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Abstract

In this thesis, we study the fixed point approach for solving optimization problems in real
Hilbert, Banach and Hadamard spaces. These optimization problems include the vari-
ational inequality problem, split variational inequality problem, generalized variational
inequality problem, split equality problem, monotone inclusion problem, split monotone
inclusion problem, minimization problem, split equilibrium problem, among others. We
consider some interesting classes of mappings such as the nonexpansive semigroup in real
Hilbert spaces, strict pseudo-contractive mapping in real Hilbert spaces and 2-uniformly
convex real Banach spaces, nonexpansive mapping between a Hilbert space and a Banach
space, and quasi-pseudocontractive mapping in Hilbert spaces and Hadamard spaces. We
introduce several iterative schemes for approximating the solutions of the various aforemen-
tioned optimization problems and fixed point problems and prove their convergence results.
We adopt and implement several inertial methods such as the inertial-viscosity-type algo-
rithm, relaxed inertial subgradient extragradient, modified inertial forward-backward split-
ting algorithm viscosity method, among others. Furthermore, we present several novel and
practical applications of our results to solve other optimization problems, image restora-
tion problem, among others. Finally we present several numerical examples in comparison
with some results in the literature to illustrate the applicability of our proposed methods.

vi
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CHAPTER 1

General Introduction

1.1 Background of study

Optimization theory has shown to be a very important research area with numerous ap-
plications in various fields. This is because many problems arising from these fields can
be modeled as optimization problems. Optimization problems include; the variational
inequality problem (VIP), split variational inequality problem (SVIP), generalized vari-
ational inequality problem (GVIP), variational inclusion problem (V,IP), split monotone
variational inclusion problem (SMV,IP), split equality problem (SE,p), split equilibrium
problem (SEP), minimization problem (MP), among others. These optimization problems
can be transformed into a fixed point problem (FPP) of a suitable nonlinear mapping.
The fixed point problem is defined as follows:

Find 2" € X such that Tz"* = z*, (1.1.1)

where X is a metric space and 7' : X — X is a nonlinear mapping. We denote by F(T")
the fixed point set of T, that is

F(T) = {a" € X : Ta* = 2*}. (1.1.2)

The fixed point method is one of the most effective methods for solving optimization
problems. Fixed point theory is a crucial area of research in nonlinear functional analysis
which has continuously attracted the interest of numerous researchers due to its appli-
cations in various branches of mathematics and other related fields such as economics,
physics, chemistry, biology, dynamical system theory, data science, among others (see
[28, 87, , , , , , , 260] and other references therein).

Poincaré [207] introduced the study of the fixed point theory in 1886. Brouwer [16] in 1912
proved that a continuous mapping on a closed unit ball in finite dimensional space has

1



a fixed point. Birkoff and Kellog [12] extended the result of Brouwer [1(] to the infinite
dimensional space.

The fixed points of nonlinear mappings are difficult and sometimes impossible to obtain.
Hence, there is a need to study and develop iterative schemes to approximate the fixed
points of nonlinear mappings. In 1922, Banach [38] proved the famous Banach contraction
principle which is also known as the Banach fixed point theorem. He proved that a
contraction mapping 7' defined on a complete metric space X has a unique fixed point.
Furthermore, he proved that for any starting point xq € X, the sequence defined by the
Picard iteration

Tpi1 = Ty, n>1, (1.1.3)

converges to the unique fixed point. The Banach fixed point theorem guarantees the exis-
tence and uniqueness of fixed points of certain self mappings. This has made it one of the
main foundations of the theory of metric fixed points. However, for classes of mappings
that are more general than the class of contraction mappings, the Banach contraction
principle may fail to hold. Several examples in literature have shown that for a nonex-
pansive mapping T, the sequence generated by the Picard iteration (1.1.3) may fail to
converge even when the fixed point exists. To overcome this limitation, several authors
have studied and proposed iterative methods for approximating fixed points of mappings
that are more general that the contraction mapping. The Mann iterative method pro-
posed by Mann [171] is a more general iterative formula for approximating fixed points of
nonlinear mappings. The Mann iteration generates a sequence {x,} as follows:

Tpr1 = (1 —ap)ry +a,Tr,, neN and z; € H, (1.1.4)

[e.e]

o, is a sequence in (0,1) and H is a real Hilbert space. The Mann iterative

method converges weakly if T' is nonexpansive, nh_)rgo a, = 0 and a, = oo. However,
when 7' is not nonexpansive, the Mann iterative method may failntoo converge to a fixed
point of T" even when the algorithm converges. If {a,} = {A} where \ is a positive
real number, then (1.1.4) reduces to the Kransnoselskii iterative method proposed by
Kransnoselskii [157], and if {a,} = 1, then (1.1.4) reduces to (1.1.3). In 1974, Ishikawa
[127] introduced a generalization of the Mann iterative method for approximating fixed
points of pseudocontractive mappings in Hilbert spaces. Ishikawa called this generalization
the Ishikawa method and defined it as follows:

where {a,}

Tpr1 = (1 —ap)xy + a,T[(1 — bp)xy + b, Ty, n € N and x; € H, (1.1.5)

where {a,}°°; and {b,}5%, are sequences in [0, 1]. Writing (1.1.5) in a system form, we
have

(1.1.6)

Tp1 = (1 - an)xn + anTyna n e N,

which implies that the Ishikawa iteration can be seen as a double Mann iteration and it
reduces to Mann iteration when b,, = 0.



Agarwal et al. [2] introduced and studied the following S-iteration method defined as
follows:

Tpi1 = (1 —an)Tx, + a,T[(1 — b))z, +0,T2x,], neNandz €H, (1.1.7)

where {a,}>°, and {b,}>°, are sequences in (0, 1). It is well known that (1.1.7) has better
convergence properties than (1.1.4) and (1.1.5) (see [3]).

We note that (1.1.4), (1.1.5) and (1.1.7) only generates sequences that converge weakly.
However, strong convergence are more desirable than the weak convergence in infinite
dimensional space. In an attempt to obtain strong convergence results, Halpern [I17]
introduced the Halpern iterative method which converges strongly to a fixed point of a
nonexpansive mapping in real Hilbert spaces. Halpern [117] defined it as follows;

Tpr1 = opu+ (1 —a,)Tx,, for neN, (1.1.8)

where {a,,} C [0,1] and u,z; € H. The Halpern iterative method was generalized to the
viscosity iterative method by Moudafi [181]. The viscosity iterative method is defined as
follows:

Tpi1 = auf(zn) + (1 — )Tz, for néeN, (1.1.9)

where {a,} C [0,1] and f is a contraction mapping on H.

The implicit midpoint rule is an important method for solving Ordinary Differential Equa-
tions (ODEs) because of its ability to eliminate stability errors of systems of ODEs (see
(32, , 220] and other references therein). For an initial value problem of the ODE

x (t) = f(z(t), =(0) = o, (1.1.10)
the implicit midpoint rule is a recursion procedure that generates the sequence {x,} by
Tpi1 = Ty + hf (%) n>0, (1.1.11)

where h > 0 is a stepsize and f : RV — R¥ is a continuous function. It is known that
if f is Lipschitz continuous and sufficiently smooth, then the sequence {z,} converges to
an exact solution of (1.1.10) as h — 0 uniformly over u € [0, u] for any fixed point u. In
2015, Xu et. al. [263] combined (1.1.9) and (1.1.11) for nonexpansive mappings in Hilbert
spaces and proposed a viscosity implicit midpoint rule defined as follows:

st = anf(@n) + (1 — )T (%) . n>0, (1.1.12)

where xg is an arbitrary point in the domain of T', f is a contraction on ‘H and {«,} € [0, 1].
They proved that the sequence generated converge strongly under some suitable conditions
to a fixed point of the nonexpansive mapping which is also a solution of a variational
inequality. It is well known that (1.1.9) and (1.1.12) converge faster than (1.1.8) (see

[263]).



Over the years, several researchers have studied these iterative methods (1.1.4)-(1.1.12)

and their modifications for approximating fixed points of several nonlinear mappings and

solutions of optimization problems in Hilbert, Banach and Hadamard spaces (see [5, 0, 23,
, 51, 74, , , , , ] and other references therein).

In this thesis, we study the VIP, V,IP, SE P, SEP, MP, FPP and other related optimiza-
tion problems in the frameworks of Hilbert, Banach and Hadamard spaces. We present
several effective iterative methods for approximating the solutions of these problems. Fur-
thermore, we analyze the convergence results of our proposed methods. Finally, we give
where necessary some applications of our results and present numerical examples to show
the applicability of our methods.

1.2 Research problems and motivation

In this section, we discuss the research problems and motivation for the study.

1.2.1 Research problems

In this thesis, we consider the following optimization problems; VIP, SVIP, GVIP, VIP,
SMV,IP, SE,P, SEP, MP and FFP of certain nonlinear mappings in the frameworks of
Hilbert, Banach and Hadamard spaces. A detailed review of these optimization problems
and the spaces under consideration will be given in Chapter 2.

Let C be a nonempty, closed and convex subset of a real Hilbert space H and A: H — H
be an operator. The VIP is defined as follows: Find x € C such that

(Az,y —x) >0, Vy € C. (1.2.1)

We denote the solution set of the problem (1.2.1) by VI(C, A). Many authors have pro-
posed and analyzed several iterative algorithms for solving Problem (1.2.1) (see [9, ],
and references therein). To accelerate the rate of convergence of these iterative algorithms,
authors often employ the inertial technique. Polyak [208] studied the convergence of the
following inertial extrapolation algorithm

Tpy1 = Tp + Bn(xn - xn71> — ap,Ax,, Yn >0,

where {a,, } and {f,} are two real sequences. Recently, there has been an increased interest
in studying inertial type algorithm (see [5, 7, 8, 27, 10, 90, | and other references
therein). On the other hand, the relaxation technique has also proven to be an essential
ingredient in the resolution of optimization problems due to the improved convergence
rate that it contributes to iterative schemes.

In this work, we propose and study new inertial viscosity Tseng’s extragradient algorithms
with self-adaptive step size for solving the VIP and the FPP in Hilbert spaces. Our main
aim is to find a common solution of the VIP (1.2.1) and the FPP (1.1.1) for an infinite
family of strict pseudo-contraction mappings 7. That is, find a point 2* € C such that

v €T =VIC, A)[NZ,F(T). (1.2.2)



Furthermore, we present and study two new relaxed inertial subgradient extragradient
methods for solving quasimonotone VIPs in a real Hilbert space. Also, we present a new
inertial Tseng’s extragradient method with self-adaptive step size for approximating the
minimum-norm solutions of the quasimonotone VIP and FPP of a quasi-pseudocontractive
mapping 7" in the framework of Hilbert space. That is, the problem of finding a point
x* € C such that

v €T =VIC, A)[)F(T). (1.2.3)

The VIP (1.2.1) was later generalized to the following SVIP: Find x € C such that
(Az,y —x) >0, YyeC, (1.2.4)
and z = Tz € Q solves
(Fz,u—2z) >0, YueQ, (1.2.5)

where C and Q are nonempty, closed and convex subsets of real Hilbert spaces H; and
‘Ho, respectively, A : Hy — Hq, F' : Hy — Ho are two operators and T : Hy — Hs is a
bounded linear operator.

To study the SVIP, we present two new relaxed methods with inertial steps and two new
inertial methods for solving the SVIP in real Hilbert spaces without any product space
transformation, and for which the underlying operators are freed from the restrictive co-
coercive assumption. Furthermore, we propose two new inertial projection and contraction
methods for solving the SVIPs in real Hilbert spaces without the co-coercive condition and
without the product space formulation, which does not fully exploit the attractive splitting
structure of the SVIP. Also, we study an inertial viscosity-type method for solving a more
generalized VIP (GVIP) in Hilbert spaces which is defined as follows: Find = € C such
that

<A$,y — a:> >0, YyeC and Tz € F(T), (1.2.6)

where 7 is a bounded linear operator and F(T) is as defined in (1.1.2).
Furthermore, we consider the split equalities of EP, VIP and FPP.

Let C be a nonempty, closed and convex subset of a real Hilbert space H and ® : CxC — R
be a bifunction. The EP is defined as follows: Find = € C such that

O(z,y) >0,V yel. (1.2.7)

The solution set of the Problem (1.2.7) is denoted by EP(®).

Let Hq,Ho and Hs be real Hilbert spaces. Let C,Q be nonempty, closed and convex
subsets of H; and Hs, respectively. Let F; : Hy — Hsz and Fs : Ho — Hz be bounded
linear operators. The SE P is defined as follows:

Find z € C and y € Q such that Fiz = Fuy. (1.2.8)



We denote the solution set of (1.2.8) by

Qspp = {(‘Tay) €eCxQ|Fzx :-7:29}'

In this study, we present an inertial Tseng’s algorithm for approximating the common
solution of split equalities of EP, VIP and FPP in Hilbert spaces. That is, find a point

(z,y) €T = {x € EP(®)NVIC, A)NF(T,), y€ EP(®)NVI(Q,B)NF(Ty) : Fix =
fgy}, where T, and 7, are one-parameter nonexpansive semigroups and F(7,), F/(T,) are
as defined in (1.1.2).

The next optimization problems considered in this thesis are the V,IP and the SEP.
Let H be a real Hilbert space and B : H — H be an operator. The V,IP is defined as:
Find z* € H such that

0 € (B+ D)z, (1.2.9)
where D : H — 2" is a multivalued operator. The solution set of the Problem (1.2.9) is
called the set of zero points of (B + D) and it is denoted by (B + D)~*(0).

Let C, Q be nonempty subsets of Hi, Ha, respectively, and F} : CxC - R, F5: QxQ — R
be bifunctions. Let 7 : H; — Hs be a bounded linear operator. The SEP is defined as
follows: Find x € C such that

Fi(z,z2*)>0,Vx el (1.2.10)
and such that
y =Tz € Qsolves F5(y,y*), Vy* € Q. (1.2.11)

The solution set of SEP (1.2.10)-(1.2.11) is denoted by 2 = {z € EP(F}): Tz € EP(F,)}.
In this study, we propose a modified inertial forward-backward splitting algorithm with
self-adaptive step size for approximating the common solution of the V,IP (1.2.9) and SEP
(1.2.10)-(1.2.11) in Hilbert spaces. That is, find a point z* € C such that

2* €Tl = (B+ D) *0)NnKN. (1.2.12)

Next, we extend the study of the VIP (1.2.1) from the framework of Hilbert spaces to the
framework of Banach spaces. We propose an inertial subgradient extragradient algorithm
with Armijo type step-size for solving the VIP in a 2-uniformly convex real Banach space.

The V,IP was later generalized to the SMV,IP formulated as follows:

Find a* € Hy, such that 0 € By(x*)+ Di(x*),
and (1.2.13)
y* = Taz* € Hy such that 0 € By(y*) + Dao(y*),

where D; : Hy — 27 and Dy : Hy — 272 are multivalued maximal monotone mappings,
By : Hi — Hi ,By : Hi — Ho are operators and T : H; — Ho is a bounded linear
operator.



In this study, we propose a new inertial iterative algorithm with self-adaptive step size for
approximating a common solution of finite family of SMV,IPs (1.2.13) and FPP (1.1.1)
of a nonexpansive mapping between a Banach space and Hilbert space. That is,

Find 2 € H such that 0 € (](BZ + D;)x*, Tax* =a*; (1.2.14)

i=1
and

y* = Ta* such that 0 € ﬂ Ciy™, (1.2.15)
i=1
where B; : H — H is a finite family of a;-inversely strongly monotone operators, D; :
H — 2" and C; : X — 2% are finite families of maximal monotone operators for each
1=1,2,... m, T :H — H is a nonexpansive mapping and 7 : H — X is a bounded linear
operator.

We denote the solution set of Problem (1.2.14)-(1.2.15) by

r:.= ﬁ(Bi + D)7 0) N ﬁ T HC;'0) N F(T).

=1

Finally, we consider the MP in the framework of Hadamard spaces.

Let X be a metric space and f : X — (—o00, 00| be a proper and convex function. One of
the major and interesting problems in optimization is the problem of finding minimizers

of f. That is, find x € X such that
f(z) = min f(y). (1.2.16)

yeX
We study two new proximal point methods. Using the first method, we find a common
solution of a finite family of MPs and FPP for a finite family of quasi-pseudocontractive
mappings and using the second method, we find a common zero of a finite family of
multivalued monotone operators which is also a common fixed point of a finite family
of quasi-pseudocontractive mappings in an Hadamard space. Furthermore, we propose a
generalized viscosity implicit rule for finding a common solution of a finite family of MPs
and FPP for a finite family of quasi-pseudocontractive mappings in an Hadamard space.

1.2.2 Motivation
The motivation for our study will be discussed under the following headings:

(a) Variational inequality and fixed point problems in real Hilbert spaces

The VIP (1.2.1) has received a lot of research attention due to its wide range of ap-
plications in diverse fields (see, for example [5, 14, , , , , , , 235]
and the references therein). Several authors have proposed and studied iterative
methods for solving the VIPs (see [, 9, , , , , , | and other ref-
erences therein). The problem of finding the common solution of a VIP and FPP is
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motivated by the application it has in mathematical models whose constraints can
be expressed as VIPs and FPPs. In particular, such a common solution problem has
application in image recovery, signal processing, among others (see [120, | and
other references therein). Recently, Nadeshkina and Takahashi [185] introduced an
algorithm for finding a common solution of the FPP for a nonexpansive mapping
and the VIP. They proved that the sequence generated by their proposed algorithm
converges weakly to an element in the solution set of the problem under consider-
ation. Since the strong convergence are more desirable than the weak convergence
in infinite dimensional space, there is need to develop iterative methods that guar-
antees strong convergence. Also, since the pseudo-contractive mappings are more
general than the nonexpansive mappings, we study the monotone VIP and FPP for
a pseudo-contractive mapping in the real Hilbert space and introduce inertial itera-
tive methods for approximating a common solution of the problem. We prove that
our proposed method converges strongly to a point in the solution set. Considering
the fact that the quasimonotone VIPs are more general than the monotone VIPs,
we study the quasimonotone VIP in a real Hilbert space and introduce inertial and
relaxed subgradient extragradient methods for solving the problem. We prove that
the sequence generated by our proposed method converges weakly to the solution
of the problem. Furthermore, we introduce an effective iterative method for finding
a common solution of the quasimonotone VIP and FPP of quasi-pseudocontractive
mappings in a real Hilbert space and prove that the sequence generated by our pro-
posed method converge strongly to a point in the solution set of the aforementioned
problem. Our results extend and generalize some existing results in the literature.

Split variational inequality problems in real Hilbert spaces

The SVIP which can also be viewed as a combination of the classical VIP and the
split feasibility problem (SFP) (introduced and studied by Censor et al. [57]) was
introduced and studied by Censor et al. [(1]. The first known results for SVIP is
due to Censor et al. [63] (see also [61]). They studied the SVIP when the operators
are monotone and Lipschitz continuous, by first transforming the problem into an
equivalent Constrained VIP (CVIP) in the product space H; x Ha (see [63, Section
4]) and then employed the well-known subgradient extragradient method to solve it.
To improve this result, Tian and Jiang [213] introduced a new class of SVIP which
generalizes the class of SVIP considered by Censor et al. [63]. They proposed an
algorithm for approximating a solution of the new class of SVIP and also proved the
weak convergence of this algorithm when the mapping is nonexpansive and the cost
operator is monotone and Lipschitz continuous. Motivated by the works of Cen-
sor et al. [03], Tian and Jiang [213] and other works in this direction, we propose
two new relaxed inertial methods for solving the SVIP without any product space
transformation where the underlying operator is monotone and Lipschitz continuous.
Furthermore, we present two new methods with inertial steps for solving the SVIP
in real Hilbert spaces without any product space formulation when the cost oper-
ators are pseudomonotone and Lipschitz continuous. We prove that the sequences
generated by these methods converge strongly to a minimum-norm solution of the
problem. We further propose two new inertial projection and contraction methods
for solving the SVIPs in real Hilbert spaces without the co-coercive condition and



without the product space formulation. Also, we propose a viscosity-type iterative
method and prove its strong convergence to a solution of the GVIP in real Hilbert
spaces. Our results extend and generalize some existing results in the literature.

Split equalities variational inclusion, split equilibrium and fixed point
problems in real Hilbert spaces

The problem of finding a common solution of the split equalities of EP, VIP and
FPP of nonexpansive semigroups has applications to many nonlinear problems. Re-
cently, Latif and Eslamian [159] studied and introduced a new algorithm for finding
a common element of split equalities of EP, monotone VIP with Lipschitz operator
and fixed point problem of nonexpansive semigroups satisfying the uniformly asymp-
totically regularity (u.a.r) condition in Hilbert spaces. Motivated by this result and
other results in the literature, we propose and study an inertial Tseng’s extragra-
dient algorithm for the SE,P for finding a common element of solution of the EP,
non-Lipschitz pseudomonotone VIP and common fixed point of nonexpansive semi-
groups without the u.a.r condition. The problem of finding a common solution of
the monotone V,IP and SEP has possible applications to many nonlinear problems
and mathematical models whose constraints can be expressed as V,IPs and SEPs.
Very recently, Cholamjiak et al. [31] proposed a modified inertial forward-backward
splitting method for solving the SEP and the inverse strongly monotone V,IP. Moti-
vated by this, we propose a modified inertial forward-backward splitting algorithm
with self-adaptive step sizes for approximating the solution of the aforementioned
problem in Hilbert spaces without the inverse strongly monotone condition. Our
result extend and generalize some existing results in the literature.

Variational inequality, variational inclusion and fixed point problems in
Banach spaces

It is well-known that many real life problems are generally defined in Banach spaces
than Hilbert spaces, therefore there is need to extend the study of these optimization
problems from Hilbert spaces to Banach spaces. Recently, Tan et al. [210] proposed
an inertial iterative method for solving the VIP (1.2.1) in a real Hilbert space.
Motivated by the work of Tan et al. [2410], we propose and study an efficient method
for solving the VIP (1.2.1) in a 2-uniformly convex real Banach space. The problem
of finding the common solution of the SMV,IP and FPP has possible applications
to many nonlinear problems and mathematical models whose constraints can be
expressed as SMV,IPs and FPPs. Motivated by this and the ongoing research
activities in this direction, we propose and study a new inertial iterative algorithm
with self-adaptive step size for approximating a common solution of finite family of
SMV,IP and FPP for a nonexpansive mapping between a Banach space and Hilbert
space.

Minimization and fixed point problems in Hadamard spaces

The Hadamard space is an analogue of the Hilbert space with related geometry in
the setting of the nonlinear space. Many results related to optimization problems
have more applications in Hadamard spaces than in Hilbert spaces. This is due to



the fact that the classical results on optimization and FPP in Hadamard spaces oc-
cur naturally in Hilbert spaces but the converse may not be true. This motivates the
need to extend the results on optimization and FPP from the Hilbert and Banach
spaces to Hadamard spaces. Just recently, Chang et al. [70] proposed an iterative
algorithm for approximating a common solution of a finite family of MP and FPP
for two demicontractive mappings in Hadamard spaces. Motivated by this, we pro-
pose two new proximal point methods involving quasi-pseudocontractive mappings
in Hadamard spaces. Inspired by the viscosity technique, we propose a generalized
viscosity implicit rule for approximating the common solution of a finite family of
MPs and FPP for a finite family of quasi-pseudocontractive mapping in Hadamard
spaces.

1.3 Objectives

The objectives we aim to achieve at the end of this study are:

(i)

to introduce and study iterative algorithms for approximating the common solutions
of VIPs and FPPs in Hilbert spaces;

to introduce efficient inertial and relaxed algorithms for approximating the solution
of the VIP without any form of monotonicity in a real Hilbert space;

to introduce iterative algorithms for approximating the solution of the SVIP without
any product space formation in real Hilbert spaces;

to introduce an efficient algorithm for approximating the solution of the GVIP in a
real Hilbert space;

to introduce an effective iterative algorithm for approximating the common solution
of the split equalities of VIP, EP and FPP in real Hilbert spaces;

to introduce an iterative algorithm with self-adaptive step-size for approximating
the common solution of the V,IPs and SEPs in real Hilbert spaces;

to generalize the study of the VIPs from the framework of Hilbert space to the frame-
work of Banach space and also introduce an iterative algorithm for approximating
the solution of the VIPs in Banach spaces;

to introduce an iterative algorithm with self-adaptive step-size for approximating a
common solution of finite family of SMV,IPs and FPPs of a nonexpansive mapping
between a Banach space and Hilbert space;

to introduce the concepts of MPs and FPPs in Hadamard spaces;
to apply the obtained results to solve some optimization problems;

to give some numerical experiments to illustrate the applicability of our proposed
methods and also compare them with some existing methods in the literature.
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1.4 Organization of the thesis

The thesis is organized as follows;

Chapter 1 (General Introduction): In this chapter, we give a brief background study
of our research interest. We discuss the research problems and motivations. Finally, we
state the objectives of the study and give a detailed organization of the thesis.

Chapter 2 (Preliminaries and Literature Review): In this chapter, we recall some
basic definitions, concepts, terms and results that will be needed in our study. Also, we
give a detailed literature review of some important past and recent works that are related
to our study.

Chapter 3 (Results on Variational Inequality and Fixed Point Problems in real
Hilbert Spaces): The main results of this thesis starts in this chapter. The chapter con-
sists of four (4) sections.

In Section 3.1, we give a brief introduction of the study of the chapter.

In Section 3.2, we propose and study new inertial Tseng’s extragradient algorithms with
self-adaptive step size to solve the monotone VIP and FPP in a real Hilbert space. We
prove that the sequences generated by our proposed algorithms converge strongly to the
solution set. We apply our result to solve the zero point problem (ZPP) in Hilbert spaces.
Finally, we present numerical experiments to illustrate the applicability of our proposed
methods and also compare them with some existing methods in the literature.

In Section 3.3, we introduce two new relaxed inertial subgradient extragradient methods
for solving quasimonotone VIPs in a real Hilbert space. We prove that the sequences gen-
erated by our proposed methods converge weakly to a point in the solution set. Finally,
we present numerical experiments to illustrate the applicability of our proposed methods
and also compare them with some existing methods in the literature.

In Section 3.4, we study the quasimonotone VIP with constraint of FPP of a quasi-
pseudocontractive mapping. We propose and study a new inertial Tseng’s extragradient
method with self-adaptive step size for approximating the minimum-norm solutions of
aforementioned problem. Furthermore, we present some numerical experiments for our
proposed method and compare it with other existing methods in the literature. Finally,
we apply our result to image restoration problem.

Chapter 4 (Results on Split Variational Inequality in real Hilbert Spaces): This
chapter consists of four (4) sections.

In Section 4.1, we give a brief introduction of the study of the chapter.

In Section 4.2, we propose two new relaxed inertial methods for solving the SVIP in real
Hilbert spaces without any product space transformation when the cost operator is not
co-coercive. We prove that the sequences generated by our proposed algorithms converge
strongly to a point in the solution set. Finally, we present numerical experiments to illus-
trate the applicability of our proposed methods and also compare them with some existing
methods in the literature.

In Section 4.3, we propose two new methods with inertial steps for solving the SVIP beyond
monotonicity in real Hilbert spaces without any product space formulation. We prove that
the sequences generated by these methods converge strongly to a minimum-norm solution
of the aforementioned problem. Finally, we provide several numerical experiments of the
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proposed methods in comparison with other related methods in literature.

In Section 4.4, we propose two new inertial projection and contraction methods for solv-
ing the SVIP in real Hilbert spaces. The sequences generated by these methods converge
strongly to a point in the solution set of the SVIP in real Hilbert spaces. Furthermore,
we present several numerical experiments for the proposed methods and compare their
performances with other related methods in the literature.

In Section 4.5, we propose a viscosity-type method for solving a GVIP when the cost op-
erator is pseudomonotone in a real Hilbert space. We prove that the sequence generated
by our proposed algorithm converges strongly to the solution set of the GVIP. Finally, we
present numerical experiments to illustrate the applicability of our proposed method and
also compare it with some existing methods in the literature.

Chapter 5 (Results on Split equalities Variational Inclusion and Split Equilib-
rium Problems in real Hilbert Spaces): This chapter consists of three (3) sections.
In Section 5.1, we give a brief introduction of the study of the chapter.

In Section 5.2, we propose an inertial Tseng’s extragradient algorithm with self adaptive
step size for approximating a common solution of the split equalities of EP, non-Lipschitz
pseudomonotone VIP and FPP of nonexpansive semigroups in real Hilbert spaces. We
prove that the sequence generated by our proposed method converges strongly to a point
in the solution set of the problem. Finally, we provide some numerical experiments for the
proposed method in comparison with related methods in literature.

In Section, 5.3, we propose a modified inertial forward-backward splitting algorithm with
self-adaptive step size for approximating a solution of the V,IP and SEP in real Hilbert
spaces. We prove that the sequence generated by our proposed method converges strongly
to a minimum-norm solution of the aforementioned problem. Furthermore, we apply our
result to study certain optimization problems. Finally, we provide some numerical experi-
ments of our proposed method in comparison with other existing methods in the literature.

Chapter 6 (Results on Variational Inequality, Variational Inclusion and Fixed
Point Problems in real Banach Spaces): This chapter consists of three (3) sections.
In Section 6.1, we give a brief introduction of the study of this chapter.

In Section 6.2, we study an inertial subgradient extragraident algorithm with Armijo-type
step size for solving the VIP in a real Banach space. We prove that the sequence generated
by our proposed method converges strongly to a solution of the VIP in a real Banach space.
Finally, we provide some numerical experiments of the proposed method in comparison
with other existing method in literature.

In Section 6.3, we propose and study a new inertial iterative algorithm with self-adaptive
step size for approximating a common solution of finite family of SMV,IP and FPP between
a Hilbert and Banach space. Furthermore, we apply our result to study some optimization
problems. Finally, we provide some numerical experiments to demonstrate the efficiency
of our method in comparison with some well-known methods in the literature.

Chapter 7 (Results on Minimization Problems in Hadamard Spaces): This chap-
ter consists of four (4) sections.

In Section 7.1, we give a brief introduction of the study of the chapter.

In Section 7.2, we prove some lemmas that will be required to establish our main result in
this chapter.
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In Section 7.3, we propose two new proximal point methods involving quasi-pseudocontractive
mappings in an Hadamard space. We prove that the first method converges strongly
to a common solution of a finite family of MP and FPP for a finite family of quasi-
pseudocontractive mappings in an Hadamard space. We extend this method to monotone
inclusion problems (MIPs) and prove that it converges strongly to a common zero of a
finite family of multivalued monotone operator in an Hadamard space. Furthermore, we
provide various nontrival numerical implementations of our methods in Hadamard spaces
and compare them with some other recent methods in the literature.

In Section 7.4, we propose a generalized viscosity implicit rule involving quasi-pseudocontractive
mappings in Hadamard spaces. We obtain a strong convergence result of our algorithm
to the solution set.

Chapter 8 (Conclusion, Contributions to Knowledge and Future Research): In
this chapter, we give a conclusion of our study and also highlight our contributions to
existing knowledge. Furthermore, we discuss possible problems for future research.
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CHAPTER 2

Preliminaries and Literature Review

In this section, we provide some basic definitions, terms, notations and concepts that will
be relevant throughout our study. We also give a comprehensive literature review of some
important past and recent works on optimization and fixed point problem. Furthermore,
we state some important lemmas and results that will be required in establishing the proofs
of our main results.

2.1 Geometric properties of Hilbert spaces

The Hilbert space which is an extension of the concept of Euclidean spaces to infinite
dimensional spaces is known to have the most simplest and clearly discernible geometric
properties. Let C be a nonempty, closed and convex subset of a real Hilbert space H with
norm || - || and inner product (-,-). We will denote the weak and strong convergence of a
sequence {x,} to a point z by x, — x and x, — x, respectively. Also, we denote the set
of weak limits of {z,,} by w,(x,), that is

wy(r,) = {r € H : x,, — x for some subsequence {z,,} of {z,}}.

Some of the geometric properties that characterize Hilbert spaces include: the availability
of the inner product, the fact that the nearest point map of a real Hilbert space ‘H onto a
closed convex subset C of H is Lipschitzian with constant 1 and the following identities:

lz+ylI* = ll2* + llyll* + 2(2, ), (2.1.1)

1Az + (1= Nyll* = Mzl” + (@ = Vllyll* = A1 = Nz -yl (2.1.2)

which hold for z,y € H and A € [0,1]. These geometric characteristics of Hilbert spaces
makes certain problems posed in Hilbert spaces more manageable than those in general
Banach spaces [71].
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2.1.1 Some inequalities that characterize Hilbert spaces

Lemma 2.1.1. [198, | Let H be a real Hilbert space, then the following assertions hold:
(1) 2(z,y) = llz* + lyll* = = = ylI* =l + ylI* = [=* = lyl*, Vo,y € H;
(2) llox + (1 =)yl = aflz]® + (1 = )lyl* — a(l — )]z —y|?, Va,y e H, a €R;
(3) lz =yl < [lzl* + 2(y, z — y), Yo,y €H.
(4) lle +yl? < llzl* +2{y,x + y),V 2,y € H.

Lemma 2.1.2. [15)] For x,y,v,z € H, we have
2z —y,v—2) = [l =zl + lly — ol = lz = v]|* = [ly — 2]~
Also,
lo =y +v =zl = o —yl* + [lv — 2> + 2(x =y, v - 2)
= lz —yl* + o= 2> + [lo = 2l + ly = ol® = llz = v[* — [ly — =[*
2.1.2 Some nonlinear single-valued mappings in Hilbert spaces

Definition 2.1.3. Let ‘H be a real Hilbert space and C be a nonempty closed and convex
subset of H. A mapping T : H — H is said to be

(1) L-Lipschitz if there exists L > 0 such that
[Tz =Tyl < Lljz —yll, ¥V z,yeH;

if L =1, then T is called nonexpansive while T is called a contraction if L € [0,1),

(i1) uniformly continuous, if for every e > 0, there exists § = §(e) > 0, such that

|Tx —Ty|| <e whenever |z —y| <6, Vr,yeH;
(iii) quasi-nonexpansive, if F(T) # 0 and

[Tz —yll < llw—yll, VzeH, and yeF(T);
(iv) firmly nonexpansive, if

1Tz = Ty|* < o —yl* = I(1 - Tz = (I =T)yl*, VayeH

(v) B-demicontractive with 0 < <1, if F(T) # () and

1Tz —ylI* < llz—yl* + BIT = T)2l*, ¥V zeH, yeF(T)
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(vi) k-strictly pseudocontractive, if for 0 < k <1
ITe = Tyl* < |l = yI* + kII(I = T)z = (I =T)y|* V¥ z,yeH. (21.3)
(vii) quasi-pseudocontractive, if F(T) # 0 and
1Tz —y|> < ||z —y||* + || Tz — ||, Vze€H and x¢c F(T);
(viii) n-strongly monotone, if there exists n > 0 such that
(Te —Ty.z—y) Znlle—yl* ¥,y

(ix) n-inverse strongly monotone (n-ism), if there exists n > 0 such that
<T{E — Ty, x— y> >n||Tx —Ty||* V x,y € H;
if n =1, then T is called firmly nonexpansive,
(x) monotone, if
<Tx—Ty,x—y> > 0 Vax,yeH;

(i) pseudo-monotone, if

<T:L',y—x> >0 = <Ty,y—x> >0 Vao,yeH;
(zii) quasimonotone, if

(Ty,z —y) >0 = (Tz,x—y) >0, Vr,y € H,

(ziii) sequentially weakly continuous on H, if for each sequence {x,} C H we have that
{z,} converges weakly to x € H implies that {T'x,} converges weakly to Tx;

(ziv) sequentially weakly-strongly continuous, if for every sequence {x,} that converges
weakly to a point x, the sequence {Tx,} converges strongly to Tz,

(zv) a—averaged, if f = (1—a)l+aT, where a € (0,1) and T : H — H is nonexpansive,

From the above definition, we can deduce that firmly nonexpansive mappings are %—avemged
while averaged mappings are nonexpansive. This implies that every firmly nonexpansive
mapping is nonexpansive. Clearly, the class of quasi-pseudocontractive mappings is more
general and properly contains all the other classes of mappings defined in (iii) — (vi) with
nonempty fized points set. It is also known that every n-inverse strongly monotone mapping
18 %—Lipschitz continuous. Also, if T is n-strongly monotone and L-Lipschitz continuous,
then T is n/L*-ism. Furthermore, both n-strongly monotone and n-inverse strongly mono-
tone mappings are monotone while monotone mappings are pseudo-monotone. We also
observe that monotone implies pseudo-monotone which implies quasi-monotone but the
converses are not always true. Also, observe that uniform continuity is a weaker notion
than Lipschitz continuity.
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Remark 2.1.4. It is well known that if D is a convex subset of H, then T': D — H is
uniformly continuous if and only if, for every e > 0, there exists a constant M < oo such
that

Tz —Ty|| < M||lx —y|| +¢ Va,ye€D. (2.1.4)

Example 2.1.5. Let H = h(R), where L(R) := {z = (z1,72,23,...), 7, e R: > |z]* <
i=1
oo}. Then, the operator A : H — H defined by

A(l’1,l‘2,$3, .. ) = (:vle_z%,(),(), .. )

is pseudomonotone, Lipschitz continuous and sequentially weakly continuous but not
monotone.

Example 2.1.6. [115] Let R denote the real number with the usual norm and C = [0, 2].
Let T : C — C be defined by
1
Tz = (2% +2)
T 3 T+
for all z € C, where t +2 < 3, z € [0,1] and z +2 = 3, z > 1. Clearly F(T) = {1,2}.
Then T is a quasi-nonexpansive mapping but not a nonexpansive mapping.

Example 2.1.7. Let X be a real line with the usual norm and C = R. Define T : C — C
by
Tr ="Tz.

T is k-strictly pseudo-contractive but not quasi-nonexpansive or nonexpansive.

Proof. 1t is clear that F'(T") = {0}, thus for x € R, we have
72 — 0]* = 49)z — 0 > |z — Of?

which implies that 7T is not quasi-nonexpansive and hence, not nonexpansive.

Next we show that T is k- strictly pseudo-contractive.

| Tx — Ty|* = |70 — Ty|* = 49]x — y|*.

Also,
o —y— (Te—Ty)* =z —y — (T = Ty)[*
= 36|z — y|*.
Tz = Ty = |v — y|* + 48|z — y/?
= oy + Sl —y — (To — Ty
Hence, T' is %—strictly pseudo-contractive mapping. [
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Lemma 2.1.8. [270] Let H be a real Hilbert space and S : H — H be a k-strictly pseudo-
contractive mapping with k € [0,1). Let Sg := I + (1 — 3)S, where § € [k, 1), then

(i) F(S) = F(5),

(11) Ss is a nonexpansive mapping.

Lemma 2.1.9. [278] Let Hy and Hy be real Hilbert spaces. Let T : Hy — Hy be a
bounded linear operator with T' # 0, and S : Ho — Ha be a nonexpansive mapping. Then

T - S)T is 2”2”2 -inverse strongly monotone.

Lemma 2.1.10. [201] Let H be a real Hilbert space and A : H — H be a nonlinear
mapping, then the following hold.

(i) A isn-inverse strongly monotone and~y > 0, then yA is g—mverse strongly monotone.

(ii) A is averaged if and only if the complement I — A is n-inverse strongly monotone for
some n > % Indeed, for B € (0,1), A is f-averaged if and only if I — A is %—z’nverse
strongly monotone.

Definition 2.1.11. A one-parameter family mapping T = {T'(s) : 0 < s < +oo} from
H into itself is said to be a nonexpansive semigroup if it satisfies the following conditions:

(1)) T(0)x =z, Vo € Hy;
(i) T(s+u) =T(s)T(u), for all s,u > 0;
(111) for each x € Hy, the mapping T(s)x is continuous;

(i) | T(s)z = T(s)yll < llz = yll, for all z,y € Hy and 5 > 0.

We denote the common fized point set of the semigroup T by F(T) ={x € C: T(s)x =
x, Vs > 0}. It is well known that F(T) is closed and convex []7].

Lemma 2.1.12. [2/0] Let C be a nonempty bounded closed and convex subset of a real
Hilbert space H. Let T = {T'(s) : s > 0} from C be a nonexpansive semigroup on C; then

for all h > 0,
E /0 T(s)e =70 (5 /O T(s)ads)| = 0

Lemma 2.1.13. [2/0] Let C be a nonempty bounded closed and convezr subset of a real
Hilbert space H. Let {z,} be a sequence and let T = {T'(s) : s > 0} from C be a nonex-
pansive semigroup on C, if the following conditions are satisfied

lim sup
t—o0, xeC

(i) x, — x;

=0,

(#) lim sup lim sup HT(s)xn — T,

§—00 n—oo
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then, x € F(T).

Lemma 2.1.14. [112] Let H be a real Hilbert space and let S : H — H be a nonezpansive
mapping with F(S) # 0. Then, the mapping I — S is demiclosed at zero, that is, for any
sequence {x,} in H such that x, — x € H and ||z, — Sx,|| — 0 implies x € F(S).

Lemma 2.1.15. [199] Fach Hilbert space H satisfies the Opial condition, that is, for any
sequence {x,} with x, — x, the inequality liminf ||z, — x| < liminf ||z, — y|| holds for
n—oo n—oo

every y € ‘H with y # x.

2.2 Geometric properties of Banach spaces

In this section, we discuss some of the geometric properties of Banach spaces that will be
required in this study.

Let X be a real Banach space and C a nonempty, closed and convex subset of X'. We
denote by X* the dual of X and || - || the norm of X or A™*.

Definition 2.2.1. A Banach space X is said to be strictly convex if for all z,y € X, x #
y, Azl =1llyll = 1, we have Az + (1 = Ayl <1, VA€ (0,1).

Definition 2.2.2. Let S(X) := {z € X : ||z|| = 1}. A Banach space X is said to be
smooth if

Nz oyl — |
o—0 o

exists for x,y € S(X).

Definition 2.2.3. Let E be a normed space with dim E > 2. The modulus of convexity
dg : (0,2] — [0, 1] is defined by

el
set) =t {1~ L2 oy — 1= gyl o= = .

Definition 2.2.4. Let E be a normed space with dim E > 2. The modulus of smoothness
px(0) : [0,00) = [0,00) is defined by

|z + oyl +llz = oyl _

(o) =smn { ) Lol = ol = 1.

Let 1 < g <2< p<oowith % + % = 1. A Banach space X is called uniformly convex if
dx(€) > 0 for any € € (0, 2], and p-uniformly convex if there exists a constant ¢, > 0 such

that dx(e) > c,e? for any € € (0,2]. X is called uniformly smooth if lir% (’)XT(U)> =0 and
o—

q-uniformly smooth if there is a constant ¢ > 0 such that py (o) < qo? for some o > 0.

Theorem 2.2.5. [7/] Every uniformly smooth space is reflezive.
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Lemma 2.2.6. [77] The space X is 2-uniformly convez if and only if there exists py > 1
such that
lu+vl|* + [Ju — v|”
2

> lull® + |uptol? ¥ u,v € X. (2.2.1)

The minimum value of the set of all px > 1 satisfying (2.2.1) ¥V u,v € X is denoted by p
and is called the 2-uniform convexity constant of X. It is easy to see that ;. = 1 whenever
X is a Hilbert space. We denote the minimum value of the set of all py > 1 by p such
that (2.2.1) holds for any u,v € X.

Lemma 2.2.7. [202] Let X be a 2-uniformly smooth Banach space with the best smooth-
ness constant p > 0. Then, the following inequality holds:

lz +yll* < llol* + 20y, Jx) +2]|uyl*, V¥ zy€ X

Remark 2.2.8. In Hilbert spaces the best smoothness constant is y = \/Li

Remark 2.2.9. Every 2-uniformly convex Banach space is uniformly convex and every
Hilbert space is uniformly smooth and 2-uniformly convex.

Definition 2.2.10. The generalized duality mapping J;( : X — 2% s defined by

Jo (@) ={a" € X"+ z, &*) = |a|”, |l&”] = |2[""", V2eX}

p

In particular, when p = 2 the duality map J = Js' is called the normalized duality
map. The Hilbert spaces, L,(or £,) spaces and the Sobolev spaces W*?, (1 < p < 1) are
uniformly convex and uniformly smooth Banach spaces. Furthermore, the L,, £, and W"?
spaces are p-uniformly smooth if 1 < p < 2 and 2-uniformly smooth if p > 2. If X = H,
where H is a real Hilbert space, we have J = I.

Now, we state the relationship between uniformly convex and uniformly smooth space.

Theorem 2.2.11. [7/] Let X be a Banach space;

(i) X is uniformly smooth if and only if X* is uniformly conver.

(i1) X is uniformly convex if and only if X* is uniformly smooth.

We give an example of a generalized duality mapping in Banach spaces.

Example 2.2.12. [3] Let & := L,([a, f]) (1 < p < 00), where a, 5 € R and let f € X.
Then the generalized duality mapping J;Y is given by

Ty (@) = 1F 6P sgn(f(t))-
The normalized duality mapping is known to have the following properties [85]:
(i) If X is smooth, then J is single valued denoted by j.
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(ii) Jz is nonempty closed, convex and bounded sub set of X* for all x € X.
(iii) If X is reflexive, then J is surjective.

(iv) If X is strictly convex, then J is one-to-one and strictly monotone, ie (z —y, Jz — Jy) >
0, V z,y € X such that = # y.

(v) If X is reflexive and strictly convex, then J~! is norm-to-weak continuous.

(vi) If X is uniformly smooth and uniformly convex, then J is norm-to-norm continuous
on bounded subset of X and J~! = J*. Also the normalized duality mapping on X*
is also uniformly norm-to-norm continuous on bounded subsets of A’*.

(vii) If X* is uniformly convex, then J is single-valued, one-to-one and uniformly contin-
uous on bounded subsets of X.

If X is smooth, J : X — X is said to be weak-to-weak continuous if for every y €

X, (y,Jx,) — (y, Jx) as x,, — x. It is known that the [,(p > 1) space has the weak-to-
weak continuous property, but the L,(p > 2) space does not possess this property.

The Lyapunov functional ¢ : X x X — R [10] is defined by

o(u,v) = |[ul®* = 2{u, Jv) + ||v|]*, ¥V u,v € X.

We can easily see that
2
ou,v) = (Ilull = [loll)” = 0.

Moreover, we observe that ¢(u,u) = 0 for each u € X. If X' is strictly convex, then
d(u,v) =0 <= u=nw0. If X is a Hilbert space, then ¢(u,v) = ||u — v||? for all u,v € X.

2.2.1 Some inequalities that characterize Banach spaces

Lemma 2.2.13. [10, 20] Suppose that X is a real, uniformly convex, smooth Banach
space. Then, the Lyapunov functional satisfies the following properties for all x,y,z € X
and o € (0,1) :

(1) ¢($,y) - d)(.’B,Z) + ¢(Zvy) + 2(1’ -z, Jz— Jy>7'
(2) gb(x,y) + gb(y,x) = 2<[L’ - Y, Jr — Jy>7

(3) ¢z, y) = llzllllJz = Tyl + llylllle = yli;
(4) 0 < (llz]] = lyI? < ¢z, y) < (=[] + [l
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(5) ¢, J ez + (1 = a)Jy)) < ad(z,2) + (1 — a)(z,y).

Alber [16] also studied the following functional V' : X x X* — R defined by
V(z, ) = [lz|* - 2(z, a") + ||,

for all z € X and x* € X*. It is easy to see from the definition of the Lyapunov functional
that

Vz, 2*) = ¢z, J 'a¥),

for all z € X and 2* € X*. For each z € X, the mapping f : X* — R defined by
flz*) = V(x, o*) for all * € X* is a continuous and convex function. Moreover, the
functional V' is known to satisfy the following inequality [15]:

V(z,2*)+2(J 2% — 2, ) <V(z,2*+y*), Ve € X, 2" y" € X~ (2.2.2)

2.2.2 Some nonlinear single-valued mappings in Banach spaces

Definition 2.2.14. Let X be a real Banach space and C be a nonempty closed and convex
subset of X. A mapping T : X — X is said to be

(i) closed if for any sequence {x,} C C with x, — x and Tz, — y, then Tx = y;

(i1) semi-compact if for any bounded sequence {x,} in C with x, —Tx, — 0, there exists
a subsequence {xy, } of {x,} which converges strongly to some x € X;

(i1i) ¢—nonerpansive, if
(T, Ty) < ¢(z,y), Va,y€eX;

(iv) quasi ¢p-nonexpansive, if F(T) # 0 and

o(p,Tz) < ¢(p,z), VrxeX, peF(T);

(v) firmly nonexpansive, if for all z,y € X

¢(Tz,Ty) + ¢(Ty, Tx) + ¢(Tz,z) + ¢(Ty, y) < ¢(Tz,y) + ¢(Ty, )
or equivalently,
<T:v Ty, Jr— JTx — (Jy — JTy)> > 0.
Remark 2.2.15. Every firmly nonexpansive mapping is nonexpansive.

Example 2.2.16. [178] Consider R with the usual norm and let R — R be a function
defined by
T(l’,y) = <—y,.fl§'), \V/(CC,y> S R?.

Then, T is nonexpansive but not firmly nonexpansive.
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2.3 Geometric properties of geodesic metric spaces

It is well known that the geometric structure of Hilbert spaces makes problems that occur
in Hilbert spaces more manageable and easier to solve. However, most real life problems
naturally occur in nonlinear spaces (for instance, in metric spaces). Therefore, there
is the need to extend our study to nonlinear spaces. Sometimes, extending some known
results to this space may be difficult because of the nonlinear structure of nonlinear spaces.
In order to extend these results to nonlinear spaces, one needs to introduce some kind of
convex properties which provide sufficient information that ensures the applications of such
existing results. One of these properties is the existence of distance-preserving mapping,
which provides the metric space (nonlinear space) with a structure that is similar to the
linear structure of a normed linear space (in particular, Hilbert space). Metric spaces with
this distance-preserving mappings are called geodesic metric spaces.

Definition 2.3.1. [79] Let (X,d) be a metric space. A continuous mapping from the
interval [0,1] to X is called a path.

Definition 2.3.2. Let z,y € X and I = [0,d(z,y)|, a geodesic path joining x to y is
a distance-preserving mapping (isometry) ¢ : I — X, such that ¢(0) = z, c(d(z,y)) =
y and d(c(t),c(t)) = |t —t| for all t,t" € [0,d(x,y)].

The image of a geodesic path is a geodesic segment and it is denoted by [z, y] whenever
it is unique. A metric space (X, d) is said to be a geodesic space if every pair of points x
and y in X are connected by a geodesic. A subset C' of a geodesic space X is said to be
convex, if for all z,y € C, the segment [z, y| remains in C. For z,y € X and t € [0,1] we
write tx @ (1 — t)y for the unique point z in the geodesic segment joining x to y such that

d(z,z) = (1 —t)d(xz,y) and d(z,y) = td(z,y). (2.3.1)

2.3.1 Metric midpoints

Definition 2.3.3. Let X be a metric space and x,y € X. A point z € X is a metric
midpoint of x and y if d(x, z) = %d(x,y).

Proposition 2.3.1. Let X be a complete metric space. Then the following are equivalent;

(a) The space X is a geodesic space.

(b) For every x,y € X, there exists a point z € X such that
2 2 L
d(w,2) + d'(y, z) = 5d(z, y).

(¢) Every pair of points in X has a metric midpoint.

Remark 2.3.4. If X is a geodesic metric space, then every pair of points in X has at
least one midpoint which is also a metric midpoint.
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Definition 2.3.5. Let X be a geometric metric space. A subset C' of X is said to be
convez in C' if it includes every geodesic segment joining two of its point. This means that
C' is convex if v,y € C, we have that tx & (1 —t)y € C.

Remark 2.3.6. [17]

A geodesic segment in a space that is not uniquely geodesic may not necessarily be
convex.

(b) A subset of a uniquely geodesic metric space which is endowed with the induced
metric is geodesic if and only if it is convex.

2.3.2 Geodesic triangles

Definition 2.3.7. A geodesic triangle /\(x1,x9,x3) in a geodesic space X consists of
three points x1, xe,x3 € X (which are also called the vertices of ) and a geodesic segment
between each pair of vertices (which are also known as edges of /\).

Definition 2.3.8. A comparison triangle for the geodesic triangle A(zy,x0,23) € X
is a triangle A(x1, xq,x3) = (&1, T2, @3) in Buclidean space R* such that d(x;, x;) =
dr2(7;, ;) V 4,5 € {1,2,3}.

Definition 2.3.9. Let {z,} be a bounded sequence in a geodesic metric space X. Then,
the asymptotic center A({x,}) of {x,} is defined by A({x,}) = {v € X : limsup d(v, z,) =

. . n—o0
1}2)f{ hinj;jp d(v,z,)}.

The sequence {z,} in X is said to be A-convergent to a point v € X if A({x,,}) = {v}
for every subsequence {x,, } of {x,}. In this case, we write A-lim x, = v and we say that

n—oo
v is the A-limit of {x,}.

2.3.3 Geometric properties of Hadamard spaces

The Hadamard spaces which were named after Jacques Hadamard are known as complete
uniquely geodesic metric spaces of nonpositive curvatures and they include Hilbert spaces,
Euclidean spaces (R"), R-trees, hyperbolic spaces, Hilbert ball, among others. The geom-
etry of Hadamard spaces can be seen as the nonlinearization of the geometry of Hilbert

spaces. Karl Menger [176] introduced the notion of a geodesic in metric spaces and he gen-
eralized classical results in geometry to his new metric space with geodesic. To improve
the work of Menger [176], Wald [258] introduced the notion of two-dimensional curva-
ture in metric spaces. Alexandror [17] also contributed by discovering some interesting

characteristics of the spaces. Over the years, the Hadamard spaces has shown to be an
appropriate framework for the study of optimization problems which has applications in
diverse fields such as economics, engineering and science.

Now we are in the position to present some characterizations and conditions required for
geodesic spaces to be CAT(0) spaces.
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Characterizations of CAT(0) spaces

Gromov [111] coined the term CAT(0) from the initials of three mathematicians where
C stands for Cartan, A stands for Alexandrov and T stands for Toponogov. Precisely,
CAT(0) spaces are spaces of non-positive curvature bounded above by 0.

Definition 2.3.10. A geodesic space is called a CAT(0) space if all geodesic triangles
satisfy the comparison azxiom.

Definition 2.3.11. Let A be a geodesic triangle in X and let A be its comparison triangle
in R% Then, A is said to satisfy the CAT(0) inequality, if for all z,y € A and all
comparison points T,7 € A\,

d(z,y) < dg2(Z,7).

Let x,y, z be points in X and yo be the midpoint of the segment [y, z|, then the CAT(0)
inequality implies

1 1 1
dz(‘ra yO) < 5(12(137 y) + §d2($7 Z) - Zd2(y7 Z)‘ (232)

Thus, a geodesic space is a CAT(0) space if and only if it satisfies (2.3.2). It is generally
known that a CAT(0) space is a uniquely geodesic space. Inequality (2.3.2) is known as
the CN inequality of Bruhat and Titis [18].

Definition 2.3.12. A geodesic metric space X is called a CAT(0) space if all geodesic
triangles satisfy the CAT(0) inequality. Equivalently, X is called a CAT(0) space if and
only if it satisfies the CN inequality.

Theorem 2.3.13. (see [79, Theorem 1.8.2]). Let X be a complete metric space. Then
the following are equivalent.

(i) The space X is a CAT(0) space.

(ii) For every pair of points x,y € X, there exists m € X such that for each z € X, we
have that

1 1 1
dQ(ma Z) < §d2(l'72’) + §d2(ya Z) - ZdQ(xvy)

(i1i) For every pair of points x,y € X and € > 0, there exists m € X such that for each
z € X, we have that

1 1 1
d2<m7z) < §d2(3§',2) + §d2<y7 Z) - Zd2(xay) + €.

Next, we present the following Theorem which gives equivalent conditions for a geodesic
space to be a CAT(0) space.

Theorem 2.3.14. (see [77, Theorem 1.3.3]). Let X be a geodesic metric space. Then the
following are equivalent:

(i) The space X is a CAT(0) space.
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(i1) For every pair of points x,y,z € X, we have

1 1 1
dQ(m,x) < 5(12(1’,3/) + §d2<$72) - Zdz(xa Z)7

where m is the midpoint of |y, z].

(i1i) For every geodesic x : [0,1] — X and every point p € X, we have

dZ(Z% r) < (1 t)dQ(p7 o) + tdQ(Pa x1) — (1 — t)d2($0, T1).
(iv) For every x,y,u,v € X, we have

d*(z,u) + d*(y,v) < d*(x,y) + d*(u,v) + 2d(x,v)d(y, u).

(v) For every x,y,u,v € X, we have
d*(z,u) + d*(y,v) < &*(2,y) + d*(y, u) + d*(u,v) + d*(v, ).

Definition 2.3.15. A complete CAT(0) space is an Hadamard space.

2.3.4 Examples of Hadamard spaces

Now, we present some examples of Hadamard spaces;

Example 2.3.16. (Hilbert space)[33]. Hilbert spaces are Hadamard. The geodesics are
the line segments. It is also known that a Banach space is CAT(0) if and only if it is
Hilbert.

Example 2.3.17. (R- trees)[33]. A metric space (X,d) is an R-tree if it is uniquely
geodesic and for every z,y,z € X, we have [z, z] = [x,y] U [y, z] whenever [z,y] N[y, z] =
{y}. Also, all triangles in an R-tree are trivial.

Example 2.3.18. All simply connected Riemannian manifold with non-positive sectional
curvature induced with the Riemannian metric.

2.3.5 Quasilinearization mapping and dual space

The concept of quasilinearization in Hadamard spaces was introduced by Berg and Niko-

laev [11]. They denoted a pair (a,b) € X x X by ab and called it a vector. Using this
concept, they defined the quasilinearization as a map (-,-) : (X x X) x (X x X) - R
defined by

(b, ed) = = (d*(a,d) + (b, ¢) — d*(a,¢) — d(b,d)), Va,be,de X.  (2.3.3)

1
2
It$§§ynawﬂ®t@§&%é§>:d%mw, (b, cd) = —(ab, cd), (ab,cd) = (@, cd) +
@, cd) and (%, cd) = (cd, %}, for all a,b,c,d,e € X.
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Definition 2.3.19. The space X is said to satisfy the Cauchy Schwartz inequality, if
_>
(ab, cd) < d(a,b)d(c,d) Ya,b,c,d € X.

Moreover, a geodesic space is a CAT(0) space if and only if it satisfies the Cauchy-Schwartz
inequality (see [175]).

Using the idea of quasilinearization mapping, Kakavandi and Amini [138] introduced the

concept of dual space of an Hadamard space X as follows:
Consider the map 0 : R x X x X — C(X,R) defined by

B(t, a,b)(x) = t(ab,ad) (t € R,a,b,z € X),

where C'(X, R) denotes the space of all continuous real valued functions on X. The Cauchy-
Schwartz inequality implies that (¢, a, b) is a Lipschitz function with Lipschitz semi-norm

L(0(t,a,b)) = |t|d(a,b) (t €R,a,be X) where
L(p) :sup{%:x,ye)(,x#y}

is the Lipschitz semi-norm for any function ¢ : X — R.

Definition 2.3.20. A pseudometric D on R x X x X is defined by

D((t,a,b),(s,c,d)) = L(0(t,a,b) — 0(s,c,d)), (t,s € R ,a,b,c,de X).

In an Hadamard space (X, d), the pseudometric space (R x X x X, D) can be considered
as a subset of the pseudometric space of all real valued Lipschitz functions (Lip(X,R), L)

(see [93, 211, 255]).
It is shown in [138] that D((¢, a, b), (s, ¢, d)) = 0if and only if #( ab ,Tl) = s cd ,zy) forallz,y €
X. Thus, D induces an equivalence relation on R x X x X, Where the equivalence class of
(t,a,b) is defined as

[tab] = {scd : D((t,a,b), (5,¢,d)) = 0}.

Thus, the_}set X* = t_l; (t,a,b) € R x X x X} is a metric space with metric
D([tab], [scd])) == D((t,a,b), (s,c, d)).

Definition 2.3.21. Let (X,d) be an Hadamard space. Then, the pair (X*, D) is called
the dual space of (X,d).

Throughout this dissertation, we shall write X* for the dual space of an Hadamard space

X.

Remark 2.3.22. [138] The dual of a closed and convex subset of a Hilbert space H with

nonempty interior is an Hadamard space and ¢(b — a) t_g forallt e R, a,b€ H. We
also note that X* acts on X x X by

(x* @—t%ﬁ/ (x*:[ﬁ]eX*, z,y € X and t € R).
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2.3.6 Some inequalities that characterize Hadamard spaces

Lemma 2.3.23. [19/] Let X be a CAT(0) space, z,y,z,€ X andt € [0,1]. Then

(a) d(tz & (1 —t)y,z) < td(z,2) + (1 —t)d(y, 2).
(b) &(tr ® (1 —t)y,z) <td*(y,z) + (1 — t)d*(y,z) — t(1 — t)d*(z,y).
(c) d(tz & (1 —t)y, ) < £2d%(z,2) + (1 — t)2d?(y, 2) + 2t(1 — t) (T2, J%).

2.3.7 Some nonlinear single-valued mappings in Hadamard spaces

Let X be an Hadamard space and C' be a nonempty closed and convex subset of X. A
mapping T : C' — C' is said to be

(i) L-Lipschitzian, if there exists L > 0 such that

d(T?E,Ty) < Ld(l‘,y), v T,y € Ca

(ii) nonexpansive, if

d(Tx,Ty) < d(z,y) V z,y€C,

(iii) quasi-nonexpansive, if F(T) # () and

d(Tz,y) <d(z,y), Ve €C and ye F(T),

(iv) demicontractive, if F(T') # () and there exists k € (0,1) such that

d*(Tz,y) < d*(z,y) + kd*(z,Tz), ¥V € C, VYV yec F(T).

(v) quasi-pseudocontractive if F(T) # @ and
d(Tz,y) < d*(z,y) +d*(x,Tx), V x€C, V yecF(T). (2.3.4)

Remark 2.3.24. The class of quasi-pseudocontractive mappings includes some nonlinear
mappings like nonexpansive mappings (with nonempty fixed points set), quasi-nonexpansive
mappings and demicontractive mappings.

Example 2.3.25. [136] Let C be the closed interval [0, 1] with the absolute value as norm.
Define T': C' — C' by

T is quasi-pseudocontractive but not demicontractive.
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2.3.8 Monotone operators and its resolvents in Hadamard spaces

One of the most important area of nonlinear and convex analysis is the monotone operator
theory. This is due to the role it plays in optimization theory and related mathematical
problems. In this section, we study the concept of monotone operators and its resolvent
in Hadamard spaces.

Definition 2.3.26. Let X be an Hadamard space and X* be its dual space. A multivalued
operator A : X — 25" is monotone if and only if for all v,y € D(A), z* € Az, y* € Ay,
we have

A monotone operator A is called a maximal monotone operator if the graph G(A) of A
defined by
G(A) = {(z,2") e X x X" : 2" € A(2)},

is not properly contained in the graph of any other monotone operator.

Definition 2.3.27. The resolvent of a monotone operator A of order A\ > 0 is the multi-
valued mapping Jf : X — 2% defined by

1
Jiw = {z € X| {Xﬁ} € Az} : (2.3.5)
The operator A satisfies the range condition if for every X >0, D(J{) = X.

The resolvent of monotone operators plays a crucial role in the approximation of solutions
of MIPs. We present some lemmas that relate the fixed points of a resolvent of a monotone
operator and the set of solutions of the MIP (1.2.16).

Lemma 2.3.28. [150] Let X be a CAT(0) space and J§* be the resolvent of the operator
A of order \. Then we have that

(a) For any A >0, R(J{) C D(A) and F(J3) = A7Y0), where R(J}) is the range
of JiL.

(b) If A is monotone, then Ji! is a single-valued and firmly nonexpansive mapping.

(¢) If A is monotone and 0 < X < pu, then d*(Jilx, J ') < Z—;idQ(x, JAx), which implies
that d(z, J{x) < 2d(x, J; x).

Lemma 2.3.29. [255] Let X be an Hadamard space and A : X — 2% be a monotone
mapping. Then,

d*(u, Jix) + d*(Jiz, x) < d*(u, 2), (2.3.6)
for allu € F(J{), € X and X > 0.
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The Moreau-Yosida resolvent J /( : X — X of a proper convex and lower semicontinuous
function f in X is defined by

1
JI(x) = argmin | f(y) + —~d*(y,z)| Yz € X, A>0. (2.3.7)
yeX 2

Definition 2.3.30. Let C' be a nonempty closed and convex subset of an Hadamard space
X. A mapping T : C — C is said to be A-demiclosed, if for any bounded sequence {z,}
in C' such that A-lim x, = x and lim d(x,,Tz,) =0, then x = Tx.

n—oo n—00

2.4 Metric and generalized projections
In this section, we introduce and discuss some basic results on metric projection and
present some examples.

Definition 2.4.1. Let C be a nonempty, closed and convex subset of a real Hilbert space
H. For every point x € H, there exists a unique nearest point in C denoted by Pex such
that

|z — Pezx|| <|lx—yl| V z€H and yeC.

The operator Pe : H — C is called the metric projection of H onto C.

Lemma 2.4.2. [10] The operator ¢ : X — C is called the generalized projection operator
if it is the solution to the minimization problem

[lex = 2% <= ¢(a*, x) = 1r€1£ o(u, ).

If X is a real Hilbert space then Il = Fe.

The metric projection Pex is nonexpansive with the following properties;

Proposition 2.4.1. The metric projection is characterized by

(x — Pex,y— Pex) <0 YV yeC and x€H. (2.4.1)
The consequences of Proposition 2.4.1 are

(i) the metric projection is firmly nonexpansive, that is
|Pex — Peyl|® < (v —y, Pex — Pey) ¥V 2,y € H,
(ii)
|z — Pex|* + |ly — Pez||* < ||lz—y|* V z€H and yecC.

(iii) If C is a closed subspace, then Fe coincides with the orthogonal projection from H
onto C, that is, x — Pex is orthogonal to C. Hence, for any y € C,

(x — Pex,y) = 0.
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We know that the metric projections in Banach and Hadamard spaces have the same
property.

Lemma 2.4.3. [10] Let C be a nonempty, closed and convex subset of a reflexive, strictly
convex and smooth Banach space X. If x € X and q € C, then

g=Texr <— (y—gq, Jrt—Jq) <0, YVyeC (2.4.2)
and

oy, Mex) + ¢(ex,x) < Py, ), Vyel, € X. (2.4.3)

We are now in the position to present some examples of the metric projection.

Example 2.4.4. If C = {y € H : |ly — s|| < a} is a closed ball centered at s € H with

radius a > 0,
a(z—s) .
Por — {s + o itz ¢C

x, ifxeC.
Example 2.4.5. Let C = [a,b] be a closed rectangle in R", where a = (ay,as, - ,a,)"
and b = (by, by, -+ ,b,)T, then for 1 <i<n
Qag, T < Qy,
(Pex)i = xi,  ; € [a;, by, (2.4.4)

bi7 T; > bz

is the metric projection with the i** coordinate.

Example 2.4.6. Let C = {y € H : (s,y) < a} be a closed half space, with s # 0 and
a € R, then

(s,x)—ax

Pop — T — S s, if (s,z) > «,
=
< o

N ) <:x> (2.4.5)

is the metric projection onto C.

Example 2.4.7. Let C = {y € H : (s,y) = a} be a hyperplane, with s # 0 and a € R,
then

(s,z) —«
5
Is1?

Pex = — (2.4.6)

is the metric projection onto C.

Example 2.4.8. If C is the range of a m x n matrix A with full column rank, then
Pex = A(A*A)"1A* X, where A* is the adjoint of A.
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2.4.1 Convex functions

Definition 2.4.9. A function ¢ : H — R is said to be Gateaux differential at x € H, if
there exists an element denoted by ¢'(x) € H such that

lim c(x + hv) — c(x)
h—0 h

= (v,d(z)), YveH,

where ' (x) is called the Gateaux differential of ¢ at x. We say that if for each x € H, c is
Gateaux differentiable at x, then c is Gateaux differentiable on H.

Definition 2.4.10. A function c : H — R is called convez, if for allt € [0,1] and z,y € H,
c(tr + (1 —t)y) <te(z) + (1 —t)c(y).

Remark 2.4.11. We note that in an Hadamard space X, the convex function is defined
by
c(tr @ (1 —t)y) <tc(zx) + (1 —t)e(y) Vo,y € X, t € (0,1);

Definition 2.4.12. Let X be a geodesic metric space. The function f : D(f) C X —
R U {400} is said to be uniformly convex (see [77]), if there exists a strictly increasing
function ¢ : Ry — R such that

(0@ 3v) < 370+ 300~ oldte. )

Now, we present an example of a convex function in an Hadamard space.

Example 2.4.13. [35] Let X be an Hadamard space. For a finite number of points

ai,as,...,ay and (wy, we, ..., wy) € S (where S is the convex hull of the canonical basis
N

e1,es,...,ex € RY) the function f: X — R defined by f(x) = > w,d*(z,a,) is convex

n=1

and continuous.

Definition 2.4.14. A convex function ¢ : H — R is said to be subdifferentiable at a point
x € H if the set

de(x) ={ueH]| c(y) > c(x) + (u,y — x), Yy € H} (2.4.7)

is nonempty, where each element in Oc(x) is called a subgradient of ¢ at x, Oc(x) is called
the subdifferential of ¢ at x and the inequality in (2.4.7) is called the subdifferential in-
equality of ¢ at x. We say that ¢ is subdifferentiable on H if ¢ is subdifferentiable at each
x € H.

We also note that if ¢ is Gateaux differentiable at x, then c is subdifferentiable at x, and

Oc(x) = {¢ (@)}

Remark 2.4.15. We note that in a Banach space X with a dual space X*, the subdiffer-
ential inequality (2.4.7) is given by

Oc(z) ={ue X" | cly) > c(z) + (u,y — x), Yy € X}. (2.4.8)
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Definition 2.4.16. Let H be a Hilbert space. The domain of a function f : H — RU{+oc}
is defined by D(f) ={x € H: f(z) < +oo}.
The function f: D(f) CH — RU{+oo} is said to be

(a) proper, if D(f) # 0;

(b) lower semicontinuous at a point x € D(f), if

f() < limint f(x,).

Tp—T

(¢) weakly lower semicontinuous at a point x € D(f), if

liminf f(z,) > f(z),

n—o0
holds for an arbitrary sequence {x,}5°, in H satisfying x, — x;

(d) weakly upper semicontinuous at a point x € D(f), if

f(z) > limsup f(z,),

n—o0
holds for an arbitrary sequence {x,}2, in H satisfying x, — z;

Definition 2.4.17. A bifunction f :C x C — R is called

(i) strongly monotone on C if there exists a constant B > 0 such that
fla,y) + fly,2) < =Bllz—y|?, Yo,y € C;

(i1) monotone on C if
f(@y) + fly,2) <0, Va,y eC;

(11i) pseudomonotone on C if

flr,y) >0 = f(y,2) <0V z,yeCl.

It is easy to see that (i) = (ii) = (iii) but the converses are not generally true.

Definition 2.4.18. A function f : C — R is said to be hemicontinuous at y € C, if and
only if
lim f(tz + (1 —t)y) = f(y), for all z € C.

t—0t
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Nonlinear Multivalued mappings

In this section, we shall denote by P(C), CB(C) and 2, the family of all nonempty prox-
iminal subsets of C, the family of all nonempty, closed and bounded subsets of C and the
family of all nonempty subsets of C respectively. Let H denote the Hausdorff metric on

CB(C), then for all A, B € CB(C),

H(A, B) = max{supd(a, B), supd(b, A)}, (2.4.9)

a€A beB

where d(a, B) = gng |a—b]| is the distance from the point a to the subset B. Let T : C — 2€
€

be a multivalued mapping. A point z € C is called a fixed point of T, if x € Tz while
x € C is called a strict fixed point of 7', if Tx = {z}.

Definition 2.4.19. The mapping T : C — 2€ is called

o [-Lipschitz, if there exists L > 0 such that
H(T'z,Ty) < Lljz —y|| V =,y € C,
if L =1, then T is called nonexpansive, while T is called a contraction if L € [0,1);
e quasinonezpansive, if F(T) # () and
H(Tz,p) < |z —p|| V2 eC andp e F(T).

Definition 2.4.20. Let X be a Banach space and B a mapping of X into 2% . The
effective domain of B denoted by dom(B) is given as dom(B) = {x € X : Bx # 0}. Let
B: X — 2% be a multivalued operator on X. Then

(i) The graph G(B) is defined by

G(B) :={(z,u) € X x X :u € B(x)},

(i1) the operator B is said to be monotone if (x—y,u*—v*) > 0 for allx,y € dom(A),u* €
Ax and v* € Ay.

(i1i) A monotone operator B on X is said to be mazximal if its graph is not properly
contained in the graph of any other monotone operator on X.

Let X be a uniformly convex and smooth Banach space with a Gateaux differential norm
and let B : X — 2% be a maximal monotone operator. We consider the metric resolvent
of B,

QF = (I+pJ3'B)™", u>o.

It is known that the operator Qf is firmly nonexpansive and the fixed points of the operator
Qf are the null points of B (see [152, 153]). The resolvent plays an important role in the
approximation theory for zero points of maximal monotone operators in Banach spaces.
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The following are the properties of the resolvent (see [21])
(QPx—a*, J(x — QFx)) >0, z € X,z" € B7(0), (2.4.10)
in particular, if X is a real Hilbert space, then

B * B * -1
(JJr—a"x—J]x) >0, v€ X, 2" € B (0),
where J7 = (I + pB)~" is the general resolvent, B~'(0) = {z € X : 0 € Bz} is the set of
null points of B. Also, we know that B~!(0) is closed and convex (see [237]).

Lemma 2.4.21. [//] Let B : H — 2™ be a mazimal monotone mapping, and A : H — H
be a Lipschitz continuous and monotone mapping. Then the mapping A+ B is a mazimal
monotone.

2.5 Review on some optimization problems

2.5.1 Variational inequality and fixed point problems

The VIP which was first introduced independently by Fichera [101] and Stampacchia [228]
is a central problem in nonlinear analysis. It provides an effective tool for studying many
interesting problems across several fields of study such as economics, physics, mathematical
programming, among others (see [118, 197] and other references therein). Many authors
have proposed and analyzed several iterative algorithms for solving the VIP (1.2.1) and
other related optimization problems, (see [9, 59, 130, 132, 135, 191, 193, 233, 234, 245, 257],
and references therein).

Definition 2.5.1. [/00), ] Let A : C — X* be an operator. The Minty variational
inequalities (MVI) is a problem of finding a point x* € C such that

(Ay, y—x*) >0, Vy eC. (2.5.1)

We denote the set of solution of (2.5.1) by M(C, A). It is known that pseudomonotonicity
implies M(C, A) # 0 but the converse is not true.

We have the following result showing the relationship between the VIP (1.2.1) and MVI
(2.5.1).

Lemma 2.5.2. [175] Consider the VIP (1.2.1). Suppose the mapping g : [0,1] — X*
defined by g(t) = A(te + (1 —t)y) for all z,y € C and t € [0,1] (i.e, g is hemicontinuous),
then M(C, A) C VI(C, A). However, if A is pseudomonotone, then VI(C, A) is well defined
and M(C,A) =VI(C,A).

In recent years, authors have paid a lot of attention to developing efficient iterative al-
gorithms for solving VIPs and other related optimization problems in Hilbert, Banach
and Hadamard spaces. When approximating the solution of the VIP (1.2.1) under certain
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conditions, two common methods are used namely; the projection method and the regu-
larized method. To use these methods, a certain level of monotonicity is required from the
cost operator. In this study, we focus on approximating the solution of the VIP (1.2.1)
using the projection method. Several authors have proposed and studied the projection
type algorithms for approximating the solutions of VIPs (1.2.1) (see [9, 156] and other
references therein).

In a real Hilbert space H, the following fixed point theory characterizes the solution set
of the VIP: For A > 0, a point x* is a solution of the VIP if and only if

¥ = Pe(x* — NAz™),

where Fp is the metric projection of H onto C. The simplest algorithm for solving the VIP
(1.2.1) is the gradient projection method given by

Algorithm 2.5.1.

LTp41 = PC(«Tn - )\Al’n), n > 17

where A > 0. This method involves only one projection onto the feasible set C per iteration.
The weak convergence result of this method was obtained under certain strict conditions.
This method is only effective for solving VIP (1.2.1) when A is either strongly monotone or
inverse strongly monotone. To circumvent this limitation, Korpelevich [155] proposed an
extragradient method for solving the VIP (1.2.1) in Euclidean spaces when A is monotone
and L-Lipschitz continuous. The extragradient method is defined as follows:

Algorithm 2.5.2.

(2.5.2)

Yn = PC(xn - /\A[En), n=>1
Tp41 = PC($n - /\Ayn)a

where A € (0,1) and P is the metric projection from # onto C. If the solution set
VI(C,A) is nonempty, then the sequence {x,} generated by (2.5.2) converges to an el-
ement in VI(C, A). The extragradient method involves two projections onto the feasible
set C per iteration. Computing projection onto an arbitrary closed convex set might be
computationally expensive, which could be a barrier to the implementation of the extra-
gradient method and its variants. To improve on the extragradient method, authors try
to minimize the number of evaluations of the projection map F¢ per iteration. Censor et.
al [08] initiated a study in this direction and proposed a new method called subgradient
extragradient method. The authors replaced the second projection onto C in Algorithm
(2.5.2) by a projection onto a specific constructible half space to come up with the following
algorithm:

Algorithm 2.5.3.
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r1 € H,

Yn = Pe(z, — \pAxy,),

T, ={weH: (x,— \Ax, — yn,w —y,) < 0},
Tpr1 = Pr, (x, — \yAy,), n > 1,

(2.5.3)

where H is a real Hilbert space. Algorithm (2.5.3) is less computationally expensive and
more efficient than Algorithm (2.5.2). The authors proved that Algorithm (2.5.3) con-
verges weakly to an element in VI(C, A) # 0. To improve on Algorithm (2.5.3), Tseng
[253] proposed and studied a forward-backward method (also known as Tseng’s extragra-
dient method) which requires only one projection per iteration. The proposed method is
presented as follow:

Algorithm 2.5.4.

(2.5.4)

Yn = Pe(x, — NAx,)
Tpt1 = Yn — MAy, — Azx,), Vn>0,

where A is monotone, L-Lipschitz continuous and A\ € (0, %) The author proved that the

sequence {z,} generated by Algorithm (2.5.4) converges weakly to the solution set of VIP
(1.2.1) under the assumption that VI(C, A) # 0.

The step size of all the algorithms above require prior knowledge of the Lipschitz constant
of the monotone operator, which is often difficult to calculate or estimate. Recently, Yang
and Liu [200] proposed and studied a Tseng’s extragradient method combined with the
Moudafi viscosity scheme, which does not require prior knowledge of the Lipschitz constant
of the monotone operator. The authors proved strong convergence result for the proposed
algorithm. Very recently, Shehu and Iyiola [223] proposed an algorithm which combines
the viscosity method and the subgradient extragradient method for solving the VIP. They
proved that the sequence generated by their algorithm converges strongly to a point in
the solution set under appropriate conditions.

Motivated by the Tseng’s method and the importance of studying the VIPs and FPPs,
Yin et.al [270] proposed and studied a Tseng’s type algorithm where A : H — H is
quasimonotone, Lipschitz continuous and sequentially weakly continuous, and the mapping

T is pseudocontractive. The authors were only able to obtain a weak convergence result
of their method (see Appendix 3.5.17) to some point z* € VI(C,A) N F(T) .

Chidume and Nnakwe [75] extended the study of the subgradient extragradient method
from the framework of a real Hilbert space to the framework of a 2-uniformly convex and
uniformly smooth Banach space. The authors proposed and studied the following method
for solving the VIP (1.2.1):

Algorithm 2.5.5.
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xo € X,

Y = e J Y (Jx, — TAZ,),

T, ={weX:(w—y,, Jr,— 1Az, — Jy,) < 0},
Tny1 = HTnJ_l(an — TAY,),

(2.5.5)

where Ilo : X — C is the generalized projection of the Banach space, J : X — 2% the
normalized duality mapping and 7 > 0. Using this proposed method, the authors obtained
a weak convergence result.

Recently, Cai et al. [53] proposed an algorithm for solving the variational inequalities
involving monotone and Lipschitz continuous mapping in Banach spaces. The proposed
algorithm by the authors is presented as follows:

Algorithm 2.5.6.
Step 0: Let u € X be a given starting point . Set n = 1.

Step 1: Given the current iterate x,,, compute
Yo = Ue(Jzp, — Ny Azy,).
If z, = y,, Stop. Else, construct the set
T, ={z€X: (Jr, — MAzx, — Jy,, z —yn) <0}

and compute
zn =, (Jx, — N\ Ayy)

and update the next iterate via
T = J HapJu+ (1 —an)Jz,). (2.5.6)

Step 2: Set n:=n+ 1 and go to Step 1.

Where X is a 2-uniformly convex Banach space and X* the dual of X. Under certain
conditions, the authors obtained a strong convergence result for the proposed algorithm.

Recently, Tan et al. [240] proposed an inertial subgradient extragradient method with
a new Armijo type step-size strategy to solve VIP (1.2.1) in real Hilbert spaces when
the underlying operator is pseudomonotone and uniformly continuous. The proposed
algorithm is presented as follows:

Algorithm 2.5.7.

Initialization: Given \; >0, 6 >0, 6> 0, € (0,1) and n € (0,1). Let zg,x; € H be
arbitrary. Set n := 1.

Iterative Steps: Given the iterates x,,_; and x,, for each n > 1, calculate z,., as follows;

Step 1: Compute
Wy, = Ty, + en(xn - xnfl)a
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where

0, otherwise.

6, — {min {9’ el } IR (2.5.7)

Step 2: Compute

If w,, =y, or Ay, = 0, then Stop and ¥, is a solution of the VIP. Otherwise, go to Step
3.

Step 3: Compute
Zn = PTn (wn - /\nAyn)

where

Ap := 0™ and m,, is the smallest nonnegative integer m satisfying

m Ui
O™ (Ayn = Awn, Yo = 20) < 3 |wn = yull® + llyn = 2l

Step 4: Calculate
Tpt1 = A f(zn) + (1 — ) zn.

Set n:=n+ 1 and go to Step 1.

Under some mild conditions, the authors obtained strong convergence result for the pro-
posed algorithm.

2.5.2 Split variational inequality problem

The SVIP which was introduced by Censor et al. [01] can be seen as a pair of VIPs in which
a solution of one VIP occurs in the first space H; whose image under a given bounded
linear operator A is a solution of the second VIP in the second space Hs. Hence, the SVIP
(1.2.4)-(1.2.5) is an interesting combination of the classical VIP and the following SFP
introduced and studied by Censor and Elfving [57]:

Find z € C such that z =Tz € Q, (2.5.8)

where C, Q are nonempty, closed and convex subsets of real Hilbert spaces H; and H,
respectively and T : H; — H, is a bounded linear operator. Thus, it has wide applications
in many fields such as phase retrieval, medical image reconstruction, signal processing,
radiation therapy treatment planning, among others (for example, see [52, 57, 6163, ,

D

Censor et al. [63] proposed an iterative algorithm to solve the SVIP when the cost oper-
ators A and F' are monotone and Lipschitz continuous. They transformed the SVIP into
an equivalent constrained VIP (CVIP) in the product space H; x Hy (see [63, Section
4]) and then solved the problem using the well-known subgradient extragradient method
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[59]. This product space formation has some limitations which include: the difficulty en-
countered when computing the projection onto some new product subspace formulations,
the difficulty encountered when translating the method back to the original spaces H;
and Hs, and the fact that it does not fully exploit the splitting structure of the SVIP
(1.2.4)-(1.2.5) (see, for example [63, Page 12]). To circumvent these limitations, Censor
et al. [63] proposed a projection-based method that does not require any product space
formulation. This makes the projection-based method easier to implement. The pro-
posed projection-based method is presented as follows: For x; € H;, the sequence {x,} is
generated by

Tns1 = Pe(I = AA)(@n + 0T (Po(I — AF) — )Tx,), n>1, (2.5.9)

where n € (0, %) with L being the spectral radius of T*T and T is the adjoint of T'. The
identity operator is denoted by I and F¢, Pg are metric projections onto C, Q, respectively.
They obtained a weak convergence of the sequence {x,} generated by (2.5.9) to a solution
of (1.2.4)-(1.2.5) under the condition that the solution set of problem (1.2.4)-(1.2.5) is
nonempty, A, F are L, Lo-co-coercive operators respectively, A € [0,2a], where a :=
min{ Ly, Ly}, and for all z which are solutions of (1.2.4),

(Ay, Pe(I = XA)(y) —z) >0, VyeH. (2.5.10)

Observe that Algorithm (2.5.9) does not require the product space formation, thus it fully
exploits the attractive splitting structure of the SVIP (1.2.4)-(1.2.5). However, the authors
obtained a weak convergence of this method under some strong assumptions which are the
fact that both mappings are required to be co-coercive and (2.5.10). Many authors have
studied several methods which do not rely on assumption (2.5.10) for solving SVIP and
other related problems (see for example [131, , 183]), but their methods also relied on
the co-coercivity of the cost operators.

