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Abstract

This is an investigation of the buckling characteristics of short, thin-walled
cylinders. This study was required as large storage tanks, which were converted
from floating roof to fixed roofed tanks, were found to buckle when severe
atmospheric temperature drops and thus pressure differentials occurred. These
severe ambient temperature changes are characteristic of the Highveld in South
Africa where the tanks in question are situated. Since this modification is an
uncommon procedure, codes of practice for storage vessels do not cover this type

of cylinder. For the same reason, research performed in this field is limited.

Buckling due to axial loading, lateral external pressure, hydrostatic pressure and
a combination of axial loading and hydrostatic pressure are explored in this study.
To compare with and verify theory, existing research for each case is examined,
and the Finite Element Analysis package MSC Nastran used to determine trends.
In some cases, to the best of the author’s knowledge, no research exists and
numerical analysis is performed to establish the relationships present in those
cases. The study is extended to include the design of imperfect cylinders, as
defined in the tank code AD Merkblatter where it is stated as being dependant
on the major and minor diameters of the imperfect section. The study is also
extended to the case of variable wall thickness cylinders, where the thickness

variation is symmetrical about the axis of the cylinder.
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Chapter 1

THE THEORY OF BUCKLING

1.1 Stability theory

The phenomenon of buckling can be illustrated using a simple example of an

idealised structure, shown in figure 1-1.

Member AB is a rigid bar that is pinned at the base end and supported by
a spring at the top, with a stiffness of k. This stiffness is also known as the
spring constant. An axial force P is centrally applied to the beam such that it
is perfectly aligned with the axis of the beam. In this state the spring has no
force in it. Suppose then that the beam is then disturbed by an external force,

such that it rotates through an angle # about support A. If the force P is small,

lp l'P
— F
B g/\/\/;/\/\/‘E B K

Figure 1-1: Simple rigid bar. Reproduced from Timoshenko [62].



the system will return to its initial position when the disturbing external force
is removed. Thus this system is stable. But if the force P is large, when the
external disturbing force is removed, the system will continue to rotate and the
system will collapse. Thus this latter system is unstable. This system can be
analysed in more detail if its static equilibrium is considered. If the bar is rotated
slightly, the spring elongates to a length 6L, where L is the length of the beam.

The force in the spring is therefore
F = KkOL (1.1}

This force creates a moment about A of FL, which is k6L?, in the clockwise
direction. Because this force is the spring tension, the tendency of this moment
is to return it to its original position. Therefore, k6L? is known as the restoring
moment. The force P tends to overturn the bar by creating a moment of P6L.
Thus this moment is known as the overturning moment. Generally, if the restoring
moment is larger than the overturning moment, then the system is stable and the
bar returns to the initial vertical position. The converse is obviously also true.

Therefore the following conditions exist :

If POL < kOL? or P < kL, the system is stable.
If POL > kOL? or P > kL, the system is unstable.

The shift from a stable system to an unstable system occurs at P = kL, and this
value of loading is known as the critical load. So, one can see that a system is
stable when P < P,., and unstable when P > P,.. Even when P is greater than
P,., and the beam is in the vertical position (thus in equilibrium), this equilibrium
is unstable and cannot be maintained. Even the slightest disturbance will cause
the beam to collapse. At the critical load, the overturning and returning moments
are equal at small values of #. Thus the beam is in equilibrium at the critical

load for small values of #, and this equilibrium is known as neutral equilibrium.

These equilibrium relationships are shown in figure 1-2, on graphs of P versus

0. The two heavy lines represent the equilibrium conditions. At point B, where



<—Unstable equilibrium

Neutral equilibrium

o=KL

P

<— Stable equilibrium

0] o

Figure 1-2: Figure showing the bifurcation point. Reproduced from [62].

the equilibrium lines branch, is the bifurcation point. The neutral equilibrium
condition extends as a horizontal line because the angle # may be clockwise or
anti-clockwise. One can see that the line only extends a short distance, as our
analysis is based on the assumption that the angle @ is small. This assumption
of the angle being small is valid, because the angle is small when buckling begins

and the bar departs from the vertical position.

If we consider a shell carrying a certain load (basic load), it produces a basic
stress and basic displacements. A small deformation then disturbs the elastic
equilibrium, which is produced by certain external forces. When these forces are
removed, if the disturbance vanishes the equilibrium is stable. When the basic
load is increased, less force may be required to produce the same disturbance until,
a point is reached where the disturbance is produced without any external forces.
In this particular case, the equilibrium is neutral. The smallest basic load at
which the system is in neutral equilibrium is called the critical or buckling load.
A disturbance may then occur, which results in the bucking of a shell. When
the basic load is increased beyond the critical point, the equilibrium becomes
unstable, and any external disturbance causes the shell to entirely leave its initial

position of equilibrium, hence the shell buckles.

To find the buckling load the differential equations for the disturbed equilibrium



are formulated for the disturbed equilibrium without an external disturbing load.
These equations contain terms with the additional stresses for the disturbing
load as well. These terms are very small, since the disturbance is supposed
to be very small. One must also remember that the basic load now acts on a
slightly deformed element. Since the conditions of equilibrium are satisfied and
Hooke’s law expresses the stress resultants in terms of the displacements, a set
of homogeneous linear differential equations for the displacements u, v and w
result. Looking at a simple example of a column shown in figure 1-3 force P is
the basic load and the basic stress system, N, consists only of the axial load.

Therefore N = —P. If the equilibrium is then disturbed by a lateral deflection

| /"

/777

Figure 1-3: Figure showing the Euler column. Reproduced from Fliigge [18].
w, the equation of moments is
M — Pw=0. (1.2)

Comparing this to a cylinder by using the basic differential equation of the

deflection curve of a beam,

d?w
M=-El— :
El 72 (1.3)
and substituting this into equation 1.2
d2
EIZZ + Pw =0 (1.4)

dr?



The solution of this equation is a homogeneous linear differential equation of the

second order with constant coefficients. For convenience, let

P
=
ET
therefore equation 1.4 becomes
) +kEw=0 (1.5)
The general solution of this equation is
w = A; sinkz + Ay coskz (1.6)

where A; and A, are constants determined by the boundary conditions. It is

found that no deflection is possible unless

kL = mz
2 2EI
or P——*T—Ez— m=1,2,8...
whereby
w = Asin m;;rx (1.7)

1.2 Numerical analysis of buckling

Classical shell theories can be over complicated for the needs of the designer.
Therefore analysis of non-simple buckling cases are generally executed by
numerical methods, which have been found to achieve a good characterisation
of the shell behaviour. The most versatile and well known is the finite element
method, or FEM. FEM is a method of analysis whereby three main operations
are performed. The first step is to divide the shell up into small finite elements.
The second step involves computing the stiffness properties of each element and
putting them into a matrix. The final step is to solve the matrix for a particular

applied load. The solution gives the displacements at the nodes, which, together



with the element stiffnesses, is used to calculate the element forces at the nodes
and thus element stresses. These operations are executed by FEM software

packages, and the package used in this study is MSC Nastran version 4.5.1.

Prior to performing a stability analysis with any finite element analysis software
it is necessary to establish that the model contains a mesh density fine enough
to yield accurate predictions of the buckling load. A convergence study was
performed and an appropriate mesh selected for use to optimise both accuracy

and reduced analysis time as a large number of analyses were to be performed.

Two kinds of buckling analyses are available in MSC Nastran, namely linear and
non-linear. A linear buckling analysis assumes small deformations and a linear
material whereas in a non-linear buckling analysis geometric non-linear effects and
non-linear materials are considered. In the case of thin cylinders, the buckling
loads obtained from the linear analysis are higher than the true bucking loads

because the non-linear geometric effects are not included.

In this study the Nastran software that was available did not have the non-linear
buckling solution sequence, but only the linear one. Therefore, it will be seen that
the buckling results obtained numerically are notably higher than those obtained

theoretically. Although there are discrepancies, the trends are continuous.

In 1995, M. H. Schneider, R. J. Feldes, J. R. Halcomb and C. C. Hoff [58] per-
formed numerical analyses on the buckling of cylinders subjected independently to
axial compression and hydrostatic pressure. In this research, among other FEM
software packages, MSC Nastran was implemented and the non-linear solution
sequence used. The results of the numerical analyses where then compared
to bucking pressures obtained experimentally. Excellent agreement was found
between the numerical and experimental results. In the case of axial loading the
maximum deviation was found to be 4.7%, and 10.9% in the case of hydrostatic

pressure.

Imperfect cylinders were also included in the study conducted by Schneider et



al whereby experimental models were fabricated and then measured using a
scanning measuring system. These imperfect cylinders were then modelled in
MSC Nastran and non-linear buckling analyses performed. The buckling pressure
due to asymmetric imperfections was found to be reduced by 1.5% by experiment,

but increased by 7.3% by numerical analysis.

Numerical buckling analysis takes the effect of the differential stiffness into
account, which includes relationships that are functions of the geometry, element
type and applied loads. Physically, the differential stiffness represents a linear
approximation of the reduction of the stiffness matrix for a compressive load.
In buckling analysis the eigenvalues calculated are scale factors that multiply
the applied load in order to produce the buckling load. Usually only the lowest
eigenvalue is of interest since the cylinder will fail before reaching any of the
higher-order buckling loads. Therefore, in this study only the lowest eigenvalue

was computed.

To expand, the element stiffness and differential stiffness matrices are [k]‘. and

[a'r.,,f]fE respectively. The system stiffness and differential stiffness are then
J
1= [324]
i
[Ka] = [ ha

respectively, where j is the number of elements. In order for the system to have

(1.8)

static equilibrium the total potential energy, PE, must have a stationary value.

In other words the following relationship should hold true

0|PE
LPE) _ (K] fu} + [l {u} = {0} 19
where {u} is the d.ispla,cement vector and u; the displacement of the i-th degreee

of freedom. Equation 1.9 can be rewritten as

[[K] + P, [Kd]} {u} = {0} - (1)



where [Kd] =P [Kd] and P, the applied load. In order for equation 1.10 to have

a non-trivial solution, the following relationship must be true
|[K] + P.[Kd4]| = {0}. (1.11)

Only particular values of P, render equation 1.11 true, these values are the critical

buckling loads.

A real structure has an infinite number of degrees of freedom. The finite element
method approximates the system with a finite number of degrees of freedom.
The number of buckling loads obtainable for the model in question is equal to

the number of degrees of freedom of the model. In other words
Py = NPy (1.12)
Therefore equation 1.11 can be rewritten as
|[&] +Xi[Kd]| = {0} (1.13)

This is now in the form of an eigenvalue problem. Once the eigenvalues are
obtained using equation 1.13, the buckling loads can be found using equation

1.12.



Chapter 2

PERFECT CYLINDRICAL SHELLS OF CONSTANT
WALL THICKNESS

2.1 Introduction

The buckling of perfect cylindrical shells due to various forms of loading has been
thoroughly studied for over a century, beginning with Euler’s initial investigation
of columns in the 18th century. In past research however, when the theoretical
trends were compared with experimental data, a discrepancy always resulted. It
was later found that these discrepancies were due to imperfections arising during
the manufacture of the model which will be investigated later. In this chapter, the
ideal cylinder is considered - one with no imperfections. The basis of the theory
will be outlined, and equations determining the buckling loads produced. These
equations are compared to equations obtained from other independent studies.
Finally, the buckling loads are obtained for a number of cylinders of a limited
range, namely with the range of ratios 0.923 < 7 < 1.626, and 600 < 7 < 2166.7
using the FEM analysis package Nastran. The numerical analyses are performed
where the material is assumed to be carbon steel with a Young’s modulus, E of
200GPa and a Poisson’s Ratio, v, of 0.32. These results are then compared with

the numerous theoretical models available.



2.2 The Energy Method

When structures consist of elastic materials, ie. the material is assumed to follow
Hooke’s law and the stresses within the structure do not exceed the elastic
limit, the equations of equilibrium can be replaced partially, or entirely, by

considerations of elastic strain energy.

The law of virtual work states that during a small change in displacements, the
work done by the loads (by all the external forces on the body) equals the change
in elastic strain energy. It should be noted that displacements may be large, but
the change in them must be small. Therefore, the law of virtual work is a simple
application of the general law of conservation of energy, limited to mechanical

work.

The law of virtual work can also be derived from the equations of equilibrium.
For example, consider a body replaced by a system of particles interconnected by
massless elastic springs. On each particle acts part-loads and the forces due to
the springs. If the displacement of each particle in the z, y and z directions are u,
v and w respectively, then the change in displacements are du, dv and dw. The
equations of equilibrium are then applied to each particle, multiplied by du, dv
and dw, and then all the equations added together. In the resulting expression,
the products of the load components with the displacement components add up
to the work done by the loads, while corresponding products with forces due to
springs add up to the negative change in elastic strain energy, the sum of both

being zero.

In practice application of the energy methods involves the assumption of a shape
or mode of displacement, which approximates the actual shape. This assumption
is based on general experience or experiments, or the displacements can be
described by a series of component displacements with unknown magnitudes.
Taken together the exact displacement can be approached with the component

magnitudes being determined by the law of virtual work. Theoretically, this can

10



give exact solutions. This method has been found to be accurate for deflections
of beams, buckling strengths, and other conditions which depend upon the state

of the whole structure.

In the proceeding sections, the above procedure will be outlined. Initially for the

simple case of thin flat plates and, then extended to thin cylindrical shells.

2.3 Thin flat plates

The theory of the bending of plates is similar to the theory of the bending of beams
but the effect of bending in two directions instead of one, needs to be taken into

account. Consider a thin flat plate subjected to pure bending as shown in figure
2-1a below.

(b)

Figure 2-1: Bending of a thin flat plate. Reproduced from Benham & Crawford[64].

The element ABC'D deforms to A’B’C'D’, and the length along the neutral axis

&



in this deformed element is rdf. The length of the element E'F"is (R+ z)df. The
longitudinal strain can be found by using the change in length and the original

length:

(1o + 2)d6 — r,d6

s 2.1
¢ r.do (2.1)
Therefore,
&=, (2:2)
T
and similarly for the y-direction
& = —. (2.3)

Consider a small element of this plate as shown in figure 2-2 with the variables
as shown. When the plate deflects due to an external load, the plate will bend to

have radii of curvature in the yz and 2z planes. The curvature in the yz plane

£ M
M om

> x

T

Figure 2-2: Small element of a plate. Reproduced from Benham & Crawford[64]

changes as the distance from the y-axis increases in the z-direction; similarly the
curvature in the zz plane changes with increasing distance from the z-axis in the
y-direction. Therefore the four corners of the element will each deflect a different
amount in the z-direction. In order to adopt this shape, the element must twist
as well as bend. The resistance of the plate to the external loads must therefore

take into account the twisting of elements, as well as their curvatures.
There are basic assumptions to be made when using bending analysis:

12



e the deflections are small

e the middle plane of the plate does not stretch during bending

¢ plane sections rotate during bending to remain normal to the neutral surface
and do not distort

e the loads are entirely resisted by bending and twisting of the plate element

e the thickness of the plate is small in comparison with other dimensions.

Now consider that this element is subjected to pure bending, where bending
moments M, and M, per unit length are positive when acting on the middle of
the plate. This plane is the neutral plane as it is unstressed, therefore the material
above it is in compression and in tension below. The stress-strain relationships

by elastic theory are

Or VG
“T BT E
(2.4)
. _ Oy _ VO
YU BT B

Using these equations together with equations 2.2 and 2.3 to solve for o, and o,

Ez 1 4 v
T = — F —
I=af N\ = ¥y

J_Ez 1+u
V"1 — 3 ry txJ

The internal moments, due to the bending stresses acting on the edges of the

yields

(2.5)

element, are in equilibrium with the applied moments M, and M, per unit length.

This equilibrium can be written as

t/2
/ op2dydz = M,dy

t/2

(2.6)

t/2
/ oyzdrdz = M,dz.
~t/2

13



Substituting equations 2.5 and into equations

2.6 in turn yields

Y2 Bz (1 v
M.dy = ‘/_”Q 1= .2 (a + a) zdydz
h/2
SoM = -ii (-1— i) / 2%dz (2.7)
1—v Ty T.y —h/2
.‘_ M.‘.I.' — __'é‘f.a___(i _L:.
12(1 —22)\r: 1y
Similarly
Et? 1 v
- . Sl W 2.
My 12(1 — v2) (ry r_.,,) \&8)

For simplification flexural rigidity, denoted as D, is introduced such that equations

2.7 and 2.8 reduce to

rs Ty
(2.9)
1 v
eofe)
ry Tz
where flexural rigidity is defined as
Et
D — ma (2010)

This flexural rigidity of a plate corresponds to the stiffness, EI, of a beam. If w

is the deflection in the z-direction, the principal curvatures are given by

1__%w
.  Oz2
(2.11)
1__%w
r, Oy
and therefore equations 2.9 become
Pw  w
M. =-D( 33 +vg5%)
(2.12)
Pw  Pw
My =-0( 75 + )



The shear strain in the element can be related to the shear stress by using Hooke’s

law in shear, which is
Tey = GYay (2.13)

where G is the shear modulus of elasticity. This shear modulus of elasticity is

related to the modulus of elasticity by the following equation

E
G=ita) (2.14)

To obtain an expression for shear strain, consider the lamina abed shown in figure

2-3.

Figure 2-3: Lamina subjected to shear strain. Reproduced from Timoshenko[16]

During bending the points a, b, ¢ and d experience small displacements. The
components of the displacement of point a in the z and y directions are U and
V respectively. The displacements of points b and ¢ in the z and y directions are
U + (0U/dz)dz and V + (0U/dy)dy respectively. The shearing strain owing to

these displacements is

QU 9V

and the corresponding shear stress, using equation 2.13 is
ou ov
Tay = G(—a; =+ 6_3;‘) (2.16)
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Figure 2-4: Section of the neutral surface. Reproduced from Timoshenko[16]

Figure 2-4 represents a section of the neutral surface, with a perpendicular (to
the neutral surface) pg. One can see that the perpendicular pg has rotated in a
counterclockwise direction through an angle of —Qw/dz. A point of the element
at distance z from the neutral axis has a displacement in the z-direction, due to

this rotation, equal to

Oz
U=—z—. 21
25 (2.17)
The same point has a displacement in the y-direction of
oz
V=—2—. 2.18
25 (218)

Substituting these values into equation 2.16 yields the following equation for

strain

E &*w
T‘—'y—_l-!-uazayz' (2.19)

If this is then integrated across the element, and equated to the twisting moments,

the following expression is obtained

1/2
M, dzdy = / Try2dzdydz
—t/2
which, after solving reduces to
Et®  J*w

M,, = (2.20)

T 12(1 + v) 8zdy”
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The twisting moments are illustrated together with the bending moments, on an
element as in figure 2-2.
Multiplying through by
(1-v%
(1-v?)
can further reduce this expression to
0*w

dzdy

Mgy =-D(1 -v) (2.21)

By employing the principle of conservation of energy, the strain energy stored in
the system is equated to the work done by the applied loads. An expression for
the strain energy, U, can now be derived. The strain energy stored in a plate
element is the sum of the work done by the bending moments M,, M,, and by
the twisting moments M, and M,,. The work done by the shear force and by
the stretching of the middle plane are neglected by beam theory, which states
that strain energy due to compression or tension along an axis, or due to shear

distortion is neglected.

Since the sides of the elements remain plane, the work done by the bending
moments is % x moment X angle between the corresponding sides’of the element
after bending. Since —(8%w/8z?) and —(8%w/dy?) represent the curvatures in
the £z and yz planes respectively, the angle is —(0*w/0z%)dz in the zz plane,
and —(8%w/dy*)dy in the yz plane. The angles are negative because there is a
downward (sagging) curvature. Therefore, the energy stored due to bending, U,,

is given by

1 0w 0w
U, = _E(Mm 52 + M, 9 )d:cdy. (2.22)
In deriving the expression for the strain energy due to the twisting moment,
M,,dy, we note that the angle of twist is equal to the rate of change of the slope
OJw/0dy as x varies, multiplied with dz. The same applies to the moment M, dz.

Therefore, the strain energy due to twist, U, is given by

17



1 0w 9*w
dU, = = My— — A :
Uy 5 (M 92 + M, B )da:dy (2.23)
The couple M,,dz will produce the same amount of energy as M.,,dy. The above
equation therefore reduces to

0%w

dUt — Mrym

dzdy. (2.24)

Since the twist does not affect the strain energy due to bending, the total energy

can be found by adding Uy and Uy, such that

Pw 1, Pw 1, 0w
dU = (Mxym - EMz'a—Ii — §M"8_y'~’) d.:::dy. (225)

When the expressions for M,, M, and M,, are substituted in, the following

equation is obtained

dU = %D[(V%u)z =51 ~ V)[aﬂw . ( G )2]]da:dy

o0x? 0y? Oxdy
(2.26)
where
Pw  Pw
2 _— e— —_—
Vew = Fr + ek (2.27)

The expression derived by Bryan in 1891 for the total strain energy stored by a
plate in pure bending can be found by integrating equation 2.26 over the entire

surface, and is given by

dU = %Df/ [(V”w)2 -2(1-v) [Z%:%?U - (%)Qdedy.

(2.28)
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2.4 Thin cylindrical shells

A small shell element is considered, as in figure 2-5, which is formed by the
intersection of two pairs of adjacent planes perpendicular to the surface. The z
and y axes are taken as tangents to the element at O and z is perpendicular to
the surface. The principle radii of curvature in the zz and yx planes are r, and
r, respectively. When the element deforms due to an external load, the radii of

curvature change to 7, and r;,. A fundamental assumption is now made that says

Figure 2-5: A small shell element. Reproduced from Bulson & Allen[37]

that the faces of the element rotate with respect to their lines of intersection with
the middle surface. In addition to this, the sides of the element are displaced due

to the middle surface straining in the z and y directions.

The equation for strain energy of a thin shell is derived directly from the
expression for flat plates (equation 2.28), with the substitution of 8%w/dz?,

0’w/8y?, and 8*w/Oxdy for the change in curvatures, for example (7—_1,- - :—)

x
is substituted for 8%w/dz%. So the equation becomes

1 £ 2rr 1 1 1 1 B
w=go [ [ |(Z-+5-%) -9
1 2
e To/\TL Ty Tzy Ty
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Tzy

where (;L - —1—-) represents the twist of the element during bending, and
zy

r! Tzy

(—]- - -—lﬁ)da: is the rotation of the edge BC relative to Oz [45]. The change in

curvatures will be denoted as f,, B, and f,, such that

=2 [ 7[5 - 20 - ) (6~ )| doa

(2.30)
In considering the bending of the shell, it is assumed that linear elements, such
as AD and BC in figure 2-5 which are normal to the middle surface of the shell,
remain straight and normal to the middle plane, even if deformed. This is known
as the Love-Kirchhoff approximation [49]. During bending, the lateral faces of the
element ABCD rotate with respect to their lines of intersection with the middle
surface only. The errors due to this approximation are negligible for thin shells of
a homogeneous material. A shell is classified as thin when the thickness is stnall

in comparison with the radius of curvature and corresponding ‘radius of twist’.

Therefore, the unit elongations of a thin lamina at distance z are:

(2.31)

- z (1 1)
o e s
"% Ty Ty

Since we are dealing with thin walled shells, z will be small in comparison with

r, and r,. Therefore the above equations reduce to

Seaps (2.32)
& = 2.
The middle surface is also stretched due to the lateral sides of the element
displacing parallel to themselves, as seen in figure 2-6. If the length of the curved
neutral surface of the element in the z-direction is ds and if we then denote the
unit elongations of the middle surface in the x and y directions by €; and €

respectively, the elongation of the middle surface in the z-direction is:

. =1
T ll .

(2.33)
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Figure 2-6: Figure showing the middle surface. Reproduced from [16].

It can be seen that ds = r,df , and [}, = df(r, — z), and by combining these
expressions one obtains

h = ds(l - i). (2.34)

Tx
Similarly, it can be seen that (ds + e;ds = r..df') and (l = df'(ds — z)), and by
combining these expressions, one obtains
12 = ds(l o El) (1 s ‘!"i) (235)

By substituting these expressions for /; and [, into equation 2.33, the following
equation for strain in the lamina in the z-direction, €., is obtained
€1

z 1 1
= = == 2.
i = 1—-3;[(1—e1m ) 14:56)

Tx

A similar expression can be obtained for €¢,. Again, since we are dealing with
thin shells where ¢, and therefore z, is small in comparison with the radii of
curvature, the quantities z/rz, z/ry, z/r; and z/r} can be neglected. The effect
of the elongations, €, and €y, shall also be neglected (it can be shown in [62]p370
that this is justifiable if the depth of the cross section is small in comparison with

the radius). Then, equation 2.36 can be reduced to
€z = €1 — 2f; (2.37)
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and silimarly
€y = €2 — 2. (2.38)
By using the equations for stresses [64] which are
Ez

Oy = P [EI + vey]

(2.39)

and substituting in the values for the strains, the following expressions are

attained:
Ez
Op = 1 — 2 [El - Zﬁx + U(Gz —— Zﬁy)]
(2.40)
E
O'y — 1 _zuz [62 _— zﬂy + U(Gl — Zﬁz)]-

Looking at the lamina in figure 2-7, with the edge forces per unit distance
indicated, the resultant forces per unit length of the normal sections are:

t/2
N, = a’z(l— i)ciz

—t/2 Ty

t/2 2
N, = oy (1 - —)dz

—t/2

t/2 "
Noy = / 'rzy(l - —)dz
—t/2 Ty
t/2 z
Ny = f Tyo (1 - —) dz.
—t/2 Tz

But as before, the radius is large in comparison with the wall thickness. If

(2.41)

the values for o, o, and 7, are also then substituted into equations 2.41, the

equations obtained are:

A Et
N — d =
§ ,/-m R g matvey

N, = / oydz = (g + vey) (2.42)
~t/2 l—v

73 Et
Nzy = Nyz = ./:/2 Teyd2Z = T V’yzy
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Figure 2-7: Figure showing a lamina. Reproduced from [16].

where 7., is the shear strain in the middle surface of the shell. The strain energy

due to the stretching, U,, of the middle surface is given by [37]:

2nr
U, = f / %(N,_.el + Nyez + Naytay)dzdy. (2.43)
0 0

If the above expressions for N,, N, and N,, are then substituted into this

equation, the following is obtained:

U, = [/ [(61 +ver)er + (€2 + ver) e + (1 ; 0)72 ]dA

1 -
= —'2(1 — yg) _/f[ f}_ + 62 + 2v€ €0 + ( : )'T:ry + 2¢€1€9 — 26152] dA

N Q‘(]E_—tuz)‘/f [(51 +e) —2(1 —v) (6162 - ?7:23)] dA. 345

The total strain energy is the sum of the strain energy due to stretching, U, and

the strain energy due to bending, U,. The total strain, U, energy is therefore:

U = 5 || /2[ [ (B + B,)" — 21— v) (e - 63,,)]
+ [(51 +e)” —2(1 - v)(er€2 — %)Hfm (2.45)

This method is generally used for the investigation of the buckling of a thin-walled

cylinder subjected to axial compression.
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2.4.1 The differential equations of equilibrium

The energy method, which did not involve the development of the differential
equations of equilibrium, can be used in the case of cylinders subjected to axial
loading. But cylindrical shells subjected to external pressure, or axial loading and
external pressure, must be examined using differential equations using assumed

functions for the displacements in the ordinate directions.

If the equilibrium of a shell element is considered in a similar fashion to that of a
flat plate, it is possible to establish relationships between shear forces, edge forces

and edge moments, as shown in figure 2-8.

(b)

Figure 2-8: Bending of a thin flat plate. Reproduced from [37].

The displacements in the z, ¥y and z directions will be denoted by u, v and w
respectively as before. Before deformation, the z and y-axes are tangents to the

element in an axial direction and circumferential direction respectively. After
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deformation, which is assumed to be very small, these directions are altered
slightly. The z-axis is then taken to be normal to the middle plane, the z-
axis tangent to the element, and the y-axis perpendicular to the zz plane. In
order for the equations of equilibrium for element OABC to be established, the
angular displacements of the sides BC' and AB with reference to sides OA and

OC respectively, need to be established.

The rotation of side BC with respect to OA can be resolved into the three
components, The displacements v and w cause the rotations of sides OA and
BC with respect to the z-axis. Since the displacement v represents motion of the
sides OA and BC in the tangential (circumferential) direction (see figure 2-8),
the corresponding rotation of side OA about the z-axis is v/r. Therefore, the
rotation of side BC' is

1 v
- (u + a—xdx) : (2.46)

Thus, owing to the displacement v, the relative angular rotation of BC with

respect to OA about the z-axis is:

10v

—ds. (2.47)

Similarly, because of the displacement w, the side OA rotates about the z-axis

through an angle of dw/(rd0), and side BC' through an angle of

ow 0 [ ow
790 + Py (}39-) dz. (2.48)

Therefore, because of displacement w, the relative angular displacement is

0 [ ow

Therefore, by combining equations 2.47 and 2.49, the relative angular displace-
ment of side BC with respect to side OA about the z-axis is

1/0v O*w

;(a + a_maa)d“" (2.50)
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The rotation of side BC' with respect to the side OA about the y-axis is caused

by the bending of the axial plane and is equal to

0%w
s @dx. (2.51)

The rotation of side BC' with respect to side QA about the z-axis is caused by

the bending of the tangential plane and is equal to

%d&c. (2.52)

These last three expressions give the three components of rotation of the side BC

with respect to the side OA.

