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ABSTRACT

Recent developments in multi-state models have considered discrete time rather
than continuous time in the modeling of transition intensities, whose major draw-
back lies in the possibility of resulting in biased parameter estimates that arise from
issues of handling ties. Discrete-time models have included univariate multilevel
models to account for possible dependence among specific pairwise recurrent tran-
sitions within the same subject. However, in most cases, there would be several
specific pairwise transitions of interest. In such cases, there is a need to model the
transitions with the aim of identifying those transitions that are correlated. This pro-
vides insight into how the transitions are related to each other. In order to investigate
the interdependencies between transitions, the unique contribution of this thesis is
to propose a multivariate discrete-time multi-state model with multiple state transi-
tions. In this model, each specific recurrent transition is associated with a random
effect to capture possible dependence in the transitions of the same type or different
types. The random effects themselves were then modeled by a multivariate nor-
mal distribution and model parameters were estimated using maximum likelihood

methods with Gaussian quadratures numerical integration.

A simulation study was done to evaluate the performance of the proposed model.
The model yielded satisfactory results for most fixed effects and random effects es-
timates. This is noticed by near-zero biases and mean square errors of the average
estimates as well as high 95% coverage probabilities of the 95% confidence intervals

from 1000 replications..

The proposed methodology was applied to marriage formation and dissolution data
from KwaZulu-Natal province, South Africa. Five transitions were considered, namely:
Never Married to Married, Married to Separated, Married to Widowed, Separated to Mar-
ried and Widowed to Married. The presence of very small unobserved subject-to-
subject heterogeneity for each transition and a weak positive correlation between
transitions were produced. Statistically, the model produced smaller standard errors
compared to those from univariate models, hence it is more precise on estimates.
The multivariate modeling of discrete time-to-event models provides a better un-
derstanding of the evolution of all transitions simultaneously, thus in addition to
covariate effects, giving an assessment of how one transition is associated with the
other.



Empirical results confirmed well known important socio-demographic predictors
of entering and exiting a marriage. Age at sexual debut played a positive critical
role in most of the transitions. More educated subjects were associated with a lower
likelihood of entering a first marriage, experiencing a marital dissolution as well as
remarrying after widowhood. Subjects who had a sexual debut at younger ages were
more likely to experience a marital dissolution than those who started late. Age at
first marriage had a negative association with marital dissolution. We may, therefore,
postulate that existing programs that encourage delay in onset of sexual activity for
HIV risk reduction for example, may also have a positive impact on lowering rates
of marital dissolution, thus ultimately improving psychological and physical health.
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CHAPTER 1

INTRODUCTION

1.1 Background

Multi-state models have gained popularity and have been widely used in modeling
movements of subjects between the mutually exclusive stages (states) of a process
such as the natural progression of a disease (Allison, 1982; Therneau et al., 2018).
Willekens (2014) defines a multi-state process as a stochastic process with a finite
state space where subjects transition from one state to the next (Therneau et al,,
2018). As the process evolves, a history of observations is generated over time (An-
dersen & Keiding, 2002). In a multi-state process, certain states may exhibit distinct
behaviors: some may only be visited once and never revisited (transient), others
may subsequently be revisited (recurrent), and there are those that, once entered,
cannot be exited (absorbing). Life histories analysis using multi-state models has
been extensively used in biostatistics, demography and economics (Helbert, 2015;
Willekens, 2014; Steele et al., 2004).

Traditional approaches to modeling the transition intensities have often used mod-
els such as the Cox proportional hazard (Jackson et al., 2011) or accelerated failure
time (Kridahl & Silverstein, 2017). These have been intensively done while the time
to event is considered to be continuous. However, in some cases, observations are
done in a truly discrete manner. In event history analysis, time- to-event models
like survival analysis are quite common (Cox, 1972b; Ali et al., 2018; Allison, 1982;
Tutz et al., 2016). These models have been developed and widely used where a
process consists of only two states (one is usually absorbing). Interest is in model-
ing time until an event of interest occurs. The time to an event can be modeled using
cross-sectional or longitudinal data. Longitudinal data has an added advantage over
cross-sectional data in that it enables the researcher to detect changes or patterns in
the outcome over time, both at the group or individual level. However, longitudi-
nal studies may give rise to some complications in the analysis, such as a possible
dependence in the data for the same subject. In situations where the two states are
recurrent (such as the no job <> job states used by Fahrmeir & Knorr-Held (1997)),
the researcher is faced with yet more complex and demanding statistical problems
in handling the data, because the within- and between- subject correlation need to

be quantified. Hence, mixed effects survival models are applied to account for inter-
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subject variability (Tutz et al., 2016; Austin, 2017; Crowther, 2019).

In cases where there exist more than two possible end states, competing risks mod-
els have been developed to model hazards of failure due to one of the causes that
compete for failure (Fine & Gray, 1999; Beyersmann et al., 2011; Tutz et al., 2016;
Berger et al., 2020; Schmid & Berger, 2020; Han, 1987; Han & Hausman, 1990; Allig-
nol et al., 2011; Putter et al., 2011, 2007). A competing risks model may be regarded
as a special case of a multi-state model (Andersen et al., 2002). For example, in the
employment data, unemployment can end with either getting a new job or a recall
to the previous job (Katz, 1986). Diamond & Hausman (1984) gave another exam-
ple of a spell of unemployment that can end with either a new job or withdrawal
from the labor force. Steele et al. (2004) used data on history of contraceptive use for
women where a woman on a contraceptive can either switch contraceptive method
or stop contraceptives altogether. Willekens (2014) modeled data on marital dissolu-
tion where he considered divorce or death of a spouse as the two competing causes
of marital dissolution.

Competing risks models only consider transitions out of a single origin state. How-
ever, extensions have been made to processes where various origin states are con-
sidered and states are possibly recurrent and classes communicate (i.e. i «— j)
(Therneau et al., 2018; Putter et al., 2011). In such cases, the researcher may choose
an option of considering separate two-way transitions, for all permissible transitions
in the process, using a series of basic survival analysis models. However, this usu-
ally assumes independence of transitions and that each transition is occurring for
the first time in an individual. Previous transitions of the same kind are ignored and
the resulting estimates may be biased. In addition, correlation between the different
types of transitions will be ignored. In continuous-time analysis, various multi-state
models were developed, although they do not account for correlation. One example
is the multi-state Markov model proposed by Jackson et al. (2011), which assumes
that transition into the future state only depends on the current state with no in-
fluence from the previously occupied states. Recently, Asanjarani et al. (2021) also
modeled a semi-Markov model to compare the sojourn times and transition intensi-

ties approaches in a continuous-time scale.

Various cases of multi-state models also include sequential or hierarchical transi-
tion models, which we will not cover in this work. These are common in terminal
disease modeling where patients move through states progressively. An example is
found in HIV studies where the states are considered to be the various CD4 count
stages (Reddy et al., 2011).
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What is common in all the highlighted multi-state models (Markov, 1971; Therneau
et al., 2018; Putter et al., 2011; Meira-Machado et al., 2009; Craig & Sendi, 2002; Jack-
son et al., 2011; de Wreede et al., 2011; Putter et al., 2011; Spedicato et al., 2016) is
their assumption that time is measured on a continuous scale. This, however, is not
always the case in real life. The next section describes an alternative approach to
multi-state modeling: discrete-time models.

1.2 Discrete Time-to-Event models

Most statistical methods of analyzing event history data are based on a continuous
time variable (Cox & Oakes, 1984; Allison, 2014; Andersen et al., 2012; Cox, 1972a)
such that the exact time of event occurrence is known. Allison (2014, 1982) describes
time as always observed in discrete units, however small, but where the time inter-
vals are very small relative to the rate of occurrence of the event, it is acceptable to
ignore this discreteness. When time units are very large, observations are done at in-
tervals of time. In such cases, continuous time-variates become tricky as they result
in ties, since time intervals can be large enough that an individual may experience
more than one transitions within the same time interval. Some discrete-time models
of analyzing such data are, therefore recommended and have been reviewed and
widely used in demography, social science and biostatistics (Allison, 1982; Ander-
sen & Keiding, 2002; Fahrmeir & Knorr-Held, 1997; Bijwaard, 2014; Hox et al., 2010;
Steele, 2011).

Discrete time data essentially arises in two ways: derived or intrinsic discrete. De-
rived discrete data comes as a result of continuously recorded underlying data which
is discretized through grouping or rounding into a discrete time (Wolkewitz et al.,
2008). Because of some assumptions made about the data, it may be acceptable to
discretize it, resulting in discrete event times due to grouping effects (Tutz et al,,
2016; Berger et al., 2020; Schmid & Berger, 2020). Intrinsic discrete data is obtained
when observations are made on truly discrete time points such as yearly, monthly,
at hospital visits or menstrual cycles (Scheike & Keiding, 2006). In such cases, an-
alyzing the data using continuous-time models may lead to biased estimates (Al-
lison, 1982). Many longitudinal studies have their data collected in this way, so
using continuous-time methods would not yield satisfactory results. Hence, fo-
cus in this study will be on the assumption that time is measured on a discrete
scale. In continuous-time analysis, the state at any given time, however small, is

observed and known. In the discrete-time analysis, observations are only made at
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pre-determined time points. If a transition is to occur, the exact time will not be
known; only the interval is known. Discrete-time methods may be used to approx-
imate results of a continuous-time survival analysis (Jenkins, 1995; Vermunt, 1996)
and are conceptually and computationally straightforward (Dean et al., 2014). Singer
& Willett (1993) and Mills (2011a) highlighted many advantages of using a discrete-
time approach including easy implementation of time varying covariates as well as
straight forward testing of the proportional odds (hazards) assumption, hence its
flexibility when modeling time-varying covariates and their interactions with time
(Allison, 1982; Clark et al., 2013). Although the inclusion of time-varying covariates
is apparent when modeling time as discrete, it is important to note that it is possible
for a covariate to be time-varying, yet its effect over time does not significantly vary
(Singer & Willett, 1993) and vice-versa. Furthermore, discrete time methods allow
for interim analysis. Lastly, it produces reasonable predicted probabilities that can
be interpreted independently and therefore not affected by an inability to estimate a

reliable baseline hazard (often the case with Cox proportional hazards models).

In discrete-time multi-state modeling, there are various constructions that may be
considered. Firstly, multinomial models may be used to model state occupation of a
subject. Secondly, for modeling the hazards of transition from one state to the other,
pairwise binary transition models may be used. Lastly, competing risks models are
used to model the hazard of exiting a state.

All the models are executed while adjusting for covariates, some of which may be
time-dependent. Furthermore, as repeated occurrences of the same event may be ob-
served in a subject, the event times can be correlated. Multilevel models were devel-
oped to account for these correlations and have been widely used in social sciences
(Steele, 2011; Raudenbush & Bryk, 1986, 2002; Hox et al., 2010), medical statistics
(Ali et al., 2018) and other areas of research (Steele et al., 2004). Moreover, there may
be different transitions (events) of interest, each of which may reoccur. The different
transitions could be correlated too. Thus, we have intra- and inter- dependencies
in the event histories in the same subject. Ignoring this correlation in the analysis
might lead to underestimation of standard errors (Rice & Leyland, 1996). A robust
model which takes into consideration all the above-mentioned structure of data is

required.
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1.3 Aims and Objectives

This study aimed at deriving a multivariate discrete-time survival model with mul-
tiple state transitions where each transition has its own separate random effect. The
joint model of these transition-specific random effects is given a multivariate nor-
mal distribution and its variance-covariance matrix gives estimates of dependence
between and within transitions, which is an added advantage over univariate mod-
els that only produce estimates of covariates effects. The highly complex multi-state
structure arises because several types of transition occur repeatedly over time, with
interdependences between the different transitions. In this thesis, model parameters
are estimated using a maximum likelihood approach with Gaussian quadratures nu-
merical integration. The proposed model is then applied to a routine data set from
an ongoing longitudinal study based on life course history on marriage formation

and dissolution events in rural KwaZulu-Natal of South Africa.

This study will contribute to the body of statistical knowledge on multi-state model-
ing of discrete-time longitudinal data that is hierarchical and retrospective through
this advanced statistical method. It offers a better understanding of the processes
and dynamics of family formations and dissolutions and will demonstrate how
multilevel discrete-time event history models can be used to jointly model family
formation and dissolution data to efficiently and robustly estimate various effects.
Statistical methods contained in this study will afford researchers tools with which

to analyze such types of data which is gaining popularity in statistics.

1.4 Structure of the Thesis

Chapter 2 gives a thorough review of a univariate discrete-time survival model as
the simplest multi-state model with only two states and its extension to multilevel
data. Chapter 3 is dedicated to the application of the discrete-time survival model to
routine data set to model age at first marriage. Other existing alternatives of dealing
with univariate multi-state data are presented in Chapter 4 via three models namely:
multinomial logit model for state occupations, a series of discrete survival models
for the one-step transitions between two states and discrete-time competing risks
models for marital dissolution. Preliminary work from this chapter forms part of
the work that was published in the Journal of Frontiers in Psychology (abstract at-
tached in Appendix A).

In Chapter 5, the theory on joint modeling of discrete-time survival models is ex-
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tended to multi-state processes. Hence, a multivariate discrete-time multi-state model
is proposed for possibly recurrent transitions while accounting for correlation within-
and between- transitions. To demonstrate this model, an example data set on transi-
tions between marital states is used from rural South Africa. Work from this chapter
forms a manuscript which will be submitted to the Journal of Applied Statistics (at-

tached in Appendix B).

A multivariate competing risks model in discrete time is further constructed in Chap-
ter 6 for joint multi-state modeling through exiting each state. Chapter 7 concludes

the work and gives recommendations and suggests areas of future research.



CHAPTER 2

DISCRETE-TIME-TO-EVENT
MODELS FOR TRANSITION
INTENSITIES

2.1 Introduction

A survival model is considered as a special case of multi-state models which has
been widely used to consider time to a single event such as time until a marriage
(for those who are single), time to infection with (or relapse of) a disease, or time
to death (Allison, 1982; Cleves, 2008; Cox, 1972b). It is one of the simplest methods
used to analyze a 2-state process (Allison, 1982) where the state space is assumed to
consists of only two states and there is only one possible transition into an absorbing
destination state. In cases where the two states are recurrent, special modification
is done to the model to account for the correlation within the subjects. In this chap-
ter, we review the existing survival methods for discrete event times (for transition
into a single absorbing state) together with their extension to account for the mul-
tilevel nature of data (for recurrent events) by including a subject-specific random
effect which measures the correlation within observations of subjects. It differs from
Manda & Meyer (2005), for example, who used cross sectional data for analyzing
first marriages among Malawian women. Longitudinal data in the current study,
has an added advantage of capturing outcome effects over time. Section 2.2 reviews
the standard univariate survival model and its likelihood function and discusses the
approaches of modeling the baseline hazard. Section 2.3 introduces a frailty model
to account for the recurring nature of the transitions and reviews the numerical ap-
proximation methods for the integrals. Section 2.4 deals with a multilevel survival
model with more than 2-levels.

2.2 Standard Survival Model with Discrete Transition Times

For discrete-time survival analysis, the time scale is subdivided into 7 unit intervals,
denoted by I; = [a;t—1,a¢), such that 0 = ap < a; < ... < a, = oo which do not
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necessarily have to be of equal length. The observed discrete time is 7' = ¢ where
t € 1,2,....,7 denotes the interval I;. If censoring exists, it is assumed to occur at the
end of the intervals (Narendranathan & Stewart, 1991, 1993). Suppose the discrete
survival time for subject k(k = 1, ...., K) is represented by 7},. Then T}, is a random
variable which takes on 7 discrete values such that T}, = {1,...,7}, where 7 € N.
The discrete-time hazard function which is defined as the conditional probability
of failure given that the subject has survived up to the beginning of the time (age)
interval, ¢, is given by

A(t|Zy) = P(Ty =t|Ty > t; Zy), (2.1)

where Z; is a p— dimensional vector of known covariates, possibly time-varying.
Consequently, the survivor function is the probability that the subject has not yet
experienced an event by time (age) interval ¢ and is denoted by

t
S(t1Z:) = P (Ty > t|2,) = [ (1 — A (0] 24)) (2.2)
b=1

Age may be used as the time scale,rather than calendar time, since it can be used
to represent stages of life (Andersen et al., 2002). The discrete hazard function in
equation (2.1) may be linked to a time-varying predictor 7, according to (Fahrmeir
& Knorr-Held, 1997; Lee et al., 2018), by

A(t|Z) = h(ngt), (2.3)

through a suitable link function, where X(.) is a fixed response function and 7;,; may
then be modeled as a function of ¢ and Z; either parametrically or non-parametrically.
If we consider the class of parametric regression models the predictor may com-
monly be modeled with a linear form following generalized linear models (GLM)
(Molenberghs & Verbeke, 2005; Fitzmaurice et al., 2008) as:

Mkt = Bot + Z,8, (24)

where 3, is a real-valued baseline hazard which is allowed to be time-dependent
and Bis a p x 1 vector of regression coefficients independent of .

Depending on the nature of the data at hand in the case of a 2-state model (i — j),
the most common choices of link functions are the logit link (Singer & Willett, 1993;
Muenz & Rubinstein, 1985; Manda & Meyer, 2005; Tutz, 2011; Tutz et al., 2016; Dean
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etal., 2014), discrete proportional hazards (also known as the complementary log-log
(clog-log) link) and the probit link (Mills, 2011a). A clog-log specification (Scheike
& Jensen, 1997; Jenkins, 1997; Mills, 2011b; Kridahl & Silverstein, 2017), which is
commonly used when data is derived-discrete, would yield a hazard of the form

A(t|Z:) =1 —exp [—exp (Bo: + Z,8)] - (2.5)

It is an analogue of the Cox proportional hazard model in the continuous time meth-
ods. A probit hazard would be of the form

A(t|Zy) =@ (B + Z:8) , (2.6)

where ® (8y; + Z}3) is the standard normal cumulative distribution function as
used by Kandala & Ghilagaber (2006). It is often used if the underlying distribu-
tion of the process is known to be approximately normal. A logit link gives a hazard
of the form

__exp(Bor + Z,8)
)\(t‘Zt) - 1+exp(/80t+zé )7

2.7)

where it defines the proportional continuation ratio model. It is preferred because
the exponents of its parameter estimates give an odds ratio interpretation which has
practical importance in most cases (Manda, 1998). For that reason, it will be used in
this study although the choice of specification of the link function has little impact
on result (Steele et al., 2009) and is based on convenience of interpretation (Mills,
2011a).

2.2.1 The Likelihood

For subject k, let T}, and C}, be the survival time and censoring time, respectively.

Assuming random censoring, we observe time as ¢;, := min (7}, C). An indicator

0 if T, > Cy,
5 =
1 if T, <.

variable is also defined as

The contribution to the likelihood function for subject k is therefore given by

tp—1
Ly = A(8]2)° (1= A (] 2) ™ ] (1= A6l 20)), 2.8)
b=1
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(see Tutz et al., 2016, pages 52 and 53 for standard inferential text in survival analysis
for a description of likelihood function).. Further define a binary variable, ¢4, € [0, 1]
as
. {0 if subject £ is still in the origin state
kt =

1 if subject k& has made a transition into the destination state,

which is only defined as long as subject k is at risk, i.e. ¢t < t;. It is clear that for

subject k who is censored (d;, = 0), the binary sequence will then be

(6k1, ..... 75ktk) = (0,0, ..... ,0),

(ks - s nty) = (0,0, ..., 1),

The likelihood 2.8 is equivalent to that for a binary response model as used in GLM’s

so that
ty

Ly = [TA01Z0) (1= A (b]Z1)' . (2.9)
b=1

The complete log-likelihood over all subjects is then given by

K
Lo Y Y emlogh (b Zy) + (1 — epp)log (1 — A (b] Zy)) (2.10)
k=1 b=1

which is maximized with respect to 3 to obtain the maximum likelihood estimates
(MLE’s) of 8. This is easily done using readily available standard software that is
designed for binary regression models (Allison, 1982; Mills, 2011b; Singer & Willett,
1993; Jenkins, 1995).

2.2.2 Modeling the Functional form of the Discrete Baseline Hazard

The linear predictor in 2.4 may be rewritten to include a design vector, Y, as

et = Y B0 + Z13, (2.11)

where Y, denotes the duration dependence. Several approaches in the literature
have been proposed regarding the flexibility in modeling 3(,, which may be speci-
fied either parametrically (such as piece-wise constant (Steele et al., 2005) or a poly-

nomial function of time (age)) or non-parametrically (such as splines (Berger et al.,

10
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2018)). In cases where the number of event times is large relative to the sample size,
the baseline coefficients may be represented by a smooth function of an unspeci-
fied form, such as P-splines or smoothing splines (Berger et al., 2020; Tutz et al.,
2016). However, the choice of the shape of the hazard function is usually up to the
researcher (Jenkins, 1995, 2005). We expound upon some of these options for mod-
eling the baseline hazard.

Constant Hazard This assumes that the hazard is constant throughout the obser-
vation period. It requires only one parameter to be estimated, but produces a very

high deviance, hence not preferable.

Piece-wise Constant Hazard This is also referred to as the general specification.
Here, dummy variables are created which correspond to each (possibly grouped) in-
terval of time, say yearly or monthly. The hazard rate in each interval is constant, but
differs between these intervals. The Y; in equation 2.11 will be a vector of dummy
variables for intervals where Y; is a binary variable which is equal to 1 for the corre-
sponding interval and zero otherwise (Jenkins, 2005). However, when a piece-wise
constant specification is used, the intercept term within the vector will not be used,
or else it would be co-linear. If one insists to include it, then one of the dummy vari-
ables will have to be dropped. In the analysis, the time variable is now treated as a
categorical variable and assuming that the hazard in each interval is different. One
advantage of the piece-wise constant hazard lies in its ease to interpret the model
estimates, whose shape generally depicts that produced by life table estimates.

On the downside, this approach lacks parsimony as it requires a large number of
parameters where observation periods are long. In addition, due to sampling vari-
ation, the fitted hazard functions are often erratic due to sampling variation. In
cases where a large number of discrete time periods are observed, a large number of
dummy variables will be required. These might result in the hazards nearing zero in
some time periods, which may yield difficulties in generating maximum likelihood
estimates. It is also unable to discern differences in situations where some time pe-
riods have small risk sets. For these reasons and others, more parsimonious spec-
ifications of the baseline hazard have been suggested in literature, which equally
produce goodness of fit of models.

