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ABSTRACT  
Trigonometry is a particularly challenging area of mathematics for high school learners. This study 

investigated South African Grade 11 learners' mental constructions and difficulties when learning 

and solving trigonometric equations. Participants were selected from an after-school mathematics 

programme that they attended on a voluntary basis. Data was collected using an activity sheet and 

semi-structured interviews. Baseline data was collected using an activity sheet from 17 learners 

Grade 10 learners; data was collected from the same learners a year later using another activity 

sheet with a different set of problems.  Semi-structured interviews were conducted with 7 learners 

to probe their responses on the activity sheet. Most of the learners were found to be unable to make 

the necessary mental constructions to solve trigonometric problems at the Grade 11 level.  

Dubinsky’s (1991) constructivist APOS theory, which describes how learners construct their 

knowledge of mathematics concepts in stages characterised by action, process, object and schema, 

was used to analyse the mental constructions of learners. During both phases of data collection, 

most learners were found to rely on explicit step-by-step calculations to solve problems, indicating 

that they were operating at the action stage; a smaller number were able to do some of the steps 

mentally without writing them out, indicating that they had advanced to the process stage. No 

evidence was found of learners having advanced to the object or schema stages. Moreover, the 

findings showed that, while the learners perform procedures correctly, they applied rules without 

giving reasons. 

 Piaget and Garcia’s (1989) triad mechanism were used to analyse the difficulties that hindered 

learners’ mental construction of concepts. Learners’ difficulties included incorrect conceptions of 

the equal sign, overgeneralization of rules, and failure to integrate algebra concepts into their 

construction of trigonometric concepts. Based on the findings, the study recommends that teachers 

reinforce basic algebraic skills—such as collecting like and unlike terms, using brackets, and 

addition and subtraction of algebraic terms—before introducing trigonometric concepts. Teachers 

are urged to explore different methods for teaching trigonometric equations to enable learners to 

construct knowledge effectively, such as collaborative learning and differentiated classroom 

activities.  

Keywords: Trigonometric equations, Mental Construction, Difficulties, APOS theorem, 

Triad mechanics. 
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CHAPTER ONE: THE RESEARCH PROBLEM 
 

1.1 Introduction  

Mathematics is generally viewed as an important school subject. It holds a central place in the 

curricula of most countries. However, the teaching of mathematics in South African schools has 

been found to yield some of worst results in the world. In 2011, the Trends in International 

Mathematics and Science Study (TIMSS) reported that of the 21 middle-income countries that 

participated, learners from South Africa had the lowest performance (Ndlovu & Mji, 2012). This 

study explores Grade 11 learners’ mental constructions and difficulties when learning and solving 

the trigonometric equations through a case study conducted with 17 learners at a high school in 

Umlazi district in the South African province of KwaZulu-Natal.  

1.2 Background to the study 

This study investigates the mental constructions of Grade 11 learners and the difficulties they 

experienced learning and solving trigonometric equations. Traditionally, trigonometric equations 

were taught as mathematical rules, using a calculator. However, best practice in mathematics 

education currently indicates that teaching and learning must involve a process of developing 

learners’ competencies to be able to conjecture, communicate, solve problems, and reason 

effectively, while developing a positive attitude towards mathematics (Mudrikah, 2016; Kaitera & 

Harmoinene, 2022). Conway and Sloane (2005) argue that the learning of mathematics does not 

involve only mastering a fixed set of facts and skills but requires the development of conjecturing, 

problem-solving and logical reasoning.  

In South Africa, trigonometry is covered in the FET phase (Grades 10 – 12) of the curriculum. 

However, it is often introduced in Grade 9 where learners learn to work with triangles and name 

their sides and angles.  

In Grade 10, learners work with similar triangles and special angles and learn to solve right-angled 

and trigonometric equations, define trigonometric functions and plot their graphs. In Grade 11, 
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learners are introduced to reduction formula, special angles, trigonometric identities, trigonometric 

equations, and SINE-RULE, COSINE-RULE and AREA-RULE.  

Table 1 Trigonometry curriculum in the FET phase 

Trigonometry curriculum in the FET phase 

Grade 10 Grade 11 Grade 12 

• Similarity of 

triangles 

• Defining the 

trigonometric ratios 

• Reciprocal ratios 

• Calculator skills 

• Special angles 

• Solving 

trigonometric 

equations 

• Defining ratios in 

the Cartesian plane 

• Trigonometric 

identities 

• Reduction formula 

• Trigonometric 

equations 

• Area, sine, and 

cosine rules 

 

• Compound angle 

identities 

• Double angle identities 

• Solving equations 

• Applications of 

trigonometric functions 

 

 

The trigonometry content has a weighting of 40% in the Grade 10, Grade 11, and Grade 12 

mathematics Paper 2 examination paper. According to the Department of Education (DBE, 2014), 

trigonometry is the section of Paper 2 for which learners score the lowest marks.  Therefore, failure 

to understand trigonometry concepts affects the success rate of learners in mathematics.  
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1.2.1 Learning mathematics with understanding 

Learning with understanding has increasingly received attention from educators and psychologists 

and has progressively been elevated to one of the most important goals for all learners in all 

subjects (Stylianides & Stylianides, 2007).  The level of understanding is determined by the 

number of connections and the strength of connections (OECD, 2014). 

Mathematics is a part of the broader family of sciences, which includes physical science and life 

science.  Ngcobo et al. (2019) argue that the fundamental importance of mathematics to humans 

can be seen by examining the interrelationship between mathematics and the development of 

humans to advance the cause of humanity. Due to its fundamental importance and significance to 

humans and to their advancement and development, mathematics receives significant attention at 

both the policy level and in teaching and learning practice around the world (Brijlall & Maharaj, 

2015). 

The National Council of Teachers of Mathematics (NCTM, 2012) in the United States pinpoints 

the process standards of problem-solving, reasoning and proof, representation, communication, 

and connections` as ways to think about how learners should engage in learning mathematics 

content as they develop both procedural fluency and conceptual understanding. Kilpatrick et al. 

(2002) define procedural fluency as a skill in carrying out procedures flexibly, accurately, 

efficiently and appropriately. They further define conceptual understanding as comprehension of 

mathematical concepts, operations and relations. A good conceptual understanding may support 

the development of procedural fluency in multi-digit calculation and become a powerful device to 

solve mathematical problems (NRC, 2000). For learners to have a full understanding of 

mathematical concepts, they need to be well-versed in the skills and algorithms associated with a 

concept, the applications of the concept and its representations and metaphors, and the history of 

the concept (Usiskin, 2015). 

According to Asmida et al. (2018), a study conducted in Indonesia found that the development of 

learners’ conceptual understanding and procedural fluency had not been yet integrated into 

approaches to the teaching and learning of mathematics. Teachers used mathematics textbooks 

which do not address explicitly the development of learners’ conceptual understanding and 

procedural fluency in solving the mathematical problem. To make sense of a problem, learners 
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need to learn how to analyse the given information and the relationships in a problem so that they 

can understand the situation and identify possible ways to solve it (Lodge et al., 2018).  While 

learners' struggles with learning mathematics are often seen in a negative light and viewed as a 

problem or learning difficulty, struggle is a natural part of the learning process: it is the learner’s 

engagement of intellectual effort to expand their understanding of the mathematical concept 

(Permatasari, 2016). A learner is not a blank slate but a creator of their learning: to make sense of 

the problem they need to be able to construct their knowledge. 

1.2.2 Teaching and learning of trigonometry in South African schools  

The new South African curriculum, the Curriculum Assessment Policy Statement (DBE,2012), 

provides opportunities for educators and researchers to see mathematics in ways that present 

mathematics as a discipline. This allows the development of teaching strategies that help educators 

see teaching from new perspectives.  

Trigonometry is a branch of mathematics that deals with the relationships of sides and angles in 

triangles (Orhun, 2010). Trigonometry is one of the important topics in the mathematics school 

curriculum which requires an integration of algebraic, geometric, and graphical reasoning (Stols, 

2011; NCTM, 2012).  

Trigonometry is an area of mathematics that learners often experience as particularly difficult and 

abstract compared with other topics in mathematics. In South Africa, Grade 11 learners are 

expected to demonstrate that they understand the concept of a ratio and that division is not 

commutative. They should be able to use a calculator to convert fractions, correct to two decimal 

places, measure the length of sides of a triangle and be able to draw a scale.  

Several authors have called for more meaningful connections in the teaching and learning of 

trigonometry (e.g., Bressoud, 2010; Thompson, 2008; Mensah, 2017). The status quo concerning 

the teaching and learning of trigonometry in mathematics in South Africa is not up to standard 

(Taylor, 2021). According to Gernetzky (2012) a study conducted in South Africa found that 

mathematics teachers and learners were not confident in the teaching and learning of trigonometry 

in the classroom. This results in teachers spending less time in the classroom (OECD, 2016). 

Learners may also avoid attending classes.  
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1.2.3 Learners’ construction of conceptual knowledge in mathematics  

Brijlall and Ndlovu (2013) state that constructivism explains how learners learn. According to the 

National Research Council (2000), learners learn by connecting new knowledge with the 

knowledge and concepts that they already know, thereby constructing new meaning that is easy 

for them to understand. This study is aligned to this understanding of learning. Construction of 

knowledge, including mathematical concepts, develops through the formation of mental objects 

and associations between them (Robinson, 2013). Learners construct knowledge differently; as a 

result, a teacher needs to be aware of learners’ different abilities to learn in the classroom.  

Constructing knowledge is a collaborative process that aims to produce new understanding (Glaés-

Coutts & Nilsson, 2021).  