The corresponding formulae for the angular displacement of side AB with respect
to OC now needs to be established. Due to the curvature of the shell, the initial
angle between the axial sides of the element OABC is df. But, because of the
displacements v and w, this angle will change. The rotation of the side OC about

the z-axis can be expressed as

v Ow
The corresponding rotation for the other axial side AB is
v ow d v Ow
;"i‘mﬂ‘@(;'ﬁ' E)dﬂ (2.54)

To calculate the angle of rotation of the side AB with respect to the side OC
about the y-axis the expression for twist is used, and this gives the required

angular displacement as

Pw v
— (5-6—6; + 3_37) de. (2.55)

Rotation of the side AB with respect to OC about the z-axis is caused by the

displacements v and w. The angle of rotation of the side OC is dv/dz, because
of the displacement v, and that of side AB is

ov o [ov
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so the relative angular displacement is therefore

a [ov
5 ( )rde (2.57)

Due to the displacement w, the side AB rotates in the axial plane by the angle

dw/0z. The component of this rotation with respect to the z-axis is

w
— 5-d6. (2.58)

By combining these last two expressions, the relative angular displacement of the

side AB with respect to the side OC about the z-axis is given by

v Ow
(Lo o) -

With these formulae for the angles, the three equations of equilibrium of the

element OABC can be obtained. This is done by projecting all forces onto the
z, y and z-axes. The z-components of those forces parallel to the resultant forces

N, and N,, are:

ON,
or

(2.60)

Q}E’Edydmﬁ-
oy

Due to the angle of rotation, equation 2.59, the forces parallel to N, give a

component in the z-direction equal to

v _Ow

Due to the rotation represented by equation 2.52, the forces parallel to N, has

an £ component of:

v
= .I’\IrzmI a—x—ida:rdﬂ. (2.62)

Finally, due to the angles expressed by equations 2.51 and 2.55, the forces parallel

to @, and @, have the following  component:

Pw v
Q,,a Y drrdg — Q,(aea = )dad (2.63)
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By summing all the projections calculated above, the first equilibrium equation
is obtained. Similarly the other equation are obtained and after simplification
are as follows:

ON; ONy, 0*w 0*v ov  w ( v Bw)
lelh S - i e 5 o — N o )
= * 00 rQs Ox? rNay Ox? Qy O " A0 Y\ 0z Ox

ON,  ON,, 6_21) B v w
50 T or TNz 9=\ 5t 5200

0%v  ow v O*w
i .4 . i .y T DY
* Ny"(amaa 69:) Qﬂ(l teem T rBG"’) (268

Q- L 99 ov 0w *w
"&c 66+N,y( + — +N62

or = 8x00

ov 0w ov 0w
+N(1+ - raa)+N’”(a 669)+qr_0

For long equations such as these, the use of Fliigge's notation of primes and
dots for derivatives with respect to the axial and circumferential co-ordinates

respectively will be convenient. The following relations illustrate this notation:

ou
3z_u
(2.65)
du
00 — v

Therefore, the preceeding three equations reduce to
0 =rN, + Ny — rQeu" — TNzyv" — Qy(v' + w') — Ny(v' — ')
0 = Ny + 7N,y + rNov" — Qu(v/ + ') + Nyo(v/ — w') — Qv(l e ?)
0 =rQ, + Qy + Ngy(v' + w’) + rNyw" - (2.66)
+N,,(1+ §+ %) + Ny (V' + ') + gr

This first set of equations relates edge forces to shears. A second set relates edge
moments to shears. The second set of relations is the moment equilibria with

respect to the z, y and z-axes. Again, the small angular displacements of the
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sides BC and AB with respect to OA and OC are taken into consideration. The

equations are:

0= rM:,:y - A/.Iy — rMv" - My,_.(fx' —w') + rQ,
0= My + M.+ rMe" — My(¢/ — w') + rQ.

0= M (v + )+ rMyw" + My, (1 + -:; =5 %)

(2.67)
= My(U’ +u') + 7(Nzy — Nyz)

These are the general equations for the deformation of a cylindrical shell
subjected to external pressure. But, note that the displacement v is not involved
when distortion of the element due to relative rotation of its opposite edges is

considered. Therefore, eliminating @, and @, can reduce the above six equations.

The axial loading and external pressure which will be imposed on cylinders in
this analysis, will be imposed in a manner which is symmetric with respect to
the axis of the cylinder. Then, in both cases, all points of the middle surface of
the shell, lying in the same cross section perpendicular to the axis of symmetry,
will have the same displacement. It is then sufficient to consider an elemental
strip ab of unit width as shown in figure 2-9, cut out from the shell by two axial
sections. This width will be considered very small in comparison with the radius.
Therefore the cross section of this strip can then be considered rectangular. An
element, dz, of this strip is subjected to the forces N, and N,dz in the middle
surface of the shell, and gdz normal to the surface of the shell, where ¢ is the
intensity of the load acting on the shell. Let us assume that the axial load is
constant, and therefore N is constant. The force NV, is dependent on the radial
displacements, w, of the points of the strip during deformation of the shell. The
strain of the middle surface of the shell in the circumferential direction is w/r.
By using equations 2.42, expression for the forces are obtained

FEt w
Ne = 1_—v5(€' - ":)

Et w
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Figure 2-9: Figure showing an elemental strip. Reproduced from [8].

From the above equations, we can see that N, and N, are related by the following

relation
Ny, =vN; — EEt. (2.69)
'

These forces give a component in the radial direction, per unit length, of

N
el B 1( N, — EEt). , (2.70)
r T

T

Due to the curvature of the strip, the longitudinal force, N,, also gives a radial

component of
N w". (2.71)

By summing up all these transverse loads, we obtain the differential equation for

the deflection of the strip:

Dw" = q+ ng = %Et + Now'”. (2.72)
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2.5 Axial loading of the cylinder

2.5.1 Literature survey

When a perfect cylinder of uniform wall thickness is subjected to axial loading,
buckling symmetrical with respect to the axis of the cylinder can occur at a
certain value of load in two possible modes. In the first of these two modes,
radial displacements are in the form of longitudinal waves along the length of the
cylinder, with these displacements being constant around the perimeter at any
point. This form of buckling is known as symmetric, or ring buckling. In the
second of these two modes, waves form in both the longitudinal and transverse
directions. This results in a ’chessboard’ effect, where there is a pattern of
rectangular depressions and bulges all over the surface. If loading is continued
during this second mode of buckling, the cylinder snaps through to another state
of equilibrium associated with a smaller axial load. The rectangular shaped
depressions and bulges now become a depressed diamond shape. This is known
as Yoshimura buckling. An illustration of these forms of buckling can be seen

in figure 2-10. Due to the well-known difficulties of solving nonlinear differential
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Figure 2-10: Ring, chessboard and diamond buckling forms. From [37]
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equations, the critical value of the axial load, P,,., will be found using the energy
method. As long as the shell remains cylindrical, the total strain energy is the
energy of axial compression. But, once buckling begins, the strain of the middle
surface in the circumferential direction must also be considered. Therefore, the
strain energy of the shell is increased. At the critical load value, this increase in
energy must be equal to the work done by the compressive load as the cylinder
shortens. As shown in chapter 1.1, equation 1.7, the radial displacement for ring
buckling is considered to be

. mnT
w = —Asin

The strains €, and €y, in the axial and circumferential directions respectively are
found by assuming that the axial load remains constant during the buckling. The
axial strain of the unbuckled cylinder, €y, at the critical load is given by

€ = —%’. (2.73)

From equation 2.42, the axial strain after buckling is (€ + vey)/(1 — v?), and

therefore
€ + vea = (1 — 1¥)g. ' (2.74)

The circumferential strain in any section due to radial deflection is w/r, and
there is also a further circumferential strain due to Poisson’s ratio. Therefore,

the circumferential strain is:

€ = —Vey — 2 (2.75)
T
Similarly, the axial strain is:
€1 = € — u%. (2.76)

Due to the complete symmetry of the deformation, there is no shear strain, no
change in curvature in the y-direction, and no twist of an element of the shell

wall. In terms of their variables:
Yay = 61; = ,B:ry = 0. (2.77)
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The change of curvature in the axial plane is

Pp=a"= A sin . (2.78)

When these expressions are substituted into the equation for strain energy due

to bending and stretching, equation 2.45, the following is obtained

4,..4 (4 2
U = DA*rriZ 0 4 arlEtel — 2ntLrey | Asin T2 dx + Bbals A
2!4 0 I 27‘
(2.79)
The strain energy in the cylinder before buckling, Uy., is given by
Use = // %NxegdA = wriEtel (2.80)
and therefore, the change in strain energy during the actual buckling is
AU = U — nrlEte;. (2.81)
By substituting in equation 2.79,
4,4 e 2
AU = DA*nrl =2 21rtEvegf Asin 2 4z + Zinia ;
204 0 l 2r
(2.82)

The work done by the external axial load during buckling is equal to the end-load
on the cylinder multiplied by the shortening of the axial length due to bending,

and to the change in axial strain, €; — ;. The work is denoted by AT, and is

given by
F A2 2.2
AT = g4t - 27y AT.ml‘n' — (& -—-eo)]

(A2 m2n? w

= Ot - 27T T A (—v?)] (2.83)
[ A2 2.2 ¢

= Ot - 27T A— Lol + E/ Asin 2% 4] .
| 4 l ™ Jo l

Equating the increase in strain energy, AU, to the work done by the compressive
load, AT, and substituting in the expression for ¢y yields

m2n? EI?

O =B Pt T P

(2.84)
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Assuming there are many waves formed along the length of the cylinder during

buckling, and also considering P,, as a continuous function of = /I:

doer
_d(vnw/l) =0 (2.85)
which occurs at
o (2.86)

l r2D’

Substituting this into equation 2.84 yields a minimum buckling load of

O = %\/EDt = s (2.87)

r/3(1 — nu?)

This form of the equation was given in [37], but numerous other references

([55],(65]) quoted this equation as

2
A (2.88)

rv/3(1 — v2)
where P, is the critical buckling load. Clearly, in this form, the units for the
load are incorrect. However, in [8], it is stated that this critical load is in fact
the ‘critical value of the compressive force per unit length of the edge of the
shell.” This was not stated explicitly in [55] and [65], and some confusion arose.

Therefore, as given in [24] and [36], the critical value of the buckling load is
I . .. 1 (2.89)
This relationship is shown in figure 2-11.

The expression for radial displacement in initial chessboard buckling, to take

account of circumferential as well as longitudinal waves, is assumed as

. mn
w = —Asin 7

- sin nf (2.90)

where w is as shown in figure 2-12. Proceeding as before, it can be shown that if

m, and therefore m?n%r?/I? is a large number,

oo = D[ 2 <m«rr/n2)2] B(mrr /1) 2.91)

tl ri(mnr/l)? (n2 + (mmr)1)2)*
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Figure 2-11: Graph showing the relationship between the buckling load and radius to wall

thickness ratio.

Figure 2-12: Figure showing the definition of variable w. From [37]
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To check this expression, if n = 0 (ie. no circumferential waves as for ring
buckling), this expression coincides with equation 2.84. As before, minimising

to find the lowest value of P, yields

Et
Y, T S ol AU 2.92
T r/301 = 1?) e
where P,. = o,2nrt, and this occurs at
n2l? + m2n?r? Bt \+
= ' 2.
mmrl (TQD) 2.95)

These two equations were used in references [37],[(8] and [43].

Instead of using the energy method as above, it can be shown that the differential
equations for symmetrical deflection can also be used in calculating the critical

load. This development can be seen in appendix A.

Since predictability of initial buckling is sought, postbuckling loads and stresses

are not investigated.

2.5.2 Numerical Analysis

Simulations were run on MSC Nastran for Windows v4.5.1 to compare numerical
testing with the presented theory. The analyses were conducted on cylinders with
a mesh of 120 elements along the circumference and 12 elements along the axis.
Such a model of a cylinder is shown in figure 2-13. Finer meshes were used, but

the improvement was very limited. This is discussed in chapter 1.2.

Cylinders of radius 11.43m (37.5ft), corresponding to SASOL’s F7110 tanks, were
used with various wall thicknesses for various lengths, and the buckling loads were

determined.

The trends of increasing critical pressure with increasing wall thickness to radius
ratio can be clearly seen in figure 2-14, where numerical results are compared

with the theoretical curve from equation 2.89.
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Figure 2-13: The initial model for numerical analysis of perfect cylinders.
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Figure 2-14: Figure showing the numerical results compared with theory.
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In the above graph, the experimental values are compared with the theory
developed, and they co-relate fairly closely. A table showing the exact cylinder

dimensions used in the simulations is shown in appendix B.

An exaggerated chessboard buckling form can be seen in figure 2-15.
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B

Figure 2-15: Chessboard buckling pattern.

According to Donnell [7] the experimental tests reflect that, except for very short
cylinders, the exact degree to which the ends are fixed has little effect on the
buckling strength. His tests indicate that the end conditions can be neglected
even when the length to radius ratio is considerable less than one, and this study

includes cylinders down to a length to radius ratio of only 0.769.
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2.6 Lateral external pressure

2.6.1 Literature survey

As stated before, the external pressure and combined loading problems are
best examined using differential equations, using assumed functions for the
displacements u, v and w. In order for the equilibrium equations for external
pressure to be examined, it is assumed that all the edge forces except N, are
small, and the products of these terms with the derivatives of displacements may

be neglected. Equations 2.64 then reduce to
0 =rN. + Ny — N, (¥ — ')
0=N,+rN,—@Q, (2.94)
0==‘"Q;+Qy+Ny(1+-§+ %) + qr
It is then also assumed that all bending and twisting moments are small and the
products of these with the derivatives of displacements may also be neglected.

Since we are dealing with external pressure, which is in the z-direction, @, and

@y can also be eliminated. Equations 2.67 are then reduced to

Mf (2.95)
Qy = __;g ~ My

By substituting equations 2.95 into 2.94, we reduce the initial six differential

equations to the following three
0 =7N.+ Ny — N, (v — w')
T ! M !
0= Ny+rNg — —;‘—’- +M., (2.96)

0=M;=+TM£+79—M;y+Ny(I+;+*;)+qr
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As for flat plate analysis, the relationships between M,, M, and M,,, and the

curvature changes (., f, and f3,,), are derived from equations 2.12 and 2.21
M, = —D(B: + vfy)
M, = —D(B, + vf3.) (2.97)
M,,=-M,,=—-D(1—v)B,y

The middle surface strains and curvature changes are linked to the ordinate

displacements, v v and w, by the following relations:

El':-’v'.al-"I
v ow
€= ———
i g
1}‘ /
¥y=—=-4v
T, (2.98)
6:n=w'

| P
By = ;ﬁ'(” + W)
1 "
ﬁzy = 1”_2(1}: * w’)
If these are substituted together with the relationships found in equations 2.42,

through equations 2.97, into equations 2.96, the equations of equilibrium are

I 5 ) ROV SRN SN ¢ Gk ) DOV € B )

O =nufd Sa—ril —iwru Fgrma (v — w') + 5 U

0= (lzy)m% e 5 M) 2l 5 (120 12(L = )

0=rve +9—w— k(T + (2 - v)r2" + r'w" + i + 2r2i") (2.99)
B o (1 — v2) -
5 (w + )

Donnell showed that these equilibrium equations could be simplified, with very
little loss of accuracy. Remembering that rd8 = 9y for cylinders, the equations

then become:

(1—u)62u+1+1/6_v’
2 oy? 2 Oy
v (1-v), (+v)od 10w
BET B3 " B By

0w
0=DV*w+argy

!

Uzun_l_

v
—
T

0=

(2.100)
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a(-) | 20(r) o)
o5 T B2op T oyt -

where V4(---) is the usual operator of
By manipulation of these equations, a single relationship can be obtained:
Et
DV®w + —w" + v‘*gm =g (2.101)

Therefore, the problem of determining the critical external pressure is reduced to
solving the above three differential equations, and satisfying boundary conditions.
If, for example, the ends of the cylinder are simply supported, the boundary
conditions require that w and 9*w/dz? become zero at the ends. Also, if the
length of the cylinder is [ and the axes of reference are taken at the middle cross

section, the following expressions are assumed for v v and w :

: . TT
u = Asinnf sin —

l
v = B cosnf cos TZ—I (2.102)
w = C sin nf cos -rrz_x

These expressions show that during buckling, the shell deflects to half a sine curve
wave while the circumference is subdivided into 2n half waves. When these are
substituted into equations 2.99, the following equations emerge

0= A(—x2 ~ %nz) + B((l—;—f—)-nx +nx¢) +C(v+9¢)x

0= A((l +u)nx) - B((l——”—)x2 +n? +n’k + k(1 - V)x2)

2 2
— C(n + kn® + knx?)

0= Avx - B(n P . V)mxﬂ) (2.103)

- C(l + kxt + kn'2rn?x % + o(1 - nz))

where the variables x, k and ¢ are defined as

o T
X=7
t2
K=o (2.104)
_qr(1 —v?)
¢= Et
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Thus, simultaneous equations in A, B and C result, and these yield non-trivial
solutions if their determinant is zero. In this manner the equation for determining
the critical load is obtained. This is shown in Timoshenko's work [8]. The small
terms, which have very little effect on the magnitude of the critical pressure, are
omitted. The following expression is then obtained for the buckling of a perfect

cylinder
NIPINE), S SEEN S
der = 21— ) \r Ey-1 r L(n2 —1)(1+( % -

where n is the number of lobes or waves in a complete circumferential belt at

collapse.

This formula was developed by Von Mises in 1914 [2]. The accuracy of this
formula was confirmed by Windenburg and Trilling in 1934 [6], where Von Mises’
formula was compared to other approximations and experiments. Thus, it forms
the theory on which modern literature on buckling of thin cylinders is based.
Windenburg and Trilling also note that in formulae in which n appears, the
integral value of n which makes ¢, a minimum must be used. The minimising
of n can be determined by the usual method of differentiation with respect to
either n or some function of n. The calculated value of n may be fractional,
thus, the correct value of n should be the closest integer. However, von Mises
recognised that not all buckling formulae could be treated in this manner, and
he used an iterative method to develop a chart to determine the number of nodes
which yields the lowest buckling pressure. An example of this method will be

illustrated in the next section, where hydrostatic pressure is considered.

If, as an alternative, Donnell’s equations are used, the solution is

= E (E)a (1+ (m,l/'frxr)?)2 Et 1
o 12(1 = v2) \r et T n2(1 + (nl/m')2)

(2.106)

Windenburg and Trilling [6] state that the formula developed by Southwell [1]

was derived as an approximation to von Mises’ formula (equation 2.105) and it
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is as follows

E N s .. BR 1
o= 12(1—u2)(?) =1 +T[(nl/7rr)“(n.2- 1)]‘

(2.107)

Windenburg and Trilling found in 1934 [6] that this formula gives values of
collapsing pressure which are about six percent lower than those obtained by
equation 2.105. Southwell obtained his formula independently, before von Mises’
research publication appeared. Equation 2.107 gives distinctly separate curves for
successive integral values of n when ¢, is plotted against //r for a constant t/r.
Southwell later showed that a single hyperbola could be found that represented
the envelope of family of curves very closely for the various values of n with ¢/r
constant [3]. The equation of the hyperbola he found was

16V B (£)?
T a—met ()

r

(2.108)

Figure 2-16 illustrates the dependance of ¢ on the wall thickness to radius, and

length to radius ratios. Southwell also proved that this formula can be used

Figure 2-16: Figure showing the relationships of Southwell's hyperbola 2.108.

safely to determine the bucking pressure of short tubes, as it errs on the side of

safety. An alternative form of the previous plot of g.. can be seen in figure 2-17,
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Figure 2-17: Plot showing Southwell's hyperbola in equation 2.108 for various intregral

values of t/r.

for various integral values of #/r for carbon steel. Armenkas and Herrmann [19]
took the effect of the change, during deformation, of the magnitude and direction
of the buckling load into account, unlike all the previous investigations. Their
expression for the value of the critical buckling external pressure is

(gi_)2 ] N T2 E3 (;_1;)2 +4 - 2:/] .

- w2Et =
e = 2, 14 (%)2 12(1 — v2)i2r 13 (%)2

(2.109)

Unlike equation 2.105, Southwell’s formula (equation 2.107) is differentiable, and
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the equation obtained after differentiation is

6 (n® —1)2 - 36(1 — Vﬂ)(ﬂ)“ - 36(1 — v2)n!
it = 2per Oh OO

The author would like to note that this formula is incorrect in Windenburg and

(2.110)

Trilling’s study [6], whereby the denominator in the first term was not squared.
However, they correctly went on to show that a good approximation for the
minimising of n is obtained by neglecting unity and 2/3 in comparison with n?,

and it is given by

_ a6y (1 — v2)m?
"= \/ e (2 A11)

Again, the nearest integral number should be used. The different theories are

compared in figure 2-18.

4Es04 SEV4 SEv04 TE4D4 BE+D4 SE+O4
2
v-()(E)
r t

Figure 2-18: Figure showing a comparison of the various theories for lateral external

pressure.

The relationship between n and [/r and ¢/ can be seen as a 3-D plot in figure 2-19

or more specifically, for integral values of t/r, the dependance can be more clearly
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Figure 2-19: 3-D Plot of the relationships in equation 2.111.

seen in figure 2-20. As the length of the cylinder increases the number of lobes
into which the eylinder buckles decreases, and as the wall thickness decreases the

number of lobes increases.

In 1931, Saunders and Windenburg [5] compared the values of n obtained by
the above equation and by equation 2.107. with the number of lobes obtained by

experiment. The respective values are shown as a bar graph in figure 2-21.

2.6.2 Numerical Analysis

Using the same variables to represent the results as in Showkati and Ansourian’s
research [63], the results of the lateral external pressure buckling analyses as
compared with the theoretical curve obtained from Von Mises’ equation (equation
2.105) are shown in figure 2-22. The discrepancy between theory and the results
obtained in Nastran can be mainly attributed to the linear buckling analysis mode
(discussed in chapter 1.2). From figure 2-23, one can see that as the cylinder
radius to wall thickness ratio increases this discrepancy increases too. Therefore

it becomes more inaccurate as the wall thickness reduces.
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Figure 2-20: Figure showing the relationship between the length, thickness and radius ratios

and the number of lobes into which the cylinder buckles.
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Figure 2-21: Graph showing the results of Southwell's investigation of theoretical and

experimental values for n.
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Figure 2-22: Lateral external pressure numerical analysis results compared to Von Mises’

theory.
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Figure 2-23: Figure showing the disprepancy between numerical analysis results and theory.
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2.7 External Pressure - Both lateral and axial

2.7.1 Literature survey

There are many cases where thin cylindrical shells are subjected to an external
pressure both axially and laterally (hydrostatically), and this will be investigated

in this section.

The three differential equations of equilibrium for determining the three ordinate
displacements can be written using equations 2.100 for the case of external
pressure and equations A—4 for the case of axial compression. Using the notation

for the lateral and axial effect respectively

_ (-7 __1-v%
¢ = — Et P2 = = (2.112)

the differential equations are

(1+w) (1-v)
2

5 U

0 =ru"+
1+v)
2

ro’ — vrw' + réy (v — w') +

l—-v 4,

0= ri + ——r'v + 4 — b + k(D + W

+ 7?0 + (1 — v)") — rPon”
' 2.113
v 4+ —w — k(0 + (2 = v)r*d” + r'w" + W+ 2r*0")= ( )

& (w + ) + Gor2w”

By taking the same expressions for displacements as for axial compression
(equation A-5), and substituting these into equation 2.113, we obtain three linear

equations

1+ v ]
——2—mxn

1—
0=A|m’*+ Tynz(l + k) — ¢1n® + pom®x*| + B

j .
+C [—umx - n(m3x3 =z yanx) *qhmx]
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I"1rz_1rn.)(“ + B

1 —
n? + —— szxz(l + 3K) — p1n® + ¢2m2x2]

+C [n + Vnnm2x2 - ¢1n] (2.114)

l—v
knm? x2

0=A|:-Vm.x——fc(m3x3— n+

nzmx) - c;blmx] + B

- ¢1ﬂ] +C|1+ K(m“){l + 2n°m?x® + n' — 2n% + 1) — ¢n’® + ¢2m2x2]

As before, the critical value of pressure is obtained by equating the determinant

to zero, and can be written in the following form (8|

Cy + Cak = C3¢y + Cy (2.115)

where the coefficients are :

Ci = (1 —v¥)m*x*

Cy = (m?x* +n?)" - 2[vm®xS 4 3m*x*'n? + (4 — v)m®x*n* + n°] + 2(2 — v)m®x*n® + n*
O = nz(mzxz + n2)2 = (3n2m2x2 s n“)

Cy= mzxz (mzxz K n2)2 E mzxznz

Equation 2.115 represents a linear relation between the quantities ¢, and ¢q. If
m were kept constant, a system of straight lines would result for the different
integer value pairs of n and m, as shown in figure 2-24. The portions of these
lines can be used to determine the critical pressure. The origin represents the
unloaded shell. As the shell is gradually loaded, the corresponding diagram point
moves along some path (shown by the finely dotted line in figure 2-24). As long
as it does not meet any of the curves, the shell is in stable equilibrium. But as
soon as one of the curves is reached, the equilibrium becomes neutral, with the

buckling mode being defined by the parameters n and m.

Any axial pressure makes the critical value of the lateral pressure decrease, and

any lateral pressure makes the critical value of the axial pressure decrease.
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From equation 2.115, the critical pressure, as given by Von Mises in 1929 [4] is

= _E;'E (n2 + ll(m'/l)z) [( 2 *11 2.4 )" e (1 —..‘;1/2)(“'2 +x)
’ PR (2.116)

This equation was found to be very accurate when compared to experimental
data, and was deemed the best instability formula for vessels subjected to both
radial and axial pressure by Windenburg and Trilling in 1934 [6]. A graphical

representation of this relation can be seen in figure 2-25 for n=15.

At the US Experimental Model Basin, a formula was developed which is a close

approximation to equation 2.116 :

5/2
L
2.42F (2)

Qer =
=P [,
e = 0.45 5‘;

(2.117)

A graphical representation of equation 2.117 can be seen in figure 2-26.

It is a very simple formula, independent of n, but it still coincides closely to

equation 2.116, the average deviation being about one percent.

Armenkas and Herrmann [19], as before in the case of lateral external pressure,
took the effect of the change of the magnitude and direction of the buckling load
during deformation into account. Their expression for the value of the critical

hydrostatic pressure is

= (%)

ch lzr

T B [(%)2“ 5 2"]

= (3—:)2} = 1- (%)2 | (2.118)

This problem can also be solved using the famous Donnell equations, yielding

_ l(”(%)2)2+ 12(5)vi-7
TR (e @) (@)
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Figure 2-25: 3-D Plot of equation 2.116.
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Figure 2-26: Figure showing the relation obtained by the US Experimental Model Basin.

Allen and Bulson [37] showed this to compare closely with Windenburg and

Trilling’s test results of 1934, except at a low Batdorf parameter, Z, where

Z = (I2/rt)yI—12 .

In their research, Windenburg and Trilling also devise a chart from which the
value of n must be taken to ensure that the critical pressure is a minimum and

this chart is shown in figure 2-27.

This chart was also compared to experimental data and found to be the best
known theoretical value for n. From figure 2-27, it can be seen that the number
of circumferential lobes into which the cylinder buckles increases as the length

and thickness of the shell decrease.
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Figure 2-27: Chart reproduced as descibed in Windenburg and Trilling's research [6].

2.7.2 Numerical analysis

As before, experiments were run on a range of cylinders with varying radii, lengths
and wall thicknesses. The results of the tests as compared with theory of the US
Model basin (equation 2.117) can be seen in fig 2-28. As N and therefore Z,

increases the error increases too.

The number of circumferential lobes into which the cylinder buckled is compared

with Windenburg and Trilling’s chart and is shown in table 2.1.

The number of waves into which the cylinder buckles as calculated by Nastran is
higher than the theoretical values as presented by Windenburg and Trilling. This

is continuous with the error of the buckling pressure.
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l T t | n Theory | n Numerical Analysis
12 9| 0.006 13 16
12 91 0.007 12 15
12 9 | 0.0085 12 15
12 9 0.01 11 14
12 91| 0.012 11 13
12 91 0.015 10 12
12 | 11.43 | 0.006 15 19
12 [ 11.43 | 0.007 15 18
12 | 11.43 | 0.0085 14 17
12 | 11.43 0.01 13 17
12 [ 11.43 | 0.012 13 16
12 [ 11.43 | 0.015 12 15
12 13 0.006 17 21
12 13 | 0.007 16 20
12 13 | 0.0085 15 19
12 13 0.01 15 17
12 13 | 0.012 14 17
12 13 | 0.015 13 16
14.63 9 | 0.006 12 15
14.63 91 0.007 11 14
14.63 9 | 0.0085 12 13
14.63 9 0.01 10 13
14.63 9 [ 0.012 10 12
14.63 9| 0.015 9 11
14.63 | 11.43 | 0.006 14 17
14.63 | 11.43 | 0.007 13 17
14.63 | 11.43 | 0.0085 13 16

Table 2.1: Table showing the number of lobes as calculated from theory and found

numerically.
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2.8 Combined hydrostatic pressure and axial loading

2.8.1 Literature survey

The loading case of hydrostatic pressure in conjunction with an axial load
has not been extensively researched, yet it is an important consideration when
vacuum tanks with a superstructure or holding tanks with an insufficient venting
system subjected to sudden temperature changes are in question. Hutchinson
investigated this loading condition for cylinders under external pressure [24] and
internal pressure [23], and extended his investigation to deal with imperfect
cylinders, which will be dealt with later. This investigation will be concerned
with determining the critical external (hydrostatic) pressure while in the presence

of a constant axial load.

