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ABSTRACT 
 

Industries naturally strive to improve processes, materials, and material applications 

in order to raise the quality of the resource under consideration. This thesis focuses 

on proposing a numerical scheme to optimize and maximize the natural frequency 

response generated in 3-phase nanocomposite laminated plates through the use of 

graphene nanoplatelets (GPLs) and fibre reinforcement in terms of glass and carbon 

fibres. Many industries are now interested in conducting research on graphene 

reinforcement to form superior composites with the intention that the research may 

lead to a number of useful present-day and future initiatives. The natural frequency 

of nanoreinforced composite laminated plates has been researched in published 

articles by using techniques such as the Halpin-Tsai model and rule of mixtures to 

derive micromechanical equations and the Hamiltonian approach to acquire the 

equations of motion which are later solved via governing equations to obtain the 

natural frequency of the system. The current study uses MATLAB coding techniques 

to implement a Finite Element Model to accurately analyse the frequency response 

of a nanocomposite plate, the effective material properties of which are found using 

the micromechanical equations that are further discussed in this study. The 

composite plate's kinematics are developed using the first order shear deformation 

theory (FSDT). By using micromechanical equations the properties of a 2-phase 

composite, reinforced with graphene nanoplatelets (GPLs) located in the matrix, can 

be calculated. After the effective material properties have been calculated for this 

graphene-reinforced composite, the same micromechanical equations are applied 

once again for the introduction of fibre reinforcement (glass or carbon fibre) thereby 

forming a 3-phase nanocomposite laminate reinforced with graphene and fibres. 

The study builds itself around two major aspects which are the maximum generated 

natural frequencies and the optimized natural frequencies for a defined set of 

parameters including graphene content, fibre reinforcement type and content, 

boundary conditions, fibre orientation, number of layers in the laminate and thickness 

ratio. The first investigation focuses on optimizing a hybrid, multi-scale 

graphene/fibre reinforced composite laminate plate in order to provide an optimal 

design solution resulting in a superior natural frequency and ultimately reducing the 

probability of resonance. Resonance occurs when the natural frequency of an object 

aligns with the vibration frequency of the excitation source. When resonance occurs 
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it can lead to structural failure of the object. In this study a Sequential Quadratic 

Programming Algorithm is used to optimize the fundamental frequency. The 

Sequential Quadratic Programming Algorithm was chosen based on the extensive 

use and validity in numerous research studies and the successful application thereof.  

A Matlab function is used to implement the SQP optimization, called fmincon. In the 

central Matlab code this function is used, and the developed finite element analysis 

code calculating the natural frequencies for the composite laminate is called as a 

Matlab subroutine by this SQP function. No convergence problems were identified in 

these optimization simulations. The results of this research revealed that adding 

graphene nanoplatelets (GPLs) improved the fundamental frequency of the 

composite and that maximum GPLs content in all layers is not always the optimal 

solution. Every simulation produces both the optimized fundamental frequency and 

the design efficiency, which is represented as the ratio of the maximum fundamental 

frequency that corresponds to optimal design divided by the reference frequency of 

the laminate that results from uniform properties. The second research paper 

expands on the ideas of the first by altering the plate geometry to define a cantilever 

support condition for a 45° skew laminated composite plate. The second study 

formulates an optimization scheme for a skew cantilever plate subject to similar 

constraints applied to the rectangular plate and provides a comparison of their 

natural frequencies. By investigating skew plates and various boundary conditions 

the research data adapted to form solutions for a broad spectrum of industry wide 

applications. In the second study the findings showed that a more economical 

design, with lower fibre volume content, could be produced by distributing the 

graphene and fibres optimally throughout the plate's thickness. Secondly, the skew 

laminate's design efficiency appeared to decline despite the apparent increase in 

natural frequency when compared to the results for a rectangular laminate. The third 

study investigates the natural frequency of a rectangular laminated composite plate 

with functionally graded (FG) reinforcement material. Functionally graded materials 

are composites that have two or more constituent materials with contents that are 

changed gradually or continuously so as to maximize the composite’s strength 

properties. Five distinct graphene reinforcement distribution patterns applied along 

the thickness direction of the laminate were used in the functionally graded 

application to identify the distribution that produced the maximum natural frequency. 

The distribution patterns considered in this investigation are Type ‘V’, Type ‘A’, 
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Uniform (UD), Type ‘O’ and Type ‘X’. The analysis model was defined as in the 

previous studies for a rectangular laminated plate with the exception of the 

optimization scheme as this research was formulated to investigate the apparent 

maximum natural frequency of the laminated composite. In the majority of the 

simulations, the defined distribution pattern was assigned to each layer and 

investigated for variable constraints similar to the previous studies. Additionally, a 

simulation was done for a layerwise distribution of the FG patterns with different 

patterns assign in the subsequent layers. The data obtained from the analysis 

showed the Type ‘X’ distribution produces the maximum natural frequency when 

lower fibre content is used (<5 glass and <7.8% carbon) in combination with 

graphene as the reinforcement materials. On the other hand, the largest natural 

frequencies are produced by the uniform distribution when the fibre content rises 

above the specified levels.  

This research introduces 3-phase material optimization framework and defines a 

design efficiency factor that quantifies the output of optimization. Results indicate 

that graphene nanoparticles, when introduced into the matrix of the nanocomposite, 

produced much higher natural frequencies as compared to conventional fibre 

reinforced laminates. The results also showed that carbon fibres that were utilized as 

reinforcement perform better in maximizing the natural frequency compared to glass 

fibres. It is noted that optimization results in increased reinforcement contents in the 

outer layers of the laminate and reduced or no reinforcement in the inner layers, 

indicating that this is the optimal distribution of reinforcement with respect to the 

observed fundamental frequency. Increasing the number of design variables also 

improved the fundamental frequency. In terms of the skew laminate versus the 

rectangular laminate, the observation was made that the fundamental frequency was 

larger for a skew laminate than a rectangular laminate but the design efficiency 

decreased compared to the rectangular laminate. The thesis also suggests optimal 

functionally graded distributions along the thickness, in terms of maximizing natural 

laminate frequencies. 

Industrial applications in civil, aerospace, mechanical and energy sectors can adopt 

some of these outcomes, towards a cost-effective design of advanced 

nanocomposite materials. 
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Chapter 1: Introduction  
 

1.1 Background 

A composite material consists of two or more constituent materials that are 

combined into a singular structure for which the properties are superior to the parent 

materials alone. A fibre reinforced composite consists of high strength fibres in a 

matrix which binds the fibres together and allows transfer loads between the internal 

fibre network [1]. Composite materials have become popular industry applications 

and are found in the construction of automobiles, aircrafts and submarines and 

others that utilize materials of superior strength vs. weight and weight vs. stiffness 

ratios [2].  

One of the main objectives of the research is to determine a method to increase the 

fundamental frequency beyond that of the excitation frequency which is the 

frequency that the structure will experience during its operation. The fundamental 

frequency relates to the stiffness and mass distribution of the laminate which forms 

part of the structural integrity and stability of the composite. Higher fundamental 

frequency values indicate a stiffer structure and ultimately lead to a structure that is 

more equipped to resist vibrations and dynamic loads. Composites that have lower 

fundamental frequencies may give indications of reduced/lower stiffness which can 

lead to resonance and fatigue failure under vibration. For this reason, the 

fundamental frequency is studied in this research and not other vibration modes.  

The addition of graphene nanoplatelets (GPLs) to the matrix of the composite as 

nano-reinforcement has gained popularity due to the enhanced properties and 

qualities of the resulting nanocomposite. Graphene is the name proposed in 1986 for 

an isolated sheet of carbon atoms occurring in a graphite compound in a 2-

dimensional arrangement. The term “Graphene” was then used to represent, a 

solitary, isolated layer of carbon hexagons which are formed via sp2-hybridized 

bonds [3]. 

In order to investigate important engineering issues such as vibration response, 

buckling, and ideal weight to cost ratio, the incorporation of GPLs in nanocomposite 
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laminated plates has been studied in [4] where results showed the optimized solution 

involves decreasing the fibre reinforcement and increasing the amount of graphene. 

Studies regarding optimization of graphene-reinforced nanocomposites are an 

important step in understanding their applicability in various industries due to small 

amounts of graphene increasing the strength and stiffness of composites [5]. 

This thesis proposes methods of enhancing the vibrational response generated by a 

nanocomposite laminated plate strengthened with graphene nano-reinforcement 

through optimization analysis and maximization via functionally graded distribution of 

reinforcement. The design of nano-reinforced composites can include an 

optimization scheme, which aims to use a minimal amount of reinforcement 

component materials to optimize the structure's natural frequency and prevent the 

occurrence of resonance [6]. Once the micromechanics equations have been used 

to determine the effective material properties, the optimal natural frequency can be 

calculated using finite element analysis and the shear deformation theory [7]. In this 

thesis the effective material properties are obtained using micromechanical 

equations to generate the properties of a graphene-reinforced matrix and thereafter 

applying the micromechanical equations again for the graphene and fibre reinforced 

matrix resulting in the 3-phase graphene/fibre reinforced composite. The optimization 

analysis involves the use of MATLAB coding to structure the Sequential Quadratic 

Programming Optimization algorithm. To explore the frequency response for a 

selected set of constraints and variables, a finite element code is proposed in 

MATLAB. The purpose of this study is to identify natural frequency values and the 

corresponding optimal design variables.  

The functionally graded model is developed to distribute the reinforcement, graphene 

and fibre, in each layer to a predetermined distribution pattern. The main concept of 

this approach is to determine the most appropriate distribution pattern that returns 

the maximum possible natural frequency for a set of given design variables. 

1.2 Motivation for the Research 

The industrial sector is advancing composite technology to meet demands of a more 

cost effective and sustainable solution which involves investigating methods to 

efficiently strengthen composite materials. Graphene is a strong filler material used 
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to enhance the matrix of composites and has a strong binding capability to the matrix 

[7]. Research relating to the use of graphene to replace carbon nanotubes (CNTs) as 

reinforcement in composites has been more evident each year due to the 

advantages of graphene compared to carbon nanotubes. Some of the main 

advantages of graphene over CNTs are the larger specific area and reduced twisting 

tendency which results in an easier dispersion in the matrix. Figure 1.1 shows the 

trend in the number of publications each year from 2004 to 2013 where an 

exponential increase in the research related to graphene is evident from year to year 

[8]. 

 

Figure 1.1: Number of research publications relating to graphene per year [6] 

In [9], a study was performed to investigate the change to the natural frequency 

when reinforcing the matrix with minor quantities of graphene. Data on this study 

proved that even a small addition of graphene into the matrix of a polymer composite 

beam, led to a noteworthy rise in the natural frequency. In addition, the most 

effective method in applying the graphene particles was to disperse them in the 

surface layers of the composite. Variables including the graphene weight fraction, 



 
geometry, arrangement pattern and total layer count, were examined in [10]. The 

findings corroborated the observation that adding graphene to the top and bottom 

layers of the composite increased the natural frequency.    

In addition to rectangular and skew plates analysed for optimum graphene and fibre 

volume content, stacking sequence and boundary condition investigating functionally 

graded distributions gives insight into further refinements for the design of a 

graphene/fibre reinforced nanocomposite laminated plate. Dongying Liu studied the 

effect of functionally graded distributions (Figure 1.2) in [11] which resulted in the 

Type FG-X distribution of graphene producing the largest natural frequency 

compared to the others. Figure 1.2 shows each distribution pattern type where the 

graphene content is different in the layers. The darker layers indicate more graphene 

content in that layer. The ‘UD’ pattern shows uniform amounts of graphene in each 

layer. The type ‘FG-X indicated larger GPL content in the outer layers and 

decreasing towards the inner layers. ‘FG-O’ indicates larger graphene content in the 

middle layers. ‘FG-V’ indicates larger graphene content in the upper layers of the 

laminate and decreasing towards the bottom layers. ‘FG-A’ is similar to ‘FG-V’ but 

reversed for more graphene content in the lower layers. As a result, a variety of 

graphene reinforcement distributions should be investigated, since the distribution 

pattern has been demonstrated to be a useful variable that may be employed to 

maximize and optimize the natural frequency. 

 

Figure 1.2: Functionally graded distribution patterns showing differing graphene 
content in the layers [9] 

In this thesis, the natural frequency is studied for graphene/fibre reinforced 

nanocomposite laminated plates where a finite element model and MATLAB codes 

are defined by micromechanical equations, first order shear deformation theory, 

variable constraints and an optimization scheme. The effects on the natural 

frequency of variables such as, GPL content, fibre type and content, fibre stacking 
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sequence, boundary conditions, aspect ratio and number of layers are investigated 

via MATLAB models and critically analysed to determine optimum distributions of 

reinforcement and structure conditions relating to the most efficient methods to 

improve the nanocomposites natural frequency. This study is then expanded when 

the rectangular plate geometry is modified to a 45° skew plate under cantilever 

boundary conditions relating to industry applications such as aeroplane wings 

(aircrafts) [12]. Furthermore, the study expands on 3-phase graphene/fibre 

reinforced nanocomposite plates to include the analysis of functionally graded 

distributions of reinforcement material culminating in a holistic analysis around the 

improvement of the natural frequency using finite element analysis. The data 

presents critical information regarding core design considerations when attempting to 

maximize on the frequency response of nanocomposite laminated plates for industry 

application. The data presented in this thesis can be further expanded to improve 

current nanocomposite applications in various sectors. 

 

The research contained in this document utilizes a gradient optimization algorithm 

which uses an iterative process to find a local minimum value of a function. This 

algorithm assisted in efficiently and effectively determining the optimal natural 

frequency for various cases. This is opposed to a global optimization algorithm that 

determines a point that minimized the function in totality.    
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1.3 Research Aims and Objectives 

The aim of this research is to develop a methodology to accurately investigate the 

natural frequency response for a 3-phase graphene/fibre reinforced nanocomposite 

laminated plate and critically analyse the vibrational response data collected.  

In order to achieve this, the following objectives are formulated: 

 Develop a numerical, finite element analysis model to accurately simulate the 

vibrational response of a graphene/fibre reinforced nanocomposite plate; 

 Compile data that represents the vibrational response of the composite under 

various constraints and variables; 

 Identify the constraints and variable conditions that resulted in optimized and 

maximum natural frequency responses. 

 Evaluate the contribution of graphene reinforcement on the vibration response 

 Contribute towards cost-effective design, with optimal distribution of fibre and 

graphene reinforcement 

 Evaluate and compare the response between rectangular and skew plates  

 Investigate the impact of different functionally graded distributions on the 

vibration response 

1.4 Contributions to Technical and Scientific Data 

Research on the optimization of the natural frequency is presented in Chapters 4 

and 5 and on the maximum natural frequency for functionally graded distributions in 

Chapter 6 by applying a finite element analysis framework.  

The data obtained from the analyses give insight into the benefits of graphene 

nanoparticles as nano-reinforcement with the focus on improving the apparent 

natural frequency of a nanocomposite laminated plate. This research adds value by 

highlighting critical information regarding the methods and constraints that lead to 

the most optimized and maximized natural frequencies that can be introduced in 

industry applications. The methods of analysis and formulations used agree with 

comparative data obtained from published articles which add value in terms of 

verification of the model and theories used. 
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In Chapter 4 a model is derived for a 3-phase graphene/fibre reinforced laminated 

composite with an optimization scheme to accurately determine the impact of 

multiple variables on the natural frequency. In this chapter details regarding optimal 

placements of reinforcement material and superior material types are analysed and 

discussed. The research adds value by presenting data for superior reinforcement 

schemes and the design efficiency rating of each simulation thereby highlighting the 

most effective and efficient design and providing information regarding diminishing 

returns in the natural frequency as the amount of reinforcement is increased. 

In Chapter 5 the previous model is expanded to add valuable insight into optimal 

vibration response of cantilever skew plates. Beneficial information is derived when 

comparisons are presented for rectangular composites vs. skew composites in terms 

of the effect of adding skew geometric properties to plates where rectangular plates 

are no longer feasible. Important information is presented regarding the shift in the 

magnitude of the natural frequency when the number of variable applied in one 

instance is increased from one to four. 

In Chapter 6, data pertaining to the use of functionally graded reinforcement 

distributions were derived from a finite element analysis model. Valuable information 

is presented in terms of the effectiveness of functionally graded reinforcement 

distributions vs. uniform distributions. This research added value by verifying the 

distribution with the most potential in terms of natural frequency maximization with 

previous studied which investigated similar distribution patterns. 

Overall this thesis contributes to the scientific field by proposing a methodology to 

evaluate and optimize the mechanical (vibration) response of nanocomposite 

laminates, adopting a hybrid reinforcement consisting of graphene nanoplatelets and 

conventional glass or carbon fibres, within finite element analysis. The proposed 

model has been verified against various results from other studies to ensure 

accurate and acceptable output data. This model can be adopted in further 

research/studies to expand the analysis into graphene nanoplatelets (GPLs) and 

fibre reinforcement. New theories, distribution patterns, experiments and materials 

can be simulated using this model to enhance the output of the experiment. The 

study also contributes in vibrational response analysis, highlighting optimal 

reinforcement distributions.  
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This research introduces an optimisation scheme for a 3-phase material which is not 

extensively studied in literature thereby providing a new concept that can be 

incorporated in future research to aid in optimizing structures and determining what 

variables are worth further research with regards to reinforcement and performance 

of nanocomposite structures.  

A design efficiency factor was defined in this research to be the ratio of the 

fundamental frequency of the optimally designed laminate and the reference 

frequency, which is the frequency that corresponds to a laminate with uniformly 

distributed graphene and fibres across the thickness of the laminate, in order to 

verify the effectiveness of the reinforcements proposed throughout the analysis.  
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1.5 Research Scope and Limitations 

The scope of this study is limited to the vibrational analysis of nanoreinforced 

composite laminated plates using graphene nano-platelets and glass/carbon fibres. 

This research extends to optimization of the natural frequency of rectangular and 

skew plates with uniform distributions of reinforcement throughout each layer of the 

laminate as well as a maximum natural frequency analysis involving functionally 

graded distributions of reinforcement in each layer for rectangular plates.  

The computer resources available to perform increasingly intricate and sophisticated 

combinations place limitations on the study's scope. This is because higher number 

of variables, increased mesh density or higher layer number results in increased 

computational cost for the finite element analysis simulations implemented in 

MATLAB software. Getting more potent computer resources to shorten analysis 

times and boost processing capacity to handle more intricate design scenarios is one 

way to solve this for future study.  

 

Data pertaining to physical testing on the 3-phase laminate are not attainable due to 

the cost of the material constituents and composite fabrication. Testing on real 3-

phase laminated composites would yield useful information for future studies, which 

could be utilized to verify models and to validate the employed analysis techniques. 

 

Because the research is being done on a part-time basis, every effort has been 

made to increase its breadth by conducting as many simulations and studies as 

possible while adhering to deadlines and milestones for the thesis submission. On 

the basis of the current study, future research can diversify the testing and enhance 

the usefulness of the research data already available.  
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1.6 Structure of the Thesis 

The thesis consists of 6 chapters of which, two are published articles and one is an 

article submitted for publication. All articles are presented in their original form. The 

content of each chapter is provided below: 

Chapter 1 an overall introduction and motivation to the presented research. 

Chapter 2 literature review based on effective material properties and the 

vibrational response of graphene/fibre reinforced composite plates. 

Chapter 3 methodology of the thesis 

Chapter 4 introduces the optimization of the natural frequency for graphene/fibre 

reinforced composite rectangular plates (published article 1). 

Chapter 5 introduces the optimization of graphene/fibre reinforced cantilever 

skew laminates with non-uniform distribution of reinforcements 

(published article 2). 

Chapter 6 presents the investigation into the maximization of the fundamental 

frequency of functionally graded graphene-reinforced rectangular 

composite plates (article submitted for publication). 

Chapter 7 provides a summary of the key findings and conclusions for the 

research. Possible future expansion and recommendations are 

described.  
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Chapter 2: Literature Review 
 

Various industry use nanocomposite laminates because of their exceptional 

mechanical properties and wide range of applications. According to several 

publications [1-4], the idea of improving conventional composite structures by using 

cutting-edge materials with better mechanical properties has become widely 

accepted and has seen increased implementation and application in recent years. In 

order to further improve the structural response of composite materials, reinforced 

nanocomposite laminates are created by reinforcing them with nano-materials that 

have improved properties [5]. The mechanical properties of these composite 

materials, such as natural frequency, chemical resistance, electrical conductivity and 

thermal stability, can all be greatly improved by introducing nanoparticles while 

retaining the advantageous aspects of the base material, such as low density and 

high processing ability [6]. As a result, nanocomposites have found widespread use 

in the engineering sector for a variety of applications, such as gas pipelines, cars, 

aircraft, and electromagnetic shielding [7]. In [8], G.A. Drosopoulos and G.E. 

Stavroulakis detail several numerical methods to study composite materials 

emphasizing in their non-linear response and highlighting the complexity and 

challenges to evaluate their behaviour.  

Non-uniform fibre distribution can be used to strategically increase design efficiency 

and lower the weight of the composite, as shown in [9–11]. In [12, 13], the Halpin-

Tsai model and the rule of mixtures applied to determine the composite’s effective 

material properties. Micromechanical equations were used in [14] to determine the 

resultant properties of a 2-phase fibre reinforced composite. A design which 

incorporated the design for reduced composite weight for a CNT/fibre reinforced 

composite was investigated in [15] to determine the most efficient reinforcement 

scheme for optimal weight design. It was determined that the distribution of the CNT 

reinforcement in the surface layers was the most optimal reinforcement distribution 

to minimize the weight. In [16, 17, 18-22] optimal design to produce the maximum 

fundamental frequency is studied for hybrid composite laminates. 2-phase composite 

analysis to improve the fundamental frequency of CNT and glass fibre composites 

was studied in [23]. Radebe et al. determined that the effect on the frequencies by 

adding more fibre reinforcement in the outermost layers depends of factors such as 
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the orientation of fibres and aspect ratio [24]. In [25-27], investigations showing the 

effects of CNTs on the fundamental frequency of composites are presented. In a 

study conducted by Sinha et al., increasing the total layer count in the composite 

improved the fundamental frequencies [28]. Similar results are seen in [29, 30]. 

Infusing the matrix of the composite with graphene nanoparticles as an 

enhancement material has been gaining positive attention and has been the topic of 

many research papers such as [31-33]. The term “graphene” represents a 

honeycomb arrangement of sp2 hybridized carbon atoms and has been identified as 

an exceptional strengthening material. Graphene displays some noteworthy 

mechanical characteristics including 1 TPa Young’s Modulus and electrical/thermal 

properties similar to that of copper [34]. Other beneficial characteristics of graphene 

are good electrical conductivity, light weight, mechanical toughness and large 

surface to volume ratio resulting in an excellent bonding interface [35, 36]. [37] 

shows the geometric arrangement of graphene platelets has a significant effect on 

the design of nanocomposite curved beams.  

It is evident that graphene nanoreinforcement can be significant in strengthening a 

structure, as demonstrated in [38], where the addition of 0.54% exfoliated graphene 

by volume increased the structure’s tensile strength by 10% and the elastic modulus 

by 25% when compared to unreinforced resin. Patra et al. tested the effect of adding 

GPLs to a composite in [39] where it was discovered that the mechanical strength 

was enhanced and smaller sized GPLs improve the dispersion compared to larger 

particles. Yoa et al. investigated the benefits of using GPLs enhanced woven carbon 

fibre/epoxy composites to improve the gas barrier and mechanical properties in the 

oil and gas industry in [40]. The tensile, flexural and gas permeability properties 

significantly improved with increased GPLs. In [41] graphene was seen to improve 

the buckling load when used as reinforcement in composites with woven fibres to 

form a hybrid laminate composite. In [42], a free vibration analysis is presented for 

functionally graded composite laminates reinforced with graphene. The results of the 

study indicated that the key factors for vibrational response were the graphene 

nanoplatelet volume content and boundary condition, followed by the reinforcement 

pattern and thickness ratio. 
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In [43] it was demonstrated that adding CNTs–GPL hybrids to pristine epoxy 

significantly improved both the mechanical properties and the effectiveness of load 

transfer. In [44], the biaxial buckling of 3-phase angle-ply laminates reinforced with 

carbon/glass fibre and graphene is examined. It was found that high fibre content 

lessens the graphene reinforcement matrix's contribution and that a thicker surface 

layer or increased thickness ratio (ratio of surface thickness to overall thickness) 

increased the buckling loads. Improved transfer of loads from the matrix to the 

reinforcement in graphene nanoplatelets (GPLs) is due to the large surface area of 

the particles and is one of the primary reasons for graphene's high capacity for 

reinforcement [45,46]. According to Guo et al. in [47], graphene-reinforced 

composites produced much larger natural frequencies than carbon nanotube-

reinforced composites. The GPL distribution and boundary condition can also have a 

significant impact on the composite's natural frequency. According to research 

published in [48], natural frequencies for graphene/fibre reinforced hybrid polymer 

composites improved as graphene volume fraction increased. Additionally, natural 

frequency increased more under clamped conditions than under simply supported 

conditions.  

Significant vibration actions frequently affect lightweight structures. Consequently, it 

is becoming more crucial to look into the best performance in order to avoid 

resonance through methods such as optimization [49]. Resonance is less likely to 

occur when the structure's natural frequency is significantly increased by an 

optimization scheme. In [50] Tam et al. utilized finite element analysis to study the 

vibration and buckling properties of GPL reinforced composite beams with 

functionally graded distributions. A range of techniques for enhancing the natural 

frequencies of nanocomposite plates have been demonstrated by numerous studies. 

[51] examined the natural frequencies of skew laminates that had stiffeners which 

increased the frequencies as the skew angle increased, according to the results. In 

[52] by Magdy et al., a discussion on the vibration analysis in composite wing design 

is discussed. It was highlighted that controlling and improving the dynamic response 

of structural elements in aero-elastic analysis can be done by altering the stacking 

sequence and ply orientation of fibres. Kalusuramanet al. compiled a study on the 

vibration response on fibre reinforced composites in [53]. A conclusion of the study 

was the importance of the fibre orientation and fibre stacking sequence in obtaining 
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the natural frequency of the composite. [54] studied the vibration analysis of a 

composite concrete/ glass fibre reinforced slab under human activities.  In the study 

it was determined that in spite of the slabs good performance under static loading 

the dynamic behaviour of the slab must be considered in the slab design due to the 

flexibility component and slenderness of the slab.  

Georgantzinos et al. investigated fibre-reinforced hybrid polymer composites where 

results confirmed a superior natural frequency for every mode when graphene was 

added to the composite matrix. Additionally, it was evident that graphene 

reinforcement increased the natural frequency for clamped boundaries than simply 

supported and the composite’s mechanical characteristics were improved [55]. In 

[56] a study was done, in a thermal environment, on the vibrational analysis of GPL-

reinforced composite plates. The results showed that the natural frequency was 

improved when graphene was introduced regardless of the dispersion pattern. 

Additionally, as the length-to-thickness ratio increases, so do the natural frequencies; 

the highest natural frequency is the product of greater distributions at the outermost 

layers and less reinforcement at the innermost layer of the plate. 

The effects of adding graphene into a composite reinforced beam is studied in [57]. 

In the study, when the weight fraction of graphene was raised from 0% to 1%, the 

natural frequency of the beam increased by 170% and the beam's stiffness 

increased significantly, leading to a superior bending performance. The vibration 

analysis of a porous composite plate reinforced with graphene was investigated by 

Pan et al. in [58]. The findings indicated that twelve layers in the laminate was the 

ideal number, and that decreasing free vibration frequency was caused by a higher 

porosity levels in the plate. Based on the research in [59], it is possible to increase 

the natural frequency more effectively by increasing the quantity of square-shaped 

GPLs to the composite’s top and bottom layers. In [60] a layerwise optimization 

approach was adopted in terms of stacking sequence where it was found that the 

layerwise approach yielded increased frequencies as compared to the reference 

frequencies.  

Rout et al. investigated the thermo elastic free vibration of graphene-reinforced 

composite shells. The fundamental frequency increased when the aspect ratio 

increased and when the shell thickness decreased [61]. A fibre-reinforced 
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composite's fundamental frequency and central deflection were greatly increased by 

adding minimal amounts of graphene [62]. Studies on the advantages of graphene 

and fibre-reinforced composites can be found in [63–67], where the findings show 

that adding graphene to carbon-reinforced composites enhances the composite's 

overall properties. The fundamental frequency observed for clamped conditions is 

superior to that of cantilever conditions for composites with cut-outs seen in [68]. The 

fundamental frequency data obtained in [69] shows that higher frequencies are 

produced for anti-symmetric fibre orientation than for the symmetric one.  

Research on the optimal vibration response has also been conducted for skew 

plates. In [70] the fundamental frequency was maximized for anti-symmetric and 

symmetric skew composite laminates by determining the optimal stacking sequence. 

Kiyani et al. computed the characteristics of a skew composite plate reinforced with 

CNTs using the modified rule of mixtures. The results showed an increase in the 

frequency value for increasing CNT volume content [71]. Studies relating to 

improving frequencies of CNT reinforced skew plates can be seen in [72-74].  The 

fundamental frequency improved when increasing the aspect ratio, skew angle and 

width-to-thickness ratio in skew isotropic plates in [75]. A study on the free vibration 

of laminated skew plates revealed that the frequency increased with an increase in 

the skew angle of the plate [76]. Similar results indicating an improved fundamental 

frequency for increasing skew angle is observed in [77]. In [78] Topal et al. applied 

the first order shear deformation theory to analyse the frequency optimization of 

laminated skew plates. Frequency optimization of skew composite laminates to 

maximize fundamental frequency was investigated via metaheuristic algorithms such 

as Genetic algorithms and particle swarm optimization in [79].  The study conducted 

in [80] examined the impact of several boundary conditions, plate geometries, 

graphene arrangement and weight content, and number of layers on the frequencies 

of a skew plate on point supports. 

Amongst the research on graphene reinforcement of composite plates, studies have 

been extended to reinforcement over the thickness of the laminated layers to 

enhance the efficiency of the design as seen in [81, 82]. Functionally graded 

graphene or CNT reinforcement has recently been a developing approach, aiming to 

propose optimal distribution patterns of the reinforcement based on pre-defined 
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distributions, resulting in improved mechanical performance [83]. Different equations 

have been used in literature, to represent various nanoreinforcement distributions 

throughout the thickness direction and the surface of the composite. 

In their study of functionally graded (FG) carbon nanotubes, Liew et al. noted that 

functionally graded CNT structures were typically investigated using methods such 

as analytical, semi-analytical, FEM, mesh-free, and differential quadrature method 

[84]. It was clear from [85] that the dynamic behaviour of FG graphene-reinforced 

composites can be modified by altering the GPL dispersion pattern. Babaei et al. 

studied the vibrational behaviour of thermally pre/post-buckled functionally graded 

CNT beams for an FG-O, UD (uniform distribution) and FG-X where the results 

showed that the frequency output was maximized and minimized for FG-X and FG-O 

distribution patterns respectively [86]. The same result can be seen in [87] where 

frequency was maximum for FG-X and minimum for FG-O distribution patterns. 

Shen et al. studied the vibration of thermally post buckled functionally graded 

graphene-reinforced composite plates using the Halpin-Tsai model to determine the 

anisotropic and temperature-dependent material properties. It was found that the 

fundamental frequency of a FG graphene-reinforced composite is significantly 

influenced by the width-to-thickness ratio of the plate [88]. Shahrjerdi et al. [89] 

examined temperature dependant functionally graded graphene-reinforced 

nanocomposite beams. The FG-X Type produced the largest natural frequencies in 

all analyses, but the FG-Diamond type, uniform, FG-A type, and FG-X type 

distributions all showed an increase in natural frequency with increasing graphene 

weight percentage. The vibration of stiffened composite cylindrical panels 

incorporating functionally graded graphene-reinforced with FG-X, FG-A, UD and FG-

O distribution types was examined by Zhou et al. [90]. The highest and lowest 

natural frequencies were related to FG-X and UD, respectively. According to the 

study, FG-X frequencies increased more when the weight fraction of GPLs was 

increased than when other distributions were taken into account [90]. 

Micromechanical models were used in [91] to produce the effective material 

properties for functionally graded graphene-reinforced polymer composites to 

effectively analyse the vibrations of the composite. The results of the analysis 

showed FG-X to produce larger natural frequencies followed by UD and lastly by FG-
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O distribution. The non-linear vibration of functionally graded graphene-reinforced 

conical shells is presented in [92]. Similar to earlier research, the FG-X distribution 

was found to cause an increase in the system's stiffness. It was also found that the 

free vibration conical shell was significantly impacted by the GPL weight content and 

distribution, length-to-radius and radius-to-thickness ratio. A vibration analysis on FG 

graphene-oxide reinforced composite beams is studied in [93]. Results showed 

higher structural stiffness when the graphene oxide was dispersed near the top and 

bottom of the beam. 

In [94] it was found that the GPL size and weight fraction can increase the natural 

frequencies for a FG graphene-reinforced composite. Non-linear vibration is 

examined in [95] for FG graphene-reinforced porous plates. It was discovered that 

while porosity distribution and GPL dispersion patterns can both have an impact on 

non-linear vibrations, the GPL dispersion pattern has a noticeably greater effect. 

Qaderi et al. investigated the vibration response of graphene-reinforced polymer 

composite plates. The natural frequency increases as the ratio of plate thickness to 

length increases, according to the results [96]. According to Wang et al.'s 

investigation into the static response of functionally graded graphene-reinforced 

plates in [97], the distribution and concentration of GPL are two factors that affect the 

bending behaviour of the GPL-reinforced plates. Kitipornchai et al. came to the 

conclusion that the boundary condition and slenderness ratio had minimal bearing on 

the percentage increase in the critically buckling load and fundamental frequency, 

with the exception of scenarios in which GPLs are asymmetrically distributed [98]. 

Functionally graded graphene-reinforced composites were also studied in [99-102]. 

Attempts were made to find articles relating to the experimental investigation into the 

vibration analysis of graphene/fibre reinforced nanocomposite plates but no paper 

was found with direct relation to the analysis contained in this thesis. This being said, 

future investigation into the experimental analysis of the research in this thesis can 

be done to further develop the analyses and provide crucial data to the field of this 

research.  

 

A paper [103] was found relating to an experimental analysis of the free vibration of 

graphene reinforced laminated composite plates using experimental modal testing.  
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The analysis done in this article is close in similarity to that presented in this thesis 

baring some characteristic differences in the composite plate geometry. In the study 

a carbon fibre graphene-reinforced hybrid polymer plate, a graphene-reinforced 

polymer plate and a carbon fibre-reinforced polymer plate were examined. The 

properties of the composite are determined using the Halpin-Tsai model and the 

analysis done via finite element analysis for the theoretical investigation section. For 

the experimental testing, the impact hammer modal testing method is used to 

determine the plate’s vibration reactions. In the experimental testing, three plates 

with two end conditions, clamped – free – clamped – free (CFCF) and simply 

supported – free – simply supported – free (SFSF) are tested. The characteristics of 

the carbon fibre graphene-reinforced plate are length equal to 250mm, width equal to 

250 mm and thickness equal to 3mm. The plate is an eight-layered laminated 

composite with fibre angle [0/45/-45/90/90/-45/45/0]. The experiment, relative to the 

first eigenmode, showed for the SFSF plate a frequency of 87.5 Hz (experimental) 

and 97.4 Hz (via ANSYS analysis). This resulted in an 11.31% difference in the 

theoretically calculated frequency vs. the experimentally produced frequency. In 

terms of the CFCF boundary condition plate, a frequency of 322 Hz (experimental) 

and 332 Hz (via ANSYS analysis) was determined. This resulted in a 3.11% 

difference between the experimental and theoretically calculated data. CFCF was 

seen to produce higher natural frequencies than SFSF condition as the clamped 

condition results in larger stiffness than simply supported.  

This result is a good comparison between experimental and theoretical methods that 

relate closely to that used in this thesis and ultimately show agreement between the 

experimental and theoretical data outputs.  Though not directly comparable to this 

thesis the method used to calculate the data contained in this thesis are similar to 

that in the study which delivered good results.  
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Chapter 3: Methodology 

 

In Section 3.1 the proposed finite element analysis model is presented to accurately 

determine the free vibration of laminated composite plates. The effective material 

properties of the laminate for uniformly distributed and functionally graded 

reinforcement patterns are found using the micromechanics equations presented in 

Section 3.2. Section 3.3 illustrates the optimization scheme applied to the 

rectangular and skew composite plate. 

3.1 Theoretical formulation using finite element analysis for the composite 

laminate and vibration response 

For rectangular plates, Figure 3.1 shows the geometry profile implemented in the 

vibration analysis where 𝑎 represents the length, 𝑏 the width and ℎ the thickness of 

the composite. The composite plates are formed by a combination of 𝑁 number of 

layers with uniform thickness with 𝜃𝑘 representing the angle of the fibres in relation to 

the x-axis. The orientation of the plate is chosen so that the z-axis, which defines the 

direction of the plate thickness, is perpendicular to the midplane and the xy-plane is 

set to intersect the midplane. The kth layer is situated between 𝑧 = 𝑧௞ and 𝑧 = 𝑧௞ିଵ in 

the thickness direction. The composite is 3-phase due to graphene reinforcement 

dispersed in the matrix of the composite and fibre reinforcement introduced as 

traditional reinforcement. Each layer of the composite consists of the graphene/fibre 

reinforcement. 

 

Figure 3.1: Laminated plate geometry [1] 



 
3.1.1 Definition of Skew Plate Geometry  

The geometry of the skew plate defined in the analysis is illustrated in Figure 3.2 

where 𝑎, 𝑏, and 𝐷 represent the plate's length, width, and thickness, respectively. 