In mathematics teaching, educators should embrace the importance of allowing learners to develop 

their representations and construct knowledge for themselves to enable them to solve high order 

problems. To facilitate learners’ construction of mathematical knowledge in the area of 

trigonometry, it is important to help Grade 10 learners, when introduced to trigonometric 

equations. Traditionally, however, teaching approaches have tended to favour knowledge 

confirmation rather than knowledge construction. Mudrikah (2016) argues that, for constructivism 

learning theory to be applied to mathematical learning, it must pay attention to the meaning of the 

process of formation of new knowledge and its main elements to support the learning process that 

is expected. Mudrikah (2016) states that learners fail to do well in mathematics as a subject because 

of the lack of a sound foundation in the content from the previous grades. As a result, the learners 

fail to construct new knowledge because they do not have the necessary background. This results 

in learners learning new knowledge in each grade rather than constructing new knowledge using 

what they already know.    

1.3 Statement of the problem 

This study explores the mental constructions of Grade 11 learners and the difficulties they 

encountered in learning to solve trigonometric equations. In recent years, learners have performed 

poorly in the area of trigonometry (Chigonga, 2016).  

The South African education system has achieved a significant large numbers of learners in the 

schools (Mlachila & Moeletsi, 2019).  Also, the number of learners that are enrolling in 
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mathematics and sciences subjects has been increasing (Jojo, 2019). However, research has shown 

that South African learners in the foundation phase do not have a solid foundation in numeracy 

and literacy (McGhie et al., 2020; Govender & Hugo, 2020). This affects the throughput of learners 

in the secondary and tertiary phases of education.  

Furthermore, it has been reported that outdated teaching practices and lack of basic content 

knowledge have resulted in poor teaching standards (Mupa & Chinooneka, 2015) Trigonometry is 

one of the areas of mathematics in which learners perform very poorly, although it represents 

around 40% total mark out of 100% of the content in the mathematics paper 2 in the examination 

paper during the final three years of basic education. This reality motivated the researcher to 

investigate the reasons contributing to learners’ low performance in trigonometry.  

1.4 Motivation for the study 

Teaching practice in mathematics at the secondary education level has been criticized for not 

developing and preparing learners for the expertise required in a real environment (Jojo, 2019). As 

a mathematics teacher, I have been teaching mathematics at the high school level for seven years. 

I have watched learners develop as they progress from Grade 8 to Grade 12 and seen the amount 

of learning that they need in order to be able to understand their expanding environment. My 

interest in research began when I became interested in how learners learn, how they construct the 

knowledge that enables them to advance in their understanding of mathematics, and what 

challenges them in their journey of learning mathematics. While teachers certainly play a role in 

this process, I have also observed how learners teach themselves by gathering the information they 

need and through their experience with the world around them.  

This motivated me to investigate learners’ mental constructions in the process of learning and 

solving trigonometric equations. With reference to APOS theory, I wondered how learners’ mental 

construction of action, process, and object link with the preliminary genetic decompositions. 

Constructivism emphasizes the importance of the knowledge, beliefs and skills an individual 

brings to the experience of learning. Also, recognising the construction of new understanding by 

the learner, the combination of prior learning and readiness to learn is important.  
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To investigate this, this study was designed to allow learners solved trigonometric equations using 

different methods to determine the solution. Their responses were analysed to understand their 

mental constructions and the difficulties they experienced when they were learning and solving 

trigonometric equations.   

It is my hope that this research will contribute to teachers’ understanding of learners’ mental 

construction of knowledge and learners’ difficulties when they are learning and solving 

trigonometric equations.  

1.5 Rationale for the study 

Research is about systematically obtaining and analysing data to increase understanding and 

knowledge of a particular topic. The rationale for this study relates to three aspects. First, it 

addresses a gap in the literature on the teaching and learning of trigonometry. Second, the study 

generates new theoretical knowledge by applying the theoretical lenses of APOS theory and Piaget 

and Garcia (1989) triad mechanism to the teaching and learning of trigonometric equations. 

Finally, the study extends the researcher’s own expertise to facilitate the construction of 

knowledge by high school learners in the area of trigonometry. 

1.5.1 Addressing the gap 

While much research has been done in the area of mathematics – including on the topic of 

trigonometry – little research has been done on the teaching and learning of the topic of 

trigonometry. This study does not explore mathematics as a subject or trigonometry as a topic, 

however, but focuses on trigonometric equations. Limited research has been done on trigonometric 

equations, both internationally and in South Africa. The research that has been conducted in about 

the poor performance in trigonometry. Therefore, this study explores mental constructions and 

difficulties when solving and learning trigonometric equations.  

1.5.2 Generating new knowledge 

This study explores the mental construction of learners when they are learning and solving 

trigonometric equations which are guided by Dubinsky’s (1991) APOS theory, which focusses on 
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the constructs Action, Process, Object and Schema (APOS). These constructs reflect how learners 

mentally construct knowledge: first from the action, where the learner makes internal constructions 

and processes the knowledge without external help; knowledge is then constructed as an object 

enabling the learner to perform transformations on the process. Finally, the learner combines the 

constructs of action, process, and object into a coherent schema in their mind (Dubinsky & 

McDonald, 2001).  

This study contributes to understanding how learners construct knowledge related to the 

trigonometric equation.  The researcher designed a preliminary genic decomposition that could be 

used in the teaching and learning of trigonometric equations to analyse the mental constructions 

displayed by Grade 11 learners. This can help teachers to prepare to teach learners trigonometric 

equations.   

1.5.3 The researcher's experience  

The researcher has been teaching mathematics for the past seven years in General Education and 

Training (GET) and Further Education and Training (FET) levels at different schools. Working 

with different learners from the different environments, the researcher became interested in 

knowing how learners learn and construct knowledge when they are solving and learning 

mathematics. During the years of teaching mathematics, the failure of learners to understand 

certain topics in mathematics was observed by the researcher. For learners to be allowed to choose 

mathematics and physical science as subjects from Grade 10 onward, they must obtain at least 

50% for mathematics in Grade 9. Although mathematics learners in Grades 10 to 12 had met these 

criteria, there were some topics in which they were not doing well, including trigonometry and 

Euclidean geometry.   

1.6 Aim and purpose of the study  

The bright future of a country depends upon the educational system that builds morality and 

behaviours of its citizens which in depths requires attractive investment in education at a global 

scale. South African curriculum has been questioned in recent years and a lot of changes have been 

made in the curriculum as results of school’s teachers are using CAPS (Ngobeni et al., 2023). 

Although has been no change in the results performance in some topics in the mathematics 
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curriculum. For instance, learners have been performing poorly in trigonometry. However, the 

Department of Education provided different interventions to assist teachers and learners in 

trigonometry, as well as other topics that learners struggled with, such as Euclidean geometry. 

Jameel and Ali (2016) point out that the department of basic education and teachers can provide 

everything to assist learners, but if learners do not rehearse and work on a mathematical problem 

that coherently leads them towards poor achievement in trigonometry.   

1.7 Objectives of the study 

The study aimed to explore Grade 11 learners’ mental constructions and difficulties in learning 

and solving trigonometric equations. The objectives of the study were: 

1. to explore Grade 11 learners’ mental construction of knowledge when learning and solving 

trigonometric equations. 

2. to determine the difficulties that hinder the construction of knowledge among Grade 11 

learners in learning and solving trigonometric equations. 

3. to explore the extent to which the preliminary genetic decomposition explains learners’ 

mental constructions of trigonometric equations. 

 

1.8 Research questions 

This study explores grade 11 learners’ mental constructions and difficulties in learning and 

solving trigonometric equations. Therefore, the study was guided by the following questions: 

1. What are learners’ mental constructions of learning and solving trigonometric equations? 

2. Why do learners succeed or fail to make the necessary mental constructions in learning 

and solving trigonometric equations? 

3. How do learners’ mental constructions of action, process, and object link with the 

preliminary genetic decompositions? 
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1.9 Location of the study  

The study was conducted with Grade 11 mathematics learners at a high school in Kwasanti, a 

township located 10 kilometres from Pinetown in the Umlazi District of the province of KwaZulu-

Natal, South Africa. Kwasanti is considered a residential area offering low-cost housing near to 

urban areas (Mampane & Bouwer, 2011). IsiZulu is the dominant language used in the community.  

Township schools are known for their poor education, which is characterised by, among other 

things, behaviour problems among learners, limited school resources and poor sanitation 

(Mogashoa & Mboweni, 2017). Most learners at this school travel long distances to school. The 

school was started in 1993, but only opened officially in 2000. The school falls into Quintile 3. 

The school was chosen for this study because of it has been performing low in mathematics results. 

1.10 Significance of the study 

Few studies have explored learners’ mental constructions and the difficulties they experience with 

regard to trigonometric equations at South African schools. However, trigonometry has been 

identified as one of the most challenging mathematics topics in Africa (Arhin & Hokor, 2021). Of 

the research that has been done, most has focused on trigonometry as a topic; limited research has 

been done exploring learners’ difficulties with learning and solving trigonometric equations. This 

study seeks to address this gap.  

It is important for teachers to understand learners’ mental construction of the knowledge they are 

learning as well as the difficulties learners encounter when they are learning and solving 

trigonometric equations. The findings of this study may help teachers to understand how learners 

construct knowledge and also understand learners’ difficulties when they are learning and solving 

trigonometric equations. This study will also help learners to understand how to solve 

trigonometric equations using a different method, which will help to prepare them for Grade 12.  
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1.11 Overview of the thesis 

This this is organized into eight chapters, as follows.  

Chapter One: Introduction and background of the study 

This chapter has introduced the study topic and provided a background to the study. The problem 

that the study seeks to address was described, and the aim, purpose and rationale for doing the 

study were explained. The research questions and objectives were presented. The location of the 

study and its significance were also discussed.  

Chapter Two: Literature review  

Chapter Two provides a review of literature related to learners’ mental construction of knowledge 

in mathematics and the difficulties they encounter in learning and solving trigonometric equations. 

Chapter Three: Theoretical framework  

This chapter presents the study’s theoretical framework. APOS (Action, Process, Object and 

Schema) theory (Dubinsky,1991) was discussed, and the proposed genetic decomposition 

indicated, showing how this links to the framework for research and learners’ mental construction 

of knowledge. Furthermore, the triad mechanism (Piaget and Garcia, 1989)  was also discussed to 

explain learners’ challenges in solving trigonometric equations.  