Polynomial Function In a polynomial specification of order r, the baseline log

odds is given by Y8y, = Bo + fit + .... + (,t". For example, the duration vector,
Y:, may be linear (Y; = (1, ), with a straight line shape), quadratic (Y; = (1, ¢, t?),

11
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where the hazard is U-shaped or inverse-U-shaped) or any polynomial function of
time (age) where (Y = (1,¢,t2,...,t").

Logarithmic Specification In a logarithmic function of time, the baseline log odds
is given by Y} 3, = rlogt, where the parameter r is to be estimated together with
intercept and slope parameters within the vector B;. The logarithmic specification
in the discrete-time specification is analogous to the Weibull specification of the con-
tinuous time methods (Jenkins, 2005). This is mainly because the shape of the hazard
remains constant if 7 = 0, monotonically decreases when < 0 or monotonically in-
creases when r > 0. Note that in cases where the number of time periods are small,

this specification is indistinguishable from linear specification. (Jenkins, 1995).

Non-parametric Parametric specification of the baseline hazard has a major draw-
back of lacking flexibility as a result of the restrictions that are put on the function,
based on the different assumptions that are made by the different models. One ex-
ample is the normality assumption of the data, which is required by many statistical
tests. Another example is the linearity assumption of 7, on the 5’s which implies
that each covariate has a linear effect on the transformed hazard. These assumptions
are too restrictive and in cases where they are violated, serious bias may arise in the
interpretation of results as well as in the application of the statistical tests them-
selves. This problem is circumvented by non-parametric modeling of the baseline
hazard. Models that allow for a more flexible predictor which is not necessarily lin-
ear are required (Tutz et al., 2016). These include use of kernels (similar to moving
averages) and splines (smoothing functions). Additive models may be used to avoid
numerical problems associated with estimation of the baseline hazard where Y; in

equation 2.11 is a smooth function of time.

Splines The baseline in model 2.4 may be expressed as a function given by splines.
A spline of order, say ¢, is a piece-wise polynomial function of degree ¢ which is
joined together at points by knots. Each segment is a polynomial but continuous
and has continuous derivatives of orders 1,2, ...,¢ — 1 at the knots. In general, the
spline-based approach may be classified into regression splines, smoothing splines
and penalized regression splines. In regression splines, the basis functions are joined
at a predetermined set of knots. For example Harrell et al. (2001) placed the knots
at quantiles of the data. Although this is relatively simple in practice, a shortcoming
of this approach lies in its high sensitivity to the number and locations of the knots.
To avoid issues associated with knot placement, smoothing splines have been sug-
gested in literature, where a relatively large number of knots are placed at each data

point, but at the same time, a penalty term that penalizes curvature is incorporated

12
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in the model fit objective function (Wood & Augustin, 2002). This approach gives
rise to as many parameters as the data are to be smoothed, which in turn results in
high computational intensity when estimating the splines. A better alternative is the
penalized regression splines which retain the good properties of smoothing splines
at the same time with a reduced knot set to lower the computational expense (Gray,
1992; Roshani & Ghaderi, 2016; Mantel & Hankey, 1978; Fahrmeir & Wagenpfeil,
1996).

Let g(z) represent a univariate function (used to model the log of the baseline, ;)
with {cx(2) : k =1,...,d} being a set of functions. Then the univariate function can
be defined as

d
g(Z) = Z Oéka(Z),
k=1

where o) s and m are known parameters. The function g(z) is comprised of a linear
combination of the basis functions, c;(z). Suppose also {z* : k =1,...,d} is a set of
points which are referred to as knots.

Regression splines yield more stable estimates compared to polynomial regression
functions (mentioned above) since they introduce flexibility by increasing the num-
ber of knots but keep the degree of polynomial fixed, unlike the polynomial regres-
sion functions which must use a high degree polynomial to produce flexible fits. In
the regression splines, log baseline is expanded into B-spline basis functions. Cubic
splines are such examples, where ¢ = 3 for each segment, which are piece-wise cu-
bic functions that are continuous and have continuous first and second derivatives.
Cubic splines are piece-wise polynomials whose curves are joined smoothly at knots
as opposed to other polynomials which are not smooth at points. In addition to first
derivatives, their curves are twice differentiable at all knots, hence flexible in inter-

polation. Letting ¢,,(2) = |z — 2| for k = 1,...,d,cp41(2) = 1,¢p42(2) = 2,. The
function g(z) is defined as
d+2
g9(z) = Z agcr(z). (2.12)
k=1

Some scholars believe that there is seldom any good reason to model beyond cu-
bic splines, as the spline can be made smoother by simply increasing the number
of knots. More approaches on interpolation using splines are detailed in De Boor &
De Boor (1978) and Wang (2011).

Smoothing splines are designed to balance model fit with smoothness in the result-

13
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ing function, thereby addressing the non-linearity in models. Unlike the regular
splines which fit through the data points (interpolate the data), smoothed splines
are not exact, so they do not run through all the data points because a constraint
for some smoothness is placed. Their other major drawback lies in the fact that the
smoothness of the graph depends on visually assessing the goodness of fit of the
graph through trial and error. The choice of the number of knots as well as position
of the knots is subjective and may give rise to inaccurate estimates; over- or under-
smoothed lines. According to Wang (2011), the piece-wise polynomials help to as-
sign an appropriate weight to the different data points so as to avoid local variations
in data, which could possibly assign excessive influence to the regression line. Non-
parametric bootstraping maybe used to construct confidence intervals for splines to

quantify uncertainty.

m

logfor = k + Y _ kaBa(t, q), (2.13)
d=1

where k = (ko, k1, ..., k)’ are the spline coefficients and m = m + ¢ — 1 denotes the

number of interior knots while ¢ denotes the degree of the B-splines basis function,

B(.). Increasing the number of knots also increases the flexibility in approximat-

ing Bo,;;(t) (Rizopoulos, 2012). Where restricted cubic spline is used,, a continuous

smooth function is obtained which is linear before the first knot, a piece-wise cubic

polynomial between adjacent knots and linear again after the last knot.

Penalized cubic regression splines may be used to represent fy; in model 2.4 as

Bor =Y agaCa(t), (2.14)
=1

where Cy(t)’s are the cubic spline basis and ag,’s are the knot coefficients. Then
penalized cubic regression splines are knot-based approximations on the knots t; <

... < tm, where my = m — 1 which will minimize
> (Bor = Bo)® + 6 / Byt

where 0 is a smoothing parameter and Bo,g is the estimated spline.

14
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2.3 State Transition Models for Recurrent Events (Discrete
Frailty Survival Model)

The model discussed in section 2.2 considered absorbing destination states. In real
life, however, some processes have recurrent events, for example in family forma-
tion and dissolution studies (Steele et al., 2005) or in employment studies of transi-
tions between employment and no employment (McCall, 1996; Cameron & Trivedi,
2005; Steele, 2011). It is common to assume that these recurrent events are correlated
as they occur on the same subject (Raudenbush & Bryk, 2002; Han & Boves, 2007;
Goldstein, 2011). There is an important biological or psychological variation be-
tween subjects, hence the need of an additional parameter, the random effect, which
may capture and measure heterogeneity among the subjects to avoid bias (Scheike
& Jensen, 1997; Heckman & Singer, 1984; Hougaard, 1986; Hougaard et al., 1994;
Hougaard, 1995; Julian, 2001).

There is extensive literature available that has attempted to consider a discrete-time
survival model with recurrent events, while considering subject-specific random ef-
fects: also referred to as multilevel models. Here, the data are hierarchical (Rau-
denbush & Bryk, 1986; Bryk & Raudenbush, 1988; Raudenbush & Bryk, 1988, 2002;
Molenberghs & Verbeke, 2000, 2005; Fitzmaurice et al., 2008) and have more than one
level, be these natural clusters, repeated measures or longitudinal. Hence, a level
may be defined as a unit of analysis which can be a subject or a cluster. The proba-
bility distribution for the observation errors at the first level is specified and another
probability distribution is also specified for the parameters (random effects in the
model at subsequent higher levels) (Laird & Ware, 1982; De Leeuw & Kreft, 1986;
Rice & Leyland, 1996; Langford & Lewis, 1998; Zhang & Steele, 2004; Steele, 2008;
Molenberghs & Verbeke, 2005). The random parameters belong to higher levels and
are assumed to vary across clusters, since the observed clusters are a random sam-
ple from all clusters in the population (Kaombe & Manda, 2021). The subject’s group
effect (random covariates) are to be estimated by the model under the assumption
that there are interactions between the fixed covariates and the subject’s group ef-
fect. Though the random effects may be estimated for each group of subjects, focus
may usually be on simply measuring the variation in the outcome variable that is
contributed by clustering in the data. So, a covariate may enter the model as a fixed
or random effects variable.

According to Molenberghs & Verbeke (2000), there are basically three approaches
to handling subject-specific parameters. Firstly, they may be treated as unknown
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fixed parameters. Secondly, they may be considered as nuisance parameters and
estimation of the natural parameters is done by maximizing the likelihood of the
data conditional on the sufficient statistic for the subject-specific parameters. Lastly,
the random effect approach is used where interest is in drawing inferences with
respect to the subject specific parameters, including making some subject-specific
predictions. Here, the subject-specific parameters are drawn from a population of
subject-specific parameters simultaneously with randomly sampling subjects from
a general population of subjects, parameters. This will mean that the sample of
random-specific parameters may be considered as random vectors, drawn indepen-
dently from a distribution function, say f(uy), which is known as the mixing distri-
bution. By integrating them out over their assumed distribution, elimination of the
subject-specific parameters is then obtained. In this study, focus is only made on the

latter approach.

Based on the random effects approach, equations 2.1 and 2.2 may be modified by
introducing a random effect, u; which is conveniently assumed to follow a normal
distribution, i.e. uj, ~ N(0,02). Let Ty, Tg2, .-, T, be the survival times for subject
k, where [ = 1,2, ..,[;, denote the episode count. An episode is defined as a continu-
ous period during which a subject is at risk of experiencing an event (Steele, 2011).
Tutz et al. (2016) describes the idea of multiple spells (episodes) from a 2-state model
which we will adopt. There may exist some unobserved factors that cause subject
k to transition between states. Therefore, due to this unobserved heterogeneity, we

lth

define the hazard function for the [*" episode for subject k by extending model 2.1 as

AD (1 Z gy, ug) = P (Tig = t|Tha > t; Zra, ug) (2.15)

where vy, is the subject-specific random effect. This hazard is also linked to the co-

variates by a link function in a similar manner as in equation 2.3 by

AD (4 Z g, ur) = h(Bos + Z1yB + ur). (2.16)

2.3.1 The Likelihood

Traditionally, the maximum likelihood estimation of parameters has been commonly
done (Czepiel, 2002), which requires that the estimates are derived as modes of the

log-likelihood function corresponding to the distribution of the observed outcomes.
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Define the censoring variable, dj;, such that

5 0r =1, for observed spell 1,2,...[; — 1
Kkl =
Ok, =0, for the last spell, I}, .

We therefore, note that after the last episode, censoring of the episodes is observed,
meaning that &;;; = 0 in the last episode. The I'" spell may be represented as a

sequence of binary variables 1, ex2, - . . ; €kir,, Where

1, if subject k experiences the event in episode / given it reaches interval ¢
Ekit =
0, otherwise

The contribution to the joint likelihood for subject & is then given by

lk tk (1 6kl)

=11 11 {MOZe (1= M01Z0) 7 ) < flunlod), (2.17)
=1 b=1

The overall joint likelihood of the data and random effects over all subjects is then the
product of the likelihood in equation 2.17 over all subjects and the density function
of the random effect, f(uy). This is given by,

Kl te—(1=3k1)

t=1IT 11 {reize -z} e (<5 )

k=1l=1 b= u
(2.18)
The corresponding marginal log-likelihood which is integrated over the random ef-

fect is then given by

lk te—(1— 5kl)
Zlog (/ {)\(b]Zk)gklb (1= A@|Zp) 0 ) duk) ,

=1
(2.19)
where

exp (Bo(t) + Z,(1)B + ux)
1+ exp (By(t) + Z,.(t)B + ug)’

The score functions for o2 and 3 follow from the first-order derivatives of the log-

Nt Z g, ug) =

likelihood in equation 2.19 and are given by

o8, %)
Vi T " o0r
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e 00(8, )
O
Up="=g5""

respectively. Setting these score functions equal to 0 and solving them simultane-

ously will maximize the likelihood to obtain the estimates of o2 and 3.

2.3.2 Numerical Approximation Techniques

Solving a system of nonlinear equations algebraically may not be as easy and straight
forward as solving linear equations (Czepiel, 2002). The estimation of parameters
can be evaluated analytically by maximizing marginal likelihood of the data which
is performed by integrating over the random effects (Verbeke, 1997; Maqutu, 2010).
Also, the integrals of the log-likelihood functions in equation 2.19 are not in closed
form. For that reason, iterative processes are viable alternatives that may be used to
numerically estimate the solution to the system of nonlinear equations which results
from maximization of the log-likelihood functions (numeric or stochastic integra-
tion). These include the Newton-Raphson method (Ripatti & Palmgren, 2000) of the
data, the Laplace method which approximates the integrand (Breslow & Clayton,
1993), the Gausian quadratures approximation for the integral (Liu & Yu, 2008; Liu
& Pierce, 1994) as well as the penalized and marginal quasi-likelihoods which ap-
proximate the data. In terms of computational burden as well as precision, each
approach has its own advantages and disadvantages, although they might produce
slightly different estimates, especially for the variance-covariance parameters of the
random effects. In this chapter, we will review the Laplace, Quadrature and Quasi-
Likelihood methods.

Laplace Approximation of the Integrand In the Laplace method (Laplace, 1986),
the integral is approximated where the exact likelihood is difficult to evaluate. The
integrand is manipulated to approximate the normal integrand, so that is has a
normal-like quantity which is easy to integrate, then exploit the normal solution
type iteratively until convergence is reached. The principle is to fit a normal dis-
tribution to some function by fitting some constant, say C'x the Gaussian. It is also
used to find the integral of some function (the normalizing function). This is because
we know how to calculate the integral of the normal distribution, we can now find
the normalizing constant of the normal distribution. Suppose f(u) is a unimodal
function which can be transformed as Q(u) = logf(u), so that f(u) = e?®). The
second order Taylor series is then expanded around the mode of f(u), say @:

u—a)! 0 (y—a)2
aw ~ Q@ + “ T ), @20)
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It is known that Q'(4) = 0 at the unique global maxima, so the middle term on the
right side of equation 2.20 will be 0 and equation 2.20 will reduce to

Qu) = Q(a) + Q”Q(a)(u — @) (2.21)

So, according to the example by Molenberghs & Verbeke (2005), the integral of the
form

I=[fudu = [eQWduy

[ Q@+ P w)? g

%

_ Q@) / o L (a2 (2.22)
g

Vi@

is derived, which is the normalizing constant that is used to approximate the integral
I, where 4 is the value of u for which Q(u) is maximized. Here, Q(u) is a twice-
differentiable function and Q" (%) is a vector of the second order derivatives of @
which is evaluated at @ (equivalent to the Hessian of ()). It can be noted that the
integral in the third step of equation 2.22 is obtained by noting that the integral of
the probability density function of a random variable v from a normal distribution

with mean = mode = 4 and variance Wl(un over all the areais 1, i.e.
: ( (uiﬂ)Z )
2
N S e (Q”l(ﬂ)> du=1
1
2T X @y

E T o2
- [AE =gt < e

which may now be substituted in the third step of equation 2.22 to obtain the nor-
malizing constant in the fourth step of equation 2.22. This may now be used to
approximate the integrand in the likelihood in equation 2.19.

In cases where )(.) is bimodal, the improved Laplace approximation may be used.
Here, as many different estimates of u may be used as the different modes of the Q)(.)
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function. Where a multivariate case is considered, the mode will be represented by
a vector, u, and the second derivative will be a negative definite matrix (which will
produce the Hessian matrix). Note that the Laplace approximation for the integrals
in the marginal likelihood may also be specified by choosing the adaptive Gaussian
quadrature with only ¢ = 1 quadrature point (Molenberghs & Verbeke, 2000).

Gaussian Quadrature Gaussian quadratures are common in approximating inte-

grals of the form

b oo
| Wt 3 o)
@ k=1

where W (u) is a known weight function, u;, are the nodes, and wy, are the weights at
the nodes. There are broadly four types of Gaussian quadratures which are used in

different special situations, namely:

* Hermite-Gaussian quadrature where the weight function is of the form
W (u) = e~**, so that the integral becomes e e f(u)du,

* Legendre-Gaussian quadrature where the weight function is of 1, so that the
the integral becomes f_ll f(u)du,

¢ Laguerre-Gaussian quadrature where the weight function is of the form
Jo e f(u)du and

* Chebyschev-Gaussian quadrature where the weight function is of the form

W(u) = \/11_7, so that the the integral becomes fil ﬁf(u)du.

However, the Legendre-Gaussian quadrature may be used as a general purpose in-

tegration routine.

In a univariate case (Stata.com, 2022), the integral of a function multiplied by the ker-
nel of the standard normal distribution may be approximated using Gauss—Hermite
quadrature. It is often used in performing maximum likelihood estimation, partic-
ularly in random effects models, because of its relation to Gaussian densities (Pin-
heiro & Bates, 1995; Liu & Pierce, 1994). For a Gauss-Hermite quadrature with ¢-
points, we let the abscissa and weight be (uj,w;), where k& = 1,....,q. Then the

Gauss-Hermite quadrature is given by

—00

e’} q
/ e Fuydu = 3 wif(af). (2.24)
k=1
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In the Gauss-Hermite, the nodes, a;’s, are the roots of the ¢** order Hermite polyno-

mial

2 an+1 2

—u? (2.25)

Hypi(u) = (=1)"Het Jun+1¢

These Hermite polynomials are orthogonal with respect to the weight function, e,
in (—o0;00) i.e.

/OO e2Hm(u)Hn(u)du =0 for n # m. (2.26)

—0o0

The corresponding weights are then determined from the relation

2
e Hpyi(u)
ar = du. 2.27
S = 227

The exact results for polynomials of degrees < 2n + 1 are produced by equation
2.24. In the multivariate case, the change of variables technique may then be used
to transform the multivariate integral into a set of nested univariate integrals. Each

univariate integral can then be evaluated using Gauss—-Hermite quadrature.

Penalized and Marginal Quasi-Likelihood According to McCulloch & Searle (2004)
and Molenberghs & Verbeke (2005), the quasi-likelihood approach is based on the
approximation of the data, rather than the integrand from a parametric-likelihood.
It is preferred due to its ability to generate highly efficient estimators without mak-
ing precise distributional assumptions. Here, the data is decomposed into the mean
and an appropriate error term with a Taylor series expansion of the mean (Agresti
et al., 2000; Agresti, 2003; Molenberghs & Verbeke, 2005). Rather than specifying a
distribution, the quasi-likelihood only specifies the mean and variance of the data.
Various approximations using quasi-likelihood differ in the order of the Taylor ap-
proximation and/or the point around which the approximation is expanded (Molen-
berghs & Verbeke, 2005).

In penalized quasi-likelihood (PQL) for generalized linear models, optimization of
the quasi-likelihood function is augmented with a penalty term on the random ef-
fects. Following Agresti et al. (2000), the PQL approach is an iterative approach
which requires that each iteration contains two steps, namely: updating the param-
eter () and then updating the variance parameter (o). Let (B3, o(")) be the values
after r iterations. The Henderson’s mixed-model equations (Henderson et al. 1959)
may now be used to update 3. It is based on the normal theory mixed model where
both f(t|ux; 3) and f(ug; o) are densities for random variables that are normally dis-

tributed. The values of u and 3 that jointly maximize the function f(t|ug, 8) f (ug; &)
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2.4. Higher Order Level Random Effects Model

are the empirical estimated best linear unbiased predictor (EBLUP) of u and the max-
imum likelihood estimates (MLE) of 3, where ¢ is the MLE of o (Agresti et al., 2000;
Searle et al., 2009). This now makes it possible to update for 3 in the generalized
linear mixed models context. Given ¢("), the function f(t|uy, 3)f(ux; o) is then
maximized with respect to uj, and 8 and B"*Y is then assigned the maximizing
value of 8. Since this maximization is not trivial, it will require an iterative method

such as the Newton-Raphson method.

A further normal approximation is used to update o through a working dependent
variable, say z, which is constructed similar to the usual iteratively reweighted least
squares algorithm used in generalized linear models. Under the assumption that
z follows a normal linear mixed model, the variance component is now estimated
using MLE (Searle et al., 2009; Agresti et al., 2000) and the corresponding values of
these MLEs are then the components of o(").

Marginal quasi-likelihood approximation is another alternative, which is similar to
the PQL approach, though based on a linear Taylor expansion of the mean around
current estimates of B for the fixed effects, and around u;, = 0 for the random effects.
It produces similar expressions to those of PQL except that instead of the condi-
tional mean taking the form g1 (Z’ B+ u}), the mean takes the form ¢! (Z ! 3)
The MQL estimates are similar to PQL estimates in that they both may be obtained
by optimizing a quasi-likelihood function which involves only first and second or-
der moments, but in MQL, they are are now evaluated using the marginal linear

predictor rather than the conditional predictor (Maqutu, 2010).

The quasi-likelihood approach has the drawback of preventing likelihood-based in-
ference since the likelihood function is not evaluated (Grilli & Rampichini, 2007).
In addition, as a result of the wrong (quasi) likelihood being used, quasi-likelihood
estimators lose asymptotic efficiency when compared to maximum likelihood esti-

mators. For these reasons, they will not be used in this study.

24 Higher Order Level Random Effects Model

In a case where a 3" level of hierarchy is considered, level 1 units are nested within
level 2 units, which in turn are nested within level 3 units (Julian, 2001; Raudenbush
& Bryk, 1986, 2002; Bryk & Raudenbush, 1988; De Leeuw & Kreft, 1986; Steele et al.,
2005). Here, an extra random effect is included in the model so that the hazard
function for spell [(I = 1...., Lyy) from subject k(k =1, ..., K}) in household h(h =
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1,...,H)is given by
L\ (| Z et i, unk) = P (Thir = tThir >t Z et Unks, un) (2.28)

where uy, and vy, denote the random effects for subject hk and household # , respec-
tively, which may be assumed independent (Biggeri et al., 2001). A dummy variable,
enkt = 1, is defined if subject k£ from household % has experienced an event in the [th
spell at time interval ¢ and €4 = 0 otherwise. Their contribution to the likelihood is

thit—(1—=0nk1)

[T {pelzome (0= A0lZum)' e} x fu), (229)
b=

—_

Up Ouy, 0

where u = ~ MVN(0,%,) and X, =

Unk 0 Oupy,
spells I = 1...l5; — 1 and dp; = 0 in the last spell for subject &y,.

