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ABSTRACT

Several decades after A.K. Erlang originated the theory of queues and queue-
ing networks, D.V. Lindley added impetus to the development of this field

by determining a recursive relation for waiting times.

Part I of this thesis provides a theoretical treatment of single-server and
multiserver queues described by the basic Lindley relation and its exten-
sions, which are referred to collectively as Lindley-Loynes equations. The

concepts of stability, and minimal and maximal solutions are investigated.

The interdependence of theory and practice becomes evident in Part I, where
the results of recent and current research are highlighted. While the main
aim of the first part of the thesis is to provide a firm theoretical framework
for the sequel, the objective in Part II is to derive generalised forms of the
Lindley-Loynes equations from different network protocols. Such protocols

are regulated by different switching rules and synchronization constraints.

Parts I and IT of the thesis are preceded by Chapter 0 in which several fun-
damental ideas (including those on notation and probability) are described.

It is in this chapter too that a more detailed overview of the concept of the

thesis is provided.
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CHAPTER 0
FOUNDATIONS

0.1 NOTATION AND CONVENTIONS

The first few pages of this chapter are devoted to the notation, terminology
and concepts to be used throughout the thesis.

At the outset it is important to recognise that as a general rule, random
variables and their realisations/values usually will not be distinguished nota-
tionally. Often the intended meaning will be evident from the context (e.g.,
E(z,)) or, in some cases, either interpretation may be valid. In addition,
situations may arise where a capital letter such as W represents a random

variable (or its realisation), distinct from some other random variable w.

GENERAL CONVENTIONS

Vectors and matrices are distinguished from scalars by boldface type.

An empty sum is 0 and an empty product is 1.

x 1s positive means x > 0, in contrast to « is nonnegative = x > 0. Similarly
with negative and nonpositive.

If + € IR* (f an extended real-valued function), then the positive part of
z, ¥ =max(0,z) (f*(t) = max(0, f(¢))). Similarly, the negative part of
r, v~ = max(0,—z) = —min(0,z). Consequently, z = z* — z~ and
|z| = 2% + 27, |z| denotes the floor or grealest integer function (satisfy-

ing |z] <z < |z]+1).



STYLE OF PROOFS

Often in a proof a sequence of equalities and inequalities will be presented

thus:

A B (=) Lemma 6

C Vn

AV

which must be interpreted as:
“A > B because of Lemma 6 and B = C for every n (so that A > C)”.

The conclusion of a proof is indicated by a box, thus O.

ABBREVIATIONS

iff if and only if

i.t.o. in terms of

s.t. such that

w.l.g. without loss of generality
w.r.t. with respect to

REFERENCES

p- (pp.) page(s)
§  (88) section(s)

SETS AND SEQUENCES

The distinction shall be made between a set (class or collection) and a se-
quence by using braces ({}) for a set and angle brackets (()) for sequences.
The symbol for a proper subset shall be written as C, which should be distin-
guished from C. An analogous convention is adopted in the case of supersets
(i.e., D in contrast to D).

The cardinality of a (countable) set is delimited by || (which will also be
used to denote absolute value or modulus). Equivalent (equipotent) sets are

indicated by the symbol ~.



NUMBER SYSTEMS

€ set of complex numbers

IN set of natural numbers {1,2,3,...}
@Q set of rational numbers

IR set of real numbers

Z set of integers {...,-2,-1,0,1,2,...}

Let X C IR. Then the following notation is adopted:

X_ = {zeX:2<0} X* = X U{-o00} it X_#§
Xe = {z€X:2<0} Xy = XgU{—oo} if X_#0
Xeg = {z€X:2>0} Xz = XgU{oo} if Xy #0
Xy = {ze€eX:z>0} Xr = XyU{oo} if Xy #0

Thus Z_ = —IN, Zg=NU{0} and Z; =N.
Moreover, the extended real number system IR* = IR U {—o00, 00}, and
IR} = [0, o0].

Next we let
[a,b]x = [a,b)N X  where X CIR and a,b € R

The extension to open and semi-open intervals is self-evident, so that
[-1,4)7 = {~1,0,1,2,3). |
A special symbol is reserved for the frequently encountered set [1,n]n. Write

NN = {l,...,n} n €N
and IN, = IN\IN, {n+1,n+2,...}

Let X be as above. Then denote the m-fold cartesian product of X as follows:

X

X 3

X™ =
1

i



PROBABILITY CONCEPTS

The following symbols and abbreviations will be used:

a.e. almost every(where)

a.s. almost sure(ly)

N convergence in distribution

=4, >4 Refer to Appendix C (Stochastic Ordering)

E expectation (operator)

I indicator function

11D independent and identically distributed

-ID identically distributed (but not necessarily independent)
I-D independent (but not necessarily identically distributed)
i.0. infinitely often

L law (distribution)

P probability (measure)

LN convergence in probability

r.v.(s)  random variable(s)

=4, 25t Refer to Appendix C (Stochastic Ordering)
w.p.1 with probability one

~ distributed as

F(z) = 1— F(x), the tail (distribution) of X



0.2 PROBABILITY THEORY AND RELATED FIELDS

It will be instructive to review some concepts from probability theory and
related fields. Assume an underlying probability space (2, F, P) where nec-

essary.

Definition 0.2.1 (Proper and Improper Random Variables)
Let X be a random variable taking values in IR* and having a distribution
function F'. Write

F(oo) = lim F(z) and F(—o00) = lim F(x)

£—00 T——00

X (or its distribution function F') is said to be proper or honest

iff F(—o0)=0and F(c0) =1

re. ff X is a.e. finite
On the other hand, X (or F') is referred to as being improper, dishonest or
defective

iff F(—00) > 0or F(oo) <1

ie. iff P[X = —o0] > 0or P[X = o0o] >0
Definition 0.2.2 (Strict Stationarity)

(§n,m € IN) is a strictly, strongly or completely stationary sequence iff

N

ﬂ [fn]Jrk < IJ]J Vk,N € N and (ni,...,ny) e NV

j=1

P =P

N
06, <a)

(0.2.1)



Remark 0.2.1

In some instances, it may be desirable to generalise the situation to allow
k, N € Z but, of course, IN and Z are equipotent. In this regard, one should
also refer to the footnote in Borovkov [12, p. 8].

Furthermore, if one is considering the stationary process (£,t € T C IR™),

(0.2.1) becomes
N
p N[+ <a]| YNENteT and (t,...,tw) €TV

J=1

(0.2.1")

Remark 0.2.2

A necessary condition for the strict stationarity of (£,) is that (,) is an
identically distributed sequence. (Set N =1 in (0.2.1).)

A sufficient condition for the strict stationarity of (¢,) is that (£,) is an [ID
sequence. (Again this is evident from (0.2.1).)

Remark 0.2.3 (Equivalent Definition of Strict Stationarity)

Often the following alternative equation for the strict stationarity of (£,) will

prove useful:

P[(&,&,...) € Bl = P[(&k41,k42,--.) € B] VB € B(R™)

where IR* is the space of (ordered) real sequences and B (IR*°), the o-algebra
generated by that space.



Before considering the idea of ergodicity, we recall some additional useful

concepts.

Definition 0.2.3 (Measurable & Measure-Preserving
Transformations)

A transformation T :  — Q is measurable iff
T'A={w:Twe A} e F VAeF
Further, a measurable transformation 7" is measure-preserving ift

P(T7'A)=P(A) YAEF

Remark 0.2.4 (Relationship between Measure-Preserving Trans-

formations and Strictly Stationary Sequences)

(a) First we apply Definition 0.2.2 to demonstrate how stationary sequences
may be constructed from a measure-preserving transformation 7'. In-
ductively we deduce that P(T™"A) = P(A) Vn € IN. Bearing this in
mind, let & = & (w) = &(TF'w) (k € IN;) where £ = &(w) is some

random variable. Define

Ay = {w: F] [ 4k(w) < xj]} = {w : ﬁ &, (THw) < xj]} so that

1=1
N
Ao = {w : ﬂ [{n] (w) < a:j] } Consequently w € A, & TFw € Ay or
j=1
w € Ay & A = T %Ag so P(Ao) = P(T %Ao) = P(A), where we
use the fact that 7" is measure-preserving. It follows (by the arbitrary

nature of N and k) that (¢,) is strictly stationary.



(b) (a) has a converse of sorts. That converse will be explained in terms
of the definition given in Remark 0.2.3. We demonstrate that for ev-
ery stationary sequence (£,) considered on (€2, F, P), a new proba-
bility space, random variable and measure-preserving transformation
(Q,]?, f’), El (@) and T respectively can be constructed in such a way

that the distributions of (£,) and (& (&), & (T@),...) coincide.
Let

Q=1R> F=B(R>)

P(B)=P{weQ:€&=(6,6,...) € B} VB e B(R®)

T (21,29,...) = (z3,23,...) V& = (21, 2,...) € 0
@) =21, &) =6(T) =2, Vke N,
Next, for C' € B(IR¥), write
A = {0:(z1,...,2) € C)
and T7'A = {@:(zq,...,2541) € C}

It follows that

P(A) = Plw:€cA) = Plo:be{d:(a,...,a) €CY)

= Plw:(&,....,&) e C}

Similarly ]S(T‘IA) = P{w:(&,...,&+1) € C} but strict stationarity

of (¢,) = P(A) = P(T'A) = T is measure-preserving. In addition
P{a: (&1, &) € C}=PA)=Pfw:(&,....,&) €C} VEkeN

= (En> =d <£n>



Definition 0.2.4 (Invariance)
Let T be a measure-preserving transformation on (Q,F,P). Then A € F
is invariant (w.r.t. T) iff T7'A = A except for a possible exceptional set of

probability zero.!

Denote by 7 the class of invariant sets, which is also a
o-algebra.
A € F is invariant w.r.t. the sequence (£,) iff 3 B € B(IR*®) such that

A ={w: (énbntr,-..) € B} ¥Yn € IN. Write Z; for the o-algebra of such

invariant sets.
A random variable X = X(w) is invariant iff P{w : X(w) = X(Tw)} =1iff

it 1s Z-measurable.

Definition 0.2.5 (Ergodicity /Metric Transitivity)

A measure-preserving transformation 7' is ergodic or metrically-transitive

iff P(A) =0or 1 VYinvariant sets A € F

or equivalently lim lz (ANT'B)= P(A)P(B)YA,B€ F (0.2.2)

n—>oon

Similarly, a stationary sequence ({,) is ergodic iff the measure of every in-

variant set is 0 or 1.

!Some authors prefer to call such an event almost invarianl, reserving the term invari-
ant for the case T71A = A.
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Remark 0.2.5
It is not difficult to see why (0.2.2) implies that P(A) = 0 or 1 for an invariant
set A(= B). For:

[P(A))? = lim — ZP (ANT7A) = lim — ZP = P(A)

n—»oon ’I'L—VOOn

Definition 0.2.6 (Mixing)

A measure-preserving transformation T is (strongly) mizing iff

lim P(ANT"B) = P(A)P(B)VA,B€ F

n—rod

Remark 0.2.6 (Relationship between Mixing and Ergodicity)
Suppose T is mixing. Then for an invariant set A = B (in Definition 0.2.6)

[P(A))? = lim P(ANT™™A) = P(A)

n—0o0

as in Remark 0.2.5. In other words 7' mixing = 7' ergodic.

Remark 0.2.7 (One-to-One Transformations)

If T is injective, then in the previous definitions and remarks T-! A may be

substituted with TA, T~7B with T? B, and so on.
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Example 0.2.1
Let (Q,F,P) = ([0,1),B([0,1)),A) where A is the Lebesgue measure, and

consider the transformation
Tw=(w+6)modl we, de|01)

Since  is the semiclosed interval [0,1), T is injective so that Remark 0.2.7

may be applied.

Although w46 € [0,2), (w+60) mod 1 € [0,1), from which it is fairly obvious
that VAe F TA € F, or T is measurable.

Write

A = {weAd:w+0<1} TA = {w+40:we A}
Ay = {weA:1<w+0<2} TA;, = {w+b0—-1:weE Ay}

Then Al U A2 = A and TAl U TA2 =TA.

For continuous intervals I; and I, and a;,b; € [0,1) (i = 1,2), we obtain

L C A = L = [a,b) = ML) = b—a
Jy € TA = J, = [alﬂ+0,b1+0) = ML) = AD)

L C A = I, = [azb) = ML) = by—ay

Jo C© TAy = J, = [a2+aﬁ—1,b2+9_1) = ML) = M)

Consequently A(A) = \(TTA) VY A € F so T is measure-preserving.

If0=""¢€[0,1)q(m € Zg,n € N), then T is nonergodic.
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n—1
Write A = U A; where A; = {w % <w< ¥ } Then
7=0
n—1 — -1
MA) = Y MA)) = Z +=zand TA= UTA where

TA; = {Tw:we A;} = {(w+9)mod1:i—§w§27;;1}
{w/; (J+m) mod1l <w' < (% + an) mod 1}

Since the case m = 0 is trivial, suppose m € IN,,_;. It follows that 3k € IN,,_,
st.k+m=mn

o e [0,k -1z

pmen e lkn—1)z

J+m ]E[Ok_l]
Ajim—n ]e[kn_l]l

-
L [

= TA =

= A is invariant but A\(A) & {0,1}

= T is nonergodic
If, however, 0 € [0,1)R\q then T is ergodic. The interested reader is referred
to Rosenblatt [51, p. 32] or Shiryayev [56, p. 380].

When 6 is irrational so that 7' is ergodic, T' i1s not mixing. For instance, if

0 = % and, in Definition 0.2.6, we let B = [0, %) and A = T""' B, we find
that A\(T*"'BNT"B)=v2-1¥ne N = lim P(ANT"B) = v2—1 but
P(A)P(B) = A(T™"'B)A(T"B) = [M(B)]* = 1 # V2 — 1 where we use the
fact that T is measure-preserving. Similar results can be deduced for more

general 6.
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We are now in a position to state some theorems of particular interest in
the forthcoming sections. The proofs will be found in most good books on

probability.

Theorem 0.2.1 (Strong Law of Large Numbers for IID Sequences)
Let (X,) be an IID sequence with X, ~ X Vn € IN. If E[X| < oo, then

. 1
im —
n—oo

Y X; =E(X) as.
1=1

Theorem 0.2.2 (Ergodic Theorem or Strong Law of Large Numbers
for Strictly Stationary Sequences)
Let (X,) be a strictly stationary sequence with X, ~ X Vn € IN. If
E|X| < oo, then
1
lim —

n—oo n

Y X; =E(X | Ix) as.
1=1
If, in addition, (X,) is an ergodic sequence, then

|
lim —

n—00 n

Zn:Xj = E(X) as.

j:

Remark 0.2.8
Versions of the previous two theorems, especially Theorem 0.2.1, exist in
which it is required that only E(X?) < 0o or even E(X) < co. Indeed it is

also possible to deduce a strong law for the case where E(X) exists but is
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not necessarily finite.

We conclude this section with some lemmata from other areas of mathe-
matics. These lemmata are rather simple, nonetheless, they will prove to be

valuable in the thesis.

Lemma 0.2.1

For sequences (a,) and (b,)

sup a, + iIrlf b, <sup(a, +b,)

PRrOOF

Let 8 = iITlbe and vy = sup(a, + b,).

Then, by definition

Gtb < 7 vr
but S < b, Vr
= a+8 < a+b

< v Vr
= v—p is an upper bound for (a,)
= supa, < y-p

from which the result follows.
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Lemma 0.2.2
Suppose Tny1 = Tn +yn Y0 2> N (N € Z). Then

Tp41 =zN+ Zy]

=N
Proor
We may write
Tip1 =T =Y Vj=N
n T
= Y(tjp—z) = Ly
=N i=N
n
= Tn41 — TN = Z Yj
j=N

0.3 AN OVERVIEW OF THE THESIS

As it was indicated in the Abstract, the major section of the thesis is divided
into two parts, the first of which is based on the classic papers of Loynes
[47] and Brandt [15]. Loynes’s article deals mainly with the single-server
queue, whereas Brandt [15] concentrates on multiserver queues. Despite the
fact that more than two decades separates the publication of the two arti-

cles, Loynes [47] and Brandt [15] have much in common. An appropriate
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waiting-time equation, the idea of which was originated by Lindley [45], pro-
vides an important theoretical foundation for investigating the existence and
uniqueness (or otherwise) of a stationary regime (for the queues under con-
sideration). Chapters 1 and 2 are concerned with an analysis — similar to

that of Loynes [47] and Brandt [15] — of single-server and multiserver queues.

The issue of the existence and uniqueness of a stationary regime for com-
plex networks is investigated in Part II. This second part of the thesis is
concerned with both the practical and theoretical aspects of queueing net-

works.

The necessary terminology on network protocols, switching rules and syn-
chronization constraints is explained in Chapter 3, where examples from

computer and communication technology are provided.

In the next chapter these general principles are applied to the specific case
of a starlike network which is a convenient mechanism for deriving the the-
ory and application (in telecommunications) of generalised Lindley-Loynes
equations. When this network operates according to the FFAFS discipline
(explained in Chapter 4), its waiting-times are governed by an extended or
second-order Lindley equation, depending on the underlying switching rule.
The extended Lindley equation, associated with a message-switched starlike
network, is discussed in Chapter 5 which is based on Baccelli et al. [4]. The
subsequent chapter is concerned with Lindley equations of second or higher
order. Higher-order Lindley relations (Karpelevich et al. [35]) are determined

by a suitable generalisation of the starlike network.
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A more intricate network, with an appropriate synchronization rule, is con-
sidered in Chapter 7 where the paper, Berezner & Malyshev [8], is reviewed.
The final, brief chapter of the thesis is concerned with the application of the
FAAFS protocol, introduced in Chapter 4, to the starlike network.

One of the differences between the basic queueing systems of Part I and
the more complex queueing networks of Part II is that the non-uniqueness
of a stationary regime in the latter case is a far more natural phenomenon.

This is especially true of infinite networks.

The article, Kelbert et al. [36], provides some insight into the nature of
non-uniqueness in countable Jackson networks where the set of service coun-
ters is denumerable. While this paper may not relate to starlike networks,
the search for uniqueness and non-uniqueness conditions for the invariant

measure of the underlying Markov process certainly has relevance.

More detailed introductions are given in Parts I & II and their respective
chapters. Notation which 1s not used globally is also introduced in the ap-

propriate chapter. Appendices are provided to avoid interrupting the flow of

the central argument of the thesis.
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PART 1
BASIC QUEUEING SYSTEMS

At a discussion on a paper by David Kendall [40] in 1951, D.V. Lindley
proposed a recursive-type equation for the waiting-times in a single-server
queue. Soon thereafter he formalised his ideas in an article (Lindley [45]).
Subsequently much interest was shown in formulating results for single- and
many-server queues on the basis of waiting-time relations we call Lindley-

Loynes equations. This is precisely the topic of Part 1 of the thesis.

Throughout, a working knowledge of basic concepts from the theory of queues
is tacitly assumed. The reader is referred to a number of monographs, in-
cluding Cohen [23], Cooper [24], Franken et al. [31], Gross & Harris [32],
Kleinrock [42] (& [43]), Saaty [54] and Wolff [59]. It is appropriate, nonethe-
less, to review a few concepts and establish some notation to be used in the

first part of the thesis.

The arrival-time sequence is denoted by (t,.), the service times by (s,) and the
interarrival-time sequence by (7, = t,41 — t,.), where 7, € Rg and s,, € Rq.
Typically n € IN or n € Z where, particularly under the former assump-
tion, n may often be interpreted as an index for the nth customer.! (u,) will
represent a suitable difference between the service and interarrival sequences.
Although it is not always necessary to do so, throughout Parts I and II we re-
strict our attention to realisations without batch arrivals. In the language of

point processes (Appendix B) we will disregard RMPPs which are not simple.

Refer also to Doob [30, Chapter 10].
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Multiserver queues will be assumed to consist of r € IN; servers. When

r = 1 we are, of course, considering a single-server queue.

We will make one general assumption about the queues we consider in Part

I:
[L.1] ((7n,8n)) is a (strictly) stationary ergodic sequence

for which the Kendall notation G/G/r is used.? Additional restrictions may

be imposed:
[1.2] (r,) and (s,) are independent sequences
[1.3] () is an 1ID sequence
[1.4] (sn) is an IID sequence

When [[.1] and [1.2] are satisfied simultaneously with [I.3], then the queue
is of type GI/G/r; the notation G/GI/r is used if [1.4], rather than [L.3],
holds.> The queue for which all four conditions are satisfied is denoted by
GI/GI/r. In all cases a first-come, first-served (FCF'S) (also referred to as
FIFOQ: first-in, first-out) discipline is in operation. The situation may be

summarised informally as:

GIGI/r C {g%g;’;} c G/afr

where we also note that if (7,) (or (s,)) is an IID sequence, then it is sta-

tionary (Remark 0.2.2) and ergodic. (Apply stationarity and independence

Zalthough G/G/r need only mean a general input distribution and a general service
distribution

3GI signifies a general independent distribution.
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in Definition 0.2.5 or 0.2.6.) Furthermore, the stationarity stipulated in [L.1]
implies that 7, ~ 70 and s, ~ so ¥ n (Remark 0.2.2). Thus the traffic inten-
sity may be given as p = %%

The results proved by Lindley [45] are those for a GI/GI/1 queue (a gener-
alisation of the M/GI/1 case treated by Kendall [40]) in which each of E(o)
and E(so) is finite. In particular, Lindley showed that a necessary and suffi-
cient condition for convergence to a steady-state waiting-time distribution is

that either p < 1 or sop = 719 a.s.

Both Kendall and Lindley seemed intimidated by the apparent difficulties
associated with an r-server (r > 1) queue. In their paper, Kiefer & Wol-
fowitz [41] not only formulated a Lindley-Loynes equation for multiserver
queues but also proved that, for a GI/GI/r queue, p < 1 (or p = 1 and
So = r7o a.s.) is necessary and sufficient for convergence of the distribution
of the waiting-times to a unique stationary (proper) distribution. The presta-
tionary waiting-time sequence (w,) forms a Markov chain (because of the
independence assumptions and Lindley-Loynes equation (2.2.6)). Unique-

ness is then in the class of all stationary Markov state-processes.

A few years later Loynes [47] adapted the ideas of Kiefer & Wolfowitz, and
applied several of his own, to a G/G/r queue. The relaxation of assumptions
on (7,) and (s,) inevitably leads to weaker conclusions. p < 1 is shown
to be sufficient (but not necessary) for convergence to a stationary (proper)

waiting-time distribution, the uniqueness of which may be guaranteed for

r=1.
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Over two decades later Brandt [15] provided greater clarity on the issue
of uniqueness of the waiting-time distribution for G/G/r queues, and he was
able to demonstrate (Brandt [16]) that p < 1 is sufficient for uniqueness of
the stationary state process of a G/GI/r queue. Example 2.5.1 (of this the-
sis) provides a trivial instance of a GI/G/r queue which fails to satisfy this

uniqueness property.

Part I comprises a review of Loynes [47] and Brandt [15], with Chapter
1 devoted to single-server queues and Chapter 2 to multiserver queues. An
attempt is made at unifying the notation: that is, unless this is a hindrance
rather than a help. A number of additional useful lemmata and theorems
have been provided, especially in §2.3. Most proofs not given in the origi-
nal papers are given by the author; even when proofs have been supplied in
the article concerned, they are expanded upon — with any necessary correc-
tions — in the thesis. Expanded proofs are especially required in response
to Loynes’s concise demonstration of results. While remarks clarify particu-
lar issues, more extensive details are also provided in the examples, some of

which have been generalised.

We are now in a position to address specific problems and investigate re-

sults in depth.
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CHAPTER 1
THE SINGLE-SERVER QUEUE

1.1 INTRODUCTION

Most of the preliminaries for this chapter were outlined in the introduction

to Part I, so this introduction will be fairly short.

The sequence (u,) consists of terms of the form s, — 7, (€ IR), which implies
that the aforementioned sequence is stationary ergodic. E(up) is assumed to
exist, but need not be finite: nonetheless, this means that at least one of
E(so) and E(7) must be finite. 7, is used for Loynes’s T,. In contrast to his
notation, capital letters will not be used to symbolise strict stationarity. If
stationarity of a random variable needs to be emphasised, then the r.v. will

be underlined.

The (prestationary) Lindley equation for a single-server FC F'S queue is fairly

easily derived (see Lemma 3.5.1):
Wpt1 = (W + up)t (1.1.1)

The independence assumptions of Lindley [45] permit the transformation of
(1.1.1) and similar relationships into integral equations (and convolutions),

a topic covered in Kleinrock [42, Chapter 8].

Although we do not necessarily have the advantage of independence, a single-

server queue is still more easily analysed than its multiserver counterpart.
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Even then, some techniques used by Loynes (and others) to prove results for

the G/G/1 case may be generalised and adapted to the G/G/r queue.

In the next section the notion of stability is introduced using terminology
a little different from Loynes. In particular, his substability is equivalent to
our stability. The concept of a minimal stationary solution to (1.1.1) — also

investigated in §1.2 — proves to be of considerable importance.

The third and final section of the chapter uses the results of §1.2 to provide
a thorough investigation of G/G/1 queues for the three distinct domains

{p>1},{p <1} and {p = 1} of the traffic intensity.

1.2 STABILITY AND THE MINIMAL SOLUTION

Definition 1.2.1 (Stability)
Let (z,,n € IN) be a sequence of a.e. finite random variables such that z,

has a (proper) distribution function F, Vn € IN. Then (z,) shall be said to
be

(a) convergent stable iff F,, converges weakly to a (unique) distribution

function F'

(b) stable iff every (infinite) subsequence contains a convergent stable sub-

subsequence

(c) divergent stable iff (z,,) is stable but not convergent stable

(d) unstable iff it is not stable
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Lemma 1.2.1 (Equivalent Condition for Stability)
(z,,) is a stable sequence iff there exist proper distribution functions G and

(G, such that
Gi(z) < Fo(z) < Go(z) Ve e R, Vn e N (1.2.1)

where F,, 1s as in Definition 1.2.1.
PRrROOF

Necessity.

Suppose (z,,) is a stable sequence but suppose to the contrary that no proper
distribution G1(z) exists which satisfies (1.2.1). Vz let G(z) = i{llan(l‘),
which is known to exist. G(z) cannot be a proper distribution function (has
a defect at oo) otherwise it would satisfy the requirements for Gy(z). Con-

sequently, since lim G(z) < 1, we have

36€(0,1)st.VeeR, G(z)<1—-6 (1.2.2)

For the purposes of the proof of this lemma, it suffices to consider sequences
(Fo(m);m,n € IN). Then, by definition of the infimum,
Ve >03dn s.t. Fu(n) < G(n) + € for each n € IN. Choose such a n' =k,

(which often will not be unique) that satisfies
Fy,(n) <G(n) + ¢ (1.2.3)

and construct the subsequence (Fy,(z),n € IN) of (F,(z)).
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By Definition 1.2.1(b), there exists sub-subsequence <F(mk),,($), n € ]N> such

that Fim,). () c.onverges to a (unique) proper distribution function F(z) for
all points of continuity z of F. Without loss of generality, and to avoid un-
necessary complications in notation, we will assume that the natural numbers
n are points of continuity of F. For if they were not, we could consider a

corresponding infinite sequence (¢, ) of continuity points, where ¢, is suitably

defined.
Using the fact that Fis proper, we have that Ve, > 03 X s.t. 2 > X =
F>1—¢so,in particular

IXstoz>X=Fz)>1-¢ (1.2.4)

Next, we may write that (for each point of continuity z of 13)

Ves>03Nst.my, >N = |F,,.(z) — F(z)| < es. In particular
3Ny s.tomy, > Ny = F(to) < Fimy)a(to) + & (1.2.5)

because of the convergence at continuity point ty, where we may assume

to > X. Choose Ny > max (Ny,t). Since N3 = ky, > N,

F(to) < Fn(to) + § (<) by (1.2.5)
< Fu(N.)+ 4 F nondecreasing
< [G(Ny) + 8] +2 by (1.2.3)

< 1-9+5+5 (=) by (122)
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which contradicts (1.2.4).

Thus the required GG; does exist. A similar proof will verify the existence

of G5. So (1.2.1) holds.

Sufficiency.

Suppose (1.2.1) is satisfied. Let (z,) be a subsequence of (z,). By Helly’s
Theorem (Billingsley [11, Appendix LI, pp. 226-227] or Shiryayev [56, p. 316]),
J subsequence (z(;,),) such that Fi,,) () N F(z) but Gy(z) < Flonya(z) <
Ga(z) Vn € N (my, € IN), z € R = Gy(z) < F(z) < Gy(z) V points of

continuity z. Thus

1 > lim F(z) > limGy(z) =1 = limFz) = 1

- o r—00 T—00

and 0 < lim F(z) < lim Gy(z) = 0 = lim F(z) = 0

- r—— r——00 r——00

Consequently F is a proper distribution and (z,) is a stable sequence.

Corollary 1.2.1a

Sequence (z,) is stable iff

lim F.(z)=0 and lim Fy(z) =1 uniformly in n

r——00
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Corollary 1.2.1b (Sums of Stable Sequences)
Suppose (z,) and (y,) (n € IN) are two stable sequences. Then (z, + y,,n € IN)

is also a stable sequence.
PRrOOF

(z,) stable = Jim Plz, < t} = 1 uniformly in n =

Ve>03T,=Ti(e) >0s4.Vn ¢t >Ty = Plz, < 1] >1 -
Similarly, the stability of (y,) =

Ve>03T,=Ty(¢) >0st.Yn t >To = Ply, < ] >1-¢

Let T =T(e) =Ty + T5.' Then Ve > 0and ¢t > T, uniformly in n
Plentyn <t] 2 Plaa <5t30{y. <3t} (=)

> Plz, < 3]+ Ply, < 1]
—Pl{z, < 3t} U {y, < 3t}

> 1 —£41—-£5-1 (:)
> 1 —e¢

= tl—l—glo Plz, + y, < t] =1 uniformly in n

That tléinooP[xn + y» < t] = 0 uniformly in n follows by observing that

YIn fact, T = (7} + T3) will do.
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lim P[z, + y, > t] = 1 uniformly in n, after applying an argument similar
t——o0

to that above. Hence (x, + y,) is stable, as claimed.

Remark 1.2.1
If (z,) is a sequence of nonnegative random variables, then the distribution

function G(z) of Lemma 1.2.1 and the stipulation rlir_n F.(z) = 0 of Corol-

lary 1.2.1a become redundant as a condition for stability. The reason is

obvious: F,(z) =0V z <O0.

Lemma 1.2.2

Let the random variables (w,,n € IN) be determined by the relationship?

Wng1 = f(wn, uy) (1.2.6)

where

initial condition w; is stipulated,

(un,n € Z) is a stationary sequence, and

f(z,y) is a nonnegative function which is nondecreasing and continuous
from below (even at oo) in its first argument.

Fix m € Z, and consider the sequence (w™,n € Z) given by

wT:{O n € (—o0,1 —mly

fwl | ug—1) n€[2—m,00)z (1.2.7)

Then

(a) for fixed n,w” is nondecreasing in m

2In this lemma w,, and u, need not represent waiting times or the difference (50 — )
respectively, but can be more general than this.
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(b) the sequence <wf;”,n € Z> is

(i) strictly stationary for fixed [ € Z, and

(ii) determined Vn € Z by

+
n—1
w = [ sup Zu]} leZ (1.2.8)

ke(n_l’n)ZjZk

when
flz,y) = (z+y)*

PRrROOF

(a) Assume initially that n € (—oco,1 —m)z. Then

m+1

Wy,

If n=1—m, then

m+1

Wy,

m+1
(wn—l ) un—l)

f
0 (=) f nonnegative
w

m
n

VIV ol

Suppose now that w**' > w for some n € [1 — m, c0)z. Then

m+1
W1

(AVARAVAR
g~
g
=
2
0

2wy
lLe. w > wy form=m+1
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Suppose that m > m = w* > w? Vn € Z. Then
1

Case 1: n<l—(m+1)<l—-m
wrtl =0 =wl

Case 2: 1—(m+1)<n<1l-m

f

0 (=) f nonnegative
w

Case 3: n>1-m>1—(m+1)

w;ﬁ-}-l = f (wnmf117un—1)
> f (wl—f_l, un_l) from original hypothesis
> f (wz‘_l,un_l) (=) by the inductive hypothesis
> wy
So finally
wTZwZ‘ VneZ andVm > m

(b) In accordance with the definition of w!", on setting m = l—n, we obtain

l-n 0 lEE@U{l}
f(wil_—-nﬂ/’n—l) l € ml

(i) Define a sequence <f£“”,l € Z> with terms

A = oviezZg U {1}

A = (0, unmn);

= J1S (0, unm2), s

B = PO, taes), s, s )
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It is not difficult to show that

wl—n _ f[l—l] — { 0[1_1] le z@ U {1}
n * f* (un—(l-1)7 ey un_l) l € INl

In particular, for a fixed | € ZgU {1}, (w'™") is merely a constant

sequence of zeroes and is, therefore, obviously stationary. On the

other hand, if / is some fixed integer greater than one, then w! ™"
1]

is a function (ff ) of [ — 1 consecutive terms of the stationary

sequence (u,) which implies that (w' ") is again stationary.

(i1) Initially let [ € Zg U {1}. Then

(n—Ln)z = 0

n—1
= Zuj =0 Vke(n—l,n)z
j=k

kE(n—l,n)Z]’:k

n—1 +
= l sup Zu]} =0

— l—n :
= w, " as required



Now consider [ € IN;. We proceed by induction on [.

wi = (wi:? + un—1)+
= (w;:(ln_l) + un_1)+

- (0 ‘l‘ un——l)+

[ n—1 +
= sup Zu{l

_k‘E(n—Z,n)Z]’:k

Suppose (1.2.8) holds for some [ € IN;.
+
w711+1—n _ (wiltll—n + un—l)

— (wiz-‘_(iﬂ—l)_*_un_l)+

+ +
+ un—l)
I n—1 +
= |max sup Zuj s Up_1
i ke(n—1-ln-1)77 i—k

n—1 +
= sup ZU’J:|

_ke(n_(l+1)vn)z_j:k

n—2
— |: sup ZU,J'

ke(n—1-ln=1)77 j=k

which is nothing more than a special case of f,.[f_l].

32
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Remark 1.2.2
For Lemma 1.2.2, recently proved, and Theorem 1.2.1, which follows shortly,

it is helpful to consider a grid of Z x Z, with m and n as axes.

Remark 1.2.3 (Initial Waiting-Time)

When (w,,) of equation (1.1.1) (and (1.2.6)) represents a sequence of waiting-
times, then w,, the waiting-time of the first customer to the queue, is treated
as an initial value. If w; = a (either a nonnegative real number or a non-
negative random variable), then we shall write (w,(«)) to emphasise that we

are considering the waiting-time sequence with initial value o (or a(w)).
From (1.2.7), we observe that

0 n<l1

f (wg_l,un_l) n>1
or w,(0) = w? on IN

Finally, we note that (1.1.1), although physically meaningful only when
n € IN, may always be interpreted mathematically Vn € Z.
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Theorem 1.2.1
Return to Lemma 1.2.2. Under the conditions associated with (1.2.6), there

exists a stationary sequence of (possibly improper) random variables, (m,,n € Z),

such that
(a) Mnt1 = f(ma, un)
(b) L(wy) | L(mo)

(¢) (1) wa(0) (= w?) is the minimal sequence satisfying (1.2.6) Vn € IN

(i) (m,) is the minimal (stationary) sequence satisfying (1.2.6)

VYnelZ

(i) w® <m,VneZ
(d)
L +
My, = [supZun_j] (1.2.9)

Proor

(a) Recall the nondecreasing (more especially, the monotonic) sequence
(wit,m € Z) of Lemma 1.2.2. Tt follows that 3 (m,,n € Z) such that

w,' T m,, which will be finite if (w™, m € Z) is bounded above.
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Next

— 3 m
Mpy1 = m wi',

m—r00

= lim f(w™u,) from (1.2.7)

m— 00

= f ( lim w,’f,un) by the left continuity of f

= f(mn,un)

This is valid Vn € Z since 1 —m - —oo.
The strictly stationary sequence (w?*™",n € Z) T (m,,n € Z) which

n

implies that (m,,n € Z) is strictly stationary, so we have proved (a).

Recall Remark 1.2.3.

. _ _O .
We may write w® as w’™" and w} as w§ " so each of w? and wf is a term

in the strictly stationary sequence <wZ'k, ke Z> (Lemma 1.2.2(b)(1))
which implies that w® =, wj T mg, where we use Remark 0.2.2 and
(a) of the current theorem. Then [w§ < z]| | [mo < z] = Pl < 2] =
Plw} <z] | P[mo < z]. Consequently L (w?) | L (my).

If (z,) is a nonnegative solution sequence of some equation and (y,) is

the minimal such sequence, then z,, > vy, V n under consideration.

(1) Suppose wy,; = f(wd,u,) ¥Yn € IN and (z,) is also a solution

sequence to (1.2.6). Then z; > 0 = w?.
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Suppose now that z, > w?1 for some n € IN. It follows that

Tpy1 = f(xnvun)
> f(w?u,) (=) f nondecreasing

0
Z wn+1

hence the result (by induction).

We have m, 1 = f(mn,u,) VY n € Z; assume that (z,) also
satisfies (1.2.6)Vn € Z.

Initially we demonstrate by induction that z, > w* Vn € Z.
Ifn<1—m,thenw =0= 2, > 0=w.

Next suppose that the result holds for some n > 1 — m. Then
n4l = f (Znyun)

> f(wl u,) (=) fnondecreasing

m
Z wn+1

Thus zn:nli_rgozn ZTrlLi_rgOU)nm =m, VncZ.
m, >0=uwl VneZsU{l}
Suppose m,, > w? for some n € IN. Then
Mpp1 = f (Mg, un)
> f(wl,u,) (=) f nondecreasing

0
Z u)n+1

It follows that m, > w? Vn € Z.
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(d) Recall that it was shown in (1.2.8) that

+
n—1
l-n __ .
w,, = [ sup Z uJ:\

ke(n—l»n)z =k

Then
wrt = wlmtn)—n

i n—1 + n—1 +

= sup Y uj mT“ sup ujr
Lkle(—m,‘n)z‘]l_kl k'e(—o0 n—l]zjl_kl
[ n—k’' +

or m, = sup Zun_j
k'e(—oo,n—l]z j=1
k +
= supZun_J

which is (1.2.9).

Remark 1.2.4 (Minimal Solutions to (1.2.6))

The significance of the result contained in part (c) of Theorem 1.2.1 was em-
phasised in the introduction to Part [. (It is now also evident why Loynes [47]
chose the notation M, (and I, m,): m, is the minimal stationary solution to

the equation under consideration.

Since w2 = 0 Vn < 1, the sequence (w?) generally will not satisfy (1.2.6)

on Zg. Consequently, it cannot be viewed as a minimal solution to that
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equation on Z. As demonstrated in Theorem 1.2.1(c)(iii), however, (w?)
and (m,) may be compared on Z, but (w,(0)) and (m,) only on IN. The
comparison between (w,(a)) and (m,) for a more general a extends this idea

Vn & IN:
wp(a) > m, on A={w:aw)>m(w)}

wn(a) < m, on A

Lemma 1.2.2 and Theorem 1.2.1 are concerned with a fairly general func-
tion. Return now to the more specific function f(z,y) = (z + y)*, which is
obviously nonnegative. With respect to its first argument?® it is continuous

from the left everywhere (in fact, continuous everywhere) and nondecreasing

= flza,y) 21 <~y

since x1>$2:’f(x17y){ > f(x2 y) 1> —y
b

Theorem 1.2.2

k
(a) (i) A queue is stable if limsup ) u_; < oo w.p.l and is unstable

k—oo J=1

otherwise.

(ii) For an initial condition w; = 0, however, the queue cannot be

divergent stable.

(b) In the case of an unstable queue, the waiting-time distribution function

tends to zero.

3and its second argument, for that matter
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PROOF

(a) From previous theory, it is immediately clear that <mn = lim wTT> 1s

m—00
a stationary solution to the equation w,4+; = (w, + un)+ forn e Z.
Also, m,, is the minimal stationary solution for n € Z and

L(wl) | L(mo).

(1) It follows that, if the queue is to be stable, mo must be a proper
random variable; mq improper implies an unstable queue.

From (1.2.9)

k +
mo = SUPZ’LL_J'
ke]Nj:l
k

— Mmp < o0 a.e < sup) u_j; < oo a.e.
kE]szl

k
& limsup) u_; < oo a.e.
ki
k
It is clear that the event [lim supZu_j < oo 1s invariant w.r.t.

k i=1

the sequence (u,) (Definition 0.2.4) (certainly it is a tail event)

and since (u,) is ergodic, Definition 0.2.5 =

mo a.e. infinite:

k 0 = queue unstable
P |lim supZu_j <oof| = or
1 = mg a.e. finite:

queue stable

i=1

(i) L(wy) | L(mo) implies convergence to a (unique) distribution
which may be proper or improper but, in either case, the queue is

not divergent stable.
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(b) Since it was shown in (a) that the unstable queue corresponds to

the case of my a.e. infinite (i.e., P[mo = oo] = 1), it follows that

Plmo <z]=0Vz € R.

Remark 1.2.5

If my is dishonest, then Theorem 1.2.2(a) implies that mg is a.e. infinite but,
of course, the stationarity of m,, in accordance with Remark 0.2.2 implies
that (m,) is a sequence of a.e. infinite random variables. An analogous con-

clusion can be drawn in the case where mg 1s honest.

1.3 REGIMES OF STABILITY AND STATIONARITY

Theorem 1.3.1 (Supercritical Queue)

Consider a queue with E(ug) > 0, or p > 1. Then
(a) the queue is unstable
(b) initial conditions do not affect this instability

(c) there exists no stationary sequence of a.e. finite random variables sat-

isfying (1.1.1) Vn € Z.

(d) For any wy = a >0
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PROOF

k
llmZu_]_llmk(iZu_J)_ ) lim k£ = 00 a.s.

k—o0 k—oo

where the strong law for stationary sequences (Theorem 0.2.2) is applied in

the second equality.

(a) Since lim z, = oo & limsup 2, = oo, we obtain lim sup Z U_j = 00
n—o00 n—oo k—oo 7=1

(w.p.1).
On the basis of Theorem 1.2.2(a), we deduce that the queue is unstable,

when the initial condition is given by w; = 0.

(b) Suppose now that the waiting-time of the first customer is some o > 0.

The case @ = 0 has already been considered, so let a > 0.

Recall from Theorem 1.2.1(c) that w,(0) is the minimal solution of
(1.1.1) for n € IN. As a result, w,(a) > wdVne N

= 0 < lim Plwy(a) <z

n—oo

< nlLrgO Pluw? < z]
= Plmo < 7] by Theorem 1.2.1(b)
=0 VzelR

= nlgloloP[wn()Sx] = 0 VzeR

= lim Plw,(a)=00] = 1 since w,(a) >0

n—00
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(c) From (a), Theorem 1.2.2(a) and Remark 1.2.5, we deduce that (m.,)
is an a.e. infinite sequence; from Theorem 1.2.1(c), (m,,n € Z) is the
minimal stationary sequence satisfying (1.1.1). Any other stationary
sequence would, therefore, also be a.e. infinite. Hence the result.

k
(d) Since k]im Y u_; = o0 ae. and wy1(0) = (0n(0) + up)t > w, (0) 42y,
—00 j=1
a point is reached in almost every realization when wy(0) is positive
for some M € IN. Ultimately then, the queue builds up and never
empties. Thereafter every customer must wait for service, and w,4,(0)

reduces to w,(0) + u, Vn > N > M, say.

Using Lemma 0.2.2 and Theorem 0.2.2

0n(0) = wn(0)+ 3w,
j=N

wa(0)  wn(0) | a1 &
= n N n T ( n ) n—Njgvuj
] n 0 n—1
= lew (0) = 04+ lim ﬁZu] a.s.
= E(uo) a.s.

A similar proof can be formulated for w_nn(g)’ a > 0. Hence the result.

O
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Theorem 1.3.2 (Subcritical Queue)
Consider a queue with E(ug) < 0, or p < 1. Then

(a) the queue is convergent stable

(b) initial conditions do not affect this convergent stability nor do they

alter the limiting distribution

(¢) there exists precisely one a.e. finite stationary solution sequence (m,)

of (1.1.1)
(d) Plmo=10]>0

(e) For any wy = >0

PROOF
k k
. . . 1 _ . _
k]l)rg) Z:u_j = ]}E}Ok x Z:u_j = E(uo) kll)rtl)lo k=—o0
=1 7=1
where the strong law for stationary sequences (Theorem 0.2.2) is applied, as
in Theorem 1.3.1.
. . - . . k
(a) Since lim z, < o0 & limsup z, < oo, we obtain limsup - u_; < 00

(w.p.1).

On the basis of Theorem 1.2.2(a), we deduce that the queue is conver-

k—oo 31=1

gent stable, when the initial condition is given by w;, = 0.
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(b) Consider any sequence (wy,,n € IN) of waiting-times satisfying (1.1.1),
and with w; a.e. finite. Suppose now that Vn € IN w, > 0 (i.e., w, # 0)
with positive probability. Then (with positive probability)

0< Wp41 = (wn + un)+
= Wp41 = Wy + Un
n
= Wpe1 = Wi+ Zuj VY n, using Lemma 0.2.2
j=1

wy + ]irr}Iianuj

=1

= hm lnf Wp+41
n

wp, — &0
—00 since wy 1s a.e. finite

0

AV

but liminf w, 4

Thus 3 N; € IN s.t. wy, = 0 w.p.l (because P[w; = oo] = 0 and

P |liminf 3 u; > —oo| = 0).

If, again, one were to suppose that Vn > Ny w, # 0 (with positive
probability), a contradiction similar to that above would arise. Repe-

tition of this argument leads to the conclusion that P [w, = 01i.0.] = 1.

From the minimality of (w?) deduced in Theorem 1.2.1(c)

= wy, =0 = wy =0
= WN 41 = ug, = wy, ,, substituting in (1.1.1)



45

Suppose w,, = w? for some n > N;. Then

Wny1 = (wn+ Un)+
= (w)+ua)"
= w2+1
= wy, = w? Vn > Ny (by induction)

In the above, if the sequence (w,,) has initial condition e, then w,(a) = wd

Vn > N, where N; is sufficiently large. The agreement of these se-
quences after some finite V7 implies that neither the convergent stabil-
ity nor the limiting waiting-time distribution can be affected by initial

conditions.

Application of the argument given in (b) implies that 3N, € IN s.t. mp, =0
w.p.1 where, for convenience, N, = min{n:m, =0 w.p.1} so that

mn:wg‘v’nZNz.