The cantilever support condition is defined by implementing a clamped boundary 

condition on one edge of the plate with a length equal to 𝑏 (Figure 3.2). The 

boundary conditions for the final three edges are free. The laminate is made up of 𝑁 

layers, with 𝜃𝑘 denoting the angle between the principal material direction and the 

coordinate 𝑥 of the 𝑘th lamina. As seen in Figure 3.2, the laminate is defined so that 

the mid-plane coincides with the 𝑥𝑦 plane with 𝛼 representing the skew angle of the 

laminate with respect to the 𝑦 axis. In the thickness direction, the coordinates of the 

bottom and top of the 𝑘th layer are written as 𝑧 = 𝑧𝑘 and 𝑧 = 𝑧𝑘+1, respectively. 

Isoparametric elements, which are able to simulate arbitrary geometries, are applied 

due to the global axes and element edges not being parallel as seen in Figure 3.3. 

Then, four-noded isoparametric quadrilateral elements with each node having five 

degrees of freedom are used to represent the skew plate. The geometry of the plate 

has been selected for rectangular and skew plate arrangements which have been 

used extensively in different civil and aerospace engineering applications. 

 

Figure 3.2: Laminated skew plate geometry [1] 

a 



 

 

Figure 3.3: Transformation of Global Cartesian coordinates to Local Natural 
coordinates 

 

3.1.2 Stresses, strains and mechanical displacement theory 

To accurately ascertain the displacements of any point on the plate, the composite 

laminate was analysed using the first order shear deformation theory (FSDT). The 

following equations set the displacement field for the basis of the FSDT [1]: 

 

𝑢ଵ (𝑥, 𝑦, 𝑧, 𝑡) = 𝑢(𝑥, 𝑦, 𝑡) + 𝑧𝜑௫(𝑥, 𝑦, 𝑡),  (1a) 

𝑢ଶ (𝑥, 𝑦, 𝑧, 𝑡) = 𝑣(𝑥, 𝑦, 𝑡) + 𝑧𝜑௬(𝑥, 𝑦, 𝑡), (1b) 

𝑢ଷ (𝑥, 𝑦, 𝑧, 𝑡) = 𝑤(𝑥, 𝑦, 𝑡) (1c) 

                                     

The theory is defined by the displacements (u1, u2, u3) along the (x, y, z) coordinates  

and at any point of the plate. The constituent variables required to produce the 

displacement data are:  

 (u, v, w) – point displacement relative to the x, y and z-axis on the laminate’s 

mid-plane; and 

  𝜑௫ and 𝜑௬ represent the normal rotations of a point located on the midplane 

of the laminate about the x and y-axes, respectively.  

 

A linear elastic strain-displacement relation is applied on the basis of the plate not 

being subject to plastic behaviour such as damage, large or permanent deformation. 

The following linear elastic strain-displacement relations are used in conjunction with 

the bending strain ( 𝜀௕) and the shear strain ( 𝜀௦): 



 

  36 

 

{𝜀௕} = {𝜀଴௕} + 𝑧{к},        {𝜀௦} = {𝜀଴௦}    (2) 

    
 

These equations can further be defined as: 

 

{𝜀௕} = ൛𝜀௫௫, 𝜀௬௬, 𝛾௫௬ൟ
்

 , {𝜀௦} = {𝛾௬௭, 𝛾௫௭}் ,     {𝜀଴௕} = ൜
డೠ

డೣ
,

డೡ

డ೤
,

డೠ

డ೤
+

డೡ

డೣ
ൠ

்

                          
(3a)

 

 

{к} = ቄ−
డఝೣ

డ௫
, −

డఝ೤

డ௬
, − ቀ

డఝೣ

డ௬
+

డఝ೤

డ௫
ቁቅ

்

,     {𝜀଴௦} = ቄ
డ௪

డ௬
− 𝜑௬ ,

డ௪

డ௫
− 𝜑௫ቅ

்

                       
(3b)

 
 

 
 

3.1.3 Equations to define the composite lamina 

The following formulas provide the kth lamina in-plane stress state for a composite 

plate made of an orthotropic material with elastic symmetry parallel to the x-y plane:  

 

{𝜎}௞ = [𝑄]௞{𝜀}      (4) 

  
   

 

Eq. (4) is defined by: 

    - the stress tensor;  

  Q  - the plane-stress reduced elastic stiffness matrix; and  

    - the strain tensor. 

 

The equation can then be expressed in terms of the bending {𝜎௕} and shear {𝜎௦}  

related variables: 

{𝜎௕} = [𝑄௕]{𝜀௕},    {𝜎௦} = [𝑄௦]{𝜀௦}    (5) 

 

Where  {𝜎௕} = {𝜎ଵ, 𝜎ଶ, 𝜎଺}் , {𝜎௦} = {𝜎ସ, 𝜎ହ}் and 

 

[𝑄௕]௞ = ൦

 𝑄ଵଵ
(௞)  𝑄ଵଶ

(௞)  𝑄ଵ଺
(௞)

 𝑄ଶଵ
(௞)  𝑄ଶଶ

(௞)  𝑄ଶ଺
(௞)

 𝑄଺ଵ
(௞)  𝑄଺ଶ

(௞)  𝑄଺଺
(௞)

൪       [𝑄௦]௞ = ቈ
 𝑄ସସ

(௞)  𝑄ସହ
(௞)

 𝑄ହସ
(௞)  𝑄ହହ

(௞)
቉              (6) 
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Due to symmetry:  𝑄଺ଵ
(௞) = 𝑄ଵ଺

(௞) = 0,  𝑄ଵଶ
(௞) = 𝑄ଶଵ

(௞),  𝑄ଶ଺
(௞) =  𝑄଺ଶ

(௞) = 0 and  𝑄ହସ
(௞) 

= 𝑄ସହ
(௞) = 0  

The plane stress reduced stiffnesses of the kth lamina,  k
ijQ ,  in its material coordinate 

system   1 2 3, ,x x x , used to form Eq. (6) is given by [21].  

  

𝑄11
(𝑘) =

𝐸1
(𝑘)

(1−𝑣12
(𝑘)𝑣21

(𝑘))
, 𝑄12

(𝑘) =
𝑣12

(𝑘)𝐸2
(𝑘)

(1−𝑣12
(𝑘)𝑣21

(𝑘))
,   𝑄22

(𝑘) =
𝐸2

(𝑘)

(1−𝑣12
(𝑘)𝑣21

(𝑘))
,    (7) 

  𝑄଺଺
(௞) = 𝐺ଵଶ

(௞), 𝑄ସସ
(௞) = 𝐺ଶଷ

(௞), 𝑄ହହ
(௞) = 𝐺ଵଷ

(௞) 

  

The kth layer properties are defined by: 

  
1
kE and  

2
kE  representing the effective longitudinal and transverse moduli of 

elasticity; 

  
12
kν and  

21
kν   representing the effective Poisson’s ratios; and 

  
12
kG ,  

23
kG and  

13
kG are the effective shear moduli of the kth layer. 

Eq. (8) is produced when the reduced stiffness  k
ijQ  of the kth lamina is transformed 

to  k
ijQ  in the coordinate system  , ,x y z : 

ൣ𝑄൧
(௞)

= ([𝑇]்[𝑄][𝑇])(௞)    (8)     

where  T  represents a transformation matrix with θ(k) defined as the fibre angle of 

the kth lamina [1]. 

 

3.1.4 Modelling the composite laminate with Finite Element theory 

To illustrate the composite's structural response, a four-noded isoparametric 

quadrilateral Lagrangian element with five degrees of freedom (DoF) is used to 

model the laminated plate [1]. 

 

Eq (9) represents the generalized displacement vector: 

 

{𝑢(𝑥, 𝑦, 𝑡)} ≡ ൛𝑢, 𝑣, 𝑤, 𝜑௫ , 𝜑௬ൟ
்

= [𝑁௨]{𝑑}௘ = ∑ ቀ𝑁௝[𝐼]ହ௫ହ൛𝑑௝ൟ
௘

ቁସ
௝ୀଵ   (9) 

 

൛𝑑௝ൟ
௘

= ൛𝑢௝ , 𝑣௝ , 𝑤௝, 𝜑௫௝, 𝜑௬௝ൟ
்
 and the shape function, 𝑁௝, correspond to the jth node of 

the element. 
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Eq. (10) is formed when Eq. (9) is substituted into Eq. (2)  

{𝜀(𝑥, 𝑦, 𝑡)} = [𝐵]{𝑑}௘ = ∑ ቀ[𝐵௝]൛𝑑௝ൟ
௘

ቁସ
௝ୀଵ     (10) 

or equivalently 

{𝜀} = ቐ

{𝜀௕଴

{к}
{𝜀௦଴}

ቑ = ቎

[𝐵௕]

[𝐵௞]
[𝐵௦]

቏ {𝑑}௘ = ∑ ቌ቎

[𝐵௕]௝

[𝐵௞]௝

[𝐵௦]௝

቏ ൛𝑑௝ൟ
௘

ቍସ
௝ୀଵ    (11) 

where  

 
0 0 0 0

0 0 0 0

0 0 0

x

b y jj

y x

B N

 
   
   

,      
0 0 0 0

0 0 0 0

0 0 0

x

k y jj

y x

B N

 
   
   

,     
0 0 1 0

0 0 0 1
x

s jj
y

B N
  

    
  

and 

 
x x

  
, y y

   . 

 

3.1.5 Calculation of the strain energy 

The energy stored in a body due to its deformation is called the strain energy. The 

strain energy of the graphene-reinforced composite plate element is: 

 

𝑈 =
1

2
න൫{𝜀௕଴}்ൣ𝑄௕൧{𝜀௕଴} + {𝜀௕଴}்𝑧[𝑄௕{𝑘} + {𝑘}்𝑧ൣ𝑄௕൧{𝜀௕଴} + {𝑘}்𝑧ଶൣ𝑄௕൧{𝑘}

௏೐

+ {𝜀௦଴}்[𝑄௦]{𝜀௦଴}൯𝑑𝑉 

=
ଵ

ଶ
∫ ቐ

{𝜀௕଴}
{𝑘}

{𝜀௦଴}
ቑ

்

൦

[𝑄௕] 𝑧[𝑄௕] 0

𝑧[𝑄௕] 𝑧ଶ[𝑄௕] 0

0 0 [𝑄௦]

൪ ቐ

{𝜀௕଴}
{𝑘}

{𝜀௦଴}
ቑ 𝑑𝑉 =

ଵ

ଶ
∫ {𝜀}்[𝐷(𝑧)]{𝜀}𝑑𝑉

௏௏
                   (12)

 

                  

 

where the element volume is represented by V . U can be written in terms of   0 b , 

   and  0 s  
by substituting them into the above equation: 

 

𝑈 =
ଵ

ଶ
{𝑑}௘

்[𝐾]௘{𝑑}௘       (13) 

          

where 
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[𝐾]௘ = ∑ ቂ∫ [𝐵}்[𝐷(𝑧)]௞[𝐵]𝑑𝑉௞௏ೖ
ቃே

௞ୀଵ                    (14) 

 

kV  and N represent the volume of the kth layer and the number of lamina 

respectively. 

 

3.1.6 Derivation of the Kinetic energy equation 

To determine the kinetic energy of the graphene-reinforced composite plate the 

following equation is applied: 

𝑇 =
ଵ

ଶ
∑ ቀ∫ 𝜌௞ൣ{𝑢ଵ}̇ ଶ + {𝑢ଶ}̇ ଶ + {𝑢ଷ̇}ଶ൧𝑑𝑉௞௏ೖ

ቁே
௞ୀଵ ,    (15) 

 

Eq. (15) is a function of the density of the kth layer ( k ). Eq. (1a-c) can be substituted 

into the kinetic energy equation, to represent the equation as a function of the 

element displacements:  

    

𝑇 =
1

2
෍ ቌ න 𝜌௞ൣ𝑢̇ଶ + 2𝑧𝑢̇𝜑௫ + 𝑣̇ଶ̇ + 2𝑧𝑣̇𝜑௬̇ + 𝑤̇ଶ + 𝑧ଶ𝜑̇ଶ + 𝑧ଶ𝜑̇௬

ଶ൧𝑑𝑉௞

௏ೖ

ቍ

ே

௞ୀଵ
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2
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⎨

⎪
⎧

𝑢
𝑣
𝑤
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⎪
⎫

𝑇

𝜌௞

⎣
⎢
⎢
⎢
⎡

1 0 0 −𝑧 0
0 1 0 0 −𝑧
0 0 1 0 0

−𝑧 0 0 𝑧ଶ  0
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⎥
⎥
⎥
⎤

⎩
⎪
⎨

⎪
⎧

𝑢
𝑣
𝑤
𝜑𝑥
𝜑𝑦⎭

⎪
⎬

⎪
⎫

𝑑𝑉𝑘 =  ∑
1

2
∫ ቄ𝑢̇ቅ

𝑇
[𝐼(𝑧)]௞{𝑢̇}𝑑𝑉௞  

𝑉𝑘

𝑁
𝑘=1  

𝑉𝑘

𝑁
𝑘=1    (16) 

 

Substituting Eq. (9), the generalized displacement vector, in the above relation gives 

the equation: 

𝑇 =
ଵ

ଶ
{𝑑̇}்[𝑀]{𝑑̇}             (17) 

      

where 

[𝑀]௘ = ∫ ∑ ∫ [𝑁]்௭ೖ

௭ೖషభ
[𝐼(𝑧)]௞[𝑁]𝑑𝑧𝑑𝐴ே

௞ୀଵ஺೐
                  (18) 
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In Eq. (18), eA  represents the area of the element and the top and bottom surface of 

the kth layer are represented by z-coordinates, 1kz   and kz . 

 

3.1.7 Calculation of mechanical force induced work done  

The mechanical force induced work done is calculated using Eq. (19): 

𝑊 = {𝑢}்{𝑓௖} + න{𝑢}்൛𝑓௦
(௜)

ൟ𝑑𝑆 + න{𝑢}்

௏

{𝑓௩}𝑑𝑉

ௌభ

 

   

     = {𝑑}௘
்

[𝑁]்{𝑓௖} + {𝑑}௘
்

∫ [𝑁]்
ௌభ

൛𝑓௦
(௜)

ൟ𝑑𝑆 + {𝑑}௘
்

∫ [𝑁]்
௏

{𝑓௩}𝑑𝑉 ≡ {𝑑}௘
்{𝐹௠}௘     (19) 

         

In Eq. (19),  cf  represents the concentrated force vector,  sf  represents the 

surface force vector and  vf  represents the volume force vector. The mechanical 

forces are applied to the surface area, S1 and the symbol {Fm}e represents the 

applied element mechanical forces.  

 

3.1.8 Governing equation of the eigenvalue problem  

Hamilton's principle is used to describe the governing equation for the graphene-

reinforced composite with mechanical loading in Eq. (20): 

  

∫ (𝛿𝑇 − 𝛿𝑈 + 𝛿𝑊)
𝑇

0
𝑑𝑡 = 0             (20) 

 

To express the global form of the final governing equation, values for U, T and W are 

substituted into Eq. (20). The expression for the global form is then: 

  

[𝑀]൛𝑑̇ൟ + [𝐾]{𝑑} = {𝐹௠}             (21) 

where the global mass matrix, global linear stiffness matrix , global displacement 

matrix, and force vector are, respectively, [M], {d}, [K] and {Fm}. 

The free vibration of the composite laminate can be analysed by removing the force 

term from Eq. (21): 

[𝐾]{𝑑} = 𝜆[𝑀]{𝑑}             (22) 
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for which 2  , and   representing the natural frequency vibration.  

 

3.2. Application of micromechanics equations to define effective material 

properties 

In the thesis the natural vibration is studied for a 3-phase graphene/fibre reinforced 

nanocomposite laminate. The nanocomposite is made up of constituent materials 

such as, a polymer matrix which could be resins including polyesters, vinyl esters, 

epoxies etc., glass or carbon fibre reinforcement and graphene nanoparticle 

reinforcement. 

Modelling equations, which have been used in numerous published research 

articles, are applied to first form the effective material properties of the graphene-

reinforced polymer matrix combining the material properties of the constituent 

graphene reinforcement and polymer matrix. The resultant material is the graphene-

reinforced polymer matrix. The graphene-reinforced polymer matrix (now a 2-phase 

material) is then combined with glass or carbon fibre reinforcement via the same 

micromechanical modelling equations to form a 3-phase graphene/fibre reinforced 

nanocomposite with effective material properties derived from the properties of the 

fibre reinforcement and the 2-phase graphene-reinforced polymer matrix. 

  

3.2.1 Properties of the graphene-reinforced matrix 

In order to calculate the effective Shear Modulus, Poisson’s ratio and Young’s 

Modulus of the graphene-reinforced matrix micromechanical equations located in [2, 

3, 4, 5] are applied. The subscripts M, GM and GPL appearing in the following 

equations are used to represent the Matrix, graphene-reinforced matrix and 

graphene nanoplatelets. Eq. (23) is used to calculate the effective Young’s Modulus 

of the graphene-reinforced matrix and VGPL is used to denote the volume content of 

graphene platelets: 

  

𝐸ீெ = ቀ
ଷ

଼

ଵାకైఎಽ௏ಸುಽ

ଵିఎಽ௏ಸುಽ
+

ହ

଼

ଵାకೢఎೢ௏ಸುಽ

ଵିఎೢ௏ಸುಽ
ቁ × E୑                                       (23) 

 

By using the dimensions of the graphene platelets in terms of width (wGPL), length 

(lGPL) and thickness (hGPL), the parameters 𝜉୐ and 𝜉௪ can be derived from Eq. (24). 
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𝜉୐ = 2
௟ಸುಽ

௛ಸುಽ
 ,  𝜉௪ = 2

௪ಸುಽ

௛ಸುಽ
                                                         (24) 

 

(EM) and (EGPL) represent the Young’s moduli for the matrix and graphene 

nanoplatelets (GPLs) respectively and can be used to determine values for the 

symbols 𝜂௅ and 𝜂௪ used in Eq. (23).  

𝜂௅ =  
(ாಸುಽ/ாಾ)ିଵ

(ாಸುಽ/ாಾ)ା కై 
  ,        𝜂௪ =  

(ாಸುಽ/ாಾ)ିଵ

(ாಸುಽ/ாಾ)ା కೢ 
                                     (25) 

 

The volume content of graphene nanoplatelets (VGPL) can be represented by the 

weight fraction (WGPL) in Eq.(26):  

𝑉 ௉௅ =  
ௐಸುಽ

ௐಸುಽା (ఘಸುಽ/ఘಾ)(ଵିௐಸುಽ)
                                                 (26) 

 

In Eq. (26) the mass density of the polymer matrix is represented by 𝜌ெ and the 

graphene nanoplatelet’s mass density is represented by 𝜌ீ௉௅. Properties of the 

graphene-reinforced matrix are calculated in Eq. (27 to 29).  

 

𝑣ீெ = 𝑣ீ௉௅𝑉 ௉௅ + 𝑣ெ(1 − 𝑉 ௉௅)                                               (27) 

     

𝐺ீெ =  
ாಸಾ

ଶ(ଵା௩ಸಾ)
                                                                        (28) 

 

𝜌ீெ = 𝜌ீ௉௅𝑉 ௉௅ + 𝜌ெ(1 − 𝑉 ௉௅)                                               (29)  

 

The Poisson’s ratio, Shear modulus and density are defined by Eq. 27, Eq. 28 and 

Eq. 29 respectively.  

 

3.2.2 Considering fibre reinforcement in the graphene/polymer matrix  

The composite is further reinforced with traditional fibre reinforcement to improve its 

overall properties and strength. The fibres used induce directional stiffness and 

strength due to their unidirectional and continuous nature. The rule of mixtures can 

be applied in this case to determine the effective material properties of the composite 

due to the constituent materials used to reinforce the structure assumed to have 

uniform characteristics, equal fibre/particle size, fibres being parallel and continuous 

and reinforcement materials being perfectly bonded to the matrix [6]. Multiple studies 
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undertaken have successfully utilized the rule of mixtures in a similar/identical 

context [7,8,9,10].The micromechanical relations given in [11] are applied to 

determine the effective properties of the 3-phase graphene/fibre reinforced 

nanocomposite below where the Young’s moduli, shear modulus, Poisson’s ratio and 

composite density are given by:  

 

𝐸ଵଵ = 𝐸ிଵ 𝑉ி + 𝐸ீெ(1 − 𝑉ி)                                                 (30) 

 

𝐸ଶଶ = 𝐸ீெ  ቀ
ாಷమమାாಸಾା(ாಷమమିாಸಾ)௏ಷ

ாಷమ ାாಸಾି(ாಷమమି ாಸಾ)௏ಷ
ቁ                                      (31) 

 

𝐺ଵଶ = 𝐺ீெ  ቀ
ீಷభమାீಸಾା(ீಷభ ିீಸಾ)௏ಷ

ீಷభ ାீಸಾି(ீಷభమି ீಸಾ)௏ಷ
ቁ                                     (32) 

 

𝑣ଵଶ = 𝑣ிଵଶ𝑉ி + 𝑣ீெ(1 − 𝑉ி)                                                 (33) 

 

𝜌 = 𝜌ி𝑉ி +  𝜌ீெ(1 − 𝑉ி)                                                      (34) 

 

In Eq. (30 to 34) the subscript GM is used to represent the graphene-reinforced 

matrix and F represents the fibres. In addition, 𝑉ி and 𝜌ி represent the fibre volume 

content and density respectively. 

 

3.2.3 Properties of functionally graded materials   

Functionally graded material applications were analysed in this thesis where the 

volume content of fibres and graphene nanoplatelets, 𝑉 ௉௅and 𝑉ி respectively, are 

selected as the parameters to be investigated. A functionally graded distribution of 

graphene and fibres are assumed within each layer of the laminate and through the 

thickness of each ply. The total graphene and fibre content (𝑉 ௉௅ and 𝑉ி) are given 

as: 

𝑉ி
(௞)

= 𝑉ி
∗𝑓(௞)(𝑧̅),        𝑉 ௉௅

(௞)
= 𝑉 ௉௅

∗ 𝑓(௞)(𝑧̅)     (35) 

  

In Eq. (35), 𝑉ி
∗ and 𝑉 ௉௅

∗  represent the total volume of fibre and GPLs respectively, 

the component function 𝑓(௞)(𝑧̅) allocates the type of functionally graded distribution 

pattern applied to the graphene and fibre reinforcement and is defined by: 
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𝑓(௞)(𝑧) =

⎩
⎪
⎨

⎪
⎧

1,             
1 + 𝑧̅,      
2(1 − 𝑧̅),
2𝑧̅,           
1 − 𝑧̅,     

         𝑈𝐷 − 𝑈𝑛𝑖𝑓𝑜𝑟𝑚
       𝐹𝐺 − Type ‘𝑉’
       𝐹𝐺 − Type ‘O’
       𝐹𝐺 − Type ‘X’
       𝐹𝐺 − Type ‘A’

     (36) 

 

The graphene and fibre reinforcement can be applied separately in each ply resulting 

in layer-wise distributions therefore local coordinate systems can be set up for each 

ply with the mid-plane of the corresponding layer coinciding with the origin. The 

orthogonal component of the local system, 𝑧̅, of the kth layer is defined as: 

 

𝑧̅ =
ଶ௭ି(௭ೖశభା௭ೖ)

௭ೖశభି௭ೖ
                       (37) 

Due to Eq. (36), the material properties 𝑄ത௜௝
(௞) are functions of the transverse 

coordinates, 𝑧. The ‘integral’ function embedded in MATLAB has been utilized to 

calculate the integrals with respect to 𝑧.  

 

3.3. Definition of the optimization framework of the composite for maximum 

fundamental frequency output 

In order to avoid resonance, the laminate's fundamental frequency is maximized 

during the analysis and design of the composite plate. To achieve this an 

optimization framework is proposed for the composite in reference to a number of 

design variables including graphene weight, fibre content and stacking sequence, 

thickness, aspect ratio, fibre angle and boundary condition. Eq. (38) defines the 

optimization scheme used:  

 

max 𝑁𝑎𝑡𝑢𝑟𝑎𝑙 𝐹𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 𝑓(𝑉ி , 𝑊ீ௉௅, 𝜃) = 𝛺                  (38a) 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 ∑ 𝑊ீ௉௅ = 𝑏௡
௞ୀଵ          (38b) 

                                                      𝑐ଵ  ≤ 𝑊ீ௉௅  ≤ 𝑐ଶ                                              (38c) 

𝑑ଵ  ≤ 𝑉ி  ≤ 𝑑ଶ           (38d) 

                                          −90௢  ≤ 𝐹𝑖𝑏𝑟𝑒 𝑎𝑛𝑔𝑙𝑒 𝜃 ≤ 90ఖ                                    (38e) 

∑
௛ೖ

஽
= 1௡

௞ୀଵ                                                (38f) 
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Eq. (38b) gives a predefined value to the total weight of the laminate, which is 

calculated by summing the weight of graphene (WGPL) in each layer for (n) number of 

layers. The upper and lower bounds of the graphene weight and fibre content are 

specified in Eq. (38c) and (38d). Eq. (38e) describes the maximum and minimum 

limitations for the fibre angle and Eq. (38f) is used when the thickness of each layer 

becomes non-uniform. Eq. (38f) is defined as the thickness ratio of the laminate 

which can be further explained as the thickness of each layer divided by the 

laminates total thickness. The optimization problem is solved using the Sequential 

Quadratic Programming Algorithm (SQP). The method generates a step by step 

procedure for non-linearly constrained optimization by solving quadratic sub-

problems [12]. Each major iteration takes into account an approximation of the 

Hessian of the Lagrangian function through the use of a quasi-Newton updating 

method. A quadratic programming sub problem is then created and solves to 

determine the direction of the search. Below is a brief presentation of the scheme's 

details. 

 

[12] illustrates the optimization problem with non-linear equality and inequality 

constraints: 

min 𝑓(𝑥) 

                                                 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝑐௜(𝑥) = 0, 𝑖 ∈ 𝐸                                       (39) 

                                                                𝑐௜(𝑥) ≥ 0, 𝑖 ∈ 𝐼                                                

The problem is then linearized into: 

min
௣

𝑓௞ +  ∇𝑓௞
்𝑝 +  

1

2
 𝑝்∇௫௫

ଶ 𝐿௞𝑝 

                                        𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 ∇𝑐௜(𝑥௞)்𝑝 + 𝑐௜(𝑥௞) = 0, 𝑖 ∈ 𝐸                           (40) 

∇𝑐௜(𝑥௞)்𝑝 + 𝑐௜(𝑥௞) ≥ 0, 𝑖 ∈ 𝐼 

 

MATLAB is used to solve the given problem via optimization [13, 14]. Typically, the 

MATLAB algorithms previously referred to are used for minimization analysis, 

therefore, the following modification is applied to Eq. (38): 

min 𝑁𝑎𝑡𝑢𝑟𝑎𝑙 𝐹𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 𝑓(𝑉ி, 𝑊ீ௉௅ , 𝜃) = −𝛺 for analysis in this research. The 

minimization function utilized is a MATLAB algorithm that is modified to produce the 
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optimized fundamental frequency under various conditions. SQP optimization is used 

via the MATLAB function, called fmincon. In the central Matlab code this function is 

used, and the developed finite element analysis code calculating the natural 

frequencies for the composite laminate is called as a Matlab subroutine by this SQP 

function.  
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Chapter 4: Optimization and analysis of frequencies of multi-scale 
graphene/fibre reinforced nanocomposite laminates with non-

uniform distributions of reinforcements 
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Optimization and analysis of frequencies of multi-scale graphene/fibre 
reinforced nanocomposite laminates with non-uniform distributions 
of reinforcements 
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A B S T R A C T   

Optimal design and analysis of three-phase graphene/fibre reinforced laminated nanocomposite plates with 
respect to maximizing the fundamental frequency is the subject of the present study. Optimal design solutions are 
given for four different sets of design parameters. First design problem determines the optimal graphene contents 
of individual layers, the second one both graphene and fibre contents, the third optimizes the graphene and fibre 
contents as well as the layer thicknesses of individual layers, and the fourth problem optimizes the graphene and 
fibre contents, layer thicknesses and fibre orientations. Purpose of this approach is to assess and compare 
different levels of optimization by means of a design efficiency index and as such to determine the effectiveness 
of different design parameters in maximizing the fundamental frequency. Optimization is implemented using a 
Sequential Quadratic Programming algorithm and the mechanical properties of graphene/fibre nanocomposite 
are determined via micromechanical relations. Vibration analysis is conducted by the finite element method 
using four-noded Mindlin plate elements. Results are obtained for simply supported (SSSS), clamped (CCCC) and 
simply supported-clamped boundary conditions for opposite edges (SCSC). It is observed that non-uniform 
distributions of graphene and fibre as well as fibre orientations are quite effective in improving the design 
efficiency.   

1. Introduction 

Nanocomposite laminates are used widely in several sectors of civil, 
mechanical and aerospace engineering. The concept of the enhancement 
of traditional composite structures by utilizing advanced materials with 
superior mechanical properties has gained wider acceptance, imple
mentation and applications in the last few years as noted in a number of 
publications [1-3]. Recent research efforts have highlighted the idea of 
incorporating nano-scale reinforcements, such as carbon nanotubes 
(CNTs) or graphene nanoplatelets (GPLs), to improve the mechanical 
and physical properties of polymer composites further. The specific in
terest in the present study is the use of GPLs as reinforcement due to 
their superior properties as noted in [4,5]. Several issues concerning the 

reinforcement of composites by GPLs have been investigated in [6]. 
An important tool in the design of composite components is design 

optimization in order to improve their performance facilitated by the 
availability of several design parameters [7]. The most common way of 
optimizing a composite laminate is by determining the fibre orientations 
optimally in order to maximize (or minimize) a specific design objective. 
An important aspect of a design is to keep the weight of the component 
as low as possible. This can be achieved by placing the reinforcements 
mostly in the outer layers and a smaller portion of the reinforcements in 
the middle layers. This approach is based on the fact that reinforcements 
closer to the surface layers contribute more to the laminate stiffness [8]. 
Non-uniform fibre distribution has been implemented as a design tool in 
a number of studies in order to improve the design efficiency and reduce 
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the weight [9-11]. In this case fibre volume fractions of layers become 
design parameters. In the present study the design parameters to 
maximize the fundamental frequencies include the volume fractions of 
graphene platelet and fibres in each layer, ply thicknesses and fibre 
orientations. In order to assess the effect of different design parameters 
on the design efficiency, the design parameters are introduced in four 
steps, namely, graphene content only of each layer, graphene and fibre 
contents of each layer, ply thicknesses and finally fibre orientations. 

Graphene is a monolayer of sp2 hybridized carbon atoms arranged in 
a honeycomb structure and is well known for its exceptional mechanical 
properties [12]. It also possesses additional beneficial properties such as 
light weight, electrical conductivity and mechanical toughness [13] and 
presently it is being used widely in several industrial applications [14]. 
It was noted that Young’s modulus of graphene could approach 1000 
GPa and its tensile strength 130 GPa [15]. It was also noted that 0.1% 
GPL added to epoxy composites can increase the Young’s modulus by 
31% [16]. The main reason for the high reinforcing capacity of graphene 
is attributed to large surface area of platelets resulting in a high level 
load transfer from the polymer matrix to reinforcing component as 
observed in [17,18]. However, the introduction of a nano-scale rein
forcement into polymer matrix should also consider such effects as the 
diminishing returns caused by using a high amount of nano reinforce
ment which can lead to the nano material not dispersing in the matrix 
uniformly. Uniform dispersion of nano-scale reinforcements in a matrix 
is an important consideration as a high volume content can lead to 
coalescing and inadvertently affecting the stiffness and the strength of 
the material. Another issue is the high cost of nano materials which 
makes the optimal use of the nano reinforcements an important 
requirement to keep the material costs to a minimum. These consider
ations become of major importance in the design of three-phase nano
composites (nano-scale reinforcement + fibre + matrix). Within this 
framework, several studies investigated the behaviour of nano- 
reinforced laminated structures undergoing free or forced vibrations, 
or subject to buckling or bending loads. One of the main areas of this 
research has been the study of two-phase graphene reinforced nano
composite laminates consisting of only graphene and a matrix. 

Free vibration, buckling and static bending of multi-layered and 
functionally graded GPL reinforced composite plates were analysed in 
[19]. Elastic constants of the nanocomposite were computed using the 
modified Halpin-Tsai micromechanical model. The results indicated that 
the natural frequencies and buckling loads were significantly improved 
with the addition of graphene. In [20], vibration damping properties of 
GPL reinforced NR/EPDM (Natural rubber/ethylene-propylene-diene 
rubber) were studied via free vibration tests. The results showed that 
the addition of GPLs significantly improved the damping ratio values (up 
to 50%) when compared to the NR/EPDM blend only. 

Light weight structures are often exposed to severe vibrations and it 
becomes important to improve their performance by reducing the pos
sibility of resonance. To avoid resonance, natural frequencies of the 
structure have to be away from the excitation frequency. One way of 
achieving this objective is to increase the fundamental frequency and 
make it higher than the excitation frequency. Another way is to increase 
the frequency gaps and place the excitation frequency into one of these 
gaps [21,22]. The first case leads to an optimal design problem to 
maximize the fundamental frequency. A statistical analysis is given for 
the free vibrations of functionally graded graphene reinforced compos
ite plates in [23]. The study indicates that boundary conditions and 
volume fractions of GPLs were the most significant parameters for the 
vibration response, followed by thickness ratio and distribution pattern 
of GPLs. More recent works on the vibration of two-phase graphene 
reinforced nanocomposites include [19,24-32]. 

Recently, the research was directed towards investigating the me
chanical response of three-phase multi-scale laminates. In this case, the 
polymer matrix is reinforced by a nano-scale material such as carbon 
nanotubes (CNT) or graphene as well as fibres (mostly glass or carbon) 
leading to a multi-scale composite involving macro (matrix), micro 

(fibre) and nano (CNTs or GPLs) scales. The motivation for this study 
emanates from the fact that the limits of improving the mechanical 
properties of traditional fibre reinforced composites are gradually 
reached [33] while the requirements for advanced material properties 
increase. A major reason for the high-level of reinforcement of com
posites by graphene platelets is the two-dimensional nature of graphene 
which results for the reinforcement to take place in the in-plane di
rections. Furthermore, graphene platelets have larger surface to volume 
ratios which create a larger interface for bonding [34]. In [35] it is 
concluded that the flexural modulus of three-phase graphene/fibre 
reinforced composites is 1.7, 4.5 and 6.4 times larger than those of the 
two-phase fibre reinforced composites, the two-phase graphene rein
forced composites and the polymer host, respectively. Scanning electron 
microscope image analysis presented in the same article indicates that 
the enhancement of the mechanical properties for the three-phase 
composite is attributed to the synergetic effect of the fibres and the 
nano-reinforcement (graphene nanoplatelets) on the polymer matrix in 
terms of improvement of the interfacial interactions and decrease of the 
matrix-rich and free-volume regions. Therefore, it is expected that three- 
phase composites provide a further improvement over the two-phase 
conventional composites and two-phase nanocomposites. The advan
tages of a graphene and fibre reinforcement of polymer composites have 
also been noted in a number of publications [35-39]. Studies on the 
bending, buckling and vibration behaviour of multi-scale three-phase 
laminates are given in [40-43]. Numerical results of [40] indicated that 
the central deflection and fundamental frequencies were significantly 
improved by incorporating a small percentage of GPLs in a fibre- 
reinforced composite. In [43], it was observed that exceeding a certain 
fibre content in a three-phase laminate leads to a decrease in the 
buckling strength by reducing the volume fraction of graphene rein
forced matrix. 

Several studies were directed to the optimization of fibre composite 
laminates to improve the vibrations response [8,44-47]. However, a 
relatively small number of studies involved optimization of two-phase or 
three-phase nanocomposite laminates. In [48], vibration and optimiza
tion of CNT reinforced beam was investigated based on higher order 
theories. In [49], CNT and glass fibre reinforced composite plates were 
optimized for maximum frequency. Results indicated that higher CNT 
volume fraction does not necessarily increase the frequencies. It was 
observed that the stacking sequence can significantly influence the fre
quencies, especially in the case of simply supported boundary 
conditions. 

Presently, there seems to be no work published on the optimization 
of the frequencies of three-phase, graphene/fibre reinforced composite 
laminates taking the graphene and fibre contents non-uniformly 
distributed across the thickness, taking the ply thicknesses non- 
uniform, combined with the optimal orientation of fibres. In the pre
sent study, this problem is studied in detail from analysis and optimi
zation points of view to offer an insight on the vibration response of 
three-phase laminates. The main emphasis is on the optimal graphene 
distribution across the laminate thickness as well as on optimal gra
phene and fibre distributions across the thickness. In addition to these 
two design variables, optimizations with respect to layer thicknesses and 
fibre orientations are also studied in combination with optimal graphene 
and fibre distributions. To implement the analysis and optimization 
solutions for various boundary conditions, a finite element analysis code 
is developed based on the first-order shear deformation theory (FSDT) 
for the computation of the fundamental frequencies of the laminated 
composite. The code is then incorporated in an optimization scheme 
based on the sequential quadratic programming (SQP). 

Section 2 of the paper presents the theoretical background for the 
finite element code developed to simulate the free vibration response of 
laminate plates. Section 3 is allocated to the micromechanical equations 
implemented to determine the effective material properties of the 
laminate. Section 4 presents the optimization formulation and Section 5 
the verification of the proposed numerical scheme by comparing the 
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results to published research and also the ones obtained by commercial 
software. In Section 6, analysis results are given, investigating the effects 
of reinforcements of graphene and fibres on frequencies. Section 7 
presents the optimal design results and Section 8 the conclusions of this 
work. 

