 16/(17 +r)re"2(r+5)2_2T2dr
0

= Sl VAT (1 - 2L = exf(m)] e (7 107)

When n < 0, then r € [—7, co[, which implies that

x
R(n<0) = 16/(17 + r)re_z(r“'?)z'%zdr
-
1 2 9 —op?
= —{=2n+ meT (1 - 2n°)[1 + erf(n)]}e™ ", (7.108)
5 n

Combining (7.107) and (7.108), we obtain the following expression for the probability

density function of n over the real line:
1 9,2
R(n) = 5 {2l + Vae™ (1 = 20°)[1 - exf (] }e ™" (7.109)
The above functions are depicted in figures 7.3 and 7.4. Clearly, R(n) is an even function

of its argument; it takes its maximum value at the origin, that is, max{R(n)} = R(0) =
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0.886227. The maximum value of Q(u) occurs at pg = 1.142088, such that max{Q(u)} =
Q(uo) = 0.859664.

Q)
r
081
0.6
041+
02 -
1 i L
1 2 3 4
Fig. 7.3: The probability density function Q(x).
R(m
R 1 n

Fig. 7.4: The probability density function R(n).

As a simple application let us prove the following:

Theorem 1: The moments around origin of the random variables p and 7 are given by:

(w*") = 21,1 [1 + 2% n o Fy (1 +n, % g; —1)} , (7.110)
(u 1) = w [% +27(2n + 1) oFy (g +n, %; -g-; —1)}, (7.111)
(") = (") = nv/aT (5 4 n), (1112)
(n*"*1) =0, (7.113)
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where I'(z), and 2F1(a, b; ¢;d) denote the Gamma and the hypergeometric functions, re-

spectively.

Proof. Relation (7.113) is obvious since the function R(n) is even. Let us prove (7.110).
We have that

(' = /uQ”Q(u) dys
0

= 2Ih41 — In +2Yn, (7.114)
where

oQ

I, = /\/ﬂzhe—“gerf(u) dy, (7.115)
0
o0

Y, = /uQ”He_Q“2 du. (7.116)
0

To calculate Y, and I, introduce the functions of the real variable z > 0:

00
Yo(z) = /u%“e_“?(”%)du, (7.117)
0
00
I(z) = /ﬁuQ"e““Q/zerf(u) dp. (7.118)
0

The first integral can be easily evaluated:

o0
Yolz) = }é(pf—z)nﬂ/xne“xdx = %!(TII)”H. (7.119)
0
The second integral satisfies
dfgiz) - -Il—gfnﬂ(z). (7.120)
Integrating by parts the RHS of (7.118) with respect to u, and using (7.119), yield
Ini1(z) = LQ“;_UIH(I) + %n'(z fr 1)”“. (7.121)

Here we have used the fact that erf(z) = 2e /7.

Let In(x) = n!lz™ g, (z). Then from (7.121) we have

1
2(n+ 1)gn+1(z) = (2n + L)gn(z) + GFIT (7.122)
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On the other hand equation (7.120) implies that

dgn(z)

i + (n+ Dgn(z) = (n + Dgnt+1(z)- (7.123)

T

Combining the last two equations yields the following first order differential equation for

the function gn(z):

dgn(x) 1
i e S — 7.124
i 9n() (z + 1)nH! ( )

Differentiating both sides of (7.124), and again using (7.122), we obtain

d? 3 . n+lyd n+1
— — — 4 — =0 7.125
[d12 (2x+z+1)dx+2z(x+l)}gn(z) ( )
By setting y = —z, and h,(y) = go(—z), we obtain

d? d
G e w6

which should be compared with the hypergeometric equation

]hn(y) =0, (7.126)

d? c ld+a+tb—c\d ab
[dy2 (y y—1 )dy+y(y_1)]2 1(a, bc;y) =0 (7.127)
Thus
a=n+1, b:%, c:%_
It follows that
In(z) = nla™ 2 Fi(n+1,5; % —a). (7.128)

