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ABSTRACT

Industries naturally strive to improve processes, materials, and material applications
in order to raise the quality of the resource under consideration. This thesis focuses
on proposing a numerical scheme to optimize and maximize the natural frequency
response generated in 3-phase nanocomposite laminated plates through the use of
graphene nanoplatelets (GPLs) and fibre reinforcement in terms of glass and carbon
fibores. Many industries are now interested in conducting research on graphene
reinforcement to form superior composites with the intention that the research may
lead to a number of useful present-day and future initiatives. The natural frequency
of nanoreinforced composite laminated plates has been researched in published
articles by using techniques such as the Halpin-Tsai model and rule of mixtures to
derive micromechanical equations and the Hamiltonian approach to acquire the
equations of motion which are later solved via governing equations to obtain the
natural frequency of the system. The current study uses MATLAB coding techniques
to implement a Finite Element Model to accurately analyse the frequency response
of a nanocomposite plate, the effective material properties of which are found using
the micromechanical equations that are further discussed in this study. The
composite plate's kinematics are developed using the first order shear deformation
theory (FSDT). By using micromechanical equations the properties of a 2-phase
composite, reinforced with graphene nanoplatelets (GPLs) located in the matrix, can
be calculated. After the effective material properties have been calculated for this
graphene-reinforced composite, the same micromechanical equations are applied
once again for the introduction of fibre reinforcement (glass or carbon fibre) thereby
forming a 3-phase nanocomposite laminate reinforced with graphene and fibres.

The study builds itself around two major aspects which are the maximum generated
natural frequencies and the optimized natural frequencies for a defined set of
parameters including graphene content, fibre reinforcement type and content,
boundary conditions, fibre orientation, number of layers in the laminate and thickness
ratio. The first investigation focuses on optimizing a hybrid, multi-scale
graphene/fibre reinforced composite laminate plate in order to provide an optimal
design solution resulting in a superior natural frequency and ultimately reducing the
probability of resonance. Resonance occurs when the natural frequency of an object

aligns with the vibration frequency of the excitation source. When resonance occurs
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it can lead to structural failure of the object. In this study a Sequential Quadratic
Programming Algorithm is used to optimize the fundamental frequency. The
Sequential Quadratic Programming Algorithm was chosen based on the extensive
use and validity in numerous research studies and the successful application thereof.
A Matlab function is used to implement the SQP optimization, called fmincon. In the
central Matlab code this function is used, and the developed finite element analysis
code calculating the natural frequencies for the composite laminate is called as a
Matlab subroutine by this SQP function. No convergence problems were identified in
these optimization simulations. The results of this research revealed that adding
graphene nanoplatelets (GPLs) improved the fundamental frequency of the
composite and that maximum GPLs content in all layers is not always the optimal
solution. Every simulation produces both the optimized fundamental frequency and
the design efficiency, which is represented as the ratio of the maximum fundamental
frequency that corresponds to optimal design divided by the reference frequency of
the laminate that results from uniform properties. The second research paper
expands on the ideas of the first by altering the plate geometry to define a cantilever
support condition for a 45° skew laminated composite plate. The second study
formulates an optimization scheme for a skew cantilever plate subject to similar
constraints applied to the rectangular plate and provides a comparison of their
natural frequencies. By investigating skew plates and various boundary conditions
the research data adapted to form solutions for a broad spectrum of industry wide
applications. In the second study the findings showed that a more economical
design, with lower fibre volume content, could be produced by distributing the
graphene and fibres optimally throughout the plate's thickness. Secondly, the skew
laminate's design efficiency appeared to decline despite the apparent increase in
natural frequency when compared to the results for a rectangular laminate. The third
study investigates the natural frequency of a rectangular laminated composite plate
with functionally graded (FG) reinforcement material. Functionally graded materials
are composites that have two or more constituent materials with contents that are
changed gradually or continuously so as to maximize the composite’s strength
properties. Five distinct graphene reinforcement distribution patterns applied along
the thickness direction of the laminate were used in the functionally graded
application to identify the distribution that produced the maximum natural frequency.

The distribution patterns considered in this investigation are Type ‘V’, Type ‘A’
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Uniform (UD), Type ‘O’ and Type ‘X'. The analysis model was defined as in the
previous studies for a rectangular laminated plate with the exception of the
optimization scheme as this research was formulated to investigate the apparent
maximum natural frequency of the laminated composite. In the majority of the
simulations, the defined distribution pattern was assigned to each layer and
investigated for variable constraints similar to the previous studies. Additionally, a
simulation was done for a layerwise distribution of the FG patterns with different
patterns assign in the subsequent layers. The data obtained from the analysis
showed the Type X' distribution produces the maximum natural frequency when
lower fibre content is used (<5 glass and <7.8% carbon) in combination with
graphene as the reinforcement materials. On the other hand, the largest natural
frequencies are produced by the uniform distribution when the fibre content rises
above the specified levels.

This research introduces 3-phase material optimization framework and defines a
design efficiency factor that quantifies the output of optimization. Results indicate
that graphene nanoparticles, when introduced into the matrix of the nanocomposite,
produced much higher natural frequencies as compared to conventional fibre
reinforced laminates. The results also showed that carbon fibres that were utilized as
reinforcement perform better in maximizing the natural frequency compared to glass
fibres. It is noted that optimization results in increased reinforcement contents in the
outer layers of the laminate and reduced or no reinforcement in the inner layers,
indicating that this is the optimal distribution of reinforcement with respect to the
observed fundamental frequency. Increasing the number of design variables also
improved the fundamental frequency. In terms of the skew laminate versus the
rectangular laminate, the observation was made that the fundamental frequency was
larger for a skew laminate than a rectangular laminate but the design efficiency
decreased compared to the rectangular laminate. The thesis also suggests optimal
functionally graded distributions along the thickness, in terms of maximizing natural
laminate frequencies.

Industrial applications in civil, aerospace, mechanical and energy sectors can adopt
some of these outcomes, towards a cost-effective design of advanced

nanocomposite materials.
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Chapter 1: Introduction

1.1 Background

A composite material consists of two or more constituent materials that are
combined into a singular structure for which the properties are superior to the parent
materials alone. A fibre reinforced composite consists of high strength fibres in a
matrix which binds the fibres together and allows transfer loads between the internal
fibore network [1]. Composite materials have become popular industry applications
and are found in the construction of automobiles, aircrafts and submarines and
others that utilize materials of superior strength vs. weight and weight vs. stiffness

ratios [2].

One of the main objectives of the research is to determine a method to increase the
fundamental frequency beyond that of the excitation frequency which is the
frequency that the structure will experience during its operation. The fundamental
frequency relates to the stiffness and mass distribution of the laminate which forms
part of the structural integrity and stability of the composite. Higher fundamental
frequency values indicate a stiffer structure and ultimately lead to a structure that is
more equipped to resist vibrations and dynamic loads. Composites that have lower
fundamental frequencies may give indications of reduced/lower stiffness which can
lead to resonance and fatigue failure under vibration. For this reason, the

fundamental frequency is studied in this research and not other vibration modes.

The addition of graphene nanoplatelets (GPLs) to the matrix of the composite as
nano-reinforcement has gained popularity due to the enhanced properties and
qualities of the resulting nanocomposite. Graphene is the name proposed in 1986 for
an isolated sheet of carbon atoms occurring in a graphite compound in a 2-
dimensional arrangement. The term “Graphene” was then used to represent, a
solitary, isolated layer of carbon hexagons which are formed via sp-hybridized
bonds [3].

In order to investigate important engineering issues such as vibration response,

buckling, and ideal weight to cost ratio, the incorporation of GPLs in nanocomposite



laminated plates has been studied in [4] where results showed the optimized solution

involves decreasing the fibre reinforcement and increasing the amount of graphene.

Studies regarding optimization of graphene-reinforced nanocomposites are an
important step in understanding their applicability in various industries due to small

amounts of graphene increasing the strength and stiffness of composites [5].

This thesis proposes methods of enhancing the vibrational response generated by a
nanocomposite laminated plate strengthened with graphene nano-reinforcement
through optimization analysis and maximization via functionally graded distribution of
reinforcement. The design of nano-reinforced composites can include an
optimization scheme, which aims to use a minimal amount of reinforcement
component materials to optimize the structure's natural frequency and prevent the
occurrence of resonance [6]. Once the micromechanics equations have been used
to determine the effective material properties, the optimal natural frequency can be
calculated using finite element analysis and the shear deformation theory [7]. In this
thesis the effective material properties are obtained using micromechanical
equations to generate the properties of a graphene-reinforced matrix and thereafter
applying the micromechanical equations again for the graphene and fibre reinforced
matrix resulting in the 3-phase graphene/fibre reinforced composite. The optimization
analysis involves the use of MATLAB coding to structure the Sequential Quadratic
Programming Optimization algorithm. To explore the frequency response for a
selected set of constraints and variables, a finite element code is proposed in
MATLAB. The purpose of this study is to identify natural frequency values and the

corresponding optimal design variables.

The functionally graded model is developed to distribute the reinforcement, graphene
and fibre, in each layer to a predetermined distribution pattern. The main concept of
this approach is to determine the most appropriate distribution pattern that returns

the maximum possible natural frequency for a set of given design variables.

1.2 Motivation for the Research
The industrial sector is advancing composite technology to meet demands of a more
cost effective and sustainable solution which involves investigating methods to

efficiently strengthen composite materials. Graphene is a strong filler material used



to enhance the matrix of composites and has a strong binding capability to the matrix
[7]. Research relating to the use of graphene to replace carbon nanotubes (CNTs) as
reinforcement in composites has been more evident each year due to the
advantages of graphene compared to carbon nanotubes. Some of the main
advantages of graphene over CNTs are the larger specific area and reduced twisting
tendency which results in an easier dispersion in the matrix. Figure 1.1 shows the
trend in the number of publications each year from 2004 to 2013 where an

exponential increase in the research related to graphene is evident from year to year

[8].
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Figure 1.1: Number of research publications relating to graphene per year [6]

In [9], a study was performed to investigate the change to the natural frequency
when reinforcing the matrix with minor quantities of graphene. Data on this study
proved that even a small addition of graphene into the matrix of a polymer composite
beam, led to a noteworthy rise in the natural frequency. In addition, the most
effective method in applying the graphene particles was to disperse them in the

surface layers of the composite. Variables including the graphene weight fraction,



geometry, arrangement pattern and total layer count, were examined in [10]. The
findings corroborated the observation that adding graphene to the top and bottom
layers of the composite increased the natural frequency.

In addition to rectangular and skew plates analysed for optimum graphene and fibre
volume content, stacking sequence and boundary condition investigating functionally
graded distributions gives insight into further refinements for the design of a
graphene/fibre reinforced nanocomposite laminated plate. Dongying Liu studied the
effect of functionally graded distributions (Figure 1.2) in [11] which resulted in the
Type FG-X distribution of graphene producing the largest natural frequency
compared to the others. Figure 1.2 shows each distribution pattern type where the
graphene content is different in the layers. The darker layers indicate more graphene
content in that layer. The ‘UD’ pattern shows uniform amounts of graphene in each
layer. The type ‘FG-X indicated larger GPL content in the outer layers and
decreasing towards the inner layers. ‘FG-O’ indicates larger graphene content in the
middle layers. ‘FG-V’ indicates larger graphene content in the upper layers of the
laminate and decreasing towards the bottom layers. ‘FG-A’ is similar to ‘FG-V’ but
reversed for more graphene content in the lower layers. As a result, a variety of
graphene reinforcement distributions should be investigated, since the distribution
pattern has been demonstrated to be a useful variable that may be employed to

maximize and optimize the natural frequency.
1
1
|
1

UD FG-X FG-O FG-V FG-A

Figure 1.2: Functionally graded distribution patterns showing differing graphene
content in the layers [9]

In this thesis, the natural frequency is studied for graphenef/fibre reinforced
nanocomposite laminated plates where a finite element model and MATLAB codes
are defined by micromechanical equations, first order shear deformation theory,
variable constraints and an optimization scheme. The effects on the natural

frequency of variables such as, GPL content, fibre type and content, fibre stacking



sequence, boundary conditions, aspect ratio and number of layers are investigated
via MATLAB models and critically analysed to determine optimum distributions of
reinforcement and structure conditions relating to the most efficient methods to
improve the nanocomposites natural frequency. This study is then expanded when
the rectangular plate geometry is modified to a 45° skew plate under cantilever
boundary conditions relating to industry applications such as aeroplane wings
(aircrafts) [12]. Furthermore, the study expands on 3-phase grapheneffibre
reinforced nanocomposite plates to include the analysis of functionally graded
distributions of reinforcement material culminating in a holistic analysis around the
improvement of the natural frequency using finite element analysis. The data
presents critical information regarding core design considerations when attempting to
maximize on the frequency response of nanocomposite laminated plates for industry
application. The data presented in this thesis can be further expanded to improve

current nanocomposite applications in various sectors.

The research contained in this document utilizes a gradient optimization algorithm
which uses an iterative process to find a local minimum value of a function. This
algorithm assisted in efficiently and effectively determining the optimal natural
frequency for various cases. This is opposed to a global optimization algorithm that
determines a point that minimized the function in totality.



1.3 Research Aims and Objectives
The aim of this research is to develop a methodology to accurately investigate the
natural frequency response for a 3-phase graphenef/fibre reinforced nanocomposite

laminated plate and critically analyse the vibrational response data collected.
In order to achieve this, the following objectives are formulated:

o Develop a numerical, finite element analysis model to accurately simulate the
vibrational response of a graphene/fibre reinforced nanocomposite plate;

° Compile data that represents the vibrational response of the composite under
various constraints and variables;

o Identify the constraints and variable conditions that resulted in optimized and
maximum natural frequency responses.

° Evaluate the contribution of graphene reinforcement on the vibration response

o Contribute towards cost-effective design, with optimal distribution of fibre and
graphene reinforcement

° Evaluate and compare the response between rectangular and skew plates

. Investigate the impact of different functionally graded distributions on the

vibration response

1.4 Contributions to Technical and Scientific Data
Research on the optimization of the natural frequency is presented in Chapters 4
and 5 and on the maximum natural frequency for functionally graded distributions in

Chapter 6 by applying a finite element analysis framework.

The data obtained from the analyses give insight into the benefits of graphene
nanoparticles as nano-reinforcement with the focus on improving the apparent
natural frequency of a nanocomposite laminated plate. This research adds value by
highlighting critical information regarding the methods and constraints that lead to
the most optimized and maximized natural frequencies that can be introduced in
industry applications. The methods of analysis and formulations used agree with
comparative data obtained from published articles which add value in terms of

verification of the model and theories used.



In Chapter 4 a model is derived for a 3-phase graphene/fibre reinforced laminated
composite with an optimization scheme to accurately determine the impact of
multiple variables on the natural frequency. In this chapter details regarding optimal
placements of reinforcement material and superior material types are analysed and
discussed. The research adds value by presenting data for superior reinforcement
schemes and the design efficiency rating of each simulation thereby highlighting the
most effective and efficient design and providing information regarding diminishing

returns in the natural frequency as the amount of reinforcement is increased.

In Chapter 5 the previous model is expanded to add valuable insight into optimal
vibration response of cantilever skew plates. Beneficial information is derived when
comparisons are presented for rectangular composites vs. skew composites in terms
of the effect of adding skew geometric properties to plates where rectangular plates
are no longer feasible. Important information is presented regarding the shift in the
magnitude of the natural frequency when the number of variable applied in one

instance is increased from one to four.

In Chapter 6, data pertaining to the use of functionally graded reinforcement
distributions were derived from a finite element analysis model. Valuable information
is presented in terms of the effectiveness of functionally graded reinforcement
distributions vs. uniform distributions. This research added value by verifying the
distribution with the most potential in terms of natural frequency maximization with

previous studied which investigated similar distribution patterns.

Overall this thesis contributes to the scientific field by proposing a methodology to
evaluate and optimize the mechanical (vibration) response of nanocomposite
laminates, adopting a hybrid reinforcement consisting of graphene nanoplatelets and
conventional glass or carbon fibres, within finite element analysis. The proposed
model has been verified against various results from other studies to ensure
accurate and acceptable output data. This model can be adopted in further
research/studies to expand the analysis into graphene nanoplatelets (GPLs) and
fibre reinforcement. New theories, distribution patterns, experiments and materials
can be simulated using this model to enhance the output of the experiment. The
study also contributes in vibrational response analysis, highlighting optimal

reinforcement distributions.



This research introduces an optimisation scheme for a 3-phase material which is not
extensively studied in literature thereby providing a new concept that can be
incorporated in future research to aid in optimizing structures and determining what
variables are worth further research with regards to reinforcement and performance
of nanocomposite structures.

A design efficiency factor was defined in this research to be the ratio of the
fundamental frequency of the optimally designed laminate and the reference
frequency, which is the frequency that corresponds to a laminate with uniformly
distributed graphene and fibres across the thickness of the laminate, in order to

verify the effectiveness of the reinforcements proposed throughout the analysis.



1.5 Research Scope and Limitations

The scope of this study is limited to the vibrational analysis of nanoreinforced
composite laminated plates using graphene nano-platelets and glass/carbon fibres.
This research extends to optimization of the natural frequency of rectangular and
skew plates with uniform distributions of reinforcement throughout each layer of the
laminate as well as a maximum natural frequency analysis involving functionally

graded distributions of reinforcement in each layer for rectangular plates.

The computer resources available to perform increasingly intricate and sophisticated
combinations place limitations on the study's scope. This is because higher number
of variables, increased mesh density or higher layer number results in increased
computational cost for the finite element analysis simulations implemented in
MATLAB software. Getting more potent computer resources to shorten analysis
times and boost processing capacity to handle more intricate design scenarios is one

way to solve this for future study.

Data pertaining to physical testing on the 3-phase laminate are not attainable due to
the cost of the material constituents and composite fabrication. Testing on real 3-
phase laminated composites would yield useful information for future studies, which

could be utilized to verify models and to validate the employed analysis techniques.

Because the research is being done on a part-time basis, every effort has been
made to increase its breadth by conducting as many simulations and studies as
possible while adhering to deadlines and milestones for the thesis submission. On
the basis of the current study, future research can diversify the testing and enhance

the usefulness of the research data already available.



1.6 Structure of the Thesis

The thesis consists of 6 chapters of which, two are published articles and one is an

article submitted for publication. All articles are presented in their original form. The

content of each chapter is provided below:

Chapter 1
Chapter 2

Chapter 3

Chapter 4

Chapter 5

Chapter 6

Chapter 7

an overall introduction and motivation to the presented research.
literature review based on effective material properties and the
vibrational response of graphene/fibre reinforced composite plates.
methodology of the thesis

introduces the optimization of the natural frequency for graphene/fibre
reinforced composite rectangular plates (published article 1).
introduces the optimization of graphenef/fibre reinforced cantilever
skew laminates with non-uniform distribution of reinforcements
(published article 2).

presents the investigation into the maximization of the fundamental
frequency of functionally graded graphene-reinforced rectangular
composite plates (article submitted for publication).

provides a summary of the key findings and conclusions for the
research. Possible future expansion and recommendations are

described.
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Chapter 2: Literature Review

Various industry use nanocomposite laminates because of their exceptional
mechanical properties and wide range of applications. According to several
publications [1-4], the idea of improving conventional composite structures by using
cutting-edge materials with better mechanical properties has become widely
accepted and has seen increased implementation and application in recent years. In
order to further improve the structural response of composite materials, reinforced
nanocomposite laminates are created by reinforcing them with nano-materials that
have improved properties [5]. The mechanical properties of these composite
materials, such as natural frequency, chemical resistance, electrical conductivity and
thermal stability, can all be greatly improved by introducing nanoparticles while
retaining the advantageous aspects of the base material, such as low density and
high processing ability [6]. As a result, nanocomposites have found widespread use
in the engineering sector for a variety of applications, such as gas pipelines, cars,
aircraft, and electromagnetic shielding [7]. In [8], G.A. Drosopoulos and G.E.
Stavroulakis detail several numerical methods to study composite materials
emphasizing in their non-linear response and highlighting the complexity and

challenges to evaluate their behaviour.

Non-uniform fibre distribution can be used to strategically increase design efficiency
and lower the weight of the composite, as shown in [9-11]. In [12, 13], the Halpin-
Tsai model and the rule of mixtures applied to determine the composite’s effective
material properties. Micromechanical equations were used in [14] to determine the
resultant properties of a 2-phase fibre reinforced composite. A design which
incorporated the design for reduced composite weight for a CNT/fibre reinforced
composite was investigated in [15] to determine the most efficient reinforcement
scheme for optimal weight design. It was determined that the distribution of the CNT
reinforcement in the surface layers was the most optimal reinforcement distribution
to minimize the weight. In [16, 17, 18-22] optimal design to produce the maximum
fundamental frequency is studied for hybrid composite laminates. 2-phase composite
analysis to improve the fundamental frequency of CNT and glass fibre composites
was studied in [23]. Radebe et al. determined that the effect on the frequencies by

adding more fibre reinforcement in the outermost layers depends of factors such as
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the orientation of fibres and aspect ratio [24]. In [25-27], investigations showing the
effects of CNTs on the fundamental frequency of composites are presented. In a
study conducted by Sinha et al., increasing the total layer count in the composite

improved the fundamental frequencies [28]. Similar results are seen in [29, 30].

Infusing the matrix of the composite with graphene nanoparticles as an
enhancement material has been gaining positive attention and has been the topic of
many research papers such as [31-33]. The term “graphene” represents a
honeycomb arrangement of sp? hybridized carbon atoms and has been identified as
an exceptional strengthening material. Graphene displays some noteworthy
mechanical characteristics including 1 TPa Young’s Modulus and electrical/thermal
properties similar to that of copper [34]. Other beneficial characteristics of graphene
are good electrical conductivity, light weight, mechanical toughness and large
surface to volume ratio resulting in an excellent bonding interface [35, 36]. [37]
shows the geometric arrangement of graphene platelets has a significant effect on

the design of nanocomposite curved beams.

It is evident that graphene nanoreinforcement can be significant in strengthening a
structure, as demonstrated in [38], where the addition of 0.54% exfoliated graphene
by volume increased the structure’s tensile strength by 10% and the elastic modulus
by 25% when compared to unreinforced resin. Patra et al. tested the effect of adding
GPLs to a composite in [39] where it was discovered that the mechanical strength
was enhanced and smaller sized GPLs improve the dispersion compared to larger
particles. Yoa et al. investigated the benefits of using GPLs enhanced woven carbon
fibre/epoxy composites to improve the gas barrier and mechanical properties in the
oil and gas industry in [40]. The tensile, flexural and gas permeability properties
significantly improved with increased GPLs. In [41] graphene was seen to improve
the buckling load when used as reinforcement in composites with woven fibres to
form a hybrid laminate composite. In [42], a free vibration analysis is presented for
functionally graded composite laminates reinforced with graphene. The results of the
study indicated that the key factors for vibrational response were the graphene
nanoplatelet volume content and boundary condition, followed by the reinforcement

pattern and thickness ratio.
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In [43] it was demonstrated that adding CNTs—GPL hybrids to pristine epoxy
significantly improved both the mechanical properties and the effectiveness of load
transfer. In [44], the biaxial buckling of 3-phase angle-ply laminates reinforced with
carbon/glass fibre and graphene is examined. It was found that high fibre content
lessens the graphene reinforcement matrix's contribution and that a thicker surface
layer or increased thickness ratio (ratio of surface thickness to overall thickness)
increased the buckling loads. Improved transfer of loads from the matrix to the
reinforcement in graphene nanoplatelets (GPLs) is due to the large surface area of
the particles and is one of the primary reasons for graphene's high capacity for
reinforcement [45,46]. According to Guo et al. in [47], graphene-reinforced
composites produced much larger natural frequencies than carbon nanotube-
reinforced composites. The GPL distribution and boundary condition can also have a
significant impact on the composite's natural frequency. According to research
published in [48], natural frequencies for graphenef/fibre reinforced hybrid polymer
composites improved as graphene volume fraction increased. Additionally, natural
frequency increased more under clamped conditions than under simply supported

conditions.

Significant vibration actions frequently affect lightweight structures. Consequently, it
is becoming more crucial to look into the best performance in order to avoid
resonance through methods such as optimization [49]. Resonance is less likely to
occur when the structure's natural frequency is significantly increased by an
optimization scheme. In [50] Tam et al. utilized finite element analysis to study the
vibration and buckling properties of GPL reinforced composite beams with
functionally graded distributions. A range of techniques for enhancing the natural
frequencies of nanocomposite plates have been demonstrated by numerous studies.
[51] examined the natural frequencies of skew laminates that had stiffeners which
increased the frequencies as the skew angle increased, according to the results. In
[52] by Magdy et al., a discussion on the vibration analysis in composite wing design
is discussed. It was highlighted that controlling and improving the dynamic response
of structural elements in aero-elastic analysis can be done by altering the stacking
sequence and ply orientation of fibres. Kalusuramanet al. compiled a study on the
vibration response on fibre reinforced composites in [53]. A conclusion of the study

was the importance of the fibre orientation and fibre stacking sequence in obtaining
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the natural frequency of the composite. [54] studied the vibration analysis of a
composite concrete/ glass fibre reinforced slab under human activities. In the study
it was determined that in spite of the slabs good performance under static loading
the dynamic behaviour of the slab must be considered in the slab design due to the

flexibility component and slenderness of the slab.

Georgantzinos et al. investigated fibre-reinforced hybrid polymer composites where
results confirmed a superior natural frequency for every mode when graphene was
added to the composite matrix. Additionally, it was evident that graphene
reinforcement increased the natural frequency for clamped boundaries than simply
supported and the composite’s mechanical characteristics were improved [55]. In
[56] a study was done, in a thermal environment, on the vibrational analysis of GPL-
reinforced composite plates. The results showed that the natural frequency was
improved when graphene was introduced regardless of the dispersion pattern.
Additionally, as the length-to-thickness ratio increases, so do the natural frequencies;
the highest natural frequency is the product of greater distributions at the outermost

layers and less reinforcement at the innermost layer of the plate.

The effects of adding graphene into a composite reinforced beam is studied in [57].
In the study, when the weight fraction of graphene was raised from 0% to 1%, the
natural frequency of the beam increased by 170% and the beam's stiffness
increased significantly, leading to a superior bending performance. The vibration
analysis of a porous composite plate reinforced with graphene was investigated by
Pan et al. in [58]. The findings indicated that twelve layers in the laminate was the
ideal number, and that decreasing free vibration frequency was caused by a higher
porosity levels in the plate. Based on the research in [59], it is possible to increase
the natural frequency more effectively by increasing the quantity of square-shaped
GPLs to the composite’s top and bottom layers. In [60] a layerwise optimization
approach was adopted in terms of stacking sequence where it was found that the
layerwise approach yielded increased frequencies as compared to the reference

frequencies.

Rout et al. investigated the thermo elastic free vibration of graphene-reinforced
composite shells. The fundamental frequency increased when the aspect ratio

increased and when the shell thickness decreased [61]. A fibre-reinforced
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composite's fundamental frequency and central deflection were greatly increased by
adding minimal amounts of graphene [62]. Studies on the advantages of graphene
and fibre-reinforced composites can be found in [63—67], where the findings show
that adding graphene to carbon-reinforced composites enhances the composite's
overall properties. The fundamental frequency observed for clamped conditions is
superior to that of cantilever conditions for composites with cut-outs seen in [68]. The
fundamental frequency data obtained in [69] shows that higher frequencies are

produced for anti-symmetric fibre orientation than for the symmetric one.

Research on the optimal vibration response has also been conducted for skew
plates. In [70] the fundamental frequency was maximized for anti-symmetric and
symmetric skew composite laminates by determining the optimal stacking sequence.
Kiyani et al. computed the characteristics of a skew composite plate reinforced with
CNTs using the modified rule of mixtures. The results showed an increase in the
frequency value for increasing CNT volume content [71]. Studies relating to
improving frequencies of CNT reinforced skew plates can be seen in [72-74]. The
fundamental frequency improved when increasing the aspect ratio, skew angle and
width-to-thickness ratio in skew isotropic plates in [75]. A study on the free vibration
of laminated skew plates revealed that the frequency increased with an increase in
the skew angle of the plate [76]. Similar results indicating an improved fundamental
frequency for increasing skew angle is observed in [77]. In [78] Topal et al. applied
the first order shear deformation theory to analyse the frequency optimization of
laminated skew plates. Frequency optimization of skew composite laminates to
maximize fundamental frequency was investigated via metaheuristic algorithms such
as Genetic algorithms and particle swarm optimization in [79]. The study conducted
in [80] examined the impact of several boundary conditions, plate geometries,
graphene arrangement and weight content, and number of layers on the frequencies

of a skew plate on point supports.

Amongst the research on graphene reinforcement of composite plates, studies have
been extended to reinforcement over the thickness of the laminated layers to
enhance the efficiency of the design as seen in [81, 82]. Functionally graded
graphene or CNT reinforcement has recently been a developing approach, aiming to

propose optimal distribution patterns of the reinforcement based on pre-defined
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distributions, resulting in improved mechanical performance [83]. Different equations
have been used in literature, to represent various nanoreinforcement distributions

throughout the thickness direction and the surface of the composite.

In their study of functionally graded (FG) carbon nanotubes, Liew et al. noted that
functionally graded CNT structures were typically investigated using methods such
as analytical, semi-analytical, FEM, mesh-free, and differential quadrature method
[84]. It was clear from [85] that the dynamic behaviour of FG graphene-reinforced
composites can be modified by altering the GPL dispersion pattern. Babaei et al.
studied the vibrational behaviour of thermally pre/post-buckled functionally graded
CNT beams for an FG-O, UD (uniform distribution) and FG-X where the results
showed that the frequency output was maximized and minimized for FG-X and FG-O
distribution patterns respectively [86]. The same result can be seen in [87] where

frequency was maximum for FG-X and minimum for FG-O distribution patterns.

Shen et al. studied the vibration of thermally post buckled functionally graded
graphene-reinforced composite plates using the Halpin-Tsai model to determine the
anisotropic and temperature-dependent material properties. It was found that the
fundamental frequency of a FG graphene-reinforced composite is significantly
influenced by the width-to-thickness ratio of the plate [88]. Shahrjerdi et al. [89]
examined temperature dependant functionally graded graphene-reinforced
nanocomposite beams. The FG-X Type produced the largest natural frequencies in
all analyses, but the FG-Diamond type, uniform, FG-A type, and FG-X type
distributions all showed an increase in natural frequency with increasing graphene
weight percentage. The vibration of stiffened composite cylindrical panels
incorporating functionally graded graphene-reinforced with FG-X, FG-A, UD and FG-
O distribution types was examined by Zhou et al. [90]. The highest and lowest
natural frequencies were related to FG-X and UD, respectively. According to the
study, FG-X frequencies increased more when the weight fraction of GPLs was

increased than when other distributions were taken into account [90].

Micromechanical models were used in [91] to produce the effective material
properties for functionally graded graphene-reinforced polymer composites to
effectively analyse the vibrations of the composite. The results of the analysis

showed FG-X to produce larger natural frequencies followed by UD and lastly by FG-
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O distribution. The non-linear vibration of functionally graded graphene-reinforced
conical shells is presented in [92]. Similar to earlier research, the FG-X distribution
was found to cause an increase in the system's stiffness. It was also found that the
free vibration conical shell was significantly impacted by the GPL weight content and
distribution, length-to-radius and radius-to-thickness ratio. A vibration analysis on FG
graphene-oxide reinforced composite beams is studied in [93]. Results showed
higher structural stiffness when the graphene oxide was dispersed near the top and

bottom of the beam.

In [94] it was found that the GPL size and weight fraction can increase the natural
frequencies for a FG graphene-reinforced composite. Non-linear vibration is
examined in [95] for FG graphene-reinforced porous plates. It was discovered that
while porosity distribution and GPL dispersion patterns can both have an impact on
non-linear vibrations, the GPL dispersion pattern has a noticeably greater effect.
Qaderi et al. investigated the vibration response of graphene-reinforced polymer
composite plates. The natural frequency increases as the ratio of plate thickness to
length increases, according to the results [96]. According to Wang et al.'s
investigation into the static response of functionally graded graphene-reinforced
plates in [97], the distribution and concentration of GPL are two factors that affect the
bending behaviour of the GPL-reinforced plates. Kitipornchai et al. came to the
conclusion that the boundary condition and slenderness ratio had minimal bearing on
the percentage increase in the critically buckling load and fundamental frequency,
with the exception of scenarios in which GPLs are asymmetrically distributed [98].

Functionally graded graphene-reinforced composites were also studied in [99-102].

Attempts were made to find articles relating to the experimental investigation into the
vibration analysis of graphenef/fibre reinforced nanocomposite plates but no paper
was found with direct relation to the analysis contained in this thesis. This being said,
future investigation into the experimental analysis of the research in this thesis can
be done to further develop the analyses and provide crucial data to the field of this

research.

