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ABSTRACT

Stably stratified flows are common in the environment such as in the atmospheric
boundary layer, the oceans, lakes and estuaries. Understanding mixing and dispersion
in these flows is of fundamental importance in applications such as the prediction of

pollution dispersion and for weather and climate prediction/models.

Mixing efficiency in stratified flows is a measure of the proportion of the turbulent kinetic
energy that goes into increasing the potential energy of the fluid by irreversible mixing.
This can be important for parameterizing the effects of mixing in stratified flows. In this
research, fully resolved direct numerical simulations (DNS) of the Navier-Stokes
equations are used to study transient turbulent mixing events. The breaking of internal
waves in the atmosphere could be a source of such episodic events in the
environment. The simulations have been used to investigate the mixing efficiency
(integrated over the duration of the event) as a function of the initial turbulence
Richardson number Ri = N’L*4? where N is the buoyancy frequency, L is the
turbulence length scale, and u is the turbulence velocity scale. Molecular effects on the
mixing efficiency have been investigated by varying the Prandt! number Pr= v/x, where
vis the viscosity and xis the scalar diffusivity. Comparison of the DNS results with grid
turbulence ‘experiments has been carried out. There is broad qualitative agreement
between the experimental and DNS results. - However the experiments suggest a
maximum mixing efficiency of 6% while our DNS gives values about five times higher.
Reasons for this discrepancy are investigated. The mixing efficiency has also been
determined using linear theory. It is found that the results obtained for the very stable
cases converge on those obtained from DNS suggesting that strongly stratified flows
exhibit linear behaviour. |

Lagrangian analysis of mixing is fundamental in understanding turbulent diffusion and
mixing. Dispersion models such as that of Pearson, Puttock & Hunt (1983) are based
on a Lagrangian approach. A particle-tracking algorithm (using a cubic spline
interpolation scheme following Yeung & Pope, 1988) was developed and incorporated
into the DNS code to enable an investigation into the fundamental aspects of mixing
and diffusion from a Lagrangian perspective following fluid elements. From the
simulations, the ensemble averaged rate of mixing as a function of time indicates
clearly that nearly all the mixing in these flows occurs within times of order 3 L/u. The
mean square vertical displacement statistics show how the stable stratification severely
inhibits the vertical displacement of fluid elements but has no effect on displacements




in the transverse direction. This is consistent with the Pearson, Puttock & Hunt model.

The important link that asymptotic value of the mean square vertical displacement is a

measure of the total irreversible mixing that has occurred in the flow is made. However‘
the results show that the change in density of the fiuid elements is only weakly

correlated to the density fluctuations during the time when most of the mixing occurs,

which contradicts a key modeling assumption of the PPH theory. Improvements to the

parameterization of this mixing are investigated.

Flow structures in stably stratified turbulence were examined using flow visualization
software. The turbulence structure for strong stratification resembles randomly
scattered pancakes that are flattened in the horizontal plane. It appears that
overturning motions are the main mechanism by which mixing occurs in these flows.
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CHAPTER 1

INTRODUCTION

1.1 Introduction

| Stably stratified flows are common in the environment such as in the atmospheric
boundary layer, the oceans, lakes and estuaries. The presence of the stable
stratification has substantial effect on many physical processes involved such as the
mixing efficiency and rates of mixing. The importance of mixing can be obvious to the
layman by simply visiting a huge industrial or urban complex when there is an
atmospheric inversion. It will be apparent that the stable stratification inhibits the
vertical mixing of the pollutants thereby increasing their concentration near the ground,
resulting in unpleasant conditions. Understanding mixing and dispersion in these flows
is of fundamental importance in applications such as the prediction of pollution
dispersion and for weather and climate prediction.

A great deal of effort has gohe into research and development of simple and effective
theories and models in stably stratified turbulence. Publications in this field are broad
encompassing fundamental aspects to the more specific applications in engineering
and geophysics. This dissertation investigates the aspects of mixing in stably stratified
turbulence using direct numerical simulations (DNS). DNS involves the complete
solution of the three-dimensional Navier-Stokes equations to obtain a full description of
a turbulent flow i.e. where the .flow variables such as the velocity and pressure are
known as a function of space and time

1.2 Project Background and Objectives

The mixing efficiency is important in the parameterization of mixing processes that
occuf in stably stratified flows. It is the proportion of turbulent kinetic energy that goes
into increasing the potential energy of the fiuid by irreversible mixing. The mixing
efficiency has been calculated mostly by way of laboratory experiments and more
recently using direct numerical simulations (DNS). However there has been a lack of
coherence in the different approaches employed thus far.
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The rate of mixing is dependent on small scale mixing processes. This is particularly
relevant to stably stratified flows as noted by Pearson, Puttock & Hunt (1983), hereafter |
referred to as PPH. PPH made use of a Lagrangian approach to study mixing and
dispersion in stably stratified turbulence. The theory of PPH modelled the density
exchange between fluid elements, which highlighted the particular importance of small
scale mixing in the flows. However, there have been no definitive evaluations done on
such theories to validate the small scale mixing formulations used in them, mainly due

to the difficulty in gathering Lagrangian statistics in the laboratory.
The main objectives of this stUdy are:

e To perform DNS of stably stratified flows (albeit at low to moderate Reynolds
numbers due to computing limitations) and calculate the mixing efficiency for
different strengths of stratifications from these simulations.

e Compare the DNS mixing efficiency results with those obtained from laboratory
experiments and suggest possible reasons for the discrepancies noted.

e To use a Lagrangian approéch to explicitly address the issue of small scale mixing
ih.stably stratified turbulence by extracting the density exchanges following fluid
elements. This would provid'e an understanding on how the density of the fluid
pa'rtiéles change with time (and/or Space) and hence a basis to evaluate the
_a_déquacy of the PPH theory on small scale mixing and gain fundamental
unhderstanding into the physics governing such processes.

e To study the flow structures in stably stratified turbulence by means of flow
visualizations and relate the structural features to mixing.