Chapter Four: Research design 

This chapter presents the methodology that is used in this study. The research paradigm, design 

and approach are presented. The methods used for sampling, data collection and data analysis are 

described. The issue of trustworthiness is discussed. The chapter also discusses ethical 

considerations and the limitations of the study.  

Chapters Five – Seven: Findings 

Chapter Five: Analysis of summative tasks 

Chapter Five presents the data collected in Phase One of the study, which discussion the grade 10 

task. Analysis of the data to understand the learners’ mental construction of concepts in Grade 10 
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was informed by the development of the genetic decomposition informed by the teaching and 

learning process. 

Chapter Six: Analysis of activity sheets and interviews 

Chapter Six presents the findings from data collected in Phase Two, when the learners were in 

Grade 11. The data was collected using activity sheets written responses and interviews.  

Chapter Seven: Analysis of difficulties of learners in solving trigonometric equations 

Chapter Seven presents the analysis of the findings regarding the difficulties (errors and 

misconceptions) learners faced when leaning and solving equations. The data collected in Phase 

Two was obtained from both the written responses and from interviews.  

Chapter Eight: Discussion, conclusion, and recommendations 

Chapter Eight synthesizes the findings presented in Chapters Five, Six and Seven. It discusses the 

implication of the findings and provides conclusions and recommendations.  
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CHAPTER TWO: REVIEW OF LITERATURE 
 

2.1 Introduction 

The previous chapter provided a background to the study, stated the problem and explained the 

motivation for the study. It presented the rationale, aim and purpose of the study and articulated 

the research questions and objectives of the study. The teaching and learning of trigonometry and 

the construction of mathematical concepts was discussed.  

This chapter presents the literature that informed this study. Section 2.2 discusses the importance 

of trigonometry in mathematics and presents the topics in the mathematics curriculum. Section 2.3 

reviews recent and historical literature on the teaching and learning of trigonometry in schools. 

Section 2.4 explores the significance of how learners construct knowledge in mathematics and the 

role of teachers in helping learners construct knowledge.  The importance of language and 

mathematical notation in the construction of mathematical concepts in trigonometry is discussed. 

Section 2.5 reviews the literature exploring misconceptions in mathematics particularly in the 

learning of trigonometric concepts. Section 2.6 presents factors identified in the literature that 

enable and hinder the learning of trigonometric concepts.  Finally, Section 2.7 discusses APOS 

studies that focus on learners’ knowledge construction with regard to trigonometric concepts.  

2.2 The importance of trigonometry in mathematics education 

Trigonometry is a branch of mathematics that deals with the relationships between the sides of a 

triangle and the angles formed at the vertices of those triangles (Saxena, 2015). It includes topics 

such as trigonometric ratios, trigonometric functions, trigonometric identities, trigonometric 

equations. In South Africa, trigonometric concepts and ideas continue to be an important 

component of the high school mathematics curriculum. Trigonometry is used not only in pure 

mathematical studies but also in physical application (Bornstein, 2017). Simons (2016) argues that 

real-world problems involving trigonometry are common in fields such as engineering, 

construction, design and physics. Therefore, it is important for learners who are interested in the 

scientific or engineering fields to develop basic trigonometric knowledge in high school to be able 

to pursue studies in these fields. Furthermore, a good understanding of trigonometry is crucial for 
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learners when they solve advanced mathematics tasks, since it equips learners with a 

comprehensive knowledge of the necessary mathematical concepts (Koyunkaya, 2016). 

During the era of the Bantu Education Act 1953 mathematics was prohibited from being included 

in the curriculum of the black education system. Trigonometry was brought into the mathematics 

curriculum for all South African learners in 1994. It is regarded as a key component of mathematics 

education, representing 50 out of 150 marks on the Grade 11 Examination Paper 2 in Curriculum 

Assessmment Policy (DBE, 2011). While trigonometry concepts are introduced from the beginning 

of high school, in the curriculum assessment policy statement (CAPS) document, the content 

progression for trigonometry from Grade 10 to Grade 12 is clearly outlined (Brijlall & Maharaj, 

2014; Naidoo & Naidoo, 2016; Simons, 2016). The table below illustrates the weighting of 

trigonometry in the curriculum as stipulated in the CAPS curriculum. 

Table 2 Weighting of trigonometry in CAPS curriculum (DBE, 2011; p. 57) 

 

In addition to this weighting, the CAPS document emphasises content progression, which means 

the content taught in a given grade is a prerequisite for the subsequent grade. For trigonometry, 

the content taught in Grade 11 is thus key to the content to be taught in Grade 12. The weighting 
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of the content and content progression are key indicators of the importance of the topic in the 

curriculum. As illustrated in the table above, in Grades 10 and 12 the weighting of trigonometry 

is 40+, while in Grade 11 it is 50+ out of 150, indicating that the content taught for Paper 2 comes 

from trigonometry. Thus, for learners to achieve good grades in Paper 2 they need to be competent 

in trigonometry, among other topics. 

Thompson (2008) argues that the challenges that high school learners experience with 

trigonometry result from incoherence in their foundational understanding developed at lower 

grades. These challenges need to be investigated and understood, given that trigonometry is so 

important in the South African curriculum and to the future of learners who want to continue their 

studies in maths or the sciences at the university level. 

2.3 The teaching and learning of trigonometry in South African schools: past and present 
research 

Trigonometry is an area of mathematics that learners have been found to experience as particularly 

difficult and abstract, compared with other mathematics topics (Gerhana et al., 2017). Challenger 

(2009) asserts that learners claim that trigonometry is difficult and dislike it because they see it as 

a complicated aspect of mathematics and are uncertain as to whether they should apply triangle 

trigonometry, circle trigonometry or analytic trigonometry in a given situation. The literature 

demonstrates that many learners do not develop a sound conceptual basis in trigonometry and that 

some use algebraic notation informally (Maharaj, 2008).  Orhun (2015) studied the difficulties 

faced by learners when solving problems in trigonometry. The study discovered that learners did 

not have a strong foundation in trigonometry since they made mistakes while learning and solving 

trigonometric problems. In another study, Usman and Hussaini (2017) analysed the errors made 

by 80 randomly selected high school learners when solving problems while learning trigonometry. 

They found that the most frequent errors made by learners included comprehension errors, 

transformation errors and process skill errors. Drawing on some of the older studies, Jonassen 

(2000) suggests that learners develop a stronger conceptual understanding of trigonometry if they 

can inter-relate numerical and symbolic representations with their graphical outputs. This suggests 

that addressing the abstract nature of trigonometry using visual representation such as graphs, 

pictures and videos may assist learners to conceptualise trigonometric concepts. 
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Much of the literature on trigonometry has focused on trigonometric functions and identities. 

However, these are not the only concepts that learners struggle within trigonometry. The 2020 

South African Department of Basic Education (DBE, 2020) moderators’ report indicated that 

learners experienced difficulty understanding most trigonometric concepts, and especially 

trigonometric equations.   

The literature reveals challenges in the teaching and learning of mathematics. In the South African 

context, this is evident in the findings of the Trends in International Mathematics and Science 

Study (TIMSS), which has shown that year after year South African learners perform below the 

400 TIMSS point, indicating a lack of basic mathematical knowledge (Mullis et al., 2020). In 

addition, the South African Grade 12 pass rate in mathematics have been found to be poor over 

the years (Department of Basic Education, 2020). These findings have been substantiated by the 

research of other scholars. Bansilal et al. (2014) found that mathematics teachers’ knowledge of 

the content they were supposed to teach was not adequate. Similar findings have been echoed by 

other studies (e.g., Stols, 2015; Pournara et al., 2015; Ngcobo et al., 2019).  

Turning to research on the learning of mathematics, scholars such as Maharaj (2014) found that 

learners had not developed mental construction of mathematical concepts and argued that teachers 

need to encourage learners to engage with what they are writing in order to assist them to improve. 

Similarly, Ngcobo et al. (2019) and Madonsela et al. (2020), in their studies of learners’ 

conceptualizations of trigonometric concepts, found that learners were operating at an action level, 

indicating that they had not conceptualized the content they were being taught.  Chen et al. (2015). 

found that learners possessed poor imagining skills which are critical for the conceptualization of 

3D images.  

Researchers such as Brijlall and Maharaj (2015) attribute the problem of learners’ 

underachievement to teachers employing poor strategies in the teaching and learning of 

mathematics and a lack of appropriate depth in their pedagogical content knowledge (Brijlall & 

Maharaj, 2015). Ndlovu et al. (2017) argue that, for effective teaching, pre-service mathematics 

must have a thorough grounding in their subject matter before exiting teacher training. 

Some authors argue that to enable learners to perform at high competence levels in mathematics, 

they need to be taught the relevant mathematical knowledge and skills, coupled with effective 
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teaching strategies that help them exercise their reasoning power and utilise their imagination in 

the solving of mathematical problems (Ngcobo et al., 2019).  

Beyond South Africa’s borders, similar concerns about the teaching and learning of mathematics 

prevail. Rohimah and Prabawonto (2019) report that, in a study conducted in Indonesia, three 

aspects of learners’ difficulties in solving trigonometric equations were identified. The study found 

that learners had difficulty factoring in the form of trigonometric quadratic equations, deciphering 

the form of the problem and using the trigonometric equation. Chikiwa (2015), in a study on the 

teaching of trigonometry in a Grade 11 multilingual mathematics class, in Eastern Cape South 

Africa, found that the use of symbols and specialised language in trigonometry negatively impacts 

learners’ understanding in the classroom. This indicates that it is important for teachers to unpack 

relevant symbols and terms in each content area.  

It is in this context that the researcher elected to explore Grade 11 learners’ mental construction of 

trigonometric equations, with the aim of understanding the mental constructions they use and 

possible barriers that hinder construction of the necessary mental constructions, as depicted in 

APOS (Action Process Object Schema) theory (Dubinsky, 1991). 