A paper [103] was found relating to an experimental analysis of the free vibration of

graphene reinforced laminated composite plates using experimental modal testing.
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The analysis done in this article is close in similarity to that presented in this thesis
baring some characteristic differences in the composite plate geometry. In the study
a carbon fibre graphene-reinforced hybrid polymer plate, a graphene-reinforced
polymer plate and a carbon fibre-reinforced polymer plate were examined. The
properties of the composite are determined using the Halpin-Tsai model and the
analysis done via finite element analysis for the theoretical investigation section. For
the experimental testing, the impact hammer modal testing method is used to
determine the plate’s vibration reactions. In the experimental testing, three plates
with two end conditions, clamped — free — clamped — free (CFCF) and simply
supported — free — simply supported — free (SFSF) are tested. The characteristics of
the carbon fibre graphene-reinforced plate are length equal to 250mm, width equal to
250 mm and thickness equal to 3mm. The plate is an eight-layered laminated
composite with fibre angle [0/45/-45/90/90/-45/45/0]. The experiment, relative to the
first eigenmode, showed for the SFSF plate a frequency of 87.5 Hz (experimental)
and 97.4 Hz (via ANSYS analysis). This resulted in an 11.31% difference in the
theoretically calculated frequency vs. the experimentally produced frequency. In
terms of the CFCF boundary condition plate, a frequency of 322 Hz (experimental)
and 332 Hz (via ANSYS analysis) was determined. This resulted in a 3.11%
difference between the experimental and theoretically calculated data. CFCF was
seen to produce higher natural frequencies than SFSF condition as the clamped
condition results in larger stiffness than simply supported.

This result is a good comparison between experimental and theoretical methods that
relate closely to that used in this thesis and ultimately show agreement between the
experimental and theoretical data outputs. Though not directly comparable to this
thesis the method used to calculate the data contained in this thesis are similar to

that in the study which delivered good results.
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Chapter 3: Methodology

In Section 3.1 the proposed finite element analysis model is presented to accurately
determine the free vibration of laminated composite plates. The effective material
properties of the laminate for uniformly distributed and functionally graded
reinforcement patterns are found using the micromechanics equations presented in
Section 3.2. Section 3.3 illustrates the optimization scheme applied to the

rectangular and skew composite plate.

3.1 Theoretical formulation using finite element analysis for the composite
laminate and vibration response

For rectangular plates, Figure 3.1 shows the geometry profile implemented in the
vibration analysis where a represents the length, b the width and h the thickness of
the composite. The composite plates are formed by a combination of N number of
layers with uniform thickness with 6 representing the angle of the fibres in relation to
the x-axis. The orientation of the plate is chosen so that the z-axis, which defines the
direction of the plate thickness, is perpendicular to the midplane and the xy-plane is
set to intersect the midplane. The K™ layer is situated between z = z;, and z = z;,_; in
the thickness direction. The composite is 3-phase due to graphene reinforcement
dispersed in the matrix of the composite and fibre reinforcement introduced as
traditional reinforcement. Each layer of the composite consists of the graphene/fibre

reinforcement.
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Figure 3.1: Laminated plate geometry [1]



3.1.1 Definition of Skew Plate Geometry

The geometry of the skew plate defined in the analysis is illustrated in Figure 3.2
where a, b, and D represent the plate's length, width, and thickness, respectively.
The cantilever support condition is defined by implementing a clamped boundary
condition on one edge of the plate with a length equal to b (Figure 3.2). The
boundary conditions for the final three edges are free. The laminate is made up of N
layers, with 8; denoting the angle between the principal material direction and the
coordinate x of the k™ lamina. As seen in Figure 3.2, the laminate is defined so that
the mid-plane coincides with the xy plane with a representing the skew angle of the
laminate with respect to the y axis. In the thickness direction, the coordinates of the
bottom and top of the k™ layer are written as z = zx and z = z+1, respectively.
Isoparametric elements, which are able to simulate arbitrary geometries, are applied
due to the global axes and element edges not being parallel as seen in Figure 3.3.
Then, four-noded isoparametric quadrilateral elements with each node having five
degrees of freedom are used to represent the skew plate. The geometry of the plate
has been selected for rectangular and skew plate arrangements which have been

used extensively in different civil and aerospace engineering applications.
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Figure 3.2: Laminated skew plate geometry [1]
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Figure 3.3: Transformation of Global Cartesian coordinates to Local Natural
coordinates

3.1.2 Stresses, strains and mechanical displacement theory
To accurately ascertain the displacements of any point on the plate, the composite
laminate was analysed using the first order shear deformation theory (FSDT). The

following equations set the displacement field for the basis of the FSDT [1]:

uy (x,y,z,t) =ulx,y,t) + zo.(x, y,t), (1a)
u, (x,y,z,t) =v(x,y,t) + zo,(x,y,t), (1b)
u3 (x;Y;Z, t) = W(x;}’; t) (1C)

The theory is defined by the displacements (uy, u», us) along the (x, y, z) coordinates
and at any point of the plate. The constituent variables required to produce the
displacement data are:
e (u, v, w) — point displacement relative to the x, y and z-axis on the laminate’s
mid-plane; and
e ¢, and ¢, represent the normal rotations of a point located on the midplane

of the laminate about the x and y-axes, respectively.

A linear elastic strain-displacement relation is applied on the basis of the plate not
being subject to plastic behaviour such as damage, large or permanent deformation.
The following linear elastic strain-displacement relations are used in conjunction with

the bending strain ( €,) and the shear strain ( &):



{ep} = {leop} +2{x},  {&5} = {e0s} (2)

These equations can further be defined as:

{ep} = { }oe) = (O W P PO

gb - Sxx' syy' yxy 4 SS - {]/J/Z' ]/xz} ’ SOb - ax ) ay ) ay 63{ (3a)
_(_0ex 2oy _ (9x 20y} _fow_ g, aw T

{K} _{ ax ' oy’ (63/ + ox )} ’ {SOS} - {ay Py 0x (Px} (3b)

3.1.3 Equations to define the composite lamina
The following formulas provide the k™ lamina in-plane stress state for a composite

plate made of an orthotropic material with elastic symmetry parallel to the x-y plane:

{0} = [Qli{e} (4)

Eq. (4) is defined by:
e {0} -the stress tensor;

e [0O] - the plane-stress reduced elastic stiffness matrix; and

e {¢} -the strain tensor.

The equation can then be expressed in terms of the bending {0,} and shear {o,}

related variables:

{op} = [Qpl{ep}, {05} = [Qsl{es} ()

Where {Gb} = {0-1'0-2' 06}T' {0‘5} = {04' O-S}T and

011 01, Q1™
[Qb]k: Q21(k) sz(k) Qze(k) [Qs]k:[
061™ Q62 Qee™

Q44(k) Q45(k)] (6)

Q54" Qs
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Due to symmetry: Qﬁl(k) = Qlé(k) =0, le(k) = 021(k), Qze(k) = Qsz(k) = 0 and Q54(k)

= Q45(k) =

The plane stress reduced stiffnesses of the kth lamina, Q;."), in its material coordinate

system (x,x,,x,), used to form Eq. (6) is given by [21].

Q (k) - El(k) Q (k) — VlZ(k)EZ(k) (k) - Ez(k) (7)
1 (1= vy V)7 12 (1=, Wvy )" c22 (1=, vy WY

Q66(k) = G12(k)' Q44(k) = G23(k), st(k) = G13(k)

The k" layer properties are defined by:

e E®and E¥ representing the effective longitudinal and transverse moduli of
elasticity;
e v¥and ¥ representing the effective Poisson’s ratios; and
e G, G%®and G are the effective shear moduli of the K layer.
Eq. (8) is produced when the reduced stiffness ¢+’ of the k™ lamina is transformed

to 0 in the coordinate system(x, y,z):
@], = ATT Q1D ®)

where [T] represents a transformation matrix with (k) defined as the fibre angle of

the k™ lamina [1].

3.1.4 Modelling the composite laminate with Finite Element theory

To illustrate the composite's structural response, a four-noded isoparametric
quadrilateral Lagrangian element with five degrees of freedom (DoF) is used to

model the laminated plate [1].

Eq (9) represents the generalized displacement vector:
— T
{u(xl y; t)} = {ul v' w, (px' (py} = [Nu]{d}e = Z?Zl (N][I]SXS{d]}e) (9)

{d]-}e = {uj,vj,wj, Oxj» <py]-}T and the shape function, N;, correspond to the jth node of

the element.
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Eq. (10) is formed when Eq. (9) is substituted into Eq. (2)
ECxy, 0} = [Bl{d}e = Zi, ((B){d},) (10)

or equivalently

{eno [Bb] [Bb];
{E}={{K}}= [Bi]|{d}e = }*=1< [Bi]; {dj}e> (11)
{850} [Bs] [BS]]-
where
8, 0 0 0 0 000 -8, 0
(8],=[0 2 00 oln, [B]=000 0 -o|n, [BJ]":B 8 Zx —01 _OJN/.
d, 8, 0 0 0 000 -0, -0,
and

Xzéx’ ay:%)/'

3.1.5 Calculation of the strain energy
The energy stored in a body due to its deformation is called the strain energy. The

strain energy of the graphene-reinforced composite plate element is:

U= % f (e00}"[Qb]{eno} + Len0) 2[Qu K} + (k)" 2[Qp |{eno} + (k)T 22[Qp |k}
Ve

+{€50)"[Qs]{€s0}) AV
1 {€vo} ! [Q_b] Z[Q_b] 0 {€vo} 1
=-J, U3 ¢ |2[0] 22[Qs] 0 |§ (K} pav =2 [ &} [D@]{E}aV (12)
{€s0} 0 0 [0.1] \{&so}

where the element volume is represented by 1 . U can be written in terms of {¢, },

{«} and {¢} by substituting them into the above equation:

U =~ {d}."[K].{d}. (13)

T2

where
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K] = Z¥-i [f, [BY D@ [Blav: (14)

J, and N represent the volume of the K layer and the number of lamina

respectively.

3.1.6 Derivation of the Kinetic energy equation
To determine the kinetic energy of the graphene-reinforced composite plate the

following equation is applied:

T =250 (f, Pl + () + i) ]avsc ), (15)

Eq. (15) is a function of the density of the k™ layer (). Eq. (1a-c) can be substituted

into the kinetic energy equation, to represent the equation as a function of the

element displacements:

N
1
= EZ fpk[u + 2710, + V2 + 2206, + W? + 2292 + z2@2]dV;,
k=1 \v;

{”] 1 0 0 0 (”]

. v 0 1 0 0 -zl LT ,

S A ado 0 1 0 o |§Wlave = L) () U@kGnav  (16)
l¢x| -z 0 0 z2 0 l‘le
(pyJ lO -z 0 0 Z2J (pyJ

Substituting Eq. (9), the generalized displacement vector, in the above relation gives

the equation:

T =) M) (17)

where

(M1, = f, Sy 2 NI )1, [N]dzdA (18)



In Eq. (18), 4 represents the area of the element and the top and bottom surface of

the k™ layer are represented by z-coordinates, z, , and z.

3.1.7 Calculation of mechanical force induced work done

The mechanical force induced work done is calculated using Eq. (19):

W= @+ [ @ (L) + [ @ ey
S v

= (), INI"{(fe} + (Yo" [ INT™ {£:V}dS + (d3," [, INT" {3V = {d)," (Fn}e  (19)

In Eq. (19), {/.} represents the concentrated force vector, {f.} represents the
surface force vector and {, | represents the volume force vector. The mechanical

forces are applied to the surface area, Si and the symbol {F,}e represents the

applied element mechanical forces.

3.1.8 Governing equation of the eigenvalue problem
Hamilton's principle is used to describe the governing equation for the graphene-

reinforced composite with mechanical loading in Eq. (20):
Jy (8T = 8U + W)y dt = 0 (20)

To express the global form of the final governing equation, values for U, T and W are

substituted into Eq. (20). The expression for the global form is then:

[M){d} + [K1{d} = {F,} (21)
where the global mass matrix, global linear stiffness matrix , global displacement
matrix, and force vector are, respectively, [M], {d}, [K] and {Fn}.

The free vibration of the composite laminate can be analysed by removing the force
term from Eq. (21):
[K1{d} = A[M]{d} (22)
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for which A=w", and » representing the natural frequency vibration.

3.2. Application of micromechanics equations to define effective material
properties

In the thesis the natural vibration is studied for a 3-phase graphene/fibre reinforced
nanocomposite laminate. The nanocomposite is made up of constituent materials
such as, a polymer matrix which could be resins including polyesters, vinyl esters,
epoxies etc., glass or carbon fibre reinforcement and graphene nanoparticle
reinforcement.

Modelling equations, which have been used in numerous published research
articles, are applied to first form the effective material properties of the graphene-
reinforced polymer matrix combining the material properties of the constituent
graphene reinforcement and polymer matrix. The resultant material is the graphene-
reinforced polymer matrix. The graphene-reinforced polymer matrix (now a 2-phase
material) is then combined with glass or carbon fibre reinforcement via the same
micromechanical modelling equations to form a 3-phase graphene/fibre reinforced
nanocomposite with effective material properties derived from the properties of the

fibre reinforcement and the 2-phase graphene-reinforced polymer matrix.

3.2.1 Properties of the graphene-reinforced matrix

In order to calculate the effective Shear Modulus, Poisson’s ratio and Young's
Modulus of the graphene-reinforced matrix micromechanical equations located in [2,
3, 4, 5] are applied. The subscripts M, GM and GPL appearing in the following
equations are used to represent the Matrix, graphene-reinforced matrix and
graphene nanoplatelets. Eq. (23) is used to calculate the effective Young’'s Modulus
of the graphene-reinforced matrix and Vgp. is used to denote the volume content of

graphene platelets:

31+ %4 51+ Vv
Egy = (_ SuLnLVepL +3 Swhw GPL) X Ey (23)
8 1-mLVgrL 8 1-nuwVgpL

By using the dimensions of the graphene platelets in terms of width (wgp.), length

(lepr) and thickness (hgpL), the parameters &, and &, can be derived from Eq. (24).
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g, = 2%6kL g —plarL (24)

hepL hepL

(Em) and (Egp.) represent the Young’s moduli for the matrix and graphene
nanoplatelets (GPLs) respectively and can be used to determine values for the
symbols 1, and n,, used in Eq. (23).

_ (EgpL/Em)-1 _ (EgpL/Em)-1 (25)

M= (EgpL/EM)+ &L W (EgpL/Em)+ &w

The volume content of graphene nanoplatelets (Vsp) can be represented by the
weight fraction (Wgp.) in Eq.(26):

WepL
Vep, = 2
GPL WepLt (pgpL/pmM)(1-WepL) (26)

In Eq. (26) the mass density of the polymer matrix is represented by p,, and the
graphene nanoplatelet's mass density is represented by p;p.. Properties of the

graphene-reinforced matrix are calculated in Eq. (27 to 29).

Vem = VeprLVepr + vm (1 — Vgpr) (27)
_ Ecm

Gem = 2(1+vem) (28)

pem = PeprLVerL + pu(1 — Vgpr) (29)

The Poisson’s ratio, Shear modulus and density are defined by Eq. 27, Eq. 28 and
Eq. 29 respectively.

3.2.2 Considering fibre reinforcement in the graphene/polymer matrix

The composite is further reinforced with traditional fibre reinforcement to improve its
overall properties and strength. The fibres used induce directional stiffness and
strength due to their unidirectional and continuous nature. The rule of mixtures can
be applied in this case to determine the effective material properties of the composite
due to the constituent materials used to reinforce the structure assumed to have
uniform characteristics, equal fibre/particle size, fibres being parallel and continuous

and reinforcement materials being perfectly bonded to the matrix [6]. Multiple studies
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undertaken have successfully utilized the rule of mixtures in a similar/identical
context [7,8,9,10].The micromechanical relations given in [11] are applied to
determine the effective properties of the 3-phase graphene/fibre reinforced
nanocomposite below where the Young’s moduli, shear modulus, Poisson’s ratio and

composite density are given by:

Ei1 = Epy Ve + Egu(1 —Vp) (30)
_ Epz2+Egm+(Ep22—EgM)VF
Ezz = Egu (EFZ +EGM—(EF22—EGM)VF) (31)

Gr12+Gom+(Gr1 —GoM)IVF
Gi2 = Ggu ( (32)
Gr1 +Gem—(Gr12— Gem)VF

Viz = Vp12Vp + v (1 — Vi) (33)

p =pPeVe+ peu (1l —Vp) (34)

In Eq. (30 to 34) the subscript GM is used to represent the graphene-reinforced
matrix and F represents the fibres. In addition, Vz and pp represent the fibre volume

content and density respectively.

3.2.3 Properties of functionally graded materials

Functionally graded material applications were analysed in this thesis where the
volume content of fibores and graphene nanoplatelets, V;p and Vi respectively, are
selected as the parameters to be investigated. A functionally graded distribution of
graphene and fibres are assumed within each layer of the laminate and through the
thickness of each ply. The total graphene and fibre content (V;p, and V) are given

as:

VO =vif®@), v =V fP@ (35)

In Eq. (35), Vi and V;p,, represent the total volume of fibre and GPLs respectively,
the component function £ (2) allocates the type of functionally graded distribution

pattern applied to the graphene and fibre reinforcement and is defined by:
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(1, UD — Uniform

11+ 2z, FG — Type 'V’
f®(z)=4{201-2), FG—Type'Q’ (36)

2z, FG — Type X’

1-7z FG — Type ‘A’

The graphene and fibre reinforcement can be applied separately in each ply resulting
in layer-wise distributions therefore local coordinate systems can be set up for each
ply with the mid-plane of the corresponding layer coinciding with the origin. The

orthogonal component of the local system, z, of the k" layer is defined as:

22— (Zk+1+2k) (37)

Zk+1~ 2k

7 =
Due to Eq. (36), the material properties Qi(;‘) are functions of the transverse

coordinates, z. The ‘integral’ function embedded in MATLAB has been utilized to

calculate the integrals with respect to z.

3.3. Definition of the optimization framework of the composite for maximum
fundamental frequency output

In order to avoid resonance, the laminate's fundamental frequency is maximized
during the analysis and design of the composite plate. To achieve this an
optimization framework is proposed for the composite in reference to a number of
design variables including graphene weight, fibre content and stacking sequence,
thickness, aspect ratio, fibre angle and boundary condition. Eq. (38) defines the

optimization scheme used:

max Natural Frequency f(Vg, Wgp., 0) = (38a)
subjectto Y p_iWgp, = b (38b)

¢, SWep, <03 (38¢c)

d, <Vp <d, (38d)

—90° < Fibre angle 8 < 90° (38e)
k=1 (38f)
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Eq. (38b) gives a predefined value to the total weight of the laminate, which is
calculated by summing the weight of graphene (Wgp) in each layer for (n) number of
layers. The upper and lower bounds of the graphene weight and fibre content are
specified in Eq. (38c) and (38d). Eq. (38e) describes the maximum and minimum
limitations for the fibre angle and Eq. (38f) is used when the thickness of each layer
becomes non-uniform. Eq. (38f) is defined as the thickness ratio of the laminate
which can be further explained as the thickness of each layer divided by the
laminates total thickness. The optimization problem is solved using the Sequential
Quadratic Programming Algorithm (SQP). The method generates a step by step
procedure for non-linearly constrained optimization by solving quadratic sub-
problems [12]. Each major iteration takes into account an approximation of the
Hessian of the Lagrangian function through the use of a quasi-Newton updating
method. A quadratic programming sub problem is then created and solves to
determine the direction of the search. Below is a brief presentation of the scheme's

details.

[12] illustrates the optimization problem with non-linear equality and inequality
constraints:
min f(x)
subject to c;(x) =0,i € E (39)
ci(x)=0,iel

The problem is then linearized into:
: T 1 Ty72
min fiet Ve + 5 P VixLip

subject to Ve;(xx)™p + ¢c;(xx) =0,i EE (40)

Vci(xk)Tp + Ci(xk) =0,iel

MATLAB is used to solve the given problem via optimization [13, 14]. Typically, the
MATLAB algorithms previously referred to are used for minimization analysis,
therefore, the  following modification is  applied to Eq. (38):
min Natural Frequency f (Vg, Wgp,, ) = —2 for analysis in this research. The

minimization function utilized is a MATLAB algorithm that is modified to produce the
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optimized fundamental frequency under various conditions. SQP optimization is used
via the MATLAB function, called fmincon. In the central Matlab code this function is
used, and the developed finite element analysis code calculating the natura
frequencies for the composite laminate is called as a Matlab subroutine by this SQP

function.
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Optimal design and analysis of three-phase graphene/fibre reinforced laminated nanocomposite plates with
respect to maximizing the fundamental frequency is the subject of the present study. Optimal design solutions are
given for four different sets of design parameters. First design problem determines the optimal graphene contents
of individual layers, the second one both graphene and fibre contents, the third optimizes the graphene and fibre
contents as well as the layer thicknesses of individual layers, and the fourth problem optimizes the graphene and
fibre contents, layer thicknesses and fibre orientations. Purpose of this approach is to assess and compare
different levels of optimization by means of a design efficiency index and as such to determine the effectiveness
of different design parameters in maximizing the fundamental frequency. Optimization is implemented using a
Sequential Quadratic Programming algorithm and the mechanical properties of graphene/fibre nanocomposite
are determined via micromechanical relations. Vibration analysis is conducted by the finite element method
using four-noded Mindlin plate elements. Results are obtained for simply supported (SSSS), clamped (CCCC) and
simply supported-clamped boundary conditions for opposite edges (SCSC). It is observed that non-uniform
distributions of graphene and fibre as well as fibre orientations are quite effective in improving the design
efficiency.

1. Introduction reinforcement of composites by GPLs have been investigated in [6].

An important tool in the design of composite components is design

Nanocomposite laminates are used widely in several sectors of civil,
mechanical and aerospace engineering. The concept of the enhancement
of traditional composite structures by utilizing advanced materials with
superior mechanical properties has gained wider acceptance, imple-
mentation and applications in the last few years as noted in a number of
publications [1-3]. Recent research efforts have highlighted the idea of
incorporating nano-scale reinforcements, such as carbon nanotubes
(CNTs) or graphene nanoplatelets (GPLs), to improve the mechanical
and physical properties of polymer composites further. The specific in-
terest in the present study is the use of GPLs as reinforcement due to
their superior properties as noted in [4,5]. Several issues concerning the

optimization in order to improve their performance facilitated by the
availability of several design parameters [7]. The most common way of
optimizing a composite laminate is by determining the fibre orientations
optimally in order to maximize (or minimize) a specific design objective.
An important aspect of a design is to keep the weight of the component
as low as possible. This can be achieved by placing the reinforcements
mostly in the outer layers and a smaller portion of the reinforcements in
the middle layers. This approach is based on the fact that reinforcements
closer to the surface layers contribute more to the laminate stiffness [8].
Non-uniform fibre distribution has been implemented as a design tool in
a number of studies in order to improve the design efficiency and reduce
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the weight [9-11]. In this case fibre volume fractions of layers become
design parameters. In the present study the design parameters to
maximize the fundamental frequencies include the volume fractions of
graphene platelet and fibres in each layer, ply thicknesses and fibre
orientations. In order to assess the effect of different design parameters
on the design efficiency, the design parameters are introduced in four
steps, namely, graphene content only of each layer, graphene and fibre
contents of each layer, ply thicknesses and finally fibre orientations.

Graphene is a monolayer of sp? hybridized carbon atoms arranged in
a honeycomb structure and is well known for its exceptional mechanical
properties [12]. It also possesses additional beneficial properties such as
light weight, electrical conductivity and mechanical toughness [13] and
presently it is being used widely in several industrial applications [14].
It was noted that Young’s modulus of graphene could approach 1000
GPa and its tensile strength 130 GPa [15]. It was also noted that 0.1%
GPL added to epoxy composites can increase the Young’s modulus by
31% [16]. The main reason for the high reinforcing capacity of graphene
is attributed to large surface area of platelets resulting in a high level
load transfer from the polymer matrix to reinforcing component as
observed in [17,18]. However, the introduction of a nano-scale rein-
forcement into polymer matrix should also consider such effects as the
diminishing returns caused by using a high amount of nano reinforce-
ment which can lead to the nano material not dispersing in the matrix
uniformly. Uniform dispersion of nano-scale reinforcements in a matrix
is an important consideration as a high volume content can lead to
coalescing and inadvertently affecting the stiffness and the strength of
the material. Another issue is the high cost of nano materials which
makes the optimal use of the nano reinforcements an important
requirement to keep the material costs to a minimum. These consider-
ations become of major importance in the design of three-phase nano-
composites (nano-scale reinforcement + fibre + matrix). Within this
framework, several studies investigated the behaviour of nano-
reinforced laminated structures undergoing free or forced vibrations,
or subject to buckling or bending loads. One of the main areas of this
research has been the study of two-phase graphene reinforced nano-
composite laminates consisting of only graphene and a matrix.

Free vibration, buckling and static bending of multi-layered and
functionally graded GPL reinforced composite plates were analysed in
[19]. Elastic constants of the nanocomposite were computed using the
modified Halpin-Tsai micromechanical model. The results indicated that
the natural frequencies and buckling loads were significantly improved
with the addition of graphene. In [20], vibration damping properties of
GPL reinforced NR/EPDM (Natural rubber/ethylene-propylene-diene
rubber) were studied via free vibration tests. The results showed that
the addition of GPLs significantly improved the damping ratio values (up
to 50%) when compared to the NR/EPDM blend only.

Light weight structures are often exposed to severe vibrations and it
becomes important to improve their performance by reducing the pos-
sibility of resonance. To avoid resonance, natural frequencies of the
structure have to be away from the excitation frequency. One way of
achieving this objective is to increase the fundamental frequency and
make it higher than the excitation frequency. Another way is to increase
the frequency gaps and place the excitation frequency into one of these
gaps [21,22]. The first case leads to an optimal design problem to
maximize the fundamental frequency. A statistical analysis is given for
the free vibrations of functionally graded graphene reinforced compos-
ite plates in [23]. The study indicates that boundary conditions and
volume fractions of GPLs were the most significant parameters for the
vibration response, followed by thickness ratio and distribution pattern
of GPLs. More recent works on the vibration of two-phase graphene
reinforced nanocomposites include [19,24-32].

Recently, the research was directed towards investigating the me-
chanical response of three-phase multi-scale laminates. In this case, the
polymer matrix is reinforced by a nano-scale material such as carbon
nanotubes (CNT) or graphene as well as fibres (mostly glass or carbon)
leading to a multi-scale composite involving macro (matrix), micro
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(fibre) and nano (CNTs or GPLs) scales. The motivation for this study
emanates from the fact that the limits of improving the mechanical
properties of traditional fibre reinforced composites are gradually
reached [33] while the requirements for advanced material properties
increase. A major reason for the high-level of reinforcement of com-
posites by graphene platelets is the two-dimensional nature of graphene
which results for the reinforcement to take place in the in-plane di-
rections. Furthermore, graphene platelets have larger surface to volume
ratios which create a larger interface for bonding [34]. In [35] it is
concluded that the flexural modulus of three-phase graphene/fibre
reinforced composites is 1.7, 4.5 and 6.4 times larger than those of the
two-phase fibre reinforced composites, the two-phase graphene rein-
forced composites and the polymer host, respectively. Scanning electron
microscope image analysis presented in the same article indicates that
the enhancement of the mechanical properties for the three-phase
composite is attributed to the synergetic effect of the fibres and the
nano-reinforcement (graphene nanoplatelets) on the polymer matrix in
terms of improvement of the interfacial interactions and decrease of the
matrix-rich and free-volume regions. Therefore, it is expected that three-
phase composites provide a further improvement over the two-phase
conventional composites and two-phase nanocomposites. The advan-
tages of a graphene and fibre reinforcement of polymer composites have
also been noted in a number of publications [35-39]. Studies on the
bending, buckling and vibration behaviour of multi-scale three-phase
laminates are given in [40-43]. Numerical results of [40] indicated that
the central deflection and fundamental frequencies were significantly
improved by incorporating a small percentage of GPLs in a fibre-
reinforced composite. In [43], it was observed that exceeding a certain
fibre content in a three-phase laminate leads to a decrease in the
buckling strength by reducing the volume fraction of graphene rein-
forced matrix.

Several studies were directed to the optimization of fibre composite
laminates to improve the vibrations response [8,44-47]. However, a
relatively small number of studies involved optimization of two-phase or
three-phase nanocomposite laminates. In [48], vibration and optimiza-
tion of CNT reinforced beam was investigated based on higher order
theories. In [49], CNT and glass fibre reinforced composite plates were
optimized for maximum frequency. Results indicated that higher CNT
volume fraction does not necessarily increase the frequencies. It was
observed that the stacking sequence can significantly influence the fre-
quencies, especially in the case of simply supported boundary
conditions.

Presently, there seems to be no work published on the optimization
of the frequencies of three-phase, graphene/fibre reinforced composite
laminates taking the graphene and fibre contents non-uniformly
distributed across the thickness, taking the ply thicknesses non-
uniform, combined with the optimal orientation of fibres. In the pre-
sent study, this problem is studied in detail from analysis and optimi-
zation points of view to offer an insight on the vibration response of
three-phase laminates. The main emphasis is on the optimal graphene
distribution across the laminate thickness as well as on optimal gra-
phene and fibre distributions across the thickness. In addition to these
two design variables, optimizations with respect to layer thicknesses and
fibre orientations are also studied in combination with optimal graphene
and fibre distributions. To implement the analysis and optimization
solutions for various boundary conditions, a finite element analysis code
is developed based on the first-order shear deformation theory (FSDT)
for the computation of the fundamental frequencies of the laminated
composite. The code is then incorporated in an optimization scheme
based on the sequential quadratic programming (SQP).

Section 2 of the paper presents the theoretical background for the
finite element code developed to simulate the free vibration response of
laminate plates. Section 3 is allocated to the micromechanical equations
implemented to determine the effective material properties of the
laminate. Section 4 presents the optimization formulation and Section 5
the verification of the proposed numerical scheme by comparing the
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results to published research and also the ones obtained by commercial
software. In Section 6, analysis results are given, investigating the effects
of reinforcements of graphene and fibres on frequencies. Section 7
presents the optimal design results and Section 8 the conclusions of this
work.

2. Theoretical formulation

The present study involves the vibrations of a laminated composite
plate having length a in the x-direction, width b in the y-direction and
with a total thickness of D as shown in Fig. 1. The plate consists of N
layers with the principal material coordinates of the k™ lamina oriented
at an angle 6 to the laminate coordinate x. The xy — plane coincides
with the mid-plane of the plate with the z-axis being normal to the mid-
plane (Fig. 1). The vertical coordinates of the top and bottom of the k™
layer are given by z = 2 and 2 = 2_;. The polymer matrix is reinforced
with graphene nanoplatelets and fibres noting that their volume frac-
tions in each lamina could be different. Furthermore, layer thicknesses
could be non-uniform and could be determined optimally.

2.1. Mechanical displacements and strains

One of the most widely used displacement based theories for lami-
nated plates is the first-order shear deformation theory (FSDT) which is
based on the displacement field described by the equations:

”1(x7y7Z7 t) = u(xay:t) 7Z(px(x7y’t)
uz()ﬁy,ZJ) :V(X:)’vt)*wy()f’yﬁt) (1)
Ms(Ly,ZJ) :W(xvyvt)

where (u;, u, us) are the displacements along the (x, y, z) coordinates,
(u, v, w) are the displacements of a point on the mid-plane of the panel
and ¢, ¢, are the normal rotations about the x and y-axes, respectively.
Using the strain—displacement relations, the bending and shear strains
can be expressed as

{es} = {en} +2{D°}, {&} = {ens} (2)

where

_ T _ T _ JOu dv ou  dv r
{Eh} = {E,XX#eyy7}/x)'} 1{6.\} - {}/)-za}/xz} -,{80/7} - {ava_ya"_a} (33)

Y op,  Opy op, Oy T ow ow T
{D}_{faxvfa 57<ay dx)}r{SOS}_{) 7¢y=axfwx}
(3b)
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2.2. Constitutive equations

For an orthotropic material possessing a plane of elastic symmetry
parallel to the x-y plane, the constitutive equations for the k™ lamina are
given by:

{o} = [0l {e} @

where {c}, is the stress tensor and {¢} is the strain tensor. [Q]; is the
plane-stress reduced stiffness matrix. Bending and shear stresses for k™
lamina can be expressed as

{ov}h = (0ol e} {o:} = (O] {e} (5)
where {o,}, = {61,02,06}", {6:}, = {64,065} and
on® 0" 0 04, 0
[Qb]k = Qzl(k) Q22<k) 0 [Qs]k = { 48 0 (k):| (6)
00 0 .

