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Abstract

This thesis introduces four new classes of hyperspaces with the Lower Vietoris Topology,
allowing for a complete study of various properties in these hyperspaces. One consists of
those satisfying the Sub-base Condition, such as the hyperspace 2% of non-empty closed
subsets of a topological space X. Another consists of those which are almost finitely
natural, such as the hyperspace %, (X) of n-element subsets of X, generalising the notion

of natural families by Ivanova-Dimova.

Interestingly, these hyperspaces are used to provide new characterisations of the sober T}
property in X as well as sobriety in the Ty-identification of X. Sobriety and irreducibility
are characterised in these hyperspaces in terms of X. It is shown that any pair of
almost finitely natural hyperspaces have the same closure. A surprising relationship

exists between irreducibility and closure for arbitrary hyperspaces.

When X is Hausdorff, Fedorchuk showed that .%,,(X) with the Vietoris Topology has the
same cellularity as X™ and a subspace X"; Costantini et al. showed that the projection
Jn s X Z,(X) is a local homeomorphism. This thesis shows that X always has
cellularity at most that of X" and that X being Hausdorff is (almost always) equivalent
to not only the quotient but also the perfect covering property in jn The quasi-open
property of j, is characterised in X. In this case, if X has infinite cellularity, then the
cellularity of every almost finitely natural hyperspace is the same as X" and X", A
non-Hausdorff space Y is constructed where jn is quasi-open and the Vietoris Topology

is not the same as the Lower Vietoris Topology on .%,(Y).

Known results on the Ty and T properties and the Tj-identification in the Lower Vietoris
Topology are extended to arbitrary hyperspaces. When X is Tp, the T property in 2% is
characterised in terms of X as a corollary of a more general new result. The preregular,
Tp and T} properties in .%,(X) are characterised in X; the latter two are shown to be

equivalent in .%, (X). It is shown that .%,,(X) is Hausdorff if and only if X is Hausdorff.
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Table of Notations and Symbols

Notation
Meaning
Symbol
= or =: Denotes “equals by definition".
iff Abbreviates “if and only if".
[ | Denotes the end of a proof.
A\ B The complement of B relative to A, the set {x € A: x ¢ B}.
Sy The set {SNY : Y € &}.
flA The restriction of the function f: X — Y to A C X.
|U] The cardinality of the set U.
N The set of natural numbers.
The set of real numbers.
T The topology on a set X.
Int, (U) The interior of a subset U of a topological space (X, 7).
A or Cl.(A) The closure of A in the topological space (X, 7).
T|A The subspace topology {VNA:V € 7} induced on A from (X, 7).
_ If ¢ is a sub-base for the closed sets of X, %4 denotes the set
. {0y U{U",Gi:Gy,...,Gp €9, m € N}
The Cartesian product of the family {X; : i € I}, i.e. the set
Hie[ Xi
{f 1= Uer X}
Denotes the map 7; : [[,.; X; = X defined by 7;(f) = f(j) for all
N fellier X
X7 The set [[,.; X ={f: 1 — X : f is a function}.
X The set {f € X' :i#j = f(i) # f(§)}-
X; x - x X, The set H1§z‘§nXi ={(z1,...,2,) :x1 € Xq,..., 2, € X, }.
X" The set {(z1,...,2,) : 21,..., 2, € X}.
Xl The set {(z1,...,2,) € X" 1 i # j = x; # x,;}.




Notation or
Meaning
Symbol
For a surjective function g : X — Y between a topological space X
K andaset Y, 7,={VCY:gY(V)er}
For a subset F' of a poset (P, <), this is the set {y € P : there is = €
- F,y<uzx}.
The specialisation pre-order on a topological space X, defined by
= <, yiff z € {y}.
Abbreviation for the theory of sets arising from the Zermelo-
oo Fraenkel axioms together with the Axiom of Choice.
Abbreviation for the theory of sets arising from the Zermelo-
“ Fraenkel axioms.
a, B, Placeholders for arbitrary ordinals.
a<f For ordinals «,(, this is the well-order given by «a € (.
w The first infinite ordinal.
A, Ky, Placeholders for arbitrary cardinals.
No The first infinite cardinal.
[Lic; M The cardinal |[[,.; \i| (if A; are cardinals).
A The cardinal |[A"| (if A, k are cardinals).
AR The cardinal |A x k| (if A, k are cardinals).
Atk The cardinal |A x {0} Uk x {1}| (if A, k are cardinals).
sup .o/ The supremum of a family of cardinals o7
- The negation of a sentence .
S+T The union of the sets of sentences S and T
GCH Abbreviation for the Generalised Continuum Hypothesis.
MA Abbreviation for Martin’s Axiom.
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Notation or
Meaning
Symbol
The cellularity or Souslin number of X, i.e. the smallest cardinal
cell(X) number for which |%| < cell(X) whenever % is a pairwise disjoint
family of open subsets of X.
6, % Sets of non-empty subsets of X.
2X The set of all non-empty closed subsets of X.
Po(X) The set of all non-empty subsets of X.
¢ (X) The set of all non-empty compact subsets of X.
F(X) The set of all non-empty finite subsets of X.
The set of all non-empty finite subsets of X with exactly n elements
Fn(X)
for n € N.
The set of all non-empty finite subsets of X with at most n elements
Fen(X)
for n € N.
I (X) The set of all non-empty subspaces of X with cellularity n for n € N.
The set of all non-empty subspaces of X with cellularity at most n
F<n(X)
for n € N.
The set of all non-empty discrete subspaces of X with exactly n
Dn(X)
elements.
2¢(X) The set of all non-empty finite discrete subspaces of X.
L(7) The lower Vietoris topology on Z,(X).
The set {W € Zy(X) W C UL,U; and for each i €
(U, Us, ..., Uy | {1,2,...,n}, WNU; # 0} for given n € N and subsets Uy, ..., U,
of X. In particular, for U C X, (U) ={V € Zy(X):V CU}.
The map ¢ : Zy(X) — Py(X) defined by c(A) = A for each
c
Ae Zy(X).
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Notation or
Meaning
Symbol
i The map i : X" — .%,(X) defined by i(zy,...,2,) = {1,..., 2.}
j The restriction map 7| X",
A The set of permutations on {1,...,n}.
) An element of A, i.e. a permutation on {1,...,n}.
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Chapter 1

Introduction

Various structures on sets of subsets of a topological space have been studied in the
literature for more than a century. This began with the works of Pompeiu [48] in 1905
and Hausdorff [26] in 1914, who investigated metrics on the set of non-empty, closed
and bounded subsets of a metric space. One of the most prevalent such structures in the
literature is the Vietoris Topology. This topology was initially studied by Vietoris in 1922
[56, p. 259, R-Umgebungen| and was considered on the set 2% of all non-empty closed

subsets of a T5-space X (cf. [57, Definition 14.1] and [56, p. 258]).

Suppose X is a topological space and there is a topology on some set & of non-empty
subsets of X. In that case, we refer to the topological space consisting of & with this

topology as a hyperspace of X. In this case, we refer to X as the base space.

In 1951, Michael [44] carried out an extensive investigation of the Vietoris Topology on
2X for an arbitrary topological space X (which he referred to as the finite topology on
2%) and extended its definition to describe the Vietoris Topology on the set %2y(X) of all
non-empty subsets of X (cf. [44, Definition 5.1|). Michael also stated that the Vietoris
Topology on Zy(X) may be studied in terms of the upper semi-finite topology on Fy(X)
and lower semi-finite topology on Py(X) (cf. [44, Definition 9.1]), stating that their join

in the lattice of topologies (cf. [57, 3G]) is, in fact, the Vietoris Topology on Z(X).



The term “Lower Vietoris Topology” is the most prevalent term in the literature to refer
to the aforementioned lower semi-finite topology; it is thus also the one we adopt in this
thesis. It appears to have originated in 1985 (cf. [19] and [42]). Alternative terminolo-
gies for the Lower Vietoris Topology include the lambda topology (also referred to as A
topology) (cf. [17], [18], [39, Remark, p. 175|) and the local topology (cf. |12, p. 931]).
Another term which is used in the literature on order theory is the Hoare power space

when referring to 2% - where X is an arbitrary topological space - with the Lower Vietoris

Topology (cf. [22, Exercise 9.7.14]).

The first works in the literature dedicated to the study of the Lower Vietoris Topology on
arbitrary hyperspaces are, to my knowledge, Feichtinger’s 1969 PhD thesis [17] and his
1970 conference paper [18]. These works focused on hyperspaces which contain all single-
ton subsets of the base space as elements; the properties of connectedness, separability,
first countability and aspects of compactness were studied. For other notable studies of
the Lower Vietoris Topology, see any one of [4, 5, 8 49]. The Lower Vietoris Topology
has found applications in order theory (cf. [51, Definition, p. 81], [51, Chapter 6]) and
category theory (cf. [31] and [30]). One of its first applications was in the study of lower

semi-continuity of multi-valued functions, especially by Kuratowski [39] and Michael [44].

The notion of an srreducible space (cf. [53]) is well-known in the literature; alternative

names include “hyperconnected space” (cf. [52, p. 29]) or “D-space” (cf. [43]).

The origin of sobriety can be traced back to Grothendieck and Dieudonné [24, 2.1.1, page
49|, who defined a sobre topological space as one in which every non-empty irreducible
closed subspace is the closure of a unique singleton of the space. The term sobre is French,
and so we rather adopt the English translation, i.e. the term sober. Sober spaces are also

known as “pec-spaces” or “spectral spaces” (see [32, Definition 2.1]).

Sober spaces are always Ty (cf. Proposition 3.4.3). The origin of the non-Tj version
of sobriety can be traced back to Hong [32, Definition 2.1] who defined the notion of

a quasi-sobre topological space. This is equivalent to the notion of a quasi-sober space



which originated from [29, p. 154]. We will adopt the term quasi-sober space.

The notion of the cellularity of a topological space was introduced in the doctoral thesis of
D. Kurepa [40] (see also [6, p. 41]). It is related to irreducibility because every irreducible
space has cellularity 1, moreover I will show that finite cellularity has a relationship with
irreducible components (cf. Propositions 3.3.6, 3.3.7, 3.3.8 and 3.3.11). It is also known
as the Souslin number. A space having countable cellularity is said to have the Souslin
property [13, p. 59]. The name “Souslin number” is due to its relevance to the Souslin
problem, i.e. the question of whether or not there exists a Souslin space, i.e. a linearly
ordered, non-separable space with countable cellularity. It is known that the Souslin
problem and the statement “a finite product must have countable cellularity if each of its
factors have countable cellularity” are both independent of ZFC [13, See the remarks in
pp. 115-116]. The notion of cellularity is also related to the k-chain condition (or the
r-c.c.) of a topological space (cf. Remark 3.2.2.1). Cellularity in the Vietoris Topology
has been investigated by Fedorchuk [15] and jointly by Fedorchuk and Todorcevié [16].
Other cardinal functions such as hereditary density, character and tightness have been

investigated in the Lower Vietoris Topology by Costantini et al. [7].

To my knowledge, the notions of irreducibility and sobriety have not been considered for
hyperspaces with the Lower Vietoris Topology other than 2% and Z2(X). Moreover, the
notion of cellularity has not, to my knowledge, been investigated in any hyperspace with

the Lower Vietoris Topology.

In this thesis, I study cellularity, irreducibility and sobriety in hyperspaces with the Lower
Vietoris Topology and obtain new results, some of which generalise known results in the
literature. This is explained in more detail below. All results are new unless specified

otherwise.

The main results concern three classes of hyperspaces which have not been previously
investigated in the literature: those which are almost natural, almost finitely natural and

almost d-finitely natural; listed in order from smallest to largest and include the well-



known hyperspaces .#,,(X) of n-element subsets of X and .7, (X) of subsets of X with

at most n elements (cf. Definition 5.0.0.1).

Chapter 2 describes the theory of topological spaces and of orders necessary for this

thesis.

Chapter 3 defines and studies the notions of cellularity, irreducible spaces, quasi-sober

spaces and sober spaces.

e Section 3.3 provides new results on the relationship between irreducible components

and finite cellularity: Proposition 3.3.6, Proposition 3.3.7 and Proposition 3.3.11.

e Section 3.5.2 provides new results on determining the irreducible components of
product spaces and when they have finite cellularity. I correct the proof of a result
from the literature (cf. Lemma 3.5.10) and I prove a more general result which
is new and expands on known results from the literature for products with infi-
nite cellularity (cf. Theorem 3.5.11). Specifically, it is shown that the cellularity
of a product is finite iff there are a finite number of non-irreducible factors with
finite cellularity, in which case the cellularity of the product, is the product of the

cellularity of each of the factors.

e Section 3.6 provides new results on the cellularity of the augmented n-th power of a
topological space. The main result (cf. Theorem 3.6.7) is that in general, cell( X") <
cell(X™). This expands upon a known result by Fedorchuk (cf. Proposition 3.6.1),

stating that cell(X™) = cell(X™) when X is Hausdorff.

In Chapter 4, the Lower Vietoris Topology is defined and well-known properties are
studied. The new results include a description of the Tj-identification of & with the
Lower Vietoris Topology (cf. Theorem 4.3.3), a characterisation of the Ty, symmetry and
Ty properties are characterised in the Lower Vietoris Topology (cf. Theorem 4.4.1), and
useful corollaries 4.4.2 and 4.4.3 which describe how our results generalise well-known

results in the literature, namely: 2% with the Lower Vietoris Topology is always a Tj-



space, Hy(X) with the Lower Vietoris Topology is a Tj-space iff X has the discrete
topology and 2% with the Lower Vietoris Topology is the Ty-identification of 2y(X) with

the Lower Vietoris Topology.

In Chapter 5, closure, irreducibility and quasi-sobriety is studied in the Lower Vietoris

Topology.

e In Section 5.1, closure and irreducibility and their relationship is investigated in

hyperspaces.

— Section 5.1.1 is devoted to arbitrary hyperspaces. In general, closure in hyper-
spaces is determined by Proposition 5.1.1, its Corollary 5.1.2 and Proposition
5.1.3. Proposition 5.1.4 describes precisely when hyperspaces are irreducible
and illustrates the relationship between closure and irreducibility in hyper-
spaces. Theorem 5.1.6 is more general than the previous result and is more

useful for determining when hyperspaces are quasi-sober.

— Corollaries 5.1.5, 5.1.7, 5.1.8, 5.1.9 and 5.1.10 are surprising results which
describe how the property of being irreducible is somewhat upwards closed in

hyperspaces.

— Finally Theorem 5.1.14 demonstrates that those closed hyperspaces having

cellularity n are those having exactly n maximal elements.

— Section 5.2.1 is devoted to almost d-finitely natural hyperspaces. The main
results on irreducibility are Theorems 5.1.16 and 5.1.17 and Corollaries 5.1.18,
5.1.19 and 5.1.20. With regards to closure, the main results are that .%,(U)
and .%<,(U) have the same closure in L(7) (cf. Theorem 5.1.21) and so do
P,(U) and .7, (U) have the same closure in L(7) (cf. Theorem 5.1.22). Under
a certain condition Z,(U) and %, (U) also have the same closure in L(7) (cf.

Theorem 5.1.23).

e In Section 5.2, quasi-sobriety is investigated in hyperspaces. Theorem 5.2.1 charac-

terises in general when a hyperspace is quasi-sober.

>



— In Section 5.2.2, a necessary condition for an almost natural hyperspace to be
quasi-sober is obtained (cf. Theorem 5.2.2) and quasi-sobriety is characterised
in all almost finitely natural hyperspaces (cf. Theorem 5.2.3). Corollary 5.2.4
verifies that .“<,(X) is always quasi-sober for any n € N, generalising the
well-known notion of the sobrification of a space (cf. Corollary 5.2.5, Remark
5.2.5.1 and Definition 5.2.5.1). In Theorem 5.2.6 the properties of ., (X)
are explored further when n > 1 and it is shown that it is T iff X is sober
and 77. The main result is that if ¢(.%#,(X)) C ¢(&) C ¢(F#,(X)), then & is

quasi-sober iff X is quasi-sober (cf. Theorem 5.2.7 and Corollary 5.2.8).

— In Section 5.2.3, the Sub-base Condition is defined as a generalisation of the
fact that (A) is irreducible for every closed set A in X - cf. [23, Proposition
3.2] and [32, pp. 313-314] (where the latter only states the forward direction).
A general characterisation is obtained for when a hyperspace is quasi-sober
and satisfies the Sub-base Condition (cf. Theorem 5.2.11). It is also seen
that the Sub-base Condition is somewhat upwards-closed in hyperspaces (cf.
Proposition 5.2.10). In specific cases, better characterisations are obtained (cf.
Corollary 5.2.12, Theorem 5.2.15, Corollary 5.2.16) and it is determined that
Py(X), 2%, €(X), Z(X) and J;°, Zi(X) satisfy the Sub-base Condition for
every n (cf. Corollary 5.2.14). It is determined when % (X) and .#(X) are

quasi-sober (cf. Corollary 5.2.17).

In Chapter 6, the maps j, : X" — .%,(X) and 7, : X” — Z<,(X) are studied (cf. Def-
inition 6.0.0.1) to provide insights into the cellularity of all almost d-finitely natural hy-
perspaces, as well as to determine when the Lower Vietoris Topology on .%,,(X), Z<,(X)

coincides with the Vietoris Topology.

e A complete characterisation is given for j, to be a quasi-open map in terms of the
properties of X (cf. Theorem 6.2.5). For almost all spaces, there are two equivalent

characterisations of when j, is a quasi-open map; one is “every non-discrete open



subspace of X has cellularity at least n”, while the other provides useful insights.

e If cell(X) is infinite and every non-discrete open subspace of X has cellularity at
least n, then any almost d-finitely natural hyperspace in X has the same cellularity
as cell(X") = cell(X™) (cf. Theorem 6.3.1); this is a generalised version of an
analogous result of Fedorchuk for the hyperspaces %, (X), %<, (X) with the Vietoris

Topology (cf. Proposition 6.1.1).

e The implications of Theorem 6.3.1 are investigated under different set theoretical

assumptions (cf. Corollaries 6.3.2, 6.3.3 and 6.3.4).

e A complete characterisation of when 4, is a quotient map is given, which is sur-
prisingly equivalent to the Lower Vietoris Topology on .#<,,(X) being equal to the

Vietoris Topology (cf. Theorem 6.4.1).

e Necessary conditions are provided for the Lower Vietoris Topology to be equal to

the Vietoris Topology on .%,,(X) (cf. Theorem 6.4.2).

e A complete characterisation of when J, is a quotient map (under certain conditions
on X) which is surprisingly equivalent to the Lower Vietoris Topology on %, (X)
being equal to the Vietoris Topology, equivalent to X being Hausdorff and equiv-
alent to j, being a perfect covering map (cf. Theorem 6.4.3). This generalises a

result by Costantini et al. (cf. Proposition 6.1.2).

e An example is provided to comment on the results in this section (cf. Example

6.5.0.1).

In Chapter 7, sobriety and several separation axioms are studied in the hyperspaces

Zo(X).

e In Section 7.1, the study of the T} separation axiom and the sober property in the
Lower Vietoris Topology that was started in Chapter 4 and Chapter 5, Section 5.2
respectively is continued. The T separation axiom is also investigated in the Lower

Vietoris Topology, due to its relationship with sobriety (cf. Proposition 7.1.1).
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It is determined when ¢(&) is T in the case that X is Ty and ¢(Zf(X)) C ¢(S) (cf.
Theorem 7.1.2). Assuming that X is T, it is proven that X is Tp iff ¢(.# (X)) is Tp

(cf. Corollary 7.1.3); moreover the T axiom in 2% is characterised (cf. Theorem

7.1.4).

For each n > 1, it is shown that the Tj and T axioms (and the “sober” and “sober
and Tp” properties) are equivalent in the hyperspace .%#,(X) and the T axiom in
this hyperspace (resp. the “sober” property in this hyperspace) is characterised in
terms of the properties of X (cf. Theorem 7.1.6, Corollary 7.1.7 (1) and (2) and
Lemma 7.1.5). An interesting observation is noted in Corollary 7.1.7 (3) that if
n > 2 and %, (X) is Ty (resp. sober) then %,,(X) is Tp (resp. sober and Tp) for

all m € N.

Some examples are given at the end of this section (cf. Examples 7.1.7.1 - 7.1.7.5)

to illustrate that these results cannot be improved.

In Section 7.2.1, a necessary condition is found for .%,(X) to be a non-trivial sym-
metric space (cf. Theorem 7.2.4) and it is shown that .%,,(X) is T iff X is T3 (cf.

Theorem 7.2.5).

In Section 7.2.2, necessary and sufficient conditions for .%,,(X) to be a non-trivial
preregular space are determined in terms of the properties of X (cf. Theorem
7.3.5, Corollary 7.3.6). Examples 7.3.6.1, 7.3.6.2 are provided to illustrate that the
results cannot be improved. The section concludes with a verification that for each
n € N, %, (X) is Hausdorff iff X is Hausdorff (cf. Theorem 7.3.7). Every preregular
space (resp. Hausdorff space) is quasi-sober (resp. sober) (cf. Proposition 7.3.1),

explaining the interest in studying preregularity in hyperspaces.



Chapter 2

Preliminaries

In this chapter, standard definitions and results are provided from the theory of topo-
logical spaces and order theory that are used in this thesis. One may use any one of
[9, 13, 21, 39, 45, 57| as a reference for any terms or symbols that appear in this thesis

yet are undefined, or for more details on the results which are provided here.

Some topological and set-theoretical results that are used later in this thesis are proved

in this chapter.

There are concepts which appear in either [57] or [45] for which an alternative notation

is used:
1. C is used rather than C to denote the subset relation on a set X.

2. Given sets A, B, A\ B is used to denote the set {z € A : z ¢ B} rather than A— B

(i.e. the complement of B relative to A).

3. Whenever &7 is a collection of sets, | J &7 is used to denote the set | J, ., A =J{A:

Ae o} and, if o # 0, (| </ is used to denote the set (), ., A=({A:Ae F}.

4. If & is a collection of subsets of X and Y C X:

SlY :={SNnY:Se€6&}



5. If f: X — Y is a function between sets X, Y, and A is a subset of X, f|A denotes

the restriction of f to A.

Throughout this thesis, n,m,k denote natural numbers unless stated otherwise, i.e.

n,m,k € N={1,2/3,...}.

Definition 2.0.0.1. Elements zi,...,x, of a set X are pairwise distinct if for each

i,j € {1,...,n} such that i # j, z; # ;.

Definition 2.0.0.2. A family 7 of sets is said to be pairwise disjoint if every element

of &/ is non-empty and whenever V, W are distinct elements of &/ then VNW = ().

Note that the empty family of sets is, by definition, a pairwise disjoint family.

Lemma 2.0.1. Let X be a set, A be a subset of X and let f : X — X be a function. If

f7YA) = A, then for every subset B of X :

AN f(B)= f(ANB).

Proof. Suppose that A = f~'(A). Then f(A) = f(f~'(A)) C A. Thus:
f(ANB) € f(A)Nf(B) S AN f(B).

Conversely, let x € AN f(B). There is y € B such that x = f(y). Moreover, f(y) =
r € A, hence y € f71(A) = A. Thus y € AN B, hence z = f(y) € f(AN B). Thus

AN f(B) C f(An B). It follows that AN f(B) = f(AN B). [ |

Definition 2.0.1.1. If f : X — Y is a function then the sets f~!({y}) where y € Y are

called fibres of f.

2.1 Introduction to Topological Spaces

Definition 2.1.0.1. [57, Definition 3.1]

A topological space is a pair (X, 7) where X is a set - referred to as the underlying set -
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and 7 is a collection of subsets of X - called the topology on X - such that the following

conditions are satisfied:
e X.0er.

e If {U; :i € I} is a sub-collection of 7, then | J,., U; € .

el

e IfneNandUy,...,U, € 7 then (_, U; € 7.

The elements of 7 are said to be open in (X, 7) (or open in X if no confusion arises) or

open subsets of (X, ) (or open subsets of X if no confusion arises).

If no confusion arises, it may be declared that X is a topological space without denoting

its topology.
For the rest of this thesis, X, Y, Z denote topological spaces unless stated otherwise.
For this section, A and B denote subsets of X unless stated otherwise.

The sets X, are called the trivial opens of X, all other members of 7 are said to be

non-trivial opens.

A neighbourhood of a point x € X is a subset U of X for which there is an open V in X

where x € V' C U [57, 4.1 Definition].

The interior of A in X is [57, Definition 3.9]:
Int, (A) == U{F : Fisopenin X, FF C A}.
The subscript is dropped if no confusion arises.

Definition 2.1.0.2. [57, Definition 6.1]
TIA={UNA:U € 7} is the subspace topology induced on A from 7. It is said that A
is a subspace of X to mean that A is considered as a topological space with the subspace

topology 7| A induced on A from 7. In this case if D C A:

e D is open in A iff there is V open in X where VN A = D [57, Theorem 6.3(a).
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e D is a subspace of X iff D is a subspace of A [57, Theorem 6.2(d)].

e If D is open in A and A is open in X then D is open in X [45, Part I, Chapter 2,

§16, Lemma 16.2].

Hereafter it is assumed that any subset of a topological space carries the subspace topology

unless otherwise stated.

Definition 2.1.0.3. The set of real numbers R has the usual topology if it has the
topology where U is open in R iff U = [ J £ for some collection Z of open intervals in R

(cf. [57, 3.2(b)]).

Definition 2.1.0.4. [57, Definition 3.3|

A is said to be closed in X (or is said to be a closed subset of X) if A= X \ U for some
Uer.

X, 0 are said to be the trivial closed sets of X; all other closed sets in X are said to be
non-trivial closed sets.

The intersection of a non-empty family of closed sets is closed and a finite union of closed
sets is closed [57, Theorem 3.4].

The closure of A in X is the set [57, Definition 3.5|:
Cl.(A) := ﬂ{F : Fis closed in X, A C F}.

If no confusion arises, the alternative notation A := Cl,(A) is used.
A is said to be dense in X if A = X, equivalently, for every non-empty open subset U of
X, ANU #0.
If {A; : i€ F} is a finite collection of subsets of X then [57, Theorem 3.7]:
Ua=U=
i€F i€F
For x € X, x € A iff for every open subset V of X such that z € V, V N A # () [45, Part
I, Chapter 2, §17, Theorem 17.5(a)|.

If D C A, then:
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e Cl4(D) = DN A [57, Theorem 6.3(c)|.

e D is closed in A iff there is a closed subset V' of X such that VN A = D [57,

Theorem 6.3(b)].

e If D is closed in A and A is closed in X, then D is closed in X [45, Part I, Chapter

2, §17, Theorem 17.3|.
Definition 2.1.0.5. X is said to be a:

e Ty-space if whenever z,y € X and {z} = {y} then z = y [46, Chapter I, 1.1].

Every subspace of a Ty-space is a Ty-space [57, Problems 13B.1].

o symmetric space if whenever z,y € X and z € @ then m = @ [46, Chapter I,
2.3,
These are also called Rg-spaces and were introduced as such by A.S. Davis in |10,
Theorem 2|. The symmetric axiom is referred to in the same reference as a regularity

axiom.

e Ti-space if {x} = {x} for all z € X [46, Chapter I, 2.1].
Every subspace of a Ti-space is a Tj-space [57, Problems 13B.1].
X is a Ti-space iff X is both a Ty-space and a symmetric space [46, Chapter I,

Proposition 2.3.1].

o T5-space or a Hausdorff space if for any two distinct elements x,y of X there are
disjoint open subsets U,V of X for which x € U and y € V' [46, Chapter I, 3.1].
Every Hausdorff space is a Tj-space [57, p. 86].

Every subspace of a Hausdorff space is a Hausdorff space [57, Theorem 13.8(a)].

e a Tychonoff space if X is a Ti-space and whenever A is closed in X and x € X \ A
there is a continuous function f : X — [0, 1] which assigns x to 0 and A to 1 [57,

14.8 Definition)].
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X may be said to be Ty, 17, symmetric, T5, Hausdorff or Tychonoff in place of the
terms Ty-space, Ti-space, symmetric space, Thr-space, Hausdorff space or Tychonoff space

respectively.

Definition 2.1.0.6. |57, Definition 17.1]
X is said to be compact if whenever there is a collection {U; : i € I} of open subsets of
X such that | J,.; U; = X, then there is a finite subset F' of I such that | J,.,U; = X.

Note that:

Every finite subspace of X is compact [45, Part I, Chapter 3, §26, Example 3|.

If X is compact then every closed subspace of X is compact [57, Theorem 17.5(a)].

A finite union of compact subspaces of X is compact as a subspace of X [57,

Problems 17B.2].
e A compact subspace of a Hausdorff space X is closed in X [57, Theorem 17.5(b)].

Definition 2.1.0.7. [57, 15G]|

X is extremally disconnected if the closure of any open set in X is open.
Definition 2.1.0.8. The following are well-known topologies:

e The discrete topology on X is the topology on X consisting of every subset of X
[57, Examples 3.2(c)]. X is said to be a discrete space or simply X is said to be

discrete if X has the discrete topology.

e The trivial topology on X is the topology on X consisting of only X and 0 [57,
Examples 3.2(d)]. X is said to be a trivial space or simply that X is said to be
trivial to mean that X has the trivial topology. Note X is trivial iff {z} = X for

all z € X [57, Examples 3.8 f)].

e The co-finite topology on an infinite set X is the one in which the finite subsets of
X are the proper closed subsets of X [57, Examples 3.8(a)].

X is T} but not Hausdorff [57, Examples 13.6(a)|.
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e If X is uncountable, then the countable complement topology on X is the one in
which the countable subsets of X are the proper closed subsets of X [52, Part II,
Section 20).

If AC X, then A is compact iff A is finite |52, Part II, Section 20, Point 2].

X is Ty but not Hausdorff. [52, Part II, Section 20, Point 1]

Definition 2.1.0.9. [57, Definition 5.1]
A base for X (or a base for the open sets of X) is a family % of opens in X such that

every open U in X is a union of some subfamily of %, equivalently, whenever U is open

in X and x € U then there is B € 4 such that x € B C U.

Proposition 2.1.1. [57, Theorem 5.3]
A family B of subsets of X is a base for some topology on X iff the following two

conditions hold:
1. X =%, and

2. whenever By, By € % and there is x € By N By, there is By € A such that x €

B3 C By N Bs.