Let Ny = max (Ny, N;). Then m,, = w® = w, Vn > N,. To understand
this, suppose w.l.g. that No = Ny. It follows that my, = w}, (because
Ny > N3) and the minimality of w? (Theorem 1.2.1(c))=

0 = WhN, 2 w?\fl = le Z 0
0
= wN, = le = _n_lNl
0

From N; on, then, all three quantities will coincide for the same reason

as in (b).
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Let (w,,,n € Z) be some other stationary sequence of a.e. finite random
variables satisfying (1.1.1). The above discussion allows us to conclude
that w, and m, eventually coincide. (Before they do coincide, we know

that w, > m,, because of the minimality of m,, (Theorem 1.2.1(c))).

So, L(m,) — F (say) at points of continuity of FF = L (w,) — F.

Now, using the fact that (m,) is an identically-distributed sequence

(because it is stationary), we obtain P[m, < z| = Plmy < 2] =
lim Plmy < z] = lim Plm, <z]=FVne€Z. Similarly

Plw, < z] = FVn € Z so that L(m,) = F = L(w,) Vn € Z.
We have, however, noted that m, > w, = m, = w, a.e. (Shiryayev
[56, p. 183, Property H]) = a unique stationary sequence satisfying
(1.1.1).

Suppose, to the contrary, that P[mg=0] = 0 = P[m, =0]. Then
0 < mpp1 = (M, +un)+ = Mpy1 = M, + u, and if we use Lemma

0.2.2, we obtain

Lyu = ™o _m
1=1
! |
E(uw) = 0 a.e.

by the strong law (Theorem 0.2.2). Thus the assumption that E(ug) < 0

has been contradicted. So we must have that P [mq = 0] > 0.

To show that ™=+l = 0, in fact, requires knowledge of the result in
(e). From (a), Theorem 1.2.2(a) and Remark 1.2.5, we deduce that
(mn,n € Z) is a sequence of honest random variables. Thus there ex-

1sts some finite a (or a.e. finite a(w)) such that m; < a = wy(a) w.p.1.
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As before, we conclude that 0 < m, < w,(a) Yn € IN. From (e)
0<m"<ﬂ—l—> 0as = 2235 0as.

The proof that H’Ln(gl — 0 used here is actually based on the analo-
gous result of Theorem 1.3.1(d) and is valid both for E(uy) < 0 and

E(ug) = 0 (the latter case receiving greater attention in Theorem 1.3.3).

We proceed as follows. First, let (ul) be that sequence determined
by u, = Unlp,>-5 = un, where 8 > 0. The truncation, if neces-

sary, is applied to make certain that E(u,) > —oo. Then w; (a) =

(wn(0) +up)™ > (wa(a) + un)" = wapa(a) Y.

Next define u], = u;, + ¢ > ul, > u, for some ¢ > 0, in order to guaran-
tee that 0 < E(ull) < e Ve > 0. Obviously w!(a) > w,(a) ¥Vn. From
Theorem 1.3.1(d), we deduce that

0< hmmf () < hmsup (@) <E(e)=eVe>0
n n

because the same is true for (w”(a)). Thus lim wn(a) =0 ae.
Nn—00 mn



Theorem 1.3.3 (Critical Queue)

Consider a queue for which E(ug) =0, or p = 1.
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(a) (1) M1 =My + Uy (1.3.1)
(i) lim 222 =g
I k k o Ek: L int i
1) mo = limsu u_; = su u_; = — in u; = —limin u;j
( ) ° k pjgl ’ ke]llzl ng ’ kellg j=0 ’ k  j=0 !
(1.3.2a)
k ok k ) k
0>liminf > wu_;=inf Y u_j=—sup 3 u; = —limsup ) u;
k 7=1 kE]szl kEZ@ 7=0 k 7=0
(1.3.2b)

(b) If we assume mg to be dishonest, then

(1) the queue is unstable
(i1) initial conditions do not affect this instability
(iii) there exists no a.e. finite stationary solution to (1.1.1)
)

(iv) any a.e. finite sequence (w,,n € IN) satisfying (1.1.1) has
Plw, =01i.0.]=1
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(c) If, finally, mq is supposed to be honest, then

(i) the queue is stable

(ii) initial conditions affect the asymptotic distributions but not the

stability
(iii) there exists a continuum of a.e. finite stationary solutions to (1.1.1)

(iv) liminfm, = 0 = lim inf w? w.p.l

PrOOF

(a) From Remark 1.2.5, we know that, if mg is dishonest, then (m,) is a

sequence of a.e. infinite random variables.

(i) If follows that mu41 = m, + u, is trivially valid when my is dis-

honest.

This equation is, however, equally valid when mg is honest. To

see why this is the case write

Mp41 = (mn + un)+ 2 mq + Uy
(1.3.3)

= Uy = Mpp1 — My 2 Uy

From (1.3.3), we note that (%,) is a stationary sequence because
it is a function of the stationary random variables, m,;, and m,,.

Next, E(u,) = 0 so that analysis i.t.o. u} and u; leads to the
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conclusion that Elu,| < oo (and exists) (Shiryayev [56, p. 180])
so the strong law (Theorem 0.2.2) is valid for (u,). In addition
(1.3.3) = 0 < E(a;) < E(u;) < oo which, of course, implies
that E(%,) exists (Shiryayev [56, p. 180, Definition 2]). These
facts, together with (1.3.3) and the strong law (again), including

Remark 0.2.8, allow us to deduce the following

Mntl _ My 1 i ; > 1 - u;
= 0 = limiY i > E(w) = 0 (as.)
or  E(u) = 0 = E(uo) a.s

where we observed that “» — 0 a.s. for essentially the same reason
that =2 — 0 in Theorem 1.3.2. Then @, — u, > 0 together with
the fact derived above that E(d, —u,) = 0 (a.s.)= (Shiryayev
[56, p. 183, Property H]) @, = u, a.s. (Vn). As a result (1.3.3)
reduces to m,;; = m, + u, in the honest case as well. (The

positive part becomes redundant when p = 1.)

The fact that Mnnﬁl — 0 for the case p = 1 was shown together
with the case p < 1 in Theorem 1.3.2(e).

Obviously the equation (1.2.9) derived in Theorem 1.2.1:

k +
my, = [sup Z Un—j
kelN j=1

is equally valid here, but can be refined in view of (a)(i) of the

current theorem. The calculations that led to (1.2.9) would, in
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our case, proceed without the positive part, resulting in

when p = 1.

0 <m, =sup Zun_j
kelN ;=1

Using (1.3.1), we get

Then

k
sup ). u—;
k€N j=1

AV

v

(mj+1 - m,-)

k
9=0

k
or i+ 3 ()
j:

sup mg
k’EZ@

k€Z®

. k
lclélﬂl;mk+ sup Y (—u;j)

kEZEB j:O

k
sup Y. (—u,)

sup [mkﬂ sy (—uj)J

(1.3.4)
> uj
7=0
from (1.3.4)

from (1.3.5)

from Lemma 0.2.1

since inf m, >0

(1.3.6)
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Consider next that queue with sequence (—u_,_1) which is sta-

tionary because (u,) is, and also has (common) mean zero. Con-

sequently the above argument holds true for such a queue, that

1s

k
sup Y (—u,)

kEZe j:o

v

v

v

k
sup 3 (—u;-1)
kelN j=1

k
sup 3, (u—(j+1)) (=) from (1.3.6)
kEZ@JzO

k
sup 3 u_j
kelN j=1

mo from (1.3.4)
(1.3.7)

Combination of (1.3.6) and (1.3.7) means that

k

(1.3.7) (1.3.6) k

sup Z(—Uj) > mop 2 sup Z(_“j)

kEZ@ 7=0

so, in fact, the inequalities in (1.3.6) and (1.3.7) are equalities

and are summarised by

k
sup Y (—uj)

kEZ@ 7=0

b

k
= sup Yy u_; from (1.3.7)
k€N j=1
mo from (1.3.4)

k
inf my + sup Y (—u;) from (1.3.6
jnfm + sup - (<) from (1.2

klgﬂf\lmk + mg from (1.3.7)

(1.3.8)
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which implies that ki?nfvmk = 0 if mo is honest. (At this stage, all

we can say if mg is dishonest (so a.e. infinite) is that kinﬂf\]mk is
€

some nonnegative value.)

For this honest case, consideration of the sequence (u,;n) in a
similar way to that given in (1.3.6)-(1.3.8) allows us to conclude

that

infm, = 0 VNelN
k>N
= lirr}cinfmk = 0 (1.3.9)

Taking the liminf throughout in (1.3.5) yields

k
m0+m?ﬂ§)”:0 (1.3.10)

§=0

Returning to (1.3.8), this means that

k k
limsup 3> u_; = —liminf ) u;  from (1.3.8)
k=1 k=0
= my from (1.3.10)
k
= sup )y u_, from (1.3.8)
keIN j=1
- f k
= —jinf X ()

k
= — inf ; f 1.3.8 .3.
W jgo U rom ( ) (1.3.11)
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with all the terms nonnegative because mg > 0. (1.3.2a) may then

be extracted from (1.3.11) (initially for the case of mg honest).

To establish (1.3.2b) merely requires that (1.3.2a) be applied to
the sequence (—u,) (obviously having the properties we required
for (u,)). This gives us the equality of the expressions on the

left-hand side of the system of equations below.

k k
limsup ¥ (—u_;) —liminf 3~ u_;
= :

k 71=1
- (—uss) inf 3
su —U_; = —in U_j
kE]II\)I ]; ’ kelN 7j=1 !
_ k k
— inf ¥ (—u;) = sup ). uj
kell g j=0 keZlg 1=0
. . k . k
—liminf )~ (—u;) = limsup Y u;
k ) =0 k 7=0

Thus, on multiplying the expressions on the right through by —1,
we obtain (1.3.2b).

Although (1.3.9) is valid (only) in the case of mq honest, clearly
(1.3.2a) and (1.3.2b) hold when my is either honest or dishonest.
In the latter case, (1.3.2a) represents a string of a.e. (positively)

infinite quantities, and (1.3.2b), a.e. negatively infinite random

variables.

Expressions for m, analogous to (1.3.2a) and (1.3.2b) are easily
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obtainable by a suitable shift. For instance

k k
m, = limsupZun_j = — inf Zunﬂ
k j=1 kEZQ) §=0

(b) We now investigate properties of the queue when my is dishonest.
(i) In Theorem 1.2.2(a), without considering the nature of p, we de-
duced that, if mg is dishonest, then the queue is unstable.
(i1) The reasoning for this is essentially the same as in Theorem 1.3.1.

(ii1) Since (m,,n € Z)is a minimal stationary solution to (1.3.1) (The-
orem 1.2.1(c)), z, > m, for some other stationary solution se-
quence (z,,n € Z), but m, is a.e. infinite so that z, is also a.e.

infinite and no a.e. finite stationary solution to (1.3.1) exists.

(iv) Although no a.e. finite stationary solution to (1.1.1) exists, Theo-

rem 1.2.1(c) does not exclude the possibility of a.e. finite solutions.

Suppose, to the contrary, that Vn > N w, > 0. Then, if we use
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Lemma 0.2.2, we obtain

n
Wny1 = WN+ 2 U (n>N)
=N
= liminf w41 = wy +lminf > u;

e
= wy +liminf Y uny;
n :
7=0

= wy —my from (1.3.2a)

= —x
because my = oo a.e. and wy is a.e. finite

but lirr}linf Wpt1 2> 0
Consequently, 3 M > N s.t. wpr = 0. In a similar way to that in

Theorem 1.3.2(b), we deduce that there are infinitely many n for
which w, =0, or P[w, =01i.0.]=1.

(c) Finally we examine the case of mg honest.

(i) The stability of the queue is deduced in much the same way as

instability was deduced in (b)(i).

(i1) We know that m; > 0= m; +a > a = w(a).

If m, + a > wy(c) for some n € IN, then

Muy1 + @ my, + U, + « from (1.3.1)

(mn + Uy + CY)+

(wnle) +ua)* (=)

Wat1(Q)

wy () Vn € IN (by induction)

VIV IV

= my, + «
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r—00 N—00

Plmg <z — @

Plmo <z — af

lim lim Plw,(a) < z]
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lim Plw,(«a) < z]

n—oo

lim Plmg < z — qf

r—00

lim lim Plw,(a) < z]

I—00 N—00

=1

= the queue is still stable

We now demonstrate how initial conditions can affect the limiting

distributions. Suppose o = wi(a) = mq + ¢ (¢ > 0) a.e. Then

wp(@) =my, + ¢ for some n € IN =

wpi1(a) =
= wy(a) =
= lim Plwy(a) <z2] =

n—oo

and we show next that the

(wn(a) + un)+

(mn +c+ un)+

(Mpy1 4+ ¢)F from (1.3.1)
Tnn-if-l‘l'C mn+1+C>0
My + ¢ Vn € IN (induct.)

nlLrgo Plm, + ¢ < z]

Plmo + ¢ < 7]

Plm, <z — (]

(m, + ¢) is also a solution sequence.
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(ii1) From (1.3.1)

Mpyy1 + €=My + C+ Uy
= (my, + c) also satisfies (1.3.1), certainly V¢ > 0
= a continuum of solutions, so that the uniqueness
which held when p < 1 is no longer valid

Conversely, if (w,) is some stationary sequence satisfying (1.1.1),
then the same reasoning as before implies that (w,, ) satisfies (1.3.1)
and
wn+l = w, + U,
but Myt mpy + Unp
= Wypyy — My w, —m,
= z =T, = WwW,—m,
is a random variable independent of n;
it is also nonnegative because of the minimality of m,

Then w, = m,, + z.
(iv) In (1.3.9), we noted that liminf m, = 0 (i.e., for a.e. w). From

Theorem 1.2.1(b), 0 < w? < m,, = lim inf w? =0 w.p.l.

Remark 1.3.1

If equation (1.3.1) were to describe a random walk on IRg, then the usual
requirement would be that (u,) is an IID sequence. Qur stipulation is that
(un) is stationary ergodic. Nomnetheless, if we borrow from the language of
random walks and Markov chains, we might say that (1.1.1) implies a re-

flecting barrier at 0, and (1.3.1) implies that no overshoot can occur in the

stationary state.

In addition, an honest sequence (m,) satisfying (1.3.1) physically would rep-
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resent a position of neutral equilibrium, as opposed to the stable equilibrium

characterising the subcritical queue of Theorem 1.3.2.

Remark 1.3.2 (The Effect of Nonergodicity/Metric Intransitivity)

Up until now we have required that the sequence ((s.,7»)), and hence (u,),

be not only stationary but also ergodic. If we dispense with the latter re-

quirement, then results, analogous to those already proved, may be deduced.

A fundamental difference, of course, lies in the strong law (Theorem 0.2.2)
where E(ug | Z,,) replaces E(ug). A consequence of this is that my may be

finite with probability p € (0,1).
Part (d) of Theorem 1.3.1 would be replaced by
On the set A= {w: E(uo | Z,) (w) > 0}, 2} SE(ug | Z,) as. Va > 0.
As regards Theorem 1.3.2, one could conclude, as a necessary condition, that
If P[E(uo|Z,) <0]=1, then the queue is convergent stable.

Let £ = {w:E(uo | Zy)(w) < 0}. Now E(ug | Z,) is Z,-measurable (Loeve
[46, p. 7] or Shiryayev [56, p. 211]) thus {w : E (uo | Z,) (w) < 2z} € T, Vz € R
which implies that £ is an invariant set so & is an invariant random variable

(using Definition 0.2.4).

In order to deal with this situation, we define a new queue determined by
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(U,), where

’LAtn = unlg—c(l—lg), c>0

- ) = {0 e

= U, and u, agree on &

For a measure-preserving transformation T
Un(Tw) = up(Tw)lg(Tw) — (1 — I[g(Tw)) = Uy (w)

because of the stationarity of (u,) and the invariance of I. Thus (u,)
is a stationary (hence an identically-distributed) sequence. Also E(d) =
E (uglg) — cP(€) so this expectation obviously exists. Therefore, from the
strong law (Theorem 0.2.2),

hm % i ﬁj = (hm 1 iuj) 15—6(1—15)

= E(do|Zs) = E(uo|Z.)Ie —c(1 = Ig) as.

= P[E(do|Zs) < 0] = P(E)+ P(€)
=1

Hence (i,) has the desired properties, and results will apply to the queue

involving (u,) on £.

In the case of Theorem 1.3.3 we have, for example, that equation (1.3.2a) is
valid only on & = {w : E(uo | Z,) = 0}. The situation is dealt with similarly
to that considered for Theorem 1.3.2 by defining @, = u, I¢.
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Remark 1.3.3 (Honesty/Dishonesty and Stability/Instability)

In Theorem 1.2.2, a criterion for stability /instability based on limsup ) u_;
(and, in effect, the honesty/dishonesty of mg) was provided. This condition
was applied successfully in Theorem 1.3.1 to prove the instability of the su-
percritical queue and in Theorem 1.3.2 to deduce the (convergent) stability
of the subcritical queue. Until now, though, conclusions for the critical queue
(Theorem 1.3.3) were dependent upon the honesty or dishonesty of mg. No
satisfactory method was provided to determine which of these cases applied.
A partial solution to this problem encountered with the critical queue is of-

fered in the sequel.

Remark 1.3.4 (The critical queue: {u,) a sequence of independent
random variables)

If the (critical) queue is to be stable we know (from Theorem 1.2.2) that

mo must be honest. In that case, we may consider characteristic function

¢m(t) = E(e"™) (V n because of stationarity) and ¢,(t) = E (e**). Then

because (1.3.1) implies that m; = mg + ug, Yt

bn(l) = B (™) = dn(1)u(t)

, k
where we use the independence of mq and uo implied by mg = sup 3 u_; in

(1.3.2a).

Hence E (e”“") = 1 V¢ which must be consistent with the fact that uo = 0 a.e.

On the basis of Remark 1.3.4 and Lindley [45, p. 281], we are able to state

the following theorem.
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Theorem 1.3.4
Consider a GI/GI/1 queue for which p = 1. Then the queue is stable iff

up = 0 a.e.

After we have defined a useful concept, we will be in a position to gener-

alise the situation somewhat.

Definition 1.3.1 (Conditional Independence)
Let B; (i = 1,2) and B represent sigma-fields. Then B; and B, shall be said
to be conditionally independent given B iff

P[ByN By | B]= P[By | BIP|B, | B] as. VB; € B; (i=1,2)
In particular, random sequence (§,,n € Z) shall be said to have conditional
independence of its past and future (CIPF) iff B§°) = o ((&,,n € Zg)) and

B§°) = 0 ((€n,n € Z_)) are conditionally independent given some sigma-field

BO).

Remark 1.3.5 (Conditional Independence)

(a) The conditional independence of past and future given the present is

effectively the Markov property. (See Loeve [46, p. 290].)

(b) If in Definition 1.3.1 (£,) is a stationary sequence, then CIPF is equiv-

alent to the conditional independence of B{Y) = o({(€,,n > N)) and

BM = o ((€n,m < N)) given sigma-field BN) for some N € Z.
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Theorem 1.3.5 (Stability Criterion)
Consider a critical G/G/1 queue (so p = 1), for which B = ¢ (Un, Unt1,- - -)

and Bg”) = 0 (Un—1,Un—2,...) are conditionally independent given B™ . Then
(a) m, is measurable w.r.t. B("  which is (almost surely) given by

( ) { {Q,Q,Bo,go} lf 3 o € ]R.@ s.t. BO = {mn S 1130} ¢ {@,Q}
B =

{0, 0} otherwise

(b) the queue is unstable unless u, is measurable w.r.t. compound sigma-
field (BC), B+1).

PRrROOF

(a) Using (1.3.2a), we obtain

k
SUp Y- Uy
kelN j=1

k
—inf 3 uny,
kel g =0

Now the infimum and supremum terms are measurable w.r.t. Bin) and

Bgn) respectively. Hence m,, is measurable w.r.t. both B{n) and Bg") &)
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that, using the CIPF property, we get (for each z € IR)

[Pl{mn <o} | BO))* = Pl{m, <o} | B9 P[{m, < <} | B®]
= Pl{m, <z}n{m, <z}|B™)]

= P[{m, <z} | B™)

= P[{m, <z} |B™] = 0Oorl

= Pl{m, <z} |B] = 0orl VBeB®™
but BeB®™W = BecB®

= P{{m,<z}|B] = 0orl VBeB™M

Case 1: P[{m, <=z} | B]=0 implying

BC{m,<z} o {m,<z}CBHB (a.s.)

Case 1.1 : Pl{m, <z} |B]=0
= BC{m.,<z} or {m,<z}CB
so {m, <z}=0 (a.s.)

Case 1.2 : P{m,<z}|B]=1
BC{m,<z} or {m,<z}CB

so {m,<z}=B (a.s.)



Case 2: P[{m,<z}|B]=1

similarly leads to

Case 2.1: {m, <z} = B (as.)

Case 2.2: {m, <z} = Q (as.)

The measurability of m, w.r.t. B™ is therefore immediate.

If 3z¢ € IR for which {m, < z¢} € {0,Q} (which means that 2o € Rg
because {m, < z} = § V& € R_), then obviously {m, < z} € B
(hence {m, < zo} € B™) in addition to § and .

Suppose, moreover, that 3z; # zo for which {m, < z;} ¢ {0,Q}. This

would exclude cases 1.1 and 2.2. Consequently
{m, <z:}=Bor B YB (¢ {0,0}) € B™
and since {m, < zo} € B™\ {§,Q}
{ma <21} = {ma < a0} or {m, < a0}

In other words B™ = {§,9Q} or B™ = {0,Q, By, By} (a.s.), where
By = {mn < zo} ¢ {0,0}.

The measurability of m, w.r.t. B®™ is not a restriction if m,, is dishon-
est. Otherwise (if m,, 1s honest), write u,, as mny1 — m,, in accordance
with (1.3.1). From (a) we know that m, 4, is measurable w.r.t. B(»t1)

and m,, is measurable w.r.t. B, Thus, if (my) is a sequence of proper
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random variables, then u, necessarily must be measurable w.r.t. the

compound sigma-field (B("), B(”H)) :

Remark 1.3.6
Theorem 1.3.5 provides a necessary, but not a sufficient, condition for stabil-
ity /honesty of mg. For instance, if (m,) satisfies the given conditions, then

so does (—m,) which cannot do as a waiting time sequence.

Corollary 1.3.5a
Consider a queue with (s,) and (7,) independent sequences, (at least) one
of which is formed of non-constant mutually independent random variables.

Then the queue is stable iff p < 1.

PROOF

First suppose that (7,,) is a sequence of non-constant mutually independent
random variables. We claim that a suitable candidate for the “given sigma-

field” B™) is o ((s,,n € Z)), and verify this fact below.
Lo (wm, Umt1s---) 0 (Ume1y Um—g,...) Lo (- Sm=2y Sm—1sSms Sma1,---)]
= L{o(sm —Tm,--),0(Sme1 — Tty o) [0 (oo Smaty Sy - - 2]

= L[O’(Sm—Tm,...) |0'(---73ma"')]'

Lio(sme1—Tmoty--.) |0 (s 8mo1,y...)]

where, in the last step, we use the fact that (7,) is a sequence of independent
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random variables.

Suppose that mg is honest/the queue is stable. Then we are able to con-
clude from Theorem 1.3.5 that ug = sg — 7o is measurable w.r.t. B(™. Now
obviously sg is measurable w.r.t. B(™) = ¢ ({(sn,n € Z)) so that 1o is measur-
able w.r.t. this o-field. The independence of (s,) and (r,) implies, however,
that 7o is also independent of B(™). Consequently 7o must be a constant,

which contradicts the assumption of the corollary.

A contradiction arises in a completely analogous way if (s,) is a sequence
of non-constant mutually independent random variables. (This situation is

considered in Loynes [47, p. 507].)

Hence mg cannot be honest/the queue is unstable if p = 1. We know from
Theorem 1.3.1 that this is also the case when p > 1 but that the queue is
stable when p < 1 (Theorem 1.3.2). This completes the proof.

Remark 1.3.7

The GI/G1/1 queues considered by Lindley [45] are incorporated into Corol-
lary 1.3.5a.
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Example 1.3.1
Suppose that, for some queue with p = 1, (u,) is a Markov process and

m, = g(u,), where g is a measurable function.

First we observe that, because of the Markov property

L [0' (Un,un+la .- ) ,U(un—l,un—%' . ) | U(uﬂ)]
= Lo (Un,tns1,---) |0 (un)] Lo (tnot1,Unz,...) | 0 (ttn)]

so B = ¢ (u,) will do.

If the queue is to be stable, we know from Theorem 1.3.5(b) that w, must
be measurable w.r.t. (0(us),0(unt1)) and mpp1 = My + uy = g(Uny1) =

g(un) + un, Vn, which is a strong condition.

Remark 1.3.8 (Stability of the Critical Queue)
From Theorem 1.3.5, Remark 1.3.7, Example 1.3.1 and especially Corollary
1.3.5a, it is clear that, unless u,, = 0 a.e. it is highly unlikely that the critical

queue will be stable.

The set of equations (1.3.2a) is a further indication of this fact: it is possible

to express mg in terms of both “past” values (u;,; € Z_) and “present /future”

values (uj,j € Zg).
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CHAPTER 2
THE MULTISERVER QUEUE

2.1 INTRODUCTION

We now turn to an investigation of the G/G/r (multiserver) queue.

If @, = (Tu,8n), then ¢ = (@n;n € Z) is stationary ergodic. In accordance
with Brandt [15], we call [¢, L(¢)] the CAP, the complete arrival process, for
the queue under consideration. This notation for a CAP is slightly different
from Brandt’s canonical representation (@, P). In keeping with a comment
towards the beginning of Chapter 0, ¢ (or %) may represent a random se-
quence or its realisation (whereas Brandt uses @ & ¢, ¥ & ). In addition
to the assumptions of Chapter 1, we require that E(sq) exists and is finite.

Further on in the present chapter, more restrictions will be placed on ¢.

Since we are considering a queueing system with r servers, it will become
necessary to use r-dimensional (row) vectors. In particular, we write 1 = 1,
for the vector having {1}, = 1V: € IN,, and e for the member of the stan-
dard basis of IR” determined by {e}; = é;;.

When we write ¥, we refer to a vector with ith component given by z}.
More generally, a vector & € IR™ will be said to possess some property iff all

of its components possess it.! For example, ¢ > y < z; > vy; Vi € IN,. Then

!We make an exception to this general principle, namely,  will be said to be infinite
iff 31 € IN, s.t. z; € {—00,00}.
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the vector function f : IR™ — IR" is nondecreasing iff z > y = f(z) > f(y).
With such assumptions, we are able to conclude that (in the first instance)
parts (a)—(c) of Theorem 1.2.1 remain valid in 7-dimensional (r € N;) Eu-

clidean space (with vectors replacing scalars).

In Section 2.2 the appropriate Lindley equation is developed. The function
which relates the waiting-times has a number of desirable and interesting
properties which are then investigated in §2.3 that includes some results
which, though fairly elementary, prove their worth in the more substantial

theory further on in the chapter.

With the groundwork laid, it is possible to consider a theorem (due to Loynes
[47]) in which conclusions are drawn for different values of p. A G//G/r queue-
ing system with a traffic intensity less than unity emerges as that of greatest
interest for consideration in the remainder of the chapter and, for that mat-

ter, the thesis.

While less emphasis is placed on (distinguishing) (stationary) weak and
strong solutions than is the case in Brandt [15], some details are provided in
§2.5 where the question of uniqueness of solutions is raised. In this and sub-
sequent sections, the existence and possible equality of extremal solutions:
Loynes’s minimal one (m,(¢)) and Brandt’s maximal solution (M, (p)) are
investigated. The notation used here is clearly more in line with Loynes [47]
than Brandt [15] & [16] who uses the symbols w,, () and w,(®) respectively.

When there is no ambiguity we shall also often suppress reference to ¢ (e.g.,

m, is written for m,(¢)).
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Some additional differences emerge. 7, and ¢ replace Brandt’s A, and d
respectively. Finally, a.e. finite (waiting-time) sequences are tacitly assumed
to have their zero-measure infinite realisations disregarded or “transformed”.
This will, for instance, render the distinction between sequences (w! (®)) and

(w,(®)) — a matter explicitly dealt with in Brandt [15] — unnecessary.

With technical preliminaries having been discussed, it is now possible to

commence with the main investigation.

2.2 THE LINDLEY EQUATION FOR MULTISERVER QUEUES

Write
Wy = (Wntyeeoy Wr) (2.2.1)
for the vector of “waiting times” of the nth customer. The ith component,

Wy i, represents the length of time the nth customer must wait until ¢ channels

become free of customers that arrived before him. It is immediately clear that

W S Wn,i+1 Vl € ]1\]7-_1 (222)

More especially, w, ; = »Ig]li\;nw”’i is the actual waiting time the nth customer

experiences. Let

W, = {w = (w1,...,w,) € R w; Swigq Vi€ ]NT_1} (2.2.3)
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Our first task is to find the appropriate function f of (1.2.6) which yields the
G/G/r Lindley-Loynes equation that generalises (1.1.1). To do so, we note
the following. When the (n+1)st customer arrives, w, ; has increased by the
service time, s,, of the nth customer. In addition, a time of 7, has passed
since the arrival of the nth customer, so all “waiting times” experienced by
the nth customer have decreased by 7,, if they are not already zero. In

conjunction with (2.2.2), it is clear that

Wpt11 = min [(wn,l + 85 — Tn)+ ) (wn,Q - Tn)+]
(2.2.4)
Wp41,r = mMax [(wn,l + 8p — T'n)+ 3 (wn,‘r - Tn)+]
More generally, if we suppose that wyx < wn1 + s, < wy k41, then
(wn,i+1_7—n)+ ZZl,,k—l
Wyt1,i = (wn,l + Sp — Tn)+ 1= k (225)
(wn,i—Tn)+ t=k+1,...,r

with obvious adjustments made for the cases k =1 or k = r.

Denote by R(z) that vector which is obtained by (re)arranging the com-
ponents of @ in ascending order. In other words, if & = (z1,...,2,), then
R(@) = (2+(1), -+, %r(r)), where 7 : IN, > IN, is a permutation of IN, such
that ;) < r(i41) Ve € IN,_y. Then we may write that

Wy = [R(w,+ s.€e)— Tn1]+

= f(wn,sn,Tn) (2'2'6)

where, typically, wy = 0, although it can, of course, even be a random vector.
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2.3 PROPERTIES OF THE POSITIVE PART (-)*, R AND f

Lemma 2.3.1
The vector function f of (2.2.6) is nonnegative and, w.r.t. its first (vector)

argument, it is nondecreasing and continuous from below.

PROOF
The nonnegativity is immediate. The left continuity is also not difficult
to show. The monotonicity is less immediate so we reproduce the (rather

tedious) details here.

Suppose that w? > w, so w;; > w,; Vi € IN,. Assume in addition that

W e S Wy +8n S W) ey We wish to show that wy , = f(w)) > f(w,) =
Wogi. The proof differs accordlng to the relative values of k£ ((2.2.5)) and
k*, because
(w,m-_H—Tn)+ 1=1,...,k—1
Wpi1,s = (wn,l + S — Tn)+ =k
(wm--rn)+ i=k+1,...,r
(w,‘;lH—Tn) rv=1,...,k*—1
Wry; = (w: 1+ sn — Tn)+ 1= k*
(w,‘;l ) v=k*4+1,...,r
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Initially we suppose k* > k.

. * _ * + > . + _ )
Ifi <k, thenw), ;= (wh; g —Ta) 2 (Wnit1 — Tn)" = Wpg1,i-
A similar result holds when ¢ > k*.

+
(M (w;‘hk+1 — 'rn) > (wpa + 8p — Tn)+ = W41,k because

w:’k+1 > Wn k+1 > Wa,1 + Snj

* * + > + _ b
wn_*_lvk. = wn’l + Sp — T, -~ (wn’k* — Tn) = wn_*_lyk* ecause
w')r:,,l + Sn 2 w:”kt > W, k* -

Finally,if ¢ = k+1,...,k* — 1, then

+ +
Wy 2 W > was = Wy = (W = Ta) 2 (Wag — )T = o

Next consider the case k* < k.

If 2+ < k* or ¢ > k, then we proceed much as in the preceding argument.
The inequalities wy ; > w}, | + 8p > wp1 + 8p > wy; Ve =k"+1,...,k and
J = k*,...,k provide for the monotonicity of the waiting-time components

in the remaining interval, k*, ..., k.

The last possibility, k* = k, follows directly from the inequality
wy > Wy Vi € IN,. The fact that some of the intervals in the previous two
paragraphs may be empty does not present a problem. Hence the proof of

the lemma is complete.
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Remark 2.3.1 (Commutativity and the Positive Part Function)

+
In Chapter 1, indeed throughout the thesis, expressions such as LIQ]%XZJ']

are encountered.

Let o : IN,, — IN,, be a permutation of IN,,, such that z,(jy < z5(j41) VJ € Ne-1.
In particular,

Zo(m) = J_rgﬂgzi 2; (2.3.1)

Zomy S0 = 2, S0V jeN, = zf =0VjeN,
Zo(m) > 0 together with (2.3.1) = zj(m) = Zo(m) > 2] VJ € Ny,

In either case
Y4 +
max z;| =z = max [z]
L’ele ’] a(m) 7 jEN,, 177

(since a similar proof with a permutation 7 for which z:'(j) < Z:ri_(j+1) VieN,4

yields the same result).

The intuitive conclusion is that the mazimum (max) and positive part (1)
functions commute and, analogously, the supremum (sup) and positive part
(*) functions commute. 1t is equally obvious that (2.2.6) may be rewritten
as Wny1 = [R(w, + spe — 7',11)]+ or wyy; = R [(wn + s,e — Tn1)+]: the

operations R and (-)t commute.

The positive part function fails to commute with a large number of other

functions. A case in point is contained in Lemma 2.3.2, which follows shortly.
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Remark 2.3.2 (Vector Norms)

<

As usual |[z|| = V&2 = z? denotes the Fuclidean norm (of the
=1
Euclidean space IR™). (Conventionally, of course, we write |z| if r = 1.)

||| max = max |z;| shall be called the mazimum norm. Since |z;| > 0 and
1 T

z2 > 0Vz; € R, it is clear that

2=0(S2:=0Yi) & ||z =0 & [@]m =0

Lemma 2.3.2 (Generalised Triangle Inequality)
+
;€ RY: = (Z:L‘,) < Zx:r

PRrROOF

] = max(z;,0)

l

Yaf > max(zijfci’(]) _ (Z$i)+
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Lemma 2.3.3 (Inequalities)

(a) 2,y € R = [z7 —y™| <[z —y|

(b) =,y € R" = [l2F —y¥|| < |lz -y
Proor

(a)

< [(z—y)"+y*]—y" (=) by Lemma 2.3.2

<z -yl
and similarly
yt ot <y 2
Therefore |zt —y*| < |z —y|
(b)

et =yt = /X

I
Mﬂ
&

|

S
Y
—~
Uy

o
(o}
—~

o
N—
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Corollary 2.3.3a
If 2 >0 and d; € IN, for which y; < 0, then

|z —y*|| < ||z -y

PRrROOF

zx > 0 = m*z:z:jZU and

— |xj——yf‘ = z;-0 < z;-y; (=)
<oy -yl
but af —yf < e -yl Vie N\ {5}
— 2" —y*|| < [z -y
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Lemma 2.3.4 (Contractive Property w.r.t. the Maximum Norm)

Let w®, w® e W, and 5,7 € Rg. Then

Hf(“’(l)’sﬁ) —f (“’(2)’377)‘ (2.3.2)

< [ - w®)|

max max

PROOF
Let

(w§21—7>+ t=1,...,k—1
SR 0 NPT W0 DU LR T
(wl(-l)—T)+ =k +1,...,r

In the sequel, extensive use shall be made of Lemma 2.3.3 in conjunction

with the above.

If kl =k= kg, then

wz(i)l—wﬁ)l| 1=1,...,k—1

(1) (2)

,

=

=

e

™)

>
IN

v, =, wy’ — wy 1=
wl(l)—wl(?) r=k+1,...,r
— vfl)—vlm‘ < max w§1)—w§2)| V1 € IN,
JE]NT

Otherwise we may assume w.l.g. that k; < ky. The proof is tedious, but not
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difficult.

Case 1: i=1,...,k —1

wz(-li-)l - wg-)l

Case 2: 1=k

o o] < ol 45— (=)
o { il ez
wy L —wy wy’ + s < wpiyy
Case 3: i—k1+1 v ke —1
NE P TS
< { w%} - w(l(z%)l 1(1) 2 wz(+)1
Wy — Wy \ 1(1) < wz(i)l

The cases ¢t = ko and 7 = ky + 1,...,7 are proved similarly to Cases 2 and 1

respectively.

Again, therefore,

|vfl) — vl-(:!) < max wg-l) — w§~2)| Viée N,
]eINr
which finally means that
Hv(l) _ ,v(?)} < Hw(l) _w®
max max
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Lemma 2.3.5
Let
x=(21,...,2,),y=(y1,...,9) €ERY
7 and o be (possibly equivalent) permutations of IN, so that

R(z) = ($7r(1), e ,a:,r(r)) and R(y) = (yg(l), - y,,(r)).

Then
x-y < R(z) R(y)

with equality iff zi=z,5) S vi=vs; VieN,
ie. iff @« and y are “ordered” in the same sense.

PROOF

We first show by indirect proof that the maximum scalar product occurs
when & and y are ordered in the same sense. Suppose & and y are not
similarly ordered. By the commutativity of addition and of multiplication,
we may assume w.l.g. that z = R(x) but that the components of y are not
in ascending order. As a result 3m,n for which z,, < z,, but y,, > y,. Write

y for the vector obtained by interchanging y,, and y,. It follows that
z-(y—y)
L1y oy s Tryee oy Ze) (0000 Y — Ymy e ooy Yin — Yy -+, 0)

(
(Jjn - xm)(ym - yn)
0

>
—> @ -7¥y is at least as great as ¢ -y

Continuing in this way, we find that, after a finite number of such exchanges,

R(z) - R(y) yields the maximum scalar product. More details are provided
in Hardy et al. [33, Chapter 10].
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Lemma 2.3.6 (Contractive Property w.r.t. the Euclidean Norm)
Let ,y € IR" and s,7 € IR. Then

(a) () |R(z) - R(y)|| <[z -yl

() f(=,s,7) = fy,s,7)l| < [le =y
(b) In particular, suppose that &,y € W, and s € Rg. If, in addition,
|R(Z) — R(y)|| = ||z — y|

where T = & + se and ¥ = y + se,

then 3 permutation « of IN, for which

{R(E) = Efﬁ(l),...,@m)
R(y) = (7

such that y; + s <y, = k(r) =r.

PROOF

(a) Let 7 and o be permutations of IN, for which

{ R(ilt) = gl'ﬁ(l), ceey .I'w(,,))

Yo(1)s - > Yo(r)
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(i) From Lemma 2.3.5 - z;y; < 21 Tx(;)Yo(;) Which implies that
j=1 i=

IR(z) - R(y)|* = [Ii(jﬁry?m]—221%(;‘)?/0(]')
=1 Jj=
< Y2+ - 23 e (=)
7=1 1=1
< Je—y’

(i1)
1f(@,s,7) = f(y,s,7)l

= [[R(@ +se - r1)]" = [R(y + se - T1)]*|

< ||R(x+se—11)— R(y + se — 1) by Lemma 2.3.3
< (& +se—11)— (y+ se — 1) (=) from (i)
<l -yl

(b)y If s =0, thenZ =z and g =y, but ¢,y e W, = T =2 =

R(z) = R(T); similarly ¥ = R(y). Consequently x = ¢, the identity

permutation of IN,.

Otherwise s > 0 = z; < 21+ s and y; < y; + s. It is, therefore,

meaningful to let £ = max{¢: z; < z;+s} and I = max{i : y; < y; +s}.
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Then

Tig1 l—].,...,k—l
(R@), = | mits i=k

Yi+1 Z_17' 71_1
{R(y)};, = nts =
Yi i=l+1,...,'f‘

Yz (3)
For k£ = [, obviously

1 1=k
7 t=k+1,...,r

i+l i=1,... k-1
k(1) =

If, on the other hand, k # [, then we may assume w.l.g. that k£ < .
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Then
k 2 a 2 2 l 2
> ('r] ya) + > (= y;)t+ (1 — )+ X (IJ yy)
J=2 J=l+1 j=k+1
= |z—yl’
= |R@) - R®)| by assumption
k-1 , , -1 ,
= ,Zl(f'?j+1 — i)+ (2145~ yr)® + j_'%l(%' — Yis1)
]: =
Hai—y— )+ X (25— y;)?
=41
k , r , ! 2 g til
j:z(% y;)’ + j:zl;—l(m] yj) j=;+1( j y]) i iYi+1

+(zy +8)2+ (v +8)* — 2(z1 + 8)Yk41 — 2z1(y1 + 8)

{
= [(z1+5)— (1 +3)]° =2 > 2y =

.

I
(214 8)2 4 (g1 + )2 — 2 [ (21 + 8)Yks1 + '2;: 2xj_1yj + zi(y1 + s)
i=k+

1
= TeplYka 2 LYt (x148) (1 +s) =

i=k+
!
(14 8)yrer + D> , zi_1y; + iy + s)

J=k+

(2.3.3)

l
The right-hand side is equal to ) T5(j)Y(;)- from Lemma 2.3.5 we
=k

know this to be the maximum possible product of the components of the

vectors (1 + S, Tkt1,. -, Zi—1, 21) and (Ye41, Yke2s--- Y01 +8). We
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also deduce from the same lemma that, because of the equality (2.3.3),

(Thy1, Tht2y---> 2, 21+ 8) and (Yks1,Ykezs - -+ Y1, y1 + 8) are similarly

ordered which implies that
Ty St <o S <o+ sbut o+ 8 < T
= T4 :$k+2’—_...:$1:$1+8

Zit1 Z:].,,k"—l
4 :k,,l'—l
= {R@), = ¢ o

z1+s 1=1
z; i=141,...,r

= k(2) = 7(1)
i+1 1=1,...,0—-1

Finally, suppose y; + s < y,. Then, since y € W,,

yr = maxy; = k(r) =r

Remark 2.3.3
If y1 + s = y,, then k(r) = r or k(r) = 1.

The following lemma, the last of the section, is concerned with a function

similar to f!! in the proof of Lemma 1.2.2(b).
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Lemma 2.3.7
Let

fl(w')Sl?Tl) = f(w731’7-1)
Fipr (W, (85,75 1 € Npq)) = Ffp(w,(si,7; 1 € INg)), Sk, Thoa]

(2.3.4)
so that f, (k € IN) is the k-fold iteration of f. Then for any k € IN, f,
inherits the following properties of f:

(a) monotonicity in its first argument

(b) contractivity (in its first argument) w.r.t. the maximum norm

PROOF

(a) For k = 1, Lemma 2.3.1 may be applied. Suppose, therefore, that

fi(w,(s;,7; ¢ € INg)) is nondecreasing in w for some k € IN. Then

*

w>w

= fi(w,(s;,m; 1 € IN.))
> fir(w”, (si;mi; 0 € INy))

= Flfe(w,(si,7; 1€ Ng)), Spqr, Thta]
> ffi(w* (si,7; ¢ € Ng)),Skt1,Tky1] monotonicity of f

(w, (81’,7'1'; 1€ ]Nk+1))

= fip '
2 frgr (w7, (56,755 1 € Ngyy)) by (2.3.4)

and induction completes the proof.

(b) Lemma 2.3.4 produces the desired result for f,. Assume, therefore,
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that f, (w,(s;,7; ¢ € INk)) has the contractive property. Then
Frn (w(l)’(siaﬂ'; 1€ ]Nk+1)) —Fin (w(2)7 (si,7i; 0 € ]Nk+1))”

b [fk ('w(l),(sz’,ﬂ‘; 1 € ]Nk)) ,5k+1,Tk+1]
—f [.fk (w(ﬁ)’ (Si,Ti; 1€ lNk)) ,5k+1,7'k+1]

max

IN

I (w(l), (si,7i; 1 € ]Nk)) —f (’w(z),(Si,’Ti; 1 € Nk))l

max

IN

w® — w(z)}

max

Remark 2.3.4 (k-Fold Iteration f,)

(a) The properties of f inherited by f, are not limited to those given in
the lemma. For the purposes of this chapter, those given in Lemma

2.3.7 will, nonetheless, suffice.

(b) Using the notation of Loynes [47], one may write

whp(w) = fo(w,s1,...,8:,T1,...,Tn)
2.3.5
/ (2.35)

W (W, (8,15 1 € INL))

2.4 LOYNES’S MINIMAL SOLUTION, AND STABILITY

We again consider the GG/G/r queue according to the hypotheses of §2.1
(which include the fact that E(sp) < oo) and the notation of the previous

sections. It is convenient to write u, = s, — r7,, which notation is consistent

max
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with the case r = 1 of the first chapter. The definition which follows estab-

lishes a connection with the stability introduced in that chapter.

Definition 2.4.1
Write F,, = L (wy1,...,Ws,). Then the G/G/r queue shall be said to be

(a) convergent stable iff F,, ——> F where F'is a proper distribution func-

tion
(b) stable iff the sequence (w,;;n € IN) is stable Vi € IN,

(c) unstable iff it is not stable

Lemma 2.4.1 (Equivalent Conditions for Stability)
The G/G/r queue is stable iff either one of the following conditions holds:

(a) (wn,r;n € IN) is stable

(b) <§T: Wy jiM € ]N> is stable
7=1

PRrROOF

(a) Necessity.  From Definition 2.4.1 stability of the G//G//r queue
= (wn;;n € IN) stable Vi € IN, = (wnr;n € IN) stable.

Sufficiency. Suppose (w,,;n € IN) is stable. From Lemma 1.2.1 and

Remark 1.2.1, we know that there exists a proper distribution function



90

G such that G(z) < Plw,, <z] Yz € IR Vn € IN but

Wy, = maxw,; = G(z)< Plw,, <z] < Plw,; <z]VieN,

" 1€IN,
= (wni;n € IN) stable V¢ € N,
= the queue is stable, as required

(b) Necessity. Ifthe G/G/r queueis stable, then each sequence (wyi;n € IN)
is stable. An extension, using induction, of Corollary 1.2.1(b) yields the

fact that <‘é Wy ;N € ]N> is also stable.
5=1

Sufficiency. As in (a), we make use of Lemma 1.2.1 and Remark 1.2.1.

The proper distribution function H which bounds P [E Wy, <

]_

from below is also a lower bound of Plw,; < z] for any ¢ € IN, since

-
Z Wn, 5 S T
=1

w, >0= H(z) <P < Plw,; <z] Vie IN,.