1.3 Dissertation Layout

The technical content of this dissertation has been arranged into five further chapters
and two appendices. The next five chapters generally present information and results

on the context of this dissertation. Other relevant information and program code listings
are included in the appendices.

Chapter Two presents a literature review on mixing in stably stratified flows. Definitions

of some of the basic parameters used in the context of this research are provided




Chapter 1

together with the equations of motions governing such flows. Review of work done on
mixing efficiency and energetics in stratified flows by various authors is carried out and |

observations drawn.

In Chapter Three, a study of transient (decaying) mixing events in stably stratified
turbulence using DNS is reported. The formulation of DNS is provided briefly together
with the underlying assumptions. The results on the mixing efficiency of various stably
stratified flows are presented. Discrepancies between DNS and experimental results
are discussed. The energetics governing these flows are addressed by means of the
energy, buoyancy flux and various spectra plots. Rapid Distortion Theory is used to
investigate whether strongly stratified turbulence is dominated by internal (linear)

waves.

Chapter Four presents the innovative part of this dissertation in that it presents the
Lagrangian approach used to gain fundamental understanding on the physics of small
scale mixing in stably stratified flows. The particle-tracking algorithm used for this study
is presented first. The Lagrangian statistics on displacements and rate of mixing are
shown. The correlation of the rate of mixing to the density fluctuations and other
parameters are presented. AdeqUacy of the Pearson, Puttock & Hunt theory is tested.

The structures in stably stratified flows are investigated by means of flow visualizations
in Chapter Five. Three-dimensional plots of flow visualizations of enstrophy, horizontal
vorticity, vertical vbrticity, density, vertical density gradients are presented. Qualitative
inferences on the structures and their relationship to mixing are presented. Flow

structures for very strong stable stratifications from DNS and RDT simulations are
studied to identify any similarities.

Chapter Six concludes this dissertation summarizing what has been done and the main
findings thereof in this study. Directions on further work from the author’s point of view
waiting in this exciting and important field in fluid dynamics are indicated.

Appendix A provides tables and program listing referred to in Chapter Three and
Appendix B gives the particle tracking program listing discussed in Chapter Four.
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1.4 New Contributions

While the work of this thesis is primarily an extension of the work of others (e.g. Riley,
Metcalfe & Weissman 1981, Kimura & Herring 1996), it nevertheless makes the
following meaningful and original contribution to research in stably stratified flows:

e The extraction of the change in density due to mixing following fluid elements
provides an original and efficient method to gain fundamental understanding into
the small scale mixing processes in stably stratified turbulence. This has allowed a
preliminary investigation into the adequacy of the mixing theory used in current
dispersion models.

1.5 Research Publications
Two international conference papers (Stretch et al, 2001 and Venayagamoorthy et al,
2002) have been presented on some aspects and findings of the work of this

dissertation.

1.6 Summary

This dissertation investigates primarily the mixing in stably stratified flows under
~decaying turbulence. The investigation is carried out by means of direct numerical
simulations (DNS) using both Eulerian and Lagrangian approaches.

The main body of the dissertation starts in the next chapter which provides a brief
literature review on stratified turbulence.
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CHAPTER 2

LITERATURE REVIEW OF MIXING IN STABLY STRATIFIED
FLOWS

2.1 introduction

Stébly stratified flows are common in the environment such as the atmospheric
boundary layer, the oceans, lakes and estuaries. In stably stratified flows, the mean
potential density increases with depth, in most of the regions and for most of the time.
Hence when in equilibrium, the lighter fluid lies above the heavier fluid. The tilting of
any density surface will consequently produce a restoring force resulting in motion that
can overshoot the equilibrium position. This gives rise to oscillatory motions about the
equilibrium position resulting in internal waves. The converse, which when the lighter
fluid lies below the heavier, results in instability leading to overturning forces and
convective motions (Turner, 1973), (see figure 2.1).

Lighter fluid / Heavier fluid

- Restoring force -~ Overturning force T

Heavier fluid Lighter fluid

() (b)

Figure 2.1: Displacements from hydrostatic equilibrium, (a) stable and (b) unstable
density distributions.

In this chapter, a brief review of stably stratified turbulence is presented highlighting
key background informétion that was fundamental to this research. Published work on
mixing efficiency and dispersion in stratified turbulence using experiments, DNS and
theoretical approaches are discussed to address key issues of importance in this field.
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2.2 The equations of motion and the Boussinesq Approximation

The momentum (Navier-Stokes) equations with the force of gravity included can be

written as:

Here g = (0,0, -g), the x and y axes being in the horizontal plane and z is vertically
upwards. The first term on the right hand side of equation (2.3) takes into account the
pressure forces and the second term allows for buoyancy forces in the fluid. The last
term describes the shear stresses due to the molecular viscosity, y.