Definition 2.1.1.1. [57, Definition 5.5| A sub-base for X (or a sub-base for the open
subsets of X) is a family . of open sets in X such that the following family is a base for

X, called the base for X generated by .%:

By ={[)S%:neN, S,...,8, € SYU{X}.

=1

It is also said that . generates the topology on X.

Since B.4|A = By|a is a base for A (cf. [57, Theorem 6.3(f)]), it follows that .”|A is a

sub-base for A.

Proposition 2.1.2. [57, Theorem 5.6]

Any family of subsets of X is a sub-base for some topology on X.
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Definition 2.1.2.1. [57, Problems 5E|; [39, Ch. 1, §5, XI, Remark 4|
A family . of closed sets of X is called a base for the closed sets of X if for every proper

closed set U of X there is a non-empty subfamily J# of % such that U = [ 7.

A family ¢ of closed sets of X is said to be a sub-base for the closed sets of X if the
following family of subsets of X is a base for the closed sets of X, called the base for the

closed sets of X generated by 9:
Fg = {UGi:nEN, Gi,...,G, € 9}y U{0}
i=1
It is also said that & generates the closed sets of X.

Proposition 2.1.3. [39, Ch. 1, §5, XI, Remark 4|
A family 4 of subsets of X is a sub-base for the closed sets of X iff {X\G:G € 4} is

a sub-base for X.
Any family of subsets of X is a sub-base for the closed sets of some topology on X.
Definition 2.1.3.1. Let f: X — Y be a function. Then f is said to be:

e continuous if f~1(V) is open in X whenever V is open in Y [57, Definition 7.1,

Theorem 7.2|, equivalently:

— whenever U is a closed subset of Y then f~1(U) is a closed subset of X [57,

Theorem 7.2(c)|.

— whenever F is a subset of X then f(E) C f(E) [57, Theorem 7.2(d)].

e open if whenever V' is an open subset of X then f(V') is an open subset of Y [57,

Definition 8.5].

— If f is continuous then f is open iff there is a base & for X such that f(U) is

open in Y for every U € £ 13, Theorem 1.4.14].

e closed if whenever U is a closed subset of X then f(U) is a closed subset of Y [57,

Definition 8.5].

16



— If f is continuous then f(A) = f(A); moreover
f is closed iff for every y € Y and every open neighbourhood U of f~!({y}),

there is a neighbourhood V' of y such that f~'(V) C U [13, Theorem 1.4.13].

e a homeomorphism if there is a continuous function g : Y — X such that go f =idx
is the identity function on X and f o g = idy is the identity function on Y’; in this

case it is said that X and Y are homeomorphic [57, Definition 7.8|.

If f is continuous then f|A: A — f(A) is continuous [57, Theorem 7.5].

If X is homeomorphic to Y and Y is homeomorphic to Z, then X is homeomorphic to Z
[57, p. 46].

If f: X —Y and g:Y — Z are continuous, then the composite function go f: X — Z

is continuous [57, Theorem 7.3].

Lemma 2.1.4. Let & be a sub-base for the closed subsets of Y and let f: X —Y be a

function. Then f is continuous iff f~(A) is closed in X for all A € 9.

Proof. Only the backwards direction needs to be verified. For G € ¢, X \ f7}(G) =
7YY\ G) is open in X. Since . := {Y \ G : G € ¢4} is a sub-base for Y, the result

follows from [45, p. 103]. [ |

Lemma 2.1.5. Let &4 be a sub-base for the closed subsets of X. Let f : X — X be a
function such that f~(U) = U for allU € 4. Then f|B : B — f(B) is a continuous,

closed, open and surjective map such that whenever A is open or closed in X :

f(ANB)=ANf(B) and (f|B)"(f(ANB))=ANB.

Proof. f is continuous by the previous Lemma 2.1.4 hence f|B is continuous.

Let U € Z4. Suppose that U # (. Then there are Vi,...,V,, € 4 such that U = |J,_, Vi
and hence f~'(U) = f~1 (UL, Vi) = UL, f1(Vi) = UL, Vi = U. This equality also

holds if U = ().
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Let A be a proper closed subset of X. There is a non-empty subfamily {V; : i € I} of Fg
such that A = (,.; Vi and hence f~1(A) = f"HNic; Vi) = Nier F1 (Vi) = Nier Vi = A

This equality also holds if A = X.

Hence f7'(A) = A for every closed subset A of X. Hence for every open subset U of
X, [FHXANU) = X\ U and hence f7H(U) = [THX\ (X\U)) = X\ [TH(X\U) =
X\ (X \U)=U. Thus by Lemma 2.0.1, it follows that for any subset A of X which is

either closed or open in X, f(ANB) = AN f(B) and thus:

(fIB)(f(ANB)) = (fIB) (AN f(B)) = f{(AN f(B)) N B
= (AN (f(B)NB
=fHA)NB

=ANB.

If C is closed in B, there is a closed subset A of X such that C = AN B and so
f(C)=f(ANnB)=An f(B) is closed in f(B). Thus f|B is a closed map. Similarly, it

can be shown that this map is open. [ |

2.1.1 Products, Quotient Spaces and the Tj-identification

The Definition 2.1.5.1 below uses the notation || for the cardinality of I; this notion is

explained in the next Chapter 3.

Definition 2.1.5.1. [57, Definition 8.1, Definition 8.3|
For this definition, X is considered a set.
If {X;:1€ I} is a family of sets then its product is the set:
[[Xi:={f:1—=JXi:foreachi, f(i) € X;}.
iel i€l
When [ is finite where |I| =n € N then I = {iy,...,7,} and:
X’i X XXin 3:HXi:{<$1,...,$n)if0r aHZEI, Z; EXl}
iel
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If X; = X for all ¢ € I then the product X' := [[,.; X is the set of all functions
f : I — X. The subset of X! consisting of injective functions is what is denoted by
XU This notation appears for the case where I is finite in |7, p. 246, 1. Preliminaries|.

Moreover:

X" :={(z1,...,2,) s 21,...,2, € X} and
XM= {(xy, .. xn) 21,2, € X and # xj whenever i # j}.

X™ is called the n-th power of X and X! the augmented n-th power of X.

If for each ¢ € I, X; is a topological space then the product topology or Tychonoff topology
on the product [],.; X; is the one whose sub-basic opens have the following form: by
specifying that for each i € I and each open U € X;, the set 7, '(U) is open, where
7 ¢ [ Lie; Xi = Xi is the i-th projection map defined by m;(f) = f(i) for each f € [[,c; X;

(cf. Proposition 2.1.2). This map is both continuous and open [57, 8.6 Theorem].

Then the following family forms a base for [, ., X;:

{ﬂﬂzl(Uij):nENand i1y e yin € 1}

=1

Hereafter, []..; X; will always be assumed to have the product topology if X; is a topo-

el

logical space for every ¢ € I.

Definition 2.1.5.2. [57, Definition 9.1]
If Y is aset, and g : X — Y is a surjective map, then 7, := {V C Y : g }(V) € 7} is the

quotient topology on Y induced by g; in this case, ¢ is called a quotient map.

g:X — (Y,7,) is continuous and A is open (resp. closed) in Y iff g7*(A) is open (resp.

closed) in X.

Proposition 2.1.6. [57, Theorem 9.2]
If f: X — Y is a continuous, surjective map which is either open or closed, then the

given topology on'Y s the quotient topology on Y induced by f.
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Proposition 2.1.7. [57, Theorem 9.6|; [57, Theorem 9.7|
LetY be a set and f: X — Y be a surjective function. Let 9 :={f~'({f(x)}) : z € X}
and let g : X — 2 be the map defined by the formula g(z) = f~({f(x)}) for each z € X.

Then (Y, 1) is homeomorphic to (2, 1,).

Definition 2.1.7.1. [57, Examples 13.2(c) and Problems 13C]
The Ty-identification of X is the topological space with underlying set {m cx € X}

and whose topology is the quotient topology induced by the map assigning each x € X

to m

The Ty-identification of X is a Ty-space [57, Problems 13C.2|; [47, Theorem 3.19].
X is Tp iff X is homeomorphic to its Tp-identification [47, Corollary 3.20].

X is symmetric iff the Ty-identification of X is T} [47, Section 4, Table 1].

Proposition 2.1.8. If X and Y are homeomorphic then their Ty-identifications are

homeomorphic.

Proof. Let f: X — Y be a homeomorphism. Let X , Y be the Ty-identifications of X
and Y respectively. Let px : X — X, py : Y = Y be the maps specified by Definition

2.1.7.1. By [47, Theorem 3.22|, there are continuous maps f : X = Y and g: VY - X

suchthatfopX:pyofandgopy:pXof_l.

Now, (30 f)(px(z)) = 4(py (f(2))) = px(f 7' (f(2))) = px(x) for all # € X; thus g o f
is the identity function on X. Similarly, f o ¢ is the identity function on Y. Thus f is a

homeomorphism. [ |

2.2 Introductory Order Theory

Definition 2.2.0.1. |21, Definition O-1.1; Definition O-1.6]

A relation < on a set P is said to be a:

e pre-order if it satisfies the following conditions:
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— Reflexivity: x < x forall z € P
— Transitivity: * <y and y < z implies x < z for all z,y,z € P
e partial order if it is a pre-order and satisfies the following condition:
— Anti-symmetry: z <y and y < x implies y = x for all z,y € P.
Given a relation < on a set P, (P, <) is said to be a pre-ordered set (resp. partially

ordered set - often referred to as poset for short) if < is a pre-order (resp. a partial order)

on P. If there is no confusion, P is referred to as a pre-ordered/partially ordered set.

For x,y € P, the statement x < y denotes x < y and = # y.

Definition 2.2.0.2. Suppose that P is a pre-ordered set.

e A C P is directed with respect to < if for each x,y € A there is z € A such that

x <z and y < z |21, Definition O-1.1].
e Given A C P:
1+ A:={x € P :there is a € A such that a <z} and

L A:={z € P :thereis a € A such that x < a}.
A is called an upper set (resp. lower set) of (P, <) if A =1 A (resp. A =] A) |21,

Definition O-1.3].

In a particular context, the phrase “with respect to <” may be removed if there is no

confusion as to the fact that < is the considered pre-order on P in that context.

Definition 2.2.0.3. Suppose that (P, <) is a poset.

e [9, 1.23 Maximal and minimal elements| An element z of P is said to be:

— maximal with respect to <, if for every y € P such that x <y it must be the

case that x = y.

— munimal with respect to <, if for every y € P such that y < x it must be the

case that x = y.
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— the minimum element of (P, <) if for every y € P, x < y.

— the mazimum element of (P, <) if for every y € P, y < x.

e [21, Definition O-1.6] P is said to be:
— an antichain if P is non-empty and for every x,y € P, x < y implies z = y.

— well-ordered (equivalently < is a well-order) if every subset of P has a mini-

mum element with respect to <.

e LetY C P.
— |35, p. 201] Y is dense in P if for every x € P there is y € Y such that y < x.

— 35, p. 202] Y is a filter on P if:
% Y is a non-empty upper set in P and

x If p,q € Y then there is r € Y where r < p and r < q.

e |9, 1.34 Definitions| A function f : P — @ where @ is a poset is called an order-
isomorphism if x < y iff f(x) < f(y). If such a function exists then P and @ are
said to be order-isomorphic.

Note that order-isomorphisms are necessarily bijections.

Proposition 2.2.1. [9, p. 16| Let (P, <) be a finite poset. For each x € P, there is a

mazimal element y of P such that x < y.

Definition 2.2.1.1. [21, Definition O-5.4]
Let (P, <) be a poset. The upper interval topology on P is the one which has, as a sub-
base for its closed sets, the collection ¥, := {| {a} : a« € P} U{P} (cf. Proposition

2.1.3).

P with the upper interval topology is a Ty-space [36, Proposition 1.8].
Moreover if # € P then {z} =| {z} [36, In the proof of Proposition 1.8|, thus for any

finite subset F of P, F =] F.

22



Remark 2.2.1.1. Gierz et al. |21, Definition O-5.4] uses the term “upper topology” instead
of “upper interval topology”. The latter term is chosen since this topology is associated

with the well-known interval topology on a poset (cf. |21, Definition O-5.4]).

Definition 2.2.1.2. [27, Section 2.1, pp. 217-218| The specialisation pre-order on X is

the pre-order <, on X defined by x <, y iff x € @ for each z,y € X.
Proposition 2.2.2. 1. <, 1s a partial order iff X is a Ty-space.
2. (X, <;) is an antichain iff X is a T1-space.
Proof. In |22, Definition 4.2.1], the specialisation pre-order is defined differently compared
to Definition 2.2.1.2 (and is referred to as the “specialization quasi-order”). However, these

definitions are equivalent as demonstrated in [22, Lemma 4.2.7|. Finally the result in this

Proposition 2.2.2 follows from [22, Proposition 4.2.3|. [ |

Hereafter, X, Y, Z will always denote infinite topological spaces unless otherwise specified.
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Chapter 3

Cellularity and Sobriety

In this chapter, I define and study the notions of cellularity, irreducible spaces, quasi-
sober spaces and sober spaces. The results presented in this chapter will be used to
determine which hyperspaces with the Lower Vietoris Topology are irreducible or sober
(cf. Chapter 5) as well as to study the cellularity of hyperspaces with the Lower Vietoris

Topology (cf. Chapter 6).

Section 3.1 provides an overview of the notions of set-theory and cardinality which are

essential for defining and discussing the cellularity of a topological space.

Section 3.2 provides an overview of the cellularity of a topological space. Unlike in the
literature, the cellularity is allowed to be finite to accommodate for the fact that many
hyperspaces with the Lower Vietoris Topology have finite cellularity. Results from the
literature on cellularity are provided which will be used in the following sections and

chapters.

Section 3.3 provides an overview of irreducible spaces, irreducible components of topo-
logical spaces and how the notion of irreducible components is related to the notion
of finite cellularity. I believe Proposition 3.3.6, Proposition 3.3.7 Proposition 3.3.8 and

Proposition 3.3.11 are new.
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Section 3.4 provides an overview of sober spaces and quasi-sober spaces.

Section 3.5 provides an overview of the results in the literature on cellularity of products
of topological spaces; these results are relevant to Chapter 6. The results from Section
3.5.1 will be utilised to expand on the new results achieved in Chapter 6 (cf. Theorem
6.3.1 and Corollaries 6.3.4 and 6.3.2). In 3.5.2, it is determined when product spaces
have finite cellularity by utilising the relationship between cellularity and irreducibility
established in Section 3.3.2. I correct the proof of a result from the literature (cf. Lemma
3.5.10) and I prove a more general result which is new and expands on known results from
the literature for products with infinite cellularity (cf. Theorem 3.5.11). Specifically, the
irreducible components of a general product are determined and it is shown that the
cellularity of a product is finite iff there are a finite number of non-irreducible factors
with finite cellularity, in which case the cellularity of the product, is the product of the

cellularity of each of the factors.

Section 3.6 presents new results on the cellularity of the augmented n-th power of a
topological space. The main result (cf. Theorem 3.6.7) states that in general, cell(X™) <
cell(X™). This extends a known result by Fedorchuk (cf. Proposition 3.6.1), stating that
cell(X™) = cell(X[") when X is Hausdorff. This result will be improved on in Chapter
6, where it will be shown that for a specific class of non-Hausdorff spaces, this equality

still holds (cf. Theorem 6.3.1).

Throughout this chapter, unless otherwise specified, f, g, h represent functions.

3.1 Introduction to ZFC and Cardinals

This section provides a basic overview of set theory, cardinals and ordinals limited to
definitions, notations and results used throughout this thesis. Some notions, such as that
of an ordinal, are not defined here since a discussion would be out of the scope of this

thesis. References are provided for further reading.
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[35, p. 3, Axioms of Zermelo-Fraenkel| The theory of sets used in this thesis is known as

ZFC; its axioms are known as the ZFC azioms and consists of:

e The Zermelo-Fraenkel azioms (or ZF axioms); the theory resulting from these ax-

ioms is called ZF.
e The Axiom of Choice.

The Axiom of Choice. [35, p. 47|
If of is a family of non-empty sets then there is a function f : of — |J o/ where f(A) € A

for every A € of .

This statement is of course equivalent to the following: “If {X; : i € I} is a family of

non-empty sets, then [],.; X; is non-empty”.

In the ZF set theory the concept of an ordinal number (or simply an ordinal) can be
defined as a special type of well-ordered set where the class of all ordinal numbers is
well-ordered by the relation a« < f§ <= « € § (which is equivalent to o C 3). Thus,
every family of ordinals has a least element. Moreover, every well-ordered set is order-
isomorphic to a unique ordinal number. The Greek letters a, 3,y denote ordinal numbers.
A successor ordinal is one that is equal to aU{a} for some «; any other non-zero ordinal
is called a limit ordinal. The finite ordinals are the natural numbers and w denotes the
first infinite ordinal (which is also the first limit ordinal) and is order-isomorphic to the

set of natural numbers N [11, p. 66].

The statement “For any set, there is a well-order on that set” is equivalent to the Axiom
of Choice in ZF (cf. [11, p. 58; p. 59, Theorem 2.7.3|). Thus in ZFC, whenever
A is a set, there is a bijection f : a — A where « is some ordinal (as every order-
isomorphism is also a bijection). The cardinal number or cardinal of A is |A] := min{« :
there is a bijection f : &« — A}. The Greek letters A, &, i, p denote cardinal numbers.
Every finite ordinal is a cardinal and the finite cardinals are the finite ordinals, i.e. the

natural numbers. A set is finite iff its cardinal is finite. The first infinite cardinal is
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Ny := |w| = w and every infinite cardinal is a limit ordinal [11, p. 76]. A is said to be

countable if A < Ng; otherwise A is uncountable |11, p. 81].

The class of cardinals is well-ordered with respect to the inherited ordering from the class
of ordinals. Thus any family of cardinals has a least element. Note that if o7 is a family
of cardinals, then its supremum in the class of all cardinals is equal to its supremum in
the class of all ordinals and is equal to sup &/ := |J < [35, p. 20, point (2.4); p. 29,

Lemma 3.4(ii)].

Note that x < X iff whenever k = |A| and A = | B| there is an injective function f : A — B

[11, Lemma 3.6.2]. Moreover the following statement is true in ZF:

The Schréder-Bernstein Theorem. |11, p. 77|
If A and B are sets and there are injections f : A — B and g : B — A, there is a

bijection h : A — B.

Thus £ = X iff whenever k = |A| and A = |B| there is a bijection f: A — B. In this case

A and B are said to have the same cardinality.

If no confusion arises, [],_5 Ao denotes the cardinal |[],_5 Al and }_, 5 Aq denotes the

a<f

cardinal |{J,_5 Ao X {a}]; &* denotes the cardinal [],_, x = |&*|. The notation x + X is

a<f

used for [(k x {0}) U (A x {1})] and & - A is used for |k x A|. This notation is defined in

[11, Section 3.7].

For any cardinal ), it is true that A < 2* = |Z?()\)| [11, Lemma 3.6.6, Lemma 3.9.1].
Thus the successor of A may be defined as A™ := min{x : A < s} [11, p. 80]. X is a

successor cardinal if A = kT for some cardinal k; otherwise A is a limit cardinal |11, p.

88].

Let S be a set of sentences. S is said to be consistent iff there is no sentence ¢ where ¢ and
its negation, i.e. =, are both provable from S. If S is consistent then all of its non-empty
subsets are also consistent. A sentence ¢ is not provable from S iff S+ —p := SU {—p}

is consistent [38, p. 6]. ¢ is said to be independent of S if both S + —p and S + ¢ are
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consistent.

The following statement is independent of ZFC (assuming ZFC is consistent, then ZFC+GCH
is consistent |38, Ch VI, §4, Corollary 4.9, p. 175], while ZFC+— GCH is also consistent

[38, Ch. VII, §5, Corollary 5.15; Ch. VII, §6, Theorem 6.18]):

The Generalised Continuum Hypothesis (GCH). [11, p. 97|

If X is infinite then 2* = \*.

Proposition 3.1.1. [11, Corollary 3.7.10]
Let X be an infinite cardinal. The union of at most X sets of cardinality at most A has

cardinality at most .

The cofinality of a limit ordinal v, denoted by cf(7y) or cf v, is the smallest limit ordinal «
such that there is an increasing sequence of ordinals {75 : 8 < a} where v = sups_, 73

An infinite cardinal A is said to be a regular cardinal if cf(\) = A, otherwise A is a singular

cardinal [11, p. 89|.
For any limit ordinal A, cf A is a regular cardinal and Ry < cf A < A [11, Lemma 3.8.4].

An infinite cardinal X is said to be a weakly inaccessible cardinal if X\ is a regular, un-

countable limit cardinal [11, p. 96]. The existence of such a cardinal is not provable in

ZFC+GCH (38, Ch. VI, §5, Corollary 4.13, p. 177|.
Proposition 3.1.2. |11, Theorem 3.8.6] Every infinite successor cardinal is reqular.

Proposition 3.1.3. [35, p. 29, (3.7) and (3.8); Theorem 5.16]; [11, Theorem 3.9.3|

Let X be infinite. Then:
1. X\ < cf(2Y) < 2% = 5 whenever 2 < k < \.
2. k- A=max{k,A\} =k + . [11, Corollary 3.7.8|
3. (KN = kM. 135, p. 29, (3.7)]

4. If Kk < X then k# < M. [35, p. 29, (3.8)]
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Let k be infinite. Then:

5. Suppose k > X and p* < k whenever u < k. Then if cf kK > X then K* = Kk [35,

Theorem 5.20 (iii)(a)].
Let {\; :i € I} be a family of cardinals (not necessarily infinite).
6. If I =U;c; Aj is a disjoint union then [J;c; Ni = [Lies [Tica, A [35, p. 53, 5.16].

Definition 3.1.3.1. |38, Ch II, §2, Definition 2.2]
A poset (P, <) satisfies the countable chain condition (abbreviated “P is cec”) if every

antichain in P is countable.

Martin’s Axiom (MA). [35, Ch II, §2, Definition 2.5]|
If (P, <) is a ccc poset and if o/ is a family of dense subsets of P where |o/| < 2% then

there is a filter on P which meets every element of <.

3.2 Cellularity

Definition 3.2.0.1. [15, p. 56],[6, p. 29, Definition|

A cellular family in X is a pairwise disjoint family of opens in X.

The following definition for the cellularity of a topological space is similar to Engelking’s

definition [13, 1.7.12], but differs in an important aspect (cf. Remark 3.2.0.1).

Definition 3.2.0.2. The cellularity or the Souslin number (also Suslin number) of X is:
cell(X) :=sup{|%| : % cellular in X}.

Note that X = () iff cell(X) = 0 since () = {} is a cellular family, moreover {X} is always

cellular so the converse holds.

Remark 3.2.0.1. Definition 3.2.0.2) differs from Engelking’s definition [13, 1.7.12] only

in that Engelking assumes that |N| < cell(X). This assumption is also made in [14, p.
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56]. This assumption is reasonable for when X is a Hausdorff space; in this case every

infinite subspace has infinite cellularity.

Suppose that every cellular family in X has at most n elements. Then cell(X) < n < |N|.
Under the assumption that |N| < cell(X), it follows from the well-ordering of the cardinals
that cell(X) = |N|. Thus, under this assumption, one would not be able to distinguish
between topological spaces in which every cellular family has at most a finite number of
elements. This needs to be done in Section 3.6 of this chapter, Chapter 5, Chapter 6 and

Chapter 7.

Since this distinction needs to be made, it is not assumed that |N| < cell(X). There are
infinite topological spaces for which every subspace has finite cellularity (cf. Proposition
3.3.12 and Example 3.3.12.1) and there are infinite 7}-spaces with finite cellularity (cf.

Example 3.3.0.1).

Remark 3.2.0.2. X has a cellular family of cardinality cell(X) if:

e cell(X) is a successor cardinal [37, p. 11, Definition 1.22],
e cell(X) is a singular cardinal [37, p. 84, Point 4.1| or

o if cell(X) =w [6, p. 31, Lemma 2.10]

The remaining case is when cell(X) is a regular uncountable limit cardinal, i.e. a weakly

inaccessible cardinal; this is addressed in the next Remark 3.2.0.3.

Remark 3.2.0.3. [37, p. 147, point 7.6]
If A is a weakly inaccessible cardinal and D(k) is the discrete space with underlying set

k (for k < A), then [], _, D(x) has cellularity A but no cellular family with cardinality \.

Definition 3.2.0.3. [13, p. 12, p. 25]

The weight of X is w(X) := min{|4| : A is a base for X}.
X is second-countable if w(X) < N,.

The density of X is d(X) := min{|A|: AC X and A = X}.

X is separable if d(X) < Ny.
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Proposition 3.2.1. The following statements are true:
1. |13, 2.7.9(d)| If A is dense in X then cell(A) = cell(X).
2. (13, 1.7.12(b)] If f : X — Y is continuous and onto then cell(Y') < cell(X).
3. |15, Proposition 1.2] If X =Y U Z then cell(X) < cell(Y) + cell(Z).
4. cell(X) < d(X) < min{w(X), |X|}.
5. If X is discrete then cell(X) = | X]|.
Proof. 4. The statement cell(X) < d(X) < w(X) follows from [13, 1.7.12(a)]; more-
over since X is dense in itself, d(X) < | X].

5. {{z} : € X} is cellular in X and |X| = [{{z} : 2 € X}| < cell(X). By the

previous point and the well-ordering of the cardinals, the result follows.

Remark 3.2.1.1. It may be the case that cell(X) < d(X) (i.e. the inequality in point 4

of the previous Proposition 3.2.1 may be strict); see Example 3.5.7.1.

Definition 3.2.1.1. e f: X — Y issaid to be a quasi-open map if Int(f(U)) # 0

whenever U is non-empty and open in X.

e [57,20G]| f: X — Y is a perfect map if f is continuous, closed and all the fibres of

f are compact.

Example 3.2.1.1. [14, p. 52, [Ipumep 1]
If X is uncountable, there are Tychonoff spaces X and Y and an open perfect function

f: X — Y with finite fibres such that cell(Y) = Ry < A = cell(X).

Proposition 3.2.2. [14, p. 51, [Ipemioxenue 2]
Let f: X =Y be a quasi-open, continuous, onto function where there is n € N such that

7Y {y )| < n forally € Y. If cell(X) is infinite then cell(X) = cell(Y).
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The following notion is often used in place of cellularity in the literature:

Definition 3.2.2.1. X has the x-chain condition (or is k-c.c.) if every cellular family
in X has cardinality less than « [54, p. 295|.
X has the countable chain condition or is ccc if X is (Rg)T-cc [38, Ch. II, §2, Definition

1.7, p. 50].
Remark 3.2.2.1. Note that cell(X) < & iff X is k*-c.c.

The forward direction follows from the definitions, while if X is x*-c.c. then by Remark

3.2.0.2, cell(X) < k™, hence cell(X) < k.

3.3 Irreducible Spaces and Finite Cellularity

In this section, irreducible spaces are discussed and the relationship between irreducible
components and finite cellularity is explored. I believe Proposition 3.3.6, Proposition

3.3.7, Proposition 3.3.8 and Proposition 3.3.11 are new.

3.3.1 Irreducible Spaces

The information contained here on irreducible spaces, irreducible components and Noethe-

rian spaces can be found in [2, Ch. II, §4.1, §4.2, p. 94-98|, unless otherwise stated.

Definition 3.3.0.1. X is said to be irreducible if cell(X) < 1, i.e. whenever V,W are
non-empty open subsets of X, then VN W # (), i.e. every non-empty open subset of X
is dense in X.

A is an irreducible subset of X if it is irreducible as a subspace of X, which is equivalent

to the following statements:

1. whenever V,W are non-empty opens in X such that VN AW N A # 0 then

VNWNA#DQ.

32



2. given opens Vi, ..., V, in X such that V; N A #  for all ¢, then (), V; N A # 0.
3. A is irreducible.
4. IfV4,...,V, are closed in X and A C |J;_, V; then A CV; for some i € {1,...,n}.

5. If V,W are closed in X and ACVUW then ACV or ACW.

Note that m is irreducible for any z € X. If F' is a non-empty finite subspace of X

then F is irreducible iff F = {z} for some z € F.

The continuous image of any irreducible space is irreducible |2, Ch. II, §4.1, Proposition
4.
Example 3.3.0.1 (Irreducible subspaces of an infinite topological space with the co-finite

topology).

Suppose X has the co-finite topology. If X = F' UG where F,G are closed in X, then
one of F,G is infinite and so one of them is X by definition of the closed sets in this
topology. Thus X is irreducible. Moreover, each infinite subset of X is dense in X and is

thus irreducible. Thus X is a Ti-space, each of whose infinite subspaces have cellularity

1.

Proposition 3.3.1. |27, Fact 2.6(1)| If A is a subspace of X which is directed with respect

to the specialisation pre-order on X then A is irreducible.

Proposition 3.3.2. Let U be a subspace of X.

1. Let & be a base for the open subsets of X. Then U is irreducible iff whenever there

are V,\W € B such that UNV # 0 and UNW # 0 then UNV NW # (.

2. Let .# be a sub-base for the open subsets of X. Then U is irreducible iff whenever
there are Vq,...,V, € % such that UNV; # 0 for each i € {1,...,n}, then

UNL Vi 0.

Proof. 1. <= : Let V,WW be open in X such that UNV # 0 and UNW # 0.

Then there are non-empty subfamilies {B; : i € I} and {C; : j € J} of £ such
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that V' = U;c; Bi and W = |J,;C;. Thus there is (i,5) € I x J such that

B;NU,C;NU # 0. By the hypothesis B; N C; NU # ) and thus VN W NU # 0.

Thus U is irreducible.

2. < : Let V,IW € B (i.e. the base for X generated by .%) such that U NV # ()
and UNW £ 0. fV =X or W = X, then UNVNW # (). Suppose that V, W # X.
Then there are Sy,...,5,,T1,..., T, € & such that V. =_, S;, W = -, T..
By the hypothesis, UNV AW =U N, SiN(i-,T; # 0. Thus in all possible

cases, UNV NW # (.

Thus by the previous point of this Proposition 3.3.2, U is irreducible. |

The following is easy to verify from the previous Proposition 3.3.2:

Corollary 3.3.3. Let & be a sub-base for the closed subsets of X. Then a subspace U
of X s rreducible iff whenever there are Gi,...,G, € & such that U C J._, G; then

U C G, for someie€{l,...,n}.