In a quest to overcome these limitations, Tian and Jiang [243] proposed an iterative method
and they defined it as follows:

Algorithm 2.5.8.

Yn = PC(ZUn - TnA*([ - S/)T.Z’n)
U = Pe(yn — AnAyn) (2.5.11)
Tp4+1 = PC(yn - )\nAvn)

where {7,,} C [a,b], {A.} C [c,d] for some ¢,d € (0,1), T :Hi — Hs is a bounded
linear operator, S’ : Hy — Hs is a nonexpansive mapping and A : C — H; is a mono-
tone and Lipschitz continuous mapping. They obtained a weak convergence result of the

sequence generated by Algorithm (2.5.11) to the following problem; Find
2 €C suchthat (Az*, x—2*), VazeC suchthat Tz*€ F(S) (2.5.12)

where F(S') is the set of fixed points of S'. Since strong convergence results are more
desirable and more applicable than the weak convergence results in infinite dimensional
spaces, there is need to develop algorithms that generate strong convergence results.
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Tian and Jiang [211] modified Algorithm (2.5.11) into the following viscosity method and
they defined it as follows:

Algorithm 2.5.9.

(2.5.13)

where {7,,} C [a,0], {A\.} C[c.d] forsomec,d€ (0,1), {an}C(0,1), T :H;— H,
is a bounded linear operator, S’ : H, — H, is a nonexpansive mapping, h is a contrac-
tion mapping and A : C — H; is a monotone and Lipschitz continuous mapping. We
observe that the conditions on the underlying operators in Algorithms (2.5.11)-(2.5.13)
do not require the strong co-coercive assumption but involve computation of many pro-
jections which makes them computationally expensive and may affect the efficiency of
Algorithms (2.5.11)-(2.5.13). Algorithms (2.5.11)-(2.5.13) can be used to solve the SVIP
(1.2.4)-(1.2.5) if we set S = Po(I — AA) and let A be co-coercive. This implies that
when solving the SVIP (1.2.4)-(1.2.5), these methods (Algorithm (2.5.11)-(2.5.13)) still
relies on the co-coercive assumption on the underlying operator A. To weaken the condi-
tion on the underlying operators, Pham et al. [200] combined the Halpern method with
the subgradient extragradient method for solving the SVIP (1.2.4)-(1.2.5) in real Hilbert
spaces when the underlying operators A and F are pseudomonotone and Lipschitz con-
tinuous. The authors obtained a strong convergence result of their proposed method (see
Appendix (4.3.16)) to a solution of the SVIP (1.2.4)-(1.2.5) under the following condi-
tions: lmsup(A(z,),y — yn) < (A(Z),y — y), for every sequences {x,} and {y,} in H;

n—o0

converging weakly to Z and g respectively, and limsup(F'(c,),d — d,) < (F(¢),d — d) for
n—oo _
every sequences {c,} and {d,} in Hy converging weakly to ¢ and d respectively.

To accelerate the convergence of iterative methods for solving the SVIP (1.2.4)-(1.2.5), the
inertial and relaxation techniques were employed. This dynamical approach leads to the
following Relaxed Inertial Tseng’s Forward-Backward-Forward (RITFBF) with parameter
¢n = 0h2, Yn > 1 (see, for example [25]):

Algorithm 2.5.10.

Wy, = T, + Qn(xn - xn71>
Yn = Fe (wy — Ay Awn) (2.5.14)

When ¢, = 1 and «a,, = 0 for all n > 1, Algorithm (2.5.14) reduces to the well-known
Tseng’s forward-backward-forward method [253], which is known to converge weakly to a
solution of the classical VIP.
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Given the importance of these two techniques (inertial and relaxation), it is of interest to
consider their combination for solving optimization problems. Attouch and Cabot [26, 27]
employed both techniques into proximal algorithms (resulting to Relaxed Inertial Proxi-
mal Algorithms (RIPA)) for solving convex minimization and null point problems. Also,
Iutzeler and Hendrickx [129] studied the influence of inertial and relaxation techniques on
the numerical performance of iterative schemes.

Remark 2.5.3. Several of the existing methods for solving the SVIP require that the
problem be transformed into a product space problem which does not fully exploit the
splitting structure of the SVIP. Therefore, there is need to develop efficient algorithms
for solving the SVIP which does not require the product space formulation and converges
to the minimum-norm solution of the SVIP. Note that in many practical problems with
physical and engineering backgrounds, it is very important if the minimum-norm solutions
of such problems can be found (see for example, [121, Section 5] and [54, 261]).

2.5.3 Split equalities of equilibrium, variational inequality and
fixed point problems

The EP (1.2.7) has received a lot of attention from several authors due to its application to
problems arising in the field of optimization, economics, physics, variational inequalities,

among others (see for example [191, ] and other references therein). Several authors
have analyzed and proposed various iterative algorithms for approximating the solution
of the EP and other related optimization problems, (see for example [191, , | and

other references therein).

The SEP was first proposed by Moudafi [180]. Tt is used in numerous practical problems
such as game theory, medical image reconstruction, partial differential equation, decom-
position method, among others (see [141, 224, 241]).

If Ho = Hs and F, = I (I is the identity operator), the equation (1.2.8) reduces to the
SFP proposed by Censor et al. [64] and defined as follows:
Find z € C such that Fiz € Q,

where F; : H1 — Hs is a bounded linear operator. One of the most common method for
solving (1.2.8) is the C'Q projection method proposed and studied by Bryne et al. [19].
They defined it as follows:

Algorithm 2.5.11.

(2.5.15)

Tpt1 = PC(xn - nnff(flxn - F2yn>)
Yn+1 = PQ(yn + nnF;(]—-lxn - FQyn))v

where 7, € (e, ﬁ - e), and Az, and Az, are the matrix operator norms ||| and

|| F2]||, respectively. Note that the step size n, in Algorithm (2.5.15) is dependent on the
operator norms, which are difficult and sometimes impossible to compute.
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If C and Q are the sets of fixed points of some nonlinear operators, the SEP (1.2.8) becomes
the split equality common fixed point problem (SECFPP) which is defined as:

Find z € F(Ty) and y € F(T5) such that Fixz = Fay, (2.5.16)

where F'(Ty) # () and F(Ty) # () are the sets of fixed points of T} and T, respectively, T} :
H, — Hq and T5 : Ho — Hs are nonlinear mappings and F; : Hi — Hs, Fo: Ho — Hs
are bounded linear operators.

If Hy = Hj and Fy = I, then the SECFPP (2.5.16) reduces to the following split common
fixed point problem (SCFPP) introduced by Censor et al. [(0]

Find x € F(T}) such that Fiz € F(T3).

The SECFPP was first studied by Moudafi et al. [I80]. They introduced the following
simultaneous iterative method for solving the SECFPP

Algorithm 2.5.12.

{anrl == Tl(xn - 77n]'—1*(-7:137n - nyn)) (2 5 17)

Yn+1 = TZ(yn + nn]:;((flxn - -7:21%)),

where 7, € <e, ﬁ — 6),)\]—‘1 and Az, are the spectral radius of F;F; and F;Fs, re-
spectively, and 77 and T, are firmly quasi-nonexpansive mappings. We also observe that
the step size of Algorithm (2.5.17) depends on the operator norms. Hence to implement
Algorithm (2.5.17), one has to compute the operator norms of F; and F, which are diffi-
cult to compute. Several authors have studied and proposed modifications of Algorithm

(2.5.17) for better implementation (see [177, 180, 272, 273] and other references there in).

Recently, Lopez et al. [115] studied and proposed a method for estimating the step size
which does not require prior knowledge of the operator norms for solving the SFP. Dong
et al. [119] and J. Zhao [271] also proposed new choices of step size which do not require
prior knowledge of the operator norm for solving SECFPP. Zhao [271] studied the SEP
and presented the following step size which guarantees convergence of the iterative method
without prior knowledge of the operator norm of F; and F; :

Algorithm 2.5.13.

n c <0 2”F1$n - nynH2 )
TN F (R, = Fayn) P+ 175 (Frzn — Foyn) |12
Recently, Latif and Eslamian [159] studied and introduced a new algorithm for finding a

common element of split equalities of EP, monotone VIP with Lipschitz operator and fixed
point problem of nonexpansive semigroups satisfying the uniformly asymptotically regu-
larity (u.a.r) condition in Hilbert spaces. The authors obtained strong convergence result
for the proposed algorithm. However, their proposed algorithm has certain drawbacks.
For instance, their method requires computing two projections each per iteration onto C
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and Q, which makes it computationally expensive to implement. Moreover, the associated
cost operators for the VIP are required to be monotone and Lipschitz continuous and
the step size of the algorithm depends on the Lipschitz constants of these operators. In
addition, the authors needed to impose the uniformly asymptotically regularity condition
on the nonexpansive semigroups to obtain their result. All of these drawbacks limit the
scope of application of their proposed method. Therefore, there is need to develop and
study effective iterative algorithms which does not depend on all the above mentioned
weaknesses.

2.5.4 Variational inclusion and split equilibrium problems

The V,IP has attracted the interest of many researchers due to its application to various
problems arising in optimal control, mathematical economics, convex programming and
other related optimization problems. Specifically, some problems in machine learning,
image processing and linear inverse problems can be modeled mathematically as V,IP
(1.2.9) [1, 10, 65, 86, 90, , , 256]. Many authors have studied and proposed iterative
algorithms for solving the V,IP (1.2.9). An efficient method for solving the V,IP is the
forward-backward splitting method considered in [I1, 13, 39, 82, 806, , , , ]
and is formulated as follows:

Algorithm 2.5.14.

Tpi1 = ([ +rD)" (I —rB)x,, n>1,

where 7 > 0, (I —rB) is the forward operator and (I + rD)~! is the resolvent operator
introduced in [179] and it is also known as the backward operator. This forward-backward
splitting method includes as special cases, the proximal point algorithm [215] and the gra-
dient method. Several authors have studied and extended the forward-backward splitting
methods. Lion and Mercier [161] introduced the Peaceman-Rachford splitting method

[204]

Algorithm 2.5.15.

Ty = (2JP = D)(©2JP? = D, n>1
and the Douglas-Rachford splitting method [95]

Tyl = Jfl(ZJfl)xn + (I — Jf)l)xn, n>1,

where JP' = (I +rD;)™" i = 1,2, with r > 0. They obtained weak convergence of these
methods. Gibali et al. [108] introduced and studied two modifications of the forward-
backward splitting method with a new step size rule for solving V,IPs in real Hilbert spaces
where the operators are Lipschitz continuous and monotone and maximal monotone. They
obtained strong convergence results for the two methods.
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Alvarez and Attouch [18] employed the heavy ball method which was studied by Polyak
in [208] for maximal monotone operators using the proximal point algorithm. The pro-
posed algorithm combines the inertial technique and the proximal point algorithm. The
algorithm is called the inertial proximal point algorithm and it is defined as follows:

Algorithm 2.5.16.

(2.5.18)

Yn = Tn + 6n<$n - In—l)
Tpy1 = (I + TnD)ilyna n > 1.

They obtained a weak convergence of Algorithm 2.5.18 to a zero of B when {r,} is non-
decreasing and {6,,} C [0,1) with

> Oullzn — 20 |* < 0. (2.5.19)
n=1
Moudafi and Oliny [181] proposed an inertial proximal point algorithm for solving the zero

problem of the sum of two monotone operators, which is presented as follows:
Algorithm 2.5.17.

Tpy1 = (I +7r, D) Ny, — rnBz,), n>1

They obtained a weak convergence of Algorithm 2.5.20 to the zero of (B+ D) when r,, < %,
L is the Lipschitz constant of B and condition (2.5.19) is satisfied. Note that Algorithm
2.5.20 does not take the form of the forward-backward splitting algorithm if 8,, > 0 because
B is still evaluated at the point x,,.

Recently, Lorenz and Pock [165] proposed the following inertial forward-backward algo-
rithm for monotone operators:

Algorithm 2.5.18.

(2.5.21)

Yn = Tn + 0n<xn - xn—l)
Tpy1 = (I +7r,D) " Yyp — raByn), n>1

where 7, > 0. They obtained a weak convergence analysis for this method. In 2018,
Cholamjiak et al. [33] introduced the following inertial forward-backward splitting algo-
rithm which combines Halpern and Mann iteration methods for solving V,IPs in Hilbert
spaces

Algorithm 2.5.19.

Tpi1 = Pntl + €nYn + /Lnt])a(yn — AByn), n>1,
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where B : H — H is k-inverse strongly monotone operator and D : H — 2% is a maximal
monotone operator, J{ = (I +\,D)™", 0 <\, <2k, {o,} C[0,0] with a € [0,1) and
{Bn}, {€.} and {u,} are sequences in [0, 1] with 5, + €, + p, = 1 satisfying some certain
conditions. They obtained a strong convergence of Algorithm 2.5.22 to an element in the
solution set.

Kazmi and Rizvi [144] introduced and studied the SEP (1.2.10)-(1.2.11). Observe that
problem (1.2.10) is the classical EP. When viewed separately, (1.2.10)-(1.2.11) are classical
EPs. Thus, SEP constitutes a pair of EPs which have to be solved so that the image y = T«

under a given bounded linear operator 7T, of the solution of the EP in Hi, is a solution of
the other EP in Hs.

Many authors have studied the problem of finding a common solution of the V,IP and SEP
due to its importance in solving real world problems whose constraints can be written as
V,IP and SEP. Very recently, Cholamjiak et al. [¢1] proposed a modified inertial forward-
backward splitting method for solving the SEP and the V,IP, which is presented as follows:

Algorithm 2.5.20.

Yn = Tn + 611(3711 - xnfl)
Zn = anln + (1 — ) TE (I — yA (I — T22) A)yn, (2.5.23)
Tpy1 = ﬁnzn + (]- - Bn)t]tg(] - tnB)zna n =1,

where JP = (I +t,D)™", {t,} C (0,2a), {6.} C[0,6], d€[0,1), {r,} C(0,00) with
v € (0, ) such that L is the spectral radius of A*A and {,},{3,} are sequences in [0,1].
Under some certain conditions they obtained a weak convergence of Algorithm 2.5.23 to
an element in the solution set (1.2.12). However, it has been pointed out by authors that
the summability condition used in Algorithm 2.5.22 and Algorithm 2.5.23 is a drawback
in their implementation. Another computational weakness of Algorithm 2.5.23 is the fact
that its step size v depends on the norm of the operator ||Al|, which in most cases is
unknown or very difficult to calculate or even estimate. Moreover, it is required that the
operator B in Algorithm 2.5.23 and the other algorithms above is co-coercive (inverse
strongly monotone) which is a very stringent condition. These are major drawbacks with
the above algorithms and several existing algorithms in the literature. Therefore, there is
need to develop and study effective iterative algorithms which does not depend on all the
above mentioned weaknesses.

2.5.5 Split monotone variational inclusion and fixed point prob-
lems

In 2011, Moudafi [183] introduced the SMV,IP (1.2.13). If By = By = 0 then the problem
(1.2.13) reduces to the split variational inclusion problem (SV,IP) defined as follows:

Algorithm 2.5.21.
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Find a* € Hy, such that 0¢€ D;(z*),
and (2.5.24)
y* = Taz* € Hy such that 0 € Dy(y*),

where 0 is the zero vector, H; and H, are real Hilbert spaces, Dy, Dy : Hy — 272 are
multi-valued mappings, 7 : H; — H, is a bounded linear operator. The SV,IP is also
known as the split common null point problem (SCNPP) or the split zero problem (SZP).
It includes as special cases, the split common fixed point problem (SCFFP), the SVIP
and SFP (see [169, , ] and other references therein), and it has wide applications
in different fields such as medical treatment of the intensity-modulated radiation ther-
apy (IMRT), data compression, medical image reconstruction, signal processing, phase
retrieval, among others (for example, see [52, 57, 63]). The SV IP is considered to be a
central problem in optimization and nonlinear analysis and has attracted the attention of
several researchers because the theory provides a simple, natural and unified framework
for a general treatment of many important mathematical problems such as MPs, network
equilibrium problems, complementary problems, systems of nonlinear equations and others
( see [31, 36, 63, 86, , , , , , 243] and other references therein).

Byrne et al. [51] proposed and studied the following algorithms for solving the SV,IP for
two maximal monotone operators A and D in Hilbert spaces. Take xy € H; such that

Algorithm 2.5.22.

T = I (@ + AT (P — D) Ta,,) (2.5.25)
and

Tpi1 = o+ (1 — an)J;?(wn +AT*(JPD,, — ITx,) (2.5.26)

for i > 0,T* the adjoint of T, \ € (0, %),L — | T*T|| and J4 = (I + pA)~', JP = (I +

uD)~! are the resolvent operators of A and D, respectively. Under certain conditions, the
authors obtained a weak convergence result for Algorithm 2.5.25 and a strong convergence
result for Algorithm 2.5.26.

Moudafi [181] first introduced the viscosity approximation method which is defined as :
Choose xy € H such that the sequence {z,} is generated by

Tp1 = Quf(zn) + (1 — a)Sz,, Yn>1, (2.5.27)

where {a,} C (0,1) and f is a contraction mapping. He proved that the sequence {z,}
generated by (2.5.27) converges strongly to a fixed point of a nonexpansive mapping S
under some suitable control conditions.

Very recently, Suantai et al. [229] proposed the following viscosity iterative scheme to
approximate the solution of SV, IP between a Banach space & and a Hilbert space H :
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Algorithm 2.5.23.

Tpi1 = n f(Tn) + Buxn + ’ynJﬁ (xn + )\nT*JX(QE —NTxy,), Vn > 1, (2.5.28)

where {p,},{\n} C (0,00), {an}, {Bn}, {7} C (0,1) and a, + B, + v =1, f : H = H
is a contraction, Jy is the duality mapping on X, J§! is the resolvent of A for A > 0, Qf
is the metric resolvent of D for y > 0. They proved that the sequence {x,} defined by
(2.5.28) converges strongly to a solution of the SV,IP under some certain conditions.

Many problems in sciences and engineering can be formulated as a problem of finding the
solution of a FPP of a nonlinear mapping.

Motivated by the work of Byrne et al. [51], Kazmi and Rizvi [111] proposed the following
algorithm for approximating a solution of SV,IP which is also a fixed point of nonexpansive
mapping.

Theorem 2.5.4. [1/1] Let Hy and Ho be two real Hilbert spaces and T : Hy — Ha be
a bounded linear operator. Let f : Hy — Hi be a contraction mapping with constant

p € (0,1) and S : Hy — Hi be a nonexpansive mapping. For xg € Hy, let the sequences
{u,} and {z,} be generated by

Algorithm 2.5.24.

{un Sy (@ + AT (T = 1) Ty), (2.5.29)

Tpt1 = anf<xn) + (1 - CVn)’SUm n =0,

where v > 0 and \ € <0,%>,L 1s the spectral radius of the operator T*T and T 1is

the adjoint of T, {c,} is a sequence in (0,1) such that lim a,, = 0, > «a, = 00 and

n—oo n=0

Y lan — ap—1| < oo. Then the sequence {u,} and {z,} both converge strongly to an
n=0
element in the solution set.

Remark 2.5.5. All the above algorithms for solving SV,IP have a common feature, which
is also their computational weakness. It is the fact that their step size A (or A,) depends
on the norm of the operator ||7'||, which in most cases is unknown or very difficult to
calculate or even estimate. This is a major drawback of the algorithms and several ex-
isting algorithms in the literature. Therefore, there is need to develop efficient iterative
algorithms (where the step size does not depend on the operator norm) for approximating
the common solution of the SV,IP and FPP.

2.5.6 Minimization and fixed point problems

A well-known and powerful method for finding solutions of MPs is the proximal point
algorithm (PPA), which was introduced in Hilbert spaces by Martinet [174] and further
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developed by Rockafellar [215] who proved that the PPA converges weakly to a minimizer
of f. Rockafellar [215] then posed a question as to whether the PPA converges strongly
or not without additional assumptions, and this question was resolved in the negative by
Giiler’s counter example (see [113]). To obtain strong convergence of the PPA, Kamimura
and Takahashi [110] incorporated the Halpern iterative method into the PPA and proved
a strong convergence of the resulting sequence to a minimizer of f.

The study of the PPA in spaces with nonlinearity plays crucial role in the branch of
analysis and geometry. For instance, the PPA in Hadamard spaces (nonlinear version of
Hilbert spaces) are known to have applications in computational phylogenetics, consensus
algorithms, modeling of airway systems in human lungs and blood vessels, computing of
medians and means, among others (see [33-35, 103] and the references therein). The PPA
was first studied in Hadamard spaces by Bacdk [31] in 2013, as an extension from the
classical linear spaces (for example, Euclidean and Hilbert spaces): For a starting point

x1 € X, define {x,} by
Algorithm 2.5.25.

| 1,
vt =gy (£0) + 55 0.2)), (25.30)

for each n € N, where A\, > 0 for all n € N. Under the conditions that f has a minimizer
in X and Y 7 A\, = oo, Bacdk [31] proved that {z,} A-converges to a minimizer of f.
Later in 2015, Cholamjiak [79] modified the PPA (2.5.30) into the following Halpern-type
PPA and proved that it converges strongly to a minimizer of f in an Hadamard space:

Algorithm 2.5.26.

Tpt1 = 0U D (1 - O-/n)ynan > 1,

where A > 0,{a,} C (0,1), lim a;,, = 0 and ) a,, = oco. In the same year, Cholamjiak
n—oo n=1

et al. [30] proposed the following modified PPA by using the S-type iteration process for

solving MP (2.4.4) and FPP for two nonexpansive mappings in CAT(0) spaces:

Algorithm 2.5.27.

_ : 12
Zn = arg gél)I(l[f(y) + 2)\nd (y7x7L)]a

Yo = (1 = Bo)zn ® BTh 24, (2.5.32)
Tnp1 = (1 = 1n) 1120 @ 0 Toyn,

where T} and T, are nonexpansive mappings on X, {n,},{8.} are sequences in (0, 1)
and {\,} C (0,00). They obtained a weak convergence result of Algorithm (2.5.32),
and under some compactness conditions, they obtained some strong convergence results.
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By combining the PPA with the Noor iteration process [1389], Thounthong et al. [252]
proposed the following method for finding a common element of the set of fixed points
of three nonexpansive mappings and the set of minimizers of lower semicontinuous and
convex function in Hadamard spaces:

Algorithm 2.5.28.

_ ‘ 1 p
on = argmin(f(y) + 53,4y, 2a)),

wn = (1 = 1) 20 © 1 Tr2n, (2.5.33)
Yn = (1 - ﬂn)xn ¥ 6nT2wn)
Tpt1 = (1 - gn)xn ¥ gnT3yna

where A, > 0 for all n € N, {n,},{8.}, {&.} are sequences in (0,1) and T;(i = 1,2, 3) are
nonexpansive mappings. They also obtained a weak convergence result and some strong
convergence results under some compactness conditions.

In 2017, Suparatulatorn et al. [232] proposed the following Halpern-type proximal point
algorithm for approximating a common solution of MP and FFP for a nonexpansive map-
ping in an Hadamard space: For arbitrary u,z; € X, define the sequence {z,} iteratively
by

Algorithm 2.5.29.

{yn = argmin[f(y) + 55 d*(y, )], (2.5.34)

Tpt1 = au @ (1 —a,)Ty, n > 1,

where {a,,} C (0,1) and A, > X > 0. They obtained a strong convergence result with-
out the compactness condition. Later in 2018, Cuntavepanita and Phuengrattana [91]
extended the results of Suparatulatorn et al. [232] from one nonexpansive mapping to
a finite family of nonexpansive mappings. They obtained a weak convergence result and
under some compactness assumption, they obtained some strong convergence results.

Just recently, Chang et al. [70] proposed the following iterative algorithm for approxi-
mating a common solution of a finite family of MPs and FFP for two demicontractive
mappings in Hadamard spaces:

Algorithm 2.5.30.

Up = SV (),
Tp4+1 = (]- - nn)un 5% nnK2yna n 2 ]-a

where K;(z) :=dx®(1—-0)Tix, x € C, i=1,2, Sf\ = J{joJ{j’lo, . ,oJ)J\cQoJf? j =
1,2,---,m. A >0, {n,} and {B,} are sequences in (0,1) with 0 < a < 1n,,83, < b <
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1. Chang et al. [70] obtained a weak convergence result and under some compactness
assumption, they obtained some strong convergence results.

Another effective iterative method for finding solutions of MPs is the viscosity implicit
method (VIM). Many authors have obtained convergence results using the VIM in more
general spaces (see [137, 204] and other references therein). This study has also been
extended to the Hadamard space (see [265]) and like every other type of iterative method,
the PPA type of VIM has also been studied in this setting. In 2015, Xu et. al. [263] applied
the VIM to the implict midpoint rule (IMR) for nonexpansive mappings in Hilbert spaces
and proposed a viscosity implicit midpoint rule (VIMR). They proved that the sequence
generated converges strongly under suitable conditions to a fixed point of the nonexpansive
mapping which is also a solution of the variational inequality.

Recently, Ahmad and Ahmad [!] proposed a VIM of IMR in Hadamard space and they
defined it as follows;

Algorithm 2.5.31.

w, = xn®2xn+1’
Tpt1 = T(yn)7

where {a,}, {8} and {7,} are sequences in (0,1), g is a contraction with a coefficient
6 € [0,1) and T is a nonexpansive mapping on D. They also obtained a strong convergence
of (2.5.36) to a fixed point of the nonexpansive mapping.

Remark 2.5.6. Besides the above mentioned works which mainly motivated our study of
MPs in Hadamard spaces, there are very few other results on MPs in Hadamard spaces.
Thus, it is very important to further develop and generalize this study in Hadamard spaces.

2.5.7 Some important lemmas

Lemma 2.5.7. [27)] For each x1,--- ,x, € H and oy, ,q, € [0,1] with > a; = 1,
i=1
the equality

m
lres + -+ amenl? = Y adlell’ = Y aiaylla - o
i=1 1<i<j<m
holds.

Lemma 2.5.8. [50] Assume that A :H — H is a continuous and pseudomonotone oper-
ator. Then, x is a solution of (1.2.1) if and only if (Ay,y —x) >0, Vy€C.

Theorem 2.5.9. [12/, Theorem 2.3]. Let p € [1,00) be a rational number except for
=1,2. Unless P = NP, there is no algorithm which computes the p-norm of a matriz
with entries in {—1,0,1} to relative error with running time polynomial in the dimensions.
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Lemma 2.5.10. [201, Theorem 4.1] Assume that the solution set VI(A,C) of the classical
VIP (1.2.1) is nonempty and C is defined as C := {x € H | c(x) < 0}, where ¢ : H — R is
a continuously differential convez function. Let p € C. Then, p € VI(A,C) if and only if
either

(i) Ap =0, or
(i1) p € OC and there exists p > 0 such that Ap = —pc'(p), where C denotes the boundary
of C.

Following Attouch and Cabot [29, pages 5, 10|, we note that if z, 1 = z,, + 0, (2, — Tp_1),
then for all n > 1, we have that

Tpi1 — Ty = <H 9j) (1 — ),
j=1

which implies that
n—1 1
Ty = X1 —|— (ZHO]> (1]1 — Io).
j=1 j=1

oo 1
Thus, {z,} converges if and only if x; = x¢ or if > [ 6, < oo.
I=1j=1
Therefore, we assume henceforth that

[e9) l
(H ej) <00 Vi>1. (2.5.37)

Hence, we can define the sequence {¢;} in R by

t = f: (ﬁ 0j> =1+ i (ﬁ @-) , (2.5.38)

I=i—1 \j=1 =t Jj=t

i—1
with the convention [[6; =1 Vi > 1.
j=i

Remark 2.5.11. (See also [29]).
Assumption (2.5.37) ensures that the sequence {t;} given by (2.5.38) is well-defined, and

ty =140t Vi> 1. (2.5.39)
The following proposition provides a criterion for ensuring assumption (2.5.37).

Proposition 2.5.32. [29, Proposition 3.1] Let {0,} be a sequence such that 6,, € [0,1)
for every n > 1. Assume that

I 1 1
1m — =C
nsoo \1—6,,1 1-6, ’

for some ¢ € [0,1). Then,
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(1) assumption (2.5.37) holds, and t,+1 ~ m as m — oo,

(i1) the equivalence 1 — 6, ~ 1 — 0,41 holds true as n — oo. Hence, t, 1 ~ tpio as
n — oo.

Remark 2.5.12. Using Proposition 2.5.32, we can see that 6, =1 — g, 0 > 1, is a typical
example of a sequence satisfying assumption (2.5.37).
Indeed, we have that

I Lo P Y i (L=t 2 tepo
nheo \T—0py  1-0,) noe\g" ') """

which satisfies the assumption of Proposition 2.5.32. Hence by Proposition 2.5.32(i),
assumption (2.5.37) holds.

It is worthy of note that the example 6, = 1— g, 6 > 1, falls within the setting of Nesterov’s
extrapolation methods. In fact, many practical choices for ,, satisfy assumption (2.5.37)
(for instance, see [29, 10, 68, 187]).

The corresponding finite sum expression for {t;} is defined for i,n > 1, by

n—1 ! n—1 l
0; ] =1 0; <
bin = 1222_1 <}3 J) " IZ:: (E ]> = (2.5.40)

0, otherwise.
In the same manner, we have that {t;,} is well-defined and

The sequences {t;} and {t;,} are very crucial to our convergence analysis. In fact, their
effect can be seen in the following lemma which also plays a crucial role in establishing
our convergence results.

Lemma 2.5.13. [29, page 42, Lemma B.1]. Let {a,},{0,} and {b,} be sequences of real
numbers satisfying

ap1 < Opa, +b, for every n > 1.

Assume that 0, > 0 for everyn > 1.

(a) For every n > 1, we have

n

n—1
Z a; <ty par + Z titinbi,

=1 =1

where the double sequence {t;,} is defined by (2.5.40).
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(b) Under (2.5.37), assume that the sequence {t;} defined by (2.5.38) satisfies > t;11[bi]+ <
i=1

oo. Then, the series Y _[a;]y+ is convergent, and

i>1
Z[aih < tia]y + th’+1[bz‘]+ :
=1 =1

where [t|; := max{t,0} for anyt € R.
Lemma 2.5.14. [29, page 7, Lemma 2.1]. Let {x,} be a sequence in H and {0,} be a

sequence of real numbers. Given z € M, define the sequence {T',} by ' := 1|z, — 2|
Then
1
FnJrl - Fn - 9n<Fn - Fnfl> = §(en + 9721>H1:n - xn71H2 + <xn+1 — Wp, Wp, — Z)
1
+§|lxn+1 — w, %, (2.5.42)

where wy, = Ty + Op (T, — Tp1).

The following lemmas are well-known.

Lemma 2.5.15. Let {z,} be any sequence in H such that x, — x. Then,
liminf ||z, — x| < liminf ||z, — y||,Vy # .

Lemma 2.5.16. [122] Let C be a closed convex set in H, f be a real-valued function on
H and define K := {x € C : h(z) < 0}. If K is nonempty and h is Lipschitz continuous
on C'" with modulus L > 0, then

dist(x, K) > L™ 'max {f(z),0}, Vz €C,
where dist(x, K) denote the distance function from x to K.

Lemma 2.5.17. [20/] Let H be a real Hilbert space and S : H — H be a nonezpansive
mapping with F(S) # 0. If {x,} is a sequence in H converging weakly to x* and {(I—S)x,}
converges strongly to y, then (I — S)z* = y.

Lemma 2.5.18. [221] Let C C H be a nonempty, closed and convez subset of a real Hilbert
space H. Let u € H be arbitrarily given, z := Peu, and Q :={x € H : (x —u,xz — z) < 0}.
Then QN C = {z}.

Lemma 2.5.19. Let X be a smooth, strictly convex and reflexive Banach space. Let C be
a nonempty, closed and convex subset of X, and let x1 € X and z € C. Then, z = Pexq if
and only if

(z—vy,Jx(x1 —2)) >0, Vy € C.

Lemma 2.5.20. [/(/] Let X be a real Banach space. Let B : X — 2% be a mazimal
monotone operator and A : X — X be a k-inverse strongly monotone mapping on X.
Define Ty = (I + AB)™Y(I — MA), XA > 0. Then we have
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(i) F(T3) = (A+ B)"'(0);
(i) for 0 <s<Xandz e X, ||x — Tsz| < 2|z — Thz|.

Lemma 2.5.21. [128] Let X be a 2-uniformly convex Banach space and X* the dual space
of X. Suppose A : X — X* is uniformly continuous on bounded subsets of X and B is a
bounded subset of X. Then A(B) is bounded.

Lemma 2.5.22. [20] Suppose X is a 2- uniformly convex Banach space. Then there ezists
w > 1 such that

1
Qb(l’,y)Zle’—yHQ, v I?yexv

where 15 the 2-uniform convexity constant of X. If X is a Hilbert space, then = 1.
Lemma 2.5.23. [05] Let x € X and ¢ > o > 0. The following inequality holds;
|z — e J Y (z — Az < |z — MeJ H(x — o Az)|| ‘
Y - o
Lemma 2.5.24. [179] Let X be a smooth and uniformly convex real Banach space. Let

{z,} and {y,} be two sequences in X. If either {x,} or {y,} is bounded and ¢(x,,y,) — 0,
as n — oo, then ||z, — yn|| — 0, as n — oco.

Lemma 2.5.25. [196] Let X be an Hadamard space and f : X — (—o0, 00| be a proper
conver and lower semi-continuous function. Then, d*(J{z,z) < BP(Jfz,z) for 0 <X < p
and x € X.

Lemma 2.5.26. [190] Let X be an Hadamard space and f; : X — (—oo0,00], j =
1,2,---,m be a finite family of proper, convex and lower semicontinuous functions. If

0<X<pand (OTZIF <J,SJ)>) # (. Then,

F (g0 c (e F (1),
where, H;”ZlJ,Sj) =JWoJPo. .0 gim,

Lemma 2.5.27. [155] Let X be an Hadamard space and f : X — (—o0, 00| be a proper,
convex and lower semicontinuous function. Then, for all x,y € X and A > 0, we have

1 1 1
o) = o d(w,y) + o d (e, o) + () < f(y),

Lemma 2.5.28. [97] Let X be a CAT(0) space, {vi,va, -+ ,on} C X and {\1, Aa, -+ , AN} C
N

(0,1) with > A\; = 1. Then,
i=1

N N
d (Z @)\ivi,x> < Z Nid(vi,x)  for  each x€ X.

i=1
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Remark 2.5.29. [93] For a CAT(0) space X, if {x;,1 = 1,2,...,N} C X, and o €
(0,1), i=1,2,...,N. Then by induction, we can write

N N-1
Q;
; Do;x; = (1 — aN) ZX_; @1 — Oéin D anyry. (2543)

Lemma 2.5.30. Let X be a CAT(0) space, {vi,va, -+ ,uny} C X and {\1, X2, -+ ,An} C
N

(0,1) with Y \; = 1. Then,
i=1

N N N
d2 (Z @)\ivi, .fl?) S Z )\id2(vi, .CC) — Z )\i)\de(Uh Uj).
=1 =1

ij=Li#]

Lemma 2.5.31. [19/] Every bounded sequence in an Hadamard space has a /\-convergence
subsequence.

Lemma 2.5.32. [0/] Let C be a nonempty convex subset of a CAT(0) space X and z € X.
Then, u = Pox if and only if (ﬁ, @) <0 VyeC, where Po is the metric projection of
X onto C.

Lemma 2.5.33. [255] Let X be an Hadamard space and T : X — X be a nonexpansive
mapping. Then T is a - demiclosed.

Lemma 2.5.34. [2/2] Suppose {\,} and {0,} are two nonnegative real sequences such
that

)\n+1 S /\n + ¢n7 vn 2 1.
If 570 ¢n < 00, then lim A, ewists.
n—oo

Lemma 2.5.35. [100] Let {a,} be a sequence of nonnegative real numbers satisfying the
following

An+1 S (1 - ﬁn)a'n + Tn +7n7 n 2 ]-7

where {B,} is a sequence in (0,1) and {7,} is a real sequence. Suppose that > v, < o0
n=1

and 1, < .M for some M > 0. Then, {a,} is a bounded sequence.

Lemma 2.5.36. [9] Let {a,} be a sequence of non-negative real numbers, {v,} be a se-

quence of real numbers in (0, 1) with conditions Y v, = 0o and {d,} be a sequence of real
n=1
numbers. Assume that

An+1 S (1 - P)/n)an + ﬁ}/ndna n Z 1.

If limsupd,, <0 for every subsequence {a,,} of {a,} satisfying lign inf(an, 11 — an,) >0,
k—o0 —00

then lim a, = 0.
n—oo
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CHAPTER 3

Results on Variational Inequality and Fixed Point Problems

3.1 Introduction

In this chapter, we present our results on monotone VIP and FPP of an infinite family
of strict pseudo-contractive mappings in the real Hilbert space and apply these results to
solve other nonlinear problems. Furthermore, using the projection technique, we present
our results on VIP for a quasimonotone and Lipschitz operator in a real Hilbert space.
Also, we present our result on quasimonotone VIP and FPP of a quasi pseudocontractive
mapping in the real Hilbert space. We provide some numerical experiments of our proposed
methods in comparison to other existing methods in the literature.

3.2 Preliminaries

Lemma 3.2.1. [270] Let C be a nonempty closed convex subset of a real Hilbert space H
and S : C — C be a k-strict pseudo-contractive mapping. Define a mapping T : C — C by
Tr = ax+ (1 —«a)Sz for all x € C and « € [k,1). Then T is a nonexpansive mapping
such that F(T) = F(95).

Lemma 3.2.2. [230] Assume that A : H — H is a continuous and monotone operator.
Then, x is a solution of the classical VIP (1.2.1) if and only if x is a solution of the
following problem:
Find x € C such that

(Ay,y —xz) >0, VyeC.

Definition 3.2.3. [259] Let {S,} be a sequence of ki, -strict pseudo-contractions. Define
S! =t L+ (1 —t,)Sn,tn € [kn,1). Then, by Lemma 3.2.1, S! is nonexpansive. In this
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work, we consider the mapping W,, defined by

;

Un,n+1 = I,

Un,n = CnS;LUn,nJrl + (1 - QL)]’

Un,n—l - Cn—lS;L_lUn,n + (1 - Cn—l)la

Uk = G Un k1 + (1 — Go) 1, (3.2.1)
Uni—1 = Ceo154_1Un + (1 — Goo1) 1,

Uno = (S5Un s+ (1 — ()1,

Wn = Up1 = ngiUnQ + (1 - gl)[

\

where {(;} is a sequence of real numbers such that 0 < ¢; < 1 for alli > 1. For eachn > 1,
such a mapping W, is nonexpansive.

We have the following lemmas relating to the mapping W,,, which are needed in proving
our main results.

Lemma 3.2.4. [22)] Let C be a nonempty closed convex subset of a strictly convex Banach
space X. Let {S!} be an infinite family of nonexpansive mappings of C into itself such that
Niey F(S]) # 0 and {G;} be a real sequence such that 0 < ¢; < b < 1 for all i > 1. Then
we have the following:

(1) W, is nonezpansive and F(W,) = (i_, F(S]) for each n > 1;

(2) for each x € C and for each positive integer k, then lim U, yx exists;

n—oo
(3) the mapping W of C into itself defined by
Wz := lim W,z = lim U, 1z forallz €C (3.2.2)
n—0o0 n—0o0

is a nonexpansive mapping satisfying F(W) = (.2, F(S}), which is called the modi-
fied W-mapping generated by S7, S5, -+ ,(1,Co, -+ and ty,ta, -+ .

By combining Lemma 3.2.1 and Lemma 3.2.4, it follows that F(W) = (2, F(S!) =
Mz F(S)).

Lemma 3.2.5. [09] Let C be a nonempty closed convex subset of a strictly conver Banach
space X. Let {S!} be an infinite family of nonexpansive mappings of C into itself such that
Nicy F(S)) # 0 and {¢;} be a real sequence such that 0 < ¢; < b <1 for alli > 1, where b
is a positive real number. If K is any bounded subset of C, then

lim sup |[|[Wx — W,z|| = 0.

n—o0 zeK

Lemma 3.2.6. [270] If S is a k-strict pseudo-contraction on closed convex subset C of a
real Hilbert space H, then I — S is demiclosed at any point y € H.
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Let VI(C, A) be the solution set of problem (1.2.1) and I" be the solution set of the following
problem:

Find = € C such that (Ay,y —x) >0, Yy € C. (3.2.3)

Then, I' is a closed and convex subset of C, and since C is convex and A is continuous, we
have the following relation

T CVIC,A. (3.2.4)

Lemma 3.2.7. [200] Let C be a nonempty closed and convex subset of H. If either

(i) A is pseudomonotone on C and VI(C, A) # 0,

(ii) A is the gradient of G, where G is a differential quasiconvez function on an open set
K D C and attains its global minimum on C,

(i1i) A is quasimonotone on C, A # 0 on C and C is bounded,

(iv) A is quasimonotone on C, A# 0 on C and there exists a positive number r such
that, for every x € C with ||z|| > r, there exists y € C such that ||y|| < r and
<A$7 Yy — iC) S Oa

(v) A is quasimonotone on C,intC is nonempty and there exists x* € VI(C, A) such that
Ax* # 0.
Then, I' is nonempty.

Lemma 3.2.8. [71] Let H be a real Hilbert space and T : H — H be an L-Lipschitz
mapping with L > 1 such that for all x € H,

K= (1= I+ ¢T((1—n)I +nT). (3.2.5)

Ifo<(<n< ﬁ, then the following conditions hold:

(a) F(T) = F(T((1 =)l +nT)) = F(K);
(b) if I —T is demiclosed at 0, then I — K is also demiclosed at 0;

(c) if T is a quasi-pseudocontractive mapping, then K is a quasi-nonezpansive mapping.

3.3 Common solution of the variational inequality and
the fixed point problems

In this section, we propose and study new inertial viscosity Tseng’s extragradient al-
gorithms with self-adaptive step size to solve the VIP and the FPP in Hilbert spaces.
Our proposed methods involves a projection onto a halfspace and self-adaptive step size.
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We prove that the sequence generated by our proposed methods converges strongly to a
common solution of the VIP and FPP of an infinite family of strict pseudo-contractive
mappings in Hilbert spaces under some mild assumptions when the underlying operator is
monotone and Lipschitz continuous. Furthermore, we apply our results to find a common
solution of VIP and ZPP for an infinite family of maximal monotone operators. Finally,
we provide some numerical experiments of the proposed methods in comparison with other
existing methods in the literature.

3.3.1 Proposed method

In this section, we present the following method with self-adaptive step size for solving
the VIP (1.2.1) and the FPP (1.1.1).

Assumption 3.3.1. Suppose that the following conditions hold:
Condition A:

(A1) The feasible set C is given by
C={xeH:h(x) <0}
where h : H — R is a conver and subdifferentiable function on C.

(A2) h is weakly lower semicontinuous.

(A3) For any x € H, at least one subgradient & € Oh(x) can be calculated, where Oh(x) is
defined as follows

Oh(z) ={z € H:h(u) > h(z)+ (u—=2,z2), YueH}
In addition, Oh(x) is bounded on bounded sets.
(A4) Define the set C,, by the following half-space
Co ={z €M : h(wn) + (&, x — wn) < 0},
where &, € Oh(w,). By the definition of the subgradient, it is clear that C C C,,.

Condition B:

(B1) A:H — H is monotone and Lipschitz continuous with Lipschitz constant L > 0.

(B2) The solution set T' := {z € VI(A,C)NX,F(S;)} is nonempty, where S; : H — H
1s an infinite family of k;-strict pseudo-contractions.

(B3) D :H — H is a strongly positive bounded linear operator with the coefficient .

(B4) [+ H — H is a contraction with the coefficient p € (0,1) and 0 <~ < 22
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(B5) {Bn}e 1, {00} and {7,}22, are positive sequences satisfying the following condi-
tions:

{6,},{0,} € (0,1), 0 <1 < By, nh_)rglo 0, =0, 21 0, = 0o, lim 7= = 0.

n—oo "

Algorithm 3.3.2. Inertial method with adaptive step size strategy.

Step 0: Choose sequences {6,}>2; and {7,}22; such that condition (B5) holds and let
A >0, p€(0,1), @« >3 and xg,x; € H be given arbitrarily. Set n := 1.

Step 1: Given the iterates x,,_1 and z,, for each n > 1, choose «,, such that 0 < «a,, < a,,,
where

. _1 T, .
B min { n—__ n } , ifx, #
&, = { AtanD Tl (3.3.1)
n— .
P otherwise.

Step 2: Compute
Wy = Ty + (T — Tp_1).

Step 3: Construct the halfspace
Cr ={weH |c(w,) + (&, w —w,) <0}
and compute
Yn = Pe, (W, — A\ Aw,).
If y, = w, (Aw, = 0), then set w,, = z, and go to Step 5. Else go to Step 4.

Step 4: compute

Step 5: Compute
Tpy1 = 9n71fxn + (I - enD)Tan

where

T,=(1-=p,)I+B,W, and W, isthe mapping defined by (3.2.1).

Step 6: Compute

: pllwn—ynl| 1
Aot = {mm { [ Aw, —Ayn [’ )‘”} 1 Awn 7 Ay, (3.3.2)

An, otherwise.

Set n:=n + 1 and go back to Step 1.

Remark 3.3.1. Unlike several other existing methods for solving the VIP (1.2.1), our
methods involves a projection onto a half-space without any projection onto the feasible
set. Note that while projection onto the feasible set may be difficult to execute, projections
onto half-spaces have closed formulas, and hence, they are easy to execute. Thus, our
methods are more easily implementable than several existing ones in the literature. We
prove that the sequence {z,} generated by our proposed methods converges strongly to
(1.2.2) (a common solution of the VIP (1.2.1) and the FPP (1.1.1) for an infinite family
of strict pseudo-contractive mappings) in Hilbert spaces under some mild conditions when
the cost operator is monotone and Lipschitz continuous.
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Remark 3.3.2. From (3.3.2) in Algorithm 3.3.2, it is clear that A\, < A, ¥Yn > 1. Also,
since A is L-Lipschitz continuous, we get in the case of Aw, # Ay, in Algorithm 3.3.2,
that

[ pllwn = yal| : {u }
)\n == T A 4 )\n Z T )\n )
" mm{HAwn—A%m Y

which by induction, implies that {\,} is bounded below by min {£, A;}. Since {\,} is

also monotone nonincreasing, we have that the limit exists, and lim A, > min{%, A\;} > 0.
n—oo

Remark 3.3.3. By condition (f), one can easily verify from (3.3.1) that

. . Qap
7}1—{2@ Qpl|Tn — xp—1]| =0 and nh_}rglo EH% — Zp—1]| = 0. (3.3.3)

Remark 3.3.4. By the definition of the subgradient, it is clear that C C C,.

3.3.2 Convergence analysis

Lemma 3.3.5. Let {x,} be a sequence generated by Algorithm 3.5.2 under Assumption

3.3.1. Then

A
A

o =PI < Nlwn = pI> = (1= 235 ) llgn — wal®

Proof. Let p € I'. Since y,, = Pe, (w,, — A\yw,,), we obtain by the characteristic property of
Pe, that (y, — w, + A\yAw,, y, — p) < 0 and this implies that

(Yn — Wny Yn — P) < =X (Awp, yn — p). (3.3.4)

Also, from the definition of z, in Step 4, and Lemma 2.1.1, we have

| 2n _pH2 < |yn — An(Ayn — Awy,) _p||2
= [lyn — pII” + A2l Ayn — Aw,||* = 20 (Ay, — Aw,, Y — )
= [lwn = pI* + lyn — wall® + 2(yn — wn, wn — p) + A2 || Ay — Aw,||?
— 2\ (Ayy, — Awy, yn — p)
= [[wn = plI* + [1yn — wall* + N2 Ayn — Awn|* = 2(yn — wn, Yo — wy)
+ 2<yn — Wn; Yn _p>
— 2\, (Ay,, — Awy, yn — p)
= [Jwn = plI* = Y — wall* + Nol| Ays — Awn||* + 2(ys — wn, yn — )
— 2\, (Ay,, — Awy, yn — p) (3.3.5)
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From (3.3.4) and (3.3.5), we obtain

20 = pII* < llwn = plI* = llyn — wall* + Aall Ay — Aw,||* = 20 (Awn, Yo — p)
- 2)\n<Ayn - Awna Yn — p>

= N =PI = Il = wall® 4+ X2 Ay — A |* = 20 ( Ay v~ )
2
< N = I = Il =l + X5zl — w0l = 220 (Ays, 9, — 1)
n+1
AH’
< Nl = plP? = (1= 55 ) g — wall” (3.3.6)
n+1

]

Consider the limit

)\22
hm@f W>:1—M>0

n—0o )\31—1—1

Hence there exists ng > 0 such that for all n > ng, we have that (1 — §§“2> > 0. Thus,
n+1
from (3.3.6), we have that

|2 — Pl < |lwn — pl|.

Lemma 3.3.6. Let {x,} be a sequence generated by Algorithm 3.3.2 under Assumption
3.3.1. Then, {x,} is bounded.

Proof. First, we show that Pr(I — D + 7, f) is a contraction of ‘H. For all z,y € H, we
have

1Pe(l =D +mfle =P =D+nflyll < =D+nflz =T =D+nfyl
(I = D)x— (I = D)yl +mnllfz - fyll
L =)l =yl +npllz -yl

(
= 1= (2 =mp)llz -yl

Hence, Pr(I — D + v f) is a contraction. Let p € I'. Then from the definition of w,, in
Step 2, we have

<
<
<

|wn — pll = |70 + an(@n — 20-1) — P

- Hxn - p” + Oéonn - xn—l“-

Also, from Step 2, we observe that a, |z, — 2,-1|] < 7,,Vn > 1, which implies that

%Hxn — Ty < ;—n — 0, as n— oo (3.3.7)

Hence, there exists M; > 0 such that

%Hxn —Tpa|| <My, Vn>1 (3.3.8)
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This implies that ||w, — p|| < ||z, — p|| + 6,M1,Vn > 1 and hence

1zn = pll < llwn = pll < [l = pll + 60 M. (3.3.9)

From Step 5, we have

[Tnzn = pll < 11 = Bn)2n + BnWazn — pl|
< (1= Ba)llzn = pll + Bul[Wanzn — pl|
< (L= Bu)llza = pll + Bullzn — 2
= ||z, — pl| (3.3.10)

From (3.3.9) and (3.3.10), we obtain for all n > ny,

201 = pll < NOny1frn + (1= 0,D)Tz2, — pl
= ||9n(71f$n - Dp) + (1 - enD)(Tnzn - p)”
< Opllv1fon — Dpll + (1 = 0uy2) | Tn2n — p|
< Onlln(frn — fp) + (0fr — Dp)|| + (1 = 0y2) || 20 — 2|
< Oyipllen — pll + Onllyafp — Dpl|l + (1 = 072) (|20 — pl| + 00 M)
< (1 =0u(v2 = mp)llzn = pll + Ol fo — Dpl| + 0, M
|v1.fp — Dpll + M

= (1= 0n(v2 —710) |20 — Pl + On(72 — 71p)

Y2 — M1pP
|v1.fp — Dpl| + M
< max{ ||z, — pl|,
Y2 — V1P
|vifp — Dpll + M,
S max Hxno _pH7
Y2 — M1pP

Hence, the sequence {x,, } is bounded. Consequently, {w,}, {y,} and {z,} are also bounded.
[

Lemma 3.3.7. Assume that {w,} and {y,} are sequences generated by Algorithm 3.5.2
such that

lim ||w, — yn|| = 0. If {wy,;} converges weakly to some & € H as j — oo, then & €
n—oo
VI, A).

Proof. Since w,, — Z, then by the hypothesis of the lemma it follows that y,, — & as
J — 00. Also, since y,,; € C,,, then by the definition of C,, we get

h<wn]) + <€nj7ynj - wnj> S 0. (3311)

By the boundedness of {w,} and by condition (A3), there exists a constant M > 0 such

that [|&,,|| < M for all j > 0. Then, from (3.3.11) we obtain h(wy,;) < M||wy, —yn;|| —

0 as j — oo, and this in turn implies that lim inf A(w,;) < 0. Applying condition (A2),
—

j—o0
we have h(Z) < liminf h(w,;) < 0. This implies that & € C. From Lemma 2.4.1, we obtain

j—o0

(Un; — Wn; + Ay AWn;, 2—Yp,) 20, V2zeCCCl,,.
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Since A is monotone, we have
0 S <yn] - wn]-7 Z — yn]> + >\n]-<Awnj7 Z — y’n]>
= (Un; — Wny, 2= Yn;) + A, (AWn;, 2 — wn;) + Ay (AWn;, Wy, — Yn;)
S <yn] - wnj: z _yTb]> + )\

Letting j — oo, and since lim ||y,, — wy,|| = 0, we have
j—o0

n; <AZ, Z— wnj> + )\nj <Awnj7 Wn,; — yn]>

(Az, z—12) >0, VzeC.
Applying Lemma 3.2.2, we have that & € VI(C, A). O

Lemma 3.3.8. Let {x,} be a sequence generated by Algorithm 3.5.2 under Assumption
3.5.1. Then,

0n722 M 3M2(1 - ‘9n72)2 Qn

a1 = Bl < (1= ) ln = DI + 70|

5/ i3 Ty — Tp-1
2(v2 — np) 202 = mp) On | |
1 (1 = 0,72) AL 2
+ ———(nfp— Dp,x, —p]——[ 1— ) lyn — wn
(72 I 71,0) <’71f +1 > (1 _ 9n’71p) )\314_1 ||y ||
o Bl = B) [Wazn = 2l
where n,, = W.

Proof. Let p € T'. Then from Step 2, by applying the Cauchy-Schwartz inequality and
Lemma 2.1.1, we obtain

|[wy, —p||2 = [|zn + an(Tn — Tn1) _pH2
= Hxn _pH2 + O‘inn - xnflw + 2an<xn — D, Tn — xn—1>
< Jn =l + apl|2n — 2pi|* + 2002 — 2o |||2n — pl|
= ||z, _pH2 + anl|zn — Tp-a|[(anl[Tn — 2nal| + 2[|2 — pl])

S Hxn _pH2 + 3M2aonn - xnle

Oy,
= [lzn = pII* + 3Mab, =20 — 2], (3.3.12)

where My := sup,,end{||zn — pl|, anl|zn — z0-1]|} > 0.

Now, applying the last inequality Lemma 2.1.1 and (3.3.6), we have

1T 2n _pH2 = [(1 = Bn)(zn — p) + Bu(Wnz, _p)H2
< (L= Bu)llzn — p||2 + BullWhzy — p”2 — Bn(1 = Bu)[[Whzn — Zn||2
< (= Bu)llzn _pH2 + Bnllzn _pH2 — Bn(L = Bu)|Whzn — ZnH2
zZ

” n _pH2 - 6n<1 - ﬁn)Hann - ZnH2

)\2[u2

= n - - D) n — Wn — Mn\+ T Mn nen — ~n

< lewm = pIP* = (1= 35— ) g = wall® = Ba(1 = Bu)[[Wazn = 20"
n+1

y, )\2 Iu2
< llow = P + 3002, 52 o~ 0mall = (1= 355 ) o = P
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Also, by applying Lemma 2.1.1 and (3.3.13), we have

|21 = plI? = 161 f 20 + (1 = 0,D) 20 — plf?
= |0n(v1frn — Dp) + (1 = 0,D)(T2n — p)HQ
< (1= 0072)* | Tnzn — plI* + 200 (y1.f 20 — Dp, &ns1 — p)
< (1= 00721 w20 — PII* + 2001 (fn — D, Tni1 — D)
+ 200 (71.fp — Dp, Zny1 — D)
< (U= 6,2 [l — ol + 336, 22 —

On,
A’
(13 b = vl = 1 = )Wz = ]
n+1
+ 29n<71f$n - fpa Tn+1l — p> + 26n<71fp - Dpa S p>
Qnp
< (1= 0p72)?[lzn — plI? + 3Ms(1 — 9n'72>29n9_||$n — T
2 Ao 2 2 2
= (1= 0072)" {1 = 55— | lyn = wall” = (1 = 0072)"Bu(L = Bu) [Wazn — 2l
n+1
+ 20,71 (fxn — [P Tps1 — p) + 20, (1 fp — Dp, Tpi1 — p)
Qn

< (1= 63 Dl + V(1 — 603200 2 — |

- (=62 (1= 585 ) I = wal?

(1= 02081~ B W — 2l + 2,0l — s
+ 20, (y1fp — Dp, Tns1 — p)

< (1= el — I + 301 — 000,

o
_nHa:n_xn%H

On
Ao
- (1= 00 (1= 355 o = wall + (1 = ) Wo =z
n+1

+ 01 (2w =PI + i1 = pII) + 26001 fp — Dp,2as1 — )

= (1= 0.72)? + 0um1p) |20 — Pl + OuyipllZnsr — pl?
(079

+ 3M2<1 - 9n72)29n9_|’$n - -CEn—lH + 29n<ﬁ)/1fp - Dp7 Tpy1 — p)
)\2 2

= (1= 00)?| (1= 555 ) o =l + Bu1 = B Wazs = 2.
/\n+1
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From this, we obtain
(1 - 20n72 + (6n72)2 + 07171:0) ||LU
(1= 6.71p) "

0 o
" [3M(1 — 6,7,)*

(
(1 —0072)° ( /\Zu2> ) ,
~ nl (1 ‘n o — w2+ Bl — B Wz — 2n
(1 —9n71p)[ A2 Iy 17+ Ba(1 = B,) | ]
(1 = 20,73 + On71p) , (6172)?
Tn — + ————||®
(1 — Ony1p) | | (1 —0,mp) |

an
[3Ma(1 = 6,72)* 52 |20 = 2| + 2(31/p = Dp. s — 1)

lzns1 = plI* < I*

22 e = @nal |+ 200fp = Dp, 2nsr = )]

n_pH2

(1 nVIIO) 9
<1 On2)” ( A2 ) ) ,
L- n — Wy||” + nl— n ann_zn
= n%m[ T )l = wall+ 50 = ) ]
np)
ey L)
20, (72 — p) [ 623 ap o 3Me(l=6i)a LN
(1= 0nmp) 12072 = mp) 27 —1p) O M
1
+ —</71fp - Dp7 Tp+1 — pﬁ
(2 = 11p)

(1 —0n72)° [ ( /\2M2> ) ,
A 1— n_ n — Wy + nl_ n ann—zn :|,
(1= 0m1p) 3o ) o = wall? 6.0 = B \|

where M3 = sup{||z,, — p||* : n € N} and thus we obtain the desired conclusion. O

We are now in the position to give the main theorem for Algorithm 3.3.2.

Theorem 3.3.9. Let {x,} be a sequence generated by Algorithm 3.3.2 under Assumption
3.3.1. Suppose that {W,} is the sequence defined by (3.2.1). Then, the sequence {z,}
converges strongly to a point x* € T', where x* = Pr(I — D + v f)x* is a solution of the
variational inequality

Proof. Since z* = Pr(I — D + ~, f)z*, we obtain from Lemma 3.3.8 that

1 = 2 < (1 = na) 2m — 2"

005 3Ms(1 — 0,72)2 v
1 [¢M3 ! 72) Mz — 2| (3.3.14)
2(72 = np) 2(v2 —mp)  On
1
L
(72 - ’Ylp)

Now, we claim that the sequence {||z,, — z*||} converges to zero. To show this, by Lemma

2.5.36 it suffices to show that limsup(y, fo* — Da*, z,,, 41 — 2*) < 0 for every subsequence
k—o0
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{lzn, — ™[I} of {[jzn — x*[|} satisfying

liminf ([[z, 41 — 27| = [[2n, — 27]) 2 0.
k—o00

(3.3.15)

Suppose that {||z,, —z*||} is a subsequence of {||x,, —2*||} such that (3.3.15) holds. From

Lemma 3.3.8, we obtain

(1 - 6%72)2 (1 /\?2%”2
(1 = 0nm1p)

>\721k+1
075
2(v2 —mp)
3M2(1 — an%)Q (7%

2(v2 —mp)  On,
1

+ My,

Hxnk - x”k_lH

) e — w7 < (1= ) lms — @2  myss — 2|1

+ —)(fylfx* — Dx* x40 — 27)|.

(72 — 71P

By (3.3.15) and the fact that klim Nn, = 0 (since lim 6,, = 0), we obtain
—00

k—o0
1- 9n 72 2 )\721 /12
((19—k> 1= )\Qk Hy"k - w”k”2 — 0, ask — oo.
— Ony1p0) 2
Consequently, we have
klggo [Yn,, — wn, || = 0.

Following similar argument, from Lemma 3.3.8 we have
lim |W,, 20, — 2n.|| = 0.
k—o0

From the definition of z,,_ in Step 4 and (3.3.16), we have

Hznk - wnkH = ”ynk - )\nk(Aynk - Awnk) - wnk”

) [ N [wny, = Yyl

Nk
)\Tbk-i-l

An
= (1 + —’“M) |Yn, — wn, || = 0, as k — oo,
)\nk—i-l

which implies that
lim ||z, — wy, || = 0.
k—o0

From (3.3.16) and (3.3.18) we have

k—o0
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Also, from (3.3.17), (3.3.18) and (3.3.19), we get
—00 k—o0 k—o00
(3.3.20)

Now, from Step 2 and by Remark 3.3.3, we get

lim ||w,, —zp, || = Iim o, ||zh, — Zn-1]] = 0. (3.3.21)
k—ro0 k—ro0

From (3.3.18), (3.3.20) and (3.3.21), we obtain

lim ||z, — s, || =0, lim |W,, 2, — n, || = 0. (3.3.22)
k—o0 k—o0

By applying (3.3.17), we have

HTnkznk - an” = H(l - ﬁnk)znk + 6nkWnkznk - an“ (3323)
< (1 - Bnk)”an - an” + 6nk||Wnkznk - an” — 0, k — oo.

Now, by using (3.3.18), (3.3.21) and (3.3.23) we obtain

kh—g}o HTnkznk - w”k” =0, k:lg{olo HTnkznk - xnkH =0. (3'3'24)
Consequently, by applying the fact that klim 0, = 0 we get
—00

||xnk+1 - x”k” = ||0nk71fxnk + (1 - anD)Tnank - J7nk||
= ‘|(‘9nk71fxnk - enkank) + (1 - enkD)<Tnank - xnk)”
S enk||71fxnk - Dxnk|| + (1 - enk,72>||Tnank - m7%” — 07 k — oo.

Hence

lim ||z, +1 — Zn, || = 0. (3.3.25)

k—o0

Now, we show that w,(x,) C NX,F(S;) = F(W). Let z € w,(x,) and suppose that
z ¢ F(W), that is, Wz # z. From (3.3.22), we have that w,(z,) = w,(z,) and by Lemma
2.1.15 we have

liminf ||z, — z|| < liminf |z, — Wz|||
k—o0 k—o0
< 1igninf{||zn,c — Wazu ||+ [|Wan, — W2z}
—0o0
< li]fninf{Hznk —Wazn |l + |20, — 2|} (3.3.26)
—00
Since x,,, € K for all k > 1 and w,(x,) = w,(z,), we obtain

< sup HW'T - Wnka + HWnk’an - znk”
e K

69



By applying Lemma 3.2.5 and (3.3.17), we have klim |W 2y, — 2n, || = 0. Combining this
—00
with (3.3.26) yields
liminf ||z, — z|| < liminf ||z, — 2|,
k—o0 k—o0
which is a contradiction. Hence, we have z € F(W) = N2, F(5;), i.e., wy(z,) C F(W) =
Mz F(S)).
Next, we show that w,(z,) C VI(C, A). By invoking Lemma 3.3.7, it follows from (3.3.20)
that z € VI(C, A). Thus, w,(z,) C T.
From the fact that klim |, — 2n, || = 0, we have that w,{z,} = w,{z,}. By Lemma 3.3.6,
—00

we have that {z,, } is bounded which implies that there exists a subsequence {zy, } of
{n, } such that x,,  — 7 and

lim (v, fa* — Da*, xp,,  — 2*) = limsup(y, fa* — Da™, z,,, — z¥)
J—roo ! k—so0

= limsup(y, fo* — Dz*, 2z, — x*).
k—ro0

Since z* = Pr(I — D + v f)x*, we have that
limsup(vy, fa* — Dz*, x,, — ") = lim (y, fa* — Da*, x,,,  — %)
k—o0 J—0 !
= (nfa* — Dx*, & — z¥)
<0. (3.3.27)

From (3.3.25) and (3.3.27), we have

limsup(y fa* — Dx*, xp, 41 — 2*) = limsup(y, fa* — Da*, x,,, — ¥)

k—o0 k—o0
= (nfa* — Da*,x —a%)
<. (3.3.28)
By applying Lemma 2.5.36 to (3.3.14) and using (3.3.28) together with the fact that
nlglglo 6, = 0 and nlggo 7 lwn —zn-1| = 0, we have that r}grglo |z, —x*|| = 0. Therefore, {x,}
converges strongly to z*. O

Next, we propose our second algorithm which is a slight modification of Algorithm (3.3.2).

Algorithm 3.3.3. Inertial method with adaptive step size strategy.

Step 0: Choose sequences {6,}>°, and {7,}>°, such that condition (B5) holds and let
A1 >0, p€(0,1), >3 and xg,z; € H be given arbitrarily. Set n := 1.

Step 1: Given the iterates z,_; and x,, for each n > 1, choose «,, such that 0 < o, < @,
where

. 71 T, .
B min { n 1 } if x, # x,_1
&, = nt+a—17 [[zn—an-1l [’ (3.3.29)
n—l otherwise.
n+a—17

Step 2: Compute
Wy, = Tp + Qp Ty — Tpq).
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Step 3: Construct the halfspace
Cr ={weH |c(w,) + (&, w —w,) <0}

and compute
Yn = P, (w, — A\ Awy,).

If y, = w, (Aw, = 0), then set w, = z, and go to Step 5. Else go to Step 4.

Step 4: compute
Zn = Yn — M(Ay, — Awy,).

Step 5: Compute
Tonr1 = O fwn + (L — 0,D)T,, 2y,

where

T,=(1-=p,)I+ B,W, and W, isthe mapping defined by (3.2.1).

Step 6: Compute
: pllwn—=ynl| 4
ay = dmin{ s, A it Awn # A, (3.3.30)
n otherwise.

Set n:=n+ 1 and go back to Step 1.

Theorem 3.3.10. Let {z,} be a sequence generated by Algorithm 3.5.3 under Assumption
3.3.1. Suppose that {W,} is the sequence defined by (3.2.1). Then, the sequence {x,}
converges strongly to a point x* € ', where x* = Pr(I — D + v f)x* is a solution of the
variational inequality

(D -y fla*,a* —x) <0, Vo €T,

Proof. The proof of this result follows similar argument with the proof of the result of
Theorem (3.3.9). O

Taking ;3 = 1 and D = [ in Theorem 3.3.9 (where [ is the identity mapping), we obtain
the following:

Algorithm 3.3.4. Inertial method with adaptive step size strategy.

Step 0: Choose sequences {6,}>°, and {7,}>°, such that condition (B5) holds and let
A1 >0, p€(0,1), a >3 and xg,z1 € H be given arbitrarily. Set n := 1.

Step 1: Given the iterates z,_; and x,, for each n > 1, choose «,, such that 0 < o, < @,
where

. n—1 ™ .
G = {mm {n+a717 Em—— } , ifx, # x,pq

n—1 :
— otherwise.

Step 2: Compute
Wy, = Tp + Qp Ty — Tpq).
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Step 3: Construct the halfspace
Co ={w e H |c(wy) + (&, w —wy,) <0}

and compute
Yn = PC»,L (wn - )\nAwn)

If y, = w, (Aw, = 0), then set w, = z, and go to Step 5. Else go to Step 4.

Step 4: compute
Zn = Yn — M (Ayn — Awy,).

Step 5: Compute
Tnt1 = enfxn + ([ - en)Tnzna

where

T,=1-p.)+ 5,W, and W, isthe mapping defined by (3.2.1).

Step 6: Compute
iy 4 Hllwn=ynll .
/\n+1 _ min { [| Awy, —Ayn ||’ )\n} s if Awn 7£ Ayn
" otherwise.

Set n:=n+ 1 and go back to Step 1.

Corollary 3.3.5. Let {x,} be a sequence generated by Algorithm 3.3.4 under Assumption
3.3.1. Suppose that {W,} is the sequence defined by (3.2.1). Then, the sequence {x,}
converges strongly to a point z* € I, where z* = Pr(f)x* is a solution of the variational
inequality

(I - flz",xz" —2z) <0, Ve eT.

Taking v, = 1, D = I (where [ is the identity mapping) and S,, = S for all n > 1 in
Theorem 3.3.9, we obtain the following:

Algorithm 3.3.6. Inertial method with adaptive step size strategy.

Step 0: Choose sequences {6,,}°°, and {7,,}°°, such that condition (B5) holds and let
A1 >0, u€(0,1), « >3 and zg,x; € H be given arbitrarily. Set n := 1.

Step 1: Given the iterates z,_; and z,, for each n > 1, choose «,, such that 0 < o, < @,
where

: n—1 Tn :
— {mm {n+a71> [Em——y } , ifx, # g
n

o n—1 :
a1 otherwise.

Step 2: Compute
Wy = Tp + ap Ty — Tp1).
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Step 3: Construct the halfspace
Co ={w e H |c(wy) + (&, w —wy,) <0}
and compute
Yn = PC»,L (wn - )\nAwn)
If y, = w, (Aw, = 0), then set w, = z, and go to Step 5. Else go to Step 4.
Step 4: compute
Zn = Yn — M (Ayn — Awy,).
Step 5: Compute
Tnt1 = enfxn + ([ - en)Tnzna

where
T,

(1= Bl + S,

Step 6: Compute

iy 4 Hllwn=ynll .
Mg = {mln{|Awn—Ayna An}, it Aw,, # Ay,

A, otherwise.

Set n :=n + 1 and go back to Step 1.

Corollary 3.3.7. Let {x,} be a sequence generated by Algorithm 3.3.6 under Assumption
3.3.1. Then the sequence {x,} converges strongly to a point z* € ', where x* = Pr(f)z*
s a solution of the variational inequality

(I—fla", 2" —2) <0, Vrel.

3.3.3 Applications

The zero point problem
In this section, we apply our results to finding a common solution of VIP and ZPP for an
infinite family of maximal monotone operators.

Let F : H — H be a single-valued nonlinear mapping and B : H — 2" be a multi-
valued mapping. The problem of finding a zero of the sum of two monotone operators,
which is formulated as the following MIP is to find a point = € H such that

0€ (F+ B)z. (3.3.31)

This problem includes, as special cases, convex programming, VIP, SFP and MP. More
precisely, some concrete problems in machine learning, image processing and linear inverse
problem can be modeled mathematically as this form, see [36, 92, 99, |. We denote the
zero point set {x € H : 0 € (F + B)x} of F + B by (F + B)™'0.
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Definition 3.3.11. Let B : H — 2" be a multivalued mapping. The effective domain of
B denoted by D(B) is given as D(B) = {x € H : Bx # 0}.

Definition 3.3.12. Let B : H — 2% be a multi-valued operator on H. Then

(1) the graph G(B) is defined by
G(B) ={(z,u) e H xH :u € B(z)};
(2) the operator B is said to be monotone if (x—y,u—v) > 0 for allz,y € D(B),u € Bz,
and v € By;

(3) A monotone operator B on H is said to be mazimal if its graph is not properly
contained in the graph of any other monotone operator on H;

(4) For a maximal monotone multivalued mapping B on H and r > 0, the operator
JB = (I +rB)™':H — D(B)
is called the resolvent of B.

Remark 3.3.13. In [101], it was shown that F(J?) = B~'0 = {x € H : 0 € B} for all
r > 0 and JP is singled-valued and firmly nonerpansive, that is,

The following lemma will also be employed in establishing our results in this section.

Lemma 3.3.14. [22] Let C be a nonempty closed convezr subset of H,G : H — H be a
mapping and B : H — 2% be a mazimal monotone operator. Then F(JB(I — rG)) =
(G+ B)~(0).

Now, we have the following results.

Theorem 3.3.15. Let H be a Hilbert space and suppose that {W,} is the sequence defined
by (3.2.1). Let B; : H — 2" be an infinite family of mazimal monotone mappings with
D(B;) # 0 and in’i is the resolvent of B; for each r; > 0. Suppose that {x,} is a sequence
generated by Algorithm 3.3.2 such that Assumption 3.53.1 is satisfied. Then the sequence
{x,} converges strongly to a point + € T = VI(C,A)N\NZ,(B;10) # 0, where & =
Pr(I — D +~f)(2) is a solution of the variational inequality

(D—=~f)z,z2—x) <0 forallzeTl.

Proof. Since J is nonexpansive and F(J2) = B; !0, then the result follows from Theo-
rem 3.3.9 by taking J7 = S; in Definition 3.2.3. O
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Theorem 3.3.16. Let H be a Hilbert space and suppose that {W,} is the sequence defined
by (3.2.1). Let By : H — 2% be an infinite family of maximal monotone mappings with
D(B;) # @,in is the resolvent of B; for each r; € (0,20;) and F; : H — H be an
infinite family of §;—inverse strongly monotone mappings. Suppose that {z,} is a sequence
generated by Algorithm 3.3.2 such that Assumption 3.53.1 is satisfied. Then the sequence
{z,} converges strongly to a point & € T' = VI(C,A)(NX,(B; + F;)~'0 # 0, where
T =Pr(I —D+~f)(Z) is a solution of the variational inequality

(D—~f)i, & —x) <0 forallzeT.

Proof. Since F; is §;—inverse strongly monotone, I — r;F; is nonexpansive. By the nonex-
pansiveness of in, it follows that Jf"([ — r;F}) is also nonexpansive. The proof follows
from Theorem 3.3.9 by applying Lemma 3.3.14 and taking in(f—riGi) = 5; in Definition
3.2.3. O

3.3.4 Numerical experiments

In this section, using some test examples, we discuss the numerical behavior of Algorithm
3.3.2 as well as compare it with Appendix 3.3.19 proposed by Thong and Hieu [219],
Appendix 3.3.20 proposed by Yang and Liu [260], the method of Shehu and Iyiola [223,
Algorithm 1] (see Appendix 3.3.21) and the method of Fan and Qin [102, Algorithm 5] (see
Appendix 3.3.22). We perform all implementations using Matlab 2016 (b), installed on
a personal computer with Intel(R) Core(TM) i5-2600 CPU@2.30GHz and 8.00 Gb-RAM
running on Windows 10 operating system. In Tables 3.3.1-3.3.2, “No. of Iter.” means the

number of iterations.
In our computations, we define h(z) = ||z[|* and choose 6, = 5,7 = 0.1, 8, = 2(1—}%),
Tp = ﬁ, A1 = 0.8, and p = 0.7. Furthermore, in the implementation, we define TOL,, :=

|#ns1 — 24| and use the stopping criterion TOL,, < 1072 for the iterative processes.

Example 3.3.17. Let H = R™ with standard topology, fr = ¢, Dz =z and S, : H — H
be a mapping defined by S,z := %x Ve € H. Let A: R™ — R™(m = 15,30, 45,60) be an
operator defined as

Axr =Mz +q
and
M=NNT'+S*+E

where N is an m X m matrix, S* is an m x m skew-symmetric matrix, £ is an m x m
diagonal matrix with its diagonal entries being nonnegative and g € R™. The feasible set
C is given by

C={r= (1, ,0p,) ER": 2<2;,<5,i=1,--- ,m}.

It is obvious that A is monotone and Lipschitz continuous with Lipschitz constant L =
|| M]|. The entries of N, S* are generated randomly in [—2,2] as well as the starting points
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Top left: Case I; Top right: Case II; Bottom left: Case III; Bottom right:

xo, r1 and the diagonal entries of E are in (0,2), and ¢ is taken as the zero vector in R™.
We plot the graph of ||z, 1 — 2,|| against number of iterations choosing m = 15, 30, 45, 60
and o = 7. The numerical results are reported in Figure 3.1 and Table 3.3.1.

Table 3.3.1. Numerical results for Example 3.3.17.
App. App. App. App. Alg.
3.3.19 3.3.20 3.3.21 3.3.22 3.3.2
m = 15 No. of Iter. | 20 20 4 19 12
m = 30 No. of Iter. | 20 20 4 19 12
m = 45 No. of Iter. | 25 25 4 22 13
m = 60 No. of Iter. | 13 21 4 21 13

Example 3.3.18. Let H = L?([0,1]) be endowed with inner product

1 1 1
(x,y>:/ w(Oy(O)dt, ¥,y eH and norm ||| = (/ HOROR
0 0
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Now, define A : H — H by

A(z)(t)
It is easy to see that A is monotone 1-Lipschitz continuous on H. Let f(z) = £(t), Dz =
fol tz(s)dr and C := {x € H : ||| < 1} be the unit ball. Then VI(C, A) = {0} # (.
We define the mapping S, : L?([0,1]) — L?([0,1]) by

= max{0,z(t)}, forallt €[0,1],z € H.

Spa(t) = /01 t"x(s)ds, te€]0,1].

Then, S,, is an infinite family of nonexpansive mappings. Indeed, we have

e=1 [ |
< (/ la(s) - yls >|ds)
fre

—Hw—MP

[Shar(t) — y(s))ds|”

s)|*ds

Thus, we obtain that

Say(O)* < [lz —yll”.

1
ISz = Suall? = [ 1,a(0) -
0

Let {¢,} be a sequence of nonnegative real numbers defined by ¢, = {25

-} forall n € N
and W, be a mapping generated by {S,} and {(,}. We consider the following cases with
a = 3 for the numerical experiments of this example.

Case 1: Take z1(t) = 1+ ¢* and z¢(t) =t + 5.

Case 2: Take z1(t) = t* + 1 and z(t) = cos(t).
Case 3: Take z1(t) =t + 1 and zo(t) = ¢ + 3.

Case 4: Take x4(t) =t + 1 and z((t) = 2sin(3t).
The numerical results are reported in Figure 3.2 and Table 3.3.2.

Table 3.3.2: Numerical results for Example 3.3.18

App. App. App. App. Alg.

3.3.19 3.3.20 3.3.21 3.3.22 3.3.2
No. of Iter. | 14 13 9 7 5)
No. of Iter. | 14 13 9 8 5
No. of Iter. | 15 13 10 8 5
No. of Iter. | 15 13 10 8 5
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Appendix 3.3.19. The Algorithm in [2/9]

Initialization: Given v > 0,1 € (0,1), € (0,1). Let g € H be arbitrary.

Iterative Steps: Cualculate x,.1 as follows:

Stepl. Compute
Yn = PC(xn - )\nAxn)v

where \, is chosen to be the largest X € {y,~l,~I?,---} satisfying

M Az, = Aynll < pllzn — ynll (3.3.32)

If 2, = yn, then stop and x,, is the solution of VIP (1.2.1). Otherwise,
Step 2: Compute

Tnt1 = ang(z,) + (1 — ap)zp,
where z, = Y — M(Ay, — Axy,),
Setn:=n+1 and return to Step 1,
Appendix 3.3.20. The Algorithm [200]
Initialization: Given Ao > 0, € (0,1). Let o € H be arbitrary.
Iterative Steps: Cualculate x,11 as follows:
Stepl. Given the current iterate x,, compute

Yn = Pe(z, — \pAxy,),

If x,, = yn, then stop and x, is the solution of VIP (1.2.1). Otherwise,
Step 2: Compute

Tnt1 = ang(Tn) + (1 — an)2n,
and

Mo = {mz’n{—nﬂinjgﬂl A}, if Az, — Ay, #0,

An, otherwise
where z, = Y, — A(Ay, — Axy,),
Setn :=n+1 and return to Step 1
Appendix 3.3.21. The Algorithm in [227].
Initialization: Givenl € (0,1),u € (0,1). Let o € H be arbitrary.
Iterative Steps: Cualculate x,.1 as follows:
Stepl. Compute

Yn = Pe(z, — \pAxy,),
where A, = ™", where m,, 1s the smallest nonnegative integer m such that
Ml Az, = Ay | < pllzn = yall (3:3.33)

If 2, = yn, then stop and x,, is the solution of VIP (1.2.1). Otherwise,
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Step 2: Construct
and compute
Zn = PTn (l'n - )\nAyn)

Step 3: Compute
Tp+1 = anf<xn) + (1 - an)zna

where f: H — H is a contraction mapping with constant p € [0,1).
Setn:=n+1 and return to Step 1.

Appendix 3.3.22. The Algorithm in [107].
Initialization: Given v > 0,1 € (0,1),u € (0,1). Let zg,x1 € H be arbitrary.

Iterative Steps: Calculate x,11 as follows:

Stepl. Set
Wy = T, + CYn<xn - xn—l)

and compute
Yn = PC(wn - )\nAxn)a

where \, is chosen to be the largest X € {y,~l,~I%,---} satisfying
M Awn — Ayn| < pllwn — ynl- (3.3.34)

If w, = y,, then stop and y,, is the solution of VIP (1.2.1). Otherwise,

Step 2: Compute
Tnt1 = anf(xn) + YnZn + anna

where z, = Yn — M(Ay, — Awy,),
A H — H is monotone and Lipschitz continuous, f : H — H is a contraction with
constant p € [0,1) and o, + B, + 7o = 1.

Setn:=n+1 and return to Step 1.

3.4 On quasimonotone variational inequality problems

In this section, we present two new relaxed inertial subgradient extragradient methods for
solving VIPs in a real Hilbert space. We establish the convergence of the sequence gener-
ated by these methods when the cost operator is quasimonotone and Lipschitz continuous,
and when it is Lipschitz continuous without any form of monotonicity. The methods com-
bine both the inertial and relaxation techniques in order to achieve high convergence speed.
Furthermore, we present some experimental results to illustrate the profits gained from
the relaxed inertial steps.
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3.4.1 Proposed methods

In this section, we present our methods and discuss their features. We begin with the
following assumptions under which we obtain our convergence results.

Assumption 3.4.1. Conditions on the inertial and relaxation factors:
Suppose that 0,, € [0,1) and p,, € (0,1] for alln > 1 such that liminf p,, > 0. Assume that

n—oo

there exists € € (0,1) such that for n large enough,

(3.4.1)
(2(1 — ) 5L2(1 =6, 1) >
Ot (1 0+ 2 22 (1= 0) = 522 (1=6,0)] ). i pu€ (0,1),
(]- - 6)<1 - en—l) Z Hntn-l—l (1 + Qn + [Qn—l - 8ni| )7 Zf Pn = L.
. +

Assumption 3.4.2. We further make the following assumptions:

(a) T #10,

(b) A is Lipschitz-continuous on H with constant L > 0,
(c) A is sequentially weakly continuous on C,

(d) A is quasimonotone on H,

(e) The set {z € C:Az=0}\T isa finite set.

We now present the proposed methods of this section.

When the Lipschitz constant L is known, we present the following method for solving the
VIP (1.2.1).