2. Theoretical formulation 

The present study involves the vibrations of a laminated composite 
plate having length a in the x-direction, width b in the y-direction and 
with a total thickness of D as shown in Fig. 1. The plate consists of N 
layers with the principal material coordinates of the kth lamina oriented 
at an angle θk to the laminate coordinate x. The xy − plane coincides 
with the mid-plane of the plate with the z-axis being normal to the mid- 
plane (Fig. 1). The vertical coordinates of the top and bottom of the kth 

layer are given by z = zk and z = zk− 1. The polymer matrix is reinforced 
with graphene nanoplatelets and fibres noting that their volume frac
tions in each lamina could be different. Furthermore, layer thicknesses 
could be non-uniform and could be determined optimally. 

2.1. Mechanical displacements and strains 

One of the most widely used displacement based theories for lami
nated plates is the first-order shear deformation theory (FSDT) which is 
based on the displacement field described by the equations: 

u1(x, y, z, t) = u(x, y, t) − zφx(x, y, t)

u2(x, y, z, t) = v(x, y, t) − zφy(x, y, t) (1)  

u3(x, y, z, t) = w(x, y, t)

where (u1, u2, u3) are the displacements along the (x, y, z) coordinates, 
(u, v, w) are the displacements of a point on the mid-plane of the panel 
and φx, φy are the normal rotations about the × and y-axes, respectively. 
Using the strain–displacement relations, the bending and shear strains 
can be expressed as 

{εb} = {ε0b}+ z{Ðº}, {εs} = {ε0s} (2)  

where 

{εb} =
{

εxx, εyy, γxy
}T

, {εs} = {γyz, γxz}
T
, {ε0b} =

{
∂u
∂x
,
∂v
∂y
,
∂u
∂y

+
∂v
∂x

} T

(3a)  

{Ðº} =

{

−
∂φx

∂x
, −

∂φy

∂y
, −

(
∂φx

∂y
+

∂φy

∂x

)}T

, {ε0s} =

{
∂w
∂y

− φy,
∂w
∂x

− φx

} T

(3b)  

2.2. Constitutive equations 

For an orthotropic material possessing a plane of elastic symmetry 
parallel to the x-y plane, the constitutive equations for the kth lamina are 
given by: 

{σ}k = [Q]k{ε} (4)  

where {σ}k is the stress tensor and {ε} is the strain tensor. [Q]k is the 
plane-stress reduced stiffness matrix. Bending and shear stresses for kth 

lamina can be expressed as 

{σb}k = [Qb]k{ε}, {σs}k = [Qs]k{ε} (5) 

where {σb}k = {σ1, σ2, σ6}
T
, {σs}k = {σ4, σ5}

T and 

[Qb]k =

⎡

⎣
Q11

(k) Q12
(k) 0

Q21
(k) Q22

(k) 0
0 0 Q66

(k)

⎤

⎦ [Qs]k =

[
Q44

(k) 0
0 Q55

(k)

]

(6) 

In Eqs. (6), Q(k)
ij are the plane stress-reduced stiffnesses of the kth 

lamina [50] 

Q(k)
11 =

E(k)
1

(1 − v(k)12 v(k)21 )
,Q(k)

12 =
v12

(k)E(k)
2

(1 − v(k)12 v(k)21 )
= Q(k)

21 ,Q(k)
22 =

E(k)
2

(1 − v(k)12 v(k)21 )
,

Q(k)
66 = G(k)

12 ,Q(k)
44 = ksG

(k)
23 ,Q

(k)
55 = ksG

(k)
13  

where E(k)
1 , E(k)

2 are the longitudinal and transverse moduli, ν(k)12 , ν(k)21 are 
the Poisson’s ratios, G(k)

12 , G(k)
23 , G(k)

13 are the shear moduli of the kth layer 
and ks is a shear correction factor taken as 56. The reduced stiffness Q(k)

ij of 

the kth lamina can be transformed to Q(k)
ij as 

[
Q
]

(k)
=
(
[L]T [Q][L]

)

(k) (7)  

where [L] is a transformation matrix for the fibre angle θk of the kth 

lamina [50]. 

2.3. Finite element formulation and eigenvalue problem 

In the present study, the laminated plate has been discretized using a 
four-noded isoparametric quadrilateral Lagrangian element with five 
degrees of freedom (DOF) per node. The generalized displacement 
vector is interpolated as: 

{u(x, y, t) } ≡
{

u, v,w,φx,φy
}T

= [Nu]{d}e =
∑4

j=1

(
Nj[I]5x5

{
dj
}

e

)
(8) 

where 
{
dj
}

e =
{
uj, vj,wj,φxj,φyj

}T corresponds to the jth node of the 

Fig. 1. Geometry of the laminated plate.  
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element and Nj are the shape functions. Substituting Eq. (8) into Eqs. (2) 
gives 

{ε(x, y, t) } = [B]{d}e =
∑4

j=1

([
Bj]
{

dj
}

e

)
(9) 

or equivalently 

{ε} =

⎧
⎨

⎩

{εb0}

{Ðº}
{εs0}

⎫
⎬

⎭
=

⎡

⎣
[Bb]

[Bk]

[Bs]

⎤

⎦{d}e =
∑4

j=1

⎛

⎝

⎡

⎣
[Bb]j
[Bk]j
[Bs]j

⎤

⎦
{

dj
}

e

⎞

⎠ (10)  

where[Bb]j =

⎡

⎣
∂x 0 0 0 0
0 ∂y 0 0 0
∂y ∂x 0 0 0

⎤

⎦Nj, [Bk]j =

⎡

⎣
0 0 0 − ∂x 0
0 0 0 0 − ∂y
0 0 0 − ∂y − ∂x

⎤

⎦Nj,[Bs]j =

[
0 0 ∂x − 1 0
0 0 ∂y 0 − 1

]

Nj 

and ∂x = ∂/∂x, ∂y = ∂/∂y. 

Using Hamilton’s principle, the governing equation of the laminated 
plate subject to mechanical loads is expressed as 

∫t0

0

(δT − δU + δW)dt = 0 (11)  

where U is the strain energy, T is the kinetic energy and W is the work 
done by the mechanical forces of the laminated composite plate. Ana
lytic expressions of U, T and W are given in the Appendix. 

The global form of the final governing equation is then expressed as 

[M]{d̈}+ [K]{d} = {Fm} (12)  

where [M], [K], {d} and {Fm} are global mass matrix, global linear 
stiffness matrix, global displacement and force vectors, respectively. The 
generalized governing Eq. (12) can be employed to study the free vi
bration by dropping the force term as: 

[K]{d} = λ[M]{d} (13)  

with the eigenvalue λ = ω2 where ω is the frequency of natural vibra
tions. Eq. (13) is solved within the framework of the finite element 
method using Cholesky factorization [51]. This method can be adopted 
since the stiffness matrix [K] is symmetric and the mass matrix [M] is 
symmetric positive-definite. The solution of the eigenvalue problem is 
implemented within MATLAB [52,53]. 

3. Effective material properties using micromechanics equations 

The laminate under consideration is a three-phase graphene and 
fibre reinforced polymer nanocomposite. The concept of the three-phase 
material relies on the need to enhance its structural response by adding a 
small quantity of nano-reinforcement (graphene nanoplatelets in the 
present study), and improving its mechanical properties by doing so. 
First, particles of the nano-reinforcement are distributed into the matrix, 
resulting in a nano-reinforced, isotropic matrix. Then, the nano- 
reinforced matrix is further reinforced with fibres. 

The effective material properties of the nano-reinforced matrix are 
derived in this article using the Halpin-Tsai model and the rule of mix
tures. This micromechanical homogenization approach is widely adop
ted in published research to capture the effective response of graphene 
reinforced laminates, see for example [54-57]. 

For the calculation of the effective properties of the three-phase 
fibre/graphene reinforced matrix, a second set of micromechanics 
equations is adopted in this article. This set of equations is traditionally 
used to derive the effective material properties of a fibre reinforced 
matrix involving two-phase fibre reinforced composites [11]. This 
concept of using micromechanical homogenization schemes for three- 

phase laminates, initially adopted for two-phase fibre reinforced com
posites, has been elaborated in several publications. For instance, 
micromechanics equations adopted in [58] for a two-phase fibre rein
forced composite, are also used in [40] to derive the effective material 
properties of three-phase fibre/graphene reinforced matrix. The same 
concept of using micromechanics approaches for three-phase compos
ites, which had initially been adopted for two-phase composites, has also 
been implemented in a number of publications involving three-phase 
CNT/fibre reinforced laminates [41,49]. 

Elastic constants in this article are computed from the applicable 
micromechanical equations. First, the effective material properties of 
the graphene reinforced matrix are computed using the micro
mechanical equations applicable to uniformly distributed GPLs. Next 
step involves the computation of the material properties of the three- 
phase graphene/fibre reinforced composite using the applicable 
micromechanics equations. 

3.1. Graphene reinforced matrix 

In this section, Young’s and shear moduli, Poisson’s ratio and density 
of graphene reinforced matrix are computed using the micromechanical 
equations presented in [54,59-61]. In the equations, subscripts GPL, M 
and GM denote graphene nanoplatelets (GPL), the matrix (M) and the 
graphene reinforced matrix (GM). Young’s modulus of the GPLs rein
forced matrix is given by 

EGM =

(
3
8

1 + ξLηLVGPL

1 − ηLVGPL
+

5
8

1 + ξwηwVGPL

1 − ηwVGPL

)

× EM (14)  

where VGPL denotes the volume content of GPLs. Parameters ξL and ξw 
are given in Eq. (15) in terms of the length (lGPL), the width (wGPL) and 
the thickness (hGPL) of GPLs: 

ξL = 2
lGPL

hGPL
, ξw = 2

wGPL

hGPL
(15) 

Symbols ηL and ηw in Eq. (14) are calculated next in terms of Young’s 
moduli EGPL of the graphene nanoplatelets and EM of the matrix as 

ηL =
(EGPL/EM) − 1
(EGPL/EM) + ξL

, ηw =
(EGPL/EM) − 1
(EGPL/EM) + ξw

(16) 

The volume content of graphene nanoplatelets can be computed in 
terms of its weight fraction WGPL as 

VGPL =
WGPL

WGPL + (ρGPL/ρM)(1 − WGPL)
(17)  

where ρGPL and ρM represent the mass densities of graphene nano
platelets and the polymer matrix, respectively. Poisson’s ratio, shear 
modulus and the density of the graphene reinforced matrix are given by 

vGM = vGPLVGPL + vM(1 − VGPL) (18)  

GGM =
EGM

2(1 + vGM)
(19)  

ρGM = ρGPLVGPL + ρM(1 − VGPL) (20)  

3.2. Graphene and fibre reinforced matrix 

Fibre reinforcement of the graphene reinforced matrix improves the 
properties of the composite further. The fibres employed for this purpose 
are unidirectional and continuous. Young’s moduli, shear modulus, 
Poisson’s ratio and density of the graphene/fibre reinforced nano
composite are computed via micromechanical relations given in [11]: 

E11 = EF11VF +EGM(1 − VF) (21)  
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E22 = EGM

(
EF22 + EGM + (EF22 − EGM)VF

EF22 + EGM − (EF22 − EGM)VF

)

(22)  

G12 = G13 = GGM

(
GF12 + GGM + (GF12 − GGM)VF

GF12 + GGM − (GF12 − GGM)VF

)

(23)  

G23 =
E22

2(1 + v23)
(24)  

v12 = vF12VF + vGM(1 − VF) (25)  

v23 = vF12VF + vGM(1 − VF)

(
1 + vGM + v12EGM/E11

1 − v2
GM + v12vGMEGM/E11

)

(26)  

ρ = ρFVF + ρGM(1 − VF) (27) 

Subscripts GM and F refer to graphene reinforced matrix and fibres, 
respectively. The fibre volume content is represented by VF and the 
density of fibres by ρF. 

4. Optimal design problem 

The design objective is the maximization of the fundamental fre
quency under different boundary conditions and employing a number of 
design parameters. Design parameters include the distributions of GPLs 
and fibres across the thickness, layer thicknesses and the fibre orienta
tions. The constraints imposed on the optimization include the total 
weight of GPLs, total volume content of fibres as well as the weight 
content of GPLs and the volume content of fibres in individual layers. 

The first two optimization problems involve laminates with uniform 
layer thicknesses with the distributions of GPLs (Problem 1) and GPLs 
plus fibres (Problem 2) taken as non-uniform across the thickness and 
their distributions across the thickness are to be determined optimally. 
The next optimization problem involves laminates with non-uniform 
layer thicknesses in addition to having non-uniform distributions of 
GPLs and fibres (Problem 3). In the final optimization problem (Problem 
4), the fibre orientations are also specified as design variables in addi
tion to the previous three design variables. As such Problem 4 has four 
design variables, namely, GPL and fibre distributions, layer thicknesses 
and fibre orientations. 

Dimensions of the composite laminate are given by a in the x-di
rection and b in the y-direction as shown in Fig. 1. The total laminate 
thickness is D and the number of layers is N. In the first two optimization 
problems, thickness of each layer is specified as constant and equal to h 
with Nh = D. In the third and fourth optimization problems, the thick
nesses hi of layers are taken as design variables leading to laminates with 
non-uniform layer thicknesses with 

∑N
i=1hi = D. The fibre and graphene 

volume contents of each layer are denoted as VFi and VGPLi , respectively. 

4.1. Formulation for laminates with uniform layer thicknesses (Problems 
1 and 2) 

The volume of fibres in each layer is given by VolFi = abhVFi and the 
total volume of fibres in the laminate by VolFT =

∑N
i=1VolFi =

abh
∑N

i=1VFi for a laminate with N layers. The volume of the laminated 
plate is given by Volplate = abD. The maximum amount (volume) of fi
bres available for the laminate is specified as VolFmax = abDVFmax where 
VFmax is the maximum fibre volume content of the laminate. Based on 
these definitions, the design constraints for the total fibre volume are 
given by 

VolFT ⩽VolFmax⇒abh
∑N

i=1
VFi⩽abDVFmax⇒

h
D
∑N

i=1
VFi⩽VFmax (28) 

In the specific case of a composite laminate with 8 layers which is 
studied in the numerical results sections, Eq. (28) becomes: 

h
8h
∑8

i=1
VFi⩽VFmax⇒

1
8
∑8

i=1
VFi⩽VFmax (29) 

A similar formulation is adopted for the constraint on the overall 
weight of graphene nanoplatelets and for an 8-layered laminate, the 
constraint is given as 

1
8
∑8

i=1
WGPLi⩽WGPLmax (30) 

In Eq. (30), WGPLi and WGPLmax denote the weight of graphene nano
platelets for the ith layer and the maximum graphene weight for the 
laminate, respectively. With the design constraints defined as above, the 
optimization problem for an 8-layered laminate can be stated as follows: 

max Fundamental Frequency f (VF ,WGPL, θ) = ω (31a)  

subject to
1
8
∑8

i=1
VFi⩽VFmax (31b)  

1
8
∑8

i=1
WGPLi⩽WGPLmax (31c)  

WGPLi⩾0 (31d)  

d1⩽VFi⩽d2 (31e)  

− 90o ≤ Fibre angle θ ≤ 90o (31f) 

Eq. (31d) states that graphene weight of each layer must be greater 
than or equal to zero and Eq. (31e) imposes lower and upper limits d1 

and d2 on the fibre volume content for each layer. As shown in Eqs. (31), 
each layer represents a three-phase material since the contents of gra
phene and fibre reinforcement are greater than zero. If for a layer, the 
case of zero graphene content arises (case of equality in Eq. (31d)), then 
the composite becomes two-phase. However, this is determined by the 
optimization algorithm since the code is set up for three-phase com
posites. Practically, some zero graphene layers arise in the middle of the 
laminate as observed in the results sections. 

In order to assess the effectiveness of an optimal design, that is, the 
increase in the fundamental frequency as compared to a benchmark, a 
design efficiency factor is introduced. It is defined as the ratio of the 
maximum fundamental frequency ωmax of the optimally designed 
laminate and a reference frequency ω0. The reference frequency corre
sponds to a laminate with uniformly distributed graphene and fibres 
across the thickness of the laminate with the efficiency factor for an 8- 
layered laminate defined as 

η =
ωmax(VF ,WGPL, θ)

ω0(Vi =
Vfmax

8 ,WGPLi =
WGPLmax

8 , i = 1, 2, ..., 8)
(32)  

4.2. Formulation for non-uniform layer thicknesses (Problems 3 and 4) 

For a laminate with non-uniform layer thicknesses, i.e., each layer 
having a different thickness, the layer thicknesses hi become design 
variables to be determined optimally subject to the total thickness 
constraint 

∑N
i=1

hi
D = 1. The volume of fibres in each layer is given by 

VolFi = abhiVFi and the total volume of fibres in the laminate by VolFT =
∑N

i=1VolFi = ab
∑N

i=1hiVFi for a laminate with N layers. Design constraint 
on the total fibre volume content VolFT is given by 

VolFT ⩽VolFmax⇒ab
∑N

i=1
hiVFi⩽abDVFmax⇒

1
D
∑N

i=1
hiVFi⩽VFmax (33) 

A similar constraint applies to the total weight of graphene platelets 
and is given by 
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1
D
∑N

i=1
hiWGPLi⩽WGPLmax (34) 

In the numerical results sections, optimization of an 8-layered 
laminate is studied. For this specific case, the optimal design problem 
can be stated as follows: 

max fundamental frequency f
(

VF ,WGPL,
hi

D
, θi
)

= ω (35a)  

subject to
1
D
∑8

i=1
hiVFi⩽VFmax (35b)  

1
D

∑8

i=1
hiWGPLi⩽WGPLmax (35c)  

WGPL ≥ 0 (35d)  

d1 ≤ VF ≤ d2 (35e)  

− 90o ≤ Fibre angles θi ≤ 90o (35f) 

For this case, the design efficiency factor is defined as 

η =
ωmax(VF ,WGPL,

hi
D , θ)

ω0(Vi =
Vfmax

8 ,WGPLi =
WGPLmax

8 , hi =
D
8, i = 1, 2, ..., 8)

(36)  

where the denominator corresponds to a laminate with uniform gra
phene and fibre distributions as well as having uniform layer 
thicknesses. 

4.3. Solution of the optimization problem 

Numerical solutions of the optimization problems are obtained by a 
Sequential Quadratic Programming algorithm (SQP). This is an effective 
optimization method which generates steps by solving quadratic sub- 
problems for nonlinearly constrained problems [62-64]. In particular, 
an approximation of the Hessian of the Lagrangian function is consid
ered at each major iteration using a quasi-Newton updating method. 
This is then used to generate a Quadratic Programming sub-problem the 
solution of which is used to define a search direction. This scheme is 
briefly presented below. The optimization problem with nonlinear 
equality and inequality constraints is given by [62]: 

minf (x)

subject to ci(x) = 0, i ∈ E (37)  

ci(x) ≥ 0, i ∈ I 

The problem is then linearized into: 

min
p

fk +∇f T
k p+

1
2
pT∇2

xxLkp  

subject to ∇ci(xk)
T p+ ci(xk) = 0, i ∈ E (38)  

∇ci(xk)
T p+ ci(xk) ≥ 0, i ∈ I 

The solution of the problem formulated above is implemented within 
MATLAB [52,53]. It is noted that since the MATLAB algorithms 
mentioned above are originally defined for minimization, the objective 
functions presented in Eqs. (31) and (35) are modified as follows: 

min Fundamental Frequency f (VF,WGPL, θ) = − ω.

Τhe fundamental frequency is calculated by solving the eigenvalue 
problem. This solution is implemented within the optimization algo
rithm aiming to maximize the fundamental frequency as defined in the 
optimization formulation, considering the constraints presented in 

sections 4.1 and 4.2. In particular, the finite element model for the 
composite laminate is included in the optimization algorithm. The 
classical steps of the finite element method are implemented, the mass 
and the stiffness of the structure are determined and the eigenvalue 
problem is solved, resulting in the computation of the fundamental 
eigenfrequency. Then, optimization is implemented until the optimal 
solution satisfying the constraints is obtained. 

5. Verification of the numerical approach 

In the numerical results sections, the non-dimensional form of the 
fundamental frequency ω, namely, Ω is used which is given by 

Ω = ωD
̅̅̅̅̅̅
ρM

EM

√

(39) 

Verification of the method of solution implemented in the present 
study is done by comparing the present results with the results available 
in the literature and also with the results obtained by using a commercial 
software package. In the computations, the material properties given in 
Table 1 are used. For the dimensions of the GPLs, the following values 
are used: lGPL = 2.5 μm, wGPL = 1.5 μm, hGPL = 1.5 nm. The graphene 
weight content is specified as WGPL = 1%. First, the natural frequencies 
obtained by the present method are compared in Table 2 with the results 
available in the literature, for the case of a GPL reinforced laminate. 
Results are given using the non-dimensionalized frequency defined in 
Eq. (39). The same non-dimensional frequency is used for numerical 
results presented in this work. Comparisons are given for the case of an 
isotropic plate (zero graphene and fibre content), as well as for the case 
of a graphene reinforced plate (with zero fibre content). As shown in 
Table 2, for both cases, a close agreement between the published 
research and the present model is observed. 

Frequencies of the same composite laminate have been computed 
using ABAQUS commercial finite element analysis package and 
compared with the results obtained by the present method of solution. 
Four node shell elements and a 10x10 mesh have been used in the 
ABAQUS implementation. Then, several cases were examined as shown 
in Table 3 involving laminates with different number of layers and fibre 
angles as well as different boundary conditions. In all these cases, glass 
fibres are used as reinforcement with fibre content set to 50% for each 
layer. Results indicate a good agreement between the natural fre
quencies obtained by the model developed in this article and using the 
commercial software. 

For further validation of the proposed model, the optimal funda
mental frequency obtained by the proposed approach is compared with 
a number of discrete simulations conducted using the commercial soft
ware package. A two-layer hybrid laminate finite element model is 
developed and several simulations are conducted, adopting different 
stacking sequences. As shown in Table 4, both the proposed approach 
and the commercial software result in the same optimal stacking se
quences as well as giving a very close value for the optimal fundamental 
frequency. 

Table 1 
Material properties of GPLs, matrix, carbon and glass fibres.  

Material E11(GPa) E22 

(GPa) 
G12 (GPa) ν12 Density (kg/ 

m3) 

GPL 1010 1010 E11/(2(1 +
ν))  

0.186 1060 

Matrix 3 3 E11/(2(1 +
ν))  

0.34 1200 

Carbon 
fibres 

263 19 27.60  0.20 1750 

Glass fibres 72.4 72.4 E11/(2(1 +
ν))  

0.20 2400  
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6. Analysis of the effects of reinforcements on frequencies 

Before presenting the results for the optimal design problems, some 
preliminary simulations are conducted with the GPLs and fibres 
distributed uniformly across the layers, i.e., all layers having the same 
volume content of the reinforcements. The objective of this exercise is to 
assess the effect of different graphene and/or fibre contents on the 
fundamental frequency and to study the trends as reinforcements in
crease. This study is conducted to observe the behaviour of three-phase 
composites which may have some unusual trends in terms of the effect of 
different reinforcements on frequencies. For this purpose, uniform glass 
or carbon fibre contents of 30% or 60% are specified for each layer. The 
results of this exercise are shown in Figs. 2 and 3 for different boundary 
conditions. In Fig. 2 results for an anti-symmetric stacking sequence and 
in Fig. 3 for a symmetric stacking sequence are given. 

It can be observed from Figs. 2 and 3 that as the graphene weight 
increases beyond a certain limit, a lower percentage of fibres (30%) 
results in a higher frequency as compared to the higher percentage of 
fibres (60%) for both glass and carbon fibres. This cross-over point for 
glass fibres is approximately 3% of graphene weight and for carbon fi
bres approximately 6% of graphene weight. A physical explanation for 
this behaviour can be presented, by noting that the contribution of the 
Young’s modulus of the graphene reinforced matrix EGM (Eq. (14)) to E11 
(Eq. (21)) decreases, as the fibre content VF increases, due to the second 
term of Eq. (21) decreasing as VF increases. Since the graphene rein
forced matrix has a high elastic modulus EGM, decrease in the contri
bution of EGM to E11 affects the natural frequency negatively once VF 
becomes too high. The reason for the cross-over point being higher in the 
case of carbon fibres is due to the high value of Young’s modulus of 
carbon fibres which compensate the decrease in the contribution of EGM 
as fibre content increases. 

This observation indicates that the optimal distribution of graphene 
and the fibres along the thickness of the laminate needs to be taken into 
account for an efficient design since a simplified consideration, e.g., of 
uniform distribution of the graphene reinforcement across the thickness 

may lead to diminishing returns. Also the results indicate that a higher 
fibre content does not lead to higher frequencies at higher graphene 
contents since increasing the fibre content has the effect of reducing the 
frequency if the graphene content exceeds a certain threshold. It is 
observed that this threshold value is higher for carbon fibre reinforced 

Table 2 
Comparison of non-dimensional frequencies Ω of simply supported (SSSS) square plates reinforced by GPLs with the thickness/length ratio of D/a = 0.1  

Pattern Method Mode 
1 2  

Isotropic plate 
(zero graphene and fibre content) 

Present/Mesh 5x5  0.0610  0.1611 
Present/Mesh 10x10  0.0590  0.1441 
Present/Mesh 15x15  0.0587  0.1413 
Ref. [65]  0.0584  0.1391 
Ref. [27]  0.0584  0.1390  

Uniformly distributed GPLs with WGPL = 1% 
Present/Mesh 5x5  0.1267  0.3352 
Present/Mesh 10x10  0.1228  0.2999 
Present/Mesh 15x15  0.1221  0.2941 
Ref. [65]  0.1216  0.2895 
Ref. [27]  0.1216  0.2895  

Table 3 
Comparison of non-dimensionalized frequencies Ω of GPLs/glass fibre square plate with thickness/length ratio of D/a = 0.1, WGPL = 1% and fibre volume content is 
50%  

Boundary conditions Pattern Stacking sequence Method Mode 
1 2      

SSSS  

1 layer   [44] 
Present  0.1579  0.3647 
Commercial software  0.1555  0.3601  

3 layers  [0/90/0] 
Present  0.1500  0.3498 
Commercial software  0.1483  0.3454  

8 layers  [0/30/45/90]s 

Present  0.1530  0.3565 
Commercial software  0.1511  0.3520  

CCCC  8 layers  [0/30/45/90]s 

Present  0.2639  0.4937 
Commercial software  0.2611  0.4885  

SCSC  8 layers  [0/30/45/90]s 

Present  0.2226  0.3891 
Commercial software  0.2204  0.3844  

Table 4 
Comparison of non-dimensional frequencies Ω with those obtained from the 
commercial software package for a GPLs/glass fibre SSSS square plate with 
thickness/length ratio D/a = 0.1, WGPL = 1% and fibre volume content 50%.  

Commercial software discrete simulations Proposed optimization code 
Case Stacking 

sequence 
Non- 
dimensionalized 
frequency 

Optimal 
stacking 
sequence 

Optimal non- 
dimensionalized 
frequency 

1 [0/0]  0.1483 [45/45] 0.1579 
2 [30/0]  0.1505 
3 [45/0]  0.1510 
4 [60/0]  0.1496 
5 [90/0]  0.1464 
6 [0/30]  0.1505 
7 [30/30]  0.1537 
8 [45/30]  0.1543 
9 [60/30]  0.1528 
10 [90/30]  0.1496 
11 [0/45]  0.1510 
12 [30/45]  0.1543 
13 [45/45]  0.1555 
14 [60/45]  0.1543 
15 [90/45]  0.1510 
16 [0/60]  0.1496 
17 [30/60]  0.1528 
18 [45/60]  0.1543 
19 [60/60]  0.1537 
20 [90/60]  0.1505 
21 [0/90]  0.1464 
22 [30/90]  0.1496 
23 [45/90]  0.1510 
24 [60/90]  0.1505 
25 [90/90]  0.1483  
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laminates as compared to glass fibre reinforced laminates. This effect is 
due to the higher stiffness of the carbon fibres. It is observed that the two 
different stacking sequences shown in Figs. 2 and 3, namely, cross-ply 
anti-symmetric and symmetric, result in similar behaviours. 

7. Optimal design results 

Optimization results obtained by the maximization of the funda
mental frequency are given in this section. Results are presented for 
three different boundary conditions, namely, simply supported (SSSS), 
clamped (CCCC) and simply supported and clamped in opposite edges 
(SCSC). The simulations are conducted for eight-layered laminates and 
the design variables are the graphene weight and the fibre volume 
contents of layers, the layer thicknesses, the fibre angles as well as 
combinations of these variables. The layer thickness ratio is defined as 
the thickness of the layer over the total thickness of the laminate, i.e., 
h/D. The ratio of the total thickness of the laminate over the length of 
one edge is given by D/a and the aspect ratio by a/b. 

7.1. Graphene content as the design variable 

Next, the design problem for the optimal distribution of GPLs across 

the thickness is studied with the graphene weight percentages of layers 
being the only design variables of the problem. This leads to an optimal 
laminate with the graphene distributed non-uniformly and optimally 
across the thickness. The design constraint is the maximum GPL weight 
fraction for the overall laminate, denoted as WGPLmax which is set to 
1.25%, i.e., WGPLmax⩽0.0125 . In Table 5, results for optimal graphene 
content of each layer, maximum frequencies and design efficiency fac
tors are given. The reference frequency Ω0 corresponds to a laminate 
with uniform graphene weight equal to 1.25% in all layers. 

Table 5 shows that the outer layers of the laminate have a higher 
percentage of graphene as compared to the inner layers for optimum 
design. Since the first eigenmode corresponds to a bending deflection, 
the (top and bottom) outer layers of the plate influence the response to a 
higher extend as compared to the middle layers due to the increased 
contribution of the outer layers to laminate stiffness as compared to the 
inner layers. Therefore, the optimization algorithm assigns a higher 
content of reinforcement in the outer layers and less or even zero content 
of reinforcement in the middle layers, in order to maximize the natural 
frequency. The same trend is also observed in the majority of the results 
presented in this article. 

For most of the cases shown in Table 5, only the two outer layers (out 
of the eight layers) get an increased amount of graphene while the 

Fig. 2. Non-dimensional frequencies Ω of 8-layered laminates with uniform graphene and fibre distributions in layers and anti-symmetric stacking sequence [0/90/ 
0/90]anti-s with D/a = 0.1, a/b = 1 for a) glass fibres, b) carbon fibres. 
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middle layers are kept to a small or zero amount of graphene. 
The highest increase in the fundamental frequency with respect to 

the reference frequency is 19.6% corresponding to the laminate with 
30% glass fibres for the symmetric and anti-symmetric cases as indicated 
by the design efficiency index shown in the last column of Table 5. In the 
case of 30% fibre content (glass or carbon), increase in the frequency is 
approximately twice or more compared to the case of 60% fibre content. 
This indicates that in the present case of uniformly distributed fibres 

across the thickness, a more efficient design is achieved with lower fibre 
volume contents. As mentioned in section 6, this is attributed to the fact 
that the increase in the fibre content VF leads to a decrease in the 
contribution of EGM to E11 as can be observed from Eq. (21). 

Moreover, the increase in the frequency (design efficiency) is higher 
for glass fibres than for carbon fibres. Also Table 5 indicates that sym
metric and anti-symmetric stacking sequences have not produced 
significantly different results. 

Fig. 3. Non-dimensional frequencies Ω of 8-layered laminates with uniform graphene and fibre distributions in layers and symmetrical stacking sequence [90/0/90/ 
0]s with D/a = 0.1, a/b = 1 for a) glass fibres, b) carbon fibres. 

Table 5 
Maximum fundamental frequencies Ω of 8-layered laminates with WGPLi (graphene weight content of ith layer) as the design variables subject to WGPLi⩾0 and WGPLmax =

1.25% with D/a = 0.1, a/b = 1 and SSSS boundary conditions  

Stacking sequence BCs Fibre contents Optimal WGPL per layer Ω η =
Ωmax

Ω0    

[0/90/0/90]anti-s  

SSSS 
Glass 30% [0.048 / 0.0022 / 0 / 0]s  0.1766  1.196 
Glass 60% [0.036 / 0.014 / 0.0002 / 0]s  0.1774  1.091 
Carbon 30% [0.047 / 0.003 / 0 / 0]s  0.2054  1.108 
Carbon 60% [0.033 / 0.013 / 0.004 / 0]s  0.2254  1.033         

[90/0/90/0]s 

SSSS Glass 30% [0.049 / 0.0017 / 0 / 0]s  0.1767  1.196 
Glass 60% [0.036 / 0.014 / 0.0001 / 0]s  0.1774  1.090 
Carbon 30% [0.047 / 0.003 / 0 / 0]s  0.2068  1.108 
Carbon 60% [0.034 / 0.012 / 0.004 / 0]s  0.2275  1.034  
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To investigate the effect of increasing the allowable graphene weight 
for the overall laminate (WGPLmax) on the design efficiency, three 
different values of WGPLmax, equal to 1.25%, 2.5% and 5%, have been 
studied as shown in Fig. 4. The fibre volume contents across the thick
ness were kept uniform as before. 

Fig. 4 indicates that increasing the total graphene weight is more 
efficient when a lower fibre content is used. For glass fibres with 60% 
fibre content, increasing the maximum graphene weight has almost no 
effect on the design efficiency. Results show that when a uniform fibre 
distribution is adopted, non-uniform distribution of graphene across the 
thickness leads to higher frequencies. The corresponding design effi
ciency factor becomes higher when lower fibre volume contents are 
used. An increase in the fibre content or use of carbon instead of glass 
result in increased frequency. However, this leads to lower design 
efficiency. 

7.2. Graphene and fibre contents as design variables 

Next, optimal designs with two sets of design variables are consid
ered, namely, the optimal distributions of GPLs and fibres across the 
thickness. The results are shown in Table 6. The maximum graphene 
content for the overall laminate WGPLmax is set to 1.25% and the 
maximum fibre volume content VFmax to 30%. The reference frequency 
Ω0 to compute the design efficiency corresponds to a uniform graphene 
content of 1.25% and a uniform fibre content of 30% for all layers. 

In most cases, as shown in Table 6, a higher graphene content is 
allocated to the two outer layers while zero graphene weight is allocated 
to the middle layers. For carbon fibres and CCCC boundary conditions, 
the top and bottom three layers have higher graphene content while 
only two middle layers have zero graphene content. Concerning the 
optimal fibre content, all boundary conditions result in higher fibre 
content in the two outer layers with the middle layers having the 

minimum fibre content as dictated by the constraint on minimum fibre 
content. Similar to the discussion presented in section 7.1, the optimi
zation algorithm assigns a higher reinforcement content to the outer 
layers due to these layers affecting the structural response of the lami
nate more than the middle layers. 

In the case of carbon fibres, it seems that values of fibre volume 
contents for the outer layers depend on the type of the boundary con
ditions. Design efficiency is observed to be the highest for glass fibres 
and SSSS boundary conditions (26.2%), followed by SCSC (21.6%) and 
CCCC (20.2%). For carbon fibres, highest efficiencies are obtained for 
SSSS (19.2%), followed by SCSC (13.2%) and CCCC (11.7%). Thus, as 
the boundary conditions become more stiff (from SSSS to CCCC), less 
space is left for improvement of the natural frequency, which results in 
the decrease of the design efficiency. Comparing Tables 5 and 6, it is 
observed that design efficiency index in Table 6 indicates an increase of 
26.2% for glass fibres and 19.2% for carbon fibres for SSSS boundary 
conditions. The corresponding increases for the case of uniform fibre 
distributions shown in Table 5 are 19.6% and 10.8%, respectively, 
indicating that optimal non-uniform fibre distribution results in signif
icantly increased frequencies for both glass and carbon fibres. It is noted 
that in both cases the same amount of total fibre content for the laminate 
is specified. 

Therefore, this increase in the design efficiency in the case of non- 
uniform fibre (and graphene) distributions is due to the fact that opti
mization distributes the fibre reinforcement optimally by assigning a 
higher fibre content in the outer layers and a lower fibre content in the 
middle layers as compared to the case of a uniform fibre distribution 
presented in Table 5. 

To investigate the sensitivity of the frequency to design parameters, 
contour plots with respect to graphene and fibre contents are drawn as 
shown in Fig. 5 for SSSS boundary conditions. In Fig. 5, the two hori
zontal axes indicate the variation of the graphene weight and fibre 

Fig. 4. Design efficiency vs WGPLmax for different fibres and fibre contents with SSSS boundary conditions and [0/90/0/90]anti-s laminates.  

Table 6 
Maximum fundamental frequencies Ω of 8-layered laminates with two design variables: graphene and fibre contents (WGPLi, VFi) of layers subject to WGPLi⩾0, 
0.1⩽VFi⩽0.6, WGPLmax = 1.25%, VFmax = 30% with D/a = 0.1, a/b = 1 and stacking sequence [0/90/0/90]anti-s  

BCs Fibres Optimal WGPL Optimal VF Ω η =
Ωmax

Ω0   

SSSS 
Glass [0.035 / 0.015 / 0 / 0]s [0.6 / 0.4 / 0.1 / 0.1 /]s  0.1864  1.262 
Carbon [0.042 / 0.008 / 0 / 0]s [0.4 / 0.6 / 0.1 / 0.1 /]s  0.2209  1.192        

CCCC 
Glass [0.032 / 0.018 / 0 / 0]s [0.6 / 0.4 / 0.1 / 0.1]s  0.3113  1.202 
Carbon [0.027 / 0.014 / 0.009 / 0]s [0.48 / 0.52 / 0.1 / 0.1]s  0.3709  1.117        

SCSC 
Glass [0.033 / 0.018 / 0 / 0]s [0.6 / 0.4 / 0.1 / 0.1]s  0.2566  1.216 
Carbon [0.039 / 0.011 / 0 / 0]s [0.4 / 0.6 / 0.1 / 0.1]s  0.3045  1.132  
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volume contents of the outer (surface) layers of the 8-layered laminate. 
The values of the graphene and fibre contents of the intermediate layers 
(layers 2 to 7) are taken from the optimization results shown in Table 6. 