The result in the following Proposition 3.3.4, is stated in passing and without proof in
[32, p. 313-314] (see the end of page 313 and the beginning of page 314) in the particular
case when X is a hyperspace of some other topological space with the Lower Vietoris

Topology (cf. Definition 4.2.0.1).

Proposition 3.3.4. Let & be a sub-base for the closed subsets of X such that X € 4.
Let A be a non-empty irreducible subspace of X. Then {G € 4 : A C G} # 0 and

A=N{Ge¥:ACG).

Proof. Of course {G €4 : A C G} # 0 since X € 4, moreover A C ({G €94 :ACG)}.
Equality occurs if A is dense in X; suppose that A # X. Then there is a non-empty
subfamily {F} : j € J} of %y - the base for the closed sets of X generated by ¢ - such

that A = e Fj- Note that Fj # () for all j € J as A # ) by the hypothesis.
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Let j € J. Then there is n; € N and Gl,....GJ

nj

€ & such that F; = J?, GJ. Now,
AC F; =", GI. Since A is irreducible, it follows that there is i € {1,...,n} such that

AC G§- =: G, and hence A C G;. Hence:

AC(G C(F=4 = A=({Ge¥:ACG}.

jed jed

3.3.2 Finite cellularity and Irreducible components

Definition 3.3.4.1. |2, Ch II, §4.1, Definition 2, p. 95]

An irreducible component of X is a maximal irreducible subspace of X.

Proposition 3.3.5. |2, Ch II, §4.1, Proposition 5, p.95|
1. Fvery irreducible subspace of X is a subset of some irreducible component of X.
2. X is the union of its irreducible components.

3. All of the irreducible components of X are closed.

Definition 3.3.5.1. [57, 20.2 Definition| A family of sets o is a locally finite family in
X if every every x € X has an open neighbourhood meeting only a finite number of

members of &7 .

The following two Propositions 3.3.6 and 3.3.7 explore the relationship between cellularity
and irreducibility; I believe they are new. These results generalise |2, p. 96, Ch. II, §4.2,

Proposition 6].

Proposition 3.3.6. Suppose X = |J % where U is a family of closed irreducible subsets
of X. Then cell(X) < |%| and if % 1is finite then every irreducible component of X is a

member of U .

Proof. Let ¥ be a cellular family in X. Let U € %, V,V' € ¥, such that VNU # 0

and V' NU # (. Since U is irreducible, VNV' N U # (). Since ¥ is a cellular family it
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follows that V' = V’. Thus there is an injective function which assigns to each member
V of ¥ a single member U of % where V N U # () (which exists since X = |J%). Thus

|V | <|%]|. Hence cell(X) < |%|.

If 7 is finite, then whenever V is an irreducible component of X = (J% then V C U

for some U € % by irreducibility of V' and thus V = U € % by maximality of V. [ |

Proposition 3.3.7. Suppose X = |J % where % is a family of closed irreducible subsets

of X such that U €V for distinct U,V € % . Then:
1. For any finite subfamily . of %, Int(J #) C X \U%Z \ Z.

2. If U is locally finite then {Int(U) : U € %'} is cellular in X, moreover
Int(UF)=X\UZ \.Z and cell(X) = |%|.

3. If U 1is finite, then it is the family of irreducible components of X.

Proof. 1. Let V be a subset of | J.# which is open in X. Suppose to the contrary
there is U € % \ .% such that V. NU # (. Since U is irreducible and V N U is
openin U, U=VNUCVC U—gZ = |J.Z. Since U is irreducible, there is some
U’ € % such that U C U’; by the hypothesis U = U’ € .#, a contradiction to the
assumption that U € % \ #. Thus, V. C X \ U for each U € % \ .#. Hence,

t(J.7) C (UX\U:Ue%\F}=X\UZ\ Z.

2. Given z € X \ U%Z \ Z there is U € % where z € U; thus U € #. Thus
X\U# \ZF C|JZ. Since % \ Z is a locally finite family of closed sets, its union
is closed in X (cf. [57, Lemma 20.5]) and so X \ % \ .Z is open in X. Hence
X\U%Z \ Z CInt(|JZ). By the previous point, X \ JZ \ # = Int(|J Z).
HUVew, then JZ\{UUUZ \{V}=UJ% = X and thus
Wt(U) NIt (V) = X\ (U2 \ {U}) n X\ (U2 \ (V) = 0.

Thus, {Int(U) : U € %} is cellular in X and has cardinality |%|. Thus |%| <

cell(X); from the previous Proposition 3.3.6 it follows that |% | = cell(X).
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3. Let U € % and let A be an irreducible subset of X such that U C A. Now,
A C X = J%, implying that A C V for some V € %. Hence U C V, which
implies that U = V by the hypothesis. Thus A = U. Thus, U is an irreducible
component of X. By the previous Proposition 3.3.6, it follows that % is the family

of irreducible components of X. |

Example 3.3.7.1. Consider R with the usual topology. Then cell(R) = ¥y < |R| as Q
is dense in R (cf. Proposition 3.2.1 (4)). Moreover the irreducible components are the

singletons (which is true for any Hausdorff space).

Proposition 3.3.8. If cell(X) = n then given any cellular family Vi,...,V, in X,

Vi,..., V., are the irreducible components of X .

Proof. Let Vi,...,V, be cellular in X. If U, W are open subsets of V; for some ¢ then
{U WUV, ..., Vo, 3\ {V;} is not cellular so UNW # (), implying that V; is irreducible.

Thus Vi, ..., V, are irreducible.

If U is open in X, then {U,Vi,...,V,} is not cellular in X so UN (V,U---UV,) # 0.
Thus, ViU---UV, = X. Foreachi # j, V; ¢ V] as V; N'V; = 0. By Proposition 3.3.7,

{V1,...,V,} is the family of irreducible components of X. [ |
The purpose of the following Lemma 3.3.9 is to encapsulate the information in the pre-
vious Propositions 3.3.6, 3.3.7 and 3.3.8 as well as for ease of reference later.
Lemma 3.3.9. The following are equivalent for U C X:

1. cel(U) = n.

2. U=U,U---UU, where Uy, ..., U, are closed irreducible subspaces of X such that
UZZUJfOTZ#j

3. There is a cellular family {V1,...,V,,} in U where Vi,...,V, are the irreducible

components of U and for each i, Intz(V;) = V.
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4. U has n irreducible components.

Proof. 1 = 2: By Proposition 3.2.1 (1), cell(U) = n, so by Proposition 3.3.8, U has n
irreducible components so the result follows from Proposition 3.3.5.

2 = 3: By Proposition 3.3.7 (2) and (3), Uy, ..., U, are the irreducible components of
U and {Int, 7(U;) :i=1,...,n} is a cellular family in U; for each i, m = U, as
U, is irreducible.

3 = 4: Obvious.

4 = 1: By Proposition 3.3.7 (2), cell(U) = n so it follows by Proposition 3.2.1 (1) that

cell(U) = n. [ |

Remark 3.3.9.1. Let F' be a finite subspace of X. It is shown below that cell(F') = |F|

iff for all distinct x,y € F, x ¢ {y} iff F' is discrete.

Suppose for each x,y € F where = # y, = ¢ @ Then F' is discrete as for each x € F,

{z} = F\ F\ {z}, so by Proposition 3.2.1 (5), cell(F') = |F.

Conversely suppose cell(F) = |F|. Then F has |F| irreducible components (cf. Lemma
3.3.9). Let z,y € F with x # y. Then F \ {z} has cell(F \ {z}) irreducible components
(cf. Lemma 3.3.9) which is at most |F'\ {z}| = |F| — 1 (cf. Proposition 3.2.1 (4)). Thus

F # F\ {z}. Thus = ¢ {y}. By the previous paragraph, F is discrete.
Thus the statement at the beginning of the remark has been verified.

Let F’ be a minimal subset of F' for which F C F’. Then for any z,y € F', = ¢ @;
thus F” is discrete. Since F = F it follows that cell(F) = cell(F') = |F'| (cf. Proposition
3.2.1 (1)).

The following Lemma 3.3.10 follows from the previous Remark 3.3.9.1.

Lemma 3.3.10. The following are equivalent:

1. X is a T-space.
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2. Fvery finite subspace of X s discrete.
3. If F C X is finite then cell(F') = |F|.

Remark 3.3.10.1. Let H, G be discrete subspaces of X for which HNG =0 = HNG.

It is shown below that H U G is a discrete subspace of X.

Let € HUG. Suppose without loss of generality that » ¢ G; there is an open set V
for which x € V and V NG = (). Since H is discrete there is an open W in X for which
{z} =WnH. Thus {z} = (WNV)N(HUG) is open in HUG. Thus HUG is a discrete

subspace of X.

Proposition 3.3.11. If F C G where |F| < cell(G) < Ry then there is a discrete subspace

H of G such that |H| = cell(G) and F C H.

Proof. By Remark 3.3.9.1, there is a discrete subspace F’ of F such that F C F’. If there
is a discrete subspace H of G such that |H| = cell(G) and F’ C H, then F C F' C H,
hence proving the statement in question. Thus for the sake of convenience, it is assumed
that F' is discrete. If |F| = cell(G) then one may let H = F’; suppose that |F| < cell(G)

and let ky := cell(G) — |F|.

Let n := cell(G) and let Gy, ..., G, be a cellular family in G such that Gi,...,G, are

the irreducible components of G and G; = IntT@(@) for each i (cf. Lemma 3.3.9).

F' cannot intersect more than |F| members of {G1,...,G,}.
Suppose without loss of generality that F' N Uf;l G; = 0 (Note {Gpry41,---,Gn} =
n—k =|F|).

Hence F N, Gi = 0 (since Clg(F) = F).

Let C} consist of a single element of each of Gy,...,Gy,. Then C] is discrete, |C}| = k;
and FNC, = . Since F is discrete it follows by Remark 3.3.10.1 that H; := (F'\ C;)UC,
is discrete. Note that FF C Hy, H; C G and |H,| = |F \ C}| + k.

If FNCy =0, then cell(G) =n = |F| + k; = |H;|, so one may let H = H,.
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Suppose that F N C; # (. Now F \ C) cannot intersect more than |F'\ C;| members
of {Gh,11,...,Gy} (which has |F| elements; note now that |F \ Ci| < |F|). Suppose

without loss of generality that (F'\ C;) N Ufiklﬂ G; = ) where ky == ki + |F| — |F\ C1].

Then F\ C; nUY G; =0, as the union is open in G and F \ C; = Clgz(F \ C}).

i=k1+1

Let Cy consist of a single element of each of Gy, 11,...,Gy,. Then Cs is discrete. Since

Uf;l G, U?ikﬁl G, are disjoint opens in G, it is true that C; N Cy = O = C, N Cs.

Thus Cy U Cy is discrete by Remark 3.3.10.1 and |Cy U Cy| = ko. By the last sentence

in the previous paragraph, F'\ C; N Cy = (. It was also shown earlier that F N C; = (.
Thus F\C; N (C; U Cy) = 0. Since F is discrete it follows by Remark 3.3.10.1 that

Hy = (F\ C; UCy) UC) Uy is discrete.
Note that FF C Hy, Hy C G and |Hy| = |F \ Cy U Cy| + ks.
If FNCyUCy =10, then cell(G) =n = |Hs| and so one may let H = H,.

Suppose this is not the case, i.e. F'NCyUCy # (. Then this process is repeated until
subsets C4, ..., C, of G are defined where s < n such that FNC; U--- U C; = ), in which

case one may let H = (F\CiU---UC,)UC,U---UCs. [ |

3.3.3 Noetherian Spaces

Definition 3.3.11.1. [2, Ch. II, §4.2, Definition 3, p. 97| X is a Noetherian space
(or simply X is Noetherian) if whenever {4, : n € N} is a family of closed sets where

A, D A,y for each n € N, then there is N € N where A, = Ay for alln > N.

Proposition 3.3.12. Fvery subspace of a Noetherian space has finite cellularity.

Proof. From |2, Ch. II, §4.2, Proposition 10, p.98], it follows that every subspace of a
Noetherian space has a finite number of irreducible components; it follows from Lemma

3.3.9 that every subspace of a Noetherian space has finite cellularity. |
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Example 3.3.12.1. X is Noetherian iff &7,(X) with the Lower Vietoris Topology is
Noetherian iff 2% with the Lower Vietoris Topology is Noetherian (cf. |23, Proposition
3.2] and |22, Exercise 9.7.14]); the latter spaces are also irreducible (cf. Definition 4.2.0.1

and Corollary 5.1.13).

3.4 Quasi-Sober Spaces and Sober Spaces

The origin of sobriety can be traced back to Grothendieck and Dieudonné [24, 2.1.1, page
49|, whose definition of a sobre topological space is equivalent to Definition 3.4.0.1 (2).

Sobre is the French translation of the term sober.

Sober spaces are always Ty (cf. Proposition 3.4.3 (2)). The origin of the non-Tj version
of sobriety can be traced back to Hong [32, Definition 2.1| who defined the notion of a
quasi-sobre topological space. This notion is equivalent to the notion of a quasi-sober
space as defined in Definition 3.4.0.1 (1). The term quasi-sober space originated from |29,

p. 154].

Definition 3.4.0.1. [29, p. 145; p. 154]

1. X is said to be a quasi-sober space (or simply “X is quasi-sober”) if for every non-

empty, irreducible, closed subspace A of X there is x € X for which A = {7}

2. X is said to be a sober space (or simply “X is sober”) if for every non-empty,

irreducible, closed subspace A of X there is a unique z € X for which A = {z}.

Proposition 3.4.1. If X is quasi-sober then for each subset U of X, cell(U) = n only if

U = F for some F C U where |F| =n = cell(F).

Proof. By Lemma 3.3.9, there are closed irreducible subsets Uy, ..., U, of X such that
U=UU---UU, and for i # j, U; € U;. Since X is quasi-sober, there are elements
v € Uy,...,z, € U, such that U; = {x1},...,U, = {z,}. Thus U = F where F :=

{z1,...,2,}. By Proposition 3.2.1 (1), cell(F) = cell(U) = n = |F]. [ |
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Proposition 3.4.2. |21, Exercise O-5.16]

Let'Y be a closed subspace of X. If X is quasi-sober then Y is quasi-sober.

Quasi-sober spaces and sober spaces are related in the following way; in fact, Hong [32,

Definition 2.1] defines a sober space as a quasi-sober Tj-space.
Proposition 3.4.3. 1. X is quasi-sober iff its Ty-identification is sober.

2. X is sober iff X is Ty and quasi-sober.

Proof. 1. Proved in [32, Proposition 2.2].

2. Follows from the definitions.

Example 3.4.3.1 (Trivial spaces are irreducible and quasi-sober but not 7).
If X is trivial, then X is the only non-empty closed subset of itself and for each x € X,

X = {z}. Thus X is irreducible and quasi-sober and not Tp:.

Example 3.4.3.2 (A sober space which is not 77). [28, Remark 2.6]; [57, Examples
3.2(e)]
Consider the Sierpinski space X := {a,b} (where a # b) whose only non-trivial open is

{a}. Then X is a sober T)p space which is not 7 (cf. Definition 7.1.0.1).

Example 3.4.3.3 (A T)-space which is not a sober space).
Suppose X has the co-finite topology. Then X is T3 and irreducible (cf. Example 3.3.0.1),

while for each z € X, {z} = {z} # X. Thus X is neither quasi-sober nor sober.

Example 3.4.3.4 (A sober Ti-space which is not Hausdorff). |28, Theorem 2.4, Theorem
2.10]
Let X := [0, 1] be the space where:

U is closed in X iff

o Uc{h X} or
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e 0 € U and U is finite, or
e 0¢ U and U = [0,1] N A where A is closed in R with the usual topology.

Then X is a sober Tj-space which is not Hausdorff.

3.5 Cellularity of Products

In this section, the cellularity of product spaces is discussed.

Firstly in 3.5.1, an overview is provided of results from the literature on cellularity of
products of spaces (each with infinite cellularity); this study depends on the axioms of
set theory that one employs. The results from 3.5.1 will be utilised to expand on the new

results achieved in Chapter 6 (cf. Theorem 6.3.1 and Corollaries 6.3.4 and 6.3.2).

In 3.5.2, it is determined when product spaces have finite cellularity by utilising the
relationship between cellularity and irreducibility established in Section 3.3.2. I correct
the proof of a result from the literature (cf. Lemma 3.5.10) and I prove a more general
result which is new and expands on known results from the literature for products with
infinite cellularity (cf. Theorem 3.5.11). Specifically, the irreducible components of a
general product are determined and it is shown that the cellularity of a product is finite
iff there are a finite number of non-irreducible factors with finite cellularity, in which case

the cellularity of the product, is the product of the cellularity of each of the factors.

3.5.1 Infinite Cellularity

In this sub-section 3.5.1 it is assumed that all spaces have infinite cellularity.

The study of cellularity of product spaces depends on the axioms of set theory one
employs. The following result appears to be the most general result on cellularity of

products in the literature:
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Proposition 3.5.1. [37, p. 106, point 5.6; p. 107, Lemma; p. 115, Corollary]|
Let {X; : 1 € I} be a family of topological spaces. Let csup := sup;¢; cell(X;). Then:
cell(H X;) = sup{cell(H X;) 1 F C 1 is finite}
iel i€F

< min{2°" sup d(X;)}.
iel

Corollary 3.5.2. For any infinite ordinal o:

sup cell(X™) = cell(X*) = cell(X®) < min{2°"X) q(X)}.

n<w

Corollary 3.5.3. Whenever Xy, ..., X, are topological spaces with n > 1 then

cell( X7 x -+- x X;,q) <cell(Xy x -+ x X,) < max d(X;).

i=1,...,n

Remark 3.5.3.1. If one of the X, are second-countable, say X,,, then

cell( X7 x -+ x X,,_1) = cell(X; x --- x X,,) (cf. [16, Corollary 2.9]).

Corollary 3.5.4. For any n < w, cell(X™) < cell(X"T1).

Determining whether the inequalities in the previous results are strict was first studied
by Kurepa [41, §5. Cartesian multiplication of topological spaces, pp. 132-136]. Note

that:

e The statement “if {X; : ¢ € I} is a finite family of topological spaces with count-
able cellularity then [, ; X; has countable cellularity” is independent of ZFC |13,
Remarks on p. 115-116|. Assuming it holds, then “finite” may be replaced with

arbitary (cf. Proposition 3.5.7).

e If one seeks to show the inequality in Corollary 3.5.3 is strict, one needs to look at

extremally disconnected compact Hausdorff spaces (cf. Proposition 3.5.5).

e In ZFC there is a cardinal and a compact Hausdorff space where the inequality in

Corollary 3.5.4 is strict (cf. Remark 3.5.6.1 and Proposition 3.5.6).
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e Assuming MA to be true but the GCH to be false, it is true that if all the factors
of an arbitrary product have countable cellularity then the product has countable
cellularity (cf. Proposition 3.5.8), so the inequality in Corollary 3.5.3 becomes an

equality.

e Assuming GCH, one may take any infinite cardinal A and find an extremally dis-
connected Hausdorff space X where cell(X™) = A < cell(X™*!) (cf. Proposition

3.5.9), in which case the inequality in Corollary 3.5.4 is strict.

Proposition 3.5.5. |20, p. 36, Theorem 2.8] For any infinite cardinal X\, the following

are equivalent:
1. There are spaces X,Y where cell(X) = cell(Y) = A < cell(X x Y).

2. There are extremally disconnected compact Hausdorff spaces X,Y where cell(X) =

cell(Y) = A < cell(X xY).

Proposition 3.5.6. [55, p. 361, Corollary 1| Let ro := (2%)* and for each 0 < n < w
let Ky := (Kn—1)". Let X\ :=sup,,_, kn. Foreach 1 < n < w, there is a compact Hausdorff

space X for which cell(X") = X < cell(X"T).

The previous Proposition 3.5.6 is stated differently in [55, p. 361, Corollary 1] as
Todorcevié¢ states that for each 1 < n < w, there is a compact Hausdorff space X
for which cell(X™) = (2%)™ but cell(X™*!) > (2%)*+. This statement is made with

“ satisfies the conditions 1 and 2

the underlying assumption that this cardinal (2%)*
stated below in Remark 3.5.6.1. I have not seen a definition of the cardinal (2%)™ in
the literature, but I believe it is the cardinal described in the previous Proposition 3.5.6.

In Remark 3.5.6.1 below, I show that the cardinal A in Proposition 3.5.6 satisfies these

conditions stated by Todorcevié.

Remark 3.5.6.1. Todorcevi¢ [55, p. 361| gave an example of a cardinal denoted by
K = (2%) ™ with cofinality u (Todoréevié uses A for this) that is supposed to satisfy the

following two conditions:
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1. |55, p. 359| There is a sequence {k, : a < p} of infinite cardinals such that

SUP,<,, Ko = k and

1~

a<f

< kg =cfrg forall B < pu.

2. [55, p. 360] p* < & for all p < k.
Let kg := (2%)T and for each 0 < n < w let &k, == (k1)
Let A\ :=sup,,, kn-

By Proposition 3.1.2, k,, = cf k,, for all n < w. Moreover if 0 < n < w then by Proposition
3.1.3 (2):

=SUPK; = Kn_1 < Ky = cf K.
<n

1~

<n

If n=0 then |[],_, wi| = 0 < Ko.

Since cf A = w, it follows that A\ satisfies Condition 1.

In verifying that A satisfies Condition 2, it will be verified by induction that (k,)* = &,

for all n < w.
By Proposition 3.1.3 (2) and (3), (2%0)» = 2%,

If 41 < ko then p < 2% implying that p~ < (2%0)* = 2% < k¢ (cf. Proposition 3.1.3 (4)).
Moreover, w < 2% < kg = cf Ky (cf. Proposition 3.1.3 (1)). Thus by Proposition 3.1.3

(5), (Ko)“ = Ko.

Suppose that (k,)” = k, for some n < w. Now if 4 < k,11 then u < k, hence p* <

(Kp)® = Kp < Kpy1. Moreover, w < 2% < g, = cf k1. Thus (Kni1)® = Knpa-
Thus it has been shown by induction that (k,)* = &, for all n < w.
For each u < A, there is n < w such that p < &, and hence p* = u* < (k,)* = K, < \.

Thus A satisfies Conditions 1 and 2.

Remark 3.5.6.2. According to [16, p. 136, Example 3.1], Proposition 3.5.6 should

46



read “For each 1 < n < w, there is a compact Hausdorff space X for which cell(X) =
cell(X™) = X < cell(X"*1)” and the authors claim this is implicit in the construction
from [55, p. 360, Theorem 1; p. 361, Corollary 1|. I have not seen a verification of this

remark.

Proposition 3.5.7. [38, Ch II, §2, Theorem 1.9, p. 51|
If {X; :i € I} is a family of topological spaces such that cell(][,.r Xi) = Ro whenever F

is a finite subset of I then cell(J[,c; Xi) = Ro.

Example 3.5.7.1. [38, Ch II, §2, p. 51| For k > 2¥, the space {0,1}* (where {0,1} is

discrete) satisfies the antecedent of the previous Proposition 3.5.7 and is not separable.

The consistency of ZFC implies the consistency of ZFC + MA + Rf < 2% [6, 2nd

Theorem on p. 201].

Proposition 3.5.8. [6, Point (c) of the last Theorem on p. 201|
(MA + R$ < 2%) If{X; :i € I} is a family of topological spaces such that cell(X;) = N,

for each i € I then cell(J],.; X;) = No.

Proposition 3.5.9. |20, p. 49, Corollary 4.9
Let \ be an infinite cardinal such that Xt = 2*. Then for each n < w, there is an

extremally disconnected compact Hausdorff space X such that cell( X™) = X < cell(X™+1).

Remark 3.5.9.1. In the references to Proposition 3.5.5, Proposition 3.5.6, Proposition
3.5.7, Proposition 3.5.8 and Proposition 3.5.9, the authors phrase their results in terms
of chain conditions instead of cellularity. In this case one must refer to Remark 3.2.2.1

to see the relationship between the two notions.

3.5.2 Finite cellularity

The result that I prove in the following Lemma 3.5.10 was proved incorrectly in [53,

Theorem 11|. The author argued that, given a family of irreducible spaces, their product
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must be irreducible because any two sub-basic open sets of the product have non-empty
intersection. However, there exist non-irreducible spaces where the latter holds true, as

evidenced by the following Example 3.5.9.1:

Example 3.5.9.1. Consider R with the topology generated by the opens
{(0,1),(—1,1/2),(1/2,2) U(—1,—1/2)}. Then every two sub-basic opens must meet but

R is not irreducible as the intersection of all 3 opens is empty.

Lemma 3.5.10. Let {X, : a € A} be a family of topological spaces. X, is irreducible

for every o € A iff [[,e4 Xao is irreducible.

Proof. = : Let 7,...,7;, be non-empty sub-basic opens in [[, .4 X, and let ¥ :=
Ni_; %. Then there are oq,..., o, € A (not necessarily pairwise-distinct) where for
each i € {1,...,n}, ¥ := n;(V;) where V; is an open subset of X,,. Let {81,...,n}
be the set of pairwise-distinct elements of the collection aq,...,a,. For i = 1,... m,
m5,(Y) =({V; : 1 < j <nanda; =f} is non-empty because X, is an irreducible
space by the hypothesis. Moreover, mg(¥") = X for 8 ¢ {f1,...,Bn}. By the Axiom of

Choice, 7 is non-empty. By Proposition 3.3.2 (2), [[,c4 Xa is irreducible.

< For each a, X, is irreducible as the continuous image (under 7, ) of the irreducible

space [ [ c4 Xa- [ |

As far as I am aware, the following Theorem 3.5.11 is new and generalises the previous
Lemma 3.5.10. It also shows that the general result of cellularity in products (cf. Propo-
sition 3.5.1) does not apply to the finite case. It also expands on the work of Kurepa [41]

and Todor¢evi¢ [55] on cellularity in products.

Theorem 3.5.11. Let {X, : a < (B} be a family of topological spaces and %, be the
famaly of wrreducible components of X, for each o < 3. Let X := Ha</3 Xo. Let By be a

non-zero ordinal such that X, is irreducible iff « > [y. Then:

1 [Taepcell(Xa) = [1aep, cell(Xa).

48



2. The family of wrreducible components of X is

{Nacsy o (Ua) : Yoo < Bo, Ua € U}, which has cardinality | 1], 5, Yeol-

3. cell(X) is finite iff By is finite and cell(X,) is finite for each o < f3y.

In this case, cell(X) = [],_4, cell(Xy).

Proof. 1. The equality is obvious if fy = 8. Suppose Sy < . Then

H cell(X,) = H cell(X,) - H cell(X,) (cf. Proposition 3.1.3 (6))

a<p a<fo Bo<La<pB

= sup{ H cell(X H cell(X (cf. Proposition 3.1.3 (2))

a<fBo 5o<a<5

= sup{ H cell(X,), H 1}

a<Bo Bo<a<pB

2. Let U, € %, for each a < fy. Then ~H(U,) is irreducible as a subspace of

a<By Ta

X by Lemma 3.5.10.

Suppose ¥ is an irreducible subspace of X where (,_; 7, (Us) C ¥.

a<6
Let a < fBy. Then mo(¥) 2 U, and m,(?) is irreducible as the continuous image
of the irreducible space ¥". Thus U, = m,(?') as U, is an irreducible component of

X, by the hypothesis. So ¥ C 7 1(U,).

Thus ¥ C (Naep, Ta (Ua). Since it was assumed that () 7. (U,) C ¥, it

a<fo

must be the case that [

“H(U,) = 7. Hence, S 1(U,) is an irreducible

a<ﬁ Ot<5

component of X.
Suppose ¥ is an irreducible subspace of X. For each a < [y, 1, (%) is an irreducible
subspace of X, as a continuous image of an irreducible space; so 7, (%) C U, for

some U, € %,. Thus ¥ C ) Us,).

a<ﬂ0 a (
Hence, {5, 7o' (Ua) : Yo < By, Us € %o} is the family of irreducible compo-
nents of X and has cardinality | ]|

acpy Yol
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3. = : Suppose cell(X) is finite. Then the family of irreducible components of
X is finite and has cardinality cell(X) (cf. Proposition 3.3.8). By the second
point of this Proposition, for every a < [y, %, is finite; by Proposition 3.3.7,
|%.| = cell(X,). By the first and second points of this Proposition, cell(X) =
| Tlacp, Zal = [1aep, cell(Xy) is finite.

Since cell(X) =[], 4, cell(Xa) > 218l > | By|, it follows that B, is finite.

< : By the hypothesis, for every a < f, cell(X,) is finite and so the family %,
of irreducible components of X, has cardinality cell(X,) = |%,| (cf. Proposition
3.3.8). By the previous point of this Proposition, cell(X) = [],.g, cell(Xy); this

must be a finite cardinal as (3, is finite by the hypothesis.
[ |

Corollary 3.5.12. For any ordinal o, cell(X®) is finite iff either X is irreducible (in
which case X% is irreducible) or both o and cell(X) are finite (in which case cell( X®) =

cell(X)«).

3.6 Cellularity of the Augmented n-th power of X

The results in this section are new unless stated otherwise; the main result is that when
cell(X) is infinite then cell(X™) < cell(X ™) (cf. Theorem 3.6.7); expanding on the result
below by Fedorchuk (cf. Proposition 3.6.1) that cell(X™) = cell(X") whenever X is
Hausdorff. This result by Fedorchuk will be improved on in Chapter 6, where it will be

shown that cell( X™) = cell(X ™) is true for a certain class of non-Hausdorff spaces.

Proposition 3.6.1. [15]

If X is Hausdorff then:
1. X" 4s open in X™.

2. cell(XM) < cell( X1,
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3. cell(XM) = cell(X™).

Proof. The first point is stated in the proof of [15, Proposition 1.8|. The second point is

proved in [15, Proposition 1.8] and the third point is proved in [15, Proposition 1.9]. W

Point 1 of the previous Proposition 3.6.1 cannot be extended beyond Hausdorff spaces,

as when X is not a Hausdorff space then X[ is no longer open in X™:

Proposition 3.6.2. Forn > 2, X" is open in X™ iff X is Hausdorff.

