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ABSTRACT 
 

The demand for increased link reliability, higher data rates, improved error performance (EP) and 

increased spectral efficiency (SE) in wireless communications systems (WCS) is increasing 

exponentially year after year. Furthermore, the overall data traffic and number of mobile users is 

growing, and continues to grow, rapidly each year. In theory, multiple-input multiple-output systems 

can achieve these goals, but not without their drawbacks and challenges. These drawbacks include low 

energy efficiency, high computational complexity and increased harmful radiation emission. Hence, it 

is evident that to meet the current and future wireless demands and standards, the next generation of 

wireless networks can no longer be an extension of the previous generation. Rather, the next generation 

of wireless networks requires totally novel concepts, implementations and foundations from which to 

build upon. 

As such, reconfigurable intelligent surfaces (RISs) provide a completely new paradigm in this respect. 

RISs are man-made electromagnetic (EM) surfaces with adjustable parameters capable of modifying 

the impinging signal to enhance signal strength and quality. In other words, RISs allow control over 

what was previously assumed to be the uncontrollable wireless propagation environment. The key 

principle in using the RIS is that its adjustable parameters may be reconfigured to effect a change on 

the EM wave, thereby improving various aspects of WCS.  

RISs hold attractive advantages which make them a key competitor of MIMO systems. Firstly, RISs 

are nearly passive surfaces, meaning they do not require additional energy sources to operate. Secondly, 

RISs are cost-effective as they operate on low-power electronics and do not require converters or power 

amplifiers. Thirdly, they are easily deployable on walls, ceilings, buildings, facades, billboards, vehicles 

and even clothes. Lastly, RISs are environmentally friendly, and meet the requirements of green 

communications. 

Motivated by this, this dissertation presents a study on RIS-aided WCS. In particular, this dissertation 

provides an investigation into how RISs may improve the EP of WCS. This dissertation investigates 

the effect of both passive and active RIS elements on the EP and SE of WCS by considering hybrid 

RISs to assist data transmission. This dissertation also provides a study on RIS-aided systems in Rician 

fading channels to investigate the impact of the line-of-sight component of the RIS on the EP of WCS. 

The theoretical average bit error probability of each scheme is provided and validated by Monte-Carlo 

simulations. The findings in this dissertation illustrate that hybrid RIS-aided systems can achieve 

significant improvements in EP over conventional RIS-aided systems, and that Rician fading channels 

have a distinct impact on the EP of RIS-aided WCS due to the line-of-sight component associated with 

Rician fading. 
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CHAPTER 1 

1.1  Introduction 
 

The demands and requirements of mixed-generation wireless networks is rapidly increasing year by 

year, and although the recent advancements in fifth-generation (5G) networks have been significant, it 

is evident that more work is needed to meet these ever-increasing demands. Therefore, new technologies 

in 5G, such as multiple-input multiple-output (MIMO), non-orthogonal multiple access (NOMA) and 

Golden codeword (GC) modulation, are but a few of the many technologies that have been researched 

in order to solve these problems. While it may be tempting to design sixth-generation (6G) technologies 

as mere extensions of 5G, the exponential growth in networked devices and mobile data traffic cannot 

be ignored. Hence, it is clear that the next mixed-generation network (6G) is required to provide a new 

paradigm towards wireless communication systems (WCS) in the physical layer. 

Figure 1.1.1 illustrates the history of wireless networks and how they have evolved over time. The first 

first-generation (1G) network to come about was known as the advanced mobile phone system (AMPS), 

which was invented by Bell Labs and first deployed in 1982 in the United States [1] - [2]. Other 1G 

networks included the Nordic mobile telephone (NMT), the total access communication system 

(TACS), and the European total access communication system (ETACS) [2]. The 1G network was 

characterized by analogue switching technology using frequency division multiple access (FDMA) and 

operated in the 30kHz bandwidth with frequencies of between 824-894MHz [3]. The 1G network had 

many disadvantages, namely that it only provided voice calls, was not secure (calls may be decoded 

using frequency modulation (FM) demodulators), and the number of users and network coverage was 

extremely limited [1].  

The transition from 1G networks to second-generation (2G) networks was characterized by the 

facilitating of digital communications technology rather than analogue technology. This digital 

technology became known as the global system for mobile communications (GSM) and was the 

foundation for further development in WCS standards [2]. GSM allowed for text, picture, and 

multimedia message services to be developed as the wireless standards could handle data rates of 64 

kbps [1]. Later, time division multiple access (TDMA) was developed [4], followed by code division 

multiple access (CDMA) WCS which were developed by Qualcomm and deployed in the 1990s. These 

advancements in WCS proved to be successful in improving spectral efficiency (SE), data rate, error 

performance (EP), and the number of users they could handle compared to its 1G counterpart [2]. 

Further developments in GSM led to the development of the 2.5G wireless standard, facilitated by 

general packet radio service (GPRS) technology, producing data rates between 64 kbps and 144 kbps, 

enabling phone calls, web browsing and email services [4]. Later, enhanced data (EDGE) was 

developed to improve upon packet switching applications and enable high-speed data applications [4]. 

The introduction of universal mobile telecommunications systems (UMTS) marked the beginning of 

the development of third-generation (3G) networks in 2001 [3]. Smartphones became very popular after 

the deployment of 3G networks due to many new features being enabled by them, such as video calling, 

email services, gaming, and social media [1]. UMTS technology and protocols made use of features 

previously seen in 2G but with significant improvements to boost data rates. Later, 3.5G was developed 

as an advancement to 3G, with two new technologies being developed, namely high speed downlink 

packet access (HSDPA) and high speed uplink packet access (HSUPA), allowing 3.5G to handle much 

higher data rates [5]. Further improvements saw 3.75G being deployed with high speed packet access 

plus (HSPA+) technology, which later developed into 3.9G with long term evolution (LTE) technology 

being developed [4]. Despite this progress, 3G networks had their drawbacks, namely that they operated 

on a higher bandwidth to support the increasing data rates, meaning that the infrastructure and 

equipment needed to implement it was very costly, and so the mobile devices became costly.  
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The demand for high data rate applications continued to increase, meaning that significant 

advancements needed to be made to mixed-generation standards. The fourth-generation (4G) standard 

came about as a continuation of LTE made possible by orthogonal frequency division multiplexing 

(OFDM) [4]. Features such as cloud computing, internet of things (IoT) and high-definition mobile 

streaming became possible because of the 4G standard, as it was capable of reaching data rates of 

between 10Mbps and 1Gbps. Later, MIMO systems were created, which proved to be critical 

technology in improving SE and signal quality and enabling higher data rates and multi-stream 

technology [4]. These technologies operated under the IEEE 802.11n, which encompassed wireless 

fidelity (Wi-Fi), wireless microwave access (WiMAX) and LTE [6].  

 

 

Figure 1.1.1: Diagram illustrating the evolution of 1G to 5G networks [1, 2, 4] 
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The 5G standard has already been deployed in many countries around the world. Many technologies 

have been implemented, with the main technology being millimetre-wave (mmWave) mobile 

communications, and some others being massive MIMO and NOMA [7]. However, recent WCS 

literature has been devoted to technologies that could potentially realise a standard beyond 5G, such as 

spatial modulation (SM) [8], media-based modulation (MBM) [9], GC modulation [10], orbital angular 

momentum (OAM) [11] and many other technologies.   

Future wireless standards are required to meet the exponentially growing demands for higher data 

throughput, higher SE, higher capacities, broader network coverages, reduced latencies and improved 

EPs, all at the lowest cost possible. However, there are several constraints and limitations that need to 

be addressed to realise such standards, such as hardware requirements, high power consumption and 

high computational complexity. One of the main challenges in the physical level of WCS is noise, 

arising from thermal noise from electronic devices used in the construction of WCS, or forms of 

radiation such as solar radiation. The noise model typically assumed is additive white Gaussian noise 

(AWGN), which follows a Gaussian distribution [12]. This noise is called ‘white’ because it is 

frequency-flat, and it is additive at the received signal [13]. The effects of AWGN may be reduced by 

increasing the signal power. However, the signal power is limited by various hardware constraints. 

Other challenges include multiplicative noise and multiplicative fading. 

1.1.1 Basic Wireless Communication Scenario 

 

Figure 1.1.2: Diagram illustrating the basic wireless communication scenario 

The basic WCS, as illustrated in Figure 1.1.2, consists of a transmitter and receiver, separated by the 

wireless propagation environment comprising various phenomena that may deteriorate the quality of 

the wireless signal. The transmitter transmits some digital information, which, in most cases, is mapped 

to a data symbol, denoted by 𝑥, representing the wireless signal. The symbol 𝑥 is transmitted over the 

wireless propagation environment, where it experiences two main phenomena. The first phenomenon 

is fading, denoted by ℎ, and the second is AWGN, denoted by 𝑛. The received signal at the receiver is, 

therefore: 

 𝑦 = ℎ𝑥 + 𝑛. (1.1) 

The receiver estimates the transmitted information using a specific method of detection. Zero force (ZF) 

detection is a detection method that nullifies the interference of other symbol constellation layers when 

detecting in a given symbol layer. Minimum mean-squared-error (MMSE) is another detection method 

which aims to minimize the mean square error between the transmitted signal and the received signal. 

The most popular detection method, however, is maximum-likelihood (ML) detection, in which an 
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exhaustive search is carried over the entire solution space to find the estimated symbol to determine the 

transmitted information, which is given for the receive signal in (1.1) as: 

                                                             𝑥 = argmin
𝑥∈Ω

|𝑦 − ℎ𝑥|2 , (1.2) 

where Ω denotes a set of symbols belonging to a particular symbol constellation. 

1.1.2 Fading 

Fading is a phenomenon in wireless networks defined as the fluctuation, or attenuation, of the strength 

and quality of a wireless signal over time. Fading accounts for various effects occurring in the wireless 

channel, namely reflection, refraction, diffraction, multipath propagation, atmospheric conditions, and 

scattering during radio wave transmission [14]. In WCS, there are many different statistical fading 

models, and these models are mainly characterized by a cumulative distributive function (CDF) and a 

probability density function (PDF). Fading causes phase delays and amplitude distortions to a 

transmitted signal, which is modelled as a complex fading coefficient. This fading coefficient may be 

expressed in terms of its real and imaginary parts, which are independently and identically distributed 

(i.i.d.) Gaussian random variables (RVs), as follows: 

                                            ℎ = 𝑅𝑒{ℎ} + 𝑗𝐼𝑚{ℎ}. (1.3) 

The expression in (1.3) may also be expressed in polar form as: 

                                                      ℎ = 𝛼𝑒𝑗𝜃 , (1.4) 

where 𝛼 = √(𝑅𝑒{ℎ})2 + (𝐼𝑚{ℎ})2 the magnitude of the fading coefficient, and 𝜃 = tan−1 (
𝐼𝑚{ℎ}

𝑅𝑒{ℎ}
) is 

the phase of the fading coefficient. 

This dissertation will focus on two main models: the Rayleigh fading model and the Rician fading 

model. 

1.1.2.1 Rayleigh Fading Model 

The Rayleigh fading model is applied to WCS that assumes a non-line-of-sight (NLOS) path. In other 

words, there is no direct visible path between the transmitter and the receiver.  

Assume that an arbitrary Gaussian RV is given by 𝑟~𝑁(𝜇, 𝜎2), where 𝜇 denoes the mean and 𝜎2 

denotes the variance of 𝑟. 

Rayleigh fading is characterized by a PDF given by [15]:  

 
                                       𝑝(𝑟) =

𝑟

𝜎2
𝑒
−
𝑟2

2𝜎2 , 𝑟 > 0. 
 

 

Integrating the PDF in (1.5) yields the CDF given by [15]: 

 
                                   𝐹(𝑟) = 1 − 𝑒

−
𝑟2

2𝜎2 , 𝑟 > 0. 
 

 

1.1.2.2 Rician Fading Model 

The Rician fading model applies to WCS where there exists varying degrees of line-of-sight (LOS) and 

is characterized by the following PDF [15]: 

(1.6) 

(1.7) 

(1.5) 
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                              𝑝(𝑟) =

𝑟

𝜎2
𝐼0 (

𝑟𝑠

𝜎2
)𝑒

−
𝑟2+𝑠2

2𝜎2 , 𝑟 > 0, 
 

 

where 𝑠 is a noncentrality parameter, and 𝐼0( ∙ ) is the zero-order of the modified Bessel function (MBF) 

of the first kind [15]. The Rician distribution may also be characterized by two other parameters, namely 

the Rician 𝐾-factor given by 𝐾 =
𝑠2

2𝜎2
, and a scaling factor Ω = 𝑠2 + 𝜎2  [15]. 

Integrating the PDF in (1.7) yields the CDF given by [15]: 

                                 𝐹(𝑟) = 1 −𝑄1 (
𝑠

𝜎
,
𝑟

𝜎
) , 𝑟 > 0,  (1.8) 

where 𝑄𝑚 (𝑎, 𝑏) denotes the 𝑚-th order of the generalized Marcum 𝑄-function with inputs 𝑎 and 𝑏. 

 

1.1.2.3 AWGN Model 

The mathematical model for an AWGN channel is given by: 

                                                  𝑦 = 𝑥 + 𝑛, (1.9) 

where, similar to (1.1), 𝑦 is the received signal, 𝑥 is the transmitted signal, and 𝑛 represents a zero-mean 

white Gaussian process with a power spectral density of  
𝑁0

2
 with a PDF given by [15]: 

 
                                𝑝(𝑟) =

1

√𝜋𝑁0
exp (−

𝑟

2𝜎2
). 

(1.10) 

It may be noted that for an AWGN vector channel given by: 

                                                 𝒚 = 𝒙 + 𝒏, (1.11) 

where 𝒚, 𝒙 and 𝒏 are all of dimension 1 × 𝑚, the PDF of 𝒏 may be written, considering that the noise 

coefficients are i.i.d. Gaussian RVs with zero mean and variance 
𝑁0

2
, as [15]: 

 
                           𝑝(𝑟) = (

1

√𝜋𝑁0
)

𝑚

exp (−
‖𝒏‖2

𝑁0
). 

 

(1.12) 

 

1.2   Literature Review 
 

Much of the past decade's research in WCS has focused on making the seemingly uncontrollable 

wireless propagation environment controllable. Various modulation schemes have been designed to 

utilize reconfigurable antenna technologies in rich scattering environments for the transmission of extra 

information, including SM, MBM and beam index modulation (IM).  

Reconfigurable intelligent surfaces (RISs) have provided a paradigm shift in WCS research. An RIS is 

an electromagnetic (EM) man-made surface fitted with integrated electronic circuitry capable of 

intelligently adjusting the amplitude or phase of the incoming wireless signal [16]. This concept allows 

for control over the strength, as well as the direction, of the wireless signal. Hence, the RIS may enhance 

the signal-to-noise ratio (SNR), coverage probability, SE, data rate and EP [16]. Previous wireless 

schemes were limited by the order of modulation and the number of spatial streams, but the RIS 

provides an entirely new foundation for which the progression in mixed-generation networks may 

continue.  
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1.2.1 Use Cases 

Use cases of RISs have been documented in [16] and [17]. The RIS can increase channel gains as a 

centralised beamformer and create paths around major obstacles to create new links or restore existing 

links in the case of a power outage. It can improve spatial multiplexing capability by emulating a rich 

scattering environment considering spatially sparse LOS scenarios. Besides being able to scatter and 

phase-shift the wireless signal, the reflective elements of the RIS can act as an anomalous mirror whose 

reflection angle may be controlled, and it may contain polarization manipulation capabilities. It can be 

used to overcome harsh indoor propagation environments and localized coverage holes without 

increased costs and carbon footprints. RISs can contribute to lowering the overall EM radiation as it 

does not require the generation of new signals; rather, they can intelligently utilize existing wireless 

signals.  

 

1.2.2 Advantages 

The RIS has the following attractive advantages: 

1. RISs are easily deployable, as they are nearly passive devices. Due to their low cost, they may 

be deployed on indoor walls, furniture, clothing, billboards, vehicles, street poles and even 

aerial platforms [18].  

2. RISs use phase-shift control of their reflective elements to shape the incoming wireless signal, 

as opposed to using electronic devices such as power amplifiers [18]. Hence, RISs are far more 

environmentally friendly and energy-efficient than conventional relay systems such as amplify-

and-forward (AF) or decode-and-forward (DF). Its passive nature ensures that no additional 

energy is utilized in RIS-aided WCS.  

3. RISs only reflect EM waves. Therefore, they can support full-band and full-duplex 

transmission. They are also compatible with existing standards and hardware of WCS [16].  

4. RISs do not require the use of power amplifiers or analogue-to-digital or digital-to-analogue 

converters, making them cost-effective [18]. 

 

1.2.3 Implementation of RISs 

RISs may be implemented in two main ways. The simplest way is by considering the reflect array-based 

approach, whereby the RIS comprises an array of passive reflective elements whose phase-shifts may 

be controlled electronically to backscatter and phase-shift the incident wireless signal [19]. This 

approach enables the use of simpler transmitters and receivers, as much of the complexity lies with the 

RIS and its controllers. A drawback of this implementation is that it requires a sufficiently large number 

of elements to effectively manipulate the incident signal, as the effect of each element in the reflect 

array is limited [20]. Another way to implement RISs is using a metasurface-based approach, which 

uses metasurfaces made of man-made materials with EM properties which cannot be found in existing 

natural materials [21]. In this implementation, the RISs are composed of a multitude of ‘tile-shaped’ 

reconfigurable metasurfaces, and each tile has its own functionality akin to that of a reflect array [21]. 

This is a much more flexible approach, as each element can reflect the incident wave in a different 

direction due to the individuality of each tile [17]. Using tuning mechanisms, these metasurfaces may 

achieve a number of different functionalities at a particular frequency or implement the same 

functionalities at different frequencies [22]. Reconfigurable metasurfaces can also improve the 

performance of EM devices such as reflect-array antennas, polarization converters and absorbers [23]. 
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1.2.4 Energy Efficiency of RISs 

Energy efficiency (EE) of RIS-aided communications is covered in various literature. In [24], the 

authors investigate a downlink multiuser communication system considering a base station comprising 

multiple transmit antennas and focused on the energy-efficient design of the phase shifts of the reflective 

elements and transmit power allocation under link budget constraints. The authors in [25], consider EE 

using distributed RISs, where a number of RISs are spatially distributed, and the EE is maximized by 

the RISs’ reflection coefficient matrices and the ON and OFF states of the RISs. The EE of RIS-aided 

cell-free MIMO systems is covered in [26] using hybrid beamforming methods. The authors of [27], 

investigate the EE of an RIS-aided mobile edge computing system with a NOMA protocol assumed for 

communications between users and the base station. The EE is maximized by joint optimization of 

phase shifters, decoding order, power control and transmission data size, rate and time. Finally, in [28], 

the EE of RIS-aided wireless base stations is maximized using deep reinforcement learning techniques. 

 

1.2.5 Channel Estimation in RIS systems 

The acquisition of channel knowledge in RIS-aided communications has been studied extensively. In 

[29], an overview is provided of the various fundamental channel estimation problems and acqu isition 

methods, and the authors discuss the advantages, disadvantages and applications of each method. The 

authors in [30], provide a general overview and framework for the channel estimation for various RIS-

aided channel models under various scenarios and cases. In [31], the channel estimation problem is 

studied for an RIS-aided mmWave MIMO system using compression sensing techniques for cascaded 

channels. The authors in [32], proposed a channel estimation method based on the two-timescale 

property in an RIS-aided WCS to reduce the average pilot overhead. Channel estimation of RIS-aided 

MIMO systems using matrix-calibration is covered in [33]. In [34] and [35], channel acquisition 

problems are solved using deep learning techniques. The authors of [34], use single-scale and multi-

scale enhanced deep residual networks in a RIS-aided mmWave system, while the authors of [35], 

propose convolutional neural network-based methods to approximate the optimal MMSE channel 

estimator of an RIS-aided multiple-input single-output (MISO) system. 

 

1.2.6 Path Loss 

Path loss is an important factor affecting the performance of RIS-aided WCS. In [36], the fundamental 

method for calculating path loss in RIS-aided WCS is proposed, assuming passive reflect-array type 

RISs, and in [37], an improved path loss model is proposed which covers various practical 

considerations as well, such as the effective received power, reflection phase error, incident and 

reflection gain and reflection loss of the RIS. In [38], a general formula for the path loss of RIS-aided 

systems is derived considering EM theory, accounting for the RIS dimensions and radiation patterns of 

unit cells, and in [39], a refined and more applicable model is proposed and validated using fabricated 

RISs operating in the mmWave frequency band. The authors in [40], formulate physics-based closed-

form expressions to calculate the path loss in RIS-aided systems with respect to distance between the 

RIS and transmitter/receiver, RIS size and phase transformation applied by the RIS. In [41], path loss 

models are proposed based on Green’s theorem of vector generalization considering metamaterial-

based RISs.  
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1.2.7 Physical Layer security in RIS systems 

RISs may also enhance wireless network security against eavesdropping. In [42], the physical layer 

security of RIS-aided downlink transmission is investigated, and the study evaluates various security 

metrics such as secrecy outage probability, average secrecy rate and probability of nonzero secrecy 

capacity. Two studies in  [40]  and [41], cover the security of unmanned aerial vehicles (UAVs), with 

the study in [43] covering secure EE for an uplink WCS with a UAV equipped with an RIS by joint 

optimization of UAV trajectory, transmit power, RIS phase shifts and user association, and the study in  

[44] proposes a novel RIS-aided UAV communication system to improve communication security 

against an eavesdropper. The authors of  [45] and [46], cover physical layer security in RIS-aided 

vehicular networks in terms of secrecy capacity and secrecy outage probability. In [47], the physical 

layer security of the RIS-aided NOMA networks is analysed, and the study considers both internal and 

external eavesdropping.   

 

1.2.8 Error Performance of RIS-aided systems 

From an EP perspective, RISs have been integrated with many existing schemes. In [48], two 

fundamental configurations of the RIS are considered, the dual-hop (DH) and the access point (AP) 

scenario and are evaluated in terms of their EPs. In [49], a study of RIS-aided IM schemes is presented, 

in particular RIS-aided space-shift keying (SSK) and RIS-aided SM, and their EPs are evaluated. In 

[50] and [51], RISs are integrated with the well-known MBM concept, whilst in [52], an RIS-aided 

Spatial MBM (SMBM) scheme is proposed and investigated. The RIS-aided NOMA scheme is studied 

in [53], and RIS-aided two-way relaying (TWR) schemes are investigated in [54] and [55]. The authors 

in [56], study the performance of RIS-aided mmWave communications systems with respect to channel 

estimation and tracking. The authors in [57], propose an RIS-aided Alamouti scheme as well as an RIS-

aided Vertical Bell Labs layered Space-Time (VBLAST) scheme, and the EP of both schemes is 

investigated.  

 

1.2.9 Surveys in RIS-aided WCS Research 

Finally, there have been many literature survey papers covering the wide evidence-base of RIS research, 

depending on the application of the RIS. In [58], a survey of implementations of reinforcement learning 

algorithms in RIS-aided systems is presented, and in [59], a study of artificial intelligence-based 

implementations in RIS-aided WCS systems is presented. The authors of [60], provide a study of the 

integration of RISs and NOMA networks. The authors in [61], provide a survey on the existing research 

on intelligent reflecting surfaces (IRSs), and the survey covers various performance metrics such as 

capacity, data rate, channel estimation, reliability and deep reinforcement learning. The authors in [62], 

review RIS-aided WCS from the perspective of hardware architecture, channel modelling and path loss 

and provide a performance analysis considering various metrics to outline the current improvements in 

RIS-aided WCS. In [63], a survey is presented on the optimization of specific metrics such as sum rate, 

EE, secrecy rate and network coverage in RIS-aided WCS. Surveys in [64] and [65], investigate 

machine learning applications in RIS-aided WCS, and covers various algorithms to reduce 

computational complexity. A survey in [66], provides a review of concepts, applications and 

performance metrics of RIS-aided physical layer security. In [67], a survey is presented which reviews 

the potential of RISs in the context of positioning technologies for 6G networks. In [68], a review of 
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favourable solution to achieving these improvements through their ability to achieve higher diversity 

gains. However, MIMO systems hold significant practical disadvantages. MIMO systems tend to have 

poor reliability for high modulation orders [14]. A large number of transmit and receive antennas are 

required for MIMO systems to achieve high diversity gains, which is not only costly but also takes up 

unnecessary space. This may lead to inter-channel interference (ICI), which degrades the EP 

significantly, when the distances between the antennas are decreased to accommodate high numbers of 

antennas. MIMO systems are also physically limited by computational complexity, EE and inter-

antenna synchronization (IAS) [14]. 

Hence, RISs have been proposed as a more cost-effective, energy-efficient and environmentally-

friendly alternative to MIMO systems. RIS-aided systems can theoretically achieve significantly 

improved EP gains over MIMO systems at a low cost, as RISs are low-cost, passive EM surfaces. RISs 

are easily deployable on almost any surface, such as vehicles, clothes, indoor walls and traffic signs, 

and can enhance SE by enhancing the signal-to-interference-plus-noise-ratio (SINR) [17]. Furthermore, 

RISs do not require power amplifiers to shape the wireless signal as in AF or DF; they simply reflect 

the incoming signal by phase-shifting the reflecting elements; hence, it is a more environmentally 

friendly option [16]. Due to the number of antennas, MIMO systems emit a lot of radiation, which may 

be harmful to living organisms, which means that RIS-aided systems can improve societal welfare in 

this respect [16].  

Passive RISs suffer from multiplicative path attenuation, which limits the potential performance of RIS-

aided systems when considering strong direct links [36]. Active RIS elements have been proposed to 

overcome this limitation, with the capability of not only reflecting the incident wave but amplifying it 

simultaneously at the expense of added power consumption. A study in [80], demonstrated that active 

RISs can achieve a 67% sum-rate gain, whereas passive RISs only demonstrated a 3% gain. For 

practically small numbers of reflective elements, active RIS-aided systems have been shown to produce 

superior performance over passive RIS-aided systems with respect to achievable rate [77].  

Fully active RISs consume additional power. Hence, hybrid RISs (H-RISs) have emerged as an 

attractive research topic for their ability to produce significantly improved performance gains over fully 

passive RISs at a lower power consumption than fully active systems. More significantly, H-RISs can 

leverage the benefits of IM and active RISs to increase SE by controlling the number of active and 

passive elements depending upon additional input bits, as demonstrated in [79], in a scheme called 

hybrid reflection modulation (HRM). It is also shown in [81] and [82] that H-RIS-aided systems are 

more energy-efficient than fully active RIS-aided systems for increasing transmit power and reflective 

elements. In [83], it is shown that H-RISs can provide an improvement in the minimum rate of a multi-

user MISO system by 80% in comparison to a fully passive MISO system, which only reported a 27% 

improvement, under specific settings. A study in [84], showed that for a specific user distribution, H-

RISs could provide significant improvements in system capacity over fully active and fully passive 

systems.  

Another avenue of interest and importance is the performance of RIS-aided systems under Rician 

fading. The implementation of RISs allows for a dominant LOS component compared to the NLOS 

components, meaning that it is useful when the LOS paths in a wireless channel are either completely 

blocked, as in NLOS, or weak, as the reflective elements of the RIS create additional transmission paths. 

The effect of the LOS component has been evaluated in [85] and [86], in which the authors investigate 

average symbol error probability (ASEP), ergodic capacity and outage performance of RIS-aided 

networks over Rician fading channels.  
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1.4   Research Objectives 
 

Following the motivation described, the objectives of this dissertation are outlined as follows: 

1. To improve the SE of the conventional HRM scheme, it is proposed that a data symbol is 

transferred over the channel as opposed to an unmodulated carrier signal, called the HRM non-

AP scheme. It is also proposed that the HRM concept may be applied using an AP-based H-

RIS called the HRM AP scheme. 

2. The EP of RIS-aided systems in Rician fading channels is investigated to evaluate the impact 

of the LOS component on RIS-aided systems. 

3. The formulation of the average bit error probability (ABEP) of the HRM non-AP and HRM AP 

schemes is provided. 

4. The formulation of the exact symbol error probability (SEP) and ABEP of RIS-aided systems 

in Rician fading channels for low numbers of reflective elements is provided. 

1.5   Contributions to the Literature 
 

The following research contributions have been made based on the work documented in this 

dissertation: 

1. Y. Morar, N. Pillay and H. Xu, "Hybrid Reflection Modulated Networks," in Southern African 

Telecommunication Networks and Applications Conference (SATNAC), Drakensberg, 2023.  

2. Y. Morar, N. Pillay and H. Xu, "Hybrid Large Intelligent Surfaces," in IEEE AFRICON 2023, 

Nairobi, 2023. 

 

3. Y. Morar, N. Pillay and H. Xu, "A Study of Large Intelligent Surfaces in Rician Fading 

Channels," in International Conference on Electrical, Computer and Energy Technologies 

(ICECET), Cape Town, 2023.  

1.6   Overview of the Dissertation Structure 
 

In Chapter 1, a review of the historical evolution of WCS was presented, and the different fading models 

studied in this dissertation were outlined. An extensive literature survey was conducted to gain an 

understanding on the current research base on RIS-aided WCS. The research motivations and objectives 

were stated in Sections 1.3 and 1.4, respectively, and the contributions to the literature were stated in 

Section 1.5. 

In Chapter 2, the non-access-point (non-AP) and AP RIS-aided systems are presented. The system 

models and the performance analysis of each scheme are presented, and computer simulations are 

provided to assess the validity of the theoretical analysis of the RIS-aided systems. 

Chapter 3 presents the RIS-aided multiple complex symbol GC modulation scheme. The system model, 

the low-complexity detector and the performance analysis of the scheme are presented. Computer 

simulation results are presented to validate the theoretical analysis of the scheme. 

Chapter 4 investigates the conventional HRM scheme. A discussion of the system model, performance 

analysis, achievable rate and EE is presented. Computer simulation results are provided to validate the 

aforementioned metrics. 
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CHAPTER 2 

RECONFIGURABLE INTELLIGENT SURFACE-AIDED 

MODULATION 
 

2.1   Introduction 
 

Many 5G wireless communications networks have been launched around the world, and while it may 

be tempting to design 6G technologies as mere extensions of 5G, the exponential growth in the number 

of networked devices and mobile data traffic cannot be ignored. According to [16], the number of 

network-connectable devices and connections would have increased to 28.5 billion, with around 12 

billion of these devices and connections predicted to be fully mobile-ready by the end of 2022. To 

compound this, the data traffic was predicted to increase by approximately 77 exabytes per month, and 

this figure is expected to increase further whilst newer use cases, user requirements, and networking 

trends continue to be developed. These trends indicate that 6G is required to provide a new paradigm 

towards wireless communications in the physical layer.  

In recent literature, many technologies such as SM, MBM and other IM technologies have emerged 

utilizing the novel idea of making the seemingly uncontrollable wireless propagation environment 

controllable to improve link reliability, EP and, hence, overall quality of service. RISs have been 

proposed as a new technology and solution, which are reconfigurable smart devices capable of 

manipulating the wireless propagation environment to enhance signal strength and quality.  

The development of the large intelligent surface (LIS) followed, which is a large contiguous surface 

comprising a number of passive reflective elements to passively reflect the transmitted signal without 

the need for any additional power sources. For convenience, the term RIS will be used to describe all 

instances of intelligent reflective surfaces. 

Much work has been devoted to RISs. In an earlier study [87], intelligent walls were proposed to control 

the wireless propagation environment using active frequency selective surfaces. Following this, the 

smart reflect array was proposed in [88], which improves the signal quality by adjusting the phase-shifts 

of each of the reflective elements in the reflective array, without signal processing. In [89], the concept 

of the LIS, a large surface comprising many RISs, is proposed for aiding the transmission and reception 

of information. In [89] and [90], the impact of data transmission and positioning in RIS-aided systems 

is evaluated. In [91], the data rate of a practical RIS-aided scheme is analysed considering channel 

hardening. In [92] and [93], the uplink SE and data rate of uplink RIS-assisted schemes is studied under 

channel estimation error and pilot contamination. In [94], the uplink sum rate of a RIS scheme is 

asymptotically analysed. In [24, 95, 96], the downlink transmission scenario is focused on, and the 

achievable sum-rate and EE is investigated. Joint active and passive beamforming is analysed in  [97] 

and [98], and the average received power of the user is studied.  

From this background, this chapter illustrates two types of RIS-aided WCS [48]. Firstly, the 

conventional RIS-aided scheme is presented, called the RIS non-AP scheme. The second scheme is the 

RIS AP scheme, where the RIS functions as an AP, using an RF signal generator to generate an 

unmodulated carrier signal and reflect it directly towards the receiver. The AP -based RIS has strong 

motivations. Firstly, it enables simultaneous information transmission and phase shift control. 

Secondly, less channel state information (CSI) needs to be acquired as there is only a single link existing 

between the RIS reflective element and the receiver. Lastly, Smaller AP-based RISs may also help 

overcome many hardware impairments and deployment challenges as they are easily deployable on 

clothing, traffic signs, vehicles, walls, and furniture.  
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The chapter is organised as follows. Section 2.2 illustrates the system and mathematical models of the 

RIS non-AP scheme, as well as the performance analysis of the scheme. Section 2.3 illustrates the 

system and mathematical models of the RIS AP scheme and the performance analysis of the scheme. 

Section 2.4 provides computer-simulated results and comparisons of the two systems.  

 

2.2   RIS Non-AP scheme 

2.2.1 RIS Non-AP System Model 

 

Figure 2.2.1.1: Diagram illustrating the system model of the RIS non-AP scheme 

In Figure 2.2.1.1, an illustration of the system model of the conventional RIS-aided scheme is shown. 

Two Rayleigh frequency-flat fading channels are present, one from the transmitter-to-RIS (Tx-RIS) 

denoted by 𝒉 ∈ ℂ𝑁×1~ 𝐶𝑁(0, 1), and the other from the RIS-to-receiver (RIS-Rx) denoted by 𝒈 ∈

ℂ𝑁×1~ 𝐶𝑁(0, 1). It is assumed that the RIS comprises an array of 𝑁 reconfigurable reflective elements 

controlled by communication software. The data symbol is given by 𝑥, which may be an 𝑀-ary 

quadrature amplitude modulation (QAM) or 𝑀-ary phase shift keying (PSK) symbol.  

The SE of the RIS non-AP scheme is given by: 

  𝜂𝑛𝑜𝑛−𝐴𝑃 = log2(𝑀) bits/s/Hz.  (2.1) 

The received signal can be expressed as [48]: 

                                      𝑟𝑛𝑜𝑛−𝐴𝑃 = 𝐴𝑘𝑥 + 𝑛, (2.2) 

where the AWGN is given by 𝑛 ~ 𝐶𝑁 (0,
𝑁Υ

𝐸𝑠
), where 𝐸𝑠  denotes the transmitted bit energy per symbol, 

𝑁Υ  denotes the noise power, and 𝐴𝑘  is the RIS channel expressed as [48]: 
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                                           𝐴𝑘 = ∑ ℎ𝑘𝑔𝑘𝑒
𝑗𝜃𝑘

𝑁

𝑘=1

, 
 

(2.3) 

where 𝜃𝑘  represents the phase of the 𝑘-th reflective element. To maximise the SNR, the phase shifts are 

optimized as 𝜃𝑘 = −(𝜑𝑘 +𝜓𝑘), where the fading channels is written in polar form as ℎ𝑘 = |ℎ𝑘 |𝑒
𝑗𝜑𝑘 

and 𝑔𝑘 = |𝑔𝑘 |𝑒
𝑗𝜓𝑘 .  

The instantaneous received SNR can be computed as follows [48]: 

 
                                          𝛾 =

𝐸[|𝑥|2]

𝐸[|𝑛|2]
=
(𝐴𝑘)

2

(
𝑁Υ
𝐸𝑠
)
=
(∑ |ℎ𝑘 |𝑒

𝑗𝜑𝑘 |𝑔𝑘 |𝑒
𝑗𝜓𝑘𝑒𝑗𝜃𝑘𝑁

𝑘=1 )
2
𝐸𝑠

𝑁Υ
 

                                              =
(∑ |ℎ𝑘 | |𝑔𝑘|𝑒

𝑗(𝜃𝑘+𝜑𝑘+𝜓𝑘)𝑁
𝑘=1 )

2
𝐸𝑠

𝑁Υ
. 

 

 

 

 

(2.4) 

It can be observed from (2.4) that by optimising the phase shifts, the phases can be completely 

eliminated, hence the maximized instantaneous SNR can be written as [48]: 

 

                           𝛾𝑚𝑎𝑥 =
(∑ |ℎ𝑘 | |𝑔𝑘 |

𝑁
𝑘=1 )

2
𝐸𝑠

𝑁Υ
= 𝜖2

𝐸𝑠

𝑁Υ
. 

 

(2.5) 

The ML detector is used to estimate 𝑥, assuming full channel knowledge, as: 

                                   𝑥 = argmin
𝑥∈Ω

|𝑟𝑛𝑜𝑛−𝐴𝑃 − 𝐴𝑘𝑥|
2, (2.6) 

where Ω represents the set of 𝑀-QAM or 𝑀-PSK symbols. 

