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Abstract

The main aims of this dissertation are to investigate the notion of an m- Jansian preradical on
the module category of a ring, to study rings which are characterized by the behaviour of their
m-Jansian torsion preradicals, and to examine (ring and radical theoretic aspects of) a resultant

classification of prime rings. To facilitate this, a study of right chain domains is also undertaken.

The preliminary chapter (Chapter0) establishes notational conventions, introduces terminology

and presents general algebraic results that will be required in the sequel.

ChapterI develops techniques for the construction of noncommutative right chain domains
(with a view to application in ChapterIl). The main result (TheoremI.5.1) asserts that every
algebraic chain is isomorphic to the chain of all proper (two-sided) ideals of a right chain domain T
with identity. (The full ideal lattice may be realized if the requirement that T have identity is
dropped.) Furthermore, T may be chosen such that the chains of right ideals strictly between
covering pairs in the proper ideal lattice of T contain dually cofinal copies of further preassigned
chains; these latter chains must be unbounded above, but may otherwise be quite arbitrary
(Theorem I.5.3). The ordinal w@®3, ordered naturally, is an algebraic chain that is not isomorphic to
the ideal lattice of any commutative (or even right duo) ring (Propositionl.5.5). The universal

algebraic significance of these results is discussed.

Chapter II concerns torsion theoretic aspects of module categories and is pitched at a slightly
more general level than the traditional setting. The primitive notion is that of a preradical on a
module subcategory. (A class of (not necessarily unital) modules C over some fixed ring (possibly
without identity) is called a module subcategory if € is closed under homomorphic images,
submodules, direct products and essential extensions.) The lattice of all torsion preradicals on a
module subcategory is modular and algebraic (PropositionIII.1.6). Notions of m- Jansian preradicals
and m-Jansian topologizing filters (m a regular cardinal) are introduced and studied. The former are
preradicals whose pretorsion classes are closed under direct products of fewer than m modules, and the
latter are topologizing filters closed under intersections of fewer than m right ideals. A ring R for
which every right topologizing filter is m- Jansian is said to be right m-closed. For m >R, every
right m-closed ring R satisfies the descending chain condition on (two-sided) ideals (Corollary I1.4.2)
and has only finitely many maximal proper ideals (Proposition I1.5.8) ; also, R/J(R) is either zero or
isomorphic to a finite direct product of finite dimensional matrix rings over division rings
(Corollary I1.4.8). If R is a right m- closed ring (m >R;) then the conditions: (1) Ry has Gabriel
dimension; (2) J(R) is nilpotent; (3) Rp is artinian, are equivalent (TheoremI1.4.15). A ring R
(possibly without identity) is artinian if and only if every right topologizing filter on R is closed under
arbitrary intersections (Theorem11.4.16). For every regular cardinal m, there exists a ring which is

right m-closed but not right n-closed for any n>m (TheoremI1.4.20). This result applies the
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techniques developed in Chapter]. Two rings R and S (possibly without identity) are said to be
Morita #*-equivalent if their respective Dorroh Extensions are Morita equivalent. If R and S are
Morita *-equivalent rings and m is a regular cardinal then R is right m-closed if and only if S is
right m-closed (TheoremII.5.10). Consequently, for rings with identity, m-closure is a Morita

invariant property (in the classical sense).

For a ring R and a regular cardinal m the following conditions are equivalent: (1) For every
nonzero a € R there exists a subset X of R such that |X|<m+1 (here ‘+’ is cardinal addition)
and aX has trivial right annihilator; (2) o(Rg) =0 for all proper m-Jansian torsion preradicals

on the category of right R-modules (TheoremIl.6.3). (The torsion preradical r is

o 2 T Z€ero

deﬁnezjrcl:y Toero(M) ={z € M: zR =0} for all modules M.) For an arbitrary nonzero cardinal m
(possibly finite), a ring R is said to be right prime of bound m if ‘m is the least cardinal for which
condition (1) above is satisfied. We use P_(m) to denote the class of all such rings and define
P (m)= Uy ¢ P, (k). The left analogues of these classes are denoted by P;(m) and P,(m).

Several categorical characterizations of the members of P_(m) are presented for infinite m.

ChapterIII is devoted primarily to an investigation of the classes P,(m). We study the right
bound of primeness of the (row-finite) matrix ring M_(R) where m is a nonzero cardinal (possibly
infinite) and R a prime ring. If D is a division ring then My(D)€ P,(m) if m <R, and
M,(D) € P,(m") if m >R, (PropositionIIl.1.4). (Here, m™ denotes the cardinal successor of m.)
Using various matrix ring constructions it is proved that the class P_(m) is nonempty for all m > 0
(PropositionIIL.1.5).  In general, the left bound of primeness of M_(R) (R a prime ring) is not
determined simply by n and the bound of primeness of R. For example, if D is a division ring and
n is infinite then M, (D)€ P;(k*) where k is the smallest infinite cardinal such that |D|%¥>n
(PropositionIII.1.11).  We consider the question: for what values of m and n is the class
P, (m)N P;(n) nonempty? The classes P, (m)NP;(m),P,(1)NP;(n) and P_(m)NP;(1) are
nonempty for all m,n>0 and P, (m)N P,(n) is nonempty for all m,n > Ry (TheoremIIl.1.13). If
m>1 and R€ P, (m) then R€ P;(m) or R€ P;(1) (PropositionIIL.1.7). The only obstacle to a
complete answer to the above question is a longstanding open problem of Goodearl, Handelman and
Lawrence: is P (Rg) C P;(Rg)UP((1)? For finite (resp. infinite) m, a ring S with identity is
isomorphic to the ring of all linear transformations, written on the right, of an m- dimensional left
vector space if and only if § is von Neumann regular, left self-injective with nonzero socle and
S € P, (m) (resp. S € P, (m")) (PropositionII.1.14).  For rings with identity and infinite m,
membership of P, (m) is Morita invariant (TheoremIIL1.6). If R and S are Morita * - equivalent
. prime rings and m is infinite, then R € P, (m) if and only if S ¢ P, (m) (TheoremIIl.1.18). The

stipulation that R and S are prime rings cannot be dropped.

Closure properties of the class P,(m) under various standard overring and subring
constructions are investigated. Particular attention is given to semigroup, monoid and polynomial

rings as well as monomial algebras. It is known that a right order in a prime ring need not be prime.
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If k and m are cardinals with m >k,RX; and R is a right m-order in § (this means that for every
subset X of § with | X| < m, there is a unit u of S, contained in R, such that Xu C R) then
R e P (k) if and only if S€ P, (k) (TheoremIIl.2.3). If m>1 and H is an arbitrary semigroup
then R € P, (m) if the semigroup ring RH is in P, (m) (PropositionIIl.3.1). Conversely, for m >0
we have: (1) if m >Ry, H is a unique product semigroup and R € P, (m) then RH € P_(m); (2)
if H is a cancellative strictly right ordered semigroup and R € P_(m) then RH € P_(m); (3) if H is
the free product of two nontrivial monoids and R € P, (m) then RH € P, (2m) (PropositionIII.3.3).

A ring R is said to be uniformly prime of bound m if m is the least cardinal for which R
contains a subset X with | X|<m+1, such that aXb+ 0 whenever 0 £ a,b € R. We use UP(m)
to denote the class of all such rings. Rings belonging to UP(n) (1 <n <X,) are necessarily prime
right or left Goldie (TheoremIIl.4.4). If n is a finite nonzero cardinal, D a division ring and R a
right order in M, (D) then R €UP(m) for some m such that n<m<2n—1 (Theorem III.4.3).
This inequality cannot be sharpened. If F is an algebraically closed field, n a finite nonzero cardinal
and R a (right) order in M_(F) then R € UP(2n—1) (TheoremIIl.4.11). Hilbert’s Nullstellensatz is
used in the proof of this theorem. If D is a commutative noetherian domain with identity which
contains a nonzero prime element, @ the field of quotients of D and R a (right) order in M(Q) for
some finite n>0, then R € UP(n) (TheoremIIl.4.14). Consequently, the class U P(n) is nonempty

for all finite nonzero cardinals n (Corollary II1.4.15).

It is known that for each nonzero cardinal m the classes P,(m) and P,(m) are special
classes (in the sense of Andrunakievié) and so determine upper (special) radicals in the category of
rings. We denote these radicals by UP, (m) and UP,_(m) respectively. If m is a limit cardinal we
denote by B, (m) the upper (special) radical determined by the class U0<k<m P, (k). Most of
Chapter IV is devoted to a study of the above radicals. The radical AP, (m) is right strong for all
m >0 and B, (m) is right strong for all limit cardinals m (PropositionIV.2.14), Examples are
presented which show that the radical UP_(m) (resp. B, (m)) is not left strong and is neither right
nor left hereditary for any nonzero cardinal (resp. limit cardinal) m. The radical UP, (m) (resp.
B, (m)) is, moreover, neither right nor left stable for any nonzero cardinal (resp. limit cardinal) m.
An internal characterization of the elements of AP, (m)(R), for an arbitrary ring R, is given
(PropositionIV.2.16). If n is a finite nonzero cardinal then UP, (m)(M,(R)) = M, (UP, (m)(R)) for
all rings R and m > N,, while B, (m)(My(R)) =M,(B, (m)(R)) for all rings R and limit cardinals
m (PropositionIV.2.21). If R is an arbitrary ring and H an arbitrary monoid then: (1)
‘U.I—’r(m)(R)QRﬂ‘U.I—’r(m)(RH) for all m>0 and B, (m)(R) D RN B, (m)(RH) for all limit
cardinals m; (2) UP, (m)(R)= RNUP, (m)(RH) for all m >R, and B_(m)(R)= RN B_(m)(RH)
for all limit cardinals m > X, (PropositionIV.3.4). The restrictions on m in condition (2) above
cannot be dispensed with. If R is an arbitrary ring and H a unique product monoid, a cancellative
strictly right ordered monoid or the free product of two nontrivial monoids, then [UP,(m)(R)]H
= UP, (m)(RH) for all m> Ry and [B, (m)(R)]H = B, (m)(RH) for all limit cardinals m > R,
(Corollary IV.3.6). For a nonempty class M of prime rings, a ring R is said to be M-Jacobson if
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every prime ideal of R is an intersection of ideals A of R such that R/4A € M. TheoremIV.3.12
asserts that if m>R, and R is P,(m)-Jacobson then so is the polynomial ring R[z]. The

requirement that m be infinite cannot be dropped.

We locate the radicals UP, (m),UP,(m) and B, (m) in the lattice of radicals by comparing
them with, inter alia, the following: the Prime, Levitzki, Nil, Jacobson, Behrens, Brown-McCoy,
Generalized Nil and Antisimple radicals as well as the upper (special) radicals determined by the
special classes of uniformly strongly prime rings, and right superprime rings. The radicals UP, (m)
(m > 0) form a strictly descending chain (bounded below by the Prime radical and above by the
Generalized Nil radical), while if m is a limit cardinal then UP, (m) G B,.(m) G UP, (n) (Proposition
IV.4.6). The radicals UP_(m) are incomparable with most other radicals of interest to us
(PropositionIV.4.9). The radicals WP, (m) and UP;(m) are incomparable for all m,n > 0, as are
UP, (m) and UP;(m) (PropositionIV.4.11). In response to an open question of Olson and
Veldsman, it is shown that the class of rings which are uniformly prime of bound at most m is special
for all m >0 (TheoremIV.5.1). The upper (special) radical determined by this class is denoted by
Tm- Ve determine the positions of the 7 s (for finite m) relative to some of the radicals described

above.

CONVENTION ON NUMBERING OF RESULTS

Example: TheoremII.3.4 refers to Theorem4 of §3 of ChapterIl. Within §3 of ChapterIl, this
result will be referred to as Theorem4; within ChapterII, it will be called Theorem 3.4.
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Introduction

The subject matter of this thesis concerns two strongly related subfields of the theory of rings
and modules, namely the study of prime rings and the torsion theoretic study of a ring’s module

category.

Primeness is a rather universal notion in mathematics; its motivations are usually self-evident.
In ring theory, for example, the fact that any ring, modulo the intersection of its prime ideals, is a
subdirect product of prime rings suggests that an understanding of primeness is at the heart of a better
understanding of rings in general. The class of all prime (not necessarily commutative) rings is vast.
One possible view of its spectrum is that at one “extreme” lie right chain domains of arbitrary “height”
while at the other, there are full linear rings of arbitrary “width”. By the former, we mean rings
without zero divisors whose right ideals are linearly ordered by set inclusion; by the latter, we mean
the rings of linear transformations of vector spaces of arbitrary dimension (which are littered with zero

divisors and may have very large sets of mutually incomparable right ideals).

Torsion preradicals on the module category of a ring are a newer focus of research; they are
functors that associate with a module a “torsion submodule” (originally envisaged as an analogue of
the notion of “torsion subgroup”) and hence associate with the ring the class of modules equal to their
torsion submodules, which is called the “hereditary pretorsion class” of the torsion preradical. (A
topological approach to such functors is also possible.) Our interest lies primarily in the question of

what information about a ring is encoded in the behaviour of its set of torsion preradicals.

It is not immediately clear from the above that primeness and torsion preradicals are related
topics. An early indication of this fact was the discovery, in the mid 1970s that the classes of “strongly
prime” and “absolutely torsion-free” rings with identity coincide. A spiritually similar result, going
beyond prime rings, is the fact that the rings with identity all of whose hereditary pretorsion classes are
closed under arbitrary direct products are just the artinian rings. In this thesis, we offer a perspective
(with a set theoretic flavour) from which these and certain other classical results emerge as special
cases. It is easiest to describe the coverage of the thesis by referring first to ChapterII, in which this

perspective first emerges and undergoes considerable development. (We shall return shortly to the

content of Chapterl.)

Our perspective has the following starting point. The hereditary pretorsion class of a torsion
preradical on the module category of a ring is closed under the formation of direct sums (in particular,
finite direct products) but not, in general, under arbitrary direct products. A focal point of our study
(introduced in ChapterII) will be the intermediate notion of an “m- Jansian” torsion preradical, i.e.,
one whose hereditary pretorsion class is closed under the formation of products of fewer than m
modules, where m is a given infinite cardinal. We are interested in classes of rings that are

determined by the behaviour of the sets of m- Jansian torsion preradicals of their members.



For the most part, these will be classes of prime rings. One notable exception is the class of
“m- closed” rings (also introduced and studied in ChapterII). The general definition of an m- closed
ring requires that “almost all” torsion preradicals on the ring’s module category be m- Jansian. (The
meaning of “almost all” will be made precise in the text but for rings with identity, “almost all” may
be taken to mean all torsion preradicals on the category of unital modules.) All rings are R-closed,
while the intersection (over all infinite m) of the classes of m-closed rings turns out to be the class of
all artinian rings. No generality is lost here if we confine our attention to regular cardinals m. We
show that distinct classes of m- closed rings arise for distinct regular values of m. (Historically, it was
the proof of this fact that gave rise to the material in Chapterl.) The classes of m- closed rings turn
out to be rather interesting because they all enjoy a number of surprisingly strong (“artinian-like”)
properties which may be stated without reference to the cardinal m. For example, they all turn out
to satisfy the descending chain condition on two-sided ideals and their factor rings modulo the

Jacobson radical are artinian,

The light thrown on rings by the study of m-Jansian torsion preradicals does not end here.
Within the class of prime rings, we find (in the latter part of ChapterIl) that the behaviour of a
certain interval of these preradicals (in the lattice of all torsion preradicals) determines a sort of
“degree of primeness” of the ring. For simplicity, we shall assume in describing this result here that all
rings have identity and that torsion preradicals act on the category of unital modules. (By not
imposing these restrictions in the thesis, we obtain stronger results whose statements are necessarily
more technical.) A module may be considered “torsion-free” with respect to a torsion preradical if its
corresponding torsion submodule is zero. Consider the class P(m) of rings which, as modules over
themselves, are torsion-free with respect to all m-Jansian torsion preradicals. All members of this
class turn out to be prime in the strong sense that each of their nonzero elements a is “insulated” from
annihilation on the right by a suitable subset X, of the ring of cardinality less than m, by which we
mean that aX b is never zero, unless b is. Conversely, P(m) includes all rings that have this

property.

Of course, the primeness of a prime ring amounts to precisely the fact that the ring itself
functions as just such an “insulator” for all of its nonzero elements — but its cardinality may be
wastefully large for this purpose. (For example, singleton insulators are always available in a domain.)
Put differently, the union over m of all P(m) is the class of all prime rings. We therefore see the
least infinite m for which a prime ring R lies in P(m) as a “bound of primeness” of R. (Of course,
it would be terminologically more accurate to refer to the cardinal m as the “right bound of
primeness” of R. For the sake of simplicity we have chosen to omit the prefix “right” in this
introduction.) Consequently, we see m-Jansian torsion preradicals as inducing a classification of
prime rings. From this perspective, Handelman, Lawrence and Viola-Prioli’s result that the “strongly
prime” rings are just the “absolutely torsion-free” rings is the case m =R,. (The essential role of
closure of hereditary pretorsion classes under finite products is quite hidden in this special case as it

holds universally.) This observation concludes Chapter II.



Since “m-closed” rings and “m-prime” rings (i.e., rings belonging to P(m)) are both
characterizable in terms of torsion preradicals on their module categories, it is an unsurprising fact that
“m-closure” and “m- primeness” are Morita invariant properties. There is, of course, an obvious
limitation here; the classical notion of Morita equivalence is defined only for rings with identity, so the
above observations yield results pertaining to rings with identity only. In an earlier paragraph,
however, we alluded to the fact that many of our ring and module theoretic investigations are
conducted at the more general level of arbitrary (not necessarily unital) modules over an arbitrary
associative ring (possibly without identity). In keeping with this spirit, it is natural to ask first
whether a more general theory of Morita equivalence exists for rings without identity and secondly,
whether the aforementioned properties are invariant with respect to any such general notion of Morita

equivalence.

We point out, in response to the first question, that although several fairly new generalized
notions of Morita equivalence exist in the literature, we have chosen (for reasons that will be explained
later) to formulate our own definition of Morita equivalence for rings without identity. This we shall

call Morita *-equivalence. Briefly, arbitrary rings R and S are Morita *-equivalent if and only if
their respective Dorroh Extensions, R* and S* are Morita equivalent in the classical sense. In
response to the second question raised above, it turns out that “m-closure” is a Morita *-invariant

property but “m- primeness” is Morita * - invariant only within the class of all prime rings.

A general methodological aim of this thesis has been to illustrate the theory presented as richly
as possible with examples. This was particularly necessary in the study of m-closed rings, since it is
not obvious from the definition that one obtains distinct classes of such rings for distinct values of m.
As it happens, even the fact that an R,-closed ring need not be artinian turns out to be quite difficult
to prove. In seeking examples to establish this, we find ourselves gravitating naturally towards that
end of the prime ring spectrum occupied by right chain domains. For reasons that will become clear in
the text of ChapterIl, we seek, for an arbitrary infinite m, a right chain domain with a unique
nontrivial two-sided ideal, into the dual of whose chain of proper right ideals the cardinal m can be
cofinally embedded (as a well ordered set). No such rings seemed to be to hand in the literature
(despite vigorous recent developments in the theory of chain rings). The construction techniques that
appear in ChapterI resulted from this need, but their development takes on a theoretical (rather than
merely illustrative) character there because they lead to quite general representation theorems, which
we shall now describe. (This fact and their independence of subsequent results accounts for their

location at the beginning of the thesis, but in this more historically minded introduction, we do not see

them as our point of departure.)

The (two-sided) ideal lattice (i.e., the congruence lattice) of a ring is algebraic and modular. It
is known to lattice theorists and universal algebraists that not all algebraic modular lattices are
realizable as ideal lattices of rings (nor indeed, as congruence lattices of algebras of any fixed “type”).
Nothing is known about the possibility of realizing all algebraic distributive lattices as the congruence



lattices of algebras of any fixed type. (A longstanding conjecture asks, in particular, whether the
algebras may be chosen to be lattices themselves.) Certainly, it is not known whether all algebraic
distributive lattices are the ideal lattices of (necessarily arithmetical) rings, but a partial positive result
in this direction (proved by Kim and Roush) asserts that every finite distributive lattice is the ideal
lattice of a (von Neumann regular, not necessarily finite) ring. In the light of the question just posed,
this result seems to have a natural (but previously unaddressed) complement. Just as finite implies
algebraic, linearly ordered implies distributive. Thus, a second obvious “test” which the general

question should pass is that every algebraic chain should be realizable as the ideal lattice of a ring.

Most of Chapterl is devoted to proving precisely this result, its first main theorem. We
cannot insist that the ring have identity, but every algebraic chain is also realizable as the lattice of
proper (two-sided) ideals of a right chain domain with identity, which may be chosen such that all of
its (two-sided) ideals are idempotent. The second main theorem of the chapter refines the first by
showing that in such a realization of a given algebraic chain, we may also require the intervals of right
ideals strictly between covering pairs of proper ideals of the ring to contain dually cofinal copies of
other preassigned chains. These latter chains must be unbounded above, but otherwise, they may be
specified quite arbitrarily. (A special case of this theorem, presented in ChapterIl, settles the question
of distinctness of the notions “m-closed” for different m.) In Chapterl, we also show that, as far as
the representation of algebraic chains by rings is concerned, the first main theorem cannot be improved
in any of the seemingly “obvious” ways: for example, certain algebraic chains are not realizable as the
ideal lattices of commutative rings. The chapter closes with a discussion of the universal algebraic

significance of its first main result.

The classification of prime rings that emerged from the torsion theoretic discourse of Chapter I
undergoes further investigation in ChapterIIl. At this point, however, it is desirable to refine our
definitions slightly. While the torsion theoretic definition of being “prime of bound m” given above
makes no sense for finite cardinals m, the more elementary characterization in terms of insulators is
meaningful for all m, and allows us to consider finite bounds of primeness as well. (For the sake of
unification, we need to alter the requirement | X,/ <m to |X,|<m+1 at this point; + denotes
cardinal addition. Of course, this makes no difference if m is infinite.) In other words, we further
divide the class of strongly prime rings, P(R,), into a nested (denumerable) sequence of subclasses.
This has the effect that our classification incorporates the existing notion of a “bounded strongly
prime” ring, which was introduced to the literature by Handelman and Lawrence and which proved
useful in Goodearl and Handelman’s complete classification of simple self-injective rings. The study of
the classes P(m) therefore unifies purely ring-theoretic and torsion theoretic earlier investigations. We
see the inclusion of the former as advantageous at this point, in view of the useful role played by
strongly prime rings in the historical development of ring theory, which takes over, to some extent,

from torsion theory in influencing the spirit of Chapters III and IV. Thus ChapterIIl marks the

beginning of a purer ring theoretic exploration.



In order that the classification of prime rings introduced in Chapterll be considered
significant, it is obviously necessary that examples of rings which are “prime of bound m” be produced,
if possible, for all values of m. In the early part of ChapterIll, matrix rings are put to use in
constructing such examples. Indeed, we show that given any nonzero cardinal m, there are rings
which are prime of bound precisely m. We supplement this investigation later with an “almost
complete” answer to the question: for what values of m and n do there exist rings which are prime of

bound m on the right and of bound n on the left ?

In earlier ring theoretic investigations, there has been much study of the “survival” of prime
ideals in the passage between rings and overrings. This research has its origins in the study of prime
ideals in polynomial rings and, in particular, the correspondence between prime ideals of a ring R and
those of the polynomial (over) ring R[z]. While the spirit of these investigations has changed very
little, many of the early results for polynomial rings have been surpassed by subtler results about more
general types of overring such as “centralizing extensions” or “normalizing extensions”. Many of these
results have been recast further in terms of graded rings. A study such as this must be based on a
knowledge of prime rings and a familiarity with conditions under which primeness conditions are
transferred from a ring to a subring, or to an overring. In ChapterIIl and, to a lesser extent, in
ChapterIV, we contribute to this foundation by examining preservation of the property “prime of
bound m” under various standard subring and overring constructions such as right orders, matrix

rings, monoid rings, group rings and polynomial rings.

In their pioneering work [HL75] Handelman and Lawrence remark that the set of all matrix
units of a finite dimensional matrix ring over a division ring acts as a kind of “uniform insulator” in
that it “insulates” all nonzero ring elements from annihilation on the right. More generally, they
define a ring R to be uniformly strongly prime if R contains a finite subset X (called a uniform
insulator) such that for all nonzero elements a in R, aXb is never zero unless b is. If, in the above
definition, the finiteness condition on X is dropped in favour of assigning to R a cardinal bound on
the size of the uniform insulator X, we obtain a classification of prime rings which is entirely
analogous to the one based on one-sided bounds of primeness. To be precise, for each nonzero cardinal
m we define UP(m) to be the class of all rings which contain a uniform insulator of cardinality less
than m+1. The union over m of all UP(m) is the class of all prime rings, and we regard the least
cardinal m for which a prime ring R lies in UP(m) as the “uniform bound of primeness” of R. The
final section of ChapterIll is devoted to a study of these “uniform” notions of primeness. One
important respect in which the notions “uniformly prime of bound m” and “right prime of bound m”
differ is that the former is left-right symmetric while the latter is not. It is also worth pointing out
that many of the results on uniform bounds of primeness are not predictable analogues of any results
on right bounds of primeness. For example, the uniform bound of a finite dimensional nxn matrix
ring over a field F is not determined solely by n (as is the case with the right bound) but depends
also on some quite interesting properties of the field F. Finally, it turns out that our study of (finite)

uniform bounds of primeness throws light on some very concrete facts about fields whose statements



have no apparent connection with uniform bounds of primeness.

The final chapter of this thesis (Chapter IV) is devoted to a study of certain radicals (arising
from primeness conditions) in the category of rings. Radicals can be useful tools in analysing the
structure of rings: in order to gain an insight into the structure of a ring R we often analyse first the
“simpler” factor ring R/%(R), where ® is some carefully selected radical. An example which
illustrates the usefulness of this strategy is the famous Artin-Wedderburn Theorem, which provides

almost complete information about the structure of every artinian ring, modulo its Jacobson radical.

Subsequent to the discovery of the classical radicals of Jacobson, Baer, Kéthe, Levitzki and
others, Amitsur and Kuros formulated in the early 1950’s an axiomatic base for the development of a
general theory of radicals. An important notion emerging from Kuros’ work is that of the “upper
radical” determined by a class of rings: if M is a class of rings with the property that every nonzero
ideal of a ring in A has a nonzero homomorphic image in b, then the upper radical determined by
b, denoted U, is the class of all rings which have no nonzero homomorphic image in Ab. (It is
also the largest radical with respect to which all rings in M are semisimple. These notions force us to
consider rings without identity, which accounts, to an extent, for the level of generality of the thesis as
a whole.) The class b is quite arbitrary in this definition. In 1958, Andrunakievi¢ observed that if
certain more stringent conditions are imposed on the class M then UM enjoys a number of nice
properties, one of these being the so-called intersection property: if R is any ring then the UM
radical of R is equal to the intersection of all ideals of R modulo which R lies in Ab. Andrunakievi&
called such classes b “special classes” and the upper radicals determined by them “special radicals”.
He showed further that many of the classical radicals (e.g., the Jacobson, Prime and Brown-McCoy

radicals) are the upper (special) radicals determined by special classes of prime rings.

Recently, Raftery showed that each of the classes P(m) is special in Andrunakievié’s sense.
This observation extended the independent discoveries by Desale and Varadarajan, and Groenewald
and Heyman in the early 1980’s, that the class of all strongly prime rings is special. The fact that
P(m) is special for both finite and infinite values of m added to our interest in the classification of
prime rings by bounds of primeness. Chapter IV is devoted almost entirely to a detailed study of the
special radicals UP(m). .One of the topics of this study is an examination of the relationship between
the UP(m) radical of a ring R and the UP(m) radical of several types of monoid ring over R.
Many of the results in ChapterIlI on the transfer of primeness conditions from rings to overrings are
exploited here. Particular attention is also given to the positions of the UP(m) radicals in the lattice

of all radicals. A Hasse diagram in the lattice of radicals is sketched which locates the UP(m)’s

relative to various classical radicals.

Chapter IV concludes with a brief examination of radicals associated with uniform bounds of
primeness. We demonstrate that each of the classes UP(m) is special, thus answering in the

affirmative a published question of Olson and Veldsman.



Chapter 0

Preliminaries

The aim of this chapter is twofold, being in the first place to describe the notational
conventions to be used throughout this dissertation, and secondly, to assemble in readily usable form a
selection of mostly standard results from the theories of ordered sets and rings and modules, which will
be required in the sequel. We have chosen to provide proofs only in the few cases where the result is
less well known and we have been unable to locate a suitable reference. Otherwise, and wherever
possible, we provide a reference from such standard texts as [AFT74],[Fai73],[Fai76],[Hun74],
[Lam66], and [Row88]. h

Although drawing on results and definitions from a broad spectrum of mathematical fields, this
dissertation is concerned principally with rings. We have therefore assumed that the reader is more
familiar with algebra, and in particular ring and module theory, than with other mathematical
theories. Nevertheless, the study of any algebraic structure, and rings are no exception, inevitably
demands that the reader have some knowledge of sets and ordered structures. In addition to this, there
is a particularly set theoretic flavour to this dissertation. For this reason, we have chosen to devote the
first section of this chapter entirely to a discussion of sets and ordered structures. Here, we shall
assume a familiarity with no more than the very rudimentary concepts such as the notions of well
ordered set, ordinal and cardinal. We require also that the reader be acquainted with the basics of
ordinal and cardinal arithmetic and with the statement of the Generalized Continuum Hypothesis, and

have a working familiarity with Zorn’s Lemma and transfinite induction.

Since ring theory is our primary domain of discourse, we shall adopt the ring theorist’s
convention of not distinguishing notationally between structures (i.e., nonempty sets with specified
operations and/or relations) and their underlying universes (i.e., the sets themselves). For example, if
(R;+,-,~,0) is a ring and (P; <) a partially ordered set, we shall speak of the “ring R” and the
“partially ordered set P”.

We shall, at times, need to appeal to elementary category theory. In some instances, this is
done simply in order to achieve greater elegance and precision; in other instances, the need to refer to
categories is unavoidable, for example when defining the notion of “Morita equivalence” for rings.
Those elements of category theory that are needed may be found in §3 and §6. Again, we expect the
reader to be familiar only with the very basic concepts of category theory, such as the notions of

category, subcategory, covariant functor and contravariant functor.

The remainder of §2 to §10 is devoted entirely to algebraic structures and, in particular, to
rings and modules. We assume that the reader is familiar with each of the following classes of

algebraic objects: semigroups, monoids, groups, abelian groups (including torsion and torsion-free



abelian groups), rings, division rings, fields, vector spaces and modules. We also presuppose a
knowledge of the various homomorphisms, substructures and quotient or factor structures associated
with each of the above; these include: subgroups, factor groups, left ideals, right ideals, ideals (that is,

two-sided ideals), subrings (and overrings), factor rings, submodules and factor modules.

It is important to note that our rings will not necessarily possess an identity element. Our
motive for working at this level of generality is born of necessity: in the sequel, several concepts will be
introduced which lead to the study of so-called “special radicals” in the category of rings, in which
context it is unavoidable that we consider rings without identity. We have assumed, however, that the
reader (like the author) is better acquainted with the theory of rings with identity and unital modules
over such rings. For this reason we shall often discuss at length, in the wider context of arbitrary
modules over rings (possibly without identity) some concepts which, for unital modules over rings with
identity, are rather rudimentary. Results which are peculiar to this wider context and which have no

obvious analogue in the theory of rings with identity have been highlighted.

We should warn the reader that many results in this chapter have been stated for arbitrary
rings, but have as their given references sources which assume rings to have identity. This has been
done, however, only in cases where the arguments provided in the reference may be used mutatis

mutandis to establish the more general result pertaining to rings without identity.

§1. SETS AND ORDERED STRUCTURES.

The following standard notational conventions will be used for sets X and Y and functions

p: X Y.

X CY shall mean only that X is a subset of Y.

Y\X denotes the complement of X in Y.

| X| denotes the cardinality of X.

¢[X'] denotes the image of X' in Y under ¢, viz., {¢(z): z € X'}, where X' C X.

¢ '[Y’] denotes the preimage of Y’ in X under ¢, viz., {r€ X:p(z) €Y'}, where Y'CY.
¢ | x+ denotes the restriction of ¢ to X', where X’ C X, so that ¢ | x: X' =Y.

In almost all instances, we shall use 1x to denote the identity map on X.

We cite [Dev79] as a set theoretic reference sufficient for our purposes in this dissertation.
Throughout the dissertation, bold letters m,n,... will be used to denote cardinals; m* denotes the
cardinal successor of m, and if m is a successor cardinal, we shall use m™ occasionally to denote the
cardinal predecessor! of m. If m and n are cardinals then m+n (resp. m-n or mn) denotes their
cardinal sum (resp. their cardinal product) and m™ denotes cardinal exponentiation. If {m,:: €T} is

a family of cardinals, we use e r m; to denote their cardinal sum. Recall that a cardinal m is said

1 . .
In cases where m is finite and nonzero, we use the more natural m-—1 to denote the predecessor of m.



to be regular if it is infinite and ) ;  m; <m whenever m;<m for all 7€l and [T|<m.

+

Certainly, if m is an arbitrary infinite cardinal then m™ is regular. An infinite cardinal is called

singular if it is not regular.

We use lower case Greek letters «, 3,7,... to denote ordinals. We identify an ordinal a with
the set of all ordinals 8 for which 3 < o and we identify cardinals with initial ordinals, i.e., an ordinal
a is a cardinal if and only if for every ordinal 8 < «, there is no bijection from « onto §. As usual,

w denotes the first infinite ordinal, i.e., the set of all nonnegative integers.

If o« and @ are ordinals then a® 3 (resp. a® ) denotes their ordinal sum (resp. their
ordinal product). We remind the reader that these ordinal operations are different from their cardinal
counterparts. We shall need the following ordinal analogue of the division algorithm for integers,
which is a standard exercise in most introductory texts on axiomatic set theory, e.g., [Sﬁp60, Ex11,

p223].

LEMMA 1. Let a and (3 be ordinals with 3 > 0. Then a may be written uniquely in the
form (BO7Y)®é for some ordinals v,6 with § < 3. (Here, necessarily, v < a.) O

Recall that an infinite cardinal m is said to be a limit cardinal if it is of the form R, where
a is either 0 or a limit ordinal; m is called a strong limit cardinal if 2" <m for all cardinals
n <m, in which case m is, in particular, a limit cardinal. If we assume the Generalized Continuum
Hypothesis then the limit cardinals are just the strong limit cardinals. An uncountable regular limit
cardinal is called an inaccessible cardinal. (The existence of such cardinals is not provable in

Zermelo-Fraenkel Set Theory with the Axiom of Choice.)

We remind the reader that the cartesian product [I;icr X; is the set of all functions
¢: I = J;er X; such that ¢(i) € X; for all i €. We shall use {z;}; er to denote that element
¢ of H,-IGF X,- for which (i) =z;€ X; for all i€, If X;=X for all ieT, we abbreviate
[Ticr X; by [IpX or by XT. If [=n:={0,1,...,n—1} is a finite cardinal, we write

{za}aene HaenXa as (1:0’1:11""1:11—1)'

By a partially ordered set (briefly, a poset) (P; <), we mean a nonempty set P, endowed
with a binary reflexive, antisymmetric and transitive relation <. Wecall < the partial order (or
Just the order) on this poset. For a poset (P;<), if z,y € P with =z <y, we use the standard
notation [z,y] for the interval {p€ P: 2 < p <y} from z to y in P. We shall denote the interval
{a€L:a>z} by (z) and the interval {a€ L:a >z} by [). (Clearly, if z is a maximal element of
L then (z)=0.) If z,y€ P with z<y and [z,y] ={z,y} (i.e., there is no pe P such that
£ < p<y), then we say that z is covered by y in P or that y covers z in P; and we call the pair

(z,y) a covering pair of P.

Recall that if (P; <) is a poset then the dual order of (P; <), denoted <! is the

relation on P defined by z < !y if and only if y <z (z,y € P). The poset (P; <~ 1) is called the

dual of (P;<) and will be written as (P; <)% An element z of a poset (P; <) is called a



bottom (resp. top) element of P if £<p (resp. p<z) for all p€ P. Since bottom and top
elements (if they exist) are obviously unique, we usually denote them by 0 and 1 respectively and we
refer to a poset with a bottom (resp. top) element as a poset with 0 (resp. poset with 1). A poset
(P; <) is said to be a chain (or linearly ordered) if £ <y or y <z whenever z,y € P. If (P;<)
is a poset then a subset X of P is called an (upward) directed subset of (P; <) provided that for
any z,y € X, there exists 2€ X such that z,y <2z. A nonempty subset X of P is called a
hereditary (resp. dually hereditary) subset of (P; <) provided that for any x,ye P with z€ X
and y <z (resp. y > z), we have y € X.

A nonempty subset X of a poset (P; <) is always a poset in its own right, endowed with the
relation < N(Xx X), but we denote this poset by (X ;<) rather than (X;<N(XxX)). A
nonempty subset X of P is said to be cofinal in P if for every p € P, there exists an ¢ € X such
that p <z. The cofinality of P (abbreviated cof P) is defined to be the least cardinal m such
that P has a cofinal subset of cardinality m. Such a cardinal always exists because P is cofinal in
itself, and so we always have cof P <|P|. It is easily checked that if X is a cofinal subset of P and
Y is a cofinal subset of the poset (X; <) then Y is a cofinal subset of P. The following simple

lemma will assist us in calculating the cofinalities of certain posets.

LEMMA 2. If X isacofinal subset of a poset (P; <) then cof X = cof P.

Proof. Clearly, cof X > cof P. Let Y be any cofinal subset of P. For each y € Y, choose
z, € X such that z,2y. Certainly, Z:= {:cy: y €Y} is cofinal in X, yet |Z|<|Y], so cof X <
cof P. Thus cof X = cof P. 1]

Where order theoretic properties are attributed to an ordinal, it is assumed that the ordinal is
being considered as a well ordered set (a poset in which every nonempty subset has a least element),
endowed with the standard order (a < § if and only if a €8 or a=p). It is well known that an

infinite cardinal m is regular if and only if cofm =m and that for every chain P with no top

element, cof P is a regular cardinal.

Let m be an infinite cardinal and (P; <) a poset. For any ordinal B, afamily {p,: o€ g}
of elements p, € P is called a well ordered strictly ascending (resp. strictly descending) chain in
P if for any o,y € B, we have Pa <p. (resp. p, > p.,) whenever o <7. The poset P is said to
satisfy the m-ascending (resp. m-descending) chain condition, briefly the m-ACC (resp.
m- DCC) if, for every well ordered strictly ascending (resp. descending) chain {p,:a € 8} in P, we

“have S <m. We omit the prefix m- when m = R,.

If (P;<) is a poset and X C P, the infimum or greatest lower bound or meet (resp. the
supremum or least upper bound or join) of X in P, if it exists, is denoted by inf X or Ap X (resp.
by sup X or Vp X). The subscript is omitted if P is understood and Ap{z,y} (resp. Vp{z,y}) is

abbreviated as z A pyoras Ay (resp.as £V py oras z Vy) if it exists. The poset P is called a

10



meet - semilattice (resp. a join- semilattice) if every pair of elements of P has a meet (resp. a join).
In this case, the binary operation A (resp. V) is associative, commutative and idempotent and we
may write expressions like zgAxz;A...Az, (resp. 2oV, V...Vz,) unambiguously. A join- and
meet-semilattice is called a lattice. A poset (P; <) is called a complete lattice if every subset of P
has a meet. In this case, P is a poset with 0 and 1 (since § C P) and every subset of P has a join,

viz., VX = A{y€ P: 2z <y for all z € X}. In particular, (P; <) is necessarily a lattice.

For example, for any set S, the set expS of all subsets of S is (the universe of) a complete
lattice {(exp S; C), when ordered by set inclusion. Unless otherwise specified, whenever order theoretic
properties are ascribed to a collection of subsets of a given set, the understood partial order is just set

inclusion.

Given a poset (P; <), a nonempty subset X of P is called a meet- subsemilattice of
(P; <) (resp. a meet-complete subsemilattice of (P;<)) if zApy (resp. ApY) exists and
tApy (resp. ApY)€ X for any z,y € X (resp. any Y C X). In the latter case, since §, X C X, it
follows that X must have a bottom element and that P must have a top element 1, with 1¢€ X.
Join- and join-complete subsemilattices are defined dually. A sublattice (resp. a complete
sublattice) of (P; <) is a nonempty subset of P that is both a meet- and a join-subsemilattice (resp.
both a meet-complete and a join-complete subsemilattice) of (P; <). Notice that a meet-complete
subsemilattice of (P; <) is a complete lattice in its own right but need not be a sublattice of (P; < ).
In order that (P; <) possess a complete sublattice X, it is necessary that P be a poset with 0 and
1 and that 0,1€ X. If (P;<) is a meet-semilattice (resp. a lattice) and z,y € P with £ <y then
the interval [z,y| is always a meet-subsemilattice (resp. a sublattice) of (P; <), and is closed under
existent binary joins (resp. contains the meets and joins of all of its nonempty subsets). Dual

assertions may be made in the case where (P; <) is a join-semilattice.

Let (P;;<) and (P,; <) be posets. A map ¢: P; — P, is called order preserving (resp.
order reflecting) if for any z,y € P, z <y implies (resp. is implied by) o(z) <¢(y). A bijection
from P, to P, that is order preserving and order reflecting is called an order isomorphism from

(P15<) to (Py;<). The posets (P;;<) and (P,; <) are said to be isomorphic if there exists an
order isomorphism from (Pl; <) to (Py;<); we write (Py; <) (Py; <). We shall occasionally
write (P;; <)< (P,; <) if there exists a subset X of P, such that (Py;<)=(X;<). We say
that P, contains a cofinal copy of P, if there exists a cofinal subset X of (Py; <) such that
(P1; <)== (X;<). We say that P, contains a dually cofinal copy of P if there exists a cofinal
subset X of (Py;< )9 such that (P;<)y=(X; <) If (P1;<) and (P,;<) are meet-
semilattices (resp. complete lattices) then a map ¢: P, — P, is called a meet-semilattice
homomorphism (resp. a meet- complete semilattice homomorphism) if for any z,y € P,, we have
p(z Ay) =p(z) Ap(y) (resp. for any subset X of Py, we have o(AX)=Ap[X]). In this case,

¢[P,] is a meet-subsemilattice (resp. a meet-complete subsemilattice) of P,. If in addition, ¢ is one-

to-one and onto then ¢ is called a meet- semilattice isomorphism. 1t is easily checked that a meet-

11



semilattice isomorphism is just the same thing as an order isomorphism between meet-semilattices and
that any meet-semilattice isomorphism between complete lattices is a meet-complete isomorphism.
Dual definitions of join- and join-complete semilattice homomorphisms and isomorphisms are
formulated in the obvious way. A join- and meet-semilattice homomorphism (resp. a join- and meet-
complete semilattice homomorphism) between two lattices (resp. complete lattices) is called a lattice
homomorphism (resp. a complete lattice homomorphism). We may replace “homomorphism” by
isomorphism if the map is a bijection; however, any order isomorphism between lattices (resp.

complete lattices) is already a lattice (resp. a complete lattice) homomorphism.

If (P;<) is a meet-semilattice then a nonempty subset F of P is called a filter of
(P; <) if the following conditions hold:

F1. F is dually hereditary;
F2. a,b€ F implies aAbg F.

In this case, if (P;<) has 1 then we must have 1€ F, by F1 and the fact that F is nonempty.
The set of all filters of (P; <) will be denoted by FP. It is easily checked that (FP;C) is a
complete lattice. Dually, if (P; <) is a join-semilattice then a nonempty subset I of P is called an

ideal of (P; <) if the following conditions are met :

I1. F is hereditary;
12. a,b€ I implies aVbe l.

In this case, if (P; <) has 0 then we must have 0 € I, by I1 and the fact that I is nonempty. The
set of all ideals of (P; <) will be denoted by IP. Of course (IP; C) is also a complete lattice.

A lattice (L; <) is called modular if
(zAy)Vz = (zVz)Ay whenever z,y,z€ L with 2<y.

(Notice that any lattice satisfies ( Ay)Vz < (zV2z) Ay whenever z<7y.) The following well known
property of modular lattices will be useful to us. (See e.g., [CD73, 3.4, p19] for a proof.)

PROPOSITION 3. Let (L;<) be a modular lattice. If z,y€ L then the function
p:lz Ay, 2] = [y, e Vy] defined by p(z) =2Vy forall z€ L, is a lattice tsomorphism. na
A lattice (L; <) is said to be distributive if
(zAy)Vz =(zVz)A(yVz) forall z,y,z € L.

(Notice that any lattice satisfies (z Ay)Vz < (€Vz)A(yVz).) Clearly every distributive lattice is
modular. A complete lattice (L; <) is called Brouwerian (resp. continuous) if it satisfies the

join-infinite distributive identity
gA(VY)=V{zAy:yeY}

(resp. the meet-infinite distributive identity
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one. Also every closure (resp. algebraic closure) system X in (L; <) is the range u[L] of a suitable
closure (resp. algebraic closure) operator u on (L; <), viz., u = uy, and the correspondence u+ u[L]
is one-to-one. The aforementioned two correspondences are mutually inverse bijections between the set
of closure (resp. algebraic closure) systems in (L; <) and the set of closure (resp. algebraic closure)
operators on (L; <). The following results are to be found in most introductory lattice theory texts

or, e.g., [Gra79, Theorem 5, p25].

PROPOSITION 4. The following conditions on a lattice (L; <) are equivalent:

(i) (L; <) is an algebraic lattice;

(ii) there exists a set S and an algebraic closure system X in the complete lattice
(expS;C) of all subsets of S (ordered by set inclusion) such that (L; <) is
isomorphic to the lattice (X; C). o

PROPOSITION 5. Let (L; <) be an algebraic lattice and u an algebraic closure operator
on (L;<). Then y€L is a compact element of (u(L); <) if and only if y=u(z) for some

compact element = of (L; <). a

COROLLARY 6. Let S be a set and X CexpS. Then (X;C) is an algebraic lattice if
and only if X 1is closed under arbitrary intersections and (JY € X for any directed subset Y of
(X;C). In this case, the map Z—u(Z):=N{A€X:AD2Z}) (Z€cexp S) is the algebraic
closure operator corresponding to X and the compact elements of (X;C) are just the elements

of the form u(Z), where Z is any finite subset of S. O

In ChapterI, we shall make essential use of the following proposition, which combines several

classical results from lattice theory. Proofs of all statements in the proposition may be found in

(Gra79, Chapter 0, §6].

PROPOSITION 7. (i) [Grd79, Theorem 2, p22] The ideal lattice L of a join- semilattice
L with 0 is an algebraic lattice. Dually, the filter lattice FI of a meet-semilattice L with 1 is
an algebraic lattice.

(ii) [Grd79, Theorem3, p22] If L is an algebraic lattice and 0 is the bottom element of L
then the set L° of all compact elements of L is a join- subsemilattice of L (i.e., L° is closed
under finite joins), and 0 € L.

(i) [Gra79, Theorem 3, pp22-23]) If (L;<) is an algebraic lattice then the map
e {yel:y<z} (z€Ll) is a lattice isomorphism from L onto the ideal lattice L° of the
join- semilattice L° (with 0) of all compact elements of L. Therefore:

(vi) [Gra79, Theorem5, pp25-26] A lattice is algebraic if and only if it is isomorphic to
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the ideal lattice of some join- semilattice with 0. O

§2. RINGS.

We shall use Z to denote the ring of integers, N to denote the subset of Z consisting of all
positive integers, Z_ to denote the additive group of integers modulo n (n € N), and Q,R and C to
denote the fields of rational numbers, real numbers and complex numbers, respectively. We shall use
0 to denote the zero ring, the zero ideal and zero element of a ring, the zero module over any ring and
the zero submodule and zero element of any module. The intended meaning of 0 will always be clear
from the context in which it is used. All rings considered are associative but, unless otherwise stated,
are not assumed to have an identity element. The identity element of a ring R, if one exists, will
always be denoted by 1p. We warn the reader that if R is a ring, with or without identity then by a
subring of R we mean simply a multiplicatively closed subgroup of the additive group (R;+,—,0) of
R; we do not insist, therefore, that a subring of a ring with identity contain the identity element.
Recall that if (R;+,-,—,0) is a ring then R°PP denotes the opposite ring (R;+,*,—,0) of R,
which has the same universe and the same addition and negation operations as R but in which a
product r*s of two elements r,s is equal to the product s-r (calculated in R). We rermind the
reader that the centre of a ring R, abbreviated cen R, is defined to be the set {¢ € R: ¢r = rc for all
r€ R}. It is easily checked that cen R is a subring of R. If there exists a least positive integer n
such that rn =0 for all r € R, then R is said to have characteristic n; we write char R = n. If no

such n exists R is said to have characteristic zero; we write char R = 0.

A nonzero element r of a ring R is called a divisor of zero (or just a zero divisor) if
rs =0 or sr =0 for some nonzero s € R. A nonzero element of R which is not a zero divisor is
called regular. A domain is a ring in which every nonzero element is regular. Recall also that if R
is a ring with identity then an element r € R is said to be right invertible (resp. left invertible) if
rs =1p (resp. st =1p) for some s € R. An element of R which is both right and left invertible is
called a unit of R. Recall that an element r € R is said to be idempotent ‘if r’=r, and nilpotent
if »™ =0 for some n €N and that a nonempty subset of R consisting entirely of nilpotent elements is
called nil. If A, A,,..., A, (n €N) are subgroups of (R;+,-,0), we define A;A,...A4 to be the
subgroup of (R;+,—,0) generated by {aja,...a,:a;€ A; for i=1,...,n}. If A;=A for all
i€ {l,...,n}, we write A" instead of AA...A. (This notation coincides with that used for the
cartesian product AxAx...x A but the intended meaning of A™ will always be clear from the

context in which it is used.) We call a subgroup A4 of (R;+,-,0) idempotent if A=A and
nilpotent if A™ =0 for some n € N. »

By an ideal of a ring, we shall always mean a two-sided ideal. We shall frequently use Id R
to denote the set of all ideals of a ring R. We shall also, occasionally, use Id Rp (resp. IdzR) to
denote the set of all right (resp. left) ideals of a ring R. It is well known that (IdR;C),(IdRg; C)
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and (IdpR; C) are modular algebraic (in particular, complete) lattices. Recall that R is said to be a
simple ring if it has no proper nonzero ideals, i.e., if Id R = {0, R}. If X CR, we denote by (X) the
ideal of R generated by X, i.e., the intersection of all ideals of R containing X. If X is a

nonempty subset of R then

(7'1'17'-7':' + S'-I" + l'l-tl' + l'l'm"):ﬂ.eN a.nd l'l‘EX, Ti,TIl‘,S",tieR, m,EZ

1

(X) ={

M=

' for i=1,...,n}.

We warn the reader that the symbol (X) will not be used exclusively for the above purpose, however.
(For example, we shall frequently use (X) to denote the free monoid on the set X :see §10.) For this

reason, in instances where {X) is used, its meaning will always be stated explicitly.

We shall make frequent use of the following result of V.A. Andrunakievi¢, which is known as

Andrunakievic’s Lemma.

LEMMA 1. [And66, Lemma4, pl02] Let A be an ideal of a ring R and I an ideal of the
ring A. If (I) denotes the ideal of R generated by I then (n3cl. O

§3. MODULES AND MODULE CATEGORIES.

We shall not distinguish notationally between a category and its class of objects. Recall that if
C is a category then a subcategory 9D of C is called a full subcategory of C if every morphism of C
between two objects of D is a morphism of D (i.e., if HomC(A,B) = HomG_D(A,B) for all objects
A,B of D). Trivially, every nonempty class A of objects of C gives rise to a full subcategory 9 of
C whose class of objects is defined to be A and whose class of morphisms is defined by
Homgy(A, B) = Home(A, B) for all objects A, B of 0. The subcategory D defined in this manner is
usually referred to as the full subcategory of C on A. We shall use le to denote the identity
functor on €. Recall that if € and 9D are categories then a covariant functor F: € — D is called a
category isomorphism if there exists a covariant functor G: D — C with the property that GF = 1,

and FG = 1“])' The categories C and 9D are said to be isomorphic if there exists a category

isomorphism F: € — 4D.

Suppose that R is a ring and M is a right R-module (by which we mean that M is a right
module over R). If A is a subgroup of (R;+,~,0) we define MA to be the subgroup of
(M;+,—,0) generated by {za:z€ M, a€ A}. We shall call M a zero multiplication module if

' MR =0, and a unital module if MR =M. We warn the reader that, unless otherwise stated, we do
not assume our modules to be unital, even in situations where the ring in question has identity. It
is easily shown that if R is an arbitrary ring then every right R-module has a unique maximal zero
multiplication submodule. We shall always use Mod-R to represent the category of all right modules

over the ring R. We use Mod-R(zero) (resp. Mod-R (unital)) to denote the full subcategory of
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Mod-R on the class of all zero multiplication modules (resp. the class of all unital modules). The left
analogues of Mod-R, Mod-R (zero) and Mod-R (unital) are denoted, respectively, by R-Mod,

R-Mod (zero) and R-Mod (unital). We define Z € Mod-R (zero) to be the abelian group

zero
(Z;+,-,0) endowed with the zero multiplication. More generally, it is clear that every abelian group
can be regarded as an element of Mod-R (zero) if it is endowed with the zero multiplication. It is also
clear that every group homomorphism between zero multiplication right R-modules is automatically
an R-module homomorphism. These observations are evidence of the easily verifiable fact that the

category Mod-R (zero) is isomorphic to, and hence identifiable with, the category of all abelian

groups.

In many situations, a structure M may be interpretable as a module in several different
senses. For example, if I is an ideal of a ring R then I may be regarded as a right or left module
over itself as well as a right or left module over R. If, in such situations, we wish to regard M
specifically as a right (resp. left) module over a particular ring R, we indicate this by writing Mp
(resp. g M) rather than M. Suppose M, N € Mod-R. If N is a submodule of M, we write N < M,
and if N is isomorphic to a submodule of M, we write N < M. It is well known that the set of all
submodules of M, ordered by set inclusion, is a modular algebraic (in particular, complete) lattice.
We shall use Homp(M, N) to denote the abelian group of all right R-module homomorphisms from
M to N, and EndpM to denote the ring of all right R-module endomorphisms of M. Unless stated
otherwise, if M is a right (resp. left) R-module then R~module endomorphisms of M will be written
on the left (resp. right) of their arguments. Also, Imy and Kery are used as abbreviations for the
image and kernel of ¢ € Homp(M,N). We shall often write ¢: M = N to indicate that ¢ €
Hompg(M, N) is an (R-module) isomorphism. We remind the reader that a sequence

v, ¥y )
» M, y oL "M

M,

n

of right R-modules and R-module homomorphisms is said to be ezact if Im @; = Kerp, , for all

1€{1,2,...,n-1}.

Let R be a ring and {M;:i€T} a family of right R-modules. Suppose z = {z;}icre€
[1; er M;. Recall that the support of z, abbreviated supp z, is defined to be {ieT:z;+£0}. The
(external) direct sum of the family {M;:i €T} will be denoted by ®;cpr M;. (Thus @, er M;=
{zell;cr M,;: |suppz| <Ny}.) If M, =M for all i €', we abbreviate ®;er M; by ® M or
r . . . . .

by M), Obviously, if T'={0,1,...,n—1} is a finite cardinal then ®;cr M; and H:‘GFM:'
coincide; in such cases, we usually favour the direct sum notation and write MooM,®..0 M__,
instead of Myx M, x...x M, _;. If m is an arbitrary cardinal, we define

H:(‘nel)l“ M;={z€[l;cr M,:|suppz| < max {m, X,}}.

It 1(s <)3a511y checked that Hsuél" M; is a submodule of [, . M;. Notice also that if m < R, then
m

[lierM;=@;cr M, If M;=M forall icT, we abbreviate anel)r M; by Hgm)M. The sum

of a family {M;:7€T} of submodules of M € Mod-R will be denoted by Z.-E r M;; if this sum is
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direct, we write @ ;. M, instead of Yier M, and we refer to {M;:i €T} as an independent
family of submodules of M. (We therefore do not distinguish notationally between the external and

internal direct sum of an independent family of submodules.)

THEOREM 1. [Ker87, Proposition 15.2, p80] Let R be a ring and for each right R-module
M, define My={z € M:zR=0}. The following assertions are equivalent :

(i) R has identity;

(i) M=M,®MR for dall (right) R-modules M. a

The reader will be aware that if R is a ring with identity, it is more common to define a right
R-module M to be unital if z-15 =2 for all z€ M. It is an easy consequence of Theorem 1,
however, that if R is a ring with identity then this notion of “unital” is equivalent to the requirement
that MR =M. Indeed, it is obvious that if z-1p =z for all z€ M then MR=M while
conversely, if MR = M then by Theorem 1, {z-1p—z:z€ M} C{y€M:yR=0}:=M;=0.

_ Suppose M € Mod-R and N < M. We say that N is an essential submodule of M if
NNL +0 whenever 0 L< M. For M,N € Mod-R, an R-module monomorphism ¢: N — M s
said to be essential if [N] is an essential submodule of M, and the pair (i, M) is then called an
essential extension of N. If the essential monomorphism ¢: N — M is understood, it is customary to
omit the first coordinate of the pair (:, M) and to refer to M as an essential extension of N. If
N < M then Zorn’s Lemma may be used to establish the existence of a submodule L of M which is
maximal with respect to the condition that LN N =0. We shall call such a submodule L (which is
not, in general, unique) an orthogonal complement for N in M. It is well known that in this

situation, N @ L is an essential submodule of M.

Let M € Mod-R. If X and Y are nonempty subsets of M, we define (X:Y)={re€R:
Yr C X}. Note that if X =0 then (X:Y)=(0:Y) is just the annihilator of ¥ in R. For subsets
X,Y of R, we define (X: Y)={r€R:YrCX} and (X:;Y)={r€R:rY CX}. Thus (0:.Y)
(resp. (0:;Y)) denotes the right annihilator (resp. left annihilator) of ¥ in R. If Y is a
singleton, say Y = {y}, then we write (0:y),(0:, y) and (0:,y) instead of (0:{y}),(0:,{y}) and
(0:;{y}), respectively. Recall that M is said to be faithful if (0: M) =0, and finitely annihilated
if there exists a finite subset X of M such that (0:X)=(0:M). We call M simple if 0 and M
are the only submodules of M. (We do not insist, as many authors do, that a simple module be
unital.) Recall also that the socle of M, abbreviated soc M, is defined to be the sum of all simple
submodules of M and that M is said to be semisimple if M =soc M.

PROPOSITION 2. [Row88, Theorem2.4.7, pl78] If M is an arbitrary right R-module
then soc M = [1{N <M : N is essential in M}. 0

A module is said to be noetherian (resp. artinian) if its lattice of submodules satisfies the
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ACC (resp. the DCC). A ring R is called right noetherian (resp. right artinian) if the module Rp
is noetherian (resp. artinian). It is well known that a right R-module M is noetherian if and only if
every submodule of M is finitely generated. We point out that if X is a nonempty subset of M and
N denotes the submodule of M generated by X then

N ={ (z;r;+z;m):neN, z;€X, r,e R, m;eZ for i=1,...,n}.

1

1=

THEOREM 3. [Lam66, Proposition 6, p22] Let N be a submodule of a right R-module M.
Then the following assertions are equivalent:
(i) M is noetherian (resp. artinian);

(i) N and M/N are noetherian (resp. artinian). O

For an infinite cardinal m and M € Mod-R, we shall say that M satisfies the m-ACC
(resp. the m-DCC) if the lattice of submodules of M satisfies the m- ACC (resp. the m-DCC).

§4. THE DORROH EXTENSION, PROJECTIVE AND INJECTIVE MODULES.

Let R be an arbitrary ring. We define R* to be the ring RxZ with addition and

multiplication defined by :
(rl,ml) + (r2,m2) = (1‘1 +ry, My +m2) and

(r1ymy)(ry,my) = (ryrg +rymy +1,my, mymy)

for all r{,r, € R and m;,m, €Z. The ring R* is usually called the Dorroh Eztension of R and
has its origin in [Dor32]. It is easily checked that (0,1) € R* is an identity element for R* and that
the map ¢: R — R* defined by ¢(r)=(r,0) (r € R) is a ring monomorphism whose image (R, 0)
(:= Rx {0}) is an ideal of R*. If every r € R is identified with its image (r,0) in R*, then R may
be considered as an ideal of R* and each (r,m)€ R* may be written as (r,m) = (0,1)(r,0) + (0, 1)m
=1« 7 + lpe-m, whence R* = {lR.-r + lps-m:r€R, me€Z}. We point out that the Dorroh
Extension R* is not the only extension of R with identity ; nor is it, in general, a minimal extension
with an identity element, for R itself may possess an identity. It is an unsurprising and easily
verifiable fact that the interval [0,R] of the lattice (Id R*; C) is isomorphic to the lattice
(IdR; C). Also, since R*/R =1Z, the interval [R, R*] of (Id R*; C ) is isomorphic to (IdZ; C ).

If M € Mod-R then M has the structure of a right R*-module with
z-(lpe-r + lpe:-m) := zr+zm for any element lpw:r 4+ 1pe-m of R*.

Moreover, it is easily checked that if M, N € Mod-R then HomR‘.(M,N) = Homp(M,N) and the
R*-submodules of M are precisely the R-submodules of M. Conversely, since R is a subring
(indeed, an ideal) of R*, every unital right R*-module has, automatically, the structure of a right
R-module.  Again, it is easily checked that if M, N € Mod-R* (unital) then HomR;(M, N)=
Homp(M, N) and the R*-submodules of M are precisely the R-submodules of M. The above
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observations can be phrased more categorically: the assignment of a unital right R*-module structure
to every right R-module defines, in essence, a covariant functor F': Mod-R — Mod-R* (unital), while
the reverse assignment defines a covariant functor G: Mod—R* (unital) —» Mod-R. A routine check

shows that FG =1 and GF =1y, 4_p- This proves the next result.

Mod-R* (unital)

THEOREM 1. If R is an arbitrary ring then the categories Mod-R and Mod-R* (unital)

are i1somorphic. a

Although we seldom refer explicitly to Theorem1, it is fundamentally important and
underpins many of the assumptions made in the sequel. For example, making implicit use of

Theorem 1, we shall systematically identify Mod—-R and Mod-R* (unital) henceforth.

Theorem 1 also reassures us that, in terms of its macroscopic features, the category Mod-R is
no different from the well-explored categories of unital modules over rings with identity. Many of the
constructions available in the latter type of category are therefore also available in Mod-R. In
particular, we shall make use of the fact that every right R—-module has an “injective hull” in Mod-R.
(In the sequel to Proposition2 below, we have chosen, for the reader’s convenience, to recall some of

the basic features of the injective hull.)

The identification of Mod-R and Mod-R* (unital) requires that we refine our “annihilator”

notation. Accordingly, if M € Mod-R and X,Y are nonempty subsets of M, we define
(X:Y)* = {IR.-r +1pe-m € R*: Y(lR.-r +1lgem) = {yr+ym:yeY}C X}.

Note that if X is a nonempty subset of M and N is the submodule of M generated by X then

N

{
{

1
XR*.

l(ziri+zim'-):n€N, z,€X, r,€R, m;€l for i=1,...,n}

TINgERINGE

Z‘(].R.TI + lR.-ml-):nEN, ZIEX, ].qu""i + ].qu'mi' ER* fOl' i=1,...,n}

If, in particular, X = {z} then N =zR* = RE/(O::D)*. More generally, every cyclic right R-module
is isomorphic to RE /K for some right ideal K of R* (or equivalently, some submodule K of RE ).
This assertion follows from the remarks preceding Theorem 1 and the well known fact that if R is a
ring with identity then every unital cyclic right R-module is isomorphic to Rp /K for some K < Rp,.

Note, in particular, that Z,.,= RE /Rp. We call aring R a principal right ideal ring if every
submodule of Ry is cyclic.

It follows from Theorem 3.1 that if R is a ring with identity and R} = {z ¢ R} : zR =0},
* _ px . .
then Rp=Ry®Rp. It is easily shown that R} = {lpe-(=1pm) + lps-m:meZ}=2Z, .
Consequently, we have the following proposition.
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PROPOSITION 2. If R is a ring with identity then R;‘? =27,.,9Rp O

It follows from Theorem 1 that RE is a generator for the category Mod-R (in the sense
that every M € Mod-R is an epimorphic image of a direct sum of copies of R}}) More specifically,
if R has identity, it is possible to deduce from Proposition2 that Z, . is a generator for the

category Mod-R (zero) and that Rp is a generator for the category Mod-R (unital).

Recall that a right R-module P is said to be projective if, given any diagram in Mod-R of

the form

with exact row, there exists a homomorphism @ : P — M making the diagram commute. Dually, a

right R-module E is said to be injective if, given any diagram in Mod-R of the form

E

0 N ——>M

with exact row, there exists a homomorphism @ : M — E making the diagram commute. Recall also
that if M € Mod-R, there exists an injective right R-module E and an essential monomorphism
t: M — E. The pair (¢, E) is thus an essential extension of M which is, moreover, unique in the
sense that if E' € Mod-R is injective and ¢': M — E’ is an essential monomorphism then there is an

isomorphism ¢: E — E’ which makes the following diagram commute.

E i E'

The pair (¢, E) is called an injective hull for M. For each M € Mod-R, we choose a fixed injective
hull for M and denote it by (¢p,, E(M)). The above comments Justify our calling (¢ys, E(M)) the
injective hull of M. If the essential monomorphism ¢y,: M — E(M) is understood, it is customary to

refer to E(M) as the injective hull of M.

It is well known that the injective (right) Z-modules (i.e., abelian groups) are precisely the so-

called divisible abelian groups. (An abelian group G is said to be divisible if, given any ¢ € G and
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any nonzero n € Z, we have g'n=g for some ¢’ € G.) The groups (Q;+,—,0) and Zpoo (p a
positive prime integer) are two prototypes of divisible abelian groups. We remind the reader that if p

is a positive prime integer then

Z o0 ::{%+ZGQZ/ZZ: mel, neN}.

It is a well known and interesting fact that for each k €N, H, ={;—r;l;+l € QZ/ZZ :me Z} is a
subgroup of Zpoo and every nonzero proper subgroup of Zpoo is of this form. Inasmuch as every
proper subgroup of Zpoo is an element of the chain 0 G H, C H, C ..., we may conclude that Zpoo is
an artinian but not a noetherian (right) Z-module. It is easily checked that E(Z;)=Qy and

E(Zp) o~ Zpoo for all positive prime integers p.

THEOREM 3. [Rot88, Theorem 10.14, p250] The following assertions are equivalent for an
abelian group G:
(i) G is divisible;
r . . ,
(i) Gz = Q(Z)®(@iel“’ Zpoo) for some set T' and some family {p,:i€I'} of (not

necessarily distinct) positive prime integers. 0

§5. THE JACOBSON AND PRIME RADICALS.

Recall that an ideal P of a ring R is called a prime ideal of R if P D I or P D J whenever I
and J are ideals of R such that P D IJ. The set of all prime ideals of a ring R is often referred to as
the spectrum of R, abbreviated Spec R. Recall that the Prime (or Lower Baer) radical of a ring
R is defined to be the intersection of all prime ideals of R. We denote the Prime radical of R by
A(R).

PROPOSITION 1. [Lam66, Proposition4, p54] The following assertions are equivalent for
aring R:

(i) 0 is a prime ideal of R;

(i) IJ =0 implies I =0 or J =0, whenever I and J are ideals of R;

(ili) aRb =0 implies a=0 or b =0, whenever a,b € R. O

A ring R which satisfies the equivalent conditions of Proposition1 is called prime.

PROPOSITION 2. [Lam66, Proposition2, p56] The following assertions are equivalent for
aring R:

() B(R)=0;

(ii) R has no nonzero nilpotent ideals ;

(iii) aRa =0 implies a =0, whenever a € R. 0
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A ring R which satisfies the equivalent conditions of Proposition 2 is called semiprime.

