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Abstract

Non-negative matrices arise naturally in population models. In this thesis, we first study Perron-
Frobenius theory of non-negative irreducible matrices. We use this theory to investigate the asymptotic
behaviour of discrete time linear autonomous models. Then we discuss an application for this in age
structured population. Furthermore, we study Liapunov stability of a general non-linear autonomous
model. We consider a general nonlinear autonomous model that arises in structured population.
We assume that the associated nonlinear matrix of this model is non-increasing at all density levels.
Then, we show the existence of global extinction. In addition, we show the stability condition of the

extinction equilibrium of the this model in the Liapunov sense.
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Chapter 1

Introduction

Let z(t) be the density or the number of individuals of a population at time ¢. Assume that a popu-
lation with density () has m different classes (age classes, size classes, developmental stages, spatial

locations, etc). Then z(t) can be written as follows

or, sometimes, z(t) = [z;(t)]1<i<m, where z;(t) represents the density or the number of individuals of

the i-th class.
Over a unit of time, individuals move from class j to ¢ at a rate p;;, where p;; > 0. The equation
showing the rate at which the individuals move from one class to another is
m
zi(t+1) =Y pyz;(t) ¥V 1<j<m. (1.2)
i=1
The problem (1.2) can be written in a more compact form below:

x(t+1) = Px(t)
(1.3)
z(0) = 2"
where P = [psjli<ij<m and 2% = [2(0)]1<i<m. Here we assume that P is a constant matrix. The

system (1.3) is an example of a linear autonomous model. We consider a general nonlinear autonomous

system (1.4), but first of all, we introduce necessary definitions and notations. We denote the set of



real numbers by R and the set of complex numbers by C. We denote the m—fold cartesian product
Cx---xCby C"™and R x --- x R by R™. If we define the set of non-negative real numbers by
R4 = {z € R such that > 0}, then R’ denotes the m—fold cartesian product, Ry x --- x R. We
denote the set of non-negative integer numbers {k,k + 1,k + 2,...} by I[k,+00). Let = [x;]1<i<m.
We say that « > 0 if z; > 0 and we say that x > 0if x; > 0 for all i =1,2,...,m. We say that xt =0
if z; =0 forall j =1,2,...,m and we say that = # 0 if z; # 0 for some j = 1,2,...,m. We denote

0#x>0ifz; >0fori=1,2,...,m and z; # 0 for some j =1,2,...,m.

If X is a topological space, we define a neighbourhood of x € X to be a subset H of X that includes
an open set U containing z,

zeUCH.

If H is open, then H is called an open neighbourhood. We define the boundary of a subset S of X to
be the set of points x € X such that every neighbourhood of z contains at least one point of S and

one point not in S. The union of the set S and its boundary is denoted by S and called the closure of

S.

We now consider a general nonlinear autonomous system

(1.4)
z(0) = 27,
where f: K — R™ K C R™, is continuously differentiable in a appropriate open subset of K.
An equilibrium point z, € R™ of (1.4) is defined to be a solution of the equation
ZTe = f(xe). (1.5)

If z. = 0, then we say that z. is an extinction equilibrium. If x. > 0, then we say x. is a positive
equilibrium. An equilibrium z. is called stable if for every € > 0, we can find a § = d(e) > 0 such
that ||z(0) — z|| < ¢ implies ||z(t) — x| < € for all t € I[0,+00). If z, is not stable, then xz. is
said to be unstable. An equilibrium z. is called an attractor if a § > 0 can be found such that
|2(0) — ze|| < ¢ implies limy—s 1o ||2(t) — zc|| = 0. A stable and attracting equilibrium is said to be
locally asymptotically stable equilibrium.

Now, from (1.4), we have f : K — R™ K C R™, we assume that f is continuously differentiable

in particular equilibrium point z. € R™. That is, % at x. exists and is continuous on an open



fi fi(zy, 22, 2m)
p) fo(z1,20,...
neighborhood of z. for 1 < ¢ < m. Let us write f = _ = ( ' m) . The Jacobian

f’m fm($17$27...,$m)
matrix of f, sometimes called the Jacobian, is defined by

8331 8$2 6$m
Df _ o1 0z OTm
fm  Ofm . Ofm
o1 0z O0Tm

The Jacobian of f at an equilibrium z., D f(z.), is essential to the stability properties of the equilibrium
x.. The Jacobian matrix Df(x.) is called hyperbolic if none of its eigenvalues A satisfies |\| = 1.
Otherwise, D f(x.) is called non-hyperbolic matrix. If the Jacobian matrix D f(z.) is hyperbolic, then

the point z. is called hyperbolic equilibrium.

We now show that we can assume that the equilibrium z. is equal to 0. Letting

y(t) = z(t) — . (1.6)

in (1.4) yields

y(t+1) = f(y(t) + ) — xe = F(y(t)). (1.7)

Then we see that F(0) = 0 so that 0 is an equilibrium for (1.7). Note that this can be done only
locally as (1.4) may have several equilibria. From now on, unless specifically stated, we will assume

that our equilibrium is 0.

The linearization of F'(y) about y =0 is

F(y)=F(0)+ DF(0)(y —0) + g(y)

with

o LI IF@) = F(O) = DRO)] _

m =
lyl—o [yl lyl|—0 lyll

Thus (1.7) becomes

y(t+1) = Py(t) + g(y(t)),
(1.8)



where P = DF(0). At t =0, (1.8) becomes

y(1) = Py’ + g(y°) = Py(0) + g(y(0)).

At any t € I[1,400), we have

t
y(t+1) = P03 " P ig(y(d)),
=0
t—1

=P [Py + Y P (y(0)| +9y(t),
=0

= Py(t) + g(y(1)).

Thus, the initial value problem (1.8) has a unique forward solution given by

Py + T P gly(i)) te 1L +00),
y(t) = =0 (1.9)
y° t=0.
In Chapter 2, we describe the notation that is used in this thesis and introduce some definitions.
Then we discuss some relevant preliminary results and theorems from spectral theory about general
matrices. In Chapter 3, we study Perron-Frobenius theorems for non-negative irreducible matrices.
We use these results to study the long time behaviour of the linear autonomous models (1.3), in
Chapter 4, following [3] and [9]. Then we give a complete discussion of the long time behaviour of
Leslie matrix models. In Chapter 5, we discuss Liapunov stability of a general nonlinear autonomous
system (1.4), following [4]. Furthermore, we consider (1.3) when the matrix P depends explicitly on

x(t), that is,
(1.10)

We assume that P(x) has non-negative entries for x > 0 and P(z) is continuously differentiable in
x. Then, we show the existence of global extinction of (1.10) under assumptions that P(x) < P(0)
for all z € R". We conclude our thesis by providing the stability condition of a hyperbolic extinction

equilibrium of (1.10).



Chapter 2

Preliminaries

In this chapter, we recall the standard definitions and introduce terms and notation that will be used

in the thesis. Then we discuss the relevant theorems.

2.1 Basic definitions and notations

Let z € C, then z = re, where r € R and 0 € [0,27). We define |z| = r and we denote the complex

conjugate of z by z*. We denote the real part of z is by R(z) and the imaginary part by (z).

Let © = [xi]1<i<m be a vector. Unless stated otherwise, in this thesis by a vector we mean a column
vector. We define |x| by [|xi|]1<i<m and we denote the transposed vector of x by 7. Lety = [Yil1<i<m

be a vector, then we define inner product of x and y by
m
(@y) =aTy =7 iy
i=1

We recall the definition of a vector norm [6], page 259, then the p—norm of x is defined by

n o\
[l = <Z !M\”)
i=1
for 1 < p < oo. We have that ||z||, = |||z|||,. Thus, in order to find ||z||, it is sufficient to find |||z|||,. We

define the co—norm of z, |||, by lim,, ||z]|p. To find the formula for ||z||o, we proceed following

[9], page 275, as follows. If x = 0, then
|z]|o = lim ||z]|, = lim 0=0.
p—r00 p—00

10



If x # 0, relabel the entries of |z| by setting #; = maxj<;<m |2;| and, if there are k entries with

same magnitude as Z;, we label them g, ..., 2. Label any remaining coordinates as Tx41,-..,ZTm.

Consequently, % <lfori=k+1,...,m, so,

m
i "
|2l = lim llall, = lim (le )
1=

B =

1
= 1 7+ |P e 7. |P 7 p . ~, P\,
Jim (|22 4 Tl B [P [El)?
1
= | 7. |P 7 p e T p P
plggo (k|Z1 P + |Zpga |" + - + |Zm]”) (2.1)
1,3 1z >
. ~ xT xT P
= lim (k[P (14 2| =22 P |2
p—00 k' 11 k' xq
1@ 1 i ) 7
1
=i | lim B dim (14 TP S TP ) T 23 ] = max ).
p—oo  p—oo k' 71 k' Zq 1<i<m
Let (R™, || -||) be a normed vector space. Let | - || and | - ||o be any two norms on R". We define an
equivalence relation between | - || and || - ||o if there exists two real numbers a > 0 and b > 0 such that
allz]| < [zflo < blz[]. (2.2)
Let {z:} be a sequence in R"™; that is, z; € R™ for t = 0,1,... and let || - || be any norm defined on

R™. We say that {z;} is bounded if there is an M € R such that ||z;|| < M for all ¢ € ][0, +00). We
say &y — Lin (R™, || - ||) as t — oo, if for any € > 0 there exists T' = T'(¢) > 0 such that for all ¢ > T
we have ||z; — l|| < e. The vector [ is called the limit point of {x;}. A set {z : z € R™} is said to be
bounded, respectively closed, if every sequence in the set is bounded and respectively the set contains

all its limit points.

Lemma 2.1.1 ([1], page 128). If z; — L in (R™,| - ||) as t — oo, then ||x¢|| — ||| in Ry as t — oo.

Proof. If x; — 1 in (R™, || - ||) as t — oo, then for any € > 0 there exists 7' = T'(e) > 0 such that for

all t > T we have ||z; — || < e. If we recall the Backward Triangle Inequality ([9], page 273), then
el = 2] < flee = 2] < e
Since ||z — I|| — 0 as t — oo, then ||a¢|| — ||I|| — 0. Thus ||| — ||I|| as t — oc. O

Lemma 2.1.2 ([7], page 72). Let {x1,x2,...,xm} be a linearly independent set of vectors in R™.

Then there is a number ¢ > 0 such that for every choice of scalars oy, o, ..., qny, we have

lenzy + -+ am@m|| = ¢ (Jea] + - + [oun]) (2.3)

11



Proof. We write s = |a1| + -+ + |am|. If s =0, all a; for j =1,2,...,m are zero, so that (2.3) holds
for any c. Let s > 0. Then (2.3) is equivalent to the inequality which we obtain from (2.3) by dividing

by s and writing 8; = %, that is,

Hence it suffices to prove the existence of a ¢ > 0 such that (2.4) holds for scalars /51,52, - , Bm
with > 70", |8;| = 1. Suppose that this is false. Then there exists a sequence {y} in R™ with y, =
5@:@ +- 4+ ﬂ%)wm and » 0, |B](-t)| = 1 such that [y — 0 as ¢t — oo. Since Y 7", |ﬂ](-t)| =1, we
have \6]@\ < 1 for each 1 < j < m. Hence, for each fixed j, the sequence {B](t)} = B§1),ﬁj(.2), ..., I8
bounded. Consequently, by the Bolzano-Weierstrass theorem, {BY)} has a convergent subsequence.
Let /31 denote the limit of the subsequence and let {y;.} denote the corresponding subsequence of
{y:}. By the same argument, {y;;} has a subsequence {y2,} for which the corresponding subsequence
of scalars 5§t) converges; let 8o denote the limit. Continuing in this way, after m steps we obtain a

subsequence Ym.t = Ym,1,Ym.2,--- of {ym} whose terms are of the form

m
t
Ym,t = § 7]( )Ilfj,
j=1

(*)

where Z;"zl |fyj(.t)| = 1 with scalars 'yj(-t) satisfying 'yjt — Bj as t — oo. Hence, as t — 00, Ym — Y =

> iy Bjwj where 3700 | |8;] = 1, so not all 3 can be zero. Since {1, -+, %} is a linearly independent
set, we have y # 0. By Lemma 2.1.1, yp, s — y as t — oo implies ||ynm+| — ||y||. Since ||ym.]| — 0,
lly]| = 0. Thus y = 0. This contradicts y # 0, and the lemma is proved. O
Theorem 2.1.3 ([7], page 75). Let || - || and || - |lo be two norms in R™. Then || - || and | - ||o are
equivalent.

Proof. Let {e1,e2,...,em} be a basis of R™. Then every x € R™ has a unique representation x =

aiel + ageg + - -+ + e, By Lemma 2.1.2, there is a positive constant ¢ such that
|arer + - -+ amem|| > c(Jaa] + - + |am]) .
On the other hand, the triangle inequality gives

m m
lzllo < 1> lelllejllo < &Y layl,
i=1 j=1

where k = maxi<j<m |lejllo. Together, al|z[lo < |z| where a = £. The other inequality in (2.2) is now

obtained by interchanging the roles || - || and || - ||p in the preceding argument. O

12



Since norms are equivalent in R™, in particular applications we shall use the most convenient norm.
Definition 2.1.4. Let y € R™, we define

B(y,r) ={x € R™ : ||z — y|| <r for some 0 < r € R},
and

B(y,r) ={z € R™: ||z —y| < r for some 0 < r € R}.

If y = 0, we denote B(y,r) by
B(r), (2.5)

and B(y,r) by

B(r). (2.6)

Let P = [pijli<i,j<m, sometimes written P = [p;j|mxm, be a real valued square matrix of order m x m.
That is, P € R™. Unless stated, otherwise, in this thesis any matrix is considered to be a real valued
square matrix of order m x m . A matrix P is said to be non-negative (P > 0), respectively positive
(P > 0), if p;; > 0 and p;; > 0, respectively, for all 1 <i,j <m. If P € C™”, then we define |P| to
be [|pij|]1<ij<m- We denote the transposed matrix of P by PT. The null space of P, N(P), is defined
by N(P) = {x € R™ : Px = 0} and the range space R(P) = {y € R"™ : Px = y for some x € R"}.
The dimension of N(P), dim(N(P)), is defined to be the cardinality of N(P). We say that P is a
nilpotent matrix of index k if P¥ = 0 for some k and P¥=7 #£ 0 for all j = 1,--- , k, where P° denotes
the identity matrix. If P is a singular matrix, we define index(P) to be the smallest integer ¢ so that
R(PY) N N(P') = 0. If P is a non-singular matrix, then index(P) = 0. If X is an eigenvalue of P
(Definition 2.1.5), then the index of A is defined to be the index of (P — AI).