Both Fig. 5a and 5b indicate that there is an optimal graphene weight 
for the outer layer which maximizes the frequency. Exceeding this 
optimal value of the graphene weight leads to a decrease in the fre
quency. In the case of glass fibres (Fig. 5a), the maximum frequency is 
not sensitive to the change in the fibre volume content. However, for 
carbon fibres (Fig. 5b), when the graphene content is high, the lower 
fibre content results in higher frequency and increasing the fibre content 
results in lower frequency. 

For glass fibres and CCCC or SCSC boundary conditions, similar 

patterns for the contour plots were observed. For carbon fibres and 
CCCC boundary conditions, the contour plot shown in Fig. 6a indicates 
that frequency is quite sensitive to change in the graphene weight 
around the maximum frequency as compared to SSSS boundary condi
tions (Fig. 5b). This becomes more pronounced for higher fibre volume 
contents and for the (more stiff) CCCC boundary conditions, followed by 
the SCSC boundary conditions (Fig. 6b). 

To further investigate the contribution of graphene on maximizing 
the frequency, additional simulations with zero graphene weight have 
been performed. Two design efficiency factors are calculated for this 
case: a) η = Ωmax

Ω0 
where Ωmax is the optimal frequency and Ω0 the 

reference frequency obtained for non-zero, uniform graphene weight 

Fig. 5. Contour plots of frequency for SSSS boundary conditions with varying graphene weight and fibre volume contents of the surface layers for a) glass and b) 
carbon fibres. 

Fig. 6. Contour plots of the frequency for carbon fibre reinforced laminates with varying graphene weight and fibre volume contents of the outer layers for a) CCCC 
and b) SCSC boundary conditions. 

Table 7 
Maximum fundamental frequencies Ω of 8-layered laminates with zero graphene content and design variables as the fibre contents VFi of layers subject to 0.1⩽VFi⩽0.6, 
VFmax = 30% with D/a = 0.1, a/b = 1 and stacking sequence [0/90/0/90]anti-s  

BCs  Optimal VF Ω η =
Ωmax

Ω0  
η2 =

Ωmax

Ω02   

SSSS 
Glass [0.6 / 0.4 / 0.1 / 0.1]s  0.1079  0.731  1.202 
Carbon [0.57 / 0.43 / 0.1 / 0.1]s  0.1611  0.869  1.167        

CCCC 
Glass [0.6 / 0.4 / 0.1 / 0.1]s  0.1883  0.727  1.165 
Carbon [0.6 / 0.4 / 0.1 / 0.1]s  0.2508  0.755  1.113        

SCSC 
Glass [0.6 / 0.4 / 0.1 / 0.1]s  0.1533  0.727  1.173 
Carbon [0.6 / 0.4 / 0.1 / 0.1]s  0.2103  0.782  1.127  
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equal to 1.25% for all the layers of the laminate and b) η2 = Ωmax
Ω02 

where 
the reference frequency Ω02 is obtained for zero graphene weight. The 
design efficiency factor η2 shown in Table 7 indicates a significant in
crease of the fundamental frequency when the fibres are distributed 
optimally among the layers as compared to the frequency of a laminate 
with uniformly distributed fibres. The increase is observed to be greater 
in the case of glass fibre reinforced laminates as compared to the carbon 
fibre reinforced ones. When the efficiency factor η is examined in 
Table 7, it is observed that a significant reduction in the maximum 
frequency occurs in the absence of graphene reinforcement noting that 
the reference frequency Ω0 refers to a laminate with uniformly 
distributed graphene of 1.25% volume content. The highest reduction in 
the frequency is observed in the case of glass fibres and CCCC and SCSC 
boundary conditions and it is equal to (1–0.727)/100 = 27.3%. 

A more holistic insight on the positive contribution of the non- 
uniform distribution of graphene across the laminate thickness can be 
obtained by comparing the design efficiency factors in Table 6 (non- 
zero, non-uniform graphene distribution along thickness) and the factor 
η of Table 7 (zero graphene). Both factors are calculated using the same 
reference frequency Ω0 which corresponds to uniform graphene distri
bution with a weight content of 1.25% for all layers. For glass fibres and 

CCCC boundary conditions, Table 6 indicates an increase of 20.2% of the 
maximum frequency with respect to the reference frequency. For the 
same case (glass fibres and CCCC), the reduction in the fundamental 
frequency with respect to the reference frequency Ω0 obtained from 
Table 7 (1–0.727)/100 = 27.3%), a total increase equal to 20.2% +
27.3% = 47.5% of the optimal fundamental frequency with non-uniform 
graphene distribution arises, in comparison to zero graphene usage. 
Significant improvements in the vibration response also arise when the 
proposed non-uniform graphene distribution shown in Table 6 is used 
for all the cases presented in Tables 6 and 7. 

To better represent the aforementioned improvement of the vibra
tion behaviour of the composite laminate when a non-uniform graphene 
distribution is adopted, Fig. 7 represents the (Ωmax-Ω0)/Ω0 (%) vs 
boundary conditions diagrams, obtained from Tables 6 and 7. The top 
line in each diagram represents the increase of the maximum frequency 
for the non-uniform graphene distribution shown in Table 6 with respect 
to the reference frequency (non-zero, uniform graphene) for glass and 
carbon fibres. The bottom line shows the corresponding percentage, 
representing the decrease of the maximum frequency obtained for zero 
graphene with respect to the reference frequency (non-zero, uniform 
graphene). The figure indicates that a significant increase of the 

Fig. 7. Comparison between the maximum and the reference frequencies for three boundary conditions and a) glass, b) carbon fibres.  
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fundamental frequency corresponding to the non-uniform graphene 
distribution is observed for all cases as compared to zero graphene 
content. For glass fibres, this increase may reach 51% (SSSS) and is not 
less than 46% (CCCC). For carbon fibres the maximum increase is 36% 
(CCCC) and the minimum 30% (SSSS). 

7.3. Graphene and fibre contents and layer thicknesses as design variables 

Next, in addition to the two design variables of graphene and fibre 
contents studied so far, another design variable, namely, the layer 
thicknesses are included as design variables. This leads to optimal design 
for maximum frequency with three design variables. The results of the 
optimization with these design variables are shown in Tables 8, 9 and 10 
corresponding to the three boundary conditions of SSSS, CCCC and 
SCSC, respectively. 

Comparison between the results presented in Tables 8-10 (including 
non-uniform layer thicknesses) and Table 6 (with uniform layer thick
nesses) indicates that the efficiency factor increases with the addition of 
layer thicknesses to design variables as expected. The minimum increase 
is 1.2% (CCCC-glass fibres) and the maximum increase is 2.8% (CCCC- 
carbon fibres). In the majority of the cases, the layers close to laminate 
surface receive a higher graphene content with an increase in the 
thicknesses of the middle layers. Thus, the optimal designs correspond to 
a reduced thickness in the surface layers which have increased graphene 
content compared to the cases of uniform layer thicknesses as observed 
in Table 6. 

Moreover, for SCSC boundary conditions and carbon fibres, the 
symmetric stacking sequence results in significantly higher efficiency 
factor as compared to the anti-symmetric case. For the other boundary 
conditions, both stacking sequences result in similar efficiency factors. 

7.4. Graphene and fibre contents, layer thicknesses and fibre orientations 
as design variables 

In view of the importance of fibre orientations in the design of 
composite laminates, fibre angles are now introduced as the fourth set of 
design variables in addition to graphene and fibre contents and layer 
thicknesses. This leads to an optimal design problem with four design 
variables. 

Results of this optimization problem are shown in Table 11. It is 
observed that the optimal designs for different boundary conditions 
result in different stacking sequences as expected. Similar to the previ
ous cases, higher graphene weights are allocated to outer layers. Com
parison between the results presented in Tables 8-10 (cross-ply 
laminates) indicates a further increase of the fundamental frequency for 
SSSS and SCSC boundary conditions. This increase is quite significant for 
SSSS boundary conditions (+7.8% for glass and + 18.4% for carbon fi
bres) and for SCSC-carbon fibres (+10.8%). It is noted that the design 
efficiency factors shown in Table 11 are calculated for a reference fre
quency obtained by using the anti-symmetric, cross-ply stacking 
sequence, and therefore efficiency comparisons between Table 11 and 
Tables 8-10 are based on this stacking sequence. For CCCC boundary 
conditions no increase of the design efficiency is observed, indicating 
that the cross-ply stacking sequence used in Table 9 results in the 
optimal vibration response. 

A final investigation is conducted by assessing the effect of the 
variation of the fibre angles of the two outer layers on the fundamental 
frequency and the corresponding sensitivities. The reason the top two 
outer layers are chosen for this purpose is because the outer layers 
contribute most to the stiffness of the laminate. This work is done by 
means of contour plots of the frequencies with respect to fibre orienta
tions. In the contour plots shown in Figs. 8-10, the problem parameters 

Table 8 
Maximum fundamental frequencies Ω of 8-layered laminates with three design variables subject to WGPLi⩾0, 0.1⩽VFi⩽0.6, 0.01⩽hi/D⩽0.15, WGPLmax = 1.25%, VFmax =

30% with D/a = 0.1, a/b = 1 and SSSS boundary conditions.  

Stacking sequence Fibres Optimal WGPL Optimal VF hi/D Ω η =
Ωmax

Ω0   

[0/90/0/90]anti-s 

Glass [0.042/0.021/0/0]s [0.6/0.6/0.1/0.1]s [0.095/0.105/0.15/0.15]s  0.1892  1.281 
Carbon [0.041/0.02/0.003/0]s [0.6/0.6/0.1/0.1]s [0.08/0.12/0.15/0.15]s  0.2244  1.211         

[90/0/90/0]s 

Glass [0.043/0.021/0/0]s [0.6/0.6/0.1/0.1]s [0.094/0.106/0.15/0.15]s  0.1892  1.280 
Carbon [0.043/0.021/0.003/0]s [0.6/0.6/0.1/0.1]s [0.07/0.13/0.15/0.15]s  0.2244  1.203  

Table 9 
Maximum fundamental frequencies Ω of 8-layered laminates with three design variables subject to WGPLi⩾0, 0.1⩽VFi⩽0.6, 0.01⩽hi/D⩽0.15, WGPLmax = 1.25%. VFmax =

30% with D/a = 0.1, a/b = 1 and CCCC boundary conditions.  

Stacking sequence Fibres Optimal WGPL Optimal VF hi/D Ω η =
Ωmax

Ω0   

[0/90/0/90]anti-s 

Glass [0.041/0.023/0/0]s [0.6/0.6/0.1/0.1]s [0.09/0.11/0.15/0.15]s 0,3146  1.214 
Carbon [0.019/0.014/0.021/0]s [0.6/0.6/0.1/0.1]s [0.08/0.12/0.15/0.15]s 0.3802  1.145         

[90/0/90/0]s 

Glass [0.041/0.023/0/0]s [0.6/0.6/0.1/0.1]s [0.09/0.11/0.15/0.15]s 0,3146  1.214 
Carbon [0.103/0.008/0/0]s [0.1/0.6/0.27/0.1]s [0.05/0.15/0.15/0.15]s 0.3794  1.141  

Table 10 
Maximum fundamental frequencies Ω of 8-layered laminates with three design variables subject to WGPLi⩾0, 0.1⩽VFi⩽0.6, 0.01⩽hi/D⩽0.15, WGPLmax = 1.25%, VFmax =

30% with D/a = 0.1, a/b = 1 and SCSC boundary conditions.  

Stacking sequence Fibres Optimal WGPL Optimal VF Optimal hi/D Ω η =
Ωmax

Ω0   

[0/90/0/90]anti-s 

Glass [0.041/0.023/0/0]s [0.6/0.6/0.1/0.1]s [0.09/0.11/0.15/0.15]s  0.2595  1.230 
Carbon [0.109/0.006/0/0]s [0.1/0.6/0.27/0.1]s [0.05/0.15/0.15/0.15]s  0.3082  1.146         

[90/0/90/0]s 

Glass [0.057/0.014/0/0]s [0.45/0.6/0.1/0.1]s [0.07/0.15/0.13/0.15]s  0.2614  1.254 
Carbon [0.093/0.011/0/0]s [0.1/0.6/0.27/0.1]s [0.05/0.15/0.15/0.15]s  0.3282  1.272  
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have been assigned their optimal values presented in Table 11 in all 
layers except the top two outer layers. Thus, the only parameters which 
vary in these plots are the fibre angles of the outer layers, that is, θ1 and 
θ8 of the top and bottom layers, and θ2 and θ7 of the second outer layers. 

Comparisons between the optimal solutions presented in Table 11 
and Figs. 8-10 confirms the optimization solution and the corresponding 
angles θ1,8 and θ2,7 in every case. It is also observed that different 
boundary conditions result in different shapes of the contour plots as 
expected. Thus CCCC boundary conditions lead to multiple optimal 

points. For SSSS and SCSC boundary conditions, a single optimal point is 
observed and this point is more prominent in the case of carbon fibre 
reinforced laminates. This leads to the observation that when glass fibres 
are used for reinforcement, the difference between the minimum and the 
maximum values of the frequency is relatively small as compared to the 
case of carbon fibres. 

Table 11 
Maximum fundamental frequencies Ω of 8-layered laminates with four design variables subject to WGPLi⩾0, 0.1⩽VFi⩽0.6, 0.01⩽hi/D⩽0.15, − 90◦⩽θi⩽90◦, WGPLmax =

1.25%, VFmax = 30% with D/a = 0.1, a/b = 1.  

Boundary conditions Fibres Optimal WGPL Optimal VF hi/D θi  Ω η =
Ωmax

Ω0   

SSSS 
Glass [0.110/0.005/ 

0/0]s 

[0.10/0.60/ 
0.27/0.10]s 

[0.05/0.15 
/0.15/0.15]s 

[45/-45/45/45]s  0.2006  1.359 

Carbon [0.119/0.003/ 
0/0]s 

[0.10/0.60/ 
0.27/0.10]s 

[0.05/0.15/ 
0.15/0.15]s 

[45/-45/45/45]s  0.2586  1.395          

CCCC 
Glass [0.041/0.023/ 

0/0]s 

[0.6/0.6/ 
0.1/0.1]s 

[0.09/0.11/ 
0.15/0.15]s 

[0/90/0/90]s  0.3146  1.214 

Carbon [0.019/0.014/ 
0.021/0]s 

[0.6/0.6/ 
0.1/0.1]s 

[0.07/0.13/ 
0.15/0.15]s 

[0/90/0/90]s  0.3802  1.145          

SCSC  
Glass [0.057/0.015/ 

0/0]s 

[0.46/0.6/ 
0.1/0.1]s 

[0.07/0.15/ 
0.15/0.13]s 

[0/0/0/0]s  0.2625  1.244 

Carbon [0.087/0.012/ 
0.001/0]s 

[0.10/0.60/ 
0.27/0.10]s 

[0.05/0.15/ 
0.15/0.15]s 

[0/0/0/0]s  0.3372  1.254  

Fig 8. Contour plots of the frequency with respect to the fibres angles of the two outer layers for SSSS boundary conditions, a) glass fibres, b) carbon fibres.  

Fig 9. Contour plots of the frequency with respect to the fibres angles of the two outer layers for CCCC boundary conditions, a) glass fibres, b) carbon fibres.  
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8. Conclusions 

Optimal design and analysis of a hybrid graphene/fibre reinforced 
composite laminate for maximum fundamental frequency was the sub
ject of the present study. The composite material is defined as a three- 
phase nanocomposite consisting of graphene nanoplatelets, fibres and 
polymer matrix. The main objective was the study of the vibration 
response and optimization of this multiscale laminate combining a nano- 
scale reinforcement (graphene) within the traditional fibre reinforced 
matrix and the effect of the graphene content on the maximum fre
quency. To achieve a cost-effective design, the optimal distributions of 
the constituent materials along the thickness of the structure as well as 
optimal layer thicknesses are investigated to maximize the fundamental 
frequency. 

For the implementation of the optimization scheme, a Sequential 
Quadratic Programming algorithm (SQP) was adopted. The natural vi
bration problem is solved within the framework of the finite element 
method using the First Order Shear Deformation plate theory (FSDT). 
Three different boundary conditions, namely, SSSS, CCCC and SCSC are 
investigated to assess their effect on the optimal designs. Effective 
properties of three-phase composite are obtained from micromechanics 
equations applicable to graphene and fibre reinforced polymers. The 
numerical results are given for symmetric and anti-symmetric 8-layered 
laminates. 

Among the main findings of the study is the optimal distributions of 
graphene and fibre reinforcements along the thickness of the laminate. It 
is observed that a non-uniform distribution of graphene platelets, with 
higher graphene contents in the surface layers and lower or zero gra
phene contents in the middle layers, results in the optimal distribution of 
the graphene. When the fibre volume contents are also included as 
design variables, a similar pattern of optimal fibre distribution is 
observed, that is, higher fibre contents in the outer layers and the less 
fibre content in the middle layers. 

A design efficiency factor is introduced which is defined as the ratio 
of the fundamental frequency of the optimally designed laminate over a 
reference frequency based on uniform distributions of the re
inforcements and uniform layer thicknesses. This provides a quantitative 
measurement of the positive effect of the non-uniformly distributed re
inforcements leading to optimal designs. When the layer thicknesses and 
the fibre angles are also included as design variables of the optimization 
problem, the design efficiency factors indicate a further increase in the 
fundamental frequency as expected. 

Some specific conclusions are presented below:  

a) Increasing graphene weight is more effective in improving the 
fundamental frequencies for lower fibre volume contents (Figs. 2 and 
3).  

b) When the graphene contents of layers are the only design variables of 
the optimization problem and a uniform fibre distribution along the 
thickness is adopted, a higher graphene content results in the outer 
layers as expected. The highest increase of the fundamental fre
quency with respect to the reference frequency is 19.6%. This cor
responds to a symmetric cross-ply laminate with glass fibres of 30% 
volume content. The corresponding increase when 30% of carbon 
fibres is used is 10.8%. This is due to the fact that glass fibres have 
lower stiffness and graphene becomes more effective in improving 
the maximum frequency while carbon fibres have higher stiffness 
and addition of graphene is, relatively speaking, not as efficient as it 
was in the case of glass fibres.  

c) For the case of optimal distribution of graphene (same as case b), the 
increase in the fundamental frequency when fibre volume content is 
60% (instead of 30% as in case b), is half in the case of glass fibre 
reinforcement and one third for carbon fibre reinforcement. This 
indicates that the graphene reinforcement is more efficient at lower 
fibre contents.  

d) It was observed that a higher design efficiency factor was obtained 
when glass instead of carbon fibres are used. This is attributed to the 
lower stiffness of glass fibres which results in higher contribution of 
graphene platelets to the fundamental frequency.  

e) When both graphene and fibre reinforcements are specified as design 
variables, a non-uniform distribution along the thickness arises for 
both reinforcements. The optimal non-uniform fibre distributions 
result in significantly increased frequencies in comparison to uni
form fibre distributions.  

f) The highest increase of the fundamental frequency with respect to 
the reference frequency is 26.2% in the case of SSSS boundary con
ditions. CCCC boundary conditions result in the lowest increase in 
the design efficiency. This can be attributed to the fact that for CCCC 
boundary conditions, the fundamental frequencies are already rela
tively high compared to the case of SSSS boundary conditions.  

g) When zero and non-zero graphene reinforcements are compared, 
results indicate that a large increase in the fundamental frequency is 
observed relative to case with zero graphene content compared to 
the case of non-uniformly distributed graphene. This increase rea
ches 51% in the case of additional reinforcements with glass fibre 
and 36% with carbon fibres.  

h) When the layer thicknesses are specified as further design variables 
(in addition to graphene and fibre volume contents), a relatively 
small increase in the design efficiency factor is observed which is 
1.2% for CCCC-glass fibres and 2.8% for CCCC-carbon fibres.  

i) For the case of three design variables involving graphene and fibre 
contents of layers and the layer thicknesses, the fundamental fre
quency is 28.1% higher compared to the reference frequency in the 
case of glass fibre reinforced laminates with SSSS boundary 

Fig 10. Contour plot of the frequency with respect to the fibres angles of the two outer layers for SCSC boundary conditions, a) glass fibres, b) carbon fibres.  
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conditions compared to 26.2% for the case of uniform layer thickness 
(two sets of design variables). The corresponding increase is 19.6% 
in the case of uniform layer thicknesses and uniform fibre contents 
with the graphene contents of layers being the only design variables.  

j) When the fibre angles are also included as the design variables in 
addition to the previous set of three design variables (graphene and 
fibre contents and thicknesses of layers), a significant increase in the 
design efficiency factor is observed. These increases are 7.8% for 
GFRP and 18.4% for CFRP laminates with SSSS boundary conditions. 
and 10.8% for CFRP laminates with SCSC boundary conditions.  

k) For this case (four sets of design variables) and SSSS boundary 
conditions, the increase of the fundamental frequency with respect to 
the reference frequency reaches 35.9% for GFRP and 39.5% for CFRP 
laminates. 

Future research on three-phase nanocomposites is to include the 
investigation of functionally graded nanomaterials where the graphene 
weight varies along the thickness of the laminate which may be a pre- 

defined distribution or an optimally determined continuous distribu
tion. In addition, a non-constant graphene distribution in each layer may 
also result in an improved design and a cost-effective use of the 
expensive graphene reinforcement. Finally, more advanced theories and 
bounds for the micromechanical formulations presented in literature 
[66,67], can be adopted and compared for three-phase composites. 
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Appendix  

1. Strain energy 

The strain energy of the laminated composite plate is expressed as 

U =
1
2

∫

Ve

(
{εb0}

T
[
Qb

]
{εb0} + {εb0}

T z
[
Qb

]
{κ} + {κ}T z

[
Qb

]
{εb0} + {κ}T z2

[
Qb

]
{κ} + {εs0}

T
[
Qs

]
{εs0}

)
dV =

=
1
2

∫

Ve

⎧
⎨

⎩

{εb0}

{κ}
{εs0}

⎫
⎬

⎭

T

⎡

⎢
⎢
⎢
⎣

[
Qb

]
z
[
Qb

]
0

z
[
Qb

]
z2
[
Qb

]
0

0 0
[
Qs

]

⎤

⎥
⎥
⎥
⎦

⎧
⎨

⎩

{εb0}

{κ}
{εs0}

⎫
⎬

⎭
dV =

1
2

∫

Ve

{ε}T
[C(z) ]{ε}dV (A1) 

where Ve is the volume of an element. Substituting for {εb0}, {κ} and {εs0} in the above equation, U can be written as 

U =
1
2
{d}T

e [K]e{d}e (A2)  

where 

[K]e =
∑N

k=1

[∫

Vk

[B]T [C(z) ]k[B]dVk

]

(A3) 

In equation (А3) Vk is the volume of the kth layer, N is the number of lamina, [C] is the elasticity tensor and [B] is the strain – displacement matrix.  

2. Kinetic energy 

The kinetic energy of the composite plate is expressed as 

T =
1
2
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}2

+

{

u̇2

}2

+

{

u̇3

}2
]

dVk

)

, (A4) 

where ρk is the density of the kth layer. Substituting the displacements relations of Eq. (1), Eq. (А4) becomes 
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Equation (А5) then becomes: 

T =
1
2

{
ḋ
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(A6)  

where 
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[M]e =

∫

Ae

∑N

k=1

∫zk

zk− 1

[N]
T
[I(z) ]k[N]dzdA (A7) 

where Ae is the area of the element and zk− 1, zk are the z coordinates of the laminate corresponding to the bottom and top surface of the kth layer.  

3. Work done by the mechanical forces 

The work done by the mechanical forces is given by 

W = {u}T
{fc}+

∫

S1

{u}T{f (i)s

}
dS+

∫

V
{u}T
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e
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In Equation (А8), {fc} denotes the concentrated forces and {fs}, {fv} denote the surface and volume forces, respectively. S1 is the surface area, V is 
the volume and {Fm}e is the vector of the applied mechanical forces on an element. 
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A B S T R A C T

Three-phase graphene/fibre-reinforced cantilever skew laminates are optimized with the design objective of
maximizing the fundamental frequency. Four optimal design problems are formulated involving one, two,
three, and four design variables: graphene content, fibre content, layer thicknesses, and the fibre orientations.
Optimization is implemented using a Sequential Quadratic Programming optimization algorithm within finite
element analysis. It is observed that optimizing the graphene and fibre contents across the thickness leads to
increased fundamental frequency. A trend is observed for the frequency of skew laminates to increase but for
their design efficiency to decrease compared to rectangular laminates.

1. Introduction

The use of laminated rectangular and skew plates as structural
components has increased due to their significant advantages. These
include high strength/weight and high stiffness/weight ratios com-
pared to conventional materials. Composite plates, used as lightweight
components, are often exposed to severe vibrations. In this case, a
critical issue is to avoid resonance when the natural frequency of the
laminate coincides with the excitation frequency. Avoiding resonance
becomes particularly important in aerospace applications due to weight
limitations. One of the methods adopted to resolve this issue is to
design a laminate such that its fundamental frequency is higher than
the excitation frequency. This approach leads to an optimal design
problem with the objective of maximizing the fundamental frequency
for a given weight of the laminate.

One of the recently introduced technologies to produce lightweight
composites is to use nanoscale reinforcements which have high
stiffness–weight ratios compared to traditional fibre reinforcements.
Currently, carbon nanotubes (CNTs) and graphene nanoplatelets (GPLs)
are among the most widely used nanomaterials introduced as reinforce-
ments. Due to their excellent mechanical properties, a small amount of
nano reinforcement can substantially improve the mechanical proper-
ties and the vibration response of the laminates.

Several studies on skew plates’ vibration response have been re-
ported in the literature. Vibrations of skew laminates with cut-outs

∗ Corresponding author at: Discipline of Civil Engineering, University of Central Lancashire, Preston, UK.
E-mail address: gdrosopoulos@uclan.ac.uk (G.A. Drosopoulos).

were studied in [1], and the vibrations of laminated skew plates with
and without cut-outs in [2]. Vibrations of skew cantilever plates with
stiffeners were studied in [3] to observe the differences in the frequen-
cies compared to rectangular plates. Results indicated that cantilever
skew plates provide improved flexural rigidity as compared to rect-
angular plates. Vibrations of laminated cantilever trapezoidal plates
were the subject of the study in [4]. In [5,6], free vibrations of skew
laminates were studied, and it was observed that as the skew angle
increases, the natural frequency also increases. In [7], an investigation
of the free vibrations of skew plates indicated an increase of the
fundamental frequency with increasing skew angle, aspect ratio and
width to thickness ratio. In [8], vibrations of laminated skew plates
were studied, and it was observed that the frequency increases with
increasing skew angle.

Several studies focused on the response of graphene or carbon
nanotube-reinforced laminates known as two-phase nanocomposites.
Vibrations of functionally graded and carbon nanotube reinforced skew
laminates were studied in [9–12]. The effects of nanotube content
on the frequencies of skew laminates were investigated in [13], and
the impact of carbon nanotube waviness and agglomeration on the
vibrations of skew laminates in [14]. The vibration response of skew
plates with varying stiffness was studied in [15], and it was observed
that an increase in the skew angle increased the fundamental frequency
confirming the previous results.

https://doi.org/10.1016/j.tws.2023.110903
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Available online 23 June 2023
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Several studies involved the vibrations of functionally graded
graphene nanoplatelet-reinforced two-phase composites. The studies
[16–19] observed that a small increase in the graphene content in-
creased the fundamental frequency substantially. Functionally graded
graphene-reinforced plates subject to thermal and mechanical loads
were investigated in [20]. This study also indicated that adding a
small amount of graphene leads to a considerably higher fundamental
frequency.

Several investigations studied the optimal design of skew laminates.
Optimization of skew laminates to maximize the frequency was the
subject of the paper [21], with the study based on the first-order shear
deformation theory. It was observed that as the skew angle increased,
the optimal fibre orientations increased and for large enough skew
angles, the influence of the fibre orientations became insignificant. Fun-
damental frequencies of symmetric and anti-symmetric skew laminates
were maximized in [22] by determining the optimal stacking sequence.
Genetic algorithms, particle swarm optimization and cuckoo search
methods were used in [23] to maximize the fundamental frequency of
skew plates.

The vibrations of graphene-reinforced skew plates on point supports
were studied in [24]. The nonlinear vibration response of graphene-
reinforced beams was studied in [25] and it was observed that the
non-uniform distribution of graphene across thickness yielded better
results as compared to the uniform distribution of graphene. The ef-
fect of graphene nanoplatelets on a polymer composite was studied
in [26] and it was noted that a proper alignment of the nanoplatelets
significantly improved the mechanical response compared to randomly
orientated GPLs.

Recently, the mechanical response of three-phase composites us-
ing GPLs or CNTs and with glass or carbon fibre reinforcements in
a polymer matrix has been investigated. These studies aim to bal-
ance the benefits of nanoscale reinforcements to achieve lower weight
and higher stiffness with the increased cost of using nano materials.
An investigation on the optimization of three-phase graphene/fibre-
reinforced rectangular laminates with the objective of maximizing the
fundamental frequency was presented in [27]. Design variables used
in this study were the graphene content, the fibre content, the layer
thicknesses and the fibre orientations and the numerical results were
given only for the simply supported and clamped boundary condi-
tions. Results highlighted the improvement of the design efficiency by
introducing optimal non-uniform distributions of graphene and fibre
reinforcements across the laminate thickness. The vibration response
of three-phase, graphene/carbon fibre-reinforced laminates was studied
in [28], emphasizing the contribution of graphene reinforcement to
increase the fundamental frequency. In [29], the influence of using
graphene reinforcement in addition to carbon or glass fibres on the
buckling response of angle-ply laminates was evaluated. Results in-
dicated that an increase in the graphene content led to substantially
higher buckling loads.

Based on the literature study and according to authors’ best knowl-
edge, no research has been conducted on optimizing the fundamen-
tal frequency of three-phase graphene/fibre-reinforced skew cantilever
laminates. The present article involves the optimal designs of three-
phase, skew cantilever laminates using four design parameters. Both
graphene nanoplatelets and glass or carbon fibres are used as reinforce-
ments leading to three-phase laminates. Design variables include the
graphene and fibre contents of layers, the thickness of each layer and
the fibre orientations. The overall scheme is implemented in MATLAB
using finite element analysis. A design efficiency factor is introduced to
provide a quantitative criterion to compare and assess the results of dif-
ferent optimal designs and the effectiveness of the design parameters.
The vibration response and the design efficiency of three-phase skew
and rectangular plates are also evaluated for comparison purposes.

Sections 2 and 3 of the article provide basic constitutive equations
and the finite element formulation adopted in this work. The effec-
tive material properties using micromechanics equations are given in

Section 4. Section 5 presents the optimal design problems, formulated
for an increasing number of design variables. The verification of the
proposed scheme by comparison with published literature and commer-
cial finite element software is provided in Section 6. Sections 7 and 8
present the investigation’s results, discussions, and conclusions.

2. Basic equations

The geometry of the skew plate under consideration is shown in
Fig. 1. The length, width and thickness of the plate are defined as 𝑎, 𝑏
and 𝐷 in the 𝑥, 𝑦 and 𝑧 directions, respectively. Clamped boundary
conditions are imposed on one side of the skew plate with a length
equal to 𝑏 (Fig. 1). The remaining three edges have free boundary
conditions. The laminate consists of 𝑁 layers with 𝜃𝑘 denoting the angle
between the principal material direction and the coordinate 𝑥 of the 𝑘th
lamina. The mid-plane of the laminate coincides with the 𝑥𝑦 plane as
shown in Fig. 1. The skew angle of the laminate is denoted by 𝛼. The
coordinates of the bottom and top of the 𝑘th layer are denoted as 𝑧 = 𝑧𝑘
and 𝑧 = 𝑧𝑘+1 in the thickness direction.

2.1. Kinematics

The kinematics of the composite plate are formulated using the
first-order shear deformation theory (FSDT) with the displacement field
defined as:

𝑢1 (𝑥, 𝑦, 𝑧, 𝑡) = 𝑢 (𝑥, 𝑦, 𝑡) − 𝑧𝜑𝑥 (𝑥, 𝑦, 𝑡) (1a)

𝑢2 (𝑥, 𝑦, 𝑧, 𝑡) = 𝑣 (𝑥, 𝑦, 𝑡) − 𝑧𝜑𝑦 (𝑥, 𝑦, 𝑡) (1b)

𝑢3 (𝑥, 𝑦, 𝑧, 𝑡) = 𝑤 (𝑥, 𝑦, 𝑡) (1c)

where {𝑢} = {𝑢1, 𝑢2, 𝑢3}𝑇 is the displacement vector and
{

𝑢
}

=
{𝑢, 𝑣,𝑤, 𝜑𝑥, 𝜑𝑦}𝑇 indicates the vector of generalized displacements in
terms of the three mid-plane displacements and the normal rotations
about the 𝑥 and 𝑦-axes. The strain vector is given by:

{𝜀} = ∇𝑆
{

𝑢
}

(2)

where {𝜀} =
{

𝜀𝑥𝑥, 𝜀𝑦𝑦, 𝛾𝑥𝑦, 𝛾𝑦𝑧, 𝛾𝑥𝑧
}𝑇 and ∇𝑆 is defined as

∇𝑆 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝜕∕𝜕𝑥 0 0 −𝑧𝜕∕𝜕𝑥 0
0 𝜕∕𝜕𝑦 0 0 −𝑧𝜕∕𝜕𝑦

𝜕∕𝜕𝑦 𝜕∕𝜕𝑥 0 −𝑧𝜕∕𝜕𝑦 −𝑧𝜕∕𝜕𝑥
0 0 𝜕∕𝜕𝑦 0 −1
0 0 𝜕∕𝜕𝑥 −1 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

(3)

2.2. Constitutive equations

The constitutive equation of the 𝑘th lamina is expressed as:

{𝜎}𝑘 = [𝑄]𝑘 {𝜀} (4)

where {𝜎} is the stress vector and [𝑄] is the elastic stiffness matrix.
Under plane-stress conditions, the non-zero components 𝑄(𝑘)

𝑖𝑗 of the
elastic stiffness matrix for an orthotropic material are given by [30]:

𝑄(𝑘)
11 =

𝐸(𝑘)
1

(

1 − 𝑣(𝑘)12 𝑣
(𝑘)
21

) , 𝑄(𝑘)
12 =

𝑣(𝑘)12 𝐸
(𝑘)
2

(

1 − 𝑣(𝑘)12 𝑣
(𝑘)
21

) = 𝑄(𝑘)
21 ,

𝑄(𝑘)
22 =

𝐸(𝑘)
2

(1 − 𝑣(𝑘)12 𝑣
(𝑘)
21 )

,

𝑄(𝑘)
66 = 𝐺(𝑘)

12 , 𝑄(𝑘)
44 = 𝑘𝑠𝐺

(𝑘)
23 , 𝑄(𝑘)

55 = 𝑘𝑠𝐺
(𝑘)
13 (5)

In the above equations, 𝐸(𝑘)
1 , 𝐸(𝑘)

2 are the longitudinal and transverse
moduli, 𝑣(𝑘)12 , 𝑣

(𝑘)
21 denote the Poisson’s ratios, 𝐺(𝑘)

12 , 𝐺
(𝑘)
23 , 𝐺

(𝑘)
13 denote the

shear moduli of the 𝑘th layer and 𝑘𝑠 is the shear correction factor
taken as 5/6. The elastic coefficient 𝑄(𝑘)

𝑖𝑗 in the material coordinates

2
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Fig. 1. Geometry of the laminated skew plate.

Fig. 2. Transformation of an isoparametric element from Cartesian (global) coordinates to natural (local) coordinates.

can be transformed into the coefficients 𝑄
(𝑘)
𝑖𝑗 referred to the laminate

coordinate system (𝑥, 𝑦, 𝑧) using the relation:
[

𝑄
]

(𝑘)
=
(

[𝐿]𝑇 [𝑄] [𝐿]
)

(𝑘) (6)

where [𝐿(𝜃𝑘)] is a transformation matrix and 𝜃𝑘 is the fibre orientation
of the 𝑘th lamina as shown in Fig. 1 [30].

3. Finite element formulation

To solve the vibration problem, the finite element method is used.
For skew plates, the borders of the elements are not parallel to the
global axes of the plate as shown in Fig. 2. In the present study,
isoparametric elements are utilized due to their capacity to simulate
an arbitrary geometry accurately. The skew plate is discretized using
four-noded isoparametric quadrilateral elements with five degrees of
freedom (DOF) per node. Using these elements, the global coordinates
𝑥 and 𝑦 are related to the natural coordinates 𝜉 and 𝜂 as follows:

𝑥 (𝜉, 𝜂) =
4
∑

𝑗=1
𝑁𝑗 (𝜉, 𝜂) 𝑥𝑗 , 𝑦 (𝜉, 𝜂) =

4
∑

𝑗=1
𝑁𝑗 (𝜉, 𝜂) 𝑦𝑗 (7)

where the Lagrange interpolation functions 𝑁𝑗 are given by

𝑁𝑗 (𝜉, 𝜂) =
1
4
(

1 + 𝜉𝑗𝜉
) (

1 + 𝜂𝑗𝜂
)

(8)

In Eq. (8), 𝑥𝑗 , 𝑦𝑗 are the coordinates of the node 𝑗 in the cartesian
(physical) domain and 𝜉𝑗 , 𝜂𝑗 are the coordinates of the node 𝑗 in
the natural (computational) domain as shown in Fig. 2. The same
interpolation functions are used to define the generalized displacement
vector within an element as

{

𝑢 (𝑥, 𝑦, 𝑡)
}

≡
{

𝑢, 𝑣,𝑤, 𝜑𝑥, 𝜑𝑦
}𝑇 =

4
∑

𝑗=1

(

𝑁𝑗 (𝜉, 𝜂) [𝐼]5×5
{

𝑑𝑗 (𝑡)
}

𝑒

)

=
[

𝑁𝑢
]

{𝑑 (𝑡)}𝑒 (9)

where
{

𝑑𝑗
}

𝑒 =
{

𝑢𝑗 , 𝑣𝑗 , 𝑤𝑗 , 𝜑𝑥𝑗 , 𝜑𝑦𝑗
}𝑇 is the nodal displacement vector

at the 𝑗th node of the element 𝑒 and [𝐼]5×5 denotes the 5 × 5 identity
matrix.

