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ABSTRACT

Partial exchangeability is the fundamental building block in the subjective
approach to the probability of mulsi-type sequences which replaces the in-
dependence concept of the objective theory.

The aim of this thesis is to present some theory for partially exchangeable
sequences of random variables based on well-known results for exchange-
able sequences.

The reader is introduced to the concepts of partially exchangeable events,
partially exchangeable sequences of random variables and partially ex-
changeable o-fields, followed by some properties of partially exchangeable
sequences of random variables.

Extending de Finetti’s representation theorem for exchangeable random
variables to hold for multi-type sequences, we obtain the following result
to be used throughout the thesis:

There exists a o-field, conditiona! upon which, an infinite partially ex-
changeable sequence of random variables behaves like an independent se-
quence of random variables, identically distributed within types.

Posing (i) a stronger requirement (spherical symmetry) and (ii) a weaker
requirement (the selection property) than partial exchangeability on the
infinite multi-type sequence of random variables, we obtain results related
to de Finetti’s representation theorem for partially exchangeable sequences
of random variables.

Regarding partially exchangeable sequences as mixtures of independent and
identically distributed (within types) sequences, we (i) give three possible
expressions for the directed random measures of the partially exchangeable
sequence and (ii) look at three possible expressions for the o-field men-
tioned in de Finetti’s representation theorem.

By manipulating random measures and using de Finetti’s representation



theorem, we point out some concrete ways of constructing partially ex-
changeable sequences.

The main result of this thesis follows by extending de Finetti’s represen-
- tation theorem in conjunction with the Chatterji principle to obtain the
following result:

Given any a.s. limit theorem for multi-type sequences of independent ran-
dom variables, identically distribufied within types, there exists an analo-
gous theorem satisfied by all partially exchangeable sequences and by all
sub-subsequences of some subsequence of an arbitrary dependent infinite
multi-type sequence of random variables, tightly distributed within types.

We finally give some limit theorems for partially exchangeable sequences of
random variables, some of which follow from the above mentioned result.
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CHAPTER 1
INTRODUCTION

The phrase events are independent with unknown probability p is of no value
in the subjective approach to probability, since learning through ezperience
is of prime importance. To the objectivist independence is of fundamental
importance. Clearly the subjectivist needed a basic concept to replace the
independence concept of the objective approach.

Should independence be relaxed the next simplest thing is to continue
to regard the order of the events as irrelevant, i.e. exchangeable (also
called symmetric, permutable) events. Exchangeability, from a probabilis-
tic point of view, was first introduced by J. Haag (1924a, 1928). He gave
a slight indication (1924b, 1928) of the well-known representation theorem
for exchangeable events (see Chapter 3). A precise statement and rigorous
proof of this theorem was given by de Finetti (1932), following a paper
he published in 1931 characterizing all stochastic processes which could be
regarded as mixtures of coin tossing processes. This result was generalized
by de Finetti (1937) so as to characterize mixtures of sequences of indepen-
dent, identically distributed randcm variables. Not until the publication
of this paper was the importance of the concept of exchangeability in the
subjective approach to probability first noted. (A translation of this paper
appears in Kyburg & Smokler (1964).)

Exchangeability is the fundamental building block in the subjective ap-
proach to probability which replaces the independence concept of the ob-
jective theory. Good background reading can be found in Link (1980),
Hamaker (1977) and Goldstein (1986).

In 1938 de Finetti introduced the idea of partial exchangeability (see Chap-
ter 2), often more appropriate than exchangeability. Partial exchangeability
has not, to date, received anywhere near as much attention as exchangeabil-
ity has. This thesis aims to provide some theory for partially exchangeable
sequences of random variables, leading to limit theorems by extending well-
known results for exchangeable secuences.



In Chapter 2 examples, definitions and properties of partially exchange-
able sequences will be given.

Chapter 3 deals with de Finetti’s theorem, extended to hold for partially
exchangeable sequences. The proof, limitations and implications of this
important theorem are thoroughly discussed.

Viewing partially exchangeable sequences as mixtures in Chapter 4 we ob-
tain many more properties. Towards the end of this chapter, we construct
some partially exchangeable sequerices.

The definition of statutes in Chapter 5 leads to a whole new approach
to partially exchangeable sequences. In this chapter we obtain an exten-
sion of Chatterji’s principle (to allow multi-type sequences) and then give
some limit theorems for partially exchangeable sequences.

TERMINOLOGY AND NOTATION

The following terminology and notation will be used throughout this thesis:

R = {reals}

N = {1,2,3,...}

(k] = {1,2,3,...,k} VkeN
B(R) denotes the class of Borel sets in R.

Unless otherwise indicated S will denote a separable metrisable space.
Topological spaces will be equipped with the o-field generated by the open

sets and product spaces will be given product topologies and product o-
fields.

Let C(S) (L>®(S)) be the set of continuous (measurable), bounded, real
valued functions on S.

P(S) will denote the space of probability measures on S, equipped with
the weak topology

An = A



if and only if
li'{]J/ far=[1ax  vrec(s). (1.1)

Note that P(S) is itself a metrisable space (Parthasarathy (1967), Theorem
6.2). For measurable A C R, the map A — A(A) from P(R) — R is
measurable. Conversely (Jagers (1974)), if R is a dense subset of R, then
the collection of maps

A = A((—o0,z]) re€R

generates the o-field on P(R).

Throughout this thesis (02, A, P) will denote a probability space. A measur-
able function T : @ — S will be called a random measure when S = P(R);
a random vartable when S = R and in general a random map.

We shall denote {w;X(w) € A} by [X € A] for arbitrary random vari-
able X and Borel set A.

Let L(T) denote the joint distribution of a countable sequence of random
maps T = {T3;; ¢+ € [g], ; € N}, for some finite g € N. Write T.. 2T
for L(Tin) = L(T;), Vi € [g]. Write F(T) for the o-field generated by T
and I(A) for the indicator function of event A. For s € S, write §, for the
measure §,(A) = I(s € A).

Let ¢ € N be an arbitrary, finite number. By the term g-fold infinite
sequence we shall mean a sequence which contains an infinite number of
items of each of g types. A g¢-IIDD sequence shall mean a g-fold infinite
sequence of independent random variables, identically distributed within
types.

Vector X and matrix A will be denoted by X and r{i-’ respectively.
Statements of theorems and various other results referred to in the the-

sis will be given in Appendix Al. Conditional independence is discussed in
Appendix A2.



CHAPTER 2
PARTIALLY EXCHANGEABLE SEQUENCES

The aim of this chapter is to introduce the concept of partially exchange-
able sequences for use in further chapters. This is done by giving definitions
and examples of sequences of exchangeable events, partially exchangeable
events, partially exchangeable random variables, the partially exchangeable
o-field, proving properties of partially exchangeable sequences of random
variables and looking at sequences related to partially exchangeable se-
quences of random variables.

2.1 DEFINITIONS AND EXAMPLES
The following example gives an idea of what is meant by ezchangeable
events, an idea first introduced by J. Haag (1924a, 1928).

Consider a sequence of tosses of a single coin. There are many cases in
which probabilities within each fraquency group are equal. Suppose, for
example, the coin is tossed 9 times and HTHHTHTTH is obtained (H
= head, T = tail). The judgement of the probability of the event head on
the 10F* toss is likely to be affected by the frequency of heads and tails in
the previous 9 tosses and not by the particular order in which the heads
and tails were obtained. We are thus saying that all different sequences of 5
heads and 4 tails have the same probability and will all result in the same in-
fluence on the 10" toss. This leads to the definition of exchangeable events.

Definition 2.1 (subjective viewpcint)

A sequence of events is said to be ezchangeable if the events are symmetric
in relation to our judgement of probability, i.e. the probability that we
assign to a particular n of these events occurring depends only on n and
not on the particular events chosen.

The corresponding definition in the objective theory is:
Definition 2.2 (objective viewpoint)

A sequence of events is ezchangealle if the probability that any n of these
events occur depends only on n and not on the particular events considered.



Definitions, theorems, etc. will be considered in an objective context, the

corresponding subjective results follow by the obvious changes as demon-
strated by Definitions 2.1 and 2.2.

Now suppose g coins to be tossed. There are three different cases to be
considered:

(i) If the coins are perfectly equal, then an exchangeable sequence of
events will be generated.

(i) The extreme opposite case is that in which the g coins are all com-
pletely different. Each of the g coins will generate a sequence of
exchangeable events, with complete independence between the g se-
quences.

(iii) Between these two cases lies an intermediate case: The outcomes of
trials with one coin will influence the probability with respect to trials
with other coins, but this influence is in a less direct manner than in
(i), i.e. we have g exchangeable sequences as in (ii) but with some
interdependence between the sequences.

Case (iii) above leads to the definition of a partially exchangeable sequence
of events.

Definition 2.3

A sequence of events is said to be g-fold partially ezchangeable if the se-
quence of events splits into g types (i.e. a g-fold sequence of events) and
events of the same type are exchangeable (permutable, symmetric) in re-
lation to probabilities, i.e. the joint probability of the occurrence of a

particular n; events of type 7, ¢ € [¢], depends only on the n,’s, and not on
the particular events chosen.

Remark

Note that a g-fold partially exchangeable sequence reduces to an exchange-
able sequence in the g = 1 case.



Definition 2.4
A g-fold sequence of random variables, Z = {Z;; € [g],7 € N}, is said to
be g-fold partially ezchangeable if the joint distribution of any n; random
variables of type 7, ¢ € [g], depends only on the n;’s, and not on the partic-
ular random variables chosen.

Note that the term “g-fold” may be dropped in future discussions.

Attention will be restricted to a study of partially exchangeable sequences of
random variables rather than partially exchangeable events since partially
exchangeable events can be found as a special case of partially exchangeable
random variables, by making use of indicator functions as demonstrated be-
low:

Suppose that E = {E;¢ € [g],7 € N} is an infinite g-fold sequence of
events. Let

Then E is a partially exchangeable sequence of events if the corresponding
g-fold infinite sequence of random. variables, Z = {Z;;;t € [g],7 € N}, is
partially exchangeable.

Now let us give a detailed definition of a g-fold partially exchangeable se-
quence of random variables for the finite as well as the infinite case.

Definition 2.5
Z = {Zij;j € [ni],7 € [g]} is said to be a (g-fold) finite partially ezchange-
able sequence of random variables if

L(Z) = L(Z,)

where

Zf = {Zir;(j);j € [ni]ai c [g]}
ni<oo, n,€N Vi€]g]
m; is any permutation cf {1,2,...,n;} Vi€ [g] .

In order to get the corresponding result for an infinite sequence of random
variables we need the following definition.



Definition 2.6
A finite permutation of {1,2,...} is a map 7 : N — N such that

# {35m(i) # 4} < o0

i.e. 7 only permutes finitely many elements of the sequences, infinitely
many retaining their original positions.

Definition 2.7
Z ={Z;; i€lg], j € N}issaid to be a (g-fold) infinite partially ezchange-
able sequence of random variables if

L(Z) = L(Z,)
where
Z, = {Zir,-(j); 1€ [g])] € N}
for each finite permutation =; of {1,2,...},? € [g].

Suppose that there are g urns, urn ¢ containing n; balls, labelled z;;, z;s, . .
Vi € [g]. Let Z;; denote the result of the jth draw from urn ¢, then

<3 %in;,

(i) an infinite partially exchangeable sequence of random variables is
formed by {Z;;;i € [g],7 € N} when drawing with replacement from
the urns.

(ii) a finite partially exchangeabls sequence of random variables is formed

by {Z:;;7 € [ni],¢ € [g]} when drawing without replacement from the
urns.

Case (i) follows immediately from Definition 2.7. In order to obtain the
desired result for case (ii) note that Z = {Z;;; j € [n;],7 € [¢g]} can have any

of H n;! outcomes, assigning a different z = {z;;; ;7 € [n;],7 € [g]} to Z. Now

i=1
let II} be a vanable denoting a permutation of {1,2,...,n:} Vi € [g], so

that IT* = H II; denotes a random. variable which has H n;! outcomes, all

i=1
equally probable. We may thus write

Z= {fo;(j);j € [ni,i € [g]}



and have indexing by means of a variable.

Now let m; be any of the n;! permutations of {1,2,...,n;}, ¢ € [g], then
L(Z) = L ({Zix,f(j);j € [n,-],i € [g]})
= L({#nmund € [nd i € lgl})

= L({Z.})

where Z, is as in Definition 2.5. Hence the desired result follows from Def-
inition 2.5.

For the time being attention will be restricted to infinite partially exchange-
able sequences of random variables; asymptotic results will be discussed in
Chapter 5.

On extending the notion of an exchangeable o-field (Aldous (1985) and Tay-
lor, Daffer and Patterson (1985)) a definition for a partially exchangeable
o-field is obtained for use in further chapters. The following preliminary
definition is required:

Definition 2.8

Call a subset B of )g( 32 R partially exchangeable if
i=1j=1

x={z;;1€[g9,,7JEN}EB=>z, = {z‘-,,‘.(,-);i €lgl,j € N} €B
for each finite permutation m; of {1,2,...} ,7 € [g].

The corresponding B-partially exchangeable event is then

X € B] = {w; X(w) € B} = {w; {Xij(w);i € [g9], e N} € B} .

Definition 2.9
Given a g-fold infinite sequence of random variables, X = {X;;;1 € l9],7 € N}

the partially ezchangeable o-field, I, is the set of all B-partially exchange-
able events.



Remark

The exchangeable o-field for a sequence of random variables X = {X;; ¢ € N}
may be found from the partially exchangeable o-field by taking the special
case g = 1.

2.2 SOME PROPERTIES OF PARTIALLY EXCHANGEABLE
RANDOM VARIABLES

In this section some basic properties of partially exchangeable sequences are
presented for use in further chapters. To simplify the notation we consider
the g = 2 case only, the general theory follows by the obvious adjustments
to the results. Throughout this section Z = {Z;;;7 € [2],7 € N} will denote
a 2-fold infinite sequence of randorn variables.

Theorem 2.1
If Z is partially exchangeable then Z is identically distributed within types.

Proof
Vi € 2|, Z; = {Zi;;] € N} is exchangeable, and hence Va,b € R, Vj € N,

P (Z,'l S a) = Jlim P (Zgl S a, Z,'j S b)

b—o00

Il

b]im P (Z,'J' S a, Z,'l S b)

= P(Z;<a)

The following counter example demonstrates that a partially exchangeable

sequence need not be independent. The example is numbered for future
reference.

Example 2.1

Let Y = {Y;;;1 € [2],5 € N} be a 2-1ID sequence of random variables, and
let Y; and Y; be two random variables, independent of Y and also of each
other. Let

Zij=Y;+Y: . (2.1)
where E(Y;;) =0 = E(Y;) Vi€ [2],V5 € N.
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Then Z = {Z;;;1 € [2],7 € N} is a partially exchangeable sequence of ran-
dom variables, and hence (Theorem 2.1) is identically distributed within
types, so that, Vi € [2], V5 € N,

Var (Z;;) = Var (Y;1) + Var (Vi) . (2.2)
COV (Z,'l, Z,‘z) =K (Z{lz,'z) - .E2 (Z, ) .
Using (2.1) and (2.2) we thus obtain

Cov(Zi,Zin) = E(Y?)—-E*(Y))
(2.3)
= Var(Y;)

From this last result we clearly only have independence between Z variables
of the same type if Var(Y;) = 0 Vi € [2], which from the construction of the
partially exchangeable sequence, Z, in (2.1) need not generally be true. We
are thus able to construct a partially exchangeable sequence which does
not have independent random variables since the random variables need
not even be independently distributed within types.

Remark

It follows immediately from the basic definitions that a 2-IID sequence is
partially exchangeable: that the reverse need not hold follows from The-
orem 2.1 and Example 2.1. The identical distribution within types of a
partially exchangeable sequence follows from Theorem 2.1 but the inde-
pendence of the random variables cannot be obtained in general. There is,
however, a partial solution to this problem as will be seen in §3.1.

Partially exchangeable sequences do however partake of some of the prop-
erties of 2-IID sequences as the following example shows.

Let {Z;;;1 € [2],7 € N} be a partially exchangeable sequence and let
Z = {Zyjienlie2]}
Z, = {Zir.‘(j); j. € [n,-],i = [2]}

where Vi € [2] , n; € N, m; denotes any one of the n;! permutations of
{1,2,...,71.,'}.
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Suppose that X = ¢(Z) is a function of {Z;;;j € [n;],¢ € [2]}. Then clearly
L(X) = L(X,)

where
Xar == ¢(Z1r) .

We thus obtain .
E(X) = (nl!ng!)— ZE(X,-)

kg

= E[y(2)]
where ¥(Z) = (n1!n2!) " ¥ ¢(Z,) and the summation extends over all ny!n,!

possible permutations IT; of {1,2,...,n;} , ¢ € [2].

It immediately follows that if ¥(Z) = O then E[¢(Z)] = O, a result which
is well-known when Z is a 2-IID sequence. The relationship between par-
tially exchangeable and 2-IID sequences will receive much more attention
in further chapters, especially in §3.3.

Another interesting result which may be used to generalize the results of
the following chapters is given in the next theorem.