Putting z = 1 yields

n!
ILy=nloF(n+1,%;3;,-1), Y,= ST (7.129)
Also, using (7.121), we obtain
2Ly = (2n+ Dnl oFi(n+ 1,43 -1) + n 7.130
n+1 - 2471 19y 2,,1_4_?7 ( 1 )

from which (7.110) readily follows. The other moments can be evaluated with a similar

method. "

The functions (7.101)-(7.103) can easily be expressed in terms of the functions Q)

and R(n). For example, we have:

oo /1'2

As(t) = /0 Q(u)msinQ(h/62+u2)du, (7.131)
00 /1'2 o

A() = 1 A g3 sin (V575 12 du. (7.132)
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It should be noted that in contrast to r and s, the random variables 7 and p are not
independent. The function ¥(¢) can not be further simplified, and should be evaluated
using the double integration over the variables r and s. Nevertheless, using the Riemann-
Lebesgue lemma, we can infer that

lim ¥(¢) = ¥(o0) = 0. (7.133)

t—oo

In a similar way, the remaining functions tend asymptotically to:

Arfoo) = 3 /:’Qm)ﬁdu, - (7.134)
Afoo) = 3 /_Zfz(mﬁdu, (7.135)
Ti(oo) = % (7.136)
S4(o0) = 3/°°Q< )52‘5: _an, (7.137)
=_(c0) = / R( 52+ s dp. (7.138)
Notice that
Ax(c0) + Ex(00) = % (7.139)

independent of the values of §. It follows that the asymptotic density matrix can be

expressed as

a 0 0 0
0o 5 -5 0
p(oo) = ‘0 on ; (7.140)
o -HF 0
0 0 0 a
where
I = Ay (00) + A—(c0). (7.141)

Before we study the general case let us have a look at the two extrem cases: 6 =0 and

§ = oo. It is easily seen that

%l_r% Z1(00) =0, }l_r.% Ai(o0) = = (7.142)
The corresponding asymptotic reduced density matrix reads
1
1 0 0 0
0 -5 0
p(00)s=0 = . 11 ol (7.143)
8 4
1
0 0 0 I
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which has a concurrence and a purity identically equal to zero and 9/32, repectively.

On the contrary, in the limit of strong coupling between the central qubits,

1
51220 Zi(00) = 1 Jlirgo Ay (o0) = 0. (7.144)
Consequently,
0 0 0 0
0o i -0
p(00) =00 = . (7.145)
0 -3 5 0
0 0 0 0
A straightforward calculation shows that
1
511m C(p(o0)) = 3 (7.146)

We observe that the asymptotic concurrence and purity obtained here coincide, when
d — 00, with those obtained for the states |uy) in the case of common spin bath. They
are however different from the asymptotic values corresponding to the state |e;) which

are identically equal to 1 (the state |e_) is stationary).

In general, since 0 < p?/(u? + 62) < 1, then

0<I _zfo _Zli_yfd”+2f— ‘zli—yfdﬂ

<30 Q(wdu+ L [0 R(u)du = 1. (7.147)

This allows us to find the following explicit form of the asymptotic value of the concurrence:
2-301

C(o0) = ma.x{O, ——} (7.148)

The latter can also be rewritten as:

23 for 0<I<E,

7.149
0 for 2<TI<1. (7149)

The variation of the asymptotic concurrence as a function of § is shown in figure 7.5.
It can be seen that C'(co) remains zero up to a critical value &, after which it increases,

to tend asymptotically to . The value of §. can be evaluated numerically:

. =0.342842,  TI|s_s. = 0.666666. (7.150)

At the critical point, the density matrix reads

§ 0 0 o0
0 e
pe(00) = 31 16 with  P(pc(00)) = % (7.151)
0o -3 1 o0
0 0 0 3
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Fig. 7.5: The variation of C(c0) as a function of the coupling constant §. The inset shows the

critical point 4,.