Equation (2.1) can be further simplified to yield the so-called Boussinesq approximation
based on the assumptions that (Turner, 1973) variations of density are neglected in so
far as their effect on inertia are concerned, but are retained in the buoyancy terms (the
validity of this assumption has been based on dimensional arguments). The

assumption formally requires that the density variations are small (i.e. p'/p, <<1).

 This enables the momentum equation to be written in the Boussinesq approximétion
as:

Du i i (22)
Dt Po Po

where p'is the density fluctuation from the background mean density and P, is a
constant reference density and p is the kinematic pressure, which allows for the

hydrostatic contribution from p, +;(z). This is coupled with mass conservation to

yield (in the Boussinesq approximation):

Vau=0 (2.3)
and

Dp 2

— =KV

Dt P (2.4)

where « is the molecular diffusivity.
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The DNS code used for this research has been based on this simplified form of the
momentum equation in its non-dimensional form together with equations for mass

conservation.

2.3 Basic Parameters Common to Stratified Turbulence

Several parameters are fundamental in the subject of stratified turbulence. These
parameters will be frequently used throughout this dissertation and hence will be
defined here. The detailed relevance of these parameters will be dealt with where
appropriate in the subsequent chapters.

2.3.1 Buoyancy frequency and period

In a uniformly stably stratified flow, the density increases linearly downwards as shown

in figure 2.2
Z A | Z A
/
dp/0z<0 dp/0z>0
> >
Density, p _- Density, p
@) (b)

Figure 2.2: The variation of density with depth z, (a) stable case, and (b) unstable case
Consider a fluid particle displaced by a small distance n vertically from its equilibrium

position in a stable environment (see figure 2.2(a)). The net force acting on the fluid
particle is the weight of the fluid displaced by the particle by

F=(m-m,)g (2.5)

where m is the mass of the ambient fluid and my is the particle mass. The Lagrangian
form of Newton’s second law of motion gives the particle acceleration as:
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2
mp?f=mpaz=(m—mp)g (2.6)

Rearranging and simplifying gives
a, = [P_‘P_o}g T 2.7)

Using Taylor series expansion of density and height (p, z) relative to the particle’s initial
conditions, together with equation (2.7), the vertical displacement 7 of the particle can

be described by

2
dn_(890), 08
dr* \poz

Equation (2.8) describes the motion of the displaced fluid particle and is clearly a

simp.lle' harmonic motion. The term (—% a%z)% is known as the Brunt-Vaisala

frequency or the buoyancy frequency, N, with dimensions of ' It is the frequency of
vertically propagating gravity waves in a stable atmosphere. In the case considered,
the density gradient, 80/0z < 0, hence the solution to equation (2.8) will be given by

Wo

1 =1 SinNt (2.9)

This indicates that in the absence of friction, a displaced fluid particle in a stable
density field will try and migrate to fluid of its own density but in doing so will overshoot
that position as described earlier in section 2.1 and in figure 2.3. The overshoot will be
eventually be restricted as the buoyancy force overcomes the acceleration and
attempts to return to its equilibrium position. A dampening in the overshoot will
eventually occur due to friction (e.g. Streeter, Wylie & Bedford, 1998). '
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Displacement, nit)

Titme

Figure 2.3: Particle displacement versus time in a stably stratified flow (undamped
motion)

The buoyancy period (Tpy) associated with the buoyancy frequency is 2m/N and is
typically a few minutes in the atmosphere and the oceanic thermocline and up to a few
hours in the deep ocean (Turner; 1973).

2.3.2 Richardson number and Froude number
The Richardson number Ri, is a non-dimensional parameter that is used as a measure

of the :strength of the stratification and is an indication of the relative importance of
buoyancy to inertial forces in the fluid. It may be expressed as:

Ri=[NL°J (2.10)

Uy

where Lo, u, are the length and velocity scales of the most energetic eddies in the
turbulent motion.

The Froude number is another non-dimensional parameter describing the ratio of
inertial to buoyancy forces and maybe defined as

1
F, =u, /NL, = Ri™* (2.11) -
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2.3.3 The Reynolds number

The Reynolds number Re is a ratio of the inertial forces to the viscous forces in the

flow. It is given by

Re=u,L,/v (2.12)

where v is the kinematic viscosity. Flow at velocity up and length scale L, can be
considered inviscid at large enough Re numbers, however, when the fluid is strongly
stratified, the density gradient can suppress vertical motions, introducing much smaller
length scales into the problem. This means that Re in this scenario will not necessarily
be large and hence viscous as well as molecular diffusion effects could become
relevant in the physics of the flow (Turner, 1973).

2.3.4 The Peclet and Prandtl (or the Schmidt) number

The Prandtl number Pr (or equivalently the Schmidt number Sc) characterizes
molecular diffusion_effects in the flow and is given by the ra'tio, Pr=vik, where v is the
kinefnatic .viscos'ity and x is the fnolecular diffusivity of the fluid. The Peclet number
Pe =u, L,/ x =Pr.Re determines the importance of molecular effects at scales uo, Lo,

for the flow.