2.4 Learners’ construction of knowledge in mathematics 

The content changes that have occurred within the domain of mathematics concepts have brought 

with them a wave of reform in mathematics education (Barnes & Venter, 2008). The construction 

of knowledge has been studied by psychologists and educational theorists for many years, 

including studies by Perkins (1993), Piaget (1995), Vygotsky (1998), Alagic (2003) and Garder 

(2011). Researchers have examined how learners learn and have highlighted the strategies and 

learning environment that enable learners’ construction of knowledge to be most effective and 

meaningful (Vygotsky, 1978; Mevarech & Kramarski, 1997; Van de Walle et al., 2016; Kim & 

Baylor, 2006; Gardner, 2011; Moreeng & Du Toit, 2013; Darling-Hammond et al., 2020).  

In recent years, researchers such as Jojo et al. (2013), Maharaj (2014), Brijlall and Maharaj (2015), 

Bansilal et al., 2017 and Ndlovu et al. (2020) have explored learners’ and undergraduate students’ 

construction of mathematical concepts. Most of their studies found that construction of knowledge 

is a process involving different stages that an individual passes through to construct the relevant 
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schema. According to Tall (2008), many concepts that we use are not formally defined; however, 

we learn to recognise them through our experience with them being used in appropriate contexts. 

Learners learning mathematics may use a range of different processes depending on the context 

and make different errors depending on the specific problem under consideration. For instance, a 

learner may correctly solve   but may make an error solving . The inclusion 

of the numeral in the equation using tan might cause cognitive conflict for a learner who has not 

constructed the knowledge necessary to solve trigonometric equations but uses processes based on 

the problem given.  

A learner demonstrates understanding by performing a variety of actions that rely on critical 

thinking: explaining, applying, generalising, representing in new ways, and making analogies and 

metaphors (Halpern, 2013). The teacher needs to create opportunities for learners to demonstrate 

their understanding and also demonstrate a variety of approaches during teaching and learning to 

ensure that learners are successful in constructing knowledge. For learners to construct knowledge, 

a teacher must encourage effective learning and foster an environment that supports deeper 

understanding (Pitsoe & Maila, 2012). 

As learners need to construct their own knowledge for each mathematical concept, the primary 

role of the teacher is not to lecture, explain, or otherwise attempt to transmit mathematical 

knowledge, but to create situations for learners that facilitate them making the necessary mental 

constructions. Hitt and Kieran (2009), in a study conducted in Canada, found that learners 

experienced difficulty in their construction of concepts and their application of these concepts to 

solve problems. A study conducted by Anderson (2007) with 54 rural high school learners revealed 

that the learning of mathematics concepts was a complex process that involved the learner 

developing new ideas while transforming their ways of doing, thinking and building skills through 

algorithms and following certain procedures, as well constructing or acquiring mathematical 

concepts. 

Learning mathematics concepts involves the development of the identity of each learner as a 

member of a mathematics classroom. Through relationships and experiences with their peers, 

teachers, family and community, learners come to know who they are relative to mathematics 
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(Ishimaru etal., 2015). Anderson (2007) submits that learning mathematics concepts and skills also 

involves how mathematics fits in with learners’ other current and future activities.  

2.4.1 The importance of language and mathematical notation in the construction of 
mathematical concepts 

Language and mathematical notation play an important role in knowledge construction in 

mathematics. Mathematics language teaching and learning has been highlighted by researchers as 

a key factor contributing to the poor performance of learners in mathematics (Mji & Makgato, 

2006; Nath & Veneesha, 2009; Kiwanuka et al., 2015; Robertson & Graven, 2019).  

Research shows that mathematics language is key to success in mathematics (Seethler et al., 2011; 

Erath et al., 2018), and that a learner’s general knowledge and understanding of mathematical 

language can predict mathematical performance (Van der Walt, 2009). Several studies have 

indicated that language plays an important role in learner performance in mathematics. Mji and 

Makgato (2006) define mathematics language as an instrument of inclusion and exclusion, 

including in mathematics teaching. Robertson and Graven (2019) explored the power of language 

to either include or exclude certain groups of learners from the opportunities for mathematical 

sense-making in a study conducted in South Africa, where English is the language of teaching and 

learning – including assessment – for mathematics but is not the home language of most learners. 

The study found that most of the learners did not understand the content taught if the teachers used 

English for teaching and learning; in light of this, teachers need to ensure principled use of 

learners’ home language in mathematics classrooms to aid learners’ understanding.  

In South Africa, English is the medium through which most learners learn in the classroom. 

However, mathematics, as a subject, has its own language that learners need to master in order to 

construct a concept. For example, in mathematics the word ‘limit’ carries a different meaning and 

is used in a different way than it is used in everyday English. This can result in a confusion in the 

learner’s knowledge construction of the concept of ‘limit’ as it is taught.  

For learners to achieve their best in mathematics, they need a good understanding of the language 

of mathematics. A study conducted by Prediger et al. (2018) found that learners with low 

mathematics language proficiency might be hindered not only by difficulty reading during tests, 
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but also seem to be constrained during the whole learning and teaching process, especially when 

engaging with topics with higher cognitive demands. For a learner to understand and be able to 

construct knowledge, good communication is important. According to Rohid (2019), good 

mathematical communication refers to the ability to arrange and link mathematical ideas through 

communication and use mathematical language to express mathematical ideas correctly. 

Communicating their mathematical ideas helps learners clarify and solidify their understanding of 

mathematics. By sharing their mathematical understanding in written or oral form with their 

classmates, learners develop confidence in themselves and their peers as mathematics learners and 

enable teachers to better monitor their process. However, in the case of trigonometric concepts, 

learners are not taught the language of mathematics in school, which can hinder their construction 

of knowledge (Biyela et al., 2016; Chikiwa & Schafer, 2018; Kersaint et al., 2013). 

The role that language plays in the teaching and learning of mathematics is given importance in 

the current literature on mathematics education. Mulwa (2014) indicates that the primary function 

of language in mathematics training is to allow both the instructor and the learner to communicate 

mathematical knowledge precisely. Mulwa (2014) emphasises that, in order to achieve the goals 

of mathematics instruction, teachers and textbook authors must employ a language whose 

structure, meaning, technical terminology, and symbols can be grasped by learners at their 

particular level. For example, in the earlier years of high school, learners are taught the concept 

‘pattern’; in the later years, however, the terms ‘sequence’ and ‘series’ are introduced to refer to 

the same thing. Using the terms ‘simplify’, ‘prove’ and ‘proof’ would be difficult for learners in 

the lower grades because of the embedded language making concepts difficult to comprehend.  

In the same vein, the mathematical notation used should be appropriate for the level of the learner. 

What a learner at the Grade 12 level would be able to understand would not be true of a learner in 

a lower grade. Furthermore, various conventions used in mathematics need to be understood by 

learners so that they can use this aspect of mathematical language and interpret letters correctly in 

context. This should be taught explicitly to learners during the building of their knowledge of 

trigonometry, e.g., Sin θ, Cos θ, and Tan θ.  Mulwa (2015) states that high failure rates in 

examinations are attributed, in part, to the extent to which the meaning of some mathematical terms 

is not understood by learners for whom English is a second language. Mulwa found that learners 

had difficulty using mathematical terms and related concepts, which resulted in challenges in 
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learning mathematics. The language challenges that learners face in mathematics learning 

contribute to the difficulties and challenges learners face in mathematics classrooms, while not 

receiving adequate attention. These challenges cannot be overcome without giving attention to the 

aspect of language – through which they enter the domain of mathematics and through which they 

are assessed (Gafoor & Sarabi, 2015). A similar study conducted by Mbugua et al. (2012) found 

that achievement in mathematics is strongly correlated to learners' understanding of mathematical 

language. Therefore, mathematics language is the most critically important factor that affects 

learners’ understanding. Issues around language thus need to be addressed in the teaching and 

learning of mathematics. 

2.4.2 The construction of knowledge in trigonometry 

Kepceoglu (2016) describes trigonometry as a branch of physical mathematics that deals with the 

understanding of concepts and their applications. Trigonometry is an important area of 

mathematics that links algebraic, geometric and graphic reasoning. Kamber and Takaci (2018) 

argue that, as trigonometry connects algebraic and geometric ways of thinking, if learners do not 

understand algebra, they are likely to perform poorly in trigonometry. Many high school learners 

are not familiar with these types of reasoning; thus, trigonometry presents a challenge for these 

learners (Naidoo & Govender, 2014).  

In the South African context, the following aspects of trigonometry are covered in the curriculum:  

Grade 10: Similarity of triangles; defining trigonometric ratios; reciprocal ratios; calculator 

skills; special angles; solving trigonometric equations; and defining ratios in the Cartesian 

plane.  

Grade 11: Trigonometric identities; reduction formula; trigonometric equations; and area, 

sine, and cosine rules.  

Grade 12: Compound angle identities; double angle identities; solving equations; and 

applications of trigonometric functions. 

As purported by Demir et al. (2012) and evidenced in the CAPS curriculum, trigonometry 

equations are an important topic in secondary school mathematics that requires integration of 
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different algebraic, geometric and graphic reasoning skills. Thus, for learners to understand 

trigonometric equations they need to have a sound knowledge of algebraic, geometric and graphic 

reasoning. Construction of knowledge related to trigonometric equations, therefore, is premised, 

to some extent, on the construction of knowledge related to other prerequisite concepts.  

Mathematics, as a discipline, and trigonometry, as a topic within it, are embedded in language and 

notation; thus, in learning mathematics and understanding the concepts involved in trigonometry 

equations, it is important to use the correct mathematics language (Kissane & Kemp, 2014). 

Kissane and Kemp (2014) state that trigonometric equations have two expressions which are 

universally equivalent, which normally requires mathematical proof.  

