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Abstract

The present study involves the analysis and design optimization of thin and thick

laminated composite structures using symbolic computation.

The fibre angle and wall thickness of balanced and unbalanced thin composite pres-
sure vessels are optimized subject to a strength criterion in order to maximise in-
ternal pressure or minimise weight, and the effects of axial and torsional forces on

the optimum design are investigated.

Special purpose symbolic computation routines are developed in the C programming
language for the transformation of coordinate axes, failure analysis and the calcu-
lation of design sensitivities. In the study of thin-walled laminated structures, the
analytical expression for the thickness of a laminate under in-plane loading and its
sensitivity with respect to the fibre orientation are determined in terms of the fibre
orientation using symbolic computation. In the design optimization of thin com-
posite pressure vessels, the computational efficiency of the optimization algorithm

is improved via symbolic computation.

A new higher—order theory which includes the effects of transverse shear and nor-
mal deformation is developed for the analysis of laminated composite plates and
shells with transversely isotropic layers. The Mathematica symbolic computdtion
package is employed for obtaining analytical and numerical results on the basis of
the higher—order theory. It is observed that these numerical results are in excellent
agreement with exact three-dimensional elasticity solutions. The computational ef-
ficiency of optimization algorithms is important and therefore special purpose sym-
bolic computation routines are developed in the C programming language for the

design optimization of thick laminated structures based on the higher—order theory.

Three optimal design problems for thick laminated sandwich plates are considered,
namely, the minimum weight, minimum deflection and minimum stress design. In
the minimum weight problem, the core thickness and the fibre content of the surface
layers are optimally determined by using equations of micromechanics to express the
elastic constants. In the minimum deflection problem, the thicknesses of the surface
layers are chosen as the design variables. In the minimum stress problem, the relative
thicknesses of the layers are computed such that the maximum normal stress will
be minimized. It is shown that this design analysis cannot be performed using a
classical or shear-deformable theory for the thick panels under consideration due to

the substantial effect of normal deformation on the design variables.
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Ab6cTpakT

Hac"ros{mee HCCJIENOBaHUE BKIIIOYAET B cebs ONITUMM3ANHUIO TOHKUX A TOJICTHIX CJIO-

ACTHIX KOMIO3ATHBIX KOHCprKIIHfI HACOOJIb3Yy S CHMBOJILHBLIH MeTol BEIYUCIICHAS.

IIpenMeToM ONTUMHA3ANAH, C MCTIONB30BAHAEM KPUTEPUs NPOTHOCTH, ABISIOTCS YIoll
apMEpPOBaHHS BONOKOH ¥ TOJIIMHA CT€RKU cOaaHCHPOBAHHEIX M HeCOallaHCHPOBaH-
HLIX TOHKMX KOMIIO3HMTHEIX COCYJIOB HAaBJIEHHS, B DE3YlIbTaTe 9ErO ONpENeseTcCs
MaKCHMaJIbHOE IOy CTEMOE BHYTpPEHHEE NaBlleHEe WA MAEAMAJILHEEIA BeC. OhdexT
NPOJNONBHEIX ¥ KPYTSAILAX CHJ YYHTHIBAETCS OPA ONTEMU3AIAM IapaMETPOB KOH-

CTPYKIOHH.

IIns mpeobpa3oBaHWs KOODOUHAT, aHallM3a Pa3spyIIE€HHWS M ONEHKU YYBCTBUTENH-
HOCTH KOHCTPYKIHW IPH ONTAMAJIbHOM IPOEKTHPOBaHMMU pa3paboTan MeTon cre-
OHMATBHEIX CHEMBOJILHEIX BEIYHACIIEHAN C HCIONB30BaHHEM aJITOPUTMHUYECKOTO A3BIKa
nporpammupoBanus C. Jcnonbsys mponenypy CHAMBOIBHOTO BEIYUMCIIEHUS IIPH HC-
CJIeIOBaHUH TOHKOCTEHHEIX CJIOMCTHIX KOHCTPYKOUH OHIJIO NOXYy4YEHO aHaJIUTHAYECKOE
BLIpaX€HHAE IJIS ONpeNelleHAs TOMIMHE CJIOS IpHA HarpyXeHHH B IJIaHE U €€ JyB-
CTBHTEIBLHOCTL B 3aBHCAMOCTH OT YIJia apMEpOBaHHA. BridumcnuTenbHas ddbdex-
THBHOCTH ITOPATMa ONTHMHU3AIWA IPH IHA3aldHE TOHKMX KOMIO3HTHBEIX COCYJIOB
NaBJIEHAS 3HAYATEIBHO YIIydIneHa 6liarofaps MCIOIL30BAHMIO METONa CAMBOJIBLHEIX

BRIYACIEHANA COENUaJILHOTO Ha3HAdJEeHAS.

Pa3spaboTana HOBas yTO9HEHHAs HEKJIACCAYIECKASA TEOPHS Yy IATHIBaONMaA 3P PekT no-
MepEeYHOr0 CABHATa M 00XAaTHA OIS aHAJIA3a CIOMCTHIX KOMIIO3ATHRIX IJIACTAH A 0060~
JIO9€K C TPAaHCBEPCAIbHO-H30TPONHEIMEA ClTosMA. CHMBONBHEIA A3LIK MPOrPaMMH-
poBards Mathematica ucnonwsyeTcsa Oy mONydeHUs aHAJUTHIECKAX M IUCIEHHBIX
pe3ynbTaTOB Ha OCHOBE YTOYHEHHOW Hekjaccmieckol Teopmd. llokasamo, uTo um-
CJIEHHEIE Pe3yJIbTaThl HPEKPACHO CXONATCA C TOYHHIM TPEXMEPHEIM YIPYTHM pente-
HEFeM. BriumcnmTenbHas 3)PEKTHBHOCTH allfTOPATMa ONTHMH3AOAH OYEHDL BaKHA
¥ DO3TOMY VIS ONTHMM3alWKM TOJICTHIX CIOMCTBEIX KOHCTPYKOUMR OHla pa3paboTaHa
OCHOBaHHaf Ha YTOYHEHHOM HEKJIaCCHIECKOM TEOpHUM MpOoUenypa CAMBOJILHOIO Me-

TOoHOa CHOEOHAJIPHOI'O Ha3HAa4YE€HHUS C ACOOJIL30BaHHEM AJITODATMHAYECKOTO fA3bIKa C.

PaccmoTpeREl Tpu ONTEMHA3ANMOHHEIE 33[aYd IUIS TOJICTHIX TPEXCIOAHHEIX IUIAT, a
HMEHHO, NA3aWH MAHAMAJLHOTO BeCa, MEHIMAJILHEIX MebhOopMaldil I MARAMAIILHEIX
HanpskeHWid. IIpx nonbope onTHMaTbHOrO BeCa TOMIWHA 3aNONHATENS M Xapak-
TEPUCTHKH BOJIOKOH BHEIIHAX CJIOEB ONPENENSIOTCS HCIONb3Ys YDAaBHEHAS MHKPO-
MEXaHUKH KOTOPEIE€ ONpENeNsioT 3Ha4eHNe YNPYTUX KOHCTAaHT. Ilpm paccmoTpermnn

3afla9¥ MEHAMAIBHEIX NepopMaluil TOMUMHE! BHENIHAX CIIOEB BEIGHPAIOTCS B Ka-



9E€CTBE NECPEMECHHHEIX. Pa.CCMa.TpHBa.S{ 3alady MHHHUMAJIBHEIX Ha.IIp)I)KeHPIfI OTHOCH-
TEJBbHBIEC TOJIIIAHBI CJIOEB BBIYHCIIAIOTCA Tak, 9TO0BI MaKCHMAaJILHOE HOPMaAJIEHOE
HaOpAXCHHEC ORLIIO MHHHMH3APOBAHO. HOK&S&HO, 9TO H3—3a 3HAYHUTEIILHOI'O BIINAHUA

obXaTHusg Ha NE€EPEMEHHBIC OITHMU3AIANA 3TOT ,IIHSa.ﬁH HE MOXET OLITH OCYIIEeCTBJICH

HCIONb3YyA KJIACCHIECKYIO HIJIX COBHIOBYIO ,He(pOpMa.IIHOHHyIO TE€OpHUIO IIPA pacCMO-
TPEHHH TOJICTHIX IJIXAT.
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Nomenclature

1. Thin—walled structures

k=1,...,n Layer number

z,Y,2 Orthogonal coordinates

N.,N,, N;, Force resultants

€z, €y, Exy Normal and shear strains

0 Fibre angle of the k-th layer

z,¢,z Cylindrical coordinates

R Mean Radius

p Internal pressure of a pressure vessel

T Torque

F Axial force

0ot Optimal fibre angle

Der Burst pressure

Pmaz Maximum internal pressure

H,, Laminate thickness at failure

Hoin Minimum thickness

Win Minimum weight

Qij Stiffness coeflicients

Qi; Reduced stiffness coefficients _

E\ FE, Moduli of elasticity in the material coordinate system
v,V Poisson’s ratios in the material coordinate system
01,02, T12 Stress components in the material coordinate system
€1,€2,€E12 Strain components in the material coordinate system

x1



Nomenclature

2. Higher—order theory for thick plates and shells

T1,T2,2

z = (z1,22)
ki1, k22
k=1,...,n
Ex, vy, Gy

q*(z),97(x)

ugk), ugk), ugk)

gk(2), Par(2), Pr(2)
011,012,022

013,023

033

Eo, vox,

Anik, Arzk, Arsr, Assk

€ij, €3, €33

Curvilinear orthogonal coordinates

Orthogonal coordinate pair

Curvatures of a shell

Layer number

Modulus of elasticity, Poisson’s ratio and shear modulus
in the k-th layer in the plane of isotropy

Modulus of elasticity, Poisson’s ratio and shear modulus
in the k-th layer in the transverse direction
Displacements and deflection of the reference surface
Shear function

Compression function

Normal loading on the bounding surfaces
Displacements in the k-th layer

Distribution functions through the thickness

In—plane stresses

Transverse shear stresses

Transverse normal stress

Stiffness parameters of the k-th layer

Components of the strain tensor
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Chapter 1

Introduction

1.1 Overview

Advanced composite materials have properties which are quite different from con-
ventional materials. In many engineering applications it is more advantageous to use
composite materials rather than conventional ones. In particular, advanced compos-
ite materials are widely used in applications where a high strength-to-weight ratio

is the most important criterion in the choice of material.

The cost of advanced composite materials is significantly higher than that of con-
ventional materials and therefore the design optimization of composite structures is
important in order to maximise the benefits which composites offer and to better
utilise these expensive materials. In particular, an effective way to reduce the cost
of such structures is via hybridization. Laminated structures may fulfil the design
requirements and yet be substantially cheaper than homogeneous structures owing
to the use of cheaper materials as filler layers.

The objective of the present study is the design optimization of a suite of laminated
composite structures. In the first instance thin laminates are studied, in partic-
ular balanced and unbalanced laminated composite pressure vessels with specially

orthotropic layers whose elastic properties depend on the angle of reinforcing fibres.

Clearly the analysis of laminated structures manufactured from different materials
which may be orthotropic or transversely isotropic is a demanding area of compu-
tational solid mechanics and one well suited to the use of symbolic computation.

Symbolic computation systems are able to mathematically manipulate expressions



in symbolic form and may be used to derive analytical results or formulae for nu-

merical computations.

In the optimization study of composite pressure vessels, special purpose symbolic
computation routines are developed to improve the computational efficiency of the
optimization algorithm. These routines reduce the number of calculations required
in each iteration of the optimization algorithm by combining the relationship be-

tween the loading parameters and the material stress into one transformation matrix.

The analysis of laminated composite structures on the basis of analytical solutions
of the three—dimensional equations of elasticity is cumbersome. It is more com-
mon rather to employ a two—dimensional theory which is derived from the three-
dimensional theory of elasticity via some assumptions or hypotheses. For example,
the classical shell theory is based on the Kirchhoff-Love assumptions which neglect
transverse stresses. Clearly a theory based on certain assumptions will lose accuracy
where those assumptions are not valid. In particular, the classical shell theory is
accurate for thin structures but not for thick ones. The challenge then is to derive
a two—dimensional theory which is accurate for thin and thick structures. This has
led to the development of improved or refined theories which include the effects of
transverse shear. However, in thick laminated composite structures, there are two
important effects, namely transverse shear and normal deformation. A theory which
neglects normal deformation is based on the assumption that the structure is rigid

in the transverse direction, and this assumption is invalid for thick structures.

Nonclassical theories which include both transverse shear and normal deformation
are developed by Piskunov and Verijenko in Refs. [42, 31, 46, 45]. The approach is
used in Ref. [44] to develop a higher—order theory which takes both transverse shear

and normal deformation into account more comprehensively.

Clearly the computational implementation of a theory which is accurate for thick
composite laminated plates and shells with layers with significantly different elastic
properties, is expected to exact demanding computational effort, and indeed this
is the case. The higher—order theory introduces distribution functions and inte-
grated stiffness constants which in general are multiple piecewise integrals through
the thickness of the laminate and in the general case cannot be derived in a form
suitable for direct numerical implementation. Therefore the higher—order theory is
implemented using symbolic computation. In the first instance, a general purpose
symbolic computation system is employed. However, in design optimization studies
on the basis of the higher-order theory it is necessary to integrate the symbolic

computations into the optimization algorithm. This requirement together with the



unimpressive computational efficiency of the general purpose system makes such
studies infeasible using this system. Therefore special purpose symbolic computa-
tion routines are developed in a conventional programming language for the imple-
mentation of the higher—order theory. These routines are two orders of magnitude
more efficient than the general purpose system and are easily incorporated into the

optimization algorithm.

In the present study, this new theory is employed for the analysis and design op-
timization of thick structures using symbolic computation. In particular, three op-
timization problems for thick composite sandwich plates are considered, namely,
minimum weight, minimum deflection and minimum stress designs. It is shown that
the design analysis cannot be performed using a classical or shear—deformable theory

due to the substantial effect of normal deformation.

1.2 Symbolic Computation

In a numerical optimization technique which involves phases of design and analysis,
the efficiency depends heavily on the computational time taken by the analysis. The
same considerations also apply to the evaluation of the design sensitivities which may
be needed in the numerical optimization algorithm to determine the sensitivity of

a design with respect to the problem parameters, and in particular to the design
variables.

The use of general purpose symbolic computation in a design optimization problem
1s computationally expensive due to the iterative nature of optimization algorithms.
However, the development of special purpose symbolic computation software to per-
form the analysis phase leads to substantial gains in computational efficiency as
compared to using a general purpose symbolic computation tool. In optimization
studies, computational efficiency is of paramount importance. Therefore the im-
plementation of special purpose symbolic computation is preferable to the use of
a general purpose symbolic computation system. The efficiency of special purpose
symbolic computation stems from its dedication to the analysis of a specific class
of functions. In fact, the key observation which makes the development of special
purpose symbolic computation software a realistic objective in a given problem is
that, in general, the expressions needed in the calculations are confined to specific
classes of functions.

A major motivation to develop such routines is to be able to incorporate the symbolic



computations into an iterative solution procedure. These features are particularly
important when symbolic computations need to be performed within each iteration,
or when the efficiency of an iterative optimization procedure may be improved by
incorporating some symbolic analysis before the iterations in order to reduce the
number of numerical calculations required in each iteration. Even if the symbolic
computations are not essential, the increased efficiency may justify the development

of special purpose symbolic computation routines for specific applications.

1.3 Optimization of Thin—Walled Structures

Fibre-reinforced composite materials are finding increased use in various engineering
applications, and the optimization of such structures is a natural part of the design

process in order to maximize the benefits which these materials can offer.

A major advantage of fibre reinforced composite materials is the large number of
design variables available to the designer. To realize this potential and to maximize
the benefits which composites can offer, the design has to be tailored to the specific
requirements of the problem. Optimization of the design is an effective way of

achieving this goal.

Special purpose symbolic computation routines are developed in a conventional pro-
gramming language for the transformation of coordinate axes, failure analysis and
the calculation of design sensitivities. In the study of thin-walled laminated struc-
tures, the analytical expression for the thickness of a laminate under in-plane loading
and its sensitivity with respect to the fibre orientation are determined in terms of
the fibre orientation using special purpose symbolic computation. In the design
optimization of thin composite pressure vessels, the computational efficiency of the
optimization algorithm is improved by using special purpose symbolic computation
routines to combine the relationship between the loading parameters and the mate-
rial stress into one transformation matrix.

Thin composite pressure vessels are optimized subject to a strength constraint in
order to maximise the internal pressure or minimise the weight of the structure.
The fibre orientation is determined for balanced and unbalanced laminations in
order to maximize the internal pressure, and the effects of axial and torsional forces
on the optimal design are investigated. The weight of a liquid filled pressure vessel
is minimized taking both the fibre orientation and the wall thickness as design

variables. Both constant and variable wall thickness cases are investigated and



comparative numerical results are presented for single and multiple layered vessels.

Simultaneous design of pressure vessels with respect to fibre orientations and thick-

ness distributions does not seem to be considered in the literature.

1.4 Higher—Order Theory for Thick Plates and
Shells |

The effects of both transverse shear and normal deformation are substantial in thick
structures. Therefore an improved higher—order theory is presented for the analy-
sis of laminated transversely isotropic plates and shells subject to transverse shear
and normal deformation. The theory is capable of analysing the three-dimensional
stress—strain behaviour of laminated plates and shells with an arbitrary number of

layers which may differ significantly in their physical and mechanical properties.

Closed form solutions on the basis of the higher—order theory are considered for
the analysis of thick structures. Mathematica is employed to generate analytical
and numerical results. The numerical results are compared to those given in the
literature in order to validate the analysis presented. The features of this theory

and the implications of the numerical results are discussed.

Special purpose symbolic computation routines are developed in the C programming
language for a general and computationally efficient implementation of the higher-
order theory. The routines process symbolic expressions and derive power series
expressions for symbols. The software using these routines is able to derive the
distribution functions of the higher—order theory, calculate the integrated stiffness

constants exactly, and derive the stress and strain distributions through the thickness

in power series form for a given laminate.

1.5 Optimization of Thick Structures

The optimal design of thick composite structures poses special challenges because
of the additional effects of transverse shear and normal deformations which have to
be taken into account for a realistic analysis.

Three optimal designs of thick sandwich plates are considered on the basis of the



higher—order theory, namely, minimum weight, minimum deflection and minimum
stress designs. The surface layers are made of a transversely isotropic composite

material and the core material may be isotropic or transversely isotropic.

In the minimum weight design problem, the core thickness and the fibre content of
the surface layers are optimally determined by using equations of micromechanics
to express the elastic constants. In the minimum deflection problem, the relative
thickness of the surface and core layers is chosen as the design variable. In the
minimum stress problem, the relative thicknesses of the layers are determined such

that the maximum normal stress will be minimized.

Numerical results are given for thick sandwich plates under sinusoidal loading and
the effects of various input parameters are investigated. The deflection and stress
behaviour is studied and it is shown that design analysis cannot be performed using a

classical theory or a shear deformable theory for the thick plates under consideration.

Design of thick sandwich structures using a higher-order theory which includes
normal as well as shear deformation does not seem to be considered in the literature.
In fact previous studies on the optimal design of thick laminated structures seem to

be based on shear deformable theories only.



Chapter 2

Optimization of Thin Walled
Structures using Special Purpose

Symbolic Computation

2.1 Introduction

The present chapter addresses the problem of optimally designing thin—-walled com-
posite laminates using symbolic computation. The analysis is based on the mem-
brane theory of shells and the optimization is carried out with respect to fibre

orientations and thickness distributions subject to a quadratic failure criterion.

Symbolic computation software is developed in the C programming language for
the transformation of coordinate axes, failure analysis and the calculation of design
sensitivities. These computations arise in the design optimization studies of struc-
tures made of fibre reinforced composite materials. The symbolic computations are
integrated into an optimization algorithm resulting in a combined symbolic and

numerical approach to determine the optimal design.

In order to illustrate the approach using the special purpose symbolic computation
for the design optimization of laminated structures, a laminate under in-plane loads
is designed for minimum thickness taking the fibre orientation as the design variable.
The relationship between the loading parameters and the material stress is com-
bined and simplified into one transformation matrix using symbolic computation.
The stresses are determined symbolically in terms of the fibre angle for a balanced

symmetric laminate under a given loading, and substituted into a quadratic failure



criterion. The analytical expressions for the laminate thickness in terms of the fibre
angle and its sensitivity with respect to the fibre angle are then determined using

the symbolic computation software.

Finally, an optimal design approach is presented for laminated composite pressure
vessels. The fibre orientation and wall thickness are taken as the design variables.
The lamination can be balanced or unbalanced. The balanced case refers to a
lamination in which the layers with the same positive and negative fibre angles
balance each other out. Two examples are considered. The first one involves pressure
vessels under uniform internal pressure and subjected to axial and torsional forces,
and the second example concerns circular cylindrical shells filled with a liquid. The
optimal thickness distribution is obtained in the case of liquid filled vessels where
the pressure distribution is a function of the axial coordinate. The effect of various

problem parameters on the optimal designs are investigated.

2.2 Literature Review

Previous studies involving the optimization of laminated pressure vessels include
Refs. [1]-[10]. In Ref. [1], the minimum mass of fibres is determined subject to
a tensile strength condition assuming inextensible fibres. Designs in Ref. [2] are
based on Fligge’s theory of shells and the Tsai-Hill failure criterion is employed
as the strength condition. Optimal designs based on criteria other than a failure
one are given in Refs. [3]-[5]. Optimum shapes of filament-wound pressure vessels
are determined subject to the Tsai-Hill failure criterion in Ref. [6]. Optimal fibre
orientations for cylindrical pressure vessels are obtained by Fukunaga & Chou [7]
for balanced stacking sequences. Karandikar et al. [8] considered a multiobjective
approach to the design of composite pressure vessels by including deflection, weight
and volume in the performance index. In Refs. [9] and [10], Donnell’s shell theory is
used to investigate the effect of temperature and fuzzy strength data, respectively,
on the optimal design of laminated pressure vessels. Simultaneous design of pressure
vessels with respect to fibre orientations and thickness distributions does not seem
to be considered in the literature.

A review of use of symbolic computation in the solution of engineering problems is
given by Beltzer in Ref. [15]. Several general purpose symbolic computation packages
are presently available for such analysis and have found use in the solution of various

engineering problems such as rotor dynamics [16], flutter [17], instability [18] and



buckling [19]. Symbolic computation has also been employed in the buckling [20],
stress [21] and vibration [22] analysis of composite structures. As pointed out by
Graaf & Springer [21], symbolic computation provides a powerful tool for the analysis
of laminated structures made of a fibre composite material in view of the complexity

of axis transformations.

2.3 Laminate under In-plane Load

The approach for the design optimization of laminated composite structures using

special purpose symbolic computation is presented in this section.

A laminate under in—plane loads is designed for minimum thickness taking the fibre
orientation as the design variable. The relationship between the loading parameters
and the material stress is combined and simplified into one transformation matrix
using symbolic computation. This involves tedious matrix algebra where the entries
are series of trigonometric functions of the fibre angle. The stresses are determined
symbolically in terms of the fibre angle for a balanced symmetric laminate under
a given loading, and substituted into the Tsai-Wu failure criterion. The analytical
expressions for laminate thickness in terms of the fibre angle, and its sensitivity

with respect to the fibre angle, are then determined using the symbolic computation
software. '

2.3.1 Basic Equations

A balanced symmetric laminate of thickness H is considered. The laminate consists
of an even number of orthotropic layers of equal thickness ¢. The fibre angles are
orientated symmetrically with respect to the middle surface such that 6, = (—1)*~14
for k < n/2and x = (—1)*6 for k > n/2+1 where k is the layer number and 7 is the
total number of layers. The coordinate axes are z, y and 2 where z is perpendicular
to the plate with the origin lying in the middle surface of the plate. The laminate
is subjected to the normal loads N, N, and the shear load N, in the zy plane.

Due to the symmetry of the lamination, the force resultants in the coordinate axes
are given by

[N] = [4][d (2.1)



where

N, An A1z Aie | €x
[N] = Ny y [A] = A12 A22 Age , [6] = €y (22)
Ng, Aje Az Ase Yey

where A,; are the external stiffnesses given by Aij = HQ,-j(()), H = nt and ¢, €, and
~zy denote the normal and shear strains. Here Qi;(0) are the transformed reduced

stiffness coefficients given by

O = Qu1cost0+2(Q12 4 2Qes) cos’ 0 sin® 0 + Qo sin® 6
Q12 = (Qu1+ Q2 — 4Qes) sin? 0 cos? 8 + Q12(sin* § + cos* 6)
Qe = (Q11— Q12 —2Qss) sinb cos® 6
+Q12 — Q22+ 2Qes) sin®8 cos
O = Qusin® 0+ 2(Qq2 +2Qes) sin® 6 cos? 6 + Qa3 cos* §
Q6 = (Qu — Q12— 2Q¢) sin®f cosb
+(Q12 — Q22 + 2Qe6) sin b cos’ §
Qes = (Qu+ Qa2 —2Q12 — 2Q¢6) sin® 6 cos® 6
+Qes(sin® 8 + cos* 6) (2.3)

where the reduced stiffness coefficients @);; are given by

E v b
Qu = = Q2 = _nmr
1 — viavn 1 — vipvy
E
Qu=—— Q=G (2.4)
1 — viovm

It is noted that for the laminate configuration to be considered, Q11, @12, @22 and
Qes are independent of the layer number, since Q;;(6) = Q:;(—8) for these entries.
Moreover A1 = A2 = 0 for laminates consisting of an even number of layers of

equal thickness and alternating fibre orientations since Q16(f) = —Q16(—6) and
Qze(a) = —Qze(—o)-

The stress—strain equations for the k-th orthotropic layer are given by

[s©] = [Q¥][e] (2.5)

where [¢] = [A]7![N] from eqn. (2.1), and [s(¥)] denotes the stress components
[o k) a!(lk) TI(’;)]T in the zy coordinate system.

The stress components in the material coordinate system, denoted by

o] = [of? o A3T"
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are obtained from the geometric stress components [s(¥)] via the matrix transforma-
tion

[e®] = [T®)[s®)] (2.6)
where [T*)] = [T(8x)] denotes the transformation matrix for the k-th layer given by

cos? O sin? 0, 2 cos 0, sin 0y
[T®)] = sin? 0y cos? 6, —2cos 0 sin by (2.7)

—2cos 0, sinfr 2cosfy sinf; cos? b — sin® O
From eqns. (2.1), (2.5) and (2.6) it follows that
[o®)] = [T®][QW][A][N] (2.8)
We denote the force-stress transformation matrix
[T9) = [T®[QW] 4] (2.9)

which is a function of the fibre angle 6y of the k-th layer.

2.3.2 Design Optimization

The design problem involves determining the optimal fibre orientation 6 to minimize

the laminate thickness H subject to a strength criterion. In this study, the Tsai-Wu

failure criterion is used which stipulates that the condition for non—failure is
Faolal?) + FrofPo + FurPr()

+2F, 006 + ol + B ol <1 (2.10)
where the strength parameters Fiy, Fy,, Fge, F12, Fy and F; are given by
Fiu=1/(X:X.); Fau=1/(V}Y.); Fs=1/S*
1
F=1/X,-1/X.; F,=1/Y.-1/Y.; Fa= —5\/F11F22

where X, X.,Y; and Y; are the tensile and compressive strengths of the composite

material in the fibre and transverse directions, and S is the in—plane shear strength.

The optimal design problem is to determine the minimum thickness Hy;, of a lami-

nate under the in-plane loads N,, N, and N,, subject to the failure criterion (2.10),
Vviz.

Hpin(00pt) & min H(6) (2.11)
subject to the constraint (2.10).

11



2.4 Special.purpose symbolic compu_tation

The special purpose symbolic computation routines developed in the C programming

language for the optimization of laminated structures are presented in this section.

Special purpose symbolic computation is useful in optimization studies for improving
the computational efficiency of the optimization algorithm. General purpose sym-
bolic computation packages cannot, in general, be integrated into an optimization
program developed in a conventional programming language. Moreover, the compu-
tational efficiency of general purpose symbolic computation systems is substantially
less than that of special purpose systems which are dedicated to the specific prob-
lem at hand. Therefore in optimization studies, where computational efficiency is
of paramount importance, the implementation of special purpose symbolic compu-

tation is more suitable than the use of a general purpose system.

The present study requires tedious matrix algebra where the entries are series of dou-
ble trigonometric functions of the fibre angle. Special purpose routines are therefore
developed to handle such expressions. The routines can perform matrix algebra in-
volving matrices of trigonometric series and simplify the results using trigonometric
identities. Since the routines manipulate a specific class of functions only, they are

relatively simple and their development is a feasible objective.

Symbolic computation requires a great deal of dynamic memory allocation and ac-
cess [24]. Therefore the C programming language is chosen for the development of
the special purpose symbolic computation software presented in this section and a

knowledge of the C language is assumed in the following discussion.

2.4.1 Data Storage

The first step is to define a storage class for the functions to be considered. Therefore,
the structure trigt is defined by

typedef struct /¥ structure for trig series */
{
real coeff; /* coefficient */
int  fn[2]; /* function types */
int  pow[2]; /* powers */
int  harm[2]; /* harmonics of argument */
char var; /* argument */

12



¥
trigt;

which contains a single term of the form
acos™ kfcos™ 10, asin™ kfcos™lf, or asin™ kfsin™ (0

in a double trigonometric series, where a, m, n, k and [ are constants and ¢ is a

variable. In the laminate design application, 6 denotes the fibre orientation.

A trigonometric series is stored as a null-terminated list of the trigt structure.
Memory is dynamically allocated for each new series. A symbolic series is then ac-
cessed via a pointer to its memory address. A symbolic matrix is a two—dimensional

array of such pointers to each entry of the matrix.

Various basic routines are coded to handle memory allocation for storing symbolic
series and to define or duplicate a series. The routine trig_alloc(n) allocates
memory for a series with n terms and returns the address of the allocated memory.
The amount of memory required for a series is the size of the trigt structure
multiplied by the number of terms in the series. When a series is no longer required,

the memory it occupies is freed using the trig_free routine.

The routine trig_set() is used a define a trigonometric series in an application.

For example, the expression

2sin® 0 + 4cos’f (2.12)
1s defined in a program by the code

trigt *ts;
ts = trig_set(2.,FnSin,3, 4.,FnCos,2, 0.);

The series is accessed via the pointer ts which contains the memory address where
the defined series is stored.

2.4.2 Symbolic Processing

The routine trig_add adds two series by appending the two arrays of the structure
trigt to form the sum. This routine then invokes trig_collect to collect the
similar terms. In order to make this routine more flexible, two constants may be

given for pre-multiplying the two series before they are summed.

The routine trig_mult multiplies two series and invokes trig_collect. Both the

trig_add and trig_mult routines take the memory addresses of the two operand

13



series as arguments and return the memory address of the new resultant series

created by the routine.

The routine trig_diff differentiates a series with respect to § and returns the
memory address of the symbolic derivative derived by the routine. The routine
trig_diff_calc calculates the derivative of a series for a given § without creating

its symbolic derivative.

A double trigonometric series is simplified using the trig_expand routine, which
is recursive and employs trigonometric identities to expand a given series into a
series of single trigonometric functions of various harmonics, each to the power of
one. This routine uses a routine trig_binomial to generate a symbolic binomial
expansion. The trigonometric transformations that are employed by trig_expanc

are given by

if term = acos™™ kfsin®™ kf

then result = a% cos™ k@ sin™ 2k6

if term =a cogzn kO
then result = (2)" binomial_expand (cos2kf + 1)"
= ($)" Zrzo { iy cos™ " 2k0}

if term = acos®™t!kf
a

then result = (£)" coskf binomial_expand (cos2k6 + 1)*
= (3)" Treo { r2rr cos k0 cos™ " 2k0}

if term = asin®"kf
then result = (%)" binomial_expand (1 — cos 2k6)"

= (%)n Z?:O { '(‘# (— coSs 2k0)r }

if term = asin2"+1 ko
then result = (3)" sinkf binomial_expand (1 — cos 2k0)"
= ($)" Treo { 757 sin k(- cos 2k0)" }

if term =acoskfsinlf
then result = aj [sin(I — k)0 + sin(l + k) 0]

if term = acoskfcosld

then result = aj [cos(l — k) 0 + cos(I + k) ]

14



if term = asinkfsinld
a3 [cos(l — k) 6 — cos(l + k) 0]

then result

where the binomial_expand operator indicates where the routine trig_binomial

is invoked to expand a binomial expression.

Terms with insignificant coeflicients of trigonometric functions of high harmonics
may appear in a series after processing by trig_expand. The routine trig._-
significant discards insignificant terms in a series in order to make the results

more presentable.

When a series is to be manipulated by a routine, generally the routine is passed
the address of the series. The routine then creates a new series for the result,
without destroying the original series, and the memory address of the new series
is returned by the routine. The routine trig_op is used when a series is to be
processed into a new version and the old version discarded. This routine takes the
address of the pointer as the first argument and the name of a processing routine
as the second argument. The processing routine (such as trig_collect, trig_-
expand, trig_significant or trig_diff) is one which takes the address of a series
as its only argument and returns the address of a new equivalent version of the
series. The trig_op routine applies the processing function to the series, destroys
the original version (using trig_free) and sets the pointer (which pointed at the

original version) to the address of the new version. For example, the expression
2sin® 0 + 4 cos® 0

is differentiated and simplified by the code

trigt *ts;

ts = trig_set(2.,FnSin,3, 4.,FnCos,2, 0.);
trig_op(&ts,trig_diff);
trig_op(&ts,trig_expand);
trig_op(&ts,trig_significant);

2.4.3 Matrix Algebra

The determinant, adjoint and matrix product of symbolic matrices whose entries
are double trigonometric series, are derived by the routines

15



trigt *trig_mat_det(sml) /* determinant of matrix */
trigt **trig_mat_adj(sml,sm2) /* adjoint of matrix */

trigt **trig_mat_mult(sml,sm2,sm3) /* matrix product */

where sm1, sm2 and sm3 are two-dimensional arrays of pointers to the entries of
the associated matrix. The routine trig_mat_det returns a pointer to the resultant
series, and the first arguments of trig_mat_adj and trig_mat_mult are arrays of

pointers to be assigned to the entries of the resultant matrix.

The routines in Section 2.4.2 are used by the routines which process symbolic ma-
trices. For example, trig_mat_mult derives a matrix product using the routines
trig_mult and trig_add to multiply entries of the operand matrices and to sum

the products.

The routine trig_mat_op applies a processing routine to each entry of a matrix
using trig_op, and therefore reassigns the pointer corresponding to each entry to

the new versions of each entry and destroys the original versions.

2.5 Method of Solution

Since the symbolic computation is limited to series of trigonometric functions, it is
necessary to restructure eqn. (2.8) so as to isolate these series. Therefore, noting
that A;; = HQ;;(6), we define a matrix [A,] such that [A] = H[A,]. Using the

adjoint matrix, the inverse matrix [A]™! in eqn. (2.8) now may be expressed as

1 1

A7 = Zpa Y [AdjA,]" (2.13)
The symbolic matrix [T*)] is defined as
7] = [T®[QW)[AdjA,]” (2.14)
and the symbolic stress vector denoted [o{¥)] = [¢{Y) ¢ )T i defined as
[08] = [T®][V] (2.15)
Therefore the stress [0(¥)] is given by
7] = el (2.16)
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Substituting the stresses (2.16) into the inequality (2.10) yields a quadratic equation

in terms of H given by

i Uglf)Uf,l) + Follo B+ Py o ®o) 4 Fee (37}(3
+[Fo® + F a(k)] (H DetA,) — (H Det 4,)* = (2.17)

The solution of eqn. (2.17) gives the critical thickness H.(6) denoted by

H. = h—%— Vi (2.18)
33

where the h,; are symbolic series expanded from the expressions
ha = Fio® 4+ Fol)

(Fy a(k) + F, a(k)) +4( Fix a,l agl) + Fy a(k)a(z)
+Fi2 0,1 aﬁ';) + Fes T(k) ( ) 2)

-
%
]

It

h,3 = 2Det A_., (219)

The first and second derivatives of H. with respect to § may be determined ex-
actly by differentiating the expression (2.18) with respect to the components h,; via

symbolic computation.

2.5.1 Program

The procedure to derive DetA,, [Ts], [¢s] and Hc () is outlined below. Note that
the dots represent omission. The symbolic computation routines for double trigono-

metric series are given in Appendix B.

First the pointers to symbolic series and matrices are defined by

trigt #*sym_hl,*sym_h2,*sym_h3; /* components of H */
trigt *sym_hld,*sym_h2d,*sym_h3d; /* 1st derivatives */
trigt *sym_hldd,*sym_h2dd,*sym_h3dd; /* 2nd derivatives */

trigt *smi[3][3];
trigt *symi;

17



trigt *sm_qb[3]1[3]; /* Qb matrix */

trigt *sm_as[3][3]; /* As matrix */
trigt *sm_t[3]1[3]; /% T matrix */
trigt *sym_det_as; /* Det As x/

trigt *sm_adj_as[31[3]; /* Adj As */

trigt *sm_ts[3][3]; /* Ts matrix */
trigt *sym_ss[3]; /* stress = Ts N */
trigt *sym_quad_b; /* quadratic coefficients */

trigt *sym_quad_c;

The entries of the matrices [Q], [T] and [A,] are defined as

/* Qb matrix */

sm_qb[0] [0] trig_set(q11,FnCos,4,

2%(q12+2%q66) ,FnCosSin, 2,2, q22,FnSin,4,0.);

sm_qb[0] [1] = trig_set(ql1+q22-4%q66,FnCosSin,2,2,
q12,FnCos,4, q12,FnSin,4, 0.);

sm_gb[0] [2] = trig_set(ql1-q12-2%q66,FnCosSin,3,1,
q12-q22+2*%q66,FnCosSin, 1,3, 0.);

sm_qb[1] [1] = trig_set(ql1,FnSin,4,
2%(q12+2%q66) ,FnCosSin,2,2, q22,FnCos,4, 0.);

sm_qb[1][2] = trig_set(ql1-q12-2%q66,FnCosSin,1,3,
q12-q22+2%q66,FnCosSin,3,1, 0.);

sm_qb[2][2] = trig_set(ql1+q22-2%q12-2%q66,FnCosSin,2,2,
q66 ,FnCos,4, q66,FnSin,4, 0.);

sm_qb[1]1[0] = trig_dup(sm_qb[0][1],0); /* symmetric entries */
sm_qb[2] [0] = trig_dup(sm_qb[0][2],0);
sm_qb[2] [1] = trig_dup(sm_qb[1]([21,0);
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/* T matrix */

sm_t[0] [0] = trig_set( 1., FnCos, 2, 0.);
sm_t[0][1] = trig_set( 1., FnSin, 2, 0.);
sm_t[0][2] = trig_set( 2., FnCosSin,1,1, 0.);

/* As matrix */

sm_as [0] [0]
sm_as[0] [1]
sm_as[0] [2]

trig_dup(sm_qb[0][0],0);
trig_dup(sm_qb[0][1],0);
trig_const(0.);

Symbolic matrix algebra is performed to derive [T,] and DetA, by the instructions

sym_det_as = trig_mat_det(sm_as); /* determinant of As matrix */

trig_mat_adj(sm_adj_as,sm_as); /* Adjoint of As */

trig_mat_mult(sml,sm_qb,sm_adj_as); /* Qb Adj As */
trig_mat_op(smi,trig_expand);

trig_mat_op(sm_t,trig_expand);
trig_mat_mult(sm_ts,sm_t,smi); /* Ts = T (Qb Adj As) */

trig_mat_op(sm_ts,trig_expand); /* simplify matrix entries */

trig_mat_op(sm_ts,trig_significant); /* discard near zero terms */
The symbolic stress [o,] = [Ts][N] is determined by the instructions

sym_ss[0] = trig_add(nn[0],sm_ts[0][0],nn[1],sm_ts[0][1]);
trig_reassign(&sym_ss[0] ,trig_add(1.,sym_ss[0],nn[2],sm_ts[0][2]));

sym_ss[1] = trig_add(nn[0],sm_ts[1][0],nn[1],sm_ts[11[1]);
trig_reassign(&sym_ss[1],trig_add(1.,sym_ss[1],nn[2],sm_ts[1][2]));
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sym_ss[2] = trig_add(nn[OJ,sm_ts[2][O],nn[l],sm_ts[?][l]);
trig_reassign(&sym_ss[2],trig_add(l.,sym_ss[2],nn[2],sm_ts[2][2]));

The quadratic coefficients of eqn. (2.17) are derived by substituting the stresses into
the inequality (2.10) in the following manner.

sym_quad_b = sym_quad_c = TNull; /#* initialize */

for (i = 0; i < 3; i++)
{
trig_reassign(&sym_quad_b,
trig_add(l.,sym_quad_b,tf[i],sym_ss[i]));

for (j = 0; j < 3; j++)
{
gsyml = trig _mult(sym_ss[i],sym_ss[j1);

trig_reassign(&sym_quad_c,
trig_add(1.,sym_quad_c,tff[i1[j],sym1));

trig_free(syml);

X

where t£[i], t£[i] [j] are the strength parameters of the failure criterion (2.10).