Theorem 2.2
Let Z = {Z;;;t € [2],7 € N} be a partially exchangeable sequence of ran-
dom variables. If h; : R — R , 1 € [2], is a Borel measurable function,
then {h;(Z;;);¢ € [2],7 € N} is a partially exchangeable sequence of ran-
dom variables.

Proof

For any finite permutation II; of {1,2,...}, ¢ € [2] and Borel subsets
{Bi;;1 € [2],5 € NJ}, '
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Remark

Note that by taking h; = h for ¢ € [2] in Theorem 2.2 we see that a
Borel function of a partially exchangeable sequence preserves the partial
exchangeability.

2.3 SEQUENCES RELATED TO PARTIALLY EXCHANGE-
ABLE SEQUENCES OF RANDOM VARIABLES

A brief discussion of the selection property, spherical symmetry and par-
tially exchangeable arrays of random variables now follows.

The selection property for a sequence of random variables (Kingman (1978))
is extended below to permit 2-fold sequences.

Definition 2.10
A 2-fold sequence of random variables, X = {X;;;¢ € [2],57 € N}, has the
selection property if, for all integers

1§m1<m2<---<mk; . VZE[Z],]C.EN

L{Xim;35 € [kil,1 € 2]} = L{X;35 € [ki],i € [2]}

where it is to be understood that the values of m; in X 1m; and X, might
differ, for any j € minimum {k;, k,}.

The following theorem presents the relationship between partial exchange-
ability and the selection property.
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Theorem 2.3
Suppose X to be a sequence of random variables which splits into two types.

(i) If X is a finite sequence, then X has the selection property if X is
partially exchangeable. The reverse need not hold.

(ii) If X is an infinite sequence (infinitely many of each type, i.e. a 2-fold
infinite sequence), then X has the selection property if and only if X
is partially exchangeable.

Proof

It immediately follows from Definitions 2.5, 2.7 and 2.10 that X has the
selection property if it is partially exchangeable (for finite and infinite se-
quences X). It thus remains to be shown that

(a) for X a finite sequence, X need not be a partially exchangeable if it
has the selection property

(b) for X an infinite sequence, X is partially exchangeable if it has the
selection property.

Consider case (a), i.e. let X = {X;;;7 € [ni],n; € N,7 € [2]} have the se-
lection property. For m; < n; Vi € [2], let I; be any permutation of
{1,2,...,n;} where

1 < TL(1) < TL(2) < -+ < TLi(m;) Vi e [2]

does not hold. Then {X;;;j € [mil],? € [2]} need not have the same distribu-
tion as {X,-,r'.(j);j € [my],i € [2]}, i.e. X need not be partially exchangeable.

Case (b) will be proved in Chapter 3 (Theorem 3.4) since it'follows on
from an extension of the representation theorem as proved by Kingman

(1978).

Remark

Comparing Definitions 2.7 and 2.10 it would seem that the requirement for
X, a 2-fold sequence of random variables, to have the selection property
is a weaker requirement than partial exchangeability. This is in fact true
if X is finite (Theorem 2.3 (i)), but if X has infinitely many variables of
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each type then extending the concept of spherical symmetry (discussed by
Kingman (1972 and 1978)) to permit 2-fold sequences, we obtain a stronger
requirement than partial exchangeability.

Let X and Y be two-fold infinite sequences of random variables and let
Xm(Y.) denote finite sequences of random variables, containing m; ran-
dom variables of type 7, m; € N7 £ 2], from X(Y), i.e.

Xm = {Xij; 7 € [mi],7 € [2]}
Y ={Yi;5 € mi],t €[2]} .

Suppose A = {a;;;1 € [m1 + my|,J € [my + my],a;; € R} to be an array.
If
Y, = )—(m;é/

where

4

|

AN

ke

&
S———

for A1={a;;;7 € [my], 5 € [y}
Az={aij;i € [ma], 5 € [mal}
then Y,, is a linear transformation of X,,.
Assume the above terminology until further notice.

Definition 2.11
In the above notation, let Y,, be a linear transformation of X,,. If ,{1_’ is
orthogonal with determinant 1 then ,_é} is a rotation array and Y,, is a

rotation of X,,.

Definition 2.12 x

Xm is said to have (2-fold) spherical symmetry if the joint distribution of
X 1s the same as the joint distribution of Y,, whenever Y,, is a rotation
of X,,.
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Note that the term 2-fold may be dropped in further discussions.

X is said to have spherical symmeiry if X,, has spherical symmetry
Vm; € N,1 € [2]

Remark

It immediately follows from Definition 2.12 that if X has spherical symme-
try, then X also has spherical symrnetry within types, i.e. {Xi;;5 € N} has
spherical symmetry Vi € [2].

The following theorem shows that spherical symmetry implies partial ex-
changeability.

Theorem 2.4
If X has spherical symmetry, then X is partially exchangeable.

Proof:
Let II; be any permutation of {1,2,...,m;} , m; € N, Vi € [2|. Then the
linear mapping, II, defined by

II:R™*™™ — R™™™ ; T1(X;) = Xin(s) Vj € [my], Vi € [2]

may be viewed as a linear transformation with a rotation matrix and hence
{Xij;7 € [mi],1 € [2]} has the same joint distribution as {X,-,r'.(,-);j € [mg),1 € [2]}
Since this holds for any m; € N, we thus have X to be partially exchange-

able.

In Chapter 3 (Theorem 3.5) a representation theorem for spherically sym-
metric sequences is given.

Aldous (1981) dealt with partially exchangeable arrays of random vari-
ables. Even though it is beyond the scope of this thesis to deal with arrays,
the definitions below are given as interesting extensions of partial exchanga-

bility.
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Definition 2.13
For the random array r)\(): {Xij;t € N,j € N}, say r)\(} is

(i) row-ezchangeable, if the joint distribution of X is unaltered by per-

mutations within rows

(i) column-exchangeable, if the joint distribution of ,-)5 is unaltered by

permutations within columns

(iii) row-and-column-ezchangeable if the joint distribution of X is unal-

tered by permutations within rows and columns.

Remark
Partial exchangeability clearly follows as a special case of row-exchangeability

where only finitely many rows are allowed (the i € [2] case is considered in
this thesis).

Next we define triangular arrays of exchangeable random variables, a very
interesting type of exchangeability.

Definition 2.14
An array of random variables X= {Xij;7 € [t], 1 € N} is a triangular array

of ezchangeable random variables if each row of r)\(_} forms an exchangeable
sequence.

Remark

The above definition is taken from Taylor, Daffer and Patterson (1985).
Chernoff and Teicher (1958) and Weber (1980) presented results for trian-
gular arrays of exchangeable random variables.
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CHAPTER 3

A REPRESENTATION THEOREM FOR PARTIALLY
EXCHANGEABLE RANDOM VARIABLES

This chapter is devoted to proving de Finetti’s representation theorem for
partially exchangeable sequences which gives a relationship between a par-
tially exchangeable sequence, Z = {Z;;;i € [2],7 € N}, and a 2-IID se-
quence of random variables. Conditions under which the representation
theorem holds are discussed and finally further results concerning the tie-
up between partially exchangeable and 2-1ID sequences of random variables
are given.

3.1 DE FINETTT'S REPRESENTATION THEOREM FOR
MULTI-TYPE SEQUENCES OF RANDOM VARIABLES

Let X, X3, ... be asequence of random variables taking values in {0,1}. De
Finetti’s representation theorem (de Finetti (1932)) shows that {X;, X3,...}
is exchangeable iff {X;, X,,...} is a mixture of coin tossing processes, i.e.
Vn € N, and all strings z;, z5,...,z, of 0’s and 1’s,

P(X1=I1,X2=172,.. —In /p dp)

where t = E T;, p is the probability of obtaining a 1 and u is a probability
on [0,1], umquely determined by P.

This theorem has been generalized in several directions, the most famous
of which undoubtedly is de Finetti’s representation theorem for a partially
exchangeable sequence of events (de Finetti (1937)) (see Appendix Al),

which leads to the following statement of de Finetti’s representation theo-
rem for partially exchangeable random variables:

an infinite partially exchangeable sequence of random variables, {Z:j, € |g],5 € N},
1s a mizture of g-IID sequences.

Precisely what is meant by this mixture will be discussed in Chapter 4,
but loosely, it means that there exists a o-field conditional upon which the
g-fold partially exchangeable sequence behaves like a g-IID sequence.
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A precise statement and proof of this fundamental theorem for the g = 2
case follows in Theorem 3.1 (results reduce to work by Kingman (1978) for
the g = 1 case).

Throughout this chapter let Z = {Z;;;¢ € [2],7 € N} be an infinite 2-fold
sequence of random variables.

Definition 3.1

A random variable is (n,m)-symmetric, for n,m € N, if it is a function
of Z which is unchanged if the first n variables of type 1 and the first m
variables of type 2 are permuted in any way (within types).

Remark:

Let ¢ be a function of Z and let n,m € N. From Definition 3.1 it imme-
diately follows that if ¢ is (n,m)-symmetric, then it is also (n — k,m — I)-
symmetric for any k € {0,1,...,n — 1} and any ! € {0,1,...,m —1}. Sim-
ilarly, if ¢ is not (n, m)-symmetric, then it is not (n + k, m + [)-symmetric,
for any k,! € {0,1,2,...}, k and ! not both zero.

Example

(i) VY = (Zu + Z12 + Z13) Zor + 2142022

is (3,1)-symmetric but not (4,1)- or (3,2)-symmetric.

(ii) ¢ = 211212 (Z91 + Zag + Zas + Zay) — Z35213
is (2,4)-symmetric but not (3,1)- or (2,5)-symmetric.

Definition 3.2

Let 7. denote the o-field generated by all (n, m)-symmetric random vari-
ables and let

O f] Fom - (3.1)
Note that (i) Foy1m C Fam and 7, i1 C Fam Vn,meN (3.2)
(i) 7o = lim lim Z . : (3.2)
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The following lemma presents a strong law of large numbers which will
be used to prove a representation theorem for partially exchangeable ran-
dom variables.

Lemma 3.1

Let Z be an infinite sequence of partially exchangeable random variables
and let f be a measurable function for which E|f(Z;)| < oo , Vi € [2].
Then

n

nlggo n! Z f(Zy;) = E[f(Z11)] Fom] a.s.Vm €N (3.4)
=1
and o
lim m™1> " f(Zy;) = E[f(Z2)/ Fna] a.s. VR EN (3.5)
i=1
where -
};m = lim ?nm = n ?nm VmeN
n—oo n=1
(3.6)
Fo = lm Fon= N Fum VneN .
m—oo m=1
Proof:

Let Y =g (211, 212,..., 221, Zaa, . ..} be a bounded function which is (n,m)-
symmetric for some n,m € N. Now {Zj;;7 € N} is exchangeable and
hence, Vj < n,

E[f(ij)Y] = E[f(Zu)g(Zu,Zw---,Zzl,Zzz,---)]
= E(f(Z1)9(Zyj, Zvsy - .., Z1j-1, Z11, Zrjirs - - - » Zayy Zaa, . - J]

= E[f(Zu)Y] )

Hence

ilE[f(zu)Y] = nE [f(Z)Y]

Now take Y to be the indicator function of A € %,,,, so that

/n‘lgf(zl,-)szff(le)dP

A
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and hence

E = E[f(Z11)/Fam] a-s. .

n”! i f(215)] Fam

Since 3, f(Zy;) is measurable w.r.t. Fm,
i=1

n-1 z_j F(Z35) = E[f(Z11) | Fom] 5.

For any m € N, {F,m;n € N} is a decreasing sequence of o-fields, so that
an elementary martingale convergence theorem (Appendix Al) yields

lim 03" /(%) = L1 (Z0)/Fon] a5

i=1

which is the desired result, (3.4). Using variables of type 2, (3.5) follows
similarly.

We are now in a position to prove a representation theorem for partially
exchangeable random variables by following the line of thought adopted

by Kingman (1978) but adapting his work to allow two types of random
variables.

Theorem 3.1
Let Z = {Z;;;1 € [2],7 € N} be a partially exchangeable sequence of ran-
dom variables. Then

2 my

i=1j=1

= 12[ ﬁ P[Z,'j S Z{j/}—oo] a.s. (37)

i=1j=1

where m; € N, z; € R, Vi € [2], Vj € [my].
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Proof:

Let f be a bounded measurable function on R™*™2 and let Y = ¢(Z)
be (nj,n;)-symmetric for n; > my, n;,m; € N, Vi € [2]. Now choose any
m, variables from the first n; variables of type ¢, ¢ € [2]. Denote the cho-
sen variables by {Zw(l), coos Z18(my)s L2a(1)s - -+ s ZM(,,,,)}. There are clearly

("‘) (,';’) ways of choosing the variables, the summation over all the possi-

b’lr:el choices will be denoted by 3.
C

Due to the partial exchangeability of Z,
E [f(Zwu), co ey Z19(ma)s L2a(1)s -+ - 5 Z2a(mg))g(z)]

=E[f(Zw, .- Zamss Z21s - Zamy)9 (Z)] (3.8)

where g'(Z) is just g(Z) altered by interchanging Zys) and Zyx Vk € [my]
and Zya(x) and Zy Vk € [my).

Since g(Z) is (ny,n,)-symmetric, we thus obtain

E [f(Zlﬂ(l)a tey Zlﬂ(ml)a Z2a(1)’ LR Z2a(mg))Y]

= E [f(le, ey Zlmn Zgl, ey szQ)Y] . (39)
Any one of the (;‘1) (;’2) ways of choosing the variables would clearly satisfy

(3.9). Now take Y to be the indicator function of A € 7, ,,, so that,

-1
n
/f (lea .. '1Zlm11Z21)'--sZ2m2) dP = / [( 1) (n2>] Zf (Zlﬁ(l)a' LUER)
n " m my C
Z1s(mo)s Zaa1)s - - -» Zra(my) ) AP
and immediately then
E [f (le, ceey Zlm.l’ ZZla RN Z2m.g) /?nlng]

=F {[(::1) (:"‘;)] ! EC: f (Zla(l); ceey Zlf?(ml)a Zza(l), Ceey Zza(mg)) /?nxﬂz} a.s.

= [(::1) (:;)] - % f (Zw(l), covs D10(ma)s L2a(1)s -+ - Zza(mz)) a.s. . (3.10)



Using a martingale convergence theorem {Appendix Al), we get

lim E(f(Z11,.--yZ1imis Z21y -+ s Z2my) [ Fayna)

71,n3—00

= 1}11111 {E [f (Zu, ey Zlmn Zz]_, ooy szz) /?ﬂl']} a.s.

= E [f (lea ceey Zlml,ZZI) ey szz) /.700] a.s.
and hence, from (3.10),

-1
. n n
o lim [( 1)( 2)] Z.f(Zlﬂ(l)a-“:Zlﬂ(ml)’zmz(l)’---1Z2a(m2))
1782 oo Pos

my/ \Mms

= E [f (le, ey Zlml’ ZZI) ey szz) /Too] a.s. . (3.11)

If the m; variables chosen from n; for type 7, 1 € [2], allow repeats, i.e. need
not all be distinct, then (3.11) becomes

ni,ny—oo

lim n;™n,™ % f (Z10[1), ey L16(m1)s L2a(1)s - -+ 5 Z2a(m2))
=E[f(Z11,. .1y Z1mys 221y - -+ s Zamy) [ Foo] @S (3.12)

where

Z;, 2
my)=1

a(1)=1 a(mg):l

Z >
8(1)=1 a(

In particular if

2 my;

f (211,---,21m1,221,---,szg) = H H fs’j(zij) )

1=1j5=1

where

fiij(z2) =1[Z; <z VzeR, Vje[m], Vie[?],
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then using (3.12),

P [ﬁ ﬁ [Zi; < zij]/}'oo]

i=1j5=1

—E [I (ﬁ N[z, < z,-,-]) /}'w] a.s.

1=1j=1

]

= _lim ny™Mny ™ %I [(ﬂl [Zw(j) < le]) N ("ﬁz [Zh(j] < 321‘])
1,200 i=

a.s.
j=1
. mi _1 ni ma -1 na
= lim {II (n] IZwg < 25] | I (n? 3 I[Zag) < 25 ) @
P2 | =] o(7)=1 i=1 a(j)=1

= lim {"1_‘11 (nl—l 'nzllI[le S le]) ’ﬁz (n;l 3311 [sz S sz])} a.s. . (313)
J 1= = J=

ni,2—00 y=1 J—l

Using Lemma 3.1, we thus see that the right hand side of (3.13) may be
replaced by

m] m2
1 { Jim, BT (Zu < 2) /7o) T { Jim, B (Z01 < 227) /o]
7=1 =1

with probability one, and hence, using the martingale convergence theorem
again (Appendix A1), we find that (3.13) becomes

P [Zn < zy,.. -,Z1m; < zlmuZZl < 2z31,... ’szg < szg/foo]

_ ﬁlE (I (Z1y < 215) [ Fo] f’fflE I (Zy < 225) o] s,
L I

J

= 1-21 nﬁ P[Z"l S Z{J'/:froo] a.s. .

i=1j5=1
Remark
Note that Theorem 3.1 shows that a partially exchangeable sequence Z =
{Z;;i € [2],5 € N} is conditionally 2-IID given ¥, i.e. conditional on %,
the partially exchangeable sequence behaves like a 2-I1ID sequence.
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Corollary 3.1
Let Z = {Z;;;1 €[2],7 € N} be a partially exchangea.ble sequence with
random distribution functions

Fi(z) = P|Zij < ] 7o) reR,i€[2],jEN. (3.14)

If G is any sub-o-field of 7, with respect to which F; (z) and F(z) are
measurable Vz € R, then

{ﬁﬁ Zij < #j /9} f[ﬁF (2i;) (3.15)

i=1;5=1 i=1j=1

¥m; €N, Vz; €R, Vj €N, Vi € [2].