Algorithm 3.4.3. Relaxed inertial subgradient extragradient method with fixed stepsize.
Step 0: Choose sequences {6,} and {p,} such that 6, € [0,1) and p, € (0, 1] for all

n>1. Let A € (0, 1) and xo, z; € H be given arbitrarily. Set n := 1.
Step 1: Given the current iterates z,,_; and x,, (n > 1), compute

Wy, = Ty, + en(mn - xn—l)

and
Yn = Pe(w, — ANAw,,).

If w, = y,: STOP. Otherwise, go to Step 2.
Step 2: Construct the half-space

T, ={z €H: (w, — NAw, — yYn, T —yn) < 0}.
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Then, compute
zn = Pr, (w, — ANAuyy,)

and

Set n :=n + 1 and return to Step 1.

In situations where the Lipschitz constant L is not known, we present the following method
with adaptive stepsize for solving the VIP (1.2.1).

Algorithm 3.4.4. Relaxed inertial subgradient extragradient method with adaptive step-

size strategy.

Step 0: Choose sequences {6,} and {p,} such that 6, € [0,1) and p,, € (0,1] for all

n>1. Let Ay >0, u € (0,1) and o, x; € H be given arbitrarily. Choose a nonnegative
o

real sequence {d,} such that ) d, < co. Set n := 1.

n=1
Step 1: Given the current iterates x, 1 and z, (n > 1), compute

Wy, = T, + 9n<xn - xnfl)

and
Yn = Pe(w, — A\ Aw,).

If w, = y,: STOP. Otherwise, go to Step 2.
Step 2: Construct the half-space

Tn:{‘TGH:<wn_/\nAwn_ynv x—yn>§0}

Then, compute
Zn = PTn (wn - AnAyn)

and
Tpy1 = (1 - pn)wn + PnZn,
where
. p( lwn—ynll2+llzn—ynl? )
mln{ (2<Awn—Ayn,zn—yn> )7 A, + dn} ,if (Aw, — Ay, 20 — Yn) > 0,
Ani1 = (3.4.2)

A+ dy, otherwise.

Set n:=n + 1 and return to Step 1.
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Remark 3.4.1. In a special case when p, = 1, Vn > 1, we have that z,,1 = z,. Thus,
Algorithms 3.4.3 and 3.4.4 reduce to the inertial version of the subgradient extragradient
method of Censor et al. [58-60]. In such case, we have the following simple criteria which
guarantee Assumption 3.4.1, as well as assumption (2.5.37).

Proposition 3.4.5. Assume that {6,} is a nondecreasing sequence that satisfies 0, €
[0,1) Vn > 1 with lim 6, = 0 such that the following condition holds:

n—oo

1-360>0. (3.4.3)

Then, assumption (2.5.37) and Assumption 5.4.1 hold.

Proof. Observe that 6, <6, ¥n > 1. Thus, we have that assumption (2.5.37) is satisfied

and ¢, < 5, Vn > 1 (see [29]). Now, observe that 1—36 > 0 implies that (1—6) > aLh).

1-0
This further implies that there exists € € (0, 1) such that
0(1+60
(1—e1—g > 20t0 (3.4.4)
1—-40
Since 6,, < 0, ¥Yn > 1, we obtain from (3.4.4) that
6(1+46
(1—e)(1—6,,)> (1 0 St (1406,), (3.4.5)
for some € € (0,1). Since 0,1 < 6,,, ¥Yn > 1, we obtain that
entn—&-l(l + en) = entn—i—l(l + en + [en—l - gn]—‘r)
Combining this with (3.4.5), we get that Assumption 3.4.1 is satisfied. ]

Proposition 3.4.6. Suppose that 6,, € [0,1), Vn > 1 and there exists ¢ € [0, 3) such that

1 1
li — = 4.
n:%o(l_enﬂ 1_9,) ¢ (34.6)
and
. . 0,(1+6,)
- 2 n n
hgglf(l 0,)" > hfzn—iip % (3.4.7)

Then, assumption (2.5.37) and Assumption 3.4.1 hold.

Proof. Tt follows from Proposition 2.5.32(i) that assumption (2.5.37) holds.
Now, from (3.4.7), we obtain that

0,(1+46,
lmmﬂl—%4f>Hmwp—Li—l. (3.4.8)
n—00 N0 1—2c
Thus, there exists € € (0, 1) sufficiently small enough such that
.. ) 0,(1+6,) ) 0,(1+0,)
N 2 n n n n
hﬁg}f(l Opn_1)” > hinﬁs;ip =210 > hgl_}Solip % (3.4.9)
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This implies that

(14 0(1))0,(1 +6,) <[1—2c—e(1—c)+o(D)](1—0,_1)
=[(1=e)(1—¢) = (2c = c+o(1)](1 = 1)
<[(1=€e)(1 = ¢) = bOn(c+o(1)](1 = bn1)?,

which implies that

(I—e)(1—c) 1 =01 > (1 +0(1)0, (146, + (1 —0,1)” +0((1 = 0,1)%)) -

(3.4.10)
Now, observe from (3.4.6) that
Op1—0,+c(1—0,_1)1—=6,)=0((1—=0,_1)(1—6,)),
which implies from Proposition 2.5.32(ii) that
Qn_l — Hn = —C(l — en_1)<1 - en) +o ((1 - Qn_l)(l — Hn))
=—c(1=0,1)>+0(1 —0,.1)* as n — oo.
This implies that
01 — O] = | — c(1 = 0,_1)* 4+ 0(1 — 0,_1)?|
<c(1—=0,1)*+o(1—0,1)* as n — oo. (3.4.11)
Combining (3.4.10) and (3.4.11), we obtain that
(1—6)(1—c)(1—=60,_1)>> (1 40(1))0, (1 + 60, + [t — 0n]+). (3.4.12)
By Proposition 2.5.32, we have that ¢, ~ 1, ~ m as n — 00.
Hence, (3.4.12) is equivalent to
(1 - €)<1 - C)(l - 91171)2 > 071 tnt1 (1 + 971 + [enfl - 9n]+)
“(1=-0)(1-6,1) ’
which further implies Assumption 3.4.1. O]

When p, # 1, then we have the following proposition which provides some criteria for
ensuring Assumption 3.4.1, as well as assumption (2.5.37).

Proposition 3.4.7. (See for example, [29, Proposition 3.3]).
Suppose that 0,, € [0,1) and p, € (0,1) for all n > 1. Assume that there exist ¢ € [0,1)
and ¢ € [c,1) such that

. 1 1
im - =
nsoo \1—6,,7 1—6, “
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1; Tn+1 — Tn

n—00 ’Yn(l - Hn) —°

and
0.(1+ 0,
liminf ,,(1 — 6,,)? > limsup (—+_),
n—o00 00 1—c¢
where v, = 12;’;”. Then, assumption (2.5.37) and Assumption 3.4.1 hold.

Remark 3.4.2. It is worthy of note that many practical choices for the inertial and relax-
ation factors 6,, and p,,, respectively, satisfy Assumption 3.4.1. In fact, similar conditions
as in Propositions 3.4.5-3.4.7 have already been used in the literature to ensure the conver-
gence of inertial and relaxation methods (see [165, 216, 217] and the references therein).
Thus, Assumption 3.4.1, as well as assumption (2.5.37) are much more weaker than the
assumptions in those works in the literature.

Moreover, we shall give in Section 3.4.3, some typical examples of 8,, and p,, which satisfy
the conditions in Propositions 3.4.5-3.4.7 (therefore, satisfying assumption (2.5.37) and
Assumption 3.4.1). Then, we check the sensitivity of both 6,, and p, in order to find nu-
merically, the optimum choice of these parameters with respect to the convergence speed
of our proposed methods.

3.4.2 Convergence analysis

Lemma 3.4.3. Let {z,} be a sequence generated by Algorithm 3.4.3 such that Assumption
3.4.2(a)-(b) hold. Then,

Fn«H - Fn - en(rn - anl)

1 Pn
< 5(971 + 9721)”% - xn—1”2 = Yol Tns1 — wn“2 Y (1-AL) [Hwn - ynH2 + || 2n — yn||2] )

where 7, = 12%: and Ty, := 3|z, — z||?, Vz € T.

Proof. Let z € T'. Since z, 11 — w, = pp(z, — wy,), we obtain

(T — Wpy Wy — 2) = pplzn — W, Wy — 2n) + pulzn — Wa, 2n — 2)

—pullzn — wn“2 + pn(2n — Wn, 20 — 2)

= _prleanrl - wnH2 + pnlzn — Wn + AAYn, 20 — 2)

= Aon(AYn, 20 — 2)

— M| Zns1 — Wl + Apu{Ayn, 2 — 20), (3.4.13)

IA

where the last inequality follows from z € I' C T}, and the characteristic property of Pr,
(see (2.4.1)).
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Now, using (3.4.13) in Lemma 2.5.14, we obtain
FnJrl - Fn - en(rn - Fnfl)

1 a 1
< 5(971 + 0|2 = Tall? = ot nss — wall? + Apa{Ayn, 2 — 2a) + §||$n+1 — w,?

1 n— 1 1
— 5O+ 0 = P+ 2 s = = s
+ )‘pn<Ayn7 2 Zn)
1 2 2 Pn— 1 2
= 5(971 + 0w — zaa|” + 2 [#ns1 = wall” + Aon(AYn, 2 — 25)
1
Y - pallwn = z®
n
1 2 2 Pn—1 2
= 5(Qn +0) |lwn — zpa|]” + 2 |Tni1 — wull® + Apn(Ayn, 2 — 2p) (3.4.14)
Pn

p
B ?Hw” o y"H2 B 7””%1 - ZnH2 — Pn{Wn = Yns Yn — Zn),
where the last equality follows from Lemma 2.1.1.

Since y, C C and z € T', we get from (3.2.3) that (Ayn, y, — 2z) > 0,Yn > 1. That is
(AYn, Yn — 2n + 20 — 2) > 0,¥n > 1. This implies that

MAYn, 2= 2n) — (Wn = Yny Yn — 2n) < MAYn, Yn — 20) — (Wn — Yn, Yn — 2n)
Substituting (3.4.15) into (3.4.14), we obtain that
1—‘n-ﬁ-l - Fn - en(rn - Fn—l)

1 L —1
< 500+ 00 = 2P+ B s — el
P
Y (“wn - yn||2 + Hyn - Zn||2) + Pn<>‘Ayn — Wn + Yn,y Yn — Zn>
1 Pn —1 Pn
= 5(971 + ei)Hxn - znfll‘Q + 2 |Tns1 — wnH2 Y (Hwn - ynH2 A |yn — Zn”2)
+pn<wn - )\Awn — Yny Zn — yn) + )‘pn<Awn - Aym Zn — yn>
1 L — 1
< 5O+ lzn — wua]? + Bz — wa? (3.4.16)
Pn
Pn
— Bl = gl + g = 2all?) + ApufAw, = Ay, 20— ya),

where the last inequality follows from the definition of T,.

Now, from the Lipschitz continuity of A, we obtain

<Awn — AYn, 20 — yn) < LHwn - yn”HZn - yn“

L
= 5|l =yl + llz0 =l ?
= (lwn = vl = 120 = 9l )7 |
L
< 5 (lwn = yall + Iz — ml?) (3.4.17)
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Substituting (3.4.17) into (3.4.16), we obtain the desired conclusion. O

Lemma 3.4.4. Let {x,} be a sequence generated by Algorithm 3.4.3 such that assumption
(2.5.37) and Assumption 3.4.2(a)-(b) hold. Then, the following inequality holds:

n—1
> vt | (22(1 = 02 = (0 + 62)) lfs — i
=1

231 = 0) (llzien = 2all® = s = 21 ?)]
< 24|y = To| + 2T,

where t;,, is as defined in (2.5.40).
Proof. By Lemma 2.1.1, we obtain

[ wnn2 = |z — 20 — (@0 — 2n1) + (1 = 0p) (20 — mn—l)H2
= | #ns1 = 220 + 2pa |+ (1 = 0,)? |20 — 2 [
+2(1 — 0,){(xpi1 — 220 + Ty1, Ty — Ty1)
= [Tt — 22, + xn—1“2 +(1— en)QHIn - xn—IHQ
+(1 = 0,) [[lonsr = 2all* = 20 — 20a|” = l#ns1 = 220 + 201 |?]
= OnllTn — 27, + xn—1”2 +(1 - 9n)2||$n - wn—1”2
+(1—0,) [Hxn-i-l - anQ — ||lzn — In—1||2}
> (1—=60,)2n — Tnal]? (3.4.18)

(1= 60) [t = 2all® = o = 207
Using (3.4.18) in Lemma 3.4.3, and noting that 1 — AL > 0, we obtain
st = Lo = 00T = Tat) < 500+ )t = 7 1|2 = 301 = 00270 = 0P
= (1= 00) | lZnes = 2all® = o = 2]
=[50+ 62 = 301 = 627l — s
= 301 = 0) [l s1 = 2l = llzn = 2]

This together with Lemma 2.5.13(a) imply that

n

T, —To=>» (Ty—Tiy)

=1

<t1,(Iy —T)

n—1
1
+ D tivan | (5004 02) = 31— 0)2) s = o]
1=1
n—1
=3 tian (1 = 0 (Jer — il — i — i)
i=1
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Noting that ¢, < t;, we obtain
n—1
> tisin| (231 = 0 = (04 6)) s — 2 |
=1

+29i(1 = 00) (llziss — il = Nl = i)
<2t (I —=To) +2(Fy —T)
< 24,0y — Ty| 4 2T — 2T,

Using T',, = %Hxn — 2> > 0, Vn > 1 in the above inequality, we obtain the desired
conclusion. 0

Lemma 3.4.5. Let {x,} be a sequence generated by Algorithm 3.4.3 such that assumption
(2.5.37) and Assumption 3.4.2(a)-(b) hold. Then, the following inequality holds:

<2 [h!ﬂ —To| + o+ tiyo(1 — bp)|lz1 — $0||2]‘

Proof. Observe that

n—1
D tivin - 27(1 = 6) [||$z‘+1 —ai|* =z - $i—1||2}
i=1

n—

=2 (tz‘,n%‘—l(l —0;-1) — tivinvi(1l — 91)> llz; — miq|?
1

+ 2t1,n7n—1(1 - en—l)”xn - xn—1||2 - 2tl,n/YO(l - QO)H:El - :L'OHQ

[y

]

n—1
> 2 Z (fi,n%q(l —0i21) — tivinvi(1 — 91)) |z — x4
i—1
= 2t1270(1 = o)1 — olf?
n—1
>2%" (ti,n%_la A 92-)) s — o |2 (3.4.19)
i—1
— 2t1790(1 — o) |21 — 2ol

where the last inequality follows from ¢, <.

Now, using (3.4.19) in Lemma 3.4.4, we obtain that

n—1
Dt (27(1 = 6:)° = (6 + 69)) ||z — @i |)”
i=1

n—1
+2 Z (tinYic1 (1 — ;1) — tiv1nvi(1 — 6)) |2 — 254
=1

S 2t1’1—‘1 — F0| + QFO + 2t1’yo(1 — 90)”5131 — $0H2.
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That is
n—1

Z [tis1n(27i(1 = 0,)% = (0; + 07) — 2%:(1 — 0;)) + 2ti0yio1 (L — O;1)] [|ws — 234 ]?

i=1
< 2|40y = Lol + T + t90(L = bo) | — o]
(3.4.20)

Now, recall from (2.5.41) that ¢;,, = 14+ 6,t;11, for all ¢ > 1 and n > ¢+ 1. Hence, we have
2t nYic1(1 —6;2q) =2 [%—1(1 —0;1) + Oitiv1nyioa (1 — ‘91‘—1)]-
This implies that

Litvin [2%(1 —0;)* — (6; + 67) — 27;(1 — 91)] + 2t nyim1 (1 — 6,-1)

+ 271 1 - 2 1

( )
(1 =0;2q) + l+1n< — 29:0:(1 — 6;) — (0; + 07) + 20,71 (1 — ‘91'71))
= 29 1(1 = 051) = Oitigr (201 = 0) + 14 6 = 21 (1= 6i.1))
(1=, 1) — 0tz+1n<1+9 +2[%(1—9) (1—9i_1)}+)

vV
)

where the last inequality follows from #;11, < ?;41.
Now, using (3.4.21) in (3.4.20), we obtain that the desired conclusion. O

Lemma 3.4.6. Let {x,} be a sequence generated by Algorithm 3.4.5 such that assumption
(2.5.37), Assumption 3./.1 and Assumption 3.4.2(a)-(b) hold. Then,

o0
D Ot — zpa|® < oo

n=1

Proof. Without loss of generality, we may assume that inequality (3.4.1) holds true for all
n > 1. That is,

(3.4.22)
(2e7,-1(1 — 6,-1) <
2’771—1(]- - en—l) - Qntn—i—l (1 + ‘9n + 2|:’7n(]- - en) - ’771—1(]- - Qn—l):| +>7 lf Pn S (07 ]-)7

e(1—10,4) <
\ﬂ—%ﬂ—&%ﬂo+%+kwrﬂ4J,ﬁ%:L

where v, = 12;’;”, for all n > 1.
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At this point, we divide our proof into two cases.

Case 1: Suppose that p, € (0,1), Vn > 1. Then, using (3.4.22) in Lemma 3.4.5, we
obtain
n—1

Z E”yi,l(l — 9171)"171 — xile2 S tl‘Fl — Fol + FO —+ tl")/(‘_)(l — 90)”{E1 — .1'0”2. (3423)

i=1

Now, taking limit as n — oo in (3.4.23), we obtain that

Z% (1 —60;_1) ||z — 24 < 0. (3.4.24)
Again, from (3.4.22), we obtain that

1 1
Eentn+l S ﬂ}/nfl(l - 97171) - §9ntn+1 <0n + 2 [771(1 - en) - ’}/nfl(l - enfl)] +>

- 67n—1(1 - en—l)
<Y1 (1= 0n1). (3.4.25)

Using (3.4.25) in (3.4.24), we obtain
Z QZtlHHxl — .TZ'_1”2 < Q.
i=1

Case 2: Suppose that p, =1, Vn > 1. Then, z,.1 = 2, and v, =0, Vn > 1.
Setting * = w,, — y, and y = z,41 — Y, in Lemma 2.1.1, and using its result in Lemma
3.4.3, we obtain

(0 + Qi)Hxn - xn71H2

[

5 O+ 00) [ 2n — 1|!2——||wn—wn+1||2 (3.4.26)

FnJrl - Fn - en(Fn - anl) S

— Yn + Tn+1 — yn||2 + ||wn - $n+1||2]

N =D =D —
S
3

<

Now, using (3.4.18) in (3.4.26), and repeating the same line of proof as in Lemma 3.4.4,
we get

Ztmn[ (1= 0% = 0+ 02)) 1 — i + (1 = ) (Jlssa = ll® = Il — 21 ?) |
< 2t1|F1 — To| + 2T. (3.4.27)
Similar to (3.4.19), we have

Ztmn = 03) [lisr = wall* = i — i ]
n—1

> (tinl1 = 1) = tirn (1 = 0))llzi = i (3.4.28)

=1
— (1 —bo)lJa1 — o).

v
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Also, using (3.4.28) in (3.4.27), and repeating the same line of proof as in Lemma 3.4.5,
we get

n—1

Z(l —0i—1) — Oitisa (1 +0; + [‘91'—1 — 91} )Hﬂfz — x|
i=1 +
S 2t1‘F1 — Fol —+ 2F0 -+ tl(l — 90)”1’1 — ZU()HQ. (3429)

Using (3.4.22) in (3.4.29), and repeating the same line of proof as in Case 1, we obtain

o0
Z@E’HH%’ — x4 |]” < oo,

i=1
which yields the desired conclusion. O]

Lemma 3.4.7. Let {x,} be a sequence generated by Algorithm 3.4.3 such that assumption
(2.5.37), Assumption 3./.1 and Assumption 3.4.2(a)-(b) hold. Then,

(a) lim ||z, — z|| exists for all z € T, and consequently, {x,} is bounded.
n—o0
(8) Tim [l =yl + 112 = val 2] =0,

(¢) lim [z, —w,|| =0.

Proof.

(a) From Lemma 3.4.3, we obtain

1
I‘n+1 - Fn S en (Fn - anl) + 5(071 + 62) Hxn - xn71”2
2

Pn
— - (1=AL) [Hwn - ynHZ + [|2n — ynHQ}
P
< 0 (T = Dt ) + Oz = @l = B2 (0= AL) [l = gl + [120 = 901
(3.4.30)
< gn (Fn - Fn—l) + Qonn - xn—1”27 (3431)

where the second inequality follows from 6% < 6, and the third inequality follows from
1—-AL>0.

Now, applying Lemma 2.5.13(b) and Lemma 3.4.6 in (3.4.31), we obtain that »_ |T', —

n=1
[,_1| < oo.Since I, = 3|z, — 2|%, we get that lim ||z, — z||* exists. Hence, {,} is
n—oo

Jr
bounded.
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(b) By applying Lemma 2.5.13(a) in (3.4.30), we obtain that

n

L, —To=Y (I —Ti)

=1

<tlin (F1 — Fo)
n—1

+ > s Billzs — il = 2 (1= AL) [Jhws = il + Nl — il 7] |
=1
n—1

<t1(T'1 —To) + Ztiﬂgz‘”xi — zi4]]?

i=1
—Ztm (1= L) [lleos = il + 12—l ] .
which implies that

Zmln (1= AL) [Jlw; = g3l + |12 = ][] | < To =T + t4(Ty = To)

n—1

+ Z tiv10;]|w; — 2iq|?
i1
< T+t — Tyl

n—1

+ > bl — x|
i=1

< o0,

where the last inequality follows from Lemma 3.4.6.

Since t;+1, = 0 for ¢ > n, letting n tend to oo, the monotone convergence theorem then
implies that

Ztm— (1= AL) [I[w; — wil* + |12 — wil|] } < . (3.4.32)

Since liminf p, > 0, there exists M > 0 such that p, > M for n large enough. Now,
n—oo
replacing i with n in (3.4.32) and noting that ¢, > 1,Vn > 1, we obtain from (3.4.32) that

S 2 (1= AL) [[|wn — ynl|* + |20 — yn|[*] < oo, which further gives that

n=1
. _ 2 _ 2] —
i {llwn = yal[* + |20 = ul ]

(c) Since w, = x, + 0,(x, — ,_1), we obtain from Lemma 3.4.6 that

o o
D tutillwn = @all® S 3 Outusalln = @aca” < cc.

Noting that ¢, > 1,Vn > 1, we conclude immediately that lim |w, — z,| = 0. O
n—oo
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Lemma 3.4.8. Let {x,} be a sequence generated by Algorithm 3.4.5 such that assumption
(2.5.37), Assumption 3.4.1 and Assumption 3.4.2(a)-(d) hold. If x* is one of the weak
cluster points of {x,}, then we have at least one of the following: z* € I' or Az* = 0.

Proof. By Lemma 3.4.7(a), we can choose a subsequence of {z,} denoted by {z,, } such
that z,, — z* € H. Also, from Lemma 3.4.7(b),(c), we obtain that lim ||y, — z,|| = 0.
n—oo

Hence, we can choose a subsequence {y,, } of {y,} such that y,, — z*. Note that 2* € C
since {yn,} C C.

We now consider two possible cases.
Case 1: Suppose that hm sup | Ayy, || = 0. Then, hm | Ayp, || = hm 1nf Ay, || = 0. Also,

by the sequentially weakly Contmulty of Aon C, we obtam that Ayn,c Ax*. Thus, by
the weakly lower semicontinuity of || - ||, we have that

0 < ||Az™|| < lilgn inf | Ay, || = 0, (3.4.33)
—00

which implies that Az* = 0.
Case 2: Suppose that limsup || Ay,, || > 0. Then, without loss of generality, we can choose
a subsequence of {Ayy, }ks?ffl denoted by {Ayp, } such that kh—g}o | Ayn, || = M > 0. Also by
the characteristics property of Pz, we obtain for all x € C that
(Wn, — AMwy, — Yn,, T — Yn,) < 0.
This implies that
1

X<wnk = Ynyr T — ynk) + <Awnk7 Yy — wnk) < <Awnk’ L= w”k)' (3434)
Thus, we obtain from Lemma 3.4.7(b) that
0< hlggggf(Awnk, — Wy, ) < lizrlsup(Awnk, T — wy,) < oo, Yz eC. (3.4.35)

Now, note that

(AYn,, T — Yn,) = (AYn,, — AWn, ., & — Wy, ) + (Awy,, € — wy,) + (AYn, s Wny — Yny)-
(3.4.36)

Moreover, since A is Lipschitz continuous on H, we obtain from Lemma 3.4.7(b) that
klim |Awy,, — Ay, || = 0. Hence, we obtain from Lemma 3.4.7(b), (3.4.35) and (3.4.36)
—00

that

0 < liminf(Ay,,,* — Yn,) < limsup(Ay,,,r — y,,) < 00, Yz € C. (3.4.37)

k—o0 k—o0

Based on (3.4.37), we consider two cases under Case 2, as follows:
Case A: Suppose that limsup(Ay,,,r — y,,) > 0,Vx € C. Then, we can choose a subse-

k—o0

quence of {y,, } denoted by {ynkj} such that lim <Aynkj , T — ynkj> > 0. Thus, there exists
Jj—o0
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jo > 1 such that (Aynkj,x — ynkj> > 0,Yj > jo, which by the quasimonotonicity of A
on H, implies (Az,x — ynkj) > 0,Vx € C,j > jo. Thus, letting j — oo, we obtain that
(Az,x — x*) > 0,Vx € C. Hence, z* € T.

Case B: Suppose that limsup(Ay,,,x — y,,) = 0,Vz € C. Then, by (3.4.37), we obtain

k—00
that
kli}m (AYp,, ® — Yn,) = 0,V € C, (3.4.38)
which implies that
(AYn,, T — Ynp) + [{AYnp, © — Ynp )| + . > 0,Vx €C. (3.4.39)

k+1
Also, since hrn | Ay, || = M > 0, there exists ko > 1 such that ||Ay,, | > 2, Vk > k.

Therefore, we can set g,, = ”f;"’cw,‘v’k > ko. Thus, (Ay,,,qn,) = 1,k > ko Hence, by
(3.4.39), we obtain

1
<Aynk7x + Qn,, |:|<Ay”k7‘r - ynk>| + k——i-l - ynk]> > 07

which by the quasimonotonicity of A on H, implies

(A= + ann [l 2 = g+ 5] )+ [ Ay 7 = )|+ 5] = ) 20

This further implies that

1
(A, 2+ g (AU = v )|+ ] = )

| 1

2 <A$,A($+an [|(Aynk, ynk>| + k+ 1])a$+an [|<A?/nka y”lk>| + k+ 1] ynk)
1

> _“A;C—A(wnank [‘(Aynk’ y”k>|+k—|—1})”

R [ N e )

1
> . _ R
> —L||qn, [I(Aynk, — Yny) | + T 1]“ |2 + Gn, [\(Aynk,x Yni)| + k+1} Yns |
—L 1 1

= A ne n ) . n |: A n 7 n :| n
o A2 = vl g ) e [ = ol + = | =
—2L 1

> a5 - P P =Y

for some M; > 0, where the existence of M; follows from the boundedness of {x +
In, [\(Aynk, :c—ynkﬂ—i—k—}rl} —Yn, }- Note from (3.4.38) that I}Lrgo <]<Aynk, x—ynk)|—|—k+rl> = 0.

Hence, letting k& — oo in (3.4.40), we get that (Az,z — z*) > 0,Vx € C. Therefore,
el O]
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Lemma 3.4.9. Let {x,} be a sequence generated by Algorithm 3.4.5 such that assumption
(2.5.37), Assumption 3.4.1 and Assumption 3.4.2(a)-(d) hold. Then {z,} has at most one
weak cluster point in I'.

Proof. Suppose on the contrary that {x,} has at least two weak cluster points in I". Let
r* € I"and 7 € I be any two weak cluster points of {x,} such that 2* # z. Also, let {z,,}
be a subsequence of {z,} such that x,, — Z,asj — oo. Then, by Lemma 3.4.7(a) and
Lemma 2.5.15, we have

lim [z, — 7)) = lim [lz,, — 2]
n—00 J—00
= liminf ||z, — Z||
j—)
< liminf ||z, — 27|
j—o00
= lim ||z, — |
n—o0

o .
= lim inf [|z,, — 27|

< liminf ||z, —z| = lim ||z, — Z|,
k—o0 —»00
which is a contradiction. Therefore, {z, } has at most one weak cluster point in I ]

Theorem 3.4.10. Let {x,} be a sequence generated by Algorithm 3./.3 such that assump-
tion (2.5.37), Assumption 3.4.1 and Assumption 3.4.2(a)-(e) hold. Then {x,} converges
weakly to an element of VI(C, A).

Proof. By Assumption 3.4.2(e), {z € C : Az = 0} \ I is a finite set. Hence, by Lemma
3.4.8 and Lemma 3.4.9, we have that {x,} has finite weak cluster points in VI(C, A). Let
z',2?,--- 2™ be the weak cluster points of {z,}, and let {}, } be a subsequence of {z,}

such that 2}, — 2*, as k — oo. Then, we obtain

lim <:1ch L — xj> - <x:L‘ _ xj>,Vj £ . (3.4.41)
k—o0 k
Now, for j # i, set ¢ = 7 (2" — 27), where 8 = ||2* — 27]|. Then,
<xi7 Q> 1<xi xi - xj>

5
o xﬂ>)
=6

I I
= S = Sl 2 + 5 ot = 7)1
1 s 1
= 55 (I - Ha: || ) + 58
1 9 j2> 1
—B. 3.4.42
> o5 (11 = 12717) + 36 (3.4.42)

For sufficiently large k, we obtain from (3.4.41) and (3.4.42) that

s & fo @) > (IR - 1017) + 35} (3.4.43)
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Hence, there exists Ny > N (N € N) such that

i i ~ A 1 ; 4
v, eB = ) {a: : <:c o _xj”> > ST — o <||9(: 2 — Hxﬂuz) +60},Vn > Ny,

=1,

(3.4.44)

where 1

€0 = min{zl|yxi | tij=1,2, myi ;éj}.
Now, from Lemma 3.4.7(b), we obtain that lim ||z, — w,|| = 0. Since z,1; — w, =
n—oo
pn(zn — wy) and {p,} is bounded, we obtain that lim ||z, — w,| = 0. This together
n—oo

with Lemma 3.4.7(c), imply that lim |z, — 2,| = 0. Hence, there exists No > N; > N
n— oo

such that ||zp41 — x| < €, Vn > No.

Claim: {z,} has only one weak cluster point in VI(C, A).

Suppose on the contrary that {z,} has more than one weak cluster points in VI(C, A).
Then, there exists N3 > Ny > N; > N such that xy, € B* and xy,,; € B’, where

' ~ z) — 1 . ,
Bl = { : <— , i i > < : ‘ ( Q2 g 2) _ }’
m ! v ||ad — 27| 2||xi — x| 1] [z €o

i=1,ij
i,j€{1,2,--- ,m}andm > 2. (3.4.45)

In particular, we have
||C(IN3_|_1 — I’NBH < €g. (3446)

Since zy, € B and 2,41 € B’, we obtain that

xt — 1 12 19
i . S P E ) 3.4.47
(v o) > s =y U = 1071°) <o (3.4.47)
and
b —ad 1 A .
- T NS () — | 2) . 3.4.48
(= o) > gy (WP = 1) +e0 (3448)

Adding (3.4.47) and (3.4.48), and using (3.4.46), we obtain

x; — )

2¢p < <xN3 — TNy, || > < |xng1 — || < €o, (3.4.49)

v =
which is not possible. Hence, our claim holds. That is, {z,,} has only one weak cluster

point in VI(C, A). Therefore, we conclude that {x,} converges weakly to an element of
VI(C, A). O

Remark 3.4.11.
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(i) The conclusion of Theorem 3.4.10 still hold even if A € (0,1) in Algorithm 3.4.3 is
replaced with a variable stepsize A, such that 0 < inf,>; A\, < sup, 51 Ap < % However,

choosing this variable stepsize still requires the knowledge of the Lipschitz constant L.

(ii) When the Lipschitz constant is not known, we refer to Algorithm 3.4.4, where the
choice of A, does not depend on its knowledge. Note from the stepsize A, in (3.4.2), that
nh—>nolo A =Aand A € min{4, A}, Ay +d], where d =3~ | d,, (see also [162, Lemma 3.1]).

(iii) When d,, = 0, then the stepsize A, generated by Algorithm 3.4.4 is similar to that in
[267]. We recall that the stepsize in [267] is monotone non-increasing, thus, their methods
may depend on the choice of the initial stepsize \;. However, the stepsize given in (3.4.2)
is non-monotonic and hence, the dependence on the initial stepsize \; is reduced.

In the light of the above remark, we analyze the convergence of Algorithm 3.4.4 in what
follows.

Lemma 3.4.12. Let {z,} be a sequence generated by Algorithm 3.4./ such that Assump-
tion 3.4.2(a)-(b) hold. Then,

I‘nJrl - Fn - 9n<rn - Fnfl>

1
< 500+ Oz — 2o P = llwnss — wall?

Pn H 2 2
T 1_)\71 n - Yn n -~ Yn )
2 (1 2oy ) M =l 4l = sl

where 7y, = 17;% and Ty, := 3|z, — 2||?, Vz € T.

Proof. By following the same line of proof used in obtaining (3.4.16), we have

FnJrl - Fn - en(rn - Fn71>
pn—1
20,

||wn - yn”2 + ||yn - Zn||2) + /\npn<Awn - Ayna Zn — yn)

IN

241 — wa)? (3.4.50)

1

é(en + Hi)Hxn - xn%HQ +
Pn (
If (Aw,, — AyYpn, 2n — yn) < 0, then we obtain the conclusion of Lemma 3.4.12 immediately

from (3.4.50).
In the case that (Aw, — Ayn, 2, — yn) > 0, we obtain from (3.4.2) that

(lwn = gl + 110 = gl?). (3451)

An_Anan_ n S
(Awy, — Ay, 20 — Yn) P

Substituting (3.4.51) into (3.4.50), we obtain the desired conclusion. O

Lemma 3.4.13. Let {x,} be a sequence generated by Algorithm 5./.3 such that assumption
(2.5.37) and Assumption 3.4.2(a)-(b) hold. Then, the following inequality holds:

n—1
> st | (22(1 = 002 = (6 +63)) ljs — i
i=1

+27;(1 — 0;) <||$z‘+1 —zi|)* = ||z — xi—lHQ)]
< 2t |y — To| + 2T,
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where t;,, is as defined in (2.5.40).

Proof. By following the same line of proof used in obtaining (3.4.18), we have

| Tns1 — wn”2 > (1- 9n)2||$n - xn—1||2
+ (1=6,) [[|znt1 — zall? = llzn — z0ea[]?] - (3.4.52)

Also, by Remark 3.4.11(ii), we obtain that lim,, ., Ansis =HE (0,1). Thus, there exists
no = 1 such that Vn > ng, 0 < Angf < 1. Hence, we get from Lemma 3.4.12 and (3.4.52)
that

1

FnJrl - Fn - 6n<rn - I‘nfl) S 5(

O, + Qi)HfL’n - xnﬂHQ — Y| Tng1 — wnH2

1
< |50+ 62) = (1 = 002 e — @0
— (1 —0r) [”3771—1—1 - CUn||2 — |lzn — xn—IHQ , Vn 2> ng.
The remaining part of the proof is the same as the proof of Lemma 3.4.4. O

In similar manner, we have that Lemma 3.4.5 to Lemma 3.4.9 hold for Algorithm 3.4.4.

Thus, we have the following theorem whose proof is the same as the proof of Theorem
3.4.10.

Theorem 3.4.14. Let {x,} be a sequence generated by Algorithm 3.J.4 such that assump-
tion (2.5.37), Assumption 3.4.1 and Assumption 3.4.2(a)-(e) hold. Then {x,} converges
weakly to an element of VI(C, A).

Remark 3.4.15. From our analyses, one can see that Assumption 3.4.1 is mainly used
to guarantee the summation:

> Ontnst||n — 20 |* < 00 (3.4.53)

n=1

obtained in Lemma 3.4.6. Thus, if we assume that (3.4.53) directly, then we do not need
Assumption 3.4.1 for the convergence of our methods.

In the case where p, = 1, Vn > 1, our methods correspond to the inertial subgradient
extragradient methods. Note that if 6, € [0,0] for every n > 1, where 0 € [0,1), then

t, < (1+9) Vn > 1. Under these settings, (3.4.53) is guaranteed by the condition

> Oullzn — 20 |* < 0. (3.4.54)
n=1

Thus, instead of Assumption 3.4.1, we may assume directly that 6, € [0,6], Vn > 1
and that condition (3.4.54) holds. Recall that this condition has been used by numerous
authors to ensure convergence of inertial methods (see, for example, [18, 81, , , ]
and the references therein).
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Remark 3.4.16. Note that we did not make use of Assumption 3.4.2(c)-(e) in the proof
of Lemma 3.4.3-3.4.7. Suppose that H is a finite dimensional Hilbert space, then under
Assumption 3.4.2(a)-(b), we get from Lemma 3.4.7(a) that there exists a subsequence
{zy, } of {x,} such that {z,, } converges to some point z*. By Lemma 3.4.7(b)(c), we get

kh—{go ||wnk - ynk” =0
and

lim ||w,, — || = 0.

k—o0

Thus, by the definition of 1, and the continuity of A, we have

" = lim z,, = lim y,, = lim Pe(w,, — AMw,,) = Pe(x* — AAz"),
k—o0 k—o0 k—o0

which implies that z* € VI(C, A).

Now, replacing z by z* in Lemma 3.4.7(a), we obtain that lim ||z, — z*||* exists. Since
n—oo

x* is a cluster point of {x,}, we obtain that {z,} converges to x*.

In summary, in a finite dimensional Hilbert space, our methods require that I' # () and the
operator A only needs to be Lipschitz continuous without any form of monotonicity.

To achieve this (convergence without any form of monotonicity) in infinite dimensional
Hilbert space, we replace Assumption 3.4.2(d)-(e) with the following:

(d)* If z, — z* and limsup(Az,, z,,) < (Az*, ), then lim (Ax,,z,) = (Ax* z*).

n—oo n—oo

(e)* The set VI(C,A)\ I is a finite set.

In fact, we have the following theorem.

Theorem 3.4.17. Let {z,} be a sequence generated by Algorithm 3./.3 (or Algorithm
3.4.4) such that assumption (2.5.37), Assumption 3./.1, Assumption 3.4.2(a)-(c) and con-
ditions (d)*-(e)* hold. Then {x,} converges weakly to an element of VI(C, A).

Proof. First notice that Assumption 3.4.2(d) was used only after (3.4.37) in order to
establish the conclusion of Lemma 3.4.8.
But from (3.4.37), we have that

0< hg(igf(Aynk,a: — Yn,.), V2 €C.
Now, let {c;} be a sequence of positive numbers such that kll_glo e = 0 and (Ay,,,r —
Yn,,) + ¢k >0, Vk > 0,2 € C. Then,
(AYn,, ) + e > (AYn,, Yn,), YE > 0,2 € C. (3.4.55)
Note that y,, — x* and 2* € C. Thus, we have in particular,

(AYny, ) + i > (AYnyes Yni)» Yk = 0. (3.4.56)

99



Taking limit as k — oo in (3.4.56), and using the sequentially weakly continuity of A, we
obtain that

(Az™, x*) > limsup(Ayn, , Yn, ),

k—o0

which by condition (d)* and (3.4.55) implies that

—00

= liminf(Ay,,, yn,)
k—o0
—00

This further implies that z* € VI(C, A).

Now, using condition (e)

* and following similar line of proof as in Lemma 3.4.9 and

Theorem 3.4.17, we get that {x,} converges weakly to z*. ]

Remark 3.4.18.

(i)

(i)

If x, — z* and A is sequentially weakly-strongly continuous, then A satisfies condi-
tion (d)*.

In the numerical experiments, we do not need to consider condition (e) (or (e)™*).
First note that whenever ||y, — w,|| < €, Algorithm 3.4.3 and Algorithm 3.4.4 ter-
minate in a finite step of the iterations (and y, is the solution of the VIP (1.2.1)).
But from Lemma 3.4.7(b), Jim ||y, — wy|| = 0 and condition (e) (or (e)*) was not

used in establishing it.

We now give some remarks regarding the contributions in this work.

Remark 3.4.19.

(1)

If we set the inertial factor #,, = 0 and relaxation factor p, = 1, then our Algorithm
3.4.4 reduces to Algorithm 3.3 of [162]. Note that these parameters (factors) play
vital role in improving the convergence rate of iterative methods. In fact, their influ-
ence with regards to the numerical performance of iterative schemes was discussed
in [129]. Moreover, the benefits gained from incorporating the steps of these two
parameters in our algorithms, are further verified in Section 3.4.3. Thus, bearing
in mind the importance of these two parameters in iterative algorithms, we can see
that our methods significantly improve the methods in [162].

In the study of inertial methods for solving VIPs (even for monotone mappings), the

inertia parameter is usually restricted in [0, 3) and/or required to be nondecreasing
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with an upper bound (see, for example, [18, , ; |). In many cases, to en-
sure convergence, authors usually require the inertial parameter to depend on the
knowledge of the Lipschitz constant of the cost operator which sometimes is very
difficult to estimate in practice (see, for instance, [97]). Another condition usually
imposed on the inertial parameter in the literature, is condition (3.4.54), which rely
on the sequence {z,}. One of the novelties of this work is that we derived a general
condition (Assumption 3.4.1) which is weaker than the above conditions used in the
literature for ensuring the convergence of inertial methods for VIPs. As a result, we
developed a different technique to ensure the convergence of our methods.

(3) In addition to (2) above, bearing in mind the Nestrov’s accelerated scheme ([187]),
another novelty of this work, is that the assumptions on the inertial and relaxation
paramters of this work, allow the case where 6, converges to a point very close to
1 (see Remark 2.5.12 and the choices in Experiment 1 of Section 3.4.3), which is
very crucial in the study of inertial methods. This is actually where the relaxation
effect and the parameter p, come into play, as crucial ingredients of our methods.
Thus, the novelty of this work is not only in improving the convergence rate of
the methods in [162] but to provide weaker conditions on the inertial parameter
in methods for solving VIPs and also to offer a different but unified technique in
proving their convergence. Furthermore, we employed condition (Assumption 3.4.1)
where joint adjustments of the inertial and relaxation parameters play crucial role
(for instance, see Experiment 1). Indeed, this is a new perspective in the study of
inertial methods for VIPs. Moreover, our study offers many possibilities for future
research in this direction; like how to modify Assumption 3.4.1 so that 6,, is allowed
to converge to 17

3.4.3 Numerical experiments

In this section, we give some numerical examples to show the implementation of our
proposed methods (Algorithm 3.4.3 and Algorithm 3.4.4). We also compare our new
methods with Algorithms 3.1 and 3.3 in [162], and Algorithm 2.1 in [269].

The codes are written in Matlab 2016 (b) and performed on a personal computer with
an Intel(R) Core(TM) 15-2600 CPU at 2.30GHz and 8.00 Gb-RAM. In Tables 3.4.1-3.4.5,
“Iter.” means the number of iterations while “CPU” means the CPU time in seconds.

In our computations, we define TOL, := ||y, — wy|| for Algorithm 3.4.3 and Algorithm

3.4.3. While for Algorithms 3.1 and 3.3 in [162], we define TOL,, := ||y, — 2| /min{\,, 1}
and for Algorithm 2.1 in [209], we define TOL,, := ||z, — z,|| = ||zn — Pe(z, — Ax,)||
(as done in [162] and [269], respectively). Then, we use the stopping criterion TOL,, < ¢

for the iterative processes, where ¢ is the predetermined error. These choices of stopping
criterion for these methods are the best to be able to terminate the algorithms based on

the examples we consider. As done in [162], we take ¢ = 107 for all Algorithms.

We choose = 0.5, d, = % and A\; = 1 for Algorithm 3.4.4 and Algorithms 3.1 and
3.3in [162]; A = 57 for Algorithm 3.4.3; v = 0.4 and o = 0.99 for Algorithm 2.1 in [269].
These choices are the same as in [162, | and are optimal values for these parameters.
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Example 3.4.20. Let C = [—1,1] and

20 — 1, x> 1,
Ar =< 22 re[-1,1],
or—1, z<-—l

Then, A is quasimonotone and 2-Lipschitz continuous. Also, I' = {—1} and VI(C, A) =

{~1,0}.

Example 3.4.21. Let C = {x € R : 22 + 23 < 1, 0 < 21} and A(xy, 22) = (—11€™2, 29).
Then, A may not be quasimonotone. We can also check that (1,0) € I' and VI(C, A) =
{(1,0), (0,0)} (see [162, Section 4]), which by Remark 3.4.16 satisfy our assumptions. This
example was also tested in [162].

Example 3.4.22. We next consider the following problem which was also considered in
1162, 170, 231].

Let C = [0,1]™ and Ax = (fiz, fox, -+, fmx),

where fix = 22 |+ 22 + 2w + v — 2w HAv; Fwg — 1, i =1,2,--- ,m,

o = Tm+1 — 0.

We test these examples under the following experiments.

Experiment 1

In this first experiment, we check the behavior of our methods by fixing the inertial
parameter and varying the relaxation parameter. We do this in order to check the effects
of the relaxation parameter on our methods.

For Example 3.4.20: We take 6, = ﬁ)"n—fS with p, = (Which by Proposition 3.4.5,
satisfies assumption (2.5.37) and Assumption 3.4.1), and 0, = 33 — ( 11)l with p, €
n+1)2

{5+ n+1 iz, a5+ ﬁ, =+ ﬁ, =+ ﬁ} (which also satisfies assumption (2.5.37)
and Assumptlon 3.4.1 by Proposition 3.4.7).

Also, we take 1 = 1 and xy = 0.5 for this example. Since the Lipshitz constant is
known for this example, we use Algorithm 3.4.3 and Algorithm 3.4.4 for the experiment
and obtain the numerical results listed in Table 3.4.1 and Figure 3.3. From the table and
graph, we can see that p, = 1 performs better than other choices made for Algorithm

3.4.3 and Algorithm 3.4.4.

For Example 3.4.21 and Example 3.4.22: We take 0, = % — n+r1 with p, = 1
(which by Proposition 3.4.6 (see also Remark 2.5.12), satisﬁes assumption (2.5.37) and

: _ L1 1, 1 1
Assumption 3.4.1), and 6, = 3% — (n+1 r withp, € {5+ Tt B rom 5t

Also, we take x; = (0.1,0.5) and xy = (0.2,0.1) for Example 3.4.21 while for Example
3.4.22, we choose z; and xy randomly with m = 50. For these examples, we use Algorithm
3.4.4 for the experiment and obtain the numerical results listed in Table 3.4.2 and Figure
3.4. From the table and graph, we can see that the Pn = 11 + +1 performs better than

other choices made for Example 3.4.21 while p,, = 10 + = +1 performs better for Example
3.4.22, which validates the benefits sometimes brought by the relaxation parameter.
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Experiment 2

In this experiment, we compare our methods with Algorithms 3.1 and 3.3 in [162], and
Algorithm 2.1 in [269]. Here, we randomly choose the 6,, and p, from Experiment 1, and
then, consider the following cases for the starting points in each example.

For Example 3.4.20: Case I: 1 = 0.2, 2o = 0.1 and Case II: 1 = 0.6, o = 0.2.

For Example 3.4.21: Case I: z; = (1,0.5), o = (0.2,0.1) and Case II: z; = (0.1,0.2),

For Example 3.4.22: Case I: m = 100 and Case II: m = 150 (z; and z are randomly
taken).

We use Algorithm 3.4.1 and Algorithm 3.4.4 for the comparison in Example 3.4.20 while
we use only Algorithm 3.4.4 for the comparison in Example 3.4.21 and Example 3.4.22.
The numerical results are given in Tables 3.4.3-3.4.5 and Figures 3.5-3.7. The results show
that our methods perform better than Algorithms 3.1 and 3.3 in [162], and Algorithm 2.1
in [269].

Table 3.4.1. Numerical results for Example 3.4.20 (Experiment 1).

Pn Algorithm Algorithm
3.4.3 3.4.4
1 CPU | 0.0016 0.0015

Tter. | 7 3

T T

35 T (s CPU | 0.0022 0.0027
Tter. | 13 6

T p)

3 T (s CPU | 0.0026 0.0020
Tter. | 8 9

T

3+ —(n—&:—)’l)‘l CPU | 0.0028 0.0028
Tter. | 11 12

T

3 T ﬁ CPU | 0.0597 0.0146
Tter. | 21 20

Table 3.4.2. Numerical results for Algorithm 3.4.4 (Experiment 1).

On Example | Example

3.4.21 3.4.22

1 CPU | 0.0123 0.0232
Iter. | 20 68

110 + RLH CPU | 0.0162 0.0107
Iter. | 23 39

1—11 + n+r1 CPU | 0.0050 0.0304
Iter. | 16 45

1—12 + n+r1 CPU | 0.0149 0.0346
Iter. | 30 51

1—13 -+ n+r1 CPU | 0.0163 0.0257
Iter. | 45 71
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Figure 3.3: The behavior of Algorithms 3.4.3 and 3.4.4 for Example 3.4.20 (Experiment

1).
101 T T T T 10'1 T T T T T T T
—+—Alg. 3.4 (p, =1) —+—Alg. 3.4 (p,=1)
100 —&—Alg. 3.4 (p"=1/10+1/(n+1)) i ——Alg. 3.4 (pn=1/10+1/(n+1))
Alg. 3.4 (pn=1/11+1l(n+1)) 102 Alg. 3.4 (pn=l/ll+l/(l‘l+l)) 4
—&— Alg. 3.4 (pn=1/12+ll(n+l)) —&— Alg. 3.4 (pn:1/12+ll(n+1))
10t —x— Alg. 3.4 (p, =1/13+1/(n+1)) —x— Alg. 3.4 (p, =1/13+1/(n+1))
107 E
1072 3
B 103 e
10 3 Q10 E
104 3
10° 5
10 3
10-6 4
106 3
107 | | | | 107 | | | | | | |
10 20 30 40 50 10 20 30 40 50 60 70 80
Number of iterations Number of iterations
Figure 3.4: The behavior of Algorithm 3.4.4 for Examples 3.4.21 and 3.4.22 (Experiment
1).
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Figure 3.5: The behavior of TOL,, for Example 3.4.20 (Experiment 2): Left: Case I;
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Table 3.4.3. Numerical results for Example 3.4.20 (Experiment 2).

Cases Algorithm | Algorithm | Algorithm | Algorithm | Algorithm
3.4.3 3.4.4 3.11n [162] | 3.3 in [162] | 2.1 in [260]
I CPU | 0.0223 0.0289 0.0612 0.0621 0.0923
Iter. | 795 922 1002 998 1848
IT CPU | 0.0244 0.0272 0.0672 0.0662 0.0900
Iter. | 788 936 996 992 1828

Table 3.4.4. Numerical results for Example 3.4.21 (Experiment 2).

Cases Algorithm | Algorithm | Algorithm | Algorithm
3.4.4 3.1 in | 3.3 in [162] | 2.1 in [269]
[162]
I CPU | 0.0036 0.0200 0.0149 0.1780
Iter. | 16 55 52 927
II CPU | 0.0062 0.0185 0.0181 0.1289
Iter. | 44 80 7 1427

Table 3.4.5. Numerical results for Example 3.4.22 (Experiment 2).
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Figure 3.6: The behavior of TOL, for Example 3.4.21 (Experiment 2): Left: Case I;
Right: Case II.

Cases Algorithm | Algorithm | Algorithm | Algorithm
3.4.4 3.1 in | 3.31in [162] | 2.1 in [269]
[162]
I CPU | 0.0049 0.0931 0.0911 0.2021
Iter. | 37 65 62 952
IT CPU | 0.0041 0.0916 0.0900 0.2102
Iter. | 42 56 54 2427

3.5 On minimum-norm solutions of quasimonotone
variational inequalities with fixed point constraint

The class of quasimonotone mappings are known to be more general and applicable than
the classes of pseudomonotone and monotone mappings. However, only very few results
can be found in the literature on quasimonotone VIPs and most of these results are
on weak convergent algorithms. In this section, we study the quasimonotone VIP with
constraint of FPP of quasi-pseudocontractive mappings. We introduce a new inertial
Tseng’s extragradient method with self-adaptive step size for approximating the minimum-
norm solutions of the aforementioned problem in the framework of Hilbert spaces. We
prove that the sequence generated by the proposed method converges strongly to a common
(minimum-norm) solution of the quasimonotone VIP and FPP of quasi-pseudocontractive
mappings without the Lipschitz continuity and sequentially weakly continuity conditions
often assumed by authors when solving VIPs. We provide several numerical experiments
for the proposed method in comparison with existing methods in the literature. Finally,
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Figure 3.7: The behavior of TOL, for Example 3.4.22 (Experiment 2): Left: Case I;
Right: Case II.

we applied our result to image restoration problem. Our result improves, extends and
generalizes several of the recently announced results in this direction.

3.5.1 Proposed method

In this section, we present our proposed method. We begin by giving the following as-
sumptions under which our strong convergence result is obtained.

Assumption 3.5.1. Suppose that the following conditions hold:

(a) The feasible set C is a nonempty, closed and convex subsets of the real Hilbert space

H.
(b) A:H — H is quasimonotone and uniformly continuous on H.

(c) The mapping A : H — H satisfies the following property:
whenever {z,} CC, x, = z*, one has ||Az*|| < liminf ||Az,||.
n—oo

(d) T : H — H is a quasi-pseudocontractive mapping such that I — T is demiclosed at
zero.

(e) The set Tp=QpNF(T) # .

(f) {an} C (0,1), ian =o00, lima, =0, {r.} Clae,b C(0,1), 0<(<n<
nel n—00

1
1+V1+L?"°
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(9) Let {€,} be a positive sequence such that lim < =

n—oo "

o0
(h) Let {p,} be a nonnegative sequence such that > p, < +0o0.

n=1

Algorithm 3.5.2.

Step 1: Select initial point zg, 1 € Hy, let Ay > 0,4 € (0,1),60 > 3 and set n = 1. Given
the iterates z,_1 and z,, for each n > 1, choose 6, such that 0 < 0,, < 6,,, where

. _1 € .
_ mm{ o . if x, # xpq
i n+0—17 ||[zn—2n_1| }’ n n
Oni=1 n | ' (3.5.1)
nr—17 0therw1se.

Step 2: Compute
wy, = (1 — ay) <xn + 0, (x, — xn,l)).

Step 3: Compute

If w, =y, and Tw,, = w,, then stop: w, is a solution of the Problem (1.2.3). Otherwise,
go to Step 4.

Step 4: Compute
Zn = Yn — )\n(Ayn - Awn)

Step 5 Compute
Tt = (1= m)wn + 7 ((1 = OT + CT((1 = )T +4T)) 2,

where

: pllwn—yn |l ; _
)\n+1 _ {mln{ | Awn—Ayn|? >\n + pn} if Awn Ayn 7é 07 (352)

An + Pn, otherwise.

Set n :=n+ 1 and go back to Step 1.

Remark 3.5.1.

e Step 1 of Algorithm 3.5.2 is easily implemented since the knowledge of the value of
|z, — xp—1|| is prior known before choosing 0,,.

e The algorithm involves only one projection onto the feasible set C per iteration,
which makes the implementation of the algorithm computationally less expensive.

e Step 5 of Algorithm 3.5.2 guarantees the strong convergence of the algorithm to a
point in the solution set of the problem.
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e The step size (3.5.2) is self adaptive, and generates a non-monotonic sequence of
step sizes. This makes the implementation of Algorithm 3.5.2 possible without the
prior knowledge of the Lipschitz constant.

e The condition (c) is strictly weaker than the sequentially weakly continuity condition,
which is commonly used in the literature when solving pseudomonotone VIP.

Remark 3.5.2. By conditions (f) and (g), from (3.5.1) we observe that
0

lim 6,||z, — 7, 1|| =0 and lim —||z, —z,1|| = 0. (3.5.3)
n—oo n—oo n

First, we prove some lemmas which will be employed in proving our strong convergence
theorem for the proposed algorithm.

3.5.2 Convergence analysis

Lemma 3.5.3. Let {\,} be a sequence generated by Algorithm 3.5.2. Then, we have
lim A, =\, where \ € [mm{%, MBb AL+ P and @ = )" py.
n=1

n—o0

Proof. Since A is uniformly continuous, then by (2.1.4) it follows that for any given e > 0,
there exists M < oo such that || Aw, — Ay,|| < M ||w, —yx||+¢€. Thus, when Aw,, — Ay, # 0
for all n > 1 we have

pllwn —ynll o pllwn —wall — pllwon—yull g

[Aw, = Ayall = Mwn —yall + ¢ (M +er)llwn —yall - K’

where € = ¢ ||w,, — y,|| for some ¢ € (0,1) and K = M + ¢;. Therefore, by the definition

of Ant1, the sequence {),} has lower bound min{%,\;} and upper bound A\, + ®. By

Lemma 2.5.34, it follows that lim ), exists and denoted by A = lim \,. Clearly, we have
n—oo

n—o0
A€ [min{£, A}, A + @]
O

Remark 3.5.4. The step size generated in Algorithm 3.5.2 is permitted to increase per
iteration which reduces its dependence on the initial step size. The step size may not
increase when n is large enough. In our convergence analysis, we assume that Algorithm
3.5.2 does not terminate in finite number of iterations.

Lemma 3.5.5. Let {x,} be a sequence generated by Algorithm 3.5.2 under Assumption
3.5.1. Then

Anth
Iz = pII* < flwn = pI* = (1= 555 ) llgm = wal
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Proof. From (3.5.2), we obtain

MHwn_ynH )\ +P }< unn_yn“

Ayl = min {—, <
i | Awy, — Ay, || | Awy, — Ay, ||

which implies that

| Aw,, — Ay, < lwn —ynll, VYn>1. (3.5.4)

/\n+1

Let p € I'p. From Lemma 2.1.1 and the definition of z, in Step 4, we have

Hzn _pH2 < Hyn - )‘n(Ayn - Awn) _pH2
= [y — PI* + Aol Ayn — Awn | — 20 (Ayn — Awn, yn — p)
= flwn = pII* + lyn — wall® + 2(yn — wn, w — p) + A% || Ay, — Aw,|?
— 20, (Ay,, — Awp, yn — D)
= [lwn = pII* + lyn — wall®> = 2(Yn — W, Yo — W) + 2(Y — W, Y — D)
- 2)‘H<Ayn - Awm Yn — p> + )‘iHAyn - AwnH2

= Hwn_pH2_ Hyn_wn“2+2<yn_wnayn_p> (355)

Since y,, = Pe(w, — A\,w,) and p € I'p C C, we obtain from the characteristic property of
PC that
<yn — Wp + )\nAwm Yn — p) S Oa

which implies that
(Yn — Wiy Yo — p) < = An(AWy, Yn — ). (3.5.6)
Also since y, € C and p € I'p C Qp, we have
(AYn, yn—p) 20, V n>0. (3.5.7)
Applying (3.5.4), (3.5.6) and (3.5.7) in (3.5.5), we obtain

120 = plI* < llwn = pII* = llyn — wall® = 2X0(Awn, yo — p) — 20 (Ays — Awn, Y — p)
+ A\l Ay, — Aw,||?
= llwn = pII* = [y — wall* = 22 (A, Yo — p) + A3 | Ay — Aw, ||
2
0

< lwn = plI* =y — wall® + Aiv 1Y — wnl|”
n+1
Ao
= flwn — pl* - (1 abv >||yn — wy . (3.5.8)
n+1
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Since the limit

)\2 2
Tim (1 - Ag” ) —1-2>0, (3.5.9)
n+1

there exists ng > 0 such that for all n > ng, we have (1 — ;3“ > > 0.
n+1
Hence, applying (3.5.9) to (3.5.8), we have that
120 = Il < llwn — |- (3.5.10)

Lemma 3.5.6. Let {x,} be a sequence generated by Algorithm 3.5.2 under Assumption
3.5.1. Then, {x,} is bounded.

Proof. Let p € I'p. From the definition of w,, in Step 2, we have

[wn = pll = [[(1 = an)(@n + On(@n — 2p-1)) — Pl
= (1 — an)(wn —p) + (1 = @) 0n(Tn — Tp1) — anp|
< (I —an)llzn —pll + (1 = an)bnllzn — zp-1ll + anllp||

On
= (1= o)l = pll + 0 [(1 = @) =z = 2o | + [l |-

By (3.5.3), we have

: On
lim [(1= )=l =z + 12l | = -

n—o0

Thus, there exists a constant M; > 0 such that (1 — an)z—zﬂxn — Ty ||+ |Ip]] < M; for all
n € N. This implies that

|lwn —pll < (1 — aw)||lzn — pl| + oM. (3.5.11)
Hence, from (3.5.10) and (3.5.11) we have
Izn = pll < flwn = pll < (1 = an)l|lzn = pll + cn . (3.5.12)

Let K = (1—-()I+(T((1 —n)I +nT) then, from the definition of z,,;1 in Step 5, Lemma
5.27, Lemma 3.2.8 and (3.5.8), we have

[Zni1 — pH2 = I(1 = 7)wn + T Kz — sz
= (1 = 7)(wn — p) + (K 2y _p>||2
= (1 —7)|lwn —p||2 + 7ol K2 _pH2 — Tn(1 = 7)|[ Kz — wnH2
< (1= 7)|wn —p”2 + Tall2n — pH2 — Tn(1 = 7)) || Kz — wn||2
2 2 A H® 2
< (1= m)llwn = P2 + 7w = pI2 = (1= 555 ) g = wal?]
)\n—f—l

— (1 = )| K2, — wn||2
Rl
Aoit

= [lw, — pl|* ~ Tn(l )Hyn —wl? = (1 = )| K20 — w, (3.5.13)
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By the condition on 7,, (3.5.9) and (3.5.11), we have

Hxn+1 _pH < Hwn _pH
S (1 - an)Hxn _pH + Oéan
<max {[z, —p|, M}

<max {|lzn, —pll, M}
Hence, {x,} is bounded. Consequently, {w,},{y,} and {z,} are also bounded. O
Lemma 3.5.7. Assume that {w,} and {y,} are sequences generated by Algorithm 3.5.2

under Assumption 3.5.1 and klim |wn, — Yn, || = 0. Suppose there exists a subsequence
—00

{wp, } of {w,} such that {w,,} converges weakly to some x* € H as k — oo, then we
having one of the following: x* € Qp or Az* = 0.

Proof. Since {w,} is bounded, then w,(w,) is nonempty. Let z* € w, (w,) be an arbitrary

element. Then, there exists a subsequence {w,, } of {w,} such that w,, — z* as k — oc.

By the hypothesis of the lemma we have that y,, — x* € C as k — oo. Now, we divide

the proof into two cases.

Case 1: If limsup ||Ay,, || = 0, then lim [|Ay,, || = liminf ||Ay,, || = 0. Since {yn,}
k—s00 k—o0 k—o0

converges weakly to 2* € C and A satisfies condition (c), we have

0 < [|Az"|| < liminf ||Ayy, || = 0.
k—ro0

Hence, we obtain Ax* = 0.

Case 2: If limsup ||Ayn, || > 0, without loss of generality, we let klim |Ay,, || = N > 0.
—00

k—o0

Then there exists a K’ € N such that ||Ay,, | > ¥, V k > K’. By the characteristic
property of FPe, we have

(Wny — A AWpy — Ynys T —Yn,) <0, z€C,

which implies that

1
A—(wnk—ynk, T —Yn) < (Awyp,, T —Yn,), Vzel.
nk
Consequently, we have
1
o (Wnyp = Yngs T — Ynp) + (AW, Ynp — Wy,) < (AW, = —wy,), Vel
ng

(3.5.14)

Applying kh_)rgo An, = A > 0 and the hypothesis of the lemma to (3.5.14), we have

0 < liminf (Aw,,, x—wy,,) <limsup (Aw,,, * —w,,) <+oo, VzeClC. (3.5.15)

k—o0 k—oo
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Observe that
<Aynk7 T — ynk> = <Aynk - Awnm T — wnk> + <Awnk7 T — wnk> + <Aynk’ Wy, — ynk) :
Since A is uniformly continuous on H, we have from the hypothesis of the lemma that

lim [|Aw,, — Ay, || = 0. (3.5.16)

k—o0

From the hypothesis of the lemma, (3.5.14), (3.5.15) and (3.5.16), we have
0< li;n inf (Ay,,, © — yn,) < limsup (Ay,,, = —y,,) <+oo, Vzel. (3.5.17)
—00

k—o0

If limsup (Ayn,, T —Yn,) >0, V z € C, then there exists a subsequence {ynkj} of {yn, }
k—o0

such that
lim <Aynkj, T — ynkj> > 0.

Jj—00
Thus, there exists jo € N such that <Aynkj, x —ynkj> > 0, YV j > jo, which by the
quasimonotonicity of A on H implies that <Ax, xr — ynkj> >0, Vx € C, j > jo. Letting
j — oo, we have z* € Qp.

If limsup (Ayn,, ©—yn,) =0, V x€C, we obtain from (3.5.17) that

k—o0

klim (AYp,, © —Yn,) =limsup (Ay,,, = —yn,) = li}gn inf (Ayn,, = —yn,) =0. (3.5.18)
—00 —00

k—o00

Let 6x = | (AYnys T — Yn,) | + k—}rl Then, we have

(AYny, T = Yn,) + 61 > 0. (3.5.19)
Let u,, = Hjjjﬁ V k> K', we have (Ay,,, un,) = 1. Then, from (3.5.19) we have that
for all k > K’

(AYn,, «+ OkUn, — Yn,) > 0.
By the quasimonotonicity of A, we have for all £ > K’
(A(x + 0ktn,), T+ Ogtn, — Yn,) > 0. (3.5.20)
Consequently, by applying (2.1.4) and (3.5.20) we have V z € C,k > K’

(Az, x + O, — Yn,) = (Az — A(x + Oy, ), T + Okln, — Yn,)

+ (A(z + Sgun, ), © + Okln, — Yn,)
> (Ax — Az + Sgun, ), © + Oxln, — Yn,)
> =0k (M + ') [|tn, Il + Oktiny, — Yy |
(where € = e'||dgun, || for some &' € (0,1), M’ < +00)
(M + €)
= —0p—— |+ Optpn, — Yn
UM’ + ¢
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Letting k& — oo in (3.5.21), and applying the fact that limy_,., 6 = 0 together with the
boundedness of {||z + dxtn, — Yn, ||}, we have

(Az,x —2*) >0, VaxeCl,
which implies that z* € Q)p as desired.
O

Lemma 3.5.8. Let {x,} be a sequence generated by Algorithm 3.5.2 under Assumption
3.5.1. Then,

Anpt?
l@nsr =PI < (1= aw)llon =PI + andn = 7 (1 = T2 )l — wal?
n+1

— 71— 1) K2 — wnH2.

Proof. Let p € I'p. From Lemma 2.1.1 and the definition of w,,, we have
[[wn — p||2 = [|(1 = an)(wn —p) + (1 — @) 0n(zn — Tp1) — O‘anQ
|(1 = an)(n —p) + (1 = )0 (z0 — xn—1)||2 + 20, (—p, wn —p)

(1— O‘n>2Hxn - pH2 +2(1 = an)bulln = pllll2n — 20| + eil‘mn - ajnleQ
(3.5.22)

+’2@n<_?L Uhl_‘$n+1>+_2&n<_4% xn+1__p>
Applying (3.5.22) in (3.5.13), we have

|Znt1 — p”2 <(1- O‘n)QHxn - p”2 +2(1 — an)Oplls — plll|Tn — T || + 9721”%1 - xn—1||2

A2N2)
5— ) lym — wall”
Ant1

+ 200, (—p, Wy — Tps1) +20,(—D, Tpi1—P) — Tn <1 —

— 701 = T |K 2, — w|?

< (1= )z = pl”

677, n

+ an [2(1 — a)l|zn = pll—l|Tn — 1l + OnllTn — Tpa || — |20 — Tn |
ay, a,,

AQMQ

T2
)‘nJrl

2 plllwn = nill + 205, p— 1)) =7 (1= 325 llg — wall

— To(1 = 1) || K 2 — wn||2

Anp?
= (1= o)z =PI + udn = 7 (1 = 355 )l = wa?
n+1

— 701 = T |K 2, — wy||?,

where
d, = [20 — @)z — P22 I+ 8] 1) H
n — — Oy )||Tpn — — || Tn — Tn— n||Tn — Tn—1||—[|[Tn — Tn—
p an 1 1 a 1
2l pllllwn = st +2(p, p = asr)].
This completes the proof. n
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Theorem 3.5.9. Let {x,} be a sequence generated by Algorithm 3.5.2 such that Assump-
tion 3.5.1 holds and Ax # 0,Vx € C. Then, the sequence {x,} converges strongly to a
point T € I'p C T', where T = Pr,(0).

Proof. Let z € I'p C T, where = Pr,(0). Then, it follows from Lemma 3.5.8 that
|z — 2 < (1 — an)||lzn — Z||* + and, (3.5.23)

where

_ )
dp = [2(1 —ay)||lzn — x||_n||xn — Tna || + Oullzn — xn—1||_n||$n — Tn-1]|
Qp Ay

2@l = Tasill + 202, 7= z001)]

Now, we claim that the sequence {||z, — Z||} converges to zero. To show this, by Lemma
2.5.36 it suffices to show that limsup d,,, < 0 for every subsequence {||z,, — ||} of {||z, —

k—00

z||} satisfying

lim inf (|zngey — ZIl = l|lzn, — Z]|) > 0. (3.5.24)
—00

Suppose that {||z,, —Z||} is a subsequence of {||z,, — Z||} such that (3.5.24) holds. Again,
from Lemma 3.5.8, we obtain

Nk+1

)\2 M2
n =112
Tny, 1- )\Qk ||ynk - wnk||2 + Tnk(l - T”k)HKan - wnk||2 < (1 - ank)||xnk - IH
- ||xnk+1 - a_:||2 + ankdnk'

By (3.5.24) and the condition on «,, it follows that

/\2 MZ
. n 2
lim Tny, 1- )\2k Hynk - wnk’lz + Tnk(l - Tnk)”Kan - w”k” =0.

k—ro0
Nk+1
By (3.5.9) and the conditions on the control parameters, we obtain
lim ||yn, —wn, || =0, lim ||[Kz, —w,] =0. (3.5.25)
k—ro0 k—o0
From (3.5.25), we have

khm HKan - ynk” = 0.
—00

Moreover, from the definition of z, and by applying (3.5.4) and (3.5.25), we get

P,

< |wn, — Yn,ll = 0, &k — oc. (3.5.26)
/\nk+1
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From the definition of x,,,, in Step 5 and (3.5.25), we have

H'rnk+1 - wnkH = ||<1 - Tnk)wnk + TnkKan - wnk“
= T [ K 2ny, — wi, | =0,k — oo, (3.5.27)

From (3.5.25) and (3.5.27), we obtain

lim ||z, , — Yn.|| = 0. (3.5.28)

k—o0

Now, from Step 2 and by Remark 3.5.3, we get

Hwnk - xnkH = H(l - a”k)(xnk + enk (xnk - xnk*1>) - xnk”
= [[(1 = an )(@ny, — Tny) + (1 = @ )0y (T, — Tiy—1) — Qi Ty, ||
< (1= an ) |Tn, — 2oy | + (1 = g )0y [[0,, — Tp—r || + any [, |
-0, k— oo. (3.5.29)

From (3.5.25)-(3.5.29), we have

klim |Yn, — @, || =0, lim ||[Kz,, — 2] =0, lim ||z, — x| =0. (3.5.30)
—00 k—o0 k—o0

Moreover, from (3.5.28) and (3.5.30) we obtain

klgrolo |Znyy, — Zn, || = 0. (3.5.31)

Since {z,} is bounded, we have that w,(z,) # 0. Let z € w,(x,) be arbitrary. Then,
there exist a subsequence {z,, } of {z,} such that z,, — z as k — oco. By (3.5.29) and
(3.5.30) we have w,(z,) = wy(yn) = wy(wy,). Since y, € C and C is weakly-closed, we
have z € C. By the assumption that Ax # 0, Vx € C, it follows that Az # 0. Thus, by
Lemma 3.5.7 and (3.5.25), it follows that z € Qp. Consequently, we have w,(z,) C Qp.
Also, since 77,11—>ngo | Zn, — 2n,|| = 0, we have z, — z as k — oo. Since I — K is demiclosed at

zero, it follows from (3.5.30) and Lemma 3.2.8(a) that z € F(K) = F(T). Consequently,
we have w,(z,,) C F(T). It therefore follows that w,(z,) C I'p.

Next, by the boundedness of {z,, }, it follows that there exists a subsequence {L%J} of
{zy, } which converges weakly to some & € H, and such that

lim <i’, T — Ink> = limsup (%, T — xy,) - (3.5.32)
J—00 J

k—o0

From (3.5.32) and the fact that £ = Pr,(0) we have

limsup (Z, = —x,,)= lim <3Z’, T — :L‘nkj> =(z, z—1x) <0. (3.5.33)

k—o0 Jj—oo
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From (3.5.31) and (3.5.33), it follows that

limsup (Z, T — ap,,,)=limsup(Z, Z—xz,,)=(Z, z—&) <0. (3.5.34)
k—o0 k—o0
Thus, by (3.5.34) and the fact that klim |Tn,41 — W, || = klim Z"—’“Hxnk — Zp,—1|| = 0, we
—00 —00 "k
obtain limsup d,,, < 0. Now, applying Lemma 2.5.36 to (3.5.23) we have lim ||z, —Z| = 0.
k—ro0 n—+00
Therefore, {z,} converges strongly to z. O

3.5.3 Numerical experiments

In this section, we discuss the numerical behavior of our proposed Algorithm 3.5.2 and
also compare it with the methods of Salahuddin [217] (see Appendix 3.5.15), Liu et.al [162]
(see Appendix 3.5.16), Ogwo et al. [193] (see Appendix 3.5.3), Alakoya et al. [12] (see
Appendix 3.5.4) and Yin et.al [270] (see Appendix 3.5.17). We perform all implementations
using Matlab 2016 (b), installed on a personal computer with Intel(R) Core(TM) i5-2600
CPU@2.30GHz and 8.00 Gb-RAM running on Windows 10 operating system. In Tables
3.5.1-3.5.2, “No. of Iter.” means the number of iterations.

In our computation, we choose § = 3.5, \y = A =s=0.65, p=0.7, ¢, = m, a, =
Tlﬂ, Tn = 2&—113), Pn = ﬁ, f(z) = § and Sz = 3. For Appendix 3.5.3, we choose
U, = 13&115 and for Appendix 3.5.17, we choose ¢, = 5.%=, Xn = 5.5 0 = 1513

We begin by presenting some examples in the finite dimensional Hilbert space.

Example 3.5.10. Let C = [—1, 1] and define

20 —1, x>1,
Ar =< 2?2, xel-1,1],
—2z -1, x< -1
Then, A is quasimonotone and uniformly continuous but neither pseudomonotone nor

monotone. Moreover, let T'x = x. Then, T is 1-Lipschitz quasi-pseudocontractive. Let
(=0.3,n=04.

We consider the following cases for the numerical experiments of this example.
Case 1: Take z; = 0.3 and xy = 0.5.

Case 2: Take z; = 0.29 and zo = 0.66.
Case 3: Take z; = 0.28 and zo = 0.72.
Case 4: Take x; = 0.30 and zo = 0.48.
Table 3.5.1: Numerical results for Example 3.5.10
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4.

Cases

App.
3.5.15

App
3.5.16

App.
3.5.3

App.
3.5.4

App.
3.5.17

Alg.
3.5.2

Case 1

No. of Iter.
CPU time
(sec)

41
0.0063

41
0.0128

45
0.0238

25
0.0084

66
0.0091

21
0.0083

Case 2

No. of Iter.
CPU time
(sec)

42
0.0106

42
0.0067

39
0.0081

24
0.0057

80
0.0079

21
0.0067

Case 3

No. of Iter.
CPU time
(sec)

40
0.0106

40
0.0064

45
0.0087

25
0.0059

64
0.0056

21
0.0062

Case 4

No. of Iter.
CPU time

(sec)

43
0.0107

43
0.0059

33
0.0083

24
0.0059

84
0.0063

21
0.0056

Example 3.5.11. Let A : R? — R? be defined by

Az, m9) = (—x16™2, 29)
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and
C={reR?: 27 +25<1, 0<mx}.

Moreover, we define Tz = —gx. Then, T is g-LipSChitZ quasi-pseudocontractive. Let
¢ = 0.28,7 = 0.32. It can be easily verified that all the conditions imposed in Algorithm

3.5.2 are satisfied. We choose T'(z1,x2) = ( — %xl,xg). One can easily show that T is

—%—Lipschitz continuous and quasi-pseudocontractive. We consider the following cases for
the numerical experiments of this example.
Case 1: Take x; = (0.1,0.2)7 and 2y = (0.2,0.9)7.

)
Case 2: Take z; = (0.1,0.2)7 and zy = (0.3,0.8)
Case 3: Take z; = (0.1,0.1)7 and z¢ = (0.2,0.7)7.
Case 4: Take z; = (0.1,0.1)7 and z¢ = (0.3,0.6)7.

T.

Table 3.5.2: Numerical results for Example 3.5.11

Cases App. App App. App. App. Alg.
3.5.15 3.95.16 3.9.3 3.5.4 3.5.17 3.9.2

Case 1 No. of Iter. 15 20 16 31 89 10
CPU time | 0.0129 0.0071 | 0.0090 | 0.0080 | 0.0099 | 0.0075
(sec)

Case 2 No. of Iter. 14 20 14 31 85 10
CPU time | 0.0111 0.0066 | 0.0088 | 0.0077 | 0.0108 | 0.0078
(sec)

Case 3 No. of Iter. 14 20 19 31 80 10
CPU time | 0.0117 0.0064 | 0.0087 | 0.0079 | 0.0100 | 0.0078
(sec)

Case 4 | No. of Iter. 14 19 18 31 75 10
CPU time | 0.0120 0.0062 | 0.0085 | 0.0079 | 0.0097 | 0.0075
(sec)

Now, we present an example in the infinite dimensional Hilbert space.
Example 3.5.12. Let H = { @ = (v, 29, - , 24, -+ ) 0 > |24]? < +00 p. Let u,v € R such
i=1

thatO<§<u<v.LetCu:{x€’H:Hngu and A,x = | v — ||z] |z. It is known

that A is quasimonotone and Lipschitz continuous (see [217]). In this example, we take
u =4,v = 5. Furthermore, let Tx = —2x. Then, T is 2-Lipschitz quasi-pseudocontractive.
Let ¢ = 0.22,7 = 0.27. We consider the following cases for the numerical experiments of
this example
)
18 |

. —_ |5 1 1 |1
Case 1: Take z; = <7,7,%,--~> and zo = (5,

=
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4.
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. — 41 1 — (11 1
Case 2: Take 71 = | 7,7, 55, )andxg— 3197 777 )

Case 3: Take z; = %174_1pl ) and zy = g’%miof”)'

1 _ 2 1 1
71_57"'> andxg— §7§767"'>'

Table 3.5.3: Numerical results for Example 3.5.12

Case 4: Take 1 = %,

[

Cases App. Alg.
3.5.4 3.5.2

Case 1 No. of Iter. 23 18
CPU time | 0.0378 0.0162
(sec)

Case 2 No. of Iter. 23 18
CPU time | 0.0297 0.0116
(sec)

Case 3 No. of Iter. 23 18
CPU time | 0.0243 0.0125
(sec)

Case 4 No. of Iter. 23 18
CPU time | 0.0283 0.0123
(sec)

Remark 3.5.13. Most of the results in the literature for approximating the solution of
quasimonotone (or without monotonicity) VIP in infinite dimensional Hilbert spaces are
weak convergence results. Hence, we can only compare our Algorithm 3.5.2 in infinite
dimensional Hilbert spaces with Appendix 3.5.4 in Example 3.5.12.

Example 3.5.14. (Application to Image Restoration Problem).

In this last experiment, we consider an application to image restoration problem. We
compare the performance of our Algorithm 3.5.2 with Appendix 3.5.15, Appendix 3.5.16
and Appendix 3.5.3.

We recall that the image restoration problem can be formulated as the following linear
inverse problem:

v=Dzx+e (3.5.35)

where x € RY is the original image, D € RM*¥ is the blurring matrix, v € R is
the observed blurred image while e is the Gaussian noise. Solving Problem (3.5.35) is
equivalent to solving the convex MPs

1
min {§]|Dx—ng—|—)\HxH1}, (3.5.36)

z€RN
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where A > 0 is the regularization parameter, || - ||2 denotes the Euclidean norm and || - ||
is the ¢;-norm. Our goal is to restore the original image = given the data of the blurred
image v. We can express the MPs (3.5.36) as a VIP by taking A := DT (Dz — v). It is
known in this case that the operator A is monotone and || D? D||-Lipschitz continuous
(thus A is quasimonotone and uniformly continuous). We consider the 291 x 240 Pout,
256 x 256 Cameraman 275 x 252 Circuit, and 128 x 128 Forest images from MATLAB
Image Processing Toolbox. Moreover, we use the Gaussian blur of size 7 x 7 and standard
deviation ¢ = 4 to create the blurred and noisy image (observed image) and use the
algorithms to recover the original image from the blurred image. Also, we measure the
quality of the restored image using the signal-to-noise ratio defined by

SNR = 20 x log,, (ﬂ) :

[l — ]2

where x is the original image and x* is the restored image. Note that, the larger the
SNR, the better the quality of the restored image. We choose the initial values as zy =
0 € RN and z; = 1 € RY. The results are reported in Table 3.5.4, which shows the SNR
values for each algorithm, and Figure 3.11 shows the original, blurred and restored images.
The major advantages of our proposed Algorithm 3.5.2 over the algorithms in Appendix
3.5.15, Appendix 3.5.16 and Appendix 3.5.3 compared with are the higher SNR values for
generating the recovered images.

Table 3.5.4: Numerical results for image restoration Problem 3.5.36

Pout Cameraman | Circuit Forest
App. SNR 5.91 5.82 5.82 5.91
3.5.15
App. SNR 9.78 12.40 13.36 9.19
3.5.16
App. 3.5.3 | SNR 9.78 9.52 9.55 9.79
Alg. 3.5.2 | SNR 18.93 18.63 16.07 23.79

Appendix 3.5.15. Algorithm 1 of Salahuddin [217]
Initialization: Let zo € C and ) € [a,b], where 0 < a < b < 1 be arbitrary.

Iterative Steps: Calculate x,.1 as follows:
Step 0. Set n = 0.

Step 1. If
z, = Pe(x, — NAx,),

then stop and x, is the solution of VIP (1.2.1). Otherwise, set

Step 2:
Yn = PC(-,En - )\Al‘n),

and
Tpnr1 = Pe(zn, — ANAy,),

Set n:=n+1 and return to Step 1.
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Figure 3.11: Comparison for numerical results for image restoration Problem (3.5.36) :
Top: Pout; Next: Cameraman; Next:Circuit; Bottom: Forest.
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Appendix 3.5.16. Algorithm 1 of Liu et.al [107]
Step 0: Take \g > 0, x9 € H, 0 < u < 1. Choose a nonnegative real sequence {p,}

such that >~ p, < +o0.

n=0

Step 1: Given the current iterate x,,, compute
Yn = PC('ITL - )\nAxn)

If x,, = yn, (or Ay, = 0), then stop and y,, is a solution of the VIP. Otherwise, go to Step
2.

Step 2: Compute
Tp+1 = Yn — )\n(Ayn - Aa:n);

where

- N”xn_yn“ >\ 1 A — A O
Ay = {mm{—nAzn—Aym "“’"} i Awn = Ay £0, (3.5.37)

A+ Pns otherwise.

Set n:=n+1 and go back to Step 1.