The components hyy, hs2 and h,s in eqn. (2.18) are derived from the quadratic

coefficients as follows.

sym_hl = trig_dup(sym_quad_b,0);

syml = trig_mult(sym_quad_b,sym_quad_b);

sym_h2 = trig_add(1.,syml,4.,sym_quad_c); /* h2 = discriminant */
sym_h3 = trig_mult_const(sym_det_as,2.); /* h3 = 2 det As x/

/* now H = (h1 + sqrt(h2))/h3 %/

The first and second derivatives of the components h,;, h,; and h,s in eqn. (2.18)
are derived by
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sym_hid
sym_h2d
sym_h3d

sym_hidd
sym_h2dd
sym_h3dd

trig_diff(sym_h1); /* first derivatives */

trig_diff(sym_h2);
trig_diff(sym_h3);

trig_diff (sym_hid); /* second derivatives */
trig_diff(sym_h2d);
trig_diff(sym_h3d);

Finally, the function calc_trig_h(the) is defined to evaluate the symbols h,;, ks

and h,3 and their derivatives at a given fibre angle § and calculate H.,, H., and H,.

real

real

real
real
real

real

hi
h2
h3

hid
h2d
h3d

hidd
h2dd
h3dd

hnd
hndd

calc_trig_h(the) /* calculate H, H’ and H" for given theta */
the;

h1,h2,h3;
hid,h2d,h3d;
hidd,h2dd,h3dd;
hn,hnd,hndd;

= trig_calc(sym_h1,the); /* evaluate symbloic series */
= trig_calc(sym_h2,the);
= trig_calc(sym_h3,the);

= trig_calc(sym_hid,the); /* evaluate symbolic derivatives */
= trig_calc(sym_h2d,the);
= trig_calc(sym_h3d,the);

= trig_calc(sym_h1idd,the);
= trig_calc(sym_h2dd,the);
= trig_calc(sym_h3dd,the);

= h1 + sqrt(h2);

= hid + .5/sqrt(h2)*h2d; /* 1st derivative of hn */

= hildd + .5/sqrt(h2)*h2dd - .25%pow(h2,-1.5)*h2d*h2d;
/* 2nd derivative of hn = hi + sqrt(h2) */
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her = hn/h3; /* h_cr */ .
hd = hnd/h3 - hn*h3d/h3/h3; /* 1st derivative of h_cr */
hdd = hndd/h3 - 2*¥hnd*h3d/h3/h3

- hn*h3dd/h3/h3 + 2*hnxh3d*h3d/h3/h3/h3;

/* 2nd derivative of h_cr */

return (her);

}

2.5.2 Results

The results of the symbolic computation are illustrated by considering a balanced
symmetric laminated plate. The laminate consists of four layers of equal thickness
with fibres orientated at 8/ — 6/ — 6/6, and is made of T300/5208 graphite/epoxy.
The laminate is subjected to a loading [N] = [50 100 10]¥ MN/m. The elastic
constants of this material are taken from Ref. [12] as E; = 142GPa, E; = 10.8GPa,
G12 = 5.49GPa and vy, = 0.3, and the strength values as X; = 1568MPa, X, =
1341MPa, Y; = 57TMPa, Y, = 212MPa, and S = 80MPa.

The symbolic form of H., in terms of # is derived by the program described in
Section 2.5.1 as

H., = [11.79 + 6.6539 cos 20 + 1.5328 cos 46 — 3.9125 cos 60

—5.2368 cos 86 — 0.58976 sin 20 — 0.093517 sin 66 +

/ (785.63 + 722.95 cos 20 — 194.81 cos 46
—644.8 cos 66 — 459.63 cos 86 + 14.88 cos 106
+59.553 cos 126 + 40.009 cos 146 + 27.18 cos 160
—19.92sin 26 — 10.243 sin 46 — 9.2797 sin 66
+2.5187 sin 86 + 4.3651 sin 100 + 0.54685 sin 126
+0.72858 sin 146 ) |

/ (46.107 — 23.952 cos 46 — 5.2004 cos 86) (2.20)

This computation is performed in under 11 seconds on a 386 Personal Computer.

It is found that Mathematica [23], a general purpose symbolic computation system,
is two orders of magnitude slower to derive this expression for H,,.

The optimal fibre angle ,,; may be computed from eqn. (2.20) using the Golden

Section method. Alternatively, since the first and second derivatives of H,., with
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respect to # are also determined exactly, we may equate H. to zero and employ

Newton’s method to find 6,,:, the fibre angle at which the first derivative vanishes,
using H”.. It is found that 8,, = 54.476 degrees and Hypin(fopt) = 17.5mm.

The stress [o,], the determinant DetA, and the derivatives of the component func-

tions h,; are derived as

Os1

0352

Ts12

DetA,

hy

2.5176 10*° — 5.1442 10 cos 20 — 1.8999 10*®° cos 44
+3.0248 10'* cos 60 + 1.8087 102 cos 84
+7.3099 10 sin 26 + 1.1591 10** sin 66

9.4041 10™ + 5.1442 10" cos 20
+1.0351 10™ cos 40 — 3.0248 10** cos 66
—4.0811 10™ cos 80 — 3.9826 103 sin 26
—6.3151 10*%sin 66

6.3826 10** sin 20 + 5.7551 10'* sin 46
—1.7247 10** sin 66 — 2.131 10** sin 86
+7.5665 10" cos 26 + 9.1092 102 cos 66

2.3053 10* — 1.1976 103 cos 46 — 2.6002 10*2 cos 80

—1.3307 10 sin 20 — 6.1314 102 sin 46
+2.3475 10" sin 60 + 4.1894 103 sin 86
—1.1795 10*? cos 26 — 5.611 10! cos 66

—1.4459 10*" sin 20 + 7.7924 10%8 sin 40
+3.8688 10%" sin 66 + 3.677 10*7 sin 86
—1.488 10% sin 100 — 7.1463 10 sin 120
—5.6013 10%° sin 146 — 4.3489 1026 sin 164
—3.9841 10% cos 20 — 4.0975 1025 cos 46
—5.5678 102 cos 66 + 2.0149 1025 cos 86
+4.3651 10%° cos 100 + 6.5622 10%* cos 126
+1.02 10® cos 146

9.5808 10 sin 46 + 4.1603 103 sin 89
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B! = —2.6615 10" cos 20 — 2.4525 10'° cos 49
4+1.4085 10™ cos 66 + 3.3515 10™ cos 86
492.359 10*?sin 20 + 3.3666 10'? sin 66

B! = —2.8918 1077 cos 263.1169 10*" cos 46
12.3213 10?8 cos 60 + 2.9416 10%® cos 86
—1.488 10%" cos 108 — 8.5756 107 cos 126
—7.8418 10% cos 146 — 6.9582 10*" cos 160
17.9681 10% sin 26 + 1.639 10%® sin 46
+3.3407 10% sin 60 — 1.6119 10%6 sin 86
—4.3651 10% sin 100 — 7.8746 10%° sin 126
—1.428 10%® sin 146

hY = 3.8323 10" cos46 + 3.3282 10™ cos 86

2.6 Laminated Pressure Vessels

This section is concerned with the optimization of composite pressure vessels sub-
ject to the Tsal-Wu failure criterion and considers problems of maximum internal
pressure and minimum weight. In the first problem, the fibre orientation is deter-
mined for balanced and unbalanced laminations to maximize the internal pressure.
The effects of axial and torsional forces on the optimum design are discussed. It is
shown that the axial force affects the optimum fibre angle differently for shells with
single and multiple layers.

In the second problem, the design objective is the minimization of the weight of a
liquid filled pressure vessel taking both the fibre orientation and the wall thickness as
design variables. Both the constant and variable wall thickness cases are discussed.
Comparative numerical results are presented for single and multiple layered vessels.

It is noted that methods used in both design problems can be easily implemented
in practical design situations.

In this study, the relationship between the loading parameters and the material
stress is combined and simplified into one transformation matrix using the special
purpose symbolic computation routines presented in the previous section, in order

to improve the computational efficiency of the optimization procedure.
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2.6.1 Basic Equations

The pressure vessel is modelled as a symmetrically laminated cylindrical shell of
thickness H, length L and radius R where R refers to the radius of the middle
surface. The shell is constructed of an even number of orthotropic layers of equal
thickness t. The fibre orientation 6 is defined as the angle between the fibre direction
and the longitudinal axis z. The fibre angles are orientated symmetrically with
respect to the middle surface such that 8 = (—1)*710 for k < n/2 and 6; = (—1)*0
for k > n/2+ 1 where k = 1,2,...,n is the layer number and n is the total number
of layers. It is noted that n = 2 corresponds to a single lamina of thickness H = 2t
and fibre orientation . The coordinate axes z,¢ and z refer to the longitudinal,
circumnferential and radial directions respectively, with the origin lying in the middle
surface of the shell.

Due to the symmetry of the lamination, the force resultants in the geometric coor-

dinate axes are given by

[V] = [A]l€] (2.21)
where
N, Ann A Asg €z
[N] = N¢ 3 [A] = A12 A22 A26 5 [6] = 6¢ (222)
N:WS Ase A26 Ass Yz

In eqn. (2.22), A;; are the extensional stiffnesses given by Ai; = HQ;;(6) for 1,5 =
l,2andt=j =6, Aig = 2tQ,—6(()) for unbalanced laminates and A;s = 0 for balanced
laminates with ¢ = 1,2. Also in eqn. (2.22), ¢, €4 and 7,4 denote the normal and

shear strains. Here Q;;(0) is the transformed reduced stiffness component.
The stress-strain equations for the k-th orthotropic layer are given by
[s®] = [QF)1d (2.23)
where [€] = [A]7}[N] from eqn. (2.21), and
[s®] = [0 o <17
denotes the stress vector in the z¢ coordinate system.
The stress vector in the material coordinate system, denoted by

] = [of” o 717
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is obtained from the geometric stress vector [s(¥)] via the matrix transformation
[o®] = [TO)[s¥)] (2.24)

where [T®)] = [T(6)] denotes the transformation matrix for the k-th layer. From
eqns. (2.23) and (2.24) it follows that

(o) = [T®NQ51le (2.25)

The design against failure is determined by employing a suitable failure criterion.
In this study, the Tsai-Wu failure criterion (2.10) is used.

The problem formulation and the performance index depend on the nature of the
specific design problem. The problem statement involves maximizing or minimizing
a cost function subject to the strength constraint given by the criterion (2.10). The

optimization procedure is applied to two design problems.

2.6.2 Problem 2.1: Design for Maximum Internal Pressure

We consider a cylindrical pressure vessel with closed ends and subject to an internal
pressure p, axial force F' and torque T'. The first design problem involves determining
the fibre orientation 6 so as to maximize the internal pressure p for a given laminate
thickness H under the forces F' and T such that the optimal design satisfies the
strength criterion (2.10).

Method of solution

The force resultants for this problem are given by

_pR_F _ _ T
=% " oap Ne=pR Ney=o

N, (2.26)

The vector [N] = [N, Ny N;4]T can be expressed as a sum of two components: one

due to the internal pressure p, and the other due to the external forces F' and T,
viz.

[N] = [N, p+ [Ny (2.27)

where [N], is the coefficient vector of p, and [N] s Incorporates the external forces.
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From eqns. (2.26) and (2.27), it follows that

: —FR )
(N,=|1{R [Ns=| 0 |o 7 (2.28)
0
Similarly, the strain vector [¢] may be expressed as
[e] = [elop + [els (2-29)

where [¢], = [A]"[N], and [e]; = [A]"}[N]s, which follows from eqns. (2.21)
and (2.27). Now the stresses in the material coordinates can be computed by in-

serting [¢] from eqn. (2.29) into eqn. (2.25) which gives
[0®] = [0®], p + [0 (2-30)

where

e®], = [TOQPN ey 0Py = [TWQF el (2.31)

We substitute the stresses from eqn. (2.30) into the strength constraint (2.10) and

obtain a quadratic failure criterion in terms of the internal pressure p as given by

{Fu(ag;,))2 + Fgg(dgl;))z + Fss(rl(fz),)z + 2F12a§:)ag’;)} p?
+ {2Fuof ol + 2P0 of) + 2Fesrlihr)
+2Fia(0Pe® + oa®) + Fiol®) + FoP) p
+ {Fn(ffg}))z + F22(0§I}))2 + 1*“66(%%‘})2 + 2F120§’})0§I})
+Fe) 4 Fol) —1} =0 (2.32)

k) (k) _(k k
where [0®)], = [0 o{9 78T and [o¥], = MJ) ag';) ﬁ‘é‘}]T-

Solving the quadratic equation (2.32) for the k-th layer yields the burst pressure
p¥) = p¥)(0; F,T) corresponding to that layer. The burst pressure of the vessel is
given by

Der :mkinp,(_.f) (k=1,2,...,n) (2.33)
If no positive real solution of eqn. (2.32) exists, then the pressure vessel fails under

external load only, and the solution of the design problem does not exist as there is
no feasible design satisfying the constraint (2.10).
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Optimal design problem

The design objective is the maximization of the burst pressure p. subject to the
failure criterion (2.10). The optimization is carried over the fibre orientation 6. The

design problem can be stated as

e : k
Pz & maxpe(6; F, T) = maxmin p® (2.34)

cr

where p(0; F,T) is given by eqn. (2.33). The maximum burst pressure pmas is
determined by solving the max-min problem (2.34) which also yields the optimal

fibre orientation 0,p;.

The optimization procedure involves the stages of evaluating the burst pressure p.
for a given § and iteratively improving 6, to maximize p.,. Thus the computational
solution consists of successive stages of analysis and optimization until convergence
is obtained. The optimization stage employs the Golden Section method in deter-

mining 0p:.

Numerical results for Problem 2.1

The optimization of the laminated pressure vessel is illustrated by considering a
cylindrical shell of mean radius R = 1m and thickness H = 0.01m. The laminate is
made of T300/5208 graphite/epoxy the elastic constants of which are E, = 142GPa,
E; = 10.8GPa, Gi2 = 5.49GPa, and vy, = 0.3. The strength values are X; =
1568MPa, X, = 1341MPa, Y; = 57MPa, Y, = 212MPa, and S = 80MPa. The

values for the material properties are taken from Ref. [12].

We first investigate the effect of fibre orientation on the burst pressure p., for dif-
ferent values of the axial force. Figure 2.1 on Page 36 shows the curves of p., versus
0 for single-layered, four-layered and six-layered laminates with 7' = 0 for F = 0
and F = 5MN. It is noted that the results for the four-layered (balanced) laminate
are applicable to balanced laminates with any number of layers. For single-layered
construction, it is observed that 6,,; = 0 for F = 0 and 0,,: = 90° for F = 5MN.
The burst pressure p., is much higher for multilayered laminates with the balanced
case giving the highest burst pressure. The effects of the axial force and torque on
Oopt and P, are investigated in Table 2.1. For single-layered laminates, 6,,; = 0 for
low values of F' and jumps to 90° at a certain value of F' > 0 which depends on the
amount of torque applied. For multilayered laminates, the fibres align themselves

with the longitudinal axis = as F increases. This result is to be expected on physical
grounds.
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Table 2.1: Optimal fibre angles and maximum pressure (Problem 2.1)

F T Single layer 4 layers 6 layers
(MN) (MNm) | (unbalanced) (balanced) (unbalanced)
00pt Pmaz oopt Pmaz oopt Pmaz
(MPa) (MPa) (MPa)
0 0 90.00° 1.19 | 54.39° 5.36 | 54.21° 4.17
1 0 90.00° - 0.86 | 53.56° 5.16 | 53.21° 3.98
5 0 0.00° 0.59 | 50.25° 4.40 | 49.02° 3.29
10 0 0.00° 0.60 | 45.94° 3.67 | 43.80° 2.68
0 2 90.00° 1.03 | 54.32° 5.11 | 54.07° 3.77
1 2 90.00° 0.70 | 53.50° 4.91 | 52.98° 3.57
5 2 0.00° 0.52 | 50.00° 4.15 | 48.38° 2.90
10 2 0.00° 0.53 | 45.54° 3.44 | 42.77° 2.33
0 4 90.00° 0.51 | 54.23° 4.83 | 53.90° 3.34
1 4 0.00° 0.25 | 53.36° 4.62 | 52.69° 3.15
5 4 0.00° 0.26 | 49.69° 3.87 | 47.59° 2.49
10 4 0.00° 0.27 | 45.01° 3.19 | 41.56° 1.98

Failure surfaces with respect to maximum pressure are given in Figures 2.2 and 2.3
for single- and four-layered laminates, respectively. Figure 2.2 indicates that there
i1s a sharp drop in ppa; as F increases. Decrease in Pmaz With respect to torque
is more gradual. For the balanced laminate with four layers, the failure surface as

shown in Figure 2.3 is rather flat with gradual decrease in py,,, with increasing axial

force and torque.

2.6.3 Problem 2.2: Design for Minimum Weight

As our second problem, we consider a circular cylindrical shell of length L filled
with a liquid of specific weight p; and under a given internal pressure. The design
problem involves optimizing the fibre orientation # so as to minimize the weight of
the liquid tank for a given pressure. It is noted that the weight of the tank can be
evaluated in terms of the shell thickness H.
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Method of solution

The force resultants for this problem are derived in Refs. [13] and [14]. For a
cylindrical tank with bulkheads attached to the ends of the cylinder, these forces

are
N, = p;R + %cos (42 — L* — 2R?)
Ny = p.R—piR*cos¢
Ny = —piRzsing (2.35)

where p. > p1 R is the pressure at the center of the cylinder and z is the longitudinal
axis with the origin located at the mid-point such that —L/2 < z < L/2.

We note that A;; = H#;;Q;;(0) where n;; = Lfori,j = 1,2 and i = j = 6, n;s = 2/n
for unbalanced laminates and 7,6 = 0 for balanced laminates with : = 1,2. We define
a matrix [a] such that [a] = H™'[A]. Thus a;; = Q;;(6) for 15 = 11,12,22 and 66,
and a;5 = 7i6Qis(9) for i = 1,2. From eqn. (2.21), it follows that [¢] = H~[a] ![N]
where [N] is defined by eqns. (2.22) and (2.35). Substituting [€] into eqn. (2.25), we
find

[0®] = H'[o")] (2.36)
where

o8] = [TWNQW[a]*[N] (2.37)

We substitute the stresses from eqn. (2.36) into the strength constraint (2.10) and

obtain a quadratic failure criterion in terms of the shell thickness H as given by

{Fll(alo )2+ Fua(03))? + Fes(1{33)? + 2F1o0 B0}
+{Fiolg) + FoolQ }H — H* = 0 (2.38)

The solution of eqn. (2.38) gives for any z and ¢ the minimum shell thickness H(*)
corresponding to the failure of the k-th layer. From eqn. (2.38), it follows that the
critical thickness H, = H.(; ) at a point z is given by

k
Hmzn;a}cxHﬁr) (k=1,2,...,n; 0 < ¢ < 2r) (2.39)

»

It is noted that the critical thickness H,, depends on the location =z along the

cylindrical shell as well as the internal pressure p, and the specific weight p; of
the liquid.
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Optimal design problem

The design objective for the cylindrical liquid tank problem is the minimization of
the shell weight with the thickness subject to the strength condition (2.10). The
weight of the shell is given by

L/2
W () = 27 Rp, / IRCRL (2.40)
—-L/2
where p; is the specific weight of the fibre composite material used in the construction

of the tank.

Two distinct cases depending on whether the shell thickness is constant or variable
over the length —L/2 < z < L/2 are considered.

Case I. Constant thickness tank

In this case H = H(0) and the weight is given by
W(0) = 2w RLp:H(0) (2.41)

Since the weight is proportional to the thickness, it is sufficient to minimize H(6) to
obtain the minimum weight design. H;,(8) for a given 6 valid for all z is determined

from
Hopin(0) = max H, = mfx(r%"’,tx HO
(-L/2<2<L/2, 0<¢<2m) (2.42)

where H() is determined from eqn. (2.38).

Case II. Variable thickness tank

In this case H = H(0;z) and the minimum thickness Hpin(0;z) at a point z for a
given 8 is defined by H,, in eqn. (2.39). Therefore Hpin(0;z) is determined as the

maximum of H®) given by eqn. (2.39) at every point z producing a variable wall
thickness. Thus

. _ k
Hpin(8;2) = r%ing,) (0 < ¢ <21) (2.43)

Due to symmetry, the thickness distributions are the same for —L/2 < z < 0 and
0 < z < L/2. For this case, the weight is given by eqn. (2.40).

In both cases, the design problem is to determine the optimal fibre orientation 6,
s0 as to minimize the weight of the shell, viz.

Woin = min W (0) (2.44)
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with H,,;, obtained from eqn. (2.42) in Case I and from eqn. (2.43) in Case II. In
eqn. (2.44), W(8) is given by eqn. (2.41) for the constant thickness case and by
eqn. (2.40) for the variable thickness case.

The minimum weight problem is solved by determining the minimum thickness
Hpnin satisfying the constraint (2.38) from eqn. (2.42) (Case I}, or from eqn. (2.43)
(Case II). The weight is minimized over the fibre orientation 6 by using a one-
dimensional numerical optimization scheme, viz. the Golden Section method. Com-

putations are continued until convergence is attained for 6.

Table 2.2: Optimal fibre angles and minimum weight for a single-layered constant

thickness pressure vessel (Problem 2.2)

Single layer we(0)/we min

Po Oopt  Wemin 0

(x10°) 0° 30° 45° 60° 90°
1 0.00° 90.44 | 1.00 1.36 1.37 1.27 1.29
2 0.00° 128.14 | 1.00 1.24 1.22 1.11 1.07
3 90.00° 157.93 | 1.08 1.23 1.20 1.07 1.00
4 90.00° 178.62 | 1.19 1.30 1.24 1.10 1.00
5
6
8

90.00° 199.31 | 1.28 1.35 1.28 1.12 1.00 |

90.00° 220.00 | 1.36 1.39 1.31 1.14 1.00

90.00° 261.38 | 1.47 1.46 1.35 1.17 1.00
10  90.00° 302.77 | 1.55 1.51 1.39 1.19 1.00
20  90.00° 509.76 | 1.75 1.64 1.47 1.25 1.00
30 90.00° 716.76 | 1.84 1.70 1.51 1.27 1.00
40  90.00° 923.77 | 1.89 1.73 1.53 1.28 1.00
50 90.00° 1130.79 | 1.92 1.75 1.54 1.29 1.00
100, 90.00° 2165.87 | 1.99 1.79 1.57 1.31 1.00
200 90.00° 4236.06 | 2.02 1.81 1.58 1.32 1.00

Numerical results for Problem 2.2

Numerical results are given for single- and four-layered laminated cylinders made
of the same graphite/epoxy material defined in Section 2.6.2. The numerical values

are given for dimensionless quantities by introducing

X=z/L, h=H/L, r=R/L
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Table 2.3: Optimal fibre angles and minimum weight for a single-layered variable

thickness pressure vessel (Problem 2.2)

Single layer  wy(0) /Wy min

Po oopt Wy,min 6

(x10°) | 0" 30° 45 60° 90°
1 0.00° 84.71 |1 1.00 1.22 1.27 1.25 1.09
2 90.00° 111.23 (1.14 1.25 1.25 1.19 1.00
3 90.00° 131.01 |1.29 1.34 131 1.22 1.00
4 90.00° 151.14 | 1.40 1.41 1.35 1.24 1.00
3
6
8

90.00° 171.47 | 1.48 1.46 1.38 1.25 1.00

90.00° 19193 |1.55 1.50 1.40 1.26 1.00

90.00° 233.05|1.64 1.56 1.44 1.27 1.00
10 90.00° 274.32|1.70 1.60 1.46 1.28 1.00
20 90.00° 481.18 | 1.86 1.70 1.52 1.30 1.00
30  90.00° 688.19|1.92 174 154 131 1.00
40  90.00° 895.20 | 1.95 1.76 1.55 1.31 1.00
50 90.00° 1102.22 | 1.97 1.78 1.56 1.31 1.00
100 90.00° 2137.31 (2.01 1.81 1.58 1.32 1.00
200 90.00° 4207.49 {2.03 1.82 1.59 1.32 1.00

Po = pc/le, w = W/QWRL2pt (245)
From eqns. (2.40) and (2.45), it follows that

1/2
w(9) = / O X)iX (2.46)
-1/2
We note that for the constant thickness shell (Case I) w(6) = h(#f).

In Tables 2.2-2.5, subscripts ¢ and v refer to the constant and variable thickness
cases, respectively. In particular w,(6) refers to the weight of a shell with the

thickness function Hpmis(0;z) obtained from eqn. (2.43) and the fibre orientation
specified as 6.

The effect of increasing the internal pressure pg on the optimal design is investigated
in Tables 2.2 and 2.3 for single-layered constant and variable thickness shells, re-
spectively. It is observed that 6oy is 0° for low values of py and jumps to 90° as pg
increases. The weight difference between the constant and variable thickness shells
decreases with increasing pg. The right half of the tables is provided to compare the
weight ratios of shells with specified and optimal fibre angles.
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Table 2.4: Optimal fibre angles and minimum weight for a four-layered constant

thickness pressure vessel (Problem 2.2)

Four layers we(8)/we,min

Po Oopt  Wemin 0

(x105) | 0°  30° 45° 60° 90°
1 44.96° 2488 13.64 2.33 1.00 2.78 4.69
2 48.72° 30.64 | 4.18 2.78 1.14 2.47 448
3 49.84° 34.77 | 491 3.24 1.30 2.37 4.54
4 50.50° 38.52 [ 5.53 3.63 143 231 4.64
9
6
8

50.93° 42,20 | 6.06 3.97 1.55 2.27 4.72

51.22°  45.93 [ 6.50 4.24 1.65 2.24 4.79

51.60° 53.65 | 7.15 4.65 1.79 2.17 4.87
10 51.82° 61.76 [ 7.59 4.92 1.89 211 4.90
20 52.52° 106.27 | 8.42 5.44 2.06 1.88 4.80
30  52.97° 152.05 [ 8.68 5.60 2.11 1.77 4.71
40 53.30° 197.86 | 8.83 5.68 2.14 1.72 4.67
50 53.51° 243.64 [8.92 5.74 2.16 1.69 4.64
100 53.94° 472.46 | 9.10 5.85 2.20 1.62 4.58
200 54.16° 929.98 | 9.20 5.92 2.22 1.58 4.56

Tables 2.4 and 2.5 give the same information as Tables 2.2 and 2.3 for balanced four-
layered shells. It is observed that as po increases, the optimal fibre angle approaches
@op: Of the first problem with F = T = 0 (see Table 2.1). This is to be expected
since the contribution of the liquid to resultant forces becomes less pronounced as the
internal pressure increases as is evident from eqn. (2.35) and Problems 2.1 and 2.2
converge. Comparison of Tables 2.4 and 2.5 indicates that w,,;, values differ by
about 20% for constant and variable thickness shells for small values of py. This

difference decreases as po increases and drops to less than 2% for py > 20.

Figure 2.4 shows the optimal thickness distribution of the variable thickness shell
with respect to the z axis and for increasing internal pressure.
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Table 2.5: Optimal fibre angles and minimum weight for a four-layered variable

thickness pressure vessel (Problem 2.2)

Four layers Wy (0) /Wy min

Po aopt Wy, min 0

(x 106) 0° 30° 45° 60° 90°
1 46.42° 20.03 | 4.23 2.24 1.03 2.46 4.60
2 48.81° 25.056 | 5.06 2.88 1.20 2.23 4.44
3 49.94° 29.27 | 5.79 3.40 1.36 2.13 4.48
4 50.59° 33.35 | 6.36 3.80 1.49 2.08 4.53
d
6
8

50.98°  37.46 | 6.80 4.11 1.60 2.03 4.58

51.25°  41.66 | 7.13 4.36 1.68 1.99 4.61

51.60°  50.31 | 7.60 4.69 1.79 1.92 4.63
10 51.95° 59.22 | 7.90 4.91 1.87 1.87 4.63
20 53.08° 104.35 | 8.56 5.41 2.04 1.73 4.61
30 53.49° 149.83 [8.81 5.59 2.10 1.68 4.59
40  53.71° 19542 | 8.93 5.69 2.14 1.64 4.58
50  53.84° 241.08 | 9.01 574 2.16 1.63 4.57
100 54.11° 469.62 | 9.16 5.86 2.20 1.59 4.55
200 54.25° 927.00 | 9.23 5.92 2.22 1.57 4.54
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Figure 2.1. Curves of burst pressure versus fibre angle with 7' = 0-
(Problem 2.1)
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Figure 2.2. Surface of maximum pressure with respect to

axial force and torque for a single-layered pressure vessel

(Problem 2.1)
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Figure 2.3. Surface of maximum pressure with respect to

axial force and torque for a four-layered pressure vessel

(Problem 2.1)
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and internal pressure for a four-layered pressure vessel

(Problem 2.2)
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2.7 Conclusions

In design optimization problems requiring symbolic computation, it may be neces-
sary to integrate such computations into an iterative solution procedure to improve
the computational efficiency. This is not possible using a closed general purpose
symbolic computation package. In addition, proprietary general purpose symbolic
computation tools often have high overheads in terms of cost, hardware requirements
and processing time. These drawbacks may be overcome by developing special pur-
pose symbolic computation software which is tailored according to the requirements
of the specific problem. The development of such software can be realised for a given
problem by noting that, in general, a specific class of functions will be needed in the

solution of a particular problem.

The design problems studied in this Chapter require tedious matrix algebra where
the entries are series of double trigonometric functions of the fibre angle. Special
purpose routines are developed to process such expressions. The routines perform
matrix algebra involving matrices of trigonometric series and simplify the results

using trigonometric identities.

It is found that the special purpose symbolic computation is two orders of magni-
tude more efficient than Mathematica. The efficiency of special purpose symbolic
computation arises from its dedication to a specific class of functions. This feature
is particularly valuable in optimization studies where computational efficiency is
important.

In the laminate example which is considered, the relationship between the loading
parameters and the material stress is combined and simplified into one transfor-
mation matrix using symbolic computation. This involves tedious matrix algebra,
where the matrix entries are series of double trigonometric functions of the fibre an-
gle. The stress is determined symbolically and substituted into a quadratic failure
criterion from which the critical thickness is obtained as an analytical function of
the fibre angle via symbolic computation. The first and second derivatives of the
critical thickness with respect to fibre angle are determined exactly with the aid of
symbolic differentiation and may be used to determine the optimal fibre angle by
means of an optimization algorithm.

A solution method is presented for the optimal design of symmetrically laminated

cylindrical pressure vessels with balanced and unbalanced stacking sequences on the
basis of a strength failure criterion.
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Two design problems are solved. In the first problem, a cylindrical pressure vessel
is optimized taking the fibre angle as the design variable to maximize the burst
pressure and the effects of the axial force and torque on the optimal designs are
investigated. In the second problem, a cylindrical vessel filled with a liquid and
subject to an internal pressure is studied. The weight of the shell is minimized
taking the fibre angle and wall thickness as the design variables. Both constant and
variable thickness shells are investigated. It is shown that the results for the second

problem approach those of the first problem as the internal pressure increases.

Numerical results are given for unbalanced (single- and six-layered) and balanced
laminates noting that in the balanced case the number of layers does not affect the
results. It is observed that fibre angles align themselves with the longitudinal axis as
the axial force increases. Variable thickness shells are found to be about 20% more
efficient than the constant thickness shells for low values of the internal pressure
with the difference decreasing as this pressure increases. For single layer pressure
vessels, the optimal fibre angle is found to be either 0° or 90° with the switch-over

point depending on the magnitude of the axial force, torque or the internal pressure.
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Chapter 3

Derivation of a Higher—Order
Theory for Thick Laminated
Plates and Shells

3.1 Introduction

The objective of the present chapter is to derive a nonclassical theory for the accu-
rate analysis of thick laminated composite structures. The classical theory is based
on the Kirchhoff-Love hypotheses of straight inextensional normals and therefore
neglects the phenomena of transverse shear and normal deformation. The exact
prediction of the stress and strain state of thick laminated structures made of ad-
vanced composite materials requires the use of three—-dimensional elasticity models.
However, quasi-three-dimensional models based on higher—order theories may accu-
rately describe the behaviour of thick structures over some range of applicability and

are considerably less computationally expensive than three-dimensional models.

In this chapter, comprehensive higher—order theory of laminated plates and shells is
presented. This theory considers plates and shells with transversely isotropic layers

of different thicknesses and stiffnesses, and takes into account both transverse shear
and normal deformation.

The theory is based on kinematic hypotheses which are not taken a priori, but
whose form are derived using an iterative technique where the classical Kirchhoff-

Love hypotheses are assumed in the first iteration. New variables which have a clear

physical meaning are introduced.
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The equations of equilibrium and the boundary conditions are determined using
Lagrange’s variational principle, and the complete set of boundary conditions is
derived. Various loading and boundary conditions which fully take into account

transverse shear and normal deformation are considered.

The unknown functions in the system of governing differential equations are defined
on an arbitrary reference surface. The stress/strain state of the laminated structure
is determined from the solution at the reference surface and through-the-thickness
distribution functions defined by the theory. The order of the governing equations

is 16 and is independent of the number of layers.

3.2 Literature Survey

The accurate analysis of laminated composite plates and shells is the subject of much
investigation and new higher—order theories have been developed which attempt to
accurately describe the three-dimensional elastic behaviour of laminated plates and
shells. Surveys of these theories may be found in the reviews by Dudchenko et al [25],
Librescu & Reddy [26], Reddy [27], Noor & Burton [28], and in the books of Bolotin
& Novichkov [29], Grigorenko & Vasilenko [30] and Piskunov & Verijenko [31].

The two main approaches for deriving two-dimensional equations of plates and
shells are the analytical method introduced by Reissner [32], Mindlin [33] and
Gol’denveizer [34], and the method of hypotheses.

In the second method, kinematic or static assumptions regarding the variation of
displacements, strains and/or stresses through the thickness are introduced. Two
approaches for the derivation of theories using the method of hypotheses have been
employed, leading to single-layer and discrete—layer theories. In discrete-layer theo-
ries, the hypotheses relate to each layer such that the order of the governing differen-
tial equations is dependent of the number of layers, whereas in single-layer theories,
the hypotheses relate to displacements, strain and/or stress through the thickness

such that the order of the governing equations is independent of the number of
layers.

The generalization of the discrete-layer approach is given by Bolotin & Novichkov [29],
Grigorenko & Vasilenko [30] and more recently by Reddy [35]. In principle, discrete—
layer theories can model the interlaminar stress more accurately. However, these

theories are computationally expensive as compared to single-layer theories.
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The single-layer approach was introduced by Ambartsumyan [36] where the classi-
cal hypotheses of Kirchoff-Love were used. He then used this approach to derive a
higher—order theory of laminated plates and shells [37]. Examples of other single-
layer theories are those of Reissner and Mindlin, first—order theories by Vasilenko
& Savchenko [38] and Grigorenko et al. [39] with both transverse shear and normal
deformation included, and higher—order theories by Stein [40] and Reddy [41]. How-
ever in these and other more recent publications mentioned in the reviews [25, 28],
there is no compatibility between the nonlinear kinematic model which considers the
distortion of the normal, and the system of internal forces and moments which are
equivalent to those obtained using the straight line hypothesis. Theories without
these disadvantages have been derived by Piskunov [42] and Rasskazov [43]. The
approach introduced in Ref. [42] has been extended by Piskunov et al. [31, 44] and
Verijenko et al. [45, 46, 47] to better represent the interlaminar stresses, include the
direct effect of loading on transverse shear and normal deformation, and increase the
range of applicability of the theory. The higher—order theory derived by Piskunov
et al. in Ref. [44] is presented in this chapter.

A study of the reviews mentioned earlier and some other recent papers [48, 49,
50] reveals that in the design of multilayered structures in which the layers have
significantly different physical characteristics, it is also necessary to consider the

phenomenon of normal deformation.

3.3 Basic Equations

The shell is referenced by a curvilinear coordinate system z,0 z2 which is parallel to
the bounding surfaces and the surfaces of contact between the layers. The axes of
the curvilinear orthogonal coordinate z; = const (i = 1, 2) coincide with the principle
lines of curvature. The coordinate z = z3 is normal to the reference surface z,0 z,.
The reference surface z = 0 may be positioned arbitrarily in the package of layers.
The layers are assumed to be perfectly bonded, and shells are taken as a geometry

with small curvature relative to their thickness (see Figure 3.1 on Page 59). The
curvatures of the shell are given by k;;.

In following derivation, the index k = 1,2...n refers to the k-th layer of a laminate
with n layers. The indices ¢ = 1,2 and J = 1,2 refer to the coordinate directions
T1,%2, and the index s has the range s = 1,2,3. A subscripted comma denotes

differentiation with respect to the variables following the comma, and a superscripted

44



(k) refers to the k-th layer.

The loads applied on the external surfaces are p* = p}t(z) and p~ = p; (z) (s =
1,2, 3) respectively and are functions of the curvilinear orthogonal coordinates z =

{z1,z,}. The conditions on the external surfaces are

ag) =-p, (z=ag,k=1)

n) _

053 =pf (2=ank=n)

(3.1)

Since the layers are assumed to be rigidly bonded, the rigidity condition for an
arbitrary surface z = ax_, is given by
U_SI:;) = ag_l) (static) (3.2)

w® = D (kinematic) (3.3)

The components of the deformation of k-th layer (k = 1,2...n) for small bending
are given in Ref. [51] as

26,(-;) = u§5)+u§-ﬁ)+2k;jugk) (3.4)
2¢$) = ulf) +uf) (3.5)
e = ull (3.6)

The displacements of the reference surface (z = 0,k = m) are expressed as
u™(2,0) = w(z) (i=1,2)
w(2,0) = w(z) | (3.7)

and the deformations of the reference surface as

1
& = Sluij+uii) + kijw

Kij = —wgij (3.8)

which satisfy the well-known equations [51]

2«‘312,12 —€11,22 —€2211 = ki1ke + kzzfiu — 2k)12K12
Kiiz — K121 = 0
K221 — K122 = 0 (3.9)

The generalized Hooke’s law for the transversely isotropic k-th layer of the shell [37],

where the surface of isotropy at any point (z, z) is orthogonal to the normal, is given
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69;) = [‘711 "Vkazz)]/Ek—V;c"ss)/Ek

eg;) = [‘722 "'Vkau)]/Ek—Vkaz(ag)/Ek
E

&) = ~[o) + o5/ + 0/ EL

26&? = ‘712)/Gk
26 = o9/,
26(2? = ‘723)/G’ (3.10)

where the elastic properties are assumed to be functions of the coordinate z (ax_; <
z < ax). Ei(2), ne(2) and Gi(z) = Ei/[2(1 + vi)] are the modulus of elasticity,
Poisson’s ratio and shear modulus respectively in the plane of isotropy; F}(z) and
G%(z) are the moduli of elasticity and shear respectively in the transverse direction;
and v} (z) is Poisson’s ratio, which characterizes the reduction in the plane of isotropy

when tension is applied in the transverse direction.

Classical assumptions are employed to derive basic equations for the derivation of
the nonclassical higher-order theory. If the Kirchoff-Love hypotheses are assumed
to be valid for each layer of the shell, then

2 =0; el = (3.11)
o) = (3.12)

By substituting eqns. (3.10) into the hypotheses (3.11), integrating within the con-

ditions (3.2) and using the notation (3.7), we obtain the classical kinematic model

u =y, — w2 ; u;(;k) =w (3.13)

The tangential deformations of the k-th layer are obtained from eqns. (3.13) and (3.8)
as
B

€ = €ij + Kij2 (3.14)
where it is noted that €2 = €5, K13 = K5, and e§2) = e(zl;)

Substituting eqn. (3.14) into eqn. (3.10) and using the static hypothesis (3.12) or

the assumption E} = oo, the in—plane stresses in the k-th layer are derived as

(k)

oy = Eor[(en + Vken) + (K11 + VkK22)2]
(k) = FEorl(e22 + vken) + (ka2 + ViK11)Z]
0%2) = Eox(l — vi)(e12 + £122) | (3.15)
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where Eox = Ex/(1 — v3).

The transverse stresses cannot be found using Hooke’s law because of the hypothe-
ses (3.11) and (3.12). Therefore, the transverse stresses are derived using the equa-

tions of equilibrium for a shell [51] which for the k-th layer may be expressed as

a(k)-+ag,)3 = 0 (3.16)

5,7

oy + 08— kol = 0 (3.17)

Using eqn. (3.16), the transverse shear stresses are derived as

agf) = - /z afjk,}dz + Aix (3.18)
Bk—1

and using eqn. (3.17), the transverse normal stress are derived as

0':(3? = —/ [0'.(!;’)1 - k,-jag-c)]dz + A3k (319)

k—1

where A,(z) are functions of integration which may be derived from the loading
conditions (3.1) and static rigidity condition (3.12).

