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Abstract

The thesis contains a comprehensive theoretical and numerical study of the nonlinear
Benjamin equation posed in the real line. We explore wellposedness of the problem
in weighted settings and provide a detailed study of existence, regularity and orbital
stability of traveling wave solutions. Further, we present a comprehensive study of
the Malmquist-Takenaka-Christov (MTC) computational basis and employ it for the

numerical treatment of the nonstaionary and the stationary Benjamin equations.
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Chapter 1

Introduction

Evolution equations appear naturally in mathematical description of various phe-
nomena arising in physics, engineering, technology, biology, social sciences, e.t.c. As
a consequence, rigorous mathematical treatment of these equations (both qualitative
and quantitative) constitutes a large body of pure and applied modern mathematical
research. In the thesis, we focus on the analysis of one such problem, namely on the
nonlinear Benjamin equation (NBE) that describes propagation of internal waves
in a two fluid system [10]. In past two decades, noticeable consideration has been
given to the NBE equation, mainly due to its mathematical complexity and poten-
tial applications in applied science and engineering. In particular, the solvability of
Cauchy problem associated to the NBE is addressed in [29, 63, 64, 95|. Existence
and orbital stability of traveling wave solutions is the main subject of [5, 10, 13, 74].
Numerical treatment of both stationary and non-stationary NBE can be found in
[5, 26, 35, 36, 53|. Nevertheless, despite significant progress, rigorous theoretical and
numerical analysis of the NBE model is far from being complete. In this Chapter,
we provide a survey of the current state of art of theoretical and numerical results

available for the NBE model and describe our contribution to each of these topics.

1.1 The nonlinear Benjamin equation

The nonlinear Benjamin equation was proposed by T.B. Benjamin in his study of

long internal waves propagating in a two-fluid system [10, 11] (see also derivations



Figure 1.1: The sketch showing the wave propagating in a two-fluid system

in [5]) shown in Figure 1.1.

The system is made up of two fluids with densities p; < po and depths hy <
0 < hy, |hi| < |hz|, where the interface between two fluids is subject to the tension
T. The system is bounded by the rigid planes y = ho and y = hyq, from below and
above, respectively. The position of the interface at rest corresponds to the plane
y =0, see Fig. 1.1.

To derive the dispersion relation, connecting the wave number ¢ and the fre-
quency w of a surface harmonic wave, we follow the exposition from [62]. Assuming

that the velocity fields in each fluid are potential, we have
ui(z,y,t) = Cicosh[&(y + hy)] cos(éx)e™!, i=1,2. (1.1.1)
Since the interface wave is harmonic, its vertical displacement reads
n = kcos(Ex)e™, (1.1.2)

where k is the wave amplitude. It is expected that the normal component of the
fluid velocities at the interface surface are equal to the normal velocity of the surface
itself. Hence,
M+ uyl,_ =0, i=1,2,
and from(1.1.1) and (1.1.2), we obtain
WK

O T Csnn(gh)

i=1,2. (1.1.3)
The pressures are given by

pi = pi(we — gr), =12



In the presence of capillarity modeled by the surface tension 7', the pressures must
satisfy the following jump condition
P1— P2+ Ty = 0.
y=0

Upon the substitution of (1.1.3) into the last formula, we deduce

2 9&(p2 — p1) + TE°
p1 coth(Ehy) — pg coth(Ehs)’

which, when rewritten in terms of the wave speed ¢ = 2’—22, yields the following

dispersion relation
2 9(p2 — p1) + T€
plg COth(ghl) — pgg COth(fl’Lg)

Note that under the assumptions that |{hs| is extremely large and respectively

coth(£hy) &~ —sgn &, the above relation becomes

s glpa—p1) +TE
c(§)” = p1€ coth(Ehy) + polé|

T.B. Benjamin considered the scenario, where the wave amplitude is much

smaller as compared to h; and || is close to zero (long waves). The upper fluid
of the model usually has a vital influence on the dispersive properties of waves at

small finite values of £, see [9]. Developing ¢(§) in Taylor’ series in powers of ||, we

have
L py 1 T 1p3 1Y\, 20 3
T [RRELCYNI Y S Y. S\ P |
(©) = <(0) 2p1 el 3 g(p2 —p)hi  2p7 3 18 (&)
provided the quantity m is sufficiently large and hq|¢] is small. After neglect-
1

ing the O(&?) terms, the approximate dimensionless dispersion relation reads

c(§) = a — BlE[ + €%,

h — T 1p2 1
o= Il =) g ap iy L )
pl 2p 2\g(pa—p1)h¥  2p7 3

Hence, approximately the unidirectional propagation of internal long waves is gov-

where

erned by the dimensionless equation

u (ou — BH[ug] — Yy + 6(—u)") =0, (1.1.4)

xT
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where ¢ > 2 is an integer. The concrete meaning of operator H depends on the
problem settings. In particular, for long waves in an unbounded channel (z € R) or

for 2m-periodic waves (z € [—m,7|), H is the standard Hilbert transform, i.e.

Hlu)(x) = &= /R ;L(_y?ydy, z € R,

Hlu)(x) = &= /7T u(r —y)cot §dy, =z € [-m, 7,

where p.v. stands for the principal value integral.

We note that for § =0 and ¢ = 2, (1.1.4) is equivalent to the classical Korteweg-
de Vries equation (KdV), while letting v = 0 we recover as special case the well
known Benjamin-Ono (BO) equation. Analysis of both equations received significant
attention in physical and mathematical literature, see e.g. [18, 31, 52, 57, 58, 76,

88, 93| and references therein.

1.2 Wellposedness

Study of Cauchy Problem (1.1.4) in various functional settings has generated a
substantial body of modern research, see [14, 18, 56, 57, 58, 88|. Before we provide
concrete details, we note that (1.1.4) is an extension of the classical KdV equation
(8 =0,¢=2). Since the perturbation term H[u,,| is of low order two, many classical
wellposedness results available for KdV allow verbatim extension to the Benjamin
equation (1.1.4). Among these results, we mention two [14, 56].

Bona and Smith in [14] demonstrated global wellposedness of the KdV equation
on the real line for initial data uy € H*(R), with s > 2. Their analysis makes use of
a perturbation technique, coupled with use of the first integrals of the equation. As
a consequence, they established existence of global (in time) classical solutions for
initial data in H*(R), with s > 3, s is integer. The results were further extended
to s = 2 using a weak compactness argument. The latter solutions (with s = 2)
satisfy the KdV in the weak sense. Generalization of these results to fractional order
Sobolev spaces H*(R), s > 2, is done in [15].

Independently, the wellposedness analysis of a generalized KdV model (which

covers ¢ > 2 as well) was done by T. Kato in [56]. Using the theory of quasi-linear

4



evolution equations, he demonstrated existence of global mild and weak solution on
the real line for initial data in H*(R), with s > 3. The above results apply directly

to (1.1.4) and can be formulated as follows:

Theorem 1.2.1. Foruy € H*(R), s > % and any fized T > 0, the pure initial value

problem, associated with (1.1.4), has a unique, globally defined weak solution of class
w € C([0,T); H*(R) N C"((0,T); H*).
The solution u s classical if s > 3.

The wellposedness results for (1.1.4) with rough initial data (s < 2) were ob-
tained relatively recently using methods different from the classical techniques of J.
Bona, R. Smith and T. Kato. The studies of the Cauchy problem in the periodic
and in the real line settings were done in parallel. We present the concrete details

below.

1.2.1 The periodic settings

The first low regularity results for initial data in L*(T) (and in L?(R)) were obtained
in the paper by F. Linares [64], where the variation of constant formula associated
to the group of unitary operators {e},cr, generated by the linear part of (1.1.4)
(i.e. by the operator A := —ad, + BHOrz + V0usz) Was employed. The solvability of
the resulting abstract Volterra-type integral equation is done in the Bourgain space!
Ys», whose norm is defined in terms of classical trigonometric Fourier coefficients as

follows

Jun

2
Yo, = (Z i In**(1 + |7 — Bln|n + 7n2|)2b]12n(7')|2d7) . s,beR. (1.2.1)
n#0

lu

The local solvability for initial data in H*(T), s > 0, is achieved by combining a
bilinear estimates and the classical contraction mapping principle. The global result
follows from the preservation of L?(T) norm of the local solutions. The main results

of [64] can be summarized as follows:

!Since the seminal works of J. Bourgain [17, 18] on low regularity solutions for KAV and the
nonlinear Schrédinger equations (NSE), the approach is standard in the analysis of semi- and

quasi-linear evolution equations.



Theorem 1.2.2. For ug € L*(T), with [,uo(z)dx =0 and any T > 0, the periodic
initial value problem associated to equation (1.1.4), with ¢ = 2, has a unique mild

solution u of class

u€ C([0, T LA(T) NYo 1, (u)s € Y5 1.

(NI

The solution map ug — u(t) is locally Lipschitz continuous from L*(T) to

C([0, T L(T)) 1Yy .

In [86] a consideration to small data initial value problem for (1.1.4) in H*(T),
5 > —% is given. The authors improved the crucial bilinear estimate, employed in
[64], and applied the classical Picard-Lindeldf iterations to extend F. Linares results

from s > 0 to s > —%. The main results of their work reads:

Theorem 1.2.3. For s > —1 and ug € H*(T), there exist T = T'(|juo]

Hs(T)), Such
that the periodic initial value problem for (1.1.4) has a unique mild solution u of

class
we C([0,T], H(T)) N Y, 1 N L([0,T], H(T)).
The solution map uy +— wu is analytic from H*(T) to C([0,T], H*(T)) N YN
LY([0,T], H*(T)).
Theorem 1.2.3 is purely local and its proof cannot be extended to the values of

s below —%, for it is shown in the same paper that the bilinear estimate

||’LL$U||Y877 < CHUHYSé ||U”YS,%’

Nl

fails for s < —% in general.

1.2.2 The real line settings

In the real line settings, a variety of approaches, ranging from bilinear estimates to
I-method (see |29, 59, 63, 64]) were employed. As in the periodic case, one of the
standard analytic tools here is the Bourgain spaces X, whose norm in the case of
R is given by

1
2

v = ([ [air - sl +ehlace.ndear )
R JR

i



The first low-regularity results in the real line case were obtained in the earlier
cited paper [64]. The analysis of [64] is parallel to the periodic case, and yields the

following result:

Theorem 1.2.4. For uy € L*(R), b € (%,%) and any T > 0, the initial value
problem associated to equation (1.1.4), with ¢ = 2, has a unique mild solution u
satisfying

u < C([()?T]a Lz(R)) N XO,b7 (u2>z € XO,b—l‘

The solution map ug — u(t) is locally Lipschitz continuous from L*(R) to

C([0, TT; L*(R)) N KXoy

In the case of the real line, the original result of [64] was extended in [59] by

observing that the bilinear estimate

()

Xs,b—l S C||u| Xs,b |U| Xs,b

holds for each —% < s < 0, with some % < b = bs; < 1. This yields the following

refinement of Theorem 1.2.4:

Theorem 1.2.5. For ug € H*(R), —2 < s < 0, there exists T = T(||uo| m+(w))
(T(a) = o0, as a — 0%) and § < b < 1, such that the initial value problem

associated to (1.1.4), with ¢ = 2, has a unique mild solution u of class
u e C([_T7 T]v H5<R)) N Xs,b7 (u2)z S Xs,bfl-

The solution map ug — u is locally Lipschitz continuous from H*(R) to

C([=T,T]; H*(R)) N X,.

Theorems 1.2.4 and 1.2.5 are purely local. The first global results in H*(R),
—% < s < 0, are obtained in [63]. The local analysis proceeds along the lines of
[59, 64] but uses a refined bilinear estimate for a frequency cut-off operator I applied
to the quadratic nonlinearity (uv). In addition to local solvability, this gives explicit
estimates for the growth rate of mild solutions and on the lengths of their intervals
of existence. These bounds allows to track the growth rate of the cut-off functional
and, combined with the standard continuation argument, yield global wellposedness.

The analysis of [63] can be summarized as follows



Theorem 1.2.6. Let uy € H*(R), with s > —%. For 5 <b <1 and for any T > 0,

there exist a unique mild solution u to (1.1.4), with { = 2, such that
ue X7, C C(0,T]; H*(R)).
The solution map ug — u is continuous from H*(R) to ng.

The local and global analysis of [59, 63, 64| does not carry to the critical case of
H _%(R). The main obstacle is that the bilinear estimate

[(wv)e | x

s,b—1 S ||u|

Xs,b |U| Xs,b7

employed in [59, 64], as well as its I analogue from [63], fail for s < —3. The

IS

critical case was settled recently in [29], where in place of the Bourgain X, space,
a Besov-Bourgain space ', equipped with the norm

1
2

P = [Z 2%k (Z 2% |10, (€) [ (r — BIEIE +1€%) = a(r, €)] Hmm) ] ’

k>0 §>0

|

is employed (here 7y is a compactly supported positive cut-off function and n(-) =
Mo(5x) — M(7=5), k > 1). Long calculations presented in [29] demonstrate that an
analogue of the bilinear estimate holds in F ~%. This allows to settle positively the
local well-posedness of (1.1.4) for initial data in H~1(R). The global analysis then
proceeds along the lines of [63| and yields the following sharp result

Theorem 1.2.7. Forug € H*(R), with s > —% and any T > 0, there exist a unique
mild solution u to (1.1.4), with ¢ = 2, such that

we Fi(R)NC([-T,T]; H 1(R)).

The solution map is continuous from H*(R) into C([—T,T]; H*(R)) for all s > —3.

1.2.3 The weighted settings

Due to the presence of the Hilbert transform H, the Fourier symbol of the group
generated by the linear part of (1.1.4) has finite regularity at the origin. As a

consequence, one cannot expect super-algebraic spatial decay of solutions even for



the rapidly decreasing initial data ug from the Schwartz class S(R). Studies of the
interplay between existence, regularity and asymptotic of global solutions to (1.1.4)

are initiated in [95]. In particular, for the weighted Sobolev spaces
Zgr = H*(R) N L*(R, |2|*dx), Z,, = {u € Z,, : 4(0) = 0},
the following result was obtained:

Theorem 1.2.8. Let s > 1,0 <r < andr < g If uy € Zs, then a mild global
solution (if it exists) must be of class C([0,00); Zy,). If s > 2, then the initial value
problem associated to (1.1.4) is globally well-posed in Zs,.. In addition, zf% <r< %

and r < 3 the initial value problem 1is globally well-posed in ZST

Theorem 1.2.8 indicates that in the presence of the Hilbert transform the Fourier
symbol of the linear part of the Benjamin equation is irregular near the origin (its
third order derivative develops jump discontinuity at the origin). As a consequence,

5

one can expect only slow algebraic decay of solutions at infinity (r < 7). The

situation can be slightly improved in the weighted homogeneous Sobolev spaces

o

Z,r, where the propagation of the discontinuity in the Fourier image of the solution

5 7

can be properly controlled for r < 2, r € [5, 5) (see the last statement in Theorem

1.2.8).

1.3 The stationary Benjamin equation

The main motivation of developing model (1.1.4) in works of Benjamin [11, 10| was
to investigate existence and persistence of small amplitude internal waves that arise
in a two fluid system under a capillarity effect. Such waves are governed by solutions
of the form u(x,t) = —¢(x — ct), where ¢ describes the waves profile and ¢ denotes
the propagation speed. Substituting the ansatz into (1.1.4) and integrating over

(—o0, x], we arrive at

Co— BH[P] —v¢" = 0¢", C=a—c. (1.3.1)

1

For ¢ < a, the latter formula is further simplified by letting ¢(z) = gp( Qx)
ST

and p = 3 \/5"70 In terms of ¢, the traveling wave equation reads

o — 2uH[] — " = ¢ (1.3.2)



As observed in [10], the pseudo-differential equation (1.3.2) is solvable only when
p < 1. Furthermore, the solutions (if they exist) are physically relevant only for
i close to 1. The solvability of the stationary Benjamin equation was examined
in periodic and real line settings by a number of authors [5, 10, 74]. We list the

concrete details below.

1.3.1 The periodic settings

The existence theory for (1.3.2) is quite simple and was carried out originally by
T.B. Benjamin himself in [10]. His analysis uses a combination of the positive-
operator method and the Leray-Schauder degree theory (applied in the spirit of M. A.
Krasnoselskii [61]). In this approach, (1.3.2) is viewed as a fixed point problem

@ = gu(@)a
where ¢ = (Pn)nez € €% is the vector of the discrete Fourier coefficients of ¢,

Gu(@)n = iy (@ Dy wu(n) =1 =2p[n| +n* neZ

kp(n)

and *{ represents the Fourier convolution power. Since the nonlinear operator G,

preserves the positive cone in 2 and is compact there, the following holds:

Theorem 1.3.1. For each p € [0,1), the nonlinear equation ¢ = G,(p), with { = 2,
(and hence the equation (1.3.2), with ¢ = 2) has periodic positive definite, classical
solution ¢ € 0* (for any s > 0) different from trivial solutions — p = C, C' € R.

Though Theorem 1.3.1 is proven in [10] explicitly in the quadratic case only
(¢ = 2), it extension to arbitrary ¢ € N is straightforward and in fact Theorem 1.3.1

holds for all integer powers ¢ > 2.

1.3.2 The real line settings

We note that for g = 0, (1.3.2) is just an ODE, whose unique L?*(R) solution can

be found explicitly and is given by

o) = [HL sech? (Ghe)] 7. (13.3)
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Theoretically, for u near zero the existence of solutions to (1.3.2) can be established
via the standard perturbation argument. This program was executed in [5]. In par-
ticular, using the classical perturbation theory (see [56]) the authors demonstrated
that the solution map p +— ¢ is analytic in a small neighborhood of 0, with values
in L?(R). This yields the existence of smooth in x branch of orbitally stable even
traveling waves solutions emanating from ¢g(z) of (1.3.3).

The analysis of [5] is purely local, furthermore, it is not very practical as we are
interested in the solutions to (1.3.2) for p near 1. The major difficulty in dealing
with (1.3.2) posed on the real line is that in the fixed point problem

A ~

P =0u@), Gu(@)=2¢" ky=1-2u¢|+&, ar=02m2, pel1),
(1.3.4)
the nonlinear operator G, := f’lgAM]: : H*(R) — H*(R), s > 1, is no longer
compact. In his treatment (see [10]), T.B. Benjamin used a modification of (1.3.3),
which he compactified by adding a small viscosity term. Unfortunately, the analysis
of [10] contains a gap. Indeed, the denominator (p, $*?) of the "compactified map"

employed in [10] is not separated from zero in the cone segment
Ct = {@ < L2<R) ’ @ Z 0 a.e. in R, H@HLQ(R) 2 t},

for any ¢ > 0. The latter renders the "compactified map" unbounded in the positive
cone and as a consequence the Schauder-Leray index theory is inapplicable.

The first successful global treatment of (1.3.2) is presented in the work of J.A.
Pava [74]|. His approach is based on the variational formulation of (1.3.2) in the
physical space. Indeed, the original non-stationary model (1.1.4) has two constants

of motion: the Hamiltonian

N(u) = %/R[sﬁ — 2upH gl + @5 — H%(—U)“l]dl’ (1.3.5a)

and

Z(u) = [|ullZ2m). (1.3.5b)

The equation (1.3.2) can be realized as an Euler-Lagrange equation associated to
the variational problem of minimizing the total energy functional A'(u) in H!(R),

subject to the constrained total charge Z(u) = A%. As shown in [74], the difficulties
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related to the non-compactness of the embedding H'(R) < L*(R) can be success-
fully treated via the classical concentration compactness argument of P.L. Lions

[65, 66], yielding the following result

Theorem 1.3.2. For each p € [0,1) and ¢ = 2, the variational problem
Iy =inf{N(p) |¢ € H(R), Z(p) = \*}, (1.3.6)

attains its minimum at o, € H'(R). The minimizer ¢, (after rescaling) satisfies

(1.3.2).

An alternative approach to the problem (1.3.2) and its extensions is developed in
the paper of H. Chen and J. L. Bona [13]. Similar to the work of J.A. Pava [74], the
approach is variational and is based on the compactness alternative of P.L. Lions
[65, 66]. However, this time the associated variational problem is formulated not in
terms of first integrals A (u) and Z(u), but in terms of functionals, associated to the
left and the right-hand sides of (1.3.2). The summary of their results can be stated

as follows:

Theorem 1.3.3. For each p € [0,1) and ¢ = 2, the variational problem

Ox = inf{[|@l1 72y — 21(e, HIgle) 2@y + lpallizm | ¢ € H'(R), (9% @)@ = A},
(1.3.7)
attains its minimum at @, € H'(R). The minimizer @, is Bochner positive definite

(0, > 0) and satisfies (1.3.2), with £ = 2.

To conclude this section, we mention that even a basic question of existence of
a single traveling wave for p near 1 is mathematically nontrivial. For that reason
rigorous analysis of coexistence of a system of interacting Benjamin traveling waves
(solitons) remains completely unexplored. Apart from numerical experiments, in-
dicating that the interactions are non-elastic not much is published in the special

literature.

1.3.3 Orbital stability

From physical perspective, existence of traveling wave solutions to idealized model

(1.3.2) does not guarantee that such waves do really exist and can be observed
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experimentally. It might happen that small perturbations, which are unavoidable
in realistic settings, totally destroy the wave in a very short period of time. Hence,
there arises the question of stability of the wave. In the context of the Benjamin

equation (1.1.4), traveling waves are orbits

Or(eu) = {Tipu |t € R},

emanating from solutions ¢, to (1.3.2) under the action of the translations group
Teo(:) = (- + t). Hence, traveling wave solutions ¢, make physical sense if and
only if the trajectories of (1.1.4) starting at ¢ = 0 near O7(yp,) in the phase space
of (1.1.4) stay close to this orbit for all £ > 0.

The general theory of orbital stability as well as some practical stability criteria
can be found in [45, 46]. Applications of this theory to the orbital stability of
traveling waves generated by the KdV equation (8 = 0, £ > 2) and by the Benjamin-
Ono equation (y = 0, ¢ = 2) can be found in [16] and [5], respectively. As shown
by Albert et. al. [5], for small values of p (equivalently, small 5) and ¢ = 2, the
former results extend to the Benjamin equation (1.1.4) via the standard perturbation
theory [56]. However, the results of |5] are local in nature and do not apply to the
values of u near unity as the classical perturbation theory does not allow to control
multiplicity of the second eigenvalue A = 1 associated to the eigenfunction 9; Ty, |i—o
of the linearized operator G, (¢,)[-], when p is far away from zero.

A weaker substitute for the orbital stability of the Benjamin traveling waves was
obtained in the work of J.A. Pava [74] as a byproduct of his variational approach
and the general stability considerations related to the concentration compactness

argument noted by P.L. Lions [65, 66].

Theorem 1.3.4. Assume p € [0,1) and U, C H'(R) is the set of nontrivial traveling

waves obtained in Theorem 1.3.2. Then for every e > 0 there exist § > 0, such that

inf - t) — < ided  inf — < 0.
Jenw l|lu(-,t) 90||H1(1R<) €, prouviae WIQU#HUO 80||H1(R)

Theorem 1.3.4 implies that the solution set U, is a positive attractor for the
evolution problem (1.1.4). However, the structure of U, can be very complicated

and may lead potentially to a dynamical chaos.
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The orbital stability analysis for pseudo-differential equations involving global
operators is known to be very hard. There are very few results of this type known in
the literature. Among them, we mention the stability analyses of the Benjamin-Ono
traveling waves [6, 72| and of the fractional nonlinear Schrédinger traveling waves

[41]. The problem of orbital stability for the Benjamin traveling waves remains open.

1.4 Numerical analysis

The Benjamin equation describes an interesting physical phenomenon (namely prop-
agation of internal waves in a two fluid system driven by the capillarity effect), hence
finding solution to NBE, either exact or numerical, has attracted significant attention
in the special literature [5, 26, 35, 36, 53|. Unfortunately, the presence of global op-
erator in the model, makes it impossible to construct closed form solutions. Hence, a
significant effort is directed to solving (1.1.4) and its stationary counterpart (1.3.2)
numerically. There are two major computational challenges arising in numerical
treatment of the Benjamin equation. The first one is due to the non-locality of the
Hilbert transform whose spatial semi-discretization yields, in general, dense matrices
of large size. The second technical difficulty is connected with the unboundedness
of spatial domain when (1.1.4) or (1.3.2) are treated globally in the real line. Below,
we review several results related to the construction and analysis of computational

schemes suitable for integrating the Benjamin equation numerically.

1.4.1 The non-stationary Benjamin equation

Several authors contributed to the numerical analysis of (1.1.4) in either periodic or
real settings. We list their results in the chronological order.

In [53], H. Kalisch and J. L. Bona proposed a fully discrete numerical scheme
which they use to study interaction of periodic traveling waves. The scheme employs
Fourier-type spectral semi-discretization in space, which allow authors to treat the
global operator 0,H efficiently (the associated matrix in the frequency space is
diagonal). The semi-discretized solution is then advanced in time with the aid of two-

step linearly implicit numerical scheme of order two. The second order convergence
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of the fully-discrete numerical procedure is demonstrated numerically.

An alternative numerical technique for the periodic Benjamin equation was de-
veloped in [26], where the finite-differences on uniform grids are used for approxima-
tion of spatial derivatives, while the Hilbert transform is recovered via the discrete
Fourier transform. The solution is integrated in time using an explicit predictor-
corrector time-stepping procedure. Unfortunately, paper [26] lack any sort of theo-
retical and /or numerical analysis of the scheme. However, the numerical evolution of
the Benjamin traveling waves on very large spatial intervals is in a good agreement
with earlier results obtained by other authors (see, in particular, [5]).

An extensive numerical treatment of (1.1.4) in context of the real line was under-
taken recently in the papers of V. Dougalis et. al., see [35, 36]. In particular, some
numerical analysis for the non-stationary Benjamin equation (1.1.4) posed in the real
line is presented in [35]. To cope with the unboundedness of the spatial domain, the
authors make use of a simple domain truncation technique — R is replaced with large
interval [—L, L] and periodic boundary conditions are imposed. Exact solutions of
the truncated model are approximated in space using cubic finite-elements on uni-
form grids. The equation is then semi-discretized in space via the standard Galerkin
technique, the semi-discretization of the non-local operator H is obtained by pass-
ing from the physical to the frequency space with the aid of the discrete Fourier
transform. The resulting hybrid finite-element /spectral-Fourier model is integrated
in time using 2-stage symmetric and symplectic Kuntzmann-Butcher Runge-Kutta
method of classical order four. The proposed fully-discrete numerical method is im-
plicit (in time) and requires Newton-type iterations at each time-integration step.
Though the paper contains no formal theoretical convergence and stability analyses
of the proposed numerical algorithm, it presents extensive numerical simulations,

illustrating its accuracy and general computational efficiency.

1.4.2 Stationary Benjamin equation

The stationary equation (1.3.2) has received a significant attention of numerical
community in both bounded or unbounded settings. The most commonly used

computational techniques are based on continuation with respect to parameter u €
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[0,1). Below, we present brief review of the key results obtained in [5, 26, 35, 36].