2.2.2 Performance Analysis of RIS Non-AP Scheme 

 

From (2.5), both |ℎ𝑘 | and |𝑔𝑘 | are i.i.d. Rayleigh RVs with 𝜎|ℎ𝑘| = √
1

2
 and 𝜎|𝑔𝑘| = √

1

2
. The means of 

these RVs are computed as 𝐸[|ℎ𝑘 |] = 𝜎|ℎ𝑘|√
𝜋

2
= √

𝜋

4
. Similarly, 𝐸[|𝑔𝑘 |] = 𝜎|𝑔𝑘|√

1

2
= √

𝜋

4
. The 

variances can be computed as 𝑉𝑎𝑟(|ℎ𝑘 |) = 𝜎|ℎ𝑘|
2 (2 −

𝜋

2
) =

1

2
(2 −

𝜋

2
) = (1 −

𝜋

4
) and 𝑉𝑎𝑟(|𝑔𝑘 |) =

𝜎|𝑔𝑘|
2 (2 −

𝜋

2
) = (1 −

𝜋

4
). Based on the statistics described, the mean and variance of the product 

|ℎ𝑘 ||𝑔𝑘 | can be computed as 𝐸[|ℎ𝑘 ||𝑔𝑘 |] = 𝐸[|ℎ𝑘 |]𝐸[|𝑔𝑘 |] = (√
𝜋

4
)
2

=
𝜋

4
, and 𝑉𝑎𝑟(|ℎ𝑘 ||𝑔𝑘|) =

𝐸[(|ℎ𝑘||𝑔𝑘 |)
2]− 𝐸[|ℎ𝑘 ||𝑔𝑘 |]

2 = 𝐸[|ℎ𝑘 |
2]𝐸[|𝑔𝑘 |

2] − 𝐸[|ℎ𝑘 |]
2𝐸[|𝑔𝑘 |]

2 .  

 

It may be noted that 𝑉𝑎𝑟(|ℎ𝑘 |) = 𝐸[|ℎ𝑘 |
2] − 𝐸[|ℎ𝑘 |]

2 , therefore 𝐸[|ℎ𝑘 |
2] = 𝑉𝑎𝑟(|ℎ𝑘|) + 𝐸[|ℎ𝑘 |]

2 =

1 −
𝜋

4
+ (√

𝜋

4
)
2

= 1. Similarly, 𝐸[|𝑔𝑘 |
2] = 1. Hence, 𝑉𝑎𝑟(|ℎ𝑘 ||𝑔𝑘|) = (1)(1) − (√

𝜋

4
)
2

(√
𝜋

4
)
2

= 1 −

𝜋2

16
.  
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In this analysis, the central limit theorem (CLT) is applied for increasing 𝑁. Therefore, the 

aforementioned results can be extended to 𝑁 reflecting elements by noticing that 𝜇𝜖 = 𝐸[𝜖] =

∑ 𝐸[|ℎ𝑘 | |𝑔𝑘 |] = 𝑁 (
𝜋

4
) ,𝑁

𝑘=1  and 𝜎𝜖
2 = 𝑉𝑎𝑟(𝜖) = ∑ 𝑉𝑎𝑟(|ℎ𝑘| |𝑔𝑘 |) = 𝑁 (1 −

𝜋2

16
)𝑁

𝑘=1 . 

 

The average pairwise error probability (PEP) is derived using the moment-generating function (MGF) 

approach by considering the polar form of the 𝑄-function as 𝑄(𝑥) =
1

𝜋
∫ exp (−

𝑥2

2 sin2 ∅
) 𝑑∅

𝜋

2
0

 [15] with 

𝑥 = √2𝛾 sin (
𝜋

𝑀
) for PSK signalling [13]. Since 𝛾 is a non-central chi-square RV with one degree-of-

freedom, the MGF of this variable is given according to [15] as: 

 

                                  Μ𝛾(𝑠) =

exp (
𝜇𝜖
2𝑠

1 − 2𝜎𝜖
2𝑠
)

√1 − 2𝜎𝜖
2𝑠

. 

 

(2.7) 

Substituting (2.7) into the integral of the 𝑄-function, the PEP for 𝑀-PSK is given as [48]: 

 

                     𝑃𝑒 =
1

𝜋
∫ Μ𝛾 (−

𝐸𝑠 sin
2 (
𝜋
𝑀
)

𝑁Υ sin
2 ∅

 )𝑑∅

𝜋
𝑀
(𝑀−1)

0

. 

 

(2.8) 

Note that binary-PSK (BPSK) may be achieved by letting 𝑀 = 2.  

By setting 𝑓(∅) = Μ𝛾 (−
𝐸𝑠 sin

2(
𝜋

𝑀
)

𝑁Υ sin
2 ∅
 ), 𝑎 ≈ 0 and 𝑏 =

𝜋

𝑀
(𝑀 − 1), the trapezoidal rule may be used, 

such that (2.8) can be approximated as: 

 

      𝑃𝑒 ≈ (
1

𝜋
)
(𝑏− 𝑎)

𝑛𝐼
[
(𝑓(𝑎) + 𝑓(𝑏))

2
+  ∑ 𝑓 (𝑎 +

𝑘(𝑏 − 𝑎)

𝑛𝐼
)

𝑛𝐼−1

𝑘=1

], 

 

(2.9) 

where 𝑛𝐼 = 10 is the number of iterations used to approximate (2.9).  

The PEP for square 𝑀-QAM can also be determined by using the general expression as [13]: 

 

                   𝑃𝑒 = 4𝑏𝑄 (√
3

𝑀 − 1
𝛾)− 4𝑏2𝑄2(√

3

𝑀 − 1
𝛾), 

 

(2.10) 

where 𝑏 = 1 −
1

√𝑀
. Substituting (2.7) into (2.10), the PEP for square 𝑀-QAM is [48]: 

 

𝑃𝑒 =
4𝑏

𝜋
∫ Μ𝛾 (−

3𝐸𝑠

2(𝑀 − 1)𝑁Υsin
2(∅)

) 𝑑∅

𝜋
2

0

−
4𝑏2

𝜋
∫ Μ𝛾 (−

3𝐸𝑠

2(𝑀− 1)𝑁Υ sin
2(∅)

) 𝑑∅

𝜋
4

0

. 
 

(2.11) 

The trapezoidal rule given in (2.9) may also be used to approximate (2.11) by applying it to both 

integrals. 
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denoted by 𝜗𝑙  to adjust the reflector phases as 𝜃𝑘 = −𝜓𝑘 + 𝜗𝑙  , 𝑙 ∈ [1:𝑀]. Hence, the SE of the RIS 

AP scheme is: 

                                                         𝜂𝐴𝑃 = log2(𝑀) bits/s/Hz.  (2.13) 

Hence, the received signal can be rewritten as [48]: 

                                              𝑟𝐴𝑃 = 𝛽𝑒𝑗𝜗𝑙 +𝑛, (2.14) 

where 𝛽 = ∑ |𝑔𝑘 |
𝑁
𝑘=1 . It is observed that this received signal is similar to that of 𝑀-PSK signalling over 

the channel 𝛽. Hence, it is recommended that the phases 𝜗𝑙  should be selected according to the 

conventional 𝑀-PSK scheme.  

The ML detector for the RIS AP scheme is given, assuming full channel knowledge, as [48]: 

                                       𝑙 = argmin
𝑙∈[1:𝑀]

|𝑟𝐴𝑃 − 𝛽𝑒
𝑗𝜗𝑙 |

2
. (2.15) 

2.3.2   Performance Analysis of RIS AP Scheme 
 

The conditional PEP (CPEP) can be derived by assuming that the transmitted message 𝑙 is erroneously 

detected as 𝑙. Hence, the CPEP can be calculated as [48]: 

          𝑃(𝑙 → 𝑙|𝛽) = 𝑃(|𝑟𝐴𝑃 −√𝐸𝑠𝛽𝑒
𝑗𝜗𝑙 | < |𝑟𝐴𝑃 − √𝐸𝑠𝛽𝑒

𝑗𝜗𝑙 |), (2.16) 

which is written as [48]: 

  

𝑃(𝑙 → 𝑙|𝛽) = 𝑄 (√
𝐸𝑠𝛽

2

𝑁Υ
(1− cos(𝜗𝑙 −𝜗𝑙))). 

 

(2.17) 

The full derivation of (2.16) can be found in Appendix A. 

The instantaneous received SNR can be computed similar to the non-AP case as: 

 
                                                            𝛾 =

𝛽2𝐸𝑠

𝑁Υ
. 

 

(2.18) 

The variable |𝑔𝑘 | has a mean of 
√𝜋

2
 and a variance of 

4−𝜋

4
. A similar analysis given in the non-AP can 

be used to deduce that the RV 𝛽 has a mean of 
𝑁√𝜋

2
 and a variance of 𝑁 (

4−𝜋

4
). The MGF of 𝛾 for the 

AP case is based on (2.7), with 𝜇𝜖
2 = 𝜇𝛽

2 = 𝐸[𝛽]2 = 𝑁2 (
𝜋

4
) and 𝜎𝜖

2 = 𝜎𝛽
2 = 𝑉𝑎𝑟(𝛽) =  𝑁 (

4−𝜋

4
). The 

PEP for 𝑀-PSK data is expressed as [48]: 

 

𝑃𝑒 =
1

𝜋
∫ Μ𝛾 (−

𝐸𝑠

𝑁Υ

sin2 (
𝜋
𝑀
)

sin2 ∅
) 𝑑∅

𝜋
𝑀
(𝑀−1)

0

. 

 

(2.19) 

Note that the trapezoidal rule given in (2.9) may be used to approximate (2.19). 
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advantages such as reduced CSI acquisition and ease of deployment on flat surfaces. Of course, each 

configuration of the RIS has its applications. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

23 

Internal Use 

CHAPTER 3 
 

RECONFIGURABLE INTELLIGENT SURFACE-AIDED GOLDEN 

CODEWORD BASED MODULATION 
 

3.1   Introduction 
 

The next generation of wireless networks require drastic improvements in EP, SE, link reliability, 

channel capacity, and many other metrics of performance. Increasing hardware requirements, power 

consumption and computational complexity are just a few of the many constraints that  need to be 

mitigated to achieve these improvements and, hence, meet the ever-increasing standards of modern 

WCS. The advancements and progress in mixed-generational wireless networks has been substantial 

thus far, with 5G networks having already been deployed in many countries around the world. Despite 

these advancements, research into beyond 5G, or 6G, has been relentlessly pursued, with many 

promising concepts being proposed such as NOMA, SM, MBM, THz communications, OAM, 

generalized differential (GD) modulation and many more. 

The introduction of RISs has provided a new paradigm, in its ability to reflect the incoming signal by 

smartly adjusting the phase shifts of the reflective elements, thereby creating a controllable wireless 

propagation environment [16]. An RIS generally comprises man-made passive reflective elements that 

are low cost with adjustable parameters, which may include phase, amplitude, frequency or polarisation. 

A concept that has proven to be a very attractive solution to improving EP and increasing SE has been 

GC-based modulation. The GC is based on the Golden ratio and holds some attractive properties in that 

it is a full-rate and full-diversity space-time block code (STBC). Previous works on the GC is as follows. 

In [99], GC-based modulation is proposed in a SIMO system, which consider two schemes, the first 

being the conventional GC system, which considers the transmission of two super-symbols, and the 

second being the Component-Interleaved GC (CI-GC) system, which considers the transmission of four 

super-symbols. The CI-GC scheme is further elaborated on in [100], which considers various low-

complexity detection algorithms to decode the super-symbols, and an alternative method of encoding 

the GC is presented in [101]. In [102], the GC has been integrated with GD modulation, and in [103], 

the GC has been integrated with GD Alamouti modulation. In [104], the GC has been integrated with 

generalised SM. In [105] - [107], the GC has been integrated with the MBM concept, and in [108], the 

GC has been used in uplink NOMA. In [109], rotated GCs have been proposed in space-time line code 

(STLC) systems. The authors in [110], investigate fast ML detection of the GC, and the authors in [111], 

explore other low-complexity detection algorithms for the GC, such as sphere-decoding (SD), sorted-

symbol-set-SD (SSS-SD), and fast essentially ML detection. In [112], the multiple complex symbol GC 

scheme was proposed, which is the general-order GC scheme.  

Due to the attractiveness of GC and RISs, RISs have been integrated with GC-based modulation 

schemes in [113], where the GC schemes already covered in [99] are integrated with RISs, and consider 

both the non-AP and AP configurations.  

In this chapter, the RIS-aided 𝐾-complex symbol (𝐾CS) GC-based modulation scheme documented in 

[78] is investigated. The system model, the performance analysis and computer simulation results of 

the scheme is provided. Of particular note in this scheme, the AP configuration is considered. For 

convenience, the scheme is referred to as the RIS-SISO-𝐾CS-GC scheme, as a SISO configuration is 

assumed in the scheme.  
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This chapter is structured as follows. Section 3.2 illustrates the system model of the RIS-SISO-𝐾CS-

GC scheme. Section 3.3 describes the SSS-SD of the RIS-SISO-𝐾CS-GC scheme. Section 3.4 details 

the formulation of the ABEP of the RIS-SISO-𝐾CS-GC scheme. Finally, Section 3.4 provides computer 

simulation results to validate the EP of the RIS-SISO-𝐾CS-GC scheme. 

3.2   RIS-SISO-𝑲CS-GC System Model 
 

 

Figure 3.2.1: Diagram illustrating the system model of the RIS-SISO-𝐾CS-GC modulation scheme 



 

25 

Internal Use 

 

Figure 3.2.2: Example encoding of the 𝐾CS-GCs 

Consider Figure 3.2.1. The 𝑁-element RIS acts as an AP transmitter, whereby the RIS is placed close 

to the transmitter, hence creating a wireless communications scenario where there is only a single link 

existing, which lies between the RIS and the receiver. Unlike the original multiple complex symbol GC 

scheme in [112] which considers transmission over multiple transmit and receive antennas, information 

is transmitted over 𝐾 timeslots in the RIS-aided 𝐾CS GC scheme. In this scheme, a NLOS scenario is 

assumed. 

The input bits are denoted by an 𝑙-tuple 𝒃𝑘 = [𝑏1
𝑘     𝑏2

𝑘    ⋯     𝑏𝑚
𝑘 ], where 𝑚 = log2(𝑀) , and 𝑘 ∈

[1:𝐾], where {𝐾 = 2𝑛 , 𝑛 ∈ ℤ ≥ 1}. The parameter 𝑛 determines the number of GC encodings that the 

symbols undergo, and 𝐾 represents the number of GC encoded symbols to be transmitted. The input 

vector 𝒃𝑘 is mapped to a set of 𝑀-QAM symbols denoted by 𝚽, where 𝑀 is the size of the QAM 

constellation.  

The encoding of the symbols is performed as follows. Assuming 𝑝 is a variable that indexes the set of 

integers given by 𝑛, the 𝑝-th encoded GC is given by: 

 𝑥𝑝,2𝑙−1 =
𝛼

√5
(𝑥𝑝−1,𝑙 + 𝑥(𝑝−1,𝑙+2𝑛−1)𝜃), 

 

 
𝑥𝑝,2𝑙 =

𝛼̅

√5
(𝑥𝑝−1,𝑙 + 𝑥(𝑝−1,𝑙+2𝑛−1)𝜃̅), 

 

 

 

(3.1) 

(3.2) 
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where 𝜃 =
1+√5

2
, 𝜃̅ =

1−√5

2
, 𝛼 = 1 + 𝑗𝜃̅, 𝛼̅ = 1 + 𝑗𝜃, and 𝑙 ∈ [1: 2𝑛−1]. The GCs given by (3.1) and 

(3.2) are then transmitted via the AP-RIS to the receiver over 𝐾 timeslots. An example of the GC 

encoding is given in Figure 3.2.2. The AWGN over each time slot is given by 𝜂𝑘~𝐶𝑁 (0,
1

𝜌̅
) , 𝑘 ∈

[1:𝐾], where 𝜌̅ is the average received SNR. Rayleigh frequency-flat fading channels are assumed over 

the 𝑘-th timeslot, given by ℎ𝑖
𝑘~𝐶𝑁(0,1), 𝑘 ∈ [1:𝐾], 𝑖 ∈ [1: 𝑁]. 

Hence, the 𝑘-th receive signal may be written as: 

 

𝑟𝑘 = (∑ℎ𝑖
𝑘𝑒−𝑗𝜙𝑖

𝑁

𝑖=1

)𝑥𝑛,𝑘 + 𝜂𝑘 , 𝑘 ∈ [1:𝐾]. 
 

 (3.3) 

The phase shifts of the 𝑖-th RIS elements given by 𝜙𝑖  may be completely eliminated by writing ℎ𝑖
𝑘 =

|ℎ𝑖
𝑘 |𝑒𝑗𝜑𝑖, and setting −𝜙𝑖 = −𝜑𝑖 . Hence, the simplified receive signal may be written as: 

 𝑟𝑘 = 𝑡𝑘𝑥𝑛,𝑘 + 𝜂𝑘 , 𝑘 ∈ [1: 𝐾], (3.4) 

where 𝑡𝑘 = ∑ |ℎ𝑖
𝑘 |𝑁

𝑖=1 . 

3.3   Sorted Symbol Set – Sphere Decoding of the RIS-SISO-𝑲CS-GC 

scheme  
 

The receive signal in (3.4) may be written in vector notation in terms of the 𝑀-QAM symbols 

themselves. Let 𝒙 = [𝑥0,1, 𝑥0,2,⋯ , 𝑥0,𝐾] be the vector containing the 𝐾 𝑀-QAM symbols, 𝜼 =

[𝜂1 , 𝜂2 , ⋯ ,𝜂𝐾 ] the vector of AWGN terms in each timeslot, and 𝑯 the fading channel matrix of 

dimension 𝐾 × 𝐾, the receive can be written as: 

        𝒓 = 𝑯𝒙 + 𝜼, (3.5) 

where 𝑯 is defined for each 𝐾 below:  

 
𝑯 =

1

√5
[
𝑡1𝛼 𝑡1𝛼𝜃

𝑡2𝛼̅ 𝑡2𝛼̅𝜃̅
], if 𝐾 = 2 

 

 

 

𝑯 =
1

5

[
 
 
 
 
𝑡1𝛼

2 𝑡1𝛼
2𝜃 𝑡1𝛼

2𝜃 𝑡1𝛼
2𝜃2

𝑡2𝛼𝛼̅ 𝑡2𝛼𝛼̅𝜃̅ 𝑡2𝛼𝛼̅𝜃 𝑡2𝛼𝛼̅𝜃𝜃̅

𝑡3𝛼𝛼̅ 𝑡3𝛼𝛼̅𝜃 𝑡3𝛼𝛼̅𝜃̅ 𝑡3𝛼𝛼̅𝜃𝜃̅

𝑡4𝛼̅
2 𝑡4𝛼̅

2𝜃̅ 𝑡4𝛼̅
2𝜃̅ 𝑡4𝛼̅

2𝜃̅2 ]
 
 
 
 

, if 𝐾 = 4 

 

 

 

 

𝑯 =
1

5√5

[
 
 
 
 
 
 
 
 
 
𝑡1𝛼

3 𝑡1𝛼
3𝜃 𝑡1𝛼

3𝜃 𝑡1𝛼
3𝜃2 𝑡1𝛼

3𝜃 𝑡1𝛼
3𝜃2 𝑡1𝛼

3𝜃2 𝑡1𝛼
3𝜃3

𝑡2𝛼
2𝛼̅ 𝑡2𝛼

2𝛼̅𝜃̅ 𝑡2𝛼
2𝛼̅𝜃 𝑡2𝛼

2𝛼̅𝜃𝜃̅ 𝑡2𝛼
2𝛼̅𝜃 𝑡2𝛼

2𝛼̅𝜃𝜃̅ 𝑡2𝛼
2𝛼̅𝜃2 𝑡2𝛼

2𝛼̅𝜃2𝜃̅

𝑡3𝛼
2𝛼̅ 𝑡3𝛼

2𝛼̅𝜃 𝑡3𝛼
2𝛼̅𝜃̅ 𝑡3𝛼

2𝛼̅𝜃𝜃̅ 𝑡3𝛼
2𝛼̅𝜃 𝑡3𝛼

2𝛼̅𝜃2 𝑡3𝛼
2𝛼̅𝜃𝜃̅ 𝑡3𝛼

2𝛼̅𝜃2𝜃̅

𝑡4𝛼𝛼̅
2 𝑡4𝛼𝛼̅

2𝜃̅ 𝑡4𝛼𝛼̅
2𝜃̅ 𝑡4𝛼𝛼̅

2𝜃̅2 𝑡4𝛼𝛼̅
2𝜃 𝑡4𝛼𝛼̅

2𝜃𝜃̅ 𝑡4𝛼𝛼̅
2𝜃𝜃̅ 𝑡4𝛼𝛼̅

2𝜃𝜃̅2

𝑡5𝛼
2𝛼̅ 𝑡5𝛼

2𝛼̅𝜃 𝑡5𝛼
2𝛼̅𝜃 𝑡5𝛼

2𝛼̅𝜃
2

𝑡5𝛼
2𝛼̅𝜃̅ 𝑡5𝛼

2𝛼̅𝜃𝜃̅ 𝑡5𝛼
2𝛼̅𝜃𝜃̅ 𝑡5𝛼

2𝛼̅𝜃
2
𝜃̅

𝑡6𝛼𝛼̅
2 𝑡6𝛼𝛼̅

2𝜃̅ 𝑡6𝛼𝛼̅
2𝜃 𝑡6𝛼𝛼̅

2𝜃𝜃̅ 𝑡6𝛼𝛼̅
2𝜃̅ 𝑡6𝛼𝛼̅

2𝜃̅2 𝑡6𝛼𝛼̅
2𝜃𝜃̅ 𝑡6𝛼𝛼̅

2𝜃𝜃̅2

𝑡7𝛼𝛼̅
2 𝑡7𝛼𝛼̅

2𝜃 𝑡7𝛼𝛼̅
2𝜃̅ 𝑡7𝛼𝛼̅

2𝜃𝜃̅ 𝑡7𝛼𝛼̅
2𝜃̅ 𝑡7𝛼𝛼̅

2𝜃𝜃̅ 𝑡7𝛼𝛼̅
2𝜃̅2 𝑡7𝛼𝛼̅

2𝜃𝜃̅2

𝑡8𝛼̅
3 𝑡8𝛼̅

3𝜃̅ 𝑡8𝛼̅
3𝜃̅ 𝑡8𝛼̅

3𝜃̅2 𝑡8𝛼̅
3𝜃̅ 𝑡8𝛼̅

3𝜃̅2 𝑡8𝛼̅
3𝜃̅2 𝑡8𝛼̅

3𝜃̅3 ]
 
 
 
 
 
 
 
 
 

, 

if 𝐾 = 8 

 

 

 

 

 

 

 

 

The full derivation of (3.6.1) - (3.6.3) is given in Appendix B. 

(3.6.3) 

(3.6.1) 

(3.6.2) 
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The receive signal in (3.5) is decoded using the SSS-SD method in [112] as follows. 

First, QR decomposition is employed for 𝑯, such that 𝑯 = 𝑸𝑹 , where 𝑸 ∈ ℂ𝐾×𝐾 is a unitary matrix, 

and 𝑹 ∈ ℂ𝐾×𝐾  is an upper-triangular matrix with entries 𝑟(𝑎, 𝑏), where 𝑎 indexes the row and 𝑏 indexes 

the column of 𝑹.  

Then, (3.5) is multiplied by 𝑸𝐻  as follows: 

 𝒛̃ = 𝑸𝐻𝒓 = 𝑸𝐻(𝑯𝒙 + 𝜼) = (𝑸𝐻𝑯)𝒙 +𝑸𝐻𝜼 = 𝑹𝒙+ 𝜼̅ = [𝑧̃(1)   𝑧̃(2)   ⋯   𝑧̃(𝐾)],   (3.7) 

where 𝒛̃ ∈ ℂ𝐾×1.  

Next, SSS-SD is performed to detect the estimated 𝑀-QAM symbols as follows. 

The SSS-SD is based on the constraint ‖𝒛̃ − 𝑹𝒙‖𝐹
2 ≤ 𝑑2 , where 𝑑 is the radius chosen for sphere 

decoding based on [114], hence after determining 𝒛̃ from (3.7), the estimated symbols are detected in 

reverse order as follows: 

 
𝑥0,𝐾 = 𝐷𝑚 (𝜉𝐾 =

𝑧̃(𝐾)

𝑟(𝐾, 𝐾)
), 

 

  (3.8.1) 

 
𝑥0,𝑘 = 𝐷𝑚 (𝜉𝑘 =

𝑧̃(𝑘) − ∑ 𝑟(𝑘, 𝑖)𝑥̃0,𝑖
𝐾
𝑖=1

𝑟(𝑘, 𝑘)
), 𝑘 ∈ [1: 𝐾 − 1], 

 

  (3.8.2) 

where 𝐷𝑚( ∙ ) denotes the constellation demodulation function. Next, the estimated symbols are sorted 

from most to least probable for each 𝑘 ∈ [1: 𝐾] with respect to the 𝑀-QAM symbol set 𝚽 as: 

 [𝑥0,𝑘
1    𝑥0,𝑘

2    ⋯   𝑥0,𝑘
𝑀 ] = 𝚽(argsort(𝜈1

𝑘 , 𝜈2
𝑘 ,⋯ , 𝜈𝑀

𝑘  )), (3.9) 

where 𝜈𝑚
𝑘 = |𝜉𝑘 − 𝑥0

𝑚 |
2
,𝑚 ∈ [1:𝑀], 𝑥0

𝑚 ∈ 𝚽. 

Now that the sorted sets have been obtained, SD can be performed using these sets. The 𝐾-th symbol is 

estimated in accordance with the following SD constraint: 

 |𝑧̃(𝐾)− 𝑟(𝐾, 𝐾)𝑥̃0,𝐾
𝑚̌ |

2
≤ 𝑑2 ,  (3.10) 

where 𝑚̌ ∈ [1: Τ], and Τ denotes the symbols with highest probability of transmission for any given 

SNR value, where 1 < Τ ≤ 𝑀. 

The remaining symbols are detected in reverse order using the 𝑘-th SD constraint given by: 

 

|𝓅𝑘(𝑥0,𝑘
𝑚̌ )|

2
≤ 𝑑2 − ∑ |𝓅𝑖(𝑥0,𝑖)|

2
𝐾

𝑖=𝑘+1

, 
    

    (3.11) 

where 𝓅𝐾 (𝑥0,𝐾) = 𝑧̃(𝐾)− 𝑟(𝐾, 𝐾)𝑥̃0,𝐾 and 𝓅𝑘(𝑠) = 𝑧̃(𝐾)− 𝑟(𝑘, 𝑘)𝑠 −  ∑ 𝑟(𝑘, 𝑖)𝑥̂0,𝑖
𝐾
𝑖=𝑘+1 , 𝑘 ∈

[1:𝐾 − 1]. 

3.4   Performance Analysis of the RIS-SISO-𝑲CS-GC scheme  
 

The ABEP is calculated by assuming that only one 𝑀-QAM symbol given by 𝑥0,1 is detected 

erroneously, whilst the remaining symbols are detected without any error [78].  

The 𝑘-th receive signal based on (3.4) may be expressed as: 



 

28 

Internal Use 

 𝑟𝑘 = 𝜀𝑘 𝑡𝑘𝑥0,1+ 𝜂𝑘 , 𝑘 ∈ [1: 𝐾],  (3.12) 

where  𝜀𝑘 represents an array of the GCs constants for 𝐾 = 2, 4, and 8 as follows:  

 

[𝜀1    𝜀2   ⋯   𝜀𝐾]
𝑇 =

{
  
 

  
 

1

√5
[𝛼   𝛼̅]𝑇, if 𝐾 = 2.

1

5
[𝛼2    𝛼𝛼̅   𝛼𝛼̅    𝛼̅2]𝑇,   if 𝐾 = 4.

1

5√5
[𝛼3    𝛼2𝛼̅   𝛼2𝛼̅   𝛼𝛼̅2    𝛼2𝛼̅   𝛼𝛼̅2    𝛼𝛼̅2    𝛼̅3]

𝑇
,   if 𝐾 = 8.

 

  

 

 

 

   

 

The proof of (3.13) is found in Appendix B.  

It is observed that, based on the assumptions made, the expression in (3.12) translates to transmitting 

𝑥0,1 over 𝐾 identical Rayleigh fading channels, with a channel gain of |𝜀𝑘 |
2.  

The ABEP may be calculated using the following expression [78]: 

 

𝑃𝑒 ≈
4𝑎

𝜋 log2(𝑀)
∫ M𝜌(𝑔𝜙)

𝜋
2

0

𝑑𝜙 −
4𝑎2

𝜋 log2(𝑀)
∫ M𝜌(𝑔𝜙)

𝜋
4

0

𝑑𝜙, 
  

(3.14) 

where M𝜌(𝑠) = ∏ M𝜌𝑘
(𝑠)𝐾

𝑘=1 , where M𝜌𝑘( ∙ ) denotes the MGF of the instantaneous SNR given by 𝜌𝑘  

in the 𝑘-th fading channel, 𝑔𝜙 = −
3

2(𝑀−1) sin2(𝜙)
, and 𝑎 = 1 −

1

√𝑀
. 

In this performance analysis, the PDF of a series of Rayleigh-distributed RVs given in [115] is employed 

to calculate a bound on the ABEP of the RIS-SISO-𝐾CS-GC scheme as follows. 

The PDF is given in [115] as: 

 

                                                          𝑓𝑍 (𝑟) =
𝑟2𝑁−1 exp (−

𝑟2

2𝑏
)

2𝑁−1𝑏𝑁(𝑁 − 1)!
, 

   

  (3.15) 

where 𝑏 =
1

2𝑁
[(2𝑁 − 1)‼]

1

𝑁. 

Using this PDF and employing a transformation of RVs, the variable 𝜌𝑘 = 𝑔(𝑇𝑘) is defined, where 

𝑇𝑘 =
𝑡𝑘

√𝑁
 and 𝜌𝑘 = 𝜌̅|𝜀𝑘 |

2𝑇𝑘𝑁, formulated from (3.12). The transformation of RVs may be performed 

by rearranging 𝑔−1(𝜌𝑘) = √
𝜌𝑘

𝜌̅|𝜀𝑘|
2𝑁

 and taking the derivative 
d𝑇𝑘

d𝜌𝑘
=

1

2𝜌̅|𝜀𝑘|
2𝑇𝑘𝑁

. Based on these results, 

the PDF in (3.15) may now be written as [78]: 

 

𝑓𝜌𝑘 (𝜌𝑘) = 𝑓𝑇𝑘 (𝑔
−1(𝜌𝑘))|

d𝑇𝑘

d𝜌𝑘
| =

𝜌𝑘
𝑁−1 exp (−

𝜌𝑘
2𝑏𝑁𝜌̅|𝜀𝑘 |2

)

(2𝑏𝑁|𝜀𝑘 |
2𝜌̅)𝑁(𝑁 − 1)!

. 

 

  (3.16) 

The MGF of 𝜌𝑘  may be calculated as: 

 
M𝜌𝑘

(𝑠) = ∫ 𝑓𝜌𝑘(𝜌𝑘)𝑒
𝜌𝑘𝑠𝑑𝜌𝑘

∞

0

=
Γ(𝑁)

(𝑁 − 1)! (1 − 2𝑏𝑁|𝜀𝑘 |
2𝜌̅𝑠)𝑁

 . 
 

  (3.17) 

The full proof of (3.17) is given in Appendix B. 

 

 

(3.13) 
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Hence, the ABEP may be written as:  

 

𝑃𝑒 ≈
4𝑎

𝜋 log2(𝑀)
∫ M𝜌 (−

3

2(𝑀 − 1) sin2 𝜃
)

𝜋
2

0

𝑑𝜃 

−
4𝑎2

𝜋 log2(𝑀)
∫ M𝜌 (−

3

2(𝑀 − 1) sin2 𝜃
)

𝜋
4

0

𝑑𝜃. 

 

 

 

  

 

The trapezoidal rule may be used to approximate (3.18) as [78]: 

 

𝑃𝑒 ≈
2𝑎Γ(𝑁)

𝜋𝑛(𝑁 − 1)! log2(𝑀)
[∏(

𝜋

2
𝐹 (
𝜋

2
) + 𝜋 ∑𝐹 (

𝑖𝜋

2𝑛
)

𝑛−1

𝑖=1

)

𝐾

𝑘=1

− 𝑎∏(
𝜋

4
𝐹 (
𝜋

4
) +

𝜋

2
∑𝐹 (

𝑖𝜋

4𝑛
)

𝑛−1

𝑖=1

)

𝐾

𝑘=1

], 

 

 

 

 

(3.19) 

where 𝐹(𝜃) = (
1

1−2𝑏𝑁|𝜀𝑘|
2𝜌̅𝑔𝜙

)
𝑁

, and 𝑛 = 10 is the number of iterations used in (3.19). 

The expression in (3.18) may be approximated by assuming high SNR and may be upper-bounded by 

setting 𝜙 =
𝜋

2
. Therefore, (3.18) may be written as: 

 

𝑃𝑒 ≈
2𝑎Γ(𝑁)

(𝑁 − 1)! log2(𝑀)
[∏(

1

|𝜀𝑘 |
2
)
𝑁𝐾

𝑘=1

] (
3𝑏𝑁𝜌̅

𝑀 − 1
)
−𝐾𝑁

, 
  

(3.20) 

 

where the diversity order is given by 𝐾𝑁. This is a significant observation, as it means that each symbol 

experiences a 𝐾 number of different fading instances. Hence, the diversity order of the RIS-SISO-𝐾CS-

GC scheme increases by a factor of 𝐾. 

3.5   Numerical Results 
 

In this section, numerical results are presented for the RIS-SISO-𝐾CS-GC scheme for 𝐾 = {2,4, 8}, 

𝑀 = {16, 64} and 𝑁 = {2, 4, 8, 16}.  The numerical results are presented in the form of bit error ratio 

(BER) vs SNR graphs, and the EP analyses are drawn at a BER of 10−5. The theoretical bound given 

in (3.19) is also included to validate the correctness of the simulation result. The simulation settings for 

the schemes when using the SSS-SD detection are tabulated in Tables 3.5.1 – 3.5.4 based on [78]. Each 

range of SNR values corresponds to an Τ value in the Τ-array. 

Table 3.5.1: Simulation settings of the RIS-SISO-𝐾CS-GC scheme for 𝑁 = 2 

  RIS-SISO-𝐾CS-GC scheme, 𝑁 = 2 

  

 

16 

2 [-6:2:12, 14, 16:2:18, 20:2:22] [2, 4, 8, 16] 

4 [-6:2:8, 10, 12, 14:2:16, 18:2:20] [2, 4, 12, 14, 16] 

8 [-6:2:8, 10, 12:2:14, 16:2:18] [2, 4, 10, 16] 

 

64 

2 [0:2:16, 18, 20, 22, 24, 26:2:28, 30] [2, 4, 8, 30, 50, 60, 64] 

4 [0:2:8, 10:2:14, 16, 18:2:20, 22, 24, 26] [2, 16, 20, 30, 40, 60, 64] 

8 [0:2:14, 16, 18, 20, 22, 24] [2, 4, 10, 30, 60, 64] 

 

SNR Τ 

 

𝑀 𝐾 

(3.18) 
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Table 3.5.2: Simulation settings of the RIS-SISO-𝐾CS-GC scheme for 𝑁 = 4 

  RIS-SISO-𝐾CS-GC scheme, 𝑁 = 4 

  

 

16 

2 [-10:2:2, 4, 6:2:8, 10:2:12] [2, 4, 8, 16] 

4 [-10:2:2, 4:2:6, 8, 10:2:12] [2, 4, 14, 16] 

8 [-10:2:0, 2, 4, 6, 8:2:10] [2, 4, 8, 10, 16] 

 

64 

2 [-4:2:14, 16, 18, 20, 22:2:24, 26] [2, 4, 10, 30, 60, 64] 

4 [-4:2:8, 10, 12:2:14, 16, 18] [2, 4, 16, 50, 64] 

8 [-4:2:6, 8, 10:2:14, 16] [2, 4, 10, 64] 

 

 

Table 3.5.3: Simulation settings of the RIS-SISO-𝐾CS-GC scheme for 𝑁 = 8 

  RIS-SISO-𝐾CS-GC scheme, 𝑁 = 8 

  

 

16 

2 [-16:2:-6, -4, -2:2:0, 2:2:4] [2, 4, 8, 16] 

4 [-16:2:-4, -2, 0, 2:2:4] [2, 4, 12, 16] 

8 [-16:2:-8, -6:2:-4, -2, 0:2:4] [2, 4, 12, 16] 

 

64 

2 [-8:2:2, 4:2:8, 10, 12] [2, 4, 30, 64] 

4 [-8:2:8, 10] [2, 60] 

8 [-8:2:4, 6, 8, 10] [2, 10, 60, 64] 

 

 

Table 3.5.4: Simulation settings of the RIS-SISO-𝐾CS-GC scheme for 𝑁 = 16 

  RIS-SISO-𝐾CS-GC scheme, 𝑁 = 16 

  

 

16 

2 [-22:2:-8, -6, -4:2:-2] [2, 14, 16] 

4 [-22:2:-8, -6, -4, -2] [2, 4, 12, 16] 

8 [-22:2:-10, -8, -6, -4:2:-2] [2, 4, 12, 16] 

 

64 

2 [-16:2:-4, -2, 0, 2:2:4] [2, 8, 60, 64] 

4 [-16:2:-4, -2, 0:2:4] [2, 50, 64] 

8 [-16:2:-2, 0:2:2, 4] [2, 30, 64] 

 

SNR Τ 

 

SNR Τ 

 

SNR Τ 

 

𝑀 𝐾 

𝑀 𝐾 

𝑀 𝐾 
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at high SNRs. It was noted that as 𝑁 increases, the EP gains decrease. Therefore, smaller values of 𝑁 

are more suited for varying 𝐾. It was observed that the RIS-SISO-𝐾CS-GC is able to effectively 

maintain diversity order by virtue of the 𝐾-fold increase in diversity order. 
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CHAPTER 4 
 

HYBRID REFLECTION MODULATION  
 

4.1   Introduction 
 

RIS elements are nearly passive in nature [16, 17, 66], meaning it simply reflects the incoming signal 

to a desired direction by optimizing the adjustable phase shifts of the RIS elements without an allocated 

source of energy. Much of the existing research on RISs focuses on these passive reflecting elements, 

with emphasis on improving EP and the SE of existing schemes [48, 53, 78, 113], optimizing EE [24, 

116], and achievable rate [117] - [119].  