If we regard a matrix P as element of Rmz, we can consider the set of all m x m matrices as normed
space (R™ || - ||) where, by Theorem 2.1.3, || - || can be any norm on R™". For applications we use a

specific class of norms, called matrix norms, and defined by

|1P| = max{ H‘ HH x € R™ with © # O}
. x
= maX{HPyH sy € R™ with |ly]| = HWH = 1}.
In particular, we define the p—norm of P by
KN
P
(2.7)
= max ||Pyllp,
lyllp=1

13



and the co—norm by

| Plloc = max || Pz|co- (2.8)
llzll=1

By the Bolzano-Weierstrass theorem, as we proved in Lemma 2.1.1, every sequence in a set {x € R™ :
||lz||, = 1} has a subsequence converging to a point in the set. Therefore, we have that this set is closed
and bounded. Since x — ||Px||, is a continuous function on R™, by the Extreme Value Theorem, the

maximum value || P||, exists.

Let = [x;]1<i<m € R™ where ||z|l« = 1. Then |z;| <1 for 1 <i <m and

m m m
[Plloc = |Pzlloo = lgliag);ll'z;pmle < lrgnggnzl pijl|zi] < lrgnggnzl |Pij-
J= J= J=

Thus

m

< il .
1Pl < e 3 29)
]:

We will prove that for some x € R™, where ||z]|s = 1, we have

m

[|Plloc > max 1 |pij-
j:

Find a number k for which >, |px;| = maxi<i<m > 5= [pij|- Then let

zj =
-1 if Prj < 0
for j =1,2,...,m. Hence for z = [Z;]1<j<m we have
m m m m
— — A > | = | = .
1 Plloc = [|Pz]lo @%wzp’]m]' = |Zpkﬂ7j| Z’pkﬂ 11%1%);1 : [pij
j=1 j=1 j=1 j=1
Thus
m
> il .
IPlloo = max > Ip] (2.10)
7=1
From (2.9) and (2.10) we have
m
1Plloc = jmax 1 |pijl- (2.11)
J:

Let P! = [p,(;)]lgz‘,jgm for any ¢ = 1,2,... and L = [l;j]i<ij<m. By Theorem 2.1.3, P* — L in
(t)

(R™ || - ||) as t — oo, if and only if pjj = lijast—ooforalll <i,j<m.

14



Definition 2.1.5. The eigenvalues A € C of P are the the solutions of the characteristic equation of

P or, equivalently, the roots of the characteristic polynomial of P.

Let 0(P) = (A1, A2, A3, ..., As) be the set of distinct eigenvalues of P which is called the spectrum of
P. We define the spectral radius of P to be

P) = A fori=1,2,..., 2.12
p(P) Aggglg)l | for i s (2.12)

and the spectral circle of P to be the set
{ANea(P): |\ =1}
The characteristic polynomial g(\) can be written in the factorized form
g(A) = (A =A™ A2 = A)™ - (As =A™ (2.13)

with my + mo + --- + ms = m. The exponent m,;, corresponding to each eigenvalue );, is called
the algebraic multiplicity of A; and dim(N(P — A\;I)) is called the geometric multiplicity of A;. If
dim(N (P — A\;I)) = m;, then ); is said to be semisimple eigenvalue. If m; = 1, then \; is said to be

simple eigenvalue.

Let A € o(P) be an eigenvalue of P and v # 0 be a vector satisfying Pv = Av. Then, v is called an
eigenvector of P corresponding to the eigenvalue A. Sometimes v is also called a right eigenvector of
P. The pair (\,v) is called an eigenpair. A vector w # 0 which satisfies w? P = Aw” or, equivalently,
PTw = \w is called a left eigenvector of P. If a vector 0 # v' is found as a solution to the equation
(P — NI = 0 for some 1 < t < m; and (P — M\JI)!1v? # 0, then v’ is called an associated or

generalized eigenvector corresponding to the eigenvalue \;.

2.2 Similarity

Definition 2.2.1. Let P; and P, be two matrices. We say that P; and P, are similar, if there
exists a non-singular matrix @ such that P, = QP,Q . The product QP;Q! is called similarity

transformation of P;.

Theorem 2.2.2 ([9], page 508). Similar matrices have the same characteristic polynomial.

15



Proof. Let P and P, be similar matrices and let A € C, then there exists a non-singular matrix @

such that

det(Py — M) = det(Q ' P,Q — ) = det(Q (P, — A)Q)
= det(Q) ! det(Py — M) det(Q)
1

= 0 det(P, — M) det(Q)

= det(PQ — )\I).

Two important corollaries of the above theorem are as follows:
Corollary 2.2.3. If P, and P are similar matrices, then A € o(Py) if and only if X € o(Py).

Corollary 2.2.4. If P, and P» are similar matrices, then A\ € o(Py) is a simple eigenvalue if and

only if X € o(P3) is a simple eigenvalue.

Theorem 2.2.5. If P, and P, are similar matrices, then
Py =QPQ™"

for any t € I[1,400).

Proof. Similarity of P; and P, implies the existence a non-singular matrix Q such that P, = QP Q!

for any ¢ € I[1,+00). Then
Py =(QPQ™) = (QPQHQPQ™ ... (QRPQ™),
where QP Q™! is repeated ¢ times, then

Pi=QPQT'QPQ™...QPQ™"
=QPQ™".

16



2.3 Jordan forms

We say that a matrix is diagonalizable if it is similar to a diagonal matrix. A matrix P is diagonalizable
if and only if P possess a complete set of eigenvectors([9], page 509). While it is not always possible
to diagonalize any matrix with similarity transformation, Theorem 7.8.4 in [9], page 590, says that
every square matrix P with distinct eigenvalues o(P) = {1, A2, -+, As} is similar to a block-diagonal
matrix J = diag(J (A1), J(A2),...,J(As)), called the Jordan form of P. That is, there is a non-singular
matrix ) such that

JM) 0 -0
P=0QJQ ' =Q J(.Az) (_) Q. (2.14)
0 0 - JO)

Equation (2.14) is called the Jordan decomposition of P. Denote m; to the algebraic multiplicity of
Aj. Each segment J();) in J is an m; x m; block diagonal matrix made up of d; = dim N(P — \;I)

Jordan blocks B;();), where 1 <14 < d;, as described below:

Bl(/\j) 0 0
o | 0 B 0
(2.15)
0 0 Ba, (M)
= diag(B1 ()\j), ey ij ()\J))
Thus
J = diag(J(A1), J(N2), ..., J(Ns))
= diag(Bl()‘l)’ s 7Bd1(>‘1)a s aBl()‘s)’ s 7Bds()\8)>'
In short,
J = diag(Bl()\l), ce ,Bk()\s)) = BZ()\j> ’ (216)

17



with 1 <i <k and 1 < j < s. Each Jordan block B;(A;) in J is an 7; X r; matrix defined by

A1 0
0
Bi(y) = i RECORR Y
0 0 A
Aj 0 0 0 1 0
0o . T 0o . T
where D;(Aj) = | and N;(\j) = . The matrix N;(A;) is nilpo-
S 0 Do 1
0 - 0 N\ 0 -~ 0 0

tent of index r; since N;* = 0 and N["'_j #0forall j=1,2,...,7.

Theorem 2.3.1 ([9], page 593). Let J = Q~1PQ be the Jordan form of P defined by (2.16). Then

the columns of Q are the eigenvectors and generalized eigenvectors of P.

Proof. We have PQ = QJ and J = diag(Bi(\1), ..., Bi(\s)), where each B;();) is an r; x r; Jordan

block. We partition ) such that Q = (Ql | Qk) where @; = (g;ll zh o x;) is an
m X r; matrix for all i = 1,--- , k and x; is an m x 1 vector for j =1,2,...,r;. Thus
PQ=r <Q1 IR Qk)
= (le | ka>
:(px% px}“l | - | P2t ngfk)

On the other hand

QJ=<Q131()\1) I QkBk‘()‘k))

18



But for each A\; € o(P) we have

A1 0
0 N 1
QiBi(N\j) = (:cll x5 xfaz) 0
1
0 .- 0 X
= ()\ja:il o+ Nah - al + /\j:rﬁ,i>

where 1 < i < k. Therefore PQ; = Q;B;();) implies

Pzl = Nz}, that is, (\;,z}) is an eigenpair;
Pzl = 2% + \jab, that is, (P — M\ I)xh = 2} # 0 and (P — )\ 1)z} = 0;

Pzl = xb + \jah, that is, (P — M\ I)x} = b # 0, and by induction (P — \;1)*z% = 0;

Pzl =z' + )\jazf,i, that is, (P — )\jI)xf,i = xii_l # 0, and by induction (P — Aﬂ)”xii =0.

T Ti—1

Hence the matrix @; for each 1 <1 < k (and thus @) is the matrix whose columns are the eigenvectors

and the generalized eigenvectors of P. O

The largest Jordan block B;(A;) in J(A;) in (2.15) is an r; x r; matrix where r; = index();). Moreover,
index(\;) = 1 if and only if every Jordan block B;();) is 1 x 1 which happens if and only if the number
of eigenvectors associated with A; in @ such that Q~'PQ = J is the same as the number of Jordan
blocks B;(A;). Since each J(\;) is made up of d; = dim(N (P—A;I), we have “ the algebraic multiplicity
equals to the geometric multiplicity d; ” This is just another way of saying that algebraic multiplicity
and geometric multiplicity of A; are the same which is the definition of A\; being semisimple. This can

be summarised as follows:

Corollary 2.3.2 ([10], page 151). Let X\ € o(P). Then every Jordan block associated with A is a 1 x 1

matriz if and only if A is semisimple.

Let f(z) : C — C be arbitrary function that has a series expansion about \; € o(P) for some 1 < j < s;

that is

£ = 100 + PO =) + T ey
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for |z — A;j| < r and some r > 0, then for any Jordan block B;(A;) in J defined in (2.16), we define
the matrix function f(B;(A;)) by

FBLO) = FONT+ FONB) - A1) + L0 (3 0) ~ 12 4

Since N; = Bj(\;j) — D; = B;(\j) — Aj1 is nilpotent of index r;, the series f(B;(A;) is finite:

fFA) 0 0 - 0 0 f/(A) 0 - 0
"1 o, 0 0 i o0 sy
FBi(A) = ' f l(' J)N(i): : S I 0
- 0 ()
0 0 f(\) 0 0 0
FAAICY)) P ACY) TARICY)
e A !
0 fOy) () :
+ = f(A)
2!
0 F'(A5)
0 0 0 0 0 ()
(2.17)
We define f(J) by
f(J) = diag(f(B1(A1)), -, f(Bi(As))) = F(Bi(A;)) - (2.18)

For an arbitrary matrix P we define

f(P)=Qf(NQ"=Q F(Bi(\)) Q! (2.19)

where J is the Jordan form of P.

From (2.14), by similarity, we have A\ € o(J) if and only if A € ¢(P). From (2.17), if A € o(B;(\))
then f(X) € o(f(Bi(\)), hence A € o(J) implies that f(\) € o(f(J)). From (2.19), by similarity, we
have f(A) € o(f(J)) if and only if f(A\) € o(f(P)). Thus we have the following corollary
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Corollary 2.3.3. If A € o(P), then f()\) € o(f(P)).

Another result that follows from the Jordan form of a matrix can be written as follows.

Corollary 2.3.4. If f(X) is a simple eigenvalue of f(P), X\ is a simple eigenvalue of P.

Proof. We use the contrapositive argument. Let \; € o(P) with algebraic multiplicity m; > 1. Then,

the Jordan form of P,

JO) 0 -0
r=qpg=| TR
0 0 T(h)

where J()\;) is an m; x m; matrix. We have

Bl()\j) 0 0
J(Aj) = " BQ(.Aj) ’ :
0 0 Ba, (A;)

where d;j = dim(N(P — \;I)) and each Jordan block B;(};) is an r; X r; block diagonal matrix for
i=1,2,...,d;. By definition, f(B;();)) is an r; x r; upper triangular matrix, given by (2.17), that
has only f();) in the diagonal, and

f(J(Ng)) = diag(f(B1(N))), f(Ba(Ag)), - - - f(Ba; (X))

is an m; x m; upper triangular matrix. Thus, f();) € o(f(J();))) is repeated m; times. We have

f(J) = diag(f(J (A1), .-, f(J(As))) = FI())

Thus, f(A;) is an eigenvalue of f(J) that is repeated at least m; times. Therefore f(\;) € o(P) is

repeated at least m; times and the Corollary is proved. 0
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If we partition @ and Q7' as Q = (Q1|---|Qs) and Q=1 = | : | so that (2.19) implies that
U
FP)=Qf(NQ™=Q FT)) Q7' =) Qif(I(N)Y;. (2.20)
) j=1
Since Q'Q =1,
I ifi=j
ViQ; = . (2.21)
0 ifisj

Definition 2.3.5. A matrix G is said to be projector if and only if

G*=G.

Let
G;=Q,;Y,. (2.22)
Then
G =Q;9,;Q;9; = Q;1V; = Q;¥; =Gj.
Thus Gj is a projector. If G is the projector onto the generalized eigenspace N(P — \;I)" along
R(P — \;1)"7, that is, R(Gj) = N(P — X\;I)" and N(G;) = R(P — X\;I)" for 1 < j <s, we define the
spectral resolution of f(P), [9], page 603, by

S 7‘]'71 .
FON; :
P =>"Y (, J)(P— MI)'Gj (2.23)
where 7; = index(A;).
Corollary 2.3.6 ([10], page 155). If (A, z) is an eigenpair of P, then (f(\),x) is an eigenpair of f(P).

Proof. 1f 0 # z, € N(P — A\p1) and if G}, is the projection onto N(P — A1) along R(P — A\ I) defined
by (2.22), then Gprap = xp. From (2.21) we have

I j=h

0 j#£h

GG = Q;¥;Qp¥y =
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and

G%:Eh =Gpxp =z, when j=nh
Gjl'h = Gthl‘h = .
0 when j # h

Thus, from (2.23), we have

because (P— M\, I )iz, = 0 foralli = 1,2,.... Thus f(P)z, = f(An)zn, hence (f(An), z1,) is an eigenpair
of f(P). O

Let { P!} be a sequence of matrices and let G € R™ . We say that P is convergent to G, if lim;_,o, P! =

G. We say that P is Cesaro summable to G, if limy o I+P+P2j"'+Pt71 =G.

Proposition 2.3.7 ([9], page 630). Let P € R™ . Then P is convergent to 0 if and only if p(P) < 1.
Furthermore, if p(P) = 1, then P is convergent to G, where G is the projector onto N(I — P) along
R(I — P) if and only if p(P) is a semisimple eigenvalue of P and p(P) is the only eigenvalue in the

unit circle.

