First integrals for the Bianchi universes:
Supplementation of the Noetherian integrals
obtained by using Lie symmetries

H PANTAZI



First integrals for the Bianchi universes

Supplementation of the Noetherian integrals with the
first integrals obtained by using Lie symmetries

by

HARA PANTAZI

[Mrvyio Mabnuoatikiy

HMoaverornuio Avyaiov

This dissertation is submitted in fulfilment of the requirements for the degree of
Master of Science in the Department of Mathematics and Applied Mathematics,
University of Natal

Karlovassi

August 1997



Acknowledgments

I wish to thank my supervisor, Academician P G L Leach, for his support during
this academic year. I am grateful to him not only for his advice in Mathematics and
the use of computers but also for his hospitality during my stay in South Africa. I
thank the University of the Aegean which provided computing and library facitities.
Without them the achievement of this dissertation would be impossible. I thank
Professor G P Flessas for his kindness and interesting‘discussions. I also thank T
Pillay for his help with LIE and Latex programs. I would like to thank the Research
Company of the University of the Aegean for providing funding for this work and my
parents who have supported me for all the years of my studies. Last but not least I
should like to thank Dr S Cotsakis for his patience and good advice which were very

important in the evolution of my scientific studies.



Declaration

I, Hara Pantazi, affirm that the material contained in this dissertation has not (to
my knowledge) been published elsewhere except where due reference has been made
in the text, and that this dissertation is not being and has not been used for the

award of any other degree or diploma in any university or other institution.

H Pantazi
August 1997

i1



Summary

In Chapter One we present the concept of symmetry which is the basis of this dis-
sertation. In particular we are interested in symmetries of differential equations. We
present the Lie method and we illustrate the procedure for finding first integrals.
Noether’s Theorem is presented in this chapter and also the procedure for the com-
putation of Noetherian integrals. We describe the basic steps that we follow with
the package Program LIE and we give in detail the example of Bianchi Type [11.

Cappoziello et al have developed what they call the ‘Noether symmetry approach’
method and have applied this method to the Bianchi universes. In Chapter Two
we describe their method and we pay attention to the application in the Bianchi
universes. We are especially interested in the form of Noether’s Theorem that they
use and the results that they obtain with this form.

In Chapter Three we find the Lie symmetries of the Bianchi models in four cases,
considering the existence of matter and potential: Case-1 where there is no matter
and no potential. This is the simplest case since we obtain a system of three second
order equations in three variables. The results are very helpful for the following cases.
Case-2 where there is no potential: The system now contains four equations in four
variables since matter is included. Case-3 where there is a constant potential. The
system 1s the same as in the previous case plus the constant term of the potential
in one of the equations. Case-4 where we have arbitrary potential. This is the most
general case. The system now has the extra term of the function of the potential and
its derivative with respect of ¢. We also obtain the Noether symmetries for every
case. We give the Lie algebras for the models.

In Chapter Four we completely solve the problem for the Bianchi types I, 111
and V. We apply the Lie and Noether methods as they have been developed in the
first chapter. Especially for the Bianchi Type I1] we use a new reparametrisation
in order to simplify the computations.

In Chapter Five we compare our results with the corresponding results of the
‘Noether symmetry approach’ for the Bianchi Types I and V in the second case.

An interesting discussion arises from the comparison. In particular we point out the
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important details that should be considered for the proper application of Noether’s
Theorem.

In three appendices we present the background material for Lie groups and Lie
algebras, the Bianchi classification, the Bianchi Lagrangian and the forms of the

potential.
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Prologue

We are interested in examining the ‘Noether symmetry approach’, a method which
has been developed by Capozziello et al and recently has been applied to the Bianchi
universes. There are particular points in the method which arouse our curiosity and
are responsible for the creation of this dissertation. In particular we examine the
problem of the Bianchi universes with two methods: The first one is to apply the Lie
and Noether methods to find the symmetries for every type which is the main work
of this dissertation. The second one is to examine the symmetries of the Bianchi
models using the ‘Noether symmetry approach’. We should note that both methods
use Noether’s Theorem. However, one should be careful to distinguish between the
forms of the theorem which have been used in the two instances.

We find the Lie symmetries in the models in four cases: Case-1 where there is
no matter and no potential. This case is the simplest one since we have a system
of three equations with three variables A, #; and B;. The symmetries follow 1in
almost all models easily. Considering the expression of the symmetries we continue
in the second case where there is matter but no potential. The system has now the
additional equation of ¢. Moreover the derivative of ¢ appears in the A equation. The
symmetry G = 0/0¢ appears as a symmetry of the system since ¢ is an ignorable
variable for the A, 1, B2 and ¢ equations just as it is an ignorable coordinate in the
Lagrangian. Hence the number of symmetries in the second case is always greater
than what it is in the first case since there are symmetries which involve the ¢ term.
Case-3, where we introduce a constant potential, does not present special difficulties
since the system has almost the same form as in Case-2. The appearance of the
constant term of the potential in the A equation is responsible for ‘losing’ symmetries.
An exception is the Bianchi Type I, where the Ricci scalar is zero. The constant
potential appears in the expression of symmetries and gives new ones. The most
general case is Case-4 in which we allow the potential to be an arbitrary function of
¢. The function of the potential in the A equation and its derivative in the ¢ equation
are the terms responsible for the descrease the number of symmetries. The symmetry

G = 0/0t appears in all models in all cases since the system is autonomous. We
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give the Lie algebras and we determine which of the Lie symmetries are Noether
symmetries.

We completely solve the problem in Bianchi Types I, II1] and V. We note that the
integrals that we obtain are separable integrals which yield the solution more easily
since we need three integrals in the first case instead of six and four instead of eight
in the next two cases. In the general case where the potential is an arbitrary function
of ¢ we apply the general symmetry of the nonpotential case and find the conditions
which should be satisfied for there to be a symmetry of the system. The potential
should be an exponential function of ¢. The condition that the energy function be
zero was used by Capozziello et al to obtain the integrals. This condition is actually
a first integral for the symmetry 0/0t, a symmetry which is ignored by Capozziello
et al since time is not allowed in the ‘Noether symmetry approach’. If we impose
this condition on the problem, we obtain the same results as Capozziello et al in
the Bianchi Type I model, but this does not happen in the Bianchi Type V where
the results are completely different. The Painlevé analysis supports our argument.
The analyses of Capozziello et al are couched in the language of tangent bundles
and differential geometry. Whilst that is fine as an exercise in this field, our results
show that the problem under consideration, the integrability of the Bianchi models,
is not given a comprehensive treatment by comparison with standard techniques.
Unfortunately Capozziello et al do not mention the possible restrictive effect of their
method. Although it seems that their method has all the advantages of an elegant
method, the limitations of results is a serious matter and should be avoided. We have
extended their results within the standard framework of symmetry analysis. We are

aware that further results may lie within the ambit of a more generalised analysis.

H Pantazi
August 1997

vii



Contents

1 Symmetry Methods 1
1.1 Imtroduction . . . . . .. .. .. .. 1
1.2 Symmetry: a brief history . . . . .. ... oo 2
1.3 Symmetries of differential equations . . . . . .. ... ... ... ... 3
1.4 Firstintegrals . . . . . . . .. ... L L 10
1.5 Noether’s Theorem . . . . . ... ... ... ... .. ......... 13
1.6 Computer methods . . . .. ... .. ... ... ... ..., ... 17

2 A Review of the Results from the Noether Symetry Approach

due to Capozziello et al . 23
21 Introduction . . . .. ... ... 23
2.2 The Noether symmetry approach . . . . ... ... ... ....... 24
2.3 The Noether symmetry approach in the Bianchi models . . . . . . . . 28
2.4 The exact integration. . . . . ... ... ... ... ... 35
2.5 The purpose of the current research . . . . . .. ... ... ... ... 36
3 The Lie and Noether Symmetries of the Bianchi Models Possessing

a Lagrangian 39
3.1 Imtroduction . . . .. .. ... ... ... 39
3.2 Transformations . . . . . .. ... ... 40
33 Bianchi Type I . ... .. ... ... .. ... ... . ... ... .. 42

3.3.1 Case-1: no matter and no potential. . . . . .. ... ... ... 42

3.3.2 Case-2: Nopotential. . . . ... ... ... .. ... .. ... . 44

viii



3.4

3.5

3.6

3.7

3.8

3.9

3.3.3 Case-3: Constant potential. . . . .. .. ... .. .. ..... 47

3.3.4 Case-4: Arbitrary potential. . . . . ... ... .. ... ... 49
Bianchi Type IT . . . .. ... . .. 50
3.4.1 Case-1: No matter and no potential. . . ... .. ... ... .. 50
3.4.2 Case-2: No potential . . . .. ... ... ... 51
3.4.3 Case-3: Constant potential. . . . .. .. ... .. ....... 53
3.4.4 Case-4: Arbitrary potential. . . . . ... ... .. 54
Bianchi Type IT1 . . . . . . . ... .. i 55
3.5.1 Case-1: No matter and no potential. . . ... .. .. ..... 55
3.5.2 Case-2: Nopotential . . . .. .. ... ... ... .. ..... 57
3.5.3 Case-3: Constant potential. . . ... .. ... ... ...... 58
3.5.4 Case-4: Arbitrary potential. . . . .. ... ... ... ..... 59
Bianchi Type V . . . . . ... ... . o o .. 60
3.6.1 Case-1: No matter and no potential. . . ... .. .. .. ... 61
3.6.2 Case-2: Nopotential . . .. ... ... ... ... ....... 62
3.6.3 Case-3: Constant potential. . . . ... ... ... ....... 64
3.6.4 Case-4: Arbitrary potential. . . . .. .. ... ... ...... 66
Bianchi Type VI: class A . . . . . ... .. ... ... ... ... 67
3.7.1 Case-1: No matter and no potential. . ... .. ... .. 67
3.7.2 Case-2: Nopotential . . . . ... ... ... ... .. ..... 68
3.7.3 Case-3 Constant potential. . . . . . . ... .. ... .. .... 70
3.7.4 Case-4: Arbitrary potential. . . . .. .. ... ... ...... 71
Bianchi Type VI: class B . . . . . ... .. ... .. ... ... ... 72
3.8.1 Case-1: No matter and no potential. . . ... .. .. ... .. 72
3.8.2 Case-2: Nopotential . . ... ... ... ... .. ....... 74
3.8.3 Case-3: Constant potential. . . . .. ... ... ........ 7
3.8.4 Case-4: Arbitrary potential. . . . . . .. .. ... .. ... .. 78
Bianchi VII . . . .. ... 79
3.9.1 Case-1: No matter and no potential. . . ... ... ... ... 80
3.9.2 Case-2: Nopotential . . ... ... ... ... ... ..... 81

X



3.9.3 Case-3: Constant potential. . . . ... ... ... ....... 82

3.9.4 Case-4: Arbitrary potential. . . . . . .. ... ... ... ... 83
3.10 Bianchi Type VIII . . . . . . . . . .. .. . ... . ... ... 84
3.10.1 Case-1: No matter and no potential. . . ... ... ... ... 84
3.10.2 Case-2: No potential . . ... ... ... ... .. ....... 85
3.10.3 Case-3: Constant potential. . . . . ... ... .. ... .... 87
3.10.4 Case-4: Arbitrary potential. . . . . . ... ... ... ... .. 88
3.11 Bianchi Type IX. . . . . . . . ... . . ... Lo 89
3.11.1 Case-1: No matter and no potential. . ... ... .. .. ... 89
3.11.2 Case-2: No potential . . . .. .. .. ... ... ... . .... 90
3.11.3 Case-3: Constant potential. . . . .. ... ... ... . .... 90
3.11.4 Case-4: Arbitrary potential. . . . .. .. ... .. ... .... 91
3.12 Discussion . . . . . . ... L 92
The Lie and Noether integrals of the Bianchi models 95
4.1 Introduction . . . . . .. .. ... ... .. 95
4.2 Bianchitype I. . .. .. ... ... ... 96
4.2.1 Case 1: No matter and no potential. . . ... ... ...... 96
4.2.2 Case-2: Nopotential. . . . .. .. .. ... ... ..... L. 97
4.2.3 Case 3: Constant potential. . .. .. ... ... ..... .. . 99
43 Bianchi IT1.. . . .. ... ... .. ... 99
4.3.1 Case 1: No matter and no potential. . . ... ... . ... .. 99
4.3.2 Case 2: Nopotential. . . . . ... .. ... .. ... ... ... 103
4.3.3 Case 3: Constant potential. . . ... . ... . ... .. . . 103
44 Bianchi V.. . .. .. 103
4.4.1 Case 1: No matter and no potential. . . ... ... ... . . . 103
442 Case 2: Nopotential. . . . .. ... ... .. .. ... .. . .. 105
4.4.3 Case 3: Constant potential. . . .. ... ... .. . . . . . . 106
4.5 Counteracting the symmetry breaking potential. . . . . . . .. .- .. 107



5 Discussion
5.1 Introduction . . . .« o v v v o e e e e
5.2 ODbSErvations . . . « v v v v v e e e e e e
5.3 Cavete dona ferentes Graecos! . . . . ... ... ... ... ... oL

B4 DISCUSSION .« « « v v v v e v e e e e e e e e e e e
A Spacetime symmetries, Lie groups and Lie algebras
B Bianchi Classification

C The Bianchi Lagrangian and Potential Forms

xi

111
111
111
113
117

119

123

131






Prologue

We are interested in examining the ‘Noether symmetry approach’, a method which
has been developed by Capozziello et al and recently has been applied to the Bianchi
universes. There are particular points in the method which arouse our curiosity and
are responsible for the creation of this dissertation. In particular we examine the
problem of the Bianchi universes with two methods: The first one is to apply the Lie
and Noether methods to find the symmetries for every type which is the main work
of this dissertation. The second one is to examine the symmetries of the Bianchi
models using the ‘Noether symmetry approach’. We should note that both methods
use Noether’s Theorem. However, one should be careful to distinguish between the
forms of the theorem which have been used in the two instances.

We find the Lie symmetries in the models in four cases: Case-1 where there is
no matter and no potential. This case is the simplest one since we have a system
of three equations with three variables A, 8; and f;. The symmetries follow in
almost all models easily. Considering the expression of the symmetries we continue
in the second case where there is matter but no potential. The system has now the
additional equation of ¢. Moreover the derivative of ¢ appears in the A equation. The
symmetry G = 0/0¢ appears as a symmetry of the system since ¢ is an ignorable
variable for the A, f1, B2 and ¢ equations just as it is an ignorable coordinate in the
Lagrangian. Hence the number of symmetries in the second case is always greater
than what it is in the first case since there are symmetries which involve the ¢ term.
Case-3, where we introduce a constant potential, does not present special difficulties
since the system has almost the same form as in Case-2. The appearance of the
constant term of the potential in the A equation is responsible for ‘losing’ symmetries.
An exception is the Bianchi Type I, where the Ricci scalar is zero. The constant
potential appears in the expression of symmetries and gives new ones. The most
general case is Case-4 in which we allow the potential to be an arbitrary function of
¢. The function of the potential in the A equation and its derivative in the ¢ equation
are the terms responsible for the descrease the number of symmetries. The symmetry

G = /0t appears in all models in all cases since the system is autonomous. We
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give the Lie algebras and we determine which of the Lie symmetries are Noether
symmetries.