Recall that a ring R is said to be right primitive if there exists a faithful simple right
R-module. An ideal P of a ring R is called a right primitive ideal if R/P is a right primitive ring.
Recall also that the Jacobson radical, J(R), of a ring R is defined to be the intersection of all right
primitive ideals of R. It is well known that the Jacobson radical is left-right symmetric in the sense
that J(R) is also equal to the intersection of all left primitive ideals of R. There are several standard
characterizations of J(R), some of which we list in Theorem3 below. We remind the reader that a
right (resp. left) ideal K of a ring R is said to be regular provided there exists ¢ € R such that
r—er € K (resp. r—re€ K) for all r € R. Note that in a ring with identity, every right ideal and

every left ideal is regular.

THEOREM 3. [Hun74, Theorem 2.3, p426] If R is an arbitrary ring then:
(i) J(R) is the intersection of all regular mazimal right ideals of R;
(if) J(R) is the intersection of all annihilators of simple right R-modules.

- Moreover, assertions (i) and (i) remain valid if “right” is replaced by “left”. O

A ring R is said to be semiprimitive if J(R) = 0.

THEOREM 4. [Lam66, Proposition 1, p75] The following assertions are equivalent for a
ring R with identity:

(i) R has a unique mazimal proper right ideal;

(i) J(R) is the unique mazimal proper right ideal of R:

(iii) J(R) consists precisely of the nonunits of R;

(iv) the set of all nonunits of R is an ideal of R;

(v) R/J(R) is a division ring.
Moreover, each of the above assertions is equivalent to each of assertions (i) and (ii) with “right”

replaced by “left”. O

A ring R which satisfies the equivalent conditions of Theorem4 is called local. A ring with
identity is called semilocal if, for some finite positive cardinals m,n,,...,n and some division rings
. . - . m
D,..., Dy, the ring R/J(R) is isomorphic to the direct product I[I M, (D), where M_ (D;)
i=1 i i

denotes the ring of all n; xn; matrices over D;.

PROPOSITION 5. [Ker87, Theorem 30.6, pl44] If R is a right artinian ring then J(R) is
nilpotent. O
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THEOREM 6. [Lam66, Corollary, p69] FEwvery right artinian ring with identity is right

noetherian. a

The requirement that the ring in the above theorem possess an identity element cannot be
dropped, as is witnessed by the abelian group Zpoo (p a positive prime integer) endowed with the zero

multiplication and considered thus as a ring (see §4).

§6. MATRIX RINGS AND MORITA EQUIVALENCE.

Let m be a nonzero cardinal and R a ring. Extending the notation used in the previous
section, we denote by M_(R) (resp. MX(R)) the ring of all row-finite (resp. row- and column-finite)
mXxm matrices over B, Observe that the ring MI;(R) is left-right symmetric in the sense that
M (R°PP) = (M (R))°PP. Note also that if m is finite then M_(R) =M% (R); we shall occasionally
refer to this ring as the full mxm matriz ring over R. If A€My(R) (or M} (R)), we use A(a)
(resp. A(a)) to denote the a-th row (resp. the a-th column) of A, and 4,4 to denote the (o, 8)-th
entry of A, where a,f €m. Recall that a matrix A € M_(R) is said to be scalar if Ayg=0
whenever a + 3, o, €m, and 4, = Agg for all o, 8 € m.

PROPOSITION 1. [Row88, Proposition 1.1.5, p31] Let n be a finite nonzero cardinal and
R a ring with identity. Then J is an ideal of My(R) if and only if J = M_(I) for some ideal I
of R. a0

It is an obvious consequence of Proposition1 that M_(D) is simple whenever D is a division

ring and 0 < m <R,

We remind the reader here of what it means to say that rings R and S are “Morita
equivalent”. First, we need to recall some definitions from category theory. Suppose € and D are
categories and that there are covariant functors F;: € — 9 and Fy:C—D. Let n={n,: A€C} be
an indexed class of morphisms in 9D such that 5,: F;(A) - F,(A) for every A€C. Then n is
called a natural transformation from F, to F, if for each pair of objects A, B€C and each

morphism f: A — B, the diagram

F.(f)

F(A) : ~ F\(B)
A ng
Folf)

Fy(A) 2 F,(B)
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commutes. If each 7, is an isomorphism then 7 is called a natural isomorphism; in this case, we
write F'; = F,. A covariant functor F:C — 9 is said to be an equivalence if there exists a covariant
functor G: D — € such that GF = IC and FG = 1:,]); we shall call such functors F and G inverse
category equivalences. The categories C and 9 are said to be equivalent if there exists an

equivalence F:C — D,

A category C is said to be preadditive if for each pair of objects A,B € C, the set
Home(A, B) is an abelian group and the composition map from Homg(B,C)x Home(4, B) to
HomC(A,C) is bilinear for all objects A, B,C €C. If C and 9D are preadditive categories, a functor
F:C— 9 is said to be additive if for each pair of objects A, B€C, we have F(p+v)=
F(p)+ F(y) for all p,¢ € HomC(A, B). Two rings R and S with identity are said to be Morita
equivalent if there exists an additive equivalence F:Mod-R (unital) — Mod-S (unital). It is a well
known and interesting fact that the notion of Morita equivalence is left-right symmetric in the
following sense: if R and S are rings with identity then the existence of an additive equivalence
F: Mod-R (unital) — Mod-S (unital) implies the existence of an additive equivalence G:R-Mod

(unital) — S-Mod (unital), and conversely.

THEOREM 2. [AF74, Corollary 22.7, p265] Suppose R and S are Morita equivalent rings
with identity. Then there exists a finite nonzero cardinal n and an idempotent element e € M (R)

such that S = eM_(R)e. a

The next theorem is a partial converse to Theorem 2.

THEOREM 3. [AF74, Corollary 22.6, p265] If R is a ring with identity and n is a finite
nonzero cardinal then R and M_(R) are Morita equivalent. a

§7. ARTIN-WEDDERBURN THEOREM, GOLDIE’S THEOREMS AND RELATED RESULTS.

THEOREM 1. (Artin-Wedderburn) [Hun74, Theorem 3.3, p435 & Theorem 3.7, p439] The
following assertions are equivalent for a ring R:
(i) R is nonzero, semiprimitive and right artinian;
(i) there exist nonzero finite cardinals k and 0y, Ny, ...,ny and division rings
Dy, Dy,..., Dy such that R = Mlnl(Dl) X Mlnz(Dz) X...X Mlnk(Dk);
(iii) R has identity and every unital right R-module is semisimple;
(iv) R has identity and Rp is isomorphic to a direct sum of finitely many simple right

R-modules.

Moreover, assertion (ii) is equivalent to the left analogues of each of assertions (i), (iii) and (iv).

0
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Because of the left-right symmetry of the Artin-Wedderburn Theorem, it is customary to omit
the prefix “right” in “semiprimitive right artinian” and to speak simply of a “semiprimitive artinian”
ring. We warn the reader that the requirement that R have identity cannot be dispensed with in
assertions (iii) and (iv) of Theorem1; it is not difficult to construct rings R (necessarily without
identity) with the property that J(R)#0 yet Rp is semisimple artinian. In other words, for
arbitrary rings, the conditions “semiprimitive artinian” and “semisimple artinian” are not equivalent;

the former being stronger than the latter.

Recall that a subring R of a ring T is said to be a right order (resp. a left order) in T if,
given any t € T', there exists a unit u of T, contained in R, such that tu € R (resp. ut € R).

LEMMA 2. [Row88, Lemma3.1.10, p353] The following assertions are equivalent for a
subring R of aring T:

(i) R is aright order in T;

(ii) given any finite nonempty subset X of T, there exists a unit u of T, contained in

R, such that Xu:={zu:z€ X} CR. O

LEMMA 3. If R is aright order in a ring T then M (R) is a right order in M (T) for

all finite nonzero cardinals n.

Proof. Suppose 0 <m <R, and choose A €M_(T). Since R is a right order in T, there
exists, by Lemma2, a unit u of T, contained in R, such that Ajpu € R for all o,f€n. Let
B € M_(T) denote the scalar matrix with main diagonal entry u. Certainly, B is a unit of M (T)
contained in My(R). Moreover, it is not difficult to see that AB €My(R). Thus M_(R) is a
right order in M (T). 8]

Recall that a right R-module M is said to be uniform if every nonzero submodule of M is
an essential submodule of M. More generally, if m is an arbitrary cardinal, then M is said to have
Goldie dimeﬁsion m if m is the supremum of all cardinals n such that M has an independent
family of m nonzero subm.odules; we abbreviate this by writing dim M = m. Note that M is nonzero
and uniform if and only if dimM =1, and that dim0=0. It is easily shown that the Goldie
dimension of a vector space coincides with its dimension in the classical sense. In [DF88, Theorem 6,
p300], Dauns and Fuchs prove that if dimM = m is not an inaccessible cardinal then dim M is
“attained” in M in the sense that M actually contains an independent family of m nonzero
submodules. This fact extends the well known result that if a right R-module M contains no infinite
independent family of nonzero submodules then dim M =n for some n<R,. The right Goldie
dimension of a ring R refers to dim Rp. Recall that a ring is said to satisfy the ACC on right
annihilators if the poset ({(0:,X):X C R};C) satisfies the ACC. Recall furthermore that a ring
R s said to be a right Goldie ring if dim Rp <X, and R satisfies the ACC on right annihilators.
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THEOREM 4. (Goldie’s Second Theorem) [Her69, Theorem4.7, p75 & Theorem4.5, p70]
The following assertions are equivalent for a ring R:
(i) R is isomorphic to a right order in a semiprimitive artinian ring;

(i) R is a semiprime right Goldie ring. O

THEOREM 5. (Goldie’s First Theorem) [Her69, Theorems 4.4 & 4.5, p70] Let n be a finite
nonzero cardinal. Then the following assertions are equivalent for a ring R:

(i) R is isomorphic to a right order in M, (D) for some division ring D;

(ii) R is isomorphic to a right order in a simple artinian ring and dim Rp = n;

(iii) R is a prime right Goldie ring with dimRp =n. ]

COROLLARY 6. The following assertions are equivalent for a domain R:

(i) R is isomorphic to a right order in a division ring; '

(ii) dimRp =1, i.e., Rp is uniform;

(i) dim Rp is finite. O

A domain which satisfies the equivalent conditions of Corollary 6 is called a right Ore domain.

THEOREM 7. (Faith-Utumi Theorem) [Lam66, Proposition, pl14] Let n be a finite
nonzero cardinal and D a division ring. Then the following assertions are equivalent for a ring

R:
(i) R is a right order in M (D);

(i) there exists a right order T in D such that M (T) C R CM_(D) (as subrings).

§8. RINGS OF FRACTIONS.

For the reader’s convenience, we recall the basic definitions associated with rings of fractions.
Suppose S is a multiplicatively closed set of regular elements of a ring R (a nonempty subset S of a
ring R is sald to be multiplicatively closed if st €S whenever s,t €S). Let T be a ring with
identity and ¢: R — T a ring monomorphism. The pair (p,T) is said to be a right (resp. left)

ring of fractions of R with respect to S if the following two conditions are met :

RF1. ¢(s) is a unit of T for every s € S;
RF2. Every t € T is expressible in the form t = ¢(r)p(s)™! (resp. t = p(s)1p(r)) for
some r € R and some s € S.

[It is customary in this situation to identify each r € R with its image in T and to write

t=rs"! (resp. t =571r)]

If (¢,T) is a right ring of fractions of R with respect to S and the monomorphism ¢ is
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understood, it is also customary to refer to the ring T as a right ring of fractions of R with respect to

S.

A right denominator set (resp. left denominator set) for a ring R is any multiplicatively
closed set S of regular elements of R having the common right multiple property (resp. common
left multiple property): for each r € R and each s €S, there exist r; € R and s; €S such that
rs, = sry (resp. s;r =r;s). Use of the term “denominator” in the above definition is justified by the

following theorem.

THEOREM 1. [Row88, Proposition 3.1.3 & Theorem 3.1.4, p349] The following assertions
are equivalent for a multiplicatively closed set S of regular elements of a ring R:
(i) S is a right denominator set for R;

(ii) there exists a right ring of fractions of R with respect to S. a

THEOREM 2. (Universal Property) [Row88, Theorem3.1.6, p352] Let S be a right
~denominator set for a ring R and (p,T) a right ring of fractions of R with respect to S.
Suppose T' is a ring and ¥: R — T' a ring homomorphism such that (s) is a unit of T’ for all
s€S. Then there exists a unique ring homomorphism %:T — T' which makes the following

diagram commute. Moreover, ¥ is given by ¥(rs™1) = 4(r)9(s)”! for all rs~1 € T.

It is, of course, a consequence of Theorem 2 that if S is a right denominator set for a ring R
then a right ring of fractions of R with respect to S is unique in the sense that if (¢, T) and (¢',T")

are any two right rings of fractions of R with respect to S, then there exists an isomorphism

¥: T — T' which makes the following diagram commute :

R

T ¥ (iso) T

For each ring R, and each right denominator set S for R, we choose a fixed right ring of fractions of

R with respect to S and denote it by (wS,RS_l). Note that if R is identified with its image in
RS, we obtain RS~ = {rsTlir€eR, se S}. ’
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There is an important connection between rings of fractions and right orders. It is obvious
that the ring R is a right order in RS~! whenever S is a right denominator set for R. It is perhaps
less obvious, but is nevertheless easily established, that if R is a right order in a ring T then T is a
right ring of fractions of R with respect to the right denominator set S consisting of all units of T

contained in R.

We shall now describe some important special cases. If the set S of all regular elements of a
ring R is a right denominator set for R, we call RS™! the classical right ring of quotients of R.
Of course, not every ring possesses a classical right ring of quotients. It is easily checked that if R is a
domain then S = R\{0} is a right denominator set for R if and only if Rp is uniform. It follows
from Corollary 7.6, therefore, that a domain R has a classical right ring of quotients if and only if it is
a right Ore domain. If R is a commutative ring then clearly every multiplicatively closed set of
regular elements of R is a right and left denominator set for R. In this situation, we omit the
prefixes “left” and “right” and speak simply of a “ring of fractions of R with respect to S”. A
particularly important special case arises if S = R\P, where P is a prime ideal of a commutative
domain R. In this case, it is customary to write Rp instead of RS™! and to refer to Rp as the
localization of R at P. (The term “localization” is appropriate here, since Rp is always a local ring
with unique maximal proper ideal Pp:= {ps™':peP, s€8§= R\P}.) Note that if P =0 then
Rp is just the field of quotients of R.

We remind the reader of the definition of the so-called “maximal” ring of quotients. Suppose
R and T are rings with ¢: R — T a ring monomorphism. We shall call the pair (pyT) a right
rational extension of R if Rp is a dense submodule of T (here, R is identified with its image in
T). (Recall that if M € Mod~R then a submodule N of M is said to be a dense submodule of M
if, given z,y € M with r 30, there exists 7 € R such that zr + 0 and yr € N.) If, in this case, the
monomorphism ¢ is understood, we call the ring T a right rational extension of R. It is easy to see,
for example, that if R is a right order in T then T is a right rational extension of R. A right
rational extension (¢,T) of a ring R is called a mazimal right ring of quotients of R if, given any

right rational extension (¢’,T') of R, there exists a unique ring homomorphism %: 7' — T which

makes the following diagram commute.

T — T

Since T’y is an essential extension of R Ry it is not difficult to see that the homomorphism % in the
above diagram must in fact be a monomorphism. A maximal right ring of quotients of R is thus,
loosely speaking, a largest right rational extension of R. It follows from the definition that a maximal

right ring of quotients of R, if it exists, is unique in the predictable sense: if (¢, T) and (¢, T') are
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any two maximal right rings of quotients of R then there exists an isomorphism 1:T'— T which

makes the following diagram commute:

T T

THEOREM 3. [Lam66, Proposition8, p99] Every ring with identity possesses a mazimal
right ring of quotients with identity. O

Observe that if R is a ring with identity and (¢, T) a maximal right ring of quotients of R
then Tp, being an essential extension of Rp, must embed in E(Rg). Thus each right ring of
quotients of R may be identified with a submodule of E(Rp); we choose a fixed maximal right ring

of quotients of R and denote it by (pr,y QmaxBR))-

§9. VON NEUMANN REGULAR RINGS AND RELATED CONCEPTS.

Recall that a ring R is said to be von Neumann regular (or just regular) if for each a € R,

there exists b € R such that aba = a.

THEOREM 1. [Ker87, Theorems 13.8 & 13.9, p60] The following assertions are equivalent
for aring R:

(i) R is regular;

(ii) every principal right ideal of R is generated by an idempotent;

(iii) every finitely generated right ideal of R is generated by an idempotent.
Moreover, assertion (i) is equivalent to each of assertions (ii) and (iii) with “right” replaced by

“Ieft”. D

THEOREM 2. If R is a regular ring then:

(i) every right ideal and every left ideal of R is idempotent;
(ii) the lattice (Id R; C) is distributive. o

Some explanation is in order here. The first assertion of Theorem2 is well known and its easy
proof does not require R to have identity. The second assertion is also well known, we believe, but a
convenient reference in the setting of rings without identity eluded us. The following argument justifies
it. An ideal I of a ring R is called semiprime if the ring R/I is a semiprime ring (see Proposition

5.2). The set &(R) of all semiprime ideals of an arbitrary ring R is easily seen to be a closure system
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on the complete lattice of subsets of R (ordered by set inclusion) and is, as such, a complete lattice in
its own right, ordered by C. (It need not be an algebraic lattice in general.) Tominaga [Tomb4,
Theorem 2, p140] proved that (S(R); C ) is always a distributive lattice, and his proof makes no use
of an identity element for R. If R is regular, however, it follows easily from Theorem 2 (i) and

Proposition 5.2 that G(R) =Id R. Consequently, for regular rings, (ii) is true.

We define a left full linear ring to be the ring End,V of all linear transformations (written
on the right of their arguments) of any left vector space V over any division ring D. If the vector
space V is finite dimensional, we call EndpV a finite dimensional (left) full linear ring. A
classical result of linear algebra asserts that if dimpV =m then EndpV (endomorphisms on the
right) ZM_ (D). If n is a cardinal and ¢ € EndpV, we say that ¢ has rank n, and write rank¢

m

=n, if dimp (Imyp) = n.

PROPOSITION 3. [Jach6, Theorem 1, p93] Let V be a left vector space of dimension
m > R, over a division ring D. Then I is a nonzero proper ideal of EndpV (endomorphisms on
the right) if and only if I ={p €EndpV:ranky <n} for some infinite cardinal n<m. In
particular, the lattice of ideals of EndpV is well ordered, i.e., order isomorphic to an

ordinal. O

Recall that a ring R is said to be right self - injective if the module Rp is injective.

THEOREM 4. [Goo79, Theorem 9.12, pl00] The following assertions are equivalent for a
ring R with identity:
(i) R is isomorphic to a left full linear ring;

(i) R is prime, regular, left self - injective and soc R + 0. O

(It is not necessary to specify soc(Rp) or soc(grR) in (ii) above, in view of the well known

fact that the left and right socles of a semiprime ring with identity coincide: see [Lam66, Proposition 4,

p63].) -
Recall that if M € Mod-R then the singular submodule of M, denoted Z(M), is defined by

Z(M) = {z € M: (0:z) is an essential right ideal of R};

M is called singular if Z(M)=M and nonsingular if Z(M)=0. Aring R is said to be right

singular (resp. right nonsingular) if the module Rp is singular (resp. nonsingular). (Of course, a

* ring with identity cannot be singular.)

PROPOSITION 5. [Goo79, Corollary 1.24, pl2] If R is a right nonsingular ring with
identity then Q. (Rp) is regular and right self -injective. : |
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THEOREM 6. (Sandomierski’s Theorem) [Goo76, Theorem 3.17, p83] Let R be a ring with
tdentity. Then the following assertions are equivalent:
(i) dimRp is finite and R is right nonsingular;

(i)  Quax(Rp) is a semiprimitive artinian ring. o

§10. SEMIGROUPS, SEMIGROUP RINGS AND POWER SERIES RINGS.

We remark at the outset that in the context of semigroup and power series rings, we shall
always adopt the multiplicative notation for (even commutative) semigroups. In accordance with this
convention, we shall abbreviate products by juxtaposition. The identity element of a monoid H will
always be denoted 1;. We start by recalling the definitions of several classes of semigroups typically

associated with semigroup rings.

Let (H;-) be a semigroup. We say that H is cancellative if for any z,y,z € H, we have
=z whenever zy =2y or yr =yz. We shall call H linearly ordered (resp. strictly ordered) if
H admits a linear order < such that whenever z,y,z € H with z <y, we have z2 <yz and zz < zy
(resp. z < yz and zz < zy). We denote both structures by (H; -; <). Of course, a strictly ordered

semigroup is linearly ordered, while a linearly ordered cancellative semigroup is strictly ordered.

If X is a set, we shall denote by (X) the free monoid on X and by (X,X~1) the free
group on X. If X ={z} is a singleton, we write (z) instead of ({z}) and (z,z”!) instead of
{{z},{z}~!). For the reader’s convenience, we provide a rough sketch showing how the free group and
free monoid on a set are constructed. (A more precise account may be found in [Rot88, Chapter 12].)
Let X be a set. We form the set X consisting of all formal “syllables” of the form z", where z € X
and n €Z. Consider the set W(X) of all “words” in X (that is, finite sequences of elements of X).
Included is the empty word, which we denote by 1. A word we W()?) is said to be in reduced
form if w=1or w= :c?l:c;z...x:", where k is a positive integer, the n; are all nonzero integers
and z; +z, ., forall i€ {l,...,k—1}. Then the free group on X, (X, X1, has as its elements all
words in reduced form. The monoid operation on (X,X_l) is, loosely speaking, concatenation of
words: if wy,w, € (X,X_l), the product w,-w, is obtained by juxtaposing w) and w, and then

n

replacing each occurrence of z™z" in w, -wy by ™™ and deleting each resultant occurrence of z°

in w;-wy. If the set X is regarded as a subset of (X, XY (identifying each z € X with the word
:cl), the elements of X are called, variously, “indeterminates”, “symbols” and “letters”. The free
monoid on X, (X), is the submonoid of (X, X~!) consisting of 1 and all reduced words of the form
:c?l:cgz...:c:", where k,n; are positive integers for all i € {1,...,k}. It is well known that (X,x1
may be ordered in such a way that (X,X™1), and hence also (X), has the structure of a strictly

ordered semigroup.

Recall that if H is a semigroup and R a ring then the semigroup ring in H over R,

denoted RH, is defined to be the set of all formal “sums” of the form

32



Sheuthh (rh€R forall he H)

which have finite support. (If z= 3],y rph is a formal sum, we define the support of =z,
abbreviated suppz, to be the support of {r }, g€ RH.) Addition and multiplication in RH are

defined as follows: if ¢ = 3, c g Tph and y = 3, c y sph are elements of RH then

r+y = EheH (rp+sp)h, and
7y = Lnen thh
where t, = 3 {r,s,n:h',h" € H and h'A" =h} for all h€ H. If r € R and g € H, it is standard
to use rg to denote the element z =3, .y rph of RH for which suppz C {g} and ry=T.
Clearly, every = € RH is expressible as a finite sum of elements of the form rg (r€ R, g € H). If the
ring R has identity then the map hwr1ph defines a semigroup monomorphism from H into
(RH; ). This allows us to regard H as a subsemigroup of (RH;-). If 2 =3,y rh€ RH, we
call each rp the coef ficient of h in z. If H is a monoid with identity element 1y and z € RH
then we call the coefficient of 1y in z the constant term of z. Also, if H is a linearly ordered
semigroup and 0%z € RH, we call the coefficient of the largest element in suppz the leading
coef ficient of z. If H is a monoid (resp. a group) then RH is called the monoid (resp. group)
ring in H over R; in this case the map r+—rly defines a ring monomorphism from R into RH.

This allows us to regard R as a subring of RH.

PROPOSITION 1. [Row88, Proposition 1.2.17, p46] If D is a domain and H is a strictly

ordered semigroup then DH is a domain. O

We point out to the reader that if D is a domain and (X) denotes the free monoid on an
arbitrary set X, then it is always possible to define a “degree function” 8: D{X)\{0} — Z which
extends the classical degree function associated with polynomial rings: for each f € D(X)\{0}, define
0f to be the maximum number of occurrences of indeterminates from X in any single summand of f,
this maximum being taken over all summands of f. (For example, zy?z3z + 2222y € R{{z,y, 2}) has

degree 7.) This degree function satisfies the usual properties, viz., for all f,g¢€ D(X)\{0},

0(f +9) < max{0f,0g} if f+g+0; and
A(fg) = Of + 9.2
We also remark that if D is a domain and X a set such that | X|> 2, then D(X) is a domain which

is neither left not right Ore. Indeed, if £ and y are any two distinct indeterminates from X then

tDNyD=0=DzNDy. If F is a field and X an arbitrary set then F(X) is called the free

(associative) F-algebra on X.

The reader will have noticed that if X = {z} is a singleton then R(X) = R(z) is just the

polynomial ring in = over R, which we shall write as R[z]. More generally, if H is the free

25, .
It is often useful to extend the domain of & by assigning a degree of —oo to the zero element of D(X).
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commutative monoid on a finite set X = {z,,2,,...,2,} of indeterminates (the free commutative
monoid on a set X can be obtained by modifying, in the obvious fashion, the construction of the free

(noncommutative) monoid (X), described earlier) then RH coincides with the polynomial ring in

(commuting) indeterminates z,,z,,...,%, over R; we denote this ring by R[zz,,...,z.]. It
follows from Propositionl that D[z,,z,,...,z,] is a commutative domain whenever D is a
commutative domain. In particular, if F is a field then the commutative domain Fl[z,,z,,...,z,]
has a field of quotients which will be denoted by F(z;,z,,...,z,); it is customary to refer to
F(zy,2q,...,2,) as the field of rational functions in (commuting) indeterminates z,,z,,...,2,
over F.

Let R be aring and H a strictly ordered semigroup. Recall that the (formal) power series
ring in H over R, denoted R[H], is defined to be the set of all formal “series” of the form

T = EheH rph (rp,€R forall he H),

where suppz is either § or a well ordered subset of (H; <). Addition and multiplication are defined
as in RH; the fact that the nonzero elements of R[H] have well ordered support ensures that
multiplication is well defined. Note that if X = {z} is a singleton then R[(X)] = R[(z)] is just the

power series ring in z over R, which we shall write as R[z].

PROPOSITION 2. [Row88, Corollary1.2.23, p49] If D is a domain and H a strictly
ordered semigroup then D[H] is a domain. O

PROPOSITION 3. [Row88, Proposition 1.2.24, p49] Suppose D is a domain with identity
and H is a strictly ordered monoid. Then the following assertions are equivalent for a nonzero
element z =3, c y ryh in D[H]:

(i) =z isaunitof D[H];

(i) if g is the smallest element in suppz then Ty ts a unit of D and ¢ an invertible

element of H. o

We shall now recall the definition of a “skew semigroup ring”, a “skew polynomial ring” and a
“skew power series ring”. For convenience, we introduce some general notation first. If A4 is an
algebraic structure (i.e., a nonempty set on which a set of operations and/or a set of relations have
been specified; for the most part, A will be a ring or semigroup), we shall denote by Mon A4 the
monoid (under composition) of all monomorphisms from A to itself. Such maps must preserve all

specified operations and relations on A. A semigroup © is said to act on A if © is isomorphic to a

subsemigroup of Mon A.

Let R be a ring and © a semigroup which acts on R. The right skew semigroup rmg in ©
over R, denoted R[O], is defined to be the set of all formal sums of the form YacoTa (T, €R)
with finite support. Addition is defined as in the semigroup ring RO and multiplication is defined
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distributively, using the rule

a-r=(a(r))a (¢ €O, r€R).
If © is a monoid (resp. group) which acts on R then R[O] is called a right skew monoid ring (resp.
right skew group ring) in © over R. The left skew semigroup ring in © over R is defined,

simply, as the opposite ring of R[O].

If R is a ring and o € Mon R, we define R[z,c] to be the ring consisting of all polynomials
in z over R with addition defined as in R[z] but with multiplication defined distributively, using the
rule

z-r=(o(r))z (r€R).
We call R[z,0] a right skew polynomial ring in z over R. The reader will observe that if o has
infinite order and © is the (infinite) submonoid of Mon R generated by o (i.e, © = {c*: k>0}),
then R[z,o] is just the right skew semigroup ring R[O].

PROPOSITION 4. Let F be a field and o: F — F a field monomorphism. Then:
(i) [Row88, Proposition1.6.21, p94] Fl[z,0] is a principal left ideal domain;
(i) [Row88, Proposition 1.6.22, p95] if o is not onto then Fiz,0) is a left but not right

Ore domain. 0

If R is aring and o € Mon R, we define R[z,0] to be the ring consisting of all formal power
series in z over R with addition defined as in R[z] and with multiplication defined distributively as

in R[z,0]. We call R[z,0] a right skew power series ring in z over R.

PROPOSITION 5. [Coh85, Theorem 4.14, pl176] Let F be a field and o: F — F a field
monomorphism. Define D = F[z,0]. Then:
(i) every nonzero element r in D can be written in the form r = uzk for some unit u
of D and nonnegative integer k. Hence every nonzero left ideal of D is two-sided

and of the form Dz* for some nonnegative integer k. Thus D is a local domain

with unique mazimal proper ideal Dz;

(ii) if o is not onto then D is a left but not right Ore domain. 0

It follows from the above result that the lattice of left ideals of the ring D = F[z,0] is
linearly ordered by set inclusion; a ring with this property is called a left chain ring. Chain rings are

the main topic of Chapterl. It is also clear from the description of ideals in D that Dz is the only

nonzero prime ideal of D.
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Chapter |

Right Chain Domains and Algebraic Chains

This chapter is concerned, in the main, with the question: how much freedom do we have to
prescribe the ideal or right ideal lattice structure of a right chain ring? Our first aim is to prove the
following representation theorem: every algebraic chain is isomorphic to the ideal (i.e., congruence)
lattice of a ring. More precisely, we shall prove in Theorem 5.1 that the following conditions on an
arbitrary chain L are equivalent:

(i) L is algebraic (as a lattice);

(ii) there is a right chain domain T, with identity, such that L is isomorphic to the

chain of all proper (two-sided) ideals of T and all ideals of T are idempotent;

(iii) L is isomorphic to the congruence lattice of a ring (not necessarily with identity).

(Here, a right chain ring means a ring whose lattice of right ideals is linearly ordered by set

inclusion.)

Secondly, we shall prove in Theorem 5.3 that when constructing (as in Theorem5.1) a right
chain domain T with identity having any preassigned algebraic chain L of proper ideals (all
idempotent), we may also require the chains of right ideals strictly between covering pairs of
proper ideals of T to contain dually cofinal copies of further preassigned chains; these latter

chains must be unbounded above, but may otherwise be quite arbitrary.

Both results seemed surprising to us; one might have expected the rich language and the
relatively strong axioms of rings (in particular, right chain domains with identity) to militate against
so general a pair of representation theorems. Some account of the motivation for these results and

their position and significance in this dissertation is called for.

The investigation culminating in the above results grew out of a need to construct non-
commutative chain rings, and the substance of this chapter is largely a development of techniques for
the construction of such rings. The results that emerge are, we believe, of interest in their own right
and inasmuch as they produce domains, they contribute to our understanding of prime rings, a major
theme of this thesis. Our greatest need for these techniques, however, will arise in Chapter II. There,
a natural class of “right m-closed rings” (m being a given uncountable cardinal) will be introduced
. and studied. This class contains all right artinian rings and it was necessary to show that it does not
consist entirely of right artinian rings. It seemed to us, in trying to establish this, that the most
economical and accessible counter-example (i.e., example of a right non-artinian right m-closed ring)
would, if it exists, be a right chain ring R having just one nontrivial (two-sided) ideal, with the
further property that the dual of the chain of nonzero right ideals of R contain a cofinal order

isomorphic copy of the cardinal m (considered as a well ordered set in the usual way).
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No constructions of such rings seemed to be to hand in the literature, although the theory of
noncommutative chain rings has developed considerably in the last decade. (The interested reader
should consult, e.g., the recent works of C. Bessenrodt, H.H. Brungs, N.I. Dubrovin, M. Fest, M.
Schréder, G. Torner and A.R. Wadsworth.) There are several motivations for the study of right chain
rings: according to Brungs ([Bru80],[Bru]) they “can be considered as noncommutative valuation
rings and they occur (in geometry) as coordinate rings of Hjelmslev planes [Kli54], as localizations of
rings with a distributive lattice of right ideals [Bru76], and in the construction of division rings that
are not crossed products [Ami72],[JW86]”. Also, much of the activity in this field of study has been

driven by a difficult open problem: must a prime right chain ring be a domain?

Our own investigations, apart from yielding a ring as prescribed by our needs in ChapterII,
led to a proof of the much more general representation theorem stated at the beginning of this
introduction, which is of independent ring theoretic interest. This consideration aside, the result also
turns out to be of some interest from the point of view of universal algebra. For these two reasons, it
seemed more efficient to present the result at the beginning of the thesis (most of the balance of which

has a more consistently ring theoretic flavour), rather than take a lengthy detour at a later stage.

This chapter commences, therefore, with a summary of the very few universal algebraic
prerequisites on which the presentation and the proofs of the main results depend. This account is
given in §1 below, while §2 to §5 constitute a linear development of construction techniques
culminating in the main theorems. In §5, we show also that as far as the representation of chains by

rings is concerned, our results are, in all natural senses apparent to us, the best possible.

The universal algebraic motivations for Theorem5.1 go somewhat deeper than the content of
§1, however, and deserve some mention. Rather than delay or interrupt the proof of the main
theorem, we defer a detailed discussion of its broader algebraic significance until the end of this chapter

(§6). Nothing in the sequel to this chapter will depend on the universal algebraic discourse that occurs

in §6.

In what follows, we assume the reader has had no previous exposure to universal algebra.

Most of the main results of this chapter have been published in the paper [VR93].

§1. ALGEBRAIC PRELIMINARIES.

Recall that a congruence relation (or just a congruence) on a ring (R;+,:,~—,0) is an
equivalence relation # on the set R which is compatible with the binary operations + and - , with
the unary operation ¢ —’ and with the nullary operation (or constant) 0. (In fact, the last condition is
redundant since it means no more than that (0,0) € 8, which is true of any equivalence relation on
R.) The set of all congruence relations on a ring R is a complete lattice when ordered by set

inclusion. We shall denote this lattice by ConR.
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One reason why ring theorists tend to ignore congruences on a ring R is that their theory is
eclipsed by that of the ideals of R. Indeed, if § € Con R then the equivalence class of § containing 0,
which we denote by 0/6, is an ideal of R which determines § completely and every ideal of R arises
in this way as the 0-class of a congruence on R. More strongly, the association §+—0/6 (§ € Con R)
defines a lattice isomorphism from Con R onto Id R, which means that within ring theory, no harm
can come of working entirely with ideals and neglecting to consider congruences altogether. In exactly
the same way, the congruences of groups are eclipsed by the normal subgroups, and all of this is very
well known. An advantage of the notion of congruence, however, is that it may be generalized
effortlessly to universal algebras of any type (and the generalization serves a useful purpose, because it
allows us to form factor algebras). We remind the reader that a similarity type (briefly, a type) isa
set F, whose elements are called operation symbols, together with a function ar from F to w, the
set of nonnegative integers. (The term language is a common synonym for “type” in the literature.)
The function ar is called the arity function; if f € F then ar(f) may be thought of as the number
of elements that f (or, more precisely, a suitable interpretation of f as an operation on some set)
should operate on. In particular, in the case of rings, ar(+)=2=ar(-); ar(-) =1 and ar(0)=0.

' Briefly, a universal algebraist would describe a ring (without identity) as an algebra of type (2,2, 1,0),
satisfying suitable axioms. More generally, a (universal) algebra of type (F;ar) is a pair (A;FA),
where A is a nonempty set (called the universe of the algebra) and F4 = {f4: f € F} is a family of
finitary operations on A, indexed by F, such that for each operation symbol f € F with ar(f) =n,
say, the operation _fA is n-ary, ie., it is a function from A™ to A. We often abbreviate f4 as f in

the absence of any possible confusion.

A congruence on such an algebra A is an equivalence relation 8 on the set A, which is
compatible with all of the operations in F# (in other words, for each f € F with ar(f) =n, say, and
for any ay,a,,...,a,, by,b,,...,b, € A, we have (fA(al,az,...,an) , fA(bl,bz,...,bn)) € 6 whenever
(a,61),(ay,85),...,(a,,b,) €6). In this case, the set A/8 of all equivalence classes a/8 of elements
a€ A under 6 may be given, in a thoroughly natural way, the structure of an algebra of the same
type as A, which we call a factor algebra of A. Indeed, for each f & F with ar(f) =n, say, and

for any ay,a,,...,a, € A, we may define, unambiguously,

FA%ay10,0,/9,...,0,/0) = [f4(ay,ay,...,a,)]/8.

The congruences on A form a complete lattice when ordered by set inclusion. We denote this

lattice by Con A and we call it the congruence lattice of A.

There is no similarly general analogue of the notion of an ideal for arbitrary algebras. At the
very least, it seems that one has to insist that the type of the algebra under consideration possess a
constant symbol. If this is the case then ideals are definable, but the most suitable definition is
complicated and the ring-like correspondence between ideals and congruences breaks down in many
instances, e.g., the ideal and congruence lattices of a lattice with a least element are not, in general,

isomorphic. (The reader interested in a general algebraic theory of ideals should consult the recent
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works of A. Ursini and, in particular, [GU84].)

A right module M over a ring R may be considered as an algebra (M;+,—,0, 7(r € R))
where for each r € R, 7 is the unary operation on M defined by 7(m)=mr (me M). The
equivalence classes 0/6, 0 € Con M, are precisely the submodules of M (different submodules
corresponding to different 6) and the association §+— 0/6 preserves and reflects order. Thus the lattice
of submodules of M, ordered by set inclusion, is isomorphic to Con M. In particular, the right ideal

lattice Id Ry of R is isomorphic to Con Rp.

We start with the following classical result, which we shall need. We remind the reader that
an element z of a complete lattice (L; <) is called compact if, whenever X C L and z < VX, there
exists a finite subset X’ of X such that z < VX'. Recall also that a complete lattice (L; <) is called

algebraic if every element of L is the join of a set of compact elements of L.

THEOREM 1. (Birkhoff and Frink) [Grd79, Theorem 2, p52] The congruence lattice Con A

of a (universal) algebra A (of any similarity type) is an algebraic lattice. 3 O

In view of the isomorphism between the ideal (resp. submodule) and congruence lattices of any _
ring (resp. module), we obtain as a special case of Birkhoff and Frink’s Theorem the following well

known facts about rings (with or without identity) already mentioned in Chapter 0.

COROLLARY \2. For any ring R and any right R-module M, the ideal lattice IdR of
R and the submodule lattice of M are algebraic lattices. In particular, the right ideal lattice

IdRp of aring R is algebraic. O

In particular, therefore, the main results of this chapter cannot be improved by weakening the

requirement that the chain L be algebraic.

In effect, Theorem 5.1 will say that the theory of algebraic chains is encoded in the (second
order) theory of rings, so that rings are a broad enough context for the study of algebraic chains. Put
differently, there is as much freedom as there possibly could be, not only in the ideal structure of
rings with linearly ordered ideal lattices, but even in the ideal structure of the considerably
narrower class of right chain rings without zero divisors. This result is perhaps most surprising
when viewed in the context of the universal algebraic results to be presented in §6, one of which says
that it is not possible to realise all (or even just all modular) algebraic lattices as the congruence
lattices of algebras of any fired type. Also, as we have already remarked, one might quite reasonably
have expected rings (and especially right chain domains) to be too “highly structured” for their ideal

lattices to include the linearly ordered congruence lattices of all algebras.

Before proceeding with the construction of chain rings, we need to introduce several notions

concerning semigroups and monoids. An ideal of a semigroup (H; -) is a nonempty subset I of H
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such that ab,ba € I whenever a€ I and b€ H. The lattice of ideals, ordered by set inclusion, of a
semigroup H will be denoted by MH. We denote by IJ the product {ab:a€&l, beJ} of two
semigroup ideals I,J € MH, while I? shall abbreviate I1.

Most of the lattices L under consideration have, as elements, nonempty subsets of a
particular structure, and are ordered by set inclusion (for example, the ideal lattice MH of a
semigroup H). At times, we shall want to augment such a lattice L (where @ ¢ L) by adding @ as a
new least element. The resulting lattice will be denoted by Ly. It is an obvious fact that L, will be
algebraic whenever L is algebraic. It is also easily checked that (I H), is algebraic for any semigroup

H.
We remind the reader that if A is an algebraic structure (i.e., a nonempty set on which a set

of operations and/or a set of relations have been specified) then Mon A denotes the monoid (under
composition) of all monomorphisms from A to itself (see remarks following Proposition0.10.3).
Recall also that a semigroup © 1is said to act on the structure A if © is isomorphic to a
subsemigroup of MonA. If © CMon A and B C A, we say that B is ©-invariant provided that
a[B] C B for every a € ©; we call B absolutely ©-invariant if, in addition, for every a € A and
every a € O, we have a € B whenever a(a) € B. For the most part, we shall be concerned with a
group O (acting on A). In this case, © consists of automorphisms of A; also, since inverses are
available in ©, any ©-invariant subset B of A is absolutely ©-invariant, and this means that
o[B] =B for all «€©. It is easy to see that the absolutely ©-invariant ideals of a semigroup H
form a sublattice of MH (for any ©); if © is a group, the ©-invariant ideals of a ring R form a
sublattice of Id R. We denote these sublattices by MyH and IdgR, respectively.

Recall that (H;-;<) is called a linearly ordered (resp. strictly ordered) semigroup if
(H; -) is a semigroup, (H;<) is a linearly ordered set, and whenever z,y,z € H with z <y, we
have zz <yz and zz <zy (resp. zz<yz and zz <zy). If (G;-,7}, l; <) is a linearly ordered
group then the positive cone of G is defined to be the linearly ordered monoid (H; - ,1y; <) where
H={g€G:g9>1g}. For our purposes, these will be the most useful linearly ordered monoids. If H
is the positive cone of a linearly ordered group (G; - ,_I,IG;_<_), then the monoid ideals of
(H;-,1y) clearly coincide with the order filters of (H;<) (i.e., MH =§H) and are just the
nonempty dually hereditary subsets of H (i.e., those nonempty subsets K of H for which a € K
whenever a € H, b€ K and a >b), hence MH is linearly ordered.

§2. CONSTRUCTING COMMUTATIVE CHAIN DOMAINS.

We recall here a technique for constructing corﬁmutative chain domains with identity. The
technique is well known but since some of its less well known features will be important in what

follows, we give a comprehensive account of it.

Let F be a field and H the positive cone of a linearly ordered abelian group. Let Ry =
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F[H] be the (formal) power series ring in H over F. (Recall that F[H] is defined to be the set

of all formal “series” of the form
g =Y penoph (ay€F forall heH),

where suppz is either @ or a well ordered subset of (H; <). Addition and multiplication in F[H]

are defined as follows: if =), c yaph and y= 37, o g byh are elements of F[H] then

t+y = X hepy (ap+by)h, and
Ty = LheH Ch

where ¢ = 3> {a,,b,n: k',h" € H and K'A"=h} for all h€ H: see §10 of Chapter0.) For each
monoid ideal I € MH, we define IR, to be the set of all finite sums of products (in R,) of the form
(1gh)r, where hel and r€ R, (Henceforth we shall identify lgh and h in Rj) Clearly
IR €Id Ry,. We also adopt the convention that @R is the zero ideal of R, for any ring R. We
remarked earlier that since H is the positive cone of a linearly ordered group the monoid ideals of H
coincide with the order filters of H. In particular then if £ € H then the principal monoid ideal of H
generated by z (i.e., the smallest monoid ideal of H containing z) is just [z) := {ye H:y >z}
The map z+—[z) (z € H) is clearly an order reversing bijection from H to the chain of principal
monoid ideals of H, and the set of all principal monoid ideals is clearly cofinal in the dual (IRH ;D)
of the chain MH. Thus MH contains a dually cofinal copy of H.

Notice also that if an abelian group © acts on H then © also acts on the ring
Ry;+,:,0,15 ): for each a €O, it is easily checked that the map defined by a h—Y b h
0 RO h h

(where b, =a_ ~1(h) for all h € H), which we shall also call «, is a ring automorphism of R,,.

PROPOSITION 1. Let Ry = F[H], where F is a field and (H; - ,15;<) is the positive
cone of a linearly ordered abelian group. Let © be an abelian group acting on the strictly ordered
monoid H. Then:

(i) the map I—1IR, (I € (MH)y) is a lattice isomorphism from the chain of monoid

ideals of H, augmented by @, onto the ideal lattice Id R, of the ring Ry;

(i) Rq is a commutative chain domain (with identity);

(iii) the restriction to (MgH)y of the map I— IR, is a lattice isomorphism from the

chain of (absolutely) ©-invariant monoid ideals of H, augmented by 9, onto the

chain IdgR, of (absolutely) ©-invariant ideals of Ry.

Proof. Note first that whenever h' < h” in H, we have h” = h'¢ for some €€ H. This is
because H is the positive cone of a linearly ordered group; in particular, H is a cancellative monoid,
for which reason the above ¢ is unique. It follows that if 0 & r € R, and z is the smallest element in
suppr, then r can be written as r = zu where u ¢ Ry and 1y €suppu. By Proposition 0.10.3 such
an element u must be a unit of Ry. Consequently, every nonzero principal ideal of R, has the form

ZR, for some z € H. More generally, each nonzero ideal J of Ry has the form IR, for some ideal
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I of H (the set of all z€ H with zR,;CJ generates such an I). Clearly the map I— IR,
preserves order, so R, is a chain ring. Now if z,y € H and z € R are such that =z =yz (in R,)
then we must have z € H, whereupon zH C yH. This establishes the injectivity of the map z—zR,
(z € H). Since ideals of R, are unions of principal ideals, the injectivity of the map I— IR,
(I €(MH),y) also follows. In particular, for each I € (MH)y, we have I =IR;NH. We have
proved (i) and (ii).

Now if T€MgH, a €O and r =zu € Ry (where £ € H and u is a unit of Rj) then a(u) is
also a unit of R, (a being an automorphism), so «a(r) € IR, if and only if a(z) €1, ie, z€1 (I
being absolutely ©-invariant), i.e., r € IR;. Conversely for IR, € IdgR,, where ] € MH, z € H
and o € ©, we have a(z) €I if and only if o(z) € IR, i.e., £ € IRy, ie., £ € I. This proves (iii),
completing the proof of the proposition. a

We have observed that, in the notation of the above proposition, the map z—[z) (z € H) is a
lattice isomorphism from the chain (H; <) onto the chain of principal monoid ideals of H, ordered by
reversed set inclusion O . Let IdPR; denote the set of principal ideals of the ring R,. We have seen
that [z)Ry =zR, for all z € H. It follows that the function z—zR; (z € H) is a lattice embedding
of the chain (H;<) into the chain ((IdPRy)\{0}; D) of nonzero principal ideals, also ordered by
reversed set inclusion, of the ring R, and as noted in the proof of the above proposition, this function
maps onto (IdPRy)\{0}. Clearly, we also have zR,yR, = zyR, for all z,y € H. Consequently, the
nonzero principal ideals of R, form a strictly ordered monoid (with respect to ideal multiplication and
reversed set inclusion and having R, as identity element) which is isomorphic to the strictly ordered
monoid H; formally, (H;-,1p;<)=((Id°PRy)\{0};-,Ry; D). We shall need to use this fact in

subsequent chapters, so we state it explicitly in the following (well known) corollary.

COROLLARY 2. Given any linearly ordered abelian group G, there is a commutative
chain domain R, with identity, such that the strictly ordered monoid (with respect to ideal

multiplication and reversed set inclusion) of nonzero principal ideals of Ry is isomorphic to the

posttive cone of G. O

The linearly ordered abelian group G is uniquely determined by its positive cone and hence by
the commutative chain domain R, (although G does not determine R, uniquely since, for example,
the field F in Proposition1 may be chosen arbitrarily). It is standard practice to refer to G as the
value group of R,. Corollary2 therefore says that commutative chain domains with arbitrary

(linearly ordered and abelian) value groups may always be constructed.

Recall that a ring R is said to be a right duo ring if every right ideal of R is a (two-sided)

ideal of R. The fact that the ring R, (in Proposition1 and Corollary 2) is commutative illustrates a

general theorem of Brungs and T6rner about local rings, viz.:
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THEOREM 3. [BT81, Corollary, p296] The nonzero principal right ideals of a local ring
R with identity form a semigroup with respect to ideal multiplication if and only if R is right

duo. a

For this reason, most of the simpler constructions of right chain rings with preassigned chains
of principal right ideals produce right duo rings. Right duo chain rings are insufficient for our purposes
in this chapter. Indeed, it is very well known that a ring R with identity is right noetherian if it is
right artinian (Theorem0.5.6). Since the ordinal w®1:={0,1,2,...,w} (ordered naturally) is an
algebraic chain satisfying the descending but not the ascending chain condition, it cannot be

isomorphic to the lattice of proper ideals of any right or left duo ring with identity.

§3. CONSTRUCTING NONCOMMUTATIVE RIGHT CHAIN DOMAINS.

Clearly we shall need more powerful techniques for constructing noncommutative right chain
rings. The development of such techniques has seen quite a lot of activity in the last decade. The
technique to be used here, which starts with a commutative chain domain produced as in

Proposition 2.1, owes much to [Bru86] for inspiration.

We start by recalling the definition of a right skew monoid ring. Given a ring R and a
monoid © acting on R, the right skew monoid ring in © over R, denoted R[O], is defined to be
the set of all formal sums of the form ) €0 3@ (a, € R) with finite support. Addition is natural

and multiplication is defined distributively, using the rule
a-a=(afa))a (a €O, a€R).
(See §10 of Chapter0.)

Our construction techniques shall also make use of rings of fractions. We have chosen therefore
to recall, very briefly, some of the relevant definitions and results. (We refer the reader to §8 of
Chapter 0 for a more detailed and precise account.) Let S be a multiplicatively closed set of regular
elements of a ring R. A ring T with identity is called a left ring of fractions of R with respect
to S if R is a subring of T with the property that every element of S is a unit of 7 and every
t € T is expressible in the form ¢t =s™!r for some r€ R and s€S. A left denominator set for a
ring R is any (nonempty) multiplicatively closed set S of regular elements of R having the common
left multiple property: for each r € R and each s€ S, there exist ry€R and s; €S such that
$y7 =ry5. In this case, R has a unique (up to isomorphism) left ring 6f fractions with respect to §
(see Theorems 0.8.1 and 0.8.2). For each ring R, and each left denominator set S for R, we choose
a fixed left ring of fractions of R with respect to S and denote it by ST'R. We also point out that a
ring R is a left Ore domain if and only if the set of its nonzero elements is a left denominator set for

R (see Corollary 0.7.6 and the remarks following Theorem 0.8.2).
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PROPOSITION 1. Let R, be a left Ore domain and © a commutative strictly ordered

monoid acting on Ry. Then the right skew monoid ring R = Ry[O] is a left Ore domain.

Proof. Consider nonzero elements r= ), c g Ga* and s=3, co Gaa of R and note
that rs = 3 5. - 4 ag(B(a,))By. If & and ¢ are the smallest elements of the respective supports of r
and s then the coefficient of 6¢ in rs is just az(6(a.)), as a consequence of the fact that © is strictly
ordered. Now §é(a.) is nonzero since § is a monomorphism, so asz (6 (a,)) is also nonzero since R, is a

domain. This shows that R 1s a domain.

Observe that if ® is a submonoid of © then @ is strictly ordered and acts on R, and that
R,[®], being a subring of R,[©], is a domain. Since any pair of elements of R is contained in Rj[®]
for a suitable finitely generated submonoid & of ©, it suffices to prove that R[®]\{0} satisfies the

common left multiple property for every finitely generated submonoid ® of O.

The proof is by induction on the number of generators of &. The result is true by assumption
when there are no generators, i.e, when @ is the trivial (one element) monoid, since Ry[®]= R, in
this case. Suppose the result holds for all submonoids of © on fewer than m generators, where m is a

nonnegative integer.

Assume that & is a submonoid of © generated by an m-element subset X U {a} of © (with
a ¢ X) and that ® cannot be generated by fewer than m elements. Let I' be the submonoid of ©
generated by X and (@) the principal submonoid of & generated by a. Observe that (a) acts on the
ring Ry = Ry[[']. Indeed, a may be extended to a ring monomorphism from R, to itself (also to be
called o) defined by > ., cpa,y = > cr (afa,))y (a,€R;) and the same applies to composite
powers of a. Moreover, it is easily checked that with respect to this action and the obvious mapping,
we have Ry[a]= Ro[®]; we identify these two rings and we set R, = R,[a] = R,[®]. Thus R, isa
domain, every element of which may be expressed uniquely as a polynomial in a with coefficients

from R,, and by the inductive hypothesis, R, is a left Ore domain.
Suppose that R, is not left Ore, i.e., that the set
A = {(a,b) : 0 + a,b € Ry and RyanN Ryb =0}

is nonempty. Choose an a in the domain of the relation A, having minimum degree (as a polynomial
in a over R;), then choose a b having minimum degree such that (a,b) € A. We may assume

. . n : n+tk i
without loss of generality that a= )" a;0' and b= 2. bia' for some integer k>0 and some

1=0 1=0
a;,b; € Ry with Gpybyy ¥0. Set a) = ak(ai) € Ry for i=0,...,n, and note that a, =0, since
a, +0 and « is a monomorphism. We have
n . n . n .
a*a = of( 2 a') = Y of(a)efa’ = 3 alaktt,
1=0 i=0 1=0
By the inductive hypothesis, there exist p,q € R, (both nonzero, since R, is a domain) such that
Pa, =¢b, k. Let c= p(aka) —¢b and note that ¢+ 0, otherwise we would have 0 + qgb = (pak)a

€ RyaN Ryb, contradicting the fact that (a,0) € A. Clearly, ¢ is a polynomial in a over R of
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degree less than n+k. We shall complete the proof by showing that (a,c)€ A, contradicting
the minimality of the degree of b. Suppose d € RyaN Ryc. Then

d = r'a = rc = r(p(aFa)—gb)

for some 7,1’ € Ry, ie., (r'— r(pa¥))a = rgb. Since (a,b) € A, we must have r(¢gb) =0, and ¢b %0,
so 7 =0. We have shown that R,an Ryc =0, hence (a,c) € A. a

PROPOSITION 2. Let R, be a commutative chain domain with identity, whose largest
proper ideal is P. Let © be a commutative strictly ordered monoid acting on (Ry;+, -,0, lRO)
and let R =Ry[O] be the associated right skew monoid ring. Let N =P[O]:=
{Xacoa,x€ER:a,€P} and let S= R\N. Suppose further that o[P]C P for all a€0O.

Then:
(i) S is aleft denominator set for R;

(i) S~R is a right chain domain whose unique mazimal proper right ideal is

STIN:={s"lr:5€8, re N}

Proof. (i) By the previous proposition, R is a left Ore domain. The fact that P is an ideal
of Ry and that o[P]C P for all « € © clearly implies that N is an ideal of R.

. n
We prove that S is a multiplicatively closed subset of R. Let z= ) a#;, y=
1

1)

n! 1= )
_Ela:ﬂ: € S, where a;,a; € Ry and 6,,0;€ 0O, with 6, <0, <...<0, and 0] <0, <...< 0. Since
§ =
z €S, some a; (1<i<n)isnotin P. This means, since R is local, that a; is a unit of R, (by
Theorem 0.5.4). Choose j € {1,...,n} to be the least positive integer for which a; is a unit of R,.
Similarly there is a positive integer k € {1,...,n'} which is minimal such that a}, is a unit of R;. It

follows that 6 (a), and hence a,0.(a}), is a unit of Ry

Consider the coefficient of 6 jt% in the product zy. This coefficient may clearly be expressed
in the form a;0(at)+ py+py+...+py, where each p; is an element of the form q)f)(a),) with
either (1) 1<I<jand k<m<n', or (2) j<I<n and 1 <m<k. It follows from the minimality

of j and k that p,€ P for i=1,...,t. Consequently, the coefficient of 6 0 is a unit of Ry, and so
Ty € 5, as required. Notice also that 1 € S.

Now let r€ R, s€S. Since R is a left Ore domain and s+ 0, there exist 2,9 € R such
that ps =gr and ¢+ 0. Since R is a (commutative) chain ring, we may write p = ap and qg=1bg
where a,b€ Ry, P, €S and, necessarily, b+0. Indeed, we may choose a from among the
Ry - coefficients in the expansion of p in such a way that the right ideal of R, generated by a
contains the right ideals generated by all of the other coefficients; the quotient T obtained by
extracting from p the common factor a has the identity element of Ry as one of its coefficients,
which forces p € S. A similar argument applies to g. We now have aps = bgr. Because ps€ S,
some R, - coefficient of $s is a unit of Ry. Equating coefficients in the equation aps = bgr, we find

that a = bc for some ¢ € Ry. Therefore bcps = bgr. Since R is a domain and b + 0, we must have
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(cp)s =qr, with 7€ S. This proves that S is a left denominator set for R.

(i) Let 0fz= s7'r; and 0%y= sy'ry, where 7,7, €ER, s;,5,€S and, necessarily,

1 T2 811 59 +0. Then s3r; =r3s, for some nonzero r3 € R and s3 € 5. Consequently,
-1.- - -1.- -1, _ -1.-1
Ty = §; 133 1337'132 1r2 = §] 133 17‘33252 Ty = 8§ 83 13Ty F 0,
because R is a domain. Certainly, therefore, S~ IR is a domain.

By (i), there exist u; €S and u; € R such that u;s; = ugs, =5, say (which forces u, € S,
since N is an ideal of R). Setting ¢; =u;r; and gy = uyry, We obtain z = s_lq1 and y = s'lqz.
We may .also write ¢, =a;t; and g, = a,t, for suitable a;,a, € Ry and 1,1, €S, since Ry is a
(commutative) chain ring. (Use a factorization argument similar to that employed in the proof of (i)
above.) We therefore have z=s"la;t; and y=s"layt, Again, since R, is a (commutative)

chain ring, we lose no generality in assuming that a, = ay b for some b € Rj. Now

z(S7'R) = s7'a;ty(ST'R) = s71a)(S7IR) = s7la,b(S7IR)
C 57la,(S7IR) = s7layty(ST'R) = y(S7'R).

This shows that S™!R is a right chain ring with identity.

Let Q=S"!N. Of course, 0= IEIOEQ. If sl_lnl, sQ_InzeQ and s~ lre SR with
5,82,8€ S, n,ny €N and r€R, then for some t; €S and some t, € R, we have t;s, =135,

(which entails t, € §). Tt follows easily that s3' =s7't't;. Then
- - -1, B -1
s7in, — 53 In, = s ltl ln, —s3 1tl 1t2 n, = (t;5)) 7 (tyn; —tyny) € Q,

because t,s, €S and t;n, —t;n, €N (since N is an ideal of R). Also, there exist s3€ S5 and
n' € R such that s;n; =n's. Since N is an ideal of R and S is multiplicatively closed, this forces

n' € N. Thus,

1.-1

-1, - -1 -1 -1 -1 - -1, _ -1
sTinysTir = s7lsT i sgn s Tir = s7 sy nissTor = (s35)” n'r € @Q,

which establishes that @ is a right ideal of S”!R.

If s€S, te R and st ¢ Q then t¢ N, hence t € S and so s~ 't is a unit of S!'R. This
shows that @ is the unique maximal proper right ideal (i.e., the Jacobson radical) of S -1R,
and is, in particular, an ideal of S™'R (see Theorem 0.5.4). O

Inasmuch as we identify R, with the subring {rlq:r € Ry} of R (lg denotes the identity
element of the monoid ©), which is a subring of T = S~!R, each ideal I of R, generates a right
" ideal IT of T consisting of finite sums of products ab, with a€ I, b€ T. In fact, since T and R,
are right chain rings, all such sums may be reduced to one product ab, a€ I, b€ T, using the
factorization argument illustrated in the proof of the previous proposition. The association [+~ IT
(I € Id Ry) clearly preserves order. It also turns out to be injective; to see this it suffices to check that
whenever a,b€ Ry, b+ 0, aRyCbR; and aT =bT, we have aR;=0bR, Indeed, if b€ aT and

a € bR,, we may write b = as™Ir and a=bc for some s € S, 7€R and c€ R;. Then b= bes~1r
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and T is a domain, so ¢s™lr = 17, hence ¢ is a unit of T. Since units of 7 all have the form sl_ltl
(sy,t, €S), we may write s;c =t;. But the expansion of ¢, in R has at least one coefficient a; ¢ P,
i.e., a; is a unit of R. It follows easily that c is also a unit of Rj, hence aRy=bcR, =bR,, as

required.

From the injectivity and isotonicity of the map I'—IT (I € IdR;,) we may conclude that
I =ITNR, for each I €Id Ry. In order that I'— IT map onto the right ideal lattice Id T of T,
we appear to need stronger conditions on ©. We shall now require © to be an abelian group. This
has the effect that the elements of ©, being automorphisms of R, preserve and reflect units; thus the

condition a[P] C P of Proposition2 holds automatically for every a € ©.

PROPOSITION 3. Let R;,©,R and S be as in Proposition2 but assume that © is a
linearly ordered abelian group and let T =S"'R. The map I—IT (I €IdR,) is a lattice
isomorphism from the (linearly ordered) ideal lattice of R onto the right ideal lattice IdTp of
T and the restriction of this map to IdgR, is a lattice isomorphism from the chain of

(absolutely) ©-invariant ideals of R onto the ideal lattice IdT of T.

Proof. For the first assertion, it remains only to establish surjectivity, and for this it suffices,
since Ry and T are both right chain rings, to show that every principal right ideal of T has the form
IT for a suitable principal ideal I of R,.

For each r = E a;a; € R with a;,€ Ry and o;€0, i=1,...,n, define a map r* on the
chain L of principal 1deals of Ry by r*(K)= 'izla,-a'-[K] (K €L). The fact that © is a group, and
in particular that each «;: Ry — Ry is surjective, ensures that o[K] is an ideal of R, for each
KelL, and that r*: L — L. Clearly, r* is order preserving. If t=aa, a€R;, a€0O and
bRy CaRy, say b=ac, c € Ry, then t'(a"l(c)RO) = bR, so the image of t* is just the order ideal
(i.e., hereditary subset) of L generated by aR, (in other words, Imt* = {K € L: K CaRy}). In
particular, if a is a unit of R, then t*: L — L is onto. Also, for 0 +a¢€ Ry, and o €© with

t = acr, the map t” is injective, since a is injective and R, is a chain domain.

n
Now suppose s = 'ElaiaiGS and 7€ L. Then some a; is a unit of Ry, hence I=

1 =
aja;[K] for some K€ L. The fact that each (a;0,)" is injective permits us to choose K to be
minimal such that a;0;[K]=1 for some i. We claim that I = U a;0;[K] (= s"(K)). For if not,

then I G aja (K] for some j, hence I belongs to the range of (a]a] , contradicting the minimality

of K. Consequently, s*: L — L is surjective.

Inasmuch as R, is a chain ring, every r € R may be written as 7 = bs for some b € Ry and
s€S. Consequently, every principal right ideal of T has the form s~ !'5T for some s€S and
be 130. Let 0+b€eR, and s= E a;a; €S5. Choose a€ R, with s (aRO) =bRy, ie., bR,
:iL=J1( a;(a))Rg = (a;a,(a))R, for some Jj. Now sa= .-Z (a;04(a))e; = E (bc )a; for suitable

¢; € Ry, and since Ry is a domain, we may choose c; to be a unit of R, Thus sa = bf, where
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t= i c,a; €S. Now s™IbT = (s7'bt) T = aT = (aRy) T. We have proved that the map I—IT
1=1
establishes a lattice isomorphism from Id R, onto Id T';.
Now consider an ideal IT of T, where I €IdR, and let a €©O. If a €[ then (a(a))a=

a-a€IT, so afa) =(a(a))a- 1Ra“1 € ITNRy=1. Thus I is (absolutely) ©-invariant.

Conversely, let I be an (absolutely) ©-invariant ideal of R, We have to show that the
right ideal IT of T is an ideal. Let z=s"'reT with s:l_z:jlbr,;lﬁ,-es, r:JXZ:IaJ-aJ-ER,
b;,a; €Ry, B;, ;€ ©. If aeI then a;(a) €[ for each i, so ra= Jz::l(a]-aj(a))aj € IT. Thus
rIT CIT, whence zIT C s~1IT. Now the right ideal s™1IT has the form KT for some ideal K of
Ry, so IT =sKT. We show that KCI. If de K then sd =cy for some ¢ € I and some y € T.
Also, since Ry is a chain ring there is an index {¢€ {1,...,n} such that b,8(d) € (ba,@e(d))RO, for
i=1,...,n. Thus sd = Zn: (b;8,(d))B; = beﬁe(d)t for some t € S. Since s € §, some bJ- is a urr;lit of
Ry. If d¢ I then b]lﬁ]:(cli) ¢ I (since I is absolutely ©-invariant), hence b,0,(d)¢I. But
byBy(d) = sdt™' e sKTNRy=ITNRy=1, a contradiction. Thus d€I and therefore K C I.
Now zIT Cs~'IT = KT CIT. We conclude that IT is an ideal of T, and this completes the

proof. O

COROLLARY 4. Let H be the positive cone of a linearly ordered abelian group G and let
© be a linearly ordered abelian group which acts on H. Then there exists a right chain domain T,
with identity, and a lattice isomorphism from the chain (EIJIH)(a onto the right ideal lattice Id T
of T, which restricts to a lattice isomorphism from the chain (MgH )y onto the ideal lattice IdT
of T. If,in addition, every monoid ideal of H is idempotent, then every ideal of the ring T 1s

idempotent.

Proof. Combine Proposition2.1 and Proposition3. For the last assertion, observe that a
typical ideal of T has the form IT for a suitable (absolutely) ©-invariant monoid ideal I of H.
Clearly I*’T C (IT)2, since T has identity. (In fact we have equality, since T1 C IT.) O

To show that an algebraic chain is isomorphic to the lattice of proper ideals of a right chain
domain with identity, it therefore suffices to prove that it is isomorphic to the lattice of proper
(absolutely) ©-invariant monoid ideals, augmented by @, of the positive cone H of some linearly

ordered abelian group G, for some linearly ordered abelian group © acting on H. We look now to

the construction of such G and ©.

§4. CONSTRUCTING STRICTLY ORDERED COMMUTATIVE MONOIDS.

Throughout this section (C'; <) shall denote a given chain and © a given nontrivial abelian
group which acts on C. (Thus each o € © is an order preserving permutation of C.) Recall that the
chain of (order) filters of the chain C, ordered by set inclusion, is denoted by &C. The subchain of
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FC consisting of the (absolutely) ©-invariant filters of C' will be denoted by §¢C.

An interval A of C will be called a ©-interval of C if (1) o[A]C A for every a € ©
(consequently, A is (absolutely) ©-invariant) and (2) for each a,b € A, there exists & € © such that
b < a(a). Since © is a group, (2) is clearly equivalent to (2)" for each a,b € A, there exists o € ©
such that a(a) < b.

¢+ <) be a nontrivial additively written! linearly ordered

For each c€ C, let (B(c);+,—,0
abelian group with identity element 0.. Observe that the direct sum G = &, B(c) of these
groups is an abelian group which may also be linearly ordered. Indeed, the antilezicographic order on
G (also denoted by <) may be defined as follows: if g = {g.}, c o and h = {h } o are elements of
G, then g<h if and only if either g=h or g <h, for the greatest c¢€ C such that

4. ¥ h.. This makes G a linearly ordered abelian group and the positive cone of G is the set
{0} U {g ={9.cecc €G: if c € C is maximal such that g, + 0, then g, > OC},
considered as a strictly ordered monoid.