) . AISO, 5hkl = 1in

Estimation procedure is similar to what has been discussed in section 2.3 except that
this model results in one extra parameter to be estimated, uy,.

2.5 Summary

In this chapter, standard methods of analyzing univariate multilevel discrete time-
to-event models were reviewed. Standard univariate survival analysis provides an
important conceptual and analytic framework from which to evaluate if and when
transitions (events) occur. Methods of modeling the baseline hazard and integration
of the likelihood were also discussed. Application using a real-life data set is made
in the next chapter.
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CHAPTER 3

APPLICATION TO AGE AT FIRST
MARRIAGE DATA

In this chapter, application of the standard methods discussed in Chapter. 2 will be
made to a routine data set based on age at first marriage. In section 3.1, a motivation
of the data is presented. and a brief description of the data is made in section 3.2.
Techniques of handling missing data are also presented in section 3.3 and finally,
application of these methods to real-life data is then done in section 3.4. Procedures
on data preparation for discrete-time analysis are given in Appendix C.

3.1 Motivating example: Context of Marriage Formation and
dissolution

Multi-state models have commonly been used in clinical settings, for example, in
studying the transitions between disease stages such as HIV progression (Reddy
et al., 2011). In cancer studies recurrent events arise when patients” tumors progress
and metastasize or recover as the patient moves between the cancer stages. These
models can also be used in modeling movement between marital states where, for

example a married person may divorce and remarry, thus recurrent events.

The timing of a first marriage has a huge impact on the health, social, psychological,
educational and economic profiles of families and their children (Gédhler & Palm-
tag, 2015; Uecker, 2012; Ikamari, 2005). A common example in the African context
is observable when a (probably forced) marriage is a result of teenage pregnancy
followed by parents sending their girl child away for an early marriage where she
will be forced to stay with a totally new family. Early marriages potentially have
consequences such as school dropouts, teenage pregnancies, abortions as well as
emotional disorders such as hypertension, stress, bipolar and other physical health
related diseases like high blood pressure. In worst-case scenarios, suicidal thoughts
which may lead to committing suicide may result (Gage, 2013). Poor relationship
qualities (sometimes leading to marital separation) potentially compromise both

physical and mental well-being (Waltz et al., 1991), whereas good marriages pro-

24



3.2. The Data

mote a good well-being. These changes in status, into marriage, divorce, separation
or being widowed, may also affect children and relatives involved (Hasselmo et al.,
2015; Sbarra et al., 2009; Wang et al., 2015). It is therefore, of special interest to study
the interrelated factors leading to these changes in naptiality. using multi-state mod-
els.

Multi-state models have commonly been used in clinical settings, for example, in
studying the transitions between disease stages such as HIV progression (Reddy
et al., 2011). In cancer studies recurrent events arise when patients” tumors progress
and metastasize or recover as the patient moves between the cancer stages.

3.2 The Data

3.2.1 Data and Study Area

The Africa Health Research Institute (ARHI, previously Africa Center for Population
Health studies), is situated in the rural area of northern KwaZulu-Natal in South
Africa where it collects the data (Tanser et al., 2007). This area is largely dominated
by a black community of the Zulu cultured South Africans. As represented in the
figure displayed in Appendix B, South Africa is found at the bottom of the African
continent and has nine provinces including KwaZulu-Natal which also has areas in-
cluding the Zululand and the Elephant Coast where the data set was collected. The
Population Research Department provides world class coordinated research oper-
ational support for population-level research studies, including development and
implementation of innovative, efficient and cost-effective field-based and telephonic
data collection systems, anchored on robust quality assurance and quality control
practices (AHRI, 2021, 2018).

The AHRI is one of the many Health and Demographic Surveillance Systems (HDSS)
sites under the INDEPTH network. It collects longitudinal data including, in addi-
tion to HIV and TB, data on the life course history of marriage formation and disso-
lution events and duration, and has been in operation since 1996. The surveillance
area is near Mtubatuba, in the Umkanyakude rural district. It covers an area of 438
square kilometres with a highly mobile population of approximately 90 000 people
who are members of approximately 11 000 households. These include all individ-
uals reported by household informants as household members regardless of them
being resident or non-resident (Tanser et al., 2007; Hosegood et al., 2009). The Africa
Centre Demographic Information System (ACDIS) started data collection on 1 Jan-
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uary 2000 and is conducting an ongoing study. However, for the purposes of this
research, we only considered subjects who were followed up from January 2004 to
December 2016. For all registered households and individuals, demographic and
health information was collected every 4 months. Because the surveillance cohorts
are dynamic, subjects may enter or leave the cohort through migration or births and
deaths at any time (Tanser et al., 2007), thus ragged study entries. The migration
might be within the surveillance area itself (where subjects change households) or
as a result of in-migration and out-migration, as defined by Dobra et al. (2017). As
such, the participation rates at each wave is about 95% for household data collection.
Therefore to minimize non-response, where respondents are either non-resident or

unavailable, suitable household members are selected as alternative informants.

This study considers 50 698 eligible subjects who were enrolled between January
2004 and December 2016, some of whom got lost to follow-up. To the best of our
knowledge, this data set has been used to study family formation and dissolution,
but using different statistical methods such as Hosegood et al. (2009) who compared
the 2000 and the 2006 cohorts. In the case where discrete time event history analysis
methods were used, sometimes it would be on HIV or some other areas of study
(Tomita et al., 2017) or different locations (Houle et al., 2014; Clark & Brauner-Otto,
2015; Clark et al., 2013). From the analyzed data, 4 marital states were considered
(Never Married, Married, Separated and Widowed) and each subject would be in one
of these states at each time of visit. The possible paths of transitions are graphically
displayed in Figure 3.1 below:

£y

Separated

AN

Never — | Warried
Married
Widowed
L\ 4 A\ 4

U/

Figure (3.1) MultiState model for family formation and dissolution.
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3.2.2 Data Availability

The data is available upon request from Africa Health Research Institute from ARHI
(Tanser et al., 2007) whose website is AHRI (2021). Data sets with restricted access
require a data access agreement to be completed. A request is then submitted to the
applicable data custodian for specific data sets on the repository. Requests for ad hoc
data sets, beyond the data sets archived on the Africa Centre data repository, have
to be directed to Africa Centre’s Helpdesk (help@africacentre.ac.za). (Tomita et al.,
2017)

3.2.3 Ethical Clearance

Ethical approval for all the data collected by AHRI was obtained from the University
of KwaZulu-Natal’s Ethics Committee (BE 169/15) (Tanser et al., 2007; Tomita et al.,
2017).

3.2.4 Statistical Software

Discrete-time analysis for this chapter was done in STATA17 using the xtlogit for

the random effects model where the clustering variable (ID) was specified.

3.3 Handling Missing Data

The data from AHRI was collected and recorded as different data sets for different
purposes. As a result, not all variables needed for this study were found in the same
data set. Different data sets were therefore merged and/or appended. These are
Women’s General Health-All (from which the variables Marital status, Age at visit,
Age at first marriage, Age at first sex, Gender and BP were extracted for females);
Men'’s General Health-All (from which the variables Marital status, Age at visit, Age
at first marriage, Age at first sex, Gender and BP were extracted for males); RD07-
99 ACDIS HSE-I All (from which the variables Education level, Is income earned,
Is employed, were extracted) and the DayDataSetEpisodesAbridged V0 (which con-

tains the variables household and bounded structure to which each subject belongs).

All duplicates (of subjects on visit dates) as a result of merging were dropped since
they gave the same information. Merging these data sets resulted in a lot of missing
data, as other data sets did not record all subjects for all the required variables. On
the other hand, since this is an ongoing study like most longitudinal studies, some
subjects entered the study late and others left earlier than December 2016 (due to
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3.3. Handling Missing Data

death, migration and so forth). Others exhibit intermittent missingness which might
have resulted from non-response, refusal from subjects in a specific variable and
time point. All this missingness can cause serious bias to results, loss of power and
underestimation of standard errors and loss of valuable statistical information (Satty
etal., 2015; Chinomona & Mwambi, 2015; Molenberghs & Kenward, 2007; Satty et al.,
2013; Satty & Mwambi, 2014) .

Missing data is a common feature in this study as it is in most areas of research that
use longitudinal data. There are a different mechanisms of missingness such as Miss-
ing Not at Random, Missing at Random Analysis and Missing Completely at Ran-
dom. These and their methods of handling their analysis are well documented in Al-
lison (2001); Molnar et al. (2008); Molenberghs & Kenward (2007); Satty & Mwambi
(2012); Satty et al. (2013); Little & Rubin (2014); Satty et al. (2015).

Various methods of imputation have been suggested in literature, such as multi-
ple imputation (Rubin, 1987, 2004). Most survey data analyses are done using a
complete-case method which is also a default by most statistical software. In this
approach, a list-wise deletion of all cases with missing values is performed under
the assumption that the values are missing completely at random. As a result of
reduced sample sizes, this approach has a disadvantage of potential loss of power
to detect an association between exposures and an outcome (Cleves, 2008). The re-
maining observations might not be a representative of the population.

The Last Observation Carried Forward (LOCF) approach (Molenberghs & Kenward,
2007; Molnar et al., 2008; Siddiqui & Ali, 1998; Mallinckrodt et al., 2003) is also com-
monly applied to longitudinal data where incompleteness usually results from attri-
tion or loss to follow up. This method can be applied to both monotone and non-
monotone missing data and it mainly assumes that missing values do so completely
at random. This naive approach is the method that was utilized to impute missing
values on the categorical variables in this study. To do so, it is also assumed that
the observations would not significantly change in a year’s period. For instance, if a
subject’s marital status in 2012 is not known, but it was known to be Married in 2011,
then the value for 2012 for that subject will be imputed to be Married. One danger of
using this technique lies in the possible underestimation of the variance for parame-
ter estimates (Satty & Mwambi, 2014).
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3.4 Results

The analyzed data had 268 557 person-years for subject who were considered in the
Never married and Married states and they were followed up over a mean period of
6.8 person-years. Of these, 1,274 Never Married — Married transitions were made.
Total time at risk was 147 651.2 person-years with 24 332 subjects who were right
censored. Table 3.1 below displays the distribution of some of the covariates among
the subjects at entry where applicable. It is clear that the majority of the population
occupied a Never Married state compared to a Married state .

Table (3.1) Distribution of sampled individuals by explanatory variables at study entry

Variable Never Married  Married
N (%) N (%)
Gender
Female 17 130 (95.33) 839 (4.67)
Male 13 145 (97.15) 386 (2.85)
Income
Yes 2791 (94.77) 154 (5.23)
No 24 742 (95.87) 1065 (4.13)
Is Employed
Yes 10 526 (95.75) 467 (4.25)
No 18 314 (96.06) 751 (3.94)
Highest Education
Never went to school 198 (76.45) 61 (23.55)
Primary 1884 (91.59)) 173 (8.41)
High School 2 634 (94.17) 163 (5.83)
Tertiary 86 (86.87) 13 (13.13)

Regarding the parametric functional form of the baseline hazards, choices were
made between a constant baseline, polynomial functions of age up to the 5" order,
a logarithmic function of age, as well as a piece-wise constant. Using the smallest
AIC and BIC (Chakrabarti & Ghosh, 2011) coupled with fewer degrees of freedom, a

Table (3.2) Information criterion tables for the different functional forms of the baseline

hazard

Model No. of Parameters Deviance Dev.diff. from Constant AIC BIC

Constant 1 16176.04 0.00 16178.04 16188.54
Linear 2 14746.39 1429.66 14750.39 14771.39
Quadratic 3 14254.29 492.09 14260.29 14291.79
Cubic 4 14195.84 58.45 14203.84 14245.84
Quartic 5 14180.38 15.46 14190.38 14242.89
Quintic 6 14179.77 0.69 14191.77 14254.78
Logarithmic 2 14302.13 0.00 14306.13 14327.13
Piece-wise constant 25 14167.87 0.00 14217.87 14480.39
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Fitted Logit Hazards for Polynomial Time Models
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Figure (3.2) Baseline hazards for the modeling age at first marriage

quartic baseline hazard model was preferred. Results are displayed in Table 3.2 and
Figure 3.2a. For non-parametric model, splines were used as displayed in Figure
3.2b. All confidence intervals in the thesis were reported at 95% level and p-values

< 0.05 were considered statistically significant.
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Table 3.3 displays the results from the discrete-time fixed effects survival model, the
random effects model with 2-levels and a random effects model with 3-levels, us-
ing Gauss-Hermite quadratures with 7 quadrature points where the baseline was
modeled using a polynomial of order 4. The multilevel model which considered 2-
levels produced a subject-variance of 0 and similar estimates to that of the standard
survival model, implying no improvement as a result of the inclusion of a subject-
specific random effect. Hence, the standard survival model was a better option, due
to parsimony. The model with 3-levels of hierarchy produced estimates of covariates
effects that are almost comparable to that with 2-levels and the fixed effects model.
In addition to the subject-to-subject variability, the model produced a household ran-
dom effect (Vargmprp = 1.03; (CI = 0.52 : 3.04)). The likelihood ratio test showed

that including a household random effect improved the model.

Age at first sex was the only statistically significant variable. Subjects who had an
early sexual debut were significantly more likely to enter a first marriage at an older
age (OR = 1.04, CI = 1.02;1.05). Effects of gender, employment and education

were not statistically significant on the transition into a first marriage.

3.5 Summary

This chapter presented results from the standard existing methods for analyzing
univariate discrete-time survival models with application to data on first marriages.
From the three models considered, results were almost comparable, showing that
age of sexual debut had a positive effect on the transition into a first marriage in this
cohort. In addition, the inclusion of the subject random effect did not show if there
is unobserved heterogeneity due to the subjects, but the presence of the household
implyied a slight variability among the households. In this chapter, only one type
of transition was considered, there could exist different transitions in a stochastic
process which may be of interest. The next chapter reviews statistical methods used
where not only one transition is possible, but transitions between various states of a

multi-state process.
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CHAPTER 4

MODELING STATE OCCUPANCY
AND TRANSITIONS

4.1 Introduction

This chapter explores the various discrete time-to-event parameterizations that exist
in modeling a multi-state process. Three models are reviewed, namely: multinomial
model for state occupation in section 4.2, a series of polytomous logistic models for
two-way transitions in section 4.3 as well as a competing risks model for exiting a
particular state in section 4.4. In section 4.5, a competing risks model with a subject-
specific random effect is discussed. Application to the data on marriage formation
and dissolution is then done for each model and results are presented in section 4.6.

4.2 State Occupation Model: Multinomial Logit Model

In cases where the outcome variable is polytomous (multi-state), a multinomial logit
model (Bock, 1970; Chamberlain, 1979) may be used to simultaneously find deter-
minants of the outcome (Agresti, 2003). It basically estimates the log-odds of the
outcome of interest versus a base outcome (reference category) and separate odds

ratios are then obtained for each of the remaining outcomes.

Denote Py, as the probability that subject k, (k = 1,2, ...., K) occupies state s(s =
1,...,m) at any time interval (¢ = 1,...,7). The log-odds for state s occupation

versus occupation of the reference state (s*) is then given by

P
lOg <Pkts > = ﬁOk:s + ﬁ,kszk + ug, (41)
Fot o

where Sy is the intercept which will be assumed constant, uy, is the subject-specific
random effect and [3’, is the covariates effect for the p covariates which are associ-

ated with state s occupation. Let Y be a random variable representing the value of
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4.3. State Transition Models:. Binary Transition Models

the nominal outcome variable such that

v s,  if subject k is occupying state s at time interval ¢.
kt =

*

s*, if subject k is occupying state s* at time interval ¢

where the state space s = 1,2,....,m (usually, s € N). Solving for Py (s # 1) in
equation 4.1, the probability may now be written as

exp (Boks + B s Zr + uk)
L+3"" (Boks + B s Zr + ug)’

P, = 4.2)

where s = 1 is the reference category denoted as s*.

One potential drawback of the multinomial logit model lies in its requirement of
the independence of irrelevant alternatives assumption (IIA). The odds ratio for any
pair of outcomes is assumed independent of any third alternative. In other words,
elimination of any one of the outcomes should not change the ratios of probabili-
ties for the remaining outcomes. However, Grilli & Rampichini (2007) do not view
this as a restrictive feature of the multinomial logit models as this assumption holds
conditionally on all the covariates and errors, hence can partially be relaxed by in-
troducing random terms in the linear predictors. Another major shortcoming of the
multinomial logit model, which motivates this study, lies in its inability to detect and
capture the dynamic nature of a multi-state process. Rather, the investigator has to
handle transitions the way it is done in the cross-sectional case. Section 4.3 considers

modeling of transitions in a multi-state model.

4.3 State Transition Models:. Binary Transition Models

Discrete-time-to event models have been commonly used to model event histories
(Fahrmeir & Knorr-Held, 1996, 1997; Fahrmeir, 1997; Steele et al., 1996; Goldstein,
1986, 2011) where the two states are recurrent as previously discussed in Chapter 2.
One basic way of modeling transitions in a multi-state process is through fitting sep-
arate survival models (Allison, 1982), which were discussed in Chapter 2, for each
possible transition in the process as used by Kryscio et al. (2006) through polytomous
logistic models. In this section, we adopt this approach in separately modeling age
at marital dissolution (through separation or death of a partner) as well as age at
remarriage state (after a marital separation or being widowed). One disadvantage

of this approach lies in its inability to account for correlation between the separate

34



4.4. State Transition Models: Competing Risks Model

transitions, if it exists.

4.4 State Transition Models: Competing Risks Model

In a competing risks model, two or more hazards exist that may cause failure (Pren-
tice et al., 1978; Tuma et al., 1979; Han, 1987; Han & Hausman, 1988, 1990). A subject
who is in the origin state, 7, may fail by making a transition into one of the states
Jj = 1,2,...,m. Figure 4.1 below, which was extracted from Allignol et al. (2011),
shows an example sketch of states considered in a typical competing risk process
where ag; () and a2 (t) are representing hazards of transition from state 0 to state 1
and transition from state 0 to state 2, respectively. If there are more than two com-
peting events, then the diagram will have as many arrows as there are number of
endpoints. Unlike in survival analysis methods where time to a single endpoint is
modeled, a competing risks model has multiple possible end points. Hence, hazards

for each transition type will need to be modeled.

ao1(t) 1 | ‘Event of interest’

Initial state 0

Qa(t)

)

‘Competing event’

Figure (4.1) A multistate competing risk process

Competing risks models have been developed (Tsiatis, 1998; Sampford, 1952; Pren-

tice etal., 1978; Andersen et al., 2002; Allison, 1982) and are widely used in continuous-

time cases where the cumulative incidence technique (Lin, 1997; Gutierrez, 2010) and
the Fine and Gray technique (Fine & Gray, 1999) are the most common approaches.
In the discrete-time case, Tutz et al. (2016) modeled a cause-specific hazard for com-
peting risks while recently Berger et al. (2018, 2020) modeled a subdistribution haz-
ard for a competing risks model which is an analogue of the Fine and Gray subdis-
tribution hazard of the continuous-time analysis by Fine & Gray (1999). Based on
the cause-specific hazard approach, the theory of GLMs is also utilized through the
use of multinomial logistic regression (Allison, 1982; Jenkins, 1995; Steele, 2011; Tutz
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4.4. State Transition Models: Competing Risks Model

et al., 2016). Here, the transitions are treated as the outcome.

44.1 The Model

Suppose a multi-state process has m + 1 states, J € 0,1,...,m, where j =1,2,...,m
are the distinct target states from the state of origin, 7 (which is labeled as state 0).
The cause specific hazard function which results from failure due to any one of the
causes, j, (making a type ¢j transition) is given by \;;(t|Z). For simplicity, the sub-
script 7 in the notation is dropped since all transitions are considered to start from

state i. Therefore, the hazard is given by
N(tHZ) = P(T = t,J = jIT > 1, 2), (43)

where A\ (t|Z), ..., A\ (t|Z) are the m possible hazard functions which may be com-
bined into one overall hazard function which defines the hazard of leaving state i in

general, regardless of the destination state, as

A(t|Z) = f:Aj(ﬂZ) =P(T=tT>t27). (4.4)
j=1

Subsequently, the survival function, which is defined as the probability of survival
beyond ¢ (not experiencing any event by time interval t), is given by

t
S(t1Z)=P(T>t2) =[] (1-\0/2)) (4.5)
b=1

A subject who reaches interval ¢ will either fail due to one of the m causes or survives
beyond ¢ with respective probabilities A\ (t|Z), ..., M (t|Z),1 — A(t|Z).

4.42 Parametric Modeling of Competing Risks

The m + 1 events may now be modeled using the common multinomial logit regres-
sion model (Hartzel et al., 2001; Tutz et al., 2016; Steele, 2005) or any other model for
categorical responses (see Agresti (2003)). Here, the hazard function will be modeled

as

exp (Boi; + Z'8;)
L+ >0 exp (Bow + Z'By)’

where fy;; is the baseline hazard function V¢ and b in the denominator represents b,

Ai(t1Z) = hi(Z:B8) = (4.6)

which are all the other possible transition types except ¢j. We consider the log-odds
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4.4. State Transition Models: Competing Risks Model

of experiencing an ij type of transition versus no transition (staying in state i) using
the multinomial logit for the m + 1 categories as

\(1]2)
log <)\0(t|Z)

) = Potj + Z/,@j- (4.7)

This modeling framework allows us to interpret the coefficients, 3;, in terms of odds
ratios. It will give us the odds of failing due to cause j versus survival (staying in the
state origin). So J equations will be estimated using the hazard function for the J
transitions. Each transition type is allowed to have its own form of the baseline haz-
ard. The multinomial logit provides a good approach to estimating a competing risk
model. It treats the response variable as a polytomous qualitative choice variable.

4.4.3 The Likelihood Function

The contribution to the likelihood for subject k towards the j* transition under the

assumption of random censoring is

te—1

Ljk = N, (t] Z1)% (1= N, (8] Z0))' ™% T (1 = At Z4)), (4.8)
t=1

where

0, if subject k is still in state ¢ at interval ¢ .
ok = (4.9)
, if subject £ has made a transition from state i to j at interval ¢.