Proof. If J = Q71 PQ is the Jordan form for P, then from (2.19) and Theorem 2.2.5, for t € I[0, +00)

we have
P =QJ'Q' =Q Bi(\)! Q' (2.24)
A1 0
0 . T
where B;()\;) = ‘ ,1<j<sand1<i<k.
0 0 A
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Now we proceed as follows. From (2.24), we have
tlim P! = 0 if and only if tlirn B;i(\j)" = 0 for each \; € o(P). (2.25)
—00 —00

To prove lim;_,o, P' = 0, it is sufficient to show that lim;_,o Bi(A;)! = 0 for each \; € o(P).

Let f(z) = 2. Then, by (2.17), we have

L tt=1) tt—1)...(t—r+1) .
t t—1 t—2 t—ri+
AL 47f7% e 1] X

0 A tA§—1 :
FBi(A) =Bi(\)' = .. t(t2l ))\t 2 . (2.26)

t—1
A§ AT
0 0 )\t'

J

If Bi(A;j)" — 0 as t — oo for each \; € o(P), then from the diagonal entries we have that A} — 0 as

t — 00, so that |A;| < 1. Thus p(P) < 1.

On the other hand, if p(P) < 1, then for each \; € o(P) we have |\;| < 1. This implies that for each

n=1,...,r;, — 1 we have
t _ —-n
lim Al = gy |HEZ D) (B ))\t nl < lim - ])\ =< A" Jim "\ (2.27)
t—00 n J t—o00 n! t—oo n! —00
tn t n 1
We have t"|);|" = ; = <t> where ¢ = (ﬁ)” Since |Aj] < 1, ¢ > 1. Thus ¢ — 1 > 0.
1 c 7
)
Moreover
=(1+c—1)
t(t—1
=1+t(c—1) ( 5 )( —1)* +
t(t—1
Hence
n t n
lim t"|\;| = lim <> < lim <t(t1) > =0
C t—o00 3 (6—1)2
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Thus

: t) A"
lim N < —g&tnwt =0 (2.28)

t—o00 n n:

for each n = 1,2,...,7; — 1. Thus B;()\;) — 0 for each \; € o(P). Hence lim;_,o P' = 0.

Now suppose that \; € o(P), p(P) = |\j| =1 and that the limit of P’ as ¢t — 0 exists. If \; € o(P)

is not a semisimple, then from Corollary 2.3.2, there exists an 7; x 7;(r; > 1) Jordan block B;(A;) of

the form
A1 0
0
Bl()‘j) = Bl()‘j) =
1
0 0 A

Then B;();))" is given by (2.26). Moreover (2.27) becomes

t 1) (+ — t" AT 1
lim P [ L Gl R e DB V) [P W P i 1t < tim 247 = oo
t=oo |\ ) t—00 n! J t—oo ) n! t5oo t—oo n)

because |A\;| = 1. This implies that lim; o B;()\;)" does not exist and hence lim;_,o, P* does not
exist either, which contradicts the assumption that lim; ,o, P! exists. Therefore if p(P) = 1 and if
limy o P! exists, then p(P) must be a semisimple eigenvalue. On the other hand, if there exists
another eigenvalue of P different than p(P) =1 on the unit circle; that is, there is A\; € o(P), where
\j # p(P) with || = 1, then ); can be written as A\; = ¥, 0 € (0,2n), and the diagonal terms of
B;(Aj)t are )\3 = ¢, They oscillate as t changes which prevents J(A)?, and thus P?, from having a
limit.

Now suppose that p(P) = 1 and that it is a semisimple eigenvalue and p(P) is the only eigenvalue
on the unit circle. Let A\; = p(P). Then, from the assumption Aj, is the only eigenvalue on the unit

circle; that is, 1 = Ay > |Ag| > -+ > |Ag|. From the spectral resolution formula of f(P), (2.23), we

have
37‘]'—1
t_ t—1
lim f(P) = lim P tlir?ozz NP = N I)'Gy
j=1 i=0 {
ST‘j—l
t—1
_G1+1ggozz NP = NG,
7=2 =0 {
=G1+0=G4
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because (2.28) implies that lim; )\;*i =0for j >2and¢=1,...,7; — 1. Since A\ is a
7
semisimple eigenvalue then, from Corollary 2.3.2, we have index(A;) = 1, thus from (2.23), the limit

G1 is the projector onto N (I — P) along R(I — P). O

Lemma 2.3.8 ([10], page 162). If P converges to G, then P is Cesaro summable to G.

t—1

Proof. Let lim;_,oo P! = G and define S; = M for t = 1,2,... where PY denotes the identity
matrix. Then, for any € > 0, there exists N = N(e) such that ||P* — G|| < § for any || - || and for all
t > N. Furthermore, there exists a real number § such that ||P! — G|| < 3 for all ¢t. Then, for any

t > N, we have

I+P+P? ...+ Pt

IS, — &l = | : sl
1L 1 < .
S LR P S T
i=1 i=N+1
Np t—Ne
=% T 2
When ¢ is sufficiently large, NT’B < § so that ||S; — G| < € and therefore lim; o S; = G. O

Theorem 2.3.9 ([9], page 633). Let P € R™. Then P is Cesaro summable to 0 if and only if
p(P) < 1. Furthermore, P is Cesaro summable to G, where G is the projector onto N(I — P) along
R(I — P), if and only if p(P) = 1 with each eigenvalue on the unit circle being semisimple.

Proof. Let J = Q~'PQ be the Jordan form of P defined in (2.16). We have
I+P+---+ P! T+J4-4+J7N

t B t
Thus P is Cesaro summable if and only if J is Cesaro summable. This is equivalent to saying that

each Jordan block B;(A;) in J is Cesaro summable. Consequently, P cannot be Cesaro summable

if p(P) > 1, because if B;(\;) is a Jordan block in which 1 < |\;| € o(P) then, from (2.26), each
I+Bi(\j)++Bi(A;)! .
i

diagonal entry of is

T+ A+ 420 1 (1= 1 (1 A
) = S - S, 2.2
o) t t\ 1= 1-X\\t ot (229)

If [\j| =1+ 2 with > 0, then

(1+a)f>1+ <Dm+ G)x? > t(tQ_I)mQ.
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Thus

t
A
t

S IO ED) o B Y L

Hence §(\j,t) becomes unbounded as ¢t — oo. In other words, it’s necessary that p(P) < 1 for P to be
Cesaro summable. From Proposition 2.3.7 and Lemma 2.3.8, we already know that P is convergent
and hence Cesaro summable to 0 when p(P) < 1, therefore we only need to consider the case when P

has eigenvalues on the unit circle.

If \j € o(P) such that |\j| = 1,A; # 1, and if A; is not semisimple then, from Corollary 2.3.2, there
Ajo 1
is an associated Jordan block Bj()\;) = -, .| that is larger than 1 x 1. From (2.26), each
Aj

I+B;(A\j)+B;(\j)2+-+Bi(A;)! !
t

is the derivative % of the expression
J

entry on the first superdiagonal of
(2.29) which oscillates indefinitely as ¢ — oco. In other words, P cannot be Cesaro summable if there
are eigenvalues A\; # 1 on the unit circle such that A; is not semisimple. Similarly, if \; = 1 is
not semisimple, then P cannot be Cesaro summable because each entry on the first superdiagonal of

I+Bi(Aj)++Bi(A)*
- is

1+2—|—-~+(t—1) t(t—l) t—1
= = — 00 as t — 00.
t 2t 2

Therefore, if P is Cesaro summable and has eigenvalues A; such that |A\;| = 1, then \; must be
semisimple. On the other hand, if p(P) = 1 and each eigenvalue on the unit circle is semisimple, then
P is Cesaro summable. This follows because, from Proposition 2.3.7, each Jordan block associated
with an eigenvalue A\; € o(P) such that |\;| < 1 is convergent and hence, by Lemma 2.3.8, Cesaro
summable to 0. For semisimple eigenvalues \; such that |\;| = 1, the associated Jordan blocks are

1 x 1 and hence Cesaro summable because (2.29) implies

AL
L+ A+ s (%—%)—H) for [Aj| =1,X; #1,
g -

1 for \; = 1.
Thus we have established that
1]1x1 if \; =1 and \; is semisimple,
T+ Bi(Aj) +-- 4+ Bi(y) . o
tliglo P =9 [0]1x1 if |\j| =1,A; # 1, and \; is semisimple,
0 if | ;] < 1.
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. I+P+-- + Pl , T4+ J4-+J7N
hm :th
t—o00 t t—o0 t
Qi\ (I 0\ [¥
= =1V =G,
0 0 Wy

Since A; is a semisimple eigenvalue, then from Corollary 2.3.2 we have index(\;) = 1, thus from (2.23),
O

the limit G is the projector onto N(I — P) along R(I — P).
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Chapter 3

Perron-Frobenius type theorems

The Perron-Frobenius type theorems describe the properties of the spectral radius and its corre-
sponding eigenvectors. This result was first proved by Perron(1907) in the case of positive matrices.

Frobenius(1912) then filled in all the details to identify the nature of all exceptions.

3.1 Non-negative matrices

Lemma 3.1.1 ([2], page 98). Let P = [pijli<ij<m ond x = [xi]1<i<cm. The system

z(t+1) = Px(t), (3.1)

z(0) = 29, (3.2)

where x° > 0, has a non-negative solution xz(t) = 0 for t = [1,4+00), if and only if P is non-negative,

P >0.

Proof. We have
wi(t) = piya(t—1)
j=1

for i =1,2,...,m. If P >0, we want to show that given an initial condition z° > 0, we have z(t) > 0

for t € [1,+00). At t = 1, we have

m
zi(1) =Y pijad >0
=1
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for i = 1,2,...,m. Assuming that at ¢ = k that we have
m
zi(k) = pijzi(k—1) 20
j=1
fori=1,2,...,m. Then at t = k + 1, we have
m
vi(k+1) = pija;(k) =0
j=1

for © = 1,2,...,m. This is true for all ¢ > 1. Thus, by induction, the first part of the condition is
proved. On the other hand, if z(¢) > 0 for each t = 1,2, ..., then we show that P > 0. Let us assume
the opposite, then there exists at least one element p;; < 0 of (0 < 4,5 < m). If we consider an initial
condition 20 = ej = (0 0 --- 1.0 --- ())T where 1 is the jth element of 1‘0,1 < j<m. We
have z(1) = Pz? = (plj p2j o Dy e pm].>T. Then z(1) is not non-negative because p;; < 0
for some 1 < i < m, but this contradicts the assumption that z(¢) is non-negative, x(t) > 0, for all

t=0,1,2,.... Thus P must satisfy P > 0 and the second part of the condition is proved. O

We conclude from the above Lemma that in order to get non-negative solution z(t), the matrix P

must be non-negative. Therefore, from now on we only consider non-negative matrices.

Lemma 3.1.2 ([9]). Let 0 < P € R™. Then
p(P)! = p(P")
fort e I[1,400).
Proof. From Corollary 2.3.6, for any t € I[1,4+00), we have that, since (\, z) is an eigenpair of P, (A, z)
is an eigenpair of P'. Thus, if r € o(P) with |r| = p(P), then r* € o(P?), hence |r|t = |rt] < p(P?).

Thus
7" = p(P)" < p(P"). (3.3)

On the other hand, we prove that if w € o(P!) with p(P!) = |w|, then there exists a € o(P) with

ol = w.
Let aq,...,as be the roots (not necessarily distinct) of the polynomial X* — w, so that

X —w=(X—a1) (X —ay).
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Substituting matrix P into this equation yields
P'—wl=(P—oaql)--- (P — o). (3.4)

Since w € o(P!), the left-hand side is singular, so at least one of the factors on the right must be

singular. Hence at least one of aq,...,as must be in o(P). Then for some i € (1,...,s) we have

Since a; € o(P), |a;| < p(P) and |o;|* = |af] < p(P)*. Hence |w| = [p(P")] < p(P)?, thus

p(P") < p(P)* (3.5)
Therefore from (3.3) and (3.5) we have

p(P)" = p(P"). (3.6)

O

Lemma 3.1.3. Let || - || be a matriz norm. Then

[p(P)| < |17
and

lp(P)'| < || P]].

Proof. For any eigenpair (A, z), we have |\|||z| = ||[\z|| = ||Pz|| < ||P]|||z|. Thus |[A| < ||P|| for all
A € o(P). Hence |p(P)| < ||P|. Similarly |p(P?)| < ||Pt||. Thus, from (3.6), we have

lo(P)'] < [IP]. (3.7)
O
Lemma 3.1.4.
P
p <p(P)—|—6> <1 for all e > 0. (3.8)

Proof. First we have that
A € o(P) if and only if cA € o(cP),
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where ¢ is any non-zero constant. Next, we have p(P) = max{|A| : A € o(P)} so p(cP) = |c|p(P).

Let
. 1
~ p(P)+e¢
Then
__p(P)
PleP) = Py e

Finally, for any ¢ > 0 we have

O
Theorem 3.1.5 (][9], page 619). Let || - || be a matriz norm. Then,
1
p— 1 t ;
o(P) = lim [|PY) . (3.9)

Proof. From Lemma 3.1.3 we have p(P)! = p(P*) < || P!|| which implies p(P) < ||Pt||% From Equation

(3.8) and Proposition 2.3.7 we have

li P t—O
500 p(P)+¢)

which implies
P
t=0 (p(P) +¢)'
1P
(p(P) +€)f
for all t > T¢, so |]Pt||% < p(P) + € for all ¢ > T,. Because this holds for each € > 0, it follows that

limy o0 | PY]|F = p(P). O

It also follows from Proposition 2.3.7 that there is a positive integer T, such that <1

Corollary 3.1.6 ([9], page 619). Let P >0 be a matriz such that P < P. Then
o(P) < p(P). (3.10)

Proof. First, 0 < P < P implies that P* < Pt for ¢ € I[1,+o0c). This implies ||P||t < ||P||* and

limy o0 HPtH% < limy— 00 HPtH% From (3.9) we have

p(P) < p(P).
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3.2 Positive matrices

In order to discuss the Perron-Frobenius theory for non-negative matrices, we first discuss Perron

theory for positive matrices.

Lemma 3.2.1 ([9], page 661). Let 0 < A € R™ be a matriz. Then p(A) > 0.