Algorithm 3.5.3. Algorithm 2 of Ogwo et al. [193]

Step 0: Choose sequences {¢,} and {7,} such that ¢, € [0,1) and 7, € (0, 1] for all
n>1 Let Ay >0, u € (0,1) and xg,x; € H be given arbitrarily. Choose a nonnegative

real sequence {p,} such that ) p, < co. Set n := 1.
n=1
Step 1: Given the current iterates z,_; and z, (n > 1), compute

Wy, = Tp + wn('%n - mnfl)

and

If w, = y,: STOP. Otherwise, go to Step 2.
Step 2: Construct the half-space

Tn:{xEH:<wn_/\nAwn_yn7I_yn>go}'

Then, compute
Zn = PTn (wn - /\nAyn)

and
Tp+1 = (1 - Tn)wn + Tnen,

where
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Wn—Yn 2 Zn—Yn 2 .
min {M(” . H il y H >7 )\n + pn} ) 1f <Awn - Aynazn - yn) > 07

2<Awn —AYn,2n _yn>

A1 = (3.5.38)

An + Pns otherwise.

Set n :=n + 1 and return to Step 1.

Algorithm 3.5.4. Algorithm 1 of Alakoya et al. [12]

Step 1: Select initial point To, T1 € ‘Hi. Given the iterates x,_1 and z, for each n > 1,
choose 9,, such that 0 < ,, < ¢,,, where

g, = {min {’9’ [ | } o T 7 T (3.5.39)

9, otherwise.

Step 2: Compute
Wy = Ty + Vn(Tp — Tp1).

Step 3: Compute
Yn = Pe(w, — A\ Aw,).

If w, = y, (or Ay, = 0) then stop: w, is a solution of the Problem (1.2.3). Otherwise, go
to Step 4.

Step 4: Compute

Step 5 Compute
Tnt+1 = anf<xn) + (1 - Oén)Zn,

where

: pllwn—ynl 1 —
Ay = {mm{ T,y A+ ”"} it Aw, = Ay 70, (3.5.40)

A F Pns otherwise.
mi

Set n :=n+ 1 and go back to Step 1.

Appendix 3.5.17. Algorithm 1 of Yin et. al [270]
Step 0: Take s >0, xoeH, 0<pu<l.

Step 1: Let the nth iterate x,, be given. Compute
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and
Un = (1 - (Pn)xn + (anUin

Step 2: Let the nth step size s, be known. Compute
Yn = PC('Un - SnAUn)

and
Tp+1 = (1 - ¢n)vn + ¢n |:yn + Sn(Avn - Ayn)

where
) llvn—ynl| »
{mm{ (Ao Ay Sn if  Av, — Ay, # 0,
Sn+1 —

Sns otherwise.

Setn:=n+1 and go back to Step 1.

(3.5.41)
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CHAPTER 4

Results on Split Variational Inequality Problems

4.1 Introduction

In this chapter, we propose and study iterative algorithms for approximating solutions of
SVIPs and GVIP in the framework of real Hilbert spaces. We present numerical examples
of our proposed methods in comparison to other methods in literature to illustrate the
applicability of our proposed methods.

4.2 On split variational inequality problems without
product space formulation

Many methods have been proposed in the literature for solving the SVIP. Most of these
methods either require that this problem is transformed into an equivalent VIP in a prod-
uct space, or that the underlying operators are co-coercive. However, it has been discov-
ered that such product space transformation may cause some potential difficulties during
implementation and its approach may not fully exploit the attractive splitting nature of
the SVIP. On the other hand, the co-coercive assumption of the underlying operators
would preclude the potential applications of these methods. To avoid these setbacks,
we propose two new relaxed inertial methods for solving the SVIP without any product
space transformation, and for which the underlying operators are freed from the restric-
tive co-coercive assumption. The methods proposed, involve projections onto half-spaces
only, and originate from an explicit discretization of a dynamical system, which combines
both the inertial and relaxation techniques in order to achieve high convergence speed.
Moreover, the sequence generated by these methods is shown to converge strongly to a
minimum-norm solution of the problem in real Hilbert spaces. Furthermore, numerical

128



implementations and comparisons are given to support our theoretical findings.

4.2.1 Proposed methods

In this section, we present our proposed methods and discuss their features. We begin
with the following assumptions under which our strong convergent results are obtained.

Assumption 4.2.1. Suppose that the following conditions hold:

(a) The feasible sets C and Q are nonempty closed and convex subsets of the real Hilbert
spaces Hy and Ho, respectively.

(b) The sets C and Q are defined as
C={rxeHi|c(x) <0}and Q={w € Hy|q(w) <0},

where ¢ : Hy — R and q : Hy — R are continuously differentiable convex func-
tions such that (-) and ¢'(-) are Lipschitz continuous with constants K; and Ko,
respectively.

(c) A: Hy — Hy and F : Hy — Hy are monotone and Lipschitz continuous with
Lipschitz constants Ly and Lo, respectively.

(d) T :Hi — Hso is a bounded linear operator and the solution set I' :== {z € VI(A,C) :
Tz € VI(F,Q)} of the SVIP (1.2.4)-(1.2.5) is nonempty, where VI(A,C) is the
solution set of the classical VIP (1.2.4).

(e) {00} 1, {0,152 and {1,,}5°, are positive sequences satisfying the following condi-

tions:

6, € (0,1), lim 6, =0, 0p = 00, lim $ =0 and {0, } C (a,1—0,) for some
n—o00 n=1 n—oo -

a > 0.

(f) {dn}2 is a sequence of positive numbers such that ¢, € (0,1] and lim ¢, = ¢ €
n—oo
(0,1].

We present the following method for solving the SVIP (1.2.4)-(1.2.5) when Ly, Lo, K,
and Ky are known.

Algorithm 4.2.2. Relaxed inertial method with fixed stepsizes.

Step 0: Choose sequences {d,}°°,,{0,}>2, and {7,}52, such that the conditions from
Assumption 4.2.1 (e) hold and let n > 0, ¢ € (0,1}, « > 3 and xg,x; € H; be given
arbitrarily. Set n := 1.

Step 1: Given the iterates x,,_; and x,, (n > 1), choose «,, such that 0 < a,, < @,,, where

: n—1 Tn 3
min if z Ty
G, = { 1{ nta—1" [|[zn—zn—1| } ’ n 7 Tn-1, (4.2.1)
. )
P otherwise.
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Step 2: Compute
Wy, = Ty + an(xn - xn—1)7

and construct the half-space

Q, ={w e Hy | ¢(Twy,) + (¢'(Tw,),w — Tw,) <0}

Then compute
yn = Po, (Tw, — A\FTw,),

where

VP34 20, K5(1 — )Ly + L3 — [p2 Ky + (1 — ¢) Lo

0< A< o3

, for some py > 0.

(4.2.2)

Step 3: Compute
2n = (1= &) Twn + 6 (v + A(FTwn — Fi))

and
by = wy, + 0, T (2, — Twy,),
where the stepsize 7, is chosen such that for small enough ¢ > 0,

| Twy — 2| }
[T (Twn = 202

M € {e,

if 2z, # Tw,; otherwise, n, = n.
Step 4: Construct the half space

Cpn ={x € Hy|clby)+ ((bn), — b,) <0}

Then compute
u, = Pe, (b, — nAby,),

where

2K+ 201K (1 — @)Ly + L2 — [p K1+ (1 — @)L
<\/P1 i 20 K.(1-9) (;L—Z i — K+ (1-9) 1], for some p; > 0.
1

(4.2.3)

0<p

Step 5: Compute
Tonr1 = (1 =0, — 6,)by + Oty

where

ty = (1— )by + qb(un + ju(Ab, — Aun)>.
Set n :=n + 1 and go back to Step 1.

In the case where the Lipschitz constants L;, Ly, K; and K5y are not known, we present
the following method with adaptive stepsizes for solving the SVIP (1.2.4)-(1.2.5).
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Algorithm 4.2.3. Relaxed inertial method with adaptive stepsize strategy.
Step 0: Choose sequences {0, }2° 1, {0,151, {¢pn}2, and {7, }7°, such that the conditions

n=1
from Assumption 4.2.1 (e)-(f) hold and let n > 0, 0 < a; < /(1 —¥)(2 — ) + (1 — p?) —
(1 — %) for some p; > 0, i = 1,2, Ay > 0, iy > 0, @« > 3 and xg,x; € H; be given
arbitrarily. Set n := 1.
Step 1: Given the iterates x,,_1 and x,, for each n > 1, choose «,, such that 0 < «a,, < a,,,

where

: n—1 T :
min 2 if z Ly
& ::{ 1{n+a_p ||xn—xn71||}> n 7 Tnot, (4.2.4)
. )
PR otherwise.

Step 2: Compute
Wy = Ty, + an(xn - xn—l)y

and construct the half-space
Q, ={w € Hy | q(Tw,) + (¢ (Tw,),r — Tw,) <0}

Then compute
yn = Po, (Tw, — \yFTw,),

where

mln a2||Twn_ynH 7)\71 ,
N VIFTwn—Fya|2+¢'(Twn) —4 (ya) |2
M I FTwn = Fyal [+ [lg' (Twn) = ¢'(ya)II* # 0,
An, otherwise.

(4.2.5)

Step 3: Compute

zn = (1 — ¢p)Tw, + oy, (yn + M\ (FTw,, — Fyn)>
and
by, = wy, + 0, T (2, — Twy,),
where the stepsize 7, is chosen such that for small enough ¢ > 0,

| Tw, — ZnH2 }
—€l,
| T*(Twy, — 2,)][?

M € {e,

if z,, # Tw,; otherwise, 1, = 7.
Step 4: Construct the half-space

Cp = {x € Hy | c(by) + (<(bn),x — b,) <0}

Then compute

Up = PCn (bn - HJnAbn)a
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where

min 01 |bn —un| y Hn ¢y
- {w|Aun—Abn||2+||c'<un>—c'<bn>||2 a
Hutt =19 if || A, — AanQ + || (un) — Cl(bn)HQ # 0,

s otherwise.

(4.2.6)

Step 5: Compute
Tpi1 = (1 — 0, — 0,)by, + Ot

where
Set n :=n + 1 and go back to Step 1.

Remark 4.2.1.

e Observe that Algorithms 4.2.2 and 4.2.3 can be viewed as modified RITFBF (2.5.14),
involving only one projection onto the half-space C,, per iteration for solving the clas-
sical VIP in ‘H; and another RITFBF involving one projection onto the half-space Q,,
per iteration under a bounded linear operator 7' for solving another VIP in another
space Hs, without further projections onto feasible sets, unlike other existing meth-
ods for solving SVIPs, where projections onto feasible sets are required; for instance,
the method in [106, 221] for the case of classical VIP. A notable advantage of these
methods (Algorithms 4.2.2 and 4.2.3) is that the co-coercive assumption on the oper-
ators A and F usually used in many works (see for example, [131, , , , 1
to guarantee convergence is dispensed with, and no product space formulation of any
sort is required under this setting, unlike in [63, 121].

e The stepsizes {\,} and {u,} given by (4.2.5) and (4.2.6), respectively are generated
at each iteration by some simple computations. Thus, Algorithm 4.2.3 is easily im-
plemented without the prior knowledge of the Lipschitz constants Ly, Lo, K; and
K, unlike in [106, Algorithm 4.1] where the knowledge of the Lipschitz constant is
required and [221, Algorithm 3.3] where the stepsize is assumed to be 1.

e Step 1 of our methods is also easily implemented since the value of ||z, — x,—1|| is
a prior known before choosing «,.

e Step 5 of both algorithms guarantee the strong convergence to the minimum-norm
solution of the SVIP .

e [t is easy to see that C, D C and Q,, D Q. Furthermore, since C, and Q,, are half-
spaces, the projections onto them have explicit formulas. In fact, u, and ¥, in our
methods can be calculated as:

{bn — jiAb,, if c(by) — p{c(by), Aby) <0,
Uy, =

b, — wAb, — C(b”)ﬂ(’j((zgﬁg”qb")c’ (b,), otherwise

(4.2.7)
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and

| Tw, = AFTw,, if q(Tw,) — Nd¢ (Tw,), FTw,) <0, (4.28)
n = Tw,, — \NFTw,, — q(Tw”)ﬁ;\/((qugZ;ﬁg’FTw”q’ (Tw,), otherwise.

Hence, our methods are computationally less expensive than other existing methods for
solving the SVIP (1.2.4)-(1.2.5). This benefit (brought by the half-spaces) is further veri-
fied in our numerical analysis.

Remark 4.2.2. The choice of the stepsize 1, in Step 3 of Algorithms 4.2.2 and 4.2.3 do
not require the prior knowledge of the operator norm ||T'||, unlike in [63, , , ].
Note that algorithms whose implementation depends on the operator norm require the
computation of the norm of the bounded linear operator, which in general is a very difficult
task to accomplish as shown in [124, Theorem 2.3].

Also, we note that the value of the constant n in our methods does not influence the
algorithms, but it was introduced for the sake of clarity. In what follows, we show that
N, is well-defined, and then, present an alternative choice for 7, without involving the
constant 7.

Proposition 4.2.4. The stepsize 0, given in Step 3 of Algorithm 4.2.2 (or Algorithm
4.2.3) is well-defined.

Proof. Let z € I'. Then, by Lemma 2.1.1 , we obtain

1T (Twn = zn) llwn — 2l =

—~

T (Tw, — z,), W, — 2)
Tw, — zp, Tw, —Tz)

—~

(1T = 2l + Ty = T2 = 2 = T2)2|. (4.2.9)

N | —

Furthermore, we claim that

|20 = Tz2|)* < |Tw, — T[> — ¢ [2 — ¢ — 9A°L3 — 2X(1 — ¢) Lo — 2p2AKs] || Twy, — v ||
(4.2.10)

We shall prove this claim (inequality (4.2.10)) later in Lemma 4.2.3 without involving the
stepsize 1.

Now, by the condition on A, that is, from (4.2.2), we obtain
(OI3A+ Pk + (1= 6)La) < p33 + 2021 — 0) L + I3
= BKE 42 K1 — )L + (1 — 9PL3 + GL3(2 — ).
By some simple simplifications, we get
N9 Ly + 209 Lopa Ky + 20PL5(1 — o) Ly — ¢L5(2 — ¢) < 0.
Since Ly, ¢ > 0, dividing through by LZ¢, we obtain

NGL2 + 22pa Ko + 201 — )Ly — (2 — ¢) < 0,
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which implies that
2 — ¢ — NoL3 — 2Apy Ky — 2M(1 — ¢) Ly > 0. (4.2.11)
Hence, we obtain from (4.2.10) that
|zn — Tz||* < ||Tw, — Tz (4.2.12)

Note that if A is replaced with A, as in Algorithm 4.2.3, we will use inequality (4.2.65)
(instead of (4.2.10)) and relation (4.2.67) (instead of (4.2.11)) to get (4.2.12). Therefore,
substituting (4.2.12) into (4.2.9), we obtain that

1
T (Twy, — z0)||||wn — 2|| > §HTwn — zn|]2. (4.2.13)

Now, for z, # Tw,, we have that ||Tw,, — z,|| > 0. This together with (4.2.13), imply that
| T*(Twy,, — z)||||wn — 2z|| > 0. Hence, we have that ||T*(T'w,, — z,)|| # 0. Therefore, 7, is
well-defined. O

We now give an alternative way of choosing the stepsize 7, in our methods.
First, observe from Step 3 of Algorithms 4.2.2 and 4.2.3, that

Dl T (Twy, — Zn)||2 < |[[Tw, — Zn||2 — €| T"(Tw, — Zn)HQv (4.2.14)
which implies that
7772z||T*(Twn - Zn)||2 — || Twn — Zn||2 < —enp|| T (Tw,, — Zn)||2 (4.2.15)
Thus, 1, can be chosen such that for small enough ¢ > 0,

| Twn, — zn?
14+ ||T(Tw, — 2,

me[g w2—4. (4.2.16)

Then, we can see that

| Tw, — z,||* — 6(1 + || T*(Tw, — zn)||2)
= L+ [T (Tw, — 2a)|? ’

which implies that
Mn + nn“T*(Twn - Zn)||2 < ”Twn - 2n||2 — € EHT*(Twn - Zn)||2

This further gives (4.2.14) and consequently (4.2.15).

As we shall see in our convergence analysis, (4.2.14) and (4.2.15) play crucial role in our
proofs. Therefore, one can either choose the stepsize in Step 3 or that in (4.2.16), to ensure
the convergence of Algorithms 4.2.2 and 4.2.3.
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4.2.2 Convergence analysis

Lemma 4.2.3. Let {x,} be a sequence generated by Algorithm }.2.2 under Assumption
4.2.1. Then

lon = Tl < [Tw, = Tpl* = 6 [2— 6 — GX°L3 = 20(1 = G) L — 2puAE3] Ty — 3P
(4.2.17)

and

[t = pl* < Ibn = p|I> — ¢ [2 — ¢ — pP LT — 2u(1 — @)Ly — 2p1pk ] [|bn — wn ||,
(4.2.18)

for all p € T', where py, py are positive constants.

Proof. Let p € I'. Then Tp € VI(F,Q) C Q C Q,,. Since y,, = Po, (T'w, — AFTw,) and
Tp € Q,, we obtain from the characteristic property of Py, , that

(Tw, — NFTw, — Y,y — Tp) >0
or equivalently
2(Twy — Yn,y Yn — T'p) — 2N FTwy, — Fyn, Yy — TP) — 2X(Fyp,yn — Tp) > 0. (4.2.19)
Also, from Lemma 2.1.1 , we obtain that
2(Twy = Y, Y — Tp) = | Twy — Tp|* = [ Twn = yall® — llya — Tpl*. (4.2.20)
Again, since F' is monotone, we obtain that
(F'Yn, Yo — TP) = (Fyn — FTp,yn — Tp) + (FTp,y. — Tp)
> (FTp,y, — Tp). (4.2.21)
Substituting (4.2.20) and (4.2.21) into (4.2.19), we obtain

g = Tol> < [T = Tpl> [Ty — goll? — 2A(F T, — Fy g —Tp) (4:2.22)
+2XN(FTp, Tp — yn).

Also, since z, = (1 — ¢)Tw, + qb(yn + AN FTw, — Fyn)>, we get

Zpn — APl = - Wy — LD Yp — 41D Wy — L'Yp

| Tp||* = ||(1 = ¢)(T Tp) + ¢(yn — Tp) + SNFT Fy,)|?
= (1= )| Twy, — TplI?> + ¢*lyn — To|* + ¢* || FTw,, — Fyl|®
+ 2¢<1 - ¢) <Twn - Tp> Yn — Tp> =+ 2)‘¢<1 - ¢) <Twn - Tp: FTwn - Fyn>
+ 220> (yn — Tp, FTwy, — Fy,)
= (1= )| Twy, — TplI? + ¢*lyn — To|* + ¢* || FTw,, — Fyl|®
+¢(1 = @) (1 Twn — Tpl* + llyn — Tpll> = 1 Twn — yal?]
+2X0(1 — ¢)(Tw, — Tp, FTw, — Fy,) + 2)\q§2<yn —Tp, FTw, — Fy,)
= (1= ¢)||Tw, — Tp||* + ¢llyn — Tp|I> — ¢(1 — @) || Twn — yn)? (4.2.23)
+ 2N FTw, — Fy,||?
+2X0(1 — ¢)(Tw,, — Tp, FTw, — Fy,) + 2/\¢2<yn —Tp, FTw, — Fy,).
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Substituting (4.2.22) into (4.2.23), we obtain

20 = Tpl* < (1 = @) || Tw,, — Tp]?
+ ¢ [“Twn - TpH2 — || Tw, - ynH2 = 2MFTwy, — Fyn, Yo — Tpﬂ
+ Q2N FTp, Tp — yn) — ¢(1 — @)[|Tw,, — yn||2 + ¢2/\2”FTwn - Fyn||2
+2X6(1 — ¢)(Twy, — Tp, FTw,, — Fy,) + 22¢*(y, — Tp, FTw, — Fy,)
[ Twn — Tp|P — 6(2 — &) Twn — all? + N F T — Fyal? (42.2)
+ 2001 — ) (Twy, — Yn, FTw, — Fyp) + 20A0(FTp, Tp — yy)
< |[[Tw, — TpH2 — 92 = ¢)||[Tw, — yn||2 + ¢2>‘2L§‘|Twn - ynH2
+2Xp(1 — ¢) Lo || Tw,, — yn||2 + 2A(FTp, Tp — yn)
[ Twn — Tl — & [2— 6 — GX°L3 — 2A(1 — §) L] [T — gall* (42.25)
+ 20p(FTp, Tp — yn).

Now, if FTp = 0, then we obtain the desired conclusion from (4.2.25).

However, if F'T'p # 0, then we obtain from Lemma 2.5.10 that T'p € 0Q) and there exists
p2 > 0 such that FTp = —p2q¢'(Tp). Since Tp € 0Q, q(Tp) = 0.

Also, since ¢ is a differentiable convex function, it follows from (2.4.7) that

q(yn) > q(Tp) + (¢'(Tp), yn — Tp)

-1
= —(FTp,y, —Tp),

P2
which implies that
(Tp — yn, FTp) < p2q(yn)- (4.2.26)
Since y,, € 9, we have
q(Tw,) + (¢ (Tw,), y, — Tw,) < 0. (4.2.27)

Again, since ¢ is a differentiable convex function, we obtain from (2.4.7) that

(q'(Yn), Twn — yn) + q(yn) < q(Twy). (4.2.28)
From (4.2.27), (4.2.28) and the Lipschitz continuity of ¢'(-), we obtain
4(yn) <Aq'(yn) — ¢ (Twn), Yo — Twy) < Kallyn — Tw,]. (4.2.29)

By substituting (4.2.26) and (4.2.29) into (4.2.25), we obtain the desired conclusion (4.2.17).

Following the same line of argument, we obtain (4.2.18). O

Lemma 4.2.4. Let {x,} be a sequence generated by Algorithm /.2.2 under Assumption
4.2.1. Then, {x,} is bounded.

Proof. Let p € T'. Since w,, = =, + a,(z, — x,_1), we have

[wn = pl| < |20 —pll + anllzn — 201]|.
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Also, from Step 1, we observe that a,||z, — Tn—1|| < 7, Vn > 1, which implies that

a
5—"||xn—xn_1||§g—n—>0, as n — oo.
n n

Hence, there exists M; > 0 such that

a
5—”Hxn —xpa|| < My, VYn>1.
n

This implies that
[wn = pll < llz = pll + 6, M, Vn > 1.
Now, by Lemma 4.2.3 (inequality (4.2.17)) and (4.2.11), we obtain that
20 = Tpl* < || Tw, — Tpl|*.
From Step 3, Lemma 2.1.1 and (4.2.33), we obtain

1bn = pII* = llwn = pII* + 73l (20 — Tw) I* + 20 {wn — p, T (2

= [Jw, — p”2 + 7772L||T*(Zn - Twn)||2 + 20 (Twy, — Tp, 2,
= Jlwn = pl* + 92| T (2 — Tw,)|”

+ 00 (120 = Tpl* = | Twn = TpI* = |20 — Tw,|?]

< Nwn = plI* + 02 1T (20 — Twa) I = nullz — Twal®

= llwn = pII* = 1 {120 = Twnll* = 1l T (20 — Trwa)[I*] -

Thus, by the condition on 7,, that is, from (4.2.14), we obtain that
16 = pII* < llwn = plI?,
which implies from (4.2.32) that
1bn = pll < llwn = pll < [lzn = pll + 60 My ¥ > 1.
From Step 5, we have

”xn—i—l _pH = ||(1 — 0 — )( ) n<t _p) - np”
< (X =00 = 62)(bn — p) + On(tn — P)I| + 0ullpll-

But from (4.2.18), condition (4.2.3) and (4.2.35), we get that

(4.2.30)

(4.2.31)

(4.2.32)

(4.2.33)

— Twy,))
— Tw,)

(4.2.34)

(4.2.35)

(4.2.36)

n - 571) an _pH2 + 0721||tn _p||2
—p)

(1= 60n — 6,) (b — p) + Oty —D)|I* = (1 — 0
4201 = O, — 6,)00 (b — p, b
<(1=0,- 6n)2an - p’lz + Qian - pH2
+2(1 — 0, — 6,)0n[bn — p]?
(1= 6,)*[lwn — plI*.

Hence, (4.2.36) becomes

= ) |lwn = pll + dallpl

[2ne1 —pll < (1
< (1= 0n) [[lzn = pll + 6nMi] + dnllpll
<(1-

th

On)l|2n = pll + 0n(My + [|p[),

which implies from Lemma 2.5.35 that {x,} is bounded.
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Lemma 4.2.5. Let {x,} be a sequence generated by Algorithm /.2.2 under Assumption
4.2.1. Suppose that there exists a subsequence {x,, } of {x,} which converges weakly to a
point z € Hy and klim |br, — Wy, || =0 = klim |6, — tn.ll- Then z € T

—00 —00

Proof. From Step 2 and (4.2.30), we get that

. . a, _
nh_)rgo |wy, — || = nh—glo O - aHxn — ZTp1|| = 0. (4.2.38)
Since the subsequence {z,,} of {x,} is weakly convergent to a point z € H;, it follows
that the subsequence {w,, } of {w,} is also weakly convergent to z € H;. This, together
with our hypothesis imply that {b,, } converges weakly to z. Again, since T" is a bounded
linear operator, we obtain that {Tw,, } converges weakly to T'z.

Now, without loss of generality, we may assume that z, # Tw,. Then,

i € | |20 — Tw|” e
T T (e = Twn)|? '

Thus, putting (4.2.15) into (4.2.34), we obtain that

16, = PII* < llwn, = pI* = Do €| T (20, — Trwn, )|

< Jlwn, = pI? = @IT" (20, — Ty, (4.2.39)
which implies that
T (2, = Twp, )| < Nwny, = plI* = [, — 2II”
< Nwny, = bag|I* + 2l wn, — by, (11160, — .
Thus, by our hypothesis, we obtain

lim || 7% (2n, — T, )|| = 0. (4.2.40)

k—o0

From (4.2.34) and (4.2.40), we obtain

nnkHan - TwnkHZ < ||wnk _p“2 - ank _p”2 + U2k||T*(an - Twnk)Hz

< ||wnk - bnkHQ + 2||wnk - bnkHank _pH + 7772Lk||T*(an - Twnk)||2
— 0, as k — oo.

Since 71,, > € > 0, we get that

kh_)rgo | 2n, — Tw, || = 0. (4.2.41)

From (4.2.17), we obtain

¢ [2— 06— oMLy — 201 — ¢) Ly — 2p2 MK | | Twn, — i, ||* < | Twn, — Tpl* = |20, — Tl
< ||Tw”k - an||2

+ QHT’LUnk - Z"k” Hznk - TpH
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Thus, taking limit as k& — oo in the previous inequality, we obtain from (4.2.41) and
(4.2.11) that

klim | Twy, — Yn,|| = 0. (4.2.42)
—00

Now, by the monotonicity of F', the characteristic property of Py, and Q C Q,,, we obtain
for all w € Q that

(Yny, — TWppy, W0 — Yy ) + MNET W, , Twn, — Y, ) + METw,, , w — Twy, )

1Y, = Twn [l = Yy | + M ETwn, [T 0, = |

+A[(FTwy,, — Fw,w — Tw,,) + (Fw,w — Tw,, )]

1Y, = Twny [l = Yy | + M ETwn [T w0 = | (4.2.43)
FNFw, w — Tw,,).

IA

IA

Thus, passing limit as k — oo in the previous inequality, we obtain
(Fw,w—Tz) >0, Yw e Q,

and from Lemma 3.2.2, we have that Tz € VI(F, Q).
Again, by our hypothesis and (4.2.18), we obtain that

¢ [2— ¢ — o’ LY = 2u(1 — ¢) Ly — 2p1puF ] [[bny, — wny|1* < [[bny — pII* = [It0, — DI
< 1bny = tal?
+ 2|[bn, — tuglllItn, — pll
— 0, ask — oo,

which by condition (4.2.3), implies that

klggo |6r, — tn, || =0 (4.2.44)

Similar to (4.2.43), we obtain from the monotonicity of A, the characteristic property of
Fe, and C C C,, that

0 < Nt = b 117 = g | + 2l Abi [, — | + Az, = by,), ¥z € C.
Passing limit as k — oo in the previous inequality, we obtain from (4.2.44) that

(Az,x — z) >0, YxeC.
Therefore, we obtain from Lemma 3.2.2 that z € VI(A,C). Hence, z € T H

We now present the first theorem of this work.

Theorem 4.2.6. Let {z,} be a sequence generated by Algorithm 4.2.2 under Assumption
4.2.1. Then, {z,} converges strongly to p € I, where ||p|| = min{||z|| : z € I'}.
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Proof. Let p € I'. Then, from Step 2, we obtain

lwn = pl? = llan = pl* + afllen = zaoa | + 200 (e — p, 20 — 20m1)

[z = plI* + aillzn — znal? + 20020 = plll[20 — 20|

= |lzn — p”2 + apllzn — xpall [anllzn — zpall + 2[|2, — pll]

|zn — plI* + 3an||2n — Tp_1|| Mo, (4.2.45)

IN

A

for some My > 0. Thus, from (4.2.35), (4.2.18) and (4.2.45), we get

1(1 = 60.)(bs — p) + On(tn — p)|I”

(1 en) [br p|‘2+9721|‘tn_p“2+2(1_en)9n<bn_p:tn_p>
(1= 0.)[[wn = plI* + O lwn — plI* +2(1 = 0,)0(bn — p, o — p)
(1= 0:)[[wn = plI* + O3 lwn — plI* +2(1 = 0,)0, ]| w, — p|*

1z = pII* + Baal|wn — zai[|Mo.

(1 = 0,)b, + Opt, — pl|?

IA AN A

From Step 5, the previous inequality and (4.2.30), we get

[0 = plI* = H( 0n) [(1 = 00)bn + Outy — p] = (6000 (bn — t) + Gup] ||
) ||(1—9 )b + Oty p”2_2<5n0n(bn_tn)+5np:xn+l —p)
Sa)|(1 = 0n)bn + Ot — pII* + 20,8, (b — t, p — Tnt1)
On <p P = Tp-1)
0a) (1 = 0:)bn + Ot — plI* + 26,0, ]10 — tallllp — Ty |
67L<p7p — Tpy1)
1= 62) (I — Bl + 300lm — T |M2) + 26,000 — talllp — T
20,(p, P — Tni1)
< (1= 0n)[[2n — I + 3|2 — 21| Mz + 26,0, [10n — tall[[p — 21 |
+ 200(P; P — Tnt1)
= (1= 6u)|lzn = pl* + 0ndp, n > 1,

+ IN F A+ IA A

where dy, = 35|z — Lp1 [| M2 + 2 (0, [bn = tallllp = Zsa || + (P, 0 = Tnta)) -

According to Lemma 2.5.36, to conclude our proof, it suffices to show that limsupd,, <0
k—o0

for every subsequence {||z,, — p||} of {||z, — p||} satisfying the condition;

tim inf (|, 11~ )| = 7, —]) >0 (4.2.46)

To show that limsupd,, < 0, suppose that {||x,, — p|/} is a subsequence of {|z, — p||}

k—o0

such that (4.2.46) holds. Then,

lim inf (||, 1 = pI* = ll2n, — pII?) = lim inf [(lenkﬂ = pll = l|zn, = plI)
—00 k—o0

(2ng 1 = Pl + 12, — p1)]
> 0. (4.2.47)
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Now, observe that

11 = 0 = 80) (b = ) + Outn = P)II* = (L = 00 — 6,)* [0 — p||?
S (1 - en - 5n)2||bn _pH2
+( — On — 0,)0n Ht =l + 07t — pl?
+0n(1 — )Iltn —p||2-

Then, from Step 5, (4.2.48) and (4.2.18), we get

[Zn 41 = lI* = 11 = 60 = 62) (b — P) + On(tn — p) — up||?
= [|(1 = 00 = 6,) (b — p) + On (L — p)|I> + 02D
—26,((1 = 6n — 0n) (b — p) + On(tn — ), p)
< (1= 0n = 6,) (1 = 0)[Ibn = PII* + 0 (1 = ) [tn — pII* + 6, M;
< (1=0,—6)(1—35)]bn —pl? (4.2.49)
+ 0,(1 = 8,)]bn — P> + 6, Ms
— 0,(1 = 0n) (¢ [2 — ¢ — oLy — 2u(1 — ¢) Ly — 2/71MK1} 1bn — unH2>
< (1 =0 = 6,)(1 = 0 [[wy — pl|* + 6, M
+ en(l - (Sn)Hwn —p”2
— 001 = 0,) (6 [2 = 6 — u” L} — 20(1 — §) Ly — 2014080 ] by — )
< |lzn = pll? (4.2.50)
—0,(1=0,)0[2 — ¢ — o’ LT = 2u(1 — ¢) Ly — 2p1 k1 | [|by — ]|

+ 6n <3%Hxn - l’n,1|’M2 + MB) )

for some Mz > 0.
Let V :i=2—¢—¢u’L? —2u(1— @)Ly —2p1puKy. Then, from (4.2.50), (4.2.47) and (4.2.31),
we obtain

Lim sup (0, (1 = 00, )V [lbn,, — 1, [I?) < limsup (||, — pII* = [, 1 = pII*)

k—o0 k—o0
+ limsup 6, (3M1 My + Ms)
k—o0
= —liminf (|1 = pl* — o, —pl?)
<0.

This implies that

klgEO |br, — U, || = 0. (4.2.51)
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Since A is Lipschitz continuous on H;, we obtain from (4.2.51) that

lim || Aby, — Aun, || = 0. (4.2.52)
k—o0

Also, from Step 5, we have that

< ¢Hunk - bnkH + ¢MHAbnk - Au”k”’

which implies from (4.2.51) and (4.2.52) that

Jim [y, = by, | = 0. (4.2.53)

From (4.2.49) and (4.2.39), we obtain

||xnk+1 _pH2 = (1 - gnk - nk)(l - nk)“bnk _pH2 + enk(]‘ - 5nk)||bnk _pH2 + 5nkM3
< b, — PlI* + 60, M
< wn, = plI* = €T (20, = Twn, )|I* + 60, M,

which implies from (4.2.45) that

. « L.
lim sup [| (20, = Twp,)|* < 5 limsup (lan, = pl* = llzne1 = pI)

k—00 k—o0

2
6 k—o00

1 n
— lim sup ((5 (S%Hxnk — Ty || Ma + ]\/[3))
ng

1
< — lminf (|2, = pl* = [l2n, = p[*) <0

Thus,
lim |77 (%, — Twy,)|| = 0. (4.2.54)
k—o0
Hence, by Step 3, we obtain
16n, — Wnp || = My | T (20, — Twy, )| = 0, as k — oo. (4.2.55)

From Step 5 and (4.2.53), we get
Fngs1 = bl < By o, — gl + G llbng | =0, a5 & = oc. (4.2.56)
From (4.2.55) and (4.2.56), we get
T [1,1 — w,, | = 0. (42.57)
From (4.2.38) and (4.2.57), we get

klim |Tn,+1 — xn, || = O. (4.2.58)
—00
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By Lemma 4.2.4, there exists a subsequence {zy,  } of {x,, } which converges weakly to z,
and such that

limsup(p,p — @) = ]1Lrgo<p,p — Tpy,) = (0P — 2)-

k—o0

Also, since we have established (4.2.53) and (4.2.55), we can apply Lemma 4.2.5 to get
that z € I'. Note also that p = Pr0. Thus, we obtain from the previous inequality that

limsup<p,p - xnk> = <p7p - Z) < 07

k—o0

which together with (4.2.58), imply that

lim (p,p — @y, +1) < 0. (4.2.59)
k—oo

NOW7 recall that dnk = 3%Hxnk_'xnk_l||M2+2 (‘gnkank - t’ﬂk”Hp - xnk+1|| + <p7p - ‘rnk+1>) :

i

So, by (4.2.30), (4.2.53) and (4.2.59), we obtain that limsupd,, < 0. Hence, we get that
k—ro0

lim ||z, — p|| = 0. Therefore, {x,} converges strongly to p = Pr0.

n—oo

]

Remark 4.2.7.

e We observe that if we set H; = Hy = H, FF = 0 and T = Iy (the identity oper-
ator on ‘H) in Algorithm 4.2.2) we obtain as a corollary, a relaxed inertial Tseng’s
forward-backward-forward with fixed stepsizes, involving only one projection onto
the half-space C,, per iteration, for solving the classical VIP (1.2.4) when A is mono-
tone and Lipschitz continuous. This method for solving the classical VIP (1.2.4) is
also the first in the literature.

e The conclusion of Theorem 4.2.6 still holds even if the fixed stepsizes A and p given
by (4.2.2) and (4.2.3), respectively, are replaced with variable stepsizes p, and A,
respectively such that

2K2 4+ 2psKo(1 — )Ly 4+ L2 — [po K. 1— o)L
0<1Hfun§8upun<\/p2 5 1 2p2 Ko ) 2—2 3 — [pa Ko+ ( ¢)Lo]
n>1 n>1 ¢L2

and

K24+ 20 Ki(1— @)Ly + L? — [; K 1— &)L
0<inf/\n§8up)\n<\/p1 {20 (1 —¢) 1ﬂ; 1=K+ (1—9) 1]'
n>1 n>1 ¢L1
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Having concluded the convergence analysis of the first method of this work, we now study
the convergence analysis of the second method (Algorithm 4.2.3), which do not depend
on the availability of the Lipschitz constants. We begin with the following useful remarks
and lemmas.

Remark 4.2.8. The stepsizes {\,} and {u,} generated by Algorithm 4.2.3 are monotoni-

a al

cally non-increasing sequences with lower bounds min { A 2 and min
y g q 1 \/m M1, \/m 3

respectively.

Indeed, it is obvious that A\,y1 < \,, Vn € N. Also, since F' is Ly-Lipschitz continuous
and ¢’ is K,-Lipschitz continuous, we get in the case where ||F'Tw, — Fy,||* + ||¢/(Tw,) —

¢ (yn)||* # O that

Ani1 = min a2l Teon — 4o A
IFT 0, = Fyal? + 17 (Twn) — 4 )P

T n - Yn
> min - az|[Tw y2 | ;A
VL3 Twn — yal? + K3[|Tw, — ya]?

. Qg
=min{ ———, A\, ;.
{\/L§+K§ }

Hence, by induction, we obtain that {\, } is bounded below by min { = )\1} . Similar

argument holds for {su,}.

Note that Remark 4.2.8 implies that the limits of {\,}, {u.} exist, and lim A, >
n—oo

. as ) . a
min A lim > min .
{\/L%JrKQQ’ 1}’ n—>ooun - \/L%+K12’ H

Remark 4.2.9. From (4.2.5), we observe that

a2

VIFTw, — Fyall? + llq (Twa) — ¢'(ya)|? < I Twn = yall, Vne N

n+1
holds for both ||[FTw, — Fy,|| + ||¢'(Tw,) — ¢'(yn)|| # 0 and otherwise. This implies that

2

a
1ETwn = Fyal* + [l¢'(Twn) = ¢ () II* < 57~ Twn = gull?, V0 €N, (4.2.60)
n+1
which further implies
| FTw, — Fy|| < A‘ZQ | Tw, — yal|, ¥n € N. (4.2.61)
n+1
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Lemma 4.2.10. Let {z,} be a sequence generated by Algorithm J.2.5 under Assumption
4.2.1. Then, for all p € I, there exists ng > 1 such that

| Tws = ynll* < K ([Twn — 20l + 2[|Twy — zalll]20 — Tl|) , (4.2.62)

and

||bn - un||2 < L, (||bn - tn||2 + 2||bn - tn||||tn _p||) ) (4~2~63)
where

1
K, = 5
6n [2 = 6= N — = 201 — )32 ]

and

1
- pl - QPJn( ¢n)

L, =

P [2 — ¢n — uW

)
]

with py, pa been positive constants, for all n > nyg.

Proof. By replacing A with A\, and ¢ with ¢, in (4.2.24), we have

|20 = Tpl? < || Twn —Tp|* = ¢n(2 — @) | Twn — yal)? (4.2.64)
+ QN[ FTw, — Fyu||” + 2X0,(1 — ¢n)<Twn Yn, FTw, — Fy,)
+ 20,00 (FTp, Tp — yn).

Suppose FT'p = 0. Then, we obtain from (4.2.61) and (4.2.64) that

|2n — TpH2 < |Tw, - Tp”2 — &n(2 — o) || Tw,, — ynH2 + ¢n)‘721HFTwn - FynH2
+2)\n¢n(1 - ¢n)<Twn — Yn, FTwn - Fyn>

a
”Twn - Tp”2 - ¢n(2 - an)”Twn - yn||2 + ¢n)‘721)\22
n+1

IN

||Twn - yn||2

+ 2)‘n¢n( ¢n) o HTwn yn||2
2

o (1= 05 | 7w, -
n+1

| 7w, — Tpl? (4.2.65)

CL a
- ¢n |:2—¢n_)\2 2 _2)‘ ( ¢n))\_2 _Pg:| HTwn—ynHz,
n+1

ny2
)\n—i-l

=|ﬁwaWF—@{2—%—A2

IA

for some py > 0.
Now, since the limit of {\,} exists, then lim A, = lim A, ;. Hence, by Assumption 4.2.1
n—oo n—oo

(f) and the condition on as, we obtain that

2
fim 26 gt = == | = (=0 == -2l =) >0
n+ n
(4.2.66)
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Thus, there exists ng > 1 such that

2

2 ¢y — Ai;;? 21— M% >0, Vn > no. (4.2.67)
n+1 n+1

Hence, we obtain from (4.2.65) that

1
¢n (2 - (bn - )\%L)\gj_l - p% - 2/\n(1 - an) )\:_2,_1>
(ITwn = Tp| = |1z = Tll?)

HTwn - yn||2 S

1
On (2 — ¢n — /\%)\gil —p5 — 22 (1 — QS”)A:L)
(1T = 20) + (20 = TR = |20 = Tl (4.2.68)
for all n > ng, which by some simple simplifications, gives (4.2.62).
Now, suppose F'T'p # 0. Then, from (4.2.26) and (4.2.29), we obtain
(FTp,Tp — yn) < po{d'(yn) — ¢ (Twn),yn — Twy). (4.2.69)

Also, observe that

220200 (Yn) — @' (Twn), Yo — Twn) < Aollq' (yn) — ¢ (Twa) [ + p3llyn — Twall*. (4.2.70)
Substituting (4.2.69) and (4.2.70) into (4.2.64), and using (4.2.61) and (4.2.60), we obtain

[|2n — TpH2 < || Tw, — TpH2 — (2 — ¢n) || Tw,, — ynH2 + ‘bn)‘iHFTwn - FynH2
+ 20000 (1 = ¢ ) (Twy, = Y, FTw, — Fyn) + 6 X2|¢ (yn) — ¢ (Tw,)|?
+ Gnpillyn — Tw, |
= [ Tw, — TPHZ — (2 — &) || Tw,, — yn”2
+ ¢u s [IFTw, — Fyal” + 1¢' (Twn) — ' (yn)|?]

+ 20,00 (1 — 0p)(Twy, — Yy, FTw,, — Fy,) + gbn,ogﬂyn — Twn||2
2
a
< HTwn - Tp||2 - ¢n(2 - ¢n)||Twn - CUNHQ + (bn)‘Q 2 “Twn - yn||2

"N
+ 20001 = 0n) 5= T wn =yl + 03l — T
= 7w, ~ Tolp
~6u 2= 0 g - 05— 8] [T~

Notice that this is the same as (4.2.65). Hence, we obtain (4.2.62).

Also, we can follow the same line of proof as above to establish (4.2.63). O
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We now state and prove the strong convergence theorem for Algorithm 4.2.3.

Theorem 4.2.11. Let {z,} be a sequence generated by Algorithm 4.2.3 under Assumption
4.2.1. Then, {z,} converges strongly to p € I, where ||p|| = min{||z| : z € T'}.

Proof. Let p € I'. Then, by replacing p and A with u,, and \,, respectively in Lemma 4.2.4,
and using (4.2.65) and (4.2.67), we can easily get that {x,} is bounded. Furthermore, we
can follow the same argument as in the proof of Theorem 4.2.6 to obtain (4.2.53), (4.2.54)
and (4.2.55). Also, using (4.2.54) and (4.2.55), we can get (4.2.41).

Hence, from (4.2.41), Lemma 4.2.10 (that is, (4.2.62)) and (4.2.66), we obtain that

k—o0
In a similar way, we can show that
lim ||b,, — un, || = 0.
k—o0

Following the same arguments as in Lemma 4.2.5 and Theorem 4.2.6, we obtain the rest
of the proof. O

Remark 4.2.12.

(1). Similar to Remark 4.2.7, we obtain a relaxed inertial Tseng’s forward-backward-
forward with adaptive stepsizes, involving only one projection onto the half-space C,,
per iteration, for solving the classical VIP (1.2.4) when A is monotone and Lipschitz
continuous as a corollary. This method is also new.

(2). Our proofs are independent of the usual “T'wo cases Approach” which have been
used widely in many works (see, for example, [100, , ]) to guarantee strong
convergence of iterative methods. Hence, the techniques used in obtaining our strong
convergence analysis are new for solving the SVIP (1.2.4)-(1.2.5).

(3). If Step 1 of Algorithm 4.2.2 and Algorithm 4.2.3 are replaced with the following:
0 < a, < a,, where

: . .
L {mm {a, [Em—— } , ifx, #F
ay, =

a, otherwise,

with a € [0, 1), we still have valid conclusions of Theorem 4.2.6 and Theorem 4.2.11.
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4.2.3 Numerical experiments

In this section, using various test examples, we discuss the numerical behavior of Algorithm
4.2.2 and Algorithm 4.2.3, and we compare them with the methods of He et al. [121,
Algorithm 1] (see Appendix 4.2.17), Reich and Tuyen [213, Theorem 4.4] (see Appendix
4.2.18) and Tian and Jiang [241, Algorithm (4.8)] (see Appendix 4.2.19).

We perform all implementations using Matlab 2016 (b), installed on a personal computer
with Intel(R) Core(TM) i5-2600 CPU@2.30GHz and 8.00 Gb-RAM running on Windows
10 operating system. In Tables 4.2.1-4.2.3, “Iter.” means the number of iterations while
“CPU” means the CPU time in seconds.

In our computations, we randomly choose the relaxation stepsize ¢ € (0, 1] and the starting
points xg, 1 € H; (see the cases below). We also choose randomly, the parameters n > 0,
A1 > 0 and gy > 0 (the choices of these parameters will be discussed in Remark 4.2.16).
We choose 6, = n+r1, 0, = % — 0, and «,, = @, with 7, = % and different choices of
a:=3,6,9,12,15, which we will discuss in detail in our numerical analysis. Furthermore,
in the implementation, we define

TOL, = = (||lz, — Pe,(zn — pAz,)||> + || T2, — Po,(Tx, — AFTx,)|[?)

N | —

and use the stopping criterion TOL, < ¢ for the iterative processes, where ¢ is the prede-
termined error.

Firstly, we consider two examples in finite dimensional spaces. In these examples, we
compare Algorithm 4.2.2 with the method of He et al. [121] since their method is given
in finite dimension spaces.

Example 4.2.13. Consider the following separable, convex and quadratic programming
problem, which has been considered by [121, Example 5.2] for their numerical experiments.

min{Gy(z) + Go(y) | Te =y, x €C, y € Q}, (4.2.71)
z7y
where

1 1
Gi(z) = §$TM1£E +qlx and Go(y) = §yTM2y + g2y (27 means the transpose of z).

Problem (4.2.71) can also be rewritten as the SVIP (1.2.4)-(1.2.5), where

A(x) = Mz +q and F(y) = Myy + go.

T
For ¢ = 1,2, the matrices M; are formed as: M; = V; >, V;', where V; = I — % and
Y. = diag(o1, 049, - - -, oin,) are the Householder and the diagonal matrices, respectively,

with Ny = N and N, = m being the dimensional of x and y, respectively. Furthermore,

‘ COS,L+1—@-COS Nimo 41
0;j = COS JT + 1+ Nit] = ( Nit] >, j=12--- N,
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where a is the preset condition number of M;.

As done in He et al. [121, Example 5.2], we choose C, = 104, ¢; = 0, i = 1,2 and uniformly
take the vector v; € RY (i = 1,2) in (—1,1). In this case, A and F are monotone
and Lipschitz continuous operators with L; = ||M;||, ¢ = 1,2 (which can be computed

in Matlab). Furthermore, we generate the bounded linear operator T € RM*Y ywith
independent Gaussian components distributed in the interval (0,1), and then normalize
each column of 7" with the unit norm.

Now, consider an ellipsoid in RY as the feasible set C. That is, C = {z € RY : (z —
d)I'P(z — d) < r?}, where P is a positive definite matrix, d € RY and r > 0. Then, the
projection onto C is difficult to compute (see, for example [I19]). Consider the convex
function ¢ : RY — R defined by c¢(z) = 3 [( —d)"P(x —d) —r*], Yo € RY. Then, C
is a level set of c. That is, C := {z € RY : ¢(x) < 0}. Also, it is easy to see that ¢
is differentiable on RY. In fact, ¢(z) = P(z — d), Vx € RY. Hence, ¢ is K;-Lipschitz
continuous with K; = ||P||.
Now, let A\pnax and A, be maximum and minimum eigenvalues of P, respectively.
Suppose d = 0, since

HA@II _ 1Ml _ [IMallllell _ (1Ml

@I 1Pzl Amllzl] Amin

(see [119]).

holds for arbitrary x € RY, z # 0, we have that p; =
On the other hand, suppose d # 0, since

[A@I (1Ml (Ml = dlf + 1D Il A (7 + 1]V Amin)
le@Il [Pz —d)] — Amin[2 — d| - AZ

min

— IIM1H
n

ml

r

|M1|| Vv >\max
A

L~

holds for all z € 9C, we have that p; = r+”d”m)_

E S

1n’r

Let @ = {y € R™ : q(y) < 0}, where q(y) = y{ — 2y + 37", y;. Then, the explicit
expression for projection onto @ may be difficult to find (see for example, [120]). Also,
we note that ¢ is a countinuously differentiable convex function, and ¢’ is K,-Lipschitz
continuous with Ky = 2. Moreover, ps = ||Ms|| (see [120]). Since the Lipschitz con-
stants Ly, Ly, K1, Ky are known and we know pq, po, we can choose in Algorithm 4.2.2,
/P 42p1 K1 (1—-¢) Li+L3—[p1 K1 +(1—¢) L1] \/P3K3+2p2 K2(1—¢) La+L3—[p2 Ka+(1—¢) L]
o= 2617 and A = 2613 )
and take the starting point z; = (1,1,...,1)T while the entries of ¢ are randomly gener-
ated in [0, 1].
For Algorithm 1 of He et al. [121], we take

p =5 ([[TTHT || + Ly) /v, pp = 10 ([[TTHT || + La) /v, v = 0.8, H = 7y Iy, 7 = 1.2
and p; = —1.5 (which is the optimum choice in their implementation), with starting points

=(1,1,..., DT, 4 =(0,0,...,0)T and \; = (0,0,...,0)T. Since Pz and Pg seem not
to have explicit expressions, Algorithm 1 of He et al. [121] may be difficult to implement
for this example. Therefore, we use the technique proposed in this study, that is, we
replace C and @ in their algorithm with C, and Q,, then use the formulas similar to
(4.2.7) and (4.2.8) for the implementation. Furthermore, we consider different scenarios of
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Figure 4.1: The behavior of TOL,, with e = 107° for Example 4.2.13: Top Left: (N,m) =
(100, 50); Top Right: (N,m) = (300,150); Bottom Left: (N,m) = (500,250); Bottom
Right: (N, m) = (1000, 500).

the problem’s dimensions. That is, N = 100, 300, 500, 1000 and m = N/2. We also take
e = 1075 for the stopping criterion and obtain the numerical results reported in Table 4.2.1

and Figure 4.1. We stress that these choices are the same as in He et al. [121, Example
5.2].

Table 4.2.1. Numerical results for Example 4.2.13 with ¢ = 1076.
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(N,m) Alg.4.2.2| Alg.4.2.2| Alg.4.2.2| Alg.4.2.2| Alg.4.2.2| He et al.
o= o= a=9 a=12 |a=15
CPU | 0.1917 | 0.0805 0.1205 | 0.0948 | 0.1337 10.5882
(100,50) | Tter. | 826 759 798 735 803 2482
CPU | 0.1378 | 0.1455 0.1609 | 0.1235 0.1217 15.6402
(300,150) | Iter. | 1211 1241 1238 1233 1251 8140
CPU | 0.2162 0.1814 | 0.1739 | 0.1953 | 0.1944 16.9445
(500,250) | Iter. | 1458 1480 1456 1468 1459 30043
CPU | 0.4489 | 0.4561 0.5391 0.4120 | 0.4624 | 39.0961
(1000, 500)| Tter. | 1604 1622 1617 1620 1627 73092

Example 4.2.14. Let C = {x € R? : ¢(z) := 27 — 25 < 0} and Q = {y € R? : ¢(y) :

where z = (21, z2) and y = (y1,92). Define A, F' : R* — R? by

A(x) = (3U(x1), 221 + x2), F(x) = (6V(xy), 421 + 219),

where
e(s—1)+e, if s > 1,
U(s) =4 e if —1<s<1,

)

el(s+1)+et, ifs<-—1.

Then, one can easily verify that L; = v/9e? + 5 and Ly = 2v/9¢2 + 5. Also, it is easy to
see that ¢ and ¢ are continuously differentiable convex functions with Lipschitz constants
K1 = K5 = 2. Moreover, we have that p; = 3ve?+ 1 and py = % e? + 1 (see for example,
[120]). Furthermore, we choose the same parameters as in Example 4.2.13 and use the

stopping criterion & = 1073,

By considering the following cases for the numerical experiments, we obtain the numerical

results displayed in Table 4.2.2 and Figure 4.2.
Case 1: Take z; = (1, 0.5)7 and xo = (2, 3)T.

Case 2: Take 1 = (2, 1)T and 2o = (0.5, —1)T.
Case 3: Take 71 = (1, — 1)T and 2y = (2, —2)7.
Case 4: Take r; = (0.5, 4)7 and 2y = (-1, — 3)T.

Table 4.2.2. Numerical results for Example 4.2.14 with ¢ = 1073.
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Cases Alg.4.2.2] Alg.4.2.2| Alg.4.2.2| Alg.4.2.2| Alg.4.2.2| He et al.
o= o= o= a=12 |a=15

1 CPU | 0.0203 0.0160 0.0168 0.0261 0.0202 1.1282
Iter. | 29 30 28 28 29 73

2 CPU | 0.0229 0.0162 0.0168 0.0161 0.0147 1.0324
Iter. | 36 38 35 38 37 86

3 CPU | 0.0240 0.0166 0.0167 0.0160 0.0153 1.1263
Iter. | 37 35 37 36 34 89

4 CPU | 0.0216 0.0181 0.0169 0.0187 0.0165 1.1308
Iter. | 52 52 47 53 46 75

We present the next example in an infinite dimensional Hilbert space. In this example, we
compare Algorithm 4.2.3 with the methods of Reich and Tuyen [213] and Tian and Jiang
[244], since their methods are given in infinite dimensional Hilbert spaces.

Example 4.2.15. Let H; = Hy = L5([0, 1]) be endowed with inner product

(2, y) = / c(tyy(0)dt, ¥ 2.y € £2(0,1])

and norm ) )
lall = ([ letPat)’, ¥y € 20,1,
0

Let ¢ be an arbitrary fixed element in C([0,1]) (the space of all real-valued continuous
functions on [0,1]) and C = Q = {x € L5([0,1]) : ||pz| < 1}. In particular, for all ¢ € [0, 1],
we define p(t) = e~ for C and ¢(t) = e for Q. Then, C and Q are nonempty closed
and convex subsets of £5([0,1]). However, we know from [119] that the explicit formulas
for projections onto C and Q may be difficult to find.

Now, let ¢,q : £2([0,1]) — R be defined by ¢(z) = g(z) = %<||903:||2 - 1), Vo € Lo([0, 1)),
where p(t) = e~ for ¢ and ¢(t) = e for q; t € [0,1]. Then, ¢, q are convex functions
with C and Q being level sets of ¢ and ¢, respectively. Also, ¢ and ¢ are differentiable
on L5([0,1]). In fact, d(z) = p?z, Yo € Ly([0,1]). Furthermore, ¢ and ¢’ are Lipschitz
continuous.

Now, define A : £5([0,1]) — £2([0,1]) by Az(t) = max{0, z(¢)}, Vo € L5([0,1]). Then,
A is monotone and Lipschitz continuous. Also, let F' : Lo([0,1]) — L2([0,1]) be defined
by Fx(t) = fgx(s)ds, Vo € L5([0,1]), t € [0,1]. Then F is monotone and Lipschitz
continuous.

Let my = mingeo1|p(t)| = e~*. Then,

[Azf] =] ]l 2

I @)l w2zl = m2oll]]
holds for all z € L5([0,1]), = # 0 (see [119]). Thus, we have that p; = €. Similarly,

_ 2,10
p2_7r6 .

We consider the following cases for the numerical experiments of this example. The results
of the experiments are given in Table 4.2.3 and Figure 4.3.
Case 1: Take 21(t) = 1 +t*, o(t) =t +5 and ¢, = 5,5
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Figure 4.3: The behavior of TOL,, with ¢ = 107° for Example 4.2.15: Top Left: Case 1;
Top Right: Case 2; Bottom Left: Case 3; Bottom Right: Case 4.

Case 2: Take z;(t) = sin(t), zo(t) =t + 1 and ¢,, = —

n+10°
Case 3: Take 21(t) =t + 1, zo(t) = t +t° and ¢, = 5.
Case 4: Take z1(t) = 0.7e7t + 1, zo(t) = t + 13 and ¢,, = 122

18n+1"°

Table 4.2.3. Numerical results for Example 4.2.15 with ¢ = 107°.
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Cases Alg.4.2.3| Alg.4.2.3| Alg.4.2.3| Alg.4.2.3| Alg.4.2.3| Reich | Tian
o= a=06 o= a=12 | a=15 | Tuyen | Jiang
1 CPU | 2.9827 2.3552 2.3725 2.1437 2.3514 7.0796 | 12.3607
Iter. | 16 16 16 16 16 20 81
2 CPU | 2.4189 1.9850 1.9034 1.8323 1.8094 5.4496 | 9.9440
Iter. | 17 17 17 17 17 20 83
3 CPU | 2.2188 1.8285 1.8093 1.6663 1.6729 5.3220 | 9.9360
Iter. | 16 16 16 16 16 20 82
4 CPU | 2.3943 2.0577 1.9658 1.7530 1.7740 5.6309 | 10.0070
Iter. | 16 16 16 16 16 20 80

Remark 4.2.16. In each example, using different starting points and varying both the
inertial and relaxation stepsizes a and ¢ (¢,,), respectively, we obtain the numerical results
displayed in Tables 4.2.1-4.2.3 and Figures 4.1-4.3. We compared our proposed Algorithm

4.2.2 with the method of He et al. [121, Algorithm 1] in Examples 4.2.13 and 4.2.14 while
our proposed Algorithm 4.2.3 is compared with the methods of Reich and Tuyen [213,
Theorem 4.4] and Tian and Jiang [241, Algorithm (4.8)] in Example 4.2.15.

Furthermore, the following were observed from our numerical experiments:

e We have seen from the numerical examples that the projections onto feasible sets are
generally difficult to compute. Thus, the benefits brought from the half-space tech-
nique (introduced in our methods) are further verified by our numerical experiments.

e In the numerical experiments, we choose the parameters n > 0, A\; > 0 and p; > 0
randomly and observed that the number of iteration does not change and no signif-
icant difference in the CPU time irrespective of the choices of the parameters.

e In each of the examples, we check the sensitivity of a as we vary ¢ (¢,) for each
starting points, in order to know if these choices affect the efficiency of our methods.
We can see from the tables and graphs that the gap between the best results and the
worst results of Algorithm 4.2.2 and Algorithm 4.2.3 is acceptably small, especially
in Example 4.2.14 and Example 4.2.15. We can also see from Table 4.2.1 and Figure
4.1 that for solving problem (4.2.71), the efficiency of Algorithm 4.2.2 is slightly af-
fected by the dimensionality of the problem. These means that the proposed relaxed
inertial technique has efficient and stable performance for each group of random data.

e [t can also be inferred from the tables and figures that in terms of both CPU time and
number of iterations, our proposed Algorithm 4.2.2 outperforms the method of He
et al. [121, Algorithm 1] in Example 4.2.13 and Example 4.2.14, while our proposed
Algorithm 4.2.3 outperforms the methods of Reich and Tuyen [213, Theorem 4.4]
and Tian and Jiang [211, Algorithm (4.8)] in Example 4.2.15. Hence, our methods
are more efficient and more implementable than these other methods for solving the
SVIP.
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Appendix 4.2.17. Algorithm 1 of He et al. [121].

Stop 0. Given a symmetric positive definite matriz H € R™™  ~ € (0,2) and p €
(Pmin, 3), where ppin = max{—?), %} and T : RN — R™ is a linear operator

(where TT means the transpose of T). Set an initial point w, = (z1,y1,\1) € Q =
C x Q@ x R™, where C and Q are nonempty closed and conver subsets of RN and R™,
respectively.

Step 1. Generate a predictor 0, := (Zpn, Un, S\n) with appropriate parameters py and jio

(A= Ny — H(Tz), — ),
By = P w0 = 3 (Alwa) = TN, |
S M=\, —H(TZ, —y,), where &, := pr,+ (1 —p)iy,, (4.2.72)
qn = Pg [yn - t(F(yn) + /A\n)} )
| 3 = Ao — H(TF — Gn).

Step 2. Update the next iterative w11 := (Tpi1, Ynt1, Ans1) Via

Ui = W, — Yd(Up, Up),

where
_p(up,ty)

R I CO | RN

d(un, un) = G(un - un) — gna

Qo(uny ﬁn) = <)\n - >\n7pT(xn - i‘n) - (yn - gn>> + <un - ﬁna d(una ﬁn)> )

én, Az,) — A(Z,) + TTHT(:cn — Ip)
£ = &ny | = F(yn) — F(9n) + H(yn — Un) , A and F' are monotone and
0 0

Lipschitz continuous with constants Ly and Lo respectively, and

iy + pTTHT 0 0
G = 0 poly, +H 0 1s the block diagonal matriz, with identity
0 0 H-!

matrices Iy and I, of size N and m, respectively. The parameters j; and po are chosen
such that

1€n. || < vpallon = Znll - and 1€n, 1| < wpz llyx — Gnll,
where v € (0,1).

Appendix 4.2.18. The Algorithm in Reich and Tuyen [215, Theorem 4.4).
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For any initial guess x1 = x € Hy, define the sequence {x,} by

yn = VIC, MA+ Iy, — xy),

VI(Q, pnF + I, — Tyy),

Co = {2€H: llyn—2ll < llam — I}
D, = {z€Hi:||zn —Tz[| < |[Ty, — T=|[},
W, = {z€eH:(z—x,,x1 —2,) <0},

PCmDann(l‘l)y n>1,

w
3
I

xn+1

where Iy, and Iy, are identity operators in Hy and Ha respectively, and {\,} and {p,}
are two given sequences of positive numbers satisfying the following condition:

min {igf{/\n}, i%f{un}} >7r>0.

Appendix 4.2.19. Algorithm (4.8) of Tian and Jiang [2//].
Let {x,}, {yn}, {tn} and {w,} be sequences generated by x1 = x € C and

(

Yn = FPe(xn — 0T (I — Po(I — AF))T'xy,),

ty, = Pc(yn - /\nAyn)a

T = {w € Hy: (Yo — MAy, — to, w —t,) <0},
wy, = Pr, (Y, — A\ At,),

| Tnt1 = anh(2,) + (1 — ap)w,, n>1,

N\

where T : H1 — Ho is a bounded linear operator, A : C — H, is a monotone and L-
Lipschitz continuous operator with L > 0, F : Ho — Ho is a k-inverse strongly monotone
mapping and h : Hy — Hi is a o-contractive mapping with 0 < o < 1. The sequence {n,}

is in |a,b], for some a,b € (O, W), {An} is in [c,d], for some c,d € (O l) {an} is in

IR
(0,1) with nlljg() a, =0 and Y 7 o, = oo.

4.3 On split variational inequality problem beyond
monotonicity

In solving the SVIP, very few methods have been considered in the literature and most
of these few methods require the underlying operators to be co-coercive. This restrictive
co-coercive assumption has been dispensed with in some methods; many of which require
a product space formulation of the problem. However, it has been discovered that this
product space formulation may cause some potential difficulties during implementation and
its approach may not fully exploit the attractive splitting structure of the SVIP. In this
study, we present two new methods with inertial steps for solving the SVIP in real Hilbert
spaces without any product space formulation. We prove that the sequence generated
by these methods converges strongly to a minimum-norm solution of the problem when
the operators are pseudomonotone and Lipschitz continuous. Also, we provide several
numerical experiments of the proposed methods in comparison with other related methods
in the literature.
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4.3.1 Proposed methods

In this section, we present our proposed methods and discuss their features. We begin
with the following assumptions under which our strong convergence results are obtained.

Assumption 4.3.1. Suppose that the following conditions hold:

(a) The feasible sets C and Q are nonempty closed and convex subsets of the real Hilbert
spaces Hy and Ha, respectively.

(b) A:Hy — Hy and F : Hy — Hs are pseudomonotone, sequentially weakly continuous
and Lipschitz continuous with Lipschitz constants Ly and Lo, respectively.

(¢c) T :Hy — Ha is a bounded linear operator and the solution set I' := {z € VI(A,C) :
Tz e VI(F,Q)} is nonempty, where VI(A,C) is the solution set of the classical VIP
(1.2.4).

(d) {6,}52, and {7,}32 | are positive sequences satisfying the following conditions:

(e) {0,.} C (a,1—=46,) for some a > 0.

We present the following method for solving the SVIP (1.2.4)-(1.2.5) when L; and Lo are
known

Algorithm 4.3.2. Modified projection and contraction method with fixed stepsize.

Step 0: Choose sequences {d,}°°,,{0,}>2, and {7,}2, such that the conditions from

Assumption 4.3.1 (d)-(e) hold and let 7 > 0,7 € (0,2),i = 1,2, p € (0,£), A €

(0, =), a >3 and xg,z; € H; be given arbitrarily. Set n := 1.

» Lo
Step 1: Given the iterates x,,_; and x,, (n > 1), choose «,, such that 0 < a,, < @,,, where
: n—1 Tn :
a, = min {n—l—a—l’ [Zn—2n—1] } o A F (4.3.1)
nﬁ;£1 , otherwise.

Step 2: Compute
Wy = Ty, + Oén(xn - xn71>7

Yn = Po(Tw, — AFTw,),

Zn = Twn - 726717“71’

where 7, := Tw, —y, — AN(FTw, — Fy,) and 3, := %, if r,, # 0; otherwise, (3, = 0.
Step 3: Compute
by = wy, + 0, T (2, — Twy,),

where the stepsize 7, is chosen such that for small enough ¢ > 0,

i € e [ Tw, — 2 ¢
LT T (Twn — 2l ’
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if z,, # Tw,; otherwise, 1, = 7.
Step 4: Compute
uy, = Pe(b, — 1Aby,),

t, = bn — 71VnVUn,

_ (bn_unﬂ)n

where v, := b,, — u,, — u(Ab, — Au,,) and 7, := o L if v, = 0; otherwise, v, = 0.
Step 5: Compute
Tpt1 = (1 — 0, — 0,)by, + Oty

Set n:=n+ 1 and go back to Step 1.

In the situation where L; and L, are not available, we present the following method
with adaptive stepsize for solving the SVIP (1.2.4)-(1.2.5).

Algorithm 4.3.3. Modified projection and contraction method with adaptive stepsize
strategy.

Step 0: Choose sequences {0,}22,,{0,}>, and {7,}22, such that the conditions from
Assumption 4.3.1 (d)-(e) hold and let n > 0, v; € (0,2), a; € (0,1),s = 1,2, Ay > 0,
1 >0, a > 3 and g, x; € Hy be given arbitrarily. Set n := 1.

Step 1: Given the iterates z,_; and x,, for each n > 1, choose «,, such that 0 < o, < @,
where

. _1 T, .
B mln{ n—__ u } , ifx, # x,q
&, = { 1 nta—17 [lzn—an_1]] (4.3.2)
n— o
P otherwise.

Step 2: Compute
Wy = Ty + an(xn - xn—l)a

Yn = Po(Tw,, — A\, FTw,),
2n = Twy, — VQBnrm

where r,, := Tw,—Yn—Ap(FTw,—Fy,), Bn := Lwn=ynrn) ifp £ (; otherwise, 8, = 0; and

[l 2

: GQHTwn_ynH 3
Amis = {mln { [FTw,—Fya|l’ )\”} o AEFTw, 7 Fyn (4.3.3)

A, otherwise.

Step 3: Compute
by = Wy + 0, T (2, — Twy,),

where the stepsize 7, is chosen such that for small enough ¢ > 0,

| Tw, — ZnH2

ne ) - )
K [ T (Tw, — zn)|? €

if 2z, # Tw,; otherwise, n, = .
Step 4: Compute
Uy, = Pe(by, — pnAby),
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tn - bn — Y17nVUn,

where vy, := b, — u, — pn(Ab, — Auy,), Y = %, if v,, # 0; otherwise, 7,, = 0; and
min{w, [Ln}, if Ab,, # Au,
lip1 = ([Aun—Aby| ' (4.3.4)
JT otherwise.

Step 5: Compute
Tpr1 = (1 =0, — 6,)b, + Ot

Set n:=n+ 1 and go back to Step 1.

We now highlight some of the features of our proposed methods.

Remark 4.3.1.

e Observe that Algorithm 4.3.2 and Algorithm 4.3.3 can be viewed as modified pro-
jection and contraction methods involving one projection onto C per iteration for
solving the classical VIP in H; and another projection and contraction methods in-
volving one projection onto Q per iteration under a bounded linear operator T' for
solving another VIP in another space Hs, with no extra projections onto half-spaces
or feasible sets unlike the method in [206] (see Appendix 4.3.16), where extra projec-
tions onto half-spaces are required. In fact, an interesting feature of the projection
and contraction methods used here is that r,, of Step 2 in Algorithms 4.3.2 and 4.3.3
can be described as weighted average of (T'w, — y, ~ AFTw,) and a hypothetical
(Tw,, — G ~ AFTw,) in Hy, where Tw,, = Tw, — A\FTw, and g, = y, — AF'y,.
We also have similar description for v, of Step 4. This looks very similar to the
Heun’s method or modified Euler method from numerical methods for solving ordi-
nary differential equations (see [230, page 328] for details). Furthermore, we can see
that

Bullral? = (Twp = yn,70), ¥n > 1 (4.3.5)
holds for both r,, = 0 and r,, # 0. Similarly, we have that
Yol [vnl]? = by — U, ), V0 >1 (4.3.6)
holds for both v, = 0 and v,, # 0.

e Another notable advantage of Algorithm 4.3.2 and Algorithm 4.3.3 for solving the
SVIP (1.2.4)-(1.2.5) is that the monotonicity assumption on the operators A and F'
usually used in many other works (see for example, [01, 63, , , , , ,

, |) to guarantee convergence, is dispensed with and no extra projections are
required under this setting unlike in [200].

e The stepsizes {\,} and {p,} given by (4.3.3) and (4.3.4), respectively are generated
at each iteration by some simple computations. Thus, Algorithm 4.3.3 is easily
implemented without the prior knowledge of the Lipschitz constants L; and L.
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e Step 1 of our methods is also easily implemented since the value of ||z, — x,_1|| is a
priori known before choosing «,,. In our numerical analysis (Section 4.3.3), we shall
check the sensitivity of a in order to find numerically, the optimum choice of o with
respect to the convergence speed of our proposed methods.

e Step 5 of both algorithms guarantee the strong convergence to a minimum-norm
solution of the problem.

e Unlike in [61, 63, 121], we can see that Algorithm 4.3.2 and Algorithm 4.3.3 do not
require any product space formulation, thereby avoiding any potential difficulties
that might be caused by the product space.

Remark 4.3.2. The choice of the stepsize 1, in Step 3 of Algorithms 4.3.2 and 4.3.3 do
not require the prior knowledge of the operator norm ||7||. Furthermore, the value of 7
does not influence the algorithms, but it was introduced for the sake of clarity. We show
in the following lemma that 7, is well-defined (see also [275, Remark 2.3, Lemma 2.3] and
(271, Lemma 3.3]).

Lemma 4.3.3. The stepsize n, given in Step 3 of Algorithms 4.3.2 and 4.5.5 is well-
defined.

Proof. Let z € I'. That is, z € VI(A,C) and Tz € VI(F, Q). Then, by Cauchy-Schwarz
inequality and Lemma 2.1.1 | we obtain

1T (Twn — z0) || lwn — 2|| = (T*(Twn — 2n), W — 2)
= (Tw, — 2z, Tw, —Tz)

1
= 5 [T = 2+ [ Twn = T2 = |12 = T2)2). (43.7)
Since z, = Tw, — Y26,7,, we obtain that

l2n = T2l* = | Twn — T2|* + 9By lIrall” — 29280 {Twy — Tz, 72)

= ||Twn - TZ||2 + 722ﬁq%||rn||2 - 2726n<Twn - ynyrn> - 2726n<yn - TZ7Tn>-
(4.3.8)

Since y, = Po(Tw, — AFTw,) and Tz € Q, we obtain from the characteristics property
of Pg that

(Twy, — AFTw, — Yn,yn — Tz) > 0. (4.3.9)
Also, since Tz € VI(F, Q) and y, € Q, we have that
(FTz,y, —Tz) >0 (see Inequality (1.2.1)),
which by the pseudomonotonicity of F' and A > 0, implies

(AFyn,y, — Tz) > 0. (4.3.10)
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Adding (4.3.9) and (4.3.10), we obtain
(Twy, — yn — MFTw, — Fyy),yn — Tz) > 0.
That is

(Tnyyn — Tz) > 0 (which is still true if X is replaced with A, as in Algorithm 4.3.3).
(4.3.11)

On the other hand, we have from the Lipschitz continuity of F' and A € (0, Liz), that

<Twn - ynarn> = <Twn - yn7Twn —Yn — )\(FTwn - Fyn)>
= ||Twn - yn||2 - <Twn — Yn, /\(FTwn - Fyn)>
> || Twy, = yall* = MTwn = yull | FTw, — Fy,||
> (1 — ALo)||Tw, — yall* > 0, (4.3.12)

which by the definition of f3,,, implies that 8, > 0, ¥n > 1 (this is still true even if we
replace A with A, as in Algorithm 4.3.3). Thus, using (4.3.11) and (4.3.5) in (4.3.8), and
nothing that v, € (0,2), we obtain
l2n = T2|1* < | Twn — T2 + %83 Irall* = 27280 {Twn = Yn, )
= [|Twn — T2 + B0 rall* = 2728, - Ballrall®
= [ Twn — T2 = 72(2 = 72) B[l 7al*
< || Tw, — Tz|> (4.3.13)

Substituting (4.3.13) into (4.3.7), we obtain that
. 1
| T (Twy, — z0)||||wn — 2|| > §\|Twn — 2% (4.3.14)

Now, for z, # Tw,, we have that ||Tw,, — z,| > 0. This together with (4.3.14), imply that
|T*(Tw,, — z,)||||wn — z|| > 0. Hence, we have that ||T*(Tw, — z,)|| # 0. Therefore, 1, is
well-defined. 0

We also make the following observation regarding 7,. Note from Step 3 of Algorithms 4.3.2
and 4.3.3, that

77n||T*(Twn - Zn)||2 < HTwn - Zn||2 - 6“T*(Twn - Zn)”Qv (4~3~15)
which implies that
77r2bHT*(Twn - Zn)H2 — M| Twy, — anQ < —en || T (Twn — Zn)Hz (4.3.16)

Note also that, we can replace the choice of 7, in Step 3 of Algorithm 4.3.2 and Algorithm
4.3.3 with the following: For small enough € > 0,

| Tw, — Zn||2

e e, —el. 4317
TS T Twn— )P (4.3.17)
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Then, we can see that

| Tw, — 2,||* — 6(1 + | T*(Tw, — zn)|]2)
= 1+ [T*(Tw, — 2)]? ’

which implies that
M+ nnle*(T'wn - Zn)||2 < ||Twn - Zn||2 — € €|’T*<Twn - ZN)HQ

This further gives (4.3.15) and consequently (4.3.16).

As we shall see in our convergence analysis, (4.3.15) and (4.3.16) play crucial role in our
proofs. Therefore, one can either choose the stepsize in Step 3 or that in (4.3.17), to ensure
the convergence of Algorithms 4.3.2 and 4.3.3.

4.3.2 Convergence analysis

Lemma 4.3.4. Let {x,} be a sequence generated by Algorithm /.5.2 under Assumption
4.8.1. Then, {x,} is bounded.

Proof. Let p € I'. Then Tp € VI(F, Q) C Q. From the definition of w,,, we have

||wn _ p|| = ||$n + an(xn — xn—l) - p||

< |z = pl| + anllzn — 201

Also, from Step 1, we observe that a,||z, — Tn—1|| < 7, Vn > 1, which implies that

%Hxn — a1 < ;—" 50, as n — oo (4.3.18)
Hence, there exists M; > 0 such that
%Hxn — 2p|| < My, Yn>1. (4.3.19)
This implies that
[wn = pll < |lzn — pll + 0, M1, Vn > 1. (4.3.20)

Since y,, = Po(Tw, — AFTw,), we obtain by the characteristic property of Py that
(Y — Twy, + \FTw,,, y, — Tp) < 0. (4.3.21)
Again, since Tp € VI(F, Q) and y,, € Q, we obtain that
(FTp,y, —Tp) > 0,

which follows from the pseudomonotonicity of F' that (Fy,,y, —Tp) > 0. Since A > 0, we
get

(AFYp,yp, — Tp) > 0. (4.3.22)
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Combining (4.3.21) and (4.3.22), we have
<Twn —Yn — A(FTwn - Fyn), Yn — Tp> > 0. (4-3.23)

From Step 2 and (4.3.23), we obtain

<Twn - pr Tn) - <Twn — Yn, rn> + <yn - Tp7 Tn>
= (Twy, — Yn, ) + (Yn — T, Twy, — yp — N(FTw, — Fy,))
Z <Twn — Yn, rn>a
which implies that
—(Twy, —Tp,rn) < —(TWy — Yp, Tn)- (4.3.24)

Since z, = Twy, — V2BuTn, We have that |5, - 7| [* = 75 2||2n — Twh]|?.
Thus, from Lemma 2.1.1, (4.3.5) and (4.3.24) (nothing that /3, and 72 are nonnegative),
we obtain

20 = Tp|* = || Twy — 72B8u1% — Tpl|*
= |Twn = Tp|I* + % B llrall* — 29284 (Tws — Tp, 1)
< [[Tw, — Tp”2 + '735721||rn||2 — 29280 (TWn — Yns )
= | Twa = TplI* + 382 rall* = 29280 - Ballrall®

— | T — TPIP = 12(2 = 1) 1B - 7l
— | T, — Tl — 95" (2 = 7o)l |20 — TP (4.3.25)

Also, we obtain from Step 3, Lemma 2.1.1 and (4.3.25) that

160 = pII* = [lwn = plI* + 01T (20 — Twa) I* + 205 (wy — p, T* (20 — Twn))
= [|wn, — pH2 + UEHT*(zn - Twn)”2 + 20, (Twy, — T'p, 2, — Twy)
= [lwn, — p”2 + 7772L||T*(Zn - Twn)||2
+ M [”Zn - Tp||2 - “Twn - Tp||2 - HZn - TwnHQ}
< Nwn = plI* + 02 1T (20 = Twa) | = nallz — Twa® (4.3.26)
= llwn = plI* = 1 [llzn = Twall® = 0| T* (20 — Twn)||] -

Thus, by (4.3.15), we obtain that
16n = pII* < [lwn — plI?,
which implies from (4.3.20) that
16, — pl| < lwy = p|| < |2 — p|| + 6, M7, ¥Yn > 1. (4.3.27)
Following similar argument used in obtaining (4.3.25), we get
Itn = plI* = [1bn — N1900n — pII*

< lon = pl1* =712 = )l — bl (4.3.28)
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Also, by Step 5, we get
[Znt1 = pll = [[(1 = 0n — 0,)(bn — P) + On(tn — p) — dnpl|
S ||(1 - en - 5n))(bn _p) + ‘gn(tn - p)” + 5n||p|| (4329)
But from (4.3.27) and (4.3.28), we obtain that
[(1 =0 — 6n) (b — p) + Ot —p)||2 =(1-06,— 5n)2an - pH2 + ei”tn - p”2
+ 2(1 - en - (5n)9n<bn - D, tn - p)
<(1-0,- 5n)2||wn _p“2 + 0721”671 - p”2
+2(1 = 0, — 6,)0,]|bn — pl?
S (1 - (5n>2Hwn - pHQ' (4330)
Hence, (4.3.29) becomes

s = pll < (1= 82) 1w — pll + 6ulo
< (1= 8n) [lzn — pll + 6n M1 + 0, |l
< (1= 0n)llzn — pll + 0n (M + [Ip[]),
which implies from Lemma 2.5.35 that {x,} is bounded. O

Lemma 4.3.5. Let {x,} be a sequence generated by Algorithm /.3.2 under Assumption
4.5.1. Suppose that, there ezists a subsequence {x,,} of {x,} which converges weakly to a
point z € Hy and klim |br, — Wy, || =0 = klim 16r,, — tn.ls then z € T

— 00 — 00

Proof. Without loss of generality, we may assume that z, # Tw,. Then,

I € | 120 — Tw|” e
LT T (e = Tw) |

Thus, putting (4.3.16) into (4.3.26), we obtain that
1Bn, = PI* < llwn, = PI* = D €l| T (20, — T, )II?
< llwn, = plI* = €T (20, — Twa)[1*, (4.3.31)

which implies that
T (2, = Twp, )| < Nwny, = plI* = [[bn, = 2II”
< Ny, = b |* + 2l|wny, — by, [[[1bn, — .
Thus, by our hypothesis, we obtain
lim |77 (%, — Twy,)|| = 0. (4.3.32)

k—o00

From (4.3.26) and (4.3.32), we obtain
el 2ne = Twa I* < wn, = plI* = b, = pI* + 00, 1T (20, — Twa,)|I*
< Hwnk o bnkH2 + 2Hwnk o bnk””bnk _pH

F 02 T (20 — Twn,)|> =0, as  k — oc.
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Since 7, > € > 0, we obtain that

]}1_%10 | 2n, — Twy, || = 0. (4.3.33)
From (4.3.12), we obtain
(Tway, = Yng» ) = (1= ALo) | Twn,, — Y, |I*- (4.3.34)

Since A € (0, 1), we have that 1 — ALy > 0. Thus, we obtain from (4.3.34) and (4.3.5)
that

1
HTwnk - yﬂkH2 < (1 _ )\L2) <Twnk - ynk7rnk>

1 2
= (15 ) Bl
1
~ (125 ) T, = o = ATt = P
1
< (1= ) Aol T, = o+ NF T, = Fon
1
< <1 )\Lz) BnkHTnkH (HTwnk - ynk” + >\L2||Twnk - ynk”)
1+ AL,y
— (15302 17, = ol
1+ ALy
=5 (1558 ) 1700 =l = T
where the last equality follows from z,, = TwWy, — Y28, Tn,, that is, Bu, [|Tn.]| = V3 |20, —
Twy,||.
Therefore, we obtain from (4.3.33) that

14+ ALy
1— ALy

Twp, — Yo, || < 7’1 Tw,, —z, || =0, as k — oc. 4.3.35
k k 2 k k

By the characteristic property of Pg, we obtain for all x € Q that
(Twy, — ANFT Wy, — Ynpy, & — Yn,) < 0.