Proof:
Using Theorem 3.1,

p{p (A A 12 < w1/% ) 15}

i=1j=1

) [H fl Fiz)/g

=1 1=

2 my
=11 I1 Fi(=;) -
1=1;=1
Remark
Taking § = F(F1, F2) in Corollary 3.1 we obtain

p (ﬁ ﬁ Zi < i3] /Flan) = ﬁ ﬁ Fi(2;) (3.16)

i=1j=1 i=1j7=1

Vm; € N, Vz; € R, Vj € [m;], Vi € [2], a form of de Finetti’s representation
theorem for partially exchangeable random variables which will be referred
to in Chapter 4.

Using (3.16) we have a general method for constructing partially exchange-
able sequences. First construct a sequence of 2-IID random variables having
common distribution functions within types F; and F,. Then allow F; and
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F, to vary randomly. The randomisation destroys the independence while
preserving the partial exchageability (see §4.3). Every infinite partially ex-
changeable sequence can be constructed in this way (see §4.3).

We now present a lemma and definition which we shall use in order to ob-
tain an alternative representation theorem for partially exchangeable ran-
dom variables.

Lemma 3.2
Let Y be a random variable and let 7, § be two o-fields such that 7 C §.
If

E(E(Y/G)) = E[E(Y/7)]’

then
ElY/G| =E[Y/7] a.s. .
Proof

E[E(Y/§) - E(Y/7)?

= E[E(Y/G)]? - 2E[E(Y/§)E(Y/F)] + E[E(Y/7)]*

=0

E(E(Y/G)E(Y/F)] = E{E[E(Y/$)E(Y/F)/7]}
= E{E(Y/F)E[E(Y/G)/F]}
= E[E(Y/F)E(Y/7)]

= E[E(Y/F)]* .
Definition 3.3

Let Z be a 2-fold infinite sequence of random variables. The tasl o-field of
Z is defined by
Fam

1

3
I
—

I
8
Y
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where
FR =F (Zint1: Z1nt2r o> Bamets Bamezs--.)  Vmy,mEN . (3.17)

Theorem 3.2
A partially exchangeable sequence of random variables, Z, is conditionally
2-11D given 7.

Proof
Let

Foo = li’;‘n E el VneN
and

For = li']in Fo VmeN

Using Theorem 2.3 (ii) we see that, for m,n € N,
L (le, ZIZ) ZlSa ey Z2m+1, sz+2, .. ') =L (lea Z1n+la Z1n+2a ceny

Z2m+11 Z2m+2’ X ) (318)
and hence

L{E (Zu/%5)] = LIE (Zu/Fm)] - (3.19)

Using the martingale convergence theorem (Appendix A1) and noting that
(3.19) holds Vm,n € N, we obtain the following

L[E(2u/33)] = L{E (21/7)] (3.20)

by taking the limit over all m € N and then over all n € N. Since 7 is
contained in 7 we may use Lemma 3.2 to obtain

E(Z1/F3) = E(Z1]/7) a.s. (3.21)
and thus
E(Zy/m,FY) = E(Z11/7) a.s. .

From this last result we conclude (Appendix A2, point A4 plus the remark
below it) that Z;; and 72 are conditionally independent given r.

Applying the same argument to Z,, Z1,+1, in place of Z;, Zy3,... one ob-
tains, Vs € N,
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Z,, and 72 are conditionally independent given 7. (3.22)

Using similar arguments we see that vVt € N,

Zy and 73 are conditionally independent given 7. (3.23)

Let s € N. Then
Fon D Famiy VmeN (3.24)

so that

Z,, and F2 are conditionally independent given r Vm € N (3.25)
follows from (3.22). Similarly, from (3.23) we see that, for t € N,

Zy and FJ are conditionally independent given 7 Vn € N. (3.26)

From (3.25), (3.26) and a property of conditional independence (Appendix
A2, point As) we see that Z is conditionally independent given r.

We shall now show that Z is identically distributed within types given
7. Due to partial exchangeability, Vm,n € N,

L (Z11Z1m+1a Zlm+2a e Z2rn Z2n+1’ Z2n+2, v )

= L (Zlma Zlm.+11 Z1m+2, very Z2na Z2n+17 Z2n+2, .. ) (327)
which leads to
E¢(Zn)] 7] = E[¢(Z1n)/ F2] a.s. (3.28)

for any bounded, measurable function, ¢.

Now

E{E|$(Z0)/72] /7y = E{E|$(Zin)/F3] [T} ass. (3.29)

and since 7 C 72, (3.29) becomes

E[¢(Z4)/7] = E[$(Zim)/7] a.s5. YmeEN . (3.30)
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Similarly
E[¢(Z2)/7]) = E [¢(234) /7] a.s. VREN (3.31)

and hence, taking ¢ to be an indicator function, (3.30) and (3.31) show
that Z is identically distributed within types after conditioning on 7. To-
gether with the conditional independence already shown, we thus get Z to
be 2-1ID conditional on 7.

Remark

Theorems 3.1 and 3.2 are both representation theorems for partially ex-
changeable random variables and are extensions of de Finetti’s representa-
tion theorem for exchangeable random variables as found in Kingman(1978)
and Aldous (1985) respectively, the difference between these two state-
ments of the same theorem lying in the o-field upon which the space is
conditioned. An extension of de Finetti’s representation theorem for ex-
changeable sequences to be applicable to a 2-fold partially exchangeable
sequence would state the existence of a o-field conditional upon which the
partially exchangeable sequence behaves like a 2-IID sequence, whether the
conditioning o-field is %, (as in Theorem 3.1) or 7 (as in Theorem 3.2)
being irrelevant at this stage but to receive much attention in Chapter 4.

It is important to note that Theorems 3.1 and 3.2 cannot be applied to
finite sequences of partially exchangeable random variables. It is beyond
the scope of this thesis to consider finite sequences of random variables but
for the interested reader a finite form of de Finetti’s representation theo-
rem for exchangeable random variables is to be found in Kendall (1967)
and Heath and Sudderth (1976).

A more general result than Theorems 3.1 and 3.2 is the following:

Theorem 3.3 de Finetti’s Theorem

Let Z = {Z;;1 € [2],5 € N} be a partially exchangeable sequence of ran-
dom variables. Then there exists a o-field conditional upon which Z behaves
like a 2-IID sequence.

The above result follows immediately from either Theorem 3.1 or Theo-
rem 3.2.
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Remarks

1) Note that this theorem is an extension of de Finetti’s representation
theorem for exchangeable sequences of random variables and thus not
really de Finetti’s theorem, but it will be referred to as such since the
g = 1 case is commonly referred to as de Finetti’s theorem.

2) Looking at Corollary 3.1 we find that there are many forms, other
than Theorems 3.1 and 3.2, of de Finetti’s representation theorem for
partially exchangeable random variables.

3) The obvious extension of Theorem 3.3 to multi-type sequences shows
that for a partially exchangeable sequence Z = {Z;;,t € [g],7 € N},
there exists a o-field conditional upon which Z behaves like a ¢g-IID
sequence or, as will be discussed in Chapter 4, “Z is a mixture of
g-1ID sequences”.

3.2 SOME LIMITATIONS AND IMPLICATIONS OF DE FINETTT'S

THEOREM

De Finetti’s theorem (Theorem 3.3) is a very useful result as it shows how
the possible lack of independence in a partially exchangeable sequence of
random variables (see Chapter 2, Example 2.1) can be partially overcome.
The corresponding fundamental result for the ¢ = 1 case has attracted a
variety of generalizations, extensions and analogues as will be discussed
here and in further chapters.

De Finetti’s theorem holds in compact metric spaces, S, but breaks down
in the absence of strong enough topological assumptions on S. In this re-
gard Dubins and Freedman (1979) gave an example of a separable space S
where de Finetti’s theorem for exchangeable random variables cannot be

applied. It is thus possible to find a separable space S where Theorem 3.3
does not hold.

Further work on the exchangeable case was done by Freedman (1980) and
Dubins (1983).

Dacunha-Castelle (1974) and Kingman (1978) discussed the sufficiency of
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weaker requirements than exchangeability of Z to obtain de Finetti’s the-
orem. Improving on these results, Aldous (1982) gave a minimal require-
ment.

We now prove de Finetti’s theorem (Theorem 3.3) for a 2-fold infinite se-
quence which has the selection property (see Definition 2.10 in Chapter 2)
rather than partial exchangeability. The following result is given in King-
man [(1978), p.188] and will be used in Theorem 3.4.

Lemma 3.3
Let k € [n] for any n € N. If, Vr < k, the bounded sequence of variables
{a.(37),7 > 1} has Cesaro limit

then

where
M={(0- i) s n<p< - <j<n} .
Theorem 3.4
Let Z = {Z;;; + € [2],7 € N} be a 2-fold infinite sequence of random vari-
ables, with E(Z;;) < co Vi € [2], which has the selection property (Defini-

tion 2.10). Then there exists a o-field conditional upon which Z behaves
like a 2-IID sequence.

Proof:

It is sufficient to show that if Z has the selection property then Z is partially

exchangeable as the desired result then follows immediately from Theorem
3.3.

For all ¢ € [2] let
Ci = ﬂ Ct'n

n=1
where

Cin = }'(Ziny Zi n+ly Zt' n+2y .- ) Vn € N .
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Since Z has the selection property, Z; = {Z;; ; j € N} is stationary (Loéve
(1978), Vol. II, p.83) Vi € 2], and hence by the Birkhoff ergodic theorem
(Appendix A1) we have

lim n 1> Z; = E(Z4/Ci) a.s., Yi€[2] . (3.32)

i=1
Taking f to be the indicator function of [—oo, z| for some z € R, one finds
that {f(Z;;); ¢ € [2],7 € N} has the selection property, so that

lim n™'#[j < n; Zi; < 7| = Fi(z) a.s. (3.33)

n—oo

where

Fi(z) = E(1[Zy < z]/C))

= P[Zy <z/C|] Vie[2], zeR
follows from (3.32).

Now, Vr € N, Vj € N let a.(J) = f,(2y;) , f-(Z1j) = I(Zy; < z,), then
(3.33) and Lemma 3.3 with o; = Fi(z;) = P(Z1; < z;) show that

Jim (:) ) > ﬁ fo(Z4,) = ,lj:Fl(za) (3.34)

M s=1
where

M={(0- )in<p<---<gji<n}.
Similarly, for any m € N and any [ € [m],

lim (’l") h 3 f[ I[Zs; < 2] = EFz(x,)

M s=1
where
M = {(iy,i2,...,41); i1 <ig <--- <4 <m} .
Combining (3.34) and this previous result we obtain

lim BIBIE»H» I{ (,éx[zlj' < Ij.]) N (h [Z2, < x,-,]) }

M M' s=1

= 1:[ Fi(zj,) Hl Fy(z;,). (3.35)
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There are (';‘) (:) ways of choosing 1; <13 < -+ <1, < m and
1< j2a <+ < gk <nfrom (1,2,...,m) and (1,2,...,n) respectively. By

the selection property of Z, these choices will all result in

P { (r’f“ 7, < zh]) N (ﬁ[zz,-, < .’Bza])}

=1 s=1

being equal to

P {(rk] (21, < zl,l) N (ﬁ (22, < Iza])}

s=1 s=1

so that, using (3.35) and noting that / and k depend on m and n respec-

tively,
nl.l—IE'o P { ( 61[Z13 .<_ Ila]) n ( h [Z2a _<_ 1323]) }

n-—co s=1

=F [ ljl F (Ila) rljl F, (er)]

The symmetry (permutability) of this last expression shows that Z is par-
tially exchangeable.

Following the line of thought adopted by Kingman (1972) in the ¢ = 1
case we now present a theorem that demonstrates how a more specific re-
sult than de Finetti’s representation theorem may be obtained by posing
a stronger condition than partial exchangeability on the infinite 2-fold se-
quence of random variables.

Theorem 3.5

Let Z = {Z;;; ¢+ € [2], 7 € N} be an infinite 2-fold sequence of random vari-
ables such that for all n; € N, 1 € [2], the distribution of the sequence of
random variables (Z11, Z1a, ..., Z1p,, Z21, Z22, - - - » Z2n,) has spherical sym-
metry (Definition 2.12). Then there exist random variables V; and V3, real
- and non-negative, such that, conditional on 7 (V1,V3), Z is independent and
identically distributed, within types as N(0,V;).
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Proof

Z is partially exchangeable (Theorem 2.4) and hence conditionally 2-IID
given F,, (Theorem 3.1), so that we may define a joint random distribution
function for one variable of each type, as follows:

F(Iay)ZP[ZIkSIaZZij/?oo] Vk’jEN7 I)yER

(?- as in Definition 3.2). Now define the corresponding joint characteristic

function
[0 o) oo

¢(s,t) = [ [ expli(sz +ty)]dF(z,y)

—00 —00

= E{exp(t(sZik +tZ2;)] | Foo} (3.36)
Vk,7 € N and s,t € R.

Now ¢(s,t) is thus a random, F,-measurable, continuous function. Us-
ing the conditional independence of Z (Theorem 3.1) and (3.36) it follows
that

Vsj,t; ER, Vne€N, j € [n],

E lexpi é(s,-Zl;- +th2]')/.7°°:| = ﬁ ¢(8j,tj) (3.37)

7=1

and hence

E Lﬁlrﬁ(sj,tj)] = E {E [expi En:l(sjzlj +th2:')/wa}
= ]=

= F |:€Xp1: i (Sjle + t]'Z2]')] . (338)

=1

Using a result from Lord (1954) (see Appendix A1) it follows that the right
hand side of (3.38) is a function of 5 (t? + s?) only.
=1

For any u,;,v; € R, 7 € [2], define

Q=

s=(ul+ vf>% t=(uf+0v}) (3.39)
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Then

E [|¢(s,t) — ¢ (1, uz) ¢ (v1,0) ]

= E{[#(s,t) — (1, u2) $(v1,v2)] [#(5,2) — (1, u2)8(v1, v2) | }
= E [¢(s,t)¢(~s,~1)] = E [¢(s, t)d(~t1, —u)$(—v1, —vs)]
—E[¢(u1,u2)p(v1,v2)8(—s, —1)]

+E [¢(uy, uz) p(v1, v2)d(—u1, —us)d(—vy, —vs)] .

Using (3.39) and applying the result from Lord (1954) to each of the four
terms in this last expression, it follows that they are all equal, so that

E [|6(s,t) — ¢(u1, u2) $(vs, v3)[*] =0

and hence

6 ((u? +v})3, (ud +03)7) = G(us, u2) B(v1,v2) a.s. (3.40)
follows from (3.39).
Now let u; = v; and u; = v, in (3.40). Then

8(s,t) = ¢* (2735,273¢) (3.41)

Now let
¥(s,t) =Ing(s,t) . (3.42)
Then (3.41) and (3.42) show that

U(s, t) = 29 (2_53,2'%)

2" (2~%s, 2~%t)

so that

U(s,t) (s + )7 = (27%5,27%) [(z-%s)2+(z-%t)2]"l . (3.43)
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Now let

m; — E(Z,'J'/?oo)

Vi = E(Zij/ F)* —m

Y,J = (Z,'j - m,-) (V,)— Vi € [2], Vi7eN . (3.44)
Since Z behaves like a 2-IID sequence once conditioned on 7, (Theorems
2.4 and 3.1), it follows that

E(Yi;/%.) =0 and Var(¥;;/%o) =1 Vi€[2],VjeN .  (3.45)

Now let

2
1
1
2

by,t,; (8:t) = E [expi(sYix + tY2;) / Fool (3.46)
s,t R, Vk,5 € N.

Using (3.37) and (3.44), we have
11
#(s,t) = expi(smy + tmy)dy,, v, (sVl2 , tVz’) (3.47)
Vs,t € R, Vk,7 € N. Now let

lek:YZj(s’t) =In ¢Y1kY2j (s’t) . (3'48)

Replacing Z by Y = {V;;;7 € [2],7 € N} [as in (3.44)] in (3.43) and using
L’Héspital’s rule, (3.45) and (3.48), it follows that

1
rr,, (s, 1)(s* +7) 7 = —2
and hence 1
by, (S, ) = exp [—5(52 + tz)]
so that, from (3.47),

#(s,t) = expi(sm; + tm,) exp [—%(sle + tsz)] . (3.49)

Since Z has spherical symmetry the joint distribution of (Z1, Z»;) is iden-
tical to the joint distribution of (—Zy;, —Z3;) Vj,k € N, and hence from
(3.36) Vs,t € R, ¢(s,t) = ¢(—s, —t), so that

é(s,t) =

SR

[B(s,t) + ¢(—s,—t)]
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From (3.49),

exp [i(smy + tmz)] exp [—;}(sle + tsz)]

= lexp [—%(32V1 -+ tsz)] {exp[i(sm; + tms)] + exp[i(—smy, —tm,)|}

This last equation only holds Vs,t € R, if m; = m; = 0, and hence from
(3.44), conditional on %, Z elements have zero mean. Using this last result
and (3.49),

#(s,t) = exp [—%(sle + tsz)] (3.50)

Since ¢(s,t) = ¢(—s, —t), (3.50) yields

1
exp —%(SZVI + tsz)] = exp [—5(32Vl + t2V2)] .