Substituting the equations for stress (3.15) into the integrals (3.18) and calculating
the functions of integration A;i(z) from the loading and rigidity conditions, the
transverse shear stresses are derived in Ref. [31] as

o) = Aw; fux + P far + P for O (3.20)

where A is the Laplace operator, p;,p; are the external loads and f,(z) are distri-

bution functions given by

fie(z) = fi — fiBn/By
fa(z) = fi/By—1

fsx(z) = fi/By (3.21)
where
fiz) = /a:EOkdz
*(2) = /:E()kzdz
B, = / Fordz
B = / Foyzdz (3.22)
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The distribution functions f,(z) enable the loading conditions on the external sur-
faces to be satisfied once the reference surface has been positioned in the package of
layers and also take into account the influence of the elastic properties of each layer
on the stress distribution of the components ag ) under external loading.
Substituting the derived transverse shear stress (3.20) into the integral (3.19) and
calculating the functions of integration Asx(z) from the loading conditions (3.1) and
static rigidity condition (3.12), the transverse normal stress is derived in Ref. [31]
as

0;(315) = piifak + plifsk + 05 for + pY frx + BW (3.23)

where p;,p? are the normal components of the external loads and the functions

B are given by

BW(z,2) = kijei;for + kijrij for + (k11622 — 21610 + ka2€11) fak
+(k11K22 — 2k12K12 + kaak11) for (3.24)

The distribution functions in eqns. (3.23) and (3.24) are given by

fa(z) = FuDysy/Dyy — Fy
fsk(z) = FlkDf3/Df1 — F5
fek(z) = Flk/Dfl -1
fi(z) = Fu/Dp (3.25)
fer(2) = fi— FuBy/Dpy
for(2) = fi — FuBn/Dp
fsk(z) = fk - Flka/Dfl
]Fsk(z) = f; - FlkB;l/Dfl
where

Fulz) = [ furdz D= | furdz

fi(z) = /ao Eorvidz fi(z) = /ao Eorvizdz

B, = / Egrvedz B}, = / Fowvizdz (3.26)

Substituting eqns. (3.15) for the normal stresses crgc ) in terms of the deformations
of the reference surface and eqn. (3.23) for the transverse normal stress 0:(,,? into
Hooke’s law (3.10), the normal strain is obtained as

(k) _ 1 -
€33 = Uz Aw — vgu; + E_I,C(P.',.'f‘tk + P}t,-fsk + p3 fer + p3 for + B,) (3.27)
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where v}y, = Exvi/Ei(1 — vk)-
The normal strain (3.27) may be expressed as
eé’é’ = Awayk + U@k + P; ;03 + p?:,-a4k + p3 ask + p3 asr + B, (3.28)

where B!, = B,/ E, and we denote the distribution functions of the normal strain as

ak(z) = Vor?
onk(z) = v
agr(z) = foe/Ey (¢=3...6, g=q+ 1) (3.29)

Since eg3) = u3 3, the equation for the normal displacements may be expressed as

ugk)(z, z) = w(z) + / edz + Car(z) (3.30)
Gk—1

The function of integration w(z) 4 Cak(z) is determined from the conditions (3.11)
and (3.7), ie. w2, ay) = u$(z,a;) and u{™(z,0) = w(z). Substituting
eqn. (3.28) into (3.30) and integrating, we obtain

u$)(2,2) = w + Awprk + uiipak + Prip3k + Piipar + p3 psk + p3 wer + Co (3.31)

where C, = [; B.dz and we denote the distribution functions of the normal dis-

placement through the thickness of the laminated shel! as

oor(2) =/Oz agdz  (g=1...6) (3.32)

Substituting the equa.tlon (3.20) for the the transverse shear stress a( ) into the

expression 2e,(3) = a,3 / G, from eqn. (3.10), and substituting the equation in (3.31)

for the normal displacement ug) into the expression 2e;3 = ( ) + ug ,) given in
eqn. (3.5), we obtain
W = 2o )= /6, - ol

= Wi~ Aw,i(‘Plk — Qk) = UiijiP2k — DiijP3k — PE',',-jso.;k

—P3iPsk — P3Pk — Pi Pk — P} sk — Coi (3.33)
where
er(z) = fi/Gy
prr(z) = —fu/Gy
wse(z) = —fa/G, (3.34)
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Integrating eqn. (3.33) and satisfying the conditions (3.7) and (3.11), we obtain the

tangential components of the displacement due to transverse shear as

uz,2) = wi—wiz — Awabie — ujibak — Py jisk — P jihar
—p5¥sk — Pdiber — P ik — Pl ek — Ao (3.35)

where A, = [5 C,:dz and we denote

Yi(z) = /Oz(ﬂplk—‘/’k)dz

Yor(z) = /(;ztpgkdz (g=2...8) (3.36)

The equations derived for e,(:];), egg) and agf ), a:(,.g) are incompatible with the classical
assumptions and are therefore not relevant to the classical theory. These equations,

however, are important for the derivation of the higher-order theory.

3.4 Higher—Order Theory

The form the kinematic hypotheses of the higher—order theory is taken from eqn. (3.35)
for the displacements usk) and eqn. (3.31) for the deflection ugk). In particular, the
higher—order theory is based on the kinematic hypotheses

W (z,2) = ui— Wiz — Xgi%ek (g=1...8) | (3.37)
u(z,2) = w+xn (g=1...6) (3.38)

where u;(z), w(z) are the displacements of the reference surface; x;(z), x2(z) are

new functions described below; and we denote

x3(x) = pis; xa(z) =pi;  xs(z) = p3;
; C N (3.39)
xe(T) =p3; x7i(z) =p;; xsilz) =pf;

which are determined from the given loading.

The distribution functions ¢g of the deflection through the thickness of the lami-
nate are given by eqn. (3.32), and the distribution functions 1, of the tangential

components of the displacement vector through the thickness of the laminate are
given by eqns. (3.36).

The first of the two new unknown functions x;(z) and x,(z) is termed the shear

function and the second is termed the compression function [56, 57]. If E} # oo but
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v, = 0 then p1x = @ar = P2k = 0 and thus x;(z) and x2(z) are also connected with
Poisson’s transverse reduction. The interpretation of the functions Xq(Z) (¢=1...6)
in eqns. (3.37) and (3.38) is now discussed. Together with the functions ¢g(a)
(¢ = 1...6) they represent the additional normal deflection of the surface z = a
relative to the deflection of the reference surface. The derivatives x,; together with
the functions 94k(a) (¢ = 1...8) represent the angles of the tangents to the distorted
normal at z = a (in the directions z;) which are added to the angles of the straight
normals to the displaced reference surface, as illustrated in Figure 3.2. The other
terms involving x, (¢ = 3...8), which are determined from the external loads, take

into account the normal deformation caused by the direct loading.

Substituting the kinematic model given in eqns. (3.37) and (3.38) into the strain-
displacement relations given by eqns. (3.4)—(3.6) and using the notation (3.8), the

components of the strain tensor are obtained as

ei(f) = E&;j + Ki;Z2 + st)z,bgk + kinqSqu

261(11;) = Xt,i,gtk (t = 1’7’ 8)

eff) = xqou (3.40)

where g =1...8,¢=1...6 and ¢;; and Kki; are the strains of the reference surface
given by eqn. (3.8); and we denote n,(-f) = —Xy,; and

Pir(z) = flk/Gl

571:(2) = fzk/G;c

Ber(z) = far/ Gy (3.41)
It is noted that n(lgl)ﬂ = ni%),l and 'Cg%)J — 'ngz),z-

Using Hooke’s law for a transversely isotropic material (3.10), the components of
the stress tensor may be determined as

O'ﬁ) = Aukeﬁ) + A12k6g§) + Alske;(;?

Ugg) = Ameﬁ)+Auke§§)+A13ke§§)

off) = Al + €3] + Asarell) (3.42)
o = 26,

ol = 2Ghely

o = 26

where

Ak = A/ Ax
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Aige = Diak/Dk
Ak = Auzk/Dk
Assre = Asa/Ax (3.43)
and
Ar = (14wl —w —2(n) Ev/ B/ E(E;
Anp = [1 —(V)'C)ZEk/E)'c]/EkE)'c
Aize = [k + (Vi) Ex/ E}]/ ExEy
A = vi(1+ve)/ExEL
Assx = (1—1v})/E; (3.44)

are the elastic constants for the transversely isotropic k-th layer.

Substituting the components of the strain tensor (3.40) into the stress tensor (3.42)

gives
Uﬁ) = Ank(en + knz+ ﬂ&?‘/’gk + k11XqPqk)
+A1ak(E22 + K222 + KDk + k2aXoak) + A13kXqOlqk
o) = Auk(en +kuz + '9(191)%1: + k11X qtPgk)
+Ar1k(e22 + K222 + n&%’t/)gk + k22X qPqk) + A13kXq0qk
0;(3);) = Asklen + €22 + (K11 + Ka2)z + (nﬁ) + ﬂggz))!/)gk
+(k11 + k22)XoPak] + AszkXqQqk
aﬂ? = 2Gi(e12+ K122 + 'Cg%)d)gk + k12X%qk)
Ug,c) = Xtifwk (3.45)

whereg=1...8,¢g=1...6 and t =1,2,3.

The above equations define the components of the displacement vector and the
stress and strain tensors at an arbitrary point in the k-th layer. The model equa-
tions include: the system of independent unknown functions of the reference surface
Ui, W, Xp (3, p=1,2); the known functions x, (¢ = 3...8) which are determined from
the given loads p~, p* on the external surfaces; and the system of known functions
of the normal coordinate z, incorporating the laws governing the variation of the
components of the displacement vector and of the stress and strain tensors through
the thickness of the package of layers. Clearly, the describing equations are not
dependent on the thicknesses, stiffnesses and other properties of the layers. More-
over, the equations of this model may consider layers with elastic characteristics
that are constant or variable. Thus the model is comprehensive with respect to the
configuration of the package of layers.
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3.5 Equilibrium & Boundary Conditions

The equations of equilibrium and the boundary conditions are determined using the

Lagrange variational principle as follows:
§U = 6T+ / / / (e® 1 [ G 5 L o0y 56® gy —§H =0 (3.46)

where 411 is the variation of the potential energy of deformation, and §H is the
variation of the work of the external forces. Using the components of the strain

tensor in eqns. (3.40), we derive
// {/ [a(k)(s (&3 + Kijz + ”(g)¢gk + kijXqq)
018 (xuiB) + 0498 (xo0xgr)]d2 }dS (3.47)

where:,7 =1,2,t=1,7,8,g=1...6 and g=1...8.

Using notation similar to that of classical theory, the forces and moments are ex-

pressed as integrals of the stresses, viz.

N,’j =/ "O_S;) dz 3 M,'J' :/ "O_gc) zdz ’ Q /a" (k) (348)

Higher-order forces and moments which describe the influence of transverse shear

and normal deformation are denoted

ND = [" o®opdz; MP = |7 0B edz
ag ag

QN = [T oPBudz; QP = [ oW apud (3.49)
ag ag
where p =1, 2.

Eqn. (3.46) may be expressed using these forces and moments as
CSH = //S[N,'j(Su,',j + N,-J-k,-jdw — M.-jcfw,.-j — M,-(f)cfxp,,-j
NP kis8xs + Q8315+ QFdx,] dS (3.50)

where p =1, 2.

The variation of the work of the external loads consists of the variation of the load

H, which is apphed to the bounding surfaces and that of the boundary forces H,.
Therefore

§Hy, = / /S [p; §ul) + pt 6ul™]ds (3.51)
§H, = /L { / oiu® + ol sul® + o suMd21dL (3.52)
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where s = 1,2,3; h and [ are the normal and tangent to the boundary L of the shell;
a,(jl), ag) and 0,(1’;) are components of the stress tensor at an arbitrary point in the
k-th layer on the edge L of the shell.

Using the hypotheses (3.37) and (3.38), the variation of the work of the given loading

is expressed as

0H, = f fs(p«su,- + padw + pPéx,) dS

- fL (prdw + pi”) dx) dL (3.53)

where the summation index p = 1,2, we denote h = 1 and the generalized loads are

given by

pi = p; +pf
ps = aop;; + anpi; +p3 + 13
p¥) = p1(a0)pi; + Ypn(an)pl; + 0p1(a0)ps + @pn(an)ps

Ph = aopy + anpi

PP = Yp(ao)py + bpn(an)pi (3.54)

Equating the variation of given functions to zero, we may express eqn. (3.52) as

SHy = [ {Nidun+ Nydua — Miydus — MiPdx,.

H( My + Qn)ow + [Mi + QP6x,}dL
—[M; 8w + MyPsx, ] (3.55)

where an asterisk denotes forces acting on the boundary of the shell, and we denote

&GP = [ o®ppdz (3.56)

ag

The equations of equilibrium may now be obtained as

Nij;+pi=0

Miji; — kijNij +p3 =0

Mk + Q) - Q8 — ki NY + 5 =0

M = Q) — ki N + p = 0 (3.57)

and the boundary conditions are given by

(Nhh bl N}:h) Juh = 0
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(Nu — Nyp) dur =0

(Munp + 2Mu1 + pr — RBy) dw = 0
(M — Mj)wp = 0

(M, (1) - M (1)) Sx1p =0

(M, (2) *(2)) Sxah =0

(2 G+~ ) =

(M, +2M3) + pP — B 6x2 = 0 (3.58)

where we denote the generalized reactions

= Qi +My,; EBP=0"+MP (3.59)

Modelling different constraints on the boundary of the shell is now considered on
the basis of these boundary conditions. The first group of constraints corresponds
to the four degrees of freedom up,u;, w,w . These ezternal boundary conditions
are modelling constraints belonging to the boundary of the two—dimensional region
of the reference surface of the shell (z = 0), and determine in general the type of
support for the shell. The second group of constraints given by the conditions (3.58)
models the constraints on the boundary through the thickness of the shell as shown
in Figure 3.3. This group of internal boundary conditions concerns the modelling of
transverse shear and normal deformation at the edges of the shell. The laminate is

modelled more accurately when both types of bouhda.fy conditions are considered.

Substituting the components of the stress tensor (3.45) into the integrals (3.48)
and (3.49) yields the equations of elasticity, viz. the equations for the generalized
forces and moments. Thus the in—-plane forces may be expressed as

Nu = Bey+ Begy + Bokyy + Bokag
+B,k) + Bk + (k11 Cy + k22 Cy + Hy)x,

Nyy = Ny
N12 = (B - B)Slz + (Bo — Bo)lﬂlz + (Bg - Bg)lﬂg'(i)
+k12(Cq — C)xq (3.60)

where ¢ = 1...6 and ¢ = 1...8. The bending and twisting moments may be
expressed as

M,y = Bgey + Bo€22 + Dook11 + Doofﬂzz

+ Doy + Dogrld) + (k11Coq + k22Coq + Hog)x,

M22 Mll

1
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M12 = (BO —_ Bo)Elz + (Doo — Doo)K,lg
+(Doy — DOg)K'(I%) + k12(Coq — Cog)Xq (3.61)

the higher—order forces and moments as

N(p) = Tpell + Tp522 + TpOKfll + TpOK'22 + Tpgn(lﬁ)
+Tpg’922 (k11 Lpg + k22qu + Ppg)Xq

N = N®
N® = (T, - Tp)erz + (Tpo — Tpo)kz
+(Tpq — qu)ﬂggz) + k12(Lpg — Lpg)Xq
M® = Buey; + Byeas + Dyornr + Dyokas + Dpgrd
+Dipgh$ + (k11Cpg + k22Crg + Hpg)Xa
Mg < MY
M® = (B, - B,)e1z + (Dpo — Dpo)rirz
+(Dypg — ng)”lz + k12(Cpq — )Xq (3.62)
and the shear forces as
Qi = Dixu

QEI) = DtXt,i
Q:(sp) = P, (€11 + €22) + Ppo(fiu + K22)
+Ppg('“g) (g)) + Rpg(k11 + k22)xq + quxq (3.63)

where p=1,2,t=1,7,8,g=1...6 and g=1...8.

The equations for the generalized forces and moments include the integrated stiff-

nesses of heterogeneous shells given by
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B = f:o" Aq1xdz

Bo = [;7 Aqxzdz

B, = [0 Anxtgrdz
Co=[on Ankpqrdz

H, =[x Ajzraqrdz
Doo = [i7 Arax2*dz

Do, = [ Avaorzd=
Cog = [or Araripgrzdz
DPO = Dop

Dpy = f:on A11k¢pk¢gkd2
Pe — f:o" Av1kpkperdz
pg = f:on Arak¥progrdz
= f:on Alzk‘Ppde

20 = Jar Ar2kpprzdz

pg = Jaw Ar2kPprPgrdz
pg = f:on Arakprpgrdz
t = f:on fidz

Pp = [or Araraprdz

Ppg = [o Arskaprtgrdz
R, = Jar Azskoprogrdz

R S [N Bae (= D!

B= Jad Ajrdz

Bo = [or Arakzdz

B, = Joo Arakthgrdz

Cy = [or Avgktperdz

Doo = [3 Ajp2tdz

Dog = [o7 Ankpgrzdz
Cog = [ Avikper2dz
Hoy = [57 Arskogrzdz
DPO = DOP

Dyg = f2r Avaktbprtbordz
épq = f:on Avakprpordz
T, = [ Anpppredz

TpO = f:O" Ank‘,okadZ
To = o Av1kppk¥grdz
Loy = [o7 Arikpprpgrdz
Pog = [o Arakppr0igrdz
D, = fa? fePrdz

PpO = f:on A13kapk2d2
Ry =[5 Araroprpgrdz

(3.64)

The system of governing differential equations for heterogeneous composite shells is

expressed in matrix form as
[DKV} = [D,{r} (3.65)
where [D] is the matrix of differential operators on the vector of unknown functions
{V} = {ul,u2,w, XI,X2}T (366)
and [D,] is the matrix of differential operators on the vector of given loads
{p} = {p1, P2, 05, 2", PV} (3.67)

The integrated stiffnesses, all of which are given in eqn. (3.64), appear in the matrices

[D] and [D,), in particular, as coefficients of differential operators.

The order of the general system of differential equations (3.65) is sixteen. Therefore
eight boundary conditions have to be satisfied on each edge of the shell.

One of the advantages of this higher—order theory is that the equations for the

tangential components of the displacement vector and the stress and strain tensors
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consist of similar terms which separately take into account the states of pure bend-
ing, transverse shear and normal deformation. This enables efficient analytical and
numerical application of this theory using an independent but analogous approxima-
tion of the components of the displacement vector which belong to these states. It
also allows the experience gained in using analytical and numerical methods in sim-
ilar applications but on the basis of classical theory to be extended to a nonclassical

approach based on higher—order theory.
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Figure 3.1. Geometry of laminated shell.
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Figure 3.2. Kinematic model.
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External Conditions (z = 0)

Moving Clamped,
Hinge Clamped Moving Free End

Constraints

u=Nip=0; u=u=0; up=u;=0; Niy=Np=0;
w=M, =0 w=w,; =0 wy = My + My = My +
+2My22 +p1 =0 +2My22+p1 =0

Internal Conditions (z # 0)

Flexible out Flexible in No
of End Plane Rigid End Plane Constraints
E I! V4 V4 E fZ E fZ
1 % l‘\x‘ 1 .
7 1 V4 . ’
T EF S ==,
Constraints

Xp = Ml(llp) =0; Xp=xp1=0; X11 = Ml(})l + 2M1(;,)2 Ml(:) = Ml(:)l + 2M1(11',)2
p=1,2 p=1,2 0 =0 QP4 =0

x2a =MD, +2MP, MP = M® 4oy

11,1 12,2

+p = 0 +p{ =0

Figure 3.3. Boundary Conditions.
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3.6 Conclusions

A higher—order theory of laminated shells and plates subject to both transverse shear
and normal deformation is derived. The proposed theory is capable of analysing
thick plates and shells with an arbitrary number of transversely isotropic layers
which have significantly different elastic properties. Moreover, the layers may be

constructed of materials which have low transverse rigidity.

The kinematic hypotheses of the higher—order theory are not taken a prior: but are
formulated using an iterative technique where the classical Kirchhoff-Love hypothe-
ses are assumed in the first iteration. Moreover, the new variables introduced by

the theory have a clear physical meaning.

The unknown functions in the system of governing differential equations are defined
on an arbitrary reference surface in the package of layers, and the order of the

governing equations is independent of the number of layers.

Various loading and boundary conditions are considered which enable transverse
shear and normal deformation to be fully taken into account, and the complete set

of boundary conditions is derived.
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Chapter 4

Implementation of the
Higher—Order Theory using

Symbolic Computation

4.1 Introduction

The objective of this chapter is to implement the higher—order theory presented in
Chapter 3 for the numerical analysis of plates and shells based on an analytical

solution.

The distribution functions and integrated stiffness constants of the higher-order
theory involve multiple piecewise integrals through the thickness of the laminate,
and in the general case these integrals cannot be expressed in an exact form for
direct implementation into a computer program. Therefore symbolic computation
is employed for the implementation of the higher—order theory.

The general purpose Mathematica symbolic computation system is used to derive
the distribution functions, calculate the integrated stiffness constants, solve the
system of governing differential equations analytically and finally to evaluate the

stress/strain state for a given laminate.

In order to improve the computational efficiency of the analysis, special purpose
symbolic computation routines are developed in the C programming language as

an alternative to using a general purpose symbolic computation system such as
Mathematica.
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Numerical results based on the higher—order theory are obtained for thick plates
and shells subject to a sinusoidal load. Both homogeneous and sandwich structures

are considered and the effect of normal deformation is investigated.

4.2 Basic Equations and Some Analytical Solu-

tions

On the basis of the higher—order theory, the system of governing differential equa-
tions for a rectangular shell with double curvature and subjéct to normal loading

on both bounding surfaces, is derived as
Buya1 + (B — B) uy 92+ (B + B) U2,12
—BoVw, + (Bkyy + Bkzz) w)
—B1Vx1,1 + Hixia + (Cikn + 61]022) X1,1
—ByVxay + Hyxan + (Cakay + ézkzz) X2,1

= BsVq, — Hsq7 — (Cskiy + Cskaz) 9,1
+BGVq,+1 - quj — (Cek11 + Cekzz) q,“; (4.1)

LB+ B) uy,12 + Bug g, + (B — B) U211
—ByVwsy + (Bky + Bku) w,o
—B1Vx1,2+ Hix12+ (Crkog + C1k11) X1,2
—B3Vx22 + Hayx22 + (Cakaa + Cakyy) X2.2

= BsVq; — Hsq, — (Cskn + Cskn) ¢
+BGVq7+2 — Heq-; — (Csku + éekzz) q;; (42)

BoVuy, — (Bky + Bkzz) u1,1 — BoVuy 2 — (Bkys + Bku) U2,2
—DooVw — [B(k}, + k2,) + 2Bk ko] w
+2(Boki1 + Bokss) w11 + 2(Bokgs + Boku) W 22
—Do1 V3x; + HyVix, - [01(]9%1 + kgz) + 201’911]622] X1
+[ (Co1 + B1)ki1 + (001 + Bl)k22] X1,11
+[ (Cor + By)kaz + (001 + Bl)ku] X1,22
—Do2V2x3 + Hoy Vs — [Ca (K2, + k§2) + 202]‘?11]‘722] X2
+[ (Coz + Ba)kyy + (éoz + Bz)kzz] X2,11
+[ (Coz + By)kay + (éoz + Bz)ku] X2,22
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= D05V2q" — HosVq™ v
—[Cs(k3, + kZ) + 2Cskiika2 — 1] ¢~
—[ (Cos + Bs)ku1 + (Cos + Bs)kz] 411
—[(Cos + Bs)kaa + (Cos + Bs)ku] 422 (4.3)

B1Vuy 1 — Hiuyy — (Crkn + 01]‘?22) U1,
+B1Vugs — Hiugz — (Cik22 + Clkll) ug2
+Do;Viw — Ho Vw — [Cr (k3 + k3y) + 2C k11 kga) w
+[ (Cor + B1)kn + (601 + Bl)k22] w11
+[ (Co1 + B1)k22 + (Coy + B1)k11] w22
—DnV¥x: + (2Hu + Dh)Vixa
—[Ru + Lu(kfl + k;‘,’z) + 2k11k22i111 + 2P (ka1 + kzz)] X1
+2(Cr1kn + Chiika) X111
+2(Cr1kaz + Criknr) X122
—D13V2xa + (2H12 + Pr2) V2
_[Rl2 + L12(kfl + kiz) + 2k11 k2o L12
+(Pr2 + Rya) (k11 + k2o] x2
+[(Cra + Th2)kns + (Crz2 + T12)k22] X211
+[ (C12 + Th2)k2z + (012 + le)kn] X2,22
= Dy5V?q~ — (Hys + Pis)Vq~
+[R15 — ¢11(ao) + (Prs + Ris) (k11 + k22)
4+ Lys (K2, + k2,) + 2k koo Lys) ¢~
—[(Cys + Tys)kn + (615 + T15)k22] 911
—[ (C1s + Tis)ka2 + (615 + TlS)kll] 422
+D16V2¢1+ — (Hwe + 1316)V‘I+
+[R16 — p1nlan) + Y(Pls + Riye)(k11 + k22)
+L16(kfl + kgz) + 2k11k22l_116] q+
—[(Ci6 + T16) k11 + (Ci6 + Tls)kzz] q_Jh
—[ (Ci6 + T16)k22 + (C_'ls + Ti6)kn] qu'z (4.4)

B;Vuyy — Hauy g — (Coknr + Czkzz) Uy
+ByVugs — Hayug o — (Cakay + Cokn) ug g
+D02V2w ot Hosz - [Cg(kfl + k§2) + 202]611]022] w
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+[ (Coz + Bo)ki + (602 + Bz)kzz] w11
+[ (Coz + Ba)kaa + (Coz + Ba)ky1] w2
—Dy1V3x1 + (Ha1 + le)VX1
—[R21 + Lzl(kfl + k%g) + 2ky1 kg2 Loy
+(Po1 + Ra1) (k1 + k22)] x1
+(Ca1 + Tar)k11 + (621 + T21)k22) X1,11
+(Ca1 + To1)ka2 + (621 + T21)k11) X1,22
— Dy V2x2 + (Haz + P22)Vxa
—[R22 + Lzz(kfl + k;‘,’z) + 2kyy ko Lag + 2Pya (k11 + ka2] X2
+2(Ca2ky1 + Cazkaz) X211 + 2(Cazkaz + Crrkaz) X222
= DsV?q™ — (Has + Pps)Vq~
+[Ras — @a1(a0) + (Pas + Ras) (k11 + k22)
4 Los (k3 + k3y) + 2k11kaaLos) g~
~[ (Cas + Tas)k11 + (Cas + Tas)kaal g1
—[ (Cas + Tas)kaz + (Cas + Tas)k11 432
+D26V2q" — (Has + P2s)Vq*
+[R26 — pan(an) + (P26 + Rae)(k11 + ka2)
+Los(k?y + kag) + 2k11ka2Lag) gt
~[(Cas + Ta6)k11 + (Cas + Tze)kzz] qjl
—[(C26 + Tag)kaz + (Ca6 + Tag) k1] qf2'2 (4.5)
where u;(z), us(z) are the displacements of the reference surface; w(z) is the deflec-
tion of the reference surface; x1(z), x2(z) are the shear and compression functions
introduced by the higher—order theory; ¢*(z),q (z) are the normal loads on the

bounding surfaces of the shell; kyy, k2o are the curvatures of the shell; and the inte-

grated stiffness constants are given in Chapter 3.

In the case of a plate, i.e. kyy = kg2 = 0, the system (4.1)—(4.5) reduces to

Buyy + (B - B)Ul,zz + LB+ B)Uz,lz — BoVw, + Hix11 — BiVixaa
+Haxzy — BaVxa, = BsVg; — Hs ¢4 + BGV(I,+1 — Hs ‘Ij

1(B + B)uy 21 + Bugps + 1(B — B)ug i — BoVw, + Hix12 — BiVx1z
+HsX2,2 — BaVixa,2 = BsVq; — Hs ¢ + BsVqh — He %

—BoVuyy — BoVug g — DooVw + D01V2X1 —HnyVyx, + D02V2X2
—H02VX2 = q_ + H05 vq_D05v2q_ + q+ + Hoe Vq+D06V2q+ (46)
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Hyuyy — BiVu + Hyuzg — ByVuaz + Do1 V3w - Hop Vw
Rixa — (2H11 + Dy)x:1 + D11V2X1R12X2 — (Hi2 + P12)X2 + D12V2X2
= (p11(a0) — Ris)g™ + (His + 1315) Vq_D15V2q"
+(‘P1n(an) - RlG)q+ + (Hye + PIG) Vq+D16V2q+

Hyuyy — BoVuys + Hyug s — BaVuaz + DoV — HpaVw
Ryxi— (Hu + Pa)x1 + Da1Vix1Raax2 — (Haz + Pzz)Xz + Dy V22
= (pa1(a0) — st)q' + (Has + 1322) VQ—D25V2‘1—
+(p2n(@n) — R26)q+ + (Ha + 1322) Vq+D26V2q+

In the present study, the system of governing equations is solved analytically using

double trigonometric series approximations. The loading is expressed as

o0

(@)= Y. Y af, sin Anzysin 1 zs (4.7)

m=1n=1

where A\, = mn /by, 7, = nm/by and by x b; are the dimensions of the shell.

The hinged—-supported boundary conditions are satisfied if the unknown functions

relating to the reference surface are given by

[0 o] o0
U = E E Apnn COS Apn T1 SIN Y5 T2
m=1n=1 )
o0 [o ]
Uy = E By SIn Ay 1 COS Y 22
m=1n=1

o0 o0
w = E E Coan SID Ay 21 SID Y, 2

m=1n=1
o0 o0
X1 = Z E D,y sin A, 21 Sin Y,z
m=1n=1
o0 o0
X2 = Z }: Er sin A2y sin 4, 22 (4.8)
m=1n=1

where Ann, Bmn, Cmny Dmn and E,,, are constants chosen to satisfy the system of

differential equations.

Substituting eqns. (4.8) and (4.7) for a given pair (m,n) into the system of governing
equations leads to a system of linear algebraic equations in terms of the constants
Amn, Buny Cmny Dy and E,,,. In the case of a plate with loading on the surface

z = a, only, i.e. ¢~ =0, ¢* # 0, the system of linear algebraic equations is given by

~3Ama(By; = By +2BA) = § Bun(B + Blyadn
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+EmnAm (Hz + Bz'y,": + Bz/\.,zn)
= —a} Am(Hs + Beva + BeAl)

—1Amn(B + B)ynAm — $Bma(2B7: + BAL — BAY)
+Emn7n(H2 + B27121 + Bg/\fn)
= —a}n(Hs + Bevh + Be\y) (4.9)

CmnDOO(')'?; + /\3,,)2 + Dmn(')',z; + /\3,,)(Ho1 + Doﬂi + D01/\3n)
= a}, (1 — Hos7? — Dos — Hos A2, — 2Dos72A5 + DosAy,)

Coun(Va + M%) (Hor + Doy2 + D A2) + EpnRys
+Dmn(72 + A2)(2Hn + D1 + D2 + Du)l)
= at,(¢1n(an) = Ris — (His + Pie)7a — Die7a — (Hie + Pro) Ay,
—2D1673/\3n — Dye)?)

— AmpAm(Ha 4 BoyE + B2A%) — Bunyn(Ha + Bay: + Bo2)
+Dpn Ro1 + Emn(73 + A2 )(Ha + Py + Dzz’rz + Dzz/\,zn)
= a7}, (p2n(an) — Ras — (Hae + Pa6)y2 — Daep — (Hze + Pyg) A%,
—2D9672A2 — DygAl)

The solution (4.8) is then substituted into the kinematic hypotheses of higher—order
theory given in Chapter 3 as

ugk)(x,z) = ui—wiz— Xgi%ek (1=1,2; g=1...8) (4.10)
ui(sk)(zvz) = w+ XqPqk (q =1... 6) (411)

where @k, ¢q« are distribution functions derived in Chapter 3, and for case of normal

loading only we have

x3(z) =0;  xa(z)=0; xs(z)=4q7;

xe(z) = q7; _X7v"($) =0; xsi(z) = 0; (4.12)

Therefore using the hypotheses (4.10) and (4.11), the displacements and deflection
at any point in the shell may be determined from the displacements and deflection
of the reference surface.

The components of the strain tensor are given in Chapter 3 as

k
ef-j) = &ij t Kijz + ﬁff)tbgk + kijxqpqe  (g=1...8)

2e.(~§) = Xt,iPuk (t=1,17,8) (4.13)
efs) = XqQqk (¢g=1...6)
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where we denote n(g) = —Xgij, @k and Ptk are distribution functions given in

Chapter 3, and €;; and &;; are the strains of the reference surface given by

€ij = Huij + uji) T hijw;  Kij = —wyj (4.14)

The components of the stress tensor are determined from eqn. (4.13) using Hooke’s

Law and are given in Chapter 3 as

0%1) = Anken) + A12k622) + A13ke ag) 2G e; (k)
o5 = = Asgeell + Apikesy) + Arspell) (k) 2G§ce(§) (4.15)
0§3) = A13k[6 ® 4 e(k)] + A33k6g3) a(g) = 2Ge; (k)

where Aijg, A12k, A3k, Assk are the stiffness parameters of the k-th layer (see
Chapter 3).

Solution Procedure

In order to analyse a given structure on the basis of the above higher-order the-

ory, firstly the distribution functions of the theory are derived and the integrated

stiffnesses are calculated.

Using the trigonometric approximations given in eqns. (4.7) and (4.8), the sys-
tem of governing equations (4.1)—(4.5) is solved analytically for the displacements
u1(z), uz(z) of the reference surface, the deflection w(z) of the reference surface, and

for the shear and compression functions x1(z) and x2(z), respectively.

From the kinematic hypotheses (4.10) and (4.11) the displacements and deflection
through the thickness of the laminate at any point on the shell may be deter-
mined from the solution (4.8) and the distribution functions ¥, @ Finally from
eqns. (4.13) and (4.15) the stress—strain state of the shell may be determined.

4.3 Implementation using Mathematica

In this section, the higher—order theory is implemented using the Mathematica sym-
bolic computation system. This involves four distinct tasks: the first task derives
the distribution functions defined by the higher—order theory; the second calculates

the integrated stiffness constants using the derived distribution functions; the third
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solves the system of governing equations using the integrated stiffness constants cal-
culated by the second task; and the fourth calculates the displacements, deflections,
strains and stresses through the shell using the solution of the third task and the
distribution functions derived by the first task.

4.3.1 Derivation of Distribution Functions

The first task in the Mathematica application is the derivation of the distribution
functions defined by the higher—order theory. In general, these distribution functions

are multiple piecewise integrals which involve the “layer integral” operator

[=] + O (4.16)

r=m+1 v %r-1

where a, < ak—y < 2 < a; (i.e., 2z is a point in the k-th layer of a laminate and
m < k), and ao,ay,...a, are the coordinates of the interfaces of a laminate with
n layers. Note that z is the coordinate through the thickness of the laminate and

z = 0 at the reference surface. For the case z < a,, (ie. k < m), the layer integral

fm=>/k+ T f_ (4.17)

r=k+41 70

operator is expressed as

In the higher—order theory, the lower limit of the layer integrals is either 2 = 0 or z =
ao. In the implementation of the theory, an artificial interface is introduced at the
coordinate a,, = 0 if the reference surface does not coincide with a laminae interface.
This simplifies the program since the lower limit of integration may specified by an
index, in particular 0 for ag, and m for a,, = 0.

The distribution functions are the higher-order theory are given in Chapter 3 as
= [ Egdz: f2)= [ Eyzd
52 = [ Bodzs fi(z) = [ Burds
B, = / " Boxdz; By = / " Bowzdz
fie(z) = fi = fuB /By ;5 fa(2) = fu/ By —1;  fa(2) = fu/ By
F,k(z)=/ Fodz ; D,,:/ " fudz (s=1,2,3)
ag ag

fa(2) = FuDgpa/Dgy — Fap s foa(2) = FyxDy3/ Dy — Fay
Jer(2) = Fix/Dj1 = 15 fu(2) = Fy/Dpy
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fer(2) = fx — FuBs/Dg1;  for(2) = fi — FuBn/Dn

on(z) = vorz ;3 0ak(2) = —vok

ag(z) = for/Ep (¢=3...6, g=9¢+1)
quk(z):/ozaqkdz (g=1...6)

or(2) = fie/ Gl 5 omel(z) = —far/ Gy 5 par(2) = —fak/ G

Yor(2) = A kdz (9=2...8) (4.18)

It is noted that the first two functions, viz. fx(z) and f;(z), are integrals whose
integrands contain the material stiffness parameter Eqr. This parameter is deter-
mined from the elastic characteristics of the k-th layer. For a composite laminate,
Foi is constant through each layer, but depends on the layer number k. Only in
the case of a homogeneous shell is Fqi constant through the entire thickness of the

shell. Now consider the integral f;(z) = [ Eoxzdz. This notation is expanded as

2 k=1 g,
i) = [ Bacdc+ Y [ Bacd
Gk—1 r=1v0r-1
k-1
= 1Eo(2’ —di_y) + > L Eo,(a] — a7_y) (4.19)
r=1

where z is a coordinate in the k-th layer. It is noted that f;(z) is defined only on the
domain a;_; < z < a;. However, the notation f;(z) represents a set of n functions
f1(2), f5(2) ... fi(2) for the n layers in the laminate. Therefore the function f;(z)
is considered to be discontinuous with respect to the “argument” k. Moreover, the
argument z may be considered to define k since ax_; < z < a; and therefore f;(z)

may be considered to be discontinuous with respect to its argument z, in particular,
at the coordinates ay,a3...a,_1.

The entire set of distribution functions is built up from the functions fi(z) and f3(z)
and it is clear that all of the distribution functions in eqns. (4.18) may be consid-

ered to be discontinuous at the laminae interfaces since each distribution function
represents a set of n functions.

The distribution functions in eqns. (4.18), expressed using the layer integral nota-
tion, seem uncomplicated. However, every integral must be integrated piecewise

and many of the distribution functions such as ¢4 and 3, are multiple piecewise
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integrals. The complexity of such integrals increases dramatically as the number of
layers in the laminate increases. Even for a three-layered shell, the task of expand-
ing the functions into exact formulas for numerical computation is too overwhelming

to be attempted without the aid of symbolic computation.

In the Mathematica application, the layer integral operator [; (where a;_; <2 <
a) is defined by the code

LayInt[fn_,m_Integer,k_Integer,z_] := Block[{r,zetal},
Return[If[m < k,

Integrate[fn[k,zetal] ,{zeta,alk-1],z}] +
Sum[Integrate[fn[r,zetal,{zeta,alr-1],alr]}],{r,m+1,k-1}],
If[m >= k,
Integrate[fn[k,zeta] ,{zeta,alk],z}] +
Sum[Integrate[fn[r,zetal ,{zeta,alr],alr-1]1}],{r, k+1,m}],
Integrate[fn[k,zetal] ,{zeta,alk],z}]
1111;

where the argument fn is a function which takes two arguments, namely a 2-

coordinate { and the corresponding layer number r such that a,_; < ¢ < a,.

The distribution functions given in eqns. (4.18) are defined using the LayInt proce-

dure as follows.

fsi [k_Integer,z_] = e0[k] z;
fs [k_Integer,z_] = LayInt[fsi,0,k,z];
fi [k_Integer,z_] = e0[k];

f [k_Integer,z_] LayInt[fi,0,k,z];
cbf = f[n,a[n]]; cbfil = fs[n,aln]];

f1 [k_Integer,z_]
2 [k_Integer,z_]

fslk,z] - f[k,z] cbfi/cbf;
flk,z]/cbf - 1;

£3 [k_Integer,z_] = f[k,z]/cbf;
Fi[k_Integer,z_] = LayInt[f1,0,k,z];
F2[k_Integer,z_] = LayInt[f2,0,k,z];
F3[k_Integer,z_] = LayInt[£3,0,k,2];
cdfl = Together[Fi[n,a[n]]];

cdf2 = Together[F2[n,a[n]]];
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cdf3 = Together[F3[n,a[n]l];

F1[k,z] cdf2/cdfl - F2[k,z];
F1[k,z] cdf3/cdfl - F3[k,z];
Fi[k,z]/cdfl - 1;

f4[k_Integer,z_]
£5[k_Integer,z_]
f6[k_Integer,z_]
£7[k_Integer,z_] = F1l[k,z]/cdfl;
£8[k_Integer,z_] = flk,z] - Fi[k,z] cbf/cdfi;
£9[k_Integer,z_] = fsl[k,z] - Fi[k,z] cbfil/cdfi;

nuOlk] z;
-nu0[k];
f4[k,z]/e2[k];
£5[k,z]/e2[k];
£6[k,z]/e2[k];
£7[k,z]/e2[k];

alpi[k_Integer,z_]

alp2[k_Integer,z_]

alp3[k_Integer,z_]

alp4[k_Integer,z_]

alp5[k_Integer,z_]

alp6[k_Integer,z_]

vphil[k_Integer,z_] = LayInt[alpl,m,k,z];
vphi2[k_Integer,z_] = LayInt[alp2,m,k,z];
vphi3[k_Integer,z_] = LayInt[alp3,m,k,z];
vphi4[k_Integer,z_] = LayInt[alp4,m,k,z];
vphi5[k_Integer,z_] = LayInt[alp5,m,k,z];
vphi6[k_Integer,z_] = LayInt[alp6,m,k,z];

vphi [k_Integer,z_] = f1l[k,z]/g2[k];
vphi7 [k_Integer,z_] = -f2[k,z]/g2[k];
vphi8[k_Integer,z_] = -f3[k,z]/g2[k];

psiilk_Integer,z_] = LayInt[vphii,m,k,z] - LayInt[vphi,m,k,z];
psi2[k_Integer,z_] = LayInt([vphi2,m,k,z];
psi3[k_Integer,z_] = LayInt[vphi3,m,k,z];
psi4[k_Integer,z_] = LayInt([vphi4,m,k,z];
psiS[k_Integer,z_] = LayInt[vphi5,m,k,z];
psi6[k_Integer,z_] = LayInt[vphi6,m,k,z];
psi7[k_Integer,z_] = LayInt[vphi7,m,k,z];
psi8[k_Integer,z_] = LayInt[vphi8,m,k,z];

where n is the number of layers, a[0], a[1] ... a[n] are the coordinates of the
laminae interfaces, and m is the index of the laminae interface that coincides with

the reference surface such that a[m]=0. Also, e0[k], nu0[k] and g2[k] are elastic
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characteristics of the k-th layer.