2.3.5 The Flux Richardson number

An Integral flux Richardson nurmber Ry may be defined as the ratio of the time integral
of the buoyancy flux to the change in the turbulent kinetic energy over the same period
of time. The turbulent kinetic energy (TKE) per unit mass is equal to % (* + vV + W)
where u, v & w are the velocity components respectively. Whence

R, = B/AKE = det/AKE (2.13)

where b = i;—w— and AKE = change in TKE
Po

10
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2.4 Energetics of Stratified Turbulent Flows

The energetics involved in stratified flows are crucial in understanding and evaluating
the mixing characteristics in stably stratified flows. Winters et al (1995) provide a
thorough discussion on the energetics of density-stratified flows (in the Boussinesq
approximation). In stratified flows, buoyancy restoring forces are created when fluid
displacements occur and this provides a pathway for conversion between kinetic and
potential energy in the flow. They carried out their analysis based on the notion that for
a closed fluid system, only reversible diabatic processes can change the probability
density function of the density. This scenario is appropriate to the DNS used in this
research, as the background potential energy of the fluid cannot change due to
boundary fluxes (see section 3.3.2). The evolution of energy of a stratified fluid has
been recently re-examined by Rottman, Seshadri, Nomura & Stretch, (2001) who
derived exact equations for the energetics in a stratified fluid.

Thefenergetics of homogenous stably stratified turbulent flows are described by

%(({E): ~b— 5 (2.14)

d
Z(PE) =+b— ¢, (2.15)

wher_é the buoyancy flux b= (-g/ p, );w—, the kinetic energy KE= % (172 v +;2),

the potential energy PE = % g/ po(—6;/ 62)"—,0—2 and &g and &g are the kinetic

energy and potential energy dissipation rates respectively.

Figure 2.4 shows the energy diagram for a density stratified flow (Winters et al, 1995).

11
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External
energy
Surface flux Surface flux Surface flux
- v
Kinetic energy Available Backgro_und
KE (——> potental 3 potential
T energy PE, T energy, PE,
Reversible _ Irreversib!e_
buoyancy fiux diapycnal mlxmg/
.Irreyersible Irreversible
kinetic energy ' conversion of internal to
dissipation potential energy
\ Internal /
energy

Figure 2.4: Flow chart showing the energetics of density stratified flow (Winters, et al,
1995).

The energy in a stratified flow can be stored as kinetic, available potential, background
potential, or internal energy. The transfer of energy can occur throu"gh buoyancy flux,
diabatic mixing or viscous dissipation. The initial available potential energy of the flow
is set equal to zero for all the simulations conducted for this research. The simulations
were initialized with a specified initial kinetic energy, which is given by the energy
spectrum.

2.5 Mixing Efficiency

The term mixing efficiency has been defined in several ways, all of which have the
same basic physical interpretation. The mixing efficiency in stratified flows can be

defined as the proportion of turbulent kinetic energy that goes into increasing the

12
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potential energy (background) of the fluid by irreversible mixing (Stretch et al, 2001).
This mixing efficiency is therefore synonymous with the flux Richardson number Rf,l
defined by equation (2.13) in section 2.3.5, which is the fraction of the available kinetic

energy that is used to do the mixing (Linden, 1980).

Decaying turbulence in stratified flows has been extensively studied by laboratory
experiments (Linden 1979, Linden 1980, Dickey & Mellor 1980, Britter, Hunt, Marsh &
Snyder 1983, Rohr, ltsweire & Van Atta 1984 and recently by Rehmann & Koseff 2000
and Barry, ivey, Winters & Imberger 2001). Theoretical models have been developed
(e.g. Weinstock 1978, Pearson, Puttock & Hunt 1983) to describe mixing and
dispersion in stably stratified flows. Direct numerical simulations (Riley, Metcalfe &
Weissman 1981, Metais & Herring 1989, Kimura & Herring 1996) are being
increasingly used to gain better understanding of stratified turbulence. The focus of
most of these researches has been primarily in understanding and evaluating the
relationship between the buoyancy and overturning scales and their evolution
(Fernando, 1991). Mixing efficiency results using DNS have been published by
Oduyemi (1993), Stretch et al (2000), Stretch et al (2001) and Venayagamoorthy et al
(2002).

2.5.1 Laboratory Experiments on Mixing Efficiency

Most of the laboratory experiments on mixing efficiency have been done by towing a
biplanar grid through stratified water using salt, heat, or salt and heat. A discussion of
the experiments by Rottman & Britter (1986) and Rehmann & Koseff (2000) is
presented and will be used later for comparison with the DNS results obtained from this
_research. The experimental facilities consisted of a large stratified tank, typical sizes
were 4 m long, 0.8 m wide and 1.2 m deep (Rehmann & Koseff, 2000) and 25 m long,

2.47 m wide and 1.2 m deep (Rottman & Britter, 1986), (see figure 2.5 for schematic
layout).