Lemma 2.4.2 (The Essential Lemma)
Let
r r—1
by =Tw, — > Wyj = (r—1)wp, — ana = Z (Wnyr — wnj) Vn (2.4.1)
=1 7=1
Then
(@) Wy —wny <b, VicIN,, Vn (2.4.2)
(b) there exists a stationary a.e. finite sequence () such that

“,;:l :ﬂg 0 and bn S (T‘ - ]-)Sn—l + Ty + rw—l',,, (2'43)
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(¢) Thus

(i) Jim liminf Plb, <y] =1

Yy—00 n—
(ii) = (rwnﬂ- - ww) =0 VielN,, Vn
7=1
Hence w,; and w, are stable or unstable together.

PROOF

Initially we note that, if s, = 0 a.e., then w; = 0 = w, = 0 and even
if the initial condition is (finite but) not 0, the system is stable. Hence there

1s no need to consider this situation further.

(a) The result is easily shown as follows:

wn,i - wn,l S wn,'r - wn’] Vl € ]N,,-

r—1

< (wn,'r - wn,l) + Z (wn,'r - wn,]) (:)

J=2

IN

b,



(b)

Case 1: Wy + S < Wy = boy1 < by — 5y

From (2.2.4), Wny1, = (Wn, — 7,)7. More generally, write

(wn,i+1—7'n)+ i=1,...,k—1
Wnt1,4 = (wn,l + Sp — Tn)+ 1=k
(wn‘i—Tn)-F i=k+1,...,r

as in (2.2.5) (with k& < r).

Using Lemma 2.3.3(a) and noting that

r—1

k + +
Zl Wp41,; = Z (wn] - 'n,) + (wn,l + 8, — Tn)
J= 71=2

-+

Z (wn,; — Tn)+ , we obtain
=1

bn+1 = Z

—

Wntl,r — (wn,] - Tn)+] + Wp41,r

=2
(wn 1 + Sn — Tn)+
r—1
= 3 |(nr = 1) = (wny — )|
J=2
+ ‘(wnr Tn)+ (wn 1 + Sn — Tn)+‘
r—1
S Z(wnr wn]) + (wn'r Wy, 1) Sn (—)
7=2

IN A
SR
l
» =
3
g
s
Te
s
|
&
0

92
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Case 2: Wp1 + Sp = Woyr = bpga < (r—1)sn

Now (2.2.4) gives Us Wpt1,r = (Wn1 + Sn — Tn)+ and

+ .
(Wniy1 — Ta) i=1,...,r=1

Wpt1,i = . which leads to
(wn,l + Sn — Tn) t=T

bn—l—l = (T‘ - 1 wn+1 r an+1 \J

r

= (r—1)(wp1+8p — Tn)+ — Z (Wn,; — Tn)+

=2

T

— [(wn‘l + s, — Tn)+ - (wn,j - Tn)+]

j=2
S Z(wn,l + S — wn,j) (:)
71=2
S (r—l)wn1+ T_l an] (:)
S (T — 1)wn71 + (7' - 1)571 + (bn + Wy, — 'I"U)n,,-) (:)
< b, + (7‘ — 1)3n + T(wn,l - wn,r)

< (rwn,r - iwn,l) 4+ r(Wng — Way) + (r—1)s, (=)

J=1

< (r—1)s,

where, in the penultimate step, we use the fact w,; = minw, ;.
1€INy

The first inequality is based on the results of Lemma 2.3.3(a).
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Hence
bppr < max[b, — Sn, (1 — 1)s,] (2.4.4)
Next let
en =by— (r—1)sp_1 and v, = (r —1)s,1 — 735y
Since (s,) is a stationary sequence, so too is (v,), and E(ve) = —E(s¢) < 0.

If E(so) = 0, then s, = 0 a.e. (because s, is nonnegative) which, as

explained already, is not of interest. Also

Cn+vn:bn_r3n

and
Cnt1 = bn+1 - (T’ - 1)311
< max[b, — $n, (r — D)sy] — (r — D)sn (=)
< max[b, — rsp,0] (=)
< (Cn + Un)+

As indicated above, we need only consider the case in which E(vg) < 0.
(2.4.4) does not allow us to determine the sign of ¢;, but obviously

+

(&) +

> 0. We may, therefore, use ¢} as an initial condition w; = ¢f.
Thereafter we may consider a queue, the waiting-time sequence of which
is given by w1 = (w, + vn)+ > 0. With E(vy) < 0 we are thus in
a position to apply the results of Theorem 1.3.2 and to conclude that

there exists a unique a.e. finite stationary solution sequence (m,) for

which T % 0, (2.4.5)

We claim that the following relationship exists between (m,) and (c,):

en <My +¢f (2.4.6)
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Obviously ¢; < ¢f <y +¢f, so suppose ¢, < My + ¢t holds for some

n. Then

Cn+1 S (cn + Un)+

(M + ) + vn)+ (=) by hypothesis

< (Mn+v)t+¢f (=) by Lemma 2.3.2

< Mg +of as required

From (2.4.6) and the definition of ¢;, we obtain

bn — (T — 1)Sn_1

T
O TWp, — », Wy
i=1

<

IA

IN

My, + [b1 — (r — 1)so]* (=)

+
My, + (rwl,r - [Z wy,j +(r — 1)80])
i=1
ﬁin + TWwy,r

(T - 1)Sn—1 + ;ﬁn + rwi,r

In view of this and (2.4.5), z,, = m,, will do.

(c¢) From (b)

(i)

lim lim inf P[b, < y]

Y—00 n—00

> lim liminf P[(r — 1)s,_1 + 2n + 1wy, < y]

Y—00 N—00

=1
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since the random variables on the right-hand side of the inequality

are stationary and, more important, they are honest.
Hence (b,) is a stable sequence.
(i1)

r
TWni — Z Wa, 5 S bn (wn,i S wn,'r)
J=1

n n

,
= (rwn,i—glwn,j) < (r=l)mEt4in s 50

Sn—1
n

because is the difference of two sums, each of which converges

to E(so) < 0o and £ % 0 from (b).
Combining (a) and (c)(i) we obtain

lim liminf Plw,; — w,; <y] > lim liminf P[b, < y]

Yy—00 N0 Yy—o0 n—0oo

v

1

= lim liminf Plw,; —w,1 <y] = 1

Yy—o00 n—oo

= Wy, — Wy, is stable V2 € IN,

In particular wy, , —w, 1 = lflél]%]X Wy,i—Wy 1 1s stable. Consequently the stability

of w,, implies the stability of w,; and conversely. Now Lemma 2.4.1 implies
w,, is stable & w, , is stable. Finally, therefore, w,, is stable & w,, ; is stable.

a
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Theorem 2.4.1

Consider a G/G/r queue with CAP [p, L(¢)]. Write u, = s, — r7, and

_ E(s0)
p= rE(m) "

(a) The stability of the multiserver queue implies the stability of the single-

server queue with ¢!, = (77, 8,)
(b) If p > 1, then the multiserver queue cannot be stable

(c) For all values of p

M0t 1 1B(uo)]™ ae. Vi€ NN,
n
(d) If p = 1, then there exists a minimal stationary sequence (m, = m,(¢))

satisfying
m,1 = R(m, + s,e) — 7,1 (2.4.7)

(e) If p < 1 (or, equivalently, E(uo) < 0), then the multiserver queue
is stable and there exists a minimal a.e. finite stationary sequence

(m,, = m,(p)) (so m, € W, a.s.) such that
My = f(mnasnaTn)

PROOF

From Lemma 2.3.1, we know that (the vector function) f satisfies the prop-
erties stipulated in Lemma 1.2.2. Consequently, as stated in the introduction
to the present chapter, most of Theorem 1.2.1 remains valid in r-dimensional

Euclidean space.
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We first prove some results of general interest in the theorem. Initially we

need to show that
+

(2.4.8)

T T
D Wat1j 2 | D Wi+ U

for any n. To do so, let w,41 be as in (2.2.5). Then

. + . +
[Z Wn; + un} = | wn;+ 8, — rTn]
J=1 7=1

- +
= |(Wpa+ S$n—Ta) + 22(11)”,3- — Tn)}
L 7=

< (Wan+$n—To)t+ X (wnj—710)F (=) Lemma 2.3.2
i=2

k—1

S Z (wn,j-}—l - Tn)+ + (u}n,l + Sp — Tn)+
J=1
+ 2 (way— 7))t (=)

7=k+1

< Z Wn41,j

=1
Next we prove that

> Wagr; > > Uy VneNN (2.4.9)
1=1 m=1

From (2.4.8),if n =1

+ 1
+
>uf > uy,
m=1

T T
Z Wa,; > Z wy,; + Uy
7=1 7=1




Suppose (2.4.9) to be true for some n € IN. Then

+
T T
D Wngaj 2 [Z Wpi1,j + Un+1}

IV
{3
I+
faed
3
N
+

n+1
2 ) Up
m=1
Hence, from (2.4.9)
P 1 n
hmloglf— Z Wny1; 2 Hminf =5 37wy,

Furthermore, from Lemma 2.4.2(c)(ii)

n—oo n+1

by (2.4.8)

) by induction

99

Theorem 0.2.2

_ 1
0 = lim — (rwnﬂ,i — Z wn+1,]>

=1

n—oo

,
= hmmf (Twn+1,z’ -2 wn+1,j)
i=1

= liminf D¥ntls i
n—o0 n+1 llgglf Z Wnt1,5
TWn41,¢
< liminf =2t — T(u)

— hmmf—i— > E(ug) a.s.

n—oo

(2.4.10)
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(where we may proceed directly to (2.4.10) if the limit on the left is infinite).
(a) Suppose that the multiserver queue is stable. From Lemma 1.2.1, there
exists a proper distribution G such that

G(z) < P

J

-
Wng1,; S T
=1

< P

+
(Z Wn,j + un) < x] from (2.4.8)
j=1

which yields the stability of the single-server queue.

b) When p > 1, then Theorem 1.3.1 implies instability of the single-server
P g
queue with ¢! = (r7,, s,) which, in conjunction with (a) above, means

that the multiserver queue must also be unstable.

(c) When E(uo) > 0, (2.4.10) allows us to conclude that w,; — oo Vi € IN,.

o]

Consequently, for sufficiently large n > N, the positive part in (2.2.5)

becomes redundant and we may write

Wy i1 — Tn 1=1,...,k—1
Wnt1i — Wn 1 + S8 —Tn i=k
Wy — Tn 1=k+1,...,r
= E Wny1,; = Z Wn, 5 + Unp
=1 =1
= 2 Wny1y— 2 WN,; =) Up from Lemma 0.2.2
71=1 7=1 m=N
= lim 2 Y w,; = E(u) by Theorem 0.2.2
= Jim =t = E(ug) as. Vi€ IN, by Lemma 2.4.2(c)
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Recall how Theorem 1.3.1(d) (w—"égl = E(ug) a.s. for the supercritical
queue) was used to obtain the result u’”nﬂ = 0 a.s. for the critical

and subcritical queues. Using this method, we reach the analogous

. L n . ; n .
conclusion + _lew- — 0 leading to =2+ — 0 Vi € IN,. Hence the
=

result.

From Lemma 2.4.2, we know that w,; and w, are stable or unstable
together. For certain initial conditions (especially if the servers are all

initially free) L(wn1) — L(mo,) and L(w,) — L(m,).

Suppose, in particular, that both (w,:) and (w,) are stable. Then
there exist proper distribution functions G and G such that

Gi(z) < Plwa, < z]
{ Gz) < Pw,<z] "™ "¢
Gi(z) < lim Plway <a] = Plmg, <]
= G(z) < limPlw, <z = P[mo< 2]

so both mg; and mg are stable. The case of instability follows in a
similar way, with the result that mg; and mg are honest or dishonest
together. Using this fact, in conjunction with stationarity, we conclude
that, for any n, P[m, infinite] = P[my infinite].

Let A = [m,; = oo Vi € IN,]. Since m,; = mﬂi\Tn My, We may write
t€IN,
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A = [m,; = oo]. Now

P(AAT7'A) = P[{mu_1,1 =00} N {my; < oo}]
+P[{mn_1,1 < OO} N {mn,l = OO}]

= 0
since
Mp1 = miﬂ[(mn—m + Sp—1 — Tn—1)+7 (mn—1,2 - Tn—l)+]

= oo if Mp_11 = OO (:> Mp-12 = OO)
< oo if Mp_11 < 00

Thus A is an invariant event (Definition 0.2.4) and with ((s,,7,)) er-
godic, this means that P(A) = 0 or 1. Consequently m, is a proper
random vector or each one of its components is infinite. In the latter

case (2.4.7) is obviously true.

Next consider the case of mg proper. With m; honest (because my is)

we may have w; = m; = w, = m,, a.e. Using (c), therefore, gives us

Tm n
—&r — () a.s.
n [ele]

Much as in Theorem 1.3.3(a), let

T T
Un = 3 Mpy1— 2 Mpj = Up
i=1 7=1
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which leads to @, = u, a.s. (Vn) in an analogous way, implying

Z Mp41,5 = Z Mp; + up
j=1 J=1
= (mn,l + S, — Tn)+ + Z (mn,j - Tn)+ = (mn,l + 8n — Tn)
7=2
+ E (mn,j - Tn)
1=2
= (:En 1 :rn,l) + 22(17:,] :Eﬂ,]) =0
]:
h S Mp1+Sn—Tn J=1
where m = e — T je N\ {1}
but af > z,; Vj€EN,
= .’I::,J = mn’j V_] € ]1\]7‘
— My = R(m, + spe) — 7,1

(e) As in (d), the remark at the start of the proof establishes part of the

desired result. Now we will be concerned mostly with stability and the

honesty of (m,,).

w; < w1 <my+ w1 since my >0
If we now assume that w, < m, + w;,1 for some n, we obtain
Wpp1 = f(mean)
< f(m, +wy,1,8,,7,) (=) by monotonicity

< [[R(m, + spe) — 7,1] + wy,1]F

< Mgy + w1 by Lemma 2.3.2
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Consequently, by induction

w, < m,+w,l VnelN

If m,, is honest V n (or simply, my is honest because of stationarity),

then
Gxz) = Pm,+w,1<z] < Pw,<z] Vn, Va

where (G is a proper distribution function because w; is also honest. By
Lemma 1.2.1 and Remark 1.2.1, w, is stable. Let us, therefore, show
that m is honest. For the sake of simplicity, but w.l.g., we consider

the situation in which w; = 0.

Recall the random variable b, = rw,, — ZT: Wy < (1= 1)sp1 + 24
J=1

(Lemma 2.4.2(b) with wy, = 0), and define another, related nonnega-

tive random variable

dn,

-
2 W — TWy
J=1

I

(rwny — bp) — 7w,
r(wn,r - wn,l) - bn
(r—1)b, Wnyr — Wn1 < b, by Lemma 2.4.2(a)

IA

Now 3m € IN,;; wpy = 0but wy; >0V e N, \IN, (i.e., there is
a last one of w;; (+ € IN,) which vanishes). (In particular, if w,; = 0

and wy4q1, = 0, then m =n.)
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Thus d,, = }I_‘, Wp,; and since 0 < wyy = %]Ii\ln wy;, we have that
Vie N, \IN,
wiy = R(wi+se)—71 VYie{m,...,n—1}
= ZU)(.H,J' = Zwlyj—l—un_l Vle{m,...,n—l}
=1
T T n—1
= Yo Wpj = ) Wmji+ 2w by Lemma 0.2.2
) 7=1 l=m
n—1
= dm + Z Ug
l=m

(which is obvious if m = n).

Thus

1=1

T
5w

IN

<

m€EN, l=m

7_1 T_]- m1+$m]+iu1_un

=m

sup
mE]Nn

|
sup [r—l b, + Zm]—un
‘

using the bounds for d,, and b, in the second-last and last steps re-

spectively.
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It follows that

T
> wg i+ o
;=1

0
S sup |:(7‘ - 1)25m—1—n + (7" - l)mm—n + Z uljl (:)
m€EN, l=m—n
< sup [('I’ - 1)25—(n—m)——1 + (Ir - ]-)l'—(n—m) + Z U_[] (:)
0<n—m<n-1 =0
< sup [(r —1)%s o1 +(r = Da_m + Z u_l] (=)
0<m<n~1 =0
< sup Zm — Uo
mEZ@
< sup [ym + IZ u_z] — Uo
=0

mGZ@
where y,, = (r — 1)?s_pm_1 + (r — D)z _pp.

Next observe that lim ¥» = ( for essentially the same reasoning used

m—00

to obtain the result in Lemma 2.4.2(c)(ii). The law of large numbers

gives lim L Y u_; = E(up) a.e. Thus lim z, = —oco. Consequently

sup zp, is finite (because it is attained for finite m). This implies that
mEZ@

my 1s honest and, as shown earlier, we are then able to deduce that w,
is stable. Thus the multiserver queue is stable (using Definition 2.4.1

and Lemma 2.4.1 in conjunction with Lemma 2.4.2).
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Example 2.4.1 (Converse of Theorem 2.4.1(a))
We now illustrate that, although the stability of the single-server queue
with ¢!, = (r7.,8,) is a necessary condition for the stability of the as-

sociated multiserver queue, it is not sufficient.

Suppose u, = 8, —r7, =0 Vn a.s. where (7,) is a sequence of station-
ary positive mutually independent unbounded random variables with
finite mean E7. From Theorem 1.3.4 and Remark 1.3.7, we deduce that
the single-server queue is stable. Obviously we also have E(up) = 0 so

that (2.4.7) holds. Thus

0 < Mpy11
< min[mpg + S5 — Ty Mn2 — 7] (=) by (2.2.4)
S m'n,,2 — Tn
= T S My,

Also m,, , is independent of 7, (in part a consequence of the fact that

Mpo = MaX[Mp_11 + Sne1 — Tne1,Mp_12 — Tn-1]). Combining these

facts, we obtain

0 = Plm,z<c<m,] since 7, < My, 2
= P[m,, < ¢|P[r, > ¢] by independence

mM,.2 1s dishonest
m,, is dishonest
the multiserver queue is unstable

44U

Plmy,s<¢c = 0 Vn,Ve>0 (7») an unbounded sequence
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At this point, it is worthwhile to establish a connection between the notation

of Loynes [47] and Brandt [15].

As indicated in Theorem 2.4.1, the existence of the minimal (vector) se-
quence (m,,n € Z) is determined by a process analogous to that in Lemma

1.2.2 and Theorem 1.2.1. So we would have

m, = lim w]' where
m—>00
0 n<l—m
wh = (2.4.11)

f (w;n—173n—1,7'n—1) n>1-—m

As usual, let ¢ = (@,,n € Z) where ¢, = (7,,,8,) € R, and w € W,.

Denote by (w,(w,¢),n € IN) the sequence given by

w n=1
wy(w,p) = B (2.4.12)
f (wn_l(w, ‘P))Sn—la Tn-l) n € Nl

which may be equated with Loynes’s (w,(w),n € IN). In particular, when

w = 0, we could write <w2, n € ]N> (as indicated in Remark 1.2.2).

Returning to (2.4.12), we are able to deduce that w(w,T'p) is the work-
load vector at the arrival moment of the (k 4 [)th customer, determined by
starting the queue at the time of arrival of the ({ 4+ 1)st customer ((k — 1)

arrivals previously) with the initial condition w. (2.4.13)
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To see why this is the case, note that
Tl‘yon = (Tn+la Sn-}—l)
wy(w,T') = w

’ng(’LU,Tl(,Q) = f(w,Tlsl,TlTl)

- f (w)51+1’ Tl+1)
— initial condition w is the workload vector of the (I 4+ 1)st customer

= w(w, T'p) is the workload vector for (k — 1) customers thereafter,
i.e., for the (k + [)th customer

Obviously we are also able to write

wipr (w, ') = f (wk(W,TI@)aSHuTkH) (2.4.14)

From (2.4.11), we deduce that w" is the workload vector, at the moment of
arrival of the nth customer, determined by starting the queue with workload
0 at the arrival epoch of the (1 — m)th customer. On applying (2.4.13), we
obtain
Wy = Wiy (0,7 ") (2.4.15)
or, by change of variables (m = j 41 —n (which — oo as j — o))
W = w, (0, T )

, . JE€Lg, ne  (2.4.16)
and m, = limw;;;(0,7"7" 1)
j—oo
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From now on we will tend to use the latter notation, in order to fit in with
Brandt [15]. In this spirit, we prove the vector analogue of Lemma 1.2.2 in

a more elegant fashion.

Lemma 2.4.3

w;1(0,T"7710) S w,9(0,T"77%0) Vje€Zg, Vel (2.4.17)

PROOF

When j = 0, we have

Il

w, (0,77 %p) F(wi(0, 7" %¢), 501, Tn1)

.f(O; Sn—1, Tn—l)

0 (=)
w;(0, 7" ) VnelZ

VIV Il

Suppose (2.4.17) to be true for some (fixed) j € Zg. Then
wigs(0,1"77720) = f(w42(0,T"7730), 5,1, 7um)
= f’(1”j+2(077wn"1)_j_2¢);Sn—laTh—l)
> f (win (0,70 10) 5 ) (=)
> w;42(0, 7" 2g)

Hence (2.4.17) follows by induction.
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Remark 2.4.1
Several of the other results used in Theorem 2.4.1 could also be proved in a

similar way, using this different notation.

In the remaining sections of this chapter we will make the assumptions (some

of which have been stipulated already) that

p = TE—EST% < 1
where

0 < E(sn) < o

0 < E(n) < o
= —oo < E(u) < o

By a solution of (2.2.6) we shall mean a finite (and stationary) solution (an

element of W, ).

2.5 THE EXISTENCE OF NON-MINIMAL SOLUTIONS

In Theorem 1.3.2, the uniqueness of the a.e. finite stationary minimal solu-

tion (m,) to the equation w,; = (w, + un)+ was established for a subcritical

G/G/1 queue.

The example which follows shortly illustrates that this uniqueness cannot
be guaranteed for a subcritical G/G/r queue. Before presenting this exam-

ple, it is convenient to formalise the concept of a solution to (2.2.6).
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Definition 2.5.1 (Weak and Strong Solutions)

Let ¢ = (¢n,n € Z) (¢n = (Tnya)), and consider CAP [, L()]. Analo-
gously, let ¢ = (Pn,n € Z) ($n = (Tn,3n)), and write ¢ = (¢n;n € Z) =
($n,Wy) for the corresponding stationary sequence with distribution L(¢).

Then [¢, L(¢)] shall be said to be a weak solution of (2.2.6) for the CAP
[p, L(p)] iff

Y =4 ¢
(2.5.1)
Wopr = f(Wn,8n,Tn) Yn€EZ as.

In addition, the weak solution [#, L(4)] shall be called a strong solution of
(2.2.6) for the CAP [p, L(¢)] iff 3 sequence (hn;n € Z) of measurable func-

tions

such that VnelZ (2.5.2)
W, = ha(@) a.s.

Remark 2.5.1

(a) Since a strong solution is by definition also a weak solution, it is con-

venient to use the term properly weak solution for a (weak) solution

which is not strong.

(b) A weak solution [¢, L(¢)] is unique iff for all weak solutions [¢’, L(¢')]
L(¢) = L(¢'). On the other hand, [¢, L(¢)] and [¢', L(¢")] are differ-
ent weak solutions iff L(¢) # L(¢'). Thus solutions determined by
(independent) copies of identically distributed random variables are,

sensibly enough, not considered to be different.
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(c) The existence of more than one weak solution implies the existence

of infinitely many weak solutions. We examine this issue further in

Remark 2.6.4.

(d) For a subcritical G/G/1 queue the solution ((7,,3,),m,) (with

+
k
(Tn, 8n) =d (Tn, Sn)) Where m, = [sup 3 un_J] is the unique

keN j=1

strong solution (which is also the unique weak solution).

It was indicated in the introduction to this section that the uniqueness men-

tioned in Remark (d) above does not extend to G/G/r (r > 1) subcritical

queues. The example below demonstrates that fact.

Example 2.5.1 (Several Strong Solutions)
Consider the CAP [, L(¢)] with Plp = w] = = Pl = Tw] where T is the

usual shift transformation. (This assures us of stationarity.)

Let a G/G/2 queue be

abuse of notation)

where

T

p

determined by [p, L(¢)] such that (with a slight

= 7>0 VnelZ

B o1 n =2k

- {02 n=2k+1 keZ

< 03 < 09 = 27 (2.5.3)

e = Yoitoy) < 1
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so that 7,(Tw) = 7 and 8, (Tw) = $p41(w).

a
n

We now claim that the waiting-time sequence (w;,(w),n € Z) (more espe-

cially, a sequence of measurable functions) given by

—a, ) (0,a) n =2k
wn(w)—{ (a—1,00—7) n=2+1 keZ, ac|r o] (2.5.4)
is a solution to the equation
Wop1 (W) = [R(wn(w) + sn(w)e) — 7 (w)1]F (2.5.5)

Suppose w3y, (w) = (0,a) for some k; € Z. Then the right-hand side of
(2.5.5) gives

[R((0,a) +01(1,0)) = 7(1,)]" = [R((o1 —7,a—17))]*
= (a—71,00—7) since T < a < o4

= Aw/;klﬂ (w)

Conversely, suppose wy, ,,(w) = (a — 7,01 — ) for some k, € Z. It follows

that

(R (@51,41(w) + 21041 ()e) — oy (w)1]”
= [R((a+0y—21,01 — 27))]+
= (0,a) by (2.5.3)

. .
= Wy, o (W) as required
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In a completely analogous fashion w;,(Tw) = w,,,(w) satisfies (2.5.4), as

should be expected.

Next we note that w,_; = (0,0) is transformed by (2.5.5) into

_ (0,09 —7)=(0,7) n=2k -
Wn(w) = {(0,01_7) n:2k+1} = W)

If we write ¢* = ((Tn, 8n), Wy (w)), then [¢*, L(¢*)] is a strong solution for our
complete arrival process. In particular we deduce from the previous discus-
sion that [¢", L(¢7)] = ¢mim, the minimal solution, and Va € (7, 04] (which is
a nonempty interval by (2.5.3)) L(¢*) # L(¢min)- In accordance with Defini-
tion 2.5.1, we conclude that there are several (in fact, a continuum of) strong

solutions.

The next example illustrates the difference between strong and properly weak

solutions.

Example 2.5.2 (Weak Solutions which are not Strong)
Return to the G/G//2 queue of Example 2.5.1, and consider a continuous ran-

dom variable Y with support [7, 0], and which is distributed independently
of ¢.

By comparison with (2.5.4), we obtain the following weak solution of (2.5.5):

’w"(w):{ (0,Y) n =2k ez

Y—-r00—7) n=2k+1
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ie., ¢¥ = <(Tn,5n),ﬁX(w)>, together with its distribution, is a weak solu-

tion.

The randomness of Y, however, implies that Ez: (w) is not a measurable func-

tion so that [¢¥, L(#")] is not a strong solution.

The non-uniqueness of solutions demonstrated in Example 2.5.1 raises the
question of the existence of a maximal solution, as a counterpart to the min-
imal solution. This topic is covered in more detail in the next section where

the following proposition will be used.

Proposition 2.5.1
Consider the notation used in Definition 2.5.1. Given weak solution [¢, L(¢)]

9

we have that Vn € Z, almost surely

(@) [[ma(@) = Wnllmex = [[m1(2) — W|lmax (2.5.6)

(b) N[ma(@) —wall = [mi(@) —w| (2.5.7)

PRrROOF

Since [¢, L(¢)] is a weak solution, it is a stationary solution (Definition
2.5.1) which implies that (w,;n € Z) is a stationary sequence. From Theo-
rem 1.2.1, (m,(@);n € Z) is also stationary. Consequently (m,(3) — w,),
(lmn(@) — Wall;n € Z) and (||m, (@) — Wallmax; 7 € Z) are stationary se-

quences.
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(a) From the above and from Remark 0.2.2, we deduce that

[m(@) = Wallmax =4 [171(?) — Wi[lmax (2.5.8)

but the contractive property (Lemma 2.3.4) gives us
[1(@) = Wallmax < [|m22(P) — Wi ]|max (2.5.9)

If we combine (2.5.8) and (2.5.9), we obtain

P [[|ma(@) = Wi lmax = [|m1(3) — W1 [lmax] = 1

which is what we require.

(b) In view of our conclusion about the stationarity of (|[mn (@) — W, |;n € Z),
the proof will proceed by considering equations analogous to (2.5.8) and

(2.5.9) for the ordinary, rather than the maximum, norm.

2.6 IN SEARCH OF A MAXIMAL SOLUTION

The construction of the maximal solution proceeds in stages, and is based on
taking a pair of limits. We begin with a lemma which involves a sequence of
terms of the form

Wit (mn_k(go) + ql,T”_k"lgo) (2.6.1)

which, we recall ((2.4.13)) is the workload vector at the arrival moment of

the nth customer, determined by starting the queue at the arrival epoch of



118

the (n — k)th customer, with initial condition m,_k(¢) + ¢1.

Lemma 2.6.1
<wk+1 (mn_k(cp) + ql,T”_k_lgo) k€ Z@> for n € Z and q € Rg fixed is a

nonincreasing sequence.
PROOF
Proceed by induction on k.

Initially we compare the first two terms of the sequence.
wy (ma(p) +qL, T ) = ma(p) +q1

= f (mn—l(@),sn—l,Tn—ﬂ +q1

wy (mn—l(@) + q]-v Tn—2§0) = f [wl (mn—l(@) + q17 Tn—Z(p) ySn—1, Tn—l]

= f (mn—'l((fo) + qlv Sn—1, 7_n—l)
Now Vn € Z (because of the monotonicity of f)
f (mn_l(cp) + qlasn—la Tn—l) - f (mn—l(@)’sn—lyTn—l) S ql

= wy (Mo (@) +q1, T %) —wi (ma(p) + ¢1, T '¢) < 0

as required.

Next suppose that

wisr (Mak() + g1, T+ 10) < wy (mn-k+1(99) +q1,T" %)



for some k € IN and Vn € Z. Then

Wiy2 (mn—k—l(SO) + 41, Tn_k_z('o)
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= f [wis (Muciea (@) + g1, 17520 801, 7

= f [wirs (M 1(9) + a1, TODF0) sy 7

< f |ws (Muoty—rr1(9) + 41, TV R0) s, 1, 7a] (=) f monotone
< f [wr (Mack() + g1, T59) s0m1, 7 (=)

<

Wit (M) +q1, T 1)

which completes our proof.

Remark 2.6.1

The result is not unreasonable. The earlier ¢1 is added into the sequence

m,,), the greater is its “absorption by the positive-part function”.
) g y p p

Lemma 2.6.2
The limit

wile) = Jim wess (maile) + 41,774 )

exists and is finite.

(2.6.2)
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PROOF

Use the following sequence of inequalities, obtained from Lemma 2.6.1:

0 < wip (mn—k(w) + ql,Tn—k_lﬂﬁ)

IN

wy (Mg (p) + 41, Tn—l‘ro) (=)

IN

m,(¢) +q1

< o0

O
Proposition 2.6.1
Consider a G/G/r queue with CAP [p, L(p)]. Then
(a) Vq € Rg
[7, L(#7)] : 7 = (7w, $0), wi () (2.6.3)

is an ergodic strong solution of (2.2.6).

(b) wi(y) is a nondecreasing function of q.
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PROOF
(a) First we note that 7 is a solution to (2.2.6).
wip(p) = kh_{{.lo Wit (mn+1—k(90) + ql,T”"kcp)

= lim f [we(mapk(9) + g1, T Fp), 80,70

k—oo
= f Llim wi(Mmap1-k(@) + ql,T"‘kap),sn,Tn} cont. of f
= F[Jim wen(mas(o) + 01, T ) s

= f (w?z(‘fo% Sns Tn)

The stationarity is immediate:
Liwi(p)] = L{wi(T)] ¢ stat.

= L [kllrg Wiyt (mn_k(Tnp) + ql,T”_k_l(Tgo))]

= L [klif& Wit1 (mn+1—k(99) + ql,Tn_k‘P)]

= L [w31+1((n0)]

Similarly, the ergodicity is a consequence of the ergodicity of ¢. Finally,

the measurability of w? derives from the measurability of m,,.



122
(b) Let ¢ > ¢*. Then if we use Lemma 2.3.7(a), we obtain

w’?l(tp) - k}LIl;) 'LUk+1 (mn—k ((19) + ql’ Tﬂ—k—l(’o)

= khm -fk (mn_k(@) + q]-, Sn—ky+r3Sn—=1yTn—ky--- aTn—l)

vV

kliln fk (mn—k(@) + q*la Sn—ky--9Sn=1sTn—ky: > Tn—l) (:)

(A

Jim wis (Mak(0) + 1, T 1) (=)

v

wl ()

The existence of the limit

M.(p) = lim wi(p) (2.6.4)

g—00

is proved by a method analogous to that used in the proof of Lemma 2.6.2,

and is an immediate consequence of Proposition 2.6.1.

Proposition 2.6.2
Consider a G/G/r queue with CAP [p, L(p)].

(a) If

B = {k eN; . {R(my_1(¢) + sk-1€ — Te-11)}; < 0} (2.6.5)

and

K:K@p{”mM§EB}gig (2.6.6)
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then
P[K(p) <o0] =1 (2.6.7)
(b)
Plwk,=0=1VgeN (2.6.8)
(c) M, is finite w.p.1.
Hence
P[M.,(p)eW,]|=1 (2.6.9)
PROOF

To simplify the proof we may assume w.l.g. that ¢ runs through IN because

(1) w? is an nondecreasing function of ¢
and
(2) we are concerned with a limit in which we let ¢ — oo.

(a) If we prove (2.6.7), then we are saying that, with probability one,
dk>1s.t.

{R(mi_1(p) + k1€ —T%—11)}, <0 (2.6.10)

which, of course, means that my; = 0. In the first place, we recall
our assumptions that E(ry) and E(sg) are both finite, p < 1 and the
fact that the minimal solution is stationary ergodic. This immediately
establishes a connection with Theorem 1.3.2 where it was concluded
that 3 & > 1 for which P[m; =0] = 1. Example 2.5.1 implies that

it is wrong to assume in general that 3k > 1 sit. P[m; =0] = 1
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in the more general case of r > 1 servers. It is, however, valid that

P[mg; =0] = 1. Renewal events are considered in greater detail in
Borovkov [13] & [14, Chapter 4]. A related issue is discussed in Wolff
59, pp. 495-496].

Before continuing with the main argument of the proof, we note that, if

A= {99 on € ]ngmn(@) €W,
[wi () — ma(e)| = lwi(e) — mi(e)ll,n € Z,q € N}

then
Plpe Al =1 (2.6.11)

because of the results given in Theorem 2.4.1(e) and Proposition 2.5.1.
(b) Assume, to the contrary, that (2.6.8) is not true. Then
3g€Nst. Plwk, >0] >0

which implies that
Plw} >0]>0 (2.6.12)

Next we consider (2.6.12) and (2.6.10) in conjunction with Corollary
2.3.3a and Lemma 2.3.6 to obtain —— with probability one —

[wf — m||
_ 9 + +
= [R (’wK_l + Sk-1€ — TKk—1 1)] —[R(mg_1 + sx_1€ — T-11)] ”

< R(wg(_1+31(-le—7[(—ll) _R(m](_l +3K_1e-—7'[(_1]_)” (S)

q
< ".U]\’__l - m}'(_lu
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Thus

Pl = mucll < iy = micaf] >0
which contradicts (2.6.11). Hence (2.6.8) is valid.

Consider now the possibility that My = lim w] is infinite (& w{, = oo

g—00

since w? = max w?.)). With m, stationary and finite, the assump-
1,r ieN 1, y ’ p

tion that M is unbounded is equivalent to

lwk —mx| = |lw]-m| 2 oo
= Wk, w ©0 (2.6.13)

where Proposition 2.6.1 and (2.6.4) have also been used.

We can find
N-1
N > K s.t. Z T, > Mg, (2.6.14)
=K
and from (2.6.13)
N-1
3Q € Nst.wl, > Y (si +7) (2.6.15)
i=K

We need to show that the conditions for Lemma 2.3.6(b) are met. Write
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w? = w? + se, m, = m, + se. From (2.6.11), we have

IN

IN

IN

—

’U)iQ — mlH

Q
wn+1 — My ‘

+

[R@?) - 71]" - [R(m,) — r1]*

[R(w?) - 71] - [R(m,) - 71]| (=) Lemma 23.3(b)

R(w?) — R(m,)

Lemma 2.3.6(a)

R(w®) — R(m,)

= ng -m,

Consequently Vn there exists a permutation x(n) of IN, such that

R(,) = (M) Miayr))
and
R(w?) = (wgn(l)’ 7Wgn(r))
but
Mpy = [R(mn) - Tn1]+
. _ +
Thus My, = (mﬂn(l) = Ty ey Mg (r) — Tn)
d similarl o, = (@2, - w? )
and similarly wy W)~ Tnoe s W (1 Tn)
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In particular, suppose n € {K,...,N —1}. We claim that, for these
values of n, wﬁl + 5, < w¥, in which case Lemma 2.3.6(b) implies that

kn(r) = r. The proof of this is carried out in two stages.

First we demonstrate that Yn € Nx_;

n
w,?,l + s, < Z S; (2.6.17)
1=K
From (2.6.8) we have
K
wa(,l + sg =S = Z S;
i=K

Suppose (2.6.17) is true for some n € Ng_;. Then

Q . Q + +
wn+1,1 + Spn+1 = IHIN |:(wn,l + 8n — Tn) ’ (wgﬂ - Tn) ] + Sn41

IN

(wgl + 85 — Tn)+ + Spt1

n +
g (Z S; — Tn) + Sn+1
1=K

n+1

< ZSZ'

1=K

Hence (2.6.17) holds Vn € INg_4, as claimed.

Next we show that Vn € {K,... N —1}

N-1

N-1
wfir > Z S; + Z T; (2.6.18)
=K i=n
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From (2.6.15) we have

N-1 N-1
w?(’r> Z‘Si+ Zn
e st

as required.

If K = N — 1, then the sub-proof is complete. Otherwise, suppose
(2.6.18) is valid for some n € {K,..., N —2}. Then

s0 (2.2.4) =

Q _ +
wn+1,r - (wg,r - Tn)

N-1 N-1 +
> Y St X Ti— Ty (=) by the inductive hypothesis

=K
N-1 N-1
> Y s+ S
=K 1=n+1

Thus Vn € {K,...,N — 1}

0 N-1 N-1
wn,'r > Z si + Z Ti (2)
1=K i=n

(2

> ;I(Si (2)

> wfil + s, from (2.6.17)
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From (2.6.18) we have Vn € {K,...,N — 1}

N-1 N-1
wfi, — Ty > Z s; + Z >0 (2.6.19)
i=K i=n+1

Next for n € {K,...,N — 1}

2

S (02 —m) = [w@—m,

=1
2
= ngﬂ—mn““ from (2.6.11)

S [ n) " tma -]

ieN\{1}
Q + +?
+ [(wn,l + Sp — Tn) - (mn,l + Sp — Tn) ]

where [ = £, !(1) < r, and (2.6.16) is applied in the last step. Thus

r

> [(l"m — Yni) — (le - yj’i)Q] —0

=1

{wfyi‘rn i€ IN,\ {1}

Tng =
Q . -
where Wi T80 —Tn 1= !
o Mpi — Ty t € ]:NT \ {l}
Yni = Mpi + 8p—Tn 1 =1

but from Lemma 2.3.3(a), (2ni — yni)’ — (le — yj;i)2 >0
Vi, Vn € {K,..., N—1} so we must have that Vi, Vn € {K,...,N—1}

2
(@i — Yni)’ = (xiﬂ- - yi_i) (2.6.20)
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From (2.6.19) 2n, >0 = zn, =z},
5 o=yl by (26.20)
or My, —Tn = (Mpy— )t
= Mug1, Vne{K,...,N—-1}
which, from Lemma 0.2.2, means that

N-1
my, = MKy — zKTn
-

< 0 by (2.6.14)

which contradicts mpy, > 0.

Thus M is finite (w.p.1).

O
The next theorem contains the most important results of this section.
Theorem 2.6.1 (The Maximal Solution)
Consider a G/G/r queue with CAP [, L(¢)] (¢rn = (Tn, Sn))-
(a) In addition to the minimal solution
[d)mim L(zpmln)] : '(!)mjn = <(Tn7 Sn), mn((P)) (2621)

of §2.4, there exists the following ergodic strong solution of (2.2.6):

[Ymaxs L(¥max)] : Ymax = (T $n), Mn(9)) (2.6.22)
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(b) [¥maxs L(¥max)] is the maximal solution of (2.2.6). In other words, for
any stationary strong solution ((7s,sn),%n) of (2.2.6), the following

relationship holds:

M.(p) > x, VnelZ as. (2.6.23)

PROOF

(a) The proof is similar to that of Proposition 2.6.1(a).

M.ii(p) = lim wi ()

g— o0

= hm f(w%(go),sn,Tn)

g—00

= f (lim w?l(cp),sn,rn> continuity of f

q—00

= f(Mn((,O),Sn,Tn) a.s.

Next we have

LIM,(¢)] = LM,(Ty)) stationarity of ¢

= L [Hm wi(Ttp)]

q—00

= L [lim wi+1(¢)]

g—o0

= LIMop()]

In an analogous way, ergodicity of the solution is a result of the er-
godicity of . This completes (a) (because the aspect of measurability

may (in part) be determined from the measurability of w?).
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(b) From the fact that each of (®,) and (m,(¢)) is a stationary a.e. finite

sequence, we have

P G ﬁ{wnﬁmn(qul} =1 (2.6.24)

g=1n=-0c0
which expresses the fact that

Ve>0 Jge) st. Plw: p(w) <my(w,p) +q(e)} > 1 —¢

Again, because of the stationarity, we note that

{zn <ma(p) +q(e)1}
= Ak <Mk (@) +¢(€)1 Vk € Zg, Yn € Z)

{wipr (@i, T"10) < wippy (m_i () + (€)1, T+ 1)

= {wn S wk—{—l(mn—k((/p) + q(f)l,Tn_k_lip) \V/k € Z@, Vn € Z}

= {2 S wi(p) < lim wi(p) Vn € Z, Vq(e)}
1.e., the bound is uniform in ¢
= {zn <M, (v)}
(2.6.25)
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Combination of (2.6.24) and (2.6.25) yields

oo o0

1= P|U N {wnémn(w)Jrql}}

_q.—_]_ n=—o0

o0

M

Lq:l n=-00 k

DX

IA
=
s

{2, < wipr (Mai(p) + gL, T 1)} (=)

0

I

IN

—~
~—

PlU N {fcnSw%(so)}}

g=1n=-—00
< Pla, < M,(p); n € Z

which gives (2.6.23).

Remark 2.6.2
From Brandt [15], Loynes [47] and Theorem 2.6.1, we conclude that [¢min, L(%¥min)]

and [Ymax, L(¥max)] give us two ergodic strong solutions. In addition
mu(p) < ©, < M,(¢) YneEZ as. (2.6.26)

where the notation of the theorem is used. A weak solution ((7,,3,), Z,) is

characterised by

m,(@) < &, < M,(¢) VneZ as. (2.6.27)
but m,(¢) =4 m,(p) and M (@) =4 M () which implies that

m,(p) <& &, <4 M,(¢) VneZ (2.6.28)
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From (2.6.28), we deduce that in the class of weak solutions (of which the
collection of strong solutions is a subset) m,(¢) and M ,(@) obviously are
minimal and maximal respectively. The coincidence of these solutions is con-

sidered next.

Corollary 2.6.1a (Unique Solution)
For a G/G/r queue with CAP [¢, L(¢)], [¥min, L(t¥min)] is the unique weak

solution iff

Pltbmin = ¥max] = Plma(o) =M, (¢)VneZ] = 1 (2.6.29)

PROOF

Necessity.  Suppose [¥min, L(¥min)] is the unique weak solution.
Then, since M, (¢) is a weak solution M,(¢) =4 m,(p) Vn € Z, or

Plm,(¢) = M,(p) Vn € Z] = 1, and the minimal and maximal solutions coincide.

Sufficiency. Suppose Pm,(p) = M,(p) Vn € Z] = 1. (2.6.28) yields
my (@) =5t & =t M () ¥ n € Z for every weak solution sequence (Z,).

Hence the result.

Remark 2.6.3 (Uniqueness)
Uniqueness in the class of weak solutions immediately implies uniqueness in

the (sub)class of strong solutions (because every strong solution is also weak).
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Remark 2.6.4 (Remark 2.5.1(c) revisited)

With more theory, terminology and notation now at our disposal, we are
able to provide an example which verifies Remark 2.5.1(c) (on the existence
of infinitely many weak solutions when the minimal and maximal solutions

do not coincide). Consider

Ymin With probability p

d)max with plOb&b]hty 1— P

where the “Bernoulli choice” may be incorporated into a random initial con-
dition. (Naturally, therefore, this does not imply infinitely many strong so-

lutions.)

2.7 LIMITING BEHAVIOUR AND UNIQUENESS

Proposition 2.7.1
As before, consider a G/G/r queue with CAP [p, L(¢)] and the random

initial condition w which satisfies

w < my(p) as. (2.7.1)

Then
[wn(w, ©) = My (@) lmax = 0 as. (2.7.2)

so that

W, (W, ) e My () (2.7.3)
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PROOF
w < mm(p)
= wa(w,0) < map) =a Ma(p)
= w'= lim wa(wg) <u mly)
but w’ is a stationary solution
= my(p) <g w' minimality
= w =4 ma(p)

which leads to (2.7.2) and (2.7.3).

The next example demonstrates that without (2.7.1) we cannot guarantee

(2.7.2) (or (2.7.3)).

Example 2.7.1
We again consider the G/G/2 queue of Example 2.5.1 but with the additional

assumption that o; = %T. Initially we also restrict ourselves to n € IN in

this example in which the minimal waiting-time sequence is then given by

— 0,7) n=2%k
mn(w) = wn(w) - {EO l,),-) n=2k+1

72

= mu(p) < w = (0,0q) = (0,27) VneZ

where w is the fixed initial state we will be considering.
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Then
(37,57) n =2k . o
w,(w,Tw) = { ((2]’ %};) n— 2k 41 (since w,(w,Tw) = w;! (Tw))
(0, %T) n=1
Ir,t) n=2
wa(w,w) = 2(2),7' ) n=3

For sufficiently large n certainly
we(10,0) — maf) = (0,0)
= wa(w,0) =M (W) lmax = 0
and
w,(w,Tw) —m,(Tw) = {
o (w,Tw) — (Tl = b7

but Pl = w] =1 = P[p = Tw]. Hence

2:

P [[|w(w,9) = Mn()llmax = 0] = 1 = P [[lw.(w, ) — 12, (60) lmmax = 37]

so obviously (2.7.2) cannot hold.