Hutchinson [23] showed that the large-deflection Donnell equations yield a simple
solution for this loading condition. Bifurcation from the pre-buckling solution
occurs at a certain value of external pressure (for a given axial load). The load-
deflection curve falls after bifurcation. Therefore, this bifurcation value is the

buckling load.

The eigenvalue equation, modified from [23] for the case of perfect cylinders is
] 2 2 =
P 14792 4 ~in 2P
l—— ( 7)-{— 5 — 207 — 5| =

2 -y -
where ¢ = b@, P is the total axial load (ie. hydrostatic pressure on the top

as well as the axial load), v a free parameter chosen such that g is minimised and

(2.120)

P, is the buckling load of a cylinder subjected to purely axial loading (classical
buckling load). To find the upper bound estimate of the external pressure for a
given value of axial load, one must solve equation 2.120 for ¢ and then minimise

q with respect to ~.

Differentiating g with respect to v yields ten roots of 4. To obtain the critical
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buckling pressure, these roots of 4 would then have to be substituted into the
equation for ¢ which is

Bt (—8P(1+ %)%+ Pa(17 + 49* + 67 + 49° + 7%)
q =
8r2 (1 + 72)2(Et27r + Pyy2/3(1 — v?)

(2.121)

and the minimum value of ¢ is calculated selected. These roots, which can be

seen in appendix D, were found using Mathematica v4.1.

Tennyson, Booton et al [36] determined an interactive equation for the buckling
of cylinders subjected to both axial load and hydrostatic pressure. The equation

they developed in 1978 was

R,+ 1.5R, — 0.5R2 + R,R, = 1 (2.122)
where
R — Buckling pressure _ Yer
? " Buckling pressure with no axial load ~ Guassicat
R, Axial load P (2.123)

- Buckling load with no pressure B Prtnsstoat

This relationship was confirmed by performing tests on spin-cast plastic cylinders.

However, this relationship was disproved for steel by Galletly and Pemsing in
1982 [40]. Tennyson, Booton et al equation was found to be inapplicable to steel
cylinders, while accurate for appropriate epoxy plastics. Sharman [17] found that

the interaction curve approaches a straight line, and is given by
R+ R, =1 (2.124)
These relations can be seen in figure 2-29.

Galletly and Pemsing showed that this relation is true, but only for steel cylinders
with large values of Z (for Z >200), as seen in figure 2-30. The cylinders in this
study had Batdorf parameters ranging approximately from 1000 to 4000, which
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Figure 2-28: Figure showing the results of the tests as compared to the relation obtained
from the US Experimental Model Basin.

0.8
R 41
'5&*0.5@
0.6 RR. <,
" G
2
0.4 iy
0.2
0.2 0.4 0.6 0.8 1

Figure 2-29: Interaction curves
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Figure 2-30: Experimental interaction curves for various cylinders. Obtained from [40]

when looking at figure 2-30, can be seen to closely approximate the straight line.

Substituting in the expressions for R, and R, yields

P 4 c,.7rr2 -
Pt gurr? | o

= ] 2.125
P, = ( )
Therefore, for a constant axial load, the critical hydrostatic pressure is

_ Pyqa — Pqq

- = 2.126
Tr%qe + Pt ( )

where the classical buckling axial load and pressure are determined by equations

2.89 and 2.117 respectively.

This relationship is also clearly evident in Shen and Chen [50] in their plots for the
perfect cylinder case, where it is pointed out that for a large Batdorf parameter,

the interaction curve approaches a straight line.

2.8.2 Numerical Analysis

Analyses were performed on the usual range of cylinders. An axial load was

applied to the cylinder, and the hydrostatic buckling pressure determined. The
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axial load for SASOL’s F7101B tank was used which was reported to be 30000kg.
This tank is a 75ft (22.86m) diameter tank, which corresponds to the mid-range
of this study. The axial load comprises of the superstructure as well as the roof
plating. This axial load forms 0.4% of the classical axial buckling load for the

cylinder of dimensions [=12m, r=11.43m ¢=0.01m.

The numerical analysis results compared with equation 2.126 can be seen in

figure 2-31. where, again, at lower values of N and therefore Z the discrepancy

Q // MW
/

] ',‘-l/ i /—

‘ S

0 f(/./,/

20

500 1000 1500 2000 2500 3000 3500 4000
N
Figure 2-31: Combined loading buckling results for a perfect cylinder.
is smallest.

When these buckling results are compared with pure hydrostatic pressure
buckling, one can see that the axial load reduces the buckling load by a very

small margin, as seen in figure 2-32.

If this axial load is then varied, as the axial load increases the critical buckling
pressure decreases as expected. Various axial loads were tested for a particular

cylinder, and the results can be seen in figure 2-33.
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Figure 2-33: Graph showing the decrease of pressure bearing capability with increasing axial

load.
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Plotted as in Showkati & Ansourian [63] and comparing to hydrostatic pressure

buckling analysis values, this relation is clearly evident in figure 2-34.
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Figure 2-34: Graph showing the comparison of hydrostatic loading with varius cases of

combined loading.

The buckling results of the three forms of loading (namely lateral pressure,

hydrostatic pressure, and combined loading) can be seen in figure 2-35.

The expected trend of decreasing pressure loading capacity is clearly evident as
one progresses from pure lateral external pressure, to pure hydrostatic external

pressure, through to the case of combined loading.
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Figure 2-35: Graph showing a comparison of all loading conditions for perfect cylinders.
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Chapter 3

IMPERFECT CYLINDRICAL SHELLS

3.1 Introduction

The study of buckling of real cylinders must take into account the fact that
all constructions, however carefully made, do have defects sufficiently large to
initiate buckling and affect buckling load. The design of vessels subjected to
external pressure is different to the design of vessels subjected to internal pressure
because of the buckling instability external pressure produces. This factor is
evident in all research of buckling of cylinders whereby the correlation of actual
bucking tests with theory has been poor with seemingly similar test specimens
and techniques. These discrepancies were the subject of widespread controversy
but, now it is generally accepted that initial imperfections are the principle cause
of this disagreement. The imperfection, such as out-of-roundness, grows as the
external pressure is introduced and increased, whereas it is ‘cancelled out’ in
the case of internal pressure. The effect of small local geometric imperfections
is small in stiff structures such as thick-walled cylinders and it is therefore not
necessary to take them into account. However in more flexible structures such
as thin-walled vessels, these imperfections can dramatically reduce the buckling
load.

Deformation curves and critical stresses of the cylindrical shells, taking into
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account initial imperfections, was first explored by Donnell and Wan in 1950[10]

However, this analysis assumed that the initial imperfection has the same
shape as the buckling configuration. Since shape varies during buckling, this
assumption of similarity in shape is theoretically wrong. This was shown in the
general theory of Koiter [27] and [20]. Nevertheless, if it were true that in the
case of an imperfection that has the same shape as the buckled shape was the

most oppressive case, then this approach could furnish the critical buckling load

correctly.

One trend that is obviously prevalent, as is shown in Kollar and Duldcska’s
publication [43] which looks at previous research in this field, is that the
critical loads of imperfect cylinders decrease sharply with the increasing initial

imperfection.

In this chapter, available theory will be reviewed. But, as will be shown, the
nature of the imperfection considered throughout previous research varies greatly.
Therefore, charts will be presented based almost exclusively on numerical analysis
results. Since SASOL’s interest lies in out-of-round tanks as defined in the tank

code AD Merkblatter B6, out-of-roundness will be expressed as a percentage, and
is defined as :

u= 2[Mﬂ] x 100% (3.1)
Tmaz + Fain

For the purposes of the numerical analysis, the imperfect cylinders are assumed

to have an elliptical cross-section at mid-length. Figure 3-1 shows the variables

used and the characteristics of the imperfection. Therefore, the imperfection has

the form around the circumference of esin(26). For the numerical analyses, the

material is assumed to be carbon steel with the material properties shown in

appendix B.
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Figure 3-1: Figure showing the definitions of the variables used in the imperfect cylinder
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study.

3.2 Axial loading

3.2.1 Literature survey

The first documented investigation into the buckling of imperfect cylindrical shells
is reported to have been by Donnell in 1934 [7] and then later by Donnell and
Wan in 1950 [10]. In these publications an ‘unevenness factor’, U in the latter
and « in the former, are adopted and assumed to depend only on the method
of fabrication. It is also assumed here that the worst-case scenario is the case

where the initial deflection has the same general form as the buckled form. The
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expression for the initial deviation from the perfect cylinder was considered to be

cos - + beos AN + ccos erﬂ +d) (3.2)

wo = At (cos
r r

where A is the amplitude of the cylinder deviation and is given by A =
(U/7*)l,l,/t*, m is the wave shape ratio, n is the number of circumferential
waves and a, b, ¢, d are other arbitrary parameters to make this equation true.
This expression for the initial amplitude of deviation is derived in the paper [7]
from the case of actual columns. The variables [, and [, are the half wave lengths
of the deviations in the axial and circumferential directions of the cylinder wall
respectively. It was then shown that because most thin-walled cylinders in tests
and applications are made by bending flat sheets and this bending into a cylinder
tends to flatten out waves which are long in the circumferential direction (see
figure 3-2a) more than those which are long in the axial direction (figure 3-2b),

the initial amplitude becomes A = (U/7?)I2%123 /t? = Ur?/(m"*n*t?).

Donnell and Wan also went on to show that the value of the unevenness coefficient,
U, which is found to explain most experimental cylinder strengths can be given as

0.00015. In figure 3-3, the results obtained by Donnell and Wan for U = 0.00015

(@) (b)
Figure 3-2: Figure showing the effect of bending on the initial defects. From [10]

are superimposed on their test results. The theoretical curve fits the average of
the test group quite well. Unfortunately, this paper identifies the fact that these
curves are true for a specific value of b, ¢, and d, and that the initial deviation
from true is assumed to be idealised. It is apparent that in order to predict
the influence of the actual initial imperfections that occur in practice, one must

consider these real imperfections.

68



Theory (for U = 0.00015)——
Test points in regions ----———---

Theory for yielding of celluloid
Tests on celluloid specimens

Theory for elastic
buckling

—
- .

-,
~,
by
N,

—
-------
. = T

P ’

B ———

eory for yioldin; of mild steel
Tests on mild steel specimens
0 1000 l;/t 2000

s
--------

Figure 3-3: Donnell's results for U=0.00015. Obtained from [10]

In a move towards a more generalised curve, in 1965 Weingarten and Seide|21]
proposed an equation for a lower bound to the data obtained from experiments.
This method was introduced to overcome the increasingly sophisticated analyses
that were being developed. It was found that a good representation of a lower
bound curve for cylinders in the range 100 < 7 < 4000, 0.031 < { < § is given by

% = 0.606 — 0.546 [1 = e‘l’lﬁ\/"_/‘] + 0.9(%) 2(;) (3.3)
In 1969, Arbocz and Babcock[28] reported on buckling tests which for the first
time were based on manufactured cylinders. The imperfections were measured
by means of an automated scanning mechanism. These imperfections were
then harmonically analysed and represented mathematically by Fourier series.
This study also showed that asymmetric imperfections made the cylinder more
sensitive to axial loading, therefore asymmetry had to be considered as well as
modes other than buckling modes had to be considered. This immediately reduces
the amount of viable research performed in this field, as numerous researchers
based their research entirely on axisymmetric imperfections. Arbocz then went
on to publish an Imperfection Data Bank in 1982 [39] which reviews imperfections
surveys performed for various different fabrication methods. This publication
proves useful for weight critical, low margin of safety applications such as the

aerospace industry where the high cost of such an analysis can be absorbed.
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This was then refined in 1995 by Arbocz and Hol[59], where they attempted to
develop an ‘improved shell design criteria’ for cylinders subjected to axial loading.
The improvements with respect to the existing shell design procedure was sought
by the definition of a ‘knock-down’ (reduction) factor, applicable to a particular
fabrication method. A full-scale model was produced to accurately ascertain
the imperfections particular to that fabrication method. A stochastic (a random
variable having a probability distribution) stability analysis was also performed to
develop a method for checking the reliability of shells using statistical measures of
the imperfections involved. Arbocz and Hol then concluded that in order for this
approach to work, the companies involved in the production of shell structures
must carry out complete imperfection surveys on a small representative sample
of their shells. Again, this is viable in industries where the high cost of this can

be absorbed.

Jamal, Midani et al[65] found analytically that the reduction in critical load due
to a localised imperfection was proportional to A%?® where A is the amplitude of
the imperfection. They also went on to propose formulae to predict the reduction
in the critical load, as well as a correction of this formula once it was found to

underestimate the reduction. The formula they proposed (simplified) was

Po _ | _ 5Bt 2[9(0-14(1 — B2)2(62 + 62) + 0.8(1 + B%)8}) ( A\*?
ARt 9

8(1 + B2)2 7

(3.4)
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where

axial wavelength

g = circumferential wavelength
y _ VEE/EAE
2n
B = -—-—-—L
12(1 — 12)
A/ —_ 2 i )2 n(l 2 n{l-— 2
6(1 = - I?I(_l 62;/ )-g ]_-{-e_(%%-) -{-e_(_(_}ﬁ.i_aﬁ) +e‘(—iﬁ;ﬁ) :|

— T 148210\ 2
5 = \/1271'(1 Vi) C 1+e_(_(_+ﬁ;ug)]

0. = 1?;?(_1;2;/2 f l4+e ( ) +e (ﬂl_:;;)g) +e_(ﬂ%ﬁ‘;ﬁ)2]

and C is the width of the imperfection.

For practical purposes, Croll [60] proposed in 1995 that the reduced stiffness
method for the analysis of shell buckling could be used. Croll theorised that this
method had reached the stage where it could be profitably adopted as a basis for
improved shell buckling design methodology. This method was first introduced
by Weingarten and Seide, and is outlined on page 69. |

In 1999, Yamada and Croll [66] theoretically demonstrated the physically based
theory of the reduced stiffness method. It was shown that the reduced stiffness
was relevant even for initial imperfections having very different wave lengths.
Therefore, the modified expression for the reduced stiffness lower bound to elastic

buckling is given by

B A . (3.5)
Pa 2-v2—v42/22/3

and is shown in figure 3-4. The dominant buckling mode having a single axial
half-wave and a characteristic circumferential half wave number, was shown to
conform closely with that predicted from a reduced stiffness analysis. The lowest

recorded non-linear buckling loads were shown to be accurately predicted by the
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Figure 3-4: Plot showing the relationships in equation 3.5.

modified form of the reduced stiffness critical load. The authors concluded that
the modified form of the reduced stiffness method provides a simple yet safe
basis for the design of axially compressed cylinders, particularly for the design of

cylinders where weight is not an issue.

A very useful contribution according to Allen and Bulson [37], has come from
Koiter who examined the peak stress in cylinders with initial displacements. He
showed that the following relation existed between the reduction in buckling load

and the cylinder parameters:

P, A P.A* 4
Pit (1 B P_d) 27(1 — v2) 3:8)

This relationship is shown in figure 3-5.
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Figure 3-5: Plot showing Koiter's relationship for the reduction of buckling load.

3.2.2 Numerical analysis

Cylinders of the same basic dimensions as those simulated for the case of perfect
cylinders were analysed here, but with a mid-length elliptic cross-section instead

of a circular one. An exaggerated view of an imperfect cylinder can be seen in

figures 3-6 to 3-8.

Figure 3-6: Top view of exaggerated imperfect cylinder.

Imperfections in the range 0.5%-2% were analysed, and the results recorded.
Imperfections in this range were considered because in the appendix to AD-

Merkblatt B6 : Cylindrical shells subjected to external overpressure, it is stated
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Figure 3-8: Side view of exaggerated imperfect cylinder rotated 90° to figure 3-7.

that : “According to AD-Mekblatt HP1 Table 1, out-of-roundness may not
usually exceed 1.5% in the presence of external pressure stresses and where the
(t/2r) ratio does not exceed 0.1.” Numerical testing was then performed in MSC

Nastran as before.

The buckling pattern was found to be asymmetric, with pronounced waves along

the minor axis of the ellipse. The buckling pattern can be seen in figure 3-9.

The results of the numerical analysis under axial loading for various degrees of

imperfection for the cylinders examined are shown in figure 3-10.

The decrease in load carrying capability due to the increase in imperfection can
be clearly seen. It is also important to note that the effect of the imperfection

becomes more pronounced as the thickness decreases.
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Figure 3-9: Buckled imperfect cylinder /=14.63m, »=11.43m, t=0.015m and ©=2%

The dependence of the buckling load on the eccentricity can also be seen in figure

3-11, where the buckling load sharply decreases as the eccentricity increases.
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Figure 3-10: Numerical analysis results for the reduction in buckling load for various degrees

of imperfection.
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Figure 3-11: Plot showing the reduction in buckling load for varying eccentricity ratios.
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3.3 Lateral external pressure

3.3.1 Literature survey

No previous research was found that concentrated solely on pure lateral external
loading of imperfect circular cylindrical shells, Since, in practice, pressure is
exerted on all faces, only hydrostatic pressure loading of imperfect cylindrical
shells was considered. The survey of this form of loading is considered in the

next section.

3.3.2 Numerical analysis

An exaggerated view of the buckling pattern can be seen in figure 3-12. which is

seen to be non-axisymmetrical. The results for the numerous buckling analyses

- ol
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474306

Figure 3-12: Deformed cylinder I=14.63m, r=11.43m, +=0.15m and u=2%
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performed are plotted in figure 3-13. It can be seen that the buckling pressure

decreases as the imperfection increases.
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Figure 3-13: Results of numerical testing for various values of imperfection.

However, as the out-of-roundness increases to 2%, it can be seen that at low
values of N, the buckling pressure does not decrease significantly from that of
out-of-roundness of 1%. It was actually found that beyond some critical out-of-
roundness the strength of the cylinder tends to increase again. This behaviour
of decreasing sensitivity for increasing out-of-roundness beyond a critical level of
imperfection was also found by Guggenberger in 1995 [61], and his results are

reproduced in figure 3-14.

This trend in the results can be more clearly seen in figure 3-15 where the
reduction in external buckling pressure is plotted versus the eccentricity to wall-

thickness ratio.
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Figure 3-14: Results of Guggenberger's tests. Reproduced from [61].

1 $ee i -
’..l?’."v -
09 :.0* :." - . - - . -
h :“':' 0’:2,; 8% = .o
. e i+ B : - e *
08
-
» -
. *

9 o7 - _ .
Qa

086

05

04

0 5 10 15 20 25

-0

Figure 3-15: Behaviour of the reduction in buckling load as compared with the eccentricity

to wall thickness ratio.
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3.4 External hydrostatic pressure

3.4.1 Literature survey

In 1952, Holt [11] developed a procedure for computing the allowable out-of-
roundness of a circular cylindrical shell subjected to external pressure. In this
paper it was reported that the equation for computing the strength of an out-of-
round cylinder is

Sut

14 A E(ﬁ2—1+u-'—f{3)f§

2 (1-02) (gur—ger)

where 72 is the number of lobes in the initial out-of-roundness pattern, which can

iy = (3.7)

be seen in figure 3-1. Holt also developed an equation for the maximum amplitude
which is applicable to conditions with elevated temperatures but, this will not be

explored in this study.

Along with Holt’s equation, another simpler equation was proposed for the

reduced buckling load in [26], where the reduced buckling load is found to be

Syf
Qer = L5u(1-0.4%)

S T

"

(3.8)

and is shown in figure 3-16.

Galletly and Bart [13] derived an equation for the reduction in buckling pressure
for the case of external hydrostatic pressure in 1956. It was assumed that the
initial imperfection in the cylinders were similar to one of the modes of buckling.
But, actual shells never satisfy this condition. The equation they derived which
expressed the initial pressure was

(D)

£
t
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Figure 3-16: Plot showing the relationships in Holt's equation.

where

Sy

2ty \
- (2)
TQer

2.2

B vm? + x* +2(1 — v*) oa)?
a : 2 BY®. X
m? +vx? + 2(1 — V)i ey

m2 + vx? +2(1 — v2)L =

Yo 3¢ -

t (m24x2)?

2q.1(1—v?) (_:_—_)3
E t

= Yield strength of the material.

In the derivation of this expression, it was also assumed that the initial

imperfection is small (with an order of magnitude of the shell wall thickness),

which is limited in the context of this study.

When Donnell [14] initially explored the effects of imperfections of cylinders

subjected to external hydrostatic pressure in 1956, he assumed the same

unevenness factor as in his previous collaborated study [10] of cylinders subjected
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to axial compression in 1950 with Wan, outlined in chapter (3.2) on page 67. But
this study was inconclusive in respect of the fact that a reduction formula was

not found.

Lunchick and Short [15] focussed their research on the buckling of imperfect
shells with an ‘accordion’ initial deflection in 1957. This nature of imperfection
occurs in stiffened cylinders and is caused by shrinkage of frame weld-joints. The

imperfection equation they used was

2
wy = ?—e (:r - :BT) (3.10)

This expression for the initial imperfection does not hold true for the present

study, as the imperfection is considered to be axisymmetric.

Abdelmoula et al [51] studied the buckling of imperfect cylinders due to external
hydrostatic loading in great detail in 1992. Distributed imperfections, localised
imperfections and combinations thereof where considered and reduction formulae
for each case obtained. They even considered the separate cases of a localised
imperfection and distributed imperfections being in phase and out of phase. This
study was limited to applications where the Batdorf parameter (Z) was large

(Z = 500). The reduction formula they calculated for the case of distributed

er 31"' i 3 *
?q.; = 4.7511—“3\/2"1/ (?) (3.11)

and is shown in figure 3-17. Thus the reduction formulae for both axial loading

imperfections is

and hydrostatic pressure are proportional to (-‘})2’} 3 using the same method.

Yamada and Croll analysed imperfection sensitivity in cylindrical panels in 1989
[46] and cylinders in 1993 [54]. In both cases the equations of equilibrium
were formulated using the principle of total potential energy. The imperfection

distribution was represented by the harmonic expression

wy = Acos % sin %E- (3.12)
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Figure 3-17: Graph showing Abdelmoula et al [51] relation for the case of distributed

imperfections.

where the origin of the co-ordinate system was taken to be on the surface of
the cylinder at mid-length. The 1989 study concluded that the complexity
of the buckling behaviour displayed by this shape of shell was shown by the
use of numerical experiments using various levels of geometric. imperfection.
Both studies noted that classical buckling analysis provided an unreliable upper
bound to buckling pressures due to imperfections and that the reduced stiffness
analysis provided a close lower bound to cases where imperfection sensitive loads
are applied. Although no conclusive relation between the reduced buckling
load, cylinder parameters and imperfection parameters was acquired in either
study, these papers aided to enhance the understanding of buckling of cylinders

subjected to imperfection sensitive loading case of external pressure.

Croll [60] later reviewed the developments of the reduced stiffness method for
both axial loading and external pressure, from its early developments onward
in 1995. By comparing numerical experiments and experiments performed by
others, Croll concluded that this method is shown to provide a safe prediction of

buckling loads, without the need of mathematically examining the imperfection
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itself.

The ASME Boiler and Pressure Vessel Code UG-80(b)(1) [38] requires that the
difference between the minimum and maximum diameters does not exceed 1% of
the nominal diameter. Also, in code UG-80(b)(2), in order to detect flat spots
and bulging caused by fabrication, a second requirement is that the maximum

deviation from a true circle does not exceed that given in figure 3-18 when
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Figure 3-18: Figure obtained from 1980 ASME code [38].

measured over twice the arc length given in figure 3-19.

Jawad and Farr [47] identified that the curves in figure 3-18 are based on the
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formula

e = 20 +0.015n.

¢ n(g)

This formula is based on an analogy between a cylindrical pressure vessel and a

(3.13)

column by considering the cylinder to be made up of a series of columns. Harvey
[44] then went on to show how this formula was derived, and showed that the
equation for intermediate length cylinders was
e _ constant
¢ n(D)

It was noted that it was found by experiment that a certain eccentricity has less

(3.14)

effect on the collapse pressure of a long cylinder than on a shorter one, of the same
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thickness and diameter. This means that the allowable out-of-roundness decreases
with decreasing length until a certain limit is reached and the e/# curve flattens
out and continues parallel to the [/ D, axis, where here D, is the nominal diameter.
Likewise, the allowable out-of-roundness increases with increasing length until a
critical length is reached and the e/t curve flattens and continues parallel to the

l/ D, axis. Therefore, the basic equation 3.14 is modified to reflect this behaviour

e a
e e A5
: n(%)-!-bn (3.15)

The values of @ and b are then obtained such that the equation satisfies

experimental results.

The control of imperfection, including eccentricity, ovality, bulges, dents and flat
spots is vital if buckling under external pressure is to be avoided. It has been
shown that collapse finally occurs at the location where the initial deviation from
perfect is the greatest. Therefore, safety codes and regulations have established
allowable deviations in overall out-of-roundness and local eccentricities. It is also
required that these be verified by measurements taken around the circumference

and at intervals along the length, which is the purpose of figure 3-18.

3.4.2 Numerical analysis

Cylinders were simulated in MSC Nastran as before and the buckling pressures
noted. The buckled form of a cylinder subjected to hydrostatic external pressure

is shown in figure 3-20.

As expected, since the axial load is quite low, the buckled form similar to that of

lateral pressure.

When the reduction of buckling load is plotted versus the eccentricity to wall-
thickness ratio as in figure 3-21, a similar trend to that shown in figure 3-15 for
the case of lateral external pressure where the strength of the cylinder eventually

increases with increasing eccentricity.
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Figure 3-20: Deformed cylinder which is subjected to hydrostatic pressure. [=12m,
r=11.43m, +=0.01m and u=2%.

The reduction in buckling load for increasing out-of-roundness is clearly seen in

figure 3-22.

3.5 Combined loading

3.5.1 Literature survey

Very little research has been published on the topic of buckling of imperfect
cylinders subjected to combined loading. Hutchinson considered the simultaneous
action of internal pressure and axial loading [23] and then modified this study to
include external pressure and axial loading [24]. Unfortunately for the purposes
of this study, the initial imperfection was considered to be in the form of the

axisymmetric buckling mode. However, as this is the only available research
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Figure 3-22: Plot of @@ versus N showing the reduction of hydrostatic buckling load for

increasing imperfection.

88



conducted for combined loading, it will be explored. The imperfection was

considered to have the form
- T
wo = At cos G- (3.16)

where A is the magnitude of the imperfection relative to the shell thickness (At

is therefore the amplitude of the imperfection) and
r\2
g0 =12(1-%)(3)"

As explained by Hutchinson [24], bifurcation from the pre-buckling solution
occurs at a certain value of external pressure (for a given axial load). The
load-deflection curve falls subsequent to bifurcation, and this bifurcation value is

therefore the buckling load.

The eigenvalue equation obtained in [23] which was shown to be applicable to the

case of external pressure is

(1 - g)z[(l +472)2 ‘o +472)2 o — g] _ AA=)4
(- ) e v

1 1
+ =0 (3.17
T e 0 e
where 7 is a free parameter to be chosen such that the upper bound value is

minimised, P is the total axial load P + g7rr?, and § = /3(1 — v2)qr?/Et?.

This equation for a perfect cylinder (ie. A = 0) was identified in section 2.8.1.

Solving for ¢ using the software Mathematica yields

B 1 P\*r P 4 1 -
q_z(l-;.!f';-')%ﬁ[(l 'P_a) ( 2”13§+(1+72)2+1(1+7))

- \/Eﬁ(l— f—)'y?( 2 L)\/1—_u2

Pa)  \Ba T T=7

. 1 1 ,
+ 12A274((1 ) + 0T 72)2) (1-v )] (3.18)
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Minimising v with respect to ¢ yields

pr L, AP0 160 8 P(-33-99y2~ 507! — 147° + 3% +9')
W 2 R [+P (L+PP 3P2(1+ 1)
u 96A%75(365 + 1237% + 159" +7°)(=1 + »?)
@+ PO+ 7P

o1 4 32Av3-312 48A%(41+100° +7%)(=1+ uﬂ))
2° (H1+PP (1 +92)%(9+~%)?
P(5 + 3242 EIRS | SRS ot ¥ S [ 32&13-3;.; )
P ( (1442)% (1+’12)2Pd ¥ ( (—14~?) ))) /(2(}3 - Pd)2,73) =0

(3.19)

Solving for v yields 21 roots for v, which are shown in appendix E. By substituting
the values of v obtained from equation 3.19 into the expression for ¢ in equation
3.18 and the lowest value of ¢ selected, the value for the buckling pressure of
imperfect cylinders subjected to simultaneous external pressure and a constant

axial load can be obtained.

Hutchinson pointed out that the assumed imperfection pattern has essentially no
effect on the buckling load, so this equation is still valid for other harmonic initial

imperfection distribution assumed, as is the case in this study.

3.5.2 Numerical analysis

The results of the numerical analyses performed can be seen plotted in figure 3-

23. As before, the buckling pressure decreases as the out-of-roundness increases.

As in the other imperfect cylinders examined, beyond a critical eccentricity to
wall thickness ratio the buckling pressure begins to increase. This is shown in
figure 3-24.
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Figure 3-23: Plot of @ versus N showing the reduction of hydrostatic buckling pressure

under combined loading for increasing imperfection.
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Figure 3-24: Graph showing the numerical results for increasing eccentricity to wall thickness

ratios.

91



Chapter 4

VARIABLE WALL THICKNESS CYLINDERS

4.1 Introduction

Storage vessels are often made of expensive materials and therefore it is desired
that the amount of material used in the construction of the vessel is minimised.
One method of decreasing the structural weight of these vessels is to vary the
wall thickness such that more material is present where the stresses are highest.
Alternatively, a fixed roof storage vessel may have been converted from a floating
roof tank where the walls are tapered. In this case, under drastic changes of
atmospheric conditions, the tapered wall tank could be subjected to a negative

pressure if the venting system is insufficient.