7.5 Second-order master equation

The aim of this section is to study the short-time behaviour of the dynamics. This will be
achieved by investigating the second-order master equation under Born Approximation. In
the interaction picture, the above yield the following set of integro-differential equations:

hult) = —a (2,311(3) ~ paals) — ,333(3)) cos[26(t — 5)] ds, (7.152)

pra(t) = —a® | (21a(s)e™505) — gy (5)e?0+9)) s, (7.153)

2p13(s) cos[26(t — 8)] ds, (7.155)

pra(t) = —o

pa(t) = —o? | (26m(s) — pui(s) — paa(s)) cos[26(t — 5)] ds, (7.156)

t
0
/t
0

¢

513(75) = —a2/ (2;313(3)e2'i5(‘_s) — ;324(3)e2i5(t+3)> ds, (7.154)
0
/
0
j
0
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Fig. 7.6: The variation in time of the the matrix element py,(t) corresponding to the singlet
state. The solid curve represents the exact solution, and the dashed curve represents the

approximate solution (7.162). The parameters are N = 10 and 6 = a.

pas(t) = —a® | 2pa3(s) cos[26(t — )] ds, (7.157)

pu(t) = —a (2/324(3)e2i6(3_t) — ﬁls(s)e‘%‘s(‘“)) ds, (7.158)

paa(t) = —a (2[;34(3)(321'5(3“) - 512(3)9_2i6(t+s)) ds, (7.160)

paa(t) = —a

t
/
t
/
t
p33(t) = —012/ (2533(3) - pu(s) — 1344(3)) cos[25(t — s)] ds, (7.159)
Ot
/
t
/ (2544(3) — paals) - 533(3)) cos[26(t — s)] ds, (7.161)
0

Here the tilde designates the interaction picture, namely j(t) = etfofp(t)e ot It is
worth mentioning that the integro-differential equations corresponding to the off-diagonal
elements ( except p13) obtained from the second-order master equation in [27] are some-
what wrong; the matrix elements under the integral sign are, in fact, expressed in the

Schrédinger picture.

Clearly, the above equations do not depend on the number of spins within the bath. In
fact it is found that at short times, the exact solution discussed in the precedent sections,

gives the same result with fixed 4 no matter what the value of N. This explains the results
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of [25, 26, 27]. Of course the solutions quickely diverge from each other as we increase the

time.

Equations (7.152)-(7.161) can be solved under a time-local approximation in which the

matrix elements py;(s) are replaced by §j;(t). One can find that (« is set to one)

put) = 3{1 + [+ 2000, + )] exo{ s5leos(26) ~ 1)}

+2(p)1 — ply) exp{ 5z [cos(26t) — 1]}} (7.162)
Paalt) = 3{ L+ [=1 4 28 + )] exo{ 5 lcos(26t) 1]}

+ 26 — o) exp{ T;[cosmt) - 1]}}, (7.163)
Paalt) = %{1 (=14 200+ 6,)| exp{51 [cos(2dt) — 1]}

+2(p33 — P3) exp{ 55z [cos(2t) — 1]}} (7.164) -

Paa(t) = j{ L [=1 4 2068, + )] exp{ 5 lcos(26) 1]}

+ 2068 - p) exp{ s lcos(2t) ~ 1]} } (7.165)
Bra(t) = o0, exp{é%[cos(%t) -1}, (7.166)
pas(t) = s exp{ = leos(26t) 1] . (7.167)

These solutions describe approximately the dynamics at short times (see figure 7.6). In

fact, the smaller the coupling constant §, the better these solutions are.

when § = 0 {(i.e., nonlocal dynamics), then
exp{ 52 [cos{26t) — 1]} e % m, n=1,2 (7.168)