The density profiles used were linear with the buoyancy frequency between 0.17 and
1.60 s™'. A biplanar grid was suspended from a towing tank carriage that travels on rails
at speeds in the range 2.0 cm/s to 50 cm/s. The drag force on the grid was measured
by towing the grid through the tank in the Ilengthways direction at constant spe'ed. The
fluid was allowed to settle between tows until there was no visible motion before the

next tow was begun. The horizontal component of the force on the grid was measured

13
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with a calibrated load cell. Form drag was predominant in these experiments with a
drag coefficient Cy = 1.4 reported by Rottman & Britter (1986).

Temperature & Grid & force

conductivity probe transducer
ya 4m — -
E ’0.8 7 : A
| . | Rails Motor | 0.5m
Plexiglas | — / 1
~ enclosure : ! _ X
/ j 05m
Va
Water surf Y VAL
/’/ ‘r
/
\
\ .
Working section

Figure 2.5: Schematic diagram of the experimental facility. The water depth H was 35
cm (Rehmann & Koseff, 2000).
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The mixing efficiency of the turbulence produced by the grid was measured by towing
the grid at constant speeds over the length of the tank. Asymmetry was eliminated by.
conducting the experiments in even number of tows for a given tow speed. The number
of tows ranged from 4 to 100 for the experiments conducted by Rehmann & Koseff
(2000) and 10 to 40 for those done by Rottman & Britter (1986). Each set of tows was
continued until the density profile had eroded to a degree where it was no longer linear.
Note the density profiles were obtained by measuring the salinity (or temperature) of
the water at various depths.

Rottman and Britter (1986) indicate that the density profile changed initially by
developing well mixed layers at the top and bottom of the tank while the central portion
remained nearly linear with initial N value. They drew the analogy that grid-generated
turbulence may be visualized as raising the centre of mass of the water in the tank by
diffusing heavier fluid up the uniform density gradient or vice versa. An example of the

evolution of the mean vertical density profile in the experiments is shown in figure 2.6.

-
n

'Y h:t i ]

CREC IR

-

Figure 2.6: The evolution of the vertical distribution of density after n=0, 10, 28 and 40
grid tows, for the case with Ri = 0.41, from Rottman & Biritter (1986). The vertical
coordinate is scaled by the depth of the water in the tank and the density is scaled such
that initially it is zero at the top of the tank and unity at the bottom.
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The main interest in these experiments .was to determine the mixing efficiency, which is

the change in potential energy of the fluid as a fraction of the total energy input (i.e. the
work done to tow the grid up and down the tank). The mixing efficiency in these
experiments is measured as a function of the Richardson number Ri = (NM/U)?, in

which N is the initial buoyancy frequency of the fluid, M is the grid mesh length, and U
is the towing speed. It was assumed that all of the work done by towing the grid was
transferred into turbulent kinetic energy; an assumption that remains open to question,

(see section 3.6.2). The integral form of the flux Richardson number R; gives this
fraction. Figure 2.7 gives the plot of R; versus Ri for the experiments conducted by
Rehmann & Koseff (2000), Rottman & Britter (1986) and Britter (1985), (see Table A.1

in appendix A for the experimental resulits).

Rehmann & Koseff (2000) developed a scaling analysis that yields three distinct
regimes of behaviour of Rr classified by the initial strength of stratification characterized
by Ri as shown in figure 2.7. These scalings can be deduced using simple energy
arguments (noting that these arguments are not necessarily unique). In section 3.6.1 in

chapter 3, these simple energy arguments are presented to deduce these scalings.
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Figure 2.7: Mixing efficiency results from towed grid experiments
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The results of these experiments are fairly consistent:

(a) There appears to be no strong dependence on the molecular diffusivity (although
there are some uncertainties about this conclusion)

(b) For Ri < 0.1, the mixing efficiency increases approximately linearly with Ri.

(c) For 0.1 < Ri < 1, the mixing efficiency increases approximately like Ri'2.

(d) For Ri > 1, the mixing efficiency appears to approach a constant value of about 6%.
There are two main issues worth noting from these results, viz:

Firstly, since none of these laboratory experiments could achieve values of Ri greater
than about 10, there remains some uncertainty about the strongly stable limit. Some
different experiments e.g. those done by Linden (1980) where a horizontal grid was
dropped through a sharp density interface, have suggested that Ry should decrease for
sufficiently large Ri. Linden (1979) indicates that Ry increases with stratification at
small Ri until it reaches a maximum and then decreases again at high Ri. His
speculation was that at high Ri a significant fraction of the turbulent kinetic energy is
used to generate internal waves and prbvided these waves do not break, they do not
cont-r‘ibute to mixing, but are -eventually dissipated by viscosity. However the
mechanism for the decrease in Rsremains uncertain. Agreement with Linden’s results
on the shape of the Ry versus Ri curve was obtained in experiments conducted by Rohr
et al (1984). However it is worth noting that Ry in their case was calculated in an
essentially steady state flow while Linden used an average for R;over the total duration
of ‘uhsteady mixing events. |

The second issue is that the maximum mixing efficiency value of 6% for these
experiments is lower than those that has been measured in other types of mixing
experiments where values of 10%-20 % have been noted, see e.g. Linden (1979) and
Park, Whitehead & Gnanadeskian (1994).

In chapter 3 of this dissertation, DNS of decaying, homogenous, stably stratified
turbulence is used to address these two issues.