In recent literature, RISs have been integrated with the popular IM concept. IM refers to a family of 

modulation techniques characterized by the transmission of additional information bits to alter the 

ON/OFF states of transmit antennas [120], RF mirrors [121] and various other transmission entities. It 

has been shown that the IM concept can increase SE and improve data rates significantly. The 

integration of RISs and IM has been performed in [49], which covers RIS-aided Spatial Modulation 

(RIS-SM) and RIS-aided Space Shift Keying (RIS-SSK). It has also been performed in [50], which 

integrates RISs with the popular emerging IM technique, Media-Based Modulation, called RIS-aided 

Media-Based Modulation (RIS-MBM).  

A novel IM concept has been proposed in RIS literature [122] and [123] called Reflection Modulation 

(RM). RM entails that the passive RIS elements themselves can be used to generate reflection patterns 

which can transmit information. According to [124], this is achieved by switching between the ON/OFF 

states of the reflective elements using both passive beamforming and keying mechanisms to transmit 

information via reflection simultaneously. 

Active reflecting elements have emerged as a solution to overcoming the multiplicative path fading 

described in [36], for passive RIS-aided systems assuming strong direct links. They have provided a 

new foundation for RIS research, as they can overcome path loss by reflecting and amplifying the 

wireless signal simultaneously. In [80], the channel capacity of an active RIS-aided SISO system is 

investigated, where power amplifiers are used to facilitate the active elements. In [77], the channel 

capacity of an active RIS-aided active RISs is applied to a single-input multiple-output (SIMO) system, 

to maximize SNR and improve the EE and SE using active elements. Further studies such as [125] and 

[126] followed showcasing the superior performance of active RISs compared to passive RISs. Despite 

its advantages, fully active RISs require greater power consumptions to be facilitated in comparison to 

that of passive RISs. 

From this background, an H-RIS-aided scheme was proposed in  [79] which utilizes the principle of IM 

and active reflective elements, called HRM. This chapter, hence, covers the HRM system model, its 

theoretical ABEP as well as other metrics of performance such as achievable rate and EE.  

In this scheme, an unmodulated carrier signal is transmitted via an 𝑁-element H-RIS in a SISO system. 

The H-RIS is equipped with adjustable power amplifiers to enable active reflecting elements and a 

controller to adjust both the phase shifts of the reflecting elements and amplification gain of the active 

elements. They are also equipped with phase shifters corresponding to each reflective element to yield 

the optimal phase shift which maximizes the SNR. The RIS can either be split into subgroups 

comprising of active and passive elements or can operate as a fully passive RIS depending on whether 

the reflective power amplifiers are dynamically switched ON or OFF [79].  



 

39 

Internal Use 

The motivation for the HRM scheme is that it integrates IM and active reflective elements into a scheme 

whereby the H-RIS aids in the transmitter of information. The H-RIS is equipped with integrated 

electronics which allows for both reflection and amplification functionality. Each element may be 

switched ON or OFF depending on the incoming bits, thereby significantly decreasing power 

consumption over fully active RISs, and improving the EP and SE over fully passive RIS-aided systems. 

The chapter is structured as follows: In Section 4.2, the system model and mathematical model for HRM 

is presented. In Section 4.3, a special case of HRM, namely fully-HRM (F-HRM) is discussed, and its 

system model presented. In Section 4.4, the performance analysis of the HRM scheme is presented 

which includes the ABEP and an upper bounded approximation of the theoretical result. Section 4.5 

covers the achievable rate of the HRM scheme, and Section 4.6 covers the EE of the HRM scheme. In 

Section 4.7, simulation results are provided covering the EP, achievable rate and EE of the HRM 

system.  

4.2   HRM system model 
 

 

 

Consider Figure 4.2.1. The H-RIS has a total of 𝑁 reflecting elements that are divided into sub-groups, 

denoted by 𝐺. Therefore, the variable SG =
𝑁
𝐺⁄  denotes the number of reflective elements present in 

each subgroup.  

The HRM scheme transmits a total of log2(𝐺) bits which selects an index, denoted as ℓ𝑎 ∈ [0: 𝐺 − 1], 

which selects the number of active and passive elements on the H-RIS as 𝑁𝑎 = ℓ𝒶𝑆𝐺 and 𝑁𝑝 = 𝑁 −

 𝑁𝑎  , respectively. For ℓ𝑎 = 0, the H-RIS functions as a fully passive RIS.  

The SE of the HRM system is therefore given as: 

                                           𝑚 = log2(𝐺) bits/s/Hz. (4.1) 

As an example, the transmission of information in the HRM scheme can be described as follows: 

Figure 4.2.1: Diagram illustrating the system model of the HRM scheme 
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therefore it can be said that {00} selects 𝐻0 , {01} selects 𝐻1, {10} selects 𝐻2 , and {11} selects 𝐻3 . The 

computation of these HRM symbols will be discussed later on in this chapter.  

Each RIS reflection coefficient can be described in polar form as: 

                                       𝜚𝑘 = |𝜚𝑘 |𝑒
𝑗θ𝑘 , 𝑘 ∈ [1: 𝑁], (4.2) 

where |𝜚𝑘 | is the magnitude of the 𝑘-th reflective elements and θ𝑘 ∈ [−𝜋,𝜋] is the phase of the 𝑘-th 

reflective elements. The reflection coefficient of a passive RIS has a unit magnitude (|𝜚𝑘| = 1) which 

means that the passive element reflects the signal only, whereas active elements both amplify and reflect 

the signal simultaneously. Therefore, each reflection co-efficient of the active element has an 

amplification gain given by |𝜚𝑘 | = 𝛼𝑘 > 1.  

Hence, the reflection co-efficients of active RIS elements is given as [79]: 

                                        𝜚𝑘 = 𝛼𝑘𝑒
𝑗θ𝑘 , 𝑘 ∈ [1: 𝑁𝑎 ] ,  (4.3) 

and the reflection co-efficients of passive RISs is given as [79]: 

                                  𝜚𝑘 =  𝑒
𝑗θ𝑘 , 𝑘 ∈ [(𝑁𝑎 + 1):𝑁]. (4.4) 

In this analysis, it is assumed that the amplification gain of each active element is equal, in other words, 

𝛼𝑘 = 𝛼 for all active elements.  

Based on this analysis, the active and passive phase reflection matrices can be computed as [79]:  

 

                         𝝓 =

[
 
 
 
 
𝑒𝑗θ1 0 0 ⋯ 0
0 𝑒𝑗θ2 0 ⋯ 0
⋮ 0 ⋱ ⋯ 0
⋮ ⋮ ⋮ ⋱ ⋮

0 0 0 ⋯ 𝑒𝑗θ𝑁𝑎]
 
 
 
 

, 

 

 

 

(4.5.1) 

 

                    𝝍 =

[
 
 
 
 𝑒
𝑗θ𝑁𝑎+1 0 0 ⋯ 0

0 𝑒𝑗θ𝑁𝑎+2 0 ⋯ 0
⋮ 0 ⋱ ⋯ 0
⋮ ⋮ ⋮ ⋱ ⋮
0 0 0 ⋯ 𝑒𝑗θ𝑁]

 
 
 
 

,  

 

 

(4.5.2) 

where 𝝓 ∈ ℂ𝑁𝑎×𝑁𝑎  is the active reflection diagonal matrix based on the number of active reflective 

elements, and 𝝍 ∈  ℂ𝑁𝑝×𝑁𝑝  is the passive reflection diagonal matrix based on the number of passive 

reflective elements. 

The HRM scheme is analysed under slow frequency-flat Rayleigh fading channels. There are two 

distinct fading paths, the first being in the transmitter-to-H-RIS (Tx-H-RIS) path, and the second being 

the H-RIS-to-receiver (H-RIS-Rx) path. The path losses in each fading path are defined as follows [79]: 

 

                                            ℒ𝑡 = Κpl𝒹𝑡
−𝜔𝑡 , (4.6.1) 

                                            ℒ𝑟 = Κpl𝒹𝑟
−𝜔𝑟 , (4.6.2) 

where ℒ𝑡 denotes the path loss in the Tx-H-RIS path, ℒ𝑟 denotes the path loss in the H-RIS-Rx path. 

Κpl  is the reference path loss for a 1-metre (m) distance [79], 𝒹𝑡 and 𝒹𝑟 represent the Tx-H-RIS and H-

RIS-Rx path distances respectively, and 𝜔𝑡 ,𝜔𝑟 > 1 denote the path loss exponents at the Tx-H-RIS and 

H-RIS-Rx paths respectively. 
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The Rayleigh fading channel vectors can now be defined in terms of (4.6.1) and (4.6.2) by i.i.d. RVs as 

𝒉 ∈ ℂ𝑁×1  ~ 𝐶𝑁(0,ℒ𝑡), and 𝒈 ∈ ℂ1×𝑁 ~ 𝐶𝑁(0, ℒ𝑟), where 𝒉 is the channel vector in the Tx-H-RIS 

path, and 𝒈 is the channel vector in the H-RIS-Rx path. These fading vectors may be expressed as 𝒉 =

 [𝒉𝑎  𝒉𝑝]
𝑇
 and 𝒈 = [𝒈𝑎  𝒈𝑝], where 𝒉𝑎 , 𝒈𝑎 ∈ ℂ

1×𝑁𝑎 represent the fading subvectors corresponding with 

active RIS elements, and 𝒉𝑝 , 𝒈𝑝 ∈ ℂ
1×𝑁𝑝  represent the fading subvectors corresponding with passive 

RIS elements. 

The receive signal for a given transmit power, Ρ𝑡𝑥 , can therefore be written as [79]: 

             𝑟 = (√Ρ𝑡𝑥𝛼𝒈𝑎𝝓𝒉𝑎
𝑇 +𝛼𝒈𝑎𝝓𝒘

𝑇) + (√Ρ𝑡𝑥𝒈𝑝𝝍𝒉𝑝
𝑇 + 𝑛𝑠𝑡𝑐 ), (4.7) 

where the term (√Ρ𝑡𝑥𝛼𝒈𝑎𝝓𝒉𝑎
𝑇 +𝛼𝒈𝑎𝝓𝒘

𝑇) denotes that part of the received signal corresponding to 

the active RIS elements, and the term (√Ρ𝑡𝑥𝒈𝑝𝝍𝒉𝑝
𝑇 + 𝑛𝑠𝑡𝑐 ) denotes that part of the received signal 

corresponding to the passive RIS elements. The static noise present in the channel is denoted by 

𝑛𝑠𝑡𝑐~𝐶𝑁(0,𝜎𝑠𝑡𝑐
2  ). The active portion of the received signal includes a thermal noise term 

𝛼𝒈𝑎𝝓𝒘
𝑇 , 𝒘 ∈ ℂ1×𝑁𝑎  ~ 𝐶𝑁(0, 𝑰𝑁𝑎𝜎𝑑𝑦𝑛

2 ) which is non-negligible because of the power dissipated by 

the power amplifiers of the active RIS elements. 

The maximum instantaneous received SNR can be derived by rewriting the received signal in (4.7) as: 

              𝑟 = (√Ρ𝑡𝑥𝛼𝒈𝑎𝝓𝒉𝑎
𝑇 +√Ρ𝑡𝑥𝒈𝑝𝝍𝒉𝑝

𝑇) + (𝛼𝒈𝑎𝝓𝒘
𝑇 +𝑛𝑠𝑡𝑐 ). (4.8) 

Note that in (4.8), the signal parts (√Ρ𝑡𝑥𝛼𝒈𝑎𝝓𝒉𝑎
𝑇 + √Ρ𝑡𝑥𝒈𝑝𝝍𝒉𝑝

𝑇) and noise parts (𝛼𝒈𝑎𝝓𝒘
𝑇 + 𝑛𝑠𝑡𝑐) 

have been grouped together to write the maximum SNR as [79]: 

 

      max
𝛼,𝝓,𝝍

        𝜌 =
𝑠𝑖𝑔𝑛𝑎𝑙  𝑝𝑜𝑤𝑒𝑟 

𝑛𝑜𝑖𝑠𝑒  𝑝𝑜𝑤𝑒𝑟
=
‖√Ρ𝑡𝑥𝛼𝒈𝑎𝝓𝒉𝑎

𝑇 + √Ρ𝑡𝑥𝒈𝑝𝝍𝒉𝑝
𝑇‖

𝐹

2

𝛼2‖𝒈𝑎𝝓‖𝐹
2𝜎𝑑𝑦𝑛

2 + 𝜎𝑠𝑡𝑐
2 . 

 

 

(4.9) 

The expression in (4.9) simplifies to: 

 

                    max
𝑝,𝝓,𝝍

        𝜌 = Ρ𝑡𝑥
‖𝛼𝒈𝑎𝝓𝒉𝑎

𝑇 + 𝒈𝑝𝝍𝒉𝑝
𝑇‖

𝐹

2

𝛼2‖𝒈𝑎𝝓‖𝐹
2𝜎𝑑𝑦𝑛

2 + 𝜎𝑠𝑡𝑐
2 , 

 

Such that:                    Ρ𝑎  ≥ 𝛼2(Ρ𝑡𝑥‖𝝓𝒉𝑎
𝑇‖𝐹

2 + ‖𝝓‖𝐹
2𝜎𝑑𝑦𝑛

2 ), 

 

 

(4.10) 

 

(4.11) 

where Ρ𝑎  is the maximum reflection power constraint. 

It is clear from (4.7) that the HRM receive signal is very complex to compute. To simplify (4.7), a 

similar analysis in [113] can be used. The aim is to maximise the received SNR by optimising the phase 

θ𝑘. Hence, given that 𝒉 and 𝒈 can be expressed in polar form as ℎ𝑘 = |ℎ𝑘 |𝑒
𝑗Φ𝑘  and 𝑔𝑘 = |𝑔𝑘 |𝑒

𝑗ξ𝑘  , 

the optimum phase shift which maximises the received SNR is [79]: 

                                           θ𝑘 = −(Φ𝑘 + 𝜉𝑘). (4.12) 

The amplification gain 𝛼 can also be written based on the constraint given in (4.11) as [79]: 

 

                                     𝛼 ≤ √
Ρ𝐴

Ρ𝑡𝑥‖𝒉𝑎
𝑇‖𝐹

2 + 𝜎𝑑𝑦𝑛
2  . 

 

(4.13) 

The power consumption of the passive RIS elements is considered negligible and is, therefore, ignored.  
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It can be noted that from (4.13), the active reflection diagonal matrix 𝝓 has been eliminated from the 

expression. This is because by optimising 𝜃𝑘 , the SNR is maximized and the phases are eliminated from 

the expression  [79], implying that (4.7) can be rewritten solely in terms of the magnitudes of the channel 

components as: 

 

𝑟 =  (√Ρ𝑡𝑥𝛼∑|ℎ𝑘 ||𝑔𝑘 |

𝑁𝑎

𝑘=1

+ 𝛼∑|𝑔𝑘 |𝑤̌𝑘

𝑁𝑎

𝑘=1

)+ (√Ρ𝑡𝑥 ∑ |ℎ𝑘 ||𝑔𝑘 |

𝑁

𝑘=𝑁𝑎+1

+ 𝑛𝑠𝑡𝑐). 

 

(4.14) 

To simplify further, (4.14) can be rewritten as: 

 

𝑟 =  √Ρ𝑡𝑥 (𝛼∑|ℎ𝑘 ||𝑔𝑘 |

𝑁𝑎

𝑘=1

+ ∑ |ℎ𝑘 ||𝑔𝑘 |

𝑁

𝑘=𝑁𝑎+1

)+ (𝛼∑|𝑔𝑘 |𝑤̌𝑘

𝑁𝑎

𝑘=1

+𝑛𝑠𝑡𝑐). 

 

(4.15) 

where 𝑤̌𝑘 = 𝑤𝑘 𝑒
−𝑗ξ𝑘, and 𝑤𝑘  corresponds to the 𝑘-th complex element of 𝒘. 

The signal part of (4.15) can be expressed as HRM symbols computed as: 

 

                           𝐻ℓ𝑎 = 𝛼∑|ℎ𝑘 ||𝑔𝑘 |

𝑁𝑎

𝑘=1

+ ∑ |ℎ𝑘 ||𝑔𝑘 |

𝑁

𝑘=𝑁𝑎+1

. 

 

(4.16) 

It can be observed clearly from (4.16) how the channel realisations depend on the amplification gain 

and number of active and passive elements.  

By employing the CLT, the noise part of (4.15) is approximated as a complex-valued Gaussian RV 

[79]. Hence, it can be written as: 

 

𝛼∑|𝑔𝑘 |𝑤̌𝑘

𝑁𝑎

𝑘=1

+𝑛𝑠𝑡𝑐 ≈ 𝜂~𝐶𝑁(0, ΝΥ
2), 

 

(4.17) 

where  ΝΥ
2  ≈ 𝛼2𝑁𝑎ℒ𝑟𝜎𝑑𝑦𝑛

2 + 𝜎𝑠𝑡𝑐
2  [79]. 

The receive signal may now be written, based on the analysis above, as [79]: 

                                            𝑟 = √Ρ𝑡𝑥𝐻ℓ𝑎 +  𝜂. 
(4.18) 

The HRM receiver assumes full knowledge of the CSI, and the optimal detection of the estimated index 

ℓ̂𝒶  can be performed using ML detection by considering all signal levels to estimate ℓ𝒶 . This is 

performed as follows [79]: 

                                     ℓ̂𝒶 = argmax
ℓ𝒶∈[0:𝐺−1]

𝑝(𝑟|𝐻ℓ𝑎). 
(4.19) 

The expression in (4.19) considers the conditional PDF of received signal 𝑟 given any HRM symbol in 

(4.16). The PDF is given in [79] as: 

 

  𝑝(𝑟|𝐻ℓ𝑎) =
1

𝜋𝑁Υ
2 exp(−

|𝑟 −√Ρ𝑡𝑥𝐻ℓ𝑎|
2

𝑁Υ
2 ). 

 

    (4.20) 

It can be pointed out that the effect of the noise variance 𝑁Υ
2  varies as the number of active elements 𝑁𝑎  

varies, but this effect on the decision metric in (4.19) is negligible because of the path attenuation ℒ𝑟 

that each active element experiences.  

Hence, the final ML detection expression which estimates ℓ𝑎  is [79]:  

 ℓ̂𝒶 = argmin
ℓ𝒶∈[0:𝐺−1]

|𝑟 − √Ρ𝑡𝑥𝐻ℓ𝑎|
2
.    (4.21) 
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In (4.21), it is evident that all possible combinations of active and passive RIS elements are considered 

in the detection, and the detector selects the combination yielding the smallest argument with respect to 

the virtual HRM constellation for the receive signal in (4.18). 

 

4.3   Fully-HRM 
 

As established in the previous section, the H-RIS is partitioned into various subgroups to determine 

how many elements can be either active or passive to manipulate the carrier signal in the HRM scheme. 

However, a special case exists where the H-RIS can actually be utilized as either a fully active RIS or 

a fully passive RIS, without having to divide the H-RIS into groups.  

In the F-HRM scheme, a single bit (𝑚 = 1 bit/s/Hz) of information to control the states of all reflecting 

elements in the H-RIS. If the information bit is {0}, the H-RIS operates as a fully passive RIS which 

simply reflects the incoming signal with the optimal phase shifts given in (4.12). If the information bit 

is {1}, all reflecting elements are configured as active, with the optimal phase shifts in (4.12), the 

amplification gain 𝛼 and the additional dynamic/thermal noise.  

It is important to note that the H-RIS of the F-HRM scheme can be fully active at any point, whereas 

the H-RIS for the HRM scheme for 𝐺 = 2 can only be half-active. Therefore, more elements can 

become active in the F-HRM scheme, thereby yielding a better EP over the HRM scheme for 𝐺 = 2, 

which is a key advantage of the scheme. A drawback, however, is that the SE is fixed to 𝑚 = 1 bit/s/Hz, 

which takes away the advantages of IM from the scheme. 

It is clear to see that in this scheme, all reflective elements are configured in the same manner, and the 

number of active elements on the H-RIS is determined by 𝑁𝑎 = ℓ𝑎𝑁, where ℓ𝑎 ∈ [0: 1].  

The receive signal of F-HRM is based on (4.18) as: 

                                           𝑟𝑓 =  √Ρ𝑡𝑥𝐻ℓ𝑎 +  𝜂, 
(4.22) 

where 𝐻ℓ𝒶
𝐹𝐻𝑅𝑀denotes one of two possible F-HRM symbols given by: 

                                      𝐻0 = ∑ |ℎ𝑘 ||𝑔𝑘|
𝑁
𝑘=1 , if ℓ𝑎 = 0, (4.23.1) 

                                     𝐻1 = 𝛼∑ |ℎ𝑘 ||𝑔𝑘 |
𝑁
𝑘=1 , if ℓ𝑎 = 1. (4.23.2) 

The optimal ML detector is based on (4.21), assuming full knowledge of the CSI as: 

                                      ℓ̂𝑎 =  argmin
ℓ𝑎∈[0:1]

|𝑟𝑓 − √Ρ𝑡𝑥𝐻ℓ𝑎|
2
. (4.24) 

The maximum received instantaneous SNR is based on (4.10), and can be written as:  

 
                               max

𝑝,𝝓,𝝍
        𝜌 = Ρ𝑡𝑥

‖𝒈𝑝𝝍ℎ𝑝
𝑇‖

𝐹

2

 𝜎𝑠𝑡𝑐
2 , if ℓ𝑎 = 0, 

 

 

 

 
                          max

𝑝,𝝓,𝝍
        𝜌 = Ρ𝑡𝑥

‖𝛼𝒈𝑎𝝓𝒉𝑎
𝑇‖
𝐹

2

𝛼2‖𝒈𝑎𝝓‖𝐹
2𝜎𝑑𝑦𝑛

2 + 𝜎𝑠𝑡𝑐
2 , if ℓ𝑎 = 1. 

 

 

The power constraint for (4.26) is based on (4.11), and the optimal phase shifts and amplification gain 

are based on (4.12) and (4.13). 

(4.25) 

(4.26) 
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4.4   Performance Analysis of HRM scheme 
 

First, it is assumed that the ℓ𝑎  along with corresponding number of active reflective elements 𝑁𝑎 =

 ℓ𝒶𝑆𝐺  is incorrectly detected as ℓ̂𝑎 and 𝑁̂𝑎 = ℓ̂𝒶𝑆𝐺 . The CPEP can be written as [79]:  

 𝑃(ℓ𝑎 → ℓ̂𝑎 |𝒉, 𝒈, 𝝓, 𝝍  ) = 𝑃 (|𝑟 −  √Ρ𝑡𝑥𝐻ℓ𝒶 |
2
> |𝑟 −  √Ρ𝑡𝑥𝐻ℓ̂𝒶

|
2
). 

 

 

 

The expression in (4.27) is written by employing the 𝑄-function as follows [79]: 

 

                  𝑃(ℓ𝑎 → ℓ̂𝑎|𝒉, 𝒈, 𝝓,𝝍 ) = 𝑄 (√
Ρ𝑡𝑥 |𝐻ℓ𝒶 −𝐻ℓ̂𝒶 |

2

2ΝΥ
2  ). 

 

(4.28) 

The full derivation of (4.28) can be found in Appendix C. 

The channel magnitudes |ℎ𝑘 | and |𝑔𝑘 | are i.i.d. Rayleigh RVs with 𝜎|ℎ𝑘| = √
ℒ𝑡

2
  and 𝜎|𝑔𝑘| = √

ℒ𝑟

2
. These 

RVs have means of 𝐸[|ℎ𝑘 |] = 𝜎|ℎ𝑘|√
𝜋

2
= √ℒ𝑡√

𝜋

4
 and 𝐸[|𝑔𝑘 | ] = 𝜎|𝑔𝑘|√

𝜋

2
= √ℒ𝑟√

𝜋

4
  respectively; and 

variances of 𝑉𝑎𝑟(|ℎ𝑘 |) = 𝜎|ℎ𝑘|
2 (2 −

𝜋

2
) = ℒ𝑡 (1 −

𝜋

4
) and 𝑉𝑎𝑟(|𝑔𝑘 |) = 𝜎|𝑔𝑘|

2 (2 −
𝜋

2
) = ℒ𝑟 (1 −

𝜋

4
). 

The variable Τ =  𝐻ℓ𝒶 − 𝐻ℓ̂𝒶  is a Gaussian RV, where the mean and variance of Τ is written as [79]: 

                      𝜇Τ = (
𝜋

4
)√ℒ𝑡ℒ𝑟 (𝛼(𝑁𝑎 − 𝑁̂𝑎) − (𝑁𝑎 − 𝑁̂𝑎)), 

(4.29.1) 

 
𝜎Τ
2 = ℒ𝑡ℒ𝑟 (1 −

𝜋2

16
) [𝛼2(𝑁𝑎 − 𝑁̂𝑎) + (𝑁𝑎 − 𝑁̂𝑎)]. 

 

(4.29.2) 

The full derivation (4.29.1) and (4.29.2) can be found in Appendix D.  

The average PEP is derived using the MGF approach by considering the polar form of the 𝑄-function 

as 𝑄(𝑥) =
1

𝜋
∫ exp (−

𝑥2

2sin2 ∅
)𝑑∅

𝜋

2
0

 [79], where 𝑥 = √
Ρ𝑡𝑥|𝐻ℓ𝑎−𝐻ℓ̂𝑎

|
2

2ΝΥ
2 . To use the MGF, the variable Ζ =

|Τ|2 is defined as a non-central chi-squared distributed RV for the following MGF given in [15] as: 

 

                                    ΜΖ(𝑠) =

exp (
𝜇Τ
2𝑠

1 − 2𝜎Τ
2𝑠
)

√1 − 2𝜎Τ
2𝑠

. 

 

 

(4.30) 

The average PEP for 𝑠 = −
Ρ𝑡𝑥

4𝑁Υ
2 sin2 ∅

 can hence be expressed as [79]: 

 

         𝑃(ℓ𝑎 → ℓ̂𝑎 ) =  
1

𝜋
∫    

exp (
𝑝1
𝑝2
)

√𝑝2

𝜋
2

0

𝑑∅, 

 

(4.31) 

where 𝑝1 = −
𝜇Τ
2Ρ𝑡𝑥

4𝑁Υ
2 sin2 ∅

, and 𝑝2 = 1 +
𝜎Τ
2Ρ𝑡𝑥

4𝑁Υ
2 sin2 ∅

.  

(4.27) 
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By letting 𝑓(∅) =
exp(

𝑝1
𝑝2
)

√𝑝2
, 𝑎 ≈ 0 and 𝑏 =

𝜋

2
, the trapezoidal rule may be used, such that (4.31) can be 

approximated as: 

 

𝑃(ℓ𝑎 → ℓ̂𝑎 ) ≈ (
1

𝜋
)
(𝑏 − 𝑎)

𝑛
[
(𝑓(𝑎) + 𝑓(𝑏))

2
+  ∑ 𝑓 (𝑎 +

𝑘(𝑏 − 𝑎)

𝑛
)

𝑛−1

𝑘=1

], 
 

(4.32) 

where 𝑛 = 10 is the number of iterations selected to approximate (4.32).   

The average PEP in (4.31) results in the ABEP for 𝐺 = 2,𝑚 = 1 bits/s/Hz, for 𝜁 = 𝑁𝑎 − 𝑁̂𝑎 . 

 For higher SEs (𝐺 > 2), the upper bound in [79] is given as:  

 
𝑃𝑒 ≤

1

𝑟2𝑟
∑∑𝑃(ℓ𝑎 → ℓ̂𝑎 )

ℓ̂𝑎ℓ𝑎

𝑁(ℓ𝑎 → ℓ̂𝑎), 
 

 

where 𝑁(ℓ𝑎 → ℓ̂𝑎) denotes the number of bit errors per associated PEP event. It is useful to note that 

(4.31) can be upper-bounded by setting ∅ =
𝜋

2
 as: 

 

𝑃(ℓ𝑎 → ℓ̂𝑎 ) ≤  
exp (

𝑠1
𝑠2
)

2√𝑠2
, 

 

(4.34) 

where 𝑠1 = −
𝜇Τ
2Ρ𝑡𝑥

4𝑁Υ
2 , 𝑠2 = 1 +

𝜎Τ
2Ρ𝑡𝑥

4𝑁Υ
2 , and 𝑟 = log2(𝐺). 

4.5   Achievable Rate of the HRM scheme 
 

The achievable rate of the HRM system is computed by considering a receive signal vector space 

denoted by 𝑹 and a spatial constellation 𝐻 [79]. The constellation 𝐻 is derived by considering the 

transmission of an unmodulated carrier signal. Since the information bits are modulated into symbols 

denoted by 𝐻ℓ𝑎 , 𝐻 denotes the spatial constellation upon which all symbols 𝐻ℓ𝑎  can be mapped.  

The achievable rate of the HRM scheme can be computed by considering the mutual information (MI) 

between the transmitted and received signals of the HRM scheme as [79]: 

 
𝐴𝑟(𝐻;  𝑹) =  ∫ 𝑝(𝑟|𝐻ℓ𝑎)𝑝(𝐻ℓ𝑎)log2 (

𝑝(𝑟|𝐻ℓ𝑎)

∑ 𝑝(𝑟|𝐻ℓ̂𝑎)ℓ̂𝒶
𝑝(𝐻ℓ𝑎)

)
∞

−∞

𝑑𝑟, 
 

(4.35) 

where 𝑝(𝑟|𝐻ℓ𝑎) denotes the conditional PDF given in (4.20), 𝑝(𝐻ℓ𝑎) denotes the probability of each 

HRM symbol being transmitted. Note that since the HRM symbols are dependent on index ℓ𝑎 , there 

are a total of 𝐺 HRM symbols. It is assumed that all symbols are equally likely to be transmitted, 

implying that 𝑝(𝐻ℓ𝑎) =
1
𝐺⁄ . 

By substituting (4.20) into (4.35) and simplifying, the final expression of the achievable rate is [79]: 

 
            𝐴𝑟(𝐻;  𝑹) = log2(𝐺) − (log2(𝑒) +

1

𝐺
∑ 𝐸 {log2 (∑ exp(−

|√Ρ𝑡𝑥(𝐻ℓ𝑎−𝐻ℓ̂𝑎
)+𝜂|

2

𝑁Υ
2 )ℓ̂𝑎

)}ℓ𝑎
). 

  

 (4.36) 

The full derivation of (4.36) can be found in Appendix E. 

 

 

(4.33) 
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4.6   Energy Efficiency of HRM scheme 
 

The EE can be found with respect to the maximum instantaneous received SNR 𝜌 in (4.10) as follows 

[79]: 

 
                                           ΕΡ =

Β log2(1 +  𝜌)

ΡΤ
, 

(4.37) 

where Β is the bandwidth of the HRM system, and ΡΤ  is the average power consumption for a given 

transmit power efficiency ℸΤ as [79]:  

 
                                           ΡΤ =

Ρ𝑡𝑥

ℸΤ
+ Ρℂ + Ρ𝑅𝐼𝑆 , 

 

where Ρ𝑡𝑥  is total transmit power, Ρℂ  is the overall power dissipated at both the transmitter and receiver, 

and Ρ𝑅𝐼𝑆  denotes the total power consumption of the RIS. 

For the HRM scheme, Ρ𝑅𝐼𝑆  is expressed as [79]: 

 
                             Ρ𝑅𝐼𝑆 =

Ρ𝑎

ℸ𝑎
+ ℰ1Ρ𝑑𝑦𝑛 + ℰ2Ρ𝑝 + Ρ𝑠𝑡𝑐 , 

 

where Ρ𝑎  is the maximum reflection power constraint, ℸ𝑎 is the amplifier efficiency of the active 

reflecting elements, ℰ1 & ℰ2  respectively, denotes the average number of active and passive reflecting 

elements, Ρ𝑑𝑦𝑛  and Ρ𝑠𝑡𝑐  correspond to the dynamic and static power consumptions, Ρ𝑝  is the required 

power per passive RIS element. Note that for F-HRM,  ℰ1 = ℰ2  = 
𝑁

2
. 

For fully active RISs, the total power consumption of the RIS is [79]: 

 
                                      Ρ𝑅𝐼𝑆 =

Ρ𝑎

ℸ𝑎
+ 𝑁Ρ𝑑𝑦𝑛 + Ρ𝑠𝑡𝑐 . 

 

For fully passive RISs, the total power consumption of the RIS is [79]: 

                                                   Ρ𝑅𝐼𝑆 = 𝑁Ρ𝑝 .  
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the HRM scheme produces greater EP gains than fully passive RIS-aided schemes, whilst reducing 

power consumption and, therefore, demonstrates greater EE over fully active RIS-aided schemes. 
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CHAPTER 5 
 

HYBRID REFLECTION MODULATION-AIDED SCHEMES 

5.1   Introduction 
 

RISs are man-made EM surfaces capable of creating a controllable wireless environment to improve 

signal quality at the receiver [16], and have emerged as an attractive solution for meeting the current 

and future demands of mixed-generation wireless networks. In particular, RISs are metasurfaces which 

enable control over what was previously assumed to be the uncontrollable wireless propagation 

environment by performing various functions such as reflection, absorption and amplification to 

improve signal strength, mitigate ICI and, therefore, significantly enhance performance metrics such as 

channel capacity.  

This idea has led to the concept of using a number of RISs on a large surface for transmission and 

reception of information [89]. In [24] and [96], the RIS-assisted downlink scenario is focused on, and 

the maximization of EE and sum-rate is investigated. Performance analyses of RIS-aided schemes are 

covered in [91] and [92], which focus on uplink data rate and SE under practical impairments of the 

system. In [48] and [49], the transmission of data using an RIS is investigated in both generic RIS 

schemes and RIS-based IM schemes to improve EP and SE.  

An important contribution proposed in [48] is the AP configuration of the RIS, described in Chapters 2 

and 3, and was formulated considering an unmodulated carrier signal, and its EP is evaluated both with 

and without knowledge of the channel phases. Another study in [49], used an AP-based RIS to assist 

SSK modulation and SM. Two studies in [78] and [113], used an AP-based RIS to assist various GC 

modulation schemes, including CI-GC and 𝐾CS GC modulation, with promising results. As mentioned 

in Chapter 2, the AP-based RIS has three main motivations, namely simultaneous data transmission and 

phase control of the reflective elements, less CSI to be acquired and ease of deployment on various 

surfaces. 

In [36], it has been shown that the performance of WCS assisted by fully passive RISs is limited by 

multiplicative path loss. Active reflecting elements have been proposed to enhance signal power and 

overcome the effect of path loss by simultaneously reflecting and amplifying the wireless signal. The 

idea of the active RIS has first been documented on in [80], where a SISO WCS is assisted by an active 

RIS facilitated by controllable power amplifiers to enhance channel capacity. Another two studies [77] 

and [125], demonstrated that fully active, or even partially active, RIS-aided systems enhanced channel 

capacity and EE. Whilst active RISs may improve various performance metrics, it comes at the cost of 

additional power consumption [80, 125]. 

H-RISs have been proposed to mitigate the negative drawbacks of both active and passive elements, 

whilst also reaping most of the benefits of the active elements at a lower power consumption.  The 

current literature dedicated to H-RISs is described as follows. H-RISs were first documented on in 

[127], which provides a discussion on its working principles, use cases and challenges. In [83], the sum 

rate of a MISO system assisted by an H-RIS is investigated and considered fairness-orientated design 

in its analysis. The authors in [84], compare the sum rates of downlink systems aided by fully active, 

fully passive and H-RISs, and a study in [128], provides an analysis of channel estimation in H-RIS-

aided systems. In [129], joint user localization of an H-RIS is investigated. 

The HRM concept has been proposed in [79], where an H-RIS in the non-AP configuration is used to 

aid the transmission of an unmodulated carrier signal, and the principle of IM is employed to transmit 

additional information control the state of the H-RIS. The active elements are facilitated using power 
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amplifier circuitry such as tunnel diodes or low-noise amplifiers (LNAs), and a phase shift controller is 

employed to adjust the phases of the reflective elements.  

In this chapter, two novel HRM-aided schemes are investigated. The first is the HRM non-AP scheme, 

which considers the transmission of a data symbol through the wireless propagation environment in the 

presence of an H-RIS. The second is the HRM AP scheme, which considers the transmission of a data 

symbol using an AP configuration of the H-RIS. The ABEP analysis for the HRM non-AP and AP 

schemes is also presented in this chapter.  