The above Mathematica code defines the distribution functions for a general lami-
nate. In order the derive the distribution functions for the three-layered symmetri-

cally laminated shell, we define the following elastic and geometric constants

m= 2;

a[0] = - h/2;
a[1] = - h hr;
a[2] = 0 ;
a[3] = h hr;
al[4] = h/2;

ei[1] = bel; nui[1] = bnul; gi[1] = bgi;
e2[1] = be2; nu2[1] = bnu2; g2[1] = bg2;
e1[2] = fel; nui[2] = fnul; gi[2] = fgi;
e2[2] = fe2; nu2[2] = fnu2; g2[2] = fg2;
e1[3] = fel; nui[3] = fnul; gi[3] = fgl;
e2[3] = fe2; nu2[3] = fnu2; g2[3] = fg2;
e1[4] = bel; nui[4] = bnui; gi[4] = bgi;
e2[4] = be2; nu2[4] = bnu2; g2[4] = bg2;

nu0  [k_Integer] = e1l[k] nu2[k] / (e2[k] (1 - nuilk]));
e0 (k_Integer] = ei[k] / (1 - nuilk]"2);
del [k_Integer] = (1 + nui[k]) (1 - nuilk] -

2 nu2lkl"2 et[k]/e2[k]) / (e1lk]"2 e2[k]);
delll [k_Integer] = (1 - nu2[k]"2 eilk]/e2[k])/(e1lk] e2[k]);
del12 [k_Integer] = (nuilk] + nu2[k]"2 ei[kl/e2[k]) / (ell[k] e2[k]);
deli3 [k_Integer] = nu2[k] (1 + nuil[k]) / (ei[k] e2[k]);
del33 [k_Integer] = (1 - nui[k]"~2) / e1[k]-2;
all  [k_Integer] = deli1[k]/dell[k];
al2  [k_Integer] = del12[k]/dell[k];
al3  [k_Integer] = del13[k]/dell[k];
a33  [k_Integer] = del33[k]/dell[k];

where h is the thickness of the shell and hr is a parameter which determines the
thickness of the core layer (0 < hr < 1). Also, etlk], 2 [k1, nui[k], nu2[k],
gllkl, g2[k] are the elastic characteristics E,E' v,V G, G of the transversely
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isotropic k-th layer; and in particular bel, be2, bnul, bnu2, bgl, bg2 are the elastic
characteristics of the surface (or bearing) layers of the sandwich shell, and fel, fe2,

fnul, fnu2, fgi, £g2 are the elastic characteristics of the core (or filler) layer.

Once the material and geometric parameters have been specified, the distribution

functions may be derived for each layer by the code

Do[fil[r,z_] = fi[r,z], {r,1,n}]
Do[f2[r,z_] = f2[r,z], {r,1,n}]
Do[f3[r,z_] = f3[r,z], {r,1,n}]

Do[Fi[r,z_] = Fi[r,z], {r,1,n}]
Do[F2[r,z_] = F2[r,z], {r,1,n}]
Do[F3[r,z_] = F3[r,z], {r,1,n}]

Do[f4([r,z_] = f4[r,z], {r,1,n}]
Do[f5[r,z_] = £5[r,z], {r,1,n}]
Do[f6[r,z_] = f6[r,z], {r,1,n}]

Do[alpi[r,z_] alpil[r,z], {r,1,n}];
Dolalp2[r,z_.] = alp2[r,z], {r,1,n}];
Do[alp3[r,z_] = alp3[r,z], {r,1,n}];
Do[alp4[r,z_] = alp4[r,z], {r,1,n}];
Dolalp5[r,z_] = alp5[r,z], {r,1,n}];
Do[alp6[r,z_] = alp6[r,z], {r,1,n}];

Do[betai[r,z_] = betailr,z],{r,1,n}]
Do[beta7[r,z_] = beta7[r,z],{r,1,n}]
Do[beta8[r,z_] = beta8[r,z],{r,1,n}]

Do[vphii[r,z_] = vphiilr,z],{r,1,n}];
Dolvphi2[r,z_] = vphi2[r,z],{r,1,n}];
Do[vphi3[r,z_] = vphi3[r,z],{r,1,n}];
Do[vphi4[r,z_] = vphi4[r,z],{r,1,n}];
Do[vphi5[r,z_] = vphib[r,z],{r,1,n}];
Do[vphi6[r,z_] = vphi6[r,z],{r,1,n}];

Do[psiilr,z_] psii[r,z], {r,1,n}];

psi2[r,z]l, {r,1,n}];

Dol[psi2[r,z_]
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psi3(r,z], {r,1,n}]1;
psi4[r,z], {r,1,n}];
psiS[r,z], {r,1,n}];
psi6[r,z], {r,1,n}];
psi7[r,z], {r,1,n}];
psi8[r,z], {r,1,n}];

Dolpsi3(r,z_]
Do[psi4[r,z_]
Do[psiS[r,z_]

Do[psi6[r,z_]
Dolpsi7[r,z_]
Do[psi8(r,z_]

The computational efficiency of the above code heavily depends on the sequence of
the derivations. For example, because functions 1),x are piecewise integrals of the
functions g, the latter are derived first so that they are ready to be employed in
the derivations of the functions 1. If the sequence were reversed, the functions

¢qx would be derived by Mathematica repetitively.

These distribution functions are required for the calculation of the integrated stiff-
ness constants which appear in the system of governing equations, and for the deter-
mination of the displacements, deflection, strains and stresses through the thickness

of the laminate.

4.3.2 Derivation of Integrated Stiffnesses

The second task of the Mathematica application is the calculation of the integrated

stiffnesses using the distribution functions derived by the first task.

The integrated stiffness constants are definite layer integrals through the thickness
of the laminate from ag to a,. Their integrands contain stiffness parameters which
depend on the layer number and distribution functions which are “discontinuous” at
the laminae interfaces. In general, the integrated stiffnesses are multiple piecewisé

integrals which even for a three-layered laminate are too tedious to calculate exactly
without the aid of symbolic computation.
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For example, consider the integrated stiffnesses

B = [} Auxdz

By = [ir Aypzdz

Deo = 2 An2?dz

Doy = [37 Aniktpgrzdz
Hy = [37 Aszeaqrdz
Hyy = [37 Aracbpkagrdz
P,y = [2 Arskapktperdz

Clearly the integrals B, B, B,

laminate as

B = Jar Ajaxdz

By =[5 Avkbgrdz

Doo = 2 Araiz’dz

Dpy = [ An1kprbordz
Ho = [ Avapogezdz
Dy = [ fiePrrdz

Ry = f;o" As3kprpqrdz

(4.20)

and Dgo may be readily calculated for any given

B = Zj:lAur(ar — @r_1)
B = Zi:lAlh‘(ar —Gy_1)
By = Z:%Aur(af —al_y)
Dy = Z: LAn.(ad —ad ) (4.21)

However, with the exception of those given in eqns. (4.21), the integrated stiffness
contain distribution functions such as ak, gk and 1., and In general require

substantial symbolic processing in order to be calculated exactly.

In the Mathematica application, the integrands of the stiffness constants (4.20) which
appear in the system (4.6) are defined by the code

cib [k_Integer,z_] = ali[k];

cibb [k_Integer,z_] = al2[k];

cib0  [k_Integer,z_] = all[k] z;

cibOb [k_Integer,z_] = a12[k] z;

cid00 [k_Integer,z_] = ali[k] z"2;

cibil [k_Integer,z_] = alil[k] psillk,z];
cib2  [k_Integer,z_] = a11[k] psi2[k,z];
cib5 [k_Integer,z_] = ali[k] psi5[k,z];
cib6 [k_Integer,z_] = alil[k] psi6[k,z];
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cibib
cib2b
cibbb
cibéb

cido1
cid02
cid05b
cid06

cidil
cid12
cid22
cidib
cid16
cid25
cid26

cihil
cih2
cihb
cih6é

cih01
cih02
cih05
cih06

cihil
cih12
cih21
cih22
cihib
cihilé
cih25
cih26

Before any numerical computations are performed, the geometric and material pa-

[k_Integer,z_]
[k_Integer,z_]
[k_Integer,z_]
[k_Integer,zT]

[k_Integer,z_]
[k_Integer,z_]
[k_Integer,z_]
[k_Integer,z_]

[k_Integer,z_]
[k_Integer,z_]
[k_Integer,z_]
[k_Integer,z_]
[k_Integer,z_]
[k_Integer,z_]
[k_Integer,z_]

[k_Integer,z_]
[k_Integer,z_]
[k_Integer,z_]
[k_Integer,z_]

[k_Integer,z_]
[k_Integer,z_]
[k_Integer,z_]
[k_Integer,z_]

[k_Integer,Z_]
[k_Integer,z_]
[k_Integer,z_]
[k_Integer,z_]
[k_Integer,z_]
[k_Integer,z_]
[k_Integer,z_]
[k_Integer,z_]

a12[k]
a12[k]
ai12[k]
a12[k]

a11[x]
al1[k]
a11[x]
all[k]

all[k]
al1[k]
all[k]
al1[k]
a11[x]
all[k]
all[k]

a13[k]
a13[k]
a13[k]
a13[k]

a13[k]
a13[x]
al13[k]
a13[k]

a13[k]
a13[x]
a13[k]
a13[k]
a13[k]
a13[k]
a13[k]
al3[k]

psi1lk,z];
psi2[k,z];
psi5[k,z];
psi6lk,z];

psii[k,z]
psi2[k,z]
psib[k,z]
psi6[k,z]

psi1[k,z]
psil[k,z]
psi2[k,z]
psi1[k,z]
psi1[k,z]
psi2[k,z]
psi2[k,z]

alpi[k,z];
alp2[k,z];
alp5[k,z];
alp6[k,z];

alpilk,z]
alp2[k,z]
alp5[k,z]
alp6[k,z]

psillk,z]
psiilk,z]
psi2[k,z]
psi2[k,z]
psillk,z]
psiilk,z]
psi2[k,z]
psi2[k,z]
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psii[k,z];
psi2[k,z];
psi2[k,z];
psi5[k,z];
psi6[k,z];
psi5l[k,z];
psi6[k,z];

alpi[k,z];
alp2[k,z];
alpi[k,z];
alp2[k,z];
alp5[k,z];
alp6[k,z];
alp5[k,z];
alp6[k,z];



rameters of a given laminate are specified. For example,

h = 1/100
hr = 1/4
bel = 2 1075
be2 =2 1075
bnul = 3/10
bnu2 = 3/10
fel =2 1073
fe2 =2 1073
fnul = 3/10
fnu2 = 3/10

The above code specifies that the sandwich shell is 1cm thick and the core layer is
half the total thickness of the shell. The surface and core layers of the sandwich
shell are defined to be isotropic (£ = E’) and the surface layers are two orders of

magnitude of stiffer than the core layer.

The stiffness constants may then be calculated for the given laminate using the

LayInt operator as follows

cb = N[LayInt[cib, O0,n,al[n]]];
cbb = N[LayInt[cibb, O,n,a[n]]];
cb0 = N[LayInt[cib0, O,n,aln]]];
cbl = N[LayInt[cibi, O,n,al[n]]];
cb2 = N[LayInt[cib2, O,n,a[n]]];
cb5 = N[LayInt[cib5, O,n,a[n]]];
cb6 = N[LayInt[cib6, O0,n,a[n]]];

cbOb = N[LayInt[cibOb, O,n,al[n]]];
cblb = N[LayInt[cibib, 0,n,a[n]]];
cb2b = N[LayInt[cib2b, 0,n,al[n]]];
cb5b = N[LayInt[cibSb, 0,n,aln]]];
cb6b = N[LayInt[cib6b, 0,n,a[n]]];

4.3.3 System of Governing Equations

The third task of the Mathematica application is to solve the system of govern-

ing differential equations. The trigonometric approximations given in eqns. (4.7)
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and (4.8) are employed to solve the system analytically. This leads to a system of
algebraic equations for the constants Ay, Biun, Cuny Dimn and Er,, in the analytical
solution (4.8).

In order to simplify the code, the following differential operators are defined:

Dn[f_] = D[f,x1,x1] + D[f,x2,x2]

Dnn[f_] = Dn[Dn[f]]

D1[f_] = D[f,x1]

D2[f_] = D[f,x2]

D11[f_] := D[f,x1,x1]

D12[f_] := D[f,x1,x2]

D21[f_] := D[f,x2,x1]

D22[f_]1 := D[f,x2,x2]

Dnil[f_] := D[D[f,x1],x1,x1] + D[D[f,x1],x2,x2]
Dn2[f_] := DID[f,x2],x1,x1] + D[D[f,x2],x2,x2]

The trigonometric approximations (4.8) for the unknown functions in the system of

governing equations are defined for a given pair (m,n) by the code

ul = Amn  Cos[lam x1] Sin[gam x2]
u2 = Bmn Sin[lam x1] Cos[gam x2]
v = Cmn  Sin[lam x1] Sin[gam x2]
chil = Dmn Sin[lam x1] Sin[gam x2]
chi2 = Emn Sin[lam x1] Sin[gam x2]

where 1lam and gam are symbols for ), and +, respectively.

The loading ¢*(z) in eqn. (4.7) is defined by the code

q3p
q3m

amn$p Sin[lam x1] Sin[gam x2]

amn$m Sin[lam x1] Sin[gam x2]

The left-hand sides of the equations in system (4.6), for example, are defined by the
code

eql = cb Di1[uil] + (cb - cbb)/2 D22[ul] +
(cb + cbb)/2 D12[u2] + (-cb0) Dnil[w] +
(-cb1) Dnil[chil] + chl Di[chii] +
(-cb2) Dnilchi2] + ch2 Dil[chi2]

eq2 = (cb + cbb)/2 D21[ul] + cb D22[u2] +

(cb - cbb)/2 D11[u2] + (-cb0) Dn2[w] +
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(-cb1l) Dn2[chii] + chil D2[chil] +
(-cb2) Dn2[chi2] + ch2 D2[chi?2]

(-cb0) Dnil[ui] + (-cb0) Dn2[u2] + cd00 Dnn[w] +
cd01 Dnn[chi1] + (-ch01) Dn[chil] +
cd02 Dnn[chi2] + (-ch02) Dn[chi2]

eq3

(-cb1) Dnilui] + chi Di[ui] + (-cb1l) Dn2[u2] +
ch1 D2[u2] + cd01 Dmn[w] + (-ch01) Dn[w] +
cd11 Dnn[chil] + (-chs11) Dn[chil] + crbil chil +
cd12 Dnn[chi2] + (-chs12) Dn[chi2] + crbi2 chi2

eqd

(-cb2) Dnil[ui] + ch2 Di[ui] + (-cb2) Dn2[u2] +
ch2 D2[u2] + cd02 Dnn[w] + (-ch02) Dn[w] +
cd21 Dnn[chil] + (-chs21) Dn[chil] +
crb21 chil + cd22 Dnn[chi2] +
(-chs22) Dn[chi2] + crb22 chi2

o

Ne]
m

(]

and the right-hand sides by

r1 = cb6 Dni[q3p] - ché D1[q3p]

r2 = cb6 Dn2[q3p] - ché D2[q3p]

r3 = q3p + ch06 Dn[q3p] - <d06 Dnn[q3p]

r4 = crbsi6 q3p + chs16 Dn[q3p] - <d16 Dnn[q3p]
r5 = crbs26 q3p + chs26 Dn[q3p] - cd26 Dnn[q3p]

rl += cb5 Dni[q3m] - ch5 D1[q3m]

r2 += cb5 Dn2[q3m] - ch5 D2[q3m]

r3 += q3m + ch05 Dn[q3m] - cd05 Dnn[q3m]

r4 += crbsi5 q3m + chs15 Dnlq3m] - cd15 Dnn[q3m]
r5 += crbs25 q3m + chs25 Dn[q3m] - cd25 Dnn[q3m]

The expressions for the left-hand sides of the system of equations are simplified into

algebraic expressions in terms of the unknowns A,.., Bmnn, Crany, Dmn and E,., by
the code

eqal = Cancelleql/Cos[lam x1]/Sin[gam x2]]
eqa2 = Cancel[eq2/Sin[lam x1]/Cos[gam x2]]
eqa3 = Cancel[eq3/Sin[lam x1]/Sin[gam x2]]
eqad = Cancel[eq4/Sin[lam x1]/Sin[gam x2]]
eqab = Cancell[eq5/Sin[lam x1]/Sin[gam x2]]
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and the right-hand sides by

ral = Cancel[r1/Cos[lam x1]/Sin[gam x2]]
ra2 = Cancel[r2/Sin[lam x1]/Cos[gam x2]]
ra3 = Cancel[r3/Sin[lam x1]/Sin[gam x2]]
ra4 = Cancel[r4/Sin[lam x1]/Sin[gam x2]]
rab = Cancel[r5/Sin[lam x1]/Sin[gam x2]]

The system of algebraic equations may now be solved by the code

amn$p = -q0

amn$m = 0

mw Pi/ail;
nw Pi/a2;

lambda[mw_,nw_]

gamma [mw_,nw_]

mv = nw = 1;

lam = lambda[mw,nw];

gam = gamma[mw,nw]

soln = N[Solve[{eqal == ral, eqa2 == ra2, eqa3 == ra3,

eqa4 == ra4, eqab == rab},

{Amn,Bmn,Cmn,Dmn,Emn}
11;
{Ac[mw,nw]} = Amn /. soln;

{Bc[mw,nw]}
{Cc[mw,nw]} = Cmn /. soln;
{Dc[mw,nw]} = Dmn /. soln;
{Ec[mw,nw]} = Emn /. soln;

Bmn /. soln;

where it is specified that a sinusoidal load of amplitude ¢0 is acting on the top
surface of the shell.

Finally, the solution is defined as

ul[x1_,x2_] = Ac[mw,nw] Cos[lam x1] Sin[gam x2];
u2[x1_,x2_] = Bc[mw,nw] Sin[lam x1] Cos[gam x2];
wlxi_,x2_] = Cclmw,nw] Sin[lam x1] Sin[gam x2];

chit[x1_,x2_] :
chi2[x1_,x2_]

Dc[mw,nw] Sin[lam x1] Sin[gam x2];
Ec[mw,nw] Sin[lam x1] Sin[gam x2];
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4.3.4 Stresses and Strains

The fourth task of the Mathematica application is the calculation of the displace-
ments, deflection, strains and stresses through the thickness of the laminate from

the solution (4.8) using the kinematic hypotheses of the higher—order theory.

The kinematic hypotheses given in eqns. (4.10) and (4.11) and the strains given in
eqns. (4.13) include the solution (4.8) which is determined by the third task of the
application, and distribution functions of the higher—order theory which are derived
by the first task.

In order to simplify the code, a notation for the derivatives of u;(z),w, x, are

defined, for example

w$ilx1_,x2_] := D[w[xd1,xd2],xd1] /. {xd1 -> x1, xd2 -> x2};
w$2[x1_,x2_] := D[w[xd1,xd2],xd2] /. {xd1 -> x1, xd2 -> x2};
w$11[x1_,x2_]. := D[w[xd1,xd2],xd1,xd1] /. {xd1 -> x1, xd2 -> x2};
wi2[x1_,x2_] := D[w[xd1,xd2],xd1,xd2] /. {xdl -> x1, xd2 -> x2};
w$22[x1_,x2_] := D[w[xd1,xd2],xd2,xd2] /. {xd1l -> x1, xd2 -> x2};
ul$1x1_,x2_] := D[u1[xd1,xd2],xd1] /. {xd1 -> x1, xd2 -> x2};
ui$2x1_,x2_] := D[ul[xd1,xd2],xd2] /. {xd1 -> x1, xd2 -> x2};
u2$1[x1_,x2_1] := D[u2[xd1,xd2],xd1] /. {xd1 -> x1, xd2 -> x2};
u2$2[x1_,x2_] := D[u2[xd1,xd2],xd2] /. {xdi -> x1, xd2 -> x2};
chii$1[x1_,x2_] := D[chii[xd1,xd2],xd1] /. {xd1 -> x1, xd2 -> x2};
chi2$1[x1_,x2_] := D[chi2[xd1,xd2],xd1] /. {xd1 -> x1, xd2 -> x2};
chis$1[x1_,x2_] := D[chi5[xd1,xd2],xd1] /. {xd1 -> x1, xd2 -> x2};
chi6$1[x1_,x2_] := D[chi6é[xd1,xd2],xd1] /. {xd1 -> x1, xd2 -> x2};

where, for example, chi2$1 denotes the derivative x ;.

The displacements (4.10) and deflection (4.11) are defined by

ulk[x1_,x2_,k_Integer,z_] = Expand [
ullx1,x2] - w$1[x1,x2] z -
chil$1[x1,x2] psiilk,z] - chi2$1[x1,x2] psi2[k,z] -
chib$1[x1,x2] psi5[k,z] - chi6$1[x1,x2] psi6lk,z]
1;

u2k[x1_,x2_,k_Integer,z_] = Expand[

u2[x1,x2] - w$2[x1,x2] z -
chi1$2[x1,x2] psii[k,z] - chi2$2[x1,x2] psi2([k,z] -
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chi5$2[x1,x2] psi5[k,z] - chi6$2[x1,x2] psi6[k,z]
1;

u3dk[x1_,x2_,k_Integer,z_] :=
w[x1,x2] + chii[x1,x2] vphii[k,z] + chi2[x1,x2] vphi2[k,z] +
chi5[x1,x2] vphiS[k,z] + chi6[x1,x2] vphi6[k,z]

The strains of the reference surface given by eqns. (4.14) are calculated by the code

seri1[x1_,x2_]
ser22[x1_,x2_]

ser12[x1_,x2_]

N[(ui$1[x1,x2] + ui$1[x1,x2])/2 + k11 w[x1,x2]];
N[(u2$2[x1,x2] + u2$2[x1,x2]1)/2 + k22 w[x1,x2]];
N[(ui$2[x1,x2] + u2$1[x1,x2]1)/2 + k12 w[x1,x2]];

skrii[x1_,x2_]
skr22[x1_,x2_]
skri2[x1_,x2_]
skr21[x1_,x2_]

N[-w$11[x1,x2]];
N[-w$22[x1,x2]];
N[-w$12[x1,x2]];
N[-w$21[x1,x2]1];

L}

The strains through the thickness given by eqns. (4.13) are calculated by the code

se11[x1_,x2_,k_Integer,z_] := Expand[N[
seri1[x1,x2] + skrii[x1,x2] z -
chi1$11[x1,x2] psiilk,z] - chi2$11[x1,x2] psi2[k,z] -
chi5$11[x1,x2] psi5[k,z] - chi6$11[x1,x2] psi6[k,z] +
ki1 (chi1[x1,x2] vphii[k,z] + chi2[x1,x2] vphi2[k,z] +
chi5[x1,x2] vphiS[k,z] + chi6[x1,x2] vphi6[k,z])
11;

se22[x1_,x2_,k_Integer,z_] := Expand[N[
ser22[x1,x2] + skr22[x1,x2] z -
chi1$22[x1,x2] psiilk,z] - chi2$22[x1,x2] psi2[k,z] -
chi5$22[x1,x2] psiS[k,z] - chi6$22[x1,x2] psi6lk,z] +
k22 (chi1[x1,x2] vphiil[k,z] + chi2[x1,x2] vphi2[k,z] +

chi5[x1,x2] vphi5[k,z] + chi6[x1,x2] vphi6[k,z])
11;

se12[x1_,x2_,k_Integer,z_] := Expand[N[
ser12[x1,x2] + skri12[x1,x2] z -
chi1$12[x1,x2] psi1lk,z] - chi2$12[x1,x2] psi2[k,z] -
chi5$12[x1,x2] psi5[k,z] - chi6$12[x1,x2] psi6[k,z]
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11;

Expand [N[chil$1[x1,x2] betal [k,z]/2]1];
Expand [N[chi1$2[x1,x2] betallk, z1/21];
se33[x1_,x2_,k_Integer,z_] Expand [N[chil[x1,x2] alpil[k,z] +

chi2[x1,x2] alp2[k,z] + chi5[x1,x2] alp5[k,z] +

chi6[x1,x2] alp6[k,z]

11;

se13[x1_,x2_,k_Integer,z_]

se23[x1_,x2_,k_Integer,z_]

Finally, the stresses through the thickness given by eqns. (4.15) are calculated by
the code

ss11[x1_,x2_,k_Integer,z_] := Expand[N[a11[k] sei1[x1,x2,k,z] +
a12[k] se22[x1,x2,k,z] + a13[k] se33[x1,x2,k,z]]];

ss22[x1_,x2_,k_Integer,z_] := Expand[N[a12[k] se11[x1,x2,k,z] +
a11[k] se22[x1,x2,k,z] + a13[k] se33[x1,x2,k,z]]1];

ss33[x1_,x2_,k_Integer,z_] := Expand[N[a13[k] seli[x1,x2,k,z] +
a13[k] se22[x1,x2,k,z] + a33[k] se33[x1,x2,k,z]]1];

ss12[x1_,x2_,k_Integer,z_] Expand[N[2 g2[k] se12[x1,x2,k,z]11];
Expand[N[2 g2[k] se13[x1,x2,k,z]]];

Expand[N[2 g2[k] se23[x1,x2,k,z]1]1];

ss13[x1_,x2_,k_Integer,z_]

ss23[x1_,x2_,k_Integer,z_]

4.4 Homogeneous Shell

In order to illustrate the lﬁgher—order model, a transversely isotropic homogeneous
shell is considered. The homogeneous shell is modelled as a special case of a sandwich

shell with the same elastic constants for the surface and core layers.

As given in Appendix A, the distribution functions for the normal displacements are
derived by Mathematica as

pi(z) = mzz
EV
‘Pz(z) = —mz
1 (2 222 22 ez
esl) = 4Ef(ﬁ‘3—h‘7+?)
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pa(2)
ps(2)

Ps(2)

1 (28 228 22 hz
=—r{ﬁ+ﬁ“7—7)
_ 1(£_£+z)
~ 2F'\h3 2h

1

(4.22)

and the distribution functions for the tangential displacements are derived as

P1(z)

Ye(2)
Pa(2)

Pe(2)

Consider the components

terms of Z, viz.
k
‘lLE )

Wl

B/ E 2 b
6E'(1—v)  2G(1—17) (? - T)
EV 5
B -v)”
1 225 24 23 h22
8E (_5? "3 3 _2_)
1 (225 2t 28 h2?
WEGF+E—§_?J
1 (225 22,
SCR
1 (225 28 2
(i
1 22
26" (Z B —h—)
2
_23 (z 4 %) (4.23)

of the displacement vector expressed as polynomials in

3 4
aop+ a1z + agz2 +a3zz” + a4z + a5z5

bo + biz + by2? + b32® + byt (4.24)

Substituting the distribution functions (4.22) and (4.23) for the homogeneous shell
into displacements (4.10) and (4.11), the coefficients of the polynomials (4.24) are

determined as

apg = Uy
bo = w
. ER?

= —W;— X1i—————
' AT XLRGI(T = 12)

EV 1

by = — _ - gt
1 X Ei1 =) 25 —9)
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EY 1 +

az = X2'i2E'(1—l/)+4E'(q’i—q’i)
El/’ - +
b = X12E'(1—u)+4hE'(q )
E EV - 4
% T Xlea(1— 7)) 6E(1-v) hE % )
b3 == 0
as = 0
by = L+
+ T Topp? A
1 - +
= —— (q- . 4.25
as 10h3E,(q,i + q,i ) ( )

Clearly the displacements vary through the thickness in a nonlinear manner: the
tangential displacements as a fifth order polynomial and the normal displacements
as a fourth order polynomial. In terms of the kinematic model, this implies that the

normal to the reference surface is distorted and changed in length by the deforma-

tion.

If the effect of normal reduction is neglected (E; = o0), the above equations of
the higher—order theory take into account the effect of transverse shear only on the
stress and strain state of the shell. If ' = oo then b; = b; = b3 = by = 0 and the
normal displacements are constant through the thickness (u:(,k) = w). For this case,

the coeflicients for the tangential displacements are given by

a = U
a = —w; ; b
S eI )
az = 0
a; = ; E
3 = Xl”6G’(1 — 1/2)
ag = 0
Consequently for the “shear” model
usk) = a9+ a1z + a3z’ (4.27)

If we also assume that G}, = oo then @gi(2) =0 (¢=1...6) , Yo(z) = 0 (9=1...8)

-and ag = u;, a; = —w;. Here the influence of transverse shear is not taken into
account and we obtain the classical model, viz.

k k
u;(;)zw; u,(-)zu;—w,,-z
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It is noted that the higher—order model described above considers the effect of normal
reduction caused by the external loads as well as Poisson’s ratio effects including

the elongation or reduction of the reference surface.

If Poisson’s ratio effect is neglected (xz = 0) and the influence of the external loads
in the kinematic hypotheses (4.10) and (4.11) is neglected (x, = 0, g = 3...8), then
the coefficients of u{® in eqn. (4.24) vanish except for

b() = w
EV
b, = _ 4.28
2 = X9E(I =) (4.28)
In this simplified case, the distribution of the displacements through the thickness
may be inaccurate. For example, if only one external surface of a symmetrically
laminated shell is under load, then the displacements ugk] would be symmetric with

respect to the middle surface, which is obviously not the true behaviour.

4.5 Special Purpose Symbolic Computation

The objective of the present study is to implement the higher—order theory for the
general case, i.e. for a laminate with any number of layers, and in this respect the

use of a general purpose system is found to be impractical due to the unimpressive

computational efficiency of such systems.

Therefore special purpose symbolic computation software is developed in the C
programming language for the computational implementation of the higher—order
theory. As discussed in Chapter 2, the exceptionally high computational efficiency

of special purpose symbolic computation is a result of its dedication to the analysis
of a specific class of functions.

The symbolic computation system developed in this section is specifically designed to
implement the higher—order theory presented in Chapter 3. Therefore the routines
presented in this section handle symbolic expressions where the symbols may be
defined as piecewise integrals, laminae stiffness parameters, constants or symbolic

expressions. An algorithm is developed to recursively expand symbols into power
" series of the z—coordinate.
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4.5.1 Symbols

In the application, symbols are referred to by handles which are enumerated con-
stants. The definition of symbols are stored in an array and the symbols’ handles
are used as indices to this array. In addition, the special handles SymPos1, SymNeg1,

Symz2 and SymZ are defined for the intrinsic “symbols” 1, —1, 2% and 2.

Symbolic expressions are null-terminated lists of these handles. The special handle
SymPlus delimits terms to be added, where a list of symbols delimited by SymPlus

is a term in which the listed symbols are to be multiplied.

The C structure symt is defined to store the definition of a symbol. The symbol
may be defined as a constant, a stiffness parameter (which is a function of the
layer number), a power of z, a symbolic expression, or a layer integal of a symbolic
expression. An element type in the structure symt indicates which of the above
classes the symbol is defined as; in particular, type is set to STConst for a a constant,
STVect for a stiffness vector, STZ for a power of z, STExpr for a symbolic expression;

and STInt for an integral of a symbolic expression.

Storage elements are allocated in the structure symt for the information associated
with the symbol. There is a real number element rv, integer number elements iv1
and iv2, and elements rp, pp, and expr which are pointers to arrays of real numbers,
power series and symbolic expressions, respectively. Depending on the class type of
the symbol, a subset of these storage elements is used. For example, if a symbol is
defined as an integral, the limits of integration are stored in number elements and a
pointer is set to the symbolic expression to be integrated. In particular, if the symbol
is a constant, then the constant is stored in rv; if the symbol is a stiffness parameter,
the pointer to the list of values is stored in rp; if the symbol is a power of z, the
(integer) exponent is stored in iv1; and if the symbol is an expression or integral
of an expression of other symbols, the pointer to that expression is stored in expr.
In the integral case, the index of the lower limit, given by m in the operators (4.16)
and (4.17), is stored in iv1, and the upper limit is taken as z. A symbol may also
be defined as the type SymDInt which is a layer integral with lower and upper limits
a; and a,, respectively. In this case, the indices ! and u are stored in iv1, iv2, and

the symbolic expression to be integrated is referenced by the pointer expr.
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4.5.2 Power Series

By the nature of the application, symbols defined as any of the above types may
be derived via symbolic computation as an n-vector of power series. After this
computation, the type of symbol is changed to STMPow and the pointer pp is set to
the derived array of power series. This operation is nontrivial for the types STExpr
and STInt. Symbols of the type STDInt may be evaluated to a constant via symbolic

computation.

Symbolic computation routines for storing, adding, multiplying and integrating
power series in terms of z are defined next. Power series are stored in null-terminated
lists of the structure powt. This structure contains a single term in a power series, in
particular it stores a real coefficient and an integer exponent. The routines pow_add
and pow_mult are defined to add two power series and multiply two power series,
respectively. These routines invoke a routine pow_collect to collect like terms in
the resultant power series. They take as arguments two pointers to the two power

series and return a pointer to the resultant power series.

The routine pow_integrate is defined to integrate a power series from a lower limit

to z, and is declared as
powt *pow_integrate(powt *ps, real b, real c)

where ps is a pointer to the power series to be integrated, b is the lower limit of
integration and c is a constant to be added to the integral. The routine returns a

pointer to the resultant power series.

4.5.3 Symbolic Processing

The primary task of the symbolic computation software is to expand symbols into
power series of the coordinate z. Symbols which are constants or powers of z are
trivially expanded into a power series of one term. Symbols which are stiffness
constants may be expanded into a trivial power series for a given layer number k.
Layer integrals must be expanded into a power series for each layer number & since
we assume that their integrands contain stiffness constants (and, in general, other

expressions which are discontinuous at the laminae interfaces) and therefore must
be integrated piecewise.

Symbolic expressions are expanded into power series by the routine sym_expand,
declared as
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povwt *sym_expand (int k, int sym, int xge)

where k is the layer number, sym is a symbol handle, and se is the pointer to a
symbolic expression. The pointer se is only relevant if sym equals SymExpr or SymInt
which are special handles to direct the routine to expand the symbolic expression

se, or to expand and then also integrate se.

This routine invokes the routines sym_term and sym_tail to dissect an expression
into its first term and into another expression comprising the second through to the

last term, respectively. Consider the symbolic expression defined by
int se[] = {sdf1,Sf1,Sf2,SymPlus,Sdf2,5F1, SF2,SymPlus,SymNegl, 0};
where those handles other than SymPlus and SymNegl are handles for user-defined
symbols. The function call sym_term(se) returns a pointer to the symbolic expres-
sion
{sdf1,sf1,s£2,0}
and sym_tail(se) returns a pointer to the symbolic expression
{sdf2,SF1,SF2,SymPlus,SymNeg1,0}

Therefore, the routine sym_expand recursively expands symbolic expressions as fol-

lows

sym_expand (k, SymExpr, se)
= pow_add(

pow_mult(
sym_expand(k,se[0]),
sym_expand (k,SymExpr,sym_term(se+1))
),

sym_expand (k, SymExpr,sym_tail(se))

)

where, since sym_expand returns a power series, the routines pow_mult and pow_add
are invoked to perform the necessary algebra. Clearly, se[0] is the handle of the first
symbol in the first term of the expression se (which is a list of handles of symbols
delimited by SymPlus), and sym_term(se+1) returns the symbolic expression which
comprises the second through to last symbols of the first term. Since the symbols in
each term are to be multiplied, pow_mult is invoked to perform that operation, and

since the separate terms in the expression are to be summed, pow_add is invoked.

Layer integrals are expanded by expanding their integrands (which are symbolic

expressions) into a power series and then integrating the resultant power series
using pow_integrate.
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The routine lam_int integrates symbolic expressions from a lower to an upper limit,

and is declared as
real lam_int(int m, int k, int *se)

where se is a pointer to the symbolic expression to be integrated by the operator
ar
‘/;r—l

The routine sym_expand expands a layer integral from a,, to z where a,, < ax-1 <

k

r=m+1

z < ag, as follows

sym_expand (k,SymInt,se)
= pow_integrate(sym_expand (k,SymExpr,se) ,alk-1],
lam_int(m,k-1,se))

where a[k~1]= ax_;, and m is the index of the lower limit of the layer integral.
When z < a,,, the algorithm switches to

sym_expand (k,SynInt,se)
= pow_integrate(sym_expand (k,SymExpr,se) ,a[k],
lam_int(m,k,se))

The routine sym_derive invokes sym_expand to expand symbols of the types STExpr
and STInt into power series for each £k = 1,2,...,n, and stores the n power series
associated with the symbol in the element pp of the symt structure. Symbols which
are definite integrals, i.e. symbols of the type STDInt, evaluate to constants, so
sym_derive evaluates these symbols using lam_int (which invokes sym_expand)
and stores the result in the element rv.

In an application, if a symbol is contained in many symbolic expressions and is itself
a symbolic expression (or an integral of a symbolic expression), the computational

efficiency is improved by deriving that symbol using sym_derive before processing
so that the symbol is expanded once only.

4.5.4 Application to Higher—Order Theory

In the application of the special purpose symbolic computation to the higher—order

theory, the symbols relating to the distribution functions given in eqns. (4.18) are
defined as follows:
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f = Int[a_0,z] EO dz

fs = Int[a_0,z] EO Z dz
Bf = Int[a_0,a_n] EO dz
Bfi = Int[a_0,a_n] EO Z dz
f1 = fs - f Bf1 1/Bf

£2 = fs 1/Bf - 1

F1 = Int[a_0,z] f1 dz
F2 = Int[a_0,z] f2 dz
Dft = Int[a_0,a_n] f1 dz
Df2 = Int[a_0,a_n] f2 dz
f4 = F1 Df2 1/Df1 - F2
alpl = nul Z

alp2 = - nu0

alp3 = f4 1/E2
vphi = £1 1/G2
vphil = Int[a_m,z] alpl
vphi2 = Intla_m,z] alp2

vphi3 = Int[a_m,z] alp3

psil = Int[a_m,z] (vphil - vphi) dz
psi2 = Int[a_m,z] vphi2 dz

psi3 = Intla_m,z] vphi3 dz

where EO, nu0, E2 and G2 are symbols for the stiffness parameters Eox, vox, E; and

G..

The symbols for the integrated stiffnesses are defined as follows:

B = Int[a_0,a_n] A1l dz

B1 = Int[a_0,a_n] A1l psil dz

D00 = Int[a_0,a_n] A1l Z°2 dz

D01 = Int[a_0,a_n] A1l psil Z dz
DO1b = Intfa_0,a_n] A12 psil Z dz
D02 = Intfa_0,a_n] A1l psi2 Z 4z
D03 = Int[a_0,a_n] A1l psi3 Z dz
D11 = Int[a_0,a_n] A1l psil psil dz
D12 = Int[a_0,a_n] A1l psiil psi2 dz
D13 = Int[a_0,a_n] A1l psil psi3 dz
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A listing of the symbolic computation routines described in this section is given in
Appendix C. These routines are integrated into a computer program which imple-
ments the solution procedure described in Section 4.2. By means of the analytical
solution (4.8), the governing differential equations are reduced to linear algebraic
equations which are solved using Gauss—-Jordan reduction. Then the displacements,
strain and stresses may be derived at any point (z1,z2) as a power series of the

coordinate z through the thickness of the laminate via the symbolic computation.

4.5.5 Symbolic Results

Consider sandwich shells with isotropic core and surface layers. The stiffness of the
surface of layers is Ey = 1, and the core layer is one order of magnitude weaker than
the surface layers, i.e. E;/E; = 10. The shell is symmetrically laminated and the
thicknesses of the surface layers are half the thickness of the core layer. Both core
and surface layers have the elastic properties vy = 0.3 and Gx = Ex /2(1 + v¢). The
application employing the special purpose symbolic computation routines derives

the distribution functions as

psii[1,z] = - 0.0753348 + 0.0892857 z - 0.404762 z"3

psi1[2,z] = 0.691964 z - 0.404762 z"3

psi1[3,z] = 0.691964 z - 0.404762 z"3

psiil4,z] = 0.0753348 + 0.0892857 z - 0.404762 z"3
psi2[1,z] = - 0.214286 z"2

psi2[2,z] = - 0.214286 z"2

psi2[3,z] = - 0.214286 z"2

psi2[4,z] = - 0.214286 z"2

psi3[1,z] = - 0.00343798 - 0.0529369 z - 0.00224072 z~2

- 0.125694 z~3 - 0.151515 z"4 + 0.225352 z°5
psi3[2,z] = 0.184659 z~2 - 0.258216 z"3

- 0.151515 z°4 + 0.225352 z"5
psi3[3,z] = 0.184659 z°2 - 0.258216 z"3

- 0.151515 z"4 + 0.225352 z"5

psi3[4,z] = - 0.00162239 + 0.0301597 z + 0.0136044 z~2
+ 0.0106701 z°3 - 0.151515 z°4 + 0.225352 z°5§
psi4[1,z] = - 0.00162239 - 0.0301597 z + 0.0136044 z~2

- 0.0106701 z°3 - 0.151515 z"4 - 0.225352 z"5

psi4[2,z] 184659 z"2 + 0.258216 z°3

n
(]
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- 0.151515 z"4 - 0.225352 z°5
psi4[3,z] = 0.184659 z"2 + 0.258216 23
- 0.151515 z"4 - 0.225352 275
psi4[4,z] = - 0.00343798 + 0.0529369 z - 0.00224072 22
+ 0.125694 z°3 - 0.151515 z"4 - 0.225352 275
psi6[1,2z] = 0.0505062 + 0.74868 z - 0.21831 22
+ 0.56338 z"3 - 0.901408 z°5
psi5[2,2z] = - 2.5 z"2 + 4.3662 z"3 - 0.901408 z°5
psiS[3,z] = - 2.5 272 + 4.3662 z"3 - 0.901408 2°5
psi5[4,z] = 0.0198063 - 0.37632 z - 0.28169 z"2
+ 0.56338 z°3 - 0.901408 z°5
psi6[1,2z] = - 0.0198063 - 0.37632 z + 0.28169 z"2
+ 0.56338 z°3 -~ 0.901408 z"5
psi6[2,z] = 2.5 z°2 + 4.3662 z"3 - 0.901408 z"5
psi6[3,z] = 2.5 z"2 + 4.3662 2°3 - 0.901408 z°5
psi6[4,z] = - 0.0505062 + 0.74868 z + 0.21831 z~2
+ 0.56338 z°3 - 0.901408 z"5

where the first argument is the layer number. The core layer is divided into two
sublayers in order to introduce an artificial interface at the reference surface, and

therefore the expressions for each distribution function in the layers k¥ = 2,3 are
identical.