Proof. We assume the contrary; that is, o(A) = {0}. If J = Q' AQ is the Jordan form of A, then

J= QilAQ = Bl()\]) )

where B;()\;) is a Jordan block of the form

0 1 0
0 0
Bi(A;) =
1
0 0 O
Hence
0 O 0
4 0
AT =QJ"Q " =

0
0 --- 0 0

This implies that A is a nilpotent matrix satisfying A™ = 0 and A™* # 0 for i = 1,2,...,m.
But A > 0 implies that A*¥ > 0, for any positive integer k. Thus, we have a contradiction. Hence

o(A) # {0}. Thus there exists 0 # X\ € 0(A) and hence p(A4) > 0. O

From Lemma 3.2.1, for any 0 < A € R™ we have p(A4) > 0. If
J— (3.11)
then P > 0 and p(P) = 1.

Theorem 3.2.2 ([9], page 664). Let A be a matriz and let P be defined by (3.11). Then there exists
r € o(P) such that r = p(P) and a unique, up to a constant multiplier, positive eigenvector associated

with r.
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Proof. Let (A, x) be an eigenpair of P such that |[A| =1, then
|z = [Alz] = [z = [Pz| <[Pllx] = Plx|. (3.12)

If we let 2z = P|z| and y = z — |z|, then we have y > 0. Suppose that y # 0. Then Py > 0,

because y # 0 implies the existence of at least one element y; # 0 for 1 < j < m, such that if
T

yl = (0 Cee Yy e 0), then Py = (pljyj D2V "'pmjyj) > 0. Similarly, || # 0 implies

that z = P|x| > 0. Hence there exists € > 0 such that Py > ez. That is, P(z — |z|) > ez. This implies

Pz > Plz|+ ez = z + €z. Thus
P

1+e¢€
P

1+¢€

Bz > z. Similarly, B3z > B%z > Bz > z. By induction we have that B'z > z for all t = 1,2,....

Since p(B) = p(lie) = p(p(p])D_F6

lim¢_,o0 Btz > limy_,o0 2 implies that 0 > z which contradicts the fact that z > 0. This contradiction

z>Zz.

This can be written as Bz > z, where B = If we multiply both sides by B, we have Bz >

) < 1, then, from Lemma 2.3.7, we have lim; o, B = 0. Thus,

happened because we assumed that y # 0. Hence 0 = y = P|z| — |z|. Thus r = 1 is an eigenvalue of

P associated with the eigenvector |z|. Therefore r € o(P) and

|z| = Plz| =2z > 0. (3.13)

We now show that if Pxr = = and Py = y, then © = ay for some o« € C. Let z = [zi]i<i<m,

y = [Yi]i<i<m. Assume that = # ay for any a € C and set

w=ux— ﬁy (3.14)

Yk
for some 1 < k < m. Then

Puo=Pr—py—g Tk (3.15)
Yk Uk

Equation (3.15) implies that » = 1 is an eigenvalue of P corresponding to w. It follows from (3.13)

that w is an eigenvector corresponding to » = 1. That is,
w= Pw > 0. (3.16)

But (3.14) implies that
Tk
wg =k — —Yp =0
Yk

for some 1 < k < m which is a contradiction with (3.16). This contradiction occurred because we

assumed that x # ay for any a € C. Thus = = ay for some « € C. O
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Next, we show that r = 1 is the only eigenvalue of P in the unit circle. To show this we first introduce

the following lemma

Lemma 3.2.3 ([10], page 51). Let z = [2;]i<j<m with 0 # z; € C for all j =1,2,...,m, then

m m
1>zl =)l (3.17)
j=1 j=1
if and only if zj = ajz1 for some 0 < a; € R and j =2,3,...,m.

To prove this lemma we need to use the case of equality in the Cauchy-Bunyakovskii-Schwarz(CBS)

Inequality, which says that:

Theorem 3.2.4 ([9], page 271). For all z,y € C, we have

R(z*y) < |2yl < [zflyl. (3.18)

FEquality holds if and only if y = ax for a =

Proof of Lemma 3.2.3. If zj = ajz1 for aj > 0 and j = 2,3,...,m, then | } 0%, 2| = |z1 gz 4+ -+
amz| = [1+oxt+az+ - +am)a| = (1+or+az+--+am)la| = 21|+ |22+ -+ [2m] = 27 |21,

Conversely, if

m m
1> 2= 1, (3.19)
j=1 j=1
then we need to show that z; = a2z for some a; >0 and j =2,3,...,m.

From (3.19) we have

2 2
m m
1>zl = EA (3.20)
j=1 J=1
which implies that
m m m m m m
DolElP+d D G =) ImlP Y D lallxl
j=1 =145 j=1 j=1 =145 j=1
Thus
m m m m
Yo D REH =Y D lallyl
=14 j=1 =15 j=1
Hence
m
Yo D (aillzl - R(zFz)) =0 (3:21)
=145 j=1
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But from Theorem 3.2.4 we have
R(z725) < |27 250 < |zillz], (3.22)

which implies

|zil|z] — R(27z;) >0

for all 1 <1i,7 <m and i # j. Thus |2]|z;| — R(2f2;) =0 in (3.21) and therefore (3.22) becomes

|2illzj] = R(zi'z5) < |27%] < [zillz]- (3.23)
Hence
R(zz5) = |27 2| = |zil|z] (3.24)
for all 1 < 4,5 < m and i # j which, from Theorem 3.2.4, implies that z; = a2 with a; = ZT; If
we choose i = 1, then
Zj = a1 (3.25)
for j =2,...,m. Thus, (3.24) becomes
Rz 21) = [212R(0y) = lagzz1] = 21/ Rl0y)? + ()2 = |21y .
Hence R(«j) = |oy, thus S(ej) = 0 and therefore
a;j = R(oj) = |aj| > 0. (3.26)

Since from (3.25) we have 0 # z; = a;z; for j = 2,3,...,m, it follows that o; # 0 for j =2,3,...,m

and therefore a; > 0 for j =2,3,...,m. O

Lemma 3.2.5 ([9], page 664). The spectral radius r is the only eigenvalue of P in the unit circle.

Proof. From Theorem 3.2.2, if (A, z) is an eigenpair of P such that |A\| = 1, then 0 < |z| = P|z| and

0 < |zx| = (Jz)k = | X272, prjos] for 1 <k < m. From Lemma 3.2.3 we have

m m m
> kgl = prslagl = kil (3.27)
=1 j=1 =1

if and only if py;x; = oj(pr1r1) for some a; > 0, where j = 1,2,...,m.
Hence

Q5Pk1
Pkj

Tj =TT with T = > 0.
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If |A| =1, then x = z1u with
T
u = (1 Ty v 7Tm> > 0, (328)

so Ax = Px implies A\u = Pu = |Pu| = |Au| = |A\|u = v which implies that A = 1. Thus A =r =1 is

the only eigenvalue of P in the unit circle. O
U U U
We have Pu = ru = v and P =r . We call v = the Perron vector and » = 1 the
[ull1 [[ulla [[ulla

Perron root. Moreover, since Theorem 3.2.2 implies that dim N(P — I) = 1, the Perron vector v of P

is uniquely defined.

Theorem 3.2.1 ([9], page 665). The Perron root is a semisimple eigenvalue.

Proof. If r = 1 is not semisimple then, from Corollary 2.3.2, there exists an r; x r;(r; > 1) Jordan

block B;(1) for some 1 < ¢ < k such that

1 t(t—1) tt—1)...(t—m;)
0 1 .. - :
B()t=1: - - tt—1) . (3.29)
' 21
t
0 0 1
Since
lim t =
t—00

then, from (2.11), we have

|Bi(1)]|co = max || Bi(1)z|e — 00 as t — oo,

lllloo=

and thus ||J!||s — 00 as t — oo. Moreover, since

1700 = 1Q7 P'Qlloc < 1Q7 looll P loc Q110

then
[ oo

1P loe > T A
(PR Ta]

— 00 as t — oo.

Let P! = [pg)] and let k denote the k-th row for which || P!||s = E;":lpgj) (see (2.11)). If v > 0 is the

Perron vector of P satisfying v = Pv, then such a vector is a positive vector satisfying |[v]|; = 1 and
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hence 1 > [|v]|so. Thus

m m
t t i
L2 |v]le > vp = sz(fj)vj = Zpij) <1§}1<nm”j>
j=1 J=1 o

— t : ;
= ||P"||oo <1glgnmvj> — 00

as t — oo. But this is impossible, thus the assumption that r; > 1 must be false, hence r; = 1.

Therefore r € o(P) is a semisimple eigenvalue. O

We have P > 0 if and only if PT > 0 and det(P) = det(PT). Hence p(P) = p(PT). Thus, from
Theorem 3.2.2, in addition to the Perron eigenpair (r,v), there exists a corresponding Perron vector

for PT satisfying PTw = rw. Since w? P = rw”, the vector w is called the left Perron vector for P.

Corollary 3.2.6 ([9], page 666). There are no other non-negative eigenvectors for P other than the

Perron vector v and its positive multipliers.

Proof. If (\,y) is an eigenpair for P such that y > 0 and if w > 0 is the Perron vector for P”, then
(w,y) >0 so

rwl = wT' P implies that rw?y = w? Py = AMw, y).

Thus » = A. Hence from Theorem 3.2.2, we have y = av for some a > 0. O

3.3 Further non-negative matrices

Frobenius (1912) generalized the Perron theory for positive matrices for any non-negative square

matrices. In this section we discuss Frobenius theory for non-negative matrices.

Theorem 3.3.1 ([9], page 670). Let P > 0 be a matriz. Then r € o(P), where r = p(P). Moreover,
there exists 0 # v > 0 such that Pv = rv.

Proof. Let P = [p;;] > 0, P, = [pij + 1] > 0, where 1 < i,j < m and t € I[1,+00). Let r; be the

Perron root and v; be the Perron vector of P;, then v; > 0 and ||v]|; = 1. By Bolzano-Weierstrass

theorem, as we proved in Lemma 2.1.2; every sequence {v;} in a set
B={v:veR™and |v]; =1}
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has a subsequence converging to a point in B. Let {v;,} be such a subsequence, then we have
lim; ,o0 vy, = v > 0 because vy, > 0 and ||vy,||1 = 1. Since Py > P> > --- > P, then, from Lemma 3.1.6,
we have r1 > rg > .-+ > r. Hence {r;},t = 1,2,... is a non-increasing sequence bounded below by r
and thus limy_,o 7 exists. Let limy_yoo 1 = p > 7. If {r,},i =1,2,... is a subsequence of {r:}, then

lim;_,oc 71, = p, where p > r. Since lim;_,o P = P implies lim; ,o, P;, = P then

Pv = lim Pjv;, = lim ryv;, = lim ry; lim vy, = pv.
1— 00 1— 00 1— 00 12— 00

This implies that p € o(P). Thus p < r. Therefore r = p € o(P). Moreover, v > 0 is an eigenvector

corresponding to r. O

3.4 Irreducible matrices

Irreducible matrices are a especial class of non-negative matrices. We define irreducible matrices using
the concept of permutation matrices. A matrix Z is said to be a permutation matrix, if one entry in
each row and column of 7 is 1 and all other entries are 0 (see [12]). Let P = [p;;li<ij<m. A matrix P

is said to be reducible if there exists a permutation matrix Z such that

Pi1 Prio
0 Py

7T PT =

)

where the entries P;; and P»y are square matrices. If the above is not satisfied, then the matrix P is

said to be irreducible matrix.

Irreducibility of P can be checked from the connectivity of the graph of P. To see this, let us first
introduce these concepts. A graph is a set of points, or nodes, { N1, No, ..., Ny, } together with a set
of edges {E1, Ea, ..., Ep} between the nodes. If there is a sequence of edges linking between any pair
of nodes, then the graph is called connected graph, and if there is a direction assigned to each edge,
then the graph is called a directed graph. A graph of P, denoted by G(P), is defined to be a directed
graph of m nodes {Ny, Na,..., Ny} in which there is a directed edge leading from N; to Nj; if and
only if p;; # 0.

Definition 3.4.1. The graph G(P) is called strongly connected if for each pair of nodes (V;, Ni)

there is a sequence of directed edges leading from NN; to N;.

Theorem 3.4.2 ([10], page 36). A matriz P is irreducible if and only if the graph of P is strongly

connected.
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Lemma 3.4.3 ([5], page 51). Let P > 0 be an irreducible matriz. Then
(I+P)"1>o. (3.30)

Proof. Let P = [pijli<ij<m,Y = [Yi]i<i<m Where 0 # y > 0 and let z = (I + P)y. We claim that z must
have strictly smaller number of zero coordinates than y. Let us assume the opposite, that is, z has
greater or the same number of zero coordinates as y. Since y; # 0 implies that z; = (yl + Z;”:l pijyj) #
0 for 2 = 1,2,...,m, then it is impossible for z to have greater number of zero coordinates than y.
Moreover, the zero entries in y occur at the same places as in z. Thus we assume that y and z have

the same zero coordinates. We have z = (I + P)y. Then there exists a permutation matrix Z such

u v
that § = Zy = withu >0and Z2 =7z = with v > 0. Hence Zz = Z(I 4+ P)y, which implies
0 0

that Zz = Ty + ZPZ'Ty. Thus

Z=gy+IPT'y. (3.31)
P, P, 7 7 Q Q
Wetake P= [ "2 z="" Plandz'=90="" “"|. Then
Py1 Py Ior Iao Qo1 Qo
v 7 Q Q 7 0
70— 11 T2 1 Qi 11Q11 g
To1 1o Qo1 Q2 0 T22Q22

This implies that Z17 # 0,Z22 # 0, Q11 # 0 and Qay # 0. Equation (3.31) implies that

v u N (Z11 P11 + Z12Po1) Qu1u + (Z11 Pr2 + Z12Po2) Q211 A

0 0 (Zo1 P11 + Io2Po1)Quiu + (Zo1 Po1 + T2 Po2) Q21w B

where A = (Z11 P11 + Z12Po1)Quiv + (Z11 Pi2 + Zi12Pa2) Q21w + v and B = (o1 P11 + Lo Po1)Quiu +
(Z21Po1 + Z99 Po2)Q21u. Hence A = v and B = 0. But B is sum of non-negative values thus, in
particular, Zoo Po1Qq11u = 0. Since u > 0,Z20 # 0 and Q11 # 0, P»; = 0 which is a contradiction with
P being irreducible. Therefore z cannot have the same zero coordinates as y. Hence z must have
strictly smaller number of zero coordinates than y. Thus by recursion we have (I + P)™ 1y > 0. Since

0 # y > 0 is an arbitrary, then (I + P)™~! > 0. O

Theorem 3.4.4 ([9], page 673). Let P > 0 be an irreducible matriz. Then there exists a positive simple
eigenvalue v € o(P), satisfying r = p(P), with unique (up to a constant multiplier) corresponding

positive left and positive Tight eigenvectors.
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Proof. From Theorem 3.3.1, we have r = p(P) € o(P). Let f(P) = (I + P)™ L. Then, from Lemma
3.4.3, we have f(P) > 0. From Corollary 2.3.3, r € o(P) implies that f(r) € o(f(P)). Consequently,

if o = p(f(P)), then

m—1
p= max |1+ "= < max |1+ )\|> . (3.32)
Ao (P) reo(P)

To find

max |1+ Al

A€o (P)
where

Al <7

for any A € o(P), we proceed as follows: Let C = {A+1: X € ¢(P) and |[A+1—1| < r}. Note that if
(A+1) e C, then A+1|—1<|A+1—1| <r which gives A+ 1| <r+1 for all A € o(P) . Moreover
A+1=r+1¢€C, thus

Arerbzaé}]g)|1+)\| =r+1.