Recently, Barry et al (2001) have measured diapycnal diffusivities in stratified fluids
using linearly stratified salt solutions. Turbulence was generated by horizontal
oscillations of a rigid vertical grid. Their purpose was to measure and obtain the

relationship between the turbulent diffusivity for mass K, as a function of other turbulent

17



Chapter 2

parameters given in equation 1.16 of their paper. They compared their results with
existing turbulent mixing models (e.g. Osborn, 1980). They suggest a mechanism of _
turbulent mixing where K, changes through modification of the r.m.s. turbulent velocity
scale U;and not via an adjustment of the turbulent length scale L;. The uncertainty in
the generalization of their findings to stratified flows (which are rarely stationary in
nature) lies in the fact that their analysis ignores the previous history of the flow and is

based on local parameters at an instant in the flow.
2.5.2 DNS Research on Mixing Efficiency in Stratified Flows

Pioneering work on homogenous turbulence in density stratified fluids using DNS was
carried out by Riley et al (1981). They reported resuits on the effects of stratification by
performing simulations for a range of different initial Froude numbers (related to R/, see
equation (2.14)). They made use of pseudo-spectral methods in their DNS code
meaning that the spatial derivatives in the Navier-Stokes equations are evaluated in
Fourier (wave-number) space while the non-linear terms are computed in physical
space. This approach of computing the non-linear terms in physical space is
computationally less costly than in a purely spectral method. Transformations between
wave-number space and physical space and vice versa are effected efficiently using a
finite Fourier transform algorithm such as the Fast Fourier Transform. Periodic
boundary conditions are naturally imposed in all three spatial directions for such
simulations which forces mass continuity.

The objectives of their investigation were mainly to develop a better understanding of
the effects of stratification on turbulence and develop models for the décay of
turbulence with density stratification. They did not however calculate the mixing
efficiency of the different flows simulated. They provide discussions on the energeticé
of the flow such as energy decay with time, the evolution of the buoyancy flux with time
etc. They found a power law relationship for the decay of energy of the form given by
equation (2.16) with n = 1.5. This agrees with most laboratory data found for
homogenous turbulence decay where n is about 1.2.

€4 At —1)”" (2.16)

)

where e(f) is the total energy, e, is the initial value of e(t), A is constant approximately
equal to 1.13, and &, is a virtual origin. |
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They indicate that the growth of horizontal scales was enhanced with increasing
stratification, whereas the vertical scales were inhibited. What remains unclear is‘
whether this means a reverse cascade of energy transfer from the small scales to the
large scales. If this is the case, then it would suggest that strongly stably stratified flow
is approximately two-dimensional! Further their results show that the horizontal
corhponent of vorticity becomes larger than the vertical component as the stratification
increases. They present a “Low Froude Number Theory” to model the numerical
results theoretically. An important observation worth noting is the presence of wave-
like features in the flow fields at the lower Froude numbers and an inhibiting effect on
the dissipation rates by the stratification. However Riley et al (1981) observed that the
flow fields did not become internal wave fields (at least in the time periods computed)
and thus cannot be described by linear or weakly non-linear theory. In this research
this point is addressed by conducting simulations with even smaller Froude numbers
than they used and comparing the results obtained for mixing efficiency with those
obtained using finear theory (i.e. Rapid Distortion Theory (RDT)).

Mixing efficiency using DNS at 32° uniformly spaced points have been calculated using
the code of Riley et al (1981) by Oduyemi (1993). The results indicate qualitatively
similar trends to the experiméntal results but significant quantitative differences were
observed. The reasons for the discrepancies were attributed to differences in Prandtl
and Reynolds numbers between the simulations and laboratory. Stretch et al (2000)
indicate similar trends in their results. Their speculations are that the initial conditions
could be the controliing feature of the mixing efficiency in this class of flow. However
since the numerical simulations cannot span a large enoug'h range of Pr, they do not
rule out definitively any significant Pr effects. In the work described in chapter 3 of this
dissertation, the issue of Pr effects is addressed by running a series of simulations at
varying Ri, Prand Re numbers.

2.6 Lagrangian Statistics and Diffusion in Stratified Turbulence

Taylor (1921) was the first to recognise the importance of Lagrangian statistics in the
problem of turbulent dispersion when he formulated his classical theory for a fluid
particle’s mean square displacement in homogenous stationary turbulence. He derived
a relationship between the Lagrangian autocorrelation function of the fluid particle
velocity and its mean square displacement. Firstly, it is imperative to explain the
concept of a fluid particle (or element):
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A fluid particle is a mathematical point moving with the local velocity of the fluid
continuum or aiternatively a fluid particle is a point which moves with the velocity of the
fluid at that point. This means that the Lagrangian velocity (velocity of the fluid particle)

V(t) is equal to the Eulerian velocity « at the particle’s position, i.e.
V(1) =u(X(s), 1) 2.17)
where (¢) denotes coordinates following a fluid particle.

Equation (2.17) implies that

d
EX< y=v{1) (2.18)

Equétion (2.18) can be integrated to give (Squires & Eaton, 1991)
X(t)= X, + [V(7)dr (2.19)

Multiplying (2.19) by (2.18) and averaging yields (for stationary flows)

d5/ 0 o575t |
E;X?( 1) =27 | [R(7)dr (2.20)

where an overbar(s), denote ensemble averages and

R (1.7) = V(W (t+z)

V2

(2.21)

is the Lagrangian velocity autocorrelation function.