We thus conclude that Vi and V; are real valued. Since |¢(s,t)| < 1 it
follows from (3.50) that V; and V; are non-negative.

From (3.50),
#(1,0) = exp (——;—Vf)
so that
V1 =-2 ln¢(1,0)

and similarly
Vz = —21n¢(0, 1)

and hence (using (3.36)) it follows that V; and V; are #,-measurable ran-
dom variables.

For any random variable X,
E(X/W,V3) = E[E(X] %)/ V1, V2 - (3.51)

Substituting X = exp ¢ ¥ (s, 21, + t,Z2,)| into (3.51) and using (3.50) and
r=1
(3.37), one has
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n

1Y (8021 + trZ2r)] /V1, Vz}

r=1

=
—t
]
"
J
—

~E [E {exp [i £ (5,20 + t,Zz,)] /z,o} Vi, Vz]

o st

= ﬁ exp [—% (Vis? + Vztf)]
r=1
For any s,,t, € R, exp [—%(Vlsf + Vztf)] is the characteristic function of

a N ((g), ((OVIV:’)) distribution, so that, conditional on 7., Z is 2-IID as

N(0,V;) for variables of type ¢, ¢ € [2].

Remarks:

1. Theorem 3.5 has a close resemblance, on the one hand to de Finetti’s
theorem (Theorem 3.3) and on the other hand to Maxwell’s theorem
(Appendix A1) which gives a characterization of the normal distribu-
tion.

2. Theorem 3.3 ensures the existence of some o-field, conditional upon
which the partially exchangeable sequence behaves like a 2-IID se-
quence, no mention being made of the particular type of distribution.
Theorem 3.5 shows that posing the stronger requirement of spheri-
cal symmetry on the random variables enables us to know the exact
distribution of the 2-IID sequence mentioned in de Finetti’s theorem.

3. Ressel (1985) looked at the necessary and sufficient conditions re-
quired for an exchangeable sequence of random variables to behave
like an IID sequence of a particular type (normal, exponential, Pois-
son, gamma) after conditioning on a o-field. Freedman (1962) also
gave many interesting examples in this regard.
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3.3 ERGODICITY AND THE RELATIONSHIP BETWEEN
PARTIALLY EXCHANGEABLE AND 2-IID SEQUENCES
OF RANDOM VARIABLES

We have established that even though partially exchangeable sequences
need not be 2-IID (Example 2.1), it is possible (Theorem 3.3) to regard
the partially exchangeable sequence as a 2-1ID sequence by making use of
conditional probabilities. It is thus not surprising that the relationship be-
tween partial exchangeability and 2-IID leads to further results. In Chapter
5 we shall prove that all a.s. limit theorems for 2-IID random variables have
an analogue for partially exchangeable random variables.

The class of partially exchangeable sequences can be viewed as the class of
distributions invariant under certain transformations. Based on this idea
of invariant distributions and using ergodic theory we prove an extension of
the Hewitt-Savage zero-one law (Appendix A1) which gives a further con-
nection between the concepts of partial exchangeability and independent
identical distributions within types.

Assume the following general setting throughout this section:

Let S be a Polish space, let K denote a countable group of measurable
maps T : S — S and let P(S) be the set of probability measures on S.

Definition 3.4
For arbitrary map T define the induced map T as follows:

(i) f T € K then T : P(S) — P(S) where
T[L(X)] = L|T(X)] . (3.52)

(ii) If T is any measurable map from S x S to S, then
T:S8 x P(S) — P(S) where ‘

T[s, L(X)] = L[T(s, X)] (3.53)

for any random element X and any s € S.



39

X, a random element of S, is tnvartant if
LT(X)] = L(X) VT € K (3.54)

i, a distribution on S, is an tnvartant distribution if

~

T(u) = n VT € K . (3.55)

Let M denote the set of invariant distributions and suppose that M is
non-empty. A subset A C S is an tnvartant subset if

TA)=A VT € K . (3.56)
J is the invariant o-field made up by the family of invariant subsets.

An invariant distribution u is ergodic if
p(A) =0 or 1 vAeJ.

Definition 3.5
For X = {X;;; 1€ [2], j € N} an infinite two-fold sequence of random

variables, {w;X(w) € B} is a partially ezchangeable event if B is a subset
of R® x R* such that

(-’1511, T12y--.5T21,T22,-- ) €B= (171,n(1), T1,x1(2)9+ -» s T2,2(1) s T2,x2(2)s - - ) €B

where 7; is any finite permutation of {1,2,...} , Vi € [2].

Ex, the partially exchangeable o-field is the set of all partially exchangeable
events.

Remark

In Chapter 4 (Theorem 4.9) we shall show that for a partially exchangeable
sequence X the tail o-field 7 and Ex coincide, i.e. we may condition on
Ex in Theorem 3.2.

IfS = R*xR*, K = {Ty; T finitely permutes z;; to zir;) , 1 € [2], 7 € N}
then X = {Xj;; 7 € [2], j € N} is partially exchangeable if and only if X
is invariant under K. The invariant o-field is the partially exchangeabie
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o-field Ex and the next theorem shows that the ergodic processes are 2-1ID
sequences.

We now present a result based on the Hewitt-Savage zero-one law (Ap-
pendix Al) but differing from the latter by allowing multi-type sequences.

Theorem 3.6
Let X = {Xi;; 1 € [2], j € N} be a 2-IID sequence of random variables.
Then P(A) =0or 1 forall A € Ex.

Proof
Let 7; be any finite permutation of {1,2,...} , 7 € [2]. Let

X, = {Xingpi€ (2], j €N} (3.57)

For B € B(R® x R®), let

A=[X € B] (3.58)
7(A) = [X, € B] . (3.59)
Forne N, mé& N and
Bnm € B(R* x R™) (3.60)
let
Anm = [{X11, X125 - -, X1ns X1, X22y - - -, Xom} € Brm] - - (3.61)

For m; () any permutation of [n] (|m]) respectively, let
Tnm (X) = {Xln[l), Xim(2)s -« s Ximy(n)s Xint 1y - - o5 Xamy(1), Xowa(2)s - - - »

Xory(m)s X2m+1, - - } (3.62)
Tam(A) = [Tam(X) € B] . (3.63)

Suppose that A € Ex. Then A is a partially exchangeable event and
hence

m(4) =4 (3.64)
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for all # = {m(J) ; ¢ €[2], € N} where 7; is a finite permutation of
{1,2,...}, Vi€ [2].

For n,m € N, choose sets By, € B (R" x R™) such that

lim P(AAAwm) =0 . (3.65)

n,m—co

For B € B(R*® x R%), let
Px(B) = PX € B] (3.66)
and for n € N,m € N, let
Pr...x)(B) = P [mm(X) € B] . (3.67)
Since X is 2-IID, for any B € B(R® x R®),any n € N,m € 'N,
Px(B) = Py,.x)(B) . (3.68)
From (3.58) and (3.61),
P(AAA,,) = P{X e B|A[{Xy,X12,..., X1n, X021, X2, -+ Xom} € Bum]}

= P{[X € BABun|}

= Px(BABun) .
(3.69)
Using (3.68) we thus have
P(AAAnm) = Py, x) (BAB,,) . (3.70)

Since A is a partially exchangeable event,
A =Tpn(A)

ie.

X € B] = [fm(X) € B]
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so that (3.70) becomes
P(AAAmm) = P[un(X) € BABon

= P{[mm(X) € B] A [Tpm(X) € Bun|}
= P{[X € B|ATnn(Anm)}

= P{AATum(Anm)} .
Using (3.65) we thus have that
lim P[AATum(Amm)] =0 . (3.71)

Now
P {AA[Apm N T (Anm) |}

= P{(AAA.n) N [AAT.m (Anm)]} + P{(AN Apm) A[A N Tpm (Anm) |}
so that (3.65) and (3.71) show that
n,l;lzl—l?oo P{AA[Anm N Tpm(Anm)]} =0
and hence
lim P [Apm N Tam(Anm)] = P(4) . (3.72)

n,m—oo

Since X is 2-IID,

P [Apm N Tpm(Anm)]

= P{[(X11, X125 - - » X1n» X215 - -+, X2m) € Bup
N [(Xlrl(l)a ve )Xlrl(n),X%rg(l)a LR X21r2(m)) € Bnm] }

= P {[(X11, X12, - -+ » X1ns X215+ -+, X2m) € Bpm]
N [(X1n+1, ce ,Xlgn, X2m+1, ceey X22m) (= Bnm]}

=P [(Xn, X125 .40y Xiny X215 .- - ,sz) € Bnm]
p [(Xln-H.a X1n+2’ ey X12m X2m+1: X2m+2a ree 9X22m) € Bnm]

= P(Anm) P [Trom (Anm)] - (3.73)
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From (3.71) and (3.65) respectively

i P [Tun(Aum)] = P(4)
and
lim P(Anm) = P(A)

n,m—oo

follows, so that (3.72) and (3.73) shows that
P(A) =[P(4)]* . (3.74)

The desired result follows immediately since only P(A) = 0 or P(A) =1
satisfies (3.74).

Remark

Considering {X;, ¢t € N} (i.e. ¢ =1 case) Aldous and Pitman (1979) gave
a weaker assumption than IID of X which is sufficient for the exchangeable
o-field to be trivial (i.e. all events in this o-field have measure zero or
one). Sendler (1975) also published work on this topic but the Aldous and
Pitman results are more powerful.
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CHAPTER 4
ANALYSIS OF PARTIALLY EXCHANGEABLE SEQUENCES

De Finetti’s representation theorem for exchangeable random variables is
commonly stated as:

an infinite exchangeable sequence is a mizture of IID sequences.

In this chapter we shall investigate exactly what is meant by a mixture;
use this theory to draw conclusions about a 2-fold partially exchangeable
sequence (since it turns out to be a mixture of 2-IID sequences) and finally
construct partially exchangeable sequences.

4.1 MIXTURES AND DIRECTION

Definition 4.1
Given a family {g.;y € I'} of distributions on a space S, a distribution v
is said to be a mizture of {u.;y € T} if

v() = [ #a()0(d)
r
for some distribution © on T.

A special case of the above definition describes the distribution of a se-
quence which is a mixture of 2-IID sequences:

Definition 4.2

Let Y = {Y;;; 1 €[2], j € N} be an infinite 2-fold sequence of random
variables. Suppose that © is a distribution on P(R) x P(R). Then the
distribution of Y ts a mizture of 2-IID sequences if

P(YeA) = / 6% (A4)©(df) VA€ BR® xR®)  (4.1)
P(R)xP(R)
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where
] = 01 X 02
A = X XAy A; CR, Vie[2], jEN
i=1 j=1
6> = )2( 5'2 0; , the distribution on R* x R* of a 2-IID sequence,
i=1 j=1
variables of type 7 having distribution 6;, Vi € [2].
2 o0
0=(4) = II II 6:(Ay).
1=1j5=1
Remark

Definition 4.2 merely gives the Bayesian idea that Y is 2-IID, variables of
type ¢ having common distribution 8; Vi € (2] , where 6§ = 0, x 0; has prior
distribution ©.

We now discuss random measures and regular conditional distributions:
this will enable us to deal with mixtures of random variables rather than
mixtures of distributions.

Definition 4.3
A random measure a, is a P(R)-valued random variable, viewed as a func-
tion of two variables as follows:

a(w,) : B(R) — R, is a probability measure for fixed w € (4.2)
af-,A) : 2 — R, is a random variable for fixed A € B(R). (4.3)

Random measures o; and a; are a.s. equivalent if they are a.s. equiv-
alent when viewed as random variables in P(R), i.e.

oy, A) = az(-,A) as. VA€ B(R) (4.4)
or equivalently,

P{w;ay(w, A) = ay(w,4)} =1 VA€ B(R) .
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Definition 4.4
A regular conditional distribution (r.c.d.) for a random variable Y given a
o-field ¥ is a random measure « such that

a(,A)=P(Y € A/¥) as. VA€ B(R) . (4.5)

Remark
An r.c.d. is thus a special type of random measure, one which is obtained
by conditioning on a o-field (as the name suggests).

It is well known that r.c.d.’s exist and satisfy the fundamental property
stated in the following lemma. This property will frequently be used to
enable versions of conditional expectations to be computed.

Lemma 4.1 (Shirayayev (1984), page 231, exercise 3)
Let X and Y be random variables and suppose that a is an r.c.d. for Y
given a o-field 7. If X is F-measurable and E|g(X,Y)| < oo, then

E9(X,Y)/7] =/g(X,y)a(w,dy) a.s. . (4.8)

We are now in a position to define a sequence which is a mixture of 2-1ID
random variables.

Definition 4.5

Let o; and o; be random measures and let Y = {Y,;; 1 € [2], ; € N} be an
infinite 2-fold sequence of random variables. Then Y is a mizture of 2-IID
random variables, directed by o and ay if

X o° isanr.c.d. for Y given ¥ (ai,as) (4.7)
i=1
or equivalently, if

2 oo

P (Y € A/al,ag) = H H a,-(-,A,-,-) a.s. (4.8)

1=1;=1

2
where A=X X A;; , A€ B(R*® xR™).
i=1 j=1
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Remark
Definition 4.2 differs from Definition 4.5 in that it defines the distribution
of a sequence which is a mixture of 2-IID sequences.

Definition 4.6
Let Y = {Y;;; i € [2], j € N} be an infinite 2-fold sequence of random vari-
ables and let 7 be a o-field. Then Y is conditionally independent given ¥
if
2 oo
PY € A/F] =] ] PIV € Aij/F] (4.9)
i=1j5=1
and Y is conditionally identically distributed within types given ¥
if,
P[Y,’,‘EA{,‘/?] =P[Y¢kEA,'j/}r] Vk,7 € N,1 € [2] (4.10)

where A = X X Ai;, A€ B(R® x R®).

i=1 j=1

Y is conditionally 2-IID given ¥ if both (4.9) and (4.10) hold.

Remark

Using Appendix A2 we may give various results, equivalent to (4.9), which
would result in Y being conditionally independent given ¥.

Remark 4.1 (numbered for future reference)
Definition 4.5 may be re-stated as:

Y is a mixture of 2-IID random variables directed by a; and a, if Y is
conditionally 2-IID given ¥ (e, a2) and

P (Yi € Aij/oq,00) = o4(+, Aij) VjEN, Vie 2], VA; € BR) .

Theorem 4.1

Let Y = {Y;;;¢ € [2], J € N} be an infinite 2-fold sequence of random vari-
ables and let 7 be an arbitrary o-field. Suppose that Y is conditionally
2-1ID given 7 and let o; be an r.c.d. for Y;; given ¥ Vi € [2]. Then

(i) Y is a mixture of 2-IID sequences of random variables directed by o
and oy
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(ii) Y and ¥ are conditionally independent given 7 (o, az).

Proof

Let A= )2( X A;; for A€ B(R® x R®). Clearly
=1 j=1

oi(+, Aij) = P (Y € A/ F) Vie[2], VjeN (4.11)

and hence, using (4.9), (4.10) and (4.11),

P[Y € A/7] = P[Y; € A/ 7]

1

RSB
I'=8

-

J

1oz,'([,fx,-j). (4.12)

=R

“

I8

-

From (4.11) we see that a; is 7-measurable Vi € [2]| and hence F(a;) C F
Vi € [2]. Using this and

Floa,az) = F[Fa1) U 7)) (4.13)
we see that
Flog,a0) C F . (4.14)
From (4.12) and (4.14),
PYe€A/oy,a5) = E[P(Y €A/F)] ey, 0]
= ;I:]l ,-fjl o () Asj) (4.15)

which proves (i).

For any A € B(R® x R®), (4.12), (4.14) and (4.15) yield

P[Y € A/F,F(ay,a5)] = P[Y € A/F]

—8

o (-, Aij)

2

1j=1

= P[Y € A/al,az]
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which is the desired result for (ii).

Suppose that Y = {Y;;;1 € [2], € N} is a mixture of 2-IID sequences
for some unspecified random measures a; and o,. The next theorem shows
that we can determine the directed random measures, but we first need to
prove the following Lemma.

Lemma 4.2
Let Y = {Y;;;¢ € [2], j € N} be a 2-IID sequence. Suppose, Vi € [2], that
random variables of type ¢ have distribution function F;. Then there exist
empirical distribution functions {F,, ; n; € N}, based on n; samples from
F;, such that

lim F,.(-,w) = F() a.s. .

n;—oco

Proof

Let 7 € [2]. Fix n; € N and for each w € {1, let the n; real numbers
{Y:j(w); j € [ni]} be arranged in non-decreasing order, denoted by

{zij;7 € [n;]} where

Xu(w) S X,’z(w) S oo S X,’n'. ((.U) .