Hence

p=0+r)""

From Corollary 2.3.4, it follows that r € o(P) is a simple eigenvalue, otherwise p = p(f(P)) is not
a simple eigenvalue which is impossible because f(P) > 0. To see that P has a positive eigenvector
associated with r, we recall from Theorem 3.3.1 that there exists a non-negative eigenvector = > 0
associated with r. From Corollary 2.3.6, (7, ) being an eigenpair of P implies that (u, z) is an eigenpair
of f(P). Corollary 3.2.6 ensures that 2 must be a positive multiple of Perron vector of f(P) and thus
x must be in fact positive. Now r > 0, otherwise Px = rax = 0, which is impossible because P > 0
and > 0 forces Pz > 0. Moreover, we have P > 0 if and only if PT > 0; then the existence of a

positive simple eigenvalue and a unique positive eigenvector for P follows as for P. ]

It follows from Theorem 3.4.4 that dim (N(P — I)) = 1. The uniquely defined Perron vectors for P

T
llll1

Y

and w = .
lyllx

and PT are, respectively, given by v =

Corollary 3.4.5 ([9], page 674). Let P > 0 be an irreducible matriz. Then there are no other

non-negative eigenvectors for P other than the Perron vector v and its positive multipliers.
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Proof. If (\,y) is an eigenpair for P such that y > 0 and if w > 0 is the Perron vector for PT, then

wly >0 so0

rw! = w! P implies that rw’y = w? Py = M y.

Thus r = A. Hence, from Theorem 3.4.4, we have y = av for some a > 0. O

Lemma 3.4.6 (]9], page 674). Let P > 0 be irreducible matriz, r = p(P) and assume that rz < Pz

for z>0. Then rz = Pz and z > 0.

Proof. If rz < Pz then, by using the Perron vector w > 0 for PT, (P — rI)z > 0 implies that
w?' (P —rI)z > 0, which is impossible because w’ (P — rI) = 0. Thus rz = Pz. From Corollary 3.4.5,

z must be a multiple of the Perron vector for P. Thus z > 0. 0

If P > 0 is irreducible matrix having only one eigenvalue = p(P) on the unit circle, then P is said
to be primitive. If P > 0 is an irreducible matrix having A > 1 eigenvalues on the unit circle, then P
is imprimitive.

Theorem 3.4.7 (Frobenius’s Test for Primitivity, [9] page 678). A matrix P > 0 is primitive if and
only if Pt > 0 for some t > 0.

Theorem 3.4.8 ([9], page 674). Let P > 0 be irreducible and let r = p(P). Then P is primitive if

and only if limg_, o (%) exists, in which case

t T
lim <P> —G=" (3.33)

t—o00 r

where G is the spectral projector onto N(P —rlI) along R(P—rl), v and w are, respectively, the Perron

vectors of P and PT.

Proof. Theorem 3.4.4 ensures that 1 = p (%) is a simple eigenvalue of g. We have that P is primitive
if and only if g is primitive. In other words, P is primitive if and only 1 = p (g) is the only eigenvalue
on the unit circle which is equivalent, by Proposition 2.3.7, to saying that lim;_, <]:>t = G, where
G is the spectral projector onto N(P — rI) along R(P — rI). It remains to show that
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where v and w are the respective Perron vectors for P and PT. First we have (w,v) > 0 because v,

the Perron vector for P, and w, the Perron vector for PT, are positive. Moreover

2 v{w, v)w? B vwT B
G" = (w,v){w,v)  (w,v) G.

Thus G is a projector (Definition 2.3.5) . Since

I-GP?=1-2G+G*=1-2G+G=1-G,

hence I — G is also a projector. To determine R(G), we observe that for any z € R™, we have Gz = av

where o = {221 Thus, if z € R(G) then x € span(v), hence R(G) = span(v) = N(P — rI). Define

(w,v)

R(P —rI)t = {z e R™: (z,y) = 0 for any vector y € R(P —rI)}

and

NP —rI)*t ={z e R™: (z,y) = 0 for any vector y € N(P —rI)}.

If # € R(P —rI)*, then for any y € R(P —rI) we have (z,y) = 27 (P —rI)z = 0 for any 0 # z € R™.
This implies that 27 (P — rI) = 0. Since dim N(P — rI)T = 1, 27 = wT. From the definition of G,
we have 27 (I — G) = 0, hence 27 (I — G)u = 0 for any u € R™, in particular for (I — G)u = u. This
implies that u € N(G), hence x € N(G)*. Thus

R(P —rI)* C N(G)*.

Thus

(N(G)i)L c (R(P - rl)i>l

That is,
N(G) C R(P —rl).

If we recall that Rank Plus Nullity Theorem in [9], page 199 that dim N(G) = m — dim R(G) =
m—1=m—dimN(P —rl)=dim R(P —rI). Thus N(G) = R(P —rI). O

Theorem 3.4.9 ([9], page 675). Let P be a matriz and let P be an irreducible matriz. If |P| < P,
then p(P) < p(P). If the equality holds, that is, if v = p(P)e!® € o(P) for some 0 < ¢ < 2m, then
P =¢“DPD™! for some

e 0 0
0 etz ... 0
D= . ‘ ' , (3.34)
0 0 eifm



where each 0 < 0; < 2r fori=1,2,...,m. On the other hand, if P = ¢®*DPD™" for some 0 < ¢ < 27
and for some D given by (3.34), then v = p(P)e® € o(P).

Proof. We already know that p(P) < p(P) by Lemma 3.1.6. If p(P) = r = p(P), and if (v, ) is an
cigenpair for P such that |y| = r, then
rle] = |zl = |ya| = |Pz| < |Plla| < Plal.

This implies that |P||z| = r|z| because Lemma 3.4.6 ensures that P|z| = r|z| and |z| > 0. Conse-

quently, (P—|P|)|z| = 0. But P—|P| > 0 and |z| > 0,s0 P = |P|. Since 2 for 1 < k < m is on the unit

||
et o ... 0
' etz ... 0
circle and ‘i—i' = ¢ for some 0 < 0 < 2m.Set D = | ' | and notice that z = D|z|.
O 0 e 6i6m

Since |y| = r, there is a ¢ € R such that v = ¢, and hence PD|z| = Pz = yx = re'®z = re®D|z|
implies

e ®D71PD|z| = r|z| = Plz|. (3.35)
Let C = ¢ *D~'PD and note that |C| = |P| = P to write (3.35) as 0 = (|C| — C) |z|. Considering
only the real part yields 0 = (|C| — R(C)) |z|. But |C| > R(C), and |z| > 0. Thus £(C) = |C], and
hence R(c;;) = |cij| = /R(cij)? + S(cij)? implies that S(e;;) = 0 which implies $(C) = 0. Therefore,
C = R(C) = |C| = P, which implies P = ¢ DPD~'. Conversely, if P = ¢? DPD~!, then Corollary
2.2.3 ensures that p(P) = p(¢’*P) = p(P). O

Lemma 3.4.10. The h—th power of every element in a finite group of order h is the identity element

of the group.

Proof. The order of every element of a group is a divisor of h by Lagrange’s Theorem [11]. So, if x is

an element of our group of order k, then h = k - [ for some [. Hence, we have

where e is the identity element of the group. O

Theorem 3.4.11 ([9], page 676). Let P > 0 be an irreducible that has {1, A2, ..., A} eigenvalues

on its unit circle. Then each eigenvalue A\; for ¢ = 1,2,--- ,h, is a simple eigenvalue. Moreover,

2

{1, A2, ..., A} is the set of roots of r = p(P) given by {r,rw,rw?, ..., rw" 1}, where w = e
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Proof. Let S = {r,re!? ... rei»—1} denote the eigenvalues on the unit circle of P. Applying Theorem
3.4.9 with P = P and v = re' ensures the existence of a diagonal matrix Dy, such that P =
eiekaPDlzl. Let f(P) = € P. By Theorem 3.4.4, r is a simple eigenvalue of P. Corollary 2.3.4

implies that f(r) = re* is also a simple eigenvalue of f(P).
If we consider another eigenvalue re’®s € S, then we can write P = e DsPD;! for some Ds, so

P=¢e%DPD; ' = D'’ D,PD D = ) D D, PD D = €1095) (D, D) P (D D)~
k S k s k

and, consequently, from Corollary 2.2.3, we have that re’(?ct0) is also an eigenvalue on the unit circle
of P. This means that G = {1,¢1, ..., "1} is closed under multiplication, and it follows that G is a
finite commutative group of order h. By Lemma 3.4.10, we have (eiek)h =1foreachk=0,1,...,h—1,
so G is the set of the h-th roots of unity eQWTM, where K =0,1,...,h —1, and thus S must be the h-th

roots of 7. O

Theorem 3.4.12 ([9], page 677). Let P be imprimitive with h eigenvalues on its unit circle, then
o(P) is invariant under rotation about the origin through an angle 2% No rotation less than 2% can

preserve o(P).

Proof. Since A € o(P) if and only if Aeh € o(P), it follows that a(e%P) is p(P) rotated through
%’r. But Theorem 3.4.9 and Theorem 3.4.11 ensure that P and e P are similar and, consequently,
o(P) = J(Q%P). No rotation less than 2% can keep p(P) invariant because Theorem 3.4.11 makes

it clear that the eigenvalues on the unit circle will not go back into themselves for rotation less than

2
T =

Corollary 3.4.13 ([9], page 677). Let P > 0 be imprimitive and let v = p(P). Then - is summable

UwT

w0y where v and w are the respective Perron vectors for P and PT.

to

Proof. Being imprimitive means that P is non-negative and irreducible with more than one eigenvalue
on the unit circle. However, Theorem 3.4.11 says that each eigenvalue on the unit circle is simple, so

Theorem 2.3.9 can be applied to % to conclude that % is summable to G, that is,

T

Py ... (P!
g LHE) 4+ () _¢.
t—o00 t

where G is the spectral projector onto N(g —I) along R(g — I). We have

N(f—]) = {z eR™: <]:—I>x:0}:{:v€]Rm:(P—r])sz}zN(P—rI)
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and

P P
R<—I>:{yERm: (—I)x:yforsome:cE]Rm}
T r
={y e R™: (P —rl)x =ry for some z € R™}
:{yERm:(P—rl)z:yforsomez:feRm}
r

= R(P —rl).

From Theorem 3.4.8, the spectral projector onto N(P —rI) along R(P —rI) is given by G = vl 5

(w,v)

where v and w are the respective Perron vectors for P and PT. ]

Corollary 3.4.14 ([9], page 678). Let P > 0 be irreducible. If P has at least one positive diagonal

element, then P is primitive.

Proof. Suppose there are h > 1 eigenvalues on the unit circle. We know from Theorem 3.4.12 that if

Ao € o(P), then A\, = Age =~ € o(P) for k=0,1,...,h— 1, so

>
=

27 271

h—1 :
i 1 —e?m 1-1
A = Ao g e2hk:>\oie:>\0720.
=0 1l—en 1—en

B
Il

0
In other words, if P is imprimitive, then trace(P) = 0. Therefore, if P has a positive diagonal entry,

then P must be primitive. O
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Chapter 4

Linear autonomous models

We consider the linear autonomous model introduced in (1.3),

z(t+ 1) = Px(t),

z(0) = aY,

(4.1)

where 0 # 20 > 0. We assume that P > 0 is irreducible and primitive matrix with constant entries.

We have (1) = Px(0) = P2° and x(2) = Px(1) = PP2° = P?2°. Assuming that at t — 1 we have

x(t—1) = P70 then at t we have z(t) = Pz(t—1) = PP 120 = P29, This is correct for all ¢ > 1.

It follows by recursion that z(t) = Pz for all t = 1,2,.... Thus (4.1) have the following solution

x(t) = P'a® t € I[1, +o0)
z(0) = 2.

Let r = p(P). Then, from Theorem 3.4.8, we have

where v and w are the Perron vectors for P and P respectively.

4.1 Long time behaviour of population models

Define the distribution of the total population at time ¢, by

p(t) = llz®)l =Y ().
=1
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(4.4)



Then, from Theorem 3.4.8, we have

Ptad H _H {(w, 20 H (w, 2°)

= | im

> 0,

1 H D), = —
t—00 rt tﬁoo 1 t~>oo —oo rt (w,v) "t {w,v)

because v, the Perron vector of P, satisfies ||v||; = 1. Thus, from (4.3) and (4.5), we have

w,z0
. l‘(t) . # lim; o0 fo) <(w,v>>
lim —= = lim Ol 5 = Voa0y = U
t—ro0 p(t) t—0o0 p’,T llmt‘)oo pTT (uj,v)
The dynamics of the total population p(t) can be described by
| Pz(t) |1 Pu(t)
pt+1) = 2@ +1) [h=[l Pz(t) h= —F7—p(t) = p(t)
e+ 0 o)
because p(t) > 0 for all t € I[0,4+00).
Let
Px(t)

o

p(t) 1.

Then (4.7) becomes

p(t +1) = c(t)p(t)-

The recursion formula of p(t) for all ¢ > T' can be written as

T) ] e(i)

=T

(4.5)

(4.7)

(4.8)

(4.10)

Lemma 4.1.1 ([3], page 167). Let c(t) be defined by (4.11). If ¢(0) # 0, then c(t) # 0 for all

t € I[1,+00).