In their study with pre-service mathematics teachers concerning the knowledge construction of 

trigonometric concepts such as trigonometric equations, Nabie et al. (2018) found that constructing 

knowledge to deal with the abstract nature of mathematics helped to enhance participants’ 

understanding of trigonometric equations and other trigonometric concepts. While many studies 

have explored learners’ understanding of trigonometric functions, limited attention has been given 

to trigonometric equations. Nabie et al. (2018) note that the abstract nature of trigonometric 

concepts proved to be a challenge that hinders knowledge construction. It is therefore imperative 

to explore the mental constructions used by learners to solve trigonometric equations, so that when 

alternative teaching strategies are implemented, as recommended by Nabie et al. (2018), they are 

designed to address and enhance learners’ development of relevant mental constructs. 

2.5 Misconceptions in mathematics  

The child's perspective, it is a reasonable and viable conception based on their experience in 

different contexts or their daily life activities (Fujii, 2020). A ‘misconception’ can be defined as 

associating an incorrect meaning to a concept, choose the wrong concept to use, or a relationship 

between incorrect concepts (Maryati & Priatna, 2018). Nearly any concept, regardless of how well 

it is taught, can potentially be misunderstood. Teachers often encounter misconceptions and errors 

in learners' work and thinking in mathematics. Investigating where the misconception began is 

vital as this lends insight into the learner’s mathematical development and what may have gone 

astray in their thinking and deductions.   
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Ojose (2015) states that learners of all grade levels commonly have misconceptions regarding 

various concepts in mathematics. The misconceptions learners that may have from previous 

inadequate teaching, informal thinking, or poor remembrance may lead to very serious learning 

difficulties in mathematics (Njoroge, 2022). Suparno (2013) argues, however, that a misconception 

is not necessarily a ‘wrong’ idea but may be an embryonic understanding of the concept or 

generalisation that the learner has made; misconceptions thus can be a natural stage of 

development. They may, however, give rise to further errors. Since misconceptions are cognitively 

constructed: they are more than a simple arithmetic error or lack of accuracy, however, simple 

math problem can be a result of the underlying misconception. For example, in the example 22 =

4, a learner who conceives this as requiring the base to be multiplied with the exponent will arrive 

at the correct answer. Encountering other sums, such as 23 = 6 and 24 = 8,  the learner may 

become aware of their underlying misconception. However, if a learner makes an error on one sum 

involving this concept but continues to solve similar sums correctly, this could be attributed to 

inaccuracy or simple arithmetic error – what Olivier (1989, cited in Ndlovu et al., 2017) refers to 

as ‘slip’. As misconceptions give rise to errors that may hinder further knowledge construction, 

they should be taken seriously and addressed.   

Chiconga (2016) explored learners’ errors when solving trigonometric equations to identify which 

concepts were problematic. The study revealed that learners misinterpreted sine, cosine, and 

tangent of the angle; when their values were negative, learners failed to identify relevant quadrants. 

The study also found that, while learners made errors while solving trigonometric equations, their 

teachers were observed to also experience difficulty teaching the same content. 

A study conducted by Sujarwo et al. (2020) analysed the misconceptions of learners while learning 

mathematics. The findings indicated that learners' misconceptions may have resulted from a lack 

of mastery of prerequisite concepts, inadequate reasoning ability, and learners having errors in 

their basic knowledge of the concept in that area of mathematics.   

Misconceptions do not occur only among learners with basic mathematics skills or poor 

competence in mathematical thinking, but also among learners with higher competence in 

mathematical creative thinking (Rafiah & Ekawati, 2017). As a result, it is crucial to clarify the 
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misconceptions that learners with high competence in mathematical problem-solving experience 

– especially in trigonometry, which is often overlooked.   

Several factors that cause learners’ misconceptions are identified in the literature. Mohyuddin and 

Khalil (2016) highlight two factors, in particular, that contribute to misconception in mathematics: 

interpreting new experiences or new concepts incorrectly; and the emotional and intellectual 

misunderstanding that has been attached to learners’ mathematics knowledge, making it difficult 

for learners to accept new concepts that contradict their existing understanding.  

Misconceptions have been identified as one of the barriers learners encounter when they are 

learning mathematics (Ay, 2017). According to Ojose (2015), a misconception is a 

misunderstanding arising from incorrect meanings. In a study conducted by Kaczmarczyk et al. 

(2010) to identifying learners’ misconceptions about programming, it was found that if the learner 

understood a concept as fundamentally different from its scientific meaning, they were likely to 

construct a misconception. Other studies, such as those conducted by Mishra, (2020); Lodge et al., 

(2018); and Mutambara and Bansilal, (2022), concur with Kaczmarczyk et al. (2010) that 

misconceptions emerge as a result of individual experiences and wrong beliefs of individuals about 

mathematics concept. A learner holding a misconception from a previous topic in mathematics 

may develop a new misconception because of the previous one (Alreshidi, 2023). As learners build 

new mathematics concepts on concepts previously learnt, it is important to identify and address 

misconceptions carried forward through their previous construction of knowledge in mathematics.  

2.5.1 Misconceptions in the learning of trigonometric concepts: What has been 
discovered? 

Trigonometric concepts have been found to be challenging for learners; as result, teachers have 

reported that misconceptions frequently are formed by learners during the teaching and learning 

of trigonometry in the FET phase (Chigonga, 2016). A preliminary survey conducted for the 

Quality Teaching and Learning Enhancement in Mathematics, Science, and Technology project, 

carried out in schools in Mankweng circuit in Polokwane, found that teachers encountered 

problems when teaching trigonometry (Mavhungo et al., 2015) due to learners’ misconceptions. 

Orhun (2013) investigated learners’ level of learning, errors and misconceptions in trigonometry 

and found that errors tended to be systematic: they corresponded with knowledge gaps in 



25 
 

previously learnt concepts. For example, after being taught identities, a learner used that 

knowledge incorrectly in the context of (sin𝜃𝜃 + cos 𝜃𝜃)2 to say the answer was equal to 1, 

indicating that the learner’s misconceptions did not originate from the new knowledge but from 

previously learnt concepts; as a result they do not know the different between (𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃 +

𝑐𝑐𝑐𝑐𝑐𝑐2𝜃𝜃) 𝑎𝑎𝑎𝑎𝑎𝑎 (sin𝜃𝜃 + cos 𝜃𝜃)2. Findings by Orhun (2013) revealed that new concepts learnt can 

also be the cause for misconception. For example, when introducing trigonometric equation with 

the domain 360° ≤ 𝜃𝜃 ≤ 360° in mathematic problems without using the general equation might 

be constructed by learners as that the solution will always be restricted in the given domain. 

Constructing such knowledge might give rise to errors when introducing negative angles.  

Suparno (2013) assert that misconceptions in trigonometry can be caused by learners, teachers, 

learning contexts, teaching styles and textbooks.  Brijlall & Maharaj (2014) argue that teachers’ 

lack of appropriate depth in pedagogical content knowledge (PCK) contributes towards students’ 

underachievement in certain areas of mathematics, such as trigonometry. Walida and Hasana 

(2020) also investigated the types of misconceptions experienced by learners and the factors that 

contributed to these misconceptions. In a study involving 17 learners, data was collected from their 

responses to a test and from interviews. Their findings indicated that learners had difficulty 

interpreting symbols using notation, generalizing and applying rules. 

Table 3 Example of learners’ errors (Walida & Hasana, 2020) 

Learner’s error Correct working 

1 + sin θ = 𝑐𝑐𝑐𝑐𝑐𝑐2θ 1 + sin θ = 𝑐𝑐𝑐𝑐𝑐𝑐2θ 

1 + sin θ = 1 − 𝑠𝑠𝑠𝑠𝑠𝑠2θ 1 + sin θ = 1 + 𝑠𝑠𝑠𝑠𝑠𝑠2θ 

sin θ = 𝑠𝑠𝑠𝑠𝑠𝑠2θ sin θ − 𝑠𝑠𝑠𝑠𝑠𝑠2θ = 0 

sin θ
sin θ

=
𝑠𝑠𝑠𝑠𝑠𝑠2θ
𝑠𝑠𝑠𝑠𝑠𝑠 θ

 sin θ(1 − sinθ) = 0 

1 = 𝑆𝑆𝑆𝑆𝑆𝑆 θ sinθ = 0 or sinθ = −1 

θ = 𝑠𝑠𝑠𝑠𝑠𝑠−1(1)                 𝜃𝜃 = 𝑠𝑠𝑠𝑠𝑠𝑠−1(0)𝑜𝑜𝑜𝑜 𝜃𝜃 = 𝑠𝑠𝑠𝑠𝑠𝑠−1(1)  

θ = 90 𝜃𝜃 = 0 𝑜𝑜𝑜𝑜 𝜃𝜃 = 90 
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They found that factors that contributed to learners’ misconceptions included learners’ lack of 

ability to understand the concept; their lack of willingness to study and to solve mathematics 

problems, hindering their cognitive development; and their lack of motivation. 

A focus on learners’ errors as indicators of their mathematical thinking has been shown to help 

teachers better understand learners’ thinking, modify how they interact with learners in the 

classroom, and revise their teaching strategy (Brodie, 2014; Venkat & Adler, 2012).   To help 

learners better comprehend the subject and prevent mistakes from learners, educators must 

concentrate on the misunderstandings that learners have about trigonometry.  

Winarso (2017) reports that a study conducted in Indonesia investigating the level of 

misconceptions experienced by Grade 12 in mathematics found that 13% of learners fell into the 

low category, 40% did not understand the concept and 47% did understand the concept.  

Misconceptions are related to a concept that produces a mathematical object and symbol: for 

example, if we look at sine, cosine is the concept and the symbols of trigonometric functions. 