In Egs. (6), ng are the plane stress-reduced stiffnesses of the Kt
lamina [50]

3 K k

o = EY oY = v WEY — oW oW = EY
11 — K (k) =12 — (k) (k)y  =212%222 — k) (k)
(1- VEZ)V;I)) (1- VIZ)V(ZI)) (1- ng)vzl))

k k K K 3 k
0y = Gy, 04 =kG3. 0% = kGYY

where Egk), E<Zk) are the longitudinal and transverse moduli, ygkz), y(zkl) are

the Poisson’s ratios, G(ll;), Gg;), G(1k3) are the shear moduli of the k™ layer

and k; is a shear correction factor taken as g. The reduced stiffness ngk) of

the k™ lamina can be transformed to Qg-k) as
], = (Wel),, @

where [L] is a transformation matrix for the fibre angle 6y of the Kt
lamina [50].

2.3. Finite element formulation and eigenvalue problem

In the present study, the laminated plate has been discretized using a
four-noded isoparametric quadrilateral Lagrangian element with five
degrees of freedom (DOF) per node. The generalized displacement
vector is interpolated as:

(e y. 0t = {wvow .0} = Na)L =Y (Nils{d},)  ®

Jj=1

where {d;}, = {u}'7Vj7Wj7(pxj,wyj}T corresponds to the j node of the

a
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Fig. 1. Geometry of the laminated plate.
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element and N; are the shape functions. Substituting Eq. (8) into Egs. (2)
gives

(e} = Bay. — 32 ([Ba}.) ©

J=1

or equivalently

{en} (By] 4 (B);
(e} =9 {07} 3= | B [{d}. =D | | By | {4}, 10
{550} [BS] =1 [BSL'
o 0 0 0 O
where[Bp]; = 0 d 0 0 O|N; (Bl =
dy dx 0 0 O
0 00 -0 O
000 o |- [0 0 % G s
0 0 0 —d, —0x Y

and 0, = a/dx’ oy = a/dy’
Using Hamilton’s principle, the governing equation of the laminated
plate subject to mechanical loads is expressed as

10
/(5T —SU+5W)di = 0
0

(1)

where U is the strain energy, T is the kinetic energy and W is the work
done by the mechanical forces of the laminated composite plate. Ana-
lytic expressions of U, T and W are given in the Appendix.

The global form of the final governing equation is then expressed as

M]{d} + [K|{d} = {F.,} a2
where [M], [K], {d} and {F,} are global mass matrix, global linear
stiffness matrix, global displacement and force vectors, respectively. The
generalized governing Eq. (12) can be employed to study the free vi-
bration by dropping the force term as:

[KH{d} = AM){d} a3
with the eigenvalue A = ®® where o is the frequency of natural vibra-
tions. Eq. (13) is solved within the framework of the finite element
method using Cholesky factorization [51]. This method can be adopted
since the stiffness matrix [K] is symmetric and the mass matrix [M] is
symmetric positive-definite. The solution of the eigenvalue problem is
implemented within MATLAB [52,53].

3. Effective material properties using micromechanics equations

The laminate under consideration is a three-phase graphene and
fibre reinforced polymer nanocomposite. The concept of the three-phase
material relies on the need to enhance its structural response by adding a
small quantity of nano-reinforcement (graphene nanoplatelets in the
present study), and improving its mechanical properties by doing so.
First, particles of the nano-reinforcement are distributed into the matrix,
resulting in a nano-reinforced, isotropic matrix. Then, the nano-
reinforced matrix is further reinforced with fibres.

The effective material properties of the nano-reinforced matrix are
derived in this article using the Halpin-Tsai model and the rule of mix-
tures. This micromechanical homogenization approach is widely adop-
ted in published research to capture the effective response of graphene
reinforced laminates, see for example [54-57].

For the calculation of the effective properties of the three-phase
fibre/graphene reinforced matrix, a second set of micromechanics
equations is adopted in this article. This set of equations is traditionally
used to derive the effective material properties of a fibre reinforced
matrix involving two-phase fibre reinforced composites [11]. This
concept of using micromechanical homogenization schemes for three-
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phase laminates, initially adopted for two-phase fibre reinforced com-
posites, has been elaborated in several publications. For instance,
micromechanics equations adopted in [58] for a two-phase fibre rein-
forced composite, are also used in [40] to derive the effective material
properties of three-phase fibre/graphene reinforced matrix. The same
concept of using micromechanics approaches for three-phase compos-
ites, which had initially been adopted for two-phase composites, has also
been implemented in a number of publications involving three-phase
CNT/fibre reinforced laminates [41,49].

Elastic constants in this article are computed from the applicable
micromechanical equations. First, the effective material properties of
the graphene reinforced matrix are computed using the micro-
mechanical equations applicable to uniformly distributed GPLs. Next
step involves the computation of the material properties of the three-
phase graphene/fibre reinforced composite using the applicable
micromechanics equations.

3.1. Graphene reinforced matrix

In this section, Young’s and shear moduli, Poisson’s ratio and density
of graphene reinforced matrix are computed using the micromechanical
equations presented in [54,59-61]. In the equations, subscripts GPL, M
and GM denote graphene nanoplatelets (GPL), the matrix (M) and the
graphene reinforced matrix (GM). Young’s modulus of the GPLs rein-
forced matrix is given by

(3 1+ & Vere
Eou = | 5
8 1—n.Vere

where Vgpy, denotes the volume content of GPLs. Parameters & and &,
are given in Eq. (15) in terms of the length (Igpr), the width (wgpr) and
the thickness (hgpy) of GPLs:

14

51 M
S1+&m, VGPI.) x Ey
8 1—n,Vore

lgpL WarL
f=2—4,=
v hepr hepL

(15)

Symbols 7, and 7, in Eq. (14) are calculated next in terms of Young’s
moduli Egpy, of the graphene nanoplatelets and Ej; of the matrix as

(Egpr/Em) — 1 (Egpr/En) — 1

= (EgpL/Eum) + f]jnw - (EcpL/Em) + &,

The volume content of graphene nanoplatelets can be computed in
terms of its weight fraction Wgpy as

1e)

WarL
Warr + (Pgpr/Pu)(1 — Wepe)

VerL = 17

where pgp; and p,, represent the mass densities of graphene nano-
platelets and the polymer matrix, respectively. Poisson’s ratio, shear
modulus and the density of the graphene reinforced matrix are given by

vem = VareVepr +vu(1 — Vopr) (18)
Egu

Goy = ———— 19

M1+ vm) (19)

Pon = PorrVore + Py (1 = Vapr) (20)

3.2. Graphene and fibre reinforced matrix

Fibre reinforcement of the graphene reinforced matrix improves the
properties of the composite further. The fibres employed for this purpose
are unidirectional and continuous. Young’s moduli, shear modulus,
Poisson’s ratio and density of the graphene/fibre reinforced nano-
composite are computed via micromechanical relations given in [11]:

E\y = Er Ve +Eu(1 — Vi) (21)
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Ern + Ecu + (Ern — Eoy)Vr
Ex :EGM< F2 om + (Ern M) f) (22)
Ern + Egy — (Ern — Eou)Vr
Grio + Goy + (Gria — GGM)VF>
G, =Gz =G, (23)
2 3 o (GFlz + Gou — (Grio — Gou ) Vr
Ex
Gy =c—"— 24
2T 214 vy) (24)
vio = v Ve +veu (1 = Vi) (25)
1+ veu +viaEgu/En
= V 1-V, 26
va3 = Ve Vi +veu( F)<1 TV + vivowEon JEn, (26)
P =peVi +peu(l — V) 27)

Subscripts GM and F refer to graphene reinforced matrix and fibres,
respectively. The fibre volume content is represented by Vr and the
density of fibres by pj.

4. Optimal design problem

The design objective is the maximization of the fundamental fre-
quency under different boundary conditions and employing a number of
design parameters. Design parameters include the distributions of GPLs
and fibres across the thickness, layer thicknesses and the fibre orienta-
tions. The constraints imposed on the optimization include the total
weight of GPLs, total volume content of fibres as well as the weight
content of GPLs and the volume content of fibres in individual layers.

The first two optimization problems involve laminates with uniform
layer thicknesses with the distributions of GPLs (Problem 1) and GPLs
plus fibres (Problem 2) taken as non-uniform across the thickness and
their distributions across the thickness are to be determined optimally.
The next optimization problem involves laminates with non-uniform
layer thicknesses in addition to having non-uniform distributions of
GPLs and fibres (Problem 3). In the final optimization problem (Problem
4), the fibre orientations are also specified as design variables in addi-
tion to the previous three design variables. As such Problem 4 has four
design variables, namely, GPL and fibre distributions, layer thicknesses
and fibre orientations.

Dimensions of the composite laminate are given by a in the x-di-
rection and b in the y-direction as shown in Fig. 1. The total laminate
thickness is D and the number of layers is N. In the first two optimization
problems, thickness of each layer is specified as constant and equal to h
with Nh = D. In the third and fourth optimization problems, the thick-
nesses h; of layers are taken as design variables leading to laminates with
non-uniform layer thicknesses with Zfi 1hi = D. The fibre and graphene
volume contents of each layer are denoted as Vj; and Vgpy; , respectively.

4.1. Formulation for laminates with uniform layer thicknesses (Problems
1 and 2)

The volume of fibres in each layer is given by Volr = abhVp; and the
total volume of fibres in the laminate by Volgr = Eﬁ , Vol =
abh>"Y | Vi; for a laminate with N layers. The volume of the laminated
plate is given by Vol,q. = abD. The maximum amount (volume) of fi-
bres available for the laminate is specified as Volpmgx = abDVpmqe, Where
VEmax 1S the maximum fibre volume content of the laminate. Based on
these definitions, the design constraints for the total fibre volume are
given by

N h N
Volpr<Volpnw=abh Z VEi<abDVipax =5 Zl VEi<VEmax

i=1 i=

(28)

In the specific case of a composite laminate with 8 layers which is
studied in the numerical results sections, Eq. (28) becomes:
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A similar formulation is adopted for the constraint on the overall

weight of graphene nanoplatelets and for an 8-layered laminate, the

constraint is given as

1 8
3 Z WerLiSWepLmax (30)
i=1
In Eq. (30), Wgp; and Weppma, denote the weight of graphene nano-
platelets for the i layer and the maximum graphene weight for the

laminate, respectively. With the design constraints defined as above, the
optimization problem for an 8-layered laminate can be stated as follows:

max Fundamental Frequency f(Vi,Wepr,0) = @ (31a)
18

subject to 3 ; VEi<Vrmax (31b)
&

3 Z} WaerLiSWepLmax (31c)
Wep1iz0 (31d)
d\<Vpi<d, (31e)
—90° < Fibre angle 0 < 90° (311)

Eq. (31d) states that graphene weight of each layer must be greater
than or equal to zero and Eq. (31e) imposes lower and upper limits d;
and d; on the fibre volume content for each layer. As shown in Egs. (31),
each layer represents a three-phase material since the contents of gra-
phene and fibre reinforcement are greater than zero. If for a layer, the
case of zero graphene content arises (case of equality in Eq. (31d)), then
the composite becomes two-phase. However, this is determined by the
optimization algorithm since the code is set up for three-phase com-
posites. Practically, some zero graphene layers arise in the middle of the
laminate as observed in the results sections.

In order to assess the effectiveness of an optimal design, that is, the
increase in the fundamental frequency as compared to a benchmark, a
design efficiency factor is introduced. It is defined as the ratio of the
maximum fundamental frequency @pmq, of the optimally designed
laminate and a reference frequency @,. The reference frequency corre-
sponds to a laminate with uniformly distributed graphene and fibres
across the thickness of the laminate with the efficiency factor for an 8-
layered laminate defined as

7= Oar(Ve, Wepr, 0)

= v T7——
wo (Vi = 5= Wepy = "8 i = 1,2,...,8)

(32)

4.2. Formulation for non-uniform layer thicknesses (Problems 3 and 4)

For a laminate with non-uniform layer thicknesses, i.e., each layer
having a different thickness, the layer thicknesses h; become design
variables to be determined optimally subject to the total thickness
constraint S ) 1% = 1. The volume of fibres in each layer is given by
Voly; = abh; Vg and the total volume of fibres in the laminate by Volgr =
SV Vol = abS"Y | h;Vi; for a laminate with N layers. Design constraint
on the total fibre volume content Volgr is given by

N N
1
V01F7<V01Fmax=>llbg hiVFiS(lbDVFmaFPB E hi VeV emax (33)
T

i=1 i=

A similar constraint applies to the total weight of graphene platelets
and is given by
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1 N

D Zl hiWepLiSWepLmax (34
In the numerical results sections, optimization of an 8-layered

laminate is studied. For this specific case, the optimal design problem

can be stated as follows:

hi .
max fundamental frequencyf(Vp., WGPL,B, 01) = (35a)
1 8

subject to B ; hiVFistsz( (35b)
l 8

D Zl hiWepLiSWepLmax (350)
Wep, >0 (35d)
d <Vp<d, (35e)
—90° < Fibre angles 6i < 90° (35f)

For this case, the design efficiency factor is defined as

y— Omax(Vr, Wopr, %, 0) (36)

V W .
wo(V; = - Wepy; = et fp =B i =1,2,...,8)

where the denominator corresponds to a laminate with uniform gra-
phene and fibre distributions as well as having uniform layer
thicknesses.

4.3. Solution of the optimization problem

Numerical solutions of the optimization problems are obtained by a
Sequential Quadratic Programming algorithm (SQP). This is an effective
optimization method which generates steps by solving quadratic sub-
problems for nonlinearly constrained problems [62-64]. In particular,
an approximation of the Hessian of the Lagrangian function is consid-
ered at each major iteration using a quasi-Newton updating method.
This is then used to generate a Quadratic Programming sub-problem the
solution of which is used to define a search direction. This scheme is
briefly presented below. The optimization problem with nonlinear
equality and inequality constraints is given by [62]:

minf (x)

subject 1o ¢;(x) =0,i € E 37

ci(x) >0,iel

The problem is then linearized into:

. 1
minfi + Vf{p+5p" ViLip
P

subject to Vc,-(xk)rp +ci(n)=0,i€E (38)

Veila) ptcn) >0iel

The solution of the problem formulated above is implemented within
MATLAB [52,53]. It is noted that since the MATLAB algorithms
mentioned above are originally defined for minimization, the objective
functions presented in Egs. (31) and (35) are modified as follows:

min Fundamental Frequency f(Vi, Wgpr, 0) = — o.

The fundamental frequency is calculated by solving the eigenvalue
problem. This solution is implemented within the optimization algo-
rithm aiming to maximize the fundamental frequency as defined in the
optimization formulation, considering the constraints presented in
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sections 4.1 and 4.2. In particular, the finite element model for the
composite laminate is included in the optimization algorithm. The
classical steps of the finite element method are implemented, the mass
and the stiffness of the structure are determined and the eigenvalue
problem is solved, resulting in the computation of the fundamental
eigenfrequency. Then, optimization is implemented until the optimal
solution satisfying the constraints is obtained.

5. Verification of the numerical approach

In the numerical results sections, the non-dimensional form of the
fundamental frequency ®, namely, Q is used which is given by

- [Py
Q = wD Ey

Verification of the method of solution implemented in the present
study is done by comparing the present results with the results available
in the literature and also with the results obtained by using a commercial
software package. In the computations, the material properties given in
Table 1 are used. For the dimensions of the GPLs, the following values
are used: lgp, = 2.5 pm, wgp, = 1.5 pm, hgpr, = 1.5 nm. The graphene
weight content is specified as Wgp, = 1%. First, the natural frequencies
obtained by the present method are compared in Table 2 with the results
available in the literature, for the case of a GPL reinforced laminate.
Results are given using the non-dimensionalized frequency defined in
Eq. (39). The same non-dimensional frequency is used for numerical
results presented in this work. Comparisons are given for the case of an
isotropic plate (zero graphene and fibre content), as well as for the case
of a graphene reinforced plate (with zero fibre content). As shown in
Table 2, for both cases, a close agreement between the published
research and the present model is observed.

Frequencies of the same composite laminate have been computed
using ABAQUS commercial finite element analysis package and
compared with the results obtained by the present method of solution.
Four node shell elements and a 10x10 mesh have been used in the
ABAQUS implementation. Then, several cases were examined as shown
in Table 3 involving laminates with different number of layers and fibre
angles as well as different boundary conditions. In all these cases, glass
fibres are used as reinforcement with fibre content set to 50% for each
layer. Results indicate a good agreement between the natural fre-
quencies obtained by the model developed in this article and using the
commercial software.

For further validation of the proposed model, the optimal funda-
mental frequency obtained by the proposed approach is compared with
a number of discrete simulations conducted using the commercial soft-
ware package. A two-layer hybrid laminate finite element model is
developed and several simulations are conducted, adopting different
stacking sequences. As shown in Table 4, both the proposed approach
and the commercial software result in the same optimal stacking se-
quences as well as giving a very close value for the optimal fundamental
frequency.

(39

Table 1
Material properties of GPLs, matrix, carbon and glass fibres.

Material E11(GPa)  Eoo G12 (GPa) V1o Density (kg/
(GPa) m?)
GPL 1010 1010 Eqpq/(2(1 + 0.186 1060
V)
Matrix 3 3 E11/2Q1 + 0.34 1200
V)
Carbon 263 19 27.60 0.20 1750
fibres
Glass fibres 72.4 72.4 Ep1/2(1 + 0.20 2400

V)
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Table 2
Comparison of non-dimensional frequencies Q of simply supported (SSSS) square plates reinforced by GPLs with the thickness/length ratio of D/a = 0.1
Pattern Method Mode
1 2
Present/Mesh 5x5 0.0610 0.1611
Isotropic plate Present/Mesh 10x10 0.0590 0.1441
(zero graphene and fibre content) Present/Mesh 15x15 0.0587 0.1413
Ref. [65] 0.0584 0.1391
Ref. [27] 0.0584 0.1390
Present/Mesh 5x5 0.1267 0.3352
Uniformly distributed GPLs with Wgp;, = 1% Present/Mesh 10x10 0.1228 0.2999
Present/Mesh 15x15 0.1221 0.2941
Ref. [65] 0.1216 0.2895
Ref. [27] 0.1216 0.2895

Table 3
Comparison of non-dimensionalized frequencies Q of GPLs/glass fibre square plate with thickness/length ratio of D/a = 0.1, Wgp, = 1% and fibre volume content is
50%
Boundary conditions Pattern Stacking sequence Method Mode
1 2
Present 0.1579 0.3647
1 layer [44] Commercial software 0.1555 0.3601
Present 0.1500 0.3498
3 layers [0/90/0] Commercial software 0.1483 0.3454
SSSS Present 0.1530 0.3565
8 layers [0/30/45/90] Commercial software 0.1511 0.3520
Present 0.2639 0.4937
CCCC 8 layers [0/30/45/90]; Commercial software 0.2611 0.4885
Present 0.2226 0.3891
SCSC 8 layers [0/30/45/90], Commercial software 0.2204 0.3844

6. Analysis of the effects of reinforcements on frequencies

Before presenting the results for the optimal design problems, some
preliminary simulations are conducted with the GPLs and fibres
distributed uniformly across the layers, i.e., all layers having the same
volume content of the reinforcements. The objective of this exercise is to
assess the effect of different graphene and/or fibre contents on the
fundamental frequency and to study the trends as reinforcements in-
crease. This study is conducted to observe the behaviour of three-phase
composites which may have some unusual trends in terms of the effect of
different reinforcements on frequencies. For this purpose, uniform glass
or carbon fibre contents of 30% or 60% are specified for each layer. The
results of this exercise are shown in Figs. 2 and 3 for different boundary
conditions. In Fig. 2 results for an anti-symmetric stacking sequence and
in Fig. 3 for a symmetric stacking sequence are given.

It can be observed from Figs. 2 and 3 that as the graphene weight
increases beyond a certain limit, a lower percentage of fibres (30%)
results in a higher frequency as compared to the higher percentage of
fibres (60%) for both glass and carbon fibres. This cross-over point for
glass fibres is approximately 3% of graphene weight and for carbon fi-
bres approximately 6% of graphene weight. A physical explanation for
this behaviour can be presented, by noting that the contribution of the
Young’s modulus of the graphene reinforced matrix Egy (Eq. (14)) to E1q
(Eq. (21)) decreases, as the fibre content Vr increases, due to the second
term of Eq. (21) decreasing as Vr increases. Since the graphene rein-
forced matrix has a high elastic modulus Egy, decrease in the contri-
bution of Egy to Ej; affects the natural frequency negatively once Vg
becomes too high. The reason for the cross-over point being higher in the
case of carbon fibres is due to the high value of Young’s modulus of
carbon fibres which compensate the decrease in the contribution of Egy,
as fibre content increases.

This observation indicates that the optimal distribution of graphene
and the fibres along the thickness of the laminate needs to be taken into
account for an efficient design since a simplified consideration, e.g., of
uniform distribution of the graphene reinforcement across the thickness

may lead to diminishing returns. Also the results indicate that a higher
fibre content does not lead to higher frequencies at higher graphene
contents since increasing the fibre content has the effect of reducing the
frequency if the graphene content exceeds a certain threshold. It is
observed that this threshold value is higher for carbon fibre reinforced

Table 4

Comparison of non-dimensional frequencies Q with those obtained from the
commercial software package for a GPLs/glass fibre SSSS square plate with
thickness/length ratio D/a = 0.1, Wgp, = 1% and fibre volume content 50%.

Commercial software discrete simulations Proposed optimization code

Case  Stacking Non- Optimal Optimal non-
sequence dimensionalized stacking dimensionalized
frequency sequence frequency

1 [0/0] 0.1483 [45/45] 0.1579

2 [30/0] 0.1505

3 [45/0] 0.1510

4 [60/0] 0.1496

5 [90/0] 0.1464

6 [0/30] 0.1505

7 [30/30] 0.1537

8 [45/30] 0.1543

9 [60/30] 0.1528

10 [90/30] 0.1496

11 [0/45] 0.1510

12 [30/45] 0.1543

13 [45/45] 0.1555

14 [60/45] 0.1543

15 [90/45] 0.1510

16 [0/60] 0.1496

17 [30/60] 0.1528

18 [45/60] 0.1543

19 [60/60] 0.1537

20 [90/60] 0.1505

21 [0/90] 0.1464

22 [30/90] 0.1496

23 [45/90] 0.1510

24 [60/90] 0.1505

25 [90/90] 0.1483
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Fig. 2. Non-dimensional frequencies Q of 8-layered laminates with uniform graphene and fibre distributions in layers and anti-symmetric stacking sequence [0/90/

0/901anti-s with D/a = 0.1, a/b =1 for a) glass fibres, b) carbon fibres.

laminates as compared to glass fibre reinforced laminates. This effect is
due to the higher stiffness of the carbon fibres. It is observed that the two
different stacking sequences shown in Figs. 2 and 3, namely, cross-ply
anti-symmetric and symmetric, result in similar behaviours.

7. Optimal design results

Optimization results obtained by the maximization of the funda-
mental frequency are given in this section. Results are presented for
three different boundary conditions, namely, simply supported (SSSS),
clamped (CCCC) and simply supported and clamped in opposite edges
(SCSC). The simulations are conducted for eight-layered laminates and
the design variables are the graphene weight and the fibre volume
contents of layers, the layer thicknesses, the fibre angles as well as
combinations of these variables. The layer thickness ratio is defined as
the thickness of the layer over the total thickness of the laminate, i.e.,
h/D. The ratio of the total thickness of the laminate over the length of
one edge is given by D/a and the aspect ratio by a/b.

7.1. Graphene content as the design variable

Next, the design problem for the optimal distribution of GPLs across

the thickness is studied with the graphene weight percentages of layers
being the only design variables of the problem. This leads to an optimal
laminate with the graphene distributed non-uniformly and optimally
across the thickness. The design constraint is the maximum GPL weight
fraction for the overall laminate, denoted as Wgpimax Which is set to
1.25%, i.e., Weprmax<0.0125 . In Table 5, results for optimal graphene
content of each layer, maximum frequencies and design efficiency fac-
tors are given. The reference frequency Q, corresponds to a laminate
with uniform graphene weight equal to 1.25% in all layers.

Table 5 shows that the outer layers of the laminate have a higher
percentage of graphene as compared to the inner layers for optimum
design. Since the first eigenmode corresponds to a bending deflection,
the (top and bottom) outer layers of the plate influence the response to a
higher extend as compared to the middle layers due to the increased
contribution of the outer layers to laminate stiffness as compared to the
inner layers. Therefore, the optimization algorithm assigns a higher
content of reinforcement in the outer layers and less or even zero content
of reinforcement in the middle layers, in order to maximize the natural
frequency. The same trend is also observed in the majority of the results
presented in this article.

For most of the cases shown in Table 5, only the two outer layers (out
of the eight layers) get an increased amount of graphene while the
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Fig. 3. Non-dimensional frequencies Q of 8-layered laminates with uniform graphene and fibre distributions in layers and symmetrical stacking sequence [90/0/90/

0]s with D/a = 0.1, a/b =1 for a) glass fibres, b) carbon fibres.

Table 5

Maximum fundamental frequencies Q of 8-layered laminates with Wpy; (graphene weight content of it layer) as the design variables subject to Wep.i>0 and Weppmax =

1.25% with D/a = 0.1, a/b = 1 and SSSS boundary conditions

Stacking sequence BCs Fibre contents Optimal Wepy, per layer Q ~ Qmax
o
Glass 30% [0.048 / 0.0022 / 0 / 0] 0.1766 1.196
SSSS Glass 60% [0.036 / 0.014 / 0.0002 / 0] 0.1774 1.091
[0/90/0/90]anti-s Carbon 30% [0.047 / 0.003 / 0 / 0] 0.2054 1.108
Carbon 60% [0.033 / 0.013 / 0.004 / 0] 0.2254 1.033
SSSS Glass 30% [0.049 / 0.0017 / 0 / 0] 0.1767 1.196
Glass 60% [0.036 / 0.014 / 0.0001 / 0] 0.1774 1.090
[90/0/90/01¢ Carbon 30% [0.047 / 0.003 / 0 / 0] 0.2068 1.108
Carbon 60% [0.034 / 0.012 / 0.004 / 0] 0.2275 1.034

middle layers are kept to a small or zero amount of graphene.

The highest increase in the fundamental frequency with respect to
the reference frequency is 19.6% corresponding to the laminate with
30% glass fibres for the symmetric and anti-symmetric cases as indicated
by the design efficiency index shown in the last column of Table 5. In the
case of 30% fibre content (glass or carbon), increase in the frequency is
approximately twice or more compared to the case of 60% fibre content.
This indicates that in the present case of uniformly distributed fibres

across the thickness, a more efficient design is achieved with lower fibre
volume contents. As mentioned in section 6, this is attributed to the fact
that the increase in the fibre content Vi leads to a decrease in the
contribution of Egy to E1; as can be observed from Eq. (21).

Moreover, the increase in the frequency (design efficiency) is higher
for glass fibres than for carbon fibres. Also Table 5 indicates that sym-
metric and anti-symmetric stacking sequences have not produced
significantly different results.
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Fig. 4. Design efficiency vs Wgpimax for different fibres and fibre contents with SSSS boundary conditions and [0/90/0/90],si-s laminates.

Table 6

Maximum fundamental frequencies Q of 8-layered laminates with two design variables: graphene and fibre contents (Wgpi, Vri) of layers subject to Wepri>0,
0.1<VEi<0.6, Weprmax = 1.25%, Vemax = 30% with D/a = 0.1, a/b = 1 and stacking sequence [0/90/0/90]ani-s

BCs Fibres Optimal Wgpr, Optimal Vr Q ~ Quax
n= Q0
Glass [0.035 7 0.015 /0 / 05 [0.6 /0.4/0.1/0.1 /] 0.1864 1.262
SSSS Carbon [0.042 / 0.008 / 0 / 01 [0.4/0.6/0.1/0.1 /] 0.2209 1.192
Glass [0.032 /0.018 /0 / 05 [0.6 /0.4 /0.1 /0.1, 0.3113 1.202
CCCC Carbon [0.027 / 0.014 / 0.009 / 0] [0.48 7 0.52 /0.1 / 0.1]¢ 0.3709 1.117
Glass [0.033 /7 0.018 / 0 / 015 [0.6 /0.4 /0.1 /0.1, 0.2566 1.216
SCSC Carbon [0.039 / 0.011 / 0 / 0l [0.4/0.6/0.1/0.1] 0.3045 1.132

To investigate the effect of increasing the allowable graphene weight
for the overall laminate (Wgprmax) on the design efficiency, three
different values of Wgprmax, €equal to 1.25%, 2.5% and 5%, have been
studied as shown in Fig. 4. The fibre volume contents across the thick-
ness were kept uniform as before.

Fig. 4 indicates that increasing the total graphene weight is more
efficient when a lower fibre content is used. For glass fibres with 60%
fibre content, increasing the maximum graphene weight has almost no
effect on the design efficiency. Results show that when a uniform fibre
distribution is adopted, non-uniform distribution of graphene across the
thickness leads to higher frequencies. The corresponding design effi-
ciency factor becomes higher when lower fibre volume contents are
used. An increase in the fibre content or use of carbon instead of glass
result in increased frequency. However, this leads to lower design
efficiency.

7.2. Graphene and fibre contents as design variables

Next, optimal designs with two sets of design variables are consid-
ered, namely, the optimal distributions of GPLs and fibres across the
thickness. The results are shown in Table 6. The maximum graphene
content for the overall laminate Wgpimaex iS set to 1.25% and the
maximum fibre volume content Vg, to 30%. The reference frequency
Qo to compute the design efficiency corresponds to a uniform graphene
content of 1.25% and a uniform fibre content of 30% for all layers.

In most cases, as shown in Table 6, a higher graphene content is
allocated to the two outer layers while zero graphene weight is allocated
to the middle layers. For carbon fibres and CCCC boundary conditions,
the top and bottom three layers have higher graphene content while
only two middle layers have zero graphene content. Concerning the
optimal fibre content, all boundary conditions result in higher fibre
content in the two outer layers with the middle layers having the

10

minimum fibre content as dictated by the constraint on minimum fibre
content. Similar to the discussion presented in section 7.1, the optimi-
zation algorithm assigns a higher reinforcement content to the outer
layers due to these layers affecting the structural response of the lami-
nate more than the middle layers.

In the case of carbon fibres, it seems that values of fibre volume
contents for the outer layers depend on the type of the boundary con-
ditions. Design efficiency is observed to be the highest for glass fibres
and SSSS boundary conditions (26.2%), followed by SCSC (21.6%) and
CCCC (20.2%). For carbon fibres, highest efficiencies are obtained for
SSSS (19.2%), followed by SCSC (13.2%) and CCCC (11.7%). Thus, as
the boundary conditions become more stiff (from SSSS to CCCC), less
space is left for improvement of the natural frequency, which results in
the decrease of the design efficiency. Comparing Tables 5 and 6, it is
observed that design efficiency index in Table 6 indicates an increase of
26.2% for glass fibres and 19.2% for carbon fibres for SSSS boundary
conditions. The corresponding increases for the case of uniform fibre
distributions shown in Table 5 are 19.6% and 10.8%, respectively,
indicating that optimal non-uniform fibre distribution results in signif-
icantly increased frequencies for both glass and carbon fibres. It is noted
that in both cases the same amount of total fibre content for the laminate
is specified.

Therefore, this increase in the design efficiency in the case of non-
uniform fibre (and graphene) distributions is due to the fact that opti-
mization distributes the fibre reinforcement optimally by assigning a
higher fibre content in the outer layers and a lower fibre content in the
middle layers as compared to the case of a uniform fibre distribution
presented in Table 5.

To investigate the sensitivity of the frequency to design parameters,
contour plots with respect to graphene and fibre contents are drawn as
shown in Fig. 5 for SSSS boundary conditions. In Fig. 5, the two hori-
zontal axes indicate the variation of the graphene weight and fibre
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Table 7

Maximum fundamental frequencies Q of 8-layered laminates with zero graphene content and design variables as the fibre contents Vj; of layers subject to 0.1<V5<0.6,

Vimax = 30% with D/a = 0.1, a/b = 1 and stacking sequence [0/90/0/90]anti.s

BCs Optimal Vg Q _ Qmax = Qpax
Qo 2 Qp
Glass [0.6 /0.4 /0.1 /0.1] 0.1079 0.731 1.202
SSSS Carbon [0.57 / 0.43 /0.1 /0.1] 0.1611 0.869 1.167
Glass [0.6 /0.4 /0.1 /0.1] 0.1883 0.727 1.165
CCCC Carbon [0.6 /0.4 /0.1 /0.1] 0.2508 0.755 1.113
Glass [0.6 /0.4 /0.1 /0.1] 0.1533 0.727 1.173
SCSC Carbon [0.6 /0.4 /0.1 /0.1] 0.2103 0.782 1.127

volume contents of the outer (surface) layers of the 8-layered laminate.
The values of the graphene and fibre contents of the intermediate layers
(layers 2 to 7) are taken from the optimization results shown in Table 6.