The contributions of this chapter are as follows: 

1. Two novel HRM-aided schemes are presented as solutions for enhancing SE and EP. The first 

is the HRM non-AP scheme, and the second is the HRM AP scheme. 

2. The ABEP analysis of the HRM non-AP and HRM AP schemes are provided.  

This chapter is structured as follows. Section 5.2 covers the system model and performance analysis of 

the HRM non-AP scheme, Section 5.3 covers the system model and performance analysis of the HRM 

AP scheme and Section 5.4 provides numerical results of the two HRM-aided schemes. 

 

5.2   HRM non-AP scheme 

5.2.1 HRM non-AP system model 
 

 
Figure 5.2.1.1: Diagram illustrating the system model of HRM non-AP scheme 

Consider Figure 5.2.1.1. The H-RIS is placed in the centre of the wireless channel, where it intelligently 

reflects the information from the transmitter to the receiver. It consists of 𝑁 reflective elements, each 

connected to a power amplifier and a controller. The power amplifiers, when switched ON, causes the 

reflective elements to become active, and the impinging wave is both amplified and reflected 

simultaneously to the receiver according to an amplification gain, at the expense of additional power 
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consumption. When switched OFF, the reflective elements become passive, and simply reflect the 

signal without any amplification. The controller controls both the number of active and passive elements 

on the H-RIS and how they are grouped together in the H-RIS, depending on the transmitted data. In 

this scheme, a NLOS path is assumed.  

The transmitter transmits a bit vector 𝒃 = [𝑏1  𝑏2⋯𝑏𝜂 ], which is split into two sub-vectors 𝒃𝐴 =

[𝑏1  𝑏2⋯𝑏log2(𝑀)] and 𝒃𝐵 = [𝑏1  𝑏2⋯𝑏log2(𝐺)]. The first vector 𝒃𝐴  is mapped onto an 𝑀-PSK symbol 

denoted by 𝑥𝑞, where 𝑞 ∈ [1:𝑀] , and where 𝑀 is the size of the PSK constellation. The second vector 

𝒃𝐵 is transmitted to the H-RIS controller, where it is processed to select an H-RIS index which 

determines the state of the H-RIS as described below. 

The 𝑁-element H-RIS is partitioned into sub-groups, denoted by 𝐺, such that the number of reflective 

elements in each subgroup is SG =
𝑁
𝐺⁄ . The log2(𝐺) bits select an HRM index, notated as 𝑙𝑎 ∈ [0: 𝐺 −

1]. This index alters the H-RIS state such that some subgroups contain active reflective elements, with 

the remainder of the subgroups containing passive reflective elements. The active and passive elements 

on the H-RIS are calculated by 𝑁𝑎 = 𝑙𝑎𝑆𝐺 and 𝑁𝑝 = 𝑁 − 𝑁𝑎  , respectively. For 𝑙𝑎 = 0, 𝑁𝑎 = 0, 

therefore the H-RIS contains only passive elements. Each unique configuration of the H-RIS produces 

a different channel realisation, which can be mapped to unique data symbols, called H-RIS symbols 

denoted by 𝐻𝑙𝑎 .  

The mapping of the HRM symbols follows the same process as illustrated in Chapter 4, Table 4.2.1.  

 

The HRM non-AP scheme has a SE of: 

 

          𝜂 = log2(𝐺) + log2(𝑀) bits/s/Hz.   (5.1) 

Each reflective element has a reflection co-efficient denoted in polar form as: 

                                                           𝑎𝑘 = |𝑎𝑘 |𝑒
𝑗θ𝑘 , 𝑘 ∈ [1: 𝑁],    (5.2) 

where |𝑎𝑘 | is the magnitude of the 𝑘-th reflective element and θ𝑘 ∈ [−𝜋, 𝜋] is the phase of the 𝑘-th 

reflective element. Passive elements have a unit magnitude given by |𝑎𝑘 | = 1, hence they simply reflect 

the incoming signal towards the receiver. However, facilitating active elements means that this gain is 

non-unitary, that is |𝑎𝑘 | = 𝛼𝑘 > 1, to allow the amplification of the incoming signal as well as the 

reflection of it towards the receiver. For all analyses, it is assumed that all active elements hold a 

common amplification gain 𝛼𝑘 = 𝛼. 

Based on this analysis, the active and passive phase reflection matrices can be computed depending on 

the number of active and passive elements as:  

                                                     𝚽 = 𝑑𝑖𝑎𝑔(𝑒𝑗θ1 , 𝑒𝑗θ2 ,… , 𝑒𝑗θ𝑁𝑎  ),  (5.3.1) 

                                                  𝝍 = 𝑑𝑖𝑎𝑔(𝑒𝑗θ𝑁𝑎+1 , 𝑒𝑗θ𝑁𝑎+2 ,… , 𝑒𝑗θ𝑁  ),   (5.3.2) 

where 𝚽 is the active reflection diagonal matrix based on the number of active reflective elements, and 

𝝍 is the passive reflection diagonal matrix based on the number of passive reflective elements.  

The path losses are given according to [79] as: 

           𝐿 𝑇 = 𝑚𝜅𝑟𝑇
−𝛿𝑇 , (5.4.1) 

           𝐿𝑅 = 𝑚𝜅𝑟𝑅
−𝛿𝑅 , (5.4.2) 
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where 𝑟𝑇  and 𝑟𝑅  is the distances in metres separating the transmitter and the H-RIS, and the H-RIS and 

the receiver, respectively, 𝛿𝑇, 𝛿𝑅 > 1 are the path loss exponents, and 𝑚𝜅 is the reference path loss per 

metre. 

Rayleigh frequency-flat fading channels are assumed, denoted by 𝒉 ∈ ℂ𝑁×1~𝐶𝑁(0,𝐿 𝑇), and 𝒈 ∈

ℂ1×𝑁~𝐶𝑁(0, 𝐿𝑅), where 𝐿 𝑇 and 𝐿𝑅  are the path losses of each respective fading vector. The instance 

of fading given by 𝒉 occurs in the Tx-H-RIS path, while the instance 𝒈 occurs in the H-RIS-Rx path. 

The two fading vectors 𝒉 and 𝒈 can further be expressed as combinations of active elements and passive 

elements, as 𝒉 = [𝒉𝑎  𝒉𝑝]
𝑇
and 𝒈 = [𝒈𝑎  𝒈𝑝]

𝑇
, where 𝒉𝑎 , 𝒈𝑎 ∈ ℂ

1×𝑁𝑎  denote the fading associated with 

active elements, and 𝒉𝑝 ,𝒈𝑝 ∈ ℂ
1×𝑁𝑝  denote the fading associated with passive elements.  

The static noise is given as 𝑛𝑠𝑡𝑐~𝐶𝑁(0, 𝜎𝑠𝑡𝑐
2 ). The dynamic thermal noise is given as 𝑛𝑑𝑦𝑛 =

𝛼𝒈𝑎𝚽 𝐰
𝑇, where 𝐰 ∈ ℂ1×𝑁𝑎~𝐶𝑁(0, 𝑰𝑁𝑎𝜎𝑑𝑦𝑛

2 ) is the dynamic noise vector [79]. As mentioned in 

Chapter 4, this dynamic noise component is non-negligible, and is dependent on the number of active 

elements of the H-RIS, resulting from the thermal noise generated by the power amplifiers of the active 

elements. 

The receive signal is written for a given transmit power 𝑃𝑡𝑥 as: 

  𝑟 = √𝑃𝑡𝑥(𝛼𝒈𝑎𝚽𝒉𝑎
𝑇 + 𝒈𝑝𝝍𝒉𝑝

𝑇)𝑥𝑞 +  𝛼𝒈𝑎𝚽𝒘
𝑇 + 𝑛𝑠𝑡𝑐 .  (5.5) 

The maximum instantaneous received SNR is written as: 

 

max
𝛼,𝝓,𝝍

        𝜌 =
𝑠𝑖𝑔𝑛𝑎𝑙 𝑝𝑜𝑤𝑒𝑟 

𝑛𝑜𝑖𝑠𝑒 𝑝𝑜𝑤𝑒𝑟
=
‖√𝑃𝑡𝑥(𝛼𝒈𝑎𝚽𝒉𝑎

𝑇 +𝒈𝑝𝝍𝒉𝑝
𝑇)𝑥𝑞‖𝐹

2

𝛼2‖𝒈𝑎𝝓‖𝐹
2𝜎𝑑𝑦𝑛

2 + 𝜎𝑠𝑡𝑐
2 . 

 

 

(5.6) 

 The expression in (5.6) simplifies to: 

 

max
𝑝,𝝓,𝝍

        𝜌 = 𝑃𝑡𝑥 |𝑥𝑞 |
2 ‖𝛼𝒈𝑎𝝓𝒉𝑎

𝑇 + 𝒈𝑝𝝍𝒉𝑝
𝑇‖

𝐹

2

𝛼2‖𝒈𝑎𝝓‖
2𝜎𝑑𝑦𝑛

2 + 𝜎𝑠𝑡𝑐
2 , 

 

 

Such that:                    Ρ𝑎  ≥ 𝛼2(𝑃𝑡𝑥‖𝝓𝒉𝑎
𝑇‖𝐹

2 + ‖𝝓‖𝐹
2𝜎𝑑𝑦𝑛

2 ). 

 

 

(5.7) 

 

 

(5.8) 

Note that for 𝑀-PSK symbols, |𝑥𝑞|
2
= 1, hence the received SNR is identical to the conventional HRM 

scheme in Chapter 4.  

To simplify the receive signal in (5.5), the fading vectors are written in terms of their magnitudes and 

phases as  ℎ𝑘 = |ℎ𝑘 |𝑒
𝑗𝜑𝑘  and 𝑔𝑘 = |𝑔𝑘 |𝑒

𝑗ξ𝑘 , where 𝑘 ∈ [1: 𝑁] . The phase shifts of the H-RIS 

reflective elements given by θ𝑘 may be optimized to maximise the SNR as θ𝑘 = −(𝜑𝑘 + 𝜉𝑘), thereby 

completely eliminating the channel phases from the computation. The amplification gain may be 

expressed by rearranging (5.8) to produce: 

 

𝛼 ≤ √
Ρ𝑎

Ρ𝑡𝑥‖𝒉𝑎
𝑇‖2 + 𝜎𝑑𝑦𝑛

2  . 
 

(5.9) 

Hence, the receive signal given in (5.5) is simplified according to the above analysis as: 
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𝑟 =  √𝑃𝑡𝑥 (𝛼∑|ℎ𝑘 ||𝑔𝑘 |

𝑁𝑎

𝑘=1

+ ∑ |ℎ𝑘 ||𝑔𝑘 |

𝑁

𝑘=𝑁𝑎+1

)𝑥𝑞 + 𝛼∑|𝑔𝑘 |

𝑁𝑎

𝑘=1

w̅𝑘 + 𝑛𝑠𝑡𝑐 . 

 

 (5.10) 

 

The quantity 𝐻𝑙𝑎 = 𝛼 ∑ |ℎ𝑘 ||𝑔𝑘 |
𝑁𝑎
𝑘=1 + ∑ |ℎ𝑘 ||𝑔𝑘|

𝑁
𝑘=𝑁𝑎+1

 is the HRM symbol. The noise part is 

simplified further by applying the CLT to the quantity 𝛼∑ |𝑔𝑘 |
𝑁𝑎
𝑘=1 w̅𝑘 + 𝑛𝑠𝑡𝑐  by assuming high 𝑁, as 

seen in Chapter 4. Therefore, the noise is approximated to a Gaussian RV 𝑛~𝐶𝑁(0, 𝑁𝑣), where 𝑁𝜐 =

𝛼2𝐿𝑅𝑁𝑎𝜎𝑑𝑦𝑛
2 +𝜎𝑠𝑡𝑐

2 . 

Hence, the final receive signal is written as: 

 

 𝑟 = √𝑃𝑡𝑥𝐻𝑙𝑎𝑥𝑞 + 𝑛. 
 (5.11) 

The ML detector for (5.11) is given, assuming full channel knowledge, as: 

 

 [𝑥𝑞̂ , 𝑙𝑎] = argmin
 𝑞∈[1:𝑀] ,𝑙𝑎∈[0:𝐺−1]

 |𝑟 − √Ρ𝑡𝑥𝐻𝑙𝑎𝑥𝑞|
2
.  (5.12) 

5.2.2 Performance Analysis of the HRM non-AP scheme 
 

 

The ABEP is calculated by considering the lower-bounded analytical approximation given in [14] as: 

 

    𝑃𝑒 ≥ 𝑃𝑠 + 𝑃𝑙𝑎 −𝑃𝑠𝑃𝑙𝑎 , (5.13) 

where 𝑃𝑠  denotes the probability of 𝑀-PSK symbol error, 𝑃𝑙𝑎 denotes the probability of HRM index 

error, and 𝑃𝑒  denotes the ABEP. This approach was first documented in [130], where the authors 

proposed a method in which the SEP, or bit error probability (BEP), and the index probability of the 

SM scheme may be evaluated independently, using a lower-bounded analytical approach. It was then 

used in [14] to evaluate the ABEP of other IM schemes such as SIMO-MBM. This approach is used to 

reduce the complexity of the analysis that would otherwise be encountered if the probabilities of both 

sets of data were to be evaluated jointly. In this approach, 𝑃𝑠  is calculated first by assuming that 𝑙𝑎 is 

estimated perfectly and 𝑥𝑞 is estimated erroneously as 𝑥𝑞̂. Then, 𝑃𝑙𝑎 is calculated assuming that the data 

symbol 𝑥𝑞 is estimated perfectly, and of 𝑙𝑎 is estimated erroneously as 𝑙𝑎. Finally, 𝑃𝑒  is calculated using 

(5.13), which yields a tight approximation for medium-to-high 𝑃𝑡𝑥. 

 

5.2.2.1 Calculation of 𝑃𝑠  
 

The union-bound for 𝑃𝑠  is formulated as: 

 

 

𝑃𝑠 ≤ ∑ ∑∑
𝑁(𝑥𝑞,𝑙𝑎 → 𝑥𝑞,𝑙𝑎)𝑃(𝑥𝑞,𝑙𝑎 → 𝑥𝑞,𝑙𝑎)

𝐺𝑀𝜂
,

𝑀

𝑞=1

𝑀

𝑞=1

𝐺−1

𝑙𝑎=0

 

 

 

  (5.14) 

where 𝑃(𝑥𝑞,𝑙𝑎 → 𝑥𝑞,𝑙𝑎) is the PEP, and 𝑁(𝑥𝑞,𝑙𝑎 → 𝑥𝑞̂ ,𝑙𝑎) is the number of bit errors per associated PEP 

event.  

 

The CPEP is given as: 

 

 𝑃(𝑥𝑞,𝑙𝑎 → 𝑥𝑞,𝑙𝑎|𝐻𝑙𝑎, 𝑙𝑎) = 𝑃 (|𝑟 − √𝑃𝑡𝑥𝐻𝑙𝑎𝑥𝑞|
2
> |𝑟 −√𝑃𝑡𝑥𝐻𝑙𝑎𝑥𝑞̂ |

2
),  

   (5.15) 
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which is simplified to: 

 

𝑃(𝑥𝑞,𝑙𝑎 → 𝑥𝑞,𝑙𝑎|𝐻𝑙𝑎 , 𝑙𝑎) = 𝑄 (√
𝑃𝑡𝑥 |𝐻𝑙𝑎|

2
|𝑥𝑞 − 𝑥𝑞̂|

2

2𝑁𝜐 
). 

 

  (5.16) 

The full derivation of (5.16) may be found in Appendix F.  

 

Equation (5.16) is further evaluated using the exponential form of the 𝑄-function as [15]: 

 

 

𝑄(√𝑥) ≅
𝑒
−
𝑥
2

12
+
𝑒
−
2𝑥
3

4
. 

 

 

  (5.17) 

The instantaneous received SNR of this scheme is given as: 

 

 
         𝜌 =

𝑃𝑡𝑥

𝑁𝜐  
|𝑥𝑞|

2
|𝐻𝑙𝑎|

2
=
𝑃𝑡𝑥

𝑁𝜐 
𝜖2 . 

   

(5.18) 

The channel magnitudes |ℎ𝑘 | and |𝑔𝑘 | are i.i.d. Rayleigh RVs with 𝜎|ℎ𝑘| = √
𝐿𝑡

2
 and 𝜎|𝑔𝑘| = √

𝐿𝑟

2
. These 

RVs have means of 𝐸[|ℎ𝑘 |] = 𝜎|ℎ𝑘|√
𝜋

2
= √𝐿𝑡√

𝜋

4
 and 𝐸[|𝑔𝑘 | ] = 𝜎|𝑔𝑘|√

𝜋

2
= √𝐿𝑟√

𝜋

4
  respectively; and 

variances of 𝑉𝑎𝑟(|ℎ𝑘 |) = 𝜎|ℎ𝑘|
2 (2 −

𝜋

2
) = 𝐿𝑡 (1 −

𝜋

4
) and 𝑉𝑎𝑟(|𝑔𝑘 |) = 𝜎|𝑔𝑘|

2 (2 −
𝜋

2
) = 𝐿𝑟 (1 −

𝜋

4
). 

 

Hence, the statistics of 𝜖 are:  

 

 𝜇𝜖 = 𝐸[𝐻𝑙𝑎] = √𝐿 𝑇𝐿𝑅 (
𝜋

4
) (𝛼𝑁𝑎 −𝑁𝑎 + 𝑁), 

 

 
𝜎𝜖
2 = 𝐸 [|𝐻𝑙𝑎|

2
] =

1

16
𝐿 𝑇𝐿𝑅(16 − 𝜋

2)(𝛼2𝑁𝑎 + 𝑁 −𝑁𝑎 ). 
 

 

A proof of these statistics can be found in Appendix F. 

 

The MGF approach is employed, where 𝜌 is a non-central chi-squared RV with one degree-of-freedom. 

Therefore, 𝜌 has the following MGF [15]: 

 

 
                      Μ𝜌(𝑠) =

1

√1 − 2𝜎𝜖
2𝑠
exp (

𝜇𝜖
2𝑠

1 − 2𝜎𝜖
2𝑠
). 

 

 

(5.20) 

Finally, the PEP can be written as: 

 

 

            𝑃(𝑥𝑞 → 𝑥𝑞̂) ≅
1

12
Μ𝜌 (−

𝑃𝑡𝑥 |𝑥𝑞 − 𝑥𝑞 |
2

4𝑁𝜐
) +

1

4
Μ𝜌 (−

𝑃𝑡𝑥 |𝑥𝑞 − 𝑥𝑞 |
2

3𝑁𝜐 
). 

 

 (5.21) 

 

 

 

 

 

 

 

 

(5.19.1) 

(5.19.2) 
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5.2.2.2 Calculation of 𝑃𝑙𝑎  
 

The union-bound for 𝑃𝑙𝑎 is formulated as: 

 

 

              𝑃𝑙𝑎 ≤ ∑ ∑ ∑
𝑁(𝑙𝑎,𝑞 → 𝑙𝑎,𝑞)𝑃(𝑙𝑎,𝑞 → 𝑙𝑎,𝑞)

𝐺𝑀𝜂
,

𝐺−1

𝑙𝑎=0

𝐺−1

𝑙𝑎=0

𝑀

𝑞=1

 

 

 

  (5.22) 

where 𝑃(𝑙𝑎,𝑞 → 𝑙𝑎,𝑞) is the PEP, and 𝑁(𝑙𝑎,𝑞 → 𝑙𝑎,𝑞) is the number of bit errors per associated PEP 

event. In this case, it is assumed that 𝑥𝑞 is detected correctly, and 𝑙𝑎 is detected erroneously as 𝑙𝑎. The 

CPEP is given as: 

 

 𝑃(𝑙𝑎,𝑞 → 𝑙𝑎,𝑞 |𝐻𝑙𝑎,𝐻𝑙𝑎 , 𝑥𝑞
) = 𝑃 (|𝑟 − √𝑃𝑡𝑥𝐻𝑙𝑎𝑥𝑞|

2
> |𝑟 − √𝑃𝑡𝑥𝐻𝑙𝑎𝑥𝑞

|
2
). 

 

 (5.23) 

The CPEP can be written, noting that |𝑥𝑞 |
2
= 1, as: 

 

 

             𝑃(𝑙𝑎,𝑞 → 𝑙𝑎,𝑞 |𝐻𝑙𝑎 ,𝐻𝑙𝑎) = 𝑄 (√
𝑃𝑡𝑥 |𝐻𝑙𝑎 − 𝐻𝑙𝑎

|
2

2𝑁𝜐 
). 

 

(5.24) 

 

The derivation of (5.24) may be found in Appendix F. It is observed that (5.24) is the same expression 

yielded chapter 4, Equation (4.28). 

 

To evaluate (5.24), the exponential form of the 𝑄-function is considered in (5.17), and by declaring a 

RV Ψ = 𝐻𝑙𝑎 − 𝐻𝑙𝑎 . Using the same statistics of |ℎ𝑘 | and |𝑔𝑘 |, Ψ has the following mean and variance 

[79]:  

 

 
    𝜇Ψ =

√𝐿 𝑇𝐿𝑅(𝛼𝑋 − 𝑋)𝜋

4
, 

 

 

 

 
      𝜎Ψ

2 =
𝐿𝑇𝐿𝑅(16− 𝜋

2)

16
(𝛼2𝑋+ 𝑋), 

 

 

where 𝑋 = 𝑁𝑎 − 𝑁̂𝑎. Now, another RV may be defined as Ζ = |Ψ|2, which is a non-central chi-squared 

distribution with the MGF written as [15]: 

 

 
            ΜΖ(𝑠) =

1

√1 − 2𝜎Ψ
2𝑠

exp (
𝜇Ψ
2 𝑠

1 − 2𝜎Ψ
2𝑠
). 

 

 

(5.26) 

Hence, the CPEP can be written as: 

 

 
         𝑃(𝑙𝑎 → 𝑙𝑎) ≅

1

12
ΜΖ (−

𝑃𝑡𝑥

4𝑁𝜐 
) +

1

4
ΜΖ (−

𝑃𝑡𝑥

3𝑁𝜐 
). 

 

 

 

(5.25.1) 

(5.25.2) 

(5.27) 
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5.3   HRM AP scheme  

5.3.1 HRM AP system model 
 

 

 

Figure 5.3.1.1: Diagram illustrating the system model of HRM AP scheme 

Now consider Figure 5.3.1.1. In this configuration, the H-RIS is positioned next to the transmitter, such 

that the H-RIS acts as the virtual transmitter of the wireless signal. Similarly to the non-AP scheme, a 

NLOS path is assumed. 

 

Similar to the HRM non-AP scheme, the information bits of length log2(𝑀) bits is mapped to an 𝑀-

PSK data symbol denoted by 𝑥𝑞 , 𝑞 ∈ [1:𝑀], where 𝑀 is the size of the PSK constellation, and the H-

RIS index ℓ𝑎  to manipulate the state of the H-RIS. The remaining log2(𝐺) bits select the index by 

dividing the 𝑁-element H-RIS into 𝐺 subgroups and using the calculation SG =
𝑁
𝐺⁄  to determine the 

number of elements per subgroup. The log2(𝐺) information bits select ℓ𝑎 ∈ [0: 𝐺 − 1] to select the 

number of active and passive elements on the H-RIS as 𝑁𝑎 = ℓ𝑎𝑆𝐺 and 𝑁𝑝 = 𝑁 − 𝑁𝑎 . Note that the 

H-RIS is fully passive for ℓ𝑎 = 0. Different channel realisations are formed depending on the state of 

the H-RIS. Therefore, the fading coefficients are mapped to HRM symbols denoted by 𝐻ℓ𝑎 . 

The mapping of the HRM symbols in the HRM AP scheme follows the same procedure as outlined in 

Chapter 4, Table 4.2.1.  

 

Based on the above, the SE of the HRM-aided AP scheme is: 

 

                𝜂 = log2(𝐺𝑀) bits/s/Hz.    (5.29) 

The reflection co-efficients of each reflective element in the H-RIS may be written depending on their 

active/passive status as follows: 
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       𝜚𝑘
𝑎 =  𝛼𝑘𝑒

𝑗𝜃𝑘
𝑎
, 𝑘 ∈ [1: 𝑁𝑎], 

 (5.30.1) 

     𝜚
𝑘

𝑝
=  𝑒𝑗𝜃𝑘

𝑝

, 𝑘 ∈ [(𝑁
𝑎
+ 1): 𝑁].  (5.30.2) 

Each reflective element has a coefficient 𝜚𝑘
𝑎(𝑝)

, where 𝑎 denotes ‘active’ element and 𝑝 denotes 

‘passive’ elements. As can be observed, the passive reflection coefficients have unit magnitudes, 

whereas active reflection coefficients have magnitudes 𝛼𝑘 > 1, thereby facilitating amplification of the 

wireless signal. It is assumed that 𝛼𝑘 = 𝛼 for all active reflection coefficients. 

The Rayleigh fading channel vector is given by  𝒈 ∈ ℂ1×𝑁~𝐶𝑁(0,𝐿𝑟), where 𝐿𝑟 denotes the path loss 

in [79] as: 

         𝐿𝑅 = 𝑚𝜅𝑟𝑅
−𝛿𝑅 ,  (5.31) 

where 𝑚𝜅 denotes the reference path loss per metre, 𝑟𝑅  denotes the distance in metres from the H-RIS 

to the receiver, and 𝛿𝑅 > 1 denotes the path loss exponent.  

The fading coefficients may be expressed as 𝒈 = [𝒈𝑎  𝒈𝑝]𝑇, where 𝒈𝑎 ∈ ℂ1×𝑁𝑎  denotes the fading 

vector associated with active elements, and 𝒈𝑝 ∈ ℂ1×𝑁𝑝 denotes the fading vector associated with 

passive elements.  

The noise present is comprised of static and dynamic noise. The static noise is expressed as 

𝑛𝑠𝑡𝑐~𝐶𝑁(0,𝜎𝑠𝑡𝑐
2 ), and the dynamic noise is denoted by 𝑛𝑑𝑦𝑛 = 𝛼 ∑ 𝑔𝑘

𝑎𝑒𝑗𝜃𝑘  𝑤𝑘
𝑁𝑎
𝑘=1 , where 𝑤𝑘  is the 𝑘-

th element of 𝒘 ∈ ℂ1×𝑁𝑎~𝐶𝑁(0, 𝑰𝑁𝑎𝜎𝑑𝑦𝑛
2 ) representing the dynamic noise vector [79].  

Based on this, the received signal of the HRM AP scheme can be written for a given transmit power 

𝑃𝑡𝑥  as: 

 

𝑟 = √𝑃𝑡𝑥 (𝛼∑𝑔𝑘
𝑎𝑒𝑗𝜃𝑘

𝑎

𝑁𝑎

𝑘=1

+ ∑ 𝑔𝑘
𝑝
𝑒𝑗𝜃𝑘

𝑝

𝑁

𝑘=𝑁𝑎+1

)𝑥𝑞 + 𝑛𝑡 , 

 

 

 (5.32) 

where 𝑛𝑡 = 𝑛𝑑𝑦𝑛 + 𝑛𝑠𝑡𝑐 .  

 

Based on (5.32), the maximum instantaneous received SNR, given symbol 𝑥𝑞 , is computed as [79]: 

 

 

max
𝛼,𝜃

 𝜌 =
𝐸 [|√𝑃𝑡𝑥 (𝛼 ∑ 𝑔𝑘

𝑎𝑒𝑗𝜃𝑘
𝑎𝑁𝑎

𝑘=1 +∑ 𝑔𝑘
𝑝
𝑒𝑗𝜃𝑘

𝑝
𝑁
𝑘=𝑁𝑎+1

)𝑥𝑞 |
2
]

𝐸[|𝑛𝑡|
2]

 

 

= 𝑃𝑡𝑥 |𝑥𝑞|
2 |𝛼 ∑ 𝑔𝑘

𝑎𝑒𝑗𝜃𝑘
𝑎𝑁𝑎

𝑘=1 + ∑ 𝑔𝑘
𝑝
𝑒𝑗𝜃𝑘

𝑝
𝑁
𝑘=𝑁𝑎+1

|
2

𝛼2|∑ 𝑔𝑘
𝑎𝑒𝑗𝜃𝑘

𝑎
 

𝑁𝑎
𝑘=1

|
2
𝜎𝑑𝑦𝑛
2 + 𝜎𝑠𝑡𝑐

2
, 

 

Such that: Ρ𝑎  ≥ 𝛼2 (Ρ𝑡𝑥 |∑ 𝑒𝑗𝜃𝑘
𝑎𝑁𝑎

𝑘=1
|
2
+ |∑ 𝑒𝑗𝜃𝑘

𝑎𝑁𝑎
𝑘=1

|
2
𝜎𝑑𝑦𝑛
2 ), 

 

 

 

 

 

 

  (5.33) 

 

 

  (5.34) 

where Ρ𝑎  is the maximum reflection power constraint.  

Considering 𝒈𝑎  and 𝒈𝑝  in polar form as 𝑔𝑘
𝑎(𝑝)

= |𝑔𝑘
𝑎(𝑝)| 𝑒𝑗 ξ𝑘

𝑎(𝑝)

 , and optimising the corresponding 

phase shifts as θ𝑘
𝑎(𝑝)

= − (𝜉𝑘
𝑎(𝑝)), (5.32) may be simplified by noticing that the channel phases are 

completely eliminated after phase shifting the reflective elements, and the channel gain is written as the 

HRM symbol given by: 
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 𝐻ℓ𝑎 = 𝛼∑|𝑔𝑘
𝑎|

𝑁𝑎

𝑘=1

+ ∑ |𝑔𝑘
𝑝
|

𝑁

𝑘=𝑁𝑎+1

. 

 

 (5.35) 

The total noise 𝑛𝑡  may be written as: 

 

  𝑛𝑡 = 𝛼∑|𝑔𝑘
𝑎 |𝑤𝑘

𝑁𝑎

𝑘=1

+ 𝑛𝑠𝑡𝑐 , 

 

    (5.36) 

which is approximated using the CLT as 𝑛~𝐶𝑁(0, ΝΥ
2), where ΝΥ

2  ≈ 𝛼2𝑁𝑎𝐿𝑅𝜎𝑑𝑦𝑛
2 + 𝜎𝑠𝑡𝑐

2  [79]. 

 

The simplified receive signal in (5.32) is now written as: 

      𝑟 = √𝑃𝑡𝑥𝐻ℓ𝑎𝑥𝑞 + 𝑛, 
   (5.37) 

where the ML detector for (5.37) is written, assuming full channel knowledge, as: 

 

 [𝑥𝑞̂ , ℓ̂𝑎] = argmin
𝑞∈[1:𝑀] ,ℓ𝑎∈[0:𝐺−1]

 |𝑟 − √Ρ𝑡𝑥𝐻ℓ𝑎𝑥𝑞|
2
. (5.38) 

 

 

5.3.2 Performance Analysis of HRM AP scheme 
 

 

In the ABEP formulation of the HRM scheme, the approach in (5.13) is employed according to [14] as:  

 

        𝑃𝑒 ≥ 𝑃𝑠 +𝑃ℓ𝑎 − 𝑃𝑠𝑃ℓ𝑎 ,  (5.39) 

where 𝑃𝑒  is the ABEP, 𝑃𝑠  denotes the probability of 𝑀-PSK symbol error and 𝑃𝑙𝑎 denotes the probability 

of HRM index error, as mentioned earlier. Similarly to the HRM non-AP scheme, this method is used 

to reduce the complexity of the analysis. First, 𝑃𝑠  is formulated, assuming that and 𝑥𝑞 is estimated 

erroneously as 𝑥𝑞 given that ℓ𝑎  is estimated perfectly. Next, 𝑃ℓ𝑎  is formulated, assuming that ℓ𝑎  is 

estimated erroneously as ℓ̂𝑎  given that 𝑥𝑞 is estimated perfectly. Based on 𝑃𝑠  and 𝑃ℓ𝑎, 𝑃𝑒  is evaluated 

using (5.39), yielding a tight fit for medium-to-high 𝑃𝑡𝑥 . 

 

5.3.2.1 Calculation of 𝑃𝑠  
 

The union-bound for 𝑃𝑠  is given by: 

 

 

             𝑃𝑠 ≤ ∑ ∑∑
𝑃(𝑥𝑞,𝑙𝑎 → 𝑥𝑞̂ ,𝑙𝑎)𝑁(𝑥𝑞,𝑙𝑎 , 𝑥𝑞,𝑙𝑎)

𝐺𝑀𝜂
,

𝑀

𝑞=1

𝑀

𝑞=1

𝐺−1

ℓ𝑎=0

 

 

 

(5.40) 

where 𝑃(𝑥𝑞,𝑙𝑎 → 𝑥𝑞,𝑙𝑎) is the PEP, and 𝑁(𝑥𝑞,𝑙𝑎 ,𝑥𝑞,𝑙𝑎) is the number of bit errors between 𝑥𝑞 and 𝑥𝑞̂.  

 

The CPEP is given as: 

 

 𝑃(𝑥𝑞,𝑙𝑎 → 𝑥𝑞̂ ,𝑙𝑎|𝐻ℓ𝑎 , ℓ𝑎) = 𝑃 (|𝑟 − √𝑃𝑡𝑥𝐻ℓ𝑎𝑥𝑞|
2
> |𝑟 − √𝑃𝑡𝑥𝐻ℓ𝑎𝑥𝑞̂ |

2
),  

which can be simplified as: 

 

(5.41) 
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             𝑃(𝑥𝑞,𝑙𝑎 → 𝑥𝑞,𝑙𝑎|𝐻ℓ𝑎 ,ℓ𝑎) = 𝑄

(

 
 √

𝑃𝑡𝑥 |𝐻ℓ𝑎|
2
|𝑥𝑞 − 𝑥𝑞 |

2

2𝑁Υ
2

)

 
 
. 

 

 

   (5.42) 

The full derivation of (5.42) may be found in Appendix F.  

 

The expression in (5.42) can be evaluated by employing (5.17). 

 

Noting that |𝑥𝑞|
2
= 1 for 𝑀-PSK symbols, the instantaneous received SNR is rewritten based on (5.37) 

as:  

 
𝜌 =

𝑃𝑡𝑥

𝑁Υ
2
|𝑥𝑞 |

2
|𝐻ℓ𝑎|

2
=
𝑃𝑡𝑥

𝑁Υ
2
|𝐻ℓ𝑎|

2
=
𝑃𝑡𝑥

𝑁Υ
2 𝜖

2 , 
  

  

where 𝜖 is a Gaussian RV with mean 𝜇𝜖 = 𝐸[|𝑔𝑘 | ] = √𝐿𝑅√
𝜋

4
   and variance 𝜎𝜖

2 = 𝑉𝑎𝑟(|𝑔𝑘 |) =

𝐿𝑅 (1 −
𝜋

4
).  

 

Hence, the statistics of 𝜖 are: 

 

                     𝜇𝜖 = √
𝐿𝑟𝜋

4
(𝛼𝑁𝑎 + 𝑁 − 𝑁𝑎), 

 

 (5.44.1) 

                     𝜎𝜖
2 = 𝐿𝑟 (1 −

𝜋

4
) (𝛼2𝑁𝑎 + 𝑁 − 𝑁𝑎), 

 (5.44.2) 

 

the full derivation of which may be found in Appendix F. It is observed that 𝜌 is a non-central chi-

squared RV with one degree-of-freedom, with the MGF given by [15]: 

 

 

     Μ𝜌(𝑠) =

exp (
𝜇𝜖
2𝑠

1 − 2𝜎𝜖
2𝑠
)

√1 − 2𝜎𝜖
2𝑠

. 

 

 

 (5.45) 

Finally, 𝑃(𝑥𝑞 → 𝑥𝑞) is written as: 

 

 

              𝑃(𝑥𝑞 → 𝑥𝑞) ≅
1

12
Μ𝜌 (−

𝑃𝑡𝑥 |𝑥𝑞 − 𝑥𝑞̂|
2

4𝑁Υ
2 )+

1

4
Μ𝜌 (−

𝑃𝑡𝑥 |𝑥𝑞 − 𝑥𝑞 |
2

3𝑁Υ
2 ). 

 

 (5.46) 

   

5.3.2.2 Calculation of 𝑃ℓ𝑎 
 

The union-bound for 𝑃ℓ𝑎 is given by: 

 

 

𝑃ℓ𝑎 ≤ ∑ ∑ ∑
𝑃(ℓ𝑎,𝑞 → ℓ̂𝑎,𝑞)𝑁(ℓ𝑎,𝑞 , ℓ̂𝑎,𝑞)

𝐺𝑀𝜂
,

𝐺−1

ℓ̂𝑎=0

𝐺−1

ℓ𝑎=0

𝑀

𝑞=1

 

 

 

  (5.47) 

where 𝑃(ℓ𝑎 ,𝑞 → ℓ̂𝑎,𝑞) is the PEP, and 𝑁(ℓ𝑎,𝑞 , ℓ̂𝑎,𝑞) is the number of bit errors between ℓ𝑎  and ℓ̂𝑎 . 