We completely solve the problem in Bianchi Types I, I1T and V. We note that the
integrals that we obtain are separable integrals which yield the solution more easily
since we need three integrals in the first case instead of six and four instead of eight
in the next two cases. In the general case where the potential is an arbitrary function
of ¢ we apply the general symmetry of the nonpotential case and find the conditions
which should be satisfied for there to be a symmetry of the system. The potential
should be an exponential function of ¢. The condition that the energy function be
zero was used by Capozziello et al to obtain the integrals. This condition is actually
a first integral for the symmetry 0/0¢, a symmetry which is ignored by Capozziello
et al since time is not allowed in the ‘Noether symmetry approach’. If we impose
this condition on the problem, we obtain the same results as Capozziello et al in
the Bianchi Type I model, but this does not happen in the Bianchi Type V where
the results are completely different. The Painlevé analysis supports our argument.
The analyses of Capozziello et al are couched in the language of tangent bundles
and differential geometry. Whilst that is fine as an exercise in this field, our results
show that the problem under consideration, the integrability of the Bianchi models,
is not given a comprehensive treatment by comparison with standard techniques.
Unfortunately Capozziello et al do not mention the possible restrictive effect of their
method. Although it seems that their method has all the advantages of an elegant
method, the limitations of results is a serious matter and should be avoided. We have
extended their results within the standard framework of symmetry analysis. We are

aware that further results may lie within the ambit of a more generalised analysis.

H Pantazi
August 1997
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Chapter 1

Symmetry Methods

1.1 Introduction

In this chapter we present the basic concepts of symmetry which we use in this
dissertation. We start with a brief history and we continue to develop the Lie and
Noether approaches. We determine the Lie symmetries for a simple example and give
the procedure that we follow to find the first integrals. We present Noether’s Theorem
and we illustrate with an example the procedure of computing the Noether integrals.
We also present the steps that we follow with Program LIE and the observations

which leads us to the computation of the Lie symmetries.

Table 1.1: Two examples of discretely symmetric patterns in the plane



1.2 Symmetry: a brief history

Symmetry is one of the ideas that have been used over the centuries in sclence and art
and is closely connected with concepts of order, beauty and perfection. The concept
of symmetry dates from the Paleolithic Period. In Mathematics we find symmetry
being used in the Ionic School of Thales of Miletus and the Southern Italian School
of the Pythagoreans [60]. Later mathematicians of the Athenian and Alexandrian
periods rejected the reliance of the Ionian School on geometric symmetry. This
attitude was a consequence of the paradoxes of Zeno of Elea [25]. Euclid’s Elements
contain virtually no mention of symmetry. The modern rise in the use of symmetry
began at the turn of the nineteenth century.

The ancient Babylonians knew the formula for finding the roots of a quadratic
equation. The cubic equation was apparently solved for the first time by Scipone
del Ferro and the quartic by Ludovico Ferrari in the sixteenth century. The next
problem was to solve the general quintic equation. Evariste Galois gave a proof of
its impossibility based on the idea of symmetry. (The interested reader is referred
to [53, 60]).

After Galois many mathematicians contributed to the fields of group theory. Two
in particular were Felix Klein and Sophus Lie. Klein’s main work is in discrete
symmetry groups. In his famous lecture, The Erlangen Program, he shows the
importance of the concept of symmetry with the folowing definition of geometry:
Geometry is the science which studies the properties of figures preserved under the
transformations of a certain group of transformations. Sophus Lie, on the other hand,
devoted his entire career to the study of the theory of continuous groups (now known
as Lie g;roﬁps). There are two types of symmetries, the discrete and the continuous. A
discrete symmetry is one which must be performed as a single operation. Translation
in a planar lattice is an example of a discrete symmetry. A continuous symmetry
is a continuous transformation which leaves invariant that upon which it operates
and depends upon a continuous variable or parameter. Such a symmetry is the

rotation of a circle about an axis through its centre normal to the plane of the



circle. Lie considered not only continuous groups themselves, but went on to assign
such groups to differential equations. The Lie theory of differential equations was
highly valued by its creator and was for a time extremely popular. Over the years
interest began to wane as mathematicians set their sights elsewhere. However, in
branches of science such as Physics and Crystallography group theory found many
applications. For the later the discrete groups are particularly important. In Physics
Lie groups were associated with specific, usually conserved, quantities such as energy
or angular momentum. The dimensional analysis so fondly used by engineers was
the mere remnant of Lie’s generalist approach to differential equations. In the 1950s,
however, physicists (and later mathematicians) agreed that Lie theory describes the
symmetries of the real objects modelled by differential equations. Hence finding the

symmetries turned out to be of crucial importance.

1.3 Symmetries of differential equations

A transformation group is a mapping which depends upon one or more parameters.
It is continuous if the parameter can vary continuously over a set of nonzero measure.
If this mapping is continuously deformable from the identity, it can be written in the

infinitesimal form

z; = z; + €&, , (1.1)

where ¢ is the parameter of smallness. The transformation (1.1) can be written in

terms of the differential operator

5 .
G =iz (1.2)
as
Z; = (1 + eG)z:. (1.3)
In component form we have, in the case of two variables,
T=z+¢€f ’ (1.4)



where £ and n are arbitrary functions and ¢ the infinitesimal.

(1.5)

Similarly we can express (1.4) and (1.5) in terms of a differential operator [22] acting

on the variables z and y so that the infinitesimal transformation may be written as

and, if

then

0 0
T=(1+eG)z
7=(14+eG)y.

(1.6)

(1.7)

(1.8)

(1.9)
(1.10)

The G is called the generator of the infinitesimal transformation. If one variable, y,

is dependent upon the other variable, z, we must consider the effect of the trans-

formation on derivatives. The first derivative transforms as (up to the first order in €)

Similarly

dz?

47 _ d(y +en)
dz  d(z +¢€f)
B y'+€77'
14l

— yl + E(nl _ ylfl)-

— yl/ + E(Tl" _ 2yll€l _ y’é”).

(1.11)

(1.12)



For the general case we can derive a differential operator by extension of the origi-

nal operator (1.2). For an nth order differential equation the nth extension has the

following form [44]

J=1

n ] ) . ) o o
) = (i) _ L 219 £0)
G —G-{—;{n > (y):r 3 } 520" (1.13)
where ) denotes d*/dz’.

If ¢ and 7 are functions of z and y only, then we have a point transformation. A
generalised transformation is one in which the coefficient functions depend upon

derivatives of y as well. An nth order generalised transformation has the form

G=¢ (2,9, y™) 5% +1(2,9, ™) 6% (1.14)

We note that by the previous definition a point transformation is of zeroth order.
We may define a symmetry as an operation which leaves invariant that upon which it
operates [34]. When a symmetry corresponds to a point transformation, we call it a
Lie point symmetry. If the transformation is generalised, then we obtain a generalised
symmetry. Lie considered a special class of generalised symmetries, known as contact
symmetries [16, 37, 38], for which the coefficient functions depend upoﬁ the first
derivative of y in such way that the induced transformation in 3’ does not depend
on y”.

If { and 7 contain an integral, we have a nonlocal symmetry [24]. The theory
of nonlocal symmetries is quite a new theory which arose from interest in impor-
tant problems. We work mainly with Lie point symmetries although the nonlocal
approach could be useful in some points as we shall see in the following chapters.

A differential equation

E (z,y,y', ....,y(")) =0 (1.15)



possesses a symmetry

0 5,
G_€5;+775; (1.16)
if
GrE__ =0 (1.17)

Equation (1.17) means that the action of the nth extension of G on F is éero when
the original equation is satisfied.

Since in Bianchi models time is the only independent variable, we confine our
attention to the case of one independent variable, z, and four dependent variables,

y;, where 1 = 1,2, 3,4. We work with second order ordinary differential equations.
E(z,y;,yi,y.) =0, 1=1,2,3,4 (1.18)

possesses a Lie point symmetry

d 0
G:= f(%%)é}'*‘m(m,yi)% (1.19)
J

if (1.18) is invariant under the infinitesimal transformation generated by the second

extension of G, viz.

, 1 ot a " "¢t 1 ¢t a
J

7

(1.20)

whenever (1.18) holds. Note that (1.18) could be a scalar equation or a system of
equations.
As a simple example we find the Lie point symmetries of the equation y” = 0.
The symmetry has the form
9 9 |
G= é(w,y)a—+n(w,y)5§ (1.21)

Z

and from (1.13) the second extension takes the form

! 1! a " et el a
G[21::G+(n—y€)a—y-,+(77 —ny—yﬁ)gg—/;, (1.22)



where

o ,0¢
! ! 1.23
€=g. 1Y%, (1.23)
0%¢ 9% 0% |, 0¢
" _ ! ’ —_ 1.24
C = T Wy TV a2 Y 5y (1.24)
etc. So from (1.63)
&%y o*n 9y In
[2}, r _ _ / 2 n
Gy —0—[—8$2+2yax8y+y 8y2+y _ay

" 6 /6

(0% L, P 0%, 0€
-y (5?_*_2‘7! 3x8y+y Oy? Ty Jy

'y”:O

2

_ 0% , 0% 0%
- _8—;_*‘23/ 5m8y+y 0y?

! 625 ! 825 2 825
—Y (ﬁ+2y 0zdy Ty 0y?

= 0. (1.25)

Since ¢ and 7 are functions of z and y only, the y’ dependence is explicit and we can

separate by powers of y’. We have

0%

IB' — T

v Oy? 0

. OPn 0%

V"t 50~ 2505y = ° (1.26)

n ., ] __éif___
v dzdy Oz

=

y/O . 62

z

= 0.

[

o5



From (1.26a) we find that
¢ = a(z) + b(z)y
and (1.26b) gives
=0y’ +c(a)y + d(z).

Equations (1.26¢) and (1.26d) impose restrictions on the forms of ¢ and 7. Hence

0=22"y+c)—a" - b"y

0=0"y*+c"y+d".
The functions @, b and ¢ depend upon z only and so one can separate by independent

powers of y. We find

dll — O
cl/ — O
bII —

(l” — 2cl

Hence the solution is

a = Ag+ A1z + C12°

b= By + Bz
C=Co+Cl.’L' (127)

The symmetry has the form

0
G = (Ao + Az + Ciz® + (Bo + Bll‘)y) 9z

0
+ (Bi® + (Co+ C1z)y + Do + Dyz) 3 (1.29)



If in turn we set seven of the constants to be zero and the remaining one to be equal

to unity, we obtain the following symmetries

GF%
bumsd
G5=m2%+zy%
-
G7=y%

0 0
Gs = Y5 + yza—y.

The equation y” = 0 possesses the maximal numbelj of symmetries for a second order
ordinary differential equation.

We use the symmetries to reduce the order of differential equations. From the gen-
erators we can find new variables which are invariants of the generator and functions
of z, y and y’. Hence the order of the equations is reduced by one. Unfortunately

there are cases that we are unable to find an expression of the solution even through

the reduced equation.



1.4 First integrals

A first integral is a conserved quantity which is a function of the independent variable,
the dependent variables and their derivatives up to the (n — 1)* for an n* order
system. It is clear that the concept of a first integral is connected with the concept
of invariance and so with the concept of symmetry. If we consider the equation of
evolution of some system, then a first integral is a function of the dynamical variables
that retains its initial value as the system evolves. From the geometric point of view
a first integral can be interpreted as restricting the solution to a surface in the
extended phase space. Hence, for a second order scalar equation, two independent
first integrals define two surfaces, the intersection of which gives the solution of the
equation as the trajectory in the three dimensional extended phase space [36].

If an equation

E (m,y,y', ...,y(")) =0 (1.30)
has a symmetry
0 0

then a first integral [ (x,y,y’, ...,y(”‘l)) of E associated with G is found from the

solution of the equations

Grlr =0 (1.32)
and

dI

< o 1.

T, 0 (1.33)

Equation (1.33) expresses the condition that I must be an integral. Equation (1.32)
is an extra constraint which (hopefully) will make the process of solution easier. This
reduces the number of first integrals to be found from (1.33) from n to n — 1. Thus
instead of finding all the independent first integrals of an equation we find a subclass
of those first integrals which are invariant under the particular symmetry we choose.

To solve an equation completely by symmetry methods we require more than one

10



useful! symmetry. If the dimension of the space is n, then I in the context of a system
of second order ordinary differential equations is a function of 2n + 1 variables z,
y; and y! which from (1.32) can be expressed in terms of 2n characteristics each of
which is invariant under the infinitesimal transformation generated by G, If we
consider (1.33), I becomes a function of 2n — 1 characteristics each of which is a first
integral of the original equation (1.18).

For the second order equation (1.18) the function I(z,y;,y}) is a first integral

associated with the symmetry G if it possesses the properties

GMI =0 (1.34)
dI
—_— =0
dx IE:O

As a simple example we find the integrals for the symmetry Gy = /0y of the equa-

tion y” = 0. Since

| ! 11 a
Gy =Gi+ (' ~y'€)5
Yy

0 0 0
—05‘;+a—y+0537, (1.35)
the associated Lagrange’s system is
dz dy dy' '
TT1T0 (139
and the characteristics are
u=y (1.37)
v=y (1.38)

1A useful symmetry is defined as a symmetry which may be used in the solution of differential

equation either by reduction of order or the determination of first integrals.
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The first integral is now

I(z,y,y") = J(u,v).
The requirement (1.33) gives

,0J  ,0J
U — + =

Ou v%—O

with the associated Lagrange’s system

du dv

v 0

for which v is a characteristic. Hence the integral is?
Il =Y.

The associated Lagrange’s system for

0 0
— 2 -
Gs =2 3m+xy3y

18

dz Elg _dy

22 zy  y—ay

from which we obtain the two characteristics

!

)
U= = v=y —zy .
T

The first integral has the form

I(z,y,y") = J(u,v).

The requirement J’ = 0 gives

8J 8]
+ —

G0V

U

2Strictly I = f(y'), but usually f is set as the identity.
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(1.39)

(1.40)

(1.41)

(1.42)

(1.43)

(1.44)

(1.45)

(1.46)



with the associated Lagrange’s system

/ du = dv (1.47)
y'/z—ylz® —zy"
= du_ @ (1.48)
-v 0
We obtain the integral
IL=y—zy. (1.49)

One should note that the differential equation and the first integral have at least one
symmetry in common, the symmetry that we used to obtain the first integral. There
is always the possibility that the differential equation has a symmetry which is not

necessarily a symmetry for the integral.

1.5 Noether’s Theorem

Symmetries of differential equations are not the only symmetries which are used to
provide integrals and solutions. The invariance of the Action Integral under infinites-
imal transformation leads to Noether’s theorem [47] which relates a first integral to
each symmetry obtained from the Action Integral. We derive Noether’s Theorem
in the case of particulate motion in one degree of freedom. Under an infinitesimal
transformation (1.1), where £ and 7 are arbitrary differentiable functions,® the Action
Integral

A= [ L(zy,y)de (1.50)

is invariant if

A= [ L(z,3.7)dz (1.51)

30One should be careful to be aware that, if the functions are not arbitrary, the generality of the

treatment is restricted.
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= A, (1.52)

where ' denotes d/dT and £ is an analytic function of z,y and y’. Hamilton’s Principle
makes the condition A = A slightly weaker: It is enough to consider the variation in
the functional to be zero under a zero endpoint variation. We impose the restriction
on ¢ and 7 that they conform to the requirements of Hamilton’s Principle, but allow
for the freedom of a gauge function which contributes nothing to the variation. Thus

we may write

A= /_ T Lz dE (1.53)
o dF
=A+/xo Edw (154)

Consider the transformations (1.1). We require that (1.54) be an identity for & = 0

and we have

/: (£+e(£@£+ngﬁ C +££)>df’«"/ (Ltef)de, 159

0

where the gauge function is such that A(e = 0) = A, and we have written F = ¢ f

The symmetry

0 g
G—fé;-l-?]a_y (1.56)
is a Noether symmetry if
oL
€Gg+ 150+ g+ EL= 1, (157

where ¢ = n' — y'¢’. We call f a gauge function. In order to find the infinitesimal
transformation under which the variation of the Action Integral is invariant we solve

(1.57). We can rewrite (1.57) as

o={r-|e+0-vo ]} --ve [ - =(5)] s
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so that, when the variational principle is imposed on (1.54) for it to take a station-
ary value and consequently the Euler-Lagrange equation applies, (1.58) leads to the

Noetherian integral
o OL
I=f- €£+(77—y§)5? : (1.59)

We note that the derivation is completely independent of the functional dependence
of f, ¢ and n. Hence the statement and the proof of Noether’s Theorem can apply
for more general symmetries such as generalised and nonlocal symmetries.