[u—

Another binary indicator, 4, may be defined such that

0, if subject k is not occupying state j at interval ¢
Ektj =
1, if subject k is occupying state j at interval ¢

we define for each observation in each interval ¢ < ¢,
/
€Lt = €kt0sEktly -+ - Ektm = (17 07 v 70)

to indicate that the subject is still occupying state 7 i.e. survival in all intervals before

t,.. However, for interval ¢t = t;, where §,, = 0, we define

/
€kty = Eht0s Ektyl - - -ktyym = (1,0,...,0),
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4.4. State Transition Models: Competing Risks Model

if subject £ is censored. Otherwise, for interval ¢ = ¢, where §;, = 1, we define

/
Ektk = 5ktk075ktk1 e ,Sktkm = (0, ey 1, . .,0),

so that €44, 5, = 1 corresponds to the state that subject k£ is now occupying. These
binary indicators enable the likelihood function for subject £ to be rewritten in the
GLM framework as

L= | TLM@Z0 | (0= xwZoy™

t=1 \j=1

(4.10)

€kt0

= [Tx@ze | [ 1= Nt 2 :
| \U=1 j=1

Note that the likelihood for subject k in equation 4.10 is similar to that one for the t;
observations €1, . . ., €x, of a multinomial response model where the indicator vari-
ables represent the distributions, given that a particular interval has been reached.
Suppose subject k reaches interval ¢, the response has a multinomial distribution
(Czepiel, 2002; Tutz et al., 2016) with

Eht = Eht0s Skt Ehtm =~ M (1,1 = A(t|Z1), M| Zk), ooovrs Am(H Z1)) -

The dummy variable €0 = 1 — g1 — . . . — ke assumes a value of 1 if subject k£ does
not experience the ij transition in interval ¢ and 0 if the ij transition has been made
in interval ¢. This means that the likelihood is similar to that of a multi-categorical
model for the probability of an ij transition occurring, P(ey: = j) = h;j(Z3), where
ext = j if exy; = 1. The calculation of MLEs may be made augmenting the design

matrices within the framework of multivariate generalized linear models (GLM),

Ek1 VA

Ekty, Ztk

just as when modeling a single cause discrete survival. With this, the complete log-
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4.4. State Transition Models: Competing Risks Model

likelihood function is then given by

t m m

K
=33 "D erejlogh(t1Zx) + erolog | 1= D At Z) (4.11)
k

=1t=1 \j=1 j=1

and may be maximized to obtain the parameter estimates. These methods are eas-
ily implemented using standard software modeling GLM’s (Tutz et al., 2016; Molen-
berghs & Verbeke, 2005, 2000). The likelihood may be maximized to obtain the MLEs

for the parameters.

4.4.4 Alternative Approaches to Modeling Competing Risks

This approach for discrete-time competing risk is referred to as the discrete cause-
specific competing risks (Mills, 2011b; Steele, 2005). Recently, Berger et al. (2020)
proposed a technique for modeling the discrete-time subdistribution hazard in com-

peting risks using weighted maximum likelihood estimation as
)‘T(t|Zk) =P (Tk =t,§= T’(Tk > t) U (Tk’ <t-1,§# T)a Zk) ) (4.12)

which is an analogue to Fine & Gray (1999). It is defined as the probability of event
of type r occurring in interval ¢ given that either no event has occurred or if it oc-
curred, it was an event other than type r. The hazard for only one type of transition,
out of the many possible transitions, was modeled, hence the name subdistribution
hazard. Therefore, only one model was considered for interpretation, with focus on
one specific event, which is easier to implement and interpret. This approach, how-
ever, has a drawback in that it does not provide insight into the characteristics of
the cause-specific hazard functions as it only considers one type of transition in the

presence of other possible kinds of transitions.

Other discrete-time approaches to the competing risks model have been reviewed
by Schmid & Berger (2020). These include non-parametric models using trees (ran-
dom forests) in cases where the assumption that predictors are linear functions of
covariates is violated. A popular tree method is the Classification and Regression
Trees (CART) where the covariate space is sequentially subdivided into a set of dis-
joint rectangles (Breiman et al., 2017; Ma, 2018). Simple models are then fitted in each
rectangle and the models are then combined to produce non-parametric estimates of
the sub-distribution hazard or the cause-specific hazards. A CART algorithm start-

ing with a root node which represents the whole covariate space is used to determine
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4.5. Competing Risks Model for Recurrent Events.

the best partition of the covariate space. A tree is then grown from the root node
in a hierarchical manner thereby generating child nodes. Essentially, this is achieved
by recursively splitting the covariate space into two smaller subsets. Now, in each
split, a single covariate is chosen to define the split rule. The tree algorithms for
discrete competing risks data will conveniently be based on CART approaches for
multi-categorical or binary outcomes. Machine learning techniques are advancing
and maybe be used (see more details in Schmid & Berger (2020)).

4.5 Competing Risks Model for Recurrent Events.

Most approaches to modeling competing risks events are based on transitions into
absorbing competing states. When the states are transient, modification to the model
needs to be made to account for variability within subjects. Masyn (2009) modeled
a survival factor mixture model for low-frequency recurrent event histories. Muenz
& Rubinstein (1985) also modeled covariance dependence on binary variables using
MLE of the parameters while allowing for non-stationary or second order Markov
chains. A more favorable approach was used by Regier (1968) where the 2-state tran-
sition matrix was re-parameterized to include the odds ratio of staying in one state
versus that of staying in the other, as a parameter to allow for detection of tendencies

to migrate to one state.

Here, the approach by Tutz et al. (2016) will be used to incorporate the subject-
specific random effects which will quantify the variability due to subjects on each
transition (Hedeker, 2003; Hartzel et al., 2001). The hazard function in 4.3 may now
be modified to be defined as the probability of subject k(k = 1,. .., K) failing due to

cause j(j = 1,...,mjz) the " (1=1,..., l;) time, as follows:
Ay)(tlZu, ugj) = P (T = t,J = j|T > t, Zig, ugj) = hM(Bojt + ZyB + uij), (4.13)

where uy; ~ N(0,0y,;) are the random effects associated with the occurrence of the
4% event such that
Uk1

u=| : |~MmVvN(, ), (4.14)
Ukg

and are assumed independent, thus allowing for shared unobserved risk factors.
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4,5.1 Likelihood Construction

To model the hazard, a multinomial logit provides a good approach to estimating a
competing risk model as previously described in section 4.4. In the GLM framework,
the response variable for subject 7 in episode [ of event j during time interval ¢ of the
episode is

1, if subject k fails in episode [, due to cause j at interval ¢ .
Ekity =
0, otherwise.

The contribution of subject £ to the likelihood is

J
=11 ]I [T 212570 | (1= At ZR)F x f(u), (4.15)
j=1
where 035, = 1forl =1,...,l;; — 1 and 035 = 0 for the last episode.

4.5.2 Estimation with Statistical Software for Regression

With this representation of multinomial variables, the model may now be estimated
in the same way as a multinomial mixed effects model for repeated measurements
where, in this case, repeated measurements are the separate episodes and time points.
Standard software for multinomial distributions with random effects may be used.
These include, but are not limited to proc LOGISTIC in SAS, with a random inter-
cept statement, Xtmlogit in STATA or the mclogit in R.

4.6 Results

We consider a 4-state process with two communicating classes, some of which have
recurrent states. The process to be considered is represented in Figure 3.1 which was
discussed earlier. For each year, subjects are followed up, they may be in one of
the marital states: Never married, Married, Separated or Widowed. As shown in Figure
3.1, subjects would move between the four marital states and the possible transition
types to be considered are entry into a first-marriage ( Never Married — Married), exit-
ing a marriage which will be used for the competing risks model (Married— Separated
and Married— Widowed ), and remarriage (Separated— Married and Widowed— Married).
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4.6.1 Descriptive Statistics

Table 4.1 below shows the baseline distribution of some variables of interest where
applicable. In all categories of the variables, never married subjects had the highest
proportion. At the beginning of episodes of the study, 21.05% of the female partic-
ipants were married and 15.07% of the males were married. Most participants did
not earn an income and of those who did, 27.28% were married and 64.58% were
never married. The number of transitions (in person-years) into the different mar-
ital states are represented in Table 4.2 below, where most subjects remained in the
Never Married state and the most common transition type was the Never Married to
Married transition with 1 225 transitions followed by the Married to Widowed with 1
149 transitions.

Figure 4.2 displays the proportion at each age of subjects who were occupying each
state. It is clear that below 46 years of age, the biggest part of the population was
constituted by subjects who were never married. Figure 4.3 also displays the trends
over time for marital state occupation. Over the whole study period, the proportion
of never married subjects was the highest. It decreased until 2008 and then stabi-
lized afterwards. Proportion of married subjects was considerably low but slightly
increased with time, then declined after 2009. The rates of marital separation were
almost constant over time while those of widowhood started to increase slightly af-
ter 2008.
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4.6. Results

Table (4.1) Distribution of explanatory variables at study entry by age
Marital Status
Variable Total Never Married Married Separated Widowed
N (%) N (%) N (%) N (%)
Gender
Female 24637 17130(69.53) 5185(21.05) 117 (0.47) 2205 (8.95)
Male 15717 13145 (83.64) 2368 (15.07) 43(0.27) 161 (1.02)
Income Is Earned
Yes 4322 2791 (64.58) 1179 (27.28) 26 (0.60) 326 (7.54)
No 33231 24742 (7445) 6324(19.03) 134(0.40) 2031 (6.11)
Is Employed
Yes 14220 10526 (74.02) 2948 (20.73) 79 (0.56) 667 (4.69)
No 24459 18314 (74.88) 4398 (17.98) 76(0.31) 1671 (6.83)
Education
Nev Went to Sch 567 198 (34.92) 207 (36.51) 4(0.71) 158 (27.87)
Primary 3225 1 884 (58.42) 835(25.89) 16 (0.50) 490 (15.19)
High School 3614 2 634 (72.88) 727 (20.12) 24 (0.66) 229 (6.34)
Tertiary 245 86 (35.10) 123 (50.20) 2 (0.82)) 34 (13.88)
Table (4.2) Number of transitions in the entire study period

Previous Marital Status

Current Marital Status

Never Married Married Separated Widowed  Total
Never Married 242 486 1225 243711
Married 0 47 471 1149 48 681
Separated 0 47 600 647
Widowed 0 372 9029 9401
Total 242 486 49 115 611 10178 302 440
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4.6. Results

4.6.2 Results from the Models

Results for Marital State Occupation

From Table 4.3, results of the multinomial models show that the likelihood of be-
ing married, compared to never married, significantly increased with age (OR =
1.28;CI = (1.27 : 1.29)) and with higher levels of education (OR = 1.68,CI =
(1.43 : 1.98),0R = 2.42;CT = (2.04 : 2.86) and OR = 6.43;CI = (4.89 : 8.47) ,re-
spectively), but was lower for males (OR = 0.84; CI = (0.76 : 0.93)), unemployed
subjects (OR = 0.93; C'I = (0.86 : 0.99)) and those with no income (OR = 0.93;CI =
(0.87 : 1.01)). The same direction of odds ratios was found when comparing the
likelihood of separation and widowhood with never married. There existed some
subject-to-subject variation in the likelihood of all state occupations when compared
to staying in the Never Married state.

Results for Binary Marital State Transition Models

Results of the separate binary transitions with subject-specific random effects are
displayed in Table 4.5, except those of entering a first time marriage which were
already covered in Chapter 3. Using the smallest AIC, they all had a polynomial
baseline effect of age as indicated in Table 4.4.

Table (4.4) Information criterion tables for the different functional forms of hazard for the
binary transition models

Baseline Marr — Sep  Marr — Wid  Sep — Marr Wid — Marr
Constant 940.4 10 956.3 347.8 32214
Linear 941.5 10 770.2 347.0 3195.6
Quadratic 943.4 10761.9 348.7 3197.5
Cubic 945.1 10756.7 348.5 3198.2
Quartic 945.2 10757.2 348.2 3198.7
Quintic 947.1 10 759.2 347.9 3200.7
Logarithmic 941.5 10 759.0 347.2 3197.1
Piece-wise 947.5 14 728.1 354.0 5863.9

Inclusion of covariates improved the models and a random effect for a Widowed —
Married transition had a variance of 0. The random effects for the Married —
Separated and Married — Widowed transitions are statistically significant as their
confidence intervals do not include 0's (Varys = 7.20;CI = (2.18 : 23.74) and
(Varyw = 1.80;CI = (1.20 : 2.70)), respectively). This implies that there could
be unobserved heterogeneity due to other factors associated with these transitions

which were not captured by the models. Older aged individuals were significantly
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more associated with marital separation (OR = 1.05;CI = (1.01 : 1.09)) and re-
marrying after death of a partner (OR = 1.06;CI = (1.01 : 1.10)) but had a sig-
nificant negative effect on the Married - Widowed transition (OR = 0.92;CI =
(0.88 : 0.97)). Unemployment had a negative effect on marital separation (OR =
0.34;CI = (0.14;0.83)) Age at first sex also played a significant role in the transi-
tions where it has a slight positive effect on the odds of the Married — Widowed
transition (OR = 1.01; CI = (1.00 : 1.03)) and the Widowed — Married transition
(OR = 1.07;CI = (1.09 : 1.09)).
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Results for Termination of a Marriage

Results of the fixed effects competing risks model are displayed in Table 4.6 where
the random effects are assumed to be independent of each other (AIC = 5682.75).
The direction of the estimate are similar to those produced by binary transition mod-
els, although the magnitude of the estimated differ slightly. Unemployed subjects
had significantly lower odds of exiting a marriage through separation than the em-
ployed subjects (OR = 037;CI = (0.17 : 0.84)). For the Married — Widowed
transitions, males had significantly lower odds (OR = 016;CI = (0.12 : 0.22)) and
age at first sexual debut had a slight positive effect (OR = 1.02;CI = (1.00 : 1.03))
on the Married — Widowed transitions. Education had a negative effect on the
Married — Widowed transitions ((OR = 0.90; CI = (0.72: 1.13)), (OR = 0.63; CI =
(0.49 : 0.82)) and (OR = 0.37;CI = (0.22 : 0.63))) for primary, high school and ter-

tiary education, respectively.

The random effects competing risks model produced results that are displayed in
Table 4.7. Here, substantial unobserved heterogeneity among subjects was noticed
for both events as both variances were statistically significant (Varys = 7.46; (C1I =
2.28 : 24.38) and Varyw = 1.80; (CI = 1.21 : 2.70) ) and the values of the variances
of the random effects did not deviate much from the ones obtained in binary tran-
sitions models. Hence, the inclusion of the subject-specific random effect improved
the fit of the model, which is noticed in the lower AIC (= 5 628.97) compared to
that of the fixed effects competing risks model (AIC= 5 682.75), which makes it a
more preferable model. The model resulted in standard errors that are comparable
to those from a fixed effects model. Therefore, reporting will not be repeated in this

section.
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Table (4.6) Fixed effects competing risks: Results for exiting a marriage (AIC = 5682.75)

Married — Separated Married — Widowed
OR (SE) 95% CI OR (SE) 95% CI

Gender(Ref:Female)
Male 1.05 (0.44)  0.46;2.36 0.16 (0.03)  0.12;0.22
Income(Ref:Yes)
No 0.92(0.44) 0.37;2.33 1.04 (0.13)  0.82;1.32
Is Employed(Ref:Yes)
No 0.37(0.15)  0.17;0.84 0.98 (0.09) 0.81;1.18
Highest Education(Ref:Never went to sch)
Primary 299 (3.11) 0.39;23.03  0.90(0.10) 0.72;1.13
High School 3.03(3.20) 0.38;24.11 063 (0.86)  0.49;0.82
Tertiary 0.86(1.2)  0.05;14.43 0.37 (0.10)  0.22;0.63
Age at First Sex 1.04 (0.03) 0.99;1.10 1.02 (0.01)  1.00;1.03

Table (4.7) Random effects competing risks: Results for exiting a marriage (AIC = 5628.97)

Married — Separated Married — Widowed
OR (SE) 95% CI OR (SE) 95% CI

Gender(Ref:Female)
Male 1.14 (0.56)  0.43;3.00 0.012 (0.02) 0.08;0.17
Income(Ref:Yes)
No 0.91 (0.46) 0.33;247 1.08 (0.15) 0.83;1.41
Is Employed(Ref:Yes)
No 0.33(0.16)  0.14;0.83 0.97 (0.10)  0.78;1.20
Highest Education(Ref:Never went to sch)
Primary 3.16 (3.70) 0.31;31.37 0.95(0.14) 0.71;1.27
High School 3.54(423) 0.34;3691 0.65(0.11)  0.46; 0.90
Tertiary 0.88 (1.42) 0.04;20.81 0.34 (0.11)  0.18;0.64
Age at First Sex 1.04 (0.03)  0.99;1.11 1.01 (0.01)  1.00;1.02

Vary, 746 (4.51) 2.28;24.38 1.80(0.37) 1.21;2.70




4.7 Summary

This chapter reviewed a multinomial model for state occupation, state transition
model using a series of discrete-time survival models and a discrete-time competing
risks model for transitions out of an origin state. These were executed while incorpo-
rating subject-specific random effects to capture the variability due to subjects. The
transition models that were considered were done by separating the different tran-
sitions in the process. Additionally, the random effects were assumed independent.
As a result, the dependencies between the different transitions in the process were
not measured. The next chapter proposes a single discrete-time multi-state model
which, in addition to modeling covariate effects, will model the correlation between

the transitions in a multi-state process.
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CHAPTER 5

MULTIVARIATE DISCRETE
TIME-TO-EVENT TRANSITIONS

5.1 Introduction

This chapter seeks to construct a multivariate discrete-time multi-state model where
the transitions may occur in any direction, with possible recurrent events, while
incorporating covariates. Specifically, a novel joint modeling of discrete-time sur-
vival models is constructed, which is derived from the existing literature. Section
5.2 provides a review of multi-state models and section 5.3 describes the existing
methodology for multi-state models. In section 5.4, a multivariate model is pro-
posed whose baseline hazard form is described in section 5.5 and likelihood function
is constructed in section 5.6. Methods of approximating the likelihood are discussed
in section 5.7. A simulation study was then done in section 5.10 to evaluate per-
formance of the model and demonstration of the usefulness of the model through
an empirical analysis and the results are presented in section 5.11. The proposed
method is a novel approach to examine a common research question in the litera-
ture for family formation and dissolution and model diagnosis is presented in sec-
tion 5.12.

5.2 Discrete-Time Multi-State Models

Life histories analysis using multi-state models has been extensively used in bio-
statistics, demography and economics (Helbert, 2015; Steele et al., 2004; Willekens,
2014; Aalen et al., 2008, and the references therein) and may be used to inform how
subjects evolve through various states in a stochastic process. Multi-state models
are important in providing the general trajectories through intermediate states (Mat-
sena Zingoni et al., 2019). A common case scenario is observed where time is treated
as continuous, such that the exact time of event occurrence is known, since it is mod-
eled at every instant in time (Jackson, 2007; Willekens et al., 1982; Mills, 2011b; Meira-
Machado et al., 2009; Putter et al., 2007; Andersen & Keiding, 2002; Reddy et al., 2011;
Blossfeld, 2012; Blossfeld et al., 2007; Matsena Zingoni et al., 2019; Sutradhar et al.,
2010, among others). Willekens (2014) gives a summary of commonly used statis-
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tical methods (with their modifications) and packages that have been developed to
analyze such continuous data viz; mstate (De Wreede et al., 2010; de Wreede et al.,
2011; Putter et al., 2007) for multistate models using Coxph models, the msm (Jack-
son et al., 2011; Therneau et al., 2018) for Markov models for panel data and the
mSurv for multistate models with non-parametric estimation (Ferguson et al., 2012).
Other methods including marginal regression models by Anderson-Gill model, such
as the Prentice, Williams, Peterson Total Time (PWP-TT) recurrent event extensions
of the Cox model and PWP-GT) in clinical setting are often used(Andersen & Gill,
1982) to account for the effect of order of events by adjusting the risk of subsequent

events on the basis of the number of previous events.

Limited research has been conducted on how to use panel data to estimate pa-
rameters for a discrete-time multistate model (for example Barbu et al. (2018) who
simulated data for a discrete-time semi-markov model). Spedicato et al. (2016) and
Nicholson (2013) developed methods which handle a discrete-time Markov model
with maximum likelihood estimation, although they did not incorporate covariate
effects in their models. It is often important to include and analyze the covariate ef-
fects associated with each transition type in order to distinguish the effect of various

demographic, clinical or socio-economic factors on transitions (Jackson, 2007).

In Chapter 4, analysis of a multistate process was done by considering separate bi-
nary discrete-time survival models for each transition type, which have a disadvan-
tage of not allowing for the simultaneous analysis of transitions between states and
adjustments for intermediate events (Eulenburg et al., 2016), hence cannot be used
to directly elucidate pathways of association across multiple states. Competing risks
models were also considered according to Tutz et al. (2016), which can only deter-
mine odds of transition (hence transition probabilities) as well as covariates effects.
These competing risks models were further extended to accommodate the recurring
nature of events by including a subject-specific random effect for each transition
type, since repeated events occur within the same subjects. All these models, how-
ever, were not able to capture and quantify the possible correlation between the tran-
sitions themselves. This is necessary as the occurrence of one transition might have
an effect on the occurrence of another. For example, early entrance into a first mar-
riage might be associated with an early marital separation. A more advanced model

is required to account for such dependencies and will be derived in this chapter.
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5.3 Theoretical Framework for a Multistate Model

Let T}, be the event time for subject k£ (k = 1,2, ...., K). Then T}, is a random variable
which takes on 7 discrete values such that 7, = {0,1,...,¢,....74}, where 7, € N.
In cases where data are originally continuous, the timescale, 0 = ap < a1 < ...., <
ar—1 < oo, is partitioned into 7 intervals such that I; = [at;aty1) represents the
discrete time intervals which can be monthly, yearly, 2-yearly or so on. The intervals
do not necessarily need to be of equal length. 7}, = ¢ implies that the event for
subject k has occurred in time interval I; = [at, a;+1) with a; = oo. A discrete-time
multistate process is then defined as a stochastic process, (X;,t € T}), with a finite
state space, S = {1,2,...,m} (usually, S € N). It differs from a continuous-time
process whose time parameter is allowed to assume any non-negative real number,
t > 0 (Doytchinov & Irby, 2010). As the discrete-time multistate process evolves
over time, a history, H;-, of observations is generated and may provide information
regarding all the states that were previously visited by subjects. For a subject who is
in state 7 at discrete time ¢t to move to state j in the next discrete time t + 1, we define

a one-step transition probability as

pij = P(Xi41 = j| Xy = i, Hg-), (5.1)

where i, j € S.