Now define a distribution function Fi,,(:,w) as follows:

Forz € R,
0 if z< Xj(w)
Fip,(z,w) =< ;": if Xu(w) €z < X1 (w) for1 <k <n;
1 if z2> X,
or equivalently N
P (o) = -3 8 (2,0)

where

§ij(z,w) = IY;5(w) <z .
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Call F;, (-, w) the empirical distribution, based on n; samples from F;. From
the Glivenko-Cantelli theorem (Appendix A1) we thus have

lim Fi,.(,w)=F() as. .

n;—0oo

Theorem 4.2
Let Y = {Y;;;1 € 2], j € N} be an infinite two-fold sequence of random
-variables. If Y is a mixture of 2-IID sequences, then Y is directed by «;
and a3, where

o; = A, ({Yij;7 €N})  as.  Vie([2] (4.16)
for some function A; from R* to P(R).
Proof:
Fix n; € N V7 € [2]| and define the following empirical distribution func-

tion for z € R,w € 1:
Ain, :R™ — P(R)

by
Ky [Ya (@), .., Ying()] = 7' 3 €1,y (@) (4.17)
=1
where
&vi(w) (4) = I [Yi;(w) € 4]
for ACR, Vj€|[ni]. Also define
A;:R® = P(R)

by
8 ({¥5(0)i €NY) = lim Ain, (Ya @)y Yim(w) - (4.18)
Now let
2 o
AEB(R”XR“),A=X X A4, A; CR ViE[2],\7’jEN.
i=1 j=1

Then, from (4.8),

P(YecAla, o) = 1;[ II @i+, 445) as. (4.19)
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e

Now let a®(-,A) =

)

From (4.19) and Lemma 4.1,

IT e, Ay) -
17=1

2 o

l:l 1 ai(-, Ai;) = E{I[Y € A]/ou, 2} a.s.

= [I[Y(w) € Al a®(w,dY(w)] a.s. . (4.20)

From Lemma 4.2, (4.17), (4.18) and (4.20) we thus have
a; = A ({Yij;7 €N} a.s. Vi€ 2]

Remark
Y = {Y;;;1 € [2], j € N} is a mixture of 2-IID sequences then we have
an expression for the directing random measures.

So we may speak of the set of directing random measures as Theorem 4.2
gives an expression for the directing random measures which holds with
probability one.

Corollary 4.1

Let Y = {Yi;;7 € [2], j € N} be a mixture of 2-IID random variables. Then
the directing random measures «; and «a; are 7-measurable, where 7 is the
tail o-field of Y.

Proof
From Theorem 4.2 we have

o; = A; ({Yi;;7 €N}) as.  Vie[2]

where A; : R® — P(R) is as defined in Theorem 4.2. Let 7 € [2]. Chang-
ing a finite number of random variables in {Y;;;;7 € N} will not change
A; ({Yij,7 € N}), hence o; is measurable w.r.t. 7, since -

00 00
T = ﬂ n ?(Y1n+1,Yln+2,...,Y2m+1,Y2m+2,...)

n=1m=1

The following very useful result will often be referred to.



Theorem 4.3

Let Y = {Y;;,i € [2], j € N} be a mixture of 2-1ID sequences and let a;
and o, be the directing random measures. Let 7 denote the tail o-field of
Y. Then the following are all a.s. equal:

(1) P [KJ € At];] € [ni]’Vi € [2]/Y1mnY1m1+1a s 1Y2man2m2+1a . ']
m,~>n,-,ViE[2]

(il) P [Y;J € Aij; .7 € [ni]9 Vie [2]/Y1m1aY1m1+11 R 7Y2m21Y2m2+2; ceey 0,y a2]
m; > n;, VlE[Z]

(_111) P[Y:, € A,‘j; ]- € [n;], V: € [2]/7’]
(iv) P[Yi; € Aij; J € [ni], Vi € [2]/ e, o

(v) T0 11 (-, Asj)

1=1;=1
where
A; € BR), Vie 2], VJEN, m;eN, n; €N, Vie[2] .
Proof:

From the definition of the tail o-field of Y (Definition 3.3) and Corol-
lary 4.1 it follows that (i) and (ii) are equal.

Remark (4.1) shows that Y is conditionally independent given 7 (a;, a3), so
that {Y;;;7 € [n], Ve € 2]} and {Y;5; 7 € {m; + 1,m; +2,...}, Vi € [2]} are
conditionally independent given ¥ (a;, az) (i.e. once conditioned on 7 (e, a2),
any random variable from the first sequence is independent of any one from
the second sequence). By a standard property of conditional independence
(Appendix A2, property A3) we see that (ii) = (iv). Also (iv) = (v) follows
immediately from Definition 4.5.

Now
Flon,02) = F[F(a1) U F(az)]
so that
Flag,a) C T (4.21)
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since a; and a, are both 7-measurable (see Corollary 4.1). From the defi-
nition of r it follows that

T C }r (Ylmuylml+17 e 3Y2m21 Y2m7+17 ceey @y, a2) s My € N, Vi € [2] .
(4.22)
Using (4.21), (4.22) and the fact that (ii) = (iv),

PlY;; € Aij, j € [n], Vi€ [2]/7]
= E{E[I[Y,J € A,‘j,]' € [n;], Y1 € [2]]/Ylm1aylm1+1: e ,Yzma,Y2m2+2,. . ,al,azl/r}
= E{E[I[Y;; € Ayj, J € [ni], Vi € [2]]/ 1, 0] /7}

= E{I[Y;; € Ai;; J € [ni], Vi €[2]]/eq,n}

so that (iii) = (iv).

Theorem 4.4

Let Y = {Y;;; 1 € [2], 7 € N} be an infinite 2-fold sequence of random vari-
ables. If Y is a mixture of 2-IID random variables then Y is conditionally
2-1ID given 7, the tail o-field of Y.

Proof:
Let A;; € B(R) Vj € [n;], for n; € N, Vi € [2]. Then from Definition 4.5,

P [Y,J € A,’j; ] E [n,-], Vi € [2]/(11&2] = f[ ﬁ a;(-,A,-,-) . (4.23)

i=1j5=1

Let j € [ni],n; € N, Vi € [2]. Then from Remark 4.1 and Theorem 4.3
((iii) = (iv)), VAi; € B(R),

a;(, Aij) = P(Yy € Aij/ay, )
= P(Yi; € Aij/ar, a3)

= P (KJ c A;_.,‘/T) V]' € [n;], \0) € [2] . (424)
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So that

fI ﬁ a,-(', A,‘j) = f[ ﬁ P [Y‘J € A,‘j/T] a.s. . (4.25)

1=1j;=1 t=1j5=1

Now consider the right hand side of (4.23). Using (iii) = (iv) in
Theorem 4.3 we obtain

P[Y',J € Aij; J € [n,'], Vi € [2]/01, az] = P[Y,J € Aij; J€ [n,-], Vi € [2]/T]
and substituting this last result and (4.25) with (4.23) we see that
2 ng
PY; € Aiy; J €[], Vie 2l/r]=]] I P[¥i; € 4ii/7] .
i=1j=1

So that Y is conditionally independent given 7. The identical distributions
within types given r comes from (4.24) since

P [Y,J € A;,‘/T] = P[Y.‘,' € A‘-,-/al,az] a.s.

and the right hand side of this equation is independent of j as far as Y;; is
concerned (see Remark 4.1).

Corollary 4.2
Let Y = {Y;;;7 € [2], j € N} be an infinite 2-fold sequence of random vari-
ables. If Y is a mixture of 2-IID random variables, then it is directed by

random measures «; and ¢y, and we have three possible expressions for
them

(i) o = Ai ({357 € N}) a.s., where A; is as in Theorem 4.2.
(i) oy is an r.c.d. for Y;; given 7.

(iii) o4 is an r.c.d. for ¥;; given 7 (Yim,, Yimi+1- - - » Yomar Yamat1s - - )
m; e N, Vi € [2].

Proof:
Expression (i) for the d.r.m.’s comes from Theorem 4.2. From (4.24),

o; (+ Aij) = P[Yy; € Ay /1] V5 € [ny]
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so that
(-, Aij) = P (Y1 € Ay /7] (4.26)

and hence (ii) follows.

Taking n; = 1, Vi € [2], using Theorem 4.3 (i) = (iii) and (4.26) gives

(ii).

Remarks

Corollary 4.2 provides three expressions for the d.r.m.’s, they are all a.s.
equal (as the d.r.m.’s are a.s. unique). Each of the expressions is useful in
some circumstances.

4.2 PARTIALLY EXCHANGEABLE RANDOM VARIABLES,
MIXTURES AND DIRECTION

In this section we obtain results for partially exchangeable sequences by
applying the theory of §4.1.

Throughout this section Z = {Z;;;¢ € 2|, § € N} will denote an infinite
(2-fold) sequence of random variables.

De Finetti’s theorem for 2-fold partially exchangeable random variables
(Theorem 3.3) may be restated as follows:

Theorem 4.5

If Z is partially exchangeable then it is a mixture of 2-IID sequences, di-
rected by a; and ay, where

a,-(-,A;,-) =P [Z,'l € Agj/T] Vi € [2],Vj € N,VA,'J' € B(R) (427)

and 7 denotes the tail o-field of Z.

Proof:
The desired result follows immediately from Theorems 3.2 and 4.1 (i).

Remark
Using Theorems 3.1 and 4.1 we could similarly show that a partially ex-
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changeable sequence Z is a mixture of 2-IID sequences, directed by
a;(-,A-,-) =P [Z{]_ € A,,/.‘froo] , 1E [2] (4.28)

where ¥, is as in Theorem 3.1.

Corollary 4.3
Z is a mixture of 2-IID sequences directed by @, and a; (as in (4.27) or
(4.28)) if and only if Z is partially exchangeable.

Proof:
Suppose that Z is a mixture of 2-IID sequences, directed by ¢; and o3 and
let

Fo(,A) = ]j f[ o, Aiz) (4.29)
where

A=X X Ay, ie. A€ BR® x R®) .
i=1 j=1

Then, using Lemma 4.1 and Definition 4.5,

2

I IL ool Ai) = [ 112() € A F=(w,d2() . (430)

=1y

The right hand side of (4.30) shows that Z is partially exchangeable. The
reverse implication follows from Theorem 4.5.

Remark
Partially exchangeable sequences are usually defined in terms of the invari-
ance of their joint distribution under permutations of the variables (see

Definition 2.7). In view of Corollary 4.3 however, Definition 2.7 may be
replaced by the following: :

Z is (2-fold) partially exchangeable if there exist random mea-

sures a; and o, such that Z is a mixture of 2-IID sequences,
directed by a; and as.

Aldous ((1977), page 61) defines an exchangeable sequence in this manner.



Theorem 4.6
If ¥ is an arbitrary o-field such that Z is conditionally 2-IID given ¥ then

(i) Z is partially exchangeable
(ii) Z and ¥ are conditionally independent given ¥(a;, ;) where

a(A) = PlZac AJF] Vie[2] YA€ B(R). (4.31)

Proof:

The desired result follows immediately from Theorem 4.1 and Corol-
lary 4.3.

Remark 4.2 (numbered for future reference)
If there exists a o-field # such that Z is conditionally 2-IID given ¥, then
we may refer to Z as being partially exchangeable without particular ref-

erence to the two d.r.m’s (bearing in mind that they are of the form given
in (4.31)).

Similarly, de Finetti’s theorem can be loosely stated as:
Partially exchangeable sequences are miztures of 2-1ID sequences

i.e. no reference to the two d.r.m.’s.

The next theorem however, gives various expressions for the d.r.m.’s of
partially exchangeable sequences.

Theorem 4.7

If Z is a partially exchangeable sequence, then it is directed by random
measures ¢; and o, and we have three possible expressions for them.

(i) o5 = Ai ({Zij; 7 € N}) a.s. where A; is as in Theorem 4.2.
(i) o is an r.c.d. for Z;; given r the tail o-field of Z.

(iii) o is an r.c.d. for Z;; given ¥ (Zim,, Zimi+15* s Zama> Zamas 1, * )
Vi€ (2], m; €N, myeN.
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Proof:
The desired result follows immediately from Theorem 4.5 and Corollary 4.2.

Theorem 4.4 leads us to the following very useful result:

Theorem 4.8
If Z is partially exchangeable, then Z is conditionally 2-IID given r, the
tail o-field of Z.

Proof:
If Z is partially exchangeable then it is a mixture of 2-IID sequences (Re-
mark 4.2) and the result follows on application of Theorem 4.4.

The following definitions will be used to obtain other o-fields which can
replace the tail o-field in Theorem 4.8.

Definition 4.7
Let Z be a partially exchangeable sequence of random variables and let V
be any random variable. Then Z is partially exchangeable over V if

L(V,Z) = L(V, Z.) (4.32)
where
Zr = {Zir,-(j); ? € [2], _] € N}
for m; a finite permutation of {1,2,...} ,1 € [2].

Definition 4.8

Let Z be a partially exchangeable sequence of random variables and let §
be any o-field. Then Z is partially exchangeable over G if (4.32) holds for
each random variable V' which is measurable with respect to §.

Lemma 4.3

Let Z be a partially exchangeable sequence of random variables and let V
be a random variable such that Z is partially exchangeable over V. Then

(i) Z is conditionally 2-IID given (V,a1, ;) where oy and a, are the
d.r.m.’s for Z
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(i) Z and V are conditionally independent given ¥ (o, a,).

Proof:
Define a new 2-fold infinite sequence of random variables as follows:

where

A

Z.'j = (V, Z.'j) Vi € [2], VJ. eN.

Then Z is clearlyﬂpartially exchangeable. If we denote the d.r.m.’s of Z by
&, and & then Z is conditionally 2-IID given ¥ (&4, é&2) (see (4.28)). In
particular Z is conditionally 2-I1ID given ¥ (&, &z)-

Applying Theorem 4.7 (i) to Z we see that for each ¢ € 2]

& = A ({Zs‘j; JE N})

= lim n! zl 52, (4.33)
J=

ng—oo

where, VA € B(R?),

1 Z,'j = (V, Z,'J') € A

62, (4) = { 0 elsewhere. (4.34)

If A= Al X Ag for A,‘ € B(R) Vi € [2] then
62(/1) = 62'.1.(441)6‘7(142) VJ €N

A2

where

62;1.(1‘11) = I[Z,']‘ € A1] V]' € N and 6v(A2) = I[V € Az]

so that (4.33) becomes

n;
& = lim n7' Y 656,
=1

n;—co

ny
= by lim n;'Y 6z
n;—oo i=1 i
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and hence, from Theorem 4.7 (i),
& = byay . (4.35)

We thus have a partially exchangeable sequence Z with d.r.m.’s 6y a; and
by az. It thus follows that (&) = F(V, o) Vi € [2], and hence

7(&1,&2) = f(V, al,az)

We have thus shown (i) since Z is conditionally 2-IID given ¥ (&, &,).

From (i) and Theorem 4.6 we see that Z and ¥ (V, a1, a2) are conditionally
independent given ¥ (o, @), i.e.

PlZe A/7 (V,a1,a),F (a1, @3)] = P[Z € A/ F (e, )]
| so that
P(Zec A/F(V),F (aq,03)| = P|Z € A/ F (a1, 03)]

and hence Z and V are conditionally independent given ¥ (see Appendix
A2, point A3) so that we have shown (ii).

We are now in a position to prove a very important result.

Theorem 4.9

Let Z be a partially exchangeable sequence of random variables, directed
by a; and a3. Then

Ez =17 =7 (oy,0) a.s. (4.36)

where Ez and 77 are the partially exchangeable and tail o-fields of Z re-
spectively, (see Definitions 3.3 and 3.5).

Proof:

Suppose that A € 77. Then A € 72 for infinitely many values of n,m € N,
where

7:; =7 (Z1n+1’ Zln+2a ey Z2m.+17 Z2m+2; .- )
and hence A € Ez so that
17 C Eg . (4.37)
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For B € Egz, define random variable

Ip(w) = { (1) y Zg o (4.38)

Then B is a subset of {1 which Z maps to R* x R* such that Vw € B,
Z(w) = Z.(w)

where
Z,, = {Z;,‘-..(j); ) € [2], _7- € N}
and 7; is any finite permutation of {1,2,...} , Vi € [2].

Clearly then, since Z is partially exchangeable we obtain
L (IB, Z) =1L (IB, Z,,)

Definition 4.7 shows that Z is partially exchangeable over Ig for B € E3.
Lemma 4.3 then yields the following:

Z and Ip are conditionally independent given ¥ (o, az).
Using Definition 4.8, we thus have the following:
Z and Ey are conditionally independent given 7 (ay, az).

Clearly Ez C F(Z) so that Egz is conditionally independent of itself given
F(ay,a2). Hence

Ez C F(aj,a3) a.s. (4.39)
follows from A6 in Appendix A2. From Corollary 4.1 and Theorem 4.5,
Flay,o2) C 1z a.s. (4.40)
Equations (4.39) and (4.40) thus yield
Ez C F{ay,az) C 1z a.s. (4.41)
Combining this with (4.37) we have
Ez = Flag,a3) =7(Z) a.s.

as required.
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Remarks

From Theorem 4.8, Corollary 4.3 and Theorem 4.9 we see that Z is partially
exchangeable, directed by a; and aj, if and only if Z is conditionally 2-1ID
given either

(i) 7z, the tail o-field of Z
or
(ii) Egz, the partially exchangeable o-field of Z
or
(iii) F(eu, @2), where a; and o3 are the d.r.m.’s of Z.