In this study cylinders with a taper, «, of the range 0.002° to 0.04° are considered,
where the wall thickness at mid length, ¢,,, is considered to have similar values
equal to those considered in the study of constant wall thickness cylinders. Figure

4.1 shows the assignment of the various variables used in this section.

Hardly any research has been conducted on the buckling of variable wall thickness
cylinders and even less on axisymmetric thickness variations in particular.
The influence of thickness variation on the buckling load has gained little

attention thus far from researchers of this field. This specific form of buckling
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Figure 4-1: Exaggerated view showing the variables used in the study of tapered cylinders.

will be investigated here, whereby the limited available research is reviewed
and numerical tests performed in order to establish trends between selected

parameters. As before only carbon steel will be considered.

4.2 Axial loading

4.2.1 Literature survey

Koiter, Elishakoff et al [55] explored axial loading of inconsistent cylinders, but
limited the thickness variation to an axisymmteric periodic variation. This
research paper later goes on to derive reduction formulae based on parameters

defined in the thickness variation formula.

The thickness is assumed to vary according to the relationship

t=i, [1 — £cos %i] (4.1)
r

where t,, is the nominal thickness of the shell, £ and p are non-dimensional
parameters indicating the magnitude and wave of the thickness variation. Since
the reduction formulae depend on g, the parameter indicating the magnitude of

the variation, one could assume a value of £ that is applicable to a tapered wall,
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such that a relation similar to 4.1 holds. The following is such a relation

t=tm(1 —e(%m—l)) (4.2)

where € = —55: tan o, and ¢, is the thickness at mid-length of the cylinder.

Koiter et al [55] finally determined the reduction factor due to thickness variation
by the use of a hybrid perturbation-weighted residuals method, and was found to
be

Per _ ] — lve 832 +464v — 231/282
Py 2 512

(4.3)

in the case of buckling with equal wave numbers in the axial and circumferential
directions (Case A) and
Py 25 ,
Py 32°
in the case of axisymmetric buckling (Case B). The theoretical relationship

| (4.4)

between the reduction in buckling load and the magnitude parameter can be

seen graphically in figure 4-2, for both cases A and B.

N s, |
% | \\ -

Figure 4-2: Plots of case A and case B.

Therefore, for case A, the buckling load is
( 1 832 + 464v — 2312 2) 2w Et,,
Py = €

bogver 512 S =22)

(4.5)
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and for case B is
25 2nEt,, ’
Pt:r = (1 e "—82) — ‘Tr_" (46)

However, neither of these relationships were confirmed by experimental data.

4.2.2 Numerical analysis

The results of the numerical analyses are plotted in figure 4-3 for various tapers.
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Figure 4-3: Numerical results for axial laoding for various tapers.

The reduction of the buckling load was found to behave in a predictable manner,

whereby it decreases for increasing taper.

A comparison between numerical results and the theoretical curve from equation

4.5 is shown in figure 4-4.



4.3 Lateral external pressure

4.3.1 Literature survey

No previous research was found that investigated the buckling of tapered cylinders

loaded by lateral external pressure,

4.3.2 Numerical analysis

A trend that runs through all the tests conducted with perfect variable wall
cylinders is how the buckling pattern moves up the cylinder as the taper increases.

This is shown in figures 4-5 and 4-6 where the tapers differ.
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Figure 4-5: Buckled cylinder with a taper of o = 0.002°

During the numerical analyses of tapered cylinders subjected to lateral external
pressure, it was found that as the taper was introduced and increased, the strength

of the cylinder decreased from that of a constant wall. This trend is shown in
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Figure 4-6: Buckled cylinder with a taper of a = 0.04°

figure 4-7, where the buckling pressures for a constant wall thickness cylinder is

compared to cylinders with various tapers.

Another trend is shown in figure 4-8 where the reduction of buckling load for
cylinders of various Batdorf parameters are compared. It can be seen that as the

Batdorf parameter increases. the sensitivity to taper increases too.
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4.4 External hydrostatic pressure

4.4.1 Literature survey

Pioneers in the investigation of buckling of variable wall thickness cylinders,
Biezeno and Koch [9] explored this for cylinders subjected to hydrostatic external
pressure in as early as 1938. But, they considered the general case of varying
thickness too complicated and decided to replace the tapered wall cylinder with
a cylinder built up of a finite number of rings, each of constant thickness. They
then deduced that buckling of a cylinder of this form is similar to the buckling
of a bar composed of a finite number of segments, as long as 7 < 1 and the
radius and length of the cylinder were of the same order of magnitude. They

then solved for the buckling of the bar. Although inconclusive for cylinders, this
paper identifies the need for further study in this field.

4.4.2 Numerical analysis

As expected, similar trends to that found in lateral external pressure loading is
exhibited in hydrostatic pressure loading. Figure 4-9 shows that as the Batdorf

parameter increases, the effect of the increased taper is more pronounced.

Figure 4-10 shows how the reduction in buckling load increases as the taper

increases.
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Figure 4-9: Graph showing the reduction in buckling load versus taper for various cylinders,

subjected to hydrostatic external pressure.
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Figure 4-10: Graph of buckling pressure versus the radius to mean wall thickness ratio.
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4.5 Combined loading

4.5.1 Literature survey

No research was found that covered the theoretical buckling of tapered cylinders

subjected to combined loading.

4.5.2 Numerical analysis

The reduction in the buckling load is shown in figure 4-11, where the buckling
loads for cylinder of various tapers are compared. It is evident that as the taper
increases, the behaviour of the cylinder deviates more and more from that of the

constant wall thickness cylinder.
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Figure 4-11: @ versus N for various tapers for the case of combined loading.

The interaction between the axial load and the hydrostatic buckling pressure is

shown in the plot of @ versus P in figure 4-12, where P= v 3(1 — Vz)%;:—.
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Figure 4-12: ) versus the load parameter for combined loading.

It is evident that as the cylinder radius to mean wall thickness ratio increases
(and therefore P increases), the effect of the taper becomes asymptotic. The

intial direct relationship is evident in figure 4-11.

But another trend is evident when the results are plotted as a reduction of
buckling load versus P in figure 4-13. It was found that for small tapers, as

an axial load is applied, the reduction of buckling pressure actually decreases.

The reduction in buckling pressure as a function of taper is shown in this figure,

for a cylinder of Batdorf parameter, Z, of 2600.

Buckling due to hydrostatic pressure was found to be more sensitive to taper than
lateral pressure as shown in figure 4-14. However, combined loading was found
to be no more sensitive to taper than the case of hydrostatic pressure. It can also

be seen that this difference in sensitivity to taper reduces as the taper increases.

For a specific taper of 0.01°, the buckling loads for the various loading conditions
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Figure 4-13: Reduction in buckling load versus the load parameter for a cylinder of Z=2600.
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Figure 4-14: Reduction in buckling load versus taper for various loading conditions.
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are shown in figure 4-15. It is evident that as the radius to wall thickness ratio

increases, the buckling loads tend towards a common value.
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Figure 4-15: Buckling load versus r/t for various loading conditions for cylinder with taper

a=0.01°.
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Chapter 5

IMPERFECT VARIABLE WALL THICKNESS
CYLINDERS

5.1 Introduction

A great deal of literature spanning the last century has been devoted to the
buckling of cylinders of constant wall thickness, and the buckling of cylinders with
geometric imperfections has been explored for the past half-century. Even the
buckling of cylinders with thickness variations has been briefly explbred. However,
no similar research seems to be available for the combined effect of thickness
variations and geometric imperfections on the buckling of cylinders subjected to
exteral pressure. It was found that in 1994, Koiter et al [56] studied the combined

effect for cylinders subjected to axial loading.

In this study, the above-mentioned previous research will be reviewed and
numerical analyses performed on the various cylinders for the various loading
conditions. Geometric imperfections of the range 0.5% < u < 2% and tapers of
the range 0.002° < a < 0.04° will be considered for the cylinders of dimensions
used in the previous studies. The analyses are performed using carbon steel as

before.
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5.2 Axial loading

5.2.1 Literature survey

The only published research, to best of the author’s knowledge, that covers
buckling of imperfect, variable wall thickness cylinders is that published by Koiter,
Elishakoff, Li and Starnes [56]. They focused on axial loading of shells with small

periodic axisymmetric thickness variations described by

t=1, [1—acos gl_'r] (5.1)

and axisymmetric initial geometric imperfections described by

wo = —A cos P—?- (5.2)

where

Po =

\/\/3(1 —v?)2r
to .

Unfortunately for the purposes of this study, these imperfections are considered to
be axisymmteric but, as this is the only research available, it will still be reviewed

due to its similarity.

Koiter et al derived asymptotic formulae by means of the energy criteria and
found a simple equation that related the reduction in buckling load, imperfection

amplitude and mean wall thickness t,,, which is as follows

) o 1 P, 3P, A
. s B P e o) ] <o - o — 2) =
(1-2)(1-be-Z) - P A g =0 o9

The relationship between these parameters can be seen in figure 5-1 as a 3-D plot,

and in figure 5-2 for integral values of €.

Koiter et al then compared these results to those obtained in a combined
analytical-numerical technique and they were found to co-relate closely. They

then introduced a thickness variation parameter, (), in order to assess the effect
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Figure 5-1: 3-D plot showing Koiter's aysmptotic formula for the reduction in buckling

load.
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Figure 5-2: Plot of reduction values for integral values of ¢.
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of the thickness variation on the buckling load reduction. They defined it as
follows

_Pu_Pu.t

Q2 P

x 100% (5.4)

where P, is the buckling load of an imperfect shell of constant wall thickness, and
P, is the buckling load of a shell of the same imperfection but, of variable wall
thickness. A 3-D plot of this relationsship is shown in figure 5-3. Furthermore,

Figure 5-3: 3-D plot of the dependance of {2 on the imperfection amplitude and taper.

figure 5-4 shows the dependence of € on the imperfection amplitude for various

integral values of e.
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Figure 5-4: Plot showing the dependance of 2 on the imperfection amplitude for integral

values of taper.

5.2.2 Numerical analysis

Plots showing how the reduction in buckling pressure depends on the degree of

taper and imperfection are shown in figures 5-5 and 5-6.

The effect of the thickness variation on the buckling load reduction is shown using
a plot of the thicknesss variation parameter versus imperfection for various values
of taper. This is shown in figure 5-7. It is evident that the thickness variation

parameter is fairly constant for increasing imperfection.

The effect of the individual imperfection and taper values were investigated and

are shown in figure 5-8. It was found that the trends were similar for all cases.
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Figure 5-5: Plot showing the relationship between the reduction in buckling load and
imperfection for cylinder [=12m, r=11.43m, and ¢=0.0085m
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Figure 5-6: Plot showing the relationship between the reduction in buckling load and taper

Figure 5-7:

for cylinder [=12m, r=11.43m, and #=0.0085m
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Plot showing the relationship between the thickness variation parameter and

imperfection for cylinder [=12m, r=11.43m, and #=0.0085m
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Figure 5-8: Various loading conditions for cylinder of parameters [=12m, r=11.43m, and

t=0.0085m
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5.3 Lateral external pressure

5.3.1 Literature survey

No research that covered the theoretical buckling pressures for imperfect tapered

cylinders subjected to lateral external pressure was found.

5.3.2 Numerical analysis

The buckled form of the imperfect tapered wall is found to be a combination of
the case of purely imperfect cylinders, and the case of purely tapered cylinders,
whereby the buckling waves are concentrated on the minor radius and higher on
the eylinder with the introduction of a taper. This can be seen in figures 5-9 to

5-11.

2103256
21780401
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Figure 5-9: Isometric view of a buckled cylinder with parameters I=12m, r=11.43m,

t=0.006m, ©=1% and a=0.01°

The effect of the imperfection and taper on the reduction in buckling load is

shown in figure 5-12. It is evident that axial loading is far more imperfection
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Figure 5-10: Top view of a buckled cylinder with parameters [=12m, »=11.43m, {=0.006m,
u=1% and a=0.01°

Figure 5-11: Side view of a buckled cylinder with parameters [=12m, r=11.43m, #=0.006m,
u=1% and a=0.01°



sensitive than lateral external pressure, where in the case of axial loading the
buckling load is reduced by almost 80% for a taper of 0.004° and 2% imperfection

(refer to figure 5-6).
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Figure 5-12: Graph showing the effect of taper and imperfection on the reduction of the

buckling load of a cylinder subjected to lateral external pressure.

The thickness variation parameter in the case of lateral external pressure is fairly
constant for all values of taper analysed as shown in figure 5-13, and was found

to be far less than the case of axial pressure.

As in the case of axial loading, the effect of the individual imperfection and taper

values analysed reduce the buckling load in the same manner.
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Figure 5-13: For [=12m, r=11.43m and t=0.0085m
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5.4 Hydrostatic external pressure

5.4.1 Literature survey

No research that covered the theoretical analysis of buckling of imperfect tapered

cylinders subjected to external hydrostatic pressure was found.

5.4.2 Numerical analysis

The effect of the imperfection and taper on the reduction of buckling load for
the case of hydrostatic pressure is shown in figures 5-14 and 5-15. Hydrostatic
pressure is also found to reduce the buckling load for increasing imperfection to a
lesser degree than axial loading. The reduction in buckling load with increasing
taper is also found to be more pronounced when subjected to axial loading than

to hydrostatic pressure loading.

As before in the case of lateral external pressure, the thickness variation parameter

is found to be constant with increasing imperfection. This plot is shown in figure

5-16.
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Figure 5-15: Plot showing the reduction in buckling load versus taper for cylinder [=12m,
r=11.43m and {=0.0085m
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Figure 5-16: Plot showing the thickness variation parameter versus imperfection for the

case of hydrostatic pressure for cylinder [=12m, r=11.43m and t=0.0085m
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5.5 Combined loading

5.5.1 Literature survey

No research that theoretically investigated the buckling of imperfect tapered
cylinders due to combined axial loading and external hydrostatic pressure was

found.

5.5.2 Numerical analysis

The reduction in buckling load vesus imperfection and taper can be seen in figures
5-17 and 5-18. It is evident that the buckling load reduction is greater in the case

of combined loading than in the case of hydrostatic pressure.
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Figure 5-17: Plot showing the reduction in buckling load for increasing imperfection for

cylinder I=12m, r=11.43m and #=0.0085m

As for hydrostatic and lateral pressure, the thickness variation parameter

decreases with increasing taper, but remains fairly constant for increasing
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Figure 5-18: Plot showing the relationship between the reduction in buckling load, taper
and imperfection for the case of combined loading for cylinder /=12m, r=11.43m and

t=0.0085m
imperfection.

For the case of taper being 0.01° and imperfection 1%, the buckling loads are

compared for the various loading conditions in figure 5-20.

As in the previous chapters, there is a decreasing difference between the buckling
loads for the various loading conditions as the radius to wall thickness ratio

increases, i.e. as the wall thickness decreases.
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Figure 5-19: Plot showing the trends of the thickness varation parameter for cylinder [=12m,

r=11.43m and #=0.0085m
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Figure 5-20: Plot showing a comparison of the reduction in buckling load for the various

loading conditions for cylinder [=12m, r=11.43m and #=0.0085m
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Chapter 6

DISCUSSION

Perfect cylinders have been thoroughly researched over the past century and
present researchers in this field regard this research as complete in terms of
buckling under static loads. When this research was reviewed and numerical
analyses performed, it was found that although the trends are conmsistent with
theory, the values of which are higher than that predicted theoretically. This
behaviour was found to be constant across all loading conditions, the reason was
discussed in chapter 1 where previous research using MSC Nastran for numerical
analysis was reviewed. In the buckling of perfect cylinders subj.ected to axial
loading, buckling equations were definitive and it was found that as the radius of
the cylinder was increased or wall thickness decreased, the load carrying capability
decreased. When lateral and hydrostatic external pressures were considered, it
was found that a number of theories existed, some depending on the number of
lobes into which the cylinder buckles and other theories were more simplified. It
was found that the trends in lateral pressure buckling and hydrostatic pressure
buckling were very similar but, as expected, cylinders subjected to hydrostatic
pressure yielded lower buckling values than those subjected to lateral pressure.
In the study of buckling under external pressure, it was found that as the length
to radius ratio increases, the buckling load decreases. Furthermore, as the radius
increases or wall thickness decreases, the buckling load also decreases. It was also

found that as the radius increases, wall thickness decreases or length decreases, the
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number of lobes into which the cylinder buckles increases almost exponentially.
The prediction of the number of lobes was found to be good between theory and
experiments conducted by other researchers of this field but, numerical analysis
over-predicts the number of lobes at buckling. When the error between buckling
pressure found by numerical analysis and theory was investigated, it was found
that as the wall thickness decreases, this error increased slightly. This is due to
the fact that as the cylinder becomes thinner the problem becomes more non-
linear. The consequence of this is discussed in chapter 1 where it was shown that
the version of the finite element package used in this study only had the linear
buckling solution set available. The full version of the finite element method
package also has a non-linear buckling solution set available, which has been
shown by other researchers to be very accurate when compared to theory and

experiments. Buckling of very thin shells is a non-linear problem.

When combined hydrostatic pressure and axial loading were considered, since
a small axial load representing the roof, superstructure and live load (to
accommodate a person walking on the roof) of SASOL’s F7101b tank was used,
the buckling load decreased by a small margin from the case of pure hydrostatic
loading. When an investigation of the effect of varying axial loads was performed
numerically, it was found that the pressure bearing capability of the cylinder
decreased with an increasing axial load. It was also found that as the axial
load increased, the bucking pressure decreased at a decreasing rate for increasing

radius. This is best seen in figure 2-33 on page 62.

When imperfect cylinders were reviewed it was found that past research varied
in their definitions of ‘imperfect’. It was decided that the out-of-round definition
of ‘imperfect’ were employed, as that is the measure of imperfection of SASOL’s
storage tanks. Therefore, tanks of a mid-length elliptical cross-section were used.
Theory predicted that for increasing Batdorf parameter, Z, the buckling load
would be reduced by a greater degree for a certain imperfection. In the case

of axial loading it was seen that, as expected, the buckling load decreases for
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increasing amplitude of imperfection and for a fixed imperfection the buckling
load decreases for increasing Batdorf parameter. However, when numerical
analysis was performed for lateral and hydrostatic pressure, it was found that
as the imperfection was introduced, the reduction of the buckling load increases.
Beyond some critical ratio of parameters, the reduction of the bucking load starts
to decrease (ie. the ratio of buckling load to the classical buckling load begins
to approach unity.) This trend was also prevalent in a previous study of bucking
of imperfect cylinders executed by Guggenberger [61]. Numerical analysis also

showed that the buckling lobes formed along the minor axis of the ellipse only.

Research on the buckling of variable wall thickness cylinders subjected to varying
loading conditions proved to be elusive. As with imperfect cylinders, past research
varied in their definition of ‘variable’. Thickness imperfection definitions varied
from sinusoidal to localised. This study considered a linearly tapered wall, where
it was thickest at the base. The review of previous research showed that as
the taper increases, the reduction in buckling load increased. When numerical
analysis was executed, it was found that as the taper increased, the buckling
lobes moved higher on the cylinder. In other words, as the gradient of the taper
increased, the buckling waves shifted to where the cylinder is thinner. Numerical
analysis confirmed the trend of decreasing buckling load for increased taper.
Numerical analysis also showed that as the Batdorf parameter increased the effect
of the taper on the buckling load increased, and vice versa. This was evident for
both forms of external pressure. In a plot of the parameters @ and N, it can be
seen that as the taper increases the buckling trend deviates increasingly from that
of a perfect cylinder, until some critical imperfection, where the trend deviates
completely. This behaviour is also seen in a plot of Q and the load parameter
for the case of combined loading. When the reduction in buckling pressure for
a specific size cylinder for increasing taper was considered, it was found that as
the taper increased, the difference between the reduction in buckling load for
external pressure and hydrostatic pressure were the same. At lower tapers the

cylinder subjected to lateral external pressure was less effected by taper than the
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hydrostatic case.

Existing research on the buckling of imperfect variable wall cylinders is virtually
non-existent. This is because conversion from floating roof tanks to fixed roof
tanks is not commonly undertaken. Therefore codes of practice do not cover
this type of tank. The only research that was found considered axial loading
exclusively. Their theoretical investigation concluded that the reduction in
buckling load was inversely proportional to both imperfection and taper and
derived a formula describing this relationship. They also introduced a thickness
variation parameter in order to access the effect of the thickness variation on the
buckling load reduction. Upon exploration of this parameter, it was found that as
an imperfection is introduced, for a given taper, the thickness variation parameter
increases, and then remains constant for increasing imperfection. In other words,
as the imperfection increases, Lhe specific taper has a constant effect. It was
also found that for a given imperfection, increasing taper resulted in a higher
thickness variation parameter as expected. Plots of numerical analysis results
demonstrated that for a given taper, the reduction of buckling load decreases
exponentially for increasing imperfection, and for a given imperfection decreases
logarithmically for increasing taper. Numerical analysis confirmed the trends
found theoretically of the thickness variation parameter. The buckled form of
the variable wall thickness imperfect cylinder was found to be a combination of
the two individual cases whereby the buckled waves were higher on the cylinder
than mid-length (towards the thinner wall) and restricted to the minor axis of

the ellipse.

Across all loading conditions and cylinder parameters a common result was that
axial loading was far more sensitive to both imperfections and wall thickness
variations where the bucking load was reduced to a greater degree than the

external pressure cases for the same imperfection and/or taper.
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Chapter 7

CONCLUSION

7.1 Overview

The investigation of buckling of cylinders was undertaken because SASOL had the
need to predict the behaviour of cylinders that were converted from floating roof
storage tanks to fixed roof tanks. The original floating roof tanks have tapered
walls, and it is expected that tanks of large dimensions are impossible to construct
perfectly. These tanks would also often be subjected to vacuums due to drastic
ambient tempertature changes, which is characteristic of the extreme weather
conditions experienced on the Highveld. Therefore, the buckling of variable wall

imperfect cylinders due to combined loading had to be investigated.

The method of investigation was to review existing thoery and then to conduct
numerical analyses on cylinders of a range of dimensions applicable to the
tanks. The loading conditions considered were pure axial loading, lateral external
pressure, hydrostatic external pressure, then finally the loading applicable to
storage tanks : a combination of axial loading and hydrostatic external pressure.
These loading conditions were considered for the case of perfect cylinders,
imperfect (out-of-round) cylinders, tapered cylinders, and then finally the case in
question : imperfect tapered cylinders. Due to the fact that little and sometimes

no research has been conducted in the field of imperfect, tapered and imperfect
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tapered cylinders, some of the relationships presented are based entirely on
numerical analysis. The numerical analysis was performed using the finite element

analysis software MSC Nastran for Windows.

The numerical analyses performed in this study is shown to be accurate in terms
of trends, but over-predicted in terms of absolute values. This was found to be
due to the fact that the MSC Nastran software implemented did not have the
non-linear buckling solution set necessary to predict bucking of such thin-walled
shells. It is therefore recognised that this study is merely a preliminary study

from which definitive research in this field can be conducted in the future.

7.2 Recommendation for further work

Research in this field of imperfect variable wall thickness cylinders subjected to

external pressure has just begun. The scope for work in this field is vast.

The next step in this research would be to perform numerical analyses of cylinders
of various parameters using the non-linear buckling solution set. This would
yield highly accurate results judging from the past research in buckling using this
solution set of Nastran. From these curves, equations describing the behaviour
of the cylinders could be determined for the imperfections and wall variations

specific to SASOL’s storage tanks.

Thereafter, this research could be extended to cover stiffened cylinders, which
would then be of practical use to the designer of cylinders of SASOL’s order of
magnitude. Research would also have to cover the buckling of cones such that

the roofs of these storage tanks are also taken into consideration.
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Appendix A : Differential equations of a perfect cylindrical

shell

This appendix shows how the differential equations of a perfect cylindrical shell

can be used to derive the axial buckling load of a cylinder.
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A general study of the buckling of a perfect cylinder under axial compression can

be executed using equations 2.66 and 2.67.

In this case we will assume that all resultant forces, except N, in figure 2-8,
are very small. Therefore all the products of these forces with the derivatives
of the displacements are also small, and can be neglected. Hence, the following
equations result from equations 2.66 and 2.67
0 =7rN.+ Ny,
0= Ny, +rN,, +rNv" — Q, (A-1)
0=rQ., + Q, + rN.w" + N,
When the products of the moments and derivatives of the displacements are

neglected, equations 2.67 become

M,
Qz — M;:; = e
. ¥ (A-2)
. MD‘ M!
Q=—"-M,

By combining these equations, the three equations of equilibrium for buckling of

an axially compressed cylinder become

0 =rN. + N,
0 N N/ " / Mu
= Ny+rN;, +rNov" —+M; — — (A-3)

T
"

. M. .
0 =rNyw" + Ny +rM; + M,, + —~ — M,
T
If the values for forces and moments are then substituted into equations A-3 the

following equations are obtained
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The general solution of these equations is taken as

mmr

l

mmr

u = Asinnf cos

v = Bcosnfsin (A-5)

w = Csinnbsin m;ra:

which assumes that during buckling under axial loading, the length divides into
m half waves, and the circumference into 2n half waves. At the ends w = 0
and w” = 0, which are the conditions for simply supported edges. The results
obtained in this manner can also be used for other edge conditions, since the effect
of the edge conditions remain small for short cylinders too. Tests performed by

Donnell in 1934 (7] showed that this is true for cylinders where the length-radius

ratio is considerably less than unity.

If equations A—5 are substituted into equations A-4, the following expressions

result
0= A(m2x2 + I_Tvn2) + B?_(.l_j-_zi/_)_?ll_x_ + Cymx

- 2.2
0=An(l+u)mx+3[(1 u2)m X

. 9. o Nz(1— 02)]

+n? + k(1 — v)m?x® + kn® — m?x o

+ C[n + sn(n® + m*x?)]
0 = Avmx + Bn[l + &[n® + (2 — v)m®x?|] (A-6)
ZN:c(l o V2)

. )
+C[1 my Tt

where y and k are defined as for equation 2.103 on page 41.

Numerous experiments show that thin cylindrical shells under axial compression
usually buckle into short longitudinal waves. Therefore m? and m?x? are large
numbers, and as in the section of the theoretical study of perfect cylinders
subjected to lateral external pressure (see section 2.6.1, page 42), if the

determinant is equated to zero, then the following is obtained
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i 2 2,22 N2
N.(1 v)=nn + m*x*) +(1 e (A-7)
Ft m2y? (n2 + m2x2)?

This occurs at

n? 4+ m?x%)2 2r
___;n‘_z_%_)_. = VA -7 (A-8)

By substituting equation A-8 into equation A-7, an expression for the buckling

load can be found as follows

2
N P Bl (A-9)
Vv3(1 —v?)

This is the same as equation 2.89 on page 34, where the buckling load was found

by energy methods.
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Appendix B : Cylinder parameters used in testing.

The cylinder parameters considered in this study are shown in the table overleaf.

The material considered was carbon steel, and the mechanical properties of carbon
steel were taken to be as follows : EF = 200GPa v = 0. 32 Sy = 350M Pa
Sy = 450M Pa
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l r t o U
12 9 0.006 | 0.002 | 0.5
14.63 | 11.43 | 0.007 | 0.01 1
13 0.0085
0.01
0.012
0.015

Table B—1: Table showing the cylinder parameters considered in numerical analysis.
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Appendix C : Numerical results.

In the following tables all the numerical analysis results for the buckling of
cylinders are shown for the various cylinders subjected to various loading

conditions are recorded.