Both Fig. 5a and 5b indicate that there is an optimal graphene weight
for the outer layer which maximizes the frequency. Exceeding this
optimal value of the graphene weight leads to a decrease in the fre-
quency. In the case of glass fibres (Fig. 5a), the maximum frequency is
not sensitive to the change in the fibre volume content. However, for
carbon fibres (Fig. 5b), when the graphene content is high, the lower
fibre content results in higher frequency and increasing the fibre content
results in lower frequency.

For glass fibres and CCCC or SCSC boundary conditions, similar

11

patterns for the contour plots were observed. For carbon fibres and
CCCC boundary conditions, the contour plot shown in Fig. 6a indicates
that frequency is quite sensitive to change in the graphene weight
around the maximum frequency as compared to SSSS boundary condi-
tions (Fig. 5b). This becomes more pronounced for higher fibre volume
contents and for the (more stiff) CCCC boundary conditions, followed by
the SCSC boundary conditions (Fig. 6b).

To further investigate the contribution of graphene on maximizing
the frequency, additional simulations with zero graphene weight have
been performed. Two design efficiency factors are calculated for this
case: a) 5 =%"—;" where Q4 is the optimal frequency and Qo the

reference frequency obtained for non-zero, uniform graphene weight
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Fig. 7. Comparison between the maximum and the reference frequencies for three boundary conditions and a) glass, b) carbon fibres.

equal to 1.25% for all the layers of the laminate and b) #, = %Lﬂ"; where
the reference frequency Qo is obtained for zero graphene weight. The
design efficiency factor 5, shown in Table 7 indicates a significant in-
crease of the fundamental frequency when the fibres are distributed
optimally among the layers as compared to the frequency of a laminate
with uniformly distributed fibres. The increase is observed to be greater
in the case of glass fibre reinforced laminates as compared to the carbon
fibre reinforced ones. When the efficiency factor » is examined in
Table 7, it is observed that a significant reduction in the maximum
frequency occurs in the absence of graphene reinforcement noting that
the reference frequency Qg refers to a laminate with uniformly
distributed graphene of 1.25% volume content. The highest reduction in
the frequency is observed in the case of glass fibres and CCCC and SCSC
boundary conditions and it is equal to (1-0.727)/100 = 27.3%.

A more holistic insight on the positive contribution of the non-
uniform distribution of graphene across the laminate thickness can be
obtained by comparing the design efficiency factors in Table 6 (non-
zero, non-uniform graphene distribution along thickness) and the factor
n of Table 7 (zero graphene). Both factors are calculated using the same
reference frequency Qy which corresponds to uniform graphene distri-
bution with a weight content of 1.25% for all layers. For glass fibres and

12

CCCC boundary conditions, Table 6 indicates an increase of 20.2% of the
maximum frequency with respect to the reference frequency. For the
same case (glass fibres and CCCC), the reduction in the fundamental
frequency with respect to the reference frequency €, obtained from
Table 7 (1-0.727)/100 = 27.3%), a total increase equal to 20.2% +
27.3% = 47.5% of the optimal fundamental frequency with non-uniform
graphene distribution arises, in comparison to zero graphene usage.
Significant improvements in the vibration response also arise when the
proposed non-uniform graphene distribution shown in Table 6 is used
for all the cases presented in Tables 6 and 7.

To better represent the aforementioned improvement of the vibra-
tion behaviour of the composite laminate when a non-uniform graphene
distribution is adopted, Fig. 7 represents the (Qmax-Q0)/Qo (%) vs
boundary conditions diagrams, obtained from Tables 6 and 7. The top
line in each diagram represents the increase of the maximum frequency
for the non-uniform graphene distribution shown in Table 6 with respect
to the reference frequency (non-zero, uniform graphene) for glass and
carbon fibres. The bottom line shows the corresponding percentage,
representing the decrease of the maximum frequency obtained for zero
graphene with respect to the reference frequency (non-zero, uniform
graphene). The figure indicates that a significant increase of the
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Maximum fundamental frequencies Q of 8-layered laminates with three design variables subject to W¢pr;>0, 0.1<VE<0.6, 0.01<h; /D<0.15, Weptmax = 1.25%, Vimax =
30% with D/a = 0.1, a/b = 1 and SSSS boundary conditions.

Stacking sequence Fibres Optimal Wepy, Optimal Vg hiy/D Q _ Qmax
n= [
Glass [0.042/0.021/0/0] [0.6/0.6/0.1/0.1]¢ [0.095/0.105/0.15/0.15] 0.1892 1.281
[0/90/0/90] anti-s Carbon [0.041/0.02/0.003/0], [0.6/0.6/0.1/0.1]5 [0.08/0.12/0.15/0.15] 0.2244 1.211
Glass [0.043/0.021/0/0]¢ [0.6/0.6/0.1/0.1]¢ [0.094/0.106/0.15/0.15] 0.1892 1.280
[90/0/90/01 Carbon [0.043/0.021,/0.003/0]s [0.6/0.6/0.1/0.1]5 [0.07/0.13/0.15/0.15] 0.2244 1.203
Table 9

Maximum fundamental frequencies Q of 8-layered laminates with three design variables subject to W¢pr;>0, 0.1<VE<0.6, 0.01<h; /D<0.15, Weppmax = 1.25%. Vimax =
30% with D/a = 0.1, a/b = 1 and CCCC boundary conditions.

Stacking sequence Fibres Optimal Wgp, Optimal Vg hy/D Q ~ Qmax
n= [
Glass [0.041/0.023/0/0]; [0.6/0.6/0.1/0.11 [0.09/0.11/0.15/0.15] 0,3146 1.214
[0/90/0/90] anti-s Carbon [0.019/0.014/0.021/0] [0.6/0.6/0.1/0.1] [0.08/0.12/0.15/0.15]; 0.3802 1.145
Glass [0.041/0.023/0/0] [0.6/0.6/0.1/0.11 [0.09/0.11/0.15/0.15] 0,3146 1.214
[90/0/90/0] Carbon [0.103/0.008,/0/0] [0.1/0.6/0.27/0.11; [0.05/0.15/0.15/0.15]¢ 0.3794 1.141
Table 10

Maximum fundamental frequencies Q of 8-layered laminates with three design variables subject to W¢p;>0, 0.1<VE<0.6, 0.01<h; /D<0.15, Weppmax = 1.25%, Vemax =
30% with D/a = 0.1, a/b = 1 and SCSC boundary conditions.

Stacking sequence Fibres Optimal Wgpy, Optimal Vg Optimal h;/D Q = Qimax
=G
Glass [0.041/0.023/0/01; [0.6/0.6/0.1/0.1], [0.09/0.11/0.15/0.15] 0.2595 1.230
[0/90/0/90] angi-s Carbon [0.109/0.006/0/0] [0.1/0.6/0.27/0.1] [0.05/0.15/0.15/0.15]; 0.3082 1.146
Glass [0.057/0.014/0/0], [0.45/0.6/0.1/0.1]4 [0.07/0.15/0.13/0.15] 0.2614 1.254
[90/0/90/0] Carbon [0.093/0.011/0/0]s [0.1/0.6/0.27/0.1]; [0.05/0.15/0.15/0.15]; 0.3282 1.272

fundamental frequency corresponding to the non-uniform graphene
distribution is observed for all cases as compared to zero graphene
content. For glass fibres, this increase may reach 51% (SSSS) and is not
less than 46% (CCCC). For carbon fibres the maximum increase is 36%
(CCCC) and the minimum 30% (SSSS).

7.3. Graphene and fibre contents and layer thicknesses as design variables

Next, in addition to the two design variables of graphene and fibre
contents studied so far, another design variable, namely, the layer
thicknesses are included as design variables. This leads to optimal design
for maximum frequency with three design variables. The results of the
optimization with these design variables are shown in Tables 8, 9 and 10
corresponding to the three boundary conditions of SSSS, CCCC and
SCSC, respectively.

Comparison between the results presented in Tables 8-10 (including
non-uniform layer thicknesses) and Table 6 (with uniform layer thick-
nesses) indicates that the efficiency factor increases with the addition of
layer thicknesses to design variables as expected. The minimum increase
is 1.2% (CCCC-glass fibres) and the maximum increase is 2.8% (CCCC-
carbon fibres). In the majority of the cases, the layers close to laminate
surface receive a higher graphene content with an increase in the
thicknesses of the middle layers. Thus, the optimal designs correspond to
a reduced thickness in the surface layers which have increased graphene
content compared to the cases of uniform layer thicknesses as observed
in Table 6.

Moreover, for SCSC boundary conditions and carbon fibres, the
symmetric stacking sequence results in significantly higher efficiency
factor as compared to the anti-symmetric case. For the other boundary
conditions, both stacking sequences result in similar efficiency factors.

13

7.4. Graphene and fibre contents, layer thicknesses and fibre orientations
as design variables

In view of the importance of fibre orientations in the design of
composite laminates, fibre angles are now introduced as the fourth set of
design variables in addition to graphene and fibre contents and layer
thicknesses. This leads to an optimal design problem with four design
variables.

Results of this optimization problem are shown in Table 11. It is
observed that the optimal designs for different boundary conditions
result in different stacking sequences as expected. Similar to the previ-
ous cases, higher graphene weights are allocated to outer layers. Com-
parison between the results presented in Tables 8-10 (cross-ply
laminates) indicates a further increase of the fundamental frequency for
SSSS and SCSC boundary conditions. This increase is quite significant for
SSSS boundary conditions (+7.8% for glass and + 18.4% for carbon fi-
bres) and for SCSC-carbon fibres (+10.8%). It is noted that the design
efficiency factors shown in Table 11 are calculated for a reference fre-
quency obtained by using the anti-symmetric, cross-ply stacking
sequence, and therefore efficiency comparisons between Table 11 and
Tables 8-10 are based on this stacking sequence. For CCCC boundary
conditions no increase of the design efficiency is observed, indicating
that the cross-ply stacking sequence used in Table 9 results in the
optimal vibration response.

A final investigation is conducted by assessing the effect of the
variation of the fibre angles of the two outer layers on the fundamental
frequency and the corresponding sensitivities. The reason the top two
outer layers are chosen for this purpose is because the outer layers
contribute most to the stiffness of the laminate. This work is done by
means of contour plots of the frequencies with respect to fibre orienta-
tions. In the contour plots shown in Figs. 8-10, the problem parameters
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Table 11
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Maximum fundamental frequencies Q of 8-layered laminates with four design variables subject to Wepri>0, 0.1<VE<0.6, 0.01<h;/D<0.15, —90°<6;<90°, Weppmax =

1.25%, Vimax = 30% with D/a = 0.1, a/b = 1.

Boundary conditions Fibres Optimal Wgpy, Optimal Vg hy/D 0; Q = Qmax
=
Glass [0.110/0.005/ [0.10/0.60/ [0.05/0.15 [45/-45/45/45] 0.2006 1.359
SSSS 0/0] 0.27/0.10]5 /0.15/0.15]
Carbon [0.119/0.003/ [0.10/0.60/ [0.05/0.15/ [45/-45/45/45] 0.2586 1.395
0/0]s 0.27/0.10]5 0.15/0.15]
Glass [0.041/0.023/ [0.6/0.6/ [0.09/0.11/ [0/90/0/901¢ 0.3146 1.214
CCccc 0/0]s 0.1/0.1] 0.15/0.15];
Carbon [0.019/0.014/ [0.6/0.6/ [0.07/0.13/ [0/90/0/90]5 0.3802 1.145
0.021/0]¢ 0.1/0.1] 0.15/0.15]¢
Glass [0.057/0.015/ [0.46/0.6/ [0.07/0.15/ [0/0/0/0] 0.2625 1.244
SCSC 0/0] 0.1/0.1] 0.15/0.13]¢
Carbon [0.087/0.012/ [0.10/0.60/ [0.05/0.15/ [0/0/0/01s 0.3372 1.254
0.001/01; 0.27/0.10] 0.15/0.15]¢
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Fig 8. Contour plots of the frequency with respect to the fibres angles of the two outer layers for SSSS boundary conditions, a) glass fibres, b) carbon fibres.
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have been assigned their optimal values presented in Table 11 in all
layers except the top two outer layers. Thus, the only parameters which
vary in these plots are the fibre angles of the outer layers, that is, 6; and
0g of the top and bottom layers, and 6, and 67 of the second outer layers.

Comparisons between the optimal solutions presented in Table 11
and Figs. 8-10 confirms the optimization solution and the corresponding
angles 018 and 027 in every case. It is also observed that different
boundary conditions result in different shapes of the contour plots as
expected. Thus CCCC boundary conditions lead to multiple optimal

14

™ 0.38

0.375

o
8

0.37

e
w
%

0.365

o
s

0.36

=
w
&

0.355

Non-dimensionalized frequency

g

0.35

(b)

Fig 9. Contour plots of the frequency with respect to the fibres angles of the two outer layers for CCCC boundary conditions, a) glass fibres, b) carbon fibres.

points. For SSSS and SCSC boundary conditions, a single optimal point is
observed and this point is more prominent in the case of carbon fibre
reinforced laminates. This leads to the observation that when glass fibres
are used for reinforcement, the difference between the minimum and the
maximum values of the frequency is relatively small as compared to the
case of carbon fibres.
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Fig 10. Contour plot of the frequency with respect to the fibres angles of the two outer layers for SCSC boundary conditions, a) glass fibres, b) carbon fibres.

8. Conclusions

Optimal design and analysis of a hybrid graphene/fibre reinforced
composite laminate for maximum fundamental frequency was the sub-
ject of the present study. The composite material is defined as a three-
phase nanocomposite consisting of graphene nanoplatelets, fibres and
polymer matrix. The main objective was the study of the vibration
response and optimization of this multiscale laminate combining a nano-
scale reinforcement (graphene) within the traditional fibre reinforced
matrix and the effect of the graphene content on the maximum fre-
quency. To achieve a cost-effective design, the optimal distributions of
the constituent materials along the thickness of the structure as well as
optimal layer thicknesses are investigated to maximize the fundamental
frequency.

For the implementation of the optimization scheme, a Sequential
Quadratic Programming algorithm (SQP) was adopted. The natural vi-
bration problem is solved within the framework of the finite element
method using the First Order Shear Deformation plate theory (FSDT).
Three different boundary conditions, namely, SSSS, CCCC and SCSC are
investigated to assess their effect on the optimal designs. Effective
properties of three-phase composite are obtained from micromechanics
equations applicable to graphene and fibre reinforced polymers. The
numerical results are given for symmetric and anti-symmetric 8-layered
laminates.

Among the main findings of the study is the optimal distributions of
graphene and fibre reinforcements along the thickness of the laminate. It
is observed that a non-uniform distribution of graphene platelets, with
higher graphene contents in the surface layers and lower or zero gra-
phene contents in the middle layers, results in the optimal distribution of
the graphene. When the fibre volume contents are also included as
design variables, a similar pattern of optimal fibre distribution is
observed, that is, higher fibre contents in the outer layers and the less
fibre content in the middle layers.

A design efficiency factor is introduced which is defined as the ratio
of the fundamental frequency of the optimally designed laminate over a
reference frequency based on uniform distributions of the re-
inforcements and uniform layer thicknesses. This provides a quantitative
measurement of the positive effect of the non-uniformly distributed re-
inforcements leading to optimal designs. When the layer thicknesses and
the fibre angles are also included as design variables of the optimization
problem, the design efficiency factors indicate a further increase in the
fundamental frequency as expected.

Some specific conclusions are presented below:

a) Increasing graphene weight is more effective in improving the
fundamental frequencies for lower fibre volume contents (Figs. 2 and
3).

15

b) When the graphene contents of layers are the only design variables of
the optimization problem and a uniform fibre distribution along the
thickness is adopted, a higher graphene content results in the outer
layers as expected. The highest increase of the fundamental fre-
quency with respect to the reference frequency is 19.6%. This cor-
responds to a symmetric cross-ply laminate with glass fibres of 30%
volume content. The corresponding increase when 30% of carbon
fibres is used is 10.8%. This is due to the fact that glass fibres have
lower stiffness and graphene becomes more effective in improving
the maximum frequency while carbon fibres have higher stiffness
and addition of graphene is, relatively speaking, not as efficient as it
was in the case of glass fibres.

For the case of optimal distribution of graphene (same as case b), the

increase in the fundamental frequency when fibre volume content is

60% (instead of 30% as in case b), is half in the case of glass fibre

reinforcement and one third for carbon fibre reinforcement. This

indicates that the graphene reinforcement is more efficient at lower
fibre contents.

It was observed that a higher design efficiency factor was obtained

when glass instead of carbon fibres are used. This is attributed to the

lower stiffness of glass fibres which results in higher contribution of
graphene platelets to the fundamental frequency.

e) When both graphene and fibre reinforcements are specified as design
variables, a non-uniform distribution along the thickness arises for
both reinforcements. The optimal non-uniform fibre distributions
result in significantly increased frequencies in comparison to uni-
form fibre distributions.

f) The highest increase of the fundamental frequency with respect to
the reference frequency is 26.2% in the case of SSSS boundary con-
ditions. CCCC boundary conditions result in the lowest increase in
the design efficiency. This can be attributed to the fact that for CCCC
boundary conditions, the fundamental frequencies are already rela-
tively high compared to the case of SSSS boundary conditions.

g) When zero and non-zero graphene reinforcements are compared,
results indicate that a large increase in the fundamental frequency is
observed relative to case with zero graphene content compared to
the case of non-uniformly distributed graphene. This increase rea-
ches 51% in the case of additional reinforcements with glass fibre
and 36% with carbon fibres.

h) When the layer thicknesses are specified as further design variables
(in addition to graphene and fibre volume contents), a relatively
small increase in the design efficiency factor is observed which is
1.2% for CCCC-glass fibres and 2.8% for CCCC-carbon fibres.

i) For the case of three design variables involving graphene and fibre
contents of layers and the layer thicknesses, the fundamental fre-
quency is 28.1% higher compared to the reference frequency in the
case of glass fibre reinforced laminates with SSSS boundary

C

~

d

(=

64



Y. Jeawon et al.

conditions compared to 26.2% for the case of uniform layer thickness
(two sets of design variables). The corresponding increase is 19.6%
in the case of uniform layer thicknesses and uniform fibre contents
with the graphene contents of layers being the only design variables.
j) When the fibre angles are also included as the design variables in
addition to the previous set of three design variables (graphene and
fibre contents and thicknesses of layers), a significant increase in the
design efficiency factor is observed. These increases are 7.8% for
GFRP and 18.4% for CFRP laminates with SSSS boundary conditions.
and 10.8% for CFRP laminates with SCSC boundary conditions.
For this case (four sets of design variables) and SSSS boundary
conditions, the increase of the fundamental frequency with respect to
the reference frequency reaches 35.9% for GFRP and 39.5% for CFRP
laminates.

k

O

Future research on three-phase nanocomposites is to include the
investigation of functionally graded nanomaterials where the graphene
weight varies along the thickness of the laminate which may be a pre-

Appendix
1. Strain energy

The strain energy of the laminated composite plate is expressed as

Engineering Structures xxx (xxxx) xxx

defined distribution or an optimally determined continuous distribu-
tion. In addition, a non-constant graphene distribution in each layer may
also result in an improved design and a cost-effective use of the
expensive graphene reinforcement. Finally, more advanced theories and
bounds for the micromechanical formulations presented in literature
[66,67], can be adopted and compared for three-phase composites.
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In equation (A3) V is the volume of the k™ layer, N is the number of lamina, [C] is the elasticity tensor and [B] is the strain — displacement matrix.

2. Kinetic energy

The kinetic energy of the composite plate is expressed as

S lfo) oo oo o)

where p, is the density of the k™ layer. Substituting the displacements relations of Eq. (1), Eq. (A4) becomes
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(A7)

where A, is the area of the element and z_;, 2 are the z coordinates of the laminate corresponding to the bottom and top surface of the Kt layer.

3. Work done by the mechanical forces

The work done by the mechanical forces is given by

W= (@ () + / (@) {19 Yas + / @ {3av = (@) N 4} + {a}! / V{9 Y +{a}! / N {fi}av = () {F,),

(A8)

In Equation (A8), {f.} denotes the concentrated forces and {f;}, {f,} denote the surface and volume forces, respectively. S; is the surface area, V is
the volume and {F,}. is the vector of the applied mechanical forces on an element.
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Three-phase graphene/fibre-reinforced cantilever skew laminates are optimized with the design objective of
maximizing the fundamental frequency. Four optimal design problems are formulated involving one, two,
three, and four design variables: graphene content, fibre content, layer thicknesses, and the fibre orientations.
Optimization is implemented using a Sequential Quadratic Programming optimization algorithm within finite
element analysis. It is observed that optimizing the graphene and fibre contents across the thickness leads to

increased fundamental frequency. A trend is observed for the frequency of skew laminates to increase but for
their design efficiency to decrease compared to rectangular laminates.

1. Introduction

The use of laminated rectangular and skew plates as structural
components has increased due to their significant advantages. These
include high strength/weight and high stiffness/weight ratios com-
pared to conventional materials. Composite plates, used as lightweight
components, are often exposed to severe vibrations. In this case, a
critical issue is to avoid resonance when the natural frequency of the
laminate coincides with the excitation frequency. Avoiding resonance
becomes particularly important in aerospace applications due to weight
limitations. One of the methods adopted to resolve this issue is to
design a laminate such that its fundamental frequency is higher than
the excitation frequency. This approach leads to an optimal design
problem with the objective of maximizing the fundamental frequency
for a given weight of the laminate.

One of the recently introduced technologies to produce lightweight
composites is to use nanoscale reinforcements which have high
stiffness—weight ratios compared to traditional fibre reinforcements.
Currently, carbon nanotubes (CNTs) and graphene nanoplatelets (GPLs)
are among the most widely used nanomaterials introduced as reinforce-
ments. Due to their excellent mechanical properties, a small amount of
nano reinforcement can substantially improve the mechanical proper-
ties and the vibration response of the laminates.

Several studies on skew plates’ vibration response have been re-
ported in the literature. Vibrations of skew laminates with cut-outs

were studied in [1], and the vibrations of laminated skew plates with
and without cut-outs in [2]. Vibrations of skew cantilever plates with
stiffeners were studied in [3] to observe the differences in the frequen-
cies compared to rectangular plates. Results indicated that cantilever
skew plates provide improved flexural rigidity as compared to rect-
angular plates. Vibrations of laminated cantilever trapezoidal plates
were the subject of the study in [4]. In [5,6], free vibrations of skew
laminates were studied, and it was observed that as the skew angle
increases, the natural frequency also increases. In [7], an investigation
of the free vibrations of skew plates indicated an increase of the
fundamental frequency with increasing skew angle, aspect ratio and
width to thickness ratio. In [8], vibrations of laminated skew plates
were studied, and it was observed that the frequency increases with
increasing skew angle.

Several studies focused on the response of graphene or carbon
nanotube-reinforced laminates known as two-phase nanocomposites.
Vibrations of functionally graded and carbon nanotube reinforced skew
laminates were studied in [9-12]. The effects of nanotube content
on the frequencies of skew laminates were investigated in [13], and
the impact of carbon nanotube waviness and agglomeration on the
vibrations of skew laminates in [14]. The vibration response of skew
plates with varying stiffness was studied in [15], and it was observed
that an increase in the skew angle increased the fundamental frequency
confirming the previous results.
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Several studies involved the vibrations of functionally graded
graphene nanoplatelet-reinforced two-phase composites. The studies
[16-19] observed that a small increase in the graphene content in-
creased the fundamental frequency substantially. Functionally graded
graphene-reinforced plates subject to thermal and mechanical loads
were investigated in [20]. This study also indicated that adding a
small amount of graphene leads to a considerably higher fundamental
frequency.

Several investigations studied the optimal design of skew laminates.
Optimization of skew laminates to maximize the frequency was the
subject of the paper [21], with the study based on the first-order shear
deformation theory. It was observed that as the skew angle increased,
the optimal fibre orientations increased and for large enough skew
angles, the influence of the fibre orientations became insignificant. Fun-
damental frequencies of symmetric and anti-symmetric skew laminates
were maximized in [22] by determining the optimal stacking sequence.
Genetic algorithms, particle swarm optimization and cuckoo search
methods were used in [23] to maximize the fundamental frequency of
skew plates.

The vibrations of graphene-reinforced skew plates on point supports
were studied in [24]. The nonlinear vibration response of graphene-
reinforced beams was studied in [25] and it was observed that the
non-uniform distribution of graphene across thickness yielded better
results as compared to the uniform distribution of graphene. The ef-
fect of graphene nanoplatelets on a polymer composite was studied
in [26] and it was noted that a proper alignment of the nanoplatelets
significantly improved the mechanical response compared to randomly
orientated GPLs.

Recently, the mechanical response of three-phase composites us-
ing GPLs or CNTs and with glass or carbon fibre reinforcements in
a polymer matrix has been investigated. These studies aim to bal-
ance the benefits of nanoscale reinforcements to achieve lower weight
and higher stiffness with the increased cost of using nano materials.
An investigation on the optimization of three-phase graphene/fibre-
reinforced rectangular laminates with the objective of maximizing the
fundamental frequency was presented in [27]. Design variables used
in this study were the graphene content, the fibre content, the layer
thicknesses and the fibre orientations and the numerical results were
given only for the simply supported and clamped boundary condi-
tions. Results highlighted the improvement of the design efficiency by
introducing optimal non-uniform distributions of graphene and fibre
reinforcements across the laminate thickness. The vibration response
of three-phase, graphene/carbon fibre-reinforced laminates was studied
in [28], emphasizing the contribution of graphene reinforcement to
increase the fundamental frequency. In [29], the influence of using
graphene reinforcement in addition to carbon or glass fibres on the
buckling response of angle-ply laminates was evaluated. Results in-
dicated that an increase in the graphene content led to substantially
higher buckling loads.

Based on the literature study and according to authors’ best knowl-
edge, no research has been conducted on optimizing the fundamen-
tal frequency of three-phase graphene/fibre-reinforced skew cantilever
laminates. The present article involves the optimal designs of three-
phase, skew cantilever laminates using four design parameters. Both
graphene nanoplatelets and glass or carbon fibres are used as reinforce-
ments leading to three-phase laminates. Design variables include the
graphene and fibre contents of layers, the thickness of each layer and
the fibre orientations. The overall scheme is implemented in MATLAB
using finite element analysis. A design efficiency factor is introduced to
provide a quantitative criterion to compare and assess the results of dif-
ferent optimal designs and the effectiveness of the design parameters.
The vibration response and the design efficiency of three-phase skew
and rectangular plates are also evaluated for comparison purposes.

Sections 2 and 3 of the article provide basic constitutive equations
and the finite element formulation adopted in this work. The effec-
tive material properties using micromechanics equations are given in
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Section 4. Section 5 presents the optimal design problems, formulated
for an increasing number of design variables. The verification of the
proposed scheme by comparison with published literature and commer-
cial finite element software is provided in Section 6. Sections 7 and 8
present the investigation’s results, discussions, and conclusions.

2. Basic equations

The geometry of the skew plate under consideration is shown in
Fig. 1. The length, width and thickness of the plate are defined as a, b
and D in the x, y and z directions, respectively. Clamped boundary
conditions are imposed on one side of the skew plate with a length
equal to b (Fig. 1). The remaining three edges have free boundary
conditions. The laminate consists of N layers with 6, denoting the angle
between the principal material direction and the coordinate x of the kth
lamina. The mid-plane of the laminate coincides with the xy plane as
shown in Fig. 1. The skew angle of the laminate is denoted by a. The
coordinates of the bottom and top of the kth layer are denoted as z = z;,
and z = z;,; in the thickness direction.

2.1. Kinematics

The kinematics of the composite plate are formulated using the
first-order shear deformation theory (FSDT) with the displacement field
defined as:

up (x,,z,0) = u(x,y,1) — 2, (x, 3, 1) (1a)
uy (X, 3, 2,0) = 0(x, 1) — 260, (x, y, 1) (1b)
uz (x,y,z,0) = w(x,y,1) (1c)

where {u} = {u),uy,u;}7 is the displacement vector and {u} =
{u, v, w, (px,(py}T indicates the vector of generalized displacements in
terms of the three mid-plane displacements and the normal rotations
about the x and y-axes. The strain vector is given by:

{e} =V {u} @
where {e} = {exx,eyy,yxy,yyz,yxz}T and V is defined as
0/0x 0 0 —20/0x 0
0 d/dy 0 0 —z0/0dy
Vg=|0d/dy d/ox 0 —zd/dy —zd/ox 3
0 0 a/ay 0 —1
0 0 9/ox -1 0

2.2. Constitutive equations

The constitutive equation of the kth lamina is expressed as:

{o}k =[Ok (€} @

where {c} is the stress vector and [Q] is the elastic stiffness matrix.
Under plane-stress conditions, the non-zero components Qf.f) of the
elastic stiffness matrix for an orthotropic material are given by [30]:

(k) (k) (k)

* _ E, w_ nk N0
oy = T =0,
RCEG | — 00

12 Y21 12 Y21
(k)
(k) _ E2
22~ k) (k)
(RS

k k
0¥ =¥

(k) _ (k)
10 Qu =kG

(k) _ (k)
50 955 =kGp3 ®)
In the above equations, E;k), Eék) are the longitudinal and transverse
moduli, U(lkz), vé’? denote the Poisson’s ratios, G(|];>’G;];>’G§? denote the
shear moduli of the kth layer and k, is the shear correction factor

taken as 5/6. The elastic coefficient Ql(.;.‘) in the material coordinates
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Fig. 1. Geometry of the laminated skew plate.
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Fig. 2. Transformation of an isoparametric element from Cartesian (global) coordinates to natural (local) coordinates.

. . . —(k) .
can be transformed into the coefficients Q, i referred to the laminate

coordinate system (x, y, z) using the relation:
0], = (w1, ©

where [L(6,)] is a transformation matrix and 6, is the fibre orientation
of the kth lamina as shown in Fig. 1 [30].

3. Finite element formulation

To solve the vibration problem, the finite element method is used.
For skew plates, the borders of the elements are not parallel to the
global axes of the plate as shown in Fig. 2. In the present study,
isoparametric elements are utilized due to their capacity to simulate
an arbitrary geometry accurately. The skew plate is discretized using
four-noded isoparametric quadrilateral elements with five degrees of
freedom (DOF) per node. Using these elements, the global coordinates
x and y are related to the natural coordinates & and 5 as follows:

4 4

x@m=Y N;Enx;, yEmn=Y NEny, @)
j=1 j=1

where the Lagrange interpolation functions N; are given by

N,(f,n)=%(1+§jé)(l+njn) ®

In Eq. (8), x;,y; are the coordinates of the node j in the cartesian
(physical) domain and ¢&;,n; are the coordinates of the node j in
the natural (computational) domain as shown in Fig. 2. The same
interpolation functions are used to define the generalized displacement
vector within an element as

4
(aty.n) = {wow o, 0,)" 2 (N; & m Uses {d; )}
=

= [N, (d @)}, ©

where {dj}e = {uj,uj,wj,(pxj,(pyj} is the nodal displacement vector
at the jth node of the element e and [I]s,s denotes the 5 x 5 identity
matrix.

Substituting Eq. (9) into (2) gives:
Vs (LH1[N,] {d},) = [Bl{d},

where [B] is the strain—nodal displacement matrix.

{e .y, D)} = 10)

3.1. Governing equations

The equations governing the dynamic response and the variationally
consistent boundary conditions of the composite plate shown in Fig. 1,
are derived using Hamilton’s principle

/2(5T—5U+5W)dt= an

I
where T is the kinetic energy, U is the strain energy and W is the work
done by external forces. At the initial and final times 7, and 1,, the first
variations vanish. The energy terms in Eq. (11) are defined as follows:

/p{u} taydv =3 Z// pr A"
_1/ T _ //Zk T
== [ {o} {e}dV = {o}] {e}dzd A,
2l IZ; AJz g ¢

W={u}T{fc}+/S {u}T{fS}dS+/V{u}T{fU}dV
1

where N is the number of layers, V, is the volume and p, is the density
of the kth layer. V' and S, denote the volume and the surface area of
the plate, respectively. {f.} denotes the concentrated forces and { fs},
{ fV} denote the surface and volume forces, respectively. Finally, a dot
over a variable represents a time derivative.