Substituting Eq. (9) into (2) gives:

{𝜀 (𝑥, 𝑦, 𝑡)} = ∇𝑆
(

[𝐻]
[

𝑁𝑢
]

{𝑑}𝑒
)

= [𝐵] {𝑑}𝑒 (10)

where [𝐵] is the strain–nodal displacement matrix.

3.1. Governing equations

The equations governing the dynamic response and the variationally
consistent boundary conditions of the composite plate shown in Fig. 1,
are derived using Hamilton’s principle

∫

𝑡2

𝑡1
(𝛿𝑇 − 𝛿𝑈 + 𝛿𝑊 ) 𝑑𝑡 = 0 (11)

where 𝑇 is the kinetic energy, 𝑈 is the strain energy and 𝑊 is the work
done by external forces. At the initial and final times 𝑡1 and 𝑡2, the first
variations vanish. The energy terms in Eq. (11) are defined as follows:

𝑇 = 1
2 ∫𝑉

𝜌 {𝑢̇}𝑇 {𝑢̇} 𝑑𝑉 = 1
2

𝑁
∑

𝑘=1
∫𝐴 ∫

𝑧𝑘

𝑧𝑘−1
𝜌𝑘 {𝑢̇}𝑇 {𝑢̇} 𝑑𝑧𝑑𝐴

𝑈 = 1
2 ∫𝑉

{𝜎}𝑇 {𝜀} 𝑑𝑉 =
𝑁
∑

𝑘=1
∫𝐴 ∫

𝑧𝑘

𝑧𝑘−1
{𝜎}𝑇𝑘 {𝜀} 𝑑𝑧𝑑𝐴,

𝑊 = {𝑢}𝑇
{

𝑓𝑐
}

+ ∫𝑆1

{𝑢}𝑇
{

𝑓𝑠
}

𝑑𝑆 + ∫𝑉
{𝑢}𝑇

{

𝑓𝑣
}

𝑑𝑉 (12)

where 𝑁 is the number of layers, 𝑉𝑘 is the volume and 𝜌𝑘 is the density
of the 𝑘th layer. 𝑉 and 𝑆1 denote the volume and the surface area of
the plate, respectively.

{

𝑓𝑐
}

denotes the concentrated forces and
{

𝑓𝑆
}

,
{

𝑓𝑉
}

denote the surface and volume forces, respectively. Finally, a dot
over a variable represents a time derivative.

Using the displacements relations (1), the strain displacement re-
lations (2) and the constitutive relations (4), the Hamilton’s principle
(11) can be written as:

∫

𝑡2

𝑡1

{ 𝑁
∑

𝑘=1

(

∫𝐴 ∫

𝑧𝑘

𝑧𝑘−1
{𝛿𝜀}𝑇

[

𝑄
]

𝑘
{𝜀}𝑑𝑧𝑑𝐴 − ∫𝐴 ∫

𝑧𝑘

𝑧𝑘−1
{𝛿𝑢̇}𝑇 𝜌𝑘{𝑢̇}𝑑𝑧𝑑𝐴

)

−
(

{𝛿𝑢}𝑇
{

𝑓𝑐
}

+ ∫𝐴
{𝛿𝑢}𝑇

{

𝑓𝑠
}

𝑑𝐴 + ∫𝑉
{𝛿𝑢}𝑇

{

𝑓𝑉
}

𝑑𝑉
)}

𝑑𝑡 = 0

(13)

3
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Next, the displacements given by Eq. (9) and the strain–nodal displace-
ment relations (10) are substituted in (13) to discretize the variational
expression (13). Assembly of the discretized equation for the total
number of elements is then implemented and the global mass matrix,
stiffness matrix, as well as the displacement and force vectors are
derived. The equations of motion of the system can be expressed as
follows [27]

[𝑀]
{

𝑑
}

+ [𝐾] {𝑑} =
{

𝐹𝑚
}

(14)

where [𝑀], [𝐾], {𝑑} and
{

𝐹𝑚
}

are the global mass matrix, the global
linear stiffness matrix, the global displacement vector and the force
vector, respectively. It is noted that the essential boundary conditions
are enforced by imposing prescribed values at the corresponding DOF
of the discretized domain. Then, in the system of equations of motion,
the lines and columns of the prescribed degrees of freedom, as well as
the lines of the force vector are eliminated.

3.2. Eigenvalue problem

By setting the force term to zero, and assuming that the plate
undergoes a harmonic motion 𝑑 = 𝑑0𝑒−𝑖𝜔𝑡, the generalized governing
equation (14) can be used to solve the free vibration problem for the
laminated skew plate. In this case, Eq. (14) can be expressed as:

[𝐾]
{

𝑑0
}

= 𝜆 [𝑀]
{

𝑑0
}

(15)

where eigenvalue 𝜆 = 𝜔2 and 𝜔 is the frequency of natural vibrations.
To obtain the numerical solution of the problem, a MATLAB code is
developed based on the finite element formulation of the problem.
It is noted that the selective integration technique is adopted for the
calculation of the stiffness matrix in order to avoid shear locking
effect. The present finite element formulation can now be used to solve
optimization problems and maximize the fundamental frequency of
skew laminates.

4. Effective material properties

The skew plate is a three-phase multiscale laminate reinforced with
graphene nanoplatelets and glass or carbon fibres. Effective material
properties of the nanocomposite are determined using the Halpin–Tsai
model and the rule of mixtures as detailed in [31,32]. First, microme-
chanical equations are used to determine the effective properties of
the (two-phase) graphene-reinforced matrix. Next, using the effective
properties of the graphene-reinforced matrix, the properties of the
three-phase nanocomposite are computed based on the micromechan-
ical relations given in [33]. It is noted that the present approach of
first determining the properties of the two-phase composite and then
calculating the overall properties of the three-phase graphene/fibre-
reinforced composite, has also been adopted in a number of studies. For
example, the micromechanics equations used in [34] for a two-phase
fibre-reinforced composite were also applied in [35] to calculate the
effective material properties of a three-phase graphene/fibre-reinforced
matrix. This approach can also be observed in [36,37].

4.1. Effective material properties of the graphene-reinforced matrix

The effective material properties of graphene-reinforced matrix are
determined using the micromechanics equations given in [31,38–40].
Subscripts GPL, M and GM refer to graphene nanoplatelets, the matrix
and the graphene-reinforced matrix, respectively. The effective Young’s
modulus of the graphene-reinforced matrix is calculated using the
relation:

𝐸𝐺𝑀 =
(

3
8
1 + 𝜉𝐿𝜂𝐿𝑉𝐺𝑃𝐿
1 − 𝜂𝐿𝑉𝐺𝑃𝐿

+ 5
8
1 + 𝜉𝑤𝜂𝑤𝑉𝐺𝑃𝐿
1 − 𝜂𝑤𝑉𝐺𝑃𝐿

)

𝐸𝑀 (16)

where 𝑉𝐺𝑃𝐿 is the volume of graphene nanoplatelets and 𝐸𝑀 is Young’s
modulus of the matrix. In Eq. (16), 𝜉L and 𝜉𝑤 are given by:

𝜉L = 2
𝑙𝐺𝑃𝐿
ℎ𝐺𝑃𝐿

, 𝜉w = 2
𝑤𝐺𝑃𝐿
ℎ𝐺𝑃𝐿

(17)

where 𝑙𝐺𝑃𝐿 is the length, 𝑤𝐺𝑃𝐿 is the width and ℎ𝐺𝑃𝐿 is the thickness
of the graphene nanoplatelets. The values for 𝜂𝐿 and 𝜂𝑤 used in Eq. (16)
can be determined from the following expressions:

𝜂𝐿 =

(

𝐸𝐺𝑃𝐿∕𝐸𝑀
)

− 1
(

𝐸𝐺𝑃𝐿∕𝐸𝑀
)

+ 𝜉L
, 𝜂𝑤 =

(

𝐸𝐺𝑃𝐿∕𝐸𝑀
)

− 1
(

𝐸𝐺𝑃𝐿∕𝐸𝑀
)

+ 𝜉𝑤
(18)

where 𝐸𝐺𝑃𝐿 is the Young’s modulus of graphene nanoplatelets and 𝐸𝑀
is the Young’s modulus of the matrix. The volume 𝑉𝐺𝑃𝐿 of the graphene
nanoplatelets can be calculated from the Eq. (19):

𝑉𝐺𝑃𝐿 =
𝑊𝐺𝑃𝐿

𝑊𝐺𝑃𝐿 +
(

𝜌𝐺𝑃𝐿∕𝜌𝑀
) (

1 −𝑊𝐺𝑃𝐿
) (19)

where 𝑊𝐺𝑃𝐿 is the weight fraction of graphene nanoplatelets. The
effective shear modulus, Poisson’s ratio and density for the graphene-
reinforced matrix are given by:

𝐺𝐺𝑀 =
𝐸𝐺𝑀

2(1 + 𝑣𝐺𝑀 )
(20a)

𝑣𝐺𝑀 = 𝑣𝐺𝑃𝐿𝑉𝐺𝑃𝐿 + 𝑣𝑀
(

1 − 𝑉𝐺𝑃𝐿
)

(20b)

𝜌𝐺𝑀 = 𝜌𝐺𝑃𝐿𝑉𝐺𝑃𝐿 + 𝜌𝑀
(

1 − 𝑉𝐺𝑃𝐿
)

(20c)

where 𝜌𝐺𝑃𝐿 and 𝜌𝑀 represent the mass densities of the graphene
nanoplatelets and of the polymer matrix, respectively.

4.2. Effective material properties of the graphene and fibre-reinforced ma-
trix

The effective material properties of the three-phase nanocomposite
are determined using the following equations [29,33]:

𝐸11 = 𝐸𝐹11𝑉𝐹 + 𝐸𝐺𝑀
(

1 − 𝑉𝐹
)

(21)

𝐸22 = 𝐸G𝑀

(

𝐸𝐹22 + 𝐸𝐺𝑀 +
(

𝐸𝐹22 − 𝐸𝐺𝑀
)

𝑉𝐹
𝐸𝐹22 + 𝐸𝐺𝑀 −

(

𝐸𝐹22 − 𝐸𝐺𝑀
)

𝑉𝐹

)

(22)

𝐺12 = 𝐺13 = 𝐺𝐺𝑀

(

𝐺𝐹12 + 𝐺𝐺𝑀 +
(

𝐺𝐹12 − 𝐺𝐺𝑀
)

𝑉𝐹
𝐺𝐹12 + 𝐺𝐺𝑀 −

(

𝐺𝐹12 − 𝐺𝐺𝑀
)

𝑉𝐹

)

(23)

𝐺23 =
𝐸22

2
(

1 + 𝑣23
) (24)

𝑣12 = 𝑣𝐹12𝑉𝐹 + 𝑣𝐺𝑀
(

1 − 𝑉𝐹
)

(25)

𝑣23 = 𝑣𝐹12𝑉𝐹 + 𝑣𝐺𝑀
(

1 − 𝑉𝐹
)

⎛

⎜

⎜

⎝

1 + 𝑣𝐺𝑀 + 𝑣12𝐸𝐺𝑀
𝐸11

1 − 𝑣2𝐺𝑀 + 𝑣12𝑣𝐺𝑀𝐸𝐺𝑀
𝐸11

⎞

⎟

⎟

⎠

(26)

𝜌 = 𝜌𝐹𝑉𝐹 + 𝜌𝐺𝑀 (1 − 𝑉𝐹 ) (27)

In Eqs. (21)–(27), the subscripts 𝐹 and 𝐺𝑀 refer to fibres and
graphene-reinforced matrix, respectively. 𝑉𝐹 and 𝜌𝐹 denote the fibre
volume content and the density, respectively.

5. Optimal design problems

The present study aims to maximize the fundamental frequencies of
45◦ skew graphene/fibre-reinforced laminates. The design variables are
defined as the GPLs and fibre contents of laminate, the layer thicknesses
and the fibre orientations. These are among the design variables that
crucially affect the mechanical response of laminates, and they are
key parameters in industrial applications. A sequence of optimization
problems is formulated with the number of design variables increasing
from one set to four sets of design variables. This approach makes it
possible to evaluate the effectiveness of each set of design variables as
compared to one another.

In the first optimization problem, the graphene contents of lay-
ers are specified as the design variables taking the layer thicknesses
uniform and fibre contents of layers constant. In this case, GPLs are
distributed non-uniformly across the thickness. In the second optimiza-
tion problem, two design variables are specified, namely, the GPLs and
fibre contents of each layer, leading to laminates with non-uniformly
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distributed reinforcements. In the third design problem, three design
variables are the graphene and fibre contents as well as the layer
thicknesses leading to laminates with non-uniform layer thicknesses.
The last problem involves four design variables, namely, the graphene
and the fibre contents, the thickness and the fibre orientation of each
layer. As it will become apparent in the numerical results, the chosen
order of adding variables leads to a gradual increase of the fundamental
frequency, for increasing number of design variables. It is noted that
different order of adding variables could also be adopted within the
same numerical framework. In such a case, the vibration response
may provide additional results, noticing though, that for the case that
all design variables are considered (e.g., the four design variables of
this article), the same results with the present investigation would be
expected. This task is left for future investigation.

The layer thicknesses are denoted by ℎ𝑘 and the number of layers by
𝑁 . The layer thicknesses are kept constant in the first two optimization
problems and the total thickness of the laminate is 𝑁ℎ = 𝐷.

In the third and fourth optimization problems layer thicknesses ℎ𝑘
are non-uniform and the total laminate thickness is given by ∑𝑁

𝑘=1 ℎ𝑘 =
𝐷. The GPL and fibre contents of the 𝑘th layer are denoted by 𝑉𝐺𝑃𝐿𝑘
and 𝑉𝐹𝑘, respectively.

5.1. Optimization problems with one and two design variables

In the first two optimization problems, the layer thicknesses are
taken as uniform. Design variables are the GPLs content (Problem 1)
and the GPLs and fibre contents (Problem 2). The volume of fibres
(𝑉 𝑜𝑙𝐹𝑘) in the 𝑘th layer is given by 𝑉 𝑜𝑙𝐹𝑘 = 𝑎𝑏ℎ𝑉𝐹𝑘 where ℎ is the
layer thickness and 𝑉𝐹𝑘 is the fibre volume content of the 𝑘th layer.
The total volume of fibres in the laminate is then given by summing up
the fibre volumes and is given by 𝑉 𝑜𝑙𝐹𝑇 =

∑𝑁
𝑘=1 𝑉 𝑜𝑙𝐹𝑘 = 𝑎𝑏ℎ

∑𝑁
𝑘=1 𝑉𝐹𝑘.

The maximum fibre volume for the laminate is given by 𝑉 𝑜𝑙𝐹𝑚𝑎𝑥 =
𝑎𝑏𝐷𝑉𝐹𝑚𝑎𝑥 with 𝑉𝐹𝑚𝑎𝑥 denoting the maximum fibre volume content. The
design constraint on the total fibre volume can be expressed as:

𝑉 𝑜𝑙𝐹𝑇 ≤ 𝑉 𝑜𝑙𝐹𝑚𝑎𝑥 ⇒ 𝑎𝑏ℎ
𝑁
∑

𝑘=1
𝑉𝐹𝑘 ≤ 𝑎𝑏𝐷𝑉𝐹𝑚𝑎𝑥 (28)

Inequality (28) implies that ℎ
𝐷
∑𝑁

𝑘=1 𝑉𝐹𝑘 ≤ 𝑉𝐹𝑚𝑎𝑥. In the present study,
the results are given for laminates with 8 layers and in this case, the
inequality (28) can be expressed as:

1
8

8
∑

𝑘=1
𝑉𝐹𝑘 ≤ 𝑉𝐹𝑚𝑎𝑥 (29)

Similarly, the constraint on the weight of GPLs can be expressed as:

1
8

8
∑

𝑘=1
𝑊𝐺𝑃𝐿𝑘 ≤ 𝑊𝐺𝑃𝐿𝑚𝑎𝑥 (30)

where 𝑊𝐺𝑃𝐿𝑚𝑎𝑥 is the total weight of GPLs reinforcement and 𝑊𝐺𝑃𝐿𝑘
is the weight of GPLs in the 𝑘th layer. The optimization problem can
be stated as follows:

Maximize the fundamental frequency 𝜔
(

𝑉𝐹 ,𝑊𝐺𝑃𝐿
)

(31a)

subject to the constraints

1
8

8
∑

𝑘=1
𝑉𝐹𝑘 ≤ 𝑉𝐹𝑚𝑎𝑥 (31b)

1
8

8
∑

𝑘=1
𝑊𝐺𝑃𝐿𝑘 ≤ 𝑊𝐺𝑃𝐿𝑚𝑎𝑥 (31c)

𝑊𝐺𝑃𝐿𝑘 ≥ 0 (31d)

𝑑1 ≤ 𝑉𝐹𝑘 ≤ 𝑑2 (31e)

Inequalities (31b) and (31c) are the constraints on the maximum fibre
and GPLs contents, respectively. Inequality (31e) limits the minimum

and maximum fibre volume content of layers. In the present study, the
lower fibre limit is specified as 𝑑1 = 10% and the upper fibre limit as
𝑑2 = 60%.

An important consideration for optimal design problems is the
definition of a criterion that can be used to assess the improvement
achieved by optimization as compared to non-optimal designs. Fur-
thermore, the criterion can also be used to compare and assess the
contributions of different design parameters for improving the objective
function. In the present study, non-optimal solutions correspond to the
solutions obtained for laminates with uniform GPLs and fibre distri-
butions across the thickness, that is, 𝑊𝐺𝑃𝐿𝑘 =

(

𝑊𝐺𝑃𝐿𝑚𝑎𝑥
𝑁

)

and 𝑉𝐹𝑘 =
(

𝑉𝐹𝑚𝑎𝑥
𝑁

)

, for 𝑘 = 1 to 𝑁 . In order to assess the effectiveness of optimal
solutions, a design efficiency factor is introduced. It is defined as the
ratio of the maximum fundamental frequency 𝜔𝑀𝐴𝑋 corresponding to
the optimal design and the frequency 𝜔0 of the laminate with uniform
properties. As such, 𝜔0 can be described as the reference frequency. In
the present case, the reference frequency corresponds to the frequency
of a laminate with uniformly distributed graphene and fibre contents
across the laminate thickness. Thus, the design efficiency factor is given
by:

𝜂 =
𝜔𝑀𝐴𝑋

(

𝑉𝐹𝑘,𝑊𝐺𝑃𝐿𝑘
)

𝜔0(𝑉𝑘,𝑊𝑘)
(32)

where the fibre content 𝑉𝑘 and the graphene content 𝑊𝑘 of the 𝑘th layer
of the reference laminate are given by:

𝑉𝑘 =
𝑉𝐹𝑚𝑎𝑥

8
, 𝑊𝑘 =

𝑊𝐺𝑃𝐿𝑚𝑎𝑥
8

for 𝑘 = 1, 2… , 8 (33)

with 𝑉𝐹𝑘 and 𝑊𝐺𝑃𝐿𝑘 in Eq. (32) determined optimally. For the cal-
culation of the reference frequency 𝜔0 shown in Eq. (32), a uniform
thickness is considered for all layers and a symmetric stacking sequence
[90/0/90/0]s is adopted.

5.2. Optimization problems with three and four design variables

Optimization problems with three and four design variables and
non-uniform layer thicknesses are formulated next. In this case, in
addition to the contents of fibres and GPLs in each layer, the layer
thicknesses and the fibre angles are also determined optimally. For
these design problems, non-uniform layer thickness of the 𝑘th layer is
denoted as ℎ𝑘 and the fibre volume as 𝑉 𝑜𝑙𝐹𝑘 = 𝑎𝑏ℎ𝑘𝑉𝐹𝑘. The total fibre
volume of the laminate is 𝑉 𝑜𝑙𝐹𝑇 =

∑𝑁
𝑘=1 𝑉 𝑜𝑙𝐹𝑘 = 𝑎𝑏

∑𝑁
𝑘=1 ℎ𝑘𝑉𝐹𝑘. The

constraint on the total volume of fibres is defined as:

𝑉 𝑜𝑙𝐹𝑇 ≤ 𝑉 𝑜𝑙𝐹𝑚𝑎𝑥 ⇒ 𝑎𝑏
𝑁
∑

𝑘=1
ℎ𝑘𝑉𝐹𝑘 ≤ 𝑎𝑏𝐷𝑉𝐹𝑚𝑎𝑥 (34)

which leads to the constraint:

1
𝐷

𝑁
∑

𝑘=1
ℎ𝑘𝑉𝐹𝑘 ≤ 𝑉𝐹𝑚𝑎𝑥 (35)

Similarly, the constraint on the total graphene weight is

1
𝐷

𝑁
∑

𝑘=1
ℎ𝑘𝑊𝐺𝑃𝐿𝑘 ≤ 𝑊𝐺𝑃𝐿𝑚𝑎𝑥 (36)

Layer thicknesses are subject to the constraint:
𝑁
∑

𝑘=1

ℎ𝑘
𝐷

= 1 (37)

For an 8-layered laminate, the optimal design problem with four design
variables can be expressed as:

Maximize the fundamental frequency 𝜔
(

𝑉𝐹𝑘,𝑊𝐺𝑃𝐿𝑘,
ℎ𝑘
𝐷

, 𝜃𝑘

)

(38a)

subject to:

5
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1
𝐷

8
∑

𝑘=1
ℎ𝑘𝑉𝐹𝑘 ≤ 𝑉𝐹𝑚𝑎𝑥 (38b)

1
𝐷

8
∑

𝑘=1
ℎ𝑘𝑊𝐺𝑃𝐿𝑘 ≤ 𝑊𝐺𝑃𝐿𝑚𝑎𝑥 (38c)

𝑊𝐺𝑃𝐿𝑘 ≥ 0 (38d)

𝑑1 ≤ 𝑉𝐹𝑘 ≤ 𝑑2 (38e)

− 90◦ ≤ 𝜃𝑘 ≤ 90◦ (38f)
8
∑

𝑘=1

ℎ𝑘
𝐷

= 1 (38g)

The inequality (38f) limits the fibre orientation of the 𝑘th layer, 𝜃𝑘.
The design efficiency factor for this case, which involves four design
variables, is given by:

𝜂 =
𝜔𝑀𝐴𝑋

(

𝑉𝐹𝑘,𝑊𝐺𝑃𝐿𝑘,
ℎ𝑘
𝐷 , 𝜃𝑘

)

𝜔0(𝑉𝑘,𝑊𝑘,
ℎ
𝐷 , 𝜃0)

(39)

with 𝑉𝐹𝑘, 𝑊𝐺𝑃𝐿𝑘, ℎ𝑘∕𝐷 and 𝜃𝑘 to be determined optimally. For the
calculation of the reference frequency 𝜔0 shown in Eq. (39), 𝑉𝑘 and 𝑊𝑘
are given by Eq. (33), a uniform thickness is considered for all layers
and a symmetric stacking sequence [90/0/90/0]s is adopted.

5.3. Optimization algorithm

For the numerical solution of the optimal design problems, Se-
quential Quadratic Programming Algorithm (SQP) is implemented. SQP
generates a sequence of steps by solving quadratic sub-problems for
nonlinearly constrained problems [41–43]. At each iteration, the algo-
rithm calculates an approximation of the Hessian of the Lagrangian
function using a quasi-Newton updating method which searches for
zero values, local maxima and local minima of the function. This is
then adopted to create a Quadratic Programming sub-problem with the
solution used to define a search direction. More details for the SQP
algorithm can be found in [41]. The solution is implemented using
MATLAB [44].

6. Verification of the optimization code

The finite element formulation and the optimization scheme are
verified using the results available in the literature and ABAQUS com-
mercial finite element software. First, the frequencies obtained in the
present work are compared with skew plate frequencies available in the
literature. The first four eigenfrequencies calculated by the proposed
finite element formulation are compared with the frequencies given
in [8], using skew angles of 𝛼 = 30◦ and 𝛼 = 45◦ for SSSS and CCCC
boundary conditions. Material and geometric properties are 𝐸11∕𝐸22 =
40, 𝐺12 = 𝐺13 = 0.6𝐸2, 𝐺23 = 0.5𝐸2, 𝜈12 = 𝜈13 = 𝜈23 = 0.25, 𝑎∕𝐷 = 10 [8].
The non-dimensional frequency is given by 𝛺 = (𝜔𝑎2∕𝜋2𝐷)

√

𝜌∕𝐸2. The
results are presented in Tables 1 and 2, for two stacking sequences
of 𝛼 = 30◦ and 𝛼 = 45◦. The comparison indicates that frequencies
obtained by the present approach are close to those in [8].

To further verify the results in the present article, frequencies are
compared with those given in [45] for different skew angles. Material
and geometric properties are taken as 𝐸11∕𝐸22 = 40, 𝐺12 = 0.6𝐸2, 𝐺13 =
𝐺23 = 0.5𝐸2, 𝜈12 = 𝜈13 = 𝜈23 = 0.25, 𝑎∕𝐷 = 10 [45].

Results presented in Tables 3 and 4 indicate that the frequencies
obtained by the present approach and the ones given in [45] are quite
close.

A further comparison is given between the frequencies obtained
by the present approach and the ones given in [46] for cantilever
skew plates. The material properties are taken as 𝐸11 = 𝐸22, 𝐺12 =
𝐸11∕(2 (1 + 𝑣)), 𝐺13 = 𝐺23 = 𝐺12, with 𝐸11 = 71.02 GPa, 𝑣 = 0.333. In
Table 5, the results of the comparison are presented for different aspect

Table 1
Fundamental frequencies 𝛺 = (𝜔𝑎2∕𝜋2𝐷)

√

𝜌∕𝐸2 of 5-layered skew laminates with
stacking sequence [90/0/90/0/90], 𝑎∕𝐷 = 10, 𝑎∕𝑏 = 1.

Skew angle Mode SSSS CCCC

Present work
(mesh 12 × 12)

Ref. [8] Present work
(mesh 12 × 12)

Ref. [8]

30

1 2.0848 2.0911 2.8388 2.8003
2 3.6112 3.5138 4.1801 4.0576
3 4.7697 4.7002 5.1229 5.0306
4 5.0427 4.8869 5.4646 5.3010

45

1 2.8410 2.8829 3.5274 3.4745
2 4.3390 4.2841 4.8950 4.7408
3 5.8240 5.5876 6.1907 5.9583
4 6.2147 6.1920 6.5084 6.3817

Table 2
Fundamental frequencies 𝛺 = (𝜔𝑎2∕𝜋2𝐷)

√

𝜌∕𝐸2 of 5-layered skew laminates with
stacking sequence [45/−45/45/−45/45], 𝑎∕𝐷 = 10, 𝑎∕𝑏 = 1.

Skew angle Mode SSSS CCCC

Present work
(mesh 12 × 12)

Ref. [8] Present work
(mesh 12 × 12)

Ref. [8]

30

1 2.1039 2.0018 2.7137 2.6641
2 3.7737 3.6276 4.2492 4.1408
3 4.4619 4.2875 4.8365 4.7411
4 5.281 5.0723 5.6414 5.5027

45

1 2.5616 2.4796 3.4126 3.3529
2 4.4007 4.2221 4.9539 4.8122
3 5.7859 5.5867 6.1886 6.0713
4 5.8596 5.6013 6.3145 6.1108

Table 3
Fundamental frequency 𝛺 = (𝜔𝑎2∕𝜋2𝐷)

√

𝜌∕𝐸2 of 5-layered skew laminates with
stacking sequence [90/0/90/0/90], 𝑎∕𝐷 = 10, 𝑎∕𝑏 = 1.

Skew angle SSSS CCCC

Present work
(mesh 12 × 12)

Ref. [45] Present work
(mesh 12 × 12)

Ref. [45]

15 1.6892 1.6874 2.4323 2.4750
30 2.0348 2.0884 2.7327 2.7922
45 2.7525 2.8932 3.3793 3.4739

Table 4
Fundamental frequency 𝛺 = (𝜔𝑎2∕𝜋2𝐷)

√

𝜌∕𝐸2 of 4-layered skew laminates with
stacking sequence [45/−45/45/−45], 𝑎∕𝐷 = 10, 𝑎∕𝑏 = 1.

Skew angle SSSS CCCC

Present work
(mesh 12 × 12)

Ref. [45] Present work
(mesh 12 × 12)

Ref. [45]

15 1.9653 1.9366 2.3752 2.4007
30 2.1482 2.1196 2.7024 2.7418
45 2.6237 2.6752 3.3759 3.4434

and length-to-thickness ratios. It is observed that the frequencies of the
two approaches are quite close for different skew angles.

To verify the overall optimization scheme, a model of the two-
layered skew cantilever laminate with uniformly distributed graphene
nanoplatelets, fibre reinforcements and layer thicknesses is developed
using commercial finite element software. A 10 × 14 mesh size is
used and shell elements are adopted. The skew angle for this case is
specified as 45◦. To compare with the optimization results, a different
stacking sequence is adopted at each finite element simulation and the
corresponding frequency is computed. Subsequently, an optimization
problem is formulated and solved using the proposed optimization
method with fibre angles specified as the only design variables. This
process aims to compare the optimal frequency and fibre orientations
obtained from the optimization with the maximum frequency and the
corresponding stacking sequence calculated using the commercial finite
element software.
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Fig. 3. Design efficiencies of anti-symmetric and symmetric laminates with GPLs content as the single design variable.

Table 5
Fundamental frequencies (Hz) of cantilever thin skew plates.

Skew angle Aspect ratio 𝑎∕𝑏 Length-to-thickness ratio 𝑎∕𝐷 Mode CFFF

Present work (mesh 15 × 15) Ref. [46]

15 2.80 143

1 42.240 42.1970
2 235.200 234.280
3 278.146 275.620
4 704.614 690.730

30 2.43 138.5

1 47.5120 47.441
2 234.410 233.320
3 330.610 327.060
4 687.360 675.860

45 1.89 138

1 53.631 53.450
2 223.690 222.400
3 394.000 387.980
4 629.730 618.940

60 1.35 138.5

1 65.400 64.688
2 235.650 233.410
3 462.590 452.010
4 677.100 657.240

Table 6
Properties of constituent materials.

Material 𝐸11
(GPa)

𝐸22
(GPa)

𝐺12
(GPa)

𝑣12 Density
(kg/m3)

GPLs 1010 1010 𝐸11∕2(1 + 𝜈) 0.186 1060
Matrix 3 3 𝐸11∕2(1 + 𝜈) 0.34 1200
Carbon fibres 263 19 27.60 0.20 1750
Glass fibres 72.4 72.4 𝐸11∕2(1 + 𝜈) 0.20 2400

A non-dimensional fundamental frequency 𝛺 is defined and used for
the present results, as well as in the subsequent sections of the article:

𝛺 = 𝜔𝐷
√

𝜌𝑀
𝐸𝑀

(40)

with 𝜌𝑀 and 𝐸𝑀 representing the density and the Young’s modulus
of the matrix. The material properties used in the numerical results
are given in Table 6. Dimensions of GPLs used in the present and
subsequent sections are 𝑙𝐺𝑃𝐿 = 2.5 μm, 𝑤𝐺𝑃𝐿 = 1.5 μm, and ℎ𝐺𝑃𝐿 =
1.5 nm. The weight of GPLs is specified as 1% and the fibre volume
content as 50%. The results of this comparison are given in Table 7.

Results obtained using the commercial software package show that
the stacking sequence [0◦, 0◦] produces the maximum frequency which
is equal to 0.00364. The present optimization scheme gives a maximum
frequency of 0.0037 with fibre orientations of [−0.28◦, 0.28◦]. Thus,
both the solution produced by the commercial finite element software
and the one obtained by the proposed MATLAB optimization code
lead to almost identical results for the optimal frequency and the fibre
orientations.

7. Results and discussions

7.1. Optimization using the graphene content as the single design variable

In the present case, GPLs distribution across the thickness is the only
design variable. Layer thicknesses and fibre distributions are defined
as uniform with the results given for symmetric and anti-symmetric
laminates. Numerical results are given for the fibre volume contents
of 30% and 60% in Table 8. The frequency of the optimal laminates
is indicated in non-dimensional form in Eq. (40) as 𝛺. The non-
dimensional frequency 𝛺0 of the reference laminate is determined by
substituting 𝜔0 as defined at the end of Section 5.1, into the Eq. (40).
Design efficiency for this case is given by 𝜂 = 𝛺

𝛺0
which is the same as

the one defined in Section 5.1 by Eq. (32).
Table 8 indicates that the distribution of the GPLs across the thick-

ness tends to be higher in the outer layers with the inner layers having
zero GPLs content. This is due to the outer layers contributing more
to the laminate stiffness as compared to the middle layers. It is noted
that a significant increase in the fundamental frequency is observed
with the GPLs distributed optimally as compared to the laminates with
uniformly distributed GPLs. A maximum increase of 28.1% is observed
for the symmetric laminates having a glass fibre content of 30%. The
corresponding increase for the anti-symmetric laminates is 21.2%. Con-
cerning the laminates with 30% carbon fibre content, the fundamental
frequency increases by 11.9% for the symmetric and 10.9% for the anti-
symmetric cases. In the case of laminates with 60% glass or carbon fibre
contents, a lower percent of increase in the frequency is observed. The
increase in the fundamental frequency of laminates with optimal GPLs
distributions is shown in Fig. 3.
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Table 7
Comparison of the optimal non-dimensional frequencies 𝛺 with those obtained from the commercial finite element software for GPLs/glass fibre
skew plates with 𝐷∕𝑎 = 0.03, 𝑊𝐺𝑃𝐿 = 0.01, 𝑉𝐹 = 0.50, 𝑎∕𝑏 = 0.71 and skew angle 𝛼 = 45◦.

Solution obtained by the commercial finite element software Solution obtained by the proposed optimization code

Case Stacking sequence Non-dimensional
frequency

Optimal stacking
sequence

Optimal non-dimensional
frequency

1 [0,0] 0.00364 [−0.28, 0.28] 0.0037
2 [30,0] 0.00356
3 [45,0] 0.00336
4 [60,0] 0.00332
5 [90,0] 0.00333
6 [0,30] 0.00344
7 [30,30] 0.00328
8 [45,30] 0.00320
9 [60,30] 0.00317
10 [90,30] 0.00318
11 [0,45] 0.00336
12 [30,45] 0.00320
13 [45,45] 0.00313
14 [60,45] 0.00310
15 [90,45] 0.00311
16 [0,60] 0.00332
17 [30,60] 0.00317
18 [45,60] 0.00310
19 [60,60] 0.00306
20 [90,60] 0.00307
21 [0,90] 0.00333
22 [30,90] 0.00318
23 [45,90] 0.00311
24 [60,90] 0.00307
25 [90,90] 0.00309

Table 8
Optimal fundamental frequencies of an 8-layered cantilever skew laminates having the design variable 𝑊𝐺𝑃𝐿 with 𝑊𝐺𝑃𝐿𝑚𝑎𝑥 = 0.0125, 𝐷∕𝑎 = 0.03,
ℎ∕𝐷 = 0.125, 𝑎∕𝑏 = 0.71 and skew angle 𝛼 = 45◦.

Stacking sequence Fibre content Optimal 𝑊GPL per layer 𝛺 𝛺0 𝜂 = 𝛺
𝛺0

[90/0/90/0]anti-s

Glass 30% [0.050/0.0/0.0/0.0]anti-s 0.0040 0.0033 1.212
Glass 60% [0.039/0.011/0.0/0.0]anti-s 0.0040 0.0037 1.081
Carbon 30% [0.050/0.0/0.0/0.0]anti-s 0.0051 0.0046 1.109
Carbon 60% [0.041/0.009/0.0/0.0]anti-s 0.0057 0.0055 1.036

[90/0/90/0]s

Glass 30% [0.050/0.0/0.0/0.0]s 0.0041 0.0032 1.281
Glass 60% [0.048/0.002/0.001/0.0]s 0.0040 0.0036 1.111
Carbon 30% [0.050/0.0/0.0/0.0]s 0.0047 0.0042 1.119
Carbon 60% [0.041/0.009/0.001/0.0]s 0.0051 0.0049 1.041

The highest fundamental frequency is obtained for the anti-
symmetric case for laminates with a 60% carbon fibre content as shown
in Table 8. An increase of 42.5% in the frequency is observed for this
case as compared to the frequency of the graphene and glass fibre-
reinforced anti-symmetric laminates with 60% fibre content. Table 8
indicates that graphene–glass fibre-reinforced laminates with 30% and
60% fibre contents have the same frequency for the anti-symmetric
case. For the symmetric case, laminates with 30% glass fibre content
have a slightly higher frequency than those with 60% glass fibre
content. Thus, higher glass fibre content has a minor effect on the
fundamental frequency for cross-ply laminates.

The design efficiencies of the graphene–glass fibre-reinforced lam-
inates with optimal GPL distribution across the thickness are inves-
tigated in Fig. 4. Glass fibre reinforcement is uniformly distributed
with a 30% fibre content. Results are given for symmetric and anti-
symmetric laminates. It is observed that the effect of the stacking
sequence on the design efficiency depends on the type of stacking se-
quence with anti-symmetric laminates having higher design efficiencies
up to [50/40/50/40]anti-s stacking sequence. Symmetric laminates have
higher design efficiencies for the stacking sequences [75/30/75/30]s
and [90/0/90/0]s indicating that design efficiencies depend on the type
of laminate.