As a special case, we may take (B(é);+,—,00; <)={Z;+,-,0;<) for all ceC. Again
let < denote the antilexicographic order on G = Z(©). Let us establish the notation M(C) for the

positive cone of G, i.e.,
M(C) = {0} U {g ={9.}cec €G: if c €C is maximal such that g, + 0 then g_> 1},

considered as a strictly ordered monoid. Notice that each o€ © induces an (order preserving)
automorphism of M(C), namely {gc}c.ec — {ga‘l }eeo H9c}eec € M(C)). We may therefore

consider © to act on M(C) also.

(c)

Now suppose that C is in fact the disjoint union of a family {A4: d € D}, where each of the
subchains A; of C is a ©-interval of C, the index set D is also a chain, and ¢; <¢, in C

whenever ¢; € Ay, ¢y € A, and d <e in D. With respect to these notational conventions, we have:

LEMMA 1. The map F—Uycp Ay (F€FD) is a one-to-one lattice homomorphism
from the chain D of order filters of the chain D into the chain FC of order filters of the
chain C, whose range is the chain FoC of (absolutely) ©-invariant order filters of the chain C.

Proof. 1t is a virtually immediate consequence of definitions that the map F — |J, cF Ay
(F €@D) is an order preserving injection into FC whose range is contained in FoC; it remains to
prove that the map has range equal to FeC. For this it suffices to-show that whenever we have
Q € FC and d € D with AgNQ £ 0, we also have Ay € Q. Accordingly, suppose that a € AgNQ.
We need only show that if b€ A; and b < a then b€ Q. By (2)’ above, we have a(a) < b for some
€0, and by (1), ofa) €Q, hence b€ Q, as required. a

1 . . . . .
Although not consistent with our general convention of using the multiplicative notation for semigroups, our

use of the additive notation here is appropriate since, for the most part, B(c) will be chosen to be the additive group
of integers.
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In general, we shall use the notation

to indicate that g = {g.}. ¢ ¢ s the element of M(C) such that Je, = % 0 for i=1,...,n, where

¢;<cg<...<c, in C and g, =0 for all other c€C. (Necessarily z,, > 1.) In this case, observe

that
_ Zl 22 Zn
) (a<c1) ofe) ... a(cn))

for any a € ©. For any nonempty subset X of C let My denote the subset of M(C) defined by
z Zy ... Z
My=(g= ! 2 " leM(C)iceX ).
€y €y ... Cp

LEMMA 2. The map F— Mg (F € FC) is a one-to-one lattice homomorphism from the
chain §FC of order filters of C into the chain M(M(C)\{M(C)} = F(M(C)\{M(C)} of proper
monoid ideals (i.e., order filters) of M(C). Moreover,if C has the property that for each ¢ € C
there erists o €O such that o(c)<c, then the aforementioned map restricts to a lattice
isomorphism from the chain FoC of (absolutely) ©-invariant order filters of the chain C onto
the chain Mg(M(C)\{M(C)} of proper (absolutely) ©-invariant ideals of M(C), and every

© - tnvariant monoid ideal of M(C) is idempotent.

Proof. It follows easily from the definition that Mp e M(M(C))\{M(C)} whenever
Fe®C. If F,F,eFC with F) CF, then clearly Mplg MF2 while if ¢ € F,\F; then (,1:)6

MF2\MF1. This shows that the given map is a one-to-one lattice homomorphism. Moreover, if
a €0 and
Zy .z,
g =

then

)eMF (FeFel),

a( _ 22 - z M
9) (a(cl) aley) ... a(cn))e F

because a(c,) € F. Thus Mp € Mg(M(C))\{M(C)} whenever F € FoC. We need to show that
FoC is mapped onto Mo(M(C)\{M(C)}. Let M(C)+ I € Fo(M(C)) and set

F:{cec:(a(z1 z")el)(cnzc)}.
Cl Cn

It is easy to see that F € FoC and that I C Mp. To establish the reverse containment, choose
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Then ¢, € F, so there must exist some

g = ) el

with ¢/, =c,. By hypothesis, a(c),) <c;,, =¢, for some o € ©, so

o) = 7] 4 z <
W=\ we) ateg) o ale)

Since I is O-invariant we must have a(g’) €I, so g€ I. Thus I 2 M, whence I = Mp.

It remains to show that each I € Fo(M(C)) is idempotent as a monoid ideal, ie., that
I=1I+1, ie., that ICI+1I. Since 0 =0+0 is the only element of M(C)\U{Mp:F € FoC},

we may assume that I is proper. Consider
g = 1

and choose « €© with alc,)<c,. Cleartly a(g)€l and o(g)+a(g)<g, so gel+1I. Thus
I C I+ 1, as required. ) a

§5. CHAINS OF IDEALS AND RIGHT IDEALS IN RINGS: THE MAIN RESULTS.

We are equipped, at last, to prove the first of the two main results of this chapter.

THEOREM 1. The following conditions on a chain L are equivalent:

(i) L is an algebraic lattice;

(ii) there is a right chain domain T, with identity, such that L is isomorphic to the
lattice of all proper ideals of T, ordered by set inclusion, and all ideals of T are
idempotent ;

(iii) L is isomorphic to the congruence lattice of a ring (not necessarily with identity).

Proof. (i) = (ii): If |L| =1 we take T to be any division ring. Now assume that |L| > 1.
Let 0 denote the least element of L and consider the sublattice L® of L consisting of all compact
elements of L. Certainly, 0 € L°. By Proposition0.1.7 (iii), the map z — {y € L°: y<z} (z € L) is
a lattice isomorphism from L onto the chain JL® of order ideals of L°. Let (D; <) be the order

dual of the subchain of L whose universe is L°\{0}. We thus have isomorphisms
(1) L=3L° = (3(L°\{0}))g = (T D),

Our task now is to produce a chain C and a linearly ordered group © acting on C, which satisfy the
conditions of Lemma4.1. Take (©;-,7}, lg; <) to be any nontrivial linearly ordered abelian group

(e.g., the integers (Z;4,—,0;<)). Consider the chain (C;<) where C =©xD and < denotes
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the antilexicographic order on C (i.e., for any oy, o, € © and d;,d, € D, we have (ay,d;) < (ay,dy)
if and only if either (1) d; <d, or (2) d;=d, and o; < a,). Now O acts on the chain C, the
action being defined by ay((ay,d;)) = (@g-ay,d;), 07,0y €O, dy,dy€D. For each d €D, the
subset Ay =0Ox{d} of C is clearly a O-interval of C, and C is the disjoint union of all such
intervals. Thus C and © satisfy the conditions of Lemma4.1. Observe that for each c € C there
exists a € © such that afc) <c, hence C and © also satisfy the conditions of Lemma4.2. The

conjunction of these lemmas yields the isomorphisms

(2) (FD)y = (FoC)p = (Me(M(C)))p\{M(C)}-

Taking H to be M(C) in Corollary 3.4 we may conclude that there exists a right chain domain T,

with identity, all of whose ideals are idempotent, and which is such that

3) (Me(M(C)))p\{M(C)} =1 T\{T}.
The result now follows from (1),(2) and (3).

(i) = (if): If T is as described in (ii) then T has a unique maximal proper right ideal J,
and J is an ideal of T (Theorem0.5.4). Clearly all proper ideals of T are ideals of the ring (without
identity) J. Conversely, let K be an ideal of the ring J and let (K) be the ideal of T' generated by
K. Then (K)SQK, by Andrunakievié’s Lemma (Lemma0.2.1), but (K) is idempotent by (ii), so
(K)=(K)*C K. This means that K = (K), hence K €IdT. Thus (IdT)\{T} =1dJ = ConJ, so
that L = ConJ.

(iii) = (i) is just a special case of Corollary 1.2. 0

In fact, Theorem 1 does not use the full force of the construction developed here. It turns out
(again, we feel, surprisingly) that when constructing a right chain domain T with identity having any
preassigned algebraic chain of proper ideals, we may also require the chains of right ideals strictly
between covering pairs of proper ideals of T to contain dually cofinal copies of further
preassigned chains; these latter chains must be unbounded above, but may otherwise be quite
arbitrary. We shall have need of this freedom of construction in ChapterII. Theorem 3 is devoted to

establishing that this is indeed available to us. We shall require a preliminary lemma.

LEMMA 2. Let (C;<) be a chain. Suppose F,,F, are order filters of C with F, GF,

and such that the interval (F,F,;] of ¥C has no least element. If X is a subset of (Fy, F,]

with the property that X is cofinal in (Fl,F2]d“ (that is to say, given any F € (F,, F,] there

| exists F'€ X such that F'CF), then the image of X wunder the map from FC to
MM (C)H\{M(C)} defined by F— My (F € FC) is cofinal in (Mpl,MF2]d“.

Proof. Let I€ (Mpl, MF2]- Since MFl G I there must exist some g € I\M . Write
1



Since g ¢ MFl’ ¢, ¢ F,. Consider the filter [c,) of C. Since c, g F,, F,Clc,). But

z vee 2
g=| " " lercMp,
Cl Cn

- - d
so ¢, € Fy. It follows that [c,) C Fy, thus F', G [c,) C F,. Inasmuch as X is cofinal in (F, F)
and (Fy, F,] has no least element, we can choose F' € X such that F' C[c,). Take g'€ M. and

write , ,
e
g - ! cl '
€] - Cp

Since ¢/, € F' C[c,) we cannot have ¢, <cp, so ¢’ >c,. It follows that ¢'>g€I. This shows
that Mp G M, C1I, thus {Mp: Fe X} is cofinal in (MFl’ MF2]duv as required. O
) S

THEOREM 3. Let L be an arbitrary algebraic chain and let Q be the set of all covering
pairs of L. Let {{C;<):w€Q} bea family of chains indezed by Q, such that none of the C
has a greatest element. Then there exists a right chain domain T, with identity, such that all
ideals of T are idempotent and the following further conditions are satis fied:
(1) there is a lattice isomorphism f from L onto the chain (IdT)\{T'} of all proper
ideals of T (ordered by set inclusion);
(ii) for each covering pair w=(z,y) of L, the interval (f(z), f(y)) of (IdTp)\{T}
contains a dually cofinal copy of C, that is to say, C, is embeddable into the dual
((f(z), f(¥)); D) of the interval (f(z), f(y)) of (IdT)\{T} in such a way that the
image of C, is cofinal in ((f(z), f(y)); 2)-

Proof.  With reference to assertion (ii) above, we point out that the open interval
(f(z), f(y)) will contain a dually cofinal copy of the chain C, if it can be shown that the half-open
interval (f(z), f(y)] contains a dually cofinal copy of the chain C augmented with the addition of a
new least element. In establishing assertion (ii) therefore, no generality is lost if (f(z), f(y)] is

substituted for (f(z), f(v)).

If |L|=1, we take T to be any division ring. Now assume that |L|> 1. Choose {D; <)
as in the proof of Theorem1((i)= (ii)). As noted in the proof of Theorem 1((i)= (ii)), we have
L Z(FD)y- No generality is lost therefore if we assume that  is the set of all covering pairs of
(FD)y. Moreover, it is not difficult to show that if F) =(d):={d'€ D:d’'>d} and F,=[d):=
{d'€ D:d'>d}, then (Fy,F,) is a covering pair of (¥ D), and furthermore, every covering pair of
(T D)y is of the form ((d),[d)) for a suitable d € D. This observation points to an obvious bijection
from the set D onto Q. We are clearly permitted, therefore, to index the family {C:w € Q} with
elements of D instead of Q. In the light of the above, our revised task is the following:

We seek a right chain domain T, with identity, such that all ideals of T are idempotent

and the following further conditions are satisfied:
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(i) there is a lattice isomorphism f from (§ D)y onto the chain (Id T)O\{T};
(ii) for each d € D the interval (F((d)), F(Id))] of (IdTp)\{T} contains a dually cofinal
copy of Cg.
We introduce a second simplifying assumption which results in a further revision of the task at
hand. It follows from Corollary 3.4 that if C is a chain and © a linearly ordered abelian group which
acts on C, then there exists a right chain domain T, with identity, all of whose ideals are idempotent,

and which is such that the following diagram of chains and lattice homomorphisms commutes.

(iso)

MM (CHO\{M(C)} — (dT)\{T}

(iso)

Mo(M(C)\{M(C)} » (IdT)O\{T}
(The two vertical arrows represent inclusion maps.) In view of the above diagram it is easy to see that

the task described in (i)’ and (ii)’ reduces to the following:

We seek a chain C and a linearly ordered abelian group © which acts on C such that the
following two conditions are satisfied:
(1)" there is a lattice isomorphism f from (FD)y onto the chain Mo(M(C)\{M(C)};
(i1)"” for each d € D the interval (f((d)), f([d))] of M(M(C)\{M(C)} contains a dually
cofinal copy of C,.

We now construct such a chain C and linearly ordered group ©. Our choices for C' and ©
will need to be more discriminating than those made in the proof of Theorem 1 ((i) = (ii)). Consider
the integers as a linearly ordered group (Z;+4,—,0; <), and take B, to be Z(Cd) for each d € D.
Each By, enriched with the antilexicographic order Sd' is to be considered structurally as a linearly
ordered group. Let (C'; <) be the “ordinal sum” of the chains (By; Sd) over the chain (D; <),
ie, C:=Uygep(Bgx{d}) and, whenever d,e € D with b, € B; and b, € B,, we have (b;,d) <
(by,e) if and only if either d <e in D or d=e and b, <, €2 We take © to be the (additively
written) abelian group @ ;. p By, enriched with its own antilexicographic order and considered
structurally as a linearly ordered group. The group © acts on the chain C:if a = {a;}, ¢p €O, the
action of a is defined by a((by,d)) = (g +b4,d) for all d €D and by € By. It is easy to check
that each A; = Byx{d} is a ©-interval of C' and, of course, C is the disjoint union of the family
{Ag4:d € D}. Moreover, it is obvious that for each ¢ € C' there exists @ € © such that a(c) <, ¢ It
follows that the chain C' and linearly ordered group © thus defined, satisfy the conditions of Lemmas

4.1 and 4.2. Applying both these lemmas, we obtain the following commutative diagram of chains

and lattice homomorphisms.
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(FC)y 0D masenme)

(iso) (iso}

(FD)g — (FeC)y — M(M(C)\{M(C)}
(The two vertical arrows represent inclusion maps.) Our choice for f in property (i)" is immediate:
we take f to be the composition of the two isomorphisms on the bottom row of the above diagram. It

remains to establish property (ii)”. Let d € D and consider the covering pair ((d),[d)) of (FD),.

We trace the images of (d) and [d) under the action of the mapping described in Lemma4.1:

(d) — Ud’E(d) Ap = Ugs g Ay = Uy, g (Byx{d}) = F1€(FeC)y
and [d) = Uyeray Ag = Uy a Ag = Uy g (Byx{d'}) = Fy € (F0)p

In view of LemmaZ2, it suffices to show that the interval (F, F,] of (FC), has no least element and

contains a dually cofinal copy of the chain C;. For each d € D and ¢ € C; define
, ' Cy _
Fy = {c €C:ec ZC((i),d)GZ d x{d}_Ad}.
It is clear that F; € (¥C)y and F) G Fy CF,. Moreover, it is easily checked that for each d € D,
the set {F;.:c € Cy}, regarded as a chain under reversed set inclusion, is isomorphic to C,. Take
F' € (§FC)g such that F; G F'CF,. Let ¢' € F'\F, and write

2y ...z 2y ... Z c
¢ = 1 " ,e | with e€ D and ! " (Ce) -

c;y -0 Cy ¢ ... C

If e>d then ¢ € Ud’)d (Byx{d'}) = F;, a contradiction. Hence e<d. Since C. has, by
hypothesis, no greatest element, we can choose ¢€C, such that ¢>c,. Then ((é),e) > c'
Consequently, F, G F'. But e<d so we must have F, G Fe.- There are two conclusions that can
be drawn from the above argument. First, the interval (F,, F,] of (FC)y contains no least element
and secondly, (F,,F,] contains a dually cofinal copy of Cy4- As noted earlier, this completes the

proof in view of Lemma 2. O

We cannot dispense with the requirement that the chains C,, be unbounded above, except at
the cost of the cofinality property in (i) (without the prospect of which the assumption of upper
unboundedness may, in any event, be made without any loss of generality). If in the statement of (ii),
we replace the open intervals (f(z), f(y)) by the half-open intervals [f(z), f(v)), then the upper
unboundedness requirement on the C, may be dropped without sacrificing the cofinality assertions,
but then these assertions say no more than that the top elements of the C, map to the bottom
elements of the corresponding intervals [f(2), f(y)); the resulting theorem therefore provides little
insight, in practice, into the structure of Id T, beyond placing a lower bound on its ca.rdiﬁa.lity. Of

course, in proving (i) of Theorem3, we have reproved Theorem 1 ((i) = (ii)). Our choice of the given
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arrangement of this material (over that of a postponed corollary stating Theorem 1) was motivated by

the belief that the arguments are more easily digestible in the above form.

We have already noted that the requirement in Theorem1(i) and Theorem3 that L be
algebraic cannot be dropped, in view of Corollary 1.2. Several questions arise concerning the possibility
of improving Theorem 1 in other natural ways. The remainder of this section is devoted to showing
that in all natural senses apparent to us, our representation of algebraic chains by (ideals of) rings
cannot be improved except, of course, by extending it (if possible) to more general algebraic lattices:
see Question D below. There is a known limit, however, to the extent of such generalization: it is not

possible to represent all modular algebraic lattices by the ideals of rings, in view of Theorem 6.2 below.

We pose some naturally arising questions explicitly.

QUESTION A. May we strengthen condition (iii) of Theorem 1 by requiring the ring to have
identity 7

Rather obviously, the answer is no. If R is any ring then the compact elements of Id R are
precisely the finitely generated ideals of R. It follows that if R is a ring with identity then Id R
contains a compact top element, namely R itself. On the other hand, it is easily checked that the
ordinal w1, ordered naturally, is an algebraic chain; its top element, w, is not compact (because
VX <w whenever X is a finite subset of w@®1 consisting of finite ordinals). Thus w1 is not
isomorphic to the ideal lattice of any ring with identity. It was for this reason that both of conditions

(i) and (iii) were included in Theorem 1.

QUESTION B. Since every ring has an (additive) abelian group as a reduct and every abelian
group is the reduct of a ring (at worst, a ring with zero multiplication), it is natural to ask whether one
may represent arbitrary algebraic chains by the congruence lattices of these simpler reducts of rings. In

other words, is every algebraic chain isomorphic to the subgroup lattice of an abelian group ?

Again, the answer is no, because of the following result.

PROPOSITION 4. Let (L;<) be any infinite algebraic chain which has a compact top
element, for example, the ordinal w®d 2, ordered naturally. Then L is not tsomorphic to any

interval in the subgroup lattice of any group. In particular, L is not isomorphic to (any interval

in) the congruence lattice of any abelian group.

Proof. Let ¢ be the compact top element of L. Suppose that L is isomorphic to an interval
in the subgroup lattice of a group G. Because ¢ is compact, it must have an immediate predecessor
d € L, say. Any element of the subgroup of G corresponding to ¢ which is not in the subgroup
corresponding to d must generate the former subgroup, since (d,c) is a covering pair and L is a

chain. This means that the subgroup corresponding to ¢ is a cyclic group and is infinite, since I is.
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In other words, ¢ corresponds to a subgroup of G that is isomorphic to (Z;+,—,0). It follows that
the least element of L must correspond to a subgroup mZ of Z which is contained by infinitely many
other subgroups of Z. This forces m =0, so L must be isomorphic to the entire subgroup lattice of

Z, which is not a chain, a contradiction. 0

Question B touches tangentially on a recent representation result and an open problem, which
we mention here as a matter of interest. Palfy and Pudlak [PP80, Theorem 2, p23] have proved that
the following two assertions are equivalent: (1) every finite lattice is isomorphic to the congruence
lattice of a finite algebra; (2) every finite lattice is isomorphic to an interval in the subgroup lattice of

a finite group. It is not known, however, whether these assertions are true.

QUESTION C. We noted in the sequel to Theorem 2.3 that we cannot improve condition (ii)
of Theorem 1 by requiring T to be commutative (nor even right or left duo). Is the same true of
condition (iii) of Theorem 1? In other words, is every algebraic chain isomorphic to the ideal lattice of

a commutative (or, failing that, a one-sided duo) ring, not necessarily with identity?

The argument used in the sequel to Theorem 2.3 cannot be re-used immediately to answer this
question, since it relied on the fact that every right artinian ring with identity is right noetherian,
whereas the analogous entailment for rings without identity is false (as is witnessed, for example, by
the abelian group ch,o, p a positive prime, considered as a ring with zero multiplication: see

Chapter 0, §4). Nevertheless, the answer to Question C is also negative, as the next result will show.

PROPOSITION 5. There is no right duo (in particular, no commutat.ive) ring R whose

tdeal lattice is isomorphic to the ordinal w® 3, ordered naturally.

Proof. Suppose, on the contrary, that such a ring R exists. Since R is right artinian (the
chain w® 3 satisfies the DCC), J(R)" =0 for some n>2 by Proposition0.5.5. Observe that if G
is a subgroup of (R;+,—,0) such that J(R)kR cGC J(R)k for some positive integer k, then G is
also a right ideal of R. But R is right duo so G must be an ideal of R. Consequently, the interval
[J(R)kR,J(R)k] in the -lattice IdR is identical to the same interval in the subgroup lattice of
(R;+,—,0) for all positive integers k.

Let P be the unique maximal proper (right) ideal of R. Observe that if J(R)C PG R, then
R/J(R) is a nonzero semiprimitive artinian ring whose lattice of right ideals is a chain. It is an
. obvious consequence of the Artin-Wedderburn Theorem (Theorem 0.7.1) that in this instance, R/J(R)
must be a division ring and therefore J(R) = P. In other words, J(R)=R or J(R)=P. We now

divide our argument into two cases.

Case 1. J(R)=R. As noted above, the interval [J(R)kR,J(R)k] =[R**! R¥] in IdR is
identical to the same interval in the subgroup lattice of (R;+,—,0) for all positive integers k. Since

I[dR=w®3, it is clear that [R2, R]~ w® 3 or [R%, R] is a subchain of the three-element chain. The
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former possibility is excluded by Proposition4 since w3 has a compact top element, so we must
have that (R;+,—,0)/(P;+,—,0) and (P; +,—,0)/(R%;+,—,0) are simple abelian groups (the
possibility exists of course, that the latter factor group is zero). Therefore, there must exist positive
prime integers p and ¢ (not necessarily distinct) such that (R;+,-,0)/(P;+,—,0)gzp and
(P;+,—,0)/(R*;+,-,0)<Z, so pRCP and ¢PC R% 1t follows that pR¥C R¥~'P and
g(RF=1P) C R**! for all k> 2. This means that (Rk;+ = ,0)/(Rk_1P;+ ,—,0) is isomorphic to a
direct sum of copies of the abelian group Z, and (RF-1P;+,—, 0)/(Rk+1 i+,—,0) is isomorphic to
a direct sum of copies of the abelian group Zq for all k> 2. Since [Rk+1, Rk] is always a chain we
must have (RF;+,—,0/(R*'P;+,-,0)<$Z, and (R*7'Pi+4,-,0)/(R*+,-,0)52,
whenever k> 2. It follows that each of the intervals [Rk+1, Rk] is finite. Consequently, the interval
[R™, R] =[0, R] (because R™ = J(R)" =0) is finite, a contradiction.

Case 2. J(R)=P. Again, we start by noting that the interval [PkR,Pk] in IdR is
identical to the same interval in the subgroup lattice of (R;+,—,0) for all positive integers k. Since
the interval [0, P] of Id R is isomorphic to w2, it is clear that [PR,P]=w®?2 or [PR,P] is a
subchain of the two-element chain. The former possibility is again excluded by Proposition 4, so we
must have that (P;+,—,0)/(PR;+,—,0) is a simple abelian group. An argument identical to that
used in Casel above, shows that the interval [PkR,Pk] is finite for all £ > 1. Our task now is to
show that each of the intervals [P¥+1, PkR] is finite. Inasmuch as R/J(R) is a ring with identity, it
follows that R/J(R) = (R/J(R))* = R*/J(R), so R*+J(R)=R. Since R is a right chain ring this
can only be satisfied if R? = R. Take k> 1 and set I, = (PFR)/P¥*!. Regarding I, as a right
R-module, it is clear that I, is unital (because I,R = (P*R?)/P**! = (P*R)/pPF+! =1I;) and
ILJ(R)=I,P=0. We may therefore regard I, as a unital right module over the division ring
R/J(R). 1t follows that I, is a semisimple R-module. Since the lattice of submodules of I, is a
chain, this can only be the case if I, is simple. It follows that the interval [Pk+1,PkR] is finite.

Consider now the descending chain
RODPDPRDP!DOPRDOP3D...DP"DP'R=0

of ideals of R. Since each interval of the form [PkR,Pk] or [Pk+1, PkR], k > 1, is finite, it follows

that the interval [0, R] is finite, a contradiction. : a

We conclude this section by stating a difficult problem the answer to which is certainly not
known — indeed, the question may even have been neglected deliberately — although our Theorem 1
and some other results in the literature offer evidence in favour of an affirmative answer. (Some such

evidence will be discussed in the next section, where the problem will also be placed in a natural

universal algebraic context.)

QUESTION D. Can Theorem1 be generalized to a characterization of algebraic distributive

lattices as the congruence (i.e., ideal) lattices of (necessarily arithmetical) rings? (A ring R is called
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arithmetical if it has a distributive lattice of ideals; this turns out to be equivalent to requiring R to

satisfy a certain formulation of the so-called Chinese Remainder Theorem: see [2S58, Theorem 18,

p280].)

§6. A UNIVERSAL ALGEBRAIC PERSPECTIVE ON RIGHT CHAIN DOMAINS.

In this final section, we enlarge our perspective on Theorem 5.1, since it is of some interest also

from the point of view of universal algebra.

Recall that Birkhoff and Frink’s Theorem (Theorem 1.1) told us that the congruence lattice
Con A of an arbitrary (universal) algebra A (of any similarity type) is always an algebraic lattice.
This result has a celebrated converse, viz. the Gritzer-Schmidt Theorem, which we quote as the next

result.

THEOREM 1. (Gritzer and Schmidt) [Grd79, Theorem 3, pl12] Every algebraic lattice is

" isomorphic to the congruence lattice of a (universal) algebra of some similarity type. o

Let us say that a lattice L is represented by an algebra A if L is isomorphic to the
congruence lattice of A. Jonsson [Jon79] formulated the following question, which is a natural
response to the Gratzer-Schmidt Theorem : how much information (if any) is given by a similarity type
7 = (F;ar) about the congruence lattices of the algebras of type 77 An answer to this rather general

question was provided promptly by the following result of Freese, Lampe and Taylor.

THEOREM 2. [FLT79, Theorem1, p62] For every similarity type T, there erists a
modular algebraic lattice L such that for every universal algebra A of type r, the congruence

lattice Con A is not isomorphic to L. O

Thus all similarity types T give some information about the (modular) congruence lattices of
algebras of type T, answering Jénsson’s initial question. Further related questions arise naturally,
however. For example, it is not known whether similarity types provide any information about their

associated disiributive congruence lattices.

There is a strong connection between the aforementioned question and a conjecture of Grétzer

and Schmidt, first proposed in the 1960s, to the effect that every algebraic distributive lattice is

2

representable by a lattice. The problem has a natural lattice theoretic curiosity value, but researchers

working on the conjecture are also motivated by the knowledge that from an affirmative solution one

2 . . .
In 1993, it was reported that this conjecture had been settled affirmatively by Tischendorf and Tuma, and
the preprint [TT93] was circulated, which contains an argument to that effect. During 1994 a flaw was found in this
argument and the authors of the preprint, as well as specialists at the Universities of Hawaii and Manitoba attempted

to circumvent the flaw. We have recently received reports that, to date, no such efforts have produced a proof. We
understand, therefore, that the Gratzer-Schmidt Conjecture remains an open problem.
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could infer that for any similarity type 7 that is no poorer than (2,2) (i.e., that has at least two
binary operation symbols), the specification of 7 would provide no information about the distributive
congruence lattices of algebras of type 7 (contrasting sharply with the situation for the modular
congruence lattices). Indeed, one could say that for any algebraic distributive lattice L, there is an
algebra A of type (2,2), viz. a lattice, with Con A = L. One could then enrich A by defining on it
arbitrarily chosen constant operations of appropriate arity for all operation symbols of 7 other than
any two of the binary operation symbols (these two being reserved for interpretation as vV and A).
Since the new operations are constant, their introduction leaves the congruences of A unchanged, so
the congruence lattice of the enriched algebra is still just Con A, and is therefore isomorphic to L.
Since L was an arbitrary algebraic distributive lattice, 7 clearly says nothing about its associated

distributive congruence lattices.

An alternative approach to the problem of quantifying the information about distributive
congruence lattices given by a similarity type would have been to try to prove an affirmative answer to
Question D of the previous section — is every algebraic distributive lattice representable by a
(necessarily arithmetical) ring? — then to apply a line of reasoning similar to that of the previous
paragraph. But for the question to be considered seriously, two obvious tests must be passed. Indeed,
since finiteness of a lattice implies algebraicity and linear order implies distributivity, one would want
to know that (1) every finite distributive lattice, and (2) every algebraic chain is representable by a

ring.

THEOREM 3. [KR80, Corollary, p1289] Every finite distributive lattice is isomorphic to

the ideal (i.e. congruence) lattice of a (von Neumann regular) ring. a

The following qualification of this result is also interesting.

PROPOSITION 4. [Pal87, Proposition3.1, pl56] There exists a finite distributive lattice

which is not isomorphic to the ideal (i.e. congruence) lattice of any finite ring. B

Thus Kim and Roush [KR80] proved that rings pass test (1) and we have proved in
Theorem 5.1 that they also pass test (2), which would seem to vindicate the belief that Question D is
worthy of investigation. Part of our motivation was to pursue this line of thought in the hope of
contributing to a future ring theoretic proof that almost all similarity types provide no information
about their distributive congruence lattices. The relative neglect to date of this question may be
attributable to the fact that rings, not being congruence distributive in general, would seem at first
glance an unlikely candidate class for the successful representation of all distributive algebraic lattices.
Secondly, we have already alluded to the possibility of a subconscious expectation that rings, unlike
lattices, are too highly structured by their language and too constrained by their axioms to stand any
chance of providing representations for all possible algebraic distributive lattices. Such a prejudice, if it

exists, would have been all the more justifiable given the absence, until now, of a construction for
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representing even the smaller class of all algebraic chains by rings. Qur Theorems 5.1 and 5.3 tend,

however, to challenge the possible preconception that rings are “too highly structured”.

By contrast, it should be mentioned that there are other quite simple classes of algebras (of
fixed type) whose linearly ordered congruence lattices exhaust the class of all algebraic chains. Indeed,
every algebraic chain is isomorphic to the congruence lattice of a lattice (a rather trivial direct proof is
possible); it is also isomorphic, as shown by a quite simple proof in [AN81, Claim 1, p301], to the
congruence lattice of a special kind of groupoid, viz. a linearly ordered “Hilbert algebra” in the sense of
[Die66] (known also as a “positive implicative BC K- algebra” [Cor82] — such algebras arise from logic

as the algebraic counterparts of the implicational fragments of intuitionistic propositional calculi).

Because of the latter representation, it has been known for some time that any non-unary
similarity type T gives no information about the linearly ordered congruence lattices of algebras
of type 7. (A type T =(F;ar) is called non-unary if it contains at least one operation symbol that
is non-unary and non-nullary, i.e., at least one f € F has ar(f)>1.) The proof follows precisely the
line of argument used in the penultimate paragraph preceding Theorem3 above. In this sense,
therefore, our Theorem5.1 does not add to the existing knowledge about the linearly ordered

congruence lattices of algebras of a fixed non-unary type.

There is another sense, however, in which our result provides new information of this sort. To
see this, we need to consider compatible binary relations on algebras that are weaker than congruences.
A good many of these have been studied in the literature over the past two decades but the notion of
generalized congruence that would seem to be the most useful is that of a “tolerance relation”. A
binary relation on the universe of an algebra A is called a tolerance relation (or briefly, a tolerance)
on A if it is reflexive, symmetric and compatible with all specified operations on A. The lattice
Tol A of all tolerances (ordéred by set inclusion) on any given algebra A (of any similarity type) is
well known to be algebraic. Conversely, in the spirit of Gritzer and Schmidt, it has recently been
proved by Chajda and Czédli [CC92, Theorem (a)] that every algebraic lattice is isomorphic to the
tolerance lattice Tol A of some (universal) algebra A of some type. Naturally, this raises a

tolerance analogue of Jénsson’s question(s).

An algebra A is said to be tolerance trivial if all of its tolerances are transitive, and therefore
congruences, i.e., TolA=ConA. It is very well known that all rings are tolerance trivial, as a
consequence of much more general results in universal algebra (see, e.g., [Wer73, Theorem| or [Cha83,
Theorem 1, p36], and [BS81, Theorem 12.2 & Example (1), pp78-79]). Thus our Theorem5.1 is also
a tolerance representation result. By contrast, linearly ordered Hilbert algebras and lattices with
linearly ordered congruences need not be tolerance trivial, according to [RRS91, Remark 2.13 b, p407 &
Remark 2.18 a, p408] and [Cha88, Examples 1 & 2, pp219-220], so the known results about them say
nothing about tolerance representation. More importantly, when considered as a fact about tolerances,
Theorem 5.1 has the following corollary, which is a new result that cannot (apparently) be deduced

from the consideration of Hilbert algebras or lattices. Again, the proof follows exactly the line of
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argument that was used in the penultimate paragraph preceding Theorem 3.

PROPOSITION 5. Let 7 be a similarity type that is no poorer than (2,2). Then the
specification of T provides no information about the linearly ordered tolerance lattices of the

algebras of type 1. O

We may use the type (2,2) in this proposition, rather than the precise value (2,2,1,0) of the
type of rings without identity. Indeed, rings may be reconsidered as algebras (R;—, -) of type (2,2)
without affecting their tolerance lattices since, in any ring, we have the identities 0=z —z,

—z=0-z and c+y=z—(—y).
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Chapter Il

Torsion Preradicals

“Torsion theoretic” notions have been present for some time in the theory of rings with
identity. They are approachable in any one of three equivalent ways. We shall describe these
approaches precisely (and in greater generality) in the first two sections this chapter, but, roughly
speaking, they are as follows. First, one may consider a “hereditary pretorsion class” (or more
strongly, a “hereditary torsion class”), which means a class of modules over a given ring R which are
“torsion” in a sense generalizing torsion abelian groups. Secondly, one may consider “topologizing
filters” (or more strongly, “Gabriel filters”) on R: these are filters (in the lattice sense) of right ideals
K of R with the property that the module R/K is, in a suitable sense, “torsion”. Lastly, one may
study “torsion preradicals” (or more strongly, “torsion radicals”). These are functors on the ring’s
module category that associate with a module its “torsion submodule”.  These notions are
interderivable; each may be taken as the starting point for a torsion theoretic investigation. They

describe the same mathematical reality.

The hereditary pretorsion class of a torsion preradical is closed, by definition, under finite
direct products; if closed under arbitrary direct products, the torsion preradical is called Jansian. The
principal notion to be investigated in this chapter is that of an m-Jansian torsion preradical ; this is a
torsion preradical whose hereditary pretorsion class is closed under direct products of fewer than m
modules, where m is a given regular cardinal. In Theorem3.10 we shall prove that if m is any
regular cardinal then a right topologizing filter ¥ on a ring R is closed under intersections of fewer
than m right ideals if and only if its corresponding torsion preradical torsp¥ is m-Jansian. A

topologizing filter % satisfying the equivalent conditions of this theorem will also be called m- Jansian.

There are several reasons why these notions are of interest. In the first place, it is well known
that the requirement that all right torsion preradicals on a ring with identity be Jansian characterizes
the ring as right artinian. It is natural to ask what artinian-like properties survive if we weaken
Jansian to m-Jansian (where m >R,). Secondly, for prime rings and regular cardinals m > R,, we
shall be able to show that the behaviour of the m-Jansian torsion preradicals determines a “degree of
primeness” of the ring which extends some well studied primeness conditions in the literature, such as
“(bounded) strongly prime”. Moreover, the primeness conditions at issue have led to the investigation
of special radicals in the category of rings, in which context it is unavoidable that we consider rings
without identity'. This being so, it is natural to ask whether the torsion theoretic results of interest to

us (such as the aforementioned characterization of right artinian rings) remain true for rings without

This investigation will be carried out in Chapter IV. We wish to stress that radicals in the category of rings

should not be confused with the radicals (and torsion radicals) on module categories defined in §1 of this chapter.
They are quite different.
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identity. Part of the purpose of this chapter is to show that for the most part, they do.

In §3 we examine Jansian and m-Jansian torsion preradicals and topologizing filters. In
particular, we establish an important connection between the “lattice ordered semigroup” of ideals of
an arbitrary ring R and the set of Jansian torsion preradicals on Mod-R. §4 is devoted to the study
of right “m- closed” rings, that is, rings all of whose right topologizing filters are m-Jansian. It turns
out that for m >X,, an m-closed ring R enjoys many artinian-like properties, e.g., it satisfies the
descending chain condition on (two-sided) ideals and is semilocal in the sense that R/J(R) is a
semisimple artinian ring, where J(R) denotes the Jacobson radical of R. (Since J(R/J(R)) =0, this
means that R/J(R) is either zero or a finite direct product of finite dimensional matrix rings over
division rings.) In §5 we extend the classical notion of Morita equivalence to rings without identity.
The main result of §5 asserts that for any regular cardinal m, the property “right m-closed” is
invariant with respect to our extended notion of Morita equivalence. Finally, in §6, we focus on prime
rings and demonstrate that in such rings the notion of an m- Jansian torsion preradical can be used to

describe and determine a “degree of primeness” of the ring.

A version of the results of §4 (restricted to rings with identity) has been published in [VR94]
and a similarly restricted version of parts of §3 and §6 has been published in [RV92].

§1. TORSION PRERADICALS ON A MODULE SUBCATEGORY.

Classical torsion theory is usually developed in the context of a category of unital modules over
a ring with identity. This approach, however, is not quite general enough for our purposes. We need
to develop a torsion theory in certain special subcategories of the category of all modules over an
arbitrary associative ring, with or without identity. We point out that our approach is certainly not
the most general available. Indeed, much pioneering work in torsion theory was done in the setting of
an abelian category (see [Gab62] and [Ste71]). Most of the results of this first section of the present

chapter are standard, at least at some level of generality. We have therefore chosen to include proofs

only in cases where we believe a result to be less well known.

Recall that a subcategory 9 of C is called a full subcategory of € if HomC(A, B) =
Hom,,](A, B) for all objects A, B of 9. Let R be an arbitrary ring. We shall call a full subcategory
C of Mod-R a module subcategory of Mod-R if € is closed under homomorphic images,
submodules, direct products (and therefore direct sums) and essential extensions. (It is easily shown
that a module subcategory is necessarily closed under module exten;sions, that is to say, M €€

whenever N <M and N,M/N €€.) For the most part, our choice of C will be Mod-R itself.

Let C be a module subcategory of Mod-R. A functor 7:C — € will be called a preradical

on C if the following conditions are satisfied :

Pl. 7(M)< M forall MecC;
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P2. if M,N€C and f € Homp(M,N) then f[r(M)]<r(N) and 7(f) :fl-r(M) (the
restriction of f to T(M).

A preradical on C is always a proper class so, strictly speaking, there is no such thing as the
class of all preradicals on C. Nevertheless, if, for preradicals 7 and ¢ on C, we write 7 <o to
denote that 7(M)Co(M) for all M €C, then < has the properties of a partial order. Loosely
speaking, one might say that the “collection” of all preradicals on € is partially ordered by the
“relation” <. In fact, it is easily checked that this “partially ordered collection” has all of the
properties of a complete modular lattice. Since, in the general case, we shall only ever need to say
things about the “elements” of this “collection” (as opposed to making assertions about about the
“collection” as an aggregate in its own right), we permit ourselves this and other order-theoretic abuses
of nomenclature. Observe that the preradical 0 defined by 0(M) =10 for all M €C is the smallest
preradical on C (with respect to <) and the identity functor le is the largest. Let 7 be a preradical
on C and M €C. We say that M is 7-torsion (resp. T-torsion-free) if T(M)=M (resp.
7(M) =0). We denote the class of all 7-torsion (resp. 7-torsion-free) modules in C by T_ (resp.

F). Thus,
T, ={MecC:7(M)=M}; and

F_:={MeC:r(M)=0}

PROPOSITION 1. [Ste75, Propositionl.2, p137] Let R be a ring and C a module
subcategory of Mod-R. If 1 is a preradical on C then:
(i) T, is closed under homomorphic images and direct sums;

r

(ii) F, is closed under submodules and direct products. O

Using P2 and the fact that left multiplication by an element of the ring R is an

endomorphism of the module Rp, we also obtain:

PROPOSITION 2. Let R be a ring and C a module subcategory of Mod-R. If 7 isa
preradical on C and Rp € C then r(Rp) is an ideal of R. 0o

Let C be a module subcategory of Mod-R. We call a preradical 7 on C a torsion
preradical if T(N)=NNr7(M) whenever M,N €C with N <M. The “collection” of all torsion
preradicals on C will be denoted by torsp-C. Trivially, the functors 0 and lo belong to torsp-C. If
C = Mod-R, we write torsp-R for torsp-C. Notice that if € torsp-C then for every M €C, we
have (M) € T_; in fact, (M) is the largest submodule of M that is an element of T..

In Theorem 2.4 below we shall establish that with every torsion preradical 7 on Mod-R, one
may associate a set F of right ideals of the Dorroh Extension R* of R. (We refer the reader to
Chapter0, §4 for a definition of the Dorroh Extension.) Moreover, this set F of ri.ght ideals

determines T uniquely. Since the class of all subsets of right ideals of a fixed ring is palpably a set, we
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may treat torsp-R as a set. In the sequel to Theorem 11 we shall show how every torsion preradical
on € may be identified with a torsion preradical on Mod-R. This allows us to treat torsp-C as a set
as well. We reassure the reader that no loss of rigour results if, henceforth, torsp-C is treated as a set

and < as a relation on torsp—C.

PROPOSITION 3. [Ste75, Propositionl.7, pl38] Let R be a ring and C a module
subcategory of Mod—R. If 7 is a torsion preradical on C then:
(1) T, is closed under homomorphic images, direct sums and submodules;

(i) F, is closed under submodules, direct products and essential extensions. (0

A nonempty class A of right R-modules is called a hereditary pretorsion class if A is
closed under homomorphic images, direct sums and submodules. Proposition3 therefore asserts that if
C is a module subcategory of Mod-R and 7 €torsp-C then T _ is a hereditary pretorsion class
contained in €. We shall refer to T, as the hereditary pretorsion class of 7. In fact, every
hereditary pretorsion class A contained in C arises in this way. Indeed, it can be shown that the

torsion preradical 7 on C defined by
(M) =Y {N<M:NcA} forall Me€C,

is such that T, = A. Moreover, if o € torsp-C then it is possible to recover o from T, in the sense
that
o(M) =3 {N<M:NeT,} forall MecC.

The next theorem follows immediately.

THEOREM 4. [Ste75, Corollary 1.8, p138] Let R be a ring and € a module subcategory of
Mod-R. Then the map 7—T_ (r €torsp-C) defines a bijection from the set of all torsion
preradicals on C onto the set of all hereditary pretorsion classes of right R-modules contained in

c. O

If C is a module subcategory of Mod-R then torsp-C has the structure of a complete lattice.
If {r;:i€T} is a subfamily of torsp—C then A;er 7; € torsp-C is defined by (A;cp 7, )(M)=
N; er Ti(M) for all M €C. Since torsp-C is a complete lattice, given any nonempty subclass A of
C, there is a (unique) smallest torsion preradical r on € such that T.D A We call this 7 the
torsion preradical on C generated by A. Thus T = A{\ € torsp-C: Ty, D A}. If 7 is an arbitrary
torsion preradical on € it is not difficult to show that r is generated by a class A of cyclic right
R-modules contained in €. More particularly, since evéry cyclic right R-module is isomorphic to an
element of the set {R*/I:1 < RE}, we may assume, without loss of generality, that A is a set.
Thus every T € torsp-C is generated by a set of cyclic right R-modules. The notion of a torsion

preradical generated by a class of modules has a dual, It is easily checked that the functor ¢:C — €
defined by
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o(M) = (\{Ker f : f € Homg (M, E(A)) for some A€ A} forall MeC,

is the largest torsion preradical on € such that F, O A. Consequently, o = V{) € torsp-C: Fy D A}.
This ¢ is called the torsion preradical on € cogenerated by A. It also follows from the
completeness of torsp—C that if 7 is a preradical on € then there is a smallest torsion preradical on
C, denoted by 7, such that 7 <7. Thus ¥ = A{X € torsp-C: 7 < A}. The torsion preradical 7 has a

more explicit description, however.

PROPOSITION 5. Let R be a ring and C a module subcategory of Mod-R. For each
MeC, let 1y: M — E(M) denote the embedding of M in its injective hull, E(M). If 7 isa
preradical on C then
F(M) = G ley[M] N T(E(M))] for all M €C.
Proof. For each M €C, define \(M) = i3f[tp [M]NT(E(M))] <M. Let f€ Homp (N, M)
with ¥, M €C. We claim that f[A(N)]C AM(M). Inasmuch as E(M) is injective, there must exist a
g € Homp (E(N), E(M)) such that the following diagram commutes.

E(N) E(M)
‘N ‘M

N - M

Now op[FIAM] = (epg 0 FYIMN)] = (g008) [MN)] = gl [N]N T(E(N))] C gl7(E(N))] C 7(E(M)).
Since f[MN)]< M, we must have that f[A(N)]C 3t [ep [ M]NT(E(M))] = A(M). We may therefore
regard A as a preradical on €. Now suppose, in the context of the above diagram, that ¥ <M and
that f: N — M is the inclusion map. Since ¢y is a monomorphism whose image is

essential in E(N) and tps0 f is a monomorphism, we must have that g is a monomorphism. Now

eIV NAM)] = (goun)[N] N [epf[M]N T(E(M))]
= (9oen)[N] N r(E(M)) (since (goey)[N]C epg(M]).

Since g: E(N) — E(M) is a monomorphism, it follows that g[E(N)] is an injective submodule of
E(M), and hence a direct summand of E(M). Write E(M)=g[E(N)]® K with K < E(M). Then

N OAXM)] = (goun)[N] N r(E(M)) = (gouy)[N] N r(g[E(N)] @ K)
= (goeN)INT N [T(g[E(N)]) ® T(K)]
= (gon)IN] N 7(9[E(V)]) (since K N(goey)[N]C KNg[E(N)]=0)
= (gotn)IN] N g[(E(N))]
= 9n[N]NT(E(N))]
(g0 Ln)[AN)]
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Thus N NA(M) = MN). This shows that A is a torsion preradical on C. It is clear that if o is any
torsion preradical on € such that 7 <o, then o(M)2 e[ MINT(E(M))] = M(M) for all M €C.
Thus 7 = A. 0

We remark that if M € Mod-R and tp;: M — E(M) is an embedding of M into its injective
hull E(M), it is customary to identify M with its image in E(M). Under this identification,
Proposition 5 asserts that if 7 is a preradical on € then 7(M)= M N7(E(M)) for all M eC.

If C is a module subcategory of Mod-R then Proposition5 can be used to give an explicit
description of the join operation in torsp-C. Indeed, if {r;:i€T} is a family of torsion preradicals

on C then it is easily checked that the preradical  on C defined by
(M) = E{er‘ (M) forall M €C,

is the smallest preradical on € for which r; <7 for all i €I'. Clearly, then, 7 must be the join of

{r;:1€T} in torsp-C. Thus,

(Vier ) (M) = MN Y, cp 7i(E(M)) forall MeC.

Recall that an element z of a complete lattice (L; <) is called compact if, whenever X C L
and z < VX, there exists a finite subset X’ of X such that z <VX'. Recall also that a complete
lattice (L; <) is called algebraic if every element of L is the join of a set of compact elements of L.
It can be shown that if € is any module subcategory of Mod-R then the compact elements of torsp-C
are precisely those torsion preradicals on C which are generated by a single, cyclic right R-module in
C. In the sequel to Theorem4, however, we noted that every r € torsp-C is generated by a set of
cyclic right R-modules in C. It follows, as a consequence, that every torsion preradical on C is the

join of a set of compact elements of torsp—C. Thus torsp—C is an algebraic lattice.

Rather surprisingly, the following useful result does not appear in standard texts on hereditary
pretorsion theories such as [Gol87] ~ not even at the concrete level where C = Mod-R (or the category
of unital right R-modules) for a ring R with identity. In fact, the manner in which order theoretic

properties of torsp-R are reported in [Gol87] suggests that the following is not a known result.

PROPOSITION 6. Let R be a ring and C a module subcategory of Mod-R. Then

torsp-C is @ modular algebraic lattice (with respect to the relation <).

Proof. The fact that torsp-C is algebraic is noted above. It remains to show that torsp-C
satisfies the modular law. Suppose 7,0, € torsp-C with 7 <. If M €C then

[(AAG)VTI(M) = MO [AAG)E(M))+r(E(M))] = M N [(ME(M))no(E(M)))+r(E(M))]

Since T(E(M)) C o(E(M)), it follows from the modular law (applied to the lattice of submodules of
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E(M)) that [NE(M)) N o(E(M))] + (E(M)) = [NE(M) +r(E(M))] N o(E(M)). Therefore,

[(AAe) V(M) = MO [[INE(M)) +r(E(M))] N o(E(M))]
MO [V )(EM)No(E(M))]
Mn[(AVT)Ac)(E(M))
=[(AVT)AT|(M).

Thus (AAG)VT=(AVT)AQ. O

If € is a module subcategory of Mod-R then it is possible to define a binary operation - (to
be thought of as a kind of multiplication) on torsp-C as follows. Take 7,o in torsp-C and define
r-0 € torsp-C by

(r-0)(M)/o(M) = r(M/oc(M)) forall MeC.
It can be checked, easily, that torsp-C is a monoid with respect to the operation - , whose identity

element is the zero functor 0 € torsp—C. Note that 7Veo < 1-0.

Following Golan [Gol87, p43], we call an algebra (H;V,A,-) (of type (2,2,2)) a lattice
_ordered semigroup if (H;V,A) is a lattice and (H;-) is a semigroup such that for all
I’ y,zEH,

Ql. z-(yvz) =(z-y)V(z-2); and
Q2. (zVy)-z=(z-2)V(y:2).

The ring theorist’s prototype of a lattice ordered semigroup is the lattice of ideals, Id R, of an
arbitrary ring R, endowed with the semigroup operation - of ideal multiplication. More precisely, if
R is any ring then (IdR;+,N, -) is a lattice ordered semigroup. (Of course, in this instance, the

join operation corresponds with ideal addition and the meet operation with intersection.)

In the next theorem, we show that if C is a module subcategory of Mod-R then [torsp—C]du
(this is the dual of the lattice torsp-C) has the structure of a lattice ordered semigroup. Recall that
since we do not distinguish structures from their universes notationally, [torsp—C]d“ must be
understood to be ordered by the relation 5_1, i.e., for torsion preradicals 7,0 on €, we have
]du

< ¢ in [torsp—C if and only if ¢ <7 in torsp—C. More precisely,

[torsp-€]9® = ([torsp-C]; V, A, Y= ([torsp-C]; A, V, +),

and to avoid confusion, we shall always use ‘V’ and ‘A’ to denote the join and meet operations in
torsp-C and not in its dual. Note that [torsp—C]d“ is still a complete modular lattice, since these

order properties are preserved in taking duals. [torsp—C]d“ is not algebraic, however; it may be called

dually algebraic.

THEOREM 7. Let R be a ring and C a module subcategory of Mod-R. Then [torsp—C]d“
:= ([torsp-C]; A, V, -) is a lattice ordered semigroup.
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Proof. We have to show that

Ql. 7-(c AX) = (r-0)A(T-A); and
Q2. (tAe)-X = (T A)A(c-A)

for all 7,0, A € torsp-C.

We first show that if u,7 € torsp-C, with p>mn, then 7-p2>7-7 and p-t>n-7. The
second inequality follows trivially from the definition of .. To establish the first inequality, take

M €€ and let 7: M /n(M) — M/u(M) denote the canonical epimorphism. Now

Alr (M /n(M))] = ={(r-n)(M)/n(M)] = (T-n)(M)/u(M) C (M/u(M)) = (r-w)(M)/ (M),

so (t-n)(M)C (r-p)(M). Thus 7-n<7-p Since ¢ AA< 0, it follows from the above that

T (@AX) <T-0,7-X 50 T-(0 AN S (T-0)A (t-X). It remains to establish the reverse inequality.

Suppose u € torsp-C, with p<7-0,7-X. We must show that p<7- (e AX). Let MeC.

Then
N = [p(M)+o(M)}/a(M) C (r-0)(M)/o(M) €T, and

N'= [p(M)+XM)/NM) C (m-)(M)/XM) €T
Furthermore,
[W(M) + (c AN(M)]/ (o AXY(M) = [u(M) + (o(M)NXM))]/ (o(M) N A(M)
embeds canonically in N@N' €T, so
p(M)+ (e AXN(M) C (7-(c AX))(M),

Le., u(M)C(r-(c AN)(M). Thus p<7-(0AX). The verification of Q2 is entirely similar. a

The next result follows easily from the definition of the operation -

PROPOSITION 8. Let R be a ring and € a module subcategory of Mod-R. Then the
following assertions are equivalent for any torsion preradical o on C:
(1) o is idempotent, i.e., oti=0c-0=0;

(i) o(M/a(M))=0 forall McC. a

A preradical ¢ on € satisfying condition (ii) of Proposition8 is called a radical on C; a
torsion preradical o on C which satisfies the equivalent conditions of Proposition8 above is called a
torsion radical on €. We denote the set of all torsion radicals on C by tors-C. Trivially, the

functors 0 and 1c belong to tors-C. If C=Mod-R then we abbreviate tors-C as tors-R.

Considered as an ordered subset of torsp-C, tors—C is closed under arbitrary meets; tors—C is
therefore a complete lattice. It follows that if o € torsp—C then there exists a smallest element of
tors—C which is greater than or equal to o; we shall denote this element by @. Furthermore, if A is

any nonempty subclass of €, it is possible to define, in the same way as was done for torsion
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preradicals, the notions of the torsion radical on € generated by A and the torsion radical on C
cogenerated by A. Although tors—C is closed under meets, the join, in torsp-C, of even two torsion
radicals need not be a radical, so tors-C is a meet-complete subsemilattice, but not a sublattice of
torsp-C. It may also be shown that, unlike torsp-C, the lattice tors—C is always distributive. It is
also well known that, unlike torsp-C, the lattice tors-C is not, in general, algebraic. (In particular,
even when C is the category of all unital modules over a ring with identity, tors-C need not be
algebraic.) There is, however, a lattice theoretic property weaker than “algebraic and distributive”
which is possessed by tors-C, viz., the lattice tors-C is Brouwerian, that is to say, tors—-C satisfies
the join-infinite distributive identity (see Chapter0, §1). In general, the lattice tors-C is not
continuous, i.e., it need not also satisfy the meet-infinite distributive identity (even if C is the
category of unital modules over a ring with identity). We also point out that tors-C is not, in general,

a subsemigroup of torsp-C, with respect to -

If C is a module subcategory of Mod-R then the “multiplication” operation - can be
extended to a calculus of transfinite powers of torsion preradicals. If o € torsp-C and « is a positive

ordinal, we define:
o =o;

a®l —

o c%-0; and

0% =Vy ¢ gcq 0P if a is a limit ordinal.

Notice that if o € torsp-C then {c®: a >0} is an ascending chain of torsion preradicals on €. Since
the class of all positive ordinals is a proper class and torsp-R is a set, there must be a least ordinal «
for which ¢® = 0®®, It is clear that o® (for this least «) is idempotent and thus a torsion radical
on C. Moreover, it is not difficult to see that ¢® must be the smallest torsion radical on € that is

greater than or equal to 0. The next proposition is an obvious consequence of these remarks.

PROPOSITION 9. Let R be a ring and C a module subcategory of Mod-R. If o0 isa

torsion preradical on C then @ = o“ for some ordinal a. a

It is possible to describe & more explicitly: it follows easily from Proposition9 that for any

torsion preradical ¢ on C, we have

o(M)=N{N<M:o(M/N)=0)} foral MccC.

EXAMPLE 1. If R is a ring then the notion of the socle of a right R-module gives rise to a
torsion preradical on Mod-R, which we shall denote by soc. For if M,N € Mod-R and w €
Homp (M, N) then ¢fsoc M]CsocN. Moreover, if L <M then socL =LNsocM. The torsion
preradical soc is not a radical. The ascending chain of torsion preradicals {soc®: a > 0} is called the
extended socle series of Mod-R and if M € Mod-R, we call {soc*(M): a >0} the extended socle

series of M. We use the word “extended” because the expression “socle series for M” is usually
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reserved for the subchain indexed by the finite ordinals, i.e., the socle series of M is {soc*(M):

0 < a< R} O

PROPOSITION 10. [Ste75, Propositions 3.1 & 3.2, pl41] Let R be a ring and C a module
subcategory of Mod-R. If T is a torsion radical on C then:
(i) T, is closed under homomorphic images, direct sums, submodules and module
exrtensions;
(i) F, is closed under submodules, direct products, essential extensions and module

ertensions. a

A nonempty class A of right R-modules is called a hereditary torsion class if A is closed
under homomorphic images, direct sums, submodules and module extensions. (Notice that every
module subcategory of Mod-R is a hereditary torsion class.) Proposition10 (i) asserts that if
T € tors—C then T _ is a hereditary torsion class contained in C. We know from Theorem4 that the
map 7T+ T _ defines a bijection from the set of all torsion preradicals on C onto the set of all
hereditary pretorsion classes of right R-modules contained in €. It can be shown that this bijection
restricts to a bijection from the set of all torsion radicals on C onto the set of all hereditary torsion

classes of right R-modules contained in C. We therefore have:

THEOREM 11. [Ste75, Proposition 3.1, p141] Let R be a ring and C a module subcategory
of Mod-R. Then the map 7—T_ (7 €tors-R) defines a bijection from the set of all torsion
radicals on C onto the set of all hereditary torsion classes of right R-modules contained in C.

a

It is easy to show that the class Mod-R (zero) of all zero multiplication right R~modules (i.e.,
modules M p such that MR =0) is a hereditary pretorsion class in Mod-R. By Theorem 4, there
exists a torsion preradical on Mod-R, denoted by T,eror Whose hereditary pretorsion class is
Mod-R (zero). Thus 7,.. (M):={z€ M:zR =0} for all M € Mod-R. Notice that if the ring R is
idempotent (i.e., R = R) then T,ero 15 idempotent because, for each M € Mod-R,

2+ Tyero (M) € Toero (M/Tyero (M) = (24 Tyero (M))R = zR+ 1
> zRCT1, . (M)
= (zR)R=zR=0
=> T€T M).

My=0

Zero (

Zero (

Consequently, T M/T,. (M) = ‘rgero (M)/Tpere (M) =0.

Zero (

The idempotence of both R and T,ero 18 DOt coincidental. Indeed, in Theorem 3.5 we shall

establish a connection between the multiplicative semigroup of ideals of R and the multiplicative

monoid torsp—R.

If C is a module subcategory of Mod-R then there is an important connection between the
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torsion preradicals on € and those on Mod-R. If 7€ torsp-C then, by Proposition3, T_ is a
hereditary pretorsion class of right R-modules contained in C. It follows from Theorem4 that there
exists a unique torsion preradical 7* on Mod-R such that T ,=T, Thus and 7" have the same
associated hereditary pretorsion class of modules. In other words, r is just the “restriction” of 7 to
C. The map from torsp-C to torsp-R defined by 7+ r* (7 € torsp-C), is thus structure preserving
in every sense of the word ; at the very least, it respects the lattice and semigroup structure of torsp-C.
This allows us to identify torsp—C with its image in torsp—R. Specifically, if Te denotes the torsion
radical on Mod-R whose hereditary torsion class is C, then torsp-C may be identified with the

interval [0, TC] of torsp—R. We highlight this situation by writing

torsp-C = [O,TC] C torsp-R.

Suppose now that C and 9 are module subcategories of Mod-R. Denote by Te and Tap the
torsion radicals on Mod-R whose hereditary torsion classes are C and 9, respectively. We shall now
consider the case where CND={0} (i.e., TeATq=0) and M = TC(M)EBTQ:D(M) for all M€
Mod-R. (This implies, but is not equivalent to, the assertion TeV Tg = IMod-R")

PROPOSITION 12. Let R be a ring and let C and D be module subcategories of Mod-R
such that CND = {0} and M = Te(M)®1q(M) for all M € Mod-R. If 7,0,) € torsp-R with
T<7e and o <7q then:

(i) (rvo)M)=1(M)®o(M) for all M € Mod-R;

(i) [O,TC] and [O,TQ:D] are submonoids of torsp-R;
(i) re=0-T1=7Vo;

(iv) (rVea)-A=(r-A)V(s-N);

(v) A(rve)=A-1)V(r-0).

Proof. (i) It is obvious that, 7(M)@®o(M) C (rVe)(M) for all M € Mod-R, so it remains
to establish the reverse inequality. Let M € Mod-R. By Proposition 5 (see also remarks following

Proposition 5),
(Vo) (M) = MN [r(E(M))®a(E(M))].

Let z € (rVo)(M) and write =y, +y, with vy €T7(E(M)) and y, € o(E(M)). By hypothesis,
M=ro(M)® Tq(M), so &=z, + 2, for some z; € Te(M) and 2, € Tq(M). Then

TENTR = atn 2 Y- = -y € To(E(M))NTq(E(M)) = 0.
It follows that y; € M N7(E(M)) = 7(M) and Y2 EMNo(E(M))=0(M). Thus z € (M) ®o(M).

(i) By considerations of symmetry, it clearly suffices to show that [0, TC] is a submonoid of
torsp-R. Let n,ue|0, TC]. Then n-pu<n. TeSTe Te (because 7, u < TC). Since Te 1s a torsion
radical, Te Te =Te. Hence, n-p< Ter e, n-p €0, el

(iii) Let M € Mod-R. Then
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((r-o)(M))/o(M) = 7(M/o(M)) = ([re(M) & Tq(M)]/o(M))
T([re(M) @ o(M)]/o(M) & rq(M)/o(M))
T([re(M) ® o(M)]/o(M)) & T(rq(M)/a(M)).

Since T‘,:D(M)/O'(M) is Tgy- torsion and TATq =0, we must have T(TO:D(M)/O'(M))ZO, Thus
((r-o)(M))/o(M) = 1([re(M) B o(M)]/o(M)). Let o:[re(M)®o(M)]/o(M) — To(M) denote the
canonical isomorphism. Clearly we must have o[r([re(M)® o(M)]/o(M))] = 1(re(M))=1(M).
Therefore,

r([re(M)® o(M)]/o(M)) = 7 [r(M)] = [r(M) ® o(M)]/o(M),
and so (r-o)M)=1(M)®o(M)=(rVo)M). Thus 7.0 =7Ve. By symmetry, we obviously

also have -7 =1Vo.

(iv) Since TVeo >71, we must have (rVo)-A > 7-A  Similarly, (rVo)-A > 0-)A so
(rVo)-A > (r-A)V(s-A). It remains to establish the reverse inequality. Let M € Mod-R. Then

[(TV o) - AM)/AM) = (TVa)(M/NM))
= 7(M/AX(M))® o(M/A(M)) (by (1))
= [(r- M)(M)/AM)] & [(o - A)(M)/ M M)]
= [(T-)(M) + (o - ))(M)]/A(M).

It follows that, [(TV o) -Al(M)=(7-A)(M)+(c-A)(M)C[(r-A)V(s-1)](M). Hence, (Vo) A<
(t-A)V(c-A).

(v) An argument similar to that used in (iv) above shows that A-(rVa) > (A-1)V (A o).
We are therefore left to prove the reverse inequality. Let M € Mod-R. Then

[A-(r Vo) l(M)/(TVo)(M) = NM/(rVo)(M))
= MM/[r(M)& o(M)]) (by (i)

Let o: M/[r(M)®o(M)] — [re(M)/T(M)] ® [r,,:D(M)/a(M)] be the canonical isomorphism defined
by oz +[r(M)®o(M)]) = (2, + (M), z, +o(M)) for z = Ty tz, €M with ¢, €70(M), z,€
Tq(M). Now
PMM[[r(M) ® o(M)])] = M(re(M)/T(M)] & [rq(M)/c(M)])
= AMre(M)/7(M)) & Mrq(M)/o(M))
= Are(M)/m(re(M))) & Xrq(M)/o(rq(M)))

(because 7(re(M)) = Te(M)N7(M)=r1(M) and o(rq(M)) = Tq(M)No(M) = o(M))

= (A 1)(1e(M))/m(1e(M)) & (- 0)(rqy(M))/a(rq(M))
[(A-7)(M)N7e(M)]/m(M) & [(A-0)(M) N 1e(M)]/o(M)
= [ 1)ATel(M)/T(M) & [(A-0) A Tg](M)/o(M).

Hence, — MM/[r(M)@o(M)]) = o~ [[(A-7) ATe)(M)/r(M) & [(A- o) Argpl(M)/o(M)]

= ([A-)ATel(M) @ [(A-0) A Tol(M))/[1(M) ® o(M)).
Therefore
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[A-(rva) (M) CIA-m)ATeI(M) & [(A-a) ATgl(M) C ([(A- ) AT V(A o) ATgl)(M).

It follows that A-(rVa) < (A-T)V(A-0). a

PROPOSITION 13. Let R be a ring and let C and D be module subcategories of Mod-R
such that CND={0} and M =T1o(M)®7q(M) for all M €Mod-R. Then the function
6: [O,TO:D] — torsp-R, defined by 6(o)= oV Te (c € [0,7'6])]) is one-to-one with image
[Tc, Ipod-pg) C torsp—R.  Furthermore, 0 is a complete lattice and monoid homomorphism which

preserves transfinite powers, that is to say, 8(c®) =0(c)* for all ordinals a > 0.

Proof. Since torsp-R is a complete modular lattice (Proposition 6), the fact that 6 is one-
to-one with image [TC, Iyod-g] and is a complete lattice homomorphism follows immediately from

Proposition0.1.3. Let 7,0 € [0,7'(,])]. Then
0(r)-6(cs) = (rV Te )-(oV TC)
=[r-(eVre)l Vire (o V1e)] (by Proposition 12 (iv))
[(r-a)v(r-rc)] \Y [(TC-O')V(TC-TC )] (by Proposition 12 (v)).

By Proposition 12 (iii), 7-7e =7V 1e and 7e-0 =TeVo. Moreover, Te Te=Te. It follows that

8(r)-6(c)

T-0)VTeVo

(
(r-o)VTe (since 70 >0)
o(r - o).

This shows that § is a monoid homomorphism.