Proof. = : Let xy,...,x, € X be pairwise distinct. Then (zy,...,z,) € X" so there
are open sets V,...,V, in X where (x1,...,7,) € V; x --- x V,, € X", Suppose to the
contrary there is 7 # j such that there is x € V; NV}, Let y € X" such that y; = y; =
and y € Vj for k # 4,7. Then y€eVix--xV,buty ¢ X[ a contradiction. Thus

Vi,...,V, is cellular in X and z; € V4,...,x, € V,,. Thus X is Hausdorff.

= Let (zy,...,2,) € X", Since X is Hausdorff, there is a cellular family V4, ...,V,
in X where z; € V4,...,z, € V,,. Hence (z1,...,2,) € Vi X --- x V,, C XM, Thus X"

is open in X". |

Lemma 3.6.3. Let n > 2 and Vi,...,V,, C X such that whenever |F| < n and ) # F C

{1,....n}, TLicp Vi N X1 £ 0.

If (Vi x -+ x V)N XM =0 then |Ur, Vi| =n — 1.

Proof. Let (x1,...,2p_1) € Vi X --- x V,_y N X7,

By the hypothesis, (Vi x --- x V;,) N X" = () and thus V,, C {z1,...,2,_1}.

Suppose x;, € Viy,..., 2, € Vi1 @i, €V, where 1 <4y < -0 < < . If
there is y € Vi, \ {z1,...,2,—1} then letting z;, :=y €V, z;, ==, € Vi, ..., 25, 1=
. €V Zy = @, € Vpoand zj i=a; € V) for j € {1,....n} \ {i1, ... ims1,n}

m m+17

then it must be the case that (z1,...,2,) € (Vi x -+ x V) N X" a contradiction to the

hypothesis. Thus Vi, C {xy,..., 2, 1}
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Suppose without loss of generality there is a least index ¢; for which if j > ¢; then there is
a sequence i < J < ky < --- <k, <n where x; € Vi, x5, € Vi, ..., Tk, € Vi Thi,, €

%

For k; > iy it follows by the previous two paragraphs that Vi, C {z1,...,2,-1}. Now
if z; € Vi, where j < ¢; then since k; > ¢; there is a sequence j < k; < --- < k, <n
where z; € Vi, 26, € Vi, oo, Ty € Viys Tk, € Vi, a contradiction to the minimality
of i;. Thus U;s;, Vi = {i, ..., xp—1}, hence [U,5,, Vil = n — 1. If iy > 1, then by the
hypothesis, [, V; N XM=l £ () and so | U;si, Vil 2 n — i1 + 1, a contradiction. Thus

i1 = 1. Hence ||J;_, Vi| =n — 1. [ |
Corollary 3.6.4. Given Vi,...,V,, C X where n > 2, then:

1. (Vi x oo x Vi) N X £ 0 iff whenever O # F C {1,....n}, [Uicp Vil > |F].

2. If (Vi x -+ x V)N X £ 0 then [, Vi N XE 3£ 0 whenever 0 # F C {1,...,n}.

S If (Vi x -+ x V)N X £ () and there is V C X such that [V| > m and V 2 UL, V;

then(vlX'--Xanvx...XV)mX[m]%Q)_
4o If (Vi x - x V)N X £ () and there is V C X such that [V \ UL, Vi >n—m

then (Vi x -+ x Vy x Vx --- x V)N XM £ (),

Proof. 1. = : By the hypothesis there is (z1,...,7,) € (Vi x --- x V;,) N X" and
hence x1, ..., x, are pairwise distinct. Thus whenever ) # F C {1,...,n} it follows

{zii€ F} CUepViand so |U;ep Vil > |F.

<= Follows from the previous Lemma 3.6.3.
2. Follows from the previous point.
3. Follows from the first point.

4. Follows from the first point.
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The following Proposition 3.6.5 shows that one cannot use Proposition 3.2.1 (1) to show

that cell(X™) = cell(X™).

Proposition 3.6.5. Forn > 2,

Xl ={(x1,...,2,) € X" m <nand [{x;,...,2;, }| <m

— {zy,..., 2, } is not open}.
Proof. Let (xy,...,x,) € X™ and suppose there is m < n and a sequence 1 <i; < -+ <
im < mn where F':= {z;,,...,x;,} is open in X and |F| < m. Now let F be the subset

of X™ where m;(F) = F when z; € F and m;(F) = X otherwise. Then F is open in X",

(x1,...,2,) € F but |{i: z; € F}| = m while

Utmi(E) : 23 € FY| = IFI = l{wiy, .. wi, <,

so by Corollary 3.6.4 (1), F N X" = (. Hence (z1,...,,) ¢ X1

Let (x1,...,2,) ¢ X[, There are opens Vi,...,V, in X where (xq,...,2,) € V) X -+ X
V, € X™\ X, Then (V; x --- x V,,) N X[ = ) so it follows by Corollary 3.6.4 (1) that
there are 1 < iy, ...,4,, < n such that ]Ui*:”“ Vi| < m. Hence UZZZ.1 Vi=Axy,...,x;, }is

open while |{z;,,...,z;, } < m. [ |
The following Lemma 3.6.6 shows that point 2 of Proposition 3.6.1 remains true for any
topological space:

Lemma 3.6.6. For n > 2, cell(X") < cell( X" moreover cell(X) < cell(X?]).
Proof. Let {#, : a € A} be a cellular family in X"; for each o € A there are opens
Ve, ..,V in X where () # (V@ x - x VO)n X C v,

Let o # 3. Then:

VeNVP) x - x (VenVAH N X = (Ve s x VYN X (VP x - x VF)

=0.

93



By Corollary 3.6.4 (2):

D= VNV x - x (VONVP) x X n XM+

= (VEx - x VX X)N XAV x - - x VP < X).

Since (V* x -+ x V&) N X" £ () it follows by Corollary 3.6.4 (3) that

(Ve X - x Vo x X)n X £ g,

Thus {(V® x --- x V& x X)n X 0 o € A} is cellular in X"*! and has the same

cardinality as #,. Thus |#,| < cell(X 1),
Hence cell( X™) < cell( X +1).
If {V, : a € A} is cellular in X then {(V, x X) N X : o € A} is obviously cellular in

X Thus cell(X) < cell(X). [ |

The following Theorem 3.6.7 is the main result of this section. The proof is inspired by
an unverified remark in the proof of [15, Proposition 1.9] that X™ \ X" is a finite union

of subspaces homeomorphic to X"~ ! (where X is assumed to be Hausdorff).

Theorem 3.6.7. If cell(X) is infinite then cell(X™) < cell(XM); otherwise
cell(X)™ < (2D 4 1) - cell(X ).
Proof. By Proposition 3.2.1 (3),

cell(X™) < cell( X)) + cell(X™ \ X)) = cell(X ™) + cell(X™\ X)),
It will be verified that cell(X[™) > cell(X™ \ X)) by induction on n > 2.

Let D := X2\ X® = {(z,7) : 2 € X}. The map f : X — D defined by f(z) = (v, ) is
continuous as f~1((U x V)N D) = UNV is open whenever U,V are open in X. Thus
cell(D) < cell(X) < cell( X)) by Proposition 3.2.1 (2) and the previous Lemma 3.6.6.

Since X2\ X is an open subspace of D, cell( X2\ XBI) < cell(D) < cell(X2).

Suppose n > 2 and suppose that whenever 2 < m < n, cell(X™) < cell(X™).
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For 1 <i < j < n,define fi; : X" — X"\ X by fii(z1,...,20 1) = (Y1, -+, Yn)
where:

for k <j, yp =ar; yj = for k> j, yp = xp_1.

Let D;; = {(y1,--.,yn) € X" : y; = y;} denote the image of f;;. Clearly f;; is a
bijection. Now f; ; is continuous as whenever Uy, ..., U, are opens in X then

fl-fjl((Ul XX U,)ND;j)=Vy x -+ xV,_1is open in X" where:
For k < j, Vi = Uk, and for k£ > j, Vi = Uk+1.

Moreover, whenever Vi, ..., V,_; areopensin X, f; ;(Vix---xV,_1) =Uy x---xU,ND,;

is open in D; ; where:
Fork<j, Uy=Vy; U;j=V; and fork>j Upp =V

Thus f; ; is a homeomorphism, so cell(X"~!) = cell(D;, ;). Now X"\ X[ = Ui<icjcn Dij

and so:

cell(X™\ X)) < cell(X™\ X)) (As X"\ X[ is open in X™\ X[")

< Z cell(D; ;) (By Proposition 3.2.1(3))

1<i<j<n

= Z cell(X™1)

1<i<j<n

_ ”(”2— D cell(X™1) (cf. Remark 3.6.7.1)

1
% -cell(X"=1)  (By the induction hypothesis)

—1
M . cell(X[”]) (By the previous Lemma 3.6.6).

Thus, for all n > 1:
_— 1
cell(X™) < cell(X M) + cell(X™ \ X)) < (% + 1) - cell(X M.
If cell(X) is infinite, then by Corollary 3.5.12, cell(X™) is infinite and so by Proposition
3.1.3 (2), (222D 4 1) - cell(X ) = cell( X)) and so cell(X™) < cell(X ).

2

If cell(X) is finite, then by Corollary 3.5.12, cell(X") = cell(X)™ and so cell(X)" <

(M=l ) cell(X ). ]
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Remark 3.6.7.1. Note that for n > 2, the sum > {1 :1 < i < j < n} has the same

value as:

{(i,5) : 1 <i<j<n}
={(Lj):2<j<n}+{(2,4):3<ji<n}+-+[{(n—1,7):j=n}
=(n-1+Mm-2)+---+1

n(n —1)

=G (Easily verified by induction).
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Chapter 4

Introduction to the Lower Vietoris

Topology

For the rest of this thesis, & and ¥ both denote sets of non-empty subsets of X.

In this chapter the Lower Vietoris Topology on & is defined (cf. Definition 4.2.0.1). It is
assumed thereafter that any set of non-empty subsets of X is a topological space equipped

with the Lower Vietoris Topology.

In Section 4.1 relevant notation is defined and basic results are proved. I believe that
the hyperspaces Z,,(X), - 7.(X), P<n(X), Z;(X) have not been studied previously in the

literature.
In Section 4.2 some well-known properties of the Lower Vietoris Topology are proved.

In Section 4.3 the set of closures in X of elements of & is shown to be the Tj-identification
of & (cf. Theorem 4.3.3). I believe this result is new and generalises a remark by Hong

(see the paragraph preceding Theorem 4.3.3).

In Section 4.4 a new result is proved: necessary and sufficient conditions are determined
for & to be a Ty-space or a symmetric space (cf. Theorem 4.4.1). Useful corollaries

are also given (cf. Corollary 4.4.2 and Corollary 4.4.3). Some of these generalise known

o7



results.

4.1 Notation and Set-Theoretic Results

Definition 4.1.0.1. The following are sets of non-empty subsets of X:
o Zy(X) will denote the set of all non-empty subsets of X [5, Section 1].
e 2% will denote the set of all non-empty closed subsets of X [44, Notation 1.4].
e ¢ (X) will denote the set of all non-empty compact subspaces of X.
e 7 (X) will denote the set of all non-empty finite subsets of X [5, Section 1.

o Z,(X) (resp. F<,(X)) will denote the set of all non-empty finite subsets of X

with exactly (resp. at most) n elements.

o 7, (X) (resp. FL<,(X)) will denote the set of all non-empty subsets of X with
cellularity exactly (resp. at most) n.
The reason behind this notation is that the cellularity of X is also known as the

“Souslin number” of X (see Definition 3.2.0.2). This notation also avoids confusion

with the set € (X) defined earlier.

e 7,(X) will denote the set of all non-empty discrete subspaces of X with exactly n

elements.
o 74(X) = U,en Zn(X).

Remark 4.1.0.1. I believe that the hyperspaces Z,,(X),.7.(X), P<n(X), Z;(X) have

not been studied previously in the literature.

Remark 4.1.0.2. It seems there is no standard notation for these sets. Some authors use
Fn(X) |44, Notation 1.4], [5, Section 1] to denote my use of .Z<,(X). Costantini et al.

use &,(X), #(X) and CLy(X) to denote my use of .Z#,(X), €(X) and 2% respectively
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[7, 1. Preliminaries, p. 246]. Michael uses &7 (X) to denote my use of Zy(X) |44, p.
152|. Bourbaki uses o (X), F(X) and €(X) to denote my use of Py(X), 2% and .Z(X)

respectively [3, Ch. I, Exercises for §2, Exercise 5 and Exercises for §8, Exercise 12].

The following notation is due to [44, Definition 5.1.1] and is also used in [4, Definition 1|:

Definition 4.1.0.2. [44, Definition 5.1.1] Given n € N and subsets Uy, ..., U, of X:

(Uy,...,Up) ::{WEQZO(X):WgUUiandforlgign, WnU; #0}.

i=1

The notation (%) may be used in place of (Uy,...,U,) when .F = {Uy,...,U,}.
Remark 4.1.0.3. For subsets U, U, ..., U, of X:
(U)y={V e Py(X):VCU} and

(X,U1,...,Up) ={V € Po(X) :for each i € {1,...,n}, VNU; # 0} = [ (X, U)).
=1

Thus:

n

(U,....U) = ((JU) (X, Uy, ... U, OU m(n]

i=1
Common alternative notation in the literature is given by DU (U) and QU = (X, U),

see |22, Definition 8.2.17|, [22, Exercise 9.7.14], |27, Section 2.3| and [58, p. 4. Al-
though this notation is more recent, the notation in Definition 4.1.0.2 appears to be more

convenient to work with and easier to read.

Remark 4.1.0.4. Let {V; : ¢ € I} be a non-empty family of subsets of X. For any
Ae Py(X), Ae (e (Vi)iff foreachi € I, AC Vi iff A C (N, Viiff A€ (N, Vi)
Thus (e, (Vi) = (Mg, Va)-

The result of the following Proposition 4.1.1 is stated (without proof) in the proof of [44,

Proposition 2.1|:
Proposition 4.1.1. Given subsets Uy,...,U, and Vi,...,V,, of X, if U :=J_, U; and
V=UjL, V; then:

Uy U O Ve Vi) = UiV, U AV, VAU, Vi N UD.
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Proof. Let A be an element of the left-hand side. Then AC U and ACVsoACUNV.
Now U, (U; N V) =, (V;nU)=UNV. Thus A € U}, U U, V; = Ul (Ui
V)nUiL (V; NU). Because A is an element of the left-hand side, AN V; # @ for each
1<j<mand ANU; # 0 for each 1 <i<n. Since ACU, ANUNV; = ANV, # 0 for
alll1 <j<m. Since ACV, ANV NU,=ANU; # () for all 1 <i <n. Hence A is an

element of the right-hand side.

If A is an element of the right-hand side, then ANU; # () for every 1 <i <n, ANV, # 0
for every 1 <j <mand AC UL, (U:nV)NUL, (V;NU) = UL, UinUjL, V; and thus

A is an element of the left-hand side. [ ]

Corollary 4.1.2. Given subsets U, Uy,...,U, and V..., V,, of X:
(X, Uy, ..., U) (X, Voo V) = (XU U, Ve Vi), and

UYN (X, Vh,..., Vi) = (U,UNVA,....UNV,).

The following Proposition 4.1.3 is stated without proof in [44, Converse of Lemma 2.3.1].

Proposition 4.1.3. [44, Converse of Lemma 2.3.1| Let Uy,...,U, and V;,...,V,, be
subsets of X. Suppose that | J;_, U; C U;n:l Vi and for all 1 < j < m there is1 <i<n
such that U; C V;. Then

(Uy, ..., Up) (Vi ..., V).

Proof. Let A € (Uy,...,Uy). Then A C JZ, U; C Uj~, Vj (by the hypothesis). Let
j € {1,...,m}. By the hypothesis, there is 1 <14 < n such that U; C V;. Moreover, since

Ae(Uy,....U,), ANU; # 0 and thus ANV, # 0. Hence, A € (Vi,...,Vp). [ |
Remark 4.1.3.1. For any subset U of X, if W :=[J((U) N &), then:
(U)N& = (W)N& and | J(W)N&)=W.

Lemma 4.1.4. Given non-empty subsets Vi,...,V,, of X, there is 1 < s < m and a

patrwise disjoint family Uy, ..., Us of non-empty subsets of X where:
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o foreach1<i<s, U =(),.;V; for somel#JC{l,...,m}, and

jeJ
o for each 1 <i<m, thereis 1 < j < s such that U; C V;.

Hence:

(X, Uy, ..., U) C(X, Vi, ..., Vi)

Proof. Consider # = {o/ C {V1,...,Vi}: &/ # 0 and (& # (0}, which is non-empty

as {V;} € # for each 1 <i < m.

Claim: there is 1 < s < m and elements ¥, ..., %, of # such that {\71,...,() %} isa

pairwise disjoint family and J;_; % = {Vi,..., Vin}.
If m = 1, this is trivial. Suppose that m > 1.

Suppose to the contrary that for each 1 < s < m and for any elements #1,..., %, of #/,
it is either the case that J;_, % # {Vi,...,Vin} or {1 7,....() ¥} is not a pairwise

disjoint family. (x)

Since (#,C) is a non-empty finite poset, there is a maximal element #; of (#', C) such

that {V1} C %, 1ie. V] € 7.

By the assumption (%), 71 # {Vi,...,V,,} (any singleton is a pairwise disjoint family).
Let iy := min{j : V; ¢ #1}. Let ¥, be a maximal element of (%', C) such that V;, € 5.
Now ¥ C ¥ U ¥ so by maximality of 1, 11 N7 = (((#1U ¥) = 0. Thus

{N 71, %2} is a pairwise disjoint family.

Let 1 < £ < m and suppose that this process is continued to define k& maximal elements

Yy, Ve of (W, C) such that {(\71,...,[) %/ is a pairwise disjoint family.
By the assumption (x), Uy, % # {V4, ..., Vin}.

Let gy = min{j : V; ¢ U, #}. Let %41 be a maximal element of (#,C) such

that V;, ., € Y41. For 1 <[ <k, it follows by maximality of ¥] that (%1 N =

k+1

N(#UY%) =0. Thus {7, .., Y1} is a pairwise disjoint family.
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This process may be continued so that there are m + 1 maximal elements 7, ..., %11 of
(#,C) such that {(71,...,() ¥%m+1} is a pairwise disjoint family. By the construction,
for every 1 <7 < m + 1 there is 1 < j < m such that V; € 7. By the Pigeonhole
Principle, there are distinct 7,7 € {1,...,m + 1} such that there is 1 < j < m such that

Vi € ¥ N ¥y; this would imply that % N % 2 V; # 0.
Thus, the assumption (x) leads to a contradiction.

Thus, there must be 1 < s < m and elements %,...,%; of # such that |J._, ¥ =

{Vi,...,V} and that {71,...,() ¥n} is a pairwise disjoint family. [ ]

Lemma 4.1.5. Suppose the family of irreducible components of X is {Uy,...,U,}. Let

VYV ={Vi,...,Vi} be a family of opens in X.

There is a cellular family {Wh,...,W,} in X such that for all i, W; = Int(U;) N (.%;
for some finite subset F; of V. Moreover, {Wy,...,W,} is the family of irreducible

components of X and:

(X, Wi, ... W) CUX,Va, ., V).

Proof. By Proposition 3.3.7, {Int(U;), ..., Int(U,)} is cellular in X. Since X = U, U---U
U, it follows there is ¢ such that |J¥ N U; # 0 and hence ¥ N Int(U;) # 0 (as U; is

irreducible and Int(U;) is non-empty).

Let 1 < j <n. IHInt(U;)NU Y =0, let W; := Int(U;). Otherwise, consider the subfamily
¥; of ¥ such that V N Int(U;) # 0 for all V € ¥;. Considering that U; is irreducible it

follows that Int(U;) N (% # 0 and so let W; := Int(U;) N ¥;.

Now {Wi,...,W,} is cellular in X. Moreover, for all 1 < j < n, W; = U; as U; is
irreducible. Finally,

(X, Wi, ... W) (X, Vh,..., V).

62



4.2 Definition and Properties

Definition 4.2.0.1. The Lower Vietoris Topology on Zy(X) is generated by {(X,V) :

V € 7} and is denoted by L(7).

{{X,V)N& :V € 1} is a sub-base for the subspace topology L(7)|S induced on & from

L(7). The Lower Vietoris Topology on & is L(T)|S.

It is assumed hereafter that any set of non-empty subsets of X is a topological space

equipped with the Lower Vietoris Topology, unless otherwise stated.

Definition 4.2.0.2. [34, Definition 2.1 The Vietoris Topology on Py(X) is generated
by {(X,V):V e r}U{(V): V € 7}. The Vietoris Topology will be discussed in Chapter

d.

Remark 4.2.0.1. In some works such as [17], [58, p. 4] and [33, Definition 2.4, the
Lower Vietoris Topology on & is first defined in terms of its sub-base as given in Definition

4.2.0.1.

Were it not for the results in the following Proposition 4.2.1 and Corollary 4.2.2, the
above Definition 4.2.0.1 would cause confusion: for instance if Y is a subspace of X,
then the Lower Vietoris Topology on Z,(Y) is either L(7|Y") (from the first paragraph
of Definition 4.2.0.1) or L(7)|Z(Y) (from the third paragraph of Definition 4.2.0.1);

however these are equal:

Proposition 4.2.1. [3, Chapter I, Exercises for §3, Exercise 10|

For every subset Y of X, L(7)|Z(Y) = L(7]Y).

Proof. {{X,V)NZPy(Y):V € 7} is a sub-base for L(7)|%%(Y) and by Proposition 4.1.1
this is equal to {(Y,V NY) : V e 7} = {{Y,U) : U € 7|V}, which is a sub-base for
L(7|Y’). Thus the result follows. [ ]
Corollary 4.2.2. If Y C X and & C Zy(Y) then L(7]Y)|6 = L(7)|6S.
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Proof. By Proposition 4.2.1, L(7]Y)|6 = (L(7)|Z(Y))|6 = L(7)|6. |
Proposition 4.2.3. The following collection is a base for the open subsets of &:

{X,W,...,V)yN& :neN, Vi,...,V, are open subsets of X'}.

Proof. The base for & generated by its sub-base {(X,V)N& : V is an open subset of X'}

is given by:

n

{X.V))n&:neN W,...,V, €7}

=1

={(X,V,...,V,)yNn&:neN, Vi,...,V, € 7} (By Corollary 4.1.2)

The following Proposition 4.2.4 describes a well-known sub-base for the closed subsets
of & ; in some works such as [3, Chapter I, Exercises for §2, Exercise 7(a)] and |39,
Remark, p.175|, the Lower Vietoris Topology on & is defined in terms of this sub-base

when & = 2% or G = Z(X).

Proposition 4.2.4.
The collection {{U) NS : U is a closed subset of X'} is a sub-base for the closed sets of

the Lower Vietoris Topology on &; moreover, this collection has () and & as elements.

Proof.

FUCX, (U)={Ae€ PyX): ACU}={Ae€ Zy(X): AnX\U =0}
—{Ae Py(X): A¢ (X, X\U)}

= Zo(X)\ (X, X\ U).

Thus the following family is a sub-base for the closed sets of & and has ) = () NS and

S = (X) NS as elements:
{S\(X,V):V openin X} = {&\(X, X\U) : U closed in X} = {{U)NG : U closed in X}.
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The following definition is adapted from [44, p. 153]:

Definition 4.2.4.1. A given topology exp T on Zy(X) is said to be admissible topology
with respect to 7 if the map i : X — (%1 (X),exp 7| Z1(X)) defined by i(x) = {z} for
all z € X, is a homeomorphism. The terminology of |8, Paragraph after Corollary 1.3] is

adopted; ¢ is referred to as the canonical map from X to Zy(X).

The result in the following Proposition 4.2.5 is well-known. This result is stated without
proof in [44, Definition 9.1| and [3, Chapter I, §2, Exercise 7(a)|. The proof for this result
is hinted in |17, Proposition III.1], and it is proved for the case when X is a Tychonoff
space in [8, Proposition 1.4] (however, their given proof is different from the one presented

below).

Proposition 4.2.5. L(7) is admissible with respect to T.

Proof. For any closed subset U of X,

iUy NF(X)) ={z e X : {z} e (UyNnF(X)} = U is closed in X. By Lemma
2.1.4 and Proposition 4.2.4, i : X — .#;(X) is continuous. For any closed subset U of X,
i(U)={{z}:2 €U} = (U)NF(X) is closed in F1(X) (cf. Proposition 4.2.4). Thus

i: X — Z(X)is aclosed map. Thus ¢ : X — Z#;(X) is a homeomorphism. [ |

Proposition 4.2.6. For any A € &, Clys({4}) = (A) N &.

Proof. Let A € Z5(X). Then A € (A) and if there is a closed subset B of X for which
A€ (B), then AC B, so A C B and hence (A) C (B).

Thus (A) = N{(B) : B closed in X, A € (B)}.

By Proposition 4.2.4, {(B) : B closed in X} is a sub-base for the closed sets of Zy(X),
which has #,(X) as an element. It follows from Proposition 3.3.4 that (A) = Clg,)({A}).

Thus for any Ae 6, ClL(T)‘(g({A}) = CIL(T)<{A}> neG = <Z> NnG. |

Recall from Definition 2.2.1.2 that <y,g is the specialisation pre-order on & . Corollary
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4.2.7 (1) is well-known for the case when & = Z,(X) (cf. [50, Proposition 6.4.1(i)| and

[23, First sentence of Section 3.2]).
Corollary 4.2.7. Let A,B € &:
1. A SL(T)lG B iff A e <§> NG iff AC B.

2. Clyns({A}) = Clymys({B}) #ff A= B.

Proof. 1. By Proposition 4.2.6, (B) N & = Cly;)s({B}). Hence:

A<yne B <= AeClynes({B}) < A€ (B)N6 < ACB.

2. Clyne({A}) = Clums({B})
— A SL(TNG B and B SL(T)\G A

<= A C B and B C A (By the previous point of this Corollary 4.2.7)

<~ A=DB. [ |

4.3 The Tj-identification

Definition 4.3.0.1. The map ¢ : Z,(X) — P,(X) is defined by the formula c(A4) = A

for all A € Zy(X).

Feichtinger [17, Proposition I11.19] showed that ¢ : 2(X) — 2% is a retraction (cf. [57,
Problems 7J]); the continuity of this map is also a well-known result (cf. [3, Chapter I,

Exercises for §2, Exercise 7(e)|). The following Lemma 4.3.1 generalises these results:

Lemma 4.3.1. The map ¢|G : & — ¢(6) is a closed, continuous, open and surjective
map such that for every subset o of Py(X) which is closed or open in Py(X), the

following two equations are true:

(o NG) = o/ Ne(S) and (c|6) He(/ NG)) = A NG.
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Proof. 1f U is closed in X, then:

cTHU) ={A€ Z(X): A (U)} ={A € Z(X): ACU} = (U)
Thus the result follows from Proposition 4.2.4 and Lemma 2.1.5. |
Corollary 4.3.2. For every closed subset U of X:

c(UYNG) = (U)Nc(&) and (&) He((U)NG)) = (U)NG.
Proof. Follows from Proposition 4.2.4 and the previous Lemma 4.3.1. ]

It is remarked in [32, Remark 2.4(1)| (without proof) that the Ty-identification of Zy(X)
is essentially 2. The result in the following Theorem 4.3.3 generalises this statement; I

believe this result is new.

Theorem 4.3.3. ¢(&) is homeomorphic to the Ty-identification of &.

Proof. For each A € G:
(&) ({(cI&)(A)}) ={B € & : (c|6)(B) = (c|&)(A)}
={BeG&:B=A4}
= {B €6 ClL(T)|G({B}) == CIL(T)‘g({A})} (By Corollary 4.2.7 (2))
Now, the Ty-identification of & is the topological space whose underlying set is given by:
S = {{Be&: Clyme({B}) = Clyms({A})} : A€ &}
={(c&)'({(cI&)(A)}) : A € &}

and whose topology T is the quotient topology on S induced by the map p : & — S

which is defined by the following formula for each A € &:

p(A) = {B € & : Clims({A}) = Clurs({B})} = (&) ({(c[&)(A)}).

By Lemma 4.3.1, ¢|& : & — ¢(6) is a continuous, closed, surjective map. Hence the
Lower Vietoris Topology on ¢(&) is the quotient topology on ¢(&) induced by the map

¢|&. Thus by Proposition 2.1.7, ¢(&) is homeomorphic to (&, T). |
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The following Corollary 4.3.4 is interesting as it allows one to define the Tj-identification
of any topological space in terms of the Lower Vietoris Topology without relying on the

theory of quotient spaces (compare to Definition 2.1.7.1):
Corollary 4.3.4. ¢(# (X)) is homeomorphic to the Ty-identification of X.
Proof. By Proposition 4.2.5, X is homeomorphic to .%;(X) . Hence the Ty-identification

of X is homeomorphic to the Ty-identification of .%#(X) (by Proposition 2.1.8), and the

latter is homeomorphic to ¢(-#1(X)) (by the previous Theorem 4.3.3). |

The fact that 2% is a Ty-space (cf. Corollary 4.3.5 (1)) is a well-known result (cf. [4,

Proposition 2|, [8, Corollary 1.3(a)] and [17, Proposition III.2]).

Corollary 4.3.5 (3) is also well-known for the case when ¢(&) = 2% (cf. [4, Proposition
1]).
Corollary 4.3.5. The following are true:

1. ¢(®) is a Ty-space; in particular 2% = c¢(Py(X)) is a Ty-space.

2. <vu(n)e(e) 5 the subset relation on c(S).

Proof. 1. Follows from the previous Theorem 4.3.3.

2. For A, B € ¢(&), A <p(ne) B iff A C B (by Corollary 4.2.7 (1)) iff A C B (as

B = B). |

4.4 The Ty, Symmetry and 77 Separation Axioms

I believe that the following result is new:
Theorem 4.4.1. S s a:

1. Ty-space iff distinct elements of & have distinct closures in X.
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2. symmetric space iff (¢(&), C) is an antichain iff ¢(S) is a T -space.

Proof. 1. = :1f A, B € & where A = B, then by Corollary 4.2.7 (2), Cly,s({4}) =

Clr()s({B}) and so A = B.

< : ¢|6 : 6 — ¢(6) is an injective map and thus by Lemma 4.3.1 is a homeo-

morphism. Since ¢(&) is Ty by Corollary 4.3.5 (1), it follows that & is Tp.