From Example 2.5.1 we know that there is more than one weak solution

of (2.2.6) for the G/G/2 queue considered in that example. This suggests a

?With an initial condition “imposed at —oo” the result would actually hold Vn € Z.
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potential connection between a failure to satisfy (2.7.2) and the existence of

more than one weak solution. The next theorem confirms this suspicion.

Theorem 2.7.1
Consider a G//G/r queue with CAP [p, L(¢)]. Then [¥min, L(%min)] is the
unique weak solution for [p, L(p)] iff any one of the following equivalent

conditions holds for an arbitrary initial state w.

lwa(w,0) ~ mu(o)l]| % 0 as. (2.7.4)
(o (W, 9),n € IN) s (m, (i9), 7 € IN) (2.7.5)
w,(w, ) 5 my () (2.7.6)

ProoFr

(i) Uniqueness of [min, L(¥min)] = (2.7.4)

Let ¢ > 0,
d'(k,n) = di(k,n, )

= fk(mn((;o) + ql"sm <oy Sndk—1yTny -« 7Tn+k—1)
_mn+k(<p)

= Wi (ma(p) +q1, T o)
—Wiy1(ma(p), T )

IA

ql

= [1d"(k, 7)l|max

IN

q
(2.7.7)



and
Di = Di(¢) = {keIN:|d(k,n,)|max < q}
Define
min{k:k € Di} DI #0
6:{:52(99)={ {oo }qu(b
— ||d?(82,n)||max 6% < o0
AL = Alle) = {q | (0" ) 87 = oo

Next consider the sequence for fixed ¢

AT = <(Tn’ Sn, &Iw AZ))
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(2.7.8)

(2.7.9)

(2.7.10)

(2.7.11)

For a reasoning similar to that used in Proposition 2.6.1(a) and Theo-

rem 2.6.1(a), A? is stationary ergodic (because ¢ is).
If we now assume that
3¢ > 0s.t. P[6] =00 =1

then the stationarity implies P[62* = co Vn € Z] = 1.

(2.7.12)
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In accordance with (2.7.7), (2.7.8), (2.7.9) and stationarity, we have

PHIdQI(kanv(p)Hmax =1 Vné& Z, Vke ]N]
= P[lldql(k>n7T—k99)Hmax =0 Vné€ Z, Vke N]

Plllwesr (ma-i(0) + a1, 77571 0) — ma(9)]max

7 =q VYneZ,Vk e IN]
P Jim i (maoi(9) + @1, T"520) — 1 () s
= k—o0
=q YnecZ
= P[Hw%l (80) - mn(@)”max =1 >0 Vn € Z]

=1

= 1

=1
(2.7.13)

but, of course, m,(¢) < w(p) so (2.7.13) would then imply that

L(tmin) # L(?) which contradicts the assumption on the uniqueness

of [¥min, L(¥min)]-
Thus (2.7.12) is invalid so V¢ > 0
P[éi(¢) < 00] > 0
hence
Pk e Ns.t. |d(k,1)||lmax < q] > 0
= P[3keNst.g— [|[d(k,1)||max >0] > 0
= P[A] > 0] > 0
From (2.7.14) and (2.7.15) we thus have that

delg) > 0s.t. P[{61(¢) < 0o} N{AJ(¢) 2 €(g)}] > 0

(2.7.14)

(2.7.15)

(2.7.16)
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Next define

Bi(p) = {neIN:{6(¢) <oo} N{AL(¢) > c(g)}}

B = {pe(R)%:|B(p)| = oo}
and B = ﬂBk_l
k=1

(2.7.17)

The stationarity and ergodicity of A7, in conjunction with (2.7.16),
(because the probability of an invariant event is 0 or 1 under these

conditions) gives
Plpe Bl = 1 Vg
= PlpeB'] = 1 VkelN

= PlpeB] =1 (2.7.18)

Consider g € B and an arbitrary initial condition w € W, satisfying

my(po) <@ (2.7.19)
We prove that
Zn = z(W,p0) = ||vnHmaxg’0
(2.7.20)
where v, = v.(W,00) = w,(W,p0) — Mm,(po)

by a reductio ad absurdum argument.
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Now (z,,n € IN) is a nonnegative nonincreasing sequence (Lemma 2.3.4)
so that if (2.7.20) is assumed to be false, we must have z, > 0 Vn € IN.
Consequently

Jko € Nst.go=ky' <2<z, Vne N (2.7.21)

Since ¢g € B, pg € B¥'VkeN= o € B%. Thus there exists a sub-
sequence (2;) of the natural numbers such that 67’ (o) < 0o Vi, (I € IN)
and A’ (¢o) > €,. From this denumerable subsequence a sub-subsequence

(7'(21)) (that we will abbreviate as (7)) satisfying

Ji4 62 (po) < jiyr and A% (p0) > €, (2.7.22)
may be extracted.
Fix [ € IN and, to simplify notation, write

o (T N00) = Fo (5 8i00 s S545-15 Ty -+ > Tihoo1)
where § = 6%°.
If we define
v

w (W, 00) = m;(0) + go—1—

19 l[max

(2.7.23)

€ [mjt(@o)a mjz(SOO) + qu]
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then
_ o Y
wjl(w’ SOO) _ :u)jl(ru)7 (PO) — ['Ujl + m][(L/QD)] - m]l((PO) + QO “’Uﬂ “max
Vj
T e
vj [z
= 9o
19 [lmax
> 0
(2.7.24)

because of (2.7.21). Using Lemma 2.3.7 several times
Zj(41)

= ij(z+1) “max

= i (@ 00) = 0 (20)]

max

< lwjiss(@, 00) = Mas(90)]llmar J1) > 6+ by (2.7.22)
< “’wjhua(ﬁ, Po) — wj 45(w, 990)]‘ s

+ ([ 45(®, 20) = mas(wo)l]|
< “w]-l (W, o) — w3, (w, 990)} . using(2.7.23)

+ [[wssr (M, (wo) + go1, T o) — wsi1 (M5,(00), T 00) |
< (2, —q) + (qo - Agf) by (2.7.24) and (2.7.10) resp.
< oz, — €q AP > €, by (2.7.22)

Thus z;, < z;, — €,({ = 1) VI € IN by suitable adaptation of Lemma
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0.2.2. For sufficiently large [, this leads to a contradiction (because

of Lemma 2.3.7(b)) which implies that the assumption lim z, # 0 is
false. Hence (2.7.20) is valid.
In Proposition 2.7.1 (equation (2.7.2)) we deduced that

w < m(p) as. = |wa(w, ) — M (@)||max = 0 a.s.
whereas we have just shown ((2.7.20)) that

mi(p) < w as. = |lwi(w,p) — My (¢)|lmax = 0 aus.

It remains to investigate more general instances of the initial state

weW,.

To this end, define two W,-vectors w(~™) and w{*) where

wy
ml,i(‘P)

{ ::1,1'(50)

wz(.‘) = min[my;(¢),wi] < {

w;” = max[my (), wi]

v

which implies that

wa(w),0) < wu(w,p) < wa(w), ) (2.7.26)

(2.7.25) in conjunction with (2.7.2) gives us

(0, 0) = M () lmax 2 0 as. (2.7.27)

and (2.7.25) combined with (2.7.20) yields

||wﬂ(w(+)a (p) - mn((rg)”max %’ 0 a.s. (2728)
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Consequently

0 < Jlwn(w,9) = ma(¢)|lmax
< wa(w, @) = (W, ) lmax + [wn (W, @) — M () [lma
< wa(w™®), ) = wa (W), 0) max + [[wa(w, ©) = M () lmax
< 2 wn (W), ) () e+ 1000, 9) — () e 2 0 a5
= |lwa(w,p) — m.(p)] = 0as. by Remark 2.3.2

(i) (2.7.4) = (2.7.5)

Let X = {& = (z,,n € N); 2, € R™}. If 2, 2@ € X, then define

( g N
d(z™, 2 Zd Le®)2m = > @

i+ (e — 2P

—Nn

(Compare Billingsley [11, pp. 218-219] and Franken et al. [31, p. 68].)

d* is a metric on IR™ (compare Apostol [1, p. 67, 3.29]) so that 27"d*
(Vn € IN) is another metric on that space.® More significantly, (X, d)

is a complete separable metric space.

Write
Sk = <(Tn+k) Sn+ksy mn+k(§9)), n € m>

Ck = <(Tn+k7 Sntk, wn-i—k(wa 90))’ ne IN)
[t is easy to prove that

lel)y — 22l < Jle® —2@] = d(@0),2P) < d (@D, 2?)

n

(2.7.29)

39277 ensures convergence of the series.



(by considering the difference d*(mg), 5'3512)) —d*(

Now suppose m = r + 2. Then

Pld(&x, Cr) > €]

IN

IN

IN

IN

P

P

)

Ln=1

d*(Wepr (w,0), My ()Y 27" > €

[ oo

Zd*(wn-Hc(wa (10)7 mn+k(@))2_n 2 €

Ln=1

Y d (Wi (w, 0), My (9))27" > €

[o0]

n=1

Plllwepa(w,9) —mep (@) 2

P Hwkﬂ(w,ap) - mk+1(90)“ 2

(1 + [|[wrpr(w, ) — mepr(0)]]) |

€
1—c¢
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2
2, 2)).

(_) by Lemma 2.3.6
- and (2.7.29)

KL

(2.7.30)

d
Stationarity gives &, =4 &, so obviously £, —— &, and (2.7.30) implies

p

that d(£,, ;) ——s0.

k—oo

Consequently (Billingsley [11, p. 25, Theorem 4.1]) ¢, %»&0.

In other words

d

<(Tn+k75n+kawn+k(w79"))an € IN) Theo <(Tn’5n7mﬂ(¢))’n € ]N>

such that

(W, 0)yn € N) s (m(¢),n € )

k—o0
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(iii) (2.7.8) = (2.7.6)

From (2.7.5) we may deduce that

d
wk+1(wa80) T ml(cp)

d
e ml(so)

= w,(w,p)
(by “letting k =n —17).

(iv) (2.7.6) = Uniqueness of [¥miny L(%min)]

(2.7.6) gives

W (M (), ) s 1 (0)

but Plw,(Mi(¢),9) = M,(»)] =1 which implies that

LIMi(p)] = lim L[M(¢)]

n—oo

= lim L[M (o)) by stationarity

n—0o0

= lim L{w,(M(p), )]

= Lim(p)]

hence the uniqueness.
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2.8 CONCLUSION

The two chapters of this part of the thesis are important both in their own

right, and collectively as a strong basis for the forthcoming work on networks.

Before we commence with that work, we make a brief mention of a result
from the paper by Brandt & Lisek [17] on the continuity of G/GI/r queues:
Given G/GI/r queues with CAPs ¢ = ((7,, 8,,)) and ¢* = <(Tf,sﬁ)>, if ©*
convergences in distribution to o, and E(7¥) and E(sf) converge to E(7)
and E(sg) respectively, then the unique stationary waiting-time distribution
L (mn(npk)) é) L(m,(¢)). 1t is worth noting that in this paper, as well as

in Brandt [16], consideration is also given to cyclic queueing disciplines.
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PART I1
ON A CLASS OF QUEUEING AND

COMMUNICATION NETWORKS

A theoretical foundation for a broad class of queues was established in Part
T of the thesis. The tendency in this second part will be to supplement the
theory with practical applications and a simulation study. In keeping with
the title (of this part and, more generally, the thesis), several examples, as
well as an explanation of the terminology, from communications and com-

puting are included.

To a certain extent, the notation and assumptions of the previous part of
the thesis will apply but inevitably there is a need to make some changes
and additions, which will be specified in the individual chapters. Most of the
references cited in the introduction to Part I include at least one chapter on
the theory and application of networks. Kleinrock [43] is particularly rele-
vant. In addition there is the detailed review paper, Kelbert & Sukhov [38].

While some background knowledge of networks is assumed, it is appropriate
to explain a few terms, many of which have their origin in queueing theory

but are applied in this second part on networks.

Franken et al. [31, pp. 60-61] differs somewhat from Gross & Harris [32, p. 360]
and Kleinrock [42, p. 208] & [43, p. 113] in defining work conservation. We
adopt the definition of the latter group of authors. A queueing system (or
the discipline which governs its operation) is said to be conservative or work

conserving if no work (service requirement) is created or destroyed within
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the system. Destruction of work would occur if a customer were to leave the
system before completing his service (balking and reneging are extreme ex-
amples). Creation of work might correspond to a situation in which a server

stands idle in the face of a nonempty queue.

We next examine the issue of priority queueing systems. Not only will we
borrow from the language of such systems, but they will also provide us
with another example of “non-conservation”. While a nonpreemptive service
rule prevents interruption of the service of a customer by another of higher
priority, a preemptive rule stipulates that the customer with a high priority
(relatively-speaking) is allowed to enter service immediately if a customer
with a lower priority is in service when the higher-priority customer enters
the system. The preempted customer is forced to return to the queue. Two

major types of preemptive priority schemes may be distinguished:

(a) Preemptive resume priority systems are characterised by the fact that,
when the preempted customer returns to the service facility, he resumes

service from the point of preemption.

(b) Preemptive repeat priority systems require that the preempted cus-

tomer’s service starts afresh.

Clearly (b) is a case in which additional work is created (i.e., the conservation

principle is not satisfied).

A third idea worthy of mention is that of the virtual waiting time w; which,
in its more general form (usually for FCFS queues) is defined as the time

a (fictitious) customer would have to wait were he to arrive at time ¢. In
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a single-server queue, w, may be defined equivalently as the length of the
interval from ¢ until the server becomes free if no further customers are al-
lowed to join the queue, hence it is also the work backlog or remaining work.!
In multiserver queues, however, remaining work generally differs from the
virtual wait because only one server needs to be idle for a customer to start

his service.

The general objectives and approach with regard to proofs, examples and
remarks are essentially the same as in Part I (although in Part II, (a) re-
marks are less frequent and (b) not all proofs are given in full detail). While
a fair proportion of the work involves a review of articles and extracts from
books, an attempt has been made at (consolidation and) amalgamation of
these articles with one another and with original or new work. Diagrams,
tables and graphs reinforce the ideas and explanations, as do the results of a
simulation program written by the author as an original contribution to the

thesis.

A brief insight into the interdependence between telecommunications and
networks is provided in Chapter 3 which is based on many different sources,
including Baccelli & Makowski [5]. Chapter 4 focuses on a specific type of
network and the disciplines which may govern its operation. This chapter,
which includes the simulation results and analysis, forms a strong foundation
for Chapters 5, 6 & 8, in the first two of which (especially) generalisations

and extensions of the Lindley equation feature prominently.

1t is a well-known fact that the actual and virtual (steady-state) waiting-time distri-
butions coincide iff the input is Poisson. (Compare this with the discussion in Appendix
B on the excess-lifetime distribution for a Poisson process.)
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Baccelli et al. [4] and Karpelevich et al. [35] form the basis of Chapters
5 and 6 respectively. The network discipline used in these two chapters also
appears in a more general form in the article by Berezner & Malyshev [8]

which is reviewed in Chapter 7. Chapter 8 is concerned with some recent

work (Berezner et al. [9]).
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CHAPTER 3
NETWORKS AND TELECOMMUNICATIONS

3.1 INTRODUCTION

A link in a communications network establishes a connection between two
different points. A direct connection between every pair of points in a sys-
tem with N sites (hence (g) links) is not feasible, particularly when N is
large. What is required is a partially-connected design which allows all V
sites to communicate in an efficient manner with fewer than (];[) links. In

graph-theoretical terminology (Appendix A) a connected graph — but not a

complete graph — is desired.

The configuration of transmission facilities into a network capable of serving a
number of distributed sites falls under the heading of networking. Switching,
on the other hand, is a reference to the appropriate allocation of transmission
devices in the partially connected topology. The switch in “switching net-
works” may be thought of as a flexible allocation device for opening, closing
and directing an electrical circuit. Together, networking and switching con-
tribute to an economical and efficient communications system. One of the

criteria requiring efficient management is the transmission bandwidth (i.e.,

range of frequencies).

The next two sections are devoted to the topics of switching and network

topology. 8§ 4 & 5 serve as a transition from the computing/engineering
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arena to a more mathematical approach.

3.2 SWITCHING NETWORKS

Circuit-switched (or line-switched networks) are most commonly associated
with the transmission of voice information, such as in telephone systems.
They are also, however, sometimes applied in the transmission of data. We
shall model the circuit-switched network using a finite connected multi-
graph (Appendix A). The terminology used below derives from telephone
and telecommunication networks. A node i € INg is a switching centre and
an edge e = 1j is a trunk group or link. The multiplicity m. of that edge
is indicative of the capacity of the trunk group, i.e., the maximum number
of calls a single trunk group can carry simultaneously, one call per trunk
(circuit). The arrival streams are typically assumed to be Poisson processes.

(This is not an unreasonable assumption.)

In the circuit-switched network, a communicating path of connected links
is established from the source to the destination before transmission begins.
Suppose it is necessary to establish a path between nodes g and 2,. The
routing scheme in operation will determine how that specific path may be
established. A special signalling message (known as the call) is generated
by source node ¢y and proceeds from there to switching centre ¢; on an idle
circuit. Then that circuit is no longer available to another call. At node
21, the routing scheme dictates which of r allowable trunk groups the call is
offered. If that “first-choice” trunk group is busy (so that all of its trunks

are engaged with other calls), then our call is offered an alternative trunk
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group. The process continues in this way until either a free trunk group is
found or the call is rejected. If the call is successful in reaching node i,
the entire procedure repeats itself. Ultimately, if a complete ¢o-2, path is
established (electrically), the call is (naturally enough) said to be completed;
otherwise, it is blocked. In the former case, a return signal informs the source
that the path is completed, whereafter the source is able to transmit. (The
path remains connected and dedicated to a call until it is released by the
communicating parties.) During the holding (conversation) time, therefore,
the end-users essentially have a continuous circuit connecting them. When

this period has elapsed, the trunks occupied by that call again become idle.

In data communications, information exchange occurs in the form of blocks
of data referred to as messages. In a message-switched network, a message
that arrives at a node from a link or source is directed to an adjacent node
along a link which, again, is selected according to a routing scheme. The
process is repeated, with the message (physically) advancing in a node-by-
node fashion. (These switching nodes are often computers with processing
and storage capabilities.) The situation is, however, different from that in
circuit-switching. In message-switching, there is no need to “keep control
over” previously-visited links. Furthermore, if transmission capacity is not
available on some link, then, rather than being rejected, the message is placed
in a queue associated with that link, behind messages which preceded it (stor-
age). The procedure is thus also known as the store-and-forward technique.

It is interesting to note that message-switching is often applied in email (elec-

tronic mail) technology.
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Circuit-switching is effective in a situation where an established circuit will
be exposed to a steady flow of information (such as during a normal telephone
conversation). On the other hand, message-switching is better suited to inter-
computer communication which is typically bursty: varied in load and prone
to random gaps inherent in the message-generation process. (For instance,
many devices, such as keyboard terminals, transmit traffic in bursts. The
data channel is idle while the user inputs more data or pauses to think about a
problem.) Furthermore, although the communication facilities are used com-
paratively seldom, when they are utilized, the machinery must respond with
relatively high speed. The end-to-end circuit characterising circuit-switching
1s not an appropriate transmission method because of the low channel utili-

sation.

Message-switching is preferred in the bursty communication scenario because
messages occupy only one link at a time, and only for the period of trans-
mission between its two switches. During the rest of the time, the link is
available to other messages. The dynamic allocation of bandwidth (for a

particular message and link) is an advantage which message-switching has

over circuit-switching.

Full advantage is taken of the dynamic and fair allocation of bandwidth in
packet-swilching which is a particular, and more recent, form of message-
switching. In a packet-switched network, constraints on message length
means that those blocks of data exceeding the limits are divided into packets
of fixed length. As before, each packet is forwarded along with address infor-

mation from node to node until it reaches its destination, where the message
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is reconstructed from all the constituent packets.

In a packet-switched network, many packets from the same message may be
transmitted simultaneously over successive links of a path from source to des-
tination. This mostly reduces end-to-end transmission delays. The problem
of transmission error is also reduced because packets are more manageable
than the messages they form. So, if multipath routing is implemented, then
resource utilisation and network reliability are increased. Although there
are drawbacks, such as the need to reorganise the packets into their correct
sequence at the destination node, packet-switching has become an economi-

cally viable method for the transmission of data.

Typically, the performance of a circuit-switched network is based on the over-
all blocking probability. The effectiveness of a message-switched network, on
the other hand, is commonly judged by the average delay for all messages en-
tering the network. Clearly the routing rule used will affect the performance:
hybrid switching and routing schemes could prove the most efficient. (Hybrid
switching combines circuit switching and message (or packet) switching. For
a particular instance and more details, see Kelbert et al. [37] and Saito &
Kawashima [55]. In the latter, other switching techniques, including burst
switching, are also considered.) Further relevant references (many of which
were used in writing this section and other sections of the present chapter)

are those numbered [10], [21], [22], [25], [26], [34], [39], [48], [50], [52] and [57].

Mathematical tools from a wide range of fields including nonlinear, integer

and dynamic programming, graph theory, numerical methods and, of course,
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applied probability and decision theory, are used in the design and evaluation
of switching networks. The role of mathematics and applied probability in
communication technology is examined in later in this chapter and in subse-

quent chapters.

3.3 NETWORK TOPOLOGY

In the introduction, mention was made of distributed sites. These sites may
fall within a local, metropolitan or wide area. Correspondingly a network
may be designated as a LAN, MAN or WAN. The first is the familiar local

area network found in schools, universities and office buildings.

Network topology is a description of the shape or physical connectivity of
the network. As ever, efficiency and economy are major factors in deter-
mining which configuration to use. The most commonly encountered LAN
topologies are the star, bus and ring configurations, the names of which are
indicative of their respective forms. The hierarchical or tree topology is also

encountered, typically in mainframe environments.

(a) Star Topology
This configuration is also mentioned in Remark A.4.1. The primary
feature is the access which each station has to a single central node or
hub. In a switching star network, the central hub provides buffering
and switching functions; the broadcast star network merely makes all

incoming signals available to all outgoing lines.
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(b) Bus (Horizontal) Topology
The stations are connected to a backbone cable, the bus, which acts
as the transmission medium. Stations receive one another’s transmis-
sions in the case of a logical bus or broadcast topology. In the physical
bus network, each station may sense and receive network transmissions
but cannot interfere with existing network data. A drawback in using
the horizontal topology is that there is usually only one transmission

channel available. If that channel fails, then the network is lost.

(c) Ring Topology
Stations are arranged in a closed loop. Interference with common data
by a station is allowed. Usually each station receives messages from
only one station and transmits to only one station (those occupying the
positions in the ring adjacent to it). In other words, data flows in one
direction only. The inevitable drawback is that the serial connection of
the stations will mean that a failed unit is a failed system (unless, of

course, backup is provided).

The metropolitan-, and especially the wide-, area networks (MANs, WANs)
often have a so-called general mesh topology (web). Switching centres are
connected across potentially long distances; they, in turn, are linked to re-
gional network systems, and eventually to the LANs considered earlier in this
section. Another characteristic of the mesh topology is that several different

paths of equal length (Appendix A) may connect any pair of stations.

With this background established, it is now appropriate to investigate the

operation of a queueing network in greater detail.
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3.4 SYNCHRONIZATION CONSTRAINTS

Consider a typical queueing network with J € IN nodes (labelled as 1,...,J).
In this section, the following notation (similar to that in Part I) will be used
for each node k € INy.

t*  time of nth arrival into node k

o time at which the nth service in the kth node begins
sk service time for nth arrival in node k
6% time of nth departure from the kth node

The property that t¥ < %, Vn € IN cannot really be regarded as a con-
straint. Rather it is a logical consequence of the “definition” of t¥*. When a
particular queue discipline such as F'C'F'S is in operation at a node, then the
sequence of arrival times <tﬁ,n € ]N> imposes a total order on the input to
node k. For it is well-known that, in the case of a FIFO queue, the index n

will refer to the nth customer throughout and so:

th<ob < =oF 4 4 (3.4.1)

Moreover, o — ¥ and 6% — ¥ are the waiting and sojourn times respectively

of the nth customer in k.

Admittedly, constraints such as those in (3.4.1) are inherent to the defi-
nition of the operation of the network, nonetheless, we decide to formulate

the following definition (Baccelli & Makowski [5]).

Definition 3.4.1 (Synchronization Constraints)
By synchronization between (possibly distinct) nodes j,k € IN; shall be

meant a global constraint satisfied by two sequences of times associated with
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these nodes.

The sequel is devoted to specific instances of synchronization. Examples

of particular interest are given.

(a)

(b)

Arrival-Arrival Synchronization

Establishes a relationship between (#2) and <tfl>, ] # k.

Departure-Departure Synchronization

A relationship between (67) and <6§> (7 # k) is determined.

Example 3.4.1 (Fork-Join Network)

The fork-join principle is of value in several computer and (flexible)
manufacturing applications. To understand what is meant by a K-
dimensional fork-join queue, let us consider K € IN parallel FIFO
queues constituting a system to which arrivals occur as batches of size
B € INg (often B = K). Upon arrival such a batch is split, so that

each of the B customers is allocated to a (different) single server.

The situation could be viewed in a slightly different way, as the simul-
taneous arrival of customers to B (often all) of the K queues. In other
words, we have an arrival-arrival synchronization constraint — called
a fork primitive — of the form t! = t* V 5,k € INp for each fixed n.
There is no guarantee, however, that the B customers complete their
service at the same time, but we do require that a departure-departure
constraint, called a join primitive, be satisfied. Specifically we demand
that 67 = 6F V j,k € INg for each fixed n. Often, a buffer is used

to hold those customers which have finished their service before others
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from the same group. An alternative method is to block the server until

t = max 67 is reached, but this approach does not allow the server to
]

attend to a customer from the next batch before t.

Theoretically-speaking, a fork primitive can occur in a network without
a join primitive, or conversely. As mentioned initially, though, there
are several instances where they occur together. A production line (for
cars, television sets, fridges, ... ) often requires the manufacture of com-
ponents before final assembly. In such a case, the servers would be the
machines which manufacture the K (say) different components. When
an order is placed for an item, the K parts arrive and are allocated to
the appropriate machines in accordance with the fork principle. After
service, the join concept comes into operation: this allows for all com-

ponents to be simultaneously available for assembly.

It is often convenient to describe a fork-join queueing network in terms
of a digraph (Appendix A) in which nodes represent tasks and arcs
represent precedence relations between tasks. When more than one
edge emanates from a node, then we have a fork node; a join node is
characterised by several edges entering such a node. The usefulness of
such a representation (aside from motivating the terms fork and join)
is evident in parallel computer processes. A batch customer may, for
example, be a computer program which comprises several subroutines,
each of which may be executed simultaneously in a different processor
(the fork primitive). Before further program execution is possible, the

results from the subroutines must be gathered together (the join prim-
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itive). Programming languages like ADA make use of this fork-join

construct.

More extensive detail on this and related topics is provided in Baccelli
& Makowski [5, §V], Baccelli et al. [6], Baccelli et al. [7] and Nelson &
Tantawi [49].

Service-Service Synchronization

Restriction placed on the connection between (o7) and <0,’§> , ] F k.

Departure-Arrival Synchronization

Relationship established between (§7) and <tﬁ>

Example 3.4.2 (Queues in Series)

A system of J FIFO queues in tandem usually has the constraint that
6 =tV ;e INy_,.

Service-Arrival Synchronization

(07) and <tﬁ> satisfy some constraint.

Example 3.4.3 (Resequencing in (Packet-Switched) Networks)
Recall that in §3.2 mention was made of the fact that the packets of
a message have to be reorganised into the correct sequence at their

destination node in a packet-switched network.

A resequencing buffer stores those packets which were received out of
order, that is, until such time as the earlier-transmitted packets have

been processed (served). This translates into the fact that, with j
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representing the destination node, ¢, < o ¥ m < n (service-arrival

synchronization).

In the next section greater attention will be given to the concept of

resequencing in networks.

3.5 THE RESEQUENCING TECHNIQUE

Baccelli et al. [3], and Baccelli & Makowski [5] have proposed a general
(and very useful) resequencing model, of which we shall soon consider

a special case. A simple diagram illustrates the generic model.

arrival | Disordering Resequencing Queueing | departure
—
Network Buffer Network

Fig. 3.1 General Resequencing Model

Customers y arrive to the first network in a specific order. Suppose, in
particular, that the nth customer y,, arrives at time t,, and later departs
from that network at time 8,. The network is said to be disordering
for, although t; < t, ¥V j € IN,_4, the possibility exists that &, < §; for

one or more indices j from IN,_;.

Before customers may enter the queueing network proper, their original
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order of arrival must be restored.! This is achieved by the resequenc-
ing buffer in which Vn y, is delayed (if necessary) until y,—; has left
the buffer. Ultimately this means that the order of departure from the
resequencing buffer must coincide with the order of arrival to the dis-

ordering network.

A particular resequencing system of interest is that in which the queue-
ing network reduces to a single FCFS queue. The intention is to for-
mulate recursive equations for a number of quantities measuring the
effectiveness (mainly delay) of the network system. In order to do so,
a fairly simple notation is developed. Superscripted (9,(") and (@) rep-
resent the disordering network, resequencing buffer and FCFS queue

(excluding the actual service) respectively. As before, y, will denote

the nth customer (call, message, ...). Also (much as before):
() time of arrival to “.” of the nth customer
() tfl')ﬂ — t0), interarrival times in “.”
w() delay /waiting time of the nth customer in “”

W) combined delay in “” and “+”
Sn, service time in the FC'F'S queue
O departure time from the FCFS queue, after service

T, 6n — {9 end-to-end system delay

!This establishes a connection with Venkatasubramanyan & Sanders [68] in which or-
der restoration in flexible manufacturing systems (rather than computer-communication
networks) is considered.
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Lemma 3.5.1 (Recursive Equations for the Resequencing Model)
For the resequencing model described previously, the following equa-

tions hold:

w,(;)_l = [wg) — (w,(ﬂl — w,&d)) - T7(ld)1+ (3.5.1)
Wi, = w4 s, - )" (3.5.2)
W,(Li’;) = max [wfﬁal, Widr) — T}Ld)} (3.5.3)
WD = D+ s — (Wl —ul®) 0] (35.9)
W,Ei’;’q) = max [wiﬂl, widna) 45, — TT(Ld)] (3.5.5)
Thi1 = w,,(:?l + Sng1 + [Tn — w(ndll — T,gd)r (3.5.6)

PROOF

Before we verify equations (3.5.1)—(3.5.6), some remarks are in order.
Firstly, a recursive equation for wfi)l does not appear in (3.5.1)(3.5.6)
simply because there 1s insufficient information on the operation of the
disordering network. Secondly, the following equations (self-evident

though they may be) will prove useful later:

1) = @ 4@ (3.5.7a)
10 = 10 p ) = D 4 pyldn (3.5.7b)

We now proceed to prove (3.5.1)-(3.5.6), but not necessarily in that

order.
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(a) Consider equation (3.5.1), which may be rewritten as

W = ) = [+ wl) — (49 + )]

(3.5.1")

where (3.5.7a) is used in the last step. It suffices to verify (3.5.1").

Case 1:

Case 2:

il <t

Yns1 Needs to wait in the resequencing buffer until the
arrival of y,, that itself waits for a time interval of w(").
Thus wﬂl = wl) 4 (tgf) — tf:ll) > 0 so that (3.5.1)
1s valid in this case.

1), > 1)

When y,41 reaches the resequencing buffer

(i) yn will already have left the buffer if t£LT4).1 —t
w() so that 9,41 need not wait there

(r) >

(ii) a part of w(), namely t,(:ll — (") has already
elapsed if tﬁl — {0 < wl) so that y,,; need
only wait in the resequencing buffer for a time of
o (i) 3 1

(3.5.1") remains valid in either instance.
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As a corollary to (a), we have

W(iﬂi) = wﬁﬁ1+w7(121

= w,(ﬁgl + max [0, w,(f) — (wfﬂl - w&d)) — Téd)]

= mae [uld v+ ) )

= max [wﬂl,Wéd’T) — Téd)]

which is (3.5.3).

A fairly similar argument to that used in (a) may be applied to
verify (3.5.2), the Lindley equation, key to much of this thesis.
The queue discipline is first-come-first-served so that the (n+1)th
customer must wait for the nth customer (and tﬁfjl > t(4)),

Now when y, arrives at time t,, he experiences an end-to-end
delay of w,(f) + 8,. As a result, before y,41 (arriving at t,41) can
enter service, he must wait a time of w{? 4+, — (tffll — t,(f)). This
expression is, of course, the portion of the sojourn time of y, which
remains when y,4; arrives. There is the very distinct possibility,
however, that w® + s, < 79, In that case y,11 need not wait at

all: y, has already left. A combination of these arguments leads

to (3.5.2).

The FIFO discipline does not hold in general for messages arriv-
ing to the resequencing buffer. The Lindley principle deduced in
(c), however, will be valid for Wérﬁ) To appreciate this, note that

-7 = () —tgrll > 0 if yn41 arrives before y,, at the resequencing
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buffer, so this would represent an increase not a reduction in the
waiting time of y,41. (That increase mirrors the fact that y,41
can be sent through to the F'/ FO queue only when y, has arrived

after a time of —7{") has elapsed.)

Appropriate adaptation of (3.5.2) then yields

W) = (W) 4 5, — 70 '

n

but

W =

= wfﬂl - wgd) + T,(Ld) an application of (3.5.7a)

from which (3.5.4) is deduced.

(e) It is obvious that

T = wly + WS + s (35.8)
Dl s+ WO s, — (w0l - w®) - 7]
S22 0l 4 s + [T wl® — (0l - wl®) 0]
= i F s+ [T =0l — 0]

which is (3.5.6).
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(f) Equation (3.5.5) may be derived as a corollary to (e).

W(‘i;’q) = an-{-l — Sn41 (359)

n

(3:56) wgﬁl + max [U, T, — w,(1d+)1 — Téd)}

=  max [wﬁfﬂll, T, — Tr(td)]

859 hax [w,(ﬂl, wldra) 45, — 7'7(1(1)]

3.6 CONCLUSION

This chapter was never intended to be a handbook for an electronic
engineer or communications/computer technologist. The purpose it
does fulfil is two-fold. First, Chapter 3 serves as a valuable introduction
to the terminology and ideas which will be exploited in subsequent
chapters in a more mathematical environment. In the second place, the
discussion provided demonstrates that the mathematics and probability
in this field (of queueing and network systems) are applied in real-world
situations. It 1s due to these very applications and, indeed, the rapid
advance of technology that the field of queueing theory has blossomed

in recent decades.
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CHAPTER 4
ON A CLASS OF NETWORKS AND DISCIPLINES

4.1 INTRODUCTION AND PRELIMINARIES

In Chapters 5, 6 and 8, there is a need to establish notation and terminol-
ogy for models based on a symmetric starlike switching network. A degree
of complication arises in that the network obviously will operate differently
according to whether a circuit- or message-switching rule (§3.2) applies. Uni-

form notation, free of the switching rule involved, will, therefore, be of initial

concern.

Fig. 4.1 The Symmetric Starlike Network

Call the central node c. Denote the collection of N peripheral sources by
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S = {si,1 € Ny} and that of the N peripheral destinations (addresses or
receivers, depending on the context) by D = {d;,7 € INy}. When there is
no ambiguity, we may replace s; with ¢, and similarly with d;. For the arcs
sic and cd;, write £; and {} respectively, where the former shall be called
the ith source line and the latter, the jth destination line. In the context of
graph theory (Appendix A), our directed star graph G is of the form K on
(Definition A.4.3 and Remark A.4.1) with a vertex set V(G) = SU {¢} UD
and an arc set A = {{;,7 € Ny} U {f;,j € ]NN}. Often it will be convenient
to refer to a process (of service, waiting, ... ) associated with £; (: € INy) as a
first stage/phase process. Naturally enough, second stage will correspond to

the process associated with £;. This summarises the structure of our network.

Next we need to consider the nature of the source input. A general ar-
rival stream & decomposes into N IID stationary Poisson random marked
flows {&,1 € INy}, the source flows, each of which is associated with a corre-

sponding source s; (and line ¢;). The common Poisson intensity is given by

A > 0.

The (conditionally) IID marks of each RMPP (Appendix B) ¢ are given
by pairs (S, d) where S is a vector of service times and d € INy, naturally
enough, refers to the destination. Where the issue of service is concerned,
some distinction will arise between the circuit- and message-switching cases.
As is evident from §3.2, a call in our circuit-switched star network may be
processed only once the path (circuit) s;cd has been established. In this case
the vector S reduces to S(€ Rg) ~ F. When the star network is based
on the message-switching principle, then § = (S[l], 5[2]) (€ IRE) ~ F (say)
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with marginals F and F. Here, of course, S% and S® represent the
service times on the lines ¢; and £/, respectively. For either switching rule,
d ~ Uy, the discrete uniform (equiprobability) distribution on INy with
Pld = j] = + Vj € Ny. It is typically assumed that S (or S) and d are
mutually independent. Consequently, the marginal distribution of the mark

value is given by the product F' x Un.

An analogous process of interest is given by the family &' = {{;,] € ]NN} of
IID stationary Poisson RMPPs, each of which represents a destination flow
associated with £, and d;. Marks are given by pairs (S,s) where S is as
before and s € INy is the inverse address, i.e., the (number of the) source at
which the particular call (or message) in question arrived. The probability
and independence conditions which applied to (S, d) are equally valid here.
Taking these facts into consideration, it is evident that, while the criteria
for their “decompositions” differ, the RMPP families £ and &’ are equivalent
ways of describing the network. More especially, it is obvious that any &’ has

the same intensity A as does &;.

Often the notation w = {w;,7 € Ny}, w' = {w;,j € ]NN} will be used to
represent the sample realisations of the corresponding ensemble flows &, ¢’
respectively. The terminology used for the “objects” of the flows will differ
according to the situation. Customer, unit, demand or request are reasonably
neutral terms but there may be a desire for a more modern approach relevant
to communications applications. Call will often be more appropriate for a
circuit-switched network, message or program for a message-switched system

but this need not be a hard-and-fast rule.
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y = [t;(S,d)] and y = [t;(S,d)] represent messages and calls respectively.
To emphasise that d = j (say), we may write y € w, and to indicate that
y has source i, it is often convenient to write y € w;. Otherwise, we may
always consider y = [£;(S, s,d)]. In either case, it will be convenient to be
able to access individual components. This will be achieved in a logical way.

For instance

4.2 PROTOCOLS AND DISCIPLINES

A variety of protocols and synchronization constraints (Baccelli et al. [4],
Berezner et al. [9], Karpelevich et al. [35] and Rybko & Mikhailov [53]) have
been considered for the second stage in the starlike network. It will become
evident, however, that their application is not restricted to this situation
alone. For instance, one such protocol is used in the mth stage of a “gener-

alised starlike network” (Chapter 6) and for an even more general network

in Chapter 7.
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First Arrived in the Network
First Served in the Second Stage

Message-Switched Network

A message y with source ¢ and destination j arrives at the network
at time t. Before transmission along the line ¢;, y must wait for
a period w! for all messages § € w; with ¢ (§) < t to leave this
first stage, according to the usual F'CFS discipline. The actual
transmission time is given by Sl so that y has a sojourn time in
the first phase of T = w1 4+ S[ whereafter it relinquishes the

line ¢;.

The second stage of the waiting process begins immediately there-
after. All messages § € wj with ¢(§) < ¢ must complete their
transmission along £ before y itself can be transmitted. In par-
ticular, y will wait a time of wl® and then be served for an in-
terval of duration S; TPl = [ 4 SP is then the second-stage
sojourn time. Theoretical motivation, however, renders the quan-
tities W = T 4w and the response time T = W+ S of greater
interest than w(® and T respectively. The vector w = (wm, W)

will also be of interest.

Circuit-Switched Network
A call y with source 7 and destination j arrives at the network at
time ¢. Before it may gain access to the line £;, y must wait for a

period of witl = T for all calls § € w; with () < t to leave the
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network. (Naturally, some or all of these calls (if there are any)
may already have departed before t.) This F'ICFS-type discipline
is in compliance with the circuit-switching principle considered in
§3.2. This rule also stipulates that, once y is allocated /;, it retains

that line until it leaves the network.

An additional waiting period of w[? (measured from ¢ + wl']) en-
sues before y has access to ;. During that time, all calls § € w;
with ¢ (¥) < t leave the network. (This allows for greater flexi-
bility than in §3.2 where rejection of y is immediate if £} is not
available.) So y waits for an interval W = T 4 w2 before it is
processed for a time of S (counted from ¢ + W). Ultimately y de-
parts at ¢ 4 1" after releasing the lines ¢; and ¢}, and experiencing

an end-to-end delay given by T = W + S.

First Arrived in the Network and
(b) FAAF'S: Allocated to Service in the Second Stage,
First Served in the Second Stage

(1) Message-Switched Network
At time t message y, having inverse address 7 and destination j,
arrives at the starlike network. It is delayed for wl'l during which
time all messages §j € w; with ¢ () < ¢ complete their first phase of
processing in accordance with the FFC'F S idea. Then ¢; is available
to y, enabling it to be transmitted for S The total first-stage
delay is then given by T = w1 4+ SO after which y releases /;.
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Message y begins its second stage immediately thereafter. If the
server is free, y need not wait at all. Otherwise, some message
y € Wi must be in service. In case t(y) > t, two possibilities,

determined by the priority rule, emerge:

(1) Under a nonpreemptive service rule, y proceeds to the head
of the second-stage queue and waits for a time of wl? while
and possibly other higher time-priority messages (arriving in
the interim) complete their service

but

(2) under a preemptive (resume) rule, y interrupts the service of

1/, which is forced to rejoin the queue.

The third situation which may arise is that ¢ arrived to the net-
work before y. Then y is allocated its position in the queue (much
as in FAF'S) according to t = t(y) (messages with earlier times
of arrival to the network situated closer to the head of the queue)

and will wait for a period of w?l.

At the end of this period w¥ (which we have seen may be zero), y
is processed for time S and then leaves the network. As before,
T = @ 4 SE W = 70 4 Pl and T = T 4+ T represent

various delay quantities of interest.

Circuit-Switched Network
A call y with source 7 and destination j arrives at the network at

time ¢. y is then required to wait for a time of wll = T to be
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allocated ¢; while all other calls § € w; with ¢ () < ¢ leave the
network. Once y has been allocated ¢;, it retains that line and
waits to be allocated its second channel, £}, in order to complete

the circuit s;cd;.

As in (i), y need not wait to get the line £} if the server in ques-
tion is free or if the preemptive (resume) rule is used and the call
being processed has t(§) > ¢. (y may have to wait at a later
stage if its own service is preempted.) In the latter case, the ser-
vice of ¥ is interrupted. Otherwise y will wait for some nonzero
time w!? according to the same basic principles outlined for the

FAAF S message-switching scenario. The service time is given by

S, W=TW4wand T =W + 8.

First Come to the Second Stage

(c) FCFS: First Served in the Second Stage

This discipline is fairly straightforward and does not require detailed

explanation.

A customer y having source : and destination j arrives at the net-
work at time ¢. In accordance with the switching rule in question and
the ordinary FCFS discipline, it is allocated ¢; after time wl!. After
an additional period it gains access to line £, again on the basis of
the switching rule and FCF'S discipline. Thereafter it is ready for its

(second-stage) service.
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It is beneficial to view the various protocols in terms of the general resequenc-
ing model first encountered in detail in §3.5. We adopt (and adapt) notation
from that section as well as from §3.4. Not only does this scheme allow us to
compare the disciplines but it also provides a mechanism for defining them

in a precise and concise way.

Initially we focus our attention on why the starlike network lends itself to
disordering. For convenience, we consider a sample realisation w} of £. The
subscript ,, as in y,, will (for now) be indicative of the fact that y, is the nth
customer from w; to arrive externally to the starlike network. The sequence
of customers (yn,, m € IN) from w’ may be partitioned into sequences of the
form (y;,) where y;, = yn is the mth customer from W’ to arrive exoge-
neously to the network but also the nth customer from w; (¢ € INy) headed

for destination j.

The queue associated with w; (¢ € INy) operates according to the FCF'S

discipline. It follows that t,(-ff) <t and 51(;1) < 6,(:11 determine the times

int1
of arrivals and departures from the disordering network for each ¢+ € INy.
It is feasible, in fact, very likely that there are instances in which, for cus-
tomers y;,,yr, € wj, t,(f) < t}cf) but 6}? > 5,(;7). This situation may arise
because the ith and kth queues operate independently and because the wait-
ing times are usually random variables. Consequently it is quite possible to
have w!? > w,(j) + t;c‘f) — 19 which leads to disordering.

’in in 7

The second-stage protocols we have considered compensate differently for
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the discrepancy between the sequence of first and second phase arrival times.

These protocols obviously have different degrees of efficiency (in terms of

response/waiting times and fairness to customers), as we shall see shortly.

w(r) w(‘?)
arrival Disordering Resequencing Resequencing departure
— — s
t=t(y) Network Buffer Queue 4T
—_— S~~~
wlll sl wl2] szl
Tl TE
T
Fig 4.2(a) Resequencing Model
Message-Switched Starlike Network
w(™) w(®)
arrival Disordering Resequencing Resequencing departure
— — s
t=t(y) Network Buffer Queue 4T
—  — N~
wlll=TM] wl?] S
w
T

In both the message- and circuit-switched cases

Fig. 4.2(b) Resequencing Model
Circuit-Switched Starlike Network

w@ =7 wra — 2 anq wénd) — w
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Generally, it will not be possible to interpret the disordering network, re-
sequencing buffer and queue as being in series. Thus, although Figures
4.2(a) and 4.2(b) may give the impression of structures in tandem, a cus-
tomer in the second stage still has an impact on the mechanism of the first.
Finally, a protocol is regarded as work-conserving if it may be seen to be
work-conserving within the confines of the switching rule. We stress though
that, by design, a circuit-switching discipline is “less work-conserving” than
a message-switching one because of the fact that, in the former case, access
to a full circuit is required. For instance, consider two calls y and § in a
circuit-switched starlike network. Suppose that y € w; Nw!, § € w; Nwj and
y is being processed on the circuit £;£}, but that £ is free. § is then prevented

from gaining access to £} because ¢; is occupied (simultaneously with ).