Using the displacements relations (1), the strain displacement re-
lations (2) and the constitutive relations (4), the Hamilton’s principle

(11) can be written as:
Zk
e}dzd A — / / (60)T pp{i}dzd A
AJzp

SR e
{fV}dV>}dt=O

- <{6u}T {fc}+/{5u}7 {fs}dA+/ (suy”
A |4
(13)

}dzd A

(12)
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Next, the displacements given by Eq. (9) and the strain—nodal displace-
ment relations (10) are substituted in (13) to discretize the variational
expression (13). Assembly of the discretized equation for the total
number of elements is then implemented and the global mass matrix,
stiffness matrix, as well as the displacement and force vectors are
derived. The equations of motion of the system can be expressed as
follows [27]

M1{d} +[K1{d} = {F,} a4

where [M], [K], {d} and {F,} are the global mass matrix, the global
linear stiffness matrix, the global displacement vector and the force
vector, respectively. It is noted that the essential boundary conditions
are enforced by imposing prescribed values at the corresponding DOF
of the discretized domain. Then, in the system of equations of motion,
the lines and columns of the prescribed degrees of freedom, as well as
the lines of the force vector are eliminated.

3.2. Eigenvalue problem

By setting the force term to zero, and assuming that the plate
undergoes a harmonic motion d = dye™™, the generalized governing
equation (14) can be used to solve the free vibration problem for the
laminated skew plate. In this case, Eq. (14) can be expressed as:

[K1{dy} = A[M]{dy}

where eigenvalue 1 = »?> and w is the frequency of natural vibrations.
To obtain the numerical solution of the problem, a MATLAB code is
developed based on the finite element formulation of the problem.
It is noted that the selective integration technique is adopted for the
calculation of the stiffness matrix in order to avoid shear locking
effect. The present finite element formulation can now be used to solve
optimization problems and maximize the fundamental frequency of
skew laminates.

(15)

4. Effective material properties

The skew plate is a three-phase multiscale laminate reinforced with
graphene nanoplatelets and glass or carbon fibres. Effective material
properties of the nanocomposite are determined using the Halpin-Tsai
model and the rule of mixtures as detailed in [31,32]. First, microme-
chanical equations are used to determine the effective properties of
the (two-phase) graphene-reinforced matrix. Next, using the effective
properties of the graphene-reinforced matrix, the properties of the
three-phase nanocomposite are computed based on the micromechan-
ical relations given in [33]. It is noted that the present approach of
first determining the properties of the two-phase composite and then
calculating the overall properties of the three-phase graphene/fibre-
reinforced composite, has also been adopted in a number of studies. For
example, the micromechanics equations used in [34] for a two-phase
fibre-reinforced composite were also applied in [35] to calculate the
effective material properties of a three-phase graphene/fibre-reinforced
matrix. This approach can also be observed in [36,37].

4.1. Effective material properties of the graphene-reinforced matrix

The effective material properties of graphene-reinforced matrix are
determined using the micromechanics equations given in [31,38-40].
Subscripts GPL, M and GM refer to graphene nanoplatelets, the matrix
and the graphene-reinforced matrix, respectively. The effective Young’s
modulus of the graphene-reinforced matrix is calculated using the
relation:

B (3 L+&nVorr | 514 E&unVert > E
M =\ 3 2
8 1—nVepr 8

(16)
I—n,VeprL

where V;p; is the volume of graphene nanoplatelets and E,; is Young’s
modulus of the matrix. In Eq. (16), & and &, are given by:

g =olerr _,WerL

) a7)
hepr

hGPL
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where I;p; is the length, wgp; is the width and hgp; is the thickness
of the graphene nanoplatelets. The values for #; and 7, used in Eq. (16)
can be determined from the following expressions:

_ (Egp/Em) -1 _ (EgpL/Em) =1

N =—————"—  nf,=
- (Egpr/Ewm) + &L (Egpr/Ewm) + &

where Egp; is the Young’s modulus of graphene nanoplatelets and E,,
is the Young’s modulus of the matrix. The volume V;p; of the graphene
nanoplatelets can be calculated from the Eq. (19):

18)

Worr
Wopr + (popr/om) (1= Wepr)
where W;p; is the weight fraction of graphene nanoplatelets. The
effective shear modulus, Poisson’s ratio and density for the graphene-
reinforced matrix are given by:

VepL = (19)

Egy
G, = — 20a
M =21+ vgpy) (20a)
vem = vpiVarr + Un (1= Vopr) (20b)
pom = poprVorr + Py (1= Vopr) (200)

where p;p; and p,, represent the mass densities of the graphene
nanoplatelets and of the polymer matrix, respectively.

4.2. Effective material properties of the graphene and fibre-reinforced ma-
trix

The effective material properties of the three-phase nanocomposite
are determined using the following equations [29,33]:

E\  =Ep Vi +Egy (1= Vi) (21)
Epy+ Egy + (Ern — Egm ) Vr
Ey = Egm < ( ) (22)
Epy + Egy — (Epan — Egu) Vi
Grio+Gom + (Gri2 — Goum ) Vr
Gy =G;3=0gy < ( ) (23)
Gri2+Goum — (Gria — Gou) Vr
E
Gyy= —2 24)
2(1+vy)
vy = Up Vi + oGy (1= VE) (25)
E.
LT+uvgy + _UIZE,?M
Uy = Up Vi + vgy (1= V5) 5 T (26)
l—vg,, + R
p=prVp+poou(l—Vp) @7

In Egs. (21)-(27), the subscripts F and GM refer to fibres and
graphene-reinforced matrix, respectively. V; and p, denote the fibre
volume content and the density, respectively.

5. Optimal design problems

The present study aims to maximize the fundamental frequencies of
45° skew graphene/fibre-reinforced laminates. The design variables are
defined as the GPLs and fibre contents of laminate, the layer thicknesses
and the fibre orientations. These are among the design variables that
crucially affect the mechanical response of laminates, and they are
key parameters in industrial applications. A sequence of optimization
problems is formulated with the number of design variables increasing
from one set to four sets of design variables. This approach makes it
possible to evaluate the effectiveness of each set of design variables as
compared to one another.

In the first optimization problem, the graphene contents of lay-
ers are specified as the design variables taking the layer thicknesses
uniform and fibre contents of layers constant. In this case, GPLs are
distributed non-uniformly across the thickness. In the second optimiza-
tion problem, two design variables are specified, namely, the GPLs and
fibre contents of each layer, leading to laminates with non-uniformly
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distributed reinforcements. In the third design problem, three design
variables are the graphene and fibre contents as well as the layer
thicknesses leading to laminates with non-uniform layer thicknesses.
The last problem involves four design variables, namely, the graphene
and the fibre contents, the thickness and the fibre orientation of each
layer. As it will become apparent in the numerical results, the chosen
order of adding variables leads to a gradual increase of the fundamental
frequency, for increasing number of design variables. It is noted that
different order of adding variables could also be adopted within the
same numerical framework. In such a case, the vibration response
may provide additional results, noticing though, that for the case that
all design variables are considered (e.g., the four design variables of
this article), the same results with the present investigation would be
expected. This task is left for future investigation.

The layer thicknesses are denoted by 4, and the number of layers by
N. The layer thicknesses are kept constant in the first two optimization
problems and the total thickness of the laminate is Ni = D.

In the third and fourth optimization problems layer thicknesses h,
are non-uniform and the total laminate thickness is given by 211:,:1 hy =
D. The GPL and fibre contents of the kth layer are denoted by Vg p,
and Vg, respectively.

5.1. Optimization problems with one and two design variables

In the first two optimization problems, the layer thicknesses are
taken as uniform. Design variables are the GPLs content (Problem 1)
and the GPLs and fibre contents (Problem 2). The volume of fibres
(Volgy) in the kth layer is given by Volg, = abhVg, where h is the
layer thickness and V, is the fibre volume content of the kth layer.
The total volume of fibres in the laminate is then given by summing up
the fibre volumes and is given by Vol gy = Z,’Ll Vol = abh Z/’f:l Vi
The maximum fibre volume for the laminate is given by Volg,,. =
abDVp,,.. With Vg, .. denoting the maximum fibre volume content. The
design constraint on the total fibre volume can be expressed as:

N

Volpr < Vol gy = abh Y Vi < abDViyg,
k=1

(28)

Inequality (28) implies that % Z,](V: 1 Vik £ VEpax- In the present study,
the results are given for laminates with 8 layers and in this case, the
inequality (28) can be expressed as:

8
1
g Z VFk < VFmax (29)
k=1

Similarly, the constraint on the weight of GPLs can be expressed as:

8

1

3 Z Wepik £ WepLmax (30)
k=1

where W p.ax 1S the total weight of GPLs reinforcement and W p,

is the weight of GPLs in the kth layer. The optimization problem can

be stated as follows:

Maximize the fundamental frequency o (Vy, Wgpy) (31a)

subject to the constraints

L&

g kzz‘{ VFk < VFmax (31b)

L&

3 2 Weprk < WepLmax (31¢)
k=1

Wepri 20 (31d)

dy < Vg < dy (31e)

Inequalities (31b) and (31c) are the constraints on the maximum fibre
and GPLs contents, respectively. Inequality (31e) limits the minimum
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and maximum fibre volume content of layers. In the present study, the
lower fibre limit is specified as d; = 10% and the upper fibre limit as
dy = 60%.

An important consideration for optimal design problems is the
definition of a criterion that can be used to assess the improvement
achieved by optimization as compared to non-optimal designs. Fur-
thermore, the criterion can also be used to compare and assess the
contributions of different design parameters for improving the objective
function. In the present study, non-optimal solutions correspond to the
solutions obtained for laminates with uniform GPLs and fibre distri-
butions across the thickness, that is, Wg;p;, = %) and Vg =

Ve e ), for k=1 to N. In order to assess the effectiveness of optimal

solutions, a design efficiency factor is introduced. It is defined as the
ratio of the maximum fundamental frequency w,, 4 corresponding to
the optimal design and the frequency w, of the laminate with uniform
properties. As such, @, can be described as the reference frequency. In
the present case, the reference frequency corresponds to the frequency
of a laminate with uniformly distributed graphene and fibre contents
across the laminate thickness. Thus, the design efficiency factor is given
by:

_ Omax (Ve WeopLi) (32)
T VW
where the fibre content V, and the graphene content W, of the kth layer
of the reference laminate are given by:

Vk — VFénax , Wk — WG[;ngax

with Vi, and Wgp,, in Eq. (32) determined optimally. For the cal-
culation of the reference frequency w, shown in Eq. (32), a uniform
thickness is considered for all layers and a symmetric stacking sequence
[90/0/90/0]; is adopted.

for k=1,2...,8 (33)

5.2. Optimization problems with three and four design variables

Optimization problems with three and four design variables and
non-uniform layer thicknesses are formulated next. In this case, in
addition to the contents of fibres and GPLs in each layer, the layer
thicknesses and the fibre angles are also determined optimally. For
these design problems, non-uniform layer thickness of the kth layer is
denoted as i, and the fibre volume as Vol = abh, V. The total fibre
volume of the laminate is Volp; = Z,f’:l Volp, = ab 21]2/:1 h; Vg The
constraint on the total volume of fibres is defined as:

N

Volpr <Volpex = ab Y hyVig < abDVpy (34)
k=1

which leads to the constraint:

L

D ; heVer < Vimax (35)
Similarly, the constraint on the total graphene weight is

L

= 22 M WepLk £ WepLmax (36)
D&
Layer thicknesses are subject to the constraint:

N

hy

Z <=1 37
oD

For an 8-layered laminate, the optimal design problem with four design
variables can be expressed as:

h
Maximize the fundamental frequency w <VFk, WepLis Bk G‘k) (38a)

subject to:
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1
- z N Vek < Vimax (38b)
b=
L3
D z hWeprk < WepLmax (38c)
k=1
Weprk 20 (38d)
dy <V < dy (38e)
~90° < 6, <90° (380)
Sh
k
pal 38
> (38g)

k=1
The inequality (38f) limits the fibre orientation of the kth layer, 6,.
The design efficiency factor for this case, which involves four design
variables, is given by:
h
Dy Ax (VFk’ WepLi Bk7 9k)

wo(Vk, Wk, %, 90)

n= 39
with Vi, Wopres he/D and 6, to be determined optimally. For the
calculation of the reference frequency w, shown in Eq. (39), ¥}, and W,
are given by Eq. (33), a uniform thickness is considered for all layers
and a symmetric stacking sequence [90/0/90/0]; is adopted.

5.3. Optimization algorithm

For the numerical solution of the optimal design problems, Se-
quential Quadratic Programming Algorithm (SQP) is implemented. SQP
generates a sequence of steps by solving quadratic sub-problems for
nonlinearly constrained problems [41-43]. At each iteration, the algo-
rithm calculates an approximation of the Hessian of the Lagrangian
function using a quasi-Newton updating method which searches for
zero values, local maxima and local minima of the function. This is
then adopted to create a Quadratic Programming sub-problem with the
solution used to define a search direction. More details for the SQP
algorithm can be found in [41]. The solution is implemented using
MATLAB [44].

6. Verification of the optimization code

The finite element formulation and the optimization scheme are
verified using the results available in the literature and ABAQUS com-
mercial finite element software. First, the frequencies obtained in the
present work are compared with skew plate frequencies available in the
literature. The first four eigenfrequencies calculated by the proposed
finite element formulation are compared with the frequencies given
in [8], using skew angles of @ = 30° and a = 45° for SSSS and CCCC
boundary conditions. Material and geometric properties are E;;/E,, =
40,G, = Gy3 = 0.6Ey, Gy3 = 0.5E,, vjy = vj3 = vy = 0.25,a/D = 10 [8].
The non-dimensional frequency is given by 2 = (wa?/z*D)+/p/E,. The
results are presented in Tables 1 and 2, for two stacking sequences
of « = 30° and a = 45°. The comparison indicates that frequencies
obtained by the present approach are close to those in [8].

To further verify the results in the present article, frequencies are
compared with those given in [45] for different skew angles. Material
and geometric properties are taken as E;/E,, =40,G, = 0.6E,,G 3 =
Goy =0.5E,,viy = vj3 = vp3 = 0.25,a/D = 10 [45].

Results presented in Tables 3 and 4 indicate that the frequencies
obtained by the present approach and the ones given in [45] are quite
close.

A further comparison is given between the frequencies obtained
by the present approach and the ones given in [46] for cantilever
skew plates. The material properties are taken as E;; = Ey,G, =
E; /@ +0), Gy3 = Gy3 = Gy, with E;, = 71.02 GPa,v = 0.333. In
Table 5, the results of the comparison are presented for different aspect
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Table 1
Fundamental frequencies Q = (wa’/n*D)+/p/E, of 5-layered skew laminates with
stacking sequence [90/0/90/0/90], a/D =10, a/b=1.

Skew angle Mode SSSS CCcC
Present work Ref. [8] Present work Ref. [8]
(mesh 12 x 12) (mesh 12 x 12)
1 2.0848 2.0911 2.8388 2.8003
30 2 3.6112 3.5138 4.1801 4.0576
3 4.7697 4.7002 5.1229 5.0306
4 5.0427 4.8869 5.4646 5.3010
1 2.8410 2.8829 3.5274 3.4745
45 2 4.3390 4.2841 4.8950 4.7408
3 5.8240 5.5876 6.1907 5.9583
4 6.2147 6.1920 6.5084 6.3817
Table 2

Fundamental frequencies Q = (wa®/x*D)+/p/E, of 5-layered skew laminates with
stacking sequence [45/—45/45/-45/45], a/D =10, a/b = 1.

Skew angle Mode SSSS CCcC
Present work Ref. [8] Present work Ref. [8]
(mesh 12 x 12) (mesh 12 x 12)
1 2.1039 2.0018 2.7137 2.6641
30 2 3.7737 3.6276 4.2492 4.1408
3 4.4619 4.2875 4.8365 4.7411
4 5.281 5.0723 5.6414 5.5027
1 2.5616 2.4796 3.4126 3.3529
45 2 4.4007 4.2221 4.9539 4.8122
3 5.7859 5.5867 6.1886 6.0713
4 5.8596 5.6013 6.3145 6.1108
Table 3

Fundamental frequency 2 = (wa®/7>D)y/p/E, of 5-layered skew laminates with
stacking sequence [90/0/90/0/90], a/D = 10, a/b= 1.

Skew angle SSSS CCcC
Present work Ref. [45] Present work Ref. [45]
(mesh 12 x 12) (mesh 12 x 12)
15 1.6892 1.6874 2.4323 2.4750
30 2.0348 2.0884 2.7327 2.7922
45 2.7525 2.8932 3.3793 3.4739
Table 4

Fundamental frequency Q = (wa®/7’D)+\/p/E, of 4-layered skew laminates with
stacking sequence [45/-45/45/-45], a/D =10, a/b=1.

Skew angle SSSS CCcC
Present work Ref. [45] Present work Ref. [45]
(mesh 12 x 12) (mesh 12 x 12)
15 1.9653 1.9366 2.3752 2.4007
30 2.1482 2.1196 2.7024 2.7418
45 2.6237 2.6752 3.3759 3.4434

and length-to-thickness ratios. It is observed that the frequencies of the
two approaches are quite close for different skew angles.

To verify the overall optimization scheme, a model of the two-
layered skew cantilever laminate with uniformly distributed graphene
nanoplatelets, fibre reinforcements and layer thicknesses is developed
using commercial finite element software. A 10 x 14 mesh size is
used and shell elements are adopted. The skew angle for this case is
specified as 45°. To compare with the optimization results, a different
stacking sequence is adopted at each finite element simulation and the
corresponding frequency is computed. Subsequently, an optimization
problem is formulated and solved using the proposed optimization
method with fibre angles specified as the only design variables. This
process aims to compare the optimal frequency and fibre orientations
obtained from the optimization with the maximum frequency and the
corresponding stacking sequence calculated using the commercial finite
element software.
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Fig. 3. Design efficiencies of anti-symmetric and symmetric laminates with GPLs content as the single design variable.

Table 5
Fundamental frequencies (Hz) of cantilever thin skew plates.
Skew angle Aspect ratio a/b Length-to-thickness ratio a/D Mode CFFF
Present work (mesh 15 x 15) Ref. [46]
1 42.240 42.1970
2 235.200 234.280
15 2.80 143 3 278.146 275.620
4 704.614 690.730
1 47.5120 47.441
2 234.410 233.320
80 2.43 1385 3 330.610 327.060
4 687.360 675.860
1 53.631 53.450
2 223.690 222.400
45 1.89 138 3 394.000 387.980
4 629.730 618.940
1 65.400 64.688
2 235.650 233.410
60 1.35 138.5 3 462.590 452.010
4 677.100 657.240
Table 6 7. Results and discussions
Properties of constituent materials.
Material E, E,, G, vy Density 7.1. Optimizati . . . .
1. timization using the graphene content as the single design variable
(GPa) (GPa) (GPa) (kg/m?) P ng the grap 3 8n
GPLs 1010 1010 E; /2(1+v) 0.186 1060 . . .
Matrix 3 3 E, /200 +v) 0.34 1200 .In the p.resent case, GP.Ls distribution across .the.thlc.kness is the f)nly
Carbon fibres 263 19 27.60 0.20 1750 design variable. Layer thicknesses and fibre distributions are defined
Glass fibres 72.4 72.4 E,/2(1+v) 0.20 2400 as uniform with the results given for symmetric and anti-symmetric

A non-dimensional fundamental frequency £ is defined and used for
the present results, as well as in the subsequent sections of the article:

Q=wD,/M
Ey

with p,, and E,; representing the density and the Young’s modulus
of the matrix. The material properties used in the numerical results
are given in Table 6. Dimensions of GPLs used in the present and
subsequent sections are /;p; = 2.5 pm, wgp, = 1.5 pm, and hgp; =
1.5 nm. The weight of GPLs is specified as 1% and the fibre volume
content as 50%. The results of this comparison are given in Table 7.

(40)

Results obtained using the commercial software package show that
the stacking sequence [0°,0°] produces the maximum frequency which
is equal to 0.00364. The present optimization scheme gives a maximum
frequency of 0.0037 with fibre orientations of [—0.28°,0.28°]. Thus,
both the solution produced by the commercial finite element software
and the one obtained by the proposed MATLAB optimization code
lead to almost identical results for the optimal frequency and the fibre
orientations.

laminates. Numerical results are given for the fibre volume contents
of 30% and 60% in Table 8. The frequency of the optimal laminates
is indicated in non-dimensional form in Eq. (40) as 2. The non-
dimensional frequency €2, of the reference laminate is determined by
substituting w, as defined at the end of Section 5.1, into the Eq. (40).
Design efficiency for this case is given by n = Qﬁ which is the same as
the one defined in Section 5.1 by Eq. (32).

Table 8 indicates that the distribution of the GPLs across the thick-
ness tends to be higher in the outer layers with the inner layers having
zero GPLs content. This is due to the outer layers contributing more
to the laminate stiffness as compared to the middle layers. It is noted
that a significant increase in the fundamental frequency is observed
with the GPLs distributed optimally as compared to the laminates with
uniformly distributed GPLs. A maximum increase of 28.1% is observed
for the symmetric laminates having a glass fibre content of 30%. The
corresponding increase for the anti-symmetric laminates is 21.2%. Con-
cerning the laminates with 30% carbon fibre content, the fundamental
frequency increases by 11.9% for the symmetric and 10.9% for the anti-
symmetric cases. In the case of laminates with 60% glass or carbon fibre
contents, a lower percent of increase in the frequency is observed. The
increase in the fundamental frequency of laminates with optimal GPLs
distributions is shown in Fig. 3.

75



Y. Jeawon, G.A. Drosopoulos, G. Foutsitzi et al

Table 7
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Comparison of the optimal non-dimensional frequencies 2 with those obtained from the commercial finite element software for GPLs/glass fibre
skew plates with D/a =0.03, W;p,; =0.01, V; =0.50, a/b=0.71 and skew angle a = 45°.

Solution obtained by the commercial finite element software

Solution obtained by the proposed optimization code

Case Stacking sequence Non-dimensional Optimal stacking Optimal non-dimensional
frequency sequence frequency

1 [0,0] 0.00364 [-0.28, 0.28] 0.0037
2 [30,0] 0.00356

3 [45,0] 0.00336

4 [60,0] 0.00332

5 [90,0] 0.00333

6 [0,30] 0.00344

7 [30,30] 0.00328

8 [45,30] 0.00320

9 [60,30] 0.00317

10 [90,30] 0.00318

11 [0,45] 0.00336

12 [30,45] 0.00320

13 [45,45] 0.00313

14 [60,45] 0.00310

15 [90,45] 0.00311

16 [0,60] 0.00332

17 [30,60] 0.00317

18 [45,60] 0.00310

19 [60,60] 0.00306

20 [90,60] 0.00307

21 [0,90] 0.00333

22 [30,90] 0.00318

23 [45,90] 0.00311

24 [60,90] 0.00307

25 [90,90] 0.00309

Table 8

Optimal fundamental frequencies of an 8-layered cantilever skew laminates having the design variable W, with W;p, .. = 0.0125, D/a = 0.03,

h/D =0.125, a/b=0.71 and skew angle a = 45°.

2

Stacking sequence Fibre content Optimal Wgp per layer Q 2 n= 4
Glass 30% [0.050/0.0/0.0/0.0] ..., 0.0040 0.0033 1.212

0,
[90/0/90/01,.. Glass 60% [0.039/0.011/0.0/0.0] ... 0.0040 0.0037 1.081
Carbon 30% [0.050,/0.0/0.0/0.01,,;. 0.0051 0.0046 1.109
Carbon 60% [0.041/0.009/0.0/0.01,,; 0.0057 0.0055 1.036
Glass 30% [0.050/0.0/0.0/0.0] 0.0041 0.0032 1.281

0,
[90/0/90/0], Glass 60% [0.048/0.002/0.001/0.0], 0.0040 0.0036 1.111
h Carbon 30% [0.050,/0.0/0.0/0.0]; 0.0047 0.0042 1.119
Carbon 60% [0.041/0.009/0.001/0.0] 0.0051 0.0049 1.041

The highest fundamental frequency is obtained for the anti-
symmetric case for laminates with a 60% carbon fibre content as shown
in Table 8. An increase of 42.5% in the frequency is observed for this
case as compared to the frequency of the graphene and glass fibre-
reinforced anti-symmetric laminates with 60% fibre content. Table 8
indicates that graphene-glass fibre-reinforced laminates with 30% and
60% fibre contents have the same frequency for the anti-symmetric
case. For the symmetric case, laminates with 30% glass fibre content
have a slightly higher frequency than those with 60% glass fibre
content. Thus, higher glass fibre content has a minor effect on the
fundamental frequency for cross-ply laminates.

The design efficiencies of the graphene-glass fibre-reinforced lam-
inates with optimal GPL distribution across the thickness are inves-
tigated in Fig. 4. Glass fibre reinforcement is uniformly distributed
with a 30% fibre content. Results are given for symmetric and anti-
symmetric laminates. It is observed that the effect of the stacking
sequence on the design efficiency depends on the type of stacking se-
quence with anti-symmetric laminates having higher design efficiencies
up to [50/40/50/40],,;.s stacking sequence. Symmetric laminates have
higher design efficiencies for the stacking sequences [75/30/75/30];
and [90/0/90/0], indicating that design efficiencies depend on the type
of laminate.

Maximum fundamental frequencies are plotted against GPLs weight
contents in Fig. 5 for the symmetric stacking sequences and in Fig. 6 for
the anti-symmetric stacking sequences. The design variable in Figs. 5
and 6 is the optimal distribution of GPLs across the thickness with fibres

distributed uniformly. Results are given up to a graphene weight of 10%
to observe the effect of high graphene content on the frequency and
determine the cross-over points.

Fig. 5 shows that the frequencies of the symmetric graphene-glass
fibre-reinforced laminates are higher for 60% fibre content up to a
value of about 1% graphene content. Afterwards, laminates with 30%
fibre content have higher frequencies than those with 60% glass fibre
content. A similar trend is observed for the anti-symmetric graphene—
glass fibre laminates as shown in Fig. 6.

In the case of carbon fibre-reinforced laminates, the same phe-
nomenon is observed for both the symmetric and the anti-symmetric
cases but for a higher graphene weight of about 3%. These results
indicate that higher fibre content exceeding a certain value (cross-over
points) leads to diminishing returns and not cost-effective designs for
skew laminates. In the case of 60% fibre reinforcements, a significant
drop is observed in the slope of the curves as shown in Figs. 5 and 6
after the cross-over points which highlights this comment.

7.2. Optimization using GPLs and fibre distributions as design variables

The next optimization problem introduces two design variables,
namely the GPLs and the fibre contents. Layer thicknesses are specified
as uniform and the results are shown in Table 9.

Table 9 indicates that optimization leads to higher GPL and fibre
contents in the outer layers as expected. Similar to the previous case
of optimization using only the GPL distribution as the design variable,
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Fig. 4. Design efficiencies for anti-symmetric and symmetric laminates with GPLs content as the single design variable and 30% uniform glass fibre distribution.
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Fig. 5. Fundamental frequency vs. GPLs content for laminates with symmetric stacking sequence [90/0/90/0], D/a = 0.03, h/D = 0.125, a/b=0.71 and skew angle a = 45°.
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Fig. 6. Fundamental frequency vs. GPLs content for laminates with anti-symmetric stacking sequence [90/0/90/0],,, D/a =0.03, h/D = 0.125, a/b = 0.71 and skew angle a = 45°.

glass fibre reinforcement leads to higher design efficiencies as com-
pared to the carbon fibre reinforcement. For the symmetric laminates,
design efficiency is 34% and for the anti-symmetric laminates 27% in
the case of glass fibre reinforcements. Both these values are higher as
compared to carbon fibre-reinforced laminates as shown in Table 9.
Compared to carbon fibres, lower material properties in the case of
glass fibres, resulting in a lower laminate stiffness, leads to GPL re-
inforcements being more effective for graphene-glass fibre laminates.

It is noted that this result applies to design efficiencies, and not the
maximum frequencies which are higher in the case of carbon fibre
reinforcements as expected.

A comparison between Tables 8 and 9 indicates the effect of in-
creasing the number of design variables on the fundamental frequency.
With carbon fibre reinforcement, frequency increases by 9.8% for anti-
symmetric and by 17% for symmetric stacking sequence. In the case
of glass fibre reinforcement, the corresponding frequency increase is
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Table 9
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Fundamental frequencies of 8-layered laminates with two design variables, namely, GPLs and fibre distributions across the thickness with
Wepimae = 00125, Vi = 0.30, D/a = 0.03, h/D =0.125, a/b=0.71 and skew angle a = 45°.

Stacking sequence Fibres Optimal W, per layer Optimal V. per layer Q 2 n=
)
[90/0/90/01,,. Glass [0.037/0.013/0.0/0.01,,;.. [0.60/0.40/0.10/0.101 ... 0.0042 0.0033 1.273
Carbon [0.047/0.004/0.0/0.01 ;. [0.43/0.57/0.10/0.10] ;. 0.0056 0.0046 1.217
[90/0/90/0]; Glass [0.050/0.0/0.0/0.0]; [0.40/0.60/0.10/0.10]; 0.0043 0.0032 1.344
Carbon [0.050/0.0/0.0/0.0], [0.10/0.60/0.40/0.10] 0.0055 0.0042 1.310

Table 10

Fundamental frequency of an 8-layered skew laminate with zero graphene content and the single design variable V, subject to
Vimas = 0.30 with D/a =0.03, h/D = 0.125, a/b=0.71 and skew angle a = 45°.

Stacking sequence Fibres Optimal V. per layer Q Q) n= !;i n= §
0 )

[90/0/90/0] Glass [0.60/0.40/0.10/0.10] ;.. 0.0027 0.0022 1.227 0.818
anti-s Carbon [0.54/0.46/0.10/0.10] ;. 0.0046 0.0038 1.211 1.000
[90/0/90/0] Glass [0.40/0.60/0.10/0.10] 0.0025 0.0021 1.190 0.781
s Carbon [0.10/0.60/0.40/0.10]; 0.0043 0.0033 1.303 1.024

5% for anti-symmetric and 4.9% for symmetric stacking sequences.
These results indicate that a cost-effective design can be achieved using
less fibre reinforcement if both graphene and fibres are distributed
optimally across the thickness.

To assess the effect of GPLs reinforcement on optimal design,
graphene content is set to zero and optimization is performed using the
fibre reinforcement as the only design variable. The results are given
in Table 10 for both anti-symmetric and symmetric cases.

Two design efficiencies are shown in Table 10, namely, #, =

Q
Qp’
and # = Q% The design efficiency #, is computed as the ratio of the
maximum frequency £ and the reference frequency £, corresponding
to a laminate with zero graphene content. This index can be used to
evaluate the increase in the fundamental frequency of the laminate
with non-uniform (optimal) fibre distribution only as compared to the
frequency of the reference laminate with uniform fibre distribution
across the thickness. In addition, 5 is calculated using the reference
frequency £, which corresponds to the frequency of a laminate with
uniform graphene content of 1.25% per layer. This index will be used
to compare the efficiencies of the optimal two-phase fibre-reinforced
composite laminates (only fibre reinforcement, Table 10) and the effi-
ciencies of the optimal three-phase graphene/fibre-reinforced laminates
(Table 9).

Noting the values 7, of the design efficiency, it is observed that
a significant increase of 7, from 19% to 30% is observed for the
two-phase fibre-reinforced laminate with optimal (non-uniform) fibre
distribution across the laminate thickness as compared to the frequency
corresponding to the laminate with uniform fibre distribution.

To investigate the impact of introducing graphene reinforcement on
the frequency, a comparison of the results presented in Table 10 (zero
graphene, optimal distribution of fibres) and Table 9 (optimal distri-
bution of both graphene and fibres) is made. For the anti-symmetric
laminate with non-zero graphene and glass fibre reinforcement, a de-
sign efficiency of 1.273 is obtained in Table 9, indicating an increase
of 27.3% of the frequency as compared to the reference plate. For
the same fibre type and orientation, but for zero graphene content
(Table 10), the design efficiency # is 0.818 which indicates a decrease
of 1.000 — 0.818 = 0.182 or 18.2% in the fundamental frequency as
compared to the reference frequency. For this case, the overall increase
of the fundamental frequency of the laminate with non-zero graphene
content is equal to 27.3%+18.2%=45.5% as shown in Table 11 in
comparison to the laminate with zero graphene. This is a substantial
improvement of the frequency which is due to adding a small graphene
content as reinforcement.

As shown in Table 11, an even higher increase of 56.3% is obtained
for the symmetric glass fibre/graphene-reinforced laminate. For anti-
symmetric and symmetric carbon fibre/graphene-reinforced laminates,
the increases of the fundamental frequency are equal to 21.7% and
28.6%, respectively, as compared to the frequencies of the optimal
two-phase fibre-reinforced laminates.

10

7.3. Optimization with three and four design variables and non-uniform
layer thicknesses

Next, non-uniform layer thicknesses and fibre angles are introduced
as additional design variables, leading to optimization with three and
four design variables. These are graphene and fibre contents, the layer
thicknesses and the fibre angles. Results with three design variables and
predefined stacking sequences are given in Table 12.