Various assumptions may be made regarding the dependence of the probability on
history or time. For example, a Markov model assumes that the probability of transi-
tion into the future only depends on the current state, hence history is not important

(Markov, 1954). As a result, equation 5.1 may equivalently be rewritten as:
pij = P(Xip1 = jI1Xe = i, Hg-) = P(Xp41 = I X; = d) (5.2)

or even further as
pij = P(Xl = j‘X() = Z)

The probability of moving from state i to state j in n steps is then denoted by
pV = P(X, = j|Xo = i).
The process, X, is said to be time-homogeneous if

P(Xip1 =j|Xe =1) = P(Xh = j|Xo=1) Vi,jes.
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This means that the transition probabilities do not change with time. As a conse-
quence of the Markov property, these transition probabilities satisfy the Chapman-

Kolmogorov equations as follows:

m-+n m n
pz(j )= sz(k: : *pl(cj)
keS

Vm,nwith i, k,j € S.
For all the transition types in a multi-state process, the transition probability in equa-
tion 5.1 will form the 5" element of the one-step square transition matrix,

Poo Po1 - Pon
P p.lo p.11 : p?n
Pno Pnl " DPnn

Since X; is a stochastic process, we note that when the process leaves state ¢, it must
move to one of the states, j € S, which implies that each row of the transition matrix
sumstooneie. > ;i gpij =1, Vi€ S. Any model summary (such as sojourn times,
expected duration times in a state and lifetime risk (i.e.P(ever visiting a particular
state)) and steady states) will be a function of the resulting one-step transition matrix

since it describes progression (Craig & Sendi, 2002).

Relationship Between the Discrete- and Continuous-time Multi-state Models

Unlike in discrete-time multi-state modeling (DTMSM), continuous-time multi-state
modeling (CTMSM) considers the infinitesimal time so that the transition intensity,
Aij(t), will represent the instantaneous probability of transitioning from state i at
time ¢ to state j in the next infinitesimal possible time s = ¢ + §t. These transi-
tion intensities fully characterize the transition probabilities between times (say ¢
and s), p;;(s,t), which are elements of the transition matrix P(s,¢) (Meira-Machado
et al., 2009; Jackson, 2007). In a time-homogeneous model, P(s,t) = P(t — s). The
DTMSM, on the other hand, is characterized by transition probabilities themselves
and the initial probability, W,EO) = P(Xo = 7). The relationship between the DTMSM
and the CTMSM is linked through their one-step transition probabilities. For the
DTMSM, P is naturally a one-step transition probability, but for the CTMSM, P is
a one-step transition probability iff the time interval between two observation peri-
ods under consideration equals one step (unit), which can be one year interval, two

year interval, 6-month interval, etc. Thus, we will have P = P(1). For that reason,
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in DTMSM models the hazard functions modeled are equivalent to the transition
probabilities. This is in contrast to CTMSM where transition intensities are modeled
first and these will then be used to compute transition probabilities through Kol-

mogorov’s differential equations.

The theoretical framework reviewed in this section has been well documented and
applied in literature, where the covariate effect for a DTMSM is not evaluated (Spedi-
cato et al., 2016). Asanjarani et al. (2021) notes that the complexity of any model
always greatly depends on the number of states as well as the possible transitions.

5.3.1 Modeling Transition Probabilities for the DTMSM with Covariates

Kryscio et al. (2006) modeled the one-step transition probabilities for a DTMSM
while including covariates using a series of polytomous logistic models which is
similar to Chapter 4 of this thesis. These were in contrast to the approach by Korn
& Whittemore (1979) where the probability of occupying a current state was mod-
eled using the state in the previous time point as one of the covariates so that inter-
cepts vary according to the previous state. For a basic discrete-time Markov model,
Spedicato et al. (2016) then used maximum likelihood (ML) and ML with Laplace
smoothing and bootstrap for the estimation of transition probabilities. However,
this basic model did not consider the influence of covariates. Other works which
model the covariate effects have been developed such as the discrete cause-specific
competing risks (Tutz et al., 2016; Steele, 2005) whose destination states were ab-
sorbing. Dean et al. (2014) also modeled a multiple event process survival mixture
model for analyzing non-repeatable events measured in discrete-time that may oc-
cur at the same point in time. Recently, Berger et al. (2020) and Schmid & Berger
(2020) have modeled a discrete-time sub-distribution hazard in competing risks us-
ing weighted maximum likelihood estimation. Again, the models had absorbing
destination states, and considered only one cause of failure in the presence of other

possible causes of failure.

Recurrent events Cook et al. (2007) in the discrete-time scenario have been mod-
eled by Tutz et al. (2016) , with only two recurrent states in the process (employment
and non-employment) and this was adopted in section 2.3 of this thesis. They sug-
gested a model which considered a subject-specific random effect since observations
are made on the same subject. For a process with S > 2, this chapter will perform a
multivariate model of the discrete survival models from a multi-state process, each
with its own subject-specific random effect. These various random effects are also

given a distribution so that they can measure the dependencies between the vari-
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ous transitions. This will be executed by modeling the ij-transition probability for a
subject, say k, in time interval ¢ with covariate vector Z;, and random effects u;;; at
the same time modeling the correlation between the various transition types in the
process. The idea is to extend the transition intensity approach (TIA) by Esquivel
et al. (2021) to a discrete time case. Here, transition intensities, Ai;; where ¢ # j, in
one unit interval are similar to the one-step transition probabilities in that interval.
In the case of a discrete-time Markov model (DTMC), to allow incorporation of co-
variates, Z, into modeling of the transition intensities, the partial Markov property
(Aralis, 2016; Duffy et al., 2014) is used, where the one-step transition probability in

equation 5.1 may further be written as:
pij = P (Xet1 = j|Xe =4, Zy) . (5.3)

Without a Markov assumption, history would be included and model 5.3 may be
written as
pij = P (Xey1 = j|Xe =4, Zg, Hy), (5.4)

where the history, H,« may be captured by a random effect, u;; as discussed in
Chapter 2. Subsequently in a general multi-state model, the ij!" discrete hazard
function would be \;;(t|Z),) where Z, is a multivariate set of covariates associated
with the ¢j transition at time interval, ¢ for subject k. The discrete hazard function in
equation 2.15 for a discrete random effect survival model may now conveniently be

re-written to specify the type of transition (say ij) for subject £ in the process as
M (1 Z ke, ) = P(Thiji = kit > t, Zi, ukij)- (5.5)

This will now be the sub-model used in the multivariate model.

5.4 Multivariate Modeling of the Different Transitions

With all the extensive literature available, none of them , according to our knowl-
edge, has attempted to consider a discrete-time multistate model with recurrent
events, while incorporating covariates by considering subject-specific random ef-
fects. For this reason, we propose a multivariate discrete-time survival model where

1" episode of the 75" tran-

the discrete-time one-step transition probability for the
sition for subject £ is modeled, and the possible correlation between transitions is

accounted for.
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Multivariate models through a random effect (Fang et al., 2018; Fahrmeir et al., 1994;
Pinheiro & Bates, 2006; Diggle, 2002; Cook et al., 2007) have become common in
longitudinal studies (Molenberghs & Verbeke, 2005; Fahrmeir et al., 1994) and have
several advantages over univariate models. These include an improved control over
type-I error rates during multiple testing and efficiency in estimating the parame-
ters. In addition, the correlation between outcomes can be quantified and controlled
for (Ayele et al., 2014; Mchunu et al., 2020). Joint models involve simultaneously
modeling multiple outcomes through a random effect. Various approaches to joint
modeling have been proposed in literature; the use of a multivariate model being
the most common. Here the univariate models for each response are combined
through the specification of a joint multivariate distribution for the random effect
(Fang et al., 2018; Habyarimana et al., 2016; Ayele et al., 2014). However, all these
have been formulated for cross sectional data and continuous time-to-event data
(Pinheiro & Bates, 2006; Diggle, 2002; Maqutu, 2010; Mchunu et al., 2020). In the
case of joint modeling of binary transition outcomes for longitudinal data, a more
complex model is required to account for the correlation both between and within
transitions (Bel & Paap, 2014; Hedeker, 2003; Fahrmeir et al., 1994).

5.4.1 Notation

Consider a population with k (k = 1, ...., K') subjects who are followed over an inter-
val [0, 7). The subjects are at risk of experiencing episode [ (I =1, ...,[}) of a transi-
tion from state i to state j (i, j = 1,....,m) atany given time interval ¢ (¢ = 1, ..., Tp;1).

Let X, = min (Cy, 7) be the observation time for the transitions, C}, is the right cen-
soring time which is assumed to be non-informative and independent of the event
times. The assumption of non-informative censoring is important as it allows us to
assume that all non-censored subjects at each time interval are representative of all
subjects who would have remained in the study had censoring not occurred (Dean
et al., 2014). If censoring occurs, it is assumed to do so at the end of the interval. An
indicator variable, 0y = I (triji < Ck), is also defined which equals 1 if transition

of type ij occurs and 0 otherwise.

5.4.2 Construction of the Joint Discrete-Time Transition Models

For subject k, the hazard of experiencing a recurring transition of type ij at time
interval t may be modeled through

logit(Aij () = Bijo(t) + Z1;;By; + ukij, where i j (5.6)
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where S;jo(t) is the baseline hazard function for the ij!" transition to be modeled,
and Z;j, = (Zijk1,-- -, Zijkp) is a p x 1 vector of covariates associated with the p x 1
vector of regression coefficients 3;; = Bij1 ..., Bijp. The subject-specific variability
on the transition of type ij is explained by uy;;.

Considering all transitions in the multi-state process, the multivariate hazard for
subject £ comprises of all possible hazards that k£ may experience and can be rewrit-
ten compactly as

logit)\ku (t)
logitAg1m (%)
logit(Ar) = :
logitA,1 ()
logit)\m(m_l) (t)
Bo12(t) Zi121 Zi122 . Zi12p Uk12
Boim (t) Zk1m1 Zk1m2 e Zkimp Zm o gm(mﬂﬂ Uklm
— . + . . . 12'2 . m(.m—1)2 i
Boma (t) Zrmi1 Zm12 . Zmip s ‘ 3 Uk
. . . . 12p - m(m—1)p
ﬂ()m(mfl)(t) ka(mfl)l Zk‘m(mfl)Z s ka(mfl)p Ukm(m—1)
logitA, = By(t) + Z},8 + uy, (5.7)

where 3,(t) is an m(m — 1) x 1 vector of the baseline hazard functions for the
m(m — 1) transitions, Zj is an p x m(m — 1) matrix of the m(m — 1)p fixed ef-
fects augmenting all covariates vector for subject £ for each ¢j transition and 3
is an p x m(m — 1) matrix of regression coefficients (p regression coefficients for
each transition) to be estimated. The multivariate subject-specific random effects,
wp = (W12, - -y Ukt - - - Ukl s - - - 7ukm(m—1))/ account for the unobserved hetero-
geneity, the inter-recurrence dependencies within a subject as well as the depen-
dency between different transitions (Mazroui et al., 2013). As highlighted in Chap-
ter 2, a logit link function will be used to model the multivariate hazard function.
The joint model is performed with separate random effects while imposing an as-
sociational structure across transitions. Without loss of generality, the joint distri-
bution of the random effects is assumed to be a 0-centered multivariate normal;

u, ~ MV N(0,€,) where €2, is an m(m — 1) x m(m — 1) positive-definite variance-
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2

covariance matrix with m(m—1) variances and m(m—1)((m*—m—1))/2 covariances.

For a process in Figure 3.1 with m = 5 possible transitions (between states 1 —
2,2 3,2 = 4,3 — 2and 4 — 2), the joint discrete-time survival model with a logit
link as discussed in chapter 2 is constructed as:

exp(B120(t) + Z312812 + uk12)

A t) =
w2t 1+ exp(Br20(t) + Z}1981 + uri2)
A2z (t) = exp(Bazo(t) + Zla3Bas + ur23)
K 1 + exp(fa3o(t) + Z223ﬁ1 + uk23)
A2a(t) = exp(Ba0(t) + Z}94B24 + ko)
ke 1+ exp(B240(t) + Z}0481 + ur24)
_exp(Ba20(t) + Zj39830 + ur32)
Ak32(t)

1+ exp(B320(t) + Z}3081 + ursz2)

ka2 (t) = xXp(Bizo(t) + ZiipBap + tisz) (5.8)
1+ exp(Ba20(t) + ZipyoBaz + Upaz)’

where
U, 0 o2 o o o o
k12 Up12 Uk12,Uk23 U12,Uk24 U12,Uk32 Up12,Uk42
2
Uk23 0 Olgos Oupaz,upos  Oupas,upzz Tupos,upa
— 2
Ui = Uk24 ~ MVN 01, T tkos Oupog,upse Oupas,upaz
2

UK32 0 Oupso Oupsa,upao
Uk42 0 ol

Uk42

(5.9)
The diagonal entries of the symmetric variance-covariance matrix, 2, measure the
variance of each random effect. The off-diagonal entries, which may or may not be
equal depending on the specification of the correlation structure imposed, will de-
termine the covariance between pairs of multiple random effects, hence correlations

between events.

Correlation Structures

The distinct nature of recurring survival model analysis is the correlation structure
of the observed data. Since observations are made on the same subject, they are
likely to be more similar than those made on different subjects (Tutz et al., 2016). Al-
though it is not of primary interest in the analysis, the correlation structure must be

correctly modeled for the analysis to be valid since it plays a huge role in the validity
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of inferences. Various choices of the form of the working correlation structures have
been proposed in literature Fahrmeir et al. (1994); Littell et al. (2000). The most com-
monly used ones are: independent, unstructured (UN), compound symmetry (CS),

variance component and autoregressive (AR(1)).

Independent structure Here, the assumption is that the random effects are inde-
pendent. It is the most simple correlation structure, which is similar to a marginal

model.

Unstructured This is the most flexible but complex correlation structure where the
pattern of correlations is unstructured. It assumes unconstrained pairwise correla-
tions to be estimated from the data so that all variances and correlations are different.
It is more versatile because it assumes no pattern at all for the association between
pairs of multiple random effects, hence unconstrained pair-wise correlations. Each
correlation is estimated directly from the data. This lets the data dictate what they
should be and requires the estimation of many parameters (Molenberghs & Ver-
beke, 2000; Littell et al., 2000; Mchunu, 2018; Diggle, 2002). A major disadvantage
for this assumption is that it increases the number of parameters to be estimated in
the overall model. This in turn, causes possible non-convergence problems, particu-
larly those associated with boundary values. One way to try and reduce the number
of parameters is to further assume that all the variances along the diagonal have a
constant variance (Littell et al., 2000; Fahrmeir et al., 1994; Mchunu, 2018; Diggle,
2002). Following the principle of parsimony, an analysis that uses this correlation
structure usually has lower statistical power than that which uses a less paramet-
ric but more realistic structure. In addition, if the transitions are sparse, the model
might not work. For this reason, analysis using this kind of structure will not be

considered.

Compound symmetry structure This structure, also known as the exchangeable,
specifies that observations on the same subject have homogeneous variance and ho-
mogeneous covariance. It assumes that the association between the random effects

is the same across all pairs. Hence the variance-covariance matrix will be of the form

Oy, TO o o o o
03k+0 o o o
Q, = agk—i—a o o
O'Zk—FO' o
agk—i—a
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Variance component structure Here, the random effects are assumed to have their
own variances while there is no association between them. Hence the variance-

covariance matrix will be of the form

on, 0.0 00
o2, 0 00
Q, = Jgkg 0 0
012%4 0
JZH@E)

First-order autoregressive (AR(1)) structure The AR-1 correlation structure de-
pends on the distance between the measures (Maqutu, 2010). The specification
assumes that the random effects have a homogeneous variance, but covariances
between observations on the same subject decrease towards zero with increasing
lag. Values of the correlations decline over time as the separation between pairs
of repeated measures increases. Correlation between any two responses that are h
measurements apart is ph. This structure assumes that the measurement occasions
are equally spaced (Molenberghs & Verbeke, 2005; Fitzmaurice et al., 2008; Maqutu,
2010) and is appropriate for repeated measurements (longitudinal studies), hence
will not be considered in this study. The variance-covariance matrix will be of the
form
L Pu Pop P Py
L pup Py Py

Q, = 1 pu, P?Lk
1 pu,
1

Selecting the best working correlation structure Choosing a correlation structure
which is too simple may lead to increased Type I error rates and selecting a too com-
plex correlation structure may compromise statistical power and efficiency (Littell
et al., 2000). This leaves the researcher with a dilemma regarding the choice of the
correlation structure. As explained in Chapter 2, the use of information criterion
such as the AIC or BIC is recommended. These are based on assessing model fit
while penalizing the number of estimated parameters. The model with a correlation

structure that produces the smallest value of the AIC is preferred.

62



5.5 Functional Form of the Baseline Hazard

As discussed in Chapter 2, we will consider the modeling of B(t) - a vector of the
real-valued time-dependent intercepts /3;;0(t)) for each of the transitions (sometimes
referred to as the transition-specific baseline coefficients) with ¢ = 1,2...7. In cases
where the number of event times is large relative to the sample size, the baseline
function may sometimes be represented by a smooth function of an unspecified
form, such as smoothing splines or P-splines (Berger et al., 2020; Tutz et al., 2016).
The linear relationship of the baseline with log time is relaxed through the use of
splines (Crowther et al., 2014).

We will consider two forms of baseline, which are assumed similar across transi-
tions, namely: discrete piece-wise constant and a smooth baseline function repre-
sented by cubic P-splines with a second-order difference penalty. For a piece-wise
constant, the baseline hazard for each ij transition is represented by the parameters
Bijo = Bijo(1), Bijo(2), ..., Bijo(r), which comprises constant functions in each time
interval, t = 1,..., 7, that result from partitioning the time scale. This approach has
arisk of producing a large number of parameters as the number of parameters in the
model is determined by the number of intervals, because for each interval there is a

separate intercept hazard.

Following Berger et al. (2020), a smoothing function can be specified by a simpler

parameterization which contains fewer parameters than the piece-wise specification

G
Boig () = Boija(t)dizg(t), (5.10)
g=1

where ¢;j4(.),g < T are fixed basis functions for the ij transition where polyno-
mial splines in the form of the truncated power series basis and B-splines are the

most common choices (Tutz et al., 2016).

The algorithm for obtaining polynomial regression splines is as follows Tutz et al.
(2016):

1. Partition the time domain into continuous intervals [7x; T;41]

2. Represent the unknown function by a separate polynomial of degree d in each
interval, which are supposed to join smoothly at the knots 71,...,7g_1 (de-
termining the boundaries of the intervals). Note that these knots are selected

from the time domain [0, 7]
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3. Represent the polynomial splines of degree d with the truncated power series
basis to obtain

G-1

Boij (t) = Booij + Botijt + - - - + Boaijt® + Z Bij(esry (t — )% (5.11)
k=1

where the truncated power functions, (¢ — Tk)i, are defined by

t—7) ift >,
(t—T)i:: (t=m)7 iftzr
0 ift<r.

This representation from equation 5.11 uses G = (G — 1) + d + 1 basis functions

Gt =1, Gip(t) =t,..., ijan(t) =19, Gijara(t) = (t =), dijare-n+(t) = (t = 16-1)%,
(5.12)

which form the truncated power series basis of degree d.

Again, the AIC will determine which model best suites the data.

5.6 Likelihood Construction

Literature has documented various estimation techniques for parameters of joint
time-to-event models which may either be Bayesian (Kneib & Hennerfeind, 2008;
Matsena Zingoni et al., 2021; Sweeting et al., 2005, in continuous case analysis) or
frequentist. There is vast literature within the frequentist framework for likelihood-
based estimation. It has often been used in discrete-time multi-state models, specifi-
cally maximum likelihood estimation (MLE) which has a variety of optimality prop-
erties (Spedicato et al., 2016). Other estimation techniques also exist such as the
methods of moment estimation, which may be explored. In this section, the com-
plete and marginal likelihood functions for the joint model 5.7 are constructed, where
all the events are modeled with separate random effects and an associational struc-
ture across transitions is imposed by assuming that the random effects have a multi-
variate normal distribution with the off-diagonal elements of the variance-covariance
matrix measuring dependence. The complete joint likelihood for subject & experi-
encing a transition of type ¢j is given by

2
Liij(t, Bijs urij, o) = TT5ey {Akij(hlzk)gk”h (1- Akij(h\zk))l_éwh} 8 { 2;(,2 exp ( 507 ) }v
(5.13)
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where 65, is a recurrent event indicator as defined earlier in section 5.4.1 and a logit
link is used from the hazard as mentioned in 5.4.2. An estimate of the baseline haz-
ard function is used as defined in section 5.5. This yields a complete joint likelihood
over all the subjects for all the transitions as

K m Te—(1—=0kij1)

Ls(t. B =TT IT - TT - {hu 2™ (0= duyhiZe)=n )

k=11ij=1

X f(Uk12y -+« s Uklms + - s Ukmls - - - s Wern(m—1)) (5.14)
where f(uk12,- -, Ukim, - -+ Ukm1s - - - » Ugm(m—1)) 1S the joint density function of the
random effects w12, . .., Ugims - - -5 Ukmls - - - » Ukm(m—1) Which is assumed to follow a

multivariate normal distribution with mean 0 and a variance covariance matrix €2,
so that

m g Tk— 1 6kml)

=TT H {ve (1205 (1= A (bl 200}

k=1ij=11=1
(5.15)

The corresponding joint marginal log-likelihood (integrated over all random effects)

is given by
K m Tk—(1—5kijl)

(B, Q) o<221og/..../ 11 {Akij(hyzk)%h(1—Akij(h|zk))1*5kijh}
k=1ij=1 h=1

m m 1
X <(27T)2 |Q’776$p (—211/9111)) dug12, ., dUk1m, - - - AUkm1, - - - ,dukm(m,l)
(5.16)

exp (Bom(t) + ﬂ;jzkij + Ukij)

1+ exp (ij () + ﬁ;jzkij + ukij)

Meij (U Z s upij) =

The score functions for v and 3 follow from the log-likelihood in equation 5.16 and
are given by
0L(B, )

Uu = ou
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and

B8 = B ﬂ ’
respectively. Solving these score functions simultaneously and setting them equal to
0 will maximize the likelihood to obtain the estimates of u and 3.