Thus the second order time-local master equation shows that the nonlocal dynamics, or,
in general, the short time behavior follow a Gaussian decay law. Note that the solutions
corresponding to the diagonal elements reproduce the asymptotic values for N — oo,
namely p;;(c0) = %. However, those corresponding to the off-diagonal elements fail to
reproduce the steady state, since, for example, equation (7.167) implies that pa3(t) — 0.
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To end our discussion let us remark that equations (7.153), (7.154), (7.158) and (7.160)

can be analytically solved only when & = 0. For instance (see figure 7.7),

]. 32 -3 2 2
pialt) = 5 [ (8% + Au)e™ /2 + (ol — o) >/?]. (7.169)

ut

Fig. 7.7: 'The variation in time of the the matrix element pi2(t) corresponding to the singlet
state. The solid curve represents the exact solution, and the dashed curve represents the

approximate solution (7.169). The parameters are N = 10 and § = 0.

7.6 Summary

In summary we have investigated the dynamics of two qubits coupled to separate spin
star environment via Heisenberg XY interactions. We have derived the exact form of
the time evolution operator and calculated the matrix elements of the reduced density
operator. The analysis of the evolution in time of the concurrence and the purity shows
that decoherence can be minimized by allowing the central qubits to strongly interact
with each other. The short-time behavior, studied by deriving the second-order master
equation, is found to be Gaussian. The next step may consist in considering more central

qubits, and then investigate whether the above results still hold.
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8. CONCLUSION

In this work the focus was on the investigation of exact solutions for the dynamics of
simple qubit systems which are coupled to their surrounding spin environments. We have
mainly considered Heisenberg XY interactions with long-range uniform couplings. The
coupling of the central qubits to the environment is equivalent to the interaction with a
single giant spin, described by the collective spin operator of the spin bath. The nature of
the interactions allowed us to use the underlying symmetries of the Hamiltonians of the
compound systems, together with operator techniques and known commutation relations
satisfied by the components of the total angular momentum, to derive the exact analytical

forms of the reduced density matrices.

One of the main results of this work consists in providing a strong evidence and clear
verification of the quantum central limit theorem for tracial states. Indeed, we have shown,
both analytical and numerically, that the scaled components of the total angular momen-
tum converge to classical, identically distributed, commuting normal random variables.
The exact form of the corresponding probability density function is derived from simple
analytical considerations. This result was successfully applied to the study of the ther-
modynamic limit, that is, the limit of an infinite number of environmental spin. Here
the trace over the environmental spin degrees of freedom simplifies to an integration over
Gaussian random variables having continuous probability functions with relatively small
variances. As a consequence, the numerical investigation becomes easily accessible for
very large sizes of the environments, breaking the constraints imposed by limited capaci-
ties offered by computers, for which the investigation of environments with sizes as small
as 10% may need a huge amount of resources. This allowed us to compare the behavior
of the qubits for finite and infinite numbers of spins within the environments. Moreover,
using the above results, it was possible to find analytical expressions forl the asymptotic
reduced density matrices; the study of the second order master equation shows that the
dynamics of qubits is non-Markovian in contrast to the case of bosonic environments,

where the decay of the elements of the reduced density matrix is essentially exponential,

i.e., Markovian.
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It has been shown that in the case of a single central qubit, strong applied magnetic
fields help reducing the effect of decoherence, which is also the case for low temperatures
of the bath with antiferromagnetic interactions. The same result was obtained for the case
of two central qubits, where strong coupling between the qubits plays the same role on the
decoherence as low temperatures and strong magnetic field. The study of entanglement
through the concurrence showed that the former can be preserved by allowing the qubits
to strongly interact with each other. In the case of the Lipkin-Glick-Meshkov model, we
showed that although the concurrence describing the pairwise entanglement detects the
presence of the critical point, it does not give the expected value of the latter. This can be
explained by the fact that in order to obtain a sharp characterization of the critical point,
one has to consider the thermodynamic limit. However, we found that the concurrence

vanishes as the number of spins increases.