The computational efficiency of the special purpose routines is found to be more
than two orders of magnitude higher than that of the Mathematica implementation
described in Section 4.3. Moreover, it is found that the Mathematica implementation
is impractical for a laminate with more than three layers whereas the special purpose

symbolic computation implements the higher—order theory for the general case.
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4.6 Numerical Results

Using the method of solution outlined in Section 4.2, numerical results are obtained
for square plates and shells which are hinged-supported at their edges and subject

to a normal sinusoidal load of magnitude go.

4.6.1 Isotropic Plates

Table 4.1 gives the deflection and normal stress at the centre of a square isotropic
plate with thickness ratio of a/h = 2 and Poisson’s ratio » = 0.3. Results are given
for the full model of the higher-order theory and the shear model which neglects
normal deformation. These results are compared to the exact three-dimensional
solution given in Ref. [52] and to the classical theory which neglects both transverse
shear and normal deformation. It is observed that the full model of the higher—order
theory is in good agreement with the exact solution whereas the shear and classical

models are grossly inaccurate.

Table 4.1: Deflection and stress at the centre of an isotropic plate

usE/qoh
Higher-order theory
3-D | Full Shear Classical
z/h | Solution | model | A, % | model | A, % | theory | A, %
-0.5 1.215 | 1.221 0.4 -12 -63
0.0 0.967 | 0.964 | -0.3 | 1.070 11 0.448 -4
0.5 0.772 | 0.784 1.6 39 -42
o11/q0
-0.5 -1.205 | -1.186 -21-0.973 -19 -0.790 -34
0.5 0.832 | 0.793 -5 0.973 17 -0.790 -5

Figure 4.1 on Page 105 shows the deflection and normal stress distributions through
the thickness at the centre of a square isotropic plate subject to a sinusoidal load.
In the case a/h = 3, the maximum deflection occurs at z/h = —0.43 and not at
the top surface, whereas in the case a/h = 2 the maximum deflection occurs at
the top surface where the loading is applied. This phenomenon is predicted only

by three-dimensional and higher—order theories which consider the effect of normal
deformation.
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4.6.2 Transversely Isotropic Plates

Table 4.2 gives the deflection and normal stress at the centre of square transversely
isotropic plates with thickness ratio a /h = 5. In the case of the shear and classical
models, the modulus E’ is equated to co and is therefore irrelevant. It is observed
that the effect of normal deformation is substantial in transversely isotropic plates
and this effect increases with E/E'. The shear and classical models which neglect

normal deformation are inaccurate.

Table 4.2: Deflections and normal stresses at the centre of square transversely
isotropic plates (2, = 7, = a/2) with a/h =5,v' =0 and G’ = G.

uzE/qoh
Higher-order theory
z/h Shear | Classical
Full model model | model
E/E'=1 E[/E'=50 E/E'=100| E/E'=1...100
-0.5 21.83 40.01 58.56
-0.25 21.59 28.19 34.93
0 21.42 19.70 17.19 | 21.46 17.52
0.25 21.34 15.69 9.93
0.5 21.33 15.01 8.56
011/¢0
-0.5 -5.15 -6.60 -8.08 | -5.12 -4.94
-0.25 -2.39 -2.10 -1.82 | -2.39 -2.47
0 -0.01 0.59 1.17 | 0.00 0.00
0.25 2.38 2.40 241 2.39 2.47
0.5 5.11 4.25 3.38 | 5.12 4.94

Table 4.3 compares the deflection behaviour of isotropic and transversely isotropic
square plates of various thickness ratios. As the thickness ratio of the plate increases,
the effect of normal deformation decreases and the shear model (which predicts a uni-
form deflection through the thickness) becomes more accurate. In the transversely
isotropic case (E/E' = 10) where the plate 1s 10 times weaker in the transverse

direction, the effect of normal deformation is more pronounced, as expected.

Figure 4.2 shows the deflection and normal stress distributions through the thickness
at the centre of a square transversely isotropic plate with a/h = 3, v = 0.3 and
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Table 4.3: Deflection behaviour at the centre of isotropic and transversely isotropic
plates (z; = z5 = a/2) with v/ = vE'/E and G' = E'[2(1 + V).

= usF/qoh

E/E = E/E =10

a/h| Wip  Dmid  Doot Wehear | Wiop  Wmid  Whot Wshear
1.22 0.96 0.78 1.07 7.58 4.31 3.97 4.87
3.60 3.49 3.15 3.68 | 15.97 1235 11.36 12.91
9.28 9.38 8.83 9.69 | 29.44 2591 24.60 26.57
5| 20.62 2098 20.16 21.46 | 50.67 47.37 45.76  48.17
10 | 291.66 294.25 291.20 296.06 | 403.81 402.72 398.86 404.83

V' = vE'/E. In the case E/E' = 100, the minimum deflection occurs at z/h = 0.21
and not at the bottom surface as in the case E/E’ = 10. It is noted that this effect

is not observed if v/ = v.

4.6.3 Heterogeneous Plates

Consider a plate with a modulus of elasticity which is a continuous function F(z) =
Eye™* where Ey is the modulus of elasticity of the mid-surface z = 0 of the plate.
This plate is modelled by approximating the continuous function using a piecewise
linear function through the thickness of the plate. Table 4.4 shows the deflection
behaviour at the centre of the partially heterogeneous plate with distinct sublayers
of constant moduli of elasticity. The modulus for elasticity for the k-th layer is taken
as B, = Ege ™ where z; = (ak + ax—1). Deflections are given for the top, middle
and bottom surfaces of the plate. It is observed that as the number of sublayers
increases, the deflection converges. This problem demonstrates the ability of the
software to analyse laminates with a large number of layers.

4.6.4 Sandwich Plates

Table 4.5 gives the deflections and compressive normal stresses at the centre of the
top surface of various sandwich plates. The core and surface layers are isotropic
with » = 0.3 and G = E/2(1 + v). The plates are symmetrically laminated and
the thicknesses t,, t3 of the surface layers are half the thickness ¢, of the core layer.
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Table 4.4: Deflection at the centre of a partially heterogeneous plate (z; = 22 = a/2)
with Er = Ege ™, v = 0.3 and G = Ek/2(1 + l/k).

Number of 0 = usFo/qoh

sublayers Weop Wmid Whot
8 3.6425 3.5514 3.1291
12 3.6408 3.5492 3.1269
16 3.6401 3.5485 3.1262
20 3.6400 3.5481 3.1258
24 3.6397 3.5479 3.1256
28 3.6396 3.5478 3.1255
32 3.6395 3.5477 3.1254
40 3.6394 3.5476 3.1253
48 3.6394 3.5476 3.1253

Young’s moduli for the surface and core layers are Fy and E,, respectively. Therefore
in the case F,/E, = 10 the core layer is one order of magnitude weaker than the
surface layers, and in the case E;/FE; = 100 the core is two orders of magnitude
weaker. Three models are considered: the full model of the higher—order theory, the
shear model, and a combined model where the full model is used for the core layer
and the classical model is used for the surface layers. The results obtained using
these three models are compared to those given by Brukker in Ref. [53] where the
core layer is modelled using an exact three-dimensional elasticity solution and the
surface layers are modelled using the classical hypotheses. Results are compared for
the range a/h = 3,...,10 where for t;/t; > 2 the thickness ratio of surface layers is
greater than 10 and therefore Brukker’s solution is considered to be exact. Brukker’s
model is identical to the combined model except that the core layer is modelled using
a three—dimensional elasticity solution whereas in the combined model, the higher-
order theory is used to model the core layer.

In Table 4.5 it is observed that the discrepancies between the combined model and
Brukker’s solution are less than 1%. All three models predict a deflection within
1% of Brukker’s solution in the case of thin plates (a/h = 10) with E;/E, = 10.
Moreover, the deflection given by the shear model for moderately thick plates (a/h =
4, 5) with E,/E,; = 10 is within 2% of Brukker’s solution.

The most important observation from Table 4.5 is that Brukker’s solution is closer

to both the combined and shear models than it is to the full model of the higher—
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Table 4.5: Deflections and stresses at the centre of the top surface of square sym-
metrically laminated sandwich plates (z1 = 2 = a/2) with isotropic layers and
tl = t3 = tz / 2.

usEy [qoh
E\/E; | a/h | Brukker’s Higher—order theory
Solution Full Combined Shear
[53] model A, % model A, % | model A, %
10 425.40 | 425.36  -0.0 425.32  -0.0 | 429.14 0.9
10 5) 46.96 | 47.22 0.6 46.94 -0.0 | 47.08 0.3
25.47 | 25.76 1.1 2545 -0.1| 2514 -13
3 12.33 | 12.64 2.5 1232 -0.1 | 11.65 -5.5
10 1298.0 | 12779  -1.5 1297.9 -0.0 {12923 -0.4
100 ) 211.2 | 2023 4.2 211.5 0.1 202.1 -4.3
115.6 | 110.6  -4.3 116.0 03| 106.3 -8.0
3 52.7 521  -1.1 53.1 0.8 — —
11/ 90
10 23.88 | 23.73 -0.6 23.89 0.0 | 23.99 0.5
10 5 7.19 7.03 -2.2 7.19 0.0 7.23 0.6
5.20 504 -3.1 519 -0.2 5.18 -0.4
3 3.66 3.53 -3.6 3.65 -0.3 3.54  -0.3
10 37.78 | 35.07 -5.4 37.78 00| 37.74 -1.8
100 d 17.59 | 15.26 -13.2 17.60 0.1 17.02 -3.2
14.14 | 12.16 -14.0 14.17 0.2 13.19 -6.7
3 10.87 9.61 -11.6 10.92 0.5 — — |

order theory. This indicates that normal deformation should be modelled in both

the core and surface layers in order to obtain accurate results.

Table 4.6 gives the deflection behaviour of sandwich plates of various thickness
ratios. It is observed that as the thickness ratio of the plate increases, the effect
of normal deformation decreases and the shear model becomes more accurate. The
phenomenon of negative deflection at the bottom surface is observed for a plate with
a/h = 2 and F,/FE, = 100. This phenomenon is caused by Poisson’s effect and is
observed using exact three-dimensional elasticity solutions.

Figure 4.3 gives the deflection and normal stress distributions through the thickness

at the centre of a sandwich plate with a/h = 3. Since the core layer is weaker
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Table 4.6: Deflection behaviour at the centre of square symmetrically laminated

sandwich plates (z, = z2 = a/2) with isotropic layers and ¢, = {5 = t2/2.

w = usE/qoh
Er/E; = 10 E1/Ez = 100
a/h | Wiop Wmid Wbot Wshear | Weop  Wmid  Whot  Wshear
526 3.53 264 4.02| 22.23 5.88 -2.26  11.09
12.64 11.05 9.97 11.65 | 52.07 35.52 27.02 43.71
25.76 24.40 23.08 25.14 | 110.58 94.16 85.45 106.29
47.22 46.17 44.55 47.08 | 202.26 186.08 177.11 202.12

O = W N

than the surface layers (E;/E; > 1), it absorbs most of the normal deformation.
As expected, the normal deformation of the core layer increases with E)/FE,. The
stress is substantially reduced in the core layer as compared to the stresses in the
surface layers. It is observed that the stress distribution through the thickness of

the surface layers becomes more symmetrical when E,/E; = 100.

4.6.5 Isotropic Shells

Table 4.7 shows the deflections and normal stresses at the centre of a square isotropic
shell with a/h = 5 and radius of curvature R. The shell has double curvature
ki = kz; = 1/R. Numerical results obtained using the higher—order theory are
compared to those of the classical shell theory. It is observed that as the curvature
of the shell increases, the influence of transverse shear and normal deformation on
the deflection at the mid-surface tends to decrease and on the normal stress at the

top surface tends to increase.

Figure 4.4 shows the relative deflection w/w.. at the centre of a square isotropic
shell versus a/h where w,q is the deflection given by classical shell theory. The shell
is doubly curved with a curvatures ky; = kyp = 1 /R and radius of curvature R =
a. The curves show the deflection wgpea predicted by the shear—deformable model
and the deflections given by the higher-order theory at the top, bottom and mid-
surface of the shell. (Both the classical and shear~deformable theory neglect normal
deformation and therefore predict a constant deflection through the thickness.) It is
observed that the effect of normal deformation is more pronounced at the top surface
where the load acts. Over the given range a/h = 5... 10, the deflection wgye,, is

close to the deflections at the centre and bottom of the shell, but deviates more
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Table 4.7: Nondimensionalized deflections and normal stresses at the centre of square

doubly curved isotropic shells with a /h =5 where @ = usE/qoh and & = 011/qo-

Higher—order theory Classical shell theory

a/R| Wiop Wmid Wobot| OTtop Tbot W | Grop Thot
0.00 | 21.83 21.42 21.33 |-5.15 5.11 | 17.52 | -4.94 4.94
0.25 | 20.77 20.37 20.27 | -4.37 5.36 | 16.78 | -4.31 5.15
0.50 | 18.10 17.70 17.60 | -3.33 5.09 | 14.91 | -3.46 4.95
0.75 | 14.92 14.51 14.42 |-2.34 4.52 | 12.56 | -2.60 4.49
1.00 | 12.00 11.59 11.50 | -1.55 3.89 | 10.30 | -1.87 3.93
125 961 9.21 9.11]-0.96 3.30 | 8.36 |-1.31 3.40
1.50 | 7.76 7.36 7.26 | -0.54 2.81 | 6.80 | -0.90 2.94
175 | 6.35 5.94 5.85]-0.24 240 | 5.57 -0.60 2.54
2.00| 527 486 4.77|-0.03 2.06 | 4.61  -0.38 2.22

substantially from the deflection at the top surface (since normal deformation is
neglected by the shear model). As a/h increases, i.e. as the shell becomes thinner,
the effect of normal deformation is reduced and the deflections given by higher—
order and shear~deformable theory approach the deflection predicted by the classical

theory. At a/h = 10, the discrepancies of the classical theory are less than 5%, and
the shear-deformable theory is accurate. '

4.6.6 Laminated Shells

The effect of curvature on a square doubly curved laminated shell is considered. The
shell is constructed using two identical three-layered sandwich shells separated by a
cellular filler material, and therefore the shell has seven distinct layers. The three-
layered surface shells have metal bearing layers and a glass/epoxy composite core
material. The filler layer between the two sandwich shells is made of polystyrene.
The metal layers have thickness {; = 5mm and elastic properties F; = T0GPa,
vi = 0.3 and Gi1 = E1/2(1 + 1v1). The two composite layers have a thickness
t; = 15mm and elastic properties E, = 26GPa, E), = 8.4GPa, G, = 11.5GPa,
G, = 3GPa and v; = 0.13. The polystyrene filler layer has thickness t4 = 150mm
and elastic properties E4 = 19.6MPa, v4, = 0.4 and G4 = E4/2(1+v4). The shell has
thickness ratio a/h = 5 and is subjected to a sinusoidal load of magnitude g, = 1kPa
on its top surface. The curvatures of the shell are ky; = ky; = 1/R.
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Figure 4.5 and 4.6 illustrate the influence of curvature on the deflection and normal
stress at the centre of the shell. The deflection and stresses are given relative to
the case of zero curvature. Figure 4.5 gives the curves of the relative deflection as
predicted by the shear-deformable model (in which case the deflection is uniform
through the thickness) and by the higher-order theory at the top, bottom and mid-
surface of the shell. Figure 4.6 shows the relative normal stresses at the top and
bottom surfaces of the shell as predicted by the higher-order theory and by the
shear—deformable theory.

It is observed in Figure 4.5 that as the curvature increases, the relative deflections
decrease. Moreover, the relative deflection at the top (loaded) surface is least effected
by the curvature, although the actual deflection at the top surface is greater than
the deflection at the bottom surface and mid-surface (due to the effect of normal

deformation) as is evident from Table 4.8.

Table 4.8: Nondimensionalized deflections and norma) stresses at the centre of a
square doubly curved laminated shell with a/h = 5 where @ = 10%w/a and & =
011 / 103(]0

Higher-order theory Shear-deformable theory

a/ R Wiop Wmia Whot Otop Obot w Otop Obot
0.00 | 12.59 9.85 8.751-0.159 0.111 |10.53 | -0.133 0.133
0.02 1249 9.76 8.66 | -0.148 0.117 | 10.43 | -0.124 0.140
0.04 | 12.21 9.49 8.38 |-0.136 0.119 | 10.15 | -0.113 0.144
0.06 | 11.78 9.05 7.95|-0.122 0.119 | 9.72 | -0.101 0.145
0.08 | 11.23 8.50 7.40 | -0.108 0.117 | 9.17 | -0.088 0.144
0.10 | 10.61 7.88 6.78 | -0.094 0.112 | 8.55 | -0.076 0.141
0.12 | 9.95 7.22 6.12 |-0.080 0.106 | 7.90 | -0.064 0.136
0.14 | 9.29 6.56 5.46 | -0.068 0.099 | 7.24 | -0.053 0.130
0.16 | 8.65 5.92 4.82|-0.056 0.091 | 6.61 | -0.044 0.124
0.18 8.05 5.32 4.22 |-0.046 0.083 | 6.02 | -0.035 0.117
0.20 | 7.49 4.77 3.67|-0.037 0.075 | 5.47 | -0.028 0.111

In Figure 4.6, both the shear-deformable and higher-order theory predict that the
relative stress at the bottom surface of the shell decreases with Increasing curvature
whereas the relative stress at the at the top surface of the shell increases initially
and then decreases. Moreover, the relative stress at the bottom surface as given

by the higher-order theory is more effected by curvature than that given by the
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shear-deformable theory, whereas the relative stress at the top surface given by the

two theories are similarly effected by curvature.
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Isotropic Plate
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Figure 4.1. Deflection and normal stress distributions

at the centre of an isotropic plate.
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Transversely Isotropic Plate
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Figure 4.2. Deflection and normal stress distributions

at the centre of a transversely isotropic plate with a/h = 3.
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Sandwich Plate
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Figure 4.3. Deflection and normal stress distributions at the

centre of a sandwich plate with a/h = 3, t2/t; = 2

and 1sotropic core and surface layers.
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Figure 4.4. Relative deflection of a doubly curved isotropic shell.
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Relative Deflection
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Figure 4.5. Relative deflection of a doubly curved laminated shell.
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Relative Stress
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Figure 4.6. Relative stress of a doubly curved laminated shell.
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4.7 ConcluSions

The comprehensive higher—order theory presented in Chapter 3 is implemented for
computational studies. In the general case, the distribution functions and integrated
stiffnesses cannot be derived in a form suitable for direct numerical implementation,
and the calculation of these functions using a numerical method detracts from the
increased accuracy offered by the higher—order theory. Therefore symbolic com-
putation is employed to derive the distribution functions, calculate the integrated
stiffness constants, solve the system of governing differential equations analytically,

and finally to evaluate the stress/strain state of a given laminate.

The theory is implemented using the Mathematica symbolic computation system,
and this application is used to derive analytical results and obtain numerical results.
However, in order to improve the computational efficiency of the analysis, special
purpose symbolic computation routines are developed in the C programming lan-
guage as an alternative to using a general purpose symbolic computation system such
as Mathematica. The routines handle symbolic expressions where the symbols may
be defined as piecewise integrals through thickness of a laminate, laminae stiffness
parameters, constants or symbolic expressions. Symbols and symbolic expressions
are expanded into power series using a recursion technique. It is found that the
special purpose symbolic computation is more than two orders of magnitude more
efficient than Mathematica owing to its dedication to the requirements of the specific

problem.

The numerical results obtained for thick homogeneous and heterogeneous plates are
compared to those in the literature in order to validate the higher—order theory. It
is found that for an isotropic plate with thickness ratio a/h = 2, the higher—order
theory predicts the deflection distribution to within 2%, and the normal stresses
to within 5%, of the exact three~-dimensional elasticity solution, whereas the shear—

deformable model (which neglects the effect of normal deformation) and the classical
model are grossly inaccurate.

The more weaker plates are in the transverse direction, the more pronounced is the
effect of normal deformation, and the inaccuracy of the shear—deformable model
increases. However, it is observed that as the ratio a/h increases, i.e. the structure
becomes thinner, the effect of normal deformation is reduced, and for plates with

a/h > 10, i.e. thin plates, the shear-deformable theory may be considered to be
accurate.
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Numerical results are given for doubly curved isotropic shells with thickness ratio
a/h = 5. It is observed that as the curvature of the shell increases, the influence of
transverse shear and normal deformation on the deflection at the mid-surface tends

to decrease and on the normal stress at the loaded surface tends to increase.

Numerical results for sandwich plates where the higher—order theory is used to model
the core layer and the classical theory is used to model the surface layers are com-
pared to those given in the literature where the core layer is modelled as a three-
dimensional elastic body. It is found that the discrepancies are at most 0.8% over
the range a/h = 3,...,10 for the core layer one or two orders of magnitude weaker

than the surface layers.

The higher-order theory predicts phenomena which can only be observed using
three-dimensional elasticity solutions or a theory which considers normal deforma-
tion. In particular, in the case of an isotropic plate with a/h = 3, the maximum
deflection occurs near the top surface where the loading is applied, whereas in the
case a/h = 2 the maximum deflection occurs at the top surface. Moreover, for a
sandwich plate with a/h = 2, negative deflection is observed at the bottom surface
when the core layer is two orders of magnitude weaker than the surface layers, but
1s not observed when the core layer is only one order weaker than the surface layers.

It is noted that this phenomenon is caused by Poisson’s effect.

The numerical results obtained indicate that the new higher—order theory is accu-
rate for thick structures, whereas, in general, the shear—-deformable theory and the
classical theory are inaccurate. Therefore in the analysis of thick structures, not

only transverse shear but also normal deformation should be taken into account.
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Chapter 5

Optimization of Thick Sandwich
Plates based on Higher—Order
Theory

5.1 Introduction

The objective of the present chapter is the optimization of thick sandwich structures

on the basis of the higher—order theory presented in Chapter 3.

In the case of sandwich plates with significantly different mechanical properties of the
surface and core layers, normal deformation needs to be accounted for to determine
the deflection profile through the thickness in an accurate manner. The core layer
absorbs some of the deformation and this leads to vastly different deflections of the
top and bottom surfaces of the plate with the amount of core deformation depending
on the relative stiffnesses and thicknesses of the surface and core layers. Moreover
the stress distribution through the thickness of thick laminated plates is no longer
symmetrical even for symmetrical structures. This is due to the fact that the load is
applied on the top surface and it is physically clear that due to the non-symmetry
of loading, the resulting stress distribution cannot be symmetrical as predicted by
theories which fail to take normal deformation into account.

It is known that the classical theory yields inaccurate results for thick composite
structures as a result of neglecting transverse shear and normal deformation. Since
the accurate analysis of the stress and strain behaviour of thick laminated compos-

ite plates is essential for the optimal design of such structures, the classical theory
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cannot be used for this purpose. Moreover, it is shown in this chapter that shear—
deformable theories (which neglect normal deformation) are also inadequate for the
design optimization of thick plates. Clearly a three—dimensional elasticity solution
would provide an accurate analysis. However, such solutions are computationally
demanding. Therefore, owing to the importance of both accuracy and computa-
tional efficiency in design optimization studies, the higher—order theory developed
in Chapter 3 is better suited to such studies. Certainly the accuracy of this theory
was demonstrated in the previous chapter, and, as discussed in Sections 3.1 and 3.2,
the computational demands of single-layer theories such as this higher—order theory,

are less than those of three-dimensional and discrete-layer higher-order theories.

However, the computational implementation of the proposed higher-order theory
poses special computational problems due to the need to evaluate multiple piecewise
integrals through the thickness of the laminate to compute stiffnesses. Moreover,
due to the iterative nature of optimization solutions, these calculations need to be
performed using computationally efficient algorithms. These difficulties are over-
come by developing special purpose symbolic computation routines to perform the
necessary calculations. The routines developed in this chapter bypass some of the
symbolic processing performed by the more flexible routines developed in Section 4.5

in order to improve the efficiency of the symbolic computations.

Three optimal design problems for thick laminated sandwich plates are considered.
The first problem involves the minimum weight design of a sandwich plate subject to
a constraint on the deflection of the bottom surface. The design variables are chosen
as the thickness of the core layer and the fibre content of the surface layers which
are made of a transversely isotropic composite material. Numerical results are given
for a sandwich plate with a steel honeycomb core layer. The relationship between

the laminate thickness, fibre content and deflection constraint is established.

The second problem involves the minimum deflection design of a sandwich plate.
In this problem the relative thickness of the surface and core layers is chosen as
the design variable. The optimal design for minimum deflection is based on the
observation that the deflection of the bottom surface decreases as the core thickness
becomes smaller, but increases again once this thickness drops below a certain level.
Moreover, the bottom surface may undergo negative deflection for certain combina-
tions of material properties. These phenomena are peculiar to thick structures and
can only be analysed using three-dimensional elasticity solutions or a higher—order
theory which includes normal deformation. The effect of the relative stiffness of the

surface and core layers on the optimal thickness of the surface layers is investigated.
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The third problem is a minimum stress problem which involves the computation of
the relative thicknesses of the layers such that the resulting lamination will reflect
the stress pattern in a more realistic fashion and thereby will minimize the maximum
stress. In this regard, the present study departs from conventional designs which
automatically assume a symmetrical lamination. In the case of thick structures,

such conventional designs cease to be optimal as shown in this chapter.

5.2 Literature survey

A number of refined theories were developed for sandwich plates to include the effect
of shear deformation in the surface and core layers [67, 68, 69]. However optimum
designs of sandwich plates and shells were mostly based on classical sandwich the-
ory. Various optimization studies for sandwich structures include minimum weight
beams [70], plates under compressive loads [71, 72] and bending loads [73], and
acoustic sandwich panels [74]. Design of sandwich shells with fibre composite sur-
face layers was given in Refs. [75] and [76]. Sandwich plates under uncertain bending

loads were designed in Ref. [77].

The design of thick sandwich structures does not seem to be studied using a higher—
order theory which includes normal as well as shear deformation. In fact previous
studies on the optimal design of thick laminated structures seem to be based on
shear—deformable theories only. In this regard, studies include maximum frequency

design [78, 79], maximum buckling load design [79, 80], and maximum stiffness
design [81].

5.3 Software

In this section, software dedicated to the implementation of the higher—order theory

for design optimization is developed in the C programming language.

This software processes power series and double trigonometric series using simple
programming techniques. The routines which handle power series are used for
the calculation of the distribution functions and integrated stiffness constants of
the higher—order theory, and the routines which handle trigonometric series are
used for the calculation of the displacements (3.37) and (3.38), strains (3.40) and
stresses (3.42) using the solution (4.8) of the system (4.6).
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The special purpose symbolic computation routines developed in this chapter for the
derivation of the distribution functions and calculation of the integrated stiffnesses
differ from the more flexible but less efficient routines developed in Section 4.5. The
routines developed in the present study mimic the symbolic computations of those of
Section 4.5 but without the recursive expansion of symbolic expressions. Rather, the
various operations to derive symbols (such as the distribution functions) as power
series or to evaluate symbols (such as the integrated stiffness) are explicitly initiated
via calls to routines which perform those operations. For example, if the next step of
the procedure is to sum two particular symbols, the relevant operator routine, in this
case a routine which handles summation, is called with arguments which reference
the two operands. In Section 4.5, a symbolic expression could be defined and the
operator routines would be initiated automatically with the appropriate arguments

by the routine which expands a symbolic expression into a power series.

5.3.1 Symbols

In the application, the distribution functions gk, @, Bk and ag in eqns. (3.37),
(3.38) and (3.40) become symbols which are referred to by handles. For example,
the function 1 is referenced by the handle Fpsi1, an enumerated constant. These
symbols are n vectors of power series with a maximum of p. coefficients. The
coefficients of these symbols are stored in a multidimensional array and the handles
to the symbols are used as indices to the first dimension of the array. The index
to the second dimension is the layer number k, and the third dimension contains
the p. coeflicients of the power series of the relevant symbol for the k-th layer. In
the application, the value of a symbol is returned by the C function zfn(sym,k,z)
where sym is the handle of the symbol to be evaluated at z where a1 < z < ag.

5.3.2 Distribution Functions

First a set of routines is developed for the derivation of the distribution functions.
This set includes routines for algebraic operations involving power series. Also, the

routine calc_layint performs the layer integral operations (4.16) and (4.17) using
the observation that

2 Np—1 np
) Y qaPdz =) d,2? (5.1)
p=0 p=0
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where

np—1

dp1 =/(p+1) and do=— Y Ga™/(p+1) (5.2)

p=0

The distribution functions of the higher—order theory have a hierarchal co-dependency
as is evident from eqns. (4.18). Therefore the order in which they are derived by the
symbolic computation routines is dictated by their dependency on other distribution

functions.

5.3.3 Integrated Stiffnesses

The higher—order theory defines a large set of integrated stiffness constants which
appear in the system of governing differential equations. It is observed that these
integrals may be generalized to the form

/a Ayie(2)72x(2) 2P dz (5.3)

where Ax = Ay1x, A12k, A13k, Aaax 1s a stiffness parameter of the k-th layer, 11x(2) and
v2k(z) are either distribution functions or are equal to unity, and p = 0,1,2. In the
application, a C function calc_lamint(vm,fn0,fni,p) calculates any integrated
stiffness, where vm[] is an n—vector of stiffness constants, and fn0 and fn1 are
handles of distribution functions. Some examples of integrated stiffness constants
and the corresponding C function calls which evaluate them are given in Table 5.1

where FNull is an intrinsic handle for y;(2) = 1.

Table 5.1: Evaluation of integrated stiffness constants

Integrated stiffness constant | C function call

B; = f;:)" A Yix dz calc_lamint(all,Fpsil,FNull,0)
Coz = [;7 A1 ok 2 dz calc_lamint(ali,Fvphi2,FNull,1)
Dy = 3 An o3 dz calc_lamint(all,Fpsii,Fpsi1,0)

Hays = [o" A1z oy asy dz calc_lamint(a13,Fpsi2,Falpha5,0)
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5.3.4 Trigonometric Series

The second set of routines is dedicated to processing trigonometric series approxi-

mations of the functions
ui(z), w(z), xz) (:=1,2; g=1,...,8) (5.4)
which are required for the calculation of the displacements, stresses and strains.

In the application, these series are symbols referred to by a handle which is an

enumerated constant.

The coefficients of the solution (4.8) of the system (4.6) are solved for any given pair
(m,n) using Gauss—-Jordan reduction, and the coefficients of xs(z),...,xs(z) are
determined from the given loading. These coeflicients are then stored in an array
which is indexed by the handle of the symbol.

The routine eval_trig_term differentiates and evaluates a term of the form

sin A, 1 COS Y22 , sin Ap, 21 sin Y,z , (5.5)

COS ATy SIN YTy, OF €OS ATy COSYnZo

A routine eval_trig takes the handle of a symbol as an argument, and uses eval _-
trig_term to differentiate and evaluate a double trigonometric series whose terms

are of the form (5.5) and whose coefficients have been calculated.

Macro symbols for the trigonometric approximations of the functions (5.4) are de-

fined; for example the C directives

#define =xuil(x1,x2,td) eval_trig( Cul, Tcos_sin,td,x1,x2)
#define zxw(x1,x2,td) eval_trig( Cw, Tsin_sin,td,x1,x2)
#define =xchil(x1,x2,td) eval_trig( Cchil, Tsin_sin,td,x1,x2)

define macros for the symbols for the functions u;(z), w(z) and x1(z), where Cut,
Cw and Cchil are their handles and td indicates the differential operation to be

performed. For example w 15(z1,z2) is evaluated by the macro xw(x1 ,X2,TD12) as
given in Table 5.2.

Using these macros, the displacements (3.37), deflection (3.38), strains (3.40) and
stresses (3.42) are readily evaluated.

The entire analysis based on the higher-order theory is incorporated into an opti-
mization algorithm where, in each iteration, the stress/strain state of the plate is

determined from the configuration and material properties and of the laminate.
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Table 5.2: Evaluation of functions of the reference surface

Function Macro symbol

u1 2(21, 22) xul(x1,x2,TD2)
uz11(z1,72) | xu2(x1,x2,TD11)
x6,122(1, 2) | xchi6(x1,x2,TD122)
Xg.22(21,22) | xchi(g,x1,x2,TD22)

5.4 Optimal Design Problems

Three design problems are studied, namely the minimization of weight, deflection
and stress of thick laminated sandwich plates. The sandwich structure is composed
of relatively stiff top and bottom surface layers of thickness ¢; and ¢, respectively,
and a core layer of thickness t; in between the surface layers as shown in Figure 5.1
on Page 128. The surface layers are made of a transversely isotropic material and
carry most of the bending loads. In the minimum weight problem the core is made
of a honeycomb material, and in the minimum stress problem, results are given for
isotropic and transversely isotropic core layers which can model a variety of materials
including honeycomb. The plate is of rectangular shape with sides a and b in the
z, and z, directions, respectively, and a normal sinusoidal load of magnitude g0 is
applied on the top surface.

5.4.1 Minimum Weight Design

The weight W of the sandwich plate is given by

W = (psts + pctc)ad (5.6)

where the subscripts s and ¢ refer to the surface and core layers. For the sandwich
structure under consideration t, = t; + t3 and ¢, = #,. Let the surface layers be
made of a randomly orientated fibre composite material with isotropy in the plane
and transverse isotropy through the thickness. In this case, p, depends on the fibre
volume content vy so that p, = p,(vs). In the minimum weight design problem, t,
is taken as fixed and the total thickness h = t, + ¢, as variable with a constraint on

the total thickness. The design variables are chosen as vy and h.

Using eqn. (5.6) and noting that ¢, = h — t,, the weight is obtained as

W (o5, h) = [pu(v1)ts + pol(vs)(h — 1,)]ab (5.7)
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The design problem can be stated as

min W (vy, h) (5.8)

vy,h

subject to thickness and fibre content constraints
h<ho, Ufmin<Vf < Vfmax (5.9)
and a deflection constraint at a given point
wy(z1,z2; vf, h) < wo (5.10)

where ho, v min, Vf,max a0d wo are specified quantities and w;, denotes the deflection
of the bottom surface. As the higher—order theory employed in this study is capable
of determining the deflection at any point through the thickness of the plate, the
location of the deflection in the z—direction has to be specified for design purposes.
The deflection of the bottom surface is chosen as a constraint because of its practical

importance.

The deflection depends on the fibre content vy through the values of the elastic
constants F,, E!  G,,G" and v,. For an in—plane randomly oriented material, the

following micromechanical equations are used

E, = Esvs/3+ E,vn,

E, = E.[/(1-(1-3E,/E})Vvy)

Gs = Gyvf/3 4+ Grvm

Gy, = Gn/(1-(1-3Gn/G})vy)

v, = 0.3 (5.11)

where f and m refer to the fibre and matrix properties, respectively, and a prime
indicates a property in the transverse direction.

Here the expressions E, and G, are taken from Ref. [82] and the factor 1/3 reflects
the reduction in moduli for a randbmly oriented fibre composite as compared to
a unidirectional composite. The expressions are valid for sufficiently stiff fibres
(Ef >> E,.) [82]. The expressions for E! and G, for the elastic constants through
the thickness are taken from Ref. [83] and the fibre properties are multiplied by a
factor 1/3 in line with the expressions for E, and G, to account for the random

orientation of the fibres. An average value is assigned to v, [82].

The density is computed from

Ps = PsVf + PmUm (5.12)
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The efficiency of a minimum weight design can be assessed by defining an efficiency

index given by
W min

= W(0.5,h)
where W(0.5, k) is the weight of a plate made of surface layers only with vy = 0.5
and h determined such that the deflection constraint (5.10) is satisfied. The index

provides a weight comparison between the optimally designed sandwich structure

(5.13)

and its single layer counterpart with no core region.

The minimum weight design involves the computation of the fibre content vy and
the total thickness h so as to solve the optimization problem (5.8)-(5.10). For a
given h and deflection constraint wo, the minimum vy is determined such that the
inequality (5.10) is satisfied. The optimal A is obtained by minimising the weight
over h. This procedure yields the minimum weight sandwich having the optimal vy
and h. A Golden Section algorithm is used to compute the minimum fibre content

vy and the optimal thickness Agps.

5.4.2 Minimum Deflection Design

The deflection behaviour of thick sandwich structures differ substantially from their
thin counterparts when the effects of shear and normal deformation are taken into
account and the optimal design problem should be formulated accordingly. One
difference involves the deflection of the bottom surface with the load applied at
the top surface. In this case, as the thickness of the surface layers increase, the
deflection of the bottom surface does not necessarily decrease. In fact it decreases
with increasing ¢; and t3, but starts to increase after reaching a minimum. This is
observed in Figure 5.2 on Page 129 where the curves of w, at the centre of the plate
are plotted against t, = t; + t3 with ¢3 = t; for a square laminate with a/h = 2 and
E,/E; = 50. In Figure 5.2, w, is nondimensionalised with respect to the deflection
Wiso Of an isotropic plate with stiffness E = E;. 1t is observed that the deflection of

the sandwich plate approaches that of the isotropic plate as ¢, increases.

The deflection behaviour observed in Figure 5.2 can be explained by noting that the
core layer absorbs some of the deformation in the normal direction. However, if the
core layer becomes too thin, its capacity to absorb the deflection diminishes, leading
to an increase in the deflection of the bottom surface as the core thickness becomes
too small. As a result the bottom surface of a structure with no core layer may

deflect more than an optimally designed sandwich structure. This phenomenon can
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neither be investigated nor taken into account using the classical theory of plates or

a theory which excludes the effect of normal deformation.
In the light of these results the minimum deflection problem may be stated as

min max wy(T1, T2,1,) (5.14)
ts T1,%2

where 0 < t, < h with t, = 0 and ¢, = h corresponding to a plate of core layer
only and surface layer only, respectively. The efficiency of the optimally designed
laminates is assessed by defining the ratio

wb(-'ilv 52; topt)

Wy(Z1, T2 h)

§ = (5.15)
where (Z, Z;) is the location of maximum deflection, t,y, the optimal value of ¢,
and wy(Z1,Zg; h) the deflection of a laminate composed of surface layers only. The
quantity 6 serves as an efficiency index to compare the optimal sandwich to its single

layer counterpart with no core layer.

The solution of the minimum deflection problem is obtained by solving the minmax

problem (5.14) which yields the optimal thickness of the surface layers.

5.4.3 Minimum Stress Design

In thick sandwich plates with a core region whose stiffness is relatively low, the stress
distribution through the thickness is not symmetrical even if the lamination is. This
is due to the fact that the transverse load applied on the top surface leads to stresses
in the top layers which are different from those in the bottom layers. The resulting
stress distribution cannot be symmetrical as predicted by theories which fail to take
normal deformation into account. An optimal design for minimum stress involves

the computation of the relative thicknesses of layers such that the maximum normal
stress will be minimized.

The normal stresses are given by 011 = 011(21,Z2,2,t) and 022 = 022(z1, 22,2, 1))

with the core thickness ¢, being a given parameter. Then the maximum normal
stress is given by

g = Imax | max 04lxy1,To, 2
max 1=1,2 (zl,zn,z "( 1 %2 ’tl)) (516)

The optimal design problem can be stated as

TN O (5.17)
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for a given total thickness b = #; + t2 + ts. The thickness of the top and bottom

layers are subject to the practical constraint
t1/h >0.02, t3/h>0.02 (5.18)

In the present problem, the total thickness h is specified and t; is an input parameter.
Thus t3 = h — t; — tz where t; is the optimal thickness of the top layer.

5.5 Numerical Results

Numerical results are given for a square sandwich plate of dimensions ax a (@ = 1m)

subjected to a sinusoidal load of amplitude go = 1 MPa on the top surface.

5.5.1 Minimum Weight Design

Results are given for surface layers made of T300 graphite fibres whose properties
are taken as

E; =258.6GPa, E/=18.2GPa, vy =02

5.19
Gy = 36.7GPa, ' =20GPa, p;= 1750 kg /m® (5.19)
and the epoxy matrix properties are taken as
E,, = 3.45GPa, m = 0.39
* ’ (5.20)

Gm = En/2(1 + V), pm = 1200kg/m3

The core section is made of a 17-7 PH stainless steel honeycomb material with the

elastic constants [84]

E,=158GPa, p,=124kg/m?