5.7 Numerical Approximation Techniques

Maximum likelihood estimation is used in this study because of its optimality prop-
erties. However, one of its major drawbacks lies in the fact that most of the in-
tegrals do not have closed form solutions, hence numerical integration techniques
may be a plausible approach for approximation. Solving a system of nonlinear
equations algebraically may not be as easy and straight forward as solving linear
equations (Czepiel, 2002). For that reason, iterative processes are viable alternatives
that may be used to numerically estimate the solution to the system of nonlinear
equations which results from maximization of the log-likelihood functions (numeric
or stochastic integration). As discussed in Chapter 2, this study will consider the
Gauss-Hermite quadrature method for the random effects model. Since model 5.7
has a relatively extensive random-effects structure, a non-adaptive Gaussian quadra-
ture with 3 quadrature points will be used for the ease of convergence. Higher order
quadrature points may, however, be used until numerical convergence is reached. In
addition, selection of decent seed values of the parameters is of utmost importance
in achieving convergence. For this reason, parameter estimates from the univariate
random effects models obtained in Chapter 3 will be used as starting values for the
B estimates. Lastly, the maximum number of iterations was set to 50 since time to

reach convergence is too long for this model.

5.8 Estimation using Software for Regression

With the representation of binary variables, it implies that the model may be esti-
mated in the same way as binary mixed effects models for repeated measurements,
where repeated measurements in this case are the separate episodes and different
time points. Standard computer software for binary distributions with random ef-
fects may be used as a basis such as WinBUGS (Spiegelhalter et al., 2003) or PROC
NLMIXED (SAS Institute, 2015), in SAS, whose advantage is that it allows a very
high degree of flexibility in the way the model is specified and parameterized. How-
ever, the downside might be the fact that not only does one need to specify the

model, but also has to specify the names for all the parameters in the model (Molen-
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berghs & Verbeke, 2005). PROC GLIMMIX in SAS may also be used where ap-
proximation of the data is required (such as penalized quasi-likelihood or marginal
quasi-likelihood) rather than approximation of the integral. These may be computa-
tionally intensive and their runtime is longer. MLwin (Rasbach et al., 2003) in STATA
is computationally faster and may also be used for MCMC estimation, but might be
costly to get the license.

For demonstration purposes, the joint model will consider only the covariates that
are common across events. For this cohort, there were very few transitions rela-
tive to the sample size. For this reason, convergence of the unstructured covariance
structure was not being reached as the transitions were sparse for the subjects. To
overcome this, a selection of 27 subjects who had experienced more than 5 transi-
tions was made and the results reported were based on them. It is crucial for such
an analysis to have as many transitions as possible, for the estimation to run fully.

5.9 Model Comparisons.

For each method, a parsimonious model of best fit with covariates was selected us-
ing a likelihood ratio test defined as

~

where L (0) is the likelihood of the reduced model with no (or a subset of) covari-
ates and L F(é) is the likelihood of the full model with all covariates. Thus the LR
test is most powerful for comparison of nested models. In all tests, we used 5% level
of significance. Model comparison based on MLEs can be done using Aikake in-
formation criteria (AIC) and the Bayesian information criteria (BIC) for non-nested

models, where AIC is defined by
2(—logL (0) + K)

and BIC is defined by
—2logL (6) + Klog (N)

where L(0) is the likelihood function, K is the number of parameters estimated from
the model and N is the number of observations in the study. When models are
complex, the BIC penalizes them more than the AIC does. This is obvious since we
observe that log(/V) in the BIC replaces the factor 2 in the AIC in the penalty term.



For this reason, we will use the AIC for model comparison in this study.

5.10 Simulation study

Simulation studies are essential for understanding and evaluating both current and
new statistical models, hence are commonly used to evaluate their performance.
(Burton et al., 2006; Crowther & Lambert, 2012). In this section, a simulation of the
model proposed in section 5.4 is conducted. The generated data is typical of real
data which has multiple discrete-time survival outcomes to mimic the data that we

analyzed using the proposed method.

The simulated model is of the form:

logit(Ag1) = Bo,11(t) + Bo,a2(t) + Bo,13(t) + Bo,1a(t) + Bo,is5(t) + Z B + Zio B2 + Zj5 P13 + uim
logit(Ake) = Bo21(t) + Bo,22(t) + Bo23(t) + Bo,24(t) + Bo2s(t) + Z},1Bo1 + Z15022 + Zjg P23 + Uk
logit(Aks) = Bo,31(t) + Bo,32(t) + Bo,33(t) + Boza(t) + Loass(t) + Zp 831 + Z14832 + Zj5 033 + uis
logit(Aea) = Boa1(t) + Boa2(t) + Bo.as(t) + Boaa(t) + Bous(t) + Z1 Bar + Z19Pa2 + Z15043 + uka

logit(Ags) = Pos1(t) + Bos2(t) + Bos3(t) + Bosa(t) + Poss(t) + Zpy Bs1 + Z1oBs52 + Zjsfs3 + ks,

for the 5 transition types, namely 1,2, ... and 5, respectively.

The simulated multivariate discrete-time survival model was evaluated using the
mean of the point estimates, mean bias, mean square error (MSE) as well as the cov-
erage probability (C'P) of the 95% confidence interval. Mean bias was calculated as
the average difference between the true mean and its estimate across the total simu-
lated replicates. MSE was calculated as the average squared difference between the

true mean and its estimate across the total simulated replicates. The 95%C P gives

the proportion of time which the confidence interval contains the true value.

5.10.1 Simulation Protocol

For demonstration, purposes, a simulation of a multivariate survival model was

done for the 4 states (Never Married, Married, Separated and Widowed) with five possi-

ble transitions. A few assumptions were made. These are:

¢ the baseline hazard is a fully discrete function of time i.e. each time period has

it's own conditionally independent intercept term

¢ the hazard function is conditioned linearly on any predictors.
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A piece-wise constant baseline hazard was set with 4 intervals whose parameters
were set at

Bo,11(t) = 0.1, Bo12(t) = 0.1, Bo.13(t) = 0.1, Bo,14(t) = 0 and Bo,15(t) = 0.2 for transi-
tion sub-model 1,

Bo,21(t) = 0.5, Bo22(t) = 0, Bo23(t) = 0.5, o 24(t) = 0.25 and Sy 25(t) = 0, 1 for transi-
tion sub-model 2,

Bo,31(t) = 0.280.32(t) = 0.65033(t) = 0.880,34(t) = 0.25 and By 35(t) = 0.7 for transi-
tion sub-model 3,

Bo,41(t) = 0, Bo,a2(t) = 0.1, Boa3(t) = 0.2, Bp44(t) = 0.3 and Sy 45(t) = 0.08 for transi-
tion sub-model 4,

and Sy 51(t) = 0.150 52(t) = 0.3, By 53(t) = 0.1, Bo,54(t) = 0 and Bo 55(t) = 0.3 for sub-
model 5. The fixed effects parameters were set at 51; = 0, 812 = —1.5 and (13 = 2 for
transition 1, 821 = 2, f22 = —0.3 and 23 = —0.1 for transition 2, 831 = —03, 32 = 1
and f33 = 0.4 for transition 3, 541 = 0.2, f42 = 1 and B43 = —0.1 for transition 4 and
B51 = —0.1, 850 = —0.4 and S53 = —2 for transition 5

and were associated with the 3 time-independent covariates, similar across transi-
tions, whose distributions are Zy; ~ Bernoulli(0.5), Zxs ~ Normal(0,1) and Zy3 ~
Poison(0.5), respectively. For the random effects, a 0-centered multivariate normal

distribution was assumed and the variance-covariances were fixed at

Uk12 0 1 05 —-05 025 —-0.25
Uk23 0 1 =05 0.25 0.25
Ugos | ~ MV N 0|, 1 0.5 —0.5
Uk32 0 1 0.5
Uk42 0 1

A sample of n = 1000 was simulated with 100 replicates and a maximum of 5 tran-
sitions per subject was allowed. Data simulation was done using the package disc-
Surv (Welchowski & Schmid, 2015) in R and the analysis was done in SAS using
the NLMIXED procedure which would also be used for analyzing the real-life data
set in the next section (SAS Institute, 2015). This procedure is used to fit non-linear
mixed models by numerically maximizing an approximation to the marginal like-
lihood (Molenberghs & Verbeke, 2005; Littell & Milliken, 2006). This is done by
integrating the likelihood over the random effects.

5.10.2 Results from the Simulation

Fixed effects results from the simulations of a multivariate discrete-time survival

model described in section 5.10.1 are displayed in Table 5.1, while random effects

69



results are shown in Table 5.2. For each parameter, we show its true value (6), its
average estimate (9), its bias (B), its mean square error (M SE) and its 95% cover-
age probability (95%CP). Results show a fair performance of the model as noticed
in small (near zero) biases and mean square errors of the estimates and coverage
probabilities close to the nominal value of 0.95. These high coverage probabilities of
the 95% confidence intervals constructed with the estimates imply a good covering,
hence satisfactory outcomes. A few estimates had a poor fit such as the outcome
for random effects covariances between transition 4 and 5 whose 95%C P was 0.51,
although the mean square error was 0.06 which is close to 0. The outcome variance
of transition 3 with also has a smaller 95%C' P of 0.68. For transition 1 and 2, all the
average estimates have a small bias and MSE with a 95%C P between 0.90 and 0.99.

In general, the model performs well since it produces satisfactory results.
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Table (5.1)

Results of fixed effects from the Simulations for a multivariate discrete-time

survival model

Parameter 0 0 B MSE 95%CP
Transition 1

Bo,11(t) 0.10 1.05 0,05 0.02 0.92
Bo,12(t) 0.10 098 -0.02 0.01 0.98
Bo,13(t) 0.10 0.14 0.04 0.01 0.95
Bo,14(t) 0.00 0.03 0.03 0.03 0.90
Bo,15(t) 020 019 0.01 0.02 0.92
B11 0.00 0.01 0.01 0.02 0.91
B2 -1.50 -1.88 -0.38 0.02 0.94
513 200 2.01 0.01 0.01 0.99
Transition 2

Bo,21(t) 050 052 0.02 0.01 0.91
Bo,22(t) 0.00 0.01 0.01 0.03 0.90
Bo,23(t) 050 049 -0.01 0.01 0.99
Bo,24(t) 025 022 -0.03 0.03 0.97
Bo,25(t) 0.10 098 -0.02 0.01 0.96
Bo1 200 220 020 0.01 0.95
B2z -0.30 -0,31 -0.01 0.02 0.95
B3 -0.10 -0.14 -0.04 0.02 0.92
Transition 3

Bo,31(t) 020 0.17 -0.03 0.04 0.87
Bo,32(t) 0.60 050 -0.10 0.04 0.72
Bo,33(t) 0.80 0.77 -0.03 0.03 0.90
Bo,34(t) 025 027 002 0.01 0.93
Bo,35(t) 070 0.66 -0.04 0.01 0.94
B31 -0.30 -025 0.05 0.03 0.92
B30 1.00 1.01 0.01 o0.01 0.95
B33 040 039 -0.01 0.02 0.94
Transition 4

Bo,41(t) 0.00 0.02 0.02 0.01 0.96
Bo,42(t) 0.10 0.09 -0.01 0.01 0.96
Bo,43(t) 020 021 001 0.03 0.92
Bo,44(t) 030 035 005 0.02 0.90
Bo,45(t) 0.80 078 -0.02 0.04 0.88
Ba1 020 0.18 -0.02 0.03 0.91
Bao 1.00 1.03 0.03 0.01 0.96
Bas -0.10 -0.09 0.01 0.01 0.99
Transition 5

Bos1(t) 010 0.14 0.04 0.02 0.97
Bo,52(t) 030 032 -0.02 0.02 0.95
Bo,53(t) 0.10 0,11 0.01 0.03 0.93
Bo,54(t) 0.00 0,06 -0.05 0.04 0.88
Bo,55(t) 030 029 -0.01 0.02 0.95
B51 -0.10 -0,10 -0.00 0.01 0.96
Bs52 -040 -044 0.04 0.03 0.92
Bs3 -2.00 -2.05 -0.05 00.01 0.95
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Table (5.2)

Random Effects Results from the Simulations for a multivariate discrete-time

survival model

Parameter 0 0 B MSE 95%CP
Uk 1.00 1.15 0.15 0.01 0.98
Uk 1.00 099 -0.01 0.01 0.99
UR3 1.00 088 -0.12 0.04 0.68
Uk 1.00 096 -0.04 0.02 0.95
Uks 1.00 1.02 0.02 0.02 0.93
Uk k2 050 055 0.05 0.03 0.90
Uk1 k3 -050 -044 0.06 0.01 0.91
U1 od 025 026 0.01 0.02 0.92
Uk1,k5 -0.25 -0.31 -0.06 0.01 0.92
Uk2 k3 -0.50 -0.38 0.12 0.01 0.95
UR2, jod 025 011 -0.14 0.05 0.62
Uk2, k5 025 027 0.02 0.01 0.90
UL3 k5 -05 -036 014 0.04 0.74
Ukd k5 0.5 0.22 028 0.06 0.51

72



5.11 Empirical Results

To illustrate the application of the multivariate survival model in discrete-time, a
population-based data set from Africa Health Research Institute (ARHI), whose de-
scription was presented in Chapter 2, was analyzed. Most of the demographical
features for this cohort are well documented in Batidzirai et al. (2020). Covariates
considered included gender, income earned, employment, highest education and
age at first sex. Various baseline hazard functions and covariance structures were
considered. Based on the compound symmetry covariance structure, Table 5.3 dis-
plays the results for the variance and correlation estimates under a piece-wise base-
line hazard. Variances of the random effects are assumed equal with a value of 0.36.
The correlation between the various transitions is also assumed equal with a value

of 0.14, implying a weak positive dependence of transitions.

Table (5.3) Compound symmetry variance components with a piece-wise baseline hazard

Estimate Standard Error P-value

Variances 0.36 0.008 <0.0001
Correlations between transitions 0.14

Regarding the unstructured covariances, a few subjects were used for analysis and
Table 5.4 displays the estimates of covariance matrices produced by a model with a
piece-wise baseline hazard function.

Table (5.4) Correlation matrix: Unstructured with a piece-wise baseline hazard using only

27 subjects
Estimate (Standard Error)
NM MS MW SM WM
NM 3.28(1.81) 0.66(0.41) 0.72(0.16) -0.54(0.07) -0.60 (0.03)
MS 8.63 (3.22) 0.47(0.01) -0.08 (0.01) 0.28 (0.05)
MW 5.41(1.28) -0.18 (0.01) -0.649 (0.09)
SM 9.8 (1.12) 0.85 (0.10)
WM 0.72 (0.06)

Based on its small AIC, results from a model with a cubic spline baseline will not
be presented. Table 5.5 displays results from a multivariate discrete-time multi-state
model using joint survival models under the assumption of the compound symme-
try covariance structure, while the baseline hazard was modeled using piece-wise
constant form. Results show that the direction and magnitude of the estimates did

not deviate significantly from those of the univariate models from chapter 2. How-
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ever, a few of the estimates which were not statistically significant in the univari-
ate models are now statistically significant in the multivariate model and vice-versa.
For example, the positive effect of employment on the Widowed — Married (OR=1.43,
CI=1.22; 1.64) and Never Married — Married (OR=1.20, CI=1.01; 1.40) transitions were
now statistically significant. For all transitions except the Separated — Married tran-
sition, age at first sex had a positive and significant effect. Males were significantly
less likely to get widowed (OR=0.18; CI=0.15; 0.33) than females. Compared to sub-
jects who never went to school, the odds of experiencing a marital separation were
significantly high for those with primary education and with high school education
(OR=4.21, CI=2.19; 6.23 and OR=2.98, CI=1.97; 3.99 for primary and secondary edu-
cation, respectively) .
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5.12 Model Diagnostics

The AIC the multivariate discrete-time suvrival model with a piece-wise baseline
hazard and a compound symmetry covariance structure was 1827.01 which is bigger
than the AIC’s from any of the univariate models.

5.13 Conclusions

The chapter aimed to construct a multivariate discrete-time multi-state model using
binary survival models. This is attractive because in addition to estimates of param-
eters associated with the covariates, it produced estimates of correlations between
and within events. Although it produced smaller standard errors than univariate
models, this approach resulted in high dimensional joint models which are compu-
tationally intensive. Manipulations such as reducing number of quadrature points,
number of iterations and choosing a simple working covariance structure were done
in an attempt to make the model run. The next chapter attempts to reduce the dimen-
sionality of the joint models, although at the expense of simplicity of the sub-models.
Instead of binary survival sub-models, competing risks sub-models will be used.
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CHAPTER 6

MULTIVARIATE COMPETING RISKS
MODEL IN DISCRETE TIME

6.1 Introduction

Instead of considering joint models of binary transitions in a multi-state process, one
may model the hazard of all possible transitions on the condition of being in one par-
ticular state, for all states (Jackson et al., 2011). As a result, multivariate competing
risks models are considered. Section 6.2 gives a joint model for competing risks.
Results are then presented in section 6.3, where compound symmetry covariance

structure was utilized and it’s model diagnostic is done in section 6.4.

6.2 Multivariate Model for Multinomial Responses

As discussed in Chapter 2, discrete-time competing risks models may utilize the
multinomial logit framework (Hartzel et al., 2001; Tutz & Hennevogl, 1996; Tutz
et al., 2016). For subject £ who is in state 7 at time interval ¢, the hazard of failure due
tocausej (t =1,..., 755 Jj=1,...,J;5 i=1,....m; k=1,...K)isgivenby

exp (Boije + Z'Bij + unij)
1+ 327 exp (Boiv + Z'Bip + unij)

Meij (U Z, ugij) = , (6.1)

where f;;: is the baseline hazard for transition ij occurring, 3;; is a p x 1 vector
of parameters associated with the covariates and wy; = (ugi1, ..., ukis;) isa J; x 1
vector of the random effects for subject k, such that u; ~ MVN (0, £2,,;)

O O-Uil UuiluiQ st O-UiluiJi
0 Oy, O,
12 te Ui2U4 J;
ug; ~ MVN ], ‘
0 Ou, g,
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The likelihood for subject £ leaving the origin state i, over all states in the process,
which is modeled by a multinomial distribution in 6.1, will then have the form

m Tkij J;

H H H )\kw (tZ, Wi )kt 1-— Z )\kij (t|1Z, ukij)e’“t“

e = - (62)
X f(urij)

where €4;; has been defined earlier in section 4.4.3. The complete joint likelihood

over all subjects is then

K m Tkij Ji
57 uz X H H H H /\Im] t|Z ukl]) ktl]) 1— Z)‘kij (t|Z>ukij)6km
k=1i=1t=1 = j=1

L
-1

(6.3)

and the corresponding marginal likelihood integrated over all state origins and all
random effects is

/ -1
X —*ukiﬂm U d’ukﬂ R dukui

(6.4)

To approximate these integrals, various methods may be used. These have been
discussed in Chapter 2 and 3. In this section, focus is on the Gauss-Hermite quadra-
ture method which uses weights and nodes as previously described. To increase
efficiency, this approach centers the nodes with respect to the mode of the function
that is being integrated and scales them according to the estimated curvature at the
mode. By so doing, the number of quadrature points needed to approximate the
integrals effectively is dramatically reduced (Hartzel et al., 2001; Liu & Pierce, 1994;
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Pinheiro & Bates, 1995). Let

Ji Ji

H Aij (H 2, wpij) 47 ) 1 Z Meij (E 2, wgi) <
j=1 ~

from likelihood 6.2 be re-written as h(yy;;|uri; Qui), according to properties of the
exponential family of distributions, formerly Koopman-Darmois family. Then the

integrand of likelihood 6.2 may now be written as

Thij

I'= H (M(Gijlwns; Qui)) X f (wris Qi)
=1

The mode w;; of the integrand I is calculated for category j and the original Gauss-
Hermite nodes are then centred about that point. These centred nodes are scaled
according to the curvature of the integrand around the mode to further localize the
quadrature points closer to the bulk of the integrand. The inverse of the negative of
the second derivative matrix of the integrand which was evaluated at the estimated

mode, will then produce an estimate of the curvature, Q at the mode of the inte-

ijs
grand. Denoting the original Gauss-Hermite nodes by z; = (z,, ..., 2, ), where J;
is the dimension of the vector u;;, the adaptive Gauss-Hermites nodes for the ijth
transition are

AL
25 = Wij + V2Q7

where Qi comes from the Cholesky decomposition of Q;;, curvature that had pre-
viously been estimated. Now, the contribution to the likelihood of the i 4% transi-
tion, using the transformed Gauss—-Hermite nodes for each category, will be approx-
imated by

Tkij

Lij(B, %) ~ ’QA’%2% ZWI (H (h(gkz’jzfjlﬂﬁ)) X f(z3;1; Qui)exp(zy21),
v1

t=1

where w) = H;];I (w1,) are the weights for the original Gauss-Hermite. Therefore,
the intractable integrals are approximated by a finite summation, with each of the
J; summations taken over K quadrature points. The number of quadrature points,
K, is sequentially increased until both the estimates and standard errors produce
negligible changes.
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6.2.1 Inference and Estimation Using Statistical Software

This approach produces a smaller dimension of the models to be jointly modeled
than the multivariate binary survival models in Chapter 5. Though more compli-
cated, it possibly becomes less computationally intensive. For analysis, proc NLMIXED
will be used and this, by default, performs MLE via adaptive Gauss-Hermite quadra-
ture. Piece-wise constant (general) baseline hazards were conveniently considered.
In addition, a compound symmetry covariance structure for the random effects ef-
fects was considered. Heavy duty machines would be required for more compli-
cated covariance structures. Random effects for transitions of leaving each state are
assumed not correlated between origin states. From Figure 3.1, it can be noticed that
there are 7 = 1, .., 4 states, where ¢ = 1 is the Never Married state which has only one
possible transition (j = 1, into a Married state). On condition of occupying the Mar-
ried state, i = 2 and j = 1, 2 which denote transitions into the Separated and Widowed
states, respectively. For i« = 3 and 7 = 4, they both have only one possible transition

into the Married each.