The imperfections and tapers are denoted as follows:

ul = 0.5%

u2 = 1%

u3 = 2%

al = a = 0.002°

a2 = a= 0.017

a3 = a = 0.04°
Axial loading ... ovsiesveeses e e o ey e o I e e pl37
Liatera] exttornal PEBRBIED & omsic srmorsiamoiin pums e s 6 wsmsi e sm s emm e o« p140
Hyrdrostatic externil DIESSHTe « .o uuiest i frsssis 55 56 speasne tuse Givsns nas pl43
Combined axial and hydrostatic pressure loading ......................... pld6
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C-1 : Axial loading

t rit IPsx crTH l:ax cr NAS Pax cr NAS
erfect 1 u2
12 9 0.006 1500.0 1.333 2.76E+07 3.67E+07 2.82E+07 2.06E+07
12 9 0.007 1285.7 1.333 3.75E+07| 4.91E+07 3.91E+07 2.92E+07
12 9 0.0085 1058.8 1.333 5.53E+07, 7.09E+07 5.86E+07 4 51E+07
12 9| 0.01 900.0, 1.333 7.66E+07 9.65E+07 8.20E+07 6.48E+07|
12 9 0.012 750.0 1.333 1.10E+08 1.37E+08| 1.19E+08 9.68E+07|
12 9 0.015 600.0 1.333 1.72E+08 2.05E+08 1.87E+08 1.57E+08]
12] 11.43 0.006 1905.0 1.050 2.76E+07 3.67E+07 2.53E+07 1.69E+07
12 11.43 0.007 1632.9 1.050 3.75E+07 4 91E+07 3.54E+07 2.41E+07
12 11.43 0.0085 1344.7 1.050 5.53E+07 7.08E+07 5.38E+07 3.77E+07
12 11.43 0.01 1143.0 1.050 7.66E+07 9.65E+07 7.61E+07 5.46E+07|
12 11.43 0.012 952.5 1.050 1.10E+08 1.3?E+08i 1.1 2_I_E¢-l:l8}l 8.26E+07|
12 1143  0.015 762.0 1.050 1.72E+08 2.05E+08 1.78E+08 1.36E+08
12 13 0.006 2166.7 0.923 2.76E+07 3.67E+07 2.35E+07 1.52E+07
12 13 0.007 1857.1 0.923] 3.75E+07 4.91E+07 3.30E+07 217E+07]
12 13 0.0085 1529.4 0.923' 5.53E+07 7.09E+07| 5.05E+07, 3.39E+07
12 13| 0.01 1300.0 0.923 7.66E+07 9.65E+07 7.18E+07 4.92E+07)
12 13 0.012 1083.3 0.923 1.10E+08 1.37E+08 1.06E+08 7.4TE+07|
12 13 0.015 866.7 _ 0.923|  1.72E+08 2.05E+08|  1.71E+08|  1.24E+08
14.63; 9 0.006 1500.0 1.626 2.76E+07 3.67TE+07 2.93E+07 2.26E+07,
14.63 9 0.007 1285.7 1.626 3.75E+07 4.91E+07 4.03E+07 3.18E+07
14.63| 9 0.0085 1058.8 1.626 5.53E+07] 7.09E+07 6.01E+07 4.88E+07
14.83[ 9 0.01 900.0 1.626 7.66E+07 9.65E+07 3.36E+07 6.96E+07
14.63 9 0.012 750.0 1.626 1.10E+08 1.37E+08 1.21E+08| 1.03E+08|
14.63 9 0.015 600.0 1.626 1.72E+08 2.05E+08 1.89E+08 1.66E+0
14.6 11.43 0.006 1905.0| 1.280 2.76E+07 3.67E+07 2.69E+07 1.88E+07
14.63 11.43 0.007 1632.9| 1.280 3.75E+07 4.91E+07| 3.74E+07 2.68E+07|
14.63 11.43 0.0085 13447 1.280 5.53E+07 7.09E+07 5.65E+07| 4 17E+07]
14.83‘ 11.43 0.01 1143.0 1.280 7.66E+07 9.65E+07| 7.95E+07 6.01E+07]
14.63] 11.43 0.012 952.5 1.280 1.10E+08 1.37E+08 1.16E+08 9.04E+07|
14.63] 11.43 0.015 762.0 1.280 1.72E+08 2.05E+08 1.84E+08 1.48E+0
14.63 13 0.006 2166.7 1.125 2.76E+07 3.67E+07 2.53E+07 1.69E+07)
14.63 13 0.007 18571 1.125 3.75E+07 4.91E+07 3.53E+07 2.41E+07|
14.63 13 0.0085 1529.4 1.125 5.53E+07 7.09E+07 5.37E+07 3.76E+07
14.63 13 0.01 1300.0 1.125 7.66E+07 9.65E+07 7.60E+07 5.45E+07
14.63 13 0.012 1083.3 1.125 1.10E+08| 1.37E+08 1.12E+08 8.25E+07
14.63| 13 0.015 866.7 1.125 1 QE!-OS[ 2.05E+08 1.78E+08| 1.36E+08|
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Ir r it Pax cr NAS
ul3 al a2 a3 uial uia2
12 9| 0.006 1.32E+07 2.7T2E+07 2.11E+07 1.42E+07 2.77E+07 2.49E+07
12 9 0.007 1.89E+07 3.73E+07| 2.92E+07 2.30E+07 3.83E+07 3.50E+07
12 9 0.0085| 2.98E+07 5.52E+07 4 46E+07 3.94E+07 5.77E+07 5.34E+07
12 9 0.01 4.35E+07 7.67E+07 6.41E+07 5.97E+07 8.07E+07 7.49E+07|
12 9 0.012 6.65E+07 1.11E+08 9.59E+07 9.25E+07 1.18E+08 1.10E+08
12 0.015 1.12E+08 1.73E+08 1.55E+08 1.54E+08 1.85E+08 1.76E+08
12 11.43] 0.006 1.12E407| 2.72E+07| 2.11E+07| 1.42E+07| 2.49E+07) 2.28E+07
12 11.43 0.007 1.59E+07| 3.73E+07| 2.92E+07| 2.30E+07| 3.48BE+07[ 3.23E+07
12 11.43 0.0085 2 46E+07 5.52E+07 4 46E+07 3.94E+07 5.30E+07 4.97E+07
12 11.43 0.01 3.56E+07 7.67E+07 6.41E+07 597E+07 7.50E+07 7.03E+07
12 11 .43| 0.012 541E+07 1.11E+08| 9.59E+07 9.25E+07 1.11E+08 1.05E+08
12 11.4 0.015 9.06E+07| 1.73E+08| 1.55E+08| 1.54E+08| 1.77E+08, 1.69E+0
12 13 0.006 1.06E+07 2.72E+07 2.11E+07 1.42E+07 2.31E+07 2.14E+07
12 13 0.007 1.48E+07 3.73E+07| 2.92E+07 2.30E+07 3.25E+07 3.04E+07
12 13 0.0085 2.28E+07| 5.52E+07| 4.46E+07| 3.94E+07| 4.98E+07| 4.70E+07
12 13 0.01 3.27E+07 7.67E+07 6.41E+07 5.97E+07 7.08E+07 6.67E+07
12 13 0.012 493E+07| 1.11E+08| 9.59E+07| 9.25E+07| 1.05E+08| 9.97E+07
12 13 0.015 8.19E+07 1.73E+08 1.55E+08 1.54E+08 1.69E+08 1.62E+0
14.63 9 0.006 1.48E+07| 2.72E+07| 211E+07| 1.42E+07| 2.85E+07| 2.45E+07
14.63 9| 0.007 2.12E+07 3.73E+07 2.92E+07 2.30E+07| © 3.93E+07 3.45E+07
14.63 9 0.0085 3.34E+07 5.52E+07| 4 46E+07 3.94E+07 5.88E+07 5.28E+07|
14.63 9| 0.01 4 87E+07| 7.67E+07| 6.41E+07| 597E+07| 8.28E+07| 7.52E+07
14.63 9 0.012 7.43E+07 1.11E+08 9.59E+07 9.25E+07 1.20E+08] 1.11E+08
14.63 9 0.015 1.24E408] 1.73E+08| 1.55E+08| 1.54E+08| 1.88E+08| 1.76E+08|
14.63 11.4 0.006 1.21E+07 2.72E+07 2.11E+07 1.42E+07 2.63E+07| 2.32E+07,
14.63; 11.43' 0.007 1.72E+07| 3.73E+07| 2.92E+07| 2.30E+07| 3.67E+07| 3.2BE+07
14.63 11.43' 0.0085) 2.70E+07| 5.52E+07| 4.46E+07| 3.94E+07| 5.55E+07| 5.06E+07|
14.63| 11.43‘ 0.01 3.93E+07 7.67E+07 6.41E+07 5.97E+07 7.89E+07 7.25E+07
14.63‘ 11.43| 0.012 6.01E+07 1.11E+08| 9.59E+07| 9.25E+07| 1.15E+08| 1.07E+08
14.63 11.43 0.015 1.01E+08 1.73E+08 1.55E+08 1.54E+08 1.83E+08 1.72E+08
14.63 13 0.006 1.12E+07| 2.72E+07| 2.11E+07| 1.42E+07| 24BE+07| 2.21E+07
14.63 13] 0.007: 1.58E+07| 3.73E+07] 2.92E+07| 2.30E+07| 3.47E+07| 3.14E+07
14.63 13| 0.0085 2. 44E+07 5.52E+07 4 46E+07 3.94E+07| 5.28E+07 4.85E+07|
14.63 13 0.01 3.54E+07| 7.67E+07| 6.41E+07| 597E+07| 7.55E+07| 6.99E+07
14.63| 13 0.012 5.39E+07 1.11E+08 9.59E+07 9.25E+07 1.04E+08|
14.63 13 0.015 9.03E+07| 1.73E+08| 1.55E+08| 1.54E+08| 1.77E+08 1.68E+OB|
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'I it Pax cr NAS
uiad u2ai u2a2 u2al udal luaaz u3ald
12 9 0.006 1.14E+07 2.02E+07 1.85E+07 8.90E+06 1.30E+07 1.20E+07 5.98E+06
12 9 0.007 1.89E+07 2.B7E+07 2.66E+07 1.51E+07 1.86E+07 1.74E+07 1.03E+07
12 9 0.0085 3.33E+07 4.45E+07 4 17E+07 2.T1E+07 2.94E+07 2.77E+07 1.89E+07
12 9 0.01 5.15E+07 6.38E+07 5.98E+07 4.27TE+07 4.29E+07 4.04E+07 3.02E+07
12 9 0.012 8.16E+07 9.56E+07 9.03E+07 6.90E+07 6.57TE+07 6.26E+07 4.97E+07
12 9 0.015 1.39E+08 1.56E+08 1.49E+08 1.20E+08 1.11E+08 1.06E+08 8.90E+07|
12 11.43] 0.006 1.14E+07 1.67E+07 1.55E+07 8.20E+06 1.10E+07 1.01E+07 5.20E+06
12 11.43] 0.007 1.86E+07 2.38E+07 2.23E+07 1.37E+07 1.56E+07 1.46E+07 8.80E+06
12 11.43 0.0085 3.26E+07 3.73E+07 3.53E+07 2 44E+07 2.43E+07 2.30E+07 1.60E+07
12 11.43; 0.01 5.04E+07 5.39E+07 5.10E+07 3.84E+07 3.51E+07 3.32E+07 2.54E+07
12 11.43] 0.012 7.98E+07 B8.17E+07 7.79E+07 6.20E+07 5.35E+07 5.11E+07 4. 16E+07
12 11.43 0.015 1.36E+08, 1.35E+08 1.30E+08 1.09E+08 8.99E+07 8.67E+07 7 43E+07
12 13| 0.006 1.12E+07| 1.50E+07| 1.40E+07 7.80E+06 1.04E+07 9.40E+06 4,90E+06
12 13 0.007 1.83E+07 2.14E+07 2.01E+07 1.28E+07 1.46E+07 1.35E+07 8.20E+06]
12 13| 0.0085 3.18E+07 3.35E+07 3.19E+07| 2.28E+07 2.25E+07 2.12E+07 1.47E+07|
12 13[ 0.01 4.91E+07 4 B7E+07 4.62E+07 3.56E+07 3.23E+07 3.05E+07 2.33E+07]
12 13| 0.012 7.78E+07 7.40E+07 7.08E+07 5.76E+07 4.88E+07 4.66E+07 3.80E+07|
12 13| 0.015] 1.33E+08 1.23E+08 1.19E+08 8.13E+07 7.84E+07 6.75E+07|
14.63 0.006] 6.65E+06| 2.20E+07| 1.93E+07| 5.50E+06| 1.45E+07 | 1.29E+07 | 3.90E+06
14.63 QJ 0.007 1.30E+07 3. 11E+07 2. 78E+07 1.09E+07 2.08E+07] - 1.89E+07 7.90E+06}
14.63 9[ 0.0085] 2.58E+07 4. 79E+07 4. 36E+07 2.21E+07) 3.29E+07 3.03E+07 1.64E+07
14.63 9| 0.01 4.24E+0 6.90E+07 6.33E+07 3.68E+07 4.85E+07 4.51E+07 2.78E+07|
14.63 9| 0.012| 7.05eE+07| 1.02E+08| 9.52E+07| 6.22E+07| 7.40E+07| 6.95E+07| 4.79E+07|
14.63 0.015 1.25E+08] 1.65E+08 1.55E+08 1.12E+08 1.24E+08 1.17E+08 8.86E+07|
14.63 11.4 0.006] 6.90E+ 1.85E+07| 1.66E+07 5.40E+06 1.19E+07 1.07E+07 3.50E+06)
14.83] 11.43' 0.007 1.33E+07 2.64E+07 2 40E+07] 1.04E+07 1.69E+07 1.55E+07 7.00E+06
14.63 11 43’ 0.0085 2.61E+07 4.11E+07 3.80E+07 2.08E+07 2.66E+07 2 47E+07 1.42E+07,
14.63| 11.43] 0.01 1‘.26E+|:l7I 5.99E+07| 5.57E+07 3.46E+07 3.92E+07 3.67E+07 2.40E+07|
14.63' 11.43I 0.012 7.06E+07 9.00E+07 8.46E+07 5.83E+07 6.00E+07 5.68E+07 4.11E+07|
14.63 11.4 0.015{ 1.25E+08| 1.48E+08| 1.40E+08| 1.06E+08, 1.01E+08| 9.65E+07| 7.58E+07
14.63 13| 0.006| 7.10E+06| 1.66E+07| 1.50E+07| 5.30E+06| 1.10E+07| 9.80E+06| 3.40E+
14.63 13 0.007 1.35E+07 2.37E+07 2.18E+07| 1.02E+07 1.55E+07 1.42E+07 6.60E+06
14.63 1 0.0085] 261E+07| 3.71E+07| 3.46E+07| 2.00E+07| 241E+07| 2.24E+07| 1.32E+07|
14.63 13| 0.01 4.25E+07 5.44E+07 5.09E+07 3.30E+07 3.53E+07 3.31E+07| 2.20E+07|
14.63 13 0.012) 7.01E+07| 8.22E+07| 7.77E+07| 5.55E+07| 5.38E+07| 5.10E+07| 3.75E+07
14.63 13| 0.015 1.24E+08 1.36E+08 1.30E+08 1.00E+08 9.01E+07 8.65E+07| 6.90E+07|
139



C-2 : Lateral external pressure

I r it rit Illr lqlat crTH hlat cr NAS
rfect fut 2
12 of 0008 150000 1333 16347 2160.3  2061. 1932.4)
12 o o007 12857 1333  2408.21 3180.2]  3040.8 28607
12 o oooss 10588 1333  3923.87 63521  4956.9 4690
12 9 001 9000 1333 590597 7659.5 74526 70898
12 o 0012 7500 1333  9346.09 121214) 118038 112377
1 o 001d eo0d 1333 te30e4s 2100194 20850 1oma1
12l 1143 o006l 19050  1.050  1147.08 15534 14324 13342
12 1143 0007 16329 1050  1690.42 22754 2112, 1969.7
12l 1143 ooo0ss| 13447 1050 275574 46243 3446 32217
12l 114 001 11430 1050  4149.73 54786 51903 48677
12l 1143 001 9525  1.050  6570.74) 8500 82142 77378
12 1143 001 7620 1.050] 115382 14934 144053 13650
12 13 o 21667 0923 947. 13064 11789 11082
12 13 o007 18574 0923 139727 19069 17382 16291
12l 13 00085 15204 0923 227850 3746 28351 26539
12l 13 001 13000 0923 343202 45042 42702 4000
1 13 0012 10833 0923  5436.1 72088 67614 63464
1 1 0.01 8667 0923 95502 12515.4) 118654 11180.1
14.63 0006 15000 1.2 1333.57 17408 16921 15986
1463 d 0007 12857 1626 196363 25652 24893 23655
14.63 0.0035 1058.8 1.626 3197 .41 4214. 4D5d 3875.4|
14.63 0.0 9000 1626  4809.65 6198.8 60961 58566
14.63 0012l 7500 1626  7605.52 o767.6] 96323  9206.8
1463 0015 600.0 1626 133307 17097.1 169082 16401.
1463 0006 19050  1.280 935.2 12514 1174, 1093.
14.63 0007 16329 1280  1377.56) 1827.8] 17317 1618.3
14.63 0.0085 13447 1280  2244.09 3019.8 28232 26519
1463 001 11430 1280  3377.00 44189 42502 4009.9
146 0012 9525 1280 53427 69604 67311  6377.9
146 0.01 7620 1280 9371.1 120731 117869 11251,
14,63 1 0008 21667  1.125 77263 1045.7 96 897.
14.63 1 0.007 18571  1.128] 1138.23 15312 14231 13246}
14.63 13 00085  15294] 1125 185467 25459 2321, 2166.
14.63 13 001 13000 1125 279163 3687.8 3493 327
14.63 13 0012 10833 1125  4417.89 5781.7  55324] 5204,
14.63 13 001 8667 1125 775198 10050.6 97015 918
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Ir t glat cr NAS
fu3 bt b3 luta1 uta2

12| o  0.008 1858.7 21424 20504 13329 zou..j 1957.2
12 J 0007 27248 3158.6 3042. 2309.7 301 2193
12 o 0.0085 4431.1 5096.8 4956.1 4130.3 4928 4791
12 9 0.01 6676.6 7625.9 74712 6528.5 7399 7162
12 d 0012 105095 120821  11864.5  10702. 1173 11435
d 001 187069 20960.60 206806 191835 20564] 20148
12l 1143 0.006 1426.6 1592.6 1531.3 1043.5 1420 1361
12 1143 0007 2049.2 2326 2255.6 1728 2098 2052
12 1143 0.0088 3255.9 3752.4 3661.1 3043 3427 3334
12 11.43 0.01 4825 5591.7 5473.1 4768.4 5153 498
120 1143 0012 75443 87409 8600.3 7782 8167 795
12 1143 0.01 131277 151591 14980) 13990 14341 14061
12 13 0.006 12 1352.3 1300 909. 1169 1121
12 13 0.007 18274 18044 18366 14181 1726 1667
12 13 0.0085] 2869.7 31604 30837 2586 2819 27
12 1 0.01 4205.1 45762 44886 30177 4240 4108
12 13 0012 64933  7183.1 7062. 6383.1 6722 6561|

111449 127852 :

1729.8

11716.9)

14.63 d 0.007 2212.5 2532.6 2426.4| 1404.3

14.63 3622.2 4129.4| 3986/ 2950.8;

14.63 5481.2) 6168 5986.2 4895.4

14.63 9| 8728.1 9732.4| 9525.7] 8205.3;
17041.

3230.4)

0.01 3670.5 3565.9 2929. 3513.8
14.63 13 0.01§ 5052.7] 5760.8) 5635.3 4886. 5557 5403.3
14.63 13| 0.01 8795.3 10228. 10064 .4| 9127.5 9737.7, 9534.
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glat cr NAS

juta3 L|231 quaz Ll2a3 Ll3ﬂ1 ]u:hz L.l333

12 9 0006 1259 1915 183 117 1840 17

12 0007 2167 2839 2735 2029) 2702 2596

12 o 00085 3932 4662 4526 3695 4401 4264

12 d o001 6259 7036] 679 5011 6623 6386

12 o 0012 10343 11208 10903 9831 10530 10226

| 0015 18804 _to7ae s022l  ieetZ 1m0l

12 11.43  0.008) 911 1322 12645 844 1413 1346 812

12 1143 0007 1534 1958| 1884 1424 2032 1952 1394)

12l 1143 o0o008s 2754 3202 3110 2561 3233 3132 2526

12l 1143 o001 437 4831 466 407 4786 4615 3983

12l 1143 0012 7222 7690 748 6764 7494 7276 6525

12l 1143 0018 13149 13585 1330 123 13059 1276 1181

1 13 0.006 7 109 1051 71 126 1207 711

12 13 0007 1278 1617 1559) 1189 1812 1740 120

12 13 o.0088 2277 2562 2121 2850 2760) 2192

| 13 001 3607 3970 3837 3361 4171 4022 3451

1 13 0012 5052 6307 6137 5557 6449| 6261 5601

1 13 0015 108 11127 10897, 1016 11086 10835 10017
14.6 0.006 611 1583  1488. 582.6 1482.8] 13905 538.
14.6 o 0007 1344 23462 22304 1277.2 21927 ' 20791 1179.
14.63 9  0.008 2815 38504 3702 2667.4| 3596.3| 3448 8 2464.
14.63 o o001 47 5884.7  5669.8 4473, 5504.7 5292.5 4141.7]
14.63 o 0012 79390.3 93356 9066.7 7644.9 8761 8490.1 7104
14.63 0015 147817  16459.6]  16087.6 14267 15494 151209  13347.
1463 1143 0006 4684  1083.1 1019. 440, 1077.1 1011. 406.1
1469 1143 0007 9765 1605  1526.9 913ﬂ 1568 14878 848.9
1463 1143 00085 1986.8 26345 25332 1855. 2531.4 2427.9 1743.1|
1463 1143 o001 32043 40201 3883 3086) 3834.6 3686.8 2902]
1463 1143 0012 55825 64045 62184 5257.1 6054.5 5865 4925.
1463 1143 0015 10343 112913 1104 08127] 106344  10380.2 9172.
14.6 13 0.0 410.5 888.5 837. 382. 945.2 887.4 356.7]
14.63 13 o0oo7l 8261 13137 1250 768.5 1359.3 1290 7253
14.63 13 00085 16489 21525 20704 1533.5 21633 2075 1475.3
14.63 13 001 27202 32898 317086 2534 3241.9 3117 2449.6
14.63 13 0012 46005 52264  5074.2) 4302 5068.7 4909.9 4126.1
14.63 13 0015 8522, 92143  9010.4 8018.6 8820 8607.3 76108
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C-3 : Hydrostatic pressure

\7 I L | qhyd cr Ehyd cr
| r rit Iir TH NAS
[perfect ut lu2

12 9 0.006] 1500.0, 1.333 1616.99 2113.3 1989.5 1844.8|
12 ol 0007 12857] 1.333 2379.62 3071 2883 2673.4
12 o 0.0085 1058.8| 1.333 3871.76 4859 4540.8 4201.3|
12| o 001 9000 1.333 5819.80 7009 6520.8 6012.4
12 9 0.012] 750.0| 1.333 9194.59 10391.8 9492.2 8699.6|
12| 9| 0.015| 600.0 1.333 16095.98]  15952.1]  14073.3] 12737
12| 11.43] 0.006] 1905.00 1.050 1131.59 1526.1 1369.8 1254.9
12| 11.43] 0.007] 16329 1.050 1665.51 2213.3 1977.1 1801
12| 11.43] 00085 1344.7] 1.050 2710.34 3510 3089.2 2787.5
12| 11.43]  0.01] 1143.0f 1.050 4074.69 5116.8 43955 3923
12| 11.43] 0012 9525 1.050 6438.81 7646.7 6302.4 5543.2]
762.0 11274.80 12016.7 9105.3 7825.6

12 13| 0.008| 2166.7] 0923  933.79 1286.3 1120 1031.4
12 13|  0.007| 1857.1] 0923 1374.49 1862 1611.5 1466.6
12) 13| 0.0085| 1529.4] 0.923 2236.99 2951.5 2503.5 2240
120 13| 0.01 13000, 0923 3363.39 4305.2 3537.6 3110.9
12 13|  0.012] 1083.3] 0923 5315.43 6474.1 5018.6 4318.7
12 13| 0015 866.7] 0.923 9309.19 10235 7131.1 5948.5)
14.6 0.006] 1500.0] 1.626 1323.34 1722 1644.0 1541.5|
14.63) 9 0.007| 1285.7] 1.626 1947.12 2491.8| 2385.6 2244 1
14.63)| g 00085 1058.8] 1626 3167.26 3977.9 3778.7 3557.0
14.63| 90  0.01 900.0] 1.626 4759.76 5821.9 5480.8 5149.6
14.63] 9 0012 7500 1626 7517.73 8754.4 8078.7 7583.0
14.63 9 0.015 600.00 1626 13155.45 13954.3| 12296.9 11459.
1463 11.43] 0.006] 1905.0 1.280  925.82 1233.7 1135.4 1046.4
1463 11.43] 0.007] 16329 1280 1362.37 1792.5 1648.1 1517.0
1463 11.43] 00085 13447 1280 2216.41 2853.3 2602.0 2388.5
1463 11.43] 0.01] 1143.0 1.280 3331.26 4188.1 3752.1 3427 4
1463 11.43] 0.012] 9525 1280 5262.37 6380.9 54991 4985.8)|
1463 11.43] 0.015| 762.00 1280 9210.78 10332 8252.2 7371.
14.6 13| 0.006| 2166.7] 1.125 763.86 1032.9 928.61 851.4
14.63 13| 0007 18571 1.125 1124.11 1502.8] 1344.47 1227.17
14.63] 13| 0.0085| 1529.4] 1.125 1828.95 2400.3] 2113.34 1914.77
14.6 13|  0.01] 1300.0| 1.125 2749.12 3526.2] 3031.09 2721.08]
1463 13| 0012] 1083.3] 1.125 4343.19 5361.3|  4400.96| 3901.93]
1463 13| 0015 8667 1.125 7602.92 8732.2] 6493.46 5635.47

143



f Ir ’t qhyd cr NAS
ul a1l a2 a3 uial ula2
12 9 0.006 1737.6] 2089.4] 2005.7 1308.7 1973.4 1892.5]
12| 9 0.007 2473.9| 3026.1 2930.4] 2229.1 2863.9] 2798.9
12 9| 0.0085 3803.5| 4786.6| 4638.2] 3891.6] 4517.9] 4404.3|
12| 9 0.01 5336.5| 6836.3] 6695.9 5893.6 6480 6295.1
12! 9 0.012 7533.4] 9974.5| 9841.7| 8989.4] 9447.7 9247.2]
12 9 0.015( 10703.5 14908.5 14777 13971.3] 14029.3 13830
12| 11.43] 0.006 1307 .4 1506.4 1450.6 977.9 1374.3] 1319.
12| 11.43] 0.007 1802.7)] 2181.7] 21184 1630 1998.2 1932.4|
12| 11.43| 0.0085 2357.1 3444.9] 3369.1 2828.4f 3164.3] 3086.5
12| 11.43 0.01 3568.8| 4994.6 4893 4303| 4567.1 4439
12| 11.43] 0.012 4790.4| 7377.8] 7264.4f 66408 6732.8) 6591.5
12| 11.43] 0.015 6382.9 11310.3] 11192.6] 10482.3 10207] 10062.
12 13 0.006 1166.5 1270 1222.4 842 1132 1087.
12 13 0.007 1584.5, 1838.1 1738 1386 1646.7 1593.9
12 13| 0.0085 2265.5| 2899.8 2832.3] 23916 2611.1 2547.6
12 13| 0.01 2962.1 4212.7| 4138.9] 3651.7] 3776.5 3671.1
12 13| 0.012 38324 6267.1 6186.1 5642.4 5590 5472.9|
12 13| 0.015 4879.7] 9645.2] 9551.7] 9037.4] 8548.4] 8427.9
14.63 9| 0.006 1423.2 1697.1 1603.1 628.9 1635.7 1543.1
14.63 9 0.007 2055.3| 2456.9] 23556 13755 2382.6] 2274.9
14.63 9| 0.0085 32244, 3913.1 3798.3] 2827.3 3798 3668.5
14.63 9 0.01 4618.4] 5710.9] 5547.4] 45725 5597.4] 5413.9
14.63 9 0.012 6708.8) 8506.5| 8334.5| 7283.4 8336] 8131.4]
14.63 9 0.015 9947.6 13274) 13104.5] 11964.7| 12945.2] 12731.1
14.63| 11.43] 0.006 1020.5 1218.3 1153. 493.6 1137.4 1074.
14.63| 11.43] 0.007 1441.6 1767.6 1690.6 1025.4 1662.6 1587.8]
14.63| 11.43| 0.0085 2200.1 2809.4] 2716.8] 2055.9| 2659.6| 2567.6|
14.63] 11.43| 0.01 3074.6] 4112.8] 4009.2] 3304.3] 3934.3| 3809.4
1463 11.43] 0.012 4331.3] 6210.5( 6099.1 5293.5| 5920.7| 5777.7
14.63[ 11.43| 0.015 6156.8| 9877.7] 9753.5( 8855.00 9361.1 9202.8
14.63 13 0.006 886.48| 1019.498| 970.4039| 438.3532 935.4 884.6
14.63 13| 0.007| 1229.57| 1484.808 1424| 882.1125 1367.9 1307.2
14.63 13| 0.0085] 1828.53| 2366.663| 2288.709| 1740.146| 2191.3] 2116.5
14.63 13 0.01] 2494.14| 3471.325| 3374.916| 2790.317 3249 3146.3
14.63 13| 0.012] 3408.44| 5243.602] 5132.48| 4487.992| 4906.9| 4787.5
14.6 13 0.015] 4651.57| 8390.883] 8261.3| 7574.103| 7815.7| 7681.6
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f F ghyd cr NAS
uta3 u2a1 u2a2 |u2a3  |u3al u3a2 |u3a3

12 of 0008 1231.8 1829.2| 1752.4] 114968 1722.1] 1647.9] 1059.5
12 of 0007 20825 26549 2564.8 19338 24559 2370.3 1778.1
12| 9| 0.0085 3652.3] 4179.3] 4072.7] 3380.1] 37825 3683.9] 3063.3|
12 of 001 5557.1 59751 5805.4] 51253 53034 51552 4564.9
12 9| 0012] 84748 86536 84721 7766.2] 7499.8 7348.4] 6761.7
120 9

11.43]

0.015

13048

83_1

12698.7

12523|

11826.3

10673

10534.7

9994

1263.9| 1212.3 1318 1261.3 788
12) 11.43] 0.007] 1480.3] 1831.1| 1770.2] 1360.9| 1838.4| 1774.3] 1309.5
12| 11.43| 0.0085 2580.3] 2883.2| 2810.7| 2356.2 2761| 2688.8] 2235
12| 11.43 0.01] 3935.4 4132.7| 4016.6) 3569.4) 3804.9 3699.4] 3284.4
12] 11.43] 0.012] 6053.6] 6026.7| 5901.8] 5435.2| 5304.2] 5197.8| 4798.6
12| 11.43) 0.015] 9514.1] 8980.9| 8858.9| 8403.4| 7485.6/ 7390.3| 7036.2
12 13| 0.006 763.6 1049.6( 1007.5 696.6 1185.9] 1132.6| 690.2
12 13 0.007] 1233.3] 1514.3| 1464.7 1137|  1639.3] 1580.8] 1135.8|
12 13| 0.0085] 2139.6 23171 1953.6] 2422.6/ 2357.7| 1936
12 13 0.01] 3264.1] 3401.4| 3306.6 2949.6| 3289.2] 3197.3] 2826.3|
12 13|  0.012] 5037.2] 4962.3| 4860.2| 4488.1| 4511.9 4420.4) 4076.5
12 13 7984 7423.9| 7324.6| 6964.3] 6267.4

0.015

605.5

1446.5

1419.9

e

1336.5

5892

535.