The first numerical scheme for computing Benjamin traveling waves, with u €
[0,1), was proposed by Albert et. al. in [5]. In their approach, the originally un-
bounded spatial domain R is truncated to a large but bounded interval. Equation
(1.3.2), equipped with the periodic boundary conditions, is then approximated in
this interval using the standard spectral-Fourier technique. The spectral Fourier
discretization yields a large nonlinear system of algebraic equations which, in addi-
tion, depends on the parameter p. Note that for p = 0 (the KdV case) the exact
solution to (1.3.2) is known. Using this solution as the initial guess, the numerical
traveling wave at p > 0 is obtained by solving the associated algebraic system via
Newton-type iterations. The procedure is repeated iteratively to produce a sequence
of numerical traveling waves at prescribed grid points p; € [0, 1).

It is common knowledge that the continuation technique of [5] works well, pro-
vided the totality of the exact solutions to (1.3.2) constitutes a smooth functions
of parameter p. The latter fact is unknown when p is far away from the origin
(see discussion in Section 1.3.3) and hence any rigorous theoretical analysis of the
scheme is unavailable for large values of 1. Nevertheless, as indicated by the authors
the decay of the numerical solutions for large values of x and p ~ 1 is in a good
agreement with the asymptotic theory of Benjamin traveling waves, developed in
[10].

Calvo et. al. [26] provide a numerical study of the even Benjamin interface waves.
Authors proceed by discretizing spatial derivatives with fourth-order-accurate finite
difference on evenly spaced grids. As in [5], the computation of the Hilbert transform
was done via the discrete Fourier transform. Again, similarly to [5], using the known
traveling wave at u = 0 as the initial guess, the solutions on a fixed p-grid in [0, 1)
are recovered via incremental use of Newton iterations.

Dougalis et. al., in [36], present compilations of several continuation schemes for
solving nonlinear Benjamin equation (1.3.2). The spatial discretization was accom-
plished in the Fourier space and is equivalent to the techniques used by Albert et. al.
[5]. However, the continuation approach is different. Authors propose two types of

continuation schemes: (i) a Square Operator Method (SOM) and its modification
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(MSOM) where the problem of finding the stationary Benjamin solutions is reduced
to the problem of finding an equilibrium of a specially constructed evolution equa-
tion; (ii) a quasi-Newtonian iterations, where linear systems arising at each iteration
step are solved via the preconditioned Conjugate Gradient algorithm. Extensive nu-
merical simulations, presented by the authors, indicate that the second approach is
the most efficient. Some extensions of these results appeared in the recent work [37]

by the same authors.

1.4.3 Malmquist-Takenaka-Christov (MTC) system

The Benjamin equation (1.1.4) (together with KAV posed on the real line, Benjamin-
Ono and many others) belongs to a large family of quasi-linear hyperbolic equations.
A large number of highly accurate numerical techniques, appropriate for solving
this type of problems in unbounded domains are developed in the special literature.
Among many, we mention methods based on the use of transparent boundary con-
ditions [20, 27, 48] and methods involving various mapping techniques [20, 27, 48|.
Unfortunately, due to the presence of non-local operator H, these techniques are
hard to apply in the context of the Benjamin equation. Precisely for that reason,
all available numerical techniques mentioned above use a simple domain trunca-
tion strategy, where R is artificially reduced to a large interval [—L, L] and periodic
boundary conditions are imposed. Note however that the non-local term H leads
to the jump discontinuity in the Fourier symbol associated to the linear part of the
Benjamin equation. As a consequence, the exact solutions to either of the equations
(1.1.4) or (1.3.2) decay at most algebraically for large values of z. This presents
a serious computational challenge, as an accurate numerical approximation of such
solutions requires very large values for the truncation parameter L.

In the thesis, we employ a different approach by seeking approximation to the nu-
merical solution directly on the real line by applying a family of rational orthogonal
functions proposed separately by F. Malmquist [68], S. Takenaka [92| and redis-
covered, in context of spectral methods, by C.I. Christov [30]. The MTC system

possesses a number of attractive computational features:
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(i) the system provides a complete orthogonal basis in L?(R), while functions

comprising the family are uniformly bounded in R, [19, 30, 51, 96];

(i) the associated differentiation matrices are skew-Hermitian and are tridiago-
nal/block tridiagonal, depending on the ordering of basis function, see [19, 30,
51, 96];

(iii) the MTC members are eigenfunctions of the Hilbert transform in R, [96];

(iv) the MTC system is directly connected (via a simple substitution) to the clas-
sical trigonometric basis and hence computing the discrete MTC expansion

coefficient can accomplished efficiently via the standard Fast Discrete Fourier

Transform (FDFT), [19, 30, 51, 96];

(v) in fact, it is shown in [51] that the MTC system is the only system of rational

functions in R that possesses properties (i)-(iv);

(vi) the MTC system behaves well with respect to the product of its members,
[30].

Due to properties (i)-(vi), the MTC system was applied successfully to solve a wide
range of practical problems arising in the approximation theory, signal processing,
harmonic analysis, numerical analysis, e.t.c. (see for instance |21, 22, 23, 24, 39, 49,
73, 96, 98| and references therein).

Unfortunately, not much is known about the approximation properties of these
functions. Results of this type are known for functions analytic everywhere in
C\ {—1,i} only, see [19, 96] and the discussion in [51]. One of the main purposes
of the present thesis is to establish a solid theoretical background for the MTC ap-
proximation theory that is suitable for numerical applications. We will demonstrate
that, apart from properties (i)-(vi), the MTC system is particularly suitable for
rapid approximation of functions whose Fourier images possess integrable singular-
ities at the origin. Since the latter is a generic situation for the solutions of (1.1.4)
and (1.3.2), the use of the MTC basis leads to fast and efficient numerical schemes

for both the non-stationary and the stationary Benjamin equations.

18



1.5 OQOutline of the thesis

The thesis is organized as follows: Chapter 1 is introductory and contain review of
recent theoretical and numerical results available for the Benjamin equation. Chap-
ter 2 contains technical results pertinent for the subsequent theoretical and numer-
ical analyses of the thesis. In Chapter 3, we present the wellposedness analysis of
equation (1.1.4) in the scale of variable weight Sobolev spaces. Existence, regularity
and orbital stability of Benjamin traveling waves are presented in Chapter 4. The
Malmquist-Takenaka-Christov basis and its computational properties are discussed
in Chapter 5. An MTC-type collocation scheme for the nonstationary Benjamin
equation and its rigorous convergence and stability analyses are presented in Chap-
ter 6. In Chapter 7, an MTC-type continuation scheme for the stationary Benjamin

equation is discussed. Chapter 8 concludes the thesis.
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Chapter 2

Preliminaries

In this chapter, we present some definitions and notations that will be useful through-
out the thesis. Also, we provide detailed proofs of some technical interpolation re-
sults for a scale of variable weight Sobolev spaces for which we have no immediate
references.! These spaces appear naturally in Chapter 5, in our study of the general
approximation properties of the MTC system. Furthermore, these spaces provide a
natural framework for the study of the interplay between regularity, asymptotic and
existence of global solutions to (1.1.4) as compared to the scale of spaces employed
in [95]. We begin our presentation by fixing notation and citing key results, that

are used in the thesis.

2.1 Notation

2.1.1 Fourier transform

Throughout our work, symbols

denote the normalized Fourier transform and its inverse. Letters x and ¢ are reserved

for the physical and the frequency variables, respectively. Symbol * denotes the

IThe results of this chapter are extensions and adaptions of known results from the weighted

interpolation theory, re-proven in the new context by the author of the thesis, see [89].
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standard Fourier convolution. Letter ¢ stands for a generic positive constants, whose

particular value is irrelevant.

2.1.2 Weighted Lebesgue spaces

Let © be an open subset in R™ and w € L'°°(Q) be almost everywhere positive in

Q2. We employ the symbol

L7 (Q; B) == L} (Q wdz; B), 1<p< oo,

w

to denote the weighted Lebesgue spaces with values in a Banach space B. We write
shortly LP(2), when B is either R or C. Note that L () is a Hilbert space if
p = 2. In the sequel, we deal with the power weights w,(z) = 2", r > —%. For

such weights we use the shortcut LZ(R;). When r = 0, we write simply LP(£2).

2.2 Complex Interpolation

There are different approaches in constructing interpolation spaces. In this thesis,
we use the complex interpolation method, see e.g. the classical text [12].

We say that a couple [Xo, X;] of Banach spaces is compatible if X, X; are
two subspaces of a larger topological vector space X. Following A. Calderon [12,
25], to such a couple we associate the class F[X,, X;] of vector valued functions
f S — Xo+ X, that are uniformly bounded and continuous in the strip S =
{z:0 < Rez <1} and holomorphic in its interior Sy = {z:0< Rez < 1}. By

virtue of the Hadamard three-lines theorem, the expression

| £l Fixo,5:) = maxsup || £(7 + it) | x;,
J=0,1 4eRr

provides a norm in F[Xy, X;], furthermore F[Xy, X;], equipped with this norm is
complete. For 6 € (0, 1), we let
[Xo, Xilo = {2 € Xo + Xu[[[ X[lix.x,55 < 00},

||x||[X0,X1]9 = Hf”]—'[Xo,Xﬂ'

inf
JeF[Xo,X1]:f(0)=
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The new space [Xo, X1], equipped with the norm || - ||;x,x,],, is @ Banach space
that satisfies
XoNX; — [Xo, Xl]g — Xo + X;.

Furthermore for any linear operator T' € L(Xo,Yy) N L(X1,Y)), where [Yp, Y]] is

another admissible interpolation pair, we have

1T i, xagosomite < ITIG5w TN, Sy, € € (0,1).

The latter implies that for each 6 € (0,1), [Xo, X1]g is indeed an interpolation space
and that the interpolation functor [-, -] is exact, see [12].
Below, we quote several classical results from the complex interpolation theory

which are pertinent for our analysis.

Theorem 2.2.1. [A. Calderon, see [12, Theorem 4.4.1]] Let [X{, Xi], i=1,...,n
and [Yy, Y1] be compatible Banach couples. LetT € L(X{, ..., XZ;Yo)NL(X{, ..., X1 Y))
be a bounded multilinear map such that

i=1

Then for any 6 € (0,1), we have T € L([ X}, Xilo, - -, [X{, XT]e; [Yo, Yi]e) and

X}a ]:071

n
|IT(IL‘1, cee 7$n)||[YO:Y1]9 < M(%_GMIG H ||:Bi||[X3,X{]9'
=1

Theorem 2.2.2. [see, [12, Theorem 5.1.2]] Assume that X, and X, is a compatible
couple of Banach spaces and that py,p1 € [1,00) and 6 € (0,1). Then

[LP° (82, dy; Xo), LPH(Q, dp; X1)]o = LP(Q, dy; [Xo, X1]o),

1-6

where £ =
p Po

+ pil. In addition, if 1 < py < 00, py € [1,00), then
[Lp()(Qa dﬂ’a X0)7 L(C)XJ(Q’ d[,b, Xl)]O = Lp(Qa d,ua [X07 X1]9)7

with 110 = 110;09, where LP(Q, du; X) is the completion in the uniform norm of the

space of simple X -valued functions.

Theorem 2.2.3. [Stein-Weiss, see [12, Theorem 5.5.3]] Assume that p; € (0,00),

fori=0,1. Then we have with equal norms

[LP°(Q, wodp), LP(Q, widp)]e = LP(Q, wdp), 6 € (0,1),

(1-6)p 6p

where w = wy *° wit, =104 0

P Do j2
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For s € R, g € [1, 00] and a Banach space X, the symbol ¢4(X) denotes the space

of vector valued sequences {z;}5° C X, such that

1
won = (@7 1)) < oo

Jj=0

|,

Theorem 2.2.4. [see, [12, Theorem 5.6.3]] With the equal norms, we have

(02 (Xo), 02 (X1)]g = €4([Xo, X1]s), 0€(0,1), seR, qell, o0,

y Yoy

where é = mi);;—;jam) and s = (1 — 6)sg + 0s;.

2.3 Weighted Bessel potential spaces in half line

The interpolation theory of Sobolev spaces provides an indispensable tool in the
analysis of partial differential equations. Multiple fundamental results related to
existence and optimal regularity and asymptotic of solutions to such problems are
formulated directly in the framework of this theory. In the classical settings of
Fuclidean domains equipped with the Lebesgue measure, the theory took its more
or less complete shape at around early 70-s, see e.g. classical texts [3, 12]. However,
it was realized quickly that the direct extensions of the theory to more general
weighted settings is not so straightforward as the underlying constructions such as
Paley-Littlewood decomposition, Mihlin’s multiplier theorem e.t.c, involve passage
to the frequency (Fourier) space, which at that time was hard to justify in the
weighted settings.

Notable progress was achieved in late 70-s early 80-s and is connected with
the rapid development of real methods in the classical Fourier analysis, see e.g.
[42, 43, 44, 90, 91], and the discovery of A, weights by B. Muckenhoupt in his work
on weighted inequalities for the classical Hardy-Littlewood maximal function [71].
Since the latter function controls a large class of operators arising in the classical
Fourier analysis, technical methods of the unweighted interpolation theory extend
directly to the A,-weighted context. In particular, it turns out that for weighted

Sobolev spaces over regular Euclidean domains the following complex interpolation
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identity holds

[Wso’p(]Rd, wodz), Wsl’p(]Rd, widx)]y = W(1_9)50+051’p(Rd, (wé_ew?)dx), (23.1)
s, 51 €R, 1<p<oo, wyw €A4, 60¢c(0,1).

It is worth to mention that the A, weight in R? may have very rough local

behaviour, but have to satisfy the following growth and integrability restrictions

A, ={w e LY°(RY) | [w], < 00}, 1< p<oo, Ay = U A, (2.3.2a)
p=1
I, (1)7
[w], = essdeup %, (w], = es[sezgp ))\(]p)( ) ., 1l<p<oo, (2.3.2b)

where M[w|(z) = supgs, ‘—é‘fB |lw(x)|dz, B C R is open and connected, is the

standard Hardy-Littlewood maximal function, w, = w™ 7 and I is a d-dimensional

cube with sides parallel to the coordinate planes. In particular, (2.3.2b) implies that
(i) A, weights grow at most algebraically at infinity;
(i) the local decay is restricted by the integrability exponent p.

For instance, when d = 1, w, = |z|* € A, if and only if —1 < a < z%‘ Since,
in general, the A, condition is sufficient but not necessary for (2.3.1) to hold, a
significant efforts were undertaken to overcome the indicated limitations.

The first problem was resolved successfully in early 2000-s by V.S. Rychkov
[80]. His idea was to restrict measures of Euclidean cubes, appearing in the ess sup-
expression of formula (2.3.2b). This gives a local Ag’c version of the original Muck-
enhoupt classes and allows for the exponentially growing weights. The new weight
class, combined with an appropriate reproducing formula (see Section 2.3.5 for
details) yields a convenient Littlewood-Paley characterization of the underlying
Sobolev spaces and leads directly to the A;OC version of the interpolation iden-
tity (2.3.1). Even more general, A real and complex interpolation identities for
weighted Triebel-Lizorkin and Besov spaces were established.

The second limitation is more subtle as the local integrability for both the origi-
nal weight w and for its Holder conjugate w, is embedded directly into the condition

(2.3.2b). The requirement seems to be superfluous, the lack of integrability of the
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conjugate weights w, shall not affect the basic interpolation properties of the under-
lying function spaces. For the basic weighted Lebesgue spaces this is indeed the case
— the identity (2.3.1), with sy = s; = 0, is known to hold for all locally integrable
weights w, without any restrictions on w,, see e.g. Theorem 2.2.3 quoted earlier.
Unfortunately, in context of Sobolev spaces such results are unavailable (mainly
due to the lack of suitable weighted Littlewood-Paley theory). In the thesis, we
provide a construction which allow to relax the local integrability restriction for
the Bessel potential spaces in the positive half-line. In particular, we show that for
these spaces the complex interpolation identity (2.3.1) holds for all locally integrable

power weights w, = %, a > —1.

2.3.1 One-sided local maximal functions

In our exposition, we combine the notion of one-sided Ay, classes of [82] with the
localization ideas of [80].

2.3.1.1 Definition and basic properties

Let X be an open connected subset of R, equipped with a regular, positive Borel
measure . For x € X, we define the restricted one-sided Hardy-Littlewood maximal

functions by means of the identities

1
M fl(z) = sup —/ fldu, 2.3.3a
u,t[ ]< ) 0<p((z,b)NX)<t ,u((x,b)ﬂX) (ac,b)ﬁX’ | ( )

1
M fl(x) = sup —/ fldpu. 2.3.3b
M’t[ i) 0<pu((@z)nx)<t H((a, T) N X) (a,x)ﬁX| dy ( )

The global version (t = 0o) of these operators was introduced originally by E. Sawyer
[82] in his study of one-weight weak- and strong-type weighted inequalities. Exten-
sions of his original results, including general two-weight estimates, were obtained
by F.J. Martin-Reyes in [69].

Basic properties of operators Mit are quite similar to those of the classical

Hardy-Littlewood maximal function.
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Lemma 2.3.1. Operators Mjft satisfy

M e < e L IEr (g (2.3.4a)

M e < 1 fllirxams 1 <p < oo, (2.3.4b)
with some c;f > 0 independent on f and t.2

Proof. The proof is standard and goes along the same lines as for the classical Hardy-
Littlewood maximal operator, see e.g. [44, 90]. For the sake of brevity, we consider
M, only, the case of M, is identical.

(a) To begin, we show that M [f](z) < oo is p-measurable. Indeed, consider
f € LY°¢(X,dp) and assume that for some z € X, M} [f](x) < co. Then, for

e > 0 and some (x,b) C X, with 0 < p((z,b)) < ¢, we have

() —e < ——
MA@ < < s |17l

Elementary calculations show

M [ fl( 4 6) + SEE MY [fl(w), 0<6<b—u,

1 et gt (e =), 0 <pl(z—ab) <t

M:t[f] () —e <

Since p is regular, pu((z — 9,2 +9)) — 0 as § — 0. We conclude that
M lfl(@) = ce < M [f1(), o=yl <6,

with some § > 0 and an absolute constant ¢ > 1. The case M [f](z) = oo is
treated similarly. The calculations indicate that M} ,[f] is lower-semicontinuous.
Hence, the level sets Ee = {M[f] > £}, £ > 0 are open and p-measurable.

(b) To establish estimate (2.3.4a), for a given cut-off parameters n,m > 0, we
define M, '[f](z) = sup{m f;|f|d,u‘0 < p((z,b) <t,0<b—z < n} As
in part (a) of the proof, we conclude that the sets F¢, = {M}'[f](z) > £} and
E¢pm = Een N (—m,m) are open. Now, for each = € Eg,, ,,,, we pick an interval

(x,b;) C X with 0 < u((x,b,)) <tand 0 < b, —x < n, so that

¢< gy ) M

’In (2.3.4a), LP>(X,du) denotes the classical Lorentz space equipped with the norm

1
Hf”LP’OO(X,du) = SUPs>g tpu{\f| > t}‘
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The family of open intervals Zp, , = = {(x,bx)}erE,mm covers Eg, . Using the
Besicovitch covering theorem (see [44, 90|), we extract a finite number (say ¢) of
countable disjoint subcollections Z; = {(2;i, ba;,) }iz0, 1 < j < €, that cover gy, .
Direct summation gives:

Y L be,.

(Eenm) < D03 il(5isbe,,) < %Z > / " |fldp < fnfum,dm.

j=1 i j=1 i Jji
Since the cut-off parameters n and m are arbitrary, we arrive at (2.3.4a). To complete
the proof, we note that (2.3.4b), with p = oo, holds trivially. Hence, (2.3.4b),
with 1 < p < oo, follows directly form the classical Marcinkiewicz interpolation

theorem. O

2.3.1.2 Weighted weak-type inequalities

In the next step, we study weighted inequalities of the form

M LMoo xan) < sy DI llrxan, 1 <p < oo, (2.3.5a)

M zeoe (xav) < K @) fllr(xan), 1< p < o0, (2.3.5b)

where 1 and v are two regular, positive Borel measures in X. As we shall see shortly,
for a fixed p inequalities (2.3.5) impose some restrictions on admissible measures v.

In particular, we have

Lemma 2.3.2. Assume (2.3.5) holds. Then u and v are mutually absolutely con-

tinuous.

Proof. The proof follows closely the line of arguments from |91, Chapters I-1I|.

(a) As before, we consider operator M, only. Assume initially that (2.3.5a) is
satisfied. Let (a,b) C X, 0 < u((a,b)) <t, xz € (a,b), E C (z,b) be open and yg be
the indicator function of E. Elementary calculations show that M}, [xg](y) strictly
increases in (a,z) and M7 [xg](y) = 1, y € E. Therefore, for each y € (a,z) we
have

E
(y, x) UFE C {M;t[X(x,b)] > M/(L((yg,))) }7

and, in view of (2.3.5a),

pE) NP _ oy v(E)
<M((a, b))) <k, ()~ € (a,b), 0 < pu((a,d) <t, EC (x,(i)z.)) .

27



Similarly, (2.3.5b) implies

<Mél((af2)>)p < Hp(t)%, z € (a,b), 0 < u((a,b)) <t, EC (a,z).
(2.3.6b)
Since p and v are assumed to be outer regular, inequalities (2.3.6) show that p is
absolutely continuous with respect to v.

Conversely, assuming that (2.3.6a) holds with F = (z,b), it can be verified
that (2.3.5a) holds for simple functions. Since the latter function class is dense in
LP(X,dv), 1 < p < oo, it follows that (2.3.5a) and (2.3.6a) are equivalent.

(b) To prove that v is absolutely continuous with respect to u, we introduce
the following notation: We say that v <, p, if there exists 0 < a.(t),5.(t) <
1, such that p((x,b)) < ai(t)pu((a,b)) yields v((z,0)) < Bi(t)v((a,b)), for all
(a,b) C X with 0 < p((a,b)) < t. Similarly, we say that v <_ p, if there ex-
ists 0 < a_(t),8-(t) < 1, such that u((a,z)) < a_(t)u((a,d)) yields v((a,z)) <
B (t)v((a,b)), for all (a,b) C X with 0 < u((a,b)) <t

We note that ;1 <4 v and v < p are equivalent. Indeed, assume, for instance,
i< v. Then p((a,)) < =58 ((a, b)) implies ay (p((a, b)) < 50 p((a,b)) <
p((,0)). Consequently, 51 (t)v((a,b)) < v((z,b)) and v((a, x)) < (1= (t))v((a,b)).

Next, we observe that conditions (2.3.6a) and (2.3.6b) imply p <4 v and p <_

~

(or v X_ pand v <X, p), respectively. Our next aim is to show that either of the

implications is reversible.
(¢) Let p =y v, e v((z,0)) < B1(t)v((a,b)) yields u((z,b)) < ai(t)u((a,b)).
We consider (a,b) C X, with 0 < p((a,b)) <t and choose = € (a,b) so that
b)) _

with some n > 1 and 0 < § < B4(t). For y € [a,b], we define f(y) = V((&y )) By our
assumptions, f(y) is continuous and strictly monotone decreasing in [a,z]|. Since
f(a) =1 and f(b) = 0, there exists a monotone sequence a < x,_; < -+ < 17 <

rg = x < b, such that f(z;) = 6"*. For the intervals I; = (x;,b), we have

v(lp) = ov(l) = =0""tv(l,_1) = "v((a,b)).
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Therefore, when § < 34 (t) the condition p < v implies

pllo) < e (Bu(h) < -+ < a7 (Hp(l1) < o (Hu((a, D).

Consequently,
o (D) iy < (A0
p((a,0)) = 7 \w((a,b))/

with p = max{1, ;25 i((g} By virtue of the last estimate, we conclude that for any
r € (a,b), condition p X, v yields (2.3.6a), with 7/ (t) < Bi'(t) and 1 < p =
max{1, }Egigg} < 0.

(d) By virtue of parts (b) and (c) of the proof, conditions (2.3.6a) and (2.3.6b)

imply that, for some 1 < ¢y, g2 < 00, the reverse inequalities hold:

v((a, )\ _ . p((a, 7))
<V<<a,b))> <Cq1<t)u((a,b))’ € (a,0),  0<p((ab)) <t, (2.3.7a)
vl b)ye o lab) )

<V((cul)))) <@ @p)y TE@H O<ul@b) <t (237)

By part (a) of the proof, (2.3.7) are equivalent to weak-type estimates similar to
(2.3.5), but with x and v interchanged. Hence, repeating the arguments from part

(a) of the proof, we conclude that v is absolutely continuous with respect to p. [

2.3.1.3 AP (u) weights

By virtue of Lemma 2.3.2 and the Radon-Nikodym Theorem [78] , the measures v,

. . . . dv e
appearing in (2.3.5a), are weighted measures, i.e. dp =W for some p-a.e. positive,

measurable (weight) function w. In the sequel, we use symbol w to denote both:
a weight function and its associated measure, so that w((a,b)) = fab wdp. Further,
with a given weight w and parameter 1 < p < oo, we associate new weight w, =

/

w Using this notation, we introduce the quantities

M [w] (@)
w]E, = esssu wt , 2.3.8a
[ ]l,t xeXp U}(.x) ( )
P (@, 2)ay (2,0))
w|t, = sup wr (e, 2))@7 (2, ., 1<p<oo, 2.3.8b
| ]p’t 0<u((a,b))<t, z€(a,b) 1((a,b)) ( )
[w], = sup wr (2, b)) ((a,x))j 1 <p<oo. (2.3.8¢)
0<u((a,b))<t,z€(a,b) ,LL((CL, b))
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+

oty < 00 for some fired 0 < ty < oo.

Lemma 2.3.3. Assume 1 < p < oo and [w]

Then [w]it < o0 for any finite ty < t < 0.

Proof. (a) As before, we consider the case of [w]!, < oo only. Let p = 1 and

p,to

. .3 . MT  [w](z) . .
x € X be the Lebesgue point® of the quotient !wT Consider an interval

(a,z) C X, with 0 < p((a,z)) < 3to. If a < 21 < 5 < x are chosen so that

p(a, 21) = (w1, 29) = p(x2, ), then

w(@a) _ o (wlenm) |
(0. < Th)

Hence, [w],, < [w]}, (1+2[w]{,) < co.