Grye = 0.50 GPa, G, = 0.68 GPa (5.21)

These values correspond to a honeycomb with a cell size of 0.25in. First the depen-
dence of the weight W on the thickness h is investigated for various values of ¢, and
wp as shown in Figure 5.3 on Page 130. It is observed that W displays a minimum
point with respect to h which increases with increasing t,. The fibre contents for
various values of ¢, and wg are shown in Figure 5.4 with 0.2 < vy < 0.7. As expected

vy decreases as h increases for a given t,, but increases as the deflection constraint
becomes smaller.
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Next the minimum weight results are presented. The minimum weight decreases
as the deflection constraint is relaxed as shown in Figure 5.5 for a given surface
layer thickness t, = 20mm. However, W, increases as t, increases as shown in

Figure 5.6 for a given constraint we = 0.88mm.

Table 5.3: Optimal k and vy for the minimum weight design.

t, Wo Popt vy  Wmin Efficiency
(mm) (mm) (mm) (%) (kg) 7
20 .88 163 47.2 46.93 0.196
22 .84 168  43.4 49.72 0.201
24 .78 175 404 52.90 0.206
26 .76 179 373 55.46 0.210
28 12 185 35.0 58.42 0.216
30 .10 188 32.6 61.03 0.220
32 .66 195 30.9 64.10 0.225
34 .64 199  29.2 66.77 0.227
36 .62 204 27.6 69.47 0.232
38 .60 208 26.4 72.19 0.236
40 .58 213 25.1 74.94 0.240

Table 5.3 gives the hqp, and vy values for a minimum weight design for various
values of t, and wg. It is observed that the minimum weight sandwich construction
provides a substantial weight saving as compared to a single layer construction with

the efficiency decreasing as the deflection constraint becomes tighter.

5.5.2 Minimum Deflection Design

In this problem the design variable is the total thickness ¢, of the surface layers.
Results are given for a fixed h with the thickness ratio specified as a/h = 2.

The elastic properties of the transversely isotropic surface layers are given by E; =
1GPa, v; = 0.3,G) = E1/2(1 + w),v; = nE{/E,,Gy = E}/2(1 + v}). The core
layer is taken to be isotropic with its elastic properties given by E;, v, = 0.3 and
G2 = E3/2(1 + v3). As E, is fixed at 1 GPa, in the ratios E,/E, and E,/E] used
in the figures, the denominator is varied. The total relative thickness of the surface

layers is ¢s/h = (t1 + t3)/h. We consider a symmetrically laminated plate, and
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therefore t; = t3 and t,/h = 2t1/h.

Figure 5.7 shows the optimal thickness t,,/h vs Ey/E, for Ey/E] = 5,10,20. It is
observed that t,,, decreases as the ratio F, /F, increases, that is, as the surface layers
become stronger relative to the core layer. The minimum values of the deflection,
Wh,min, are given in Figure 5.8. As E, /E2 increases, wp min decreases due to the
core region absorbing more of the normal deformation. An interesting phenomenon
observed in Figure 5.8 is the existence of negative deflection for F,/E; = 5 when
E,/E;, > 74. This phenomenon is further investigated below. Figure 5.9 gives
the corresponding curves for the efficiency ratio §. The efficiency of the design,
in general, increases as F)/F, increases, i.e., as the core layer becomes weaker.
Negative values for § occur as a result of wj 1, becoming negative for certain ratios

of elastic moduli as observed in Figure 5.8.

Figure 5.10 shows the curves of the ¢,/ plotted against E,/E, for various values of
E,/E,. 1t is observed that t,,, increases for high values of E;/F, and decreases for
low values of E,/E, as Ey/E] increases, i.e., as the through-the-thickness modulus
E) decreases. For intermediate values, i.e. for E;/E; = 50, it increases for low
values of E,/E; and decreases as E;/Ej increases. As shown in Figure 5.11, the
values of Wy, min increase as E] becomes smaller. The corresponding efficiency curves

are given in Figure 5.12. Again it is observed that § is negative in some cases.

Next the behaviour of the deflection through the thickness is investigated, in par-
ticular the phenomenon of negative deflection and the effect of excluding normal
deformation. Figure 5.13 shows the deflection curves through the thickness of the
plate for various cases with E,/FE, = 50 and E,/E, = 10. The deflection curve
for the optimal sandwich with topt/h = 0.803 (t; = t, = topt/2) is shown in Fig-
ure 5.13a. It is observed that the top layer deflects more than the bottom one and
there exists a minimum point across the thickness. The corresponding curve for a
single-layered laminate is shown in Figure 5.13b. For this case the efficiency index
1s § = 1.11/3.79 = 0.293 indicating a 70% reduction in the deflection. Figure 5.13c
shows the deflection of the sandwich plate with the effect of normal deformation

neglected. It is clear that neglecting this effect leads to a completely erroneous
result.

The corresponding deflection curves are given in Figures 5.14a, 5.14b and 5.14c for
Ey/JE; = 90 and E,/E! = 5. In is observed from F igure 5.14a that the bottom
surface of the optimal sandwich has a negative deflection. This explains the neg-
ative values for § which for this case is § = —0.443/1.11 = —0.40. Figure 5.14c

again shows the effect of neglecting the normal deformation. In this case the phe-
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nomenon of negative deflection cannot be observed when the normal deformation is

left unaccounted.

5.5.3 Minimum Stress Design

The elastic properties of the transversely isotropic surface layers are given by E, =
1GPa, E, = E\/2, 1 = v, =03, Gy = E1/2(1 + 1) and G} = E1/2(1 4+ v1). The
elastic properties of the core layer are given by Eg, v, = v; = 0.15, G2 = E2/2(1+v,)
and G, = E4/2(1 + v}). As E is fixed at 1GPa, in the ratio E1/E; used in the

figures, the denominator is varied.

To assess the efficiency of the designs, a comparison is made between the optimally

designed and symmetrical sandwich plates. For this purpose, an efficiency index is
defined as

_ o'mAX(tI)
Umax(tl)

where t* indicates the optimal thickness of the top surface and #; = (k —12)/2, i.e.

(5.22)

the thickness of the top layer of a symmetrical plate. In the discussion below, 7 is

referred to as the stress ratio.

First the behaviour of the stress ratio is investigated as a function of the design
variable t;. Figure 5.15a shows the curves of 7 versus ¢, /h for various values of the
core thickness t;/h for a thickness ratio of a/h = 2 and an isotropic core layer. It
is observed that in general the minimum stress ratio is achieved by a nonsymmetric
design. Figure 5.15b shows the same curves as in Figure 5.15a with the effect of
normal deformation neglected. For this case, the results indicate that the optimal
design is always a symmetric laminate and the stress ratio is greater than one for
any other configuration. Therefore it is essential to include normal deformation
in the analysis of thick sandwich plates to obtain the correct optimization results.
Figure 5.16a shows the curves of 7 versus t;/h for various thickness ratios for a
transversely isotropic core with E}/FE, = 10 and ¢;/h = 0.5. As in the previous
case, the stress ratio in minimized at certain values of ¢;. Figure 5.16b shows the
same curves as in Figure 5.16a with the effect of normal deformation neglected. In
the vicinity of the optimal point (¢,/h = 0.25), the greater the thickness ratio, the
greater the error as compared to the results given in Figure 5.16a. Figures 5.15
and 5.16 indicate that an optimal choice of t; can lead to substantial reductions in
the stress ratio, i.e., the optimal plate will be considerably more efficient than the
symmetrical one as determined by the efficiency index 7.
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The optimal values of ;, denoted by ¢}, and the corresponding stress ratios are plot-
ted against t5/h in Figure 5.17 for various values of F;/F,. The jump discontinuities
in the values of #; occur due to the existence of local minima. It is observed that
in all cases the top layer is thinner than the bottom layer except for E;/E, = 10
and t2/h = 0.8. However, t} approaches the symmetrical case as ; increases. Fig-
ure 5.17b shows that the efficiency of the design drops as ¢2 increases. The curves of
t;/h and 5 versus a/h are shown in Figure 5.18 for various values of t,/h and with
E}/E, =1 (isotropic core). As a/h increases, i.e., as the plate becomes thinner, ¢}/
tends to get larger, and in some cases, the top layer can be thicker than the bottom
layer. This situation arises as the core layer becomes thicker. As a/h increases, the
efficiency drops, except for the case to/h = 0.8 as can be seen from Figure 5.18b.
Corresponding curves for a sandwich plate with a transversely isotropic core are
given in Figure 5.19 where E}/E, = 10. In this case, the top layer can be thicker
than the bottom layer in several cases. However, the general trend of t;/h as a
function of a/h is similar to the case with an isotropic core layer. A comparison
of Figures 5.18b and 5.19b indicates that the efficiency drops in the case of a plate

with a transversely isotropic core.

The effect of stiffness ratio Ey/E, on t; and 7 is investigated in Figure 5.20 which
shows the curves of t;/h and # versus F,/E; for a/h = 4. The results are obtained
subject to the constraint ¢;/h > 0.02. It is observed that 1] shows different trends
depending on the values of t;/h and E;/E;. The efficiency, in general, improves

with increasing F, / E,.

Typical stress distributions through the thickness are shown in Figure 5.21 for the
case a/h =3, E1/Ey = 20, By /E{ = 2, E}/E; = 1 and ty/h = 0.6. Figure 5.21a
shows the stress distribution for an optimal plate, Figure 5.21b for a symmetrical
plate, and Figure 5.21c for a symmetrical plate with the effect of normal deformation
neglected. It is observed that in the case of an optimal plate, the maximum stresses
are the same at the top and bottom layers. Figure 5.21c indicates that neglecting
normal deformation would yield a completely incorrect stress distribution and render
the solution meaningless as is illustrated by Figures 5.15b and 5.16b.
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5.6 ConcluSions

Optimal designs of thick sandwich plates are given using the higher-order theory,
which includes the effects of normal deformation as well as transverse shear de-
formation. The higher-order theory can provide accurate solutions for very thick
laminates with layers having significantly different mechanical properties. There-
fore this approach makes it possible to optimize sandwich plates with thickness
ratio a/h <5.

The higher—order theory is implemented using symbolic computation in preference
to an analytical or numerical method, since deriving the necessary analytical ex-
pressions would be extremely cumbersome while a numerical method would to some
extent nullify the accuracy afforded by the higher—order theory. In order to operate
at the highest possible computational efficiency, special purpose symbolic computa-
tion routines are developed and incorporated into an optimization algorithm. These
routines bypass some of the symbolic processing which makes the routines developed
in Section 4.5 relatively more flexible, and as such can achieve a higher degree of
efficiency. It is found that the use of a general purpose symbolic computation system

for the present optimization studies is infeasible as it leads to excessive computer
time.

When normal deformation is considered, the through-the-thickness distribution of
the normal stresses ceases to be symmetrical in the case of unsymmetrical loading,
i.e. loading loading on one surface of the plate only, and conventional symmetrical
designs are non-optimal. Moreover, normal deformation results in the bottom sur-
face having a minimum deflection at a certain thickness ratio of surface and core
layers and the minimum deflection design is based on this observation. Another
interesting observation is the existence of negative deflection of the bottom surface

at certain stiffness ratios. This phenomenon arises as a result of Poisson’s effect on
the normal deformation.

Three design problems are formulated and solved, namely optimal designs for mini-
mum weight, minimum deflection and min-max normal stress. The minimum weight
problem involves the determination of the fibre content of transversely isotropic sur-
face layers made of a randomly oriented fibre composite material. The other design
variable is taken as the core layer thickness. Minimum weight designs subject to
a deflection constraint are obtained and the effects of problem parameters on the
design variables and weight are studied. It is observed that fibre content decreases

as the sandwich thickness increases for a given deflection.
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In the minimum deflection problem, the thicknesses of the surface layers are chosen
as the design variables. The effect of the relative stiffness E,/E, of the surface and
core layers is investigated and it is observed that surface layer thickness is smaller
if the core stiffness F, is low due to more of the deflection being absorbed by a
softer core region. However, surface layer thickness does not show a definite trend
as the through-the-thickness stiffness Ej of surface layers decreases. This thickness

decreases for low E;/FE, ratios and increases for high E;/FE; ratios as E] decreases.

The optimal design for minimum stress involves the computation of the relative
thicknesses of the layers such that the maximum normal stress will be minimized.
The resulting design leads to vastly improved sandwich plates which have normal
stresses up to 40% less than those of a symmetrical sandwich. However, the efficiency
drops for a transversely isotropic core as compared to an isotropic core. It is observed
that the thicknesses of the top and bottom layers of an optimal plate depend on
the relative thickness of the core layer, the thickness ratio of the plate and on the
relative stiffness of the core layer as compared to the surface layers. It emerges
that although the top layer on which the load acts is in general thinner than the
bottom layer for a minimum stress design, this is not always the case and the bottom
layer can also be thinner depending on the geometric and material parameters. In
particular this is the case if the core layer is thick compared to the surface layers. It
is demonstrated that normal deformation has a substantial effect on the design and

the effect of normal deformation becomes more pronounced when the plate becomes
thicker.

Deflection and stress profiles through the thickness are studied with a view towards
assessing the effect of the configuration on the bottom surface deflection and maxi-
mum normal stress and the effect of neglecting normal deformation. It is observed
that if the theory used in the design analysis does not include normal deforma-

tion, the design of thick structures becomes meaningless as it leads to non—optimal
sandwich plates.

156



Chapter 6

Conclusions

6.1 Overview

In the present study the design optimization of a suite of laminated composite
structures is performed. In the first instance thin laminated composite structures
are optimized, in particular balanced and unbalanced laminated composite pressure
vessels with specially orthotropic layers whose elastic properties depend on the angle

of the reinforcing fibres.

Special purpose symbolic computation routines are developed in a conventional pro-
gramming language in order to improve the efliciency of the optimization algorithm.
These routines combine the relationship between the loading parameters and the
stress into one transformation matrix and thereby reduce the number of calcula-
tions required in each iteration of the optimization algorithm. It is found that the
development of such routines, which are dedicated to a specific class of functions, is

a feasible objective.

A new higher—order theory which includes the effects of both transverse shear and
normal deformation is developed for the analysis and design optimization of thick
laminated composite structures with transversely isotropic layers. The form of the
kinematic hypotheses of the theory are derived using an iterative technique where
the classical Kirchhoff-Love hypotheses are assumed in the first iteration and new
variables which have a clear physical meaning are introduced. The governing differ-
ential equations contain stiffness constants which are integrals through the thickness
of the laminate. The unknown functions in the governing equations are defined on

an arbitrary reference surface and the order of the system of governing equations is

157



independent of the number of layers. The stress/strain state of a laminated structure
is determined using the kinematic hypotheses which include the solution of the gov-
erning equations (for the reference surface) and through-the-thickness distribution

functions defined by the theory.

The distribution functions and integrated stiffnesses of the theory are multiple piece-
wise integrals through the thickness of the laminate. In the general case, these inte-
grals are not able to be derived in a form suitable for exact numerical calculations
and the evaluation of these integrals using a numerical method detracts from the
accuracy afforded by the higher-order theory. These difficulties are overcome by
employing symbolic computation to derive the distribution functions, calculate the
integrated stiffness constants exactly, and derive the stress and strain distributions

through the thickness in power series form, for a given laminate.

In addition to using a general purpose symbolic computation system, special purpose
symbolic computation routines are developed for the implementation of the theory.
These routines are found to be at least two orders of magnitude more efficient in
the performance of the required computations than the general purpose system.
Therefore in optimization studies, where computational efliciency is of paramount
importance, the development of special purpose symbolic computation software is
preferable to using a general purpose symbolic computation system. Moreover,
special purpose symbolic computation routines are easily incorporated into an op-
timization algorithm whereas this is not possible using a closed general purpose
system. '

The numerical results obtained indicate that the new higher—order theory is accu-
rate for thick structures whereas, in general, the shear deformable theory and the
classical theory are inaccurate. Therefore in the analysis of thick structures, not

only transverse shear but also normal deformation should be taken into account.

Sandwich plates of thickness ratio a/h < 5 are optimized for minimum weight,
minimum deflection and minimum stress on the basis of the higher—order theory.

Such designs are not possible using a theory which neglects normal deformation.

6.2 Symbolic Computation

Special purpose symbolic computation software is developed in the C language for

the transformation of coordinate axes, failure analysis and the calculation of design
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sensitivities for fibre reinforced composite structures. The symbolic computation
routines perform tedious matrix algebra where the entries of the matrices are series
of double trigonometric functions and simplify the results using trigonometric iden-
tities. The symbolic computations are integrated into an optimization algorithm
resulting in a combined symbolic and numerical approach to determine the optimal

design.

Special purpose symbolic computation routines are also developed for the implemen-
tation of the higher—order theory. Symbols may be defined as laminae parameters,
symbolic expressions or piecewise integrals of symbolic expressions. Symbols and
symbolic expressions are recursively expanded into power series which may be inte-

grated and evaluated.

6.3 Optimization of Thin Pressure Vessels

Two design problems for thin laminated composite pressure vessels are solved. In
the first problem, a cylindrical pressure vessel is optimized taking the fibre angle
as the design variable to maximize the burst pressure and the effects of the axial
force and torque on the optimal designs are investigated. In the second problem,
a cylindrical vessel filled with liquid and subject to an internal pressure is studied.
The weight of the shell is minimized taking the fibre angle and the wall thickness as
the design variables. Both constant and variable thickness shells are investigated. It
is shown that the results for the second problem approach those of the first problem
as the internal pressure increases.

Numerical results are given for unbalanced (single- and six-layered) and balanced
laminates noting that in the balanced case the number of layers does not affect
the results. It is observed that fibre angles align themselves with the longitudinal
axis as the axial force increases. Variable thickness shells are found to be about
20% more efficient than the constant thickness shells for low values of the internal
pressure with the difference decreasing as this pressure increases. For single-layered
pressure vessels, the optimal fibre angle is found to be either 0° or 90° with the

switch-over point depending on the magnitude of the axial force, torque and the
internal pressure.
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6.4 Higher—Order Theory

The numerical results obtained for thick homogeneous and heterogeneous plates are
compared to those given in the literature to validate the higher—order theory. It
is found that for an isotropic plate with thickness ratio a/h = 2, the higher—order
theory predicts the deflection distribution to within 2% and the normal stresses
to within 5% of the exact three-dimensional elasticity solution whereas the shear
deformable model which neglects the effect of normal deformation and the classical

theory are grossly inaccurate.

As the transverse rigidity of plates decreases, the effect of normal deformation be-
comes more pronounced and the inaccuracy of the shear-deformable model increases.
However, it is observed that as the ratio a/h increases, the effect of normal deforma-

tion is reduced and, in general, the shear-deformable theory is accurate for plates
with a/h > 10.

Numerical results for a sandwich plate where the higher—order theory is used to
model the core layer and the classical theory is used to model the surface layers
are compared to those given in the literature where the core layer is modelled as a
three—dimensional elastic body. It is found that the discrepancies are at most 0.8%

for a/h = 3,...,10 and a core layer up to two orders of magnitude weaker than the
surface layers.

6.5 Optimization of Thick Sandwich Plates

Three design problems are formulated and solved, namely, optimal designs for mini-
mum weight, minimum deflection and minimum normal stress. The minimum weight
problem involves the determination of the optimal thickness of the core layer and
the optimal fibre content of the surface layers. It is observed that fibre content

decreases as the sandwich thickness increases for a given deflection constraint.

In the minimum deflection problem, the thicknesses of the surface layers are cho-
sen as the design variables. The design optimiza.tidn is based on the observation
that the deflection of the bottom surface decreases as the core layer becomes thin-
ner but increases again once the thickness of the core layer relative to the surface
layers drops below a critical level. Moreover, the bottom surface may undergo neg-

ative deflection for certain combinations of material properties. These phenomena
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are peculiar to thick structures and can only be analysed using three-dimensional

elasticity solutions or a higher—order theory which includes normal deformation.

The optimal design for minimum stress involves the computation of the relative
thicknesses of the layers such that the maximum normal stress will be minimized. It
is demonstrated that normal deformation has a substantial effect on the design and
this effect becomes more pronounced as the thickness of the plate increases. When
normal deformation is taken into account, the maximum normal stresses in the top
and bottom layers are not equal in the case of a symmetrical sandwich. The design
optimization produces a configuration where these maximum stresses are equal and
leads to vastly improved sandwich plates which have normal stresses up to 40% less
than those of a symmetrical sandwich. It is found that if the theory used in the
design analysis does not include normal deformation, the design of thick structures

becomes meaningless as it leads to non—optimal sandwich plates.
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6.6 Recommendations for Future Work

Higher—order theory for orthotropic materials

The present higher—order theory could be extended to orthotropic materials. This
would enable the optimization of composite structures reinforced with continuous
fibres where the fibre orientation is a design variable. The boundary conditions

could be extended to cylindrical shells for the optimization of pressure vessels.

Object—oriented symbolic computation

The development of special purpose symbolic computation routines lends itself to-
wards an object—oriented approach and such routines could be developed using the

C++ language for various applications.

Design optimization of thick structures

A three-dimensional failure criterion could be used as a design constraint for the

optimization studies of thick structures based on the higher—order theory.

The optimization studies could be extended to structures under other loading condi-

tions such as uniformly distributed and localized loads and under various boundary

conditions.
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Appendix A

Symbolic Results from Mathematica

For transversely isotropic homogeneous shells, the Mathematica implementation of

higher—order theory derives the distribution functions as

fi[z_] = -(e1 h~2)/(8 (1 - nu1~2)) + (el z"2)/(2 (1 - nui~2))
betal[z_] = (el (h -2 2) (h+22))/(8 g2 (-1 + nul) (1 + nul))

beta7[z_] = -(h - 2 2)/(2 g2 h)

beta8[z_] = (h + 2 2)/(2 g2 h)

alpi[z_] = (el nu2 z)/(e2 (1 - nul))

alp2[z_] = -((el nu2)/(e2 (1 - nul)))

alp3fz_] = ((h - 2 2)"2 (h + 2 2))/(8 €2 h~2)

alp4fz_] = ((h - 2 2) (h+ 2 2)"2)/(8 e2 h"2)

alp5[z_] = -((h - 2 2)"2 (h + 2))/(2 e2 h~3)

alp6[z_] = ((h - z) (h + 2 2)°2)/(2 e2 h"3)

vphilz_ ] = (-(e1l h"2)/(8 (1 - nui~2)) + (el 2°2)/(2 (1 - nui~2)))/g2

vphii[z_] = -(el nu2 z°2)/(2 €2 (-1 + nui))
vphi2[z_] = (el nu2 z)/(e2 (-1 + nul))
vphid[z_ ] = (z (3 h"3 - 3h"2z -4 h 272 + 6 2°3))/(24 €2 h~2)
vphi4[z_ ] = -(z (-3 h"3 - 3 h"2z + 4 h z°2 + 6 2°3))/(24 e2 h~2)
vphiS[z_] = -(z (2 h"3 - 3 h"2 z + 2 2°3))/(4 e2 h"3)
vphi6[z_1 = -(z (-2 h"3 - 3 h"2 z + 2 2°3))/(4 e2 h~3)
vphi7[z_] = (1 - (1 - nu1~2) ((e1 h)/(2 (1 - nui~2)) +
(el z)/(1 - nui~2))/(el h))/g2
vphi8[z_] = (1 - nu1~2) ((et h)/(2 (1 - nu1~2)) +
(el 2)/(1 - nui~2))/(el g2 h)

psil[z_] = (el z (-3 e2 h"2 + 4 €2 2°2 - 4 g2 nu2 z°2 -
4 g2 nul nu2 z72))/(24 €2 g2 (-1 + nui) (1 + nui))
psi2[z_]1 = (el nu2 z°2)/(2 €2 (-1 + nul))
psi3[z_] = (z°2 (15 h"3 - 10 h"2 z - 10 h z~2 + 12 2°3))/(240 e2 h~2)
psi4[z_] = -(z"2 (-15 h"3 - 10 h"2 z + 10 h 272 + 12 z°3))/
(240 e2 h"2)
psiS[z_] = -(2°2 (5 h"3 - 5 h"2 z + 2 2°3))/(20 2 h"3)
psi6lz_] = -(2°2 (-5 h"3 - 5 h"2 z + 2 2°3))/(20 &2 h~3)
psi7lz_] = -(z (-h + 2))/(2 g2 h)
psi8[z_] = -(z (h + 2))/(2 g2 h)
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and the integrated stiffnesses as

cb = (el h (-e2 + el nu2-2))/
((1 + nul) (-e2 + e2 nul + 2 el nu2°2))

cbb = -((el h (e2 nul + el nu2°2))/
((1 + nul) (-e2 + e2 nul + 2 el nu2°2)))
cb0 =0
cbl =0
cb2 = (e1”2 h~3 nu2 (-e2 + el nu2-2))/
(24 e2 (-1 + nul) (1 + nul)
(-e2 + e2 nul + 2 el nu2°2))

cb5 = -(el h~3 (-e2 + el nu272))/(48 e2 (1 + nul)
(-e2 + €2 nul + 2 el nu2°2))
(el h~3 (-e2 + el nu2-2))/(48 e2 (1 + nul)
(-e2 + e2 nuil + 2 el nu2-2))
ccl = -(e1”2 h"3 nu2 (-e2 + el nu272))/
(24 e2 (-1 + nul) (1 + nul)
(-e2 + €2 nul + 2 el nu2-2))
cclb = (e1”2 h"3 nu2 (e2 nul + el nu2°2))/
(24 €2 (-1 + nul) (1 + nul)
(-e2 + €2 nul + 2 el nu2°2))

cbé

cc2 =0
cc2b = 0
cch = (9 el h™2 (-e2 + el nu2-2))/

(160 e2 (1 + nul) (-e2 + e2 nul + 2 el nu2°2))
cc5b = (-9 el h"2 (e2 nul + el nu2°2))/

(160 e2 (1 + nul) (-e2 + e2 nul + 2 el nu2-2))
cc6 = (9 el h"2 (-e2 + el nu272))/

(160 e2 (1 + nul) (-e2 + €2 nul + 2 el nu2-2))
cc6b = (-9 el h"2 (e2 mul + el nu2°2))/

(160 €2 (1 + nul) (-e2 + e2 nul + 2 el nu2-2))
chi =0

ch2 = -((e1"2 h nu2"2)/((-1 + nul)

(-e2 + e2 nul + 2 el nu2-2)))
ch5 = (el h nu2)/(2 (-e2 + e2 nul + 2 el nu2-2))
ch6 = -(el h nu2)/(2 (-e2 + €2 nul + 2 el nu2°2))
ch01 = (e1"2 h"3 nu2-2)/(12 (-1 + nuil)

(-e2 + €2 nul + 2 el nu2-2))
ch02 =0
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ch05
ch06
chii

chi2

ch22

ch21

chi16

ch26

chib

ch25

cd00

cd01

cd0?2
cd05

N

[}

-(el h~2 nu2)/(10 (-e2 + €2 nul + 2 el nu27°2))
-(el h~2 nu2)/(10 (-e2 + €2 nul + 2 el nu2°2))
-(e1"3 h"5 nu2°2 (4 e2 + g2 nu2 + g2 nul nu2))/
(480 e2 g2 (-1 + nu1)"2 (1 + nul)
-e2 + e2 nul + 2 el nu2°2))
0
-(e1”°3 h~3 nu2°3)/(24 e2 (-1 + nui) "2
(-e2 + e2 nul + 2 el nu2°2))
0
(e1°2 h~4 nu2 (17 e2 + 4 g2 nu2 + 4 g2 nul nu2))/
(1680 e2 g2 (-1 + nuil) (1 + nuil)
(-e2 + e2 nul + 2 el nu2°2))
-(e1"2 h"3 nu2-2)/
(48 €2 (-1 + nul) (-e2 + e2 nul + 2 el nu2°2))
(e1”2 h~4 nu2 (17 e2 + 4 g2 nu2 + 4 g2 nul nu2))/
(1680 e2 g2 (-1 + nul) (1 + nui)
(-e2 + e2 nul + 2 el nu2-2))
(e1”2 h"3 nu2~2)/
(48 €2 (-1 + nul) (-e2 + e2 nul + 2 el nu2°2))
(el h"3 (-e2 + el nu2-2))/
(12 (1 + nul) (-e2 + e2 nul + 2 el nu2°2))
-(e1”2 h"5 (4 e2 + g2 nu2 + g2 nul nu2)
(-e2 + e1 nu2-2))/(480 e2 g2 (-1 + nul)
(1 + nu1)"2 (-e2 + e2 nul + 2 el nu272))
0
(13 e1 h"4 (-e2 + el nu2-2))/

(4480 €2 (1 + nul) (-e2 + e2 nul + 2 el nu2-2))
cd06 = (13 el h"4 (-e2 + el nu2°2))/

(4480 e2 (1 + nul) (-e2 + e2 nul + 2 el nu2-2))
cdl = (e1”2 h"5)/(120 g2 (-1 + nu1)~2 (1 + nui)~2)

cdi1

cdi?2
cd21
cd?22

(e1”3 h"7 (-e2 + el nu272) (68 e272 + 32 e2 g2 nu2 +
32 e2 g2 nul nu2 + 5 g2°2 nu272 +
10 g2°2 nul nu2°2 + 5 g2°2 nul1~2 nu2-2))/
(80640 €272 g2°2 (-1 + nui)~2 (1 + nui)"3
(-e2 + e2 nul + 2 el nu2°2))
0
0

(e1"3 h"5 nu2~2 (-e2 + el nu2-2))/

173



(320 e2°2 (-1 + nui)~2 (1 + nul)
(-e2 + e2 nul + 2 el nu2-2))

cd16 = -(e1"2 h76 (268 e2 + 83 g2 nu2 + 83 g2 nul nu?)

cd26

cdib

cd25

(640
cpbl2 =
cpb21 =
cpb22 =

cpbl6 =
cpb26 =
cpbls =
cpb25 =
crbil =
crbil2 =
crb21 =
crb22 =
crbilé =
crb26 =
crbls =

crb2s =
chsil =

(-e2 + el nu2-2))/ (967680 e2°2 g2 (-1 + nul)
(1 + nul)"2 (-e2 + e2 nul + 2 el nu272))
(e1~2 h~5 nu2 (-e2 + el nu2°2))/
(640 e2°2 (-1 + nul) (1 + nul)
(-e2 + €2 nul + 2 el nu2°2))
-(e1”2 h"6 (268 e2 + 83 g2 nu2 + 83 g2 nul nu2)
(-e2 + el nu2°2))/(967680 €272 g2 (-1 + nul)
(1 + nui)"2 (-e2 + e2 nul + 2 el nu272))
-(e1"2 h"5 nu2 (-e2 + el nu2-2))/
e2-2 (-1 + nul) (1 + nul) (-e2 + e2 nul + 2 el nu2~2))
0
0
-(e1”3 h"3 nu2°3)/(24 e2 (-1 + nul)~"2
(-e2 + e2 nul + 2 el nu272))
(13 e1°2 h~4 nu2°2)/(4480 e2 (-1 + nul)
(-e2 + €2 nul + 2 el nu2°2))
-(e1”2 h"3 nu2-2)/(48 e2 (-1 + nul)
(-e2 + e2 nul + 2 el nu2°2))
(13 e1"2 h~4 nu2°2)/(4480 e2 (-1 + nul)
(-e2 + €2 nul + 2 el nu272))
(e1"2 h*3 nu2"2)/(48 e2 (-1 + nul)
(-e2 + e2 nul + 2 el nu272))
(e1”2 h"3 nu2°2)/(12 (-1 + nui)
(-e2 + e2 nul + 2 el nu2°2))
0
0
(e1”2 h nu2-2)/((-1 + nul)
(-e2 + e2 nul + 2 el nu272))
~(e1l h"2 nu2)/(10 (-e2 + e2 nul + 2 el nu272))
(e1 h nu2)/(2 (-e2 + e2 nul + 2 el nu2°2))
-(e1 h"2 nu2)/(10 (-e2 + €2 nul + 2 el nu2°2))
-(e1l h nu2)/(2 (-e2 + e2 nul + 2 el nu2°2))
(e1”2 h"5)/(120 g2 (-1 + nu1)"2 (1 + nul)"2) -
(e1”3 h"5 nu2°2 (4 e2 + g2 nu2 + g2 nul nu2))/
(240 e2 g2 (-1 + pu1)~2 (1 + nuil)
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(-e2 + e2 nul + 2 el nu272))

chs12 = 0
chs21 = 0
chs22 = -(e1"3 h~3 nu2°3)/(12 e2 (-1 + nul)"2
(-e2 + e2 nul + 2 el nu272))
chs16 = (13 e1”2 h"4 nu272)/
(4480 e2 (-1 + nul) (-e2 + e2 nul + 2 el nu272)) +
(e1"2 h"4 nu2 (17 e2 + 4 g2 nu2 + 4 g2 nul nu2))/
(1680 e2 g2 (-1 + nul) (1 + nul)
(-e2 + e2 nul + 2 el nu2°2))
chs26 = -(e1”2 h~3 nu2-2)/(24 e2 (-1 + nul)
(-e2 + e2 nul + 2 el nu2°2))
chs15 = (13 e1"2 h"4 nu2°2)/
(4480 e2 (-1 + nul) (-e2 + e2 nul + 2 el nu2°2)) +
(e1”2 h"4 nu2 (17 e2 + 4 g2 nu2 + 4 g2 nul nu2))/
(1680 e2 g2 (-1 + nul) (1 + nul)
(-e2 + e2 nul + 2 el nu272))
chs25 = (e1"2 h"3 nu2°2)/(24 e2 (-1 + nul)
(-e2 + e2 nul + 2 el nu2°2))
crbs16 = -(e1 h"2 nu2)/(8 e2 (-1 + nul)) +
(el h"2 nu2)/(10 (-e2 + e2 nul + 2 el nu2~2))
crbs26 = (el h nu2)/(2 e2 (-1 + nul)) -
(el h nu2)/(2 (-e2 + €2 nul + 2 el nu2-2))
crbs15 = -(el h"2 nu2)/(8 e2 (-1 + nul)) +
(el h"2 nu2)/(10 (-e2 + e2 nul + 2 el nu2°2))
crbs25 = -(el h nu2)/(2 e2 (-1 + nul)) +

(el h nu2)/(2 (-e2 + e2 nul + 2 el nu2°2))
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Appendix B

Routines for Trigonometric Series

/*--- composites

*

evan summers
university of natal
november 1991

symbolic computation for laminates
double trigonometric series

* % %K ® ¥ ¥ *

*/

typedef struct /# structure for trig series #/

{

real coeff;
int fn[2];
int pow[2];
int harm[2];
char var;

}
trigt;
/*--- manifest constants ——-%/

#define TNull ((trigt#)0)

#define FnCos8Sin 0

#define FnCos 1
#define FnSin 2
/#*-~- declarations ~--%/

int  trig_size(trigt *sym1); /* number of terms in series */
trigt *trig_alloc(int n); /* allocate memory for series x/

void trig_free(trigt *syml); /* free memory =/

void trig_mfree(trigt *syml,...); /* multiple free »/

trigt #trig_clear(trigt *sym); /# clear term in series */

trigt *trig_copy(trigt *syml,trigt *sym2,int n); /* copy series */
trigt *trig_dup(trigt *syml,int n); /#* duplicate series */

trigt *trig_realloc(trigt *#*symil,int n);

/* change size of memory allocated */
trigt *trig_reassign(trigt **syml,trigt *sym2);

/* reallocate pointer to series to new series */
trigt *trig_op(trigt **syml,trigt *fn()); /* operate on series =/
trigt *»trig_mat_op(); /* operate on matrix */
trigt »trig_set(); /* define a series #/
trigt »trig_set_const(trigt *symi,real cnst);

/* set series equal to 1 constant term */
trigt *trig_const(real cnst);

/* define series equal to 1 constant term */
trigt *trig_mult_const (trigt* syml,real cnst);

/* multiply series by constant */
trigt »trig_add(real cnstl,trigt *syml,real cnst2,trigt *sym2);

/* add 2 series %/
real trig calc(trigt *syml,real var);

/* calculate numerical value of series %/
real =trig mat_calc();

/* evaluate symbolic matrix */
int  trig_cmp(trigt *symi,trigt *sym2);

/* compare two terms for algebraic addition */
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trigt *trig_collect(trigt *sym1); /* collect like terms in series =/
trigt *trig mult(trigt *symi,trigt *sym2); /* multiply two series */
trigt *trig_binomial(real cnst0,real coeff,int fn0,int harmo0, ’
real cnstl,int pow0,...);
/* expand binomial */
trigt *trig_expand(trigt *symi);
/* simplify trigonometric series into harmonics */
trigt *trig_significant(trigt *sym1); /% discard insignificant terms #*/
trigt *trig_diff(trigt *syml); /+ differentiate */
real trig_diff_calc(trigt *symil,real var);
/* evaluate derivative of symbolic matrix */
real #*trig mat_calc_diff();
void trig_mat_free(); /* free memory allocated for matrix */
void trig_mat_mfree(); /# free many matrices */
trigt **trig mat_mult_const();
/* multiply matrix by constant */
trigt *trig_mat_minor_det();
/* derive the determinant of a minor of a matrix */
trigt *trig mat_det();
/* derive and simplify determinant of matrix */
trigt **trig_mat_adj();
/* derive and simplify adjoint of matrix */
trigt *xtrig_mat_mult();
/* derive product of two matrices =/
char #*trig_format(char *buf,trigt *symi);
/* format term for ASCII output */
void trig_output(char *msg,trigt *syml); /* display series #*/
void trig _mat_output(); /* display symbolic matrix =/
char =*trig_format_tex(char *buf,trigt *syml);
/* format term in TeX format */
void trig_output_tex(FILE *stream,char *msg,trigt *syml);
/* output in TeX */
void trig_mat_output_tex();
/* output symbolic matrix in TeX #*/

/*--- functions -—-=%/

int trig_size(sym) /# number of terms in series */
trigt *sym;

{

int n;

if (!sym) return (0);

for (n = 0; sym[n].coeff != 0.; n++);

return (n);

}
int n_free = 0, n_alloc = 0; /= globals =/
trigt *trig_alloc(n) /* allocate memory for series #/

trigt *symo0;
sym0 = (trigt*) malloc((n+1)*sizeof (trigt));
if (sym0 == Null)
{
printf ("cannot allocate memory (%d terms)\n",n);
return (Null);
}
n_alloc++;
memset (8ym0,0, (n+1) *sizeof (trigt));
return (symo0);
}

void trig_free(sym0) /* free memory /
trigt *sym0;
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{
if (sym0 == Null)
printf("error: free: null pointer\n");
else
if (n_alloc <= n_free)
printf("error: free: exceeded\n");

else
{
free (sym0) ;
n_freet++;
}
}

trigt *trig_copy(symo,symi,n)

trigt *sym0,*syml;

{

if (n == 0) n = trig_size(syml) + 1;
memcpy (eym0,sym1,sizeof (trigt)*m);
return(sym0);

}

trigt *trig_dup(syml,n) /* duplicate series */
trigt *syml;

{

trigt *sym0;

if (n == 0) n = trig_size(syml) + 1;

sym0 = trig_alloc(n);

trig_copy(s8ym0,syni,n);

return (sym0);

}

trigt *trig_clear(sym)

trigt *sym;

{

int i;

sym[0] .coeff = 0.;

for (i = 0; i < 2; i++)
{
sym[0].fn[i] = 0; sym[0].pow[i] = 0; sym[0].harm[i] = 0;
}

return(sym) ;

}

trigt *trig_realloc(syml,n) /* change size of memory allocated */
trigt **syml;

{

trigt *sym0;

sym0 = trig_dup(#syml,n);

trig_free(#syml);

*syml = sym0;

return (*syml);

}

/* reallocate pointer to series to new series %/
trigt »trig_reassign(sym0,symi)
trigt **sym0,*syml;
{
if (*8ym0) trig_free(»sym0);
*8ym0 = syml;
return (*symo0);
}

trigt *trig_op(sym0,fn) /* operate on series */
trigt **symo;
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trigt *fn(); /* operator */

{

trigt *symi;

if (*s8ym0)
{
syml = fn(*sym0);
trig_free(*sym0);
*gym0 = syml;
}

return (*s8ym0);

}

trigt *=*trig mat_op(sm0,fn) /* operate on matrix */
trigt **sm0;
trigt *fn(); /* operator */
{
int i,j;
for (i = 0; i < 3; i++)

for (j = 0; j < 3; j++)

trig_op(&sm0[i*3+j],fn);

return (sm0);

}

/* set series equal to 1 constant term */
trigt *trig_set_const (sym0,cnst)
trigt *symo0;
real cnst;
{
int i;
s8ym0[0].coeff = cnst;
for (i = 0; 1 < 2; i++)

{

symO[0].fn[i] = 0;
sym0[0].pow[i] = 0;
sym0[0] .harm[i] = 0;
}
symO[1].coeff = 0.;
return(symo0);

}

trigt *trig_mult_const(8ym0,cnst)
trigt *symo;

real cnst;

{

int i;

trigt *symi;

syml = trig_dup(symo0,0);

for (i = 0; sym1[i].coeff; i++)

{
sym1[i].coeff *= cnst;
}

return (sym1);

}

trigt *trig_add(cnstl,syml,cnst2,sym2) /% add 2 series */
trigt =symil,*sym2;

real cnstl,cnst?2;

{

int i,n,n1,n2,ns;

trigt *symo0;

nl = trig_size(syml1);
n2 = trig_size(sym2);
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sym0 = trig_alloc(ns = nl + n2);

n=0;
if (syml && cnstl != 0.)
for (i = 0; i < nl; i++)