Theorem 4.6 thus gives the following three possible expressions for d.r.m.’s
a; ,t € [2].

Let A € B(R), then o4(-, A), the d.r.m., is any one of the following three
expressions:

(i) P(Zy € A/rz) (see Theorem 4.7 (ii) )
(ii) P (24 € A/Egz)
(iii) P(Zi € Aoy, o).

Remark
The three expressions for the set of directed random variables are a.s. equal

as can be seen from Theorem 4.9. We may thus speak of the set of directed
random measures.

4.3 CONSTRUCTION OF PARTIALLY EXCHANGEABLE
RANDOM VARIABLES

The purpose of this section is to point out some concrete ways of con-
structing partially exchangeable sequences. Most of the results are direct

consequences of de Finetti’s theorem (Theorem 3.3) and show how to ma-
nipulate random measures.
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Throughout this section Z = {Z;;;¢ € [2]|, 7 € N} will denote an infinite
2-fold sequence of random variables. If Z is partially exchangeable, then
we denote the d.r.m.’s by oy, 1 € [2].

The next two examples may be considered to be degenerate partially ex-
changeable sequences:

(i) If Z is 2-1ID, variables of type ¢ having distribution §; , Vi € [2], then
Z may be viewed as a partially exchangeable sequence directed by 6;,
Vi e [2].

(i) If Z has Z;; = Z;z = -+ a.s. , Vi € [2], then Z may be viewed as a
partially exchangeable sequence with o4(-, A) = I(X; € A)
VA € B(R) for some fixed random variable X; , Vi € [2].

A natural way to construct a partially exchangeable sequence (this was
hinted at after Corollary 3.1) is to take a parametric family of distribu-
tions, choose the parameters randomly and then take a 2-IID sequence
which has a distribution with these random parameters. The next example
demonstrates this method.

Example
Denote the Normal (4, 0?) distribution by ug,. Let X = {Xj;;¢ € [2], 7 € N}
be a 2-IID sequence, X;; ~ N(0,1) , Vi € 2], Vj € N.

If Z is defined by
Z"J' =6, + S,‘X,‘j Vi € [2], Vj €N

where ©; and S; are random variables denoting the mean and standard
deviation of Z;;, then Z is a partially exchangeable sequence of random
variables, directed by o; = pue,s, , Vi € [2] (conditioning on ©; = §;,
S; = 0; , Vi € [2], clearly gives a 2-IID sequence).

In general however, Z is a more complicated mixture of parametric families
as the following examples demonstrate.
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Example

Let Y = {Y;;; 1 €[2], € N} and X = {Xy;; 1 € [2], j € N} be 2-fold
infinite sequences of random variables. Suppose that X is a 2-IID se-
quence, independent of Y, such that {X;;; 7 € N} takes distinct values
from {1,2,...}, Vi € [2]. If Z is defined by

Z;' = Yix,; Vi € [2], Vj eN.
then Z is partially exchangeable.

Using Theorem 4.7 (i) we next find expressions for the d.r.m.’s.

Let ¢ € 2],
t i€ (2 o = Ai({Zj; j €N}

where

P,'J' = P(X,']_ = j) V] € N.
The following simple method of construction also yields a partially ex-
changeable sequence.

Example 4.1 (numbered for future reference)

Let X = {Xjj; © € [2], € N} be a 2-fold infinite sequence of random vari-
ables. Suppose that X is a 2-IID sequence, variables of type 7 having
distribution 6; , Vi € [2]. Let Y be an arbitrary random variable, which is
independent of X, with distribution ¢. If Z is defined by

Zi; = f(Y, X,‘j) Vi € [2], VieN

for f : R X R —» R an arbitrary Borel-measurable function, then Z is
partially exchangeable. In order to find the d.r.m.’s of this sequence we re-
call the induced map as defined in Definition 3.4 for the special case S = R.
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If f has induced map f : R x P(R) — P(R) (see Definition 3.4 (ii)) then
Corollary 4.2 (i) shows that Z is directed by f(Y,0,) and f(Y,0,).

Remark

Let Z be a partially exchangeable sequence of random variables directed
by «; and a; and suppose that f : R — R is an arbitrary Borel measur-
able function. If f(Z) = {f(Z;;);7 € [2], j € N} then f(Z) is a partially
exchangeable sequence of random variables (see Theorem 2.2) and using
Corollary 4.2 (i) we see that f(Z) is directed by f(ey) and f(az).
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CHAPTER 5
LIMIT THEOREMS

To conclude this thesis we present some limit theorems for partially ex-
changeable random variables. These limit theorems are immediate conse-
quences of the main result of this chapter:

Given any a.s. limit theorem for 2-1ID sequences of random vartables, there
exists an analogous theorem satisfied by all (2-fold) partially exchangeable
sequences of random variables and by all sub-subsequences of some tnfinite
subsequence of an arbitrary dependent 2-fold infinite sequence of random
variables, tightly distributed within types.

Section 5.1 is devoted to notation, definitions, results and a brief discus-
sion of the above mentioned theorem. This shows the curious link between
some of the limit theorems of partially exchangeable sequences and those
of sub-subsequences of arbitrary 2-fold infinite sequences.

The proof of the above mentioned main result appears in §5.2 while §5.3 is
devoted to limit theorems for partially exchangeable sequences which follow
from the main result.

5.1 NOTATION, DEFINITIONS AND DISCUSSION OF
RESULTS

Komlés (1967) showed that if {X;, ¢ € N} is a sequence of random variables
such that sup E|X;| < oo then there exists an increasing sequence of integers
i

. {n1,ns,...} and a random variable V such that
N
liﬁnN'ng,,'. =V a.s..

This result was the prototype for the well-known Chatterji principle (Chat-
terji (1974a, 1974b, 1985 and 1986)): '

For every a.s. limit theorem for IID random variables under cer-
tain moment conditions, there exists an analogous theorem such
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that an arbitrarily-dependent sequence (under the same moment
conditions) always contains a subsequence satisfying this anal-
ogous theorem.

Note that Komlés’ result demonstrates Chatterji’s principle where the
limit theorem in question is the strong law of large numbers.

Chatterji’s principle in conjunction with the relationship between IID and
exchangeable random variables (see Chapter 3) led to the following conjec-
ture of Kingman (1978):

Every limit property enjoyed by all exchangeable sequences s
shared by some subsequence of every tight sequence.

Aldous provided a counter example to the above conjecture (see King-
man (1978), p.190) and proved the following result in place of it:

For every a.s. limit theorem for IID random variables there ez-
1sts an analogous theorem satisfied by all exchangeable sequences
and by all sub-subsequences of some subsequence of an arbitrar-
ily dependent tight sequence of random variables.

Following what Kingman calls “a brilliant display” by Aldous to prove
the previous result (see Aldous (1977)) we extend these results in §5.2 to an
infinite 2-fold sequence of random variables, a very powerful result which
is an extension of Chatterji’s principle and forms the main result of this
chapter.

Unless otherwise indicated the following notation will be used here and
in §5.2:

For A € P(R), let A\* € P(R™) be the infinite product measure
AX A X---. For a random measure u, let * be the random map
into P(R*) such that p*(w) = p(w) X p(w) x - --.

We shall be dealing with 2-fold infinite sequences and we shall use p(v) to
denote the random measure associated with random variables of type 1 (2).

Remark
Clearly X = {Xij;7 € [2],7 € N} is a 2-fold infinite sequence of random
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variables with L(X) = A} X A; , Ay € P(R) Vi € [2], is a concise way of
saying that X is a 2-IID sequence of random variables.

Introduce a special notation for subsequences of 2-fold sequences. Write
n = (n;,n;) and m = (m;,m;) where n; = (ny3,n42,n13,...) and m; =
(mq1, My, mys, . ..) and these sequences denote strictly increasing sequences
of positive integers (similarly n; and m,). Write m C n to mean that m; is
a subsequence of n; Vi € [2|. Write X,, for the subsequence { X1n,,, Xin,g;- - -5
Xongys X2nggs - - -3 of X, a 2-fold infinite sequence of random variables.

The following result will often be referred to in §5.2.

Theorem 5.1
A 2-fold infinite sequence of random variables, Z = {Z;;;¢ € [2],5 € N}, is
partially exchangeable if there exist random measures p and v such that

p* x v*isar.c.d. for Z given F(u,v) . (5.1)

Proof
The result follows immediately from Corollary 4.3.

Remark
Call the pair (u,v) of the above theorem the 2-fold canonical random mea-
sure (2-c.r.m.) associated with the partially exchangeable sequence Z.

Remark 5.1
Let X = {X;;+ € N} be a sequence of random variables. Then
X; — Xo(L',L*®) for random variable X means that

li’mE(X.-/B) = E(X/B)
for each B € B(R) , P(B) > 0.

Remark 5.2
It is well known (Meyer (1966), T23) that for X = {X;,i € N} to be
o(L', L) relatively sequentially compact it is necessary and sufficient that

X be uniformly integrable, and in particular it is sufficient that X be L?-
bounded for some p > 1.
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‘Definition 5.1
For A € P(R), write

|A[P = 70 |z|PA(dz) 0<p<oo (5.2)
|A|1 = _f ZA(d.’B)

X2 = ] #*A(dz) — (M) -

We refer to |A|; and |A|; as the mean and the variance of A respectively.
For definiteness write |A|; = oo if |A|! = 0o and |A|; = oo if |A|? = oo.

Remark

Tjur (1980) discusses distributions of random measures on the metrisable
space (Parthasarathy (1967), T6.2) P(R). Billingsley ((1968), p.238) de-
fines moments of measures which are consistent with the definitions for |A|;
and |A|; as given in Definition 5.1.

For the remainder of this section and §5.2 (unless otherwise indicated)
assume X = {X;;;7 € [2],;7 € N} to be a 2-fold infinite sequence of random
variables such that {L(X;;); 7 € N} is tight Vi € [2] (see Appendix Al).

The next two lemmas are extensions of work done by Aldous ((1977),
pp.61-62, Lemma 2 and equations (3.2) and (3.3)). We re-state his result

for each type of random variable separately, making the obvious adjust-
ments.

Lemma 5.1

E|(p(w))P < limsup E|X;;P , 0<p< oo
i

B|(v(w))]? < limsup E|Xy;? , 0<p< oo
J
where

E|X;P = [ |Xij(w)|PdP(w) , 71€[2], 0<p<oo .
N
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Lemma 5.2

If
a1 (W) = |p(w)l1, a2(w) = fr(w)h
Bi(w) = |u(w)lz, Pa(w) = |v(w)la

then
sup E|X;;| < co implies a;(w) < oo a.s.
J

sup E|X;;| < oo implies ay(w) < oo a.s.
i

sup E|X;;|* < co implies f;(w) < oo a.s.
j

sup E|X;;|* < oo implies f3(w) < o a.s. .
i ,

Remark
The previous two lemmas provide us with some technical results which ran-
dom measures p and v, which we construct in §5.2, satisfy.

Results in §5.2 are stated in terms of X, u and v. When applying these
results to specific theorems ¢; and f; , ¢ € [2] play the role of means and
variances in the 2-IID case.

Consider the following special property 8 which X might possess:

Definition 5.2
X possesses property 8 if there exists a (2-fold) partially exchangeable se-
quence of random variables Z = {Z;;;¢ € [2],7 € N} such that

(i) (u,v) is the 2-c.r.m. for Z

< oo a.s. for some m.

2 oo
(i) 3 % |Ximy — Zj
1=1j5=1

Remark
In §5.2 the results will be formulated so as to be almost obvious if X pos-
sesses property 8. However, X need not generally possess property 8 (see
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Aldous (1977), p.81 for the trivial case where only one type of random vari-
able is considered).

In the introduction to Chapter 5 mention was made of the main result
of §5.2 which concerns a.s. limit theorems for 2-1ID random variables. Ex-
actly what is meant by this statement will be made clear by the following
definition.

Definition 5.3
A statute A is a measurable subset of P(R) X P(R) X R® X R* such that
for each (A1, ;) € P(R) x P(R),

(A1, A2, X(w)) € A a.s. when L(X) =A] x Aj . (5.3)
This is equivalent to
(A1 X A}) {X(w) € R® x R®; (A, Ay, X(w)) € A} =1 (5.4)
or
P{w; (A1, A, X(w)) € A} =1 (5.5)

when X is a 2-IID sequence of random variables, A; being the common
distribution of random variables of type 1, V7 € [2].

‘The following examples of statutes representing some well-known a.s. limit
theorems for IID random variables (i.e. for the g = 1 case where only one
type of random variable is considered) appear in Aldous (1977):

Example 5.1
Let X = {X;;1 € N} be an infinite sequence of IID random variables,
then Kolmogorov’s SLLN and the Law of the Iterated Logarithm (Shi-

rayayev (1984), pp.366, 372 respectively) may be represented by the fol-
lowing statutes:
For each A € P(R),

Av={ X @) Jim 0 £ X(w) = WL} U {0 X ()5 10 = oo }
fv:X,-(w)—NL\h

Az = { (A, X(w)); limsup ~——— =
2= (A X(W))ilimsup oo = ([A]2)

(M

U{(%X(w)); [A]z = oo}

(5.6)

(5.7)
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Remark

The above two statutes will be extended in §5.3 to allow two types of ran-
dom variables, i.e. an analogue of Kolmogorov’s SLLN and the Law of
the Iterated Logarithm as a.s. limit theorems for 2-IID sequences will be
presented in statute form.

Definition 5.4
A statute A is said to be a ltmit statute if

(A, A2,X(w)) € A and i\i X5 (w) = Xi5(w)] < 00 (5.8)

=1 j5=1

implies
(A A, X'(w) €4 . (5.9)

5.2 PARTIAL EXCHANGEABILITY AND SUBSEQUENCES
OF ARBITRARY DEPENDENT 2-FOLD INFINITE
SEQUENCES OF RANDOM VARIABLES

As mentioned in the introduction to this chapter and in §5.1, this section
contains a very powerful result which shows the link between a.s. limit
theorems for 2-IID sequences of random variables and those of (i) partially
exchangeable sequences and (ii) sub-subsequences of some subsequence of
an arbitrary 2-fold infinite sequence of random variables which have a tight
distribution (Appendix A1) for each type of random variable.

Any a.s. limit theorem for 2-IID random variables may be represented
in statute form (see §5.3) and it thus remains to be shown that partially
exchangeable sequences and the particular subsequences mentioned may be
used in any statute.

For the remainder of this section, unless otherwise indicated, assume

X = {X;;;1 € [2],7 € N} to be a 2-fold infinite sequence of random vari-
ables, tightly distributed (Appendix A1) within types. To briefly describe

the technique used we extract a subsequence Y = {¥;;;¢ € [2],5 € N} from

X and associate with it a partially exchangeable sequence Z = {Z;;;7 € [2],5 € N}.



73

We will then show that certain types of properties of Z are shared by Y
(in particular some a.s. limit theorems).

Remark
Here follows a brief survey of related work for the g = 1 case:

(1) Given a sequence X = {X;;¢ € N} of random variables with a tight
distribution, we can find a subsequence Y = {Y;;¢ € N} which is
asymptotically exchangeable, i.e. for some exchangeable sequence of
random variables Z = {Z;;7 € N},

11§nL (Y}+1,Yj+2, . .) = L(Z]_, Zg, .o ) .

This result was given independently by Dacunha-Castelle (1974) and
Figiel and Sucheston (1976).

(2) Berkes (1982) gave a survey of results concerning the structure of
subsequences of random variables. He showed that the strongest
exchangeability property that can be guaranteed for suitable sub-
sequences of general sequences of random variables is a certain form
of asymptotic exchangeability which he calls strong ezchangeability at
infinity.

Theorem 5.2

Let Z = {Z;;;7 € [2],7 € N} be a partially exchangeable sequence of ran-
dom variables. If Z has 2-c.r.m. (u,v) then

(b(w),v(w),Z(w)) € A a.s. (5.10)

for any statute A.

Proof
From Lemma 4.1, using z for Z(w),

el I[(p(w),v(w),z) € Alp* x v*(w,dz)

=E{I|(4,v,Z) € A]/F(1s,0)} a.s. . (5.11)
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Also, from (5.4),

/ I(p(w),v(w),z) € 4] p* x v*(w,dz)
RexR>

= p" x v {z; (u(w),v(w),2) € 4}

=1. (5.12)
From (5.11) and (5.12) we thus have

E (B{I{(1,,Z) € A]/F(1,1)}) =1

and hence
E{I(p,v,Z) e A} =1
so that .
((w),v(w),Z(w)) €A a.s. .
Remark 5.3

Theorem 5.2 shows that a.s. limit theorems for 2-IID sequences of ran-
dom variables extend immediately to (2-fold) partially exchangeable ran-
dom variables, a result which is not surprising in view of our earlier work
in Chapter 3 (in particular Theorem 3.3).

The following theorem shows that a.s. limit theorems for 2-IID sequences
of random variables, which can be represented by a limit statute, extend
immediately to all sub-subsequences of some particular subsequence of X.

Theorem 5.3
Let A be any limit statute. Then there exists m such that for each n C m,

(p(w),v(w),Xp(w)) €A as. . (5.13)

Proof

The proof of this theorem will be given towards the end of this chapter as
it relies on many results that still need to be presented.
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Corollary 5.1
Theorem 5.3 is immediate if X has property 8.