2. 6 is symmetric iff its Tp-identification is T} iff ¢(&) is Ty (cf. Theorem 4.3.3)
iff (¢(6), <i(r)e@)) is an antichain (By Proposition 2.2.2 (2)) iff (¢(&),C) is an

antichain (By Corollary 4.3.5 (3)). [ |
Corollary 4.4.2 (1) generalises a result in [32, p. 314].

Corollary 4.4.2. The following statements are true:

1. If 2% C & then & is Ty iff X is discrete;

in particular |32, p. 314] Py(X) is Ty iff X is discrete.
2. If X is a Hausdorff space then € (X) is a Ty-space.
3. If n>1 then F<,(X) is To iff X is T.
Proof 1. = : Given ) £#AC X, A=A¢€ c(Py(X)) so A = A by Theorem 4.4.1
(1). Thus X is discrete. The converse is obvious.

2. A compact subspace of a Hausdorff space is closed so the result follows from The-

orem 4.4.1 (1).

3. Suppose to the contrary that .Z<, (X) is Ty while there is y € X where {y} is not

closed. Now #1(X) is Ty so by Proposition 4.2.5, X is Ty. Thus there is z € @

where y ¢ @ Now W = @ while {y, 2} # {y} and {y, z},{y} € F<.(X),

a contradiction to Theorem 4.4.1. Thus if .#<,,(X) is Ty then X must be T;. The

converse follows from Theorem 4.4.1. [ |
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The following example shows the converse of Corollary 4.4.2 (2) is false in general: an

example of a non-Hausdorff topological space X for which €'(X) is a Ty-space is presented.

Example 4.4.2.1.
Suppose X is uncountable and has the countable complement topology. Then X is T}

but not Hausdorff, moreover €(X) = .7 (X) = ¢(F# (X)) is Ty by Corollary 4.3.5 (1).

Corollary 4.4.3 (2), (3) and (4) generalise the well-known fact that neither 2% nor Z2y(X)
are T in general (cf. [8, Corollary 1.3(a)], [17, Proposition III1.2], [39, Remark, p. 175],
[44, Definition 9.1| and [3, Chapter I, Exercises for §8, Exercise 12(a)]). I believe that

Corollary 4.4.3 is a new result.
Corollary 4.4.3. The following statements are true:
1. & is Ty only if (6,C) is an antichain.
2. If X € ¢(6), then & is symmetric iff every element of & is dense in X.
3. Py(X) is symmetric iff 2 is Ty iff X is trivial.
4. Suppose that & € {P(X), € (X), F(X)}U{Z<,(X):neN, n>1}. Then S is

Ty iff X is a singleton set.

Proof. 1. Let A,B € & such that AC B. Then AC Bandso A= B (cf. Theorem

4.4.1 (2)). By Theorem 4.4.1 (1), A = B.
2. Easily seen from Theorem 4.4.1 (2).
3. Easily follows from previous point.

4. Follows from the first point. |
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Chapter 5

Closure, Irreducibility and
Quasi-Sobriety in the Lower Vietoris

Topology

This chapter deals with closure, irreducibility (covered in 5.1) and quasi-sobriety (covered
in 5.2) in hyperspaces with the Lower Vietoris Topology. Theorem 5.1.23 in this chapter
will be used to prove Theorem 6.3.1 in Chapter 6; moreover Theorem 5.2.7 in this chapter

will be used to study preregularity and sobriety in .%,(X) in Chapter 7.
It is helpful to keep in mind that ¢(.#,(X)) C .7, (X) for any n € N.

The following definition is made to allow the results that appear in this chapter and the

following chapters to be effectively paraphrased.
Definition 5.0.0.1. I say that G is:
e almost natural in X of degree n if ¢(Z#,(X)) C ¢(S).
e almost finitely natural in X of degree n if ¢(F#,(X)) C ¢(6) C S, (X).

e almost d-finitely natural in X of degree n if ¢(Z,(X)) C ¢(6) C S<n(X).
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e almost natural in X (resp. almost finitely natural in X) (resp. almost d-finitely
natural in X) if & is almost natural in X (resp. almost finitely natural in X') (resp.

almost d-finitely natural in X)) of some degree.

This terminology extends the term natural family in X coined by Ivanova-Dimova [33,

Definition 2.14], to refer to the case when % (X) C 6.

5.1 Irreducibility and Closure

5.1.1 General Hyperspaces

In this section, closure and irreducibility and their relationship is investigated in general
hyperspaces.

In general, closure in hyperspaces is determined by Proposition 5.1.1, its Corollary 5.1.2
and Proposition 5.1.3.

Proposition 5.1.4 describes precisely when hyperspaces are irreducible and illustrates the
relationship between closure and irreducibility in hyperspaces.

Theorem 5.1.6 is more general than the previous result and is more useful for determining
when hyperspaces are quasi-sober.

Corollaries 5.1.5, 5.1.7, 5.1.8, 5.1.9 and 5.1.10 are surprising results which describe how,
under different conditions, the property of being irreducible is somewhat upwards closed
in hyperspaces.

Finally Theorem 5.1.14 demonstrates that those closed hyperspaces having cellularity n

are those having exactly n maximal elements.

Remark 5.1.0.1. If U is closed in X then by Corollary 4.3.2:

Uy ne = Jew)yne) = Ju)ne®).

Proposition 5.1.1. If & C| ¢(T) then & C Cly) (%)
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Proof. Let A € & and Vp,...,V,, be open in X such that A € (X, V4,...,V,,). Then

there is B € T such that A C B and hence B € (X, V4,...,V,,). Thus A € Cly»H(%). |

Corollary 5.1.2. If | ¢(8) =| ¢(%) then Cly)(6) = Cly)(T).

Proof. Follows from the previous Proposition 5.1.1 and the fact that

S Cl (%) iff «(&) . ¢(T). |

Example 5.1.2.1. From Theorem 5.1.22, Cly;)(#,(X)) = Cly)(F<n(X)). However
in general, .7,(X) Z| ¢(Z#,(X)). For instance if X has the co-finite topology then
AX) ={X}UFA(X) # F1(X) =] c«(#1(X)). Thus the converse of Corollary 5.1.2 is

not true in general.
If X is quasi-sober, then by Proposition 3.4.1, ¢(%,(X)) = ¢(%,(X)) for every n.

Proposition 5.1.3.

Z1(J&) U |J (@) € Clun(8) = Cli (¢(8)) € (J ).

Ac6

Proof. Since ¢(6) = c(c¢(6)), the equality Cly)(6) = Cly)(c(S)) follows from Corol-
lary 5.1.2. By Proposition 4.2.6, for all A € &, (A) = Cly)({A}) C Cly(S). Since
F1(US) Cl ¢(6), it must be the case that F(|J&) C Cly() (&) by Proposition
5.1.1. Since & C (|J&) and the latter is closed by Proposition 4.2.4, it follows that

Clyr)(¢(6)) = Cly(8) =C (US). u

Remark 5.1.3.1. If U is closed then by the previous Proposition 5.1.3 and Corollary
4.3.2:

Clur((U) N &) = Clygry(e((U) 1)) = Clyr ((U) N e(S)).

In particular if ¢(T) C ¢(&) then ¢(6 U T) = ¢(&) and thus:
Clyi»((U) N6) = Cl(»((U) N (GUT)).

Example 5.1.3.1. If J& = [J& then F(J6) C Uyee(4)-
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However suppose that X is 77 and A is a proper dense subspace of X. Then:

=

A7) =72@A) =AX) 2 7N = [ F).

FeZ(A)

(A) = Z24(X) by Proposition 5.1.11, which is not

Note in this case that Cly)(#(A))
the same as the union 7 (A4) U 1 (X) = Upc 74 (FYU .21 (U Z(A)). Thus the lower

bound in Proposition 5.1.3 is not always equal to Cly)(&).

The following Proposition 5.1.4 not only characterises irreducibility for hyperspaces but

points 1 and 3 respectively inform that:

e O is irreducible iff its closure is a member of the sub-base for the closed sets of

Py(X) as described in Proposition 4.2.4.

e Every closed irreducible subspace of G is a member of the sub-base for the closed
sets of & as described in Proposition 4.2.4. This result is stated in passing in [32,
p. 313-314] for the case & = F,(X) without proof - see the end of page 313 and

the beginning of page 314 in that reference.

Proposition 5.1.4. 1. The following are equivalent:
(a) & is irreducible.
(b) Clp) (&) = (US).
(¢) Clu)(6) = Cly(» ({US}).
() US € Cly ().
(e) UG € Cly(S).

2. If UG is irreducible then so is &.

3. A closed subspace T of & is irreducible only if T = (JT) N &.

Proof. 1. a = b = c: Suppose that & is irreducible. Then by Proposition 4.2.4

and Proposition 3.3.4:
Cly( (&) = ({(U) : U closed and & C (U)}
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=({(U) : U closed and | J& C U}

= ((J{U : U closed and | J& C U})

- UJe)

= Cly»({{J®}) (By Proposition 4.2.6).

¢ = d: Obvious.

d = e: By Proposition 4.2.6, | J& € (J&) = Cluin({U6}) C Cly(6).
e = a: By Proposition 4.2.6, (J&) = Cly({USG}) C Cly(&); thus by

Proposition 5.1.3, Cly;)(6) = (U &) = Cly»({UU &}), hence & is irreducible.

2. Let Vi,...,V,, be non-empty and open in X such that |J& € (X, Vi,..., V).
Then for all 4, Y& NV; # 0. By the hypothesis J& NN, Vi # 0. Thus,

(X,Ni%, Vi) NS # 0. Hence, | J& € Cly-)(6). By the first point, & is irreducible.

3. Let ¥ be a closed subspace of & which is irreducible. Then Clg (%) = (UT) b

the first point, hence T = Clg,)s(T) = (UT) N &. [ |

Remark 5.1.4.1. The converse of point 2 of the previous Proposition 5.1.4 is false in
general; whenever .#(X) C Cly)(6) it is true that & is irreducible (cf. Proposition

5.1.11) regardless of the properties of &

Corollary 5.1.5. If & C Cly)(%), US = UT and & is irreducible then Cly,(T) =

(US) and T is irreducible.
Proof. By Proposition 5.1.4, JT = U6 € Cly)(6) C Cly)(T), so the result follows
by the same Proposition. [ |
Theorem 5.1.6. The following are equivalent:

1. Cli»((U)N &) = (U).

2. U e Clyn((U)NnG).

3. (U)Y NG is irreducible and U = J((U) N &).
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Proof. 1 = 2: Obvious.

2 = 3: Then J((U) N &) € (U) = ClyH,({U}) C Cly)((U) N &). By Proposition
5.1.4 (1), (U) N & is irreducible and Cly((U) N &) = (U((U) N &)). The latter has U

as an element by the hypothesis, thus | J((U) N &) = U.
3 = 1: Follows from Proposition 5.1.4 (1). [ |

Corollary 5.1.7. Suppose U = | J(({U)N &), (U) N & is irreducible and & C T. Then
ClLi»((U)NT) = (U), U=UNU)N%T) and (U) N T is irreducible.

Proof. By Theorem 5.1.6 and Proposition 5.1.3, (U) = Clg((U) N &) C Cly((U) N

T) C (U). Thus by Theorem 5.1.6, U = J((U) N %) and (U) N T is irreducible. |

Corollary 5.1.8. Suppose U = J({U) N &), (U) NG is irreducible, & C| T and

L ((UYNT) = (UYN L T. Then Clymy((U) NT) = T), T = U(U) N %) and (U) 0T is

rreducible.

Proof. By Corollary 5.1.7, (U)N | ¥ is irreducible, Cly,((U)N | T) = (U) and
U = J(U)N | T. By the hypothesis and Corollary 5.1.2,
Cly ((U) NT) = Clyih (L ((U) NF)) = Clyi ((U)N 4 T) = (U).

The rest follows from Theorem 5.1.6. [ ]

Corollary 5.1.9. Suppose U = J((U)NS), (U) NS is irreducible and ¢(&) C ¢(%).

Then Cly»((U) NT) =(U), U=U(U)NZ) and (U) N'T is irreducible.
Proof. By Remark 5.1.3.1, the closure of (U)N¥ is the same as the closure of (U)N(GUT),
which is equal to (U) by Corollary 5.1.7 (Considering that & C & U¥). The rest follows

from Theorem 5.1.6. [ |

Corollary 5.1.10. Suppose U = J(U)NS), (U) NS is irreducible, S C| ¢(T) and
L (U) N e(®)) = U)N L ().
Then Cly»((U)N%T) = (U), U=UNU)N%Z) and (U) N T is irreducible.
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Proof. Since U is closed it follows by Corollary 4.3.2 that
(UHN ] e(T) =L (U)Ne(®)) =] c((U) NT) which has the same closure as (U) N T by
Corollary 5.1.2. By Corollary 5.1.7, Clp((U) N T) = Clyi»({U)N | ¢(T)) = (U). The

rest of the result follows from Theorem 5.1.6. |

In [3, Ch. I, Exercises for §2, 7)b)] it is stated that if A is dense in X then Cly,(F (A)) =
Py(X). The second point in the following Proposition 5.1.11 restates this in a different

way so that one may apply the result to the study of quasi-sobriety.
Proposition 5.1.11. 1. For each A € &, (A) NS is irreducible.
2. For each A C X, (A) is irreducible and Cly)(F(A)) = (A).
Proof. 1. Since A € (A) N &, from Theorem 5.1.6 it must be the case that (A) NS is
irreducible.

2. Note that if V4,...,V,, are opens in X such that A € (X, Vj,...,V,,), then there
is a finite subset F' of A consisting of a single element of each of Vi,...,V,,,
hence F' € (X, Vi,...,V,,) N F(A). Hence A € Cly-)(F(A)). By Theorem 5.1.6,

Clu (F(A) = (A).

Proposition 5.1.12. & is quasi-sober iff ¢(&) is sober.

Proof. Follows from Proposition 3.4.3 (1) and Theorem 4.3.3. [ |

It is known already that &2,(X) is quasi-sober [32, p. 313] and that 2% is sober [31,

Proposition 2.9(1)], [23, Lemma 3.1].

Corollary 5.1.13. Cly;)(6) is always quasi-sober;
in particular Py(X) is an irreducible quasi-sober space and 2% is an irreducible sober

space.
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Proof. If o/ is a non-empty, closed and irreducible subspace of Zy(X), then &/ =
Clu(({U«}) by Proposition 5.1.4 (3). Hence, Z(X) is quasi-sober; it is irreducible
as Py(X) = Cly»({X}). By Proposition 3.4.2, Cly;) (&) is quasi-sober for every & C
Py(X). Since 2% = ¢(Py(X)) it follows by Proposition 5.1.3 that Clg,)(2¥) = P(X)

and so 2% is irreducible and sober by Proposition 5.1.12. |
Theorem 5.1.14. The following are equivalent:
1. celly)(6) = n.

2. there are closed subsets Uy,...,U, of X such that U; € U; whenever i # j and

Cly(6) = (U2} U+ U (Uy).

3. (Cly()(6), C) has exactly n mazimal elements.

Proof. 1 = 2: Since &y(X) is a quasi-sober space it follows by Proposition 3.4.1
that there are Uy, ..., U, € Zy(X) such that cell,;)({U1,...,U,}) = n and Cly (&) =

Cluin({Uh, ..., Un}) = UL, (Ui). By Remark 3.3.9.1, for ¢ # j it must be the case that
U; € Clun({U;}) = (U;), i.e. U; € U; and hence U; € U;.

2 = 3: Uy,...,U, are the maximal elements sought.

3 = 1: Let Uy, ..., U, be the maximal elements of (Cly,) (&), C). For each 1,

U;) = Cluin({Ui}) € Clpi(6), so U; = U; by maximality of U;. Then

Clo(»(6) = U (Ui) = Cluy({Us, ..., Uys}) (cf. Proposition 4.2.6). For i # j, U; £ U;
hence U; ¢ (U;) = Clyn({U;}). Thus cell(&) = cell({Ui,...,U,}) = n by Remark

3.3.9.1. ]

5.1.2 Almost d-finitely natural hyperspaces

In this section, almost d-finitely natural hyperspaces are considered. Let U C X.
Theorem 5.1.16 determines that Z,,(U) is irreducible under a certain condition and verifies
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its closure in L(7); this condition is shown to be essential by Example 5.1.23.1 in the next
section. This example also verifies that the antecedents of Corollaries 5.1.7 and 5.1.10

respectively cannot be removed.

The previous result is used to study irreducibility and closure in subspaces of almost
d-finitely natural hyperspaces in X - see Theorem 5.1.17 and Corollaries 5.1.18, 5.1.19

and 5.1.20.

It is determined that .%,(U) and ., (U) have the same closure in L(7) (cf. Theorem
5.1.21) and so do Z,(U) and .#,(U) have the same closure in L(7) (cf. Theorem 5.1.22).
Under a certain condition %,(U) and .%#,(U) also have the same closure in L(7) (cf.

Theorem 5.1.23).
Lemma 5.1.15. If cell(U) > n then /<, (U) is not irreducible.
Proof. By the hypothesis there is a family V;,...,V,, 11 of n + 1 opens in X such that

{UNV,...,UNV,41} is cellular in U, and hence for each i, (X, V;) N.%<,(U) # () while

(cf. Corollary 4.1.2):

(X, Vi, Vi) N T (U) = (X, Vi, Vo) N ((U) N Fan (X))
= (U, UNVy,...,UN V1) N T2 (X)

Example 5.1.15.1. If X has the co-finite topology then X is irreducible and every finite
subset of X is discrete, so for every n > 1, |J.7,(X) = X and so .7,(X) is irreducible

(cf. Theorem 5.1.17). Thus .#,(X) being irreducible does not imply that cell(X) = n.

Theorem 5.1.16. If every discrete subset of U with at most n elements is contained in

a subset of U with cellularity n, then U C |Jc(2,(U)) and the following are equivalent:

1. cell(U) < n.
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2. U € CIL(T)(@,L(U)).
3. Clu(2u(1)) = (0.

4. 2,(U) ts irreducible.

Proof. Let x € U. By the hypothesis, x € G for some subset G of U with cellularity
n. By Proposition 3.3.11, there is a discrete subset H of Cly(G) such that |H| = n and

x € H. Thus

UC|J{H:He2,(0)}=]c(2(V)) €| 2.(V).

Thus U = | 2,(U). Hence by Theorem 5.1.6: (2), (3) and (4) are equivalent.

1 = 2: Let k := cell(U). Let Vi,...,V,, be non-empty opens in X such that U €
(X, Vi,...,Vy). By Lemma 4.1.5, there is a cellular family {Wy,..., Wy} of opens in U
such that (U, Wy, ..., W) C(U,UNVy,...,UNV,,) = (U)N(X, Vi, ..., V) (cf. Corollary

4.1.2 and Proposition 4.1.3).

Let F' be a subset of U consisting of exactly one element from each of Wy, ..., Wy. Then
F' is discrete. By the hypothesis, F' is a subset of some G C U with cellularity n.
By Proposition 3.3.11, there is a discrete subset H of Cly(G) such that |H| = n and
F CCly(H). Thus H € (U, Wy,..., W) N Z,(X), which implies that (X, Vi,..., V) N

2,(U) # 0. Hence, U € Cly-)(Z,(U)).
2 = 4: Already stated above.

4 = 1: Since |J.S<,(U) = U = |J Z,(U) it follows by Corollary 5.1.7 that .7, (U) is

irreducible so the result follows from Lemma 5.1.15. |

Theorem 5.1.17. For each k € N let Z,(X) C &), C .S« (X).

The following are equivalent:
1. cell(U) < n.

2. There is k < n for which U € Cly;((U) N &y).
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8. There is k <n for which Cly((U) N &) = (U).
In addition, if J((U) N &) = U, then these statements are equivalent to:

4. There is k <n for which (U) N &, is irreducible.

Proof. 1 = 2: If k := cell(U) then by Theorem 5.1.16, U € Cly(Z(U)) C
Clyin ((U) N Sg).

2 = 3 and 3 = 4 follow from Theorem 5.1.6.

3 = 1: Then Cly)(F<k(U)) = (U) (cf. Proposition 5.1.3), so by Theorem 5.1.6,

L<(U) is irreducible and thus cell(U) < k < n by Lemma 5.1.15.

Suppose now that |J(({U) N &) =U.
4 = 1. Then Y<(U) is irreducible (cf. Corollary 5.1.7) hence by Lemma 5.1.15,

cell(U) < k < n. [ |

Corollary 5.1.18. The following are equivalent when |U| > n and

Fa(X) C 6 C S(X):

1. cell(U) < n.

2. U e Clyn((U)NnG).

3. Clyn((UyN &) = (U).

4. (U) NS is irreducible.
Proof. Follows from the previous Theorem 5.1.17 and the fact that (J((U) N &) = U as
Fn(X) C S and [U| > n. [ |

Corollary 5.1.19. For each k € N let ¢(Zx(X)) C ¢(6) C F<k(X).

The following are equivalent if U is closed:
1. cell(U) < n.

2. There is k < n for which U € Cly;((U) N &y).
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8. There is k <n for which Cly((U) N &) = (U).

In addition, if | J((U) N e(Sy)) = U, then these statements are equivalent to:

4. There is k < n for which (U) N &y, is irreducible.
Proof. For each k € N, it follows by Remark 5.1.3.1 that (U) N (&) U Z(X)) has the
same closure as (U) N Sy. Moreover, &) C .<,(X), thus &, U Z,(X) C L<(X).

1 = 2: By Theorem 5.1.17, there is k& < n for which U € Cly((U) N (6, UZ(X))) =

CIL(7)<<U> N 6k)
2 = 3 and 3 = 4 follow from Theorem 5.1.6.

3 = 1. Then Cly»((U) N (S U Z,(X))) = (U) by the remark at the beginning of

this proof, so by Theorem 5.1.17, cell(U) < n.

Suppose now that [J((U) N (&) = U. Then | J((U) N &) = U (cf. Remark 5.1.0.1).
4 = 1: Then (U) N (S U Zi(X)) is irreducible by the remark at the beginning of the

proof, so by Theorem 5.1.17, cell(U) < k < n. [ |

Corollary 5.1.20. The following are equivalent when U is closed, |U| > n and

o(Fn(X)) € c(6) € F<n(X):
1. cell(U) < n.
2. U € Clyy(U) N &)
3. Clpy((U) N &) = ().

4. (U) NS is irreducible.

Proof. Follows from the previous Corollary 5.1.19 and the fact that (J((U) N ¢(S)) = U

as ¢(Fn(X)) C ¢(S) and |U| > n.

Theorem 5.1.21. If |U| > n then Cly)(Fn(U)) = Clyi)(F<n(U)).
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Proof. For any A € .#<,(U), it follows by Corollary 5.1.18 that A € Cly(F,(A)) C

Clr (Fn(U)). [ |

Theorem 5.1.22. Cly;)(Z,(U)) = Clyi (Zn(U)).

Proof. For any A € .#,(U) it follows by Theorem 5.1.16 that A € Clg)(Z,(A))

N

Clr) (Za(U)). |

Theorem 5.1.23. If U is closed and every discrete subset of U with at most n elements

s contained in a subset of U with cellularity n, then:

Clp(ry(Zn(U)) = Clpoy (Fn(U)).

Proof. Let F' € #,(U). Then cell(F)) < n so by Theorem 5.1.16, F' € Cly)(Z,(F)) C

Clr()(Z,(U)). Thus the result follows. |

5.1.3 An Example
This example illustrates that there is an irreducible, Tp, non-sober space X which has a
proper subset Y5 where for n > 2:

1. Z(X) Cl SA(X) but Z(X) Z] S.(X) as By is a subset of Ya which is not
contained in any subset of X with cellularity n (so the antecedent of Theorem

5.1.16 is not always satisfied).
2. 2,(X) = 2,(Ys) and 7, (X) = .7, (Ya).
3. If ¢(Z,(X)) C ¢(6) C ., (X) then & is not irreducible.
4. Uc(Zn(Vr)) = Ya.
5. cell(X) = 1 < n and cell(Ya) = 2 < n.

6. A(Y3) Cl SA(Ys) =] c(F(Ys)) and #(Y3) is irreducible while .#(Y3) is not
irreducible; moreover | .#(Y3) =] ¢(F(Y3)) C (Y;) L H(X) = (V3) | ¢(FA(X)).
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This shows that the conditions “| ((U) N %) = (U)N | T and “| ((U) N (%)) =

(UYN | ¢(%)” in Corollaries 5.1.7 and 5.1.10 respectively cannot be removed.

Example 5.1.23.1. Let X be the poset defined as follows. Let T be the top element of

X and let | T\ {T} =] {z1,22}. For m > 1 and iy, ..., i, € {1,2}, let:

{ {»’Cz‘l ..... im} \ {l'z'l ..... im} =] {371'1 ,,,,, im,1s Liq,..., im,Z}-

Then X is an infinite binary tree. Consider the upper interval topology on X. Consult

the following picture for ease of visualisation:

--------------------------------------------------------------

...........................................................

............................................................................

....................................................................................

For2 <m < w,let By, :=={z;, S0y .oy ime1 € {1,2}}, which is the m-th level of the

tree. ThllS BQ = {iCl,l'Q}, Bg = {%171,.%'172,372,1,1'2’2}, etc. ThllS X \ {T} = U2§m<w Bm
Note that B, is discrete in X and thus has cellularity m (cf. Remark 3.3.9.1). Let

Y., :=1 By, which also has cellularity m. Given x € B,,, the following are closed in X:

Haep\{e} =Yound{zh and Yoo\ {z} =L (B \ {2}) U (YN L {2}).

Of course | {T}\{T} =Y is closed in X. Thus X is a Tp-space (cf. Definition 7.1.0.1).
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Let n > 2. Let U be a subset of X with cellularity n. Then | U # X and | U # Y5.
Thus T ¢ U and either x; ¢ U or 25 ¢ U. Thus U C Y5 \ {z1} or U C Y5 \ {a2}.
Hence .7, (X) = 7.(Y2) and Z,(X) = Z,(Y2) (cf. Remark 3.3.9.1). Moreover Bj is
not contained in any subset of X or Y, with cellularity n (so the antecedent of Theorem

5.1.16 is not satisfied). Moreover:

Fn(X) € (Y2 \ {a1}) U (Y2 \ {z2}).

Now

{$17$2,171‘2,2,1>---7$ 2,...,2 ,1}

is a discrete subset of X with n elements and is not a subset of Y5\ {z3}. Thus Z,(X) €
(Yo \ {z2}) and 21 € | Z,(X). Similarly it is true that 2,(X) € (Y2 \ {z1}) and x5 €
U Z.(X). Since Yo\ {z1}, Y2\ {x2} are closed in X, it follows that (Yo \ {z1}), (Y2 \ {z2})

are closed in Zy(X) (cf. Proposition 4.2.4).

Thus .#,(X) is not irreducible. Note also that since x1,25 € |J Z,(X) it must be
the case that Yo =] {z1,22} C Jc(Z(X)) C Ue(Sn(X)). Since Jc(Z,(X)) C
Uc(Fn(X)) = U (Ya)) C Ya it follows that Yo = |Je(Z,.(X)) = U (S (X)). Thus

Y = UZa(X) = UFa(X). If e(Zu(X)) € (&) C Fu(X) then UG = Je(S) =

Ue(2,(X)) = UZ.(X) = J-7(X) and thus by Corollary 5.1.9, & is not irreducible
(this can also be verified directly in a way similar to my workings above). Note that
cell(X), cell(Ya) < n. I have already stated that Bj is not contained in any subset of X

with cellularity n.

Note that .7, (X) C| #(X) (since I showed that any subset U of X with cellularity n
is a subset of Y5 which has cellularity 2) but %,(X) €] #,(X) (as By is not contained

in any subset of X with cellularity n).

Note that #5(Y3) = (Y3) N #3(Ys) = Cli(ry o) ({Ys}) is irreducible. However for any

y,z € By, %(Ys) € (I {y,2}) (as B3\ {y, 2} is an element of the former but not the
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latter) while:
F(Ys) S JU Ay 2}) 1w,z € B}

Thus .#,(Y3) is not irreducible. Moreover .#5(Y;) Cl S(Y3) =] ¢(F(Y3)) (the latter
equation is due to the fact that ¢(#(Y3)) C H(Y3)). Note also that | ¢(#(Y3)) =]

(Ys) € (V) = (V5)N | F2(X) = (Y5)N | o(A(X)).

Consider the following subspace of X:

K = {3317 T21,%221,%2221, - - }

For any finite subset F of X, K €| F and hence K ¢| F. Thus by Corollary 3.3.3, K
is an irreducible closed subspace of X which is not the closure of any point in X. Thus

X is not sober.

5.2 Quasi-Sobriety

Theorem 5.2.1 characterises in general when a hyperspace is quasi-sober. In Section 5.2.2,
a necessary condition for an almost natural hyperspace to be quasi-sober is obtained
(cf. Theorem 5.2.2) and quasi-sobriety is characterised in all almost finitely natural
hyperspaces (cf. Theorem 5.2.3). Corollary 5.2.4 verifies that ., (X) is always quasi-
sober for any n € N, generalising the well-known notion of the sobrification of a space (cf.
Corollary 5.2.5, Remark 5.2.5.1 and Definition 5.2.5.1). In Theorem 5.2.6 the properties
of <, (X) are explored further when n > 1 and it is shown that it is T iff X is sober
and 77. The main result is that if ¢(.#,,(X)) C ¢(6) C ¢(F#,(X)), then & is quasi-sober

iff X is quasi-sober (cf. Theorem 5.2.7 and Corollary 5.2.8).

In section 5.2.3, the Sub-base Condition is defined as a generalisation of the fact that
(A) is irreducible for every closed set A in X - cf. [23, Proposition 3.2] and [32, p. 313-
314] (where the latter only states the forward direction). A general characterisation is

obtained for when a hyperspace is quasi-sober and satisfies the Sub-base Condition (cf.
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Theorem 5.2.11). It is also seen that the Sub-base Condition is somewhat upwards-closed
in hyperspaces (cf. Proposition 5.2.10). In specific cases, better characterisations are
obtained (cf. Corollary 5.2.12, Theorem 5.2.15, Corollary 5.2.16) and it is determined
that 2,(X), 2%, €(X), Z(X) and |J;2,, Zi(X) satisfy the Sub-base Condition for every
n (cf. Corollary 5.2.14). It is determined when ¢ (X) and .#(X) are quasi-sober (cf.

Corollary 5.2.17).