Lgto

(b) Assume 1 < p < oo. In that case for any (a,b) C X, with 0 < pu((a,b)) < tg
and any = € (a,b), formula (2.3.8b) (combined with the Holder inequality) implies

P ((z, b))w((a, x)) < ([wly,,) " ((a, b))w((z, b)).
This allow us to conclude that w satisfies (2.3.6a), with s (to) = ([w], )" + 1.
Similarly, we verify that w, satisfies (2.3.6b), with (o) = ([w]4,)P 4+ 1. We
consider now an interval (a/,0") C X, 0 < u((a’,V')) < 2ty and choose a’ < a < x1 <
b < ¥ so that u((a',a)) = p((a,z1)) = p((z1,b)) = u((b,')). By virtue of (2.3.6)
and (2.3.8b), we have the estimate

1

wr ((d, 1)) 71?((90175,)) < ep((d, 1),

D=
3=

with ¢ = 2[w]} (([w];to>p+ 1)

o (([w]}y, )P + 1) . When z € (a, V') is arbitrary, the

last inequality yields either

1 1 1
7

wr((dy2))wg ((2,1)) < wi((d,2))ag (2, 21)) +wr (', 21)) g (@1,6)),

3Given a regular Borel measure x4 in  and f € L1°°(Q, du), we say that = € Q is a Lebesgue

point of f if lim,z)_0 ﬁ S If = f(x)|dpu0, where B C Q is p-measurable and x € B.
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for d/ <z < x4, or

1

wr (o, )@y ((z,0)) < we (2, 2)@f ((21,8)) +wr (@, 21))wf ((21,1)),
for 1 < x < V. In both cases, we obtain

wh (e, ) (o)) < dl(d,¥)),

RSA

pito

(2.3.8b), we obtain [w]

p,2to

where ¢ = 2[w] <1 + (([w]f,)P+ 1) (([w)iy, )P +1) Pl’) . Therefore, using formula

<d < 0. O

In view of Lemma 2.3.3, the following weight classes

Agjci(u) = {w € LM°(X, dy) | [w],, < oo for some fixed t >0}, 1< p < oo,

loc

are well defined. Directly from the definition, it follows that w € A (1) if and only
if @, € A% (). Furthermore, it is easy to verify that A (1) C APS(u), whenever
I<p<g<oo.

We remark that the A;f’ci () class defined above is essentially a local version
of Ay, weights of E. Sawyer, introduced in connection with one-sided Hardy-
Littlewood maximal functions in [69, 82|. The idea of localizing the A, condition is
due to V.S. Rychkov, see [80]. Lemma 2.3.3 can be viewed as a one-sided analogue
of [80, Lemma 1.2|, note however, that the periodic extension argument employed
in [80] does not apply in the one-sided context due to the asymmetry of conditions

(2.3.8).
Theorem 2.3.4. The weak-type inequalities (2.3.5) hold if and only if w € AL ().

Proof. (a) Necessity. Assume initially that p = 1. Then (2.3.5) implies (2.3.6).
Since = € (a,b) is arbitrary, we conclude that M [w|(z) < k7 (t)w(z) at each
Lebesgue point of w. Hence, [w]f, < £ (t).When 1 < p < oo, inequalities (2.3.5a)
and (2.3.5b) applied to f* = Wyx@wp and [~ = WyX(aw), respectively, yield the
estimate [w]>, < k(1)

(b) Sufficiency. To begin, we establish (2.3.5a) for functions supported in in-
tervals with finite p-measure. Let f € LP(w) be supported in (a”,b") C X with

0 < p((a”, b)) < t. In that case, all level sets Ee = {M[f] > £} are contained in
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some (o', V') C X, with 0 < p((a’, b)) < 2t and p-measures of connected components
of E¢ are uniformly bounded by 2t.

Let (a,b) be a connected component of E¢. Then

b
u((x,b)) < / Fldp.

for all x € (a,b). We let o = a and choose a monotone increasing sequence {z; };>o,

b b b
[ flau=2 [ (= =2 [ 1l =

For a fixed index i > 0, we obtain

v (2, 71 M ’ — M i
S e ) / [l = 4 / Sl

The last inequality, combined with (2.3.6a), yields

(
w((w, 7))
x)

x; < b, so that

ol(aain)) <4 [ S @) dute)
<4 [ Mualul @))€ ATl X

when p = 1. Similarly, using Hélder’s inequality and (2.3.8b), we obtain

1

. w (i, 201)) 05 (@101, Tiv2))
gwp((‘xi?xi-i-l)) < 4 M((CE: b)) ||fX(l’i+1,£vi+2)HLp(w)

< 4[w];_,2t ||fX(:E¢+1,Ii+2) ||Lp(w)7

when 1 < p < co. In both cases, direct summation over ¢ gives the inequality

1
§wr ((a,0)) < A[w] ol fx ()l o)

for each connected component of . Adding inequalities for all connected compo-
nents of Ee, we obtain (2.3.5a), with s (t) = 4[w];,,.

To complete the proof, we note that the set X can be cut into at most countable
number of disjoint intervals I; = (a;, a;+1), such that u() =t —¢,0<e < % We
let f; = fxu,. By construction, each interval I; meets the level sets of at most three
maximal functions M} ,[f;], j = 4,7+ 1,7+ 2. Consequently,

Pwo({M;[f] > €)) <367 w({M]IA] > §})

< 3p—1(4[w];2t)13 Z ||fi||Z[),P(w) = 3p‘1(4[w];2t)p||f||’£p(w>7
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and we arrive at (2.3.5a), with £ (t) = 3i4[w];;2t. O

2.3.2 Structure of A} (u) weights

The internal structure of AP (u) classes closely resembles that of A, and A
weights, see e.g. [43, 90, 91]. Almost all results (excluding most notably the re-
verse Holder inequality, see the discussion in [82, 91|) have their analogues in the

one-sided settings.

2.3.2.1 Structure of A’ (u) class
Our presentation follows closely the ideas of [69, 82, 91].
Lemma 2.3.5. Let w € Al (1), 1 < p < oo. Then v =MJ [w] € ALY ().

Proof. (a) Assume w € A% (u) for some 1 < p < co. Consider I = (a,b) C X, with
0 < u(I) < t. There are two options: either (i) there exists an interval I’ = (a/,b) C
X with u(I’) = 2u(I) and such that X N (—oo,b) \ I’ # 0 or (ii) there exists an
interval I' = (a/,b) C X with p(I') <2u(l) and such that X N (—oo,b)\ I’ =0. In

either case, we denote w; = xpw and wy = X x(—oop)\rw. Then

[ﬁammuus[wuﬂmwu+[wuﬂwuw

We estimate each term separately.

(b) Consider wy. For each = € I there exists @’ < a” < x such that

B il < Wa((@52)
Mu,%[ 1]( )S ,u((a”,:v)) :

4
We choose a” € (a”,x) so that u((a”,a”)) = u((a”, z)), then

wi((a”x) 1
p((a”, x)) < oMialwi](@).

By virtue of the assumption w € AIOC( ), these inequalities, combined together,

yield

_ wi((a”,a")) w p((a”, ) \p~1
M,u,2t[w1](x>§4 LL((CL”,ZL‘)) §4([ ]th) ( (( /// )))

< (2] o) M, (@)
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Hence with the aid of Lemma 2.3.1, we obtain

[ Ml < 2020 [ 0 Moy Py

I

< 2(2[71)];%)]) /IME;,,,Qt[XI’w;I]pwde < 20(2[w];2t)p /I/ wdy,

where ¢ > 0 is an absolute constant. Since, u(I") < 2u(I), we arrive at the inequality

/I M lunldp < de(@[u]? 5P M ] (0)(D). (2.3.9)

(¢) The quantities involving wy vanish when X N (—o00,b)/I’ = (). Therefore, we
assume p(I') = 2u(I) and such that X N(—o0,b)/I" # (). Let x € I, we estimate the
quotient 12((((3;’5;)))), where y < @ is such that 0 < p((y,z)) < 2t. If 0 < p((y,b)) < 2t,
we immediately obtain

IN

w((y,a)) _ w((y,a)) (2, 0)\ _ w(ly,d)) w(l) —
o)~ a0 ) S ) O ) S M)

It remains to consider the case when 2t < u((y, b)) < p(I)+3t. We choose y < y' <

)

a’ so that u((y',a’)) =t — p(I). Then, in view of (2.3.6a

My @) o D) oo 0 < g e A2 (1 2y

i ((y,2))"

Since p((y, x)) < 2t, p((y',2)) = p((y', d)) + pl(d’,2)) = ¢ = p(I) + p(I) = ¢ and
since p((y', b)) =t + p(I) < 2t, we conclude

w((y,a’))

o) = 2 COP My [uw](0).

From the proof of Theorem 2.3.4, we know that r, 4 (2t) < 4[w]},,, hence,
[ Mialualdn < ([0l Ml () (2.3.10)
Finally, we combine (2.3.9) and (2.3.10) together to obtain
M-

ot

(M, o0w]] < 8e(8[w]; 40)" M, o [w],
p-a.e. in X. This concludes the proof. O

Lemma 2.3.6. Assume w € AP (). Then w™ € APS(u) for some r > 1.
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Proof. Consider w € APS(u) and let I = (a,x) C X, where 0 < p((a,z)) < t. For

each £ > 0, we have

o= (e S
<+ -0+ [ rutn e s 90> o
< HE e =) [ > s
< HE e+ =) [l 0 M ] > s)ds

We observe that E, = {M,[wx;] > s} C I, provided that § < M, ,[w](z). Further,
in each connected component I; = (a;,b;) C Es we have su(l;) < w(l;) and sp(I;) >
w(l;) as b; ¢ Es and pu(1;) < t. It follows that su(I;) = w(I;) and upon summation
over j, we have su(Es) = w(FEs). With the aid of the last identity and the assumption

w € AP (1), we infer

/[ wrdp < p(DE + w(IE + (r — 1) /E T (M ] > s))ds
< u(DHE +w(IE + % /I (M;t[wxf])rdu

JF
< p(DE +w()E" + [why / w'dp.
1

TJ

w +
Hence, w" € All‘fi(u), provided 1 < r < [uE]j]ﬁ u

2.3.2.2 The open end property
Lemmas 2.3.5 and 2.3.6 yield the following fundamental result:

Theorem 2.3.7. Assume w € A (1), 1 < p < co. Then w € Al (n) for some
1<qg<np.

Proof. Assume that w € APS (1), 1 < p < oo and z € (a,b) C X, with 0 <
p((a,b)) < t. For k > 0, we choose a < ... < x1 < 29 = x so that w,((xg, b)) =

28w, ((z,b)). If the sequence {xy}r>o is finite (k < N — 1), we let zy = a. In that
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case, 2N71 < g:ggzg;g < 2N In either case, we have

w((a,x))wd((x,0)) < Y 2% w((@per, )02 (25, b))

k>0

Tk b p—1 q
<> o / ( / M;t[x(xk+1,b>wp]qjdu> w(y)du(y)
k>0 Th+41 )

T E
< Nq<<aa b)) Z 24k M:,t [M:,t[X(ka,b)wp] q_l}qUJd/L
k>0 Th+1
Since w, € A (1, (2k41,b)), Lemma 2.3.5 implies v = M}, [X (@, 0)Wp] € AP (11, (€41, D))
Therefore, when 1 < ¢ < p is close to p, we apply Lemma 2.3.6 (with X replaced by

(Zg+1,b)) to obtain

p—1 p—1

M:,t [M:,t[X(mkH,b)wp] ﬁ] < (t)M:,t [X(wk+1,b)wp] 1,

with ¢;(t) > 0 depending on [w] ], only. Further, the argument similar to that used
in part (b) of Lemma 2.3.5, indicates that p-a.e. in (xg11,0)

/

M X (@ 0 W (1) < ()M X (@ w™ 1(2)7 7

+

with cy(t) > 0 depending on [w],,

only. The last two inequalities, combined with

Lemma 2.3.1, allow us to conclude that

T

w((a,x))wd((x,0)) < es(t)u((a, b)) Y 27" k M X ww ™) wdp

k>0 Tp41

< chea(n((a.)) 3 2%, (0141, b))

k>0

< 265ea(t)( Y2 2707 ) (0, b))y (o))

k>0
where c3(t) = ¢1(t)ca(t) depends only on [w],, and ¢, is the absolute constant from
Lemma 2.3.1. Hence, [w]/, < oo and the proof is complete. ]

2.3.2.3 Some consequences

Theorem 2.3.7 has a number of important consequences, we mention two, which are

of direct importance for our applications.
Corollary 2.3.8. The strong type inequalities

M e < GOz ey, 1 <p<oo, (2.3.11)
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hold if and only if w € ALS ().

Proof. By definition of the classes A/} (1) and in view of Theorem 2.3.7, w € AS (1)
for all p—e < ¢ < 0o and some € > 0. Hence, (2.3.11) follow directly from the weak
type inequalities (2.3.5) (see Theorem 2.3.4) and the Marcinkiewicz interpolation

theorem. O
Corollary 2.3.9. Let 1 < p < oo. Then Al () = AlS (1) [AVe ()] o,

Proof. The inclusion AYS (u )[AllogF(u)]l C APS(p) is trivial. We show that any
w € APS () can be factorized as w = wiwh ~! with some w; € APS () and wsy €
APS (). For this, we let

T = w Ml ), Tl = M5
By Corollary 2.3.8,

P
1Ty e < EON g 1Ty m, < O 1Ly .
Hence, the operator

k
= X+ Bl e e

is bounded from L/ (R.) to L?(R,). For arbitrary u € L? (R, ), we have

MG T ul] = whi[TTu]] < w(Ty + T5)[Tu]] < 2Ty + To wT[u].

LE (Ry)—LE (Ry)

Similarly, we obtain

p P
7

M [T » 7 = To[Tul] < (Ty + T2)[T[u]] < 20T + Toll ) 1 () Tl

These calculations show that w; = wT'[u] € AP () and wy = Tlu ]P € AP (u),

with [w],, and [w.]], depending on [w],, only. O

To conclude, we note that Corollary 2.3.9 is the direct one-sided analogue ana-
logue of the P. Jones factorization theorem. In particular, using Corollary 2.3.9 as a
starting point one can build a one-sided version of the operator extrapolation theory
in the spirit of Rubio de Francia (see e.g. the development in |33, 43] in the context
of A, weights).
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2.3.3 One sided singular integrals

In what follows, we apply the results of Sections 2.3.1 and 2.3.2 to the analysis of a
class of vector valued regular singular integrals posed in the open half line X = R,

equipped with the standard Lebesgue measure A. In these settings, we abbreviate
ME[] = M3 [

Further, for vector valued functions f : R, — B, with values in a Banach space B,
we let MiE[f] = M| flls]. Our exposition here is laconic and follows closely the
line of arguments from [43, 90].

Consider vector valued convolution operators of the form
Tee[fl(2) = (v % f)(x), =Ry, (2.3.12a)

where By, B are two given Banach spaces, f : R, — By and ¥ (x) € L(By, By).

As in the classical theory (see [43, 90]), we assume
T € L(L*(Ry; By), L*(Ry; By)). (2.3.12b)

In view of our applications, we consider compactly supported kernels only, i.e. ker-
nels with supp k* C (—t,t) N Ry, which for all ,y,§ € supp k¥, with |z| > 0 and
ly — 5l < 5lv — yl, satisfy

C

15 ()| By, < Tk (2.3.12¢)
165 (z — y) — k5 (2 — P Bosp, < CE__;J'L (2.3.12d)

In connection with 7.+, we define
M ] = sup [T a5 en [l 51 (2.3.13)

The following result is an adaptation of the classical "good-A inequality" to the

one-sided settings, see e.g. [90, Proposition 6, Section V.4.4] or [43, Theorem 9.4.3|.

Lemma 2.3.10. Assume f € L'(Ry) satisfy supp f C U;I;, where |I;| < t and
dist(1;, I) > 2t, j # k. For k* as above and w € A% (see [80]), there eists
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0 < ay < 1 such that for any 0 < f < 1 one can find v > 0 so that the following
holds

w{Mez[f] > & N{ME[f] < 7E}) < aww({Meez[f] > BE}), (2.3.14)
for all € > 0.

Proof. (a) We consider the right-sided operators M-, MY x¢ only. The proof in the
left-sided case is identical. Standard arguments (see [43, 90]) indicate that under
our assumptions, the level set Ege(f) = {M,-[f] > BE} is open. The support
assumption guarantee that every open connected component I of Ege(f) satisfies
|I| < 2t. It is sufficient to establish (2.3.14) for a single component I = (a,b), the
general result follows by summation.

(b) The set I = (I'\ {MZ%[f] > 1€}) is closed in the relative topology of I. If
the Lebesgue measure |I| of I is zero, (2.3.14) holds trivially. So assume |I| > 0, let
r=minl, & =b+(b—2), fi = Xpaf and fo = (1 — Xua)f and observe that

w(Ee(f)NI) Sw(Ere(fi) NI) +w(Ea—ne(fo)NI), 0<7 <1

We estimate each term separately.
To bound w(E¢(f1) NI), we employ the standard weak-type inequality (see e.g.
[90, Corollary 2, Section 1.7.3]) to obtain initially

AEee(f) 1) / | Fllmdy < 2 TIMEIf](2) < 221,
and then, using the inclusion w € A%,
w(Bre(£1) N 1) < (D),

with 0 < ay, < 1, provided 1 < v < 0 is sufficiently small.
(¢) To bound w(E.¢(f1)NI), we note that in view of (2.3.12¢) and (2.3.12d), for

y € (z,b), we have

[T 12 () = Ty [ B[ 5, = O,
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ifz>b+1t,or
H7;(|x\>s [fol(y) — X\:c\>a - [l >HBl

b+t
< / IF (sl (y = 2) = &7 (b = 2)|[ By 5, d2

bte

b+t
<ol [ 1) m iy

b 2+(291 1) (b—y)
<c E — e / 1 f Nl Bo X[ b+ %
J>0| rHE e +(27-1)(b-y) ’

B+(29T1—1)(b—y)
<4CZ|$ T y)l/ | £ 1 Bo X[ap+1 02

3>0

< 8eM[fl(x) < 8eMG[f](x) < 8evé,

when Z < b+ t. In either case, since b ¢ Ege(f), taking supremum over € > 0, we

obtain

M=[o(y) € (B+8e)s < (1=7)¢  y € (x,b),
provided 0 < v < 1 is small and 0 < 7 < 1 is chosen appropriately. Hence,
w(Eq-ne(f2) N1) =0 and we conclude that (2.3.14) holds. O

Once the basic estimate (2.3.14) is settled, the boundedness of M,+ and 7.+

follows almost immediately see e.g. [90].

Corollary 2.3.11. For x* as above and w € A< (X\) N AL

oo 7

1 < p < o0, the

following holds

| M+ < o0, (2.3.15a)

HLp R.{.Bo)%Lfv (R+)

[Tl 2, < . (2.3.15b)

(R;Bo)— L% (Ry5B1)
Proof. (a) Consider f € C§°(Ry; By) initially. Without loss of generality, we may
assume that f satisfies the support condition of Lemma 2.3.10 (for any function in
R is a sum of at most four functions satisfying this condition). By our assumptions,
9e = Txooent[f] is compactly supported and smooth, with [|g.||r~(r,B,) bounded
independently of € > 0. Since w € L"*°(R,.), we conclude that |M[f]]lzz®,) <
00. Once this fact is established, we make use of Lemma 2.3.10 and Corollary 2.3.8

to obtain

HMHi [.ﬂ”Lﬁ}(RJr) S C||Mzi[f]HLg(R+) S C/||f||L{L(R+;B0)7
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for all f € C°(Ry; By). The standard density argument allows one to pass from
CP(Ry; Bo) to LP (R ; By). Hence, the bound (2.3.15a) is settled.
(b) Estimate (2.3.15b) is the direct consequence of (2.3.15a), as

Hﬁi [f]HBl < M,{ﬂ:[f] + CHfHBm
a.e. in R, see e.g. [90, Section 1.7.4]. O

Note that the classical version of "good-\ inequality" is based on the Whitney
decomposition of the level set Eg(f). Due to the asymmetry of the operators,
the one-sided analogue of Lemma 2.3.10 requires revision of admissible geometrical
arguments. The proof of Lemma 2.3.10 as it stands seems hard to extend to general
R"™ domains. A possible alternative route would be the use of sharp one-sided

maximal functions in the spirit of [42].

2.3.4 Bessel potential spaces with A, (\) weights

Now we turn our attention to Bessel potential spaces in R, . These are defined as

images of weighted Lebesgue spaces LP(w) under the action of the Fourier multiplier

(z’\;2_§)37 s3>0,
s

restricted to R, i.e. L3P(Ry) = J*[LP (R, )], (see [8]). In particular, for 1 < p < 0o

Tl =F rix f, Ay =

and s > 0, L*P(R,) agree with the complex interpolation version of the classical
Sobolev spaces W*P(R,) as defined in [3].
For a fixed t > 0 and ¢* € C§°(R), with supp ¢* C Ry N (—t,t), we define

Te=[fl(x) =0T x f, zeRy.

Trivially, we have

I To= ]l S theTlloMEEf], 2 € Ry,

for special cut-off functions ¢*, the following one-sided analogue of the Proposition

in [90, Section II.2.1] holds.
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Lemma 2.3.12. Let ¢ € C3°(—%, %) be radially non-increasing. Assume p = const,

e (L -1, [Lode =1 and define o=(-) = p(£5 + ). Then
1T | 22, ()= L2 (R4 ) < 00 (2.3.16)
provided 1 < p < 0o and w € AL (N).

Proof. (a) Under our assumptions, we have
| To=[f]l < 2MF[f], 2 € Ry (2.3.17)

Indeed, any function ¢ that satisfy the above conditions is uniformly approximated
from the above by step functions ¢,, = Z?:o @i X (—t;,t;), Where 0 < a;, t < 4t; < 2t,

and [, pndz = 1. For such functions, we have

<Zal/:F 2 |f|(x — 7)dT

< zaiztff;—fwﬂf]m < 2ME(](0).
=0 !

(b) In view of (2.3.17) and the inclusion w € APS(A), the assertion is the direct

consequence of Corollary 2.3.8. [

Operator J°, s > 0, is known to be invertible in the class of smooth functions
restricted to R, [81]. We denote the associated inverses by J_*. For 0 < ¢ < 1
and ¢T from Lemma 2.3.12, let ¢F () = e tpF(e7!), T2 =T °T - and

T2 = lim T 1),

Lemma 2.3.13. Operator J~=° : L3P(Ry) — LE(Ry), 1 < p < oo, s > 0, is

one-to-one, provided w € Aé‘?‘jr()\).

Proof. Straightforward calculations show that 7 -, and J° commute (note that
supp F ![#;] and supp o~ C R_). Therefore, for each f € L:P(R,) (by definition
f=J?[¢] for some ¢ € LP (R, )), we have

Hj*j[f] - ¢||L,{’U(R+) = HTgF,t[(?] - ¢HL{L(R+) —0, as —0.

The conclusion follows from the uniqueness of strong limits. m
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Lemma 2.3.13 indicates that J*, s > 0, are isomorphisms of the scales L? (R )

and L¥P(Ry), 1 < p < o0, w € A‘}D‘)’j[()\). Hence, L:P(R,), 1 < p < o0, equipped

with the norms || - || sr®,y = |T=°[]ll 2, ), are Banach spaces.

2.3.5 Interpolation
2.3.5.1 Square function characterization

To proceed further, we employ the following local reproducing formula of V.S.
Rychkov (see [80] for the details)
0= @ =i, (2.3.18a)
Jj=0
where ¢F, T € C$°(R), with supp @i, supp vy C (—t,t) N Ry for some ¢t > 0,
have non vanishing zeroth moment; ©*(-) = pF(-) — 27 ¢F (271), ¥* (1) = ¥F () —
271yF(271) and gpf() = 20p*(27.), Q/ch() = 20p*(27.), j > 1. Furthermore, both

¢t and ¥ can be chosen so that

/xkcpidx = / e*pFder =0, 0<k<m, (2.3.18b)
R R

for any given positive integer m > 0 (in the sequel, we employ symbol {¢},, to
denote the number of vanishing moments of function ¢).
For ¢F as above, with {p*},, > max{0, s}, s € R, we define
1
s s 2
sl = (20w + fP)T, weRy,
Jj=0

Theorem 2.3.14. For 1 <p < oo, s >0 and w € Al (X\) N AL, we have

oo 7

/]

vy A ISE- [l sy, (2.3.19)

where =~ means the bilateral estimate.

Proof. (a) To begin, we show that

£z @) = NSge [fll i ms)s (2.3.20)

provided w € A (\)NAYS. The proof is identical to that of [80, Theorem 1.10], with
the exception that, instead of [90, Theorem 2, Section V.4.2| and its [90, Corollary,
Section V.4.2|, we invoke Corollary 2.3.11.
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Define x* : R, — /{5 by means of the formulas x*(-) = {(,0;'[(-)}]-20. Operator

Tt : LP (Ry) — LP (R, ; ¢5) fells in the scope of Corollary 2.3.11. Hence,

ISe=Men sy = 1Tas fllon @iy < el fllin ey,

provided w € AP (X) N ALY,
The converse inequality follows from the standard duality argument and the local
reproducing formula (2.3.18a). Indeed, for g € LgP(R+) supported in R, we let

g% (+) = g(£) and note that (¢)~ = g7. Then

.9 =15 g710) = |D(0F + ) W+ g0)|(0) < | SelfIStslglar

320 Ry
< 2% Al 12 91l . < 2l e Il e,
wp Wp
Hence, (2.3.20) is settled.

(b) The general result follows from [80, Theorem 2.18|, invertibility of J*, Lem-
ma 2.3.13 and (2.3.20). Indeed, letting

LyP(Ry) = {f|supp f € Ry, IS5 [Irn ) < o0},

from [80, Theorem 2.18] we infer that J*[L)P(Ry)] C LgP(Ry), 8 > 0 and the
map is onto, as J* is invertible. Hence, by (2.3.20) and Lemma 2.3.13, LP(R,) =
JELOP(RL)] = J2[L2(R,)] = L:P(R,) as Banach spaces. O

The key feature of Theorem 2.3.14, as compared to its analogue [80, Theo-
rem 1.10], is the use of condition w € AP (A\)NALS, instead of w € A°°. The former
class is significantly larger than the latter one. For instance, wq(z) = |z|* € A if

and only if —1 < o < %, while wo(z) € ARG (A) N AL, for all o > —1.
2.3.5.2 An interpolation identity
In view of Theorem 2.3.14, we have
Corollary 2.3.15. Assume 1 < p < oo and wo, wy € A (X) N AL Then
[Lig? (Ry), Ly P (R )]o = ij&?j‘%“’“’%ﬂ&% s0,81 >0, 0€(0,1),  (2.3.21)

where [-,-]g denotes the standard complex interpolation functor of A. Calderon [12,

25].
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Proof. Directly from (2.3.8) and the definition of Al (X) and ARS weights (see [80]),
it follows that wy *w{ € AlS (X) N A, while, in view of Theorem 2.3.14, L3P (R
is a retracts of L2 (R, ;¢%). Hence, combining the arguments of Theorems 2.2.2 and

2.2.3, we have the desired result. O]

2.4 Variable weight Sobolev spaces

2.4.1 Definition

We define the variable weight Sobolev space H?(R) of real valued functions by

H}(R) = {f € ReS"[]| /]
/]

HiR) < 00}, §>—3, 120, (2.4.1a)

%’i‘(R) - %HJCH%%R) + ||7Di[’f:zf]| %s(R)? (2.4.1Db)

where ReS’ is the space of real valued tempered distributions, P1 are Fourier

1+sgn(§)

multipliers (projectors) associated with the Heaviside functions ﬁi(f) = ==

/ife(-) = \/Lz?(zf + )" and H*(R) is the standard homogencous Sobolev space of

order s, see e.g. [12]. Note that for s € N, the H?(R)-norm is equivalent to
1 fll2@®y + Donico ||/<J;Es+m7£f(m)||L2(R), ie. | | msm is a Sobolev-like norm, where
weak derivatives of different orders are integrated against different weights.