{
trig_copy(&sym0[n],&sym1[il, 1);
sym0[n] .coeff *= cnstl;
n++;
}

if (sym2 & cnst2 !'= 0.)

for (i = 0; i < n2; i++)

{
trig_copy(&symo[n],&sym2[i],1);
sym0[n] .coeff *= cnst2;
n++;
}

sym0[n].coeff = 0.;

if (n > ns) printf("error: add: size\n");

trig_op(&sym0,trig_collect);

return(sym0) ;

}

real trig_calc(symo,varo) /* calculate numerical value of series */
trigt *sym0;

real varoQ;

{

int i,k;

real fact, term, sum = 0.;

if (sym0 == Null) return (0.);
for (i = 0; symO[i].coeff != 0.; i++)
{
term = syn0[i].coeff;
for (k = 0; k < 2; k++)
if (symO[i].fn[k])
{
if (8ym0[i].fn[k] == FnCos)
fact = cos(sym0[i] .harm[k]*var0);
else
if (sym0[i].fn[X] == FnSin)
fact = sin(sym0[i].harm[kx]*varo0);
if (symO[il.pow(k] != 1)
fact = pow(fact,(real)sym0[i].pow[k]);
term *= fact;
}
sum += term;
}
return (sum);

}

real *trig_mat_calc(m0,sm0,var0) /* evaluate symbolic matrix #*/
real *m0;

trigt *sm0[];
real var0Q;
{
int i,j;
for (i = 0; i < 3; i++)

for (j = 0; j < 3; j++)

n0fi*3+j] = trig_calc(sm0[i*3+j],var0);

return (m0);

}
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/* compare two terms for algebraic addition */
int trig_cmp(sym0,sym1)
trigt *sym0,*symil;

{
int i;
for (i = 0; i < 2; i++)
{
if (sym0->fn[i] != sym1->fn[i]) return (0);
if (sym0->fn[il)
{
if (sym0->pow[i] != sym1->pow[il) return (0);
if (sym0->harm[i] !'= sym1->harm[il) return (0);
}
}
return (1);
}
void trig_switch_fn(sym0,1i,j)
trigt *sym0;
{
trigt symil;

trig_copy(&symil,sym0,1);
sym0->fn[i] = gymi.fn[j];
sym0->pow[i] = syml.povw[j];
sym0->harm[i] = syml.harm[j];
sym0->fn[j1 = symi.fnli]l;
sym0->pow[j]l = syml.pow[i];

sym0->harm[j] = symi.harm[i];
}

void trig_order_fn(t0)

trigt *t0;

{

if (t0->fn[1] == FnCos && t0->fn[0] != FnCos)
trig_switch_fn(t0,0,1);
}

trigt »trig_order(sym0)

trigt *sym0;

{

int i,j,ns;

trigt *symi;

syml = trig_dup(sym0,0);

for (i = 0; symO[il].coeff; i++) trig_order_fn(&symO[i]);
return (syml);

}

trigt *trig_collect(syml) /* collect like terms in series */
trigt *symi;

{

int i,j,n;

trigt *sym0,*sym2;

sym0 = trig_dup(sym1,0);
n = trig_size(symo0);
for (i = 0; i < n; i++)
{
trig_order_fn(&symo0[il);
if (sym0[i]l.fn[0] && sym0[i].fn[0] == symO[i].fn[1]
&% symO[i] .harm[0] == symO[i].harm[1])
{
if (sym0[i].fn[0] == FnSin)
{
symO[i].pow[1] += symO[i].pow[0];
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sym0[i].fn[0]
sym0 [i] . pow[0]
}

else
{
sym0[i].pow[0] += symO[i].pow[1];
sym0[i].fn[1] = 0;
sym0[i].pow[1] = 0;

=0;
=0;

}
}
if (symO[i].fn[0] && symO[il.harm[0] < 0)
{
if (sym0[i].£fn[0] == FnSin)
{
sym0[i].coeff »= -1;
sym0[i] .harm[0] »= -1;
}
else
{
sym0[i] .harm[0] *= -1;
}
}
if (sym0[i].fn[1] && symO[i].harm[1] < 0)
{
if (symO[il.fn[1] == FnSin)
{
symO[i] .coeff »= -1;
sym0[i].harm[1] »= -1;
}
else
{
sym0[i] .harm[1] *»= -1;
}
}
}
for (i = 0; i < n; i++)
{

if (symO[i].coeff)
for (j = 0; j < n; j++)
{
if (i '= j && symO[j].coeff && trig_cmp(&symO[i],&sym0[j]1))
{
sym0[i] .coeff += sym0[j].coeff;
sym0[j].coeff = 0.;
}
}
}
for (j =0, i =0; j < n; j++)
if (sym0[j].coeff)
{
if (i !'= j) trig_copy(&symO[il,&sym0[j],1);
i++;
}
sym0[i].coeff = 0.;
trig_realloc(&sym0,0);
return (sym0);
}

trigt *trig_mult(syml,sym2) /* multiply tvo series */
trigt *syml,*sym2;

{

trigt *symo;

int i,j,k,1,n,ni1,n2,ns;

trigt *t0,st1,*t2;
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real rv0,rvl,rv2;

rvl = trig_calc(syml,dvthe);
rv2 = trig_calc(sym2,dvthe);

nl = trig_size(syml);

n2 = trig_size(sym2);

sym0 = trig_alloc(ns = ni*n2);
n=0;

for (i = 0; i < nl; i++)
for (j = 0; j < n2; j++)
{
t0 = sym0 + n;
tl1 = syml + i;
t2 = sym2 + j;

trig_order_fn(t1);
trig_order_fn(t2);
trig_clear(t0);

t0->coeff = t1->coeffxt2->coeff;
for (k = 03 k < 2; kt+)

{
if (t1->fn[k] && t2->fn[k] == 0 && tt0->fn[k])
{
t0->fn[k] = t1->fn[kx];
t0->pow[k] = ti1->pow[k];
t0->harm[k] = t1->harm[k];
}
else
if (t1->fn[k] == 0 && t2->fn[k] && !'t0->fn[k])
{
t0->fnlk] = t2->fnlk];
t0->powl[k] = t2->powlk];
t0->harm[k] = t2->harm[k];
}
else

if (t1->fn[k] && t1->fn[k] == t2->fnlk] &%
t1->harm[k] == t2->harm{k] && 't0->fn[x])
{
t0->fn[k] = t1->fn[k];
t0->powl[k] = ti1->pow[k] + t2->pow[k];
t0->harm[k] = t1->harm[k];
}
else
if (t1->fnlx] && t2->fnlk] && t0->fn[1-k] == 0 &&
1£0->fn[k] && 't0->fn[1-k])
{
t0->fn[0] = $1->fnlk];
t0->pow[0] = ti->pow[k];
t0->harm[0] = ti->harm([k];

t0->fn[1] = t2->fn[k];
t0->pow[1] = t2->pow[k];
t0->harm[1] = t2->harm[k];
}

else

if (¢1->fn[k] |] t2->fn[k])
{
char bufi[32],buf2[32];
printf(“error: mult: %s: %s\n",trig_format (bufi,t1),

trig_format (buf2,t2));

}
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}
n++;
}
symO[n].coeff = 0.;
if (n > ng) printf("error: mult: size\n");
trig_op(&sym0,trig_collect);
return (sym0);
}

trigt *trig_binomial(cnsto,coeff,an,harmO,cnstl,powo,fnl,powl,harml)
real cnstO,cnstl,coeff;
{
int i,j,n,ns;
trigt *symo;
sym0 = trig_alloc(ns = 128);
for (i = 0; i <= pow0; i++)
{
sym0[i].coeff = cnstO*binomial_coeff (pow0,i);
if (i < pow0)
symO[i].coeff »= pow(cnstl, (real) (pow0 - i));
if (1)
{
symO[i].coeff =»= pow(coeff,(real)i);
sym0[i].fn[0] = £noO;
symO[i].pow[0] = i;
sym0[i] .harm[0] = harmo0;
}
else
{
sym0[i].fn[0] = 0;
symO0[i] .pow[0] = 0;

}

if (fni &% powl)
{
symO[i].fn[1] = fni;
symO[i].pow[1] = powil;
symO[i] .harm[1] = harmi;
}

else
{
sym0[i].fn[1] = 0;
symO[i] .pow[1] = 0;
symO[i] .harm[1] = 0;
}

if (fn0 == FnSin) trig_switch_fn(&sym0[i],0,1);

}
symO[i].coeff = 0.;
if (i > n8) printf("error: binomial: size\n");
trig_realloc(&sym0,0);
return (symo0);
}

/* simplify trigonometric series into harmonics */
trigt *trig_expand(sym1)
trigt *symi;
{
int n = 0;
int i,j,k,n1,n2,m0,m1,n2,ns;:
int stat = 0;
trigt *symO,*sym2,*t;

sym0 = trig_alloc(ns = 256);

for (i = 0; sym1[i].coeff !'= 0.; i++)
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{
t = &symi[il; ‘
if (t->fn[0] == FnSin %&& t->fn[1] != FnSin)
{
trig_switch_fn(t,0,1);

}
if (t->fn[0] && t->fn[0] == ->fnl1] &&
t->harn[0] == t->harm[1])
{
if (t->fn[0] == FnSin)
{
t->pow[1] += t->pow[0];
t->fn[0] = 0;
t->pow[0] = 0;
}
else
{
t->pow[0] += t->pow[1];
t->fn[1] = 0;
t->pou(i] = 0;
}
}
if (t->fn[0] && t->harm[0] < 0)
{
if (t->fn[0] == FnSin)
{
t->coeff =*»= -1;
t->harm[0] =*= -1;
}
else
{
t=->harm[0] *= -1;
}
}
if (t->fn[1] && t->harm[1] < 0)
{
if (t->fn[1] == FnSin)
{
t->coeff =»x= -1;
t->harm[1] == -1;
}
else
{
t=>harm[1] *= -1;
}
}

m0 = Min(t->pow[0],t->pow[1]);
nl = Max(t->pow[0],t->powli]);

sym2 = Null;

if (m0 == 0 && ml1 > 1) /* cos”n ax, 8in"n ax */
{
stat = 1;
n2 = ml1/2;
if (Even(mi))
{
if (t->pow[0] == m1 && t->fn[0] == FnCos)
sym2 = trig_binomial (t->coeff,.5,FnCos,
2%t~->harm[0],.5,:n2,0);
else
if (t->pow[1] == m1 && t->fn[1] == FnSin)
sym2 = trig_binomial(t->coeff,-.5,FnCos,
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.2%t->harm[1],.5,m2,0);
else
printf ("error: expand: %s\n",trig_format(buf0,t));
}
else
{
if (t->pow[0] == m1 && t->fn[0] == FnCos)
sym2 = trig_binomial (t->coeff,.5,FnCos,
2%t->harm[0],
.5,m2,t->fn[0],1,t->harm[0]);
else
if (t->pow[1] == m1 && t->fn[1] == FnSin)
sym2 = trig_binomial(t->coeff,-.5,FnCos,
2%t~->harm[1],
.5,m2,t->fn[1],1,t->harm([1]);
else
printf("error: expand: %s\n",trig_format (buf0,t));
}
}
else
if (t->fn[0] == FnCos &% t->fn[1] == FnSin
&& t->harm[0] == t->harm{1] && t->pow[0] == t->pow[1])
{
stat = 2;
symO[nl.coeff = pow(.5,(real)m0)*t->coeff;
sym0[n] .£n[0] 0;
8ym0O[n].pow[0] = 0;

symO[n].fn[1] = FnSin;
symO[n] .powl1] = t->pow[0];
syn0[n] .harm[1] = 2#t->harm[0];
n++;
}

else

if (t->fn[0] == FnCos && t->fn[1] == FnSin
&& t->harm[0] == t->harm[1] && Even(ml - m0))
{
stat = 3;
m2 = (m1 - w0)/2;
if (t->pow[0] == m0)
{
sym2 = trig_binomial(pow(.5, (real)m0)*t->coeff,
-.5,FnCos,2*t->harm[0],.5,m2,FnSin,
m0,2*t->harm[0]) ;
}
elge
{
sym2 = trig_binomial (pow(.5, (real)m0)#*t->coeff,
.5,FnCos, 2*t->harm[0], .5,m2,FnSin,
m0,2*t->harm[0]) ;

}

else
if (m0 && Even(m1))
{
stat = 4;
n2 = ni/2;
if (m1 == t->pow[0])
{
if (+->fn[0] == FnCos)
sym2 = trig_binomial(t—)coeff,.5,FnCos,2tt->harm[0],

-5,m2,t->fn{1],t->pow[1],t->harm[1]);
else

if (t->fn[0] == FnSin)
sym2 = trig_binomial(t—)coeff,-.5,FnCos,2tt—>harm[0]

»
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.5,m2,t->fn[1],t->pow[1],t->harm[1]);
}
else
if (m1 == t->pow[1])
{
if (t->fn[1] == FnCos)
sym2 = trig_binomial (t->coeff,.5,FnCos,2*t->harm[1],
.5,m2,t->fn(0],t->pow[0],t->harm[0]);
else
if (t->fn[1] == FnSin)
sym2 = trig_binomial(t->coeff,-.5,FnCos,2#*t~>harm[1],
.5,m2,t->fn[0], t->pow[0],t->harm[0]);

}

}

else
if (t->pow[0] == 1 && t->pow[1] == 1)

{

stat = §5;

if (t->fn[0] == FnSin && t->fn[1] == FnCos)
{
symO[n].coeff = ,5*t->coeff;
symO[n].fn[0] = 0;
s8ym0[n] .pow[0] = 0;
symO[n].fn[1] = FnSin;
symO[n] .pow[1] = 1;
s8ym0 [n] .harm[1] = t->harm[0] - t->harm[1];
n++;
symO[n] .coeff = .5xt->coeff;
symO[n].fn[0] = 0;
symO[n].pow(0] = 0;
symO[n].fn[1] = FnSin;
sym0[n].pow[1] = 1;
sym0[n] .harm[1] = t->harm[1] + t->harm[0];
n++;
}

else

if (t->fn[0] == FnCos && t->fn[1] == FnSin)
{
symO[n].coeff = .5*t->coeff;
symO[n] .fn[0] = 0;
sym0[n].pow[0] = 0;
symO[n].fn[1] = FnSin;
sym0[n] .pow[1] = 1;
symO[n] .harm[1] = t->harm[1] - t->harm[0];
n++;
symO[n].coeff = ,Sxt->coeff;
symO[n].fn[0] = 0;
sym0[n] .pow[0] = 0;
symO[n].fn[1] = FnSin;
symO[n].pow[1] = 1;
symO[n] .harm[1] = t->harm[1] + t->harm[0];
n++;
}

else

if (t->fnl0] == FnCos && t->fn[1] == FnCos)

{
sym0[n].coeff
sym0[n] .fn[0]
symO [n] .pow[0]
sym0 [n] .harm[0]

.5%t->coeff;

FnCos;

1;

abs (t->harm[1] - t->harm[0]);

symO[n].fn[1] = 0;
symO[n].pow[1] = o0;

n++;

symO[n}.coeff = .S¥t->coeff;
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symO[n] .fn[0] =
sym0[n] .pow[0] =
sym0O[n] .harm[0] =
symO[n].fn[1] =
sym0[n] .pow[1] =
n++;

}

else

FnCos;

1;

t->harm[1] + t->harm[0];
0;

0;

if (t->fn[0] == FnSin && t->fn[1] == FnSin)

{

sym0O[n] .coeff =
symO[n].fn[0] =
symO[n] .pow[0] =
symO [n] .harm[0] =
symO[n].fn[1] =
sym0[n].pow[1] =
n++;

symO[n] .coeff
symO[n] . fn[0]
8ym0[n].pow[0]
sym0[n] .harm[0]
symO [n] . £n[1]
s8ymO [n] . pow[1]
n++;

}

else

.5xt->coeff;

FnCos;

1;

abs(t->harm[1] - t->harm[0]);
0;

0;

-.5%t->coeff;

FnCos;

1;

t->harm[1] + t->harm[0];
0;

0;

printf("error: expand\n");

}

else

if (t->fn[0] == FnCos &% t->fn[1] == FnSin
&& t~>harm[0] == t->harm[1])

{
stat = 6;

symO[n] .coeff = pow(.

if (t->pow[0] == m0)
{
symO[n].fn[0] =
symO[n].pow[0] =
symO[n] .harm[0] =
symO[n] .pow[1] -=
}

else
{
sym0[n] .pow[0] -=
symO[n].fn[1] =
symO [n] .pow[1] =

8ym0[n] .harm[1] =
}
n++;
}
else
{
trig_copy(&sym0[n],&s
nt++;
}
if (sym2)
{

nl = trig_size(sym2);

if (n#n1 > ns - 64)

5, (real)m0)*t->coeff;

FnSin;

n0;
2+t->harm[0];
mno;

m0;

FnSin;

| UH
2%t->harm[0] ;

ym1[il,1);
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{
trig_realloc (&sym0O,ns += 32);

}
trig_copy(&sym0[n],sym2,n1); trig_free(sym2);
n += ni;
}
else
if (n > ns - 64)
{
trig_realloc(&symO,ns += 32);
}

}
symO[n].coeff = 0.;

trig_op(&sym0,trig_collect);

if (stat) trig_op(&symO,trig_expand);
return (sym0);

}

trigt strig_significant(sym1) /* discard insignificant terms =/
trigt =symi;

{

int i,j,n;

trigt =sym0;

real rm = 0. ;

sym0 = trig_dup(sym1,0);
n = trig_size(sym0);

for (i = 0; i < n; i++)
if (fabs(symO[i].coeff) > rm)
m = fabs(sym0[i].coeff);

for (i = 0; i < n; i++)
if (fabs(sym0[i].coeff/rm) < dvsig)
sym0[il.coeff = 0.;

i= 0;
for (j = 0; j < n; j++)
if (sym0[j].coeff)
{
if (i != j) trig_copy(&symO[i],&sym0[j]1,1);
i++;

}
sym0[i].coeff = 0.;
trig_realloc(&sym0,0);

return (symo0);
}

trigt *trig_diff(t1) /= differentiate =/
trigt =ti1;

{

int i,k,ni,n = 0,ns;

trigt »t0;

real rvO,rvi;

nl = trig_size(t1);
t0 = trig_alloc(ns = n1*2);
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for (i = 0; i < nil; i++)
{
if (t1[i].fn[0] &% t1[i].fnf0] == t1[i].fn(1] &&
t1[i] .harm[0] == t1[i].harm[1])

{
t1[i].pow[0] += t1[i].powl1];
t1[i].fnl1] = 0;
t1[i].pow[1] = O;
t1[i] .harm[1] = 0;
}

if (t1[i].fn[0] 2& 1t1[i].£n[1])
{
trig_clear (&t0[n});

t0[n].coeff = t1[i].coeff*t1[i].pow[0]*t1[i].harm[0];

t0[n].pow[0] = 1;
t0[n] .harm[0] = tl[iJ.harm[O];

if (¢1[i].£fn[0] == FnCos)
{
t0[n].coeff *= -1;
t0[n].fn[0] = FnSin;
}

else

if (t1[i].fn[0] == FnSin)
{
t0[n].fn[0] = FnCos;
}

if (t1[i].pow[0] > 1)
{
t0[n].fn[1]
+0[n] .pow[1]
+0[nJ .harn{1]
}

t1[i].£n[0];
t1[i].pow[0] - 1;
t+1[i] .harm[0];

n++;
}
else
if (¢1[il.fn[1] && 't1[il.fnl0])
{
trig_clear(&t0[nl);

t0[n].coeff = t1[i].coeff*t1[i].pow[1]1#t1[i].harm[1];

t0[n].pow[0] = 1;
t0[n] .harm[0] = t1[i].harm[1];

if (t1[i].fn[1] == FnCos)
{
t0[n] .coeff *= -1;
t0[n].fn[0] = FnSin;
}

else

if (t1[i].fn[1] == FnSin)
{
t0[n].fn[0] = FnCos;
}

if (t1[i].powl1] > 1)

{
t0[n].£fn[1] = t1[i].fnl[1];
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t1[i].pow[1] - 1;
t1[i].harm[1];

t0[n] .pow[1]-
t0[n].harm[1]
}

n++;
}
else )
if (t1[i].fnl[0] && t1[il.fn[1] && t1[i].harm[0] == t1[i].harm[1])
{
trig_clear (&t0[n]);

t0[n].coeff = t1[i].coeff*t1[i].pow[0]*t1[i] .harm[0];

if (t1[i].pow[0] == 1)
{
t0[n].£n[0]
t0[n] .pow[0]
t0[n] .harm[0]
}

else
{
t0[n].fn[0]
t0[n] .pow[0]
t0[n] .harm[0]
}

0;
0;
0;

t1[il.fn[0];
t1[i].pow[0] - 1;
t1[i] .harm[0];

t0[n].£n[1]
t0[n] .pow[1]
t+0[n] .harm[1]

t1[i].£n[1];
t1[i].pow[1] + 1;
t1[i] .harm[1];

if (t1{i].fn[0] == FnCos) tO[n].coeff *= -1;

n++;

trig_clear (&t0[n]);
t0[n].coeff = t1[i].coeff*t1[i].pow[1]1*t1[i].harm[1];

t0[n].fn[0] = t1[i].fn[0];
t0[n].pow[0] = t1[i].pow[0] + 1;
t0[n].harm{0] = t1[i].harm[0];

if (t1[i].pow[1] == 1)
{
t0[n] .fn[1]
t0[n].pow[1]
t0[n] .harm[1]
}

else
LI
t0[n].£n[1]
t0[n].pow[1]
t0[n].harm[1]
}

B N
o O

[=

t1[i].£n[1];
t1[i].pow[1] - 1;
t1[i].harm[1];

if (£1[il.fn[1] == FnCos) t0[n].coeff *= ~-1;

n++;
}
else
if (t1[i].fn[0] && t1[i].£n[1])
{
char buf1[32];
printf("error: diff: 4s\n",trig_format(buf1,&t1[il));
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getchQO;
}
}

1£0[n] .coeff = 0;

if (n > ns) printf("error: diff: size\n");
trig_op(&to,trig_order);
trig_realloc(&t0,0);

return (t0);

real trig_diff_calc(t,arg) /* differentiate */
trigt *t;
real arg;

int i,n;
real sum = 0, term;

n = trig_size(t);

for (i = 0; i < n; i++)

{
it (1t[il.fn[0] && 't[i]l.fn[1]) continue;

if (t+[i].£fn[0])
{
term = t[il.coeff*t[i].harm[0];

if (t[i].fn[0] == FnCos)
{
if (t[il.pow[0] != 1)
term *= t[i].pow[0]*pow(cos(t[i].harm[0]*arg),
(real)t[i].pow[0] - 1.);
term *= - sin(4[i].harm[0]*arg);
}
else
if (t[i].fn[0] == FnSin)
{
if (t[il.pow[0] != 1)
term *= t[i].pow[0]*pow(sin(t[i].harm[0]*arg),
(real)t[i].powl[0] - 1.);
term *= cos(t[i].harm[0]*arg);

}

if (t[i].fn[1] == FnCos)

term *= pow(cos(t[i].harm{1]l*arg), (real)t[il.pow(1]);
else
if (t[i].fn[1] == FnSin)

term *= pow(sin(t[i].harm[1]*arg), (real)t[i].powl1]);

sum += term;

}

if (¢[i].fn[1]1)
{
term = t[i].coeff*t[i].harm[1];
if (£[i].fn[1] == FnCos)
{
if (t[il.pow[1] != 1)
term *= t[i].pow[1]l*pow(cos(t[i].harm[1]*arg),
(real)t[i].pow(1] - 1.);
term *= - sin(t[i].harm[1]*arg);
}

else
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if (t[i].fn[1] == FnSin)
{
if (¢[il.pow[1] !'= 1)
term *= t[i] ,pow[l]*pov(sin(t [i].harm[1]*arg),
(real)t[il.pow[1] - 1.);
term *= cos(t[i].harm[1]*arg);

}

if (t[i].fn[0] == FnCos)

term *= pow(cos(t[il].harm[0]*arg), (real)t[il.pow(01);
else
if (t[i].fn[0] == FnSin)

term *= pow(sin(t[i] .harm[0]*arg), (real)t[i].powl0]);

sum += term;

}
}
return (sum);
}
/*-—— matrices ——-%/

/* multiply matrix by constant */
trigt *xtrig_mat_mult_const(sm,cnst)
trigt *sm[];
real cnst;

{

int i,j,n;

for (i = 0; i < 3; i++)
for (j = 0; j < 3; j++)
for (n = 0; sm{i*3+j]l[n].coeff != 0.; nt+)
sm[i*3+j][n].coeff *= cnst;

return (sm);

}

/* derive the determinant of a minor of a matrix =/
trigt *trig_mat_minor_det(sm0,i,j)
trigt *sm0[];
{
int mi,m2,n1,n2;
trigt *sym0,*syml,*sym2;

ml = (i+1)%3; n1 = (F+1)%3;
m2 = (i+2)%3; n2 = (j+2)%3;

syml = trig_mult (smO[m1%3+n1],sm0[m2%3+n2]);
sym2 = trig_mult (sm0[m2*3+n1],sm0[m1%3+n2]);

sym0 = trig_add(1.,sym1,-1.,sym2);
trig_free(symi1); trig_free(sym2);

trig_op(&sym0,trig_collect);

return (sym0);
}

/% derive and simplify determinant of matrix =/
trigt *trig_mat_det (sm0)
trigt =sm0[];
{

int 1;
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trigt *sym0 = Null,=*symi;

for (i = 0; 1 < 3; i++)
{
syml = trig_mat_minor_det(sm0,0,i);
trig_reassign(&symi,trig_mult(sym1,sm0[il));
trig_reassign(&sym0,trig_add(1.,sym0,1.,sym1));
trig_free(sym1);
}

trig_op(&sym0,trig_collect);
trig_op(&sym0,trig_expand);
trig_op(&sym0,trig_significant);

return (sym0);
}

/* derive and simplify adjoint of matrix =/
trigt **trig_mat_adj(sm0,sm1)
trigt =sm0[],*sm1[];
{

int 1i,j;

for (i = 0; i < 3; i++)
for (j = 0; j < 3; j++)
sm0[j*3+i] = trig_mat_minor_det(smi,i,j);

return (sm0);

}

/* derive product of two matrices */
trigt **trig_mat_mult (sm0,smi,smn?2)
trigt *sm0[],*sm1[],*sm2[];
{
int i,j,k;
trigt *sym0;
for (i = 0; i < 3; i++)
for (j = 0; j < 3; j++)
{
sm0[i*3+j] = Null;
for (k = 0; k < 3; k++)
{
sym0 = trig_mult(sm1[i*3+k],sm2[k*3+j]);
trig_reassign(&sm0[i=3+j],
trig_add(1.,sm0[i*3+j],1.,sym0));
trig_free(sym0);
}
trig_op(&smo[i*3+j],trig_collect);
}
return (sm0);

}

194



Appendix C

Routines for Piecewise Integrals

/%--- higher order theory
*x

* Evan Bryan Summers

* University of Natal, Durban 4001, South Africa
* May 1992

*

*

* Higher Order Theory

* Symbolic Computation

*

*/

/*-—- types ——-%/

typedef struct /# power series ito z */
{
real coeff;
int pow;
}
powt;

typedef symh int; /# symbol handle */

typedef struct /* symbol definition »/

{
char =desc;
uchar type;
uchar stat;
povt **pp;
symh *expr;
real #»rp;
real rv;
int ivl,iv2;
}
symt;

/*——-- pover series ®/

#define PNull  ((powt=)0)

int pow_size(ps) /* number of terms in series */
povt *ps;

{

int i;

if (!ps) return (0);

for (i = 0; ps[i].coeff; i++);

if (i > n_pow_size) n_pow_size = i;

return (i);

}

powt *pov_alloc(n) /* allocate memory for series =/
{
povt *ps;
ps = (powtx) malloc((n+1)=sizeof(powt));
if (ps == PNull)
{
printf("cannot allocate memory (id terms)\n",n);
return (PNull);
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}
memset (ps,0, (n+1)*sizeof (powt));
n_pov_nterm++; n_pow_alloc++;
return (ps);

}

void pov_free(ps) /* free memory */
po¥t *ps;
{
if (ps)
{
free(ps);
n_pow_freet+;
}
}

povt *pow_clear(ps)

pout *ps;

{

menset (ps,0,sizeof (povt));
return(ps);

}

powt *pow_copy(psl,ps2,n)

povt *psl,*ps2;

{

if (n == 0) n = pov_size(ps2) + 1;
memcpy (ps1,ps2,sizeof (powt)*n) ;
return(psil);

}

povt *pow_dup(psl,n) /= duplicate series =/
powt *psi;

{

powt *ps2;

if (n == 0) n = pov_size(psl) + 1;

ps2 = pov_alloc(n);

pov_copy(ps2,psi,n);

return (ps2);

}

povt *pow_realloc(psl,n) /* change size of memory allocated */
povt **xpsi;

{

povt *ps2;

p82 = pow_dup(*psi,n);

pov_free(»psi);

*psl = ps2;

return (*psi);

}

/* reallocate pointer to nev series %/
static powt *pov_reassign(ps2,psi)
povwt *xps2,*psi;
{
if (*ps2) pov_free(xps2);
*ps2 = psi;
return (*ps2);

}

povt *pov_op(psl,fn) /# operate on series =/
povt *xpsi;

povt *fn(); /* operating function */
{

196



powt *ps2;

if (*psl)
{
ps2 = fn(*psl);
pow_free(*psl);

*psl = ps82;
}
return (*psl);
}
real pow_calc(ps,z)
powt *ps;
real z;
{
int i,n;
real rv = 0.;
if (ps)
{
for (i = 0; ps[i].coeff; i++)
{

if (ps[i]l.pow == 0) rv += pa[i].coeff; else
if (ps[i]l.pow == 1) rv += psl[i].coeff*z; else
if (fabs(z) > dvsig)
rv += ps[i].coeff*pow(z, (double)ps[i].pow);
}
}
return (real_sig(rv));

}

powt *pow_collect(psi)
powt *psi;

{

int i,j,n;

povt *ps;

if (!psl) return (PNull);
ps = pow_dup(psi,n = pow_size(psl));
for (i = 0; i < n; i++)

{
if (psl[i].coeff)
{
for (j = 0; j < n; j++)
{
if (i '= j && pslj].coeff && ps[il.pow == ps[j].pow)
{
pslil.coeff += ps[j]l.coeff;
psljl.coeff = 0.;
}
}
}
}
for (j =0, i = 0; j < n; j++)
{

if (chk_sig(ps[j].coeff))
{

if (i = j) pow_copy(&pslil,&psljl,1);
i++;
}
}
palil.coeff = 0.;
pow_realloc(&ps,i);
return (ps);

}
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powt *pov_add(psl,ps2)
povt *ps1,*ps2;

{

powt *ps;

int n = 03

int ni,n2;

nl = pow_size(psl);
n2 = pow_size(ps2);
pe = pov_alloc(nl+n2);
if (n1)
{
pow_copy(ps,psi,nl);
n += ni;
}
if (n2)
{
pow_copy (kps[n],ps2,n2);
n += n2;
}
psln].coeff = 0.;
pov_op(&ps,pow_collect);
return (ps);

}

powt *pow_mult_const(psl,cnst)
powt *psi;
real cnst;
{
powt *ps2;
int i,n;
ps2 = pov_dup(psl,n = pov_size(psl));
for (i = 0; i < n; i++)
ps2[il.coeff *= cnst;
return (ps2);

}

powt *pow_sum(psl,cnst,ps2)

powt **psl,*ps2;

real cnst;

{

povt *ps;

p8 = pow_mult_const(ps2,cnst);
pov_reassign(psi,pov_add(*psi,ps));
pow_free(ps);

return (*psi);

}

powt *pow_mult (psi,ps2)
powt *psl,*ps2;

{

powt *ps;

int i,j,n,n1,n2;

if (ps1 == PNull && ps2 == PNull) return (PNull);
if (ps1 == PNull) return (pow_dup(ps2,0));

if (ps2 == PNull) return (pow_dup(ps1,0));

nl = pov_size(psl);

n2 = pow_size(ps2);

if (n1 == 0 || n2 == 0) return (pow_zero());
ps = pow_alloc(ni*n2);
n=0;
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for (i = 0; i < nl; i++)
for (j = 0; j < n2; j++¥)

{
pelnl.coeff = ps1[il.coeff+ps2[j].coeff;
psln].pow = ps1lil.pow+ps2[j].pov;
n++;
}

pslnl.coeff = 0.;

pow_op (&ps,pow_collect);

return (ps);

}

povt #pow_integrate(psl,zO,cnst)
powt *psi;
real z0,cnst;
{
int i,j,n;
powt *ps;
if (!ps1) return (PNull);
n = pov_size(psl);
ps = pov_dup(psl,n + 1);
for (i = 0; i < n; i++)
{
pelil.pow++;
pslil.coeff /= (real) pslil.pow;
}
psln].coeff = - pow_calc(ps,z0) + cnst;
pslnl.pow = 0;
n++;
pslnl.coeff = 0;
return (ps);

}

powt *pov_define(args)

char args;

{

powt *ps;

int n = 0, nsg = 8;

char *arg;

pe = pow_alloc(ns);

for (arg = kargs; *(reals)arg;)
{
pelnl.coeff = #(double*)arg; arg += sizeof(double);
pelnl.pow = *(intx)arg; arg += sizeof(int);
n++;
}

pelnl.coeff = 0.;

pow_realloc(&ps,n);

return (ps);

}

/%*--- symbolic expressions

static int sym_size(se) /# number of terms in series */
symh *se;

{

int n;

if (!se) return (0);

for (n = 0; seln]; n++);

return (n);

}

static symh *sym_alloc(n) /* allocate memory for series */

{
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symh *se; .
se = (symh#*) malloc((n+1)*sizeof (symh));
if (se == Null)
{
printf(“cannot allocate memory (%d terms)\n",n);
return (Null);
}
n_sym_nsymt++;
n_sym_alloc++;
memset(ge,0, (n+1)*sizeof (gymh));
return (se);

}
static void sym_free(se) /* free memory %/
symh *se;
{
if (se)
{
free(se);
n_sym_free++;
}
}

static symh #*sym_copy(sel,se2,n)
symh *sel,*se?2;

{ .

if (n == 0) n = sym_size(se2) + 1;
memcpy(sel,se2,8izeof (symh)#n);
return(sel);

}

static symh *sym_dup(sel,n) /* duplicate series */
symh *sel;

{

symh *se2;

if (n == 0) n = sym_size(sel);

se2 = sym_alloc(n);

sym_copy(8e2,sel,n);

se2[n] = 0;
return (se2);
}

/* change size of memory allocated %/
static symh *sym_realloc(sel,n)
symh #*#gel;
{
symh *se2;
se2 = sym_dup(#sel,n);
sym_free (#sel) ;
kgel = ge2;
return (*sel);

}

/* reallocate pointer to new series */
static symh *sym_reassign(se2,sel)
symh *#se2,%sel;
{
if (#8e2) sym_free(#se2);
%82 = gel;
return (*se2);

}

static symh sym_define(desc,is,type)
char *desc;
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symh is;
int type;
{

int i;
char *arg;

arg = (char*)&type + sizeof(int);

sym[is].desc = desc;
sym[is].type = type;

if (sym[is].type == SymConst)
{
sym[is].rv = *(real#)arg; arg += sizeof(double);
}
else
if (sym[is].type == SymMConst)
{
sym[is].rp = *(real**)arg; arg += sizeof(void#);
}
else
if (sym[is].type == SymZ)
{
sym[is].ivl = *(int*)arg; arg += sizeof(int);
}
else
if (sym[is].type == SymExpr)
{
sym[is].expr = sym_dup((symh*)arg,0);
}
else
if (sym[is].type == SymInt)
{
sym[is].ivl = *(int*)arg; arg += sizeof(int);
sym[is].expr = sym_dup((symh*)arg,0);
}
else
if (sym[is].type == SymLamInt)
{
sym[is].ivl = *(int*)arg; arg += sizeof(int);
sym[ie].iv2 = *(int#)arg; arg += sizeof(int);
sym[is].expr = sym_dup((symh*)arg,0);
}
else
{
fprintf(fdeb,"error: sym: define\n");
n_err++;
return (0);

}
sym_output (flog,is);

return (is);

}

static symh *sym_term(se)

symh *se;

{

int i;

if (!se) return (Null);

for (i = 0; se[i] && se[i] !'= SymPlus; i++);
if ('i) return (Null);

return (sym_dup(se,i));

}
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static symh *sym_tail(se)
symh *se;
{
int i;
if (se)
{
for (i = 0; se[i] && sel[i] '= SymPlus; it++);

if (se[i] == SymPlus)
return (sym_dup(se+it+1,0));
}
return (Null);
}

static int sym_term_size(se)

symh *se;

{

int i;

if (!'se) return (0);

for (i = 0; se[i] && se[i] != SymPlus; i++);
return (i);

}

static int sym_tail_size(se)
symh *se;
{
int i;
if (se)
{
for (i = 0; se[i] && sel[i] '= SymPlus; i++);
if (se[i] == SymPlus)
return (sym_size(se+i+1));
}
return (0);

}

povt *sym_expand(k,is,se)
symh is;

symh sel];

{

povt *ret = Null;

if (k < 1) { n_err++; return (Null);}

if (is == SymNone) ret = Null; else
if (is == SymExpr && (!se || 'ge[0])) ret = Kull; else
if (is == SymExpr)

{

symh *sp0,*spl;

powt *ps;

8p0 = sym_term(se+1);
spl = sym_tail(se+1);

ret = sym_expand(k,se[0]);

if (=po0)
{
p8 = sym_expand (k,SymExpr,sp0);
povw_reassign(&ret,pov_mult(ret,ps));
pov_frea(ps);
sym_free(sp0);
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}

if (spl)
{
ps = sym_expand(k, SymExpr,spl);
pow_reassign(&ret,pow_add(ret,pe));
pov_free(ps);
sym_free(spl);
}
}
else
if (is == SymPos1) ret = pow_define(1.,0,0.); else
if (is == SymNegl) ret = pow_define(-1.,0,0.); else
if (is == SymZ) ret = pow_define(1.,1,0.); else
if (is == SymZ2) ret = pow_define(1.,2,0.); else
if (is < SymUserEnd)
{
if (sym[is].type == SymZ)
ret = pow_define(1.,sym[is].iv1,0.);
else
if (sym[is].type == SymConst)
ret = pow_define(sym[is].rv,0,0.);
else
if (sym[is].type == SymMConst)
ret = pow_define(sym[is].rp[k-17,0,0.);
else
if (sym[is].type == SymMPow)
ret = pow_dup(eym[is].pp[k-1],0);
else
if (sym[is].stat & SSmpow)
ret = pow_dup(sym[is].pp[k-1],0);
else
if (sym[is].type == SymExpr)
ret = sym_expand(k,SymExpr,sym[is] .expr);
else
if (sym[is].type == SymInt)
{
powt *ps;
real rv;

ps = sym_expand(k,SymExpr,sym[is].expr);

it (x > sym[is].iv1)
{
v lam_int(sym[is].iv1,k-1,sym[is].expr);
ret = pow_integrate(ps,galk-1],rv);
}
else
{
rv = lam_int(sym[is].iv1,k,sym[is].expr);
ret = pow_integrate(ps,galk],rv);
}

pow_free(ps);
}

else
if (sym[is].stat & SSconst)

ret = pow_define(sym[is].rv,0,0.);
else

if (sym[is].type == SymLamInt)
{
real rv;

aym[is].rv = lam_int(sym[is].iv1,sym[is].iv2,sym[is].expr);
ret = pow_define(sym[is].rv,0,0.);
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}

else
{
fprintf (fdeb,"error: expand: type\n");
n_exx++;
}
}
else
{
fprintf(fdeb,"error: expand\n");
n_err++;
}

return (ret);

}

static real lam_int(m,k,s8e)
symh *se;

{

real ret;

povt *psl,*ps2;

if (k < 0 || k > n_lay)
{
fprintf(fdeb,"error: integrate: layer number\n");
n_err++;
return (0.);

}
if (k == m) return (0.);
if (!se) se = (symh*)(&se + 1);

if (k > m)
{
ret = lam_int(m,k-1,se);
psl = sym_expand(k,SymExpr,se);
ps2 = pow_integrate(psi,galk-11,0.);
ret += pow_calc(ps2,galk]);
}

else
{
ret = lam_int(m,k,se);
psl = sym_expand(k,SymExpr,se);
ps2 = pov_integrate(psi,galk],0.);
ret += pow_calc(ps2,galk-1]);
}

pov_free(ps1);
pov_free(ps2);

return (real_sig(ret));

}

void sym_derive(is)

symh is;

{

if (!sym[is].type) return;

if (sym[is].stat & (SSmpow|SSconst)) return;

if (sym[is].type == SymExpr)
{
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int i, n;
syn[is].pp = (powt #*) malloc(n = n laytslzeof(powt*))
memset ((void=)sym[is].pp,0,n);
for (i = 0; i < n_lay; i++)
sym[is] .pp[i] = sym_expand(i+1,SymExpr,sym[is].expr);
sym[is].stat |= SSmpow;
}
else
if (sym[is].type == SymInt)
{
powt *ps;
real rv;
int i, n, m;

syn[is].pp = (powt *x) malloc(n = n_lay*sizeof(powt#));

memset ((void*)sym[is].pp,0,n);

rv = 0.;

for (m = sym[is].ivi; m > 0; m—-)
{
ps = sym_expand (m, SymExpr,sym[is].expr);
sym[is].pp[m-1] = pow_integrate(ps,galm]l,rv);
rv = pov_calc(sym[is].pp[m-1],galm-1]);
pov_free(ps);
}

rv = 0.;

for (m = sym[is].ivl + 1; m <= n_lay; m++)
{
ps = sym_expand (m,SymExpr,sym[is].expr);
sym[is].pp[m~1] = pow_integrate(ps,gaim-1],rv);
rv = pow_calc(sym[is] .pp[mn-1],galmn]);
pov_free(ps);