It remains to show that f preserves transfinite powers. We shall prove, using transfinite
induction on a, that 6(c®)=6(c)* for all ordinals @ >0. The result is trivial if o = 1. Suppose

that §(c®) = 6(c)* for some ordinal a. Then

8(c*®) = 4(0% . 0) 0(c*)-6(c) (since 8 is a monoid homomorphism)
= 6(o)*-6(c) (by the inductive hypothesis)

= 0(0)*®1,
Now suppose that o is a limit ordinal and that §(c®) = 8(c)? for all ordinals 8 < a. Then

8(c®) = 6(V, <B<a ‘76) =Vocgca 9(06) (since @ is a complete lattice homomorphism)
=Vocg<ca 0(0)‘6 (by the inductive hypothesis)
= 6(0)“. O

We shall now examine a fundamentally important special case. Suppose R is a ring with
identity. In this case, it can be shown that the class Mod-R (zero) of all zero multiplication right
R-modules and the class Mod-R (unital) of all unital right R-modules are module subcategories of
Mod-R. (This is not always true for rings without identity.) For brevity, let us denote the set of all
torsion preradicals (resp. torsion radicals) on Mod-R (zero) by torsp-R(zero) (resp. tors-R (zero))
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and the set of all torsion preradicals (resp. torsion radicals) on Mod-R (unital) by torsp— R (unital)
(resp. tors-R (unital)). We have already used 7, to denote the torsion radical on Mod-R whose
hereditary torsion class is Mod-R (zero). Let 7. denote the torsion radical on Mod-R whose
hereditary torsion class is Mod-R (unital). It follows easily from Theorem0.3.1 that M =
Tero(M) ® Tyni (M) for all M € Mod-R. The hypotheses of Propositions 12 and 13 are therefore

satisfied, so we may conclude that the mapping o +— oV 7, defines a complete lattice and monoid

isomorphism from the interval [0,7,,] of torsp-R onto [7,c o, lyoa-g] € torsp-R.

Now suppose that R is an arbitrary ring and consider its Dorroh Extension R*. Replacing R

by R* in the above isomorphism, we obtain

*
zero> Iyog_g*] € torsp-R™.

torsp—R* (unital) = [r
Since Mod-R may be identified with Mod-R* (unital), torsp-R* (unital) may be replaced by

torsp-R in the above isomorphism to yield

~ *
torsp-R = [T,er01 lMod—R"‘] C torsp-R™.

§2. TOPOLOGIZING FILTERS.

It is a well known fact that much of the theory of torsion preradicals can be recast in terms of
“topologizing filters”. This different approach has some advantages. There are, for example, many
problems relating to torsion preradicals which are made more transparent when expressed in terms of
topologizing filters. Historically, topologizihg filters have always been studied in the context of rings
with identity. Since our approach is slightly more general than this, we have chosen again to include

some proofs.

Let R be a ring (not necessarily with identity). A nonempty set ¥ of right ideals of R is

said to be a right topologizing® filter on R if the following three conditions are met :

T1. if I€¥ and ICJ < Rp then J€%;
T2, if I,JE€F then INJ €F;
T3. if I €F then (I:,.a)€ ¥ forall a€R.

Notice that properties T1 and T2 just say that ¥ is a filter, in the usual lattice theoretic
sense, on the lattice of right ideals of R. We denote by Fil-R the set of all right topologizing filters
on R. It is easily shown that Fil-R is closed under arbitrary intersections, so Fil-R is a complete

lattice, when partially ordered by set inclusion C. 1t is also not difficult to show that the union of

sz way of motivation, we mention (but shall not need) the fact that filters of the right ideal lattice of R
satisfying condition T3 below are called topologizing because they are Just the sets of right ideals of R that form
neighbourhood bases at 0 for the so-called linear topologtes on R. Here, a topology T on R is called (right)
linear if the binary operation 4, the unary operation - and, for each r € R, the operation am— ra (a € R) are

continuous in 7, and there exists a neighbourhood base at 0 for = that consists of right ideals of R. For further
details, see [Gol87].
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any directed set of elements of Fil-R is an element of Fil-R, so by Corollary 0.1.6, Fil-R is an
algebraic lattice with respect to C. If X is a nonempty set of right ideals of R then, because Fil-R
is a complete lattice, there is a smallest right topologizing filter ¥ on R such that X CF. We call
F the right topologizing filter on R generated by X.

It is possible to define a binary operation - on Fil-R as follows. If ¥,§ € Fil-R, we define
.G = {K < Rp: there exists some H € ¥ such that K C H and (K:,a)€§ forall a€ H}.

It is clear from the definition that F.-§ D F,§ so, F-GD FV§ (the join of F and § in the lattice
(Fil-R; C)). It is easily checked that Fil-R is a semigroup with respect to the operation -. We
point out that, in general, there is no identity element for Fil-R with respect to -, so Fil-R is not a
monoid under this operation. If, however, the ring R possesses an identity element then the trivial
filter {R} € Fil-R acts as an identity with respect to -. A simple example illustrating the action of
the operation - is the following: for each ideal I of R, define n(I)={A<Rp:ADI}. Itis easily
checked that n(I) € Fil-R and that 7(I)-n(J) = n(I1J) for all ideals I, J of R. Observe that the filter
n(I) is idempotent (in the sense that n(I)?:=n(I)-n(I)=n(I)) if and only if the ideal I is

idempotent, i.e., if and only if =1

PROPOSITION 1. [Gol87, p55] The following conditions are equivalent for a right
topologizing filter ¥ on a ring R:
(i) ¥ is idempotent, i.e., F2 = ;
(it)y if I < Rp and there exists some J€F such that (I:.a)€F for all a€ J, then
Ie?. 0

A right topologizing filter F on R which satisfies the equivalent conditions of Proposition 1
above is called a right Gabriel filter on R.. We denote the set of all right Gabriel filters on R by
Gab—-R. It can be shown that Gab-R is closed under arbitrary intersections. Thus Gab-R is a
meet - complete subsemilattice of Fil-R and is a complete lattice with respect to C. Consequently,
if F € Fil-R then there exists a smallest element of Gab-R which is greater than or equal to ¥F; we
shall denote this element by ¥. Furthermore, if X is any nonempty set of right ideals of R, it is
possible to define, in the same way as was done for topologizing filters, the notion of the right Gabriel
filter on R generated by X for any nonempty set X of right ideals of R. We remark that Gab-R
need not, in general, be a sublattice of Fil-R, nor is Gab—R always a subsemigroup of Fil-R with
respect to - . As in the case of torsion preradicals, the operation - on Fil-R may be extended to allow

" for transfinite powers. If ¥ € Fil-R and « is a positive ordinal, we define:

Fl =g,
qa@1=¢,}a_q;

F*=Vo ¢ gca PP if a is alimit ordinal.

Notice that if F € Fil-R then {F*: a > 0} is an ascending chain of right topologizing filters on R. If
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o is the smallest ordinal for which ¥ = F2®1 it can easily be shown that ¥ is the smallest element

of Gab-R which contains ¥. The next proposition follows immediately.

PROPOSITION 2. Let R be a ring and F a right topologizing filter on R. Then T =g

. O
for some ordinal «.

Given a ring R and ¥ € Fil-R, we associate with ¥ a torsion preradical torsp¥ on Mod-R

defined by
(torspF)Y M) = {ze M:(0:2) € F}, M € Mod-R.

To show that torsp¥ is indeed a torsion preradical on Mod-R, take a € R and z,y € (torsp F)(M)
with M € Mod-R. Then (0:z—y)2(0:z)N(0:y) €F since (0:z),(0:y) € F. Consequently, z—y
€ (torsp F)(M). Also, (0:za) D((0:z):,a)€F, so (0:za) € F, i.e., za€ (torspF)(M). This shows
that (torsp F)(M) < M. Now suppose that N € Mod-R and ¢ € Hompg (M, N). If z € (torsp F)(M)
then (0:9(z))D(0:z)€F, so (0:9(z))€F. It follows that ¢(z) € (torsp F)(N). Consequently,
w[(torsp F)(M)] C (torsp F)(N). It is obvious that if L < M then (torsp F)(L) = LN (torsp F)(M), so
torsp F € torsp—R, as claimed. Henceforth, we shall regard “torsp” as a map from Fil-R to torsp-R.
We remind the reader that R* denotes the Dorroh Extension of a ring R.

LEMMA 3. Let R be a ring and F a right topologizing filter on R. Then the following
conditions are equivalent for a right ideal K of R:

(i) RR/K is (torspF)-torsion;

(i) Ke9.

Proof. Notice that if z = lo.+ K€ RR /K then (0:z)= K. This being so, (i) = (i)
follows immediately. Conversely, if K € ¥ then z € (torspF)(RR/K). Now R% /K is the smallest
submodule of R}p /K containing z, so we must have (torspF)(R%/K)= R%L /K. Thus (i) = (i)
holds. o

The following important theorem establishes the connection between topologizing filters and

torsion preradicals alluded to in the introduction to this section. Repeated use will be made of this

result.

THEOREM 4. If R is a ring then the map torsp: Fil-R — torsp-R (defined by F —
torsp F) is one-to-one, with image [Tsero IMod—R] C torsp—R.  Furthermore, torsp is a complete
lattice and semigroup homomorphism which preserves transfinite powers, that is to say,

torsp (F*) = (torsp F)* for all ¥ € Fil-R and all ordinals o > 0.

Proof. Tt follows easily from the previous lemma that if %,G € Fil-R and torsp¥ = torsp §
then for any right ideal K of R, we have K € F if and only if K€@, so $=@. This shows that

the map torsp is one-to-one. We show now that the range of torsp is [T sero - IMod-g)]:- Choose o €
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seror IMod-p] and define ¥ ={K <Rp:RR/K€eT,}. Since T, is closed under homomorphic
images (Proposition 1.1), it is easy to see that if K € ¥ and K C L < Rp, then Le¥. If K,LeF

[T

then RE /K,RR/LET,. Since T, is closed under submodules and direct sums (Proposition 1.3)
and R{/(KNL)S (RR/K)®(RR/L), we must have KNLEF. Finally, let a€ R and K € F.
Define ¢: Rp — (RR/K)®Z,,, by go(lR.-r + lpe-m)= (lR.-[ar+am] + K, m) for r€R,

m€Z. (Recall that Z € Mod-R is just the abelian group (Z;+,—,0) endowed with the zero

ZEro

multiplication.) It is easily checked that ¢ is an R-module homomorphism. Now,

Kerp = {lp.-r + 1p.-m:ar+am€ K and m =0}
={lgs'r+1pe-m:ar€ K and m =0}
={r€eR:ar€e K} =(K: a).

Also, R}, /(K:,a) = RE/Kergo ~Imp < (R}S/K)@Zzero. we must have (R*R/K)

®Z,,€T,, whence Ry /(K:.a)€T,, ie, (K:,a)€F. This shows that F € Fil-R. We claim
that torsp¥ = o. For suppose that M € Mod-R and z € ¢(M). Define

Since ¢ > 7,..,

(0:2)* = {lR.:r+1R.-m:xr+xm=0}.
~ Then
R%/(0:z) = Ry /[(0:2)*NR]

< zR*®(R%L/RR)
IR* @ Zzero
<oM)aZ

124

T, (because o > 1

Zero e [ zero) °

Thus (0:2) €F. Since (torspF)(M):={z e M:(0:z) € F}, it follows that (M) C (torsp F)NM).
Consequently, ¢ <torsp¥F. Conversely, if z € (torspF)(M) then (0:z) € F and so R /(0:z) € T,.
Since T, is closed under homomorphic images and (0:z)* D (0:z), we must have zR* = R%/(0:2)*

€T,. Therefore, z € o(M). Thus torsp¥ < o and so torspF = 7, as claimed.

Since the range of torsp is a complete sublattice of torsp-R, to show that torsp is a complete
lattice homomorphism, it suffices to show that if F,§ € Fil-R then torsp¥ < torsp§ if and only if
FCG. This assertion is easily verified; indeed, sufficiency is trivial while necessity follows from

Lemma3d. We show now that torsp is a semigroup homomorphism. Let ¥,§€ Fil-R and M ¢
Mod-R. Then

(torsp (F-G)Y(M) = {z € M: (0:z) € F -G}
={ceM:(BHeF)[(HD(0:2)) & (Vae H)(((0:z):,a) € §)]}
={ceM:(3HeF)[(HD(0:z)) & (Va € H)(za € (torsp §)(M))]}
(since ((0:2):,.a) = (0:za))
= {z € M: (3H € 9)[(H 2(0:2)) & (eH C (torsp G)(M))))
={zeM:(3H€F)[(H2(0:z)) & ((0: z + (torsp §)(M)) D H)]}.

Therefore, if z € (torsp (F-§))(M) then (0: z+ (torspG)(M)) D H for some HeF. It follows that
(0: 2+ (torsp§)(M)) € F, so
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z + (torsp §)(M) € (torsp F)(M /(torsp §)(M)) = ((torsp F) - (torsp §))(M)/(torsp §)(M).

If, on the other hand, it is the case that z + (torsp §)(M) € (torsp F)(M /(torsp §)(M)) then by taking
H =(0:z+ (torsp§)(M)), we obtain H € F and (0: z + (torsp§)(M)) = H D (0:z), so by the above,
z € (torsp (F-§))(M)). Thus (torsp(F-§))(M) = ((torspF)- (torsp§))(M), and so torsp(F-§) =
(torsp F) - (torsp §), as required. '

It remains to show that torsp preserves transfinite powers. We shall prove, using transfinite

induction on «, that torsp (F*) = (torsp ¥F)* for all F € Fil-R and all ordinals o > 0. The result is
trivial if & = 1. Suppose the result holds for some ordinal « > 0. Then
torsp (F*®1) = torsp (F*- F)

= torsp (¥*) -torspF (since torsp is a semigroup homomorphism)

= (torsp¥F)*-torspF (by the inductive hypothesis)

= (torsp F)*®1,
If « is a limit ordinal and torsp (¥?) = (torsp &)? for all positive ordinals 8 < a then

torsp (F%) = torsp (Vg ¢ g < o Fh)

= Vo< g < o tOISP (‘.Fﬂ) (since torsp is a complete lattice homomorphism)
= Vo< g<a (torsp F)8 (by the inductive hypothesis)
= (torsp ¥)“. a

The following result is an immediate consequence of Theorem 4 and Theorem 1.7.

COROLLARY 5. If R is a ring then [Fil-R]%:= ([Fil-R];A,V, +) is a lattice ordered

semigroup. O

In the sequel to Proposition1.13, we remarked that if R is a ring with identity then torsp-R
(unital) is isomorphic (as a complete lattice and as a monoid) to the interval [r ., 1y 4 pl of

torsp—R. We may therefore conclude from Theorem 4 that
Fil-R = torsp-R (unital).
We also remarked that if R is an arbitrary ring then
torsp-R = [7,..., lMod—R“] C torsp—-R*.
Since Fil-R* = [r, | lytoda-g*] (by Theorem 4), it follows that
Fil-R* = torsp-R.

The above isomorphism has an important corollary (already anticipated in the previous section): since
Fil-R* is clearly a set, we may regard torsp-R (and hence also tors-R) as a set. Furthermore, if €

1s any module subcategory of Mod-R we may also regard torsp-C and tors—C as sets since both

structures embed in torsp-R.
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EXAMPLE 1. Let R be a ring and let ¥ denote the set of all essential right ideals of R. It
is well known and not hard to prove that ¥ is a right topologizing filter on R. Notice that if M €
Mod-R then (torsp$)(M):={zx € M: (0:z) is essential in Rp} is precisely the singular submodule
Z(M) of M (see remarks preceding Proposition 0.9.5). Consequently, we write

Z =torsp 4.

It so happens that the ascending chain {Z%:a >0} terminates at an early stage; in fact it can be
shown that Z%=7: see [Ste75, Proposition 6.2, pl48]. The torsion radical Z is called the (right)

Goldie torsion radical and is sometimes also denoted by G.

§3. JANSIAN AND m-JANSIAN PRERADICALS AND TOPOLOGIZING FILTERS.

The main purpose of this section is to introduce the notions of a Jansian torsion preradical and
Jansian topologizing filter, and thereafter, the more refined notions of an m-Jansian torsion preradical
and m-Jansian topologizing filter where m is an arbitrary regular cardinal. As stated in the
introduction to this chapter, our major investment will be in the latter two types of notion. Indeed,
many of the results on Jansian preradicals and topologizing filters presented are intended merely to
motivate “m- Jansian” analogues. Nevertheless, some results pertaining to the “Jansian” property are
important in their own right; Proposition5, for example, shows that the lattice of ideals of an
arbitrary ring R embeds in the dual of the lattice of all (right) topologizing filters on R. It follows
therefore that the set of Jansian torsion preradicals on Mod-R carries at least as much information

about the ring R as does its ideal lattice. We shall have cause to exploit this fact in §5.

A preradical 7 on Mod-R is said to be Jansian if its hereditary pretorsion class T is closed

under direct products.

PROPOSITION 1. The following conditions are equivalent for a preradical T on Mod-R:
(i) 7 is Jansian;

(i) r(Ilier M) =1Il;cr 7(M,;) for every family {M;:i €T} of right R-modules.

Proof. (i) = (ii): Let {M;:i€T} be a family of right R-modules. Then II; er T(M;) is
a r-torsion submodule of [],cp M;, so [];cpr(M;)C T([l;er M,). But the inclusion
( ]_[]. er Nj)C ']_[], cr T(Nj) holds for any preradical r and any family of right R-modules
{N,:j €T}, so we must have T([lier M) =1l;cr 7(M)).

(i) = (i): Let {M,:i€T} be a subfamily of T,. Then [lierM;=Tl;er (M) =
m([lier M;), so [I;cr M;€T,. Thus 7 is Jansian. a

Recall that if 7 is a preradical on Mod-R then 7 denotes the smallest torsion preradical on
Mod-R such that 7> .
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LEMMA 2. Let T be a preradical on Mod-R. If t is Jansian then so 1s T.

Proof. By Proposition1.5 7(M)= M N r(E(M)) for all M € Mod-R. Let {M;:1i€ T} be
a subfamily of T». Since M;€ T for all i €T we must have M; C 7(E(M;)) for all i €. Hence
[Tier M;C HieFT(E(Mi))z"'(HieF EM;)eT. (by Proposition1), so [[;cr M;€T>.

Thus T is Jansian. ad

Henceforth we shall denote by Jans-R the set of all Jansian torsion preradicals on Mod-R.

PROPOSITION 3. Jans-R is closed under arbitrary meets and finite joins.

Proof. Let ACJans—R and set 7=AA. Let {M;:i€ I'} be a subfamily of T . Note

that for each o € A, we have
o([Tier M) =ier oMy 2 Tlier (M) = [lier M;:

Consequently, 7([Tier M;)=Nseao(Ilier M) = [Mier M;, and so [[;cpr M;€T,. This
shows that 7 = AA € Jans—R. Thus Jans-R is closed under arbitrary meets. Now suppose that A is
a finite subset of Jans-R. It is easily verified that the preradical p defined by p(M) = 3 , ¢ o o(M)
for all M € Mod-R, is the smallest preradical on Mod-R for which p >0 for all o€ A. (The
preradical p can be thought of as the join of A in the “lattice” of all preradicals.) Certainly then
7 =VA. To show that VA is Jansian, it suffices, in view of the previous lemma, to show that p is

Jansian. Let {M;:i €T} be a subfamily of T,. We have

P(H.‘EI‘M;') = EaeAU(HieFMi)
=3, cA (11, €T o(M;)) (by Proposition 1)
=[lier (Zoca o(M;) (because A is finite)
=Ilier p(M;) =Il;cr M; (because M, €T, forall i €T).

Thus p is Jansian, as required. O

It follows from the above that Jans—-R is a complete lattice as well as being a sublattice of
torsp-R. In fact, Jans—R is a meet-complete subsemilattice (but not necessarily a complete
sublattice) of torsp-R. If A is a nonempty subclass of Mod-R, we shall call A{r € Jans-R:
T_.D A} the Jansian torsion preradical on Mod-R generated by A.

If I is an arbitrary ideal of a ring R, we define n(I) = {A < Rp: AD I}. It is easily verified
that 7(I) is a right topologizing filter on R which is closed under arbiirary (rather than merely
finite) intersections. It turns out, in fact, that every right topologizing filter on R which is closed

under arbitrary intersections arises in this way.

THEOREM 4. The following conditions are equivalent for a right topologizing filter F

onaring R:
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(i) 7 is closed under arbitrary intersections;

i) NTFeF;

(iiil) F={A<Rp: ADI}:=n(I) for some ideal I of R;
(iv) F={A<Rp:AD(0:M)} for some M € Mod-R;
(v) torsp¥F is Jansian.

Moreover, if F is as in (iv), then torsp ¥ is the Jansian torsion preradical on Mod-R generated

by Mo

zero®

Proof. (i) = (ii) is obvious and (ii) = (iii) is proved by setting I = []¥. The equivalence
of (iii) and (iv) follows immediately from the fact that if I is an ideal of R then the annihilator of
the right R-module M = R} /I is I. (Recall that R* denotes the Dorroh Extension of R, which
was defined in Chapter 0, §4.)

(iii) = (v): Set 7 =torsp¥F =torspn(l). For each M € Mod-R, we have
(M) :={zeM:(0:z)€F} = {reM:zl =0},
so T,={M €Mod-R: MI =0}, which is clearly closed under arbitrary direct products. Thus
T € Jans-R.

(v) = (i): Let {I;:i€T} be a subfamily of ¥ and set r =torspF. Then R} /I; €T, for
all i€T, so by hypothesis, [];cr Rp/I;€T,. Let ’52{13*'*'1{}&61‘6 HieI‘RE/I;‘- Notice
that

NierLi = 0:{lpe+L}iep) = (0:2) €F.

Thus ¥ is closed under arbitrary intersections.

Finally, let 7 =torsp ¥ with ¥ asin (iv) above. Trivially, Z
(0:z)€F, so ze€r(M). Thus MeT, . It follows that M @7

€T,. Also,if £ € M then

Z€ro

zero € I~ Now suppose that

o€Jans-R and M®Z,,,, €T, We shall demonstrate that o >r. For each z€ M, let (0:z)*
denote the right annihilator of £ in R*. Then

RR/(0:M) = R /N, ep (0:2) = RR/((Nzem (0:2)*]NR)
S [H.‘L‘EM RI*Q/(O:I)*] @ (R*R/RR) = [HIEM IR*]eaZzero
< MMeBZzero €T, (because o is Jansian). -

Now let N € Mod-R and y € 7(N). Since (0:y)* 2 (0:y) 2 (0:M) and RE/(0: M) ¢ T, it follows
that yR* = R} /(0:y)* € T,, ie, y€o(N). Hence 7(N)Co(N). This shows that = <o, as
required. O

A right topologizing filter ¥ on a ring R will be called a Jansian topologizing filter if it
satisfies the equivalent conditions of the above theorem. Inasmuch as every T €[r,,., IMoq-g] is of
the form torspF for a suitable ¥ ¢ Fil-R (Theorem 2.4), Theorem4 shows that every Jansian

T € [Treros IMog-pg] is of the form torspn(I) for a suitable ideal I of R. Since Jans-R is a

sublattice and a meet-complete subsemilattice of torsp—R, it follows from Theorem 4 and Theorem 2.4
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that {F € Fil-R: ¥ is Jansian} is a sublattice and a meet-complete subsemilattice of Fil-R.

The reader will recall that in §1 and §2 we showed that [torsp-R] 9 and [Fil-R]4" have the
structure of lattice ordered semigroups which admit transfinite products (see Theorem1.7 and
Corollary 2.5).  Likewise, it is possible to define transfinite products in Id R, the lattice ordered

semigroup of ideals of an arbitrary ring R. If I €IdR and « is a positive ordinal, we define:

=1,
1991 = 1*.1: and

I"=MNocpca I, if « is a limit ordinal,

It turns out that the structures [Fil-R] and Id R are closely connected. The connection is made

clear in Proposition 5 below. Henceforth, we shall regard 7 as a map from Id R to [Fil—R]d“.

PROPOSITION 5. If R is a ring then the map n:I1d R — [Fil-R]%" is one-to-one and its

image is the set of all Jansian elements of [Fil—R]d“. Furthermore, 7 is a lattice and join-

~ complete semilattice homomorphism as well as a semigroup homomorphism.

Proof. The fact that 7 is one-to-one with image {F €[Fil-R]9: ¥ is Jansian} is an
immediate consequence of Theorem4. Clearly, for I,J € Id R, we have n(I)C n(J) if and only if
IDJ. Since {Fe [Fil—R]d“: F is Jansian} is a sublattice and a join-complete subsemilattice of

[Fil—R]d“, it follows that 7 is a lattice and join-complete semilattice homomorphism.

It remains to show that 7 is a semigroup homomorphism. If I,J € Id R then

n(1)-n(J) = {A<Rp: 3K en(I))(K 2 4) & (Vs € K)((A:,5) €n(J])))}
= {A<Rp: 3K <Rp)(K21I) & (K2 ADKJ))}

If Aen(I)-n(J) then certainly ADIJ, so n(I):n(J)Cn(IJ). Conversely, if A€n(IJ) then,
choosing K =1+ A, we have that KD I and KD ADKJ, so A €n(I)-n(J). Thus n(I)-n(J)=

n(1J), as required. O

It follows from the above proposition and Theorem 2.4 that the composition of the maps

n torsp

IdR [Fil-R] v

[torsp-R] ¢

is a lattice and semigroup monomorphism torspon from Id R into [torsp—R]d“, whose image is

{relans-R:7>r }d“.

Z€ero

Inasmuch as Gab-R denotes the set of all idempotent elements of Fil-R (see Proposition 2.1)

and n:IdR — [Fil—R]du is a semigroup monomorphism, the next result is obvious.

PROPOSITION 6. The following conditions are equivalent for an ideal I of a ring R:
(i) I is idempotent;
(ii) n(I) € Gab-R.
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PROPOSITION 7. If I is an ideal of a ring R then n(I*)2n(I)* for all ordinals

a > 0, with equality holding whenever o is finite.

Proof. Since 7:IdR — [Fil—R]d“ is a semigroup monomorphism, a straightforward
inductive argument shows that n(I%*) = n(I)* for all finite ordinals & >0. To establish the inequality
n(I*) D n(I)* for arbitrary ordinals «, we proceed by transfinite induction. If a =1, there is nothing
to prove. Suppose that n(I%) 2 r;(I)ﬂ for all positive @ <a. If « is a successor ordinal, say
a=v@®1, then

n(I%) = n(I"I) = n(I")-n(I) (since 7 is a semigroup homomorphism)
n(I)Y-n(I) (by the inductive hypothesis)
n(1)%,

1w/

as required. If o is a limit ordinal then certainly I* C I8 whenever 0 < f < a. Since the mapping
n:ldR — [Fil—R]d“ is order preserving, it follows that n(I%*)D n(Iﬂ) 2 n(I)ﬂ whenever 0 < 8 < a.
Consequently, n(I*) 2 Vg g< o n(I)ﬂ =n(I)%, as required. a

The following example shows that the inequality in Proposition7 may be strict in some cases.

EXAMPLE 1. Consider the ring R =Z and take I =2Z. Clearly I =g, ¢, 2°Z=0
so 7(I*) =n(0). However, if F denotes the topologizing filter of all nonzero ideals then ¥ 2 n(J) for

all nonzero ideals J of Z. In particular then, F 2V, . ., 7(I%). Therefore,
n(I¥) = n(0) 2 Voca<w n(I%) =V, <a<w n(1)* = n(I)*. o

Let m be an infinite cardinal. A preradical 7 on Mod-R is said to be m-Jansian if

[l;cr M; €T, whenever {M;:i€T} is a subfamily of T with |['| <m, i.e., T, is closed under

,.
direct products of fewer than m modules. Of course every preradical on Mod-R is X,-Jansian.
Suppose T is m-Jansian with m a singular cardinal and let {M;:4i €T} be a subfamily of T_ with
|T'|=m. Since m is singular, ' has a partition {I',:z € X} such that || <m for all z € X and
| X|<m. Tt follows from the definition that [T;cr M; = [T, x (IT;¢ r, M,)€T,.. Hence T is
m*-Jansian. Inasmuch as m? is regular, the previous definition loses no generality by insisting that

m be regular.

A simple adaptation of the proof of Proposition1 yields the following.

PROPOSITION 8. Let m be a regular cardinal. Then the following conditions are

equivalent for a preradical T on Mod-R:
(i) 7 is m-Jansian;

() 7(Il;er M) =TIlicr 7(M,) for every family {M;:i €T} of right R-modules such
that |T'| < m. O
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If m is a regular cardinal we shall denote by m-Jans-R the set of all m- Jansian elements of

torsp-R. Clearly then, X,-Jans-R = torsp~R and

Jans-R = (] m-Jans-R.
m > R,

Again, an obvious adaptation of the proofs of Lemma?2 and Proposition3 yield the following.

PROPOSITION 9. Let m be a regular cardinal. Then m-Jans-R is closed under

arbitrary meets and finite joins. a

If m is a regular cardinal and A a nonempty subclass of Mod-R then Proposition9 allows us
to define the m-Jansian torsion preradical on Mod-R generated by A as A{r € m-Jans-R:

T, D A}

THEOREM 10. Let m be a regular cardinal. Then the following assertions are equivalent
for a right topologizing filter ¥ onaring R:
(i) & is closed under intersections of fewer than m right ideals;
(i) there exists M € Mod-R such that F={A< Rp: AD(0:X) for some subset X of
M with | X|<m};
(iii) torsp ¥ is m- Jansian.
Moreover, if ¥ 1is as in (ii), then torsp¥ is the m-Jansian torsion preradical on Mod-R

generated by M o Z

zero’

Proof. (i) = (iii): Suppose ¥ € Fil-R satisfies (i) and set 7 =torsp¥. Let {M,:i €T} be
a subfamily of T, with [I'|<m. If = {z;};cp€[[;cr M; then (0:2)=;cr (0:2;)€F s0
z€1([l;cr M,). Thisshows that [],cr M;€T,. Thus 7 =torsp¥ is m- Jansian.

(iii) = (ii): Set 7 =torsp¥F and M = Sacqa Ry /A. Define §={A<Rp: A2 (0:X) for
some subset X of M with |X|<m}. For each A€ ¥, we have RR/A€T_. Consequently,
(0:z)eF for all ze M. Let X={z;:icIl} be a subfamily of M with IT| <m. Since

T €m-Jans—R, we have I:{Ii}iEFGMFET‘ﬂ so (0:z)=(0:X)e¥F. This shows that §C .
Now choose K € ¥ and z = {IA}AEG.FEM with

0, if A¢K;
;L‘A =
lps+ A, if A=K,
Then K =(0:z) €@, so FC§. We conclude that F = §, as required.

(ii) = (i): Suppose {A;:i €T} is a subfamily of ¥ with IT| <m. Then there exist subsets
X; of M such that A;2(0:X,) and | X;|<m for all i€ T. Therefore Nier 4,20:U;er X))
and [UJ; cr X;| < m (because m is regular). Thus Nier 4; €%, so (i) holds.

Finally, let 7 =torsp¥ with & as in (it) above. Trivially, Z,,.,€T,, alsoif z€ M then
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(0:z)€F, so ze€7(M). Thus MeT,. It follows that M@ Z,, €T, . Suppose that o €
m-Jans-R and M &7, €T, We shall demonstrate that o > r. Suppose first that X C M with
| X| < m. Foreach z€ M, let (0:z)* denote the right annihilator of = in R*. Then

RE/N,ex (0:2) = RR/(Nyex (0:2)]NR)
S [aex BR/0:2)* 10 (RR/RR) = [[1; e x R*1® Lyero
< MXa1z

R} /(0:X)

Il

sero € T, (because o is m- Jansian).

Suppose now that N € Mod-R and y € r(N). Then (0:y) 2 (0:X) for some subset X of M with
| X|<m. Since (0:y)*2(0:y)2(0:X) and R%/(0:X)€T,, it follows that yR* = R}, /(0:y)*
€T, ie, y€ o(N). Thus r(N)Ca(N). This shows that T < o, as required. O

A right topologizing filter ¥ on a ring R which satisfies the equivalent conditions of

Theorem 10 will be called an m- Jansian topologizing filter.

PROPOSITION 11. Let m be a regular cardinal. Then the following assertions are
equivalent for an arbitrary ring R:

(i)  every 0 € [Ty IMoa_r] 15 m-Jansian;

(i) every ¥ € Fil-R is m-Jansian;

(iii) for every chain A of right ideals of R with | A] < m, there exist D€ A and a
finite Y C RY% such that (D:,Y)C (1A (where (D:,Y):={reR:YrC D});

(iv) for every nonzero ordinal § < m and every descending chain {A,: @ € B} of right
ideals of R, there exist vy € f and a finite Y C RE such that (A,Y:TY) - naGB A,
(where (A:,Y):={reR:Yr C A });

(v) for every M € Mod-R and every subset X of M with | X|<m, there exists a
finite subset Y of M with (0:Y)C (0:X).

“/:T

Proof. The equivalence of (i) and (ii) follows immediately from Theorem 10 and

Theorem 2.4.

(i) = (iii): Given A asin (iii), let F={K < Rp: K D (A:. Y) for some A € A and some
finite Y C RR}. Then ¥ € Fil-R so ¥ is m-Jansian, by (ii). Now A C %, since A = (A:r'{lR.})
for every A € A, and |A| <m so [|A €F, which is the desired result.

(iii) = (iv) is immediate.

(iv) = (v): Let M € Mod-R and consider X C M with [X|<m. Let X ={z_ :a €} be

a well ordering of X where, necessarily, the ordinal § is less than m. Let Xy = {0} C M and for
each positive a <, let X = {rz:6<a}. Set A, =(0:X,) for each a <. We claim that for
every a < f3, there is a finite subset 7, of M such that A, 2(0:Z_,). The proof is by transfinite

induction on a. The claim is true for a =0, since Ay = R; if it is true for an ordinal a < g8, it is

also true for the ordinal a®1, since we may take 7,4 =Z_,U{z,}. Now suppose that « is a limit
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ordinal and that the claim is true for all ordinals 6§ < a. By (iv), there is an ordinal y <« and a
finite U C Rp such that (A,: U)C Nscq, As= A, Note that Z, is finite, by the inductive
hypothesis. Let U = {lR.-ai + lpem:i= 1,2,...,n} with ¢;€R and m;€Z for all i€
{1,2,...,n}. Define Z,={za;:2€Z, and 1<i<n}U{em;:2€72, and 1<i<n}. Then Z, is
a finite subset of M and the right annihilator in R of Z, is contained in (A_Y:,_U), and therefore in
A,, as required. Our claim is thus vindicated and in particular, we have (0:X)= Ag2 (0:Y) for
some finite subset Y of M. This completes the proof of (v).

(v) = (ii): Let ¥ € Fil-R. Certainly, ¥ is R,-Jansian, so by Theorem 10, there must exist
an M € Mod-R such that ¥ ={A < Rp: AD(0:X) for some finite subset X of M}. It follows

from (v) and Theorem 10 that ¥ is necessarily m-Jansian. a

Proposition 11 remains true if the ring R has identity, the interval [7,.., lyog-r] i
condition (i) is replaced by torsp-R (unital), and we replace all occurrences of R* by R and all

occurrences of Mod—-R by Mod-R (unital).

A nonzero ring R satisfying the equivalent conditions in the above proposition is said to be
right m-closed. (Of course, every nonzero ring is right R,-closed.) Inasmuch as every nonempty
family of right ideals of a right artinian ring has a minimal member, it is easy to see that condition
(ii) of Proposition1l holds for all regular cardinals m whenever R is right artinian. Thus every
nonzero right artinian ring is right m-closed for all regular cardinals m. It is natural to wonder
whether there are cardinals m for which the converse is true. In particular, must a right R,-closed
ring be right artinian? We shall address this question (and some other natural questions) in the next

section.

§4. m- CLOSED RINGS.

The study of m-closed rings (for m >R,) and the comparison of their properties with those
of artinian rings is motivated by the fact that the following three conditions on a ring R with identity
are equivalent (see [BB78, Corollary 3.3, p25]):

(i) every F € Fil-R is Jansian;

(ii) every right R-module is finitely annihilated ;

(iii) R is right artinian.

Two questions arise naturally. First, does the above result hold for nonzero rings without identity ?
We remarked in the sequel to Proposition3.11 that if R is a nonzero right artinian ring then every
¥ €Fil-R is m-Jansian for all regular cardinals m. Thus (iii) = (i) is certainly valid for rings
without identity, but does (i) = (ii) = (iii) hold in the more general setting of rings without identity ?
Secondly, are there regular cardinals m such that every right m-closed ring is right artinian? In

particular, must a right R,-closed ring be right artinian ?
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In Theorem 16 we answer the first question in the affirmative while in Theorem 20 we provide
a negative answer to the second. More specifically, we show that for every regular cardinal m, there is
a ring R which is right m- closed but not right n-closed for any regular cardinal n > m. In fact, we
shall be able to choose R to be a right chain domain with identity, having just one nontrivial (two-
sided) ideal, such that the chain of all nonzero right ideals of R contains a dually cofinal copy of the
cardinal m (considered as a well ordered set). It is here that the construction techniques developed in

ChapterI find application.

THEOREM 1. FEvery right X;-closed ring enjoys the ascending chain condition on right
topologizing filters.

Proof. Let R be a right X;-closed ring and suppose that, contrary to the statement of the
theorem, there is a strictly ascending chain ¥, G ¥, CF, G ... in Fil-R. For each a €R,, choose
1,€%,51\F, Consider M =@, R, Ry /I,. Foreach B €N, define z(8) = {z(B),}, en, € M

by Lpe+1g, if a=p;
2(B)o =
0, if a+4,

and set X = {z(B) : # € Xy}. By Proposition3.11, there exists a finite subset Y of M such that

(0:Y) C(0:X) = (] (0:2(8)) = N I,
BeR, BeEX,

Since Y is finite, we must have Y C @, < Ry /1, for some finite subset T' of R,. It follows that

Nse R I52(0:Y)€ ¥, for some (sufficiently large) a € R, a contradiction. O

In any complete lattice, the ACC is equivalent to the condition that every element of the
lattice be compact (in the sense of Chapter0, §1). A right topologizing filter ¥ on a ring R is
compact if and only if there is a right ideal I of R such that ¥ is the smallest topologizing filter on
R with I €¥. Such an ¥ has an explicit description as F = {4 < Rp: A D (I:.X) for some finite
X CRYR}. 1t follows from Theorem3.10 that torsp ¥ is the torsion preradical on Mod-R generated
by Ri/I. (The component Z,.., referred to in Theorem 3.10 is clearly superfluous in this case, since
Z,.., is an epimorphic image of R} /I.) Also, a routine modification of (Gol87, Proposition 2.18,
p22] shows that under these conditions, the hereditary pretorsion class of torspf consists precisely of
the homomorphic images of submodules of direct sums of copies of R} /I. As usual, when R has
identity, we may refine all of the foregoing observations, simply by substituting R for R*,

Mod-R (unital) for Mod-R, and regarding torsp¥ as an element of torsp—R (unital).

In Proposition 3.5, we showed that the map n:Id R — [Fil-R]¥" is one-to-one and order

preserving. The following corollary to Theorem 1 is therefore immediate.
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COROLLARY 2. Ewvery right X;-closed ring enjoys the descending chain condition on
(two-sided) ideals. o

The next two corollaries are trivial consequences of the above result.

COROLLARY 3. Every right duo (in particular, every commutative) right R,- closed ring

is right artinian. 8]

COROLLARY 4. If I is an ideal of a right N;-closed ring R and o is an arbitrary

nonzero ordinal then I® = I® for some finite ordinal S. a

The next corollary also follows easily from Theorem 1.

COROLLARY 5. Let R be a right R,-closed ring. If F€Fil-R and o is an arbitrary

nonzero ordinal then F* = F8 for some finite ordinal B. O

Since n:IdR — [Fil—R]d“ is a semigroup monomorphism, Corollary 5 is just an extension of
Corollary 4. Recall that if 7 € torsp-R then there is a (unique) smallest torsion radical greater than
or equal to 7 which is expressible in the form 7% for some ordinal & (Proposition1.9). It follows
from Corollary5 that if R is a right R,-closed ring and 7 €[r,. ., lyjoq_g] then 7= 8 for some
finite ordinal 3.

PROPOSITION 6. Given a ring R, let §={A< Rp:Rp/A is artinian}. Then § is a
right topologizing filter on R and the following conditions are equivalent for any right
topologizing filter F on R such that F C§:

(i) F satisfies the descending chain condition (i.e., there is no infinite strictly

descending chain of right ideals in F);

(ii) & is Jansian;

(i) F is R;-Jansian.

Proof. The first assertion is well known and follows easily from the fact that the class of
artinian right R-modules is closed under homomorphic images, submodules and finite direct products.
(Indeed, if A,B€§ and ACC < Rp then Rp/C is a homomorphic image of Rp /A, while
Rp/(ANB)<(Rr/A)®(Rp/B) and Ry /(A:,a) S Rp/A forall reR.)

[t is easy to see that (i) = (ii) = (iii) hold for any ¥ € Fil-R.

(iii) = (i): Suppose, contrary to (i), that ¥ contains a strictly descending infinite chain of
right ideals, say 432 4,24,2.... If I= naGROAa then I € FCG, hence Rp /I is artinian.
But Ao/IQ A/1Q Ay/I Q... is a strictly descending infinite chain of submodules of Rp/I, a
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contradiction. O

Define ¥ = {A < Rp: A contains a finite intersection of maximal proper right ideals of R }-
It is easily checked that F is a right topologizing filter on R. We remark that for a proper submodule
N of a module Mg, the module M/N is finitely generated and semisimple if and only if N isa
finite intersection of mazimal proper submodules of M. Indeed, if N is a finite intersection of
maximal proper submodules Ly, Ly,...,L; of M then M/N < iéoM/Li' Since ‘_éoM/Li is finitely
generated and semisimple, M /N is finitely generated and semisimple. Conversely, if M /N is nonzero,
finitely generated and semisimple then M/N: é S-/N for suitable submodules S; of M with
N C S, such that each S;/N is a simple submodule of M/N. Tt may be checked routinely that L,
S. is a maximal proper submodule of M for j=0,1,...,k, and that ﬂ L;=N. Consequently,

we]could have defined ¥ as {A < Rp: Rp /A is finitely generated and semlslmple}

PROPOSITION 7. Let ¥ ={A< Rp: A contains a finite intersection of maximal proper
right ideals of R}. Then the following assertions are equivalent:

(i) ¥ is N;-Jansian;

(i) Rgr/NF is a finitely generated semisimple module.

Proof. It follows from the above remarks that (ii) holds if and only if F € ¥, ie., F is

Jansian. By Proposition 6, & is Jansian if and only if (i) holds. - O

We remind the reader that J(R) denotes the Jacobson radical of a ring R.

COROLLARY 8. If R is a right XN,-closed ring then R/J(R) is a semisimple artinian

rz'ng,3 and is therefore either zero or isomorphic to a finite direct product of finite dimensional

matriz rings over division rings.

Proof. If ¥ is chosen as in Proposition7, it is obvious that (¥ C J(R), so R/J(R) is a
semisimple (right) artinian ring. Also, of course, J(R/J(R))=0. If R/J(R)+0 then by the Artin-
Wedderburn Theorem (Theorem 0.7.1), we must have R/J(R) isomorphic to a finite direct product of

finite dimensional matrix rings M, (D,) over division rings D; for some finite nonzero cardinals n,. O
1

The next three results will be required in Theorem 15.

LEMMA 9. Let N be a submodule of a right R-module M and let Fn (resp. Fpp) be the
set of all essential submodules of N (resp. M). Let m be an arbitrary infinite cardinal. If Fp

is closed under intersections of fewer than m submodules then so is Fn-
Proof. Let L be a fixed orthogonal complement for N in M. It is known that N L is

A ring R with identity such that R/J(R) is semisimple artinian is called a semilocal ring - see remarks
following Theorem 0.5.4.
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essential in M. If A€ Fy then AQL is essential in N @ L which is, in turn, essential in M, so
A® L€ Ty The association A —A@®L (A€ Fy) therefore defines a map from Fy to Fpy. Let
{A;:i €T} be asubfamily of ¥y with || <m. Then {4;@L:7i€ T} is a subfamily of ¥,, and so,
by hypothesis, (;cp (4;®L)=(N;er A)OLETF - Clearly, we must have [); . 4;€ Ty,

so Fp is closed under intersections of fewer than m submodules. a

A subgroup H of an (additively written) group G will be called an essential subgroup of G
if HN A %0 for all nonzero subgroups A of G.

I;EMMA 10. Let G be a nonzero (additively written) abelian group and let F denote the
set of all essential subgroups of G. Then the following assertions are equivalent:

(i) T is closed under countable intersections;

(i) F is closed under arbitrary intersections;

(iii) socGy is essential in Gyg;

(iv) G 1is a torsion abelian group;

(v) E(Gp) 2 ®¢r E'(Zp'_) 2 ®er Zp?o for suitable (not necessarily distinct) positive

prime integers p;, indezed by a suitable (not necessarily finite) set T.

Proof. (ii) = (i) is trivial. The equivalence of (ii) and (iii) follows from Proposition 0.3.2.

It follows from Theorem0.4.3 that every injective Z-module (i.e., divisible abelian group) is
r

isomorphic to Q(Z )63 (@, er Zpoo) for some set I' and some family {p,:i €T’} of (not necessarily
distinct) positive prime integers. In view of the fact that G is torsion if and only if E(G) is torsion

(as an abelian group), we may infer the equivalence of (iv) and (v).

(i) = (iv): Suppose G is not torsion. Then the group (Z;+,—,0) embeds in G. Since ¥ is
closed under countable intersections, it follows from the previous lemma that the set of all nonzero

subgroups of (Z;+,—,0) is closed under countable intersections, a contradiction.

(iv) = (iii): Suppose G is torsion and let 0+ z € G. Suppose z has order n € N. Write
n=mp with m,p €N and p prime. Clearly y =zm has prime order so zZ N soc GZ £+ 0. This
shows that soc GZ is essential in GZ' 0

If I is an ideal of a ring R then it is a routine matter to check that the map from Fil-R to
Fil-(R/I) defined by
F {A/I: A€F} (F€Fil-R)

" is onto and preserves the m- Jansian property. This establishes the first assertion of the next result.

PROPOSITION 11. Let m be a regular cardinal. Then:

(i)  all nonzero homomorphic images of right m-closed rings are right m-closed;

(i) every right m-closed ring is isomorphic to a finite direct product of
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indecomposable right m- closed rings.

Proof. (i) has been explained above and (ii) follows easily from (i) and Corollary 2. O

The converse of (ii) is true for rings with identity and is easy to prove, e.g., by using the
criteria for m-closure given in Proposition3.11. In other words, a finite direct product of right
m- closed rings with identity is right m-closed. Consequently, a ring with identity is right m- closed
if and only if it is isomorphic to a finite direct product of indecomposable right m-closed rings (with

identity).

In Corollaries 2 and 8, we exhibited a number of “artinian-like” properties of m- closed rings
(for m >R,). The implied similarity between artinian and m-closed rings will be reinforced by
Theorem 15, which shows that several large classes of right m-closed rings (m >R,;) are necessarily

right artinian. We first need to introduce the notion of “Gabriel dimension”.

Gabriel dimension has as an ancestor the notion of classical Krull dimension, defined originally
for finite ordinals and commutative rings only (a definition appears in ChapterIll, §4), has been
generalized to arbitrary ordinals and to modules over an arbitrary ring. Gabriel dimension, which
bears the name of its inventor P. Gabriel [Gab62], is one of several such generalizations in the

literature.

Let R be an arbitrary ring. We define a chain {o,}, (indexed by the ordinals) of torsion
radicals on Mod-R as follows:

(i) oy=0.

(i) Suppose that o, has been defined. We call a right R-module M «-simple if
M e F"a' yet M/N € T"a for all nonzero submodules N of M. Let ¥, denote the class of all
o-simple right R-modules and let 7(¥_) denote the torsion radical on Mod-R generated by f,. We
define 0,4, =0, V 7(¥,) (the join is calculated in tors-R).

(iii) If « is a limit ordinal and o5 has been defined for all ordinals 8 < a, then we define

oa=Vgcag (the join is again, calculated in tors-R).

We call the chain {o,}, the Gabriel filtration on Mod-R. If M € Mod-R, we say that
M has Gabriel dimension if the set of ordinals 8 for which M ¢ Toﬂ is nonempty ; if, in addition,
a is the least element of this set of ordinals, we say that M has Gabriel dimension a, abbreviated
G-dimM =o. Thus G-dimM <« if and only if M € T"a' It is possible that there is no ordinal
a for which M € T"a' In this case we say that M has no Gabriel dimension. The ring R is said to
have right Gabriel dimension o if G-dim Rp =a. If this is the case for some ordinal «, then R is

said to have right Gabriel dimension.

Observe that the 0-simple right R-modules are precisely the nonzero simple modules. It
follows that o, is the torsion radical on Mod-R generated by the class of all nonzero simple right
R-modules. In other words, oy is the smallest torsion radical on Mod-R for which o (M) D soc M

for all M € Mod-R. Inasmuch as soc denotes the smallest torsion radical on Mod-R for which
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soc > soc € torsp—R, the following lemma is immediate.
LEMMA 12. If {0}, denotes the Gabriel filtration on Mod-R, then o) = SoC. B

PROPOSITION 13. The following assertions are equivalent for any right R-module M :
(i) every nonzero homomorphic image of M has a nonzero socle;
(i) G-dimM <1;

(i) soc®*M =M for some ordinal a.

Proof. The equivalence of (ii) and (iii) follows because G-dimM <1 if and only if

Me Tt,1 and o, =3506¢ =soc” for some ordinal a (by Proposition 1.9).

(i) = (iii): By Proposition1.9, we may write 56¢ as soc® for some ordinal a. Now

soc (M /Soc M) C soc(M/soc M) =0, so by (i), M/soc M =0, i.e., soc*M = M.

(iii) = (i): Suppose, contrary to (i), that soc(M/N) =0 for some proper submodule N of
M. A routine transfinite induction argument shows that soc®(M/N) =0 for all ordinals 8> 0. In
particular, soc*(M/N)=10. It follows that (soc*M)/N Csoc*(M/N)=10, so M =soc*M =N, a

contradiction. O

A right R—-module M which satisfies the equivalent conditions in Proposition 13 above is

called semiartinian.

We introduce another well known generalization of the classical Krull dimension, which is

related to Gabriel dimension.

Let R be an arbitrary ring and M € Mod-R. The (generalized) Krull dimension of M,
abbreviated K-dim M, is defined as follows:

(i) If M=0, then K-dimM = -1.

(i) If o is an ordinal and K-dimM £ o, then K-dim M = & provided that every infinite
descending chain M = My 2> M, D M, D ... satisfies K-dim (Mg/Mgg,) < a for some f > 0.

It is possible that there is no ordinal @ such that K-dim M = «, in which case we say that
M has no Krull dimension. We say that M has Krull dimension if it has Krull dimension o« for
some ordinal a or for & = ~1. The ring R is said to have right Krull dimension a if K-dim Ry

=a, and R is said to have right Krull dimension if this is true for some ordinal & or for o = — 1.

We refer the reader to Gordon and Robson’s papers [GR73],[GR74] and to [NV87] for a

detailed exposition on Gabriel and Krull dimension.

It is clear from the definition that the right R-modules having Krull dimension 0 are precisely
the nonzero artinian modules. Note also that K-dim ZZ =1, since every proper factor module of ZZ

is finite. It is known, more generally, that if R is an arbitrary ring then every noetherian right
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R-module has (not necessarily finite) Krull dimension (see [GR73, Proposition1.3, p7] or [NV87,
Corollary 3.1.8, p124]).

The following result, which is due to Gordon and Robson, shows that a module with Krull

dimension must have Gabriel dimension.

PROPOSITION 14. [GR74, Theorem 2.4, p464] If M is a right R-module with Krull

dimension then M has Gabriel dimension and

K-dimM < G-dimM < (K-dmM)®1. 0

Following [Fai76, p155], we call a ring R a right B-ring if every nonzero unital right

R-module contains a maximal proper submodule.

THEOREM 15. The following conditions are equivalent for a right N;- closed ring R:

(i) Rp has Gabriel dimension;

(ii) there exists a right R-module M with Gabriel dimension such that (0:M)C (0:, R);
(ii) J(R) is nilpotent;

(iv) R is a right B-ring;

(v) R is right artinian.
Proof. (v) = (i) and (i) = (ii) are obvious.

(ii) = (ii)): 1t follows from Corollary4 that J(R)” is idempotent for some finite ordinal 7.
We shall demonstrate that M -J(R)” =0 for all right R-modules M with Gabriel dimension.

We use transfinite induction on G-dim M. Let {o,}, be the Gabriel filtration on Mod-R.
Recall that if a is an ordinal then G-dimM <« if and only if MeT,_, . If G-dimM =0 then
M =0 and so M-J(R)”=0. Now suppose that N-J(R)? =0 for all Nae Taﬂ and all #<a. If
« is a limit ordinal then T"a =Ug<a Taﬂ and therefore N-J(R)Y =0 forall N € T"a' Suppose
o« is a successor ordinal, say o =6@®1, and le¢ M be a 6-simple right R-module. Then

M/N e T”& for all nonzero submodules N of M. By the inductive hypothesis, (M/N)-J(R)" =0

for all nonzero submodules N of M, i.e.,
M-JIRWYCN{N<Mp:N+0} =L
If L+0 then L is a simple module, in which case, L-J(R)Y C L-J(R)=0. Therefore,
M-J(R)"=M-J(R)Y-J(R)YC L-J(R)"= 0.

We have thus shown that M -J(R)Y =0 for all M € T%U {N € Mod-R: N is é-simple} =C,, or
equivalently, C;C{M € Mod-R: M -J(R)” =0}, which is the hereditary pretorsion class of
torsp7(J(R)Y). Since o, is, by definition, the torsion radical on Mod-R generated by C;, and
torspn(J(R)Y) is itself a torsion radical on Mod-R (Proposition3.6), it follows that Taa<_:
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{M € Mod-R: M -J(R)Y =0}. This completes the inductive argument.

By hypothesis, we may choose M € Mod-R such that M -J(R)?Y=0 and (0:M)C(0: R).
It follows that R-J(R)Y =0 so J(R)?-J(R)Y =J(R)Y=0. Thus J(R) is nilpotent.

(iii) = (iv): Suppose J(R)Y =0 for some finite ordinal y >0 and let M be a nonzero unital
right R-module. Note that M -J(R) G M, otherwise

M=M-JR =M-JR?!=..=M-JR) =0,

a contradiction. Consider the nonzero right R-module N = M /(M -J(R)). Since N-J(R) =10, we
may regard N as a unital right module over the ring R/J(R). Inasmuch as M-J(R)G M = MR,
we cannot have R/J(R)=0. Since R/J(R) is a nonzero semisimple artinian ring (Corollary 8), it
follows that N is a semisimple right R-module. Consequently, ¥ must contain a maximal proper

submodule, and it follows that the same is true of M. We conclude that R is a right B-ring.

(iv) = (v): Consider the right topologizing filter §={A4 < Rr: Rg/A is artinian} on R.
Since § is Jansian (by Proposition6), I = (|§G€§. Suppose I +0. If IR =1 then, since R is a
right B-ring, Ip has a maximal proper submodule, say K. Now Rp/I is artinian since I € §,
while of course Ip/K is also artinian, so Rp/K is artinian (by Theorem0.3.3), Le., K €4,
contradicting the definition of I. Consequently, we must have that I 2 IR.

Consider the nonzero ring R = R/IR. By Proposition1l, R is right R,-closed while R is
obviously a right B-ring, since the R-submodule structure of any right R-module coincides with its
R-module structure. Moreover, {4 < 1_21—2 : RE/A is artinian} is a Jansian right topologizing filter on
R with smallest element I = I/IR +0. We lose no generality, therefore, in identifying R and R and
identifying I and I and assuming that I 21IR=0.

Now consider ¥ ={A < Rp: A contains an essential subgroup of the group (I;+,—,0)}.

We shall show that ¥ € Fil-R. The only nontrivial step is verifying that (A:.a) €% whenever

A€F and a€ R. For each a € R, consider the map ¢,: Rp — Rp defined by ¢,(r) =ar for all

r€R. Tt is clear that ¢, € Endp(RR) and ¢,[I]C I (since I is an ideal of R). Furthermore, if

A< Rp and ADG for some essential subgroup G of (I';+,—,0), then (4:.a) = {r € R:ar € 4}

2 [A] 2 4;Y[G). Since G is essential in (I;+, —,0), it follows that ¢;1[G]NI is essential in
(I;+,—,0). Thus (A:_.a)€F, as required.

Observe, however, that the right ideals of R contained in I are precisely the subgroups of
(I;4+,—,0), because TR =0. Consequently, setting G = (I54+,—,0), we have that every essential
subgroup of G is an element of ¥. By hypothesis, though, ¥ is R 1-Jansian, so the set of essential
subgroups of G is closed under countable intersectioné. By Lemma 10, E(GZ) Z®;crl % for
suitable prime integers p;, i €. For each finite subset © of T, set Go= 9, €r\o z % < E(GZ)
Since each Zpoo satisfies the DCC on subgroups (see remarks preceding Theorem 0.4. 3), 1t follows that

E(G7)/Go = ®co Z % satisfies the DCC on subgroups. Now
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G/(GNGg) = (G+Gg)/Ge < E(G7)/Go,

so G/(GNGg) satisfies the DCC on subgroups. Again, since IR =0, GNGg is a right ideal of R
and so Ip/(GNGg) is an artinian module. Since Rp/I is artinian, we must have that
Rp /(GNGg) is artinian, which contradicts the minimality of I unless GNGg =G, ie., G CGg.
We therefore have G CGg = @ r\o Zp?o for all finite subsets © of I'. But this can only be the
case if G =0, contradicting our assumption that I3 IR=0. It follows that 0=1¢
{A<Rp:Rp/A is artinian}, i.e., R is right artinian. o

It follows from the above theorem that any ring with right Krull dimension (in particular,

any righi noetherian ring) which is right R,- closed is right artinian.

Condition (iii) of Theorem 15 points to the fact that m-closure is a highly asymmetric
property: if R is a ring which is right but not left artinian then R is right m-closed for all

regular cardinals m, but since J(R) is nilpotent (Proposition0.5.5), R is left m-closed only for

QR

m = R,. (We remind the reader that the upper triangular 2x2 matrix ring ( 0 R

) is an example

of a right but not left artinian ring.)

The following result generalizes [BB78, Corollary 3.3, p25] to rings without identity. Its proof

makes use of the previous theorem.

THEOREM 16. The following conditions on a nonzero ring R are equivalent :
(i) every 0 €[T,er0r IMod_g] 15 Jansian;

(ii) every ¥ € Fil-R is Jansian;

(iii) every right R-module is finitely annihilated

(iv) R is right artinian.
Proof. The equivalence of (i) and (ii) follows immediately from Theorems 2.4 and 3.4.

(iv) = (iii): Let M € Mod-R. Since R is right artinian, the set {(0:Y):Y is a finite subset
of M} must have a min-imal member, say (0:X). The minimality of (0:X) clearly implies that
(0:X)=(0:M). Thus M is finitely annihilated.

(iif) = (ii): Let ¥ € Fil-R. By Theorem 3.10 ((i) => (ii)), there exists M € Mod—R such that
F={A<Rp: AD(0:X) for some finite X C M}. By hypothesis, NF=(0:M)=(0:X) for some
finite subset X of M, so NF € F, i.e., F is Jansian.

(i) = (iv): Let I be an arbitrary proper ideal of R. Let ¥ 1 denote the set of all essential
submodules of Rp /I and define ¥ = {4 < Rp:AD1 and A/I€%,}. It is a routine matter to
check that ¥ € Fil-R and that (F)/I = (%F;. By hypothesis, ¥ € ¥, whence NF €%y, ie.,
(¥, is an essential submodule of Rp /1. Recalling, however, that (%, =soc (Rp/I)
(Proposition 0.3.2), we find that we have proved that soc(Rgp/I)#$ 0 for all proper ideals I of R.

Now consider the torsion preradical soc on Mod-R. By Proposition 1.9, 56¢ = soc® € tors—R for
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some ordinal o. Since soc(Rp/S6¢(Rp)) =0, it follows from the above argument that Rp =
soc(Rp) = soc®(Rp). By Proposition13, G-dim Rp=1. The fact that R is right artinian follows
from Theorem 15. o

If m is an arbitrary nonzero cardinal and R an arbitrary ring, we shall say that a right
R-module M is m-annihilated if there exists a subset X of M such that [X|<m+1 and (0:X)
=(0:M). Thus every module Mp is m-annihilated for some m < IM|+ and an ¥,-annihilated
module is just a finitely annihilated module. The following lemma is an immediate consequence of

Proposition 3.11 (v).

LEMMA 17. Let m be a regular cardinal. If a ring R is right m-closed then every
m - annthilated right R-module is finitely annihilated. -0

PROPOSITION 18. Let m be a regular cardinal. Then the following assertions are
equivalent for a ring R: .
(i) R is right artinian;

(i) R is right m-closed and satisfies the right m- DCC.

Proof. One implication is trivial. Conversely, assume that (ii) holds and let M € Mod-R.
We claim that M is finitely annihilated which, since M was arbitrary, will establish the result (in

view of Theorem 16 ((iii) & (iv)).

By the previous lemma, it suffices to show that M is m-annihilated. Select Ty €M and set
Xo={zo} and Iy=(0:X,). If I,=(0:X,) has been defined, set Iog1=1, if I, =(0:M);
otherwise choose z,4, € M such that (0:X,U{z,g,}) G (0:X,) and set Xog1 = XoU{z4g )} and
I,g1=(0:X,g1)- If o is a limit ordinal, set X = Uy<a X, and I,=(0:X,). The m-DCC
implies the existence of a y<m such that I,=1I, for all a>y. Thus (0:M)= I =
(0: X,) and |X_7| < m, by the regularity of m. O

For the results of this section to be considered significant, one must be able to cite examples of
right m-closed rings which are not right artinian, at least for m = R;. The following (known) result
suggests right chain rings as a convenient source of examples, because it says that their right

topologizing filters are very conspicuous. We include the proof for the sake of completeness.

PROPOSITION 19. [DV88, Lemma6, p24] Let R be a nonzero right chain ring. If I isa
proper ideal of R then 7(I):={A< Rp: AQ I} €Fil-R. Moreover, every ¥ € Fil-R is of the
form F=n(I)={A< Rp: ADI} or F=5(I) for some ideal I of R.

Proof. Let I be a proper ideal of R. Obviously, if A€n(I) and 4 C B< Rp then
Ben(I). Since R is a right chain ringg, ANB=B or ANB=A and in either case, trivially,
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ANBeT(I). Suppose A€7(I) and s€ R. If sRCA then (A: s)=R2Q1I so (A:.s)eq(I). If
sR¢ A then sRD A. Take te€ A\I and write ¢t = sb with b€ R. Clearly, b€ (A: s), yet b¢ I
(since t ¢ I). Therefore (A: s)Q 1, i.e., (A:,s)€7(I). This shows that 7(I) € Fil-R.

If FeFil-R then I =¥ is an ideal of R and ¥ Cn(I). Suppose F G n(I), ie., I¢T.
Given any A €7(I), we must have A Q[ = N ¥, so there must exist some K € ¥ such that A ¢ K.
But then A D K, by hypothesis, so A € F. It follows that (/) CF C n(I). This forces ¥ =7(I). O

THEOREM 20. Let m be an arbitrary regular cardinal. Then there exists a ring with

tdentity which is right m- closed but not right n-closed for any regular cardinal n > m.

Proof. Let R be a right chain domain with identity which contains a unique nontrivial ideal
P, such that the chain of nonzero right ideals of R contains a dually cofinal copy of the well ordered
set m, ordered in the natural way, as an ordinal. (Note that it follows from Lemma0.1.2 and the
regularity of m that the chain of nonzero right ideals of R, ordered by reversed set inclusion, has
cofinality m.) A ring R with these properties exists, by Theorem[.5.3: take L to be the two-element
chain {a,b} with a<b and take Clap) to be m. It follows that n(P)={P,R} and 7(0)=
{A<Rp: A+0} are the only nontrivial right topologizing filters on R. Trivially, n(P) is Jansian,
hence all elements of Fil-R other than 7(0) are Jansian. We claim that the filter %(0) is m- Jansian.
Indeed, if G C7(0) with |G| <m then since m is the cofinality of (7(0);2 ), the set § must be
bounded above in (7(0); 2) (i.e., bounded below in (7(0); C)), which means that (g € 7(0). This

shows that 7(0) is m- Jansian.

Let A =({A,:a€m};D) be a subchain of the chain (7(0); D), such that A is order
isomorphic to (m;C) and {A,:a€m} is cofinal in (7(0); D). By the assumption about
cofinality, we have ﬂaemAa=0¢7)'(0). Therefore, for any cardinal n>m (even a singular
cardinal n), the filter 7(0) is not closed under intersections of fewer than n right ideals. In
particular, for every regular cardinal n > m, 7%(0) is not n-Jansian. This shows that R is right

m-closed and is not right n-closed for any regular n > m. O

§5. MORITA EQUIVALENCE.

The reader will recall that if R and S are rings with identity then R and S are said to be
(right) Morita equivalent if the categories of unital right R-modules and unital right S-modules are

equivalent in the usual category theoretic sense. (A detailed exposition on Morita equivalence for rings

with identity may be found in [AF74].)

We shall need to have a more general definition of Morita equivalence for rings without
identity. This raises the question: if the rings R and S lack identity and are to be called Morita

equivalent in some general sense, which subcategories of their module categories should be required by
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our definition to be equivalent categories? The obvious candidates are the (respective) subcategories
consisting of all unital modules (recall that a module M p is called unital if and only if MR = M). A
difficulty with this choice is that the subcategory of all unital modules over the ring R is not, in
general, closed under subobjects and direct products. One way of circumventing this problem is to
restrict further the subcategory of modules in question and, if necessary, to impose certain “possession
of identity” -like conditions on the rings R and S. There are several approaches to Morita
equivalence for rings without identity which follow this strategy, each of which gives rise to a slightly
different notion of Morita equivalence. (See for example, [Ful74],[Gar91],[Gar],[GSa89],[GSi91],
[XST] and [Abr83].) A shortcoming of some of these approaches is the lack of left-right symmetry.
Indeed, unlike the classical notion of Morita equivalence, which is left-right symmetric, some of the
generalized notions are asymmetric. Again, this can be remedied, but only at the cost of imposing

further conditions on the rings.

We have therefore chosen to adopt our own definition of (generalized) Morita equivalence,
which appears to be as general as any of the definitions in the above references; it is certainly more
general than some of them. This has the effect that where we prove a ring theoretic property to be
Morita invariant, we obtain a theorem that is as strong as would seem to be possible. The account we

give is intended to be as self-contained as possible.

We shall call rings R and S (right) Morita x-equivalent if the categories Mod-R and
Mod-S§ are equivalent categories, that is to say, there exist additive covariant functors
F:Mod-R — Mod-S and G:Mod-S — Mod-R such that GF 1y.4 p and FG 21y, o
Recall that such F' and G are referred to as inverse (additive) category equivalences. Recall also
that R* denotes the Dorroh Extension of R: see Chapter0, §4. Identifying Mod-R with Mod-R*
(unital), we observe that rings R and S are (right) Morita x- equivalent if and only if R* and S* are
(right) Morita equivalent in the classical sense. (This explains our choice of the expression “Morita
*-equivalent”.)  Since the classical notion of Morita equivalence is left-right symmetric, this
observation serves to show that Morita - equivalence is also a left-right symmetric notion. For this
reason we may omit the prefix “right” and speak of Morita - equivalent rings. Furthermore, it can be
shown that if the rings R and S possess identities, then R and S will be Morita *- equivalent if and

only if they are Morita equivalent in the classical sense. Thus our definition of equivalence extends the

classical one.

Suppose R and S are Morita *-equivalent rings whose equivalence is established by inverse
additive category equivalences F: Mod-R — Mod—-S and G: Mod~S — Mod-R. Inasmuch as these
category equivalences preserve monomorphisms, epimorphisms and direct sums [AFT74,
Proposition 21.2, p252 & Proposition 21.5, p255]%, the mapping from the set of all hereditary pretorsion
classes of Mod-R to the set of all hereditary pretorsion classes of Mod~S, defined by C—F[C], is a

4 .

Although Anderson and Fuller assume their rings to have identity, it is easy to see that Propositions 21.2,
21.4 and 21.5 of [AF74] are valid for rings without identity also. This is because a category equivalence F from
Mod-R to Mod-S may be regarded as a functor from Mod-R* (unital) to Mod-S™ (unital).
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bijection. Furthermore, it is clear that the inverse of this mapping is defined by D—G[D], D a
hereditary pretorsion class of Mod-S. Notice also that if C is a hereditary pretorsion class of Mod-R
then F restricts to an additive category equivalence from the full subcategory of Mod-R on C to the

full subcategory of Mod-S on FI[C].