2.4.2 Properties

Basic properties of the variable weighted Sobolev space H?(R) are listed below

Lemma 2.4.1. H:(R), with s > —% and r > 0, are Hilbert spaces. The embeddings
HX(R) — H'(R), (2.4.2a)
are dense and continuous, provided
1
—3 <s$1<s9g<s1+rg—ry, 0<r <r. (2.4.2b)
In addition, the embedding

HfS(R) — H'(R), 0<s3 <s9<rg, 719>0, (2.4.2¢)
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18 dense and compact. Finally , for sg,s1 > — 7“0,7"1 >0 and 0 € (0,1), we have

s s —0)so+0s
[Hy2 (R), HyH(R)]g = Hiy gl e (R), (2.4.3)

where [-,-|g denotes the standard complez interpolation functor of A. Calderon [12,

25].

Proof. (a) In terms of Fourier images, (2.4.2b) reads

/1

%Jﬁ(R) = HfH%Q(Ri) + |‘«7£T[f]H%g(Ri), J;’”[f] = \/%(’%'rif * f) (2.4.4)

Note that supp /%fe C Rs. Hence, for real valued distributions (whose Fourier images

are Hermitian, i.e. f(£) = —f(—¢)) the choice of sign in (2.4.1b), (2.4.4) is irrelevant.

It was shown in subsection 2.3.4 that L7*(Ry) = J£[LZ(Rx)] are Banach spaces
for w € APS(N). Since, [£]* € APS(A) in Ry and [¢]* € A% (X) in R_, for any
s > —1 and since L*(R) N ReS’ distributions are regular, we conclude that the

quantity || - ||gs ) is a norm in H;(R). The completeness of HZ(R) follows from the
completeness of L7?(Ry) N L?(Ry). In view of (2.4.4), the bilinear form

(f, ) mw = (. 0) r2s) + <s7qzr[f]n7:|?r[m>L§(R+)

is an inner product in H?(R). Hence, the first claim of Lemma 2.4.1 is settled.
(b) The denseness and continuity of the embeddings (2.4.2a)-(2.4.2b) is the direct
consequence of (2.4.4) and the embedding inequality (21) from |[8].

To show compactness of (2.4.2c), consider u € H;°(R), with ||u]

terms of Fourier images, for s; < sg, we have

/ic |£\(1 + 1) 1alP(Qd¢ < sup (14 )™ ullfrog)

<> (€]

<c(1+[P)"TT, €ER,

: 2
uniformly for [|ulffy, ) < 1.
Since u is assumed to be real valued, its Fourier image @ is Hermitian. Therefore,

for h > 0, we have

[+

W&+ h) —u( |d§<2/ (1+ &) |a(é + h) —a(¢ ]dg_zll
Ry
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To bound Iy, for 0 < v’ < 1y, we let @ = g [0,7]. The analysis presented in [§]

indicates that

/

o=J"[0.] € Lg,(R+), —3 <8 <5< Hrg—1, 0< 1 <y, (2.4.5a)

H@r/|]L§,(R) < cl|Or |l 22, ). —3 <8 <so< s Hrg—1, 0<r <. (2.4.5b)

Using these facts, the inclusion suppi®,, C R_, and the standard Minkowski

inequality, we obtain initially

(R o % ) (€ + h) — (RY,, % 0,)(€)"de

I = 27r/R (1+ €)™

< or [ /R [f 0 (€= h) = & (O] dC ( /R+ o PO+ - C2)81d£)12

and then, using the elementary inequality (1 + € — ¢([*)*" < ¢[(1 + [¢[*)* + [£]*]
(that holds uniformly for &, ¢ € R, with some constant ¢ > 0) and formulas (2.4.5),
(2.4.1b),

L <c [/R+(1+|c|2)51
<c MH@ ey

provided 0 < sy < ro — r’ and —% < 81 < 89 < 81+ 19 —r'. We note that the right
hand side of (2.4.6) tends to zero, as h — 0, as T, , € L'(R+, [£[*d¢), for all 5 > 0,

A C— D) - gg/m\dg] (o 2agay + w122, o)

6= 1) = i ()] 2.46)

2
HY(R)

provided 7’ > 0.
The calculations, presented above, indicate that the the unit ball of H:(R)
is equibounded, equitight and equicontinuous in H*!'(R), provided s; < sy and

0< sy <rg—r, -1

5 < 81 < 89 < 51+ 19— 1, for some 0 < 7 < r. Hence,

on the account of the Kolmogorov-Riesz theorem, the embedding (2.4.2¢) is indeed
compact.

(c) Interpolation identity (2.4.3) follow from Theorem 2.2.4 and formula (2.3.21),
if we view H?(R) as a retract of the vector valued Banach space H*(R) = {(u,v)|u €

L2(R), 6 € L¥(R_) N L2(R,)}. =

To conclude this section, we note that H§(R) = H*(R), where H*(R) is the

standard Sobolev spaces, as defined in [3]. When s > the latter is known to be

1
2
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a Banach algebra. As shown below, the property extends to H?(R), with s > % and

r > 0, this fact is crucial for the analysis of Chapters 3 and 6.
Lemma 2.4.2. Assume s > % andr > 0. Then H:(R) is a Banach algebra, i.e. for
any f,g € H}(R)

1f9llm: @) < cll £l

with ¢ > 0 independent of [ and g.

as(®) 19| s (®) (2.4.7)

Proof. (a) Using the elementary estimate | + &[¥ < ¢([&]* + [&1]%) (which holds
for all &y,& € R and s > —1, with an absolute constant ¢ > 0 controlled by s only)
combined with the standard convolution Young inequality, for any two Hermitian

functions

f.9 € L2(Re) N LA(Ry) = LRy, (1+ [)dS) =: L2(Ry),
we have
(ILf ).

hence the direct application of the Cauchy-Schwarz

~

By our assumption s >

1
27

inequality yields

1l ey < IO+ 1E7) 72 2@ | fll 2@ < el fllz2ea)

and we conclude

2(R4) 2(Ry) ||9||L2 (R)
(b) We let
LP*(Rs) := J5[L3(Rs)] = L2%(Rs) N L™ (Re)
and observe that L'?(Ry) < L7%(R.), whenever 0 < rq < 71 (see [8, formula

(21)]). By definition, Py + P_ = Z, where Z is the identity operator. Therefore,

Py [/fr_,efg] =P [KZ’ef]PJr[HZ,Zg] + Py [K;‘,zﬂp— ['%;zg] + P- ["“f;zf]P-&- [’{;eg]'

Finally, Ko = 2 (Tiz) (2i0)2~ /ﬁfg, provided § is a positive integer. These facts,

combined with part (a) of the proof, yield the bound

1 * 9l ey < € L) ll9l L2 gy

i,j=0

<cllfll 5, 19l 52, 5EN (2.4.8)
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(c) We note that for any s > —3, w = 1+ [{]* € ARG (N) N AL Hence, by
Corollary 2.3.9,
LA R, L2

s

YRy = L2t (Ry),

0 € (0,1), 19,71 >0, s> —%. Viewing the convolution product in the Fourier space
as a bilinear map from [_/s%’Z(RJr) X EE’Q(RJF) to L7*(R.), s > 1, r > 2 and making
use of the classical multilinear complex interpolation theorem of A. Calderon (see

Theorem 2.2.1), we infer from (2.4.8)

17 %l < Nl gy Nillsog o 8>3 r22
By virtue of [8, formula (21)],
17050 gy < U5+ 10 ) < gy 0S5 <5

while the direct application of the convolution Young inequality in the Fourier space,

followed by [8, formula (21)], for all s > —3 and r > 0 gives

I2(Ry) T HfHEg(Ri)HgHL?(R))

< c(IIfllz2® N9l 2y + I f]

1fallzey < c(If]l 2l 4]

2ol r2m,))-

Combining the last three inequalities, we conclude that (2.4.7) holds, with % <s<3
and r > 2.

(d) To complete the proof, we remark that in the standard non-weighted Sobolev
settings (r = 0), (2.4.7) holds for any s > 1, see [3]. Hence, the interpolation identity

(2.4.3) and part (c) of the proof, combined together, yield (2.4.7) for any » > 0. O

2.5 Auxiliary function spaces

In addition to the variable weigh Sobolev spaces defined in Section 2.4, the existence
analysis of Chapter 4 makes use of the scale H;»L(R). The latter are Hilbert spaces

of real valued functions, under the inner product

(g = [ mopbd + 2 [ orgogba, e>0. 0<y<1 sz,
R R
where the Fourier symbol k,(§) = 1 — 2u|¢| + &%, is defined in (1.3.4).
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In the case of ¢ = 0 or 7 = 0, we write shortly H3(R).* Note that (1 — u)ro <
Kp < Ko if £ € Rand 0 < p < 1, so that H;(R) = H*(R) as Banach spaces. In
particular, H7;(R), with s > % and 0 < p < 1, are Banach algebras [3|. Observe also,
H}) ,(R) = L*(R). In the latter case, we omit all subscripts in the inner product and
the induced norm.

Most of the analysis of Chapter 4 is carried out in the frequency domain F[H;Z(R)].
We let ﬁ;’,g(R) = F[HL(R)]. The symbols Re f]i’;(R) and Im f[i’;(R) denote the
subspaces of even and odd H +t(R) functions, respectively. H 5 (R) is naturally iden-
tified with the weighted Lebesgue space L*(R, &5df).

Section 4.2 deals with the regularity of traveling waves. There, Cy(R) denotes
the space of continuous functions that vanish at infinity. Symbol W2+*(Q) is reserved

for the scale of the exponentially weighted Sobolev space, equipped with the norm
S M .
lellwzs =D lle ™ Oelln@, 1<p<oo, p>0, s>0.
r=0

In the case of s = 0, we write shortly L5(€2). Also, by definition L3°(Q2) = L>(€).

4We use Greek subscripts to distinguish these spaces from the variable weight Sobolev spaces

H:(R) of Section 2.4.
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Chapter 3

Wellposedness in weighted settings

In this Chapter, we discuss the wellposedness of the non-linear Benjamin equation
in the settings of the variable weight Sobolev spaces defined in Section 2.4. In
context of the Benjamin equation, these spaces arise naturally and provide direct
control of the behavior of solutions and their weak derivatives for large values of x.
Our result complements and extends recent research on the global wellposedness of
the Benjamin equation in weighted Sobolev-like spaces and provides a theoretical

foundation for building robust numerical schemes.

3.1 Technical estimates

The wellposedness analysis of (1.1.4) relies on the properties of the scale H?(R)
established in Chapter 2 and on two technical estimates allowing us to control linear
and nonlinear quantities appearing in the Benjamin equation. We begin our analysis
with the linear part of (1.1.4).
Let
A = —a0; + fHuz + Y0102

and let H be a Hilbert space obtained by completion of the Schwartz space Re S
with respect to the inner product (-,-)y. To the couple A and H, we associate the

bilinear form

Qu(u,v) = (Au,v)y, u,v € ReS.
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Passing to the Fourier images and using the Cauchy-Schwarz inequality, it is not

difficult to verify that

Qprso(m) (U, V) = —Qpso(r) (v, 1), (3.1.1a)
| Qo) (u, )| < [[ul| o @) ||v] r2s0-3-s1m)s S0, 51 € R. (3.1.1b)
Furthermore, we have
Lemma 3.1.1. For s > —3, r > 0, the bilinear form Qpsm)(-,-) satisfies

‘QHE(R)(uv U)‘ <r(l+ rz)cS(HuH%ﬁ(R) + [|ul %{5+2T(R))7 (3.1.2)
with cs > 0 controlled by s > —% and the coefficients of A only.

Proof. (a) Assume initially v € ReS. Then, (2.4.1b) and (3.1.1a) yield

Y

| Quroy (o, 0)| = |(P [l Alu), Pl ) e

where [k, A] = kA — Ak, is the commutator of A and k.

Direct calculations give
Py llr)y Alu] = Py [(AO/{:@) w4+ 8y [(Ark]) - u] + O [(Aak],) - u}] :
with
Ao = —a0, — fHOpy + 47002, A1 = 20HOy — 3704y, Az = 370

The last formula, combined with (2.4.5b) and the standard interpolation inequality’

||U’|| 38((1_09;‘“199( < ||U||1 SO(R ||U| 51 (R)? 50, 51 > — 29 To,T1 2 07 ‘9 € (071)7
yields
2
||P+H"’”r+,€7“4]u”ﬁs(u§) s e, ZHP+ 1] | f+i (R)
j=
Cs(||7’+ ) gy 1P [ ] vy )

Hs(R) —|— ||u||Hs+2r(R))

)es(Jlul

!The inequality follows directly from (2.4.3), as the complex interpolation functor [, -]y is exact

of exponent 0 € (0,1), see [12].
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where the generic constants ¢, ¢, > 0 depends on s > —% and the coefficients
«, f and v of the operator A only. The last bound, together with the standard

Cauchy-Schwarz inequality, completes the proof. O

Let H be a Hilbert space employed in the definition of Qg(+,-). To control the

quadratic nonlinearity (u?),, we define
Tr(u,v,w) = 3{u, wug) g + 3{v, wWuz)g, u,v,w € ReS.

Partial integration, combined with the standard Gagliardo-Nirenberg inequality, in-

dicates that

‘ﬂQ(R)(U,U,w)| < HUHLQ(R)HUHLQ(R)HU}‘ HsR); S > % (313)
In addition to (3.1.3), we have

Lemma 3.1.2. For s > —, >0, Tusw)(:, -, -) extends to a bounded trilinear form

in H3(R)? x HTY(R). In particular, we have

| Tz ) (v, w)| < e ®) V]| s ) llw] g1 ), (3.1.4)
with cs, > 0 depending on s and r only.

Proof. (a) To begin, we assume that » = 0. For sufficiently regular distributions

u,v,w € Re S, direct calculations give

1 /R |w<§>|d5/R\|<|25—1 Sl €] I
[la(Q)a(€ = Q1+ 18(¢)a(¢ — Q)] dc.

Using the elementary estimate |¢2571 — €271 < (25 — 1)[& — &[ (&2 4 £67D)

(that holds uniformly for all &,& € Ry and s > ), followed by Young’s inequality

(with exponents ), and changing the order of integration, we infer

‘THS(R)(U,UJUH S% UV, We) 12(R ‘

(6)]1eP>de / Q)] - Jol€ - C)lde
e / (©)llede / 1€ (0)] - [ul€ — ¢)ldC.

93



This bound, together with the elementary inequality (|1]+ [&2])® < 2°(|1&1]° + |&2|),

yields

|TH5(R)(u,v,w)‘ < %|(uv W) 12(R |
(25— 1)2 /|5w |d§/|<| (O)] - IE — CIFlolé - )lde
12! /R a(€)|de / B - € — CPlo(e = Q)lde
s—1 ~ d s+1| ~ . o s o d )
1)2 / 0(6)|de / RO - 1€ = CIFlu(e — O)ldc

On the account of the embedding H*(R) < L*(R), the last inequality implies

‘THs(R)(u,U,w)} < CS7O||U| HS(R)H'U| Hs(R)||w| HstL(R), S > %, (315)

where the generic constant c;9 > 0 depends on s > % only. The estimate (3.1.5)

shows that the trilinear form 7Tpsm)(u,v,w) extends continuously to H*(R)? x
H*"Y(R) and the case of r = 0 is settled.
(b) Next, we let s = 1 and r > 0. Using the identities

P luv] = Pylu]Py[v] + Py [Py [u]P-[v] + P_[u] Py [v]],
<P:t[u]vp¥[v]>ﬁ]5(R) =0, wove FIS(R)) s €R,

and the commutativity of Fourier multipliers P4 and 0,, we infer

Tira) (v, 0) = =3, w0) (e
+ | Palul, PPl in s
(Pl P ] Pl )i
= | (Pl P wlPy s oD ey

+ (Pulig ol PalwlPalrty gl ey | = 1o+ T = vl

For s > £, r > 0, the embedding H:(R) < H*(R) gives

1] < C||UHH;(R)||UHH}(R)H’LU||H2(R)>

with ¢ > 0 depending on r > 0 only.
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To bound I, we pass to the frequency space. Calculations similar to those of

part (a) above, yield

|12| < C||UHHA(R)||U\|H;(R)||w||H2(R)a

with an absolute constant ¢ > 0.
It remains to estimate I3. Passing to the Fourier images, changing the order of
summation and using the Cauchy-Schwartz inequality, we obtain
| Is| < cllullmr (1T 00 2y lwll ey + 1727 (0] )| L2y 1wl 2 gwy)

+ cl|vl ey (1T T | 2 1wl y + 1 T2 T |2y 0] 2 w))
with an absolute constant ¢ > 0. On the account of (2.4.5b), we have
1T (@l 2y < el T @2y, s> —3,

with a constant ¢ > 0. Hence, the standard density argument, combined with our

estimates, gives

| Ters ) (w, v, w)|| < etllull e vl ) 1wl 2wy, 7> 0. (3.1.6)

(c) The proof of the general case s > %, r > 0, is based on the following straight-
forward modification of the standard interpolation argument:
Given a regular compatible interpolation pair (Hy, H;) of Hilbert spaces with H :=
HyNH; being dense in H;, © = 0, 1; a regular compatible interpolation pair of Banach
spaces (By, By), with H being dense in B := By N By; and the family of trilinear

forms

%(uv U, w) = <u7 T(”? w)>[H0,H1]0 + <U, T(u’ w))[H(),Hl]e’ 0 € (O’ 1)7
T e L(H H;), i=0,1,

defined initially in H3 and satisfying

|Ti(w, v, w)| < ciljul

H; 'U‘Hi U)’Bi, ZZO,l

We claim that 7y extends to a bounded trilinear form in [Hy, H]3 X [Bo, B1]s and

Ta . 0,w0)| < bl 0o ol om0 € (0.1, (317)
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To see that (3.1.7) holds, it is sufficient to observe that H;, i = 0,1, can be
realized as completions of H with respect to the inner products (-, ")y, = (-, M)y
and (-, )y, = (-,Z — M)y, where M, T — M are positive definite bounded and
selfadjoint maps in H. Since the complex interpolation functor [-, -]y is exact of
exponent § € (0,1), the theory of exact interpolation of Hilbert spaces (see the
classical paper [34]) implies that (-, )imym), = (-, ML — M)? )y, 6 € (0,1).

Further, the map

z = M'7H(T — M)?u,

u € H, is analytic in the strip S := {0 < Rez < 1} and is continuous and bounded in
its closure S (see e.g., [79] for the standard results on spectral resolution of bounded
normal operators and the associated functional calculus). Hence, for f,(2), f,(z) €

F[Hy, Hi] and f,(2) € F[By, B1]?, with values in H the function

9(2) = & ey (ful2), MTHI = MY T (fu(2), fu(2))
+ag e (fol2), MITHT = MYT(fu(2), ful(2)))n

is well defined, analytic in S and continuous and bounded in S. The last assertion
allows to repeat verbatim the standard interpolation and density arguments (see
e.g. [12, Theorem 4.1.2, p.88, or 4.4.2, p. 97]) and thus (3.1.7) is settled.

(d) To complete the proof of (3.1.4), we note that the scale of Hilbert spaces
H:(R) and the family Tysm)(:,-, ), s > %, r > 0, of the trilinear forms fall in
the scope of the interpolation argument discussed above. Indeed, any pair (s,r) €
(%, o0) x R can be realized as a convex combination of two points laying in the
lines £y = (3,00) x {0} and ¢; = {1} x Ry, respectively. Furthermore, the endpoint
spaces, chosen this way, satisfy all the density constraints imposed in item (c) above.?

Hence, the interpolation identity (2.4.3), combined with (3.1.5), (3.1.6) and (3.1.7),
settles the claim. O

2The notation F[Hy, H;] and F|[By, B1] for the spaces of vector valued analytic functions, with

boundary values in H; and B;, i = 0, 1, respectively, is standard, see Section 2.2.
3The claim follows immediately from denseness of embeddings in (2.4.2a).
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3.2 Wellposedness

The main result of this Chapter is the following theorem

Theorem 3.2.1. Assume ug € Hi(R)NH*"(R), with 3 < s <r and s+2r > 3.
Then for any finite value of 0 < T' < 0o, the unique global weak solution u to (1.1.4)
satisfies

u € L®([0,T); H¥(R) N H*T*T1(R)). (3.2.1)

Proof. (a) It is well known, that for the initial data ug € H*(R), s > 3, the Ben-
jamin equation is classically globally wellposed, see the discussion in Section 1.2.

In particular, for such input data and any finite value of 0 < T < oo, we have

u € L>([0,T], H*(R)). Furthermore, for any v € L*(R)

<ut,'U>L2 = QLQ(R)(U7U> — 2(5<U'U/x, U>L2(R)7 te (0, T], (322&)

u(0) =ug, n>0. (3.2.2b)

Hence, to complete the proof of Theorem 3.2.1, it remains to show that under the
assumption uy € H?(R) N H*T2+1(R), the inclusion (3.2.1) holds.

(b) For the sake of brevity, for s > —5, r > 0, we let

3
W2 (R) = HY(R) VH(R), (-, )wem = ()i + () e @y-
On the account of Lemma 2.4.1, the embedding
WE(R) — L*(R), 0<s<r, (3.2.3)

is dense and compact. Hence, for 0 < s < r, L*(R) can be realized as a completion
of W?(R) with respect to the inner product (-,-)z2m®) = (-, M-)ws(w), With some
positive definite bounded selfadjoint map M € L(W7?(R)). It is not difficult to
verify that M extends uniquely to a selfadjoint positive definite bounded linear
map M?$ € L(L*(R)) and that MSL?(R) C W$(R). By virtue of (3.2.3), the last
inclusion indicates that M;, with 0 < s < r, is compact.

(c) By part (b) of the proof, the spectrum of M? is discrete, while the collection
of associated eigenfunctions {yy}1>0 is a complete orthogonal basis in both L*(R)

and WS(R), 0 < s <.
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We denote P, = span{yx}i_, and let P, : L*(R) — P, be the associated
orthogonal projector. By the definition of W3 (R), for s+2r > 3, we have {¢g }r>0 C

H? (R). Hence, the sequence of linear Galerkin approximations

(Unt, V) 2R) = Qr2()(Un, V) — 20(Ully, , V) 12R), U E Py, (3.2.4a)
un(0) = Pplugl, n >0, (3.2.4b)

is well defined.

The special choice of the orthogonal basis indicates that

(Unt, V)ws @) = Q@) (Un, V) — 20(UWlkng, V)wisw), v E P (3.2.5)

Letting v = u, in (3.2.5) and using Lemmas 3.1.1-3.1.2, for 5 < s < r, we obtain

%HunH%‘,ﬁ(R) <2 [7“(1 + 1), + 26¢, . ||ul Hs+2r+1(R)} HunH%,ﬁ(R). (3.2.6)

Bound (3.2.6), combined with the standard Gronwall’s inequality, indicates that
{un}n>0 € L=([0,T]; W(R)), % <s<r, s+4+2r> %, (3.2.7a)

uniformly in n > 0, for every finite fixed value of 0 < T' < co. In turn, for s+2r > 3,
using (3.1.1b), (3.1.3), (3.2.7a), (3.2.3), integrating over the interval [0, 7| and using

the Cauchy-Schwarz inequality, we obtain

1
|nel| 22 jo,71xR) < €172 ||| oo o,y s +2r+1 ) | n || Lo ([0, 77 5427 (R))

where the generic constant ¢ > 0 depends on the coefficients a, 3, v and ¢ of (1.1.4)

only. From the last bound it follows that
{tUni }nso € L*([0,T] x R), (3.2.7b)

uniformly in n > 0.

(¢) The rest of the proof is standard. Using the uniform inclusions (3.2.7) and
passing to subsequences, we conclude that: (i) {uy,}n>0 and {un >0 converge weak-
* to some w and w; in L>([0, T]; W5(R)) and L*([0,T] x R), respectively; (ii) u,(0)

converges weakly to ug in L*(R); and (iii) in view of (3.2.3), {un}n>0, converges
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strongly in L%([0,7] x R). Passing to the weak limit in (3.2.4), we see that for

s+ 2r > 3,
(Wi, V) 2R) = Qram) (W, v) — 20 (uw,, V) r2m), v € L*(R), (3.2.8a)
w(0) = up. (3.2.8b)

Subtracting (3.2.2), (3.2.8) and letting v = w — u, in view of (3.1.1a) and (3.1.3),

we obtain

Hs+2'r+1(R) ||u — UJH%Q(R).
Since [|u(0) — w(0)|| 2wy = 0, Gronwall’s inequality gives ||u — w/||goo(o,17;2(r)) = 0

and since w € L*([0,T]; W#(R)), (3.2.1) follows. The proof is complete. O

Theorem 3.2.1 significantly extends the wellposedness results of [95], discussed

in Section 1.2.3. Indeed, for s € N, we have (see [89] and discussion in Section 2.4.1)

lullzp @y = L+ |- 1) ull ey + 1L+ |- )6 lrewy, s €N, 7> 0.

Consequently, for large values of x, the solutions to (1.1.4) behave as O(|z|™?),
x — 00, for any given value of 0 < p, provided p < r — s and the asymptotic of the
input data ug and u(()s) is properly controlled at infinity (i.e., if up € Z449,41,—s and

u((]s) € Zy,, 3 <s<r,s+2r >3, in the notation of [95]).
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Chapter 4

Traveling waves

In this Chapter, the problem of existence of Benjamin traveling waves is settled
globally for 0 < p < 1 via a combination of concentration-compactness and a small
viscosity limit techniques. Further, a detailed study of large £-asymptotic and reg-
ularity of traveling wave solutions is provided. Finally, the orbitally stability of
quadratic waves (¢ = 2) for small values of the wavespeed parameter p is theoreti-

cally confirmed.

4.1 Existence of solitary waves

4.1.1 A small-viscosity variational problem

Given A, e > 0, we study the following perturbed/small-viscosity variational prob-

lem:

I5 = sup{G:(¢) | [olliy, = A ¢ € Hy i (R), ¢(2) = ()}, (4.1.1a)

2 SR Qe [ Ak 20~
G=(¢) = 71le: ¢) — Slaell, (or Go(9) = 75(2, &™) — Sgel®),  (4.1.1b)

where ¢ > 2 is an integer and [-]** denotes the Fourier convolution power. Below,
we show that the supremum in (4.1.1a) is attained for some ¢, € H}1(R).

We begin with several elementary observations. First, in equation (1.3.2) for a
fixed 0 < p < 1, the quantities I§ are uniformly bounded independently of ¢, as

H i(R) are Banach algebras. Second, for a fixed A > 0 the supremum I5 is strictly
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positive, provided ¢ is sufficiently small (e.g. if ¢ < c)\eTTl, with some absolute
constant ¢ > 0). The claim is easy to verify by fixing a function ¢ € H}(R) with
nonnegative Fourier image ¢ (take for instance ¢ = 6*52) and then choosing ¢ so
that GE(¢) > 0. Finally, formula (4.1.1b) implies that any maximizing sequence of
(4.1.1a) (i.e. a sequence {, | ngnﬂéﬁ = X\, on(®) = on(—2)}nz0 C HpL(R) that
satisfies limy, o G(n) = I5) is uniformly bounded in Hy!(R).