We give a simple example as an application of Noether’s Theorem. Consider the

Lagrangian
1
L=zy"” (1.60)
2
We seek the Noether point symmetries for this Lagrangian. Hence we have
fl=('—y&y+ 6’ " (1.61)

af f @_ ,aTI 66 /266 ! 1 85 /85 72
= 5tV (am+y3y Vae "V 5) Y T2\ TVay)Y

(1.62)
since ¢ and 7 are functions of z and y. We have
o, 06 106
"oy 28y
on 0 135
2, 20 TS .
y'“: 9y oz + = 550 =0 (1.63)
jro O _on
" OJy Oz
of
n., ZJ —
Yy 5 0.
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The system (1.63) has solution

{ = Ao+ A1z + Ay’ (1.64)

D] =

The five constants give the five Noether symmetries

G, = .7:6g + %y{fy
G3 :3:25%—}-@7;% ' (1.66)
Gs=ag

which are a subset of the eight Lie point symmetries of y" = 0. From (1.59) we

obtain the Noetherian integrals

1
I] = —§y/2

1 /
I, = —Ey'(y —zy’)

1 /
b= —Ly—ayy (167
Ii=—y
Is=y—ay.
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Once a Noether symmetry is found the first integral follows easily. For an nth order
Lagrangian Noether’s Theorem produces one integral per symmetry, but the corre-
sponding Euler-Lagrange equation is of order 2n [55] and a Lie symmetry produces
(2n — 1) integrals per symmetry. However, the calculation of these first integrals is

nontrivial [20].

1.6 Computer methods

In order to obtain the Lie symmetries we use the package written by Alan Head, Pro-
gram LIE [26]. Although there are many other packages [27] we prefer this particular
one because we find it more sensible. Without the help of the package Program
LIE we would not be able to investigate all the systems in the four cases for all the
Bianchi models since the procedure by hand is too slow*. We give the basic steps of
the procedure that we use for the computation of Lie symmetries. Since we obtain a
system of second order equations with one independent variable and four dependent,
for the Bianchi models we present the procedure for the case of four differential equa-
tions with one independent variable and four dependent. We enter the commands
listed in Table 1.2. NIND# denotes the number of independent variables, NDEP#
the number of dependent variables, DE# [n] represents the nth equation of the Sys-
tem and DV#[n] is the highest derivative of the nth equation®. Here one should
be careful: The equation must be linear in that term. The next step is to define
the variables. LIE interprets U(i) as dependent variables and X(i) as independent
variables. In our case we have the dependent varibles u,v,w and ¢ so we enter them
as U(1), U(2), U(3) and U(4). Time is the indep;andent variable so we enter it as
X(1). If one wishes to insert the secoﬁd derivative of v, one types U(2,1,1), where

the number 2 is the corresponding number which characterises the variable and the

“With but slight tongue in cheek one could say that the obtaining of the correct answer is more
of a statistical matter!

*In principle the differential equations can be used to eliminate any term which occurs linearly

in the equation. In practice the highest derivative is used. This is not the case when the symmetries

of a function or first integral is to be determined.
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ECHO: TRUE §
NIND#:1 $
NDEP#:4 $
DE#:DV#: $
DE#[1): $
DE#[2]: $
DE#[3]: $
DE#[4]: $
DV#[1]: $
DV#[2]: $
DV#|3]: $
DV#[4]: $
ECHO:FALSE §
RDS() $
Table 1.2: The commands for preparing a program to analyse a system of four equa-

tions using Program LIE.

number 1 is the derivation with respect to the first independent variable. We enter
the equation without the ‘=0’ part. The next step s to type at the DOS prompt the
command MULIE and continue with the commands
(2) RDS(FILENAME, DAT);
(z2) DOLIE();
(z312) DOSOLV();
(tv) DOCHECK();
(v) DOV EC();
(v) DONZC();

A common problem in this procedure arises when the machine gives us the com-
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ment ‘exhaustion of memory’. If the problem arises in the process of DOLIE(); two
options are available. The first one is to rearrange the equations so that the sim-
pler ones are analysed first. However, the word simpler is relevant for the machine
as the reader will note in the following example. The other option is to introduce
new dependent variables to makes the system simpler. For this reason, as we see
in Chapter Three, we use a new reparametrisation for the field equations. If the
problem occurs in DOSOLV(); there are further options. In our case we overcame
the problem in two ways: The first one is to enter the command DOINTCONY(); after
DOLIE();. Sometimes there are equations that are returned as unsolved in the route
to determining the symmetries. If one can solve these, the solution can be inserted
into LIE using EVSA#();.

We give an example of the procedure that we follow in order to obtain the Lie
symmetries in Bianchi Type III. In the first case we have a system with three
equations and three variables since there is no matter. After the use of Program LIE

we obtain the four symmetries

Gs = uaa—u + 4wa%v—

In the second case the system of equations is

(1.68)
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where ¢ represents the introduction of matter. We enter the system in the following

form

ECHO : TRUE $
DE# : DV#: §
NIND# : 1§
NDEP# : 4§

DE#[4] : U(L,L,1) »U(1) «U(2)* * U(3)* + 1/2 % U(1,1)*  U(2)? + U(3)?
+3/8%U(1)? % (U(2,1)2« U(3)* + 1/3+ U(3,1)2 x U(2)?)
+1/4xU(4,1)" * U(1)?+ U(2)" * U(3)* — 2/3 x U(2)*? x U(3)*/* $

DE#[3] : U(2,1,1)*U(2) «x U(1)* = U(2,1)2 x U(1)?
+3+U(2,1)«U(L, 1)« U(2) * U(1) — 4/3+ U(3)/2 x U(2)%/% §

DE#[2] : U(3,1,1)*U@3)«U(1)*+«U(2) —U(3,1)** U(1)? + U(2)

+3x U3, 1)« U(1,1)* UB)* U(1) * U(2) + 4+ U(3)* « U(2)/* §

DE#[1] : U(4,1,1) * U(1) + 3 U(4,1) « U(1,1) §
DV#[4] : U(1,1,1) §
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DV#[3] : U(2,1,1) $
DV#[2] : U(3,1,1) $
DV#[1] : U(4,1,1) $
ECHO : FALSE $
RDS() $

If we apply the Program LIE to the system the machine gives us a message of memory
exhausted. We note that the coefficient functions in the first case are first order poly-
nomials. We expect that the symmetries in the second case will have almost the same
expression as in the first case since the only difference is the extra term of ¢ in the
first equation and the ¢ equation. Hence we expect that the symmetries in the sec-
ond case will have coefficient functions which are first order polynomials. We should
enter this information into the program in order to simplify the procedure of finding
the symmetries. We achieve this by the use of the command DOPOLY ALL(1);
after the DOLIE(); command. The program gives the symmetries

0
Gr = (1.69)
(1.70)
0 0
G, —t'é—t+4’l)'a—v (1.71)
(1.72)
0
G3 = ua + 4’(1)'8—1; (173)
0 d.
G4—-ua —4’0% (1 74)
(1.75)
0
Gs = % (1.76)

We note that the first four symmetries are the same as in the first case as they should
be since they do not affect the extra term in ¢ of the u equation and the ¢ equation
is homogeneous of degree zero in u. Also G5 is a symmetry for the system since ¢

is an ignorable variable. Hence the general procedure that we follow is to find the
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symmetries in the first case where the system is simpler and after considering their
expressions we impose the appropriate information on the program for the rest of
the cases. Also in Chapter Three we shall see that the expression of the Ricci scalar
is the term responsible for the different symmetries in the models. However, there
are cases where the form of the Ricci scalar is not extremely different as in Bianchi
Types VI and VII in class A where we obtain the same symmetries. Hence the
expression of the Ricci scalar will give us an idea of the kind of the symmetries and

so make the procedure easier.
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Chapter 2

A Review of the Results from the
Noether Symmetry Approach due

to Capozziello et al

2.1 Introduction

Since our aim is to describe our universe we should be able to develop mathematical
methods for the cosmological models which enable us to understand the evolution of
the universe. Since the FRW model [54] is the model which describes perhaps most
efficiently our universe, many methods have been applied to this model [12, 52]. One
of them is the ‘Noether symmetry approach’ [10]. Recently [9] this method has been
applied to the Bianchi models in order to obtain first integrals' in cases where the
number of symmetries of the model permits us te describe it completely. In this
chapter we describe the basic steps of this method and we give the application to

the Bianchi universe as we find it in [9)].

1The terminology of exact integration is used in Capozziello et al

citeital.
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2.2 The Noether symmetry approach

According to Capozziello et al the Noether symmetry approach is a method for find-
ing symmetries of the Action Integral associated with the system of equations and the
corresponding constants of the motion thereby reducing the dimension of the system.
A constant of motion is a differentiable function on the tangent space which does
not vary along the integral curves. Since the constants of motion are connected with
the concept of invariance, the basis for this method is N oether’s theorem?. Loosely
speaking Noether’s theorem can interpreted as ‘If the Lagrangian is invariant un-
der a one parameter group of transformations on the tangent space, then there is a
constant of the motion which can be connected with this invariance’ [45]. The one
parameter group has an infinitesimal generator, X, on the tangent space. In order
to obtain the constants of motion it is necessary to obtain the infinitesimal generator
which is a point transformation. We present the basic steps of this method. The
tangent space T'Q) which is spanned by 9n,gn is tangent to the configuration space
@ which is spanned by ¢,. Let £ = £(gr, ¢n) be the Lagrangian which describes our
system, where ¢, = dg,/d¢. Of course £ contains also undefined terms of the scalar
¢ and the potential V(4). The Lagrangian is taken to be independent of the time,

which means that

oL
I
and nondegenerate®, ie
0L
det [H];; = det [5@@(}]} # 0.

The Euler-Lagrange equations arising from a zero endpoint variation of the Action

2Tt is actually a restricted form of Noether’s theorem. In fact the infinitesimal transformation
ignores the time and the gauge function is zero.

3To permit a one to one correspondence between symmetry and first integral [55].
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Integral are

L9 _ 229, i=1,..,n (2.1)

One identifies a symmetry by introducing a set of arbitrary, real, differentiable func-
tions {X"(g,)} which are functions of any ¢,. These functions are actually the
coefficients of the infinitesimal generator X. Contracting this with the field equa-

tions (2.1) we have

d oL oL
n| 22 22 ) =0 2.2
(dtaén Bqn> 22)
so that
d oL oL
n_ = X"—— 2.3
dt 84y, 0¢n 23)
Hence
d . 0L B . 0 dX" o0
4 (xo08) - (ol 200 o
The vector
, 0 dX™ o
X 6qn+ dt 04, (25)

is the infinitesimal generator of the transformation and is the tangent lift of X onto
the tangent space T'Q. We denote this vector as X7. If we apply this vector to the
Lagrangian, then the quantity

9 dX™ 9
(X 5T al aqn)‘: (2.6)

is the Lie derivative, Lyxr L, which determines how the Lagrangian varies along the

flow generated by X7 in TQ. Hence

25



d [ .0\
£ (x02) 1y o0

With this terminology Capozziello et al state Noether’s theorem as:

Theorem: If

LxrL =0, (28
then the function
oc
K=X" .
X 3 (2.9)

s a constant of motion.

Equation (2.8) expresses that the Lagrangian density is constant along the integral
curves of X7 and it is invariant under the transformation XZ.

We can express the (2.9) independently of coordinates. We introduce the Cartan

one form 6, associated with £ which is defined as

oL
0 = —dg,. - 2.10
c= 5.4 (2.10)
We denote the contraction of the Cartan one form w — w;dz* and the vector

X =2'0/8z" as ixw = X'w;. Hence we can rewrite the quantity X"0L/0q, as

: oL
From (2.4) we find
d .
E(erﬁ) = LX,C. (2.12)

Marmo et al [45] define X to be a Noether symmetry* for the Lagrangian £ if (2.8)

“We believe that this definition is a restriction as we discuss in Chapter Five.
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holds. Hence for a Noether symmetry they obtain

%(ixeg) =0 (2.13)

so that
ix0: = K, (2.14)

where K is a constant. The quantity ix8. is conserved and so is a constant of motion.

For the given Lagrangian and a point symmetry without a time component equa-
tion (2.8) reduces to an expression that is quadratic in ¢, plus a term independent
of ¢». The coefficients of those terms are determined as functions of ¢, and they
must vanish (since Lx£ = 0). This leads to a number of separate constraints that
take the form of first order partial differential equations in the Xn(gn). A further
constraint may arise from terms in the Lagrangian that are independent of ¢,. In
theory a Noether symmetry is found. This gives a first integral of the field equation
(2.1). Using K together with the energy function associated with £5

oc .
EL - gq-:% -

c (2.15)
we can obtain a complete integration of equation (2.1) in the cases where the number

of independent Noether symmetries is at least equal to the number of degrees of

freedom of the system.® The equation

Ec=0 (2.16)

is the first order Einstein equation and represents a constraint [56].
The existence of the symmetry X gives us a constant of the motion via Noether’s

Theorem. A possible way to find it is to compute the Cartan one form associated

®This equation is actually the Noether integral for the symmetry §/8t. However, this symimetry

is not considered there since the configuration space does not involve time. .
SRecall that the existence of a Hamiltonian is implicit in the regular Hessian and so Liouville’s

theorem applies [8, 39, 40].
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with £, which, when contracted with X, gives the required constant of the motion.
This constant, together with the ‘energy function’ associated with £, provides the
possibility of achieving complete integration of the models. The intrested reader will

find more details about the method in [6, 45].

2.3 The Noether symmetry approach in the Bianchi

models

In this section we present the application of the Noether symmetry approach to the
Bianchi universes as described by Capozzello et al [9]. We find the form of the
general symmetry by solving (2.8). Consider the restrictions which following from
the solution of the (2.8). Capozziello et al obtain two cases for the potential. One
is if it is a constant, the other if it is not. We give as an example the case of Bianchi
Type I. We perform the procedure for finding the symmetries and the constants of
motion in both cases of constant and variable potential. In Chapter Four we present
the integrals for this model in the case where the potential is zero.