Table 12 indicates that higher graphene and fibre reinforcements
are assigned to outer layers as expected. Furthermore, two outer lay-
ers have lower thicknesses as compared to the inner layers for the
anti-symmetric laminates. In the case of symmetric laminates, only
the surface layer has a lower thickness with the other layers having
the same thicknesses. The increase in the fundamental frequency, as
compared to the reference frequency, is 30.3% and 23.9% for the
anti-symmetric case with glass and carbon fibre reinforcements, re-
spectively. For the symmetric laminate, the increases are 46.9% and
54.8%, and thus, significantly higher than the anti-symmetric case.
A comparison with the laminates with uniform layer thicknesses (Ta-
ble 9), indicates that in the case of non-uniform layer thicknesses
(Table 12), an increase in the fundamental frequency, with respect to
the reference frequency, occurs. For the anti-symmetric case, this is
equal to 3% and 2.2% for glass and carbon fibre reinforcements. For the
symmetric laminates with non-uniform layer thicknesses, the increase
in the fundamental frequency is 12.5% and 23.8% for glass and carbon
fibre reinforcements, respectively.

The fourth optimization problem involves GPLs and fibre contents,
layer thicknesses and fibre angles as the design parameters, with the
results shown in Table 13.

The increase in the fundamental frequency (compared to reference
frequency) of anti-symmetric laminates is 45.5% for glass fibre and
52.2% for carbon fibre reinforcements. For the symmetric laminate, the
increase is 46.9% for glass fibre and 64.3% for carbon fibre reinforce-
ments. The same increase was observed for the symmetric laminates
with glass fibre reinforcement and predefined stacking sequence, as
shown in Table 12. Therefore, the stacking sequence [90/0/90/0],,
which was used in Table 12, is the optimal one.

In the case of laminates with four design variables (Table 13) involv-
ing glass and carbon fibres (anti-symmetric laminate) and carbon fibres
(symmetric laminate), the increases in the fundamental frequencies
(comparing to reference frequency) are higher by 15.2%, 28.3%, and
9.5% as compared to the case with three design variables (Table 12).

The improvement in the frequencies is due to including the fibre an-
gles in the optimization process. It is noted that for both anti-symmetric
and symmetric cases, higher frequency and higher design efficiency are
observed for carbon fibre-reinforced laminates as compared to the glass
fibre-reinforced ones.
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Table 11
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Comparison between the maximum and the reference frequencies for the results shown in Table 9 (non-zero, optimal graphene/fibre distribution)

and Table 10 (zero graphene, optimal fibre distribution).

Stacking sequence Fibre type Maximum frequency 2 Reference frequency £, n= pﬁ % (%)
[90/0/90/01 . Glass 0.0042 0.0033 1.273 27.30%
Optimal graphene Carbon 0.0056 0.0046 1.217 21.70%
distribution [90/0/90/01, Glass 0.0043 0.0032 1.344 34.40%
Carbon 0.0055 0.0042 1.310 31.00%
[90/0/90/01,,;.. Glass 0.0027 0.0033 0.818 ~18.20%
Zero eraphene Carbon 0.0046 0.0046 1.000 0
srap [90/0/90/01; Glass 0.0025 0.0032 0.781 —-21.90%
Carbon 0.0043 0.0042 1.024 2.40%

Table 12

Fundamental frequencies of 8-layered skew laminates with three design variables (GPLs and fibre contents, thickness ratios) and with W, ... = 0.0125, V.. = 0.30, D/a = 0.03,

a/b=0.71 and skew angle a = 45°.

Q

Stacking sequence Fibres Optimal W, per layer Optimal ¥V, per layer h/D Q 2 n=
)
[90/0/90,0] Glass [0.046/0.019/0.0/0.0] ;. [0.60/0.60/0.10/0.101,,; [0.09/0.11/0.15/0.15] ;. 0.0043 0.0033 1.303
ans Carbon [0.054/0.016/0.0/0.0] ;. [0.60/0.60/0.10/0.10] [0.08/0.12/0.15/0.15] ;. 0.0057 0.0046 1.239
[90/0/90,0] Glass [0.127/0.0/0.0/0.0], [0.10/0.60/0.27/0.10] [0.05/0.15/0.15/0.15] 0.0047 0.0032 1.469
s Carbon [0.127/0.0/0.0/0.0], [0.10/0.60/0.27/0.10] [0.05/0.15/0.15/0.15] 0.0065 0.0042 1.548

Table 13

Fundamental frequencies of 8-layered skew laminates with four design variables (GPLs and fibre contents, thickness ratios, fibre angles) and with Wy, . = 0.0125, V., = 0.30,

D/a=0.03, a/b=0.71 and skew angle a = 45°.

Fibres Optimal W, per layer Optimal V. per layer h/D Optimal fibre angles Q Q) n= !‘72
)
Glass [0.141/0.0/0.0/0.0] ,,,i.c [0.10/0.60/0.27/0.101 ... [0.05/0.15/0.15/0.15] .. [45/-8/~8/29]uics 0.0048 0.0033 1.455
Carbon [0.141/0.0/0.0/0.0] ..., [0.10/0.60/0.27/0.101,,,,;. [0.05/0.15/0.15/0.15] ;. [-9/-5/-6/-25] i 0.0070 0.0046 1.522
Glass [0.127/0.0/0.0/0.0]; [0.10/0.60/0.27/0.10], [0.05/0.15/0.15/0.15] [90/0/90/0] 0.0047 0.0032 1.469
Carbon [0.027/0.045/0.0/0.0] [0.60/0.10/0.27/0.10] [0.15/0.05/0.15/0.15] [-6/50/-18/88]; 0.0069 0.0042 1.643
Table 14
Fundamental frequencies of 8-layered skew (a/b = 0.71) and rectangular (a/b = 1) laminates with the design variable W, and with
W pimas = 0.0125, D/a=0.03, h/D = 0.125.
Symmetric fibre orientation [90°/0°/90°/0°],
Fibre type Laminate type Wept Q Increase (%) 2 n= nﬁ
)
Glass 30% Rectangular (0°) [0.057/0.0/0.0/0.0]; 0.0031 - 0.0024 1.292
45° Skew [0.050/0/0/0] 0.0041 32% 0.0032 1.281
Carbon 30% Rectangular (0°) [0.057/0.0/0.0/0.0]; 0.0036 - 0.0032 1.125
45° Skew [0.05/0/0/0] 0.0047 31% 0.0042 1.119

Table 15

Fundamental frequencies of 8-layered skew (a/b = 0.71) and rectangular (a/b = 1) laminates with two design variables (GPLs and fibre contents)

and with Wy p,. = 0.0125, Vi, =030, with D/a = 0.03, /D = 0.125.

Symmetric fibre orientation [90°/0°/90°/0°];

Fibre type Laminate type Wepr Vi Q Increase (%) 2, n= Q£
)

Glass Rectangular (0°) [0.0565/0.0/0.0/0.01; [0.4/0.6/0.1/0.1] 0.0033 - 0.0024 1.375
45° Skew [0.050,/0.0/0.0/0.01; [0.4/0.6/0.1/0.1] 0.0043 30% 0.0032 1.344

Carbon Rectangular (0°) [0.0565/0.0/0.0/0.01; [0.1/0.6/0.1/0.4], 0.0045 - 0.0032 1.406
45° Skew [0.050/0.0/0.0/0.0] [0.1/0.6/0.4/0.1] 0.0055 22% 0.0042 1.310

7.4. Comparison of the optimal designs of rectangular and skew laminates

In this section a comparison of the frequencies of the skew and
rectangular plates is presented with both plates being cantilevers.
Results are given for one, two, three and four design variables. The
fundamental frequencies for these cases are shown in Tables 14 to 17
with the number of design variables increasing from one to four.

Results indicate that the fundamental frequencies of the skew lam-
inates are higher than those of the rectangular laminates for both
glass and carbon fibre reinforcements. As observed in Tables 14 to 17,
increases are 32%, 30%, 31% and 47% for laminates with glass fibre
reinforcement with the increasing number of variables. In the case of
carbon fibre reinforcement, the increases in the fundamental frequen-
cies of the skew laminates as compared to the rectangular laminates
are 31%, 22%, 18% and 17% for laminates with one, two, three and
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four design variables, respectively. These results agree with the results
given in the Refs. [5-8] where it was noted that the increase of the
skew angle increases the fundamental frequency.

Even though the fundamental frequencies of skew plates are higher,
their design efficiencies are lower compared to the rectangular plates
as shown in Tables 14-17. However, in the case of the skew plate
with glass fibre reinforcement and with four design variables, design
efficiency is higher than the rectangular plate as shown in Table 17.
Since higher design efficiencies are derived for most of the rectangular
plates as compared to the skew plates, the fundamental frequency
increases are higher for the rectangular plates as compared to the skew
plates. Thus, optimal, non-uniform graphene and fibre distributions
along the thickness is more effective for rectangular plates. The highest
design efficiency is obtained for the rectangular plate with four design
variables and carbon fibre reinforcement which is 1.844 (Table 17).
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Table 16
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Fundamental frequencies of 8-layered skew (a/b = 0.71) and rectangular (a/b = 1) laminates with three design variables (GPLs and fibre contents, layer thickness ratios) and with

Wepimas = 00125, Vi, = 0.30, D/a = 0.03.

Symmetric fibre orientation [90°/0°/90° /0°],

Fibre type Laminate type Wepr Vi h/D Q Increase (%) Q n=
Glass Rectangular (0°) [0.14/0.0/0.0/0.01 [0.1/0.6/0.1/0.27]; [0.05/0.15/0.15/0.15] 0.0036 - 0.0024 1.500
45° Skew [0.13/0.0/0.0/0.0] [0.10/0.60/0.27/0.10] [0.05/0.15/0.15/0.15] 0.0047 31% 0.0032 1.469
Carbon Rectangular (0°) [0.14/0.0/0.0/0.0] [0.1/0.6/0.1/0.27]; [0.05/0.15/0.15/0.15] 0.0055 - 0.0032 1.719
45° Skew [0.13/0.0/0.0/0.0] [0.10/0.60/0.27/0.101, [0.05/0.15/0.15/0.15] 0.0065 18% 0.0042 1.548

Table 17

Fundamental frequencies of 8-layered skew (a/b = 0.71) and rectangular (a/b = 1) laminates with four design variables (GPLs and fibre contents, thickness ratios, fibre angles) and

With W ppax = 0.0125, Voo = 0.30, D/a = 0.03.

Fibre Laminate type WerL Vi h/D (4 Q Increase Q, n= 4
type (%) ’
Glass Rectangular (0°) [0.037/0.0303/0.0/0.0] [0.6/0.6/0.1/0.1]; [0.15/0.05/0.15/0.15] [5/51/-20/88]; 0.0032 - 0.0024 1.333
45° Skew [0.127/0.0/0.0/0.0]; [0.1/0.6/0.27/0.1] [0.05/0.15/0.15/0.15] [90/0/90/0] 0.0047  47% 0.0032 1.469
Carbon Rectangular (0°) [0.01/0.111/0.0/0.0]; [0.6/0.1/0.27/0.1] [0.15/0.05/0.15/0.15] [3/50/0/88]; 0.0059 - 0.0032 1.844
45° Skew [0.027/0.045/0.0/0.0]; [0.6/0.1/0.27/0.1] [0.15/0.05/0.15/0.15] [-6/50/-18/88]; 0.0069 17% 0.0042 1.643

8. Conclusions

In the present study, maximizing the fundamental frequencies of
graphene/fibre-reinforced cantilever skew laminates is studied. Design
parameters include the distributions of the graphene and fibres across
the laminate thickness, layer thicknesses and the fibre angles. To assess
the effectiveness of different design variables in maximizing the funda-
mental frequency, the number of design variables is increased in steps.
The effective material properties are calculated using micromechanics
relations and the numerical solutions are obtained using finite element
analysis based on the first-order shear deformation theory. For the
implementation of the optimization scheme, a Sequential Quadratic
Programming algorithm (SQP) is adopted.

Results indicate that the optimal, non-uniform distributions of the
graphene and the fibres lead to higher contents in the outer layers and
lower or zero reinforcement in the inner layers. This result is expected
and is due to the outer layers contributing more to the stiffness of
the laminates. In the case of the graphene being the only reinforce-
ment in the optimization, diminishing returns were observed when the
graphene content exceeds a certain limit and the design becomes less
cost-effective.

When both graphene and fibre contents along the thickness are
adopted as the two design variables and the upper limit on total fibre
content is specified as 30%, a higher frequency is obtained as compared
to the case with 60% uniform fibre content. Thus, the skew laminates
can be designed cost effectively using lower fibre volume contents by
distributing the fibres and the graphene across the thickness optimally.

Comparisons are given for the optimal designs of three-phase
graphene/fibre-reinforced laminates (the present design) and the tradi-
tional two-phase laminates reinforced with fibres only. Results indicate
a substantial increase in the fundamental frequency for the three-phase
laminates as compared to the two-phase laminates. This increase is
higher for glass fibre reinforcement (more than 45%) but is also very
significant for carbon fibre reinforcement (more than 20%).

To provide a quantitative criterion for evaluating the results, a
design efficiency factor is defined and calculated for each optimal
design. Using this factor, optimal design results can be compared and
the design efficiencies of different reinforcements can be assessed.
The design efficiency increases when the number of design variables
increases as expected and the highest design efficiency corresponds to
the case with four design variables.

Finally, results for the optimal designs of rectangular and 45°
skew plates are compared. It is shown that although the maximum
fundamental frequency is higher for the 45° skew laminates, the de-
sign efficiency decreases compared to the rectangular laminates for
most cases. The differences in the design efficiencies of these two
laminate types depend on the number of design variables used in the
optimization.

12

CRediT authorship contribution statement

Y. Jeawon: Writing — original draft, Visualization, Investigation,
Formal analysis. G.A. Drosopoulos: Writing — review & editing, Su-
pervision, Resources, Methodology, Data curation, Conceptualization.
G. Foutsitzi: Validation, Software, Methodology, Data curation. G.E.
Stavroulakis: Writing — review & editing, Resources, Data curation. S.
Adali: Writing - review & editing, Methodology, Conceptualization.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Data availability
Data will be made available on request
Acknowledgements

The research reported in this paper was supported by research
grants from the University of KwaZulu-Natal (UKZN), South Africa and
from National Research Foundation (NRF) of South Africa. The authors
gratefully acknowledge the supports provided by UKZN, South Africa
and NRF, UK.

References

[1] K.D. Rao, K.S. Babu, Modal analysis of thin FRP skew symmetric angle-ply
laminate with circular cut-out, Int. J. Eng. Res. Technol. 1 (2012) 1-5.

A. Mandal, C. Ray, S. Haldar, Free vibration analysis of laminated composite
skew plates with cut-out, Arch. Appl. Mech. 87 (9) (2017) 1511-1523.

W.H. Liu, W.C. Chen, Vibration analysis of skew cantilever plates with stiffeners,
J. Sound Vib. 159 (1) (1992) 1-11.

K. Hosokawa, J. Xie, T. Sakata, Free vibration analysis of cantilevered laminated
trapezoidal plates, Sci. Eng. Compos. Mater. 8 (1999) 1-10.

S. Chikkol Venkateshappa, Y.J. Suresh, W.P. Prema Kumar, Free flexural vi-
bration studies on skew plates, Int. J. Aerosp. Lightweight Struct. 2 (2013)
405-420.

AK. Garg, R.K. Khare, T. Kant, Free vibration of skew fiber reinforced composite
and sandwich laminates using a shear deformable finite element model, J. Sandw.
Struct. Mater. 8 (1) (2006) 33-53.

F. Gburi, L. Alansari, M. Kadhom, A. Al-Saffar, Free vibration of skew isotropic
plate using ANSYS, J. Mech. Eng. Res. Dev. 43 (2020) 472-486.

M. Giirses, O. Civalek, A.K. Korkmaz, H. Ersoy, Free vibration analysis of
symmetric laminated skew plates by discrete singular convolution technique
based on first-order shear deformation theory, Internat. J. Numer. Methods
Engrg. 79 (3) (2009) 290-313.

[2]

[3]

[4]

[5]

[6]

[71

[8]

80



Y. Jeawon, G.A. Drosopoulos, G. Foutsitzi et al

[91

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

Y. Kiani, Free vibration of FG-CNT reinforced composite skew plates, Aerosp.
Sci. Technol. 58 (2016) 178-188.

C. Omer, A. Mehmet, Free vibration and buckling analyses of CNT reinforced
laminated non-rectangular plates by discrete singular convolution method, Eng.
Comput. 38 (Suppl 1) (2022) S489-S521.

E. Garcia-Macias, R. Castro-Triguero, E. Saavedra Flores, M. Friswell, R. Gallego,
Static and free vibration analysis of functionally graded carbon nanotube
reinforced skew plates, Compos. Struct. 140 (2016) 473-490.

L.W. Zhang, On the study of the effect of in-plane forces on the frequency
parameters of CNT-reinforced composite skew plates, Compos. Struct. 160 (2017)
824-837.

L. Zhang, Z. Lei, K. Liew, Vibration characteristic of moderately thick functionally
graded carbon nanotube reinforced composite skew plates, Compos. Struct. 122
(2015) 172-183.

E. Garcfa-Macias, R. Castro-Triguero, Coupled effect of CNT waviness and
agglomeration: A case study of vibrational analysis of CNT/polymer skew plates,
Compos. Struct. 193 (2018) 87-102.

T. Farsadi, D. Asadi, H. Kurtaran, Fundamental frequency optimization of
variable stiffness composite skew plates, Acta Mech. 232 (2020) 555-573.

C.H. Thai, A.J.M. Ferreira, T.D. Tran, P. Phung-Van, Free vibration, buckling
and bending analyses of multilayer functionally graded graphene nanoplatelets
reinforced composite plates using the NURBS formulation, Compos. Struct. 220
(2019) 749-759.

M. Song, S. Kitipornchai, J. Yang, Free and forced vibrations of function-
ally graded polymer composite plates reinforced with graphene nanoplatelets,
Compos. Struct. 159 (2017) 579-588.

F. Pashmforoush, Statistical analysis on free vibration behavior of functionally
graded nanocomposite plates reinforced by graphene platelets, Compos. Struct.
213 (2019) 14-24.

A. Shahrjerdi, S. Yavari, Free vibration analysis of functionally graded graphene-
reinforced nanocomposite beams with temperature-dependent properties, J. Braz.
Soc. Mech. Sci. Eng. 40 (2018) 25.

Z. Xu, Q. Huang, Vibro-acoustic analysis of functionally graded graphene-
reinforced nanocomposite laminated plates under thermal-mechanical loads, Eng.
Struct. 186 (2019) 345-355.

U. Topal, U. Uzman, Frequency optimization of laminated skew plates, Mater.
Des. 30 (2009) 3180-3185.

K. Kalita, P. Dey, S. Haldar, Robust genetically-optimized skew laminates, Proc.
Inst. Mech. Eng. C J. Mech. Eng. Sci. 233 (1) (2018) 146-159.

K. Kalita, Dey P., S. Haldar, X. Gao, Optimizing frequencies of skew composite
laminates with metaheuristic algorithms, Eng. Comput. 36 (2020) 741-761.

Y. Kiani, K. Kamil Zur, Free vibrations of graphene platelet reinforced composite
skew plates resting on point supports, Thin-Walled Struct. 176 (2022) 109363.
C. Feng, S. Kitipornchai, J. Yang, Nonlinear free vibration of functionally graded
polymer composite beams reinforced with graphene nanoplatelets (GPLs), Eng.
Struct. 140 (2017) 110-119.

R.J. Young, M. Liu, L.A. Kinloch, S. Li, X. Zhao, C. Vallés, D.G. Papageorgiou,
The mechanics of reinforcement of polymers by graphene nanoplatelets, Compos.
Sci. Technol. 154 (2018) 110-116.

Y. Jeawon, G.A. Drosopoulos, G. Foutsitzi, G.E. Stavroulakis, S. Adali, Opti-
mization and analysis of frequencies of multi-scale graphene/fibre reinforced
nanocomposite laminates with non-uniform distributions of reinforcements, Eng.
Struct. 228 (2020) 111525.

S.K. Georgantzinos, G.I. Giannopoulos, S.I. Markolefas, Vibration analysis of
carbon fibre-graphene-reinforced hybrid polymer composites using finite element
techniques, Materials 13 (2020) 4225.

13

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

Thin-Walled Structures 189 (2023) 110903

1.S. Radebe, G.A. Drosopoulos, S. Adali, Buckling of non-uniformly distributed
graphene and fibre reinforced multiscale angle-ply laminates, Meccanica 54 (14)
(2019) 1-17.

JN. Reddy, Mechanics of Laminated Composite Plates and Shells, second ed.,
2004, p. CRC Press.

Y. Huang, Z. Yang, A. Liu, J. Fu, Nonlinear buckling analysis of functionally
graded graphene reinforced composite shallow arches with elastic rotational
constraints under uniform radial load, Materials 11 (6) (2018) 910.

J. Yang, H. Wu, S. Kitipornchai, Buckling and post-buckling of functionally
graded multilayer graphene platelet-reinforced composite beams, Compos. Struct.
161 (2017) 111-118.

T. Vo-Duy, V. Ho-Huu, T.D. Do-Thi, H. Dang-Trung, T. Nguyen-Thoi, A global
numerical approach for lightweight design optimization of laminated com-
posite plates subjected to frequency constraints, Compos. Struct. 159 (2017)
646-655.

H.-S. Shen, A comparison of buckling and post-buckling behavior of FGM
plates with piezoelectric fibre reinforced composite actuators, Compos. Struct.
91 (2009) 375-384.

M. Rafiee, F. Nitzsche, M.R. Labrosse, Modeling and mechanical analysis
of multiscale fibre reinforced graphene composites: Nonlinear bending, ther-
mal post-buckling and large amplitude, Int. J. Non-Linear Mech. 103 (2018)
104-112.

R. Gholami, R. Ansari, Y. Gholami, Numerical study on the nonlinear resonant
dynamics of carbon nanotube/fibre/polymer multiscale laminated composite
rectangular plates with various boundary conditions, Aerosp. Sci. Technol. 78
(2018) 118-129.

S. Kamarian, M. Shakeri, M.H. Yas, Natural frequency analysis and optimal
design of CNT/fibre/polymer hybrid composites plates using Mori-Tanaka ap-
proach, GDQ technique, and firefly algorithm, Polym. Compos. 9 (5) (2016)
1433-1446.

M. Song, J. Yang, S. Kitipornchai, W. Zhu, Buckling and postbuckling of biaxi-
ally compressed functionally graded multilayer graphene nanoplatelet-reinforced
polymer composite plates, Int. J. Mech. Sci. 131-132 (2017) 345-355.

Y. Wang, C. Feng, Z. Zhao, J. Yang, Eigenvalue buckling of functionally graded
cylindrical shells reinforced with graphene platelets (GPL), Compos. Struct. 202
(2018) 38-46.

Y. Wang, C. Feng, Z. Zhao, J. Yang, Buckling of graphene platelet reinforced
composite cylindrical shell with cutout, Int. J. Struct. Stab. Dyn. 18 (03) (2018)
1850040.

J. Nocedal, S.J. Wright, Numerical Optimization, in: Springer Series in Operations
Research and Financial Engineering, 2006.

Z.B. Zabinsky, Optimal design of composite structures, in: C.A. Floudas, P.M.
Pardalos (Eds.), Encyclopaedia of Optimization, Kluwer Academic Publishers,
2001, pp. 153-160.

P.Y. Papalambros, D.J. Wilde, Principles of Optimal Design, in: Modelling and
Computation, Cambridge University Press, 2017.

MATLAB, Version 9.0.0.341360 (R2016a), The MathWorks Inc,
Massachusetts, 2016.

AK. Garg, RK. Khare, T. Kant, Free vibration of skew fiber-reinforced composite
and sandwich laminates using a shear deformable finite element model, J. Sandw.
Struct. Mater. 8 (1) (2006) 33-53.

0.G. McGee, Natural vibrations of shear deformable cantilevered skew thick
plates, J. Sound Vib. 176 (3) (1994) 351-376.

Natick,

81



Chapter 6: Fundamental Frequency Analysis of Functionally
Graded Graphene-reinforced Rectangular Composite Plates

Yajur Jeawon®, Georgia Foutsitzi’, Georgios A. Drosopoulos®®

@ Discipline of Civil Engineering, University of KwaZulu-Natal, Durban, South Africa

b Department of Informatics and Telecommunications, University of loannina, loannina, Greece
¢ Discipline of Civil Engineering, University of Central Lancashire, Preston, UK

* Corresponding author (gdrosopoulos@uclan.ac.uk)

Abstract

This article adopts a functionally graded (FG) distribution of the reinforcement in the
thickness direction to determine the fundamental frequency of graphene and fibre-
reinforced laminate plates. The work aims to investigate distributions of
reinforcement which lead to maximum frequencies for the laminate. Four types of
non-uniform distributions are applied to graphene nanoplatelets (GPLs) or fibre
reinforcement, investigating the influence of adopting FG distribution for the two
reinforcement types. A layerwise functionally graded distribution is also introduced,
by considering different distribution type per layer of the laminate. The problem is
solved using finite element analysis and first-order shear deformation theory.
Different FG distributions, boundary conditions, fibre orientations, and volume
contents for graphene and fibre reinforcements are among the many parameters that
are tested. It can be seen that as the volume content of fibres increases, uniform
graphene reinforcement leads to higher frequencies compared to non-uniform FG
graphene distributions. For low fibre content, with values less than 5% (glass) and
7.8% (carbon), a non-uniform FG distribution of graphene (Type X) results in the
highest frequencies. Layerwise FG distribution of graphene nanoplatelets (GPLs) are
seen to increases fundamental frequencies by approximately 2% compared to non-

layerwise FG graphene distribution.

Keywords: Functionally graded laminates, Graphene-fibre reinforcement, Maximum
fundamental frequency, Finite Element Analysis, Simply supported laminates,

Layerwise functionally graded laminates
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1. Introduction

The benefits of using composite laminates in several structural applications have
increased over the years, due to their excellent mechanical characteristics including
superior strength and reduced material weight [1]. To further improve the structural
response of composite materials, nanomaterials of advanced properties are adopted
as reinforcement, resulting in the design of reinforced nanocomposite laminates [2].
Common nanoreinforcement materials such as graphene nanoplatelets, carbon
nano-fibres and carbon nanotubes are used to improve the mechanical properties
and structural response of nanocomposites [3]. Thus, nanocomposites have been
adopted across many different industries in the engineering field for various
applications including automobiles, electromagnetic shielding, aircrafts and gas
pipelines [4, 5]. An estimation of the material properties of nanocomposite structures
is provided in [6].

Graphene nanoplatelets (GPLs) as a nanoreinforcement material in laminate
composites have gained significant recognition because of their superior mechanical
qualities. Research results indicate that the adding minimal amounts of graphene
nanoplatelets (GPLs) into the matrix of a composite laminate can significantly
improve its thermal, electrical and mechanical characteristics [7]. These superior
properties of the nanoreinforcement material can be considered in the design to
produce lightweight composite laminates with increased structural tolerances and
performance output. Research has been conducted to verify the significant
improvement of the graphene-reinforced nanocomposite laminate’s properties [7].
One such study was conducted by Rafiee et al. [8], indicating that the benefits in
strength and stiffness of adding 1% weight content of carbon nanotubes can also be
achieved by adding only 0.1% of graphene weight fraction.

Composite laminates are widely used in ship building, machinery robot arms,
aircrafts and other applications as structural components that undergo severe
vibrations. To avoid resonance and improve in this sense the vibration response,
laminates are designed to work in a higher fundamental frequency [9]. Multiple
studies have been presented, highlighting a variety of methods used to improve the
natural frequencies of nanocomposite plates. In [10] natural frequencies of skew
laminates that contain stiffeners were investigated. The natural frequency of the

laminate was found to improve as the skew angle increased. Biswas et al. [11]
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presented results related to the fundamental frequency of composites with various
cutouts and boundary conditions considered as design variables. According to the
outputs of the investigation, higher fundamental frequencies were produced for
clamped boundary conditions than for cantilever conditions [11]. Increasing the
length-to-width ratio for a nanocomposite multilayer organic solar cell resulted in
improved fundamental frequencies [12]. Brethee et al. [13] analysed symmetric and
anti-symmetric laminated composite plates with a central cutout in terms of free
vibration. Comparison between anti-symmetric and symmetric fibre orientations
provided that anti-symmetric fibre orientation produced a higher non-dimensional
fundamental frequency over a symmetric orientation [13].

The free vibration characteristics of laminated composite plates, subjected to various
constraints, with and without cut-outs, were investigated in [14]. Results showed that
improved fundamental frequency and stiffness were derived, when the number of
layers is increased. Farsadi et al. in [15], studied the impact of various boundary
conditions and fibre angles and found these to influence the natural frequencies of
the composite. In [16] Farshi et al. investigated optimal fundamental frequencies via
a layer wise approach. Studies provided in [17, 18] indicated that an increase in the
fundamental frequency is seen when more layers are added to the laminate
composite. In [18] it was also observed that the outer layers are more effective on
the bending and frequency response of the composite. Pingulkar et al. provided in
[19] that the orientation and hybridization of the material in the outer layers had a far
greater effect on the natural frequency than the fibre volume fraction and change in
the matrix material.

Numerous numerical studies take into account the quantity of nanocomposite
reinforcement and assess its impact on the laminate's vibration response. The
volume percentage and distribution of nanoreinforcement, the number and
arrangement of layers, and the laminate's shape are some of the variables that affect
the natural frequencies of CNT-reinforced composite laminates [20]. Ebrahimi et al.
investigated multi-scale carbon nanotube (CNT)/glass fibre reinforced
nanocomposite laminated plates and found that the natural frequency is amplified
when the content of CNTs and/or glass fibre reinforcement is increased [21]. CNTs
were used in [22] to enhance the vibrational response of nanocomposite beams. The
study showed that the high elasticity modulus of the carbon nanotube reinforcement

contributed to superior fundamental frequency and stiffness values of the plate.
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According to [23], the flexural modulus and fracture toughness improved by 14% and
28%, respectively, when the weight of graphene nanoparticles increased by 0.5%,
when trying to fabricate graphene-reinforced nanocomposites with enhanced fracture
toughness. Adding a small content of graphene reinforcement resulted in improved
deflections and natural frequencies, according to an investigation presented in [24].
In [25] it was found that when graphene volume content increased, the natural
frequency improved for graphene/fibre reinforced hybrid polymer composites and a
greater increase in the natural frequency was experienced by the plate with clamped
boundary conditions than the one that was simply supported. Three composite plates
were analysed in terms of their natural frequency in [26], considering carbon fibre
reinforcement, graphene, and hybrid carbon fibre/graphene reinforcement. Results
indicated that the graphene reinforcement enhanced the natural frequency, with the
hybrid plate having the optimal fundamental frequency among the three plates.

A study involving fundamental frequency optimization of a 3-phase graphene/fibre
reinforced composite laminate is presented in [27]. Findings showed that adding
graphene nanoplatelets (GPLs) to the composite laminate increased the
fundamental frequency and that the distribution in the outer layers was the most
influential for the vibration response [27]. In [28] it was found that for graphene-
reinforced composites with functionally graded reinforcement, the functionally graded
distribution pattern, clamped boundary conditions, the graphene volume fraction and
the thickness ratio had a notable effect on natural frequencies. Notable gains in
flexural rigidity, shear, and mass inertia were achieved, by increasing the graphene
content in thick plates in [29]. These improvements were then translated into
improved fundamental frequencies. The natural frequencies of “functionally graded
porous truncated conical shells” reinforced with GPLs were investigated in [30] to
determine impact due to porosity and GPLs distributions. Superior reinforcing effects
are evident when GPLs with large surface area and GPL nanofillers are added to the
composite, resulting in improved fundamental frequencies [30]. A free vibration
analysis was performed in [31] on porous -cylindrical, graphene-reinforced,
functionally graded panels. It was observed that raising the panel's GPL mass
fraction, aspect ratio, length-to-thickness ratio and length-to-radius ratio, resulted in
an increase in the fundamental frequency. In [32] it is found that the vibration
response of laminated curved beams strengthened with graphene reinforcement is
improved, with increasing GPL content.
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The idea of composite laminates with functionally graded reinforcement has
emerged as an intriguing and distinctive approach. Composites consisting of two or
more constituent materials, with contents that are continuously or discreetly varied,
and with the aim of optimizing the composites’ mechanical response, are known as
functionally graded materials [33]. To efficiently assign reinforcement contents to
critical zones of laminates and produce higher fundamental frequencies, functionally
graded nanocomposites can be utilized by distributing the reinforcement in a pattern,
on each layer of the laminate [34].