 

The CPEP is given as: 

(5.43) 



 

70 

Internal Use 

 

 𝑃(ℓ𝑎,𝑞 → ℓ̂𝑎,𝑞 |𝐻ℓ𝑎 ,𝐻ℓ̂𝑎 , 𝑥𝑞) = 𝑃 (|𝑟 − √𝑃𝑡𝑥𝐻ℓ𝑎𝑥𝑞|
2
> |𝑟 − √𝑃𝑡𝑥𝐻ℓ̂𝑎𝑥𝑞|

2
), 

 

 (5.48) 

which can be written, noting that |𝑥𝑞|
2
= 1 for 𝑀-PSK symbols, as: 

 

𝑃(ℓ𝑎,𝑞 → ℓ̂𝑎,𝑞|𝐻ℓ𝑎 ,𝐻ℓ̂𝑎
) = 𝑄 (√

𝑃𝑡𝑥 |𝐻ℓ𝑎 − 𝐻ℓ̂𝑎
|
2

2𝑁Υ
2 ). 

 

 (5.49) 

The full derivation of (5.49) may be found in Appendix F.  

 

Equation (5.49) is further evaluated using the 𝑄-function approximation in (5.17). The statistics may be 

found by using the given statistics of |𝑔𝑘 | previously described.  

 

A RV defined as Ψ = 𝐻ℓ𝑎 − 𝐻ℓ̂𝑎 is considered, where the given statistics of |𝑔𝑘 | previously described 

are used to calculate the mean and variance of Ψ as [79]: 

 

            𝜇Ψ = √
𝐿𝑟𝜋

4
(𝛼𝜏 − 𝜏), 

 

 

(5.50.1) 

           𝜎Ψ
2 = 𝐿𝑟 (1 −

𝜋

4
) (𝛼2𝜏 + 𝜏), (5.50.2) 

where 𝜏 = 𝑁𝑎 − 𝑁̂𝑎 . The derivation of (5.50a) – (5.50b) may be found in Appendix F. 

 

Furthermore, a RV Ζ = |Ψ|2  is defined, such that Ζ follows a non-central chi-squared distribution with 

the following MGF [15]: 

 

 

ΜΖ(𝑠) =

exp (
𝜇Ψ
2 𝑠

1 − 2𝜎Ψ
2𝑠
)

√1 − 2𝜎Ψ
2 𝑠

. 

 

 

 (5.51) 

Hence, 𝑃(ℓ𝑎 → ℓ̂𝑎) is written as: 

 

 
𝑃(ℓ𝑎 → ℓ̂𝑎) ≅

1

12
ΜΖ (−

𝑃𝑡𝑥

4𝑁Υ
2
) +

1

4
ΜΖ (−

𝑃𝑡𝑥

3𝑁Υ
2
). 

 

 (5.52) 
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scheme. Overall, it may be said that the proposed schemes were able to effectively improve upon the 

EP and SE using the HRM concept and the AP configuration. 
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CHAPTER 6 
 

RECONFIGURABLE INTELLIGENT SURFACE-AIDED 

MODULATION IN RICIAN CHANNELS 
 

6.1   Introduction 
 

The developments made in 5G networks have been significant thus far, with many networks having 

already being either launched, in deployment or in development in many countries across the globe. 

Despite these developments, it has been established that no single enabling technology can address all 

of the challenges and application requirements. Hence, much of the recent research has been dedicated 

to beyond 5G, or 6G, wireless networks; and due to new use cases, trends and user requirements, it is 

clear that a drastic change in the design of future wireless communication schemes is required. 

 

One such idea that has received much attention in the research world is the concept of being able to 

control the seemingly ‘uncontrollable’ wireless propagation environment. This idea has led to the 

development of the RIS which is a surface made of man-made EM material used to intelligently reflect 

the incoming signal towards the receiver.  
 

Some existing RIS literature includes the following. In [89], it was proposed that a number of RISs 

could be grouped together on a large surface for data transmission and reception. The authors in [24, 

96, 131] focus on maximising EE and sum rate in downlink systems aided by RISs. In [91] and [92], 

performance analyses were carried out under practical impairments, with an emphasis on uplink SE and 

data rate. The authors in [48] and [49], formulated RIS-assisted wireless networks, which cover generic 

RIS-assisted schemes and RIS-based IM schemes, with the aim of improving EP and SE. The author of 

[48] then proposed the AP-based RIS scheme and also considered the effects of blind channel phases 

on the EP of the scheme. A study in [49], applied the AP configuration with RIS-SSK modulation and 

RIS-SM. The authors of [78] and [113] then applied the AP configuration in both the RIS-aided SISO 

GC modulation scheme and the 𝐾-complex symbol GC modulation scheme, which boasted significant 

EP gains.  

Rician fading in RIS-aided systems has recently emerged as a topic of interest, as the RIS provides a 

dominant LOS component in comparison to NLOS components in the propagation environment, and 

the impact of the dominant LOS component on the performance of RIS-aided systems is documented 

on in [85] and [86]. The LOS dominant component is an important characteristic of the RIS, as one of 

the advantages of implementing an RIS is that it can provide additional paths via its reflective elements 

when the LOS is weak or blocked [132]. No general closed-form of the Rician distribution exists, as it 

is expressed in terms of the MBF of the first kind. However, closed-form approximations of the Rician 

distribution for sums of RVs have been proposed in [133]. 

 

In this chapter, the EP of the RIS non-AP and AP schemes is evaluated under Rician fading channels, 

and the formulation of the ABEP of both schemes is presented assuming Rician fading. Furthermore, 

the EP of the RIS 𝑀-QAM AP system in Rician fading for a low number of reflective elements is 

investigated and formulate a closed-form approximation of the ABEP of the scheme. 

 

The contributions of this chapter are stated as follows: 

 

• The EP of the RIS non-AP and RIS AP schemes are investigated in Rician fading channels. 

• The formulation of the theoretical SEPs of the RIS non-AP and RIS AP schemes in Rician 

fading channels is presented. 
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• The EP of the RIS 𝑀-QAM AP scheme is investigated for low numbers of reflective elements 

in Rician fading channels. 

• The mathematical formulation of the ABEP of the RIS 𝑀-QAM AP is derived. 

 

This chapter is organized as follows. In Section 6.2, the system model of the RIS non-AP scheme in 

Rician fading channels is presented, and in Section 6.3, the system model of the RIS AP scheme in 

Rician fading channels is presented. In Section 6.4, the formulation of the ABEP of both schemes is 

presented. In Section 6.5, the system model of the RIS 𝑀-QAM AP scheme in Rician fading channels 

is presented, and in Section 6.6, the formulation of the ABEP of the RIS 𝑀-QAM AP scheme in Rician 

fading channels is presented. 

 

6.2   RIS non-AP system model  
 

 

Figure 6.2.1: Diagram illustrating the system model of the RIS-aided non-AP scheme 

 

Consider Figure 6.2.1. The 𝑁-element RIS is positioned inside the wireless channel, where it acts as an 

intelligent reflector of the incoming signal from the transmitter.  

As described in Chapter 2, information bits of length log2(𝑀) bits are mapped onto an 𝑀-QAM or 𝑀-

PSK symbol denoted by 𝑠𝑞 , where 𝑞 ∈ [1:𝑀] , and where 𝑀 is the size of the QAM or PSK 

constellation. The symbol 𝑠𝑞  is then transmitted towards the RIS, where the signal is intelligently 

reflected towards the receiver. 

The Rician fading channel vectors are denoted by 𝒉 and 𝒈, where 𝒉, 𝒈 ∈ ℂ1×𝑁~𝐶𝑁(0, 1). The fading 

vector 𝒉 occurs in the Tx-RIS path, and 𝒈 occurs in the RIS-Rx path. The AWGN present in the channel 

is denoted by 𝑛~𝐶𝑁(0, 1). 

It is worth noting that a Rician fading sample is computed as [134]: 
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     ℎ = (𝑡2𝑋1 + 𝑡1)+ 𝑗(𝑡2𝑋2 + 𝑡1),   (6.1) 

where 𝑡1 = √
𝐾

2(𝐾+1)
, 𝑡2 = √

1

2(𝐾+1)
, 𝐾 denotes the Rician 𝐾-factor, and 𝑋1 and 𝑋2 are RVs taken from 

the standard normal distribution 𝑁(0, 1). It is important to note that a Rayleigh fading sample is 

obtained from (6.1) for 𝐾 = 0. 

Hence, for a given SNR denoted by 𝜌, the receive signal can be written as [48]: 

 𝑦 = √𝜌Α𝑠𝑞 + 𝑛, (6.2) 

where Α =  ∑ ℎ𝑘𝑔𝑘𝑒
𝑗𝜃𝑘𝑁

𝑘=1 . The phases 𝜃𝑘  denotes the optimized phase shift of the 𝑘-th reflective 

element such that the SNR is maximized. The phase shift of each reflective element man be optimized 

by rewriting the fading vectors in polar form as ℎ𝑘 = 𝛼𝑘𝑒
𝑗𝜙𝑘  and 𝑔𝑘 = 𝛽𝑘𝑒

𝑗𝜑𝑘 , thereby optimizing the 

𝑘-th phase shift as 𝜃𝑘 = −(𝜙𝑘 + 𝜑𝑘). By doing so, the phase shifts may be completely eliminated, and 

the resultant channel is rewritten as Α = ∑ 𝛼𝑘𝛽𝑘
𝑁
𝑘=1 .  

The ML detector for (6.2) is given, assuming full channel knowledge, as:  

      𝑠̂𝑞 = argmin
𝑞∈[1:𝑀]

|𝑦 − √𝜌Α𝑠𝑞 |
2
.  

 

6.3   RIS AP system model  
 

 

Figure 6.3.1: Diagram illustrating the system model of the RIS-aided AP scheme 

 

Consider Figure 6.3.1. As described previously in Chapter 2, the RIS is positioned close to the 

transmitter in the RIS AP scheme, creating an innovative scheme in which the RIS virtually transmits 

the wireless signal.  

Notably in this scheme, only 𝒈 is present, defined in the previous subsection, and AWGN denoted by 

𝑛~𝐶𝑁(0,1). 

(6.3) 
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The RIS AP scheme considers the transmission of an unmodulated carrier. Hence, the receive signal 

may be written as [48]: 

 

        𝑦 = √𝜌 (∑𝑔𝑘𝑒
𝑗𝜃𝑘

𝑁

𝑘=1

) + 𝑛. 
 

(6.4) 

The phase adjustment 𝜃𝑘  is computed by the selection of a common additional phase term given by 

𝜈𝑚 , 𝑚 ∈ [1:𝑀] according to input bits of log2(𝑀) bits per interval [48]. Therefore, the reflector 

elements are adjusted as 𝜃𝑘 = −(𝜑𝑘 + 𝑣𝑚). 

Therefore, the receive signal in (6.4) can be simplified as follows [48]: 

 

     𝑦 = √𝜌 (∑𝛽𝑘

𝑁

𝑘=1

)𝑒𝑗𝜈𝑚 + 𝑛 = √𝜌B𝑠𝑚 + 𝑛, 
 

 (6.5) 

where 𝑠𝑚  is a virtual 𝑀-PSK symbol, where 𝑀 is the size of the PSK constellation. In other words, the 

model of the scheme simplifies to the transmission of an 𝑀-PSK symbol according to input bits of 

log2(𝑀) bits in length through a fading channel given by B = ∑ 𝛽𝑘
𝑁
𝑘=1 . 

The ML detector is given, assuming full channel knowledge, as: 

         𝑠̂𝑚 = argmin
𝑚∈[1:𝑀]

|𝑦 − √𝜌B𝑠𝑚 |
2
.   

 

6.4   Performance Analysis of RIS-aided schemes  
 

 

The instantaneous received SNR of the RIS non-AP and RIS AP schemes, for their respective settings, 

is given as: 

 𝛾𝑛𝐴𝑃 = 𝜌Α2 , (6.7.1) 

 𝛾𝐴𝑃 = 𝜌B2 . (6.7.2) 

An arbitrary Rician RV denoted by 𝑌 has the following mean, second moment and variance, 

respectively, as [15]: 

 

 
𝜇 = 𝐸[𝑌] = 𝜎√

𝜋

2
[(1+ 𝐾)𝐼0 (

𝐾

2
)+ 𝐾𝐼1 (

𝐾

2
)] 𝑒−

𝐾
2 , 

 

 

  (6.8.1) 

   ℳ2 = 𝐸[𝑌2] = (1 + 𝐾)2𝜎2,   (6.8.2) 

    𝑉𝑎𝑟(𝑌) = ℳ2 − 𝜇
2 ,   (6.8.3) 

where, for our analyses based on (6.1),  𝜎 = 𝑡2 = √
1

2(𝐾+1)
. 

 

It is also worth noting that the MBF of the first kind is written as [15]: 

 

 

   𝐼𝑧(𝑟) =  ∑
(
𝑟
2
)
2𝑘+𝑧

(𝑘!)Γ(𝑘 + 𝑧 + 1)

∞

𝑘=0

,     𝑟 ≥ 0, 

 

  (6.9) 

 

where 𝑧 represents an arbitrary order of the MBF. Of particular importance in the SEP analyses is the 

(6.6) 
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zero and first order of the MBF, which are written as [15]: 

 

 
            𝐼0(𝑟) = ∑ (

𝑟𝑘

𝑘! 2𝑘
)

2∞

𝑘=0

, 
 

         (6.10) 

 

            𝐼1(𝑟) = ∑
(
𝑟
2
)
2𝑘+1

(𝑘!)Γ(𝑘 + 2)

∞

𝑘=0

. 

 

         (6.11) 

 

Some important results to note is 𝐼0(0) = 1 and 𝐼1(0) = 0. Hence for 𝐾 = 0, the statistics in (6.8.1) – 

(6.8.3) is equivalent to those of Rayleigh statistics. 

 

6.4.1 SEP of RIS non-AP scheme 
 

In the non-AP scheme, the channel magnitudes 𝛼𝑘 and 𝛽𝑘 are i.i.d Rician RVs, each with means and 

variances given by (6.8.1) – (6.8.3). The mean and variance of Α may then be computed by applying 

the CLT by assuming high values of 𝑁. 

Hence, the statistics of Α may be computed as: 

 

𝜇Α = 𝐸[Α] = 𝐸 [∑ 𝛼𝑘𝛽𝑘

𝑁

𝑘=1

] ≅ 𝑁𝐸[𝛼𝑘 ]𝐸[𝛽𝑘 ], 
 

 (6.12.1) 

 

𝑉𝑎𝑟(Α) = 𝑉𝑎𝑟 (∑𝛼𝑘𝛽𝑘

𝑁

𝑘=1

) ≅ 𝑁𝑉𝑎𝑟(𝛼𝑘𝛽𝑘) = 𝑁(𝐸[𝛼𝑘
2]𝐸[𝛽𝑘

2]− (𝐸[𝛼𝑘 ])
2(𝐸[𝛽𝑘 ])

2). 
 

 (6.12.2) 

Based on the above, the final mean and variance of Α are computed as: 

                      𝜇Α = 𝐸[Α] = 𝑁𝜇2 ,   (6.13.1) 

                                  𝜎Α
2 =   𝑉𝑎𝑟(Α) = 𝑁(ℳ2

2 − 𝜇4).   (6.13.2) 

It may be observed that 𝛾𝑛𝐴𝑃  is a non-central chi-squared RV with one degree-of-freedom with an MGF 

given as: 

 

             M𝛾𝑛𝐴𝑃
(𝑥) =

1

√1 − 2𝜌𝜎A
2𝑥

𝑒
(

𝜇A
2 𝜌𝑥

1−2𝜎A
2𝜌𝑥

)
. 

 

   (6.14) 

Hence, the SEP of the RIS non-AP scheme for 𝑀-QAM data is computed as [48]: 

 

   𝑃𝑒 =
4

𝜋
𝑏∫ M𝛾𝑛𝐴𝑃

(−
3

2(𝑀− 1) sin2 𝜒
)

𝜋
2

0

𝑑𝜒 −
4

𝜋
𝑏2 ∫ M𝛾𝑛𝐴𝑃

(−
3

2(𝑀 − 1)sin2 𝜒
)

𝜋
4

0

𝑑𝜒, 
 

   (6.15) 

where 𝑏 = (1 −
1

√𝑀
).  For 𝑀-PSK data, the SEP is formulated as [48]: 

 

𝑃𝑒 =
1

𝜋
∫ M𝛾𝑛𝐴𝑃

(−
sin2 (

𝜋
𝑀
)

sin2 𝜒
)

(𝑀−1)𝜋
𝑀

0

𝑑𝜒. 

 

  (6.16) 
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6.4.2 SEP of RIS AP scheme  
 

In the AP scheme, only the channel magnitude 𝛽𝑘 is considered, with a mean and variance given by 

(6.8.1) – (6.8.3). The mean and variance of B can be computed by applying the CLT assuming high 

values of 𝑁. 

Hence, the statistics of B may be computed as: 

 

𝜇B = 𝐸[B] = 𝐸 [∑ 𝛽𝑘

𝑁

𝑘=1

] ≅ 𝑁𝐸[𝛽𝑘 ], 
 

 (6.17.1) 

 

𝜎B
2 = 𝑉𝑎𝑟(B) = 𝑉𝑎𝑟 (∑𝛽𝑘

𝑁

𝑘=1

) ≅ 𝑁𝑉𝑎𝑟(𝛽𝑘) = 𝑁(𝐸[𝛽𝑘
2] − (𝐸[𝛽𝑘 ])

2). 
 

 (6.17.2) 

Based on the above, the final mean and variance of B can be computed as: 

                 𝜇B = 𝑁𝜇, (6.18.1) 

             𝜎B
2 =   𝑉𝑎𝑟(B) = 𝑁(ℳ2 − 𝜇

2). (6.18.2) 

Having derived these statistics, it can be observed that 𝛾𝐴𝑃  is a non-central chi-squared RV with one 

degree of freedom with an MGF as: 

 

     M𝛾𝐴𝑃
(𝑥) =

1

√1 − 2𝜌𝜎B
2𝑥

𝑒
(

𝜇B
2𝜌𝑥

1−2𝜎B
2𝜌𝑥

)
. 

 

 (6.19) 

Hence, the SEP of the RIS AP scheme is computed as [48]: 

 

          𝑃𝑒 =
1

𝜋
∫ M𝛾𝐴𝑃

(−
sin2 (

𝜋
𝑀
)

sin2 𝜒
)

(𝑀−1)𝜋
𝑀

0

𝑑𝜒. 

 

(6.20) 

 

6.5   RIS 𝑴-QAM AP scheme for low 𝑵 

6.5.1 RIS 𝑴-QAM AP system model  
 

The authors of [78], presented the ABEP analysis of the RIS 𝑀-QAM AP scheme for low numbers of 

reflective elements, assuming Rayleigh fading. They used a PDF-based approach to formulate the 

ABEP and demonstrated that the proposed ABEP matched well for a variety of 𝑁 values. 

Motivated by this, the ABEP analysis of the RIS 𝑀-QAM AP scheme for low numbers of reflective 

elements, assuming Rician fading, is presented. 

In the system model, the transmission of an 𝑀-QAM symbol denoted by 𝑥𝑞 ,𝑞 ∈ [1:𝑀]  is assumed, 

where 𝑀 is the size of the QAM constellation with 𝐸 [|𝑥𝑞|
2
] = 1. The scheme also utilizes an 𝑁-element 

RIS in the AP configuration, similar to Figure 6.3.1, under Rician fading with AWGN.  

Based on this, the receive signal is given as: 
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𝑟 = (∑ ℎ𝑘𝑒
𝑗𝜃𝑘

𝑁

𝑘=1

)𝑥𝑞 + 𝑛, 
 

 (6.21) 

where ℎ𝑘 = |ℎ𝑘 |𝑒
𝑗𝜓𝑘  represents the RV distributed as 𝐶𝑁(0, 1), with magnitude |ℎ𝑘 | and phase 𝜓𝑘 

denoting the fading channel between the 𝑘-th RIS element and the receiver, 𝜃𝑘 = −𝜓𝑘  is the 𝑘-th 

intelligent phase shift of the 𝑘-th reflective element of the RIS, and 𝑛~𝐶𝑁 (0,
1

𝜌 
) denotes the AWGN, 

where 𝜌 denotes the average SNR. 

 

6.5.2 SEP of RIS 𝑴-QAM AP scheme  
 

The CLT allows us to assume that the PDF of the sum of RVs given by Ζ = ∑ |ℎ𝑘 |
𝑁
𝑘=1  follows a 

Gaussian distribution, in other words, the CLT assumes: 

 

E[Ζ] = 𝐸 [∑|ℎ𝑘 |

𝑁

𝑘=1

] ≅ 𝑁𝐸[|ℎ𝑘 |], 
 

(6.22) 

 

𝑉𝑎𝑟(𝑍) = 𝑉𝑎𝑟 (∑|ℎ𝑘 |

𝑁

𝑘=1

) ≅ 𝑁𝑉𝑎𝑟(|ℎ𝑘 |). 
 

(6.23) 

This approach is documented in [48]. However, this approach fails when 𝑁 is considerably low, as 

already observed in previous chapters. The PDF of the sum of RVs following a Rician distribution has 

been given in [133], such that the ABEP may be formulated for low 𝑁 values.  

The ABEP of the RIS 𝑀-QAM AP scheme is given as [78]: 

 
   𝑃𝑒 = 𝜔∫ {𝑄 (√𝜉𝑥2) − 𝑎𝑄2 (√𝜉𝑥2)}

∞

0

𝑓Ζ(𝑥) 𝑑𝑥, 
 

 

where 𝜉 =
3𝑁𝜌

𝑀−1
, 𝑎 = 1 −

1

√𝑀
, 𝜔 =

4𝑎

log2(𝑀)
 and 𝑓Ζ(𝑥) is the PDF given in [133] as: 

 
      𝑓Ζ(𝑥) =

𝑥𝑁

𝑐2
2
(
𝑐1

𝑐2𝑏
)
𝑁−1

exp [−
1

2
(
𝑥2

𝑐2
2 +

𝑏2

𝑐1
2
)] 𝐼𝑁−1 (

𝑥𝑏

𝑐1𝑐2
), 

 

 (6.25) 

where 𝑏 = √
𝑁𝐾Ω

𝐾+1
, where, as defined in Chapter 1, Section 1.1.2.2, 𝐾 denotes the Rician 𝐾-factor, 𝐼𝑧(𝑟) 

denotes the MBF of the first kind given in (6.10), and 𝑐1 and 𝑐2 are constants derived using the interior-

reflective Newton method depending on the corresponding values of 𝐾 and 𝑁 given in Table 6.5.2.1 

[133]. 
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Table 6.5.2.1: Table of Coefficients for Approximation of Rician PDF [133] 

𝑁 𝐾 = 1dB 𝐾 = 3dB 𝐾 = 5dB 𝐾 = 7dB 

𝑐1 𝑐2 𝑐1 𝑐2 𝑐1 𝑐2 𝑐1 𝑐2 

2 0.5194 0.4746 0.4395 0.4131 0.3657 0.3509 0.2992 0.2914 

3 0.5411 0.4770 0.4518 0.4150 0.3726 0.3524 0.3027 0.2922 

4 0.5507 0.4772 0.4580 0.4157 0.3761 0.3530 0.3048 0.2928 

5 0.5589 0.4783 0.4621 0.4165 0.3782 0.3534 0.3058 0.2931 

6 0.5634 0.4786 0.4646 0.4168 0.3796 0.3537 0.3066 0.2933 

7 0.5675 0.4791 0.4668 0.4172 0.3806 0.3539 0.3073 0.2935 

8 0.5699 0.4793 0.4680 0.4173 0.3815 0.3541 0.3076 0.2936 

 

The well-known 𝑄-function approximations 𝑄(𝑢) ≅
1

12
𝑒
−
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2 +
1

4
𝑒
−
2𝑢2

3  and 𝑄2(𝑢) ≅
1

8
𝑒−𝑢

2
 are 

employed to rewrite (6.25) as: 
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(6.26) 

which simplifies to: 
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(6.27) 

where 𝐿 =
𝜔
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The full derivation of (6.27) may be found in Appendix G. 
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non-AP scheme may outperform the RIS AP scheme if the degree of LOS is high enough. For the RIS 

𝑀-QAM AP scheme, it was observed that the theoretical framework fits tightly with simulation results 

for low values of 𝑁. However, a weakness of the PDF derived is that it only works for specific vales of 

𝐾 and 𝑁. More work needs to be done to derive a closed form of the Rician distribution such that the 

approximated PDF may be applied for general values of 𝐾 and 𝑁.   
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7 CONCLUSION 
 

In this dissertation, RISs-aided schemes were investigated from an EP and SE perspective. The 

conventional RIS schemes were covered in both Rayleigh and Rician fading channels, and the 

mathematical frameworks of the SEPs and ABEPs of the respective schemes were derived. Simulation 

results have been provided to validate the system models and theoretical results of the RIS schemes, as 

well as evaluate the impact of the LOS component in RIS-aided systems. Then, an analysis was 

provided of the RIS-aided 𝐾CS GC modulation scheme and its ABEP, and simulation results were 

provided to validate these results. The concept of HRM was discussed, and simulation results were 

provided to justify the study of this concept with respect to EP, achievable rate and EE. Further, novel 

HRM-aided schemes were investigated to improve upon the EP and SE of conventional RIS-aided 

schemes, and their ABEP expressions derived and documented in this dissertation. Simulation results 

were provided to evaluate the improvements in EP and SE over existing schemes and validate the 

theoretical results.  

Some of the challenges/future research directions in this work are as follows. Firstly, the HRM schemes 

were investigated for high values of 𝑁. However, the investigation of the schemes for low 𝑁 is 

necessary, as deployment is theoretically easier and more practical than considering very large RISs. 

Hence, the derivation and formulation of the ABEPs of the HRM-aided schemes assuming low 𝑁 is 

required for future work. Secondly, when considering the RIS 𝑀-QAM AP scheme under Rician fading, 

it would be useful to derive a general PDF-based ABEP expression for all 𝑁 values, as the PDF used 

only considers a finite series of RVs for specific values of 𝐾. Thirdly, considering the potential of the 

RIS-aided 𝐾CS GC modulation scheme to provide significant EP gains at high SEs, it would be of 

interest to integrate the HRM concept with this scheme. It is envisioned that the computational 

complexity will be very high in this case, so a novel low complexity detection scheme may be required 

to lower the computational complexity of this scheme. 

Future work includes the following.  

1. The consideration of the RIS-aided and HRM-aided schemes in other types of fading channels, 

for example, Nakagami-m or Nakagami-q fading. 

2. The EP of the RIS schemes assuming partial CSI or absence of CSI may be investigated. 

3. In all scenarios, a perfect RIS is assumed. It is worth investigating the EP assuming an imperfect 

RIS. 

4. An investigation into the EP considering discrete phase shifts of the reflective elements of the 

RISs is an interesting research direction, where the phases of the reflective elements are 

quantised to satisfy practical hardware requirements. 

5. The exploration of multiple-antenna nodes in the documented RIS schemes. 

6. The effect of hardware impairments on the EP of RIS-aided schemes may be explored. 

The EP gains of the HRM schemes are summarized in Table 7.1. 

Table 7.1: Table summarizing EP gains of HRM schemes over conventional schemes 

EP gains of HRM schemes over conventional schemes at BER = 𝟏𝟎−𝟔 

Schemes: RIS non-AP RIS AP HRM  

4 bits/s/Hz 8 bits/s/Hz 4 bits/s/Hz 8 bits/s/Hz 4 bits/s/Hz 8 bits/s/Hz 

HRM non-AP 12dBm 12dBm − − 12dBm 57dBm 

HRM AP − − 11dBm 13dBm 72dBm 116dBm 
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The key findings of Chapter 6, the study of RIS-aided systems in Rician fading channels, are 

summarised as follows: 

1. In Figures 6.6.1 and 6.6.2, it  was observed that the RIS non-AP scheme showed greater 

improvements in EP as 𝐾 increased in comparison to the RIS AP scheme. This may suggest 

that if 𝐾 is large enough, the RIS non-AP scheme may produce the same EP as the RIS AP 

scheme. 

2. In Figure 6.6.3, it was observed that for the RIS non-AP scheme, applying the CLT 

approximation assuming high 𝑁 yielded accurate SEP results in a range of 𝑁 = {64,128, 256}, 

whereas error floors form in the range 𝑁 = {16, 32}. For the RIS AP scheme, this was accurate 

for 𝑁 = {32, 64, 128,256}, and a very small error floor was present at 𝑁 = 16. This 

demonstrated the CLT approximation is far more accurate for the RIS AP scheme than the RIS 

non-AP scheme. 

3. In Figures 6.6.5 – 6.6.8, it was observed that the PDF approximation given in [133] proved to 

be accurate for low values of 𝑁 in comparison to the CLT method for 𝑁 = {2, 4, 8}, 𝑀 =

{4, 16, 64} and 𝐾 = {1, 3,5,7} dB. However, a limitation observed in the PDF is that it was 

only accurate for particular values of 𝑁 and 𝐾. More work would need to be done to derive a 

closed-form Rician distribution to generate accurate results for arbitrary 𝑁 and 𝐾 values. 

4. In Figure 6.6.9, it was observed that the CLT approximation was viable for 𝑁 ≥ 13. Therefore, 

it may be useful if the work performed in [133] may be extended to approximate the Rician 

PDF for 𝑁 = [9:12], as the PDF in [133] has only been derived for 𝑁 = [2: 8] as shown in 

Table 6.5.2.1. 

5. Considering the observations made in Figures 6.6.1 and 6.6.2, it may be of use to investigate 

the EP of the RIS non-AP scheme in Rician fading channels assuming low 𝑁. 
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APPENDIX 

Appendix A 

 

RIS AP theory derivation 

System Model: 

 
                                              𝑟𝐴𝑃 = √

𝐸𝑠

𝑁Υ
𝛽𝑒𝑗𝜗𝑙 + 𝑛 

 

 

(A1) 

where 𝛽 =  ∑ 𝑔𝑘𝑒
𝑗𝜃𝑘𝑁

𝑘=1 . 

We assume transmitted symbol 𝑙 is erroneously detected as 𝑙. 𝑛 ~ 𝐶𝑁(0,1) 

Hence, the PEP can be expressed as: 

 

𝑃(𝑥 → 𝑥|𝛽 ) = 𝑃 (|𝑟𝐴𝑃 − √
𝐸𝑠

𝑁Υ
𝛽𝑒𝑗𝜗𝑙 |

2

>  |𝑟𝐴𝑃 − √
𝐸𝑠

𝑁Υ
𝛽𝑒𝑗𝜗𝑙|

2

). 

 

(A2) 

Substitute 𝑟𝐴𝑃 = √
𝐸𝑠

𝑁Υ
𝛽𝑒𝑗𝜗𝑙 + 𝑛. 

Then we have: 

 

𝑃(𝑥 → 𝑥|𝛽 ) = 𝑃 (|√
𝐸𝑠

𝑁Υ
𝛽𝑒𝑗𝜗𝑙 + 𝑛 −  √

𝐸𝑠

𝑁Υ
𝛽𝑒𝑗𝜗𝑙 |

2

> |√
𝐸𝑠

𝑁Υ
𝛽𝑒𝑗𝜗𝑙 + 𝑛 −  √

𝐸𝑠

𝑁Υ
𝛽𝑒𝑗𝜗𝑙 |

2

) 

= 𝑃 (|𝑛|2 > |√
𝐸𝑠

𝑁Υ
𝛽(𝑒𝑗𝜗𝑙 − 𝑒𝑗𝜗𝑙) + 𝑛|

2

).  

 

 

 

 

 

 

 

 

 

(A3) 

We employ theorem 1, which says that: 

  𝑇ℎ𝑒𝑜𝑟𝑒𝑚 1: |𝑎1 + 𝑎2|
2 = |𝑎1|

2+ |𝑎2|
2 + 2𝑅𝑒{𝑎1𝑎2

∗ }.  (A4) 

 

The proof of theorem 1 is found at the end of the derivation. 

Continue as: 
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=  𝑃(|𝑛|2 > |√
𝐸𝑠

𝑁Υ
𝛽(𝑒𝑗𝜗𝑙 − 𝑒𝑗𝜗𝑙)|

2

+ |𝑛|2

+ 2𝑅𝑒{(√
𝐸𝑠

𝑁Υ
𝛽(𝑒𝑗𝜗𝑙 − 𝑒𝑗𝜗𝑙)) (𝑛)∗})  

=  𝑃 (0 >
𝐸𝑠𝛽

2|𝑒𝑗𝜗𝑙 − 𝑒𝑗𝜗𝑙 |
2

2𝑁Υ
+ 𝑅𝑒{(√

𝐸𝑠

𝑁Υ
𝛽(𝑒𝑗𝜗𝑙 − 𝑒𝑗𝜗𝑙)) (𝑛)∗}).  

 

 

 

 

 

 

 

 

 

 

(A5) 

At this stage, we note that 
|𝑒𝑗𝜗𝑙−𝑒

𝑗𝜗
𝑙|
2

2
= 1 − cos(𝜗𝑙 − 𝜗𝑙). 

For convenience, we can write (A6) as: 

 

=  𝑃 (0 < −
𝐸𝑠

𝑁Υ
𝛽2(1− cos(𝜗𝑙 − 𝜗𝑙)) − 𝑅𝑒{(√

𝐸𝑠

𝑁Υ
𝛽(𝑒𝑗𝜗𝑙 − 𝑒𝑗𝜗𝑙)) (𝑛)∗}).  

 

 

 

(A6) 

At this point in the derivation, we can note that for a RV denoted by 𝑋~𝐶𝑁(𝜇, 𝜎2), the 𝑄-function can 

be written according to Theorem 2, which states that: 

                    𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2: 𝑃(𝑋 > 𝑐) = 𝑃 (
𝑋

√𝜎2
>

𝑐

√𝜎2
) = 𝑄 (

𝑐

√𝜎2
). 

 

(A7) 

Let 𝑅𝑒 {(√
𝐸𝑠

𝑁Υ
𝛽(𝑒𝑗𝜗𝑙 − 𝑒𝑗𝜗𝑙)) (𝑛)∗} = 𝑋 , where 𝑋~𝐶𝑁(𝜇, 𝜎2) is a RV. 

Need to find 𝜎2: 

 

𝜎2 = 𝐸[|𝑋|2] = 𝐸

[
 
 
 

|𝑅𝑒 {(√
𝐸𝑠

𝑁Υ
𝛽(𝑒𝑗𝜗𝑙 − 𝑒𝑗𝜗𝑙)) (𝑛)∗}|

2

]
 
 
 

, 

 

 

 

(A8) 

which can be continued as: 

 

𝑅𝑒

{
 

 

𝐸

[
 
 
 

|(√
𝐸𝑠

𝑁Υ
𝛽(𝑒𝑗𝜗𝑙 − 𝑒𝑗𝜗𝑙)) (𝑛)𝑇|

2

]
 
 
 

}
 

 

= 𝑅𝑒 {
𝐸𝑠

𝑁Υ
𝛽2|𝑒𝑗𝜗𝑙 − 𝑒𝑗𝜗𝑙 |

2
𝐸[|𝑛|2]}

=
𝐸𝑠𝛽

2|𝑒𝑗𝜗𝑙 − 𝑒𝑗𝜗𝑙 |
2

2𝑁Υ
=
𝐸𝑠

𝑁Υ
𝛽2(1− cos(𝜗𝑙 −𝜗𝑙)). 

 

 

 

 

 

 

         (A9) 

Therefore: 

 

= 𝑃

(

 
 
𝑅𝑒{(√

𝐸𝑠

𝑁Υ
𝛽(𝑒𝑗𝜗𝑙 − 𝑒𝑗𝜗𝑙)) (𝑛)𝑇} <

𝐸𝑠

𝑁Υ
𝛽2(1− cos(𝜗𝑙 − 𝜗𝑙))

)

 
 
. 

     

 

         (A10) 
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According to Theorem 3: 

                        𝑇ℎ𝑒𝑜𝑟𝑒𝑚 3: 𝑃(𝑋 <  −𝑎) = 𝑃(𝑋 > 𝑎). 
 

 (A11) 

Therefore, we have that (A10) is: 

 
      =  𝑃 (𝑋 >

𝐸𝑠

𝑁Υ
𝛽2(1− cos(𝜗𝑙 − 𝜗𝑙))). 

 

   

         (A12) 

Now we can use Theorem 2 in (A7) as follows: 

 

=   𝑃

(

 
𝑋

√
𝐸𝑠
𝑁Υ
𝛽2(1− cos(𝜗𝑙 −𝜗𝑙)) 

> 

𝐸𝑠
𝑁Υ
𝛽2(1− cos(𝜗𝑙 − 𝜗𝑙))

√
𝐸𝑠
𝑁Υ
𝛽2(1− cos(𝜗𝑙 − 𝜗𝑙)) )

  

= 𝑄

(

 

𝐸𝑠
𝑁Υ

𝛽2(1− cos(𝜗𝑙 − 𝜗𝑙))

√
𝐸𝑠
𝑁Υ
𝛽2(1− cos(𝜗𝑙 − 𝜗𝑙)) )

 . 

 

 

 

 

 

 

        (A13) 

Simplifying, we get: 

 
= 𝑄 (

√𝐸𝑠𝛽√(1 − cos(𝜗𝑙 − 𝜗𝑙))

√𝑁Υ
) 

= 𝑄 (√
𝐸𝑠𝛽

2(1 − cos(𝜗𝑙 − 𝜗𝑙))

𝑁Υ
). 

 

 

 

 

 

 (A14) 

The term (1 − cos(𝜗𝑙 − 𝜗𝑙)) can be minimized by assuming uniform phases of 𝜗𝑙 =
2𝜋(𝑙−1)

𝑀
, 𝑙 ∈

[1:𝑀]. 