We consider the Lagrangian (3.10). The configuration space is spanned by the
four variables A, B1, B2, ¢ and so the vector field X has the form

0 0 0 0

X=L—a—)\‘+315E+Bzé-ﬁ—2+Fa—¢',

(2.17)
where L, By, By, F are unknown functions of the four variables. To find the symme-

try of the system it is sufficient to find the coefficients of X. The tangent lift X7 on
TQ takes the form

dLo  dBi 9  dB 8  dF O
dt 9y ' dt 9B, ' dt 0B, dt 8¢’

XT =X+ (2.18)

where d/dt means the Lie derivative along the vector field X. Hence, for example,
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dL _dL; 8L, 9L, dL

7 a)\/\ 36, — 0+ 8—62,32 + 5{;45 (2.19)

Equation (2.8) gives eleven partial differential equations since it is a homogeneous
quadratic polynomial in X, B1, B2, & plus terms independent of the derivatives. Since
the polyonimal has to be identically zero, each coefficient must be independently

zero. The coefficients are

3B —
3L+2% = 0 3L+253 = 0
3L+282 = 0 3L+2% = 0 (2.20)
8B —
42 -8 = 0 452 -2 = 0
oL 8F  __ 9B 8B —
65— = 0 o Tos = 0
(2.21)
382 4285 = 0 3824228 = 0
. OR* OR ,

0p 9B

We note that (2.22) imposes restrictions on the class potentials in ¢ permitted. The

solution of the first ten equations has the form

L=0
By =cB+cd+co

By = —cBi+ 26+ ¢
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3
F=F- 5(0151 + c22),

where ¢, co, ¢}, ¢1, ¢; and Fy are arbitrary constants. At this point we should note

that Capozzielo et al introduced the function L to satisfy the relation

L= e—S/ZA‘E(BIaﬁ% ¢) (223)

and because of the structure of the system of the equation, L must satisfy the equa-

tions

L= El(ﬂla ¢) + ]:2(527 ) (2.24)

and

=0, " (2.95)

N ]
33/ (zl L1, 189 Ll) L 998

9 9p2 36,

where B is a function of 81, B and ¢. From (2.25), since B; does not depend on ),

we obtain
0B,
— =0. 2.26
95, (2.26)
Hence
- - 160%L,
_ = = 2.27
L+ L, 9 87? 0 - ( )

and on differentiation with respect ot 8, we obtain

oL

57, =" (2.28)
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so that L, is a function of ¢. On differentiation of (2.25) with respect to 8; we obtain
that

Ly = Ay(6)e® + Az(d)e 5% — Lo() (2.29)

and hence

L=1Li+ Ly = A()et? + Ay(g)e™ 1. (2.30)

From (2.20) we obtain that

0By(B1, B2, 9) 3 _any
————— = ——T (B, 2.31
= Ze P L(51,9) (2.31)
and with differentiation with respect to A we obtain that L = 0 and hence L = 0.
Capozzielo et al have found that L, and L, are separately zero but there is no
argument for this. The solutions must satisfy the restriction (2.22) which, for L = 0,
takes the form
OR* OR*

Bi— + Bym— = —_9FV". (232
55 P2 op, (2.32)

We see that the left side is a function of all four variables and the right side one
does not depend upon the variable \. Since the terms which depend upon B, B, in
the expression of R* are exponential, the two sides after derivation with respect to A
should be independently zero which means that we obtain two subcases: when the
potential V' is constant and when F = 0. These constraints allow the symmetries
to be found in every model. As a simple example we calculate the symmetries and
the constants of motion for the Bianchi Type I. In the case where the potential V is

constant the symmetry has the form
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X = (cfa + 16+ o) e + (—cBy + ca6 + ) 5‘2—
2

0B
+ <F0 - g(clﬂ1 + 0252)) % (2.33)
with lift”
XT=X+ (CBz + 61{5)‘8'%1‘ + (= —cBi + Cz<l5)6iﬂ2 - %(0151 + 0252) 6¢- (2.34)

Giving particular values to the constants as described in Chapter One we obtain the

following symmetries:

Xf_b%;
X;f—é%
Xg—%
X = o= S0 b - Sh
X‘,,T:qsa‘; ,32 +¢5B;—5ﬁ28—¢
7

0B, 0B . 0B 0B

The six symmetries are, by construction, independent. The nonzero Lie brackets are

7This coincides with the first extension which is the familiar term in the literature of differential

equations.
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X7, X7
X7, X7
XT, XT|

X7, x7|

X7, XT|

= -2x7 X7, x7)
= XT X7, x7]
= -3xT X7, X7]
= X7 X7, x|
= XTI

Since we have found the symmetries, we are able to calculate the constants of motion.

We use the form

Hence we have

K= 2_)(85 =X" —6-{:-
0¢,
oLc :
K Xl — _3 3\
851 e By
K, = X2 oL _ = —3¢38,
* 08,
oL
Ks = XC"-a-g = —2¢3¢
Ky = x1 95 | x39%
08, ¢

= —363)‘¢Bl + 363/\51&5

K, = X28£ X38£

5,32 ° 06
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= —3e> ¢, + 3¢> B¢

oL oL
Keo=Xogn+ %o g0,

= 363A,3261 - 3€3A,3251,

where we denote by X! the i-component of the n-vector. In practice we divide
the first integrals by suitable numerical factors and we work with the simplified ex-
pressions for the first integrals. We observe that only five of the first integrals are
independent.® In the case for which the potential V is not constant the general sym-

metry has the form

0 ;. 0
X =(ch+ 60)671 + (=chi + Co)g@ (2.36)
with lift
.0 .0
XT=X — — cf—. 2.3
+Cl328ﬁ1 cﬁlaﬁg (2.37)
We obtain the symmetries
0
T P —
=35,
3}
XTI = —
2 0B
3} 0 . 0 . 0
xI = - ~ — — By— 2.38
3 518ﬂ2 ﬂ2351+.618,32 ﬂ2aﬂ1 o )

8We note that the constants are dependent since there is the relation K¢ = (K5K; — K4K3)/K3
and not the symmetries as is stated in [9]. Moreover we find forms for K4 and K5 different from
the corresponding ones in that paper. Our expressions have the particular attraction of having a

zero total derivative when the Euler-Lagrange equations are taken into account.
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with Lie algebra

(X7 xf] = -x] X7, x3] = X

The corresponding constants of motion, after the removal of constant multipliers, are

K, = 83'\/31
K, = e B,

K3 = e (,325’1 - ,3132) .

Once one has found the first integrals one can substitute them into (2.16) and in some
easy cases be able to achieve integration. The explicit performance of the procedure
for finding exact solutions is not always possible. Most of the time it is very hard or
impossible even in the cases where the potential is constant. For the Bianchi Type

VII class A Capozziello et al obtained the symmetry
X=—F - (2.39)

which cannot be a Noether symmetry for £ since % B1+ B2 is not an ignorable variable®.

2.4 The exact integration.

In [9] Capozziello et al obtain the integrals for the Bianchi Types I and V in the
case where the potential is zero.!® They consider the restriction (2.16) which after

the substitution of the constants of motion becomes

602 — K% — o2e™? = 0, (2.40)

It is rarely appreciated that the standard integrals for Lagrangians which are autonomous
and/or have ignorable coordinates are a consequence of Noether’s Theorem in the case that the

gauge function is taken as zero which is the situation in [9].
10Capozziello et al are referring in the case where the potential does not exist. We obtain this

case as the second case in the following chapters.
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where

K*=

[NR VL]

(Klz + Kzz) , o = 6a’exp [3%} : (2.41)

For Bianchi Type I o = 0 and (2.40) gives the solution

A= élog Ngf{(t - to)J . )

Using the constants of motion we obtain the solution of the system. For Bianchi
Type V after the reparametrisation z = e?* equation (2.40) becomes!!
3., K?

58— — - o = 0. (2.43)

Whenever t is small, e* is proportional to /2 and for large t it is proportional to

t1/3. The expression of K3 gives
2K;
N L 2y

so that for small ¢, ¢ is proportional to ¢~1/2 and, for large ¢, ¢ is proportional to

logt.

2.5 The purpose of the current research

According to Marmo et al , the ‘Noether approach’ finds the Noether symmetries of
the field equations for every model. In Chapter Four we present the integrable cases.
With the assumption that there does not exist a potential, it is not hard to find
the integrals as, for example, in Bianchi Types I and V [9]. The problem arises in

cases where, although we have found sufficient number of Noether symmetries, the

11As we mentioned above, in this chapter we present the results as the reader would find them

in the work of Capozziello et al . However, in Chapter Five we discuss the correct results.
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exact integration is not straightforward even though we assume that the potential
is constant as in Bianchi Type II [9]. Of course in cases for which the number
of symmetries is fewer than the dimension of the system it is impossible to find the
requisite number of integrals. This happens for the Bianchi Types VIII and IX. An
interesting idea which is the basis of this dissertation is to find the Lie and Noether
symmetries of the field equations for every model. Our aim is to achieve completely
integration in all these cases for which the number of symmetries is sufficient. As we
observed in Chapter One, when one has found the Noether symmetries, it is an easy
procedure to find an integral for every symmetry. Unfortunately in most cases the
number of these integrals is insufficient to solve the problem even in the simple cases
of models without matter. For this reason it is nessesary to obtain a new procedure
which allows us to find more integrals. Hence we determine also the Lie symmetries
of the system which allow us to find more integrals and, with the Noether ones, may

give the solution of the problem.
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Chapter 3

The Lie and Noether Symmetries
of the Bianchi Models Possessing

a Lagrangian

3.1 Introduction

In this chapter we work on the system of Euler-Lagrange equations which are derived
from the Lagrangian (3.1). In the first section we give the transformations that we
use in order to simplify the computations. We determine the Lie and the Noether
symmetries for the Bianchi models by the method we have already described in
Chapter One. We do not consider the cases of Bianchi Type IV and VIIj, the
non-Lagrangian types since we examine those cases which are presented in [9]. We
have four cases for every model: Case-1 in which there does not exist matter ¢ and
potential V; Case-2 where there is matter but no potential; in Case-3 we have matter
and a constant potential and Case-4, which is the most general since it involves
matter and a general potential as a function of ¢. We use Program LIE to find the
Lie symmetries and we determine those which are Noetherian. In all cases we also
find the algebra of the symmetries. We conclude with a discussion of the results

that we have found. As the computations for each case are very similar, we simply
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summarise the results.

3.2 Transformations

The general Lagrangian has the form [9]

L=e? [R* +6)% — g (ﬂ'f + B;) — ¢ 42V (¢)} . (3.1)

For Types IV and VIIyyo the Lagrangian is not known and so we do not consider
them here. The Euler-Lagrange equations are

5352 § 32 1 (32 l'Z_L—SA_?_ 3>\*__l. _
A+ 354 +8(ﬂ1+ﬂz)+4¢ ¢ a/\(eR) SV (9)=0

. .. 18R
Bi+3B6A+ =

3061 0
(3.2)
. .. 10R*
B2 + 322 + 398, 0

<5+3<¢'5%+V’=0.

The Ricci scalar R* has the form
CLASS A

R:o — %G—ZA [Nr12e451 + e"zﬁl (Nze\/gﬁ2 _ N3€_\/§ﬂ2)2]

1
- %C—ZA [24,7\[1651 (Nze\/gﬁ2 + N36_\/§ﬁ2>] + §N1N2N3 (1 + N1N2N3) .

(3.3)
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CLASS B

R* = 2g%~ % (3 - —

with
=t (M BENNGSS). 33)
We set
u=e (3:6)
v = bt (3.7)
w = V3 (3.8)

127 9x )
) 0\ 2 uv 10R*
- (2) 43t igE = (3:9)

d+34A+V' =0

to be understood as being where R* and its derivatives are expressed in terms of the

new variables. We examine the Bianchi models in four cases: Case-1 where there is
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no matter and no potential. It is obvious that the terms of the potential and ¢ are
missing in the u equation and also there is no ¢ equation. Hence we have a system
of three equations with three dependent variables u, v and w. This is the easiest
case of all the models and, once one has examined it, one is able to make inferences
about the forms of the symmetries in the other cases. Case-2 no potential. In this
case we have a system of four equations with four dependent variables u, v, w and ¢.
The term of the potential is missing in the u and ¢ equations. Case-3 with constant
potential. The system has the same form as in the Case-2 plus the constant term
of the potential in the u equation. Case-4 with arbitrary potential. It is the most
general case. We have a system with four equations with four dependent variables.
Moreover in the u equation there is the function of the potential and in the ¢ equation

we have the derivative of the potential with respect to @.

3.3 Bianchi Type |

a=0, N1=N2=N3=O.

3.3.1 Case-1: no matter and no potential.

The Lagrangian is

@ OHET e

. - 2 O
v + (E) + 3_2_1_3)_ =0 . (3.11)
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If we use the command DOINTCON we obtain the symmetries

Lie symmetries Noether symmetries
mil
Gs = ut% + gtzgt-
Gy = u;%
Gs = v% v%
G7=vlogw£—3wlogv— vilogw— — 3wlogv—
ov ow v ow

If we follow the usual procedure without the use of the command DOINTCON, then
the machine gives us the symmetries in combination with the functions Fys(v), Fys(v),

F31(w) and Fy7(w) which are determined from the unsolved system

—v ang('U) + v 8F45(v)

O v + Fzg('v) - F45(U) =0

w 8F31(’U)) +w 8F47(w)

aw 8’11) + F31(’LU) — F47(w) = (.
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The solution of the system is

Fzs(v) - F45(U) = Fosv

Fsl(w) - F41(w) = F96w7

where Fos and Fg¢ are constants. We impose the solution on the program after the

command DOSOLV with the commands
EVSA#(F+#(28,U2) — F(45,U2), F#(95)*U2)

EVSA#(F#(31,U3) — F(41,U3), F#(96)*U3)

where F'#(95) and F#(96) are constants and we proceed to DOCHECK. The

nonzero commutators are

[G1,G5) = Gy [G5,Gs] = 3Gs
{C;l ’ Gg] - 3G’2 [Gs, G7] = —3G6
[C:Ga G7] = GS

with the algebra si(2, R)®A1®As . We have set

3.3.2 Case-2: No potential.

From the Lagrangian

LG (ORI
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we have the following system

v Uuv
(3.14)
W (2) J2¥ g
w w uw
$+3-¢=0.
u

We obtain the symmetries with the command DOINTCON. We observe that, if we
do not use the command DOINTCON, the machine returns the answer ‘memory
space exhausted’. Since in the first case the coefficient function of the 8/0t term is a

polynomial at most of degree two in ¢, we impose this information with the command
EVSA#(F#(5,U1,U2,U3,U4,X1), F#(6)+ F#(7) * X1 + F#(8) x X7),

where F#(6), F#(7) and F#(8) are arbitrary constants. With this input we over-

come the problem of exhaustion of memory and we obtain the system of unsolved

equations
OF F; OF ‘
v gz(v) . ;Z(v) to g(;(v) _ Fas(v) + Fas(v) — Faofv) = 0
O Fes(w) O0F7o(w OFyo(w
v (;iu Y (;lv : tw g;(; ) — Fes(w) 4+ Fro(w) — Fra(w) = 0.

We find the solution after the use of the commands

EVSA#(F#(53,U2) — F#(55,U2) + F#(60,U2), F#(98) * U2)
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EV SA#(F#(68,U3) — F#(70,U3) + F#(72,U3), F#(99) + U3),

where F'#(98) and F#(99) are arbitrary constants.

Lie symmetries Noether symmetries
_

Gs = utai + 3t2§t

o= g v

Gr = a% %

Gs = vlogw — 3uwlogvs— vlogw- —3wlogv
Gs = vz - Hlogogs 65~ progo
Gio = w¢—* -3 10gwaa¢ w¢8% Llog w;;5

The nonzero brackets are
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G1,G5] = G Gy, Gs] = 3Gs
[Gh G3] = 3GI2 [Gg,Gg] = 3G10

[Ge,Gro] = —Gs  [Go,Gu] = 1Gs
where (7 is given above. The algebra is 4A4:1®sl (2, R) $S0(3).