In a study of carbon nanotube-reinforced composites using functionally graded
reinforcement types presented in [35], the composite's bending, buckling, and
vibration response was highly dependent on the volume rate change of the carbon
nanotube. An investigation was conducted in [36] to determine if the natural
frequency of a skew composite plate is affected by carbon nanotube distribution and
volume proportion. The plate's fundamental frequency was found to be superior with
increasing carbon nanotube content and that the natural frequencies were stronger
for the FG-X reinforcement pattern than the uniform distribution for a 2-phase
composite. In [37], the difference in fundamental frequencies for different functionally
graded graphene distributions and a uniform distribution pattern was investigated.
For the simply supported boundary condition, the largest fundamental frequencies
were produced by the FG-X distribution and then the uniform distribution for the
graphene-reinforced composite. It is noted that in the outer surface layers the FG-X
distribution, has higher GPL content than the middle layers. In [38], the vibration
properties of graphene-reinforced magnetic nanocomposite beams with multiple
layers were examined for five distinct FG distributions. The findings demonstrated
that adding small contents of graphene causes the natural vibration frequencies to
improve, and that the highest fundamental frequencies were produced for the FG-X
distribution when compared to other distributions.

In [39] it was found that the volume fractions and material arrangements significantly
affect the magnitude of the natural frequencies of functionally graded laminates. In
[40] the effects on the fundamental frequency in terms of altering the plate thickness
and functionally graded distributions were investigated. Results indicated that a 1%
increase in the GPL content improved the fundamental frequency from 121% for a
thick plate to 149% for a thin plate for a simply supported plate. The investigation

also concluded that it is more efficient to allocate zero GPLs in the middle layers and

86



higher GPL contents at the outer layers. According to [41] for functionally graded
carbon nanotube reinforced composite plates (CNTRC), the boundary conditions, the
width to thickness ratio, the volume fraction of reinforcement, aspect ratio and the
distribution pattern of reinforcement are among the factors that have a significant
impact on the mechanical behaviour.

The influence on the natural frequency of a functionally graded graphene-reinforced
composite laminate cylindrical panel was investigated in [42]. Four distribution
patterns were applied to the composite, namely, FG-O , FG-V, UD and FG-X, among
which, the FG-O and FG-X were found to produce the lowest and highest natural
frequencies, respectively. In [43], layerwise distributions of functionally graded GPLs
were examined. The analysis revealed that increasing the percentage of GPLs
content by a small amount and using GPLs with a square-shaped, which involve a
lower amount graphene layers and concentrate on dispersion in the outer surfaces,
significantly improved the composite's natural frequency. The free vibration of FG
graphene-reinforced composite cylindrical panels with multiple layers was
investigated in [44], under four distribution patterns. It was shown that the maximum
natural frequency was produced by the FG-X pattern, leading also to the most
enhanced vibration response, when the graphene content was increased [44]. The
type of distribution is an extremely important factor for influencing the fundamental
frequency. In [45] it was highlighted that a large improvement in the fundamental
frequency was observed, when GPLs are introduced in the top and bottom layers of
the composite laminate. In [46] the effect of using functionally graded graphene
reinforcement on a composite sandwich beam was examined. In this instance the
maximum fundamental frequency was produced by the FG-V distribution type,
followed by the FG-X type. It was also found that increasing the GPL length and
width increased the fundamental frequency [46].

This article explores the use of functionally graded reinforcement distributions for a
3-phase graphenef/fibre reinforced composite laminate to enhance the vibration
response. Five functionally graded distribution patterns are studied, within finite
element analysis adopting a first-order shear deformation theory namely, Type 'O’,
Type 'A’, Uniform, Type 'V’, and Type ‘X'. Among the goals of the article, is to
explore how the contents for each of the two reinforcement types (fibres and
graphene nanoplatelets) influence the vibration response, for each distribution

pattern. In addition, numerical tests on the composite laminate’s vibration response
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are conducted, for functionally graded fibre and GPL reinforcement distribution. The
article also proposes a layerwise functionally graded distribution of the
reinforcements, aiming to investigate the impact on natural frequencies, of adopting
a different pattern of reinforcement distribution per layer. As far as the Author is
aware, only limited studies are found in existing literature regarding the above
concepts and in this sense, the innovation and impact of this study are highlighted.

To achieve a cost-effective design, resulting in maximum natural frequencies, a
number of variables, including the fibre volume content and distribution type, the
fibre type and stacking sequence, boundary conditions, and layerwise functionally
graded distributions, are numerically tested, for different FG distribution patterns and

reinforcement contents.

2. Formulation of the finite element model

The proposed research investigates the vibrational response of a graphene-
reinforced nanocomposite plate subjected to functionally graded distributions of
reinforcement with respect to the fundamental frequency achieved with various
constraints applied. The composite is investigated for a 2-phase configuration
consisting of graphene nanocomposites dispersed into the matrix of the composite
and a 3-phase structure which, in addition, includes fibre reinforcement. The
composite plate is defined by a length a and a width b located along the x- and y-
axes and D which represents the plate thickness along the z-axis. The z-axis is
normal to the plate where the plate’s midplane and the xy-plane coincide. The plate
is oriented with the coordinates of the principal material for the k™ lamina having an
angle of 6, to the x-axis and comprises of N layers. z = z, and z = z,_; represent
the k™ lamina’s top and bottom layers. Figure 1 presents a visual representation of

the plate geometry.
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Figure 1: Laminated plate geometry

2.1 Displacement and strains

The first-order shear deformation theory (FSDT) is used to formulate the composite

plate displacement field as follows:

ul(x»y:Z' t) = u(x'yr t) - Z‘Px(x;y; t)

w(6,y,2,8) = v(x,y,t) = 29, (0,3, 1) or {u} = [H{@} )

u3(x;y,Z;t) = W(xry! t)
where the displacements along the (x,y, z) coordinates, the normal rotations about
the x and y-axes and the point displacements on the mid-plane of the panel are
given by uq,up, usz , @y, ¢, and (u, v, w), respectively. The strain equations are given
as:

{e} = Vs{u} )

T ._
where {e} = {err, €1y, Yy Yy Yaz} {8} = (W v, W, 0y, 9, )7 and

d/0x 0 0 —z0/0x 0
0 da/dy 0 0 —z0d/0y
Ve=|0/0y 0d/0x 0 —zd/dy —zd/0x 3)
0 0 da/0y 0 -1

0 0 d/0x -1 0



2.2 Constitutive equations

Eq. (4) represents the k" lamina constitutive relationship as:

{0}k = [Qlkle} (4)

where the stress vector and elastic stiffness matrix is defined as {o} and [Q]
respectively. The nonzero components Qf]k ) of the elastic stiffness matrix , under

plane-stress assumptions and for an orthotropic material are given by [48]:

k k k
*) _ EL w_ m®EY k) _ E5”
1 - 12 — - 21 22 =
ST (D T
® _ 00 ® _ e g® ®© _ o
66 _GIZ ) k GZ3 4 k G (5)

In the above equations, the longitudinal and transverse moduli are represented by
Efk), Eék) . The Poisson’s Ratio is given by vl(';),vz(’f) and the Shear moduli of the k*"

layer is G, 6{9, 6% The shear correction factor, k; , is assigned a value of Z

To obtain coefficients (2.@ represented on the laminate coordinate system(x,y, z),

g. (6) is used to transform the elastic coefficient Q represented in the material

l]’

coordinates for the k" lamina:

(@], = (LITTQILD o (6)

where [L(6;)] and 6, are symbols used to represent a transformation matrix and the

fiore orientation of the k" lamina, respectively as shown in Figure 11.

2.3 Discrete System Equations

A solution to the vibration problem for the laminated plate can be found by using the

finite element method, and dynamic equations of motion. This research utilizes a
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four-noded isoparametric quadrilateral Lagrangian element to accurately define the
laminated plate with each node on the plate containing five degrees of freedom. Eq.

(7) defines the generalized displacement vector:
4

{a(x' Y, t)} = {u' U, W, Qy, (py}T = [Nu]{d}e = z (IV_] [I]SxS{d]}e) (7)

j=1
Where the 5x5 identity matrix is [I]sxs, the Lagrangian shape functions are
represented by N; and the nodal displacement vector is {d;} = (w, v, W), 9xso 0y}

for the jt node of the element e . Eq. (8) is formed when Eq. (7) is substituted into
Eq. (2):

{e(x,y, 0} = Vs([H][N){d}e) = [Bl{d]. (8)

where the strain-nodal displacement matrix is [B]. In order to determine the dynamic
equations of the laminate plate, the Hamilton's principle is applied and the

relationship is given by:

t2

f i f jk{&}T[(_?]k{e}dsz— f jk{(SiL}Tpk{u}dsz
A zZg_4

t1 k=1 \4A Zk—1 —

| Ty + f G (f,)dA + f @’ (fyav |bae =0 ©)
A Ve

where the volume and area of the element, e, are /, and A, respectively. The density
of the k" layer is p,. Additionally, [Q], represents the elastic stiffness matrix
provided in Eq. (4). In Eq. (9), {fy} and {f;}, denote the volume and surface forces,
respectively and the concentrated forces are denoted by {f.}.

The elementary governing equations of motion for each element can be derived by
substituting the discretization of mechanical displacements (7), the displacements
relations (1) and the strain-nodal displacement relation (8) into Hamilton's principle
Eq. (9). The governing equations of motion for the global system can be formulated

by assembling the obtained discretized equations for the total number of elements by
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using the standard procedure of the finite element method and can be expressed as
follows [27]:

[M1{d} + [K]{d} = {Fn} (10)

where {E,}, [K],[M] and {d} are the global force vector, the global linear stiffness
matrix, global mass matrix and the global displacement vector, respectively. Eq. (10)

can be used to analyse the free vibration by eliminating the force term to give:

[K1{d} = A[M]{d} (11)

where 1 = w?is the eigenvalue and the natural vibration frequency is represented by
w. The finite element model previously presented is implemented via MATLAB
model codes to study the free vibration response of rectangular laminated composite
plates for various design parameters. Notice that, a selective integration technique is

applied when calculating the stiffness matrix to mitigate against shear locking effects.

3. Overall effective material properties of the composite

The composite being investigated is a 3-phase polymer nanocomposite plate where
graphene nanoplatelets (GPLs) are utilized as a nano-reinforcement to enhance its
structural response and mechanical properties. In order to achieve a 3-phase
composite, a nanoreinforced, isotropic matrix is produced by dispersing
nanoreinforcement particles into the matrix. Fibre reinforcement is then added to the
nanoreinforced matrix. The Halpin-Tsai model and rule of mixtures [49,50] which is
commonly applied in published papers to effectively calculate the effective material
properties of a 2-phase matrix reinforced with graphene was used to obtain the
effective material properties of the composite. The process involves first determining
the effective material properties of the 2-phase graphene-reinforced matrix by using
micromechanical equations and thereafter by applying the same equations, 3-phase
nanocomposite properties can be calculated [51]. This approach has been used in a

number of studies such as in [52], to determine a 2-phase laminate’s effective
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properties and then used in [53] to determine a 3-phase laminate’s effective

properties.

3.1 Calculation of the effective material properties of a graphene-reinforced matrix

Micromechanics equations used in [49,54-56] were adopted and applied to a
graphene-reinforced matrix to determine the effective material properties. The
subscripts for the matrix, graphene nanoplatelets (GPLs) and the graphene-
reinforced matrix were assigned as M, GPL and GM respectively. The following

equation was used to derive the Young’'s Modulus of the graphene-reinforced matrix:

31+EMLY, 51+ 14
Egy = (_ SiniVerr | 51+8whw GPL) x Ey (12)
8 1-m.VgpL 8 1-nuwVgpL

The Young's modulus of the matrix and the volume of graphene nanoplatelets
(GPLs) are represented as E, and Vgp,, respectively. By using the values for
graphene nanoplatelet length (lgpy), width (wgp,) and thickness (hgp), the

parameters §; and &, can be calculated in the equations:

g = 2Pk £, = 2 LGPL (13)

hgpL hgpL

Using Eq. (14) where Ey and Egp; are the Young’s moduli for the matrix and

graphene nanoplatelets, the values for n;, and n,, can be derived:

N = (EgpL/Em)—1 _ _(EgpL/Em)—1
L (EgpL/EM)+ &1 w (EgpL/EM)+ §w

Eq. (15) can be used to calculate Vip; using the graphene nanoplatelets (GPLs)

weight fraction Wgpy:

WeprL
V, = 15
GPL WepL+ (pepL/pPM)(1-WgpL) (15)

The Poisson’s ratio, effective Shear modulus and matrix density for the graphene-

reinforced matrix are given by the following equations:
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Gom = i (16)

2(1+UGM)
Vem = VeprLVepr + vm (1 — Vgpr) (17)
Pem = PeprLVerr + pu(1 — Vgpr) (18)

where py and pgpr, symbolize mass density of the polymer matrix and the graphene

nanoplatelets.

3.2 Effective material properties of the 3-phase graphene and fibre reinforced matrix
The equations below represent the effective material properties for a 3-phase

graphene/fibre reinforced matrix [51,54,55,57]:

Eyy = Epy Ve + Eeu(1 — V) (19)
Bxz = Eon (5 s torromvs) (20
Gz = Gy3 (21)
s = o (St @
Ga3 = 2(1E+212/23) (23)
V12 = Vr12Vr + Ve (1 = Vi) (24)

1+vgm+v12EGgm/E11 ) (25)
1-v26m+v12VeMEGM/E11

V23 = Vp12Vr + Veu (1 — Vi) (

p=prVe + peu (1 —Vg) (26)

The subscript GM and F denote the graphene-reinforced matrix and fibre,
respectively. pr and V; are used to represent the fibre density and fibre volume,

respectively.

3.3 Functionally graded distribution of reinforcement
In the present work, the fibre volume content VF(k) or the volume content of graphene
nanoplatelets (GPLs) VG(,',"Q of each layer are assumed to be distributed functionally

through the thickness direction of each ply as:
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WO = Vi ®@), V) = Ve fO@) 27

where Vi and V;p, are the total fibore and GPLs volumes, respectively. Figure 2

shows the functionally graded distribution types which are tested in this study.

20000000000

Type FG-X Type FG-O

Figure 2: Functionally graded distribution patterns for each ply of the laminate ([58]) (CC BY

4.0 DEED)

The function f®(2) in Eq. (27) determines the type of the fibre and GPL
arrangement the thickness direction of each layer (i.e. of each ply of the laminate),

and is determined by:

1, UD — Uniform
Il + Z, FG — Type 'V’
Oz =421 -2), FG — Type ‘0’ (28)
| 27, FG — Type X’
\1-2z FG — Type ‘A’

Since the fibre and GPL distribution can be applied in each ply separately
(layerwise), each layer can be defined with the mid-plane of the layer coinciding with
the origin of the local coordinate system. Thus, the variable Z in the above equations
represents the orthogonal component of the defined local system of the k™ layer and
itis given by Z = [22 — (zgy1 + z1) 1/ (Zks1 — 2x)-

Due to relations (28), the material properties Qi(]’.‘) are functions of the transverse
coordinate z. Therefore, the function ‘integrall’ embedded in MATLAB has been

employed to calculate the integrals with respect to z.

4. Verification of the optimization code

The proposed finite element analysis scheme for the evaluation of the natural

frequencies of functionally graded, 3-phase, laminates reinforced with graphene and



fibre, is implemented in Matlab. To verify the proposed scheme, comparison of the
results obtained from this study to results derived from published research presented
in [59] takes place. The model used for the verification is a five-layered, rectangular
laminate with SSSS or SCSC boundary conditions. The laminate consists of carbon
nanotube (CNT) reinforcement which has been applied in terms of Uniform, Type ‘A’,
and Type ‘X’ functionally graded distributions. The CNT volume content is obtained
considering Eq. (27), that is in this case, VX, = Vg, f ®(2).

The analysis is implemented using a 10 x 10 mesh size with shell elements. Results

are produced a non-dimensional fundamental frequency 2 form, defined by:

2= wD /"—M (29)
Em

In Eq. (29), pm and Ey represent the matrix density and Young’s modulus. D is the

laminate thickness. In the verification analysis Viyr = 0.11 is equal to 0.11.
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Table 1: Verification of the fundamental frequency for a 5-layered simply supported
(SSSS) rectangular laminate with (0/90/0/90/0) fibre orientation and V;yr = 0.11
subject to thickness over length ratio D /a = 0.1 and aspect ratio a/b = 1.

Distribution Type
Verification .
Mode Uniform Type ‘A’ Type X
Source
1 14.2952 14.2243 14.4170
DSC-
2 19.4565 19.4051 19.4805
Shannon’s
3 19.4590 19.3875 19.4811
Delta Kernel
[50] 4 27.1007 26.9832 27.3274
5 38.3273 29.8078 31.0052
1 14.3007 14.2271 14.4189
DSC-
2 19.4594 19.4068 19.4916
Lagrange
3 19.4612 19.3904 19.4873
Delta Kernel
(50] 4 27.1023 26.9863 27.3317
5 38.3291 29.8103 31.0115
1 14.24281 14.20288 14.35139
2 19.50747 19.55746 19.55748
Present Study 3 19.50747 19.55746 19.55748
4 27.86508 27.77468 28.11309
5 39.4968 32.53359 32.65229




Table 2: Verification of the fundamental frequency for a 5-layered simply supported
and clamped (SCSC) rectangular laminate with (0/90/0/90/0) fibre orientation and
Venr = 0.11 subject to thickness over length ratio D/a=0.1 and aspect ratio a/b=1.

Distribution Type
Verification
Mode Uniform Type ‘A’ Type ‘X’
Source
1 17.3918 17.3640 17.8205
DSC-
2 20.1052 19.8932 20.1768
Shannon’s
3 30.0584 29.7346 30.1614
Delta Kernel
(50] 4 32.9473 30.9571 33.9174
5 39.7681 38.6854 40.0546
DSC- 1 17.3934 17.3669 17.8312
Lagrange 2 20.1087 19.8957 20.1805
Delta Kernel 3 30.0612 29.7360 30.1683
[59] 4 32.9501 30.9595 33.9220
5 39.7713 38.6889 40.0614
1 17.74844 17.74191 17.84505
2 19.50747 19.55746 19.55748
Present Study 3 29.63102 29.55694 29.87145
4 33.69359 33.73472 33.81878
5 39.49685 39.59798 39.5981

The results from Table 1 and 2 show that the fundamental frequency produced
correlates with the results obtained from previously published articles for the
boundary condition SSSS and SCSC. Therefore, the proposed numerical scheme
will be used in the next sections to evaluate the vibration response of 3-phase,
graphene/fibre reinforced, and functionally graded laminates.

The frequencies for the first two eigenmodes show a close correlation between the
present study and that of published articles with the percentage difference being
within 0.15% to 0.78% for Table 1 and 0% to 3% for Table 2 (SCSC) for each
distribution type. The fundamental frequency is mainly investigated in this research
within the suggested optimization concept and for this reason, those differences are

acceptable. Some higher differences that appear for higher natural modes, could be
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reduced if a denser mesh was adopted. However, this would increase the

computational cost for the majority of subsequent simulations.
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5. Results and Discussion

3-phase, graphene/fibre reinforced, functionally graded laminates are evaluated in
this section in terms of their vibration response. The dimensions of the graphene
nanoplatelets (GPLs) in the subsequent analysis were taken equal to l;p, = 2.5 um,
Wepr, = 1.5 um, and hgp, = 1.5nm. An eight-layered laminate is considered, with
thickness-to-length ratio D/a=0.03, different boundary conditions, including simply
supported (SSSS), cantilever (CFFF), clamped (CCCC), as well as alternating
clamped and simply supported (SCSC) and aspect ratio a/b = 1.

Fibre orientations included anti-symmetric stacking sequence, [0/90/0/90]antis but
more stacking sequences were tested. The functionally graded distributions provided
in relations (27) and (28) are adopted. Results are provided in terms of non-
dimensional frequency as shown in Eq. (29).

5.1 3-phase graphene/fibre reinforced laminate with functionally graded graphene
reinforcement

In this section, vibration response of 3-phase graphene/fibre reinforced laminates is
examined, by using functionally graded distribution for the graphene nanoplatelets
(GPLs) reinforcement. The distribution types provided in Figure 2 are adopted and
parameters like the boundary conditions, the V;,, content and the stacking sequence
are tested.

Table 3 shows the results regarding the effect of different laminate boundary
conditions. The simulation has been conducted for the following four boundary
conditions: clamped on all four edges (CCCC), simply supported (SSSS), cantilever
(CFFF) and clamped on two edges and simply supported on two edges (SCSC).

It is first noticed that Uniform distribution results in higher natural frequencies than
the other distribution types, for the four boundary conditions. This differentiates with
the results derived in [59] and presented in Tables 1, 2, where Type X distribution
leads to highest natural frequencies. This difference in the optimal distribution type is
attributed to the contribution of the fibre reinforcement, in this paper, as compared to
zero fibre reinforcement in [59]. This matter, of identifying the distribution type which
leads to highest natural frequencies, is further investigated in the subsequent part of
this article.

The SSSS boundary conditions resulted in the Uniform distribution of graphene

producing the largest fundamental frequency of 0.2383 and 0.2166 for carbon and
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glass fibres, resulting in an improvement of the frequency equal to 10% for carbon
fibres.

The CFFF boundary conditions also resulted in the highest fundamental frequency
for Uniform distribution of graphene. The maximum natural frequencies produced by
glass and carbon fibres are 0.0388 and 0.0471, respectively. It can be seen that with
carbon fibres three distribution types performed best and produced the same
maximum frequency, namely, the Uniform distribution, Type ‘X’ and Type A’.

Under clamped conditions (CCCC), the maximum value produced for the
fundamental frequency is again the one derived from Uniform distribution type for
both fibre types with a frequency value of 0.4220 and 0.3740 for carbon and glass
fibres, indicating an increase of 12.83% for carbon fibres.

Similar to previous cases, SCSC boundary conditions resulted in maximum
fundamental frequencies for the Uniform distribution, with values equal 0.3428 and to
0.3058 for carbon and glass fibres, respectively.

When the results are compared, it is evident that the fundamental frequency values
are significantly different in magnitude for every boundary condition. The lowest
fundamental frequencies are produced for CFFF boundary conditions. The
fundamental frequencies obtained by CFFF with glass fibres are approximately 5
times lower than SSSS, 8 times lower than SCSC and 10 times smaller than CCCC
boundary conditions. The fundamental frequencies derived by CFFF with carbon
fibres are approximately 5 times lower than SSSS, 7 times lower than SCSC and 9
times lower than CCCC.
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Table 3: Fundamental frequency for an 8-layered laminate with anti-symmetric fibre

orientation ([0/90/0/90]anti.s) under various boundary conditions subject to constant
Vépp = 0.05, V7 = 0.3 and D/a = 0.03

ggl;gﬂ?;x Fibre type Distribution Type 0
Uniform 0.2166
Type ‘X 0.2131
Glass Type V'’ 0.2123
Type ‘O’ 0.2120
Simply Supported Type ‘A’ 0.2123
(SSSS) Uniform 0.2383
Type ‘X 0.2363
Carbon Type V'’ 0.2357
Type ‘O’ 0.2354
Type ‘A’ 0.2357
Uniform 0.0388
Type ‘X 0.0384
Glass Type V'’ 0.0382
Type ‘O’ 0.0382
. Type ‘A’ 0.0383
Cantilever (CFFF) Uniform 0.0471
Type ‘X 0.0471
Carbon Type V'’ 0.0469
Type ‘O’ 0.0469
Type ‘A’ 0.0471
Uniform 0.3740
Type ‘X 0.3688
Glass Type V'’ 0.3676
Type ‘O’ 0.3672
Type ‘A’ 0.3676
Clamped (CCCC) Uniform 0.4220
Type ‘X 0.4195
Carbon Type V'’ 0.4187
Type ‘O’ 0.4183
Type ‘A’ 0.4187
Uniform 0.3058
Type ‘X 0.3014
Glass Type V'’ 0.3002
Simply supported Type ‘O’ 0.3000
and clamped Type ‘A’ 0.3005
(SCSC) Uniform 0.3428
Type X 0.3406
Carbon Type V'’ 0.3395
Type ‘O’ 0.3395
Type ‘A’ 0.3402
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Table 4: Fundamental frequency for an 8-layered simply supported rectangular

laminate with varying symmetric fibre orientations subject to constant V;p, = 0.05,

Ve = 0.3 and D/a = 0.03.

Stacking sequence Fibre type Distribution Q
Type
Uniform 0.2166
Type X 0.2132
Glass Type V’ 0.2123
Type ‘O’ 0.2120
[90/0/90/0] Type ‘A’ 0.2123
Uniform 0.2391
Type X 0.2372
Carbon Type V'’ 0.2366
Type ‘O’ 0.2363
Type ‘A’ 0.2366
Uniform 0.2171
Type X 0.2147
Glass Type V'’ 0.2139
Type ‘O’ 0.2136
Type ‘A’ 0.2139
[45/45/45/45]s Uniform 0.2479
Type ‘X 0.2471
Carbon Type V' 0.2465
Type ‘O’ 0.2462
Type ‘A’ 0.2465
Uniform 0.2167
Type ‘X 0.2137
Glass Type V' 0.2129
Type ‘O’ 0.2126
Type ‘A’ 0.2129
[0/30/45/60]s Uniform 0.2444
Type X 0.2430
Carbon Type V’ 0.2424
Type ‘O’ 0.2421
Type ‘A’ 0.2424
Uniform 0.2169
Type X 0.2143
Glass Type V'’ 0.2135
Type ‘O’ 0.2132
Type ‘A’ 0.2135
[30/30/30/30], Uniform 0.2456
Type ‘X 0.2445
Carbon Type V'’ 0.2438
Type ‘O’ 0.2436
Type ‘A’ 0.2438
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Table 4 continued

Stacking sequence Fibre type Distribution Q
Type

Uniform 0.2169

Type ‘X 0.2143

Glass Type V' 0.2135

Type O 0.2132

Type ‘A’ 0.2135

[60/60/60/60]; Uniform 0.2456
Type ‘X 0.2445

Carbon Type 'V’ 0.2438

Type ‘O’ 0.2436

Type A 0.2438

Uniform 0.2166

Type ‘X 0.2132

Glass Type V' 0.2123

Type ‘O’ 0.2120

Type ‘A’ 0.2123

[90/90/90/90]s Uniform 0.2391
Type ‘X’ 0.2372

Carbon Type 'V’ 0.2365

Type ‘O’ 0.2363

Type ‘A’ 0.2365

In Table 4 the fundamental frequency change is investigated for various stacking
sequences. in Table 4 and similar to previous results, the Uniform distribution leads
to higher fundamental frequencies for the stacking sequences that are tested. In
particular, the highest fundamental frequencies were observed for the Uniform
distribution type, with carbon fibres providing a maximum frequency higher by
14.29% compared to glass fibres.

The lowest frequency for carbon fibres, was equal to 0.2363 and was obtained for a
Type ‘O’ distribution with 90° fibres in every layer, as well as with [90/0/90/0]s fibre
orientation in the laminate. An increase in the frequency equal to 4.91% is observed
from Type ‘O’ to Uniform distribution.

For the simulations with glass fibres and fibre angles equal to 30° and 60° in every
layer, the highest frequency (0.2169) was obtained from the Uniform distribution and
the lowest (0.2120) from the distribution Type ‘O’. The increase in frequency from
Type ‘O’ to Uniform is 2.31%.

In Table 4, a comparison is made between the different stacking sequences;

observation shows a uniform fibre angle of 45° provided the highest fundamental
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frequencies. The lowest frequency values are produced for uniform fibre angles of

30°.

Table 5: Fundamental frequency for an 8-layered simply supported rectangular
laminate with anti-symmetric fibre orientation ([0/90/0/90]anii.s) and varying Vip,
subject to constant Vi = 0.3 with D/a = 0.03.

FYRST .
Fibre type Distribution Type 0 A)pdrg,ei(r)ir;csggth
Vip, = 0.005
Uniform 0.1139 -
Type ‘X’ 0.1137 -
Glass Type 'V’ 0.1135 -
Type ‘O’ 0.1134 -
Type ‘A’ 0.1135 -
Uniform 0.1559 -
Type ‘X 0.1555 -
Carbon Type 'V’ 0.1554 -
Type ‘O’ 0.1554 -
Type ‘A’ 0.1554 -
Vip, = 0.01
Uniform 0.1333 17%
Type ‘X 0.1326 17%
Glass Type V'’ 0.1322 16%
Type ‘O’ 0.1321 16%
Type ‘A’ 0.1322 16%
Uniform 0.1705 9%
Type ‘X 0.1698 9%
Carbon Type 'V’ 0.1696 9%
Type ‘O’ 0.1695 9%
Type ‘A’ 0.1696 9%
Vip, = 0.02
Uniform 0.1620 22%
Type ‘X 0.1603 21%
Glass Type 'V’ 0.1598 21%
Type ‘O’ 0.1596 21%
Type ‘A’ 0.1598 21%
Uniform 0.1926 13%
Type ‘X 0.1913 13%
Carbon Type 'V’ 0.1909 13%
Type ‘O’ 0.1907 13%
Type ‘A’ 0.1909 13%
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Table 5 continued

Vip, = 0.05
Uniform 0.217 34%
Type ‘X 0.213 33%
Glass Type 'V’ 0.212 33%
Type ‘O’ 0.212 33%
Type ‘A’ 0.212 33%
Uniform 0.238 24%
Type ‘X 0.236 24%
Carbon Type ‘V’ 0.236 23%
Type ‘O’ 0.235 23%
Type ‘A’ 0.236 23%
Vip, = 0.1
Uniform 0.274 26%
Type ‘X 0.270 27%
Glass Type 'V’ 0.269 27%
Type ‘O’ 0.268 27%
Type ‘A’ 0.269 27%
Uniform 0.292 23%
Type ‘X 0.291 23%
Carbon Type V' 0.290 23%
Type ‘O’ 0.289 23%
Type ‘A’ 0.290 23%
Vip, = 0.15
Uniform 0.316 16%
Type ‘X 0.314 16%
Glass Type 'V’ 0.312 16%
Type ‘O’ 0.312 16%
Type ‘A’ 0.312 16%
Uniform 0.336 15%
Type ‘X' 0.335 15%
Carbon Type V' 0.334 15%
Type ‘O’ 0.333 15%
Type ‘A’ 0.334 15%
Vip, = 0.2
Uniform 0.353 12%
Type ‘X 0.351 12%
Glass Type 'V’ 0.349 12%
Type ‘O’ 0.349 12%
Type ‘A’ 0.349 12%
Uniform 0.374 11%
Type ‘X' 0.374 12%
Carbon Type 'V’ 0.372 12%
Type ‘O’ 0.372 12%
Type ‘A’ 0.372 12%
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By varying the volume content of graphene (V;,,) from 0.005 to 0.2, the effect on the
natural frequency is tested and the results recorded in Table 5. The analysis was
implemented for seven volume content values of 0.005, 0.01, 0.02, 0.05, 0.1, 0.15
and 0.2. Increasing the quantity of V;,, causes the resultant non-dimensional
fundamental frequencies to improve. The same result is observed for both glass and
carbon fibre types. Each analysis also shows that the non-dimensional frequency is
higher when using carbon fibres than glass fibres with an increase of approximately
10% to 11% from glass to carbon fibres.

The percentage increase in the fundamental frequencies for higher quantity of V;p,
has been recorded in Table 5. The results indicated that an increase in the V;p,
amount from 0.005 to 0.01 resulted in enhancement of the frequency of
approximately 9% for carbon fibres and 16% to 17% for glass fibres. The increase in
V¢p, from 0.01 to 0.02 caused a frequency increase of 13% and 21% for carbon and
glass fibres, respectively. The next increase in V;p, from 0.02 to 0.05 produced a
frequency increase equal to 33% for glass and approximately 23% to 24% for carbon
fibres.

Increasing the value of V;p, from 0.05 to 0.1 caused the frequency to improve by
approximately 23% and 27% for carbon and glass fibres, respectively. The increase
in the V¢p, content from 0.1 to 0.15 resulted in approximately a 15% and 16%
increase in the frequency for carbon and glass fibres respectively. Finally, the
increase in the V;p, content from 0.15 to 0.2 improved the frequency by
approximately 12% for both fibre types.

These descriptions lead to the conclusion that from V;,, = 0.005 to V;p, = 0.05, the
fundamental frequencies increase with a higher rate, as compared to those obtained
for V¢p, = 0.1 and higher. This means that raising the volume content of graphene in
the laminate will present a diminishing return for V;,, higher than 0.05.

It is also observed that the laminates utilizing a Uniform distribution of graphene
nanoplatelets (GPLs) lead to the highest fundamental frequencies. For a given V;p,
content, the variance in the fundamental frequency obtained from each distribution

type is very low.
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Table 6: Fundamental frequency for an 8-layered simply supported rectangular
laminate with anti-symmetric fibre orientation ([0/90/0/90]anii.s) and varying Vi subject
to constant V;p; = 0.05 with D/a = 0.03.