The preceding observations ensure that variational problem (4.1.1) is well posed.
To obtain the maximizer ¢, ., we employ the classical concentration-compactness ar-
gument of P. L. Lions [65, 66]. The first ingredient of the method is super-additivity
of I5.

Lemma 4.1.1. For each A > 0 and any o € (0, ), we have
IS > I5 + I, (4.1.2)

Proof. The supremum I§ is super-linear. Indeed, let {¢,||l¢nllin = A pn(z) =
n

©n(—) }n>0 be a maximizing sequence for (4.1.1). Then for any 6 > 1, we have

0I5 = 0 lim G.(y,) < 07 limsupG.(02¢,) < 072 I5, < I,.
n—00 n—00

Inequality (4.1.2) follows directly from this estimate, see [66, Lemma II.1]. [

The second ingredient is the following adaption of the classical concentration-

compactness principle of P. L. Lions [65, Lemma III.1] to the present settings.

Lemma 4.1.2. Let {¢,}n>0 be a sequence of even functions in H)(R), that satisfies

lenllzn = X and €%||@nel| < M, for alln >0 and some fited A >0, 0 < p < 1 and
I

M > 0. There ezists a subsequence, still denoted by {pn,}n>0, that satisfies one of

the following three alternatives:

(a) (Compactness) For any d > 0, one can find p > 0 so that
HX[—p,p]@nHz& >A—=9, foralln>0. (4.1.3)
(b) (Vanishing) For each fixed value of p > 0, the sequence satisfies
lim sup IXte-p+a1nllyy = 0. (4.1.4)
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(¢) (Dichotomy) There exist two sequences {@ni}tn>0, © = 1,2, and a € (0, \),

such that

I 9 + 9z~ fallgy =0, (4:1.50)
. A 2 . A 2

lim [@nall% = 0y i [[Gnal?, = Ao, (4.1.5b)
lim dist(supp ¢n,1, SUPP Pn2) = 00, (4.1.5¢)

n—oo

timsup (| Gniel® + [Gnzel® — [6nel?) <0. (415d)
n—oo

Proof. The proof of parts (b) and (c) is identical to that of [65, Lemma IIL.1]. To
prove part (a), we observe that by the same |65, Lemma I11.1], there exists a sequence

{&: }n>0, such that for any § > 0, we can find 0 < p’ < 00, so that

HX[Sn*p’iner’]@n”%Ib 2 >\ — (5

Since ¢, are even, it follows that limsup,, . [£,| < co. Otherwise, we are able to
choose a subsequence {&,, }r>o0, so that [&,, — o/, &, + 01N [En, — 0y —&n, +0] =0
and then obtain A = ||, ||§{3L > 2\ — 26. Which is obviously impossible when § is
small. Hence, letting p = p’ + limsup,,_, . |&,|, we arrive at (4.1.3). O

Lemmas 4.1.1 and 4.1.2, combined together, yield existence of a maximizer.

Theorem 4.1.3. Assume ¢ is sufficiently small so that IS > 0. Then any maxi-
mizing sequence {@n | |@nllin = A, ¢n(2) = @n(—2)}nso of (4.1.1) contains a sub-
) >
sequence, still labeled by {pn}n>o that converges strongly in H»L(R) to a mazimizer

oue of (4.1.1).

Proof. (a) The proof is standard and consists in ruling out of vanishing and di-
chotomy. So assume the maximizing sequence is vanishing. Then, for p > 0 fixed,

we have
1 a A
(1= )2 IXg=petnPnll < IXig=pictpPnll iy < On,

with lim,, o0 6, = 0, uniformly in §. Let I; = [(j — 1/2)p, (j +1/2)p], &nj = X1,%n,
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j € Z and & € Ij. Classical Cauchy-Schwartz inequality implies initially

1
(B Bnl(€) < DD |ni * Brpsmil ()

i€Z j=—1
1 A
i 36, [&n,ill 7
S Z Z ||90n,z||||¢n,k+j—z|| S 1— Z ) T M
i€Z j=—1 Hiez inf{kg | € € I}
36,, B /2 s
< 7 (sl 1€ € 1Y) @l = e, PN
€L

and then

(Bnr P20y = (212, oDy <@ || e 1@ ]| S5

< _% 571)\£5
< c(p, p)|[Ru® |7 A2 05

Passing to the limit in the last inequality, we conclude that 0 < I < 0, which is
impossible.
(b) Assume the dichotomy occurs. We define two sequences {f,,;}n>0, ¢ = 1,2,

2 o .
= A—a. In view of (4.1.5a) and (4.1.5Db),

so that Hﬁn,lgbn,lHijp = a and Hﬁn,2¢n,2|
m
Bui— 1,i=1,2, and 0, := || Bn1Pn1 + Bu2bnz — @nlljn — 0, as n — oo. Further,
"
by virtue of (4.1.5c), at least one of the quantities ||, |{ — (|, where ¢ € supp ¢ 1

and § — ¢ € supp ¢y 2, increases indefinitely with n. Consequently,

_1 _1 R ~
lim o), := lim sup{ru’ (()ru”(§ = Q)| ¢ € supp Pn1,§ — C € supp Pn 0} =0,

n—oo

and 0] := ||@n1%Pn 2| Le — 0asn — oo. Using these facts and the Cauchy-Schwartz

inequality, it is not difficult to verify that

<¢m ¢Z€> S <(6n,195n,1>’ (ﬁn,l@n,l)*£> + <(ﬁn,2¢n,2)7 (ﬁn,Q@nﬂ)*g) + 5;{,7

with 8/ < ¢(a, u, A\)(0,, + 0/). The last estimate, combined with (4.1.5d), implies

I5 < limsup G.(Bn1Pna) + limsup G. (B 2n.2)

n—o0 n—oo

. 2 ~ ~ ~ € €
+limsup S ([[2n1ell* + [1on.26]* = lonell®) < I3 + I3

n—o0

and we conclude that the dichotomy does not occur, for the last inequality contra-

dicts Lemma 4.1.1.
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(c) In view of (a) and (b) above, it follows that any maximizing sequence {@, }n>0

shall satisfy the compactness alternative (4.1.3) of Lemma 4.1.2. Furthermore,

-1

since Ky, K,

are bounded on compact intervals, any such sequence, restricted to
a nonempty interval [—p, pl, is precompact in the weighted space L*([—p, p], k,dE),
see [3]. Therefore, letting 6,, = n%l, n > 0, and using (4.1.3), combined with the
standard diagonal argument, we extract a subsequence, still labeled by {vn}n>o,
that converges strongly to some ¢, . € H i(R) Straightforward calculations show

that

~ %k ~ A% ngn ()0/146HH ~x i o
(B Pt = (s 1) < “(lle fu+2uso;,5 L),

Vi

and, since the expression in the round brackets is uniformly bounded,!, we have

Jim (@, 1) = (Bue £1ie)-

The sequence {@y, }n>o is uniformly bounded in H>}(R) and hence has a subse-
quence that converges weakly to the same limit ¢, . in Hy1(R). Since [|@pqll <
liminf ||@ne||, we have G.(p,.) > I;. Thus, G.(p..) = I and ¢, . maximizes

n—oo

G-(-). Finally, the identities QAE(%,a) =I5 and lim (@, ¢5) = (Pue, @5e) imply
n—00 ’

Tim [Pnell = [|@peell and lim [lon[g1e = [[ouel gy Hence, the convergence is
strong in H!(R). O

4.1.2 The small-viscosity limit

Let ¢, . be a nontrivial maximizer obtained in Theorem 4.1.3. In view of the ele-
mentary inequality G.(¢) < G.(|¢|), it follows that maximizers ¢ are translates of
positive definite,? even functions F~![|¢, |]. Below, we study the limit behavior of

even positive definite solutions p, .. We start with two elementary observations.

Lemma 4.1.4. The supremum I5 is a strictly decreasing function of |e|. The limit

quantity I\ = lir% I5 is super-linear and, hence, is super-additive. Furthermore,
e—

I = sup{G(9) | lellyy = Mo € HAR), o) = p(-2)}, G:=Go.  (416)

'Recall that H}(R), with 0 <z < 1, are Banach algebras.
2The classical result of S. Bochner asserts that ¢ is positive definite iff ¢ > 0.
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Proof. (a) For 0 < g1 < €9, we have

[/8\2 =G, (@u,sz) < gsl(%usz) < [il-

This settles the first claim. Further, since /5 are uniformly bounded by a constant
independent of ¢, it follows that the quantity I, = ll_I)I(l) IS = Saglo) I5 is well defined.
The super-linearity and super-additivity of I, are verified in the same way as in
Lemma 4.1.1.

(b) To prove the second assertion, we let

Iy = sup{G (o) | llellin = A v € H,(R), () = p(—2)}.

Since G.(p) < G(p), for all € > 0 and ¢ € H);!, we have I < I,. Assume the strict
inequality holds. By definition of Iy, for any §; > 0 there exists ¢ € H ﬁ(]R), such
that G(¢) > I — d;. Further, since Hﬂ(]R) is dense in H;(R), for any d, > 0, there
exists an even HH(R) function ¢, such that ||2/JH%I& = Aand [ —1[lm < d2. Note
also that H,(R) is a Banach algebra, therefore |G(¢) — G(¥)| < c(A, O)ll¢ — ¥,
with ¢(A,¢) > 0 that depends on A and ¢ only. Combining all the inequalities

together, we infer

G-(¥) = G(¥) — |zl > G () — [c(A, )02 + £*||zv||]
> I_)\ — |:(51 + C()\,g)52 + €2H.T’QDH2] > [)\,

provided 4y, 0o and € are small. However, by definition of I, G.(¢) < I,. Hence,
I, = I, i.e. (4.1.6) holds. O

Lemma 4.1.5. Any sequence {¢,c, }n>0, with €, — 0, contains a subsequence that

satisfies the compactness alternative of Lemma 4.1.2.

Proof. The result follows from Lemma 4.1.4 in the same way as parts (a), (b) of

Theorem 4.1.3 follow from Lemma 4.1.1. ]

As evident from the proof of Lemma 4.1.4, any sequence {¢,, ., }n>0, with €, = 0
is maximizing for the variational problem (4.1.6). Unfortunately, the arguments em-
ployed in part (c¢) of Theorem 4.1.3 are not applicable in the present situation as we
do not have uniform a priori estimates for ||z, ., ||. Nevertheless, the compactness

alternative still allows us to extract some useful information.
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Lemma 4.1.6. Let {¢n}n>0 be uniformly bounded in H,(R) (say |lonllm < M)
and {1y }n>0 satisfy the compactness alternative of Lemma 4.1.2. Then there exist

subsequences, still labeled by {¢n}n>0 and {¥y >0, such that v, — [{¢n}], ¥n —
{¥n}] and opibn — [{pnthn}] weakly in H;(R);g and

Hentn}] = Hen e} ] (4.1.7)

Proof. By the assumptions {¢n}n>0, {¥n}n>0 are uniformly bounded in H(R),
hence the sequence of products {¢, ¥, }n>0 is also uniformly bounded and all three

are weakly compact in H }L(R) Passing to the subsequences, if necessary, we con-

clude that @, — [{on}], vn — [{tn}] and ontn — [{ntn}] weakly in H,(R).
Therefore, for a fixed h € L*(R), we have!

(@ ¥ ba) = (hox [{2n}] ) + (ox (@ = [{n}])s o)

As n — oo, the first term approaches (h, [{©n}[{®¥n}]), we have to show that the
second term vanishes.
Fix § > 0 and p > 0, so that ]\X[,p,p]@nH%l > X — 9, for all n > 0, and split the

second term as follows

<B * (@n - [{95%}])7 Q[}n> = <;L * (@n - [{Sbn}])v XR/[_I%P]'L&T»
+ (A% (2n = {@u3]) Xippthn) =t A + Az

The first quantity is easy to estimate. Straightforward calculations yield

S ' |
[Aval < s (@0 = {@adDllzm Ixg/pottnllz < — 222 ||1|V/3.

V-
To bound A ,,, we let 7?1() = B(t —-) and g,(t) = hx (& —{Pn () = <7;i17 Pn —
[{a}]). Then

[ Azal < [l IV N gl 2 s

Since ¢, — [¢] weakly, it follows that g, — 0 pointwise in [—p, p]. Furthermore,

_1 _1 ~ ~
gl (-p.pn < 2M||u 2[R0 [gn(t) — gn(T)] < 2M |5y * [[[[ Te—rh — Al|.

3Here and everywhere below, we use square brackets to denote the operation of taking weak
limits.

“Note that the operations [-] and * commute.
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The group of translations {7;}r is continuous in L*(R), and we conclude that
the sequence {g, }n>0 is equibounded and equicontinuous in C[—p, p]. The classical
Arzela-Ascoli theorem |78, Theorem 11.28|, combined with the pointwise conver-
gence mentioned earlier on, implies that g, — 0 in the strong topology of C[—p, p].
Hence,

Tim [ Asu| < 5 * [VA T [[gallioe(p) = O,
and

tim | (o) — (oI < %wuhuﬁ.

n—o0 A/

Since 0 > 0 is arbitrary, we conclude that ¢, — [{©n}][{1n}] in the weak topology
of L*(R). Note that [{¢,}], [{¢n}] € H(R) and so is the product [{@n}][{¢n}],
therefore density of L?(R) in H—*(R) indicates that (4.1.7) holds in H(R). O

Lemmas 4.1.4-4.1.6 yield the main result of the section.

Theorem 4.1.7. For each fized value of 0 < pu < 1, there exists a nontrivial
even positive definite solution ¢, € H)(R) of (1.3.4) that delivers the supremum
to (416), 1.€. g(@u) == ]”90““?—11 .

m

Proof. (a) Our arguments are based on the following observation: in (4.1.1) both
the objective functional G.(-) and the constraint are of class C! (in fact analytic).

Since the constraint is regular, the classical principle of Lagrange implies
(h, gpfm) — 52(xh,xgou,6> = 27(h, 90u,6>H,1/ (4.1.8)
Identity (4.1.8) holds for all h € H)’!(R), hence
€ g2 €
7= ((+ D)5+ (= DD zp.]?) > GLIp > 0.
In view of Lemma 4.1.4, the inequality holds for all 0 < € < ¢y and some fixed &.
Let 0 € C§°(R) be a smooth nonnegative cut-off function with supp 6 = [—2, 2],
that satisfies 8(z) = 1, |z| < 1. We denote 6,(-) = 0(-/p), p > 0, and let h(z) =
2%0,(2) @, (z) in (4.1.8), to obtain
%(9/7(3790/175)27 wﬁ;l) - §<9px290,u,57 -73290;1,5)
= (0p(vppe)s (ppe) = 20H[(20) ) + (0p(x0pe) (T04))

1 / /!
+ 200, (zppe), Hpue]) — 5((29p + 220, + 3729p)90u,57 Ppue)-
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Rearranging the terms and sending p to infinity, we arrive at

lzeuelfnn = louell” + 5-(a%6h ) — mbue(0), &= 5. (4.1.9)

(b) Identities (4.1.8) and (4.1.9) have two important consequences. First, for each
fixed value of ¢ > 0, z¢,. € H ﬁé(R), so that every even nonnegative maximizer

Dp,e satisfies

2

~ g2 A A%l
Puue = 5 Pucet = Trmr Prues (4.1.10)

in the weak sense of H(R). Second, it follows that each sequence {@,c, }n>0, With
e, — 0, contains nontrivial weak limit points.

Indeed, passing to subsequences if necessary and using Lemma 4.1.5, we may
assume that the sequence {,., }n>0 converges weakly to [p,] € H.(R) and in

addition, satisfies the compactness alternative of Lemma 4.1.2. That is for any § > 0

there exists p > 0, such that ||, Puenllfn = A — 9, for all n > 0. Taking into
"
account that 0 < 1—p® < k, and ¢, ., > 0, and using the identity limg| o0 [ D¢, &] =

0,> we multiply both sides of (4.1.10) by «, and integrate over R to obtain

_1 _1
0< (%]io)e—l < (17#22771) < ||@#’€n||Ll.

ag ay

The Cauchy-Schwartz inequality applied to the quantity ||xm/[—p»Pue, L1, yields
the bound

~ 2 1 _1 1
Xty Buen) > (FHEEERLR) T — || 2192 > 0,

a\
provided 0 > 0 is sufficiently small. Sending n to infinity, we conclude that the
duality pairing (x[—p.0, [¢u]) is strictly positive and hence [p,] does not vanish.

(c) Obviously, we can choose the sequence {¢,, ., }»>0 so that, in addition to the
assumptions employed in part (b), each {¢]. }n>0, 1 < m < £, converges weakly
in Hj(R) and %%HgbwngHQ converges to some 0 < 0 < 00.5 Then Lemma 4.1.6,
applied successively to the pairs ({¢,.c, tn>0, {@Zf;nl}nzo), 2 < m </, implies that
[l = [pu]™; 2 < m < L. Hence, letting h € Hﬁ(R) in (4.1.8), integrating by parts

5The identity follows from the classical Sobolev embedding H'(R) C Co(R) (see [3]), the inclu-

sion @ c¢ € H},;(R) and our definition of the spaces H3'L(R).
6The latter follows from the inequality 0 < G.(p,.c) < Iy, indicating that {e%||@,.c¢[*} n>0 is

uniformly bounded in R, as ¢ — 0.
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and passing to the limit, we arrive at the identity

<h> [QOMDH; = M<h> [@u]%a M = m. (4.1.11)

Note that H ﬁ(R) is dense in H}(R) and, by virtue of the standard approximation
argument, it follows that (4.1.11) holds for all h € H}(R).

(d) To complete the proof, we observe that

Iy > lim g0<90u,€n> = lim G, (@u,sn) + lim 53”9‘3#,%5”2 = I\ +o,
n—oo n—oo n—oo

which gives 0 = 0 and M = m By construction, H[SO“]H%’}L < A. On another

hand, letting h = [p,] in (4.1.11), we obtain

g([@u]) = %||[@u]||§{;

while, in view of (4.1.6), for ¢ = WL[QOM], we have

Wl
41

G() = (i) * 9(eul) < I

A
The last two formulas give the reverse inequality A < ||[¢] sz It follows now that:
(i) ||[90u]||§{}t = )\; (ii) the the sequence {¢ ., }n>0, defined in part (c) of the proof,
converges strongly in H,(R); and (iii) the limit [¢,] € H(R) maximizes G(-) subject
to the constraint, listed in (4.1.6). Theorem 4.1.7 is a byproduct of assertions (i)-
(iii); for even, nonzero, nonnegative function ¢, = (m)ﬁ[@] satisfies (1.3.4)

in the sense of H,(R). O

Few remarks are in place here. As mentioned in Section 1.3, the global existence
(0 <7 < 1and ¢ = 2) of traveling waves for (1.3.4) is established by several authors.

In particular, the variational approach was pursued in [13, 74]. Both papers treat
the problem in physical space (in variable ), but differ in setting of the associated
variational problem: in [13], the first integrals of (1.1.4) are used while in [74] the
variational problem is similar to (4.1.6), but with the objective functional and the
constraint interchanged. In either case, it is hard to establish a direct link between
variational problem and eigenstructure of the linearized operator associated with
(1.3.4). Formulation (4.1.6) is free from this drawback — below we show that (4.1.6),

combined with the positivity of ¢, yields simplicity of the first two eigenvalues of
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the linearized operator for small values of ;1. The information has important physical
consequences as it controls the orbital stability of the wave. In addition, it implies
local regularity of the solitary waves as functions of the wavespeed parameter pu,
which is a standard assumption in a rigorous analysis of continuation numerical

schemes.

4.2 Regularity

In this section, we study regularity and asymptotic behaviour of the traveling waves
obtained in Theorem 4.1.7. The results form a theoretical foundation for the nu-

merical analysis of Chapter 7.

4.2.1 Large |{| asymptotic of ¢,

Let ¢,, 0 < u < 1, be a solution obtained in Theorem 4.1.7. Directly from (1.3.4),
it follows that ¢, € H;;(R), for all s > 1. A more precise characterization is given

by

Lemma 4.2.1. For any 0 < p < 1, there exists p > 0 such that ¢, € LH(R)NCy(R),

1 < p < oco. Furthermore, e"|§|<ﬁu € Co(R).

Proof. (a) In view of the inclusion ¢, € H}(R), we have ¢, € L*(R). Elementary

e« 3 B, uniformly in R. Consequently,

calculations show that ©) < 20w

1L+ 1eD"2uller < Bull X+ 1ED" ) Mlo

l
<8 > ()T +leh™@ule
i1+-+ig=n—1 k=1

We let by = ||@,|: and

4

bn = 5# Z (21n_11,g> Hbik’ n=1

i14tig=n—1 k=1

Induction on n shows that [[(1 + |£])"@ullrr < by, for all n > 1. Straightforward
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calculations give,”
bo =bo[(( = 1)Bubg " (), n>1

Hence, we conclude that

12ully <D SN+ 1ED"Gullr < bo Y [2(6 = 1B p]"

n>0 n>0

p— —bD
1—(¢=1)BubG 'p’

provided that p < L . Further, in view of (1.3.4), the inclusion ¢, € L'(R)

-1
and the Continuity( of)ﬁzlo(R) norm, we infer that ¢, € Co(R) and ||@,| e <
ﬁ‘|@ll«”€:2|’¢u|’%2 < 00. The above estimates settles the first claim of the Lemma,
a5 12ulzs < 164l 118, ], < o0, when 1 < p < oo.

(b) The second assertion follows directly from part (a) of the proof, for the
inclusion ¢, € LL(R) N Co(R) implies e/€lg, € C(R) and e/tlg, — 0, as [¢] —
0. [

4.2.2 Regularity

We present two regularity results. The first one characterizes solutions on the real
line and is similar to the results obtained earlier in [74]. The second one deals
with the regularity of ¢, restricted to the positive half line and is relevant for the
numerical analysis of the problem. We begin with the following technical Lemma

(see also [74]).

Lemma 4.2.2. The operator G,(¢) = g—ﬁ@*ﬁ, viewed as a map from L,(R) N L®(R)
to Ly (R) N Co(R), is Frechet differentiable. The differential (_j’l;(gb), viewed as a map
form LL(R) N L=(R) to L)(R) N Co(R), is compact positive and irreducible. Its

dominant eigenvalue € is simple and the associated eigenfunction is given by ¢,,.

Proof. (a) Elementary pointwise estimate e?€l[3*¢| < |e?€l3]* combined with Young’s

convolution inequality, shows that G,(¢) is Frechet differentiable and GL(@)[] =

"The identity can be verified either directly (e.g. using induction) or deduced with the aid of

the generating function g(z) = 3, 5 22"
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LoD« [ LIY(R) N L*(R) — LL(R) N Co(R) is continuous. Furthermore, for

Ku

any ¢ € L,(R)N L>(R) and § € R, we have

G < [:259™ P11 (€)

74

1l e e s

IN

and

11 = T5)G (&) [¥)]

1, < Ca|(I = To) [y, i, o™ w4
+ Lallr, (1= To) [ # Il
< Lagll(1 = To) [k, Tl 11175 19

+ e N2 1N (I = To)@lley, = 1,00,

Ly

Ly

Taking into account that 5;1 is uniformly continuous in R and that the group of
translations {7s}ser is strongly continuous in either of the spaces L}(R), Co(R), we
infer from the classical Kolmogorov-Riesz and Arzela-Ascoli theorems that, in fact,
QAL(@ is compact.

(b) In view of (1.3.4) and the inclusion ¢, € Cy(R), ¢, > 0 in R. Conse-
quently, the integral operator QL(@M) is irreducible, positive and compact. Since
L,(R) N L*(R) is a Banach lattice, we infer from the Perron-Frobenius theory of
such operators [85, Chapter V, Theorem 5.2] that the derivative GL(gé#) has a unique
(up to scaling) positive eigenvector, that corresponds to a simple, dominant posi-
tive eigenvalue. It follows directly from (1.3.4) that (¢, $,) is the dominant positive

eigenpair. [

Lemma 4.2.3. Let p > 0 be as in Lemma 4.2.1, then ¢, € Wg”l(R), 1 <p<oo,
and ¢, € C§(Ry). Furthermore, ¢, can be extended to a continuous function on

the closed half-line R,

Proof. (a) We observe that the subspaces of even and odd L}(R) N L>(R) functions
are invariant under the action of QAL(gb#) In view of Lemma 4.2.2, the dominant
eigenpair is given by (¢, ¢,,), where the eigenfunction ¢, is even. Hence, the classical
Fredholm alternative for compact operators implies that the map B=1- %QAL@M)

is invertible in the subspace of odd L}(R) N L>(R) functions.
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(b) Note that ,, ¢, are even, consequently, ¢ = —B_I(Z—fgéu) € L;(R) N
L=(R) C Lh(R), 1 < p < oo. Let h be a compactly supported C’(()OO) (R) function.
If h is even, we have (1&,]3) = —(gbu,f@ = 0. For h odd, we let Bo = % Then,

h 5 Kue [ h
(), = B+ 226 -

—), and we infer
R

<@Z’v ﬁ> = <@Z’v %>H}L - _<Z_‘f¢wl§_lf_u>ﬁ;{ - _<‘:5uv %{)>H

1
i
- _<@w (%)5 + Z—*;B>H& + <B@ua @§>H; = _<S5ua ]A7J§>

Hence, ¢,c = zﬂ in the sense of distributions and the first claim of the Lemma is
settled.

(¢) The inclusion ¢, € Cj(R) follows from the identity

Eu

Sa,u& = R @u - %g;;(@#)[@#i]?

|/‘ﬁ

where %QAL@M)[@%] € Cp(R)® and %f@u € Co(R/{0}), has a simple jump disconti-
nuity at the origin. In particular, it follows that ¢, can be extended to a continuous

function in the closed positive half-line R_. 0

Lemma 4.2.4. Let p > 0 be as in Lemma 4.2.1, then ¢, € WP™(R,) N Cén)(R+),

1 <p<oo, for alln > 1. Furthermore,

10¢@ullry < mlrp*t, 1<p<oo, n>0, (4.2.1)

where r, > 0 depends on 0 < p <1 only.

Proof. (a) We let Uy = Pue and Vm = @Z(mfl) * Pue, m > 2. Using this notation,
Lemma 4.2.3 and parity of ¢, for { € Ry, we write
0 (kutn) = o [ [2u€ = €)= Gulé + Oen(OAL, (4.2.22)
Ry

B = /R (Bl = C) = Gu(€+ O] bmr(Q)dC, m>2.  (4.2.2b)

In view of Lemma 4.2.3, the quantities ¢, and @m, 1 <m < ¢ —1, are regular

D'(R,.) distributions. Throughout the proof, the quantities f ¢, (0) are understood

8See part (a) of the proof.
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as right-handed limits. Using (4.2.2) and integrating by parts, we obtain formal

identities
Nt s n+1\ Ky g n+1\k,
=) ()
o [ o€~ a0 — )~ (e + 1O
R
a1 A
+2 ) 1= (-1)"082u(0)0 ™ Moy, n> 1, (4.2.3a)
k=0
and

O = / [sgn™ (€ — O)ALG,(1€ — CI) — 0Bl + O] (C)dC
n—1

+Y 1= (—1)"0kGu (00 b, n=1, m>2. (4.2.3b)
k=0

By virtue of Lemma 4.2.3, Q?cﬁu,@@m € ARy )NCy(Ry), 1 < p <oo,n=0,1
This fact, combined with (4.2.3) and induction on n, allow us to conclude that
OF Dy ag&m € LE(Ry) NCy(Ry), for all 1 < p < oo and n,m > 1. Furthermore, for
all 1 < p < oo and n,m > 1, each of the quantities 8?@# and ngﬁm can be extended
to a continuous function defined on the closed positive half-line R, . Hence, the first
assertion of the Lemma is settled.