Maximum fundamental frequencies are plotted against GPLs weight
contents in Fig. 5 for the symmetric stacking sequences and in Fig. 6 for
the anti-symmetric stacking sequences. The design variable in Figs. 5
and 6 is the optimal distribution of GPLs across the thickness with fibres

distributed uniformly. Results are given up to a graphene weight of 10%
to observe the effect of high graphene content on the frequency and
determine the cross-over points.

Fig. 5 shows that the frequencies of the symmetric graphene–glass
fibre-reinforced laminates are higher for 60% fibre content up to a
value of about 1% graphene content. Afterwards, laminates with 30%
fibre content have higher frequencies than those with 60% glass fibre
content. A similar trend is observed for the anti-symmetric graphene–
glass fibre laminates as shown in Fig. 6.

In the case of carbon fibre-reinforced laminates, the same phe-
nomenon is observed for both the symmetric and the anti-symmetric
cases but for a higher graphene weight of about 3%. These results
indicate that higher fibre content exceeding a certain value (cross-over
points) leads to diminishing returns and not cost-effective designs for
skew laminates. In the case of 60% fibre reinforcements, a significant
drop is observed in the slope of the curves as shown in Figs. 5 and 6
after the cross-over points which highlights this comment.

7.2. Optimization using GPLs and fibre distributions as design variables

The next optimization problem introduces two design variables,
namely the GPLs and the fibre contents. Layer thicknesses are specified
as uniform and the results are shown in Table 9.

Table 9 indicates that optimization leads to higher GPL and fibre
contents in the outer layers as expected. Similar to the previous case
of optimization using only the GPL distribution as the design variable,
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Fig. 4. Design efficiencies for anti-symmetric and symmetric laminates with GPLs content as the single design variable and 30% uniform glass fibre distribution.

Fig. 5. Fundamental frequency vs. GPLs content for laminates with symmetric stacking sequence [90/0/90/0]s, 𝐷∕𝑎 = 0.03, ℎ∕𝐷 = 0.125, 𝑎∕𝑏 = 0.71 and skew angle 𝛼 = 45◦.

Fig. 6. Fundamental frequency vs. GPLs content for laminates with anti-symmetric stacking sequence [90/0/90/0]anti-s, 𝐷∕𝑎 = 0.03, ℎ∕𝐷 = 0.125, 𝑎∕𝑏 = 0.71 and skew angle 𝛼 = 45◦.

glass fibre reinforcement leads to higher design efficiencies as com-
pared to the carbon fibre reinforcement. For the symmetric laminates,
design efficiency is 34% and for the anti-symmetric laminates 27% in
the case of glass fibre reinforcements. Both these values are higher as
compared to carbon fibre-reinforced laminates as shown in Table 9.
Compared to carbon fibres, lower material properties in the case of
glass fibres, resulting in a lower laminate stiffness, leads to GPL re-
inforcements being more effective for graphene–glass fibre laminates.

It is noted that this result applies to design efficiencies, and not the
maximum frequencies which are higher in the case of carbon fibre
reinforcements as expected.

A comparison between Tables 8 and 9 indicates the effect of in-
creasing the number of design variables on the fundamental frequency.
With carbon fibre reinforcement, frequency increases by 9.8% for anti-
symmetric and by 17% for symmetric stacking sequence. In the case
of glass fibre reinforcement, the corresponding frequency increase is
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Table 9
Fundamental frequencies of 8-layered laminates with two design variables, namely, GPLs and fibre distributions across the thickness with
𝑊𝐺𝑃𝐿𝑚𝑎𝑥 = 0.0125, 𝑉𝐹𝑚𝑎𝑥 = 0.30, 𝐷∕𝑎 = 0.03, ℎ∕𝐷 = 0.125, 𝑎∕𝑏 = 0.71 and skew angle 𝛼 = 45◦.

Stacking sequence Fibres Optimal 𝑊GPL per layer Optimal 𝑉𝐹 per layer 𝛺 𝛺0 𝜂 = 𝛺
𝛺0

[90/0/90/0]anti-s Glass [0.037/0.013/0.0/0.0]anti-s [0.60/0.40/0.10/0.10]anti-s 0.0042 0.0033 1.273
Carbon [0.047/0.004/0.0/0.0]anti-s [0.43/0.57/0.10/0.10]anti-s 0.0056 0.0046 1.217

[90/0/90/0]s Glass [0.050/0.0/0.0/0.0]s [0.40/0.60/0.10/0.10]s 0.0043 0.0032 1.344
Carbon [0.050/0.0/0.0/0.0]s [0.10/0.60/0.40/0.10]s 0.0055 0.0042 1.310

Table 10
Fundamental frequency of an 8-layered skew laminate with zero graphene content and the single design variable 𝑉𝐹 subject to
𝑉𝐹𝑚𝑎𝑥 = 0.30 with 𝐷∕𝑎 = 0.03, ℎ∕𝐷 = 0.125, 𝑎∕𝑏 = 0.71 and skew angle 𝛼 = 45◦.

Stacking sequence Fibres Optimal 𝑉𝐹 per layer 𝛺 𝛺02 𝜂2 =
𝛺
𝛺02

𝜂 = 𝛺
𝛺0

[90/0/90/0]anti-s
Glass [0.60/0.40/0.10/0.10]anti-s 0.0027 0.0022 1.227 0.818
Carbon [0.54/0.46/0.10/0.10]anti-s 0.0046 0.0038 1.211 1.000

[90/0/90/0]s
Glass [0.40/0.60/0.10/0.10]s 0.0025 0.0021 1.190 0.781
Carbon [0.10/0.60/0.40/0.10]s 0.0043 0.0033 1.303 1.024

5% for anti-symmetric and 4.9% for symmetric stacking sequences.
These results indicate that a cost-effective design can be achieved using
less fibre reinforcement if both graphene and fibres are distributed
optimally across the thickness.

To assess the effect of GPLs reinforcement on optimal design,
graphene content is set to zero and optimization is performed using the
fibre reinforcement as the only design variable. The results are given
in Table 10 for both anti-symmetric and symmetric cases.

Two design efficiencies are shown in Table 10, namely, 𝜂2 = 𝛺
𝛺02

,
and 𝜂 = 𝛺

𝛺0
. The design efficiency 𝜂2 is computed as the ratio of the

maximum frequency 𝛺 and the reference frequency 𝛺02 corresponding
to a laminate with zero graphene content. This index can be used to
evaluate the increase in the fundamental frequency of the laminate
with non-uniform (optimal) fibre distribution only as compared to the
frequency of the reference laminate with uniform fibre distribution
across the thickness. In addition, 𝜂 is calculated using the reference
frequency 𝛺0, which corresponds to the frequency of a laminate with
uniform graphene content of 1.25% per layer. This index will be used
to compare the efficiencies of the optimal two-phase fibre-reinforced
composite laminates (only fibre reinforcement, Table 10) and the effi-
ciencies of the optimal three-phase graphene/fibre-reinforced laminates
(Table 9).

Noting the values 𝜂2 of the design efficiency, it is observed that
a significant increase of 𝜂2 from 19% to 30% is observed for the
two-phase fibre-reinforced laminate with optimal (non-uniform) fibre
distribution across the laminate thickness as compared to the frequency
corresponding to the laminate with uniform fibre distribution.

To investigate the impact of introducing graphene reinforcement on
the frequency, a comparison of the results presented in Table 10 (zero
graphene, optimal distribution of fibres) and Table 9 (optimal distri-
bution of both graphene and fibres) is made. For the anti-symmetric
laminate with non-zero graphene and glass fibre reinforcement, a de-
sign efficiency of 1.273 is obtained in Table 9, indicating an increase
of 27.3% of the frequency as compared to the reference plate. For
the same fibre type and orientation, but for zero graphene content
(Table 10), the design efficiency 𝜂 is 0.818 which indicates a decrease
of 1.000 − 0.818 = 0.182 or 18.2% in the fundamental frequency as
compared to the reference frequency. For this case, the overall increase
of the fundamental frequency of the laminate with non-zero graphene
content is equal to 27.3%+18.2%=45.5% as shown in Table 11 in
comparison to the laminate with zero graphene. This is a substantial
improvement of the frequency which is due to adding a small graphene
content as reinforcement.

As shown in Table 11, an even higher increase of 56.3% is obtained
for the symmetric glass fibre/graphene-reinforced laminate. For anti-
symmetric and symmetric carbon fibre/graphene-reinforced laminates,
the increases of the fundamental frequency are equal to 21.7% and
28.6%, respectively, as compared to the frequencies of the optimal
two-phase fibre-reinforced laminates.

7.3. Optimization with three and four design variables and non-uniform
layer thicknesses

Next, non-uniform layer thicknesses and fibre angles are introduced
as additional design variables, leading to optimization with three and
four design variables. These are graphene and fibre contents, the layer
thicknesses and the fibre angles. Results with three design variables and
predefined stacking sequences are given in Table 12.

Table 12 indicates that higher graphene and fibre reinforcements
are assigned to outer layers as expected. Furthermore, two outer lay-
ers have lower thicknesses as compared to the inner layers for the
anti-symmetric laminates. In the case of symmetric laminates, only
the surface layer has a lower thickness with the other layers having
the same thicknesses. The increase in the fundamental frequency, as
compared to the reference frequency, is 30.3% and 23.9% for the
anti-symmetric case with glass and carbon fibre reinforcements, re-
spectively. For the symmetric laminate, the increases are 46.9% and
54.8%, and thus, significantly higher than the anti-symmetric case.
A comparison with the laminates with uniform layer thicknesses (Ta-
ble 9), indicates that in the case of non-uniform layer thicknesses
(Table 12), an increase in the fundamental frequency, with respect to
the reference frequency, occurs. For the anti-symmetric case, this is
equal to 3% and 2.2% for glass and carbon fibre reinforcements. For the
symmetric laminates with non-uniform layer thicknesses, the increase
in the fundamental frequency is 12.5% and 23.8% for glass and carbon
fibre reinforcements, respectively.

The fourth optimization problem involves GPLs and fibre contents,
layer thicknesses and fibre angles as the design parameters, with the
results shown in Table 13.

The increase in the fundamental frequency (compared to reference
frequency) of anti-symmetric laminates is 45.5% for glass fibre and
52.2% for carbon fibre reinforcements. For the symmetric laminate, the
increase is 46.9% for glass fibre and 64.3% for carbon fibre reinforce-
ments. The same increase was observed for the symmetric laminates
with glass fibre reinforcement and predefined stacking sequence, as
shown in Table 12. Therefore, the stacking sequence [90/0/90/0]s,
which was used in Table 12, is the optimal one.

In the case of laminates with four design variables (Table 13) involv-
ing glass and carbon fibres (anti-symmetric laminate) and carbon fibres
(symmetric laminate), the increases in the fundamental frequencies
(comparing to reference frequency) are higher by 15.2%, 28.3%, and
9.5% as compared to the case with three design variables (Table 12).

The improvement in the frequencies is due to including the fibre an-
gles in the optimization process. It is noted that for both anti-symmetric
and symmetric cases, higher frequency and higher design efficiency are
observed for carbon fibre-reinforced laminates as compared to the glass
fibre-reinforced ones.
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Table 11
Comparison between the maximum and the reference frequencies for the results shown in Table 9 (non-zero, optimal graphene/fibre distribution)
and Table 10 (zero graphene, optimal fibre distribution).

Stacking sequence Fibre type Maximum frequency 𝛺 Reference frequency 𝛺0 𝜂 = 𝛺
𝛺0

𝛺−𝛺0

𝛺0
(%)

Optimal graphene
distribution

[90/0/90/0]anti-s Glass 0.0042 0.0033 1.273 27.30%
Carbon 0.0056 0.0046 1.217 21.70%

[90/0/90/0]s Glass 0.0043 0.0032 1.344 34.40%
Carbon 0.0055 0.0042 1.310 31.00%

Zero graphene

[90/0/90/0]anti-s Glass 0.0027 0.0033 0.818 −18.20%
Carbon 0.0046 0.0046 1.000 0

[90/0/90/0]s Glass 0.0025 0.0032 0.781 −21.90%
Carbon 0.0043 0.0042 1.024 2.40%

Table 12
Fundamental frequencies of 8-layered skew laminates with three design variables (GPLs and fibre contents, thickness ratios) and with 𝑊𝐺𝑃𝐿𝑚𝑎𝑥 = 0.0125, 𝑉𝐹𝑚𝑎𝑥 = 0.30, 𝐷∕𝑎 = 0.03,
𝑎∕𝑏 = 0.71 and skew angle 𝛼 = 45◦.

Stacking sequence Fibres Optimal 𝑊𝐺𝑃𝐿 per layer Optimal 𝑉𝐹 per layer ℎ∕𝐷 𝛺 𝛺0 𝜂 = 𝛺
𝛺0

[90/0/90/0]anti-s
Glass [0.046/0.019/0.0/0.0]anti-s [0.60/0.60/0.10/0.10]anti-s [0.09/0.11/0.15/0.15]anti-s 0.0043 0.0033 1.303
Carbon [0.054/0.016/0.0/0.0]anti-s [0.60/0.60/0.10/0.10]anti-s [0.08/0.12/0.15/0.15]anti-s 0.0057 0.0046 1.239

[90/0/90/0]s
Glass [0.127/0.0/0.0/0.0]s [0.10/0.60/0.27/0.10]s [0.05/0.15/0.15/0.15]s 0.0047 0.0032 1.469
Carbon [0.127/0.0/0.0/0.0]s [0.10/0.60/0.27/0.10]s [0.05/0.15/0.15/0.15]s 0.0065 0.0042 1.548

Table 13
Fundamental frequencies of 8-layered skew laminates with four design variables (GPLs and fibre contents, thickness ratios, fibre angles) and with 𝑊𝐺𝑃𝐿𝑚𝑎𝑥 = 0.0125, 𝑉𝐹𝑚𝑎𝑥 = 0.30,
𝐷∕𝑎 = 0.03, 𝑎∕𝑏 = 0.71 and skew angle 𝛼 = 45◦.

Fibres Optimal 𝑊𝐺𝑃𝐿 per layer Optimal 𝑉𝐹 per layer ℎ∕𝐷 Optimal fibre angles 𝛺 𝛺0 𝜂 = 𝛺
𝛺0

Glass [0.141/0.0/0.0/0.0]anti-s [0.10/0.60/0.27/0.10]anti-s [0.05/0.15/0.15/0.15]anti-s [45/−8/−8/29]anti-s 0.0048 0.0033 1.455
Carbon [0.141/0.0/0.0/0.0]anti-s [0.10/0.60/0.27/0.10]anti-s [0.05/0.15/0.15/0.15]anti-s [−9/−5/−6/−25]anti-s 0.0070 0.0046 1.522
Glass [0.127/0.0/0.0/0.0]s [0.10/0.60/0.27/0.10]s [0.05/0.15/0.15/0.15]s [90/0/90/0]s 0.0047 0.0032 1.469
Carbon [0.027/0.045/0.0/0.0]s [0.60/0.10/0.27/0.10]s [0.15/0.05/0.15/0.15]s [−6/50/−18/88]s 0.0069 0.0042 1.643

Table 14
Fundamental frequencies of 8-layered skew (𝑎∕𝑏 = 0.71) and rectangular (𝑎∕𝑏 = 1) laminates with the design variable 𝑊𝐺𝑃𝐿 and with
𝑊𝐺𝑃𝐿𝑚𝑎𝑥 = 0.0125, 𝐷∕𝑎 = 0.03, ℎ∕𝐷 = 0.125.

Symmetric fibre orientation [90◦∕0◦∕90◦∕0◦]𝑠
Fibre type Laminate type 𝑊𝐺𝑃𝐿 𝛺 Increase (%) 𝛺0 𝜂 = 𝛺

𝛺0

Glass 30% Rectangular (0◦) [0.057/0.0/0.0/0.0]s 0.0031 – 0.0024 1.292
45◦ Skew [0.050/0/0/0]s 0.0041 32% 0.0032 1.281

Carbon 30% Rectangular (0◦) [0.057/0.0/0.0/0.0]s 0.0036 – 0.0032 1.125
45◦ Skew [0.05/0/0/0]s 0.0047 31% 0.0042 1.119

Table 15
Fundamental frequencies of 8-layered skew (𝑎∕𝑏 = 0.71) and rectangular (𝑎∕𝑏 = 1) laminates with two design variables (GPLs and fibre contents)
and with 𝑊𝐺𝑃𝐿𝑚𝑎𝑥 = 0.0125, 𝑉𝐹𝑚𝑎𝑥 = 0.30, with 𝐷∕𝑎 = 0.03, ℎ∕𝐷 = 0.125.

Symmetric fibre orientation [90◦∕0◦∕90◦∕0◦]𝑠
Fibre type Laminate type 𝑊𝐺𝑃𝐿 𝑉𝐹 𝛺 Increase (%) 𝛺0 𝜂 = 𝛺

𝛺0

Glass Rectangular (0◦) [0.0565/0.0/0.0/0.0]s [0.4/0.6/0.1/0.1]s 0.0033 – 0.0024 1.375
45◦ Skew [0.050/0.0/0.0/0.0]s [0.4/0.6/0.1/0.1]s 0.0043 30% 0.0032 1.344

Carbon Rectangular (0◦) [0.0565/0.0/0.0/0.0]s [0.1/0.6/0.1/0.4]s 0.0045 – 0.0032 1.406
45◦ Skew [0.050/0.0/0.0/0.0]s [0.1/0.6/0.4/0.1]s 0.0055 22% 0.0042 1.310

7.4. Comparison of the optimal designs of rectangular and skew laminates

In this section a comparison of the frequencies of the skew and
rectangular plates is presented with both plates being cantilevers.
Results are given for one, two, three and four design variables. The
fundamental frequencies for these cases are shown in Tables 14 to 17
with the number of design variables increasing from one to four.

Results indicate that the fundamental frequencies of the skew lam-
inates are higher than those of the rectangular laminates for both
glass and carbon fibre reinforcements. As observed in Tables 14 to 17,
increases are 32%, 30%, 31% and 47% for laminates with glass fibre
reinforcement with the increasing number of variables. In the case of
carbon fibre reinforcement, the increases in the fundamental frequen-
cies of the skew laminates as compared to the rectangular laminates
are 31%, 22%, 18% and 17% for laminates with one, two, three and

four design variables, respectively. These results agree with the results
given in the Refs. [5–8] where it was noted that the increase of the
skew angle increases the fundamental frequency.

Even though the fundamental frequencies of skew plates are higher,
their design efficiencies are lower compared to the rectangular plates
as shown in Tables 14–17. However, in the case of the skew plate
with glass fibre reinforcement and with four design variables, design
efficiency is higher than the rectangular plate as shown in Table 17.
Since higher design efficiencies are derived for most of the rectangular
plates as compared to the skew plates, the fundamental frequency
increases are higher for the rectangular plates as compared to the skew
plates. Thus, optimal, non-uniform graphene and fibre distributions
along the thickness is more effective for rectangular plates. The highest
design efficiency is obtained for the rectangular plate with four design
variables and carbon fibre reinforcement which is 1.844 (Table 17).
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Table 16
Fundamental frequencies of 8-layered skew (𝑎∕𝑏 = 0.71) and rectangular (𝑎∕𝑏 = 1) laminates with three design variables (GPLs and fibre contents, layer thickness ratios) and with
𝑊𝐺𝑃𝐿𝑚𝑎𝑥 = 0.0125, 𝑉𝐹𝑚𝑎𝑥 = 0.30, 𝐷∕𝑎 = 0.03.

Symmetric fibre orientation [90◦∕0◦∕90◦∕0◦]𝑠
Fibre type Laminate type 𝑊𝐺𝑃𝐿 𝑉𝐹 ℎ∕𝐷 𝛺 Increase (%) 𝛺0 𝜂 = 𝛺

𝛺0

Glass Rectangular (0◦) [0.14/0.0/0.0/0.0]s [0.1/0.6/0.1/0.27]s [0.05/0.15/0.15/0.15]s 0.0036 – 0.0024 1.500
45◦ Skew [0.13/0.0/0.0/0.0]s [0.10/0.60/0.27/0.10]s [0.05/0.15/0.15/0.15]s 0.0047 31% 0.0032 1.469

Carbon Rectangular (0◦) [0.14/0.0/0.0/0.0]s [0.1/0.6/0.1/0.27]s [0.05/0.15/0.15/0.15]s 0.0055 – 0.0032 1.719
45◦ Skew [0.13/0.0/0.0/0.0]s [0.10/0.60/0.27/0.10]s [0.05/0.15/0.15/0.15]s 0.0065 18% 0.0042 1.548

Table 17
Fundamental frequencies of 8-layered skew (𝑎∕𝑏 = 0.71) and rectangular (𝑎∕𝑏 = 1) laminates with four design variables (GPLs and fibre contents, thickness ratios, fibre angles) and
with 𝑊𝐺𝑃𝐿𝑚𝑎𝑥 = 0.0125, 𝑉𝐹𝑚𝑎𝑥 = 0.30, 𝐷∕𝑎 = 0.03.

Fibre
type

Laminate type 𝑊𝐺𝑃𝐿 𝑉𝐹 ℎ∕𝐷 𝜃 𝛺 Increase
(%)

𝛺0 𝜂 = 𝛺
𝛺0

Glass Rectangular (0◦) [0.037/0.0303/0.0/0.0]s [0.6/0.6/0.1/0.1]s [0.15/0.05/0.15/0.15]s [5/51/−20/88]s 0.0032 – 0.0024 1.333
45◦ Skew [0.127/0.0/0.0/0.0]s [0.1/0.6/0.27/0.1]s [0.05/0.15/0.15/0.15]s [90/0/90/0]s 0.0047 47% 0.0032 1.469

Carbon Rectangular (0◦) [0.01/0.111/0.0/0.0]s [0.6/0.1/0.27/0.1]s [0.15/0.05/0.15/0.15]s [3/50/0/88]s 0.0059 – 0.0032 1.844
45◦ Skew [0.027/0.045/0.0/0.0]s [0.6/0.1/0.27/0.1]s [0.15/0.05/0.15/0.15]s [−6/50/−18/88]s 0.0069 17% 0.0042 1.643

8. Conclusions

In the present study, maximizing the fundamental frequencies of
graphene/fibre-reinforced cantilever skew laminates is studied. Design
parameters include the distributions of the graphene and fibres across
the laminate thickness, layer thicknesses and the fibre angles. To assess
the effectiveness of different design variables in maximizing the funda-
mental frequency, the number of design variables is increased in steps.
The effective material properties are calculated using micromechanics
relations and the numerical solutions are obtained using finite element
analysis based on the first-order shear deformation theory. For the
implementation of the optimization scheme, a Sequential Quadratic
Programming algorithm (SQP) is adopted.

Results indicate that the optimal, non-uniform distributions of the
graphene and the fibres lead to higher contents in the outer layers and
lower or zero reinforcement in the inner layers. This result is expected
and is due to the outer layers contributing more to the stiffness of
the laminates. In the case of the graphene being the only reinforce-
ment in the optimization, diminishing returns were observed when the
graphene content exceeds a certain limit and the design becomes less
cost-effective.

When both graphene and fibre contents along the thickness are
adopted as the two design variables and the upper limit on total fibre
content is specified as 30%, a higher frequency is obtained as compared
to the case with 60% uniform fibre content. Thus, the skew laminates
can be designed cost effectively using lower fibre volume contents by
distributing the fibres and the graphene across the thickness optimally.

Comparisons are given for the optimal designs of three-phase
graphene/fibre-reinforced laminates (the present design) and the tradi-
tional two-phase laminates reinforced with fibres only. Results indicate
a substantial increase in the fundamental frequency for the three-phase
laminates as compared to the two-phase laminates. This increase is
higher for glass fibre reinforcement (more than 45%) but is also very
significant for carbon fibre reinforcement (more than 20%).

To provide a quantitative criterion for evaluating the results, a
design efficiency factor is defined and calculated for each optimal
design. Using this factor, optimal design results can be compared and
the design efficiencies of different reinforcements can be assessed.
The design efficiency increases when the number of design variables
increases as expected and the highest design efficiency corresponds to
the case with four design variables.

Finally, results for the optimal designs of rectangular and 45◦

skew plates are compared. It is shown that although the maximum
fundamental frequency is higher for the 45◦ skew laminates, the de-
sign efficiency decreases compared to the rectangular laminates for
most cases. The differences in the design efficiencies of these two
laminate types depend on the number of design variables used in the
optimization.
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Abstract 

This article adopts a functionally graded (FG) distribution of the reinforcement in the 

thickness direction to determine the fundamental frequency of graphene and fibre-

reinforced laminate plates. The work aims to investigate distributions of 

reinforcement which lead to maximum frequencies for the laminate. Four types of 

non-uniform distributions are applied to graphene nanoplatelets (GPLs) or fibre 

reinforcement, investigating the influence of adopting FG distribution for the two 

reinforcement types. A layerwise functionally graded distribution is also introduced, 

by considering different distribution type per layer of the laminate. The problem is 

solved using finite element analysis and first-order shear deformation theory. 

Different FG distributions, boundary conditions, fibre orientations, and volume 

contents for graphene and fibre reinforcements are among the many parameters that 

are tested. It can be seen that as the volume content of fibres increases, uniform 

graphene reinforcement leads to higher frequencies compared to non-uniform FG 

graphene distributions. For low fibre content, with values less than 5% (glass) and 

7.8% (carbon), a non-uniform FG distribution of graphene (Type X) results in the 

highest frequencies. Layerwise FG distribution of graphene nanoplatelets (GPLs) are 

seen to increases fundamental frequencies by approximately 2% compared to non-

layerwise FG graphene distribution. 

 

Keywords: Functionally graded laminates, Graphene-fibre reinforcement, Maximum 

fundamental frequency, Finite Element Analysis, Simply supported laminates, 

Layerwise functionally graded laminates 
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1. Introduction  

The benefits of using composite laminates in several structural applications have 

increased over the years, due to their excellent mechanical characteristics including 

superior strength and reduced material weight [1]. To further improve the structural 

response of composite materials, nanomaterials of advanced properties are adopted 

as reinforcement, resulting in the design of reinforced nanocomposite laminates [2]. 

Common nanoreinforcement materials such as graphene nanoplatelets, carbon 

nano-fibres and carbon nanotubes are used to improve the mechanical properties 

and structural response of nanocomposites [3]. Thus, nanocomposites have been 

adopted across many different industries in the engineering field for various 

applications including automobiles, electromagnetic shielding, aircrafts and gas 

pipelines [4, 5]. An estimation of the material properties of nanocomposite structures 

is provided in [6]. 

Graphene nanoplatelets (GPLs) as a nanoreinforcement material in laminate 

composites have gained significant recognition because of their superior mechanical 

qualities. Research results indicate that the adding minimal amounts of graphene 

nanoplatelets (GPLs) into the matrix of a composite laminate can significantly 

improve its thermal, electrical and mechanical characteristics [7]. These superior 

properties of the nanoreinforcement material can be considered in the design to 

produce lightweight composite laminates with increased structural tolerances and 

performance output. Research has been conducted to verify the significant 

improvement of the graphene-reinforced nanocomposite laminate’s properties [7]. 

One such study was conducted by Rafiee et al. [8], indicating that the benefits in 

strength and stiffness of adding 1% weight content of carbon nanotubes can also be 

achieved by adding only 0.1% of graphene weight fraction. 

Composite laminates are widely used in ship building, machinery robot arms, 

aircrafts and other applications as structural components that undergo severe 

vibrations. To avoid resonance and improve in this sense the vibration response, 

laminates are designed to work in a higher fundamental frequency [9]. Multiple 

studies have been presented, highlighting a variety of methods used to improve the 

natural frequencies of nanocomposite plates. In [10] natural frequencies of skew 

laminates that contain stiffeners were investigated. The natural frequency of the 

laminate was found to improve as the skew angle increased. Biswas et al. [11] 
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presented results related to the fundamental frequency of composites with various 

cutouts and boundary conditions considered as design variables. According to the 

outputs of the investigation, higher fundamental frequencies were produced for 

clamped boundary conditions than for cantilever conditions [11]. Increasing the 

length-to-width ratio for a nanocomposite multilayer organic solar cell resulted in 

improved fundamental frequencies [12]. Brethee et al. [13] analysed symmetric and 

anti-symmetric laminated composite plates with a central cutout in terms of free 

vibration. Comparison between anti-symmetric and symmetric fibre orientations 

provided that anti-symmetric fibre orientation produced a higher non-dimensional 

fundamental frequency over a symmetric orientation [13].  

The free vibration characteristics of laminated composite plates, subjected to various 

constraints, with and without cut-outs, were investigated in [14].  Results showed that 

improved fundamental frequency and stiffness were derived, when the number of 

layers is increased. Farsadi et al. in [15], studied the impact of various boundary 

conditions and fibre angles and found these to influence the natural frequencies of 

the composite. In [16] Farshi et al. investigated optimal fundamental frequencies via 

a layer wise approach. Studies provided in [17, 18] indicated that an increase in the 

fundamental frequency is seen when more layers are added to the laminate 

composite. In [18] it was also observed that the outer layers are more effective on 

the bending and frequency response of the composite. Pingulkar et al. provided in 

[19] that the orientation and hybridization of the material in the outer layers had a far 

greater effect on the natural frequency than the fibre volume fraction and change in 

the matrix material. 

Numerous numerical studies take into account the quantity of nanocomposite 

reinforcement and assess its impact on the laminate's vibration response. The 

volume percentage and distribution of nanoreinforcement, the number and 

arrangement of layers, and the laminate's shape are some of the variables that affect 

the natural frequencies of CNT-reinforced composite laminates [20].  Ebrahimi et al. 

investigated multi-scale carbon nanotube (CNT)/glass fibre reinforced 

nanocomposite laminated plates and found that the natural frequency is amplified 

when the content of CNTs and/or glass fibre reinforcement is increased [21]. CNTs 

were used in [22] to enhance the vibrational response of nanocomposite beams. The 

study showed that the high elasticity modulus of the carbon nanotube reinforcement 

contributed to superior fundamental frequency and stiffness values of the plate.  
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According to [23], the flexural modulus and fracture toughness improved by 14% and 

28%, respectively, when the weight of graphene nanoparticles increased by 0.5%, 

when trying to fabricate graphene-reinforced nanocomposites with enhanced fracture 

toughness. Adding a small content of graphene reinforcement resulted in improved 

deflections and natural frequencies, according to an investigation presented in [24]. 

In [25] it was found that when graphene volume content increased, the natural 

frequency improved for graphene/fibre reinforced hybrid polymer composites and a 

greater increase in the natural frequency was experienced by the plate with clamped 

boundary conditions than the one that was simply supported. Three composite plates 

were analysed in terms of their natural frequency in [26], considering carbon fibre 

reinforcement, graphene, and hybrid carbon fibre/graphene reinforcement. Results 

indicated that the graphene reinforcement enhanced the natural frequency, with the 

hybrid plate having the optimal fundamental frequency among the three plates.  

A study involving fundamental frequency optimization of a 3-phase graphene/fibre 

reinforced composite laminate is presented in [27]. Findings showed that adding 

graphene nanoplatelets (GPLs) to the composite laminate increased the 

fundamental frequency and that the distribution in the outer layers was the most 

influential for the vibration response [27]. In [28] it was found that for graphene-

reinforced composites with functionally graded reinforcement, the functionally graded 

distribution pattern, clamped boundary conditions, the graphene volume fraction and 

the thickness ratio had a notable effect on natural frequencies. Notable gains in 

flexural rigidity, shear, and mass inertia were achieved, by increasing the graphene 

content in thick plates in [29]. These improvements were then translated into 

improved fundamental frequencies. The natural frequencies of “functionally graded 

porous truncated conical shells” reinforced with GPLs were investigated in [30] to 

determine impact due to porosity and GPLs distributions. Superior reinforcing effects 

are evident when GPLs with large surface area and GPL nanofillers are added to the 

composite, resulting in improved fundamental frequencies [30]. A free vibration 

analysis was performed in [31] on porous cylindrical, graphene-reinforced, 

functionally graded panels. It was observed that raising the panel's GPL mass 

fraction, aspect ratio, length-to-thickness ratio and length-to-radius ratio, resulted in 

an increase in the fundamental frequency. In [32] it is found that the vibration 

response of laminated curved beams strengthened with graphene reinforcement is 

improved, with increasing GPL content. 
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The idea of composite laminates with functionally graded reinforcement has 

emerged as an intriguing and distinctive approach. Composites consisting of two or 

more constituent materials, with contents that are continuously or discreetly varied, 

and with the aim of optimizing the composites’ mechanical response, are known as 

functionally graded materials [33]. To efficiently assign reinforcement contents to 

critical zones of laminates and produce higher fundamental frequencies, functionally 

graded nanocomposites can be utilized by distributing the reinforcement in a pattern, 

on each layer of the laminate [34].  

In a study of carbon nanotube-reinforced composites using functionally graded 

reinforcement types presented in [35], the composite's bending, buckling, and 

vibration response was highly dependent on the volume rate change of the carbon 

nanotube. An investigation was conducted in [36] to determine if the natural 

frequency of a skew composite plate is affected by carbon nanotube distribution and 

volume proportion. The plate's fundamental frequency was found to be superior with 

increasing carbon nanotube content and that the natural frequencies were stronger 

for the FG-X reinforcement pattern than the uniform distribution for a 2-phase 

composite. In [37], the difference in fundamental frequencies for different functionally 

graded graphene distributions and a uniform distribution pattern was investigated. 

For the simply supported boundary condition, the largest fundamental frequencies 

were produced by the FG-X distribution and then the uniform distribution for the 

graphene-reinforced composite. It is noted that in the outer surface layers the FG-X 

distribution, has higher GPL content than the middle layers. In [38], the vibration 

properties of graphene-reinforced magnetic nanocomposite beams with multiple 

layers were examined for five distinct FG distributions. The findings demonstrated 

that adding small contents of graphene causes the natural vibration frequencies to 

improve, and that the highest fundamental frequencies were produced for the FG-X 

distribution when compared to other distributions.  

In [39] it was found that the volume fractions and material arrangements significantly 

affect the magnitude of the natural frequencies of functionally graded laminates. In 

[40] the effects on the fundamental frequency in terms of altering the plate thickness 

and functionally graded distributions were investigated. Results indicated that a 1% 

increase in the GPL content improved the fundamental frequency from 121% for a 

thick plate to 149% for a thin plate for a simply supported plate. The investigation 

also concluded that it is more efficient to allocate zero GPLs in the middle layers and 
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higher GPL contents at the outer layers. According to [41] for functionally graded 

carbon nanotube reinforced composite plates (CNTRC), the boundary conditions, the 

width to thickness ratio, the volume fraction of reinforcement, aspect ratio and the 

distribution pattern of reinforcement are among the factors that have a significant 

impact on the mechanical behaviour. 

The influence on the natural frequency of a functionally graded graphene-reinforced 

composite laminate cylindrical panel was investigated in [42]. Four distribution 

patterns were applied to the composite, namely, FG-O , FG-V, UD and FG-X, among 

which, the FG-O and FG-X were found to produce the lowest and highest natural 

frequencies, respectively. In [43], layerwise distributions of functionally graded GPLs 

were examined. The analysis revealed that increasing the percentage of GPLs 

content by a small amount and using GPLs with a square-shaped, which involve a 

lower amount graphene layers and concentrate on dispersion in the outer surfaces, 

significantly improved the composite's natural frequency. The free vibration of FG 

graphene-reinforced composite cylindrical panels with multiple layers was 

investigated in [44], under four distribution patterns. It was shown that the maximum 

natural frequency was produced by the FG-X pattern, leading also to the most 

enhanced vibration response, when the graphene content was increased [44]. The 

type of distribution is an extremely important factor for influencing the fundamental 

frequency. In [45] it was highlighted that a large improvement in the fundamental 

frequency was observed, when GPLs are introduced in the top and bottom layers of 

the composite laminate. In [46] the effect of using functionally graded graphene 

reinforcement on a composite sandwich beam was examined. In this instance the 

maximum fundamental frequency was produced by the FG-V distribution type, 

followed by the FG-X type. It was also found that increasing the GPL length and 

width increased the fundamental frequency [46].  

This article explores the use of functionally graded reinforcement distributions for a 

3-phase graphene/fibre reinforced composite laminate to enhance the vibration 

response. Five functionally graded distribution patterns are studied, within finite 

element analysis adopting a first-order shear deformation theory namely, Type 'O’, 

Type 'A’, Uniform, Type 'V’, and Type ‘X’.  Among the goals of the article, is to 

explore how the contents for each of the two reinforcement types (fibres and 

graphene nanoplatelets) influence the vibration response, for each distribution 

pattern. In addition, numerical tests on the composite laminate’s vibration response 
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are conducted, for functionally graded fibre and GPL reinforcement distribution. The 

article also proposes a layerwise functionally graded distribution of the 

reinforcements, aiming to investigate the impact on natural frequencies, of adopting 

a different pattern of reinforcement distribution per layer. As far as the Author is 

aware, only limited studies are found in existing literature regarding the above 

concepts and in this sense, the innovation and impact of this study are highlighted. 

To achieve a cost-effective design, resulting in maximum natural frequencies, a 

number of variables, including the fibre volume content and distribution type, the 

fibre type and stacking sequence, boundary conditions, and layerwise functionally 

graded distributions, are numerically tested, for different FG distribution patterns and 

reinforcement contents.  