Proof of Theorem 1: 

Given two matrices 𝑨1 and 𝑨2: 

‖𝑨1 + 𝑨2‖
2 = (𝑨1 + 𝑨2)(𝑨1 + 𝑨2)

𝐻 

= (𝑨1 + 𝑨2)(𝑨1
𝐻 + 𝑨2

𝐻 ) 

= 𝑨1𝑨1
𝐻 + 𝑨1𝑨2

𝐻 + 𝑨2𝑨1
𝐻 + 𝑨2𝑨2

𝐻 

Now 𝑨1𝑨1
𝐻 = ‖𝑨1‖

2 ,𝑨2𝑨2
𝐻 = ‖𝑨2‖

2 

= ‖𝑨1‖
2 + ‖𝑨2‖

2+ 𝑨1𝑨2
𝐻 +𝑨2𝑨1

𝐻 

We can write 𝑨2𝑨1
𝐻 as (𝑨1𝑨2

𝐻)𝐻 

= ‖𝑨1‖
2 + ‖𝑨2‖

2+ 𝑨1𝑨2
𝐻 + (𝑨1𝑨2

𝐻)𝐻 

Now 𝑨1𝑨2
𝐻 + (𝑨1𝑨2

𝐻)𝐻 = (𝑅𝑒{𝑨1𝑨2
𝐻}+ 𝑗𝐼𝑚{𝑨1𝑨2

𝐻}) + (𝑅𝑒{𝑨1𝑨2
𝐻} + 𝑗𝐼𝑚{𝑨1𝑨2

𝐻})𝐻 

= (𝑅𝑒{𝑨1𝑨2
𝐻}+ 𝑗𝐼𝑚{𝑨1𝑨2

𝐻}) + (𝑅𝑒{𝑨1𝑨2
𝐻} − 𝑗𝐼𝑚{𝑨1𝑨2

𝐻})  

= 2𝑅𝑒{𝑨1𝑨2
𝐻} 

Hence, 
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‖𝑨1 + 𝑨2‖
2 = ‖𝑨1‖

2 + ‖𝑨2‖
2+ 2𝑅𝑒{𝑨1𝑨2

𝐻} 

For scalar complex values 𝑎1  𝑎𝑛𝑑 𝑎2 , |𝑎1 + 𝑎2|
2 = |𝑎1|

2 + |𝑎2|
2 + 2𝑅𝑒{𝑎1𝑎2

∗ }   
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Appendix B 
 

Proof of Matrices 𝑯 and 𝜀𝑘  for 𝐾 ∈ {2, 4, 8}. 

Proof of 𝑯 for 𝐾 = 2: 

Assume 𝑛 = 1,𝐾 = 2, 𝑘 ∈ {1: 𝑛}, 𝑙 ∈ {1: 2𝑛−1} 

Golden Codewords: 

 𝑥1,1 =
𝛼

√5
(𝑥0,1 + 𝑥0,2𝜃), 

 

    (B1.1) 

 
𝑥1,2 =

𝛼̅

√5
(𝑥0,1 + 𝑥0,2𝜃̅). 

 

    (B1.2) 

Receive Signals: 

                       𝑟1 = 𝑡1𝑥1,1+ 𝜂1 , 

 

 (B2.1) 

                      𝑟2 = 𝑡2𝑥1,2+ 𝜂2 . 

 

 (B2.2) 

Rearranging in terms of 𝒙 = [
𝑥0,1
𝑥0,2

] and substitute (B1.1) into (B2.1) and (B1.2) into (B2.2), we get the 

following: 

 
      𝑟1 = 𝑡1 (

𝛼

√5
(𝑥0,1+ 𝑥0,2𝜃)) + 𝜂1  

  = 𝑡1
𝛼

√5
𝑥0,1 + 𝑡1

𝛼

√5
𝑥0,2𝜃 + 𝜂1 . 

 

  

 

 

(B3) 

Using a similar process for 𝑟2 , we get: 

 
            𝑟2 = 𝑡2𝑥1,2 + 𝜂2 = 𝑡2 (

𝛼̅

√5
(𝑥0,1+ 𝑥0,2𝜃̅)) + 𝜂2  

= 𝑡2
𝛼̅

√5
𝑥0,1+ 𝑡2

𝛼̅

√5
𝑥0,2𝜃̅ + 𝜂2 . 

 

 

 

 

 (B4) 

We now write in vector notation: 

 

𝒓 = [
𝑟1
𝑟2
] =

[
 
 
 𝑡1

𝛼

√5
𝑥0,1 + 𝑡1

𝛼

√5
𝑥0,2𝜃 + 𝜂1

𝑡2
𝛼̅

√5
𝑥0,1 + 𝑡2

𝛼̅

√5
𝑥0,2 𝜃̅ + 𝜂2]

 
 
 

. 

 

 

 

  (B5) 

Letting 𝜼 = [
𝜂1
𝜂2
], we get: 

 

𝒓 = [
𝑟1
𝑟2
] =

[
 
 
 𝑡1

𝛼

√5
𝑥0,1+ 𝑡1

𝛼

√5
𝑥0,2𝜃

𝑡2
𝛼̅

√5
𝑥0,1+ 𝑡2

𝛼̅

√5
𝑥0,2𝜃̅]

 
 
 

+ 𝜼. 

 

 

 

  (B6) 
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We may now decompose the matrix 𝒀 = [
𝑡1

𝛼

√5
𝑥0,1+ 𝑡1

𝛼

√5
𝑥0,2𝜃

𝑡2
𝛼̅

√5
𝑥0,1+ 𝑡2

𝛼̅

√5
𝑥0,2𝜃̅

] in terms of 𝒙 as follows: 

 

𝒀 =

[
 
 
 𝑡1

𝛼

√5
𝑥0,1 + 𝑡1

𝛼

√5
𝑥0,2𝜃

𝑡2
𝛼̅

√5
𝑥0,1 + 𝑡2

𝛼̅

√5
𝑥0,2𝜃̅]

 
 
 

 

=

[
 
 
 𝑡1

𝛼

√5

𝑡2
𝛼̅

√5]
 
 
 

𝑥0,1+

[
 
 
 𝑡1

𝛼

√5
𝜃

𝑡2
𝛼̅

√5
𝜃̅
]
 
 
 

𝑥0,2 

=

[
 
 
 𝑡1

𝛼

√5
𝑡1
𝛼

√5
𝜃

𝑡2
𝛼̅

√5
𝑡2
𝛼̅

√5
𝜃̅
]
 
 
 

𝒙, 

 

 

 

 

 

 

 

 

 

 

(B7) 

where 𝑯 = [
𝑡1

𝛼

√5
𝑡1

𝛼

√5
𝜃

𝑡2
𝛼̅

√5
𝑡2

𝛼̅

√5
𝜃̅
] =

1

√5
[
𝑡1𝛼 𝑡1𝛼𝜃

𝑡2𝛼̅ 𝑡2𝛼̅𝜃̅
]. 

ABEP matrix 

When considering the ABEP, we assume only 𝑥0,1  is detected correctly. 

Hence, we may write the receive signal as: 

 𝒓 = 𝑬𝑥0,1+ 𝜼, 

 

 (B8) 

where 𝑬 =
1

√5
[𝑡1

𝛼

√5
𝑡2

𝛼̅

√5
]
𝑇

 is the resultant matrix corresponding to symbol 𝑥0,1. 

We may now rewrite the signal as: 

 

𝒓 = [
𝑟1
𝑟2
] =

[
 
 
 𝑡1

𝛼

√5
+ 𝜂1

𝑡2
𝛼̅

√5
+ 𝜂2]

 
 
 

 

=

[
 
 
 𝑡1

𝛼

√5

𝑡2
𝛼̅

√5]
 
 
 

𝑥0,1 + [
𝜂1
𝜂2
] 

= [
𝛼

√5

𝛼̅

√5
] [
𝑡1
𝑡2
] 𝑥0,1+ [

𝜂1
𝜂2
], 

 

 

 

 

 

 

 

 

 

(B9) 

where 𝜀𝑘 for 𝐾 = 2 is defined as: 

 

 
𝜀𝑘 = [

𝛼

√5

𝛼̅

√5
] 

=
1

√5
[𝛼 𝛼̅]. 

 

   

 

 (B10) 
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Proof of 𝑯 for 𝐾 = 4: 

Assume 𝑛 = 2,𝐾 = 4, 𝑝 ∈ {1: 2}, 𝑙 ∈ {1: 2} 

Golden Codewords: 

1st Encoding:  

 𝑥1,1 =
𝛼

√5
(𝑥0,1 + 𝑥0,3𝜃),  

𝑥1,2 =
𝛼̅

√5
(𝑥0,1 + 𝑥0,3𝜃̅),  

𝑥1,3 =
𝛼

√5
(𝑥0,2 + 𝑥0,4𝜃),  

𝑥1,4 =
𝛼̅

√5
(𝑥0,2 + 𝑥0,4𝜃̅).  

 

 

 

 

 

 

 

2nd Encoding: 

 {𝑥2,1, 𝑥2,2} = {
𝛼

√5
(𝑥1,1+ 𝑥1,3𝜃),

𝛼̅

√5
(𝑥1,1 + 𝑥1,3𝜃̅) }, 

 

{𝑥2,3, 𝑥2,4} = {
𝛼

√5
(𝑥1,2+ 𝑥1,4𝜃),

𝛼̅

√5
(𝑥1,2 + 𝑥1,4𝜃̅) }. 

 

 

 

 

(B12.2) 

Receive Signals: 

    𝑟1 = 𝑡1𝑥2,1+ 𝜂1 , 

   𝑟2 = 𝑡2𝑥2,2+ 𝜂2 , 

   𝑟3 = 𝑡3𝑥2,3+ 𝜂3 , 

   𝑟4 = 𝑡4𝑥2,4 + 𝜂4 . 

 

(B13.1) 

(B13.2) 

(B13.3) 

(B13.4) 

Rearrange in terms of 𝒙 = [𝑥0,1 𝑥0,2 𝑥0,3 𝑥0,4]𝑇 and substitute (B11.1) - (B11.4) into (B12.1) - 

(B12.2), we get: 

 

𝑥2,1 =
𝛼

√5
(𝑥1,1 + 𝑥1,3𝜃) =

𝛼

√5
((

𝛼

√5
(𝑥0,1+ 𝑥0,3𝜃)) + (

𝛼

√5
(𝑥0,2 + 𝑥0,4𝜃)) 𝜃) 

=
𝛼2

5
(𝑥0,1 + 𝑥0,3𝜃)+

𝛼2

5
𝜃(𝑥0,2 + 𝑥0,4𝜃). 

 

 

 

 

 

 

Multiplying out, we get: 

 
𝑥2,1 =

𝛼2

5
𝑥0,1 +

𝛼2

5
𝜃𝑥0,3+

𝛼2

5
𝜃𝑥0,2 +

𝛼2

5
𝜃2𝑥0,4 

=
𝛼2

5
𝑥0,1+

𝛼2

5
𝜃𝑥0,2 +

𝛼2

5
𝜃𝑥0,3 +

𝛼2

5
𝜃2𝑥0,4. 

 

     

 

     

Using a similar procedure, we obtain:  

 

𝑥2,2 =
𝛼̅

√5
(𝑥1,1 + 𝑥1,3𝜃̅) =

𝛼̅

√5
((

𝛼

√5
(𝑥0,1+ 𝑥0,3𝜃))+ (

𝛼

√5
(𝑥0,2+ 𝑥0,4𝜃)) 𝜃̅) 

   

 

 

   

(B11.1) 

(B11.2) 

(B11.3) 

(B11.4) 

(B12.1) 

(B14) 

(B15) 
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=
𝛼𝛼̅

5
𝑥0,1 +

𝛼𝛼̅𝜃̅

5
𝑥0,2+

𝛼𝛼̅𝜃

5
𝑥0,3 ++

𝛼𝛼̅𝜃𝜃̅

5
𝑥0,4, 

𝑥2,3 =
𝛼

√5
(𝑥1,2 + 𝑥1,4𝜃) =

𝛼

√5
((

𝛼̅

√5
(𝑥0,1+ 𝑥0,3𝜃̅))+ (

𝛼̅

√5
(𝑥0,2+ 𝑥0,4𝜃̅)) 𝜃) 

=
𝛼𝛼̅

5
𝑥0,1+

𝛼𝛼̅𝜃

5
𝑥0,2 +

𝛼𝛼̅𝜃̅

5
𝑥0,3 +

𝛼𝛼̅𝜃𝜃̅

5
𝑥0,4, 

𝑥2,4 =
𝛼̅

√5
(𝑥1,2+ 𝑥1,4𝜃̅) =

𝛼̅

√5
((

𝛼̅

√5
(𝑥0,1 + 𝑥0,3𝜃̅), ) + (

𝛼̅

√5
(𝑥0,2+ 𝑥0,4𝜃̅)) 𝜃̅) 

=
𝛼̅2

5
𝑥0,1 +

𝛼̅2𝜃̅

5
𝑥0,2 +

𝛼̅2𝜃̅

5
𝑥0,3+

𝛼̅2𝜃̅2

5
𝑥0,4 . 

 

  

 

 

 

 

  (B17) 

 

 

 

 

  (B18) 

Substituting these results into the receive signals, we get: 

 
𝑟1 = 𝑡1𝑥2,1 + 𝜂1 = 𝑡1 (

𝛼2

5
𝑥0,1 +

𝛼2

5
𝜃𝑥0,2+

𝛼2

5
𝜃𝑥0,3 +

𝛼2

5
𝜃2𝑥0,4) + 𝜂1 , 

 

𝑟2 = 𝑡2𝑥2,2 + 𝜂2 = 𝑡2 (
𝛼𝛼̅

5
𝑥0,1+

𝛼𝛼̅𝜃̅

5
𝑥0,2 +

𝛼𝛼̅𝜃

5
𝑥0,3 + +

𝛼𝛼̅𝜃𝜃̅

5
𝑥0,4)+ 𝜂2 , 

 

𝑟3 = 𝑡3𝑥2,3+ 𝜂3 = 𝑡3 (
𝛼𝛼̅

5
𝑥0,1 +

𝛼𝛼̅𝜃

5
𝑥0,2 +

𝛼𝛼̅𝜃̅

5
𝑥0,3+

𝛼𝛼̅𝜃𝜃̅

5
𝑥0,4)+ 𝜂3 , 

 

𝑟4 = 𝑡4𝑥2,4+ 𝜂4 = 𝑡4 (
𝛼̅2

5
𝑥0,1 +

𝛼̅2𝜃̅

5
𝑥0,2 +

𝛼̅2𝜃̅

5
𝑥0,3+

𝛼̅2𝜃̅2

5
𝑥0,4)+ 𝜂4 . 

 

 

 

      

Multiplying out, we get:  

 
𝑟1 = 𝑡1

𝛼2

5
𝑥0,1 + 𝑡1

𝛼2

5
𝜃𝑥0,2 + 𝑡1

𝛼2

5
𝜃𝑥0,3+ 𝑡1

𝛼2

5
𝜃2𝑥0,4 + 𝜂1 , 

𝑟2 = 𝑡2
𝛼𝛼̅

5
𝑥0,1 + 𝑡2

𝛼𝛼̅𝜃̅

5
𝑥0,2 + 𝑡2

𝛼𝛼̅𝜃

5
𝑥0,3+ 𝑡2

𝛼𝛼̅𝜃𝜃̅

5
𝑥0,4+ 𝜂2 , 

𝑟3 = 𝑡3
𝛼𝛼̅

5
𝑥0,1 + 𝑡3

𝛼𝛼̅𝜃

5
𝑥0,2 + 𝑡3

𝛼𝛼̅𝜃̅

5
𝑥0,3+ 𝑡3

𝛼𝛼̅𝜃𝜃̅

5
𝑥0,4+ 𝜂3 , 

𝑟4 = 𝑡4
𝛼̅2

5
𝑥0,1+ 𝑡4

𝛼̅2𝜃̅

5
𝑥0,2+ 𝑡4

𝛼̅2𝜃̅

5
𝑥0,3+ 𝑡4

𝛼̅2𝜃̅2

5
𝑥0,4+ 𝜂4 . 

 

 

 

Let 𝒓 = [𝑟1 𝑟2 𝑟3 𝑟4]𝑇, 𝜼 = [𝜂1 𝜂2 𝜂3 𝜂4 ]𝑇 and 𝒙 = [𝑥0,1 𝑥0,2 𝑥0,3 𝑥0,4]𝑇, we may 

rewrite the receive signals to obtain: 

 

𝒓 =

[
 
 
 
 
 
 
 
 𝑡1

𝛼2

5
𝑡1
𝛼2

5
𝜃 𝑡1

𝛼2

5
𝜃 𝑡1

𝛼2

5
𝜃2

𝑡2
𝛼𝛼̅

5
𝑡2
𝛼𝛼̅𝜃̅

5
𝑡2
𝛼𝛼̅𝜃

5
𝑡2
𝛼𝛼̅𝜃𝜃̅

5

𝑡3
𝛼𝛼̅

5
𝑡3
𝛼𝛼̅𝜃

5
𝑡3
𝛼𝛼̅𝜃̅

5
𝑡3
𝛼𝛼̅𝜃𝜃̅

5

𝑡4
𝛼̅2

5
𝑡4
𝛼̅2𝜃̅

5
𝑡4
𝛼̅2𝜃̅

5
𝑡4
𝛼̅2𝜃̅2

5 ]
 
 
 
 
 
 
 
 

𝒙 + 𝜼, 

 

 

 

 

 

(B21) 

 

(B16) 

(B19.1) 

(B19.2) 

(B19.3) 

(B19.4) 

(B20.1) 

(B20.2) 

(B20.3) 

(B20.4) 
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where: 

 

𝑯 =

[
 
 
 
 
 
 
 
 𝑡1

𝛼2

5
𝑡1
𝛼2

5
𝜃 𝑡1

𝛼2

5
𝜃 𝑡1

𝛼2

5
𝜃2

𝑡2
𝛼𝛼̅

5
𝑡2
𝛼𝛼̅𝜃̅

5
𝑡2
𝛼𝛼̅𝜃

5
𝑡2
𝛼𝛼̅𝜃𝜃̅

5

𝑡3
𝛼𝛼̅

5
𝑡3
𝛼𝛼̅𝜃

5
𝑡3
𝛼𝛼̅𝜃̅

5
𝑡3
𝛼𝛼̅𝜃𝜃̅

5

𝑡4
𝛼̅2

5
𝑡4
𝛼̅2 𝜃̅

5
𝑡4
𝛼̅2𝜃̅

5
𝑡4
𝛼̅2𝜃̅2

5 ]
 
 
 
 
 
 
 
 

=
1

5

[
 
 
 
 
𝑡1𝛼

2 𝑡1𝛼
2𝜃 𝑡1𝛼

2𝜃 𝑡1𝛼
2𝜃2

𝑡2𝛼𝛼̅ 𝑡2𝛼𝛼̅𝜃̅ 𝑡2𝛼𝛼̅𝜃 𝑡2𝛼𝛼̅𝜃𝜃̅

𝑡3𝛼𝛼̅ 𝑡3𝛼𝛼̅𝜃 𝑡3𝛼𝛼̅𝜃̅ 𝑡3𝛼𝛼̅𝜃𝜃̅

𝑡4𝛼̅
2 𝑡4𝛼̅

2𝜃̅ 𝑡4𝛼̅
2𝜃̅ 𝑡4𝛼̅

2𝜃̅2 ]
 
 
 
 

. 

 

 

 

 

 

(B22) 

Hence: 

 

𝑯 =
1

5

[
 
 
 
 
𝑡1𝛼

2 𝑡1𝛼
2𝜃 𝑡1𝛼

2𝜃 𝑡1𝛼
2𝜃2

𝑡2𝛼𝛼̅ 𝑡2𝛼𝛼̅𝜃̅ 𝑡2𝛼𝛼̅𝜃 𝑡2𝛼𝛼̅𝜃𝜃̅

𝑡3𝛼𝛼̅ 𝑡3𝛼𝛼̅𝜃 𝑡3𝛼𝛼̅𝜃̅ 𝑡3𝛼𝛼̅𝜃𝜃̅

𝑡4𝛼̅
2 𝑡4𝛼̅

2𝜃̅ 𝑡4𝛼̅
2 𝜃̅ 𝑡4𝛼̅

2𝜃̅2 ]
 
 
 
 

, for 𝐾 = 4. 

 

  

 

 (B23) 

ABEP matrix for 𝑲 = 𝟒: 

Assume only 𝑥0,1 detected correctly. 

Hence, only consider 1st column of 𝑯. 

Hence, given for 𝐾 = 4: 

 𝒓 = 𝑬𝑥0,1 +𝜼, 

 

 (B24) 

where 𝑬 is the vector 𝑬 =
1

5
[𝑡1𝛼

2 𝑡2𝛼𝛼̅ 𝑡3𝛼𝛼̅ 𝑡4𝛼̅
2]𝑇 . 

We may the rewrite the receive signal as:  

 

𝒓 =
1

5
[
 
 
 
𝑡1𝛼

2

𝑡2𝛼𝛼̅
𝑡3𝛼𝛼̅

𝑡4𝛼̅
2 ]
 
 
 

𝑥0,1+ 𝜼 

=
1

5
[𝛼2 𝛼𝛼̅ 𝛼𝛼̅ 𝛼̅2] [

𝑡1
𝑡2
𝑡3
𝑡4

]𝑥0,1 +𝜼, 

 

   

 

 

 

 

  (B25) 

where 𝜀𝑘 for 𝐾 = 4 is defined as: 

 
𝜀𝑘 =

1

5
[𝛼2 𝛼𝛼̅ 𝛼𝛼̅ 𝛼̅2]. 

 

   

 

Proof of 𝑯 for 𝐾 = 8: 

Assume 𝑛 = 3,𝐾 = 8, 𝑝 ∈ {1: 3}, 𝑙 ∈ {1: 4} 

1st encoding:  

 
{𝑥1,1 , 𝑥1,2} = {

𝛼

√5
(𝑥0,1 + 𝑥0,5𝜃),

𝛼̅

√5
(𝑥0,1 + 𝑥0,5𝜃̅)},  

       

 

 

(B26) 

(B27.1) 
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{𝑥1,3 , 𝑥1,4} = {
𝛼

√5
(𝑥0,2 + 𝑥0,6𝜃),

𝛼̅

√5
(𝑥0,2 + 𝑥0,6𝜃̅)},  

{𝑥1,5 , 𝑥1,6} = {
𝛼

√5
(𝑥0,3 + 𝑥0,7𝜃),

𝛼̅

√5
(𝑥0,3 + 𝑥0,7𝜃̅)},  

{𝑥1,7 , 𝑥1,8} = {
𝛼

√5
(𝑥0,4 + 𝑥0,8𝜃),

𝛼̅

√5
(𝑥0,4 + 𝑥0,8𝜃̅)}. 

 

 

 

2nd encoding:  

 
{𝑥2,1, 𝑥2,2} = {

𝛼

√5
(𝑥1,1+ 𝑥1,5𝜃),

𝛼̅

√5
(𝑥1,1 + 𝑥1,5𝜃̅)},  

{𝑥2,3, 𝑥2,4} = {
𝛼

√5
(𝑥1,2+ 𝑥1,6𝜃),

𝛼̅

√5
(𝑥1,2 + 𝑥1,6𝜃̅)},  

{𝑥2,5, 𝑥2,6} = {
𝛼

√5
(𝑥1,3+ 𝑥1,7𝜃),

𝛼̅

√5
(𝑥1,3 + 𝑥1,7𝜃̅)},  

{𝑥2,7, 𝑥2,8} = {
𝛼

√5
(𝑥1,4+ 𝑥1,8𝜃),

𝛼̅

√5
(𝑥1,4 + 𝑥1,8𝜃̅)}.  

 

      

3rd encoding:  

 
{𝑥3,1 , 𝑥3,2} = {

𝛼

√5
(𝑥2,1+ 𝑥2,5𝜃),

𝛼̅

√5
(𝑥2,1+ 𝑥2,5𝜃̅) }, 

{𝑥3,3 , 𝑥3,4} = {
𝛼

√5
(𝑥2,2+ 𝑥2,6𝜃),

𝛼̅

√5
(𝑥2,2+ 𝑥2,6𝜃̅) }, 

{𝑥3,5 , 𝑥3,6} = {
𝛼

√5
(𝑥2,3+ 𝑥2,7𝜃),

𝛼̅

√5
(𝑥2,3+ 𝑥2,7𝜃̅) }, 

{𝑥3,7 , 𝑥3,8} = {
𝛼

√5
(𝑥2,4+ 𝑥2,8𝜃),

𝛼̅

√5
(𝑥2,4+ 𝑥2,8𝜃̅) }. 

 

  

 

Receive Signals:  

      𝒓 = 𝒕𝒙3 + 𝜼, 
 

        (B30) 

 

where 𝒓 = [𝑟1 𝑟2 𝑟3 𝑟4 𝑟5 𝑟6 𝑟7 𝑟8]𝑇, 𝒕 = [𝑡1 𝑡2 𝑡3 𝑡4 𝑡5 𝑡6 𝑡7 𝑡8]𝑇, 𝒙3 =
[𝑥3,1 𝑥3,2 𝑥3,3 𝑥3,4 𝑥3,5 𝑥3,6 𝑥3,7 𝑥3,8]𝑇 and 𝜼 = [𝜂1 𝜂2 𝜂3 𝜂4 𝜂5 𝜂6 𝜂7 𝜂8]𝑇. 

Back substitute all encoded GCs into the 𝑘-th receive signal. 

For 1st receive signal: 

 𝑟1 = 𝑡1𝑥3,1+ 𝜂1  

= 𝑡1 (
𝛼

√5
(𝑥2,1 + 𝑥2,5𝜃))+ 𝜂1  

= 𝑡1(
𝛼

√5
((

𝛼

√5
(𝑥1,1 + 𝑥1,5𝜃))+ (

𝛼

√5
(𝑥1,3 + 𝑥1,7𝜃)) 𝜃)) + 𝜂1 

  

 

 

 

 

 

 

 

 

 

(B27.2) 

(B27.3) 

(B27.4) 

(B28.1) 

(B28.2) 

(B28.3) 

(B28.4) 

(B29.1) 

(B29.2) 

(B29.3) 

(B29.4) 
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= 𝑡1

(

  
 𝛼

√5

(

 
 
(
𝛼

√5
((

𝛼

√5
(𝑥0,1 + 𝑥0,5𝜃)) + (

𝛼

√5
(𝑥0,3 + 𝑥0,7𝜃))𝜃))

+(
𝛼

√5
((

𝛼

√5
(𝑥0,2 + 𝑥0,6𝜃)) + (

𝛼

√5
(𝑥0,4 + 𝑥0,8𝜃))𝜃)) 𝜃

)

 
 

)

  
 

+ 𝜂1 . 
 

 

 

 

 

  

 

 (B31) 

Multiplying out and simplifying, we get:  

 
𝑟1 = 𝑡1 (

𝛼3

5√5
𝑥0,1 +

𝛼3𝜃

5√5
𝑥0,2 +

𝛼3𝜃

5√5
𝑥0,3+

𝛼3𝜃2

5√5
𝑥0,4 +

𝛼3𝜃

5√5
𝑥0,5 +

𝛼3𝜃2

5√5
𝑥0,6

+
𝛼3𝜃2

5√5
𝑥0,7 +

𝛼3𝜃3

5√5
𝑥0,8) + 𝜂1 . 

 

 

 

 

(B32) 

Applying the same method to all the receive signals, we get the following:  

2nd receive signal:  

 𝑟2 = 𝑡2𝑥3,2 + 𝜂2  

= 𝑡2

(

  
 𝛼̅

√5

(

 
 
(
𝛼

√5
((

𝛼

√5
(𝑥0,1 + 𝑥0,5𝜃))+ (

𝛼

√5
(𝑥0,3+ 𝑥0,7𝜃))𝜃))

+ (
𝛼

√5
((

𝛼

√5
(𝑥0,2+ 𝑥0,6𝜃))

+ (
𝛼

√5
(𝑥0,4 + 𝑥0,8𝜃)) 𝜃)) 𝜃̅

)

 
 

)

  
 
+ 𝜂2  

= 𝑡2 (
𝛼2𝛼̅

5√5
𝑥0,1 +

𝛼2𝛼̅𝜃̅

5√5
𝑥0,2 +

𝛼2𝛼̅𝜃

5√5
𝑥0,3 +

𝛼2𝛼̅𝜃𝜃̅

5√5
𝑥0,4 +

𝛼2𝛼̅𝜃

5√5
𝑥0,5

+
𝛼2𝛼̅𝜃𝜃̅

5√5
𝑥0,6 +

𝛼2𝛼̅𝜃2

5√5
𝑥0,7 +

𝛼2𝛼̅𝜃2𝜃̅

5√5
𝑥0,8)+ 𝜂2 . 

 

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

         

3rd receive signal: 

 𝑟3 = 𝑡3𝑥3,3+ 𝜂3  

𝑟3 = 𝑡3 (
𝛼2𝛼̅

5√5
𝑥0,1+

𝛼2𝛼̅𝜃

5√5
𝑥0,2+

𝛼2𝛼̅𝜃̅

5√5
𝑥0,3 +

𝛼2𝛼̅𝜃𝜃̅

5√5
𝑥0,4 +

𝛼2𝛼̅𝜃

5√5
𝑥0,5

+
𝛼2𝛼̅𝜃2

5√5
𝑥0,6+

𝛼2𝛼̅𝜃𝜃̅

5√5
𝑥0,7+

𝛼2𝛼̅𝜃2𝜃̅

5√5
𝑥0,8) + 𝜂3 . 

 

 

 

 

 

  (B34) 

4th receive signal: 

(B33) 
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 𝑟4 = 𝑡4𝑥3,4 + 𝜂4  

𝑟4 = 𝑡4 (
𝛼𝛼̅2

5√5
𝑥0,1+

𝛼𝛼̅2𝜃̅

5√5
𝑥0,2+

𝛼𝛼̅2 𝜃̅

5√5
𝑥0,3 +

𝛼𝛼̅2𝜃̅2

5√5
𝑥0,4 +

𝛼𝛼̅2𝜃

5√5
𝑥0,5

+
𝛼𝛼̅2𝜃𝜃̅

5√5
𝑥0,6 +

𝛼𝛼̅2𝜃𝜃̅

5√5
𝑥0,7+

𝛼𝛼̅2𝜃𝜃̅2

5√5
𝑥0,8)+ 𝜂4 . 

 

 

 

 

 

  (B35) 

5th receive signal: 

 𝑟5 = 𝑡5𝑥3,5 + 𝜂5  

𝑟5 = 𝑡5 (
𝛼2𝛼̅

5√5
𝑥0,1 +

𝛼2𝛼̅𝜃

5√5
𝑥0,2 +

𝛼2𝛼̅𝜃

5√5
𝑥0,3 +

𝛼2𝛼̅𝜃2

5√5
𝑥0,4+

𝛼2𝛼̅𝜃̅

5√5
𝑥0,5

+
𝛼2𝛼̅𝜃𝜃̅

5√5
𝑥0,6 +

𝛼2𝛼̅𝜃𝜃̅

5√5
𝑥0,7 +

𝛼2𝛼̅𝜃2𝜃̅

5√5
𝑥0,8)+ 𝜂5 . 

 

   

 

 

 

  (B36) 

6th receive signal: 

 𝑟6 = 𝑡6𝑥3,6 + 𝜂6  

𝑟6 = 𝑡6 (
𝛼𝛼̅2

5√5
𝑥0,1 +

𝛼𝛼̅2𝜃̅

5√5
𝑥0,2 +

𝛼𝛼̅2𝜃

5√5
𝑥0,3 +

𝛼𝛼̅2𝜃𝜃̅

5√5
𝑥0,4+

𝛼𝛼̅2𝜃̅

5√5
𝑥0,5

+
𝛼𝛼̅2𝜃̅2

5√5
𝑥0,6 +

𝛼𝛼̅2𝜃𝜃̅

5√5
𝑥0,7 +

𝛼𝛼̅2𝜃𝜃̅2

5√5
𝑥0,8) + 𝜂6 . 

 

   

 

 

 

  (B37) 

7th receive signal: 

 𝑟7 = 𝑡7𝑥3,7 + 𝜂7  

𝑟7 = 𝑡7 (
𝛼𝛼̅2

5√5
𝑥0,1 +

𝛼𝛼̅2𝜃

5√5
𝑥0,2 +

𝛼𝛼̅2 𝜃̅

5√5
𝑥0,3 +

𝛼𝛼̅2𝜃𝜃̅

5√5
𝑥0,4+

𝛼𝛼̅2𝜃̅

5√5
𝑥0,5

+
𝛼𝛼̅2𝜃𝜃̅

5√5
𝑥0,6 +

𝛼𝛼̅2𝜃̅2

5√5
𝑥0,7 +

𝛼𝛼̅2𝜃𝜃̅2

5√5
𝑥0,8) + 𝜂7 . 

 

 

 

 

 

  (B38) 

8th receive signal: 

 𝑟8 = 𝑡8𝑥3,8 + 𝜂8  

𝑟8 = 𝑡8 (
𝛼̅3

5√5
𝑥0,1 +

𝛼̅3 𝜃̅

5√5
𝑥0,2 +

𝛼̅3𝜃̅

5√5
𝑥0,3 +

𝛼̅3𝜃̅2

5√5
𝑥0,4 +

𝛼̅3𝜃̅

5√5
𝑥0,5

+
𝛼̅3𝜃̅2

5√5
𝑥0,6+

𝛼̅3𝜃̅2

5√5
𝑥0,7 +

𝛼̅3𝜃̅3

5√5
𝑥0,8) + 𝜂8 . 

 

 

 

 

 

  (B39) 

Let 𝒙 = [𝑥0,1 𝑥0,2 𝑥0,3 𝑥0,4 𝑥0,5 𝑥0,6 𝑥0,7 𝑥0,8]𝑇.  

We may rewrite the receive signals in vector form as: 

 

𝒓 =
1

5√5

[
 
 
 
 
 
 
 
𝛼3 𝛼3𝜃 𝛼3𝜃 𝛼3𝜃2 𝛼3𝜃 𝛼3𝜃2 𝛼3𝜃2 𝛼3𝜃3

𝛼2𝛼̅ 𝛼2𝛼̅𝜃̅ 𝛼2𝛼̅𝜃 𝛼2𝛼̅𝜃𝜃̅ 𝛼2𝛼̅𝜃 𝛼2𝛼̅𝜃𝜃̅ 𝛼2𝛼̅𝜃2 𝛼2𝛼̅𝜃2𝜃̅
𝛼2𝛼̅ 𝛼2𝛼̅𝜃 𝛼2𝛼̅𝜃̅ 𝛼2𝛼̅𝜃𝜃̅ 𝛼2𝛼̅𝜃 𝛼2𝛼̅𝜃2 𝛼2𝛼̅𝜃𝜃̅ 𝛼2𝛼̅𝜃2𝜃̅
𝛼𝛼̅2 𝛼𝛼̅2𝜃̅ 𝛼𝛼̅2 𝜃̅ 𝛼𝛼̅2𝜃̅2 𝛼𝛼̅2𝜃 𝛼𝛼̅2𝜃𝜃̅ 𝛼2𝛼̅𝜃𝜃̅ 𝛼𝛼̅2𝜃𝜃̅2

𝛼2𝛼̅ 𝛼2𝛼̅𝜃 𝛼2𝛼̅𝜃 𝛼2𝛼̅𝜃2 𝛼2𝛼̅𝜃̅ 𝛼2𝛼̅𝜃𝜃̅ 𝛼2𝛼̅𝜃𝜃̅ 𝛼2𝛼̅𝜃2𝜃̅
𝛼𝛼̅2 𝛼𝛼̅2𝜃̅ 𝛼𝛼̅2𝜃 𝛼𝛼̅2𝜃𝜃̅ 𝛼𝛼̅2𝜃̅ 𝛼𝛼̅2𝜃̅2 𝛼𝛼̅2𝜃𝜃̅ 𝛼𝛼̅2𝜃𝜃̅2

𝛼𝛼̅2 𝛼𝛼̅2𝜃 𝛼𝛼̅2 𝜃̅ 𝛼𝛼̅2𝜃𝜃̅ 𝛼𝛼̅2𝜃̅ 𝛼𝛼̅2𝜃𝜃̅ 𝛼𝛼̅2𝜃̅2 𝛼𝛼̅2𝜃𝜃̅2

𝛼̅3 𝛼̅3𝜃̅ 𝛼̅3𝜃̅ 𝛼̅3𝜃̅2 𝛼̅3 𝜃̅ 𝛼̅3𝜃̅2 𝛼̅3𝜃̅2 𝛼̅3𝜃̅3 ]
 
 
 
 
 
 
 

𝒙 + 𝜼, 

 

 

 

 

  (B40) 
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where: 

 

𝑯 =
1

5√5

[
 
 
 
 
 
 
 
𝛼3 𝛼3𝜃 𝛼3𝜃 𝛼3𝜃2 𝛼3𝜃 𝛼3𝜃2 𝛼3𝜃2 𝛼3𝜃3

𝛼2𝛼̅ 𝛼2𝛼̅𝜃̅ 𝛼2𝛼̅𝜃 𝛼2𝛼̅𝜃𝜃̅ 𝛼2𝛼̅𝜃 𝛼2𝛼̅𝜃𝜃̅ 𝛼2𝛼̅𝜃2 𝛼2𝛼̅𝜃2𝜃̅
𝛼2𝛼̅ 𝛼2𝛼̅𝜃 𝛼2𝛼̅𝜃̅ 𝛼2𝛼̅𝜃𝜃̅ 𝛼2𝛼̅𝜃 𝛼2𝛼̅𝜃2 𝛼2𝛼̅𝜃𝜃̅ 𝛼2𝛼̅𝜃2𝜃̅
𝛼𝛼̅2 𝛼𝛼̅2𝜃̅ 𝛼𝛼̅2𝜃̅ 𝛼𝛼̅2 𝜃̅2 𝛼𝛼̅2𝜃 𝛼𝛼̅2𝜃𝜃̅ 𝛼2𝛼̅𝜃𝜃̅ 𝛼𝛼̅2𝜃𝜃̅2

𝛼2𝛼̅ 𝛼2𝛼̅𝜃 𝛼2𝛼̅𝜃 𝛼2𝛼̅𝜃2 𝛼2𝛼̅𝜃̅ 𝛼2𝛼̅𝜃𝜃̅ 𝛼2𝛼̅𝜃𝜃̅ 𝛼2𝛼̅𝜃2𝜃̅
𝛼𝛼̅2 𝛼𝛼̅2𝜃̅ 𝛼𝛼̅2𝜃 𝛼𝛼̅2𝜃𝜃̅ 𝛼𝛼̅2𝜃̅ 𝛼𝛼̅2𝜃̅2 𝛼𝛼̅2𝜃𝜃̅ 𝛼𝛼̅2𝜃𝜃̅2

𝛼𝛼̅2 𝛼𝛼̅2𝜃 𝛼𝛼̅2𝜃̅ 𝛼𝛼̅2𝜃𝜃̅ 𝛼𝛼̅2𝜃̅ 𝛼𝛼̅2𝜃𝜃̅ 𝛼𝛼̅2 𝜃̅2 𝛼𝛼̅2𝜃𝜃̅2

𝛼̅3 𝛼̅3𝜃̅ 𝛼̅3𝜃̅ 𝛼̅3𝜃̅2 𝛼̅3𝜃̅ 𝛼̅3 𝜃̅2 𝛼̅3𝜃̅2 𝛼̅3𝜃̅3 ]
 
 
 
 
 
 
 

, for 𝐾 = 8. 