5.2.1 General Results

Recall Proposition 5.1.12 which states that & is quasi-sober iff ¢(&) is sober. The fol-

lowing characterises when & is quasi-sober.
Theorem 5.2.1. The following are equivalent:
1. G is quasi-sober.

2. for every U C X where (U) NG is irreducible and non-empty, it must be the case

that | J(U) NS € ¢(6).

3. for every closed U in X where (U) N ¢(S) is irreducible and non-empty, it must be

the case that | J(U) Nc(S) € ¢(6).

Proof. 1 = 2: Let U C X where (U) N & is irreducible and non-empty. Then

U0)yne CJJUYNn6) N6 C YU)NS. Thus JUJU)NG)NG = |JU)NG.
By Corollary 5.1.5, (J(U) NS) NS is non-empty, irreducible and is closed in & (cf.

Proposition 4.2.4). Since & is quasi-sober, (| J(U) N &) NG = Clys({4}) =(A4) NS

for some A € & (cf. Proposition 4.2.6). Hence (J(U)NG = [J(A) NS = A € ¢(B).

2 = 3: Let U be closed in X such that (U) N ¢(&) is irreducible and non-empty.

By Remark 5.1.3.1, (U) N & is irreducible and non-empty. By Remark 5.1.0.1 and the

hypothesis, (J(U) N¢(S) = J(U) NG € ¢(6).
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3 = 1: Let &/ be non-empty irreducible and closed in ¢(&). Then & = (|J &) Nc(6)

(cf. Proposition 5.1.4). Thus |« = (J(U &) Ne(S) # 0. By the hypothesis, |J & =

UU ) Ne(8) € ¢(6). Thus Clyqee){UZ}) = (UF) Ne(6) = o/, Thus ¢(6) is
quasi-sober; since it is also Ty (cf. Corollary 4.3.5), it follows that ¢(&) is sober. By

Proposition 5.1.12, & is quasi-sober. [ |

5.2.2 Almost Natural Hyperspaces

Theorem 5.2.2. Suppose ¢(Z,(X)) C c¢(6).
If & is quasi-sober then whenever U is closed in X such that |U| > n and cell(U) < n, it

must be the case that U € ¢(S).

Proof. Let U be closed in X such that |U| > n and cell(U) < n. By Corollary 5.1.20,

U=J(U)n& and (U) NG is irreducible. By Theorem 5.2.1, U € ¢(&). [ |

Theorem 5.2.3. Suppose ¢(Z,(X)) C c(6) C L, (X).
Then & is quasi-sober iff whenever U is closed in X such that |U| > n and cell(U) < n,

it must be the case that U € ¢(S).

Proof. = : Follows from the previous Theorem 5.2.2.

<= Let U be closed in X such that (U) N ¢(&) is non-empty and irreducible. Then
|U| > n and (U) NG is irreducible (cf. Remark 5.1.3.1). By Corollary 5.1.20, cell(U) < n
and so by the hypothesis, (J(U) N¢(S) = U € ¢(6). By Theorem 5.2.1, & is quasi-

sober. |

Corollary 5.2.4. .%-,(X) is quasi-sober.

Proof. Follows from the previous Theorem 5.2.3 and the fact that ¢(7<, (X)) C .7<,(X).
|

Corollary 5.2.5. 1. A (X) is quasi-sober.
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2. X is quasi-sober iff X is homeomorphic to .#1(X).
3. (25, 4.2.1] X s sober iff X is homeomorphic to ¢((X)).

Remark 5.2.5.1. Corollary 5.2.5 is a well-known result (see |25, 4.2.1], [21, Exercise

V-4.9], [22, Corollary 8.2.23, Fact 8.2.24]).

The following Definition 5.2.5.1 is the definition of the sobrification of a space given by
Grothendieck and Verdier (25, 4.2.1]. In their definition, the Lower Vietoris Topology on
c(#1(X)) was used without being named. The same definition is given in [22, Definition
8.2.17], where it is acknowledged that the topology used was indeed the Lower Vietoris
Topology. Other definitions for the sobrification exist; for instance, see |21, Remark for

Proposition V-4.7 and Exercise V-4.9].
Definition 5.2.5.1. |25, 4.2.1] The sobrification of X is ¢(-#1(X)).
Theorem 5.2.6. The following are equivalent for n > 1:

1. S (X) is To.

2. SL<n(X) is sober.

3. X 1is sober and T7.

4. Form <n, Z,(X)=.7.(X).

Proof. 1 = 2: Follows from Corollary 5.2.4.

2 = 3: Since F«2(X) C L, (X) it follows that F<5(X) is Ty and hence by Corollary
4.4.2 (3), X is T1. Let U be a non-empty irreducible closed subset of X. Suppose to
the contrary that U # {x} for any € U. For any x € U, U \ {«} is open in U and so
U\ {2} = U (as U is irreducible). Thus U \ {z} is irreducible so U\ {z} € .7<,(X). Since
F<n(X) is Ty by the hypothesis, there is a contradiction to Theorem 4.4.1 as U, U \ {z}
are distinct members of ., (X) with the same closure in X. Thus U = {z} for some

x € U. Hence X is a sober space.
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3 = 4: In this case if U C X such that cell(U) = n, then U = F = F for some finite
subset I’ of U where |F| = n (cf. Proposition 3.4.1). Thus, U = F. Hence for m < n,

Fn(X) = F(X).

4 = 1. Let A € Y<,(X). Then there is m < n where A € ./,,(X) = %, (X) so
|A] = m. Then A € .7,,(X) = Z,,(X) so |A] = m = |A]. Thus A = A since they are

both finite. Thus .7, (X) = ¢(<,(X)) is Ty by Corollary 4.3.5 (1). |
Theorem 5.2.7. Suppose c(F,(X)) C ¢(6) C c¢(F<n(X)).

Then & s quasi-sober iff X is quasi-sober.

Proof. = : Let A be an irreducible closed non-empty subset of X. If A is finite
then A = {z} for some z € A. Suppose that A is infinite. By Theorem 5.2.3 and the
hypothesis, A € ¢(&). By the hypothesis there is B € .#<,(X) where A = B. Then B is

irreducible so A = B = {z} for some = € B.
Thus X is quasi-sober.

<= Let U be closed in X such that |U| > n and cell(U) < n. By Proposition 3.4.1,
U = F for some subset F of U with |F| < n. Thus U = G for some n-element subset G

of U; thus U € ¢(%,(X)) C ¢(6).
By Theorem 5.2.3, & is quasi-sober. |

Corollary 5.2.8. If there is n such that one of F#,(X), F<,(X) or X is quasi-sober,

then they are all quasi-sober.

5.2.3 The Sub-base Condition

It is already known that a closed subspace . of Z)(X) is irreducible iff o7 is an element
of the sub-base for the closed subsets of #2,(X) as described in Proposition 4.2.4 - cf. |23,

Proposition 3.2] and [32, p. 313-314] (where the latter only states the forward direction).
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Thus the following definition is made to study such hyperspaces.

The Sub-base Condition. For every closed subset V' of X, (V) N & is an irreducible

subspace of S.

Remark 5.2.8.1. If & satisfies the Sub-base Condition, then by Proposition 5.1.4, a
closed subspace o of & is irreducible iff there is a closed subset V' of X such that
o/ = (V)N &. This is true iff o7 is an element of the sub-base for the closed subsets of
G as described in Proposition 4.2.4. In other words, every element of the aforementioned

sub-base for the closed subsets of @ is irreducible.

Proposition 5.2.9. & satisfies the Sub-base Condition iff ¢(&) satisfies the Sub-base

Condition.

Proof. Given a closed subset V' of X, it follows by Proposition 5.1.3 that (V) N & is
irreducible iff ¢((V)NS) = (V) Ne(S) is irreducible (cf. Corollary 4.3.2). Thus the result

follows. |
Corollary 5.2.10. If & satisfies the Sub-base Condition, U = |J((U) N &) for any closed

set U in X, and ¢(&) C ¢(%), then ¥ satisfies the Sub-base Condition.

Proof. Let U be closed in X. By the hypothesis, (U) NG is irreducible and is also closed
in & (cf. Proposition 4.2.4). By Corollary 5.1.9, (U) N ¥ is irreducible. The result

follows. |
Remark 5.2.10.1. If U C X then:
ne=(Juyne)ne.

Now if U is closed in X:

ne=(Joyne)ne.
Theorem 5.2.11. The following are equivalent:

1. & 1is quasi-sober and satisfies the Sub-base Condition.
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2. for every U C X where | J(U) N & # 0, it must be the case that | J(U) N & € ¢(S).

3. for every closed U in X where | J(U)Nc(S) # 0, it must be the case that | J(U) Ne(S) €
c(6).

Proof. 1 = 2: Let U C X where |J(U)NG # (. Then (J((U) N &)) NG is non-empty

and irreducible (by the hypothesis). By Theorem 5.2.1, | J((U) N &) € ¢(6).

2 = 3: Let U be closed in X such that (J(U) N¢(&) # 0. Then | J(U) NS # () and so

by Remark 5.1.0.1 and the hypothesis, | J(U) N (&) = | J(U) NG € ¢(6).

3 = 1: Let U be closed in X. If (U)N¢(S) = 0 then it is trivially irreducible. Suppose

(U)Ne(S) # 0. Then | J(U)Ne(S) # 0. By the hypothesis [ J(U) N ¢(S) € ¢(&) and thus

(U)Ne(®) = (UWU) Ne(8)) Ne(6) = Clpyee) {UU) Ne(&)}) (cf. Proposition 4.2.6
and Remark 5.2.10.1). Hence (U) N¢(S) is irreducible in all cases and thus ¢(&) satisfies

the Sub-base Condition. By Proposition 5.2.9, & satisfies the Sub-base Condition.
By Theorem 5.2.1, & is quasi-sober. [ |
Corollary 5.2.12. Suppose ¢(Z,(X)) C ¢(&). Then the following are equivalent:
1. & is quasi-sober and & satisfies the Sub-base Condition.
2. Whenever U is closed in X and |U| >n, U € ¢(6).
Proof. Whenever U is closed in X and |U] > n, J{U) N (&) = U # 0 as ¢(F,(X)) C

¢(6) by the hypothesis. Thus the result follows from the equivalence of 1 and 3 in

Theorem 5.2.11. [ ]

Proposition 5.2.13. If ¢(&) is closed under non-empty finite unions, then & satisfies

the Sub-base Condition.

Proof. Let V be closed in X. For any A,B € (V) N¢(S), AUB € (V) Nc(S). Thus

(V)Ne(6) is directed with respect to C=<r,(+)¢(s) (recall Definition 2.2.1.2 and Corollary
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4.3.5). By Proposition 3.3.1, (V') N ¢(S) is irreducible. Thus ¢(&) satisfies the Sub-base

Condition. By Proposition 5.2.9, the result follows. |

As explained in the beginning of this section, the following Corollary is well-known for

Po(X):

Corollary 5.2.14. €(X), #(X), P(X), 2% all satisfy the Sub-base Condition. For ev-

eryn € N, U2, Zi(X) satisfies the Sub-base Condition.

Example 5.2.14.1. It may be the case that ¢(&) is closed under non-empty finite unions,

while & is not closed under non-empty finite unions (The converse is trivially true).

Consider R with the usual topology. Then 28U{(0, 1)} is not closed under finite unions as
(0,1),{0} € 2%U{(0,1)} but (0, 1)u{0} = [0,1) & 2RU{(0,1)}. However c(28U{(0,1)}) =

2% is clearly closed under non-empty finite unions.

In general the smallest hyperspace which is closed under non-empty finite unions and

contains ¢(.%, (X)) is c¢(U;2,, -Z:(X)).

n

Theorem 5.2.15. Suppose c(U;=,, Zi(X)) C c(&). Then & satisfies the Sub-base Con-

n

dition. Moreover, & is quasi-sober iff every closed subset U of X for which |U| > n

satisfies U € ¢(6).

Proof. Since | J;°, #;(X) satisfies the Sub-base Condition (cf. Corollary 5.2.14) it follows
by Corollary 5.2.10 that & also satisfies the Sub-base Condition. Thus the result follows

from Corollary 5.2.12. [ |

Corollary 5.2.16. Suppose ¢(F (X)) C ¢(S). Then & satisfies the Sub-base Condition.

Moreover, & is quasi-sober iff (&) = 2X.
Corollary 5.2.17. The following are true:

1. €(X) is quasi-sober iff every closed subset of X is the closure of some compact

subspace of X ; this is true if X is compact.
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2. F(X) is quasi-sober iff X is quasi-sober and every subset of X has finite cellularity.

Proof. The first statement follows directly from the previous Corollary. Only the second

statement will be proved.

— : Let U C X. By Corollary 5.2.16 there is a finite subset F of X where U = F, so
cell(U) = cell(F') < |F|. Moreover every non-empty irreducible closed set A is the closure
of some finite subspace of X so A = m for some x € A. Thus X is quasi-sober.
<= Let U be a closed subset of X. Then U has finite cellularity and X is quasi-sober
by the hypothesis, so by Proposition 3.4.1, U = F for some finite subset F' of U. Thus

Z (X) is quasi-sober by Corollary 5.2.16. [ |
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Chapter 6

Infinite Cellularity in the Lower

Vietoris Topology

For this Chapter, n > 1 unless specified otherwise.

In this Chapter, new results are proved which generalise or extend some results from the
literature (cf. Section 6.1) - all results are new unless otherwise stated. In particular, the
maps Jj, : X" — .Z,(X) and 7, : X" = F,(X) are studied (cf. Definition 6.0.0.1) to
provide insights into the cellularity of all almost d-finitely natural hyperspaces, as well as
to determine when the Lower Vietoris Topology on %, (X),.Z<,(X) coincides with the

Vietoris Topology.

e A complete characterisation is given for j, to be a quasi-open map in terms of the
properties of X (cf. Theorem 6.2.5). For almost all spaces, there are two equivalent
characterisations of when 7j, is a quasi-open map; one is “every non-discrete open

subspace of X has cellularity at least n", while the other provides useful insights.

e If cell(X) is infinite and every non-discrete open subspace of X has cellularity at
least n, then any almost d-finitely natural hyperspace in X has the same cellularity

as cell(XI") = cell(X™) (cf. Theorem 6.3.1); this is a generalised version of an
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analogous result of Fedorchuk for the hyperspaces .%,,(X), #<,(X) with the Vietoris

topology (cf. Proposition 6.1.1).

e The implications of Theorem 6.3.1 are investigated under different set theoretical

assumptions (cf. Corollaries 6.3.2, 6.3.3 and 6.3.4).

e A complete characterisation of when 7, is a quotient map is given, which is sur-
prisingly equivalent to the Lower Vietoris Topology on .#<,,(X) being equal to the

Vietoris Topology (cf. Theorem 6.4.1).

e Necessary conditions are provided for the Lower Vietoris Topology to be equal to

the Vietoris Topology on .%,,(X) (cf. Theorem 6.4.2).

e A complete characterisation of when 7, is a quotient map (under certain conditions
on X) which is surprisingly equivalent to the Lower Vietoris Topology on %, (X)
being equal to the Vietoris Topology, equivalent to X being Hausdorff and equiv-
alent to J, being a perfect covering map (cf. Theorem 6.4.3). This generalises a

result by Costantini et al. (cf. Proposition 6.1.2).

e An example is provided to comment on the results in this section (cf. Example

6.5.0.1).

Definition 6.0.0.1. Let n > 1 and 7,, : X — .Z-,(X) be defined by

’Ain(xl,...,acn):{xl,...,xn} for any xq,...,z, € X.

Note that 7' (%, (X)) = X" Let j, := 1,,| X["l; again the subscript n is dropped unless

more clarification is needed.

Let A be the set of permutations on {1,...,n}.
Given x4,...,x, € X, %gl({xl, ..., T, }) has at most n"™ elements.
If z1,...,x, are pairwise distinct then j,'({z1,...,2,}) = {(xs01), -, Ts(m)) : 0 € A}

has n! elements.

Remark 6.0.0.1. It is easy to verify the following:
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~

1L (V) = v

2. i, (X, V) = U?:l 7rj*1(V) and for any 1 < j < n,

in(m7 Y (V) = (X, V)N Fepn(X).

J

3.
in(Vi X x Vo) ={{z1,...,xn} 1 €Vay. o 1 €V}
C(Vi,..., Vo) NF<,(X), and
(Vi x o x Von XMy = oy, xn)y € Fp(X) i € VA, 2 €V}
C(Vi,..., Vo) NZu(X).
Hence:

igl(gn(‘/l X X Vn)) = U V(g(l) X X V:;(n), and
oeA

I Ga(Vi x o x Vo n X)) = Wiy x - x Vigy N X,
LISTAN

Note that if z; € (), V; but zs, ..., z, € Vi\U]_, Vi, where x4, ..., z,, are pairwise
distinct then {z1,...,z,} € (V4,...,V,) N.Z,(X) but
{1, 20} & in(Usea Vi) X - -+ X Vimy). This means that both inequalities in this

point may be strict.
4. It Vi, ..., V, are pairwise disjoint, then:
Vi,..., V)N Z(X) ={{z1,...,xn} € Zo(X) i1 €V, . 2, €V}
and so by the previous point:

VL, VYN Z (X)) = Vi X e x VN X

6.1 Results from the Literature

A generalised version of an analogue of the following Proposition 6.1.1 (a result for the

Vietoris Topology) by Fedorchuk will be proved for the Lower Vietoris Topology in The-
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orem 6.2.5 and Theorem 6.3.1. A result by Costantini (cf. Proposition 6.1.2) will be

generalised in Theorem 6.4.3.

Proposition 6.1.1. [15, Proposition 1.11] Suppose .#,,(X) and Z<,,(X) have the Vietoris

Topology and X is Hausdorff. Then for allmn > 1:
1. Jn is an open map and
2. cell(F<p(X)) = cell(X™) = cell(XM) = cell(Z,(X)).

Definition 6.1.1.1. [57, 9K| A continuous map f : X — Y is said to be a local homeo-
morphism if whenever x € X there is an open neighbourhood U of X such that f(U) is

open and f|U : U — f(U) is a homeomorphism.

In [7, p. 252, Proposition 1.7|, it is proved that if X is Hausdorff then Jn is a local
homeomorphism for all n € N. However, from their proof it is clear that these maps

actually satisfy the stronger property of being a covering map:

Definition 6.1.1.2. [57, 9K]| A continuous map f : X — Y is said to be a (k-fold)
covering map if for all y € Y there is an open neighbourhood U of y such that there
is a cellular family ¥ in X so that f~'(U) = |J¥ and for all V € ¥, the restriction
flV : V — U is a homeomorphism. If, in addition, there is & € N such that the fibers of

f each have exactly k elements, then f is said to be a k-fold covering map [45, p. 341].

Proposition 6.1.2. |7, p. 252, Proposition 1.7|

If X is Hausdorff then:
1. jn is a nl-fold covering map for alln > 1.
2. {(V1,..., Vo) N Zu(X) : Vi, ..., V,, cellular in X} is a base for Z,(X).

3. AVI x oo x Vo Vi, oV, cellular in X} is a baseforX[”].

The previous Proposition 6.1.2 will be generalised in Theorem 6.4.3.
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6.2 When jn is quasi-open

This section develops the proof of Theorem 6.2.5, characterising when J, is a quasi-open
map, which is a new result and verifies a generalised analogue of a result for the Vietoris

Topology by Fedorchuk (cf. Proposition 6.1.1).

Lemma 6.2.1. 1. If X is trivial then i, Jn are open.

2. If X has a largest non-trivial open subspace Vi which is discrete and |Vy| < n then

In 1S quasi-open but i, 1s not quasi-open.

3. Ifjn 15 quasi-open and every non-trivial open subspace of X has less than n elements,

then X has a largest non-trivial open subspace Vi which is discrete and |Vy| < n.

Proof. 1. If X has the trivial topology, the map 7, is open as X[ is the only open

subset of itself and j,(X) = .%,(X) is open and non-empty. Similarly for i,,.

2. Suppose X has a largest non-trivial open subspace V;; which is discrete and |Vi;| < n.

Let Vi = {z1,...,zm}.

Now in({x1} x -+ x {21}) = {{z1}} has empty interior, otherwise there are opens
n times

Wi, ...,Wyin X where (X, Wy,..., W))NZF<,(X) = {{z1}} (cf. Proposition 4.2.3),

but then if y € X'\ {z1} then {y,z,1} € (X, W,..., W) NZ<,(X), a contradiction.

Thus i,, is not quasi-open.

Let Vi x --- x V,, n X[ # () where Vi,...,V, are open in X. By Corollary 3.6.4
(1), |Ui—, Vil > n > m = |V, so there is k < n such that Vi4q,...,V, = X and
Vi,...,Vi € Vi. By Corollary 3.6.4 (2), Vi x- - -x ViNXH =£ (; suppose without loss
of generality that it has (z1, ..., zx) as amember. Then (X, {z1},..., {zx})NZ.(X)
is a non-empty open subset of 7, (Vi X - -+ x V,, N X" (cf. Proposition 4.2.3). Thus

Jn 1s quasi-open.

3. Let Viy be the union of the non-trivial opens in X. If |Vi| > n then Vi = X

moreover thereis xq,...,x, € Vyand Uy, ..., U, open in X where |Ui|,...,|U,| <n
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and 1 € Uy,...,z, € U,. Thus U;_,U; = Vu = X but | X| < >°"  |Ui| < n”,

contradicting our assumption that X is infinite. Thus |Vy| < n.

Let Vi == {x1,..., 2, } and let Vi,...,V; be the minimal open subsets of Vi.
Suppose to the contrary that Vi is not discrete. Consider the following non-empty
open subset of X: Vi x - x Vi x X x --- x X N XM, Consider its image under

|[Vir| times

Jpy e, ¥ = {F € Zu(X): Vy C F.

This set has non-empty interior as jn is quasi-open, moreover ¥ 2 .%,(X), so there
are non-trivial opens Wy, ..., W, in X for which ¥ D (X, W4, ..., W, )NZ,(X) #
() (cf. Proposition 4.2.3). Hence Wy,..., W,, C V as the latter is the largest
proper open subset of X. For each i € {1,...,m}, thereis j € {1,...,k} such that
W; D V;. By Proposition 4.1.3, it follows that ¥ O (X, Wy,...,W,,) N.Z#,(X) D
(X, Vi, Vi) N, (X).

If & < |Vyl, then (X, Vi,..., Vi) N.%,(X) has an element F' where Vi; € F, contra-

dicting the definition of 7.

Thus k = |Vy|, implying that Vi is discrete.

Lemma 6.2.2. If () #J((X, Wy,..., W) NF,(X)) # X,

then m =n, Wy,..., Wy, is a cellular family in X and:
(Wi, ..., W) NZ(X) = (X, Wq,..., W) NZF.(X).

Moreover if F € (X, Wy,..., W) N Z(X), then F = J-\(FNW;) and |[FNW;| =1

for all 1.

Proof. Since |J((X, W1, ..., W, )NZ, (X)) # X it follows that (X, Wy,... W, )NZ, 1(X) =
0. Let F € (X, Wy,...,W,,) N%,(X). For any = € F,

F\A{z} ¢ (X, Wy,...,W,) N Z,_1(X). Thus both of the following statements are true:
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2. For all z,y € F, there is j such that + € W; and y ¢ W;.

By the first point, (X, Wy,... , W,,) N Z,(X) = (Wy,...,W,,) N %, (X). Suppose to
the contrary there is x € W; N W; for some ¢ # j. Consider G := {z} U F \ (W, U
W;). Now G € (X, Wy,...,W,,) N F<,_1(X), which contradicts our assumption that
(X, Wh,...., W) N Z#,_1(X) = 0. Hence {W1,...,W,,} is cellular in X. Thus m < n,
otherwise (X, Wi, ..., W,,) N %, (X) = 0. For each x € F, it is true by the second point

above that {z} = ({W; 1z € W;} N F =W, N F for some i. Thus m = n. [ |

Lemma 6.2.3. If j,, is quasi-open and X has a proper open subset with at least n ele-
ments, then given open subsets Vy,...,V, of X where p <n, | J_, Vi is a proper subset of
X and V; x --- X VpﬂX[p] # 0, there is a cellular family Uy, ..., U, in X where U; C'V;

for all z.

Proof. Let Vi, ..., V, be open subsets of X where J;_, V; is a proper subset of X and

Vi x - x V,Nn XM £ (. Then the following has non-empty interior:
V=5 (Vix - x VN XM =z, .. 2, € Fp(X) i €A, .2y € Vi)

Hence there are opens Wy,..., W, in X where

04 (X, Wy,...,W,)N.Z,(X) C ¥ (cf. Proposition 4.2.3). Now ¥ C U;_, Vi # X so
UWX, W, ..o W) NF (X)) # X. Let Fi={xy,...,2,} € (X, Wy,..., W) NF(X).
By Lemma 6.2.2, m = n and W1, ..., W, is a cellular family in X where (without loss of
generality) {z;} = FNW, for all i and F = |J;"; FNW,. Since F' € ¥, there is 6 € A
such that (x50, ..., T5m) € Vi x --- x V,. For each i, let U; := Wy N Vi Then the

family Uy, ..., U, is cellular in X and U; C V; for all 4.

Given a proper open subspace V of X where |[V| > n then V x --- x V. N X £ @ by
Corollary 3.6.4 (1) and so by the workings thus far, cell(V) > n. Hence, cell(X) > n.

Thus every open subset of X with at least n elements has cellularity at least n.

Let Vi,...,V, be open subsets of X where p < n, Vi x---xV,NXP £ Qand V = J_, V;

is a proper subset of X.
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If [V|>nthen V) x -+« x V, x V x --- x VN X = by Corollary 3.6.4 (3).

Suppose that m = |V| < n. If | X \ V| < n —m then X has cellularity at most
cell(V) + cell( X \ V) = cell(V) + cell(X \ V) < |[V|+|X \ V| < n (cf. Proposition
3.2.1), a contradiction to the fact that cell(X) > n (which was proved earlier). Thus

X\ V| >n—m. By Corollary 3.6.4 (4), Vi x - -+ x V, x X\ V x -+ x X\ VN XM £ .

In either case, it follows by our argument above that there is a cellular family Uy, ..., U,

in X where U; CV4,...,U, CV,. |

Lemma 6.2.4. Suppose that whenever V is an open, non-discrete subspace of X then

cell(V) > n. Then j, is quasi-open.

Proof. Let ¥ be non-empty and open in X[ and let V;,...,V, be open in X such
that 0 # V3 x --- x V,, N X"l C #. Suppose without loss of generality that there is
0 < ¢ < n where cell(V;) < n iff i <¢. By the hypothesis, V;,...,V, are discrete and so
|Vi| = cell(V;) < n for 1 <i < q. Moreover each of V,q,..., V], have cellularity > n so

for each i € {q+1,...,n}, there is a cellular family W7,... W' in V.

Since V; x - - - x V,N X4 #£ () there is (z1,...,7,) € V1 x---xV,N X4, By the hypothesis,
Vi,...,V, are all open and discrete subspaces of X, thus {{z:},...,{z,}} is cellular in

X and {z;} CV; forie{1,...,q}.

If g =n then (X, {z1},...,{z.}) N F(X) = {{z1,...,2,}} is an open subset of
Hyrs - umy sy € Vi, syn € Vi = 5.V x -+ x V, n X)) C 5.(%) (cf. Remark

6.0.0.1 and Proposition 4.2.3).

Suppose that ¢ < n. Then {xy,...,x,} intersects at most ¢ members of
{W? 1 < j < n} (as the latter family is cellular in V;) for each i € {¢+1,...,n}.

Suppose without loss of generality that {z1, ..., 2} N U, 1< <n W;’ = (.

Let us consider the following non-empty poset (as it has {Wg:ll} as an element) with the
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order being C:
W ={od C{W, :q+1<i,j<n}:0+# and ﬂd%@}
Let #; be a maximal element of # for which {W;’:ll } T, e W;jll €.

If there is j € {g+1,...,n} for which VV;]JF2 € #; then there is only one such j as
{Wit? .1 <t <n}is cellular in V5 and () #4 # 0. Suppose without loss of generality
that quj:; ¢ #i. Let #5 be a maximal element of # for which Wjj_r; € #5. Then

Wo U W1 ¢ W by maximality of #] hence (#2 N #1 = (#2 U #1) = 0.

If there is j € {¢+ 1,...,n} for which VquJ“O’ € W, U #, then there are at most 2 such j
as {WT .1 <t < n} is cellular in V43 and (#4, () # # 0. Suppose without loss of
generality that ngg’ ¢ W U¥;. Let #5 be a maximal element of # for which ngg’ € Ws.
Then W5 U W1, WsUWs ¢ # by maximality of #1 and #4, hence (\ #5N (N #LUN W) =
N5 U ) U5V H5) = 0.

Let k£ < n and suppose maximal elements #, ..., #} of # have been defined for which
O, ..., # is a pairwise disjoint family of open subsets of V11, ..., V 1, respectively.
If there is j € {g+1,...,n} for which W;Hkﬂ € UL, #4 then there are at most k such j
as {I/thJrkJrl :1 <t <n}iscellular in Vyygq and N\ #4,...,(\# # 0. Suppose without
loss of generality that qui::ll ¢ Ule W;. Let #..1 be a maximal element of # for which

quj,fj_rll € Wiy1. Then for each 1 < i < k, #,1 UW¥; ¢ # by maximality of #; and so

N W1 N Uf:l N = Uf:l NHa UH;) = 0. Thus {N#4,...,() #kia} is a pairwise

disjoint family of open subsets of V11,..., Viik, Voqry1, respectively.

One may continue this process until maximal elements #4, ..., #;,_, of #  are found such
that U,y == N #4,..., U, == [ #n—y is a pairwise disjoint family of open subsets of
Vg+1, - - -, Vi, respectively. Thus

(X {zr}, oo Az Uy - Un) N Z0(X) = {aa}y oo {2y Uggas -+ Un) N F(X)
is an open subset of {{y1, ..., Yn} 1 € Vi,.. . yn € Vi} = jn(Vix---xV,NXM) C 5,.(¥)
(cf. Proposition 4.2.3).
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Hence j, is a quasi-open map. |

Theorem 6.2.5. If X is trivial then ., j, are open.

If X has a largest non-trivial open subspace Vi which is discrete and |Vy| < n then Jn 18
quasi-open but En 18 not quasi-open.