This implies that

1
X<Twnk — Yngs T — Ynp) + (FTWn,, Yn, — Twn,) < (FTwy,,x —Twy,). (4.3.36)

Thus, we obtain from (4.3.35) that
0< lilgn inf(FTw,,,x — Tw,,), Vx € Q. (4.3.37)
—00

Now, note that

+ <FynkaTwnk - ynk> (4338)
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Moreover, since F' is Lipschitz continuous on Hs, we obtain from (4.3.35) that

lim |[|[FTw,, — Fy,|| =0.
k—o0

Hence, we obtain from (4.3.35), (4.3.37) and (4.3.38) that

0 < lminf(Fy,,,x — yn,), Yo € Q. (4.3.39)

k—o0

We now show that Tz € VI(F, Q). Let {¢x} be a sequence of positive numbers such that
1 < cg, Vk>1landc — 0 as k — oo. For each £ > 1, denote by Ni, the smallest
positive integer such that

(Fyn;, & = yn,) + e >0, Vj > Ny, (4.3.40)

where the existence of Ny, follows from (4.3.39). Note that { Ny} is increasing since {cj}
is decreasing. Also, since {yn, } C Q for all £ > 1, we have that Fyy, # 0. Hence, we

Hgy ik for each £ > 1. Then, (Fyy,,qn,) = 1, for each k > 1. Thus by

(4.3.40), we have (FyNk, z + cxqn, — Yn,,) > 0, which by the pseudomonotonicity of F' on
Ho, yields

can set qn, =

(F(x + ckqn, ), T + crgny, — Yn,) 2> 0. (4.3.41)
This further implies that
<FI,£L’ - yNk> > <F£L' - F($ + Ck‘qu)VI + kN, — yNk) - Ck<anqu>' (4342)

Now, from Step 2 and (4.3.18), we get that

lim ||w, — x,| = lim a,||z, — 2,-1]| = lim 6, - %Hxn — Tyl = 0. (4.3.43)

n—00 n—00 n—00 On
Since the subsequence {z,,} of {x,} is weakly convergent to a point z € H;, it follows
that the subsequence {w,, } of {w,} is also weakly convergent to z € H;. Again, since
T is a bounded linear operator, we obtain that {T'w,, } converges weakly to Tz. Hence,
by (4.3.35), we have that {y,,} also converges weakly to Tz. Note that Tz € Q since
{yn,} C Q. Thus, by the sequentially weakly continuity of F' on Q, we obtain that {Fy,, }
converges weakly to F'Tz. Now, if FTz =0, then Tz € VI(F, Q). So, let FTz # 0. Then,
by the weakly lower semicontinuity of || - ||, we obtain that

0<||[FTz|| <liminf | Fyy,|-
k—o0

Since {yn, } C {yn,}, we obtain that

lim sup ¢,
k—o00 0

< =
liin [ Fynel] — 77
k—oo

0 < limsup ||cxqn lim sup ( ) <
o oup lloean, | = o up 7, ]

Therefore, klim ckqn, = 0. Thus, letting & — oo in (4.3.42), we have
—00

(Fx,x —Tz) >0, VreQ, (4.3.44)
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which implies by Lemma 2.5.8 that Tz € VI(F, Q).

Next, we show that z € VI(A,C). Now, observe that, if we follow similar argument used
in getting (4.3.35), and noting (by our hypothesis) that lim_, ||b,, — tn, ]| = 0, we can
also get

1—|—/,LL1
1-|—[LL1

1bn, — Un, || < 7“1_1 ( ) |6, — tn]| = 0, as k — oo. (4.3.45)

Thus, using (4.3.45), the characteristics property of P and the Lipschitz continuity of A
on Hi, we obtain (by following similar argument used in getting (4.3.39)) that

0< lilgn inf(Au,, ,y — uy,, ), Yy € C. (4.3.46)
—00

Now, since {w,, } converges weakly to z, we obtain by our hypothesis and (4.3.45) that
the subsequences {b,, } and {u,,} of {b,} and {u,} respectively, converge weakly to z.
Again, since {u,, } C C, we have that z € C. Thus, by the sequential weakly continuity of
A on C, we obtain that {Au,, } converges weakly to Az.

Thus, we can follow similar proof used in obtaining (4.3.44), to get

(Ay,y —2z) >0, YyeC, (4.3.47)

which by Lemma 2.5.8, implies z € VI(A,C). Hence, we conclude that z € T. O

We are now in position to give the main theorem for Algorithm 4.3.2.

Theorem 4.3.6. Let {x,} be a sequence generated by Algorithm 4.3.2 under Assumption
4.5.1. Then, {z,} converges strongly to p € T, where ||p|| = min{||z|| : z € T'}.

Proof. Let p € I'. Then, from Step 2 and (4.3.19), we obtain

lw, —p|> = |lzn —plI* + 2|20 — Tn||* + 2000 (T — P, 7y — Tp_1)
< an = pl* + lwn — 2| + 20| len — plll|zn — 2o
(6%
= lwn = plI” + anllen = 2nall |0 S=llan = 2nall + 2]z — 1
n

|z _p“2 + anl|Tn — Tn1 | [0, My + 2|7, — pl]] - (4.3.48)

IN

Since by Lemma 4.3.4, {z,} is bounded, then, there exists My > 0 such that
(0, My + ||z, — pl|) < My, Vn > 1.
Hence, we obtain from (4.3.48) that

||w, — p||2 < lxn — pH2 + 3ap ||z, — Tt || Ma. (4.3.49)
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Thus, from (4.3.27) and (4.3.28), we get

1(1 = 0)bn + Ontn — pl|* = (1 = 0,) (b — p) + On(tn — p)II”
= (1= 0,)*1bn — plI* + 65 [tn — plI?
+ 2(1 - en)ena)n - D, tn - p>
< (1= 0,)?|wn — plf* + 63w, — pl|?
< (1= 0,)?Jwn = pl* + 62w, — > + 2(1 = 6,,)0n][w,, — pl|?
< ”xn - pH2 + '?’Oén”In - xn—lHMZ

From Step 5, the previous inequality and (4.3.18), we get

21 = plI* = [[(1 = 8a) [(1 = 00)bn + Ontn — p] — (0,00 (bn — ta) + 0up] ||
<(1- (571)2"(1 — 00)by + Oty — pH2 — 2(0n0n (b, — tn) + 60, Tr1 — p)
< (1= 0u)ll(1 = 02)b + Ontn — DI + 20,60 (b — o, p — i)
+ 200 (P P — Tp-1)
< (1 =0u)[[(1 = 0n)bn + Opt, — pH2 + 2070, ||br, — tallllp — Znpa |
+ 26, (P P — Tnt1)
< (1—0dy) (Hxn _pH2 + 3|, — $n—1||M2) + 26n0n1br — tallllp — Trpa |
+ 200 (P, P — Tnt1)
< (1= 6n)[[zn = Pl + B[ 2n — 21| Mz + 20,8, [1bn — Lall[[p — T |

+ 20, (D, P — Tnt1)
=(1="09,)||xn — p”2 +0pd,, n>1,

where d, = 352 |[zn — Tn1[| Mz + 2 (Onl|bn — tallllp — Zngall + (PP — 20t1)) -
According to Lemma 2.5.36, to conclude the proof, it sufficies to show that limsupd,, <0

k—o0
for every subsequence {||z,, — p||} of {||z, — p||} satisfying the condition;

tin inf (|21 = pll = |, — 2]} > 0. (4.3.50)

To show that limsupd,, < 0, suppose that {||z,, — p||} is a subsequence of {|x, — pl/}

k—o0

such that (4.3.50) holds. Then,

tin inf (20,41 = pI2 = o, = pI) = limin [([2 01— pll = 1, — p)

X (|zngsr = 2l + 2, — 211
> 0. (4.3.51)
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Now, observe that

[(1 =0 — 6,) (b — p) + Onltn —p)H2 =(1-6,- 5n)2||bn - p”2
+2(1 =0, — 6,)0n(by — pytn — p) + eil‘tn - pH2
< (1 =0 = 6,)%[1bn = p[I* + (1 = 00 — 8,)0n]|bn — p||®
+ (1 =0, — 0,)0,||tn — p||2 + 9121||tn —p||2
< (1 =6, —86,)(1 = ,)||bn — pI? (4.3.52)
+ 0, (1 — 6n)||tn — p||2'

Also, since {z,} and {d,} are bounded, there exists M3 > 0 such that

Onllpll + 2|01 = (1= n)pl]) lIpl] < Ms

, for all n > 1. Hence, from Step 5, (4.3.28), (4.3.49) and (4.3.52), we get

(
n+1 = Pl = [I(1 = 00 = 60) (b — P) + Ou(tn — p) — Gup|l®
= (1 = 00 = 8,) (b = p) + Oultn — D) |I* + S|l
_25n<(1 8 — 0n)(bp — ) + On(tn — p), D)
<L =05 = 00) (b — ) + Ou(tn — p)|?
+ 00 (Gullpll® + 2/1(1 = 00 — 6,) (b — p) + Ou(tn — p)II 1IpI])
= (1 = 0 = 6,) (b — p) + On(tn — p) |
+0n (Gullpll + 2/|#nr1 — (1 = 6)pl]) [[p]]
< (1 — 0, — (5n)(1 o 5n)an o pH2 + en(l - (5n)th - pH2 + 0, M3
< (1= 0= 62)(1 = 6)llbw — pI* + 0u(1 = 5,)([bu —pl*  (43.53)
=71 2 =)t = ball?) + 0 M
< (1= 0 = 60)(1 = 6u) lwy — plI* + 0u(1 = 80) (s — p|®
=7 2 =)t = ball?) + 8, M
< Hwn - p”2 - en(l - 5n)7f1<2 - ’Vl)”tn - bn||2 + 5nM3
< flzn — pH2 — 0 (1 =87 (2 = 7)) Itn — bn”2

(079
+op (35—||$n — Tp_q||Ms + MS) )

Thus, from (4.3.51) and (4.3.19), we obtain

limsup ((1 - 5711@)0’%71_1(2 - 71)||tnk - bnkHQ) S hmsup (Hmnk - p||2 - ||xnk+1 - p||2)

k—o0 k—o0

+ limsup (6, (3M1 My + M3))

k—o00
= —lilgninf ([[#nps1 — 21> = |20, — 2lI?)
—00

<0,
which implies that
lim ||t,,, — bn, || = 0. (4.3.54)
k—o0
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From (4.3.53) and (4.3. 31) we obtain

- nk)(l - 5nk)’|bnk _pH2 + enk(l - 5nk)ank _pH2 + 5nkM3
[0 pll2 + 0y M3
||wnk pH2 _EQHT*(ZM _Twnk>‘|2+5nkM37

which implies from (4.3.49) that

(
[@nn = Pl < (1=

<
<

: . 1.
lim sup | T (2, — Twy,)|I* < 5 limsup ([|lza, — pl* = ll2n1 —pl?)

k—o00 k—oco
1. Ol
+ 2 lliris;}p On,, SEHxnk — Ty, —1||Ms + M

-1 . 2 2
< 6—211]£r_1>£f (||~”Un+1 = plI” = llzn, — pl ) <0

Thus,
lim |77 (2, — Twy,)|| = 0. (4.3.55)
k—o0
Hence, by Step 3, we obtain
10n,, — W, || = 0y, | T (20y, — Twp,)|| = 0, as  k — oc. (4.3.56)
From Step 5 and (4.3.54), we get
|Zne1 = bngll < Onpllbnge — top |l + 60 l|On ] = 0, as k — oo. (4.3.57)
From (4.3.56) and (4.3.57), we get
lim ||z, +1 — wp, || = 0. (4.3.58)
k—o00

From (4.3.43) and (4.3.58), we get
kh_)rgo |Tn, 41 — Zn, || = O. (4.3.59)

By Lemma 4.3.4, there exists a subsequence {zy, } of {z,, } which converges weakly to z,
such that

lim sup(p,p — xp,) = ]li)r?o(p,p — :Un,w) = (p,p— 2).

k—o00

Also, since we have established (4.3.54) and (4.3.56), then we can apply Lemma 4.3.5 to
get that z € I'.
Thus, since p = Pr0, we obtain from the previous inequality that

limsup(p,p — x,,) = (p,p — 2) <0,

k—o0

which implies by (4.3.59) that
lim (p,p — @y, +1) < 0. (4.3.60)
k—o0

NOW recall that dnk - 3(1% Hxnk Lny— 1HM2+2( nkank - tnk” ”p - 'Tnk'f‘l” + <p,p - xnk+1>) :
Thus, by (4.3.18), (4.3. 54) and (4.3.60), we obtain that limsupd,, < 0. Hence, get that

k—o0

lim ||z, — p|| = 0. Therefore, {x,} converges strongly to p = Pr0. O
n—oo
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Remark 4.3.7.

e Observe that by setting Hy = Ho = H, F =0 and T = I3 (the identity operator on
H) in Theorem 4.3.6, we obtain as a corollary, an inertial projection and contraction
method requiring only one projection onto the feasible set C per iteration, with fixed
stepsize for solving the classical VIP (1.2.1) when A is pseudomonotone and Lipschitz
continuous.

e The conclusions of Lemma 4.3.4, Lemma 4.3.5 and Theorem 4.3.6 still hold even if

w e (0, L%) and A € (0, LLQ) in Algorithm 4.3.2 are replaced with variable stepsizes

1y and \,, respectively such that

1 1
0 < inf u, < n < — d 0<inf ), < Ay < —.
B S o < e 0< i S he <

We now turn to establish the strong convergence of Algorithm 4.3.3. We begin with the
following useful results.
Remark 4.3.8.

(i) From (4.3.3) in Algorithm 4.3.3, it is clear that A\,+1 < A, VYn > 1. Also, since F' is
Lo-Lipschitz continuous, we get in the case of FTw, # Fy, in Algorithm 4.3.3, that

[ aal|Twn =yl L]
>\n == 3 )\n Z T )\n ’
" mm{HFTwn—P@MI L

which by induction, implies that {\,} is bounded below by min{ )\1}. Since

az
Ly
{An} is also monotone nonincreasing, we have that the limit exists, and lim A, >
n—oo
min{ 72, A1} > 0.
(ii) Similar to (i), we have that the limit of the stepsize {u,} exists and lim p, >
n—oo
min{ 7,y } > 0.
Lemma 4.3.9. Let {x,} be a sequence generated by Algorithm /.3.3 under Assumption
4.3.1. Then,

>\n+1 + >\nG/2

Tn_n<_1
7w yH;b(MH_M%

) [ Tw, — 2|, V0 >1 (4.3.61)

and

b — tal| < 77 (M) by — tall, ¥n > 1. (4.3.62)
Hn+1 — UnQ1

Proof. From (4.3.3), we know that

a2

||FTw, — Fy,|| < 3 || Tw, — ynl||, Yn > 1, (4.3.63)

n+1
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holds for both FTw, = Fy, and FTw, # Fy,. Thus, similar to (4.3.12), we obtain that

(Twy, — Yo, ) 2 [ Twy, — yn||2 = Ml Twy, — yn || FTw, — Fyy||
a
> (1 - /\n/\ 2 )HTwn - yn||27
n+1
which implies that
HTwn - ynH2 S Twn ynarn>
1 n>\n+1>
<l (1T = ol + s T = )
1-— n/\ +1> el
)\naz
= ﬁ;) Brllrall 1 Twn — ynl|
)\n+1
)\n+1 + A\nas
L 7, = 7w, - bl
This further gives (4.3.61). In a similar manner, we get (4.3.62). O

In the light of Remark 4.3.8 and Lemma 4.3.9, we have the following result.

Theorem 4.3.10. Let {z,} be a sequence generated by Algorithm 4.3.3 under Assumption
4.5.1. Then, {z,} converges strongly to p € I, where ||p|| = min{||z|| : z € I'}.

Proof. Let p € T'. Then, by replacing p and A with u, and \,, respectively in Lemma
4.3.4, we can easily get that {z,} is bounded.
Also, from Remark 4.3.8 (i), we obtain that

Similarly, from Remark 4.3.8 (ii), we obtain that

. /\n+1 + Aao 1+ay
] = . 4.3.64
”1—>n°1° <>\n+1 — AnGa 1—ay ( )
n n 1
lim (” nte ‘“) __tao (4.3.65)
n—00 \ lnt1 — Hnd1 I—a

Furthermore, we can follow the same argument as in the proof of Theorem 4.3.6 to obtain
(4.3.54), (4.3.55) and (4.3.56). Also, using (4.3.55) and (4.3.56), we can get (4.3.33).
Hence, from (4.3.33), (4.3.61) and (4.3.64), we obtain that

—00

Again, from (4.3.54), (4.3.47) and (4.3.65), we obtain that

kh—>r£lo ||bnk - u”k” =0

The rest of the proof follows the same arguments as in Lemma 4.3.5 and Theorem 4.3.6. []
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Remark 4.3.11.

e Similar to Remark 4.3.7, we can obtain as corollary, an inertial projection and con-
traction method with adaptive stepsize, requiring only one projection onto the feasi-
ble set C per iteration, for solving the classical VIP (1.2.4) when A is pseudomonotone
and Lipschitz continuous.

e As seen in our convergence analysis, we did not follow the usual “T'wo Cases Ap-
proach” (i.e., Case 1 and Case 2) used in many works to guarantee strong conver-
gence of iterative methods. Thus, the techniques and ideas employed in our strong
convergence analysis are new for solving the SVIP (1.2.4)-(1.2.5).

e If the operators A and F' are monotone and Lipschitz continuous, then we do not
need them to be sequentially weakly continuous. This is because the sequential
weakly continuity assumption was only used after (4.3.36) to get the conclusion of
Lemma 4.3.5. But, from (4.3.36), we obtain

0< <FTU)nk,I - Twnk> + §<ynk - Twnk7x - ynk> + <FTwnk7Twnk - y”k>

1
< (<FTwnk — Fo,x — Twnk> + <F.7:, x — Twnk>) + XHynk — Twp, ||| = Yn, ||
+ ||FTwnk”||Twnk - ynk”

1
< (Fo,2 = Twn,) + 5, = Teongll 2 = g ||+ | FTw, W T, = i, I, ¥ € Q,

where the last inequality follows from the monotoncity of F'. Thus, by passing limit
as k — oo and noting that {Tw,, } converges weakly to z, we obtain from (4.3.35)
that

(Fx,x —Tz) >0, Vre Q,

which follows from Lemma 2.5.8 that Tz € VI(F, Q). Similarly, we also get that
z € VI(A,C). Hence, the conclusion of Lemma 4.3.5 holds.

e In finite dimensional spaces, Theorem 4.3.6 and Theorem 4.3.10 are still true if the
operators A and F' are only required to be pseudomonotone and Lipschitz continuous.
This is an improvement over the result of He et al. [121] since no product space
formulation is required even with the relaxed pseudomonotonicity assumption.

e The conclusions of Theorem 4.3.6 and Theorem 4.3.10 are still valid if Step 1 of
Algorithm 4.3.2 and Algorithm 4.3.3 is replaced with the following: 0 < «a,, < &y,
where

. . .
_— {mln {a, E—— } , i, #x,

Qy,
Q, otherwise,

with a € [0, 1).
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4.3.3 Numerical experiments

In this section, we discuss the numerical behavior of Algorithm 4.3.2 and Algorithm 4.3.3
using various test examples. In all of these examples, we give numerical comparison of our
methods with the methods of He et al. [121, Algorithm 1] (see Appendix 4.2.17), Pham
et al. [206, Algorithm 1] (see Appendix 4.3.16), Reich and Tuyen [213, Theorem 4.4] (see
Appendix 4.2.18) and Tian and Jiang [211, Algorithm (3.1)] (see Algorithm (2.5.9)).

All codes are written in Matlab 2016 (b) and performed on a personal computer with
an Intel(R) Core(TM) 15-2600 CPU at 2.30GHz and 8.00 Gb-RAM. In Tables 4.3.1-4.3.3,
“Iter.” means the number of iterations while “CPU” means the CPU time in seconds.
In our computations, we randomly choose xg, 27 € H; (see the cases below), n > 0,
v € (0,2), a; € (0,1),i =1,2, \y > 0 and gy > 0 (the choices of these parameters will
be discussed in Remark 4.3.15). We choose 6,, = nLH, 0, = % — 0, and «,, = @, with
Tn = % and different choices of o := 3,6,9,12, 15, which will be discussed in detail in
our numerical analysis.

Furthermore, we define

1
TOL, := 3 (||lzn — Pe(@n — pAz,)||* +||Txn — Po(Tx, — AFTx,)|?)

for Algorithm 4.3.2) Algorithm 4.3.3, He et al. [121, Algorithm 1], Pham et al. [200,
Algorithm 1] and Reich and Tuyen [213, Theorem 4.4]. While for Algorithm (2.5.9), we
define

1
TOL,, := 3 (Hxn — Pe(z, — uAycn)H2 + || Tz, — STanQ) ,

and use the stopping criterion TOL,, < ¢ for the iterative processes, where ¢ is the prede-
termined error. Note that if TOL,, = 0, then z,, € I, that is, z,, is a solution of the SVIP
considered in this work.

We first consider an example in finite dimensional spaces. In this example, we carry out
our comparsion with the method of He et al. [121] since their method is given in finite
dimensional spaces.

Example 4.3.12. Following [121, Example 5.2] (see also [110]), we consider a separable,
convex and quadratic programming problem

min {Gy(z) + Ga(y) | Te =y, z €C, y € Q}, (4.3.66)
I’y
where

1 1
Gi(z) = §x’M1x + @z and Go(y) = Ey'ng + ¢sy (2’ means the transpose of x).

Problem (4.3.66) can also be rewritten as the SVIP (1.2.4)-(1.2.5), where

A(z) = Miz+ ¢ and F(y) = May + g¢o.

The matrices M; (i = 1,2) are formed as: M; = V;) . V/ where V; = [ v and

[[oill®

>, = diag(oj1, 05, -+ ,o4n,) are the Householder and the diagonal matrix, respectively,

175



with Ny = N and N, = m being the dimensional of x and vy, respectively. Furthermore,

CoS = —i—l—aicos Nimo 4
vt Nitl = (1 Nitl ), j=1,2---, N

0;,; = COS

where @ is the present condition number of M;.

Asin He et al. [121, Example 5.2], we choose @ =10% ¢ =0, i = 1,2 and uniformly take
the vector v; € RVt (i = 1,2) in (—1,1). Thus, A, F are monotone and Lipschitz continuous
operators with L; = ||M;||, i = 1,2 (which can be computed in Matlab). Furthermore, we
generate the bounded linear operator 7' € RM*¥ with independent Gaussian components
distributed in the interval (0,1), and then normalize each column of 7" with the unit
norm. Weset C = {z € RN : |jz|| <1} and @ = {y € R™ : | <y < u}, where all
the entries of [ € R™ and u € R™ are the smallest and the largest components of y = T'z,
respectively, with Z been a sparse vector whose components are uniformly distributed in
(0,1). The projections onto C and Q are effectively computed in Matlab. More so, we
consider different scenarios of the problem’s dimensions. That is, N = 100, 300, 500, 1000
and m = N/2.

Since the Lipschitz constants L; (i = 1,2) can be known, we choose in Algorithm 4.3.2,

U= % and \ = %, and take the starting point z; = (1,1,...,1)" while the entries
of xy are randomly generated in [0,1]. For Algorithm 1 of He et al. [I21], we take

p = 5([THT || + Ly) fv, pz = 10(||T'HT|| + L) /v, v = 0.8, H = g In, v = 1.2
and p = —1.5 (which is the optimum choice in their implementation), with starting points
r1 = (1,1,...,1), y1 = (0,0,...,0) and A\; = (0,0,...,0). Furthermore, we take ¢ =
1078 for the stopping criterion and obtain the numerical results reported in Table 4.3.1
and Figure 4.4. We stress that these choices as well as the stopping criterion are the same

as in He et al. [121, Example 5.2].

Table 4.3.1. Numerical results for Example 4.3.12 with ¢ = 1075,

(N, m) Alg.4.3.2| Alg.4.3.2| Alg.4.3.2| Alg.4.3.2| Alg.4.3.2| He et al.
a=3 a=6 a=9 a=12 |a=15

(100,50) | CPU | 0.0305 0.0284 | 0.0195 | 0.0190 | 0.0180 0.2552
Iter. | 18 18 18 18 18 178

(300, 150) | CPU | 0.0048 | 0.0033 0.0031 0.0030 | 0.0030 0.0388
Iter. | 19 19 19 19 19 216

(500,250) | CPU | 0.0055 0.0045 0.0042 | 0.0041 0.0041 0.0619
Iter. | 20 20 20 20 20 232

(1000, 500)| CPU | 0.0081 0.0081 0.0080 | 0.0079 | 0.0074 | 0.1591
Iter. | 21 21 21 21 21 275

The next two examples are given in infinite dimensional Hilbert spaces. In these examples,

we carry out our comparisons with the methods of Pham et al. [200], Reich and Tuyen
[213] and Tian and Jiang [211] since their methods are given in infinite dimensional Hilbert
spaces.
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Figure 4.4: The behavior of TOL, with e = 1078 for Example 4.3.12: Top Left: (N, m) =
(100, 50); Top Right: (N,m) = (300,150); Bottom Left: (N,m) = (500,250); Bottom
Right: (N, m) = (1000, 500).
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Example 4.3.13. Let Hy = (L(R), ||.||,) = Ha, where b(R) := {z = (21,22, 23,...), x; €
3
R : Z|xz|2 < oo} and ||z]], = (Z |x1|2) , Vo € L(R). Now, define the operator
i=1
T B(R) = b(R) by

Ty T3

3,3, ) s Vo € ZQ(R)

Then, T is a bounded linear operator on h(R) with adjoint

Tx = <0,ZB1,

Ty = (yg, %, %,...) , Yy € b(R).

Indeed, let * = (x1,29,23,...), ¥y = (Y1,Y2,¥3,...) be arbitrary in L(R) and ay, ay be
arbitrary in R. Then,

1Ty + o1T3 + &
T(ogzr + agy) = (0, 1Ty + oYy, 2 5 2y27 2 3 ng"“)
_ (O o q1T2 (1T3 ) <0 o Q2Y2  2Y3 )
3 141, 9 ) 3 ’ 291, 9 ) 3 ’

= T (z) + axT(y).

Therefore, T is linear. Furthermore, ||Tz||;, < ||z||;,, Vo € L(R). Thus, T is also bounded.
The verification that T™ is the adjoint of T follows directly from definition.

Let C = Q = {z € L(R) : ||z —al|, <7}, where a = (1,3,L,---), » = 3 for C and

19293
a = (%, }1, %, «+-), 7 =1 for Q. Then C,Q are nonempty closed and convex subsets of

lg (R) . ThUS,

x, if z€llxr—all, <,

r 4+ a, otherwise.

Fe(r) = Po(r) = { =

Now, define the operators A, F': L(R) — L(R) by
A(zy, 29, x3,...) = (xle_“%, 0,0,...), F(z1,x9,73,...) = (51‘16_93%, 0,0,...).

Then, by Example 2.1.5, A, F' are pseudomonotone, Lipschitz continuous and sequentially
weakly continuous but not monotone.

More so, for Algorithm (2.5.9), we define the mappings S,h : L(R) — L(R) by Sz =
(0,21, x9,...) and hx = (O, 2,z ), for all z € [(R). Then, we consider the following
cases for the numerical experiments.

Case 1: Take z; = (1,;,:1,),~ ) and zy = (%,%,%,---),
Case 2: Take x; = (% %,1—10, --)andxoz(l,%,%,---),
Case 3: Take x; = (1, }L,%, --)andxoz(%,}l,%7---),
Case 4: Take z; = (%,i,%,---) and o = (1,}1,%,---),
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Figure 4.5:
Top Right:

The behavior of TOL,, with ¢ = 10~ for Example 4.3.13: Top Left: Case 1;
Case 2; Bottom Left: Case 3; Bottom Right: Case 4.
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Table 4.3.2. Numerical results for Example 4.3.13 with ¢ = 107°.

Cases Alg.4.3.3| Alg.4.3.3| Alg.4.3.3| Alg.4.3.3| Alg.4.3.3] Pham | Reich | Tian

a=3 a=206 a=9 a=12 | a=15 | etal | Tuyen| Jiang

1 CPU| 0.0040 0.0031 0.0025 0.0027 0.0027 | 0.0056| 0.0113| 0.1071
Iter. | 17 17 17 17 17 69 105 159

2 CPU| 0.0039 0.0038 0.0033 0.0048 0.0051 | 0.0120| 0.0671| 0.1000
Iter. | 16 16 16 16 16 66 130 152

3 CPU| 0.0029 0.0034 0.0029 0.0045 0.0051 | 0.0070| 0.0133| 0.1059
Iter. | 17 17 17 17 17 69 101 158

4 CPU| 0.0030 0.0032 0.0027 0.0034 0.0037 | 0.0076| 0.0142| 0.1060
Iter. | 17 17 17 17 17 68 125 157

Example 4.3.14. Let Hy = Hy = Lo(]0, 1]) be endowed with inner product

w.0) = [ 0w, ¥ ay € L(0.1)
and norm . .
lell:= ([ le(®Pdt)", ¥ oy € La(0.1)
Let T : Ls([0,1]) — L([0,1]) be defined by

Tx(s) = /01 K(s,t)x(t)dt, Yz € Ly([0,1]),

where K is a continuous real-valued function on [0, 1] x [0, 1]. Then, 7" is a bounded linear
operator with adjoint

Ta(s) = /0 UKt s)a(t)dt, Vi € Lo([0.1]).

In particular, we define K(s,t) = e~ for all s,t € [0, 1].

Let C = {z € Ly([0,1)) : (y,x) < b}, where y =t + 1 and b = 1, then C is a nonempty
closed and convex subset of Ly(]0,1]). Thus, we define the metric projection P as:

Po(r) iyt i (g >,
¢ x, if (y,z) <b.

Also, let @ = {z € Ly([0,1]) : ||z|| < r}, where r = 2, then Q is a nonempty closed and
convex subset of Ly([0,1]). Thus, we define Py as:

Polx) = {x, if ze€ Q,

—~—r  otherwise.
]2

Now, define A : Ly([0,1]) — Lo([0,1]) by

A(z)(t) = eIl /tx(s)ds, Vo € Ly([0,1]), te]0,1].
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Then, A is pseudomonotone and Lipschitz continuous but not monotone on Ly ([0, 1]) (see

[250]).
Also, define F': Q@ — Ly([0,1]) by

F(x)(t) .= g(x)M(x)(t), Vaxe Q, te]0,1],

where g ; Q — R is defined by g(z) := 1+”m”2 and M : Ls([0,1]) — Lo(]0, 1]) is defined

by M(x fo s)ds, Vx € Ly([0,1]), t € [0,1]. As given in [222], g is 33-Lipschitz
contmuous and s < g( ) <1, VazeC. Also, M is the Volterra intergral mappmg which
is bounded and linear monotone. Hence, F' is pseudomonotone and Lipschitz continuous
but not monotone (see [222]).

For Algorithm (2.5.9), we define the mapping S : Ly([0, 1]) — Lo([0, 1]) by

Sx(t) = /01 tz(s)ds, tel0,1].

Then, S is nonexpansive. Indeed, we have

500 Sy = | [ tta(6) —stsDast < [ thats) —utslas)
< [ 1ot = uio)as

= |lz —ylI*.

2

Thus, we obtain that

1
1Sz — Sy|]> = /0 |Sz(t) — Sy(t)* < [l — yl[*.

We also define h : Ly([0,1]) — Lo([0,1]) by

hx(t) :/0 Em(s)ds, z € [0,1].

Similar to above, it can also be shown that h is a contraction mapping.

We consider the following cases for the numerical experiments of this example.
Case 1: Take z1(t) =1+ t? and zo(t) =t + 5.

Case 2: Take x(t) = sin(t) and xo(t) = ¢ + 1.
Case 3: Take x1(t) =t + 1 and zo(t) =t + 3.
Case 4: Take z1(t) = 0.7 + 1 and zo(t) = ¢ + 3.

Table 4.3.3. Numerical results for Example 4.3.14 with ¢ = 10719,
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Figure 4.6: The behavior of TOL,, with ¢ = 1071° for Example 4.3.14: Top Left: Case 1;
Top Right: Case 2; Bottom Left: Case 3; Bottom Right: Case 4.
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Cases Alg.4.3.3| Alg.4.3.3| Alg.4.3.3| Alg.4.3.3| Alg.4.3.3| Pham | Reich | Tian
a=3 o= o= a=12 |a=15 | et al. Tuyen | Jiang
1 CPU| 3.6417 3.4282 3.4009 | 3.3256 | 3.3112 | 12.6238| 9.7880 | 25.7461
Iter. | 30 30 30 30 30 77 35 178
2 CPU| 3.9291 3.7850 3.6274 | 3.4970 | 3.4821 | 12.8552| 10.3671| 27.8420
Iter. | 31 31 31 31 31 80 37 181
3 CPU| 3.6099 3.3950 3.3538 | 3.3495 | 3.3447 | 12.6815| 10.1993| 26.2060
Iter. | 30 30 30 30 30 78 36 179
4 CPU| 3.6508 3.4405 3.3442 | 3.3112 | 3.2636 | 12.9326| 10.0650| 26.3111
Iter. | 30 30 30 30 30 79 36 178

Remark 4.3.15. By using different starting points and varying the inertial extrapolation
factor v in each example (Examples 4.3.12-4.3.14), we obtain the numerical results dis-
played in Tables 4.3.1-4.3.3 and Figures 4.4-4.6. We compared our proposed Algorithm
4.3.2 with the method of He et al. [121, Algorithm 1] in Example 4.3.12 while our proposed
Algorithm 4.3.3 is compared with the methods of Pham et al. [206, Algorithm 1], Reich
and Tuyen [213, Theorem 4.4] and Tian and Jiang [241, Algorithm (3.1)] in Examples
4.3.13-4.3.14.

Furthermore, we note the following from our numerical experiments:

e In the numerical experiments, we randomly choose the parameters n > 0, v; €
(0,2), a; € (0,1),2=1,2, \y > 0 and p; > 0, and observed that irrespective of the
choices made, the number of iteration does not change and no significant difference
in the CPU time.

e In all the examples, we check the sensitivity of « for each starting points in order to
know if the choices of « affect the efficiency of our methods. We can see from the
tables and graphs that the number of iterations for our proposed methods remain
consistent (well-behaved) for a = 3,6,9,12,15. Also, there are no much significant
difference in the CPU time as we vary « in {3,6,9,12,15}. However, it can be in-
ferred from Table 4.3.1 that as « increases from 3 to 15, the convergence speed of
Algorithm 4.3.2 increases. Therefore, the optimum choice of « for Example 4.3.12
is « = 15. Similarly, we can see from Table 4.3.3 that as « increases from 3 to 15,
the convergence speed of Algorithm 4.3.3 also increases. Hence, the optimum choice
of a for Example 4.3.14 is again a = 15. Unfortunately, we cannot follow similar
pattern for Example 4.3.13, but we can see clearly that the the optimum choice of
« for this example is a« = 9.

e [t can also be inferred from Table 4.3.1 that in Example 4.3.12, the number of it-
erations for our proposed Algorithm 4.3.2 is almost the same for all starting points
while the method of He et al. [121, Algorithm 1] depends on the different starting
points. Also, from Tables 4.3.2-4.3.3, we see that for all starting points in Exam-
ple 4.3.13-4.3.14, the number of iterations for our proposed Algorithm 4.3.3 is more
consistent than every other methods.
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e From the tables and figures, we can see clearly that in terms of both CPU time
and number of iterations, our proposed Algorithm 4.3.2 outperforms the method of
He et al. [121, Algorithm 1] in Example 4.3.12 while our proposed Algorithm 4.3.3
outperforms the methods of Pham et al. [200, Algorithm 1], Reich and Tuyen [213,
Theorem 4.4] and Tian and Jiang [241, Algorithm (3.1)] in Examples 4.3.13-4.3.14.
Hence, our methods are more efficient than these other methods.

Appendix 4.3.16. Algorithm 1 of Pham et al. [200].
Step 0. Choose jio, o > 0, A € (0,1), {m} € [1, 7] € (0, i)+ {ow} € (0,1)

such that lim o, =0 and Y " o, = 0.
n—oo

Step 1. Let x1 € Hi. Setn =1.
Step 2. Compute
Uy, = T'x,,

Un = PQ(un - anun)a
Wyn = PQn(un - ,un.fvn)a

where
Qn = {w2 € Hsy: <un — o fUp — Uy Wy — Un> < 0}
and
min { el i fun # fon,
Hn41 = " " .
J otherwise.

Step 3. Compute
Yn = Tn + TnT*(wn - un)>

Zn = PC(yn - AnAyn)a
tn = Z:)Cn (yn - )\nAZn)y

where
n = {wl €Hi: <yn - AnAyn — Zp, W1 — Zn> < 0}

and

i Allyn =zn| .
A1 = {mm{HAWi—AZn’ )‘"}’ if Ayn # Azn,

An, otherwise.

Step 4. Compute
Tpi1 =y + (1 — ap)ty.

Setn :=n+1 and go back to Step 2.
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4.4 Projection and contraction methods for split vari-
ational inequality problem

In the literature, several methods have been proposed for solving the SVIP and most of
these methods require that the underlying operators be co-coercive while some of them
requires product space formulation of the problem. These restrictive conditions affect the
feasibility of these existing methods. In order to overcome these setbacks, we propose two
new inertial projection and contraction methods for solving the SVIP in real Hilbert spaces
without the co-coercive condition and without the product space formulation, which does
not fully exploit the attractive splitting structure of the SVIP. The sequences generated by
these methods converge strongly to the solution of the SVIP in real Hilbert spaces under
the assumptions that the operators are pseudomonotone, Lipschitz continuous and without
the sequentially weakly continuity condition. Furthermore, we present several numerical
experiments for the proposed methods and compare their performance with other related
methods in the literature.

4.4.1 Proposed methods

In this section, we present our proposed methods for solving the SVIP (1.2.4)-(1.2.5).

Assumption 4.4.1. Suppose that the following conditions hold:

(a) The feasible sets C and Q are nonempty closed and convex subsets of the real Hilbert
spaces Hy and Ho, respectively.

(b) A:Hy — Hy and F : Hy — Hy are pseudomonotone and Lipschitz continuous with
Lipschitz constants Ly and Lo, respectively.

(c) A:Hy — Hyi and F : Hy — Hy satisfy the following property
whenever {z,} C C and {y,} C Q, and =z, — x, y, — y one has ||Az| <
liminf ||Az,|| and ||Fy|| < liminf || Fy,|.
n—oo n—oo

(d) T :Hy — Hs is a bounded linear operator and the solution set I' :== {z € VI(A,C) :
Tz e VI(F,Q)} is nonempty, where VI(A,C) is the solution set of the classical VIP

(1.2.4).
(e) {an} C (0,1] is non-increasing with lim o, =0 and > o, = occ.
n—oo n=1

(F) 0< 0, <00 <0< $,0€(0,4]

(9) {Pn} and {1} are non-negative sequences such that > ¢, < +00 andy .-, <
+00.

When the Lipschitz constants L; and L, are known, we present the following method for
solving the SVIP (1.2.4)-(1.2.5).
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Algorithm 4.4.2. Inertial projection and contraction method with fixed step size.

Step 0: Choose sequences {a,}>°; and {6,,}5°, such that the conditions from Assump-
tion 4.4.1 (e)-(f) hold and let n > 0,v; € (0,2),i = 1,2, p € (0, Lil), A € (0, L%)v and
xo, 1 € Hi be given arbitrarily. Set n := 1.

Step 1: Given the iterates z,_1 and 2,, (n > 1), a,, € (0,1) and 6,, € [0, 3), compute

wy, = apro + (1 — ay)z, + 0p(x, — 21).

Step 2: Compute
Yn = Po(Tw, — AFTwy,),

Zn = Twn - IYQﬁnrna

where 1, :== Tw, — y, — N(FTw, — Fy,) and 3, := %, if r, # 0, otherwise 3, = 0.
Step 3: Compute
by, = wy, + 0, T (2, — Twy,),

where the step size 7, is chosen such that for some € > 0, 7, € (e, % — 6),
if z, # Tw,; otherwise n,, = n.
Step 4: Compute

Up = PC<bn - N'Abn)v
tn - bn — Y1YnUn;

_ (b'n —Un, 7'Un>

where Uy = bn — Uy — ,U(Abn — Aun) and Tn = Tonl?
Step 5: Compute

, if v, # 0, otherwise v, = 0.

Tpr1 = (1 — o)w, + oty

Set n:=n+ 1 and go back to Step 1.

When the Lipschitz constants L, and Ly are not known, we present the following method
with adaptive step size for solving the SVIP (1.2.4)-(1.2.5).

Algorithm 4.4.3. Inertial projection and contraction method with adaptive step size
strategy.

Step 0: Choose the control parameters such that conditions (e)-(g) of Assumption 4.4.1
hold and let n > 0,7; € (0,2) a; € (0,1),i = 1,2, A\; > 0, 1 > 0, « > 3 and xg,2z; € H;
be given arbitrarily. Set n := 1.

Step 1: Given the iterates z,_1 and 2,, (n > 1), a,, € (0,1) and 6, € [0, 3), compute

wy, = apro + (1 — ap)z, + 0p(x, — 201).

Step 2: Compute
Yn = Po(Tw,, — A\, FTw,),

Zn = Twy, — 725nrna
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where r,, := Tw, —yn— A (FTw,— Fyy,), Bn = M, if r, # 0, otherwise 3, = 0; and

lIrnll®

: a2||Twn—ynl| ;
Apag = 408 { P TPyl At ¢"} B ETw, # Fy, (4.4.1)
A+ On, otherwise.
Step 3: Compute
by = wp + 0T (2, — Twy,),
where the step size 7, is chosen such that for some ¢ > 0, 7, € (e, % — e>,
if 2z, # Tw,; otherwise 7, = n.
Step 4: Compute
tn - bn — Y1VnVUn,
where vy, := b, — u, — pn(Ab, — Auy,), ¥ = W, if v,, # 0, otherwise 7,, = 0; and
min { albnzunll n} if Ab,, # Au,
ley = {HAun—Abnw fn +Un g s 7 (4.4.2)
fon + Vs otherwise.

Step 5: Compute
Tpt1 = (1 — o)w, + oty,.

Set n :=n + 1 and go back to Step 1.

We outline and discuss some of the properties of our proposed methods.

Remark 4.4.1.

e The choice of the inertial factor 6, € [0,3) in Algorithms 4.4.2 and 4.4.3 is new
and different from the choices in literature (see for example [55] and other refer-
ences therein). As far as we know, this is the first time the inertial factor 6, is
chosen such that 6,, € [0, %) and solves the SVIP when the underlying operators are

pseudomonotone and Lipschitz continuous.

e Algorithm 4.4.3 uses simple step size rules in (4.4.1) and (4.4.2), which generate
non-monotonic sequences of step sizes. The step sizes are constructed such that the
dependence of the algorithm on the initial step sizes A\; and p; is reduced.

e We point out that if the pseudomonotone operators A and F' are sequentially weakly
continuous, then A and F' satisfy condition (c) but the converse is not true. Hence,
condition (c) is strictly weaker than the sequentially weakly continuity condition
commonly employed in the literature (e.g., see [55, 191]).
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e Algorithm 4.4.2 can be viewed as a modified inertial projection and contraction
method involving one projection onto C per iteration for solving the classical VIP in
Hq. Algorithm 4.4.3 can be viewed as a modified inertial projection and contraction
method involving one projection onto Q per iteration under a bounded linear oper-
ator T' for solving VIP in H,. Our methods improves other methods in literature
which requires extra projections onto half-spaces or feasible sets (see [200] (see Ap-
pendix 4.3.16) and other references therein). In Step 2 of Algorithms 4.4.2 and 4.4.3,
r, can be described as weighted average of (Tw,, — y, ~ AFTw,) and a hypothetical
(Twy, — Gy ~ AFTw,) in Hy, where Tw,, = Tw, — A\FTw, and ¢, = y, — AF'y,.
In Step 4 of Algorithms 4.4.3 and 4.4.3, v,, follows similar description. From Step 2
and Step 4 of Algorithms 4.4.3 and 4.4.3, we have

holds for both r,, = 0 and r,, # 0. Similarly, we have that
Yallval? = (b — Un, va), Y1 > 1 (4.4.4)

holds for both v, = 0 and v,, # 0.

e The step sizes {\,} and {p,,} given by (4.4.1) and (4.4.2), respectively are generated
at each iteration by some simple computations which makes Algorithm 4.4.3 easier

to implement since it does not require the prior knowledge of the Lipschitz constants
Ll and LQ.

e Algorithms 4.4.2 and 4.4.3 does not require any product space formulation unlike
other algorithms in literature which require that the problem be transformed into
a product space (see [63] and other references therein). This makes our algorithms
easier to implement since they do not encounter the difficulties that might be caused
by the product space.

Remark 4.4.2. [192] The choice of the step size 7, in Step 3 of Algorithms 4.4.2 and 4.4.3
do not require the prior knowledge of the operator norm ||7’||. Furthermore, the value of
1 does not influence the algorithms, but it was introduced for the sake of clarity.

Lemma 4.4.3. [192] The step size n, given in Step 3 of Algorithms 4.4.2 and 4.4.3 is
well-defined.

4.4.2 Convergence analysis

Lemma 4.4.4. Let {x,} be a sequence generated by Algorithm j.4.2 under Assumption
4.4.1. Then, the following inequality holds:

101 = pI* < llwn = plI* = 20 —wal®, VpeT. (4.4.5)
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Proof. Let p € I'. From the definition of y, and the characteristic property of Py, we

obtain
(y — Twy, + A\ETwy, yn — Tp) < 0.

Since Tp € VI(F,Q) and y,, € @, we have

(FTp,y, —Tp) >0
and from the pseudomonotonicity of F' we have,

(F'Yn,yn — Tp) = 0.
Since A > 0, we obtain

(AFy,,y, — Tp) > 0.
Adding (4.4.6) and (4.4.7), we obtain

(Twy, — yp — MFTw, — Fyn),yn — Tp) > 0.

From (4.4.8) and the definition of r,, in Step 2, we obtain

<Twn - Tp, Tn> - <Twn — Yn, Tn> + <yn - Tp7 Tn>

(4.4.6)

(4.4.7)

(4.4.8)

= (Twy, — Yn, ) + (Yn — Tp, Twy, — yp — N(FTw, — Fy,))

2 (Twn = Yn,Tn),
which implies that
—(Tw, — Tp,rn) < —(Twy — Y, Tn)-
From the definition of z, in Step 2, we have
185 7all* = 72 % |l20 — Twnl[*.
Hence, from Lemma 2.1.1, (4.4.3), (4.4.9) and (4.4.10) we obtain
120 = TpII* = ITwn — 128070 — Tpl|*

= | Twy — Tpl* + 382l = 27260 (Tw, — Tp, 1)
<N Twn = Tpl* + %382 rnll? = 27280 (Twn = Y, )
= HTwn - Tp”2 + 722573||rn”2 — 27208, - 671”7“71“2

= | Twa = Tpl* = 72(2 = 72) 1B - 7l

= || Twn — Tp[* = 75 (2 = 2)llzn — Twal[*.

Also, from Step 3, Lemma 2.1.1 and (4.4.11) we obtain

o = pII* = llwn = pII* + 01T (20 = Twn)[I* + 200 wn — p, T* (20 — Tawn))
= llwn = plI* + 11T (20 — Twa) | + 200 (Twn — T, 2 — Twn)

= llwn = plI* + 11T (20 — Twn)|1*
+ 1 (120 = TpII* = | Twn — TpII* — |20 — Twal*]

< wn _p“2 + 77r2b”T*(Zn - Twn)H2 — Mall2n — Twn”2
= ||wn — sz —n [Hzn - TwnH2 — M| T (20 — Twn)HQ] .
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Thus, by the condition on 7),, we obtain that
160 = pII* < [lwn = pl%,
Following similar argument used in obtaining (4.4.11), we obtain

[tn = pII* = 1bn = 119000 — DI
< lon = pl1* = A7 H2 = )l = bl (4.4.13)

From Step 5 we have,

(1 —o)w, + ot, — pH2
(1= 0)(wn —p) + o(ta —p)|?
1—o)|Jw, — p|* + olltn — plI> = (1 = o) |lwy — t,|>. (4.4.14)

lZns1 = pII* = |l
|

=

Substituting (4.4.13) into (4.4.14), we have

11— pl* <

< (1=0)|lwn = pl* + ollwn = plI* = 0771 (2 = 71) [[tn — ball?
— (I —=o)ollw, — thQ
= flwn = plI* = o9 (2 =)t = bull” = (1 = o) flwn — ta|”.  (4.4.15)

From Step 4, we have t,, —w,, = %(xnﬂ — wy,). Substituting this into the previous equality
we have,

_ 1
21 = pI” < llwn = pI” = o (2 =) lltn = bull = (1 = 0)0 - —5llznsr — wal]

_ 1
= llwa = pll? = 77 2 = ) lltw = bull = (5 = 1) lznsa = wa?

1
< Jlww =l = (5 = 1) lni = wal?

< Jlwn = pll = Cllwars — wal,
where ( := <§ — 1>. O

Lemma 4.4.5. Let {x,} be a sequence generated by Algorithm J.J.2 under Assumption
4.4.1. Then ¥V p €', we have

| Zn1 _pH2 — ||z —p||2 < apl|zn — xOHQ + Onl|zn —p||2 — On1l|rn —p||2 (4.4.16)
— (1 = 30n41 — ap)||lzn — xn-&-l”Q
- 2an<xn — D, Tn — l’o) - 26n+1”xn+1 - anQ

+ 20, ||, — :Bn—1||2 — Q1|0 — $n+1||2-
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Proof. From the definition of w, and Lemma (2.1.1), we have

[|wn — p”2 = [Janzo + (1 — ) xn + On (20 — Tp1) — p”2
= [[(#n = p) + On(@n — Tn1) — an(@n — 20) 12
= [lzn = plI* + 16n(n — 2n1) — an(@n — )
+ 2(x, — p, 0 (2 — Tp1) — ap(x, — x0))
= &0 = plI* + 100 (20 — 2p1) = an(an — o) ? (4.4.17)

+ 20, {x,, — p, Ty — Tp_1) — 200, (T, — P, T, — Tp)-

I

Now, replacing p with x,,1 in (4.4.17), we obtain
lwn = 21 ll* = 20 = @nal® + 100 (20 — 20m1) — (@0 — 20) |1 (4.4.18)
+ 20, (xy — Tpi1, Ty — Tn1) — 200, (X, — Tpy1, T — Tg)-
Substituting (4.4.17) and (4.4.18) into (4.4.5) and from the condition on o, we have
[2ns1 = plI* < Ml = Pl + 1100 (20 — 201) = a2 — 20)|* + 200 {20 — P, 2 — 1)
— 205, (Tp — P, Ty — T0) — |20 — xn+1||2 —0n(20 — 2p—1)
— an (2 — 20)||? = 20070 — Tpy1, T — Tp1) + 200 (T — Tyt T — To)
= [|2n — p|I* + 20, (2p — P, Tp — Tne1) — 200 (T — P, T — T0)
— 20, (T — Tpy1, T — Tp1) — ||Zn — Tnpt ||* + 2000 (20 — Ty, Tp — T0)
= ||z — p|I* + 20, (2 — D, 20 — Tn1) — 200 (T — P, T, — T0)
+ Ol — xn+1”2 + Op| 2y — xn—IHQ = Oull(zn — 1) + (20 — xn—1)||2
— | zn — Togr ||* + 2000 (20 — Tpy1, T — T0).
Hence,
|Zns1 — plI* = |70 — plI* < 20, (x0 — P, 70 — Tp1) — 2000 (T — P, Tp — T0) (4.4.19)
— (1= 0n)lzn — mnHHQ + Opl|zn — xnleZ
— Ou|[(2y — Zpy1) + (Tn — Tne1)||? + 200 (Tn — Trg1, Tn — T0).
Applying Lemma 2.1.1 to (4.4.19), we obtain
|11 _p”2 — |lzn _p”2 < Onllzn — xn—1||2 — (1 =0)|lxn — $n+lH2 — 20, (T, — P, Ty, — To)
+ 20, (T — P, Ty — Tp1) + 200 (X, — Tpy1, Ty — Tg)
= Onllzn — xnlez — (1= 0n)[lzn — xn+1||2 — 20, (T — P, Ty — Tp)
— Opllzn — p||2
+ Op |z — p”2 + Op |z, — xn—1||2 — anl|To — T |
+ an|Tp1 — anQ + an |z, — 5’70”27

which implies that

o1 = 2l = llza =PI < @ (len = 20l = llzo = @nsa ) + 0a (llea =PI = n-s = pII?)
(4.4.20)

- <1 - gn - 2en-‘rl - an) Hxn—‘rl - m71”2 - 2an<$n — D, Tn — x0>

— 20511 ||Tps1 — $nH2 + 20, ||, — xn71”2'
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Using the fact that {6,} is non-decreasing and {e,} is non-increasing on (4.4.20), we
obtain (4.4.16), which is the desired conclusion. O

Lemma 4.4.6. Let {x,} be a sequence generated by Algorithm j.4.2 under Assumption
4.4.1. Then {x,} is bounded.

Proof. Let p € ', then from (4.4.16) and Lemma 2.1.1, we have

1 = plI* = l[2n = plI* < anllzn — zol* + Onllzn — plI* = On-illzn—1 — p|?
— (1= 30n41 — a2, — xn+1||2 — 205 11[|Tng1 — xn||2
4+ 20, |7 — Zno1]|® — Aniil|To — Tpgal]? — 200 (20 — D, TH — T0)
= ay |z, — 370”2 + Oy |z — pH2 — Opal|wn _p“2
— (1= 30n41 — a2, — xn+1||2 — 20n 41|70 — xn||2
+ 20|20 — T [* = A llro — Taga|* — anllz, — plf?
— an|n — ol* + anllzo — pI?
< Oullzn = pl* = Onillzn = plI* = (1 = 3041 — o)l — Tnpa |
(4.4.21)
— 2041 [|Tnr1 — 20|

+ 20, || 20 — xn%HQ — | Tn —p”2 + a0 _pH2~

From this we obtain

2041 = plI* = llzn — plI* + anllzn — plf?
< On||wn — p”2 — O ||7p1 — p”2 — (1 = 30n41 — o) |2y — $n+1||2
— W1 || Tnsr — || + 200|120 — Zna|? + o llzo — || (4.4.22)

J
> .
Let p; :=ei=t ,j > 1. Since e* > x + 1 for all z € R, we have

1
Pn+1

(rsrllnes =PI = pullzn = pIP) = frwer = pIP = oo — I

+

(pn+l _'pn>|an _’pH2
pn+1

< s = pl* = llzn = plI* + angallzn — plI*.

Since {a,} C (0, 1] is non-increasing, we have

1

Pn+1

(rsllnes =2l = pullza = pI12) < lrwer = ol = e = Bl + atalle — I
(4.4.23)
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From (4.4.22) and (4.4.23), we obtain
1

Pn+1

[pn+1|!xn+1 = pl* = pallza = plI?*| < Oullzn — pII* = Ot 20 — plI®

— (1= 3041 — an)l|[Tnt1 — 24|
- 2en—l-lH:Un-i-l - anZ + 29n‘|$n - mn—1H2

+ anllzo — pl*.
Since pp, < pPri1s Prr1 = pre® 1t and {ay, } C (0, 1] is non-increasing, we have

Priil|Tnir — P17 = pullzn — plI* < prsabnllzn — plI* = pubn_il|zn_1 — p|?
— prp1(1 = 30011 — ap)[[npr — "EnHQ
— 2010411 Tns1 — 2l + 20000 |2y — T |

+ pn-i—lanHmO - p||27

which implies that

Prilltnis = plI* = pullzn — PIP < poabnllzn — plI* = prbn-1l|zn — plI®
— g1 [1 = Onn (B34 2(e™ ™+ = 1)) — o] [|ng1 — n?
— 2pp 101 | pgn — mnHQ + 2pp0n e || 20 — xn—1H2

+ 1|0 — plf>.
Since {6, } C [0, 6], we have
1 =013+ 2(e*+ — 1)) —a, > 1 —0(342(e*+ — 1)) — v, YneN.  (4.4.24)

Since 6 € [0, 3) and lim o, = 0, it follows that the right-hand side of (4.4.24) is bounded
n—oo

below by a positive number, i.e., there exists a constant £ > 0 such that 1 — 6,,1(3 +
2(e+1t — 1)) — oy, > &, for all n € N sufficiently large, say for all n > ngy. Hence, we have

P l|Tnsr — DlI* = pulltn — plI? < prs1Onllzn — pII> = pub-1llzn-—1 — p|?
- §||xn+1 - xn”Z
— 2pp410n 41" ||xn+1 - anQ + 2pp0,e" Hxn - xn—1H2

+ pn+105nH$O - PHZ:

which implies that for all n > ny,

n
lzo = pII* D prs1ok > pusillenss = pIP + 2pns10n 0067 [@ns1 —
k=no+1

— Pt 10n |70 — pHQ — Pt [ Tngs1 — PHZ

- 2pn0+10n0+16an0+1 ||I7L0+1 — Lng ||2 + pno-i-leno ||xn0 - p||2'
(4.4.25)
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Dividing the last inequality by p,.1; and omitting non-positive terms, we have

Hxn—&-l - p”2 - QnHIn - p”2 < et [pno-i—leno—&-l - p“2 + 2P 410ng 416707 ||5(3n0+1 - :L‘n0||2

— P 160 70, — B

+ g = plPe T Y agel ! (4.4.26)
k=no+1

where t,, := Y ;. Since oy, € (0,1] for all & € N, we observe that age* ™ < e?(eft —elr™1),

=1
for all £k > 2, so that

n n
E Pl 10 = E apettt <e?(eln — efmo) < ePeln,
k=ng+1 k=no+1

Using (4.4.26), the fact that {6,} C [0,0] C [0,3) and e~ < 1, we have
1Zn+1 = PI* < Ollzn — PI* + Pugr1ll@ngrs =PI + 20ng410np 41604 [ Tng i1 — T |
+ e2|zo — pl|*. (4.4.27)

Applying (4.4.27), 6 € [0,1) and the convergence of the geometric series, we obtain
01 = plI* < 0" [2g 1 — p]? (4.4.28)

1
+ 1—6 pno—&—l”xno—i-l - p||2 + 2pn0+18n0+16an0+1 ||:L’n0+1 — xn0||2 —+ 62||x0 - p||2

Since 0 < 1, it follows that {x,} is bounded.
[

Lemma 4.4.7. Let {x,} be a sequence generated by Algorithm J.4.2 under Assumption
4.4.1. Suppose

lim ||z,41 —2,]| =0
n—oo
and
tim ([l i1 = pll? = Onlln = o)) =0,
n—o0
Then {x,} converges strongly to p.
Proof. By the hypothesis of the lemma we have that
0= Jim (llrnsr =l = ballzw = pl?) = limn | (lrnsr =l +v/Ballzs —pl])

% (llanss = pll = Vullzw = pl )|~ (4.4.29)
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We claim that this implies

Tim (Jlznar = pll + v/Fullan = o) =

and from this it follows that {x,} converges strongly to p. On the contrary, assume that
this limit does not hold. Then there exists a subset K C N and a constant 8 > 0 such
that

[Znt1 = pll + Vbnllzn —pll = 5,¥ n € K. (4.4.30)

Using (4.4.29) and the fact that 6,, < 6 < 1, we have

0=lim (||mn+1 —pll = V|2, —pll)
= lim sup <||:L‘n+1 — Ty + Ty —p|| — VO |7 — p||>

nekK

> hmsup (||xn pll = [|[Znt1 — x| — vV Oul|zn —pH)
> lim sup ( VO ||z, — pll = || s — 9€nH)
neK

= (1= VO)limsup 2, —pl| — lmy 2011 —

=(1- \/5) limsup ||z, — p||-

nek

Thus, we have limsup ||z, — p|| < 0. Since llm mf |z, — pl| > 0 holds, it follows that
nek

lim [|2, —p[| = 0.

Applying (4.4.30), we obtain

[Zn41 = @]l 2 (|01 — pll = [lzn — pll
= Hxn+1 =l + VOulzn —pll = (1 + v 0n)lzn — p
> Lt
2

for all n € K sufficiently large, which contradicts the assumption that lim ||z, —x,| = 0.
n—oo

Hence, the result follows.

]

Lemma 4.4.8. Let {x,} be a sequence generated by Algorithm j.4.2 under Assumption
4.4.1 such that im ||x,11 — z,|| = 0. Suppose there exists a subsequence {x,, } of {x,},
n—oo

which converges weakly to a point z € Hy and lim ||b,, — wy, || =0 = lim ||b,, —1t
k—o00 k—o0

then z € T.

il
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Proof. From the definition of w,, in Step 1 and by the statement of the hypothesis together
with the fact that lim «a, = 0, we obtain

n—oo

[|wy, — xn” = Han(xo — ) + On(xn — xn—l)”

< apllxo — xnl| + Onllzn — 2pea]] = 0, as n— oo (4.4.31)

Since the subsequence {z,,} of {x,} is weakly convergent to a point z € H;, it follows
that the subsequence {w,, } of {w,} is also weakly convergent to z € H;. Again, since T’
is a bounded linear operator, we obtain that {Tw,, } converges weakly to T'z.

Without loss of generality, we may assume that z, # Tw,, then n, € (e, % — e).
Hence, we obtain from (4.4.12) that

1bn, = DII* < 1wy, = pI* = 1, €T (20, — Ty, )|
< Jwn, = pI2 = T (20, — Twn)I1% (1.4.32)

which implies that

T (2, — Twn)|I* < [Jwn,, — plI* = [[bn, — plI?

From our hypothesis, we have

lim ||T (2, — Twy,)|| = 0. (4.4.33)

k—o0

From (4.4.12) and (4.4.33), we have

M 2n, = Twn, [I* < [lwn,, = pI* = llon, = pI* + 05, 17" (20, — Trwn, )|

< Nwny, = b I* + 2llwn, = by, [[1bn, = Pl + 00 T (2, = T, )|*
— 0, as k — oo.

Since 7,, > € > 0, we obtain
]}1_{20 | 2n, — Twy, || = 0. (4.4.34)
Using the definition of r, in Step 2, we observe

<Twnk — Yny; T”lk> = <Twnk - ynvawnk “Yny — A(FTwnk o Fymc»
= [|Twn, — ynkl|2 — (Twny, = Yy NEFTwn,, — Fyn, )
> | Twny, = Yo I* = Al Twn, — Yo, M FTwn, — Fy, |
> (1= ALo)|| Twp, — Yo, |1 (4.4.35)

Since A € (0, LLQ), we have that 1 — ALy > 0. Hence, from (4.4.35), (4.4.10) and (4.4.3) we
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obtain
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>
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%)

< (75 ) Ol T, = g+ N Fs = FTw )
< (75 ) Bl (70, = g+ ALalla, = T, )
~ (1530 1T, = o

=5 (1557 ) 1700 =l = T

which implies from (4.4.34) that

14+ ALy
1— ALy

1T W, — Y, || < 75 < > | Twy, — 2n,|| = 0, as k — oo. (4.4.36)

Since {T'w,, } converges weakly to Tz, then it follows from (4.4.36) that {y,, } also con-
verges weakly to T'z. Also, since {y,, } C Q, we have that Tz € Q .

By the characteristic property of Pg, we obtain V x € Q that
(Twy, — AFT Wy, — Ynpy T — Yny) < 0,

which implies

1
X(Twnk — Yy T — Ynp) T (FTWy,, Yn, — Twy,) < (FTwy,, v — Tw,,). (4.4.37)

Hence, applying (4.4.36) in (4.4.37), we obtain that

0 < liminf(FTw,,,z — Tw,,), Y € Q. (4.4.38)

k—o0

Observe that

(Fyn, s ® —Yn,) = (Fyn, — FTwy,,, v —Tw,, )+ (FTwy,, v —Tw,,) (4.4.39)

Since F' is Lipschitz continuous on Hz, we obtain from (4.4.36) that

lim |[|[FTw,, — Fy,.|| =0.
k—o0
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Hence, from (4.4.36), (4.4.38) and (4.4.39), we obtain that

0< lilgn inf(Fy,,,r — yn,), Yr € Q. (4.4.40)
—00

Next, we show that Tz € VI(F, Q). Now, we choose a sequence {d;} of positive numbers
such that dp1 < 0, Vk>1and §y -0 as k — oo. From (4.4.40), we denote by N
(for each k > 1), the smallest positive integer such that

(Fyn;, —yn;) + 01, >0, Vj > Np. (4.4.41)
Since {0x} is decreasing, we have that {Nj} is increasing. Also, since {yn,} C Q for

all & > 1, we can suppose Fyy, # 0 (otherwise, yy, is a solution). Hence, we can set

F
qn, = HFyyﬁ for each k > 1. Then, (Fyy,,qn,) = 1 for each k > 1.

Therefore, from (4.4.41) we have
(Fyn,,x + orqn, — Yn,) > 0,
which implies from the pseudomonotonicity of F' on Hs that
(F(x + 0kqn, ), © + Okqn, — Yn,) > 0. (4.4.42)
This implies that

(Fr,x —yn,) > (Fr — F(z + 0kqn, ), © + 0kqn, — Yn,,) — Ox(Fx, qn, ). (4.4.43)

Now, if F'Tz = 0, then Tz € VI(F, Q). So, we may suppose that FTz # 0. Since {y,, }
converges weakly to Tz, then by Condition (c) we obtain

0<||[FTz|| <liminf | Fyy,|-
k—o0

Since {yn, } C {yn,}, we obtain that

5, h;nsup Ok 0
0 < limsup || = limsup | ——— oo < =0
< timsup .| =t (i) < fiminf [Py, | = [T

Therefore, klim dkqn, = 0. Thus, letting &k — oo in (4.4.43), we have
—00

(Fr,x —Tz) >0, Vx e Q, (4.4.44)

which implies by Lemma 2.5.8 that Tz € VI(F, Q).

Next, we show that z € VI(A,C). Following similar method of proof used in obtaining
(4.4.36) and noting our hypothesis klim |bs,, — tn, || = 0, we obtain
—00

-1 (1+ML1

1bn, — Un, || <171 T ML1> |6, — tnl| = 0, as k — oo. (4.4.45)
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Following similar method of proof used in obtaining (4.4.40), we obtain from (4.4.45), the
characteristic property of Pr and the Lipschitz continuity of A on H; that

0< li]gn inf(Au,, ,y — uy,, ), Yy € C. (4.4.46)
—o0

From our hypothesis, (4.4.45) and the fact that {w,, } converges weakly to z, we obtain
that the subsequences {b,, } and {u,, } of {b,} and {u,} respectively, converge weakly to
z. Also, since {u,, } C C, we have that z € C. Following similar method of proof used in
obtaining (4.4.44), we obtain

(Ay,y —2z) >0, YyeC, (4.4.47)
which implies by Lemma 2.5.8, that z € VI(A, C). Hence, we conclude that z € T'. O

Lemma 4.4.9. Let {x,} be a sequence generated by Algorithm J.4.2 under Assumption
4.4.1. Then, for each n > 1

Un = |l = plI? + anllan = 2oll* = Onallzn—1 — plI* + 200201 — 2] > 0.
Proof. Since {6,} € [0, 3) is non-decreasing, we have from Lemma 2.1.1 that

U = ||lTn — p”2 + an ||z, — 370”2 — On1l|Tn1 — Tn + 20 — p||2 + 20, || 201 — JJHHQ
= ”xn - p”2 + aonn - :170||2 - en—l”xn—l - anZ - 9n—1HfUn - p”2
- 2€n—1<xn—1 — Tp, Tn — p> + 20n||xn—1 - anQ

= ||z, — p”2 + ap ||z, — 370”2 — O ||y — anQ — On || 70 — p”2
O | lzns = @all? 4 2 = DI = llzns = 220 + pI?] + 200|201 = 2l

= llzn = plI* + anllzn — xol|* = 2001 [|zn—1 — 20l = 20,1 [|l2n — pl|?
+ Onal|Tn1 — 22, +p”2 + 20, [|vp1 — ajnHQ

> |Jan = plI? + anllzn — zoll* = 200201 — zall® = S [l2n — P
+ 6n71||xn71 — 21:71 —i—p”2 + QenHJJn,l — anZ
1
= g”xn _p||2 + |7, — ‘TOHQ + Op1l|vn1 — 2w, +sz
1
> ~lzn = plI” + anllzn — ol
>0,

which is the desired conclusion. O]

We are now in a position to prove the main theorem for Algorithm 4.4.2.

Theorem 4.4.10. Let {x,} be a sequence generated by Algorithm 4.4.2 under Assumption
4.4.1. Then, {x,} converges strongly to p € T, where p = Prxy.

199



Proof. From Lemma 4.4.9 and (4.4.16), we obtain
Vpg1 — Up + (1 = 30,1 — an)||Tn — Tpir ||* < =200, (0, — D, 20 — 20). (4.4.48)

We consider two cases for our proof.

CASE 1: Let z € I'. Suppose for some ny € N large enough, we have v,; < v, for all

n > ng. Then by Lemma 4.4.9 we have v, > 0,Yn > 1 and lim v, = lim v, exists.
n—0o0 n—oo

Since {x,} is bounded, there exists a constant M > 0 such that 2|(x, — p, x, — z¢)| < M.
Hence, there exists N € N and & > 0 such that (1 — 36,41 — «,,) > &,Vn > N. Hence,
from (4.4.48) we have that for all n > N

§1||xn - CUn—i-1||2 S Up — Un+1 + anM — 07 n — o0.

Thus,

7}1_)1210 |€ni1 — xnl = 0. (4.4.49)

From the definition of w, in Step 1 and by applying (4.4.49) together with the fact that

lim o, = 0, we have
n—0o0

< anllzo = Tll + Onllzn — 2na] =0, n— o0 (4.4.50)

Consequently, we have

|wp — Zpsa]| = 0, 1 — o0. (4.4.51)
From (4.4.15), we have
o3 (2 = W)l = ball? < lfwn = pII* = ns1 = I
= (llwn = Il = lass = pll) (wn =Pl + lzass = p)

< lfwn = @l (lon = 2l + lwass — )

< lwn = o[ My

where M, := sup{||w, — p|| + ||zn+1 — p||}. Hence
n>1

It, — bnl| = 0, n — oc. (4.4.52)
Similarly, we obtain from (4.4.15) that

llwn, — ta]] = 0, 1 — 0.
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Consequently, we have

b, — wy|| = 0, n — oo. (4.4.53)
Using the fact that {z,} is bounded, {v,} is convergent and lim «,, = 0, we obtain from
n—oo
Lemma 4.4.9 that
A= lim <||xn+1 — | = Oul|zn — p||2> < o0, (4.4.54)
n—oo

which is the limit of lim v, ;. Consequently, from Lemma 4.4.9, we have A > 0. We show
n—oo

that A = 0 holds. So that it follows from Lemma 4.4.7 that the sequence {z,} converges
strongly to the solution p.

Suppose on the contrary A > 0. Since {z,} is bounded by Lemma 4.4.6, there exists a
subsequence {x,, } of {x,} which converges weakly to z, such that

lim iorolf(ycn —p,p—xy) = kh_)rg)(a:nk —p,p—xo) = (2 —p,p— Tp). (4.4.55)

n—

By applying (4.4.52) and (4.4.53), it follows from Lemma 4.4.8 that z € I". Since p = Przy,
we obtain from (4.4.55)

liminf(z, —p,p — x0) = (z — p,p — x9) > 0, (4.4.56)

n—o0

which follows from (4.4.55) that

lim (z,, —p,p — xo) > 0.

k—o0

From (4.4.54), we have
liminf [ 1 = pI* 2 lim (a1 = pll* = O llan = p)2) = A
n—o0 n—oo

and since A > 0, we have

Hanrl —pH2 >z Vnz>m

for some sufficiently large n; € N. Observe that
(@0 = p, 20 = 20) = [lwn — pII* + (20 — p.p = 20).
Then, by applying (4.4.56) we have
ligg}f(a:n — P, Ty — X)) = liggjlf (Ha:n —p|* + (z, —p,p — :Uo))
> h}gi}.}f <%)\ + (x, —p,p— x0>)

1
= A+ liminf(z, — p,p — x0)
2 n—00

> -\

N | —
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Again, using the assumption that A > 0, we have

1
(xp, — P,y — x0) > Z)\, Vn > ng,

for some sufficiently large ny € N such that ny > ny. From (4.4.48), we have
1
Upal — Up < —éoz)\, Vn > no.

Applying Lemma 4.4.9, it follows from the last inequality that

1 n
5/\2% < Upy — Uy < Uy, VN2> Mo

k=no

Since A > 0, this gives the summability of the sequence {a, } which contradicts > «,, = o0.
n=1
Therefore, we must have A = 0, and it follows that the sequence {x,} converges strongly

to p = Prxq as required.

CASE 2: Suppose that {v,} is not monotonically decreasing. Let 7 : N — N be defined
for all n > ny for some ny € N large enough by

Ty = max{k € N: k <n, vy < vpp}.
Observe that 7(,) is a non-decreasing sequence such that 7,y — 0o as n — oo and Ur(y <

Ur,y+1 for all n > ng. Similar to CASE 1, for some constant M > 0, we obtain from
(4.4.48) that

Sl = Trgy | < QryM — 0. (4.4.57)

Consequently, we get

||x7—(n)+l = Try || — 0, n— oo. (4458)

Also, following similar procedure as in CASE 1, we obtain

|27, — wr, [ = 0, 0 — o0

||tT(n) —bs,, | =0, n— oo.
[wr,y = ey Il = 0, 1 — 00
1bry — Wr | = 0, 0 — oo (4.4.59)

Observe from (4.4.48) that for j > 0, we have v;;; < v; when z; ¢ Q = {x € H :
(x — zg,x — p) < 0}. Since Uripy < Uz, 41, We have that z, € QV n > ng. We have from
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Lemma 4.4.6 that {x,,,} is bounded, hence there exists a subsequence, again say {2, }
which converges weakly to some z € H;. Since () is a closed and convex set, then it is
weakly closed and it follows that z € Q. By (4.4.59), it follows from Lemma 4.4.8 that
z € I'. Hence, we have z € QN T. In view of Lemma 2.5.18, we know that 2 N I" contains
only p as its element. Consequently, we have z = p. Moreover, since x,, € {2 we have

HxT(n) _p”2 = <-T7-(n) - x07x7(n) _p> - <p - xO?'rT(n) _p>

S _<p - ‘/I/‘O)xT(n) _p>

Taking the lim sup of the above inequality, we get

limsup ||z, — pl| <0.

n—oo

Thus,
|27,, —pll = 0, n— oo. (4.4.60)

We claim that this implies nh—>r2<> Ur,y+1 = 0. From the definition of VUr(y4,» We have

Urnyy1 = ||x7—(n)+l _pH2 + aT(n)+1||xT(n)+1 - x0||2 - QT(n)HxT(n) _p||2
+ 207(n)+1 ||x7—(n)+l - xT(n) ||2
= HxT(n)+1 - $T(n) + xT(n) _pH2 + O‘T(n)ﬂHxT(n)H - ‘7:0"2 - 9T(n)|’x7(n) _p”2

+ 29T(n)+l ||‘T7'(n)+1 — xT(n) ||2

Using (4.4.58), (4.4.60), the boundedness of {6, } and {z,} and the fact that lim «, =0,

n—oo

we obtain that lim Vrpyin = 0.
n—oo

Next, we show that lim v, = 0. Observe that for all n > ng, we have Uy < Uris if
n—oo

n # 7(n) since v; > vy for 7(n) +1 < j <n — 1. It follows that Vn > ng, we have

vy < maX{UT(n),vT(n)+1} — 0.

= vT(n)+1

Hence,

limsup v, < 0.
n—oo

From Lemma 4.4.9, we have that

liminf v, > 0.
n—oo

Thus,

lim v, = 0.
n—oo
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Using the fact that {z,} is bounded, lim «, = 0 and by (4.4.48), we have
n—oo
Hmn - $n+l” — 07 n — oo,

which implies from the definition of v, that
tim ([l i1 = pll* = Ol — o)) =0,
n—o0

Thus, by Lemma 4.4.7 we obtain that {x,} converges strongly to p = Prxo, which com-
pletes the proof.

[
Remark 4.4.11. [192]

e Setting Hy; = Ho = H, FF = 0 and T = Iy (the identity operator on H) in Theo-
rem 4.4.10, we obtain an inertial projection and contraction method requiring only
one projection onto the feasible set C per iteration with fixed step size for solving
the classical VIP (1.2.4) when A is pseudomonotone and Lipschitz continuous as a
corollary.

e The conclusions of Lemma 4.4.4, Lemma 4.4.8 and Theorem 4.4.10 still hold even if
w e (0, Lil) and A € (0, L%) in Algorithm 4.4.2 are replaced with variable step sizes
1y and A, respectively such that

0 < inf p, < <1 d 0<inf ), < )\<1
inf p, <supp, < — an inf A\, <sup A\, < —.
n>1 K nzllj a L1 n>1 nzll) L2

For the convergence analysis of Algorithm 4.4.3, which does not require the Lipschitz
constants of the underlying cost operators to be known, we first state the following lemma
on the step size rules derived from [162]. The proof of the lemma is similar to the method
of proof in [162]. Hence, we omit the proof here.

Lemma 4.4.12. Let {\,} and {p,} be the sequences generated by (4.4.1) and (4.4.2), re-
spectively. Then the sequences {\,} and {u,} are well defined, and lim A\, = A\, lim p, =
n—oo

n—oo
1, where A € [min{%—z,)\l},)\l—l—@], e [min{g—ll,,ul},,ul—i—\lf], and @ =3 ¢, U =
> et Yn-

Lemma 4.4.13. Let {z,} be a sequence generated by Algorithm 4.4.3 under Assumption
4.4.1. Then,

/\n+1 + /\na2
)\n—l-l - )\na2

[ Tw, —yn|] <7v3° < ) | Twy, — zn|], VR >1 (4.4.61)

and

Hn41 + Hn Q1

||bn _unH < 71_1 (
Mnt+1 — Hn1

) b = tall, ¥R = 1. (4.4.62)
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Proof. From (4.4.1), we have that

|| FTw,, — Fyp,

— Yull, YR > 1, (4.4.63)

holds for both FTw, = Fy, and FTw, # Fy,. Similar to (4.4.35), we obtain

(Tw,

which implies that

HTwn - ynH2 <

| /\

()
<
(

- ynarn> Z ||Twn -

1—

1—

a2
> (11— A,
> ( -

Ynll> = Aal| Twn, — yn[|| FTwy, — Fy||
1>HTwn - yn||27

(Twy, — Yn, Tn)

"/\n+1>

il (I =l 4 A5 T 3l
n+1

"/\n+1

nag

)
A:Z;) BullrnlllITwn — ynll

n+1

Yo — N = n = Zn||[|[ Twn
n

which reduces to (4.4.61) when simplified further. In a similar manner, we get (4.4.62).

]

Remark 4.4.14. Replacing p and A with u, and \,, respectively in Lemma 4.4.4, we

obtain that {z,} is bounded.

By Lemma 4.4.12, it follows that

and

An An 1
lim (St And2) ¥ G (4.4.64)
n—00 >\n+1 — )\nag 1— a9

n n 1
lim (“ nte ‘“) _1lta (4.4.65)
n—00 \ nt1 — Hnd1 l—a

Following the similar procedure used in Theorem 4.4.10, we obtain the following strong
convergence theorem for Algorithm 4.4.3.

Theorem 4.4.15. Let {x,} be a sequence generated by Algorithm 4.4.3 under Assumption
4.4.1. Then, {x,} converges strongly to p € T, where p = Prxy.

Remark 4.4.16.
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e The method of proof in this work is different from the method of proof used in
obtaining strong convergence for SVIPs.

e Similar to Remark 4.4.11, we obtain an inertial projection and contraction method
with adaptive step size, requiring only one projection onto the feasible set C per iter-
ation, for solving the classical VIP (1.2.4) when A is pseudomonotone and Lipschitz
continuous as a corollary.

e When the operators A and F are monotone and Lipschitz continuous, we do not
need them to satisfy Condition (c). This is because Condition (c¢) was only used
after (4.4.37) to get the conclusion of Lemma 4.4.8. But, from (4.4.37) and the
monotonicity of F', we obtain

1
0< <FTwnk,x — Twnk> + X<y”’“ — Twy,,r — ynk> + <FTwnk,Twnk — ynk>

1
< ((FTwn, — Fr, 5 = Twy, ) + (Fo,0 = Twn, ) + Tlyn, = Twn, |2 = g, |
HIETwn, ITwn, = Yo |

1
< <Fl‘,l‘ - Twnk> + XHynk - TwnkHHx - ynk” + ||FTwnk||||Twnk - ynk”’ Vo e Q?

Passing limit as k — oo, noting that {Tw,, } converges weakly to Tz and applying
(4.4.36), it follows from the last inequality that

(Fr,x —Tz) >0, VYxe Q.

Consequently, by Lemma 2.5.8 we have that Tz € VI(F, Q). Similarly, we obtain
that z € VI(A,C). Hence, we conclude that Lemma 4.4.8 holds.

e Theorem 4.4.10 and Theorem 4.4.15 are still true if the operators A and F' in finite
dimensional spaces are only required to be pseudomonotone and Lipschitz contin-
uous which is an improvement over the results in literature since no product space
formulation is required even with the relaxed pseudomonotonicity assumption.

4.4.3 Numerical experiments

In this section, using some test examples, we discuss the numerical behavior of our meth-
ods, Algorithm 4.4.2 and Algorithm 4.4.3, as well as compare them with the methods
of Tian and Jiang [213] (Algorithm (2.5.11)), Tian and Jiang [241] (Algorithm (2.5.13)),
Pham et. al [200] (see Appendix 4.3.16) and Ogwo et. al [192] (see Algorithm 4.3.3).

In our computations, we randomly choose xg,x1 € Hi, 11 = 1.8, 72 = 1.1, a; = 0.6,a5 =
0.4, \y = 0.85 and p; = 0.9. We choose «,, = 0, =0.29,0 =045 ¢, = (; UVp =

1
n+1’ n+1)2>

ﬁ in Algorithm 4.4.2 and Algorithm 4.4.3. Also, we choose ¢,, = n+r1, 0, = % — Op,

Ay = Qp, T = % and a = 3 in the method of Ogwo et al. [192, Algorithm 3.3]. Using
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MATLAB 2019(b) and the stopping criterion ||z, 11—2,|| < 1073, we plot the graphs of
errors against the number of iterations in each case. The numerical results are reported
in Figure 4.7, Figure 4.8, Table 4.4.1 and Table 4.4.2.

Example 4.4.17. Let H; = Hs = Ly([0, 27]) be equipped with inner product

2w
(@) = [ a(u(t)dt, ¥ oy € La(0.21)
0
and norm
27 %
lall = (| letoPar)", oy € La(0.27).
0
Then we define A : Lo([0,27]) — Lo([0, 27]) by
t
Ax)(t) = e_”x”/ x(s)ds, Yz € Ly(]0,27]), t € [0,2n].
0
From [250], we have that A is pseudomonotone and Lipschitz continuous but not monotone

on Ly([0,1]).

Let C = {x € Ly([0,27]) : (y, ) < v}, where y =t + €' and v = 1, then C is a nonempty
closed and convex subset of Ly([0,27]). We define the metric projection Pp as:

_ <y,93)7v .
Po(z) =47 WY if (y,z) > v,
s if <y,l‘> S V.

Also, let Q = {z € Ly([0,27]) : ||z — a||;, < d}, where a =t + 3 and d = 2, then Q is a
nonempty closed and convex subset of Lsy([0,27]). We define Py as:

Pol(z) = {x, if e,

T—a :
Wd + a, otherwise.

We define the operator F': Q — Ly([0, 27]) by
F(a)(t) = G@)M(@)(t), YzeQ, te 0,2,

where G : Q@ — R is defined by g(z) := m and M : Ly([0,27]) — Lo([0, 27]) is defined

by M(x)(t) := ftm(s)ds, V @ € Ly([0,2n]), € [0,27]. We have that G is 32-Lipschitz
continuous and ¢ < G(r) <1, V x € C (see [222]). Hence, from [222], we have that
F' is pseudomonotone and Lipschitz continuous but not monotone since M is a Volterra
intergral mapping which is bounded and linear monotone.