Hence, if a learner is unable to assimilate and accommodation, this creates a gap in their learning 

of the concept which may lead to mathematical errors or misconceptions (Sarwadi et al., 2014). In 

addition, many misconceptions are related to the learner’s ability to use operations (Makonye & 

Fakude, 2016). For example, presenting the result of the calculation of 𝑆𝑆𝑆𝑆𝑆𝑆 = 1
2
 and the value of 

𝑆𝑆𝑆𝑆𝑆𝑆 30° are not the same and they do not give the same answer.  

2.6 Factors that enable or hinder the learning of trigonometric concepts 

Research conducted on learning difficulties in mathematics by Telima (2011) indicates that 

difficulties in teaching and learning mathematics have resulted in the mass failure of learners in 

examinations. Learners' difficulties in learning mathematics are a concern worldwide, and studies 

have documented several reasons. The teaching and learning of mathematics, like any other 

subject, requires both the teacher and learner to communicate effectively (Mulwa, 2014). The 

National Research Council (2012) submits that learners learn mathematics well only when they 

actively construct mathematical knowledge; to do this, learners must examine, represent, 

transform, solve, apply and communicate as they learn.  
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Acharya (2017), in a study on diversity in mathematics education, identified some of the factors 

that may affect the learning of mathematics. Acharya (2017) found that learners’ anxiety about 

mathematics, limited prior knowledge, lack of effort, and a lack of parental support were factors 

that contributed to learners not doing well in mathematics. Learners' achievement of knowledge 

depends on their needs, interest, practices, and seriousness about the subject matter (Darling-

Hammond et al., 2020). Learners tend to understand more if are interested in the topic and are 

given time to practice, rather than teacher teaching all the time. A solid foundational knowledge 

of mathematics established at the primary education level has been found to be the key factor 

determining high performance by learners at the secondary education level (Acharya, 2017; 

Kiwanuka et al., 2015). 

Despite the relative importance of mathematics, learners’ performance in the subject in Africa has 

remained consistently poor (Kapasa et al., 2015). Learners’ mathematics results are typically poor 

compared to other subjects (Musonda, 2017).  Reid O’Connor& Norton, (2022) found that learners 

face many difficulties in learning mathematics, including poor arithmetic skills, difficulty with the 

abstract content associated with algebra and trigonometry, and an inability to apply correct 

methods to a new problem. Brijlall and Ndlovu (2013) also indicate that the resource materials that 

are used encourage an instrumental, rather than a relational, understanding of concepts. However, 

mathematics educators have put up self-sacrificing and spirited efforts aimed at identifying the 

major problems associated with the learning of mathematics in schools (DBE, 2014).  

Trigonometry is a key area of mathematics. It helps learners develop cognitive strategies, such as 

problem-solving, by engaging the reasoning and proofing capabilities of the learners (Phonapichat 

et al., 2014). Learning trigonometric concepts can only be achieved when the real-life applications 

of trigonometry and its importance are shared with learners (Madonsela et al., 2020). Solving 

trigonometric problems uses skills such as identifying problems, defining a problem, exploring 

solutions, acting on strategies, and looking back and evaluating (Permata et al., 2018). According 

to Ernaningsih and Wicasari (2017) and May and Courtney (2016), problem-solving in 

trigonometry may be very difficult for high school learners and teachers to master. Aminudin et 

al. (2019) identified critical thinking skills as a key aspect that learners need to develop 

continuously throughout their learning to be able to solve challenging problems.  
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Critical thinking helps learners to identify which information is important and which is not. Ennis 

(2018) defines critical thinking as a logical and reflective thinking process used to make decisions 

about what to believe and what to do. A recent study by Aminudin et al. (2019) aimed to determine 

the causes of difficulties experienced by learners while solving trigonometry problems. They 

identified four causes: a demotivated to do trigonometry; learning of trigonometry that did not 

emphasise critical thinking; ignorance about critical thinking; and motivation for solving 

mathematics problems. Aizikovitsh-Udi and Cheng (2015) concur with Aminudin et al.’s (2019) 

findings that critical thinking is lacking among learners. Aizikovitsh-Udi and Cheng (2015) argue 

that, to foster the development of critical thinking skills in learners, these skills must first be 

defined, and the mental processes involved in critical thinking must be understood.  

Another challenge that has been identified is that learners may not have developed clear concepts 

for trigonometry and may use algebraic notation as an informal and inconsistent personal 

shorthand (Siyepu, 2012; Cangelosi et al., 2013). Nurmeidina and Rafidiayan (2019) also indicate 

that learners may have difficulty understanding the information given to solve problems. Learners 

need to be taught using simple trigonometry problems at first; when they have developed a sound 

understanding they can be challenged with critical questions. This will help them develop the skills 

to think deeply and critically when solving trigonometric problems.  

2.7 APOS studies on learners’ knowledge constructions of trigonometric concepts 

To date, only a few studies have researched learners’ mental construction of trigonometry concepts 

with reference to APOS theory (Ngcobo et al., 2019). Martinz-Planell and Delgado (2016) 

analysed the mental construction made by learners in developing a unit circle approach to Sine and 

Cosine and their corresponding inverse trigonometric functions. Their findings indicated that the 

conjecture mental construction is useful in describing a learner’s behaviour in problem-solving 

situations. Their results suggest that learners who have a process conception of the conjectured 

mental constructions can perform better in problem-solving activities. Ngcobo et al. (2019); 

Madonsela et al. 2020) explored the mental constructions made by Grade 12 learners when solving 

for the unknown properties of triangles in trigonometry. The study was carried out in a school in 

KwaZulu-Natal and involved 17 learners. Data was collected from the written responses of 
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learners using a structured activity sheet and was subsequently analysed using APOS theory. The 

findings indicated that most of the participants were still operating at the action stage.  

Siyepu (2015) analysed the errors made with trigonometric functions by a group of 30 learners. 

Her results revealed conceptual and procedural errors. Conceptual errors showed a failure to grasp 

the concepts used in a problem and a failure to appreciate the relationships in a problem. Procedural 

errors occurred when learners failed to carry out manipulations, even if concepts were understood. 

Errors of interpretation and linear extrapolation were also made. Interpretation errors occurred 

when learners wrongly interpreted a concept due to over-generalisation of their existing schema. 

The findings of these studies indicate that more work is needed to explore the usefulness of APOS 

for analysing the mental constructions that are made by learners as they engage with various 

concepts in trigonometry. Many other studies have been done that employed APOS theory to 

understand individuals’ mental constructions with regard to other areas of mathematics. However, 

less research has been done using APOS theory to understand learners’ mental constructions in the 

area of trigonometry, even though it is considered one of the most challenging topics in 

mathematics.   

2.8 Conclusion  

This chapter has reviewed various studies related to mathematics and, specifically, trigonometry. 

The chapter covered the importance of trigonometry in mathematics, the teaching and learning of 

trigonometry in schools and misconceptions in mathematics and trigonometry as a topic. The 

importance of language in teaching and learning mathematics was also explored. The next chapter 

presents the theoretical framework that was adopted for the study. 
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CHAPTER THREE: THEORETICAL FRAMEWORK 

3.1 Introduction 

The previous chapter reviewed the literature related to the teaching and learning of trigonometry 

in schools and discussed the construction of knowledge. This chapter presents the theoretical 

framework within which this study is located. The study explores Grade 11 learners’ mental 

constructions and misconceptions in learning and solving trigonometric. The study employs two 

related theories to understand learners’ mental construction and misconception when learning and 

solving the trigonometric equation. The study is underpinned by the APOS (Action, Process, 

Object, Schema) theory (Dubinsky, 1991), which deals with the teaching and learning of 

mathematics.  APOS theory, as a theory of learning, pays serious attention to how learners come 

to understand mathematical concepts and how this should inform pedagogic interventions (Inglis, 

2015). However, it does not account for what might hinder a learner from making the necessary 

mental constructions. To address this, the study draws on Piaget's triad mechanism theory (Piaget 

& Garcia, 1989), which is closely linked to APOS theory. This chapter justifies the use of APOS 

theory and the triad mechanism in this study and explains their application. The key principles of 

APOS theory are presented and APOS theory is linked to Piaget’s triad mechanism theory. As 

both APOS theory and Piaget’s triad mechanism theory are grounded in constructivism, the 

chapter begins with a discussion of constructivism.  

3.2 Value and role of a theoretical framework 

Constructing a theoretical framework is one of the most important aspects of the research process 

(Osanloo & Grant, 2016).  Anfara and Mertz (2015) define a theoretical framework as any 

empirical or quasi-empirical theory of social and psychological processes that can be applied to 

the understanding of the phenomenon. The theoretical framework guides the researcher’s choice 

of research design and approach and selection of procedures for research inquiry analytical tools 

(Dickson et al., 2018). The theoretical framework serves as a guide to developing the study 

philosophically, epistemologically, methodologically and analytically. Osanloo and Grant (2016) 

stated that the theoretical framework serves as the structure and support for the rationale, the 

problem statement, the purpose, the significance, and the research questions. Ravitch and Carl 

(2016) also indicate that the theoretical framework assists the researchers in situating and 



31 
 

contextualizing formal theories into their studies as a guide. Furthermore, the theoretical 

framework provides a grounding base for the literature review and, most importantly, the methods 

and analysis.  

According to Akintoye (2015), the theoretical framework makes research findings more 

meaningful and generalizable. Imenda (2014) posits that research without a theoretical framework 

lacks proper suitable guidance to the research of approved literature and academic discussions of 

the research findings. 

The selection of theories to be used depends on the discipline or field of research; even within a 

particular discipline, a specific theory or theories that resonate with the area of inquiry must be 

selected (Kivunja, 2018).  

3.3 Constructivism: the foundation of APOS theory and Piaget’s triad mechanism 

Several learning theories, such as Piaget’s theory of constructivism (Piaget, 1967), Vygotsky’s 

theory of scaffolding (Vygotsky, 1962), and Skinner’s theory of behavioural learning 

(Stones,1970), focus on teaching and learning. Constructivism posits that learners construct their 

knowledge and understanding through their own experiences and reflections upon these 

experiences (Dennick, 2016).  It engages with learners’ level of understanding and shows that the 

understanding can increase and change to higher-level thinking (Mvududu & Thiel-Burgess, 

2012). Constructivism models indicate the way learners make sense of new concepts and also how 

content can be taught and presented effectively (Amineh & Asl, 2015).  