If X has neither of these properties, the following are equivalent (in which case X has a

proper open subset with at least n elements):
1. }n 1S quasi-open.
2. If V is an open, non-discrete subspace of X then cell(V) > n.

3. If V is an open, non-discrete subspace of X with finite cellularity, then there is a
discrete (and finite) open subspace Y of V such that |Y| > n and V =Y. Moreover,

if F CY then:
VAY\F=Int(V\ (Y\F))=F if|F| <n and

mt(V\Y\F)CFU () {v.ow) fIF|=n—1)+k k>1

In particular, if k =1Y| —n+ 1:

mWV)cYu () {v,-- )

Proof. The first two statements in this Theorem follow from Lemma 6.2.1 (1) and (2).
Suppose that X does not have the trivial topology nor does it have a largest proper open

subspace Vi; which is discrete and |Vy| < n.

1 = 2: Suppose jn is quasi-open. Since X does not have a largest non-trivial open
subspace V; which is discrete and |Vyy| < n, it follows by Lemma 6.2.1 (3) that X has a
non-trivial open subspace with at least n elements. Given a proper open subspace V' of
X where |V| > n then V x --- x VN XM 2 () by Corollary 3.6.4 (1) and so by Lemma
6.2.3, cell(V) > n. Hence, cell(X) > n. Thus every open subset of X with at least n

elements has cellularity at least n.
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Consider a finite open subset F of X with [F| <n. Then F x --- x F. N X £ () so by
|F| times

Lemma 6.2.3, there is a cellular family Uj,...,Up in F, in which case Uy, ..., Up| are

the singleton subsets of F'. Thus F' is discrete.

2 = 3: Let V be a non-discrete open subspace of X which has cellularity m < N,.
By the hypothesis, |V| > n and m > n. Now V = ", U; where Uy, ..., U, is a cellular
family of irreducible subspaces of V and Inty-(U;) = U; for each i (cf. Lemma 3.3.9). For
each i, U; NV is an open subspace of U; and U; is irreducible, so U; NV = U;. Hence
V = U, U, NV, moreover for each i, U; NV is an irreducible open subspace of X.
Now cell(J/—] U; N V) = n — 1 < n, so by the hypothesis, |JI—,' U; NV is discrete and
hence |/ U;n V| =n — 1. Hence |[U; NV]|,...,|U,_y NV| = 1. Applying this process
repeatedly (on each repitition increasing the initial and final index of the union by 1) it
follows that for all i € {1,...,m}, U;NV = {y;} for some y;. Thus V has a discrete open

subspace Y := {y1,...,Ym} where {y;} = U; for all 5. Note that Y = V.

Let F CY and Gp := Int(V \ (Y \ F)).

Then:
1. Fis open in X and is a subset of V' \ (Y \ F), thus F C G.

2. If H is a non-empty open subset of Gp, then HNY = HNV #0,s0 HNY # 0,

however HNY \ F' =0, thus HN F # 0.

3. Note that V' \ Y \ F' is an open subset of G for which FF C V' \ Y \ F.

Suppose |F| < n. Suppose to the contrary that G \ F' # (. Then by Corollary 3.6.4:

Gpx Fx--x FnXIFI+H £ g

|F| times
By Lemma 6.2.4, j, is quasi-open. Moreover Gp UF # X as (GpUF)NY \ F =0 and
Y \ F # (. Thus by Lemma 6.2.3 there is a non-empty open subset H of G for which

HNF =0, a contradiction to the 2nd point above. Thus, F' = G andso F' =V \Y \ F.

Let |F| = (n—1) 4+ k where 1 <k (noting k <m — (n—1) as |F| < m).
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Suppose to the contrary that Gp \ ' (1, . cp iy, ur}

Then Gp\ (FU{y1,...,yx}) # 0 for some y1, ...,y € F. Now |[F\{y1,...,yxt| > n—1

as |F| = (n — 1) + k. By Corollary 3.6.4:

GF\{yh’yk}XF\{yhayk}XXF\{yl,,yk}ﬂX[n]#Q

By Lemma 6.2.4 and the hypothesis, jn is quasi-open. Moreover, G g \m U
F\A{y1,...,yx} # X as the former does not contain {y1,...,yx}. Since F' is discrete
as a subspace of X, it follows by Remark 3.3.9.1 that = ¢ {y,...,yx} whenever z €
F\{uyr,...,ye} and thus F\ {y1,...,y} = F\ {v1,...,y} is open in X. Thus by
Lemma 6.2.3 there is a non-empty open subset H of G \ {y1,...,ys} for which HNF\

{y1,...,yx} = 0. Tt follows that H N F = (), a contradiction.

Thus Gp C F UM, er ¥t Uk}

-----

In particular, |Y| =m = (n — 1) + (m — n + 1); thus by our workings:

Int(V) CY U ﬂ v Ym—m-1) }-

3 = 1: Itisclear that 3 = 2 is true, and so the result follows from Lemma 6.2.4. W

6.3 Infinite Cellularity in Hyperspaces

Theorem 6.3.1. Suppose that whenever V is a non-discrete open subspace of X then

cell(V')) > n. Suppose that cell(X) is infinite. If either of the following are true:

1. o Fh(X)) Ce(6) C F<n(X), or

2. ¢(Z,(X)) Cc(6) C S<n(X) and every discrete subset of X with at most n elements

1s contained in a subset of X with cellularity n,

Then:

cell(&) = cell( X)) = cell(X™) > cell(X).
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Proof. By Theorem 6.2.5, j, is a quasi-open map. By Corollary 3.5.4 and Theorem
3.6.7, cell(X) < cell(X™) < cell(X[). By the hypothesis, cell(X) is infinite. From
Proposition 3.2.2, cell(Z,(X)) = cell(X"). From Theorem 5.1.21, Cly;)(Zn(X)) =
Clp(n(F<n(X)). Thus cell(&) = cell(F<,(X)) = cell(F,(X)) = cell(X). Since in
is continuous it follows by Proposition 3.2.1 (2) that cell(F<,(X)) < cell(X™). Thus

cell(Z, (X)) = cell(X") = cell(X"). Now:

1. For the first point, by Theorem 5.1.21, Cly,;)(&) = Cly ) (F, (X)) and thus cell(&) =

cell(X™) = cell(X ).

2. For the second point, by Theorem 5.1.23, Cly;)(6) = Cly)(F,(X)) and thus

cell(&) = cell(X™) = cell(X ).

Corollary 6.3.2.
Suppose that whenever V' is an open subspace of X which is not discrete then cell(V) > n.

Suppose cell(X) is infinite and for 1 <n < w let ¢(F (X)) C ¢(6,,) C F<n(X). Then:
1. For1 <n <uw, cell(&,) < cell(&,,41).
2. If X is second-countable, then cell(&,) =Wy for all1 <n < w.

3. (MA + R} < 2%) [f cell(X) = Ry then cell(S,) = Vg for all 1 < n < w.

Proof. 1. Follows from Theorem 6.3.1 and Corollary 3.5.4.
2. Follows from Theorem 6.3.1 and Remark 3.5.3.1.

3. Follows from Theorem 6.3.1 and Proposition 3.5.8.

Corollary 6.3.3.
Suppose that whenever V' is an open subspace of X which is not discrete then cell(V) > n.

Suppose every discrete subset of X with at most n elements is contained in a subset of X
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with cellularity n. Suppose cell(X) is infinite and for 1 <n < w let ¢«(Z,(X)) C ¢(S,,) C

F<n(X). Then:
1. For1<n <uw, cell(&,) < cell(&,,41).
2. If X is second-countable, then cell(&,) =Wy for all1 <n < w.

3. (MA + R} < 2%) [f cell(X) = Ry then cell(S,) = Vg for all 1 < n < w.

Proof. Same proof as the previous Corollary. |
Corollary 6.3.4.

1. For each n < w, there is an infinite, singular cardinal k and a compact Hausdorff
space X such that whenever ¢(2,(X)) C ¢(6,,) C L<n(X) and
A(Zn1(X)) Ce(Gpiy1) C FLepnt1(X) it is true that

cell(&,,) = X < cell(S,41).

2. (GCH) For each n < w and for every infinite cardinal X\, there is an extremally

disconnected compact Hausdorff space X such that whenever
c(2,(X)) C e(6,,) C F<u(X) and c«(Zp41(X)) C c(Gpi1) C F<pi1(X) it is true

that cell(G,,) = X < cell(S,,41).

Proof. 1. Follows from Theorem 6.3.1 and Proposition 3.5.6.

2. Follows from Theorem 6.3.1 and Proposition 3.5.9.

6.4 When j,,i, are quotient maps

As is evident from the new result below, the property of i, being open or even a quotient

map is almost never satisfied.
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Theorem 6.4.1. The following are equivalent for n > 1:
1. %n 1S a quotient map.
2. The Lower Vietoris Topology on F<,(X) is equal to the Vietoris Topology.

3. X 1s trivial.

Proof. 1 = 2: Let Vi,...,V, be open in X. Then
i (i (Vi X - X V) = Usea Vsa) X - - X Vi(n) is open in X™ (cf. Remark 6.0.0.1). Since
in is a quotient map by the hypothesis, 7, (Vi x - -- x V},) is open. Since {W; x --- x W, :

Wi, ..., W, open in X} is a base for X", i,, is an open map.

Thus for any open subset U of X, (U) N .F<,(X) = i,(U") is open because U™ is open

in X” (cf. Remark 6.0.0.1). Hence the result follows.

2 = 3: Suppose to the contrary there is € X such that there is y € X \ {z}.
By the hypothesis, (X \ {z}) N .Z<,(X) is open, moreover it has {y} as an element.
Since y € {z,y} and X \ {z} is open it follows that {z,y} € (X \ {z}) N F<.(X), a

contradiction. Hence, for every z € X, m = X. Thus, X has the trivial topology.

3 = 1: Then 7, is both continuous and open and so is a quotient map. |

The following new result, Theorem 6.4.2, is needed to prove Theorem 6.4.3:

Theorem 6.4.2. [f the Lower Vietoris Topology on %, (X) is equal to the Vietoris Topol-

oqy then:
1. Fvery non-trivial open subspace of X with at least n elements is Hausdorff.

2. If F is a finite subset of X where |F| > n then X is the only open neighbourhood

of the set of minimal elements of F with respect to <.

3. If 21 >, -+ >, 2z, 15 a strictly decreasing sequence in X then X is the only open

netghbourhood of z,.
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Proof. 1. Let x,y € W where W is a non-trivial open subspace of X. Let F be an
n-element subset of W where z,y € F. Since (W)N.%,(X) is open in .%,(X), there
is Wy, ..., W,, open in X such that F' € (X, Wy,..., W,,) N.Z,(X) C (W).
Since W # X it is true that (J(X, W, ..., W,,) N.Z,(X) # X.
By Lemma 6.2.2, Wy,...,W,, is cellular in X, m = n and FF = Y, FNW,
where |F'NW;| =1 for all i. Let W,, W, be the members of {W;,...,W,,} where

{x}y =W,NnF, {y} =W, NF. Then W, N W, =0.

Thus W is Hausdorfl.

2. Let M be the set of minimal elements of F with respect to <,. If V is a non-trivial
open in X where M C V then F C V and so by the previous point V is Hausdorff,

a contradiction. Thus the result follows.

3. Follows from the previous point.

The following new result, Theorem 6.4.3, generalises Proposition 6.1.2 by Costantini et

al.

Theorem 6.4.3. Suppose that whenever x,y € X are distinct, there is a non-trivial
open subset V' of X with at least n elements such that x,y € V. Then the following are

equivalent:
1. §n 18 a quotient map.
2. The Lower Vietoris Topology on %,(X) is equal to the Vietoris Topology.
3. X s Hausdorff.

4. {V1, .., Vo) N (X) - Vi, ..V, cellular in X} is a base for #,(X) and

(Vi x - x Vi Vi,...,V,, cellular in X} is a base for X",
5. jn is a perfect (n!-fold) covering map.
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Proof. 1 = 2: Similar to the proof of 1 = 2 in Theorem 6.4.1.
2 = 3: Follows from the hypothesis and Theorem 6.4.2 (1).
3 = 4: See Proposition 6.1.2.

4 = 5: By Proposition 6.1.2 jn is a (n!)-fold covering map. Since jn has compact

fibers, the result will follow if jn is a closed map, which is shown below.

Let {x1,...,2,} € Z,(X) and let % be open in X" such that j-'({z1,...,2,}) C %.
Let § € A. There is a cellular family V?,...,V? in X such that (s51), - - - Tsmy) €

VP x -« x V? C % (By the hypothesis). For each i € {1,...,n}, z; = z55-10:)) € ‘/;55—1(1')'
Let Vi := (Nsea ‘{;‘Zl(i). Then V; is open (as A is finite), moreover z; € V;.

Hence for each § € A, (z501), ..., %sm)) € Vsay X -+ X Vi) € % .
Thus, j; ((Viy .o, Vi) N Z0(X)) = Usea Vi) X - -+ X Vsny € % (cf. Remark 6.0.0.1) and

(21, an} € Vi, Vi) 0 Zn(X).

Thus 7, is closed. |

6.5 An Example

The following Example 6.5.0.1 shows that in Theorem 6.3.1, one cannot drop the assump-
tion that X has infinite cellularity. In particular X may be Tj, non-sober, non-77 and

have finite cellularity while the following are true:
° jn is quasi-open.
o cell(X™) > cell(X) > cell(#,(X)) = 1.
e X satisfies the 3rd point of Theorem 6.2.5 in a non-trivial fashion.

e For any m > 1, j,, is not a quotient map and the Lower Vietoris Topology on

Zm(X) is not equal to the Vietoris Topology.
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Example 6.5.0.1. Let X :=Y U Z where Y := {y1,...,y,} and Z is infinite. Suppose
X has the partial order defined by: z < y,...,y, for all z € Z. Consider the upper
interval topology on X. Given 1 <i <mn, {y;} = X\ 1 {y;: j# i} isopen and so Y is a
discrete open subspace of X where Y =| Y = X. Since cell(Y) = n (cf. Remark 3.3.9.1),

it follows that cell(X) = n.

Let W be a discrete, open subspace of X. Then |W| = cell(W) < cell(X) = n. If
WNZ #0then WNZ  WNY (as W is discrete, see Remark 3.3.9.1) and so WNY = ;
this would mean that X \W =Y U(Z\W) is closed so YU(Z\W) =| (YU(Z\W)) = X,

a contradiction. Thus W C Y.

Let V be a non-discrete open subspace of X. Then V € Y so VN Z # (). Since

Z =N + {vi} = Ni_, {vi}, it follows that Y C V. Thus V = X =Y and cell(V) = n.
Thus every open set T in X must satisfy Y C T or T'C Y. Hence:

L VAY\O=0=TInt(V\(Y\D)).

2. f1<|F|<nthen VA\Y\F=V\(ZU{Y\F)=F=Int(V\ (Y \F)): let
T be an open subset of X that is a subset of V' \ (Y \ F), then T C Y (from the

workings), so T' C F.
3. Int(V)=X=YUZ=Y U, {2}
Thus by Theorem 6.2.5, J,, is a quasi-open map.
Note that Z = X \ Y is closed. Given zy,...,x,, € X, either:
1. z1,...,2y € Z in which case | {z1,..., 2z} ={z1,..., 2} 2 Z or
2. x; € Y for some i, in which case, | {z1,...,2,} 2 ZU{x;} D Z.

Thus Z is irreducible (cf. Corollary 3.3.3). However Z is not the closure of any point in

X; thus X is not a sober space and is also not a Tj-space as | {y;} # {v;} for any i.

Now cell(X") = cell(X)" = n™ > 1 = cell(.:#,,(X)) (cf. Corollary 3.5.12 and Corollary
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5.1.18). Thus the result in Theorem 6.3.1 is not always true when cell(X) is finite, even
if the condition “whenever V is a non-discrete open subspace of X then cell(V) > n” is

satisfied.

Let ,y € X be distinct. For any z € Z where 2,y # z then 2,y € X \ {2z} = X \ {z}
and X \ {2} is infinite. Thus for any m > 1, it follows by Theorem 6.4.3 that j,, is not
a quotient map and the Lower Vietoris Topology on .%,,(X) is not equal to the Vietoris

Topology.
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Chapter 7

Sobriety and Separation Axioms in the

Lower Vietoris Topology

7.1 T, Sobriety and T

In this section, the study of the Ty separation axiom and the sober property in the Lower
Vietoris Topology that was started in Chapter 4 and Chapter 5, Section 5.2 respectively
is continued. The Tp separation axiom is also investigated in the Lower Vietoris Topol-
ogy, due to its relationship with sobriety (cf. Proposition 7.1.1). The new results are

summarised below.

It is determined when ¢(&) is Tp in the case that X is Ty and ¢(Z¢(X)) C ¢(6) (cf.
Theorem 7.1.2). Assuming that X is Tp, it is proven that X is Tp iff ¢(.% (X)) is T (cf

Corollary 7.1.3); moreover the T axiom in 2% is characterised (cf. Theorem 7.1.4).

For each n > 1, it is shown that the Ty and Tp axioms (and the “sober” and “sober
and Tp” properties) are equivalent in the hyperspace .%,(X) and the Ty axiom in this
hyperspace (resp. the “sober” property in this hyperspace) is characterised in terms of

the properties of X (cf. Theorem 7.1.6, Corollary 7.1.7 (1) and (2) and Lemma 7.1.5).
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An interesting observation is noted in Corollary 7.1.7 (3) that if n > 2 and .%,,(X) is Tj

(resp. sober) then .%,,(X) is Tp (resp. sober and Tp) for all m € N.

Some examples are given at the end of this section (cf. Examples 7.1.7.1 - 7.1.7.5) to

illustrate that these results cannot be improved.

Definition 7.1.0.1. [1, Definition 3.1] X is a Th-space (or simply X is Tp) if for each
ze X, {z} \ {z} is closed in X, equivalently, {z} is open in {z}.

Every Tp-space is a Ty-space and every Ti-space is a Ty-space (|1, p. 34]).

See Definition 7.1.4.1 for an example of a Tp-space which is not a T-space and an example
of a Ty-space which is not a Tp-space.

Examples 7.1.7.1 and 7.1.7.2 describe Tp-spaces which are not sober. See [46, Chapter I,

3.1, 3.2, 3.3] for an example of a sober space which is not Tp.

Remark 7.1.0.1. If X is Tp then every subspace is also Th:
If A is a subspace of X, then for each z € A, Cly({z})\ {z} = ({z} \ {z}) N A is closed

in A because {x} \ {z} is closed in X.
Proposition 7.1.1. [28, Theorem 2.2 (b),(d)] The following are equivalent:
1. Fvery subspace of X is sober.

2. X 1s a sober Tp-space.

Theorem 7.1.2. Suppose that ¢(Z¢(X)) C c¢(S) and X is Tj.

The following are equivalent:
1. ¢(6) is Tp.

2. For each A € ¢(&), there is a discrete, open finite subset F' of A such that A= F.

Proof. 1 = 2: Let A € ¢(6). By the hypothesis there are Vi, ..., V,, open in X such

that:

{A} = <X’ Vi, Vm> A CIL(T)|C(G)({A})
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=(X,Vi,..., Vi) N (A) N¢(S) (cf. Proposition 4.2.6)

= (A ANV, ..., ANV,) Ne(S). (cf. Corollary 4.1.2)
By Lemma 4.1.4, there is a cellular family {U;, ..., U} in A such that:
0#£ (AU, ...,U)Ne(6) C(A ANV, ..., ANV, Ne(6).

Thus (A, Uy,...,Ux) Nc(S) = {A}. Let x,y € U; for some i. Then z,y ¢ m as
UiNU;. Uj = 0 and U; is open. If {z} # {y} then without loss of generality, y ¢ {x}
soy ¢ W hence W # A. However, U; N W # () for all
t, a contradiction. Thus {z} = {y} whenever z,y € U; for some i. Since X is Ty by the

hypothesis it follows that for each i, U; = {x;} for some z; € U,.

Let F = J{, U;. Then F is finite and discrete as a subspace of X so F € ¢(2;(X)) C
¢(&). Hence:

Fe(AU,...,U)Nnc(®)={A}.
Thus A = F. Moreover F is open in A as a union of open sets in A.

2 = 1: Let A € ¢(6). By the hypothesis, there is a discrete open finite subset F' of A

such that F' = A. Let {x1,..., 2} be the elements of F; since F is discrete, {x;} is open

in F' and hence in A for each i (as F' is open in A). For each i, let V; be an open subset

of X for which V; N A = {x;}. If there is G € ¢(&) for which G C A and xq, ...,z € G,

then F C G and hence G = G = A. Thus:

(X, Vi, ., Vi) N Cluryee) {A)) = (A {z1}, - {oe}) Ne(S)  (See working above)

={4}.

Thus ¢(S&) is Tp. [ |

Remark 7.1.2.1. The T assumption of the previous Theorem is essential to verify that

the F' constructed in the forward direction of the previous proof is actually finite.

Corollary 7.1.3. If X is Ty then X is Tp iff ¢(F (X)) is Tp.
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Proof. = : Suppose X is Tp. Let F' be a finite subset of X. By Remark 3.3.9.1 there
is a discrete subset G of F where G = F. Since X is Tp, {2} \ {z} is closed in X for each
z € G. Since G is discrete, it follows by Remark 3.3.9.1 that G N, {z} \ {z} =0, i.e.
G\GD UIeGm\ {x}. This is clearly an equality, i.e. G\ G = UxeGm\ {z}. Thus

G is open in G.
By the previous Theorem 7.1.2, ¢(.# (X)) is Tp.

<= : Suppose ¢(.Z (X)) is Tp. Then ¢(#1(X)) is Tp as a subspace of a Tp-space
(cf. Remark 7.1.0.1). By Corollary 4.3.4 (2) and the hypothesis, X is homeomorphic to

c(Z1(X)). Thus X is Tp. [ |

Corollary 7.1.4. If X is Ty then:
2% s Tp

iff 2% is sober and Tp

iff o(Z (X)) is sober and Tp.

iff X 1s Tp and every closed set is the closure of some finite set in X.

Proof. Suppose 2% is Tp. It is also sober by Corollary 5.1.13. Hence every subspace
of 2% is sober (cf. Proposition 7.1.1) and Tp (cf. Remark 7.1.0.1), including ¢(.Z (X))
and ¢(Z, (X)) for every n € N. Since X is Ty by the hypothesis, the previous Corollary
7.1.3 implies that X is Tp. By Corollary 5.2.17, X is sober and every subset of X has
finite cellularity. Thus every closed set in X is the closure of some finite set in X (cf.

Proposition 3.4.1).

Conversely, if X is Tp and every closed set is the closure of some finite set in X then by

Corollary 7.1.3, 2% = ¢(Z (X)) is Tp. |

Definition 7.1.4.1. |1, Definition 3.2, Theorem 3.2] X is a Tr-space (or simply X is Tr)
if y € {x} \ {z} implies {y} is closed for all z € X.
Every T'-space is Tp and every Tr-space is Ty ([1, p. 34]).

The Tp and Tr axioms are independent of each other as illustrated by [1, Example 4.1]
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(which describes a Tr-space that is not a Tp-space) and [1, Example 4.4] (which describes

a Tp-space that is not a Tr-space).
Remark 7.1.4.1. If X is a Tj-space where all point-closures are finite, then X is also a
Tp-space: given z € X, {w}\ {z} = Uye@\{m}{y} = Uyg@\{x} {y} is closed in X.

Lemma 7.1.5. If %,(X) is Ty for some n > 1 then X is Tp and Tr and |{z}| < 2 for

every x € X.

Proof. Let y € X such that {y} is not closed.

Suppose to the contrary that {y} \ {y} has at least two distinct elements z;, zp. Let
Tl Tng € X \ {y, 21,22} be pairwise distinct. Then {y,2z1} U {z1,..., 2,2} and
{y, 22} U {x1,..., 2,2} are distinct members of .%,(X) with the same closure in X,

which contradicts Theorem 4.4.1.
Thus {y} \ {y} consists of a single element, .

Suppose to the contrary that {z} is not closed. Then {z} = {y,2z} = {y}. Let
T1,. .., Tp1 € X\{y, 2} be pairwise distinct. Then {y}U{xy,..., zp_1}, {z}UH{z1, ... 201}
are distinct members of .%, (X)) with the same closure in X, which contradicts Theorem

4.4.1.
Thus {z} is closed.

Hence X is a Tp-space and |[{z}| < 2 for all # € X. By Remark 7.1.4.1, X is a T)p-
space. |
Theorem 7.1.6. 1. The following are equivalent:
(a) Fo(X) is To.
(b) X is Ty and for every x € X, [{z}| < 2.
(c) Fo(X) is Tp.
2. If n > 2, then the following are equivalent:
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(a) F.(X) is Tp.
(b) X is Ty or there is ¢ € X such that {c} = {y} \ {y} for all y € X such that
[y}l > 1.

(¢) Fo(X) is Tp.

Proof. 1. a = b: Follows from the previous Lemma 7.1.5.

b = ¢ Suppose that {z,y} # {z,w}, where x # y and z # w. Suppose without

loss of generality that z ¢ {z,y}.
If [z, 93] = 2, then (2,9] = {x,y} # (= 0] (since = ¢ {z.4}).
Suppose that [{x,y}| > 2.

If {z} N {x,y} # 0, then since X is a Ty-space by the hypothesis, either z ¢ {z} or

z ¢ {y} and thus z € {z,w} \ {z,y}, thus {z,w} # {z,y}.

Suppose that z,y ¢ {z}. Since [{w}| < 2 by the hypothesis and |{z,y}| > 2,

it must be the case that {z,y} ¢ {w} and hence either = ¢ {w} or y ¢ {w},

respectively implying that x € {z,y} \ {z,w} or y € {z,y} \ {2z, w}. In either case,
{z,y} # {zw}.

Thus in all cases, {z,y} # {z, w}.

By Theorem 4.4.1, .%5(X) is Ty. Hence .#5(X) is homeomorphic to ¢(.#2(X)) by

Theorem 4.3.3.

By Lemma 7.1.5, X is a Tp-space. By Corollary 7.1.3, ¢(# (X)) is a Tp-space;
by Remark 7.1.0.1, ¢(.%3(X)) is a Tp-space. Thus %»(X) is Tp (by the previous

paragraph).

¢ = a: Every Tp-space is Ty (cf. Definition 7.1.0.1).

2. a = b: By the previous Lemma 7.1.5, X is a Tp-space and |{z}| < 2 for every

z e X.
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Suppose that X is not a Tj-space. If there is only one element y of X where {y} is

not closed then {y} \ {y} = {c} for some ¢ € X and so the conclusion is satisfied.

Let y, 2 € X be distinct such that [{y}|, [{z}| > 1. Since |{y}],|{z}| < 2 and X is
Tp, there are k,1 € X such that {k} = {y} \ {y} and {I} = {2} \ {2} are closed in
X. Thus [ # y and k # z. Suppose to the contrary that k # . Let x1,...,2, 3 €
X\ {y, 2z, k, 1} be pairwise distinct. Then the sets {y, z,k} U {z1,...,2,-3} and
{y,z, 1} U{xy,...,x 3} are distinct members of .%,(X) with the same closures in
X, which contradicts Theorem 4.4.1. Thus, k = [ and so {y} \ {y} = {z}\ {z};
moreover these sets consist of a single element.

b = c: Suppose that F' # G where |F| =n = |G]|.

If X is a Tj-space then F = F # G = G.

Suppose X is not a Tj-space. By the hypothesis there is ¢ € X such that {c} =
{y} \ {y} whenever y € X and |{y}| > 1.

Since G, F are distinct finite sets with the same cardinality it follows that G\ {c} #
Let # € G\ {c}. There is z € G such that z € {z}. If z # = then |[{z}| > 1 so
{z} = {z ¢}, hence = = ¢, a contradiction to the assumption that z # ¢. Thus
r=z¢€ G\{c}. Thus G\{c} = G\ {c}. Similarly it is true that F'\ {c} = F\ {c}.
Thus G \ {c} # F \ {c} and hence G # F.

Thus .%,(X) is a Ty-space by Theorem 4.4.1. Hence .%,(X) is homeomorphic to

c(F,(X)) by Theorem 4.3.3.

By Lemma 7.1.5, X is a Tp-space. By Corollary 7.1.3, ¢(Z# (X)) is a Tp-space;
by Remark 7.1.0.1, ¢(.%#,(X)) is a Tp-space. Thus .%,(X) is Tp (by the previous

paragraph).

¢ = a: Every Tp-space is Ty (cf. Definition 7.1.0.1). [ |

Corollary 7.1.7. Let n > 1.
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2. Fn(X) is sober iff F,(X) is sober and Tp.

3. Ifn > 2 and F,(X) is Ty (resp. sober) then F,,(X) is Tp (resp. sober and Tp)

for all m € N.
4. If Z,(X) is sober then X is sober, Tp, Tr and ]m| <2 forallxeX.

5. The following are equivalent:
(a) Fo(X) is sober.

(b) X is sober and for every x € X, |{z}] < 2.

6. If n > 2, then the following are equivalent:
(a) Fn(X) is sober.
(b) X is sober and either X is Ty or there is ¢ € X such that {c} = {y} \ {y} for

all y € X such that |{y}| > 1.

Proof. Points 1, 2 and 3 follow from Theorem 7.1.6. Point 4 follows from Lemma 7.1.5

and Theorem 5.2.7. Points 5 and 6 follow from Theorem 5.2.7 and Theorem 7.1.6. [ ]

Example 7.1.7.1 (X is not sober but is Tp and Tr while for every n > 1, %, (X) is Tp
but is neither sober nor 71).

Suppose that X = Y U {c¢} where Y is infinite and consider the partial order < on X
where ¢ < y for all y € Y. Consider the upper interval topology on X. Now X is an
irreducible Ty-space as for zq,...,z, € X, X # U?:lm (cf. Corollary 3.3.3). Thus by
Theorem 7.1.6 .%,(X) is Tp for every n > 1. By Lemma 7.1.5, X is Tp and Tx. Since
X #| = {x} for any = € X, it follows that X is not sober. By Corollary 7.1.7, .%,(X)

is not sober.

Let y1,...,y, € Y. Then {y1,...,yn—1,c} and {y1,...,y,} are distinct members of
Zn(X) where the closure of the former in X is contained in the closure of the latter in

X. Thus (¢(#,(X)), C) is not an antichain so by Corollary 4.4.3, %, (X) is not 7.
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Example 7.1.7.2 (X is not sober but is Tp and T, %5(X) is Tp but neither sober nor
T, and %, (X) is not a Ty-space for n > 2).