Let T': Lo([0, 27]) — L2([0, 27]) be defined by
Ta(s) = /QWIC(s,t)x(t)dt, vz € Ly([0, 27]),

where K is a continuous real-valued function on [0,27] x [0,27]. Then, T is a bounded
linear operator with adjoint

T*x(s) = /027T K(t,s)z(t)dt, ¥ x € Ly([0, 27]).
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In particular, we define KC(s,t) = e~ for all s,¢ € [0,2n]. For Algorithms (2.5.11) and
(2.5.13), we define the mapping S : Ly([0, 27]) — Lo([0, 27]) by

Sx(t) = /027r tx(s)ds, tel0,1].

Then, S is nonexpansive. For Algorithm (2.5.13), we define h : Ly([0,27]) — L»([0, 27])
by

hz(t) = /o ' %$(s)ds, z €0, 1].

Then, h is a contraction mapping.

We consider the following cases for the numerical experiments of this example.
Case 1: Take zo(t) =t + 2 and x41(t) = 0.7e7".

Case 2: Take x¢(t) = 2t + 1 and z,(t) = e~ .
Case 3: Take xo(t) =2t + 1 and z,(t) = e ".
Case 4: Take zo(t) = t* + 2t + 1 and x,(t) = e~ 3.

Table 4.4.1: Numerical results for Example 4.4.17

Alg. Alg. App. App. Alg. Alg.
(2.5.11) | (2.5.13) | 4.3.16 | 433 |442 |443
Case 1 No. of Iter. 2 13 19 6 4 4
CPU time | 0.3973 1.2733 3.4674 8.6063 | 6.1012 | 4.0227
(sec)
Case 2 No. of Iter. 2 12 19 6 4 4
CPU time | 0.3821 1.3016 3.3446 8.5436 | 4.9278 | 3.7949
(sec)
Case 3 No. of Iter. 2 12 19 6 4 4
CPU time | 0.4129 1.2087 3.5745 8.7931 | 8.9403 | 7.7985
(sec)
Case 4 No. of Iter. 2 13 19 6 4 4
CPU time | 0.3821 1.3016 3.6063 8.7372 | 11.3910 | 11.9466
(sec)

Example 4.4.18. Let H; = (L(R), ||.||) = Hz, where b(R) := {z = (21, z2,23,...), x; €

1
2

R: > |z)* < oo} and ||z]]), := (Z |:1c1|2) , Vo € L(R).
=1 i=1

Define the operators A, F' : L(R) — L(R) by A(xy,z9,23,...) = (3%16_36%,0, 0,...) and
F(z1,29,23,...) = (7x16_$§, 0,0,...) respectively. Then, A, F' are pseudo-monotone, Lip-
schitz continuous and sequentially weakly continuous but not monotone. Let T : h(R) —
b(R) be defined by Tz = (0, Ty, G, 5, ), for all x € (R). Then, T is a bounded linear
operator on {3(R) with adjoint T*y = (y2, %, %, ...) for all y € L(R).

Now, define C = Q = {z € L(R) : ||z — al|, < b}, where a = (1,4,5,---) and b= 3 for C
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_ (1 1 1
anda—(5,1,§,~

k(R). Thus,

-+), b=1for Q. Then C, Q are nonempty closed and convex subsets of

if ||l’—y||e2 < b?

otherwise.

:'U7
Pe(@) =9 amy 4

[lz—ylliy

Furthermore, we define the mappings S, h : L(R) — L(R) by Sz = —4(xy, 29, 23,...) and

hxr = (%, R ) for all x € L(R), and consider the following cases for the starting
point:

Case 1: Take zp = (3,75, 75, ---) and @y = (1,5, 1, +)

Case 2: Take xy = (%, 1%, 435, )and z; = (2,1, %’ ).

Case 3: Take 29 = (315, 5,---) and 21 = (5, 4,5, )

Case 4: Take zp = (—3,3, =2 ... )and 21 = (3,2, 5 - - ).

Table 4.4.2 Numerical results for Example 4.4.18

Alg. Alg. App. App. Alg. Alg.
(2.5.11) (2.5.13) 4.3.16 4.3.3 4.4.2 4.4.3
Case 1 | No. of Iter. 2 6 14 7 4 4
CPU time | 0.0350 1.1215 0.0438 0.0512 0.1102 0.00186
(sec)
Case 2 | No. of Iter. 2 8 14 7 4 4
CPU time | 0.0093 0.7225 0.0331 0.0393 0.1011 0.0104
(sec)
Case 3 | No. of Iter. 2 6 14 6 4 4
CPU time | 0.0150 0.7402 0.0332 0.0378 0.1037 0.0119
(sec)
Case 4 | No. of Iter. 2 8 14 7 4 4
CPU time | 0.0091 0.7182 0.0333 0.0347 0.1051 0.0169
(sec)

4.5 On a class of generalized variational inequality
problem

The purpose of this study is to propose an inertial extrapolation method for solving a cer-
tain class of VIP more general than the classical VIP in real Hilbert spaces. Our proposed
method is of viscosity-type and converges strongly to a solution of the aforementioned
problem when the underlying/cost operator is pseudo-monotone and uniformly continu-
ous; this makes our method to be potentially more applicable than most existing methods
in the literature. To support our results numerically, we considered some examples in both
finite and infinite dimensional Hilbert spaces and compared our results with other existing
results in the literature.
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4.5.1 Main results

In this section, we present and study the proposed method for solving Problem (1.2.6). We
begin with the following conditions: H; and Hs are two real Hilbert spaces, T : Hy — Ho
is a bounded linear operator, S : Hy — Hsy is a k-strictly pseudocontractive mapping
with k € [0,1), and g : H; — H; is a contraction mapping with constant p € (0,1).
Furthermore, we make the following assumptions:

Assumption 4.5.1. Suppose that the following conditions holds:

(1) a. The set C is a nonempty, closed and convezr subset of H;.

b. A : Hi — Hi is pseudo-monotone, uniformly continuous and sequentially
weakly continuous on bounded subsets of C.

c. The solution set T :={z € VI(C,A) : Tz € F(S)} is nonempty.

(2). {1}, and {€,}>2, are positive sequences satisfying the following conditions:

a. v € (0,1), lim v, =0, > 7, =o00.
n—00 n=1
b. lim & =0.

n—oo M

Algorithm 4.5.2.

Initialization: Choose sequences {7,}5°,{d,}22, and {e,}32, such that the condition
from Assumption 3.1(2) hold and let v,0 € (0,1),6 € [0,1) and x¢,z1 € H; be given
arbitrarily. Set n := 1.

Iterative Steps: Step 1. Given the iterates x,; and x,, (n > 1), choose 4, such that
0 <4, <9,, where

5 — { min{0, syt A e # e (4.5.1)

0, otherwise

Step 2. Set w,, := x,, + 6, (x, — z,—1) and compute
Up = Wy, — T, T (I — Sg)Twy, (4.5.2)

where S3 is as defined in Lemma 2.1.8.

Compute z, := Pe(u, — A(uy,)). If u, — z, = 0, then stop. Otherwise go to Step 3.
Step 3. Compute y,, = u, — ™" (u, — 2,), where m,, is the smallest nonnegative integer
satisfying

g
<A(yn)v Up — zn) Z §||un - Zn||2- (453)

Set n, =™,
Step 4. Compute

Tnt1 = Yng(Tn) + (1 — va) Fe, (un), (4.5.4)
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where C,, := {z € Hy : fu(x) <0} and
fa(®) := (Alyn), T — yn). (4.5.5)
Set n :=n+ 1 and go back to Step 1.

Remark 4.5.1. If {y,} is bounded, then f, is Lipschitz continuous. Indeed, if {y,} is
bounded, then there exists M > 0 such that ||A(y,)|| < M for all n > 1. Thus, for each
x,y € C, we obtain

||fn(x) - fn(y)H = ||<A(yn)7x - yn> - <A(yn)ay - yn>||

= [[(A(yn), = = 9}l
< [ AG)lllz =yl
< Mllz —yl.

Therefore, f, is Lipschitz continuous.

Lemma 4.5.2. Suppose that Assumption 4.5.1 holds. Then, the linesearch (4.5.3) is well
defined.

Proof. Suppose u,, = z,, then the method terminates at the solution of the GVIP (1.2.6).
Let u, # z,, we prove by contradiction by assuming that the contrast of (4.5.3) holds,
that is, for every nonnegative integer n

g
(Alw) s = 22) < G = 7,

where y, = u, — N, (un — 2,). Since y, — u, as n — oo and A is continuous, it follows
from taking the limits as n — oo that

(A(n), tn — 2n) < %Hun — 2|2 (4.5.6)
Since z, = Pe(u, — A(uy)), we have
(Up — A(up) — zn,u— 2z,) <0, VueC.
Choose u = u,, then, we have
ltn — 2a]|? < (A(n), Un — 25). (4.5.7)
Combining (4.5.6) and (4.5.7), we obtain

g
Hun - Zn||2 < §||un - Zn||2

which contradicts the fact that w, # z,. Thus, the linesearch (4.5.3) is well defined. [

Lemma 4.5.3. Let {z,} be a sequence generated by Algorithm 4.5.2 such that Assumption
4.5.1 hold, then we have that {x,} is bounded.

213



Proof. Let x* € T, then from Lemma 2.1.10 (i),(ii), Lemma 2.1.8 and Lemma 2.1.9,
we obtain that [ — 7,7*(I — Sp)T is 7,,||T||*-average. That is, I — 7,T*(I — S)T =
(1 = B,)I + BuSn, Vn > 1, where 3, = 7,||T||* and S, is nonexpansive for all n > 1.
Clearly, 8, € (0,1). Therefore, we can rewrite u,, from (4.5.2) as

Hence, for any «* € I', we obtain that

||Un—$*||2 (1_Bn)||wn_x*“2+ﬁn”s wn_z*”Q 6n(1_5n>||wn_snwn”2
<W%—%W? (4.5.9)

Thus, from (4.5.4) and (4.5.9), we obtain that

1 =)o, (un) — 27|

[Znp1 — 2% < llg(@n) — 27| + )
'Yn)”un - :U*H
)

(
< Yallglazn) — 2% +
< Mllg(@n) — 2| + (L = ) wn — 27
< Yallg(@n) — 2% + (L =) (lzn — 27| + 6nllzn — 2nl])
< (@ =)l — 2% + mpllen — 27| + mllg(z”) — 27 (4.5.10)
+ (1 = 9)0nllzn — zp
< (A =yl =p)llwn — 27 + Allg(a”) — 27 + dullzn — znall.

/\A/\/-\

Now observe from (4.5.1) that
5onn - SCn,1” S €n vn Z 1;

which implies that

O
Nz — Tp| < — — 0, as n — oo. (4.5.11)

n n

Hence, there exists M > 0 such that

n

1)
_onn — || <M, VYn>1.
~

Therefore, (4.5.10) becomes

[eni = 2| < (1= (1 = p)llzn — 27| + ymlllg(e”) — 27| + M)
i lg(z") — 2| + M}
Y 1 o p

< max { ||z, —

) 1 _ p *
Therefore, {z,} is bounded. O

< max {|lz; —z
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Lemma 4.5.4. Let {x,} be a sequence generated by Algorithm 4.5.2 such that Assumption
4.5.1 holds. If lim || Pe, (u,) — uy|| = 0, then
n—oo

. . i 2:
(i) nh_{{.lonnuun Znl| 0.

(i) lim ||u, — z,|| = 0.
n—oo

Proof. Let z* € I'. Since A is uniformly continuous on bounded subsets of H;, then

{A(zn)}, {A(yn) },{w,} and {u,} are bounded. Also, using (4.5.3) we have
fn(un) = (A(yn), tn = yn)
= N {AWYn), Un — 2n) > nngl\un — 2% (4.5.12)
Thus, applying Lemma 2.5.16 and Remark 4.5.1, we obtain
1Pe, (wn) = 2[1* < llun — 2*||* = || Pe, (un) — un?

— i — 2|7 — dlist? (tn, Cn)
1 2
S ¢ 1)

< un — 2| - (mannHun — anz) : (4.5.13)

Since {x,} is bounded, we obtain from (4.5.13), (4.5.9) and (4.5.4) that

1 2
(ga7omllin = 201?) < lluw = "1 = lewes =7+ llte) = |

< Jun — In+1||2 + |1 — x*Hz + 2||un = Tna [l Tnr — 27|

~N#ns1 = 2° + mllg(wn) — 27|

= ||up — xn-&-l”Q + 2l|un = Toga [l Tnr — 2| + Yallg(zn) — x*HQ

= [lun = Zopa |l (lun = Zogal + 20|20 — 2] + llg(an) — 2"

< (llun = Pe,unll + [ Pe,un = @i |)) My + nllg(2n) — 2|

< lun — Pe,un|| My + yMil|g(zn) — Pe,unll + yullg(@n) — x*HQ’
(4.5.14)

where M := sup{||u, — Zni1|| + 2||Tns1 — 2*||}. Hence lim n,||u, — 2,||* = 0.
n>1 n—oo

We now show that lim |ju, — 2, = 0.
n—oo
From Algorithm 4.5.2; we obtain that liminf n, > 0.

n—oo

Case 1: Suppose that liminfn, > 0. Then, we obtain that
n—oo

1
lim sup [|u,, — z,||* < limsup (7, [|un, — 2,[%) (limsup —)

n—00 n—00 n—oo Tn
. , 1
< { Hmsup naflun = zall” ) | s
n—oo 1m Int 7,
n—oo
=0.
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Hence, lim sup ||u,, — z,|| = 0, which implies that
n—oo

lim ||u, — z,|| = 0.
n—oo

Case 2: Suppose that liminf ,, = 0. Without loss of generality, we may assume that there
n—oo
exists a subsequence of {n,} still denoted by {n,} such that lim 7, = 0 and lim ||u, —
n—oo n—oo

Zo|l =t > 0.

Setting v,, = u, + %nn(zn — uy,), we obtain that

lim (v, —u,| = 0. (4.5.15)

n—o0

Also, by the definition of v,, and (4.5.3), we obtain
o 2

(A(vn), un — 25) < §Hun — 2|7,

which implies that
2({A(vn) — A(un), tn — 2n) + 2(A(Un), Up — 2,) < Olltin — 2,]]*, Yn>1. (4.5.16)
Set sy, == u, — A(uy), then (4.5.16) becomes
2({A(vn) — AUn), Un — 2n) + 2{Up — Sy Up — 2n) < T|[Un — 20|)?,

which implies

s = wall® = llsn = 2all* < (0 = Dl — 2al|* (4.5.17)
— 2(A(vy) — A(up), tp — 2n), Vn > 1.

Since A is uniformly continuous on bounded subsets of H;, if ¢ > 0 then we obtain from
(4.5.15) and (4.5.17) that

limsup (|[sn, — wnl|* = [[sn — 2a|?) < (0 = 1)t < 0.

n—o0

For ¢ = #t > (, there exists N € N such that

0 = nll* = lIsn — 2ul|* < (0 = 1)t +¢ =

— 1)t
(02 ) <0 VneN, n>N.

Thus, we obtain that
Isn — unll <|lsn — 2|l Vn > 1.

That is, |[(u, — A(un)) — un|| < ||(un — A(uy)) — Pe(u, — A(uy,))|| which is a contradiction.
Therefore, t = 0. Hence, lim |lu, — 2,|| = 0. O
n—oo

Lemma 4.5.5. Let {z,} be a sequence generated by Algorithm 4.5.2 such that Assumption

4.5.1 holds. If there exists a subsequence {x,, } of {x,} which converges weakly to a point

z € Hy and klim | tn,, — wn, || =0 = klim | Pe,, (Un,) — tn,ll, for some subsequences {up, }
— 00 — 00

and {wy, } of {u,} and {w,} respectively. Then, z € I,
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Proof. By Step 2 and (4.5.11), we obtain that

On
lim ||w, — x| = lim 6,||z, — zp—1|| = lim ~, - —||@p, — 1] = 0. (4.5.18)

Now, let {z,,} be a subsequence of {z,} that converges weakly to some z € H;. Thus,
{wy, } also converges weakly to z € H;. Hence, by our hypothesis, there exists a subse-
quence {u,, } of {u,} that converges weakly to z € H;. We may also assume without loss

of generality that, the subsequence {7, } of {7,} converges to a point say 7 € (0, ﬁ) :

Also, by Lemma 2.1.9, T*(I — S3)A is an inverse strongly monotone operator. Therefore,
{T*(I — Sg)Tw,,} is bounded. Hence, we obtain that

(I = 70, T*(I = Sp)T)wn, — (I =TT*(I = Sp)T)wn, || = [T, = TI|T*(L — Sp)Twy, ||
— 0, as k— oc.

That is,
klim tn, — (L —=TT*(1 — Sg)T)wy, || =0
— 00

which implies from our hypothesis that

lim ||w,, — (I =7T*(I — Sg)T)w,, || = 0. (4.5.19)

k—o0

Thus, by Lemma 2.5.17, we obtain that z € F(I —7T*(I — Sg)T), which together with
Lemma 2.1.8 implies that

Tz € F(S5) = F(S). (4.5.20)

Now, from the characteristics property of metric projection Fe, we obtain for all x € C
that
<unk - A(U’nk) — Zngy L an> <0, YV € C,

which implies that

| /\

< — Up;, + A(unk)>x B an)
< = Uny, T an> + <A(unk)’ Uny, — an> + <A<unk)7 T — unk>

Hznk Ung|[[& = 2z | + [[ACun )iy, = 20 | + (Aluny ), & = ). (4.5.21)
Fix z € C and let k — oo, since klirn |tn, — 2n, || = 0 (by Lemma 4.5.4), we have from
—00

(4.5.21) that

0 < liminf(A(up, ),z —u,,) Yz eC. (4.5.22)

k—oo

Now, choose a sequence {0} of positive numbers such that d;,1 < 9y, V k> 1 and o —
0 as k — oo. Then, for each dj, we denote by N (which exists as a result of (4.5.22))
the smallest positive integer such that

(AUp;, & — Up;) + 6, >0 Vj > Np. (4.5.23)
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Since {0y} is decreasing, we have that {N.} is increasing. Furthermore, we set for each
k>1 my, = HAu ”2, provided Auy, # 0. Then it is easy to see that (Auy,,my,) =
1 for each k> 1. Thus by (4.5.23), we have that

(Aun,, T + dpmy, — un,) >0,
which implies by the pseudo-monotonicity of A that

Now, by the sequentially weakly continuity of A, we have that {Au,, } converges weakly
to Az. If Az =0, then z € VI(C, A). On the other hand, if we suppose that Az # 0, then
by the weakly lower semicontinuity of || - ||, we obtain that

0 < ||Az|| < liminf [|Auy,, ||.
k—o0

Since {un, } C {un,}, we obtain that

0
0 < limsup ||opmy, || = llmsup ( i )
k—o0 ||A mc”

lim sup oy
k—o0

~ liminf || Au,, ||
k—o0

Therefore, klim |0kmun, || = 0. Thus, letting £ — oo in (4.5.24) yields
— 00

(Az,z —2) >0 Vx €C, (4.5.25)
which implies by Lemma 2.5.2 that z € VI(C, A). This together with (4.5.20) gives that
zel. [

We give our main result in the next theorem.

Theorem 4.5.6. Let Assumption 4.5.1 hold. Then the sequence {x,} generated by Algo-
rithm 4.5.2 converges strongly to z* := Prg(z*).

Proof. Let z* = Prg(z*), then from (4.5.9) and Lemma 2.1.1, we obtain
= 27[1* < flewn — 27|
= ||z, — 2* + on(z, — 2p1)]?
= ||2n — 2| 4 260 (20 — Tp_1, Tn — 2%) + Ol — 201
= ”xn - Z*||2 + 0n (_Hxn—l - Z*||2 + Hmn - Z*H2 + Hxn - xn—IHQ)
+ nllTn — 20 a])?
= ||zn — 2*[]? + 0n (|20 — 271> = lzne1 — 2°[17) + 200|220 — 2 ||®. (4.5.26)
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By (4.5.4), (4.5.26) and Lemma 2.1.1, we obtain that

i1 — 212 = [Png(wm) — %) + (1= 70) (P () — 272
< (1= ) n — 212 = (1 = 70| Pey (1) —
+ 2'771(9("”?%) -2, Tpy1 — Z*>
= (1= ) — 2712 = (1 = )| Pey (1) — (45.27)
601 = ) (Jn = 212 = s — #°[)
26,1 = ) [ — Tar | + 239 (2n) — 2 s — 27,
< (1 - 'Vn)Hxn - Z*H2 + Vn [2<g(l‘n) -2, Tny1 — Z*>]
T, %u—wwm%f¢w%4uwy—fW+2mn—%AW]

n

= (1 =)@ — 21> + Ybn (4.5.28)

where 0, := 2(g(an) =2, Tn1 =2 )+ 22 (1=7) [l — 2> = 201 — 271 + |20 — 203 [1?].
To show that {x,} converges to z*, we shall apply Lemma 2.5.36. That is, we show that

lim sup v, < 0 for every subsequence {||z,, — z*||} of {||x, — 2*||} satisfying the condition
k—o0

ligninf(”a:nﬂ — 2% = ||zn, — 2%|) > 0. (4.5.29)
—00

Now, suppose that {||z,, —2*||} is a subsequence of {||z, — z*||} such that (4.5.29) holds.
Then,

liminf (g1 — I = |, — 1)
k—o00
= liminf [([[zp, 11 = 27 = [Jan, = 27|) (l2ne0 = 27+ [ln, —27]))]
—00

> 0. (4.5.30)

On the other hand, we obtain from (4.5.27) that

(1 = v Peny iy, = wnyI” < Nlwn, = 2l = 21 — 27|
+ 5nk(1 - 7nk) |:||I7’Lk - Z*||2 - ||'Z‘nk_1 - Z*HQ}
+ 26”]9H$nk - xnk71H2 + 29, <g(xnk> — 2, Tyl — Z")
= ||2n, — 2*[| = [l#ner — 212
+ 5nk(1 - Vnk) [(Hxnk - xnk—lu + ngnk—l - Z*H)Z}
- 5%(1 - 'Vnk) [||5Unk—1 - Z*HQ]
+ 200, 170, — Tt I+ 29, (9(70,) — 2%, Ty i1 — 27)
<, = 2*[ = llwngeer = 2712
+ 0 [llony, = a1 [I” + 2llwn, = @agllll@n—1 — 27]
+ 20, ||Tn, — $nk_1||2 + 27, (g(Tn, ) — 2%, Ty — 27)
—0 as k — oo.
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From (4.5.30) and Assumption 3.1, we have

1 50D (1 = )| Py o, — o | < T 51p [0, — 2°]| = 1 — 2°|]
k—o0 k—o0

) [ )

+ limsup |7y, - Lk [Hxnk — xnk1||2]}
k—oo [ Ty
. [ 0 x

sy [y, - 2 (2, [les = =7
k—oo [ Yy,
. [ )

+ limsup |27, « —= ||z, — xnk_lﬂz]
n—oo | ng

+ lim sup [27p, (9(@n,) — 2%, Tny1 — 27)]
n—oo

= —timint [, 1 — 22—z, — 2]

< 0.

Hence,

lim [|Fe,, tn,, — tn,|| = 0. (4.5.31)

k—o0

From (4.5.9) and (4.5.26), we obtain that

B (1= Bu) 0, = Sty || < vy = 271> = [fum, = =*|
< ln, = 21> = lltm, = =1
+ Oyl = 2> = lan,—1 = 2*1)

+ 200, |70, — Ty || (4.5.32)
Again from (4.5.27), we obtain
= 21 < =llwn1 = 21 + 290, (9(@n,) — 2" Tnr — 27),
which implies from (4.5.32) that
B (1 = B 1wy, = Sty | < Ny, = 2°[° = zpn — 2°1?

+ 27711@ <g(l‘nk> - Z*7xnk+1 - Z*>

+ 67% (Hxnk - Z*||2 - ||xnk—1 - Z*HQ) + 26nk||xnk - xnk—IH'

(4.5.33)
By taking the limsup as k — oo in (4.5.33), we obtain that
lim sup By, (1 — By, )||wn,, — Snywn, || = 0.
k—o0
Hence,
kh—>r£10 mec - SnkwnkH =0.

This implies that

klim |wn, — tn, || = Bn,, Um ||wy,, — S, wn, || = 0. (4.5.34)

—00 n—oo
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By similar method as in (4.5.18), we obtain

kh_)rgo |wn, — @, || = 0. (4.5.35)
From (4.5.4), we obtain that
lim |z, 11 — Pe,, (uq,)[| = 0. (4.5.36)
k—o0

Using (4.5.36), (4.5.31), (4.5.34) and (4.5.35), we obtain that

kh_)rgo |Tn, 41 — Zn, || = O. (4.5.37)
Since {x,, } is bounded, we take a subsequence {xnkj} of {z,, } such that {xnkj} converges
weakly to z € H; and

limsup(g(z*) — 2*, &, — 2%) = lUm (g(2*) — 2", z,, — 2")
k—o0 J—roo J

=(g(z") — 2",z — 2").

Also, we obtain from (4.5.31), (4.5.34) and Lemma 4.5.5 that z € I'. Since 2* = Prg(z*),
we obtain from the previous equality that

limsup(g(z*) — 2", z,, — 2*) <0, (4.5.38)

k—o0

which implies by (4.5.37) that

limsup(g(z*) — 2%, xp, 41 — 27) < 0. (4.5.39)

k—00

Thus, limsup v, < 0. Hence from Lemma 2.5.36, we obtain that {z,} converges strongly
k—o0

to z*. ]

Remark 4.5.7. Observe that by setting H; = Hy = H, S = I and T = Iy (the iden-
tity operator on ) in Theorem 4.5.6, we obtain as a corollary, an inertial extrapolation
method for solving the classical VIP (1.2.1) when the cost operator is pseudo-monotone
and Lipschitz continuous.

4.5.2 Numerical experiments

We give in this section, some numerical examples of Algorithm 4.5.2 in comparison with
Algorithm 4.5.11 and related methods in the literature (Algorithm (4.5.41), Algorithm
(4.5.42) and Algorithm (4.5.43)) for solving the class of split VIP (Problem (1.2.6)) con-
sidered in this work. All codes are written in Matlab 2016 (b) and performed on a personal
computer with an Intel(R) Core(TM) i5-2600 CPU at 2.30GHz and 8.00 Gb-RAM. In Ta-
bles 4.5.1-4.5.3, “Iter.” means the number of iterations while “CPU” means the CPU time
in seconds. In our computations, we choose v = %1 =0, YV = ﬁ, 8 = O,y €n = et

and 0 = 0.3. Also, we define g(z) = 2 and S()

> —4x. Then, g is a contraction with

221



coefficient p = % and S is %—strictly pseudocontractive. Thus, we can choose g = %, SO
that Sz(x) = —=x.

Furthermore, we define TOL,, := 1 (||z, — Po(z, — Mx,)||> + ||Sz, — ST2,]|?), and use
the stopping criterion TOL,, < € for the iterative processes, where ¢ is the predetermined

error. Note that if TOL,, = 0, then z,, is a solution of problem (1.2.6).

Example 4.5.8. Let H; = RY and H, = R™. Define A : RY — RY by A(x) =
Mz + q, where the matrix M is formed as: M = VY V' with V =T — 2vo” - and

Tl
> = diag(o11,012, -+ ,01n) been the Householder and the diagonal matrix, respectively,
and

s ~ N
NJL +1+COSN_H+1(;C(1COSNHH)7 j=1,2-- N,

015 = COS

where C is the present condition number of M ([121, Example 5.2]). In the numerical com-
putation, we choose C' = 10%, ¢ = 0 and uniformly take the vector v € RY in (—1,1). Thus,
A is pseudo-monotone and uniformly continuous (see [121]). Furthermore, we generate the
bounded linear operator 7' € R™*¥ with independent Gaussian components distributed
in the interval (0,1), and then normalize each column of 7" with the unit norm. We set
C = {x € RY : ||z|| < 1}. The projection onto C is effectively computed in Matlab. We
consider different scenarios of the problem’s dimensions. That is, N = 100, 300, 500, 1000
and m = N/2, with starting points x; = (1,1,...,1) and xy = (0,0,...,0). For this
example, we take ¢ = 107% as the stopping criterion and obtain the numerical results
reported in Table 4.5.1 and Figure 4.9.

Table 4.5.1. Numerical results for Example 4.5.8 with ¢ = 107,

(N, m) Algorithm | Algorithm | Algorithm | Algorithm | Algorithm
452 45.11 (4.5.41) | (4.542) | (4.5.43)
(100,50) | CPU | 0.0545 0.1525 0.1435 0.1708 0.1762
Iter. | 412 785 633 1465 979
CPU | 0.0368 0.1510 0.1285 0.1523 0.1619
(300, 150) Iter. | 277 635 448 1465 865
CPU | 0.0314 0.1365 0.1280 0.1498 0.1505
(500, 250) Iter. | 283 823 501 1465 838
CPU | 0.0569 0.1414 0.1345 0.1747 0.1704
(1000,500) | Iter. | 473 795 578 1465 790

Example 4.5.9. Let Hy = (L(R), ||.||,) = Hz, where b(R) := {z = (21,22, 23,...), ; €

00 00 2

R : > |z* < oo} and ||z||, = (Z |x1|2) , Vx € b(R). Now, define the operator
i=1 =1

T: L(R) — L(R) by Tx = (0,331, 2,5 ) , Vo € [(R). Then, T is a bounded linear

operator on h(R) with adjoint T*y = (yQ, B ) , Yy € L(R).
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Figure 4.9: The behavior of TOL, with e = 107 for Example 4.5.8: Top Left: (N,m) =
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Let C = {x € L(R) : || < %, i =1,2,3,...}. Then, we have explicit formula for Pp.
Now, define the operator A : L(R) — L(R) by

1
Az — (||a:|\+—) o
l+a

for some a > 0. Then, A is pseudomonotone on h(R), uniformly continuous and sequen-
tially weakly continuous on C but not Lipschitz continuous (see [215]). For this example,
we take ¢ = 107% as the stopping criterion and choose the starting points as follows:
Case 1: Take 71 = (1,2, % ---) and 29 = (3,1, %,--+).

127307 2: 5107
Case 2: Take 21 = (3,4, %,---) and 2o = (1, 3,3, -*)
Case 3: Take 21 = (1,1,5,---) and zp = (3, 1,3, *)
Case 4: Take x1 = (3,4, 5,---) and 2o = (1, 5,5, ).
The numerical results reported in Table 4.5.2 and Figure 4.10.

Table 4.5.2. Numerical results for Example 4.5.9 with ¢ = 1075.

Cases Algorithm | Algorithm | Algorithm | Algorithm | Algorithm
45.2 45.11 (4.541) | (4.542) | (4.5.43)

1 CPU | 0.0136 0.1101 0.1110 0.1229 0.1334
Iter. | 37 44 58 145 118

2 CPU | 0.0146 0.1103 0.1100 0.1238 0.1314
Iter. | 40 o7 60 199 123

3 CPU | 0.0190 0.1127 0.1212 0.1185 0.1283
Iter. | 38 50 58 148 118

4 CPU | 0.0136 0.1183 0.1183 0.1253 0.1435
Iter. | 34 65 53 89 107

Example 4.5.10. Let Hy = Hay = Lo([0, 27]) be endowed with inner product

and norm

(e,y) = / " a(Oy()dt ¥ 2,y € Ly((0,27])

lz|| = (/:ﬂ |gc(zs)\2dt)é Y 2,y € La([0, 27]).

Let C = {z € Ly([0,27]) : ||z —el||r, < b}, where e = 2 4+ sin2t and b = 1. Then, the
metric projection P is defined as:

Pe(x) = {3’

llz—ellL,

if zeC,

b+ e, otherwise.

Now, define the operator A : Ly([0,27]) — Lo([0, 27]) by
Ax(t) = L(x)D(x)(t), € Ly([0,27]), t € [0, 27],
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where L(z) :=

Then A is pseudo-monotone on Ly ([0, 27]). Let T : Ly([0, 27]) — Lo([0, 27]) be defined by

where K is a continuous real-valued function defined on [0,27] x [0,27]. Then T is a

1
14[[«ll7,
bounded and linear, see |

Dx(t) = /Otx(s)ds, x € Lo([0,27]), t € [0, 27].

Tx(s) = /027r K(s,t)x(t)dt Yx € Ly(|0, 27]),

bounded linear operator with adjoint

We take ¢ = 10719 as the stopping criterion and choose the starting points as follows:
Case 1: Take z1(t) = 1+ ¢* and z¢(t) =t + 5.

T*x(s) /027T K(t,s)x(t)dt Yz € Ly(]0, 27]).

Case 2: Take z1(t) = 2t +t* and zo(t) = ¢ + 1.
Case 3: Take z1(t) = 0.7e7" + 1 and zo(t) = t + t*.

Case 4: Take z1(t) = sin(t) + 1 and zo(t) = €'
The numerical results shown in Table 4.5.3 and Figure 4.11.

and D is the Volterra integral mapping (which is monotone,
|), defined by

Table 4.5.3. Numerical results for Example 4.5.10 with ¢ = 10719,

Cases Algorithm | Algorithm | Algorithm | Algorithm | Algorithm
45.2 45.11 (4.541) | (4.5.42) | (4.5.43)

1 CPU | 5.2616 12.2498 12.6245 13.4485 150.5827
Iter. | 56 95 76 68 158

2 CPU | 5.8211 8.9063 8.5748 9.4896 124.5990
Iter. | 53 93 73 65 151

3 CPU | 5.1099 11.1716 11.8042 14.2559 173.8901
Iter. | 55 95 76 68 157

4 CPU | 6.5188 24.9020 29.0189 46.8546 167.9730
Iter. | 55 67 102 89 157

Appendix 4.5.11. The Algorithm of [2/9]

Initialization: Given v > 0,1 € (0,1),pu € (0,1). Let zg € H be arbitrary.

Iterative Steps: Calculate x,11 as follows:

Stepl. Compute

Yn = PC(xn - AnAxn)a

where N, is chosen to be the largest X € {y,~l,~I%,---} satisfying

Al Az = Aynll < pllzn = yal-
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If x,, = yn, then stop and x,, is the solution of VIP. Otherwise,
Step 2: Compute

Tny1 = ng(Tn) + (1 — an)zn,
where z, = Yn — M(Ay, — Axy,) and g is a contraction mapping on H.
Appendix 4.5.12. The Algorithm in [2]5].
Let xy € C, define the sequences {x,}, {yn} and {t,} by

Yn = Pe(xy, — 7, T*(1 — S)Tx,),
tn = Pe(yn — MiA(yn)), (4.5.41)
Tpt+1 = PC(yn - )\nA( n))7 n Z 1a

1 1
where {7,} C [a,b] for somea,b € <O, ||T||2) and {\,} C [¢,d] for somec,d € (O, 7 S

Ho — Hs is a nonexpansive mapping, and A : C — Hq is a monotone and L-Lipschitz
continuous operator.

Appendix 4.5.13. The Algorithm in Tian and Jiang [2]/].
Let z1 € C, define the sequences {x,}, {yn}, {w,} and {t,} by

Yn = Pe(xy, — 7,171 — S)Tx,,),

tn = PC(Z/n - )‘nA(yn)>v

Wy = PC(yn - )\nA<tn))7

Tt = ang(zy) + (1 — a)wy,, n>1,

(4.5.42)

where {ay,} C (0,1) with im o, = 0 and > >~ a, =00, {7,} C [a,b] for some a,b €
n—oo

1 1
(O, W) and {\,} C [e,d] for some c¢,d € (0, E) , S Hy — Ha is a nonexpansive

mapping, A : C — Hi is a monotone and L-Lipschitz continuous operator and g is a
contraction on C.

Appendix 4.5.14. The Algorithm in Chidume and Nnakwe [70].
For 1y =x € Hy,Cy = Hy and Wy = H,, define the sequence {x,} by

(

y;:PCi<:pn—TT*(]—Si)Txn>,i: 1,---,N
uhy = Pe, (g = MA) )i = 1o N

i :Pci<y;—)\nAi(u;)>,i: 1,--- N
Ci={zeH 1t~ 2| < llo - 2II}

W, = {zEH:(z—xn,x—xn> §0}

(Tnt1 = Pe, N Wy, Vn > 1,

(4.5.43)
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where C, = NN,C! T € (0, W), An € (O, %),Ci,i =1,---, N are nonempty closed and
convex subsets of Hy such that C = miN:lCi #0, T :Hy — Hs is a bounded linear operator
such that T # 0 and T* is the adjoint of T. A; : C; — Hq,i = 1,--- | N is a finite family
of monotone and L-Lipschitz mappings and S; : Ho — Ho, i =1,--- | N is a finite family
of nonexpansive mappings.
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CHAPTER b

Results on Split Equalities Variational Inclusion and Split
Equilibrium Problems

5.1 Introduction

In this chapter, we propose an inertial Tseng’s extragradient algorithm for approximating
a common solution of split equalities of VIP, EP and FPP of nonexpansive semigroups
mapping. Furthermore, we propose and study an iterative algorithm for approximating
the common solution of V,IP and SEP in the framework of real Hilbert spaces and apply
our result to study certain optimization problems. Finally, we present some numerical
examples of our proposed methods in comparison with other methods in the literature to
show the applicability of our proposed methods.

5.2 On split equalities of some nonlinear optimization
problems

In this work, we introduce a new inertial Tseng’s extragradient method with self-adaptive
step sizes for approximating a common solution of split equalities of equilibrium problem
(EP), non-Lipschitz pseudomonotone variational inequality problem (VIP) and fixed point
problem (FPP) of nonexpansive semigroups in real Hilbert spaces. We prove that the
sequence generated by our proposed method converges strongly to a common solution
of the EP, pseudomonotone VIP and FPP of nonexpansive semigroups mapping without
any linesearch procedure nor the sequential weak continuity condition often assumed by
authors when solving non-Lipschitz VIPs. Finally, we provide some numerical experiments
for the proposed method in comparison with related method in the literature. Our result
improves, extends and generalizes several of the existing results in this direction.
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The following assumptions are required in solving equilibrium problems.

Assumption 5.2.1. [/9] Let F : C x C — R be a bifunction satisfying the following
assumptions:

1) F(x,x) =0, V z€C;
2) F is monotone, i.e., F(x,y) + F(y,z) <0, VzeC;

3) for each x,y,z € C, limsup F(tz + (1 —t)x,y) < F(x,y);

t—0

4) for each x € C, y — F(x,y) is convex and lower semi continuous.

Lemma 5.2.1. [§7] Let F : C x C — R be a bifunction satisfying Assumption 5.2.1. For
any r > 0 and x € H, define a mapping T : H — C as follows

1
TrF(x):{zEC:F(z,y)+;<y—z,z—x> >0, VyEC}.
Then, we have the following

(1) TF is nonempty and single valued;

(2) TF is firmly nonexpansive, that is
equivalently

1T e = Tyl < lle —yl* = (1 =Tz = (I =T )yll*, ¥,y €H;

(3) F(TY) = EP(F) is closed and convez.

5.2.1 Proposed method

In this section, we present our proposed method and discuss its features. We begin with
the following assumptions under which our strong convergence result is obtained.

Assumption 5.2.2. Suppose that the following conditions hold:

(a) The feasible sets C and Q are nonempty, closed and convex subsets of the real Hilbert
spaces Hi and Ho, respectively.

(b) A:Hy — Hy and B : Hy — Ho are pseudomonotone and uniformly continuous.
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(¢) The mapping A : Hi — Hi1 and B : Hy — Hy satisfies the following property:
whenever {x,} C C, x, — z*, one has |Az*|| < liminf |Az,|| and whenever
n—oo

{z,} € Q, =z, — % one has |Bzx*|| < liminf ||Bz,||, respectively.
n—oo

(d) Fi:Hi— Hsz and Fy : Ha — Hsz are bounded linear operators.

(e) D1:CxC =R, &y: Q x Q — R are bifunctions satisfying Assumption (5.2.1) and
D, is upper semi continuous in the first argument.

(f) To = {T1(s) : 0 < s < oo} and Ty, = {Tx(u) : 0 < u < oo} are one-parameter
nonexpansive semigroups on Hi and Hso, respectively.

(g) The solution set T = {x € EP(®)NVIC, ANF(T), ye EP®,)NVI(Q, B)N
F(T): Fiz= fzy} #0.

(h) {an} C (0,1), Z Q= lim o, =0, 0< hmlnfﬁn <limsupfg, <1, 0<
n—00 n—00

liminf v, < hm sup Y < 1.

n—oo n—oo

(i) Let {e,} and {C.} be positive sequences such that lim <= = 0 and lim & — ),

n—oo dn n—oo 4n
respectively.

(j) Let{o,} and {p,} be a nonnegative sequences such that Z on < F00 and Z o, <

n=1 n=1

+o00, respectively, {tn1}, {tn2} C (0,+00),liminfr,; > 0,liminfr,s > 0

Algorithm 5.2.3.

Step 0: Choose sequences {5, }5° 1, {71221, {0,}22, and {7, }52 , such that the conditions

from Assumption 5.2.2 (h)-(i) hold. Select initial point (zg,y0) € Hi X Hao, let n > 0,
€(0,1),:=1,2, A\; >0,p; >0,0 >0, 7 >0 and set n := 1.

Step 1: Given the iterates z, 1,y,_1 and z,,y, for each n > 1, choose 6, such that

0<8, <86, and 7, such that 0 < 7,, < 7,, where

G {min {0 ) o # o (5.2.1)

n
0, otherwise.

Step 2: Compute
w, = (1 —ay) <:13n + 0, (z, — a:n_l)).

Step 3: Compute
Zp = Wy — nn]:f(]:lwn - ]:2@71)7
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Up = Up — )\n(Aun - A¢n)7

1 tn,l
Tpi1 = (1 — Bn)vn + Bn—/ Ti(s)v, ds
0

tn,l

and

1 a1||un—¢n .
An+1 _ {mln{m7 >\n+0-n}, lf Aun?éAQﬁn

An + Op, otherwise.

Step 4: Compute

Ty 1= {mln {T’ lyn—yn—1ll } ) if Yn 7& Yn—1

T, otherwise.

Step 5 Compute
Pn = (1 - an) (yn + Tn(yn - yn—l))a
kn = ©n + nn'/—_;(flwn - }—29071),
Step 6: Compute
wn = UEZan;
Sp = PQ(wn - pann);
by, = $p — pu(Bs, — By,),

tn,2

1
Ynt1 = (1 —vn)bn + Yo To(u)by, du
n,2 J0

and
_ Jin {aleasil b it B, £ B,
Pnt+1 = .
Pn + ln, otherwise,

where the step size 7, is chosen such that for small enough € > 0,

2||-7:1wn - }—290n||2

T]TL S |:€7 * *
”]:2 (Frwy, — ]:29071)”2 + H]:l (]:lwn - ]:29‘%)”2

if Fiw,, # Fop,; otherwise, n, = n.
Set n:=n+ 1 and go back to Step 1.

(5.2.2)

(5.2.3)

(5.2.4)

— € ,

Remark 5.2.2. The step sizes generated in (5.2.2) and (5.2.4) are allowed to increase per
iteration. This reduces their dependence on the initial step sizes. When n is large enough
the step size may not increase. We assume that the Algorithm 5.2.3 does not terminate

in finite number of iterations.
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Remark 5.2.3. By conditions (h) and (i), from (5.2.1) we observe that
lim 6,||z, — r,_1]| =0 and lim —||z, —z,4|| = 0. (5.2.5)
n—oo n—oo n

Similarly, from (5.2.3) we have

. . Tn
lim 7,||yn — Yn-1|| =0 and lim —||y, — yn_1|| = 0. (5.2.6)
n—oo n—oo (¥

n

Remark 5.2.4. Since the limit
Anai
A1

lim (1 _

n—0o0

) —1-a2>0, (5.2.7)

2,2
there exists ny, > 0 such that for all n > n,, we have (1 — i‘;‘“) > 0.
n+1

Similarly, we have that

2 2
lim (1 . pgaz) —1-a>0, (5.2.8)
n—00 anrl

and there exists ng, > 0 such that for all n > ny,, we have (1 — Zé—ag) > 0.
n+1

Now, we set ng = max{ng,, no, }
Remark 5.2.5. From the definition of 7,, that is,

2||~F1wn - FQ(;OnHQ . €:|
|75 (Frwn — Faon)||? + (| F7 (Frwn — Faon) ||

e [
we have
(o + €) |17 (Frwn = Fapu) |2 + I3 (Frwn = Faa) | < 20 F100 = Faspul
Expanding the last inequality, we have
o - €I (Frwn = Fapu) |2 + 17 (Frwn = Fagall)?] < (21 F1n = Faoul?
I (Frwn — Faga) P+

17 (Fraw, — f%pn)n?} ) (5.2.9)

5.2.2 Convergence analysis

Lemma 5.2.6. Let {\,} and {p,} be sequences generated by Algorithm 5.2.5. Then, we
have lim A\, = X\, where A € [min{?{—ll,)\l},)\l + bl},bl = Y 0on, for some K; > 0 and
n=1

n—oo

lim p,, = p, where p € [mm{%,pl},pl - bg],bg = > pn, for some Ky > 0.
n—00 n=1
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Proof. Since A is uniformly continuous, we obtain from (2.1.4) that for any given € > 0,
there exists a constant M < +oo such that ||Au, — Ad,|| < M||u, — ¢n|| + €. Thus, when
Au,, — Agp, # 0 for all n > 1 we have

Wllun = @nll o aflun =¢nll _ aillun=¢nll @

[Aun = Agull = Mun — dull + € (M +en)un — dull Ky

where € = €;||u, — ¢,|| for some €, € (0,1) and K; = M + ¢;. Hence, from the definition
of Ayy1, the sequence {\,} is bounded below by min{;{—ll, A1} and above by A; + b;. By
Lemma 2.5.34, it follows that lim A, denoted by A = lim A, exists. Clearly, we have

n—00 n—o0
AE [min{?(—ll, )\1}, A+ bl] .
Similarly, we have lim p, = p, and p € [min{%, p1},p1+ b
n—oo
O

Lemma 5.2.7. Let {(xn, yn)} be a sequence generated by Algorithm 5.2.5 under Assump-
tion 5.2.2. Then

20 = 2[1* + [k — " |1 < lwn — 2" [* + llon — y7II*.
Proof. Let (z*,y*) € T'. Then, by applying Lemma 2.1.1, we have

20 = 2| = llwn — 0 F7 (Frwy, — Fapn) — 22
= [lwn — 2|2 + 2| F (Frwn — Fopn)lI? = 200 (wn — 2%, Fi (Frwg — Fapn))
= [lw, — CC*||2 + 77121”]:;('717“071 - F290n>||2 — 20, (Frwy, — Frx®, Frw, — Fapn)
= [lwn — 2| + n3 || F7 (Frw, — Fon)|I* = nal| Frwn — Fra®||*~ (5.2.10)
M| Frwy, — ]:2‘:0n||2 + 1 || Fapn — }—1:”*”2'

Similarly, we have

Hkn - y*Hz = ||S0n + nnf;(Flwn - f%pn) - y*“2
= llon — ¥ 11> + 2| F5 (Frwn — Fopp)|1? = nall Faen — o[> (5.2.11)
— || Frwn — Fapn||* 4 nul| Frw, — Foy™|?

Adding (5.2.10) and (5.2.11), we have
2 = @124 = 912 = oo = 22 + llon — ")
2 17 (Frwn = Bpn) I + 175 (Frwn = Fan) ]

= |1 Fiwn = Fia [P 4 | Fapn = Foy ] = 20l Fin = Fagoul?

1 || Frwn = Py 2+ | Fapn — Faa” ]
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By (5.2.9) and the fact that Fiz* = Foy*, we have
20 = 12 + o = 5717 = o = 212 + llon — |
— M |:2||~F1wn - f290n||2
= 1 (15 (Frwn = Fan) |2 + |17 (Fron — Fapn)|12) |
< Jlwn — 12 + lpn — 4|
o - € I3 (Frwn = Faa) |2+ |17 (Frawn = Fapn) ]
< Jlwn = 2 + lon = oI (5.2.12)
which is the desired result. ]

Lemma 5.2.8. Let {(xn, yn)} be a sequence generated by Algorithm 5.2.5 under Assump-
tion 5.2.2. Then

2 2

- )‘nal
2

)\n—i—l

lon = 212 < llz0 = 271 = ll20 — 6l = (1

Mitn = 6ul?

and

2.2
= < =3I = o =l = (1= 2572 3w =

n+1

Proof. Let (z*,y*) € T'. Since U?' is firmly nonexpansive, it follows from Lemma 5.2.1
that

6 — I = 1U2 20 — 21| < 120 — ° I = [120 — Bull® (5.2.13)

Tn,1 n

Similarly, we have

[ =y 7 = 11052k = Il < Mln = 57117 = llKn — wall. (5.2.14)

Tn,2

From (5.2.2), we obtain

. alHun_fan CL1HUn—<Z5n||
An :mln{—a)\n+o_n} STV
! HAun _A‘an HAun _A¢n|’
which implies that
| A, — Adnl| < A‘” tn — dnll, ¥n > 1. (5.2.15)
n+1
Similarly, we have
a
| Bsn — Bthy|| < ——||$n — tnll, Vn>1. (5.2.16)
n+1
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From the definition of v,, in Step 3 and Lemma 2.1.1, we have

[vn — 27| < [t — Ao (Awy, — Ady) — 27|
= ||pn — x*HQ + || tn — QSnH2 + 2(Un — P, O — T7) + >‘721||Aun - A¢n||2
— 2\, (Auy, — Ay, uy — )
= llén — 21 + lun — Gull® = 2(un — Gn, tn — b)) + 2(tn — Pp, Uy — °)
— 20 (Auy, — Ay, up — ) + N2 Au, — Agy)?
— 20 (A, — Ay, up — ) + N2 Auy, — Ady >

Since u, = Pe(¢n — \pA¢,) and z* € C, we obtain from the characteristic property of Pe
that
(Up, — O + ApAdy, u, — ™) < 0.

This implies that
(Up, — Opy Uy — %) < =N (A, uy — ). (5.2.18)
Also since u,, € C and z* € I' we have
(Auy, u,—2a*)>0, V n>0. (5.2.19)
Applying (5.2.13), (5.2.15), (5.2.18) and (5.2.19) in (5.2.17), we obtain

an - x*HQ < ||¢n - x*||2 - ”un - ¢n||2 — 20 (A, Uy — :L‘*> - 2/\n<Aun — A, up — :L‘*>
+ /\iHAun - A¢nH2
= ||¢n — x*HQ — ||ty — ¢n||2 — 2X(Aup, Uy — ) + )‘iHAun - A¢n”2

2

. a
< w =2 IF = ltn = Bull® + A2 55— ln = G0l
n+1
. A2 a?
= llz0 = 112 = 1z = gull? = (1 = T2 lun — ull® (5.2.20)
n+1
Following the same line of argument, we have
2 2
b0 — 57112 < w — 9* 17 — o — o] — (1 i ) lse—wal?,  (3221)
n+1

which completes the proof.

]

Lemma 5.2.9. Let {(xn,yn)} be a sequence generated by Algorithm 5.2.3 satisfying As-
sumption 5.2.2. Then {(xn,yn)} is bounded.
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Proof. Let x* € I'. From the definition of w,, and Lemma 2.1.1, we have

(1 —ap)(xy + 0, (xy — pq)) — 27|
(1 —ap)(xy —2%) + (1 — ap)On(zp — Tp1) — ™|
1

— a)||zn — 27| + (1 = an)Onl|zn — Tt + anllz”||

0, ,
= (1= an)lan = " + (1 = )z = @l + 2] (5:222)

n

By (5.2.5), we have

lim |(1 = an) @ = 7l + llo* ]| = Jl2°]|

n—o0 n

Thus, there exists a constant M; > 0 such that (1 — an)z—zﬂxn — Tpa|| + ||| < My for
all n € N. Thus, from (5.2.22) it follows that

[wn — 2| < (1 — o)l — 27| + cn M.
Consequently, we have
|w, — %12 < (1 — an)?||2, — 2| + 200 (1 — a,) My ||z, — 2% 4 o2 M7 (5.2.23)
Following similar procedure, we have
lon =717 < (1= )?[lgn — ¥*I1* + 200 (1 — @) Molyn — y7[| + an M5, (5.2.24)
Adding (5.2.23) and (5.2.24), we obtain
lrwn = @12+ low = 57117 < (1= an)? |2 = 2112+ llgm = y°I]
200 (1= ) (Ml — 7| + Mo lyn — 5[]} + 02 (M + M)
< (1= an)|llew =21 + 1y = "I

o+ 20 (Ml = 2|l + Mallyn — o1 ) + (M7 + M3)

- (1 - an) Hxn - x*HQ + ||yn - y*”2 + ancp, (5'2'25)

where ¢, = 2<M1Hxn — x*|| + Mally, — y*||> + M? + M3.
From STEP 3, and by applying Lemma 2.1.1, (5.2.20) together with Remark 5.2.7, we
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have

2

1 tn,1
|Zner — 2*[]? = H(l — Bn)vn + 5nt— / Ti(s)v,ds — x*
0

n,1l
2

_ H(l — B)(vn — %) + B (L /Ot Ti(s)vnds — o)

tn,l
1 tn,l 2
= (1 B)llvn — 2|12 + B t—/ Ty (s)onds — o
n,1 JO
1 tn,l 2
- 571(1 - ﬁn) _/ Tl(S)UndS — Upn
tn,l 0
1 tn,1 1 tn,1 2
= (1= Ba)llvw — 2*|I% + Ba —/ Ty (5)vnds — —/ Tl(s)a:*dsH
tn,l 0 tn71 0
1 tn,l 2
— Bn(1 = By) P Ti(s)v,ds — vy,
n,1 JO
< (1= Bu)llvn — x*”Q + Bnllvn — 513*“2
1 tn,l 2
— Bu(1 = Bn)||— Ti(s)vpds — vy,
tn,l 0
1 tn,l 2
o =1 = Bl = )| [ TaCs)unds — v
n,1 JO
* )\ZCLQ
<z =212 = Nz = 0ull® = (1= 52 ) tn = ul? (5.2.26)
)\n—i-l
1 tn,l 2
— Bn(1—Bp) o / Ti(s)vpds — vy,
n,1 JO
< lzn — 271 (5.2.27)

Similarly, from STEP 5, and by applying Lemma 2.1.1, (5.2.21) together with Remark
5.2.7, we have

2 2
HynJrl -y H2 < Hkn -y H2 - Hkn - wnHQ - (1 - p2 2) Hsn - wnH2 (5'2'28)

n+1

1 tn,2 2
— Y (1 = vn) t_/ To(u)b,du — by,
0

n,2

< |k — "I (5.2.29)
From (5.2.12), (5.2.25), (5.2.27) and (5.2.29), we have

[Zns1 = 22+ Nynsr — 0711 < Nz — 21 + 1o — "I
< ”wn - x*HQ + ||90n - y*||2

< (1= an)[llen = 22 + llg = "] + ance
< max {llea =2+ lyn — "% e}

< max {Hxno - x*HQ + Hyno - y*H27 Cno}
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Thus, {(z,,yn)} is bounded. Consequently, {z,},{v,}, {kn} and {b,} are also bounded.
O]

Lemma 5.2.10. Let {(zn,yn)} be a sequence gemerated by Algorithm 5.2.3 under As-
sumption 5.2.2. Then,

st = 12+ lynes = 5717 < (1= @) llzn = &2 + g = 9" 2] + andln

— o €[ I (Frwn = Fapn)lI? + |17 (Frwn — Faon) ||

A2a?
50) = Gl
n+1

— lzn = &nll® = en = vl = (1 -

Pn
(1= 2 s, =
02

n+1

1 [
=81 =Bl [ T pads v
n,1 JO

IR
=l [ Bawbdu b
2.Jo

n,

Proof. Let (z*,y*) € I'. From Lemma 2.1.1 and the definition of w,,, we have

[Jw, — x*”Q = [[(1 — o) (@ — 2%) + (1 — a)0n(Tn — Tp1) — O‘nx*Hz
< (1 = ap)(zn — %) + (1 — @) On (7, — zn—l)HQ + 20, (=2, w, — %)
<(1- O‘n) 2 = 2*[1* +2(1 = an)bnlzn — 2" (|20 — 2pa ]| + O3 120 — 20 ||
+ 20, (—x", wp — xpp1) + 20, (=2, Tpe — ")
<(1- ozn)||a:n — z*|? (5.2.30)

0, On,

+ | 2(1 — o) ||z, — x*Ha_Hxn — Tpa|l + OnllTn — Tna || - a_Hmn |

n n

+ 2|z lwn — nga || + 2(2", 2" — xn+1>].
Following the same line of argument, we have

lon =y 17 < (1 = an)llyn — v*[I? (5.2.31)

k T’I’L 7_7’1,
+ an [2(1 — an)Hyn ) Ha_Hyn - yn—IH + TnHyn - yn—IH : a_”yn - yn—l”
2" llen = yosall + 205" = g}

Adding (5.2.30) and (5.2.31) we have
lwn = 212 + llpn = "2 < (1 = @) [llo = "2+ llgn = 57 I] + andn~ (52.32)
where d,, = [2(1_0%)”3771_x*Hz_ZHxn_xn—lu+9n”xn_9§n—1”'Z_ZHxn_xn—ln+2”ZU*H||wn_

Tusal] + 200" 2 = wn) | + (200 = @)y = 5712190 = il + Tallg = sl 2l -
oot 207 o0 = sl 2057, 57 = o).
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From (5.2.12), (5.2.26), (5.2.28) and (5.2.32), we have

s = @12 4 s = 72 < o = @12 + = 372 = 1z = @ull® = o =
A2a? pla3
= (1= o= 0l = (1= 552 s =

2
)‘nJrl n+1

tn,1

1 :
—&Uﬂ%hjl Ty(3)vuds — v,

1 tn,2
(=l [ Bawbdu b,
n,2 JO

< Mlwn = 2" + lon =4I
I B~ Fapl + 1 B~ Fagl]

Aa?
— 2 = Gull? = Il =l = (1 = T2 ) It = G
n+1
2 2
Prn@
— (1= B2 s, - ul?
n+1

1 tn,l
=81 =Bl [ Tiads v
n7 O

1 tn,2
W—/ Ty (u)budut — by |
tn,2 0

< (1= an)|llew = "2+ llgm =y 1] + andy

- ’771(1 - ’Yn)

— €[ 15 (Fuaon — Fagn)|I? + 155 (Frun — Fagu) ]
N

T2
)\n—i-l

= lzn = @nll? = 1w — wal® = (1

2 9
Pna2> 2
—(1- [E
( p2

n+1

Mlitn = 6ul?

1 [t
= 1= Bl [ T pads v
n,1 JO
1
I

- nl_ n
T Mtn,Q

tn,2
/ Ty(u)budit — by |2,
0

which is the required result.

]

Theorem 5.2.11. Let {(:cn,yn)} be a sequence generated by Algorithm 5.2.5 such that
Assumption 5.2.2 holds. Then, the sequence {(xn,yn)} converges strongly to (z,y) € T,
where & = Pp(0) and y = Pg(0),D := EP(®)NVI(C,A)NF(T,) and E :== EP(®3) N
VI(Q,B)NF(Ty).

Proof. Let (z,9) € I', where & = Pp(0) and § = Pg(0). Then, it follows from Lemma
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5.2.10 that

s = #l2 + lgmer = 917 < (U= @) [l = 217 + g = 91] + 0nds (5:2.33)

where d,, = [2(1 _Oén)Hxn_jug_ZHxn — Tyt ||+ Onllwn — 20 g_ZHxn — Tyt ||+ 2|2 || wn —
Trill 428, = 2ns1) | + |20 = @) g = G121 = Y1+ 7allgn — v |- 22 g — o |+
21191 len = Ynaa || +2(7, gj—yn+1)] . Now, we claim that the sequence {||z,, — Z|| + ||y — 9|}

converges to zero. To show this, by Lemma 2.5.36 it suffices to show that lim sup a?/nk <0

k—o0
for every subsequence {||zn, — Z[| + |[yn, — 4ll} of {[|zn — &[] + [lyn — ]|} satisfying
tminf (12— 2+ s — 91) — (2 — 2l + o, —31D) 20, (5.234)

Suppose that {||z,, — Z|| + ||yn, — 9]/} is a subsequence of {||z,, — Z|| + ||yn — §||} such that
(5.2.34) holds. Again, from Lemma 5.2.10, we obtain

o - €13 (Frtn, = Fapn )P + 15 (Frvm, = Fapu) ] + Iz, = Smi 2+ i, = |1

\2 a3 2,3
(1= T e = el 4 (1= 22 ) s, — v
N1 N1
1 tny 1 9 1 Ing o 9
A= Bl [ T s = o P =) [ Ta@bdu = b
ng,1 J0 ng2 J0

< (1= an) [lom, = 212+ g = 92| = [Inees = 22 + Nmess — 92| + o, d

ng

From (5.2.34) and the condition on «,, we have

tim (7o, - €| 175 (Friwn, = Foou) |2+ 15 (Frevn, = Fapn) 2] + 20, = bl + ki, = oo, |

k—o0
N2 a? P2, 03
(1= T e = 2+ (1= 252 ) s, —
Ng41 pnk+1
1 tny 9
B (1= )l / Ty(5)tnyds — v, |
tnk@ 0
1 tny 9
Pl [ Tty du = b, ) o
tnk@ 0

From (5.2.7), (5.2.8) and the conditions on the control parameters, we have

1 (120, = ol = 0, T 1y — o | = 0. 1 i, — | = O Tim 15, — | = 0
(5.2.35)
tny.o Z%
kl;n;) - /0 Ty (u)by,, du — by, || =0, kh—>I£lo - /0 T1(s)vp, ds — vy, || = 0.
| ’ (5.2.36)
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Also, we have
T {175 (Frwn, = Fagn)II? + 15 (Fiwn, = Fopn,)|12] =0
which implies that
kh_)rgo ||~F;(f1wnk - fQ@”k‘)” = 071611_{20 ||Ff<f1wnk - fQ@”k‘)” = 07,}5{.10 ”*Flwnk - ‘FZ(pnkH =0.
From the definition of z,,, k,, and the previous inequality we have

Hznk - wnk“ = nnkH‘Ff(flwnk _f%onk)” - 07 as k — oo.
Hknk - QpnkH = nnk”‘Fg(Flwnk - FZ@Hk)” — 07 as k — oo.

Also, from the definition of v, , b,, and (5.2.35), we have

)\nkal

||Unk - unkH - Ank“Aunk - AqbnkH < ||unk - gbnk” — 07 as k — oo.
Nk+1

Prny, A2

||bnk - Snk“ = pnkHBSnk - B¢nk|| < ||Snk - 1/’nk|| — 07 as k — oo,

Nk+1

From (5.2.36) and Lemma 2.1.12 we have

tng 1
/ T1(8)vn, ds
0

me = T3 () | < ||, —
N1
1 tny 1 tny
+ / T1(8)vn, ds — Ty (v) / T1(8)vn, ds
tnk,l 0 nE,1 J0
tng 1
+ ’ Tl(v)t / T1(s)vn,ds — Ty (v)vn, || = 0, as k — oco. (5.2.37)
nE,1 J0

Similarly, we have

lim [[b, — To(b)bu,|| = 0. (5.2.38)
k—o0
From the definition of z,,,, and (5.2.35), we have

1 t"k:,l
[ = ol = [0 = B+ B [ T = v

Ng.1
1 tny 1
= B, t_/ T1(8)Un, — Un, || = 0, as k — oo. (5.2.39)
nE,1 J0
Similarly, we have
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Now, from Step 2 and by Remark 5.2.3, we get

Hwnk - xnk” - ”(1 - ank)(xnk + enk(ajnk - xnk_l)) - xnk“
- H(l - ank)('rnk - mnk) + (1 - O'/Nk)enk(xnk - xnk_l) - ankxnkH
< 1 - &nk)”xnk - xnk” + (1 - ank)enkank - xnrlH + ank“xnkH - 07
(5.2.41)
as k — oo.
Similarly, we have
it [, = | = 0. (52.42)
—00
From (5.2.35)-(5.2.42) we have
klgga ||xnk - gbnk” =0, kh_{go ||xnk+1 - w"k” =0, 1}520 ||ynk+1 - QpnkH =0.. (5243)
From (5.2.41) and (5.2.43) we have
kh—>Holo |Zngyy — Zn, || = 0. (5.2.44)

Similarly, from (5.2.42) and (5.2.43)

’}Lrgo ”ynk+1 - ynk” = 0.

To complete the proof, we show that <ww(a:n),ww(yn)) c I'. Since {z,} and {y,} are

bounded we have that w,(z,) and w,(y,) are nonempty. Let = € w,(x,) and § € w,(y,)

be arbitrary elements. Then there exists a subsequence {z,, } of {x,} such that x,, — &

as k — oo. By (5.2.41), we have w,(z,) = w,(w,). Since klim |Tn, — @n,ll = 0, we have
—00

that ¢,, — = € C as k — oo. From the characteristic property of P, we have
<$ - unka ¢nk - )\nkAthk - unk7> S 07 T e Ca

which implies that

1
Any

(Ony — Uny, T —Up) < (Adp,, T —up,), Vel

Consequently, we have
1

3 (O, — Ungs T — Up,) + (Adp,, Un, — Ony) < (Adp,, ©—p,), VazeCl.
ng

(5.2.45)

Applying the fact that klim |pn, — tn, || = 0 and klim An, = A >0 to (5.2.45), we have
—00 —00

0 <liminf (A¢,,, = —dn,), VaxeC. (5.2.46)

k—o00
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Also, we have that

<Aunk’ T — unk> - <Aunk - Ad)nk? T — ¢nk> + <A¢”k’ T — ¢nk> + <Aunk7 ¢nk - unk> :

(5.2.47)
Since A is uniformly continuous on H and kh_)rglo |pn, — tn, ||, we have
kh_}rrolo | Ay, — Auy, || = 0. (5.2.48)
From (5.2.46)-(5.2.48), we have
0 < liminf (Au,,, v —u,,) V 2z €C. (5.2.49)

k—o0

Let {dx} be a sequence of positive numbers such that dp1; < &, V k£ >1 and 0 —
0 as k — oo. Then, for each k£ > 1, we denote by N, the smallest positive integer such
that

(Atp;, & — Up;) + 6 >0 Vj > N, (5.2.50)

where the existence of Ny follows from (5.2.49). We have that { Ny} is increasing since {d; }
is decreasing. Furthermore, since {u,, } C C we can suppose Auy, # 0 (otherwise, uy, is

a solution) and we set for each k > 1, hy, = W Then we have that (Auy,, hy,) =
Ny

1 for each k> 1. Thus, by (5.2.50), we have that
(Aup,, x + oxhy, —un,) > 0,
which implies by the pseudo-monotonicity of A that
(A(x + 0rhn, ), © + dkhn, — un,) > 0. (5.2.51)

Since uy,, C C, then {u,, } converges weakly to & € C. If Az =0, then & € VI(C, A). On
the contrary, we suppose A% # 0. Since A satisfies condition (c¢), we have

0 < ||Az|| < liminf ||Au,,||.
k—o0

Since {un, } C {un,}, we obtain that

5, lim sup 0y,
0 < limsup ||0,h hmsu < koo =0.
<timsup | =i (7 ) < i [ A |

Therefore, klim |0k, || = 0. Letting k& — oo in (5.2.51) gives
— 00

(Av,z —12) >0, Vzel, (5.2.52)

which implies by Lemma 2.5.2 that & € VI(C, A). By similar argument, we have that
yeVI(Q,B).
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Now, to show that & € F(7,) and g € F(T,). On the contrary, we suppose that Ty (v)& # &
and Ty(b)z # g, for all v > 0 and b > 0. Then, it follows from the Opial condition of
Hilbert space and from (5.2.37) that

liminf ||v,, — 2| < liminf ||v,, — T (v)z|]
k—o0 k—o0

< liminf {[Jon, = T3(0)vn | + I3 (0)vn, — T1(0)i }

k—o0
< timinf { |[on, — T (0)vn, || + lon, = 3ll |
k—o0

= h}gr_l)glf “Unk - zf],

which is a contradiction. Thus, it follows that T} (v)z = & for all v > 0 which implies that
& € F(7,). Similarly, g € F(T).

Next, from (5.2.35) we have that lim |¢n, — 2, [ = lim U2 z, — z,| = 0, and
k—o0 k—o00 Tk

since z,, — Z it follows from the demiclosed property of nonexpansive mappings that
Z € EP(®;). Similarly, we have that § € EP(®,). Since Fi& — Foy € wy,(Frw, — Fapn),
it follows from the weakly lower semi-continuity of the norm that

| Fid — Fog|| < liminf || Frw, — Faen| = 0.
n—oo

Hence, we have that (2,9) € I'. Since = € w,(z,) and § € w,(y,) are arbitrary elements,
it follows that (ww(:cn), ww(yn)> cT.

To conclude, we show that

lim sup (<§:, T — $nk+1> + <g), U — ynk+1>> <0.

k—o0

By the boundedness of {xnk}, it follows that there exists a subsequence {xnk]} of {z,, }
which converges weakly to some & € H, and such that

lim <g; & — xnkj> = limsup (2, & — z,,) . (5.2.53)

J—o0 k—o0
From (5.2.53) and the fact that £ = Pp(0) we have

limsup (#, & — ) = lim <:c & — @n > = (3, &-7)<0. (5.2.54)

k—o00 Jj—oo

From (5.2.44) and (5.2.54), it follows that

limsup (£, &— xp,,,)=limsup (&, &—z,,)= (& &—1) <O0. (5.2.55)
k—o0 k—o0

Following the same line of argument and the fact that § = Pg(0) we have

lim sup <?)7 Z) - ynk+1> = hgl sup <g7 g - ynk> = <g> g - Zj) <0. (5256)
—00

k—o00
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Adding (5.2.55) and (5.2.56), we obtain

lim sup (<x G- xnk+l> + <y - yn+>> <0. (5.2.57)

k—o0

Thus, by (5.2.43) and (5.2.57) we have lim sup cznk < 0. Now, applying Lemma 2.5.36 to

k—o00
(5.2.33) we have {||x, — 2| +||yn—9||} converges to zero, which implies that lim ||z, —Z| =
n—oo

0 and lim |ly, — g|| = 0. Therefore, ({z,,},{y.}) converges strongly to (Z, 7). O
n—oo

5.2.3 Numerical experiments

In this section, we discuss the numerical behavior of our method, (Proposed Alg.) Al-
gorithm 5.2.3 in comparison with the method in Appendix 5.2.2 proposed by Latif et al.
(Latif et al. Alg.), which is the only related result we could find in the literature. We plot
the graph of errors against the number of iterations in each case of both examples using
[T — 2n] <1074 and ||, 1 — 2, || < 107% in Example 5.2.12 and Example 5.2.13 respec-
tively as the stopping criterion. The numerical computations are reported in Figures 5.1
- 5.8 and Tables 5.2.1-5.2.2 with all implementations performed using Matlab 2021 (b).

In our computation, we choose § = 3.5, 7 = 244, \; = 1.5, p; = 1.8, a; = 0.8,ay =
0.9, €, = ¢, = m, =525, Ba=1 =14 Pon=0n= (nlf(lj)%n = 0.5,r,1 =
28,192 = 3.5,t,1 = 4.5,t,2 = 5.5, = u = 1.5. For Appendix 5.2.14, we choose o =

0.85,¢, = Ky = %7 gn - 571 = 1_2an~

Example 5.2.12. Let H; = Hs = Hs = R the set of all real numbers with the inner
product (z,y) = zy, V z,y € R and induced norm | - |. For r; > 0, ¢ = 1,2, consider
C =[—10,10] and Q = [0, 20]. We define the bifunction ®; : CxC — Rand &3 : OxQ — R
as follows:

@y __u
Uat(u) T Veel

and

v
U2 (v) = VyeQ.
T2 (U) ,r2 + 17 y Q
Let Fiz = 2z and Fyz = 5z which implies that F{z = 2z and F;z = 5x. Next we define
A:H — Hi as Az = 2x and B : Hy — Hs as Bxr = 3x. We define the mappings
Ti(s) : R — R and Th(u) : R — R as follows; Ti(s)x = 10~°z and Ty(u)y = 10724y.
Clearly, we observe that T} (s) and T3(u) are nonexpansive semigroups.

We choose V; = xq, V> = 1y and consider the following cases for the numerical experiments
of this example.

Case 1: Take (xg,y) = (—13.5,8.0) and (x1,y1) = (5.7,—9.1).
Case 2: Take (zg,y0) = (15.1,7.9) and (x1,y:) = (6.4,81.3).

Case 3: Take (xg,y0) = (10.9,—11.8) and (x1,11) = (—37.2,26.8).
Case 4: Take (x9,y0) = (—14.9,-9.8) and (x1,11) = (—25.2, —17.7).
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Table 5.2.1: Numerical Results for Example 5.2.12

Case 1 Case 2 Case 3 Case 4
Iter. CPU Time Iter. CPU Time Iter. CPU Time Iter. CPU Time
Latif et al. Alg. 86 0.0085 86 0.0062 89 0.0084 88 0.0064
Proposed Alg. 5.2.3 64 0.0132 64 0.0078 64 0.0093 64 0.0018
? 4 —+— Latif & Eslamian Alg. (x ) ] —+— Latif & Eslamian Alg. (x )
—&— Latif & Eslamian Alg. (y,) —©— Latif & Eslamian Alg. (y,)
ol —A— Proposed Alg. (x.)) 101[ —A— Proposed Alg. (x,)
10 B 7677‘&76\@\67 ——— Proposed Alg. (y,) ——k— Proposed Alg. (y,)

Iteration number (n)

Figure 5.1: Example 5.2.12: Case 1
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A —+— Latif & Eslamian Alg. (x ) —+— Latif & Eslamian Alg. (x )

A —&— Latif & Eslamian Alg. (y,)) é —©— Latif & Eslamian Alg. (y,)
10t F —A— Proposed Alg. (x ) 3 10t F —A— Proposed Alg. (x,)
—— Proposed Alg. (y,)) —— Proposed Alg. (y,)

Errors
Errors

10° . .
10° 10* 10% 10° 10* 10

Iteration number (n) Iteration number (n)
Figure 5.3: Example 5.2.12: Case 3 Figure 5.4: Example 5.2.12: Case 4

Example 5.2.13. Let H; = Ho = Hs = (L(R), || - ||2), where

h(R) :={x = (z1,22,...,%p,...), 2, ER: Z ’$z|2 < +oo},

=1

x|l = /(O @if?) and (x,y) = > ooy zy; for all x € o(R). For r; > 0, i = 1,2, we

=1
define the sets C ;= {x € {5 : ||z]| < 1} and Q :={y € {5 : ||y|| < 1}. Let Fy : Hy — Ho,
Fo 1 Ho — Hs be defined by Fix = g and Fyx = %”T respectively which implies that

Fiy = % and Fyy = %y Clearly, F; and JF» are bounded linear operators. We define
O :CxC —-Rand &y: OxQ — Rby ®y(x,y) = (Liz,y—z) and Po(x,y) = (Lox,y—1),
where Lyz = % and Loz = 7. Observe that ®; and ®, satisfy Assumption 5.2.2. After

simple calculation and applying Lemma 5.2.1, we obtain

3u

@, _
Uat(u) e Vzeld,
and 5
@y, 2V
Um (U) ro + 9’ v /S Q.

Let A : Hy — H; be defined by A(xy,x9,23,--+) = (xle_”f%,0,0, -~-)and B : Hy — Hs as
B(xy, 9,23, ) = (51‘16_:6%, 0,0,---). Clearly, we see that A and B are pseudomonotone
mappings. We define the mappings 7i(s) : R — R and T3(u) : R — R as follows;
Ti(s)x = 107z and Ty(u)y = 1073“y. Clearly, we observe that Ti(s) and Ty(u) are
nonexpansive semigroups.

We choose V; = xg, Vo = yp and consider different initial values as follows:

Case 1: xO:@’%’%’”')?yO:(%Mlp%a"');
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Case 2 $0_(%7%7%7 )a 90:(%,%,%,
n=(-55 1) n=(%5 1"
Case31x?—(1§,%,3—3’2, )’%Ofgg’%’_
xl_(_§7§7_2_77"')7 y1:(§76757 ),
Case 4 20 = (3 dorr)on = (B, 5.5
Ty = (57 187367 ')7 U = (_E7ﬂ7__6)-

Table 5.2.2: Numerical Results for Example 5.2.13

Case 1 Case 2 Case 3 Case 4
Iter. CPU Time Iter. CPU Time Iter. CPU Time Iter. CPU Time
Latif et al. Alg. 72 0.0134 72 0.0192 72 0.0147 72 0.0073
Proposed Alg. 5.2.3 58 0.0211 58 0.0171 o8 0.0263 58 0.0100
10° 10°
—+— Latif & Eslamian Alg. (x ) —+— Latif & Eslamian Alg. (x )
—&— Latif & Eslamian Alg. (y,)) 4 —&— Latif & Eslamian Alg. (y,)
2 —A— Proposed Alg. (x ) —A— Proposed Alg. (x,)
—%— Proposed Alg. (y,) ——k— Proposed Alg. (y,)
107 107
é 10° é 102
10°F 103t
107 0 l1 2 107 0 l1 2
10 10 10 10 10 10
Iteration number (n) Iteration number (n)
Figure 5.5: Example 5.2.13: Case 1 Figure 5.6: Example 5.2.13: Case 2
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———— Latif & Eslamian Alg. (xn) ——+—— Latif & Eslamian Alg. (xn)
K —&— Latif & Eslamian Alg. (y,)) —©— Latif & Eslamian Alg. (y,)

—~A— Proposed Alg. (x,) —A— Proposed Alg. (x,)

—— Proposed Alg. (y,) —— Proposed Alg. (y,)

Iteration number (n) Iteration number (n)

Figure 5.7: Example 5.2.13: Case 3 Figure 5.8: Example 5.2.13: Case 4

Appendix 5.2.14. Algorithm 1 of Latif et al. [159]

Choose sequences {3, }22 1, {an}5° 1, {0, }52, such that B, + o+ 6, = 1. Select initial point
o € Hi,yg € Ho, let ¥ > 0. Set n := 1.

(

Zn = Tp — ﬁnff(fl.fn — fgyn>,

Up = PC(¢n - gnA¢n)>

Pn = PC((bn - gnAun)a

Tpi1 = ap V1 + &apn + 0, T1(5)Pn
kn =Yn+ 19n]:§<(]:1xn - ]:2yn>7
G = U2 ke,

s = Po(tn, — knBy),

l, = Po(¢n, — K, Bsy),

(Ynt1 = Vo + Euly + 6, T2 (u)ly,

A

(5.2.58)

where the step size 9, is chosen such that for small enough € > 0,

2”/’.'1$” - ~F2ynH2
[F5 (Fran — Fayn) I + [|F7 (Frzn — Fayn) |2

19716 €, — €],

if Fix, # Fayn; otherwise, 9, = .
Setn :=n+1 and go back to Step 1.
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5.3 On minimum-norm solutions of inclusion and split
equilibrium problems

In this work, we study the problem of finding the common solutions of V,IP and the SEP.
We propose a modified inertial forward-backward splitting algorithm with self-adaptive
step size for approximating the solution of the problem in Hilbert spaces. Unlike several
of the existing results in this direction, our proposed method only requires that the un-
derlying single-valued operator be monotone and Lipschitz continuous. This relaxes the
strong assumption of co-coerciveness (inverse strongly monotonicity) imposed in several
of the existing results. Moreover, our method combines the inertial technique with the
forward-backward splitting method and self-adaptive step sizes for solving the common so-
lution problem. Unlike several of the existing methods, the self-adaptive step sizes ensure
that knowledge of the norm of the bounded linear operator nor of the Lipschitz constant
are not required to implement our algorithm. We prove that the sequence generated by
our proposed method converges strongly to a minimum-norm solution of the aforemen-
tioned problem. Furthermore, we apply our result to study certain optimization problems.
Finally, we provide some numerical experiments of our proposed method in comparison
with other existing methods in the literature.

5.3.1 Proposed method

In this section, we present our proposed method and discuss its features. We begin by
defining the following functions;

o) = SN =T AP, hia) = (7~ TF)a?
and
G(x) = A*(I —TH)Az, H(z)= (I —TM)ax.
It can be easily verified from Aubin [30] that g and h are weakly lower semi-continuous,

convex and differentiable functions. We now give the following assumptions under which
our strong convergence result is obtained.

Assumption 5.3.1. Suppose that the following conditions hold:

(a) The feasible sets C and Q are nonempty, closed and convex subsets of the real Hilbert
spaces Hi and Ho, respectively.

(b) F1:CxC— R, Fy: Qx Q — R are bifunctions satisfying Assumption (5.2.1) and
Fy is upper semi continuous in the first argument.

(c) A:Hy — Ha is a bounded linear operator, B : Hi — Hy is a Lipschitz continuous
and monotone operator, and D : H; — 2™ is a maximal monotone operator such

that T = (B+D) Y (0)NQ # 0, where Q ={z € C: 2 € EP(F}) and Az € EP(F3)}.
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(@) (@}, (5a) and {3} are sequences in (0,1) satisfying By + 70 < 1l smyn =
0, Y =00,nf(1 =B, —7)B, > 0,0<a < a,, [, <b<1,0<c<7,<d<4

(e) Let {en} be a positive sequence such that limy, o & = 0 and {r,} C (0, 00) such that

liminf r, > 0.
n—oo

Algorithm 5.3.2.

Step 1: Select initial point zg,z1 € Hq, let s; > 0, € (0,1),0 > 3 and set n = 1. Given
the iterates x,,_; and z,, for each n > 1, choose 0,, such that 0 < 6,, < 0,,, where

. _1 € .
_ mln{ B - } if x, # x4
L +0—1 || Ty —Tp— ) n n
O =4 " lzn—@n—1] _ (5.3.1)
nr0—17 otherwise.

Step 2: Compute
Wp = Ty + Op (T — TH1).

Step 3: Compute
2 =TH (1 — \AY (I = T2 A)w,
and
Yn = QpWy + (1 - an)zn-

Step 4: Compute
U, = (I +8,D)""(I = 8,B)y, = J2(I — $,B)yn,

S
and

Up = Up, — Sp(Bu, — By,).

Step 5 Compute
Tpt1 = (1 - ﬁn - f}/n)wn + ﬁnvna

where
g(wn) : 2 2
Ay 1= TG (wn) 2 H (wn)? it G Qwn) "+ [H Cwn)” # 0, (5.3.2)
0, otherwise
and
min M,sn} if By, — Bu, #0,
Spy1 = {IlByn—Bunll ‘ Y 7 (5.3.3)
Sns otherwise.
Set n :=n + 1 and go back to Step 1.
Remark 5.3.1. e Different from all existing methods for finding the common solu-

tions of the VIP (1.2.9) and SEP (1.2.10)-(1.2.11), our proposed method requires
the underlying operator B to be monotone and Lipschitz continuous. This relaxes
the strong assumption of co-coerciveness (inverse strongly monotonicity) on the op-
erator.
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e Contrast to the methods in the literature, the implementation of our method does
not depend on the norm of the bounded linear operator nor the Lipschitz constant
of the monotone operator. This makes our method easier to implement than several
other methods in the literature, which depends on the norm of the bounded linear
operator.

e Our method employs the inertial technique to improve the speed of convergence

of the proposed algorithm. Unlike several other inertial methods in the literature,
o

our method does not require the summability condition ( S apl|Tn — o] < oo>,

n=1

which makes our method easily implementable.

e The sequence generated by our proposed method was proved to converge strongly
to a minimum-norm solution of the investigated problem under mild conditions.
It is known that minimum-norm solutions of problems find applications in several
practical problems. Moreover, our convergence analysis is not dependent on the
usual “Two cases approach”, which is widely used in many papers to guarantee
strong convergence.