Proof. Let ¢(0) # 0. If ¢(tg) = 0 for some tg € I[1,+00) then, from (4.10), we have

t

p(t) = plto) [] (i) = 0

i=to
for all t > to. Thus, from (4.4), we have
p(t) = llz@®)] = [[P'=(0)] =0
for all t > to. Since xz(0) > 0 and P > 0, then
P'z(0) =0
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for all t > tg. Therefore

Thus 0 is an eigenvalue corresponding to the eigenvector v. From Theorem 3.4.4, v is an eigenvector

corresponding to r > 0 which is a contradiction. Thus ¢(t) # 0 for all ¢t € I[1, +00). O]

From (4.8) and (4.7) we have

Px(t)
p(t)

= ||P lim @
1 taoopt)

= [[Pvlly = [[rvfly =7, (4.11)

lim ¢(t) = lim H
1

t—o00 t—o00

where r = p(P).

Corollary 4.1.2 ([3], page 7). Let r = p(P) and let p(t) defined by (4.10). Then

(a) If r < 1, then tli}m p(t) = 0.

(b) If r > 1, then tlim p(t) = +oo.

Proof. (a) Let r < 1. From (4.11) we have tlirn c(t) = r. Then, given any € > 0, in particular
—00

0 < e <1—rorequivalently r < r+e€ < 1, there exists T" = T'(¢) such that for all ¢ > T, we have
c(t) € (r—e,7+€). Since 0 < ¢(t) < r+eforall t > T, we have [['_j (i) < (r + €)'~ Then
(D) [y (i) < (r+ €)' p(T), this, in addition to (4.10), implies p(t) < (r + €)1 p(T).
Let p(T) < M for some M € R. Since (r + €) < 1, then tli%op(t) =0.

Let » > 1. Since tlim c(t) = r, given any € > 0, in particular 0 < € < r — 1 or equivalently
— 00

1 < r—e¢, there exists T' = T'(¢) such that for all t > T" we have c(t) € (r — €,7 + €) . Thus for all

t > T we have 1 < 7 — € < ¢(t) which implies (r — €)' 7! < [T\_; ¢(i). Hence

p(T) (r — )T < p(T) H c(4). (4.12)

t
=T
From (4.10) we have p(t) = p(T) [[;_ c(i). Hence, (4.12) becomes

p(t) > p(T) (r =)~

)t—T+1

forallt > T. Since 1 <r —e¢, (r—e — 00 as t — 0o, and hence tlim p(t) = 0.
—00
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Example 4.1.3 (Leslie age distribution model). The Leslie Model is used to describe the changes in
a population of individuals over a unit time which is the reproduction period. We divide a population
into m age classes,

x1(t),x2(t), ..., xm(t),

where each x;(t) represents the density or the number of individuals of the i—th age class at time ¢.

Thus a population at time ¢ has a class distribution vector

x1(t)
z(t) = wg_(t) ; (4.13)

T (1)

If I; # 0 denotes the probability of survival till the j-th age class, then the conditional probability of
survival to the j + 1st age class if one survived till jth age from birth 0 < s;11; = ljli < 1. Then the
J

transition matrix 7' can be written as

0 0 0 0
S921 0o --- 0 0

T=|" . - (4.14)
0 0 -+ Smm-1 O

The matrix T has only s;1 ; entries because it is assumed that an individual in the age class j can only
move to the next age class j 4+ 1 in a unit of time with probability s;;1 ;. If we hypothetically assume
that an individual in the age class j can move to any age class ¢ in a unit of time with probability s;;,
then these events must be mutually exclusive. That is, if an individual in the age class j in a unit of
time can move to the age class 1 or 2 or --- or m — 1 or m with probability s1;,52;, -, Sm—1, Sm,js
respectively, then the probability that an individual can move from age class j to any age class ¢ will

be the sum of the probabilities of the mutually exclusive events. That is, we must have
m
0<> s;<1 (4.15)
i=1

for j=1,2,...,m.

Let F' be the fertility matrix given by
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S fi2 fim-1  [fim
0 O 0 0
F= , (4.16)
0 O 0 0
where, fi; = Bj418j41; = 0 for j = 1,2,...,m are the number of offspring produced by an age ¢

individual. The matrix F' has only entries in the first row because it is biologically meaningful that a

new born individual is born as a juvenile, that is, in the first age class.

The dynamics of such population is described by

z(t+1) = Fx(t) + Tx(t)

fir iz Jim—1 fim\ [ z1(t) 0 0 0 0\ [ z1(¢)
0 0 0 0 l’Q(t) S91 0 0 0 l‘g(t)
= +
0 0 0 0 T (t) 0 0 Smm—1 0 T (t)
(4.17)
Thus
fi1 fi2 fim—1 fim x1(t)
s 0 0 0 To(t
st+1)= | 2_( ) (4.18)
0 0 Smm—1 0 T (1)
In short
z(t+1) = Px(t), (4.19)
where
i1 fi2 fim=1  fim
S921 0 0 0
P (4.20)
0 0 Smm_1 0

The matrix P is called a projection

matrix or map.
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The time ¢ in (4.19) is assumed to be increasing one unit at a time, that is, t = to,to + 1,0 + 2,...,

where tg represents the initial time. The number of individuals for each age class i is assumed to be

given at the initial time to, that is, z;(tg) = z¥ is initially known. Equation (4.19) is known as the
Leslie Model and the matrix P is called Leslie matrix( see [8]). When some individuals remain in
the same age class with probability s;;, then model (4.19) is known as Usher’s Model, see [3], and the

transition matrix 7" given in (4.14) becomes

S11 0 s 0 0
S91 S22 - 0 0

T = . ‘ ' ‘ . (4.21)
0 0 - Smm-1 Smm

Then the population dynamics is described by

fir+su1 fiz - fime1 fim z1(t)
S S . 0 0 To(t
s+ = " _ | 2_( M. (4.22)
0 o - Smm—1  Smm xm(t)

Equation (4.22) can be written as

z(t+ 1) = Px(t), (4.23)
where
fu+su fiz o fim—1 fim
S921 S99 0 0
P = _ ' . . (4.24)
0 0 e Sm,mfl Smm

is a projection matrix.

The projection matrix P given in (4.20) and (4.24) is non-negative. Let {N1, Na,..., Ny} be the
set of nodes of a graph of P,G(P). There is a directed edge E; ;1 leading from N; to N1 because
si+1; > 0 for ¢ = 1,2,...,m — 1. Furthermore, if fi,,, > 0, there is an edge E,,1 leading from IN,,
to Ny. Hence, there is a directed path any node to any other, which is the definition of G(P) being
strongly connected ( Definition 3.4.1). Thus, from Theorem 3.4.2, P is irreducible. If in addition to
fim >0, fij > 0for j =1,...,m — 1; that is, any age group is capable of reproduction, then from

Corollary 3.4.14, the matrix P is primitive. From (4.3), we have that

t Pty0 Pt 0
z(t) i Y — lim —x0:v<w’x>,
t—oo 1t t—oo 7t t—oo 1t <w7v>

o € R™.

52



This means that a proportion of individuals in each age class becomes stable as time increases, while
from Corollary 4.1.2, the total population may increase or decrease depending on the value of r = p(P).
This result assumed that young individuals reproduce. It is suffices to assume that f1,,—1 > 0 and
fim > 0. If f1 ;,—1 > 0, then there is an edge Ey,—1,1 leading from N,,,_1 to Ni. If we start from N; to
return to NNy either by following E19Fo3 ... Ey—2 m—1E,—1,1 which gives a cycle of length m — 1 or by
following E12E23 - - + Em—1,mFEm1 which gives a cycle of length m. Thus [P™!];; > 0 and [P™]3; > 0.
To pass from N; to N; with j > 4, we follow Fj ;1 FEj1 42 Epm_1mEmiEiaFas -+ - Ei_1;. We take
m — j steps to reach IV,,, one step to go to N1 and i — 1 steps to reach NV; from Ny, thus we reach V;
from N; in m — j + ¢ steps. If ¢ > j, we follow Ej; ;i1 ---E;_1,, hence we reach N; from N; in ¢ —j
steps but we can add a cycle of length m, thus in both cases we reach N; from V; in m — j + i steps.
We cycle at Ny appropriate number of k steps to eliminate the dependence on j and 7 as shown below.

Since 1 <i,5 <m, then —m < —j < —1 and
—-m+1<—j4+i<m-—1. (4.25)

We observe that [P¥];; > 0 for any
k=a(m—1)+pm (4.26)

with a and B being natural numbers or 0, because [P™]1; > 0, [P™!];; > 0 and [P%;; =1 > 0
(where P° denotes the identity matrix). If a = [ k ] m—kand 8=k — [L} (m — 1), where []

m—1 m—1

denotes the integer part of a number, then (4.26) is satisfied. We write
E=r(m—1)+s (4.27)

with integer r and integer s satisfying 0 < s < m — 1 so that [%} = r. Thus, we must have
1 s
r>r <1 - ) + —
m m

rm>r(m—1)+s

for any s as above; that is,

so that we get 7 > s, that is, » > m — 1. Hence, (4.26) is valid for any k& > (m — 1)2. Indeed, in such

case k = (m — 1)? + 1 for some [ > 0 and

k (m—1)2+1

(m—1)  (m—-1) "’
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thus
k

[ e

Then, we write
m—j+itk=m—j+i+t(m—-1)2+l=m—j+i+m?>—2m+1+l=m?>-—m—j+i+h
where [ = [+ 1. We can take
m—j+i+k=m? (4.28)
for some k expressible through (4.26), because (4.28) implies that

2

k=m?—m+j—i=m?>—2m+m+j—1i,

but m+ j —i > 1, from (4.25), then

k=m?—2m4+m+j—i>m?—2m+1=(m—1)>2

We conclude that, we can reach any INV; from any N; in m? steps: m — j steps from N; to Np,, 1 step

to state Ny, ‘cycling’ for k£ times around N; and then going from N; to N; in ¢ — 1 steps. Hence,

P™ > 0. Therefore, from Theorem 3.4.7, we conclude that P is primitive. By (4.3), we have that
z(t) ; Piz? Pt v(w,a:0>

t—oo 71t t—oo 7t " tooo rt N <w,v>’

9 € R™.

Let us now consider a more complicated case where the fertility is restricted to some interval [m1, ma],
that is, fi; > 0 for j € [mq,mg]. If my < m, then the graph G(P) is not connected because there
is no edge connecting N,,, with Nj. Thus the matrix P is not irreducible, however the model shows
constant long time behaviour under certain conditions. Let m; < mg and divide the population into
productive age with f1; > 0 for j < mo and post-productive population with f1; = 0 for j > mo. We

assume that m; < mg and we introduce the matrix restricted to the productive ages

fll f12 fl,mgfl flmg
~ S21 0 ce 0 0
P= :
0 0 ot Smag,mo—1 0

and the matrix providing the link from productive to post-reproductive ages,

0 - Smgiims 0 - 0 0
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If fim, >0 and f1m,—1 > 0, we can apply the previous considerations; therefore P is irreducible and
primitive. Thus there exists a left eigenvector of P, w € R and a right eigenvector v € R}"* such

that
w, %)

lim p(P)"tPla0 = v<

0 m
- € R™2,
t—00 <o.),f()> ’

For my < j <m,t > 0, we have
Tip1(t +1) = sjp1,525(1).

Hence, starting from x,,, (t), we get

xm2+i(t + Z) = CiTmgy (t)

where ¢; = Spmotimatio1 * o Smot1,mo as long as ¢ < m —ma. So
T .0
: S\t N S\t o {wh2h)
Jim p(P) ™ @my it +1) = ¢ im p(P) "2, (t) = Cilma (T 4y
If we change t 4+ 7 to t, then
. ~ - (w20
Jim p(P) "Zimy4i(t) = cip(P) ’vaW
for i = 1,...,m — mgy. Hence, if we take 2° € R™,
~ ~ T
v (Ul v o Uy cip(P) Mg, Cm—mQP(P)_(m_mQ)vm2)
and
T
w= (wl wo Wy 0 0) )
we have
t Pt 0 0
im 2O _ gy P2 02 (4.29)
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Chapter 5

Nonlinear autonomous models

We consider a general nonlinear autonomous model introduced in (1.4),

z(t+1) = f(x(t)),
z(0) = aY,

(5.1)

where f : K — R™ is continuously differentiable at an equilibrium point z. € R™. According to
the introduction, substitution y(¢) = z(t) — x. transforms (5.1) to an equivalent problem with 0 an

equilibrium point of (5.1). Close to the extinction equilibrium y = 0, the problem can be written as

y(t+1) = Py(t) + g(y(t)),

(5.2)
y(0) = ¢°,
where
o MW _
lyli=o lyll
Thus the linearization about the extinction equilibrium is
y(t+1) = Py(t)
(5.3)
y(0) = y°.
The initial value problem (5.2) has a unique forward solution
t—1 .
Pty® + 35 P lg(y(i) t € I, +00),
y(t) = =0 (54)
y° t=0.
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5.1 Liapunov stability

Let V : R™ — R. Then we define a variation of (5.1) by AV (z) = V(f(z)) — V(z) and
AV (x(t) = V(f(x(t) = V(z(t)) = V(z(t + 1)) = V(2(t))-

If AV(z) < 0, then V is non-increasing along solutions of (5.1). The function V is said to be a

Liapunov function on H C R™ if:

(i) V is continuous on H, and

(ii) AV (z) <0, whenever x and f(x) belong to H.

We say that the function V' is positive definite at the extinction equilibrium of (5.1), if V(0) = 0 and
V(xz) >0 forall 0 # z € B(v). If V(0) =0 and V(x) > 0 for all 0 # = € B(v), then V is said to be a

positive semidefinite.

Theorem 5.1.1 ([4], page 205). Let V be a Liapunov function for (5.1) in a neighbourhood H of the
extinction equilibrium and let V' be positive definite with respect to the extinction equilibrium. Then
the extinction equilibrium is stable. If, in addition, AV (x) < 0 whenever x € H, f(x) € H and x # 0,

then the extinction equilibrium is asymptotically stable.

Proof. By assumption, we have f: K — R™, K C R™, is continuously differentiable at the extinction
equilibrium. Let a3 > 0 such that B(a;) C K N H (where B(ai) denotes an open ball about the
extinction equilibrium with radius «j, Definition 2.1.4 and Equation (2.5)). By the continuity of f,

there exists ag > 0 such that if z € B(ag), then f(z) € B(aq). Let 0 < € < ap and define
P(e) =min{V(z): e < |z|| < a1} > 0.