6.3 Results of a Multivariate Competing Risks Model

Results from the multivariate model with constant baseline under the assumption
of compound symmetry variance structure are displayed in Table 6.1. Estimates are
not significantly deviating from results of the univariate competing risks models
presented in Chapter 4. They have negligibly smaller standard errors and narrower
confidence intervals compared to estimates from the univariate models. The model
gives rise to additional parameters measuring dependencies of events, namely, vari-
ance and covariance of the transitions. The variance for each transition, under the
compound symmetry assumption of the covariance structure, was 9.56 (CI=3.27; 15.85),
which is slightly higher than the one produced by the multivariate survival model.
Covariance was 4.54( CI=—0.25;9.32) which gives a correlation coefficient of 0.47.
This implies a weak and positive correlation between transitions. The value of the

AIC was reduced, from those produced by the univariate models.

Results show that the odds of experiencing a Married — Widowed transition were
significantly lower for males than females (OR=0.07, CI=0.07; 0.09). Higher levels of
education were associated with lower odds of marital dissolution through widow-
hood (OR=0.99 CI=0.76;1.22, OR=0.82 CI=0.68;0.96 and OR=0.51 CI=0.37;0.65 for
primary, secondary and tertiary education, respectively), although the effect was not
statistically significant. Subjects with no employment had significantly higher odds
of entering a first marriage (OR=1.26, CI=1.02; 1.50) and exiting a marriage through



separation (OR=1.25, CI=1.17;1.33).
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6.4 Model Diagnostics

The AIC the multivariate discrete-time competing risks model under a compound
symmetry covariance structure was 5931.14 which is bigger than the AIC’s from the
univariate model.

6.5 Conclusion

This chapter attempted to minimize the run time of a multi-state model using the
joint synthesis of competing risks models. On the condition that one is in a particu-
lar state, the hazard of transition out of it was modeled, and this was done for each
state in the multi-state process. Of course, out of some states, it is possible to have
only one possible transition and from other states (which are absorbing), it is pos-
sible to have no possible transitions. The associational structure across transitions
was imposed by assuming a multivariate normal distribution of the random effects,
whose covariance structure was a compound symmetry. This model, although it had
fewer sub-models, produced comparable estimates to that of competing risks model
from Chapter 2 and univariate survival models. Age at first sexual debut was still a

significant factor with a positive effect on most transitions.
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CHAPTER 7

DISCUSSION AND CONCLUSION

7.1 Final Discussions

Univariate discrete time-to-event models are now commonly used to model transi-
tions between recurrent states, thus measuring within-subject heterogeneity. These
have been preferred over the continuous-time methods as they have a special advan-
tage of automatic handling of time-varying covariates, thus avoiding tie-handling is-
sues (Allison, 1982). However, not much has been done in modeling a discrete-time
multi-state process to investigate covariate effect on the various transitions while ac-

counting for possible dependencies between the transitions themselves.

This thesis was set out to construct a multivariate discrete time-to-event model that
jointly estimates transitions between a multi-state process through random effects
which followed a multivariate normal distribution, to account for the correlation
between transitions. Unlike univariate discrete-time survival models (Steele, 2008;
Manda & Meyer, 2005; Jenkins, 2005), the proposed models offer a better under-
standing of the evolution of all the transitions in a multi-state process simultane-
ously. The first multivariate model was executed via joint modeling of all binary
transitions in the multi-state process. Since this resulted in high dimensional joint
models which are computationally intensive, the second multivariate model com-
prised of joint models in competing risks, which model transitions out of the re-
spective states. In both models, maximum likelihood based estimation of parame-
ters was developed using Gauss-Hermite quadratures numerical integration of the
likelihood. These models provide substantive extensions to the basic time-to-event
models which may now be routinely implemented using standard statistical soft-

ware packages.

The proposed methods were demonstrated using a prospective data set to model
transitions between marital states among rural South Africans. Consistent with pre-
vious research (Hosegood et al., 2009; Claassens et al., 2013), effects of risk factors of
the transitions between various marital states were produced. Standard errors from
the multivariate survival and multivariate competing risks models were negligibly
smaller than those from univariate models, thus exhibiting more precision. Results

from these models did not show much of a difference in the estimates of the param-
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eters, though there were extra parameters produced to measure dependence of the
transitions. These showed the presence of very small unobserved heterogeneity due
to subjects for each transition and a weak positive correlation between events. A
key finding which was consistent across the models and with previous studies, was
that the age at sexual debut was one of the prominent factors that significantly con-
tributed to marital dissolution. Subjects who had their first sex at an early age were
more likely to experience a marital dissolution than those who had a late sexual de-
but. As expected, the odds of experiencing a Married — Widowed transition increases
as one gets older.

The proposed methods offer a useful extension of the methodology developed by
Spedicato et al. (2016) to incorporate covariate effects into a discrete-time multi-state
model beyond Markov assumptions. An option for modeling dependence structures
through random effects with a multivariate normal distribution was provided. The
models and estimation give significant and substantive extensions to the standard
univariate time-to-event models and the associated estimation techniques. They

may now be implemented using statistical software packages.

7.2 Limitations, Future Research and Recommendations

Spatial analysis was not done. The study was conducted in the rural areas of KwaZulu-

Natal which is a small part of a province in South Africa where there might be heavy
correlation due to culture, race or traditional beliefs. A model with a spatial compo-
nent would also be appropriate to determine which areas need more interventions
than others. It would be of interest to extend the study to different parts of the
country including subjects in urban areas and with various cultures and economic
or health systems. This would make it possible to incorporate spatial analysis which
can be done to allow for any possible correlations due to geographical locations. This
would be necessary if results need to be comparable and be able to identify exactly
where resources need to be allocated. In addition, the results may not be general-
ized to the whole of South Africa as it wa only collected in one part of the province.
Hence there might be a need to perform a study that covers the whole country for

the results to be generalized.

The data used was population-based. In cases where sampling is done to reduce
bias, such as in Demographic Health Survey (DHS) data, it would also be recom-
mended to apply statistically correct survey weights on the methods.
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Additionally, the random effects in this study were conveniently modeled using a
normal distribution but a different distribution (such as gamma mixture, by Jenk-
ins (1997)) may also be considered, where different assumptions are made about
the subjects. A non-parametric approach (in the sense of lack of assumption about
the random effects distribution), such as Manda (2011), may be considered as there
might exist some unknown effects of misspecification of the random effects distri-
bution (Hartzel et al., 2001).

When considering transitions into a first marriage, a very large proportion of sub-
jects remained in the Never Married state and never made a transition. Cure models
(Schneider, 2019) may also be considered where some individuals never experience
the events of interest (non-susceptible group) and the survival function never turns

to zero.

The data used possibly has its own shortcomings, in terms of low rates of transi-
tion relative to the large sample size. The study did not employ simulation to assess
the behavior of the proposed method under varying number of events relative to

sample sizes. This may be considered in future research.

7.3 Conclusion

In conclusion, this thesis has extended the multilevel discrete time-to-event to model
highly complex multi-state structures. In the studied context of family formation
and dissolution transitions, the complex structure arose because several types of
transition occurred repeatedly over time, with interdependences between the differ-
ent event transitions. Our multivariate approach has offered a better understanding
of the processes and dynamics of family formations and dissolutions in rural South
Africa. The use of multivariate analyses of the different transitions of a multi-state
process resulted in slightly smaller standard errors of the parameter estimates and
negligibly narrower confidence intervals of the fixed effects parameter estimates as
well as smaller AIC values compared to the univariate analyses, which could point
to better performance. We conclude that the proposed multivariate discrete-time-to
event model which takes into account the between- and within-transition correlation
is better than separate univariate analyses. The proposed multivariate discrete-time
multi-state models provides an alternative method for analyzing such data and may
be recommended to avoid biased parameter estimates.
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Introduction: Marriage formation and dissolution are important life-course events which
impact psychological well-being and health of adults and children experiencing the
events. Family studies have usually concentrated on analyzing single transitions including
Never Married to Married and Married to Divorced. This does not allow understanding
and interrogation of dynamics of these life changing events and their effects on individuals
and their families. The objective of this study was to assess determinants associated with
transitions between and within marital states in South Africa.

Methods: The population-based data available for this study consists of over 55, 000
subjects representing over 340,000 person-years exposure from the Africa Health
Research Institute (AHRI) in rural KwaZulu-Natal, South Africa. It was collected from 1
January 2004 to 31 December 2016. Multilevel multinomial, binary and competing risks
regression models were used to model marital state occupation, transitions between
marital states as well as investigate determinants of marital dissolution, respectively.

Results: Between the years 2006 and 2007, a subject was more likely to be married
than never married when compared to years 2004 — 2005. After 2007, subjects were
less likely to be married than never married and the trend reduced over the years up to
2016 [with OR=0.86, C/=(0.78; 0.94), OR=0.71, CI=(0.64; 0.78), OR=0.60, C/=(0.54;
0.67), OR=0.50, CI=(0.44; 0.56), and OR = 0.43,C/ = (0.38;0.48)] for periods
2008 — 2009,2010 — 2011,2012 — 2013,2014 — 2015, and 2016, respectively. In
2008 — 2009, subjects were more likely to experience a marital dissolution than in the
period 2004 — 2005 and the trend slightly reduces from 2010 until 2013 [OR=24.49,
Cl=(5.53; 108.37)]. Raising age at first sexual debut was found to be inversely associated
with a marital dissolution [OR = 0.97; Cl = (0.95; 0.99)]. Highly educated subjects were
more likely to stay in one marital state than those who never went to school [OR=6.43,
Cl=(4.89; 8.47), OR=18.86, C/=(1.14; 53.31), and OR=2.96, Cl=(1.96; 4.46) for being
married, separated and widowed, respectively, among subjects with tertiary education].
As the age at first marriage increased, subjects became less likely to experience a
marital separation [OR = 0.06,C/ = (0.00;1.11),OR = 0.05,C/ = (0.00;0.91),
and OR = 0.04,C/ = (0.00; 0.76) for subjects who entered a first marriage at ages
18 — 22,23 — 29, and 30 — 40, respectively].

Frontiers in Psychology | www.frontiersin.org

1 February 2020 | Volume 11 | Article 154



APPENDIX A- ABSTRACT OF THE
MANUSCRIPT SUBMITTED TO THE
JOURNAL OF APPLIED STATISTICS

105



7.5. 106

ARTICLE TEMPLATE

A Multivariate Discrete Time-to-Event Model for Multiple
Recurring Events

Jesca. M. Batidzirai®, Samuel. O. M. Manda P, Henry. G. Mwambi?, and Frank
Tanser®

2School of Mathematics, Statistics and Computer Science, University of KwaZulu- Natal,
Pietermaritzburg, South Africa;

PDepartment of Statistics, University of Pretoria, Hatfield, South Africa;

“Research Department of Infection & Population Health, University College London,
London, UK

ARTICLE HISTORY
Compiled November 19, 2022

ABSTRACT

Recent developments in multi-state models have often considered discrete time in
the modeling transition intensities. These models have included univariate multilevel
models to account for possible dependence among events that are recurrent in the
same subject. We propose a multivariate discrete-time survival model with multiple
state transitions where each specific transition has its own separate random effect
and the interest is on measuring dependence both between-and within-transitions.
Multivariate Normal model for the random effects is suggested. The model parame-
ters are estimated using maximum likelihood methods with non-adaptive Gaussian
quadratures numerical integration. The proposed methodology was applied to a
real-life data set from an ongoing longitudinal study based on life course history on
marriage formation and dissolution events in rural KwaZulu-Natal of South Africa.
The five events under consideration in the multi-state process were transition into
a first marriage, exiting a marriage through separation, exiting a marriage through
death of a partner, re-marriage after a separation and remarriage from widowhood.
The model produced smaller standard errors and narrower confidence intervals com-
pared to those from univariate models. Results showed the presence of very small
unobserved subject-to-subject heterogeneity for each transition and a weak positive
correlation between events.

KEYWORDS
Discrete-time-to-event, Multi-state models, Random effects, Multivariate
Competing risks, Gauss-Hermite

1. Introduction

Multistate models have been proposed and extensively used in biostatistics, demog-
raphy and economics [1, 19, 50, 56, and the references therein] and may be used to
inform how subjects evolve through the states in a stochastic process. Multistate
models are important in providing the general trajectories through intermediate
states [30]. A common case scenario is observed where time is treated as continuous,
such that the exact time of event occurrence is known, since it is modeled at every
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APPENDIX C-DATA PREPARATION

Data preparation for Chapter 3

Depending on the time scale of interest, either age or calendar time may be used.
If age is used as the time scale,then the effect of age as a covariate will no longer
have to modeled because its effect will now be represented in the baseline. Age is
then considered as a discrete random variable throughout this chapter. We consider
subjects between ages 17 and 65, which are the ages for subjects being able to make
independent marital decisions in society. For this analysis, a subject’s marital status
is assumed to change not more than once within a period of 2 years, hence we chose
the size of the intervals to be 2-year intervals, [17,19),[19,21), ...[64, 65] years. This
step of grouping of durations was found to have minimal loss of precision (Diamond
et al., 1986). By so doing, the size of the data set was reduced to fewer records which
had an added advantage of manageability. Yearly intervals are common in family
formation and dissolution studies as subjects rarely change marital statuses more
than once in a single year (Sampson et al., 2006; Oppenheimer, 2003), so are 2- year
intervals. If shorter intervals are considered, one risks enlarging the data set while
no little or no transitions occurring in most of the intervals. Steele et al. (2004) went
on to point out that where the hazard function and covariate values are constant
within an interval, grouping will not necessarily lead to information loss as long as
the intervals are weighted by exposure time, which (in this case) is 24 months. This is
the number of months during that interval for which a subject is under the exposure
of risk of observing an event (Steele et al., 2004).

Data Arrangement for Chapter 3

One important variable which must be created (if not already there) is a unique iden-
tifier variable for each subject. In the data snapshot in Table 7.1 below, this variable is
labeled ID. It shows all observations which are made for each single individual. For
discrete-time analysis, the data should be in the long format, where it is expanded
in such a manner that for every subject, there is a response for each age interval (a
person-period data set (Davis et al, 1992)). The expanded dataset for the subjects
considered on yearly intervals was rearranged as shown in the snapshot in Table 7.1
above. Subject 19, for example, was followed up for 6 years (2009-2014) under which
she was never married until she got lost to follow-up when she was now 74 years
old. On the other hand, subject 23 entered the study in 2004 when he was 32 years

8th

old but only entered a first marriage in his 8" year of follow-up in 2011, at the age
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of 39. Any subject who experiences the event is then taken out of the risk set.

Table (7.1) Snapshot of Data: Discrete-time Survival Model
ID Year Marital Status ¢; Age Gender Income Employed
19 2009 Never Married 0 69 Female Yes No
19 2010 Never Married 0 70  Female Yes No
19 2011 Never Married 0 71  Female No Yes
19 2012 Never Married 0 72  Female No No
19 2013 Never Married 0 73  Female No No
19 2014 Never Married 0 74  Female No No
23 2004 Never Married 0 32 Male No No
23 2005 Never Married 0 33 Male No No
23 2006 Never Married 0 34 Male No No
23 2007 Never Married 0 35 Male No No
23 2008 Never Married 0 36 Male No No
23 2009 Never Married 0 37 Male No No
23 2010 Never Married 0 38 Male No Yes
23 2011 Married 1 39 Male No No
42 2005 Never Married 0 29  Female No No
42 2006 Never Married 0 30 Female No No
42 2007 Married 1 31 Female No No
45 2010 Never Married 0 32 Male No Yes
45 2011 Never Married 0 33 Male No No

Data Preparation for Chapter 4

For a discrete-time analysis of recurrent events, the data must be expanded and re-
arranged in an expanded person-episode-period structure (Davis et al, 1992). There
must be a record for each discrete-time interval for every episode. Table 7.2 gives a
snapshot of how the data must be restructured before the analysis for a multinomial
response for state occupation, ¢;;;. Variables for subject, episode and time are ID,
Episode and Period respectively. Covariates are also displayed and these include Age,

Gender, Income and Employed.
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Table (7.2) Snapshot of Data: Multi-state Model
ID Year Episode Period MaritalStatus ¢5;; Age Gender Income Employed
16 2009 1 1 Widowed 4 56  Female No Yes
16 2010 1 2 Widowed 4 57  Female No Yes
16 2011 1 3 Widowed 4 58 Female No Yes
16 2012 1 4 Widowed 4 59  Female Yes No
17 2005 1 1 Married 2 36 Female No No
17 2006 1 2 Married 2 37 Female No No
17 2007 2 1 Widowed 4 38 Female Yes No
17 2008 2 2 Widowed 4 39 Female Yes No
17 2009 2 3 Widowed 4 40 Female Yes No
17 2010 2 4 Widowed 4 41 Female No No
17 2011 2 5 Widowed 4 42  Female No Yes
17 2012 3 1 Married 2 43  Female No No
17 2013 3 2 Married 2 44  Female No No
17 2014 4 1 Widowed 4 45 Female No No
25 2004 1 1 Never Married 1 25 Male No No
25 2005 1 2 Never Married 1 26 Male No No
25 2006 1 3 Never Married 1 27 Male No Yes
25 2007 1 4 Never Married 1 28 Male No Yes
25 2008 1 5 Never Married 1 29 Male No No
25 2009 1 6 Never Married 1 30 Male No No
25 2010 1 7 Never Married 1 31 Male No No
25 2011 1 8 Never Married 1 32 Male No No
25 2012 1 9 Never Married 1 33 Male No No
25 2013 1 10 Never Married 1 34 Male No No
25 2014 1 11 Never Married 1 35 Male No No
25 2015 1 12 Never Married 1 36 Male No No
25 2016 1 13 Never Married 1 37 Male No No
27 2011 1 1 Married 1 35 Female No Yes
28 2004 1 1 Never Married 1 36 Male No No
28 2005 1 2 Never Married 1 37 Male No Yes
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It is clear from Table 7.2 that subject 16 only experienced 1 episode which lasted for a
period of 4 years. She entered the study in 2009 when she was already a 56-year-old
widow and stayed widowed until she left the study in 2012 at the age of 59. Subject
17, however, entered in 2005 when she was married and the first episode lasted for
2 years. In 2007, she started her second episode in the Widowed state which lasted
for a period of 5 years before she remarried and started a third episode in 2012. She
experienced 4" episode after the death of the partner again in 2014 which was the
last observation made on her before she left the study. Subject 25, on the other hand
had only 1 episode which lasted for all the 13 years that he was under study. Another
visual illustration of the paths taken by a typical subject (17) can also be represented

graphically as in Figure 7.2 below:

Path for subject 17
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Figure (7.2) Typical path for a subject &
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APPENDIX D- STATA CODES FOR
CHAPTERS 3 AND 4

D1- Discrete Survival
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ot2 - Printed on 8/20/2022 2:25:02 PM

use "C:\Users\batidzirai\Desktop\PhD in SAS\Chpt2.dta",clear
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ta Gender Y_nm if Duration==1 & Age>16 & Age<=65,row

ta Income Y_nm if Duration==1 & Age>16 & Age<=65,row

ta Employed Y_nm if Duration==1 & Age>16 & Age<=65,row
ta Educationn Y_nm if Duration==1 & Age>16 & Age<=65,row

ta Employed Y_nm if Duration==1 & Age>16 & Age<=65,row

ok o ok ok oK oK oK ok ok ok ko ok o oK oK oK oK ok ok sk o ok ok K oK K oK oK ok sk sk ok ok ok ok oK oK oKk ok sk ok ok ok ok K K K Kk Kok ok ok ok R

*Table 2.4
Sk 3k 3k 3k 3k Skosk 3k 3k Sk Skosk 3k sk sk sk sk 3k sk Skok sk 3k sk Sk sk 3k 3k sk sk sk 3k 3k sk sk ok 3k 3k sk sk ok 3k 3k sk sk ok 3k sk sk sk 3k >k skookosk sk sk skook
/*FE Model with a Quartic Baseline */
logit Y_nm AgeNM AgeNM_Quad AgeNM_Cubic AgeNM_Quartic i.Gender i.Income i.Employed i.Educationn
AgeAtFirstSex1/*FE Model with Quartic Baseline */
logit,or /*0dds Ratios*/
estat ic
estimates store LogitNM /* Store the estimates as LogitNM*/

/*RE Model with a Quartic Baseline, Gauss-Hermite Quad */

*Declare data to be panel data

xtset ID Year

xtlogit Y_nm AgeNM AgeNM_Quad AgeNM_Cubic AgeNM_Quartic 1i.Gender i.Income i.Employed i.Educationn
, re

xtlogit, or

melogit Y_nm AgeNM AgeNM_Quad AgeNM_Cubic AgeNM Quartic i.Gender i.Income i.Employed i.Educationn
AgeAtFirstSex1|| ID:,nolog /*RE Model with 2 Levels*/

melogit, or

estimates store MeLogitNM2 /* Store the estimates as MelLogitNM*/

melogit Y_nm AgeNM AgeNM_Quad AgeNM_Cubic AgeNM_Quartic i.Gender i.Income i.Employed i.Educationn
AgeAtFirstSex1l || HIntId: || ID:,nolog /*RE Model with 3 Levels*/

melogit, or

estimates store MelLogitNM3 /* Store the estimates as MeLogitNM*/

estat ic

lrtest LogitNM MelLogitNM2, force /* Likelihood Ratio Test*/
lrtest LogitNM MelLogitNM3, force /* Likelihood Ratio Test*/

**************Printing the output**************

findit esttab /*Instal stee85 1 */

esttab LogitNM MelLogitNM2 MeLogitNM3, eform b(2) aic se /*tabulate the Exponentiated estimates
correct to 2.dp, all the 3models models (with Standard Errors in the parenthesis)*/

esttab LogitNM MeLogitNM2 MeLogitNM3, eform b(2) aic ci /*tabulate the Exponentiated estimates
correct to 2.dp, all the 3models models (with COnfidence Intervals in the parenthesis)*/

je 1



D1- Multinomial for State Occupation
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itled* - Printed on 8/20/2022 2:38:25 PM

use "C:\Users\batidzirai\Desktop\PhD in SAS\Chpt2.dta",clear

ok o ok ok oK oK oK ok ok 3k ko o o oK oK oK oK ok ok ok o o o oK K oK oK ok sk sk ok ok ok ok K oK oK ok ok sk ok ok ok ok K K oK Kk Kok Rk ok
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ta Gender MaritalStatus if Duration==1 & Age>16 & Age<=65,row

ta Income MaritalStatus if Duration==1 & Age>16 & Age<=65,row

ta Employed MaritalStatus if Duration==1 & Age>16 & Age<=65,row
ta Educationn MaritalStatus if Duration==1 & Age>16 & Age<=65,row

su AgeAtFirstSexl if Duration ==1 & Age>16 & Age<=65

sk 3k 3k 3k 3k ok ok sk sk sk sk sk sk sk >k sk sk sk sk ok ok sk sk sk sk sk sk 3k sk ok sk sk sk sk sk sk sk 3k 3k 3k sk sk sk sk sk sk sk 3k 3k >k sk ok sk ok sk sk sk sk k