 

 

 

 

(B41) 

 

ABEP matrix for 𝑲 = 𝟖: 

Assume only 𝑥0,1 detected correctly. 

Hence, only consider 1st column of 𝑯. 

Hence, given for 𝐾 = 8: 

 𝒓 = 𝑬𝑥0,1 + 𝜼, 

 

  (B42) 

where the matrix 𝑬 =
1

5√5
[𝛼3 𝛼2𝛼̅ 𝛼2𝛼̅ 𝛼𝛼̅2 𝛼2𝛼̅ 𝛼𝛼̅2 𝛼𝛼̅2 𝛼̅3]

𝑇. 

Hence: 

 𝜀𝑘 =
1

5√5
[𝛼3 𝛼2𝛼̅ 𝛼2𝛼̅ 𝛼𝛼̅2 𝛼2𝛼̅ 𝛼𝛼̅2 𝛼𝛼̅2 𝛼̅3], for 𝐾 = 8. 

 

(B43) 

MGF Derivation   

We start with:  

 

M𝜌𝑘(𝑠) = ∫ 𝑓𝜌𝑘 (𝜌𝑘)𝑒
𝜌𝑘𝑠𝑑𝜌𝑘

∞

0

= ∫
𝜌𝑘
𝑁−1 exp(−

𝜌𝑘
2𝑏𝑁𝜌̅|𝜀𝑘 |2

)

(2𝑏𝑁|𝜀𝑘 |
2𝜌̅)𝑁(𝑁 − 1)!

∞

0

exp(𝜌𝑘𝑠) 𝑑𝜌𝑘  

=
1

(2𝑏𝑁|𝜀𝑘 |
2𝜌̅)𝑁(𝑁 − 1)!

∫ 𝜌𝑘
𝑁−1

∞

0

exp (−
𝜌𝑘

2𝑏𝑁𝜌̅|𝜀𝑘 |2
+ 𝜌𝑘𝑠) 𝑑𝜌𝑘  

=
1

(2𝑏𝑁|𝜀𝑘 |
2𝜌̅)𝑁(𝑁 − 1)!

∫ 𝜌𝑘
𝑁−1

∞

0

exp(−𝜌𝑘 [
1

2𝑏𝑁𝜌̅|𝜀𝑘 |2
− 𝑠]) 𝑑𝜌𝑘 . 

 

  

 

 

 

 

 

 

Now we let 𝐴 =
1

2𝑏𝑁𝜌̅|𝜀𝑘|
2
−

2𝑏𝑁𝜌|𝜀𝑘|
2𝑠

2𝑏𝑁𝜌|𝜀𝑘|
2
=

1−2𝑏𝑁𝜌̅|𝜀𝑘|
2𝑠

2𝑏𝑁𝜌̅|𝜀𝑘|
2

. 

We continue as:  

 
M𝜌𝑘(𝑠) =

1

(2𝑏𝑁|𝜀𝑘 |
2𝜌̅)𝑁(𝑁 − 1)!

∫ 𝜌𝑘
𝑁−1

∞

0

exp(−𝐴𝜌𝑘)𝑑𝜌𝑘 . 

 

   

    

But ∫ 𝑥𝑛𝑒−𝑎𝑥𝑑𝑥
∞

0
=

𝑛!

𝑎𝑛+1
=

Γ(𝑛+1)

𝑎𝑛+1
 found in Equation 3.326.2 in [135]. 

 

 

(B44) 

(B45) 
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So: 

 
∫ 𝜌𝑘

𝑁−1
∞

0

exp(−𝐴𝜌𝑘)𝑑𝜌𝑘 =
Γ(𝑁)

𝐴𝑁
. 

 

(B46) 

Therefore, the final MGF is found as: 

 
∫ 𝑓𝜌𝑘 (𝜌𝑘)𝑒

𝜌𝑘𝑠𝑑𝜌𝑘

∞

0

=
Γ(𝑁)

(2𝑏𝑁|𝜀𝑘 |
2𝜌̅)𝑁(𝑁 − 1)!

(2𝑏𝑁𝜌̅|𝜀𝑘 |
2)𝑁

(1 − 2𝑏𝑁𝜌̅|𝜀𝑘 |2𝑠)𝑁
 

=
Γ(𝑁)

(𝑁 − 1)! (1 − 2𝑏𝑁𝜌̅|𝜀𝑘 |2𝑠)𝑁
. 

 

 

 

 

 (B47) 
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Appendix C 
 

HRM Theory derivation 

System model: 

 𝑟 = √Ρ𝑡𝑥𝐻ℓ𝒶 +  𝜂. 

 

(C1) 

We assume transmitted index ℓ𝑎  is erroneously detected as ℓ̂𝑎 . Correspondingly, the number of active 

elements 𝑁𝑎 = ℓ𝑎𝑆𝐺  is erroneously detected as  𝑁̂𝑎 = ℓ̂𝑎𝑆𝐺.  

Applying the CLT, we have: 

 𝜂 ~𝐶𝑁(0, 𝑁Υ
2). 

 

(C2) 

Therefore, we express the CPEP as: 

 𝑃(ℓ𝑎 → ℓ̂𝑎|𝒉, 𝒈,𝝓, 𝝍 ) = 𝑃(|𝑟 −  √Ρ𝑡𝑥𝐻ℓ𝒶 |
2
> |𝑟 − √Ρ𝑡𝑥𝐻ℓ̂𝒶

|
2
). 

 

(C3) 

Substitute 𝑟 = √Ρ𝑡𝑥𝐻ℓ𝒶 +  𝜂. 

Then we have: 

 𝑃(ℓ𝑎 → ℓ̂𝑎|𝒉, 𝒈, 𝝓, 𝝍)

= 𝑃 (|√Ρ𝑡𝑥𝐻ℓ𝒶 +  𝜂 −  √Ρ𝑡𝑥𝐻ℓ𝒶 |
2
> |√Ρ𝑡𝑥𝐻ℓ𝒶 +  𝜂 −  √Ρ𝑡𝑥𝐻ℓ̂𝒶 |

2
) 

 

=  𝑃 (| 𝜂 |2 > |√Ρ𝑡𝑥𝐻ℓ𝒶 +  𝜂 −  √Ρ𝑡𝑥𝐻ℓ̂𝒶
|
2
)  

 

=  𝑃 (| 𝜂 |2 > |√Ρ𝑡𝑥(𝐻ℓ𝒶  −  𝐻ℓ̂𝒶) +  𝜂|
2
).  

 

   

 

 

 

 

 

  (C4) 

We employ Theorem 1 given in Appendix A, Equation (A4). 

Therefore, we continue as: 

 =  𝑃 (| 𝜂 |2 >  |√Ρ𝑡𝑥(𝐻ℓ𝒶  − 𝐻ℓ̂𝒶)|
2
+ |𝜂|2

+  2𝑅𝑒 {(√Ρ𝑡𝑥(𝐻ℓ𝒶  − 𝐻ℓ̂𝒶
))(𝜂)𝐻}).  

 

    

   

   (C5) 

Note that (𝜂)𝐻 = 𝜂∗  as 𝜂 is a scalar quantity. 

We cancel out the term |𝜂|2  on both sides. Hence, we have: 

 =  𝑃 (0 >  |√Ρ𝑡𝑥(𝐻ℓ𝒶  − 𝐻ℓ̂𝒶)|
2
+  2𝑅𝑒 {(√Ρ𝑡𝑥(𝐻ℓ𝒶  −  𝐻ℓ̂𝒶)) (𝜂)

∗}). 

 

 (C6) 

For convenience, (C6) can be written as: 

 
=  𝑃(0 < − (|√Ρ𝑡𝑥(𝐻ℓ𝒶  −  𝐻ℓ̂𝒶)|

2
+  2𝑅𝑒 {(√Ρ𝑡𝑥(𝐻ℓ𝒶  −  𝐻ℓ̂𝒶))(𝜂)

∗})) 

 

=  𝑃 (0 <  −Ρ𝑡𝑥 |(𝐻ℓ𝒶  −  𝐻ℓ̂𝒶)|
2
−  2𝑅𝑒 {(√Ρ𝑡𝑥(𝐻ℓ𝒶  −  𝐻ℓ̂𝒶)) (𝜂)

∗}). 

 

 

  

      (C7) 



 

126 

Internal Use 

 

At this point in the derivation, we can note that for a RV denoted by 𝑋~𝐶𝑁(𝜇, 𝜎2), the 𝑄-function can 

be written according to Theorem 2 given in Appendix A, Equation (A7).  

We can write the next step as: 

 
=  𝑃 (𝑅𝑒 {(√Ρ𝑡𝑥(𝐻ℓ𝒶  −  𝐻ℓ̂𝒶)) (𝜂)

∗} <  −
1

2
Ρ𝑡𝑥 |(𝐻ℓ𝒶  − 𝐻ℓ̂𝒶)|

2

). 

 

 

    

Let 𝑅𝑒 {(√Ρ𝑡𝑥(𝐻ℓ𝒶  −  𝐻ℓ̂𝒶))(𝜂)
∗} = 𝑋~𝐶𝑁(𝜇, 𝜎2). 

Use Theorem 3 in Appendix A, Equation (A11). Therefore, (C8) is written as: 

 
=  𝑃 (𝑋 >

1

2
Ρ𝑡𝑥 |(𝐻ℓ𝒶  −  𝐻ℓ̂𝒶

)|
2
). 

 

 

 

Need to find 𝜎2: 

 
𝜎2 = 𝐸 [𝑅𝑒 {|(√Ρ𝑡𝑥(𝐻ℓ𝒶  – 𝐻ℓ̂𝒶)) (𝜂)

∗|
2
}] = 𝑅𝑒 {𝐸 [|(√Ρ𝑡𝑥(𝐻ℓ𝒶  –  𝐻ℓ̂𝒶))(𝜂)

∗|
2
]} 

 

=
1

2
(Ρ𝑡𝑥 (|𝐻ℓ𝒶  − 𝐻ℓ̂𝒶 |

2
))𝐸[|𝜂∗|2]. 

 

  

 

 

       (C10) 

But 𝐸[|𝜂∗ |2] = 𝐸[|𝜂|2] = 𝑁Υ
2, hence (C10) simplifies to: 

 
=
1

2
((Ρ𝑡𝑥 (|𝐻ℓ𝒶  −  𝐻ℓ̂𝒶 |

2
))𝑁Υ

2). 

 

 

      (C11) 

Hence, we can continue the derivation as follows: 

 

𝑃 (
𝑋

√𝜎2
>

1
2
Ρ𝑡𝑥 |(𝐻ℓ𝒶  −  𝐻ℓ̂𝒶

)|
2

√𝜎2
). 

=   𝑃

(

 
𝑋

√
1
2
Ρ𝑡𝑥 (|𝐻ℓ𝒶  −  𝐻ℓ̂𝒶 |

2
)(𝑁Υ

2) 

> 

1
2
Ρ𝑡𝑥 |(𝐻ℓ𝒶  − 𝐻ℓ̂𝒶

)|
2

√
1
2
Ρ𝑡𝑥 (|𝐻ℓ𝒶  −  𝐻ℓ̂𝒶 |

2
)(𝑁Υ

2)  )

  

= 𝑄

(

 

1
2
Ρ𝑡𝑥|(𝐻ℓ𝒶  −  𝐻ℓ̂𝒶)|

2

√
1
2
Ρ𝑡𝑥 (|𝐻ℓ𝒶  − 𝐻ℓ̂𝒶 |

2
)(𝑁Υ

2)  )

 . 

 

 

 

 

 

 

 

 

 

 

       (C12) 

This can be simplified as follows: 

 

𝑄

(

 
 

1
2
Ρ𝑡𝑥 |(𝐻ℓ𝒶  −  𝐻ℓ̂𝒶)|

2

√1
2
√𝑁Υ

2√Ρ𝑡𝑥 |𝐻ℓ𝒶  − 𝐻ℓ̂𝒶 |
)

 
 

 

 

 

 

 

 

 

 

(C8) 

(C9) 
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𝑄

(

 

1

√2
√Ρ𝑡𝑥 |(𝐻ℓ𝒶  − 𝐻ℓ̂𝒶)|

√𝑁Υ
2

)

  

= 𝑄 (√
Ρ𝑡𝑥 |(𝐻ℓ𝒶  −  𝐻ℓ̂𝒶

)|
2

2𝑁Υ
2 ). 

 

 

 

 

(C13) 
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Appendix D 
HRM statistics derivation 

Given that 𝐻ℓ𝑎 = 𝛼 ∑ |ℎ𝑘 |
𝑁𝑎
𝑘=1

|𝑔𝑘 | +  ∑ |ℎ𝑘 |
𝑁
𝑘=𝑁𝑎+1

|𝑔𝑘 | and 𝐻ℓ̂𝑎 = 𝛼∑ |ℎ𝑘 |
𝑁𝑎
𝑘=1

|𝑔𝑘 | +

 ∑ |ℎ𝑘 |
𝑁
𝑘=𝑁𝑎+1

|𝑔𝑘 |. Channel magnitudes |ℎ𝑘 | and |𝑔𝑘 | are i.i.d. Rayleigh RVs with means of 𝐸[|ℎ𝑘 |] =

√ℒ𝑡√
𝜋

4
 and 𝐸[|𝑔𝑘 | ] = √ℒ𝑟√

𝜋

4
 respectively; and variances of 𝜎|ℎ𝑘|

2 = ℒ𝑡 (1 −
𝜋

4
) and 𝜎|𝑔𝑘|

2 = ℒ𝑟 (1 −

𝜋

4
) . The second moment of |ℎ𝑘 | and |𝑔𝑘 | can be found as follows: 𝑉𝑎𝑟(|ℎ𝑘|) = 𝐸[|ℎ𝑘 |

2]−

(𝐸[|ℎ𝑘 |])
2 , ∴  𝐸[|ℎ𝑘 |

2] =  𝑉𝑎𝑟(|ℎ𝑘 |) + (𝐸[|ℎ𝑘 |])
2 = ℒ𝑡 (1 −

𝜋

4
) + (√ℒ𝑡√

𝜋

4
 )
2

= ℒ𝑡 −ℒ𝑡
𝜋

4
+

ℒ𝑡
𝜋

4
= ℒ𝑡 . A similar procedure can be used to determine that 𝐸[|𝑔𝑘 |

2] = ℒ𝑟. 

The mean of Τ is: 

 𝜇Τ = 𝐸[Τ] 
 

= 𝐸[𝐻ℓ𝑎 −𝐻ℓ̂𝑎] 

= 𝐸 [𝛼 ∑|ℎ𝑘 |

𝑁𝑎

𝑘=1

|𝑔𝑘 | + ∑ |ℎ𝑘 |

𝑁

𝑘=𝑁𝑎+1

|𝑔𝑘 | − 𝛼 ∑|ℎ𝑘 |

𝑁𝑎

𝑘=1

|𝑔𝑘 | −  ∑ |ℎ𝑘 |

𝑁

𝑘=𝑁𝑎+1

|𝑔𝑘 |] 

= 𝐸 [𝛼 ∑|ℎ𝑘 |

𝑁𝑎

𝑘=1

|𝑔𝑘 |] + 𝐸 [ ∑ |ℎ𝑘 |

𝑁

𝑘=𝑁𝑎+1

|𝑔𝑘 |] + 𝐸 [− 𝛼∑|ℎ𝑘 |

𝑁𝑎

𝑘=1

|𝑔𝑘 |]

+ 𝐸 [− ∑ |ℎ𝑘 |

𝑁

𝑘=𝑁𝑎+1

|𝑔𝑘 |] 

= 𝛼𝐸 [∑|ℎ𝑘 |

𝑁𝑎

𝑘=1

|𝑔𝑘 |] + 𝐸 [ ∑ |ℎ𝑘 |

𝑁

𝑘=𝑁𝑎+1

|𝑔𝑘 |] − 𝛼𝐸 [∑|𝔥𝑘 |

𝑁𝑎

𝑘=1

|𝒢𝑘 |]

− 𝐸 [ ∑ |ℎ𝑘 |

𝑁

𝑘=𝑁𝑎+1

|𝑔𝑘 |] 

= 𝛼∑𝐸[|ℎ𝑘 |]𝐸[

𝑁𝑎

𝑘=1

|𝑔𝑘 |] + ∑ 𝐸[|ℎ𝑘 |]𝐸[

𝑁

𝑘=𝑁𝑎+1

|𝑔𝑘 |] − 𝛼 ∑ 𝐸[|ℎ𝑘 |]𝐸[

𝑁𝑎

𝑘=1

|𝑔𝑘 |

−  ∑ 𝐸[|ℎ𝑘 |]𝐸[

𝑁

𝑘=𝑁𝑎+1

|𝑔𝑘 |].   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(D1) 

Substituting all statistics in, we get:  

 
= 𝛼√ℒ𝑡√

𝜋

4
 √ℒ𝑟√

𝜋

4
 ∑ (1)

𝑁𝑎
𝑘=1 + √ℒ𝑡√

𝜋

4
 √ℒ𝑟√

𝜋

4
 ∑ (1)𝑁

𝑘=𝑁𝑎+1
−

𝛼√ℒ𝑡√
𝜋

4
 √ℒ𝑟√

𝜋

4
 ∑ (1)

𝑁𝑎
𝑘=1 − √ℒ𝑡√

𝜋

4
 √ℒ𝑟√

𝜋

4
 ∑ (1)𝑁

𝑘=𝑁𝑎+1
.  

 

    

 

 

    

Now ∑ 1𝑏
𝑘=𝑎 = 𝑏 − (𝑎 − 1). Hence, we have: 

 =  𝛼√ℒ𝑡ℒ𝑟
𝜋

4
 𝑁𝑎 −  𝛼√ℒ𝑡ℒ𝑟

𝜋

4
 𝑁̂𝑎 + 𝛼√ℒ𝑡ℒ𝑟

𝜋

4
 (𝑁 −𝑁𝑎 ) −  √ℒ𝑡ℒ𝑟

𝜋

4
 (𝑁 − 𝑁𝑎 ) 

 

 

(D2) 
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=    𝛼√ℒ𝑡ℒ𝑟
𝜋

4
 𝑁𝑎 −  𝛼√ℒ𝑡ℒ𝑟

𝜋

4
 𝑁̂𝑎 + √ℒ𝑡ℒ𝑟

𝜋

4
𝑁 −  (√ℒ𝑡ℒ𝑟

𝜋

4
𝑁𝑎 )

− √ℒ𝑡ℒ𝑟
𝜋

4
𝑁 + (√ℒ𝑡ℒ𝑟

𝜋

4
𝑁̂𝑎) 

=  𝛼√ℒ𝑡ℒ𝑟
𝜋

4
 𝑁𝑎 −  𝛼√ℒ𝑡ℒ𝑟

𝜋

4
 𝑁̂𝑎 − ((√ℒ𝑡ℒ𝑟

𝜋

4
𝑁𝑎) −  (√ℒ𝑡ℒ𝑟

𝜋

4
𝑁̂𝑎) ) 

= √ℒ𝑡ℒ𝑟
𝜋

4
(𝛼(𝑁𝑎 − 𝑁̂𝑎) −  (𝑁𝑎 − 𝑁̂𝑎)). 

 

 

 

 

 

 

(D3) 

Channel magnitudes |ℎ𝑘 | and |𝑔𝑘 | are i.i.d. Rayleigh RVs with means of 𝐸[|ℎ𝑘 |] = √ℒ𝑡√
𝜋

4
 and 

𝐸[|𝑔𝑘 | ] = √ℒ𝑟√
𝜋

4
 respectively; and variances of 𝜎|ℎ𝑘|

2 = ℒ𝑡 (1 −
𝜋

4
) and 𝜎|𝑔𝑘|

2 = ℒ𝑟 (1 −
𝜋

4
) . The 

second moment of |ℎ𝑘 | and |𝑔𝑘 | can be found as follows: 𝑉𝑎𝑟(|ℎ𝑘 |) = 𝐸[|ℎ𝑘 |
2] − (𝐸[|ℎ𝑘 |])

2, ∴

 𝐸[|ℎ𝑘 |
2] =  𝑉𝑎𝑟(|ℎ𝑘 |) + (𝐸[|ℎ𝑘 |])

2 = ℒ𝑡 (1 −
𝜋

4
) + (√ℒ𝑡√

𝜋

4
 )
2

= ℒ𝑡 −ℒ𝑡
𝜋

4
+ ℒ𝑡

𝜋

4
= ℒ𝑡. A 

similar procedure can be used to determine that 𝐸[|𝑔𝑘 |
2] = ℒ𝑟. 

 𝜎Τ
2 = 𝑉𝑎𝑟(𝑇) 

= 𝑉𝑎𝑟(𝐻ℓ𝑎 − 𝐻ℓ̂𝑎
) 

= 𝑉𝑎𝑟 (𝛼 ∑|ℎ𝑘 ||𝑔𝑘 |

𝑁𝑎

𝑘=1

+ ∑ |ℎ𝑘 ||𝑔𝑘 |

𝑁

𝑘=𝑁𝑎+1

− 𝛼∑|ℎ𝑘 ||𝑔𝑘 |

𝑁𝑎

𝑘=1

− ∑ |ℎ𝑘 ||𝑔𝑘 |

𝑁

𝑘=𝑁𝑎+1

) 

= 𝑉𝑎𝑟 (𝛼 ∑|ℎ𝑘 ||𝑔𝑘 |

𝑁𝑎

𝑘=1

− 𝛼∑|ℎ𝑘 ||𝑔𝑘 |

𝑁𝑎

𝑘=1

+ ∑ |ℎ𝑘 ||𝑔𝑘 |

𝑁

𝑘=𝑁𝑎+1

− ∑ |ℎ𝑘 ||𝑔𝑘 |

𝑁

𝑘=𝑁𝑎+1

). 

 

 

 

 

 

 

 

 (D4) 

We can rearrange and use the properties of the variance operator as 𝑉𝑎𝑟(𝑋1+ 𝑋2 +⋯+ 𝑋𝑛) =

𝑉𝑎𝑟(𝑋1) + 𝑉𝑎𝑟(𝑋2) +⋯+ 𝑉𝑎𝑟(𝑋𝑛), and 𝑉𝑎𝑟(𝑎𝑋) = 𝑎2𝑉𝑎𝑟(𝑋). 

Hence, we continue as follows: 

 

= 𝑉𝑎𝑟 (𝛼∑|ℎ𝑘 ||𝑔𝑘|

𝑁𝑎

𝑘=1

− 𝛼∑|ℎ𝑘 ||𝑔𝑘 |

𝑁𝑎

𝑘=1

)+ 𝑉𝑎𝑟 ( ∑ |ℎ𝑘 ||𝑔𝑘 |

𝑁

𝑘=𝑁𝑎+1

− ∑ |ℎ𝑘 ||𝑔𝑘 |

𝑁

𝑘=𝑁𝑎+1

) 

= 𝛼2𝑉𝑎𝑟 (∑|ℎ𝑘 ||𝑔𝑘 |

𝑁𝑎

𝑘=1

−∑|ℎ𝑘 ||𝑔𝑘 |

𝑁𝑎

𝑘=1

)+ 𝑉𝑎𝑟 ( ∑ |ℎ𝑘 ||𝑔𝑘 |

𝑁

𝑘=𝑁𝑎+1

− ∑ |ℎ𝑘 ||𝑔𝑘 |

𝑁

𝑘=𝑁𝑎+1

). 

 

 

 

 

 

(D5) 

Now, applying the CLT assuming high 𝑁:  

 

𝑉𝑎𝑟 (∑|ℎ𝑘 ||𝑔𝑘 |

𝑁𝑎

𝑘=1

−∑|ℎ𝑘 ||𝑔𝑘 |

𝑁𝑎

𝑘=1

) ≅ ∑𝑉𝑎𝑟(|ℎ𝑘 ||𝑔𝑘 |)

𝑁𝑎

𝑘=1

−∑𝑉𝑎𝑟(|ℎ𝑘 ||𝑔𝑘|)

𝑁𝑎

𝑘=1

≅ (𝑁𝑎 − 1 − (𝑁̂𝑎 − 1)) 𝑉𝑎𝑟(|ℎ𝑘 ||𝑔𝑘 |) = (𝑁𝑎 − 𝑁̂𝑎)𝑉𝑎𝑟(|ℎ𝑘 ||𝑔𝑘 |). 

 

 

 

 

 (D6) 
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Therefore, we continue as follows: 

 

= 𝛼2(∑𝑉𝑎𝑟(|ℎ𝑘 ||𝑔𝑘|)

𝑁𝑎

𝑘=1

−∑𝑉𝑎𝑟(|ℎ𝑘 ||𝑔𝑘 |)

𝑁𝑎

𝑘=1

)

+ ( ∑ 𝑉𝑎𝑟(|ℎ𝑘 ||𝑔𝑘 |)

𝑁

𝑘=𝑁𝑎+1

− ∑ 𝑉𝑎𝑟(|ℎ𝑘 ||𝑔𝑘 |)

𝑁

𝑘=𝑁𝑎+1

). 

 

 

 

 

 

(D7) 

Simplifying, we get: 

 = 𝛼2(𝑁𝑎 − 𝑁̂𝑎)𝑉𝑎𝑟(|ℎ𝑘 ||𝑔𝑘 |) + (𝑁𝑎 − 𝑁̂𝑎)𝑉𝑎𝑟(|ℎ𝑘||𝑔𝑘 |) 

= ℒ𝑡ℒ𝑟 (1 −
𝜋2

16
) [𝛼2(𝑁𝑎 − 𝑁̂𝑎) + (𝑁𝑎 − 𝑁̂𝑎)]. 

 

  

 

  (D8) 
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Appendix E 
Achievable Rate derivation 

We have that: 

 
𝐴𝑟(𝐻;  𝑹) =  ∫ 𝑝(𝑟|𝐻ℓ𝑎)𝑝(𝐻ℓ𝑎) log2 (

𝑝(𝑟|𝐻ℓ𝑎)

∑ 𝑝(𝑟|𝐻ℓ̂𝑎)ℓ̂𝒶
𝑝(𝐻ℓ𝑎)

)
∞

−∞

𝑑𝑟, 

 

 

(E1) 

with 

 

   𝑝(𝑟|𝐻ℓ𝑎) =
1

𝜋𝑁Υ
2 exp(−

|𝑟 − √Ρ𝑡𝑥𝐻ℓ𝑎|
2

𝑁Υ
2 ), 

 

   

 (E2) 

and 

     𝑝(𝐻ℓ𝑎) =
1
𝐺⁄ . 

 

 (E3) 

Substituting, we get: 

   𝐴𝑟(𝐻;  𝑹)

=  ∫
1

𝜋𝑁Υ
2 exp(−

|𝑟 − √Ρ𝑡𝑥𝐻ℓ𝑎|
2

𝑁Υ
2 )(1 𝐺⁄ ) log2

(

 
 
 
 

1
𝜋𝑁Υ

2 exp (−
|𝑟 −√Ρ𝑡𝑥𝐻ℓ𝑎|

2

𝑁Υ
2 )

∑
1

𝜋𝑁Υ
2 exp(−

|𝑟 − √Ρ𝑡𝑥𝐻ℓ̂𝑎|
2

𝑁Υ
2 )ℓ̂𝒶

1
𝐺⁄

)

 
 
 
 

∞

−∞

𝑑𝑟 

= 
1

𝜋𝑁Υ
2
∫ exp(−

|𝑟 − √Ρ𝑡𝑥𝐻ℓ𝑎|
2

𝑁Υ
2 )(1 𝐺⁄ ) log2

(

 
 
 
 

𝐺

exp(−
|𝑟 − √Ρ𝑡𝑥𝐻ℓ𝑎|

2

𝑁Υ
2 )

∑ exp(−
|𝑟 −√Ρ𝑡𝑥𝐻ℓ̂𝑎

|
2

𝑁Υ
2 )ℓ̂𝒶

)

 
 
 
 

∞

−∞

𝑑𝑟. 

 

   

 

 

 

 

 

 

 

 

 

  

We can manipulate the logarithmic term in (D4) as: 

 

log2

(

 
 
 
 

𝐺

∑ exp(
|𝑟 − √Ρ𝑡𝑥𝐻ℓ𝑎|

2

𝑁Υ
2 −

|𝑟 − √Ρ𝑡𝑥𝐻ℓ̂𝑎|
2

𝑁Υ
2 )ℓ̂𝒶

)

 
 
 
 

. 

 

 

 

 

(E5) 

Expanding the logarithmic term using the additive logarithmic law: 

 

 =  
1

𝜋𝑁Υ
2
∫ exp(−

|𝑟 − √Ρ𝑡𝑥𝐻ℓ𝑎|
2

𝑁Υ
2 )1 𝐺⁄

∞

−∞

(log2 𝐺

− log2(∑ exp(
|𝑟 − √Ρ𝑡𝑥𝐻ℓ𝑎|

2

𝑁Υ
2 −

|𝑟 − √Ρ𝑡𝑥𝐻ℓ̂𝑎|
2

𝑁Υ
2 )

ℓ̂𝒶

))𝑑𝑟. 

 

 

 

 

(E6) 

(E4) 
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Factor out 
1

𝐺
 and distribute the exponential term: 

 

= 
1

𝜋𝑁Υ
2

1

𝐺
∫ log2(𝐺)
∞

−∞

exp(−
|𝑟 − √Ρ𝑡𝑥𝐻ℓ𝑎|

2

𝑁Υ
2 )

− exp(−
|𝑟 − √Ρ𝑡𝑥𝐻ℓ𝑎|

2

𝑁Υ
2 ) log2(∑ exp(

|𝑟 − √Ρ𝑡𝑥𝐻ℓ𝑎|
2

𝑁Υ
2

ℓ̂𝒶

−
|𝑟 − √Ρ𝑡𝑥𝐻ℓ̂𝑎

|
2

𝑁Υ
2 ))𝑑𝑟. 

 

     

 

 

 

 

 

 

 (E7) 

The receive signal space 𝑹 spans over the different values of ℓ𝑎 . Hence, we can express the integral 

from −∞ to ∞ as the sum of ℓ𝑎  integrals over 𝑹 with respect to the HRM symbol 𝐻ℓ𝑎 . 

Hence, we can write (D7) as follows: 

 

=
1

𝜋𝑁Υ
2

1

𝐺
∑∫log2(𝐺) exp(−

|𝑟 − √Ρ𝑡𝑥𝐻ℓ𝑎|
2

𝑁Υ
2 )𝑑𝑟

ℓ𝑎

−
1

𝜋𝑁Υ
2

1

𝐺
∑∫exp(−

|𝑟 − √Ρ𝑡𝑥𝐻ℓ𝑎|
2

𝑁Υ
2 )

ℓ𝑎

× log2(∑exp(
|𝑟 −√Ρ𝑡𝑥𝐻ℓ𝑎|

2
− |𝑟 −√Ρ𝑡𝑥𝐻ℓ̂𝑎|

2

𝑁Υ
2 )

ℓ̂𝒶

)𝑑𝑟. 

 

  

 

 

 

 

 

 

  (E8) 

𝑇ℎ𝑒𝑜𝑟𝑒𝑚 4: The total area over a PDF is equal to 1, that is for 𝑓(𝑥|𝑦) being a conditional PDF, when 

we integrate over the real domain, we have that:  

 
𝑇ℎ𝑒𝑜𝑟𝑒𝑚 4: ∫𝑓(𝑥|𝑦) 𝑑𝑥 = 1. 

 

  

We have 𝐺 number of index values ℓ𝑎 , therefore:  

 
1

𝜋𝑁Υ
2

1

𝐺
∑∫exp(−

|𝑟 − √Ρ𝑡𝑥𝐻ℓ𝑎|
2

𝑁Υ
2 )𝑑𝑟 =

1

𝐺
∑∫

1

𝜋𝑁Υ
2 exp(−

|𝑟 −√Ρ𝑡𝑥𝐻ℓ𝑎|
2

𝑁Υ
2 )𝑑𝑟

ℓ𝑎ℓ𝑎

 

=
1

𝐺
∑∫𝑝(𝑟|𝐻ℓ𝑎) 𝑑𝑟 =

ℓ𝑎

1

𝐺
× 𝐺(1) = 1. 

 

 

 

 

 

 

 

 

 

 

 

(E9) 

(E10) 
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Hence: 

 𝐴𝑟(𝐻;  𝑹) =  log2(𝐺)

−  
1

𝜋𝑁Υ
2

1

𝐺
∑∫exp(−

|𝑟 − √Ρ𝑡𝑥𝐻ℓ𝑎|
2

𝑁Υ
2 )

ℓ𝑎

× log2(∑exp(
|𝑟 −√Ρ𝑡𝑥𝐻ℓ𝑎|

2
− |𝑟 −√Ρ𝑡𝑥𝐻ℓ̂𝑎

|
2

𝑁Υ
2 )

ℓ̂𝒶

)𝑑𝑟. 

 

 

 

 

 

 

 (E11) 

We substitute  𝑟 = √Ρ𝑡𝑥𝐻ℓ𝒶 +  𝜂 into the second exponential term. The first exponential term can be 

manipulated such that we can use Theorem 4 to simplify it. 

 𝐴𝑟(𝐻;  𝑹)

=  log2(𝐺)

−  
1

𝐺

1

𝜋𝑁Υ
2
∑∫exp(−

|𝑟 − √Ρ𝑡𝑥𝐻ℓ𝑎|
2

𝑁Υ
2 )

ℓ𝑎

× log2(∑exp(
|√Ρ𝑡𝑥𝐻ℓ𝒶 +  𝜂 − √Ρ𝑡𝑥𝐻ℓ𝑎|

2
− |√Ρ𝑡𝑥𝐻ℓ𝒶 +  𝜂 − √Ρ𝑡𝑥𝐻ℓ̂𝑎|

2

𝑁Υ
2 )

ℓ̂𝒶

)𝑑𝑟  

=  log2(𝐺) −  
1

𝐺

1

𝜋𝑁Υ
2
∑∫exp(−

| 𝑟 − √Ρ𝑡𝑥𝐻ℓ𝒶 |
2

𝑁Υ
2 )

ℓ𝑎

× log2(∑exp(
| 𝜂 |2 − |√Ρ𝑡𝑥(𝐻ℓ𝒶 − 𝐻ℓ̂𝑎) +  𝜂 |

2

𝑁Υ
2 )

ℓ̂𝒶

)𝑑𝑟. 

 

   

 

 

 

 

 

 

 

 

 

 

 

  (E12) 

We can factor out an exponential constant term from the logarithmic term as follows: 

 

= log2(𝐺) −  
1

𝐺

1

𝜋𝑁Υ
2
∑∫exp(−

| 𝑟 − √Ρ𝑡𝑥𝐻ℓ𝒶 |
2

𝑁Υ
2 )

ℓ𝑎

× log2(exp (
| 𝜂 |2

𝑁Υ
2
)∑exp (

−|√Ρ𝑡𝑥(𝐻ℓ𝒶 − 𝐻ℓ̂𝑎) +  𝜂 |
2

𝑁Υ
2 )

ℓ̂𝒶

)𝑑𝑟. 