}
sym[is].stat |= SSmpow;
}
else
if (sym[is].type == SymLamInt)
{

sym[is].rv = lam_int(sym[is].iv1,sym[is].iv2,sym[is].expr);
sym[is].stat |= SSconst;
}

real sym_eval(is,k,z)
symh is;
real z;

{

real ret;

if (sym[is].type == SymZ)
return (pow(z,1.#sym[is].iv1));
else
if (sym[is].type == SymConst)
return (sym{is].rv);

if (sym[is].stat & SSconst)
return (sym[is].rv);
else
if (sym[is].type == SymLamInt)
return (lam_int(sym[is].ivl,sym[is].iv2,sym[is].expr));

if (sym[is].type == SymMConst)
return (sym[is].rp[k-1]);
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if (k < 1) k = layer_number(z);

if (x > n_lay)
{
fprintf(fdeb,"error: eval: layer\n');
n_err++;

}

if (sym[is].stat & SSmpow)
ret = pow_calc(sym[is].pplk-11,2);
else
if (sym[is].type == SymMPow)
ret = pow_calc(sym[is].pplk-1]1,2z);
else
if (sym[is].type == SymExpr)
{
powt *ps;
ps = sym_expand(k,SymExpr,sym[is].expr);
ret = pow_calc(ps,z);
pow_free(ps);
}
else
if (sym[is].type == SymInt)
{
povt *ps;
ps = sym_expand(k,is);
ret = pow_calc(ps,z);
pow_free(ps);
}
else
{
fprintf(fdeb,"error: eval: type\n");
n_err++;
}
return (ret);

}
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Appendix D

Routines for Optimization based on Higher—Order Theory

/*-——  higher order optimization
* optimization based on higher order theory
E
» evan summers
* university of natal, durban
]
* dedicated symbolic computation routines
]
*/
/% trigonometric series */
#define TTsnl 0x10
#define TTcel 0x20
#define TTsn2 0x01
#define TTcs2 0x02
#define TTsc 0x12
#define TTcc 0x22
#define TTss Ox11
#define TTcs 0x21
/* differential operators */
#define TDNone 0x0000
#define TDMask Ox0fff
#define TD1 0x0100
#define TD2 0x0200
#define TDO1 0x0010
#define TDO2 0x0020
#define TDOQO1 0x0001
#define TDO002 0x0002
#define TDi11 0x0110
#define TD12 0x0120
#define TD22 0x0220
#define TD111 0x0111
#define TD112 0x0112
#define TD122 0x0122
#define TD222 0x0222
/* coefficients for trigonometic series #*/
#define Cul 0
#define Cu2
#define Cw

#define Cchig
#define Cchiil
#define Cchi2
#define Cchi3
#define Cchi4
#define Cchi5
#define Cchi6

00 ~N O N bW NN =

/* distribution functions #/

#define Ff 0x0001
#define Ffs 0x0002
#define FF1 0x0003
#define FF2 0x0004
#define FF3 0x0005
#define Ffg 0x0005
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struct /* stress and strain state at some (x,z) */

real ell,el2,e13,e22,023,e33;
real s11,812,813,822,823,833;

/% functions of the reference surface #/

eval_trig(Cul, TTcs,td,x1,x2)
eval_trig(Cu2, TTsc,td,x1,x2)
eval_trig(Ce, TTss,td,x1,x2)
eval_trig(Cchil,TTss,td,x1,x2)
eval_trig(Cchi2,TTss,td,x1,x2)
eval_trig(Cchi5,TTss,td,x1,x2)

#define Ff1 0x0006
#define F£f2 0x0007
#define Ff3 0x0008
#define Ff4 0x0009
#define FI5 0x000a
#define F16 0x000b
#define FI17 0x000c¢
#define Ff8 0x000d
#define F19 0x000e
#define Fbetal 0x000£
#define Fbeta? 0x0010
#define Fbeta8 0x0011
#define Falpg 0x0011
#define Falpl 0x0012
#define Falp2 0x0013
#define Falp3 0x0014
#define Falp4 0x0015
#define Falp$ 0x0016
#define Falpé 0x0017
#define Fvphi 0x0018
#define Fvphig 0x0018
#define Fvphil 0x0019
#define Fvphi2 0x001a
#define Fvphil 0x001b
#define Fvphi4 0x001c
#define FvphibS 0x001d
#define Fvphié 0x001e
#define Fvphi7 0x0011
#define Fvphi8 0x0020
#define Fpsig 0x0020
#define Fpsil 0x0021
#define Fpsi2 0x0022
#define Fpsi3 0x0023
#define Fpsi4 0x0024
#define Fpsib 0x0025
#define Fpsi6 0x0026
#define Fpsi7? 0x0027
#define Fpsi8 0x0028
[ == types ———-— */
typedef

{

real ul,u2,u3;

real e33i,811i,8131,833i;

}

888;
/*---- macros ----- */
#define xul(x1,x2,td)
#define xu2(x1,x2,td)
#define xw(x1,x2,td)
#define xchii(x1,x2,td)
#define xchi2(x1,x2,td)
#define xchi5(x1,x2,td)
#define xchi6(x1,x2,td)

eval_trig(Cchi6,TTss,td,x1,x2)
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#define xchi(icf,x1,x2,td) eval_trig(Cchig+icf,TTss,td,x1,x2)

/*---- globalg ----- x/

/* geometry */
int n_lay, m_ref;
real gh,galMn+1],gb1l,gb2;
real gki11,gk12,gk22,gk21;

/* material properties */
real mel[Mn],me2{Mn],mgi[Mn],mg2[Mn];
real mnul[Mn],mnu2[Mn];
real meO[Mn],mnu0[Mn];
real mall[Mn],ma12[Mn],ma13[Mn],ma33[{Mn];

/* coefficients of distribution functions =/

real cfd[41][Mn][Mp+1];

void mat_depend(void) /* calculate dependent material constants =/
{

int 1i;

real mdel,mdelll,mdel12,mdell13,mdel33;

for (i = 0; i < n_lay; i++)
{
me0[i] mel[il/(1 - mnul[iJ*mnui[i]);
mnulO[i] = mel[i]l/me2[i}*mnu2[il/(1 - mnuil[il);

mdel = (1 + mnui[i]);
mdel *= (1 - mnul[i] - 2#*mnu2[i]*mnu2[i]*me1[i]l/me2[i]);
mdel /= (mel[i]*mel[i]*me2[i]);

mdelll = (1 - mnu2[i]*mnu2[i]*me1[i]l/me2[i])/me1[i]/me2[i];
mdel12 = (mnui[i] + mnu2[i]*mnu2[i]*me1[i]/me2[i]);

mdell2 /= meilil/me2[i];

ndell3 = mnu2[i]*(1 + mnui[i])/me1[i]/me2[i];

mdel33 = (1 - mnull[i]l*mnui[i])/me1[i]/me1[i];

mali[i] = mdelll/mdel;
mal2[i] = mdel12/mdel;
mal3[i] = mdel13/mdel;
ma33[i] = mdel33/mdel;

/* set coefficents to zero */
void coeff_clear(real cf[Mn][Mp+1])
{
int ik;
for (k = 1; k <= n_lay; k++)
for (i = 0; i <= Mp; i++)
cf[x][i] = 0;

return;

}

/* add a term to a series
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cnst is a scalar,
v is n-vector of layer parameters
pz 1is pover of z

*/

void coeff_add_term(cf,cnst,vn,pz)
real cf[Mn] [Mp+1];

real cnst,*vn;

int pPZz;

{

int k;

real term;

for (k = 1; k <= n_lay; k++)
{
term = cnst;
if (vn) term *= vnl[k-1];
cf[k] [pz] += term;
}

return;

/* add two series =/

/* premultiply by cnstxvn/vd */

/* vwhere vn, vd are layer vectors =/
void coeff_add(cfl,cnst,vn,vd,cf?)
real cf1[Mn] [Mp+1],cf2[Mn] [Mp+1];
real cnst,*vn,*vd;
{
int i,k;
real term;

for (k = 1; k <= n_lay; k++)
{
term = cnst;
if (vn) term *= yn[k-1];
if (vd) term /= vd[k-1];
for (i = 0; i <= Mp; i++)
cf1[k][i] += term*cf2[k][i];
}

return;

}

/% calculates definite integral of series */
/* from a_m to a_k »/
real coeff_lamint(m,k,cf)
real cf[Mn][Mp+1];

int m,k;
{
int i,l;

real ret = Q;
real zpu,zpl;

for (1 = m+1; 1 <= Xk; 1++)

{

zpu = ga[1]; zpl = ga[1-1];

for (i = 0; i <= Mp; i++)
{
ret += cf[1][il*(zpu - zpl)/(i+1);
zpu *= ga[l]; 2zpl »= ga[1-1];
}
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return (ret);

}

/* evaluates a series */
real coeff_eval(cf,z)

real cf[];
real zZ;

{

int i;

real zp =1, ret = 0;

for (i = 0; i <= Mp; i++)

o {
ret += cf[i]=*zp;
Zp *= Z;
}

return (ret);

}

/* integrates a series from a_m to z %/
real coeff_layint(cfO,m,cfn)
real cf0[Mn] [Mp+1],cfn[Mn] [Mp+1];

int m;
{ ,
int i,1;

real term;
real zpu,zpl;

for (term =0, 1 =m; 1 >= 1; 1--)
{
cfo[1][0] = 0;
for (i = 0; i < Mp; i++)
cfO[11[i+1] = c£tn[11[i]/(Gi+1);
cf0[11[0] = term - coeff_eval(cfo[1],galll);
term = coeff_eval(cfO[1],gall-1]1);
}

for (term = 0, 1 = m+1; 1 <= n_lay; 1++)
{
cto[11[0] = 0;
for (i = 0; i < Mp; i++)
cf0[1]1[i+1] = cfn[1]1[il/(i+1);
cf0[11[0] = term - coeff_eval(cf0[1],gall-1]1);
term = coeff_eval(cf0[1],galll);

}
return (term);
}
/e distribution functions ----- »/

/* evaluates distribution function */
real zfn(int fn, int k, real z)

int i;
real ret = 0, zp = 1;

for (i = 0; i <= 6; i++)

{

ret += cfd[fn] k] [il*zp;
Zp *»= z;

}
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return (ret);

}

/% derives distribution functions */
void calc_dist(void)
{
int ik;
real cf[8][Mn] [Mp+1] = {0};
real cbf,cbfl,cdfl,cdf2,cdf3;

memset ((voidx)cfd,0,sizeof (cfd));

coeff_add_term(cf[0],1.,me0,0);
coeff_add_term(cf[1],1.,me0,1);

cbf = coeff_layint(cfd[F£],0,cf[0]);
cbfl = coeff_layint(cfd[Ffs1,0,cf[1]1);

coeff_add(cfd[Ff1],1.,Null,Null,cfd[Ffsl);
coeff_add(cfd[Ff1],-cbf1/cbf,Null,Null,cfd[Ff]);
coeff_add(cfd[Ff2],1/cbf,Null,Null,cfd[Ff]);
coeff_add_term(cfd[Ff2],-1.,Null,0);
coeff_add(cfd[Ff3],1/cbf,Null ,Null,cfd[Ffl);

cdf1l = coeff_layint(cfd[FF1],0,cfd[Ff1]1);
cdf2 = coeff_layint(cfd[FF2],0,cfd[Ff2]);
cdf3 = coeff_layint (cfd[FF3],0,cfd[F£3]);

coeff_add(cfd[Ff4],cdf2/cdf1,Null,Null,cfd[FF1]);
coeff_add(cfd[Ff4],-1.,Null,Null,cfd[FF2]);
coeff_add(cfd[F£f5],cdf3/cdf1,Null,Null,cfd[FFi1]);
coeff_add(cfd[F£5],-1.,Null,Null,cfd[FF3]);
coeff_add(cfd[F£6],1/cdf1,Null,Null,cfd[FF1]);
coeff_add_term(cfd[Ff6],-1.,Null,0);
coeff_add(cfd[Ff7],1/cdf1,Null,Null,cfd[FFi]);
coeff_add(cfd[Ff8],1.,Null,Null,cfd[Ff]);
coeff_add(cfd[F£8],-cbf/cdf1,Null,Null,cfd[FF1]);
coeff_add(cfd[Ff9],1.,Null,Null,cfd[Ffs]);
coeff_add(cfd[Ff9],-cbf1/cdf1,Null,Null,cfd[FF1]);

coeff_add_term(cfd[Falp1]l,1.,mnu0,1);
coeff_add_term(cfd[Falp2],-1.,mnu0,0);

coeff_add(cfd[Falp3],1.,Null,me2,cfd[Ff4]);
coeff_add(cfd[Falp4],1.,Null,me2,cfd[F£51);
coeff_add(cfd[Falp5],1.,Null,me2,cfd[Ff6]);
coeff_add(cfd[Falp6],1.,Null,me2,cfd[F£7]);

coeff_add(cfd[Fvphil, 1.,Null,mg2,cfd[Ffi]);
coeff_add(cfd[Fvphi7],-1.,Null,mg2,cfd[F£2]);
coeff_add(cfd[Fvphi8],-1.,Null,mg2,cfd[F£3]);

coeff_add(cfd[Fbetall,1.,Null,mg2,cfd[F£1]);
coeff_add(cfd[Fbeta7],1.,Null,mg2,cfd[Ff2]);
coeff_add(cfd[Fbeta8],1.,Null,mg2,cfd[F£3]);

coeff_layint(cfd[Fvphiil ,m_ref,cfd[Falp1]);
coeff_layint(cfd[Fvphi2],m_ref,cfd[Falp2]);
coeff_layint(cfd[Fvphi3l ,m_ref,cfd[Falp3]);
coeff_layint(cfd[Fvphi4]l ,m_ref,cfd{Falp4]);
coeff_layint(cfd[Fvphi5],m_ref,cfd[FalpS]);
coeff_ layint(cfd[Fvphi6],m_ref,cfd[Falp6]);
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coeff_add(cf[2],1.,Null,Null,cfd[Fvphil]);
coeff_add(cf[2],-1.,Null,Null,cfd[Fvphil);
coeff_layint(cfd[Fpsitl,m_ref,cf[2]);

coeff_layint(cfd[Fpsi2],m_ref,cfd[Fvphi2]);
coeff_layint(cfd[Fpsi3],m_ref,cfd[Fvphi3]);
coeff_layint(cfd[Fpsi4],m_ref,cfd[Fvphi4]);
coeff_layint(cfd[Fpsis],m_ref,cfd[Fvphi5]);
coeff_layint(cfd[Fpsi6],m_ref,cfd[Fvphi6]);
coeff_layint(cfd[Fpsi7],m_ref,cfd[Fvphi7]);
coeff_layint(cfd[Fpsi8]l,m_ref,cfd[Fvphi8]) ;
}

/* layer integral operator to calculate stiffnesses */
real calc_layint(m,k,zu,vm,fn0,fni,pz)
real vm[];
real zu;

int m,k;

int fno,fn1;
int Pz;

{

int i,j,1;
int np;

real «c¢f[16];
real term,ret = 0;
real zpu,zpl;

for (1 = m+1; 1 <= k; 1++)
{
for (i = 0; i < 16; i++) cf[i] = 0;

if (fn0 == 0) {c£f[0] = 1; np = 0;} else
if (fn1 == 0)

{
for (i = 0; 1 <= 6; i++)
cf[i] = c£d[£n0][1][i];
np = 6;
}
else
{

for (i = 0; i <= 6; i++)

for (j = 0; j <= 6; j++)

cf[i+j] += cfd[fno][1][i]tcfd[fn1][1][j];
np = 12;
}

if (pz)
{
for (i = 12; i >= 0; i--) cf[i+pz] = cf[il;
for (i = 0; i < pz; i++) cf[i] = 0;
np += pz;

}

zpl = gal[l-1];
if (1 == k) zpu = zu; else zpu = ga[1];
for (term = 0, i = 0; i <= np; i++)
{
term += cflil*(zpu - zpl)/(i+1);
2pl == ga[1-1];
if (1 == k) zpu *= zu; elge zpu *= ga[l1];

}
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if (vm) term *= vm[1-1];

ret += term;

}

return (ret);

}

/% definite layer integral from a_0 to a_n */
real calc_lamint(vm,fn0,fn1,pz)
real wvm[l;
{
int i,j,np,k;
real cfl16];
real term,ret = 0;
real zZpu,zpl;

for (k = 1; k <= n_lay; k++)
{
for (i = 0; i < 16; i++) cf[i] = 0;

if (fn0 == 0) {cf[0] = 1; np = 0;} else
if (fn1 == 0)
{
for (i = 0; i1 <= 6; i++)
cf[i] = cfd[fn0][x][i];
np = 6;
}
else
{
for (1 = 0; i <= 6; i++)
for (j = 0; j <= 6; j++)
ct[i+j] += c£d[fn0] [k] [il*cfd[fn1] (k] [j];
np = 12;
}

it (pz)
{
for (i = 12; i >= 0; i--) cfli+pz] = cflil;
for (i = 0; i < pz; i++) cf[i]l = 0;
np += pz;

}

zpu = gal[k]; zpl = gal[k-1];

for (term = 0, i = 0; 1 <= np; i++)
{
term += cf[i]*(zpu - zpl)/(i+1);
zpu »= gal[k]; zpl *»= gal[k-1];
}

if (vm) term *»= vm[k-1];

ret += term;

}
return (ret);
}
/=== integrated stiffnesses ----- */
#define cbg(g) calc_lamint(mall,Fpsig+g,0,0)
#define cbgb(g) calc_lamint(mal2,Fpsig+g,0,0)
#define ccg(g) calc_lamint(mall,Fvphig+g,0,0)
#define ccgb(g) calc_lamint{(mal2,Fvphig+g,0,0)
#define ccOg(g) calc_lamint{(mall,Fvphig+g,0,1)
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#define ccOgb(g) .calc_lamint(mai2,Fvphig+g,0,1)
#define ccgq(g,q) calc_lamint(mall,Fpsigt+g,Fvphig+q,0)
#define ccgqb(g,q) calc_lamint(mal12,Fpsig+g,Fvphig+q,0)
#define cdog(g) calc_lamint(mail,Fpsig+g,0,1)

tdefine cdogb(g) calc_lamint(ma12,Fpsig+g,0,1)

tdefine cdgq(g,q) calc_lamint(mall,Fpsigtg,Fpsig+q,0)
#define cdggb(g,q) calc_lamint(ma12,Fpsig+g,Fpsig+q,0)
#define chg(g) calc_lamint(ma13,Falpgtg,0,0)

#define chog(g) calc_lamint(ma13,Falpg+g,0,1)
#define chgq(g,q) calc_lamint(ma13,Fpsig+g,Falpg+q,0)
#define clgq(g,q) calc_lamint(mall,Fvphig+g,Fvphigtq,0)
#define c¢lgqb(g,q) calc_lamint(ma12,Fvphig+g,Fvphigtq,0)
#define cpgq(g,q) calc_lamint(ma13,Fvphig+g,Falpg+q,0)
#define cpgqb(g,q) calc_lamint(ma13,Falpg+g,Fpsig+q,0)
#define crgq(g,q) calc_lamint(ma33,Falpg+g, Fvphig+q,0)
#define crgqb(g,q) calc_lamint(ma33,Falpg+g,Falpg+q,0)
#define ctgq(g,q) calc_lamint(mall,Fvphig+g,Fpsig+q,0)
#define ctgqb(g,q) calc_lamint(ma12,Fvphig+g,Fpsig+q,0)

/* calculates integrated stiffnesses */
void calc_stiff()

{

cb = calc_lamint(ma11,0,0,0);

¢bb = calc_lamint (ma12,0,0,0);

cb0 = calc_lamint(ma11,0,0,1);

cbOb = calc_lamint(ma12,0,0,1);

cd00 = calc_lamint(mai1,0,0,2);

cd0Ob = calc_lamint(mai2,0,0,2);

cd1 = calc_lamint(Null,Ff1,Fbetal,0);
cb1l = cbg(1); cblb = cbgb(1);

cb2 = cbg(2); cb2b = cbgb(2);

cb3 = cbg(3); cb3b = cbgb(3);
cb4 = cbg(4); cbdb = cbgb(4);
cb5 = cbg(5); cbSb = cbgb(5);
cb6 = cbg(6); cb6b = cbgb(6);

chl = chg(1); ch01 = ch0g(1); cd01 = cdog(1);
ch2 = chg(2); ch02 = ch0g(2); cd02 = cdog(2);
ch3 = chg(3); ch03 = ch0g(3); cd03 = cdog(3);
ch4 = chg(4); ch04 = ch0g(4); cd04 = cdog(4);
chS = chg(5); ch05 = ch0g(5); cd05 = cdog(5);
ch6 = chg(6); ch06 = ch0g(6); cd06 = cd0g(6);

ccl = ccg(1); cclb = ccgb(1); cc01 = ccOg(1); ccO1b = ccOgb(1);
cc2 = ccg(2); cc2b = ccgb(2); cc02 = cc0g(2); cc02b = ccOgb(2);
cc3 = ccg(3); cc3b = ccgb(3); cc03 = ccOg(3); ccO3b = ccOgb(3);
ccd = ccg(4); ccdb = ccgb(4); cc04 = cc0g(4); cc04b = ccOgb(4);
cch5 = ccg(5); cc5b = ccgb(5); cc05 = cc0g(5); ccO5b = ccOgb(5);
ccé = ccg(6); ccbb = ccgb(6); cc06 = ccOg(6); ccO6b = ccOgb(6);

cc1l = ccgq(1,1); ccllb = ccgqb(1,1);
cc12 = ccgq(1,2); ccl2b = cecgqb(1,2);
cc21 = ccgq(2,1); cc21b = cegqb(2,1);
cc22 = ccgq(2,2); cc22b = ccgqb(2,2);

cc15 = ccgq(1,5); cc15b = ccgqb(1,5);
cc16 = ccgq(1,6); ccl6b = ccgqb(1,6);
cc25 = ccgq(2,5); cc25b = ccgqb(2,5);

cc26 = ccgq(2,6); cc26b = ccgqb(2,6);

chil = chgq(1,1); cdll = cdgq(1,1);
ch12 = chgq(1,2); cd12 = cdgq(1,2);
ch21 = chgq(2,1);

ch22 = chgq(2,2); cd22 = cdgq(2,2);
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ch15 = chgq(1,5); cd15 = cdgq(1,5);
ch16 = chgq(1,6); cd16 = cdgq(1,6);
ch25 = chgq(2,5); cd25 = cdgq(2,5);
ch26 = chgq(2,6); cd26 = cdgq(2,6);

clil = clgq(1,1); cliib = clggb(i,1);
cl12 = ¢clgq(1,2); cl12b = clggb(1,2);
cl21 = clgq(2,1); cl21b = clggb(2,1);
cl22 = clgq(2,2); cl22b = clggb(2,2);
cl15 = clgq(1,5); cl15b = clgqb(1,5);
cl16 = clgq(1,6); cl16b = clggb(1,6);
cl25 = clgq(2,5); cl25b = clggb(2,5);
cl26 = clgq(2,6); cl26b = clgqb(2,6);

cpl1l = cpgq(l,1); cplilb = cpggb(1,1);
cpl2 = cpgq(1,2); cp12b = cpgqb(1,2);
cp21 = cpgq(2,1); cp21b = cpggb(2,1);
cp22 = cpgq(2,2); cp22b = cpggb(2,2);
cp16 = cpgq(1,5); cp15b = cpggb(1,5);
cp16 = cpgq(1,6); cpl6b = cpgqb(1,6);
cp25 = cpgq(2,5); cp25b = cpgqb(2,5);
cp26 = cpgq(2,6); cp26b = cpgqb(2,6);

cril = crgq(1,1); crilb = crgqb(1,1);
cr12 = crgq(1,2); cri2b = crgqb(1,2);
cr21 = crgq(2,1);

€r22 = crgq(2,2); cr22b = crgqb(2,2);
cris = crgq(1,5); criSb = crgqb(1,5);
cr16 = crgq(1,6); cri6b = crgqb(1,6);
cr25 = crgq(2,5); cr25b = crgqb(2,5);
cr26 = crgq(2,6); cr26b = crgqb(2,6);

ctll = clgq(1,1); cliib = ctgqb(1,1);
ct12 = c1gq(1,2); cl12b = ctgqb(1,2);
ct21 = clgq(2,1); cl21b = ctgqb(2,1);
ct22 = clgq(2,2); cl22b = ctgqb(2,2);
ct15 = clgq(1,5); cl15b = ctgqb(1,5);
ct16 = clgq(1,6); cl16b = ctgqb(1,6);
ct25 = clgq(2,5); cl125b = ctgqb(2,5);
ct26 = clgq(2,6); cl26b = ctgqb(2,6);

VA governing equations ----- */

/* system of equations for plate #/
void  sys_plate(tc,qc,vm,wn,q3p,q3m)
real tc[5][5],qc[5];

int ¥m,wn;
real q3p,q3m;
{

real lam,lam_2,lam_3,lam_4;
real gam,gam_2,gam_3,gam_4;

lam = wm*M_PI/gbi;
gam = wn*M_PI/gb2;

lam_2 = lam*lam; lam_3 = lam_2#lam; lam_4 = lam_3=*lam;
gam_2 = gam*gam; gam_3 = gam_2#gam; gam_4 = gam_3%gam;

tc[01[0] = ~(cb*gam_2)/2 + (cbbsgam_2)/2 - cb#lam_2;
tc[01[1] = -(cb*gam*lam)/2 - (cbbsgamslam)/2;
tc[0][2] = cbO*gam_2*lam + cbO*lam_3;

tc[0][3] = chitlam + cbl*gam_2%lam + cbislam_3;
tc[0]J[4] = ch2*lam + cb2#gam_2xlam + cb2xlam_3;
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tc[11[0] = -(cb*gam*lam)/2 - (cbb*gam*lam)/2;
tc[11[1] = -(cb*gam_2) - (cbxlam_2)/2 + (cbbxlam_2)/2;
tc[11[2] = cbO*gam_3 + cbO*gam*lam_2;
tc[11[3] = chi*gam + cbl#gam_3 + cbl*gam*lam_2;
tc[1][4] = ch2*gam + cb2#gam_3 + cb2#gam*lam 2;
tc[2][0] = -(cbO*gam_2#%lam) - cbO*lam_3;
tc[2]1[1] = -(cbO*gam_3) - cbOxgam*lam_2;
tc[2]112] = cd0O*gam_4 + 2#*cd00*gam_2*¥lam_2 + cd00*lam_4;
tc[2]1{3] = chOl*gam_2 + cdOl*gam_4 + chOl*lam 2
+ 2#cdO1*gam_2%lam_2 + cdO1xlam_4;
tc[21[4] = chO2*gam_2 + cd02%gam_4 + ch02+lam_2
+ 2%cd02*gam_2%lam_2 + cd02xlam_4;
tc[3]1[0] = -(chl*lam) - cblxgam_2*lam - cbl*lam_3;
tc[3]1[1] = -(chi*gam) - cbl*gam_3 - cblsgam*lam_2;
tc[31[2] = chOl*gam_2 + cdOl*gam_4 + chOl*lam_2
+ 2#cdOl*gam_2*lam_2 + cdOlxlam_4;
tc[3]1[3] = cr11b + (2%chll + cdl)*(lam_2 + gam_2)
+ cdllxgam_4 + 2xcdllxgam_2#%lam_2 + cdll*lam_4;
tc[31[4] = cr12b + (ch12 + cp12b)*(lam_2 + gam_2)
+ cd12#gam_4 + 2xcdl2xgam_2+%lam_2 + cdi2=lam_4;
tc[4]{0] = -(ch2%lam) - cb2*gam 2%lam - cb2*lam_3;
tc[4]1[1] = -(ch2#gam) - cb2*gam_3 - cb2*gam*lam_2;
tc[4]1[2] = ch02*gam_2 + cd02#gam_4 + ch02*lam_2
+ 2xcd02*gam_2*lam_2 + cd02%lam_4;
tc[4]1[3] = cr21b + (ch21 + cp21b)*(lam_2 + gam_2)
+ cd21i%gam_4 + 2%cd21*gam_2*lam_2 + cd21xlam_4;
tc[41[4] = cr22b + (ch22 + cp22b)*(lam_2 + gam_2)
+ cd22*gam_4 + 2%cd22+gam_2*lam_2 + cd22#*lam_4;

qc[0] = -(q3m*chS*1lam) - q3p*ch6*lam - q3m*cb5*gam_2*lam
- q3p*cb6*gam_2xlam - q3m*cb5*lam_3 - q3p*cb6*lam_3;
qcl1] = -(q3m*chS*gam) - q3p*ch6é*gam - q3m*cbS*gam_3
- q3p*cb6*gam_3
- q3m*cbS*gam*lam_2 - q3p*cbé*gam*lam_2;
qcl[2] = q3m + q3p - q3m*chO5%gam_2 - q3p*ch06*gam_2
= q3m*cd05*gam_4 - q3p*cd06*gam_4 - q3m*chO5+lam_2
~ q3p*chO6*lam_2 - 2*q3m*cd0S5*gam_2%lam_2
~ 2%q3px*cd06*gam_2%lam_2
- q3m*cdO5*lam_4 - q3p*cdO6*lam_4;

qc{3] = q3m*(zfn(Fvphil,1,ga[0]) - criSb)
+ q3p*(zfn(Fvphil,n_lay,galn_lay]) - criéb)
= q3m*(ch15 + cp15b)*(lam_2+ gam_2)
- q3m*cd15*gam_4 ~ q3p*cdl16*gam_4
= q3p*(ch16 + cp16b)*(lam_2 + gam_2)
- 2*q3m*cd15*%gam_2xlam_2
- 2xq3p*cdl6*gam_2%lam_2
=~ q3m*cd15%lam_4 - q3p*cdl6*lam_4;
qc[4] = q3m*(zfn(Fvphi2,1,gal[0]) - cr25b)
+ q3p*(zfn(Fvphi2,n_lay,galn_layl) - cr26b)
- q3m*(ch25 + cp25b)*gam_2 - q3p*(ch26 + cp26b)*gam_2
- q3mxcd25%gam_4 - q3p*cd26*gam_4
- q3m*(ch25 + cp25b)*lam_2
- q3p*(ch26 + cp26b)=*lam_2
= 2%q3m*cd25*gam_2#%lam_2
- 2%q3p*cd26*gam_2%lam_2
- q3mxcd25%lam_4 - q3p*cd26xlam_4;
}
int sys_solve_coeff(is,dc,wm,wn,q3p,q3m)
int is;
real dcl];
int ¥Im,¥n;
real q3p,q3m;
{

217



int i,j,1;

real tc[51[5],qc[5],minv[25];
int nc;

real det;

if (is == 1)
sys_shell(tc,qc,vm,wn,q3p,q3m);
else

sys_plate(tc,qc,vm,vn,q3p,q3m);

for (i = 0; i < 5; i++)
for (j = 0; j < 5; j++)
tc[i]1[j] = real_sig(tc[il(j1);

for (nc = 2; nc < 5; nc++)
ior (j = 0; j <=nc; j++)
ﬁf (real_chksig(tcncl[j1)) break;
if (real_chksig(tc[jl[nc]l)) break;
if 1j > nc) break;
}

for (i = nc; i < 5; i++)
{
dc[i]l = 0;
if (real_chksig(qc[i])) break;
}

if (i == 5 && SolveSysGJ((real#)tc,5,qc,dc,nc,minv,&det))
{

return (1);

}

lprintf("error: no solution: %d dimensions\n",nc);
return (0);

}

int s8ys_solve(int is)
{

int i;

int ret;

for (i = 0; demn[i][0]; i++)
{
dc[il [Cchi5] = g3m[i];
dcl[i]l [Cchib] = q3p[il;
}

for (i = 0; demn[i][0]; i++)
{
ret = sys_solve_coeff(is,dc[i],
dcmn[i][0],demn[i]1[1],q3p[il,q3m[i]);
if (lret) break;

}
return (ret);
}
/e-———= trigonemtric series —----- */

/* evaluate term in double trigonometric series */
/* tt is type of series =/
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/* td is differential operator'*/
real eval_trig_term(vm,vn,tt,td,xl,x2)
real x1,x2;

int wm,¥n;
int tt,td;
{

real lam,gam;
real ret = 1.;

lam = wm*M_PI/gbl;
gam = wn*M_PI/gb2;

if (td & TD1)
{
ret *= lam;
if (tt & TTenl) tt = (tt& TTsnl)|TTcsl;
else {ret = -ret; tt = (tt& TTcsl)|TTsnl;}
}

else

if (td & TD2)
{
ret *= gam;
if (tt & TTsn2) tt = (tt&"TTsn2) |TTcs2;
else {ret = -ret; tt = (tt& TTcs2)|TTan2;}
}

if (td & TDO1)
{
ret *= lam; i
if (tt & TTsnl) tt = (tt& TTsnl)|TTcsl;
else {ret = -ret; tt = (tt% TTcsl)|TTsnl;}
}

else

if (td & TDO2)
{
ret *= gam;
if (tt & TTsn2) tt = (tt& TTen2) |TTca2;
aelse {ret = -ret; tt = (tt& TTcs2) |TTan2;}
}

if (td & TDOO1)
{
ret *= lam;
if (tt & TTanl) tt = (tt& TTsnl) ITTcs1;
else {ret = -ret; tt = (tt& TTcsl)|TTsni;}
}

else

if (td & TD002)
{
ret *= gam; ;
if (tt & TTen2) tt = (tt& " TTsn2) [TTca2;
else {ret = -ret; tt = (tt& TTcs2)|TTsn2;}
}

if (tt == TTac) ret *= gin(lam#*x1)*cos(gam#*x2);
if (tt == TTss) ret *= sin(lam*x1)*sin(gam#*x2);
if (tt == TTcs) ret *= cos(lam*x1)*sin(gam#x2);
if (tt == TTcc) ret *= cos(lam*x1)*cos(gam*x2);

return (ret);
}
/* evaluate
real eval_trig(icf,tt,td,x1,x2)
int icf;
real x1,x2;
int tt,td;
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int i;
real ret = 0;
for (i = 0; dcmn[i][0]; i++)

ret += dc[i][icf]l*eval_trig_term(dcmn[i][0],
demn[i][1],tt,td,x1,x2);

return (ret);

/* alternative formulation for transverse shear */
real eval_s13(x1,x2,k,z)
real x1,x2,z;

int k;
{
int i;

real Dbeta,betas,batals,betalb;

real betags,nugs,nugbs,thegs;

real betagb[8],nugl8],nugb[8],theg(8];
real cbg[8],chgl8],ccgl8],ccgbl8l;
real term, ret;

betas = calc_layint(0,k,z,mal2,0,0,0);
beta0s = calc_layint(0,k,z,ma11,0,0,1);
beta = betas/cbb;

beta0b = cbO*beta - betals;

cbg[0] = cb1; chglo]

ch1; ccglo]l = cc1; ccgb[0] = ccib;
cbg[1] = cb2; chgli] = ch2; ccgl1] = cc2; cegb[1] = cc2b;
cbgl2] = cb3; chgl2] = ch3; ccgl2] = cc3; ccgb[2] = cc3b;
cbg[3] = cb4; chgl3] = ch4; ccgl3] = cc4; ccgbl3] = ccab;
cbg[4] = cbb5; chgl4] ch5; ccgl4]l = cc5; ccgb[4] = ccbb;
cbg[6] = cb6; chgl[5] = ch6; ccglS] = cc6; ccgbl[5] = ccbb;

for (1 = 0; i < 6; i++)
{
betags = calc_layint(0,k,z,mall,Fpsil+i,0,0);
nuges = calc_layint(0,k,z,mall,Fvphil+i,0,0);
nugbs = calc_layint(0,k,z,mal2,Fvphil+i,0,0);
thegs = calc_layint(0,k,z,mal3,Falp1+i,0,0);

betagbli] = cbg[il*beta - betags;
nug[i] = ccgl[i]*beta - nugs;
nugb[i} = ccgblil*beta - nugbs;
theg[i]l = chgl[i]l*beta - thegs;
}
ret = —(xw(x1,x2,TD111) + xw(x1,x2,TD122))*betalb;
for (i = 0; 1 < 6; i++)
ret -= (xchi(i+1,x1,x2,TD111) + xchi(i+1,x1,x2,TD122))*betagb[il;

for (i = 0; i < 6; i++)
{
ret += xchi(i+1,x1,x2,TD1)*(gkli*nug[i] + gk22*nugbl[i]);
ret += xchi(i+1,x1,x2,TD2)*gk12*(nug[i] - nugb{il);
ret += xchi(i+1,x1,x2,TD1)*theg[i];
}

return (ret);

}

/* evaluates stress/strain values */
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void eval_ss(ss,x1,x2,k,z)

888 *88;
real x1,x2,z;
int k;

{

int i;

real xerll,xer12,xer22;
real xkril,xkrl2,xkr22;

ss->ul = xul (x1,x2,0) - xw(x1,x2,TD1)*z;
for (i = 1; i <= 6; i++)

ss->ul += -xchi(i,x1,x2,TD1)*zfn(Fpeig+i,k,z);
ss->u2 = xu2(x1,x2,0) - xw(x1l,x2,TD2)*z;
for (i = 1; i <= 6; i++)

ss->u2 += —xchi(i,x1,x2,TD2)*zfn(Fpsig+i,k,z);
ss->u3 = xw(x1,x2,0);
for (i = 1; i <= 6; i++)

ss->u3 += xchi(i,x1,x2,0)*zfn(Fvphig+i,k,z);

xerll = (xul(x1,x2,TD1) + xui1(x1,x2,TD1))/2 + gkli*xw(x1,x2,0);
xer1? = (xu1(x1,x2,TD2) + xu2(x1,x2,TD1))/2 + gk12xxw(x1,x2,0);
xer22 = (xu2(x1,x2,T02) + xu2(x1,x2,TD2))/2 + gk22*xu(x1,x2,0);

xkril = -xw(x1,x2,TD11);
xkr12 = -xw(x1,x2,TD12);
xkr22 = -xw(x1,x2,TD22);

ss->ell = xerll + xkriilsz;
for (i = 1; i <= 6; i++)

ss->ell += -xchi(i,x1,x2,TD11)*zfn(Fpsig+i,k,z);
for (i = 1; i <= 6; i++)

ss->ell += gkil*xchi(i,x1,x2,0)*zfn(Fvphig+i, k,z);

s88->622 = xer22 + xkr22=z;
for (i = 1; i <= 6; i++)

ss->e22 += ~xchi(i,x1,x2,TD22)*zfn(Fpsig+i,k,z);
for (i = 1; i <= 6; i++)

8s->e22 += gk22*xchi(i,x1,x2,0)*zfn(Fvphig+i,k,z);

ss8->el2 = xerl12 + xkri2=z;
for (i = 1; i <= 6; i++)

ss->e12 += -xchi(i,x1,x2,TD12)*zfn(Fpsig+i,k,z);
for (i = 1; i <= 6; i++)

ss->el12 += gk12#xchi(i,x1,x2,0)*zfn(Fvphigti,k,z);

gs->e13 = xchi(1,x1,x2,TD1)*zfn(Fbetal,k,z);
gs->e13 += xchi(7,x1,x2,TD1)*zfn(Fbeta’?,k,z);
ss->e13 += xchi(8,x1,x2,TD1)*zfn(Fbeta8,k,z);
s8->el3d /= 2;

ss8->e23 = xchi(1,x1,x2,TD2)*zfn(Fbetal,k,z);
gs->e23 += xchi(7,x1,x2,TD2)*zfn(Fbeta7,k,z);
ss8->e23 += xchi(8,x1,x2,TD2)*zfn(Fbeta8,k,z);
sg8->e23 /= 2;

88->e33 = 0;
for (i = 1; i <= 6; i++)
ss->e33 += xchi(i,x1,x2,0)*zfn(Falpg+i,k,z);

s8->811 = mali[k~1]#*ss->ell + mal2[k-1]*ss->e22 + mal3[k-1]*ss->e33;
88->822 = mal2[k-1]*ss->ell + mall[k-1]*ss8~>e22 + mal3[k-1]*gs->e33;
88->833 = mal3[k~1]#ss->ell + ma13[k-1]%ss->e22 + ma33[k-1]*ss->e33;
88->812 = 2smg2[k-1]*ss->el2;
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ss->813 = 2xmg2[k-1]#*ss->el3;
88->823 = 2xmg2[k-1]#*ss8->e23;

ss->s813i = eval_s13(x1,x2,k,z);

88->8331i = xchi5(x1,x2,0)*zfn(Falp5,k,z)*me2[k-1];
88->833i += xchi6(x1,x2,0)*zfn(Falp6,k,z)*me2[k-1];

g8->e331i = (88->833i1i - (8s->s811 + s8s8->822)*mnu2[k-1])/me2[k-1];

88->811i = malil[k-1]*ss->ell + mal2[k-1]*ss~>e22 + mal3[k-1]*ss->e33i;
}
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