3.3.3 Case-3: Constant potential.

The Lagrangian becomes

SO 0 R

which gives the following system of Euler-Lagrange equations

@ lran? 3[/o\2 1 /w\?] 1., 1
— 1+ Z i Y S e - C =0
u+2<u) +8[(v) +3<w>}+4¢ 20

v uv
3_<£>2+322=
w w uw
6+3=4=0

U

(3.15)

(3.16)

We use the command DOINTCON to obtain the symmetries. At this point one

should be careful that, if one imposes on the program the information that the co-

efficient function of the §/8t term is a polynomial of degree one and solves the new

system, one looses the G7!, Gy and Gyo symmetries. The same happens if one sup-

1We note that G7, even though it does not contain 0/0t, is lost.
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poses that the coefficient function of the d/0u term is polynomial of second degree.
Hence one should be very careful about which command one uses during the proce-
dure of the computation of symmetries since there is the possibility to ‘lose’ some

useful symmetries.

Lie symmetries Noether symmetries
0 0
“ =% ot
0
Gz ub—'u_,
0 0
G3 = ’U—a-; '()'51—}
0 9]
G4 = ’wa—w wa_w
Gs = 53 5
Go = vlog w— — 3w log vo— —vlogw- 1 3wlogv -
6 =vlogwo- — wlogv=— vlogw—- gu5—
06l 210gp 2 9 510502
G7—U¢5;—2logva¢ vd)av 2logva¢
LR 0 1wl
G8~w¢5;_-510gwa_¢ . wgbaw 2logwa¢
Go = exp[\/g(/"t]g + exp[\/?_>C1f]ui
ot au
G o 1 0 u _Q_
0 exp [\/§Ct] Ot exp [\/§Ct] du
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The nonzero brackets are

[Ge, G7] - 3G3 [G7, Gs] = 12G6
[G67 GS] = _G7 [G17 GQ] = \/§CG9
[GQa Glo] = _2\/§G1- [Gh GIO] = _\/§CG10

which is the algebra SO(3)®4A; & sl(2, R).

3.3.4 Case-4: Arbitrary potential.

In this case the Lagrangian is

’L‘[’) 2 . -
- (—-) +3-—=0 (3.18)
w w uw

$+3§¢+V’=0.

If we use the command DOINTCON, we obtain the symmetries
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Lie symmetries Noether symmetries
0 d

“1=7 o

0
Ca=up,

0 0
Gs=vg, vas

0 0
Ga=wme “ow
Gs =vlo w—a——?) logv— 1 —?———3 log v—

5 = vlog 50 wogvaw vogwav wogvaw
The nonzero brackets are
[G47G5] - G37 [G3a GS] = —3G4

and the symmetries form the algebra 24;9A;5.

3.4 Bianchi Type I/

a=0, N1=1, N2=0, N3 = 0.

3.4.1 Case-1: No matter and no potential.

The Lagrangian is
11 2 3[/o\% 1 /w\®
— 3 4 Z) 2| = (=
L=u { 2ut’ +6<u) 2 [(v) +3 (w) ]} (3.19)

The Euler-Lagrange equations are
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7 1(&)2 3(1})2 1(w>2+1u_4_0
u+§ u +§ v +3 w 24u?

v 0\ 2 vy 20t

-—— (= —_——_ = 3.20
v (v) +3uv 3 u? 0 . ( )
w w2 U w

——(—) +3%% g

w w uw

The symmetries of Bianchi Type II are

Lie symmetries Noether Symmetries
G, = t% + u%
Gz = —2t% + v—%

The non zero Lie brackets are
[G1, G3] =G, -
where G = —G; — G3. The algebra is 24; @ A,.

3.4.2 Case-2: No potential

The Lagrangian is



The Euler-Lagrange equations are

IR [ORST
2 \u 8 | \v 3
D N _uv 20
o (5) T g
@-(9)2 4% _ g
w w uw
$+3=4=0.

U

The symmetries are

LN 2 1. 1 4
Dsie e

4 24 u

Lie symmetries

Noether symmetries

0
Gl——a_t

0 0
Gz-—ta-{—u—a—;

Ga‘. = —-Zt?— + 'Ui

ot v
3
Ge=wos
9
Gs = 3_¢

0
G(; = ’w¢a—w‘ + %log ’U)é%

(3.22)



The nonzero Lie brackets are

[Gs, Gs] = -Gy Gy,
[Gl7 GZ] = Gl [G].)
which form the algebra A;¢®{A.®,A;}.

3.4.3 Case-3: Constant potential.

In this case the Lagrangian takes the form

$+3§<{5=0.

The command DOINTCON does not help in this

Gs] =

BN
o)
wn

Gs] = —'2G1

. 1 1 vt
— 2_— ——— — -
¢ 2C+24u2 0

(3.24)

case. Hence we use the command

EVSA#(F#(2,UL,U2,U3,U4,X1), F#(6)+ F#(T)* U2);

and we obtain the symmetries
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Lie symmetries Noether symmetries

0 0
Gl 5; -B—E
0 0
G2 = wa—u—; wau—
0 0
C2= 34 79

The nonzero Lie brackets are

[G27 G4] = ~Gs, [G3a G4] = G,

B | =

which gives the algebra Az g®A;.

3.4.4 Case-4: Arbitrary potential.

The Lagrangian takes the form

L=1u® {dQ%@“ +6 (%)2 - -Z— [(5)2 - é— (g)z} — ¢ +2V (qS)} (3.25)

The Euler-Lagrange equations are

(3.26)
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<}5+3%<2>+V’=0.

The equations have the symmetries

Lie symmetries Noether symmetries
Gs = Crm + %v%

We found the symmetries above after the use of the command
EVSA# (F#(5,UL,U2,U3,U4,X1), F#(6)+ F#(7)* X1)

EVSA# (F4#(1,UL,U2,U3,U4,X1), F#(8)+ F#(9)*U1).

All the Lie brackets are zero. So the algebra is 34;.

3.5 Bianchi Type 1]

a=1, N,=0, Ny=1, Ny = —1.

3.5.1 Case-1: No matter and no potential.

The Lagrangian takes the form
1 3 12 >\
SIORIORICR
u? \v U 2 [\v

33
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The Euler-Lagrange equations are

a2 3 [/v\?
SR OR
©u 2 \u 8 [ \v
B ‘/1'7)2 vy 41
v\ uv 3 u?
w r\ 2 uw 1
w \w uw u

(3.28)

We use the DOINTCON command and obtain the symmetries

Lie symmetries Noether Symmetries
G; = t% + 4v58;
Gs = Uz + 4w—a-%
Gy = ué—a - 4v%
The only nonzero Lie bracket is
[G1,G.] = G4

and the algebra is A;@2A4;.
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3.5.2 Case-2: No potential

The Lagrangian

(3.30)

a7



Noether symmetries

Lie symmetries

Gy = tgt- + 4”8%

Gs = ub% + 4w5%

Gimun-—

G- 4

Ge = v¢§v + w¢—3% — 3 (3logv +logw) 2

We found the symmetries with the command DOINTCON. The nonzero Lie brack-

ets are

[Gla G?] == Gl [X37 G6] = GS

3.5.3 Case-3: Constant potential.

The Lagrangian

[X4a GG] = GS



(3.32)

If we use the command DOINTCON, we have the problem of exhaustion of mem-

ory. Since all of the coeficient functions of the previous case are linear, we overcome

the problem with the use of the command DOPOLY ALL(1) and obtain the sym-

metries

Lie symmetries Noether symmetries
G, = ua + 4w%

Gs = u% - 4v%

Gy = 88¢ a%?

All the brackets are zero and so the algebra is 4A4;.

3.5.4 Case-4: Arbitrary potential.

In this case the Lagrangian is
1 (w\3z @\ 3 [0\ 1w\ |
U [8u2 - +6 ” L +3 - ¢°+2V (9)] . (3.33)
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The Euler-Lagrange equations are

(3.34)

&3+3%$+V"=0.

After the use of the same command as in the previous case we find that

Lie symmetries Noether symmetries
Gy=u 8au + 4w—a%
Gs=u 50 4v%

All the brackets are zero and so the algebra is 3A;.

3.6 Bianchi Type V

CY:]., N1=0, N2=0, N3=0, b=0.
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3.6.1 Case-1: No matter and no potential.

The Lagrangian takes the form
— .3 _1_ (E)2_§ (?_)2 l(_>2 , 3.35
E—u{6u2+6 " 3 [\3 +3 . (3.35)

The Euler-Lagrange equations are

.. . 2 . .

2_(2) 13%% _p (3.36)
v v uv

w w2 uw

Z-(2) +322 =0

w w uw

We use the DOINTCON command and obtain the symmetries

Lie symmetries Noether Symmetries
0 0
“ =% o
0 3}
G2 = té'; + UEZ
0 0
G3 —_ ’U% /UB;
0 0
G4 = w% ’wa—w
Gs =vlo w2 —3wlogv—
5= V08 v oY &Y 5w
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The nonzero Lie brackets are

[Gl, Gz] = Gl [Gs, Gs] = "3G4 [G4, Gs] = Gs

which form the algebra A;®Aszg.

3.6.2 Case-2: No potential

The Lagrangian is

b+3%=0.

We obtain the following symmetries
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Lie symmetries Noether symmetries

6l 4
G =t%+u—(%—
G v "3

Gs = vlogw% - 3wlogv-8—%
Gr = 2v¢% — 3log v%
Gs = 2w¢—a% — log wé%

We have used the same command as in the previous case.

The nonzero brackets are
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[(;37 GS] = _3G4 [G47 GS] = G3

[G3,G7] = —3Gs [G4,Gs] = —Ge
(Gs,G7] = 3Gs [Gs,Gs] = —G»
(Ge,Gr] = 2Gs [Ge,Gs] = 2G,
[G1,G2] = Gy

which form the algebra A, & {4; ®, {24; @, 3A:}}

3.6.3 Case-3: Constant potential.

The Lagrangian is
1 o 2 N
u u 2 \v

The Euler-Lagrange equations are

@ 1/a\% 1 31}217_021-21
3 (5) ‘5zr+§[(;) +3(5) +19 —§CJ—°
E_(9>2+322=0
v v uv
(3.40)

O AP
w w)/ uw
$+3=4=0.

u

We use the command DOINTCON and obtain the symmetries
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Lie symmetries Noether symmetries
Gy = vlogw% - 3wlogv5{;
Go =v¢%—- %logv%
Gr = wha- %1ogw(,%
We used the command DOINTCON.
The nonzero Lie brackets are
[G2,Gs] = —3Gs, [Gs,Gs = Gy
[Gr,Ge] = —32Gs, [G3,é7] = -1G;
[Gs,Gs] = 3Gr, [Gs,G7] = —Ge
[Gs,G7] = —Ge, [Gs,Gs] = G,
[Gs,G7] = Gs, [Ge,G7] = —1Ga.
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3.6.4 Case-4: Arbitrary potential.

The Lagrangian has the form

ook es(®) 4[5 @)oo}

<£+3§¢">+V’=0.

(3.41)

(3.42)

If we use the same command as in the previous cases, we have the problem of ex-

haustion of memory. We have used combinations of commands in order to find all

the symmetries. Hence, if we impose on the program the information that the coef-

ficient function of 8/84 is linear in ¢, then we lose the G, symmetry. If we impose

the information that the coefficient function of the 8/8v term is linear in v, we lose

the G4 symmetry. We obtain the complete results by combining the partial results.
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Lie symmetries Noether symmetries
el
Gy = vlnw% - 3wlnvgiw

The nonzero Lie brackets are

[G27 G4] = —3G37 [G3a G4] = Gy

and the algebra is A; @ Asg.

3.7 Bianchi Type VI: class A

a=0, lel, N2=—1, N3:'0

3.7.1 Case-1: No matter and no potential.

The Lagrangian takes the form

N P BT (R T2y |

The Euler-Lagrange equations are
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We use the command DOPOLY ALL(1) and obtain the symmetries

Lie symmetries Noether Symmetries
J 0
G = —_—
YT ot ot

The only nonzero bracket is
[Gla GZ] = Gl

and the algebra is A;PA;.

3.7.2 Case-2: No potential

The Lagrangian is
1 w? u\? 3 [/9\?
— 3l = |4 2y 2z
£—u{ 2u? [U +v2+2vw]+6(u>4 2[(1}) +

The Euler-Lagrange equations are

(3.44)



2 2
D (SY skl L ey (2) _vw]zo
v v uv  3u? v
(3.46)
i) w 2 uw 1 2
£ (5] ate- A2 +ol-
w w uw U v
$+324=0.
u

We use the same command as in the previous case and obtain the symmetries

Lie symmetries Noether symmetries
0 J
Gy = — —
' ot ot

du
0 0
=54 Y

We find the symmetries after the use of the command
EVSA# (F#(5,U1,U2,U3,U4,X1), F#(6)+ F#(7)*X1).

The nonzero Lie bracket is

[G1, G2] = G

and so the algebra is A;H2A;.
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3.7.3 Case-3 Constant potential.

In this case the Lagrangian is
1 w? u\? 3 [/ 1 /w\? .
_,3) % |4, W uy 9o |(v L S N et
L=u {2u2 [v i v? +20w} +6(u) 2 [(v) +3 (w) } ¢ +2C}

which gives the following equations

(3.48)

After the use of the same commands in Program LIE as in the previous case we

find the following symmetries

Lie symmetries Noether symmetries
0 0
“ =% o
3} 0
Gz = ua— + ;’0% —+ %w%
0 0
GS = — —_—
d¢ d¢
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There is one nonzero Lie bracket
[G1,Ge] = Gy

and the algebra is A;@A;.

3.7.4 Case-4: Arbitrary potential.

The Lagrangian is

_3 [<9)2 n % (%)2} i 2V(¢)} . (3.49)

O @ O e () v+ J - b=

. . 2 .« . 1 2
v_ 2) 3o 11 _204+(2) | =0
v v 3u?

v
w\? ww 1 [fw)?

—‘> +3———'—2 (—) +ow| =0
w uw U v

q'5+3%q3+V'=0.

(3.50)

The system has the symmetries
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Lie symmetries Noether symmetries
0 0
“ =5 o
o , 0 4, 0
Gy = u—a-; + -2-1)52—) + Ewa—w

We have used the command DOPOLY ALL(1). The algebra is 24, since the Lie

bracket of G; and G5 is zero.

3.8 Bianchi Type

3.8.1

The Lagrangian is

1
u

U

L Y
v v uv 3
w w2 uw
—-(—) +3%2
w w uw

If we apply Program LIE to this

(w*/v)

VI: class B

Case-1: No matter and no potential.

N\Z 1 /w\?2 3a241 /w5
hd (2} - - . 51
(v> 3(w) 6u? (v) (3.51)
2 1 /w\?] 3a®+1 /wt\san
>+§(“)]‘ e () =0
4 rw° Eﬁ

— - -2
uz(v> 0 (35)
4a /w* Eﬁ
()% =0
U v

system, a number of difficulties appears. The term

2 . .
saZ+1 causes problems for the procedure to find the symmetries. For this reason
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we introduce a new reparametrisation in order to simplify the equations so that we

can obtain results. We set

1= WA , n = vidA (3.53)

The system of equations (3.52) is transformed to

un _ L) _ (3.54)

- 1 -2 3 32 1 2 ) o\ 2 2
E_*___(E) 43 a’ + (2) +L J v_(3a +1)]_=0
u 2 \u 8 2 n 3a? \j 6u? n

Ra\t L an 8
() e 059

C=. © (3.56)

Eventually the system takes the form

A\ ? il 1, B
- +C - — 2———J—=
<n> (J):|+4¢ 3u?n 0
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noomN? an 4
2 (n) *3 - g - 387

. N\ 2 ..
] ] U 4 )
] (J) +3u1 + 3BCu?n 0.