9 0.008 1534.6|

14.63 9 0.007] 1315.2| 22432 2138.4] 1248.5( 2061.1 1962.2| 1148.2
14.63 9| 0.0085 2685.6] 3579.9| 3452.5 2528 3260.4] 3141.2) 2304.2
14.63 9 0.01] 4352.2] 5271.5 5099.1 4087| 4755.6 4599.7| 3694.9
14.63 9 0.012] 6996.5 7840, 7645.4| 6557.7| 6992.6/ 6820.5 5863.2
14.63 9 0.015 11541.5| 12095.4| 11890 10757.1] 10595.3 10418| 9451.2
14.63) 11.43] 0.006 465.3 1051 991.9 437.7|  1029.8 970.8) 403.8
14.63| 11.43] 0.007 959.1 1637| 1466.4 894.9) 1471.2] 1402.1| 827.7
14.63| 11.43] 0.0085] 1908.4] 2458.7| 2371.9] 1767.5| 2291.4] 2208.7| 1633.3|
14.63| 11.43] 0.01] 3079.7| 3631.4| 3514.3] 28435 3311.3] 3203.7| 2595.8]
14.63| 11.43] 0.012| 4975.5| 54409 5307.8] 4575.9| 4840.9 4723.1| 4088.1
14.63| 11.43] 0.015 8336.5| 8519.9 8376.4) 7602.7| 7337.6] 7217.7| 6584.1
14.63 13 0.006, 407.8 862.1 814.6 380.3 902.9 851 354.
14.63 13  0.007| 812.1] 1258.4] 1201.6 753|  1273.3] 1213.7] 707.4|
14.63 13| 0.0085 1588 2010.7| 1940.5( 1463.2 1953  1882.8] 1382.8|
14.63 13 0.01] 2554.1| 2970.6] 2875.5| 2341.7| 2790.2] 2699.9] 2188.3
14.63 13 0.012| 4131.2| 4458.7| 4350.4] 3764.2] 4038.1] 3940.1| 3418.2
1463 13| 0.015 6965.4) 7016.8( 6899.7 6277.2 6071 5972.3] 5460.4

1
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C-4 : Combined loading

r l L I | lgcomb cr |qcomb cr
I r rit I/r TH NAS
I_perfect u1 lu2
12 9 0.006/ 1500.0[ 1.333 1591.47 2089.4 1958.3 1805.4
12 9 0.007| 1285.7| 1.333] 2339.96 3032.1 2835.7 2615.1
12 9| 0.0085 1058.8] 1.333 3801.95 4799.3 4462.4 4108.1
12 9 0.01 900.0 1.333 5707.15 6915.7 6406 5878.8
12 9 0.012] 750.0, 1.333 9001.10 10248.6 9321.9 8510
12 9 0.015] 600.0 1.333] 15719.50 15755.4 13827.5| 12481.1
12| 11.43 0.006| 1905.0[ 1.050 1111.63 1514.2 1352.4 1231.9
12| 11.43 0.007] 1632.9] 1.050 1634.40 2194 .4 1951.2 1767.7
12| 11.43| 0.0085] 1344.7| 1.050 2655.48 3477.8 3047.3 2736.1
12| 11.43 0.01] 1143.0f 1.050 3986.05 5072.2 4335.3 3852.1
12| 11.43 0.012 952.5| 1.060| 6286.40 7580.2 6216.8 5448.2
12| 11.43 0.015] 762.0) 1.050{ 10978.00 11930.6 8989.8 7708.2
12 13 0.006] 2166.7| 0.923 916.30 1278.3 1107.3 1013.9
12 13|  0.007] 1857.1 0923 1347.19 1849.4 1592.6]  1441.6|
12 13| 0.0085| 1529.4| 0.923] 2188.79 2930.2 2473.6 2202.5
12 13 0.01| 1300.0{ 0.923| 3285.46 4272.8 3495.1 3060.4
12 13 0.012{ 1083.3] 0.923 5181.38| 6426.8 4950 8 4253.6|
12 13 0.015] 866.7| 0.923 9048.02 10177.7 7055 5872.5
14.63 9 0.006| 1500.0, 1.626 1305.95 1706.4 1623.5 1516.6
14.63 9 0.007| 1285.7| 1.626 1920.21 2465.9 2355.0 2207.0
14.63 9| 0.0085| 1058.8/ 1.626 3120.10 3931.2 3726.8 3496.3
14.63 9 0.01 900.0] 1.626 4683.81 5755.4 5404.1 5059.4
14.63 9 0.012 750.0] 1.626 7387.52 8645.3 7961.3 7451.4
14.63 9 0.015 600.0, 1.626| 12902.47 13779.2 12117.0f 11266.9
14.63| 11.43 0.006| 1905.0] 1.280 912.24 12251 1122.9 1030.4
14.63| 11.43 0.007)] 1632.9] 1.280 1341.30 1780.1 1628.3 1492 .6
14.63| 11.43] 0.0085 1344.7] 1.280 2179.38 2831.7 2567.1 2346.6
14.63] 11.43 0.01] 1143.0, 1.280| 3271.55 4153.4 3695.8 3361.9|
1463 11.43 0.012 9525 1.280 5159.87 6324.9 5403.1 4879.5
14,63 11.43 0.015 762.00 1.280 9011.46 10245.6 8075.9 7187.7
14.63 13 0.006| 2166.7] 1.125 751.97 1027.3 920.0 840.3
14.63 13 0.007| 1857.1] 1.125 1105.63 1493.7 1331.6 1210.9
14.63 13| 0.0085 1529.4| 1.125 1796.43 2384.5 2092.3 1889.1
14.63 13 0.01| 1300.0 1.125| 2696.65 3503.8 3000.2 2684.6
14.63 13 0.012] 1083.3] 1.125 4253.07 5326.0 4355.9 3851.6
14.63 13 0.015] 866.7] 1.125| 7427.59 8679.3 6430.4 5569.5
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[ Ir It gcomb cr NAS
(u3 a1l |a2 _’a3 uial ula2
12 9| 0.006! 1682 2061.1] 1981.2 1290 1942.3] 1862.3
12 9 0007] 23944 29862 28954 21964 2816.8] 2751.8
12 9| 0.0085  3682.6] 4705.3 4577| 3833.6| 4439.6| 4327.9
12 9 0.01 5172| 6731.8] 65987 58022 6365.7] 6182.8
12 9| 0012 73158 98206 9687.2| 8844.1 9277.8] 9078.8|
12 o| 0.015 10435.8| 14672.4] 14539.5| 13786.5| 13783.5| 13584.4
12| 11.43] 0.008] 1271.6] 1494.4 14386 9685 1356.7] 1302.3
12| 11.43] 0007] 1752.7| 2162.4] 2099.2] 1613.9] 1971.7] 1906.6
12| 11.43| 0.0085] 25786 3411.1] 33355 2799.3] 3120.7] 3043.5
12| 11.43] 001 3476.8] 4964.4] 48447 42567 4502.4] 4375.6|
12| 11.43| 0012 4678.9] 7300.8] 7187.1| 6562.6] 6636.2] 6496.1
12| 11.43] 0.015] 6261.7] 11176] 11068.8] 10355.8] 10064.5 9920.4
12 13| 0.008] 1138.8] 1261.8] 12142 8355 11189 1074.7
12 13| 0.007| 15452 1825 1770, 1374.9] 16269 1574.6
12 13| 0.0085| 2209.6] 2877.2] 2809.8] 23715 2578.8 2515.8
12 13| 001 28931 41771 4103.1] 36185 3728.7] 3624.3]
12 13| 0.012] 3753.4| 6209.7] 61285 5588.6] 5518.5| 5402.3
12) 13| 0.015 4800 9554 9460 8048| 84422 8322.
14.63 9| 0006  1389.4] 1681.3] 1587.4] 621.2] 16155 1523.
14.63 9| 0007 2006.0, 2430.9] 23299 1356.7| 2351.9] 2244.7
14.63 9| 0.0085| 3147.1| 3866.0] 3751.2| 2787.1 37454 3616.5
14.63 9] 0.01 4509.0, 5643.1] 5479.7| 4509.4| 5518.1] 5335.8|
14.63 9 0.012] 6555.8] 8393.5 8221.6] 7179.1] 8212.3] 8008.3
14.63 ol 0015 9743.0 13084.7| 12914.8] 11788.0] 12474.8] 12533.4
1463 11.43] 0.006 997.00 1209.5| 11454 4894 1126.1 1064.1
1463 11.43] 0007 1407.1 1755.1 1678.1] 10159 16455 1571.2|
1463 11.43| 0.0085] 2144.4] 27871 26946 20364 26308 25394
1463 11.43] 001 29926 4076.3] 3973.00 32724 3890 3765.9|
1463 11.43] 0012 4208.3| 6149.4] 6038.1 52399 58515 5709.3|
14.63] 11.43| 0.015 6285.2] 9770.5| 9649.8] 8756.7| 9249.9 9092
14.63 13|  0.006 860.0, 1013.8] 964.7] 4354 927.1 876.6
14.63 13| 0.007] 1204.9] 14757 14156 8756 13553 1295
14,63 13| 0.0085 1792.5| 2350.5| 22739 1746.2] 2170.2] 2095.8|
14.63| 13| 0.01 24466 34475 3351.1] 27686/ 3216.5| 3114.5
14.63 13| 0.012]  3348.6] 5203.4] 5092.4] 4450.4] 4856.5 4737.7
1463 13| 0.015| 4827.1 8322.8 8193.1 7508.5 7733.9] 7600.6
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qcomb cr NAS

12799

12442.5

12266.5

u1a3 u2a1 u2a2 u2a3 [uzat u3a2 u3a3
12 9 0.006] 1209.5 1790.1] 1714.5 1123.5 1667 1594.6| 1026.5
12 9 0.007] 2042.7 2597| 2508.2 1886.9| 2376.9] 2293.3] 1716.9
12 9| 0.0085] 3581.6] 4086.3] 3981.2] 32976 36622 3565.6 2957.9
12 9 0.01 5448.3 5842 5674.7 5001 5139.6] 4994.1| 4412.8
12 9] 0.012] 8308.2] 8464.7 8285 75826 72825 7132.9| 6550.8
12 9

2| 10266.6

9724 .1

767.5

__7078.1

834.1

0.006]  880.6] 1240.5 1189.6 1281.4) 12257
12[ 11.43]  0.007| 1458.5 1796.7] 1736.7| 1333.6] 1786.4] 1723.5] 1270.9
12[ 11.43] 0.0085] 25414 2828.3] 2756.8] 2308.3] 2683.1 2612.2] 2167.2
12 11.43] 001 38754 4054.3] 3939.8] 3497.3 3700.6] 3596.8 3187.8|
12[ 11.43] 0012 5960.7| 5915.3] 5791.7] 53284 5168.2] 5062.9 4667
12 11.43] _0.015] 9372.3] 8828.2 8706.6] 8251.2] 7320.2 7224.8] 6870
12| 13| 0006] 744.3] 1031.4]  990| 684.6] 1157.5 1104.7] 674.2
12| 13| 0007 1217.4] 1487.8] 1438.9] 1116.1| 1597.7 1539.9 1105.6
12 13 0.0088] 2111.1 2275.9] 1917.1] 2350.6] 2295.5 1881.6
12| 13| 001 3220 3341.6| 3248.1] 2894.9] 3205.2] 3114.6] 2748.4
12| 13| 0012 49688 4877.6] 4776.5 4407.3 44038 43132 3971.8|
12| 13| 0015 7878.6] 7307.7] 7208.7] €849 6138.3 6057.6] 5762.3
1463 9 0006 597.8] 1509.6] 1422.5| 571.1] 1385.9 1303.8 527.7
1463 o 0007 1203.8] 2205.7] 2101.9] 12247 2011.1] 1913.9 1119.7
1463 9 00085 2639.4] 3518 3391.7| 24757 3180.8] 3063.4] 2240.1
1463 9| 001 4277.9] 5177.8] 5007.8] 4003.2] 4640.3] 4486.5 3593.6
1463 9| 0012 6877.3] 7700.6] 7507.3] 64252 6827.8 6657.3 5708.8
9 11885.3| 11679.5 10187.6| 922
; : . 9 949.8] 398.7
1463 11.43 0007 9475 1515.2] 14453 881.3 14305 1371.4] 8104
14.63 11.43] 00085 1883.8] 2422.8] 2336.9] 17382 22417 2160.2] 1594.3|
1463 11.43]  0.01 3039.9] 3577.8] 3641.8] 2796.5 3240.2] 3134.1] 2534.2|
14.63[ 11.43] 0.012] 4910.8] 5360.3] 5228.2] 4501.1] 4740.3 46237 3994.9
6447

350.6

14.63 13|  0.007 803.6] 1241.9, 1185.5 742.6 1247.8 1189 693.9
14.63 13] 0.0085 1570.2| 1983.6] 1914.2] 1441.3] 1913.4 1844.1| 1352.3|
14.63 13 0.01] 2525.3] 2930.2 2836| 2306.7| 2734 2644.9 2139.8
14.63 13| 0.012] 4084.2] 4398.1] 4290.7| 3708.6) 3959.4/ 3862.3 3345.4
14.63| 13| 0.015| 6886.2] 6924.7| 6808.1 6188 5962.6| 5864.2] 5354.5
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Appendix D : Values of v for perfect cylinders.

This appendix shows the roots of 7 for the purpose of finding the buckling
equation of a perfect cylinder subjected to both axial loading and external

hydrostatic pressure.

Note that because ‘E’ is a protected variable in Mathematica, ‘E’ is denoted as

‘e’ in the following calculations.

There are some equations for which it is mathematically impossible to find explicit
formulae for the solutions. Mathematica uses Root objects to represent the
solutions in this case. The first argument (#1) of Root is an irreducible polynomial

expressed as a pure function and the second argument identifies the choice of root.

Although it cannot find explicit formulae, Mathematica can still find the solutions

numerically once the values for the numerous variables are chosen.
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Solve[Numerator[%31] =0, y]

{{x~0},

{y—r—\/Root[—30ent2+8Pm~l’? Pclm+sent2#l+2df’m#l~
51PclV3-3vZ #1+12ent? $12+24P+/3-3v2 #1% -
2PclV3-3vZ $12+8ent? #13+8PV3-3v2 #13+2Pc1V3-3v2 #13+
2ent? #1' +3Pc1V3-3v2 #1' + Pc1 V3-3v2 #1%¢, 1]},

[*{—»-\/Root[-3l]'en'l't"z4-8l?\m—l'?]?cl'\./m‘q-een‘t2 #1 +

24P3-3v2 $1-51Pcly/3-3vZ #1+12ent?$12+24P/3-3vZ #1°-
2Pcly3-3vZ $12+8ent? #1°+8PV3-3v2 #13+2PclV3-3+v2 #13+
2ent? #1° +3Pc1V3-3v2 #1'+Pc1 V3 -342 #1° ¢, 1]},

{Y—;~\/Root[—30entz+8Pm—l? Pclv3-3vZ +Bemt? #1+
24P\3-3vZ $1-51PclV3-3v2 #l+12enmt? #1“+24P3-3v2 #1° -
2PclV3-3vZ §12+8ent?$1°+8PV3-3v2 #13+2Pc1V3-3v2 #13+
2ent?#1°+3Pc1V3-3v2 #1'+Pc1V/3-3V2 #1%¢, 2]},

{¥»+/Root[-30ent?+8PV3-3Vv2 -17PclV3-3v2 +Benmt? #l+

24 P\/3-3v2 $1-51PclV3-3vZ #l+12ent?#12+24P/3-3vZ $12 -
2Pclv/3-3v2 #1%2+8ent? #13+8PV3-3+v2 #13+2Pc1V3-3v2 #13+
2ent?#1°+3PclV3-3v2 #1'+Pc1V3-3VZ #1°¢, 2]},

{y—)-\/Root[—SOEHt2+BPW—17 Pclv3-3vZ +8ent?#1+
24P\3-3v2 $1-51PclV/3-3v2 #1+12ent2#12+24P~/3-3v2 #12 -
2Pclv3-3vZ $#12+8ent?41°+8P/3-3vZ #124+2Pclv3-3v2 #1%+
2ent?#1*+3PclV3-3v2 #1° +PclV3-3v2 #1°¢, 3]},

{7—»-\/Root[-309nt2+BPW—1? PclvV3-3v2 +8ent? #1+

24P3-3vZ $1-51PclV3-3v2 #1+12ent? #124+24P/3-3v2 #12 -
2PclV/3-3v2 #1°+8ent?2#1°+8PV/3-3v2 #1°7+2Pc1V/3-3v2 #1%+
2ent?#1'+3Pc1V3-3v2 #1'+ Pc1V3-3v2 #1° ¢, 3]},

{¥ > -+/Root[-30ent?+8PV3-3v2 ~17PclV3-3v2 +8ent? #1+
24P\/3-3vZ $1-51PclV3-3vZ #1+12ent?#12+24P3-3v2 $12 -
2PclV3-3v2 #12+8ent?#13+8PV3-3v2 #134+2Pc1/3-3v2 #13+
2ent?#1'+3Pcl3-3v2 #1' +Pc1l/3-3v2 #1° &, 4]},

{7—;\fRoot[-30e.rrt2+89W-1?Pclm+aent2#l+

24PV3-3v2 $1-51PclV3-3v2 #1+12ent? #12+24P3-3v2 #12 -
2Pc1V3-3v2 #1%+8ent? 413 +8P/3-3vZ #13+2Pc1\/3-3+2 #1°+
2ent?#1' +3PclV3-3vZ #1'+Pc1 V3 -3v2 #1° g, 4]},

{7—»—-\/Root[~309nt2+8rz’m—17Pch+8ent2#1+
24P3-3v2 $1-51PclV3-3v2 #1+12ent?#12+24P/3-3+v2 $12 -
2Pcl\3-3v2 $12+8ent?2 #1°+8P3-3v2 #17+2Pc1/3-3vZ #17 4
2ent?#1* +3PclV3-3v2 #1' +PclV3-3v2 1%, 5]},

{v-+/Root[-30ent?+8PV3-3v2 -17PclV3-3vZ +8ent? 1+

24P\/3-3vZ $1-51Pc1V3-3v2 #1+12ent2#12+24P/3-3v2 #1° -
2PclV/3-3vZ #12+8ent?2$#1°+8P/3-3vZ #1°+2Pcl/3-3v2 #1% +
2ent?#1* +3PclV3-3vZ #1'+Pc1V3-3Vv2 #1° ¢, 5]}}
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Appendix E : Values of v for imperfect cylinders.

This appendix shows the roots of 7 for the purpose of finding the buckling
equation of an imperfect cylinder subjected to both axial loading and external

hydrostatic pressure.

Note that because ‘E’ is a protected variable in Mathematica, ‘E’ is denoted as

‘e’ in the following calculations.

There are some equations for which it is mathematically impossible to find explicit
formulae for the solutions. Mathematica uses Root objects to represent the
solutions in this case. The first argument (#1) of Root is an irreducible polynomial

expressed as a pure function and the second argument identifies the choice of root.

Although it cannot find explicit formulae, Mathematica can still find the solutions

numerically once the values for the numerous variables are chosen.
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Solve[%, 7]

{{v-

-+/Root [-5832 Pbar? + 24057 Pbar? Pcl - 30618 Pbar Pcl? + 12393 Pcl® - 1944 Pbar® #1 + 8019
Pbar? Pcl #1 - 10206 Pbar Pc1? #1 + 4131 Pcl? #1 + 17280 Pbar> #1% - 107001 Pbar? Pcl
#12 + 162162 Pbar Pcl1? #1% - 72441 Pc1?® #1% - 35424 A2 Pc13 $#12 + 35424 A% pc1? v2 #1° -

46656 A Pbar Pc1?24/3 -3 v2 #12 + 46656 APc1?® /3 - 3v2 #1% + 5824 Pbar® #1° +
57381 Pbar? Pcl #1° - 132234 Pbar Pcl? #1% + 69029 Pc1? #1° + 128352 A2 pc1? #1° -
128352 A% Pc13 v2 #1° - 155520 A Pbar Pc1? /3 - 3 vZ #1° + 155520 A Pc13 /3 -3 v2 #1° -
16848 Pbar’ #1' + 31482 Pbar? Pcl #1% - 12420 Pbar Pcl1? #1% - 2214 pc1? #1* -
163296 A2 Pc13 #1% + 163296 A? P13 v2 $1* - 188352 A Pbar Pc12/3-3v2 #1% +
188352 A Pcl? V3 -3v2 #1° - 5808 Pbar? #1° + 4766 Pbar? Pcl #1° +
7892 Pbar Pcl? #1° - 6850 Pc1? #1° + 74976 A2 Pc13 #1° - 74976 A2 Pc1? v2 $#1° -
98560 A Pbar Pc12 /3 - 3 vZ #1° + 98560 A Pc1® /3 - 3 vZ #1° + 5184 Pbar>® #1° -
14290 Pbar? Pcl #15 + 13028 Pbar Pcl1? #1° - 3922 Pc13 #1° + 2784 A2 Pc13 #1° -
2784 A? Pc1? v? $15 - 20928 A Pbar Pc1? v/3 - 3v2 #1°4+20928 APc134/3-3vZ #1°+
1920 Pbar® #17 - 4854 Pbar? Pcl #17 + 3948 Pbar Pc1? #17 - 1014 Pc13 417 -
6624 A? Pc13 #17 + 6624 A? Pc13 v2 $#17 - 1920 A Pbar Pc12 /3 -3v2 #17 +
1920 A Pcl®\/3-3v2 #17 + 216 Pbar® #1° + 189 Pbar? Pcl #1° - 1026 Pbar Pc1? #1° +
621 Pc13 #1% - 67222 Pc13 #1% + 67222 Pc13 v2 $#1° - 64 A Pbar Pc12 /3 - 3v2 #1% +
64 APcl®+/3 - 3v2 #1° + 8 Pbar® #1° + 223 Pbar? Pcl #1° - 470 Pbar Pc1? #1° +
239 Pc1? #1° - 96 A% Pc1? #1° + 96 A% Pc13 v2 #1° + 27 Pbar? Pcl #1110 -
54 Pbar Pcl? #1'° + 27 Pc1® #1'° + Pbar? Pcl #1'! - 2 Pbar Pc1? #1' + pcl? #1'1 ¢, 1]},
{¥ » /Root [-5832 Pbar’® + 24057 Pbar? Pcl - 30618 Pbar Pcl® + 12393 Pc1® - 1944 Pbar® #1 +
8019 Pbar? Pcl #1 - 10206 Pbar Pc1? #1 + 4131 Pcl? #1 + 17280 Pbax® #1? -
107001 Pbar? Pcl #1% + 162162 Pbar Pcl? #1% - 72441 Pc1® #1? - 35424 A% pc1?® #1°% +
35424 A2 Pc13 v2 #12 - 46656 A Pbar Pcl?2 /3 -3 v2 #12 + 46656 A Pc13 /3 -3v2 #12 +
5824 Pbar® #1° + 57381 Pbar? Pcl #1° - 132234 Pbar Pcl1? #1° + 69029 Pc1? #1°3 +
128352 a2 Pc1? #17 - 128352 A% Pc1? v? #1% - 155520 A Pbar Pc12 /3 -3 v2 #1° +
155520 A Pc1® v/3 -3 v2 #1° - 16848 Pbar® #1% + 31482 Pbar? Pcl #1* -
12420 Pbar Pcl? #1% - 2214 Pc13 $1* - 163296 A2 Pcl13 #1% + 163296 A2 pc13 v2 #11 -
188352 A Pbar Pc1? /3 - 3 v2 #1% + 188352 A Pc1? /3 -3v2 #1* - 5808 Pbar?® #1° +
4766 Pbar? Pcl #1° + 7892 Pbar Pcl? #1° - 6850 Pc1? #1° + 74976 A? Pc1? #1° -
74976 A% Pc13 v2 #15 - 98560 A Pbar Pc12 /3 - 3 v2 #15+ 98560 A Pc13 /3 -3v2 #1°%+
5184 Pbar® #1° - 14290 Pbar? Pcl #1° + 13028 Pbar Pc1? #1° - 3922 pc13 #1° +
2784 A2 Pc1? #1° - 2784 82 Pc13 v2 #1°% - 20928 A Pbar Pc1? /3 -3 v2 #15+
20928 A Pc1® /3 -3v2 #1%+ 1920 Pbar® #17 - 4854 Pbar? Pcl #17 + 3948 Pbar Pcl1? #17 -
1014 Pc13 #17 - 6624 a2 Pc1? #17 + 6624 A2 Pc13 v2 417 - 1920 A Pbar Pcl? /3 -3 v2 #17 +
1920 A Pc13+/3 -3v2 #17 + 216 Pbar’ #1° + 189 Pbar? Pcl #1°% - 1026 Pbar Pc1? #1° +
621 Pc1® #1° - 672 A% Pc1® #1% + 672 A% Pc1® v2 #1° - 64 A Pbar Pc1? /3 -3 v2 #1° +
64 APcl® /3 -3 v2 #1% + 8 Pbar?® #1° + 223 Pbar? Pcl #1° - 470 Pbar Pc1? #1° +
239 Pcl® #1° - 96 A? Pc1? #1°% + 96 A% Pc1® v #1° + 27 Pbar? Pcl #1'° -
54 Pbar Pcl? #1'° + 27 Pc1® #1'° + Pbar? Pcl #1'! - 2 Pbar Pc1? #1'! + Pc1® #1M ¢, 1]},
{¥ > -+/Root [-5832 Pbar? + 24057 Pbar’? Pcl - 30618 Pbar Pc1? + 12393 Pc1? - 1944 Pbar? #1 +
8019 Pbar? Pcl #1 - 10206 Pbar Pc1? #1 + 4131 Pc1® #1 + 17280 Pbar> #1° -
107001 Pbar? Pcl #1% + 162162 Pbar Pcl? #12 - 72441 Pcl1? 412 - 35424 A? Pc1? #1°% +
35424 82 Pc1?® v2 #1% - 46656 A Pbar Pc12 /3 -3 v2 #1%2 + 46656 APcl® /3 -3 v2 #12 +
5824 Pbar? #1° + 57381 Pbar? Pcl #1° - 132234 Pbar Pcl? #1° + 69029 Pc13 #1° +
128352 A2 Pc13 #17 - 128352 A2 Pel? v2 #1° - 155520 A Pbar Pcl? v/3 -3 vZ #1° +
155520 A Pcl3 /3 -3 v2 #1% - 16848 Pbar® #1% + 31482 Pbar? Pcl #1* -
12420 Pbar Pcl? #1% - 2214 Pc1? #1° - 163296 A pc13 #1° + 163296 A2 Pc1? v2 #1% -
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188352 A Pbar Pc12+/3 -3 v2 #1% + 188352 A Pc13 /3 -3 v2 #1% - 5808 Pbar? #1° +
4766 Pbar? Pcl #1° + 7892 Pbar Pcl? #1° - 6850 Pcl® #1% + 74976 A% Pcl? #1° -
74976 A% Pcl® v $1° - 98560 A Pbar Pc12 /3 -3 v2 #1° + 98560 A Pcl® /3 -3 v2 #1°+
5184 Pbar3 #1° - 14290 Pbar? Pcl #1° + 13028 Pbar Pcl? #1°% - 3922 Pc13 #1° +
2784 A% Pc1?® $#1° - 2784 82 Pc1® v? #1° - 20928 A Pbar Pc1? /3 -3 v2 #1°+
20928 APc1®/3-3v2 #15+1920 Pbar® #17 - 4854 Pbar? Pcl #17 + 3948 Pbar Pcl1? #17 -
1014 Pc13 #17 - 6624 A% Pc13 #17 + 6624 A2 Pc13 v2 #17 - 1920 A Pbar Pc124/3-3vZ #17 +
1920 A Pc1® /3 -3v2 #17 + 216 Pbar’® #1° + 189 Pbar? Pcl #1° - 1026 Pbar Pc1? #1° +
621 Pc1? #1° - 672 A2 pc1® #1°% + 672 A2 Pc13 v2 #1° - 64 A Pbar Pc12/3 -3 v2 1%+
64 APcl3 /3 -3v2 #1° + 8 Pbar® #1° + 223 Pbar? Pcl #1° - 470 Pbar Pcl? #1° +
239 Pcl13 #1% - 96 A% Pc1® #1° + 96 AZ Pc13 v2 #1° + 27 Pbar? Pcl #110 -
54 Pbar Pcl? #1'° + 27 Pc1? #1%° + Pbar? Pcl #1*! - 2 Pbar Pc1? #1'! + Pc1? #1' &, 2]},
{¥ » y/Root [-5832 Pbar® + 24057 Pbar? Pcl - 30618 Pbar Pcl? + 12393 Pcl’ -
1944 Pbar3 #1 + 8019 Pbar? Pcl #1 - 10206 Pbar Pc1? #1 + 4131 Pcl? #1 + 17280 Pbar? #12 -
107001 Pbar? Pcl #1% + 162162 Pbar Pc1? #1% - 72441 Pc1® #17 - 35424 A% pcl1? #17 +
35424 A2 Pc13 v? #12 - 46656 A Pbar Pc12 /3 -3 v2 #12 + 46656 A Pc1?® /3 -3v2 #12 +
5824 Pbar? #1° + 57381 Pbar? Pcl #1° - 132234 Pbar Pcl? #13 + 69029 Pc13 #1° +
128352 A% Pcl? #1° - 128352 A2 Pc13 v2 #1° - 155520 A Pbar Pc1? /3 - 3 v2 #1% +
155520 A Pc13 /3 - 3 v2 #13 - 16848 Pbar> #1° + 31482 Pbar? Pcl #1% -
12420 Pbar Pcl? #1° - 2214 Pc1? #1" - 163296 A? Pc1® #1° + 163296 A% Pcl® v #1° -
188352 A Pbar Pc1?2/3 -3 v2 #1! +188352A Pc13+/3-3+v2 #1% - 5808 Pbar3 $1° +
4766 Pbar? Pcl #1° + 7892 Pbar Pcl1? #1° - 6850 Pc1® #1° + 74976 A% Pc1® #1° -
74976 A2 Pcl1® v2 #1° - 98560 A Pbar Pc1? /3 -3 v2 #1° + 98560 A Pc1® /3 -3 v2 #1°+
5184 Pbar? #1° - 14290 Pbar? Pcl #1° + 13028 Pbar Pcl1? #1° - 3922 pc13 #1° +
2784 A% pc1? $1° - 2784 A% Pc1? v? #1° - 20928 A Pbar Pc1? /3 -3 v2 #1° +
20928 APc13 /3 -3 v2 #1%+ 1920 Pbar® #17 - 4854 Pbar? Pcl #17 + 3948 Pbar Pcl1? #17 -
1014 Pc1® #17 - 6624 A2 Pc1® #17 + 6624 A% Pc13 v2 #17 - 1920 A Pbar Pcl? v/3 - 3 v2 #17
1920 A Pc13vV3-3v2 #17 + 216 Pbar3 #1° + 189 Pbar? Pcl #1° - 1026 Pbar Pc1? #18 +
621 Pc1? #1° - 672 A% Pc1? #1°% + 67222 Pc13 v2 #1° - 64 A Pbar Pc12 /3 -3 v2 #1° +
64 A Pc1®+/3-3v2 #1°% + 8 Pbar® #1° + 223 Pbar? Pcl #1° - 470 Pbar Pc1? #1°% +
239 Pc13 #1°% - 96 A2 Pc1? #1° + 96 A2 Pc13 v2 #1° + 27 Pbar? Pcl #11°0 -
54 Pbar Pc1? #1° + 27 Pc1? $1'° + Pbar? Pcl #1'! - 2 Pbar Pc1? #1' + Pc1® #1M &, 2]},
{v > -+/Root [-5832 Pbar? + 24057 Pbar? Pcl - 30618 Pbar Pcl? + 12393 Pc1? - 1944 Pbar? #1 +
8019 Pbar? Pcl #1 - 10206 Pbar Pcl? #1 + 4131 Pc1® #1 + 17280 Pbar’ #1% -
107001 Pbar? Pcl #12 + 162162 Pbar Pc1? #1% - 72441 Pcl?® #1% - 35424 A? pc1? 1% +
35424 A2 pc1? v2 #12 - 46656 A Pbar Pc1? /3 -3 v2 #1% + 46656 APc13 /3 -3v2 #1%+
5824 Pbar> #17 + 57381 Pbar? Pcl #1° - 132234 Pbar Pcl? #1° + 69029 Pc1? #17 +
128352 A% Pc1? #13 - 128352 A2 Pc13 v2 #1° - 155520 A Pbar Pcl? /3 -3 v2 #1° +
155520 A Pcl3 3 - 3v2 #13 - 16848 Pbar? #1* + 31482 Pbar? Pcl #1° -
12420 Pbar Pcl1? #1% - 2214 Pc1? #1° - 163296 A2 Pc1® $#1% + 163296 A2 Pc13 v2 #1* -
188352 A Pbar Pc1?2 /3 -3 vZ #1' +188352A Pc1® V3 -3 v2 #1* - 5808 Pbar® #1° +
4766 Pbar? Pcl #1° + 7892 Pbar Pcl? #1° - 6850 Pc1? #1° + 74976 A% pPc13 #1° -
74976 A2 Pc13 v2 #1° - 98560 A Pbar Pc12 /3 - 3 v2 #1°+ 98560 A Pcl® /3 -3 v2 #1°+
5184 Pbar? #1° - 14290 Pbar? Pcl #1° + 13028 Pbar Pcl? #1° - 3922 pc1? #1° +
2784 A% el $15 - 2784 A2 Pc13 v2 #15 - 20928 A Pbar Pc124/3 -3 v2 #1°+
20928 APcl® V3 -3 v2 #1°+ 1920 Pbar® #17 - 4854 Pbar? Pcl #17 + 3948 Pbar Pcl? #17 -
1014 Pc13 417 - 6624 a2 pc13 #17 + 6624 A2 Pc13 v2 #17 - 1920 A Pbar Pc12+/3 -3 v2 #17 +
1920A Pc13+/3-3vZ #17 + 216 Pbar® #1° + 189 Pbar? Pcl #1° - 1026 Pbar Pc1? #1° +
621 Pcl® #1° - 672 A2 Pc13 #18 + 672 A2 Pe13 v2 #1° - 64 A Pbar Pc12+/3 - 3v2Z #1% 4+
64APcl®vV3-3v2 #1° + 8 Pbar? #1° + 223 Pbar? Pcl #1°% - 470 Pbar Pc1? #17 +
239 Pc1? #1? - 96 A% Pc13 #1° + 96 A% Pc1® v? #1° + 27 Pbar? Pcl #1'° -