An additive category equivalence F:Mod-R — Mod-S induces a map ﬁ:torsp—R—»
torsp-S defined as follows. Let o € torsp-R. Then T, is a hereditary pretorsion class on Mod-R,
by Proposition1.3. As noted above, F[T_] is a hereditary pretorsion class on Mod-S which, by
Theorem 1.4, corresponds with the hereditary pretorsion class of a unique torsion preradical on
Mod-S, which we shall denote by F(a). Thus F[T, ] = Tﬁ(a) for all o € torsp-R. We also point
out that since F preserves monomorphisms [AF74, Proposition21.2, p252], if 7 € torsp-R,
M € Mod-R and ¢: 7(M) — M denotes the natural embedding, then F(7(M)) can be identified, via
the monomorphism F(¢), with a submodule of F(M). This interpretation is implicit in the following

lemma.

LEMMA 1. Let R and S be Morita *- equivalent rings and let F: Mod—-R — Mod-S and

G: Mod-S§ — Mod-R be inverse additive category equivalences. If 7 €torsp-R then F(r(M))=
F(r)(F(M)) for all M € Mod-R.

Proof. Inasmuch as ﬁ(r)(F(M)) is the unique maximal submodule of F(M) contained in

Tﬁ , it suffices to show that, given any N ¢ Tﬁ and any monomorphism a: N — F(M), there

() (r)

exists a monomorphism #: N — F(r(M)) which makes the following diagram commute.

F(M)
A
N e F(«(M))

Since FG = 1y1,4-5) there exists an isomorphism (n: FG(N) —» N. By [AF74, Proposition 21.2,
p252], the restriction of F to Hompg(G(N),M) defines a bijection from Homg(G(N),M) to
Homg(FG(N),F(M)) with the property that for every p € Homp(G(N), M), F(p) is a mono-
morphism if and only if p is a monomorphism. Consequently, there must exist a monomorphism

p € Homp(G(N), M) such that a{y = F(p). Now consider the following diagram in Mod-R.

M

G(N) 2 (M)

Since FG(N)= N e Tﬁ(r) = F[T,], it follows that G(N) €T, and so there must exist a mono-
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morphism v:G(N) — 7(M) which makes the above diagram commute. We therefore obtain the

following commutative diagram in Mod-S.

N = » F(M)
¢y (iso) - F(2)
P
FG(N) £ F(r(M))

Clearly then, 8= F(7)(§': N — F(r(M)) is the required monomorphism. Thus F(r(M))=
F(r)(F(M)). o

THEOREM 2. Let R and S be Morita *-equivalent rings and let F: Mod-R — Mod-S
and G:Mod-S — Mod-R be inverse additive category equivalences. Then the maps F: torsp—R

— torsp-S and G: torsp—S — torsp—R are mutually inverse lattice and monoid isomorphisms.

Proof. It was pointed out in the remarks preceding Lemmal that F and G are mutually
inverse bijections. It is also obvious that F and G are order preserving. It remains to show that F
and G are semigroup homomorphisms. Let o,7 € torsp-R and suppose that NETI? =

(o-7)
F[T Then N = F(M) for some M €T _ .. Consider the exact sequence

a-r]'

0— (M) — M T M/T(M) — 0

in Mod-R. This induces an exact sequence
F(¢) F(

0 — F(r(M)) itk F(M/r(M)) — 0

» F(M)

in Mod-S (see [AF74, Proposition21.4, p254]). Since M € T we have M/r(M)€ T, and so

o7

F(M)/F(r(M)) £ F(M/7(M)) € F[T,] =T,

(o)
By the previous lemma, F(r(M)) = F(r)(F(M)). Hence F(M)/f(r)(F(M)) € TI?( y from which it
follows that N =F(M)€Tp 5 .. Thus Tt 0 S Thioy. Foy & F(o-1) < F(o)- F(r).

By symmetry, we have that

consequently, -7 = @(f(cr) - F(r)). But then
F(o-1) = FG(F(o)- F(r)) = F(o)- F(r).

Thus F(o-7) = F(s)- F(r), as required. A similar argument shows that G is also a semigroup

homomorphism. O

In the next result we demonstrate that the map F: torsp-R — torsp—S preserves, in addition,

102



the m- Jansian property.

PROPOSITION 3. Let R and S be Morita *-equivalent rings with F: Mod-R — Mod-S
an additive category equivalence. Let m be a regular cardinal. Then o € torsp-R is m-Jansian if

and only if F’(o’) € torsp—S is m-Jansian.

Proof. By symmetry, it suffices to show that F’(a) € torsp—S is m-Jansian whenever o €
torsp-R is m-Jansian. Suppose that o € torsp-R is m-Jansian. Let {N,:i €T} be a subfamily of

Tf«“(o):F[T”] with |T'|<m. Write each N; as F(M;), M,€T,. By hypothesis, o is

m-Jansian, so [[; . M;E€T,. Since F preserves direct products [AF74, Proposition21.5, p255], it
follows that [[; cr N;=[l;er F(M;) 2 F([[;cr M;) € FIT,] = Tl?‘(o)' This shows that F(o) is

m- Jansian, as required. |

Let R be an arbitrary ring and consider its Dorroh Extension R*. Working in Mod-R*, we

}du

deduce from Proposition3.5 that the map torspon:IdR*— {r €Jans-R*: 7> is an

ZEro
isomorphism of lattice ordered monoids. Inasmuch as [7,. , 1Mod—R“] C torsp-R* can be identified

with torsp-R (see remarks at end of §1), we may identify {r € Jans-R*:7> 1 du

ero}®® with
[Jans—R]d“. Under this identification, torspo# constitutes an isomorphism of lattice ordered monoids
from Id R* to [Jans—R]d“. (The action of torspo7n can be described explicitly: if I is an ideal of
R* and M € Mod-R then ((torspon)(I))(M)={z € M pe:zl =0}.) Suppose now that R and S
are Morita x-equivalent rings and that F: Mod-R — Mod-S and G:Mod-S — Mod-R are inverse
additive category equivalences. It follows from Theorem?2 and Proposition3 that F: torsp—R
— torsp—S restricts to an isomorphism of lattice ordered monoids from Jans—R to Jans—-S. The next

result is self-evident if one considers the following diagram.

torsp o n

Id R* » [Jans-R] 9"
(iso)
(is0) (iso) | F
Id S* i > [Jans-§]4¢

(is0)

PROPOSITION 4. If R and S are Morita *- equivalent rings then Id R* and 1d S* are

_ isomorphic as lattice ordered monoids. |

Our main objective is to prove Theorem 10, which asserts that if m is an arbitrary regular
cardinal then the ring theoretic property of being right m- closed is Morita *- invariant, by which we
mean that the class of all right m- closed rings is closed under Morita *-equivalence. Proposition 4

above is a key result in our approach to this goal. In using Proposition 4, however, we shall encounter
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the problem of how to distinguish R and S from other ideals in their respective Dorroh Extensions, in
purely lattice and semigroup theoretic terms. This difficulty will be overcome only in Lemma9 and

requires several preparatory lemmas.

We call two ideals A and B of a ring incomparable if A€ B and B ¢ A.

LEMMA 5. If aring R satisfies the descending chain condition on ideals then any set of

pairwise incomparable prime ideals of R ts finite.

Proof. Suppose, on the contrary, that R is a ring with the DCC on ideals which contains an
infinite sequence of pairwise incomparable prime ideals P, P,, P;,.... Consider the descending chain
of ideals

P, 2 PiNP, D PINP,NP;D....
Clearly the containment P; D P;N P, must be strict, since P, ¢ P,. If P,NP,=P,NP,NP,
then P,D P,NP,D P,P,, which implies P;2 P, or P32 P, since P, is prime. This again
contradicts our assumption that the P, are pairwise incomparable, so we must have P;NP,2Q
PyNPyNP;. A routine inductive argument can be used to show that P,NP,N...NP_ 2
PinPyn...NP, ., for all positive integers n, violating the DCC on ideals. O

The requirement of pairwise incomparability may not be dropped from the above lemma. For
example, it follows from Proposition 0.9.3, that if V is any left vector space of dimension R, over a
division ring D, then the ideal lattice of the left full linear ring R = EndpV, is an infinite chain
isomorphic to the ordinal w@® 1. Therefore R enjoys the DCC on ideals. Since R is also (von
Neumann) regular (Theorem0.9.4), every right ideal of R is idempotent by Theorem 0.9.2, from

which it follows easily that every proper ideal of R is prime.

We remind the reader that whereas every maximal proper ideal in a ring with identity is a

prime ideal, a ring without identity may possess non-prime maximal proper ideals.

LEMMA 6. If M is a mazimal proper ideal of a ring R but M is not a prime ideal of
R then R2C M.

Proof. Since M is not a prime ideal of R, there exist ideals A and B of R such that
ABCM but ACM and BZ M. It follows that (A +M)(B+M)C M. By hypothesis, since
A, B¢ M, we must have A+ M =B+M =R. Thus R?2C M. O

LEMMA 7. Let G be an abelian group satisfying the descending chain condition on

subgroups. Then G has only finitely many mazimal proper subgroups.

Proof. Let M denote the family of all finite intersections of maximal proper subgroups of

G. Inasmuch as G satisfies the DCC on subgroups, At has a minimal member, say H =
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M, NnM,Nn...NnM_, with each M; a maximal proper subgroup of (. Every maximal proper
subgroup of G must contain H (by minimality of H). Consider the factor group G/H. Notice that
G/H embeds canonically in a finite direct sum of simple abelian groups, namely i§1G/Mi'
Consequently, G/H is finite, so G/H has only finitely many maximal proper subgroups. Since every
maximal proper subgroup of G contains H, it follows that G has only finitely many maximal proper

subgroups. O

Lemma7 is really just a special case {when R? = 0) of the following result.

PROPOSITION 8. A right R,-closed ring contains only finitely many mazimal proper

ideals.

Proof. Suppose, on the coﬂtrary, that R is a right R;-closed ring containing infinitely many
maximal proper ideals. Since R satisfies the DCC on ideals (Corollary4.2), it follows from Lemma5
that R has only finitely many maximal proper ideals which are prime. Consequently, the set of non-
~ prime maximal proper ideals of R, say {M,:i €T}, is infinite. Because R satisfies the DCC on
ideals, the set of all finite intersections of non-prime maximal proper ideals has a smallest member, say
A= niel" M;, with ' a finite subset of I By Lemma6, RZQA. Now consider the ring
R=R/A. By Proposition4.11, R is right R;-closed. Moreover, {M;/A:i €T} is an infinite set of
maximal proper ideals of R. Notice also that R? =0 because A D R2. It follows that the subgroups
of (R;+,—,0) are precisely the ideals of R. Consequently, the abelian group (R;+,—,0) satisfies
the DCC on subgroups, and so, by Lemma7, has only finitely many maximal proper subgroups. But

this implies that R has only finitely many maximal proper ideals, a contradiction. O

LEMMA 9. Let R and S be rings and suppose that ¢:IdR*— 1dS* is a lattice

isomorphism. If S contains only finitely many mazimal proper ideals then ¢(R) =S and ¢

resiricts to an isomorphism from Id R onto 1d S.

Proof. Let P denote the set of positive prime integers. For each p € P, set Ip=
{IR. T+ lpx-m:ir€R, mepZ}C R*. Observe that I, is a maximal proper ideal of R¥, from
which it follows that ¢(Ip) is a maximal proper ideal of S*. Let ¥ = {pec P: ¢(Ip) D85} We
claim that 9’ is infinite. For suppose %P’ is finite. Then |P\P'| =R,. Take p,qg€ P\P with
p #¢, and suppose that ¢(I,)NS = ¢(I,)NS. Then Sg /(#(I,)NS) %0 (because ¢(I,) 2 S) and

Ss/(@U,)NS) = (Ss+o(I)/9(1,) = 5%/4(1,)
because of the maximality of qS(Ip). Similarly,
S% /6(1,) = Sg /(I )NS) = SS/(qS(Ip) ns) = S% /qS(Ip).

Since S§ /¢(Iq) and S§ /¢(Ip) are isomorphic right S-modules, we must have that
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B(I,) = (0:, S/8(1,) = (0:, S§/8(1,)) = (1),

so I, =1, a contradiction. We conclude that [{6(I,)NS: p€P\P'}| =|P\P'| =Ry. Since each
QS(IP) NS is a maximal proper ideal of S, this contradicts our hypothesis. Therefore %’ is infinite, as
claimed. Inasmuch as any infinite family of prime ideals of the ring Z has trivial intersection, it
follows that R = ﬂp cp Ip so &(R)= qS(ﬂp Y 1,)= ﬂp ¢ 8(I;)2S. Since the intervals
[R,R*] and [S,S*] in Id R* and Id S™* (respectively) are both isomorphic to Id Z, we clearly cannot
have ¢(R)2Q S, so ¢(R)=S. It follows that ¢ restricts to a lattice isomorphism from [0, R] onto
[0, S]. o

THEOREM 10. Let R and S be Morita -equivalent rings and let m be a regular
cardinal. If S is right m-closed then so is R. In other words, the property of being right

m-closed is Morita *-invariant.

Proof. Let F:Mod-R — Mod-S be an additive category equivalence. We know from

Theorem 2 that F: torsp-R — torsp—S is a lattice and monoid isomorphism. Consider the following

diagram.
Id R* torsp o » [torsp-R] ¢
(iso) (iso) F
1d §* IPOT L [torsp-S] 4

We also know that the isomorphism F: torsp—R — torsp-S induces an isomorphism from Id R* to
Id S* which makes the above diagram commute (see the remarks preceding Proposition 4).

By the previous lemma, this isomorphism sends R € Id R* to S € Id S*. It follows that

~

ﬁ(‘rzero) = F((torspon)(R)) = (torspon)(S) = 7 € torsp—S.

Zero

Thus F restricts to a map from (7,0, Ipmog-r] ONto [7,,., IMod-g]- Since S is right m- closed,
we may conclude, using Proposition3, that every o €(r,, ., Ipod-gr] is m-Jansian. Thus R is

right m- closed. a

We remarked earlier that if R and S are rings with identity then R and S will be Morita
*-equivalent if and only if they are equivalent in the classical Morita sense. The next result is

therefore an immediate consequence of Theorem 10.

COROLLARY 11. Let R and S be rings with identity which are Morita equivalent and

let m be a regular cardinal. If S is right m- closed then so is R. ]
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It is also possible to prove Corollary 11 using the following more direct argument. Any given
additive category equivalence from Mod-R (unital) to Mod-S (unital) can be extended, in a natural
way, to an additive category equivalence F:Mod-R — Mod-S.  Since F[Mod-R (unital)] =
Mod-S (unital), it is not difficult to show that F[Mod-R (zero)] = Mod-S (zero). Consequently, the

induced isomorphism F: torsp-R — torsp-S sends 7,.__ € torsp-R to 7,.., € torsp-S, so F restricts

Z€eTo
to an isomorphism from [7,..., Iyoq-rl ONtO [T,er0s IMog—s] For any regular cardinal m,

therefore, it follows that R is right m-closed if and only if S is right m- closed.

§6. m-JANSIAN PRERADICALS ON PRIME RINGS.

The principal notion to be introduced and studied in this section is that of a ring which is
“right prime of bound m”, for a fixed cardinal m. In fact, most of the remainder of this dissertation
is devoted to an investigation of rings with this property. This notion of primeness relative to cardinal
bounds induces a partition of the class of all prime rings into subclasses corresponding to the positive
cardinals.  The resulting classification of prime rings (first proposed in [Raf87]) extends the

classification of strongly prime rings found in [GH75],[GHL74] and [HL75].

The notion of a ring which is “right prime of bound m” owes its definition to Theorem 3,
which is the main result of this section. In it we establish a number of torsion theoretic
characterizations of rings which are right prime of bound m while in Theorem 6 we characterize the

same rings in categorical terms.

Let M € Mod-R. Recall that if m is an arbitrary cardinal then H(Fm)M denotes the
submodule of MT consisting of all z € MT for which |supp 2| < max {m, R;}. Recall also that M is
said to be faithful if (0:M)=0. If m is an arbitrary nonzero cardinal we shall call M
m- faithful if there is a subset X of M with | X|<m+1, such that (0:X)=0; we call an ideal
I of R right m-faithful if the module I'p is m-faithful. Clearly, if M is faithful then M is
m- faithful for some m<|M|*, and M is m-faithful if and only if M is faithful and

m-annihilated. An R, - faithful module is often called cofaithful in the literature.

PROPOSITION 1. Let m be an arbitrary nonzero cardinal. Then the following conditions
are equivalent for a right R-module M :

(i) M is m-faithful;

(ii) Hl(:') M contains an element with zero right annihilator ;

(iii) R} embeds into (Hl(:) M)®1Z,,.,.
Moreover, if R possesses an element e such that (0:,e)=0 (e.g., if R has an identity), then the

above conditions are equivalent also to:

(iv) Rp embeds into Hgn)M

Proof. (i) = (ii): Let XC M with |X|<m+1 and (0:X)=0. Write X ={z;:i€T}
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with |I'|<m+1. Define zeMF by z={z;};jcr- Then (0:z)= ;e (0:2,)=(0:X)=0.
Clearly, since |I'| <m+1, MT embeds into Hgn)M, so (ii) is satisfied.

(ii) = (iii): Suppose z € H](:)M has zero annihilator in R. Define a map
P RE - (HE:I)M)®Zzero

by qp(lR. T + IR.-m) =(zr+zm, m) for r€e R, meL. It is straightforward to check that-

is an R-module homomorphism. Moreover,

gp(lR.-r—+-1R.-m):0 = (zr+zm,m) =0
= m=0 and zr=0
= m=0 and z=0 (because (0:z)="m

= an'T+an'm=0.
Thus ¢ is a monomorphism, proving (iii).

Note that the restriction of the map ¢ to Rp is also an R-monomorphism from Rp into
HS:I)M (defined by ¢(r) =zr for all r € R), so we have also proved that (ii) = (iv) in general.

Conversely, it is obvious that if R possesses an element e such that (0:,e) =0, then (iv) = (ii).

(iii) = (i): Let p: R — (HE:')M)elzem be an R-module monomorphism. Set gp(lR-)
=(z,m) with z={z,}qem€ HS:)M and meZ, . Put X={z,:aecsuppz}. Clearly, |X|
<m+ 1. Note that

s€(0:X) = zs=0 = (zym)s=p(lpe)s =p(s) =0 = s=0.

Thus (0:X) =0, so (i) is satisfied. o

If m is a regular cardinal, it turns out that the m-Jansian torsion preradicals can be used to

characterize m- faithful modules.

PROPOSITION 2. Let m be a regular cardinal. Then the following conditions are
equivalent for a right R-module M :
(i) M is m-faithful;
(i) if F={A<Rr:AD(0:X) for some subset X of M with |X|<m}, then
torspF = lpyoq-R'
(iii) the m- Jansian torsion preradical on Mod-R generated by M © 2. i5 lyoq-Rr;
(iv) o(M)C M forall o €{r€m-Jans-R: 7, <7<lyg R}

Proof. (i) = (ii) is trivial while (ii) = (iii) is an immediate consequence of Theorem 3.10.

(iii) = (iv): Let o€ {r €m-Jans-R: 7, <7 <ly,4y-p} and suppose, contrary to (iv),
that ¢(M) =M. We know from Theorem 3.10 that if F is chosen as in (ii) above, then torspF is
the m-Jansian torsion preradical on Mod-R generated by M & Z,, . Since M,Z

Zero

eT,, it
follows that torsp¥ < o, so ¢ = ly; 4_p, @ contradiction.
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(iv) = (i): If F is chosen as in (ii) above and o = torsp¥ then certainly, M@ Z,, €T,.

By hypothesis, we must therefore have o = 1y;,4_p, s0 0€ %, ie., (0:X)=0 for some subset X of
M with | X| <m. Thus (i) holds. a

THEOREM 3. Let m be an arbitrary nonzero cardinal. Then the following assertions are
equivalent for a ring R:

(i) every nonzero right ideal of R is m-faithful;

(ii) for every nonzero a € R, there exists a subset X of R such that | X|<m+1

and (0:,aX)=0.

If m >R, then the above two conditions are each equivalent to:

(ili) every nonzero ideal of R is right m-faithful.
Furthermore, if m is regular then the above three conditions are all equivalent to each of the
following assertions:

(iv) (torspF)(RR) =0 for all proper m-Jansian right topologizing filters ¥ on R;
on Mod-R;
(vi) o(E(RR))=0 or o(E)=F for all injective right R-modules E, whenever o is an

(v) o(Rg)=0 for all proper m-Jansian torsion preradicals o > 1,

m- Jansian preradical on Mod-R such that o > 1, ;

(vii) o(E(Rg)) =0 for all proper m-Jansian torsion preradicals o > . on Mod-R.

Zero
Proof. (i)=> (ii): Let 0F+a€ R and consider the right ideal aR* = {ar+am:r € R,
m € Z} of R. Notice that we cannot have aR =0, otherwise (aR*)R =0, so aR* is not faithful, a
contradiction. Since aR is a nonzero right ideal of R, there must exist a subset X of R such that

| X|<m+1 and (0:,aX)=0. Thus (ii) holds.

(ii) = (i): Let A be a nonzero right ideal of R. Certainly, A DaR 0 for some nonzero
a€A. It follows from (ii) that aR is m-faithful. Since A DaR, we conclude that A is
m - faithful.

Now suppose that m > RX,. (i) = (iii) is trivial.
(iii) = (ii): Let 0% a € R and consider the ideal

n
R*aR* = { Y, ras; + (ratas+am):r.,s.,r,s €R, mEZ}

= 1 [ R A
of R. Since R*aR* is faithful, we cannot have aR =0. Let I =aR+ Ra + 0 and consider the ideal
RaR of R. If RaR +0, then by (iii), there is a subset X of RaR, with | X| < m, such that
(0:,X)=0. Write n(4)

X ={Z r,-]-asij:iel‘} where |T'| < m.
=1

If weset Y ={s;;:j=12,...,n(i); i €T} then it is clear that (0:,aY)C(0:,X)=0 and |Y|<
IT'|- sup{n(i): i€} <m.

Now suppose that RaR =0. Since I % 0, it follows from (iii) that there exists a subset Z of
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I such that (0:.Z2)=0 and |Z|<m. Write Z ={ar;+s,a:i€ A} with [A[<m. Set
W={r,:i€A}. If t€(0:,aW) then (ar;+sa)t =0 for all i€ A, ie, t€(0:,2)=0. Thus
(0:,aW) =0 and |[W|<|A|<m.

Now suppose that m is régular. The equivalence of (iv) and (v) is an easy consequence of

Theorems 2.4 and 3.10.

Inasmuch as Rp is an essential submodule of E(Rp), it follows that for any o € torsp—R, we
have ¢(Rp) =0 if and only if o(E(RR)) =0. The equivalence of (v) and (vii) is an immediate

consequence of this observation.

()= (v): Let oc€{r€m-Jans-R:7, <7< Imod_r ) and consider o(Rp) < Rp.
Suppose o(Rp)+0. Since, by hypothesis, o(Rp) is m-faithful, it follows from Proposition 2
((1) & (iv)) that o(Rg) =o(d(RR)) & o(RpR), an impossibility. Thus oc(Rg) =0, as required.

(v) = (vi): Let o be an m-Jansian preradical on Mod-R with ¢ 2> 7., and let & denote
the smallest torsion preradical on Mod-R such that & >o. An argument similar to that used in
Lemma 3.2 shows that & is m-Jansian. Clearly, &> 7, If §=1y,g p and M is an arbitrary

injective right R-module, then

M

(M) = MNno(E(M)) (by Proposition 1.5)
Mnao(M) (because E(M)= M)
= o(M).

Otherwise G(Rp) =0, by (v), and since Rp is essential in E(Rp), this means that o(E(Rp)) =0.

(vi) = (vii): If c€{r€m-Jans-R:7,, <7< Ipod-r ) then, since T is closed under

submodules and Rj ¢ T,, we cannot have o(E(RE)) = E(RR). Therefore by (vi), we must have
oc(E(RR)) =0, as required.

(v) = (i): Let 0+ K < Rp and let o denote the m-Jansian torsion preradical on Mod-R

generated by K@ Z By hypothesis, since o > 7, . and o(Rp) 2 K +0, we must have that

Zero”

0 = lyoa-p- By Proposition 2 ((i) > (iii)), K is m-faithful. O

The reader will observe that a ring R satisfying condition (ii) of the previous theorem is
necessarily prime. (Recall that a ring R is prime if and only if for any nonzero elements a,b € R, we
have aRb+ 0.) In particular, if m is chosen to be R,, then a ring R satisfying condition (ii) is, by
definition, right strongly prime in the sense of Handelman and Lawrence: see [HL75]. (In [HL75],
rings are assumed to have identity, but the term “strongly prime” has been used by several other
authors to refer to arbitrary rings satisfying condition (ii), with m =R,.) Also, for m =R, a ring
R satisfies condition (v) of the previous theorem if and only if it is right absolutely torsion- free in
the sense of Rubin [Rub73]. The equivalence of (ii) and (v) therefore yields, as a special case, the
result of Handelman and Lawrence [HL75, PropositionV.4, p221] and Viola-Prioli [Vio75,
Theorem 2.1 ((1) <> (4)), p276]: a ring (with identity) is right strongly prime if and only if it is
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right absolutely torsion- free. Furthermore, the equivalence of (ii),(vi) and (vii) for rings with

identity and for m = X is part of a result of Katayama [Kat83, Theorem 3.2, p57].

Observe that every prime ring R satisfies condition (ii) of Theorem3 for a sufficiently large
cardinal m (at worst, m = | R|¥ will do, since we may take X = R for every nonzero a € R). Thus
condition (ii) suggests a classification of arbitrary prime rings; we may assign to any such ring R a
“degree of primeness”, viz. the least cardinal m such that for every a € R, a subset X of R can be

found satisfying (ii).

Accordingly, and following the terminology of Handelman and Lawrence [HL75], we call a
subset X' of a ring R a right insulator for a nonzero a € R if (0: .aX) =0 and say that R is right
prime of bound m if m is the least cardinal such that every nonzero element of R has a right
insulator of cardinality less than m+ 1. (Here we do not require m to be infinite.) We denote by
P_(m) the class of all rings that are prime of bound m. If R € P.(m), we call m the right bound
of primeness of R. We also define P, (m) to be the class of all rings which are right prime of bound
at most m, i.e., P, (m):= Uo <k <m Pr(k). The left analogues of these classes are denoted by
P;(m) and P;(m), respectively, :a.nd expressions such as left insulator and left bound of

primeness (of a prime ring) are defined in the obvious manner.

We have already observed that a prime ring R is a right insulator for each of its nonzero
elements, hence R € P,(m) for some m < |R|*. Examples will be provided in the next chapter to
show that P (m) is nonempty for all m>0. Thus the classes P,(m), m >0, partition the class of
all prime rings. Note that Pr (Rg) consists just of the right strongly prime rings of Handelman and
Lawrence. In [HL75], the rings in |J, <n<, P_(n) are called right bounded strongly prime — in
particular, the rings in P _(n), where 0 <n < Ny, are called right bounded strongly prime of bound
n — while the elements of P, (R;) are called right unbounded strongly prime rings. Note that
condition (ii) of Theorem3 is equivalent to the assertion that Re P, (m). This means that
conditions (iv) to (vii) of Theorem3 provide torsion theoretic characterizations of those rings which

are prime of bound at most m, whenever m is a regular cardinal.

COROLLARY 4. The following conditions on a ring R are equivalent:
(i) R is a prime ring;
(i) there is a regular cardinal m such that o(RR) =0 for all proper m-Jansian

torsion preradicals ¢ > 7, on Mod-R;

(i) o(Rg) =0 for all proper Jansian torsion preradicals ¢ > 7, = on Mod-R.

Proof. (i) = (ii): Let m=max{R,,|R|t}. Then R¢ P_(m) and the result follows from
Theorem 3.

(ii) = (i) is clear.

(iii) = (i): Let I,J be ideals of R with IJ =0 and J#0. Since 7(J) is Jansian and
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0¢n(J), it follows that o =torspn(J) is Jansian and proper (Theorem3.4), hence o(Rp)=
{a€ R:aJ =0} =0, by (iii). But I Co(Rg) so I =0. It follows that R is a prime ring. 8]

Our next objective is to prove Theorem 6, which provides a categorical characterization of the

class P_{(m) for every regular cardinal m.

Let m be an infinite cardinal and let M, N € Mod-R. We say that N is m-cogenerated
(resp. m- generated) by M if N is embeddable in (resp. N is an epimorphic image of) H%m)M for
some set . We say that N is m-subgenerated by M if N is embeddable in some right R-module
which is m-generated by M.

PROPOSITION 5. Let m be an infinite cardinal. Then the following conditions are
equivalent for a right R-module M : N

(i) M is m-faithful;

ii) R} is m-cogenerated by ML, . ;

(
(iii) E(R}E) is m- generated by M &7
(

Z€ro *

iv) RE is m- subgenerated by M ® Z

Zero’

Proof. (i) = (ii) follows immediately from Proposition1 while (iii) = (iv) is trivial.

(i1) = (ili):  Suppose R;‘% < Hgm)(MEBZ Choose an epimorphism w: (RE)(F,) —
E(R}). We assume, without loss of generality, that |[T'| > |T|,R;. The embedding of R;‘% in

I1 %m)(M ®Z,,,) induces an embedding

zero)'

(kR 5 (MY 02, = P M o1,,,).

Since E(R}) is injective, 7 may be extended to an epimorphism from [] %?)(M YA onto E(RF).

zero)

(iv) = (i):  Suppose : Hgm)(MeBZzem) — N is an epimorphism and :: R, — N an
embedding. Let y = {(z;,m;)}; cr be a preimage under = of lpe). Put z={z;}; re€ Hgm)M.
Then X = {z;:i€suppz} C M, |X|<m and

s€EM0:X) = zs=0 = ys=0
= 7(ys) = 7(y)s = o1 ge)s = u(s) = 0

= s=0.

Thus (0:X) = 0. This shows that M is m- faithful. a

An analogue of Proposition5 is stated below for the case where the ring R has identity ; the

proof is entirely similar.

PROPOSITION 5a. Let m be an infinite cardinal and R a ring with identity. Then the
following conditions are equivalent for any unital right R-module M :

(i) M is m-faithful;
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(i) Rp is m-cogenerated by M;
(iii) E(RpR) is m- generated by M;
(iv) Rp is m-subgenerated by M. n|

THEOREM 6. Let m be a regular cardinal. Then the following conditions are equivalent
for any ring R:
() ReP,(m);
(ii) for every submodule P of (RE)(F) and every nonzero submodule @ of Rg),
P is m-cogenerated by Q& Z

zero’

iii) R;t is m-cogenerated by A®LZ for all nonzero right ideals A of R;

2ero

for all nonzero submodules A of E(Rp);

Z€ro

v) E‘(R}'z) is m- generated by A®Z for all nonzero right ideals A of R;

Zero

(
(iv) E(RER) is m-generated by A®Z
(
(

vi) R}} is m- subgenerated by ADZ for all nonzero right ideals A of R.

Zero

Proof. (i) = (ii): Suppose 0+ Q < Rg) and let ¢ be the m-Jansian torsion preradical on
- Mod-R generated by @& Z,,,. Since o(Q) = Q + 0, we cannot have o(Rp) =0, so by Theorem 3,
0 = lproq-p- 1t follows from Proposition2((iii)= (i)) that Q is m-faithful. Therefore R} is
m- cogenerated by Q & Z (Proposition 5).

Z€E€ro

Suppose Ry < [15(Q®Z,r,) and P < (R, Then P embeds in (T15(Q©2,.,,))"
which is isomorphic to Hf:,l)(QeBZzem) for a suitable index set A’. Thus P is m-cogenerated by
QRDL,,,, asrequired.

(if) = (iii) is obvious (just take |I'| = 1.)

(iii) = (iv): Suppose 0+ A < E(Rp). Then ANR is a nonzero right ideal of R. By (iii)
and Proposition5, E(R}) is m-generated by (ANR)® Z, . Let

m: I™(ANR)eZ,,,,) — E(RY)

Z€ro

be an epimorphism. Since E(RFE) is injective, 7 extends to an epimorphism from H%m)(A e

onto E(R%). Thus E(R}) is m-generated by A®Z

zero)

Z€ero’

(iv) = (v) = (vi) are obvious.

(vi) = (i): By (vi) and Proposition, every nonzero right ideal of R is m-faithful. Hence
R € P, (m), by Theorem 3. O

The following analogue of Theorem 6 for rings with identity may be proved similarly, using

Proposition 5a.

THEOREM 6a. Let m be a regular cardinal. Then the following conditions are equivalent
for any ring R with identity:
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() Re€P, (m);
(i) for every projective unital right R-module P and every nonzero submodule Q of P,
P is m-cogenerated by Q;

iii) Rp ts m-cogenerated by each of its nonzero right ideals;

(
(iv) E(Rp) is m- generated by each of its nonzero submodules;
(v) E(Rp) is m-generated by each nonzero right ideal of R;
(

vi) Rp s m- subgenerated by each of its nonzero right ideals. ]

We shall study the rings just characterized from a non-torsion theoretic point of view in the

chapters which follow.
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Chapter Il

Prime Rings

One of the most important notions defined in Chapter Il is that of a ring which is right prime
of bound m, for a given nonzero cardinal m. The present chapter is devoted, primarily, to an

investigation of this notion.

An important initial task is to show that, given an arbitrary nonzero cardinal m, there do
exist rings which are right prime of bound m. Matrix rings turn out to play a useful role here.
Indeed, in §1 we show that if D is a division ring and m an arbitrary nonzero cardinal, then the ring
of all row-finite m x m matrices over D is (1) right prime of bound m, if m is finite; and (2) right
prime of bound m*, if m is infinite. This gives one a way of characterizing, in purely ring theoretic
terms, the rings of linear transformations of vector spaces (over division rings) of any fixed (finite or
infinite) dimension: see Proposition 1.14. We show, furthermore, that if m is a limit cardinal then a

suitable subring of the ring of all row-finite m x m matrices over D is right prime of bound m.

Special attention is also paid to the left bounds of primeness of matrix rings and many cases of
left-right asymmetry are explored. We are almost able to say (Theorem 1.13) for exactly which pairs
of cardinals m,n, there exist rings right prime of bound m and left prime of bound n; the only
obstacle to a complete solution of this problem is a longstanding (still open) question of Goodearl,

Handelman and Lawrence: must a right unbounded strongly prime ring be left strongly prime ?

A result deserving special mention is Theorem 1.2, which states that, for any finite cardinal
m>1, a ring which is right prime of bound m is necessarily a prime right Goldie ring, and is
therefore isomorphic to a right order in a simple artinian ring (with identity), i.e., a right order in a
finite dimensional matrix ring over a division ring. Although not new, this theorem is undoubtedly one

of the cornerstones of this chapter.

Another of our objectives in this chapter is to examine the preservation of the property “right
prime of bound at most m” under various standard ring theoretic constructions. §1 deals with matrix
rings; an interesting product of this investigation is Theorem 1.16 which asserts that if m is an infinite
cardinal, then the property of being an element of P_(m) is Morita invariant within the class of all
rings with identity. §2 looks, more generally, to closure properties of the class of all rings that are
prime of a certain bound, with respect to the formation of subrings and overrings. As usual, overrings
(e.g., essential extensions) behave well and subrings (even right orders) badly ; the latter deficiency may
be overcome, however, by considering a strong subring notion — that of a “right m- order”. §3 is
more specific; in it, the bounds of primeness of certain semigroup (including monoid, group and
polynomial) rings, and “monomial algebras”, are investigated, yielding several construction techniques.

Many of the results of this section will find application in the radical theoretic study to be carried out
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in Chapter IV.

§4 of this chapter is devoted mainly to the study of “uniformly strongly prime rings”. These
are rings containing a finite subset which functions “uniformly” as a (right) insulator for all nonzero
ring elements. The notion of a uniformly strongly prime ring and, more specifically, that of a ring
which is “uniformly strongly prime of bound m”, for a given finite nonzero cardinal m, was first
defined by Handelman and Lawrence [HL75, p211]. Despite the prominence of the paper [HL75],
these “uniform” notions have, rather surprisingly, been somewhat neglected in the literature. In §4,
we attempt to give this topic a fuller and more deserved treatment. One of the main results
(Theorem4.4) asserts that a ring which is uniformly strongly prime of bound greater than 1 is
necessarily prime right or left Goldie, thereby reducing the study of uniformly strongly prime rings to
that of those such rings whose uniform bound is 1, and to prime Goldie rings. (The reader should
compare this result with Theorem 1.2.) Finite dimensional matrix rings over division rings (which,
incidentally, are always uniformly strongly prime) therefore play an important role here. Determining
their uniform bounds of primeness can, however, be a surprisingly difficult task; this aspect of their
study contrasts sharply with that of their right or left bounds of primeness, which are always equal to
the dimensions of the matrices. Unexpected (if not also counter-intuitive) results like these may
account to some extent for the relative neglect, to date, of the study of uniformly strongly prime rings.
The results also show that for every finite nonzero cardinal n, there exists a ring which is uniformly
strongly prime of bound exactly n (Corollary 4.15); this result may be generalized to infinite successor
cardinals, but not to limit cardinals. Our study of uniformly strongly prime rings will also be

continued in the radical theoretic context of ChapterIV.

Most of the results of this chapter have been published in the papers [RV92] and [VdB93] or
will be published in [RV].

§1. MATRIX RINGS.

The ring of row-finite matrices over a division ring is our prototype of a prime ring. We shall
show that by varying the dimensions of the matrices, it is possible to produce, for almost every

cardinal m, a ring which is prime of bound m. First we consider the situation for finite cardinals.

Let R be a ring and m an arbitrary nonzero cardinal. We remind the reader that if

A €M (R), we use Alq) (resp. A(a)) to denote the a-th row (resp. a-th column) of A, and A,p to
. denote the (a, 8)-th entry of A, where «, 8 € m.

PROPOSITION 1. [HL75, Proposition .2, p211] Let n be a finite nonzero cardinal. If D

is a division ring then My(D) € P_(n), i.., M, (D) is (right) prime of bound n.

Proof. Let 0+ Ac M, (D) and suppose r = AGB F+0 with o,/ €n. For each 7,6 €n, let
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E_ s(r) denote the matrix in M_(D) with r€ D in position (v,8) and zeros elsewhere. We claim
that X ={Eg (1p): v <n} is a right insulator for A in M_(D). Indeed, suppose that AXB =0
with B € M (D). Let 7,6 €n. Then

1)
0 = [AEﬂ,‘Y(lD)B]ats = [AEﬁ,‘Y(lD)](a).B( ): ZB“/(S’

so B.s=0. Since 7,6 were arbitrary, B =0, vindicating our claim about X. Since | X|=mn, this

shows that M_(D) € P, (n).

We show now that the matrix unit Eqo(1p) of My(D) has no right insulator of cardinality
less than n in M, (D). Let X be an arbitrary nonempty subset of M,(D) with | X | < n. Note that

if AeM_(D) then 0. if at0;

[Eo,0(1 Mla={ .
QOVDITA T 4y, if @=0.

Choose B € M (D) such that {A(O): AeX}C {B(a): 0<a<n} and rank B<n. Clearly, such a

matrix B exists, since | X | < n. Now

(0:,B) = {C eMy(D): (Va< n)(B(a)C =0)}
C {CeM,(D): (VA€ X) (A(O)C =0)}
= {C eMy(D): (VA € X) (Eqo(Lp)AC = 0)}
(

=N (O:rEO,O 1p)A)
AeX

Thus (0:,Eqo(1p)X) 2 (0:,B). Since rankB<n, we must have (0:,B)+0. Consequently,
(0:, Ego(1p)X)+ 0. This shows that M (D) ¢ P_(k) for any k <n. a

It turns out that if 1 < n <R, then every member of P_(n) embeds, in a rather special way,
in M_(D) for some division ring D. The following result was first proved by Goodearl, Handelman
and Lawrence for rings with identity [GHL74, Theorem4.7, p27] (a more accessible reference is
[GH75, Theorem 2.3, p803]) and was extended to rings without identity in [Raf87, Corollary 9, p263].

Its proof makes use of a number of prerequisite results, however, and will therefore be postponed until

Chapter 1V, §2.

Recall that a ring R is said to be a right order in a ring S (with identity) if R is a subring

of S with the property that for every s € S there is a unit u of §, contained in R, such that
su € R.

THEOREM 2. Let n be a finite cardinal such that n > 1. Then the following assertions

are equivalent for a ring R:
(i) ReP. (n);

(i) R is isomorphic to a right order in M (D) for some division ring D. 0

The requirement that n be greater than 1 cannot be dropped from Theorem 2, for if D is a

117



domain which is not right Ore then D is not isomorphic to a right order in a division ring but, of
course, D € P_(1). Indeed, there will be much evidence in the sequel to suggest that the members of
P_(1) are more akin to those of the classes P, (m), m > X,, than to the rings in any of the P _(n)
for finite n > 1. Inasmuch as a ring is prime right Goldie if and only if it is isomorphic to a right
order in M_(D) for some finite nonzero n and some division ring D (by Goldie’s First Theorem —
Theorem 0.7.5), it follows from Theorem 2 that a ring R is prime right Goldie if and only if R is a

right Ore domain or R € P_(n) for some finite n > 1.

We turn now to arbitrary (possibly infinite) cardinals.

LEMMA 3. Let m be an arbitrary nonzero cardinal and R a ring. If A is a nonzero
element of M_(R) and X 1is a right insulator for A, in R (for some a,f €m), then
{E5,,(z):z€ X, vy €m} is a right insulator for A in M (R).

Proof. The proof is similar to that of Propositionl. Set ¢ = Agpr Y = {Eﬂﬁ(z): z€eX,
7 € m} and suppose that AYB =0 for some B €M (R). Let v,6 €m. Then

0 = [AEg (2)Blas = [AE(2)] gy B®) = tzB.5;,

for all z € X. Since X is a right insulator for ¢ in R we must have B,s=0. Since 7,6 were

arbitrary, this implies B=0. Thus Y is a right insulator for A in M (R). a

PROPOSITION 4. Let m,n be arbitrary nonzero cardinals and suppose that R € P, (n).
Then:
P_(mn), if m<R; and 1<n<Ny;
P.(m), if m<R;,, n=1 and R is a right Ore domain;
Mn(R) € ¢ P.(1), if m<Ry, n=1 and R is not a right Ore domain ;
P_(m%), if m > X, m>n;
P, (m), if n>m, n>R,

Proof. If 1<mn< R, then by Theorem?2, R is isomorphic to a right order in M, (D) for
some division ring D. By Lemma0.7.3, My(R) is isomorphic to a right order in MM, (D)) =
Miun(D) whenever m < Rj. By Theorem2, M_(R) € P

- (mon).

If m<R, and R is a right Ore domain then M (R) is isomorphic to a right order in
My (D) for some division ring D. By Theorem 2, M (R) € P, (m).

If m<Ry, n=1 and R is not a right Ore domain, it follows from the previous lemma that
every nonzero A € M_ (R) has a right insulator of cardinality m. Consequently, My (R) € P, (m).

Since R is not a right Ore domain, we cannot have M (R) € P, (k) for any finite cardinal k > 1, by
Theorem 2. It follows that M_(R) € P_(1).
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Let 0+ A€M_(R) and suppose that Aaﬂ + 0, with a,8 € m. Choose a right insulator X
for A,g in R with [X|<n+1 andset ¥ ={Eg,(z):z€ X, y€Em}. We know from the previous

lemma that Y is a right insulator for 4 in M (R).

If m>Y8, and m>n, then |Y|<m|X|<m(n+1)<m, and so M (R) € P (m*). Butin
this case, if 0 &+ r € R, then Eo,o(") has no right insulator of cardinality less than m in M_(R). For
if X CMp(R) with [X|=k<m then Ej(r)X consists of at most k (mxm) matrices each of
whose only nonzero entries are a finite number of first row entries. Together, the nonzero entries of the

matrices in E,(r)X are fewer than m in number, so it is easy to construct a nonzero matrix

B €M (R) with Eqo(r)XB =0. It follows that M (R) ¢ P, (m), hence M(R) € P_(m™).

Finally, if n >R, and n>m, then |Y|<m|X|<n, and so M_(R) € P, (n). Certainly, if
n =YX, we cannot have M (R)€ P (k) for any finite cardinal k, so M_(R)e€ Pr(n).‘ Suppose
n> X, and let k be an infinite cardinal with k <n. Since R € P_(n), there exists a € R such that
a has no right insulator in R of cardinality less than k. Then Egg(a) has no right insulator in
My (R) of cardinality less than k. For if X CM_,(R) with [X|< k then the elements of E,(a)X
have together fewer than k nonzero entries, whence for some nonzero scalar matrix B we have

Eqo(a)XB =0. It follows that M, (R) ¢ P, (k), and so M_(R) € P_(n). o

Notice, in the above result, that the bound of primeness of M, (R) is determined uniquely by
the cardinals m and n, except in one instance, when m is finite and n = 1; in this instance the value

of the relevant bound depends on whether R is a right Ore domain or not.

The conclusions of Proposition4 are worth highlighting in the case where R is chosen to be a

division ring D:
P_(m), if m<Ng;

P (m%), if m>R,.

wiore |

It follows that the class P, (m) is nonempty for all successor cardinals m. In the following two
examples we complete the picture by showing that the class P_(m) is nonempty for all limit cardinals

m. The first example is due to Goodearl, Handelman and Lawrence (e.g., [GH75, Example(b),
p815)).

EXAMPLE 1. We construct a ring R such that R € P_(Ry). Let D be a division ring and
consider the ring MRO(D)- For each o € Ry, let O: M,a (D) — M'RO(D) be the map defined by
A
0

0
Ou(4)=|0 A €My (D) (A€My(D)).

Clearly, ©, is a ring monomorphism for all « € R;. Define

R= | 6,Ma(D)}
aGRO
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For notational convenience we shall identify each Mlza(D) with its image in R. Notice that under
this convention, M,q (D) is a subring of M2ﬁ (D) whenever a < <R,. Let 0+ A€ R and suppose
that A € M,a (D) with a €X,. Inasmuch as M,a (D) € P_(2%), by Proposition 1, we may choose a
right insulator X for A in Mya (D) with |X|< 2% We claim that the image of X in R is a right
insulator for A in R. For suppose AXB=10 for some B¢€ R, say BEMzﬁ(D) with 3 <N,
Clearly, if 8 <a then B¢ Mlza(D) and so B=0. Suppose 3> and set u= 98- Write B in

block matrix form:

I c(0,0) c(0,1) C(0, u—1)
C(1,0) c(1,1) C(1,u-1)
B =
C(ps-1,0) C(p-1,1) C(u-1,u-1)

with each C(y,6) € M2a(D). It follows from the equation AXB =0 that AMC(v,6) =0 for all
M € X and all ordinals 7,6 < u. Since X is a right insulator for A in Mlza(D), we must have that
C(y,6)=0 for all 7,6 <p, i.e.,, B=0. Thus X is a right insulator for A in R. This shows that
R e P_(R;). On the other hand, it is easily checked that for each a €R;, the element Eyo(lp) €
M, (D) has no right insulator in R of cardinality less than 2%, Consequently, R € P_(R,). ' 0

EXAMPLE 2. Let m be an uncountable limit cardinal. We construct a ring R such that
R € P_(m). This example is similar in spirit to the previous one but requires a slightly subtler
application of ordinal arithmetic. Let D be a division ring. Recall that if k is a nonzero cardinal and
k <m then every ordinal y < m may be written uniquely in the form vy =(k®pu)® a for some
ordinal o < k and some ordinal u where, necessarily, 4 <y (Lemma0.1.1). (Here, & and ® denote
ordinal addition and multiplication.) Let us say that two ordinals 7,6 < m are k-related if there
exist ordinals u,a,f with o, <k and y=(kOu)®a, § = (kO pu)® 3; otherwise we say that 7,6
are k-unrelated. Consider the ring M (D). For each infinite cardinal k < m, define a map
Op: My (D) — M (D) as follows. If A€My (D) and 7,6 < m, let

A,ps if v and § are k-related with vy = (k@ u)@a, 6§=(kOu)® B for
(O (4)),5 = suitable ordinals 4 < m and o, 8 <k;
0, if v and 6 are k- unrelated.

It is easily checked that ©, is a ring monomorphism.  (Loosely speaking, Oy is just the “diagonal
embedding” of My (D) into M_(D).) We define

R= U 6 M(D)]
Ry<k<m

1 . .
There is a slicker and perhaps more elegant way of constructing the ring R using direct limits, which is the
approach adopted by Goodearl and Handelman in [GH75, Example (b), p815].
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For convenience, we shall identify each My (D), k < m, with its image in R. It is clear that if two
ordinals 7,6 < m are k-related then they are n-related for all cardinals n such that k<n<m. It
follows that My (D) is a subring of M (D) whenever k <n<m. Let 04 A€ R and suppose that
A eMy (D) with k<m. Since My (D)€ P_ (k%) (Proposition4), we can choose a right insulator X
for A in M (D) with | X|<k. We claim that the image of X in R is a right insulator for A in
R. Indeed, suppose AXB =0 for some B € R, say B €M (D) with Ry<n<m. Clearly, if n<k
then B € M (D), and so B =0. Suppose, therefore, that n > k. As in the previous example, we
express B in block matrix form, defining, for each 7,6 < n, a matrix? C(7,6) € M (D) by

C(‘Y,‘s)ag = B(kG)v)ech. (k6@ for all a, f <k.

It follows from the equation AXB =0 that AMC(v,6) =0 for all M € X and all 4,6 <k. But X
is a right insulator for A in My (D), so C(v,6) =0 for all 77,6 <k, i.e., B=0. Thus X is a right
insulator for A in R. This shows that R € P, (m). On the other hand, for each k such that
Ry <k < m, the element E(1p) € My (D) has no right insulator in R of cardinality less than k (by
essentially the same argument as was used in the proof of Proposition4). Therefore R ¢ P, (k)

for any k < m and so R € P_(m). o

The following conclusion can be drawn from the previous two examples and the remarks

preceding them.

PROPOSITION 5. The class P,(m) is nonempty for all nonzero cardinals m. a

The reader will observe that every prime ring R is a member of P, (m) and of P;(n) for
suitable cardinals m,n < |R|*. This observation leads naturally to the following question: what
restrictions, if any, have to be placed on the cardinals m and n in order that the class P_(m)N P;(n)
be nonempty? We shall show presently that if this class is to be nonempty for a pair of finite
cardinals m,n then the possible values of m and n are rather limited while, by contrast, if m and n

are large (uncountable, to be precise) then the class P, (m)N P, (n) is always nonempty.

We deal first with the symmetric case: m = n. The reader will be aware that if m is a finite
nonzero cardinal and R is any ring then the ring M_,(R) is left-right symmetric, in the sense that
M (R)]°PP =2 M (R°PP). It follows from Proposition 1 (and its left analogue), therefore, that
Mp(D) € P, (m)N P;(m) for any division ring D and any finite nonzero cardinal m.

Also, for m =R, the ring R of Example1 is clearly left-right symmetric (essentially because

(M, (D)]°PP = Mo (D °PP) for all finite a), so R € P, (Rg) NPy (Ry).

The reader will also be aware that for m >R, the rings M (R)]°PP and M (R°PP) are

not, in general, isomorphic. Indeed, we shall show presently (see Proposition11) that even for a

2 .
The matrices C(+,8) can be thought of as the “component kxk blocks” in a block matrix representation of
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division ring D, when m >R, it is possible for the right and left bounds of primeness of M (D) to
differ quite markedly. This lack of symmetry may be overcome, however, if the ring MX (D) is
substituted for M_(D) in parts of the text. (Recall that M}, (R) denotes the ring of all row- and
column-finite mxm matrices over R and that M:H(R) is left-right symmetric, in the sense that
MY (R)]°PP = M (R °PP) for all rings R and nonzero cardinals m.) In particular, an analogue of
Proposition4 may be obtained by substituting MZE(R) for M (R); virtually no changes to the proof
are necessary. This allows us to conclude that if D is a division ring and m an infinite cardinal
then MX(D) € P_(m") NP;(m%). (A version of Example2, modified in this way, may be found in
[RV92, Example 10.3, p147].)

We may therefore sharpen Proposition 5 as follows.

PROPOSITION 5a. The class P,(m)N P;(m) is nonempty for all nonzero cardinals m. O

We shall now investigate the possible left bounds of primeness of rings in P, (m) for

1 <m <Ry

It is evident from remarks in the literature that the following result is well known. It will be

required in Proposition7. In the absence of a convenient reference, we have chosen to provide a proof.

LEMMA 6. If aring R is isomorphic to a right order in Q, and to a left order in @,

where Q, and @, are simple artinian rings (necessarily with identity), then Q; = Q,.

Proof. Let a: R — @, and f: R — Q, be ring monomorphisms such that a[R] is a right
order in Q; and S[R] a left order in @Q,. For convenience, we shall identify R with its images in Q,
and @Q,. Let S denote the set of all regular elements of R. (Recall that s € R is said to be regular
if (0:.s)=(0:;58)=0.) Since Q, is isomorphic to a finite dimensional matrix ring over a division
ring (by the Artin-Wedderburn Theorem: Theorem 0.7.1), every element in Q, with trivial right
annihilator is necessarily a unit of @,. Consequently, every element of S is a unit of Q,. It follows
that @ is a right ring of fractions of R with respect to S. (We refer the reader to Chapter 0, §8 for
details on rings of fractions.) Since every element of S is invertible in @, (by symmetry) and @, is a
right ring of fractions of R with respect to S, it follows from the Universal Property for rings of

fractions (Theorem0.8.2) that there exists a unique ring homomorphism ¢: Q, — Q, which makes

the following diagram commute.

Ql ¢ Q2
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It remains to show that ¢ is an isomorphism. By symmetry, it may be argued that @Q, is a
left ring of fractions of R with respect to S and that as a consequence, there exists a unique ring
homomorphism ¥: @, — Q; which makes the above diagram commute. The uniqueness condition in
the Universal Property guarantees that Yoo = lQ1 and poyp = 1Q2. Thus ¢ and ¥ are mutually

inverse ring isomorphisms. a

PROPOSITION 7. Let m be a finite cardinal with m>1. If Re€P, (m) then precisely
one of the following assertions is true:

(i) Re€ P;(m);

(i) Re€P;(1).

Proof. By Theorem2, R is isomorphic to a right order in M,(D) for some division ring D.
We identify R with its image in M(D). By the Faith-Utumi Theorem (Theorem 0.7.7), there exists
a right order T in D such that M (T) C R CMp(D). Let 0t€T and define X = {E, 4(1):
o, <m}. An argument similar to that used in Proposition 1 shows that X is a left (and right)
_insulator for every nonzero element of M_ (D) and hence a left (and right) insulator for every nonzero
element of R.> Since | X|= m? < Ry, it follows that R is left bounded strongly prime. Now suppose
R ¢ P;(1), i.e., (ii) is not satisfied. Then by the left analogue of Theorem2, R is isomorphic to a
left order in M_(D’) for some finite n and some division ring D'. By the previous lemma, we must
have that M_(D) 2M_(D'). A comparison of the right (or left) Goldie dimensions of M (D) and
M_(D’) yields m = n. By Theorem2, we deduce that R € P;(m), i.e., (i) is satisfied. 0

EXAMPLE 3. For each finite m > 1, we construct a ring in the class P, (m)N P;(1). Define
D to be the left skew polynomial ring F|[z,c], where F is a field and ¢: F — F a monomorphism
which is not onto. Then D is a right Ore domain which is not left Ore (by the left analogue of
Proposition 0.10.4 (ii)). It follows from Proposition4 (and its left analogue) that M (D)€
P_(m)N P;(1) whenever 0 < m < R, a

If m is chosen to be 1, then the restrictions on the left bound of primeness described in
Proposition7 fall away. (This is perhaps not surprising, because of the distinctive character of the
classes P, (m) for finite m >1.) Indeed, we shall show presently (Examples 4,5 and 6) that the
class P,(1)N P;(n) is nonempty for all nonzero cardinals n. In order to produce further examples,
however, we need to be able to calculate the left bound of primeness of a matrix ring M,(R) where
R is a prime ring. If n is finite, we have left-right symmetry. (To be precise, [M,(R)]°FP =
M, (R °PP) whenever 0 < n < R,.) It therefore remains only to investigate the case where n is infinite.
In the sequel to Proposition4, we remarked that the right bound of primeness of M_(R) is, in all but

one instance, determined uniquely by n and the right bound of primeness of R. By contrast, we shall

3 . . . . .
A subset X with this property is called a uniform insulator for the ring R and a ring which possesses a
finite uniform insulator is called uniformly strongly prime. We shall study such rings in §4.
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see that the left bound of primeness of R has no direct bearing on the left bound of primeness
of M(R), for infinite n. The latter bound turns out to depend on other (related but more

complex) properties of R. We require some preliminary definitions.

Given a right R-module M, we shall call aset X C M a free subset of M if for any family

{r,:z € X} of elements r_ € R, all but finitely many of which are zero, we have
Yieextry=0 = (Vze X)(r, =0).

It is easy to see that when R contains an element with zero right annihilator (e.g., when R is a ring
with identity), a module M p contains a free subset of cardinality m if and only if the module R(};n)

embeds in M. Notice also that if £ € M then {z} is a free subset of M if and only if (0:z) = 0.

Let R be a prime ring and 0 £ a € R. If n> 0, we define k;(a,n) (resp. k,.(a,n)) to be the
smallest nonzero cardinal for which R(Ra)k’(a’n) (resp. (aR)I;{(a’n)) contains a free subset of
cardinality n. The primeness of R guarantees that gp(Ra) (resp. (aR)gp) is a faithful left (resp.
right) R-module, so such a cardinal always exists. An argument similar to that used in the proof of
Proposition I1.6.1 shows that for an arbitrary nonzero cardinal n, the module p(Ra) contains a subset
X of cardinality n for which (0:;X)=0, if and only if g(Ra)® contains an element with zero left
annihilator. It follows that k;(a,1) must coincide with the minimum cardinality of a left insulator for
a in R. There is therefore an intimate connection between {k;(a,1): 0+ a € R} and the left bound
of primeness of R. In Proposition9, we shall establish an analogous connection between {k(a,n):

0+ a € R} and the left bound of primeness of M_(R).

LEMMA 8. Let n be a nonzero cardinal and R a prime ring. Suppose A is a nonzero
element of My(R) with a=A_s+0, v,6<n. Then A has a left insulator in ML(R) of
cardinality k;(a,n). Moreover, if A5 is the only nonzero entry of A then A has no left
insulator in M (R) of cardinality less than k;(a,n).

Proof. Let k=k/(a,n). By hypothesis, R(Ra)k contains a free subset of cardinality n, say
{zo: @ <n}. Write each z, as Z_,a with z, € RR]‘. Define an nxk matrix C over R by setting
Cla)y=Tq for all a<n. For each f <k, define B(8)€M(R) by B(ﬂ)(a) =c® if o= v and
B(ﬂ)(a) =0 if a+y. We claim that X = {B(8): 8 <k} is a left insulator for A in M, (R).
Indeed, suppose that M € M (R) and MXA =0. If a <n then

(VB <k) ((MB(B)Al,s=0) & (V8 <k) (M, -[B(5)AI® =0)
& (VB<K) (M- B(8)Ma = 0)
& (V8 <k) (M, cPa=0)
& M(a)Ca =0.

Writing M,y = {r\}) ¢ n € R, we obtain

M(Q)CG = E/\Enrl\f/\a = E/\enr/\z/\ =0
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so M,y = {0}y ¢n- Since a was arbitrary, this shows that M =0, which establishes our claim.

Now suppose that a=A_s is the only nonzero entry of A. We lose no generality in
supposing that ¥ =6 =0. Let Y be any subset of M_(R) of cardinality m < k = k;(a,n) and let C
be an nxm matrix over R whose set of columns is {B(O): BeY}. Since p(Ra)™ contains no free
subset of cardinality n, there is a nonzero z={r.},¢, in Rf such that )° o enTa (a)a=0.
Define a matrix M € M (R) by M(a):0 if a+0 and M(a)zz if a=0. Then MCa=0, so
MYA =0. Thus A has no left insulator of cardinality less than k. a

The following result is therefore immediate.

PROPOSITION 9. Let n be a nonzero cardinal and R a prime ring. Set k=
sup{k;(a,n): 0+ a€ R}. Then:
(i) if k<X, or k is a limit cardinal and k;(a,n) <k for all nonzero a € R, then
M(R) € P, (K);
(ii) if k is an infinite successor cardinal, or k is @ limit cardinal and k;(a,n) =k for

some nonzero a € R, then My(R) € P;(k"). a

PROPOSITION 10. Let m,n be nonzero cardinals with n infinite. Set k =sup {k;(a,n):
0 + a € R} and suppose that R € Pj(m). Then:

(i) if m<R, then m <k <n;

(i) if misa I-imit cardinal then m <k < nm;

(i) if m is an infinite successor cardinal, say m = pt, then p <k < np.

Proof. Let 0+a€R. Since p(Ra){*?

R(Ra)k’(a'l))ng R(Ra)n'kl (1) ontains a free subset of cardinality n. We may conclude that
k;(a,1) < k;(a,n) <n.k;(a,1), whence

contains a singleton free subset, it follows that

(1)  sup{kj(a,1):0+a€ R} <k <sup{n.kj(a,1):0+a€ R} = n.sup{k(a,1):0%a€R}.

Inasmuch as k;(a,1) coincides with the minimum cardinality of a left insulator for a nonzero a € R,
it 1s easy to see that: |

(i) if m <R, then sup{k;(a,1): 0+ a€ R} =m and n.sup{k;(a,1): 0+ a€ R} =n;

(i) if m is a limit cardinal then sup {k;(a,1): 0+ a € R} = m;

(iii) if m = pT is the successor of an infinite cardinal p then sup{k;(a,1): 0+ a € R} =p.

The result is therefore a consequence of the inequality (1). a

Now suppose that D is a division ring and that n is an infinite cardinal. In this case, k;(a,n)
=k;(1p,n) for all nonzero a€ D, so k=sup{k;(a,n):0F+a€ D} =k;(1p,n). It is easy to see
that k coincides with the smallest cardinal (necessarily infinite) for which dim(DDk) >n. Also, for

any infinite cardinal m, we have dim(pD™)=|D|™. (A proof of this equality is given in the
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Appendix.) We may conclude that k is the smallest infinite cardinal for which | D |k >n. Notice also
that since k =sup {k;(a,n): 0 £a € D} =k (1p,m), the conditions of Proposition 9 (ii) hold, so that
M (D) € P, (k¥). Clearly, we may draw the conclusions of the following proposition.

PROPOSITION 11. Let n be an infinite cardinal and D a division ring. If k is the
smallest infinite cardinal for which |D %> n, then M, (D) € P (k™). In particular:

(i) if |D[2mn then k=R, so My(D)€ P (®;);

(ii) if |D|<n and n is a strong limit cardinal then k =n, so M(D) € P;(n%);

(iii) assuming the Generalized Continuum Hypothesis, if D is a countable division ring

and n is a successor cardinal then M (D) € P;(n). O

Also of interest is the case where D is chosen to be a domain which is not left Ore.

PROPOSITION 12. Let n be an infintte cardinal. [f D is a domain which contains an
independent family of n nonzero left ideals then M (D) € P(1).

Proof. Let {I_,:a €n} be an independent family of n nonzero left ideals of D. If, for each
a, we choose a nonzero z,€I,, then {z,:a€n} is a free subset of pD. Consequently,
k;(1p,n) =1. More generally, if 0 £a€ D then {I a:a€n} is an independent family of n
nonzero submodules of p(Da), from which it follows similarly that k;(a,n)=1. Therefore k=

sup {k;(a,n): 0 £ a € D} =1, and the result follows from Proposition 9 (i). o

Left analogues of Example3 and Examples 4,5 and 6 below show that the class P_(1)NP;(n)

is nonempty for all nonzero cardinals n.

EXAMPLE 4. Let n be an infinite cardinal. We construct a ring belonging to the class
P (n*)NP;(1). Let F be a field and define D to be the free (associative) F-algebra on n
noncommuting indeterminates {z,: o € n}. Certainly, D is a domain, and it is easy to see that the
family {Dz,:a €n} of nonzero left ideals of D is independent. By Propositions 12 and 4,
My(D) € P, (n*)N P;(1). 8]

EXAMPLE 5. We construct a ring R such that R€ P, (R,)NP;(1). Let D be a domain

which is right but not left Ore (e.g., the ring D in Example 3). As we observed in Example3, we
" must have Mu(D) € P (m)N P;(1) whenever 0 <m< X, Following the ring construction of
Example 1, we define a subring R of MNO(D) by setting

R = U 6,My(D)]
aGNO

where, for each e € R, ©,: M,a (D) — MNO(D) 15 the diagonal embedding
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0
A |eMy (D) (AeMyua(D)).

The argument used in Examplel shows that if 0+ A€ M]za(D) CR and X is a right (resp. left)
insulator for A in Mya (D) then the image of X in R is a right (resp. left) insulator for A in R.
Since Mo (D) € P, (2*)N Py(1) for all @ €Ry, it follows that R € P (Rg)N P (1). If 0+deD, it
is easily shown that the element Eq,(d) € M,a (D) has no right insulator in R of cardinality less
than 2% Consequently, R € P (Ry)N P, (1). o

EXAMPLE 6. Let m be an uncountable limit cardinal. We construct a ring R such that
Re P (m)NP;(1). Let D be a domain which contains an independent family of m nonzero left
ideals (see Example4 for such a D). It follows from Propositions 12 and 4 that My (D)e
P, (kt)N P;(1) whenever X; <k <m. Following Example?2, on this occasion, we define a subring R

of M_ (D) by setting
R= U ©,M(D)]

Ry <k<m
where, for each infinite cardinal k < m, O : My (D) — M_ (D) is the “diagonal” embedding described
in Example2. Just as in Example2, the embeddings ©p send right (resp. left) insulators to right
(resp. left) insulators so the same arguments yield that R € P_(m)n P;(1). o

We now investigate the intersections P_(m)N P;(n), where m,n are both infinite. The case
where m =R, deserves special comment. Examples 1 and 5 show that the classes P, (Rj) N P;(R,)
and P_(RX,)NP;(1) are nonempty. A longstanding question of Goodearl, Handelman and Lawrence
(GHL74, p121] asks whether every right unbounded strongly prime ring (i.e., member of P_(Ry)) is
left strongly prime (i.e., is a member of P,(X,)). Since P;(n) C P_(n) for all finite n > 1 (by the left
analogue of Proposition7), this question may be rephrased as: is every member of P_(Ry)
necessarily a member of P(Ry) or a member of P;(1)? An affirmative answer would place a

further constraint on the values of m,n for which P_(m)N P,(n) @ in the case where m = Ry.

EXAMPLE 7. Let m and n be infinite cardinals with m >n. We construct a ring S such
that S € P (m)NP;(n"). It follows from Examples 4 and 6 that there exists a ring Re€
P (m)N P;(1). In the discussion following Proposition5, we remarked that Proposition4 remains
valid if row-finite matrices are replaced by row- and column-finite matrices. It follows from this
modification of Proposition4 that if § is the ring MZ(R) then S$€P_(m), and from the left
analogue of the same result that § € P;(n%). Thus S € P, (m)n P;(n™). O

EXAMPLE 8. Let m and n be cardinals such that m > n and n is an uncountable limit

cardinal. We construct a ring S such that § ¢ P_(m)N P;(n). It follows from the previous example
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that there exists a ring R such that Mg(R)€ P (m)N P, (k%) whenever Ry<k<n. As in
Example 2, each M{(R) is embeddable, as a subring, in Mj(R) and we may consider the subring §
of MX(R) consisting of the union of the images of the M{(R)’s. Similar arguments yield that S €
P, (m)N P, (n). o

We are now able to state the following refinement of Propositions 5 and 5a.