*Table 3.3 Determine the number of ij transitions over time

3k 3k 3k >k 3k sk >k sk 3k >k sk sk sk sk >k sk sk ok sk sk ok sk >k sk sk ok ok sk ok sk sk sk sk ok ok sk ok sk sk >k sk sk ok sk ok sk sk ok sk sk ok sk ok sk sk okok sk ok

bysort ID: ge Previous_MStatus = MaritalStatus[_n-1]

bysort ID: replace Previous_MStatus =MaritalStatus if Previous_MStatus ==.
replace MaritalStatus=1 if ID==24597 & Previous_MStatus==1

la define Previous_MStatusl 1"Never Married"” 2"Married" 3"Seperated" 4"Widowed"
la values Previous_MStatus Previous_MStatusl

ta Previous_MStatus, missing

ta Previous_MStatus MaritalStatus if Age>16 & Age<=65,row

ok ok ok ok oK oK ok ok ok 3k ok o ok oK oK oK oK ok ok 3k o ok K oK oK oK ok ok 3k sk ok ok o o oK oK ok ok ok 3k ok ok o o oK K ok oK ok sk ok ok ok ok

*Table 3.4
sk 3k 3k 3k sk sk sk sk sk sk 3k 3k sk 5k 3k sk sk sk sk 5k 3k 5k 3k 3k sk k sk sk sk >k 5k 5k 3k 3k 3k 5k sk >k 5k >k 5k 3k 3k 3k 5k sk sk >k 5k 3k 5k 3k 3k 5k ok %k k >k k
mlogit MaritalStatus i.Gender i.Income i.Employed i.Educationn AgeAtFirstSexl, cluster(ID)
SE's corrected at ID level*/
mlogit,rr

/*with

je 1



D1- Competing Risks
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itled* - Printed on 8/20/2022 2:39:32 PM

AUVl h wWN R

use "C:\Users\batidzirai\Desktop\PhD in SAS\Chpt2.dta",clear
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melogit Y_ms i.Gender i.Income i.Employed i.Educationn AgeAtFirstSexl || ID:,nolog/*RE Model with
CONSTANT Baseline */

melogit,or /*0dds Ratios*/

estimates store MelLogitMs

melogit Y_mw AgeMW AgeMW_Quad AgeMW_Cubic i.Gender i.Income i.Employed i.Educationn AgeAtFirstSexl
|| ID:,nolog/*RE Model with CUBIC Baseline */

melogit,or /*0dds Ratios*/

estimates store MelLogitMW

melogit Y_sm AgeMS i.Gender i.Income i.Employed i.Educationn AgeAtFirstSexl || ID:,nolog/*RE
Model with LINEAR Baseline */

melogit,or /*0dds Ratios*/

estimates store MelLogitSM

melogit Y_wm AgeMW i.Gender i.Income i.Employed i.Educationn AgeAtFirstSexl || ID:,nolog/*RE
Model with LINEAR Baseline */

melogit,or /*0dds Ratios*/

estimates store MeLogitWM

esttab MeLogitMS MelLogitMW MelLogitSM MeLogitWM, eform b(2) aic «ci

sk 3k 3k 3k 3k 3k 3k sk sk sk sk sk sk sk 3k ok sk sk sk sk ok sk sk sk sk sk 3k 3k 5k 3k ok sk sk sk sk sk sk 3k 3k 3k sk sk sk sk sk sk sk sk 3k 3k 3k ok sk ok sk sk sk sk k

*Table 3.7 and 3.8
Sk sk 3k 3k 3k sk sk sk 3k sk sk sk sk 3k sk sk sk sk sk Sk ok sk sk sk Sk ok sk 3k Sk ok sk sk 3k Sk sk sk 3k 3k Sk sk sk 3k sk sk sk sk 3k sk ok sk sk 3k sk ok ok sk sk skok
*Generates the Variable: Yijk from Married- without censorig competing events)*
bysort ID Episode: ge Yijt CR = . /* M_SW= 1 if subject HASN'T made a transition into rither S or
W*/
bysort ID: replace Yijt_CR = @ if MaritalStatus==2
bysort ID: replace Yijt CR = 1 if MaritalStatus==3 & MaritalStatus[_n-1]==2 & MaritalStatus ~=.
/*¥ M_SW= 1 if subject made a transition into S*/
bysort ID: replace Yijt CR = 2 if MaritalStatus==4 & MaritalStatus[_n-1]==2 & MaritalStatus ~=.
/*¥ M_SW= 2 if subject made a transition into W*/
la var Yijt_CR "Transition OUT of Married"
label define Yijt_CR ©"Married" 1 "Separated"” 2"Widowed"
label values Yijt_CR Yijt_CR
ta Yijt_CR

*Competing Risks Model: MARGINAL FIXED MODEL*

mlogit Yijt_CR AgeMD i.Gender i.Income i.Employed i.Educationn AgeAtFirstSex1l
mat b=e(b)

mlogit, rrr

estat ic /*AIC &BIC*/

xtmlogit Yijt_CR AgeMD i.Gender i.Income i.Employed i.Educationn AgeAtFirstSex1l /*with
independent covariance structure*/

estat ic /*AIC*/

xtmlogit,rr

je 1



SAS CODE FOR DISCRETE-TIME
MULTIVARIATE SURVIVAL MODEL

HHHHHHHAAHH AR Chapter 5 #HHEHHHHHHHHHHAHBHH RS

/+ Import Never Married to Married Datax/

PROC IMPORT OUT= WORK.NM

DATAFILE= "C:\ Users\batidzirai\Desktop\PhD in SAS\NMI. dta"
DBMS=STATA REPLACE;

RUN;

/+ Import Married to Separated Datax/

PROC IMPORT OUT= WORK.MS

DATAFILE= "C:\ Users\batidzirai\Desktop\PhD in SAS\MS1.dta"
DBMS=STATA REPLACE;

RUN;

/+ Import Married to Widowed Datax/

PROC IMPORT OUT= WORK.MW

DATAFILE= "C:\ Users\batidzirai\Desktop\PhD in SAS\MWI. dta"
DBMS=STATA REPLACE;

RUN;

/+ Import Separated to Married Datax/

PROC IMPORT OUT= WORK.SM

DATAFILE= "C:\ Users\batidzirai\Desktop\PhD in SAS\SM1.dta"
DBMS=STATA REPLACE;

RUN;

/+ Import Widowed to Married Datax/

PROC IMPORT OUT= WORK.WM

DATAFILE= "C:\ Users\batidzirai\Desktop\PhD in SAS\WML. dta"
DBMS=STATA REPLACE;

RUN;
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/+*COMBINING THE DATA WHICH WAS CLEANED IN STATAx/

LIBNAME ANALYSES "C:\USERS\BATIDZIRAI\DESKTOP\PHD IN SAS";

DATA ANALYSES .NVj;
SET NVj;
RUN;

DATA ANALYSES.MS;
SET MS;
RUN;

DATA ANALYSES MW;
SET MW;
RUN;

DATA ANALYSES.SM;
SET SM;
RUN;

DATA ANALYSES WM;
SET WM;
RUN;

DATA JOINT;

SET NM MS MW SM WM;
/*MERGING_VARIABLE=1;%/

IF TRANS=1 THEN EVENT=Y _NM;

ELSE IF TRANS=2 THEN EVENT=Y_MS;
ELSE IF TRANS=3 THEN EVENT=Y MW;
ELSE IF TRANS=4 THEN EVENT=Y_SM;
ELSE IF TRANS=5 THEN EVENT=Y WM;
RUN;

PROC SORT DATA=JOINT OUT=ANALYSES.JOINT_FINAL;

BY ID;
RUN;
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/+*THE MULTIVARIATE JOINT MODEL~/

PROC NLMIXED DATA=ANALYSES.JOINT_FINAL NOAD QPOINTS=7 MAXITER=500;
PARMS

NMO1=1 NM02=1 NM03=1 NM®=1 NM05=1 NM06=1 NM07=1 NM08=1 NM®=1 NM10=1 NM11=1
MS01=1 MS02=1 MS03=1 MS04=1 MS05=1 MS06=1 MS07=1 MS08=1 MS MS09=1 MS10=1 MS1
MW01=1 MW®R2=1 MWB=1 MWH#=1 MW®B=1 MW0b=1 MW07=1 MW08=1 MW®P=1 MWI10=1 MWI11=1
SM01=1 SM02=1 SMO03=1 SM04=1 SMO05=1 SM06=1 SM07=1 SM08=1 SM09=1 SM10=1 SM11=1
WMO1=1 WM®R2=1 WMB=1 WMH#=1 WMb=1 WMOb=1 WM0O7=1 WMO8=1 WM®P=1 WMI0=1 WMll=1

NMBETA1=-0.1 NMBETA2=-0.5 NMBETA3=-0.8 NMBETA41=-0.8 NMBETA42=-0.8 NMBETA43=
MSBETA1=-0.6 MSBETA2=-0.1 MSBETA3=-0.8 MSBETA41=0.4 MSBETA42=0.4 MSBETA43=0.:
MWBETA1=-1.7 MWBETA2=-0.9 MWBETA3=0.4 MWBETA41=0.4 MWBETA42=0.4 MWBETA43=0.4
SMBETA1=-0.4 SMBETA2=-0.1 SMBETA3=-0.1 SMBETA41=-0.1 SMBETA42=-0.1 SMBETA43=
WMBETA1=0.1 WMBETA2=-0.3 WMBEIA3=0.1 WMBETA41=0.2 WMBETA42=0.2 WMBETA43=0.2 |
SDU1=0 SDU2=0 COV12=0;

BOUNDS

NM01 MS01 MWO1 SM01 WMO1 SDU1 SDU2

NNMOI NM02 NM03 NM04 NMO05 NM0O6 NM07 NM08 NM09 NMI10 NM11 NMI12 NM13
MS01 MS02 MS03 MS04 MS05 MS06 MS07 MS08 MS09 MS10 MS11 MS12 MS13

MWO01T MW2 MW MW04 MW MW06 MW7 MWOE MW MWI10 MW11 MW12 MW13

SM01 SM02 SM03 SM04 SMO05 SMO6 SM(07 SM08 SM(09 SM10 SM11 SM12 SM13

WMOLT WM2 WMB WM4 WM05 WM06 WMO7 WMO8 WM WMI0 WM11 WM12 WMI13

SDu1l sDU2 > 0;

IF EVENT=1 THEN DO;
/+*ESTIMATING THE DURATION IN EACH AGE INTERVAL FOR NMx/
BASELINEHZNM = NMO0l%Indicator NM1 + NM®2* Indicator  NM2 + NMO03% Indicator NN

MUNM = BASELINEHZNM + GENDER+NMBETA1 + INCOME+NMBETA2 + EMPLOYED+NMBETA3 +
LAMBDA = EXP(MUNM)/ (1+ EXP(MUNM));
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ELSE IF EVENT=2 THEN DO;

/*MODELLING THE BASELINE HAZARD FOR THE MS TRANSITION= /

BASELINEHZMS= MS01+ Indicator_MS1 + MS02=#Indicator_MS2 + MS03% Indicator_MS:
+ MS08xIndicator_MS8 + MS09xIndicator_MS9 + MSI10=Indicator_MS10 + MSI11=Indice

MUMS = BASELINEHZMS + GENDERx*MSBETA1 + INCOME=+MSBETA2 + EMPLOYED+*MSBETA3 +
LAMBDA = EXP(MUMS)/ (1+ EXP(MUMS));
END;

ELSE IF EVENT=3 THEN DO;
/+*MODELLING THE BASELINE HAZARD FOR THE MW TRANSITION* /
BASELINEHZMW= MWO01%Indicator MW1 + MW®2=Indicator MW2 + MW®s Indicator MW3 -

MUMW = BASELINEHZMW + GENDER+MWBETA1 + INCOME+MWBETA2 + EMPLOYED+*MWBETA3 +
LAMBDA = EXP(MUMW)/ (1+ EXP(MUMW));
END;

ELSE IF EVENT=4 THEN DO;
/+*MODELLING THE BASELINE HAZARD FOR THE SM TRANSITION=* /
BASELINEHZSM = SMO01x*Indicator_SM1 +SM02%Indicator_SM2 +SMO03*Indicator_SM3+ Sl

MU_SM = BASELINEHZSM + GENDER*SMBETA1 + INCOME+*SMBETA2 + EMPLOYED+SMBETA3 +
LAMBDA = EXP(MUSM)/ (1+ EXP(MUSM));
END;

ELSE IF EVENT=5 THEN DO;
/*MODELLING THE BASELINE HAZARD FOR THE WM TRANSITION* /
BASELINEHZWM= WM0l+ Indicator WM1 + WM®R=+Indicator WM2 + WM®BxIndicator WM3 -

MUWM = BASELINEHZWM + GENDER+*WMBETA1 + INCOME+WMBETA2 + EMPLOYED+WMBETA3 +

LAMBDA = EXP(MUWM)/ (1+ EXP(MUWM));
END;
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RHO12=(EXP (2+COV12) -1) / (EXP(2+COV12) +1);

MODEL EVENT ~ BINARY (LAMBDA);

RANDOM U1 U2 U3 U4 U5 ~ NORMAL([0, 0, 0, 0, 0], [EXP(2=«SDU1),
RHO12+EXP (SDU1+SDU2) , EXP(2+SDU1), RHO12+EXP(SDU1+SDU2),
RHO12+EXP (SDU1+SDU2) , EXP(2%SDU1), RHO12+EXP(SDU1+SDU2),
RHO12+EXP (SDU1+SDU2) , RHO12+EXP (SDU1+SDU2) , EXP(2+SDU1), RHO12+EXP (SDU1+SDU2
SUBJECT= ID OUT=EB;

ESTIMATE 'NM EXP(2+SDU1);

ESTIMATE 'NM_MS RHO12+EXP (SDU1+SDU2) ;

ESTIMATE 'MS’ EXP(2+SDU1);

ESTIMATE NMMW RHO12+EXP (SDU1+SDU2) ;

ESTIMATE 'MS MW’ RHO12+EXP (SDU1+SDU2);

ESTIMATE 'MW EXP(2+SDU1);

ESTIMATE 'NM_SM’" RHO12+EXP (SDU1+SDU2);

ESTIMATE 'MS_SM’ RHOI12+EXP (SDU1+SDU2);

ESTIMATE 'MW_SM' RHO12+EXP (SDU1+SDU2) ;

ESTIMATE 'SM’ EXP(2+«SDU1);

ESTIMATE NMWM RHO12+EXP (SDU1+SDU2) ;

ESTIMATE 'MS WM RHO12+EXP (SDU1+SDU2);

ESTIMATE 'MWWM RHO12+EXP (SDU1+SDU2) ;

ESTIMATE 'SM WM’ RHO12+EXP (SDU1+SDU2) ;

ESTIMATE WM EXP(2%SDU1);

RUN;
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SAS CODE FOR DISCRETE-TIME

MULTIVARIATE COMPETING RISKS

MODEL

HHHHHHHABHH AR Chapter 6 #HHEHHHHHHEHHHAHBH RS

/+* Import From Never Married Datax/

PROC IMPORT OUT= WORK. Xn

DATAFILE= "C:\ Users\batidzirai\Desktop\JointCompet\Xn.dta"
DBMS=STATA REPLACE;

RUN;

/* Import From Married Datax/

PROC IMPORT OUT= WORK.Xm

DATAFILE= "C:\Users\batidzirai\Desktop\JointCompet\Xm. dta"
DBMS=STATA REPLACE;

RUN;

/+ Import From Separated Datax+/

PROC IMPORT OUT= WORK. Xs

DATAFILE= "C:\ Users\batidzirai\Desktop\JointCompet\Xs.dta"
DBMS=STATA REPLACE;

RUN;

/+* Import Widowed to Married Datax/

PROC IMPORT OUT= WORK. Xw

DATAFILE= "C:\ Users\batidzirai\Desktop\JointCompet\Xw. dta"
DBMS=STATA REPLACE;

RUN;

/+*COMBINING THE DATA WHICH WAS CLEANED IN STATAx/
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LIBNAME ANALYSES "C:\USERS\BATIDZIRAI\DESKTOP\PHD IN SAS";

DATA ANALYSES.Xn;
SET Xn;
RUN;

DATA ANALYSES . Xm;
SET Xm;
RUN;

DATA ANALYSES. Xs ;
SET Xs;
RUN;

DATA ANALYSES.Xw;
SET Xw;
RUN;

DATA JOINT;
SET Xn Xm Xs Xw;

/*+*MERGING_VARIABLE=1;+* /

IF TransCR=1 THEN EVENT=Xn;

ELSE IF TransCR=2 THEN EVENT=Xm;
ELSE IF TransCR=3 THEN EVENT=Xs;
ELSE IF TransCR=4 THEN EVENT=Xw;

RUN;

PROC SORT DATA=JOINT OUT=ANALYSES.JOINT_CR;

BY ID;
RUN;

/+*THE MULTIVARIATE JOINT MODEL~/

PROC NLMIXED DATA=ANALYSES.JOINT_CR QPOINTS=3 MAXITER=50;

PARMS
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NM01=1 MS01=1 MWOI=1 SM01=1 WM0Ol=1

NMBETA1=-0.1 NMBETA2=-0.5 NMBETA3=-0.8 NMBETA41=-0.8 NMBETA42=-0.8 NMBETA43=
MSBETA1=-0.6 MSBETA2=-0.1 MSBETA3=-0.8 MSBETA41=0.4 MSBETA42=0.4 MSBETA43=0.:
MWBETA1=-1.7 MWBETA2=-0.9 MWBETA3=0.4 MWBETA41=0.4 MWBETA42=0.4 MWBETA43=0.4
SMBETA1=-0.4 SMBETA2=-0.1 SMBETA3=-0.1 SMBETA41=-0.1 SMBETA42=-0.1 SMBETA43=
SMBETA5=0

WMBETA1=0.1 WMBETA2=-0.3 WMBEIA3=0.1 WMBETA41=0.2 WMBETA42=0.2 WMBEIA43=0.2 |
LOGSDU1=0

Z12=0;

BOUNDS NM01 MS01 MWO01 SM01 WMO1 LOGSDU1 >=0;
/+ESTIMATING THE LIKELIHOOD OUT OF THE MARRIED STATEx/
IF TransCR=2 THEN DO;

BASELINEHZMS = MS01 ;

BASELINEHZMW = MWU01 ;

MU1=0;
MU2 =MS01 + GENDER+MSBETA1 + INCOME+*MSBETA2 + EMPLOYED+MSBETA3 + (EDUCATIONN

MU3 = MWOl + GENDER+*MWBETA1 + INCOME+MWBETA2 + EMPLOYED+MWBETA3 +(EDUCATIONN

exp_MU1 1;

exp_MU2 = exp(MU2);

exp_MU3 = exp (MU3);

DEN = exp_MU1 + exp_MU2 + exp_MU3;

IF EVENT=0 THEN LOG_LIK= exp_MU1/DEN;
IF EVENT=2 THEN LOG_LIK= exp_MU2/DEN;
IF EVENT=3 THEN LOG_LIK= exp_MU3/DEN;
END;

/+*ESTIMATING THE LIKELIHOOD FOR NMk /

ELSE IF TransCR=1 THEN DO;

BASELINEHZNM = NMO1 ;

MUNM = BASELINEHZNM + GENDER*NMBETA1 + INCOME«NMBETA2 + EMPLOYED*NMBETA3 +(1
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LAMBDA = EXP(MUNM)/ (1+ EXP(MUNM));
LOG_LIK= X_n=*[OG(LAMBDA) + (1-X_n)*LOG(1-LAMBDA);
END;

/*ESTIMATING THE LIKELIHOOD FOR SMx /

ELSE IF TransCR=3 THEN DO;

/*MODELLING THE BASELINE HAZARD FOR THE SM TRANSITION=* /

BASELINEHZSM = SMO01;

MU SM = BASELINEHZSM + GENDER+*SMBETA1 + INCOME+«SMBETA2 + EMPLOYED*SMBETA3 +(]
LAMBDA = EXP(MUSM)/ (1+ EXP(MUSM)) ;

LOG_LIK= X_s*[LOG(LAMBDA) + (1-X_s)*LOG(1-LAMBDA);

END;

ELSE IF TransCR=3 THEN DO;
/*MODELLING THE BASELINE HAZARD FOR THE WM TRANSITION = /
BASFLINEHZWM= WM01;

MUWM = BASELINEHZWM + GENDER+*WMBETA1 + INCOME+WMBETA2 + EMPLOYED+WMBETA3 + (]

LAMBDA = EXP(MUWM)/ (1+ EXP(MUWM));
LOG_LIK= X w*[LOG(LAMBDA) + (1-X_w)*LOG(1-LAMBDA);
END;

RHO12=(EXP(2+Z12) -1) /(EXP(2+Z12) +1);

MODEL EVENT ~ GENERAL(LOG_LIK);

RANDOM U1l U12 U2 U3 U4 ~ NORMAL([0, O, 0, 0, 0], [EXP(2+«LOGSDU1),

RHO12+EXP (LOGSDU1+LOGSDU1) , EXP(2+SDU1), RHO12+EXP (LOGSDU1+LOGSDU1) ,
RHO12+EXP (LOGSDUI+LOGSDU1) , EXP(2+SDU1), RHO12+EXP (LOGSDU1+LOGSDU1) ,
RHO12+EXP (LOGSDU1+LOGSDU1) , RHO12+EXP (LOGSDU1+LOGSDU1) , EXP(2%SDU1),
RHO12+EXP (LOGSDU1+LOGSDU1) ,RHO12+EXP (LOGSDU1+LOGSDU1) , RHO12+EXP (LOGSDUI1+LOG
SUBJECT= ID OUT=EB;

ESTIMATE 'VAR’ EXP(2+LOGSDU1);

ESTIMATE ‘'COV’ RHOI12+EXP (LOGSDUI1+LOGSDU1 ) ;

RUN;
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