e
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54 Pbar Pcl? #1'° + 27 pc1® #1'° + Pbar? Pcl #1'! - 2 Pbar Pc1? #1'" + Pcl? #1' &, 3]},
{¥ - V/Root [-5832 Pbar® + 24057 Pbar? Pcl - 30618 Pbar Pcl? + 12393 Pcl® -
1944 pbar® #1 + 8019 Pbar? Pcl #1 - 10206 Pbar Pcl? #1 + 4131 Pcl? #1 +
17280 Pbar> #12 - 107001 Pbar? Pcl #12 + 162162 Pbar Pcl? $1% - 72441 pc1? 412 -
35424 A% Pcl? $#1? + 35424 A2 Pc1? v? $12 - 46656 A Pbar Pc12 /3 -3 v2 #12 4
46656 APcl1? /3 -3vZ $1% + 5824 Pbar> #1° + 57381 Pbar? Pcl #13 -
132234 Pbar Pcl1? #13 + 69029 Pc1? #1° + 128352 A% Pc1?® #1° - 128352 A2 pc1? v2 #1° -
155520 A Pbar Pc1? v/3 -3 v2 #1% + 155520 A Pc13 /3 - 32 #13 -
16848 Pbar’ #1* + 31482 Pbar? Pcl #1° - 12420 Pbar Pc1? #1° - 2214 Pc1? 414 -
163296 A% Pcl1? #1* + 163296 A2 Pc13 v2 #1* - 188352 A Pbar Pc1? /3 -3 v2 #1'+
188352 A Pc1? /3 -3v2 #1% - 5808 Pbar3 #1° + 4766 Pbar? Pcl #1° +
7892 Pbar Pcl? #1° - 6850 Pc1® #1° + 74976 A2 Pc13 #1° - 74976 A% Pcl3 v2 #15 -
98560 A Pbar Pc1? /3 -3 v2 #1°+ 98560 APc13 /3 -3 v2 #15+ 5184 Pbar? #1° -
14290 Pbar? Pcl #1° + 13028 Pbar Pc1? #1° - 3922 Pc1 #1° + 2784 A2 Pc13 #1° -
2784 A2 Pc1?® v2 #1° - 20928 A Pbar Pc12 /3 -3v2 #1°+20928A Pc1® V3 -3 v2 #1°+
1920 Pbar® #17 - 4854 Pbar? Pcl #17 + 3948 Pbar Pc1? #17 - 1014 Pc1? #17 -
6624 A2 Pc13 #17 + 6624 A2 Pc13 v2 $17 - 1920 A Pbar Pc12 V3 -3 v2 #17 +
1920APcl®v/3-3v2 #17 + 216 Pbar? #1° + 189 Pbar? Pcl #1° - 1026 Pbar Pc1? #1° +
621 pcl® #1% - 672 A2 Pc13 #1° + 67222 Pc1®v2 #1% - 64 APbar Pc12 V3 -3v2 #1% +
64 APc1®/3-3v2 #1° + 8 Pbar? #1° + 223 Pbar? Pcl #1° - 470 Pbar Pc1? #1° +
239 Pcl® #1% - 96 A% Pc1® #1° + 96 A% Pc1® v? $1Y + 27 Pbar? Pcl #1'° -
54 Pbar Pcl? #11% + 27 pc1? #1'° + Pbar? Pcl #1'' - 2 Pbar Pc1? #1'! + Pc1? #1'! g, 3]}
{¥ > -+/Root [-5832 Pbar® + 24057 Pbar? Pcl - 30618 Pbar Pc1? + 12393 Pc1® - 1944 Pbar® 1 +
8019 Pbar? Pcl #1 - 10206 Pbar Pcl? #1 + 4131 Pc1? #1 + 17280 Pbar> #12 -
107001 Pbar? Pcl #1% + 162162 Pbar Pcl? #12 - 72441 Pc13 #12 - 35424 A2 pcl3 $17% +
35424 A? Pc1® v? #1% - 46656 A Pbar Pcl? v/3 -3 v2 #12 + 46656 APcl?® 3 -3 v2 #1%2+
5824 Pbar® #1° + 57381 Pbar? Pcl #1° - 132234 Pbar Pc1? #13 + 69029 Pc13 #13 +
128352 A% pc1® #1% - 128352 A% Pc1?® v? #1° - 155520 A Pbar Pc1?4/3 -3 vZ #13 +
155520 A Pc13 /3 -3 v2 #1% - 16848 Pbar® #1% + 31482 Pbar? Pcl #1° -
12420 Pbar Pc1?® #1* - 2214 Pc1? #1% - 163296 A2 Pc1? #1% + 163296 A% Pc13 v2 #14 -
188352 A Pbar Pcl?+/3-3v2 #1* +188352A Pc1®+/3 -3 v2 #1° - 5808 Pbar3 #1° +
4766 Pbar? Pcl #1° + 7892 Pbar Pcl? #1° - 6850 Pc13? #1° + 74976 AZ pcl3 4#1° -
74976 A% Pc1® v2 #1° - 98560 A Pbar Pc1? W3 - 3 v2 #1° + 98560APcl® V3 -3 v2 #1%+
5184 Pbar® #1°% - 14290 Pbar? Pcl #1° + 13028 Pbar Pc1? #15 - 3922 pc13 #16 +
2784 22 pc1® #1° - 2784 A% Pc1® v2 #1° - 20928 A Pbar Pc12 V3 - 3 v2 #1°+
20928 APcl1?® /3 -3 v2 #1°+ 1920 Pbar® #17 - 4854 Pbar? Pcl #17 + 3948 Pbar Pc1? #17 -
1014 Pc13 $#17 - 6624 A2 pc13 #17 + 6624 a2 Pc13 v2 #17 - 1920 A Pbar Pc1? /3 - 3 v2 #17 4+
1920A Pc13+/3-3v2 #17 + 216 Pbar? #1° + 189 Pbar? Pcl #1° - 1026 Pbar Pc12 #1° +
621 Pc13 #1% - 672 A2 pc1? #1% + 672 A% Pc13 v? #1° - 64 A Pbar Pc12 /3 -3 vZ #1°% +
64 APcl3+/3-3v2 #1% + 8 Pbar® $#1° + 223 Pbar? Pcl #1° - 470 Pbar Pc1? #1°% +
239 Pc1® #1° - 96 A2 Pc1> #1° + 96 A2 Pc13 v2 #1° + 27 Pbar? Pcl #11° -
54 Pbar Pcl? #1'° + 27 Pc1® #1'° + Pbar? Pcl #1'! - 2 Pbar Pc1? #1'! + pc1? 1M ¢, 4]},
{¥ - +/Root [-5832 Pbar® + 24057 Pbar? Pcl - 30618 Pbar Pc1? + 12393 Pcl? -
1944 Pbar? #1 + 8019 Pbar? Pcl #1 - 10206 Pbar Pc1? #1 + 4131 Pcl1? #1 +
17280 Pbar? #1° ~ 107001 Pbar? Pcl #1° + 162162 Pbar Pcl? #1% - 72441 Pc13 #1% -
35424 8% Pc1® #1% + 35424 A? Pc1® v2 #1% - 46656 A Pbar Pc1? /3 -3 v2 #1% +
46656 A Pcl? /3 -3v2 #12 + 5824 pbar? #1° + 57381 Pbar? Pcl #1° -
132234 Pbar Pcl? #17 + 69029 Pc1® #13 + 128352 A% pc1? #13 - 128352 A2 Pc13 v2 #1° -
155520 A Pbar Pc12 /3 - 3v2 #13 + 155520 A Pc13 /3 -3v2 #13 -
16848 Pbar® #1° + 31482 Pbar? Pcl #1* - 12420 Pbar Pc1? #1% - 2214 pe1? #1°9 -
163296 A% Pcl?® #1% + 163296 A2 Pc1® v? #1" - 188352 A Pbar Pc1? /3 -3v2 #1° +
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188352 A Pcl® v/3 - 3v2 #1* - 5808 Pbar> #1° + 4766 Pbar? Pcl #1° +

7892 Pbar Pcl? #1° - 6850 Pc1® #1° + 74976 A2 Pc1? #1° - 74976 A% Pc1? v2 #1° -

98560 A Pbar Pcl? V/3-3v2 #1°+ 98560 A Pc1? /3 -3 v2 #1° + 5184 Pbar? #1° -

14290 Pbar? Pcl #1° + 13028 Pbar Pcl1? #1° - 3922 Pc13 #1° + 2784 A? Pc1? #1° -

2784 A2 pc13 v? #15 - 20928 APbar Pc1? /3 -3 v2 #1654+ 20928 APc1?3/3-3v2 #1°%+

1920 Pbar® #17 - 4854 Pbar? Pcl #17 + 3948 Pbar Pcl? #17 - 1014 Pcl1? #17 -

6624 A% Pc1? #17 + 6624 A2 Pc13 v2 #17 - 1920 A Pbar Pc12 V3 -3 v2 #17 +

1920APc13 V3 -3v2 #17 + 216 Pbar? #1% + 189 Pbar? Pcl #1° - 1026 Pbar Pc1? #1° +

621 Pcl? #1° - 672 A% Pc1® #1° + 672 A% Pc1® v2 #1° - 64 APbar Pc1? /3 -3 v2 #1° +

64 APcl?® 3 -3v2 #1% 4+ 8 Pbar? #1° + 223 Pbar? Pcl #1° - 470 Pbar Pc1? #1°% +

239 Pcl? #1° - 96 A? Pc1? #1° + 96 A? Pc1? v2 #1° + 27 Pbar? Pcl #11° -

54 Pbar Pcl? #1'° + 27 pc1® #1'° + Pbar? Pcl #1'! - 2 Pbar Pc1? #1' + Pc1® #1'' &, 4]},

{¥ » -y/Root [-5832 Pbar? + 24057 Pbar? Pcl - 30618 Pbar Pc1? + 12393 Pc1? - 1944 Pbar?® #1 +
8019 Pbar? Pcl #1 - 10206 Pbar Pcl? #1 + 4131 Pc1® #1 + 17280 Pbar? #1? -
107001 Pbar? Pcl #1% + 162162 Pbar Pcl? #1% - 72441 Pc1? #1? - 35424 A2 pc13 #12 +
35424 A? pc1? v? #1% - 46656 A Pbar Pcl? /3 -3 v2 #1% + 46656 APc13 /3 -3 v2 #1% +
5824 Pbar® #1° + 57381 Pbar? Pcl #1° - 132234 Pbar Pc1? #1% + 69029 Pc13 $13 +
128352 A% Pc1? #1° - 128352 A2 pcl1® v2 #1° - 155520 A Pbar Pc1? v/3-3v2Z #1° +
155520 A Pcl® v/3 -3 v2 #1° - 16848 Pbar?® #1* + 31482 Pbar? Pcl #1* -
12420 Pbar Pcl? #1% - 2214 Pc1? #1°% - 163296 A% Pc1® #1' + 163296 AZ Pc1? v $#1° -
188352 A Pbar Pc1?v/3-3vZ #1' + 188352 APc1® /3 -3 vZ #1' - 5808 Pbar® #1° +
4766 Pbar? Pcl #1° + 7892 Pbar Pcl1? #1° - 6850 Pcl1? #1° + 74976 A? pcl? #1° -
74976 A% Pcl? v2 #1° - 98560 A Pbar Pcl? v/3 -3 v2 #1°+ 98560 A Pc1® V3 -3 vZ #1°+
5184 Pbar? #1°% - 14290 Pbar? Pcl #1° + 13028 Pbar Pc1? #1° - 3922 Pc1® #1° +
2784 A2 Pcl? #1° - 2784 A% Pc1? v2 #1° - 20928 A Pbar Pc1? /3 -3 v2 1%+
20928 APc1® V3 -3vZ #1°+ 1920 Pbar® #17 - 4854 Pbar? Pcl #17 + 3948 Pbar Pcl1? #17 -
1014 Pcl? #17 - 6624 A% pc1? #17 + 6624 A? Pc1® v2 #17 - 1920 A Pbar Pc12V/3 -3 v2 #17 +
1920 A Pcl?v/3-3v2 #17 + 216 Pbar?® #1° + 189 Pbar? Pcl #1° - 1026 Pbar Pc1? #1° +
621 Pcl® #1° - 672 A2 pc13 #1° + 672 A2 Pc13 v2 #1° - 64 APbar Pcl? V3 -3 vZ #1% 4+
64APcl?/3-3v2 #1° + 8 Pbar? #1° + 223 Pbar? Pcl #1% - 470 Pbar Pc1? #1° +
239 Pcl® #17 - 96 A? Pc1® #1° + 96 A2 Pc1? v2 #1° + 27 Pbar? Pcl #1'7 -
54 Pbar Pcl? #1'° 4+ 27 pc1® #1'% + Pbar? Pcl #1'! - 2 Pbar Pcl? #1!! + pc13 111 &, 5] ¥
(v~ VRoot [-5832 Pbar? + 24057 Pbar? Pcl - 30618 Pbar Pc12 + 12393 Pcl? -

1944 Pbar’ #1 + 8019 Pbar? Pcl #1 - 10206 Pbar Pcl? #1 + 4131 Pc1? #1 +

17280 Pbar? #1% - 107001 Pbar? Pcl #1% + 162162 Pbar Pcl? #1°% - 72441 Pc13 $1% -

35424 A2 Pc1? #1° + 35424 A2 Pc1?® v? #1% - 46656 A Pbar Pc1? V3 -3 v2 #1% +

46656 A Pcl? 3 -3v2 #12 + 5824 Pbar’ #17 + 57381 Pbar? Pcl #17 -

132234 Pbar Pcl? #1° + 69029 Pc1® #1° + 12835222 pcl13 #1° - 128352 A2 Pc13 v2 §1° -

155520 A Pbar Pc1? /3 -3 v2 #1%+155520A Pc13v/3-3v2 #1° -

16848 Pbar? #1' + 31482 Pbar? Pcl #1' - 12420 Pbar Pcl? #1* - 2214 pc1® #17 -

163296 A% Pcl? #1° + 163296 A2 Pc1? v2 #1° - 188352 APbar Pc1? /3 - 3 vZ #1% +

188352 A Pcl® V3 -3 v2 #1* - 5808 Pbar? #1° + 4766 Pbar? Pcl #1° +

7892 Pbar Pcl? #1° - 6850 Pc1?® #1° + 74976 A? Pc13 #1° - 74976 A? Pc13 v? #1° -

98560 A Pbar Pc1? v/3 -3 v2 #1°+ 98560 A Pc1® /3 -3 v2 #1° + 5184 Pbar? #1° -

14290 Pbar? Pcl #1% + 13028 Pbar Pcl1? #1°% - 3922 Pc13 #1° + 2784 A? pc13 #1° -

2784 A% Pc1? v2 #1° - 20928 A Pbar Pc1? V3 - 3v2 #1°%+ 20928 A Pc1® V3 -3v2 #1°+

1920 Pbar® #17 - 4854 Pbar? Pcl #17 + 3948 Pbar Pcl? #17 - 1014 Pc1? #17 -

6624 A2 Pc1® #17 + 6624 A2 Pc13 v2 #17 - 1920 A Pbar Pc12 /3 -3v2 #17 +

1920APc13v/3-3+v2 #17 +216 Pbar? #1° + 189 Pbar? Pcl #1° - 1026 Pbar Pcl1? #1° +

621 Pc1? #1° - 672 A% Pc13 #1° 4+ 67222 Pc13 v2 $1° _ 64 A Pbar Pc1? /3 -3v2 #1% 4

64 APcl?® V3 -3v2 #1° + 8 Pbar® #1° + 223 Pbar? Pcl #1° - 470 Pbar Pc1? #1° +
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239 Pcl® #1° - 96 A% pc1® $1° + 96 A% Pc1?® v2 #1°% + 27 Pbar? Pcl #1'° -
54 Pbar Pc1? #1'° + 27 Pc1® #1'° + Pbar? Pcl #1'! - 2 Pbar Pc1? #1' + Pc1? #1™ ¢, 5]},
{¥ - -+/Root [-5832 Pbar? + 24057 Pbar? Pcl - 30618 Pbar Pc1? + 12393 Pc1® - 1944 Pbar® #1 +
8019 Pbar? Pcl #1 - 10206 Pbar Pcl? #1 + 4131 Pcl? $#1 + 17280 Pbar® #1° -
107001 Pbar? Pcl #1% + 162162 Pbar Pcl? §12 - 72441 Pel? #1° - 35424 A% pcl? #1% +
35424 A? Pc1? v? #1% - 46656 A Pbar Pc1? \/3 - 3 vZ #1% + 46656 APc1® V3 -3 v2 #1% +
5824 Pbar? #17 + 57381 Pbar? Pcl #1° - 132234 Pbar Pcl1? #1° + 69029 Pc13 #1° +
128352 A2 Pc1? #1° - 128352 A% Pc1? v2 #1° - 155520 A Pbar Pc1? /3 -3 v2 #1% +
155520 APc1? v/3 - 3 v2 #1° - 16848 Pbar? #1* + 31482 Pbar? Pcl #1* -
12420 Pbar Pc1? #1° - 2214 pc1? #1' - 163296 A% Pc1® #1* + 163296 A% pc1® v #17 -
188352 A Pbar Pc1? V3-3v2 #1* + 188352 A Pc1® /3-3v2 #1* - 5808 Pbar> #1° +
4766 Pbar? Pcl #1° + 7892 Pbar Pcl? #1° - 6850 Pc1® #1° + 74976 A% pc1? $#1° -
74976 A% Pc1® v? #1° - 98560 A Pbar Pc1? v/3 - 3v2 #1°+ 98560 A Pcl® V3 -3 v2 #1°+
5184 Pbar® #1° - 14290 Pbar? Pcl #1° + 13028 Pbar Pcl1? #1° - 3922 Pc13 #15 +
2784 A? Pcl? #15 - 2784 AZ Pc1? v? $#15 - 20928 A Pbar Pc1? /3 - 3 v2 #1°+
20928 A Pcl® /3 -3v2 #1°+ 1920 Pbar? #17 - 4854 Pbar? Pcl #17 + 3948 Pbar Pc1? #17 -
1014 Pcl1® #17 - 6624 A2 Pc1® #17 + 6624 A2 Pc1® v2 17 - 1920 A Pbar Pc1?v/3 -3 v2 #17 +
1920A Pcl®V/3-3v2 #17 + 216 Pbar® #1° + 189 Pbar? Pcl #1° - 1026 Pbar Pc1? #1° +
621 Pcl® #1% - 67222 Pc1? #1% + 672 A2 Pc1® v2 #1% — 64 APbar Pc12 /3 -3v2 #1°% &
64 APc1?/3-3v2 #1° + 8 Pbar® #1° + 223 Pbar? Pcl #1° - 470 Pbar Pc1? #1°% +
239 Pcl? #1°% - 96 A% Pc1? #1° + 96 A% Pc13 v2 #17 + 27 Pbar? Pcl #1170 -
54 Pbar Pcl? #1'° + 27 Pc1® #1'° + Pbar? Pcl #1'* - 2 Pbar Pcl? #1'* + pcl® #1' &, 6]},
{¥ = \/Root [-5832 Pbar® + 24057 Pbar? Pcl - 30618 Pbar Pc1? + 12393 Pcl? -
1944 Pbar® #1 + 8019 Pbar? Pcl #1 - 10206 Pbar Pcl? #1 + 4131 Pcl? #1 +
17280 Pbar® #1% - 107001 Pbar® Pcl #1% + 162162 Pbar Pcl? #1? - 72441 pPc1? 12 -
35424 a2 pc1? #12 + 35424 A2 Pe13 v2 $1% - 46656 A Pbar Pcl? V3 -3 v2 #1% +
46656 A Pc13>V/3 -3 v2 #12 + 5824 Pbar® #1% + 57381 Pbar? Pcl #1° -
132234 Pbar Pc1? #1° + 69029 Pc1? #13 + 128352 A% pc13 #1% - 128352 A% pc13 v2 §13 -
155520 A Pbar Pcl? /3 -3 v2 #1% + 155520A Pcl3 /3 -3v2 #1° -
16848 Pbar® #1° + 31482 Pbar? Pcl #1* - 12420 Pbar Pc1? #1% - 2214 pPc1? #1* -
163296 A2 Pc1? #1* + 163296 A% Pcl® v? #1° - 188352 A Pbar Pcl? \/3 -3 v2 #1* +
188352 A Pcl® \/3-3vZ #1' - 5808 Pbar? #1° + 4766 Pbar? Pcl #1° +
7892 Pbar Pcl? #1° - 6850 Pcl? #1° + 74976 A% pcl? #1° - 74976 A? Pcl? v2 $1° -
98560 A Pbar Pc1? V3 -3 v2 #1° + 98560 A Pcl1® V3 - 3 v2 #1° + 5184 Pbar> #1° -
14290 Pbar? Pcl #1° + 13028 Pbar Pcl? #1° - 3922 Pc1? #1° + 2784 A? pc1? #1° -
2784 A2 pc1? v2 #1° - 20928 A Pbar Pc1? V3 -3 v2 #1°+20928APc1® V3 -3v2 #15+
1920 Pbar’® #17 - 4854 Pbar? Pcl #17 + 3948 Pbar Pc1? #17 - 1014 pc1? #17 -
6624 A2 Pc1® #17 + 6624 A2 Pc13 v2 #17 - 1920 A Pbar Pc1?2 V3 -3 v2 #17 +
1920 A Pcl?v/3-3v2 #17 + 216 Pbar’ #1° + 189 Pbar? Pcl #1% - 1026 Pbar Pc1? #1° +
621 Pcl? #1% - 672 A% pc13 $#1° + 672 A2 Pc13 v #1° - 64 A Pbar Pc1? V3 -3 vZ $#1% 4+
64 APcl® 3 -3v2 $1° + 8 Pbar® #1° + 223 Pbar? Pcl #1° - 470 Pbar Pcl1? #1° +
239 Pcl1® #1° - 96 A7 Pc13 #1° + 96 A2 Pc1? v2 #1° + 27 Pbar? Pel #1'° -
54 Pbar Pc1? #1'% + 27 Pc1® #1'% + Pbar? Pcl #1'! - 2 Pbar Pc1? #1'! + Pc1® #1'' &, 6]},
{¥ » -V/Root [-5832 Pbar® + 24057 Pbar? Pcl - 30618 Pbar Pc1? + 12393 Pc1® - 1944 Pbar’ #1 +
8019 Pbar? Pcl #1 - 10206 Pbar Pc1? #1 + 4131 Pcl? #1 + 17280 Pbar’ #1° -
107001 Pbar? Pcl #1% + 162162 Pbar Pcl? #1? - 72441 Pcl® #1% - 35424 A% pc13 1% +
35424 A2 Pc13 v? #12 - 46656 A Pbar Pc1? /3 -3 v2 $#12+ 46656 APc1® /3 -3v2 #12+
5824 Pbar’® #1% + 57381 Pbar? Pcl #1° - 132234 Pbar Pc1? #13 + 69029 Pc1® #13 +
128352 A% pc1? #1% - 128352 A2 pc1? v2 #1% - 155520 A Pbar Pc1? /3 -3 v2 #1734
155520 A Pc1? /3 -3 v2 #13 - 16848 Pbar? #1° + 31482 Pbar? Pcl #1° -
12420 Pbar Pc1? #1% - 2214 Pc1? 1% - 163296 A% pc13 #1* + 163296 A% Pc13 v2 #1% -
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188352 A Pbar Pc1? /3 - 3v2 #1% + 188352 A Pc1? /3 -3 v2 #1* - 5808 Pbar? #1° +
4766 Pbar? Pcl #1° + 7892 Pbar Pcl? #1° - 6850 Pcl1® #1° + 74976 AZ Pc1? 41° -
74976 A2 Pc13 v2 #1° - 98560 A Pbar Pc1? v/3 - 3 v2 #1° + 98560 A Pc13/3 -3 v2 #15+
5184 Pbar? #1° - 14290 Pbar? Pcl #1° + 13028 Pbar Pcl? #1° - 3922 Pc13 #1° +
2784 A? Pcl® #1° - 2784 A% Pc1? v? #1° - 20928 A Pbar Pc1? v/3 -3 vZ #1°+
20928 APc1® /3 -3 vZ #1°+ 1920 Pbar? #17 - 4854 Pbar? Pcl #17 + 3948 Pbar Pcl? #17 -
1014 Pcl® #17 - 6624 A? pc13 #17 + 6624 A% Pc1® v? #17 - 1920 A Pbar Pc1? /3 -3 v2 #17 +
1920APc1®v/3-3vZ #17 +216 Pbar? #1° + 189 Pbar? Pcl #1° - 1026 Pbar Pc1? #1° +
621 Pc1?® #1° - 672 A2 pc13 #1°% + 6722 pc13 v2 #1% - 64 A Pbar Pc1? /3 -3v2 #1% 4+
64 APcl® 3 -3v2 #1° + 8 Pbar® #1° + 223 Pbar? Pcl #1° - 470 Pbar Pcl? #1° +
239 Pcl3 #1° - 96 A2 Pc13 #1°% + 96 A2 Pc13 v2 #1° + 27 Pbar? Pcl #110 -
54 Pbar Pcl? #1'° + 27 pc13 #1'° + Pbar? Pcl #1'' - 2 Pbar Pc1? #1'! + Pc1? #1' g, 7]},
{v » \/Root [-5832 Pbar?® + 24057 Pbar? Pcl - 30618 Pbar Pc1? + 12393 Pcl? -