THEOREM 13. (i) The classes P_(m)NP;(m), P, (1)NP;(n) and P (m)N P;(1) are
nonempty for all nonzero cardinals m and n.

(ii) The class P_(m)N P;(n) is nonempty for all uncountable cardinals m and n.

Thus, beyond the constraint P_(m)C P;(m)UP;(1) for finite m>1 (established in
Proposition7) and the aforementioned conjecture P_(X;) é Py(Rp)UP (1) of Goodearl,
Handelman and Lawrence, there are no further constraints on the existence of rings that are right

prime of bound m and left prime of bound n, for m,n > 0.

Proof. (i) follows from Proposition 5a, the constructions in Examples 3,4,5 and 6, and the
availability of opposite rings. In view of (i) and the consideration of opposite rings, we may assume

without loss of generality in (ii) that m > n; then Examples 7 and 8 complete the proof. a

A rather simple application of the classification of prime rings under discussion is the
following. It is well known that a ring R with identity is isomorphic to a left full linear ring if and
only if R is prime, regular and left self-injective, with nonzero socle (Theorem 0.9.4). If we consider

Proposition 4, it is immediately clear that we may sharpen this characterization as follows:

PROPOSITION 14. The following conditions are equivalent for any ring S with identity
and any finite (resp. infinite) nonzero cardinal m:
(i) S is aregular left self-injective ring with nonzero socle and S € P, (m) (resp.
S € P, (m™));
(ii) S is isomorphic to the ring of all linear transformations (written on the right) of

an m- dimensional left vector space over some division ring. a

Our next goal is to prove Theorem 16, which asserts that if m is an infinite cardinal, then the

property of being an element of P, (m) is Morita invariant within the class of all rings with identity.

LEMMA 15. Let m be a nonzero cardinal. If e is an idempotent element of aring R and
R € P_(m), then the subring eRe := {ere: r ¢ R} € P_(m).

Proof. Let 04 ereceRe and let X be a right insulator for ere in R with [ X|<m+1.

It is easily checked that eXe is a right insulator for ere in eRe. Since |eXe|<|X|<m+1 this

shows that eRe € P, (m). 0]
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THEOREM 16. Let R and S be Morita equivalent rings with identity and let m be an

infinite cardinal. 1f R is an element of P_(m) then so is S.

Proof. By Theorem0.6.2, S 2 eM| (R)e for some finite nonzero cardinal n and idempotent

e € M_(R). The fact that S € P, (m) follows from Proposition4 and Lemma 15. 0

If D is a division ring and m a finite nonzero cardinal then D and M, (D) are Morita
equivalent (by Theorem0.6.3) yet D € P_(1) and M_ (D) € P, (m). This shows that the requirement
that m be infinite cannot be dispensed with in Theorem 16. It is also natural to ask whether
Theorem 16 can be extended by dropping the requirement that the rings R and S have identity, and
replacing the phrase “Morita equivalent” with “Morita *-equivalent”. (The notion of Morita
* - equivalent rings is defined in §5 of ChapterII.) The next lemma and example show that this is not

possible unless some restriction is placed on the rings R and S.

We remind the reader that R* denotes the Dorroh Extension of a ring R.

LEMMA 17. If R is an arbitrary ring then (R*)* = (Rx2)*.

Proof. For notational convenience we shall write the elements of (R*)* and (RxZ)* as
ordered triples (r,m,n) with r€ R and m,n€Z. In both rings addition is defined componentwise.

In (R*)* multiplication is defined by
(rimyyny)(re,my,ng) = (ryrg+rymg+rymy + TNy +Tony, MMy + myny + myn; , nyn,)
while in (R xZ)* multiplication is defined by
(ryymy,ny)(rg,my,ny) = (rirg+ring + Tofy, MyMmg + MmNy + myn;, nyn,).

A routine check shows that the map 8: (R*)* — (R x2)* defined by 6(r,m, n) = (r,—m, n+m) for

all (r,m,n)e (R*)*, is a ring isomorphism. O

Recall that rings R and S are said to be Morita *-equivalent if the categories Mod-R and
Mod-R are equivalent. As noted in the introduction to §5 of ChapterII, R and S are Morita
*-equivalent if and only if R* and $* are Morita equivalent in the classical sense. It is an immediate
consequence of Lemma 17, therefore, that R* and RxZ are Morita *-equivalent for all rings R.
Whereas R xZ is clearly never prime (unless R = 0), the following example shows that R may be
chosen such that R* is prime. (The reader will observe that if R is prime then R xZ, although not
prime, is at least semiprime. This is not coincidental ; indeed, it is not difficult to show (using

Proposition 0.5.2 (ii)) that, in contrast to the property of being prime, the property of being semiprime

is Morita *- equivalent.)

EXAMPLE 9. We construct a ring R such that R* is prime. Let R be a prime ring such
that cen R =0 and char R =0. (For example, let F be a field with char F — 0 and take R to be
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the ideal of the free (associative) F-algebra F(z,y) on two noncommuting indeterminates z and ¥,
generated by z and y.) Suppose I and J are ideals of R* such that IJ =0. Since (RNI)(RNJ)
=0 and R is prime, we may assume without loss of generality that RNI=0. Let t=
1R*'S + 1R.-mel. Since tRURtC RNI =0, we must have that sr+rm=rs+rm =0 for all
reR. It follows that sr=rs for all r€R, ie, sccenR=0. Hence rm= 0 for all r€ R.

But charR =0, so m =0. Thus ¢t =0. This shows that I =0 and so R* must be prime. O

Notwithstanding the limitations imposed by the previous example, we demonstrate in the next
theorem that the property of being an element of P,(m) (m > ;) is Morita *-equivalent within a
large class of rings without identity. Its proof requires preparation, however, and will therefore be

postponed until §2 of ChapterIV.

THEOREM 18. Let R and S be Morita x-equivalent prime rings and let m be an
infinite cardinal. If R is an element of P_(m) then so is S. In other words, the property of

being an element of P_(m) is Morita *-invariant within the class of all prime rings. a

§2. SUBRINGS AND OVERRINGS.

Although §1 serves the purpose of supplying us amply with examples of prime rings having
various unequal right and left bounds of primeness, it also attempts to address the equally important
task of establishing connections between the left and right bounds of primeness of a prime ring R and
those of matrix rings over R. We have seen, for example, that in some instances the values of both of
the respective bounds coincide. The perspective offered by §1 therefore prompts the following general
questions. Which prime overrings of a prime ring R have the same bound of primeness as R?
Conversely, which prime subrings of a prime ring S inherit the bound of primeness of $? In the

present section of this chapter, we provide some answers to these questions.

PROPOSITION 1. Let m be a nonzero cardinal. If R is a subring of a ring S and Sp
is an essential extension of Rp and R € P (m) then S € P_(m).

Proof. Let 0+z€S. If zR+0 then 0+ s=zr € R for some r€ R. Let X be a right
insulator for s in R with |X|<m+1. Set Y =rX and suppose that zYt=0 with 0+ t€ S.
Then {ta+tm:a€ R, m€Z} is a nonzero submodule of S, so 0+ ta+tm € R for some a € R,

mé€Z. Now sX(ta+tm)==zY(ta+tm) =0, a contradiction. Thus Y is a right insulator for z in
Sand |Y|<|X|<m+1.

If, on the other hand, zR =0, then {gm:m € Z} is a nonzero submodule of Spyso 0Fs=
zm € R for some m € Z. An argument similar to the one above shows that if X is a right insulator

for s in R with | X|<m+1, then X is also a right insulator for z in S.
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In either case, therefore, z has a right insulator in S of cardinality less than m + 1. O

It follows from Proposition1 that if m is any nonzero cardinal and R is a ring with identity
such that R € P_(m), then Q_, (Rp), the maximal right ring of quotients of R, is an element of
P_(m). If R is chosen to be the right unbounded strongly prime ring of Examplel.1, it can be shown
that Q. ..(Rgp) € P, (1) (see [GHTS, Example (e), p831]). Consequently, Propositionl cannot be
sharpened by replacing P_(m) with P_(m). We also point out that the converse of Proposition 1 is
not valid. The ring § =My(D), D a division ring, is right (and left) prime of bound 2 and has a
subring R consisting of all upper triangular 2x2 matrices over D, such that Sp is an essential
extension'of Rp but R is not even semiprime. A partial converse to Proposition 1 may be obtained,
'however, if the requirement “Sp is an essential extension of Rp” is strengthened to “R is a right
order in S§”. Viola-Prioli [Vio75, Lemma2.11, p280] proved that in this case, if S is right strongly
prime then so is R. Any attempt to generalize Viola-Prioli’s result to a larger class of prime rings is

certain to be limited by the next result, which is due to O’Meara.

Recall that a right R—-module M is said to be uniform if every nonzero submodule of M is
essential in M. If M contains a nonzero uniform submodule then the uniform dimension of M is
defined to be the cardinality of any maximal independent set of nonzero uniform submodules of M

(see e.g., [Miy65, Theorem 1.10, p163]).

PROPOSITION 2. [O’Me73, Corollary3.3, pl81] If R is a left full linear ring (i.e.,
R =M_ (D) for some nonzero cardinal m and division ring D), then the following assertions are
equivalent:

(i) every right order in R is prime;

(ii) Rp has countable uniform dimension. a

If m is an uncountable cardinal and D a division ring then the ring R = M (D) clearly
contains an independent set ¥ of minimal nonzero right ideals such that |¥|> Ry. It follows that

Rp has uncountable uniform dimension. By Proposition2, there exists a right order in R which is

not prime.

It is clear from the above that only rather special subrings of a prime ring § can be expected

to be prime and to inherit the bound of primeness of S. This motivates the following definition.

Let m be an infinite cardinal and R a subring of a ring S with identity. We say that R isa
* right m-order in S if for every subset X of S with | X| < m, there is a unit u of S, contained in
R, such that Xu:= {zu:z € X} CR. Obviously, if n is another infinite cardinal with m < n, then
any right n-order in S is a right m-order in S. Notice also that if m = R, then a right m-order in
S is just a right order in S in the usual sense, by Lemma(0.7.2. As an obvious consequence, we have

that for any infinite cardinal m, if R is a right m-order in § then Ry is an essential submodule of

SR+ (This fact will be needed repeatedly.)
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THEOREM 3. Let k and m be nonzero cardinals with m>k,X,. If R is a right
m-order in aring S then R€ P, (k) if and only if S € P (k).

Proof. Suppose S € P (k) and let 0 +r € R. Choose a right insulator X for r in S such
that |X|<k+1. Since R is a right m-order in S and | X|<k+1<m, there exists a unit u of
S in R such that XuCR. If t€e R and rXut=0 then ut=0 so t=0; hence the right
annihilator of rXu in R is zero. Since XuC R and |Xu|=|X|<k+1, this shows that R €
P, (k). But Rp is an essential submodule of Sp (because R is a right m-order in §), and therefore
we cannot have R € P, (n) for some n <k, by Propositionl. Thus R € P_(k).

Conversely, suppose R € P_(k). Again, by Proposition 1, we must have S € P_(n) for some
n < k. The above argument shows that R € P_(n), hence n =k and S € P (k). 8]

Notice that if m is chosen to be R, in the above argument, we obtain Viola-Prioli’s result: a

right order in a right strongly prime ring is right strongly prime.

We shall now describe conditions on a ring under which the notions of order and m- order
coincide. Recall that a right Gabriel filter on a ring R is a right topologizing filter ¥ on R (in the
sense of ChapterII, §2) with the additional property that if I < Rp and there exists some J € ¥ such
that (I:.a)€ ¥ for all a€ J, then I € F. Recall also that a right denominator set for a ring R is
a (nonempty) multiplicatively closed set S of regular elements of R having the common right
multiple property: for each r € R and s € 5, there exist r; € R and s; €S such that rs; =sr,.
Moreover, if R is a right order in a ring T and S is the set of all units of T-contained in R, then S
is a right denominator set for B and T a right ring of fractions of R with respect to S. (We refer

the reader to §8 of Chapter( for further details on denominator sets and rings of fractions.)

The next result appears to be well known.

PROPOSITION 4. If S is a right denominator set in a ring R then the set of right
ideals {A< Rp: ANS 0} is a right Gabriel filter on R.

Proof. Let F={A<Rpr:ANS +0}. It is obvious that if Ac¥F and AC B< Rp, then
Be¥F. 1If A,B€e%, we may choose s€ ANS and t€ BNS. Since S is a right denominator set,
there exist 7y € R and s; €S such that sry=1ts;. Clearly, sty =ts; € ANBNS, so ANBEeY.
If a€ R then there exist r, € R and s, €S such that sr, = as,. Inasmuch as sr, € A we must
have s, €(A:.a)NS, whence (A:.a)€F. This shows that F e Fil-R. Finally, suppose that
A<Rp, BETF and (A:, t)€F forall t€ B. Take '€ BNS. By hypothesis, (A: t')NS + 0, so
t's'€ A for some s’ € S. Therefore t's' ¢ ANS, so AcF. Thus ¥ is a Gabriel filter. a

If S is a right denominator set in a ring R, we shall denote the Gabriel filter {A<Rp:
ANS +0} by Fs.
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PROPOSITION 5. Let m be an infinite cardinal. Let R be a right order in a ring T
(with identity) and let S be the right denominator set of all units of T contained in R. Then the
following conditions are equivalent:

(i) R isaright m-order in T}

(i) the right Gabriel filter Fg is m- Jansian (i.e.,, Fg is closed under intersections of

fewer than m right ideals).

Proof. (i) = (ii): Let A CFg with |A| <m. Choose s, € ANS for each A€ A. By
(i), there exists u€ S with szluER for all A€ A, ie, u=s,r, for suitable r, € R, for all
Ac A Then ue (4, so NA€Fg Thus Fg is m-Jansian.

(ii) = (i): Let {b;571: i €T} be a subfamily of T with b;€ R, s; €S for all i€l and
IT| <m. Consider the right ideals s;R of R. Since s2€s;RNS for all i€, it follows that
s;R € Fg for all 1€T. By (ii), Fg is m-Jansian, so Nier s €Fg. Let t€ (Nier siB)NS.

Then t=s;r; for suitable r;€ R and all ¢ €. Therefore (b;s71)t = (b s71)s;r; =b;r;€ R for
all i€ . Thus R is a right m-order in T. 1]

We know from ChapterIl, §3 (see remarks preceding PropositionII.3.8) that when dealing
with m- Jansian topologizing filters (and m-Jansian torsion preradicals), we may as well confine our
attention to regular cardinals m. Indeed, it is easily shown that if m is an infinite cardinal then a
right topologizing filter F is closed under intersections of fewer than m right ideals if and only if ¥ is
closed under intersections of fewer than n right ideals, where n is the smallest regular cardinal not less
than m. (This n is m if m is regular, and is mt if m is singular.) In view of the above result,
therefore, we lose no generality in assuming that the cardinal m is regular whenever R is a right

m - order in a ring T.

The next example shows that for any regular cardinals m,n, one may construct a ring R and

overrings T, T, of R such that R is a right m-order in T, and a right n-order in T,.

EXAMPLE 1. Let m and n be regular cardinals and let G; and G, be linearly ordered
abelian groups whose underlying ordered sets have cofinalities m and n, respectively. (For example, if
the integers are considered as a linearly ordered group (Z;4,—,0; <), we may take G, = Z(m) and
G, = Z(n), ordered antilexicographically. See ChapterI, §4 for the definition of this order.) Consider
the abelian group H = G,® G, also ordered antilexicographically. By Corollary.2.2, there exists a
commutative chain domain R such that the strictly ordered monoid (with respect to ideal
multiplication and reversed set inclusion) of nonzero principal ideals of R is isomorphic to the positive
cone HY of H. We shall use < to denote the antilexicographic order on H, as well as its restrictions
to subsets of H, such as HT. It is easily checked that if X is a cofinal subset of the order reduct of
G, then {(0,z): z € X} is a cofinal subset of (H; <). On the other hand, it is equally obvious that

if Y is a cofinal subset of (H; <) then the projection of ¥ onto G, is cofinal in the order reduct of
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Gy. Since the order reduct of G has cofinality m we may conclude that the chains (H; <) and

(HT; <) both have cofinality m.

For notational convenience, we shall write [g] for the principal ideal of R corresponding to an

element g of Ht. Define §; = R\{0} and S, = R\P, where

P =U{l(g5:91)]: 9, €G,, 9, €Gy, g; >0},

which is a prime ideal of R. Note that §, and S, are both multiplicatively closed (hence
delnominator) subsets of R, that RS{'1 is the field of quotients of R and that RS;1 is the
localization of R at the prime ideal P. Clearly, ‘.FSI consists precisely of the nonzero (right) ideals of
R. We claim that ‘.FSI is m-Jansian. Let Agcfsl with [A|<m. We need to show that
NAE€ ‘.FSI, i.e., that (YA £ 0. No generality is lost if we assume that each ideal in A is principal,
since every nonzero ideal contains a nonzero principal ideal, so we may assume that A = {[g]: g € A’}
for a subset A’ of HY. Since (H'; <) has cofinality m and |.A| < m, the set A’ must be bounded
above in (Ht; <). It follows that A is bounded below in (‘.FSI; C), e, NAE ‘.FSI.

To show that ‘.FS2 is n-Jansian, let Ag6}52 with | A| <n. For each 4 € A, choose
s4€ANS,. Since syR€ ‘.FS2 for all A€ A, we may again assume without loss of generality that
each ideal in A is principal, and hence that A = {[g]: g€ A’} for a subset A’ of HY. Taking
Hy=1{(95,0): g, € G2+}, where G2+ is the positive cone of G,, the reader will observe that the chain
(H,; <) must have cofinality n, since the order reduct of G, has cofinality n. Since | A| < mn, the
set A’ must be bounded above in (H,; <), i.e., bounded below in (‘.FS2; C). This means that
NAE€ ‘.FS2.

By Proposition 5, the ring R is a right m- order in RSl—1 but a right n-order in RS;l. 1]

EXAMPLE 2. We demonstrate that if m is a regular cardinal and n a nonzero cardinal then

there is a ring 7' and a subring S of T such that § is a right m-orderin 7 and $,T € P_(n).

Let D be a commutative domain which is an m-order in its field of quotients F (see the
previous example for such a D). Let R be the subring of MX(F) consisting of all matrices which
contain fewer than m nonzero entries and set S =MY(D). Define T=R+SC MZ(F). Observe
that if m<m then R:M:(F), so T=M]:(F). We claim that, in general, T is a subring of
MZX(F). The only nontrivial step is to verify closure under multiplication. Let M = M’ + M" and
N=N'+N" with M',N'¢é R and M",N"€S. Then MN=MN +MN"+M"'N'+ M"N".
Certainly M'N'€ R and M”N"¢€S. Since M' has fewer than m nonzero rows, it follows that
M’'N" has fewer than m nonzero rows. But every row of M'N” contains only finitely many nonzero
entries, so M'N" has fewer than m nonzero entries, i.e., M'N”€R. An analogous argument

involving columns shows that M”N'¢€ R. Thus MN € T.

We show now that § is a right m-order in T. Let X CT with | X| <m. Write each
MeX as M=M'+M" with M€ R and M"€S. Consider Y={M;5:a,ﬂen and M € X}.
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Note that |Y | < m. Since D is a right m-order in F, there is a nonzero u € D such that Yu C D.
Let I(u) denote the scalar matrix in S with u on the main diagonal and zeros elsewhere. Clearly,
I(u) is a unit of T, and it is easy to see that MI(u) = M'I(u)+ M"I(u)€ S for all M € X. Thus
S is a right m-order in 7. Note that S,T € P, (n) if n <R, and S, TeP_(n*) if n>R,
(essentially by Proposition 1.4).

To realise the case §,T € P, (X,), we modify the ring construction of Example1.1. Choose F
as above and let ©,: M,a (F)— MNO(F) denote the diagonal embedding
ADO
0,4) =10 A. € M]NO(F) (A €M, (F)).
described in Example1.1. Define T = |J, ¢ Ry 04[M,a(F)] and § = Uae R 0,[M,a(D)]CT. An
argument similar to the one used above shows that S is a right m-order in T and the argument of

Example 1.1 may be re-used to show that S,T € P (X))

Finally, to realise the case S,7 € P, (n), n an uncountable limit cardinal, we modify
the construction of Example1.2. We again choose F as above and let ©: M{(F) — MX(F) denote
the “diagonal” embedding described in Examplel.2. Define R to be the subring of
U Ry <k<n Oy [ME(F)] consisting of all matrices M such that if k is the smallest infinite ca.i'dinal for
which M € O [Mf(F)], and M =©(M) with M € M{(F), then M has fewer than m nonzero

entries. Set

S= U 6Mg(D)]

Rg<k<n

and define T =R+ S. Again, previous arguments may be modified to show that S is a right
m-order in T and S,T € P_(n). a

§3. SEMIGROUP RINGS.

In this section we consider closure properties of the classes P _(m) under the formation of
semigroup rings (in particular, monoid, group and polynomial rings). We preserve the convention
established in Chapter 0, §10, of using multiplicative notation for the binary operation of a semigroup

(and in particular, abbreviating products by juxtaposition), except in cases where this is palpably

unnatural.

A semigroup H which is not a monoid may be extended to a monoid HM by choosing a
symbol 1, ¢ H, defining AM = HU {1y}, and defining the monoid operation on HM to be the
extension of the semigroup operation on H such that lgyh=h="hly for all he HM.  With an

arbitrary semigroup H, we associate a monoid H! with universe:

il {H, if H has an identity element ;

HM, otherwise.
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We shall, at times, refer to 1, without explicit mention of H!, even in cases where H does not have

an identity.

PROPOSITION 1. Let m be a cardinal greater than 1. If H is a semigroup and RH €

P, (m) then R € P (m).
n(7) _
Proof. Suppose first that m >X,. Let 0+ r € R and suppose X = {_Elai,\/gi,7 :y€eTl} is
1 =

a right insulator for r in RH, where a;, € R and 9iy € H for i=1,...,n(y), €T, and || < m.
Set Y ={a;,:i=1,...,n(7), 7€ ['}. Observe that Y is a right insulator for r in R, for if r¥Ys =10
with s € R, then rXs =0, so s =0. Since |Y| < m, this shows that R € P_(m).

Now suppose that 1 <m <X, By Theorem1.2, RH is isomorphic to a right order in
M (D) for some division ring D. It follows that dimRHpy =m. Furthermore, if
{K,:i=1,...,n} is an independent family of nonzero right ideals of R, it is easily checked that
{K,H:i=1,...,n} is an independent family of nonzero right ideals of RH. Consequently,
dimRp <m. By Goldie’s First Theorem (Theorem0.7.5), RH satisfies the ACC on right
annihilators. We assert that this implies that R also satisfies the ACC on right annihilators. Indeed,
suppose that (0:. X,) G (0: X,)G... is a strictly ascending chain of right annihilators of subsets X
(x €Ry) of R. Choose h € H and define Y, =X _h:={rh:r€ X_ } C RH, for each o €R,. It can
be shown easily that (0: . Y,)C (O:rYl) G... is a strictly ascending chain of right annihilators in
RH, a contradiction. We may conclude, therefore, that R is a prime right Goldie ring with
dimRp <m. It follows from Goldie’s First Theorem (Theorem0.7.5) and Theorem1.2 that
R € P, (m). 8]

The following example shows that Proposition 1 would fail if we ceased to insist that m > 1.

EXAMPLE 1. Let 1 <n <X, Set R=M_(F), F any field, and let H be the free monoid
on two (noncommuting) symbols. Clearly R € P_(n), yet RH =[M_(F)|H =M_(FH): the natural

map ¢: [M(F)|H — M (FH) defined by

(go(k;lAkhk))aﬂ = L (Aaghe (@B <n, A €M(F), b€ H, k=1,...,m)

may be shown to be a ring isomorphism. Since D = FH is a domain which is not right Ore (see

remarks following Proposition 0.10.1), it follows from Proposition 1.4 that RH = M (D)e P (1). O

In Proposition1, if H is chosen to be a group then a result of Connell [Con63, Theorem 8§,
p675] asserts that RH is prime if and only if R is prime and H contains no finite normal subgroups
except {ly}. If RH is right strongly prime then R is right strongly prime and H has no locally
finite normal subgroups except {1y} [HL75, PropositionIIL.1 (a), p215]. (Recall that a group G is
said to be locally finite if every finitely generated subgroup of G is finite.) The converse of this
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result is an open problem. Some partial converses are known, for example, Hannah [Han77,
Proposition 7, p342] showed that if F is a field and H a solvable group with no locally finite normal

subgroups except {1y} then FH is right strongly prime.

Suppose A,, A,,..., A, are nonempty subsets of a semigroup H. We call an element z €

n
AjA,.. A, ={aay...a, 1a €A, k= l,...,n} a unique product element (abbreviated u.p.
element) with respect to A, Ay,..., A, (or just a u.p. element if the A, are understood) if z is

uniquely expressible in the form z = a;a,...a, where a; € A; for :=1,...,n.
In [Sil92], Silva investigates conditions on a semigroup H which guarantee that the

semigroup ring RH is prime whenever R is prime. Specifically, [Sil92, Theorem1.1, pl91] asserts
that if H satisfies “Condition C” (defined below) then RH is prime whenever R is prime.

CONDITION C: For each pair of finite nonempty subsets A, B of the semigroup H, there
exists t € H such that A{t}B contains a u.p. element.

Since our interest is in the degree of primeness of a ring we choose to introduce two more

specific conditions.

CONDITION D: For each finite nonempty subset A of the semigroup H, there exists a
nonempty subset T , of H'! with the property that for each finite nonempty subset B of H, there
exists t € T 4 such that A{t}B contains a u.p. element.

CONDITION E: For each finite nonempty subset A of the semigroup H, there exists a
nonempty subset T 4 of H! and a € A with the property that for each finite nonempty subset B of
H, there exists t € T 4 such that A{t}B contains a u.p. element of the form ath for some b € B.

Note that Condition E is stronger than ConditionD. Following Passman [Pas77, §13.1], we
call a semigroup H a unique product semigroup if, for each pair of finite nonempty subsets A, B of
H, AB contains a u.p. element. Observe that if T 4 may be chosen to be {1y} for all finite A C H
then Condition D amounts to saying that H is a unique product semigroup. On the other hand, if we

may choose to have T 4 = H! for all finite A C H then Conditions D and C are equivalent for H.

LEMMA 2. Let R be a prime ring, H a semigroup and z= f: r.a; € RH with
0+r,€R, a,€H for i=1,...,n. Then: ik
() if H satisfies ConditionD, A= {ay,...,qa,} and X; is a right insulator for r; in
R, for i=1,...,n, then (,-lef)TA C RH is a right insulator for z in RH;
(i) if H satisfies ConditionE, A= {a,,...,a,} and X, is a right insulator for r;in
R, for i=1,...,n, then XJ-TA C RH is a right insulator for z in RH for some
Jj€e{l,...,n}.
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n m
Proof. (i) Suppose, on the contrary, that z( .L_JlXi)TAw =0 with 0 Fw= _leibi € RH,
0%s,€R, b€ H for i=1,...,m. Taking B= {b,...,b,,} there exists, by hypothesis, t €T 4
such that A{t}B contains a unique product element a,tb; for some k€ {1,...,n} and j € {1,...,m}.

n
It follows that r,( U X,)s; =0, a contradiction.
i=1

(ii) Suppose the element a of ConditionE is aj where j € {1,...,n}. Then an argument

similar to the one used above shows that X ;T 4 is a right insulator for z in RH. O

A semigroup H is said to be strictly right ordered if it admits a linear order < such that
for any z,y,z € H, we have
r<y = zz<yz.
Strictly left ordered semigroups are defined analogously, and a semigroup that is strictly right and
strictly left ordered is strictly ordered in the sense of Chapter 0, §10.

If {G;:i€Tl} is a family of monoids, we denote their free product by * ;. G; We

remind the reader that the free product of a family of monoids always exists and we provide a crude
“outline of its construction. (A more precise account may be found in [Pas77, Theorem 9.2.9, p372]%)
We assume the sets G,-\{IG',} are mutually disjoint. We form X = ; (G,—\{IG'_}). Consider the
set W(X) of all “words” in X (i.e., finite sequences of elements of X, including the empty word,
which we denote by 1, where we assume without loss of generality that 1 ¢ X). A word we W(X) is
said to be in reduced form if w=1 or w=g,95...9,, where n>1, each g;€X and adjacent
“letters” 95 9i+1 lie in distinct G;. Then the free product of the G, has as its elements all words
in reduced form and the monoid operation on the free product is just concatenation of words. We
write Gk Gyx ... x G, for %, G; if ['={1,...,n}. Note, however, that as a binary operation,
* is commutative. We point out that this construction is similar to that of (X), the free monoid on a

set X (see Chapter0, §10). In fact, if X is any nonempty set then (X) =%, o x (z).

Generalizing [Gro79, Theorems 2.1 & 2.2, pp242-243], [Vio75, Proposition2.14, p281] and
[HL75, PropositionI11.3, p216], we obtain:

PROPOSITION 3. Let m be a nonzero cardinal. Then:

(1) if m isinfinite, H is a unique product semigroup and R € P_(m) then

RH € P, (m);

(i) if H is a cancellative strictly right ordered semigroup and R € P_(m) then
RH € P (m); '

(iii) if H=G% G’ is the free product of two nontrivial monoids G and G’ and
R€ P, (m) then RH € P_(2m).

Proof. (i) follows immediately from Lemma2 (i), taking T 4 = {1y}.

4
Although Passman constructs a free product for a family of groups, his construction may be used, mutatis
mutandis, for a family of monoids.
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(ii) We show that a semigroup satisfying the conditions of (ii) must satisfy Condition E. Let
A={zy,...,z,} CH with z;<z,<...<z,. Take a==z, and T,={lg}. Suppose B=
{zg00. s 2} ©H with z;<zy<...<z,. It suffices to show that y= ma.x{zizj: i=1,...,n;
j=1,...,m} is uniquely expressible in the form y = T,z =az; for some j€ {1,...,m}. Observe

first that since H is strictly right ordered, y may be written in the form y ==z for some

nzj
j€{l,...,m}. If y==z,2; =2z for some k€ {l,...,n} and I € {1,...,m} then n =k, otherwise
Yy =13z, < r,2;, a contradiction. Since H is cancellative and T.z; = T,z;, We must have j=1. Now

the result follows from Lemma 2 (ii).

(iii) For convenience, we first introduce some notation and terminology. We say that an
element h€ H has length 2n+1 if it has reduced form h=g,919597...9,9,,9,,, Wwhere
9, € G\{lg}, g; € G'\{1.} for each i. Since the first factor of h is contained in G, we say that h
has type G_ and since the last factor of h is contained in G, we say that h also has type _G.

Elements of even length and of type G’_ and of type _G’ are defined in a similar manner.

It suffices, in view of Lemma2 (ii), to show that H satisfies Condition E where, in particular,
we are able to choose |T 4| =2 for all finite nonempty subsets A of H. Suppose then that A is a
finite nonempty subset of H. Let a be an element of maximal length in A and choose g € G\ {15},
9 € G'\{1,}.

Case 1. If a has type _G (or a=1y) we may take T, ={g',g9}. Let B be a finite
nonempty subset of H and b an element of maximal length in B. If b has type G_ (or b=1p)
then ag'd is a u.p. element in Ag’B. If b has type G'_ then aggh is a u.p. element in AgyB.

Case 2. If a has type _G" we take T 4 = {g,99'}. Let B be a finite nonempty subset of H
and b an element of maximal length in B. If b has type G'_ (or b= ly) then agb is a u.p.
element in AgB. If b has type G_ then agg’b is a u.p. element in Agg’'B. O

If m is infinite and H = G %G’ is the free product of nontrivial monoids G and G’ then
Proposition 3 (jii) yields: R € P,(m) = RH € P_(m). This implication fails, in general, for finite m
(see Example2 below). If we assume, however, that |G|>3 or |G’| >3 then ReP_ (m)=>
RH € P_(m) holds for all nonzero cardinals m. For suppose |G|>3. Let R be an arbitrary
nonzero ring and let H = G G’. Choose g,,g, € G\{l5} with 91% 93 and ¢’ € G'\{1,}. For each
positive integer n, set z, = g'(g,9")"g, + (919)"929' and I,, =z RH. We claim that {I,:n>1}is
an independent family of (nonzero) right ideals of RH. For suppose i z;5;, =0 with {s;,...,s,}
CRH. If z;5;, 40 for some i € {1,...,n}, let A be an element of ma.xilr:all length in 0 supp (z;s;).
We may assume without loss of generality that h :g’(glg’)kgzh,C where 1<k snlznld h, is an
element of maximal length in supp s, of type G'_. Inasmuch as i z,5; =0, we must have h =
y’(ylg’)kyzhk:g’(glg’)jgzhj for some j+k, je({l,...,n}, whereI =ht- is an element of maximal
length in supp s; of type G'_. Since j+k and 91 ¥ 9, this is clearly not possible, so z;s;, =0 for
¢=1,...,n. Thus {I,:n>1} is independent, from whicﬁ it follows that dim RH gy > R;.  Suppose
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now that R € P, (m) with 0 <m <X,. By Proposition3(iii), RH is right bounded strongly prime
and since dim RHpy >R;, RH cannot be a prime right Goldie ring, so RH € P_(1), by Theorem
1.2.

EXAMPLE 2. We show that if m is a finite nonzero cardinal and H = G’*G",5 where G
and G’ are both (multiplicatively written) groups of order 2, generated by elements g and ¢,
respectively, then R =M (Z,)H € P_.(2m) yet M, (Z,) € P,.(m). This shows that the implication
R€ P, (m)= RH € P,(2m) of Proposition3(iii) cannot be sharpened. Note first that R =
M (Z,H). (A suitable isomorphism is described in Examplel.) We show that Z,H € P_(2).
Certainly, by Proposition 3 (iii), Z,H € P,(2). Consider the element 1+ g¢ Z,H. Suppose 1+4¢
has a singleton right insulator, {y}, say. Write y = ‘z_:lh with h,€ H, i=1,...,n. Inasmuch as

(I+g9)g=1+g, we clea.rly lose no generality in assuming that each h; (dlstmct from 1) is of type

G'_. Set z=( Z h71)(1+4g). Clearly z40. Now
i=1

(1+9)yz = 1+g)< Z )( iillh-‘l)(ug)

=(+o ¥ hh'+ T aAT )1 4)

1<4,3<n 1=1
i+;
:(1+g)(1< L [hih !+ hjhi 1]+ )(1+g).
1<

Since (1+¢)t(1+g)=(14+¢)t"'(1+g) for all teH, setting t.-jzh'-hjfl, 1<i<j<n, we

" obtain

(1+g)yz = (1 +9)( 1<i§j<n[tij+ti—jl]+")(l+g)

= (1+g)n(l+yg) =0,

a contradiction. Thus Z,H € P_(2). It follows that Z,H is isomorphic to a right order in M, (D) for
some division ring D, by Theorem1.2. By Lemma0.7.3, R is isomorphic to a right order in

Mn(My(D)) = M, (D), so R € P, (2m), by Theorem1.2. o

We do not know whether the requirement that m be infinite is necessary in Proposition 3 (i).

As a consequence of Proposition 3 (ii), we have:

COROLLARY 4. Let m be a nonzero cardinal. If R € P_(m) then R[z]€ P, (m). a

We conclude this section with a brief investigation of “monomial algebras”. Monomial
algebras are very similar to certain types of semigroup rings (specifically, free algebras) and it is for
this reason that we have chosen to discuss them here. They are a rich source of pathologlcal” prime

rings, as is illustrated by an example at the end of this section.

Let F be a field and X a nonempty set whose elements will be called indeterminates.

Consider the free F-algebra F(X) on X. (Recall that F(X) is, by definition, the semigroup ring

5Thjs is the so-called infinite dihedral group, Doo
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whose coefficient ring is F and whose semigroup is the free monoid (X) on X.) A monomial in
F(X) is an element of the form aw where a € F and w € (X). Any F-algebra of the form F(X)/I,
where I is an ideal of F(X) generated by monomials, is called a monomial F-algebra. We introduce
some notation which will be used throughout the remainder of this section. If w € (X), we denote the
image of w in F(X)/I by @, and the image of (X) in F(X)/I by (X). It is also customary to use

the term “monomial” to describe the image in F{X)/I of any monomial of F(X).

The following result shows that much of the “freedom” in the free F-algebra F(X) is passed
on to the monomial algebra F(X)/I. Although the result is well known, we have chosen to provide a

proof, in the absence of a suitable reference.

PROPOSITION 5. Let Ap = F(X)/I, where F is a field, X a nonempty set, and I an
ideal of F(X) generated by monomials. Then every nonzero r € A is uniquely expressible in the
form r= f: a;W;, where the w; are distinct elements of (X\((X)NI) and 0% a,€ F for

1=1
1=1,...,n

Proof. Suppose that the ideal I is generated by a nonempty set V' of monomials. The fact

that every nonzero r € A is expressible in the given form is obvious. To establish uniqueness, it

clearly suffices to show that if {wy,...,w,} is any set of distinct elements of (X) and {a,,...,a,} any
set of nonzero elements of F' then w; =0 for all i € {1,...,n}, whenever Iila w; = 0. Suppose then
'Zla w; =0 with the w; and a; as above. This implies that 2_: a,w; € I which means that I2_:1a w;
can be expressed in the form Z b‘u,v,u,, where 0+b,€F, wu;,u;e(X), v,€V for
t=1,...,m, with the u;,v;,u; dlstlnct Now

supp( iilaiwi) ={w;:i=1,...,n} C {upuui:i=1,...,m} = supp( E b,u,v,u‘),
so {w;:i=1,...,n} CI, whence @, =0 for all i € {1,...,n}, as required. a

We remarked in the sequel to Proposition 0.10.1 that if F is a field and X a nonempty set
then the free F-algebra F(X) admits a naturally defined degree function o: F(X)\{0} - Z which
extends the classical degree function associated with polynomial rings. It follows from Proposition 5
that the degree function 0, when restricted to nonzero monomials, does “survive” in the monomial
algebra F(X)/I. To be more precise, it is possible to define a function 3: (X\{0} = Z by 3w = dw

for all nonzero @ € (X); the point being that 3 is well defined because @ = @ (@, € (X)) implies

U=w Oor u=

gl

=0, by Proposition5. Notice that for all @,@ € (X)\{0}, we have o(um) =
. 0u+ 0w or uw = 0.

There is a further notion associated with the free algebra F(X) which “survives” in the
monomial algebra F(X)/I, namely that of the support of a nonzero element. If r — E a.w (with
the w; and a; as in Proposition5) is a nonzero element of the monomijal algebra F(X )/ I we define

the support of r, abbreviated suppr, to be {@y,@,,...,@,} C{X). Since, by Proposition5, r is

n
uniquely expressible in the form .Elaiﬁ’i (with the w; and a; as in Proposition 5), suppr is clearly
1t =
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uniquely determined by r.

LEMMA 6. Let Ap = F(X)/I, where F is a field, X a nonempty set, and I an ideal of
F(X) generated by monomials. If 0%+r,s€ A with rs =0, then wu =0 whenever W and u are
elements of mazimum degree in suppr and supps, respectively, that is to say wu =0 whenever

dw > 0w’ for all W' €suppr and du > 0u’ for all u' € supps.

Proof. If @wu#0 then we must have Wu= @' %' for some @ Esuppr, @' * i, and U’
€supps, u' +u. By Propositiond, wu= w'v'. Since d(wu) = dw + du = dw' +du’ with ow > ouw'
and Ou > Ou', we must have dw =0uw' and 9u=0du'. This clearly implies w=w' and u=1/, a

contradiction. Thus @wu = 0. a

The following result is a routine extension of [GHL74, Proposition 2.3, p8] and shows that the
bound of primeness of a monomial algebra is determined almost completely by the behaviour of its

monomials.

LEMMA 7. Let m be a nonzero cardinal. Let Ap=F(X)/I, where F is a field, X a
nonempty set, and I an ideal of F(X) generated by monomials. Suppose that each nonzero
weE m has a right insulator in (_X_) of cardinality less than m+ 1, that is to say, there exists a
subset Y of (X) such that |Y|<m+1 and @Y7 =0 implies 1 =0, whenever € (X). Then
A€ P_(m).

Proof. Let 0fr€A and let @ be an element of maximum degree in suppr. By
hypothesis, we may choose Y C m such that |Y|<m+1 and @Y%+ 0 for all nonzero u E(—X_S.
We claim that Y is a right insulator for » in A. Indeed, if r¥s =0 for some nonzero s € 4 then,

choosing an element # of maximum degree in supps, we infer from the previous lemma that

wYu =0, a contradiction. a

EXAMPLE 3. Let m be a regular cardinal and F a field. We construct a monomial
F-algebra A such that A € P_(1)Nn P;(m™).

Set X =m, i.e., X is the set of all ordinals & such that @ <m. Let I be the ideal of F(X)
generated by all monomials of the form ofy with o> >~. Define Ap=F(X)/I. Take
0+ @ € (X) and suppose that @ terminates in f, say, with § € X. It is clear that {B0} is a right
insulator for @ in m By Lemma?7, A€ P_(1). Suppose @ has initial symbol @, say, with
a € X. We claim that Y = {F&: v € X} is a left insulator for @ in (X). Indeed, if 0 % 7 € (X) and
7 terminates in ¥ say, y € X, then it is easy to see that uw(¥@)@w +0. Since |Y|=m, we may
conclude from the left analogue of Lemma7 that A € P;(m%). To show that A ¢ P;(n) for any
n<m, let Y be asubset of A with |Y|<m. Denote by Y’ the set of all ordinals S (i.e., elements

of X) for which § appears in Y. Since |¥'|<m and cofm =m, there must exist some o € X
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such that o > 8 for all B € Y". Clearly, therefore, a®1 @ € (0:;Y). Thus A € P;(m™). o

§4. UNIFORMLY STRONGLY PRIME RINGS.

In [HL75], Handelman and Lawrence introduced the notion of a “uniformly strongly prime”
ring and, more specifically, that of a ring “uniformly strongly prime of bound n”, for a given finite
nonzero cardinal n. Loosely speaking, these notions arise by insisting on the existence of a fixed subset
of a ring which functions as an insulator for all nonzero ring elements, and by calculating the
minimum cardinality of any such “uniform” insulator. (This cardinal will be called the “uniform
bound of primeness” of the ring; more precise definitions follow below.) Surprisingly, given the
prominence of Handelman and Lawrence’s work, it is only the more radical theoretic aspects of
uniformly strongly prime rings that have received attention in the literature. In this section we hope to

give the subject a fuller and more deserved treatment.

In Theorem 4, we show that the study of uniformly strongly prime rings can be reduced to
- that of (1) those such rings whose uniform bound of primeness is 1; and (2) prime Goldie rings (i.e.,
rings that are isomorphic to right or left orders in finite dimensional matrix rings over division rings).
It is known that the property of being uniformly strongly prime is preserved in taking right orders (and
this does not increase the uniform bound); we show in Corollary 7 that the passage to two-sided orders
preserves and reflects the uniform bound itself. Thus the calculation of the uniform bounds of many
strongly prime rings reduces to a consideration of properties of matrix rings M (D), where n is a
finite nonzero cardinal and D is a division ring. Surprisingly, however, the value of this bound turns
out to depend, in general, on the division ring D, rather than being solely determined by the
dimensions of the matrices, i.e., by n. (This contrasts with the situation for the right and left bounds

of primeness of two-sided orders in simple artinian rings.)

We conclude the section with some examples, in which the uniform bounds of several prime
Goldie rings are calculated. In particular, we show that for every finite nonzero cardinal n, there exist

rings which are uniformly strongly prime of bound precisely n.

We point out that our study of uniformly strongly prime rings does not end here. Indeed, the

class of uniformly strongly prime rings gives rise to a number of special classes in the category of rings

which will be studied in ChapterIV.

A nonempty subset X of a ring R is said to be a uniform. insulator for R if aXb 0
whenever 0+ a,b € R. If R possesses a finite uniform insulator, we call R a uniformly strongly
prime ring (in which case, of course, R is both a right and a left bounded strongly prime ring). A
prime ring always possesses a uniform insulator — at worst, the ring itself functions as such. If m is
the smallest cardinal such that a prime ring R possesses a uniform insulator X with | X|<m+1,
we call R uniformly prime (or uniformly strongly prime, if m is finite) of bound m, and we

refer to m as the uniform bound of primeness of R. We shall denote by UP(m) (resp. UP(m))
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the class of rings which are uniformly prime of bound m (resp. of bound at most m). Thus UP(R,)
is just the class of all uniformly strongly prime rings. Note that only a successor cardinal m may be
the uniform bound of primeness of a ring, i.e., UP(m) =0 for all limit cardinals m. For any limit

cardinal m, we have UP(m) = U ¢ p«m UP(0) = Ug ¢ n<m UP(D).

Observe that all of the “uniform” notions defined in the previous paragraph are left-right
symmetric, unlike the corresponding notions associated with right and left bounds of primeness. The
nonempty classes UP(m) partition the class of all prime rings since, as we noted in the previous
paragraph, every prime ring R is uniformly prime of bound at most |R|*. In fact, while we have
chosen to pitch the above definition at a level of generality consistent with the investigations of this
thesis as a whole, it is only for finite m that the classes UP(m) and UP(m) have been studied in the
literature and there are, at present, no known interesting characterizations of the classes U'P(m) and
UP(m) for infinite m. The results of this section deal almost exclusively with the case where m is

finite.

The following assertions are clearly equivalent for a nonempty subset X of a ring R:
(i) X is a uniform insulator for R;
(if) X is a right (resp. left) insulator for every nonzero a € R.

It follows that if R € UP(m) (m > 0), then R € P, (m)N P;(m).

Clearly, every domain is a member of UP(1). More generally, if m is a nonzero cardinal, D
a domain and 0 $1¢€ D, then {E4,4(t): a8 <m} is a right insulator for every nonzero element of
Mp(D) and hence a uniform insulator for M (D). (Recall that E, 5(t) denotes the matrix in
Mg, (D) with t in position (a,8) and zeros elsewhere. The argument of Proposition 1.1 may be used
virtually unchanged to justify the previous claim.) Thus M_(D) € UP(m?) whenever 0 < m < R, and
My(D) € UP(m*) whenever m>Y,. We also know that for infinite m, Mg (D)€ P, (m")
(Proposition1.4) so we may conclude that M (D) € UP(m%) in this case; actually, all of the above
may be generalized effortlessly to the case where D € UP(1) with uniform insulator {t}. Since much
of what follows will be an analysis of the uniform bounds of primeness of matrix rings M (D), the
fact that, when m is infinite, this bound coincides with the right bound of primeness of the ring for
“most” D makes us feel that the uniform bound of primeness of an infinite dimensional matrix ring is

of little interest. This is part of the rationale for the more general emphasis, in what follows, on

finite uniform bounds of primeness.

Now consider the case where n is a finite nonzero cardinal and D is a division ring. We
established earlier that M, (D)€ P, (n)N P;(n), so we must have M,(D) € UP(m) for some (finite)
cardinal m with n <m < n% This fact is not new (see [HL75, Proposition1.2, p211]). It turns out,
however, that the lastmentioned inequality can be sharpened to n<m<2n-1. Thus M, (D) e
UP(m) for some m such that n<m < 2n—1, whenever D is a division ring. A slightly stronger
assertion will be proved in Theorem3. We require two lemmas. The first generalizes a result of Olson

[Ols87, Theorem 10, p98], which shows that the property of being uniformly strongly prime is
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preserved in taking right orders.

LEMMA 1. Let m,n be cardinals with 0 <n<m and m > R,. Let R be a right m-order
inaring S. If SE€UP(n) then RecUP(n). In particular, a right order in a uniformly strongly

prime ring is uniformly strongly prime of bound no greater than that of the overring.

Proof. Let X be a uniform insulator for § with | X|<n+1. Since | X|<m and R is a
right m-order in S, there is a unit » of S, contained in R, such that Xu CR. If a,b € R with
a+0 and aXub=0 then ub=0 (because X is a uniform insulator for S), and so b=0. This
shows that Xu is a uniform insulator for R, and since |Xu|=|X|<n+1, we have R € UP(n).

The second assertion follows from the first, setting m =X, and using Lemma 0.7.2. a

It follows from the above result and the remarks preceding it that if a ring R is isomorphic to
a right order in M, (D), where 0 <n <X, and D is a division ring, then R € UP(m) for some m
such that n<m<n? Thus every prime right (and, by symmetry, left) Goldie ring is uniformly
strongly prime. (The reader will recall that this fact was established in the proof of Proposition 1.7,
using the Faith-Utumi Theorem (Theorem 0.7.7).)

Let M be an nxm matrix over any ring R, where 0 <n<m<RX;,. Any nxk matrix
(where 0 < k < m) obtained from M by deleting m —k columns of M will be called an nxk minor
of M.

LEMMA 2. Let n be a finite nonzero cardinal and D a division ring. Let {4, 7 <m}
be a finite subset of My(D), with m>n. For each n-tuple € D™ (regarded as a column
vector), let A(z) denote the nxm matriz whose y-th column is A,z for each y€{0,...,m—1}.
Then the following assertions are equivalent:

(i) {A,:vy<m} is a uniform insulator for M (D);

(i) rank A(z) =n for all nonzero z € D®;

(i) for each nonzero z € D®, there exists an nxn minor of A(z) whose rank is n.

Proof. The equivalence of (ii) and (iii) is a basic result of linear algebra. For the sake of
completeness, however, we provide a proof. The implication (i) = (ii) is obvious. To establish
(ii) = (iii), let 0+ z € D™ We can clearly regard the columns of A(z) as elements of D™ Let ¥ be
a maximal independent set of columns of A(z) and let () denote the subspace of D™ generated by
?. By the maximality of ¥ among independent sets of columns, (¥) is the column space of A(z). By
hypothesis, n = rank A(z) = dim (column space of A(z)) =dim(f) = |#|. Clearly, if B is chosen to

be the nxn minor of A(z) whose set of columns is ¥, then rank B =n. Thus (iii) holds.

(i) = (ii): Suppose that rank A(z) < n for some nongero £ € D®. Then yA(z) =0 for some
nonzero y € D™ (regarded as a row vector). Define Y, X M, (D) by:

y for a=0; z for #=0;
_{= B _ = ’
Y(a) {Q for a > 0, and = {Q for G > 0.
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Clearly, Y, X +0, yet YA X =0 for all y€{0,...,m—1}. This contradicts (i).
(i) = (i): Let Y, X e M_ (D) with Y 0. Then

(V7 €m) (YA X =0) = (Va€n) (Y8 €n) (Y(G)A(Xw)) =0)
= (VB €n) (rank A(X(ﬁ)) <)
= (v8en) (XxP =0) (by (ii))

=> X=0.
This shows that {4, :7 <m} is a uniform insulator for My (D). a
Note that if z = (z;,2,,...,2,) € D" then A(z) (as defined above) is an nxm matrix each of
whose entries is a linear homogeneous form (over D) in 11,12,...,zn.6 Conversely, it is equally clear

that any such matrix can be written as A(z) for a suitable subset {A,:v <m} of My (D). If D isa
field then, by the previous lemma, {A‘v: 7 <mj} is a uniform insulator for M_ (D) if and only if for
each nonzero z € D", there exists an nxn minor of A(z) whose determinant is nonzero. Note also
that in this instance, the determinant of every nxn minor of A(z) is an n-th degree homogeneous

formin z;,z,,...,z,.

THEOREM 3. Let n be a finite nonzero cardinal and D a division ring. If R is
isomorphic to a right order in M_ (D) then R € UP(m) for some m such that n<m < 2n-1.

Proof. Note first that we cannot have R €UP(m) for any m<n, since R € P_(n)
(Theorem 1.2). 1t suffices, in view of Lemma I, to prove that M (D) € UP(2n - 1).

-

z1 zy Ta-1 Tn 0 0

0 T, z, . . T, T, 0
Consider A(z) =

0 T, T, Ta_1  Zg 0

i 0 0 0 T, z, Tn_1 T, ]

where z =(z;,z,,...,z,). Notice that A(z) is an nx(2n—1) matrix each of whose entries is a
linear homogeneous form in Ty, Tg,...y Ty Suppose that rank A(z) < n for some nonzero z € D™,

. Then every nxn minor of A(z) has rank <n. Whenever o <n, we let A(z,a) denote the nxn
minor of A(z) for which A(g,a)(ﬂ) = A(g)(ﬂea) whenever 8 <n. Since A(z,0) is an nxn matrix

with zeros below the main diagonal and since rank A(z,0) < n, we must have z; =0. Equally, since

6 . .
It would be more accurate in this context to interpret z = (

n Ty, Tg,. . .,:rn) as an m-tuple of indeterminates
(hence an elemeflt. of D[:::l,:':2 Jeen ,a:n] ), rather than as an n-tuple of elements in the division ring D. Nevertheless,
for the sake of simplicity, we tolerate this ambiguity and regard z = (1:1,1:2 Yaes ,::n) both as an m-tuple in D™ and as
an mn-tuple in D[:a:l,:::2 yeee ,J:n]n.
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A(z,1) is an nxn matrix with zeros below the main diagonal and since rank A(z,1) <n, we must
have z, =0. Continuing in this way, we obtain z, =z,=...=z,=0, l.e.,, £ =0, a contradiction.
Hence rank A(z) = n for all nonzero z € D™ By the previous lemma, M_(D) has a uniform insulator

of cardinality 2n—1. O

We shall show presently, with the aid of several examples, that the inequality n <m <2n-1
of Theorem 3 cannot be sharpened further. This is an interesting fact which shows that the uniform
bound of primeness of a right order in M_ (D) (where n is a finite nonzero cardinal and D a division
ring) is not determined solely by n. This contrasts with the situation for the right and left bounds of

primeness of such orders (see Theorem 1.2).

Theorem4 below may be seen as a converse of Theorem3. In it, we prove that every ring
which is uniformly strongly prime of bound greater than 1 is necessarily prime right or left Goldie.
Theorem4 may be viewed, therefore, as a “uniformly strongly prime” analogue of Theorem 1.2.
(Recall that Theorem1.2 asserts that every ring which is right prime of bound greater than 1 is
necessarily prime right Goldie.) We also remark that Theorem3, which attempts to locate the
uniform bound of primeness of a prime right Goldie ring, takes on greater significance in the light of

Theorem 4.

THEOREM 4. If n is a finite cardinal such that n>1, and R€ UP(n), then R is a
prime right or left Goldie ring.

Proof. Suppose Re€ P (1)NPi(1). Let X be a uniform insulator for R with | X|=n
and choose z € X. Since R ¢ UP(1), there must exist nonzero elements r,s € R such that rzs = 0.
Since R € P, (1)NP(1), we may choose 7,5 € R such that (0:;7r) = (0:,s5) = 0. Then 7rXs5\{0}

is a uniform insulator for R since, for any a,b € R,
a(frXss)b=0 = afr=0or s5b=0 = a=0 or b=0.

But |7rXs5\{0}| <|X|=mn, a contradiction. We must therefore have that R € P_(n) or RE€
P;(n) (by Proposition 1.7), whereupon the result follows from Theorem 1.2. O

In [HL75, Corollary to PropositionII.3, p214], Handelman and Lawrence prove that if R is a
(von Neumann) regular ring with identity then the conditions

(i) R issimple; and

(ii) R is (right) strongly prime
are equivalent. In the next proposition, we show that uniformly strongly prime regular rings with

identity have a very “simple” characterization.

PROPOSITION 5. The following assertions are equivalent for any regular ring R with
identity:
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(i) R is a simple artinian ring;

(il) R is uniformly strongly prime.
Proof. (i) = (ii) is obvious.

(ii) = (i): Suppose first that R € UP(1) and let {z} be a uniform insulator for R. Since R
is regular, Rz = Re for some idempotent e € R (Theorem0.9.1). Write e =tz with t € R. Since
(0:,e)=(0:,tz)=0, we must have e=tzr=1p. Similarly, z is right invertible so z is a

unit of R. This implies that R is a domain, since for any a,b € R, we have
ab=0 = azz" % =0 = a=0o0rz7b=0 = a=0or b=0.
R must therefore be a division ring.

Suppose now that R is uniformly strongly prime of bound greater than 1. By Theorem4, R
is isomorphic to a right or left order in a simple artinian ring S. We claim that R 2 5. To see this,
take s € S. Identifying R with its image in S, we get that su &€ R for some unit u of S contained
in R. Since u is a regular element of R and R is a regular ring, u must be a unit of R. Therefore,

" s=suu"' € R, so R=5. Thus R is a simple artinian ring. O

Recall that in Proposition 2.1 we proved that if R is a subring of S such that Rp is essential
in Sp and R € P,(m), then S € P_(m). The proof is similar in spirit to that of the next proposition,

which is the analogous result for uniform primeness.

PROPOSITION 6. Let R be a subring of S and suppose that Rp and pR are essential

submodules of Sp and RS, respectively. For any nonzero cardinal n, if RcUP(n) then
S € UP(n).

Proof. Let X be a uniform insulator for R with |X|<n+1 and suppose that aXb =0,
where 0+ a,b€ 5. Since Rp is essential in Sp, it follows that {br +bn:re R, n€Z}NR+0, so
0Fbr+bne R for some r€R, n€Z. Since R is a prime ring, (br +bn)R £ 0, and therefore
6K +0. Then RNbR £ 0, so 0+ bs € R for some s € R. Using the fact that pR is essential in RS,
a similar argument establishes the existence of some t € R such that 0+ ta€ R. Then taXbs =0

and so ta=0 or bs=0, a contradiction. Thus X is a uniform insulator for S, from which it

follows that S € UP(n). 0

The following example shows that the requirement that rR be essential in RS cannot be

dropped from the above result.

EXAMPLE 1. Let R be a ring with identity such that R € UP(1) and dim Rp > R, (e.g., a
domain which is not right Ore). Consider the maximal right ring of quotients @ = Qmax(Rp)-

Certainly, Rp is essential in @p- We shall show that @ is not uniformly strongly prime. Since R is
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right strongly prime, the singular submodule Z(Rp) of Rp is zero, by [HL75, PropositionII.2, p213].
(This result is, of course, just a special case of TheoremI1.6.3 ((ii)= (v)), where we set m =R, and
o =2Z.) By Proposition0.9.5, @ is a regular, right self-injective ring. Since dim Ry is not finite, it
follows from Sandomierski’s Theorem (Theorem0.9.6) that @ is not simple artinian. By

Proposition 5, @ cannot be uniformly strongly prime. a

In the sequel to Proposition2.1, we remarked that if § =M,(D) (D a division ring) and R is
the subring of S consisting of all upper triangular 2 x 2 matrices over D, then Rp is essential in Sp
but R is not even semiprime. A symmetrical argument shows that pR is essential in gS. Since §
is uniformly strongly prime, but R is not, the converse of Proposition6 is certainly not true. As
Corollary 7 below shows, more can be said if the hypotheses of Proposition6 are strengthened. The

result follows immediately from Lemmal and Proposition 6.

COROLLARY 7. Let m,n be cardinals with 0 <n<m and m>R,. Let R be a right
m-order in a ring S and suppose further that pR is an essential submodule of RS (e.g.,

suppose R is also aleft order in S). Then R € UP(n) if and only if S € UP(n). o

We point out again that the restrictions on R and S in the above result are necessary. In
particular, we show in the following example that the requirement that R be essential in RS cannot

be dispensed with.

EXAMPLE 2. We construct a ring S with a subring R such that R is a right order in S
and R € UP(1) but S is not uniformly strongly prime.

Let F be a field. Let z,y,z be distinct symbols and let H be the free product of monoids
H,% H,% Hj3, where H; and H, are the free monoids on {z} and {z}, respectively, and Hj is the
free group on {y}. If w € H, we define the degree of w, denoted dw, to be the sum of the absolute
values of the powers of z,y and z occurring in w. (For example, O(ly) =0; 5(y—223)=5;
d(yzy=3z) =6, etc.) Clearly, O(ww') < 0w+ 0w’ for all w,w’' € H. Because of the presence of
negative powers of y, however, this inequality is strict in some cases, so 8 is not a “degree function”
in the strong sense associated with free algebras over fields and monomial algebras. Consider the
monoid ring FH. For each w € H\{1y}, choose a positive integer n(w) such that n(w) > dw. Set
H'=H\({lz}U{z":n>0}) and let I be the ideal of FH generated by {z"(*)w;"(®). ¢ H'}.
Define S=FH/I. (S is not unlike the monomial algebras discussed in the previous section.) If

w € H, we denote the image of w in S by @ and the image of a subset X of H in S by X.

We show first that S is not uniformly strongly prime. We claim that z is not nilpotent.

Indeed, suppose that 2™ =0 for some positive integer m. Then z™ € I. Inasmuch as every element
. . . L n(w. . ’

of I is expressible in the form iglaiv‘-(z ( ')w,-z"(w'))v:-, where a; € F, w; € H' and v;,v; € H for

all i€ {l,...,n}, it follows that 2™ =z Wy W)y ¢, some we H’

and v,v'€H, an
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impossibility. Thus Z™ £ 0 for all m>0. Let X be a finite nonempty subset of FFH and set
Y={we€H: wesuppr for some r€ X}. Since Y is finite, it is clear that we can choose n
sufficiently large so that z"wz" eI for all weY. It follows that z"Xz"=0. Thus X is not a

uniform insulator for S. This shows that S is not uniformly strongly prime.

Let K be the submonoid of H generated by {z,y}U {wy"(w): w€ H}. We define R to be
the image of FK in S. Assuch, R is a subring of S. We claim that R is a right order in S. To
see this, note first that 7 is a unit of S contained in R. Moreover, it is not difficult to see that if

s € S then, for sufficiently large n, we have sy" € R. This validates our claim.

Finally, we show that {Z} is a uniform insulator for R, which clearly implies that R €
UP(1). Suppose, on the contrary, that 7,z7, =0, ie., rjzr,€ I, for some ri,ry € FK\(FKNI).
Clearly no generality is lost by our assuming that no element of suppr; or suppry isin I. Certainly,
rizry £ 0.  Indeed, if w; and w, are elements of maximum degree in suppr, and suppr,,
respectively, then O(w,zw,)=0w;+1+ 0w, > O(uzw’)=0u+1+0u for all u€suppr; and
u' €suppry. It follows that w,zw, € supp(r zr,y), so ryzr, +0. Let u;zu, €supp(ryzr,) with

u; €suppr; and uy €suppr,. Since ryzry € I, u;zu, is expressible in the form
(1) U TUy = vlz"(w)wz"(w)v2 (for some w € H' and vy, v, € H).

If O(uyz) =0u;+1<0v; then, cancelling u;z on the left in (1), we obtain u, = v’lz"(w)w z"(w)v2
€1 for some v) € H, a contradiction. A similar contradiction results from supposing that d(zu,) =
Ouy +1 < Jvy. Suppose that du; > Ov; and Ou, > Gv,. Cancelling v, and v, on the left and right

hand sides of (1), respectively, we obtain
(2) uyzuy = 2"y, () (for some u},u}, € H).

Clearly we must have 8u'1,8u’228(z"(w)):n(w), so, cancelling 2"®) on both sides of (2), we
obtain w = uyzuy for some uf,uy € H. Then u =vu} = vlz"(w)u'l’. It is not difficult to see that
in order that vlz"(w)u’l' be an element of K, u] must contain a power of y whose degree exceeds
8(zn(w)) =n(w). But this is impossible, because duy < dw < n(w). Thus u, = vlz"(w)u’l' ¢K, a

contradiction. We may therefore conclude that {z} is a uniform insulator for R. na

The following result shows that rings which are uniformly strongly prime of bound 1 are easily

constructed.

PROPOSITION 8. Let R be a uniformly strongly prime ring. If G and G' are monoids
with |G| >3 or |G'| >3, then R[G*xG'] € UP(1).

Proof. Set H=G%G'. In the proof of Proposition 3.3 (iii), we showed that the semigroup

H satisfies Condition E (see §3) where, in particular, if A is an arbitrary finite nonempty subset of

H then T, may be chosen to be {9', 99} or {g,9g'}, where g is any fixed element of G\{1lg} and ¢'
any fixed element of G'\{lg}. 1t follows from Lemma3.2 (ii) that if 0+2€ RH and X is a
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uniform insulator for R then X{g¢', g9} or X{g,gg'} is a right insulator for z in RH. Consequently,
X{g',9,99,99'} is a uniform insulator for RH. In the sequel to Proposition3.3, we showed that
dim RHpy > Ny and so RH cannot be a prime right Goldie ring. A similar argument shows that
RH is not a prime left Goldie ring either. By Theorem4, RH € UP(1). O

Results proved so far suggest that the study of finite uniform bounds of primeness in general is
not significantly more extensive than the study of uniform bounds of primeness of finite dimensional
matrix rings over division rings. (We refer the reader to Theorem4 in particular.) Nevertheless, as
will be apparent in the sequel, the calculation of such bounds is, in many instances, a nontrivial

task.
Our next main result is Theorem 11, which describes the uniform bound of primeness of the

ring M_(F) for a finite nonzero cardinal n and an algebraically closed field F. Its proof utilises
several standard notions and results from commutative algebra which will be presented here, for the
sake of completeness and for the reader’s convenience. A more detailed account may be found in

standard texts such as [Mat86] or [Kap70].

Let R be a commutative ring with identity. A prime ideal P of R is said to have height n,
where n is a nonnegative integer, if there exists a chain Py G P, G...C P, = P of prime ideals of R
and no longer such chain exists. In this case we write ht P =n. It is quite possible that a given prime
ideal may not have finite height. Dually, we say that a prime ideal P of R has coheight n, where n
is a nonnegative integer, if there exists a chain P =Py C P, G...G P, of prime ideals of R and no
longer such chain exists. In this case we write write coht P =n. Note that a prime ideal P of R is a
maximal proper ideal of R if and only if coht P =0. Again, we point out that a given prime ideal
need not have finite coheight. If every prime ideal of R has finite height and there exists a prime ideal

with maximal (finite) height n, then R is said to have classical Krull dimension n. In this case we

write cl-K-dim R = n.

The so-called Principal Ideal Theorem is probably the most important theorem in
commutative ring theory pertaining to classical Krull dimension. In its most general form, the theorem
states that if R is a commutative noetherian ring with identity and I an ideal of R generated by n
elements (n a positive integer) then any prime ideal P of R which is minimal among prime ideals of
R containing I has height at most n. It follows from the Principal Ideal Theorem that every nonzero
prime ideal in a principal ideal domain with identity has height 1, and therefore that every principal
ideal domain with identity has classical Krull dimension 1. In particular, if F is a field then the
polynomial ring F[z] has classical Krull dimension 1. Moreover, a straightforward inductive
argument shows that cl-K-dim (Flzy,2q,...,2,]) =n, for every positive integer n. More strongly, it
can be shown that ht P +coht P=n for all prime ideals P of Flz,,
integers n [Mat86, Ex 5.1, p37].

Zy,...,z,] and all positive

Another important consequence of the Principal Ideal Theorem is the fact that every prime

ideal in a commutative noetherian ring with identity has finite height. This implies that if R is a
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commutative noetherian ring with identity then Spec R (set of prime ideals of R) satisfies the DCC.
Interestingly, the dual assertion is not- true: it is pqssible for a prime ideal in a commutative
noetherian ring with identity not to have finite coheight — this despite the fact that Spec R obviously
satisfies the ACC (see [AM69, Ex 11.4, p126]).

Our next immediate goal is to state a famous result in classical algebraic geometry, the so-
called Nulistellensatz (Zeros Theorem) of Hilbert. Classical algebraic geometry is the study of

simultaneous solutions of polynomial equations

flzgy29,...,2,)=0, f€S,

where K is a field and S C K[z,,z,,...,z,.], n a positive integer. A solution of this system is an

n-tuple (a;,a,,...,a,) € F", where F is an algebraically closed extension field of K and
flay,ay,...,a,)=0 for all f€S. The set of all such (ay,a,,...,a,) € F" is called the affine
K-variety in F" defined by S and is denoted by V(S). Thus V(S):={(a,a,,...,a,) € F":
flaj,aq,...,a,) =0 for all f€S}. Note that if I is the ideal of K[zy,z,,...,7,] generated by S,
then V(I)=V(S).