Equation (2.20) can be integrated to get the short and long term behaviour of the

dispersion predicted by Taylor and given in equations (2.22) and (2.23) (Riley &
Patterson, 1974):
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XM ty= V£ for t <<T,, assuming R, (7) ~1 (2.22)

and

X (1)~ VTt for £ >> T, (2.23)

where T, = f R, (r)dr is the Lagrangian integral time scale.

These equations show that at short dispersion times, where the fluid particles have
moved only a short distance from their initial positions, the mean square displacement
varies quadratically with time. On the other hand, for long times (where the fluid
particle’s velocity is no longer correlated with its original value), the dispersion
increases linearly with time (Truesdall, 1993).

This important framework by Taylor paved the way for research employing analytical,
experimental and numerical studies to understand and predict dispersion in turbulent
flows. The collection of Lagrangiah statistics from laboratory experiments has proved to
be few due to the difficulty of tracking fluid particles in time. Snyder & Lumley (1971)
were the first to obtain Lagrangian statistics from grid-generated turbulent flows.
Recently, Sato & Yamamoto (1987) have also obtained relevant results. The only
notable experiment to address specifically turbulent diffusion in the presence of stable
stratification is that of Britter et al (1983). The discussion here will be limited to the key
fundamental _theoretical developments by Csanady (1964), which has been improved
on by PPH. Lagrangian results using DNS were first presented by Riley & Patterson
(1974) in their decaying isotropic turbulence simulations. They were the first to exploit
the instantaneous Eulerian velocity fields available from DNS to track fluid particles
(albeit using a linear interpolation scheme). Yeung & Pope (1988) developed
numerically efficient and accurate interpolation schemes for particle tracking (e.g. cubic
spline interpolation that was used in this research and is discussed extensively in
chapter 4 of this dissertation). They gathered Lagrangian statistics in isotropic
turbulence. The only recent DNS work specifically on diffusion in stably stratified
decaying turbulence was by Kimura & Herring (1996). It must be noted however that
Kaneda & Ishida (2000) have used DNS to gather Lagrangian statistics to validate their
linearized theory on strongly stratified turbulence.
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2.6.1 Pearson, Puttock and Hunt Model

The theoretical model put forward by PPH is an extension of the work by Csanady
(1964) and uses a Langevin or ‘random-force’ type equation to model vertical turbulent
diffusion in a statistically stationary, homogenously stratified flow. The outcome of their
model was to derive the mean square vertical displacementZ_z(t) and the Lagrangian
velocity autocorrelation R,(z) of small particles in terms of some random forces acting

on them.

PPH show that when there is no change of the fluid elements’ density (the mixing factor
described by dimensionless parameter y = 0) the mean square displacement Z2 of the
tagged particles will cease to grow beyond time t = N and its asymptotic value will
approach w?/N? (see section 3.2 for the derivation of this result). This is based on the
argument that the fluid elements only have kinetic energy of order ¥ p(w). Over a
timescale long compared with the turbulence decay time, the fluid elements can

change their density (i.e. y <<1) allowing for a slow linear growth given by
7 2 242 2
Z =w /IN°({, +2N"tr,) (2.24)

where ; is a dimensionless parameter that is dependent on the shape of the turbulent
pressure gradient spectrum. Hunt (1982, 1985) shows that Z, has a value in the range
0.5 < g; < 1.5 for most kinds of spectra. The value of 7, is dependent on the mixing
process and is given by 7, = #/N. PPH define yas a mixing factor that relates the rate
of mixing with the density fluctuations by

KV? p'= —yNp' (2.25)
where «is the molecular diffusivity and £ is density fluctuation from the mean. It must
be emphasized that yis difficult to estimate a priori (typically ylies in the range 0.1-0.4

in the stable atmospheric boundary layer).

The equation for the density perturbation following a fluid element can be written as
(Csanady, 1964, PPH, 1983):
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aolt) _de' iy, W) 2 =) @29

dt  dt

where p= p0+;(z)+ p' and % denotes total derivatives.
t

The expression for p'(f) obtained by integrating equation (2.26) yields equation (4.3) in
the PPH paper, i.e.

(1) = p{0) = ;(_aa_fwuvazp-(@j dr (2.27)

This equation describes how the density perturbations are initiated by the vertical
advection of the fluid elements within a background density gradient (i.e. a reversible
segregation) given by the integral of the first term on the right hand side of the equation
and by the actual change in the density of fluid elements produced by mixing with
neighbouring elements given by the integral of the second term on the right hand side.
This formulation is used in calculating the instantaneous rate of mixing of fluid particles
b'y célcdlatihg the change in 'dén.sity due to mixing following fluid particles (see section
4.2).

The PPH theory has been compared with laboratory results obtained from diffusion
expeﬁments by Britter et al, 1983. The outcome of the comparisons is not clear due to
the fact that the grid turbulence decays and hence is not stationary which contradicts a
key requirement of the PPH model. With some maodifications introduced to account for

the decay, some general agreement between the PPH model and experiments has
been noted by Britter et al (1983).