We are now able to present (summary) Table 4.1.
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(a)

|

(b)

(c)

FAFS FAAFS FCFS
Time-sequence
determining
order of (tn) (t,) and <tn + T7[11]> <tn + TT[L1]>

Second-Stage

Service
trivial “identity trivial “identity
Role of yn, delayed for resequencing” resequencing”
Resequencing wi >0 w7 =0 W =0
Buffer not
work-conserving work-conserving work-conserving
yn forwarded at
Transmission t, + T,[LI] + wq(f) Yn instantaneously | y, instantaneously
from Buffer only when forwarded at forwarded at
to Queue (Y, k € Np—1) t, + T7[11] i, + T,gll
have been forwarded
trivial “identity resequencing: trivial “identity

resequencing” new arrival from resequencing”
resequencing buffer
Second-Stage assigned to position
in queue based
Queue on (t,)
FCFS FCFS IF FCFS
arrivals stopped
at some point
Second-Stage nonpreemptive nonpreemptive nonpreemptive
Service or preemptive
System fair fair unfair
Evaluation inefficient efficient efficient
optimal scheme
Table 4.1

Comparison of Second-Stage Protocols based on the Resequencing Model
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The final row-block of Table 4.1, entitled System Evaluation, although based

in part on theoretical arguments, was mostly intuition-based before a simu-

lation study for the “M/M” case was undertaken. The reader is encouraged

to refer to Appendix D where the technical (and theoretical) details pertain-

ing to the computer program and the simulation procedure are provided. In

the present section, we will be concerned mostly with presenting and briefly

analysing the results of the simulation, nonetheless, we initially do make

some relevant technical remarks.

(a)

Figures 4.3 and 4.4 are graphical representations of the data contained
in Tables 4.2(a) and 4.3(a)-(b) respectively. Tables 4.2(b) and 4.3(c)
provide supplementary FFAFS data.

Although the program (Appendix D) allows for greater flexibility, an
equal and fairly large number, N = 200, of sources and destinations

was assumed for our starlike network model (with m = 2 stages).

The main objective was to find the mean sojourn time (denoted by*
ET in Figures 4.3 and 4.4, and below) of a message/call in the network.
The figures given are (grand) averages based on three separate trials
of half a million (arriving) requests each. All requests leaving the first
stage (99-100% of the total) had their 71!l incorporated into ET™ (the
Stage 1 figure in the tables); all those leaving the network (again, 99%+
of those arriving) contributed to ET'! (the Stage 2 value). The total,
ET, was determined by ETWM 4+ ETP which, together with rounding?,

has led to some apparent discrepancies (in the totals) evident in the

Ynot ET (which is the actual expected value), although ET ~ET
2to three decimal places
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tables.

Each of the N = 200 arrival streams is Poisson with rate A\. In the
message-switching case, with ¢ = 1,2, service time S ~ Exp ((,u[i])—l)
and pl (or p.i) = Z?W = A. (With the exception of the results of Table

4.2(b), we standardise: pll = 1 = pl?l] although the program is far more
flexible than this.) For the circuit-switched network, S ~ Exp(p™!)
with g = 1 so that p = A. We have not yet presented the theory
motivating our choice for the range of values of the traffic intensity.

This issue will, however, be clarified in later chapters.

Abbreviations FAFS and FCFS are as before while FAAFSy (or
FAAFS_N) and FAAFSp (or FAAFS_P) distinguish the nonpre-
emptive and preemptive forms (respectively) of the FAAF'S discipline.

In addition to comparisons between the four protocols, one may also
compare the observed averages with the expected F'C F'S values in the
extreme right-hand columns of Table 4.2(a) and Tables 4.3(a)-(c), and
bracketed in Table 4.2(b).

(1) Inthe case of message-switching ETIE]CFS = u[ill_x = ul"l(1l—p['l) ,
a well-known result for the ordinary M/M/1 queue.

(1) For the circuit-switched networks, we use a heuristically-determined
value which, as is evident from the simulation results, works very
well. We transform the entire network into M (Asys) /M (fsys) /1

queues where Agys = A and pgys = p¢ — A, i.e., we treat the stage 2

sojourn time as the system service time. Consequently

pavs = ;25 BT = —Li—= 4o ETW-RT -ETH =

A
,Usys—)\sys u—2A u—/\)(u——2/\)
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]

plll = pl2l | Stage | FAFS | FAAFSy | FAAFSp | FCFS | ETppps
1 1.111 1.110 1.111 1.111 1.111

0.1 2 1.204 1.112 1.109 1.110 1.111
Total 2.314 2.223 2.219 2.221 2.222

1 1.249 1.249 1.249 1.249 1.250

0.2 2 1.491 1.249 1.248 1.250 1.250
Total 2.740 2.498 2.497 2.499 2.500

1 1.427 1.430 1.432 1.427 1.429

0.3 2 1.903 1.428 1.429 1.425 1.429
Total 3.329 2.859 2.860 2.8562 2.857

1 1.664 1.668 1.662 1.661 1.667

0.4 2 2.522 1.673 1.660 1.660 1.667
Total 4.185 3.342 3.322 3.321 3.333

1 1.989 2.004 2.012 1.991 2.000

0.5 2 3.511 1.993 1.993 2.001 2.000
Total 5.500 3.997 4.005 3.992 4.000

1 2.499 2.502 2.501 2.495 2.500

0.6 2 5.272 2.501 2.508 2.480 2.500
Total T.771 5.003 5.009 4.976 5.000

1 3.327 3.325 3.326 3.321 3.333

0.7 2 8.689 3.333 3.317 3.320 3.333
Total | 12.016 6.658 6.643 6.641 6.667

1 4.945 5.013 4.943 4.918 5.000

0.8 2 15.775 5.007 4.933 4.914 5.000
Total | 20.720 10.019 9.876 9.832 10.000

1 9.617 9.513 9.542 9.564 10.000

0.9 2 38.710 9.455 9.575 9.451 10.000
Total | 48.327 18.968 19.116 | 19.014 20.000

Table 4.2(a)

Mean waiting times for a message-switched starlike network



pl"l | Stage | 0.375 | 0.500 | 0.750

pl? (0.400) | (0.667) | (2.000)
0.375 1 0.400 | 0.665 | 1.975
(0.400) 2 0.586  0.850 | 3.060
Total | 0.986 | 1.516 | 5.035

0.500 1 0.399 | 0.669 | 1.998
(0.667) 2 0.870  1.178 = 3.706
Total | 1.269 | 1.846 | 5.704

0.750 1 0.399 | 0.667 | 2.001
(2.000) 2 2.234 | 2.632 5.784
| Total | 2.633 | 3.299 | 7.785

Table 4.2(b)

Mean waiting times for a message-switched starlike network

Special values for FAF'S discipline
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p:% Stage | FAFS | FAAFSy | FAAFSp | FCFS ET%WS
1 0.027 0.027 0.027 0.027 | 0.027
0.025 2 1.027 1.025 1.026 1.026 1.026
Total | 1.055 1.052 1.053 1.053 1.053
1 0.059 0.059 0.059 0.059 | 0.058
0.050 2 1.058 1.052 1.053 1.052 1.053
Total | 1.117 1.110 1.112 1.110 1.111
1 0.097 0.094 0.095 0.095 0.095
0.075 2 1.092 1.080 1.079 1.081 1.081
Total | 1.189 1.175 1.174 1.176 1.176
1 0.146 0.138 0.138 0.139 | 0.139
0.100 2 1.137 1.110 1.110 1.112 1.111
Total | 1.284 1.248 1.249 1.251 1.250
| 1 0.212 0.189 0.189 0.192 0.190
0.125 2 1.196 1.141 1.142 1.143 1.143
Total | 1.408 1.330 1.330 1.335 1.333
1 0.309 0.250 0.249 0.251 0.252
0.150 2 1.277 1.174 1.176 1.176 1.176
Total | 1.586 1.425 1.425 1.427 1.429
1 0.495 0.323 0.318 0.326 | 0.326
0.175 2 1.425 1.211 1.210 1.211 1.212
Total | 1.920 1.535 1.527 1.537 1.538
1 1.814 0.415 0.404 0.415 | 0.417
0.200 2 2.131 1.251 1.251 1.250 1.250
Total | 3.945 1.666 1.655 1.665 1.667

Table 4.3(a)

Mean waiting times for a symmetric circuit-switched starlike network



p=2]|Stage | FAAFSy | FAAFSp | FCFS ETY .o
1 0.654 0.624 0.663 0.667

0.250 2 1.333 1.332 1.330 1.333
Total 1.987 1.956 1.993 2.000

1 1.032 0.961 1.056 1.071

0.300 2 1.428 1.424 1.422 1.429
Total 2.460 2.384 2.478 2.500

1 1.648 1.507 1.753 1.795

0.350 2 1.529 1.534 1.529 1.538
Total 3.178 3.040 3.282 3.333

1 2.855 2.430 3.168 3.333

0.400 2 1.661 1.654 1.651 1.667
Total 4.516 4.084 4.820 5.000

1 5.646 4 .539 7.776 8.182

0.450 2 1.806 1.808 1.804 1.818
Total 7.452 6.348 9.580 10.000

Mean waiting times for a symmetric circuit-switched starlike network

Mean waiting times for a symmetric circuit-switched starlike network

Table 4.3(b)

p= % Stage | FAF'S ETEQCFS
1 0.010 0.010

0.010 2 1.009 1.010
Total | 1.020 1.020

1 0.446 0.304

0.168 2 1.388 1.202
Total 1.835 1.506

1 0.814 0.375

0.189 2 1.644 1.233
Total 2.458 1.608

Table 4.3(c)

Special values for FFAF'S discipline

188



ET ET
50 - 50
E 4
30 30
20 20
10 - 10 -
T | T [ T 1 T [ T ‘ | T [ T | T ‘ T | |
00 02 04 06 08 10 00 02 04 06 08 10
pl=p=p2 p.l=p=p2
(a) FAFS versus FAAFS N (b) FAFS versus FAAFS P
ET ET ET
20 20 20
16 7 16 - 16 -
12 12 12
8 8 8
4 4 ] 4
0 0 ] 0 -
I B L A L IR A R A RN T L L
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10

p.l=p=p2

(d) FAAFS_N versus FAAFS P

(e) FAAFS N versus FCFS

() FAAFS_P versus FCFS

Fig. 4.3 Simulation Study: Message-Switched Starlike Network

Key:

O FAFS < FAAFSy

A FAAFSp 0O FCFS

631



ET ET ET
4 E 4 E 4 5
31 EE 33
25 2 3 2
5 1] oemame e
: ] |
0 0 0 7
L B D I e o AL LA LA o [T T T T T
0.00 0.05 0.10 0.15 0.20 0.00 0.05 0.10 0.15 0.20 0.00 0.05 0.10 0.15 0.20
P P e
(@) FAFS versus FAAFS N (b) FAFS versus FAAFS P (c) FAFS versus FCFS
ET ET ET
10 4 10 - 10
- 83 8
6 6
43 4
E 2
0= 0
! T ‘ T l T I T | [ ‘I T l T I T | T l T "
0.0 01 0.2 0.3 04 0.5 0.0 01 0.2 0.3 04 0.5

(d) FAAFS_N versus FAAFS P

(e) FAAFS_N versus FCFS

(H FAAFS_P versus FCFS

Fig. 4.4 Simulation Study: Circuit-Switched Starlike Network

Key:

O FAFS < FAAFSy

AN FAAFSp O FCFS

061



191

We now summarise our findings (based on the tabular and graphical evidence)

for the two network types.

(a) Message-Switched Starlike Network

&

1 1
ETI[T‘I]AFS ~ ETI[T‘%FS ~ ETI[}LAFSN ETH;AFSP

) 2 (2 2
EJI[E,LFS > ETI[TéFS E:’HAFSN ~ ETH&AFSP

&

ETpaps > ETrcrs = ETraarsy = ETraarsy (4.2.1)

The difference ETI[,?LFS - ETI[%FS (hence ETpars — ETrcrs) increases
— more important, so does the ratio of these quantities — as the
value of the traffic intensity increases. For values of plll = pl% near
1, ETpars is 2 to 2% times greater than ETpcps. This represents
a marked difference in the efficiency of the two protocols. A similar

pattern is evident from Table 4.2(b).

(b) Circuit-Switched Starlike Network

ETfhps > ETRLps > ET,ps, > ETEps,

2 |2 2
ETH&FS > E—FI[%FS ~ ETI[?/]lAFSN ~ ETI[E?J&AFSP

ETpars > Elrcrs > ETpasrsy > ETrpaars, (4.2.2)

Predictably the differences outlined above become more marked with

an increase in p. A similarity between the trends in (4.2.2) (above)
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and (4.2.1) is the discrepancy which exists between ETraps and the
sojourn times for the other three protocols. Some points of contrast

are that

(i) the differences here emerge in the first and second stages whereas,

in the message-switching scenario, they arise in the second phase

(ii) the difference between ETrars and ETrpcrs, at first glance, ap-

pears to be less dramatic than in (a)

(iii) as a general rule, ETrors, ETraarsy and ETraarsy do not co-

incide

Before “jumping to conclusions”, though, we issue some words of cau-
tion. As regards (iii), we should mention that the data presented here,
together with other results collected, imply reasonably slow conver-
gence of the FFAAF'S average waiting times to ET}[:f]cvps, especially when
the traffic intensity is high. With several million more calls arriving,

the distinction between ETFAAFSN, ETFAAFSP and ETFCFS becomes

less noticeable.®

Furthermore, as intimated in technical remark (d), stability of the var-
lous networks is obviously dependent on the traffic intensity. While
the message-switched networks are “similar” to the queues of Part I in
that the joint condition pl'l <1 and pl? < 1 is necessary and sufficient
for the existence of a stationary regime, an analogous remark cannot
be made for the circuit-switched starlike network. Heuristic and theo-

retical arguments suggest a uniform bound of p < % for the FAAFS

3Different rates of convergence (as well as random errors) are also responsible for the
minor discrepancies reflected in the data.



193

and FCFS protocols, and a mere 3 — /8 = 0.1716 (see (6.2.11)) as
the corresponding bound for the FAFS discipline (with N — o0). (It
is clear that values larger than 3 — /8 will suffice with a finite number
of channels. In our case, with N = 200, the network appears to remain

stable even for p = 0.2.)

Our discussion in the above paragraph serves a dual purpose. In the
first instance, it highlights the fact that in (the point of contrast) (ii)
the relative values of the traffic intensity in the message-switching and
circuit-switching cases should not be ignored. Secondly, and perhaps
more significantly, the efficiency of the (circuit-switched) FAFS sys-
tem is already in question because of its comparatively limited region

of stability.

It would appear that our conclusions (before simulation) on the relative effi-
ciency of the various disciplines in Table 4.1 are, for the most part, justified
(but we should always bear in mind that the simulation study was restricted
to the exponential case). Subsequent investigations on the (sample) variances
and covariances of the sojourn times (obtained by using a slightly adapted
form of the program given in Appendix D) indicate, though, that the FCFS
discipline is not as “unfair” as was initially believed. On the other hand,

recent comments might suggest that the FAAFS circuit-switched protocols

are slightly more efficient than FCF'S.

As a final word on the matter, we propose that the preemptive FAAFS

protocol (though perhaps not always practical or feasible) is optimal.
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4.3 FURTHER NOTATION AND TERMINOLOGY

In the case of this chapter and later chapters, there will be theoretical moti-
vation for extending or reducing the marks of the flows considered in §§ 4.1
and 4.2. For instance, @ = {@;,1 € INy} is a realisation of the family n of -
extended RMPPs having extended marks (S, d, w) (or (S,d, W), depending

on the situation).
Of related interest is the idea of an extended message y = [t;(S,d, w)] or

call y = [t;(S,d, W)]. Individual components of § are accessed much as for

y and y. For example

~

S(y) = (Sm,58) su@ = S0 sk = 3

w(y) = (@LW) W) =l W@ = W
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Definition 4.3.1 (Source Predecessors and Successors)

Let y = [t;(S,s,d,w)] and y' = [t';(S',s,d',w’)] be customers with ¢ < ¢
and ¢’ = max[t(y) : t(y) <t A s(J) = s]. Then y’ is said to be the (imme-
diate) source predecessor of y, and y is referred to as the (immediate) source

successor of y'.

More especially, for the class V; = {y € w;} (of messages (or calls) with

common source ¢ € INy), we may define a function p,:Y; — Y, given by

ps [Py Y (y)] neZ,

7

Pi(y) =1 v n=0
P it (y)] neZ-

Thus p,(y) = y" and p;'(y') = y.
It is convenient to refer to p}(y) (n € Z4) as the nth source predecessor of y
and p{(y) (n € Z_,m = —n) as the mth source successorof y. (When n = 1

or m = 1, the word first may be suppressed.)
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Definition 4.3.2 ((F AF'S) Destination Predecessors and Successors)
Let y = [t; (S, s,d,w)] and y" = [t";(S",s",d,w")] be customers with " <1
and ¢ = max[t(§):t(§) <t A d(§) =d]. Then y” is said to be the (im-
mediate) destination predecessor of y, and y is referred to as the (immediate)

destination successor of y".

More especially, for the class Vi = {y € w} (of messages (or calls) with

common destination j € INy), we may define a function pd:y; — y;. given

by

Pd [pS‘l(y)] neZ,

piy) =19 ¥ n=>0

pi' "] nez-

Thus pa(y) = y" and p3' (") = y.
It is convenient to refer to p(y) (n € Z4) as the nth destination predecessor
of y and pi(y) (n € Z_,m = —n) as the mth destination successor of y.

(Again when n =1 or m = 1, the word first may be suppressed.)

Remark 4.3.1 (Predecessors and Successors)

Predecessors and successors are uniquely determined by Definitions 4.3.1 and

4.3.2 (certainly in the FAFS starlike network).
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Definition 4.3.3 (Indices)
Suppose y € w; Nw} for a network initiated at (finite) time to. The total
indez of y, n(y) determines the relative position at which it arrived to the

network, 1.e.

n(y) = 1 & t(y) = min[i(§) >to:y € v

n(y) = k & t(y) = minft(y) >1F):jewn(@) =k-1] ke,
(if these exist). In terms of earlier notation, n(y) = k iff y = yx or t(y) = tx.

The source and destination indices of y, ns(y) and ny(y), similarly determine

the position of y in wy(,) = w; and wy,, = w; respectively.

Remark 4.3.2
Let y be as in Definition 4.3.3. It is obvious that for p*(y) and p!(y) (k,1 € IN)
to be defined, we require k£ < n,(y) and | < ny(y) respectively.

The predecessors and successors of Definition 4.3.2 are less meaningful in
the context of the FAAFS discipline. We therefore define an additional

concept which has greatest relevance for a nonpreemptive FAAFS circuit-

switched network.
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Definition 4.3.4 ((FAAFS) Delayers)
A call y' € w; Uw) is said to be the delayer of y € w; Nwj, written y' = A(y),
iff t(y') + T'(y') = tly) + Wy).

Remark 4.3.3 (Delayers)

For a network initiated at time o, A(y) need not exist, but if it does, then
(a) A(y) = ps(y) iff wl(y) >0 and w¥(y) =0
(b) Ay) = phi(y) for some n € Z \ {0} if wl¥(y) > 0

On the other hand, A(y) is not defined if both wl'(y) and w((y) are zero.

It is convenient to define another quantity (again, of particular relevance

in a nonpreemptive FAAFS circuit-switched network.)

Definition 4.3.5 ((FAAF'S) Quasidelayers)

If, for a call y, A(y) exists, then the quasidelayer of y, denoted by Ag(y) is
given by

<
AQ(y) = {ps(y) t(A(y))>t (4.3.1)

Remark 4.3.4 (Delayers and Quasidelayers)

(a) In contrast to (FAFS) predecessors, A(y) may arrive to the FAAFS
network after y. On the other hand, Ag(y) must, by definition, have

arrived before y.

(b) As usual, A™(y) and AR(y) (n € Zg) may be considered.
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CHAPTER 5
THE EXTENDED LINDLEY EQUATION

5.1 INTRODUCTION

The preliminaries for this chapter were mostly dealt with in Chapter 4, but
relevant details also appear elsewhere in Part II. We consider a message-
switched FAFS discipline on a symmetric starlike network. In the process
of this investigation, a Lindley-Loynes equation, which extends that of Chap-

ter 1, will emerge.

In addition to the assumptions that each of the N arrival streams is Poisson
(rate \) and that SV ~ FU (7 = 1,2), § ~ F, we will require:
Ee®" < 00 for some a > 0 ESI < oo (5.1.1a)

pl =X . ESM < 1 pl=x-ESE <1 (5.1.1b)

where (5.1.1b) gives bounds which are uniform in N.

Not only will the RMPP families {&} (or {¢;}) and {n;} (or {n}) be of
interest; so too will the truncated flows £(fg) = {@(%) — €l 00, € ]NN}
(a restriction of £ to the interval [to,00)). An initial workload W is incorpo-
rated thus: n(t_(;, we) = {ﬂi({(;, Wo),i e ]Nn}. The number of nodes in each

stage may be indicated by a bracketed superscript (e.g., n(N)).

7
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5.2 FORMULATION OF THE GOVERNING EQUATIONS

It is obvious that for a message y = [t;(S,d,w)] with ps(y) = y' and
pa(y) = y” (to simplify the notation)

+

whil(y) = [w[ll(y/)+ulll(y')] (5.2.1)

where ultl(y") = SM(y") — 7(y"), T(y') = t — t(y'). After all, (5.2.1)is (1.1.1)

(or (3.5.2)) in a more general form.

A similar relationship may be derived for w(y):

w(y) = [wB(y") + SE") - [12(y) - ()]

where t121(-) = ¢(-) + TI(-), the time of arrival to the second stage (hence the

time of departure from stage 1).

It follows that

W(y)
= TU(y) + wl(y)
= TU(y) + max [0, w(y") + SE(y") - [(t(y) + TN(y)) ~ ((y") + TH("))]
= max [T0(y), wP(y") + SPUy") + TO(y") - [1(y) — t(y")]]
= max [wl(y) + SW(y), W (y") + SE") ~ [t(y) — t(y")]

which is also reasonable from an intuitive viewpoint.
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Our conclusions may be summarised by:
wly) = [wl(p,(v) + SV(ps(v)) - 1) — tp(v))]] T (5.2.23)
W(y) = max[T0(y), W(pa(y)) + u(pa(y))] (5.2.20)

where u(pa(y)) = S¥(pa(y)) — [t(y) — t(pa(y))]-

Since each of the N stage-1 queues is of the standard M/GI/1/oo/FCFS
type, and (as indicated before) (5.2.2a) is (1.1.1) in “disguised form”, it will
be of greater interest to analyse the equation (5.2.2b). This analysis will
dominate the rest of the chapter, especially sections 5.3 and 5.5.

5.3 EXISTENCE AND UNIQUENESS OF A STATIONARY REGIME

If condition (5.1.1b) is satisfied, then we may conclude that

(a) there exists a unique stationary family % which provides the unique
stationary solution of the system of equations (5.2.2a) and (5.2.2b)

associated with &

(b) for any initial condition W°

ni(to, WO) (5.3.1)

tg——oco 17'7'

As in Baccelli et al. [4], we state and prove a different result (based on the
language of discrete time) on the existence and uniqueness of a stationary
regime. A number of preliminary results are needed before we are able to

proceed to the main theorem of this section.
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Lemma 5.3.1

Let (z,) be a stationary ergodic sequence. Then
‘Z.'n, n
(a) Elz,| < 0o = — — 0 ae.
n

(b) (z) an IID sequence and

P[supx—n<oo >0

nelN T

— Bz} <

ProOOF

(a) Let n € IN. Note that

n n n—1
Y(ek—wpo1) = Yz — Yz
k=1 k=0

k=1
= Iy — Xy
T, Zg .
= Pl ;El(wk—wk-l)

Bearing in mind that E|z,| < co, we may now apply the strong law of
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large numbers for stationary ergodic sequences (Theorem 0.2.2).

(b) Let (z,) be an IID sequence and P

lim (x_n — @) = JLIEO%Z(“ — Tg_1)

=00

n n k=1

E(i?l — 1,'0)
0
. . Xg
lim—= = lim—
= 0 a.e.

Ln
sup— <
nelN N

since Kz, = Exg

> 0 but suppose, to

the contrary, that / Plz, > z]dz = Ez{ = Ez} = co. Further let
0

M
M > 1, a finite number. With ¢ = / Pz, > y]dy:
0

+
Ex]

A

AN

/0 Plz, > y|dy

o0

(n+1)M
Z / Plz, > y|dy
nM

n=0

nM

n=1

el n+1
ZM/ Plzy > Maldz + g
n=1 n

o0

el z€[n,n+1

MZP[ml > Mn]+q

n=1

00 r(nt1)M M
> / Plzy > y]dy +/0 Plzy > y]dy

ZM[(TL+ 1) —n] max ]P[:vl > Mz]+q

y=Mz

=)
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Since M > 1 and is finite, ¢ < co and Ezf = oo, we have

iP[azl >nM] = o0 (5.3.2)

n=1

Next observe that VM > 1

0 <

IA

IN

IN

IN

IN

<

so from (5.3.2) we conclude that P [supx—n < 00

i _ T
dicts the assumption P [sup—n < 00

P [supx—n <M

nelN 1

e

11 Plz. < nM] (=) by the independence property
n=1
[IPlz: < nM] (=) since identically distributed
n=1
[1 — Plzy > nM]]

n=1

00 l—z<e™® ze€(0,1]
[ e FlesznMi (=) since
n=1 l—z=¢" =0
- i Plz1>nM]
e n=1

= 0 which contra-

nelN N

> 0. Hence Ez < oco.

nelN N
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Our attention now turns to the “discretized” form of (5.2.2b). Some of the

ideas, terminology and notation (with adaptations) filter through from Part L.

The (prestationary) extended Lindley-Loynes equation assumes the following

form:

W.41 = max [Tn[lll, W, + uy) (5.3.3)

where <(un,T7£1Jll),n € Z> is a stationary ergodic sequence with (un,T,El_ll)
from IR x IRg. When T! = 0 Vn € Z (5.3.3) reduces to the familiar Lindley

equation (1.1.1). It is for this reason particularly that the term exztended has

been chosen.

Lemma 5.3.2
If (W,,n € Z) satisfies (5.3.3), then subject to

Wr(n —r, WO = W°

we have

W, (n—r, WO) = max

m—1 m—1
1 1
T,El]an_frfiaém (T;£ ! + j;u]‘) WO+ Z u]} m > n—r

j=n—r

(5.3.4)
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PROOF

We proceed by induction on m:

LHS = Wn—r-{-—l (TL -, WO)
= max [T,El_]rﬂ, Woir(n —r, WO) + up,y]
= max [T1E1—1r+17 WO+ up_r]

= max [TT[L]LH, max (T,E]] + Zu]) , WO+ Z ujjl

n—r<k<n—r+1 i—k Jou——
= RHS

where we used the fact that k € (n —r,n—7r+1)z7 =0

Suppose that (5.3.4) is valid for some m > n — r. Then:
Wingr(n —r, W)

= max{Thhy, Wa(n — 1, W°) + uy,)

m—1 -1
_ (1] 1
= max {Tm+l7max T'r[r}]v n—-rgl(Ech)im (T]£ ] + ]gku]) aWO + Z u]] + Um}

J

n—r

Il

= max {Tgll,max T,[,}] + uny, max (TF] + ZUJ) , WO+ Z uj] }
i i=k j=n—

n—r<k<m
j=n—r

_ 1] m, 5 S
= max{Tm+1,maX L max ('Lc + Zu]) WO+ Z uj}}

1=k j=n—r

as required.
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Corollary 5.3.2a

(a) Wp(n —r, WO for fixed m, n and r (m > n —r) is a nondecreasing

function of W°

(b) Wy(n—r,0) for fixed m and n (m > n —r) is a nondecreasing function

of r
PROOF
(a) Write
m—1
1
Zm = mMax T,[,f],n_rrrﬁ)im (T,£ Ly Jgkuj)]
Then

m—1
Wo(n —r, W°) = max [zm, we+ M uj]

j=n—r

Suppose now that W,_,(n — T‘,WO) =W’ > W° = Wr(n —r, WO).

We prove the result for all possible cases.

m—1 m—1
Case 1: Wot 3w < W'+ > uj <z
j=n-—r j=n—r



Case 2: Zm < WO 4+ Zuj<W0+ Zuj

m—1 m—1
Case 3: WO + Zuj<zm§WO+ > uj
Jj=n—r j=n—r
_0 _1
Won—r, W) = W + > uj
j=n—r
> Zm (=)
> Wa(n—r,W°

Thus Wy (n —r, W) > Wi(n —r, WP, as claimed.

(b) Suppose T > r and recall that Vm >n —r

m—1 m—1
Al 1
Win(n —r,0) = max {TE],n_rTrlgc)im (LE Tt > uj) , ':anruj}

Now

208
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Thus

n—7r<k<m

m—1
max T,£1]+ > uj
7=k

- ., NS w N~

= max nlgx (jk + 2:1%) 71¥—T%_'§: Uj, I%gx 1; + 2:1%

max

AV
: 1
|
A3
o~
A
3
TN
3
A=
Rt
+
gk
|
—
[~
Ly
~—
3
L
3
g
o
[

m—1 m—1
where we use the fact that T,[ll_]r -+ Z uj > Z u; since TT[LI_]T > 0.

j=n-—r j=n-—r

Hence the result.
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Lemma 5.3.3

Fix ¢ € IR. Then YV« € R and (continuous) random variables X and Y, the
following holds

(a) PIX4+Y << P[X <c—a]+ PlY < d]
(b) PIX+Y > ¢ < P[X >c—a]+ P[Y > d]
PROOF

(a)

~({X<e—a}v{Y<a}) = ({(X>c—a}A{Y >a})
= (X+Y >¢
= ~(X+4+Y <o)

= [X4+Y < C [{(X<e—-a}U{Y <a}

= PX+Y < < P{X<c—a}U{Y <a}]

< P[X <c—a]+ P[Y < q]

(b) In a similar way to (a)

“({X>c—a}V{Y >a})
= (X +Y >
= PX+Y >

(X+Y <¢)
{X >c—a} U{Y > da}]
P[X >c—a]+ P[Y > q

ININ
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Theorem 5.3.1

Consider the stationary ergodic sequence <(un, Tﬂ_l)> associated with (5.3.3).

(a) Suppose the sequence satisfies

Fup < 0 and ET(P] < 00 (5.3.5)
Then

(i) there exists a stationary solution (m,,n € Z) of (5.3.3)

(ii) (m,) is the unique stationary solution, and ¥ W° > 0 and any

finite set J C Z

dim sup [L((m,,n € I, L{W,(n°, W°),ne J))] = 0

ny——0d

(5.3.6)

(b) Assume now that <T,E1], n € Z> is an 11D sequence, distributed indepen-

dently of (u,,n € Z), and that a (finite) stationary solution sequence

for (5.3.3), (W,,,n € Z), exists. Then

(i) Eup <0, and if (u,) is an IID sequence of nonzero random vari-

ables, we have Eug < 0

(i) under the original conditions ET{" < oo
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PROOF

From (5.3.4) we obtain

n—1 n—1
Wo(n—r,W°) = max |1l max (T,Eﬂ + Zu]) RUAEEY u]}
n—r{KE<n J:k

j=n—r

n—1 n—1
= max TT[L]‘],kmax (T,El_]k+ > Uj) RIAEEY u]}

i €Nr—1 j=n—k j=n—r

Next

lim
T—=>00 .
j=n—r

n—1
VV0-+» 2: Uj}

= W+ limr %Zun_j)
T—00 ]:1
< 0 (<) ae.
< 1M T € Rg (5.3.7)

n—1
(or, more precisely, Tlirg) P [WO + > u; >0

j=n-—r

= 0) where we use (5.3.5)

in conjunction with the ergodic theorem (Theorem 0.2.2) and the fact that
W € Ry (i.e., finite). As a result

n—1
lim W, (n—r,W®°) = lim max [Ti”vk?ﬁ&’: (TvaZ‘ujﬂ

n—1
TT[Ll], sup (TT[LI_],C + uj)]
kEN .

= Imax




(i)

213

The stationarity of the above limit is a consequence of the sta-

tionarity of <(un,T,[ll_|]_1)>. We next observe that, a.e.

,}E&( k+2um) - JE&{ (TE I )]

by applying Lemma 5.3.1
(since we have T € Ry = E|TM| = ETMN < oo by (5.3.5)) and

the strong law in a similar way to that which leads to (5.3.7).

Thus sup (f[ll + nz_: u]-) is attained for finite k£ w.p.1 and is,
keN j=n—k

therefore, itself finite. Hence
m, = max [T[l] sup (T[ L+ Z uj)} (5.3.8)
j=n—k

yields an a.e. finite stationary solution.
Most of this part has already been proved. We merely note that

some of what we have already concluded could be summarised as

PW,(n —r,W° > W,(n —r,0)] = 0

We are given that an a.e. finite stationary solution (W) exists.

Now

m, = max [T[] iup (T[I]k + Z u]>] <W,.VnelZas.
eN

j=n—k

because it is the minimal solution (obtained as m, = lim W, (n —r,0)).

T—00
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Hence m,, must itself be a.e. finite, which implies that

n—1
sup (TTE]J,c + X uj> is a.e. finite.
keN '

j=n-k
Suppose, to the contrary, that Eug > 0. Then
k—o00 j=1 k—o0 7=1

k k
lim ) up,—; = lim k [% > un_j] = 0o which contradicts the fact
that the supremum is finite. Thus we must have Eug < 0.
If we make the additional assumption that (u,) is an IID sequence

of nonzero r.v.s, then a suitable adaptation of Lindley [45] (espe-

cially pages 280-283) gives Eug < 0.
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(ii) Let M € IN. We have noted that

j=n—k

n—1
o - eyt 5.1
kelN
Uy
=n—k

= w, 2 SUP(T[]k+ Z )
=

keN

n—1
=  [W,<M] C [sup (T[l]k+ S u]-) < M}
kelN j=n—k
[ n—1
= P[W,< M] < P |sup ™ 4+ o ouj| —M <0
_kE]N j=n—k
SPsup(nk+ZuJ )<0:|
LkzM j=n—k
< P |sup T[I]k+ E u; —k) <0j| (=)
LkZM \ j=n—k
[ T[J] n-—1
< P |sup 7};’“—{-%21@'—1 <0
_kZM j=n—k

(5.3.9)
In the third-last inequality we used the fact that

sSup T < sup Tx
k>M k€N

= |supxr <0l DO |supzp <0
k>M keN
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Thus
PIW, < M|
[ 771 n—1
< Plsup | =FE 415 u;| <1 from (5.3.9)
_kZA4 k j=n—k
i 1] n—1
< P |sup—"=% 4 inf L u; <1 Lemma 0.2.1
B Lsz}\)’f k2M kj—_g—k ’
i Y{H n—1
< Plsup ~E <1—a|l+P|inf > wuj<a| Lemma5.3.3
Mk kxME S

where the last inequality holds Va € IR, in particular for ¢ < Eu,,.

Continuing:
1
PIW, < ]

lim P[W, < M]

—00

T[l]

k

lim P

su
M—o0 P

k>M

T,
sup ———
kz]\% k

lim P
M—oo

<l—-a

T
<l—a

+ lim P

M—oo

+0

[inf
k>M

1
k

J

n

-1
u; <al
=n—k

where we use the Strong Law of Large Numbers in the final step.

)
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(1]

T
Hence lim P |sup—=% <1 — a] =1
M—oo E>M k
i )
= Ve>0dMys.t. M > My = P |sup kS 1 —al <=
kv k 2
(5.3.10)
We may also find sufficiently large K =1 — a such that
i .
Ve>0 P sup—==%> K| <= (5.3.11)
k<M k 2
(for some finite M > M,). Moreover
[1] I 7]
Plsup—"=~£>1—-q| < P|lsup "“E>1—qal+
keN K keN, K
[ T[1]
Pl sup £ >1-4q
__keNM—l k
(56.3.12)
A combination of (5.3.10), (5.3.11) and (5.3.12) leads to
T
lim P |sup—=£ > K1 < €
K—-oo keN
T[l]
— Plsup—™=t <oo| > 1—€¢ Ve>0
keN Kk
1]
== sup—=£ < 00 a.e.
keN k
(1]
— P |sup—=ft <o > 0
keN
. ETT[Ll] < 00 by Lemma 5.3.1 0

since T,[:]z(T,[,l])“"
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Remark 5.3.1

(a) Part (b) of Theorem 5.3.1 is effectively a converse of part (a) of that

theorem.

(b) (5.3.8) is another example of a strong solution (cf. Remark 2.5.1(d)
and Definition 2.5.1). In fact, this chapter is connected in several (ob-
vious and more subtle) ways to Part I. For instance W, (n —r, W°) and

w,(w, ) are related concepts.

(¢) In the notation of Part I, Eu, = E(s, — Tn) so that the stipulations of
Theorem 5.3.1 (e.g., (5.3.5)) relate to those in (5.1.1b).

5.4 APPROXIMATION THEOREMS

A common approach for determining network characteristics is to use the
Poisson (or independence) approximation, i.e., the flows of customers are
taken to be Poisson (and assumptions on the independence of different ser-
vice channels are made). The Poisson approximation may be paralleled with
the mean-field approximation of statistical mechanics. A key feature is the

effect of letting the number of nodes N — oo (hence a mean-field limit).

Dobrushin & Sukhov [29] and Brown & Pollett [19] contain the first rigorous
proofs of convergence to a so-called limiting mean-field picture. Although
the latter article is not concerned with starlike networks, but instead with a

slight generalisation of Jackson networks (sometimes termed migration pro-
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cesses), the concept of a Poisson approximation does feature prominently.

The usual (and intuitive) notational conventions for the RMPPs are ap-
plied in the sequel. A subscript for the channel is suppressed because of the

symmetry properties.

Theorem 5.4.1
Suppose (5.1.1b) is satisfied. Then for any bounded time interval 7 C IR,

we have the following result (which “involves” the variation metric)

lim  sup |L(y’'™(to) Ir) — L™ I7)| = 0

to——o00, N—oo

Proor

Recall that, under the conditions of Theorem 5.3.1, the minimal solution

((5.3.8)) to (5.3.3) is of the form

kelN Jj=n—k

n—1
W, = T,[Ll] + max lO, sup (Tr[bl_]k — TTP] + (S'J[-Z] — (tj41 — tﬂ))]

n—1 *
Lol = sup[_z S][-Q]+(T,E1_]k—T,[f])—(tn—tn-k)l
keN |j=n—k

m<n J:m

n—1 +
= wl = sup [ > S][-?] + (T -1y — (¢, — tm)}

(5.4.1)
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We wish, however, to formulate the continuous analogue of (5.4.1). This is
not a difficult task. Before proceeding, we simplify the notation by writing
y € w; where w is a realisation of an RMPP with marks (S, w). The des-
tination of message y is known to be 7; its source is not known (nor of real

interest at this stage).

Also
yb'oo= yF (t',t;w;) is the first message of w;
to arrive in the network during the interval [t’, ]
yb = 4t (t’, t;w;-) is the last message of w;
to arrive in the network during the interval [¢, ]
Then
vigy) (w]) = sup > SE@+ TN (") -7 (yE) ~ () - )
Y<v) | jew!: 1(g)elt 1(v))
(5.4.2)
1s the desired expression which can be generalised from ¢(y) to arbitrary t,
as follows:
+
ve(Wf) =sup | 30 SEG) +T(yF) - T (yE) — (2 - 1)
U<t | gewl: t(9)e [t0)
(5.4.3)

Clearly we have the following relationship®

W(y) = TM(y) + vy ()

gy (wg) = wl(y)
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where, from now on, we will again suppress the subscript (;). Define

7 (W) = sup[t' <t:vp(w) =0] (5.4.4a)
Zo (W) = inf[t" >t ve(w) = 0] (5.4.4b)

so that, roughly speaking, 7 (w') is the time of the last renewal in w' prior
to ¢ and, similarly, 7, (w') is the time of the next renewal in w' after t. For
instance, suppose z; (W) = t; and Z, (W) = t2. If vy(w') = 0 (a renewal
at 1), then z;, (o) =t =2, (w'). Otherwise z,, (w') = t; or, equivalently,

Etz (LUI) = t].

Return to the main argument of the proof. Write w! for the realisation

of the flow with marks (S, w[) obtained from ' by deleting component W.

Now suppose that for some pair of realisations w’ and @' (and the corre-

sponding w. and @) the following properties are satisfied:

min[z, (W), 7, @)] > t—s (5.4.5a)
max[z, (W), 7, (@)] < T<t (5.4.5b)
wil(t—s,t] = wi-[(t—s,t] (5.4.5¢)

where t € IR, s € IR4.

We conclude that

sup[t’ < t:vp(w') = 0]
t—
s < { sup[t” <t :vw(@) =10

——
A
o~

<t (5.4.6)
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and from (5.4.5¢)
ww) = @) Vie@d

= W(y,w') = W(y,d) Vyecwlzy=wlgy

The remainder of the proof hinges mostly on a cumbersome sequence of in-
equalities. For this reason the details (most of which may be found in Baccelli

et al. [4]) are omitted.

As an extension to Theorem 5.4.1, we have the following result.

Theorem 5.4.2

Suppose (5.1.1b) is satisfied. Then for any bounded time interval 7 C IR
and any finite set J C IN, we have

lim sup

tg——00, N—o0

L {n;(N)(t_(;)IT;j € .7} — L{n;-(‘x’)lf[;j € ..7}\ =0

5.5 THE EXPONENTIAL CASE

Consider the following stationary-regime stochastic equation which is analo-

gous to (5.3.3):
W ~ max [T, W+ S — 7] (5.5.1)
The four random variables on the right-hand side, W, T (~ T0), S (~ S

and 7, are nonnegative and assumed to be mutually independent. The
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distributions of the latter three are known. In particular S ~ FP and

T ~ Exp(A~1). What is unknown is the distribution of the waiting time W.

If welet X ~ W + S — 7, then (5.5.1) may be rewritten as
X+7—-S5~max(X,T)

or

X ~S—7+max(X,T) (5.5.2)

Much as before, random variables X, 7,5 and 7 on the right of equation
(5.5.2) may be assumed to be independent.

In this section, further conditions are stipulated for (5.5.2). In addition
to the assumption that 7 ~ Exp(A™!), we suppose that S ~ Exp(p~!). G
shall represent the distribution function (and g, the density) of the difference
u = S — 7, while the distribution functions of 7" and X are denoted by F;
and F respectively.

We wish to rewrite (5.5.2) i.t.o. these distribution functions. In order to

do so, note that

Froaxx,r)(r) = Plmax(X,T) <r]

PHX <r}n{T <r}]

P[X <7].P[T <] independence of X and T
F(r)Fi(r)

Fraxx)(r) = (FF)(r)

il

(5.5.3)
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The independence of the various random variables also leads to the following:
Flz) = Fx(z)

Fu+max(X,T)(I) from (552)

F, * Fma.x(X,T)(x)

= Gx*(FF)(z) from (5.5.3)

= [ Fla-nF -y
or Flz) = /()oof(r)fl(r)g(x—r)dr (5.5.4)

since T' is a nonnegative random variable.

Clearly it is necessary to determine the distribution and density functions,

G and g respectively, of u =5 — 7.

From a diagram it is clear that P[S — 7 < z] has to be considered separately

for the cases z > 0 and = < 0:

S S
4
S=1+z
S=1t4+2
T
0 T | p— T
Fig. 5.1(a) Fig. 5.1(b)
Graphof S=7+2 Graphof S=7+ =«

z>0 x<0



Case 1
G(z)
= g(z)
Case 2
G(z)
= g(z)
Thus

x>0

P[S — 1 < 4]
P[S <71+ 2]

o] T4+x
Ae=> / perSqSdr

=0 S=0
0_00)\6"\7[1 — e HTt9)] 47
1 — ﬁe““’
G'(z)
/\/:L_ﬂue—uz
z <0
PS<rt+ ]

0 T4
/ )\e_AT/ pe *5dSdr
T=—zx S=0

/ T AL gmutra g

Az A Ar

(& A+Me

LAz

A+u€

Al Az

A+ﬂe
Ap —puzx O

— Atpu -~
g(l’) - Ap e/\z‘ 0

Ap
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lim g(z) = {5%5)} = lim g()

r—0+ ( z—0-
so, in fact
Ae-uz g >0
e xz
= Atu - .5.5
+o

Moreover g(z) has a derivative on IR\ {0} :

, —pglz) >0

g'(z) = {A;(i()) <0 (5.5.6)
and a second derivative on IR \ {0} :

" 2g(z) >0

@ = (e e (5.5.7)

Since ¢ is continuous on IR with piecewise continuous derivative ¢’, we have

that
Fla) = ["FOAEE @ -rdr (5.5.8)

The jump of ¢’ at 0 (Apostol [1, p. 93]) is given by

(0-)
0) (5.5.9)

J = 40+ -¢
—(A+p)g(
= A

Thus
File) = [ FOFRE) (@ =)+ JFFR) @ +0)

. (5.5.10)
_ /0 F(r)Fi(r)g"(z — r)dr — ApF () Fi(z + 0)
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For z # 0, however,

Ang(z) + (A = p)g'(2)

_ [ Auglz) = (A = p)g(z) = pig(z) z>0
- { Aig(z) + AN — p)g(z) = Mg(z) <0 } (5.5.11)
— gu(x)

As a result, by combining (5.5.10) and (5.5.11),

Fi(z) + MiF(2)Fi(z +0) = /0 CF)F ) agle — ) + (A — p)g'(z — r)ldr
= MiF(@) + (A= ) F(a)
s0 that the right-hand second derivative is determined by
Fla)+ (p—NF(z) = IF(z)[l - Fi(z+0)] (5.5.12a)
and similarly for the left-hand second derivative:

F'(@)+ (p—NF' () = IpF(z)[l - Fi(z —0)] (5.5.12b)

We note that, if F; is continuous at z, then Fi(z + 0) = Fi(z) = Fi(z — 0).
From this, it is easily deduced that F{(z) and F’(z), of (6.5.12a) and
(5.5.12b) respectively, coincide so that F"(z) exists and is given by

F'()+ (p—NF(z) = IF(z)Fi(z) (5.5.12)

The results used in this section are from the theory of functionals and general-

1 >0

ized functions, especially the Heaviside unit-step function H(z) = { 0 <0
T
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and its generalised derivative, the Dirac delta function 6(z). The material
required for this section may be found in Butkov [20, Chapter 6], Dettman
[27, pp. 235-242] and Kolmogorov & Fomin [44, §21].