Remark 5.3.2. By conditions (d) and (e), one can easily verify from (5.3.1) that

On
lim 0,||z, — z,-1|| =0 and lim —||x, —z,_1]| = 0. (5.3.4)
n—oo — 00 n

Remark 5.3.3. From (5.3.3) in Algorithm 5.3.2, we have that s,,1 < s, for all n > 1.
Also, from our conditions we have that B is L-Lipschitz continuous, therefore when By,, #
Bu, in Algorithm 5.3.2, we have

|| By, — Buy|| L

By induction, we obtain that {s,} is bounded below by min {£, s;}. Also, since {s,} is

monotone nonincreasing, we have that the limit exists, and lim s, > min{%, s1} > 0.
n—oo

Remark 5.3.4. From the definition of {s,} in (5.3.3) we have

M
n+1

Inequality (5.3.5) holds if By, = Bu,. In the case where By, # Bu,, we have

Sp41 = Min {—tun — U s } < —MHyn — tn
|Byn — Bu,|’ = [|Byn — Buy||’
which implies that
I
1Byn — Bun|l < ——lyn —
n+1

Hence, (5.3.5) holds for both cases when By, # Bu, and By, = Bu,.
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5.3.2 Convergence analysis

Lemma 5.3.5. Let {x,} be a sequence generated by Algorithm 5.53.2 under Assumption
5.5.1. Then,

2
g (wn) 2
l|vn — pH2 < |lw, — pH2 — T(4 = 7)) (1 — ) — (1 — ay)|lwy, — 2|
|G (wy)[[? + [ H (wy)][?

2

7
— (1= 2 ) llg — wal®

n+1

Proof. Let p € T'. Since G(w,) = A*(I — T*)Aw,, p = T>p and I — T2 is firmly
nonexpansive, we have

(G(wn), wn — p) = (A*(I = T[?) Aw,, w, — p)
={((I - TFQ)Awn, Aw,, — Ap)
=((I — TFQ)Aw - (I - TF2)Ap, Aw,, — Ap)
> (I = T72) Aw, |1*

2g9(w). (5.3.6)

From the definition of z, in Step 3, the nonexpansivity of T)'* and (5.3.6) we have

|20 — pH2 HTIZI(I — M AT — qu?)A)wn _pH2
< (1 = XA = T772) A)w, — pl®
= [Jwn, —p — )‘nG(wn)HQ
= |lwn, — p”2 + )‘721||G(wn)”2 — 22 (G(wn), wn — p)
< Jwn = plI* + AN G(wn)[” = 4Xag(w,)
9% (wn)

< lwn = plI* = (4 = 7) . (5.3.7)
|G (wn)[[* + || H (wa) ||
From the condition on 7, we obtain
|20 — 2l < [lwn = p| (5.3.8)

From the definition of y,, and (5.3.7) we have,

Hyn p||2 ||O‘nwn+(1 _an)zn_pHQ

= ay[jwy —p”2 + (1 = ap)|lzn — p||2 — (1 — ay)|lw, — ZnH2

< e T g*(wn)
< anllwn =l + (1 = an) |fwn =l = 1l = ) T

— (1 — ay)|lw, — ZnH2

=l =P = (4= 200 = 0 o 559)

— ap(1 — ap)llw, — ZnH2~
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From the condition on 7,, and «,,, we have
[y — pll < lJwn — pl|.
Applying (5.3.5) and (5.3.9), we have

[ = plI* = llun — su(Bun — Byy) — plI*
= llun = plI* + 3/ Bun — Byn||* = 28 (un — p, Bu, — Byn)

(5.3.10)

= ||yn - p”2 + ||un - yn”2 + 2<un —Yn, Yn — p) + 572z||Bun - Byn”2

= Hyn - pH2 + Hun - ynH2 + 2<un —Yn, Up — p) - 2<un — Yn

+ Si”Bun - Byn||2 - 23n<un — p, Bu,, — Byn>

= “yn _pH2 + Hun - ynH2 + 2<un —Yn, Un —p> - 2||un - yn||2

+ SiHBun - BynH2 - 23n<un — p, Bu,, — Byn>

Up — yn>

= ||yn - p||2 - ||un - yn||2 + 2<un ~Yn, Un—D)+ 3721||Bun - Byn||2

— 28, (u, — p, Bu, — Byy)
= [lyn = 2II” = [t = yull* + 53| Buy — Byn||?
— 2(Up — P, Yn — Up — Sp(By, — Buy,))
9% (wy)
|G (wn)[]* + | H (wn) ||

< Hwn - p”2 - Tn(4 - Tn)(l - O‘n)

2
7]
— (1 = an)[Jwn = 20]” = [lyn — wnl® + 55 - 5|y — wnll?
n+1
92(wn)
1G (wa)[|* + ([ H (wn) ||

2

L
— (1 — ) llw, — Zn||2 - (1 - S?’L "3 >||yn - un||2
Sn—l—l

— 2(Up — P, Yn — Up — Sp(Byn — Buy,)).

= |lwn — pH2 — Tn(4 = 7)1 — )

From Step 4 we have that u,, = (I+5,D)"*(I —s,B)yy,, hence (I —s,B)y, €

Since D is maximal monotone, there exists k, € Du, such that
(I — $,B)yn, = upn + Spkn

which implies that

1
kn = (yn - SnByn - un)
Sn

(5.3.11)

(I+s,D)uy,.

(5.3.12)

We have that 0 € (B+ D)p and Bu, +k, € (B+ D)u,. Since B+ D is maximal monotone

we obtain

(Buy, + kp, u, —p) >0.
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Substituting (5.3.12) into (5.3.13) we have

1
_<SnBun + Yn — SnByn — Up, Uy — p> > 0

which implies that

(Y — Up — Sp(Byn, — Buy), u, —p) >0. (5.3.14)

Applying (5.3.14) in (5.3.11) we have

92(wn)

||Un - p”2 S ||wn - p”2 - Tn(4 - Tn)(l - an) (5315)
|G (wn)[[? + [ H (wy)][?
2 2 N2 2
= ol = ) wn = 2l = (1= 52 ) o —
n+1
which is the desired result. O]

Lemma 5.3.6. Let {x,} be a sequence generated by Algorithm 5.5.2 under Assumption
5.3.1. Then, {x,} is bounded.

Proof. Let p € I'. By applying the triangular inequality, from Step 2 we have

[wn = pll = [[2n + On(zn — 2n1) — Dl

From Remark 5.3.2, lim Z—"Hxn — x,_1]| = 0. Hence, there exists a constant M; > 0 such
n—oo '

that 3—2”3:” — xp_1]| < M for all n > 1. This implies that
[wn = pll < |20 = pll + 72 M. (5.3.16)

Also, since lim <1 - ,u282i> =1 — p? > 0 there exists ny € N such that

n—o0 n+1

2

1= 2= >0, Y n>np. (5.3.17)

Sn—i—l

Applying (5.3.17) and the conditions on 7,, and «,, in (5.3.15), we have
[on = pll < [lwn —pll, ¥V 1 >mng. (5.3.18)

From the definition of x,.; in Step 4 and (5.3.18), we have for all n > ng

|Znt1 = ol = [[(1 = Br = Yu)(wn — ) + Balvn — p) — pll
< |[(1 = Bn = Y)(Wn = p) + Bulvn — )|l + 7allpll (5.3.19)
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and

(1 = Bn — ) (wn — p) + Ba(va —p)||2 = (1 - — Vn)2||wn - p||2 + ﬁi”vn - p||2
+2(1 = B — Vo) Buwn — P, vn — p)
< (1= B = 1) lwn = plI* + B llwn — pl”
+2(1 = Bn — ¥n) Bullwn — pH2
= (1= %) llwn — plI*

Substituting the last inequality into (5.3.19) and applying (5.3.16), we have for all n > ng

2041 = pll < (1 = y)[lwn — pll + allpll
< (1 =) [lzn — 2l + Y Mi] + 7l
< (I =v)llwn = pll + (M1 + [|p]])

< max{”xn —pll, M+ HPH}

< max{”xno —pll, M+ HPH}v

which implies that {x,} is bounded. Consequently, {w,}, {z.}, {yn}, {u.} and {v,} are
also bounded. O

Lemma 5.3.7. Assume that {u,} and {y,} are sequences generated by Algorithm 5.5.2
under Assumption 5.5.1 such that lim ||u,, — yn,|| = 0 for some subsequences {u,,;} and
j—o0

{un, } of {un} and {y,}, respectively. If {yn,} converges weakly to some x* € H, as j — oo,
then x* € (B + D)~1(0).
Proof. Let (u,v) € G(B+ D), that is v — Bu € Du. Since
tny = (I + 50, D) 11 = 50, By,
then we have
(I = 80, B)yn; € (I + 5p, D).
This implies that

1
— <yn]. — Up; — Sn, Bynj> € Duy,.

Sn;

Since D is maximal monotone, we have

1
<U—Unj, U_Bu__(ynj — Un, _SnjBynj>> >0,

Sn,

which implies that
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<u — Up,, v> — <u — Up;, Bu+ i(ynj — Up,; — snjBynj)> > 0.

nj

Hence, we have

<u — Up,, v> > <u—unj, Bu + L(yn] — Up; — snjByn].>>

nj

= <U,—unj, Bu — Byn]> + <u_unj7
nj

= <u — Up;, Bu-— Bunj> + <u — Up;, Buy,, — Bynj>
" — )
U—Unj, S ynj _unj

nj
1
2 <u_unj7 Bunj _Bynj>+ U—Unj, S_<ynj _unj) .
n;
Now, since lim |[u,, — yn,|| = 0 and B is Lipschitz continuous, we have lim ||Bu,, —
j—00 j—o0
By, || = 0. Moreover, since lim s, = s > min{sg, £}, we get
n—oo

(u—2a*, v) = lim (u—u,, v)>0.
j—o0

By the maximal monotonicity of B + D , it follows that z* € (B + D)~1(0). O

Lemma 5.3.8. The following inequality holds for allp € I" and n € N :

On,
s = I < (1= )l = I 3 (37w — acs 1202+ )

92(wn>
|G (wn)[[* + [ H (wa) |2

— Bumn(4— 1) (1 — ) — Buarn (1 — an)||wn — 2|

2

W
= B (1= 52 5 ) g = wnl* = (1 = B = ) Bulwr, — v
n+1

Proof. Let p € I'. Then, by applying Lemma 2.1.1 and the Cauchy-Schwartz inequality,
from Step 2 we obtain

|y, _pH2 = ||on + Op(rn — T01) —p”2
20 = plI* + Ol 2n — Znor|* + 200 (20 — P, 2 — Tp)

< Hxn - pH2 + 072L||‘/En - xn—lHQ + 29n||xn - p||||xn - xn—1||
= |la, - pH2 + Onllvn — 2p || [Onllen — Tna || + 2]|20 — p|]

On
Hxn _p“2+37n7"xn —iﬂn,lHMg, (5320)

n
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for some M, > 0.
From Step 5 of Algorithm 5.3.2 and by applying Lemma 2.1.1, (5.3.15) and (5.3.20) we

have

2n+1 =l = 1L = Bu = a)wn + Bvn — pl*

(1 = Ba = Ya) (W = p) + Balvn = p) + Ya (=)

L= B =) llwn — pH2 + Ballon — pH2 + ’YanHZ
— B — ) Ballwn — UN||2

L= B —Ya)llw, — p||2

(
(
Bl = plI* = 74 = ) (1 = @)

IN

IA

92(wn)
|G (wn)||* + || H (wa) ||

2
1
— a1 = an)wn =zl = (1= 52— ) llgn = wall?] +llpl?
Sn+1
— (1= B — ) Bullwn — UnH2
= (1 — ) |lwn _p”z = BuTn(4 = 1) (1 — )
2

o
= Butn(1 = an)lwn = 2l = B (1= 52+ 5= g = w1 + 70

n+1
— (1 = Bn = ) Bnl|lwn — UnHZ

0,
< (1= 30) [0 = 2P + 3302 - xn_luMz]

92(wn>
|G (wn)||* + || H (wa) |2

92(wn)
|G (wn)[[* + || H (wa) [

o

= Butn(1 = ) wn = 2l = B (1= 52 5= ) lyn = w1 + 70
n+1

— (1= Bn = ) Bullwn — val)?

On
< (U=l = pIP 790 (3w = wacal| M + o)

n

— B4 — ) (1 — ay)

92<wn)
|G (wa)|* + [ H (wy,

— B4 = ) (1 — ) E — B (1 = ) [[w, — 2,12

2

L
- ﬁn(l o Si ’ 52_> [yn — unH2 = (1= Bn =) Ballwn — U”HQ’
n+1

which is the desired result. O]
Lemma 5.3.9. The following inequality holds for allp € I'; My >0 and n > ng :
s = p1* < (1 =)z = p?

Oy,
+ Y [37—H$n — Tp1[[ M2+ 28, ||lvn — wallllp — 2pall +2(p, P — 1) |-
(5.3.21)
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Proof. Let p € T and let d,, = (1 — B,)w, + Bnv, then we have

ldn — wall = |(1 = Br)wn + Bave — wh || = Ballvn — wnl. (5.3.22)
Applying Lemma 2.1.1 and (5.3.18), we have
ldn = Pl = |(1 = Bp)wy + Bavn — pl]
< (1= Bo)llwn = pll + Ballvn = pl]

< (1 - Bn)HUJn _pH + BnHwn - p”
= wa = pll, ¥ n>mno. (5.3.23)

Also, from the definition of x,.; in Step 5, (5.3.22) and (5.3.23), we have

|@ns1 — plI> = (1 = Ba — V) wn + Buvn — p|)?
= ||( _Bn)wn‘l'ﬁnvn ’ann_p||2
= |dn — Ynwn — >
= [[(1 = yn)(dn — p) = Y (wn — dn) — ypll?
< (1= 7)?lldn = pII* = 2(yn(wn — d) + P, @ni1 — D)
= (1= )°lldn = pII” + 2(yn(wn — dn) +p, P — Tns1)

IN

(1 —n)?

( )

(1= v)lldn = pII> + 2(yn(wn — dn), P — Tnt1) + 207D, P — Tnt1)
(1 =) lldn = pII* + 27nl|wn — dulllp — Tt | + 2(vaps P — Tns1)
(1 )

2y

(

IN

On
= 30) | llen =PI 4 3 = | M

n

nllwn = dullllp = Tngall + 20 (s = Tni1)
L= )|z = p|I*

IN +

+ M [37_n||xn — Tnp1 || M2 + 2B, ||vn — wullllp — Znga || +2(p,  p— $n+1>]>
which is the desired result. ]

We now prove the strong convergence theorem for Algorithm 5.3.2.

Theorem 5.3.10. Let ‘Hqi and Ho be two real Hilbert spaces and A : Hi — Ho be a
bounded linear operator. Let {x,} be generated by Algorithm 5.5.2 and suppose Assumption
5.3.1 is satisfied. Then, the sequence {x,} converges strongly to a point ¢ € T, where
lqll = min{[[z]| : = € T'}.

Proof. Since ||q|| = min{||z]| : z € '}, then ¢ = Pr(0). It follows that ¢ € I". Now, from

Lemma 5.3.9 we obtain

| — qll* < (1 - wnxn —ql?
+ 9 3$y\xn = Ta 1M+ 2B llon = wallllg = Bl + 20, g =z
n

261



where a,, = 33—:||xn — T 1| My + 28, ||vn — wallllg — Tnaa || + 2{q, g — Tpi1).

Now, we claim that {||z,, — ¢||} converges to zero. To establish this, by Lemma 2.5.36

it suffices to show that limsupa,, < 0 for every subsequence {||x,, — q||} of {||z, — ¢/}
k—o0
satisfying the condition

lim inf (wa —qll = ||z, — qH) > 0. (5.3.25)

k—oo

Suppose that {||z,, — q||} is a subsequence of {||z,, — ¢||} such that (5.3.25) holds. We
obtain from Lemma 5.3.8 that

2
g (wy,)

|G (wn)[? + (| H (wn,

2
7
+5nk <1 - 372% ’ 52 )Hynk - unk”2 + (1 - 67% - 'ynk)ﬁnkHwnk - Unk”z
ng+1

< (=)o, = all* = lzn1 — gl

On
e (37w, = M + ).

Nk

By applying (5.3.25) and the fact that klim Yn, = 0, we have that
—00

92(wnk>
W, )12 + [ H (wn,)|[2

lim Bnkank(l - ank>||wnk - an||2 =0;
k—o00

klggoﬁnank(Zl_Tnk)(l _ank>HG( 207

2
: z
Jim 5, (1 ~ S S%—H) e = 1 = 0;

lim (1 - 6’% - /ynk)/Bnk”wnk - Unk||2 = 0.

k—o0

By the conditions on the control parameters, it follows that

lim g(tn,) = lim [Jwn, — 2zn ]| = Hm [y, — tn, |
koo [|G(wi ) ||2 + [ H (w2 koo m 7 T koo T T

= lim ||wy, — v, || =0.  (5.3.26)
k—ro0

Since G' and H are Lipschitz continuous, we have that

lim g(wy,) = 0. (5.3.27)

k—o0

From the definition of g(w,, ) we have

1
lim g(w,,) = lim S[|(I = T2 ) Aw,, > = 0,

k—00 k—oco 2
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which implies that

lim [|(I = T2 ) Aw,, || = 0. (5.3.28)

k—o00

Consequently, we get

lim [[A*(1 = T,2 ) Aw,, || < AT = T2 ) Awy, || = [AlII(Z = T2 ) Awy, || = 0.

k—o00 k k k
(5.3.29)
From the definition of y,, and by applying (5.3.26) we have
1Yn = 2ni | < ey lwny, = 2, | + (1 = an)llzn, = 20 Il = 0, &k — o0 (5.3.30)
From (5.3.26) and (5.3.30) we have
lim ||w,, — Y, || =0;  lUm |Jw,, —un, || =0; lim ||z,, —u,,|| = 0. (5.3.31)
k—o0 k—o0 k—o00

From Step 5 and by applying (5.3.26) together with the fact that klim T, = 0, we have
—00

Hxnkﬂ - wnkH = ||(1 - 5% - 7nk)wnk + Bnkvnk - wnkH
= ”5%(1)% - wnk) - ’VnkwnkH
< Bulvny, — wa | + g lwn || = 0, k — oo. (5.3.32)

Also, by Remark 5.3.2 we have

|wn, — @, || = Oy |20, — 2ny_, || = 0, Kk — o0. (5.3.33)

Also, from (5.3.32) and (5.3.33) we have

lim ||z, 41 — Tn, || =0 (5.3.34)
k—o0
From (5.3.26)-(5.3.33) we obtain
klggo Hxnk - an” =0, k:lggo Hxnk - U”kH =0, klggo H'Tnk - unk” =0, klg{olo Hxnk - ynk” = 0.
(5.3.35)

Since {z,} is bounded, w,(z,) is nonempty. Let z* € w,(z,) be an arbitrary element.
Then, there exists a subsequence {z,, } C {z,} such that z, — z*ask — oo. From
(5.3.35) we obtain y,, — z* as k — oo. By invoking Lemma 5.3.7, it follows from (5.3.26)
that * € (B+D)~1(0). Since z* is an arbitrary element in w,,(z,,), it follows that w,,(z,) C
(B+ D)~(0).

263



Next, we show that w,(z,) C Q. First, we establish that w,(x,) C EP(F}). From z,, =
Tanlk (I — M\ A" (] — Trii)A)wnk, we have

1
Fl(an7y) + _<y T Rnygy Any, — Wny + )\nkG(wnk)> Z 0

Nk

for all y € C and this implies that

1 1
Fi(zn,,y) + —<y — Znyy Zng — wnk> + —<y — Zn,.s )\nkG(wnk)> >0,VyeC.

ng s
We have from Assumption 5.2.1 (2) that

1 1
—<y — Znyy Py — wnk> + —<y — Zn.s AnkG(wnk)> > Fi(y, #zn,), Yy €eC.

Tnk Nk

Since z,, — x*, then by applying (5.3.26), (5.3.29), Assumption 5.2.1 (4) and the fact

that lim inf r,,, > 0, we obtain
k—o00

Fi(y,z*) <0,VyecC. (5.3.36)

Let yy = ty + (1 — t)z*, Vt € (0,1] and y € C. This implies that y;, € C. Hence, from
(5.3.36) we get Fi(y:, x*) < 0. Applying Assumption 5.2.1 (1)-(4), we have

0= Fi(yt,y)
< tFl(yhy) + (1 - t)Fl(yhx*)
< tF (Y, )

Hence, we have Fi(y,y) > 0, Vy € C. Letting ¢ — 0 and applying Assumption 5.2.1 (3),
we have

Fi(z*,y) >0, Vy € C, (5.3.37)

which implies that x* € EP(Fy).

Next, we show that Az* € EP(F3). Since A is a bounded linear operator and w,, — z*,
we have Aw,, — Az*. Consequently, it follows from (5.3.28) that

T,ffk Aw,, — Ax* (5.3.38)

as k — co. From the definition of T'" : Aw,, , we have

1
Fy (TS Aw,,,y) + —<y ~ TP Aw,,, TP Aw,, — Awnk> >0,Vye Q.

Nk

Since F} is upper semicontinuous in the first argument, it follows from (5.3.28), (5.3.38)
and the fact that li]in infr,, > 0, that
—00
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Fy(Az®,y) >0,V y € Q, (5.3.39)

which implies that Az* € EP(F3). Thus, w,(x,) C T

Since {x,, } is bounded, there exists a subsequence {xnk]} of {z,, } which converges weakly
to 2 such that

lim sup <q7 q— mnk> = ]lggo <q’ 4= Ty, >

k—ro0
Since ¢ = Pr(0), we have

k—o0

which together with (5.3.34) implies that

hm<%q—$wﬂ>§0. (5.3.40)

k—o0

Using (5.3.26), (5.3.40) together with the fact that lim 3—“||xn — ZTp1|| = 0, we have
n—oo M
limsup a,, < 0. Now, applying Lemma 2.5.36 to (5.3.24) we have that lim |z, — ¢|| = 0.
n—oo

k—o0
Therefore, {z,} converges strongly to g.

]

5.3.3 Applications

In this section, we apply our result to study certain optimization problems.

Variational inclusion and split variational inequality problems

In this subsection, we apply our result to approximate the common solution of V,IP and
SVIP.

Here, we apply our result to study the following SVIP with constraint of VIP:

Find z* € (B+ D) '(0) such that (z —2* My2*) >0, Va2ecC. (5.3.41)
and such that

y* = Ax" € Q solves (y—vy*, Myy™) >0, VyeQ. (5.3.42)

where C and Q are nonempty, closed and convex subsets of real Hilbert spaces H; and Hs,
respectively, M : H — H be a single-valued mapping, A : H; — H- is a bounded linear
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operator, B : H; — H; is a Lipschitz continuous and monotone operator and D : H; —
21 is a maximal monotone operator. We denote the solution set of problem (5.3.41)-
(5.3.42) by € and assume that (B+ D)~*(0)NQ, # 0. Taking F(z,y) := (y—x, M;x),i =
1,2, then the problem (5.3.41)-(5.3.42) becomes the problem of finding a solution of the
SEP (1.2.10)-(1.2.11) which is also a solution of the V,IP (1.2.9). Furthermore, all the
conditions of Theorem 5.3.10 hold. Thus, Theorem 5.3.10 provides a strong convergence
theorem for approximating a common solution of V,IP (1.2.9) and the problem (5.3.41)-
(5.3.42).

Convex minimization and split equilibrium problems
Let H be a real Hilbert space, f : H — R be a convex function and F' : H — R be a
proper convex, lower semicontinuous function. We apply our result to approximate the
solution of the following convexr MP:

min f(z) + F(z), (5.3.43)

zeH

which is equivalent to finding z € H such that

0€ Vf(z)+dF(z), (5.3.44)

where V f is the gradient of f and JF is the subdifferential of F. It is known that if V f is
L-Lipschitz continuous, then it is %—inverse strongly monotone (co-coercive), and hence it
is L-Lipschitz continuous and monotone. Also, it is known that OF is maximal monotone
(see [216]). The solution set of (5.3.43) we denote by (.

So, by setting B = Vf and D = JF in Theorem 5.3.10, we obtain the following result for
approximating a common solution of convex MP (5.3.43) and split equilibrium problem
(1.2.10)-(1.2.11) in Hilbert spaces.

Theorem 5.3.11. Let C and Q be nonempty, closed and convex subsets of real Hilbert
spaces Hy and Ho, respectively. Suppose Fy : C x C — R, Fy: Q x Q — R are bifunctions
satisfying Assumption (5.2.1) and such that Fy is upper semi continuous in the first arqu-
ment. Let f:H — R be a conver and differentiable function such that V f is L-Lipschitz
continuous and suppose G : H — R is a proper convex, lower semicontinuous function.
Let {x,} be a sequence generated as follows:

Algorithm 5.3.3.

Step 1: Select initial point zg,z1 € Hq, let s; > 0, € (0,1),0 > 3 and set n = 1. Given
the iterates x,,_; and z,, for each n > 1, choose 0,, such that 0 < 6,, < 0,,, where

: n—1 €n :
én — min {n+0—1’ [0 —2n—1]] } ! (5.3.45)
n%i -, otherwise.

Step 2: Compute
Wy = Ty + Op (T — Tp1).
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Step 3: Compute
zp =TI (1= XA (I = TP)A)w,
and
Yn = Wy + (1 - Oén)zn'

Step 4: Compute
Uy = Jff([ — 5,V f)yn

and
Up = Up — Sn(vfun - vfyn)

Step 5 Compute
Tp4+1 = (1 - Bn - ’Yn)wn + ﬁnvrm

where
(wn) ;
\, = Tt NG| [ ()] # 0, (5.3.46)
0, otherwise
and
. tllyn —un|| i —
Spat = mm{vaynfvfunll’S”} itV Syn =V fun 70, (5.3.47)
Sn, otherwise.

Set n :=n+ 1 and go back to Step 1.

Then, the sequence {x,} converges strongly to a point q € Qs N, where ||q|| = min{||z]| :
A QQ N Q}

5.3.4 Numerical experiments

In this section, using some test examples, we discuss the numerical behavior of Algorithm
5.3.2 as well as compare it with the standard forward-backward method (i.e when 6,, = 0),
Algorithm 2.5.23 proposed by Cholamjiak et al. [31], the shrinking projection method
of Cholamjiak et al. [21] (see Appendix 5.3.14), Appendix 5.3.15 and Appendix 5.3.16.
We perform all implementations using Matlab 2016 (b), installed on a personal computer
with Intel(R) Core(TM) i5-2600 CPU@2.30GHz and 8.00 Gb-RAM running on Windows

10 operating system. In Tables 5.3.1-5.3.2, “No. of Iter.” means the number of iterations.

. _ ntl _ 1 1 1 _
In our computations, we choose a, = 355, = 705,00 = 5 — Yoy €0 = (L 0 =

7, 51 =0.65, pn =038, 7, = gZ—ﬁ,rn = gZﬁ, and we take ¢,, = %, t, = 0.1 in Algorithm
2.5.23 and Appendix 5.3.14. Also, for Appendix 5.3.16 we choose f(x) = §. Furthermore,
in the implementation, we define TOL,, := ||z,+1 — z,|| and use the stopping criterion

TOL, < 1072 for the iterative processes.

Example 5.3.12. Let H; = Hs = R, the set of all real numbers with the inner product
defined by (z,y) = 2y, V z,y € Rand induced norm |-|. For r > 0, Consider C = [—10, 10]
and Q = [0, 20], we define the bifunctions F} : C xC — R and F5 : Q x Q — R as follows;
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Fy = =222 42y +9y?, F, = —2?+xy. After simple calculation and applying Lemma 5.2.1,

we get
U

T (y) =
i (w) T VYuecl
and v
TF(y) = .
2 () T VoeQ

Let A :Hi1 — Hs be defined by Az = 2x, B : Hi — H; be defined by Bx = x + sinx and
D : Hi — H, be defined by Dx = 5x, where x € H;. Clearly, we see that B is %—inverse
strongly monotone and D is maximal monotone.

We consider the following cases for the numerical experiments of this example and choose
3

7= 130

Case I: Take x( = —é—; and x; = 1%
Case II: Take 1y = —42 and 21 = ;.
Case III: Take zy = 5 and z; = 1.
Case IV: Take 29 = —10 and 7, = —5%.

We compare the performance of our Algorithm 5.3.2 with Algorithm 2.5.23, Appendix
5.3.14, Appendix 5.3.15 and Appendix 5.3.16. We plot the graphs of errors against the
number of iterations in each case. The numerical results are reported in Table 5.3.1 and
Figure 5.9.

Table 5.3.1: Numerical results for Example 5.3.12

Alg. App App. App. Alg.
2.5.23 5.3.14 5.3.15 5.3.16 5.3.2
Case I No. of Iter. 8 3 11 17 5
CPU time | 0.0099 0.0071 0.0090 0.0063 0.0114
(sec)
Case II | No. of Iter. 8 3 11 17 5
CPU time | 0.0095 0.0075 0.0080 0.0072 0.0155
(sec)
Case III | No. of Iter. 8 3 11 16 5
CPU time | 0.0103 0.0081 0.0093 0.0084 0.0125
(sec)
Case IV | No. of Iter. 8 3 11 17 5
CPU time | 0.0098 0.0071 0.0082 0.0070 0.0111
(sec)

Example 5.3.13. Let H1 = Ha = (L(R), ||-||2), where L(R) := {z = (21,22, ...

,]Jn,...),$j €

R : 3% |al? < oo} llalle = (3555, |25?)? and (z,y) = 3202, wyy; for all @ € ((R).
We define F} : C xC — Rand Fy, : @ x Q@ — R by Fi(x,y) = (Lyz,y — =) and
Fy(w,y) = (Lox,y — x), where Lix = 5 and Loz = 7. One can easily verify that Fy and
F satisfy Assumption 5.2.1. Let A : H; — H; be defined by Ar = £ and A"y = £. Then,
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10° ‘ : 10° :
——Alg. 1.11 ——Alg. 1.11
——App. 7.1 —App. 7.1
——App. 7.2 —=App. 7.2
App. 7.3 App. 7.3
——Alg. 3.2 ——Alg. 3.2
e 1 0.1l 1
5 10 S 10
o m
102 3 102} 1
0 8 10 12 14 16 18 0 2 4 6 8 10 12 14 16 18
Iteration number (n) Iteration number (n)
10° : 10° :
——Alg. 1.11 ——Alg. 1.11
—~—App. 7.1 —~App. 7.1
—=—App. 7.2 B —=—App. 7.2
App. 7.3 App. 7.3
——Alg. 3.2 ——Alg. 3.2
(% L | % -1l 4
§ 10 § 10
o i
102} 10%F 1
0 2 4 6 8 10 12 14 16 0 2 4 6 8 10 12 14 16 18
Iteration number (n) Iteration number (n)

Figure 5.9: Top left: Case I; Top right: Case II; Bottom left: Case III; Bottom right:
Case 1V.
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A is a bounded linear operator. After simple calculation and applying Lemma 5.2.1, we
obtain

3u

Tr(u)=——, YueC

T (u) T+3’ UE )
and 5
v

T =V )

52 (v) et veQ

Let B : Hy — Hi be defined by Bx = %x and D : Hy — H; be defined by Dz = 3z,
where x € H,. Clearly, we see that B is z-inverse strongly monotone and D is maximal

1_
2
monotone.

We consider different initial values as follows:

Case I: 3:0:(_23,17_%’...),951:(%’}U%’...);

Case II: xoz(37,17%7...)7x1:<137%7%7,__>;

Case III: xoz(—29,1,_%7...)7951:(_%’%7_3_127 );
Case IV: g = (25,1, 5, ), #1 = (3, &, 75)-

We compare the performance of our Algorithm 5.3.2 with Appendix 5.3.14, Appendix
5.3.15 and Appendix 5.3.16. We plot the graphs of errors against the number of iterations
in each case. The numerical results are reported in Table 5.3.2 and Figure 5.10.

Table 5.3.2: Numerical results for Example 5.3.13

Alg. App App. App. Alg.
2.5.23 5.3.14 5.3.15 5.3.16 5.3.2
Case I No. of Iter. 13 3 14 11 6
CPU time | 0.0137 0.0148 0.0145 0.0092 0.0175
(sec)
Case I | No. of Iter. 13 3 14 11 6
CPU time | 0.0114 0.0123 0.0120 0.0097 0.0170
(sec)
Case III | No. of Iter. 13 3 14 11 6
CPU time | 0.0113 0.0135 0.0154 0.0082 0.0150
(sec)
Case IV | No. of Iter. 13 3 14 11 6
CPU time | 0.0126 0.0162 0.0139 0.0122 0.0245
(sec)

Appendix 5.3.14. The Algorithm in [51].

Initialization: Given v € (0, %) Let xy,z1 € Hy be arbitrary.

Iterative Steps: Cualculate x,.1 as follows:
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—=App. 7.2 ]

App. 7.3
——Alg. 3.2

6 8
Iteration number (n)

10

12 14

——Alg. 1.11
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Yn = T + 5n(xn - xnfl)
Zp = QpYp + (1 - O‘n)Tril (I - 'YA*(] - TTZQ)/Uym
Wy, = Bpzn + (1= Bo)JP (I —t,B)z,, (5.3.48)

Coy1 = {2 € Cp : [Jwp — 2|12 < ||2n — 2|1> + 26,2120 — 2 || — 20{z0 — 2, Zp_1 — 20},

\anrl = pC Ty, N 2 17

n+1

where JP = (I+t,D)~', {t,} € (0,2a), {6,} € [0,8], §¢€[0,1), {rn} C (0,00) with
v € (0, %) such that L is the spectral radius of A*A and {a,, },{Bn} are sequences in [0, 1].

Setn :=n+ 1 and return to Step 1.

Appendix 5.3.15. The Algorithm in [105].
Initialization: Given sy > 0, € (0,1). Let xy € ‘H be arbitrary.

Iterative Steps: Given the current iterates x,, calculate the next iterate as follows:
Step 1.

Yn = (I +5,D)" I — 5,B)x,,.

If x,, =y, then stop and y, is a solution of (1.2.9). Otherwise,
Step 2. Compute
and
Tpt+1 = (1 - Bn - P)/n):l:n + Ynin-

Update
mind en=ynll_ ,sn} if Bx, — By, #0,
Sy = {annfonn / Un 7 (5.3.49)

Sns otherwise.

Setn :=n+ 1 and return to Step 1.

Appendix 5.3.16. The Algorithm in [105].
Initialization: Given s; > 0, € (0,1). Let x; € H be arbitrary.

Iterative Steps: Given the current iterates x,, calculate the next iterate as follows:
Step 1.

Yo = (I + snD)*l(I — $p,B)xy,.

If x,, =y, then stop and y, is a solution of (1.2.9). Otherwise,
Step 2. Compute

and
Tnt1 = Vo (Tn) + (1 = V)20
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Update

- _pllza—ynll } f Br. — B 0
Snﬂz{mm{ngmmnn’sn if Btn = By 70, (5.3.50)

Sns otherwise.

Setn :=n+ 1 and return to Step 1.
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CHAPTER 6

Results on Variational Inequality, Split Monotone Variational
Inclusion and Fixed Point Problems in Banach Spaces

6.1 Introduction

The extension of known basis concepts from Hilbert spaces to Banach spaces has been
of great interest to many researchers due to the fact that many real life problems can
be posed in general Banach spaces than in Hilbert spaces. In this chapter, we propose
and study an iterative algorithm for approximating the solution of VIPs in a real Banach
space. Furthermore, between a Banach and Hilbert space, we propose and study an
effective iterative algorithm for approximating a common solution of the SMV,IP and
FPP. We apply our result to study some optimization problems and present some numerical
experiments of our methods in comparison to other methods in literature.

6.2 On pseudomonotone variational inequalities with
non-Lipschitz operators

In this section, we study the pseudomonotone VIP with non-Lipschitz operators in Banach
spaces. We propose an inertial subgradient extragradient method with Halpern technique
and Armijo type step size for approximating the solution of the problem in the frame-
work of 2-uniformly convex real Banach spaces. We prove that the sequence generated
by our proposed method converges strongly to the solution of the problem under some
mild conditions and without the weakly sequential continuity condition often assumed by
authors in solving pseudomonotone VIP. Finally, we provide some numerical experiments
for the proposed method in comparison with other existing methods in the literature. Our
result extends and improves several of the existing results in the current literature in this

274



direction.

6.2.1 Proposed method

In this section, we present the proposed method and highlight some of its features. We
start by giving the following assumptions under which our strong convergence result is
obtained

Assumption 6.2.1. Suppose that the following conditions hold:

(a) X is a real 2-uniformly convex and uniformly smooth Banach space with 2-uniform
convexity constant p and C is a nonempty, closed and convex subset of X.

(b) A: X — X* is pseudomonotone and uniformly continuous on X.
(c) The solution set VI(C, A) is nonempty.
(d) Let {7,} be a positive sequence such that lim > = 0 where a, is a sequence in (0, 1)

n—oo "

satisfying the following conditions: lim a, =0, > a, = 0.
n—oo n=1

Now, our proposed method for solving the VIP (1.2.1) is presented as follows:

Algorithm 6.2.2. Inertial method with new Armijo-type step size.

Initialization: Given A\; >0, 6 >0, § >0,¢ € (0,1) and n € (0, i) Let u, zg,z1 € X
be arbitrary. Set n := 1.

Step 1: Given the iterates z,_; and z, for each n > 1, choose 6, such that 0 < 6,, < 6,,,
where

0. -— {min {9’ ”wn_T;nle } o iz (6.2.1)

n
0, otherwise.

Step 2: Compute
wy = J Iz + 0y (Jrp_y — JT3,)).

Step 3: Compute

Y = e HJw, — N\ Aw,).

If w, = y,, or Ay, = 0 then stop and y,, is a solution of the VIP. Otherwise, go to Step
4.

Step 4: Compute
2y = g, J 7 (Jw, — A\ Ay,)

where
T, :={zx e X |(Jw, — \yAw, — Jy,, ©—1y,) <0},
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Ap := 00™ and m,, is the smallest non-negative integer m satisfying
g

N3

Step 5: Calculate
T = J HapJu + (1 — ) J 2,).

Set n:=n+ 1 and go to Step 1.

Remark 6.2.1. If w, =y, or Ay, = 0 then y, € VI(C, A). From Lemma 2.5.23 and the
fact that 0 < A\, < 4, we have

CNwn =l wn = e d 7N (Jw, — AgAwy,) || S |lwn, — e J 7Y (Jw, — §Aw,)||

N An N An - )

which shows that w,, is a solution of the VIP. Thus, vy, € VI(C, A). Also, since y,, € C, we
observe that if Ay, = 0 then y, = IlcJ "' (Jy, — §Ay,), which implies that y, € VI(C, A).

0

6.2.2 Convergence analysis

Lemma 6.2.2. Suppose that Assumption 0.2.1 holds. The Armijo-like criteria (6.2.2) is
well defined. Furthermore, we have that X\, <.

Proof. If w, € VI(C, A) then w, = IIeJ Y (Jw, — 6Aw,), which implies that w, = v,.
Thus m,, = 0. If w,, ¢ VI(C, A), we prove by contradiction by assuming that the contrast
of (6.2.2) holds, that is,

o <AHCJ_1(an — " Aw,) — Aw,, TeJ H(Jw, — 5™ Aw,) — Uz, J (Jw, — (5€mAyn)>
> g [Jwy, — Hed " (Jw, — 60™ Aw,)||* + (e (Jw,, — 60™ Aw,,) — g, T~ (Jw, — 607 Ay,,) 7] -
This implies that

S0 || Alle J~H (Jwy, — 60™ Aw,,) — Awy|| - |[TeJ ™ (Jw, — 607 Aw,,) — g, T~ (Jw, — 0™ Ay,,)||
> ||wa — Hed 7 (Jwy, — 66" Awy,)|| - [[He ™ (Jwy — 60™ Awy,) — Tig, T~ (Jw,, — 60™ Ayy)|| -

Thus, we obtain

| ATl T (Jw, = 667 Aw,) = Aw,|| > == ||wn = Ted ™ (Juw, = 50" Aw,)||. (6:2.3)

Next, we consider the following cases: when w,, € C and w,, ¢ C.

First, suppose that w, € C. By the continuity of A and Il we have
lim ||w, — e (Jw, — 6™ Aw,)|| = 0.

m— 00
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Consequently, by the continuity of A we get

lim || Aw, — AlleJ ' (Jwy, — 60™ Aw,)|| = 0. (6.2.4)

m—r00

From (6.2.3) and (6.2.4), we obtain

lim lwn — e J Y (Jw, — 6™ Aw,)||

By the continuity of J, we have
— JII -1 _ m A
lim 170 = SMe ™ (Jwn = 00 Awn)| _ (6.2.5)

m—»00 oem

Let ¢, = HeJ Y (Jw, — 60™Aw,). Then from (2.4.2), we have

(S — Jwn + 00" Awy,, Yy — qn) >0,  VyeCl,

which implies that

<an_ qu, y_Qm>

A — ) >
(Awy, y — gm) > S

Letting m — oo and using (6.2.5), we have
(Aw,, y —w,) >0, VyeC.

This implies that w, € VI(C, A), which contradicts the hypothesis.

Next suppose w,, ¢ C, then we obtain

liin Hwn —HeJ M (Jw, — 5€mAwn)H = [lw,, — ew,| >0 (6.2.6)
and
lim o™ |Aw, — AlleJ ™! (Jw, — 6™ Aw,)|| = 0. (6.2.7)

Combining (6.2.3), (6.2.6) and (6.2.7), we obtain a contradiction. Hence, the linesearch
(6.2.2) is well defined. O

Lemma 6.2.3. Let {x,} be a sequence generated by Algorithm 6.2.2 under Assumption
6.2.1 andp € VI(C, A). Then, we have

lim 0—n<gb(p, Tn_1) — O(p, xn)> = 0. (6.2.8)

n—oo O{n
Proof. Let pe VI(C, A). From (6.2.1), we obtain
Onl|zn — xpq| <7, foreach n>1. (6.2.9)

Since lim ™ =0 and lim «, = 0, it follows that lim 7,, = 0. Thus, we obtain
n—oo " n—oo n—o0
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lim 0,||z, — x,-1]] < lim 7, = 0. (6.2.10)
n—oo n—oo

Since J is norm-to-norm continuous on subsets of X, it follows that

lim 6,||Jz, — Jx,—1]] = 0. (6.2.11)
n—oo
Again, from (6.2.9) we have
. O . Tn
lim — ||z, — z,1]] < lim — = 0. (6.2.12)
n—oo O[n n—oo an

Since J is norm-to-norm continuous on X', we have

On
lim —||Jz, — Jz,—1] = 0. (6.2.13)

n—00 (O,

Next, observe that

3(p, wn-1) = (P, za) = [PII* = 2(p, Jna) + 2 * = (lpl* = 2(p, J20) + [|20]*)
= l[wn-all® = llonll* + 2(p, J2n — Jun-1)
< -1 = zall (2l + lznll) + 2Pl T2 = J2aaall. (6.2.14)

Now, by applying (6.2.12) and (6.2.13), it follows from (6.2.14) that

On . (O,
lim ~(§(p, 201) = 6(psa) ) < lim (=lzns = (e + )

n—oo an o0 an
. On
o+ Tim (2]l = Tz, — Tz )
n—o0 (67
= 0,

which is the desired result.

]

Lemma 6.2.4. Let {x,} be a sequence generated by Algorithm 6.2.2 under Assumption
0.2.1. Then,

60, ) < 0(p, wa) = (1= ) | $(ynswa) + &(z0:4)|. (6.2.15)
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Proof. Let p e VI(C, A). and Jd,, :== Jw,, — A\, Ayn, by (2.4.3) we have

(s 2n) < B(p, dn) — ¢(20, dn)
= [lpl* = 2(p, Jwn = AaAyn) + ldall* = ([12al* = 2(20, Jwn — XAaAya) + [|dall?)
= [IplI® + [|dnl® = llza]l* = ldnll* = 2(p, Jwn — Ao Ayn) +2{2n, Jwy — A\nAyn)
= pl* = lzall® = 20, Jwn = AnAyn) +2(20,  Jwn — AnAyn)
= ”pH2 - HZn||2 = 2(p, Jwn) +2(p, AMAYn) + 2(2n, Jwn) = 2(20, AnAyYn)
= [IplI* = l2all® + llwal® = llwall* = 2{p, Jwn) +2(p, AaAyn) +2(z0, Jws)
— 2(zn, MAyn)
= (Ip1” = 2(p, Jwn) + wall?) = (lwall* = 220, Jwa) + [12a]*) = 2{zn, AnAyn)
+ 2(p, \Ayy)
= ¢(pa wn) - ¢(Zna wn) - 2<Zm )‘nAyn> + 2<p> )\nAyn>
= d(p, wy) — O(Zn, Wn) + 200D — Yny AUn) + 22X (Un — 20, Ayn). (6.2.16)

Since p € VI(C, A) and y,, € C, we have

(Ap, y,—p)>0.

Also, since A is pseudomonotone, it follows that

<Ayn7 Yn — p> Z 0.

Applying the last inequality in (6.2.16), we have
O(p, zn) < O, wn) — P20, Wn) + 2X0(Yn — 20, AYn). (6.2.17)

Next, by applying Lemma 2.2.13, we get

¢(Zn7 wn) - 2>\n<yn — Zn, Ayn> = ¢(2n, yn) + ¢(yn7 wn) + 2<2n — Yn, Jyn - an)
= ¢(Zna yn) + ¢(yn7 wn) - 2<zn — Yn, an - Jyn - AnAyn>

= Cb(znu yn) + Qb(ym wn) - 2<Zn — Yn, Jw, — A\ Aw, — Jyn>
(6.2.18)

=200 (Yn — 2n, Ayn — Awy,).
Now, since z, € T,, we obtain from the definition of 7,, that
(zn — Yn, Jw, — NAw, — Jy,) < 0.
Applying the last inequality in (6.2.18), we have

§Z5(Zn, wn) - 2)\n<yn — Zn, Ayn> 2 Qb(ym wn) + ¢(2n, yn) - 2)\n<yn — Zn, Ayn - Awn)

> O(Yn, Wn) + A(2n; Yn) — N [Hwn - yn||2 + [|Yn — Zn”ﬂ .
(6.2.19)
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Applying (6.2.19) in (6.2.17) and using Lemma 2.5.22, we obtain

o(p, zn) < O(p, wn) — G(Yn, Wn) — G20, Yn) +1 [”wn - ynH2 + [|yn — Zn||2]
= o(p, Wn) = (Yn, wn) — A(2n, Yn) + [Hyn - wn”2 + {20 — ynHQ}
< o(p, wn) — d)(yn, Wn) = @(Zns Yn) + 10 [HP(Yns W) + pP(2n, Yn)]
= gb(p, Wy ) — (1 ) [¢(ynv wn) + gb(zn, yn)] )
which is the desired result. O

Lemma 6.2.5. Let {x,} be a sequence generated by Algorithm 6.2.2 under Assumption
6.2.1. Then, {x,} is bounded.

Proof. Let p € VI(C, A). Applying the conditions on 71, we obtain from Lemma 6.2.4 that

(P, 2n) < B(p, wy). (6.2.20)

From the definition of w,, we have

¢(p7 wn) = ¢(p7 J71<<1 - 6”)‘]3:” + eannfl))
< (1= 0,)0(p, xn) + 000D, Tn1). (6.2.21)

By the definition of x,.1, and by applying (6.2.20) and (6.2.21), we have

(p, Tni1) = o(p, J~ 1(& Ju+ (1 —ay)J2,))
< and(p, u) + (1 — an)o(p, zn)
< and(p, u) + (1 —an)o(p, wn)
< and(p, ) + (1= ) (1= 0,)0(p, @0) + 06 (1)

< max{6(p. u), max{o(p. ), Op. Ta1)}

< max{¢(p, u), max{¢(p, 1), &(p, 370)}}-

Hence, ¢(p, ) is bounded, and it follows that {z,,} is bounded. Consequently, {w,}, {y.},
{z,} are bounded. O

Lemma 6.2.6. Let {x,} be a sequence generated by Algorithm 6.2.2 under Assumption
6.2.1. Then, the following inequality holds for all p € VI(C, A) :

On,
+ ap (1 - an)CY_ [¢(p7 wn—l) - d)(pa xn)] + 2<JU - Jpa Tp4+1 — p)

n

— (1= an)(1 — pn) [¢(ynu W) + G(2n, ynﬂ
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Proof. Let p € VI(C, A). From the definition of z,,,1 and by applying (2.2.2), (6.2.15) and
(6.2.21), we have

o(p, Tpy1) = qb(p, J! (oszu +(1- ozn)Jzn>>
(p, anJu+ (1 —ayn)Jz,)
<V(p, anJu+ (1 —an)Jz, — an(Ju — Jp)) + 20, (Ju — Jp, Tpi1 —p)
< a,V(p, Jp) + (1 —an)V(p, Jz) + 200, (Ju — JIp, Tpi1 —p)
=a,(p, p)+ (1 — an)o(p, zn) + 20, (Ju— Jp, Tpi1 —p)
(1= a)[8p, wa) = (1= m)[6(n, wa) + Oz, )]
+ 20, (Ju — Jp, Tpi1 — p)
< (L=an) [(1 = 02)0(p, wa) + 0nd(p, Tp-1)] + 200 (Ju — Jp, Tpy1 — D)

— (1= ) (1 = ) [¢(yn, wn) + D20, Yn)] (6.2.22)
= (1 - an)¢(pa In)

(1= 0 2[00, 50-1) = 0lp )] + 200 = Tp, s =)

n

o (1 o an)(l - /“7) [¢(ynv wn) + ¢(Zna yn)]a

which is the required inequality.

]

Lemma 6.2.7. Let {w,} and {y,} be sequences generated by Algorithm 6.2.2 under As-
sumption 6.2.1. If there exists a subsequence {wy, } of {w,} such that {w,, } converges
weakly to p € C and klim |Wn, — Yn,|| =0, then p e VI(C, A).

—00

Proof. For all x € C, we obtain from (2.4.2) and the definition of {y,, } that

0 < (Jyn, — JwWn, + Ny AWy T — Yn, )
= (JYpn, — JWnys T — Yn,) + Aoy (AW, , Wny — Yny) + Ay, (Awy,, ©—w,, ) (6.2.23)

Next, we show that liminf(Aw,,, © —w,,) >0, V x € C. We consider the following two

k—o0
cases for A, :

Case 1: Suppose that lilgn inf A\,, > 0. Since {w,, } is bounded and A is uniformly contin-
—00
uous, we obtain from Lemma 2.5.21 that { Aw,, } is bounded. Since klim |Wn, — Yn, || =0,
—00

{Yn, } is bounded. From the boundedness of {yy, }, (6.2.23), the facts that J is norm-to-
norm uniformly continuous and lilgn inf A, > 0, we have
—00

liminf (Aw,,, © —w,,) >0, V zeC. (6.2.24)

k—oo
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Case 2: Suppose that liminf A, = 0. Let t,, = HeJ (Jwy, —An, £~ Aw,,, ). From Lemma
—00
2.5.23 and the fact that A\, ¢~' > A\, we have,

€||wnk - tnk” < Hwnk - ynk” - 07 as k — oo.

Thus, we have that t,,, — p € C, which implies that {¢,, } is bounded.

Since klim |wn, — tn,|| =0 and A is uniformly continuous, we obtain
—00
]}Lrgo | Aw,, — At,, || = 0. (6.2.25)

Also, since J is norm-to-norm continuous we have
| Jwy, — Jtn, || = 0, & — oo.

From (6.2.2) we have,

)\nkf_l(AHcJ_l(ank — Ao L Awy,)) — Aw,,, Tl (Jw,, — )\nkf_lAwnk) — Zn,)

> I, = Hed ™ (Jan, = At~ Aw, ) [P+ [T~ (v, = Ayl Atn) = 20, ]
Applying the Cauchy-Schwartz inequality to the last inequality, we have

Ao AT T (Jwn, — An 7 Awy, ) — Aw,, || - [[Hed ™ (Jwn, — A, 0 Awy,) — 2, |

> [, = Ted ™ (T, = Angl ™ Awy, )| [T~ (T, = Al Atn) = 2.
which implies that

Ao 07 Arwy,, — Al (Jw,, — Ap €7 Aw,, ) || > nljwn, — Hed ~H(Jw,, — Ap £ Aw,, ) ||

From this, we have

1 1
S Aw,, — Atn || >~ |Jwn, — tu - (6.2.26)
n k k /\nkg 1 k k

Applying (6.2.25) to (6.2.26) we have

I 1
o = bl =

From the definition of ¢, and Lemma 2.4.3, we have
0< <Jtnk — Jw,, + )\nkﬁ_lAwnk, T — tnk> )

It follows that

1
/1

) (Jwy, — Jtn,, ©—ty,) + (Awy,, tn, —wn,) < (Aw,,, ©—wy,,), ¥V z€C.

k
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Taking the limit of the last inequality as k — oo and noting the fact that J is norm-to-norm
continuous, we have

lim inf(Aw,,, * —w,,) >0, VreC,

k—o0

which is the desired result.

Now, to complete the proof we show that p € VI(C, A). Observe that

<Aynk7 T — ynk> = <Aynk - Aw”k’ T —= wnk> + <Awnk7 T — wnk> + <Aynk’ Wy, — ynk) :

(6.2.27)
Since klirn |wn, — Yn,|| =0 and A is uniformly continuous, we obtain
— 00
kli}rrolo | Aw,, — Ay, || = 0. (6.2.28)

Then, it follows from (6.2.24) and (6.2.27) that
liminf (Ay,,, © —yn,) >0, VzeCl.
k—o00
Now, we show that p € VI(C, A). We choose a decreasing sequence of positive numbers

{¢x} such that {¢x} — 0 as k — oo. For each k, we denote the smallest positive integer
by Ny such that

(AYn,, ©—Yn;) + (>0, Vj > Np. (6.2.29)

We observe that { Ny} is increasing since {(,} is decreasing. However, since {y,, } C C for

each k, we assume that Ayy, # 0 (otherwise, yy, is a solution). Moreover, let dy, € E

such that klim dy, =d € E and (Ayy,, dy,) =1 for each k. Then, from (6.2.29), we have
—00

for each £ that
(Ayn,, * + CGdn, —yn,) >0, Yz eCl.
Since A is pseudomonotone on X', we have
(A(x + Gdn,), 4 Ckdn, —yn,) >0, VzeCl.
which implies that

(Az, © —yn,) > (Az — A(z + Gdn, ), © + CGdn, — yn,,) — G(Ax, dy,), Yz eC.
(6.2.30)

Since {dy, } is bounded and klim (r = 0, we have klim Cedn, = 0. Applying the fact that
—00 —00

A is uniformly continuous, klim Cedn, = 0, {yn, } and {dy, } are bounded on (6.2.30), we
—00

have
liminf(Az, x —yy,) > 0.
k—o00
Therefore,
(Az, © —p) = lim (Az, x —yy,) = liminf(Az, z —yn,) >0, V2 eC.
k—o0 k—o0
From Lemma 2.5.2, we obtain that p € VI(C, A). This completes the proof. m
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Remark 6.2.8. Note that Lemma 6.2.7 holds if the mapping A in Assumption 6.2.1 (b)
is Lipschitz continuous instead of uniformly continuous. Moreover, the result of Lemma
6.2.7 also holds if the step-size of our proposed Algorithm 6.2.2 is a sequence of positive
numbers.

We are now in the position to present our main result.

Theorem 6.2.9. Let {z,} be a sequence generated by Algorithm 6.2.2 under Assumption
0.2.1. Then, {x,} converges strongly to p € VI(C, A), where p = Iy a)(u).

Proof. Let p = Ily ¢ ayu. From Lemma 6.2.6, we have

¢(p7 xn+1) < (1 - Ctn)¢(p, .Tn)

o [ (1= )2 (60, 201) = 6(pr )] + 20T — Jp, s — p>}

n

= (1= an)o(p, Tn) + anvn, (6.2.31)

+

where v, = (1 = ay) 2 [¢(p, 25 1) — ¢(p, 20) | + 2(Ju — Jp, Tpi1 — p).

Now, we claim that {¢(p, x,)} converges to zero. To establish this, by Lemma 2.5.36
it suffices to show that limsupw,, < 0 for every subsequence {¢(p, z,,)} of {¢(p, x,)}

k—o0
satisfying the condition

liminf [¢(p, @n,,,) — O(p, zn,)] > 0. (6.2.32)

k—o00

Suppose that {¢(p, x,,)} is a subsequence of {¢(p, x,)} such that (6.2.32) holds. Again,
we obtain from Lemma 6.2.6 that

(1 - ank)(l - 1”7) [gb(ynk?wnk) + ¢(ch7ymc)} < (1 - ank)¢(p’ xnk) - gb(p, x”k"‘l)

On
+ Ay, (]- - ank)a_k [¢(p7 xnk—l) - ¢(p7 xnk)} + 2<JU - pr Tpp+1 — p>

Nk

By (6.2.8), (6.2.32) and the fact that klim oy, = 0, we obtain
—00

lim (1 — oy, )(1 — pm) [Qb(ynm Wn,) + G2y, ynk)] = 0.

k—o00

By the conditions on the control sequences, it follows that

lim ¢(ynk’ wnk) = kh—?; ¢(an7 ynk) = 0.

k—o00

From Lemma 2.5.24, we have
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|wn, — Yn,|l = 0, as k — o0 (6.2.33)
and

Y, — Zn || = 0, as k — oco. (6.2.34)
From (6.2.33) and (6.2.34) we have

|wn, — 2n, || = 0, as k — oo. (6.2.35)
From the definition of z,, , in Algorithm 6.2.2, we have

| JZny = T2, || < an|[Ju = Jzn, || + (1 — o, )||J 20, — 20, || = 0, as k — oo.
(6.2.36)

Since J~! is norm-to-norm uniformly continuous on bounded subsets of X*, we obtain
|1 Tng s — Znell = 0, as k — oo. (6.2.37)
Also, by applying (6.2.34) and (6.2.37) we obtain
| Zngy = Ynell S NTnpys = Zng |l + 120 — Unill = 0, as k& — oo. (6.2.38)
From the definition of w,, and by applying (6.2.11), we have

| Jwn,, — Jxp, || = O, || JTn_, — S0, ]| — 0, as k — oo.

Since J~! is norm-to-norm uniformly continuous on bounded subsets of X*, we have

|wn, — @, || = 0, as k — oo. (6.2.39)

From (6.2.33)-(6.2.39), we have
khm Hynk - xnk” = 07 lim Hmnk - an“ = 07 lim Hwnk - ynk“ = 0. (6'2‘40)
—00 k—ro0 k—o0

Also, from (6.2.38) and (6.2.40),we have

20 s = el < Nniir = Yngll + [|Yn, = 2l = 0, as k — oo. (6.2.41)

Since {x,} is bounded, then w,(z,) is nonempty. Let z* € w,(z,) be an arbitrary element.
Then, there exists a subsequence {x,, } of {x,} such that x,, — x* as k — oco. Then, from
(6.2.39), we obtain w,, — z* as k — co. Now, by Lemma 6.2.7, it follows from (6.2.40) that
z* e VI(C, A). Since z* € w,(z,) is an arbitrary element, we have w,(z,) C VI(C, A).
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Moreover, since the sequence {z,, } is bounded, there exists a subsequence {x,, } of {z,, }
J
which converges weakly to 2* € X'. Since p = Iy (¢ a)(u), we have that

limsup(Ju — Jp, x,, —p) = lim (Ju — Jp, T, —p)

k—o00 J—00
<. (6.2.42)
From (6.2.41) and (6.2.42), we obtain
limsup(Ju — Jp, xp,,, —p) <0. (6.2.43)

k—o0

From (6.2.8) and (6.2.43), we obtain lim sup v,, < 0. Hence, by applying Lemma 2.5.36 to

k—o0

(6.2.31) we obtain that lim ¢(p, z,) = 0. It follows from Lemma 2.5.24 that lim ||z, —
n—oo

n—oo

p|| = 0. Therefore, {z,} converges strongly to p € VI(C, A), where p = Ily ¢ a)(u). O

Remark 6.2.10. In real Hilbert spaces, we have that ¢(z,y) = ||z —y||?>, Vz,y € C and
[l = Pr where Pe : H — C is the metric projection of H onto C.

A mapping Fe is said to be the metric projection of a real Hilbert space H onto C if for
all x € H there exists a unique nearest point in C, denoted by Pex, such that

| = Fex|| < [lz —yll, VyeC.
If X is a Hilbert space, then taking J = I and ¢(z, y) = ||z —y|*, V 2,y € C in Theorem
6.2.9 (where I is the identity mapping on X'), we have the following consequent result:

Corollary 6.2.3. Let {x,} be a sequence generated by Algorithm 6.2.] below under As-
sumption 6.2.1. Then, {x,} converges strongly to p € VI(C, A), where p = Py, a)(u).

Algorithm 6.2.4. Inertial method with new Armijo-type stepsize.

Initialization: Given A\; >0, 6 >0, § >0, € (0,1) and n € (0, %) Let u, xg,2; € X
be arbitrary. Set n := 1.

Step 1: Given the iterates z,_; and z, for each n > 1, choose 6, such that 0 < 6,, <6,
where

i {min {Q,M}, if 2 £ Tns

o
0, otherwise.

Step 2: Compute
Wy, = Ty, + Op(xp1 — ).

Step 3: Compute
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If w, = y,, or Ay, = 0 then stop and ¥, is a solution of the VIP. Otherwise, go to Step
4.

Step 4: Compute
Zn = PTn (wn - )\nAyn)

where
T, = {l‘ ckX |<wn — AW, — Yp, T — yn) < O}’

Ap = 0™ and m,, is the smallest non-negative integer m satisfying

O™ (Ayy — AWy, Yn — 2n) < Hwn_ynHQ"i‘ Hyn_'anQ .

N3

Step 5: Calculate
Tpi1 = apu+ (1 — ) z,).

Set n:=n+ 1 and go to Step 1.

6.2.3 Numerical experiments

In this section, using some test examples, we discuss the numerical behavior of Algorithm

6.2.2 and compare it with Algorithm 2.5.6 proposed by Cai et. al [53], Algorithm 2.5.7
proposed by Tan et. al [240], Appendix 6.2.13 proposed by Thong et.al [251] and Appendix
6.2.14 proposed by Reich et.al [214]. We perform all implementations using Matlab 2016

(b), installed on a personal computer with Intel(R) Core(TM) i5-2600 CPU@2.30GHz and
8.00 Gb-RAM running on Windows 10 operating system. In Tables 6.2.1-6.2.2, “No. of
Iter.” means the number of iterations.

In our computations, we choose 7,, = ﬁ, a, = nLH’ AM=X=090=07 0=27 (=
0.5 and n = 0.6. Furthermore, in the implementation, we define TOL,, := ||z, 41 — 2,|| and

use the stopping criterion TOL,, < 1072 for the iterative processes.

Example 6.2.11. Consider the linear operator A : R™ — R™ (m = 15, 30,45, 60) defined
by
A= Mzx+q,

where

M =BB"+P+Q

with P, ) € R™*™ randomly generated matrices such that P is skew-symmetric, () is a
diagonal matrix of nonnegative entries and ¢ is a vector in R™. The feasible set C C R™
is a closed and convex subset defined by

C:={zeR": Gz <b},

where G is an k£ x m matrix and b is a nonnegative vector. We easily observe that A
is lipschitz continuous and monotone with L = [[M]||. Let ¢ = 0 then, the solution set
VI(C, A) := {0}. The entries of B, P are generated randomly in [—2,2] as well as the
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starting points xg, r; and the diagonal entries of @) are in (0,2), and ¢ is taken as the zero
vector in R™. Moreover, for Algorithm 2.5.7, we define the contraction mapping fxr = 0.1x
for all x € R™. We plot the graph of ||z,.1 — z,|| against number of iterations choosing
m = 15,30, 45, 60. The numerical results are reported in Figure 6.1 and Table 6.3.1.

Table 6.3.1: Numerical results for Example 6.2.11

Cases Alg. Alg. App. App. Alg.

2.5.6 2.5.7 6.2.13 6.2.14 6.2.2

m = 15 | No. of Iter. 19 31 24 33 14
CPU time | 8.2375 5.3746 3.7576 5.3048 5.8052
(sec)

m = 30 | No. of Iter. 23 33 26 44 18
CPU time | 11.6430 | 6.3741 4.7479 7.8673 6.9292
(sec)

m = 45 | No. of Iter. 25 40 29 46 20
CPU time | 9.6496 8.3209 5.6280 9.5082 6.3000
(sec)

m = 60 | No. of Iter. 26 43 31 51 24
CPU time | 9.5374 10.1644 | 6.5321 11.4672 | 6.5011
(sec)

Example 6.2.12. Let H; =

(b(®), 1) =
R : Z |z;|* < oo} and ||z, := (Z ]951|2) , Vo € L(R). Let C = {z € L(R) : ||[x—al|, <
i=1 =1

r}, where a = (1,1, 1

Ho, where b(R) := {z = (21,22, 23,...), x; €

), r = 3. Then C is a nonempty, closed and convex subset of

») 913"
L(R). Thus,
x, if zellz—all, <,
Po(z) —
() {| H r+a, otherwise.
Now, define the operator A,: L(R) — L(R) by

1
Ag — _ -
g (”‘” W T=ar+ 0.7) g

It is easy to see that the solution set VI(C,A) = {0}, A is pseudomonotone on h(R),
uniformly continuous and sequentially weakly continuous on C' but not Lipschitz on h(R).

More so, for Algorithm 2.5.7, we define the mapping fz = §, for all 2 € (R). Then, we

take u = (1, é, 55 ) and Consider the following cases for the numerical experiments:
Case 1: Take z; = (—4 ---)andxo (2,1,5,--).

Case 2: Take z; = (— 2,1, ) and g = (— 3,1, ,)

Case 3: Take x; = (—3,1, — ---)andxo (—2 Sy ).

Case 4: Take x; = (—4,1,—%,--+) and 2 = (3, % )
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We plot the graph of ||z,,+1 — 2, || against number of iterations using the above four cases.
The numerical results are reported in Figure 6.2 and Table 6.3.2.

Table 6.3.2: Numerical results for Example 6.2.12

Alg. Alg. App. App. Alg.
2.5.6 2.5.7 6.2.13 6.2.14 6.2.2
Case 1 No. of Iter. 30 20 39 26 9
CPU time | 0.0169 0.0104 0.0102 0.0102 0.0107
(sec)
Case II | No. of Iter. 19 18 26 33 8
CPU time | 0.0164 0.0099 0.0091 0.0096 0.0111
(sec)
Case III | No. of Iter. 16 19 33 26 9
CPU time | 0.0181 0.0106 0.0124 0.0132 0.0144
(sec)
Case IV | No. of Iter. 35 20 39 32 9
CPU time | 0.0171 0.0093 0.0094 0.0098 0.0104
(sec)

Appendix 6.2.13. (Algorithm 5.5 in [251])
Initialization: Given {a,} C (0,1),£€ (0,1),5 >0, € (0, %) Let z1 € C be arbitrary

Iterative Steps: Given the current iterate x,, calculate x,.1 as follows:

Step 1: Compute

zn = Pe(x, — NAx,)

and ry(z,) = T — 2n. If a(x,) = 0 then stop and z,, is a solution of VI(C, A). Otherwise
Step 2: Compute

Yn = Tpn — TnT/\(xn)a

where T, == 0’ and j, is the smallest non-negative integer j satisfying

(Azy — Ao, ra(wn)) < pllra(en) |

Step 2: Compute

Tpi1 = O‘nf(xn> + (1 - O‘n)PC’n(zn)a
where
Cn:={ze€C: hy(zx) <0}
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and

ho(2) = (AYn, T — Yn)-

Setn:=n+1 and go to Step 1.

where A @ H — H is pseudomonotone, uniformly continuous and sequentially weakly
continuous on bounded subsets of C.

Appendix 6.2.14. (Algorithm 4 in [21]])

Initialization: Given {an} C (0,1),£ € (0,1),8>0,A € (0, 3). Let z1 € C be arbitrary
Iterative Steps: Given the current iterate x,, calculate x,.1 as follows:

Step 1: Compute

z2n = Pe(r, — NAxy,)

and ry(xy) == xp — zn. If rA(2,) = 0 then stop and x,, is a solution of the VIP. Otherwise

Step 2: Compute

Yn = Tp — TuTA(Th),
where T, == 0’ and j, is the smallest non-negative integer j satisfying
(A = Ay ra(w)) < Sllraea)
Step 3: Compute

Tpt1 = Quf(zn) + (1 — an)Po, (z,,),

where

Cn:={z €C: hy(x) <0}
and
TTZ
hi(2) = (Ayn, v — 25) + EHU(%)HQ-

Setn:=n+1 and go to Step 1.

where A : H — H is pseudomonotone and uniformly continuous.
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6.3 On finite family of split monotone variational in-
clusion and fixed point problems

In this section, we propose and study a new inertial iterative algorithm with self-adaptive
step size for approximating a common solution of finite family of SMV,IPs and FPP
of a nonexpansive mapping between a Banach space and Hilbert space. This method
combines the inertial technique with viscosity method and self-adaptive step size for solving
the common solution problem. We prove a strong convergence result for the proposed
method under some mild conditions. Moreover, we apply our result to study the SFP and
split minimization problem (SMP). Finally, we provide some numerical experiments to
demonstrate the efficiency of our method in comparison with some well-known methods in
the literature. Our method does not require prior knowledge or estimate of the operator
norm, which makes it easily implementable unlike so many other methods in the literature
which require prior knowledge of the operator norm for their implementation.

6.3.1 Proposed method

Let ‘H be a real Hilbert space and let X be a uniformly convex and smooth Banach space.
Let Jx be the duality mapping on X. Let T' : H — X be a bounded linear operator
such that T # 0 and T* is the adjoint operator of T. Let f : H — H be a contraction
mapping with constant p € (0,1) and 0 < v < %, and let S : H — H be a nonexpansive
mapping. For each ¢ = 1,2,--- 'm, let A; : H — H be a finite family of a;-inverse
strongly monotone operators, B; : H — 2" and C; : X — 2% be finite families of
maximal monotone operators, and let in be the resolvent of B; for r; > 0 and Qf be the
metric resolvent of C; for pu; > 0. Suppose that the solution set I" # (). We establish the
convergence of the algorithm under the following assumptions on the control parameters:

(A1) {an}, {0n}, {7} C (0,1) such that a,, + 6, + 7, = 1, lim a,, =0, > a,, = o0
n—o0 n=0

(A2) liminfé, > 0,liminf~, > 0,{f,;} C (0,1) and > f,,; = 1,liminf 3, o3, > 0;

n—oo n

(A3) 0<a<7,<b<2,0<c< pp;,0<d<r,,; <e<2qforeachi=1,2...,m;

(A4) Let 6 > 0 and {¢,} be a nonnegative sequence such that 0 < d < ¢, and €, = o(a,),

ie., lim < =0.
n—oo "

Algorithm 6.3.1.

Step 0: Select initial points zg, 7 € H and set n = 1. B
Step 1: Given the iterates x,_1 and z,, for each n > 1, choose #,, such that 0 <46, <46,,
where

0 — {min {9’ |Ixnf;n—1H } o i 7 (6.3.1)

n
0, otherwise.
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Step 2: Compute
Wy = Ty + Op (T — Tp1).
Step 3: Compute
Zn,i = Wnp — )\n,zT*J/V([ - Q,S:H)Twn’
where
Tall T (I — Qi ) Tw,|?

1T (I = Qfis, ) Twal[*

n,i

Step 4: Compute

m
B:
Up = ﬁn,Own + Z Bn,iJrnz,i (I - Tn,iAi>Zn,i-
i=1

Step 5: Compute
Tpy1 = anf(l‘n) + 6nxn + /Ynsun-

Set n :=n + 1 and return to Step 1.

Remark 6.3.1. By conditions (A1) and (A4), one can easily verify from (6.3.1) that

On
lim 0,||z, — z,—1|| =0 and lim —||z, —z,_1]| = 0. (6.3.2)
n—oo n—oo an

6.3.2 Convergence analysis

Lemma 6.3.2. Let {x,} be a sequence generated by Algorithm 6.3.1 under Assumption
(A1)-(A4). Then, {x,} is bounded.

Let p € T'. Then, it follows that
p=J2 (I —rniAi)p,Tp= Q¢ Tp, and p=Sp

for all m € N and ¢ = 1,2,...,m. From the definition of w, in Step 2 and by applying
the triangle inequality, we have

[|wn = pl| = ||zn + On(zn — 2n1) = pl|
< [zn = pll + Onllzn = 20|

Oy,
= [ln = pll + an == lzn = 20| (6.3.3)

n

Since, by Remark 6.3.1, lim,,_,« z—';||xn —x,_1|] = 0, it follows that there exists a constant
M; > 0 such that 2_2”% — Zp—1|| < M; for all n > 1. Hence, it follows from (6.3.3) that

||wn _p“ S Hxn _p|| + Oéan. (634)
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From Step 3 and the property of the resolvent (2.4.10), we have

20 = pII* = [lwn = AT Ja(I = Qi ) Twy, — pl|?
F AT T (I = Q) Tw |
F AT (I = Q) Tw |

i

= 20ni{@Q T = Tp, Jaell = Qi )Tewn) + N NT™ Tae(L = Q5 )T
= [Jwn — plI* = 220l T (T — QS;Z)TwnHQ
— 20, (Q5: Twy — T, Jx(I — Qg ) Twy) + Ao IT* T (I = Q5 ) Tw,||?

2

< ”wn - p”2 - 2)‘7171‘“‘]2‘(([ - QE:M)TwnW + )‘i,iHT*JX(] - Q/?:L )Twn”2

%

=Hwn—MF—Am{NINI—Q%ﬂTwMF—AmWWlﬂl—Q%)TWAF

i

(6.3.5)
From the definition of A, ; and (6.3.5), we have
7a(2 = )| (I = Qg )Twn]*
200 — P> < |lwn — p|I* — - o (6.3.6)
[T*Jx (1 = Q. ;) Tw||
Thus, by the assumption on 7,, we have that
zni = plI* < [Jwn — plI*. (6.3.7)

From the definition of u,, in Step 4, the nonexpansivity of iji and Lemma 2.5.7 we get

||un - pH2 = ||ﬁn,0wn + Z Bn,zjfil (I - Tn,iAi)Zn,i - inz (I - Tn,iAi)p||2
i=1
= Bn,OHwn - szl([ - rn,iAi)pHQ + Z Bn,z”‘]7211<1 - rn,iAi)Zn,i
i=1
o JTB([ o T"»iAi>sz — Bno Zﬁn,i”ﬁi’;iu — TniAi)zni — wnH2
i=1

< Buollwn = plI> +_ Buillzni — p — rni(Aiza; — Ap)|?

=1

- Bn,O ZBHJHJE:Z([ — rn,iAi)Zn,i — wn||2. (638)
i=1

Next, by applying the inversely strongly monotonicity of the A;’s, Lemma 2.1.1 and (6.3.7),
for each © = 1,2, ..., m, we observe that
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||Zm —pP— Tn,i(AiZn,i - Aip)||2 = ||Zm - 10“2 - 27“n,i<AiZn,i — A;p, Znyi T p)
+ 1 Az — Aipll?
< lzni = pI? = 2rnscil| Aiza — Aipl?
+ 1 Az — Aipll?
= ||zni — plI* = (20 — i) 7niill Aizng — Aip|*. (6.3.9)

Now, by applying (6.3.6), it follows from (6.3.8) and (6.3.9) that

Hun - pH2 S 6n,0Hwn _pH2 + Zﬁn,i“fzn,i _pH2 - Zﬂn,z(2az - Tn,i)rn,iHAizn,i - A2p||2
i=1 i=1

m
- ﬁn,O Z ﬁn,z”tjffz ([ - rn,iAi)Zn,i - wnH2

i=1

u m (2= ) |[x (- Qg ) Tw,|*
< Brollwn = plI> + > Buillwn = plI> = Bus
=1 =1

I T*Jx(I — Q5 ) Tw,|?

m m
- Z 57171'(2041' - Tnz)rnzHAzznz - AipHQ - ﬁn,o Z ﬁnzHJr]i’l(I - TmiAi)Zn,i - wn||2
i=1 i=1

(2= 1) a1 = QG ) Twall*
ot (6.3.10)
|7 T2 (I = Quus ) Twn||?

m
= ||wn - p||2 - Zﬁn,i
=1

— Z Bri(20; — 7 )il Aizn s — Aipl)?

i=1
m
- ﬁn,O Z Bn,z”t]fil(] - Tn,iAi)Zn,i — wTL||2
i=1

< [Jwn — pl® (6.3.11)

Consequently, we have that

[un = pl| < flwn = pll < [lzn = pl + and. (6.3.12)
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From Step 5, (6.3.12) and the nonexpansivity of .S, we have

“mn—i-l — pH = ”O‘nf<xn) + On T + Y SUp — p”
< ol f(wn) = pll + Onllzn — Pl + Yull Sun — pl|
< apllf(xn) — fF)I + anllf(p) = pll + dnllzn — pIl + Vallun — Pl
< 0 ll£@) = £ + ol F0) = 2l + 8, = oI+ 32—l + 0,3,

< e~ pll + aall ) — pll+ (1 = ) — pll + Faca M
— M
< (1= ot ) llow sl + anta = gy [0y 30

1—p 1—p
,7Hf(p)—pH+M1}

< max {Hxn—p| T,

< max {||;,;0 — . 1f(p) — pll + M } |

IL—p
Hence, the sequence {z,} is bounded. Consequently, {w,},{z,.} and {u,} are bounded.

Lemma 6.3.3. Let {x,} be a sequence generated by Algorithm 6.5.1 under Assumption
(A1)-(A4). Then, for allp € I' and n € N we have:

1 —ay,) 6
=l < (=)l — P2 n[LM ap, = an) On o,
[#n1 =Pl < (L= np)llzn — pl" + 17 21— ) MM %Hm Ty

(f(p) —p,Tpy1 — p)}

[iﬂ Tn(Q—Tn)HJX(]—lem)TwnH‘L
— On n,0 : -
- T Jae (I — Q) Twn |2

m m
+ Z Bni (20 — i) Til| Aizn — Aip||* + Buo Z ﬁnzHijl([ — i Ai)zng — wall?]
i=1 i=1

2an(1-p)
(1—anp)

_ 'Yn(l_an)

where 1, = and o, = Ganp) "

Proof. Let p € T'. Then from Step 2, by applying the Cauchy-Schwartz inequality and
Lemma 2.1.1, we obtain

|[wn —p|’2 = ||zn + On(Tn — Tn1) _pH2
= ||lzn — pHQ + einn - xnleQ + 20, (xp — P, Tp — Tp_1)
< |z _p||2 + 9721”35,1 - xn—1||2 + 20, |2 — wpa|[||zn — pl|
= ||z, _p”2 + Onl|zn — o1l (Onl|zn — Tpal| + 2[|zn — pl])
<Az = pl* + 3Maby ||z — 0|
= [[zn —p|l2+3Mzanz—"Hxn — ], (6.3.13)

n
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where My := sup,en{||zn — pl|, Onl|zn — 20-1]|} > 0.
By applying Lemma 2.1.1, (6.3.10) and (6.3.13) we have

“xn—i-l - pH2 = Hanf(xn) + 0nTp + Y Sun — p”2
= [lan(f(2n) — p) + 0n(@n — P) + Y (Sun — p)H2
< |[6n(@n — p) + Ya(Sun — p)||2 + 200, (f (T0) — P, Tny1 — P)
= Spllen — pI* + 72l Sun = plI* + 26,7 (20 — p, Sy — p)
+ 200 (f (2n) = P, Zn1 — )
< Gpllwn = pI* +72llSun — Pl + 20,0 — pll[[ St — pl|
+ 200 (f (2n) = P, Tng1 — D)
< 52”%‘” —p|2 + ’YZHSUH - p||2 + 5n7n(||xn - p||2 + |Sun, — pH2>

+ 20 (f(®0) — P, Tny1 — p)

< 5n(6n + 7n>‘|xn - pH2 + 7%(7n + 5n)Hun - sz + 2an<f($n) — P, Tpta _p>
= 0n(1 — an)llzn = plI* + Y0 (1 — o) un — pII* + 200 (f(2) — f(P), Tns1 — D)

+ 20, (f(p) = P, Tnr — P)
< 0n(1 = a)lzn — pl?

— 7o) || S (1 — QQ )Twn||4

2
+ Y (1 — )[Hwn Pl Zﬁ”” [T T (I — QMJ)TwnH2

- Z Bni(20 — 13i)1n il Aizng — AipH2
i=1

m
= o 3 BullTE (T = 7)o — w2
i=1

+ 2anpl|2n — pllllTnss — pll + 200 (f(P) — P, Try1 — p)
< 61 — ) — p?
+ (1 = @) [lfen = Bl + 3Maatn =l — |
m 70 (2 = 1) || T2 (I — QQ )TwnH4
_Z T = QG T,

— Z Bri(20; — T )il Az — Aipl?
i1

m
- 67170 Z 6n,z||<]fjﬂ (I - Tn,iAi)Zn,i - wn||2
i=1

+ anp(|lzn = p|* + lznts — pII°) + 200 (f (p) — P, Tps1 — D)
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= ((1 = an)® + anp)llza = plI* + cnpllns — pl?

0,
+ 3May, (1 — an)ana—llmn — Tp1|| + 200, (f(P) — D, Trg1 — )

n

(2 =) = QG )T
—’Yn(l — Qn)[Zﬁn,z « C; , 2
[T Jx (I = Qs ) Twn|

=1

+ Z Bni (206 — 1 3) il Aszng — Aipl|®

i=1

m
+ 5n,0 Z ﬂn,z”fjffl ([ - Tn,iAi)Zn,i - wnH2 .
i=1
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From this we obtain

lzns1 = plI* < (

+ m(f(p) — D, Tny1 — D)
ol e s, @A QG ) Tu?
(L= anp) [izﬁm [T Tl = Q) Tw, P

=1

+ Z Bni (206 = T3) il Aizn s — Aipl|®
i=1

+ Buo 3 BullTE (L = 1iAi) 2 = wnl ]
i=1

(1 20 a”p) 2 a? )
(1= anp) | | (1 — anp) | ”
(1 . Oén,O) nan ||l’n xn—l” + (1 — Q{np) <f(p) D, Tpnt1 p>
[Z - Tn)||JX(I QQ )Twn”4
1 —omp) L5 HT*Jx(I — Qun,i)Twn|\2

+ Z Bri(20; — 10 )il Aizn s — Aipl)?
i=1

+ Buo 3 BudllTE (L = 1iAi) 2 = wnl ]
=1
20,(1 —p
< (1= E = o -

(1 - anp)
20%(1 _ p) n 7n<1 - an) en
My + 3022 = On) B )
(1 — Oznp) [2(1 — p) 3 +3M> 2(1 — ,0) o, Hxn T 1||

+ (f(p) = p,wps1 — p>]

—ay) 72 = )l (T = Q5 )Twn*
(= e |5 Q)T

1
(1—p)

+ Z Bri(20; — 1 )il Aizn s — Aipl)?
i=1

+ o 3 BullTE (L = 1)z — w2,
=1

where M3 = sup{||z, —p||* : n € N}. By taking n,, = % and o,, = %, we obtain

the desired result. OJ
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Lemma 6.3.4. Let p € T and suppose {x,} is a sequence generated by Algorithm 6.5.1.
Under Assumption (A1)-(A4), the following inequality holds for alln € N :

O
||:En+1—p||2 < O‘n||f(xn)_p||2+(1_an)Hxn_p”2+3M27nana_||mn_$n—1||_5n7n||xn_sun”2'

n

Proof. Let p € T'. By applying Lemma 2.5.7, (6.3.11) and (6.3.13), from Step 5 we have

||:l?n+1 - p||2 = ||O‘nf(xn) + 0T + YnSUp — p”2

< O‘n”f(xn) - p||2 + (5n||xn - p||2 + 7n||Sun - pH2 - 5n7n||xn - Sun”2
< oyl f(zn) — pH2 + O |7 — pH2 + Yol tun — pH2 — OnYnllTn — SunH2
(zn)

O
< oyl f(zn _pHQ"’(Sonn_p’|2+7n(”xn_p’|2+3M2&na_H$n_xnle)

n

— S ynl|n — Suy|?

On
= [ f(z) = pI” + (1 = an)len = plI* + 3Morpan—=lzn = zaal])

n

which is the desired inequality.
O

We are now in the position to give the strong convergence theorem for Algorithm 6.3.1.

Theorem 6.3.5. Let H be a Hilbert space, X a uniformly convex and smooth Banach
space and Jx the duality mapping on X. Let {x,} be generated by Algorithm 6.3.1 and
suppose Assumption (A1-A4) are satisfied. Then, the sequence {x,} converges strongly to
a point T € I', where T = Pr o f(Z).