It is well known that mathematics is the language of physics. This relation is, in
fact, collateral, since many interesting mathematical results are originally the outcomes
of physical investigations. In this work we were led, while studying the case of separate
spin baths, to the derivation of analytical properties for both Wigner 3j-symbols and the
degeneracy entering the decomposition of the space C?*®" into direct sum of the subspaces
C%*1, where j denotes the possible values of the total spin resulting from the addition
of n spin—% particles. We also derived the probability density functions of the sum of two
independent variables each having the probability density function 4ze~2*" This enabled

us to analytically calculate their moments around the origin at arbitrary order.

We feel that this subject is very interesting, and much work has still to be carried
out. In particular, one has to check whether the effect of strong coupling between the
qubits will persist as their number increases. Up to now the thermodynamic limit in
the case of ferromagnetic interactions between the spins in the environment is not well
understood. The difficulty resides in the fact that when the coupling constant is negative,
the integration over the normal random variables diverges. Hence other techniques should

be developed.
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A. DERIVATION OF THE ANALYTICAL FORM OF n(T)

This appendix is devoted to the derivation of the asymptotic behavior and the analytical

form of the function 7(t) appearing in Eq. (2.81). Explicitly we have (A = 0)

o

8 - 19)72 7"3 .92
n(t) = E/e (oB+2)r e sin (t ,u2+7'2)d7~. (A1)
0

By making the following change of variable r? = s® — u? and taking into account the

trigonometric equality sinz = % {1 - cos(2:1:)], we can rewrite the above function as

[o0)

n(t) = % o(2+aB)u? (/ du2e~(2+98)v* [1 — cos(2vt)]
1i2
Oodv 2
9,2 ZY (2480 |1 _
Yl }). (82
m

The Riemann-Lebesgue lemma implies that the second and the fourth terms involving the
cosine function in the above expression vanish when ¢ — co. The first term can be easily

evaluated and we simply get

1 2
dv? e~ (2+af)? _ o~ (2+aB)u® A3
Z 2+ g8 (A-3)
m
The third term reads
2 d’U _(2+g,@)v2 7 d’U2 2 2
B b2(2+g0)

where we have made the change of variable (2 + gf)v? — v2. Taking into account the

expression of Z in Eq. (2.76) we obtain the asymptotic expression of 7(t) displayed in
Eq. (2.90).
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The second term simplifies to

oo
2

Re {2 e Trod /U dv eXP[—(2+9ﬂ) (U+ 9 itgé)QJ}

mn

LZ x —v : «
_ e_WRe[/d’U ° ut_ /d'u e, (A.5)
A 2498 (24 gB)>

/ .

11 12

where § = /2 + g08(u + ngg). One can easily check that
£2
2+ g8

The second integral is given by the complementary error function, namely

/it )v/2+ep|. (A7)

Re (11) =

exp [—(2 +g8)u? + ]cos (2ut). (A.6)

2490

it
24943
It is then sufficient to use the property 2 Im erfc(a + it) = z'[erf(a + it) — erf(a — it)},

where a is real and Im(z) stands for the imaginary part of z, to get the first three terms

appearing in the right-hand side of Eq. (2.81).

Similarly, we have

2/% 2+gﬁ)( 2itgg)2”: Re{ 2/% 6_52}7 (A.8)
i 5

V2+g0

where we have introduced the new variable s = (v + \/2?—?)‘/2 + ¢g8. By multiplying the

numerator and the denominator of the quantity under the sign of integral by s + \/W
we get two new integrals. The first one is given by

Re{Q]os ds i
é

where 6 = (2 + gB)u? + 2uit. The remaining integral defines the function M, namely,

2

S [l S ufron). a9
2+g0 .

P

2

t
2490

M(t;u,ﬁ):exp{—[ —(2+gB)u }}Re 2zt\/2+g / 3}. (A.10)
The analytical expressions of the functions £(¢) and {(t) can be determined with the same
method. In the case v # 0 we should replace u by p+ym and then perform the integration

with respect to m. For practical investigation, numerical integration is used.
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