Constructivism, and other broad learning theories, are general and do not specifically refer to the 

learning of mathematical concepts. This study is underpinned by APOS theory and also draws on 

Piaget’s triad theory – both of which have their roots in constructivist theory but engage 

specifically with mathematics. The focus of this study is not only to understand learners' mental 

constructions but also to explore learners’ misconceptions that potentially hinder learners from 

constructing the necessary mental constructions when they are learning and solving trigonometric 

equations, as purported by APOS theory. APOS theory is a framework for the process of learning 

mathematics that pertains specifically to learning more complex mathematical concepts (Weyer, 
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2010). This section presents a brief overview of constructivism, as it is the broader learning theory 

which underpins the more specific theories that guide this study. 

Constructivism is premised on the understanding that learners construct knowledge for themselves, 

rather than just passively taking in information. As learners experience the world and reflect upon 

those experiences, they build representations and incorporate new information into their pre-

existing knowledge (schemas). Assimilation and accommodation are elements of this process. 

Assimilation refers to the process of taking new information and fitting it into an existing schema; 

accommodation refers to using newly acquired information to revise and redevelop an existing 

schema (Piaget, 1967).  Figure 1 (adapted from Narayan et al., 2013) illustrates the fundamental 

concepts within constructivism and the process of knowledge construction.  

 

Figure 1 The elements of constructivism (adapted from Narayan et al., 2013) 

Constructivist theory has several implications for teaching and learning. First, it posits that learners 

will learn best when they are engaged in learning experiences rather than passively receiving 

information. When the teacher provides clear answers to the task given to learners, they are 

restricting learners from engaging in their own construction of knowledge. As knowledge cannot 

be imparted directly to learners, but must be constructed by the learners themselves, the goal of 
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teaching is to provide experiences that facilitate learners’ construction of knowledge (Chuang, 

2021). Second, it implies that learning is inherently a social process because it is embedded within 

a social context where learners and teachers work together to build knowledge. 

Darling-Hammond (2016) posit that understanding the difference between the world out there (the 

society) and the learner’s own world helps a teacher to decide on the type of pedagogy to follow 

to create a constructivist classroom. If the teacher lacks an understanding of these two worlds – 

the world out there and their own world – it puts the teacher in a dilemma of whether to present 

the knowledge or help learners to construct their own knowledge. Vygotsky (1978), who is often 

considered the ‘father’ of social constructivism, argues that a learner arrives at school already 

having constructed some knowledge on the topic from their interaction with society through their 

community. Therefore, society plays an important role in learners’ development. Vygotsky (1978) 

views knowledge construction as starting with the social interaction of people: interactions that 

involve sharing, comparing and debating among learners and mentors. Learners are members of 

the community who receive support and supervision from mentors as they help the learners to gain 

skills to survive in difficult situations, developing comprehension, independence and competence 

(James et al., 2001). Therefore, in the process of teaching and learning, the knowledge that a 

learner has already constructed forms the foundation on which new knowledge will be constructed.  

Constructivism provides the foundation for the study’s theoretical framework, described in the 

next section. 

3.3.1 Mental construction  

Mental construction is different for each learner in the classroom during teaching and learning. 

Research on such cognitive construction was pioneered by Piaget (1967). According to the theory 

of cognitive constructivism that has resulted, ideas are constructed by individuals through a 

personal process (Brau, 2020).  

Social construction is the theory of knowledge that examines the development of a jointly 

constructed understanding of the world that forms the basis for shared assumptions about reality. 

Social constructivism posits that a student’s ideas are constructed through interactions with the 

teacher and other students (McLeod, 2016). Amineh and Asl (2015) define social constructivism 



34 
 

as a theory of knowledge rooted in sociology and communication theory that examines the 

knowledge and understandings of the world that are developed jointly by individuals. Social 

construction presumes that understanding, significance, and meaning are developed in 

collaboration with other human beings (Dennick, 2016). The theory centres on the notion that 

meanings are developed through coordination with others, rather than separately and individually. 

These phenomena, as defined by the authors, contribute to learners’ mental construction of 

knowledge in the mathematics classroom.  

Another aspect of construction that links to mental construction is metacognition, which is 

discussed below.  

3.3.2 Metacognition 

Metacognition is commonly defined as ‘thinking about thinking’ (Lai, 2011). According to 

Zulkiply (2009), metacognition refers to the knowledge that people have about their thought 

processes. It is an ability to think about, understand and manage one’s learning. Metacognition 

includes knowledge about learning and about oneself as a learner and the skills of monitoring and 

regulating one’s cognitive process. Jaleel (2016) defines metacognition as a system that helps a 

person understand and control their cognitive performance. This system allows people to take 

charge of their learning. Flavell (1979) defines metacognition as knowledge about cognition and 

cognitive phenomena. According to Kuzle (2013), metacognition helps the learners to recognise 

the presence of a problem that needs to be solved, discern what exactly the problem is, and 

understand how to reach a goal. 

Mental construction occurs when the learner process is activated during the problem-solving 

process (Ndlovu & Brijlall, 2015). Problem-solving requires more than just arithmetic and 

calculation skills. Zawojeski et al. (2013) argues that, during the process of solving a mathematical 

problem, cognitive and metacognitive processes are parallel and interactive, rather than sequential. 

People who show high performance during dynamic, complex problem-solving tasks can also 

make errors. However, during problem-solving, the flexibility of the thought process and 

adaptability of the previous knowledge to a new context shows cognitive growth.  
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Metacognition consists of two levels (Flavell, 1979), as shown in Figure 2: the object level and the 

meta level. 

 

Figure 2 Model of metacognition (Flavell, 1979) 

The object level is where cognitive processes – one’s thinking – occurs. At the object level, 

cognitive strategies are used to help the learner achieve a particular goal (understanding the method 

of the problem). For example, when the learner is given a problem to solve, thinking needs to occur 

in their mind about how to attempt the problem and solve it. Without any thinking, no attempt will 

occur. At the object level, cognitive strategies are used to help the learner achieve a particular goal.  

Solving sin  (180 − θ) = 3
4
 , to reach a solution thinking needs to occur; in this case, a learner 

needs to think of the Cartesian plane and which quadrant (180- θ) belongs to, then determine 

whether sin 𝜃𝜃 is negative or positive in that quadrant. 

The meta level is where thinking about thinking takes place. At this higher-order level, 

metacognitive strategies are used to make sure that the learner reaches the goal they have set. For 

example, the learner thinks about how well they have understood the method of solving a 

trigonometric equation, or the learner chooses to do more problems to enhance their understanding.  
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To continue with the example above: to solve sin(180 − θ) = 3
4
, the learner would begin with 

thinking about how well they understood the topic of trigonometry equations during teaching and 

learning in the classroom. If they feel they have an adequate understanding of the problem, they 

will attempt to solve the problem. If not, they will ask for help from peers or review their textbook 

to understand better.   

3.3.3 Mathematical knowledge and its construction 

According to Arnawa and Nita (2020), the teaching and learning of mathematics at the school level 

should be approached sequentially: first, understanding definitions; second, understanding 

theorems; and third, practicing solving mathematical problems using definitions and theorems. In 

practice, this means that before learners are given practice exercises to do, they should first be 

grounded in the definitions and theoretical aspects of the content taught. As mentioned by Ndlovu 

(2012), concept definition is the preceding factor for learners to construct the appropriate concept 

image. This means understanding the definition of the concept is critical for learners to be able to 

make the necessary mental construction.  Allowing learners to engage in doing exercises assists 

learners to apply the theoretical aspects that have been taught. What is key is that, as emphasized 

in constructivism theory, the learner’s interaction with the content is key – meaning that, for 

knowledge construction learners, are actively involved in the learning process. For a learner to 

become a reliable problem solver in mathematics, creativity, intuition and experience are required 

(Bishara, 2016). This can be obtained through adequate practice in the classroom. For this to be 

achieved, the teacher needs to ensure that learners are given time to think and time to do problem-

solving. As this study explores learners’ mental construction of key knowledge when learning and 

solving trigonometric equations, it is necessary to have a sound understanding of what scholars 

mean by the term ‘mental construction’. 

3.4 APOS theory 

APOS theory is based on the principle that an individual learner learns mathematics by applying 

certain mental mechanisms to build specific mental structures meaning the way the learner will 

think, which the learner then uses to deal with a problem connected or related to the corresponding 

situation (Chagwiza et al., 2021). In this study, APOS theory is used to understand learners’ mental 
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construction when learning trigonometry concepts, such as trigonometric equations problems.  

Previous studies (e.g., Ngcobo et al, 2019; Madonsela et al., 2020) demonstrate the usefulness of 

APOS theory for understanding learners’ mental construction of trigonometric concepts.  

Tall (1999) questions the applicability of APOS to areas of mathematics other than algebra 

(specifically, advanced mathematics and geometry), while Inglis (2015) questions its application 

to arithmetic. Both researchers, however, agree that APOS is a valuable theory for understanding 

and explaining knowledge construction. 

APOS theory was determined to be suitable for this study because the aim of this study is not to 

compare learners’ performance but to explore their construction of knowledge when learning and 

solving trigonometric equations. APOS theory emphasises that the teaching of mathematics should 

be based on helping learners construct mental structures and build new ones to have powerful 

structures for handling more advanced mathematics (Voskoglou, 2013).  For example, when 

learners construct appropriate structures to solve trigonometric equations at the school level, it 

might help them to deal with advanced trigonometric concepts at the undergraduate level. 

According to Dubinsky (2010), the APOS theory and its application to teaching practice are based 

on the following assumptions:  

The assumption of mathematical knowledge: An individual’s mathematical knowledge defines 

how the learner can respond to perceived mathematical problem situations and their solutions by 

reflecting on them in a social context and constructing or reconstructing mental structures to use 

for dealing with the situations. 