We continue with some additional properties of interest. Substitution into

(56.5.4) yields

FO = [ F@FE)(-r)dr

(5.5.13)
= [TF@FRE) e
using (5.5.5) in accordance with the fact that —r € (—o0,0].
If <0, then (5.5.4) reduces to
Fo) = [ FOFRE) L
_ 6/\9:/0 f(r)fl(r)%e"Ardr (5.5.14)
= e F(0) from (5.5.13)
Letting z = 0 in (5.5.8) gives
F'(0) = / F(r)Fi(r)g' (=r)dr
0
= /\/0 F(r)Fi(r)g(—r)dr from (5.5.6) (5.5.15)

= AF(0) from (5.5.13)
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Example 5.5.1 (A Special Case)
Suppose T' ~ Exp(v~') so that

File)=1-€¢" z20 (5.5.16)
In this special case (5.5.12) becomes
F'(2)+ (p— NF'(z) = Ape ™ F(z) =0 z2>0 (5.5.17)

(Fi(x) is continuous Yz > 0).

The following transformation reduces (5.5.17) to a more suitable form:

t=1t(z) = e ? (5.5.18a)

F=tU a="- (5.5.18b)

Then, representing differentiation w.r.t. ¢ with the usual fluxional notation,

from (5.5.18a), we obtain:

%ﬁ = Apge ™" (aterm in (5.5.17))
/

@ = -

o~
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Also
Fta) = at*7U+t°0
= " U + U]

dF (t(z))

dx

Fltfa) =

= F(t(2))t(z)

I [aU+tU]

2

Frite)) =

= Zt{at* [alU + U] + 12 [(a + 1)U + U]}
= 247 [0?U + (20 + 1)U + 20

So
F = tt2ly (5.5.19a)

Fo= _%ta+2 [at%U + %U} (5.5.19b)

o %th [azt%Uqh(Qa—l—l)%U—i—U] (5.5.19¢)
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Substitution of (5.5.19a)-(5.5.19¢) into (5.5.17) (on multiplying through by

szT“) yields

PLU+ (20 + )10 + U - 2oty 2y =0

v

= U+ (20+1-20) %U ( +2;;) =0 from (5.5.18b)
= U+0-(1+%)U=0
(5.5.20)
Bessel’s modified differential equation (5.5.20) (Bronshtein & Semendyayev
[18, pp. 410-413]) has the following solution:

Clla(t) + Cglfa(t) o€ R

u(t) = { aL(t) + cal_a(t) a€R\Z (5.5.21)

(since I14(t) and K,(t) are solutions to (5.5.20) but

I, and I_, are linearly dependent for a € Z;
I, and K, are linearly independent YV« € R)

where

L(t) = ioJ,(it)

o0 1 t 2k+-o
- ,;,k!l“(a+k+1)<§> ac iR

is the modified Bessel function of the first kind of order «,

m[[a(t) = La(t)]

2sin(ar)

lim 7r [I—p('t) — I,(1)]
p—a 2sin(pr)

acR\Z
K,(t) =

ael

is the modified Bessel function of the second kind of order o (also known as

the Macdonald function)

, and

¢1, ¢z are determined by the constraints F(—oo) = 0 (F(0) = 0), F(co0) =1
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Remark 5.5.1

(5.5.16) is of particular interest when v = y — A (which is obviously positive
because % < 1). In this instance, the M/GI/1/co queue is nothing more
than the familiar M/M/1 system.

Using (5.5.18b), & = =2 = 1 (= F = tU) so that (5.5.21) becomes

U(t) = e [y(t) + co K1)

Example 5.5.2 (Basic Lindley Equation)

1 >0

0 <0 In this case (5.5.1) reduces

IfP[T:O]:l,thenTwH(a:):{

to W~ [W+5 —7]" wp.l and (5.5.12) becomes
Fi(@) + (n = NF'(2) = AuF(2)H(z)

or

oy - 4 A= p)F () x>0
F'(z) ‘{ ()\—,Lt)f'(x)-l-/\uf(x) 2 <0 (5.5.22)

We shall solve the differential equations given in (5.5.22) (but with z = 0
excluded) in §6.4.
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CHAPTER 6
HIGHER-ORDER LINDLEY EQUATIONS

6.1 INTRODUCTION

In the previous chapter, a so-called extended Lindley equation was shown
to govern the operation of a FAFS message-switched starlike network. In
this chapter, we will be concerned with the circuit-switched analogue of that
discipline. Consideration of a “generalised starlike network” with m (often

greater than 2) stages will lead to an mth-order Lindley equation.

42 ar
(&)
el ]
[ dy |
Fig. 6.1

Generalisation of the Starlike Network

Figure 6.1 above illustrates the situation. Minor adjustments and generali-

sations of notation used in Figure 4.1 are made. @Ej] denotes the ith line of
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the jth stage (¢ € INy and j € IN,,) and ¢ is the hub linking stages k and

k41,04 =c;_y¢; (j #1). Sources and destinations are labelled as before.

In Chapter 4, the circuit-switching FFAF'S second-stage protocol was intro-
duced on a starlike network. In the current chapter, we will be concerned
mostly with general m > 2. The FAFS discipline operates in the final
(mth) stage where transmission occurs. Otherwise, in all m stages, the gen-
eral circuit-switching principle of waiting for all those calls with earlier arrival
times, and which have a path intersecting with one’s own, to leave the net-

work, applies.

6.2 CONSTRUCTION OF THE mth-ORDER LINDLEY
EQUATION, AND ITS SOLUTIONS

It is convenient to extend and generalise the concepts of source and destina-

tion predecessors and successors (Definitions 4.3.1 and 4.3.2) to our m-stage

network.

To do so, it is necessary to realise that, when m > 2, the “marked” path
through the network is determined not merely by a source (line) and desti-
nation (line) but by m lines: (i1,43,...,7,) = ¢, where 4, is the line in stage

j (E ]Nm) and ij € INy.
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Consequently 39 = [t/; (S, (¢4, ... 1, .. 1), W')] is said to be the (immedi-
ate) jth-stage predecessor of y = [t; (S, (41, .-,%j,. .., im), W)] (symbolically
y9 = pi(y)) iff

t' < tand t' = max[t(7) : t(Y) <t A(Y) = 1]

Obviously the definition may be extended to include the identity y = p(y),
nth jth-stage predecessors p?(y) and successors p;™(y) (j € Np,n € IN).
Much as in Definition 4.3.3, we may consider total indez n(y) and jth-stage
indez n;(y).

According to the synchronization constraints for this circuit-switching model,
y may gain access to line ; only once y9) has left the network. Let wlt(y)
denote the wait y experiences from the time it arrives to the time it gains its
first-stage line i;. Furthermore, write wll(y) (5 # 1) for the waiting time of
y in the jth stage (i.e., the length of the interval from the time y gets the line

¢;—1 to that time when it pretends on 7;). Also write W (y(j)) for the network
waiting time (excluding service) of predecessor y), 7 (y(j)) =t—t (y(j)) and

u (y(:’)) _ S (y(j)) . (y(j))_
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Then, applying the idea of Chapter 1

-1 17
wil(y) = [W (y(j)) +u (yu)) - ; w[d(y)]
— W) = Yy
m=1 m—1 +
_ Zw[a](y) 4 [W (y(m)> +u (y(m)) _ gzjl w[l](y)]

= max [mil w[i](y)’ w (y(m)) Tu (y(m))]

=1

= max W (39) +u (y(j))r
using induction, initial condition wll(y) = [W (y(l)) +u (y(l))r and Re-
mark 2.3.1. From a practical point of view the result is fairly intuitive
since we know that call y may be transmitted only once the last of its m
predecessors have left the network. Obviously the possibility exists that
pi(y) = pe(y) ((j # k) € IN,,), which then implies that y and y¢@) = y(*)

share lines 7; and 1. We will return to this situation later in the chapter.

For now we summarise our conclusions with the equation

W) = g [ (5) +u (s)]" (6:2.1)

At this stage it s important to realise that we are not making any claims
regarding stationarity or uniqueness (nor are we specifying the finiteness or
otherwise of N ) but rather formulating a (non-stationary) Lindley equation

much like (1.1.1). Less significantly, it is evident that, for now, (6.2.1) is
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formulated i.t.o. random variables rather than their distributions.

More especially, we aim to prove the existence of a stationary regime with
waiting times governed by the stochastic equation (which is of particular

interest when N — o00), given by

W ~ max WU 4+ u(j)]+ (6.2.2)

JENm,

Naturally enough, (6.2.2) bears a strong resemblance to (6.2.1).

In accordance with previous notation and assumptions, u = 60 — 70)
where TID service times SU) ~ F, j € IN,, and IID interarrival times
70) ~ Exp(A™'), j € IN,, (although a more general distribution is possi-
ble). <S(j), jE ]Nm>, <T(j), JE ]Nm> and <W(j), JE ]Nm> are assumed to

be mutually independent sequences. In addition <W, A = 1Nm> is sup-

posed to be a sequence of identically distributed random variables.

There is a natural generalisation of the source-flow family € and destination-
flow family ¢’ of Chapters 4 and 5. Any call with line i; on its path-vector
¢ will form part of the jth-stage flow & € ¢l (¢; € Ny, j € IN,,). By as-
sumption, and the symmetry of the model, €U is a collection of 11D Poisson
flows each of which has rate A. The marks of ¢, are given by (2(;), S) where
2(;) is that (m — 1)-dimensional vector derived from ¢ by extracting the jth
component. The inclusion of ¢; would be redundant because ¢V specifies the

Jth line. Realisations w;; will include arrival times of calls in that flow.

Mention was made in Chapter 4 of extended RMPPs, and the idea was
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exploited in Chapter 5. As was the case there, the waiting time is included
in the “mark” of n;, € nbl. Sample realisations, which include times, are

determined by @;; € bl

The concept of RMPPs may be taken even further. Each of the N™ dif-
ferent paths (zq,...,%,) may be associated with a flow £(2) (strictly w(z) if
we are referring to sample realisations) of calls having that path. The fact
that ¢ determines £(2) means that it really need not be included in the marks.
Since the total arrival rate to the network is N, symmetry and 11D assump-
tions imply that any one stream £(2) has rate ]1\\]1_:,\1 = # Extended flows
n(¢) are naturally defined.

The formalities of the preceding paragraphs, with the rather unfortunate
notation that accompanies them, are necessary. In order not to let notation
detract from the basic argument, however, the first theorem is formulated
for the case m = 2 and the family & (or ¢') and 1 (or ') of flows. The
statement and proof for more general values of m is essentially the same. In

any case, the proof of the theorem relies on the results on the following pages.
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Lemma 6.2.1 (Extended Version of Chebyshev’s Inequality)
Suppose X is a random variable with distribution function F. If, for some

a > 0, Ee*X exists, then P[X > 0] <Ee¥,
PROOF
Write A = [X > 0]. Then we prove the result for a continuous X.
Ee*X = /e”dF(a:)
— axdF / ll(L‘dF
/Ae (z)+ e (z)
> /e“dF(:z)
A

B /AdF(:z:) (=)
- Pl (=)

> P[X > 0]
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Corollary 6.2.1a
Suppose X is a random variable with distribution function F', and ¢ € IR.

If, for some a > 0, Ee*X exists, then P[X > ¢] < e”%Ee¥.

PROOF

PIX>d = P[X—-c>0]

< EeX-) by Lemma 6.2.1

and the desired result follows.

Corollary 6.2.1b
Suppose (X,,,n € IN,) is an [ID sequence of random variables, where X,, ~ X,

the random variable in Lemma 6.2.1. Write S, = 'ZT: X,.

n=1

Then, ¥V a > 0 for which Ee** exists, P[S, > 0] < (Ee“x)r.
Proor

From the lemma

P[S, > 0] < Ee*5 (=)
aan
< Ee n=1 (:)
D

< ]_;[]Eeax (=)

< (Eeax)r 0O
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Lemma 6.2.2
Let (X,,n € I) be an IID sequence, where X,, ~ X and |I| = m € IN. Then

P [mngXn > c] < mP[X > .

PRrOOF

[I;l;lglx Xn > c] C LLEJI(Xn > ¢)

— P[maxXn>c] < P[U(Xn>c)

nel nel

< LHX>d ()
< YPX>d (=)
< mP[X > (]

We are now in a position to prove the theorem.



Theorem 6.2.1
Suppose

A
inf Ee*®

— <
a>0 Ata

3 (6.2.3)

Then the family 9 = {n;,7 € Ny} of extended RMPPs previously described

exists and is unique.
PROOF

Consider the arrival of a (virtual) call y € w; NW} at time {. We com-
pare the waiting times Wy, Wi of that call if zero initial conditions (system

empty and servers idle) are imposed at times ¢ and t” (t” < t') respectively.

—

With these waiting times we associate the extended (truncated) flows n;(t")

and Wi(t_;’)-

Let us consider (realisations of) the collection &,= {{M,i € ]NN} of reversed

flows, where §;; is the flow {; observed in reverse time from ¢ (to ¢’ and t”).
This (reversed) RMPP and its marks obviously have the same distribution
properties as & (Chapter 4).

We are then able to construct a source-predecessor path

Puy): (y=pAy)) -.. PO (y)

and a destination-predecessor path

Po(y): (y=p(y)) ... 95" 7' (y)



243

This information is, however, more effectively reflected in the form of a pre-
decessor graph (more accurately, digraph) of y. The root r is associated
with y while its adjacent vertices correspond to p,(y) and pa(y) and their
respective service times. As mentioned towards the beginning of this sec-
tion, ps(y) and pa(y) could coincide, in which case the vertices merge (one
arc emanantes from y to ps(y) = pa(y)). A more general possibility is that
s(ps(y)) = s(pa(y)). Yet another situation which can arise is that a single call
7 is a predecessor for two different calls, y; and y,. In other words, § = py(y1)

and § = p4(y2), in which case two arcs enter 3.

The arcs (y, ps(y)) and (y, pa(y)) are assigned values 7(p;(y)) =t — t(ps(y))
and 7(ps(y)) = t — t(pa(y)) respectively (with the obvious adjustment in
the case of coincidence). The situation is repeated at the vertices p,(y) and
pa(y), and so on until a digraph, with dipaths of length n characterised by
the n-dimensional vectors 8 € M™ (M = {s,d}), emerges. 0, = s (d) iff
the ¢th vertex on the dipath is the source (destination) predecessor of the
(: — 1)st vertex on that path. Obviously, because of the correspondence be-
tween the path and the vector 8, at most 2" paths of length n are possible.

(If ps(9) = pa(y) then, of course, there are fewer than 2" such paths, and we
adopt the convention that ; = s).

To simplify the notation, we may write r = vy = y, v; = pg,(vi_1) and
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e; = (vi—1,v;). We may now define

Un(6) = D ui(6) (6.2.4)

U, = max U,(0)
OEM"’ /

and let A, = {a path of length n with positive delay exists}

For such a path associated with some fixed 8, the vertices and edges cor-

respond, of course, with IID service and interarrival times respectively.

If 0, = s, then v; = ps(vi—1) and the calls corresponding to v; and v;_4
are from the same source flow which implies that 7g(e;) =5 77 ~ Exp(A™!)
(independently of 7g(e;)). On the other hand, if f; = d, then v; = py(vi_1)
and the calls under consideration are from the same destination flow. If we
bear in mind the discussion on destination flows earlier in this chapter and in
previous chapters, we again conclude that 7g(e;) is stochastically equivalent
to an independent copy of an Exp(A™!) random variable. v;_; must wait for
pa(vi—1) to leave the network before v;_; can be served. v;_; and pg(vi—;)
are successive arrivals from the same destination flow hence the time elaps-
ing between their moments of arrival to the network ~Exp(A~!). (Refer to

Definition 4.3.2.)

We may also write Sg(v;) =« S}, an independent copy of a random vari-
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able distributed as F. On letting uf = SF — 77 ~ u*, we obtain
P(A,) = PlU, >0

= P [max U.(0) > 0}

Ocrmn

< M["P[U.(0)>0] (=) by Lemma 6.2.2
< 2"P [Enj u;(0) > 0] (=)
=1
< P [i ur > 0]
=1
< 2" (Ee‘“")n by Corollary 6.2.1b
— P(A,) < o (inf Eeau‘)
a>0
< (2.3 by (6.2.3)
< g g €(0,1)
— ZP(An) < o0

= P(IimsupAn) = 0

n— 00

(6.2.5)

+
Hence W(y) = [sup Un} is attained on a path of finite length w.p.1, and
nelN

thus is itself finite w.p.1. Consequently (w.p.1) W(y) = W(y), the actual
waiting time of the call under consideration. (We will tend to suppress ref-

erence to call y in the sequel.)
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If Wy — W] =0 (w.p.l) then convergence as t' — —oo, does not create
any problems. So suppose |Wy — Win| > 0 with positive probability. Then

the predecessor path on which W;» is “derived” must originate from before ¢'.
In order to prove the existence of 1, we need to show convergence of the
truncated flows n(t') and n(t"), i.e., we require that

t,lir_n P [|Wt1 — Ww| > 0] =0 (6.2.6)

Let ng be the length of the predecessor path associated with W,». Now

P(ﬁ Ak> < iP(Ak)

k:’no k:no

< Yd (=) by(628)

k=ng

<

l—gq

— Ye>0 3N0:N0(e)s.t.no>No:>P<Ej Ak)<§ (6.2.7)

k=ng
which takes account of the case ngy € TN—NO, so we need to investigate ng € INy,.
For the latter case, let us consider the possibility of the time-extent of the

path exceeding some Ty. By virtue of the fact that (T.) is a sequence of

proper random variables (interarrival times on the path corresponding to
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Wi ), we have

€
Ve>0 3Tg>08tPZTZ>T0 N

=1

no No [ no
[ {Zn > To} < Z P LZ% > Tp
no=1 no=1 =1
No [ No
< Y PISE> To]
no=1 _i:l
€
— 6.2.8
< (6.2:2)

Thus, on combining (6.2.7) and (6.2.8), we get that Ve >0 375 > 0s.t.

no :No +1

w0 < o[ 8o e 0 a)

< +

NN e
[N=Nie
—~
Il

SN—r’

<

@)}

Letting t” < t' < —Tp < 0 yields (6.2.6).

As a consequence of the symmetry of the starlike network model and the
distribution assumptions about the arrival process to any source, 1 is seen to
be time-stationary and symmetric under permutations of its indices. (For the
former, consider the expression for W(y) 1.t.0. stationary random variables,

as well as the stationarity of the arrival and service processes.)
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Also, we have established that the waiting time is derived on a path extend-

ing for a finite time and having finite length (w.p.1). This implies uniform

—

control in ¢’ of the memory of 5(¢') which, in turn, means that 7 inherits the
property that its waiting times satisfy a system of network equations of the
form given in (6.2.1). In other words, under zero initial conditions, if we fix
some realization w, then 37T (w) which gives the earliest possible time for the
generation of a predecessor path that affects our virtual arrival. As a result,
the predecessor paths for p,(y) and ps(y) must also terminate ‘before’ T'(w)
is reached in the reverse flow (otherwise y would have a path of greater time-

extent, and this would lead to a contradiction). Hence the control in memory.

Thus far we have established the existence of 1 (associated with W), but
now we need to consider its uniqueness. In order to prove that there is no
other random variable W (or its distribution) which solves the system of
network equations of the form (6.2.1), with the associated flow %) having the
stationarity and symmetry properties 1 does, then we need to show that the
memory of an initial condition W? is “lost” (much as in Theorem 5.3.1).

Briefly, this is a consequence of the bound
PIWo+3(Si—1)>0| <e
1=1

which is a suitable adaptation of the inequality given in Lemma 6.2.1 and its

corollaries, for sufficiently large n.



Remark 6.2.1
The most general way of expressing the bound analogous to (6.2.3) for any

m € IN and 7 not necessarily exponential® is

. 1
iggEe“‘b‘f) < — (6.2.9)
a m

a bound which is uniformin N. (Recall the discussion in §4.2 about the effect
— on the above quantity and on the traffic intensity — of having N finite.)
If 7 ~ Exp(A~!) and S ~ Exp(p~'), implying that we have M/M/1/FAFS
channels, then this leads to

A p
(A +a) (4 —a)

where we use the independence of S and 7, and ¥s(-) is the characteristic

Ee®®~) = Be " Ee™® = hy(1a),(—ia) =

function of an Exp(#~') random variable. As a result

M if [0+ a)(p— @) < 2 (6.2.10)

It is easy to show that the infimumin (6.2.10) is equal to (u:W (for a = “;—A

(positive because i < 1)). As a result, we may simplify (6.2.10) as follows

4 pn 1
Wy S m

4p 1

= (1+p)? < m

= pPP+2(1-2m)p+1>0

=

p < (C2m—1)—/(2m—-1)2 -1 or}
(6.2.11)

p < (2m—1)—2{/m(m-1)

since the other (larger) solution is invalid.

!Without a Poisson arrival stream, however, we cannot always guarantee the validity
of the results of the various theorems in this chapter.
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In Theorem 6.2.1, we were concerned with infinite limits w.r.t. time for a
finite number N of channels in each of the m = 2 stages. The next theorem,
in which the case N — oo is considered, is proved for a general m > 2. We

use the idea of an extended call, which was introduced in Chapter 4.

Theorem 6.2.2
Given the extended call 7 = [f; (S, 2, W)], suppose

A 1
inf Be® —— < — (6.2.12)
a>0 A+a m

and N tends to infinity. Then W 4 Wiin where Wi, 1s the minimal solution

of (6.2.2).
PROOF

Consider a rooted ditree 7 with root 7 and branching m (Appendix A).
With each edge e of 7 we associate an independent copy u. of u = § —
(S ~ F,7 ~ Exp(A™")). We are interested in (finite) dipaths with r as initial
vertex. For each such (fixed) path m € I, (collection of paths of length n)

write

Us(r) = > u

eem

and also define
Ur = maxU*(n)

w€ll,

+
W = [supU;:l (6.2.13)
neN
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Analogously to (6.2.5), we obtain

T€ell,

PlUr >0 = P [maxU*(w) > 0]

< mn (Eeau)n

= PlU: >0 < m" (il;% Eea“>
< ¢ g €(0,1)
= P |limsup [U} > 0]} =0 (6.2.14)

which implies that W* is a.e. finite and sup U is attained a.e. We may also
n€lN

conclude that

_+_
P

[sup Uil < W*} <q" (g€ (0,1)) (6.2.15)
kemn

Since we have established that W* is a.e. finite, we may deduce that L(W™)

provides the minimal solution to (6.2.2). This may be demonstrated infor-



mally (with a slight abuse of notation) as follows:

W* ~ max
JEN,

~ max
JEN,

~ max
JEN,

~ max
J€Nm,

~ Imax
JEN,

~ Inax
JEN;,

~ mnax
JENm

~ Imnax
JEN,

~ mnax
JE€N,

~ Imax

JEN,

1 . + n+1 .
[max > ugj)] , [sup max y, ugj)}
i=1 nelN =1

)

n
sup max y_ u,’,

| n=1 1=1 =1

nGNl

- +
= (9)
sup max ), u;
[n€NN =1

+
[max Z ugj)] + ugj)]

sup
tnE]N 1=2
max |sup Enj uz(-j), sup f: ul(j)] +u
| n=1 1=2 ﬂENl 1=2
_ . . T4
max |0, sup Y uz(])] + ugj)]
nelN; 1=2
_ N n
sup Z uz(J_)l} + ugj)
| _nENl =2
-F n—1 () + () +
sup 5 uP | 4wl
i LneN, =1
IR R
sup > uz(»J)] + ugj)
|n€IN =1

[W* + u(i)] +

where the IID characteristics of the <u5j)> are used.
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|

sup max f: uf-j), U]

+
(j)]
1
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The minimality is essentially a consequence of a zero initial condition.

Our intention now is to show that the limiting predecessor digraph (i.e.,

limiting in the sense N — o0o) assumes the form of the ditree 7.

It is clear that definitions and calculations analogous to (6.2.13), (6.2.14)
and (6.2.15) (or (6.2.4) and (6.2.5)) may be formulated (with the bar nota-

tion). In particular we have

+

P lsup Uk

keIN,

< W} <q" (g€ (0,1)) (6.2.16)

Two major differences between the predecessor digraph for finite N and the
ditree 7 are (as was indicated in Theorem 6.2.1 for m = 2, and elsewhere)

that in the former case, the following are feasible:

(a) pj(y) and pi(y) are from a common flow(s); possibly they even coincide

(b) 7 is a predecessor for more than one call

If a predecessor digraph is constructed for some call y and we label the level
of the kth predecessors (k € Zg) of y as the kth level, then the maximum

number of (distinct) calls at the kth level is m*. On “truncation” of the pre-

n—1
decessor digraph at the nth level, we would encounter at most 3 m* = mn‘ll
k=0 m=

calls as vertices of that truncated graph having immediate predecessors on the

graph and at most ——(m" —1) calls with immediate successors on the graph.
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The probability of one of (a) or (b) occurring under the given circumstances

is thus O (Cﬁ”), where ¢, is a constant depending on n.

Since O (cﬁ”) % 0 (implying that the truncated predecessor graph tends to
a segment of 7) and because of (6.2.15) and (6.2.16), the convergence in

+ +
— — d
distribution of W to W* may be framed i.t.o. [ sup Uk} = [sup U}C‘} .
k€N, keNn

Thus we have the desired result.

Remark 6.2.2
The “Big Oh” notation which appears in the above proof for sequences is

explained in greater detail in the next section for the case of functions.

6.3 MORE ON SOLUTIONS OF THE LINDLEY EQUATION

Later in this section we shall see that the minimal solution given in (6.2.13)

is not the unique solution to (6.2.2) (N — o). In anticipation of this, we

introduce some additional concepts.

We replace those edges e(m) at the nth level of our ditree 7 by random

variables k.(r) that serve as initial conditions, and which are assumed to be
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IID with distribution ¢ independently of = € II,,. Write

U(r) if relly, k€N,
UM(r) = (6.3.1)
U(r() + ke ™ €1l
where () is 7 € Il with e(r) removed. Next let
+
Wil = | max UM(r)| ~GWM (6.3.2)
TE U Tk
kENR
Should the limiting distribution
G = lim G (6.3.3)

n—oo

exist, then that distribution yields a solution to (6.2.2) under assumptions
of a general distribution for (7().

If

inf Be?5™) < 1 (6.3.4)

(compare (6.2.9)), then we may define the following quantities:

a = infla>0:Ee® 5" < 1] (6.3.5a)
B = sup[b>0:EeS-7 < % A=(da € (a,b) s.t. Ee(5-7) > %)] (6.3.5b)
If (6.3.4) holds and the infimum (in (6.3.4)) is attained, then

Fer(S-1 < 1 Vae{ [, ] i B < oo (6.3.62)

[a,00) if B =00

Similarly, if (6.2.9) is satisfied, then

Eer5=) < L vae(a,p) (6.3.6b)
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Our next topic of interest pertains to a class of exponential-type distributions.

> . .
Let H(z) = L z20 which, of course, is the distribution function of
0 z<0

Po(z) = { [1] fc ; g . Then a succinct way of writing the distribution func-

tion of an exponential random variable with mean A™! is
Uy(z) = H(z) [1 — 7] (6.3.7)

which may be generalised to the mixture Exp(A~™!, p) with the distribution

function
Yop(e) = p¥a(z) + (1 - p)H(z)
= H(2) [p(1 - e2) + (1 - p)] (6.3.8)
= Yop(z) = H(z)[l - pe] p€0,1]

Clearly the Exp(A™*,1) and Exp(A~!) distributions coincide, and the dis-
tribution corresponding to Exp(A~',0) is simply H(z). Moreover, it is a
well-known fact, for example, that the M(A™!)/M(x~1)/1 queue has a sta-
tionary waiting-time distribution of the type Exp((x — X\)™1,p) (p < 1).

Return to (6.2.2), and let

X ~ W+u
_ (6.3.9)
~ X
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Then (6.2.2) reduces to

X ~ u+ max[XO]* (6.3.10)

JG]Nm

where <X(j),j € INm> are 11D, ~ F independently of u ~ K.

Now
P[XO) <] = Plmax(0,XV)] < 2]
= PH{XO <z}n{z > 0}]
= (FH)(z)
Consequently

P Lrnax[X(j)]"' < .I':l = P

1ENm

N AX©] < x}]

JENm,
= [FH|™(z) by independence
= (F"H)(z)

Hence (6.3.10) may be expressed i.t.o. distribution functions, as follows:

Flo) = K «[(FH))"
- /_‘:H(x —y)[F(z — y)|"dK (y) (6.3.11)

We observe that, since W ~ max [XO)]*, we have
J€EINS,

L(W) = [FH™ (6.3.12)
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As a consequence of this relationship between F and the distribution of W,
many of the results further on in this section will be framed 1.t.o. F. The

associated result for W (or its distribution) will (tacitly) be implied.

In the current section, the Landau symbol O appears fairly often. We there-

fore recall the following definition.

Definition 6.3.1 (“Big Oh”)
Let f and g be real functions of a single variable. Then f is (at most) of the
order of g, written f = O(g), as * — oo iff

3h >0, X st [f(z)] < hlg(z)] V> X (6.3.13)

A similar definition may be formulated for the more general instance of z — a

(a € IR*) but we will not need it here. In fact, our specific interest is in
flz) = O(e™™) (z — o0) (6.3.14)
In this case it is more convenient to write (6.3.13) as

dh >0, Xst.|f(2)]e*” <h Vz>X (6.3.15)

The proof of the following lemma is easy and is, therefore, omitted.
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Lemma 6.3.1 (Properties of O (e™*%))
Let f be as in (6.3.14). Assume in addition that ¢ # 0 and fi(z) = O (e™*)
(: =1,2). Then

(a) cf(z) = O (™)

(b) () file) + folz) = O (e7m" + e7™7)
(ii) fi(z) + fo(z) = O (e7%") where @ = min[ay, a,]

(¢) file)falz) = O (e~ (ertea)s)

(d) f(z)=0(e") Vb<a

Remark 6.3.1
f()=0(e™) (z — oo)iff

dh >0, X and ¢s.t. f(z) = é(z)e™™ where |¢p(z)| < hVz > X (6.3.16)

(6.3.16) is sufficient since |¢(z)e™**|e** = |¢(z)| < h ¥z > X and necessary

because 3h > 0, X s.t. b > |f(z)|e* = |[f(z)e**]e2=|esw 2L |p(z)] Vo> X.

We shall shortly make use of the inequalities given in the next lemma.
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Lemma 6.3.2
Suppose r € IN, b < 1 and |b;] <1 (: =1,2). Then

(a) 1—rb<(1—0)
(b) 167 — by| < rlby — byl

PRroOF

The results are obvious if b = 0 or r = 1 so in the sequel we do not consider

these cases.

(a) Use induction on r to prove this result, Bernoulli’s inequality. (Refer

to Bronshtein & Semendyayev [18, p. 218].)

(b)
r—1
bl = |- )5 B

r—1
= |by = by| 3 |bafF|bo| 1k
k=0

T—1
< |b1 - bz| > 1 (:)
k=0

< 7"|b1 - b2|

In view of (6.3.11) and forthcoming theory, we consider the following lemma.
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Let > 0,5, >0 (: =1,2) and =z € IR. Write

0 < f(ha) = [ K@)

_ /]RH(J: —y)evdK (y) (6.3.17)

< Eebu

0 < The) = [ emdK(y)

x

- /]Rebydl((y) - /_ ;e”ydK(y) (6.3.18)
= Ee* — f(b,z)
Lemma 6.3.3
(a)
" K(z) < f(b, z) (6.3.19)

where, as usual,
K(z)=1-K(z) and K(z)= /dK(y) :/H(:c—y)dl((y)

(b) by < by = ™7 f(by,2) < €77 f(by, 2)

(c) If a € (e, B) and (6.3.6b) holds, then

(i) K(z) =0 (e)
(it) e fla, @) = O (e7%)
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> o [TK() (=) > oy €lr,o0)

> K ()

[ee]

(b) €27 f(bg, z) — e f(by,2) = /

x

[ebz(y—w) _ ebl(y-x)] dK(y) >0

() ()
K@= < Taa) (=) by (63.19)
< Ee™ — f(a,2) by (6.3.18)
< L by (6.3.6b)
(if)
‘e“’“’?(a,x} e’ < ‘e‘”T(a,m) e*® (=) by (b)
< Jla,2)
< - as in (i)

hence the results.

The form of (6.3.11) also suggests the appropriateness of using the nonlinear

operator

A:F - K« [FH™ (6.3.20)
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It will be convenient, therefore, to investigate some of the properties of A on

the class C of (possibly improper) distribution functions. (Clearly A:C +— C.)

Lemma 6.3.4 (Monotonicity of A)

The operator A is nondecreasing in the following sense:

0 <[FH](z) < [F*H](z) = 0<AF(z)<AF*(z) ze R (6.3.21)

PRrOOF

(AF)2) = [ [FH" (@~ y)dK(y)

> /]R[fH]m(m —y)dK(y) (=) monotonicity of integrals

> (AF)(z)

v

0



Lemma 6.3.5

If Ee®* < = Va € (e, 8) as in (6.3.6b), h > 0 and
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|F(z) — F(z)]e" < h (6.3.22)
Then
|AF(z) — AF™(z)|e™ < bh (6.3.23)
where b = mEe** < 1.
Proor
[F ()™ = [F (=)™
< m|F(z) — F(z)] by Lemma 6.3.2(b)
< mhe by (6.3.22)

= |AF(z) — AF*(z)]

= |K*[FH]™(z)— K % [F*H]™(z)|

< K+ |[F@)" = [F ) HE) (=)

< [He—y)|Fe-yI" = F (e - Il dK ()

< mhe=az /_ O:Oe“yH(x _ y)dK (y) by above
< mhe ¥ Ee by (6.3.17)

= AF(@) - AF (@)l

IN

(mEe*™) h
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Remark 6.3.2
In Lemma 6.3.5, we are able to apply Lemma 6.3.2(b) because F and F™ are

distribution functions.

Corollary 6.3.5a
If Ee* < % Va € (o, ) and

AF(z) = F(z)+0(e*) (z— o0) (6.3.24)
then

a) the sequence (F, = A"F,n € Zg) converges pointwise (to some distri-
q & ges p

bution function F)

(b)
Fz) = F(z)+0(e*) (z— o0) (6.3.25)

PRrROOF

By virtue of (6.3.15) and (6.3.24)

dh>0,Xst. |[AF(z)—F(z)le* <h Vz>X

= [N F(z) = M F(z)| e <Vh Vo> X (j €Zp)

(6.3.26)

by an inductive extension of Lemma 6.3.5.



266

(a) Next let k,I € IN and suppose w.l.g. that k < 1. Then for z > X

| Fi(z) — Filz)le® = ;[A”lf(:v) — N F(z)]|e™

-1

YA () — M F(z))e

IN

IN
7
<
—
Il
SN—
o
<
—~
o
w
N
N
~—

k (4
_ h(E—t)
= 1o

and apply Cauchy’s convergence criterion (for each fixed z).

(b) For z > X

|F(2) = Fla)le =

IN

— Flz) = F(a)+0(e) by (6.3.15)
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Lemma 6.3.6

Suppose that the distribution function F may be represented as
Fz) = 1—ce™*4+0(e™*) (z— o) (6.3.27)
where ¢ > 0 and 0 < a < @ < min[2e, B]. Then

AF(z) = F(z)+ 0 (e™*) (6.3.28)

PROOF

Flz) = 1+0(e ") +0((e™*)
= 140 (e ) by Lemma 6.3.1

— [F(2)]" = 14+mO (e ")+ i(’?) [O (e7%))?

—-ax - m —jaz by Lemma 6.3.1(c
= l—mee +Z(J’)O(e %) ! &(6.3.27)()
=2

= 1—mce™®* + 0 (e™™)
(6.3.29)
where, in the last step, we use the restriction ¢ < 2« in conjunction with

Lemma 6.3.1(d), as well as parts (a) and (b) of that lemma.

(6.3.29), together with Remark 6.3.1, implies that 3 A" > 0, X and ® s.t.
[F(z)]™ = 1—mece 4+ ®(z)e™* where [®(z)| < &' Vz > X but F(z) € [0,1]
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and a > 0 so |®(z)] < hVa >0 (where h is some positive number). Using
the notation of (6.3.17), (6.3.18) and Lemma 6.3.3, we have

AF(z)
= [ 1Fe-yIrdK(y)
= [7 [t meet 4 0(c — e V] dK(y) by (6.3.29)

= K(e) - mee"f(a,z) + e~ /_ ;‘D(x —y)ervdIs (y)

= [l - K(2)] - mee™* [Ee* — f(az)] + 0 (™) (=)

= 1—mee=® (L) + [mee™="f(a,2) — K(2) + O (e7)] by (6.3.52)
= l—ce™®®40(e)

where, in the last step, we use Lemmata 6.3.3(c) and 6.3.1.

In the course of proving the next result (Theorem 6.3.1) we will make use of
Siegel’s Theorem which appears in Devaney [28, §3.4], where a proof may be
found. (Siegel’s Theorem is also stated and proved (in a different form) in
Arnold [2, Chapter 5].) For the sake of completeness, the statement of this

theorem is given here.
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Let P(z) be an analytic function satisfying P(0) = 0 and P'(0) = A
with 0 < |A| < 1. Then there is a neighbourhood U of 0 and an
analytic map H:U — C such that

PoH(z)=Ho L(z)

where L(z) = Az.

Theorem 6.3.1
(a) Suppose (6.3.4) holds.

(i) (6.2.13) provides the minimal solution to (6.2.2).
(i) a < 0o = Vv € [a,d] (refer (6.3.5)) and Vp € [, 1], 3 limiting
distributions GI% and GI¥w»! giving solutions to (6.2.2).

(b) Assume now that (6.2.9) is satisfied. Then

(i) the supremum on the right of (6.2.13) is attained w.p.1.
(i) For each fixed ¢ € IRg, let F(c) denote the class of distribution
functions of the form

Flz) = 1—ce 4+ 0(e™*) (z— o) (6.3.30)

where a < a (= a(F)) < min[2a, 3]

(1) For fixed ¢, F(c) contains exactly one solution, G(°) so that
the limiting distribution G in (6.3.3) exists and coincides
with G(©),
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(2) {G(C); c> 0} forms a linear strictly-ordered family of distri-

butions and G(© coincides with G, the minimal solution.

(c) Finally, suppose

1
inf Ee?5—7) > — (6.3.31)
a>0 m

If Plu> 0] > 0, then (6.2.2) has no solution.

PROOF

At this stage, we make an observation that if Plu < 0] = 1, then (6.3.4)
becomes unnecessary. That a solution to (6.2.2) exists is intuitive (consider
this equation or (6.2.13)). In view of this fact, when we wish to prove the
sufficiency of (6.3.4), we need only consider cases for which Plu > 0] > 0

The infimum on the left-hand side of (6.3.4) is then attained.

(a) (i) If we use a method similar to that employed before, i.e., edges of
T are associated with random variables (in this case u and X),
then (6.3.20) summarises the single-step approach to the root of

the tree. (6.2.13) corresponds to the limit (as n — o00) in the

iterative procedure
Foyr = AF, nely (6.3.32)

subject to Fo = H. Fixed points of A are, therefore, of interest.
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In this case of Fo = H, we have
(FH)(z) = [AFo(x)][H(z)]

AH(z) = /RH(:n—y)dK(y)
= = K(z)<1=H(z) =20

0 = H(x) z <0
— 0 < (AH)(z) < (Fol)(z)
— 0 < Fuzr) < Fole)=H(z) <1
(6.3.33)

by an (inductive) extension of (6.3.21). It follows that for each
z, the sequence (F,(z),n € Zg) is monotonic and bounded so
that the (pointwise) limit F(z) = lim Fu(z) € [0,1] exists, and

inherits the monotonic property (in z) of the sequence.

If F is to be a proper distribution function and hence a minimal

solution of (6.3.10), then (since (6.3.33) gives us lim F(z) = 0)
it is sufficient that lim F(z) =1, a fact we prove in (ii).

If, in the iterative procedure, Fo(z) = féu’p)(z) =U,,(z), v €|, ],
then

z < 0= FP(2) =0 < F"P(2)
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For z > 0, we need to remember the jump discontinuity of 1 — p:
Fi7 (@)
_ (v:p)
= AF ()

= K A"

= [ He =)l - pe eI AK ) + (1 - ) K (2)

> /_ "= mpe K (y) + (1 — p)"K(z) (=) Lem. 6.3.2
> [ dK(y) —mpef(ra) + (1 =) K@) (=)
> K(z) + mpe (v, 2) — B(e)] + (1 - p)K (o)
> K(z)+ mpe™™” [e”?(a:) — %] + (1 — p)™K(x) by,,(:[f;gi]g);
> K(z)+mpK(z) —pe™* + (1 - p)"K(z)
Consequently

FU) (@) — F§P(2)

> K(z)+mpK(z) —pe™” — (1 —pe ™) + (1 = p)"K(z) (=)
> K(z)(mp—1)+ (1 -p)"K(z)

Now the second term is nonnegative because each of its factors
are; if p > %, then the first term is also nonnegative. Thus
p € P = [, 1] is a sufficient, but not a necessary, condition for

FP () > F§&P ().



273

It is interesting to note that in Karpelevich et al. [35], a “sufficient
interval” for p of P/ = [1 — i, 1] was obtained. For m € INy, we,
of course, have that P’ C P. For m = 1, P is the degenerate in-
terval [1, 1] but P’ is the entire interval [0, 1], which is not valid?
because we have already seen that the inequality is in the opposite
direction for Fo(z) = H(x). It is also worthwhile to note that P
and P’ display precisely the opposite behaviour when m — oo,

i.e., P’ contracts to the single point 1 and P — (0, 1].

The fact that for large m, P is almost the entire interval [0, 1]
is not unreasonable. As m — oo, the discrepancy between the

maximum, max (WU + 4| and the sum, Z [W(j) +u(j)],
JEINm je]Nm

becomes greater. Allowing p to assume more values is, therefore,

sensible.

Finally we note that Vm 1 € P and 1 € P’. This implies that,
independently of m, if Fo(z) = féy’l)(:c) = H(z)[l —e™¥%], then

To summarise

0 < F*(2) < FU@) < 1 YneN {;E[a’ﬂ]}

2although, admittedly, we are mostly concerned with m > 1
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in which case FP)(z) = lim F{P)(z) exists. Thus

n—oo

1= lim lim F7(2) < lim lim F(a)
= lim FP)(z) < 1

(6.3.35)
In addition

FEP(z) = H(z)[1 —pe ] < H(z) = Fo(x)

= Fw(z) < Fu(z) by Lemma 6.3.4
= F)(z) < Fo(z) by (6.3.33)
= 0< lim FON() = lim lim F0()

< xﬁr_noofo(r):0

(6.3.36)

(6.3.35) and (6.3.36), together with the monotonicity inherited by
the limit, gives us the fact that — subject to the “conditions” in
(6.3.34) — FP) is a proper distribution function. More signifi-
cantly, the second line of (6.3.36) provides us with lim F(z) = 1.

Ir—00

(b) (i) Use the usual argument involving the Borel-Cantelli Lemma and

the extended version of Chebyshev’s inequality, as in §6.2.

(1) (1) Since (6.3.30) is of precisely the same form as (6.3.27), we
deduce from Lemma 6.3.6 (equation (6.3.28)) that AF(z) =
F(z)+ O (e™**) holds. This, in turn, coincides with (6.3.24)
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which, by Corollary 6.3.5(a), implies the existence of a point-
wise limit, G(©). If F(z) and F*(z) are two different members
of F(c), then F(z) — F*(z) = O (e™**) so that (6.3.22) is
satisfied. As a result, Lemma 6.3.5 yields

IA"F(z) — A"F*(2)| < he b 2 0

from which the uniqueness of the solution is deduced.

(2) Consider the following shifted exponential distribution functions®

FO(z) = [1—ce " H(z)
1l—ce @ g > [élncr c>0
ie. FO(z) =
0 z < [ilncr )

(6.3.37)
so (certainly for z > X = [LInd") F© € F(c) imply-
ing that the sequence <f7€f)(x) = A"FO(z),n € Z@> tends
to G(°),

»

340 = —co
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Now if ¢; < ¢y, then

(ca —c1)e™™ T2 [—111 Czr
= e [thel <o < [tne)
| 0 z < B lncl]+

- j:(cl)(x) > _7'_(62)(33) Yz> [% 11101]+
= Fld(z) > Flo(z)
nloo nloo .
G(q)(m) > G(C2)(x) x> [% In Cll

by the (strict) monotonicity properties of operator A
inherited by the limit

= %) < G94) < T90)

= the minimality of the random variable with distribution

function GO(z) = G(z).
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(c) If necessary, one may define a new variable u’ with ;r>1£ Ee** > %, and

satisfying
Plu' = —o00] = pe€0,1) where p > Plu = —o0]
Plu' =k8] = px ke[-L,Uz; LI eN
where 6 > 0
l(
Yo = 1—=p
k=-1
ll
and II pe > 0
k=-1
such that Plu>u] =1

(6.3.38)

It follows that if a solution does not exist in the case of v/, then the
same is true for u. From now on it will be convenient not to make any

notational distinctions for the two cases.

Assume to the contrary that a solution does exist. From (6.3.11)

F(z) = Kx[(FH)(=)™ z€R
= Y Plu=y][(FH)(z —y)"

= Plu=—oo] (FH)(o)" + Y. Plu= k8] [(FH)(z - k&)]"

l,
= p+ D pe[(FH)(z — k8)]"
k=1

(6.3.39)
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Write
Yo =1 —F(zo+né) n €Ly, 10218 (6.3.40)

Then for n € Ny_q

Yy = 1— F(zo+ nd)

= 1-—|p+ Zl: i (FH) (2o + (n — k)8)]™| from (6.3.39)

k=-1
= lezpk (1= [F(zo+ (n — k)8)]"] using (6.3.38)
= ZI:Pk (1= (1 = Yn-s)"] by (6.3.40)
=~ Y aX(3) vy

(6.3.41)

After some careful reflection, it emerges that Siegel’s Theorem may
be applied to (6.3.41) (where v’ may, if necessary, be altered without

changing the essential assumptions) to deduce that that there exists a
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positive, bounded sequence (y%,n € Zg) such that

ll
yr=m Y pyny n=l (6.3.42)
k=-1

The characteristic equation x(A) = 0 may be determined informally by
writing y*_, = A~F. Substitution in (6.3.42) then yields

II
Spat=21 (6.3.43)
k=—1

As explained in Karpelevich et al. [35], v’ may be manipulated in such

a way that 3 Ao € (0,1) (w.lg. Ao = e7%?) which solves (6.3.43), but

U U
’n% — Z pk)‘(;k _ Z pkeao(kS) + upeao(—oo)” — Fetou
k=-1 k=-1

in contradiction with (6.3.31).

Hence our assumption on the existence of a solution is invalid.