 

  

 

 

 

 (E13) 

Use the additive logarithmic law: 

 = log2(𝐺)

−  
1

𝐺

1

𝜋𝑁Υ
2
∑(∫exp(−

| 𝑟 − √Ρ𝑡𝑥𝐻ℓ𝒶 |
2

𝑁Υ
2 )× log2 (exp (

| 𝜂 |2

𝑁Υ
2
)) 𝑑𝑟

ℓ𝑎

+ exp((−
| 𝑟 − √Ρ𝑡𝑥𝐻ℓ𝒶 |

2

𝑁Υ
2 )) log2(∑exp(

−|√Ρ𝑡𝑥(𝐻ℓ𝒶 − 𝐻ℓ̂𝑎) +  𝜂 |
2

𝑁Υ
2 )

ℓ̂𝒶

)𝑑𝑟) . 

 

 

 

 

 

 

 

(E14) 
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Because we have introduced the RV 𝜂, we now need to evaluate over the mean with respect to 𝜂. We 

can achieve this by taking the expectation over the expression as follows: 

 = log2(𝐺)

− 𝐸 {log2 (exp (
| 𝜂 |2

𝑁Υ
2
))
1

𝐺
 
1

𝜋𝑁Υ
2
∑∫exp((−

| 𝑟 − √Ρ𝑡𝑥𝐻ℓ𝒶 |
2

𝑁Υ
2 ))𝑑𝑟

ℓ𝑎

+
1

𝐺
 
1

𝜋𝑁Υ
2
∑∫exp((−

| 𝑟 − √Ρ𝑡𝑥𝐻ℓ𝒶 |
2

𝑁Υ
2 )) log2(∑ exp(

−|√Ρ𝑡𝑥(𝐻ℓ𝒶 − 𝐻ℓ̂𝑎
) +  𝜂 |

2

𝑁Υ
2 )

ℓ̂𝒶

)𝑑𝑟

ℓ𝑎

}. 

 

   

 

 

 

 

 

   

 

We can see that Theorem 4 can be applied in the first term again: 

  
1

𝜋𝑁Υ
2

1

𝐺
∑∫exp(−

|𝑟 −√Ρ𝑡𝑥𝐻ℓ𝑎|
2

𝑁Υ
2 )𝑑𝑟 =

1

𝐺
∑∫

1

𝜋𝑁Υ
2 exp(−

|𝑟 − √Ρ𝑡𝑥𝐻ℓ𝑎|
2

𝑁Υ
2 )𝑑𝑟

ℓ𝑎ℓ𝑎

 

=
1

𝐺
∑∫𝑝(𝑟|𝐻ℓ𝑎) 𝑑𝑟 =

ℓ𝑎

1

𝐺
× 𝐺(1) = 1. 

 

 

 

 

 

 (E16) 

Therefore, we continue as: 

 = log2(𝐺)

− 𝐸 {log2 (exp (
| 𝜂 |2

𝑁Υ
2
))

+
1

𝐺
 ∑

1

𝜋𝑁Υ
2
∫exp((−

| 𝑟 − √Ρ𝑡𝑥𝐻ℓ𝒶 |
2

𝑁Υ
2 )) log2(∑exp (

−|√Ρ𝑡𝑥(𝐻ℓ𝒶 − 𝐻ℓ̂𝑎) +  𝜂 |
2

𝑁Υ
2 )

ℓ̂𝒶

)𝑑𝑟

ℓ𝑎

}. 

 

   

 

 

 

 

 

 

 

We can distribute the expectation operator over 𝜂 in the first term, and over the entirety of the second 

term:  

 = log2(𝐺)

− log2 (exp (
𝐸{| 𝜂 |2}

𝑁Υ
2

))

− 𝐸 {
1

𝐺
 ∑

1

𝜋𝑁Υ
2
∫exp((−

| 𝑟 − √Ρ𝑡𝑥𝐻ℓ𝒶 |
2

𝑁Υ
2 )) log2(∑ exp(

−|√Ρ𝑡𝑥(𝐻ℓ𝒶 − 𝐻ℓ̂𝑎
) +  𝜂 |

2

𝑁Υ
2 )

ℓ̂𝒶

)𝑑𝑟

ℓ𝑎

}  

 

 

 

 

 

  

 

 

 

 

(E15) 

(E17) 

(E18) 

. 
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We substitute 𝐸{| 𝜂 |2} = 𝑁Υ
2   as: 

 = log2(𝐺) − log2(exp(1))

−
1

𝐺
 ∑ 𝐸{log2(∑ exp(

−|√Ρ𝑡𝑥(𝐻ℓ𝒶 − 𝐻ℓ̂𝑎
) +  𝜂 |

2

𝑁Υ
2 )

ℓ̂𝒶

)
1

𝜋𝑁Υ
2
∫exp((−

| 𝑟 − √Ρ𝑡𝑥𝐻ℓ𝒶 |
2

𝑁Υ
2 ))𝑑𝑟}

ℓ𝑎

. 

 

 

 

 

 

 

Once again, 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 4 can be used again: 

 

      
1

𝜋𝑁Υ
2
∫exp((−

| 𝑟 − √Ρ𝑡𝑥𝐻ℓ𝒶 |
2

𝑁Υ
2 ))𝑑𝑟 = ∫𝑝(𝑟|𝐻ℓ𝑎) 𝑑𝑟 = 1. 

 

 

   (E20) 

Hence, we can write (D18) as: 

 

= log2(𝐺) − log2(𝑒) −
1

𝐺
 ∑𝐸 {log2(∑exp(

−|√Ρ𝑡𝑥(𝐻ℓ𝒶 − 𝐻ℓ̂𝑎) +  𝜂 |
2

𝑁Υ
2 )

ℓ̂𝒶

)}

ℓ𝑎

. 

 

 

  (E21) 

 

Finally, we can factor out -1 to simplify the final expression as: 

 

= log2(𝐺) − (log2(𝑒) +
1

𝐺
 ∑ 𝐸 {log2(∑ exp(

−|√Ρ𝑡𝑥(𝐻ℓ𝒶 − 𝐻ℓ̂𝑎
) +  𝜂 |

2

𝑁Υ
2 )

ℓ̂𝒶

)}

ℓ𝑎

). 

 

 

 (E22) 

 

 

 

 

 

 

 

 

 

 

 

 

 

(E19) 
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Appendix F 
HRM non-AP Theory derivations 

Given receive signal: 𝑟 = √𝑃𝑡𝑥𝐻𝑙𝑎𝑥𝑞 +𝑛, where 𝐸[|𝑛|2] = 𝑁𝜐  

First assume transmitted symbol 𝑥𝑞 is erroneously detected as 𝑥𝑞, and 𝑙𝑎 is detected correctly.  

We express the CPEP as:  

 𝑃(𝑥𝑞 → 𝑥𝑞 |𝐻𝑙𝑎 ,𝑙𝑎) = 𝑃 (|𝑟 −√𝑃𝑡𝑥𝐻𝑙𝑎𝑥𝑞 |
2
> |𝑟 − √𝑃𝑡𝑥𝐻𝑙𝑎 𝑥̂𝑞|

2
). 

 

 

Substitute 𝑟 = √𝑃𝑡𝑥𝐻𝑙𝑎𝑥𝑞 + 𝑛. 

Then we have: 

 𝑃(𝑥𝑞 → 𝑥𝑞 |𝑙𝑎,𝐻𝑙𝑎)

= 𝑃 (|√𝑃𝑡𝑥𝐻𝑙𝑎𝑥𝑞 + 𝑛 − √𝑃𝑡𝑥𝐻𝑙𝑎𝑥𝑞|
2
> |√𝑃𝑡𝑥𝐻𝑙𝑎𝑥𝑞 +𝑛 − √𝑃𝑡𝑥𝐻𝑙𝑎𝑥𝑞|

2
) 

= 𝑃 (|𝑛|2 > |√𝑃𝑡𝑥𝐻𝑙𝑎(𝑥𝑞 − 𝑥𝑞)+ 𝑛|
2
). 

 

  

 

 

   (F2) 

We employ Theorem 1 from Appendix A, Equation (A4). Hence, continue as: 

 = 𝑃 (|𝑛|2 > |√𝑃𝑡𝑥𝐻𝑙𝑎(𝑥𝑞 − 𝑥𝑞)|
2
+ |𝑛|2 + 2𝑅𝑒 {(√𝑃𝑡𝑥𝐻𝑙𝑎(𝑥𝑞 − 𝑥𝑞))(𝑛)

∗}). 

 

  

Now, (𝑛)𝐻 = 𝑛∗ because 𝑛 is scalar. 

We cancel out |𝑛|2 on both sides. Hence, we can simplify and rearrange as follows:  

 = 𝑃 (0 > |√𝑃𝑡𝑥𝐻𝑙𝑎(𝑥𝑞 − 𝑥𝑞)|
2
+ 2𝑅𝑒 {(√𝑃𝑡𝑥𝐻𝑙𝑎(𝑥𝑞 − 𝑥𝑞)) (𝑛)

∗}) 

= 𝑃 (0 < −|√𝑃𝑡𝑥𝐻𝑙𝑎(𝑥𝑞 − 𝑥𝑞)|
2
− 2𝑅𝑒 {(√𝑃𝑡𝑥𝐻𝑙𝑎(𝑥𝑞 − 𝑥𝑞)) (𝑛)

∗}). 

 

 

 

 

At this point in the derivation, we can note that for a RV denoted by 𝑋~𝐶𝑁(𝜇, 𝜎2), the 𝑄-function can 

be written using Theorem 2 in Appendix A, Equation (A7). 

Let 𝑅𝑒 {(√𝑃𝑡𝑥𝐻𝑙𝑎(𝑥𝑞 − 𝑥𝑞))(𝑛)
∗} = 𝑋~𝐶𝑁(𝜇,𝜎2). 

Need the variance 𝜎2: 

 
𝜎2 = 𝑅𝑒 {𝐸 [|(√𝑃𝑡𝑥𝐻𝑙𝑎(𝑥𝑞 − 𝑥𝑞)) (𝑛)

∗|
2
]} = 𝑅𝑒 {(𝑃𝑡𝑥 |𝐻𝑙𝑎|

2
|𝑥𝑞 − 𝑥𝑞 |

2
)𝐸[|𝑛|2]}

=
1

2
𝑃𝑡𝑥𝑁0|𝐻𝑙𝑎|

2
|𝑥𝑞 − 𝑥𝑞 |

2
. 

 

    

 

    (F5) 

Hence, we can write by substituting 𝑋 in as: 

 𝑃 (0 < −|√𝑃𝑡𝑥𝐻𝑙𝑎(𝑥𝑞 − 𝑥𝑞)|
2
− 2𝑅𝑒 {(√𝑃𝑡𝑥𝐻𝑙𝑎(𝑥𝑞 − 𝑥𝑞))(𝑛)

∗}) 

= 𝑃 (𝑋 >
1

2
𝑃𝑡𝑥 |𝐻𝑙𝑎|

2
|(𝑥𝑞 − 𝑥𝑞)|

2
). 

 

     

 

  (F6) 

We can now write in terms of the 𝑄-function using Theorem 2 as: 

(F1) 

(F3) 

(F4) 
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𝑃 (
𝑋

1
2
𝑃𝑡𝑥𝑁𝜐 |𝐻𝑙𝑎|

2
|𝑥𝑞 − 𝑥𝑞 |

2
>

1
2
𝑃𝑡𝑥 |𝐻𝑙𝑎|

2
|(𝑥𝑞 − 𝑥𝑞)|

2

1
2
𝑃𝑡𝑥𝑁𝜐 |𝐻𝑙𝑎|

2
|𝑥𝑞 − 𝑥𝑞 |

2
)

= 𝑄

(

 

1
2
𝑃𝑡𝑥|𝐻𝑙𝑎|

2
|(𝑥𝑞 − 𝑥𝑞)|

2

√1
2
𝑃𝑡𝑥𝑁𝜐 |𝐻𝑙𝑎|

2
|𝑥𝑞 − 𝑥𝑞 |

2

)

 , 

 

  

 

 

 

 

  (F7) 

which may be simplified to: 

 

= 𝑄(√
𝑃𝑡𝑥 |𝐻𝑙𝑎|

2
|(𝑥𝑞 − 𝑥𝑞)|

2

2𝑁𝜐
). 

 

 

 

     (F8) 

Next, assume transmitted index 𝑙𝑎 is erroneously detected as 𝑙𝑎, and 𝑥𝑞 is detected correctly.  

 𝑃(𝑙𝑎 → 𝑙𝑎|𝐻𝑙𝑎 ,𝐻𝑙𝑎 , 𝑥𝑞  
) = 𝑃 (|𝑟 − √𝑃𝑡𝑥𝐻𝑙𝑎𝑥𝑞|

2
> |𝑟 − √𝑃𝑡𝑥𝐻𝑙𝑎𝑥𝑞

|
2
). 

 

  (F9) 

Substitute 𝑟 = √𝑃𝑡𝑥𝐻𝑙𝑎𝑥𝑞 + 𝑛 in: 

Then we have: 

 = 𝑃 (|√𝑃𝑡𝑥𝐻𝑙𝑎𝑥𝑞 + 𝑛 − √𝑃𝑡𝑥𝐻𝑙𝑎𝑥𝑞|
2
> |√𝑃𝑡𝑥𝐻𝑙𝑎𝑥𝑞 + 𝑛 −√𝑃𝑡𝑥𝐻𝑙𝑎𝑥𝑞

|
2
) 

= 𝑃 (|𝑛|2 > |√𝑃𝑡𝑥𝑥𝑞(𝐻𝑙𝑎− 𝐻𝑙𝑎)+ 𝑛|
2
). 

 

 

 

  (F10) 

We use Theorem 1 from Appendix A, Equation (A4). 

Continue as: 

 = 𝑃 (|𝑛|2 > |√𝑃𝑡𝑥𝑥𝑞(𝐻𝑙𝑎 − 𝐻𝑙𝑎)|
2
+ |𝑛|2 + 2𝑅𝑒 {(√𝑃𝑡𝑥𝑥𝑞(𝐻𝑙𝑎 − 𝐻𝑙𝑎))(𝑛)

∗}) 

= 𝑃 (0 > |√𝑃𝑡𝑥𝑥𝑞(𝐻𝑙𝑎 − 𝐻𝑙𝑎
)|
2
+ 2𝑅𝑒 {(√𝑃𝑡𝑥𝑞(𝐻𝑙𝑎 −𝐻𝑙𝑎

))(𝑛)∗}) 

= 𝑃 (0 > 𝑃𝑡𝑥 |𝑥𝑞 |
2
|(𝐻𝑙𝑎 −𝐻𝑙𝑎

)|
2

+ 2𝑅𝑒 {(√𝑃𝑡𝑥𝑥𝑞(𝐻𝑙𝑎 − 𝐻𝑙𝑎
)) (𝑛)∗}). 

 

 

 

 

 

   

Noting that for 𝑀-PSK symbols, |𝑥𝑞 |
2
= 1, we have: 

  = 𝑃 (0 > 𝑃𝑡𝑥 |(𝐻𝑙𝑎 −𝐻𝑙𝑎
)|
2
+ 2𝑅𝑒 {(√𝑃𝑡𝑥𝑥𝑞(𝐻𝑙𝑎 − 𝐻𝑙𝑎

)) (𝑛)∗}). 

 

  (F12) 

For convenience, the above expression can be written as: 

 =  𝑃 (0 < −|(𝐻𝑙𝒶  − 𝐻𝑙𝒶
)|
2
−  2𝑅𝑒 {(√𝑃𝑡𝑥(𝐻𝑙𝒶  −  𝐻𝑙𝒶

)) (𝜂)∗}). 

 

 (F13) 

At this point in the derivation, we can note that for a RV denoted by 𝑋~𝐶𝑁(𝜇, 𝜎2), the 𝑄-function can 

be written using Theorem 2 from Appendix A, Equation (A7). 

Let 𝑅𝑒 {(√𝑃𝑡𝑥(𝐻𝑙𝒶  − 𝐻𝑙𝒶
))(𝜂)∗} = 𝑋~𝐶𝑁(𝜇, 𝜎2). 

Variance of 𝑅𝑒{𝑋}: 

(F11) 
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 𝜎2 = 𝐸 [𝑅𝑒 {(√𝑃𝑡𝑥𝑥𝑞(𝐻𝑙𝑎 − 𝐻𝑙𝑎
)) (𝑛)∗}] 

= 𝑅𝑒 {𝐸 [|(√𝑃𝑡𝑥𝑥𝑞(𝐻𝑙𝑎 − 𝐻𝑙𝑎
)) (𝑛)∗|

2
]} 

= 𝑅𝑒 {𝑃𝑡𝑥𝑁0|𝐻𝑙𝑎 − 𝐻𝑙𝑎
|
2
} 

=
1

2
𝑃𝑡𝑥𝑁0 |𝐻𝑙𝑎 − 𝐻𝑙𝑎

|
2
. 

 

 

 

 

 

 

 (F14) 

Using theorem 2, we rearrange and substitute 𝑋 in as follows: 

 = 𝑃 (0 > 𝑃𝑡𝑥 |(𝐻𝑙𝑎 − 𝐻𝑙𝑎
)|
2
+ 2𝑋) 

= 𝑃 (−2𝑋 > 𝑃𝑡𝑥 |(𝐻𝑙𝑎 − 𝐻𝑙𝑎)|
2
) 

= 𝑃 (𝑋 < −
1

2
𝑃𝑡𝑥|(𝐻𝑙𝑎 − 𝐻𝑙𝑎

)|
2
). 

 

    

 

 

(F15) 

Now, 𝑃(𝑋 <  −𝑎) = 𝑃(𝑋 > 𝑎). Hence, we can rearrange (F15) as: 

 
= 𝑃 (𝑋 >

1

2
𝑃𝑡𝑥 |(𝐻𝑙𝑎 − 𝐻𝑙𝑎

)|
2
). 

 

   

(F16) 

Now use Theorem 2: 

 

𝑃

(

 𝑋

√
1
2
𝑃𝑡𝑥𝑁𝜐|𝐻𝑙𝑎 − 𝐻𝑙𝑎

|
2
>

1
2
𝑃𝑡𝑥 |(𝐻𝑙𝑎 −𝐻𝑙𝑎)|

2

√
1
2
𝑃𝑡𝑥𝑁𝜐|𝐻𝑙𝑎 −𝐻𝑙𝑎

|
2

)

  

= 𝑄

(

 

1
2
𝑃𝑡𝑥 |(𝐻𝑙𝑎 − 𝐻𝑙𝑎)|

2

√
1
2
𝑃𝑡𝑥𝑁𝜐|𝐻𝑙𝑎 − 𝐻𝑙𝑎|

2

)

 . 

 

  

 

 

 

 

 

(F17) 

Simplify (F17) as: 

 

= 𝑄 (√
𝑃𝑡𝑥 |(𝐻𝑙𝑎 − 𝐻𝑙𝑎)|

2

2𝑁𝜐
). 

 

  

 

   (F18) 

Note that Equations (F8) and (F18) are also the results obtained for the HRM AP theory derivations 

with simple changes in variable notation described throughout Chapter 5. 

 

Statistics of non-AP HRM symbol: 

The channel magnitudes |ℎ𝑘 | and |𝑔𝑘 | are i.i.d. Rayleigh RVs with modes of 𝜎|ℎ𝑘| = √
𝐿𝑡

2
 and 𝜎|𝑔𝑘| =

√
𝐿𝑟

2
. These RVs have means of 𝐸[|ℎ𝑘 |] = 𝜎|ℎ𝑘|√

𝜋

2
= √𝐿𝑡√

𝜋

4
 and 𝐸[|𝑔𝑘 | ] = 𝜎|𝑔𝑘|√

𝜋

2
= √𝐿𝑟√

𝜋

4
  

respectively; and variances of 𝑉𝑎𝑟(|ℎ𝑘 |) = 𝜎|ℎ𝑘|
2 (2 −

𝜋

2
) = 𝐿𝑡 (1 −

𝜋

4
) and 𝑉𝑎𝑟(|𝑔𝑘 |) = 𝜎|𝑔𝑘|

2 (2 −

𝜋

2
) = 𝐿𝑟 (1 −

𝜋

4
). 

Mean of HRM symbol:                      
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 𝜇𝜖 = 𝐸[𝐻𝑙𝑎] 

= 𝐸 [𝛼 ∑|ℎ𝑘 ||𝑔𝑘 |

𝑁𝑎

𝑘=1

 + ∑ |ℎ𝑘 ||𝑔𝑘 |

𝑁

𝑘=𝑁𝑎+1

] 

= 𝛼𝐸 [∑|ℎ𝑘 ||𝑔𝑘 |

𝑁𝑎

𝑘=1

]+ 𝐸 [ ∑ |ℎ𝑘 ||𝑔𝑘 |

𝑁

𝑘=𝑁𝑎+1

] 

= 𝛼∑𝐸[|ℎ𝑘 ||𝑔𝑘 |]+ ∑ 𝐸[|ℎ𝑘 ||𝑔𝑘 |]

𝑁

𝑘=𝑁𝑎+1

𝑁𝑎

𝑘=1

. 

 

   

 

 

 

 

 

 

 

  (F19) 

Now, 𝐸[𝐴𝐵] = 𝐸[𝐴]𝐸[𝐵]. Substituting all statistics in, we get: 

 
= 𝛼𝑁𝑎√𝐿𝑡√

𝜋

4
 √𝐿𝑟√

𝜋

4
 + (𝑁 − 𝑁𝑎 )√𝐿𝑡√

𝜋

4
 √𝐿𝑟√

𝜋

4
  

= √𝐿𝑡𝐿𝑟 (
𝜋

4
) (𝛼𝑁𝑎 +𝑁 − 𝑁𝑎). 

 

 

 

(F20) 

Variance of HRM symbol: 

 𝜎𝜖
2 = 𝐸 [|𝐻𝑙𝑎|

2
] 

= 𝐸 [|𝛼 ∑|ℎ𝑘 ||𝑔𝑘 |

𝑁𝑎

𝑘=1

 + ∑ |ℎ𝑘 ||𝑔𝑘 |

𝑁

𝑘=𝑁𝑎+1

|

2

] 

= 𝐸 [|𝛼 ∑|ℎ𝑘 ||𝑔𝑘|

𝑁𝑎

𝑘=1

|

2

] + 𝐸 [| ∑ |ℎ𝑘 ||𝑔𝑘 |

𝑁

𝑘=𝑁𝑎+1

|

2

]. 

 

     

 

 

 

 

 

(F21) 

Substituting all statistics in, we get: 

 
= 𝛼2𝑁𝑎𝐿𝑡𝐿𝑟 (1 −

𝜋2

16
) + (𝑁 − 𝑁𝑎)𝐿𝑡𝐿𝑟 (1 −

𝜋2

16
) 

= 𝛼2𝑁𝑎𝐿𝑡𝐿𝑟 (1 −
𝜋2

16
) + (𝑁 − 𝑁𝑎)𝐿𝑡𝐿𝑟 (1 −

𝜋2

16
) 

 

= 𝛼2𝑁𝑎𝐿𝑡𝐿𝑟 (1 −
𝜋2

16
) + (𝑁 − 𝑁𝑎)𝐿𝑡𝐿𝑟 (1 −

𝜋2

16
) 

       = 𝐿𝑡𝐿𝑟 (1 −
𝜋2

16
) (𝛼2𝑁𝑎 +𝑁 − 𝑁𝑎). 

 

 

 

 

 

 

 

 

 

  

 

Statistics of AP HRM symbol:  

The channel magnitude |𝑔𝑘 | is an independent Rayleigh RV with mode of 𝜎|𝑔𝑘| = √
𝐿𝑟

2
. These RVs can 

be expressed in terms of the mode, with a mean of  𝐸[|𝑔𝑘 | ] = 𝜎|𝑔𝑘|√
𝜋

2
= √𝐿𝑟√

𝜋

4
  respectively; and 

variance 𝑉𝑎𝑟(|𝑔𝑘 |) = 𝜎|𝑔𝑘|
2 (2 −

𝜋

2
) = 𝐿𝑟 (1 −

𝜋

4
).  

(F22) 
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The second moment is derived as 𝐸[|𝑔𝑘 |
2] = 𝑉𝑎𝑟(|𝑔𝑘 |) + 𝐸[|𝑔𝑘 | ]

2 = 𝐿𝑟 (1 −
𝜋

4
) + (√𝐿𝑟√

𝜋

4
 )
2

=

𝐿𝑟. 

Mean of AP HRM symbol:  

 

𝜇𝜖 = 𝐸 [𝛼 ∑|𝑔𝑘 |

𝑁𝑎

𝑘=1

 + ∑ |𝑔𝑘 |

𝑁

𝑘=𝑁𝑎+1

] 

= 𝛼∑𝐸[|𝑔𝑘 |]

𝑁𝑎

𝑘=1

 + ∑ 𝐸[|𝑔𝑘 |]

𝑁

𝑘=𝑁𝑎+1

 

= √𝐿𝑟 √
𝜋

4
(𝛼𝑁𝑎 +𝑁 − 𝑁𝑎). 

 

 

 

 

 

 

 

 

Variance of AP HRM symbol: 

 

𝜎𝜖
2 = 𝐸 [|𝛼∑|𝑔𝑘 |

𝑁𝑎

𝑘=1

 + ∑ |𝑔𝑘 |

𝑁

𝑘=𝑁𝑎+1

|

2

] 

 

= 𝛼2∑𝐸 [||𝑔𝑘 ||
2
]

𝑁𝑎

𝑘=1

+ ∑ 𝐸 [||𝑔𝑘 ||
2
]

𝑁

𝑘=𝑁𝑎+1

 

= 𝐿𝑟 (1 −
𝜋

4
) (𝛼2𝑁𝑎 + 𝑁 −𝑁𝑎 ). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(F23) 

(F24) 
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Appendix G 
 

Derivation of ABEP of RIS 𝑀-QAM AP scheme for low 𝑁 

We have that 𝜉 =
3𝑁𝜌

𝑀−1
, 𝑎 = 1 −

1

√𝑀
, 𝜔 =

4𝑎

log2(𝑀)
, and the PDF of Rician RVs is given by [133]: 

 
𝑓Ζ(𝑥) =

𝑥𝑁

𝑐2
2
(
𝑐1

𝑐2𝑏
)
𝑁−1

exp [−
1

2
(
𝑥2

𝑐2
2 +

𝑏2

𝑐1
2
)] 𝐼𝑁−1 (

𝑥𝑏

𝑐1𝑐2
), 

 

  

(G1) 

where 𝑏 = √
𝑁𝐾Ω

𝐾+1
, 𝑐1 and 𝑐2 are constants, and 𝐼𝑁−1( ∙ ) is the MBF of the first kind, described in Chapter 

6, Section 6.4, Equation (6.9). Note that for this analysis, Ω = 1.  

The ABEP is given by [78]: 

 
𝑃𝑒 = 𝜔∫ {𝑄(√𝜉𝑥2)− 𝑎𝑄2 (√𝜉𝑥2)}

∞

0

𝑓Ζ(𝑥) 𝑑𝑥. 

 

 

 

Using 𝑄-function approximations 𝑄(𝑢) ≅
1

12
𝑒−

𝑢2

2 +
1

4
𝑒−

2𝑢2

3  and 𝑄2(𝑢) ≅
1

8
𝑒−𝑢

2
, we get: 

 
𝑃𝑒 ≈ 𝜔∫ {

1

12
exp (−

𝜉𝑥2

2
)+

1

4
exp (−

2𝜉𝑥2

3
) 

∞

0

−
𝑎

8
exp(−𝜉𝑥2)}(

𝑥𝑁

𝑐2
2
(
𝑐1

𝑐2𝑏
)
𝑁−1

exp [−
1

2
(
𝑥2

𝑐2
2 +

𝑏2

𝑐1
2
)] 𝐼𝑁−1 (

𝑥𝑏

𝑐1𝑐2
)) 𝑑𝑥. 

 

    

 

 

   (G3) 

Now, letting 𝐶 =
1

𝑐2
2
(
𝑐1

𝑐2𝑏
)
𝑁−1

exp [−
1

2
(
𝑏2

𝑐1
2
)], and 𝐴 =

𝑏

𝑐1𝑐2
we then have: 

 
𝑃𝑒 ≈ 𝜔𝐶 ∫ {

1

12
exp (−

𝜉𝑥2

2
) +

1

4
exp (−

2𝜉𝑥2

3
) 

∞

0

−
𝑎

8
exp(−𝜉𝑥2)} (𝑥𝑁 exp [−

1

2
(
𝑥2

𝑐2
2
)] 𝐼𝑁−1(𝐴𝑥)) 𝑑𝑥. 

 

   

 

 

  (G4) 

Taking a common denominator of 24, we get: 

 
𝑃𝑒 ≈

𝜔𝐶

24
∫ {2 exp (−

𝜉𝑥2

2
) + 6 exp (−

2𝜉𝑥2

3
) 

∞

0

− 3𝑎 exp(−𝜉𝑥2)} (𝑥𝑁 exp [−
1

2
(
𝑥2

𝑐2
2
)] 𝐼𝑁−1(𝐴𝑥)) 𝑑𝑥. 

 

 

 

 

(G5) 

Now, multiplying out and combining all exponential terms, we get:  

 
𝑃𝑒 ≈ 𝐹 ∫ {2 exp ([−

𝜉

2
−

1

2𝑐2
2] 𝑥

2) + 6 exp ([−
2𝜉

3
−

1

2𝑐2
2] 𝑥

2) 
∞

0

− 3𝑎 exp ([−𝜉 −
1

2𝑐2
2] 𝑥

2)} (𝑥𝑁𝐼𝑁−1(𝐴𝑥)) 𝑑𝑥, 

 

    

 

 

where 𝐹 =
𝜔𝐶

24
. 

(G2) 

(G6) 
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By further simplification of the exponential terms, we may define 𝛽11 =
𝜉𝑐2
2+1

2𝑐2
2 , 𝛽12 =

4𝜉𝑐2
2+3

6𝑐2
2 , and 

𝛽13 =
2𝜉𝑐2

2+1

2𝑐2
2 , we may write: 

 
𝑃𝑒 ≈ 𝐹 ∫ {2 exp([−𝛽11]𝑥

2)+ 6 exp([−𝛽12]𝑥
2) 

∞

0

− 3𝑎 exp([−𝛽13]𝑥
2)}(𝑥𝑁𝐼𝑁−1(𝐴𝑥)) 𝑑𝑥. 

 

    

 

   (G7) 

Now, we may expand the MBF as follows: 

 

𝐼𝑁−1(𝐴𝑥) = ∑
(
𝐴
2
𝑥)

2𝑘+𝑁−1

(𝑘!)Γ(𝑘 + 𝑁)

∞

𝑘=0

. 

 

    

   (G8) 

We now use the principle that the integral of the sum is the sum of the integral as follows: 

 
𝑃𝑒 ≈ 𝐹 ∫ {2 exp([−𝛽11]𝑥

2) + 6 exp([−𝛽12]𝑥
2) 

∞

0

− 3𝑎 exp([−𝛽13]𝑥
2)}(𝑥𝑁𝐼𝑁−1(𝐴𝑥)) 𝑑𝑥 

≈ 𝐹 ∫ 𝑥𝑁{2 exp([−𝛽11]𝑥
2) + 6 exp([−𝛽12]𝑥

2) 
∞

0

− 3𝑎 exp([−𝛽13]𝑥
2)}(∑

(
𝐴
2
𝑥)

2𝑘+𝑁−1

(𝑘!)Γ(𝑘 + 𝑁)

∞

𝑘=0

)  𝑑𝑥  

≈ 𝐹∑
(
𝐴
2
)
2𝑘+𝑁−1

(𝑘!)Γ(𝑘 +𝑁)

∞

𝑘=0

∫ 𝑥2𝑁+2𝑘−1{2exp([−𝛽11]𝑥
2) + 6 exp([−𝛽12]𝑥

2) 
∞

0

− 3𝑎 exp([−𝛽13]𝑥
2)}𝑑𝑥. 

 

 

 

 

 

 

 

 

 

 

 

 

   

Now, we use the integral property given in Equation 3.326.2 in [135] stated as follows:  

 
∫ 𝑟𝑚 exp(−𝛼𝑟𝑛) 𝑑𝑟
∞

0

=
Γ(𝜑)

𝑛𝛼𝜑
, 𝜑 =

𝑚+ 1

𝑛
, 

(G10) 

assuming 𝑅𝑒{𝛼} > 0, 𝑅𝑒{𝑚} > 0, 𝑅𝑒{𝑛} > 0. 

This property may be used to evaluate each of the integrals to produce:  

 

𝑃𝑒 ≈ 𝐹∑
(
𝐴
2
)
2𝑘+𝑁−1

(𝑘!)Γ(𝑘+ 𝑁)

∞

𝑘=0

∫ 𝑥2𝑁+2𝑘−1{2 exp([−𝛽11]𝑥
2) + 6 exp([−𝛽12]𝑥

2) 
∞

0

− 3𝑎 exp([−𝛽13]𝑥
2)}𝑑𝑥 

𝑃𝑒 ≈ 𝐹∑
(
𝐴
2
)
2𝑘+𝑁−1

(𝑘!)Γ(𝑘 +𝑁)

∞

𝑘=0

[
Γ(𝑁 + 𝑘)

𝛽11
(𝑁+𝑘)

+  3
Γ(𝑁 + 𝑘)

𝛽12
(𝑁+𝑘)

−
3𝑎Γ(𝑁 + 𝑘)

2𝛽13
(𝑁+𝑘)

]  

𝑃𝑒 ≈ 𝐹 (
𝐴

2
)
𝑁−1

∑
(
𝐴
2
)
2𝑘

(𝑘!)

∞

𝑘=0

[𝛽11
−(𝑁+𝑘) +  3𝛽12

−(𝑁+𝑘) − (
3𝑎

2
) 𝛽13

−(𝑁+𝑘)].  

 

 

 

 

 

 

 

 

 

 

We now define 𝐿 = 𝐹 (
𝐴

2
)
𝑁−1

, and separate the sums as follows: 

(G9) 

(G11) 
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𝑃𝑒 ≈ 𝐿(∑
(
𝐴
2
)
2𝑘

(𝑘!)

∞

𝑘=0

𝛽11
−(𝑁+𝑘) + 3∑

(
𝐴
2
)
2𝑘

(𝑘!)

∞

𝑘=0

𝛽12
−(𝑁+𝑘)−

3𝑎

2
∑

(
𝐴
2
)
2𝑘

(𝑘!)

∞

𝑘=0

𝛽13
−(𝑁+𝑘)) 

 

≈ 𝐿(𝛽11
−𝑁∑

(
𝐴
2
)
2𝑘

(𝑘!)

∞

𝑘=0

𝛽11
−𝑘 + 3𝛽12

−𝑁∑
(
𝐴
2
)
2𝑘

(𝑘!)

∞

𝑘=0

𝛽12
−𝑘 −

3𝑎

2
𝛽13
−𝑁∑

(
𝐴
2
)
2𝑘

(𝑘!)

∞

𝑘=0

𝛽13
−𝑘). 

 

  

 

 

 

 

 

  (G12) 

Now 𝑎−𝑏 = (
1

𝑎
)
𝑏

= (
1

𝑎
)

2𝑏

2
= (

1

√𝑎
)
2𝑏

. Hence, we can write: 

 

𝑃𝑒 ≈ 𝐿(𝛽11
−𝑁∑

(
𝐴
2
)
2𝑘

(𝑘!)

∞

𝑘=0

𝛽11
−𝑘 + 3𝛽12

−𝑁 ∑
(
𝐴
2
)
2𝑘

(𝑘!)

∞

𝑘=0

𝛽12
−𝑘 −

3𝑎

2
𝛽13
−𝑁∑

(
𝐴
2
)
2𝑘

(𝑘!)

∞

𝑘=0

𝛽13
−𝑘) 

≈ 𝐿

(

  
 
𝛽11
−𝑁 ∑

(
𝐴

2√𝛽11
)

2𝑘

(𝑘!)

∞

𝑘=0

+ 3𝛽12
−𝑁∑

(
𝐴

2√𝛽12
)

2𝑘

(𝑘!)

∞

𝑘=0

−
3𝑎

2
𝛽13
−𝑁∑

(
𝐴

2√𝛽13
)

2𝑘

(𝑘!)

∞

𝑘=0

)

  
 

 

≈ 𝐿 (𝛽11
−𝑁Ω(

𝐴

2√𝛽11
) + 3𝛽12

−𝑁Ω (
𝐴

2√𝛽12
)−

3𝑎

2
𝛽13
−𝑁Ω (

𝐴

2√𝛽13
)), 

 

  

 

 

 

 

 

 

 

 

  (G13) 

 

where Ω(𝑥) = ∑
𝑥2𝑘

𝑘!

∞
𝑘=0  , 𝐿 =

𝜔

24𝑐2
2
(
𝑐1𝐴

2𝑐2𝑏
)
𝑁−1

exp (−
𝑏2

2𝑐1
2
), 𝐴 =

𝑏

𝑐1𝑐2
 , 𝛽11 =

𝜉𝑐2
2+1

2𝑐2
2 , 𝛽12 =

4𝜉𝑐2
2+3

6𝑐2
2 , 𝛽13 =

2𝜉𝑐2
2+1

2𝑐2
2  , 𝜉 =

3𝑁𝜌

𝑀−1
, 𝑎 = 1 −

1

√𝑀
,  and 𝜔 =

4𝑎

log2(𝑀)
. 

 