We have V(0) = 0. By the continuity of V, for any > 0 there exists a ¢ such that ||z|| < J implies that
0 < V(x) <n. We choose n = 9(¢), then there exists 0 < § < € such that 0 < V(x) < 1(e) whenever
llz|| < 8. If 2 € B(6), then x(t) € B(e) for all t > 0. Otherwise, there exists #° € B(§) and a positive
integer T" such that z(t) € B(e) for 1 <¢ < T and z(T + 1) ¢ B(e). Since z(T') € B(e) C B(az) then,
by the continuity of f, it follows that x(T'+1) = f(x(T)) € B(a1). Consequently, V (z(T'+1)) > ¢ (e).
However, V(z(T + 1)) < --- < V(2%) < 1(e) and thus we have a contradiction. This establishes

stability. To prove asymptotic stability, assume that z° € B(J), then z(t) € B(e) holds true for
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all t > 0. If {x(t)} does not converge to 0, then it has a subsequence {z(t;)} that converges to
0 # 1 € R™ Let E C B(az) be an open neighbourhood of [ with 0 ¢ E. We define the function
h(z) = V‘(/f((;;)), x € E. Then h(z) is well defined and continuous. Moreover, h(z) < 1 for all x € E,
because V(f(x)) < V(x). Now, by the continuity of h(z), if n € (h(l),1), there exists a > 0 such

that x € B(l,«) implies h(z) <, that is, V(f(z)) < nV(z). Since AV (x) < 0, then V is monotone

decreasing. By the continuity of V, x(¢;) — [ # 0 as i — oo implies that

lim V(z(t;)) = V(I) # 0. (5.5)
1— 00

Therefore, by monotonicity of V,
tli}m V(z(t)) =V () #0. (5.6)

Now, for any € > 0, find z(¢;) € B(l, ) such that V(z(t;)) < V(I) + €. Then
V(z(ti+1)) = V(f(zt:)) < nV(z(t) <nV() +e< V()

for e < (1 —n)V(1) which is a contradiction with the monotonicity of V, thus V(I) = 0. Consequently
[ =0. O

Theorem 5.1.2 ([4], page 213). If AV (z) <0 for 0 # x € B(e) for some ¢ > 0, V(0) = 0 and there

exists a sequence a; — 0 with V(a;) < 0, then the extinction equilibrium of (5.1) is unstable.

Proof. We recall the definition of instability which says that the extinction equilibrium is unstable if
there exists an € > 0 such that for any § > 0, there is 2 € R™ such that [|2°| < 6 and ||z(¢)|| > €
for some t € [0,00). Let € > 0, so that AV(z) < 0 for 0 # = € B(e) and V(0) = 0. Let 2° = a; for
some j with V(2%) < 0. We claim that there is 0 < n < € such that the sequence {x(t)} of iterations
starting from 20 satisfies ||z()|| > 5. Otherwise, there exists a subsequence {x(t;)} such that z(¢;) — 0
as i — 00, hence by the continuity of V(x) and V(0) = 0, we have V(x(¢;)) — V(0) = 0 which is a
contradiction because AV (z) < 0 for 0 # = € B(e) implies V(x(t;)) < V(x(ti—1)) < --- < V(z(t1)) <
V(z(to)) =V (2°) < 0 for all i = 1,2,.... By continuity and AV (z) < 0 we have
sup AV(z) =m <0.
<z <e

Hence
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and
Viz(1)) <m+ V(.CEO),

V(z(2) < 2m+ V(z),
V(x(t)) < tm+V(2?)

as long as x(t) € B(e). If there is some t € I[0,+00) for which ||z(¢)|| > € then, by the definition
of instability, the extinction equilibrium is unstable. Otherwise, if for all t € I[0,+00), ||z(t)]] < e,
then {z(¢)} is a bounded set and therefore, by the continuity of V, V' (z(t)) is bounded. On the other
hand, since z(t) € B(e) for all t, we can apply (5.7) and, since V (z(t)) < tm + V() for all t, V (z(t))
is unbounded, which is a contradiction. Hence the assumption that x(t) € B(e) for all ¢ is wrong.
Therefore there is some ¢ € I]0, +00) for which ||z(t)|| > € and therefore the extinction equilibrium is

unstable. n

Definition 5.1.3. Let B = [b;j]1<i j<m be a real symmetric matrix and let

V(x) = (z,Bz) = ZZbijxixj.

i=1 j=1
A matrix B is said to be positive definite, respectively positive semidefinite, if V'(z) is positive definite

and positive semidefinite respectively.

Sylvester’s criterion is a test for positive definiteness of symmetric matrices with real entries ([4], page
214). It says that a real symmetric matrix B = [b;j|i<ij<m is positive definite if and only if the
determinants of its leading principle minors are positive, that is, if and only if

bin bz bis

bin b2

ba1 b2
b31 b32 b33

Let B be a positive definite and let A € ¢(B). Then Bx = Az for some 0 # z € R™ implies that
V(z) = (x, Bx) = Mz, z) = \|z||3 > 0, hence A > 0 for any A € o(B). We recall from, [9], page 549,
that a matrix B is real symmetric if and only if B is orthogonally similar to a real diagonal matrix D,

that is, QT BQ = D for some orthogonal matrix Q.
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Lemma 5.1.4 (][9], page 549). Let Apax € 0(B), Amin € 0(B) such that Apin < A < Apax for any
A € o(B). Then

Amax = max (x, Bx)
lzll2=1

and

Amin = min (z, Bx).
|z[2=1

Proof. Since B is real symmetric, then there is an orthogonal matrix @ such that QT BQ = D =
diag(\1, ..., Am), or equivalently, B = QDQT. Since |z|s = 1 if and only if |jylls = 1 for y =

[yili<i<m = QT x,

max (z, Bz) = max (z,QDQTz) = max (QTz, DQTz) = max (y, Dy)
[[z]la=1 llzlla=1 llzlla=1 lylla=1

= ”1;|1|3X1<y> AY) = My, y) < Amax(y, ) = )‘maXHZ/H% = Amax-
o=

The above equality is attained, when x is a normalized eigenvector of B corresponding to Apax, because

if u is an eigenvector of B corresponding Amax, then (u, Bu) = Apax(u, u) = ||u|3 which implies
u, Bu
< P) > = Amax-
[ullz
Then
u u
A = (—, = (x, Bz
=l Pl ~ (5
where ||z|]2 = Hm”z = 1. The expression for the smallest eigenvalue Apyiy is obtained by writing

min (z, Bx) = min (z,QDQTz) = rr”Hn (QTz, DQTx)

[[z]l2=1 [[z]l2=1 [[z]l2=1

= min (y,Dy) = min My,y) > min Amin|[yl|3 = Amin-
lylla=1 lylla=1 llylla=1

The equality is attained when z is a normalized eigenvector of B corresponding to Anyi,. Therefore,
Amin = min (z, Bx).

[lzfl2=1

Note that the above characterizations can be written in the equivalent forms

(x, Bx)
A =
max 1;1;248( (z, ) )
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and

Amin = min (, Bac>'
a£0 (z,x)
Consequently,
Amin|2 13 < V() < Amax|l]3 (5-8)

for all x # 0. Let B is a positive definite matrix and let V(y) = (y, By) be a continuous function
defined for all vectors y € R"™. Then V is positive definite at the extinction equilibrium (because

V(0) =0 and V(y) > 0 for all y # 0 by positive definiteness of B.) Then, relative to (5.3), we have

AV (y(t)) = V(y(t+ 1)) = V(y(t)) = (y(t), PTBPy(t)) — (y(t), By(t)). (5.9)

This can be written as

AV = (y,(PTBP — B)y).

Thus AV < 0 if and only if
P'BP-B=-C (5.10)

for some positive definite matrix C. Equation (5.10) is called the Liapunov equation of the linear
equation (5.3). If C' is a positive definite symmetric matrix such that (5.10) has a solution B that is
also symmetric and positive definite, then AV < 0. We may consider V' to be a Liapunov function of
(5.3) (because V is continuous for y € R™ and AV (y) < 0 for all y € R™ and Py € R™.) Therefore,
from Theorem 5.1.1, the equilibrium of (5.3) is asymptotically stable. On the other hand, if the
equilibrium of (5.3) is asymptotically stable then, for every positive definite symmetric matrix C,
(5.10) has a unique solution B that is also symmetric and positive definite as shown in the following

theorem.

Theorem 5.1.5 ([4], page 216). If the equilibrium of (5.3) is asymptotically stable then, for every
positive definite symmetric matriz C, Equation (5.10) has a unique solution B that is also symmetric

and positive definite.

Proof. Assume that the equilibrium of (5.3) is asymptotically stable. Let C' be a positive definite
symmetric matrix. We will show that the Liapunov equation (5.10) has a unique solution B. Multiply

(5.10) from the left by (PT)" and from the right by P to obtain

(PT)T—HBPH-I _ (PT)T‘BP’!’ — _(PT)TCP’I“
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Hence
t

t

: T\r+1 r+1 TN\r rl— _T; T\r T

Jim 0[(13) BP (P")"BP"] tlg&E(P)CP.
r=

Thus ‘
_ : T\t+1 i+l _ _ 1; T\r r
B+ lim (PT)*'BP E&Z(P Y'CP. (5.11)

Since x(t) is asymptotically stable, lim; o 2(t) = lim;_, P'z(0) = 0. Hence, from Proposition 2.3.7,
p(P) < 1. Consequently p(PT) < 1, because P and P” have the same characteristic polynomial. This
implies that limy o (PT)T1BPH! = (limtﬁoo(PT)tH) B (limtﬁoO Pt+1) = 0. Thus (5.11) yields

oo
B=>Y (PTycr. (5.12)
r=0
From Theorem 5.1.6 below we have that p(P) < 1 implies the existence of a norm of P, || - ||, such

that || P|| < 1. Now, from (5.12), we have

(o) [e¢) o) t
_ TN\r T YANTES ro__ 2r __ : r
1Bl = 1> (PTYy CP | <> (@D IC]|PI" = EOHCH\PH =l + e tim Elq,

r=0 r=0

where ¢ = || P||? < 1. Thus the series in (5.12) is absolutely convergent and

(1-4q" q 1 IC]]
=2 =+ oIl = (Il = T2

< :
1B] < O] + €] Jim q
Since C' is a symmetric, for each r € I]0,00) we have that
T
((PT)T'CPT)T — ((PT)TCT(PT)TT> — (PT)T'CPT.

Thus the convergent series in (5.12) is a sum of symmetric matrices and hence B is symmetric.

Moreover, since C'is a positive definite matrix satisfying (z, Cx) > 0 for x # 0, then for = # 0 we have

[e.e]

(z,Bx) =Y (P"z,CP"z) = (z,Cx) +Z "z, CP"x) > 0. (5.13)

r=0
Thus B is positive definite. ]
Theorem 5.1.6. Let P be a matriz. If p(P) < 1, then there exists a norm of P,|| - ||, such that

IIP]| < 1.

Proof. If J is the Jordan form of P, then there exists a matrix ) such that

M 1 -0
0O X
QPQ' =J= 2
1
0 0 M
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where A; for j = 1,2,...,k are the eigenvalues of P (which might be repeated). For 0 < § € R, denote
Ds = diag(1,4,...,6™ 1), and put V5 = QDs. Then

A0 0

0 A

Vi PV; = i
)
0 0 X

We fix § such that § < e = 1_’;(13) and we define a norm of a matrix M by

N(M) = o |[V;™ MV

Hence N(P) :p(P)+5§p(P)+€:p(P)+ka(m = @—I—% < 3+ % = 1. Thus the matrix P has
a norm || - || such that ||P|| = N(P) < 1. O

Corollary 5.1.7 ([4], page 216). Let P be a hyperbolic matriz. If p(P) > 1, then there exists a
real symmetric matriz B that is not positive semidefinite, such that (5.10) holds for some symmetric

positive definite matriz C.

J 0
Proof. Let J = QPQ~! = H be the Jordan form of P such that |A| > 1 for A € o(J11) and

0 Jao
|A| <1 for A € o(Ja2). Then

PTBP-B=-C
becomes
Q'JQTB(Q'IQ)-B=-C

which implies that
QT JT0 " BQ~'JQ - B=—C.

Then
JTQ—ITBQ—IJ . Q—ITBQ—I — _Q—ITCQ—I’

and

J'BJ - B=-C, (5.14)

63



By 0 Ci1 0

where B = Q 1"BQ! and € = Q1T CQ~L. Let B = | and C = |, where
C’H and C’gg are positive definite symmetric matrices, so that
JLooo By 0 Jiu 0 Bun 0 - Ci 0
0 JL 0 By 0 Jy 0 By 0 Cxp
Then
JhBiiJi — B = —Cu, (5.15)
and
J2TQB22J22 — BQQ = —622. (5.16)

Since for any A € o(Ji1) we have |A| > 1, then for any A € o(J;;') we have |A| < 1. Note that for a
positive definite symmetric matrix C1, we have that (Jfll)Tén Jﬁl is positive definite and symmetric.
From Theorem 5.1.6, since Cy; is a positive definite symmetric matrix, there exists a positive definite
symmetric By such that
(Jn) BoJyyt = Bo = —(J;) T Cu iy
Then
By — J{y BoJi1 = —Chy,

hence

JL(=Bo)Ji1 — (—By) = —C11.

From (5.15), we can define By; = —By. Since (z, Boz) > 0 for any x # 0, then (x, Byz) < 0 for any
x # 0. Moreover, since p(Ja2) < 1 and 622 is a positive definite matrix, from Theorem 5.1.6 we have
that (5.16) has a unique solution Bay, a symmetric matrix, satisfying (z, Byz) > 0 for any = # 0.
Now, we have

B 0

Q'BQ =B = )
0 B

) (5.17)
where (z, Bijz) < 0 and (z, Bypz) > 0 for any = # 0. Equation (5.17) can be written as

B = QTBQ.
Then

(z,Bzx) = 2T Bx = 2TQTBQxz = (Qz, BQx)
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T
for x € R™. We choose z, so that Qz = (y 0) . Then

~ By 0 N
(z, Bx) = (Qz, BQz) = (y 0) i = (y, Buy) < 0
0 By 0
for any y # 0. Thus (z, Bz) < 0 for some x # 0 which means that B is not positive definite. O

The above result can be strengthened with this example.

Example 5.1.8. The result of Theorem 5.1.6 above only works when the matrix P is hyperbolic. Let

20
P = , a non-hyperbolic matrix. We want to solve for a real symmetric matrix B the Liapunov
01
equation
PT'BP-B=-C,
. .. . . ci1 C12 b1 b
where C is a positive definite matrix. Let C' = and B = . Then
C21 C22 b b
PTRP — 2 0 bi1 b 2 0 _ 2b11 20 2 0 _ 4b11 20 ’
0 1 b by 0 1 b b 0 1 20 bao
4b 2b b b 3b11 b c11 ¢
PTRp— B — 11 [t _ 11 _ [ e
2b 522 b b22 b 0 C21 C22

Hence c9o = 0 which, from Sylvester’s criterion, contradicts C' being a positive definite matrix.