 

2. Formulation of the finite element model  

The proposed research investigates the vibrational response of a graphene-

reinforced nanocomposite plate subjected to functionally graded distributions of 

reinforcement with respect to the fundamental frequency achieved with various 

constraints applied. The composite is investigated for a 2-phase configuration 

consisting of graphene nanocomposites dispersed into the matrix of the composite 

and a 3-phase structure which, in addition, includes fibre reinforcement. The 

composite plate is defined by a length 𝑎 and a width 𝑏 located along the 𝑥- and 𝑦-

axes and 𝐷 which represents the plate thickness along the 𝑧-axis. The 𝑧-axis is 

normal to the plate where the plate’s midplane and the 𝑥𝑦-plane coincide. The plate 

is oriented with the coordinates of the principal material for the kth lamina having an 

angle of 𝜃௞ to the 𝑥-axis and comprises of 𝑁 layers. 𝑧 = 𝑧௞ and 𝑧 = 𝑧௞ିଵ represent 

the kth lamina’s top and bottom layers. Figure 1 presents a visual representation of 

the plate geometry. 



 

 

Figure 1: Laminated plate geometry  

2.1 Displacement and strains  

The first-order shear deformation theory (FSDT) is used to formulate the composite 

plate displacement field as follows: 

 

𝑢ଵ(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢(𝑥, 𝑦, 𝑡) − 𝑧𝜑௫(𝑥, 𝑦, 𝑡)

𝑢ଶ(𝑥, 𝑦, 𝑧, 𝑡) = 𝑣(𝑥, 𝑦, 𝑡) − 𝑧𝜑௬(𝑥, 𝑦, 𝑡) 𝑜𝑟  {𝑢} = [𝐻]{𝑢ത}                        (1) 

𝑢ଷ(𝑥, 𝑦, 𝑧, 𝑡) = 𝑤(𝑥, 𝑦, 𝑡)                          

 

where the displacements along the (𝑥, 𝑦, 𝑧) coordinates, the normal rotations about 

the x and y-axes and the point displacements on the mid-plane of the panel are 

given by 𝑢ଵ, 𝑢ଶ, 𝑢ଷ , 𝜑௫, 𝜑௬ and (𝑢, 𝑣, 𝑤), respectively. The strain equations are given 

as: 

{𝜀} = 𝛻ௌ{𝑢ത}                                                                       (2) 

where  {𝜀} = ൛𝜀௫௫, 𝜀௬௬, 𝛾௫௬, 𝛾௬௭, 𝛾௫௭ൟ
்

, {𝑢ത} = {𝑢, 𝑣, 𝑤, 𝜑௫, 𝜑௬}் and 

 

𝛻ௌ =

⎣
⎢
⎢
⎢
⎡
𝜕 𝜕𝑥⁄ 0 0 −𝑧 𝜕 𝜕𝑥⁄ 0

0 𝜕 𝜕𝑦⁄ 0 0 −𝑧 𝜕 𝜕𝑦⁄

𝜕 𝜕𝑦⁄ 𝜕 𝜕𝑥⁄ 0 −𝑧 𝜕 𝜕𝑦⁄ −𝑧 𝜕 𝜕𝑥⁄

0 0 𝜕 𝜕𝑦⁄ 0 −1

0 0 𝜕 𝜕𝑥⁄ −1 0 ⎦
⎥
⎥
⎥
⎤

                                (3) 
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2.2 Constitutive equations  

Eq. (4) represents the 𝑘௧௛ lamina constitutive relationship as: 

 

{𝜎}௞ = [𝑄]௞{𝜀}                                                              (4) 

 

where the stress vector and elastic stiffness matrix is defined as {σ} and [Q] 

respectively. The nonzero components Q୧୨
(୩) of the elastic stiffness matrix , under 

plane-stress assumptions and for an orthotropic material are given by [48]:  

 

𝑄ଵଵ
(௞)

=
𝐸ଵ

(௞)

ቀ1 − 𝑣ଵଶ
(௞)

𝑣ଶଵ
(௞)

ቁ
,      𝑄ଵଶ

(௞)
=

𝑣ଵଶ
(௞)𝐸ଶ

(௞)

ቀ1 − 𝑣ଵଶ
(௞)

𝑣ଶଵ
(௞)

ቁ
= 𝑄ଶଵ

(௞)
,      𝑄ଶଶ

(௞)
=

𝐸ଶ
(௞)

(1 − 𝑣ଵଶ
(௞)

𝑣ଶଵ
(௞)

)
,   

  𝑄଺଺
(௞)

= 𝐺ଵଶ
(௞)

,       𝑄ସସ
(௞)

= 𝑘௦𝐺ଶଷ
(௞)

,         𝑄ହହ
(௞)

= 𝑘௦𝐺ଵଷ
(௞)

                              (5) 

 

In the above equations, the longitudinal and transverse moduli are represented by 

𝐸ଵ
(௞), 𝐸ଶ

(௞)
 . The Poisson’s Ratio is given by 𝑣ଵଶ

(௞)
, 𝑣ଶଵ

(௞) and the Shear moduli of the 𝑘௧௛ 

layer is 𝐺ଵଶ
(௞)

, 𝐺ଶଷ
(௞)

, 𝐺ଵଷ
(௞). The shear correction factor, 𝑘௦ , is assigned a value of  

ହ

଺
.  

 

To obtain coefficients 𝑄ത௜௝
(௞) represented on the laminate coordinate system(𝑥, 𝑦, 𝑧), 

Eq. (6) is used to transform the elastic coefficient 𝑄௜௝
(௞), represented in the material 

coordinates for the 𝑘௧௛ lamina: 

 

ൣ𝑄൧
(௞)

= ([𝐿]்[𝑄][𝐿])(௞)                                                                (6)  

where  [𝐿(𝜃௞)] and 𝜃௞ are symbols used to represent a transformation matrix and the 

fibre orientation of the 𝑘௧௛ lamina, respectively as shown in Figure 11. 

 

2.3 Discrete System Equations 

A solution to the vibration problem for the laminated plate can be found by using the 

finite element method, and dynamic equations of motion. This research utilizes a 
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four-noded isoparametric quadrilateral Lagrangian element to accurately define the 

laminated plate with each node on the plate containing five degrees of freedom.  Eq. 

(7) defines the generalized displacement vector: 

{𝑢(𝑥, 𝑦, 𝑡)} ≡ ൛𝑢, 𝑣, 𝑤, 𝜑௫, 𝜑௬ൟ
்

= [𝑁௨]{𝑑}௘ = ෍ ቀ𝑁௝[𝐼]ହ௫ହ൛𝑑௝ൟ
௘
ቁ

ସ

௝ୀଵ

                        (7) 

Where the 5x5 identity matrix is [I]ହ୶ହ, the Lagrangian shape functions are 

represented by 𝑁௝ and the nodal displacement vector is ൛𝑑௝ൟ
௘

= ൛𝑢௝ , 𝑣௝ , 𝑤௝ , 𝜑௫௝ , 𝜑௬௝ൟ
்
 

for the 𝑗௧௛ node of the element e . Eq. (8) is formed when Eq. (7) is substituted into 

Eq. (2):  

 

   {𝜀(𝑥, 𝑦, 𝑡)} = ∇ௌ([𝐻][𝑁௨]{𝑑}௘) = [𝐵]{𝑑}௘                                   (8) 

where the strain-nodal displacement matrix is [𝐵]. In order to determine the dynamic 

equations of the laminate plate, the Hamilton's principle is applied and the 

relationship is given by: 

 

න ቐ෍ ቌන න {𝛿𝜀}்[𝑄ത]௞{𝜀}

௭ೖ

௭ೖషభ

𝑑𝑧𝑑𝐴

஺

− න න {𝛿𝑢̇}்𝜌௞{𝑢̇}𝑑𝑧𝑑𝐴

௭ೖ

௭ೖషభ஺

ቍ

ே

௞ୀଵ

௧మ

௧భ

   

− ቌ{𝛿𝑢}்{𝑓௖} + න{𝛿𝑢}்{𝑓௦}𝑑𝐴 + න{𝛿𝑢}்

௏೐

{𝑓௏}𝑑𝑉

஺

ቍቑ 𝑑𝑡 = 0                                  (9) 

where the volume and area of the element, e, are 𝑉௘ and 𝐴௘ respectively. The density 

of the 𝑘௧௛ layer is 𝜌௞. Additionally, [𝑄ത]௞ represents the elastic stiffness matrix 

provided in Eq. (4). In Eq. (9), {𝑓௏} and {𝑓௦},  denote the volume and surface forces, 

respectively and the concentrated forces are denoted by {𝑓௖}.  

The elementary governing equations of motion for each element can be derived by 

substituting the discretization of mechanical displacements (7), the displacements 

relations (1) and the strain-nodal displacement relation (8) into Hamilton's principle 

Eq. (9). The governing equations of motion for the global system can be formulated 

by assembling the obtained discretized equations for the total number of elements by 
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using the standard procedure of the finite element method and can be expressed as 

follows [27]: 

 

 

[𝑀]൛𝑑̈ൟ + [𝐾]{𝑑} = {𝐹௠}                                                    (10) 

where {𝐹௠} , [𝛫], [𝑀] and {𝑑} are the global force vector, the global linear stiffness 

matrix, global mass matrix and the global displacement vector, respectively. Eq. (10) 

can be used to analyse the free vibration by eliminating the force term to give: 

[𝐾]{𝑑} = 𝜆[𝑀]{𝑑}         (11) 

where 𝜆 = 𝜔ଶis the eigenvalue and the natural vibration frequency is represented by 

ω. The finite element model previously presented is implemented via MATLAB 

model codes to study the free vibration response of rectangular laminated composite 

plates for various design parameters. Notice that, a selective integration technique is 

applied when calculating the stiffness matrix to mitigate against shear locking effects. 

 

3. Overall effective material properties of the composite 

The composite being investigated is a 3-phase polymer nanocomposite plate where 

graphene nanoplatelets (GPLs) are utilized as a nano-reinforcement to enhance its 

structural response and mechanical properties. In order to achieve a 3-phase 

composite, a nanoreinforced, isotropic matrix is produced by dispersing 

nanoreinforcement particles into the matrix. Fibre reinforcement is then added to the 

nanoreinforced matrix. The Halpin-Tsai model and rule of mixtures [49,50] which is 

commonly applied in published papers to effectively calculate the effective material 

properties of a 2-phase matrix reinforced with graphene  was used to obtain the 

effective material properties of the composite. The process involves first determining 

the effective material properties of the 2-phase graphene-reinforced matrix by using 

micromechanical equations and thereafter by applying the same equations, 3-phase 

nanocomposite properties can be calculated [51]. This approach has been used in a 

number of studies such as in [52], to determine a 2-phase laminate’s effective 
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properties and then used in [53] to determine a 3-phase laminate’s effective 

properties.  

 

3.1 Calculation of the effective material properties of a graphene-reinforced matrix  

Micromechanics equations used in [49,54-56] were adopted and applied to a 

graphene-reinforced matrix  to determine the effective material properties. The 

subscripts for the matrix, graphene nanoplatelets (GPLs) and the graphene-

reinforced matrix were assigned as M, GPL and GM respectively. The following 

equation was used to derive the Young’s Modulus of the graphene-reinforced matrix: 

 

𝐸ீெ = ቀ
ଷ

଼

ଵାకಽఎಽ௏ಸುಽ

ଵିఎಽ௏ಸುಽ
+

ହ

଼

ଵାకೢఎೢ௏ಸುಽ

ଵିఎೢ௏ಸುಽ
ቁ × 𝐸ெ   (12) 

 

The Young’s modulus of the matrix and the volume of graphene nanoplatelets 

(GPLs) are represented as 𝐸ெ and VGPL, respectively. By using the values for 

graphene nanoplatelet length (lୋ୔୐), width (𝑤ீ௉௅) and thickness (hୋ୔୐), the 

parameters ξ୐ and ξ୵ can be calculated in the equations: 

 

ξ୐ = 2
୪ృౌై

୦ృౌై
 ,     ξ୵ = 2

୵ృౌై

୦ృౌై
      (13) 

 

Using Eq. (14) where E୑ and Eୋ୔୐ are the Young’s moduli for the matrix and 

graphene nanoplatelets, the values for η୐ and η୵ can be derived: 

 

η୐ =  
(୉ృౌై/୉౉)ିଵ

(୉ృౌై/୉౉)ା ஞై 
  ,        η୵ =  

(୉ృౌై/୉౉)ିଵ

(୉ృౌై/୉౉)ା ஞ౭ 
                  (14) 

 

Eq. (15) can be used to calculate Vୋ୔୐ using the graphene nanoplatelets (GPLs) 

weight fraction Wୋ୔୐: 

 

       Vୋ୔୐ =  
୛ృౌై

୛ృౌైା (஡ృౌై/஡౉)(ଵି୛ృౌై)
               (15) 

The Poisson’s ratio, effective Shear modulus and matrix density for the graphene-

reinforced matrix are given by the following equations:  
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𝐺ீெ =  
ாಸಾ

ଶ(ଵା௩ಸಾ)
                                              (16) 

𝑣ீெ = 𝑣ீ௉௅𝑉 ௉௅ + 𝑣ெ(1 − 𝑉 ௉௅)                                (17) 

𝜌ீெ = 𝜌ீ௉௅𝑉 ௉௅ + 𝜌ெ(1 − 𝑉 ௉௅)                                        (18)  

where ρ୑ and ρୋ୔୐ symbolize mass density of the polymer matrix and the graphene 

nanoplatelets. 

 

3.2 Effective material properties of the 3-phase graphene and fibre reinforced matrix 

The equations below represent the effective material properties for a 3-phase 

graphene/fibre reinforced matrix [51,54,55,57]:  

 

𝐸ଵଵ = 𝐸ிଵ 𝑉ி + 𝐸ீெ(1 − 𝑉ி)                                                    (19) 

𝐸ଶଶ = 𝐸ீெ  ቀ
ாಷమమାாಸಾା(ாಷమ ିாಸಾ)௏ಷ

ாಷమమାாಸಾି(ாಷమమି ாಸಾ)௏ಷ
ቁ                                          (20) 

𝐺ଵଶ = 𝐺ଵଷ          (21) 

𝐺ଵଶ = 𝐺ீெ  ቀ
ீಷభమାீಸಾା(ீಷభమିீಸಾ)௏ಷ

ீಷభ ାீಸಾି(ீಷభమି ீಸಾ)௏ಷ
ቁ                                                  (22) 

𝐺ଶଷ =
ாమమ

ଶ(ଵା௏మయ)
           (23) 

𝑣ଵଶ = 𝑣ிଵଶ𝑉ி + 𝑣ீெ(1 − 𝑉ி)        (24) 

𝑣ଶଷ = 𝑣ிଵଶ𝑉ி + 𝑣ீெ(1 − 𝑉ி) ቀ
ଵା௩ಸಾା௩భమாಸಾ/ாభభ

ଵି௩మ
ಸಾା௩భమ௩ಸಾாಸಾ/ாభభ

ቁ    (25) 

𝜌 = 𝜌ி𝑉ி +  𝜌ீெ(1 − 𝑉ி)                                                              (26) 

The subscript GM and F denote the graphene-reinforced matrix and fibre, 

respectively. 𝜌ி and 𝑉ி are used to represent the fibre density and fibre volume, 

respectively.  

 

3.3 Functionally graded distribution of reinforcement 

In the present work, the fibre volume content 𝑉ி
(௞)

 or the volume content of graphene 

nanoplatelets (GPLs) 𝑉 ௉௅
(௞) of each layer are assumed to be distributed functionally 

through the thickness direction of each ply as: 



 
𝑉ி

(௞)
= 𝑉ி

∗𝑓(௞)(𝑧̅),        𝑉 ௉௅
(௞)

= 𝑉 ௉௅
∗ 𝑓(௞)(𝑧̅)     (27) 

where 𝑉ி
∗ and 𝑉 ௉௅

∗  are the total fibre and GPLs volumes, respectively. Figure 2 

shows the functionally graded distribution types which are tested in this study. 

 

Figure 2: Functionally graded distribution patterns for each ply of the laminate ([58]) (CC BY 

4.0 DEED) 

The function 𝑓(௞)(𝑧)̅ in Eq. (27) determines the type of the fibre and GPL 

arrangement the thickness direction of each layer (i.e. of each ply of the laminate), 

and is determined by: 

𝑓(௞)(𝑧) =

⎩
⎪
⎨

⎪
⎧

1,             
1 + 𝑧,̅      
2(1 − 𝑧)̅,
2𝑧,̅           
1 − 𝑧,̅     

         𝑈𝐷 − 𝑈𝑛𝑖𝑓𝑜𝑟𝑚
       𝐹𝐺 − Type ‘𝑉’
       𝐹𝐺 − Type ‘O’
       𝐹𝐺 − Type ‘X’
       𝐹𝐺 − Type ‘A’

     (28) 

Since the fibre and GPL distribution can be applied in each ply separately 

(layerwise), each layer can be defined with the mid-plane of the layer coinciding with 

the origin of the local coordinate system. Thus, the variable 𝑧̅ in the above equations 

represents the orthogonal component of the defined local system of the 𝑘th layer and 

it is given by 𝑧̅ = [2𝑧 − (𝑧௞ାଵ + 𝑧௞)]/(𝑧௞ାଵ − 𝑧௞). 

Due to relations (28), the material properties 𝑄ത௜௝
(௞) are functions of the transverse 

coordinate 𝑧. Therefore, the function ‘integral’ embedded in MATLAB has been 

employed to calculate the integrals with respect to 𝑧. 

 

4. Verification of the optimization code   

The proposed finite element analysis scheme for the evaluation of the natural 

frequencies of functionally graded, 3-phase, laminates reinforced with graphene and 
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fibre, is implemented in Matlab. To verify the proposed scheme, comparison of the 

results obtained from this study to results derived from published research presented 

in [59] takes place. The model used for the verification is a five-layered, rectangular 

laminate with SSSS or SCSC boundary conditions. The laminate consists of carbon 

nanotube (CNT) reinforcement which has been applied in terms of Uniform, Type ‘A’, 

and Type ’X’ functionally graded distributions. The CNT volume content is obtained 

considering Eq. (27), that is in this case, 𝑉஼ே்
(௞)

= 𝑉஼ே்
∗ 𝑓(௞)(𝑧̅). 

The analysis is implemented using a 10 x 10 mesh size with shell elements. Results 

are produced a non-dimensional fundamental frequency 𝛺 form, defined by: 

 

𝛺 =  𝜔𝐷ට
ఘಾ

ாಾ
                                                           (29) 

In Eq. (29), ρ୑ and E୑ represent the matrix density and Young’s modulus. 𝐷 is the 

laminate thickness. In the verification analysis Vେ୒୘
∗ = 0.11 is equal to 0.11.  
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Table 1: Verification of the fundamental frequency for a 5-layered simply supported 
(SSSS) rectangular laminate with (0/90/0/90/0) fibre orientation and 𝑉஼ே்

∗ = 0.11 
subject to thickness over length ratio 𝐷/𝑎 = 0.1 and aspect ratio 𝑎/𝑏 = 1.  

 

 

 

 

  

 Distribution Type 

Verification 

Source 
Mode Uniform Type ‘A’ Type ‘X’ 

DSC-

Shannon’s 

Delta Kernel 

[59] 

1 14.2952 14.2243 14.4170 

2 19.4565 19.4051 19.4805 

3 19.4590 19.3875 19.4811 

4 27.1007 26.9832 27.3274 

5 38.3273 29.8078 31.0052 

DSC-

Lagrange 

Delta Kernel 

[59] 

1 14.3007 14.2271 14.4189 

2 19.4594 19.4068 19.4916 

3 19.4612 19.3904 19.4873 

4 27.1023 26.9863 27.3317 

5 38.3291 29.8103 31.0115 

Present Study 

1 14.24281 14.20288 14.35139 

2 19.50747 19.55746 19.55748 

3 19.50747 19.55746 19.55748 

4 27.86508 27.77468 28.11309 

5 39.4968 32.53359 32.65229 
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Table 2: Verification of the fundamental frequency for a 5-layered simply supported 
and clamped (SCSC) rectangular laminate with (0/90/0/90/0) fibre orientation and 
𝑉஼ே்

∗ = 0.11 subject to thickness over length ratio D/a=0.1 and aspect ratio a/b=1.  

 

The results from Table 1 and 2 show that the fundamental frequency produced 

correlates with the results obtained from previously published articles for the 

boundary condition SSSS and SCSC. Therefore, the proposed numerical scheme 

will be used in the next sections to evaluate the vibration response of 3-phase, 

graphene/fibre reinforced, and functionally graded laminates. 

The frequencies for the first two eigenmodes show a close correlation between the 

present study and that of published articles with the percentage difference being 

within 0.15% to 0.78% for Table 1 and 0% to 3% for Table 2 (SCSC) for each 

distribution type. The fundamental frequency is mainly investigated in this research 

within the suggested optimization concept and for this reason, those differences are 

acceptable. Some higher differences that appear for higher natural modes, could be 

 Distribution Type 

Verification 

Source 
Mode Uniform Type ‘A’ Type ‘X’ 

DSC-

Shannon’s 

Delta Kernel 

[59] 

1 17.3918 17.3640 17.8205 

2 20.1052 19.8932 20.1768 

3 30.0584 29.7346 30.1614 

4 32.9473 30.9571 33.9174 

5 39.7681 38.6854 40.0546 

DSC-

Lagrange 

Delta Kernel 

[59] 

 

1 17.3934 17.3669 17.8312 

2 20.1087 19.8957 20.1805 

3 30.0612 29.7360 30.1683 

4 32.9501 30.9595 33.9220 

5 39.7713 38.6889 40.0614 

Present Study 

1 17.74844 17.74191 17.84505 

2 19.50747 19.55746 19.55748 

3 29.63102 29.55694 29.87145 

4 33.69359 33.73472 33.81878 

5 39.49685 39.59798 39.5981 
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reduced if a denser mesh was adopted. However, this would increase the 

computational cost for the majority of subsequent simulations.   
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5. Results and Discussion 

3-phase, graphene/fibre reinforced, functionally graded laminates are evaluated in 

this section in terms of their vibration response. The dimensions of the graphene 

nanoplatelets (GPLs) in the subsequent analysis were taken equal to 𝑙ீ௉௅ = 2.5 𝜇𝑚, 

𝑤ீ௉௅ = 1.5 𝜇𝑚, and ℎீ௉௅ = 1.5 𝑛𝑚. An eight-layered laminate is considered, with 

thickness-to-length ratio D/a=0.03, different boundary conditions, including simply 

supported (SSSS), cantilever (CFFF), clamped (CCCC), as well as alternating 

clamped and simply supported (SCSC) and aspect ratio a/b = 1.  

Fibre orientations included anti-symmetric stacking sequence, [0/90/0/90]anti-s but 

more stacking sequences were tested. The functionally graded distributions provided 

in relations (27) and (28) are adopted. Results are provided in terms of non-

dimensional frequency as shown in Eq. (29). 

5.1 3-phase graphene/fibre reinforced laminate with functionally graded graphene 

reinforcement 

In this section, vibration response of 3-phase graphene/fibre reinforced laminates is 

examined, by using functionally graded distribution for the graphene nanoplatelets 

(GPLs) reinforcement. The distribution types provided in Figure 2 are adopted and 

parameters like the boundary conditions, the 𝑉 ௉௅
∗  content and the stacking sequence 

are tested. 

Table 3 shows the results regarding the effect of different laminate boundary 

conditions. The simulation has been conducted for the following four boundary 

conditions: clamped on all four edges (CCCC), simply supported (SSSS), cantilever 

(CFFF) and clamped on two edges and simply supported on two edges (SCSC). 

It is first noticed that Uniform distribution results in higher natural frequencies than 

the other distribution types, for the four boundary conditions. This differentiates with 

the results derived in [59] and presented in Tables 1, 2, where Type X distribution 

leads to highest natural frequencies. This difference in the optimal distribution type is 

attributed to the contribution of the fibre reinforcement, in this paper, as compared to 

zero fibre reinforcement in [59]. This matter, of identifying the distribution type which 

leads to highest natural frequencies, is further investigated in the subsequent part of 

this article. 

The SSSS boundary conditions resulted in the Uniform distribution of graphene 

producing the largest fundamental frequency of 0.2383 and 0.2166 for carbon and 
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glass fibres, resulting in an improvement of the frequency equal to 10% for carbon 

fibres.  

The CFFF boundary conditions also resulted in the highest fundamental frequency 

for Uniform distribution of graphene. The maximum natural frequencies produced by 

glass and carbon fibres are 0.0388 and 0.0471, respectively. It can be seen that with 

carbon fibres three distribution types performed best and produced the same 

maximum frequency, namely, the Uniform distribution, Type ‘X’ and Type A’. 

Under clamped conditions (CCCC), the maximum value produced for the 

fundamental frequency is again the one derived from Uniform distribution type for 

both fibre types with a frequency value of 0.4220 and 0.3740 for carbon and glass 

fibres, indicating an increase of 12.83% for carbon fibres. 

Similar to previous cases, SCSC boundary conditions resulted in maximum 

fundamental frequencies for the Uniform distribution, with values equal 0.3428 and to 

0.3058 for carbon and glass fibres, respectively.  

When the results are compared, it is evident that the fundamental frequency values 

are significantly different in magnitude for every boundary condition. The lowest 

fundamental frequencies are produced for CFFF boundary conditions. The 

fundamental frequencies obtained by CFFF with glass fibres are approximately 5 

times lower than SSSS, 8 times lower than SCSC and 10 times smaller than CCCC 

boundary conditions. The fundamental frequencies derived by CFFF with carbon 

fibres are approximately 5 times lower than SSSS, 7 times lower than SCSC and 9 

times lower than CCCC. 
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 Table 3: Fundamental frequency for an 8-layered laminate with anti-symmetric fibre 

orientation ([0/90/0/90]anti-s) under various boundary conditions subject to constant 

Vୋ୔୐
∗ = 0.05, 𝑉ி = 0.3 and D/a = 0.03  

Boundary 
Condition 

Fibre type Distribution Type Ω 
 

Simply Supported 
(SSSS) 

Glass  

Uniform 0.2166 
Type ‘X’ 0.2131 
Type ‘V’ 0.2123 
Type ‘O’ 0.2120 
Type ‘A’ 0.2123 

Carbon  

Uniform 0.2383 
Type ‘X’ 0.2363 
Type ‘V’ 0.2357 
Type ‘O’ 0.2354 
Type ‘A’ 0.2357 

Cantilever (CFFF) 

Glass  

Uniform 0.0388 
Type ‘X’ 0.0384 
Type ‘V’ 0.0382 
Type ‘O’ 0.0382 
Type ‘A’ 0.0383 

Carbon  

Uniform 0.0471 
Type ‘X’ 0.0471 
Type ‘V’ 0.0469 
Type ‘O’ 0.0469 
Type ‘A’ 0.0471 

Clamped (CCCC) 

Glass  

Uniform 0.3740 
Type ‘X’ 0.3688 
Type ‘V’ 0.3676 
Type ‘O’ 0.3672 
Type ‘A’ 0.3676 

Carbon  

Uniform 0.4220 
Type ‘X’ 0.4195 
Type ‘V’ 0.4187 
Type ‘O’ 0.4183 
Type ‘A’ 0.4187 

Simply supported 
and clamped 
(SCSC) 
 

Glass  

Uniform 0.3058 
Type ‘X’ 0.3014 
Type ‘V’ 0.3002 
Type ‘O’ 0.3000 
Type ‘A’ 0.3005 

Carbon  

Uniform 0.3428 
Type ‘X’ 0.3406 
Type ‘V’ 0.3395 
Type ‘O’ 0.3395 
Type ‘A’ 0.3402 



 

  103 

Table 4: Fundamental frequency for an 8-layered simply supported rectangular 

laminate with varying symmetric fibre orientations subject to constant 𝑉 ௉௅
∗ = 0.05, 

𝑉ி = 0.3 and D/a = 0.03. 

Stacking sequence Fibre type Distribution 
Type 

Ω 
 

[90/0/90/0]s 
 

Glass  

Uniform 0.2166 
Type ‘X’ 0.2132 
Type ‘V’ 0.2123 
Type ‘O’ 0.2120 
Type ‘A’ 0.2123 

Carbon  

Uniform 0.2391 
Type ‘X’ 0.2372 
Type ‘V’ 0.2366 
Type ‘O’ 0.2363 
Type ‘A’ 0.2366 

[45/45/45/45]s 

Glass  

Uniform 0.2171 
Type ‘X’ 0.2147 
Type ‘V’ 0.2139 
Type ‘O’ 0.2136 
Type ‘A’ 0.2139 

Carbon  

Uniform 0.2479 
Type ‘X’ 0.2471 
Type ‘V’ 0.2465 
Type ‘O’ 0.2462 
Type ‘A’ 0.2465 

[0/30/45/60]s 

Glass  

Uniform 0.2167 
Type ‘X’ 0.2137 
Type ‘V’ 0.2129 
Type ‘O’ 0.2126 
Type ‘A’ 0.2129 

Carbon  

Uniform 0.2444 
Type ‘X’ 0.2430 
Type ‘V’ 0.2424 
Type ‘O’ 0.2421 
Type ‘A’ 0.2424 

[30/30/30/30]s 

Glass  

Uniform 0.2169 
Type ‘X’ 0.2143 
Type ‘V’ 0.2135 
Type ‘O’ 0.2132 
Type ‘A’ 0.2135 

Carbon  

Uniform 0.2456 
Type ‘X’ 0.2445 
Type ‘V’ 0.2438 
Type ‘O’ 0.2436 
Type ‘A’ 0.2438 
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Table 4 continued 

 

In Table 4 the fundamental frequency change is investigated for various stacking 

sequences. in Table 4 and similar to previous results, the Uniform distribution leads 

to higher fundamental frequencies for the stacking sequences that are tested. In 

particular, the highest fundamental frequencies were observed for the Uniform 

distribution type, with carbon fibres providing a maximum frequency higher by 

14.29% compared to glass fibres. 

The lowest frequency for carbon fibres, was equal to 0.2363 and was obtained for a 

Type ‘O’ distribution with 90° fibres in every layer, as well as with [90/0/90/0]s fibre 

orientation in the laminate. An increase in the frequency equal to 4.91% is observed 

from Type ‘O’ to Uniform distribution. 

For the simulations with glass fibres and fibre angles equal to 30° and 60° in every 

layer, the highest frequency (0.2169) was obtained from the Uniform distribution and 

the lowest (0.2120) from the distribution Type ‘O’. The increase in frequency from 

Type ‘O’ to Uniform is 2.31%. 

In Table 4, a comparison is made between the different stacking sequences; 

observation shows a uniform fibre angle of 45° provided the highest fundamental 

Stacking sequence Fibre type Distribution 
Type 

Ω 
 

[60/60/60/60]s 

Glass  

Uniform 0.2169 
Type ‘X’ 0.2143 
Type ‘V’ 0.2135 
Type ‘O’ 0.2132 
Type ‘A’ 0.2135 

Carbon  

Uniform 0.2456 
Type ‘X’ 0.2445 
Type ‘V’ 0.2438 
Type ‘O’ 0.2436 
Type ‘A’ 0.2438 

[90/90/90/90]s 

Glass  

Uniform 0.2166 
Type ‘X’ 0.2132 
Type ‘V’ 0.2123 
Type ‘O’ 0.2120 
Type ‘A’ 0.2123 

Carbon  

Uniform 0.2391 
Type ‘X’ 0.2372 
Type ‘V’ 0.2365 
Type ‘O’ 0.2363 
Type ‘A’ 0.2365 
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frequencies. The lowest frequency values are produced for uniform fibre angles of 

30°.  

Table 5: Fundamental frequency for an 8-layered simply supported rectangular 
laminate with anti-symmetric fibre orientation ([0/90/0/90]anti-s) and varying 𝑉 ௉௅

∗  
subject to constant 𝑉ி = 0.3 with 𝐷/𝑎 = 0.03. 

  

Fibre type Distribution Type 
Ω 
 

% difference with 
previous 𝑉 ௉௅

∗  
𝑉 ௉௅

∗ = 0.005 

Glass  

Uniform 0.1139 - 
Type ‘X’ 0.1137 - 
Type ‘V’ 0.1135 - 
Type ‘O’ 0.1134 - 
Type ‘A’ 0.1135 - 

Carbon  

Uniform 0.1559 - 
Type ‘X’ 0.1555 - 
Type ‘V’ 0.1554 - 
Type ‘O’ 0.1554 - 
Type ‘A’ 0.1554 - 

𝑉 ௉௅
∗ = 0.01 

Glass  

Uniform 0.1333 17% 
Type ‘X’ 0.1326 17% 
Type ‘V’ 0.1322 16% 
Type ‘O’ 0.1321 16% 
Type ‘A’ 0.1322 16% 

Carbon  

Uniform 0.1705 9% 
Type ‘X’ 0.1698 9% 
Type ‘V’ 0.1696 9% 
Type ‘O’ 0.1695 9% 
Type ‘A’ 0.1696 9% 

𝑉 ௉௅
∗ = 0.02 

Glass  

Uniform 0.1620 22% 
Type ‘X’ 0.1603 21% 
Type ‘V’ 0.1598 21% 
Type ‘O’ 0.1596 21% 
Type ‘A’ 0.1598 21% 

Carbon  

Uniform 0.1926 13% 
Type ‘X’ 0.1913 13% 
Type ‘V’ 0.1909 13% 
Type ‘O’ 0.1907 13% 
Type ‘A’ 0.1909 13% 
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Table 5 continued 

 

𝑉 ௉௅
∗ = 0.05 

Glass  

Uniform 0.217 34% 
Type ‘X’ 0.213 33% 
Type ‘V’ 0.212 33% 
Type ‘O’ 0.212 33% 
Type ‘A’ 0.212 33% 

Carbon  

Uniform 0.238 24% 
Type ‘X’ 0.236 24% 
Type ‘V’ 0.236 23% 
Type ‘O’ 0.235 23% 
Type ‘A’ 0.236 23% 

𝑉 ௉௅
∗ = 0.1 

Glass  

Uniform 0.274 26% 
Type ‘X’ 0.270 27% 
Type ‘V’ 0.269 27% 
Type ‘O’ 0.268 27% 
Type ‘A’ 0.269 27% 

Carbon  

Uniform 0.292 23% 
Type ‘X’ 0.291 23% 
Type ‘V’ 0.290 23% 
Type ‘O’ 0.289 23% 
Type ‘A’ 0.290 23% 

𝑉 ௉௅
∗ = 0.15 

Glass  

Uniform 0.316 16% 
Type ‘X’ 0.314 16% 
Type ‘V’ 0.312 16% 
Type ‘O’ 0.312 16% 
Type ‘A’ 0.312 16% 

Carbon  

Uniform 0.336 15% 
Type ‘X’ 0.335 15% 
Type ‘V’ 0.334 15% 
Type ‘O’ 0.333 15% 
Type ‘A’ 0.334 15% 

𝑉 ௉௅
∗ = 0.2 

Glass  

Uniform 0.353 12% 
Type ‘X’ 0.351 12% 
Type ‘V’ 0.349 12% 
Type ‘O’ 0.349 12% 
Type ‘A’ 0.349 12% 

Carbon  

Uniform 0.374 11% 
Type ‘X’ 0.374 12% 
Type ‘V’ 0.372 12% 
Type ‘O’ 0.372 12% 
Type ‘A’ 0.372 12% 
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By varying the volume content of graphene (𝑉 ௉௅
∗ ) from 0.005 to 0.2, the effect on the 

natural frequency is tested and the results recorded in Table 5. The analysis was 

implemented for seven volume content values of 0.005, 0.01, 0.02, 0.05, 0.1, 0.15 

and 0.2.  Increasing the quantity of 𝑉 ௉௅
∗  causes the resultant non-dimensional 

fundamental frequencies to improve. The same result is observed for both glass and 

carbon fibre types. Each analysis also shows that the non-dimensional frequency is 

higher when using carbon fibres than glass fibres with an increase of approximately 

10% to 11% from glass to carbon fibres.  

The percentage increase in the fundamental frequencies for higher quantity of 𝑉 ௉௅
∗  

has been recorded in Table 5. The results indicated that an increase in the 𝑉 ௉௅
∗   

amount from 0.005 to 0.01 resulted in enhancement of the frequency of 

approximately 9% for carbon fibres and 16% to 17% for glass fibres. The increase in 

𝑉 ௉௅
∗  from 0.01 to 0.02 caused a frequency increase of 13% and 21% for carbon and 

glass fibres, respectively. The next increase in 𝑉 ௉௅
∗  from 0.02 to 0.05 produced a 

frequency increase equal to 33% for glass and approximately 23% to 24% for carbon 

fibres.  

Increasing the value of 𝑉 ௉௅
∗  from 0.05 to 0.1 caused the frequency to improve by 

approximately 23% and 27% for carbon and glass fibres, respectively. The increase 

in the 𝑉 ௉௅
∗  content from 0.1 to 0.15 resulted in approximately a 15% and 16% 

increase in the frequency for carbon and glass fibres respectively. Finally, the 

increase in the 𝑉 ௉௅
∗  content from 0.15 to 0.2 improved the frequency by 

approximately 12% for both fibre types. 

These descriptions lead to the conclusion that from 𝑉 ௉௅
∗ = 0.005 to 𝑉 ௉௅

∗ = 0.05, the 

fundamental frequencies increase with a higher rate, as compared to those obtained 

for 𝑉 ௉௅
∗ = 0.1 and higher. This means that raising the volume content of graphene in 

the laminate will present a diminishing return for 𝑉 ௉௅
∗  higher than 0.05. 

It is also observed that the laminates utilizing a Uniform distribution of graphene 

nanoplatelets (GPLs) lead to the highest fundamental frequencies. For a given 𝑉 ௉௅
∗  

content, the variance in the fundamental frequency obtained from each distribution 

type is very low. 
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Table 6: Fundamental frequency for an 8-layered simply supported rectangular 
laminate with anti-symmetric fibre orientation ([0/90/0/90]anti-s) and varying 𝑉ி subject 
to constant 𝑉 ௉௅

∗ = 0.05 with 𝐷/𝑎 = 0.03. 