We use the command DOINTCON and obtain the symmetries

Lie symmetries Noether Symmetries
o=2 2

1T bt ot

0 0

Gy =t—+u—

72T 5t + “ou

. 0] 0

G = -—%’LL‘(% + n-a—n

~ 0 3
Gyq = %’ua—u -}-_]a—J

The only nonzero bracket is [Gy, G2] = G; and so the algebra is A, @ 2A4;.

3.8.2 Case-2: No potential

The Lagrangian becomes

+1(9)2 3a2+1 (1_1)_“_)3—32:
3 \w 6u? v

1 N 1,
+ 6';5 +6 (%) + Z¢2} . (3.58)
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We obtain the following system of equations
.2 .\ 2
(2) Lo (J)
n ]
) A% _un 4 ]
- _ (= 3— — Jd_
n <n> + un 3Bu’n 0

. N\ 2 ..
I (3 uJ 4 )

T — = 3— — =
] (J) + u3+3BC'u2n 0

B 1.,
—3u2;+21—¢ =0

A
= ZB?
(u) + 8

s
BN |

(3.59)

££+3%¢=0

which has the symmetries
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Lie symmetries Noether Symmetries

6= 5 0
Gy = taa—t + ua%
Gs = —%u% + n%
Gy = %“8% +15
Gs = 5‘;_5 a%
Gs = ngﬁa% +J¢§J

—3-3201%% - 232 logna%

The command DOINTCON does not help us in this case. Hence we used the

commands
EVSA#(F#(I,Ul,U2,U3,U4,Xl), F#(6)+ F#(7) =« U1) .

EVSA#(F#(5,U1,U2,U3,U4,X1), F#(8) + F#(9)  X1).

The nonzero brackets are

[Glan] = Gl [Gs,Ge] = —%BzGE,
[G4,G6] - —%BZCGs [G5,G6] - G3+G4

which form the algebra A; @ A, @ Az.
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3.8.3 Case-3: Constant potential.

In this case the Lagrangian has the form

1<u'))2 3a2+1(w_ﬂ>;:§ﬁ
+§ w)  6ul v

. 2 1 .
6= +6 (3‘-) + =42 + 20} . (3.60)
u U 4

i 1/a\ 3,0\ Nl By 1., 1,
23 (0) 5P [(z) +C(3 R

(3.61)
uj 4

We impose on Program LIE the information that the coefficient functions of the §/9¢

and J/0u terms are linear in ¢ and u respectively and we obtain the results

7



Lie symmetries Noether symmetries
J d
=% o
0 0
=1, 45 2
ok %3y + " on
0 d
=1, —-
G =25, T3
Gy =09 0¢
0 0 3 o 3 0
Gs = nop— — — =B*Clog j— — =B*logn—
s = oy, 1105 — g B Clogigs — B lognay
The nonzero brackets are
[Gz, 6;4] - '—Gz - G3 [Gz, Gs] - _%B2G4
(G4,G5] = G2+ Gs Gs,Gs] = —%Bch4

so that the algebra is 24; @ {4; & 24,}.

3.8.4 Case-4: Arbitrary potential.

The Lagrangian is
3|/0\?2
— .30 2 _
L=u { 2 [(v) *

.
+ 0546 (5) +z¢2+2v<¢)}

(9)2 3q2 +1

w 6u?

L
3

and gives the system
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2
w? ) 3a241
v

(3.62)




n

(3.63)

. o\ 2 ..

I (] u 4 )

J_ (! = 290
] (J) + 3u] i 3BCu?n

. . OV
¢+3;¢+%—0.

We use the same command as in the previous case and obtain the symmetries

Lie symmetries Noether symmetries
J d
“=% o
0 0
= 1, 7 =
@ 2“5y + " on
0 0
. =19 .9
R +J5]

with the algebra 34,

3.9 Bianchi VII

(1:0, N1=]., szl, N3=0
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3.9.1 Case-1: No matter and no potential.

The Lagrangian takes the form

1 w? 0\ 2
. _ 3 4
L=u {_ﬁ [ +;T2”“’}+6(;) -

N o
—
N
eS|
N—

[}
.+.
Lo =

The Euler-Lagrange equations are

We use the DOINTCON command and find the symmetries

Lie symmetries Noether Symmetries
0 a
“ =% o
0 0
=t 1y - _ 3., 7
Gr=tg— 0, ~ 25,
o , 0 4 0
G3—- uau-}—iva—i—;wa—w

There is only one nonzero bracket,
[G1,Ga] = G,

so that the algebra is A, A;. If we impose on the program the information that the

coefficient function of the §/0t term or of the 0/0u term is linear, then we obtain
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the symmetries G; and Gz + G3. Hence we lose one symmetry. The same occurs in

the subsequent cases.

3.9.2 Case-2: No potential

The Lagrangian is
1 w? u\? 3 [/0\?
_.3) 1 |4, W U\" 9| (Y
L=u { 2u2[ -*—v2 sz}+6<u) 2[(0) *

The Euler-Lagrange equations are

(3.67)

$+39¢=u
u

We use the command DOINTCON and obtain the symmetries
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Lie symmetries Noether symmetries

3 J
“i=5 o
G2=t——lvi—§ _a_

Ou Ov ow
9 o
=5 96

In this case the algebra is A,®2A4; as the only nonzero Lie bracket is [G1,Gs] = G;.

3.9.3 Case-3: Constant potential.

The Lagrangian

\v uvu  3u?
(3.69)
W o/w\?  aw 1 2
R R
w \w U w u
6+3-¢=
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The symmetries of the system are

Lie symmetries Noether symmetries
d d
G =% o
0 0 0
Gr=ugy ¥ 105+ 5
0 0
%= 5 2

We used the command DOPOLY ALL(1). There is only one nonzero Lie bracket
[Gl, Gg] = Gl.

Hence the algebra is A2HA;.

3.9.4 Case-4: Arbitrary potential.

In that case the Lagrangian takes the form

S -l om
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) . . 2
- = (P-) -{-3-1-{2—}-—1——1— —2v* + (E> +ovw| =0
v v u 3u? v
(3.71)
w oo w\? w1 [[w)?
- st -
w w vw  u v
.- )
o+ 3;¢ + V' =0.
We use the same command as in previous case and we find the symmetries
Lie symmetries Noether symmetries
d J
“ =5 o
o , 0 4, 0
G2 = u—a—; + 5'1]55 + Ewa—w
The algebra is 2A4;.
3.10 Bianchi Type VIII
a=0, N1=1, N2‘—_1, N3=—1
3.10.1 Case-1: No matter and no potential.
The Lagrangian is
1 1 1\? 1
3 4
b= {“Eﬁ [ # 5w+ g) ‘2”(“’“;)]
.2 -2 s\ 2
+6 (3> _3 (3) +1 <3) . (3.72)
u 21 \v 3 \w
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The Euler-Lagrange equations are

The symmetries of the system are

Lie symmetries | Noether Symmetries
J 0
Gy = — =
1T ot ot
g 0
Gy =t—+ur—
2= ou

There is only one nonzero Lie bracket,
[Gh GZ] = G17

and the algebra is A,.

3.10.2 Case-2: No potential

The Lagrangian is

1 1 1\2
— .3 4
ﬁ—“{—ﬁ[”ﬁ(w*’z) -2
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The symmetries that we find are

Lie symmetries | Noether symmetries
d a
“ =% o
| 0 0
| G2 - ta + ua—u
0 0
%= 54 5

There is one nonzero Lie bracket, viz.

[Gh G2] = Gla
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and the algebra is A;®A;.

3.10.3 Case-3: Constant potential.

In this case the Lagrangian becomes

| 1y’ 1

v4+l2(w+—) ——2v(w———>}
v w w

@—ﬂ — ¢+ C} . (3.76)

1
— .3 ) _
[,—u{ —2u2[

YL A
v 2 \u 8 [ \v 3 \w

11 L( _>2_ ( _l> 1o 1.

+ = [U +v2 w+ v w 4¢ 20—0

2 2
—‘(2> +322+1L|:—2v4+-1—<w+—> +v(w-—_1_)]=0
v u 3 u? v2 w w

w w\? uw 171/, 1 1
o) e wle (e g))] =0

$+3-4=0 (3.77)

The system has only two symmetries
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Lie symmetries | Noether symmetries

0 a
Gr=5 o
0

The Lie bracket is zero and so the algebra is 24;.

3.10.4 Case-4: Arbitrary potential.

From the Lagrangian

cotfofebos ) -ne- D)
V@@ @] ) om

we obtain the Euler-Lagrange equations

$+3-4+V =0 | (3.80)
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The only symmetry is
g

T ot
which is also a Noether symmetry. In all cases we used the command DOPOLY ALL(1).

3.11 Bianchi Type IX.

a=0, N1=1, N2=1, N3:1

3.11.1 Case-1: No matter and no potential.

The Lagrangian has the form

+% (%)2]} . (3.81)

w w uw  u? lv? v _‘w_z)_”<w_5)]“0‘ (3.82)

which is also a Noether symmetry.
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3.11.2 Case-2: No potential

The Lagrangian is

; 1 1 12 1
»C—‘—U&‘{——'Qz[v‘;-i--;(w——) —2v<w+—)}+l
u v w w

5O ]

v uv v? w
@ (2)2 quw 1 [L(wz__l_) _v(w_i)] —0o
w uw  u? lv? w2 w
d+3-9=0. | (3.84)

In this case we find the additional symmetry

)
G=55

which is also a Noether symmetry.

3.11.3 Case-3: Constant potential.

In this case the Lagrangian is

2 1
L= —L v4+i<w—l) —2v(w+—) +1
2u? v? w w
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+ 6(E>2—g[<%>2+§ (%)2] —<132+2C}. (3.85)

2 2
E—<2) 332—}-li ——2v4+—1—<w—l> +v<w+—> =0
v v uv  3u? 2 w
o )+l -5) o (- )]
—— | = — ==l -—=]=-v|lw——]| =0
w w vw u? [v? w? w
¢+ 3Z¢ =0. (3.86)
The system has the same symmetry as above.
3.11.4 Case-4: Arbitrary potential.
From the Lagrangian
Y B L( _l>2 ( 1
E—u{ 2u2[v +v2 W=~ - 2v w+w> +1
230\ 1w\ ‘
+6(3) *5[(5) +§(z;)}‘¢ ”VW} (3.87)

we obtain the following equations
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#+3-6+ V' =0. (3.88)

In this case we obtain the single symmetry

0
G=75

which is also a Noether symmetry. In all cases we used the command DOPOLY ALL(1).

3.12 Discussion

In this chapter we found the Lie and the Noether symmetries for the Bianchi uni-
verses. According to the presence of matter and a potential we had four cases for
every model. In order to obtain the Lie symmetries we used Program LIE. In most
of the cases we had to use specific commands for every case for every model. Case-1,
where there is neither matter nor potential, is the easiest case since we have a sys-
tem of three equations with three variables. The unsolved equations that we obtain
during the application of Program LIE are the reason for the selection of the specific
commands. The types of symmetries that we obtain in the first case give us the
opportunity to ‘guess’ the type of the symmetries in the next cases. So we choose
the cornmands in such a way so that the symmetries that we expect to find should

agree with the symmetries in the first case.
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All the models have in common the Noether symmetry, 0/0t, since the system of
equations is autonomous. Most of the models in the second case have in common
the symmetry 8/0¢. The symmetries that we usually obtain in Cases-2 and -3 are
combinations of the symmetries in the previous two cases. Only the Bianchi Type
I in the case where the potential is constant gives a symmetry which involves the
constant potential. This does not occur in the other models. The model VI in class
B causes some problems when we use Program LIE. In order to avoid the difficulties
we presented a new reparametrisation which allowed us to find the symmetries. For
the models Bianchi Types VIII and IX we obtained only the symmetries /9t and
0/0¢ as we expected.
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Chapter 4

The Lie and Noether integrals of

the Bianchi models

4.1 Introduction

In this chapter we give the integrals which we obtained from the symmetries for the
Bianchi Types I, I1] and V. In particular for the Bianchi Type 111 we derive a new
reparametrisation in order to simplify the calculation. We give the detailed procedure
which leads us to the solution of the problem. We note that the expressions for the
integralé are almost the same for the last two cases. We obtain the integrals for the
three cases where either we do not have a potential or it is a constant. In the last
section of this chapter we describe a method whereby, for an additional symmetry, we
obtain the form for the potential. With the introduction of the potential, V(¢), we
lose the t0/0t symmetry. We seek to recover a related symmetry by the introduction
of a term which counteracts the symmetry breaking effect of the potential. Hence
we are able by the use of symmetry methods to obtain a subclass of potentials which

satisfy the system of Euler-Lagrange equations. For this potential the sjmmetries

must have a specific form.
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4.2 Bianchi type I.

4.2.1 Case 1: No matter and no potential.

We use the symmetries in order to obtain the integrals using the method that we

have already described in the first chapter. Hence we have

Symmetry Integral
G4 = U'2 Il = u32
Ov v
Gs = wi I2 = u3B
Jw w
- 2
Gz =vlog w—g— — 3w logvaaw I; = %(log u)sg — fi(u)

where

filu) = —= (12 + Iz) [(log u)® + %(log u)? + —logu + 316] -, (4.1)

Using the I3, one of the integrals associated with G, we find

u=1/g1(u)
<~ %= g1(u}

< t'—t0=/

du
, (4.2)
\V 91(u)

where

20 2ulfi(u)
(logu)® = (logu)® "

gi(u) =
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Formally we invert (4.2) to find u(t). The variables v and w follow from the integrals

I, and I, respectively. Hence we have

s
v = exp —%dt
lJ ud ]
(7 1z ]
w = exp -%dt.
S u® ]

We note that in this case we find the solution of the system using only three integrals

since they are separable integrals.

4.2.2 Case-2: No potential.

We set
2
a= 3K} (4.4)
2 I3 N
8= |37 (K -6I}) (4.5)
2151,
C== (4.6)
It + I?
K=-2 7 2 (4.7)

and we obtain the following integrals
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Symmetry Integral
0 )
G: = v— = ud=
5= Y5 Lhi=u v
GG = 'UJ'Q" I2 = u3z_u_
ow w
0 3]
G7 % I3 =u ¢
0 P [u? 1 1
— vl 9 9 R R =
Gg=v ngav 3wlogvaw Iy T |a 4]1 6I3u
3
Is=1— oza,rcsinhu ; ¢

We note that the expression of the I integral may have arccosh instead of arcsinh

as we find after the calculations of the Lie integrals. We have

u = [Bsinh(t — I5) — CJ¥ (4.8)
v = exp / —i—lé—dt}
[ 1
= |h / [Bsinh(t — Is) — O] dt]
1 ,Bta,nht;Is—,B-i-\/ﬁz-i-Cz 49)
= exp | [} —==—==log - .
I VB + O —C'tanht 215—,3—\/52+02
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1

-12/ Bomhi =T ="

= exp

- t—1
1 Btanh 25—ﬂ+\/ﬁ2+02

log =
VEFC T ctanh L2 - BT O

(4.10)

=exp |12

4.2.3 Case 3: Constant potential.

The integrals have the same form as in previous case. The only difference is the

expression for 3; in which we have the extra term due to the potential

_[2x n_C1
B= [5}5 (1{-614)—21{] : (4.11)

4.3 Bianchi I1].

For this model we use a new reparametrisation in order to simplify the computation to
find the integrals. We obtain the results via a Riccati transformation. The integrals

in Case-2 and Case-3 have essentially the same expressions.