6.4 THE EXPONENTIAL CASE

As in Chapter 5, we investigate the case in which the mutually indepen-
dent IID sequences of interarrival times and service times are Exp(A~!)- and

Exp(p~1)-distributed respectively. The analysis is inevitably more tractable
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than the general case of the previous section. Remark 6.2.1 has already al-

luded to this fact.

If the infimum in (6.2.9) (or its non-strict form) is attained, then to find

expressions for o and § (cf. (6.3.5a) and (6.3.5b)) i.t.0. A and p, consider
A
Eenr=) < L (cf. (6.2.10))
= a—(p—Na+Iu(m-1) < 0
= a€ (Yu— A= VAL - A+ VA])

where A = (p — A\)? =4 p(m — 1), ie.

o = Hu—X— /(=272 —u(m —1)] (6.4.1a)

B = Hu—X+/(n— N2 —du(m —1)] (6.4.1b)

We first note that equations (5.5.5)-(5.5.7) are equally valid and we repeat
them here for the sake of clarity:

Ag=uz g
g(z) = { }y ‘e xig (6.4.2)
J(z) = {;gﬂ(i()l') ;Zg (6.4.3)
/I(:L,) _ M2g($) z >0
9 Ng(z) z <0 (6.4.4)

In a completely analogous fashion, therefore, we obtain the following equa-
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tions for F(z) and its first derivative:

Flz) = / [F(r)™g(z — ) (6.4.5)

Fla) = [ FOId @ (646)

As before, we have the relationships
g9"(z) = Aug(e) + (A —p)g'(z) z#0 (6.4.7)
g'(0+) = g'(0=) = —Au (6.4.8)
which lead to
Fi(z) = / (F()]"g"(x — r)dr + J (F™H) (z) z # 0
= [TFEEMO - ' =)+ dug(z —r)ldr
—Ap[F ()" H ()
= A=wF @)+ p[F(z) - [F(z)"H(z)]

{ A=) F'(z) + pF(z)[1 = [F(z)]"'] z>0 (6.4.92)

= F'(z) (A — 1) F'(z) + \uF(z) r <0 (6.4.9b)

I

Finally, before considering the differential equations (6.4.9a) and (6.4.9b) in

greater detail, we note the following properties, similar to (5.5.13)—(5.5.15),
of F:

FO) = [TFEErg(-r)dr
(6.4.10)

= /0 [}"(T)]m/\i[‘ue"”dr
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r <0 =
Fo) = [ IFOIngeEdr
(6.4.11)
= e’\x/o [f(r)]mk’\fu e~ dr
= M F(0) from (6.4.10)
FO) = [FErg (=i
= A Ooo[f(r)]mg(—r)dr from (6.4.3) (6.4.12)
= A\F(0) from (6.4.10)

The solution to (6.4.9b) is provided by (6.4.11), so that one need only inves-
tigate the situation further for (6.4.9a).

When m =1, the differential equation is easily solved, as follows:
Fi@) = (- WP

F'(z
= /f,((l_))d:x = /(/\~y)dx

= Fllz) = ¢e=Ne
= Flz) = A—c_lze“(“_’\)x—kcz
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To evaluate the constants ¢; and ¢; we first observe that ¢ = F(oc0) = 1.
Thus F(z) =1+ A—C_l;e’(“_”x.
Next (6.4.12) implies that ¢; = F'(0) = AF(0) = M%l = ¢ =p(p—A).

Finally, therefore, we have

Flz) = 1—pe~u=Ne

or X ~ Exp((u=N"1p) (p<1) (6.4.13)

which we recognise as the stationary M/M/1 waiting-time distribution. This

is more than mere coincidence. Since we are considering X > 0 (in fact,

X>0andm=1, X=X~ (W4+u)"~W.

Remark 6.4.1 (Basic Lindley Equation)
Before we proceed to consider more general values of m, we note the equiv-

alence (except for z = 0) of (6.4.9a)/(6.4.9b) and (5.5.22) when m = 1, so
that the derivation of (6.4.13) is also valid for (5.5.22).

For m € INy, it is convenient to write (6.4.9a) as

FI(t) = (A= w)F (&) + MF () [L = [FOI™Y] t>0 (6.4.14)

where ¢t may be interpreted as time.

Initially we let x(t) = F(t), so that #(t) = ¢[t,z(¢),2(t)] and treat the
system as autonomous, 1.e., we obtain a second-order nonlinear differential

equation

&=(N—p)z+ ipz(l —z™ ) (6.4.15)
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In accordance with a standard technique in dynamical systems (with one de-
gree of freedom ), we reduce (6.4.15) to a first-order plane autonomous system

(i.e., a system of two first-order differential equations) by letting y = z:

T = Yy
(6.4.16)
gy o= Au(z—z") — (p—=Ay
which, in view of (6.4.12), is subject to %] . A
For convenience write » = (z,y). To find equilibrium points* of (6.4.16),

we simply solve 7 = 0, which yields » € {r; = (0,0),7, = (1,0)} ¥ m and
(—=1,0) if m is odd. Since z(t) = F(t), a distribution function, the point
(—1,0) does not interest us, so we restrict our attention to ry and r,. More

especially, we require 7 € [0,1] X Rg (¢ > 0) (and z(oc0) = 1).

Using the fact that m > 2| linearisation of the system at r; takes the form

r=rA; where A; = ( (1) _(/j‘pi A) )

The characteristic roots of A; are v; = A > 0 and v = —p < 0, which means

that (0,0) is a saddle point of the original system in (6.4.16).

A little more effort is required to deal with the point r,. Let z = z 4 1.
Then
z = Y
(6.4.17)
y o= Mlz+ L=+ — (p— Ny

“also known as critical points or singular points in the literature
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with the linearisation

{Z ) ’ } (6.4.18)
o= d(l-m)z — (p—Ay

and critical point rj = (0,0), where v’ = (z,y).

(6.4.18) may then be written more succinctly as

" =7'A; where Ay = ( (1] /\f((/ll : 7;;) )

from which

| Ay — 61 |= 6%+ (p — A\)6 — Apu(1 —m)

Consequently the eigenvalues are determined by

6 = t[-(u-N VA
A = (p=A)?—4dpu(m 1)
= (p+A)*—4 um

For convenience write

In order to find the nature of the critical point (1,0) of (6.4.16), it is necessary
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to examine the behaviour of the discriminant A.

A=0 = A —2u2m—-1DA+p*=0

= A=[2m-1)—/@m-172-1]u

where we observe that the other solution of the quadratic equation is not

feasible (under the circumstances).

Letting p = % (as usual), we note that

A>0 p<2m—1-2/m(m-—1
61, 62 both negative

(1,0) an (asymptotically) stable node

:

143

A<0 p>2m—1-—2y/m(m—1)
61 and &, are complex conjugates; R(6;) < 0

(1,0) an (asymptotically) stable inward—spiralling focus

TR

Remark 6.4.2

(a) There is a clear connection between Remark 6.2.1 and the present sec-
tion, where the expressions for the traffic intensity p and the disriminant

A recur.

(b) The interested reader is referred to Karpelevich et al. [35] where the

discussion of §6.4 is incorporated into a number of theorems on the

exponential case.
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CHAPTER 7

THE FAFS DISCIPLINE ON A GENERAL
NETWORK

7.1 INTRODUCTION

The purpose of this chapter is to investigate the operation of a general circuit-
switched network ‘governed’ by the FFAF'S discipline, which was introduced
in Chapter 4 and applied to the starlike networks of the last two chapters.

The reasonably unrestricted nature of the network model prevents our con-
struction of a Lindley-Loynes equation to describe its waiting times. The
inclusion of this chapter in the thesis is justified nonetheless because of its
relevance not only to the FAF'S protocol but also to complex queueing and

communication systems.

There is a strong connection between Chapter 6 (for instance, Remark 6.2.1)
and §7.5 where simplifying assumptions are made about the network. The
more general situation is treated in §7.4. The next two sections are concerned

with the inevitable description of new notation and concepts relevant to the

current chapter.
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7.2 THE STRUCTURE AND OPERATION OF THE NETWORK

The network we consider may be represented by a directed pseudograph
G = [V, E] (Appendix A) where G is connected and vertex set V' is count-
able, possibly denumerable. Write A'(v) = {v' : (v,v") € E(G)} for the
neighbourhood of v (which may include v itself if there is a loop). If m(v,v’)
is the multiplicity of arc (v,v’) (Appendix A), then we require that

1 < > mv,v) < M VYoeV(9) (7.2.1)
v eN (v)

To avoid confusion with the notation for waiting times, we represent a (finite)
diwalk by v and its length by |y|. For completeness, we will allow for the
trivial case of a walk of zero length, which is then a walk consisting of a single
vertex. If we wish to emphasise that the initial vertex, the source, is v, we

write 4?. It is also convenient to define collections of walks as follows:

e = {v} = {walks with (fixed) source v} (7.2.2a)
() = {v()} = {walks of fixed length [} (7.2.2b)
rr = {y5veV} = {walksof G} (7.2.2¢)

I'”(1) and ~4*(l) are intuitively defined. Finally, we use the natural notation

U € v¥ to represent the fact that © is a vertex on the walk V.

Definition 7.2.1 (Intersecting Walks)

The walks ¥ and ¥ intersect, written 4* N 4*, iff 35 € V s.t. § € 4¥ and
v E 'y”'.
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Much as before, the total arrival flow § = €Y may be partitioned into streams
£v = €% to each vertex v € V. The system is assumed to operate from time
0, while the first arrival to source v occurs at the moment ¢{. More generally,

t? determines the time of the nth such arrival. The corresponding interar-

n
rival times are given by 7. = t¥ , —t; such that {7, =] + > 7/
1=1

The variables (t',v € V) are IID and distributed as Gy, independently of
(¥;n € IN,v € V) which again is an IID sequence of random variables with
common distribution G and finite mean Er. Stationarity is supposed so that

Gi(t) = % / Clw)du (7.2.3)

which is also the distribution of the excess lifetime (Appendix B). We will

make use of this fact in the sections which follow.

Calls are given by y = [t;(S,~")] where the mark v¥ (with v explicitly given)
generalises z of Chapter 6, and the sequence of service times (SY;n € IN,v € V)
is IID with distribution F'. Additional assumptions about F shall be made in
§87.4 and 7.5. As usual, n is indicative of the relative position of the call in
its source (from time 0) and v gives its source. An analogous interpretation

may be used for the IID sequence (y;n € IN,v € V). For each fixed v and
any n € IN, 47 has distribution ¢”, where

' (v") = Ply=7"] yvel” (7.2.4)
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The collection {#”,v € V} satisfies the following constraint:
3 {p,l € Zg) st. Vv eV, V(1) e IV(I)
¢"(v"(D) < p (7.2.5a)

where P = ZIZMl—lpt—l < o0 (7.2.5Db)
=1

Finally, marks S' and v, are mutually independent, in addition to being dis-

tributed independently of the (inter)arrival-time sequence.

We now turn to the issue of waiting times. The vector of initial conditions
WO [+"] (imposed at time 0) shall be denoted by w® = w® [y* € T%;v € V] € IRgl
where the trivial initial condition w® = 0 often will apply, and w° is inde-

pendent of €.

At this stage it is useful to review briefly how the circuit-switched FAFS

network will operate. First a definition is in order.

Definition 7.2.2 (Generalised Predecessor)

Let y = [t;(5,7")] and y' = [t'; (S’,4"')]. Then ' is said to be a generalised
predecessor of y, written y' = p(y), iff ' < t and v* N 4. More especially,
if these walks have vertex ¢ in common, then y’ shall be called a generalised

predecessor of y at v, denoted y' = p;(y).

Remark 7.2.1
As before p*(y) for n € INy and generalised successors p~"(y) (n € IN) may

also be considered.
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The FAFS discipline for the more general network of this chapter may be
summarised as follows. y = [t;(S,7")] completes its wait Wi(y) = W*y?|
and is served at that first moment after W° [y*] when all its generalised pre-
decessors {p;(y); 0 € 4¥} have left the network. After time S has passed, y

itself leaves the network (its sojourn time T(y) having elapsed).

Yet some more formalities will be needed before we will be able to state

and prove some theorems.

7.3 THE WAITING-TIME PROCESS & GENERALISATIONS
OF THE PREDECESSOR PATH

In this section our initial concern is with monotonicity of the waiting-time

process and the effect of shifts.

If we generalise the notation of Remark B.2.2, we may write NV(s) for the

number of arrivals to v in (0,s]. One may then consider shifted random

variables

X;,U — TNU(S)Xn = XN”(S)+77.

where t2, 77, S} and ¢ may be substituted for X, in which case the shifted
arrival stream shall be denoted by &°.

Under the stationarity assumption associated with (7.2.3) (and the nature
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of the FAFS discipline), we have

& =, & Vs,s € Rg (7.3.1)

We wish to investigate the waiting-time process with trivial initial condition
0. The process may be viewed as a vector of virtual waiting times W*[y"]
(based on fictitious calls y; = [¢;(5,7")]), thus w* = w'[y* € I,v € V].
More generally w'(w) is the waiting-time process arising from the initial

condition w. For reasons similar to those which give rise to (7.3.1), we have
w(0) = w't =, w'(w®) (7.3.2a)

but, because the process is monotonic w.r.t. the initial condition,

w'(0) < w(w?®) which, on taking (7.3.2a) into account, implies
wt(0) >, w'(0) (7.3.2b)

This, in turn, means that E(w’(0)) < E(w'*(0)). Thus, in order to show
convergence of w' to a stationary process, it suffices to prove that E(W'[y"])
is bounded uniformly in ¢ € IRg and v € V. Alternatively, it is enough to
demonstrate uniform boundedness/stability (cf. §1.2) of W*[y"]. (Recall the
related concept that a monotonic nondecreasing sequence converges iff it is

bounded.) We use the first approach in Theorem 7.4.1 and the second in
Theorem 7.5.1.
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Definition 7.3.1 (Chains of Influence)

Consider some fixed call 4° = [to;(So,7")]. Let v = (vq,...,v,) € V7",
k = (ki,...,k,) € IN* and t = (t1,...,t,) € IRE. With v associate the
sequence of walks (%, € IN,,).

(a) The walks form a plane chain, ¥(v) = (v*,...,7""), w.r.t. y° iff

A%t N A4¥ Vi € IN,. The collection {7(v)} of plane chains of length n
shall be written as I'(n, v).

(b) The sequence of calls (y* = [t;; (Si,¥*")],i € IN,) forms a space chain
(of length n), v(k,v,t), w.r.t. y° iff

(1) tii>t; Vee N, (7.3.3

(iii) 4(v) forms a plane chain (of length n) w.r.t. y° (7.3.5

The collection {v(k,v,t)} of such space chains (of length n) shall be
denoted by I'(n, k, v).

(c) v(k,v,t) € I'(n, k,v) shall be called an essential space chain iff

(i) Vi € IN, call y*~! is served immediately after y* has left the

network
(i) W (y7) = 0

I'g(n, k,v) C T'(n, k,v) refers to the collection of essential space chains.
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Remark 7.3.1 (Notation for Chains of Influence)
(a) For the plane chain ~(v) of Definition 7.3.1, we shall let ~;(v) = .

(b) It is important to realise that one of the k; calls arriving to v; during
the period [t;,#;_;] is y* itself, which implies that k; € IN. For i € IN,,,

it 1s therefore convenient to define

K= k-1 € Zg
K o= k-1 € 73
K, = %k

&
K = ﬁjk - K,—n

Much as in the last chapter, we need to demonstrate that any call ° is in-
fluenced by finitely many other calls w.p.1. Before we are able to do so, a

lemma is required.

We recall the following combinatorial results for r € Zg:

n

() = () (7.3.62)

() =< (7.3.6b)
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Lemma 7.3.1
Suppose n € IN and K € Zg. Then

H(kl,...,kn)ezg:ékizKH = (Kan) = (Ket) (73)

PROOF

We proceed by induction on n.
1 . .
Obviously Hkl €Elg: Y k= KH =1 = (2) = (Aﬁ_l), SO suppose
=1
(7.3.7) is true for some n € IN.

Then

n+1
‘{(kl,...,kn,kn+1) € Z%—*—l . Z k,[ = I(}

=1

K

= 2.

K'=0

where K’ = K — k4

{thy o k) ez k=K

= ﬁ("’";’f*) by (7.3.7)
K'=0

= (KIJE") by (7.3.6a)

_ (I\"—}—(n];t—l)—l)

which completes the proof.
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Remark 7.3.2
The combinatorial result, (;) < 27, which will also be used later, may be

determined immediately from (7.3.6b). As a special instance, if n € IN and

K € Zg, then

(I(J}?—l) < 9K+4n-1 (7.3.8)

Proposition 7.3.1
If \V,, denotes the number of plane chains of length n (as described in Defi-
nition 7.3.1)!, then

EN, < (4™ 4+ 1) P" = C1P" (7.3.9)

ProoOF

Initially consider a fixed walk ¥(ly) : uouy ...uy,. If one of the lp + 1 (not
necessarily distinct) such vertices u; is to intersect with some other walk (1),

then (/) must be of the form (1) : zoz1 ... (zx = ;) ... 2.

In view of condition (7.2.1), there are at most M' such walks for each
k € {0} UIN,. This, in turn, means that there are at most (I + 1)M' walks
for cach u; (5 € {0} UIN,) which finally implies a bound of

(lo + 1)1+ 1)M"* (7.3.10)
Inot to be confused with A'(v) of §7.2
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on the number of walks of length [ intersecting with a fixed walk of length

lo.

Next write | = (Iy,...,1,) € Z3,.

EN,

IN

Y Elzy@)ermv)

> PBA(v) € I(n. )

n

> > [T ¢»(v)

VEV™ Y(D)ET(n,1):7, (V) =77 i€Ny j=1

DS > [16% ()

vevn lEZ@ ')'(v)er(”,v):'?'.(v):’)'"i(lz'),iean =1

DS > IIn,

vevn lEZ@ 7(v)€r(nvv):7,’(v)=’yv'(lz),iG]Nn =1

Thus, using (7.3.10), we have

EN,

n

IGZ% 71=2

< (el O TT S0+ )2 Mbpy, (=)

which is (7.3.9).

by (7.2.5a)

< (ol +1) 30 (h+ )M py [ TT(or + 1)( +1)MYp,
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Proposition 7.3.2
Suppose (T;) is an 1ID sequence with T; ~ Gy Vi € IN and T,y = i T;.

=1

Similarly, let (7;) be an 11D sequence, independent of (T3), with 7, ~ G V1 €

IN and T(m) = fj 7;. For tg >0
=1

Z P [T(n) + T(K?) < to] < 2”P[T(n) < tg] ZQKP[T(K) < to] < ngn
kenn K=0

(7.3.11)
where Cz > 0, ¢ € (0,1) and the bound Cy¢™ holds for n > ng € IN.

PROOF

It is clear? that dng s.t. n, K > ng =

- K
Plrgy <to] < of < (1) (7.3.12a)
PlTm <to] < ¢ < (%q)” (7.3.12b)

where ¢P < 1.

*For a formal proof, refer to Berezner & Malyshev (8, p. 367].
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Next

S - 55 plfecd]

kenn K=0 k'cz7n k1=K
= ¥ (K?‘I)P [z 7 < to by (7.3.7)
. =1
K=0
oo K’
< 22K+”P Z 7 <o
K=0 =1
(7.3.13)

Recall that both 7|,y and (k) are nonnegative (in fact, positive) quantities.

Thus
Ty + 1k <to = Ty <toATuey <to
= P [Ty + 1y <to] < P[{Ty <t} N {ruey) <to}] (=)
< P[T(n) < to] - Plrx1) < to]

using independence

= Z P [T(n) + Tk < to} < P[T(n) < to] Z P [T(Kh) < tg]

kenn kenn
< QHP[T(TL) < io] ZQKP[T(K) < to]
K=0
< Cug

where the penultimate inequality is a result of (7.3.13) and the last step is a

consequence of (7.3.12a) & (7.3.12b) and, therefore, applies for n > ng. O
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Theorem 7.3.1
Any call 40 is influenced by finitely many other calls w.p.1. Hence the waiting

times are finite w.p.1, and the functioning of the system is correctly defined.
PROOF

Let
An(k,v) = {3v(k,v,t) € D(n, k,v)}

A, = U U Auk,v)

kcnn VEV?

B.(k,v) = {3 (y' = [t:;(S:,7")],7 € IN,) s.t. (7.3.3) and (7.3.4) hold}
(7.3.14)

Now

(a) P[B,(k,v)], which does not depend on v € V", clearly satisfies

P[Bu(k,v)] < P [Tt + 7xy) < to] (7.3.15)

(b) P[A.(k,v)| B.(k,v)] = P[3~(v) € I'(n,v)] (7.3.16)
since (7.3.16) is informally

P[(7.3.3)N(7.3.4) N (7.3.5) | (7.3.3) N (7.3.4)] = P[(7.3.5)].
This conditional probability does not depend on k € IN™.
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Hence, by using (7.3.16) and (7.3.15)

P(A,) = P [U UAn(k,v)] by (7.3.14)
kv
< 22 2 PlA(k,v)] (=)
L v
< X TP ) [ Bk o) B )

< ZP[H ‘Y(’U) € I‘(n,v)]ZP [T(n) + (k1) < to]

v k
S LN ZP [ + T(Kl) < to] by PIOP. 7.3.1
< Cs(Pq)" for n > nyg

where C5 = C,(C, < o0

o0 o]

= ZP(An) = (C14+Cs Z (Pq)"

n=1 n=ng

< 00 since Pq < 1

— P(limsupAn) ~ 0

n

by the Borel-Cantelli Lemma.
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7.4 CONVERGENT STABILITY OF THE GENERAL NETWORK

Theorem 7.4.1 (Existence of a Limiting Process)

Consider the general network — described in §7.2 — under the additional
assumption that the service distribution F' has an exponentially-decreasing
tail, viz.

dso,u>0s.t.8> 50 = F(s) < e M (7.4.1)

Then Ja > 0 such that the network with arrival stream €2 = [at?, at?, S, ~Y]

has equilibrium waiting-time distributions.
PRrOOF

As indicated in §7.3, we use the “bounded expectation” approach to prove

this theorem.

Consider (7.2.5b). Since (p;) is a positive sequence, it is clear that P > 1.
Let us choose ¢ (different from that in §7.3) satisfying

1 1
0<g< —=< - 7.4,
q P < 5 (7.4.2a)
Next find
0o > 1 s.t. fgel =% < % (7.4.2b)

which is always possible because f(z) = ze'~* has a maximum of 1 at z = 1

and thereafter decreases rapidly towards its asymptote of 0.
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For so and y as in (7.4.1), let Tp > 2 (30 + i) > 0 such that

Op = (ZZQ - so) (7.4.2¢)
Since Gy and G are assumed to be continuous at 0, we have that
2
Ja>0st. Platy<T)] = Gi(To) < (%)
(7.4.3)
2
and  Plar' < Ty = G(T) < (3)

where T§ = oTp.

In view of (7.4.1), we may write S; = S} +.5] where S! < (;, S} < so V2 € IN,

and ((;) is an IID Exp(p~') sequence, which implies that
Z S; < Z G + nso (7.4.4)
=1 =1
Obviously i (; ~ Gamma(n, u™t).
1=1

We will need to consider E[(i S'l-) I[Z Si>mTo]
1=1

where m € [0, K]z, as

Kn . .
well as the sum Y (I;") (%)Q(I‘n )E [(El 5'1-) I[Zsmeo]], the reason for
m=0 =

which will become clearer in a short while. We separate [0, K,]z, into two

subintervals that, at first, are dealt with individually.
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= (g)‘m < (g)'l‘ (7.4.5)

Obviously we are able to write

E[(; s,-) I[ZsimTo]] < E(z::l Si) — nE(S) (7.4.6)
so that
) (0[5 5)1
— m 2 =l t [ZSi>mTo]
& akex
< nE(S1) Y 25 (2) (=) by (7.4.5) & (7.4.6)
m=0
< n([B]+1) B(s)
< esnkK,gfr

(7.4.7)
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Case 2 : mZ[%J—FlZ% = 2m> K, >n

IN

IN

IA

IN

IN

IN

IN

IN

IN

IA

= mly—nsy > mly—2msg

_ 2mb

== (7.4.8)
2| (£5) o
b (2 Ci + ’I’LS()> I[ZCi>mT0—nso]J by (744)
b (; G ”30) Is2e ﬂ]] (=) by (7.4.8)
/m(z o) oy e (=)

nﬁmeo Me_“zdz + nusy Me—uzdz (:)

n! 2my (n—1)!
m

n| [ ¥ -y Oyt .
M [[zmeo ety £ #SO/Qmao (n—1)1€ ydy] (=)

n n—1
n 2m00!k !2m90)k —2mb
u LZ k! +#SOZ ] e 0
=0

k=0

2 (1 + psg)e™2méo y > 2t
k=0

n n_—2m -~ m)k

51+ puso)fpe*mio y - by (7.4.2b)
k=0

%(1 + ﬂ30)83m6—2m9062m (:)

%(1 + pso) (9061—90)2711

2m
q
C4n (2)

(7.4.9)
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By using the fact that ¢ < 1 several times, we have

) @B [(55) oo

Yook () ()7 (5) by (7.4.9)

IA
)
Y
3

IA
O
N
3
—~
oS,
~
=
S

IN
)
o
N

=)

IN
)
o
3
=
3
L=
=
3

(7.4.10)

On combining (7.4.7) and (7.4.10), we deduce that

Kn o 2(Kn—m) n }
Z (1::) (%> B [(Z 5:') [[Es»mm] < enK,gt (7.4.11)
m=0

=1

Recall Proposition 7.3.2 and (7.3.15) involving the sum of n G4-distributed
r.v.s (T;) and K| independent G-distributed random variables (7;). Denote
the joint sequence of these K, variables, based on t in v(k,v,t), by (o;), and
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let
Ik, v,m) = Ij{s;>To}|=m]
= El(k,v,m) = (%) P[{o:> To}| = mlP[|{o: < To}| = Kn —m]

)Z(K”_m) by (7.4.3)

~~ —
—

—
Sl

N—r

0

[

3

~~
[ ]S

INA
—
=
3
N—
[y
~—
=
=
3
|
2

(7.4.12)

Next let

IF(k,v) = Iw(k,v,t)eI‘E(n,k,v)]

1[7(k,v,t)er(n,k,v)]
= IL(k,v)

— EIF(k,v) < EIL(k,v)

< EN, (=)

IN

};P[ﬂ ~(v) € T'(n,v)] by Prop. 7.3.1

(7.4.13)
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We note that the random variable

(a) (;::1 Si) Iy ;5mTy) depends on (S;), but not on the nature of the walks
we consider
(b) I(k,v,m) is associated with (o)

(¢) I.(k,v), on the other hand, does depend on the configuration of the

various walks

Thus (i Si) I[ES&mTo]’ I(k,v,m) and I,(k,v) (unlike I”(k,v)) are inde-
=1

pendent.

We shall also use the fact that if the waiting time is obtained on an essential
+

space chain of length n, then it is of the form [i Si—Yoi| < i S;. This
=1 7 =1

leads to I~ 5:5m19) 2 [[Z 5> o511 @ result also used in the sequel.

Hence, by applying (7.4.12), (7.4.13) and the independence of the three
recently-mentioned random variables, we have the sequence of equalities and

inequalities on the following page.
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EW[y*]
= E i SO Wy UOIEkaIkvm}
\.” 1 kenn VEV?
< E
B Ln:l m
oo Ky

IN
=[]
=[]
=
=
=~
=

IN
gk

< iClp"chl{an"
n=1 k
< Gy P Yoo enKagtr

n=1

K=0 keNr.K,=K+n

IN

C”inp” Z (1{ + n) (K+I:’L_1) qK+n

n=1 K=0

IA

C’in2'P” i (Kljn> qI\’+n

n=1 K=0

IN

OZTL 7)(] ZQK-HL K

n=1

C’inz(QPq)”

n=1

IN

< o0

independently of ¢ and vg, as required.

Z E[I(k,v,m)|E Ki 51‘) I[ZS,)mTo]]

7;) (%)2(Kn—m) E [(Zn: S,-) I[Z S,->mTo]]

Cl = CCl

C < oo since 2¢ < 1 by (7.4.2a)

by (7.4.2a)
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7.5 A SPECIAL CASE

We now consider a specific instance of the more general network described

in §7.2. Our simplifying assumptions are as follows:

(a) (1) VxZ
(i) E = {(v,v+1);v € Z}

(iii) Ply* =4"] =1 where 4* =v, v+ 1, v +2

As a result, for the associated essential space chain ~(k,v,t), k; = 1 and

V; — Vi1 € M = {—-1,0,1} V.

(b) (i) The interarrival times (77) ~ Exp(A~'). Thus (Appendix B)

n

i) = G(t) =1 — e,

(i) The service times (S7) ~ Exp(p~") so that Fi(s) =1 — e,

k
The essential space chain of length n will consist of the vertices vo + 3 0;,
=1

where k£ € {0} UIN,, and 6, € M. Much as in Chapter 6, a correspondence
between the essential space chain and the vector § € M™ may be established.

We shall write { = 6} for the event that the actual wait is obtained on the

essential space chain corresponding to 6.

In proving the following theorem, we will also use other notation and ideas

similar to those in Chapter 6.
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Theorem 7.5.1

Suppose

: a(S—1 3 A _ 1

B = inf o = ¢ < (7.5.1)
7.5.1

or p < 5—-2V6

Then there exists a limiting process of (stationary) waiting times.

PROOF

As we remarked earlier, it suffices to prove stability. Now for 7' € IRq

IN

IN

IN

IN

IN

IA

i S P{Wh[y*] > Tiny=6] (=)

n=ng+1 OEMTL

Y. PWo[y*]>T|~=6]Ply=06]

n=no+l §can

D P[fj (58 —9) >T] Pl = 6]

Y oy [i(si—n) >T]

3

3 |M|np[ (Si—n)>o]

(3¢ )" (=) by Cor. 6.2.1b



312

for ng sufficiently large.

Next, letting F, denote the event that the actual wait is obtained on an

essential space chain of length n, we have

€
Ve>0,VneN, 3Tost. T>Ty = P[{Why»]>T}NE,] <

2n,

Thus Ve > 0, 3 TO s.t. T' > TO =

SSPWO[y] > 7)1 F)

n=1

P[Wh[y*] > T]

7o

= 2 gt i Y PH{W™[y»] > T}~y =86

n=1 n=ng+1 @ pqn

Remark 7.5.1

There is an obvious connection between (7.5.1) and Remark 6.2.1, where the

derivation (for the exponential case) of p from ir;g Ee*(5=7) is given.
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CHAPTER 8

THE FAAFS DISCIPLINE ON A STARLIKE
NETWORK

8.1 INTRODUCTION

As its title suggests, this last, and very short, chapter is concerned with the
FAAFS discipline introduced in Chapter 4, where details on the starlike

network were also provided.

In §8.2 we briefly review results — from Berezner et al. [9] — pertaining

to the nonpreemptive and preemptive (resume) models.

It is indeed appropriate that the final chapter of the thesis be devoted to

new and exciting research.

8.2 THE FAAFS PROTOCOL

While the FAAF S-type discipline may be the most effective in practical
terms, it is the most difficult of the three protocols of Chapter 4 to analyse
mathematically. In the first place, waiting-times are system-dependent: they
are determined not only by the times of arrival {¢} to the network, but also

by the shifted Poisson process {t + wll}.

In the FAAF Sy starlike network, the waiting time, W (y), of some call y may
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be derived partially or completely from future arrivals. This dependence on
the future required us to estimate the workload on the quasidelayer, rather
than the true delayer, path (Definition 4.3.5). As a result, we were able
to prove the stability /uniform boundedness of the network under condition

(6.2.3), but not convergence to a stationary regime.

In our analysis of the FAAF Sp network we were faced with the problem
of “indirect conditional future dependence”. In its second-stage of process-
ing, a call y will experience an initial wait (possibly 0), followed by a period of
service which is likely to be interrupted before the service is complete. Con-
sequently, the call y will again wait before completing the next segment of its
service. This wait-service cycle for any call y is mathematically problematic
because it results in there being a random number of calls which make a direct
contribution to the workload of y. Again, therefore, we were not in a po-

sition to prove convergence, and we had to be satisfied with uniform stability.

We may summarise the main result of Berezner et al. [9] as follows:

Theorem 8.2.1 (The Circuit-Switched Network)
Suppose that for some A > 0

A 1
: aS
A

(8.2.1)

Then the (nonpreemptive or preemptive) FAAF S starlike network is stable
uniformly in the size (N) of the network.

Although the proof of Theorem 8.2.1 could proceed in a similar way for
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both the nonpreemptive and preemptive forms of the FAAF'S discipline, an
approach based on the direct comparison Wraars < Wrars (between the
waiting times of the FAAF Sp and FFAF S models) was adopted in Berezner
et al. [9].

The analysis of the message-switched network is more tractable. In particu-
lar, several results — of especial interest when one considers the simulation
study data given in Chapter 4 — were proved about this network. The most

useful of these are included in the theorem below.

Theorem 8.2.2 (The Message-Switched Network)

(a) For each of the three disciplines, FCFS, FAFS and FAAFS, the first
stage of the message-switching network operates precisely as the first
stage of the network under the other two disciplines. In particular, each

queue in the first stage is simply of the form GI/GI/1/o0c/FCFS.

(b) Suppose now that pl <1 and p@ < 1. Then for both the FCFS and

FAAF S networks, (wgl, wE]) > (w[l], w[ﬂ) and Ewgi]cFS = EwgﬂAAFS
(e =1,2).

The research continues ...
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APPENDIX A
GRAPHS

A.1 INTRODUCTORY CONCEPTS

The first two definitions given below use the term graph in a fairly general

Sense.

Definition A.1.1 (Graph)

A graph G = [V, E] comprises a nonempty set of vertices or nodes (or points),
V = V(G), called the vertex set of G, together with a possibly empty edge
set, E = E(G), of pairs of vertices of G, called edges (or lines).

Definition A.1.2 (Classes of Graphs)

If a graph G may have loops, i.e., edges e = vv joining a vertex to itself, then
G is called a loop-graph.

A graph G in which multiple or parallel edges (more than one edge joining
the same pair of vertices) are permissible, but loops are not, is termed a
multigraph. The number of parallel edges joining a distinct pair of vertices
is called the multiplicity of the “edge”.

Should both loops and multiple edges be allowed in graph G, then G is a
pseudograph.

If G has edge set E(G) of ordered pairs of vertices (so e = (vy,v3) =v;0),

then G is a directed graph or digraph with directed edges or arcs, and arc set
E(G).



325

That graph G which has an edge set of unordered pairs of vertices (e = v1v;
or, equivalently, e = vyv;) and has neither loops nor multiple edges is referred

to as a simple graph or merely a graph.

Definition A.1.3 (Symmetric and Asymmetric Digraphs)
Let D be a digraph with arc set E(D).
Then D is a symmetric digraph ift

(u,v) € E(D) & (v,u) € E(D).
D is an asymmetric digraph or oriented graph iff

(u,v) € E(D) = (v,u) ¢ E(D).

Definition A.1.4 (Underlying Graphs)

The underlying graph of a digraph D is that graph G obtained from D by
replacing each arc a = (u,v) of D by the edge e = uv and deleting any
occurrence of a multiple edge.

The underlying graph of a pseudograph G is that graph G* obtained from G

by deleting all loops and replacing any set of multiple edges of G with a single
edge.

Definition A.1.5 (Edges and Vertices)

If |V(G)| = p and |E(G)| = ¢, then p and g are called the order and size
respectively of G (a graph or digraph). Then G is a (p, ¢)-(di)graph.

If each of p and ¢ is finite, then G is termed a finite graph; otherwise it is an

infinite graph.
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Suppose G, is a simple graph with edges e = uv and f = vw. Then e is
said to join u and v, which are called adjacent vertices. Each of u and v is
incident with e. Furthermore, e and f are adjacent edges (because they have
a vertex in common).

Next consider a digraph G, with arcs a; = (u,v) and a; = (v, w). The termi-
nology used is similar to that above except that the prepositions to and from
are used to convey the direction of the arcs. Vertex u is called the initial

endpoint or tail of arc ay; v is its terminal endpoint or head.

Remark A.1.1 (Diagram of a Graph)

It is customary to represent a graph by means of a diagram, which is often
also referred to as a graph. Line segments or curves are used for (undirected)
edges; arcs are represented by directed (or “arrowed”) line segments. Ver-

tices are indicated by small circles or dots.

() U3

Fig. A.1
(5,4)-Simple Asymmetric (Finite) Digraph
Vertex set V(D) = {v1,vq,v3, vy, vs}
Arc set E(D) = {(vg, v1); (vs, v2); (v3, v4); (vs,v4)}
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A.2 CONNECTEDNESS IN GRAPHS

Definition A.2.1 (Walks, Paths and Cycles)

Let G be a simple graph.

A walk W : vpe vy ... v, 16,0, of G is a (finite) alternating sequence of edges
and vertices, beginning and ending with vertices, in which e; = v;_yv; V2 € IN,,.
The length of W is n (the number of occurrences of edges).

Without ambiguity, we may also write
W :vgvy ... Uyt Up.

vo and v, are the initial and terminal vertices respectively. The remaining
vertices are called inner or intermediate vertices.

W is sometimes referred to as a vo-v, walk; it is closed iff vy = v, and open
otherwise.

On the other hand, a path of G is a walk in which vertices (and thus, neces-
sarily, all edges) are distinct.

W is a cycle of G iff it is a closed walk of length n > 3 with no repetitions of

vertices allowed (except, of course, that we have vy = v,).

Remark A.2.1 (Walks in Digraphs)

The definitions of a walk, path and cycle in a digraph are analogous to those
for a graph, except that in a digraph we always proceed in the direction of the

arcs. To emphasise this fact, we may use the prefix di-, for instance, diwalk.
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Definition A.2.2 (Connectedness in Graphs & Digraphs)

Let u and v be vertices in a graph G.

Then u is connected to v iff G contains a u-v path; G itself is connected iff u
is connected to v V (u,v) € [V(G)]%

A digraph D is connected iff its underlying graph is connected.

Fig. A.2

P uqg us ug us ug ur

A path of length 5 in a connected graph
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A.3 TREES

This section and the next are concerned with two special types of graphs

which are of particular interest in this thesis.

Definition A.3.1 (Tree)
Let G be a graph of order p.

Then G is a tree iff one of the following equivalent conditions holds.
(i) G is connected and has size p — 1.
(i) G is acyclic and has size p — 1.

(iii) G is a minimal connected graph (p > 2).

(iv) G is a maximal acyclic graph (p > 2).

Definition A.3.2 (Directed Tree)
A directed tree is an asymmetric digraph, the underlying graph of which is a

tree.

Definition A.3.3 (Rooted Tree)
A rooted tree is a directed tree T with a distinguished vertex r, called the

root, with the property that 7 contains an r-v path Vv € V(7).

Definition A.3.4 (n-Trees)
Let 7 be a rooted tree with root r.

For a fixed vertex v of 7, let P, be the shortest r-v path, say of length .
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Consider now another vertex u which lies on P,, such that the shortest r-u
path has length [ — 1. Vertex v is then known as the successor of u.
A simple example of 7 is one in which each vertex has exactly n successors;

such a rooted tree is called an n-tree.

Remark A.3.1 (Branching Number)

The branching number of an n-tree is n. For a more general rooted tree,
the idea of a branching number is more complicated. Intuitively-speaking, if
we suitably define the “average” number of branches issuing from a typical
vertex of our tree, we obtain its branching number. The interested reader is

referred to the article of Lyons [A.1] for more details.

Fig. A.3

A rooted tree with root r (and branching 2)

v 1S a successor of u
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A.4 n-PARTITE GRAPHS

Definition A.4.1 (n-Partite Graphs)
Let n € IN. A graph G is an n-partite graph iff there exists a partition of its

vertex set: V(G) = JVi A V;N Vi # 0 = j = k such that

1=1
w € E(G)=ueV;, NveVy Aj#k.

If n =2, then G is a called a bipartite graph.

In the following definition we assume that |V;| = m; V1 € IN,, (so that |V(G)| =

n
. m,-).
=1

]

Definition A.4.2 (Complete n-Partite Graphs)
Let n € IN. A graph G is a complete n-partite graph, denoted by K (my,...,my,)
or Ky .. mn, iff it is an n-partite graph andu € V; A v eV A jJ #k =

Definition A.4.3 (Star Graph)
Let N € IN. The complete bipartite graph Ky is called a star (graph).

Remark A.4.1 (Star Network)
In communications applications (such as computing), a star network is one
in which there is a single central coordinating node, and distant devices are

connected along communications lines which radiate like spokes from the

central node.
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Fig. A4
Star graph K 4

REFERENCE

[A.1] Lyons, R. Random Walks and Percolation on Trees. The Annals of
Probability 18(3), 931-958, 1990.
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APPENDIX B
POINT PROCESSES

B.1 INTRODUCTORY CONCEPTS

Consider a Polish space E (Franken et al. [B.1, p. 62], Kallenberg [B.3]) with
Borel o-algebra £. Write B for the ring of bounded (relatively compact) sets
in £.

Definition B.1.1 (Measures on F)

Let ¢ be a measure on E.

(a) The set of locally finite (Radon) measures on E is given by
M={¢eFE:¢B)<occVBeB}
(b) The collection of point or counting measures is defined by
M,={peM:¢(B)eZyV B e B}
(c) The set of simple point measures is given by
My ={¢eM,:4({e}) <1Vee £}

Write M, M, and M, for the o-algebras generated by the sets given in (a),
(b) and (c) respectively.
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Remark B.1.1

For convenience we write ¢(e) for ¢({e}).

Definition B.1.2 (Dirac Measure)
Let e € E be fixed, and B € B. Then

5.(B) = I(e) :{ (1) Z;g

The fundamental point measure é.(+) is called the Dirac measure.

B.2 RANDOM POINT PROCESSES

Definition B.2.1 (Point Process)
A (random) point process ® is a random element of the measurable space
(M,, M,). Consequently ® may be given as a probability space (M,, M,, P)

which implies that ® is a random counting measure on B.

Remark B.2.1 (Alternative Definition of a Point Process)
An alternative definition, which is most appropriate when some other random
process generates point process @, is often encountered in the literature. In

this case, given a probability space (2, F, P), ® is defined as the measurable
mapping (Qaf) = (MIHJMP)‘

Definition B.2.2 (Simple Point Process)
A point process ® with associated probability space (M, M,, P) is said to
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be simple iff P[® € M,] = 1.

V B € B define the Zg-valued random variable N(B) by
P[N(B)=n]= Pl¢p € My: ¢(B) =n] (n€ Zg)

Thus N(B) gives the random number of points of ® in B.

Remark B.2.2 (Point Processes on R)

When Polish space E = IR (or IRg), then the random points of the process
® are most commonly times of events (t,,n € Z) (or (t,,n € IN)) (for in-
stance, moments of arrivals to a network) and 7,, = t,4, — t,, are interevent
(interarrival) times. The sequence (7,,) constitutes the incremental process of
(tn). In the time-context, a simple point process (informally) is one in which
T, > 0 ¥V n, so that there are a.s. no points where two or more events occur
simultaneously. (To understand why, consider Definition B.1.1(c). Since ¢ is

a counting measure, and for every t ¢(¢) <1, ¢(t) = 0 or 1 (and no greater).)

When the (time) points are nonnegative, one conventionally writes N(t) =

N((0,t]) for the number of events (arrivals) in the bounded interval (0,¢]. It
is obvious that N(t) > n & t, <t.

We now briefly consider a well-known class of point processes.

Example B.2.1 (Renewal and Poisson Processes)

A renewal process ® is a point process characterised by an 11D incremental
sequence (7,,n € IN) ~ G which is independent of the time ¢; ~ G, of the
first event. When G, coincides with G, then @ is said to be an ordinary
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renewal process; otherwise it is called a modified or delayed renewal process.

® is an equilibrium or stationary renewal process iff

1
E()

Ga(s) = / Glz)dz  (Er < oo) (B.2.1)
0

iff the process has stationary increments (L[N (s + h) — N(s)] = L[N(h)]
Vs > 0,YVh > 0). The equivalence of these two conditions is demonstrated
in Grimmett & Stirzaker [B.2, pp. 295-296].

When one considers a renewal process, two quantities of interest are the age
(or current lifetime) at t and the ezcess lifetime at t, given by §(t) =t —tn ()
and ¥(t) = tny@41 — ¢ respectively. In other words, §(t) is the time since
the last event before ¢t and ~(¢) is the time to the next event after ¢. Tt is

interesting to note that, if ¢; is nonlattice, then

lim Ply(t) < o] = E(lT) [ Gz (8.2.2)

which is the same distribution as in (B.2.1).

A renewal process of particular importance (certainly in queueing theory) is
the Poisson process, which is usually introduced by means of postulates or
axioms (e.g., Parzen [B.5, p. 118]). For the purposes of this discussion, it
suffices to note that G(s) =1 — e™*¢ characterises the Poisson process with

rate A. (See, for example, Medhi [B.4, Chapter 4].)

According to its axiomatic definition, the Poisson process has stationary
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increments so that it is valid to consider (B.2.1) which reduces to
Gi(s) = /\/ e Mdr =1—¢ = G(s)
0

which means, of course, that we are concerned with an ordinary renewal pro-
cess, and, using (B.2.2), that lim P[y(t) < s] = G(s). Parzen [B.5, p. 173]
proves a more significant result (without the need for a limit), namely that

Ply(t) < s]=1—e".

Before we proceed to investigate the concept of a marked point process, we
outline what is meant by a Palm distribution P.. Historically this distribu-
tion was first introduced for (stationary) simple point processes ® (on the
real line), in which case P, may be regarded as the conditional distribution
of ® given that an event (arrival) occurs at ¢. For instance, the man after
whom this distribution was named investigated the conditional probability
of the absence of telephone calls in the interval (0,t), given the occurrence

of a call at time 0.

Definition B.2.3 (Palm Distributions and Probabilities)
The Palm distributions P, of point process ® are given by

E (d@(e)(gery)
E(d®(e))

Pe(L) = LeM, ecE(as. —E®)

More generally, Palm probabilities are defined by

E (d®(e)(ven))
P = g )

Ac F,e€ F(as.—EO)
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Remark B.2.3 (Campbell Measure)
Definition B.2.3 is based on the idea of the Campbell measure of ®, which is

the measure

C(BxL)=E [(I)(B)I{QEL}]

defined on B x M.

B.3 RANDOM MARKED POINT PROCESSES: RMPPs

Random point processes were originally derived to model the occurrence of
events of the same kind at random points of IR. It often becomes necessary,
however, to distinguish between different types of events in a process. In the
context of queues or networks, there are service times, priorities, customer
types, route-determining vertices and so on, which cause one customer to
differ from another. As explained in the following definition, RMPPs allow

for such an eventuality.