(b) To obtain L*>°(R, ) estimates, we let

B= max (bl o= max{|gE | | e ]2 3
||8g‘95u||L°° = nlan, n=0,1, by, = a4 and
20 A
ani1 = atn1 +a(1+28)an + == ’; abe 1m 1k, n>1, (4.2.4a)
9 n—1
b = 280, + — ]; bm-1m1-k, n>0, m>2. (4.2.4D)

Comparing (4.2.3) with (4.2.4) and using induction on n, we conclude that ||0f @[ L~ <
nla,, and H@g&mHLm < (n+ Dby, foralln > 1 and 1 <m < ¢ — 1. In addition,
defining

roo = max{[|@ull, || Guell =, 2a(1 +2°8)},
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and using induction on n one more time, we infer directly from (4.2.4) that a,, < r™"!
n > 0, and that (4.2.1) holds in L>(Ry) if 7, is replaced with r.
(c) L,(Ry) estimates are obtained in a similar manner. Here, we let [|0f@,[/r1 =

n!dn, for n = O, 1, bl,n = Eln+1,

n—1
2a -
api1 = Qlp_1 + (1 +208)a, + ] Zrﬁoﬂbg_l,n_l_k, n>1, (4.2.5a)
k=0
2 n—1
b = 200y + —— 1 >0 > 2 4.2.5b
s Ba_'_n—’—lgroo 1,n—1-k, n-=.u, m = 4, ( )

and r, = max{re, [[Pullr1, [Puellzy}, to infer (using induction on n) that (4.2.1)
1 1
holds in L,(R;). The elementary interpolation inequality | f|lzz < ||f]| Pellf ||z/1)

settles (4.2.1) for the remaining values of the exponent p. ]

4.3 Orbital stability

4.3.1 Local regularity for p~ 0

Equation (1.3.4) is translation invariant and hence cannot have isolated and/or
unique solutions. In Section 4.1, we singled out a particular solution class by re-
stricting problem (1.3.4) to the subspace of even H,(R) functions. The trick ensures
minimal regularity of the solution set S(uo, 1) = {(1t, Y1) huo<u<in € R x HL(R),
(or equivalently S(o, 1) = { (14, ?) Ypo<u<iy C R x Re f[ﬁ(R)) for small values of
[1 > po, and can be exploited in numerical simulations.

As mentioned earlier, the local structure of S(ug, 1) is controlled by the eigen-
structure of G/ (,). In the case of even positive solutions ¢, the principle part of

the spectrum can be computed explicitly.

Lemma 4.3.1. Let ¢, be an even, positive definite traveling wave obtained in The-
orem 4.1.7. Then the spectrum of G/,(¢,) : H)(R) = H(R), 0 < pu < 1, is real and
discrete. The eigenpair pair ({,p,) is simple and dominant. Any other eigenvalue

A of G, (pu) satisfies X < 1. In addition, if (1,n) is an eigenpair of G (,), then

(e 2n%,m) = 0. (4.3.1)
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Proof. (a) Linear operator QAL(@N), viewed as a map from the weighted Lebesgue
space H }L(R) space to itself, is evidently selfadjoint. The proof of compactness, pos-
itivity and irreducibility goes along the same lines as in Lemma 4.2.2. In particular,
it follows that the spectrum is real and discrete and the dominant eigenpair (¢, ¢,,)
is simple.

For a non-dominant eigenpair (X, 7) of G/,(¢,), with ||n]|%, 1= ||%LHH1, we let

Y= %’ t € R. Since g, is a constrained maximizer of G(y) in H}(R) and since

(90,“ @D)Hﬁ = 0, for small values of ¢t we have
0<(141)% [G(pn) — G()]

4.3.2
— Gl | SE1 = N2 + (4 <s0f72772,17>t3] oY (43.2)
W 3 )70 :

From (4.3.2) it follows that A < 1. If A = 1, the quadratic term in the right-hand
side of (4.3.2) vanishes, hence (4.3.1) holds. O

Next, we turn our attention to (1.3.4), with ;4 = 0. As mentioned in Section 1.3,
in this case the solution is given explicitly by formula (1.3.3). Furthermore, the

following holds

Lemma 4.3.2. The spectrum o (Gj (o)) of the operator Gj(yo) : H'(R) — H'(R)

1S given by

200+ 1) } 2
n>0

7(Go(¢o)) = {0} U {2(n+5)(n+(5+ 0 =TT (433)

/ —

. 520(¢41)
= 2(n49)(nto+1)’

€ H'(R) satisfy n.(—z) = (—=1)"na (), n > 0.

eigenvalues A, n > 0, are simple and the associated eigenfunctions

Proof. In view of Lemma 4.3.1, the spectrum o (Gj(¢o)) is real and discrete. By
virtue of (1.3.3), eigenpairs (\, 7)) € C x H'(R) satisfy

m_m_é(é ) h2<€;1 )m

2\
Upon the substitution ¢t = tanh(% > the latter equation reads

2

(1 — )y — 2ty + (v(1 +v) — _t>>m 0,
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where § = 2 and v(1 +v) = %. The nontrivial H!(R) solutions are given

explicitly by the following family of the associated Legendre functions (see [2])

omi i

P(6) = LT PO (t—i0) 45 P (t+¢0)}, te[-1,1, v=n+d, n>0,

n+s
and (4.3.3) is settled. Further, since G|(pg) is selfadjoint, each A, = %,
n > 0, is simple. The pairity of the associated eigenfunctions
() = P2 <tanh<£ —_ 1x>> n>0
n+é 5 ; ;
follows from the properties of P, %(t), t € (—1,1), see [2]. O

Lemmas 4.3.1 and 4.3.2 yield the following local result

Lemma 4.3.3. For small values of |pol, |u1|, o < 0 < py < 1, there exists an
isolated and analytic in p branch S(po, 1) = {(tt, Y)Y po<u<in C R x Re HY(R) of
even, positive definite solutions to (1.3.4). For each p € (o, 1), ¢, satisfy the
variational problem (4.1.6).

Proof. (a) We let N,(¢) = ¢ — Gu(¢). It is not difficult to verify that the sub-
space Re H 4(R) of even H (R) functions is invariant under the action of G,.() and

No.(p) = ¢ — G.(¢). On the account of Lemma 4.3.2,
0 ¢ o (Ni(o)|

so that the restriction of A7(¢o) to Re H'(R) is invertible. Further, A () is analytic

ReHI(R)>’

in $ € H'(R) and in p, when Rep < 1. Hence, the first claim follows from the
standard Implicit Function Theorem.

(b) From the compactness of operators QL(@M) : Re ]:I}L(R) — Re fli(R), <1,
it follows that the even, positive definite variational solutions ¢, of Theorem 4.1.7
satisfy lim,,_,o ||®, — Qollge g1 = 0, where ¢ is given by (1.3.3). Since the solution
branch (o, t11) = {(1t, $) }o<p<p, is isolated in Re H'(R), for sufficiently small
values of |u| each element of S(pu, p11) necessarily satisfies (4.1.6). O

To conclude this section, we remark that the Fourier symbol x,, p < 0 is ra-
dially decreasing. In this situation, the ideas of [41] apply and one can show that
Corollary 4.3.3 holds for p € (—o0, 1) and some small 0 < p; < 1. However, as
mentioned earlier in Section 1.3, traveling waves with p < 0 are physically irrelevant

and hence, we refrain ourselves from going into any further technical details.
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4.3.2 Orbital stability

Let 0 < p < 1 be fixed and let ¢, be the even, positive definite traveling wave,

constructed in Theorem 4.1.7, let

1

_ ¢ c 0

ue(z) = poum gpu< a:), C=a-—c,

be the associated traveling wave of (1.1.4) and let {7;}:cr be the group of transla-
tions. We define open e-neighborhood of the orbit O. = {T;u.}ier by means of the
identity

Use = {v € H'R) | inf [lv — Toel | < €},

and say [45, 46| that O, is orbitally stable if any other solution to (1.1.4) that starts
near O7(p,) stay close to it for all ¢t € R.

It is worth to mention that general criteria of orbital stability/instability for a
large class of nonlinear wave equations (including KdV-type evolution problems) are

well known, see e.g. [45, 46] and references therein. In particular, if we define
E(u) = /R[%if + 22 — Butu,) - Z%l(—u)é*l] dz, (4.3.4a)
Qu) = %/qua:, (4.3.4b)
R
then the orbital stability is guaranteed under

(i) a suitable restriction on the eigenstructure of the operator £”(u.) — cQ"(u.)

(see Assumption 2 in [45]);
(ii) positivity of the quantity d”(c), where d(c) = E(u.) — cQ(u.).

In the present case, the first group of conditions is satisfied automatically for small
values of p on the account of Lemmas 4.3.1-4.3.2 and the classical perturbation
theory of compact selfadjoint operators, see [55]. The difficulty arises with (ii).

Elementary manipulations show that

@'(0) = =VACT (@) = —VACTD (I = G(u)) s )y (4:3.50)
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and since the selfadjoint map I — G/ () is sign indefinite, the positivity of d”(v)
is not straightforward. As an alternative, one can use part (C) of [45, Theorem 3|,
which asserts that condition d”(c¢) > 0 holds if and only if u, realizes a constrained
minimum of £(u) in H'(R), subject to Q(u) = Q(u.).

In context of (1.1.4), it is sufficient to verify that ¢, solves the following varia-

tional problem

Iy =sup{G() — 5llellin [ el = A, ¢ € H'(R)}. (4.3.6)

The next result show that this is the case, provided (4.3.6) has nontrivial solutions

0.

Lemma 4.3.4. Assume that for some X\ > 0, (4.3.6) has a nontrivial solution i €
HY(R). Then ¢, solves (4.3.6), with X\ = ||p,||*. Converse is also true. Function i)

realizes mazimum of G(p) over ¢ € H,(R), with ||¢||m = |9 my -

Proof. (a) To begin, we make two observations. First, the variational solution ¢,
maximizes G(p) over the entire space H(R), subject to the constraint H@”%’ﬁ =
H‘PMH%I; = A;. Second, brief inspection of the objective functional in (4.3.6) in-
dicates that under assumptions of Lemma 4.3.4, variational problem (4.3.6) has
nontrivial solutions for all A > 0. In particular, it is possible to choose A > 0 so that
(C+190) = [l

(b) Let v be the solution to (4.3.6) that satisfies G(v)) = WH%’& Then

b el = G — Sl
llull g\ €1 L/ ull gy 2 )
= <||—¢||H;) G(¥) - (Tt ) Il

1

I3

[ lenllg NS el
G\ Toll,y 2\ Tt

and we conclude that

ol < 1612, (4.3.7a)
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On another hand

s el = G@) — $115

/+1 2
) G = 3 () Neulz

0+1 2
P
) - %<|IH%HII) } ”SO#H?“{}L;

and then

e 2 19l \ 2
1 (el _ (¥l 1 "
&+l <||W”> 2 (lel) S~ (wu_”;&) ~ (4.3.7b)

It is easy to verify that in the positive half-line R, function f(t) = t= — % is
bounded from below by f(1) = —%. Hence, inequalities (4.3.7) are consistent
if and only if [[ullmy = [¥llmy and |lp,|l = (¢l Hence, G(pu) = G(¥), G(pu) —

%HQOHH%{; = F(¢) — %Hzﬁ”f% and the conclusion of Lemma 4.3.4 follows. O

Solvability of (4.3.6) for ¢ = 2, together with a weak form of stability of the
resulting traveling waves, is established in [74].° This result, combined with Lem-
mas 4.3.1-4.3.4 allow us to settle the question of orbital stability for small values of

w1 affirmatively.

Corollary 4.3.5. For { = 2 and p small, the solitary waves constructed in Theo-

rem 4.1.7 are orbitally stable.

Unfortunately, analysis of (4.3.6) for ¢ > 2 is not an elementary exercise and

fells outside the scope of our work. As illustrated by the inequality below

i 11" -
G(e) — slleliy < == leliallelm — slleli, (4.3.8)
possible unboudedness of the objective functional in (4.3.6) for £ > 3 is one of the
potential difficulties that may arise, thought the cases ¢ = 2 and ¢ = 3 are seems to

be identical. As a partial substitute for the lack of rigorous analysis, in Chapter 7

we compute the quantity d”(u) = —(pu, ¥,) (see (4.3.5)) numerically.

9The author formulation is different from ours but the result is equivalent to the solvability of

(4.3.6).
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Chapter 5

Malmquist-Takenaka-Christov basis

5.1 Introduction

Spectral methods are special techniques for expressing solutions of differential equa-
tions as finite linear combination of orthogonal basis functions, where we choose
coefficients in the sum to closely satisfy the differential equations. Spectral methods
also refer to as global methods, where necessary information for the computation
at any given point depend on neighboring points and the entire domain. There are
three main types of spectral methods, these are spectral-collocation, Galerkin and
the Tau method. Among these, the most widely used is the spectral collocation
method because in context of nonlinear partial differential equations (PDEs) its im-
plementation is the easiest and it returns suitable results for a sufficiently smooth
problems [20, 27, 40, 48, 84, 94|. Pure spectral-Galerkin methods are used mostly in
context of linear PDEs with simple boundary conditions and with either constant or
polynomial coefficient. In this situation spectral-Galerkin semidiscretization yields
linear systems with sparse matrices, provided basis functions are chosen appro-
priately [83]. For more complicated boundary conditions (BCs), the spectral-Tau
method is the most efficient.

As mentioned in the Subsection 1.4.3, finding solution to the Benjamin equa-
tion (1.1.4) or (1.3.2) is computationally challenging as the problem is posed on
unbounded domain and involves global operator 4. In this chapter, we employ the

Malmquist-Takenaka-Christov (MTC) system.
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The MTC functions { ¢y, }n>o are defined as Fourier preimages of the classical La-
guerre functions, (see [51, 96, 97| and references therein for an alternative definition

and historical remarks). That is, for £ > 0, we have

Flpanl(€) = dor(€) = %90276(5% k>0, (5.1.1a)
Floo1)(€) = dars1(§) = —i sen(€)pp(€), k=0, (5.1.1b)

where
o) = e T LY, k>0, (>0 (5.1.2a)

and L,(:)(-) are the standard generalized Laguerre polynomials see [2]. Note that
for s > —1, the collection {SDZ’Z}@O provides a complete orthogonal basis in the

weighted space L% (R,). In particular,

G ety = | A OO0 = A S, kom0, (5120
=+

Straightforward calculations show that

TT1 k .
Gor () = 2\/71m (2326 er/,zﬂ = \/% sin (Zk;rl)e sin 5, (5.1.3a)
Gokr1(T) = 2\/7Re 2?1}%1 = e —= €08 (2k+1)9 sin g, (5.1.3b)

where z = £cot £, 0 € (0,27) and ¢ > 0. As evident from (5.1.1) and (5.1.2), the

system {¢,},>0 is a complete orthonormal basis in L?(R) and

<¢l€a ¢m>L2(R) = 5k‘ma kv m Z 0.

In context of spectral methods, functions ¢,, n > 0, were discovered by C. 1.
Christov [30] in an attempt to obtain a computational basis that behaves well with

respect to the product of its members. In particular, the following holds

Dok Pom = 2\}77( (<Z52(k+m) — Q2(ktm)+2 T P2(m—k) — ¢2(m—k)—2)7 (5.1.4a)
Gok+1P2ms1 = #ﬁ (= Pagksm) + Po(tm)+2 + P2(m—t) — Po(m—)—2) (5.1.4b)
Do Pam1 = 5= (Pattmy+1 — k)43 + Papm—t)+1 — 2(m—)-1)- (5.1.4c)

The system {¢, },>0 has a number of attractive computational features, e.g. in view

of (5.1.3), the MTC functions are connected with the trigonometric basis and hence
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direct and inverse spectral transforms can be computed efficiently via Fast Fourier
Transform (FFT) algorithm [19, 30, 51, 96, 97|. Differentiation and computing of
the Hilbert transform are also easy [51, 96, 97

% 2k = %@Hi’v - 2%1052%1 + %¢2k71, (5.1.5a)
%%kﬂrl - _%ﬁb%w + %Qﬁ% - %¢2k—2, (5.1.5b)
H(pok] = donr1,  Hlbors1] = —don. (5.1.5¢)

In the context of the Benjamin equation, identity (5.1.5¢) is particularly important.
This property was explicitly used for the closely related Benjamin-Ono equation in
[21, 22].

As far as we are aware, the only rigorous approximation result related to the
MTC basis is the geometric convergence rate of the continuous MTC-Fourier series
for functions analytic in the exterior of a neighborhood of {i, —i} in C (see [19, 97],
the discussion in [51] and references therein). Unfortunately, in context of differential
equations (and in particular of (1.1.4)) the result is not very informative. In the
sequel, we derive several alternative error bounds directly in H?(R) settings. The
estimates form a necessary theoretical background for the convergence analysis of

an MTC pseudo-spectral scheme, presented in Chapter 6.

5.2 Projection errors

Let n be a positive integer, IP,, be the finite dimensional linear space spanned by
£l¢]

n
22} o
¢ > 0. In connection with P, and PP,,, we define two families of orthogonal projectors

P, : L*(R) = P, and P? : L2(R,) = P,, s > —1, n > 0:
n 2

{or(x)}i_y, z € R and P, be the finite dimensional space spanned by {e”

n

Pulfl =D oufrr fr= (. )2

k=0
n

B CTID(k+1) sl st pst i

Palf] = Z F(/Ich(erl))SOZ v B = e >L%(R+)'
k=0

By virtue of (2.4.4) and (5.1.1), for real valued functions we have

A,

IZ = P Al = 1 = Plap) Ao,y + 1 = PRap AN

LI (Ry)”

(5.2.1)
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A comprehensive discussion of the Laguerre-type projectors 755, s > —1, is found in

[8].! In particular, for sg,s; > —% and 79, r; > 0, Theorems 1 and 2 of [8] give the

bounds,
DS 3 ro+0-
I@ =Pz, < elln)™™ ||f||L2 Ry (5.2.2a)
s1 < So+ 1o, 12> 89— S1+ 21 (5.2.2b)
and
/\S A, 1 SO Tl
& =P iy < O 2 Wy e (5230)
2
S1 > So+ 79, T1 > S1 — Sp- (523b)
Combining (5.2.1), (5.2.2), (5.2.3) and (2.4.1), we have
Lemma 5.2.1. Assume s > —1 and ro,m1 > 0. Then
I~ P gy < (%) Il . —5<s<B <0 (5.240)
||(I—Pn)[f]|H7§O(R) S C(%)S_anHH;il(R)’ OS %) S S S’I“l. (524b)

with a constant ¢ > 0 independent of n and/or f.

Lemma 5.2.1 provides a complete description of the MTC projection errors in
H?(R) settings. In particular, it explains a peculiar disparity in the asymptotic of
the MTC-Fourier coefficients of closely related holomorphic functions f(z), g(z) =
e f(z), & € R, see examples and discussion in [51, 96, 97].

Indeed, by virtue of Lemma 5.2.1, | fk| — 0 spectrally (faster than any inverse
power of k), provided f (&) is smooth in Ry and decreases faster than any inverse
power of |¢] at infinity. Since §(&) = f(& — &), the latter condition is violated if
f(€) has an integrable singularity at the origin. This is particularly the case when

f(zx) is rational, with poles in the upper and lower complex half planes.

!The case of £ = 1 is treated in [8] explicitly. However, trivial modification of arguments yield

(5.2.2), (5.2.3) for any ¢ > 0.
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5.3 Interpolation errors

Operators P, are hard to use in practice as the integrals of the form (f, o) 2
are impossible to compute in most realistic applications. The practical approach
consists in replacing the inner products with quadratures. In the no-boundaries
setting of the real line R, it is natural to use Gaussian quadratures. The quadrature
approximation leads to a rational interpolation process, whose properties are briefly
discussed below.

For n =2p — 1, we let

(f,0n) = fx = 15 Z 0+ 422 )i () f (2 m), (5.3.1a)

T = oot (XHm), 0<m<2p—1 (5.3.1b)

The discrete inner product (5.3.1) is exact, provided f € P,. In practice, we use the

discrete spectral coefficients fi, and approximate f by
= fetr. (5.3.2)
k=0
Directly from (5.1.3), (5.3.1) and (5.3.2), it follows that
Llfl(xm) = f(zm), 0<m<2p—1, (5.3.3)

i.e. Z,[] is an interpolation operator.
Computational properties of Z, are very similar to those of rational Gauss-
Chebyshev interpolants, discussed in [87] and the generalized Gauss-Laguerre in-

terpolants of [8]. In particular, we have

Lemma 5.3.1. Assume f € P,, s > —% and r > 0. Then

1F sy < e(2) ™02 £l o (5.3.4)

with a constant ¢ > 0 independent of n and/or f.

Proof. Since f € P,, n = 2p — 1, we have f € I@p, ¢ € R,. In |8, Lemma 6], it is
shown that for such functions

) S C(£p>r—min{0,25}Hf||Lg(R+)7

) < )N fll 2wy

~
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In view of (2.4.4), these inequalities imply (5.3.4). ]

Lemma 5.3.2. Assume s > % Then

12|

mw-re < (%), (5.3.5)
with ¢ > 0 independent of n.

Proof. Since the discrete inner product (5.3.1) is exact for f € P,,, we have

2p—1

1Tl ey = 5 S (2 4 42%) ().

m=0

In view of the classical Sobolev embedding [3], we have || f||zem®) < ¢l f]lmsm),

provided that s > % Consequently,

2p—1
1Tl < 52 D0 (2 +422)] 1 ey
m=0
2p—1
= | X ey | 1wy = eSE ey
m=0 4p
In [87, Lemma 4] it is shown S? = 2(2/p)?. Hence, (5.3.5) is settled. O

The interpolation error bounds are obtained combining Lemmas 5.2.1, 5.3.1,

5.3.2.

Corollary 5.3.3. Let s > —%, ro >0,e>0 andr > 1o+ |s|. Then,

1T = Z) gy oy < () =m0y ) (5.3.6)
with a constant ¢ > 0 independent of n and/or f.
Proof. In view of Lemmas 5.3.1 and 5.3.2, we have
1 = Z) [, @ = INE = Po) + (Z = Pu) [l
<N = Po) U llezg, @) + (T = Po)ll g, my
< N =Pou) 1z, @) + (120 (Z = Pu) [F1l g, ()
< =Pl + ()™ HNTAT = Py
< = Pl +e(5) 7O NE = P e gy

Hence, (5.3.6) is the direct consequence of Lemma 5.2.1. O
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Chapter 6

An MTC-type collocation scheme:
The non-stationary Benjamin

equation

In this Chapter, we shift our focus to the numerical analysis of nonstationary Ben-
jamin equation posed on the real line. The main purpose here is to develop an MTC

pseudo-spectral scheme and study its stability, consistency and convergence.

6.1 An MTC collocation scheme

To obtain a spatial semi-discretization, for a given n = 2p — 1, p € N, we ap-
proximate the automorphism [J by the finite dimensional skew symmetric map

TIn = —Pn0, P, : P, — P, and replace (1.1.4) with

w = I VaGn(a), u(0) =L, uo), (6.1.1a)
G, () = L /R (a|a|2 — BaH[ T + | Tl + %%In[adex, (6.1.1b)
where u € P,,. Note that if n = 2p — 1, the operator 7, is non-degenerate. This
follows from identities (5.1.5a)-(5.1.5b) and the fact that the eigenvalues of the

differentiation matrix —J7, are given explicitly by j:i%, 1 < k < p, where & are

roots of the classical Laguerre polynomial L, (x) (see the proof of Lemma 6.1.1 below
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and [96]). As a consequence, the finite dimensional semi-discrete system (6.1.1) of
ODEs is again Hamiltonian.

By construction, the semi-discrete vector field VG, (@) is smooth and hence the
initial value problem (6.1.1a) is locally well-posed. Unfortunately (and in contrast to
the classical solution to (1.1.4), where apart from the Hamiltonian its L*(R) norm
is preserved), the only conserved semi-discrete quantity G, (@) is sign indefinite.
As a consequence, we have insufficient amount of a priori information to establish
uniform global bounds on the growth rate of the numerical solution u. To alleviate
the problem, we proceed indirectly. Instead of estimating u, we compare it to the
reference solution @ = P, [u] € P, where u (the exact classical solution to (1.1.4)) is
assumed to be globally defined and regular. Our approach is based on the elementary
observation that in the Cauchy problem y' = y*, y(0) = yo, s > 1, the blow up time
is inverse proportional to the size of the input data. This observation is widely used
in numerical analysis and, in particular, in the context of spectral methods, see e.g.

[67].

6.1.1 Auxiliary estimates

In our analysis, we make use of three technical estimates. The first one is a discrete
analogue of the classical Gagliardo-Nirenberg inequality, the second is used to esti-
mate discrete power nonlinearities and the last one is an extension of the classical

Gronwall’s Lemma.