4.3.1 Case 1: No matter and no potential.

Considering the form of the equations for this Type we set

o= —210gu—%logv+%logw (4.12)

8=13lo v+—1—lo w | (4.13)
g /3 g .

v = log u. (4.14)
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Under the new reparametrisation the symmetry Gz = v8/8v + w8 /0w transforms to

G = 0/08 with associated Lagrange’s system

dt _de df _dy _da_df _dy
0 0

p=1, u=a w=1y, =g, y:ﬁa z=71.

Using these characteristics we obtain the system for the integrals

dp du dw dz dy

1z oz (a2 +y?)—der —3azy

dz
—2 (22 4+ y2 + 4z2 +82%) + Zev’

We have

— I, = g——f(a)
2a:2
dp du
L=
L=t-[%
a
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(4.16)

(4.17)

(4.18)

(4.19)

(4.20)



where

3 —2 6o I
f(a)zsz/a 2¢7° da+4/a 2¢%da.

(4.21)

We note that 5(t) follows from the quadrature of (4.18). The associated Lagrange’s

system for the symmetry G; = 0/0% is

dp du dv dy dz dy dz
10 0

which gives the characteristics

u:a7 'U:/B7 w:’Y’ x=d7 y:IB" Z=;Y.

From the system

[a W
[aW)
c
Q.

w dz dy

Tz S(x2+y2) —der ~ —3yz

dz
—2 (22 + y? + 422 + 822) + Zeu

we have

du dz

g —2(22+y?+4az+822)+ Zeu

dz 322 3  3z24y? 2e
0=242% 2, .79
Wtz Tty 3z

(4.22)

(4.23)

(4.24)

(4.25)

in which we already have z(u) and y(u) from (4.19) and (4.18) respectively. We note

that (4.25) is a Riccati equation. We use the generalised Riccati transformation [4]
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to obtain the second order equation

" 12 ’ 2 2 2 .
. 3 )" 3 2e"
0=fL _pul 4 plplpl (2T FY 2e8 (4.27)
J ] 1z ) 8 =z 3z
We set
z
f= 3 (4.28)
to remove the y2 terms and eventually obtain
s (Z 3\, [9z%+yr _e¥
0=] + <?+§)J + (é‘ x2y —2—;)_} (429)

which is linear second order equation in j as a function of u. So we obtain 4 as a

function of a.

du_du
r oz
- v ’
= I4—7_/Zda. (4.30)

Hence we obtain

_ da -
t—to_/m
B = / eﬁ—idt, (4.31)

-so that this case is formally reduced to quadrature and the solution of a linear second

order differential equation®.

! Although this is not quite us good as reduction to quadrature, there is no possibility of chaos

as the second order ordinary differential equation is essentially that of an oscillator with time
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4.3.2 Case 2: No potential.

In this case the integrals have the same form. The only difference is that 4 depends

on ¢. From the symmetry G; = 8/0t we obtain the extra integral

Iy=¢4 (4.32)

which we can solve to find
¢ = / Lie™dt. (4.33)

4.3.3 Case 3: Constant potential.

We obtain exactly the same integrals as in the previous case. We note that the

second derivative of ¥ depends on the constant potential.

4.4 Bianchi V.

We find the Lie first integrals for the Bianch V model in the three cases.. We note
that for the first case the integrals have the same expression as the integrals in the
Bianchi Type I with a different expression for the function f; and hence a different

expression for the function g;.

4.4.1 Case 1: No matter and no potential.

The integrals are

dependent spring constant. As this is related to the autonomous oscillator by means of a time
dependent rescaling transformation (Leach 1978), different trajectories are rescaled which does not
represent the sensitive dependence upon the initial conditions required by chaos. The argument is
due to Feix (private communication, Jan 1997) in response to the suggestions of the possibility of

chaos in a time dependent linear oscillator by Lewis and Bouquet (private communication, also Jan

1997).
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Symmetries | Integrals

8 L0
Gl—-a Il—-u;
IQZUSE

w

where

fi(u) =

2
[(logu)3 N 3(lo§u) + 3lc;gu 4 z] 47

] =

1 1 1 1
& (3]12 + 122) [(log u)® + é-(log u)? + glog u+ §6] u®, (4.34)

Using the integral I3 we find

u=1/g1(u)
d
<= d_ltl =1/g1(u)
= t—tg= / du_ (4.35)
V91 (u)
where
() = 2T 2 (4.36)

(logu)® * (logu)®”
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From the inversion of (4.35) we find u(t). The variables v and w follow from the

integrals I; and I, respectively. Hence we have

[ I
v = exp /u—;dt] (4.37)

w = exp L/ —i%dt] : _ (4.38)

We note that we find the solution of the system using only three integrals since they

are separable.

4.4.2 Case 2: No potential.

The integrals are

| Symmetries | Integrals
0 v
G = — =u3?
1T ot h=u v
Iz = ’11,32
w
I3 = u3¢$
P 2
Gr = VoS I = (logw) L. fa(u)

where

(logu)® + + + = u?
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1

1 1 1
13 (3112 + 12+ 21§) [(log u)® + §(log u)® + 5 log u + —-] u™® (4.39)

36

Using the integral I, we obtain that

d
t—t0=/ L (4.40)
\/gz(u)
where
2 2ulf(u)’
ga(u) = (logu)® * (logu) (4.41)
From the integrals I; and I, we obtain
I
v = exp [/ u—;dt] (4.42)
I
w = exp [/ u—idt] . (4.43)
Furthermore using I; we obtain
@ = exp [/ gdt] . (4.44)

Hence this case is reduced to quadratures.

4.4.3 Case 3: Constant potential.

The integrals have exactly the same form as in the previous case with a new function

f3(u) instead of f(u). We have

1 s, 3(logu)® 3logu 3] _, 1 4
fow) = 7 |(logu)® + 2521 1 2B 4 2ot 4 L0 (logu)
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! 1 2, 1 1 6
-5 (3 + I3 + 212) [(logu)3—|— 5(logu)® + < logu + = | u™®.

(4.45)

4.5 Counteracting the symmetry breaking poten-

tial.

In this section we present the Case 4 where the potential is a general function of ¢
for all the models in the both classes. In particular we describe the Bianchi Type I

where the Ricci scalar is zero. We obtain the system of Euler-Lagrange equations

Ve (@48 + 18-t =0 (4.46)
Bi+3ki=0 (4.47)
By+38A=0 (4.48)
S+30A+V' =0. - (4.49)

The vector v

0

G=t— : 4.50

5 (4.50)
Is a symmetry for the first two cases but not for the last ones where we have the
presence of the potential. The term of the potential is responsible for the loss of
this symmetry. In order to ‘fix’ this problem we should add a term which could ‘kill’
the additional term of the potential in the ) and ¢ equations and should be also a
symmetry for the other equations of the system. We assume the symmetry

0 0
G = t& + a%, . (4.51)
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where a is a constant. We note that the new symmetry is a symmetry for the equa-
tions (4.47) and (4.48) since the additional term does not affect these two equations.
If we apply the new symmetry in the (4.46) and (4.49), we obtain a specific form for
the potential. Applying the second extension of (4.51) to the (4.46) and taking the

equation into account we find

) :
V" + EVI = 0. (4.52)
Similarly from (4.49) we obtain
;2 '
Vi+ EV =0. (4.53)
Hence the potential has the form
V = Ke ¥/, (4.54)

We note that, when one introduces a general form of symmetry for the system of the
equations in the case where the potential is a general function of ¢, one is a‘t_)le to find
the specific form of the potential which satisfies the system of equations. Hence, we
must posses the question. Have we found the most general form for the potential? In
order to answer this question we should remember that the term of the potential is
responsible for the symmetries that we lose from the Case 2. So we take the general

form of the symmetry in Case 2 for which there is no potential,

0 0 0
G =(A+Bt)z +(C+ Dt)zy + (E+Fé+Gh)7a

HH 16 =GRz + (= 3FB - Yoy @)

and apply the second extension to the system of the equations where the potential

is general. Then we find that

o From (4.46) we obtain that D = F = I = 0. Hence from the ten initially
possible symmetries we loose three, the ones which correspond to the three

vanishing constants.
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e From (4.49) we find that

V = Ke*¢ (4.56)

0= Ja+2B. (4.57)

Hence we obtain six independent constants as we expect since in the Case 4 of

this Type we found five independent symmetries.

e The conclusion is that, if we apply the general form of the symmetry, we find
the same symmetries as in Case 4 plus another one and a specific form for the

potential.

The other Bianchi models have extra terms in the Euler-Lagrange equations (3.2).
Hence we should introduce a symmetry with an extra term. Considering the expres-
sion of the Ricci scalar in both classes and following the same thoughts as for the

Bianchi Type I we are led to the symmetry

0 0 0
G —ta+aa—¢+ —8—/\ (458)

If we take the second extension of (4.58) and apply it to the system of the equations,

we obtain that for both the classes A and B the potential is an exponential function

of ¢ and has exactly the same form as in Bianchi Type I.
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Chapter 5

Discussion

5.1 Introduction

In this chapter we present with details the strange points of the method which
Capozziello et al have developed to apply Noether’s Theorem in order to achieve
integration of the problem of the Bianchi models. We compare our results with the
ones that they have presented in [9] and we make clear the obscure points. We note
their mistakes and correct the wrong results. In the last section we discuss what we
could or could not do in order to avoid the traps of their method. Hence in this
chapter we point out the details which one should consider whenever one wants to

apply Noether’s Theorem in the right way.

5.2 Observations

One of the things that aroused our interest is that the Noether symmetry approach as
developed by Capozziello et al ignores the variable of time. As we have described in
the second chapter, the infinitesimal generator X on the configuration space gives rise
to the lift X7 on the tangent space which does not include the time variable. Hence
the coefficient functions of the transformations have a special form since they are
independent of time. Actually they do not consider time dependent transformations.

Moreover the coeflicient functions of the lift do not depend upon derivatives of the
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variables which means that they do not obtain velocity dependent tranformations.
The symmetry 8/0t does not appear in their procedure although, as we have proved
in Chapter Four, when we considered the whole space, it is a Noether symmetry
as we expect since the Lagrangian is independent of time. A very interesting point
is that in order to calculate the integrals Capozziello et al obtain the condition
that the energy function is equal to zero. The energy function, as we have already
commented, is actually the Noether integral of the symmetry 9/0t. It seems that
time cannot stay ignorable too long. This condition, that the energylike integral
be zero, is actually a different problem from the one that we discuss. We obtain a
system of four equations of the second order for which we obtain the integrals by
applying symmetry methods. Capozziello et al , although they ignore time while they
compute the symmetries, in order to find the integrals set the energylike integral to
be equal to zero which is actually a constraint for the problem. If we impose this
constraint in our case, then, as we will see in the next section, we obtain the same
result for the Bianchi Type I but not for the Bianchi Type V.

Although in 1918 Noether [14, 15, 47] had already obtained the general form of
Noether’s Theorem, in the following years there have beeﬁ developed forms |28, 41] of
the theorem which actually restrict the original one. Hence one should pay attention
to which form of Noether’s Theorem is used. As we have already discussed in the
first chapter, the presence of the gauge function is a consequence of the concept
of the invariance of the Action Integral. The condition (2.8) does not allow the
existence of the gauge function, something which is especially serious since it is a
restriction which probably does not permit us to find the whole class of the solutions.
The basic concept of Noether’s Theorem is the concept of invariance, but what
do we mean with the word invariant? and what should be invariant? Consider
the original Noether’s Theorem. The Action Integral should be constant.under an
infinitesimal transformation up to a gauge function. The transformation may be
a velocity dependent transformation. We note that the condition LxrL = 0 leads

to the invariance of Action Integral under a point transformation without gauge
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function!. Hence Capozziello et al are referring to a restricted form of Noether’s
Theorem. The title of ‘Noether symmetry approach’ could give the wrong impression
that this method uses the original Noether’s Theorem. Of course the procedure that
they follow after the restriction is a well defined procedure. As in all cases a restriction
always causes problems [18]. A natural question arises. Are we sure that we obtain

all Noether integrals and are they in the right form?

5.3 Cavete dona ferentes Graecos!

In order to answer this question we present our result in the original variables for the
Bianchi Type I and V in the Case 2 where there does not exist a potential and we

make a comparison with the corresponding ones in [9]. Hence for the Bianchi Type

I we find that

v = [Bsinh(t — I5) — C]*/3. (5.1)

Hence
e* = [Bsinh(t — I5) — C]*/? (5.2)

and so
A= %bg[ﬁ sinh(t — Is) — C]. (5.3)

If we consider the condition that the energy function be zero, we have

0= o3 (57447 -

, 3
0= 6)2eH — 5(L2 +I2) - I2

In the context of configuration space and tangent lifts the transformations may be independent
of time. However, this is not necessary, since one can extend the space to include time as a dependent

variable. However, this was not done by Capozziello et al [9].
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A? = ().\63’\) 2

1

A=
3

log(At + B), (5.4)

where A% = 1 (124 I2) + ¢I2 and B is an arbitrary constant, which has the same

form as the one that Capozziello et al have found.
If we follow the same thoughts for the Bianchi Type V, when we consider the

energy function to be equal to zero, we obtain
3 [a —22 2, 3 (52 52 ;2
O0=e [66 —6A +§<;31 +,32>+¢]

0= 6e72 — 632 + B- (B+12) + I§] Ry

If we set z = €%} in (5.5), we obtain

3. 3 1
5 2 _ [5 (If+]§)+l§];—6:v=0- (5.5)

Hence

: 2 .\ 1
i’ = (112+122+§I§);+4x

D
— 44z
T

dr /2+4x
dt Vz

VT
tom [ L,
° Vdz? 4+ D
where D = I? + I + 2IZ. For small z we obtain that
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Hence we have

For large = we have

and so

1 222
= — ——+....]d
~ ——1—— z/%dz
~ 351_).:33/2. (3.7)
2/3
3vD
T~ [—2— (t- to)] (5.8)
1 3vD
2z ] D
T
1 1 D
1 1
~5 [ e
~ g1/2
z ~ (t —1o)° (5.10)
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A = log(t — to). (5.11)

We note that the results that we obtain differ from the corresponding ones which
Capozziello et al have found. The explanation for this variation is because of their
wrong substitution (2.43) of z = €?* in the equation of energy. The right substitution
yields us

-2 — — —a‘z =0. (5.12)
2 x )

In the original paper there is no z to multiply the o as we can observe from [9]. This
error affects the behaviour of the other variables. Hence for the variable ¢ we find

that for small z we have

. 2[3
¢= m - (5.13)

2
¢= 3vD

log(t — o) (5.14)
and for large z we obtain

b=(t—to)° | (5.15)

6= —5(t— o).  (516)

The behaviour of ¢ differs from these which Capozziello et al have obtained. The

same result we can be obtained using the Painlevé analysis [30, 31, 48, 49]. We set
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z = at? in the equation

=L (5.17)
T
and we have
o?p?t?-2) = L ptr 4 sar. (5.18)
o

For small z the dominant terms o?p*t?~2 and 2 Dt~? give p= 2 and o® = pD/4.
For large z the dominant terms are a’p?t**~% and 4at? and we obtain that p =2

and a = 1. As a check we set £ = 2 + Bt**? in the initial equation and we obtain

i = —1, as required. Thus we have
1/3
T ~ % 33 t~0 (5.19)
(5.20)
T o~ t? t >~ oo

which verifies the approximate evaluations of the integral made for. small and large

z.