Definition B.3.1 ((Random) Marked Point Process)

Consider I, & and B as before. In addition, let X' be a Polish space, called
the mark space, and M;¥ be the set of all counting measures on B x o(X).
An RMPP &% (with mark space X) is a random element of the measur-

able space (zW;Y, Mf), and thus can be determined as the probability space
(Mf,M;Y, P).
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Remark B.3.1

The RMPP &% is nothing more than a point process on the space £ x X,
so that the discussion in §B.2 is applicable. Consequently theoretical details
will not be reproduced (in their appropriately modified forms) here. We do,
however, note that random attribute z € X is called a mark, which may ob-
viously be a vector & = (z1,...,z)) where the z; may, for example, specify

service times at the various nodes of a network, or the nodes themselves.

Example B.3.1

A compound Poisson process (Parzen [B.5, pp. 128-131]) is an example of an
RMPP in which marks are I[ID and independent of the points of the Poisson
process they label. The most common marked point process in queuing the-
ory is some version of a compound Poisson process. As an example, consider

the MX)queues, i.e., queues with batch arrivals/service.

Remark B.3.2 (Independence of Marks)
In contrast with the compound Poisson process of Example B.3.1, one may
always consider RMPPs for which marks are not necessarily 11D, or even

those that are not independent of the point process they label.
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APPENDIX C
STOCHASTIC ORDERING

Definition C.1 (Stochastic Ordering of Random Variables and
Distributions)

Suppose X and Y are random variables with respective distribution functions

F and G.

Then X is stochastically smaller (or smaller in distribution) than Y, written

X <aY (or X <, Y),iff

F(z)<G(z) Vz e R

in which case F'is said to be stochastically smaller than G, written F <; G.
X is stochastically larger than Y (F is stochastically larger than G), X >4 Y
(F >4 G), iff Y is stochastically smaller than X.

X 1s stochastically equivalent (equal) to Y, X =4 Y iff

F(z)=G(z) Vz e R

in which case it may also be said that F' and G are stochastically equivalent

(equal), written as F' =, G.

Remark C.1

The symbols ;; and 4 often are used interchangeably. Also, the concept of

stochastic ordering may be intuitively extended to sequences of random vari-

ables and their joint distributions.
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Proposition C.1
Stochastic ordering is a partial ordering on the class of real-valued random

variables (or their distributions).

PROOF

Reflexivity, transitivity and antisymmetry are easily shown to hold.

Remark C.2

The ordering is, however, not complete since not all pairs of distributions

(random variables) can be stochastically ordered.

Remark C.3
If X,Y are as in Definition C.1, then F(z) = G(z)Vz € R = X =, Y but
it 1s not necessarily true that X =Y. An obvious and most likely instance

would be that in which X and Y are identically distributed.

Theorem C.1
X <u Y iff E[g(X)] <E[¢(Y)] V nondecreasing functions g, whenever the

expectations are well-defined.

ProOOF

Ross [C.1, p. 252] or Wolff [C.2, p. 486].
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APPENDIX D

STARLIKE NETWORK COMPUTER
SIMULATION PROGRAM

In this appendix, a short explanation is given of some of the aspects of the
simulation program mentioned in Chapter 4, where a summary of its out-
put was also given. After a few theoretical details have been provided, the
program itself — written by the author in Turbo Pascal Version 6.0 — 1s

reproduced with brief comments.

The simulation program is written for the case of a Poisson arrival stream
and exponential service times. The properties of the exponential distribu-
tion (especially its Markovian/memoryless character) allow us to model the
network using the principles of a Markov chain. This is not to say, however,
that more general distribution assumptions could not have been made (using

the approximation F(z) ~ > p;F;(z) — where > pi =1 and F; is a gamma

distribution function with parameters §; and n; — for the distribution, F,

under consideration).

One of the essential ideas of the program is certainly fairly general and may
be applied to a broad class of simulation studies. We refer to the concept
of discrete event simulation which is a useful mechanism for avoiding the
complexities of dealing with the dynamics of continuous time. Two different

approaches exist for discretizing the time.
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The first approach, interval-oriented simulation, uses fized time increments.
Time is advanced by a constant amount At, and the situation is reviewed at
...,t— At t,t+ At,.... The method applied in our program is the second
type, event-oriented simulation, in which time increments vary: the system
time is advanced to that of the next event, and the system evaluated at that
moment. This latter approach has several advantages over the first which
may update the time from ¢ to ¢t + At without any events having occurred
during the interval (¢,t + At]. On the other hand, a considerable number of
events can occur, but these may be detected only at ¢ + At. Both of these

situations are wasteful.

Our preferred variable-time increment method, in accordance with our as-
sumptions on exponential times, yields a useful result on how to establish by
random means the time and nature of the events (arrivals/departures/service).
In the context of the program, «, in the theoretical discussion below should
be interpreted as the rate of the nth event happening (given the current
state of the system). For instance, in the case of circuit-switching, program
variable arrivalrate gives the rate of arrival to the network which is a con-
stant N A, but departurerate depends on how many destination channels are
nonempty (and on time-ordering if the FAF'S protocol is in use). a, on the

other hand, represents the (program variable) totalrate for any of the proto-

cols.
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Let {T,.} be a collection of independent random variables (representing in-
terevent times) where T, has the exponential distribution Fr,(t) =1 — e

with mean o;'. Write {3y = mninTn and o = Zan. Then applying the

independence, we have

P Ty >t = P[O{Tn>t}

= [[PI[T.> 1]
- ant
e

— e—at

P(Ti=Ty| = /:Op [T, = ] P Lgk{Tn > s} ds

o0
= are S | [ e7*n3ds
/ 11

=0 n#k

o0
= ak/ e~ *ds
s=0

673

«
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Also, by again using the independence of the random variables:

P T(l) > t,Tk = T(l)] = [u:tp [Tk = u] P [ngk{Tn > ’U,} du

o0
— / ake““k“He‘“"“du
u

u=t ntk
o0
= ak/ e *du
u=t
o _
= e at
o

= P [Tk = T(l)] P [T(l) > t]

Consequently the type of the next event and the time interval until the next
event (which is T{;)) may be independently determined (by separately using

the (pseudo)random number generator).

To understand how the random number generator is actually used in this

program is not difficult as we apply some well-known properties of distribu-

tions.

Let U be a uniform random variate with distribution function Gy:
Gu(u) = PlU<Lu] = u (D.1)
If T is exponentially distributed with mean o~! and distribution F, then

PIT <t] = F(t)

I
o
Q

AN
e
_

<&
©
=
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so solving T'= F~}(U) or

U = F(T)
= U = 1—¢°T
= e = 1-_U
In(1 -U
Q

and if U € [0,1) (as is the case with Turbo Pascal’s uniform random num-

ber generator), then —@ yields an (honest) exponential random variable

with mean a~!.

The program-listing is given in the pages that follow.
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PROGRAM Network; {Interactive version}

{Two-stage starlike network: disrete event-oriented simulation
for different disciplines & switching rules: channel in stage i
(i=1,2) is symmetric w.r.t. others in that stage: exponential
interarrival and service times}

USES CRT, DOS;

CONST
bigspace = ’ "5
space = T
underline = S i
TYPE
boolarray = ARRAY[1..250] OF BOOLEAN;
countarray = ARRAY[1..250] OF LONGINT;
protocol = (faafs, fafs, fcfs);
gqlpointer = “qinode;
qinode = RECORD
destindex . BYTE;
destranki :  LONGINT;
arrivetimel :  REAL;
link1 : qlpointer
END;
q2pointer = “q2node;
g2node = RECORD
sourceindex . BYTE;
destrank?2 :  LONGINT;
arrivetime2 . REAL;
link2 . q2pointer
END;
queuel = RECORD
frontl, reart : qlpointer
END;
queuelarray = ARRAY[1..250] OF queuei;
queue2 = RECORD
main2, subsid2 : qg2pointer
END;
queue2array = ARRAY[1..250] OF queue2;
servicetype = (nonpre, pre);
{nonpreemptive/preemptive}
switchtype = (cir, mes);

{circuit/message}



VAR

numberofdests, numberofsources,

numberoftrials, trial : BYTE;
factor, maxmessages : LONGINT;
discipline : protocol;
arrivalrate,

intensity, invnumdests,
lambda, mul, mu2, musystem,
overallav,

overallavl, overallav2,
overallwaitl, overallwait2,
rhol, rho2, rhosystem,

waitl, wait2, waitsystem : REAL;
servicerule : servicetype;
switchrule : switchtype;
out : TEXT;

350
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PROCEDURE ReadData {Interactive keyboard response on number of
source/destination channels, calls &
trials, and rates of arrival & service,
and so forth}

(VAR lambda, mul, mu2: REAL; VAR numberofdests, numberofsources,

numberoftrials: BYTE; VAR maxmessages: LONGINT; VAR discipline:

protocol; VAR servicerule: servicetype; VAR switchrule:
switchtype);

VAR

selection : SHORTINT;
BEGIN
CLRSCR;
WRITELN;
WRITELN(C® ’:3,
’x%% WELCOME TO THE STARLIKE NETWORK SIMULATION PROGRAM *x*x’);
WRITELN; WRITELN; WRITELN;
WRITELN(® ’:5,’DISCIPLINE’);
WRITELN(bigspace, ’1. FAAFS’);
WRITELN(bigspace, ’2. FAFS’);
WRITELN(bigspace, ’3. FCFS’);
WRITE(’ ’:5,’Enter selection: °');
READLN(selection);
CASE selection OF
1: discipline:=faafs;
2: discipline:=fafs;
3: discipline:=fcfs
END;
IF discipline=faafs
THEN
BEGIN
WRITELN; WRITELN;
WRITELN(® ’:5,’SERVICE RULE’);
WRITELN(bigspace, ’1. Nonpreemptive’);
WRITELN(bigspace, '2. Preemptive’);
WRITE(’® ’:5,’Enter selection: ');
READLN(selection);
CASE selection OF
1: servicerule:=nonpre;
2: servicerule:=pre
END
END
ELSE servicerule:=nonpre;
WRITELN; WRITELN;
WRITELN(’ ’:5,’SWITCHING RULE’);
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WRITELN(bigspace, ’1. Circuit’);
WRITELN(bigspace, ’2. Message’);
WRITE(’ ’:5,’Enter selection: ’);
READLN(selection);
CASE selection OF

1: switchrule:=cir;

2: switchrule:=mes;
END;
WRITELN; WRITELN;
WRITE(’Please enter the mean arrival rate LAMBDA:’,’ ’:23);
READLN (lambda);
CASE switchrule OF

cir: mul:=0;

mes: BEGIN
WRITE(’Please enter the stage 1 mean service rate MU1:’,
’ :18);
READLN (mui)
END
END;
WRITE(’Please enter the stage 2 mean service rate MU2:’,’ ’:18);
READLN (mu2) ;
WRITE(’Please enter the number of source queues<251:’,’ ’:20);

READLN (numberofsources);
WRITE(’Please enter the number of destination queues<251:’,

’ :1B);

READLN (numberofdests) ;

WRITE(’Please enter the number of calls/messages to be’,
'’ processed<2E9: DF

READLN (maxmessages) ;

WRITE(’Please enter the number of trials<251:’,’ *:27);

READLN (numberoftrials);
WRITELN(’PROCESSING BEGINS’);
END; {ReadData}
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PROCEDURE InitialiseAllTrials {Set to zero wait statistics that
will accumulate over all trials;
assign values to quantities that
remain constant over all trials}

(numberofdests, numberofsources: BYTE; maxmessages: LONGINT; VAR

factor: LONGINT; lambda, mul, mu2: REAL; VAR arrivalrate,

intensity, invnumdests, musystem, overallwaitl, overallwait2,
rhol, rho2, rhosystem: REAL; switchrule: switchtype);

BEGIN

factor:=TRUNC(maxmessages/10);
WHILE factor>5000 DO
factor:=TRUNC(factor/2);
arrivalrate:=lambda*numberofsources;
invnumdests:=1/numberofdests;
intensity:=arrivalrate*invnumdests;
overallwaitl:=0;
overallwait2:=0;
CASE switchrule OF
cir: BEGIN
rho2:=intensity/mu2;

musystem:=mu2-intensity;

rhosystem:=lambda/musystem

END;
mes: BEGIN

rhol:=lambda/mui;

rho2:=intensity/mu2

END
END

END; {InitialiseAl1Trials}

FUNCTION TrueMean <{Calculate theoretical values of mean waiting
times for FCFS discipline}
(mu, rho: REAL):REAL;
BEGIN
IF (rho<1)
THEN TrueMean:=1/(mu*(1-rho))
ELSE TrueMean:=9999
END; {TrueMean}
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PROCEDURE PrintData {Data, based on input & subsequent
calculations, pertinent to all trials is
written to a text file, to which
information will be appended}

(numberofdests, numberofsources: BYTE; maxmessages: LONGINT;

discipline: protocol; intensity, lambda, mul, mu2, musystem,

rhol, rho2, rhosystem: REAL; VAR waitl, wait2: REAL; servicerule:
servicetype; switchrule: switchtype; VAR out: TEXT);

BEGIN

WRITELN(out); WRITELN(out);
WRITE(out,’ *okok ok DK
CASE discipline OF
faafs: CASE servicerule OF
nonpre: WRITE(out, ’NONPREEMPTIVE FAAFS’);

pre: WRITE(out, ° PREEMPTIVE FAAFS ’)
END;

fafs: WRITE(out, ° FAFS DE

fcfs: WRITE(out, °? FCFS )

END;
CASE switchrule OF
cir: WRITE(out, ’ CIRCUIT-SWITCHING’);
mes: WRITE(out, ’ MESSAGE-SWITCHING’)
END;
WRITELN (out,’ *kkk )
WRITELN(out); WRITELN(out);
WRITELN(out,’Number of arrivals to network:’, bigspace,
maxmessages:7, bigspace);
WRITELN(out); WRITELN(out); WRITELN(out);
WRITELN(out,’® ’:43, ’Stage’,’ ’:16,’Total’, * ’:11);
WRITELN(out,’ ’:38,°1’,7 7:13,’2?);
WRITELN(out); WRITELN(out);
WRITELN(out, ’Number of channels’,’ ’:19, numberofsources:3,
> ’:11, numberofdests:3,’ ’:7);
WRITELN(out);
CASE switchrule OF
cir: BEGIN
WRITELN(out, ’Mean arrival rate (per channel)’,
lambda:13:6, ’ ’, intensity:13:6,’ ':7);
WRITELN(out);
WRITE(out, ’Mean service rate MU’,’ ?:25,mu2:13:6);
IF NOT(discipline=fafs) THEN
WRITELN(out, musystem:14:6)
ELSE WRITELN(out);
WRITELN(out);
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WRITE(out,’Traffic intensity (per channel)’,’ ’:14,
rho2:13:6);
IF NOT(discipline=fafs) THEN
WRITELN(out, rhosystem:14:6)
ELSE WRITELN(out);
WRITELN(out);
wait2:=TrueMean(mu2, rho2);
waitsystem:=TrueMean(musystem, rhosystem);
waitl:=waitsystem-wait2;
WRITELN(out,’Theoretical waiting time’, bigspace,

wait1:13:6,’ ’, wait2:13:6, waitsystem:14:6);

WRITELN(out,’ (FCFS circuit-switching)’)

END;

mes: BEGIN

WRITELN(out,’Mean arrival rate (per channel)’,
lambda:13:6, ' ’, intensity:13:6, ’ ’:7);

WRITELN(out);

WRITELN(out,’Mean service rate (per channel)’, mul:13:6,
) mu2:13:6, ’ ’:7);

WRITELN(out);

WRITELN(out,’Traffic intensity (per channel)’, rhol:13:6,
» 2 rho2:13:6, ’ ’:7);

WRITELN(out);

waitl:=TrueMean(mul, rhol);

wait2:=TrueMean(mu2, rho2);

WRITELN(out,’Theoretical waiting time’, bigspace,
wait1:13:6, ’ ’, wait2:13:6, (waiti+wait2):14:6);

WRITELN(out,’ (FCFS message-switching)’)

END

END;

WRITELN(out); WRITELN(out); WRITELN(out);

WRITELN(out,’ ’:5,’ ’,’No. leaving’,’ ’,’No. leaving’,’ ’,
’Stage 1 mean ’,’ ’,’Stage 2 mean ’,’ ’,’Network mean’,
’8);

WRITELN(out, ’Trial’,’ e P i ’,? ’,
underline,’ ’,underline, ’ ’,underline);

WRITELN(out,’—-———- ’,? ?,? Stagel ’,’ 7,7 Stage 2 ',’
’waiting time ’,’ ’,’waiting time ’,’ ’,’waiting time’,
’7:8);

WRITELN(out,’ ’:5,’ ?,’ —————en e ettt LN
underline,’ ’,underline, ' ’,underline);

WRITELN(out);

CLOSE(out)

END; {PrintData}
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PROCEDURE InitialiseATrial {Assign initial values (for a single
trial) to wait, count, boolean and
other quantities}

(VAR canleave, windowempty: boolarray; numberofdests,

numberofsources: BYTE; VAR nonemptydests, nonemptysources: BYTE;

VAR nexttoleavel, nexttoleave2, numarrayl, numarray2,

orderarrayl, orderarray2: countarray; VAR arrivalcount,

departurecount, interstagecount: LONGINT; discipline: protocol;

VAR stagelarray: queuelarray; VAR stage2array: queue2array; VAR

currenttime, totalwaitl, totalwait2: REAL; servicerule:

servicetype; switchrule: switchtype);

VAR

counteri : BYTE;
BEGIN
FOR counteri:=1 TO numberofdests DO
canleave[counter1] :=FALSE;
IF (discipline=faafs) AND (servicerule=nonpre)
THEN
BEGIN
FOR counterl:=1 TO numberofdests DO
windowempty [counteri] :=TRUE
END;

nonemptydests:=0;

nonemptysources:=0;

FOR counterl:=1 TO numberofsources DO

BEGIN
IF switchrule=cir
THEN
BEGIN
nexttoleavel[counter1]:=1;
orderarrayll[counteri]:=1

END;
numarrayl[counter1] :=0;
END;
FOR counteri:=1 TO numberofdests DO
BEGIN

nexttoleave2[counter1]:=1;
numarray2[counteri] :=0;
orderarray2[counteri]:=1
END;
arrivalcount:=0;
departurecount:=0;
interstagecount:=0;
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FOR counteri:=1 TO numberofsources DO
BEGIN
stagelarray[counterl].front1:=NIL;
stagelarray[counter1].rear1:=NIL
END;
FOR counterl:=1 TO numberofdests DO
BEGIN
stage2array[counter1] .main2:=NIL;
stage2array[counter1].subsid2:=NIL
END;
currenttime:=0;
totalwaitl1:=0;
totalwait2:=0;
END; {InitialiseATrial}

PROCEDURE InterEvent {Use the uniform random number generator to
produce an exponential random variable
which gives the time between successive
events; the current time is updated to
that of the new event}

(nonemptydests, nonemptysources: BYTE; arrivalrate, mul, mu2:

REAL; VAR currenttime, departurerate, servicerate, totalrate:

REAL; switchrule: switchtype);

VAR

exponvariate,
uniformvariate : REAL;
BEGIN
servicerate:=nonemptysources*mul;
departurerate:=nonemptydests*mu2;
CASE switchrule OF
cir: totalrate:=arrivalrate+departurerate;
mes: totalrate:=arrivalrate+serviceratetdeparturerate
END;
uniformvariate:=RANDOM;
exponvariate:=-LN(1-uniformvariate)/totalrate;
currenttime:=currenttime+exponvariate
END; {InterEvent}
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PROCEDURE EventType {Use the random number generator again, this
time to determine the nature of the next
event (arrival to, or departure from, the
system and, in the case of
message-switching, possibly completion of
first-stage service)}

(VAR arrival, departure, service: BOOLEAN; arrivalrate,

servicerate, totalrate: REAL; switchrule: switchtype);

VAR

arrivalprob, randomprob,
serviceprob : REAL;
BEGIN

randomprob:=RANDOM;

arrival:=FALSE;

departure:=FALSE;

service:=FALSE;

arrivalprob:=arrivalrate/totalrate;

CASE switchrule OF

cir: IF randomprob<arrivalprob

THEN arrival:=TRUE
ELSE departure:=TRUE;

mes: BEGIN
serviceprob:=servicerate/totalrate;
IF randomprob<arrivalprob
THEN arrival:=TRUE
ELSE IF (arrivalprob<=randomprob) AND

(randomprob<(arrivalprob+serviceprob))
THEN service:=TRUE
ELSE departure:=TRUE
END
END
END;  {EventTypel}
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PROCEDURE EventIndex {Marks are assigned to, or extracted from,
the call (or message)}
(canleave: boolarray; arrival, departure, service: BOOLEAN;
nonemptydests, nonemptysources, numberofdests, numberofsources:
BYTE; VAR destination, source: BYTE; numarrayl, numarray2:
countarray; discipline: protocol; switchrule: switchtype);
VAR
counter, destposition,
sourceposition : BYTE;
BEGIN
IF arrival
THEN
BEGIN {source & destin.}
source:=SUCC(RANDOM(numberofsources)); {determined randomly}
destination:=SUCC(RANDOM(numberofdests)) {for an arriving}

END {call}
ELSE IF departure
THEN
BEGIN {nonempty queue}
destposition:=SUCC(RANDOM(nonemptydests)); {from which call}
counter:=1; {will leave the}
destination:=0; {network is}
WHILE counter<=destposition DO {randomly establ.}
BEGIN

destination:=SUCC(destination);
CASE discipline OF
faafs, fcfs: IF numarray2[destination]>0
THEN counter:=SUCC(counter);
fafs ¢ IF (numarray2[destination]>0)
AND canleave[destination]
THEN counter:=SUCC(counter)
END;
END;
END;
IF (switchrule=mes) AND service
THEN
BEGIN {in case of}
sourceposition:=SUCC(RANDOM(nonemptysources)); {mes-switch:}
counter:=1; {randomly}
source:=0; {find in}



360

WHILE counter<=sourceposition DO {which non-}
BEGIN {empty first-}
source:=SUCC(source); {stage queue}
IF numarrayi[sourcel]>0 {service}
THEN counter:=SUCC(counter); {completion}
END {occurs}
END;

END; {EventIndex}

PROCEDURE FindPosition {locate destination—queue position, which
is based on arrival times to the
network}

(destination: BYTE; temppointer2: q2pointer; VAR next, previous:

q2pointer; stage2array: queuelarray);

BEGIN

previous:=NIL;
next:=stage2array[destination] .main2;
WHILE (temppointer2”.destrank2>next”.destrank2)
AND (next<>NIL) DO
BEGIN
previous:=next;
next:=next”~.link2
END
END; {FindPosition}

PROCEDURE PutInPosition {join queue at the appropriate (time-
dictated) position}
(destination: BYTE; next: g2pointer; VAR previous, temppointer2:
q2pointer; VAR stage2array: queue2array);
BEGIN
IF previous=NIL
THEN
BEGIN
temppointer2”.link2:=stage2array[destination].main2;
stage2array[destination] .main2:=temppointer2
END
ELSE
BEGIN
previous”.link2:=temppointer2;
temppointer2”.1ink2:=next
END
END;  {PutInPosition}
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PROCEDURE PutInLine {combines previous two procedures}
(destination: BYTE; VAR next, previous, temppointer2: g2pointer;
VAR stage2array: queue2array);

BEGIN

FindPosition(destination, temppointer2, next, previous,
stage2array);

PutInPosition(destination, next, previous, temppointer2,
stage2array);

END; {PutInLine}

PROCEDURE PutInWindow {for nonpreemptive FAAFS: call enters
service ‘window’ since queue is empty;
statistics are adjusted}

(VAR windowempty: boolarray; destination: BYTE; VAR

nonemptydests: BYTE; VAR temppointer2: g2pointer; VAR

stage2array: queue2array);

BEGIN
windowenpty[destination] :=FALSE; {subsid2 is}
nonemptydests:=SUCC(nonemptydests) ; {service ‘window’}

temppointer2”~.1ink2:=NIL;
stage2array[destination].subsid2:=temppointer?2
END; {PutInWindow}
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PROCEDURE RemoveFromLine {if not the nonpreemptive FAAFS
discipline, leave from front of queue
‘proper’}
(destination: BYTE; VAR source: BYTE; numarray2: countarray;
discipline: protocol; VAR stage2array: queue2array; VAR
timeofarrival2: REAL);
VAR
temppointer3 : g2pointer;
BEGIN
temppointer3:=stage2array[destination].main2;
timeofarrival2:=temppointer3”.arrivetime2;
source:=temppointer3~.sourceindex;
IF discipline=fcfs

THEN
BEGIN
CASE numarray2[destination] OF
1: BEGIN
stage2array[destination] .main2:=NIL;
stage2array[destination].subsid2:=NIL
END;
2: stage2array[destination].main2:=

stage2array[destination].subsid2;
ELSE stage2array[destination].main2:=
stage2array[destination] .main2”.1ink2
END
END
ELSE stage2array[destination].main2:=
stage2array[destination] .main2".1ink2;
DISPOSE(temppointer3)
END; {RemoveFromLine}
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PROCEDURE RemoveFromWindow {otherwise, for the nonpreemptive
FAAFS discipline, call leaves
service window & head of queue
proceeds to service window}

(VAR windowempty: boolarray; destination: BYTE; VAR source: BYTE;

numarray2: countarray; VAR stage2array: queue2array; VAR

timeofarrival2: REAL);

VAR
temppointer3 : g2pointer;
BEGIN
temppointer3:=stage2array[destination].subsid2; {subsid2 is}
timeofarrival2:=temppointer3”.arrivetime2; {service window}

source:=temppointer3~.sourceindex;
CASE numarray2[destination] OF
1:  BEGIN
stage2array[destination] .subsid2:=NIL;
windowempty[destination] :=TRUE
END
ELSE BEGIN
stage2array[destination].subsid2:=
stage2array[destination] .main2;
stage2array[destination] .main2:=
stage2array[destination] .main2".1ink2
END
END;
DISPOSE(temppointer3)
END;  {RemoveFromWindow}
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PROCEDURE CheckWindow {If, in the nonpreemptive FAAFS situation,
the destinations of the departing call
& head of the associated source-queue
(also) coincide, then the latter customer
may have arrived prior to the head of the
destination queue. Thus that ‘front call’
must have its position in the service
window replaced before advancing the time}
(destination: BYTE; numarray2: countarray; VAR stage2array:
queue2array) ;
VAR
temppointer4 : q2pointer;
BEGIN
IF numarray2[destination]>1
THEN
BEGIN
IF stage2arrayldestination].subsid2”.destrank2>
stage2array[destination] .main2”.destrank2
THEN
BEGIN
temppointer4:=stage2array[destination].subsid2;
stage2array[destination].subsid2:=
stage2array[destination] .main2;
temppointer4~.link2:=stage2array[destination] .main2~.1ink2;
stage2array[destination] .main2:=temppointer4;
stage2array[destination].subsid2~.1link2:=NIL
END
END
END; {CheckWindow}

PROCEDURE NPFAAFSArr2 {arrival to stage 2: nonpreemptive FAAFS}
(VAR windowempty: boolarray; destination: BYTE; VAR
nonemptydests: BYTE; VAR next, previous, temppointer2: q2pointer;
VAR stage2array: queue2array);
BEGIN

IF windowempty[destination]

THEN PutInWindow(windowempty, destination, nonemptydests,

temppointer2, stage2array)
ELSE PutInLine(destination, next, previous, temppointer2,

stage2array)
END; {NPFAAFSArr2}
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PROCEDURE PFAAFSArr2 {arrival to stage 2: preemptive FAAFS}
(destination: BYTE; VAR nonemptydests: BYTE; numarray2:
countarray; VAR next, previous, temppointer2: qg2pointer; VAR
stage2array: queuearray);
BEGIN
PutInLine(destination, next, previous, temppointer2,
stage2array);
{incr. from 0 to 1 in}
IF numarray2[destination]=0 {destination queue}
{means an increase in}
THEN nonemptydests:=SUCC(nonemptydests) {the number of nonempty}
{destination queues}
END; {PFAAFSATT2}

PROCEDURE FAFSArr2 {arrival to stage 2: FAFS}

(VAR canleave: boolarray; destination: BYTE; VAR nonemptydests:
BYTE; nexttoleave2: countarray; VAR next, previous, temppointer2:
gq2pointer; VAR stage2array: queuelarray);

BEGIN

PutInLine(destination, next, previous, temppointer2, stage2array);
IF previous=NIL {If customer joins front of FAFS queue, then}

THEN {either the queue is empty or customer has the}
BEGIN {earliest arrival of those in the queue}
IF stage2arrayl[destination].main2”.destrank2=
nexttoleave2[destination] {Possibly then call may}
THEN {leave next. If so,}
BEGIN {number of ‘nonempty’}
nonemptydests:=SUCC(nonemptydests); {destination queues}
canleave[destination] :=TRUE {increases by 1}
END
END

END; {FAFSATT2}
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PROCEDURE FCFSArr2 {arrival to stage 2: FCFS - simply join back
of queue}
(destination: BYTE; VAR nonemptydests: BYTE; numarray2:
countarray; VAR temppointer2: g2pointer; VAR stagel2array:
queue2array);
BEGIN
temppointer2”.1ink2:=NIL;
IF numarray2[destination]=0
THEN stage2array[destination].main2:=temppointer2
ELSE stage2array[destination].subsid2”.1link2:=
temppointer?2;
stage2array[destination].subsid2:=temppointer2;
{incr. from 0 to 1 in}
IF numarray2[destination]=0 {destination queue}
{means an increase in}
THEN nonemptydests:=SUCC(nonemptydests) {the number of nonempty}

{destination queues}
END; {FCFSArr2}

PROCEDURE Arrivall {Call joins back of appropriate source queuel}
(destination, source: BYTE; VAR nonemptysources: BYTE;
orderarray2: countarray; VAR numarray13: LONGINT;
VAR stagelarray3: queuel; currenttime: REAL);
VAR
temppointeril : qipointer;
BEGIN
NEW(temppointeri);
WITH temppointer1” DO
BEGIN
destindex:=destination;
destrankl:=orderarray2[destination];
arrivetimel:=currenttime;
link1:=NIL
END;
IF numarray13=0
THEN stagelarray3.frontl:=temppointeri
ELSE stagelarray3.rear1”.linkl:=temppointeri;
stagelarray3.rearl:=temppointeri;
numarrayi3:=SUCC(numarrayi3);
IF numarray13=1
THEN nonemptysources:=SUCC(nonemptysources);
END; {Arrivali}
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PROCEDURE Removall {Customer leaves front of appropriate source
queue}
(source: BYTE; VAR destination, nonemptysources: BYTE;
VAR numarraylb5: LONGINT; VAR temppointer2: q2pointer;
VAR stagelarray5: queuel; currenttime: REAL;
VAR timeofarrivalil: REAL);
VAR
temppointer : qlpointer;
BEGIN
NEW(temppointer2);
temppointer:=stagelarray5.fronti;
timeofarrivall:=temppointer”.arrivetimel;
destination:=temppointer”.destindex;
temppointer2”.sourceindex:=source;
WITH temppointer™ DO
BEGIN
temppointer2”.destrank2:=destrankl; {obtain update on marks}
temppointer2”.arrivetime2:=currenttime {& statistics of call}
END;

DISPOSE(temppointer);
WITH stagelarray5 DO
BEGIN
CASE numarrayi15 OF
1: BEGIN
frontl:=NIL;
rearl:=NIL
END;
2: frontl:=reari
ELSE frontil:=front1~.linkl
END
END;

numarray15:=PRED(numarray15);
{decr. from 1 to 0}
IF numarray15=0 {in source queue}

{means a decr. in}
THEN nonemptysources:=PRED(nonemptysources); {the number of}

{nonempty sources}

END; {Removalil}
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PROCEDURE Arrival2 {customer joins appropriate destination queue
in a position determined by the protocol in
use}

(VAR canleave, windowempty: boolarray; destination: BYTE; VAR

nonemptydests: BYTE; nexttoleave2: countarray; VAR numarray2:

countarray; VAR interstagecount: LONGINT; discipline: protocol;

VAR temppointer2: q2pointer; VAR stagelarray: queuelarray;

servicerule: servicetype);

VAR

previous, next : g2pointer;
BEGIN
CASE discipline OF
faafs: CASE servicerule OF
nonpre: NPFAAFSArr2(windowempty, destination,
nonemptydests, next, previous,
temppointer2, stage2array);
pre: PFAAFSArr2(destination, nonemptydests,
numarray2, next, previous,
temppointer2, stage2array)
END;

fafs: FAFSArr2(canleave, destination, nonemptydests,
nexttoleave2, next, previous, temppointer2,
stage2array);

fcfs: FCFSArr2(destination, nonemptydests, numarray2,
temppointer2, stage2array)

END;
numarray2[destination] :=SUCC(numarray2[destination]); {update}
interstagecount:=SUCC(interstagecount); {stats}

END; {Arrival2}
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PROCEDURE CircuitArrivall {Handles arrivals to circuit-switched
network: since there is no 1st-stage
service, call may be able to proceed
to stage 2 immediately}

(VAR canleave, windowempty: boolarray; destination, source: BYTE;

VAR nonemptydests, nonemptysources: BYTE; nexttoleavel2,

orderarrayl2: LONGINT; nexttoleave2, orderarray2: countarray; VAR

numarrayl12: LONGINT; VAR numarray2: countarray; VAR
interstagecount: LONGINT; discipline: protocol; VAR temppointer2:
q2pointer; VAR stagelarray2: queuel; VAR stagelarray:
queue2array; currenttime: REAL; servicerule: servicetype);

BEGIN

IF orderarrayl2=nexttoleavel2 {new arrival may proceed directly}

THEN {to second stage}
BEGIN

NEW (temppointer2);

WITH temppointer2” DO

BEGIN
sourceindex:=source;
destrank2:=orderarray2[destination];
arrivetime2:=currenttime

END;

Arrival2(canleave, windowempty, destination, nonemptydests,
nexttoleave2, numarray2, interstagecount, discipline,
temppointer2, stage2array, servicerule)

END
ELSE Arrivali(destination, source, nonemptysources,
orderarray2, numarrayl2, stagelarray2, currenttime)
{otherwise join stage 1 queue}
END; {CircuitArrivali}
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PROCEDURE EnterSystem {Controls arrivals to the first stage
(hence the network)}
(VAR canleave, windowempty: boolarray; destination, source: BYTE;
VAR nonemptydests, nonemptysources: BYTE; nexttoleavell: LONGINT;
nexttoleave2: countarray; VAR numarrayii: LONGINT; VAR
orderarrayil: LONGINT; VAR numarray2, orderarray2: countarray;
factor: LONGINT; VAR arrivalcount, interstagecount: LONGINT,;
discipline: protocol; VAR temppointer2: gq2pointer; VAR
stagelarrayl: queuel; VAR stage2array: queue2array; currenttime:

REAL; servicerule: servicetype; switchrule: switchtype);
BEGIN

CASE switchrule OF {enter network}
cir: CircuitArrivali(canleave, windowempty, destination,
source, nonemptydests, nonemptysources,
nexttoleavell, orderarrayil, nexttoleave2,
orderarray2, numarrayil, numarray2,
interstagecount, discipline, temppointer2,
stagelarrayl, stage2array, currenttime,
servicerule);
mes: Arrivali(destination, source, nonemptysources,
orderarray2, numarrayll, stagelarrayl,

currenttime)
END;
arrivalcount:=SUCC(arrivalcount); {update statistics on}
IF (arrivalcount MOD factor)=0 {counting ...}

THEN WRITELN(arrivalcount:8, °’ calls/messages arrived to the’,
’ network.’);
orderarray11:=SUCC(orderarrayil); {... and ‘order’}
orderarray2[destination]:=SUCC(orderarray2[destination]);
END; {EnterSystem}
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PROCEDURE StageiToStage2 {Controls transfer of customers from
first to second stage in the network
for either of the switching rules}

(VAR canleave, windowempty: boolarray; source: BYTE; VAR

destination: BYTE; VAR nonemptydests, nonemptysources: BYTE;

nexttoleave2: countarray; VAR numarrayi4: LONGINT; VAR numarray2:
countarray; VAR interstagecount: LONGINT; discipline: protocol;

VAR temppointer2: q2pointer; VAR stagelarray4: queuel; VAR

stage2array: queue2array; currenttime: REAL; VAR totalwaitl:

REAL; servicerule: servicetype);

VAR

stagelwait, timeofarrivall : REAL;

BEGIN

Removalil(source, destination, nonemptysources, numarrayil4,
temppointer2, stagelarray4, currenttime,
timeofarrivall); {leave stage 1}

Arrival2(canleave, windowempty, destination, nonemptydests,
nexttoleave2, numarray2, interstagecount, discipline,
temppointer2, stage2array, servicerule); {enter sta. 2}

stageiwait:=currenttime-timeofarrivall;

totalwaitl:=totalwaiti+stagelwait

END;  {StagelToStage2}

PROCEDURE LeaveSystem {Controls departure from the second stage
(hence the network) for all protocols}
(VAR canleave, windowempty: boolarray; destination: BYTE; VAR
nonemptydests, nonemptysources, olddestination, source: BYTE; VAR
nexttoleavel, nexttoleave2, numarrayl, numarray2: countarray; VAR
departurecount, interstagecount: LONGINT; discipline: protocol;
VAR temppointer2: q2pointer; VAR stagelarray: queuelarray; VAR
stage2array: queuelarray; currenttime: REAL; VAR totalwaitil,
totalwait2: REAL; servicerule: servicetype; switchrule:
switchtype);
VAR
stage2wait, timeofarrival2 : REAL;
BEGIN
IF (discipline=faafs) AND (servicerule=nonpre)
{distinction between nonpreemptive & preemptive service, which
matters in FAAFS}
THEN RemoveFromWindow(windowempty, destination, source,
numarray2, stage2array, timeofarrival2)
ELSE RemoveFromLine(destination, source, numarray2, discipline,
stage2array, timeofarrival2);
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stage2wait:=currenttime-timeofarrival2; {update stats: wait/}
totalwait2:=totalwait2+stage2wait; {numbers in queues/}
IF switchrule=cir {orders & priorities}
THEN nexttoleavell[source]:=SUCC(nexttoleavell[sourcel);
nexttoleave2[destination] :=SUCC(nexttoleave2[destination]);
numarray2[destination] :=PRED(numarray2[destination]);
departurecount:=SUCC(departurecount);
CASE discipline OF
{decrease in number of ‘nonempty’ queues is dictated, inter
alia, by the discipline}
faafs,
fcfs : IF numarray2[destination]=0
THEN nonemptydests:=PRED(nonemptydests);
fafs: BEGIN
IF (numarray2[destination]=0) OR
(canleave[destination] AND
(stage2arrayl[destination].main2".destrank2<>
nexttoleave2[destination]))
THEN
BEGIN
canleave[destination] : =FALSE;
nonemptydests:=PRED(nonemptydests)
END
END
END;
IF switchrule=cir
THEN
BEGIN
IF numarrayl[source]>=1
THEN
BEGIN {next customer with same source may leave stage 1}
olddestination:=destination;

StagelToStage2(canleave, windowempty, source, destination,
nonemptydests, nonemptysources,
nexttoleave2, numarrayl[sourcel], numarray?2,
interstagecount, discipline, temppointer2,
stagelarray[source], stage2array,
currenttime, totalwaitl, servicerule);

IF (destination=olddestination) AND (discipline=faafs) AND

(servicerule=nonpre) {coincidence of destinations}
THEN CheckWindow(destination, numarray2, stage2array)
END
END;
END; {LeaveSystem}
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PROCEDURE PrintTrialData {Output analysis for a specific trial}
(trial: BYTE; departurecount, interstagecount : LONGINT;
averagewaitl, averagewait2: REAL; VAR out:TEXT);

BEGIN

APPEND (out) ;

WRITELN(out, trial:3,’. ’,’ ’,interstagecount:11,’ ’,
departurecount:11, averagewait1:14:6, averagewait2:14:6,
(averagewaitl+averagewait2):14:6);

CLOSE(out)

END; {PrintTrialData}

PROCEDURE TrialStatistics {Data analysis: calculations & output
for a single trial}
(trial: BYTE; departurecount, interstagecount: LONGINT;
totalwaitl, totalwait2: REAL; VAR overallwaitl, overallwait2:
REAL; VAR out: TEXT);
VAR
averagewaitl, averagewait2 : REAL;
BEGIN
IF interstagecount>0
THEN averagewaitl:=totalwaitl/interstagecount
ELSE averagewait1:=0;
IF departurecount>0
THEN averagewait2:=totalwait2/departurecount
ELSE averagewait2:=0;
PrintTrialData(trial, departurecount, interstagecount,
averagewaitl, averagewait2, out);
overallwaitl:=overallwaitl+averagewaitil;
overallwait2:=overallwait2+averagewait2
END; {TrialStatistics}
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PROCEDURE EachTrial {Controls the operation of a complete trial}
(numberofdests, numberofsources, trial: BYTE; factor,
maxmessages: LONGINT; discipline: protocol; arrivalrate, nul,
mu2: REAL; VAR overallwaitl, overallwait2: REAL; servicerule:
servicetype; switchrule: switchtype; VAR out: TEXT) ;

VAR

canleave, windowempty : boolarray;
arrival, departure, service : BOOLEAN;
destination, nonemptydests,

nonemptysources,

olddestination, source : BYTE;

nexttoleavel, nexttoleave2,
numarrayl, numarray2,

orderarrayl, orderarray2 : countarray;
arrivalcount, departurecount,

interstagecount : LONGINT;
temppointer2 : g2pointer;
stagelarray : queuelarray;
stage2array : queue2array;

currenttime, departurerate,
finish, servicerate,
start, totalrate,

totalwaitl, totalwait2 : REAL;
hr, hundth, min, sec : WORD;
BEGIN
WRITELN;

WRITELN(’Trial number’,trial:4, ’ initiated.’);
GetTime(hr, min, sec, hundth);
start:=3600*%hr+60*min+sec+1/100*hundth;
InitialiseATrial(canleave, windowempty, numberofdests,
numberofsources, nonemptydests,
nonemptysources, nexttoleavel, nexttoleave2,
numarrayl, numarray2, orderarrayl, orderarray2,
arrivalcount, departurecount, interstagecount,
discipline, stagelarray, stage2array,
currenttime, totalwaitl, totalwait?2,
servicerule, switchrule);
WHILE arrivalcount<maxmessages DO {stopping condition within}
{a trial}
BEGIN
InterEvent (nonemptydests, nonemptysources, arrivalrate, mul,
mu2, currenttime, departurerate, servicerate,
totalrate, switchrule);
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EventType(arrival, departure, service, arrivalrate,
servicerate, totalrate, switchrule);
EventIndex(canleave, arrival, departure, service,
nonemptydests, nonemptysources, numberofdests,
numberofsources, destination, source, numarrayil,
numarray2, discipline, switchrule);
IF arrival
THEN EnterSystem(canleave, windowempty, destination, source,
nonemptydests, nonemptysources,
nexttoleavel[source], nexttoleave2,
numarrayl[source], orderarrayi[source],
numarray2, orderarray2, factor,
arrivalcount, interstagecount, discipline,
temppointer2, stagelarray[source],
stage2array, currenttime, servicerule,
switchrule)
ELSE IF departure
THEN LeaveSystem(canleave, windowempty, destination,
nonemptydests, nonemptysources,
olddestination, source, nexttoleavel,
nexttoleave2, numarrayl, numarray2,
departurecount, interstagecount,
discipline, temppointer2, stagelarray,
stage2array, currenttime, totalwaitil,
totalwait2, servicerule, switchrule)
ELSE IF service AND (switchrule=mes)

THEN StageliToStage2(canleave, windowempty, source,
destination, nonemptydests,
nonemptysources, nexttoleave2,
numarrayi[source], numarray2,
interstagecount, discipline,
temppointer2, stagelarray[source],
stage2array, currenttime, totalwaitil,
servicerule)

END;

TrialStatistics(trial, departurecount, interstagecount,
totalwaitl, totalwait2, overallwaitl,
overallwait2, out);

GetTime(hr, min, sec, hundth);

finish:=3600*hr+60*min+sec+1/100*hundth;

WRITE(’Trial number’,trial:4, ° completed.’);

WRITELN(’ Duration of trial: ’,(finish-start):15:8,

’ seconds.’);
END; {EachTrial}
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BEGIN {program} <{Input of data -- generate and analyse system

model -- output analysis}
ASSIGN(out, ’A:\Network.out’);
APPEND (out);
RANDOMIZE;
WRITELN(out,’———= === ’,
Y e ———— e ));

WRITELN(out);WRITELN(out);

ReadData(lambda, mul, mu2, numberofdests, numberofsources,
numberoftrials, maxmessages, discipline, servicerule,
switchrule);

InitialiseAllTrials(numberofdests, numberofsources, maxmessages,
factor, lambda, mui, mu2, arrivalrate,
intensity, invnumdests, musystem,
overallwaitl, overallwait2, rhoi, rho2,
rhosystem, switchrule);

PrintData(numberofdests, numberofsources, maxmessages,

discipline, intensity, lambda, mul, mu2, musystem,
rhol, rho2, rhosystem, waitl, wait2, servicerule,
switchrule, out);

FOR trial:= 1 TO numberoftrials DO {overall stopping condition}

EachTrial(numberofdests, numberofsources, trial, factor,
maxmessages, discipline, arrivalrate, mul, mu2,
overallwaitl, overallwait2, servicerule, switchrule,
out);

APPEND(out); WRITELN(out); WRITELN(out);

overallavi:=overallwaiti/numberoftrials;

overallav2:=overallwait2/numberoftrials;
overallav:=overallavi+overallav2;

WRITELN(out, ’Mean over all trials’,’ ’:11,overallavi:13:6,’ °’,
overallav2:13:6,’ ’, overallav:13:6,’ :7);
WRITELN(out);
WRITE(out,’Ratio: Grand mean/FCFS Theory’, ' 7,
(overallavi/wait1):13:6, ’ ’, (overallav2/wait2):13:6,’ ’);

CASE switchrule OF

cir: WRITELN(out, overallav/waitsystem:13:6);

mes: WRITELN(out, overallav/(waitl+wait2):13:6)
END;
WRITELN(out) ; WRITELN (out);
WRITELN(out, ’—~=————— e e e e ?

WRITELN(out) ;WRITELN(out); CLOSE(out);
WRITELN; WRITELN(’PROCESSING COMPLETE’)
END. {program}
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