Recent work by Kimura & Herring (1996) on diffusion in stably stratified decaying
turbulence using DNS has focused on comparing their dispersion results with the PPH
model. They extended the PPH theory for decaying turbulence in order to compare
their simulation results with the theoretical results. They found qualitatively different
behaviour in the time evolution of the vertical plume width predicted by PPH. In order to
get agreement in the qualitative behaviour, Kimura & Herring excluded molecular
mixing from the PPH theory. They found that both single-particle dispersion and
particle pair separation were strongly inhibited in the vertical direction by stable
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stratification while being relatively unaffected in the transverse directions, which is
consistent with experimental results and the PPH model. In their investigation,
visualizations of the enstrophy (mean square vorticity) fields for different strengths of
stratification were made. They observed scattered pancake-shaped vortex patches
lying almost in the horizontal plane especially for very strongly stable cases. They
suggested that the scattered pancakes seem to be a good surrogate for the final

structures in decaying stratified turbulence.

The PPH theory is widely used in industrial air quality modelling since it is incorporated
in many current dispersion models such as ADMS developed by the Cambridge
Environmental Research Associates (Carruthers, Holroyd, Hunt, Weng, Robin, Apsley,
Smith, Thomson & Hudson, 1991). These models use modifications to the PPH theory
in an adhoc way to simulate dispersion in non-stationary, non-homogenous shear
stratified flows, which is more representative of the stable atmospheric boundary layer.
To the author's knowledge there has been no clear validation done of the PPH theory
for diffusion in stably stratified flows. It is therefore imperative that comprehensive
studies be carried out to validate and/or improve the PPH model for diffusion in stably
stratified flows.

Chapter 4 of this dissertation describes preliminary Lagrangian results obtained using
particle tracking in DNS of decaying homogenous stratified turbulence and lays the
groundwork for further research to comprehensively address this very important
problem in environmental engineering.

2.7 Summary

This chapter has introduced the fundamental parameters and equations governing
stratified flows. A brief review of experiments and DNS focusing on the mixing
efficiency of turbulence and diffusion in stably stratified flows has been given. The next
chapter describes the numerical experiments conducted during this research in the
context of mixing efficiency in transient turbulent events.
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CHAPTER 3

TRANSIENT MIXING EVENTS IN STABLY STRATIFIED
TURBULENCE

3.1 Introduction

In this chapter, a description and discussion of the direct numerical simulations (DNS)
of transient (i.e. decaying), homogenous, stably stratified turbulence is given within an
Eulerian framework. The early sections of this chapter provide the theoretical aspect of
the simulations (i.e. problem formulation, DNS formulation etc.). These simulations are
used to determine the mixing efficiency as a function of the stratification. The DNS
results are compared with results obtained from the grid turbulence experiments
discussed in section 2.5.1. Discrepancies between DNS and experimental results are
discussed. Molecular effects on the mixing efficiency are investigated. Results on the
energetics of these transient turbulent flows are presented. Comparison of DNS results
with rapid distortion theory (RDT) is presented to show how well linear theory can
predict mixing efficiency in stably stratified turbulence.

3.2 Problem Statement

The main interest in this aspect of the research is in the energetics and mixing
characteristics integrated over the full duration of these transient turbulent flows. In
particular an attempt was made to answer the following quéstion:

"Integratéd over the duration of the turbulence decay, how much of the initial kinetic
energy goes into increasing the background potential energy of the fluid as compared
to the fraction that is dissipated into heat?

3.3 Formulation of DNS

DNS involves the complete solution of the three-dimensional Navier-Stokes equations
to obtain a full description of a turbulent flow i.e. where the flow variables such as the
velocity and pressure are known as a function of space and time. The numerical
experiments described in this dissertation were carried out with the DNS code used by

Riley, Meltcalfe & Weissman (1981). The code makes use of pseudo-spectral methods,
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which provides an efficient numerical basis for evaluating the spatial derivatives while
computing the non-linear terms of the Navier-Stokes equations in physical space. The_

code is written in the Fortran 77 programming language.

The simulations are based on the non-dimensionalized Navier-Stokes equations within

the Boussinesq approximation, i.e.

iu+u-Vg=—LVp+g£—+VV22 (3.1)
o~ - P P

op' d; 2

L u-Vprw—=xVip' (3.3)
a m T |

Here x = (x,y,2) is a right-handed Cartesian coordinate system with z directed in the

vertical. u = (u,v,w) is the corresponding velocity, p, is a constant reference density, p*

is the density fluctuation from the ambient p, +;(z), p is the kinematic pressure

(Batchelor, 1967) which allows for the hydrostatic contribution from p0+;(z),

g = (0,0, -g) is the gravity vector, v is the kinematic viscosity and « is the molecular
diffusivity (Riley et al, 1981).

The solutions are computed in a 2x-periodic (in all three spatial directions) box of 32°,
64° or 128° grid points. The mean vertical density gradient is assumed constant in
space, which implies horizontal statistical homogeneity. The 2xlength for the
computational box is chosen conveniently so that the wave number components are all
integers. A modified leap-frog time differencing scheme is used to advance the time
steps except for every 25" step where an Euler scheme is used for smoothing. Further
details 