5.4 Discussion

As we have already mentioned, the aim of this dissertation is to apply the Lie
and Noether approaches to the Bianchi universe and to consider the results that
Capozziello et al have obtained with their method. We have already developed the
‘Interesting’ points of their method and results which caused our curiosity. The case
that time is an ignored variable initially seems not to be a big misleading assumption
since one could increase the dimension of the configuration space and consider the
time as a dependent variable. However, this consideration leads to other considera-
tions. If we consider time as a variable, then we ought to consider velocity dependent

transformations which leads to a more general solution. Of course, if someone makes
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the calculation under the assumption of point transformations, the results will not
be wrong, provided the computations are without errors, but they could be incom-
plete. The point is to obtain the biggest class of results and, if the problem is such
that it necessarily imposes restrictions, then we should have the knowledge of the
constraints that we have to use. Moreover the presence of time means that we have
time dependent transformations and the coefficient functions should contain time. It
seems that the absence of time is a serious matter when someone wants to 6bta,in the
most general result. Moreover a good problem for investigation is to use the energy
equation instead of the A equation and solve the new problem with the way which
have developed in the first chapter of this dissertation.

Probably the most serious omission is the ignoring of the gauge function which
actually makes for a very restricted form of Noether’s theorem. In this case the
integrals are correct, but there is always the possibility that integrals will be missed
[18]. An interesting idea is to set the Lie derivative of the Lagrangian not to be
zero but the derivative of a function which depends upon the time, and all the other

variables, such that it is a total time derivative. That means

0 4 dX"™ 0
0q, dt 04,

LxL = (X” ) L=f. (5.21)

Of course there are cases which the Lie and Noether approaches do not lead easily to
a sufficient number of first integrals. An interesting idea is to consider the extension

of the Lie symmetries to nonlocal ones [4, 5].
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Appendix A

Spacetime symmetries, Lie groups

and Lie algebras

A spacetime is called spatially homogeneous if there exists a one-parameter family of
spacelike hypersurfaces foliating the spacetime such that for each ¢ and for any two
points p and ¢ an isometry of the spacetime metric g, takes p into q. Hence every
point lies in a homogeneous three dimensional section through spacetime which is
everywhere spacelike, that is, the tangent vector of any curve lying on a homogeneous
section is spacelike at every point [59]. Isotropy is the equivalence of directions. A
spacetime is said to be spatially isotropic at each point if there exists a congruence
of timelike curves with tangent vector field u® filling the spacetime and satisfying the
following property: For any point p and any two unit spatial tangent vectors sy, S
orthogonal to u® there exists an isometry which leaves p and u® fixed but rotates s;
into s;. Thus in an isotropic universe it is impossible to construct a geometrically
preferred tangent vector orthogonal to u, [59]. We denote the Lie derivative of the
tensor A along X by LxA. At a point p in spacetime the field A is ‘attached’ to
X and then X is able to transfer the vector A(p) to a neighbouring point p’. The
difference between the transported A(p) and A(p') in the limit as p’ approaches pis
(LxA)(p). In particular in the case where A(p') is the same as the transported A(p)
for all the points p, Ly A = 0 and A is said to be an invariant for X.

A transformation which leaves the metric ¢ invariant is called an isometry. An
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Figure A.1: The hypersurfaces of spatial homogeneity in spacetime.

Figure A.2: The World lines of isotropic observers in spacetime. ‘For any two vectors
s%, s3 at p which are orthogonal to u®, there exists an isometry of the spacetime

which leaves p fixed and rotates s{ into s3.
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infinitesimal isometry is described by a vector X called a Killing vector, which is

said to generate isometries. A Killing vector thus satisfies
Lxg=0. (A.1)

A Lie group G is a group which is also a differential manifold such that the map
G x G — G given by the algebraic product (a,b) — ab is differentiable [7].

Suppose that a group G acts as a group of transformations on another manifold
M and consider the corresponding infinitesimal transformations. These define vector
fields on M and these vector fields comprise a vector space dimension of which is
equal to the dimension of G. We can define a skew-symmetric bilinear operation [, ]

which satisfies the Jacobi identity

€ [, X+ [n, [, €01 + €, [€,m]] = 0. (A.2)

With this operation G becomes an algebra, called in this case a Lie algebra. It is
known that every Lie algebra has associated with it a unique Lie group. Conse-
quently, given the Lie algebra it is possible to reconstruct a Lie group from which it
arises. The differential groups with the same Lie algebra differ only in their (global)
topological properties. Thus the algebraic structure of @ is defined entirely by that
of its Lie algebra. We specify a Lie algebra by giving a basis X1, ..., X,, of vector fields
and their commutators [X;, X;]. Since the commutators are again in the algebra, we
must have

(X, Xg] = CL,X, (A3

for some set of numbers CJ; called the structure constants of algebra. From the prop-

erties of Lie algebra it follows that the structure constants must obey the following

relations [7]
as = —Ch4 (A.4)
ConCry = 0. (A.5)

The structure of a group which is generated by r Killing vectors can be clearly

recognised if one examines the commutativity of infinitesimal motions [57].
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The structure constants are independent of the choice of coordinate system, but
do depend upon the choice of basis of Killing vectors and can be simplified by suitable

basis transformations.
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Appendix B

Bianchi Classification

Our aim in this Appendix is to present the structure of the Bianchi models. We
are interested in space-times which are foliated by homogeneous hypersﬁrfaces of
constant time. In our case homogeneity requires a three dimensional isometry group,
which means that we must classify all three dimensional Lie algebras. Bianchi was
the first to solve the problem of classifying three dimensional Lie algebras which are
nonisomorphic, that is, groups whose structure constants cannot be converted into
one another by linear transformations of the basis. The classification is determined
by the dimension m of the algebra. The result which we present below is the so-called

Bianchi classification. We obtain nine types of model according to m:

(@) m=0 Typel (B.1)
(b)) m=1 Typell, II1I . (B.2)
()m=2 TypelV, V, VI, VII (B.3)
(d) m=3 Type VIII, IX. (B.4)

Denote by X, a basis of a three dimensional Lie algebra with structure constants

a5 [29]. Let € be the totally skew tensor and define
ta6 _ _1_ Ca B~6
= 505" (B.5)
This contains all the information in Cas- We may split it into symmetric and anti-
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symmetric parts:

1o = No° 4 204, (B.6)

This defines the vector A, uniquely and also defines N®°. The Jacobi identity is

equivalent to

N*FAg=0. (B.7)

We distinguish the following cases. The first one is when Ag = 0. In this case we
obtain the so called models of class A. Accordingly the Lie algebras are classified by

the rank and signature of N*A. There exist six distinct Lie algebras [59]:

(I) Ne*f =0 | (B.8)
(IT) rank(N°?) =1 - (BY)
(VL) rank(N°?) = 2, signature — + (B.10)
(VIL,) rank(N°f) = 2, signature + + (B.11)
(VIII) rank(N®f) = 3, signature — + + (B.12)
(IX) rank(N°F) = 3, signature + + +. (B.13)

The other case is when Ag # 0. It is clear that the rank of the N % cannot be greater

than two. So there are four possibilities for the rank and the signature.
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(V) rank(N*%) =0 : (B.14)

(IV) rank(N**) = 1 (B.15)
(IIT) rank(N°?) = 2, signature — + (B.16)
(VI,) rank(N*®) = 2, signature — + (B.17)
(VIIL) rank(N*®) = 2, signature + + | . (B.18)

We choose a base such that Az = (4,0,0) and N*® = diag(N;, Ny, N3) [43]. By
scaling the base we can set N,p to be equal to 1 or —1. When the rank of the N,
equals 2, we introduce a new parameter h = A?/(N;N3) such that A = \/|—h-| .

The subclassification of the Types VI and VII is as follows:

e h=0: Ap =0 and therefore we obtain the class A models VI, VII,
e h=1: We obtain the VII;, model
e h = —1: This corresponds to the type VI, model.

We obtain the results in the table (2.20).

From the equation (B.6) we can calculate the structure constants. Their values for

every type are given in Table (B.2)

We present analytically the basis X,, the right-invariant basis W, and its dual one
form w? {43].
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Table B.1: Bianchi classification

Class A B

Type I II vi, vII, VIII IX|V IV Il VI, VII,

Rank N,z 0 1 2 2 3 3|0 1 2 2 2

signature Nggg [0 1 0 2 1 3|0 1 0 0 2
A 00 0 0 0 0|1 1 1 =k V&

M 0 1 0 0 -1 110 0 O 0 0

N, 0 0 -1 1 1 10 0 -1 -1 1

N3 0 0 1 1 1 110 1 1 1 1

Table B.2: Structure Constants

Type Structure constants
I Cg, =0
II Ch=1
III C% =1
v Cls=Ch = 033 =1
\Y% Cly=C%h=1
VI Clh,=1, C34 =h, h#0,1
VII |CL=C%L=1, C4=h, (R2<4)
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VIII

IX

C%s = Cf?. = 0123 =1

Cgy = €ay

Table B.3: Basis vectors and forms in every Bianchi Type

Type Xo We w®
I oz! ! dz?!
0z? Oxz? dz?
0x3 0z® dz?
1 Ozl 0z? dz! — z3dz?
0x? 0z? + £30z! dz?
0x3 + z20z! 0z3 dz3
IV | 0z! — 2202% — (2?2 + 2%) 0z® oz! dz! -
0z? e (92 — £192) e®1dz?
dz? e~ 0z° e (z'dz? + dz?)
\% Oz — 22022 — £30x° Ozt dz!
0z? e=% 9?2 e1dz?
oz e~ 53 e dzd
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VI, VII

Oz! + (z° — Az?) 8z% + (2? — Az®) 8z°
dz*
dz®

W,

ozt
A Al .
e~4%" cosh 2102? + e~4* sinh z'9z3

Al . Al
e~ 4% sinh 21022 + 4% cosh z'9z3

dz!
1 .
e4%1 cosh z'dz? — e4% sinh zldz3

1 . 1
e sinh z'dz? — €A% cosh z'dz3

VII

0z' + (23 — Az?) 0z* + (2? + Az®) 023
dz?
dz*

W,

Oz?

- 1 - 1 .
e 47" cos z102% — ™A% sin 2102

Al . Al
e~4% gin 21022 + e~ 4% cos 210z

Wo

dz?!

1 .
eA%1 cos z1dz? — €A% sin z1dz?

1 . 1
e gin £1dz? + eA* cos zdz®
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VIII

Xa Ozt
— sinh z! tanh 220z + cosh 219z% — sinh z'sechz?0z3

. 29..3
cosh 2! tanh 220z — sinh 2102? + cosh z'sechz?0z

Wy sec 22 cos 230z! — sinh 230z? — tanh z2 cos z30z>
sechz? sin z30z! + cos z30z? — tanh 22 sin 23023
oz3

Wa cosh z2 cos z3dz! — sin z3dz?

cosh z2sin z3dz! + sin z3dz?

sinh z2dz! + dz3

IX

X, Ox?
sin 2! tan 220z + cos 21 0z2 + sin z! sec 2203

1

cos z! tan 220z — sin 21022 + cos z! sec 203

W, | secz? cos 230z — sin 2302% + tan z2 cos 23023

sec z2 sin 30z + cos £30z? + tan z?sin z30z°
oz
Wa cos z2 cos z3dz! — sin z3dz?

cos 2 sin z3dz! + cos z3dz?

—sin z2dz! + dz®

The canonical form for the structure constants does not fix the basis uniquely. In the
table (B.4) we obtain the restrictions for the 3 x 3 matrix N,5. Hence types VIII
and IX have 6-dimensional sets of structure constants. The séme occurs for types
VI, VII, except when h is fixed so that we obtain 5-dimensional sets. In Types VI,
and VI, the matrix N,g must be singular so that we have five independent values
of constants. In Type I the first row of N,g gives 3 independent values. In Type

V the vector Ap gives the 3 dimensional set. In Type I there is no free choice of
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Table B.4: Degrees of freedom

Type I Il VI, VII, VII IX V IV VI, VII,
d 03 5 5 6 6 3 5 56 506

constants. Since we have d degrees of freedom for the choice of the constants there

are 9 — d degrees of freedom for the choice of the forms of the X,.
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Appendix C

The Bianchi Lagrangian and

Potential Forms

We have already mentioned that in every hypersurface the metric is a function of

time and using the dual forms w® can be expressed as
ds® = —dt® + g;;(t)w'e’, (C.1)

where the w' are three one forms obeying the felations
do' = Chrww* (C.2)

with C}; the structure constants of Table (B.2). Misner introduced the parametri-
sation g;;(t)e"**"e?%s | where () is a scalar and §;; a traceless 3 x 3 matrix. He then
chose a coordinate condition ¢ — (Q, that is, he chose  as his time coordinate. With
this choice the 8;; become functions of Q. This reduces the problem to one of finding
the five independent components of f;; as functions of Q. There are special cases
of B;; which have fewer independent components. Diagonal Bs have only two. This
implies that the problem of Bianchi type universes reduces to that of the motion of a
point, the ‘universe point’. We can use ) as a new time variable and we make also a

new reparametrisation of the 8_, 8 to f1, 2. The general Lagrangian has the form

[9]
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L=e® [R* 1657 — g (B2+82) -2 +2v (¢)] . (C.3)

The Ricci scalar R* has the form

CLASS A

R =- -;—G—ZAN12€4B1 + e (NQe\/gﬁ"‘ - Nge_‘/z”-ﬁz)2

1
— 2N1€ﬁ1 (]\[26\/§ﬁ2 + N36—\/§ﬁ2) + §N1N2N3 (1 + N]NzNg) . (04)

CLASS B
R =207 (3 120) o0 (C.5)
a
with
) .
o s O o). o

The forms of the potentials appearing in the Lagrangian (3.10) are given explicitly for
each Bianchi type in the following Table. We note that the potentials are exponential
in every case.

We present the potentials for Bianchi Type models in the diagonal case. The dashed
arrows give the velocity of the wall associated with the potential. The symbol z marks

the position of a generic universe point.
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Type Potential
I 0
II e8P+
III 4e—(26+—2V304)
vV e+ (12 + e2V36-)
\Y% 12e%P+
VI(h#0,1) A(1 + b + h2)e*+
sz(h2 < 4) 24+ [cosh(4v/3B_) + (2h7 — 1)
VIII e=86+ | 240+ [cosh(4\/§ﬁ_ — 1)] + 4e~%+ cosh(2v/35_)
IX e+ + 2¢%+ [cosh(4v/3B_1)] — 4e72+ cosh(2/35-)
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Figure C.1: The Potentials for Bianchi Type models. Types Ito IV on this page and
Types V to XI overleaf.

TYPE I TYPE I
AB- ‘rB‘
X "1 x
> 2 »
B+ B+
No potential, no constraint No constraint
TYPE I TYPEIY

A1 G
_ ™
e B E

i

Constraint: p =0 Constraint: p4=0
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TYPE X (h=0)

h #0 unphysical TYPE ¥I
AB— AB_
——1 -]
X X
B Bs

Constraint: p+=0

1
2/

TYPE MO

3

N

AB-

X (
I\
/E*

~__
_—

No constraint

TYPE IX

AB-

L
72

-
L
2

4

o~
L B

AS

Al
2

No constraint

Constraint: p,=V3 ({1)

P+

TYPE MII

AN|—

"\

\B. |

L4
7/
/

X

_/

S~
—

A
LA
2

No constraint
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