Lemma 6.1.1. Letu e P,, n=2p—1. Then

a2 < e(2) 2| Tl 2o, (6.1.2a)
leallzeey < () * full ey | Fotel o ey (6.1.2b)
where ¢ > 0 18 an absolute constant.
Proof. Identities (5.1.5) imply
el P2y = [ Tnttll 72y + % [l |” + o1 ],

where Uy = (u, Pr)r2r), 0 < k < n. Our main task is to bound the sum |dyg_1)|* +

|ligp—1 |-
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Let @ = (to, . . ., Uop-1))" and @, = (Q, ..., Ugy-1)" be RP vectors that contain
the even and the odd MTC-Fourier coefficients of w € P,. Then, by virtue of
(5.1.5), the even and the odd MTC-Fourier coefficients of —7,u are given by %D@O
and —%Dﬁe, respectively, where D = (d;;) € RP*? is the symmetric three-diagonal
matrix, whose entries are given by d;; = —2i—1, d; 41 = div1, = 7,0 <7 < p. Using
the three-term recurrence formula for the classical Laguerre polynomials L, (z) (see

[2, 96]), we find that

; & Li(&5
D= QAQT’ A= dlag(€07 ce 751?—1)7 Qz] = \/_ (&)

plLp-1(&)]7

where &, 0 < i < p — 1, are the (strictly positive) roots of L,(z) and that matrix
@ € RP? is orthogonal.
Let e, be the standard unit vector in R? and | - |, - denote the usual Euclidean

norm and the inner product in R”. With this notation, we obtain

|a2(P*1)|2 + |ﬁ’210—1|2 = lep - ae|2 + lep - ao|2

< CIATQ e PPl Tnull72my -

Note that
& < W <og, 0<i<p-1,

for some absolute constants ¢, C' > 0 (see e.g. 70, formula (2.3.50), p. 141]). Hence,
p—1
—1AT, 2 _ 1 1o c
ATQ e =D &<
i=0

and (6.1.2a) follows. Bound (6.1.2b) follows from (6.1.2a) and the standard Gagliardo-
Nirenberg inequality. O]

Lemma 6.1.2. Assumev €P,, m>0,2<k<5and1<r <2. Then

k— 2(k+2)
(Zad™), TloM]) 2wy | < ()5 ol 35, + ek — 2TolBa),  (6.1.38)
2 r—1 2(r+1)
(T[@™), Zalv" Tuv)) 2@y | < g™ 5 (52) 5 ol gy + €l Tnvll 7o) (6.1.3b)

where € > 0 is arbitrary and ¢ > 0 depends on k and ||@|| Lo r) only.
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Proof. Let w; = - (¢* +427), 0 < i < 2p — 1, where ; is defined in (5.3.1b). Since

quadrature (5.3.1a) is exact in P, and in view of Lemma 6.1.1, we have
[(Zala™) Zalo"]) 2| < ) wila(s) ™o ()]
i=0

< [lall7o HUHLOO(]R IIUHiz(R

<CHﬂHLoo HUIEHLOO HUHLz

+2
< C<Zn) HUHLOO R)HjnUHL? R)||U||L2

Hence, Young’s inequality, with exponents T and &= k, yields (6.1.3a). The proof

of (6.1.3b) is identical. O
Lemma 6.1.3. Let u € C[0,T] be non-negative. Assume that
w(t) < f(t) + a/tu(s)ds + b/t(t —s)u(s)ds, te0,T], (6.1.4a)
0 0
where a,b > 0 and f(t) is integrable and non-negative. Then
u(t) < f(0) + eaﬂ/Qi+4 / bt —s)*] f(s)ds, t€0,T). (6.1.4b)

Proof. Let U(t) = e fg(t — s)u(s)ds, where A = — V2 g the negative root of

the quadratic equation A\* + a\ —b = 0. Then (6.1.4a) is equivalent to
U"(t) < (a+2VU'(t) + f(t), U0)=U'(0)=0, tel0,T).
Since a + 2\ < 0, integrating twice, we obtain
M) = /0 (= $)u(s)ds < ¢ /0 (= 9)f(s)ds.
Upon substitution into (6.1.4a), we have
u(t) < f(t) + e’\tb/ot(t —8)f(s)ds + a/otu(s)ds,

which, combined with the standard Gronwall’s inequality, gives (6.1.4b). H

6.1.2 Stability

Now, we turn to the study of the numerical error e = u — u. Applying operator P,

to both sides of (1.1.4), subtracting (6.1.1) and passing to the quadrature (as we
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did in Lemma 6.1.2), we infer

et = TnVe[Gn(—€) + Enle,t) + Dule,t)],  e(0) = ep. (6.1.5a)
Enle,t) = 26(u(t), I, [e]) ®)" (6.1.5b)

Dale,t) = (e, T = Pyp) [ul(t) + BH[(0: + Tn)u] (¢),
— (e — T u](t) + 6 (u(t) — T, [@%] (¢)) >L2(R), (6.1.5¢)

where V. denotes the gradient with respect to variable e. Equation (6.1.5a) is
not Hamiltonian. Nevertheless, differentiating and using the skew-symmetry of the

discrete automorphism 7,,, we obtain
i 1Gn(—€) + Enle,t) + Dyle, )] = Ai[Enle,t) + Dule, )],
which, after integration in time, gives

|Gn(—€)| < |Gn(—e€0)| + |€n(e0, 0)[ + [Dn(eo, 0)]
+ & (e, t)| + |Dnle, )]

+ /Ot‘@[gn(e(s), s) + Dy(e(s), s)]|ds. (6.1.6)
We use (6.1.6) to control the L?(R) norm of J,e.
Lemma 6.1.4. Let 7> 0,0 <e < § and
lell 2 < (22) 77, (6.1.7a)
in some interval [0,T]. Then for each t € [0,T], we have
| Tne 32y < (1Ga(—e0)l + [€a(eo, 0)] + [Daleo, 0)]
el + [ Il
+ ||V8Dn(e,t)||%2(R) + /Ot ||Ve(9tDn(e,t)||%2(R)ds>, (6.1.7b)
where ¢ > 0 depends on o, 3, 7, 9, ||@||Leo(w) and ||t Lo m) only.

Proof. We bound each term in (6.1.6) separately. First, we use the Cauchy-Schwarz

inequality, unitarity of H and Lemma 6.1.2 to obtain
n 3 10
Gn(—€) = (3 — &) 1Tnellz>m) — crllel 2@ — ca(22)* llell =,
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with ¢; > 0 that depends on the parameters «, £, v and ¢ only. Using Lemma 6.1.2,

we have also
|En(e, t)] < C2H€”%2(R)’
|0:En(e, )| < 03H6H%2(R)’

where ¢; > 0 depends on 0 and |[%| g ®) and c5 > 0 depends on 0 and ||t || g (r)

only. The quantity D, (e, ) is linear in e and by the Minkowski inequality,
2|Dule, t)] < llellzem) + IVePale, )72,
2|0 Du(e, t)] < llellzom) + I Ved:Dale, 1) Z2()-

Hence (6.1.7b) is the direct consequence of the above bounds, (6.1.6) and assumption

(6.1.7a). 0

We remark that the assumption v > 0 appearing in Lemma 6.1.4 is not restric-

tive, for if v < 0 one can use —G,(-) instead of G, ().

Theorem 6.1.5 (Stability). Assume that for some fized C >0, T > 0 and € > 0,

max{ ||t o (jo,7)xR) [|Ut]| Lo (0, 11xm) } < C, (6.1.8a)

lleoll 2y + [Gn(—e0)|2 + |Enleo, 0)|2 + [Dn(eo, 0)]

=

+ |VeDnle, )| 2o,rxr) + [10:VeDp (e, )| L2(j0,1]xR)
_1+4€
:(9((%) 1 ) (6.1.8b)

uniformly for large values of n = 2p — 1 > 0. Then there exists ¢ > 0, that depends

on C, T and parameters «, B, v and 6 of (1.1.4) only, such that
lelleqom,ze@y < e(lleollza + 1Ga(—co)l? + [Exleo, 0)1F + [Du(eo, )%
+ [[VeDnle, 1)l 2o,r1xr) + [|[Ved Dale, t)HL?([o,T]xR))a (6.1.8¢)
for all sufficiently large values of n > 0.

Proof. (a) We multiply both sides of (6.1.4a) by e, integrate with respect to x over

R and take into account the skew-symmetry of the automorphism 7,. This gives

%%Ileﬂiz(m = —<jn[€],1n[€2]>L2(R)

— (Tnle], Ve&nle, 1)) 12wy — (Tnlel, VeDule, 1)) r2m)-
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Lemma 6.1.2 and the Cauchy-Schwarz inequality give the bounds

[(Tule], Zule®]) ey | < ell TnellTomy + e (52)e ™ llellza ).
[(Tnle], Velale, D)) 2| < | TnellL@) + callelliz).

[(Tale], VeDnle, 1) 2| < 1 Tuellio@) + csllVeDale, )12

where ¢, c3 > 0 are absolute constants and c; > 0 depends on ||@|| e (o,7)xr) only.
(b) In view of (6.1.8b) and local continuity of ||e||%2(R), we see that (6.1.7a) holds

locally in some nonempty closed interval [0, 79], 0 < 79 < T'. Therefore, combining

our estimates from part (a) of the proof and using (6.1.7a) withe = O(1), 0 < e < Z,

we conclude that the following holds

L|lell7am < (c1+ c2)llelfam)

+(2+ &) Tnellr2@) + sl VeDnle, D)l ),

uniformly in [0, 7p]. Integrating the last formula with respect to time and combining

the result with Lemma 6.1.4, we obtain
lellzam < lleollZe(e) + cat(IGa(—eo)| + [€aleo, 0)] + [Da(eo, 0)])
t t
+ C4/ (1 +1— S)HQH%Q(R)dS + C4/ HVeDn(e,t)H%z(R)ds
0 0

t
e / (t — )V 0D, (e,1)| 22 s, (6.1.9)
0

where t € [0, 7] and ¢ > 0 depends on C' > 0 and parameters «, 3, v and § of the
model (1.1.4) only.

(¢) Inequality (6.1.9) falls in the scope of Lemma 6.1.3, hence, definitely (6.1.8c)
holds in the small interval [0, 79]. Furthermore, from the same Lemma 6.1.3, it follows
that the constant ¢ > 0 in (6.1.8c) behaves like ¢/(1 + TO%)GCNTO, where ¢/, ¢’ > 0
are independent of n > 0 and 75. The observation implies that ||6(T0)||%2(R) =
(9((%‘)7%» i.e. for n > 0 sufficiently large, (6.1.7a) is satisfied at the endpoint
7o. In view of the last fact and by continuity of HeH%Q(R), we conclude that (6.1.9)
can be extended to a larger interval [0,71], 0 < 79 < 7y < T, without increasing the
size of the constant ¢4 > 0.

The assertion of Theorem 6.1.5 follows from the standard continuation argu-

ment. Repeating the continuation step described above inductively, we construct
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an ascending sequence 0 < 79 < 71 < --- < T, such that (6.1.9) (with ¢4 > 0 being
fixed) holds in each [0,7;], ¢ > 0. Assuming 7" = sup7; < T, we arrive at the con-
tradiction; for if 7* < T, the continuation step extends (6.1.9) beyond the maximal

interval [0, 7%]. O

6.1.3 Consistency and convergence

In what follows, we use the results of Chapters 2 and 5 to demonstrate that assump-
tions (6.1.8a), (6.1.8b) are satisfied, provided the exact solution w is sufficiently
regular. We begin with (6.1.8a).

Lemma 6.1.6. Assume u,u; € L*([0,T], H5,(R)), s > 1. Then

~ n\1—s
]| oo o,1xry < [14 (%) Hull oo o.11,m3, ®)) (6.1.10a)

~ n\1—s
[ell oo qozymy < e[L+ () luellzoeqoryams, @, (6.1.10b)
where ¢ > 0 is an absolute constant.
Proof. By the standard Gagliardo-Nirenberg inequality,
]| o0 @y < clltfl L2y e |l L2y

Since the MTC functions form a complete orthogonal basis in L*(R), we have

||| L2y = || Pulu]||22®) < [Jullz2(r). To bound the norm of ,, we write

]| 22y < lluall2@ + 1(Z = Po)[ulllm @),

and apply Lemma 5.2.1. This gives (6.1.10a). Bound (6.1.10b) follows along the

same lines. ]

Next, we show that each term in (6.1.8b) is small.
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Lemma 6.1.7. Assume u,u; € L*([0,T], H5,(R)) and s > 2 and € > 0. Then

+€e—s

[S]Ie]

leollz2m) < C(%n) [l uol H3,(R)> (6.1.11a)
Gu(—eo)lt < e(5) 77 ol o + ol s ) (6.1.11b)
Ealen 0)12 < () luoll g (6.1.11c)
|Dn<eo,0>\% < () (luoll g, ey + llwoll iy ay): (6.1.11d)
IVeDa(e, )2 (oycmy < ()"

(el z2qiomms, ) + Mlel2aqo.zr,m5, ) ) (6.1.11e)
10:V Dnle, 1)l 20,115y < (B )2 ’

(HutHL?([O,T],HQSS(]R)) + ||ut||%4([o7T]7HQSS(R))). (6.1.11f)

In each inequality the generic constant ¢ > 0 is independent of u, ug, T > 0 and

n > 0.

Proof. (a) Since ey = T, [(Z — Pn)[uo]], as in the proof of Corollary 5.3.3, we obtain
(6.1.11a).
(b) We employ the Cauchy-Schwarz inequality and Lemma 6.1.2 (with € = 1) to

obtain

10
2|Gn(—e0)| < clleoll o) + cllTneoll72 +C(7") leolls

< ell(Z — T o) ls ey + T = Pl s ey + () el ¥,

with ¢ > 0, depending on parameters «, /3, v and ¢ only. Hence, (6.1.11a) and
Corollary 5.3.3 imply (6.1.11b).
(c) From the definition of &,(e, t) and Lemma 6.1.2, we have

[€n(€0,0)] < 2[00 ooz lleoll 2wy

and (6.1.11c) is a consequence of Lemma 6.1.6 and (6.1.11a).
(d) The functional D,,(eg,0) is linear in eg. Consequently,

Pn(e0, 0)] < [leoll 2z [ VeDn(eo, 0) | 2wy

and (6.1.11d) follows directly from (6.1.11a) and the proof of (6.1.11e) below.
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(e) From (6.1.5¢) we have

VeD,(e,t) = a(Z — Pp)[u] + BH[(0: + Tn)[ul]
=07 = Tl + 0 (u® — Lo [Pulul’])
= OéEl + ,BEQ + ’}/Eg + (5E4

We bound each term separately. First of all, by Lemma 5.2.1,

1B 2o r1xmy < e(5) el oo, -
Further, using the definition of 7,,, we obtain
12112y = 102(Z = Po) [ |72 gy + %57 (tn—1]* + Jin]?)
< T = Pa) [l @y + c(5) T = Prz) [l 72 ry,

so that by Lemma 5.2.1,

1B | r2qominzy < e(2)" " ull caqo,ry, s, y)-

Similar calculations give also

1Esl 2y < (T = Po)[ulll oy + (%) (T — Poa) [ulll 2wy

and
| Esl L2 (jo,11xr) < C(%)Q_S||U||L2([0,TLH55(R))'
Finally,
E, = (T —-1,)[u*] + L,[u* — Pu[u)?] = B4 + Eyo.
First, we employ Lemma 2.4.2 and Corollary 5.3.3 to obtain

3
5te—s

1Eall2oryxmy < (%) ||UH%4([O,T],H§S(R))'

Second, from Lemmas 2.4.2 and 5.3.1, we infer

B2l 2@y < e(5) T = Pu)[ul (1 + Pa) [u]]

1
H21E(R)

< () (20l gy + 1T = Pl )T = Pl e
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The last bound and Lemma 5.2.1 yield

n S4e—s
1Bl 2qorixmy < e(5) 2 Nullzagom,my, =)

Combining all our estimates together, we arrive at (6.1.11e). To obtain (6.1.11f),

replace u with ;. O]
Combining Theorem 6.1.5 and Lemmas 6.1.6, 6.1.7, we obtain

Corollary 6.1.8 (Convergence). Assume u,u, € L>([0,T)], H5,(R)), s > & and

€ > 0. Then the numerical solution u satisfies
_ In Ste—s
= ll o o.71,2m)) < €(F)°
5
(1holl s, ey + ol gy + ullin omms, e ), (6.1.12)
uniformly for large values of n > 0, with ¢ > 0 that depends on the terminal time

T > 0, parameters «, (3, v and 0 of the model (6.1.1) and on the reqularity of the

exact solution u only.

Proof. Note that

lu =@l 2@y < llellzz@) + 1(Z = Po)lul]l 2 @)-

Hence (6.1.12) follows from Lemma 5.2.1 and the fact that under the assumption

5> %, the numerical error e = @ — @ fells in the scope of Theorem 6.1.5. O

To conclude this section, we remark that if u,u; € L>([0,T], H5,(R)), for any
s > %, then, according to Corollary 6.1.8, the convergence rate is spectral, i.e. the
semi-discretization error ||u— 1| zoo(jo,7),L2(r)) decreases faster than any inverse power

of n > 0.

6.1.4 Implementation and simulations

The semi-discretization (6.1.1) leads to a finite dimensional system of ODEs whose
solution is not known explicitly and itself requires an appropriate numerical treat-
ment. Below, we discuss briefly a suitable time-stepping algorithm and then switch

to simulations.

97



6.1.4.1 Implementation

The semi-discretization (6.1.1) can be written in the form
Y' = (aJ +BHJ* —~J)Y + JE(Y)=DY + JF(Y), Y(0)=Y, (6.1.13)
where, the neutral symbol Y € R*""! n = 2p — 1, represents either the vector
Y = (tg, ..., Ugp1)",
of the discrete MTC-Fourier coefficients or the vector of physical values
Y = (a(x), ..., u(z,))7,

computed at the nodal points z,,, 0 < m < n. The square skew-symmetric matrices
J,H € RO+Ux(+1) nrovide suitable realizations of the discrete operators 7, and
P HP,, respectively. The concrete form of J and H depends on the particular
representation of Y. For instance, in the MTC-Fourier (frequency) space J and H
have simple two-by-two block structure with nonzero three-diagonal, respectively
diagonal, blocks in the reverse block diagonal (see identities (5.1.5)), while both
matrices are dense in the physical space. The nonlinearity F/(Y'), representing Z,, [u?],

is given explicitly by

in the physical space.

Time-stepping The spectrum of operator J, computed explicitly in the proof of
Lemma 6.1.1 (see also [96]), indicates that (6.1.13) is stiff, and hence fully explicit
time-stepping schemes cannot be unconditionally stable. Furthermore, since the
nonlinearity F(Y') is multiplied by J, the semi-implicit splitting-type schemes that
separate stiff and nonstiff components of the vector field (see e.g. discussion in
[87], in connection with the nonlinear Schrodinger equation) are also not plausible
here. From the prospective of numerical stability, we are forced to use fully implicit

A-stable algorithms.
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In our simulations, we make use of the implicit 4-stage 8-order Gauss-type Runge-

Kutta method (IRKS in the sequel)

c
. bceRY  AeRM,
bT
of J. Kuntzmann and J. Butcher, (for the concrete values of the coefficients A, b
and ¢ see [47, Table 7.5, p. 209]). A single IRKS8 time step of length 7, applied to

(6.1.13), reads

Z, = (1—T[A®D])*1<]1®%+T[A®J]G(Zl)>, (6.1.14a)

Zy= Y, )T G(Z) = (FYL)", . F(Y)h)T, (6.1.14b)
4

Yi=Yy+7Y bF(Yi), (6.1.14c)
=1

where 1 = (1,1,1,1)7 and ® is the standard Kronecker product. We observe that the
spectrum of A contains two pairs of complex conjugate eigenvalues with nontrivial
real parts and therefore, from Lemma 4.1.1, we deduce that the spectrum of matrix
(I-7[A®D]) - [A®J] is uniformly bounded with respect to the space discretization
parameter n > 0. Further, the theory of Section 6.1.1 indicates that for smooth exact
solutions of the Benjamin equation (1.1.4), the semi-discrete nonlinearity F(Y) is
bounded uniformly in n > 0 along the trajectories of (6.1.13). Hence, the fully
discrete scheme (6.1.14) is unconditionally stable. Moreover, it follows that for a
fixed Y, moderately small values of time step 7 and independently of n > 0, the
nonlinear map, defined by the right-hand side of (6.1.14a), is a contraction. As
a consequence, the nonlinear equation (6.1.14a) can be solved efficiently via basic
fixed point iterations. The observation is important from practical point of view as
Newton-type iterations are prohibitively expensive for large values of n > 0. We
note also that the exact flow ¢, generated by (6.1.13), is symplectic. The TRK8
scheme is known to be symmetric and symplectic [47], hence, the discrete flow of

(6.1.14) preserves this property automatically.

Computational complexity A single fixed point iteration, applied to (6.1.14a),
involves: solving linear systems with matrix I — 7[A ® D]; the matrix-vector multi-

plication with matrices D and J and finally; computing the nonlinearity F(Y). In
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view of the special structure of J and H, in the Fourier-Christov space each matrix-
vector operation requires O(n) flops, while computing of F(Y') involves the use of
the discrete direct and inverse MTC-Fourier transforms (see formulas (5.3.1a) and
(5.3.2), (5.3.3), respectively). Because of (5.1.3) and (5.3.1b), both operations can
be accomplished in O(nlog, n) flops via the direct and inverse discrete Fast Fourier
Transforms [19, 30, 51, 96, 97] and the cost of a single iteration is O(nlog,n). As
noted earlier, for any given tolerance ¢ the total number of such iterations is finite
and depends on the time step 7 only. Hence, the overall complexity of a single time

step of (6.1.14) is O(nlogy n).

6.1.4.2 Simulations

Below, we provide several simulations illustrating the accuracy of (6.1.1) in several
computational scenarios.

6.1.4.3 Slowly decreasing solutions

We begin with the generic situation where, due to the nature of the Fourier symbol

in the linear part of (1.1.4), solutions decay at most algebraically.

Example 1 First, we simulate (1.1.4) in time interval [0,2], witha ==y =9 =
1. Since for these values of the model parameters, analytic formulas for solutions are
not available, we augment (1.1.4) with a source term f(x,t). The latter is chosen so

that the exact solution reads

3
_ E Tk
u(m’ t) o aj+(z—zp 0—cpt)?’

Note that w(z,t) is smooth (in fact u € H*(R), s € R), but has a polynomial
decay rate at infinity (v = O(]z|™2) at |z| — o0). In view of this fact, accurate
approximation of such functions with the aid of standard trigonometric basis requires

huge number of spatial grid points. Nevertheless, straightforward calculations show
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10!
100
107!
1072
1073
1074

10~°

Errors

1076
10~7
1078
1079

10710

101

10—12

Figure 6.1: The left diagrams (top to bottom): the numerical solution of the Ben-
jamin equation (1.1.4) @ and the pointwise error |u — |, with n = 27 — 1. The right

diagram: ||u—1||geo(po,m;2(r)) (Orange, pentagon), ||u— || roo(jo,r)xr) (teal, diamond).

that the quantity FP, [u] is smooth and decreases exponentially in the positive half
line R, . Hence, u falls in the scope of the theory presented in Chapter 5 and earlier
part of Chapter 6 and we expect rapid error decay already for moderate values of
n > 0.

The numerical results, for 2 —1 <n <2° -1, ¢ =23 and 7 = 2- 1072, are
plotted in the right diagram of Fig. 6.1. Both || - || 1e(j0.77,2r)) and || - || e (0,77xR)
errors decrease spectrally (note that both curves are concave) as n increases. For
n > 27, the numerical errors settle near 10~!'. This is a consequence of the inexact
time-stepping procedure employed in our calculations. Simulations, not reported
here, indicate that for n > 27 the error can be further reduced by choosing smaller
time integration steps.

To illustrate the quality of the approximation, we plot the numerical solution «

and the associated pointwise error |u — 1|, obtained with n = 27 — 1, in the two left
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100

Errors

10710
10—11
10—12

Figure 6.2: The left diagrams (top to bottom): the numerical solution of the Ben-
jamin equation (1.1.4) @ and the pointwise error |u — |, with n = 27 — 1. The right

diagram: ||u—1|| g (o, m;22(r)) (Orange, pentagon), ||u— || zoo(jo,r)xr) (teal, diamond).

diagrams of Fig. 6.1. It is clearly visible that the pointwise error does not exceed

the magnitude of 5 - 10~® uniformly in the computational domain.

Example 2 In our second simulation, we keep the numerical parameters of Ex-
ample 1 unchanged, but make use of another source term which gives the following

exact solution s

_ 7 (T—k,0—Ckl)
U,(l', t) - Z ai+(mka7ofckt)2 :
k=1

In this settings u(z,t) = O(|x|™!), as |z| — oo. Nevertheless, the truncated Fourier
image FP, [u] has exactly the same qualitative features as in Example 1 and the
resulting convergence rate is spectral (see the left diagram in Fig 6.2). In the partic-
ular case of n = 27 — 1, the numerical solution and the pointwise error are shown in
the top- and bottom-left diagrams of Fig. 6.2, respectively. The observed behavior

is very much alike to the one, reported in Example 1.
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Errors
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108
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lu— 1l

10710
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10712

Figure 6.3: The left diagrams (top to bottom): the numerical solution of the Ben-
jamin equation (1.1.4) @ and the pointwise error |u — |, with n = 27 — 1. The right

diagram: ||u—1|| g (o, m;2(r)) (Orange, pentagon), ||u— || roo(jo,r)xr) (teal, diamond).

6.1.4.4 The Korteweg-de Vries scenario

The Benjamin equation (1.1.4) contains two special case ¥ = 0 and 8 = 0, which are
of independent interest. The first one corresponds to the Benjamin-Ono equation,
and is not considered here. In the second case, we have the classical Korteweg-de
Vries (KdV) equation. The latter is known to be completely integrable and possesses

a large number of special solutions. For instance, when

the inverse scattering transform yields the so called N-solitons (see e.g. [1])

u(z,t) = =20, Indet(I + A(z,t)), (6.1.15a)
Az, t) = (biegA?t%,l <i,j < N), (6.1.15b)
i =2V b =206 1 <i <N, (6.1.15c¢)
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which describe evolution of N traveling waves, whose velocities and the phases are
controlled by v; and ¢;, respectively. Directly from (6.1.15), it follows that N-solitons
are smooth and decay exponentially to zero as |z| increases. Hence, such solutions

fall in the scope of the theory developed in Chapters 5 and 6.

Example 3 To illustrate the above statement, in (6.1.15) we let

oW
N =

U1 = 3, Vg = 3, ¢1 = _3a ¢2 = 07

choose ug according to (6.1.15), take ¢ = 23, 7 = 1072 and integrate (6.1.1) nu-
merically in time interval [0,5]. The results of simulations (see in Fig. 6.3) are
qualitatively similar to those obtained in Examples 1 and 2. In particular, the plots
of || - [|Le(jo,7],2®)) and || - || zo(jo,r1xR) €rrors indicate that the convergence rate is
spectral. Note however that in the bottom-left diagram of Fig. 6.3 the pointwise
error is smaller than in the two previous Examples. This is connected with the
exponential decay of the 2-soliton at infinity (its accurate spatial resolution requires
fewer grid points than in Examples 1 and 2).

By construction, the scheme (6.1.1) is conservative and the semi-discrete Hamil-
tonian G, (u) remains constant along the exact trajectories of (6.1.1). In order to
test the conservation properties of the fully discrete scheme, in the right diagram of
Fig. 6.3, we added the plot of the quantity maxc(o. 1] |Gn (o) — Gn ()|, measuring the
largest deviation in the Hamiltonian. We observe that the deviation remains several
orders of magnitude smaller than either of the || - || oo (jo,r),L2(r)) and || - || Lo (0,77xR)

errors, until the latter settle near 10711

Example 4 We repeat calculations of Example 3, but this time with

v1:17 U2:17 U3 =

o1 =—4, ¢2=-2, ¢3=0.

N |

This scenario describes an elastic collision of three traveling waves, see the top-left
diagram in Fig. 6.4. The exact 3-soliton has exactly the same qualitative features
as the 2-soliton of Example 3, with the exception that now the exponential decay
rate is slightly slower. This manifests in larger numerical errors, see the bottom-left

diagram in Fig. 6.4.
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Figure 6.4: The left diagrams (top to bottom): the numerical solution of the Ben-
jamin equation (1.1.4) @ and the pointwise error |u — |, with n = 27 — 1. The right

diagram: ||u—1|| g (o, 1;22(r)) (orange, pentagon), ||u— /| zoo(jo,r)xr) (teal, diamond).