The assignment S— V(S) clearly defines an order reversing function from the power set of
K[z, z,,...,z,] to the power set of F". Conversely, it is possible to define an order reversing
function from the power set of F™* to the power set of K[z,,z,,...,z,] by Y —~J(Y), where Y C F"
and J(Y):={f € K[zy,%,,...,2,]: f(a,a5,...,a,) =0 for all (ay,a4,...,a,)€Y}. Note that
J(Y) is an ideal of K[z{,2,,...,2,].

If I is an ideal of a ring R, we define rad] = (Y{P €SpecR: PD I} and we call I a
radical ideal of R if radl =1I. This terminology and notation is used here because it is very
standard in classical algebraic geometry. We note, however, that an ideal I of a ring R is a radical
ideal of R if and only if the ring R/I is semiprime, i.e., B(R/I)=R/I (see Chapter0, §5). A
radical ideal is therefore sometimes called a semiprime ideal and the notions defined above are closely

related to the theory of radicals in the category of rings, which will receive detailed treatment in

Chapter1V.

THEOREM 9. (Hilbert’s “Nullstellensatz”) [Hun74, Proposition 7.4, p412] Let K be a field
and F an algebraically closed extension field of K. Let I bea proper ideal of Klz,,z,,...,z,],
where n is a positive integer. Let V(I) = {(ayyap,...,a,) € F™ 1 g(ay,ay,...,a,) =0 forall g€ I}.
Then rad I = J(V(I)) = {f € K[zy,29,...,2,] : flag,ay,...,a,) =0 for all (ay,89,...,a,) € V(I)}.

a

It follows from Hilbert’s Nullstellensatz that if I 1 and I, are radical ideals of
K[z ,z,,...,z,] (where K is a field and n a positive integer) then V(I,)=V(I,) implies
Iy =rad I} = J(V(I,)) = J(V(I,)) =rad I, = I,. This shows that the restriction of the operator V

to the set of all radical ideals of K[xl,xz,...,xn] is strictly order reversing. It also follows from the
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Nullstellensatz that if I is a proper ideal of K[z,,z,,...,z,] then V(I)+@, because J(0)=
K[zy,zq,...,2,] 2 rad I = J(V(I)).

The next result is attributed by the author of [Mat86] to Macaulay [Macl6, p54]. Eagon has
proved a more general version pertaining to arbitrary commutative noetherian rings with identity. A

proof of his result may be found in [Mat86, Theorem 13.10, p104].

PROPOSITION 10. Let R = F[z,,z,,...,z,], where F is a field and n a positive integer.
Let A be a kxm matriz over R, for some positive integers k,m with k <m, and let I be the
ideal of R generated by the determinants of all kxk minors of A. If P s minimal among

prime tdeals of R containing I then ht P<m—k + 1. O

With reference to Proposition 10, we point out that since the ring R is commutative and

noetherian, with identity, there will always exist a prime ideal P of R which is minimal over I.

It follows easily from the Faith-Utumi Theorem (Theorem 0.7.7) that if R is a right order in
M (F), where F is a field and n a finite nonzero cardinal, then R is also a left order in M (F). By
symmetry, we may conclude that the right orders in M (F) are exactly the left orders in M (F).
This being so, we choose to omit the prefix “right” or “left” in this context, and to speak sim.ply of an

“order” in M (F).

We are finally in a position to prove our next result on uniform bounds of primeness, which

sharpens our knowledge of the values of such bounds in matrix rings.

THEOREM 11. If F is an algebraically closed field, n a finite nonzero cardinal and R
an order in M (F), then Re UP(2n—-1).

Proof. Clearly, we may assume that n>1. In view of Theorem3 and Corollary7, it
suffices to show that M (F) has no uniform insulator of cardinality less than 2n—1. We use
Lemma2. Let {A_ :y <m} be an arbitrary subset of My(F) with 1<n<m<2n—1. Define
A(z) = A(z,,25,...,2,) asin Lemma2. Let I be the ideal of K = Flz,,z,,...,z,] generated by
the determinants of all nxn minors of A(z). By Proposition 10, there is a prime ideal P, minimal
among prime ideals of K containing I, such that ht P<m—-n+1< (2n—1)—n+1=n. Now
ht P+ coht P=mn, so coht P> 1, ie., P is not a maximal proper ideal of K. We can therefore
choose a prime ideal @ of K such that Q@2 P. For each ideal A of K, consider V(A4)=
{(ypyg,...ryy) € F™: f(y1rygs...yyy) =0 for all f e A}. By Hilbert’s Nullstellensatz (Theorem 9),
VIN2V(P)QV(Q) +0, so |V(I)|>1. It follows that V(I) must contain a nonzero element

z € F™. Therefore, every nxn minor of A(z) has zero determinant. By Lemma2, {A'y: v <m} is

‘not a uniform insulator for M (F). a

The next lemma generalizes [Ols87, Lemma 8, p97].
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LEMMA 12. Let m be a nonzero cardinal and let e be a nonzero idempotent in a ring R.

If ReUP(m) then eRe € UP(m).

Proof. It is easily checked that if X is a uniform insulator for R with | X|<m+ 1, then

eXe is a uniform insulator for eRe, and |eXe|<|X|<m+ L. a

We now investigate the uniform bound of primeness of M (R) for various positive integers n.

Interestingly, the parity of n plays a role here.

PROPOSITION 13. Let n be an odd integer greater than 1. If R is isomorphic to an
order in M_(R) then R € UP(m) for some integer m such that n <m < 2n-1.

Proof. Again, in view of Theorem3 and Corollary7, it suffices to show that M (R)¢
UP(n). Let {A,:v<m} be an arbitrary subset of M (R). Define A(z) = A(zy,2;,...,2,) asin
Lemma2. The result follows from Lemma 2 if we can show that det A(z) =0 for some nonzero

z €R™  Replace z; with z and each of z,,z;,...,2, with y. Notice that det A(z)=

n
det (A(z,y,9,..-,¥)) = f(z,y) is an n-th degree homogeneous form in z and y over R. It suffices to
show that f(z,y) =0 for some nonzero (z,y) € RxR. If y divides f(z,y) then, clearly, f(z,0)=0
for all z € R. Suppose that y does not divide f(z,y). Then f(z,y) must contain the term z® (with
a suitable nonzero coefficient). It follows that f(z,1) is an n-th degree polynomial in z over R and,

since n is odd, this polynomial must have a zero. Thus f(z,1)=0 for some z€R. We may

therefore conclude that in either case, f(z,y) =0 for some nonzero (z,y) € RxR, as required. a

o Z
EXAMPLE 3. In My(R), if A(z) = A(z;,z,)=| ' ~° |then detA(z)=z2+22=0 if

—I I

and only if z = (z},z,) = (0,0). By LemmaZ2, therefore, we have M,(R) € U P(2).

I Z Iz —I4
-z z z T
. 2 1 4 3
In My(R), if A(z) = A(z},2,5,23,24) = then
I3 Iy —Z z
— Iy Iz —I, —n,

det A(z) = 1:14 + 1:24 + 1::;4 + :z:‘i4 + 2(1:121:22 + 1:121:32 + :17121:42 + :1:22:1:32 + :17221:42 + .1:321:42
=0 ifand only if z = (z,,2,,25,2,) =0,

. so M,(R) € UP(4).

Inasmuch as Mj;(R) 2 eM,(R)e for a suitable idempotent e in M,(R), it follows from the
above and Lemma 12 and Proposition 13 that M;(R) € U P(4). a

We remark that determining the uniform bound of primeness of M_(R) for large finite values

of m appears to be a difficult task.
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An important theorem in the theory of commutative noetherian rings is the so-called Krull
Intersection Theorem, which asserts that if I is a proper ideal of a commutative noetherian domain
R, with identity, then [ . R, I® = 0. It follows easily from this theorem that if z,p € R with
z 0, then there is a largest (finite) cardinal n such that p" divides z. We shall make use of this
corollary in the next theorem, which determines, inter alia, the uniform bounds of primeness of

M,(Z),M_(Q) and M_(F[y]), where F is any field.

Recall that an element p of a commutative ring R is said to be prime provided that for any

a,b € R, the element p divides the product @b only if p divides a or p divides b.

THEOREM 14. Let D be a commutative noetherian domain, with identity, which contains
a nonzero prime element p and let Q) denote the field of quotients of D. If R is isomorph_ic to

an order in M (Q) for some finite nonzero cardinal n then R € UP(n).

Proof. Again, it suffices to show that M (Q) € UP(n). Define
z, z, . . . T,
pr, T, z, . S
PIny PZT, T
Az) = A( zl’zzv vzn) "
pry  pT4 . . . z,

Suppose det A(z) =0 for some z = (z,,z, y-+-1Zy) € @™ By multiplying the equation det A(z) =0
through by a suitable nonzero element of D if necessary, we may assume that {zy,24,...,2,} CD.
It is easy to see that the product (=z*) of the main diagonal entries of A(z) is the only term in the
expansion of det A(z) which contains no entries of A(z) below the main diagonal. Since p divides
every entry of A(z) below the main diagonal and det A(z) =0, we must have that p divides z, so

p divides z, (because p is prime). Write r) = pzy with =} € D. Now we modify the matrix A(z)
by :

() replacing z, by pz};

(ii) dividing the first column by p;

(iii) replacing the i-th column by the (i+1)-th column for 1<i<n—1, and the n-th

column by the first column. This yields the matrix
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pzy T, T3 : : Zn

pIn pzl IZ

pI3 pI4 . . . 1:2

Since det A(z) =0, it is clear from the operations performed that B also has a zero determinant.
Notice also that B has the same basic form as A(z). To be more precise, B = A(z,,z5,...,z,,])-

Repeating the above argument, we obtain z,=pz, for some z3,€ D and detC =0, where

C = A(zg,...,z,,2},25). Continuing in this way, we get that p™ divides each element of
{z1,25,...,2z,} for all finite nonzero cardinals m. It follows from the Krull Intersection Theorem
that this is possible only if z; =2, =... =z, =0. By Lemma2, we have M (Q) € UP(n). o

We noted at the beginning of this section that if D is a domain then M_ (D) € UP(m™) for
_ all infinite cardinals m. Thus the classes U P(m) are nonempty for all infinite successor cardinals m;
we also know that UP(m) is empty for all limit cardinals m. The following corollary, which is an

immediate consequence of Theorem 14, completes the picture.

COROLLARY 15. The class UP(n) is nonempty for all finite nonzero cardinals n. 0

The study of uniformly strongly prime rings and uniform bounds of primeness will be taken up

again in ChapterIV, §5, in the context of the theory of special radicals on the category of rings.

In conclusion, we point out a further corollary to Theorems 11 and 14. It follows from the
former theorem that if D is isomorphic to an order in an algebraically closed field then M,(D) €
UP(2n—1) whenever 0 <n < Rj; the latter implies that if D is a commutative noetherian domain,
with identity, which contains a nonzero prime element, then M, (D) € UP(n) whenever 0 < n < R,.

Inasmuch as the above two situations are mutually exclusive, we may draw the following conclusion :

an algebraically closed field cannot contain an order with idéntity which is

noetherian and which contains a nonzero prime element.
Since M (R) ¢ UP(n) for all odd integers n > 1, the same argument applies to R, i.e.,

R contains no order S with identity such that S is noetherian and S contains

a nonzero prime element.

These observations, though not deep, are interesting because they are easily deducible from theorems

on uniformly strongly prime rings but have, themselves, no direct connection with uniformly strongly
prime rings.
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Chapter IV

Radicals

Two of the best known radicals in ring theory are the so-called Jacobson radical J and the
Prime (or Lower Baer) radical 8. Although each of these radicals may be characterized in a number
of different ways, both admit a description involving intersections of prime ideals. To be precise, if R

is any ring, then

B(R) =N{I€ldR: R/I is a prime ring}, while
J(R) = N{I€ldR: R/I is a (right) primitive ring}.

The relationship between 3 and the class of all prime rings is therefore analogous to that between J
aﬁd the class of all (right) primitive rings. This correspondence between these radicals and classes of
prime rings underpins a more general notion of “radical” : roughly speaking, if A is any class of prime
rings enjoying certain closure properties then it is possible to define a “radical” ® by R(R)=
N{I€ldR: R/I € M} for all rings R. The radical ® defined in this manner is usually referred to
in the literature as the “upper radical determined by M” and is denoted by UM. This idea is
important. Indeed, it is easily distinguishable as a recurring motif in the general theory of radicals on

rings.
In §1, we introduce the important notions of a “special class” of prime rings and a “special

radical” ; the latter being simply the upper radical determined by a special class of prime rings. Special
radicals will be the primary objects of our study. Although rich in content, they are general enough to
include almost all of the well known radicals. In §1, for example, we list ten classical radicals,
showing how each is realizable as the upper radical UM determined by a special class M of prime

rings.
Subsequent to Handelman and Lawrence’s invention of strongly prime rings, it was proved,

independently by Desale and Varadarajan [DV80, Proposition 3.3, pl6] and by Groenewald and
Heyman [GH81, Theorem 1.1, p140], that the class of all right strongly prime rings is a special class.
This discovery led to the definition of a “right strongly prime radical” (also called “right Groenewald-
Heyman radical”) which has attracted some interest in the past decade (see [DV80], (GH81], [PSW84]
and [PPS84]). In [Raf87, Theorem3, p259], Raftery extended [DV80, Proposition 3.3, p16] and
[GH81, Theorem 1.1, p140] by showing that if m is an arbitrary nonzero cardinal then P_(m) and
1—’r (m) are special classes. As yet, however, no detailed study of the upper radicals determined by
these special classes has been made. The main body of this chapter, which comprises §2,§3 and §4,
is devoted to such a study. Specifically, in §2, we investigate whether these radicals have properties

such as being “right hereditary”, “right stable” or “right strong”, and we also present several

alternative descriptions of the radicals UP, (m).

In §3, we investigate the relationship between UP, (m)(R) and UP, (m)(RH) for any ring
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R and monoid H. Following and extending the work of Ferrero and Parmenter [FP89], we also
introduce the notion of a “P_(m)-Jacobson ring” and prove that the class of all such rings is closed

under the formation of polynomial rings.

Questions concerning the relationship between the radicals UP, (m) (and UP,(m)) and some
of the better known classical radicals are addressed in §4. Much of the content of this section is
captured in the diagram of radicals displayed in Figure3. In this section and others, we draw on

results established in the previous chapter, particularly concerning matrix rings.

In §5, we broaden our focus slightly with a brief examination of some special radicals
associated with uniform bounds of primeness. (These were defined and discussed in the previous
chapter.) The main result of this section asserts that the class of all rings which are uniformly prime of
bound at most m, is a special class for all nonzero cardinals m. This answers in the affirmative a

question posed by Olson and Veldsman in [ovassl.

Most of the results of this chapter have been or will be published in [RV] and [VdB93].

§1. SOME PRELIMINARIES ON RADICAL THEORY.

The purpose of this section is to provide a brief summary of some aspects of radical theory (for
rings) and to present a selection of classical results which will be needed later. We shall be concerned
mainly with so-called “special classes” of prime rings and their associated radicals. Most of the results

and examples given in this section may be found in standard texts such as [Div65].

A class B of rings is called a radical in the category of rings (henceforth, briefly, a radical)

if the following three conditions are met:

Rl. %R is closed under homomorphic images;

R2. every ring R possesses an ideal, denoted ®(R), such that R(R) € R and R(R)
contains every ideal of R belonging to ®;

R3. R(R/R(R)) =0 for every ring R.

If R is a radical, it is customary to call ®(R) the R-radical of the ring R. If ®(R)= R,
we call R an %-radical ring while if ®(R) =0 then R is said to be - semisimple. Property R3
above therefore asserts that R/%R(R) is %R -semisimple for every ring R.

We should point out that a radical ® is always a proper class (rather than a set). Strictly
speaking, therefore, it is not permissible to consider the collection of all radicals as a class; nevertheless,
it is customary to speak of it as though it were a class. No real harm comes of this because we are only
ever concerned with its internal properties. (More precisely, any assertion about it that we shall make
can be rephrased equivalently as an assertion about classes whose elements are sets.) In particular,

inclusion C may be considered to partially order radicals and with respect to this order, the
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“collection” of all radicals has the properties of a complete lattice, because any intersection of radicals
is again a radical. (This is not immediately obvious from the definition, but follows easily from other
characterizations of radicals, e.g., [Div65, Theorem1, p4].) We therefore speak of the “lattice of all

radicals”.

THEOREM 1. [Div65, Theorem?2 & Lemma3, pp5-6] Let M be a class of rings such that

every nonzero ideal of a ring in M has a nonzero homomorphic image in M. Define
UM = {R: R is a ring which has no nonzero homomorphic image in M}.

Then UM is a radical. Moreover, UM is the largest radical with respect to which every member

of M is semisimple. O

We call the radical UAb described in Theorem 1 above the upper radical determined by Sb.
Notice that if b, Ab, are classes of rings satisfying the hypotheses of Theorem 1 and Ab; C b, then
UMy D U,

The following radical classes are well known. FEach is c!escribed as the upper radical UAb
determined by a class b of rings. Recall that the heart of a ring R is defined to be the intersection
of all nonzero ideals of R and that a ring with nonzero heart is called subdirectly irreducible. Recall
also that a ring R is said to be locally nilpotent if every finite subset of R generates a nilpotent
subring of R.

RADICAL UM CLASS A OF RINGS

B = the Prime (or Lower Baer) radical

L =the Levitzki radical
N =the Nil (or Upper Baer or Koethe)
radical

J =the Jacobson radical

J g = the Behrens radical

G = the Brown- McCoy radical
T

F
Ng = the Generalized Nil radical

B4 = the Antisimple radical
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the class of all prime rings

the class of all prime rings possessing no
nonzero locally nilpotent ideals

the class of all prime rings possessing no
nonzero nil ideals

the class of all right primitive rings (or the
class of all left primitive rings)

the class of all subdirectly irreducible rings
with hearts which are idempotent and
contain nonzero idempotent elements

the class of all simple rings with identity

the class of all full nx n matrix rings over
division rings (0 < n < R;)

the class of all fields

the class of all nonzero rings without zero
divisors (i.e., the class of all domains)

the class of all subdirectly irreducible rings
with hearts which are idempotent



Proofs of each of the assertions made in the following theorem may be found in [Div65,

Chapter 7].

THEOREM 2. (i) SGNGJGJgGGGQGTCF.

(i) NGN,GF.

(i) N, is incomparable with all radicals R such that JCRCT.

(iv) LGB,G I

(v) By is incomparable with J.

(vi) B4GG. o

We remark that it is not known whether N and f§, are comparable. It is known, however,
that if the famous “Koethe Conjecture” holds then N G B,. There are many equivalent formulations
of Koethe’s Conjecture, four of which we list below (see [Row88, p209]).

(i) If R is any ring then every nil (right) ideal of R is contained in N(R).

(i) The sum of two nil (right) ideals of any ring R is necessarily nil.

(iif) N(M,(R)) = My(N(R)) for all rings R and all finite nonzero cardinals n.

(

iv) There exists no nontrivial simple nil ring.

In Figurel we capture the content of Theorem?2 by means of a diagram in the lattice of
radicals. Solid lines indicate strict containment and are justified by assertions (i), (ii), (iv) and (vi) of
Theorem 2, while the incomparability relations implied by the absence of connecting lines are justified
by assertions (iii) and (v) of Theorem2. The broken line joining 3, and N reflects the uncertainty

associated with Koethe’s Conjecture.
We shall call an ideal J of a ring R large if JNI £ 0 for all nonzero ideals I of R.

A nonempty class M of prime rings is called a special class if the following two conditions

hold:

S1. every nonzero ideal of a ring in b is itself in Ab;

S52. whenever J is a large ideal of a ring R and J € M, we have R € .

We should point out that the above definition of a special class is different from (although equivalent
to) the original one which appears in [And66, p108] and [Div65, p138]. The equivalence of the two
definitions was established by Heyman and Roos [HR77, Theorem 5, p345].

If M is a special class of prime rings then M clearly satisfies the hypotheses of Theorem 1.
In this case, we call the upper radical UM determined by M a special radical. As it happens, each
of the classes M of prime rings appearing in the table of examples compiled above is special (see

[Div65, pp140-155]). It follows that the upper radical determined by each of these classes is special.

In particular, we have:

THEOREM 3. The Prime (or Lower Baer) radical 8 is a special radical. a
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Figure 1

Let % be a radical and M a class of rings. Then R is said to:

(i) be hereditary (resp. right hereditary) if every ideal (resp. right ideal) of an R, - radical
ring is itself an % - radical ring;

(i) have the intersection property for M if R(R) = [1{J €IdR: R/J € M} for all rings
R.

THEOREM 4. [And66, Remark 14, pl11] If M is a special class of prime rings then
UM is hereditary and has the intersection property for M. O

Theorem 4 accounts, to a large extent, for the attention paid by radical theorists to special
classes. The reader will observe that Theorem4 implies the familiar characterizations of the Prime and

Jacobson radicals given in the introduction to this chapter.

Many of the classical radicals such as the Prime, Jacobson and Nil radicals have useful

elementwise characterizations. We recall here the well known characterization of the elements of the

Prime radical B(R) of a ring R.

A (countable) sequence ay,ay,a,,... of elements of a ring R is called an m- sequence if there
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exists a second sequence by,b,,b,,... of elements of R such that a;,, =aybia, for all nonnegative
integers k. We say that such an m-sequence vanishes if ay =0 for some nonnegative integer k.
(Notice that in this case, a, =0 for all integers n > k.) It is not difficult to see that if an element a
of a ring R, with identity, has the property that every m-sequence beginning with a vanishes, then
a is necessarily nilpotent. Also, it is easily checked that every nilpotent element a of a commutative
ring R satisfies the aforementioned property. (Consequently, in the literature on rings with identity, a
ring element a is often called strongly nilpotent if every m-sequence commencing with a vanishes.)

A proof of the following classical result may be found in [Sza81, Proposition 17.4, p98].

PROPOSITION 5. If R is a ring then

B(R) = {a € R : every m- sequence commencing with a vanishes}. o

It follows immediately from this elementwise characterization of 8 that 8 is a right and left

hereditary radical.

PROPOSITION 6. [And66, Theorem 12, p122] Let n be a finite nonzero cardinal. Suppose
that M is a special class of prime rings with the property that if R is a ring with
identity, then R € M if and only if M (R) € M. Then

UM(M(R)) = M (UM(R)) for all rings R. 1|

We conclude this section with two corollaries to Proposition 6 which will be needed in the

sequel.

We remarked earlier that the Jacobson radical J is the upper radical determined by the
special class of all (right) primitive rings. Inasmuch as right primitivity is a Morita invariant property
(that is to say, if R and S are Morita equivalent rings with identity, then R is right primitive if and
only if § is right primitive: see [AF74, Corollary 21.9, p258]), it follows from Theorem 0.6.3 that if n
is a finite nonzero cardinal and R a ring with identity, then R is right primitive if and only if M_(R)

is right primitive. The following corollary to Proposition 6 is immediate.

COROLLARY 7. If n is a finite nonzero cardinal then

J(M,(R)) = My(J(R)) for all rings R. o

If R is an arbitrary ring with identity and n a finite nonzero cardinal then every ideal of
M (R) is of the form My () for some ideal I of R (Proposition 0.6.1). It is an easy consequence of
this fact that if H is the heart of R then M,(R) has heart M_(H). It follows that the class of all

subdirectly irreducible rings with hearts which are idempotent satisfies the hypotheses of Proposition 6.

The following corollary is therefore immediate.
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COROLLARY 8. If n is a finite nonzero cardinal then

Bs(My(R)) = My(B4(R)) for all rings R. O

§2. RADICALS ASSOCIATED WITH DEGREES OF PRIMENESS.

Our first and main objective is to prove that the class P, (m) is special for all nonzero
cardinals m (Theorem4). This is a published result, but we include a proper treatment of it here
because, apart from laying the basis for a study of certain radicals that is to occupy most of the
balance of this chapter, it serves another important purpose also — it constitutes a vital step in the
proofs of two important results, namely Theorems III.1.2 and III.1.18. (The reader will recall that
both theorems were stated but not proved in ChapterIll.) A proof of the former result is given after
Lemma7 while a proof of the latter result follows Lemma9. Thereafter, we concentrate on a detailed
radical theoretic study of the upper radicals AP, (m) and UP,(m). We point out, however, that the

task of locating each of these radicals in the lattice of radicals is undertaken only in §4.

Let R be a subring of a ring S and let A be a nonempty class of rings. Recall that the
inclusion R C S is said to satisfy:
(i)  GD (“going down condition” ) with respect to A if R/(RN A) € A whenever A is an
ideal of S and S/A € A4;
(i) LO (“lying over condition”) with respect to A if for each ideal I of R such that
R/I € A, there exists some ideal A4 of S such that /A€ A and I = RN A.

LEMMA 1. [Raf87, Lemmal, p259] Let m be a nonzero cardinal. If I is a nonzero ideal
of aring R then I C R satisfies GD with respect to P, (m)U {0}.

Proof. Let A be an ideal of R such that R/A€ P, (m)U{0}. If I/(INA)=0, there is
nothing to prove, so suppose R/A € P (m) and I 2INA. Take beI\(INA). Since R/A€
P, (m) and b¢ A, there must exist a subset X of R with | X| <m+1, such that if ¢ € R\A then
bzc € R\A for some z € X. Let d € I\(IN A) and choose z € X such that bzd € R\A. Insofar as
bzd € I\(I N A), by the same argument, there exists a subset ¥ of R with |Y|<m+1 such that if
t€I\(INA), then bzdyt€ R\A for some y€Y. It follows that brdyt € I\(IN A). This shows
that Z ={zdy+(INA): ye€Y} is a right insulator for b+ (INA) in the ring I/(INA). Since
|Z|<|Y|<m+1, we may conclude that I/(INA)€ P, (m), as required. B

The following result establishes the property S1 in the definition of a special class, for the class

P, (m), m an arbitrary nonzero cardinal.

COROLLARY 2. [Raf87, Corollary 2, p259]

nonzero ideal of a ring in P_(m) is itself in P, (m).

Let m be a nonzero cardinal. Then every
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Proof. Let R€ P_(m) and let I be a nonzero ideal of R. Since I C R satisfies GD with
respect to P_(m)U {0} (by the previous lemma) and R € P_(m), it follows that I € P, (m)u {0}.
By hypothesis, I +0, so I € P_(m). o

The following lemma has been extracted from the proof of [Raf87, Theorem 3, p259].

LEMMA 3. If I is a large ideal of a prime ring R then I and ;I are essential sub-
modules of Ry and R, respectively.

Proof. Suppose 0+ K < R; and let (K) denote the ideal of R genérated by K. Then
(K)I £ 0 (because R is prime), so 0+ KICKNI. Thus I, is an essential submodule of R;.

Similarly, it can be shown that ;I is essential in ;R. O

THEOREM 4. [Raf87, Theorem 3, p259] The class P (m) is a special class for all nonzero

cardinals m.

Proof. Let I be a large ideal of a ring R, and suppose that I € P_(m). Since the class of
all prime rings is special (Theorem1.3), we must have that R is prime. Let 04 r € R. By the
previous lemma, I; is an essential submodule of R;, so we must have {ra+rm:a€l,
meZ}NI;+0. Choose a€l and méeZ such that 0 £ ra+rme€ . Notice that ra,rm € I.
Clearly, ra+ 0 or rm 0. Suppose first that ra# 0. Since I € P_(m), we can choose a right
insulator Y for ra in I with |Y|<m+1. Let 03+t¢€ R and suppose raYt =0. Again, since I;
is essential in Rj;, we must have 0 ta’ +tne€l for some a'€I and neZ. It follows that
raY(ta' +tn) = 0, which contradicts the fact that Y is a right insulator for ra in I. Thus aY must
be a right insulator for r in R. Suppose now that rm + 0. Again, we choose a right insulator Y for
rm in I with |Y|<m+1. If 0t€R and rYt =0 then it follows, as above, that
0%tad+tnel forsome a' €I and n € Z, and rY(ta'+tn) =0. Certainly then, rm¥ (ta' + tn) =0,
which again contradicts the fact that Y is a right insulator for rm in I. Thus Y must also be a
right insulator for r in R. We have shown that R € P_(m). Consequently, R € P_(k) for some

k <m. By Corollary 2, we must have that I € P, (k). This forces k=m. Thus R € P, (m). This
establishes property S2 of the definition of a special class.

Now suppose that I is a nonzero ideal of R and R € P (m). By Corollary2, I € P, (k) for
some k <m. Since R is a prime ring, I must be large in R. Therefore, by the above argument,

Re P (k). It follows that k =m and hence that I € P (m). This establishes property S1 of a

special class. O

Inasmuch as any nonempty union of special classes is clearly special, it follows from Theorem 4
that if m is an arbitrary nonzero cardinal then the classes P (m) and |J, <k<m Pr(K) (in the case

where m is a limit cardinal) are also special classes. In accordance with the notation of §1, we let

164



UP, (m) (resp. UP_(m)) denote the (special) upper radical determined by the class P_(m) (resp.
P, (m)) and if m is a limit cardinal, we let B, (m) denote the (special) upper radical determined by
the class Jg ¢ g < m Pr(k). The radical UP, (R,) is known in the literature as the right strongly
prime radical or the right Groenewald- Heyman radical and has been studied in [GH81], [PPS84]
and [PSW84]. In [DV80, Proposition 3.3, pl6] and [GH81, Theorem 1.1, p140], it is proved that the
right Groenewald-Heyman radical is special. Notice that this is a special case of the aforementioned

immediate corollary of Theorem 4.

Equipped with Theorem4 and two further preparatory lemmas, we shall be able to present a
proof of TheoremI1l.1.2. We shall take, as a point of departure, Goodearl, Handelman and Lawrence’s
well known version of TheoremlIIl.1.2 for rings with identity, which asserts that the following
conditions are equivalent for a ring K with identity and a finite cardinal n > 1:

(i) ReP,.(n);

(ii) R is isomorphic to a right order in M (D) for some division ring D.

A proof of this result may be found in [GHL74, Theorem4.7, p27] (or, more accessibly, in
[GHT75, Theorem 2.3, p803]). We shall show, following [Raf87], how to extend the above result to
rings without identity. The crucial step is to show that every prime ring R (possibly without identity)
embeds in a prime ring § (with identity) which has the same right bound of primeness as R.
Theorem 4 suggests that the ring S should be chosen in such a way that R embeds as a large ideal in
S. The following result shows that such a ring S may be constructed by modifying the Dorroh
Extension R* of R (see Chapter0, §4).

LEMMA 5. [Raf87, Lemma6, p261] Let R be a ring and let A be the left annihilator of
R in R*, i, A={lper + IR.-mGR*: rs+sm=0 for all seR}. If RNA=0 then R

embeds as an ideal in the ring S = R*/A such that Rp is an essential submodule of Sp.

Proof. Let ¢: R — S denote the composition of the canonical ring embedding from R into
R* with the natural epimorphism from R* onto R*/A. Inasmuch as R is an ideal of R*, o[R] is
certainly an ideal of S. Moreover, ¢ is a monomorphism, since o(r) = lpe:7+ A=0 implies
lp«-r €A, e, TR=0, whence r =0 (because RN A =0). Thus R embeds as an ideal in §. We
identify R with its image ¢[R] in S. To show that Rp is essential in Sp, take 0%

(IR.-r + lp«-m)+A€S. Since lperr + lpa-m g A, there must exist some s € R for which
rs+sm + 0. Therefore

[(1pe 7 + lpe-m)+ Al[lpe-s + A] = lpe-(rs+sm) + A € Rp,

This shows that Rp is essential in Sg- O

The following corollary is immediate, in view of Theorem 4.
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COROLLARY 6. [Raf87, Theorem 7, p262] Let m be a nonzero cardinal. If R is a prime
ring and A the left annihilator of R in R* then R € P_(m) if and only if R*/A€ P_(m). o

We require one further lemma.

LEMMA 7. [Gol60, Theorem 5.4, p216] Let R be a right order in a nonzero semiprimitive

artinian ring Q. If I is a nonzero ideal of R then I is a right order in the ideal 1Q of Q.
8]

THEOREM II1.1.2. [GHT75, Theorem 2.3, p803], [Raf87, Corollary 9, p263] Let n be a finite
cardinal such that n > 1. Then the following assertions are equivalent:

() ReP,);

(i) R is isomorphic to a right order in M_ (D) for some division ring D.

Proof. (i1) = (i) is an immediate consequence of PropositionIIl.1.1 and TheoremIII.2.3.

(i) = (ii): Let A be the left annihilator of R in R* and put § = R*/A. Inasmuch as S is
a ring with identity and S € P_(n) (by Corollary6), it follows from Goodearl, Handelman and
Lawrence’s result [GHL74, Theorem 4.7, p27] that S is isomorphic to a right order in Q = M_(D) for
some division ring D. If R is identified with its image in § and S with its image in @ then it
follows from Lemma7 that R is a right order in the ideal RQ of Q. But Q =M_(D) is a simple
ring so we must have RQ =Q. Thus R is a right order in M_(D). a

Our next task is to prove TheoremIIl.1.18. For the reader’s convenience we start by providing
a brief summary of some important concepts and results from ChapterII. If R is a ring then torsp—R
denotes the lattice of all torsion preradicals on Mod-R, and Fil-R the lattice of all right topologizing
filters on R. It is possible to define semigroup operations on torsp-R and Fil-R in such a way that
[torsp-R]9" and [Fil-R]9" have the structure of lattice ordered semigroups (see TheoremII.1.7 and
Corollary11.2.5). The map n:1d R — [Fil-R]% defined by n(I) = {A<RR:ADI} (I€IdR) isa
lattice and semigroup monomorphism whose image consists precisely of all Jansian right topologizing
fillers on R (see PropositionII.3.5). Also, the map torsp: Fil-R — torsp-R defined by
(torspF)(M)={z € M:(0:z) € F} for M € Mod-R and FeFil-R, is a lattice and semigroup
monomorphism whose image is the interval [r,.  , lyog-g] of torsp~R (see remarks following
PropositionIl.2.2 and TheoremI1.2.4). The composition of the maps

torsp

]du

R — ", [Fil-R]% [torsp-R

is a lattice and semigroup monomorphism torspon from IdR into [torsp—R]d“, whose image is
{r €Jans-R:7>r,, 19 (Jans-R denotes the set of all Jansian torsion preradicals on Mod-R). As

noted in the sequel to PropositionIl.5.3, if R is replaced by R* and {r €Jans-R*: T>T }du

Zzero
identified with [Jans—R]d“, then torspo7n constitutes an isomorphism of lattice ordered semigroups

from Id R* to [Jans-R]%". It is important to note the explicit manner in which the map torspon
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acts: if I is an ideal of R* and M € Mod-R then ((torspon)(I))(M) = {z € M pu: zI =0},
Suppose now that R and S are Morita x-equivalent rings and that F: Mod-R — Mod-S is an
additive category equivalence. If o € torsp-R and T, denotes the hereditary pretorsion class of o
then F[T,] is a hereditary pretorsion class on Mod-S which corresponds with the hereditary
pretorsion class of a unique torsion preradical on Mod-S, which we denote by F’(a). Hence
FIT,]= Tl?‘(a)' Thus the association UT F(o) defines a map from torsp-R to torsp-S (see remarks
preceding Lemmall.5.1). The map F is structure preserving in several respects: it defines an
isomorphism of lattice ordered semigroups from [torsp-R]" to [torsp-S]9" (TheoremI1.5.2) and also
preserves the Jansian property, that is to say, o € torsp—R is Jansian if and only if F’(a) € torsp—-S s
Jansian (Propositionll.5.3). It follows that F restricts to an isomorphism from [Jans-R]%® to
[Jans—S]d“. This isomorphism induces, in turn, an isomorphism #:Id R* — IdS*. Thus we obtain

the following diagram (see also sequel to Proposition I1.5.3).

Id R* to:_sp ; ? » [Jans-R] %"
1s0
(iso) é (iSO) ﬁ
Ids* torsp o [Jans-S] ¢

(iso)

Observe that if 7 €IdR* J=6(I)€1dS* and o = (torspon)(I), then T,={M € Mod-R:
MI =0} and Tf‘(a) ={M € Mod-S: MJ =0}. Inasmuch as F[T,]= Tl?‘(a)’ we must have
F[{M € Mod-R: MI =0}] = {M € Mod-S: MJ =0}. The functor F restricts, therefore, to an
additive category equivalence from the full subcategory of Mod-R on {M € Mod-R: MI =0} to the
full subcategory of Mod-S on {M € Mod-S: MJ =0}. It is not difficult to see, however, that the
full subcategory of Mod-R on {M € Mod-R: MI = 0} is isomorphic to, and hence identifiable with,
the category Mod—R*/I (unital). Similarly, {M € Mod-S: MJ = 0} is identifiable with Mod-S*/J
(unital).  We may conclude, therefore, that F induces an additive category equivalence from
Mod-R*/I (unital) to Mod-5*/J (unital); but this means precisely that the rings R*/I and S*/J
are Morita equivalent in the classical sense. We shall make use of this fact in proving

Theorem II1.1.18.

LEMMA 8. Let R be a prime ring and K an ideal of R* such that K CR. If (0:;K)
denotes the left annihilator of K in R* then either (0:;K)=0 or (0:;K)=R.

Proof. Let lps-r 4+ 1p.-m€ K\(KNR). Then m#0. If lpses+ 1p.-n€(0:K)
then
(IH.-s+IH.-n)(IH,.-r+1H.-m)=lR.-(sr+sm+rn)+1H.-(nm):0,'

so n =0, whence lH,.-s+1H.-n:1R,.-sER. This shows that (0:;K)C R. Since RK and
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(0:;K) are ideals of R and (0:; K)(RK) =0, it follows from the primeness of R that (0:; K)=0 or
RK =0, ie., (0:;K)2DR. O

LEMMA 9. Let R and S be rings and suppose 8:1d R* — Id S* is a lattice and semigroup
isomorphism. Let (0:;R) denote the left annihilator of R in R* and (0:;S) the left annihilator
of S in S*. If R is prime then (0:;S) € {0,6(R),(0:,8(R))}.

Proof. Note first that if I € IdR and (0:;I) denotes the left annihilator of I in R*, then
(0:;1) is characterizable as the unique largest ideal of R* for which (0:;1)I =0. Since @ is a lattice
and semigroup isomorphism it follows, therefore, that 6((0:;1)) = (0:,8(I)) (in S*).

Suppose (OﬁIS) +0. If 6(R)=S then (0:;5)=(0:;08(R)). It suffices, therefore, to prove
that (0:;5)=0(R) given 6(R)+S. If SGO(R) then O(R)={lgu-s + lou-(mn):s€S, nel}
for some m€Z, m#+0. But [{I €ldR*: 1D R}| is infinite and |{I € IdS*: I D 0(R)}| is finite
which contradicts the fact that 8 is a lattice isomorphism. Consequently, we must have S € 8(R) i.e.,
671(S)Z R. Since (0:;S)+0 it follows that 67'((0:,8))=(0:,6"%(5))+0. By the previous
lemma 871((0:,5)) = (0:,67Y(S)) = R, whence (0:;5) =6(R), as required. a

THEOREM III.1.18. Let R and S be Morita *-equivalent prime rings and let m be an
infinite cardinal. If R € P_(m) then S € P, (m). In other words, the property of being an

element of P, (m) is Morita *- invariant within the class of all prime rings.

Proof. 1In this proof we shall use (0:;T) to denote the left annihilator of any ring 7' in its
Dorroh Extension. It was noted in the discussion preceding Lemma8, that any additive category
equivalence from Mod-R to Mod-S induces a lattice and semigroup isomorphism 8:1d R* — Id iah
and moreover, if I is any ideal of R* then R*/I and $*/6(I) are Morita equivalent in the classical
sense. Consider the ideal (0:;5) of S*. Since R is prime, (0:,5)€{0,8(R),(0:,6(R))} CIdS* by
Lemma9.  Suppose first that (0:;5)=(0:,6(R))=06((0:;R)). Then R*/(0: R) and S*/(0:,5)
are Morita equivalent. The fact that S € P, (m) follows from TheoremIIL.1.16 and Corollary 6. Now
suppose that (0:;5)+ (0:,8(R)). If (0:;5) =0 then it follows from Corollary6 that S* is a prime
ring. This, in turn, implies R* is prime by TheoremIII.1.16. Since R* is prime we must have
(0:;R)=0, so (0:;6(R))=6((0:;R))=0=(0 :1S), a contradiction. The only remaining possibility
is (0:/8)=0(R). In this case R*/R =7 is Morita equivalent to $*/(0:,5). Again, we may
conclude from TheoremIII.1.16 and Corollary 6 that S € P_(m), as required. O

LEMMA 10. [DH84, Proposition] The following assertions are equivalent for a radical R:
(i) R(R*)=R(R) for all rings R:
(ii) (Z)=0. O
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PROPOSITION 11. If R is any ring then UP_(m)(R)=UP,(m)(R*) for all nonzero
cardinals m and B,(m)(R) = B,(m)(R*) for all limit cardinals m. If m>1, then there exist
rings R such that UP_(m)(R) G UP, (m)(R*).

Proof. Inasmuch as Z € P,(m) for all m>0, it follows from the previous lemma that
QP_(m)(R) = UP,(m)(R*) and B, (m)(R)= B, (m)(R*) (in the case where m is a limit cardinal)
for all rings R.

Since the factor rings of Z are either trivial, non-prime or fields, it follows that if m > 1 then
Z has no nonzero homomorphic image in P,(m). Thus Z € AUP_(m) and so UP_(m)(Z)+0. By
the previous lemma, there must exist rings R for which UP_(m)(R) - UP, (m)(R*). 0

EXAMPLE 1. We show that UP_(m) is neither right nor left hereditary for any nonzero
cardinal m. Let m be an arbitrary nonzero cardinal and k an infinite cardinal such that k > m.
Let D be a division ring and put R =My(D). Recall that R is isomorphic to the left full linear ring
EndpV of all linear transformations (written on the right) of a k-dimensional left vector space over
D. By Proposition0.9.3, EndpV has a unique minimal nonzero ideal consisting precisely of all
@ € EndpV for which rank ¢ < R,. If A denotes the image of this ideal in R, it is not difficult to see
that A consists precisely of all matrices with only finitely many nonzero columns. By Proposition
.14, ReP,(k"), so R¢ P (m). Since UP,(m) has the intersection property for P_(m)
(Theorem 1.4 and Theorem4) and A is the unique minimal nonzero ideal of R, we must have that
ACQUP, (m)(R), so A€ UP_(m). Let I be the set of all matrices in R all of whose nonzero entries
are in the first row. Clearly, I is a right ideal of R contained in A. If K ={M €I: My, =0} then
K is an ideal of I and I/K =D € P_(1)C P, (m), so I ¢ UP_(m). This shows that UP, (m) is
not right hereditary.

If I is chosen instead to be the set of all matrices in R all of whose nonzero entries are in the
first column, then an argument similar to the above shows that AP, (m) is not left hereditary. The

above argument can also be used to show that B_(m) is neither right nor left hereditary for any

limit cardinal m. : O

A radical % is said to be:

(1) right stable if, for every ring R and every right ideal K of R, we have P(K) C R(R);
(ii) right strong if, for every ring R, the ideal R(R) contains all right ideals of R which

are members of R.

Clearly every right stable radical is right strong. It is known that 4 is right and left strong
(this follows, incidentally, from our Proposition 14) and that qd.f’r(RO) is right but not left strong
[Puc86, Corollary 1 & Examplel, p2]. In Proposition 14, we shall sharpen and extend Puczytowski’s
result [Puc86, Corollary 1, p2] by showing that UP,(m) is right strong for all nonzero cardinals m.
By [PR92, Lemma2.3 (i), p974], if a radical R is right stable and 8 C % then ® must contain the
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Generalized Nil radical N,. It is clear that B CUP, (m)C N, (for every m> 0) and we shall show
in Proposition4.6 that both of these inclusions are sharp. Consequently, the radical UP,(m) cannot

be right stable for any nonzero cardinal m.

PROPOSITION 12. [DKS71, Theorem9, p385] Let M be a class of rings with the
property that every nonzero right ideal of a ring in M has a nonzero homomorphic image in M.

Then UM is a right strong radical. a

PROPOSITION 13. Let m be a nonzero cardinal. If A is a nonzero right ideal of a ring
Re P, (m) then A/J € P (m) for some proper ideal J of the ring A.

Proof. Define J ={a€ A: aA=0}. Note that J is an ideal of A. We claim that AlJ e
P (m). Let 0+a+J€ A/J. Then ad'+0 for some a’'€ A. Since R€ P_(m), there exists a
subset X of R such that (0:,aa’X)=0 (in R) and [X|[<m+1l. Bu Y=dXCA and
[Y|<|X|<m+1. Thus Y is aright insulator for a in A of cardinality less than m+ 1. Suppose
now that (a+J)(Y/J)(t+J)=0 for some t€ A. Then aYtCJ, ie, aytA =ay(tA)=0 for all
y€Y andso tA=0, ie., t€J. Thus Y/J:={y+J: y€Y} isaright insulator for a+J in A/J
and |Y/J|<m+1. It follows that A/J € P, (m). o

PROPOSITION 14. UP_(m) is right strong for all nonzero cardinals m and B, (m) is

right strong for all limit cardinals m.

Proof. It follows from Proposition 13 that if R € P, (m) (resp. R€ Ug ¢y ¢ P, (K), m 2
limit cardinal) then every nonzero right ideal of R has a nonzero homomorphic image in P, (m) (resp.

Uo <k <m P (k). By Proposition 12, UP, (m) (resp. B,(m), m a limit cardinal) is right strong.O

The following example, which was motivated by [Puc86, Example 1, p2], shows that CU.I—’T (m)

is not left strong for any nonzero cardinal m.

EXAMPLE 2. We first construct a simple domain D, with identity, which contains an

independent family of k nonzero right ideals, where k is an arbitrary infinite cardinal.

Let G be the free group on k generators, say z, (a € k), and let F be a field on which G
acts.! Let D = F[G] be the right skew monoid ring in G over F. Recall that

1Such a field F' always exists. Indeed, if K is an arbitrary field and X an arbitrary nonempty set then every

bijection a:X — X extends naturally to a field automorphism &@: K(X) — K(X). (Recall that K(X) denotes the

field of rational functions in X over K : see Chapter0, §10) The association at+& defines an embedding of the

permutation group SX into the group of automorphisms of the field K(X). Inasmuch as every group embeds in a

permutation group (Cayley's Theorem), it follows that every group embeds in the group of automorphisms of a suitable
field.
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D = F[G] = {Egecagg:agEF},

where sums are formal and are assumed to have finite support, addition is natural and multiplication is
defined distributively, using the rule g-a = (g(a))g (9 € G, a € F) (see Chapter0, §10). Since G is a
strictly ordered monoid, D is a domain (see the proof of Proposition.3.1). If g € G, we define the
degree of g, denoted dg, to be the sum of the absolute values of the powers of z_’s occurring in g.
(For example, 9(15) =0 and for any a,8,7€k, 0(z, :cﬂ) =5; d(z,7g z73 z,) =6, etc. See also
Examplelll.4.2.) We warn the reader that, although 08(gg') <dg+dg¢' for all g,¢'€G, this
inequality is strict in many instances, so § is not a “degree function” in the strong sense associated
with free algebras over fields and monomial algebras. To show that D is a simple domain, suppose I
is a nonzero ideal of D and let d be a nonzero element of I such that |suppd| is minimal. By
multiplying d on the right by a suitable element of (G, we may assume, without any loss of generality,
that 15 €suppd. Suppose that suppd 2 {15} and let g € (suppd)\{l5}. Since g+ 14, we can
choose a € F such that g(a) # a. It follows that g € suppd’, where d' =ad —da, so d' 0. Since
d' €I and |suppd’'| < |suppd]|, the minimality of |suppd| is contradicted. We may conclude that
~suppd = {15}, so d is a unit of D. Thus D is simple.

For each a €k, set y, = :ca+:c;1. We claim that {y,D: o €k} is an independent family

of (nonzero) right ideals of D. For suppose, on the contrary, that i Yo.d; =0, where {a;,...,0,}
is a set of distinct elements of k and {d,,...,d,} a set of nonze.rz 1elerlnents of D. Let g be an
element of maximal degree in .Cllsupp d;. Suppose g € supp dj, where 1 < j<n. It is not difficult
to see that either 6(zajg) = .(')_g- +1, in which case :cajg € supp(yaj d]-), or 6(1:;; g)=0g9+1, in
which case :c;]l g€ supp(yaj d;). Note, however, that if 3(zajg) =08g+1 then

Zo.9 & [

; o,.sxuppd]U[ L:l T, suppdl-] D supp( E ya

1
j iF7 # J
Similarly, if 6(1:;; g)=0g+1 then

-H-IIC=

n n
za)9 ¢ [ U 24 suppd;]U [.U =5 suppd;] 2 supp( E Yad
i$ i$j V¥
Then supp (ya ;) € supp ( Z_: ya ;), which contradicts the fact that
:,T=

||M=

n
i+

This shows that {y,D: a € k} is independent.

Now let R denote the ring of all k xk matrices over D containing only finitely many nonzero
rows. We show first that R€ P (1). Let 0+reR and suppose that Tag =2 F0 for some
a,f €k. Define se R by (1) Ses =0 if e+ 3; and (2) se6=y6=16+$¢5—1 if e=p (¢,6 €k).
Then {s} is a right insulator for r» in R. For suppose rst =0, t€ R. Then ) sy zysts, =
(X5 ck Ustse) =0 for all e€k, so Y sekVstse=0 for all eck.  Since {ysD: 6 € k}

independent, we must have tse =0 for all 6, €k, so t =0. This shows that R € P,(1). Certainly
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then, UP, (m)(R) =0 for all cardinals m > 0.

Let L denote the set of all matrices in R which have only finitely many nonzero entries. Note
that L is a left ideal of R. (Indeed, it is easy to see that if A is a kxk matrix over D with finitely
many nonzero rows and B is a kx k matrix over D with finitely many nonzero columns, then AB
has only finitely many nonzero entries.) We shall demonstrate that, as a ring, L is simple. Suppose
that J is a nonzero ideal of L and choose a nonzero r€J. Then rg==z % 0 for some «,f8 €k.
Since D is a simple ring with identity, we lose no generality in assuming that azb=1p for some
a,beD. If 6,¢ €k and y € D, we shall denote by E5'€(y) the matrix in L which has y in position
(6,¢) and zeros elsewhere. For each é,¢ €k, E; (a)rEg (b) = E; (1p). Therefore, {E5 (1p):
S5,e€k}CJ, so J=L. Thus L is simple. If X CL with |X| <k then, since each matrix in X
has only finitely many nonzero entries, there must exist some « € k such that Al®) (the a-th column
of A)=0 for all A€ X. It follows that XE, ,(1p)=0, so L ¢ P (k). Since L is simple, we may
conclude that L € WP, (m) for all m<k. Inasmuch as UP_ (m)(R) =0 for all m >0, this shows
that cllpr(m) is not left strong for all m <k. Since k was an arbitrary infinite cardinal, it follows

that AP, (m) is not left strong for any nonzero cardinal m.

The above argument also shows that B, (m) is not left strong for all limit cardinals m. a

In [DV80, Theorem 3.15, p21] and [Vel86, Proposition 2.3, p284], an internal characterization
of the elements of the right Groenewald-Heyman radical WP, (Ry)(R) of an arbitrary ring R is given.
We generalize these to yield elementwise characterizations of UP (m)(R) and AUP,(m)(R) for all
nonzero cardinals m. If m >0 then a subset X of R is called a right (f,m)- system in R if, for

each z € X, there is a subset F of R with |F| <m+1 such that
(Vr e R) (zFr CR\X = r e R\X).

A right (f,m)-system X in R is called a right (f,m)-system in R if X is not a right (f,m)-

system in R for any nonzero cardinal n < m.

LEMMA 15. Let m be a nonzero cardinal. If A is an ideal of a ring R then R/A€

P, (m) (resp. R/A € P (m)) if and only if R\A is a right (f,™m)- system (resp. a right (f,m)-
system) in R.

Proof. Suppose that R/A € P_(m) and let z € R\A. By hypothesis, there exists a subset
F of R such that |F|<m+1 and F/A is a right insulator for z+ A in R/A. 1t follows that if
r+A€R/A and (z+ A)(F/A)(r+A)=0 then r+ A =0. In other words, zFr C R\(R\A) implies
r € R\(R\A). This shows that R\A is a right (f,T)-system in R.

Conversely, suppose that R\A is a right (f,m)-system in R andlet 0+z4+ A€ R/A. By
hypothesis, there exists a subset F of A with | F| <m+1 such that zFr C R\(R\A) implies r €
R\(R\A), whenever r € R. This is clearly equivalent to the assertion: (z+ A)F/A)(r+A)=0
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implies r+ A =0, whenever r € R. In other words, F/A is a right insulator for z+ A in R/A.
Since | F/A| <|F|<m+1, we may conclude that R/A € P, (m).

It follows from the above argument that for a nonzero cardinal n < m, we have R/A ¢ P, (n)
if and only if R\A is not a right (f,)-system in R. We may conclude therefore that R/A €
P, (m) if and only if R\A is a right (f, m)-system in R. O

If m is a nonzero cardinal then a subset Y of a ring R is called a right (g,m)- system (resp.
a right (g,m)-system) in R if there exists an ideal A of R such that ANY =0 and R\A is a
right (f,T)-system (resp. a right (f, m)-system) in R.

PROPOSITION 16. Let m be a nonzero cardinal. If R is a ring then:
(i) UP,(m)(R) = {a € R: there is no right (g,m)- system G in R with a € G};
(i) UP,(m)(R) = {a € R: there is no right (g, m)-system G in R with a€ G}.

Proof. (i) {a€ R : there is no right (g,m)-system G in R with a € G}
= {a€R: {a} is not a right (g,m)-system in R}
= {a€R:if A€IdR and R\A is aright (f,T)-system in R then a € A}
= {aeR:if A€IdR and R/A € P (m) then a € A} (by Lemmal5)
N{A€ldR: R/A€ P, (m)}
= UP_(m)(R) (since UP, (m) has the intersection property for P_(m)).

(ii) is proved similarly. 1}

Recall that if m is a nonzero cardinal then a right R—module M is said to be m- faithful if
there exists a subset X of M such that | X|<m+1 and (0:X)=0. Anideal I of R is said to be
right m- faithful if the module Ip is m-faithful.

PROPOSITION 17. Let m be an infinite cardinal and let I be a proper ideal of a ring R.
If I is mazimal among ideals of R which are not right m- faithful then R/I € P_(m).

Proof. Let J be a nonzero ideal of R such that J 2 I. It follows from the maximality of
I that there is a subset X of J such that | X|<m and (0:.X)=0 (in R). We assert that X/I
has zero right annihilator in R/I. Suppose, on the contrary, that Xr C I for some r € R\I. If (r)
denotes the ideal of R generated by r then I +(r) is a right m-faithful ideal of R so we can find
Y CI+(r) with |[Y|{<m and (0:,Y)=0 (in R). We lose no generality in supposing that Y = {r}
U{rb,:i€T}U{a;:i€T}, where |I|<m and g;€1I, b;€R for all i€l. It follows that
XY :={zy:ze€ X, yeY}CI. Since |X|,|Y|<m, we must have | XY|<m. Since I is not
right m-faithful, we must have that XYt =0 for some nonzero t € R. Then YtC (0: X)=0, so

t€(0:,Y)=0, a contradiction. Thus every nonzero ideal of R/I is right m-faithful and so
R/I € P, (m) by TheoremII.6.3. O
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The following corollary is immediate.

COROLLARY 18. Let m be an infinite cardinal. If a ring R has a proper ideal I which
is mazimal among ideals of R which are not right m- faithful then WP _(m)(R)CI. In this
case, therefore, UP_(m)(R) is not right m-faithful. (|

In the case m =R, if R is a ring such that Rp is R,-faithful (e.g., if R has identity) then,
by Zorn’s Lemma, it is always possible to choose an ideal I as described in Proposition17. The next

example shows that this ceases to be true for m > X, even if R is commutative with identity.

EXAMPLE 3. Let R be a commutative chain domain whose value group is the linearly
ordered abelian group (R;+,—,0;<). (Such a ring R exists by Corollary.2.2.) As in Example
II1.2.1, we shall write [z] for the principal ideal of R corresponding to an element z of the positive
cone of (R;+,—,0;<). Note that R has a unique maximal proper ideal P = [J{[z]: z €R,
>0}, Let I=[1] and set R=R/I, P=P/I. If a€ R, let @ denote the image of a in R.
Note that P has zero (right) annihilator in R, since we can have y+2>1 for all z € {z €R: z > 0}
only if y>1. Clearly, if z;,z,,2,,... is a (countable) sequence in {z € R:z >0} such that
Jim 2, =0 then P = Uk >0 [#x]. Inasmuch as P has zero annihilator in R it follows that Pﬁ is
R,-faithful (but it is clearly not R¥-faithful). Also, every ideal of R properly contained in P is
nilpotent and therefore not m-faithful for any cardinal m. Furthermore, since {z € R: z > 0} has no

positive lower bound in R, there is no maximal non- m- faithful ideal in R if m > R,. a

If m is an infinite cardinal, we define:
(i) Tm= {R: R isaring and Rp is not m-faithful}; and
(i) H(T,) = {R: R is a ring and every nonzero homomorphic image of R is in Tl

Thus H(T,,) is the largest homomorphically closed subclass of T U {0}.

PROPOSITION 19. Let m be an infinite cardinal. Then H(T ) C UP, (m).

Proof. Let R € H(T ). Suppose R/I € P_(m) for some ideal I of R. Then R/I £0 so
R/I1€T_. But this contradicts TheoremIl.6.3, so R has no (nonzero) homomorphic image in
P (m), i.e., R € UP,(m). a

Parmenter, Stewart and Wiegandt proved the following stronger version of Proposition 19 in

the case where m = Ry

PROPOSITION 20. [PSW84, Theorem 1, p227]  H(Ty ) = UP, (X). o

The following example shows, however, that for all uncountable cardinals m, we have
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UP_(m) L Ty

EXAMPLE 4. Let R and P be as in Example3. Since Py is X;- faithful, I—’f, is m- faithful
for all m >R;. Thus P¢9J_, for all m>R,. Inasmuch as P is commutative and nil, it follows

from Proposition 1.5 that P € § C UP, (m) for all m > 0. 8]

PROPOSITION 21. Let n be a finite nonzero cardinal. If m is an infinite cardinal then
UP_ (m)(My(R)) =M_(UP, (m)(R)) for all rings R and if m is a limit cardinal then
B, (m)(My(R)) =My(B, (m)(R)) for all rings R.

Proof. If m >N, then it follows from Propositionlll.1.4 that R € P_(m) if and only if
M,(R) € P, (m). Since UP_ (m) and B,(m) (if m is a limit cardinal) are special radicals
(Theorem 4), the results follow from Proposition 1.6. o

The requirement that m be infinite cannot be dropped from the above result since, if

0<mn<R;, n>1and R=M_(F) with F a field, then

UP, (m)(My(R)) = My(R), whereas M,(UP, (m)(R)) = 0.

§3. THE UP, (m)- RADICALS OF MONOID RINGS.

Our main task in this section is to compare the AUP,(m)-radical of a ring R with the
UP, (m)-radical of a monoid ring RH over R. Many of the results of ChapterIll, §3 find
application here. Indeed, this section may be regarded as a natural sequel to Chapter III, §3. We also
introduce the notion of an “Ab-Jacobson ring”, where b is a nonempty class of rings and prove that
the class of rings which are P_(m)-Jacobson (m > X,) is closed under the formation of polynomial

rings (Theorem 12). This extends a result of Ferrero and Parmenter [FP89, Theorem 5, p281].

It turns out that the “going down” and “lying over” conditions defined at the beginning of the

previous section play an important role in the present section. The following result is presumably well

known.

PROPOSITION 1. If R is a subring of a ring S and M is a special class of prime
rings then the upper radical UM determined by M has the following properties:

(i) UM(R) CUM(S) if RCS satisfies GD with respect to M

(i) UM(R)D RNUM(S) if RC S satisfies LO with respect to M.

Proof. This follows immediately from the fact that U/ has the intersection property for

o

Following [Row88, p291], we call a subring R of a ring S a (right) ideal compatible subring
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of S if the left ideal of S generated by I is an ideal of S whenever I is an ideal of R. For
example, for any monoid H, the ring R is always an ideal compatible subring of RH; in particular,

R is an ideal compatible subring of the polynomial ring R[z].

PROPOSITION 2. Let m be an infinite cardinal. If R is an ideal compatible subring of
aring S then R C S satisfies GD with respect to P_(m).

Proof. Let A be an ideal of S such that S/A € P_(m) and let K/(RN A) be a nonzero
ideal of R/(RN A). Since R is ideal compatible in §, it follows that (SK + K + A)/A is an ideal
of S/JA. If SK+K+ A=A then KCRNA, a contradiction, so (SK+ K+ A)/A is nonzero.
Since S/A€ P,(m), (SK+ K+ A)/A is right m-faithful (TheoremII.6.3). Let X CSK+ K+ A
be such that (0: . X/A)=0 (in S/A) and | X | <m. Suppose

n(y)
X = {( X siphir) + by 17 €T} where |T|<m, b,b, € K and 5., € forall 7€T,
i=1,...,n(v).
Let Y=1{b, :v€T, i= 1,...,n(7)}U{b,: 7 €Tl}. Note that |Y | <m. We claim that Y/(RN A)
has zero right annihilator in R/(RN A). Indeed, suppose YrC RN A for some r € R. Then Xr
CS(RNA)+(RNA)CA, so r+A€(0:,X/A)=0, i.e, re RNA. Thus K/(RN A) is a right
m- faithful ideal of R/(RN A). By TheoremI.6.3, R/(RN A)€ P, (m). a

The next corollary follows from the previous two results.

COROLLARY 3. Let R be a ring and H a monoid. Then UP,_ (m)(R)C UP, (m)(RH)

for all infinite cardinals m. Moreover, if m is an uncountable limit cardinal then B_(m)(R) C

B_(m)(RH). o

The following example shows that the restrictions on m in the above corollary cannot be

dispensed with.

EXAMPLE 1. Choose R,H and n as in Examplelll.3.1. If 0<m<n then R € UP, (m)
and UP_ (m)(RH)=0. Thus UP, (m)(R) ¢ WP, (m)(RH).

Suppose m =R, and let F be a field. For each o €Ry, let ©,:M,a(F) — My (F) denote
0
the diagonal embedding

0
(1) 0,(4) = A‘ € MIRO(F) (A €M,a (F)).

Define R = UaeR O4[Mya(F)].  As shown in Examplelll.1.l, R¢ P +(®y).  Moreover, R is

simple since it is the union of an ascending chain of simple subrings of MIR (F). Consequently,

ReB.(R). If in (1) above, F is replaced by FH we obtain, for each a €y, a diagonal

176



embedding ©,: Mo (FH) — MNO(FH)' Note, however, that RH = |J, . Ry @;[M]za(FH)] €
P_(1) since M,a(FH)€ P (1) for all a€R, (see Example II1.3.1), so B, (R,)(RH)=0. Thus
B, (%)(R) € B, (%) (RH). o

Let H be an arbitrary monoid and let ®: RH — R denote the canonical ring epimorphism
defined by n n n
‘I’( 2 rig:’) = X ('.5_:1";9; € RH)-

1=1 1=1

Note that & restricts to the identity map on R. If I is an ideal of R and K = IH + Ker® then it
is not difficult to show that RH/K = R/I and I = RN K. Consequently, the inclusion R C RH
satisfies LO with respect to any class of rings that is closed under isomorphic images. By
Proposition 1 (ii), WP, (m)(R) D RNUP, (m)(RH) for all cardinals m >0. A more direct line of
reasoning yields more: if % is any radical then RNR(RH) =P(RNR(RH)) C P(R(RH)) C R(R).

In any case, the following result is immediate.

PROPOSITION 4. Let R be a ring and H a monoid. Then:

(i) UP,(m)(R)D RNUP, (m)(RH) for all nonzero cardinals m; for all limit cardinals
m, we have B, (m)(R) 2 RN B, (m)(RH);

(i) UP, (m)(R)=RNUP_ (m)(RH) for all infinite cardinals m; for uncountable limit
cardinals m, we have B_(m)(R)= RN B, (m)(RH). a

In some instances, the equality AUP_ (m)(R)=RNUP_ (m)(RH) can be sharpened to
[WP, (m)(R)]H = UP_(m)(RH). Parmenter, Passman and Stewart [PPS84, Remark5.3, p1110]

observe, however, that even for m =R, this equality need not hold unless some restriction is placed

on the monoid H.

PROPOSITION 5. Let m be a nonzero cardinal. Suppose H is a monoid with the
property that for all rings R, R € P_(m) implies RH € I_’r(m) (resp., in the case where m is a
limit cardinal, R € Ug ¢y ¢ o P, (k) implies RH € Uo<k<m Pr(k). Then:

() [WP,(m)(R)]H D UP,(m)(RH) (resp., in the case where m is a limit cardinal,

(B, (m)(R)|H 2 B, (m)(R));

(i) if m is infinite then [UP_ (m)(R)]H = UP, (m)(RH) (resp., in the case where m

is an uncountable limit cardinal, B, (m)(R)]H = B, (m)(RH)).

Proof. Suppose I is an ideal of R and R/I € P_(m). Then RH/IH = (R/T)H € P_(m)
and I = RNIH. Therefore,

(WP, (m)(R)]H = [N{K €IdR : R/K € P_(m)}|H
=(J{KH:K€cIldR and R/K € P_(m)}
2 UP_ (m)(RH).
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If m> Y, then by Corollary3, WP (m)(RH)2[UP, (m)(R)H. It follows that [UP, (m)(R)|H =
UP, (m)(RH). The assertions involving B, (m) are proved similarly. o

The next two results follow easily from Proposition I11.3.3, Corollary III.3.4 and Proposition 5.

COROLLARY 6. Let m be an infinite cardinal and R a ring. I1f H is a unique product
monoid, a cancellative strictly right ordered monoid or the free product of two nontrivial monoids,
then [UP, (m)(R)|H = WP (m)(RH) and if m is an uncountable limit cardinal, [B,(m)(R)]H =
B, (m)(RH). o

COROLLARY 7. If m is an infinite cardinal and R a ring then [UP (m)(R)]z]=
QP (m)(R[z]) and if m is an uncountable limit cardinal, [B, (m)(R)][z] = B, (m)(R[z]). O

Let Jb be a nonempty class of prime rings. Following [FP89], we say that a ring R is
M- Jacobson if every prime ideal of R is an intersection of ideals A of R such that R/A € M. We
point out at the outset that this notion does have a bearing on radical theory. Indeed, it is a
consequence of the intersection property for special radicals that if b is any special class of prime
rings and R is an b-Jacobson ring then UM(R)= F(R). In [FP89], Ferrero and Parmenter
address the question of what conditions on a nonempty class b of prime rings guarantee that the class
of b-Jacobson rings is closed under the formation of polynomial rings. Their main theorem is [FP89,
Theorem 5, p281], which establishes this closure property in the case where b satisfies a certain
“Condition A” (to be defined presently). Ferrero and Parmenter then proceed to show that several well
known classes of prime rings, and in particular the class I_’r(NO) of all right strongly prime rings,
satisfy Condition A (see [FP89, Propositions 6, 7 and 9 and Corollary 10, pp284-286]). We extend
[FP89, Proposition 6 (ii), p284] by proving that the class P, (m) satisfies Condition A for all infinite
cardinals m (Proposition 10). A difficulty that we face, however, in applying Ferrero and Parmenter’s
main result is that these authors assume their rings to have identity. This raises the question of
whether [FP89, Theorem 5, p281] holds for rings without identity. We don’t attempt to answer this
question. Instead, we circumvent it by proving directly that the class of }_’r(m)—Ja.cobson rings
(m > X;) is closed under the formation of polynomial rings (Theorem 12). We point out, however,
that in our proof of Theorem 12, we make use of the fact that P_(m) (m > R,) satisfies Condition A ;

we also utilize many ingredients of Ferrero and Parmenter’s proof of [FP89, Theorem 5, p281].