Proof
From Definition 5.2 it follows that there exists a partially exchangeable
sequence of random variables Z = {Z;;;1 € [2],5 € N} with 2-c.r.m. (p,v)

and m such that 2 o
>0 \X.-,,.,.,. = Zij

i=1j=1

Theorem 5.2, (5.14) and Definition 5.4 show that

< 00 a.s. . (5.14)

(n(w),v(w),Xm(w)) €A a.s. (5.15)

for any limit statute A.

Now suppose that n C m and choose Z' to be a subsequence of Z in-
dexed by the same subscripts as subsequence X, is from X,,.

From (5.14),

2 o0

Z Z lX"ﬂii - Zs"J'

i=1j=1

<0 a.s.

2 oo
< Z Z 'X"m;,‘ - Zl'J'
1=1j5=1

and hence
(p(w),v(w),Xp(w)) € A a.s.

follows by using the same argument as was used to obtain (5.15) (note that
Z' is partially exchangeable if Z is).

Combining the results from Theorem 5.2 and Theorem 5.3 we thus have
the main result of this section:

Given any a.s. lsmit theorem for 2-IID random variables, there
ezists an analogous theorem satisfied by (2-fold) partially ez-
changeable sequences and by all sub-subsequences of some sub-
sequence of an arbitrarily dependent 2-fold infinite sequence of
random variables, tightly distributed within types.
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In order to prove Theorem 5.3 we need to construct the random measures
u and v for variables of type 1 and 2 respectively. The method of construc-
tion reduces to a construction in Révész (1967, Theorem 6.1.1) when only
one type of random variable is considered (i.e. the g =1 case).

Using the Relative Compactness Criterion (Appendix A1) we see that
{L(X;;);J € N} is relatively compact Vi € [2], and hence

where v; € P(R), Vi€ |[2].
The following notation will be used throughout this section:

Results will be stated for random variables of type i where ¢ € [2]. Let
D;o, be a countably dense set of continuity points of ~; (see (5.16)). For
each k € N choose a finite set

Dy = {z,-kj;j € (qx + 1]} such that

Tik; < Tikjy, < Tik, +27F 7 < Gk (5.17)
P [x,-h < X < :z:,-qu] >1-2"% npneN (5.18)
Dix C Digyy (5.19)

o0
Diw = |J Dit - (5.20)

k=1
Let Jiix be the set of intervals (—oo, zi, ], (Zik,, Ziks) » - - - (:c,-qu,oo) and let
J=U . (5.21)

- i

Define Px : R — Dy by

Pu() = { mf{z,-kj € Dijzir; 2 z} forz < Thq, (5.22)

Tikg, +1 else

for z € R.
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Note that Py is a constant on each J € Ju,7 € [2],k € N. For future
reference note that (5.17) and (5.18) imply both the next two results:

P(|Pa(Xin) — Xin| 227 <27* kyneN,i€[2] (5.23)

and for any V = {V;;;1 € [2],5 € N} with L(V};) = v, v € P(R),
jEN,i€ (2],

P[IPa(Vi) - Vil 2 27%| <27* VieNkeNyie2] .  (529)

The following result follows immediately from work published by Aldous
((1977), p.69) by applying Aldous’ results to each type of random variable
separately.

Theorem 5.4
There exists a subsequence Y = X,, and random measures g and v such
that

for each J € J;, Jim E [I(Yik € J)/ Fik-1] (w) = p(w, J) (5.25)
for each J € J, klitglo E[I(Ys € J)/ Fak-1] (w) = v(w, J) (5.26)

where u is Fj-measurable and v is F-measurable. For

Feer = F(PaYa), Pa(Yaz)y ..o P—1(Yie-1)) 1 € 2],k €N (5.27)
5 = LkJ?fk i € [2]. (5.28)

We now construct a partially exchangeable sequence Z whose 2-c.r.m. is

(u,v) and then compare properties of Y and Z (where Y, u,v are as in
Theorem 5.4).

From (5.27) and (5.28) we note that
% C F(Y) i € [2]. (5.29)

For the remainder of this section let Z = {Zi;;7 € [2],5 € N} be a sequence
of random variables such that

p* x v*is ar.c.d. for Z given (Y, u,v). (5.30)
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Since p is #-measurable and v is %-measurable (see Theorem 5.4), it fol-
lows that (5.29) and (5.30) yield

p* x v*is ar.c.d. for Z given 7(Y). (5.31)
Using (5.30) and (5.31) we see that

p* x v is ar.c.d. for Z given ¥ (u,v)

so that (u,v) is the 2-c.r.m. for the (2-fold) partially exchangeable se-
quence, Z.

Theorem 5.5

Let V be an F(Y)-measurable map into some separable, metrisable space,
S. For all y € N,

() lim L(V,Yim, Yaa) = L(V, Z;,Y20) VneN (5.32)
(il) JLILIO L (V, Ylm., an) =T (V, Ylm, Zz,') VYm € N. (5.33)

Moreover suppose that f € L*(S X R X R) is such that, for each s € S,
f(s,+,Ys,) is a constant on each J € J;;, then

and if f(s,Yim,*) is a constant on each J € Jy;, then
Proof

The proof of this theorem follows from Aldous’ related result (Aldous

(1977), Lemma 12, p.72) for one type of random variable by making the
obvious changes to his proof.

Corollary 5.2
V and Z; = {Z;;; 7 € N} are conditionally independent given % Vi € [2].

Proof

For 7 € [2], let J € J; and let A be a measurable subset of S. Then, using
(5.29), we see that



79

PV € A, Zije J]7]

=E[I(V € A, Z; € J)/F]

=E{E[I(V € A,Z; € J)/Y]/%}

=E{I(V € AE[I(Z;;e J)/Y]/%}. (5-36)

Consider the ¢ = 1 case and recall that y is ;-measurable (Theorem 5.4).
From (5.31) and (5.36) then, Vj € N,

PV € A, Zy; € J]F]

=E[I[V € Alu(w,J)/ 7]

= p(w, J)E IV € A]/7]

= E [p(w,J)/AH] E(I[V € A]/7)

= E(B(1{2,; € J)/Y)/AI E(IIV € 4]/7).
From (5.29) then,

P\VeA ZeJ/A|=PlZ;eJ/H|P[V € A/F]
the ¢ = 2 case follows similarly.

Remark
Since Y is an infinite subsequence of X, (5.16) shows that for ¢ € [2],

L(Y;;) = % VjeN.
Hence, from Theorem 5.5 we obtain, for i € 2],

Consider a function g : P(R) X P(R) X R® x R® — R. We aim to use
the asymptotic conditional independence property given by Theorem 5.5 to
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show that E [g(u, v, Y,)] is close to E[g(u, v, Z)] whenever n increases suf-
ficiently rapidly (exactly what is meant by this will be stated below). The
situation is simplest when g is continuous, but the alternative conditions
below will sometimes be needed.

For each x € R® x R®,y e R® x R® and \; € P(R) 1€ [2],

g(A1,A2,x) < lim inf g(A1, Az, Taay oo 5 Taiyy T2ty - - o5 T2ig YLis+15 Ylig 425+ -+

11,32
Y2ir+1> Y2ir2s--) Vi EN, jJ€[2]. (5.38)

Pij(zi5) = Pilwij) Vie[2],VjeN
then
g(AlaAst) - g(AlaAZ,y) (5.39)
where F; is as in (5.22).

Definition 5.5

Let Q denote an assertion applicable to increasing sequences (within types)
n = {n;;;t € [2],7 € N} of positive integers (i.e. n; = {n;;;5 € N} is in-
creasing Vi € [2]) and let Q' denote the set of n € N® x N* for which Q
is true. If there exist functions L, and L,,

L; : {finite sequences in N} — N Vi € [2] such that, Vj € N,z € [2],
nj Z L,—(n,-l, Ni2yeeny n,-j_l) irnplles ne Q', (540)

then we say that Q holds for all n increasing sufficiently rapidly. (Note
that we require the sequence to be increasing sufficiently rapidly for each
type of variable, separately).

Theorem 5.6
Let P{(R) and P{”(R) be two measurable subsets of P(R) such that
p(w) € PY(R) a.s. and v(w) € PP(R) as.. (5.41)

Let P(](i) (R) be equipped with the separable, metrisable topology, 7; such
that

X,‘jE)A,‘ 1mp11es A,‘j = A Vi € [2] . (542)
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The weak topology and r; generate the same o-field Vi € [2]. (5.43)

Let £ > 0 be given. Let g : Pél)(R) X Péz)(R) x R*® x R® — R sat-
isfy either
(i) g is bounded and continuous

or
(ii) g is bounded, measurable and satisfies (5.38) and (5.39).

Then
Elg(u, v, Y.)] < Blg(s,v,2)] + € (5.44)

for all n increasing sufficiently rapidly.

Proof
Suppose, inductively, that we have chosen the first k; variables of type
i, 1 €[2], i.e. ny < njp <...< ny, have been specified V7 € [2].

Define random variables

Goo = g(u, v, Z) (545)
Gij = g(u’ V’ Ylnu,Ylﬂlzi e aYIn“aYZW;uYang, e ,angj!

Zrit1y Z1ivay - oy Zaji1s Zajans---)y 8 € [k1],7 € [ka], ki €N
Vie[2]. (5.46)
For m; > ny, Vi € [2], define

Bmlmg = g(/“) v, Ylnu: Ylnus e aYInlkl ] Y2n21 ] YZnny L ,an,kz,

Yimis Yemas Zikit 2 Ziki43s « o s Z2ka+2y Z2kg+3s - - -)- (5.47)

We shall prove
lim E(Bml,mg) = E(thz) (5.48)

m1,m2
in order to prove the theorem. We now proceed to show that if (5.48) holds
then the desired result follows. We thus accept (5.48) for the time being.

From (5.46), (5.47) and (5.48) we see that there exist functions L; and
L2a

L; : {finite sequences in N} — N Vi € [2], such that
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if
Nik+1 > Li(nag, niay - ooy Nk Vi € [2]
then E(Gg,+1x,) and E(Gk,k,+1) can be brought as close to E(Gk,i,) as

desired, i.e. from Definition 5.5, we may say that for all n increasing
sufficiently rapidly, there exist & > 0, Vi € [2], such that

E(Griiks) < E(Giyp) + 627577 (5.49)

and
E(Grkys1) < E(Gryk,) + E227571 (5.50)

Now suppose that n increases sufficiently rapidly, from (5.49) and
(5.50) there exist £ > 0 such that

E(Gik,) < E(Gr-1k,) + 61279

A

E(Gow) + & (274 + 2704 4. 4 271)

IA

E(Goh) + &

E(Goky1) + 6275 + &

A

é E(Gop) +¢ (5.51)

where ¢ = £, + &;. Since (5.51) holds Vk; € N |, Vi € [2], we may use
(5.45) to obtain the following:

If n increases sufficiently rapidly then there exists £ > 0 such
that

sup E(Gk,x,) < Elg(u,v,Z)] + €. (5.52)

At the outset of the theorem it was assumed that g either satisfies (i) or (ii).
Assume that g satisfies (ii). From (5.38) with x =Y, = {Y1n,,, Yinge-- >
Y2n21)Y2n223' . '}a Yy = Z = {le.’ Z12a .. 'aZ2l7 Z22) . } ) 1’ = kl ) J == k2 )
A1 = ¢ and A; = v, we see that

g(tu'a v, Yn) S luﬁ ]glf g(/“: v, Ylnu ) Ylnu’ ceey Yl"lkl ’ Y2n21 ] Y2n22’ ey Y2n2k2)

Zki+1y L1ki+2s + - - s Dakgt 1y Lakgt2s - - -)
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and hence, from (5.46),
g(u,v,Y,) < lim inf Gig,- (5.53)
ki,ka

Since (5.53) follows immediately if g is continuous (which is assumed if g
satisfies (i)) we thus have g to satisfy (5.53).

From (5.53) and Fatou’s lemma (Appendix Al),

Elg(p,v,Ya)] < E (lim izlf thz)

ki, k2
S lim infE(lek,). (5.54)
ky, k2

Using (5.52) and (5.54) we thus see that for all n increasing sufficiently
rapidly, there exists £ > 0 such that (5.44) follows, since

Eg(p,v,Y,)] < lifniEfE(th,)
1, ~2

< SUPE(GkaQ)
k1,k2
< Elg(p,v,Z)] + €.

The proof will thus be complete if (5.48) is shown to hold. For all ¢,7 € N,
define functions g;; : Pgl] (R) x Pé” (R) x R x R’ —» R by

gi; = (/\1,)\2,!/11,3112,---,yli,yzl,yzza---,yzg‘)
= 1{9(/\1,)\2,3/11,!/12,--',ymyzl,yzz,---,y2j,351i+1,$1i+2,---,$2j+1,12j+2,---)
Al x Ajd(x)  (5.55)
where R = (SER) X (szR)
i+1 i+l

From (5.55) and the assumptions made on g it immediately follows that
gi; is bounded and measurable ¥i,7 € N.

Define a random map V into P{"(R) x Péz)(R) x R¥ x R*2 for k; € N,
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i1 € [2] by
V = (102 Yins Yimas - - > Yingey s Yanass Yangao -+ -5 Yang, ) (5.56)
From (5.29) and the fact that u is F;-measurable we conclude that
u is 7(Y)—measurable. (5.57)
Similarly for v, so that (5.56) shows that
V is 7(Y)—measurable. (5.58)

For random variables W; and W; and k; € N , 1 € [2], we may regard
(V, W1, W,) as a random map into P{"(R) x P! (R) x RE+! x R¥a+1, Us-
ing Lemma 4.1, the definitions of the functions involved and (5.31), we see
that

E(Gik,/Y) = gy, (V) ass. (5.59)
E (Bmlma /Y) = Gk +1ky+1 (V, Yim,, Yzm,) a.s. (5.60)
E gk 410241 (Vs Z1ki+15 Z2ky+1/Y)] = Gk, (V) ass. . (5.61)

We now show that if

Lim E gk, +16,41(V, Yimys Yom,)| = E 9k, +16,+1(V, Z1ky+15 Daky41)] @S

my,my
(5.62)
holds, then (5.48) follows.

From (5.60) and (5.62),

lim E [E(Bmym,/Y)]

my,my

= lim E [gk1+1k2+1 (V, Ylm17Y2m2)] a.s.

m),my
= Elgt+1641(V, Ziki+1, Zakgr1)] ;5 as. . (5.63)

From a basic property of conditional expectations, (5.59), (5.61) and (5.63),
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it follows that (5.48) holds, since

Gm E(Bmum,) = E[gt+1ka1(Vs Ziky41, Zakg1)] a5,

my,ma

= E{E|[gr,+163+1(V; Zrks41, Z2ka+1) [ Y]} acs.
= FE [gklkz (V)J a.s.
= F [‘E(lekg/Y)] a.s.

= E(Gix,) a.s. .
The proof of the theorem is thus complete if (5.62) can be shown to hold.
Once again, we consider the two cases separately.
Suppose that g satisfies (ii). Let k;,k; € N. From (5.55), for arbitrary
m,n € N,

Gk +1ka+1 (/\1, A2, Y11, Y125+ - 5 Yikys Y21, Y225 -« o 5 Y2k95 Yim, y2n)

= f g (/\1, A2y Y11, Y12y - - - s Ylk +15 Y215 Y225« « - Y2ka+15 L1k +2y L1k 43y -+« 9 T2ka+25 L2k +35 -+ )
R

A7 x A3(dx) (5.64)

where R = (sz R) X (SE R).

ki+2 ko+2
Now P41 is a constant on each J € Jy,41 Vi € [2] (this was noted just
below the definition of Pi(z), see (5.22)), so that (5.39) and (5.55) immedi-

ately show that if we fix (A;, A2, Y11, -« Y1k, Y215 - - - » Y2kq5 Y2n) and consider

Fky+1ka+1 (/\1, A2, Y11, Y125 -+ - s Ylky s Y210 - - + 5 Y2kas Y1m, yln) as a function of y1,
only, then the right hand side of (5.64) is a constant on each J; € Ji, 1.
We may thus use Theorem 5.5 (iii) to cbtain

dim E [Giey+1k2+1 (A1, A2, Y1, oo Yik, Yor, oo oy Yory, Yim, Yia)]

= E (g, +1k341 (A1, A2, Yiny oo, Yag, Yo, oo, Yag,, 214, Y1) V2 € N

Using similar arguments we thus see that, Vi,7 € N,
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lim E [gk1+1k2+1 (/‘\1, Az, Yig,. .. ,Ylk,,Yzl, R ,sz,, Yim, Yln)]

= E (g r1k2+1 (A1s A2, Yany oo Yikys Yar, - -+ Yoigy 21, 235 (5.65)
so that (5.62) holds as it is just a special case of (5.65).
We now show that (5.62) holds if g satisfies (i). For V as in (5.56), V

is an 7 (Y)-measurable map into S = PM(R) x P (R) x R¥ x R*2, and
we may thus use Theorem 5.5 (i) to see that

Bim LV, Yim, Yan) = L(V, Z1i¥20) VieN (5.66)
and
tim L(V, Yim, Yan) = LV, Yim, Z27) VieN (5.67)
so that (5.66) and (5.67) yield
im L(YV, Yim, Yan) = L(V, Zui, Z25). Vi,jeN (5.68)

The continuity of gi,+1k,+1 Vki € N, ¢ € [2], follows from the continuity
of g and hence (5.62) is obtained from (5.68). The proof of Theorem 5.6 is
thus complete.