6.1.4.5 Traveling waves

In our last two simulations, we model an interaction of traveling waves. In the
context of the Benjamin equation (1.1.4), the traveling wave solutions are given by

u(z,t) = vy(xr — ct), where v, satisfies

Vo — 204 | Z=H[0p05] — = 000V0 + ai_cvi =0, zeR, (6.1.16a)
o=—>=>2 " ~46v>0, c<a. (6.1.16Db)
24/v(a—c)

For a rigorous treatment of (6.1.16), see |5, 10, 26, 35, 36, 53, 74] and references
therein.

The exact solutions to (6.1.16), apart from the trivial case of & = 0, are not
available. In our simulations, the even traveling waves are constructed numerically,

see Chapter 7 also. We employ a simple continuation scheme, which works as follows:

105



0
- —0.5 |
13 1 h
—1.5 ! ! ! ! ! I ! ! ! ]
—-100 -80 —-60 —40 —-20 O 20 40 60 80 100
x
T
0
2 -05 :
= -1 :
—1.5 \ \ \ \ \ \ \ \ ]
—100 -80 —-60 —40 —-20 O 20 40 60 80 100
x
0 T ‘/\\/\ T
= 0.5 s
x
IS -1 R
—15 ! ! ! ! ! ! ! ! i
—100 —80 —-60 —40 —-20 0 20 40 60 80 100
-10‘—3
4,
g o
5 of
—9 \ \ \ \
—40 —20 0 20 40 60 80 100

Figure 6.5: Inelastic collision of two traveling waves, Example 5.

for a given «, 8, 7y, 0 and ¢, that satisfy (6.1.16b) and 0 < o < 1; (i) we let

_ oa—c _ 2
o = Zalvo), wol(z) = =22 sech( afr)

(ii) introduce a continuation grid 0 < o1 < ... < oy = o and (iii) apply simplified

Newton’s iterations to the sequence of the discrete nonlinear problems

Vo, + 2054 ) T H[TnVo,) = 750000, + 75 Lal02] =0, 1<j <N, (6.1.17)

where for each j, Uy, is restricted to be even. The iterations terminate when the
L*(R)-norm of the defect in (6.1.17) drops below the accuracy threshold of ¢, =
10712 @ We mention only that in all our simulations the simplified Newton’s
process converges rapidly to the discrete solutions 95, but, as observed by many

authors, the number of iterations increases when o approaches its upper bound of 1.
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L oy =0.95,

Example 5 Weletn=2"%-1(=2 a=y=§=1,¢1=3,c=—1,

f = o1y/4y(a — ¢1) and o9 —\/m. As an initial condition, we take the sum of

two translated traveling waves
Uo(z) = Uy, (x + 20) + Uy, (z — 20)

and integrate (6.1.1) numerically in time interval [0,80]. With this settings, the
solution describes a collision of two traveling waves moving towards each other. The
collision occurs near t = 40, past that time the waves continue to move in the
opposite directions. The initial profile of the numerical solution and its profiles near
the collision time and at the terminal time are shown in the top three diagrams of
Fig. 6.5. As observed in [35, 53|, an interaction of the Benjamin traveling waves is
inelastic — after collisions, numerical solutions develop a persistent small amplitude
oscillating tail. In agreement with these observations, the latter is clearly visible in
the bottom diagram of Fig. 6.5, where the magnified view of the terminal profile is

presented.

Example 6 In our last example, we use n =22 — 1,/ =23, a = v = § = 1,

= gy 01 =095, 8 = ovy/B{a =), o2 =

=~

C1 =
Uo(7) = Vpy (x + 30) + gy (x + 4)

and [0, 80] for the time integration interval. The scenario describes propagation of
two traveling waves moving in the same direction and colliding near ¢ = 40. The
numerical results are shown in Fig. 6.6, where as before, the top three diagrams
contain the solution profiles at the initial, near collision and the terminal times,
while the bottom diagram contains a magnified view of the solution at terminal
time ¢ = 80. Once again, the small dispersive tails (of the amplitudes ~ 10~* before

the slow wave and ~ 1073 after the fast wave) are clearly visible.
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Figure 6.6: Inelastic collision of two traveling waves, Example 6.
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Chapter 7

An MTC-type continuation scheme:

The stationary Benjamin equation

Numerical analysis of (1.3.2) has generated a considerable body of research in both
physical and numerical literature |5, 26, 35, 36]. The general idea consists in ad-
vancing known solution at g = 0 using a continuation technique (see, |5, 26, 35, 36|
and references therein). Unfortunately, in most cases the numerical analysis is very
informal. The main purpose of this Chapter is to fill in this gap. Below, we present
a complete analysis of a spectral-type numerical scheme based on the use of MTC
functions. We mention, that similar approach was used successfully in context of

closely related Benjamin-Ono equation, see [21] and references therein.

7.1 An MTC continuation scheme

7.1.1 Spatial discretization

Let A, be the operator associated with symbol r,, and let P, : L*(R) — P,
be the MTC-projector, defined in Section 5.2. We denote A, ,, = P,A,P,. For

computational purposes, we replace (1.3.2) with
Apnon =Puld], pn€Pn, 0< <1, (7.1.1)

For a fixed value of n problem (7.1.1) is a finite dimensional system of nonlinear

equations that has to be solved iteratively. In view of Lemmas 4.3.1-4.3.3, it is
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natural to expect that the Jacobi matrix of the system is non-degenerate near P, [¢,,],
for small values of p, where ¢, is the variational, even, positive definite solution of
equation (1.3.2) obtained in Theorem 4.1.7. In these settings, Newton’s iterations
are numerically feasible. The detailed analysis of the scheme (7.1.1) is provided

below.

7.1.2 Error analysis

In our analysis, we make use of two technical results from Chapter 5, see [8] also.

The first one is the inverse inequality

e < flew,, feP., s>-4, (7.1.2a)

If

that holds with ¢, > 0 independent on f and n, see [8, formula (37b)] and the proof

of Lemma 5.3.1. The second is the following error estimate
1= P)f ey < en 31 f ey 520, (7.1.2b)

which is a particular case of (5.2.3). It is important to note that (7.1.2) holds with
an absolute constant ¢ > 0.
In context of problem (1.3.4), bounds (7.1.2) combined with Lemma 4.2.4 yield

the following basic estimates:

Lemma 7.1.1. Ifn > 0 is sufficiently large, 0 < p < 1 and p > 0 is a fived number,
then

1Palpulliy < 2 (7.1.3a)

7#’

n?[|(I = Po)@,lll < eryexp{ — c,ni}, (7.1.3b)

1
where ¢ > 0 is an absolute constant, ¢, = 3(8%)3 and the quantities p and r, are
m

defined in Lemmas 4.2.1 and 4.2.4, respectively.

Proof. (a) Direct application of (7.1.2a) yields

1Puleulllay = 1Puloulll oy
< V2(I1Paludl 2y + 26l Palulll 20, ) + 1Pal@ulll 2o, )

< enl|Pul@ullliz ey < enll@ullizey) < 7 1ol mg-
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It is not difficult to verify that

H%HLM _2”%‘@%0(&) <0.

Consequently, for 0 < p < 1 the quantity ||¢,|| 1 is uniformly bounded from the
above by the absolute constant ||¢q||z:. Hence, (7.1.3a) follows.
(b) We employ (7.1.2b), the identity J~°[¢,] = (—1)Se%a§ [e‘ggbu} and Lemma 4.2.4

to obtain
n?|(I = Po)lulll 2@ = V2n?|| (I — Pn)[ Gulll 2wy < en (| Qull p22m g,
S Cmem ( ) Z 2T ’aggpu”LZ R+

3,.2 1
Since m > 0 is arbitrary, for n > 22 we let m < (25)°. Hence (7.1.3b) is
p 8ry

<cr,n" (2m)! (

completely settled. O

Below, we employ the classical Newton-Kantorovich theorem [54] to show that

the discrete problem (7.1.1) is solvable.

Lemma 7.1.2. Operator A, ,, is invertible and

”-’4;,11||L2(R)—>L2(R) < A 0<pu<l (7.1.4)

— 17}/[/7
Proof. The finite dimensional bilinear form A, (-,-) = (Aun-, ) r2®) : Pn x P, = R

is clearly bounded in L?(R) norm. Further, for any ¢ € P,

Anle,0) = el = (1= p)llellze@ > (1 — p)lellze

Hence, (7.1.4) is a straightforward consequence of the classical Lax-Milgram lemma.

]

In view of Lemma 7.1.2, the discrete problem (7.1.1) can be rewritten in the

form

Nmn(‘pn) = ®n — gu,n(gpn) =0, gu,n(@n) = A,:;zfpn[@fz]

111



Lemma 7.1.3. Forn > 0 sufficiently large and for small values of u, the derivative

N n(Puloy]) « By — P, ds invertible. Furthermore,

/ -1 30—1

P < — ) 7.1.5
N Prlerd) gy oy < 2(0-1) el tru (1) T exp{—cun’}) (7.1.5)
where ¢ > 0 4s an absolute constant and the quantities r,, ¢, > 0 are defined in

Lemmas 4.2.4 and 7.1.1, respectively.

Proof. (a) For ¢ € Py, consider the linear operator N7 [¢] = I — Gy ,[¢], with
Guple] = (A, Palel, '], Using Lemmas 4.3.1-4.3.2 (see in particular formula
(4.3.3)) and the classical perturbation theory of compact selfadjoint operators [55],

for small values of u, we have

. \ 1/
wePn,llr;lefl’<¢’N#,”[¢]>Hﬁ| =

nf (o (1 = Go()) [2]) g |

in
EHA®), llpl =1

2(6-1)—c|p|
Z T

with some uniform constant ¢ > 0. Since Nlin[go] c Hy(R) NP, — Hy(R) NP, is

selfadjoint, it follows that

NN ) Mgy < s (7.1.6)

2(6=1)—c|ul

(b) For ¢ € P,,, we have

[(: Win = Nan(Pulei)) 1) 1| < €40 (G = Pulionl ™)0) o)

<t | w el ZIIP el g loull ™ | 17 = Pa)leulllzam)
k=0

1
Since ||, 2|| < (1 — )2, estimates (7.1.3) give
Y e 1
||N;:,n - N;:,n(Pn[‘PuD||H,£—>H; < Cru(l - U) 2 exp{—cun3}.

The latter bound, combined with (7.1.6) and the classical Neumann lemma, yields

the result. O

Lemma 7.1.4. The derivative N, () : B,, — Py is locally Lipschitz continuous.
Specifically, for any ¢; € Py, with [|[Pplpu] — illmy <0 <1,4=0,1, we have

||Nﬂ,n(¢0) _N/,,L,n(lbl)HH}L_)H}L < C(l - M)l—fnf—2||¢0 - ¢1||H;7 0< < L, (717)

where ¢ > 0 is an absolute constant.
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Proof. Elementary calculations yield

I () = Ny ) gy < N = 047

B -2
<Lk [Z %ol 141 %2% 1Yo — Y1l a1
k=0
Hence, (7.1.7) is a direct consequence of (7.1.3a). O

Lemma 7.1.5. For n > 0 sufficiently large, the defect N,,.(Pule,]) satisfies

W UINa (Palo) i < eru(l — 1) 2 exp{ — cunt }, (7.1.8)

where ¢ > 0 4s an absolute constant and the quantities r,, ¢, > 0 are defined in

Lemmas 4.2.4 and 7.1.1, respectively.

Proof. The exact solution satisfies
Polpu] + A [PaAu(I = Po)lou] = Palg,]] = 0.
Hence,
Nun(Pulpn]) = AL [Puliel, — Palon)] = PuAu(I = Po)lpul]-

Taking the H}(R) inner product with ¢» € P, |||z = 1, we infer

| N (Palion])s ¥) s | < A ll0n=Palenl 2 v 20wl 2 | (1=Pa) ol 2w)-

Derivations similar to those used in the proof of (7.1.3a) yield

cn

6l ey < o=

m
Consequently,
W N (Puliu])
.
< o 1 S Py e+ en| 10— Pl
k=0
< (1= p) 2T = Pl e,
and (7.1.8) follows from (7.1.3b). O
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Lemmas 7.1.3-7.1.5 combined together yield the main result of this section.

Theorem 7.1.6. Forn > 0 sufficiently large and for small values of u, the discrete

problem (7.1.1) has an isolated solution ¢, , € P,, that satisfies

¢ e, 1
ln — Sou,nHH}L <erp(l—p)2 exp{ - 7#713}’ (7.1.9)

where ¢ > 0 is an absolute constant and the quantities r,, ¢, > 0 are defined in
Lemmas 4.2.4 and 7.1.1, respectively. Further, for small values of py < p < py <
1, the numerical trajectory Sy (o, 1) = {(1t Pun) }po<p<ps 1 @ smooth parametric

curve in R x P, that does not meet any other solution branches of (7.1.1).

Proof. (a) We let

Qi
Il

IV Pal]) = N (Palpu]) Ly

B = N (Palon]) ™ ey,

I (Pl ol =Njon (P lou) (91l 13
Sup o1l

Qi
I

b € Py, [Paligy] — illy < 1} |
Choosing n > 0 sufficiently large and using Lemmas 7.1.3-7.1.5, we have
2—3¢

afo <cr,(l—p) 2 exp{— c,m%}< I

uniformly, for small values of u. Hence, problem (7.1.1) fells in the scope of the

classical Newton-Kantorovich theorem [54|. It follows that the Newton iterations
Ppnj+l = Pun,g — N;/L,n(@um,j)il[NM,H(SO#,TLJ)]: Jj=0,
with ¢, n0 = Pule,], converge to the unique zero ¢, , of (7.1.1) in the open ball

B(Pulpul,6) = {¢ € Pullo = Puloullmy < 0} CPay 6= 2 = 01,

and
= _¢ 1
Hpn[%pu] - Sou,nHH}t <208 < Cru(l — )2 eXp{ - Cun3}- (7.1.10)

In addition, we observe that

I = Pa)lellmy < [lkuullrae + 1ruPal@ulllze ) 21U = Pa)loull 22y, (7-1.11)
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cn2

where ||k, @, < pry, and ||k, P[@u]l| < A=, by virtue of Lemma 4.2.4 and formula
(7.1.2a), respectively. We conclude that the error bound (7.1.9) follows directly from
(7.1.10), (7.1.11) and Lemma 7.1.1.

(b) The nonlinear map N, ,(¢) is analytic in ¢ € P, and p. Lemma 7.1.3,
estimate (7.1.10) and the standard perturbation theory of linear operators, indicate
that N7, (oun) : P — P, is invertible. Hence, for each fixed value of € [po, f11]
the analytic version of the Implicit Function theorem applies. Locally, ¢, , gives
rise to an analytic branch of isolated numerical solutions ¢, (), |t — | < ¢’. In
view of part (a) of the proof ¢, ,,(t) = ¢in, when ¢ is small. Standard covering
argument shows that local solution branches, glued together, make up an analytic

parametric curve S, (o, 1) C R x P, for pg, g1 small. O

Theorem 7.1.6 assures that the numerical scheme (7.1.1) is robust in the sense
that the associated nonlinear equation does not generate spurious numerical branches
bifurcating out of the physically meaningful numerical trajectory S, (uo, pt1), when
po, i1 are small. Estimate (7.1.9) indicates that numerical solutions do converge
and the convergence rate is subgeometric in H;(R). In fact, the same is true in
the uniform topology of Cy(R), for H ;(R) C Co(R). Further, careful inspection of

1

Lemmas 4.2.1 and 4.2.4 indicates that p = O((1 — p)*) and r, = O((1 — p)'2 ).

Hence, (7.1.9) is equivalent to

1-2¢ - 1
1 = Punllay < (1 —p) 2 exp{ = [(1—p)* 'n]5}, (7.1.12)

where ¢, > 0 are some absolute constants. In view of (7.1.12), we expect the
accuracy of (7.1.1) to deteriorate when pu is away from zero, and n > 0 being fixed.
The latter phenomenon is observed by a number of authors, see [5, 10, 74, 13].

To conclude this section, we remark that Theorem 7.1.6 is local in nature. At
present, we are unable to control the multiplicity of the second eigenvalue A\ = 1
of G, (¢,), for all values of 0 < p < 1. In view of Lemma 4.3.1, the spectral gap
between the dominant Ao = ¢ and the second eigenvalue A\; = 1 of G/ (¢,) persists
and is precisely equal to ¢ — 1. By virtue of Lemma 4.3.2 the spectrum of Gj(¢o) is
simple and hence \; remain simple for small values of . However, we cannot control

the behavior of eigenvalues \,,, n > 2, for 0 < p < 1 away from zero. It may happen
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that for some 0 < p/ < 1 a finite number of them reaches A\; and the local analysis,
presented above, fails. The numerical simulations, presented below, indicate that
the second eigenvalue remain simple for all values of 0 < p < 1, however we do not

have rigorous proof of this fact.

7.2 Simulations

In our simulations, the following basic continuation scheme is employed: we assume
that ¢, , is known, choose 6 > 0 so that g+ < 1 and solve (7.1.1) numerically

using Newton’s iterations:

Putsn,0 = Puyn; (7.2.1a)

Pursmjtl = Putrong — N, ;i+6,n(90u,n+6,j)71[Nu+6,n(§0,u+6,n,j)]7 J=0. (7.2.1b)

Computations terminate as soon as

[Putons = Cutansrillee < 7= (7.2.1c)

where € > 0 is a user set tolerance. More sophisticated initial guess and/or stopping
criterion can be used, but we do not pursue such a generality here. For ;1 = 0 the
exact solution is known (see formula (1.3.3)) and is used to initialize the continuation
process. After each continuation step, the identity (5.1.1a) is applied to reconstruct
the Fourier image @, ,,.

Note that solving (1.3.2) directly, when 1 — 1, requires very large values of n, as
oscillations in the exact solutions cannot be properly captured on rough grids. To
circumvent the problem, the original equation (1.3.2) is rescaled. In our simulations,

we solve for the dilate ¢, (7z), with 7 = 2°.

7.2.1 Numerical solutions

We let ¢ = 1071% and solve (7.1.1) for 0 < p < 0.9999 and ¢ = 2,3,4,5,6. The
numerical solutions ¢,, 7o and corresponding snapshots for selected values of u are
plotted Fig. 7.1 and Fig. 7.2, respectively. One can see that independently on a

particular value of ¢ and for large values of pu, all solutions develop oscillations:
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Figure 7.1: The numerical solutions ¢, , and @, u € [0,0.9999], n = 2°.

in each case, the number of oscillations is finite; the number of oscillations and
their amplitude increases together with p. In the case of £ = 2, similar qualitative
behavior was predicted theoretically and/or observed numerically by a number of

authors [5, 13, 74]. In particular, our numerical data agrees with computations
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Figure 7.2: The snapshots of ¢, ,, for selected values of p, n = 2.

reported in [36].

The plots of ¢,, ,, provide further illustration of this phenomenon. When g is near
1, the graphs of ¢, ,, resemble superposition of two d-like functions supported near
¢ = %1 (see right diagrams in Fig. 7.2). There is however a significant difference in

the behavior of the amplitudes of the delta-peaks for different values of the parameter
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(. For £ = 2 and ¢ = 3 the delta-peak amplitudes, after some short transition stage,
behave as non-increasing functions of p (see right diagrams in Fig. 7.1), while for
¢ > 4 the amplitudes increase rapidly as u — 1. This observation is intimately
connected with the orbital stability of the computed waves, we discuss this issue in

some details below.

06T 7 1.5
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Figure 7.3: The stability indicator d”(u), n = 24

7.2.2 Orbital Stability

For ¢ = 2,3,4,5,6, the plots of the stability indicator d”(u) (see Section 4.3.2) are
shown in Fig. 7.3. The top-left diagram serves as an illustration to Corollary 4.3.5,
which asserts that for ¢ = 2, traveling waves are orbitally stable for small values of

p € 10,1). In fact, the numerically computed quantity d”(u) remains positive for all
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i in the computational domain.

We do not have an analogue of Corollary 4.3.5 for ¢ > 3, however, when g = 0,
(1.1.4) reduces to classical KdV equation and stability theory, developed in [16],
applies. In particular, traveling waves with 5 = 0 (equivalently p = 0) are stable,
provided that ¢ < 5. Using standard perturbation theory, we expect traveling waves
with £ = 3 and ¢ = 4 to be orbitally stable near ¢ = 0. Similarly, in the case of
¢ > 6, we expect instability near the origin. The case of ¢ = 5 is special, for then
d"(0) = 0 and the simple perturbation argument does not apply. We discuss each
particular case separately.

For ¢ = 3, the plot of d”(u) is shown in the top-right diagram of Fig. 7.3. As
expected d”(u) is positive near the origin, interestingly and similarly to the case
of ¢ = 2, it remains positive for all values of u € [0,0.9999]. Taking into account
(4.3.8), we suspect that traveling waves remain stable for all values of p € [0, 1), it
would be interesting to have a rigorous proof of this assertion.

The case of ¢ = 4 is qualitatively different from the previous two (see the left
diagram in the second row of Fig. 7.3). The quantity d”(u) is positive near the
origin but crosses p-axis as p increases. The change in sign occurs at p* ~ 0.977472,
passing this point the curve d”(u) rapidly goes down, indicating that associated
traveling waves lose their stability. We cannot claim that the instability persists in
[1*,1), but in view of (4.3.8),! it is a reasonable assumption.

The question of stability is particularly interesting when ¢ = 5, for in this case
d"(0) = 0 (see the right diagram in the second row of Fig. 7.3). Numerical simula-
tions show that small perturbations in p yield orbitally stable waves. The stabilizing
effect persists for p € (0, p*), p* = 0.926735. In the interval [p*,0.9999], the solu-
tions lose their stability. Here again the remark made above applies, it is natural to
expect that the waves ¢, remain unstable for o € [p*,0).

For the sake of completeness, we repeat calculations with ¢ = 6. Here, d”(0) < 0
[16], and we expect traveling waves to be unstable near the origin. The two bottom
diagrams in Fig. 7.3 show that this is indeed the case. However, as j increases the

graph of d” () crosses p-axis twice (see the bottom-right diagram in Fig. 7.1), which

'For (4.3.8) indicates that variational problem (4.3.6) might be unbounded.
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yields nontrivial stability interval (uf, p3), with uf ~ 0.382645 and pj ~ 0.872382
(see the magnified plot in the bottom-right diagram of Fig. 7.3). As in two previous
examples, the stability is lost once p passes the threshold value p3.

We remark that calculations presented above for ¢ > 3 shall be taken with some
caution as the magnitudes of d”(u) over large portions of stability regions are very
small (especially for £ = 6) and may be easily affected by a numerical noise (caused
by the approximation and the round off errors). Nevertheless, when producing the
above diagrams, we repeated computations with increasing values of n until the
plots stabilize. For 2 < ¢ < 6, this occurs when n > 2'2. The diagrams displayed in
Fig. 7.3 are obtained with n = 2,

7.2.3 Accuracy

In view of Theorem 7.1.6 and estimate (7.1.12), for small fixed values of p € [0, 1),
we expect at least sub-geometric convergence rate provided n is sufficiently large. To
illustrate the assertion, we present some accuracy tests for the numerical solutions
©un With g € [0,0.9999] and 26 < n < 2'2. Since the exact solutions are unavailable,
as the reference solution we take ¢, , with n = 2. The work/precision diagrams,
containing L?-errors ||, — 24|, are presented in Fig. 7.4. We observe that
for each value of ¢ and for each fixed value of u, the errors decrease at least sub-
geometrically (the surfaces are concave in the direction of n-axis). Further, for
moderate values of parameter i the decay is very rapid. In fact, for the large
range of u and n, the errors are comparable with the machine epsilon. In complete
agreement with (7.1.12), the accuracy deteriorates as p1 — 1 and/or as ¢ increases.

Quantity |[@,n — @214 is not an ideal measure for the numerical accuracy, for

@214 itself is not exact. Nevertheless, when n is large, we have

1£0n = eull < INL(20) 2ol INu(@pm) Il + OUlun — ull®),

i.e the quantities (L2-defects) ||V, (¢,.»)| might serve as an adequate reflection of
true numerical errors, see Fig. 7.5. The diagrams shown in Fig. 7.5 are closely
resembling those presented in Fig. 7.4 and hence supporting our theoretical conclu-

sions about accuracy of scheme (7.1.1) and the reliability of presented computational
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Figure 7.4: The work/precision diagrams: L2-errors.

results.
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Chapter 8

Conclusion

In this thesis, we presented theoretical and numerical analyses of the stationary and
non-stationary Benjamin equation posed on the real line.

Chapter 2 is introductory in nature. Here, we provided a detailed proof of an
interpolation identity for a scale of variable weight Sobolev spaces for which we have
no immediate references. This result is new and extends some recent investigations
in the theory of weighted function spaces. In the context of nonstationary Benjamin
equation, the variable weight Sobolev spaces appear naturally and play fundamental
role in the analysis of Chapters 3, 5 and 6.

Chapter 3 contains wellposedness analysis of the non-linear Benjamin equation
in the settings of the variable weight Sobolev spaces defined in Chapter 2. Our
result is new, extends significantly recent research on the global wellposedness of
the Benjamin equation in weighted Sobolev-like spaces and provides a theoretical
foundation for building robust numerical schemes.

The existence, regularity and orbital stability of traveling waves are considered in
Chapter 4. In particular, the problem of existence is settled globally for 0 < pu < 1
via a combination of concentration-compactness and a small viscosity limit tech-
niques. A detailed asymptotic and regularity analyses (carried out in Section 4.2)
are new and extend earlier results of |5, 10, 13, 74]. Further, it is shown that the
quadratic waves ¢ = 2 are orbitally stable for small values of wavespeed parameter
L.

The Malmquist-Takenaka-Christov basis and its computational properties are
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discussed in Chapter 5. Rigorous theoretical analysis indicates that the MTC ap-
proximations converge rapidly, provided the Fourier images of the approximated
functions are regular away from the origin and decay rapidly at infinity. This makes
them particularly suitable for solving semi- and quasi-linear problems containing
Fourier multipliers, whose symbols are not smooth at the origin.

An MTC-type collocation scheme for the nonstationary Benjamin equation is
presented in Chapter 6. It is shown that the convergence rate of the scheme is
controlled solely by the regularity and asymptotic of the Fourier images of solutions
in R\ {0}, while allowing square integrable singularities at the origin. As a conse-
quence, and in contrast to the Hermite or algebraically mapped Chebyshev bases in
L?*(R), the MTC-type approximations converge spectrally under very mild restric-
tions on the solutions decay at infinity and admit an efficient practical implemen-
tation, comparable to the best spectral-Fourier and hybrid spectral-Fourier /finite-
element methods, described in the literature.

In the final Chapter 7, an MTC-type continuation scheme for the stationary
Benjamin equation is presented. Rigorous error analysis of the scheme indicates
that for small values of the wavespeed parameter i, the numerical approximations
converge subgeometrically and hence yield very accurate numerical results for mod-
erate values of the discretization parameter n. The computational scheme is used
to study orbital stability of the Benjamin traveling waves numerically. Simulations
suggest that the quadratic (¢ = 2) and the cubic (¢ = 3) waves are orbitally stable

for all values of 0 < p < 1, however, a rigorous proof of this fact is not available.
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