Proof. Let & = Pro f(z). From Lemma 6.3.3 we have

Yl =) 0

_n||$n - xn—IH

M. M.
3+ 3M; 2(1—p) a,
(6.3.14)

—ZlIrP< (1= —Zl? [&
o = 2l < (1= )l = 2l 4 [

1

(1-p)

Now, we claim that the sequence {|x, — Z||} converges to zero. To establish this, by

Lemma 2.5.36 it suffices to show that lim sup(f(zZ)—z, z,,+1—) < 0 for every subsequence
k—o00

{lzn, = z[|} of {|lzn — z[|} satistying

_I_

(£(@) = 20001 = 7).

lim inf (||, +1 — 2| = [|2a, — ZI]) > 0.

Suppose that {||z,, — z||} is a subsequence of {||z,, — Z||} such that

li}gninf(”a:nkﬂ —Z|| = ||zn, — Z||) > 0. (6.3.15)
—00
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From Lemma 6.3.3, we have

m @ = m ) (1= Q) T,
T D B * 2
i—1 ||T ‘]X (I - Qunk,i) Twnk”

1=

< (L= |7n, — 2l

—[ens1 — 2
7nk<1 — ank) Z 1

Nk - - =\ A= =
2(1 - p) Ony, ||:L‘nk xnk_lH * Olnk(l - p) <f(l‘) et :E>

Since klim ay, =0, then klim nn, = 0. Hence, by applying (6.3.15) we obtain
—00 —00

Q.
e | =——— M3 + 3M.
e |2+ 30

S (2= 7)1 (1= QG ) Twn, !
ST T (- Qi) Twn |

=1

— 0, as k — oc.

On

By the conditions on the control parameters, it follows that

T2 = 7)) (1= Q) Twn, !
HT*JX (I - QSZLW) Twnk”2

—0, as k—o0 Vi=12,...,m.

Nt

Since 0 < a < 7p, < b < 2,liminfy e Bu, 0B > 0 and | T Jx (I— Q% )TwnkH is

Mnk,i
bounded for all : = 1,2,--- ,m, we have that
lim || Jx (1 ~ QY ) Tw, || =0 ¥i=1,2---.m. (6.3.16)
k—o0 kot
Consequently, for i =1,2,--- ,m we get
1T (1 _ QS;MZ_) Tuwn, || < |T*|[1Jx (1 _ ijlk’i) Tw,, | (6.3.17)

= ITUTw (2= QFL ) Twal = 0. k= oo,

Hny i

Following similar argument, from Lemma 6.3.3 we obtain

and

177 o (I =Ty iAi) s — Wiy | =0 k=00 Wi=1,2,....m. (6.3.19)

Also, from 6.3.4 we obtain

O Yo T = St I* < 0, [ f (@) = 2 + (1 = a2, = 2)* = [Jn, 1 — 77

)
+ 3M2’Ynkankﬂ||xnk - xnk—lH‘
Nk
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By Remark 6.3.1, (6.3.15) and the conditions on the control parameters, we obtain

|zn, — Sun,|| = Kk — oo. (6.3.20)
From Step 3 and (6.3.17), we have

||Z"k’i B w”k” = ||wnk - )\nkyiT*JX (I N QSZLkJ) Twnk - wnkH

= | T T (1 - Qf) Tw, || —0, k—oo Vi=12... m
(6.3.21)

Also, from Step 4 and (6.3.19) we get
||unk - wnk“ < Bnk,OHwnk - w”k”

+ Zﬁnk,iwﬁ;,i (I =1y, iA) 2oy i — W, || = 0, as k=00, (6.3.22)
i=1

From (6.3.21) and (6.3.22), we obtain
| Znyi — Un, || = 0,88 k — oo.
Also from Remark 6.3.1, we have
|wn, — @, || = Oy || @0, — Tnp—1|| = 0, as k — oo. (6.3.23)
From (6.3.21), (6.3.22) and (6.3.23) we have

|Znei — ol = 0, ||tn, — Tn|| = 0, ask — oo. (6.3.24)

Also, from (6.3.20) and (6.3.24) we obtain

| tn,, — Stn, || = 0, k — oo. (6.3.25)

By applying (6.3.20) and the condition on «,,, from Step 5 we obtain

H$nk+1 - xnk” = Hankf(xnk) + 6nkxnk + f)/nksunk - xnkH

< O‘nka(xnk) - InkH + 5nk||xnk - x”k” + VnkHS“nk - xnk“ — 0, as k — oo.
(6.3.26)

To complete the proof, we need to establish that w,(x,) C I'. Let 2* € w,(x,) be an
arbitrary element. Then, there exists a subsequence {xz,, } of {z,} such that z,, — 2* as
k — oco. From (6.3.23), we have that w,, — z* as k — oo. Since T is bounded and linear
we have

Tw,, — Tz". (6.3.27)
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From (6.3.16), we have

Jim | (1= QF: ) Twn, Il = Jim [T (1= QC: ) Twa | =0 Vi=1,2,....m
(6.3.28)

This together with (6.3.27) implies that QS;kZTwnk — Tx* ask — oo for each i =
1,2,...,m. Since QS:L“ is the metric of C; for p,, ; > 0, we have that

e (1 06) T £ 005, T

ng,t

forall i =1,2,--- ,m. Let v € X. By the monotonicity of each Cj, it follows that

1
0< <v — QS Tw,, v — ——Jx (1 _ Qﬁ;kﬂ) Twnk>,

Nt

for all v* € C;(v). Passing limit as k — oo, and by applying (6.3.28) together with the
fact that 0 < ¢ < p,, 4, we obtain 0 < (v — Ta*,v* — 0) for all v* € C;(v), i =1,2,...,m
Since each C; is maximal monotone, we have that Tz* € C’i_l(()), foralls=1,2,...,m
This implies that

(m] (6.3.29)

1
Next, we show that z* € (", (A4;+B;)~'(0). Let T, , = JB (I —1,;4;), then by applying
(6.3.19) and (6.3.21) we have

HTTnk,ianJ - anﬂ” < HTrnk,iznk,i - wnkH + Hwnk - ZTLIMH —0, k—oo Vi=12....m
(6.3.30)
foralli=1,2,...,m

By the condition on r,;, there exists r; > 0 such that 7, ;, > r; for all £ > 1 and
i=1,2...,m. Applying Lemma 2.5.20(ii), we have

klglgo HTTnk,ian,i - an,iH < 2131%120 HTTnk,ian,i - Zﬂk,iH =0 Vi= 17 27 SR
We know that 7, is nonexpansive and from (6 3.24) zp,; —a* foralli =1,2,...,m. By

the demiclosedness of I — T,.,, we have that 2* € F(T,,) for alli = 1,2,...,m. By Lemma
2.5.20(i) we have that z* € (4; + B;)7*(0) for all i = 1,2,...,m. ThlS 1mp1ies that

m

z* € ()(Ai + Bi)~(0). (6.3.31)

i=1
Next, we show that z* € F(S). From (6.3.24) we have that u,, — z*. By (6.3.25) and the

demiclosedness property of I — S at zero, we have that z* € F(S). Hence, by (6.3.29) and
(6.3.31) we have that w,(z,) C T.
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From (6.3.24) we have w,{z,;} = w,{z,}. By the boundedness of {x,, } there exists a
subsequence {x,, } of {y,} such that z,, — z' and

hm <f(:f) — T, Tp,, — J_,’> = llmSup<f<J_f> — X, Tp, — ‘7_:>

J—00 ’ k—o00

= limsup(f(Z) — 7, zn, ;s — T). (6.3.32)

k—o00
Since & = Pr o f(Z), then it follows that

limsup(f(7) — Z, 2, — ) = lim (f(Z) — T, 2, — T)
k—o00 J—o0

= f(z) —z,2" — 7)
<0. (6.3.33)
Thus, from (6.3.26) and (6.3.33) we have

limsup(f(Z) — &, xp, 41 — &) = imsup(f(Z) — &, xp, 41 — Tn,) + limsup(f(Z) — Z, z,, — T)
k—o0 k—o0 k—o0

= f(z) —z,2" — T)
<0. (6.3.34)

Applying Lemma 2.5.36 to (6.3.14), and by Remark 6.3.1, (6.3.34) together with the fact
that lim,, o, @, = 0 we have lim ||x,, — Z|| = 0 as required. This completes the proof. [J
n—od

Taking A; = 0 for all i = 1,2,...,m, we obtain the following consequent result.

Algorithm 6.3.2.

Step 0: Select initial points zg, 1 € H and set n = 1. B
Step 1: Given the iterates x,_; and x,, for each n > 1, choose #, such that 0 <46, <86,,
where

g {min {‘)7 Tl } o T £ T (6.3.35)

n
0, otherwise.

Step 2: Compute
Wy = Ty + 0p(Ty — 0 1).

Step 3: Compute
Zng = Wy — )\n,zT*JX(I - QS:L’Z)Twn>
where
Tl = QG )Tw,

T Tl = Qi )T |2

n,t
Step 4: Compute
m
Up = Bn,Own + Z 5n,zt]fjﬂzn,z
i=1

Step 5: Compute
Tpi1 = Quf(Tn) + 6nxn + Y Sun.

Set n :=n + 1 and return to Step 1.
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Corollary 6.3.3. Let H be a Hilbert space, X a uniformly convex and smooth Banach
space and Jx the duality mapping on X. Let {x,} be generated by Algorithm 6.3.2 and
suppose Assumption (A1-A4) are satisfied. Then, the sequence {x,} converges strongly to
a point T € Q, where T = Poo f(Z) and Q =, B;'(0)N~, T~HC;10) N F(S)

6.3.3 Application

In this section, we apply our result to SFP and SMP.
Split feasibility problem

Let H; and Hs be two real Hilbert spaces and let D and Q be nonempty closed convex
subsets of H; and H,, respectively. The SFP is defined as follows:

find * € D such that Tz* € Q, (6.3.36)

where T : H; — H, is a bounded linear operator.

Let () be a nonempty closed convex subset of a real Hilbert space H and ig be the indicator

function on @), that is
o(x) 0 if z€Q;
io(x) =
? o if z¢Q.
Moreover, we define the normal cone Ngu of ) at u € Q) as follows:

Nou={z€H: (z,v—u) <0,Yv e Q}.

It is known that i¢ is a proper, lower semicontinuous and convex function on H. Hence,
the subdifferential dig of i is a maximal monotone operator. Therefore, we define the

resolvent JT8 "2 of Jig, Vr > 0 as follows:
Jo%ay = (I +rdig) 'z,Vo € H.
Moreover, for each x € (), we have

digr ={z € H :igr + (z,u — x) < igu,Vu € H}
={zeH:(z,u—1x) <0,Vu € Q}
INQLIZ‘.

Hence, for all o > 0, we derive

u=J%gy oz cutrdigu
& x—u € rdigu
S(r—uz—uy <0 VzeQ
& u= Pyw.
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Now, by applying Corollary 6.3.3 using the case for which the sequences {j,;} and {r,;}
are taken as constant sequences {u;} and {r;}, respectively for each i = 1,2,...,m. We
obtain the following result for approximating a common solution of finite family of SFPs
and FPP for a nonexpansive mapping between Hilbert and Banach spaces.

Theorem 6.3.6. Let D; and Q; be finite families of nonempty, closed and convexr subsets
of a Hilbert space H and a uniformly convex and smooth Banach space X, respectively
fori=1,2,....m. Let Jy be the duality mapping on X. Let T : H — X be a bounded
linear operator such that T # 0 and T™ s the adjoint operator of T. Let f : H — H be
a contraction mapping with p € (0,1) and 0 < v < %. Let S : H — H be a nonexpansive
mapping and suppose that the solution set I' := FNF(S) # 0, where F = {z* € (-, D; :
Tx* € ik, Qi}. Let {z,} be a sequence generated as follows:

Algorithm 6.3.4.

Step 0: Select initial points zg, 1 € H and set n = 1. )
Step 1: Given the iterates x,,_; and z,, for each n > 1, choose 6,, such that 0 <6, <46,
where

0. {mm {9> [P } , an # Ty (6.3.37)

n
0, otherwise.

Step 2: Compute
Wy = Ty + Op (T — T01).

Step 3: Compute
Zng = Wp — )\n,iT*JX([ - PQz’)Twm

where

A= Tn||<])((] — PQZ)TwnHZ
T TR (I = Po,)Tw,|*

i

Step 4: Compute

m
Up = 5n,0wn + E Bn,iPDizn,i-
=1

Step 5: Compute
Tp1 = Qnf(Tn) + 6nn + Y Sun.

Set n:=n + 1 and return to Step 1.

Suppose Assumption (A1-A4) are satisfied. Then the sequence {x,} generated by Algo-
rithm 0.3.) converges strongly to a point T € I', where T = Pr o f(Z).

Split minimization problem

Let H; and Hy be real Hilbert spaces, T' : Hi — Ho be a bounded linear operator.
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Given some proper, lower semicontinuous and convex functions f; : H; — RU {+oc0} and
fo: Ha = RU {400}, the SMP is defined as: find z* € H; such that

r* € argmin,cy, fi(x) and Tz* € argmin, ey, fo(y). (6.3.38)
Moudafi and Thakur [182] first introduced the SMP which has attracted a lot of atten-
tion from researchers in recent years (see I, , | and the references therein). The

SMP has been applied to the study of many problems in applied science which includes;
Fourier regularization, multi-resolution sparse regularization, alternating projection signal
synthesis problems, amongst others.

In a real Hilbert space H, the proximal operator of f is defined by

1
proxy s(x) := argmin_ 4, {f(z) + ﬁ”x — z||2} VeeH, A>0.
It is well known that
prozas(z) = (I +2\f) " (x) = J (2), (6.3.39)
where 0f is the subdifferential of f defined by

Of (x) ={z e M: f(x) = f(y) < (z,2—y),Vy € H},

for each x € H. From [50], df is a maximal monotone operator and proz, s is firmly
nonexpansive.

By setting B; = 0f; and C; = dg; in Corollary 6.3.3 for each i = 1,2, ..., m, we obtain the
following result for approximating a common solution of finite family of SMP and FPP
for nonexpansive mapping between Hilbert and Banach spaces.

Theorem 6.3.7. Let H be a real Hilbert space and let X be a uniformly convex and smooth
Banach space. Let Jx be the duality mapping on X. Let T : H — X be a bounded linear
operator such that T # 0 and T* s the adjoint operator of T. Let f : H — H be a
contraction mapping with p € (0,1) and 0 < v < %, and Let S : H — H be a nonexpansive
mapping. Let f; : H — RU {400} and g; : X — RU {400} be finite families of proper
convex lower semicontinuous functions for i =,2,...,m. Suppose that the solution set
I':=FNF(S) #0, where F = {z* € "~ argmin f; - Tx* € (-, argmin ¢;}. Let {x,}
be a sequence generated as follows:

Algorithm 6.3.5.

Step 0: Select initial points zg, 1 € H and set n = 1. B
Step 1: Given the iterates x,_1 and x,, for each n > 1, choose #,, such that 0 <46, <6,,
where

i {min {0y} o # o (6.3.40)

0, otherwise.

Step 2: Compute
Wy = Ty + Op (T — 0 1).
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Step 3: Compute
Zni = Wy — A T T (1 — proxun’“gi)Twn,

where

el = prozy, )T
M T TlT = progy, o) Tl

Step 4: Compute
Up = ﬁn,Own + Z 5n,ip7a0xrn,i,fizn,i'
i=1
Step 5: Compute
Tpt1 = nf(2n) + 6nxn + Y Sun.

Set n:=n + 1 and return to Step 1.

Suppose Assumption (A1-A4) are satisfied. Then the sequence {x,} generated by Algo-
rithm 6.3.5 converges strongly to a point € I', where Z = Pr o f(Z).

6.3.4 Numerical experiments

In this section, we provide a numerical example in infinite dimensional spaces to demon-
strate the performance of Algorithm 6.3.1 and then compare it with the method of Kazmi
and Riziv [111, Theorem 3.1] (see Appendix 6.3.9), the method of Sitthithakerngkiet [215,

Theorem 3.4] (see Appendix 6.3.10), the method of Long et al. [163, Algorithm 5] (see
Appendix 6.3.11) and the method of Byrne et al. [51, Algorithm 4.4] (see Appendix
6.3.12).

We perform all implementations using Matlab 2016 (b), installed on a personal computer
with Intel(R) Core(TM) i5-2600 CPU@2.30GHz and 8.00 Gb-RAM running on Windows
10 operating system. In Tables 6.3.1, “Iter.” means the number of iterations while “CPU”
means the CPU time in seconds.

Example 6.3.8. Let H = (ZQ(R, || - H2)> = X, where

lo(R) := {x = (@1, @2, T )2y ER: D [yl < oo},
j=1
llzlls = (Z |,zzcj|2>5 for all z € lo(R). Let 7' : H — X be defined by Tz = 2z. For
j=1

1=1,2,---.,5, deﬁneAi:H%HasAix:%,Bi:?-l—fl—[byBix:%x,C’i:X—>X

by Cix = %x Then, A; is a finite family of inverse strongly monotone operators, B; and

C; are maximal monotone operators for each i = 1,2,--- ,5. Let S : H — H be defined
by Sx = %x Observe that S is nonexpansive. We set f(z) = %, 8,0 = %,Bm =

n+4 _ 1 _ n _ 2n _ 1 _ n R L _
10(3n+2)’ ¥n = T On = T I = Tt En = Gnins: 'n = a1 Hng = Tni =T = 0.01
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and § = 0.6 in Algorithm 6.3.1 for each n € N. We take S, (z) = 3z#,D =T and £ =1 in

Appendix 6.3.9, 0,, = m in Appendix 6.3.11 and A = \,, = 0.05.

We consider the following cases for the numerical experiments of this example.

CaseI:Takeg;():(97774’_687...>andx1:< 1 _1 1 )

e 3 h
Case TI: Take 20 = (— 66, 584, 99, > and 7, — (0.1, —0.03,0.57, - )

Case TIT: Take x4 — (79, 731,49, - ) and 7, — (0.7 1T )

’ 437 397
. _ _ (3 23 _1
Case IV: Take zy = (513, —27,88, - ) and z1 = (m, g
We compare the performance of the algorithms using the stopping criterion ||z, 11 —x,| <
1072. We plot the graphs of errors against the number of iterations in each case. The
numerical results are reported in Table 6.3.1 and Figure 6.3.

Table 6.3.1: Numerical results for Example 6.3.8

App. App. App. App. Alg.
6.3.9 6.3.10 6.3.11 6.3.12 6.3.1
Case | CPU time | 0.0151 0.0062 0.0089 0.0091 0.0116
(sec)
No. of Iter. | 14 6 9 13 6
Case 11 CPU time | 0.0102 0.0091 0.0079 0.0055 0.0102
(sec)
No. of Iter. | 16 7 11 13 7
Case 111 CPU time | 0.0103 0.0055 0.0085 0.0061 0.0103
(sec)
No. of Iter. | 16 7 12 13 7
Case IV CPU time | 0.0101 0.0056 0.0079 0.0058 0.0106
(sec)
No. of Iter. | 15 7 11 13 7

Appendix 6.3.9. The Algorithm in [1/1].
Initialization: Given X € (0, 1),7 > 0. Let g € H; be arbitrary.

Iterative Steps: Cualculate x,.1 as follows:
Stepl. Compute
Uy = JP (xn FATH(JC - I)Txn).
Step 2: Compute
Tnt+1 = Oénf<xn) + (1 - Oén)SUn,

where f: H — H is a contraction mapping with constant p € (0,1),S is a nonexpansive
mapping such that F(S)NT # (.

Setn:=n+1 and return to Step 1.
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Appendix 6.3.10. The Algorithm in [215].
Initialization: Given A € (0,7),r > 0. Let g € Hy be arbitrary.

Iterative Steps: Calculate x,1 as follows:

Stepl. Compute

Step 2: Compute
Tni1 = & f(xn) + (I — D) Snyn,

where f 1 H — H is a contraction mapping with constant o € (0,1),{S,} is a sequence
of nonexpansive mappings such that F(S,) NI # (0, D is strongly positive bounded linear

operator with coefficient ¥ > 0 and 0 < £ < Bl

Setn :=n+ 1 and return to Step 1.

Appendix 6.3.11. The Algorithm in [105].

Initialization: Let r > 0.
Iterative Steps: Calculate x,y1 as follows: Let {x,} be a sequence in Hy defined by

xo, 71 € H,

Wy, = Tp + Op(Ty — Tpv),

Yn = JTB([ - )‘HT*([ - ‘]rC>T)wm
Tn1 = O f(2n) + (1 — @) Yn-

(6.3.41)

where f : H — H is a contraction mapping with constant o € (0, 1).

Setn :=n+ 1 and return to Step 1.

Appendix 6.3.12. The Algorithm in [01].

v € Hy,
., . (6.3.42)
Tpt1 = Qv+ (1 —ap)J 2 (2, — XT*(L — JO)Tx,), n €N,
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CHAPTER [/

Results on Minimization Problems in Hadamard Spaces

7.1 Introduction

The extension of known concepts from Hilbert and Banach spaces to Hadamard spaces
has been of great research interest to several researchers. In this chapter, we extend
our results from the frameworks of the Hilbert and Banach spaces to the framework of
an Hadamard space. We present our results on modified proximal point methods and
viscosity implicit rule involving quasi-pseudocontractive mappings in Hadamard spaces.
Furthermore, we present some numerical examples of our methods in Hadamard spaces
which are not Hilbert spaces and compare them with other results in literature to show
the applicability of our methods.

7.2 Preliminaries

Lemma 7.2.1. Let X be an Hadamard space and T : X — X be an L-Lipschitz mapping
with L > 1 such that for all x € X,

Kr:=(1—-ezxdel((1 —v)zdyTx). (7.2.1)

Ifo<e<y< ﬁ, then the following conditions hold:

(a) t=Tr <= z=T((1—-v)z®dTzr) <= x = Kuz;
(b) if T is A-demiclosed, then K is also /\-demiclosed;

(c) if T is a quasi-pseudocontractive mapping, then K is a quasi-nonexpansive mapping.
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Proof. (a) Let x = Tx. Then, one can easily see that x = T'((1 — v)z @ yT'z). Conversely,
let v =T((1 —v)x @ ~Tx) and define S,z := (1 —v)x & yT'x. Then T'S,z = x. Thus, we
obtain from (2.3.1) that

d(z,Syx) = vd(xz, Tx) < yLd(S,x,x).
Since 0 < Ly < 1, we obtain that x = S,z. This implies that v = T'S,z = T'z.
By similar argument, we obtain that z = T((1 — v)z ®yTx) <= = = Kx.
(b) Let T be A-demiclosed and {z,} be a sequence in X such that A-lim z, = = and

n—oQ
lim d(z,, Kz,) = 0, then we have that
n—o0

d(xp, Tr,) < d(xp, Kz,) +d(1 — €)x, & T (1 —vy)xn, ®yTxy), Tay)
<d(zy, Kz,)+ (1 —€)d(z,, Tv,) + ed(T((1 — )z, @ VTxy), Ty)
< d(xn, Kz,) + (1 — €)d(zp, Txy,) + eLd((1 — v)z,, & YT 20, xp)
= d((L’m Kxn) + [(1 - E) + GL,}/] (TZL‘n, xn)
which implies that
d(x,, Tx,) < d(x,, Kz,,) — 0.

~ (1= Ly)
Since T is demiclosed, we get that « = T'z. By (a), we obtain the desired conclusion.

(c) Let y € F(K) and x € X. Then y € F(T). Hence, we obtain from (2.3.4) that

P(T((L—y)x®Tz),y) < (1 =)z &yT2,y) +d* (1 —7)x & Tz, T((1 —v)z & ~Tx))
< (1=yd*(z,y) +yd*(Tz,y) — (1 — v)d*(z, Tx)

+d2((1 — ) ®YTx, T((1 — )z ®~Tx))

(1= )d(z,y) +d*(z,y) +1d*(x, Tx) — (1 — v)d*(z, Tx)

+d*(1 =)z &Tz, T((1 - y)z ® yTx))

= d2(x,y)—|—’y2d2(x,Tx) (7.2.2)

+ P((1=7)z&yTe, T((1—7)z®&~Tx)).

IN

But,

(1 =)z ©~Tz, T((1 =)z ©~Tx)) (1 =)d*(z, T((1 =)z & 7Tx))

vd*(Tz, T((1 —7)x ©~yTx)) — (1 — v)d*(z, Tx)
(1 =d* (@, T((1 = 7)z & yTx))

YL (x, (1 = 7)x ®yTx) = y(1 = 7)d*(z, Tx)
(1 =)d* (@, T((1 =)z & yTx)) (7.2.3)
(v =" =7’ L*)d*(z, Ta).

Now, from the condition on v and L, we obtain that 1 — 2y — 42L? > 0. Hence, we get
from (7.2.2) and (7.2.3) that
E(T((1 =z ®1T2),y) < d(z,y)+ (1 —7)d*(@,T(1 - y)x @T2)) (7.2.4)
— (1 =2y =L d*(z, Tx).
< d(z,y) + (1= 7)d (@, T((1 =)z @©Tx)). (7.2.5)

IN + IN + IA
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Hence, we obtain from (7.2.4) that

e)d*(z,y) + ed*(T((1 — v)z ®Tx),y)
d*(z, T((1 =)z ®~Tx))

d*(Kz,y) < (1
e )

) —e(y = d*(x, T((1 = y)x A Tx))

)

—~
—_

]

Lemma 7.2.2. Let X be an Hadamard space and f : X — (—o0,00] be a proper convex
and lower semi-continuous function. Then, d*(Jix,z) < BP(Jfz,z) for 0 < X\ < p and
reX.

Proof. Let x,y € X, then we obtain from the definition of the resolvent of f that

1 / 1 f
and
1 1
f f
f(Jix) + QAdQ(JAx,a:) < f(Jlz) + 2)\dQ(ng,:zc). (7.2.7)

Adding both sides of relations (7.2.6) and (7.2.7), we obtain that

(1 — 2) d*(Jfx ) < (1 — %) d*(Jfz, ).

Since, 0 < A < p, we obtain that
d*(Jfx, ) < d2(J£a7,x).
O

Lemma 7.2.3. Let X be an Hadamard space and f; : X — (—o0,00|, j=1,2,---.,m
be a finite family of proper, convex and lower semicontinuous functions. If 0 < X\ < p and

(ﬂ;’;lF (Jfﬁ)) £ 0. Then,
F (g < (e r (1),
where, H?";lJ,(‘j) =JPoJP o0 gim.

Proof. Let x € F (szlj,gj)) and y € (ﬂ;”le (J,Sj))) , then by the nonexpansivity of
thl), we have that

& (x,y) = d® (I, TP, y) < d® (7,0 D2, y) . (7.2.8)
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More so, we obtain from Lemma 2.5.27 that

1 . 1 m . 1 m . m : m :
ﬂdQ (I, TV, y)_ﬂdg (I, y)+ﬂd2 (TP, T TP )+ f (T, TP ) < f(y).
Since f(y) < f (H;”ZIJ(j)x) , we obtain from (7.2.8) that

d* (07, JP 2, I, TP 2) < & (0 JPw,y) — d (117, TP a, y)

< d(w,y) — & (L, T2, y)
= d? (H?‘:ljﬁj)x,y) —d? (H;”ZlJlgj)x,y) ,
which implies that
e, g9z =7, ]9z, (7.2.9)

Similarly, we obtain from Lemma 2.5.27 and (7.2.8) that

e, J Ve =7 JP e =T JP2 = =17, IV 0 = T2 = . (7.2.10)
From (7.2.10), we obtain that
w=JMe =170, JPz ="My = Jim Vg, (7.2.11)
By repeating the process, we obtain
1, 7(2),. _ _ gm=-1),. _ g(m),. _
JA(LIL‘—JEL)ZL‘—-”—JA(L r=J, z =z (7.2.12)

Thus, by Lemma 7.2.2, we obtain
d*(z, Jij)x) < d*(x, J;(Lj)f”) =0, j=1,2,---,m,

which implies that x € F(J/(\j)), 7 =1,2,--- ,m. Hence, we get the desired conclusion. [J

7.3 Modified proximal point methods

In this section, we propose two new proximal point methods involving quasi- pseudo-
contractive mappings in Hadamard spaces. We prove that the first method converges
strongly to a common solution of a finite family of MPs and FPP for a finite family of
quasi-pseudocontractive mappings in an Hadamard space. We extend this method to a
more general method involving multivalued monotone operators to approximate the solu-
tion of MIP, which is an important optimization problem. We establish that this method
converges strongly to a common zero of a finite family of multivalued monotone operators
which is also a common fixed point of a finite family of quasi-pseudocontractive mappings
in an Hadamard space. Furthermore, we provide various nontrivial numerical implemen-
tations of our method in Hadamard spaces (which are non-Hilbert) and compare them
with some other recent methods in the literature.
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7.3.1 Main results

Lemma 7.3.1. Let X be an Hadamard space and f; : X — (—oo,+o0], j=1,2,--- . m
be a finite family of proper, conver and lower semicontinuous functions. Let T; : X —
X, i =1,2,--- N be a finite family of L-Lipschitzian and quasi-pseudocontractive
mappings with L > 1 such that T; is demiclosed. Suppose that Q = {NY,F(T;) N
(N7 argmingex f;(y))} # O and for arbitrary x1,u € X, the sequence {x,} is generated
by

W, = H?‘le/(\i)xn = J/(\i) o Jii) 0---0 i:l)xn,
N
yn = ﬁn,Own EB (1 - ﬁn,O) Z:l EB(lfg’z,o) ((1 - En,i)wn EB Gn,zﬂ((l - ’Yn,z)wn @ ’Yn,zj_'zwn)x;?gl)

Tni1 = (1 — an)yn ® ayu, n>1,

N
where A, > X\ > 0, {a,} and {B,.:} are sequences in (0,1) satisfying > Bn; = 1, and
=0

i=1,2,--+- ,N. Then {x,} is bounded.

1=

1
0 <éni < Vi < e

Proof. First observe that by Remark 2.5.29, Algorithm (7.3.1) is well defined.
Now, let p € Q and K;w,, := ((1 — €n0)wn, @ €4, T;((1 — i)Wy B YniTiwy)) , then we have
from (7.3.1) and Lemma 2.5.28 that

d(yn;p) = d <6n,0wn EB (1 - ﬁn,O) Z @%szna]D)

N
S 6n,0d(wn7p) + Z ﬁn,id(Kiwnap)
i=1

< d(wn, p) (7.3.2)

< d(zap). (733
Now, using (7.3.1) and (7.3.3), we obtain that

d(Tny1,p) = d((1 — an)Yn + au, p)
< (1 = an)d(yn, p) + and(u,p)
< (1 = ay)d(wy, p) + and(u, p)
< max{d(z,,p), d(u,p)}.

By induction, we obtain that {x,} is bounded. Consequently {w,} and {y,} are bounded.
[

Theorem 7.3.2. Let X be an Hadamard space and f; : X — (—oo0,+00|, j=1,2,---,m
be a finite family of proper, conver and lower semicontinuous functions. Let T; : X —
X, ¢ = 1,2,---,N be a finite family of L-Lipschitzian and quasi-pseudocontractive
mappings with L > 1 such that T; is demiclosed. Suppose that Q = {NX,F(T;) N
(N7 argmingex f;(y))} # 0 and the sequence {x,} is generated by (7.3.1), where X, >
A>0, {a,} and {B,.} are sequences in (0,1) satisfying the following conditions:
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(1) lim o, =0 and > a, = o0;
n—o0 n=1

5 ) . .
(i1) 0<a<6"’i<7”7i<b<1+m’ i=1,2-,N;

N
(11)) Y Bni=land0<c<pB,; <d<1, for all n>1
i=0

Then, {x,} converges strongly to a point z = Pou, where Py is the metric projection of X
onto ).

Proof. Let p € €, then we have from Lemma 2.5.30 and (7.3.3) that

i=1
N N
S 6n,0d2(wna p) + Z /Bn,id2<Kiwn7 p) - ﬁn 0 Z /Bn zd2<wna szn)
=1 =1
N
S d2($n7p) - /6n,0 Z Bn,idz(wna szn) (734)

=1

Now, using (7.3.1) and (7.3.4), we have that

d2($n+1ap) = dz(O‘nu S (1 - an)?/nap)
< aid%%p) + (1 - an)QdQ(ymp) + 2an(1 - an)(@v ﬁ)

N
< ald®(u,p) + (1 = 0)d* (2, p) — (1= ) B D B (wn, Kwy)  (7.3.5)

+ 20n(1 = ) (@, 7o) *
< a2d*(u,p) + (1 — @n)d?(@n, D) + 20 (1 — 0v,) (@h, yub)
= (1 — a,)d* (T, p) + ancp, (7.3.6)

where ¢, = [and?(u, p) + 2(1 — o) (@p, ynp)] -

According to Lemma 2.5.36, to conclude our proof, it suffices to show that limsupe¢,, <0
k—o00

for every subsequence {d(z,,,p)} of {d(z,,p)} satisfying the condition

liminf (d(xp, 41,p) — d(xp,,p)) > 0. (7.3.7)

k—oo

To show this, suppose that {d(x,,,p)} is a subsequence of {d(z,,p)} such that (7.3.7)
holds. Then,

lim inf (d2<l’nk+1,p) - d2(xnk7p)) = lim inf (d<xnk+17p> - d(xnkap)) (d<xnk+17p> + d<xnk7p>)

k—o0 k—o0

> 0. (7.3.8)
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Now, by (7.3.5), we obtain that

N
lim sup ((1 — . ) By 0 Zﬁnk,idQ(U}nk? Kiwnk)> < limsup (a;, d +(1— Oznk)dQ(xnk,p))

(an
k—o0 i—1 k—o0
(

— limsup (d*( (Tpys1,D )

k—o00
+ limsup (2, (1 — ay, ) @ YniD)
k—o0
< limsup (d2 (s D) — 2<xnk+1ap))
k—o0
+ limsup (a ) )
k—o0
+ limsup (20, (1 — an, ) (@p, Yn D))
k—o00
= — hm lnf |:d2(xnk+1,p) - d2(xnk7p)]
k—o00
< 0, (7.3.9)
which implies that
khm d(wy,, Kjw,, ) =0, i=1,2,...,N. (7.3.10)
—00
Furthermore, we obtain from (7.3.1) that
ATy 11, Yny,) = Qnd(U, Y, ) — 0, k — o0. (7.3.11)

Again, from (7.3.1) and (7.3.10), we obtain

N
Bn K
d(y’l’bka wnk) = d (/Bnk,ownk ( 6’,’% ()) Z ( /g )Klwnk, wnk
i=1 ng,0
< Buid(Kiwy, , wy, ) — 0, as k — oo. (7.3.12)
=1

From Lemma 2.5.27 and (7.3.3), we obtain that
A (W, o I 00, ) = dP (T T i, T ) )
< PP JY) 20y, p) — d(wny, p)

< d*(y,., p) — d*(wp,, p)

< d2<xnk7p) dz(ynk,p)

= d* (2, ) — (@1, 0) + P (@ny41. D) — & Yy D)

< d*(zp,,p) — d*(Tp, 11, ) + an, d*(u,p) (7.3.13)
+ (1 O‘nk)dz(ynkap) - d2<ynk,p).

By taking limsup as k — oo on both sides of (7.3.13), and following similar argument as
n (7.3.9), we obtain that

lim d (wnk,nm I xnk) =d (Hm I g T T xnk> ~0. (7.3.14)

k—o0
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Following the same argument as in (7.3.14), we can show that

lim d (HT",Z,JA T, Ty T xnk> —...=limd (J§ xnk,$nk> ~0. (7.3.15)

k—00 k—o0

Hence, we obtain that
Ay 0) < d (w0 T w0, ) d (T D 0 D) 2, )
+d (H;?”;?Jg}kxnk,Hm4JA xnk) (7.3.16)
oo d (JﬁZ)xnk7xnk> —0, as k — oo.
From (7.3.12) and (7.3.16), we obtain that
lim d(yn,, Tn,) = 0. (7.3.17)

k—o0

Since {x,,} is bounded in an Hadamard space X, it follows from Lemma 2.5.31 that
there exists a subsequence {z,, } of {z,,} such that A — lim z,, = v. From (7.3.16)
J j—00 J

and (7.3.17), we have that there exist subsequences {wy,} and {yn,} of {wy, } and {y,, }
respectively such that A — lim Wy, =V and A — lim D Yy, = V- Since T;, i=1,2,---,N

j—o0
is demiclosed, we obtain from Lemma 7.2.1 and (7 3 10) that v € NN, F(T;) = N, F(K;).
More so, Jy U )k is a nonexpansive mapping for each j = 1,2,--- ,m. Thus, we obtain from

(7.3.16) and Lemma 2.5.33 that v € F (Hm J(J) ) . Thus, by Lemma 7.2.3, we have that

v E ﬂ;”le (J/(\ )> =N, arg minyex f;(y). Hence v € Q.

Let z = Pou, since {y,, } is bounded. We can choose a subsequence {y,, } of {yn,} that
A-converges to v, and such that

lim sup(uZ, yn, 2) = hm <zﬁ Ynp,?) < (u,v%). (7.3.18)
k—o0
Since v € 2, we obtain from (7.3.18) and Lemma 2.5.32 that
limsup(u2, g 2) < (a2, %) <O0. (7.3.19)
k—ro0

Replacing p with z in (7.3.6), we obtain from (7.3.19) that limsupc,, < 0 (where ¢,, =

k—o0

[an, d®(u, 2) +2(1 — an, ) (W2, Yn 2)]). Thus, applying Lemma 2.5.36 to (7.3.6), we conclude
that d(z,,z) = 0, as n — oo. Therefore, {z,} converges strongly to z = Pyu.
[

Remark 7.3.3. Note that by setting N = 2 and letting 7;, ¢ = 1,..., N to be a demi-
contractive mapping, we recover the main result of Chang et al. [70] as corollary of our
main result. Also, by setting N = 1 = m and letting 7" to be a nonexpansive mapping,
we recover the main result of Suparatulatorn et al. [232] as corollary of our main result.
Furthermore, we considered a finite family of MPs and FPP for a finite family of quasi-
pseudocontractive mappings, while in [72], the authors considered one MP and FPP for
a single nonexpansive mapping. Moreover, if m = 1, N = 3 and T is nonexpansive, we
recover the main result of Thounthong et al. [252]. In a similar way, we can derive the
results in [34, 79, 80, 91, ] as corollaries of our main result.
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7.3.2 Extension to monotone inclusion problems

In this section, we extend our study so far to the following MIP: Find z € X such that
0 € Az, (7.3.20)

where the multivalued operator A : X — 2% (X* is the dual space of the Hadamard space
X recently introduced in [138]) is monotone and may not necessarily be the subdifferential
df of a proper convex and lower semicontinuous function f. Note that if A = 0f, then
problem (7.3.20) is just equivalent to problem (1.2.16).

The MIPs are known to be one of the most important problems in optimization, nonlinear
and convex analysis. The problem was first introduced in Hadamard spaces by Khati-
bzadeh and Ranjbar [150]. Since then many authors have studied this problem in Banach
and Hadamard spaces (see for example [67, 100, 125, , , , 255] and the references
therein). One striking shortcoming in all these works is that they fail to provide typical
example(s) of multivlaued monotone operators which are not necessarily the subdifferen-
tial 0f of a proper convex and lower semicontinuous function. It is worthy to note that
despite that such examples are not easy to find, they are necessary to further motivate
the study of problem (7.3.20) in Hadamard spaces (from application point of view) since
the main results of all these works are about the multivalued monotone operator A. Thus,
examples of A in the form of subdifferential operator would simply not give the full essence
of studying problem (7.3.20). For this, we present in what follows, a typical example of
a monotone operator defined on an Hadamard space and valued in the dual space. We
also present a typical example of the associated resolvent operator. First, we present the
definition of these concepts.

Definition 7.3.4. (see [150]) Let X be an Hadamard space and X* be its dual space. A
multivalued operator A : X — 2% with domain D(A) := {x € X : Ax # 0} is monotone
if and only if for all x,y € D(A), z #y, x* € Ax, y* € Ay,

(z* —y*, 5t) > 0.

Definition 7.3.5. [150] Let X be an Hadamard space and X* be its dual. Let A : X — 2%°
be a multivalued operator, then the resolvent of A of order A\ > 0 is the multivalued operator
J& X — 2% defined by
1
JMNz) ={z€ X | [X%] € Az} (7.3.21)
Definition 7.3.6. Let X be an Hadamard space and X* be its dual. The subdifferential
of a function f : (—oo,+o0] — R is a multivalued function Of : X — 2X° defined by

0, otherwise.

85(@) = {{x* € X*: f(2) — f(z) > (a*,72), V2 € X}, ifz € D(f),

Example 7.3.7. Let Y = R? be an R-tree with the radial metric d,, where d,(z,y) =
d(x,y) if z and y are situated on a Euclidean straight line passing through the origin and
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d.(z,y) = d(z,0) + d(y,0) := ||z|| + ||y|| otherwise (see [93, 118] and [202, page 65]). We
put p = (1,0) and X = BUC, where

B ={(h,0): he|0,1]} and C ={(h,k):h+k=1he0,1)}.

Note that X is closed and convex and so, (X,d,) is an Hadamard space. To present an
example of the dual space, first note that the dual space (X*, D) is defined as

X* = {[tad] : (t,a,b) €R x X x X}

together with the associated metric D which defines an equivalence relation on R x X x X,
where the equivalence class of tﬁ = (t,a,b) is given by

m—{scd t?ﬁ/ —scda@ ) Vo, y € X}.

Note that D((t,a,b), (s, c,d)) = 0 if and only if ¢( ab ,Tf) = s( cd ,z) for all z,y € X (see
[138, 150] for more details and formulation of (X * D))

Thus, we can define the dual space X* as the space of elements [t%] such that

{Scd ¢,d € B,s € R, t([[b]| — [lall) = s([|d]| = llc[)} a,b € B,
tab) = {scd:c.d e CU{0},s € R, t(|b] — llal)) = s(lld] = llell)}  a.be CU{O},
(tab} weB, beC.

Indeed, for each t% | € X*, we calculate its equivalence class as follows: If t% scd] #
}% Wemusthavethatt? ﬁ/ ) = s( cd 17; for all z,y € X.

Cases:

(1): If {a,b,c,d} C CU{0}, we haveihat d.(e,z) = |le|| + ||z]| for all e € A and z € X.
Thus, the equality t(a @ = s(cd, T0) is equivalent to ¢(||b]| — [[al]) = s(||d|| —||c]).

(2): If a,b,c,d} C B, we obtain by similar argument as in Case 1 that the equality
ab, 75) = s{ed, ) is equivalent to #([b]l — [lall) = s(d] — ]}

(3): In Case 1 and Case 2, the equation does not depend on = and y. But in other cases,
the equation depends on z and y, i.e., the equality for x,y € B is different from the
equality for x,y € C.

Thus, we conclude that X* is the dual space of X.

Now that we have both the Hadamard space and its dual space, we can now define the

monotone operator and corresponding resolvent operator.
Let A: X — 2% be defined by

{0p]}  =zeB,
Az = IR
{[0p], [Ox]} z e C.

Then A is a multivalued monotone operator. Indeed, we consider the following cases.

Cases:
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(1): If z,y € B, then Az = Ay = {[()79]} and ¥ =y* = [O_]>7] So, (z* — y*, yt) = 0> 0.
(2): Ity € €. then Az = {[0],[0]} and Ay = {[0p], 0]}.
(i) If 2* = y* = [0p], then (z* — y*, 72) = 0 > 0.
(i) If 2* = [(ﬁ] and y* = [O_gj], then (z* — y*, y#) = d2(z,y) > 0.
(ili) If a* = [0_];] and y* = [O_gj], then

@~y yE) = {ub.yt)

= (@) + &) - Ep,)
= S+ Bl + 1+ )2 = (1 + )

=3
> 0 (since 1/v/2 < [l ly]l < 1).

(iv) If x* = [(ﬁ] and y* = [()7)], then (z* — y*,y&) = (p#, y2), which is similar to
(ii).
(3): It € B,y € C, then Av = {[0p]}, Ay = {[0p], [03]}.
(1)

If 2* = y* = [0_];], then (x* — y*7gﬁ> =0>0.
(ii) If z*

0p] and y* = [07], then

(r* —y*, 52y = (yb, y?)
= Y x) + 2.y) - Ep,2))

T2
> 0 (since d(p, ) <1 < d(p,y)).

Thus, A is monotone. We now compute the resolvent of A as follows:
Cases:
(I) Let z = (h,0) € B.
(i) If 2 = (k,0) € B and z € J{(z), then Az = {{0p]} and [172] = [0p]. It follows
from (7.3.22) that $(k—h)=1or k=h— A
(i) If z = (hl)k') € C and z € J{(z), then Az = {[0_];], [O_Z>]} and [%ﬁ] = [0_];] or
[%ﬁ] = [0z]. Using (7.3.22) we see that both of these two cases are impossible.
(1) Let z = (h,k) € C.
(i) If = = (W,0) € B and z € J{(z), then Az = {{0p]} and [12#] = [0p] which is
impossible by (7.3.22).
(i) If 2 = (W', k') € C and 2 € J{(z), then Az = {[0p],[0%]} and [173] € Az. The
case [%ﬁ] = [O_];] is impossible. For the case [%ﬁ] = [(ﬁ*] Using (7.3.22), we

see that +(||z[| —[|z]]) = [|z]| or ||z]| = H%Hx” Note that there are at most two
solutions for z.
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Therefore, we derive the resolvent as:

) {z=(h=X0)} z = (h,0) € B,
Ji(x) =
’ {z=W,K)eC: 1+ N*h*+K*)=hr+Ek} z=(hk)eC.

Now that we have a typical example of a multivalued monotone operator (which is not
the subdifferential of a proper convex and lower semicontinuous function) in a typical
Hadamard space (which is non-Hilbert), we proceed to propose a new PPA similar to
(7.3.1) and establish that it converges strongly to a common solution of a finite fam-
ily of MIPs (7.3.20), which is also a common fixed point of a finite family of qausi-
pseudocontractive mappings in an Hadamard space X. We begin with the following crucial
lemmas.

Lemma 7.3.8. [150] Let X be an Hadamard space and Ji* be the resolvent of a multivalued
operator A of order A\. Then,

(i) for any X >0, R(J{) C D(A) and F(J{) = A71(0), where R(J{) is the range of Ji
(we say that the operator A satisfies the range condition if for every A > 0, D(J) =
X).

(ii) if A is monotone then Ji' is a single-valued and nonexpansive mapping,
i) if A is monotone and 0 < A\ < o, then d(z, Jitz) < 2d(x, Ji x).
/\1 >\2

Lemma 7.3.9. [255] Let X be an Hadamard space and A : X — 2% be a monotone
operator. Then,
d*(u, J{x) + d*(J{z, 2) < d?(u, z)

for allu € A71(0), z € X and X\ > 0.

Lemma 7.3.10. Let X be an Hadamard space and X* be its dual space. Let Aj : X —
2X° i =1,2,...,m be a finite family of multivalued monotone operators. If 0 < X <

and (ﬂ;-”:lF (pr)) # (). Then,

F (e, g0 < (e r (1),
where, szlJ,Sj) =JPoJP o0 gim.
Proof. By careful observation, we can see that Lemma 7.3.8 (iii) and Lemma 7.3.9 can be
used in place of Lemma 7.2.2 and Lemma 2.5.27 respectively as the monotone version of

Jx. Thus, the proof follows similar argument as in the proof of Lemma 7.2.3. O

Using Lemma 7.3.8 and Lemma 7.3.10, we can prove the following results by following
similar line of arguments as in the proof of Lemma 7.3.1 and Theorem 7.3.2.
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Lemma 7.3.11. Let X be an Hadamard space and X* be its dual space. Let A; : X —
2X7 i =1,2,...,m be a finite family of multivalued monotone operators that satisfy the
range condition. Let T; : X — X, i =1,2,--- N be a finite family of L-Lipschitzian
and quasi-pseudocontractive mappings with L > 1 such that T; is demiclosed. Suppose that
Q= {NX,F(T) N (N, A7 10) ) # 0 and for arbitrary x1,u € X, the sequence {xy,} is
generated by

An xna

yn = /Bn,Own @ (1 - ﬁn,O) Z 69(1;82: 0) ((1 - En,i)wn EB Gn,iﬂ((l - 'Vn,z)wn @ ’Vn,zﬂwnﬁ?7322)
=1 ’

Tpi1 = (1 —ap)yn ® ayu, n>1,

wy =1 I, = TV 0 TP 00 g™
N

N
where A\, > X > 0, {a,} and {B,;} are sequences in (0,1) satisfying > fni = 1, and
i=0

0<éni <M< 1+x/11+T’ i=1,2,---,N. Then {x,} is bounded.

Theorem 7.3.12. Let X be an Hadamard space and X* be its dual space. Let Aj: X —
2X° i =1,2,...,m be a finite family of multivalued monotone operators that satisfy the
range condition. Let T; : X — X, i =1,2,--- N be a finite family of L-Lipschitzian
and quasi-pseudocontractive mappings with L > 1 such that T; is demiclosed. Suppose that
Q = {NY,F(T;) 0 (N7 A7H0))} # 0 and the sequence {x,} is generated by (7.3.22),
where A, > A > 0, {a,} and {B,.;} are sequences in (0,1) satisfying the following
conditions:

[e.9]

(i) lim o, =0 and > o, = o0;
n—oo n:1
(1) O<a<em-<’ym-<b<ﬁ’ i=1,2--- N;

N
(1)) Y Bni=1land0<c<B,; <d<1, for all n>1
i=0

Then, {x,} converges strongly to a point z = Pqu, where Py is the metric projection of X
onto ).

We now give the following remark regarding Theorems 7.3.2 and 7.3.12.
Remark 7.3.13.

(i) In Theorems 7.3.2 and 7.3.12, we assumed that the solution set 2 is nonempty which
is a strict assumption. Thus, it will be interesting to study some sufficient condi-
tions which guarantee this assumption. This we will investigate in our future project.

(ii) In Theorems 7.3.2 and 7.3.12, the prior knowledge of the Lipschitz constant L is
needed which is often not known in many applications. Part of our future research
is to modify Algorithms (7.3.1) and (7.3.22) such that the prior knowledge of the
constant L is not required.
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7.3.3 Numerical experiments

In this section, we discuss the numerical behavior of Algorithm (7.3.1) using various non-
trivial test examples. We compare our method with Algorithms (2.5.33)-(2.5.35).

The codes are implemented in Matlab 2016 (b). We perform all computations on a per-
sonal computer with an Intel(R) Core(TM) 15-2600 CPU at 2.30GHz and 8.00 Gb-RAM.
Throughout this section, we shall take m = 4 = N, v,,; = W”nﬂ €ni = Toomor and

_ (i+1)n+1 . o
Bni = vn>1,1=0,1,23,4. Also, we choose a,, = 5 +7 for Algorithms (7.3.1)

5(3n+1)
and (2.5.34). While we choose 7, = =22, f, = 5= and = for Algorithms (2.5.33)
and (2.5.35).
Algorithm (7.3.1) becomes:
f
= arg ryrg(l <f4(y) o y,wn)) :
L
= argmin (fs(y) + 5= d* (v, zn)> :
= arg mln (f?(y) + md yvvn)) ’

yn = Bn,(]wn EB (1 - ﬂn,O) Z EBQET/;Z 0) ((1 - €n,i>wn EB En,zﬂ((l - Vn,z)wn @ ’Yn,zirzwn))
=1 ’

| Tnt1 = (1 = ap)yn ® ayu, n>1.

We now consider the following concrete examples of f; and 7;.

Example 7.3.14. Let X = R? be endowed with a metric d : R? x R? — [0, 00) defined by

d(z,y) = \/(1’1 — )2+ (22 — 2o — Y2 +y)? Vr,y € R

Then, (R?, d) is an Hadamard space (see [100]) where the geodosic joining x to y is given
by

(I —trdty= (1 -tz +tyi, (1= oy +ty)* — (1= )(2] — 22) =ty —v2)) -

Now define T} : R*? — R? by Ty(z1,72) = (x1,22% — 23). We see that T} is quasi-
pseudocontractive in (R? d) but 7T} is not quasi-pseudocontractive in the classical sense.
Indeed, for all z € R? and y € F(T}), we have

(T, y) = d* ((331,237% Ta), (yl,yg))

(1‘1 n)® + (af — (227 — x2) — 47 + 245 — 1)
= (z1 —y)” + (—af + 22+ y7 — v2)’°

(951 y1)* + (27 — 22 — yi + )’
< d*(z,y) + d*(x, Tyz).

Also, define T} : R? — R? by

21+ 1
2

E(xla:[?) = _( )(131,1'2% L= 2a374'
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Then, T; is an L-Lipschitzian and quasi-pseudocontractive mapping with L = (%)2 >
1, i = 2,3,4. Define f; : R2 — R by fi(21,22) = 100 ((z2 + 1) — (21 + 1))® + 22. Then
f1 is a proper convex and lower semicontinuous function in (R? d) but not convex in the
classical sense (see [100]). We also define f; : R? — R by f;(z1,22) = 50523, j =2,3,4.
Then f; is a proper convex and lower semicontinuous function for each j = 2, 3, 4.

We now consider the following 4 cases for our numerical experiments for Example 7.3.14
given in FIGURE 7.1 below.

Case 1: 7; = (0.5, )T, u= (1, —0.5)7 and \, = -2~

n+1-°
Case 3: z; = (0.5, )T, u= (-2, 2)T and \, = T3
Case 4: T = <_1, e_l)Ta u= (_27 6_1)T and )\n = 372}—2'

Example 7.3.15. Let Y := {(x,¢”) : € R} and X,, := {(n,y) : y > €"} for each n € Z.
Set X :=Y U |J X, and equip it with a metric d : X x X — [0, 00), defined by (see [67])

neEL

Y1
Y(E)||2dt + |29 — €] + |yg — e¥t], if x ,
P e R A A L a9

|zy — yol, it 21 =y,

where 7 is the derivative of the curve v : R — X define by ~(t) := (¢, ") for each ¢t € R.
Then (X,d) is an Hadamard space. Let f; := j|[.]|3: X — R, j = 1,2,3,4. Then, f; is
proper, convex and lower semicontinuous in (X, d) (see [07, Example 7.1]).

Now, define T; : X — X by T1 (21, x9) = To(x1, 22) = (21, €") and Ts(x1, x9) = Ty(x1, 22) =
(—x1,e ™) for all x = (21, 25) € X. Then, we check that T; is quasi-pseudocontractive for
eacht=1,2,3,4.
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Indeed, for each z,y € X, we have that

&*(Ty, Tyy) = d*((z1,€™), (y1,€"))

Y1 2
B (/ |w<t>||2dt+|ewl—em|+|ew_ew|) .

1

e on e 1=y
Y1 2
([ molka) et
z1
|6x1 — €y1|2 lf r1 = y17

Y1 2
(/ 15 (E)]|2dt + |zo — €™ + |y2 — €y1|) if x1 # 1,

1

IN

‘$2—y2|2 if &1 =y,

< d(x,y) + & (x, Ta)
Therefore, T7 is quasi-pseudocontractive. The proof that T;, ¢+ = 2,3,4 are also quasi-
pseudocontractive is very similar to that of T above.

We now consider the following 4 cases for our numerical experiments for Example 7.3.15
given in FIGURE 7.2 below.

Case 1: z; = (2, )T, u= (2, )T and A\,

3n+2
Case 2: r| = (1’ 3)T, u = (05, 605> and )\ == 3n+2
Case 3: z; = (0.5, "), w = (3, 21)" and \, = PFI00°
Case 4: 21 = (=1, e )", u= (-2, e )T and A, = n+100

Example 7.3.16. Let P(n) be the space of nxn Hermitian positive definite matrices. The
geodesic distance between A and B in P(n) (also called the Riemannian (trace) distance)
dy : P(n) x P(n) — [0,00) is defined by (see [38] [188, Chapter 2] [78, Example 5.2])

ds(A, B) = inf{L(c)|c: [0,1] — P(n) is a solution curve with ¢(0) = A and ¢(1) = B}
= |[log(A~2BA™3)]|,

= (Z log? Mi(A_lB)> )
i=1

where p;(A7!B) are the eignevalues of A7'B, L(c / le(t)~2¢ (H)e(t) 2 [|odt, ||A]2 =

1
(tr|A]?)=, tr is the usual trace functional and |A| = (A7 A)? (where A7 is the conjugate
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transpose of A). The pair (P(n),ds) is an Hadamard space with geodesic joining A to B
in P(n) given by (see [73, 88, 188])

(1—t)a @ty = A3 <A*%BA*%) AR, 0<t<1.

Now, define T; : P(n) — P(n) by T;A = DEAD, i = 1,2,3,4 where D € GL(n) (the set of
nxn invertible matrices). Then T; is nonexpansive (see [188, Chapter 2]), and hence, quasi-

p

pseudocontractive. Also, define f; : P(n) - R by f1A = (Z log? ,ui(A_leA)) , where
i=1

pi(A~te4) are the eigenvalues of A~'e. Then f; is convex and lower semicontinuous
(see [19]). Again, define fo, f5, f1 : P(n) — R by foA = —logdetA, f;A = tr(A) and
f1A = tr(e?) respectively, then f; is convex and lower semicontiunous for each j = 2,3, 4

(see [19, D

We now consider the following 4 cases for our numerical experiments for Example 7.3.16
given in FIGURE 7.3 below.

CaseI:x1:[2. Z],u=[15. 1—H] and)\n:—nﬁoo-

-1 2 -1 4
CaseII:a:lz{Q_QH 24_21, :[1ii 11—1] and A, = 55
CaseIII::m:{Q_QH. 24_i],u:[4£2. 4;1 and \, = 52
Case IV: z; = {—33+z' _34_ i], u= [? —2@] and A\, = 22(27:5.

Remark 7.3.17. The numerical results for Examples 7.3.14, 7.3.15 and 7.3.16 are dis-
played in Figures 7.1, 7.2 and 7.3, respectively.

In Figures 7.1, 7.2 and 7.3, Error= d(z,.1,z,). We can see from these figures that our
algorithm requires the least number of iterations (in all the examples) when compared
with Algorithms (2.5.33)-(2.5.35). Thus, our method is more efficient than these other
methods.
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Figure 7.1: Errors vs Iteration numbers for Example 7.3.14: Case 1 (top left); Case 2
(top right); Case 3 (bottom left); Case 4 (bottom right).

7.4 On generalized viscosity implicit rule for quasi-
pseudocontractive mappings

In this section, we propose a proximal point approach of a viscosity type iterative method

for generalized viscosity implicit rule involving quasi-pseudocontractive mappings in Hadamard
spaces. We prove that the sequence generated by our proposed algorithm converges
strongly to a common solution of a finite family of MPs and FFP for a finite family

of quasi-pseudocontractive mappings in an Hadamard space.
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Figure 7.2: Errors vs Iteration numbers for Example 7.3.15: Case 1 (top left); Case 2
(top right); Case 3 (bottom left); Case 4 (bottom right).
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7.4.1 Main result

Lemma 7.4.1. Let X be an Hadamard space and f; : X — (—o0,+00], j=1,2,--- ,m be
a finite family of proper, convex and lower semicontinuous functions. Let g : X — X be a
contraction with coefficient o € [0,1). Let J}f: : X — X be the resolvents of a finite family
of proper, convexr and lower semicontinuous functions. LetT; - X — X, 1=1,2,--- N
be a finite family of L-Lipschitzian and quasi-pseudocontractive mappings with L > 1 such
that T; is demiclosed. Suppose that T' := {N, F(T;) N (NI argmingex f;(y))} # 0 and
for arbitrary xy,u € X, the sequence {x,} is generated by

Wy, = 0pxy, B (1 — 0,) 2041,
Yo = Bown @ BrI3 w, @ BoJ 2w, @ -+ @ B J{m Wy,

N . 7.4.1
Up = BnoYn @ (1 = Bno) ; EB(1622,0) (1 = €n,i)¥n @ €ni (1 — Y1)y ® 7”7iﬂy"))(’ )

Tp+1 = O4ng(xn> > 7ﬁnwn D Trly,

where N\, > A >0, {an}, {n}, {mn}. {00} and {5} are sequences in (0,1) satisfying;

(i) o+ Y+ 7 = 1
(ZZ) Z 571,2’ = 1,
=0
N
(iit) 3 Bi =1,
=0
(iv) O<€n,i<’7n,i<1; i=1,2,---,N.

Then {x,} is bounded.

Proof. First observe that by Remark 2.5.29, Algorithm 7.4.1 is well defined.
let p € ', then from the definition of 1, in Algorithm 7.4.1 and Lemma 2.3.23 we have

A(Yn, p) = d(Bown ® B1J{L @ Lo @ -+ @ BuJ{"wy, p)
< d(wy, p). (7.4.2)

Let Ky, := ((1 — €n3)Un D € Ti(1 — Vi) Yn B fymTiyn)), then we have from Algorithm
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7.4.1, Lemma 2.5.28, Remark 2.5.29 and (7.4.2) that

/B’I’LZ

d(un, p) = d(Bnoyn ® (1 = Bno) Z@ (1= Bno)

S Bn,Od(ynJ)) + Z 6n,id(Kiyn7p)
i=1

N
< Buod(¥n, 0) + > Bnid(Yn, p)

i=1
(Yn, D)
(Wn, p)- (7.4.3)
We obtain from the definition of w,, in Algorithm 7.4.1 and Lemma 2.3.23 that

d(wn, p) < Ond(zn,p) + (1 = Op)d(zn41,p). (7.4.4)

From the definition of x,.; in Algorithm (7.4.1), Condition (i), (7.4.3) and (7.4.4), we
have

d
d

IN

d(xpi1,p) = d(ang(z,) ® Vpw, ® Ty, p)
< and(g(wn), p) + Yud(wn, p) + Tad(un, p)
< ,0d(xy, p) + and(g(p), p) + Ynd(wy, p) + Tnd(un, p)
< oo d(zn, p) + ond(g(p), p) + nd(wn, p) + Tnd(wn, p)
< anod(zn, p) + and(g(p),p) + (1 — an)0nd(zn, p) + (1 — ) (1 = 0,)d(Tn11, p)
(o + 0, (1 — a))d(@n, p) + (1 = ) (1 = 0,)d(Tn41,p) + nd(g(p), p),

which implies that

(1= (1 = an)(1 = 6.)))d(Ens1,5) < (00 + On(1 = a))d(@n, p) + ndl(g(p),p)- (745)
Since ay, € (0,1) and o € [0, 1), we have from (7.4.5) that

i) < 5T SO ) 4 )
R (BT (L
I gt g (T )
Thus, we have
orersp) < max{ o, (o000
< max {d(o1,p), - dlalp) )}



which implies that {z,} is bounded. Consequently, {g(x,)}, {w.},{y»} and {u,} are all
bounded.

O

Theorem 7.4.2. Let X be an Hadamard space and f; : X — (—oo0,4+00|, j=1,2,---,m
be a finite family of proper, convex and lower semicontinuous functions. Let g : X — X be
a contraction with coefficient o € [0, 1). Let J/J\Czl : X — X be the resolvents of a finite family
of proper, convex and lower semicontinuous functions. Let T; : X — X, +=1,2,--- | N
be a finite family of L-Lipschitzian and quasi-pseudocontractive mappings with L > 1 such
that T; is demiclosed. Suppose that T := {N, F(T;) N (N argmingex f;(y)) } # O and the
sequence {x,} is generated by Algorithm (7.4.1), where A, > X >0, {an}, {tn}, {mn}, {0n}

and {B,.} are sequences in (0, 1) satisfying the following conditions:
(1) lim o, =0 and > a, = o0;
n—oo n=1

(1) 0 <a <éni <Yng <b< 1o 11+L2’ i=1,2--- N;

N N
(1)) Y Bni=1,>.Bi=1land0<c<p,;, <d<1, for all n>1,
i=0 i=0

(iv) o, + ¥, + 1, = 1.

Then, {x,} converges strongly to a point p = Prg(p), where Pr is the metric projection of
X onto I'.

Proof. We can rewrite Algorithm 7.4.1 as follows;

(w, = 0,2, ® (1 —0,)x001,
Yn = Bown @ BrIL w, @ PodPw, @ -+ @ B J{wy,

N
Un = Bpoyn & (1 = Bnp) ; @u_ﬁnT:ﬁ)Kiym (7.4.6)
Zn = <1f2nwn D 11—2nun> )

{ Tng1 = ang(2n) & (1 — o) 2
Applying Lemma 2.5.30 to the definition of u,, in Algorithm 7.4.6 we obtain

N N
d2 (Ump) S 5n,0d2(yn7p) + Z ﬁn,id2<Kiynap> - /Bn,O Z @n,id2<Kiym yn)
i=1

i=1

N
S d2 (yna p) - Bn,[) Z Bn,idQ(Kiyna yn) (747)

i=1

We obtain from the definition of w,, in Algorithm 7.4.1 and Lemma 2.3.23 that

d*(wy, p) < 0pd*(x,,p) + (1 — 0,)d* (2,41, D). (7.4.8)
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We obtain from the definition of x,; and z, in Algorithm 7.4.6, (7.4.2), (7.4.7) and (7.4.8)
that

dQ(l’n_H,p) = dQ(ang(mn) EB (1 - an)zn,p)
< a2d*(g(xn),p) + (1 — ) 2d* (20, p) + 200 (1 — ) (g(2)P, ZnD)
-
< 2d*(g(xn), p) + Bud*(wn, p) + Tnd*(Un, p) + 200 (1 — ) (g ()P, ZnD)

N
S O‘idQ(g(xn)ap) + 6nd2(wn7p) + Tndz(ynap) - Bn,ﬂ Z Tnﬁmidz(yna szn)
i=1

+ 20, (1 — an) (g(zn)p, ﬁ> (7.4.9)

N
< Q2d(g(a)p) + (1= @)d* (W p) = B > T (g Kitre)
=1

+ 20, (1 — an)(g(n)p, 5 (7.4.10)

< Ozid2(g(£€n),p) + (1 —an) <9nd2(:€n,p) + (1 — en)dQ(anrlap))
= B0 Y TabBnad® (Yns Kigia) + 20 (1 = @) (g(0)p, Zub) (7.4.11)

i=1

which implies that

(1= (1= a)(1 = 0)) ) (i1, p) < (1= @0)0) (0, )

+ [ (g(wa), p) + 201 = @) (glea)p, 58)] -

Hence, from the previous inequality we obtain

d*(2n41,p) < 0 (_i ;n(()éflengn)d?(xn,p)
T aj& —6,) [ (gl ) + 200 = ) (g, 51)|

Qp

= |1 —
{ 0, + a,(1—106,)

+ o
0, + a,(1—146,)

} d*(x,,p) dp, (7.4.12)

where

dn = OzndQ(g(:L'n),p) +2(1 — ) {g(zn)p, ZTP)

Using Lemma 2.5.36, we need to show that lim sup d,,, < 0 for every subsequence {d(z,,,p)}

k—o0
of {d(z,,p)} satisfying the condition
li;n inf(d(xp,+1,p) — d(xy,,p)) > 0. (7.4.13)
—00
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Now suppose that {d(z,,,p)} is a subsequence of {d(z,,p)} such that (7.4.13) holds then

lim inf (d* (@, 1, p) = d*(2ny, p)) = Hminf(d(wn, 11, p) = d(@n,, p) (AT, 41,P) + d(@n,, P))-

k—o0

From (7.4.9), we have

k—o0 k—o0
i=1

lim sup (ﬁnk 0 Z T B i@ (Y, K ynk)> < lim sup (aide(g(a:nk),p))

+ limsup (1 — ay,) [and (mnkap)}
k—oo
+ limsup (1 — ap, ) [(1 = 6, )d* (@041, D)]

k—oo

. /
+ lim sup (2ank — A, )(9(Tn, ), 2y, >)

k—oo

— lim sup (d2(a:nk+1, )
k—o00

< lim sup (a md(9(70,) p))

k—o00

+ lim sup (an [d* (2, p) — d° ($nk+1>p)])

k—o0

. —_—
+ lim sup <2ank (1 - ank) (g(xnk )pv “ny, >>

k—o0

which implies from the conditions on the control parameter that

Jim d(yn,, Kign,) =0, i =1,2,-+ N, (7.4.14)
—00
We also have from Algorithm 7.4.6 and (7.4.14) that

N
ﬁni
d ngy Yng =d Tk, nk Nk - Kz ngy Ing
(Uny > Yny) (60?/ (ﬁo);(ﬂnko)yy>

N
S Zﬁnkﬂd(Klynkvynk) —0 as k— oo.

i=1

Hence,

lim d(up,, Yn,) = 0. (7.4.15)

k—o0
Also,

< d(wp,,w,, ) — 0, as k— oo.

Thus,

lim d(yy, ,wn,) = 0. (7.4.16)

k—ro0
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From (7.4.15) and (7.4.16), we obtain that

]}Lrgo d(tn,,, Wy, ) =0

From Algorithm 7.4.6 and (7.4.17), we obtain

By,

1—oa,

Tny,

1—a,

d(unw an) S d(unk’ wnk) +

k k

Hence, from (7.4.15) and (7.4.18) we have

lim d(zn,,Yn,) =0

k—o0

From Algorithm 7.4.6 and the condition on 6,, we have

lim d(wy,, Ty, ) = 0.
k—o0

From (7.4.16) and (7.4.20), we have

lim d(yn,,, Tn,) = 0.

k—o0

Using (7.4.19) and (7.4.21), we have

kh_)ralo d(zp,,, 2n,) = 0.

We obtain from Algorithm 7.4.6 and the condition on «,, that
d(zp,+1, 2n,) = 0.
Hence, we obtain from (7.4.22) and (7.4.23) that

klggo d(.ﬁlﬁnk+1, xnk) = 0.

d(Un,,, Unk) — 0, as k — oo.

(7.4.17)

(7.4.18)

(7.4.19)

(7.4.20)

(7.4.21)

(7.4.22)

(7.4.23)

Since {x,,} is bounded it follows from Lemma 2.5.31 that there exists a subsequence {xnk]}

of {z,,} which A- converges to a point v. From (7.4.22), we have that there exists a

subsequence {2, } which also A- converges to v. Since T;, i=1,2,---, N is demiclosed,
we obtain from Lemma 7.2.1 and (7.4.14) that v € N, F(T;) = N, F(K;). Also, Jy, is
a nonexpansive mapping for each j = 1,2, --- ,m. We obtain from (7.4.21), Lemma 2.5.33

and Lemma 7.2.3 that v € ﬂjyle(J/(\j)) = ML argmingey f;(y). Hence, v € T

Let p = Prg(p). Since {x,,} is bounded, we choose a subsequence {z,,;} which A- con-
verges to a point v. From (7.4.22), we have that {z,, } is bounded and we chose subsequence

{anj} which A-converges to a point v such that

lillri sup <Mi Zny, > = jli_glo <MZ, Znyj >
= {4op. 7).
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From Lemma 2.5.32, we obtain that

lim sup <m, Zn, > = <5Tp)1>9, @> <0.

k—o00

Hence, from (7.4.12) and the previous inequality, we obtain that limsupd,, < 0, where
k—o00

dp, = [ankd2(g(xnk),u) +2(1 — ) <m, Zn, >] .

Applying Lemma 2.5.36 to (7.4.12), we have that d(z,,p) — 0, as n — oco. Therefore,
{z,} converges strongly to p = Prg(p). O]

If T is a nonexpansive mapping in Theorem 7.4.2, then we obtain the following corollary.

Corollary 7.4.1. Let X be an Hadamard space and f; : X — (—oo,+o0], j=1,2,--- ,m
be a finite family of proper, convex and lower semicontinuous functions. Let g : X — X be
a contraction with coefficient o € [0, 1). Let an’" : X — X be the resolvents of a finite family
of proper, convexr and lower semicontinuous functions. LetT; - X — X, 1=1,2,--- N
be a finite family of L-Lipschitzian and nonexpansive mappings with L > 1 such that T} is
demiclosed. Suppose that T := {NX, F(T;)N (ﬂ?zlargminyexfj(y))} # () and for arbitrary
x1,u € X, the sequence {x,} is generated by

Wy = ann © (1 - 9n>$n+1>
N

Up = 5n70yn % (1 - ﬁn,O) Z 69(1_/82
=1

Tp+1 = ang(xn) ¥ 7v/}nu}n D Ty,

where Ay > XA > 0, {on}, {¢n}, {7}, {0} and {B,.} are sequences in (0,1) satisfying
conditions (i)-(iv) then, {x,} converges strongly to a point p = Prg(p), where Pr is the
metric projection of X onto I

7.4.24
(1= eni)yn @ eniTi((1 = 1) & YTyl s -2

i
n,O)

By setting 6,, = % for n > 1 in Theorem 7.4.2, we obtain the following corollary.

Corollary 7.4.2. Let X be an Hadamard space and f; : X — (—o0,+00], j=1,2,--- ,m
be a finite family of proper, convex and lower semicontinuous functions. Let g : X — X be
a contraction with coefficient o € [0, 1). Let J)]\Cnm : X — X be the resolvents of a finite family
of proper, convex and lower semicontinuous functions. Let T; : X — X, +=1,2,--- N
be a finite famuly of L-Lipschitzian and quasi-pseudocontractive mappings with L > 1 such
that Ty is demiclosed. Suppose that T' == {NN,F(T;) N (ﬂ;’;largminyexfj(y))} # 0 and
for arbitrary x1,u € X, the sequence {x,} is generated by

= (2551),

Yo = Bown @ B1I3 wn @ BoJ 2w, @ -+ & B S Wy,
N

Up = Bn,Oyn S¥ (]- - Bn,O) Z @(1_/82
=1

Tn+1 = ang(xn> ¥ ¢nwn D ThUnp,

where Ay, > A > 0, {an}, {tn}, {7}, {0} and {B..} are sequences in (0,1) satisfying
conditions (i)-(iv), then, {x,} converges strongly to a point p = Prg(p), where Pr is the
metric projection of X onto I.

7.4.25
((1 - en,i)yn ¥ En,zj_;((l - 'Vn,i)yn % ’Vn,zj—;yn)() ) )

i
n,O)
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By setting g(x,) = u for all n > 1,u € X fixed in Theorem 7.4.2, we obtain the following
corollary with the Halpern-type algorithm

Corollary 7.4.3. Let X be an Hadamard space and f; : X — (—o0,+o0], j=1,2,--- ,m
be a finite family of proper, convex and lower semicontinuous functions. Let J{;” X=X
be the resolvents of a finite family of proper, convexr and lower semicontinuous func-
tions. Let T; : X — X, ¢ = 1,2,--- /N be a finite family of L-Lipschitzian and
quasi-pseudocontractive mappings with L > 1 such that T; is demiclosed. Suppose that
= {n¥,F(T;)n (ﬂ;”zlargminyexfj(y))} # () and for arbitrary xi,u € X, the sequence
{z,} is generated by

Wy = ann SP, (]- - 0n>xn+17
Y = Bown ® P1I{iw, @ BoJPw, @ -+ ® B J{wy,

N (7.4.26)
U = Buoln ® (1 = Buyp) 2 Sp oy (1= €ni)yn ® € Ti((1 = Vo) yn @ Vi Tiyn)) -

Tnt1 = QpU > wnwn D oy,

where Ay, > XA > 0, {an}, {tn}, {7}, {0} and {B..} are sequences in (0,1) satisfying
conditions (i)-(iv) then, {x,} converges strongly to a point p = Prg(p), where Pr is the
metric projection of X onto I.
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CHAPTER 8

Conclusion, Contributions to Knowledge and Future research

8.1 Conclusion

In this thesis, we studied optimization and FPP in the frameworks of Hilbert, Banach and
Hadamard spaces. We developed several effective algorithms for solving these problems.
Our results complement several existing results in the literature. In Chapter 1 of this
thesis, we gave a comprehensive background of our study which highlighted some of the
importance of the optimization problems and FPP. We discussed some iterative schemes for
solving these aforementioned problems. Furthermore, we discussed our research problems
and motivation. Finally, we discussed the objectives of our study and presented the
organization of our study. In Chapter 2 of this thesis, we discussed the geometry of the
Hilbert, Banach and Hadamard spaces and presented some basic definitions, terms and
concepts used in this study. We gave a detailed literature review of past works which
motivated our study and presented some results that were important to our study. In
Chapter 3, we studied the VIPs and FPP in the framework of a real Hilbert space. We
studied the SVIPs and GVIP in the framework of real Hilbert spaces in Chapter 4. In
Chapter 5 of this thesis, we presented our results on SE,P, V,IP and SEP in the framework
of Hilbert spaces. Furthermore, we extended our results from the framework of Hilbert
spaces to the framework work of Banach spaces. In Chapter 6 of this thesis, we presented
our results on VIP, V,IP and FPP in the framework of Banach space. Finally, we extended
our results from the framework of Banach space to the framework of the Hadamard space.
In Chapter 7 of this thesis, we presented our results on MPs in Hadamard spaces. In each
of these chapters, we presented numerical examples of our algorithms in comparison with
other existing algorithms in the literature to show the applicability of our methods. We
also presented where necessary some applications of our results.
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8.2 Contributions to Knowledge

Generally, the results obtained in this thesis extend and improve several other existing
results in the literature in the frameworks of Hilbert, Banach and Hadamard spaces. In
Chapter 3 of this thesis, we studied and improved several existing works on VIP and FPP
in the framework of Hilbert spaces. In Section 3.3, we generalized the result of Nadeshk-
ina and Takahashi [185] from approximating the common solution of the VIP and FPP of
a nonexpansive mapping to approximating the common solution of VIP and FPP of an
infinite family of strict pseudo-contractive mappings. We obtained a strong convergence
result of our proposed method. Furthermore, we applied our result to find a common
solution of VIP and ZPP for an infinite family of maximal monotone operators. In Sec-
tion 3.4, we proposed two new relaxed inertial subgradient extragradient methods, and
proved that they converge weakly to a solution of VIP when the operator A is quasimono-
tone and Lipschitz continuous, and when it is Lipschitz continuous without any form of
monotonicity. The assumptions on the inertial and relaxation factors in this work, are
weaker than those in many works in literature for solving VIPs. Our work generalizes the
results of Liu et al. [162] and Ye et al. [269]. In Section 3.5, we generalized the result
of Yin et al. [270] from approximating a common solution of VIP and FPP of a pseu-
docontractive mapping when the cost operator is quasimonotone, Lipschitz continuous
and sequentially weakly continuous to approximating the common solution of VIP and
FPP of a quasi-pseudocontractive mapping when the cost operator is quasimonotone, uni-
formly continuous (which is a weaker condition that the Lipschitz continuity) and without
the sequentially weakly continuous condition. We obtained a strong convergence result
of our proposed method to the minimum-norm solution of the aforementioned problem.
Furthermore, we applied our result to image recovery.

In Chapter 4 of this thesis, we studied the SVIPs and GVIP in the framework of real Hilbert
spaces. In Section 4.2, we introduced two new relaxed inertial Tseng’s forward-backward-
forward for solving the SVIP in real Hilbert spaces without any product space formulation
when the underlying operator is monotone and Lipschitz continuous. We proved that
the proposed methods converges strongly to the minimum-norm solution of the SVIP. In
Section 4.3, our results extend and improve the works of Pham et al. [206] and Reich et
al. [213] by introducing two new inertial projection and contraction methods for solving
the SVIP when both underlying operators are pseudomonotone, Lipschitz continuous and
without any product space reformulation of the original problem with minimized number
of projections per iteration. Our results in Section 4.4 generalized the works of Tian and
Jiang [214] and Ogwo et al. [192] by introducing two inertial projection and contraction
methods for solving the SVIP when the underlying operators are pseudomonotone and
Lipschitz continuous without the sequentially weakly continuity condition. In Section 4.5,
we proposed a viscosity-type iterative method for solving the GVIP in real Hilbert spaces.

We obtained a strong convergence result of our proposed method to a solution of the
GVIP.

In Chapter 5, we studied the SE,P, V,IP and SEP in the framework of Hilbert spaces.
In Section 5.2, we generalized the result of Latif and Eslamian [159] from approximating
the common solution of the split equalities of EP, Lipschitz monotone VIP and FPP
of nonexpansive semigroups satisfying the u.a.r condition to approximating the common
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solution of the split equalities of EP, non-Lipschitz pseudomonotone VIP and FPP of
nonexpansive semigroups without the u.a.r condition. We obtained a strong convergence
result of our proposed method to a common solution of the aforementioned problem. In
Section 5.3, we improved the result of Cholamjiak et al. [70] from approximating the
common solution of SEP and V,IP in Hilbert spaces using the summability condition to
approximating the common solution of SEP and V,IP without the summability condition.
Furthermore, we proved that the sequence generated by our proposed method converges
strongly to a minimum solution (which finds application in several practical problems) of
the aforementioned problem.

Next, we extended some of our results in the previous chapters to the framework of Banach
spaces. In Section 6.2, we extended the result of Tan et al. [210] from approximating the
solution of the VIP in a real Hilbert space to a 2-uniformly convex real Banach space. In
Section 6.3, we extended the result of Long et al. [163] from approximating the SV,IP
in Hilbert spaces to approximating a common solution of finite family of SMV,IP and
FPP for nonexpansive mappings between a Banach and Hilbert space without the prior
knowledge of the operator norm. Furthermore, we applied our results to study SFP and
SMP.

Finally, we extended some of our earlier results to the framework of Hadamard spaces.
We studied the MPs and FPP in the framework of Hadamard spaces. In Section 7.2, we
generalized the result of Chang et al. [70] from approximating a common solution of a
finite family of MPs and FPP for two demicontractive mappings in Hadamard spaces to
approximating a common solution of a finite family of MPs and FPP of a finite family
of quasi-pseudocontractive mapping in Hadamard spaces. Furthermore, we extended this
method to a more general method involving the resolvents of multivalued monotone op-
erators and established that it converges strongly to a common zero of a finite family of
multivalued monotone operators which is also a common fixed point of a finite family of
quasi-pseudocontractive mappings in Hadamard spaces. In Section 7.3, we generalized the
result of Ahmad and Ahmad [/] for approximating a common solution of a MP and FPP of
a nonexpansive mapping using the viscosity implicit midpoint rule in Hadamard spaces to
approximating a common solution of MP and FPP of a quasi-pseudocontractive mapping
using the proximal point approach of a viscosity type iterative method for a generalized
implicit rule in Hadamard spaces.

8.3 Future research

Some of the possible research problems we will like to consider for future research are
highlighted below.

In Chapter 3 of this thesis, the VIPs and FPP were studied in the framework of a real
Hilbert space. In future research, we desire to extend our results from the framework of
Hilbert spaces to more general Banach spaces and possibly, Hadamard spaces. Also, in
Chapter 4, the SVIPs were studied when the cost operators are either pseudomonotone or
monotone mappings in the framework of Hilbert spaces. It is known that the quasimono-
tone operators are more general and applicable than the pseudomonotone and monotone
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mappings. In future, we intend to extend our results on SVIPs to when the cost operators
are quasimonotone mappings. Furthermore, we hope to extend our results on SVIPs to a
more general Banach space.

Note that the split equalities of EP, VIP and FPP considered in this thesis were studied in
the framework of Hilbert spaces when the cost operator is pseudomonotone and uniformly
continuous. Also, the V,IP and SEP considered in this thesis were studied in the framework
of Hilbert spaces when the cost operators were monotone and Lipschitz continuous. In our
future research, we desire to extend our results on SE P, V,IP and SEP to the framework
of more general Banach spaces when the cost operators are quasimonotone and uniformly
continuous.

In Chapter 6, we studied the VIP in the framework of Banach space when the operator
is pseudomonotone and non-Lipschitz. We also studied the SMV,IPs and FPP of a non-
expansive mapping between a Banach space and a Hilbert space. In future, we intend to
extend these results to a more general mapping when the cost operator is quasimonotone
and uniformly continuous in the framework of Hadamard space. Furthermore, we note
that the MPs considered in this thesis were studied in the framework of the Hadamard
spaces. In future, we desire to study these results in the framework of p-uniformly convex
metric spaces.
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