Remark

Theorem 5.6 reduces to a result by Aldous ((1977), Proposition 13, p.74)
when only variables of one type are considered.

We are almost in a position to prove Theorem 5.3 but we first need es-
tablish the following lemmas:

Lemma 5.3

Let {Q(jl.jz)(kl,kz); 1< ’C,‘ < q]".,i € [2], (]-1,].2) € N x N} be a collection of
properties, each of which holds for all n increasing sufficiently rapidly (see
Definition 5.5). Then there exists m which satisfies the following:

For each n C m and each (j;,J;) € N x N, there exists

i) — {nﬁ’ niy, ..., n3,ni, .. } such that
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n{172) satisfies properties Q(j, j,)(k1.k2) 1<k <gj,i€[2] (5.69)
ng = nli for all k > 3,1 € [2]. (5.70)
Proof

The desired result follows from Aldous’ related result (Aldous (1977),
Lemma 14, p.76) since n increasing sufficiently rapidly requires n; = {n;;; 7 € N}
to increase sufficiently rapidly Vi € [2] (see Definition 5.5).

Lemma 5.4

Let A be any limit statute, with A" as its complement in P(R) x P(R) x

R*® x R*®. Let 3 € N Vi € [2] be given. Then :
P (v, Y,) € A <2775 (5.71)

for all n increasing sufficiently rapidly.

Proof
We start off by showing that 4’ is a limit statute.

In this regard suppose that

2 o0

(A1, Az, x) € A"and DY

1=1j=1

for some x,x' € R® x R® and \; € P(R) , Vi € [2].

!
i

Ty — Zyi) < 00 (572)

Suppose that (A;,Xz,%) is not in A'. Then (A1,A2,X') € A, and from
the second part of (5.72), since A is a limit statute, we conclude that
(A1,A2,%) € A. Clearly then (A\;,);,x) ¢ A', which contradicts the first
part of (5.72). We may thus conclude that A’ is a limit statute if 4 is.

We cannot apply Theorem 5.6 directly to I(A') since (5.39) is not sat-
isfied, so we need a more sophisticated approach.

Consider the functions F; as defined in (5.22). From (5.37) and (5.24),
Vj € N, we have that

P[|Pa(Z5) - Zs| 2 275 <27* VkeN, Vie 2]
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and hence, Vj € N,

LY

P (12— Pi(Z5)| > 277] <277 VjeN, Vie[2] (5.73)
so that
ZZ |Zi; — Pij(Zij)| < ©  a.s. (5.74)
=1 j5=1

From Theorem 5.5, it follows that, ¥Vn C N°° X N® Vi€ [2],VjeN,

P

Yin;,- - Pi] (Kn;")

SR

Zij - Pi(Z) > 277
so that

m.J m,,)

<00 a.s. (5.75)

3
follows from (5.73) in the same way that (5.74) did.
Now define P : R® x R® — R® X R® by

P(x) = (Pll(zll)y P12 (1712), ey P (.’Ezl), P2z (2322), .. ) . (5.76)

Due to the symmetry of (5.74) and the fact that A’ is a limit statute, we
conclude that

(u,v,Z(w)) € A if and only if (i, v, P(Z(w))) € A
for Z a partially exchangeable sequence with 2-c.r.m. (u,v), so that
P[(u,v,2) € A] = P[(u,v, P(2)) € 4]. (5.77)
Similarly, from (5.75),
P [(u,1,Ya) € A = P [(4,0, P(Y,) € 4] (5.78)
However, from Theorem 5.2 and (5.77),

P(u,v,P(Z)) € 4] = 1

so that
P(u,v,P(2)) € AT] =0. (5.79)
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Since a probability measure on a metric space is regular, there exists an
open set G D A’ such that (5.79) leads us to

P[(u,v, P(Z)) € G] < 27731 Vs € N, 1 € [2]. (5.80)
Now let

H = {(M,22,X); (A, Aa, P(x)) € G for \; € P(R) Vi€ [2],x€R® xR} .
(5.81)

For \; € P(R) Vi € [2] , x € R® x R, let

9(As, gy x) = I(H) = { - 81215833 y ¢ (5.82)

From (5.82) it follows that g(A;, Az,x) is bounded and measurable. Since
g(A1, A2,x) satisfies (5.38) and (5.39) we may use Theorem 5.6 (ii) to see
that, for all n increasing sufficiently rapidly,

Elg(u,v,Ys)| < Efg(p,v,Z)] + €.
From (5.82) we thus have,
E{I[(g,v,P(Yn)) € Gl} < E{I[(n,v, P(Z)) €G]} + ¢
and hence
P((u,v, P(Y,)) €G] < Pl(u,v,P(Z)) €G]+ €. (5.83)

From (5.80) and (5.83) we thus have that for all n increasing sufficiently
rapidly, '

Pl(p,v,P(Y,) €G] < 27002, (5.84)
The lemma thus follows immediately from (5.78), (5.84) and the fact that
A CG.

We are finally in a position to prove Theorem 5.3.
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Proof of Theorem 5.3

Let A be any limit statute. From Lemma 5.3 we know that 3m € N*®° x N,
such that, for all n C m and each (5; x ;) € N x N, we can find a n(+72), as
in (5.70), which satisfies a particular set of properties for sequences which
increase sufficiently rapidly. From Lemma 5.4 then,

P [(4,0, Ypiuin) € A < 27775 (5.85)
for j; e N, Vi €[2].

From the construction of n(172) it follows that

2 o
DD |Yiny — Y, | <oo. (5.86)
=1 k=1 '

From the symmetry of (5.86) and the fact that A’ is a limit statute it
immediately follows that

!

(,v,Y,) € A if and only if (1,1, Y (1) € A

so that ,
P (1, Y,) € A = P (1, Vo) € 4] . (5.87)

From (5.85) and (5.87) then, for all j; € N, Vi € [2],
P[(k,v,Y,) € A'] < 277177

so that
Pl(g,1,Y,)€e Al =1

and hence the desired result follows.

5.3 LIMIT THEOREMS FOR PARTIALLY EXCHANGEABLE
SEQUENCES

We start off by extending some well-known limit theorems for IID ran-
dom variables to hold for 2-IID sequences. Limit theorems for partially
exchangeable sequences follow immediately (see Remark 5.3).

Let X = {X;;;7€2],7 € N} be a 2-IID sequence of random variables,
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2 ny

and let S = {S,,l,,2 = E Z X,-j;n,- € N,Vt € [2]}
i=1j5=1

Definition 5.6

A tail event on S is an event which is independent of {Su;1 < k < n;,1 <1 < ny}

for any finite n; € N , 7 € [2].

The following corollary to the Hewitt-Savage zero-one law for 2-IID se-
quences (Theorem 3.6) reduces to a result in Breiman ((1968), p.64) when
only variables of one type are considered.

Corollary 5.3
Let X = {X;;;¢ € [2],7 € N} be a 2-1ID sequence and S as defined above.
Then every tail event on S has probability zero or one.

Proof

Let A be a tail event on S. Then A is unaffected by finite permutations
(within types) of X, and hence A € Ex (see Definition 3.5). The desired
result follows from Theorem 3.6.

Example

Let X and S be as in Corollary 5.3, and let I,,,,, € B(R?) Vn; € N, 1 € [2].
Then

A = [Spn; € Inn, for infinitely many n, and n; from N]
B = |lim S5, <
n1,n3

are both tail events on S and hence, by Corollary 5.3, have measure zero
or one.

The following limit theorem for 2-IID sequences is an extension of Kol-
mogorov’s inequality (Appendix A1l).

Theorem 5.7
Let X = {X;j;7 € [2],7 € N} be a 2-IID sequence of random variables with

E(Xy;)=0, E(X})<oo Vi€[2], VjJEN
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Let _
E(X%) =V VjeN, i€[2].
Then, V& > 0,
P | max ‘;“z Xii| 2 s} <467 2,
lE[Z]
Proof

For all k; € [n] , 1 € [2]

2 kg k
> X Xij| &£
J—

1=1j5=1
and hence
ks
max > ) Xij| > ¢
ielz)  [t=17=1
kl k2
max Xy max X, >
= 1<k <ny Z 17 +15k;<n2 Z 2| 2 ¢
i=1 =1
so that
>
lE[2

< P{[l<k1<nl le X5 2 6/2] Lsrgclféx

S P [1<k1<n1 > £/2] + P [

Now applying Kolmogorov’s inequality (Appendix Al) to each term on
the right hand side of (5.88), we see that

e

E X2]

Z Xl]

j=

> 5/2] (5.88)

1<kg<n

2k

22X

i=1j=1 |

P

max
1<k <n;
i€la)

> f} < 4£7 (V1 + ngVa).
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Lemma 5.5
Let X be a 2-IID sequence with zero means, finite second moments, where

00 2
i Y. V;; is convergent (V;; = Var(X;;)). Then 3 § X; is a.s. convergent.

i=1j=1 1=1j=1
Proof:2
Since Y. Y Vij < 00, it clearly follows that
1=1;7=1
Z V,'j < & Vi € [2] s
j=1

[e.]
and hence, from Clarke (1975, Lemma 3, p.179) we see that ), X, is a.s.
i=1
convergent Vi € [2]. The desired result now follows immediately.

An idea obtained in a paper by Aldous ((1981), p.590) led to the following
extension of Kolmogorov’s SLLN (see Appendix Al):

Theorem 5.8
Let X be a 2-IID sequence of random variables with E|X;;| < oo, Vi € [2]
and let E(X;;) = p;, Vi € [2]. Then

n
lim n7! Z X1x Xk = 12 a.s.

n—o0
k=1

Proof
Clearly {X1xX2x; k € N} is an IID sequence. Now

E| X1k Xak| < E|X14| E| Xak| < 00

so that Kolmogorov’s above mentioned result yields

lim n_l Z XlkXZk = K1t a.S.

n—oo
k=1

Using the notation of §5.1 and §5.2, in particular Definition 5.3, we now
present the previous theorem in statute form.
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A= {020 Jim 07 £ wnom = |, Mal, JU

'n

{(Al,Az,X); |A1|1 = OO or 'A2|1 = OO}

Similarly a statute representing an extension of the Law of the Iterated
Logarithm (see Example 5.1) allowing 2-type sequences follows from statute
A, in"'Example 5.1 in exactly the same way as A; above generalizes A;:

N
(ki_jlzuzzk - N|/\1|1 . |/\2|1)
Ay = A1, A2,x); lim su — -
‘ {( 15 A2,%) N—oo ! (2N loglog N)2

= [[A1]z - [A2lz + ([A1]1)*|A2]z + (|A2]1)?|Aa)2]? } U

{(A1, A2, %); | Aalz - [Azl2 4 ([Aa]a)2[Az]z + (|A2]1)?{A]z = o0},

where we have used the fact (see Clarke (1975), p.107) that, for any two
random variables X and Y,

Var(XY) = Var(X)Var(Y) + (E(X))*Var(Y) + (E(Y))*Var(X) .

Remark

Theorems 5.2 and 5.3 and statutes A; and A4 above demonstrate how a.s.
limit theorems for 2-IID sequences of random variables extend to partially

exchangeable sequences and to sub-subsequences of an arbitrary tight se-
quence of random variables.
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APPENDIX A1l

De Finetti’s representation theorem for partially exchangeable
events (Dale (1984), p.234)

For every infinite sequence of g-fold partially exchangeable events, there
corresponds a (unique) g-dimensional distribution function F on G = [0, 1}
such that

(nl,n2 ..... "'F) 9 n; re .
M, g Z/H( )-"3;'(1—5{) ‘dF (21,22, ...,2,)

& =t \Ti
where ri+ s =n; Vi € [g]
(:1':2:') denotes the probability of r1,r,,...,r; occurences
in the ny,n,,...,n, events respectively.
z; denotes the probability of an occurence of event of type 1.

Birkhoff ergodic theorem for stationary processes (Loéve (1978),
p.76)

Let X = {X;,» € N} be a stationary sequence of random variables. If
E(X,) exists, then ‘
X

—— ",E(X,/C) a.s.

n

n
1=

where c = HC,.
n=1

Co = F{Xn,Xnt1,-..} VneN.
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A result from Lord ((1954) p.45, result 2.2).
If X = {X;,t € N} has spherical symmetry, then

d)(T) =F expi (Z thj)}
j=1
is a function of p only, where p = |T'| = |(¢1,%2,-..,ts)| (| - | denotes modu-
lus).

Maxwell’s theorem (Feller, (1971), Vol. II, Chapter 3, §4)
An independent spherically symmetric sequence, {X;;1 € N}, hasa N(0,0?)
distribution for some o > 0.

Hewitt-Savage zero-one law (Loéve (1977), Vol. I, p.374)
Exchangeable events have a probability of 0 or 1 and exchangeable func-
tions are degenerate on a sequence of IID random variables.

Glivenko-Cantelli theorem (Chung (1974), p.132)

Let {X,,n € N} be a sequence of IID random variables, with common dis-
tribution function F. Take {X,(w); 5 € [n]} for some n € N and arrange
them in non-decreasing order, denoted by

Yﬂx (w) < Yﬂz(w) <0< Yﬂn(w)'

Now define a discrete distribution function F,(:,w) as follows:
For z € R,

0 if z<Y, (w)
Fo(z,w) =4 £ if Y, (w) <2<V, (W) Ve [n—1]
1 if 227, (w).

Call F,(-,w) the empiric distribution function based on n samples from F.

Now introduce indicator random variables,

Then
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and hence, from the SLLN (Chung (1974), Theorem 5.1.2),

lim F,(z,w) = F(z) a.s. .

n— 00

Martingale convergence theorem

(Doob (1953), Chapter 7, Theorem 4.3)

Let Z be a random variable with E|Z| < oo, and let ---C  C % C ---
be Borel fields of measurable w sets. Let 7o = rn]?,. and let ¥, be the

smallest Borel field of sets with 7, D U #,. Then

lim E(Z/%)=E(Z/ %) a.s.

n—-—0o

lim E(Z/#) =E(Z/%s) a.s.

n—oo

Tight distributions of sequences of random variables

(Loéve (1977), Vol. 1 p.194 or Shirayayev (1984), p.315)

A family P of probabilities on A is tight if V€ > 0,3 compact K such that
P (Ké) < ¢ VP e P, where A = F (open sets of S) and S is a metric
space.

Relative Compactness (Loéve (1977), Vol. I, p.195)

Let S be a separable, complete, metric space with Borel field S. A family
P of probabilities on S is relatively compact if every sequence of members
of P contains a subsequence which converges weakly to a probability on S.

Relative Compactness Criterion (Loéve (1977), Vol. I, p.195)
For the notation above, P is relatively compact if and only if P is tight. In
fact the “if” part holds for general metric spaces S.

Fatou’s Lemma (Feller (1971), Vol. II, p.110)

Suppose {U,,n € N} to be a sequence of non-negative, integrable functions.
Then

E( lim_inf U,,) < lim_inf E(U,) .
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Kolmogorov’s inequality (Clarke (1975), p.177)
Suppose that {X;1 € [n], n € N} are independent random variables with
zero means and finite second moments, and let

Vi = variance of X}, k € [n].

Then, for any £ <0,

ng&x > X >5]<f ka

Kolmogorov’s SLLN (Shirayayev (1984), p.366)
For {X;;i € N} an IID sequence of random variables with E|X;| < oo
Vi e N,

lim — Z X, = E(X)) a

n—oo n ¢

APPENDIX A2

Listed below are properties of conditional independence taken from Aldous
(1985), p.183.

An excellent elementary verification of these properties is given by Pfeif-

fer (1979) and a measure theoretic account is given by Chow and Teicher
(1978).

In what follows sets are measurable and functions ¢; are bounded and
measurable Vi € [2].

Measurable, real valued random variables X and Y are conditionally in-
dependent given o-field 7 if

Al P[Xc A, YeB/F|=P[X € A/F|P[Y € B/F] VA,B € B(R)
Each of the following is equivalent to A1l

A2 E[61(X)¢:(Y)/F| = E [$:(X)/F] E [$2(Y)/F], V81,05
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A3 P|X€A/F,Y]=P[XecAlF|
A4 E[$(X))F.Y]=E[6:(X)/F], Vie[2]

In these definitions we can replace a random variable X by a o-field G, by
replacing events [X € A] with events G (G € §), and replacing functions
#(X) with bounded random variables V € §.

A sequence of random variables, {X;;7 € N} is conditionally independent
given o-field 7 if the product form in Al holds for each finite subset of
{X,‘, 1€ N}

Here are some properties. Let ¥ and C denote arbitrary o-fields.

A5 Suppose that for each 7 > 1, X; and ¥ {X;;¢ > j} are conditionally
independent given 7. Then {X;; : € N} are conditionally indepen-
dent given 7.

A6 If X is conditionally independent of itself given ¥ then X € ¥ a.s.

A7 Suppose X and ¥ are conditionally independent given C and suppose
that X and C are conditionally independent given H where H C C,
then X and ¥ are conditionally independent given H.
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