We say that an ideal K of a polynomial ring R[z] is R-disjoint if K £+0 and RN K = 0.
The next two results are attributed to G. Bergman by the authors of [FP89]. Variants of the second
result appear in several papers, e.g., [Wat75, Lemma3, p305] and [FK85, Lemma3.3, p293] and a
more general result for Z-graded rings is to be found in [Pass89, Theorem 22.5, p224]. Proofs are

included here for the reader’s convenience.

If f€ R[z], Of shall denote the degree of f and we adopt the convention that the degree of
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the zero polynomial is —oco. If I is a nonzero ideal of R[z], we shall use MinI to abbreviate

min {8f: 0 + f € I}.

LEMMA 8. Let R be a ring and I a nonzero ideal of S = R[z]. Suppose that f=
ag+a,z+...+a,z™ is a nonzero element of minimal degree in I, that a, =a+0 and that
m>1. Let 0fg€l, say g=by+bz+...+b.z" with n>m and b, +0. If r,ry,...,7_1
€ R then there exists h € S such that Oh <n-—m and

htf = g(rp_ @)y _ne1 @) ... (ry@)ta for all t € R.

Proof. The proof is by induction on dg=n. If n=m, take h=">4_ and consider ¢' =
htf — gta. Clearly, 0¢ <m—1 and ¢’ € I, which contradicts the minimality of Jf unless ¢’ =0, so
htf = gta for all t € R, as required.

Suppose now that the result is true whenever 0g < n and consider the case where g =n > m.

n—-m

Consider the polynomial ¢'=b =z T mf—9r._na Notice that ¢'€] and 8¢ <n-1. By

the inductive hypothesis, there exists A’ € § such that dh' < (n—1)~m and
Rtf = g(rp 1@ (T p_jn_2@) ... (ry@)ta for all t € R, i.e.,
(1) Rtf = [be" ™r _ f(rp_mo18) ... (r@)]ta—g(r,,_,. @) ... (r,@)ta for all t € R.

Consider the polynomial ¢" =b r_ _  f(r._.__,3)... (ry@). Since 0¢"” <0f =m (in fact ¢” =0 or
0g” = m), it follows that there exists h” € S with 0h” <0 such that h"tf = ¢"ta for all t € R, i.e.,
Rtf = b,y (g @) .. (rya)t@ so z""™h"tf =b_ 2 ST m1@) ... (rj@)ta for
all t€ R. Substituting into equation (1), we obtain h'tf = " TR —g(r,_ @) ... (r@)td so
("R = htf =g(r,_,3)...(r@)ta for all t€R. Setting h=z""™A"_K, note that
Oh<n—m (because Oh'<n~m—1 and Oh" <0) while htf = 9(rp_n @) ... (r@)ta for all te€ R,

as required. a

LEMMA 9. Let R be a prime ring and P an R-disjoint ideal of R[z]. Then the

following statements are equivalent :
(i) P isa prime ideal of R[z];
(i) P is mazimal in the set of all R-disjoint ideals of R[z].

Proof. (ii) = (i): Suppose, on the contrary, that P is maximal R-disjoint but not prime.
. Then there exist ideals A, B of R[z] such that ABC P yet A¢ P and B¢ P. Since A+ P and
B+ P are not R-disjoint, we can choose nonzero elements r ¢ (A+P)NR and s€(B+P)NR.

Then 0+ rRs (since R is prime) and rRs C(A+ P)(B+ P)C P, which contradicts the fact that P
is R- disjoint.

(i) = (ii): Note first that § = R[z] is prime, since R is prime (Corollary I11.3.4). Let I be

an ideal of S, containing P, which is maximal R -disjoint. Let f=a0+a1:::+...+am:z;"1 be a
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nonzero polynomial of minimal degree m in I. Since I is R-disjoint, m>1 and a=a, ¢ I. Let
g be a nonzero polynomial of minimal degree in P. Suppose that dg=n>m. Since g,a+0, it
follows from the primeness of S that ¢Sa+0, so gRa+0. Choose r __ € R such that
gr_,@+0. Then (gr,_ . a)Sa+0 so (gr,_,,a)Ra+0, hence we can choose r, .. ;€ R such
that (97, @)(Tp_m—18) ¥ 0. Continuing in this way, we can produce r,__ 1, .. _,,...,7; €ER
such that A =(gr,_,.@)...(r;@) +0. By the previous lemma, we may choose h€ S such that
Oh<n-m and htf =(gr,_,, @) ... (rja)ta€ P for all t€ R. Moreover, since h’,a+ 0, we must
have h'ta+ 0 for some t€ R, so h+ 0. We also have that hRf C P, whence hSf C P. Since P
is prime and f ¢ P, we must have 0FheP. But 6h<n-m<n, which contradicts the

minimality of Jg. It follows that dg = m.

In view of the above argument, we lose no generality in assuming that f=ay+a;z+...
+a,z™€P. Nowlet 0% f' €I with 8f'=1>m, andlet r,_ ,r,_  _;,...,7,7g € R. By the
previous lemma, there exists h € S such that hryf = f'(r;_ . a) ... (r,@)(rya). Since f € P, we have
f'(ri_m@) ... (rq@)(ry@) € P. Since the r; were arbitrary, we may conclude that f'(Ra) ... (Ra)(Ra)
C P so f(Sa)...(Sa)(Sa)C P. But a¢g P, so f'€¢ P. Thus I CP. a

Following [FP89], we say that a nonempty class M of prime rings satisfies Condition A if,
whenever R € M, we have R[z]/P € M for every R-disjoint prime ideal P of R[z].

PROPOSITION 10. P_(m) satisfies Condition A for all infinite cardinals m.

Proof. Suppose R€ P,.(m). Let P be an R-disjoint prime ideal of R[z] and let K/P be
a nonzero ideal of R[x]/P. By the previous lemma, P is maximal R-disjoint, so RNK +0. By
TheoremI1.6.3, RN K is right m-faithful, so (0:.Y) =0 (in R) for some subset ¥ of RN K with
|Y|<m. Suppose PG (P:Y) (in R[z]). Let g be a polynomial of minimal degree for which
YgCP and g¢ P. If 9g<MinP then yg=0 for all y€Y. Furthermore, if b is any nonzero
coefficient of g then we may deduce that yb=0 for all y €Y, which contradicts the fact that
(0:,Y)=0. We must therefore have g > Min P = n, say.

Suppose g =ay+a;z+...4+a,z™ with a_ +0 and that f =by+b+...+b,2", b *0, is
a nonzero polynomial of minimal degree in P. Since P is prime and R-disjoint, we have that
gR[z]b, € P and so grb ¢ P for some r € R. Set ¢ = grb,—a, rfz™""  Note that ¢'¢ P,
89’ <dg=m and Yg¢' C P, which contradicts the minimality of 8g. It follows that Y /P has zero
right annihilator in R[z]/P, so K/P is right m-faithful. By Theorem I1.6.3, R[z]/Pe P, (m). O

Let R be a ring and I a nonzero ideal of R[z]. It is easily checked that the subset of R
consisting of 0 and all leading coefficients of all nonzero polynomials of minimal degree in I is an

ideal of R. We denote this ideal by 7(I).

The following lemma is due to Ferrero and Parmenter [FP89]. Although they stated the

180



result for rings with identity, their proof is valid for arbitrary rings and is included for the reader’s

convenience.

LEMMA 11. [FP89, Lemma 3, p283] Let R be a ring and P an R-disjoint prime ideal of
R[z]. If Q is a nonzero prime ideal of R such that (P) ¢ @, then RN(P+Q[z]) = Q.

Proof. Suppose, on the contrary, that RN (P +Q[z]) + Q. Since it is always the case that
RN (P +Q[z]) 2 Q, we must have RN (P +Q[z]) 2 Q. We can therefore choose r € R\Q such that
r = hy + h, for some h; € P and h, € Q[z]. Consider hy =r—h, € P. Clearly the constant term of
h, cannot be contained in @, since this would imply r € @, a contradiction. Consequently, P must
contain a polynomial of the form g =by+...+b,2™ with b;€ Q for all 1€ {1,...,m} and b, ¢ Q.
Take g of minimal degree with respect to these conditions. Since 7(P) € @, there exists a polynomial
f=ay+...+a,z" of minimal degree in P whose leading coefficient a, ¢ Q. Since Q is prime and
by, a, € Q, we must have byRa, € Q, so byca, ¢ Q for some c € R. Put h=gca, —z™ "b_cf € P.
Note that the constant term, d say, of h is equal to byca,, or possibly byca, —b cay if m=n. In
- either case, d ¢ ). Note also that all other coefficients of h are contained in @, since by,b,,...,b

m

€ Q. Inasmuch as dh < Jg, this contradicts the minimality of dg. O

THEOREM 12. Let m be an infinite cardinal. If R is a P_(m)-Jacobson ring then so
is R[z].

Proof. Suppose that P is a prime ideal of R[z]. We need to show that P is an intersection
of ideals A of R[z] such that R/A€ P (m). Consider the epimorphism from R[z] onto
(R/RN P)[z] defined by igoail‘i r—»igoﬁizi, where @; =a;+ (RN P) for i =0,...,n. For each ideal
K of R[z], let K denote the image of K in (R/RNP)[z]. Note that P is a prime ideal of
(R/RNP)[z] = R[z] and that RNP=0. Since R is P,(m)-Jacobson, it follows that R is
P, (m)-Jacobson. It clearly suffices to show that P is an intersection of ideals A of R[z] such that
R[z]/A € P, (m). We therefore lose no generality in supposing that P is a prime ideal of R[z] such
that RN P =0. Since R is an ideal compatible subring of R|[z], it follows from Proposition2 that
the inclusion R C R[z] satisfies GD with respect to P_(k) for all cardinals k> R,. Therefore,
RN P =0 is a prime ideal of R, i.e., R is a prime ring. Put & = {QeldR: R/Q € P, (m)}. Since
R is, by assumption, P_(m)-Jacobson, we have K =0. This clearly implies that N{Q[z]: Q € ]}
=0. We know from Corollary II1.3.4 that R[z]/Q[z]= (R/Q)[z] € P, (m) whenever Q is an ideal of
R such that R/Q € P_(m). We may conclude that the zero ideal-of R[z] is expressible as an

intersection of ideals A of R[z] such that R[z]/A € P_(m). This deals with the case P = 0.

Now suppose P + 0. Since P is prime and RNP = 0, it follows from Lemma9 that P is
maximal in the set of all R-disjoint ideals of R[z]. Put = {Qe&: RN(P+Q[z]) = Q).
Inasmuch as (NF)N(N(/K\F)) = NK =0, the primeness of R implies that either NJ =0 or
N(8/\J)=0. If Q€ R\ then RN (P +Q[z]) + Q and therefore, by the previous lemma, we cannot
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have 7(P)Z Q, so 7(P)C Q. Consequently, (RK\JF) 2 7(P)+0 and so ﬂS =0. For each
Q €S, consider the epimorphism from R[z] onto (R/Q)[z] defined by Z a;z' — Z a; 1:, where
@, =a;+@Q for i=0,...,n. Again, we denote by K the image of the 1deal K of R[z] in (R/Q)[z].
Inasmuch as @ € &, it follows from CorollaryI11.3.4 that R[z]=(R/Q)[z]€ P, (m). Observe that
ENP=RN(P+Q[z])=Q =0. Choose an ideal Pg of R[z] which is maximal such that Pg 2 Q,
Py2 P and RNPg=0. We claim that R[z]/Pg€ P (m). If FQ =0, that is to say Pg = Q[z],
then R[z]/Pg= R[z]/Q[z] = (R/Q)[z] = R[z]€ P, (m). If pQ %0 then pQ is a maximal
R-disjoint ideal of R[z]. Since R is prime, it follows from Lemma9 that Py is a prime ideal of
R[z]. Since R€ P,(m) and P_(m) satisfies Condition A (Proposition10), we must have that
Rlz]/Pg = }_Z[:c]/PQ € P (m). This establishes our claim. Notice that ﬂQ €S Py is an R-disjoint
ideal of R[z] since Rn(ﬂQeS Pg)= ﬂQGS (RNPg) = ﬂQGS Q =0. However, since P is a
maximal R-disjoint ideal of R[z] and P C ﬂQES P, we must have P = ﬂQE 5 Po- This
shows that P is an intersection of ideals A of R[z] such that R[z]/A € P, (m), as required. 0

The following example, which is motivated by [FP89, Remark2, p286], shows that the

requirement that m be infinite cannot be dropped from the above theorem.

EXAMPLE 2. Let H denote the division ring of real quaternions. For the purposes of this
example, we shall identify H with the subring

([ 2] e}

of M,(C) (here % denotes the complex conjugate of u). Consider the ideal (1+z?) of H[z]

e <

generated by 1+ z2. Clearly (1+ 1:2) is prime and H-disjoint. It can easily be verified that the map
from H[z]/(1 +z%) to M,(C) defined by

i0

(ho+ k) +(1+2%) h0+hll:0

]ew(o (ho» hy € H)

is a ring isomorphism. Inasmuch as He P_(1) and M,(C) € P,(2), this shows that P_(1) fails to
satisfy Condition A. More generally, if n is a finite nonzero cardinal, I is the nxn identity matrix
(over H) and (I + Iz?) the ideal of M, (H)[z] generated by I+ Iz2, then My (H)[z]/(I + Iz%) is
canonically isomorphic to M (H[z]/(1 + z%)) = M_(M,(C)) = M,,(C) € P_(2n). The ideal (I + Iz?%)
is certainly prime and proper. Since M (H) is simple, we must have (I+I:L'2)ﬂMln(H) =0. Thus

(I+1Iz%) is M,,(H) - disjoint. Inasmuch as M_(H) € P, (n), this shows that the class P_(n) fails to
satisfy Condition A.

§4. COMPARISONS WITH OTHER RADICALS.

In this section, we shall locate the radicals UP, (m),UP, (m) and B, (m) in tHe lattice of

radicals by comparing them with the well known radicals depicted in Figurel of §1. The diagram of
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radicals we intend constructing is made more illuminating by the inclusion of two further special
radicals. These radicals are not new (see [Ols87] and [Vel87]) but are perhaps less well known and

deserve an introduction.

THEOREM 1. [Ols87, Theorem 16, p100] The class of all uniformly strongly prime rings

is special. O

Following Olson [Ols87], we denote by US the (special) upper radical determined by the class

of all uniformly strongly prime rings.

A nonzero ring R is said to be right superprime (see [VdW] or [Vel87]) if every nonzero

ideal of R contains an element z such that (0: z)=0.

PROPOSITION 2. [Vel87, Theorem 3.1, p183] The class of all right superprime rings is
spectal. il

We shall use the notation of Veldsman [Vel87] and denote by o, (resp. ;) the (special)

upper radical determined by the class of all right (resp. left) superprime rings.

Suppose m is an infinite cardinal and D a division ring. In Example2.1, we noted that, as a
consequence of Proposition0.9.3, the ring R =M_(D) contains a unique minimal nonzero ideal
consisting precisely of all matrices with only finitely many nonzero columns. We shall, henceforth,

denote this ideal by INO,m(D)' We shall make frequent use of the next lemma.

LEMMA 3. Let m be a nonzero cardinal. Then:

() if m is countable then there exists a simple ring R, with identity, such that
R € P, (m);

(ii) if m is uncountable then there erists a simple ring R which contains nonzero

idempotent elements, such that R € P_(m).

Proof. (i) If m <Ny, we take R =M (D), with D any division ring. Suppose m = Ng-
Since the union of any ascending chain of simple subrings of a given ring is simple, it is easy to see that

the right unbounded strongly prime ring R of Examplelll.1.1 is simple. Since R has identity, this
establishes (i).

(ii) Let D be a division ring and consider I = INO,m(D)' By PropositionIll.1.4, M_(D) €
P.(m%). Since P, (m%) is a special class (Theorem 2.4) and I is an ideal of M, (D), we must have
I € P (m%). Suppose K is a nonzero ideal of I and let (K) denote the ideal of M_ (D) generated
by K. Since My (D) is (von Neumann) regular, (K) is idempotent (Theorem0.9.2(i)). By

Andrunakievi¢’s Lemma (Lemma0.2.1), (K)=(K)*CK, so I = (K)=K. Thus I is a simple ring.

Clearly, I contains nonzero idempotent elements, so (ii) is satisfied whenever m is a successor
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cardinal.

Suppose m is an uncountable limit cardinal. Consider the ring R of ExampleIll.1.2. Recall
that R is the union of an ascending chain of subrings of M (D) where D is a division ring.
Specifically, R = UNO <k<m Ox[Mg(D)] where, for each infinite cardinal k<m, ©p:My(D)
— M (D) is the “diagonal embedding” of My (D) into My(D).  Consider the ideal I=
UNOSk<m ek[lko,k(D)] of R. Since P, (m) is a special class and R € P, (m), we must have
[ € P, (m). Again, since the union of any ascending chain of simple subrings is simple, it follows that

I is a simple ring. Moreover, I clearly contains nonzero idempotent elements. a

PROPOSITION 4. FEvery right bounded strongly prime ring is right superprime.

Proof. Let R€ P_(n) with 0 <n<R; and let I be a nonzero ideal of R. Suppose first
that n=1. If 0+a€l and {b} is a right insulator for a in R then (0: ab)=0 (in R) and
ab€ I. Thus R is right superprime. Now suppose n > 1. By TheoremlIIl.1.2, R is isomorphic to a
right order in M (D) for some division ring D. If R is identified with its image in M (D), we may
conclude from Lemma2.7 that I is a right order in IM_ (D) =M (D). Clearly then, I must contain
a unit u of M_(D), in which case, (0:,u)=0 (in R). o

Because every simple ring with identity is right superprime (trivially), Lemma3 (i) implies the
existence of a right superprime ring which is not right bounded strongly prime. Therefore, the converse
of Proposition4 is not valid. Furthermore, if R is a right strongly prime ring which contains a
nonzero nil ideal (an example of such a ring is given in [GHL74, Ex2.5, p12]), then R cannot be right

superprime.

In the following result we locate the radicals WP, (R;), B, (Ry),US and o,. We should point
out that Proposition5 below represents a synthesis of several known, but recent results as well as

several new results. In most cases, proofs have been included although in some instances, we refer the

reader to [PSW84] for proof details.

PROPOSITION 5. (i) N,UP, (%) G o, G B,(R) GUSG T, N,
(i) o, CG.

(iii) LGUP,(R).
(iv) US2INg,
) G2 B,(X).
(vi) 752 UP(Xy)
(vii) UP, (Rg) 2 85N N.

Proof. (i) Inasmuch as every right superprime ring is right strongly prime, every right

bounded strongly prime ring is right superprime (Proposition 4), every uniformly strongly prime ring is
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right bounded strongly prime and every domain is uniformly strongly prime, we must have that

UP, (R,) C o, C B, (R) CUSC N,

Since M (D) is uniformly strongly prime whenever D is a division ring and 1<n<R,
(TheoremI11.4.3), we must also have USCT. The inequality N C o _ follows because a right

superprime ring cannot contain a nonzero nil ideal. It remains to show that the inequalities are strict.

Since T' and N, are known to be incomparable (Theorem 1.2 (iii)), we must have that US ¢
T,N,. Similarly, to show that N,‘ill_’r(No)ga,_, it suffices to show that N and UP_(R;) are
incomparable. Let R be a right strongly prime ring with a nonzero nil ideal I (see [GHL74, Ex2.5,
pl12]). Since P, (R,) is a special class (Theorem 2.4), it follows that I € P.(X,). Inasmuch as every
homomorphic image of I is nil, we must have I € N. Thus UP_(Ry) 2 N. If, on the other hand,
R is chosen to be a simple ring which contains nonzero idempotent elements but which is not strengly

prime (such a ring exists by Lemma3 (ii)), then R¢ N yet R € UP_(X;). Thus N 2 UP_(X,).

To show that o, C B_(Xg), choose a simple ring R with identity such that R € P, (Ry) (such
a ring exists by Lemma 3 (i)). Clearly R is right superprime, yet R € B, (). Thus o, G B_(Ry).

We now show that B (X)) G US. Choose rings R and Q as in Examplelll.4.1. Since R €
P.(1) and Rp is essential in Qp, it follows from PropositionIII.2.1 that Q € P_(1). It was shown
in Examplelll.4.1 that @ is a (von Neumann) regular ring with identity which is not uniformly
strongly prime. Since a right strongly prime regular ring with identity is necessarily simple (see the
remarks preceding PropositionI11.4.5), it follows that @ is simple. Clearly then, Q € US\B, (X;), so
B, (R)) GUS.

(ii) Since every simple ring with identity is right superprime, we must have o0, CG. This

inequality must be strict since, by Theorem 1.2 (iii), G and N, are incomparable and o, C G, Ng.

(iii) was proved in [PSW84, Theorem 2, p229].

(iv) It clearly suffices to show that N,2JNB, Let R be a commutative chain domain
with value group (Z;+,—,0;<). For example, we could take R = F[z], the power series ring in z
over any fleld F. Let P be the unique maximal proper ideal of R. Since P is a domain, we must
have P ¢ N, Let I be a nonzero ideal of P and let (I) denote the ideal of R generated by I.
Then (I) = P™ for some positive integer n. By Andrunakievié’s Lemma (Lemma0.2.1), (I)®*C I so
(P/I¥™ = (P13 =(1)3/I =0, so P/I is nilpotent. Thus every nonzero homomorphic image of P
has zero heart or nilpotent heart. Consequently, P € ,@¢. Since P is the unique maximal proper ideal

of R, certainly P€J. Thus PeJ ﬂﬂ¢.

(v) By Lemma3 (i), there exists a simple ring R, with identity, such that R ¢ P_(Rg).
Clearly R ¢ G, yet R € B, (X)). Thus G 2 B (Ry).

(vi) and (vii) are consequences of [PSW84, Theorem 2, p229]. (|
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Figure2 is the diagram obtained by introducing QJ.I_DT(NO),BT(NO),US and o_ into our
previous diagram of classical radicals (Figurel). The strict inclusions indicated are justified by
assertions (i) — (iii) of Proposition5, together with Figurel. The implied incomparabilities are

justified by assertions (iv) - (vii) of Proposition 5, together with Figure 1.

Our next task is to locate the radicals UP, (m) and B, (m) for m > R,

PROPOSITION 6. Let m,n be nonzero cardinals with m > n. Then:

() BGUP,(m)GUP, ()G N,

(i) if m is a limit cardinal then WP (m) ¢ B, (m) G UP, (n).

Proof. (i) The containments 4 C UP,(m)C UP,(n)C N, are obvious, so it remains to
demonstrate that they are strict. To show that Qll_’r(n)gNg, it clearly suffices to show that
UP (1) ¢ N, Let R be any ring with identity which is not a domain but which is a member of
P_(1). (For example, take R =M (D) where 0 <k <R, and D is a domain which is not right Ore.
By Propositionlll.1.4, R € P_(1).) The argument used in Examplelll.4.1 and the proof of
~ Proposition 5 (i) (B, (Rg) GUS) shows that @ =@, (Rp) is a simple ring with identity which is not
uniformly strongly prime but which is a member of P_(1). It follows that Q@ € N, \UP, (1), hence
UP (1) G N, as required.

By Lemma3, there exists a simple ring R such that R € P_(m). Since R € UP,(n), we
must have UP_ (m)G UP, (n). Inasmuch as 8= [Ny UP, (k), the inequality 5 C UP, (m) is

obviously strict.

(ii) Again, the containments UP, (m)C B, (m)C UP_(n) are self evident, while Lemma 3
may be used to show that WP (m) G B, (m). Since m is a limit cardinal, we can choose a cardinal

k such that m >k >n. Then B (m)C UP, (k) G UP, (n). o

PROPOSITION 7. (i) T 2UP,(n) for all finite nonzero cardinals n.
(i) WP, (1) US.
(i) WP, (R,)2 L.

(iv) Jg2UP,(m) for all nonzero cardinals m.

Proof. (i) Let D be a division ring and choose k such that n < k < Ry, Then My (D)€
UP, (n), but obviously, My (D) ¢ T. Thus T 2 UP, (n).

(ii) In the proof of Proposition 5 (i) (B, (Xy) G US), we noted that the ring @ of Example
II1.4.1 is a member both of P, (1) and of US. It follows that UP,(1)2US.

A stronger version of (iii) will be proved in Proposition 9 (vi).

(iv) If m <R, then the result follows from (i). Suppose m >R,. By Lemma3, there exists

a simple ring R which contains nonzero idempotent elements such that R € P.(m"). Certainly then,
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R must be idempotent, so R ¢ Jg. Thus Jg2 UP, (m).

Figure 2

Propositions 6 and 7 allow us to locate the radicals UP, (m) and B, (m) in the lattice of

radicals. Before constructing a diagram, we locate the radicals UP, (m).

LEMMA 8. Let R be a ring, with identity, which satisfies the ACC on ideals. For each
finite ordinal a, let ©,: M,a(R) — M]NO(R) denote the diagonal embedding defined by
A0
0,(4)=|0A4 € M]NO(R) (A € M,a(R)).

(Also see Ezamplelll.1.1.) Define S = UaENoea[Mza(R)]' Then every ideal of S is of the
form UaeNoea[Mlga(K)] for some ideal K of R.

Proof. Let I be an ideal of S. For each a € ¥y, set S, =0, M,a(R)] and I, =5 nN1.
Note that I, is an ideal of S, for each a €N, and that I:SﬂI:(Uaedea)ﬂlz
Uac R (SanI)=Uqe R I,. It follows from Proposition0.6.1 that each I, is equal to
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GG[MZQ(KG)] for some ideal K, of R. Since I,CIg whenever a <fB <R, we must have
K,C Kz whenever a < <R, Since R satisfies the ACC on ideals, it follows that {K, : o € Ry}

has a maximal member, K, say. Then I =/, ¢ R 0,[M,a (K)], as required. 0

20

EXAMPLE 1. Let m be a nonzero countable cardinal. We construct a ring S such that
S € P, (m) and (JNB)S) *0.

Let R be a commutative chain domain (with identity) with value group (Z;+,—,0; <) and
with unique maximal proper ideal P. As shown in the proof of Proposition5(iv), P € JN By If
m < Ry, we take § =My (R). Certainly $€ P (m) and by Corollaries 1.7 and 1.8, J(S5) = f,(5)
=M (P) *0.

Now suppose that m =X,. Take R as above and S as in the previous lemma. Since R is a
commutative domain, the argument used in Examplelll.1.1 shows that S € P_(X,). It remains to
show that (J ﬂﬂ¢)(5) £ 0. It follows from the previous lemma that every prime ideal of S is of the
form U, ¢ R, 04 [M,a (Q)], where @ is some prime ideal of R. Inasmuch as R is a principal ideal
domain with identity, it is not difficult to see that P is the only nonzero prime ideal of R.
Consequently, I = Ua€R0 ©4[M,a(P)] is the only nonzero prime ideal of S. Since R is not
subdirectly irreducible, S cannot be subdirectly irreducible. We may conclude, therefore, that
B4(S) = 1. Moreover, it is not difficult to see that S\I consists entirely of units of §, so J(S)=1.
Thus (JNB)(S)=1%+0. O

PROPOSITION 9. (i) UP,(m) G WP _(m) for all cardinals m > 1.

(i) US G UP_(m) for all finite cardinals m > 1.

(iif) F 2UP, (m) for all cardinals m > 1.

(iv) UP, (m) 2 JN By for all nonzero cardinals m.

(v) UP,(%)2

(vi) UP_ (m) P L if m is an uncountable cardinal.

(vil) WP (m) 2 UP,(n) if m,n are distinct nonzero cardinals.

(viii) WP, (m) 2 UP,(n) if m,n are nonzero cardinals such that m > n.
(i

x) UP,(m) 2 B,(m) if m is a limit cardinal.
Proof. (i), (vii), (viii) and (ix) are immediate consequences of Lemma 3.

(i) If R€ P, (m), where 1 <m< Ry, then by TheoremIIl.1.2, R is isomorphic to a right

order in M_,(D) for some division ring D, whence R is uniformly strongly prime (Theorem I11.4.3).

Thus US C UP,(m) whenever 1<m<R,. If D is any division ring then obviously D e

UP, (m)\US for all m>1. Thus US G UP, (m) whenever 1 <m < R,.

(iii) If D is any field then obviously D ¢ F, yet D ¢ UP,(m) for all m>1. Thus F 2
UP, (m) for all m > 1.

188



(vi) Choose a ring R€ P (m), m>R;. For each a€Ry, let ©,:M,a(R) — MNO(R)
denote the diagonal embedding described in Examplelll.1.1. (Also see Lemma8.) Consider the
subring C = UaeNOOG M,a (R)] of MRO(R)' As in ExamplelIll.1.1, we choose to identify each
M,a(R) with its image in C. For each a €Ry, let A,a(R) denote the subring of M,a(R)
consisting of all upper triangular matrices with zero main diagonal entries. We claim that the ring
S=Uqc X, O4[A,a(R)] is locally nilpotent and a member of P, (m). The former fact is obvious
since S is the union of an ascending chain of nilpotent subrings. It follows that S € L. To prove the
latter claim, let 0 s €S, say s €A,a(R), a€Ry Since Mya(R)€ P, (m) (PropositionIII.1.4),
we can choose a right insulator X for s in Mo (R) with | X|<m. For each finite ordinal § > e,

let Xz denote the image of X in Mlzﬂ(R) (via the obvious diagonal embedding), set

ﬂz{[g ’g]:Aexﬁ}gAzﬂm(R)

and put X = Ua <B<w, —Xg CS. We claim that X is a right insulator for s in S. For suppose

>

that sXt =0 for some t €S. By choosing § sufficiently large, we may regard s and t as elements
of A2g(R) with 3> a. Since sXt=0, we must have sygt =0, from which it follows that
sXgt =0, so t=0. Since | X|<m, this shows that S € P_(m). Inasmuchas R¢ P (k) for any
k <m, it is not difficult to see that S € P, (m). Thus UP (m)2 L whenever m > R,.

(iv) If m >R, the result follows from (vi) above. Suppose m <R, and consider the ring S

of Examplel. Since (JNB,)(S)2QUP, (m)(S)=0 we must have that UP, (m) 2 JN By for all
m > 0.
(v) Let R be a right strongly prime ring with a nonzero nil ideal I (see [GHL74, Ex2.5,

pl2]). We noted in the sequel to Proposition4 that R cannot be right superprime and is therefore not
right bounded strongly prime (by Proposition4). It follows that R € P_(Rg), whence I € P_(Ry).
Since [ is nil, we must have I € N. Thus UP, (X)) D N. O

We are finally in a position to present a diagram depicting the positions of the radicals
UP,(m),UP,(m) and B, (m). This is done in Figure3. We point out again that, modulo the

Koethe Conjecture, all indicated inclusions are strict and that the absence of indicated comparability

implies known incomparability.
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AP, (1) UP,(2) UP.(3) ... LLUP,(Ry) UPL(R) ...

Lastly, we consider some questions about left-right symmetry. We start by refining Lemma 3.

LEMMA 10. (i) If m is an arbitrary nonzero cardinal then there ezists a simple ring R
such that R € P_(m)N P;(m).

(i) If m is an uncountable cardinal then there ezists a simple ring R such that
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Re P, (m)NP(1).

Proof. (i) The rings R described in the proof of Lemma3 (i) are clearly left-right symmetric.
It remains to establish (i) in the case where m > X,. Let D be a division ring and let I denote the
ideal of M (D) consisting of all matrices which contain only finitely many nonzero columns (i.e., I =
Iuo,m(D)”M;(D))- If I is viewed, alternatively, as the ideal of MI:I(D) consisting precisely of all
matrices with only finitely many nonzero entries then it is not difficult to see that I is idempotent and
is the unique minimal nonzero ideal of M} (D). By the argument used in the proof of Lemma 3 (ii), I
is simple and I € P,(m*)NP;(m™). Assertion (i) is therefore true whenever m is a successor
cardinal. An adaptation of the remaining part of the proof of Lemma3(ii) (roughly speaking, we
substitute row- and column-finite matrices for row-finite matrices) can be used to establish (i) in the

case where m is a limit cardinal.

(i) Let D be a simple domain, with identity, which contains an independent family of m
nonzero left ideals (for example, construct D as in Example2.2). By Propositions III.1.4 and
L.1.12, M_(D)€ P,(m*)NP;(1). We claim that I = IRO,m(D) is idempotent and is the unique
* minimal nonzero ideal of M (D). The former claim is obvious. To verify the latter claim, suppose
K is a nonzero ideal of M (D). Let 0 + A € K and suppose z = A, ¥0, with o,/ €m. For each
7,6 €m, let E_ 4(r) denote the matrix in M (D) with r € D in position (v,8) and zeros elsewhere.
Since D is simple (with identity), we must have izzla'-:cb‘- =1p for suitable a;,b;€ D, for
i=1,...,n. We lose no generality in supposing that n=1 and a,zb; = 1. Notice that for each
7,6 €m, we have E_  (a;)AEg4(b)) = E, 5(1p). Consequently, {E,s(1p): 7,6 €Em} C K. Now
let 0+Bel and set T={y€m: B #0}. Certainly |I'| <Ry, since B€I. Observe that
B=3 ,erBE, (1p)€K, so ICK. This establishes our claim. Since My(D) € P, (m*)N
P(1) and I is an ideal of My(D), we must have I € P,(m*)NP;(1). A routine application of
Andrunakievi€’s Lemma (Lemma0.2.1) (as in the proof of Lemma3 (ii)) shows that I is, moreover,

simple.

Again, by adapting the remaining part of the proof of Lemma 3 (ii), we can show that (ii)

above also holds in the case where m is an uncountable limit cardinal. a

PROPOSITION 11. Let m,n be arbitrary (not necessarily distinct) nonzero cardinals.

Then:
(i) UP_(m) and UP;(n) are incomparable;

(i) UP_(m) and UP;(n) are incomparable.

Proof. 1t suffices, by symmetry, to show that UP, (m) ¢ UP(n) and UP, (m) ¢ UP;(n)
for all m,n > 0.

(i) Choose a cardinal k such that k > max {m,Ry}. By Lemma10 (i), there exists a simple

ring R such that R€ P (k)N P;(1). Then R €UP,_ (m) and R ¢ UP;(n) for all n>0. Thus
UP,(m) ¢ UP; (n) for all m,n > 0.
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(ii) It follows from Lemmal0(i) that UP, (m)¢ QUP;(n) whenever m % n, while the left
analogue of Lemmal0 (ii) yields UP (m) ¢ UP;(m) whenever m > Ry It remains to show that
UP,(m) ¢ UP,(m) whenever 1 <m <Ry Define D to be the right skew power series ring F[z, o],
where F is a field and ¢: F — F a monomorphism which is not onto. Then D is a left Ore domain
which is not right Ore (Proposition0.10.5(ii)) and every nonzero ideal of D is of the form DzF for
some nonnegative integer k (Proposition0.10.5(i)). By Proposition [11.1.4 (and its left analogue),
M (D) € P,(1)N P;(m) whenever 1 <m< R,. Since Dz is the only nonzero prime ideal of D and
since every ideal of M_(D) is of the form M, (K) for some ideal K of D (Proposition 0.6.1), it is
not difficult to see that I =M_(Dz) is the only nonzero prime ideal of M, (D). Consequently,
UP, (m)(My(D)) 2 I 2 UP(m)(My(D)) =0. It follows that AUP, (m)¢ UP;(m) whenever

1 <m <R,

Now suppose m =X,. Choose D as above. For each a €Ry, let O,: Mya (D) — M]RO(D)
denote the usual diagonal embedding. Define R = J, ¢ R, o, [MIZQ(D)]. We may infer from the left
analogue of Examplelll.1.5 that R € P (1)NP;(Ry). Since D possesses an identity element and
satisfies the ACC on ideals, it follows from Lemma8 that every prime ideal of R is of the form
Uae R G)a[Mlza(Q)] for some prime ideal Q of D. Inasmuch as Dz is the only nonzero prime ideal
of D, we may conclude that I = UaGRoea [M,a (Dz)] is the only nonzero prime ideal of R, so
WP, (R)(R) 21 2 UP;(Ro)(R) =0. Thus UP, (Rg) € UP;(Ry). o

The precise relationship between the radicals UP, (Ry) and UP;(R;) is unclear. We alluded
earlier to an open question from [GHL74, p121] which asks whether P_(R,) C P;(R;). If this is the
case then of course UP, (Ry) D UP; (Ry).

§5. RADICALS ASSOCIATED WITH UNIFORM BOUNDS OF PRIMENESS.

In §4, attention was given to Olson’s uniformly strongly prime radical US, this being the
upper radical determined by the class of all uniformly strongly prime rings. In [OV88, Theorem 17,
p450], Olson and Veldsman proved that the class of rings which are uniformly strongly prime of bound
1 is special and posed the question: is the class of rings which are uniformly strongly prime of bound
at most m special for all finite nonzero cardinals m? (See remarks following [OV88, Theorem 19,
p451].) More generally, is the class U P(m) special for all nonzero m? (We remind the reader that if
m is a nonzero cardinal then UP(m) (resp. UP(m)) denotes the class of all rings which are uniformly
prime of bound m (resp. of bound at most m), and that we usually replace all occurrences of the word

“prime” by “strongly prime” when m is finite.)

Our main theorem of the present section answers this question in the affirmative, thereby
identifying denumerably many special classes within the class of all uniformly strongly prime rings.
We shall locate the corresponding special radicals in the lattice of radicals, finding that for Ievery finite
nonzero cardinal k, the upper radical determined by UP(k) lies strictly between a pair of radicals of
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the form UP,(m) and UP,(n) for suitable finite nonzero cardinals m and n. This relationship
breaks down for infinite k and it is not yet clear that the radicals associated with UP(k), k > X, are

of much interest. We leave any further study of properties of these radicals to future researchers.

THEOREM 1. UP(m) is a special class for all nonzero cardinals m.

Proof. Suppose R€UP(m) and let I be a nonzero ideal of R. Let X be a uniform
insulator for R with | X|<m+1. If m <X, then by Proposition4.4, there exists a € I such that
(0:,a)=0 (in R). We claim that XaC I is a uniform insulator for I. Suppose s(Xa)t=10 for
some s,t € with s+ 0. Since X is a uniform insulator for R, we must have at = 0. Therefore,
t€(0:,a) =0, validating our claim. Since | Xa|<|X|<m, we may conclude that I € UP(m). If
m > X, then I is right m-faithful by Theorem II.6.3 (iii), so we may choose a subset Y of I with
|Y | < m such that (0:,Y)=0 (in R). Consider XY :={zy:z€ X, y€Y}. Noticethat XY CI
and | XY |<max{R),|X|,|Y|} <m. If sXYt=0 for some s,t €I with s+0, then sXyt=0
for all y€Y so, since X is a uniform insulator for R, we must have yt =0 for all y €Y, ie,
te(0:,Y)=0. Consequently, I € UP(m). This establishes property S1 in the definition of a

special class.

To show that UP(m) satisfies property S2, suppose I is a large ideal of a ring R and I €
UP(m). Since the class of all prime rings is special (Theorem 1.3), we must have that R is prime.
By Lemma2.3, I; and ;I are essential submodules of R; and R, respectively. It follows from this

and Proposition I11.4.6 that R € UP(m), as required. ]

We shall adopt Olson and Veldsman’s notation [OV88] and denote by r_, the upper radical
determined by the special class UP(m) for each nonzero cardinal m. It follows from the definitions

that US = TR, and that 7, = g ¢ x < m Tk for all limit cardinals m. In the next result we compare

the 7.’s (for finite n) with some of the radicals studied earlier in this chapter.

PROPOSITION 2. (i) N,37,27,2...2US.

(i) 7pp1 2UP.(n) for all finite nonzero cardinals n.
(iii) UP.(n) Q 79,y for all finite cardinals n > 1.
(iv) UP_(n) D7y, o for all finite cardinals n> 1.

(v) 1o 2UP_(n) for all finite nonzero cardinals n.

Proof. (i) The only nontrivial step is to show that the containments are strict. To show
that NgQ7y, let 1<n<R; and let D be a simple domain, with identity, which is neither right nor
left Ore (see Example 2.2). By Proposition 0.6.1, M, (D) must also be simple. Since M, (D) is clearly
uniformly strongly prime but neither right nor left Goldie, it follows from TheoremIIl.4.4 that

My(D) e UP(1). Clearly, M (D) € N\, s0 N,y
It is clear from TheoremII1.4.14 that for each finite n > 1, there exists a simple (matrix)

ring
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R belonging to UP(n). Certainly then, R € r,_\r,. Thus 7, , 27, Inasmuch as US = ™=

Nock< Ry Tk We must have 7, 2 US whenever 0 <n <R,.

(ii) It follows from Theorem II1.4.14 that M, ,,(Q) € P, (n+1)NUP(n+1). Certainly then,

Mpp1(Q) € Tpyps but M,,,(Q) is simple, so we must have Mln_}_l(Q)E‘ﬂpr(n). Thus r,,, 2
UP_ (n) for all finite n > 0.

(iii) The containment WP, (n) D 7, ; holds because of Theorems III.1.2 and IIL.4.3. This
containment must be strict since UP, (n) =7, ; would imply 7, 27y, | =UP (n)2Q UP_(n),

contradicting (ii) above.

(iv) Let F be an algebraically closed field. By TheoremIIl.4.11, M (F)€ UP(2n—1).
Certainly M_(F) ¢ UP (n), yet M (F)€ g, ,, because M (F) is simple. Thus UP (n) 2D 7y, ,

for all finite n > 1.

(v) Clearly only the strictness of the inclusion is at issue here. Suppose, contrary to (v), that
7, =UP_(n) for some finite n>0. If n>1 then UP (n)2Q UP,(n) =1, DTy which
contradicts (iv). If n=1 then WP (1) =7, 2 US which contradicts Proposition 4.7 (ii). o

Proposition2 allows us to incorporate the radicals 7 (m <R;) into the previous Hasse
diagram (Figure3). We avoid presenting an unwieldy diagram and exhibit, in Figure4, the location
of the 7_s relative to a portion of the lattice of radicals. It is important to note that no information
regarding relative positions is lost. Indeed, a diagram displaying all instances of comparability between

radicals can be obtained by superimposing the diagrams in Figures 3 and 4.

Finally, we remark that since the class UP(m) is special for all nonzero cardinals m, it
follows easily that the class UP(m) is also special for every successor cardinal m. Initial
investigations suggest that the (special) upper radicals determined by these classes have pathological
properties somewhat similar to those of the radicals UP_(m), and are incomparable with most

standard radicals. We have therefore chosen not to investigate them further here.
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Appendix

In ChapterIII, §1, Proposition 11, we make use of the fact that for any division ring D,
and any infinite cardinal m, the dimension of the left vector space pD™ (:= [, pD) over D is
| D|™. This fact should be well known, but we could find no proof of it in the literature. Since it is
essentially a result of set theory and linear algebra, rather than ring theory, we have chosen to offer a
proof in an appendix, rather than in the main body of the text. The result depends on the following
lemma. We remind the reader that a subset X of a right R-module M is called free if, for any

family {r,: ¢ € X} of elements r € R, all but finitely many of which are zero, we have
Yeexer;=0 = (Vz € X)(r, =0).

If (0:2)=0 for all z € X, then it follows immediately from the definition that X is a free subset of
M if and only if {zR:z € X} is an independent family of submodules of M. We shall make use of

this fact in the lemma below.

LEMMA. Let D be an infinite left Ore domain and m an infinite cardinal. Then the
left D-module D™ has an independent family of | D| nonzero submodules. Consequently, the
Goldie dimension of pD™ is at least | D].

Proof. Since DDNO is isomorphic to a submodule of D™, it clearly suffices to prove the

result when m =R,. Let |D|=k>R,.

We claim that there is a k-sequence U= (d,y; v €k), where d, = (d,yo,d,yl,d,yz,...) €
DDRO for each y €k, such that for every finite nonzero cardinal m, every n-element subset of
{(dyordy1:dqg yerydyn_1): v €k} is free in pD™  This would imply that range is a free subset of
DDRO, and hence that DDNO contains an independent family of k nonzero submodules, so establishing

the truth of the claim will prove the lemma.

We construct U recursively. Indeed, it suffices to show that for every finite nonzero cardinal
n, there exists a k-sequence % = ((dyg,dy;;dygs- -y dyn_1): 7 €EK) of elements of D™ such that for
each nonzero cardinal p <, every p-element subset of range, = {(dy9:dqpy--rdy p-1): 7€ k} is
free in pDP. For m=1, we just take U, = (d~,0§ v €k) to be any one-to-one k-sequence of elements
of D. (Such a k-sequence certainly exists, since | D| =k and D may be well ordered, by the axiom
of choice.) Suppose that a k-sequence U = ((d,yo,d,yl,...,d,yq_l); 7 €k) of elements of DY has
been constructed (where q is a finite nonzero cardinal) with the property that for each nonzero
cardinal p <q, every p-element subset of range,= {(d'yo’d'yl""’d'v p-1)1 7€ k} is free in pDP.
We have to define a d,yqe D, for each vy € k, which we do by transfinite recursion on . Take dOq
to be any element of D. Suppose that for some ordinal o < k, we have already defined d,\/q € D for

all ordinals y < «, in such a way that for every nonzero cardinal p <q+1, every
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. . p
p-element subset of {(d‘VO’d‘717d‘72""’d7p—1): v € a} is free in D"

We have to choose daqe D in such a way that for any strictly ascending chain of ordinals

1 <A <A < <A <oy with p < q, the set
{(d,\'o,d,\il,...,d,\iq):i:0,1,...,p—l}U{(dao,dal,...,daq)}
is free in DDq‘H. For such a chain, define

BAgs Aps- s A1) = {zeD:{(d,\io,d,\il,...,d,\t_q):i:O,l,...,p—l}
U{(dggr@a1r--+r@qq-11 )} is not a free subset of DDq‘H}.

We claim that |fB(/\0,/\1,...,/\p_1)| < 1. Suppose, on the contrary, that z,y € !B(/\o,/\l,...,/\p_l)
. +1
with z £ y. Then there must exist nonzero elements (rq, rl,...,rp) v (50 sl,...,sp) € DP™" such that

01---1d,\ )+rp(d00""’daq——l’z):g’

ro(d,\OO""’dz\oq) + ...+ rp_l(d’\p—]_

q
p-1
and

SO(dxoo,...,dAOq) + e + sp_l(dA 10,-.-,dxp_1q) + Sp(dQO""’daq—l’y) = g-

P-

Since {(dxio,dxil,...,dxiq):i:O,l,...,p—l} is a free subset of DDq‘H, we must have r,,s,

+0. Since D is a left Ore domain, we may choose a,b € D such that ar, = b.';p 4+ 0. Then

(aro—bso)(dl\oo,,dl\oq) +...+(a1'p_1—bsp_1)(d,\ 0,...,d,\ )

p-1 p-194

+ (0,0,...,0,arp:1:—bspy) = 0.

Again, since {(d,\_o,dl\.l,...,d,\_q):i:O,l,...,p—l} is free, we must have ar;—bs;=0 for
1 1 1

i=1,...,p—1. Hence, (0,0,...,0,arp:c—bspy)=g, 8o ar z—bspy=0. Since D is a domain, it

P
follows that = =y, a contradiction. This verifies our claim that |B(Ag, A;,..., /\p_1)| .

Now the number of possible choices of Ag,Ay,..., A _; as described above is at most | e |9,
which is either finite or equal to ||, and is therefore strictly less than k. It follows (using the axiom
of choice) that we may choose daqe D so that for all possible choices of Ao,/\l,...,/\p_l, we have
daqgé SB(/\O,/\I,...,/\p_l). Such a dyq has the property that for every nonzero cardinal p<q+1,
every p-element subset of {(d_yo,d,’l,...,d,y q): v < «} is free in DDq‘H. By transfinite induction, it
follows that we may find, for every v <k, an element d-yqe D such that for every nonzero cardinal

P<q+1, every p-element subset of {(d.5,d,,.. ): v €k} is free in DDq'H.

"d‘vq

The existence and properties of the k-sequence U described at the beginning of this proof

follow by (ordinary) induction. o

COROLLARY. If D is a division ring then, for any infinite cardinal m, the dimension
of the left vector space pD™ over D is |D|™.

Proof. Let n be the dimension of D™ over D. Certainly, n is infinite, and we have

pD™= ;D™ (.= ®_ D). We claim that
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(1) |D|™=n|D]|.

The left hand side of this equation is the cardinality of D™, while |DD(n)| >n. If D is finite then,
since the number of finite subsets of an n-element set is n, it follows that |DD(n)| <n¥;=n, so
|DD(“)| =n=n|D|, proving (1) in this case. If D is infinite, then again, since the number of finite
subsets of an n-element set is n, it follows that |DD(“)| =n|D|, establishing (1). Now, we claim
that n>|D|. This is trivially true if D is finite, while for infinite D, it follows from the Lemma.
Thus the right hand side of (1) is n (in both cases), so n=| D|™, as required. O
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algebraic closure operator,
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bottom element,
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cancellative semigroup,
cardinal,

— predecessor,

— successor,
cardinality of a set,
cartesian product,
category isomorphism,
centre of a ring,

chain,

— ring,

characteristic of a ring,
Chinese Remainder Theorem,

classical Krull dimension of a
commutative ring,

—ring of quotients,

closure operator,

—system,

coefficient of a semigroup element,

cofaithful module, 1
cofinal copy,

— subset,

cofinality of a partially ordered set,

coheight of a prime ideal, 1
column-finite matrix,

common right multiple property,
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complement of a subset,

complemented lattice,

complete lattice,

—,— homomorphism,

— sublattice,
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—C, ]
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—E, 137 exponentiation of cardinals,

congruence lattice of a ring, 37 extended socle series, 1
—,—,—,— universal algebra, 38 —,—,—of a module, 1
— relation on a ring, 37 external direct sum (see direct sum)
—,—,—,— universal algebra, 38
constant term of an element in a monoid ring, 33 F
continuous lattice, 12 factor algebra of a universal algebra, 3
covering pair, J Faith-Utumi Theorem, 2
cyclic module, 20 faithful module, I
field of quotients, 2
D —,—rational functions, 3
degree function, 33, 141, 149, 171 filter of a meet-semilattice, 1
denominator set, 28 finite dimensional full linear ring, J
dense submodule, 29 —distributive lattice, 6
descending chain condition (DCC), 10 finitely annihilated module, J
diagonal (matrix) embedding, 119, 120 (f,m)-system, 17
direct sum, 17 (f,m)-system, 17
directed subset (see upward directed subset) free associative algebra, J
distributive lattice, 12 — commutative monoid on a set, R
divisible abelian group, 21 —group on a set, 3
divisor of zero, 15 —monoid on a set, J
domain, 15 — product of monoids, 13
Dorroh Extension, 19 —subset of a module, 12
dual of a partially ordered set, 9 full linear ring, 3
—order, 9 —mXxm matrix ring, 2
dually algebraic lattice, 69 —subcategory, 1
— cofinal copy, 11 —,—on a class of objects, 1
— hereditary subset, 10
duo ring, 42 G
E Gabriel dimension of a module, g
—,—,—,—ring, !
equivalence (functor), 25 — filter, 7
equivalent categories, 25 —,—generated by a set of right ideals, T
essential extension, 18 —filtration on Mod-R, 9
— monomorphism, 18 Generalized Continuum Hypothesis, 12
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—submodule, 18 generator for a category, 2
exact sequence, 17 (g9, m)- system, 17
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— functor,
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—,—,—map,
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incomparable ideals,
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k- related ordinals,
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Krull dimension of a module,

I

1«

-

~o

1¢

~S

-



—,—,—an arbitrary ring,
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— Intersection Theorem,
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large ideal,
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— ordered semigroup,

leading coefficient of an element in a semigroup

ring,
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— insulator,
—invertible element,
— order,
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length of an element in a free product of
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letter (see indeterminate)
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limit cardinal,

linear homogeneous form,
linearly ordered Hilbert algebra,
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locally finite group,

— nilpotent ring,
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m - sequence,
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— ascending chain condition (m-ACC),
— closed ring,

— cogenerated module,
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— faithful ideal,

—,— module,

— generated module,

— Jansian preradical,

—,— topologizing filter,

—,— torsion preradical generated by a class of

modules,
— order,
— subgenerated module,
- Jacobson ring,
matrix unit,

maximal ring of quotients,

meet-complete semilattice homomorphism,

—,— subsemilattice,

— infinite distributive identity
—semilattice,

—,— homomorphism,
—,— isomorphism,
—subsemilattice,

minor of a matrix,
modular lattice,

— law,

module endomorphisms,
— extension,

— homomorphisms,

— isomorphism,

— subcategory,

monoid ring,

monomial,

— algebra,

Morita equivalent rings,
— *-equivalent rings,
— *-invariant property,
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N

n-ary operation,

n-th degree homogeneous form,
natural isomorphism,

— transformation,

Nil radical (N),

nil subset,

nilpotent element,
—subgroup of a ring,
noetherian module,
—ring,

non-unary similarity type,
nonsingular module,
—ring,

Nullstellensatz (see Hilbert’s Nullstellensatz)

0

operation symbols,

opposite ring,

order dual (see dual of a partially ordered set)

—in a ring,

— isomorphism,
— preserving map,
— reflecting map,
ordinal,

Ore domain,

orthogonal complement,

P

partially ordered set (poset),
—,—,— with 0,
—,—,—with 1,

bolynomial ring,

positive cone,

— implicative BC K- algebra,
power series ring,

—set,

38
146

38
15

153
11
11
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27
18

10
10
34
40
61
34
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preadditive category,
preimage under a map,
preradical,

prime element,

—ideal,

—of bound at most m,
— of bound m,

—ring,

Prime radical (3),
primitive ideal,

—ring,

principal monoid ideal,
—right ideal ring,
Principal Ideal Theorem,
product of cardinals,
—,—ordinals,

projective module,

R

R - disjoint ideal,

R - radical of a ring,
—,—ring,

— semisimple ring,

radical in the category of rings,
—on a module subcategory,

—ideal (see semiprime ideal or ®;-radical of
a ring)

range of a map (see image of a map)

rank of alinear transformation,

rational extension,

regular cardinal,

— element,

—right ideal,

—ring (see von Neumann regular ring)
representation of a finite lattice, a7,
—,—,— lattice,

right annihilator,

— hereditary radical in the category of rings,



—insulator, 111
— invertible element, 15
— order, 26
—ring of fractions, 27
— superprime radical, 183
ring of fractions, ' 29

— of linear transformations (see full linear ring)
row- and column-finite matrix, 24

row-finite matrix, 24

S

Sandomierski’s Theorem, 32
scalar matrix, 24
self-injective ring, 31
semiartinian module, 94
semigroup ring, 32
semilocal ring, 23
semiprime ideal, 30, 152
—ring, 23
semiprimitive ring, 23
semisimple module, 18
set inclusion, 11
similarity type of a universal algebra, 38
simple module, 18
—ring, 16
singular cardinal, 9
— module, 31
—ring, 31
—submodule, 31
skew group ring, 35
— monoid ring, 35
— polynomial ring, 35
— power series ring, 35
— semigroup ring, 34
socle, 18
—series of a module, 72
special class, 160
—radical, 160
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spectrum of a ring,

stable radical, I\
strictly ordered semigroup,

— right ordered semigroup, L

strong limit cardinal,

— radical, 1l
strongly nilpotent element, 1
— prime radical, 1
—,—ring, 1
subdirectly irreducible ring, 1
sublattice,

submodule generated by a subset of a medule,
subring,

successor cardinal,

sum of cardinals,

—,—ordinals,

superprime ring, 1
support of an element in a direct product,
—,—,—,—,—,— monomial algebra, 1
—,—,—,—,—,— semigroup ring,

symbol (see indeterminate)

T

T - torsion module,

T - torsion-free module,

©-interval of a chain,

©-invariant subset,

tolerance relation,

— trivial algebra,

top element,

topologizing filter,

—,—generated by a set of right ideals,
torsion preradical,

—,—cogenerated by a class of modules,
—,—generated by a class of modules,
—radical,

—,— cogenerated by a class of modules,

—,—generated by a class of modules,



transfinite powers, 71, 77, 84
two-sided ideal, 15
type of a universal algebra (see similarity type

of a universal algebra)
—,—an element in a free product of monoids, 139
U
unbounded strongly prime ring, 111
uniform bound of primeness, 143
— dimension, 131
—insulator, 143
—module, 26
uniformly prime of bound m, 143
— strongly prime of bound m, 143
—,—,—radical, 183
—,—,—ring, 143
unique product element, 137
—,—semigroup, 137
unit in a ring, 15
unital module, 16
Universal Property for rings of fractions, 28
universe of a structure, 7
upper radical determined by a class of rings, 159
—triangular matrix ring, 97, 131, 189
Upper Baer radical (see Nil radical)
upward directed subset, 10
Vv
value group, 42
vector space endomorphism, 31
von Neumann regular ring, 30
W
well ordered strictly ascending chain, 10
—,—,—descending chain, 10
word, 32, 138
—in reduced form, 32, 138
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z

Zermelo-Fraenkel Set Theory,
zero divisor (see divisor of zero)
— element of a module,
—,—,—,—ring,

— functor,

—ideal,

—module,

— multiplication module,
—ring,

— submodule,



List of symbols and abbreviations

XCY (X isasubsetof Y) 8 expS  (power set) 1
Y\X (complement of X in Y) 8 (Py; <) (Py; <) (isomorphic posets) 1
| X| (cardinality of X) 8 (P1; <) S(Py3 <) (poset embedding) 1
p[X'] (image of X') 8 FP (filters of (P;<)) ]
¢ 1[Y'] (preimage of ¥”) 8 IP  (ideals of (P;<)) )
@| o (restriction of ¢ to X" 8 L¢ (compact elements of L) 1
1y (identity map on X) 8 Z (integers) 1
m*  (cardinal successor of m) 8 N (natural numbers) ' 1
m~ (cardinal predecessor of m) 8 Z,, (integers modulo n) 1
m+n (cardinal sum) 8 Q (rational numbers) 1
m-n or mn (cardinal product) 8 R (real numbers) 1
m"” (cardinal exponentiation) 8 C (complex numbers) 1
Yierm; (sumof cardinals m;) 8 1, (identity element of ring or monoid A) 15,3
w  (smallest infinite ordinal) 9 RC°PP  (opposite ring) 1
a®pf (ordinal sum) 9 cen R (centre of R) ]
a®f (ordinal product) 9 char R (characteristic of R) ]
[Tier X; (cartesian product of X;) 9 AA,... A, (product of subgroups A; of a ring) |
{z:}ier (element of [T, X;) 9 A™  (product of A’s, A subgroup of a ring) ]
[[pX or X T (cartesian power) 9 IdR (two-sided ideals of R) J
[z,y] (bounded interval) 9 Id Ry (right ideals of R)

(z) (open half-unbounded interval) 9 IdpR  (left ideals of R)

[z) (closed half-unbounded interval) 9 (X) (ideal of a ring generated by X or a

< -1 (dual order) 9 free monoid on X) 16, .
(P;<)®  (dual poset) 9 {(z)  (free monoid on {z})

0 (bottom element of a poset, zero ring, zero Homg(4, B)  (category morphisms)

ideal, zero element, zero module, zero IC (identity functor)

submodule, zero functor) 10, 15, 65 MA  (product of module and subgroup of ring)
1 (top element of a poset) 10 Mod-R  (all right R-modules)
cof P (cofinality of P) 10 Mod-R (zero) gl—grizcﬁll'zs;nultlphcatlon
m-ACC  (m-ascending chain condition) 10 Mod-R (unital) (right unital R-modules)
m-DCC  (m- descending chain condition) 10 R-Mod (all left R-modules)
ACC  (ascending chain condition) 10 R-Mod (zero) (left zero multiplication
DCC  (descending chain condition) 10 R-modules)
infX,ApX,AX ,zAy (infimum or meet) 10 R-Mod (unital)  (left unital R-modules)
supX,VpX,VX,zVy (supremum or join) 10 Z,., (Z withzero multiplication)
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Mp (right R-module) 17
rM  (left R-module) 17
N <M (submodule) 17
N <M (module embedding) 17
Homp(M,N) (R-module homomorphisms) 17
EndgM  (R-module endomorphisms) 17
Imy (image of ) 17
Kerp (kernel of ) 17
©:M =N (isomorphism ¢) 17
suppz (support of ) 17, 33, 141
®;cr M; (direct sum of M) 17
®rM or M (direct sum of M’s) 17
HE:)F M, (elementsin []; . M; with
|support | < max {m, R,}) 17
Hgm)M (elements in M' with
| support | < max {m, Xy}) 17
(X:Y) 18
(X:,Y) 18
(X:,Y) 18
(0:y) (annihilator) 18
(0:,y) (right annihilator) 18
(0:;7) (left annihilator) 18
soc M (socle of M) 18
R* (Dorroh Extension) 19
112* (identity element of R*) 19
(X:Y)* 20
R} 20
(tpr, E(M))  (injective hull) 21
E(M) (injective hull) 21
Zpoo 22
Spec R (spectrum of R) 22
g (Prime (or Lower Baer) radical) 22
J  (Jacobson radical) 23
My, (R) (row-finite matrix ring) 24
MX(R) (row- and column-finite matrix ring) 24
Ay ((a, B)-th entry of a matrix A) 24
Al®) (a-th column of a matrix A) 24
A(Q) (a-th row of a matrix A) 24
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F, = F, (natural isomorphism between
functors)

dimM  (Goldie dimension of M)
(pg, RS™!) (right ring of fractions)
RS™! (right ring of fractions)
S™!R  (left ring of fractions) ¢
Rp (localization of R at P) :

(Prax > @max(Rp)) (maximal right ring of
quotients) .

Quax(Rg) (maximal right ring of quotients)
G(R) (semiprime ideals of R) :

rank ¢  (rank of a linear transformation ¢) :
Z(M) (singular submodule of M) ¢
(X,X~1) (free group on X) ‘
(z,z™1) (free group on {z}) {
RH  (semigroup or monoid or group ring) 32, :
rg (element of RH) E
F(X) (free associative F-algebra) . 1
0 (degree function) 33, 149, I
R[z] (polynomial ring in z) 1
R[z,,z,,...,2,] (polynomial ring in

LT,y T,)
F(z,,zy,...,z,) (field of rational functions in

T Tgy..rT,)

R[z] (power series ring in z)

R[H] (power series ring in H)

MonA (monomorphisms on A)

R[O®] (right skew semigroup ring in ©)

R[z,0] (right skew polynomial ring in z)
R[z,0] (right skew power series ring in z)

Con A  (congruence relations on A) 37, 38, |
0/6  (0-class of a congruence relation)

a/f (equivalence class of ¢ containing a)

A/8  (factor algebra of A)

“ar  (arity function)

(Fiar) (type of a universal algebra)
MH  (ideals of a semigroup H)
Ly (lattice L augmented by 0)

MoH  (absolutely ©-invariant ideals of a
monoid H)



IdgR  (absolutely ©-invariant ideals of a
ring R)

OR

Id°PR  (principal ideals of R)

FoC (absolutely ©-invariant filters of a
chain C)

M(C) (positive cone associated with chain C)

29 z

" ) (element of M(C))

Cy er Cy

My (subset of M(C) associated with subset X

of C)
Tol A

(tolerance relations on A)

T, (7-torsion modules)

F_  (r-torsion-free modules)

torsp-C  (torsion preradicals on €)

torsp-R  (torsion preradicals on Mod-R)
7  (smallest torsion preradical > 7)

-0 (product of torsion preradicals)
tors-C  (torsion radicals on C)
tors—R  (torsion radicals on Mod-R)

&  (smallest torsion radical > o)

oc® (transfinite power of a torsion preradical)

soc  (socle as a torsion preradical)

{soc®: a >0} (extended socle series of Mod—R)

{soc*(M): a > 0}

T,ero  (torsion preradical associated with
Mod-R (zero))

7" (extension to torsion preradical on Mod-R)

Te (torsion radical associated with module
subcategory C)

torsp—R (zero)  (torsion preradicals on

Mod-R (zero))

tors—R (zero)

(torsion preradicals on

Mod-R (unital))

torsp— R (unital)

tors—R (unital)  (torsion radicals on

Mod-R (unital))

Tunit  (torsion radical associated with
Mod-R (unital))

Fil-R  (topologizing filters on R)

(extended socle series of M)

(torsion radicals on Mod-R (zero))

40
41
42

49
49

76
76
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F.G (product of topologizing filters)

n(I) (smallest topologizing filter containing I) '

Gab-R (Gabriel filters on R)

F  (smallest Gabriel filter D F)

F*  (transfinite power of a topologizing filter)
torsp (map from Fil-R to torsp-R)
torspF  (image of ¥ under torsp)
(0:2)*
Z (Goldie torsion radical)

Jans-R

(annihilator of z in R*)

I* (transfinite power of an ideal)
n (map from Id R to [Fil-R]9%)

m-Jans-R
Mod-R)

{o,}, (Gabriel filtration)
G-dimM  (Gabriel dimension of M)
K-dimM  (Krull dimension of M)

F  (functor induced map from torsp-R to
torsp-§)

P_(m) (rings right prime of bound m)

P_(m) (rings right prime of bound at most m)

P;(m) (rings left prime of bound m)
P;(m) (rings left prime of bound at most m)

E“h‘s(r)

zeros elsewhere)

Fg  (Gabriel filter associated with
denominator set )

H*  (positive cone of H)

HM  (monoid extension of semigroup H)
H'  (monoid extension of semigroup H)
T, (subset of H' in Conditions D and E)
*;cr G; (free product of monoids G,)

Gi*xGyx... %G, (free product of
monoids G )

D (infinite dihedral group)

[ ¢]
8  (degree function on monomials)

UP(m) (rings uniformly prime of bound m)

UP(m) (rings uniformly prime of bound at
most m)

A(z)

(nx m matrix associated with
m- element subset of M_ (D))

(Jansian torsion preradicals on Mod-R)

(m- Jansian torsion preradicals on

(matrix with r in position (¥,6) and

»
i

1(

1]

1
1¢
1¢

1¢

1¢



ht P (height of prime ideal P) 151

coht P (coheight of prime ideal P) 151
cl-K-dim R (classical Krull dimension of 1t) 151
V(S) (affine variety defined by S) 152
J(Y) (subset of K[z, z,,...,z,] associated

with subset Y of F™) 152
radI  (intersection of all prime ideals

containing I) 152
det A (determinant of A) 154
UM (upper radical determined by M) 159
L (Levitzki radical) 159
N (Nil (or Upper Baer or Koethe) radical) 159
Jp (Behrens radical) 159
G (Brown-McCoy radical) 159

T  (radical associated with the class of matrix
rings over division rings) 159

F  (radical associated with the class of fields) 159

N, (Generalized Nil radical) 159
B, (Antisimple radical) 159
GD  (going down condition) 163
LO  (lying over condition) 163
UP,.(m) (upper radical determined

by P, (m)) 165
UP, (m) (upper radical determined

by P, (m)) 165
B, (m) (upper radical determined by

Uockcm P (k) 165

UP,(R,) (right strongly prime (or Groenewald-

Heyman) radical) 165

Ty (rings R for which Rp is not m-faithful) 174
H(T,) (largest homomorphically closed

subclass of T U {0}) 174
MinI  (“degree” associated with an ideal I
of a polynomial ring) 179
7(I)  (ideal of R associated with ideal I
of R[z]) 180
H  (division ring of real quaternions) 182
US  (uniformly strongly prime radical) 183
o, (right superprime radical) 183
oy (left superprime radical) 183

IRO,m(D) (minimal nonzero ideal of M, (D)) 183
Tm (upper radical determined by UP(m)) 193
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