Let X = NU(N x N) and consider the partial order defined by = < (x,7) whenever i < x
and i,z € N. Consider the upper interval topology on X. For each z,i € N, m = {x}

and {(z,7)} = {(x,7),x}. Since X is Ty it follows by Theorem 7.1.6 that .Z5(X) is a

Tp-space. By Lemma 7.1.5, X is Tr and Tp. However for n > 2, if x,y are distinct

natural numbers then {(x, )} \ {(x,i)} = {z} # {y} = {(y, 1)} \ {(y,9)}; hence #,(X) is

not a Ty-space by Theorem 7.1.6. Using a similar argument as in Example 7.1.7.1, X is

not a sober space and thus by Corollary 7.1.7, .%5(X) is not a sober space.

{(1,1),1} and {(1,1),(2,1)} are distinct members of %5(X) where the closure of the
former in X is contained in the closure of the latter in X. Thus ¢(.%3(X)) is not an

antichain so by Corollary 4.4.3, .%5(X) is not T7.

Example 7.1.7.3 (X is sober, Tp, Tr and not 77 while .%,,(X) is sober, T and not T}
for every n > 1).

Consider X := RU{.L} where the open sets are the same as in R with the usual topology.
Then {z} = {z, L} for each  # L and {L} = {L}. Thus X is not T}. Let A be a non-
empty closed irreducible subset of X. Suppose to the contrary A contains real numbers
x < y. Then (y,00) N (—o0,z) N A =0, a contradiction to the irreducibility of A. Thus
A must contain at most one real number. Hence A = {z} for some real number  or
A={1} ={L}. Thus X is sober. By Corollary 7.1.7 (5) and (6), .%,(X) is sober and

Tp for every n > 1. By Corollary 7.1.7, X is Tp and T.

Let n > 1. Then {1,...,n— 1,1} and {1,...,n} are distinct members of .%,(X) where
the closure of the former in X is contained in the closure of the latter in X. Thus

c(Z#,(X)) is not an antichain so by Corollary 4.4.3, .%,(X) is not T7.

Example 7.1.7.4 (X is sober, Tp, Tr but .%,(X) is not T, for n > 1).
Adjust the previous Example 7.1.7.3 by adding the point 1" to X. Then X is still sober,

Tp, Tr and not T; while by Lemma 7.1.5, .%,(X) is not Ty for any n > 1 (as if x € R

122



then {z} = {z, L, L'} has 3 elements).

Example 7.1.7.5 (X is sober, Tp, Tr, %5(X) is sober Tp but not T}, %,(X) is not Ty
for n > 2).

Consider X as in the previous Example 7.1.7.4. Consider the topology on X generated

by:
{UU{L}:U openin R, (0,00) CU}U{UU{L'}:U open in R, (—o0,0) CU}.

If U is open in X and U > L then there are sub-basic opens Vi,...,V,, where U D

N, Vi> L, hence U D N, Vi 2 (0,00).

Similarly any open in X that has L’ as an element must contain (—o0,0).
Hence for z < 0, {z}\ {z} = {1’} and for z > 0, {z} \ {z} = {L}.
Moreover, {0}, {L},{L'} are closed.

By a similar argument as in Example 7.1.7.3, it can be verified that X is sober but not
T;. By Corollary 7.1.7 (2) and (5), .%5(X) is sober and T but by Theorem 7.1.6 .%,,(X)

is not Tg for any n > 2. By Lemma 7.1.5, X is Tp and TF.

Using a similar argument as in Example 7.1.7.3, one can verify that .%5(X) is not 7T7.

7.2 Symmetry and 7} separation axioms in .%,(X)

In this section, a necessary condition is found for .%,(X) to be a non-trivial symmetric

space (cf. Theorem 7.2.4) and it is shown that .%,(X) is T} iff X is T} (cf. Theorem

7.2.5); these are new results.

Lemma 7.2.1. For U C X, .%,(U) is a trivial space iff U C F for every n-element
subset F' of U. Moreover if V- C U and %#,(U) is a trivial space then %#,(V) is a trivial

space.
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Proof. Note that for an n-element subset I’ of X:

Clr(ry 7. ) ({F}) = Zu(X) <= (F)N.Z,(X) = %,(X) (By Proposition 4.2.6)

Thus %, (X) is a trivial space
iff for every n-element subset F of X, Cly 7, x){F}) = Z,(X)

iff for every n-element subset F of X, X = F.

Thus, if U C X, then %, (U) is a trivial space
iff for any n-element subset F' of U, Cl,jy(F) = U

iff for any n-element subset F of U, U C F.

Now let V' C U and suppose .%,(U) is a trivial space. For any n-element subset G of V|
G is an n-element subset of U so V C U C G by the workings so far. By the workings so

far, Z#,(V) is a trivial space. [ |
Definition 7.2.1.1. For each n € N, let H,, := ({F : F C X and |F| =n — 1}.
Lemma 7.2.2. Let n € N. Suppose F,(X) is a symmetric space and that H, = (. Then
X 15 a symmetric space.

Proof. Let x,y € X such that z € {y}.

Let F be an n — l-element subset of X such that x ¢ F (which exists as H,, = () by the

hypothesis). Hence y ¢ F as z € {y}. Thus {z} UF,{y} UF € .%,(X).

Now, {z} UF C {y} U F because = € {y}.

Since #,(X) is a symmetric space (by the hypothesis), it follows by Theorem 4.4.1 (2)

that (¢(.#,(X)), Q) is an antichain. Thus {z} UF = {y} UF and hence y € {y} UF =

{tYUF = {2z} UF. Since y ¢ F, it follows that y € {z}.
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Thus, {y} = {=}.
Hence X is a symmetric space. |

Remark 7.2.2.1. Let n be the smallest natural number where .%,(X) is a trivial space.

Note X is trivial iff n = 1 (cf. Lemma 7.2.1). Suppose n > 1.

Then .%,_1(X) is non-trivial so by Lemma 7.2.1, there is an n — 1-element subset F' of
X where F # X. Then F is closed (otherwise FF = FU{k} = X for any k € F\ F).
Moreover, F'U {z} = X for any z ¢ F. Since X is infinite, {z} is infinite. Since .%,(X)

is trivial it follows by Lemma 7.2.1 that {z} = X.

Thus X is neither Ty nor symmetric and H,, = F'.

Lemma 7.2.3. Suppose Z#,(X) is a symmetric space. Then:
1. |H,| > niff H, = X iff Z,-1(X) is a trivial space.

2. H, # 0 iff 7,,(X) is a trivial space.

Proof. Let F be an n — 1-element subset of X for which H,, € F; let z € H, \ F'. Then

xz e F.

Let y € X\ F. Then {z} UF =F C {y} UF. Now .%,(X) is a symmetric space by the
hypothesis so by Theorem 4.4.1 (2), ¢(%,(X)) is an antichain. Hence F = {2} UF =

{yyUF. Thus y € F.

Thus X = F whenever F is an n— l-element subset of X such that H,, ¢ F. This implies

that:

H,=({F:H,CFCXand|F|=n-1}

=({F:H,CFCXand|F|=n-1}.

1. = :If|H,| >n,then {F:H, CFCX and |F|=n—1} =0. Hence, H, = X

and thus by Lemma 7.2.1, .%,_1(X) is a trivial space.
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< If %,_1(X) is a trivial space, then by Lemma 7.2.1, F = X for every n — 1

element subset F' of X; thus H,, = X so |H,| > n.

2. = : Let F be an n-element subset of X. Since H,, # () by the hypothesis, there
isx € Hy, so H, € F\ {z} and hence F'\ {z} = X (since |F'\ {z}| =n —1 and

by a previous argument in this proof). Thus, F = X.
By Lemma 7.2.1, .%,(X) is a trivial space.

<= Follows from Remark 7.2.2.1. [ ]

Thus,

Theorem 7.2.4. If %,(X) is a non-trivial symmetric space, then H, = () and X is a
symmetric space.

Proof. Follows from the previous two Lemmas 7.2.2 and 7.2.3. [ ]
Theorem 7.2.5. .%,(X) is a Ty-space iff X is a T}-space.

Proof. — : Since .%,(X) is a Ty-space, X is also a Ty-space by Theorem 7.1.6. More-

over, #,(X) is a non-trivial symmetric space, so X is a symmetric space by the previous

Theorem 7.2.4. Thus X is a T}-space.

<= Let X be a Tj-space. Then Z,(X) = ¢(.Z,(X)) so (¢(F,(X)), <) = (Fn(X), Q)

is an antichain. Hence, by Corollary 4.4.3 (1), .%,(X) = ¢(.%,(X)) is a T}-space. [ |

7.3 Preregular and Hausdorff properties in .%,(X)

In this section, necessary and sufficient conditions for .%,,(X) to be a non-trivial preregular
space are determined in terms of the properties of X (cf. Theorem 7.3.5, Corollary 7.3.6).

Examples 7.3.6.1, 7.3.6.2 are provided to illustrate that the results cannot be improved.
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The section concludes with a verification that for each n € N, %, (X) is Hausdorff iff X

is Hausdorff (cf. Theorem 7.3.7).

The interest in studying preregular spaces is that every preregular (resp. Hausdorff)

space is quasi-sober (resp. sober).

Definition 7.3.0.1. [47, p. 17| X is said to be a prereqular space if whenever z,y € X
such that {z} # {y} then there are disjoint open subsets V, W of X such that z € V and
yeWw.

A preregular space is also called an R;-space and was introduced as such by A.S. Davis
in [10, p. 889], where the preregularity separation axiom is called a regularity axiom. See

also [46, Chapter I, 4.5].

Remark 7.3.0.1. If X is trivial, then X is an irreducible preregular space from the
definitions. Conversely if X is an irreducible, preregular space, then no two opens of X
are disjoint, so X cannot have two elements with distinct closures and thus X is a trivial

space.
Proposition 7.3.1. 1. Fvery subspace of a preregqular space is preregqular.
2. Every prereqular space is quasi-sober and symmetric.
3. 36, 1.6 Lemma (ii), p. 43| Every Hausdorff space is sober.

4. |46, 4.5.2] X is Hausdorff iff X is preregular and T.

Proof. 1. Let U be a subspace of a preregular space X. Let z,y € U such that

Clyv({z}) # Clyy({y}). Then {z} NU # {y} N U so {z} # {y}. Since X is

preregular by the hypothesis there are disjoint open sets V. W such that x € V,
y € W. Hence VNU, WNU are disjoint opens in U where x € VNU and y € WNU.

Thus U is preregular.

2. Let A be a non-empty closed irreducible subspace of a preregular space X. Now A

is preregular by the previous point, so A must be a trivial space by Remark 7.3.0.1.
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Hence there is some x € A where A = Cl;4({z}) = {2} N A, which is equal to
m as A is closed. Thus X is quasi-sober. The fact that a preregular space is

symmetric is given in [10, p. 889,890] and [46, p. 9]. [ |

The result in the following Proposition 7.3.2 is a generalisation of the result in [3, Chapter

I, §8.1, Proposition 3|.

Proposition 7.3.2. Suppose that X s a preregular space and that % is a base for X.
Given elements x1,...,x, of X where n > 1 and {x;} # {x;} whenever i # j, there is a

cellular subfamily {V1,...,V,,} of B such that x; € V; for alli € {1,...,n}.

Proof. The result is proved by induction on n > 2.

For n = 2: Let x1,x9 € X such that {z1} # {z2}. Since X is a preregular space by the
hypothesis, there are disjoint open subsets V, W of X such that z; € V and z, € W.
There are By, By € % such that x; € B; C V and 2o € By C W. Hence, B; N\ By = )

since VW = 0.

Suppose that n > 2. Suppose that for every k € N such that 2 < k < n, if z1,...,z; are
elements of X such that {z;} # {x;} whenever i # j, then there is a cellular subfamily

{Vi,...,Vi} of & such that x; € V; for all i € {1,... k}.

Let x4, ..., x, be elements of X such that m +# m whenever i # j. By the induction
hypothesis, there is a cellular subfamily {Vi,...,V,_1} of # such that z; € V; for all
ie{l,...,n—1}. Foreachie {1,...,n—1}, {z,} # {x:}, so by the induction hypothesis
there is a cellular subfamily {U;, W;} of 2 such that z, € U; and x; € W;. Hence
z, € (i, Ui, so there is U € % such that z,, € U C (;_, U;. Foreachi € {1,...,n—1},
since x; € W; NV;, there is Y; € # for which z; € Y; C W; N V;. By construction,
{Y1,...,Y,_1,U} is a subfamily of 4; it needs to be verified that this is a cellular family.

For distinct 4,5 € {1,...,n — 1}, V;N'V; = 0 by assumption, thus:
iny; c(WnVi)n(W;nV;) =W,nW)n(VinV;) =W,nW;)nd =0,
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hence

Y;NY; =0.
Forie {1,...,n—1}, W;NU; = 0 by assumption, so W; N U = @ (since U C U;). Thus:
Y,NUCW;nV,nU =9.

Thus:

Y,NU = 0.

Thus {Yi,...,Y,_1,U} is a cellular subfamily of % such that for each i € {1,...,n— 1},

r; € Y;and z, € U.

Thus it has been proved by induction that for every n € N such that n > 1, if zq,..., 2,
are elements of X such that {z;} # {z,} whenever i # j, then there is a cellular subfamily

{Vi,...,V,,} of # such that z; € Vj for all i € {1,...,n}. [ |

Lemma 7.3.3. Suppose %,(X) is a preregular space. The following statements are

equivalent for U C X :

1. Z,(U) is a trivial space.

2. cell(U) < n.

3. U =F for some F C U such that |F| < n.

4. UCF for some F C X such that |F| =n.
Proof. 1 = 2: By Lemma 7.2.1, for every n-element subset F' of U, U = Cl;jy(F) and
hence cell(U) = cell(F) < |F| = n.

2 = 3: By Proposition 7.3.1, #,(X) is a quasi-sober space and hence by Corollary

5.2.8 X is a quasi-sober space. Hence this statement follows from Proposition 3.4.1.

3 = 4: Obvious.
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4 = 1: Note that cell(F) < |F| = n. By Corollary 5.1.18, .%,(F) is an irreducible
space, moreover it is preregular by Proposition 7.3.1 (1). Thus by Remark 7.3.0.1, .%,(F)

is a trivial space. By Lemma 7.2.1, .%,(U) is a trivial space. [ |

Recall that Remark 7.2.2.1 shows that X may not be symmetric while .%,(X) is trivial
(and thus preregular). Thus the requirement that .%,,(X) be non-trivial in the following

Lemma 7.3.4, Theorem 7.3.5 and Corollary 7.3.6 is essential.

Lemma 7.3.4. If %,(X) is a non-trivial prereqular space then X is a prereqular space.

Proof. Suppose to the contrary that X is not a preregular space while .%#,(X) is a non-
trivial preregular space. Then there are z,y € X where {z} # {y} and whenever V, W

are open subsets of X such that € V and y € W then VNW # 0. (x)

By Proposition 7.3.1 (2), #,(X) is a symmetric space. Since this space is non-trivial (by

the hypothesis) it follows by Theorem 7.2.4 that X is a symmetric space.

Suppose to the contrary that | X \ {z}| < n. Then {z}U(X \ {z}) has at most n elements
and is dense in X. But by Lemma 7.3.3, there is no subset F' of X for which |F| < n

and F = X, a contradiction. Thus, | X \ {z}| > n.

Suppose without loss of generality that = ¢ {y} and let F' be an n — 1-element subset of

X\ ({z} U {y}). Since X is symmetric, F N {z} = §. Thus, F U {z}, FU {y} € .Z,(X).

Moreover, F'U {z} # F U {y} because the latter does not contain x. By Corollary 4.2.7,
Cly )2, 0 ({F U {z}}) = Clryz,00 ({F U{y}}).
By Proposition 4.2.3, the following collection is a base for the Lower Vietoris Topology
on Z,(X):

{(X,W,...,VoyNnZ.(X):seN, Vi,..., V; are open subsets of X}.

Since %, (X) is preregular by the hypothesis, it follows by Proposition 7.3.2 that there is

m, k € N such that m < k and open subsets Vy,...,V,, and V,,,11,..., Vi of X such that:
Fu{z}e(X,W,...,Vp)NZ,(X) and (7.1)
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FU{y} € (X, Vi1, -, Vi) N Z(X)  while (7.2)

(X, Ve Vi) (. Fn(X) O (X, Vit 2 Vi) 0 (X)) = 0. (7.3)

By (7.3) and (7.2), FU{y} ¢ (X, Vi,..., V) N.Z,(X). Thus thereisi € {1,...,m} such
that V; N (F U {y}) = 0, in which case V; N (F U {z}) # 0 (By (7.1)) and thus z € V;.

Similarly, it can be shown there is j € {m +1,...,k} such that y € V}.

Thus the sets I, :={i € {1,...,m}:z e Vi}and [, :={j e {m+1,... m+k} :y eV}

are non-empty. Let U :=(),_; Vi and W :=()._, V;. Then U, W are open subsets of X

i€ly jer, Vi

such that z € U and y € W. By the assumption (x), there is u € U N W.
Let i € {1,...,k}.

1. Suppose that ¢ € I, UI,. Then x € V; or y € V;, from which it follows that U C V;
or W C V;, respectively (by definition of U, W). Hence, w € U NW C V;. Thus,
(FUfu}p)nV; #0.

2. Suppose that i ¢ I, U I,.

(a) Suppose that i € {1,...,m}. By (7.1), (FU{z})NV; # 0. Since i ¢ I, it is

true that z ¢ V; and hence F' NV, # 0.

(b) Suppose that i € {m +1,...,k}. By (7.2), (FU{y})NV; # 0. Since i ¢ I,

it is true that y ¢ V; and hence F NV # 0.

Thus in all cases F N'V; # (. This implies that (F U {u}) NV; # 0.
Thus (F U {u})NV; # 0 for all 7.

Hence:

Fu{u} € (X, Vi, Vi, Vinit,s - -, Vi) N Zn(X)
= (X, Vi, oo, Vi) (X, Viia, -, Vi) N F(X)  (By Corollary 4.1.2)
= (X, Vi, .., Vi) N Zn (X)) N (X, Vi, -, Vi) N Fn (X))
=0 (By (7.3)).
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There is a contradiction.

Thus X must be a preregular space. |

Theorem 7.3.5. Suppose Z,(X) is a non-trivial space. If X is a preregular space and
for every F,G € Z,(X), if F # G then cell(F U G) > n, then it must be the case that

Fn(X) is a preregular space.

Proof. = : By Lemma 7.3.4, X is a preregular space. Let F,G € %,(X) such that
F # G. Suppose without loss of generality that G\ F # (). Then F # F UG. By Lemma

7.2.1, #,(F UG) is not a trivial space. Thus by Lemma 7.3.3, cell(FF U G) > n.

<= Let F,G € %,(X) such that Cly) 2, x){F}) # Clur)z,.x)({G}). By Corollary
427, F # G. By the hypothesis, cell(F U G) > n. By Remark 3.3.9.1, there are
elements x1,..., 2,41 of F'UG such that {x;} # {z;} for distinct i,j € {1,...,n+ 1}.
Since X is a preregular space by the hypothesis, it follows by Proposition 7.3.2 there is
a pairwise disjoint family Vi,..., V1 of open subsets of X such that x; € V; for each

ie{l,...,n+1}.

Since |F| = |G| =n, {z1,..., 201} N F # 0 and {z1,..., 2,11} NG # 0. Thus:

Fe({X}u{Vi:x; e F}) = and Ge€ ({X}U{V,:2, € G}) =: o while

(e N Fp (X)) N (e N Fp(X)) = (dr N dg) N Fp(X)
=(X,V1,...,Vor1) NZ(X) (By Corollary 4.1.2)
=0
By Proposition 4.2.3, @7x N.%,(X), 9o N .%,(X) are non-empty open subsets of .7, (X).
Thus .%,(X) is a preregular space. [ |

Corollary 7.3.6. The following statements are true:

1. Suppose X 1is a prereqular space. Suppose there is n € N such that for every
F,G C X where |F| = |G| =n, if F # G then cel(FUG) > n. Then %,(X) is a

prereqular space.
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2. If there is n € N such that Z#,(X) is a non-trivial prereqular space, then X must
be a prereqular space and for every F,G C X where |F| = |G| =n, if F # G then

cel(FUG) > n.

The conditions in Corollary 7.3.6 are independent of each other, as are shown here.

Example 7.3.6.1. The condition “for every F,G € .%,(X), if F # G then cell(FUG) >
n” is obviously true for every n € N when X is a Tj-space, in particular when X is
an infinite set with the co-finite topology. In this case, X is irreducible and non-trivial
and thus X is not a preregular space. Moreover %, (X) is a non-trivial space. Thus by

Corollary 7.3.6 (2), #,(X) is not a preregular space.

Example 7.3.6.2. Let n € N such that n > 1. Consider X as the topological space
with N as an underlying set and whose closed sets are generated by {1,...,n} and its
complement in X; these are then the only non-trivial closed sets in X as well as the only
non-trivial open sets in X. If p,q € X and @ #* @, then without loss of generality,
{p} ={1,...,n} and {q} = X \ {1,...,n}; these are disjoint open subsets of X. Thus

X is a preregular space with irreducible components {1,...,n} and X \ {1,...,n}.

The non-trivial closed sets are irreducible while X has cellularity 2 (cf. Lemma 3.3.9).
Hence, the union of the closures of any n-element subset cannot have cellularity greater
than 2, and hence not greater than n. Thus the condition “for every F,G € %,(X), if

F # G then cell(F UG) > n” is not satisfied for n > 1.

Thus, X may be a non-trivial preregular space while the condition “for every F,G €
Fn(X), if F # G then cell(FUG) > n” is not satisfied for any n > 1; in this case ., (X)

is a non-trivial space which is not a preregular space (cf. Corollary 7.3.6 (2)).
Theorem 7.3.7. The following statements are true:
1. If X is a Hausdorff space, then %,(X) is a Hausdorff space for every n € N.

2. If Z,(X) is a Hausdorff space for some n € N, then X must be a Hausdorff space.
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Proof. 1. Suppose X is a Hausdorff space. By Lemma 3.3.10, if F,G C X and |F| =
|G| = n where F # G then F,G are discrete subsets of X and so cell(F U G) =
|FFU G| > n. By Proposition 7.3.1 (4), X is a preregular T space. By Corollary
7.3.6 (1), #,(X) is a non-trivial preregular space. Moreover by Theorem 7.2.5,

Fn(X) is a Ty-space and thus a Tp-space. Thus, .Z#,(X) is a Hausdorft space by

Proposition 7.3.1 (4).

2. Suppose Z,(X) is a Hausdorff space for some n € N. Then .%,(X) is a Tj-space,
so by Theorem 7.2.5, X is a Tj-space and hence a Ty-space. Moreover, .%,,(X) is a
non-trivial preregular space by Proposition 7.3.1 (4). Thus X is a preregular space

by Corollary 7.3.6 (1). By Proposition 7.3.1 (4), X is a Hausdorff space.

Corollary 7.3.8. X is Ty iff #,(X) is Ty for alln € N.
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Glossary

Tp-space A topological space X where {z} \ {z} is closed for each z € X. 115
Tp-space A topological space X where y € {z} \ {z} implies {y} is closed. 117
k-c.c. See k-chain condition. 3, 32

k-chain condition A topological space X has the x-chain condition if cell(X) < &, i.e.

if every cellular family in X has less than « elements. 3, 32

(k-fold) covering map A continuous function f : X — Y where for any y € Y there
is an open neighbourhood U of y in Y such that there is a cellular family 7 in
X so that f7}(U) = U? and for all V € ¥, the restriction f|V : V — U is a
homeomorphism. If, in addition, there is £ € N such that the fibers of f each have

exactly k elements, then f is said to be a k-fold covering map. 98

admissible topology A topology, say expt, on Z(X) (for X a topological space)
for which the map i : X — %(X), defined by i(z) = {z} for all z € X, is a

homeomorphism. 65

almost d-finitely natural in X The property that is satisfied by a set of non-empty
subsets & of a topological space X when & is almost d-finitely natural in X of some

degree n € N. 72

almost d-finitely natural in X of degree n The property that is satisfied by a set

of non-empty subsets & of a topological space X when & is almost natural in X
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of degree n and every member of & has the same closure in X as some n-element

subset of X, for n a natural number. 71

almost finitely natural in X The property that is satisfied by a set of non-empty
subsets & of a topological space X when & is almost finitely natural in X of some

degree n € N. 72

almost finitely natural in X of degree n The property that is satisfied by a set of
non-empty subsets & of a topological space X when & is almost natural in X of
degree n and every member of & has the same closure in X as some subspace of X

with cellularity at most n. 71

almost natural in X The property that is satisfied by a set of non-empty subsets & of

a topological space X when & is almost natural in X of some degree n € N. 72

almost natural in X of degree n The property that is satisfied by a set of non-empty
subsets & of a topological space X when |X| > n and every n-element subset of X

has the same closure in X as some element of &, for n a natural number. 71

augmented n-th power For aset X, this is the subset X ™ of X" where if (21, ..., 2,) €

X[ where x; # x; for all i # j. 19
base space See hyperspace. 1

ccc See countable chain condition. 29, 32
cellular family A pairwise disjoint family of open subsets of a topological space. 29

cellularity For a given topological space X, it is denoted by ¢(X) and is the smallest
cardinal number for which |% | < ¢(X) whenever % is a pairwise disjoint family of

open subsets of X. 3, 29

co-finite topology The topology on an infinite set X given by {X\F : F' C X and F finite}.

14
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cofinality For a limit ordinal ~, the cofinality of 7y is cf v, the smallest limit ordinal e such
that there is an increasing sequence of ordinals {75 : 8 < a} where v = supg_,, Vs

28

consistent A set of sentences S is consistent if there is no sentence ¢ where both ¢ and

its negation, - is provable from S. 27

countable chain condition A poset (P, <) satisfies the countable chain condition if
every antichain in P is countable. A topological space X has the countable chain

condition if every cellular family in X is countable. 29, 32

countable complement topology The topology on an uncountable set X given by

{X\U:U C X and U countable}. 15

density For a topological space X, the density of X is d(X) = min{|A|: A = X}. 30

finite topology Alternative term for the Vietoris Topology used by Ernest Michael [44].

1

Hoare power space Alternative term for 2% with the lower Vietoris Topology. 2

hyperspace For a topological space X, this is a topological space whose underlying set is
a set of non-empty subsets of X. Then X is called the base space of the hyperspace.

1

independent A sentence ¢ is independent of a set of sentences S if both S+¢ = SU{p}

and S + —p are consistent. 27
irreducible A topological space in which every two non-empty open subsets meet. 32

irreducible component A maximal irreducible subset of a topological space. 35

lambda topology Alternative term for the lower Vietoris Topology used by Feichtinger

17]. 2
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limit cardinal A cardinal that is not a successor cardinal. 27
limit ordinal An ordinal that is not a successor ordinal. 26

local homeomorphism A continuous function f : X — Y where for any © € X there
is an open neighbourhood U of x such that the restriction f|U : U — f(U) is a

homeomorphism and f(U) is open in Y. 98

local topology Alternative term for the lower Vietoris Topology used by Effros [12, p.

931]. 2

locally finite family A family of subsets o7 of a topological space X where every x € X

has an open neighbourhood meeting only a finite number of members of 7. 35

lower semi-finite topology Alternative term for the lower Vietoris Topology used by

Ernest Michael [44, Definition 9.1]. 1

Lower Vietoris Topology For a set G of non-empty subsets of a topological space X,
this is the topology with the sub-base {(X, V)N & : V € 7}, equivalently it is the
subspace topology L(7)|& induced on & from the topology L(7) on (X)), the

latter having the collection {(X,V) : V € 7} as a sub-base. 63

natural family in X The property that is satisfied by a set of non-empty subsets & of
a topological space X when & is natural in X of degree 1, a term coined in [33,

Definition 2.14]. 72

Noetherian space A topological space X where if A; D Ay D A3 D --- is a descending

sequence of closed sets then there is N € N such that A, = Ay for all n > N. 40

perfect map A continuous, closed function all of whose fibers are compact. 31

preregular space A topological space X in which m =+ @ implies there are disjoint

opens V., W in X where x € V and y € W. 127
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quasi-open map A function f : X — Y where Inty (f(U)) # 0 whenever U is non-

empty and open in X. 31

quasi-sober space A topological space X where for every non-empty, irreducible, closed

subspace A of X, there is 2 € X such that A = {z}. 41
regular cardinal An infinite cardinal A such that A = cf \. 28

singular cardinal A non-regular infinite cardinal. 28

sober space A topological space X where for every non-empty, irreducible, closed sub-

space A of X, there is a unique x € X such that A = m 41
Souslin number See cellularity. 3, 29
Souslin problem The statement that there is a Souslin space. 3

Souslin property A topological space has the Souslin property if it has countable cel-

lularity. 3
Souslin space a non-separable linearly ordered space with countable cellularity. 3

specialisation pre-order If X is a topological space then this is the pre-order <, on

X defined bnyTyiffxemfor all z,y € X. 23

successor cardinal A cardinal of the form AT for some cardinal \, i.e. the smallest

cardinal greater than \. 27

successor ordinal An ordinal of the form aU{a} for some ordinal «, called the successor

of a. 26
Suslin number see cellularity. 29

symmetric space A topological space X in which x € {y} implies that {z} = {y} for

all z,y € X. 13
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The Sub-base Condition The property satisfied by a set & of non-empty subsets of a
topological space X when (V) N & is an irreducible subspace of & with the lower

Vietoris topology whenever V' is a closed subset of X. xi, 90

upper interval topology The topology on a partially ordered set (P, <) which has, as

a sub-base for its closed sets, the family {| {a} : a € P} U{P}. 22

upper semi-finite topology Alternative term for the Upper Vietoris Topology used by

Ernest Michael [44, Definition 9.1]. 1

Vietoris Topology For a set & of non-empty subsets of a topological space X, this
is the topology on & which has, as a sub-base, the collection {{(X,V)N& : V €

TPU{{VYNG:V e} 63

weakly inaccessible cardinal An uncountable, regular, limit cardinal. 28

weight The weight of a topological space X is w(X) = min{|#| : £ is a base for X}.
30
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