 

 

 

 

 

 

 

  

Fibre type Distribution Type 
Ω 
 

𝑉ி = 0.02 

Glass  

Uniform 0.2331 
Type ‘X’ 0.2336 
Type ‘V’ 0.2323 
Type ‘O’ 0.2320 
Type ‘A’ 0.2323 

Carbon  

Uniform 0.2344 
Type ‘X’ 0.2350 
Type ‘V’ 0.2337 
Type ‘O’ 0.2334 
Type ‘A’ 0.2337 

𝑉ி = 0.05 

Glass  

Uniform 0.2309 
Type ‘X’ 0.2309 
Type ‘V’ 0.2296 
Type ‘O’ 0.2294 
Type ‘A’ 0.2296 

Carbon  

Uniform 0.2343 
Type ‘X’` 0.2346 
Type ‘V’ 0.2334 
Type ‘O’ 0.2331 
Type ‘A’ 0.2334 

𝑉ி = 0.078 

Glass  

Uniform 0.2290 
Type ‘X’ 0.2285 
Type ‘V’ 0.2273 
Type ‘O’ 0.2270 
Type ‘A’ 0.2273 

Carbon  

Uniform 0.2344 
Type ‘X’ 0.2344 
Type ‘V’ 0.2332 
Type ‘O’ 0.2329 
Type ‘A’ 0.2332 
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Table 6 continued 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

𝑉ி = 0.1 

Glass  

Uniform 0.2275 
Type ‘X’ 0.2267 
Type ‘V’ 0.2255 
Type ‘O’ 0.2252 
Type ‘A’ 0.2255 

Carbon  

Uniform 0.2345 
Type ‘X’ 0.2343 
Type ‘V’ 0.2333 
Type ‘O’ 0.2329 
Type ‘A’ 0.2333 

𝑉ி = 0.3 

Glass  

Uniform 0.2166 
Type ‘X’ 0.2131 
Type ‘V’ 0.2123 
Type ‘O’ 0.2120 
Type ‘A’ 0.2123 

Carbon  

Uniform 0.2383 
Type ‘X’ 0.2363 
Type ‘V’ 0.2357 
Type ‘O’ 0.2354 
Type ‘A’ 0.2357 

𝑉ி = 0.5 

Glass  

Uniform 0.2087 
Type ‘X’ 0.2038 
Type ‘V’ 0.2032 
Type ‘O’ 0.2030 
Type ‘A’ 0.2032 

Carbon  

Uniform 0.2433 
Type ‘X’ 0.2405 
Type ‘V’ 0.2401 
Type ‘O’ 0.2399 
Type ‘A’ 0.2401 

𝑉ி = 0.6 

Glass  

Uniform 0.2057 
Type ‘X’ 0.2005 
Type ‘V’ 0.2000 
Type ‘O’ 0.1998 
Type ‘A’ 0.2000 

Carbon  

Uniform 0.2460 
Type ‘X’ 0.2429 
Type ‘V’ 0.2426 
Type ‘O’ 0.2425 
Type ‘A’ 0.2426 
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To further research the effect of fibre reinforcement on the kind of functionally graded 

graphene distribution that produces the highest frequencies, the fibre volume content 

is considered as variable in Table 6. In particular, V୊ is assigned different volume 

contents ranging from 2% to 60% and 𝑉 ௉௅
∗  is functionally graded distributed in the 

laminate at a constant value of 0.05.  

It is observed in Table 6 that for increasing fibre content, and as the fibre content 

remains lower than 0.05 (glass fibres) and 0.078 (carbon fibres), the Type ‘X’ 

distribution produces the highest fundamental frequency in comparison to the 

remaining distribution types. This differentiates with the results derived for fibre 

volume content equal to 30% provided in Table 3, where the Uniform distribution 

leaded to highest frequencies. 

It is also observed that when the volume content of glass fibre reinforcement 

increases, the non-dimensional frequency decreases. The decrease was higher for 

fibre content between 30% and 50%. The decrease in this case is 4% whereas the 

decrease in the natural frequency from 50% to 60% fibre content is 1%.   

On the other hand, increasing the quantity of carbon fibre reinforcement resulted in 

an increase in the frequencies of 2% and 1% for 𝑉ி = 0.5 and 𝑉ி = 0.6, respectively. 

The largest observed fundamental frequency for carbon fibre reinforcement is 0.2460 

for 𝑉ி = 0.6 and graphene reinforcement with a Uniform distribution. 

To further investigate the influence of the fibre volume content on the optimal 

distribution type, figures 3 and 4 below provide the variation of the fundamental 

frequencies for increasing fibre content, for both Uniform and Type X distributions.  
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Figure 3: Fundamental frequency for various glass fibre (𝑉ி) content using Uniform 
and Type ‘X’ distribution and 𝑉 ௉௅

∗ =0.05 

 

Figure 4: Fundamental frequency for various carbon fibre (𝑉ி) content using Uniform 
and Type ‘X’ distribution and 𝑉 ௉௅

∗ =0.05 

 

It is observed in figure 3 for glass fibres, that at the lowest fibre content, the Type ‘X’ 

distribution is slightly higher than the Uniform distribution in terms of magnitude of 

the fundamental frequency. Type ‘X’ leads to higher frequencies up to the value 
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V୊ = 0.05 while for higher fibre volume content, Uniform distribution results in higher 

frequencies. 

A similar comment is made by observing figure 4 for carbon fibres. Thus, for lower 

fibre content, Type ‘X’ distribution leads to higher frequencies, up to fibre content 

equal to 0.078. For higher fibre content values, the Uniform distribution resulted in 

larger frequencies. 

It is concluded that in the laminate with less fibre content, the Type ‘X’ functionally 

graded distribution of graphene nanoplatelets (GPLs) results in higher fundamental 

frequencies as compared to Uniform distribution. As the fibre content increases, fibre 

reinforcement becomes dominant, indicating that the non-uninform, functionally 

graded graphene distribution does not offer any further increase in the fundamental 

frequency.  

 

5.2 2-phase graphene-reinforced functionally graded laminate (zero fibre 

reinforcement) 

A number of simulations are conducted with zero fibre reinforcement to evaluate the 

influence of fibre and graphene reinforcements on the vibration response. Then, 

comparison between the maximum frequencies and functionally graded distribution 

types can be made, for the 2-phase graphene-reinforced and 3-phase graphene and 

fibre-reinforced laminates. 

The results for the fundamental frequencies for different boundary conditions, zero 

fibre content and different functionally graded graphene distributions, with Vୋ୔୐
∗ =

0.05 are shown in Table 7. Results indicate that for each boundary condition, the 

Type ‘X’ distribution produced the highest fundamental frequencies. In addition, 

clamped boundary conditions (CCCC) led to the highest frequencies.  

The lowest fundamental frequencies were produced by the cantilever boundary 

conditions, for which the frequencies generated were approximately 10 times lower 

than those obtained from the clamped condition. 
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Table 7: Fundamental frequency for an 8-layered laminate under various boundary 
conditions subject to constant 𝑉 ௉௅

∗ = 0.05 and  𝑉ி = 0. 

 

 

 

 

 

 

  

Boundary Condition 
Distribution Type 

Ω 
 

Simply Supported (SSSS) 

Uniform 0.2347 
Type ‘X’ 0.2355 
Type ‘V’ 0.2342 
Type ‘O’ 0.2339 
Type ‘A’ 0.2342 

Cantilever (CFFF) 

Uniform 0.0417 
Type ‘X’ 0.0419 
Type ‘V’ 0.0417 
Type ‘O’ 0.0416 
Type ‘A’ 0.0417 

Clamped (CCCC) 

Uniform 0.4037 
Type ‘X’ 0.4051 
Type ‘V’ 0.4031 
Type ‘O’ 0.4026 
Type ‘A’ 0.4031 

Simply supported and 
clamped (SCSC) 

Uniform 0.3304 
Type ‘X’ 0.3315 
Type ‘V’ 0.3298 
Type ‘O’ 0.3295 
Type ‘A’ 0.3298 
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Table 8: Fundamental frequency for an 8-layered simply supported rectangular 
laminate subject to varying 𝑉 ௉௅

∗ , 𝑉ி = 0 and 𝐷/𝑎 = 0.03.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

Distribution Type Ω % increase  
Vୋ୔୐

∗ = 0.005 
Uniform 0.0928 - 
Type ‘X’ 0.0930 - 
Type ‘V’ 0.0927 - 
Type ‘O’ 0.0926 - 
Type ‘A’ 0.0927 - 

Vୋ୔୐ = 0.01 
Uniform 0.1172 26.34 
Type ‘X’ 0.1176 26.41 
Type ‘V’ 0.1171 26.28 
Type ‘O’ 0.1169 26.27 
Type ‘A’ 0.1171 26.28 

Vୋ୔୐
∗ = 0.02 

Uniform 0.1550 32.23 
Type ‘X’ 0.1555 32.29 
Type ‘V’ 0.1548 32.18 
Type ‘O’ 0.1545 32.18 
Type ‘A’ 0.1548 32.18 

Vୋ୔୐
∗ = 0.05 

Uniform 0.2347 51.37 
Type ‘X’ 0.2355 51.44 
Type ‘V’ 0.2342 51.34 
Type ‘O’ 0.2339 51.35 
Type ‘A’ 0.2342 51.34 

Vୋ୔୐
∗ = 0.1 

Uniform 0.3277 39.64 
Type ‘X’ 0.3290 39.70 
Type ‘V’ 0.3271 39.67 
Type ‘O’ 0.3267 39.67 
Type ‘A’ 0.3271 39.67 

Vୋ୔୐
∗ = 0.15 

Uniform 0.4006 22.25 
Type ‘X’ 0.4024 22.30 
Type ‘V’ 0.4000 22.29 
Type ‘O’ 0.3995 22.29 
Type ‘A’ 0.4000 22.29 

Vୋ୔୐
∗ = 0.2 

Uniform 0.4630 15.58 
Type ‘X’ 0.4654 15.64 
Type ‘V’ 0.4626 15.64 
Type ‘O’ 0.4620 15.64 
Type ‘A’ 0.4626 15.64 
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In Table 8 increasing values of the  Vୋ୔୐
∗  content and zero fibre reinforcement are 

considered, and the frequencies are determined for each distribution type. Results 

indicate that an increase in the Vୋ୔୐
∗  content increases the value of the fundamental 

frequencies. As shown in Table 8, increasing the quantity of Vୋ୔୐
∗ results in higher 

frequencies but the as the Vୋ୔୐
∗  value increased the percentage increase diminished. 

In particular, for Vୋ୔୐
∗  content up to 0.05, higher increases of the frequencies are 

obtained, as compared to those derived for higher Vୋ୔୐
∗  values, where the increase 

rate gradually decreases. Similar results can be seen for the 3-phase graphene and 

fibre reinforced laminate as given in the descriptions provided for Table 8.  

Figures 5 and 6 graphically illustrate the difference in the magnitude of the 

fundamental frequencies derived for 0% and 30% glass and carbon fibres, 

respectively, and increasing Vୋ୔୐
∗  content. It is noted that functionally graded 

graphene content is used, and anti-symmetric fibre orientation ([0/90/0/90]anti-s) is 

applied for non-zero fibre content.   

 

Figure 5: Comparison of the fundamental frequency produced for 𝑉ி= 0 and 𝑉ி= 0.3 
(anti-symmetric glass fibres)  
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Figure 6: Comparison of the fundamental frequency produced between 𝑉ி= 0 and 
𝑉ி= 0.3 (anti-symmetric carbon fibres) 

 

It is observed that for both fibre types, the 30% fibre content leads to higher 

fundamental frequencies than the laminate with zero fibre reinforcement, until certain 

graphene content values are reached. For higher graphene content values, the 

laminate with zero fibre reinforcement leads to higher fundamental frequencies than 

the laminate with 30% fibre content. For glass fibres, the cross-over point after which 

the laminates with zero fibre reinforcement lead to higher frequencies, is 

approximately equal to Vୋ୔୐
∗  = 0.022 and for carbon fibres to Vୋ୔୐

∗  = 0.05.  

Thus, as the graphene content Vୋ୔୐
∗  increases beyond those cross-over points, the 

2-phase functionally graded graphene-reinforced laminate results in an improved 

vibration response compared to the 3-phase graphene/fibre reinforced laminate. It is 

observed that for glass fibres, this occurs for low graphene content, just above 2%, 

while for carbon fibres this occurs for higher graphene content (5%).  

This output is confirmed by comparing the results shown in Table 3 (graphene/fibre 

reinforced laminate) and Table 7 (graphene-reinforced laminate with zero fibre 

reinforcement), both obtained for Vୋ୔୐
∗  = 0.05. Thus, frequencies provided by zero 

fibre reinforcement (Table 7) are higher than those obtained for glass fibre 

reinforcement (Table 3) for every functionally graded distribution. For carbon fibres 

(Table 3), frequencies are slightly higher than those given in Table 7 (zero 
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reinforcement). Finally, it is noted that uniform distribution led to similar diagrams as 

those provide in Figure 5 and 6.    

 

5.3 Layerwise functionally graded laminates 

In this section layerwise functionally graded laminates are investigated in the sense 

that each layer is assigned a different functionally graded distribution for the 

graphene nanoplatelet reinforcement. In addition, a brief study is conducted on 

functionally graded fibre distribution, with uniform graphene reinforcement.  

In Table 9, different functionally graded graphene distribution types are assigned per 

layer and a number of combinations are tested.  
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Table 9: Fundamental frequency for a simply supported rectangular laminate subject 
to a layerwise variation in the functionally graded graphene distribution pattern with 
𝑉 ௉௅

∗ = 0.05 and  𝑉ி = 0.3 with anti-symmetric fibre orientation.  

 *Type ‘A’ – A; Type ‘X’ – X; Type ‘O’ – O; Type ‘V’ – V  

 

For glass fibres, the distribution Type ‘A’ at the first four layers and Type ‘V’ at the 

last four layers ([A/A/A/A/V/V/V/V]) resulted in the highest frequency, of 0.2212. It 

can also be seen that the Type ‘X’ distribution is best combined with the Type ‘V’ 

distribution, resulting in a frequency of 0.2172. The Type ‘V’ distribution produced the 

highest frequency of 0.2083 when combined with Type ‘X’. Lastly, the Type ‘O’ 

distribution is best combined with the Type ‘V’ and produces a frequency of 0.2166. 

For carbon fibres the highest frequency is also obtained from [A/A/A/A/V/V/V/V] 

distribution and is equal to 0.2432. In addition, Type ‘X’ and Type ’V’ distributions 

lead to a frequency of 0.2398; Type ‘V’ and Type ’X’ to a frequency of 0.2323 and 

Type ‘O’ combined with Type ‘V’ to a frequency value of 0.2393. The maximum 

Fibre type  Layerwise 
Distribution 

Ω 
 

Glass  

[A/A/A/A/X/X/X/X] 0.2172 
[A/A/A/A/V/V/V/V] 0.2212 
[A/A/A/A/O/O/O/O] 0.2166 
[X/X/X/X/V/V/V/V] 0.2172 
[X/X/X/X/O/O/O/O] 0.2126 
[X/X/X/X/A/A/A/A] 0.2083 
[V/V/V/V/X/X/X/X] 0.2083 
[V/V/V/V/O/O/O/O] 0.2077 
[V/V/V/V/A/A/A/A] 0.2034 
[O/O/O/O/X/X/X/X] 0.2126 
[O/O/O/O/V/V/V/V] 0.2166 
[O/O/O/O/A/A/A/A] 0.2077 

Carbon  
 

[A/A/A/A/X/X/X/X] 0.2398 
[A/A/A/A/V/V/V/V] 0.2432 
[A/A/A/A/O/O/O/O] 0.2393 
[X/X/X/X/V/V/V/V] 0.2398 
[X/X/X/X/O/O/O/O] 0.2359 
[X/X/X/X/A/A/A/A] 0.2323 
[V/V/V/V/X/X/X/X] 0.2323 
[V/V/V/V/O/O/O/O] 0.2318 
[V/V/V/V/A/A/A/A] 0.2282 
[O/O/O/O/X/X/X/X] 0.2359 
[O/O/O/O/V/V/V/V] 0.2393 
[O/O/O/O/A/A/A/A] 0.2318 
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frequency obtained using carbon fibres is 10% higher than the maximum frequency 

derived using glass fibres. 

A comparison is conducted between the maximum frequency produced by the 

layerwise distribution and the one provided by the same functionally graded 

distribution type for each layer, as shown in Table 33. The Uniform distribution type 

in Table 3 led to the maximum fundamental frequency, 0.2383, for carbon and 

0.2166, for glass fibres, respectively. When comparing the glass fibre reinforced 

laminate, the layerwise distribution [A/A/A/A/V/V/V/V] resulted in a frequency of 

0.2212 which is 2.12% higher than the laminate with the Uniform distribution of Table 

3.  

For the carbon fibres, the layerwise distribution of [A/A/A/A/V/V/V/V] provided the 

highest fundamental frequency of 0.2432, which is 2.06% higher than the carbon 

fibre composite using Uniform distribution for every layer (Table 4). This result 

indicates that a laminate with optimized functionally graded distributions per layer 

can achieve even higher fundamental frequencies than a composite with the same 

distribution for each layer. 

Next, a first effort in this article is made to change the concept for the functionally 

graded reinforcement, and to consider functionally graded distribution for the fibre 

reinforcement. The purpose of this effort is to identify potential benefits of using 

functionally graded fibres in the thickness direction.  

In Table 10 the vibration response of functionally graded fibre reinforcement is 

presented, for the distribution types adopted in previous sections. Graphene content 

is uniform along the laminate thickness.  
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Table 10: Fundamental frequency for a simply supported rectangular laminate with 
anti-symmetric fibre orientation subject to constant 𝑉 ௉௅ = 0.05 and functionally 
graded fibres with 𝑉ி

∗ = 0.3 

Fibre type Distribution Type Ω % increase from 

Glass 

Uniform 0.2166 0.00% 
Type ‘X’ 0.2169 1.78% 
Type ‘V’ 0.2168 2.12% 
Type ‘O’ 0.2167 2.22% 
Type ‘A’ 0.2168 2.12% 

Carbon 

Uniform 0.2383 0.00% 
Type ‘X’ 0.2395 1.35% 
Type ‘V’ 0.2393 1.53% 
Type ‘O’ 0.2391 1.57% 
Type ‘A’ 0.2393 1.53% 

 

Results indicate that the Type ‘X’ distribution leads to larger fundamental frequencies 

for both carbon and glass fibres. In addition, all distribution types shown in Table 10, 

excluding the Uniform type, result in higher frequencies than those given in Table 3 

for uniform fibre reinforcement and functionally graded graphene nanoplatelets. 

Percentages of the increase in frequencies shown in Table 10, as compared to Table 

3, are provided in the last column of Table 10. An observation of the results shows 

that the maximum increase is 2.22%, for Type ‘O’ distribution. 

The effort of evaluating functionally graded fibres is extended in another 

investigation, where a layerwise variation in the functionally graded fibres and 

uniform graphene content are considered. 
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Table 11: Fundamental frequency for a simply supported rectangular laminate 

subject to a layerwise variation in the functionally graded fibre distribution with 

Vୋ୔୐ = 0.050, V୊
∗ = 0.3 and anti-symmetric fibre orientation. 

Fibre type Layerwise Ω 

Glass 

[A/A/A/A/X/X/X/X] 0.2175 
[A/A/A/A/V/V/V/V] 0.2181 
[A/A/A/A/O/O/O/O] 0.2174 
[X/X/X/X/V/V/V/V] 0.2175 
[X/X/X/X/O/O/O/O] 0.2168 
[X/X/X/X/A/A/A/A] 0.2162 
[V/V/V/V/X/X/X/X] 0.2162 
[V/V/V/V/O/O/O/O] 0.2161 
[V/V/V/V/A/A/A/A] 0.2155 
[O/O/O/O/X/X/X/X] 0.2168 
[O/O/O/O/V/V/V/V] 0.2174 
[O/O/O/O/A/A/A/A] 0.2161 

Carbon 

[A/A/A/A/X/X/X/X] 0.2408 
[A/A/A/A/V/V/V/V] 0.2421 
[A/A/A/A/O/O/O/O] 0.2406 
[X/X/X/X/V/V/V/V] 0.2408 
[X/X/X/X/O/O/O/O] 0.2393 
[X/X/X/X/A/A/A/A] 0.2380 
[V/V/V/V/X/X/X/X] 0.2380 
[V/V/V/V/O/O/O/O] 0.2378 
[V/V/V/V/A/A/A/A] 0.2365 
[O/O/O/O/X/X/X/X] 0.2393 
[O/O/O/O/V/V/V/V] 0.2406 
[O/O/O/O/A/A/A/A] 0.2378 

 

Table 11 shows the results for a composite laminate subject to a layerwise variation 

in the functionally graded fibres and a constant value of Vୋ୔୐ = 0.05. Analysis of the 

results for the glass fibre distribution indicates that the highest fundamental 

frequency of 0.2181 is obtained for a combination of Type ‘A’ and Type ‘V’ 

distributions. The carbon fibre distribution provides the highest fundamental 

frequency of 0.2421 for a combination of Type ‘A’ and Type ‘V’ which is the same as 

the glass fibre distribution. For the same layerwise distributions, there is an increase 

in the value of the fundamental frequency for a change from glass to carbon fibres of 

11%. 

Comparison between Tables 9 (layerwise, functionally graded graphene 

reinforcement) and 11 (layerwise functionally graded fibre reinforcement) indicates 

that except the case of the highest frequency, which is obtained for 
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[A/A/A/A/V/V/V/V], in every other combination the functionally graded fibre 

reinforcement leads to higher frequencies than those obtained by the corresponding 

functionally graded graphene reinforcement. 

The highest frequency obtained for layerwise functionally graded fibre reinforcement 

(Table 11) is slightly higher than the one derived from non-layerwise functionally 

graded fibre reinforcement (Table 10). For glass fibres, the highest frequency from 

the layerwise fibre distribution is 0.5% higher than the one from the non-layerwise 

distribution, while for carbon fibres, the layerwise distribution results in 1% higher 

frequency compared to the non-layerwise distribution.  

 

6. Conclusion 

The present study investigates 3-phase graphene/fibre reinforced nanocomposite 

laminates with functionally graded reinforcement along the thickness in terms of the 

vibration response. First order shear deformation theory and a finite element analysis 

formulation are applied to determine the natural frequencies for different types of 

functionally graded distributions. The model proposed in this research is able to 

capture functionally graded distributions for either the fibre or the graphene 

nanoplatelets (GPLs) reinforcement. In addition, the numerical scheme can 

implement layerwise functionally graded reinforcement. Micromechanics equations 

are used to obtain the effective material properties of the laminate. Within the given 

framework, a rectangular, 8-layered laminate was tested for stacking sequences, 

different boundary conditions fibre volumes and types, graphene volume content, 

and functionally graded distribution patterns.  

For functionally graded graphene nanoplatelets (GPLs) distribution, it is evident that 

for Vୋ୔୐
∗  larger than 5%, improvement rate of the fundamental frequencies 

diminishes, as compared to Vୋ୔୐
∗  values lower than 5%, leading to diminishing 

returns. In terms of the optimal functionally graded distribution, it is determined that 

as the volume content of fibres rise, the uniform graphene reinforcement leads to 

higher frequencies, indicating that the fibre content dominates the response and the 

functionally graded graphene distributions do not increase the frequencies. However, 

for low fibre content, with values less than 5% (glass) and 7.8% (carbon), the Type X 

distribution of functionally graded graphene results in the highest frequencies. 
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The study also highlights the efficiency of using fibres to enhance the vibration 

response of the functionally graded graphene-reinforced laminate. Observations 

show the level of Vୋ୔୐
∗  content determines whether adding fibre reinforcement 

contributes towards higher fundamental frequencies. For Vୋ୔୐
∗  higher than 2.2% and 

5% for glass and carbon fibres, respectively, zero fibre reinforcement leads to higher 

frequencies than 30% fibres content. Thus, it is more efficient for this graphene 

content, not to use fibre reinforcement.  

In a relevant comment, it can be seen that for Vୋ୔୐
∗ =5%, elevating the fibre content 

results in decreasing frequencies for glass fibres. Therefore, for this Vୋ୔୐
∗  content, 

using glass fibres does not contribute to cost-effective design. For carbon fibres, 

frequencies decrease up to a fibre content (about 10%) while for higher fibre content, 

frequencies increase.  

When a layerwise functionally graded distribution is considered for graphene 

nanoplatelets, results indicate an increase approximately equal to 2% compared to 

non-layerwise functionally graded distribution. Finally, layerwise functionally graded 

distributions for graphene or fibre reinforcements, result in the [A/A/A/A/V/V/V/V] 

distribution, as the one providing the highest fundamental frequency. 

The study can be extended by introducing in-plane functionally graded materials. 

Optimization procedures and machine learning methods can also be adopted, in 

order to provide the optimal vibration response, within a data-driven framework. 

These are left for future investigation. 
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Chapter 7: Conclusion 
 

This chapter provides a summary and conclusion of the major research findings that 

are derived from the analyses conducted in Chapters 5 through 6 as well as 

recommendations for expanding the research for future work. More detailed 

conclusions for the research can be found at the end of Chapter 5 to 6.  

 

7.1 Conclusions 

The current study proposed optimization schemes, implemented using finite element 

analysis to optimize and maximize a graphene-reinforced nanocomposite plate's 

vibrational response. In order to enhance the nanocomposite's vibrational capacity 

and prevent resonance, the vibration was maximized and quantified in terms of 

fundamental frequency. In addition, a scheme for the evaluation of the vibration 

response of functionally graded nanocomposite laminates was provided in the thesis. 

 

In Chapter 4, the proposed methodology involved the use of micromechanical 

equations and first order shear deformation theory (FSDT) to formulate a 3-phase 

graphene/fibre reinforced nanocomposite, derive the effective material properties 

and apply an optimization scheme in MATLAB. The micromechanical equations are 

applied to first formulate the graphene-reinforced matrix and then to derive the 

properties of the 3-phase graphene/fibre reinforced matrix. The vibration analysis is 

calculated using four-noded Mindlin plate elements and optimization scheme applied 

via a Sequential Quadratic Programming algorithm. The optimization scheme 

introduces various design variables that are modified to measure the resultant effect 

on the fundamental frequency. A design efficiency rating was calculated by dividing 

the optimized fundamental frequency by the frequency from uniform distributions of 

reinforcement. Using the design efficiency rating, different nanocomposite design 

scenarios are compared. 

 

In the study optimal distributions of graphene and fibre reinforcement were 

determined along the laminate thickness. The optimal distribution of graphene was 

found to be non-uniformly distributed in the surface layers of the laminate with zero 

or minimum distribution in the middle layers. A similar observation is made when 

fibre reinforcement is introduced.  
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The design efficiency rating indicated an increase in the fundamental frequency 

when the layer thickness and fibre angles are introduced as additional design 

variables to the graphene and fibre content. Additionally, graphene reinforcement 

was found to be more efficient when the fibre reinforced volume was lower. A non-

uniform distribution of graphene and fibre reinforcement along the thickness was 

found to produce superior fundamental frequencies than that produced by uniform 

distributions. Clamped (CCCC) boundary conditions resulted in fundamental 

frequency values which are relatively high compared to simply supported (SSSS) but 

SSSS boundary conditions showed a higher increase in the design frequency than 

CCCC boundary condition. 

 

In Chapter 5, the optimization scheme is extended to graphene/fibre reinforced 

cantilever skew laminates. Isoparametric elements are used to analyse a skew plate 

due to their accuracy for simulating arbitrary geometry. Micromechanical equations 

are applied to obtain effective material properties for a 3-phase graphene/fibre 

reinforced skew cantilever laminate plate. Thereafter, the skew plate is represented 

using four-noded isoparametric quadrilateral elements with five degrees of freedom 

per node. A Sequential Quadratic Programming algorithm is used to apply the 

optimization scheme to the skew cantilever laminate plate. 

 

The design optimization for the skew laminate included parameters such as 

graphene and fibre content and distribution across the thickness, layer thicknesses 

and fibre angles. Design variables are implemented in sequence starting with one 

variable and culminating in a four variable design. The first variable assigned is 

graphene content, followed by fibre content, layer thickness and finally fibre angle. 

The optimal distribution of graphene and fibres is again higher distributions in the 

surface layers and minimal to zero in the middle layer due to the outer layer 

contributing more to the overall laminate stiffness. The effectiveness of increasing 

quantities of graphene decreases after a certain limit where the design becomes 

inefficiency from a cost perspective. A cost effective design can be achieved with 

lower quantities of fibre added to the graphene-reinforced composite due to results 

showing a higher fundamental frequency for 30% fibre content than 60% added to 

the graphene-reinforced skew composite.  
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The fundamental frequency of a 3-phase composite reinforced with graphene and 

fibres is significantly higher than that of a 2-phase composite reinforced solely with 

fibres. For every simulation, a design efficiency factor is computed, and the findings 

indicate that the efficiency factor rises with the number of design variables. The 

optimal designs for the 45° skew plate was compared to the rectangular plate where 

the results show the fundamental frequency of the skew plate to be superior to the 

rectangular plate but the design efficiency of the skew plate is smaller than the 

rectangular plate. 

 

Lastly, a study is conducted to investigate the effects of functionally graded 

reinforcement along the thickness of a rectangular laminated composite plate. In this 

study micromechanical equations and four-noded isoparametric quadrilateral 

elements with five degrees of freedom per node were used to calculate the vibration 

response of the composite plate, aiming to maximize the fundamental frequency. To 

achieve this, five functionally graded distribution patterns are applied via the 

reinforcement materials (graphene and fibre) in the composite. Those functionally 

graded distributions are applied via a function which transforms the graphene and 

fibre content into functionally graded graphene and fibre pattern distributions. The 

distribution patterns included in the study is Uniform, Type ‘X’, Type ‘V’ Type ‘O’ and 

Type ‘A’. Functionally graded graphene distributions show a diminishing effect in 

improving the fundamental frequency above a 5% graphene content limit. Results 

show that when fibres are introduced into the composite the uniform distribution 

produces the larger fundamental frequencies indicating that fibre content dominates 

the frequency response and functionally graded graphene becomes less effective in 

increasing the frequency response. However, when the fibre content is low the Type 

‘X’ functionally graded graphene distribution produces the largest fundamental 

frequency. 

 

The study investigates the efficiency in using fibres to reinforce the vibration 

response of the functionally graded graphene-reinforced laminate. Results indicate 

that certain limits of graphene content are more effective with zero fibre content. A 

layerwise functionally graded distribution is also investigated to determine the 
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effectiveness in improving the fundamental frequency. The results show that a 

layerwise distribution slightly improved the observed fundamental frequency. 

 

The overall results of this research indicate some key aspects of the nanocomposite 

design. The addition of graphene nanoparticles as reinforcement into the polymer 

matrix of the composite has a positive effect in increasing the magnitude of the 

fundamental frequency. Increasing the number of design variables ultimately 

resulted in a more refined and optimally reinforced composite laminate with larger 

fundamental frequencies and improved design efficiencies. Depending on the 

amount of fibre reinforcement, the type of functionally graded distribution can be 

changed to optimize the nanocomposite and increase the fundamental frequency. 

Skew composites resulted in larger fundamental frequencies but reduced design 

efficiencies compared to square composite laminates. The result is a plethora of 

design variables and composite characteristics that can be used to increase the 

fundamental frequency and optimize the 3-phase graphene/fibre reinforced 

nanocomposite. 

 

The vibrational analysis model presented not only agrees with previously published 

research which serves as a verification model for future research but also provides 

extensive data relating to a variety of solutions to optimize and maximize the 

vibrational response and fundamental frequency in order to avoid resonance and 

improve and advance industry applications. The proposed methodology can be 

extended to include different reinforcement materials making the model a diverse 

and powerful tool. This data can then be extrapolated and introduced in the design of 

various industry applications such as airplane wings or lightweight structures which 

become subject to intense vibrations. Stronger and lighter materials can lead to a 

more robust, safe and cost effective design. The conducted investigation can also be 

applied to the aerospace and automotive industry, the energy sector and others.  

 

As with any research methodologies, the limitations to the study must be presented 

to form a holistic analysis. In this regard one important limitation of the work 

presented in this thesis is the inability to make an in depth comparison of the results 

with experimental data from previous research. The lack of experimental data 
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available contributes to this limitation where correlation with such data would 

attribute to forming a complete and closed end analysis.  

The processing computational efficiency of the computer used to run the analysis 

was able to accommodate the complexity of laminate in the thesis. In case more 

advanced laminates are simulated in relevant future applications, for instance 

models of greater dimensions, more complex geometry, or more layers, more 

powerful processing equipment will be needed. Simulation in computer clusters or 

parallel processing capabilities may also be involved for those cases. 

 

7.2 Recommendations for future research  

A comprehensive numerical framework is provided in this thesis to investigate the 

vibration response of graphene-reinforced nanocomposite plates.  

 

The methodology of the numerical evaluation of functionally graded laminates can be 

extended to incorporate in-plane functionally graded material concepts. In this sense, 

a more holistic representation of functionally graded distributions will be achieved, 

considering distribution patterns in-plane and along the thickness. In another step, 

optimization can be introduced, to evaluate optimal design variables in functionally 

graded distributions. The aim will be to determine the optimal functionally graded 

distribution, along the plane and the thickness of the laminates. 

All the presented work can be integrated into artificial intelligence, adopting machine 

learning techniques. There are several parameters which crucial influence the 

vibration response of the laminates. Traditional and modern machine learning tools 

can therefore be adopted, to provide a prediction of the influence of those 

parameters on the vibration response. To train the machine learning tools, data can 

be numerically generated, from the codes which have been developed for this thesis. 

By doing this, fast predictions of the vibration response, with limited computational 

cost may be achieved. 

  

It is apparent that there is limited experimental research available regarding the 

vibration analysis of graphene reinforced nanocomposite plates, as such it is 

recommended that future research regarding this topic be done in terms of 

experimental analysis to provide data that can be used to compare the theoretical 



 

  135 

results and the experimental results and ultimately reinforce the concepts and 

theories used for theoretical analysis.  

The results in this thesis led to improved responses using the chosen gradient 

optimization scheme as provided in detail in the thesis. Indeed, other local optimal 

points cannot be excluded with the adopted scheme. However, the obtained 

response indicates clear improvements in terms of maximizing the natural 

frequencies, as indicated for instance by the increase in the design efficiency factor 

that is introduced in the thesis. In this framework, the adoption of the gradient 

optimization scheme in the thesis is justified. The introduction of advanced global 

optimization schemes could provide a further insight in the investigated topics.  It is, 

therefore, recommended that a global optimization algorithm can be investigated in 

future research to add to the results of this thesis and compare the optimal 

distributions of graphene and fibre reinforcement in each case.  

Also, relevant numerical analysis can be conducted in the framework of modern 

data-driven approaches. The concept in this case is to replace to some extent, the 

finite element simulation by introducing appropriate machine learning tools. Data 

numerically derived can be used to train machine learning algorithms that will then 

be used to predict the response of nanocomposite laminates. A more advanced 

application in this field is the development of digital twins of the nanocomposite 

laminate structures that interact and predict the mechanical response of the real 

structures. These concepts are left for future implementation.  

In this research the optimisation of the fundamental frequency (first eigenmode) was 

the focus and intent where various parameters were tested to determine the effect of 

the fundamental frequency and the specifications that lead to optimised results. 

There are numerous modes that follow the first eigenmode which can be studied and 

optimised to further reduce the occurrence of resonance, as seen in [1], where the 

optimisation involved various modes and the gaps between modes to distance the 

possibility of resonance occurring. To do this for all modes or even a significant 

amount of modes would take an extensive amount of time and processing power. 

Further studies can be built on this research to investigate the sensitivity of the 

eigenmodes to the constraints analysed and investigate additional mode values and 

mode gaps to optimise the composite to a higher degree and refine the optimisation 

activity.  

 



 

  136 

Authorship Contribution Statement  

 

25 May 2024 

 

The following statement details the contributions of each author on the following 

articles/chapters and refers to the examination committee of the PhD thesis of the 

first co-author, Mr. Y. Jeawon. The purpose of this document is to provide evidence 

for the contribution of Mr. Y. Jeawon on the conducted research and support his PhD 

thesis. This document will be submitted to the research office of UKZN (South 

Africa). There is no other suggested usage for this document once submitted to 

UKZN. 

 

Y. Jeawon, G.A. Drosopoulos, G. Foutsitzi, G.E. Stavroulakis, S. Adali, 

Optimization and analysis of frequencies of multi-scale graphene/fibre 

reinforced nanocomposite laminates with non-uniform distributions of 

reinforcements, Eng.Struct, 228, (2021) 111525. 

 

Y. Jeawon, G.A. Drosopoulos, G. Foutsitzi, G.E. Stavroulakis, S. Adali, 

Optimization of graphene/fibre reinforced cantilever skew laminates for 

maximum fundamental frequency via non-uniform distribution of 

reinforcements, Thin-Walled Structures, 189, (2023) 110903. 

 

Y. Jeawon, G.A. Drosopoulos, G. Foutsitzi, Fundamental frequency 

analysis of functionally graded graphene-reinforced rectangular 

composite plates, (Article has been submitted for publication and is 

currently under review.) 

 
- Y. Jeawon : Developed the data and analysis of the optimization using the finite 

element analysis Matlab codes, conducted the simulations for all analyses and 
produced the first draft for each paper inclusive of all results, discussions and 
conclusion. 
 

- G. A. Drosopoulos : Supervised Y. Jeawon, provided instructions where 
necessary and assisted in the revision of the articles . 
 

- G. Foutsitzi : Provided the initial version of the core finite element code in 
MATLAB. 

25 June 2024



 

  137 

 
- G.E. Stavroulakis : Provided insight and experience to guide the research 

direction and assisted in revision of the articles. 
 

- S. Adali : Assisted in the overall discussions, provided guidance and revision of 
the articles. 

 
 