1944 Pbar> #1 + 8019 Pbar? Pcl #1 - 10206 Pbar Pcl? #1 + 4131 Pc13 #1 +

17280 Pbar® #1% - 107001 Pbar? Pcl #1% + 162162 Pbar Pcl? $12 - 72441 pc1? #12 -

35424 A% pcl1? #12 + 35424 A2 pc13 v2 #12 - 46656 A Pbar Pc12 /3 - 3v2 #12 +

46656 A Pc1® /3 -3 vZ #12 + 5824 Pbar® #1° + 57381 Pbar? Pcl #13 -

132234 Pbar Pcl? #1° + 69029 Pcl® #1° + 128352 A2 Pc1? #13 - 128352 A2 Pc13 v2 417 -

155520 A Pbar Pc1? /3 - 3v2 #1% + 155520 A Pc13 /3 - 3v2 #13 -

16848 Pbar? #1* + 31482 Pbar? Pcl #1* - 12420 Pbar Pc1? #1* - 2214 Pc1? 414 -

163296 A2 pc1? #1° + 163296 A2 Pc13 v? #1% - 188352 A Pbar Pc1?2 /3 - 3v2 #1144

188352 A Pcl1¥+/3-3vZ #1% - 5808 Pbar? #1° + 4766 Pbar? Pcl #1° +

7892 Pbar Pcl? #1° - 6850 Pc1? #1° + 74976 A2 Pc13 #15 - 74976 A2 Pc13 v2 #15 -

98560 A Pbar Pc12 /3 -3 vZ #1% 4+ 98560 A Pc13 /3 - 3 v2 #1°+ 5184 Pbar? #1° -

14290 Pbar? Pcl #1° + 13028 Pbar Pc1? #1° - 3922 Pc1? #1° + 2784 A2 Pc1? #1° -

2784 A2 Pc13 v2 #1° - 20928 A Pbar Pc12 /3 -3 v2 #1°4 20928 APc13/3-3v2 #1°+

1920 Pbar® #1” - 4854 Pbar? Pcl #17 + 3948 Pbar Pc1? #17 - 1014 Pc1? #17 -

6624 A% Pc13 #17 + 6624 A2 Pc13 v2 #17 - 1920 A Pbar Pc12v/3 -3v2 #17 +

1920 APc1?®/3-3v2 #17 + 216 Pbar? #1° + 189 Pbar? Pcl #1°% - 1026 Pbar Pcl1? #1° +

621 Pc13 #1° - 672 A% Pc1? #1° + 672 A2 Pc13 v2 #1° - 64 A Pbar Pc12 /3 -3 v2 #1°% +

64APcl3v/3-3v2 #1° + 8 Pbar’ #1% + 223 Pbar? Pcl #1% - 470 Pbar Pc1? #1° +

239 Pcl’ #1° - 96 A2 Pc1? #1° + 96 A2 Pc1® v2 #1° + 27 Pbar? Pcl #11° -

54 Pbar Pcl? #1'% + 27 Pc1?® #1'% + Pbar? pcl #1'! - 2 Pbar Pc1? 11 + Pc1® 1M &, 7]},

{¥ > -+/Root [-5832 Pbar?® + 24057 Pbar? Pcl - 30618 Pbar Pc1? + 12393 Pc1? - 1944 Pbar? #1 +

8019 Pbar? Pcl #1 - 10206 Pbar Pcl? #1 + 4131 Pcl® #1 + 17280 Pbar? #1% -
107001 Pbar? Pcl #1% + 162162 Pbar Pcl? #1% - 72441 Pc1? #12 - 35424 A? pc13 #1% +
35424 A2 Pc1? v2 #12 - 46656 A Pbar Pc12 /3 -3v2 #12 + 46656 APcl? /3 -3v2 #12 +
5824 Pbar? #13 + 57381 Pbar? Pcl #1° - 132234 Pbar Pcl1? #13 + 69029 pc13 #13 +
128352 A% Pc1? #1° - 128352 A% Pc1® v? #17 - 155520 A Pbar Pc12 /3 -3 v2 #1%+
155520 A Pc1® v/3 -3 vZ #1° - 16848 Pbar® #1* + 31482 Pbar? Pcl #1* -
12420 Pbar Pc1? #1% - 2214 pPc1? #1% - 163296 A% Pc1? #1* + 163296 A% Pc13 v2 §1° -
188352 A Pbar Pcl? /3 -3 v2 #1' +188352A Pc1® V3 -3 v2 #1* - 5808 Pbar’ #1° +
4766 Pbar? Pcl #1° + 7892 Pbar Pcl? #1° - 6850 Pc13 #1° + 74976 A% Pc1? #1° -
74976 A% Pc1® v? #15 - 98560 A Pbar Pc12 /3 - 3v2 #1°+ 98560 APc1® /3 -3 v2 #1°%+
5184 Pbar>® #1° - 14290 Pbar? Pcl #1° + 13028 Pbar Pc1? #1° - 3922 pc13 #1° +
2784 A2 Pc1® #1° - 2784 A% Pc1? v2 #1°% - 20928 A Pbar Pc124/3 -3 vZ #1%+
20928 APc1? /3 -3 v2 #1°%+ 1920 Pbar?® #17 - 4854 Pbar? Pcl #17 + 3948 Pbar Pcl? #17 -
1014 Pc1® #17 - 6624 2% Pc1® #17 + 6624 A% Pc13 v2 #17 - 1920A Pbar Pc1?2 /3 -3 v2 #17 +
1920APc1®V/3-3v2 #17 + 216 Pbar® #1° + 189 Pbar? Pcl #1° - 1026 Pbar Pc1? #1° +
621 Pc13 #1° - 672 a2 Pc13 #18 + 672 A% Pc13 v2 #1° _ 64 A Pbar Pc12 /3 - 3v2 #1° 4
64APc13+/3-3v2 #1° 4+ 8 Pbar? #1° + 223 Pbar? Pcl #1° - 470 Pbar Pcl1? #1° +
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239 pcl® #1° - 96 A2 pc1? #1° + 96 A% Pc1? v2 $1° + 27 Pbar? Pcl #1110 -
54 Pbar Pcl? #1'0 + 27 pc1? #1%° + Pbar? Pcl #1'! - 2 Pbar Pc1? #1' + Pc1? #1' &, 8] }
{¥ > /Root [-5832 Pbar® + 24057 Pbar? Pcl - 30618 Pbar Pc1? + 12393 Pcl? -
1944 Pbar® #1 + 8019 Pbar? Pcl #1 - 10206 Pbar Pc1® #1 + 4131 Pc1? #1 +
17280 Pbar? #12 - 107001 Pbar? Pcl #12 + 162162 Pbar Pcl1? #12 - 72441 pc13 $1% -
35424 3% Pcl? #12 + 35424 A2 Pc1? v2 #12 - 46656 A Pbar Pc1? /3 -3 v2 #12+
46656 A Pc13 /3 -3 v2 #12 + 5824 Pbar? #1% + 57381 Pbar? Pcl #1° -
132234 Pbar Pcl? #1° + 69029 Pc1® #1° + 128352 A% Pcl? #13 - 128352 A% pc13 v2 417 -
155520 A Pbar Pc1? V3 - 3 vZ #13 + 155520 APcl1?®v/3-3v2 #1° -
16848 Pbar? #1* + 31482 Pbar? Pcl #1% - 12420 Pbar Pcl? #1% - 2214 Pc1? 41° -
163296 A% Pc1® #1% + 163296 A2 Pc1® v? #1' - 188352 A Pbar Pc12 /3 -3 v2 #1% +
188352 A Pc1®+/3-3v2 #1' - 5808 Pbar3 #1° + 4766 Pbar? Pcl #1° +
7892 Pbar Pcl? #1° - 6850 Pc1? #1° + 74976 A% Pc1? #1° - 74976 A% Pc13 v? #1° -
98560 A Pbar Pc12 /3 -3 v2 #1° + 98560 A Pc1? /3 -3 v2 #15 + 5184 Pbar? #1° -
14290 Pbar? Pcl #1° + 13028 Pbar Pcl? #1° - 3922 Pc1? #1° + 2784 A? pc1® #1° -
2784 A? Pcl® v? #1° - 20928 A Pbar Pc1® v/3 -3 v2 #1°+20928APc1® /3 -3v2 #1°+
1920 Pbar® #17 - 4854 Pbar? Pcl #17 + 3948 Pbar Pcl? #17 - 1014 Pc13 #17 -
6624 AZ Pc1® #17 + 6624 A2 Pc1® v2 #17 - 1920 A Pbar Pc1?2 V3 -3v2 #17 +
1920 A Pcl® /3 -3v2 #17 + 216 Pbar? #1° + 189 Pbar? Pcl #1° - 1026 Pbar Pcl1? #1° +
621 Pc1® #1° - 672 A% Pc1® #1°% + 672 A2 Pc1® v2 #1° - 64 A Pbar Pc1?2 /3 -3 v2 #1% +
64 APcl® V3 -3 v2 #1° + 8 Pbar?® #1° + 223 Pbar® Pcl #1° - 470 Pbar Pcl1? #1°% +
239 pcl?® #1° - 96 A% Pcl1® #1% + 96 A% Pc1® v #1° + 27 Pbar® Pcl #1'° -
54 Pbar Pc1? #1'° + 27 Pc1? #1'° + Pbar? Pcl #1' - 2 Pbar Pc1? #1'! + Bc1® 41 &, 8]},
{¥ » ~+/Root [-5832 Pbar® + 24057 Pbar? Pcl - 30618 Pbar Pc1? + 12393 Pc1® - 1944 Pbar® 1 +
8019 Pbar? Pcl #1 - 10206 Poar Pcl? #1 + 4131 Pcl® #1 + 17280 Pbar® #17 -
107001 Pbar? Pcl #12 + 162162 Pbar Pcl? #12 - 72441 Pcl1? #12 - 35424 A2 pc1? #1% +
35424 A2 Pc1® v2 $#1%2 - 46656 A Pbar Pc1? /3 -3 v2 #1% + 46656 APc1® V3 -3 v2 #12 +
5824 Pbar? #13 + 57381 Pbar? Pcl #1° - 132234 Pbar Pc1? #1° + 69029 Pc1? #1° +
128352 A2 Pc1? #1% - 128352 A2 Pc13 v2 #1° - 155520 A Pbar Pc12+/3-3v2 #1° +
155520 A Pcl?® /3 -3 v2 #1° - 16848 Pbar® #1* + 31482 Pbar? Pcl #1° -
12420 Pbar Pcl? #1% - 2214 Pcl1? #1* - 163296 A2 Pc1® #1% + 163296 AZ Pc13 v2 #1° -
188352 A Pbar Pc12 /3 -3 v2 #1° +188352APc13 /3 -3 v2 #1* - 5808 Pbar? #1° +
4766 Pbar? Pcl #1° + 7892 Pbar Pcl1? #1° - 6850 Pc1> #1° + 74976 A2 Pc13 $1° -
74976 A2 Pc13 v2 #1° - 98560 A Pbar Pc1? /3 -3 v2 #1°+ 98560 A Pc13+/3-3v2 #1%+
5184 Pbar> #15 - 14290 Pbar? Pcl #1° + 13028 Pbar Pc1? #1° - 3922 Pc13 #1° +
2784 A% pc1? #1° - 2784 A% Pc1® v2 #1° - 20928 A Pbar Pc1? /3 -3 v2 #1%+
20928 A Pcl13 V3 -3v2 #1+ 1920 Pbar? #17 - 4854 Pbar? Pcl #17 + 3948 Pbar Pc1? #17 -
1014 Pc1® #17 - 6624 A% Pc13 #17 + 6624 A2 Pc13 vZ #17 - 1920 A Pbar Pc12 /3 -3v2 #17 +
19208 Pcl®*+/3-3v2 $#17 + 216 Pbar® #1% + 189 Pbar? Pcl #1° - 1026 Pbar Pc1? #1° +
621 Pc1® #1% — 67222 Pc13 #1° + 67222 Pc1® v2 #1° - 64 APbar Pc12/3 -3 v2 #1% 4+
64 APcl®+/3-3v2 #1°%+ 8 Pbar® #1° + 223 Pbar? Pcl #1° - 470 Pbar Pc1? #1° +
239 Pc1® #1° - 96 A? Pc1?® #1° + 96 A2 Pc1? v2 #1° + 27 Pbar? Pcl #1%0 -
54 Pbar Pc1? $1'% + 27 Pc1® #11° + Pbar? Pel #1'! - 2 Pbar Pcl? #1'! + Pc1® #1' &, 9]},
{¥ - +/Root [-5832 Pbar> + 24057 Pbar? Pcl - 30618 Pbar Pc1? + 12393 Pc1® -
1944 Pbar? #1 + 8019 Pbar? Pcl #1 - 10206 Pbar Pcl? #1 + 4131 Pcl? #1 +
17280 Pbar> #12 - 107001 Pbar? Pcl #1% + 162162 Pbar Pc1? #1% - 72441 Pc1? $1° -
35424 A% Pc13 #12 + 35424 A2 Pc1? v2 #12 - 46656 A Pbar Pc12 V3 -3 vZ #1% +
46656 A Pcl13 V3 -3v2 #1% + 5824 Pbar® #17 + 57381 Pbar? Pcl #17 -
132234 Pbar Pcl? #1% + 69029 Pc13 #13 + 128352 A% Pc1® #13 - 128352 A% pc13 v2 #17 -
155520 A Pbar Pc12 /3 -3 v2 #13+155520APc13/3-3v2 $13 -
16848 Pbar” #1* + 31482 Pbar? Pcl #1* - 12420 Pbar Pc1? #1* - 2214 pc1? #1° -
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163296 A2 Pc13 #1* + 163296 A2 Pc13 v2 #1*% - 188352 A Pbar Pc1?4/3 -3 v2 #1% +

188352 A Pcl? /3 -3vZ #1% - 5808 Pbar> #1° + 4766 Pbar? Pcl #1° +

7892 Pbar Pcl? #1° - 6850 Pcl® #1°% + 74976 A? Pc1® #1° - 74976 A% Pc13 v2 #1° -

98560 A Pbar Pc1? /3 -3 v2 #1°+ 98560 A Pc13 /3 -3 vZ #1% + 5184 Pbar? #1° -

14290 Pbar? Pcl #1°% + 13028 Pbar Pc1? #15 - 3922 Pc1? #1° + 2784 A% Pc1? #1° -

2784 A2 Pc1? v2 #1% - 20928 A Pbar Pc1?2 /3 -3 v2 #15+ 20928 APc1®/3-3v2 #1°+

1920 Pbar? #17 - 4854 Pbar? Pcl #17 + 3948 Pbar Pcl? #17 - 1014 Pcl?® #17 -

6624 a2 Pc13 #17 + 6624 A2 Pc13 v2 $17 - 1920 A Pbar Pc12/3-3v2 #17 +

1920 A Pc13+/3-3v2 #17 + 216 Pbar® #1° + 189 Pbar? Pcl #1° - 1026 Pbar Pc1? #1° +

621 Pcl3 #1° - 672 A% Pc1® #1° + 672 A2 Pc1® v2 #1° - 64 A Pbar Pc12 /3 -3 v2 #1%+

64APc1®v/3-3v2 #1° + 8 Pbar® #1° + 223 Pbar? Pcl #1° - 470 Pbar Pc1? #1° +

239 Pcl? #1° - 96 A% Pcl® #1° + 96 A2 Pcl® v2 #1° + 27 Pbar? Pcl #1'° -

54 Pbar Pc1? #1'0 + 27 pc1® #1'° + Pbar? Pcl #1' - 2 Pbar Pc1? #1'! + pc1® §1' &, 9]},

{¥ > -+/Root [-5832 Pbar® + 24057 Pbar? Pcl - 30618 Pbar Pcl? + 12393 Pcl® - 1944 Pbar’ #1 +
8019 Pbar? Pcl #1 - 10206 Pbar Pcl1? #1 + 4131 Pc1? #1 + 17280 Pbar? #17% -
107001 Pbar? Pcl #1% + 162162 Pbar Pcl? #12 - 72441 Pcl® #1% - 35424 A2 pc1? #1% +
35424 A2 Pc13 v? #12 - 46656 A Pbar Pc12 /3 - 3v2 #12 + 46656 APc13 /3 -3 vZ #12 +
5824 Pbar?® $1° + 57381 Pbar? Pcl #1°3 - 132234 Pbar Pcl? #1° + 69029 Pc1® #13 +
128352 A% pcl3 #13 - 128352 A2 Pcl3 v2 1% - 155520 A Pbar Pc1?2 /3 -3 v2 #13 +
155520 A Pcl® /3 -3v2 #1° - 16848 Pbar® #1" + 31482 Pbar? Pcl #1* -
12420 Pbar Pc1? #1% - 2214 pc13 #1% - 163296 A2 Pc1® #1 + 163296 A% Pc13 v2 #1° -
188352 A Pbar Pc1? /3 -3v2 #1* +188352APcl3+/3 -3 v2 #1" - 5808 Pbar> #1° +
4766 Pbar? Pcl #1° + 7892 Pbar Pcl? #1° - 6850 Pc1? #1° + 74976 A2 Pc13 #1° -
74976 A2 Pc13 v2 #15 - 98560 A Pbar Pel1? /3 - 3v2 #1°+ 98560 A Pcl1® /3 -3 vZ #1° +
5184 Pbar> #1°% - 14290 Pbar? Pcl #1° + 13028 Pbar Pcl1? #1° - 3922 pc1? #1° +
2784 A2 Pc1?® #1° - 2784 A% Pc13 v2 $1° - 20928 A Pbar Pc1? /3 -3 v2 #1°%+
20928 APcl® /3 -3v2 #1°+ 1920 Pbar® #17 - 4854 Pbar? Pcl #17 + 3948 Pbar Pc1? #17 -
1014 Pc13 #17 - 6624 A2 Pc1® #17 + 6624 A2 Pc13 v2 #17 - 1920 A Pbar Pc124/3 -3 v2 #17 +
1920 A Pc13 /3 -3v2 #17 + 216 Pbar® #1°% + 189 Pbar? Pcl #1° - 1026 Pbar Pc1? #1° +
621 Pc13 #1° - 67222 Pc13 #1% + 672 A% Pc13 v2 $1° - 64 APbar Pc12 /3 -3 v2 #1%+
64 APcl3+/3-3v2 #1° + 8 Pbar? #1°2 + 223 Pbar? Pcl #1° - 470 Pbar Pcl? #1° +
239 Pc13 #1° - 96 A% Pc1? #1° + 96 A% Pc1? v2 #17 + 27 Pbar? Pcl #1° -
54 Pbar Pc1? #1'0 + 27 Pc1? #1'0 4 Pbar? Pcl #1'! - 2 Pbar Pc1? #1'! + pc13 #1M ¢, 10]},
{v - /Root [-5832 Pbar? + 24057 Pbar? Pcl - 30618 Pbar Pc1? + 12393 Pcl? -

1944 Pbar’® #1 + 8019 Pbar? Pcl #1 - 10206 Pbar Pcl® #1 + 4131 Pcl? #1 +

17280 Pbar? #12 - 107001 Pbar? Pcl #1? + 162162 Pbar Pc1? #1? - 72441 Pcl1? #1? -

35424 82 pc13 #12 + 35424 A2 Pc13 v2 #12 - 46656 A Pbar Pc1? /3 -3 v2 #1%+

46656 A Pc13+/3 -3 v2 #12 + 5824 Pbar® #1% + 57381 Pbar? Pcl #1° -

132234 Pbar Pcl? #1% + 69029 Pc1® #1° + 128352 A% Pc1® #1° - 128352 A% pc1? v2 #1° -

155520 A Pbar Pc12 V3 -3 v2 #1% + 155520 A Pcl3 V3 -3 vZ #1° -

16848 Pbar? #1" + 31482 Pbar? Pcl #1* - 12420 Pbar Pcl1? #1* - 2214 pc13 #17 -

163296 A2 Pc1® $1* + 163296 A2 Pc1® v2 #1* - 188352 A Pbar Pc1? /3 -3 v2 #1° +

188352APc13v/3-3v2 #1% - 5808 Pbar3 #1° + 4766 Pbar? Pcl #1° +

7892 Pbar Pcl? #1° - 6850 Pcl13 #1° + 74976 A% Pcl® #1° - 74976 A? Pc1?® v? #1° -

98560 A Pbar Pc1? V3 -3 v2 #1°+ 98560 A Pc1® /3 -3vZ #1°+

5184 Pbar> #1° - 14290 Pbar? Pcl #1° + 13028 Pbar Pcl? #1°% - 3922 Pc1? #1° +

2784 A2 Pc1? #1° - 2784 A2 Pc13 v2 $1° - 20928 A Pbar Pc124/3 -3 v2 #15+

20928 A Pc1? /3 -3 vZ #1°%+1920 Pbar? #17 - 4854 Pbar? Pcl #17 +

3948 Pbar Pc1? #17 - 1014 Pc1>® #17 - 6624 A? Pc1® #17 + 6624 A2 Pc13 v? $17 -

1920 A Pbar Pc12v/3 -3+v2 #17 +1920A Pc1® /3 -3 v2 #17 + 216 Pbar> #1° +

189 Pbar? Pcl #1° - 1026 Pbar Pc1? #1°% + 621 Pc1? #1% - 672 A% Pc13 #1°% +
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672 A2 Pc13 v2 #1° - 64 APbar Pc1? V3 -3v2 #18 + 64 APc13 V3 -3+v2 #1% 4+

8 Pbar® #1° + 223 Pbar? Pcl #1% - 470 Pbar Pc1? #1° + 239 Pcl1? #1° -

96A2 Pc1? #1° + 96 a2 Pc1? v2 #17 + 27 Pbar? Pcl #1'° - 54 Pbar Pc1? #11°0 +

27 Pc1® #1'° + Pbar? Pcl #1'* - 2 Pbar Pc1? #1'* + Pcl? #1'* &, 10]},

{v - -\/Root [-5832 Pbar® + 24057 Pbar? Pcl - 30618 Pbar Pcl? + 12393 Pcl® - 1944 Pbar? #1 +
8019 Pbar? Pcl #1 - 10206 Pbar Pc1? #1 + 4131 Pc1? #1 + 17280 Pbar? #1°% -
107001 Pbar? Pcl #1° + 162162 Pbar Pc1? #1% - 72441 Pcl® #1% - 35424 A? Pc1?® #1% +
35424 82 pc13 v2 #12 - 46656 A Pbar Pc12 /3 - 3 v2 #12 + 46656 APcl? /3 -3 v2 #12 +
5824 Pbar> #1° + 57381 Pbar? Pcl #1° - 132234 Pbar Pcl? #1° + 69029 Pc1® #1° +
128352 A2 Pc1? #13 - 128352 A2 Pc13 v2 #1% - 155520 A Pbar Pc12 /3 -3 v2Z #13 4+
155520 A Pcl? /3 -3 v2 #1% - 16848 Pbar> #1% + 31482 Pbar? Pcl #1* -
12420 Pbar Pcl? #1% - 2214 Pc1® #1° - 163296 A% Pc1® $#1" + 163296 A? Pc1? v? #1° -
188352 A Pbar Pc12+/3-3v2 #1% +188352APc1?/3-3+v2 #1% - 5808 Pbar’® #1° +
4766 Pbar? Pcl #1° + 7892 Pbar Pc1? #1° - 6850 Pc13 #1° + 74976 A% Pc1® #1° -
74976 A2 Pc13 v2 15 - 98560 A Pbar Pc1? V3 - 3 v2 #1° + 98560 A Pc1 /3 -3 v2 #1° +
5184 Pbar® #1° - 14290 Pbar? Pcl #1° + 13028 Pbar Pc1? #1°% - 3922 Pc13 #1°% +
2784 A2 pc1? #1° - 2784 A2 Pc13 v2 #16 - 20928 A Pbar Pc12 /3 -3 vZ #1654+
20928 A Pcl® /3 -3v2 #1°+ 1920 Pbar? #17 - 4854 Pbar? Pcl #17 + 3948 Pbar Pcl? #17 -
1014 Pc13 #17 - 6624 A2 Pc1?® #17 + 6624 A? Pc1® v2 #17 - 1920 A Pbar Pc1? /3 -3 v2 #17 +
1920A Pc1?+/3 -3 v2 $17 + 216 Pbar® #1°% + 189 Pbar? Pcl #1°% - 1026 Pbar Pc1? #1° +
621 Pc1? #1° - 672 A2 Pc1? $#1° + 672 A2 pc13 v2 #1° - 64 A Pbar Pc12/3-3vZ #1% +
64 APc13+/3-3v2 #1°% + 8 Pbar? #1°% + 223 Pbar? Pcl #1° - 470 Pbar Pcl1? #1° +
239 Pcl1? #1° - 96 A2 Pc1? #17 + 96 A2 Pc1? v2 $#1° + 27 Pbar? Pel #1'° -
54 Pbar Pc1? #1'° + 27 Pc1® #1'° + Pbar? Pcl #1'! - 2 Pbar Pc1? #1™ + Pc1? #1'! &, 11]},
{¥ > /Root [-5832 Pbar? + 24057 Pbar? Pcl - 30618 Pbar Pc1? + 12393 Pcl” -

1944 Pbar? #1 + 8019 Pbar? Pcl #1 - 10206 Pbar Pcl? #1 + 4131 Pcl? #1 +

17280 Pbar? #12 - 107001 Pbar? Pcl #12 + 162162 Pbar Pcl? #12 - 72441 pcl3 $#12 -

35424 A% Pc1® $1% + 35424 A% Pc1® v? #1% - 46656 A Pbar Pc1® /3 -3 v2 #1% +

46656 A Pcl? /3 -3 vZ #12 + 5824 Pbar® #1° + 57381 Pbar? pcl #1° -

132234 Pbar Pcl? #17 + 69029 Pc1® #1° + 128352 A% pc1? #1° - 128352 A? pc1?® v? #1° -

155520 A Pbar Pc12 /3 -3v2 #13 +155520APcl?® /3 -3 v2 13-

16848 Pbar? #1% + 31482 Pbar? Pcl #1% - 12420 Pbar Pc1? #1% - 2214 Pcl? #1* -

163296 A2 Pc13 #1* + 163296 A% Pc1? v2 #1% - 188352 A Pbar Pc12/3-3v2 #1' +

188352 A Pcl® \/3-3v2 #1% - 5808 Pbar3 #1° + 4766 Pbar? Pcl #1° +

7892 Pbar Pcl? #1° - 6850 Pcl? #1° + 74976 A% Pc1? #1° - 74976 A? Pc1® v2 #1° -

98560 A Pbar Pc1? /3 - 3 v2 #1°+98560A Pcl? /3 -3v2 #1°+

5184 Pbar> #1° - 14290 Pbar? Pcl #1° + 13028 Pbar Pc1? #1° - 3922 Pc13 #1° +

2784 a2 pc1? 16 - 2784 A2 Pc1? v2 415 - 20928 A Pbar Pc1? /3 -3 v2 #1°+

20928 A Pc13 /3 -3v2 #1°+1920 Pbar> #17 - 4854 Pbar? Pcl #17 +

3948 Pbar Pcl? #17 - 1014 Pcl3 #17 - 6624 A% Pc13 #17 + 6624 A% Pc13 v2 17 -

1920 A Pbar Pc1? /3 - 3+v2 #17 +1920APc13 /3 -3v2 #17 + 216 Pbard #1° +

189 Pbar? Pcl #1° - 1026 Pbar Pcl? #1° + 621 Pcl1® #1° - 672 A% pc1® #1° +

672 A2 Pc13 v2 #1% — 64 APbar Pc12V/3-3v2 #1% + 64APc1®V/3-3v2 #1%+

8 Pbar® #1° + 223 Pbar? Pcl #1° - 470 Pbar Pc1? #1°% + 239 Pc1? #1° -

96 A2 Pcl1® #1° + 96 A2 Pc13 v2 $1° + 27 Pbar? Pcl #1'° - 54 Pbar Pc1? #1'0 +

27 pcl?® #1%° + Pbar? Pcl #1'! - 2 Pbar Pc1? #1'* + pc1® #1M &, 11]}}
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