Fibre type Distribution Type t
V. = 0.02
Uniform 0.2331
Type ‘X 0.2336
Glass Type V’ 0.2323
Type ‘O’ 0.2320
Type ‘A’ 0.2323
Uniform 0.2344
Type ‘X 0.2350
Carbon Type V'’ 0.2337
Type ‘O’ 0.2334
Type ‘A’ 0.2337
V. = 0.05
Uniform 0.2309
Type ‘X 0.2309
Glass Type V'’ 0.2296
Type ‘O’ 0.2294
Type ‘A’ 0.2296
Uniform 0.2343
Type ‘X~ 0.2346
Carbon Type 'V’ 0.2334
Type ‘O’ 0.2331
Type ‘A’ 0.2334
Vr = 0.078
Uniform 0.2290
Type ‘X 0.2285
Glass Type V'’ 0.2273
Type ‘O’ 0.2270
Type ‘A’ 0.2273
Uniform 0.2344
Type ‘X 0.2344
Carbon Type 'V’ 0.2332
Type ‘O’ 0.2329
Type ‘A’ 0.2332
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Table 6 continued

Vp=0.1
Uniform 0.2275
Type ‘X 0.2267
Glass Type V' 0.2255
Type ‘O’ 0.2252
Type ‘A’ 0.2255
Uniform 0.2345
Type ‘X 0.2343
Carbon Type ‘V’ 0.2333
Type ‘O’ 0.2329
Type ‘A’ 0.2333
Vy = 0.3
Uniform 0.2166
Type ‘X 0.2131
Glass Type ‘V’ 0.2123
Type ‘O’ 0.2120
Type ‘A’ 0.2123
Uniform 0.2383
Type ‘X 0.2363
Carbon Type ‘V’ 0.2357
Type ‘O’ 0.2354
Type ‘A’ 0.2357
Vy = 0.5
Uniform 0.2087
Type ‘X 0.2038
Glass Type V'’ 0.2032
Type ‘O’ 0.2030
Type ‘A’ 0.2032
Uniform 0.2433
Type ‘X 0.2405
Carbon Type ‘V’ 0.2401
Type ‘O’ 0.2399
Type ‘A’ 0.2401
Vr = 0.6
Uniform 0.2057
Type ‘X 0.2005
Glass Type V'’ 0.2000
Type ‘O’ 0.1998
Type ‘A’ 0.2000
Uniform 0.2460
Type ‘X 0.2429
Carbon Type V'’ 0.2426
Type ‘O’ 0.2425
Type ‘A’ 0.2426
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To further research the effect of fibre reinforcement on the kind of functionally graded
graphene distribution that produces the highest frequencies, the fibre volume content
is considered as variable in Table 6. In particular, Vi is assigned different volume
contents ranging from 2% to 60% and V;p, is functionally graded distributed in the
laminate at a constant value of 0.05.

It is observed in Table 6 that for increasing fibre content, and as the fibre content
remains lower than 0.05 (glass fibres) and 0.078 (carbon fibres), the Type ‘X’
distribution produces the highest fundamental frequency in comparison to the
remaining distribution types. This differentiates with the results derived for fibre
volume content equal to 30% provided in Table 3, where the Uniform distribution
leaded to highest frequencies.

It is also observed that when the volume content of glass fibre reinforcement
increases, the non-dimensional frequency decreases. The decrease was higher for
fibre content between 30% and 50%. The decrease in this case is 4% whereas the
decrease in the natural frequency from 50% to 60% fibre content is 1%.

On the other hand, increasing the quantity of carbon fibre reinforcement resulted in
an increase in the frequencies of 2% and 1% for V; = 0.5 and V = 0.6, respectively.
The largest observed fundamental frequency for carbon fibre reinforcement is 0.2460
for Vr = 0.6 and graphene reinforcement with a Uniform distribution.

To further investigate the influence of the fibre volume content on the optimal
distribution type, figures 3 and 4 below provide the variation of the fundamental

frequencies for increasing fibre content, for both Uniform and Type X distributions.
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Figure 3: Fundamental frequency for various glass fibre (Vz) content using Uniform
and Type ‘X’ distribution and V;p;=0.05
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Figure 4: Fundamental frequency for various carbon fibre (V) content using Uniform
and Type ‘X’ distribution and V;p;=0.05

It is observed in figure 3 for glass fibres, that at the lowest fibre content, the Type ‘X’
distribution is slightly higher than the Uniform distribution in terms of magnitude of

the fundamental frequency. Type X' leads to higher frequencies up to the value
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Vg = 0.05 while for higher fibre volume content, Uniform distribution results in higher
frequencies.

A similar comment is made by observing figure 4 for carbon fibres. Thus, for lower
fibre content, Type X’ distribution leads to higher frequencies, up to fibre content
equal to 0.078. For higher fibre content values, the Uniform distribution resulted in
larger frequencies.

It is concluded that in the laminate with less fibre content, the Type ‘X’ functionally
graded distribution of graphene nanoplatelets (GPLs) results in higher fundamental
frequencies as compared to Uniform distribution. As the fibre content increases, fibre
reinforcement becomes dominant, indicating that the non-uninform, functionally
graded graphene distribution does not offer any further increase in the fundamental

frequency.

5.2 2-phase graphene-reinforced functionally graded Ilaminate (zero fibre
reinforcement)

A number of simulations are conducted with zero fibre reinforcement to evaluate the
influence of fibre and graphene reinforcements on the vibration response. Then,
comparison between the maximum frequencies and functionally graded distribution
types can be made, for the 2-phase graphene-reinforced and 3-phase graphene and
fibre-reinforced laminates.

The results for the fundamental frequencies for different boundary conditions, zero
fibre content and different functionally graded graphene distributions, with Vgp, =
0.05 are shown in Table 7. Results indicate that for each boundary condition, the
Type ‘X' distribution produced the highest fundamental frequencies. In addition,
clamped boundary conditions (CCCC) led to the highest frequencies.

The lowest fundamental frequencies were produced by the cantilever boundary
conditions, for which the frequencies generated were approximately 10 times lower

than those obtained from the clamped condition.
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Table 7: Fundamental frequency for an 8-layered laminate under various boundary
conditions subject to constant V;p;, = 0.05 and Vi = 0.

Boundary Condition Distribution Type Q
Uniform 0.2347
Type ‘X' 0.2355
Simply Supported (SSSS) Type 'V’ 0.2342
Type ‘O’ 0.2339
Type ‘A’ 0.2342
Uniform 0.0417
Type ‘X’ 0.0419
Cantilever (CFFF) Type 'V’ 0.0417
Type ‘O’ 0.0416
Type ‘A’ 0.0417
Uniform 0.4037
Type ‘X’ 0.4051
Clamped (CCCC) Type V'’ 0.4031
Type ‘O’ 0.4026
Type ‘A’ 0.4031
Uniform 0.3304
Simply supported and Type ‘X, 0.3315
clamped (SCSC) Type V 0.3298
Type ‘O’ 0.3295
Type ‘A’ 0.3298
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Table 8: Fundamental frequency for an 8-layered simply supported rectangular
laminate subject to varying V;p,, Ve = 0 and D/a = 0.03.

Distribution Type | Q | % increase
Vépr = 0.005
Uniform 0.0928 -
Type X 0.0930 -
Type V'’ 0.0927 -
Type ‘O’ 0.0926 -
Type ‘A’ 0.0927 -
Vepr = 0.01
Uniform 0.1172 26.34
Type ‘X 0.1176 26.41
Type 'V’ 0.1171 26.28
Type ‘O’ 0.1169 26.27
Type ‘A’ 0.1171 26.28
Vipy = 0.02
Uniform 0.1550 32.23
Type X 0.1555 32.29
Type 'V’ 0.1548 32.18
Type ‘O’ 0.1545 32.18
Type ‘A’ 0.1548 32.18
Vipy = 0.05
Uniform 0.2347 51.37
Type ‘X 0.2355 51.44
Type V’ 0.2342 51.34
Type ‘O’ 0.2339 51.35
Type ‘A’ 0.2342 51.34
Vip, = 0.1
Uniform 0.3277 39.64
Type ‘X 0.3290 39.70
Type V'’ 0.3271 39.67
Type ‘O’ 0.3267 39.67
Type ‘A’ 0.3271 39.67
Vipp = 0.15
Uniform 0.4006 22.25
Type ‘X 0.4024 22.30
Type V'’ 0.4000 22.29
Type ‘O’ 0.3995 22.29
Type ‘A’ 0.4000 22.29
Vip = 0.2
Uniform 0.4630 15.58
Type ‘X 0.4654 15.64
Type V'’ 0.4626 15.64
Type ‘O’ 0.4620 15.64
Type ‘A’ 0.4626 15.64
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In Table 8 increasing values of the Vgp; content and zero fibre reinforcement are
considered, and the frequencies are determined for each distribution type. Results
indicate that an increase in the Vgp; content increases the value of the fundamental
frequencies. As shown in Table 8, increasing the quantity of Vip results in higher
frequencies but the as the Vi p, value increased the percentage increase diminished.
In particular, for Vip;, content up to 0.05, higher increases of the frequencies are
obtained, as compared to those derived for higher V;p, values, where the increase
rate gradually decreases. Similar results can be seen for the 3-phase graphene and
fibre reinforced laminate as given in the descriptions provided for Table 8.

Figures 5 and 6 graphically illustrate the difference in the magnitude of the
fundamental frequencies derived for 0% and 30% glass and carbon fibres,
respectively, and increasing V;p, content. It is noted that functionally graded
graphene content is used, and anti-symmetric fibre orientation ([0/90/0/90]anti.s) is

applied for non-zero fibre content.
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Figure 5: Comparison of the fundamental frequency produced for Vp= 0 and V= 0.3
(anti-symmetric glass fibres)
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Figure 6: Comparison of the fundamental frequency produced between V.= 0 and
V= 0.3 (anti-symmetric carbon fibres)

It is observed that for both fibre types, the 30% fibre content leads to higher
fundamental frequencies than the laminate with zero fibre reinforcement, until certain
graphene content values are reached. For higher graphene content values, the
laminate with zero fibre reinforcement leads to higher fundamental frequencies than
the laminate with 30% fibre content. For glass fibres, the cross-over point after which
the laminates with zero fibre reinforcement lead to higher frequencies, is
approximately equal to V¢p;, = 0.022 and for carbon fibres to Vi;p;, = 0.05.

Thus, as the graphene content Vp, increases beyond those cross-over points, the
2-phase functionally graded graphene-reinforced laminate results in an improved
vibration response compared to the 3-phase graphene/fibre reinforced laminate. It is
observed that for glass fibres, this occurs for low graphene content, just above 2%,
while for carbon fibres this occurs for higher graphene content (5%).

This output is confirmed by comparing the results shown in Table 3 (graphene/fibre
reinforced laminate) and Table 7 (graphene-reinforced laminate with zero fibre
reinforcement), both obtained for Vgp;, = 0.05. Thus, frequencies provided by zero
fibore reinforcement (Table 7) are higher than those obtained for glass fibre
reinforcement (Table 3) for every functionally graded distribution. For carbon fibres

(Table 3), frequencies are slightly higher than those given in Table 7 (zero

116



reinforcement). Finally, it is noted that uniform distribution led to similar diagrams as

those provide in Figure 5 and 6.

5.3 Layerwise functionally graded laminates

In this section layerwise functionally graded laminates are investigated in the sense
that each layer is assigned a different functionally graded distribution for the
graphene nanoplatelet reinforcement. In addition, a brief study is conducted on
functionally graded fibre distribution, with uniform graphene reinforcement.

In Table 9, different functionally graded graphene distribution types are assigned per

layer and a number of combinations are tested.
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Table 9: Fundamental frequency for a simply supported rectangular laminate subject
to a layerwise variation in the functionally graded graphene distribution pattern with

Vip, = 0.05 and Vi = 0.3 with anti-symmetric fibre orientation.

Fibre type Layerwise Q
Distribution

[AJAJAJAIXIXIXIX] 0.2172

[AJTAIAITAINININIV] 0.2212

[A/AJAJA/O/O/O/QO] 0.2166

[XIXIXIXINININIV] 0.2172

[XIXIXIX/0/0/0/0] 0.2126

Glass [XIXIXIXIAITAIAIA] 0.2083
[VIVIVIVIXIXIXIX] 0.2083

[VIVIVIVIOIO/O/QO] 0.2077

[VIVIVIVIAIAIAIA] 0.2034

[O/O/O/O/XIXIXIX] 0.2126

[O/O/O/O/NINIVIV] 0.2166

[O/O/O/O/A/A/A/IA] 0.2077

[AJAJTATAIXIXIXIX] 0.2398

[AJTAIAIAINININIV] 0.2432

[A/AJA/AIO/O/0/QO] 0.2393

[XIXIXIXINVININIV] 0.2398

[XIXIX/X/O/O/0/0] 0.2359

Carbon [XIXIXIXIAIAIAIA] 0.2323
[VIVIVIVIXIXIXIX] 0.2323

[VIVIVIVIOIO/O/O] 0.2318

[VIVIVIVIAIAIAIA] 0.2282

[O/O/O/O/XIXIXIX] 0.2359

[O/O/O/O/NINIVIV] 0.2393

[O/O/O/O/A/AIAIA] 0.2318

*Type ‘A’ — A; Type X' - X; Type ‘O’ - O; Type V' -V

For glass fibres, the distribution Type ‘A’ at the first four layers and Type V' at the
last four layers ([A/A/A/AINVININV/IV]) resulted in the highest frequency, of 0.2212. It

can also be seen that the Type ‘X distribution is best combined with the Type V'’

distribution, resulting in a frequency of 0.2172. The Type V' distribution produced the

highest frequency of 0.2083 when combined with Type ‘X’. Lastly, the Type ‘O’

distribution is best combined with the Type ‘V’ and produces a frequency of 0.2166.

For carbon fibres the highest frequency is also obtained from [A/A/A/IAINNINIV]
distribution and is equal to 0.2432. In addition, Type X’ and Type 'V’ distributions

lead to a frequency of 0.2398; Type ‘V’ and Type 'X to a frequency of 0.2323 and

Type ‘O’ combined with Type ‘V’ to a frequency value of 0.2393. The maximum
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frequency obtained using carbon fibres is 10% higher than the maximum frequency
derived using glass fibres.

A comparison is conducted between the maximum frequency produced by the
layerwise distribution and the one provided by the same functionally graded
distribution type for each layer, as shown in Table 33. The Uniform distribution type
in Table 3 led to the maximum fundamental frequency, 0.2383, for carbon and
0.2166, for glass fibres, respectively. When comparing the glass fibre reinforced
laminate, the layerwise distribution [A/A/AIAINIVIVIV] resulted in a frequency of
0.2212 which is 2.12% higher than the laminate with the Uniform distribution of Table
3.

For the carbon fibres, the layerwise distribution of [A/A/AJAINN/IVIV] provided the
highest fundamental frequency of 0.2432, which is 2.06% higher than the carbon
fibore composite using Uniform distribution for every layer (Table 4). This result
indicates that a laminate with optimized functionally graded distributions per layer
can achieve even higher fundamental frequencies than a composite with the same
distribution for each layer.

Next, a first effort in this article is made to change the concept for the functionally
graded reinforcement, and to consider functionally graded distribution for the fibre
reinforcement. The purpose of this effort is to identify potential benefits of using
functionally graded fibres in the thickness direction.

In Table 10 the vibration response of functionally graded fibre reinforcement is
presented, for the distribution types adopted in previous sections. Graphene content

is uniform along the laminate thickness.
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Table 10: Fundamental frequency for a simply supported rectangular laminate with
anti-symmetric fibre orientation subject to constant Vgp; = 0.05 and functionally
graded fibres with Vy = 0.3

Fibre type Distribution Type Q % increase from

Uniform 0.2166 0.00%

Type ‘X 0.2169 1.78%

Glass Type 'V’ 0.2168 2.12%
Type ‘O’ 0.2167 2.22%

Type ‘A’ 0.2168 2.12%

Uniform 0.2383 0.00%

Type ‘X 0.2395 1.35%

Carbon Type 'V 0.2393 1.53%
Type ‘O’ 0.2391 1.57%

Type ‘A’ 0.2393 1.53%

Results indicate that the Type ‘X’ distribution leads to larger fundamental frequencies
for both carbon and glass fibres. In addition, all distribution types shown in Table 10,
excluding the Uniform type, result in higher frequencies than those given in Table 3
for uniform fibre reinforcement and functionally graded graphene nanoplatelets.
Percentages of the increase in frequencies shown in Table 10, as compared to Table
3, are provided in the last column of Table 10. An observation of the results shows
that the maximum increase is 2.22%, for Type ‘O’ distribution.

The effort of evaluating functionally graded fibres is extended in another
investigation, where a layerwise variation in the functionally graded fibres and

uniform graphene content are considered.
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Table 11: Fundamental frequency for a simply supported rectangular laminate
subject to a layerwise variation in the functionally graded fibre distribution with

Vepr, = 0.050, Vg = 0.3 and anti-symmetric fibre orientation.

Fibre type Layerwise QO

[A/AJATAIXIXIXIX] 0.2175

[A/AIAIAINIVINVIV] 0.2181

[AJAJAJA/O/O/0/0] 0.2174

[XIXIXIXINIVINVIV] 0.2175

[X/IXIX/X/O/O/0/0] 0.2168

Glass [XIXIXIXIAIAIAIA] 0.2162
[VIVIVIVIXIXIXIX] 0.2162

[VIVIVIVIOIO/O/O] 0.2161

[VIVIVIVIAIAIAIA] 0.2155

[O/O/O/O/XIXIXIX] 0.2168

[O/O/O/ONININIV] 0.2174

[O/O/O/O/A/AIAIA] 0.2161

[A/AJTATAIXIXIXIX] 0.2408

[A/AIAIAINIVINIV] 0.2421

[AJAJAJAJO/O/O/0] 0.2406

[XIXIXIXINVIVIVIV] 0.2408

[X/X/X/X/O/O/0/0] 0.2393

Carbon [XIXIXIXIAIAIAIA] 0.2380
[VIVIVIVIXIXIXIX] 0.2380

[VIVIVIVIOIO/O/0] 0.2378

[VIVIVIVIAIAIAIA] 0.2365

[O/O/O/O/XIXIXIX] 0.2393

[O/O/O/ONININIV] 0.2406

[O/O/O/O/AIAIAIA] 0.2378

Table 11 shows the results for a composite laminate subject to a layerwise variation
in the functionally graded fibres and a constant value of V;p;, = 0.05. Analysis of the
results for the glass fibre distribution indicates that the highest fundamental
frequency of 0.2181 is obtained for a combination of Type ‘A’ and Type ‘V’
distributions. The carbon fibre distribution provides the highest fundamental
frequency of 0.2421 for a combination of Type ‘A’ and Type ‘V’ which is the same as
the glass fibre distribution. For the same layerwise distributions, there is an increase
in the value of the fundamental frequency for a change from glass to carbon fibres of
11%.

Comparison between Tables 9 (layerwise, functionally graded graphene
reinforcement) and 11 (layerwise functionally graded fibre reinforcement) indicates

that except the case of the highest frequency, which is obtained for
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[AJAIATANINNIV], in - every other combination the functionally graded fibre
reinforcement leads to higher frequencies than those obtained by the corresponding
functionally graded graphene reinforcement.

The highest frequency obtained for layerwise functionally graded fibre reinforcement
(Table 11) is slightly higher than the one derived from non-layerwise functionally
graded fibre reinforcement (Table 10). For glass fibres, the highest frequency from
the layerwise fibre distribution is 0.5% higher than the one from the non-layerwise
distribution, while for carbon fibres, the layerwise distribution results in 1% higher

frequency compared to the non-layerwise distribution.

. Conclusion

The present study investigates 3-phase graphene/fibre reinforced nanocomposite
laminates with functionally graded reinforcement along the thickness in terms of the
vibration response. First order shear deformation theory and a finite element analysis
formulation are applied to determine the natural frequencies for different types of
functionally graded distributions. The model proposed in this research is able to
capture functionally graded distributions for either the fibre or the graphene
nanoplatelets (GPLs) reinforcement. In addition, the numerical scheme can
implement layerwise functionally graded reinforcement. Micromechanics equations
are used to obtain the effective material properties of the laminate. Within the given
framework, a rectangular, 8-layered laminate was tested for stacking sequences,
different boundary conditions fibre volumes and types, graphene volume content,
and functionally graded distribution patterns.

For functionally graded graphene nanoplatelets (GPLs) distribution, it is evident that
for Vgp, larger than 5%, improvement rate of the fundamental frequencies
diminishes, as compared to V¢p; values lower than 5%, leading to diminishing
returns. In terms of the optimal functionally graded distribution, it is determined that
as the volume content of fibres rise, the uniform graphene reinforcement leads to
higher frequencies, indicating that the fibre content dominates the response and the
functionally graded graphene distributions do not increase the frequencies. However,
for low fibre content, with values less than 5% (glass) and 7.8% (carbon), the Type X

distribution of functionally graded graphene results in the highest frequencies.
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The study also highlights the efficiency of using fibres to enhance the vibration
response of the functionally graded graphene-reinforced laminate. Observations
show the level of V(p; content determines whether adding fibre reinforcement
contributes towards higher fundamental frequencies. For Vp,, higher than 2.2% and
5% for glass and carbon fibres, respectively, zero fibre reinforcement leads to higher
frequencies than 30% fibres content. Thus, it is more efficient for this graphene
content, not to use fibre reinforcement.

In a relevant comment, it can be seen that for V;p; =5%, elevating the fibre content
results in decreasing frequencies for glass fibres. Therefore, for this V¢p;, content,
using glass fibres does not contribute to cost-effective design. For carbon fibres,
frequencies decrease up to a fibre content (about 10%) while for higher fibre content,
frequencies increase.

When a layerwise functionally graded distribution is considered for graphene
nanoplatelets, results indicate an increase approximately equal to 2% compared to
non-layerwise functionally graded distribution. Finally, layerwise functionally graded
distributions for graphene or fibre reinforcements, result in the [A/A/A/AININVIVIV]
distribution, as the one providing the highest fundamental frequency.

The study can be extended by introducing in-plane functionally graded materials.
Optimization procedures and machine learning methods can also be adopted, in
order to provide the optimal vibration response, within a data-driven framework.

These are left for future investigation.
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Chapter 7: Conclusion

This chapter provides a summary and conclusion of the major research findings that
are derived from the analyses conducted in Chapters 5 through 6 as well as
recommendations for expanding the research for future work. More detailed

conclusions for the research can be found at the end of Chapter 5 to 6.

7.1 Conclusions

The current study proposed optimization schemes, implemented using finite element
analysis to optimize and maximize a graphene-reinforced nanocomposite plate's
vibrational response. In order to enhance the nanocomposite's vibrational capacity
and prevent resonance, the vibration was maximized and quantified in terms of
fundamental frequency. In addition, a scheme for the evaluation of the vibration

response of functionally graded nanocomposite laminates was provided in the thesis.

In Chapter 4, the proposed methodology involved the use of micromechanical
equations and first order shear deformation theory (FSDT) to formulate a 3-phase
graphene/fibre reinforced nanocomposite, derive the effective material properties
and apply an optimization scheme in MATLAB. The micromechanical equations are
applied to first formulate the graphene-reinforced matrix and then to derive the
properties of the 3-phase graphene/fibre reinforced matrix. The vibration analysis is
calculated using four-noded Mindlin plate elements and optimization scheme applied
via a Sequential Quadratic Programming algorithm. The optimization scheme
introduces various design variables that are modified to measure the resultant effect
on the fundamental frequency. A design efficiency rating was calculated by dividing
the optimized fundamental frequency by the frequency from uniform distributions of
reinforcement. Using the design efficiency rating, different nanocomposite design

scenarios are compared.

In the study optimal distributions of graphene and fibre reinforcement were
determined along the laminate thickness. The optimal distribution of graphene was
found to be non-uniformly distributed in the surface layers of the laminate with zero
or minimum distribution in the middle layers. A similar observation is made when

fibre reinforcement is introduced.
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The design efficiency rating indicated an increase in the fundamental frequency
when the layer thickness and fibre angles are introduced as additional design
variables to the graphene and fibre content. Additionally, graphene reinforcement
was found to be more efficient when the fibre reinforced volume was lower. A non-
uniform distribution of graphene and fibre reinforcement along the thickness was
found to produce superior fundamental frequencies than that produced by uniform
distributions. Clamped (CCCC) boundary conditions resulted in fundamental
frequency values which are relatively high compared to simply supported (SSSS) but
SSSS boundary conditions showed a higher increase in the design frequency than
CCCC boundary condition.

In Chapter 5, the optimization scheme is extended to graphene/fibre reinforced
cantilever skew laminates. Isoparametric elements are used to analyse a skew plate
due to their accuracy for simulating arbitrary geometry. Micromechanical equations
are applied to obtain effective material properties for a 3-phase graphenef/fibre
reinforced skew cantilever laminate plate. Thereafter, the skew plate is represented
using four-noded isoparametric quadrilateral elements with five degrees of freedom
per node. A Sequential Quadratic Programming algorithm is used to apply the

optimization scheme to the skew cantilever laminate plate.

The design optimization for the skew laminate included parameters such as
graphene and fibre content and distribution across the thickness, layer thicknesses
and fibre angles. Design variables are implemented in sequence starting with one
variable and culminating in a four variable design. The first variable assigned is
graphene content, followed by fibre content, layer thickness and finally fibre angle.
The optimal distribution of graphene and fibres is again higher distributions in the
surface layers and minimal to zero in the middle layer due to the outer layer
contributing more to the overall laminate stiffness. The effectiveness of increasing
quantities of graphene decreases after a certain limit where the design becomes
inefficiency from a cost perspective. A cost effective design can be achieved with
lower quantities of fibre added to the graphene-reinforced composite due to results
showing a higher fundamental frequency for 30% fibre content than 60% added to

the graphene-reinforced skew composite.
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The fundamental frequency of a 3-phase composite reinforced with graphene and
fibres is significantly higher than that of a 2-phase composite reinforced solely with
fibres. For every simulation, a design efficiency factor is computed, and the findings
indicate that the efficiency factor rises with the number of design variables. The
optimal designs for the 45° skew plate was compared to the rectangular plate where
the results show the fundamental frequency of the skew plate to be superior to the
rectangular plate but the design efficiency of the skew plate is smaller than the

rectangular plate.

Lastly, a study is conducted to investigate the effects of functionally graded
reinforcement along the thickness of a rectangular laminated composite plate. In this
study micromechanical equations and four-noded isoparametric quadrilateral
elements with five degrees of freedom per node were used to calculate the vibration
response of the composite plate, aiming to maximize the fundamental frequency. To
achieve this, five functionally graded distribution patterns are applied via the
reinforcement materials (graphene and fibre) in the composite. Those functionally
graded distributions are applied via a function which transforms the graphene and
fibre content into functionally graded graphene and fibre pattern distributions. The
distribution patterns included in the study is Uniform, Type ‘X', Type ‘V’ Type ‘O’ and
Type ‘A’. Functionally graded graphene distributions show a diminishing effect in
improving the fundamental frequency above a 5% graphene content limit. Results
show that when fibres are introduced into the composite the uniform distribution
produces the larger fundamental frequencies indicating that fibre content dominates
the frequency response and functionally graded graphene becomes less effective in
increasing the frequency response. However, when the fibre content is low the Type
‘X’ functionally graded graphene distribution produces the largest fundamental

frequency.

The study investigates the efficiency in using fibres to reinforce the vibration
response of the functionally graded graphene-reinforced laminate. Results indicate
that certain limits of graphene content are more effective with zero fibre content. A

layerwise functionally graded distribution is also investigated to determine the
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effectiveness in improving the fundamental frequency. The results show that a

layerwise distribution slightly improved the observed fundamental frequency.

The overall results of this research indicate some key aspects of the nanocomposite
design. The addition of graphene nanoparticles as reinforcement into the polymer
matrix of the composite has a positive effect in increasing the magnitude of the
fundamental frequency. Increasing the number of design variables ultimately
resulted in a more refined and optimally reinforced composite laminate with larger
fundamental frequencies and improved design efficiencies. Depending on the
amount of fibre reinforcement, the type of functionally graded distribution can be
changed to optimize the nanocomposite and increase the fundamental frequency.
Skew composites resulted in larger fundamental frequencies but reduced design
efficiencies compared to square composite laminates. The result is a plethora of
design variables and composite characteristics that can be used to increase the
fundamental frequency and optimize the 3-phase graphene/fibre reinforced

nanocomposite.

The vibrational analysis model presented not only agrees with previously published
research which serves as a verification model for future research but also provides
extensive data relating to a variety of solutions to optimize and maximize the
vibrational response and fundamental frequency in order to avoid resonance and
improve and advance industry applications. The proposed methodology can be
extended to include different reinforcement materials making the model a diverse
and powerful tool. This data can then be extrapolated and introduced in the design of
various industry applications such as airplane wings or lightweight structures which
become subject to intense vibrations. Stronger and lighter materials can lead to a
more robust, safe and cost effective design. The conducted investigation can also be

applied to the aerospace and automotive industry, the energy sector and others.

As with any research methodologies, the limitations to the study must be presented
to form a holistic analysis. In this regard one important limitation of the work
presented in this thesis is the inability to make an in depth comparison of the results

with experimental data from previous research. The lack of experimental data

133



available contributes to this limitation where correlation with such data would
attribute to forming a complete and closed end analysis.

The processing computational efficiency of the computer used to run the analysis
was able to accommodate the complexity of laminate in the thesis. In case more
advanced laminates are simulated in relevant future applications, for instance
models of greater dimensions, more complex geometry, or more layers, more
powerful processing equipment will be needed. Simulation in computer clusters or

parallel processing capabilities may also be involved for those cases.

7.2 Recommendations for future research
A comprehensive numerical framework is provided in this thesis to investigate the

vibration response of graphene-reinforced nanocomposite plates.

The methodology of the numerical evaluation of functionally graded laminates can be
extended to incorporate in-plane functionally graded material concepts. In this sense,
a more holistic representation of functionally graded distributions will be achieved,
considering distribution patterns in-plane and along the thickness. In another step,
optimization can be introduced, to evaluate optimal design variables in functionally
graded distributions. The aim will be to determine the optimal functionally graded
distribution, along the plane and the thickness of the laminates.

All the presented work can be integrated into artificial intelligence, adopting machine
learning techniques. There are several parameters which crucial influence the
vibration response of the laminates. Traditional and modern machine learning tools
can therefore be adopted, to provide a prediction of the influence of those
parameters on the vibration response. To train the machine learning tools, data can
be numerically generated, from the codes which have been developed for this thesis.
By doing this, fast predictions of the vibration response, with limited computational

cost may be achieved.

It is apparent that there is limited experimental research available regarding the
vibration analysis of graphene reinforced nanocomposite plates, as such it is
recommended that future research regarding this topic be done in terms of

experimental analysis to provide data that can be used to compare the theoretical
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results and the experimental results and ultimately reinforce the concepts and
theories used for theoretical analysis.

The results in this thesis led to improved responses using the chosen gradient
optimization scheme as provided in detail in the thesis. Indeed, other local optimal
points cannot be excluded with the adopted scheme. However, the obtained
response indicates clear improvements in terms of maximizing the natural
frequencies, as indicated for instance by the increase in the design efficiency factor
that is introduced in the thesis. In this framework, the adoption of the gradient
optimization scheme in the thesis is justified. The introduction of advanced global
optimization schemes could provide a further insight in the investigated topics. It is,
therefore, recommended that a global optimization algorithm can be investigated in
future research to add to the results of this thesis and compare the optimal
distributions of graphene and fibre reinforcement in each case.

Also, relevant numerical analysis can be conducted in the framework of modern
data-driven approaches. The concept in this case is to replace to some extent, the
finite element simulation by introducing appropriate machine learning tools. Data
numerically derived can be used to train machine learning algorithms that will then
be used to predict the response of nanocomposite laminates. A more advanced
application in this field is the development of digital twins of the nanocomposite
laminate structures that interact and predict the mechanical response of the real
structures. These concepts are left for future implementation.

In this research the optimisation of the fundamental frequency (first eigenmode) was
the focus and intent where various parameters were tested to determine the effect of
the fundamental frequency and the specifications that lead to optimised results.
There are numerous modes that follow the first eigenmode which can be studied and
optimised to further reduce the occurrence of resonance, as seen in [1], where the
optimisation involved various modes and the gaps between modes to distance the
possibility of resonance occurring. To do this for all modes or even a significant
amount of modes would take an extensive amount of time and processing power.
Further studies can be built on this research to investigate the sensitivity of the
eigenmodes to the constraints analysed and investigate additional mode values and
mode gaps to optimise the composite to a higher degree and refine the optimisation

activity.
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