Theorem 5.1.9 ([4], page 226). Let P be a hyperbolic matriz. If p(P) > 1, then the equilibrium of
(5.2) is unstable.

Proof. If p(P) > 1 then, from Corollary 5.1.7, there exists a real symmetric matrix B satisfying
(y, By) < 0 for some 0 # y such that
PTBP - B=-C, (5.18)

for some symmetric and positive definite matrix C. Let V(y) = (y, By). Then V(0) = 0. Relatively to
(5.2), we have

AV (y(t) = V(y(t+1)) = V(y@t) = (y(t + 1), By(t + 1)) — (y(t), By(t))
=y(t +1)"By(t +1) — y(1)" By(t)

= (Py(t) + gly()" B(Py(t) + g(y(t))) — y(t) " B(t)y(t).

65



Thus
AV(y) = (y"P"B+g(y)"B) (Py +g(y)) —y" By

which implies that
AV (y) = y" P"BPy + g(y)" BPy + y" P' Bg(y) + g(y)" Bg(y) — y" By

=y"'PTBPy — y" By + g(y)" BPy +y" P"Bg(y) + g(y)" By(y)

=y (P'BP — B) y+g(y)" BPy + y" P'Bg(y) + 9(y)" Bg(y).
Substituting the value of C' from (5.18) implies that
AV (y) = —y"Cy + g(y)" BPy + y" P* Bg(y) + V(9(y)).

Now, from (5.8), we have

)‘mmHyH% < yTC?/

for all y # 0, where 0 < Apin € 0(C) such that Apiy < A for any A € o(C). From Theorem 2.1.3, for

any norm || - || there exists v > 0 such that
ylyll* < Aminllyllz < y' Cy

for all y # 0. Hence
—y"Cy < —4yy|I?

for all y # 0. Since

i MW _ 0.
lvl=o0 [ly]
for any € > 0, there exists § > 0 such that ||y|| < ¢ implies that % < €. Hence ||g(y)| < €lly||. Thus
l9(w)" BPy| < llg@) T IIBIIPIIyl < ely™ IIPIIBIIyI < ~llyl%, (5.19)

for some € = ¢; > 0. This occurs because ||P|| and ||B]| are bounded, and || P|| # 0 and || B]| # 0. We
see that || P|| # 0 and || B]| # 0 as follows. We have that ||P|| = 0 if and only if P = 0. Then, p(P) > 1
implies that P # 0. Similarly, (x, Bx) < 0 for some = # 0 implies that B # 0. Next,

ly" PTBa(y)l < ly" NPT NIBINgW) < elly HIPTHIBIlyl < ~llyll?

for some € = €1 > 0. Hence

ly" P Bg(y)| < ~lly|?,
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which implies that

—llyl? < y" PTBg(y) < ~|ly|*.

Similarly, from (5.19) we have
ly" P"By(y)l < vllyll*,

then

—llyl? < y" PTBg(y) < ~|ly|*

Moreover,

V(g = la@)" Bgw)l < lla)" MIBllla)ll < Elyl*IBI < vyl

for some € = €5 > 0. Hence

—lyl* < Vigw) < lyl*

Thus for € = min{ey, 2}, we have that

AV (y) = —y"Cy+ g(y)" BPy +y" P"Bg(y) + V(9(y))

< —49[lyl? + 3v|lyl* = —|lyl?

for all ||y|| < 0 and some 7 > 0. Therefore, AV (y) < 0 for 0 # y € B(9) for some § > 0 and V(0) = 0.
Moreover, P is hyperbolic and p(P) > 1 implies that V(y) = y? By < 0 for some vectors y # 0
(Corollary 5.1.7). Let {¢;} be a sequence of scalars such that ¢; — 0 as i — oo. Define a; = €y
such that V(y) = y' By < 0, then V(a;) = V(ey) = €2y? By = €2V (y) < 0. Thus {a;} is a sequence
of vectors with V' (a;) < 0 such that a; — 0 as i@ — oo. Then, from Theorem 5.1.2, the extinction

equilibrium is unstable. ]

Theorem 5.1.10 ([3], page 155). If p(P) < 1, then the equilibrium of (5.2) is asymptotically stable.

Proof. From (5.4), we have that (5.2) has a unique forward solution

Pty® + S0 Pt lg(y(i) te T[1,+00),
y(t) =
y° t=0.

Let p(P) < < 1 and A = n7!P, then p(A) = p(n~'P) = max{|\| : A € a(n~'P)} so p(A) =
p(n~tP) = |n~Yp(P) = n=1p(P) < 1. Then, from Proposition 2.3.7, A® — 0 as t — oco. By the
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definition of convergence in a normed space, we have that A® — 0 as ¢t — oo if and only if || A|| — 0.

Hence ||A!|| < ¢ for some ¢ € R. Then ||P!|| < cnt. Then, for all t € I [T + 1, +cc), we have

t—1 t—1
ly@)ll = || P + > P gy@) || < [P0 + 11D P a(()|
1=0 1=0
t—1 t—1
<[P+ S IP= gl < ent 01+ 3 en' = lg(y(@)lI-
i=0 =0

Let ¢ = max{1, c}. We have
i M@l

—0.
lyl—0 [yl

Let

¢ — %(1 _ ). (5.20)

We can find 6 > 0 such that for all y € B(J) we have

lg()Il < ellyll-

So, as long as y(t) € B(d) for t € I|T + 1,4+00), we have

t—1
ly@)II < ' llyll+ D n' = elly (@l
=0

which implies
t—1

0 ly@I < g+ D e ly(@)])-
=0

If we let z(t) = n7t|y(t)]], then
t—1
2(t) < 90| + Z dntez(i).
i=0

If we denote m = ¢/||y°||, k(i) = ¢n~Le for any i then, from Lemma 5.1.11 below, we have

as long as z(t) < n~t4. That is,
t—1
2 <N+ nte).
=0

Since

~
|
—_

(L+cdnte)=0+nte) (1+cnte)=(1+ c’n_le)t ,

s
Il
=)
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we have

2(t) <y (14 nte)

Substituting z(t) = n~*||ly(¢)|| back, we get

— _ t
O < Il (1 +nle),

which implies
t
ly®l < ¢l (1+ )"
Substituting the value of € from (5.20), we have

I—n 2n+1-n n+1

1
2 2 2 <

1
(n+ce) :77+c’2—cl(1—77):?7+

because n < 1. Therefore,

ool <1l (5 ) (5:21)

as long as y(t) € B(4.) By choosing [3°|| < min{d, g} we have, by induction, that y(t) € B(d) and
hence (5.21) holds for all ¢t € I [T+ 1, +00) . It follows that the equilibrium of (5.2) is asymptotically
stable. 0

Lemma 5.1.11 ([3], page 154). Let 0 < k(i) € R for i =0,1,2,..., 2(0) < m (with m > 0) and

t—1
2(t) Sm+ Y k(i)z(i),  tel[l,+00), (5.22)
1=0
then .
2t) <m ][+ k@)  teI[l,+o00). (5.23)
=0

Proof. Let 0 < u(0) =m and let
t—1
0<u(t)=m+Y k(iu(i), telll,+o0).
=0

Then, for all t € I]0,+00) we have

t

t—1
u(t+1) =m+ Y k@ui) =m+>_ k@)ul(i) + k)u(t) = u(t) + kt)u(t) = (1 + k(t)u(t). (5.24)
=0 =0

Att=0
u(1l) = (1 4+ £(0))u(0) = m(1 + k(0)).
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Att=1

1
u(2)=(14+k(1)u(l) =1+ k(1))(1+ £(0))m = mH(l + k(7).
i=0

If we assume that at ¢ we have u(t) = m [[.Zg(1 + k(i)), then at ¢ + 1 we have

|
—

u(t+1) = (14 k(t)u(t) = m(1 + k() [ [+ k(@) = m [ [ (1 + k(i)

=0 =0
It follows by induction that for all ¢ € I[1,+00) we have
t—1
u(t) =m [ [ +k(i). (5.25)
=0

Now, we recall that z(0) < m = u(0). From (5.22) and (5.25), at t = 1 we have that z(1) =m <m =

u(1). We assume that at ¢t we have

t—1 t—1
z(t) <m+ Z k(i)z(i) <m+ Z k(i)u(i) = u(t)
i=0 i=0

Then at ¢ + 1 we have

t—1 t—1 t—1
u(t+1) = (14 k@) u(t) > (14 k(t)) (m +) k(i)z(i)) = <m + mk(t) + Z k(i)2(6) + k(t) ) k(i)z(i))

= 1=0 1=0
t—1 t—1 -1
= <m + > k(i)2(i) + k(t) <m +)° k(z’)z(i))) > <m + ) k(i)2(i) + k(t)z(t)>
=0 =0 1=0
=m+ Y k(i)z(i) > z(t+1).
=0
This is correct for all ¢ € I[0,+00). Thus, (5.23) is obtained. O
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5.2 Long time behaviour of population models

We recall the nonlinear autonomous model (1.4),

(5.26)
z(0) = z°
where 29 = [x?]lggm and P(x) = [pij(x)]1<i j<m- Let
[P(x)z]x
P | 1P
[P(z)x]m
The Jacobian of P(x)x is
oo [P(@)z] & [P(a)ah go—[P(x)z]:
D (P(a)a) = ail[P:(xWb 522[1’:(1»‘)75]2 o [P(@)a]
Hence
[(%P(m)) x + P(x)e1] . K%P(az)) x + P(«T)€2:| [(%P(QTD T+ P(x)em} N
B a%113(50) x + P(x)ey 8%213(33) xz+ P(x)ey %P(DU) x4+ P(x)en
D (P(x)z) = - : . i
(& P@) =+ P(a;)el}m (& P@) o+ P(x)ez}m (2 P@) o+ P(w)em}m
where e; = (1 0 (J)T ey = <0 1 O)T ..... em = (0 0 1>T
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Thus

[P(z)ei],  [P(x)ea], [P(z)em]y
n [P(x.)el]Q [P(af‘)@]z [P(w?emb
[P(z)erl,, [P(x)el,, [P(z)eml,y,
Let P(z) = | PY(z) P2%(z) --- P™(x) |, where P(z) denotes the ith column of P(z) for i =

1,2,...,m. Then P(z)e; = P'(x) for i = 1,2,...,m, implies that

[P(z)ei];  [P(x)ez]; [P(x)em]y [PH()],  [P*@)], [P ()],

P(x)eily [P(x)e2)s P(x)em)y P1x2 P2x2 P™(x)l,

[P(z)ei], [P(x)es] [P(z)em] :[()] [P?(x)] [P ()] _ Pla)

[P(z)ed],, [P(x)es],, -+ [P(x)em], [Pl(z)],, [P*(@)], - [P™(@)],
Therefore,

D (P(x)zx) = P(x) + [<8iP(x)) a:] :
where [(%P(m)) ZE] is the matrix whose i" column is (%P(m)) x. Hence, the Jacobian D (P(z)x)
at x = 0 is P(0). Thus, the linearization of P(x)z about z =0 is

P(z)x = P(0)x + g(x),

with
lg(@)[l

lzll—0 |z

Therefore, the problem (5.26) close to the extinction equilibrium = = 0 can be written as

2(t) = P(0)z(t) + g(=(1)),

z(0) = 29,
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Denote p(t) = ||=(t)||1 to the total population at time ¢. We make a biologically meaningful assumption
that the initial density of a population z° > 0. From Lemma (3.1.1), in order to get a non-negative
solution x(t) > 0, we must have P(z) > 0. Under the assumption that the matrix P(z) is deleterious
at all density levels; that is, 0 < P(z) < P(0) for all z € R, it follows that 0 < x < y implies that
0 < P(z)x < P(0)x < P(0)y. Then

0 < P(x(t))z(t) < P(0)x(t) (5.27)
for all t € 1[0, +00). We denote by y(t) the solution of the initial value problem,

y(t+1) = P0)y(t),

y(0) = a°,

(5.28)

for t € I[0,+00). Then at t = 0 we have that y(1) = P(0)y(0) = P(0)2". Hence, from (5.27), it
follows that (1) = P(2?)2? < P(0)z" = P(0)y(0) = y(1). Thus

z(1) < y(1). (5.29)

At t =1, we have y(2) = P(0)y(1). Then from (5.27) and (5.29), it follows that z(2) = P(z(1))z(1) <
P(0)z(1) < P(0)y(1) = y(2). Thus
£(2) < y(2). (5.30)

If we assume that at t — 1 we have

then, from (5.27), at t we have y(t) = P(0)y(t —1) > P(0)z(t — 1) > P(x(t —1))z(t — 1) = x(¢t). Thus

Hence, by induction, we have that

z(t) < y(t) (5.32)

for all ¢ € I[0,+00). We make a mathematical assumption that P(0) is an irreducible, primitive
and hyperbolic matrix. Denote r = p(P(0)). If » < 1, then from Theorem 5.1.10 the equilibrium
x = 0 of (5.26) is asymptotically stable. Moreover, from Theorem 4.1.2, we have that ||y(¢)||1 tends
exponentially to 0 as t — +o00. Consequently, from (5.32), p(¢t) = ||z(t)||1 — 0 as ¢ — oco. Thus, we

have global extinction of the population. If » > 1, from Theorem 5.1.9, we have that x = 0 is unstable.
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Conclusion

In this work we study matrix models of population theory. In order to fully understand the evolution
of such models, we study the theory of general matrices from spectral theory point of view and provide
an overview of their properties. Thus, we study the Jordan forms of general matrices and use them
to show the limit behaviour of a matrix (Proposition 2.3.7 and Theorem 2.3.9). We study the Perron-
Frobenius type theorems for both positive and irreducible matrices regarding their spectral properties
and provide detail of their proofs. We use these theorems to investigate the asymptotic behaviour of
linear autonomous models arising in structured population following [3]. They consider diagonalizable
matrices and they find that while the total population may increase or decrease depending on the
spectral radius of the associated matrix, there is a proportion of individuals in each class stabilizes as
time increase. In this thesis, we generalize their work to any matrix whether it is diagonalizable or
not. We study stability of a hyperbolic equilibrium of a general nonlinear autonomous model following
[4]. They find that the stability conditions of such equilibrium are determined by the spectral radius
of the associated nonlinear matrix. Finally, we consider a general nonlinear autonomous model that
arises in structured population. We assume that the associated nonlinear matrix of this model depends
explicitly on the population density and that this matrix is non-increasing at all density levels. We

investigate the stability of a hyperbolic extinction equilibrium of this model.
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