Hypothesis of learning: An individual does not learn mathematical concepts directly: they apply 

mental structures to make sense of a concept (Piaget, 1964). Learning is facilitated if the individual 

possesses mental structures appropriate for a given mathematical concept. If appropriate mental 

structures are not present, then learning the concept is almost impossible.  

These assumptions indicate that teaching must employ strategies that help learners build 

appropriate mental structures and guide them to apply these structures to construct their 

understanding of mathematics concepts.  
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angle, the learner might indicate only one solution because sin is positive in the first quadrant, 

failing to look at the second quadrant or be given interval such as [0°; 180°].  

3.4.1.2 The process  

In APOS theory, ‘process’ refers to when an individual repeats and reflects on an action and the 

action becomes interiorised into a mental process (Weller et al., 2009). Thus, a process is a 

structure that performs the same operation as the action but is undertaken completely in the mind 

of the individual: the individual can imagine performing the transformation without having to 

execute each step explicitly. For example, at the process stage, a learner would know that there 

would be two solutions – one in the first and the second in the third quadrants – to make a statement 

true. At the process stage, the learner is able to skip some steps and still determine the solution and 

understand the question. 

3.4.1.3 Object 

Dubinsky and McDonald (2001) explain that an ‘object’, in APOS theory, is constructed from the 

process when the individual becomes aware of the process as a totality and realises that 

transformations can act on it. Weller et al. (2009) also indicate that it is when one becomes aware 

of a process as a totality that an object can be constructed in such transformations. Therefore, we 

can say that the individual has encapsulated the process into a cognitive object. An example is 

when a learner becomes aware of the equation as a representation of a function. Another example 

would be seeing tan 𝜃𝜃 = 5 in totality in which actions can be applied and the learner can visualize 

the solution graphically. A learner who has constructed concept definition and concept image of 

tan 𝜃𝜃 = 5 as a function is considered to be at the object stage. 

3.4.1.4 The schema  

A schema is characterized by its action and its continuous reconstruction as determined by the 

mathematical activity (Dubinsky, 1991). This indicates that a particular mathematical concept of 

a single collection made up of actions, processes, facilities, and other schemas that are connected 

through some form of general principles and framework (Voskoglou, 2013). However, the schema 

must be coherent in the sense that it provides – explicitly or implicitly – a method for determining 

which phenomena fall within the schema and which do not.  
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Figure 4 illustrates the relationship between the four mental constructs identified in APOS theory.  

 

Figure 4 Mental structures and mechanisms for the construction of mathematical knowledge in 
APOS theory (Arnon et al., 2014) 

 

Dubinsky (1991) characterizes the overall relationship among these elements as a circular 

feedback system. However, in the construction of mathematical knowledge, learners may be 

inconsistent because of a lack of understanding of trigonometric equations. For example, they must 

have a deep understanding of algebra: a lack of knowledge in algebra might hinder the learner’s 

mental construction of trigonometric equations.  The depth and complexity of an individual’s 

understanding of a concept depends on their ability to form connections among the mental 

structures that constitute it. These connections from the basis of a schema whose coherence is 

crucial to an individual’s ability to make sense of mathematical situations related to the concept 

(Arnon et al, 2014).   

3.4.2 Genetic decomposition  

According to Brijlall & Ndlovu (2013), genetic decomposition is an organised set of mental 

constructs that represents how a concept develops in the mind of a person. The genetic 

decomposition was designed to help teachers and researchers to accommodate their experiences 

with particular concepts in mathematics. The analysis of results in this study used two theories: 
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APOS theory, which was extended with the use of Piaget’s triad mechanism to explain the 

difficulties that hinders the construction of knowledge of trigonometric equations. 

When using APOS theory, mathematics researchers first make a description of the model that 

might explain the path that learners might take to make the proposed constructions. This model is 

known as the ‘genetic decomposition’ and consists of mental constructions (action, process, 

objects, and schemas) and mental mechanisms (such as assimilation, interiorisation, encapsulation, 

de-encapsulation, coordination) put together in a way to explain the learning of the concept in 

question. 

An individual’s mathematical knowledge is their capacity to respond to perceived mathematical 

problem situations by reflecting on problems and their solutions in a social context and by 

constructing and reconstructing mathematical actions, processes, and objects and organising these 

into schemas to use in dealing with the situations (Asiala et al., 2004, cited in Jojo et al., 2013).  

Dubinsky and McDonald (2001) argue that understanding a mathematical concept begins with 

manipulating previously constructed mental or physical objects to form actions. Actions are then 

interiorised to form processes which are then encapsulated to form objects. These objects could be 

de-encapsulated back to the processes from which they were formed and, finally, organised as 

schema. 

3.5 Piaget’s triad mechanism theory 

APOS theory is premised on how concepts are constructed in the mind of an individual. It does 

not, however, explain the barriers that can hinder the development of mental constructs. To address 

this, Piaget and Garcia’s (1989) triad mechanism was used in conjunction with APOS theory to 

explain the misconceptions that may have hindered learners' mental constructions, as illustrated in 

the genetic decomposition below. Like APOS theory, the triad mechanism explains learners’ 

learning of mathematics; unlike APOS theory, the triad mechanism explains challenges that can 

hinder the construction of a concept.  

The triad mechanism, introduced by Piaget and Garcia (1989), is used to show the development of 

a schema. The triad mechanism identifies three stages explaining other constructions in the mind 

implicating mental representations and transformations in the analysis of schema formations. 
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These stages are the intra-stage, which focuses on a single entity; followed by the inter-stage, 

which is the study of transformations between objects; and the trans-stage, at which schema are 

developed by connecting action, processes and objects (Jojo et al., 2010).   

The triad mechanism consists of three stages, referred to as intra, inter, and trans in the 

development of connections. The intra stage focuses on a single ‘object’. This implies that 

everything is constructed as isolated facts. The learner has a collection of rules but at this moment 

cannot lead them to form coherent thoughts.  The inter-stage focuses on transformations between 

objects (Ndlovu, 2014). At this stage, the learner can make connections between concepts but 

cannot explain the underlying features. Trans, noted as schema development, is about the 

connection of actions, processes, and objects. At this stage, the learner can construct the structure 

of a mathematical concept and explain its underlying features. Clark et al., (1997) (cited in Ndlovu, 

2014) assert that at the trans level the elements of the schema must go beyond being described 

essentially by a list to being described by a single rule. Dubinsky (1991) believes that an individual 

at the trans stage cannot construct various systems of transformations. Jojo (2011) illustrate the 

link between APOS theory and Reflective abstraction using diagram as shown below in figure 5.  
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Figure 5 APOS theory extended (Jojo, 2011) 

As shown above, the intra stage link with Action stage in the sense that at the action stage learning 

is more grounded on carrying procedures triggers by physical cues meaning that learning is merely 

instrumental.  Once stage action is interiorised recognition of relationship begin to be constructed. 
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Once the process is encapsulated leading to lead to coherent understanding which link to trans 

stage. Below the explanation of each stage is discussed 

3.5.1 Stages of the Triad Mechanism 

3.5.3.1 Intra-stage 

In the intra-stage, a learner focuses on a stage object in isolation of any other action, process, or 

object. For example, a learner might have a different way of solving given expressions, such as 

sin𝑥𝑥 = 1
2
 ,  using learned rules for finding the solution. A learner who does not form mental 

relations with such entities is said to be operating at the intra-stage of schema development. The 

learner has a collection of rules for solving the trigonometric equation but no recognition of the 

solution because of the misconceptions in the concept.  Learners at this stage are able to understand 

different rules to solve trigonometric equations, however, while others are still at the lower level. 

In this stage, learners can solve some of the problems by applying trigonometry rules that have 

been memorised and most of the solutions calculated are incorrect.  

3.5.3.2 Inter-stage  

When a first step is wrong, it hard to understand what operations are involved or coordinate with 

other more or less similar ones for the creation of systems that involve certain transformations 

(Fuentealba et al., 2018). In this stage, learners show the ability to begin to able to collect all of 

the different rules and recognize the relationships between them. Leaners in the inter-stage show 

evidence of having collected some or all the rules of trigonometric functions in the Cartesian plane 

and can identify which trigonometric ratio is positive and negative in which quadrant.  

3.5.3.3 Trans-stage  

At the trans-stage, a learner has constructed the underlying structure of the chain rule (Jojo, 2015). 

They have linked the composition and decomposition of trigonometric ratios and their functions 

and recognized various forms of the chain rule as linked – in the sense that they follow from the 

Cartesian plan to the trigonometric functions to solve the trigonometric equation. It is only at this 

stage of development that the underlying structure of the chain rule schema is constructed through 

reflection on relationships between the various objects from the previous stage. A learner who 
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displays a coherent understanding of the Cartesian plane rules of trigonometric ratios and an 

understanding of trigonometric functions as a schema has reached the trans-stage of development. 

3.6 Conclusion 

The genetic decomposition of the chain rule concept may be learned. A learner is said to 

understand the chain rule once their collection of trigonometric ratios in the Cartesian plane and 

their understanding of the trigonometric function functions composition is capable of operating on 

mental constructions acquired and are able to reflect on the explicit structure of the chain rule 

which these constructions are implicitly containing. The learner’s mathematics knowledge of the 

chain rule depends on their relationship between mental constructs together with the 

interconnections that the learner uses to understand the concept or rule, and the way in which they 

use, or fail to use, that concept in problem situations.  

This chapter has presented the theoretical framework used for this study. APOS theory and Piaget’s 

triad mechanism were presented, along with a discussion of constructivism, in which they are both 

rooted. APOS theory will be applied to the analysis of learners’ mental constructions in Chapters 

Five and Six, while the triad mechanism will be applied to the analysis of learner’s errors and 

misconceptions in Chapter Seven.  The following chapter presents the methodology used in this 

study, describes the participants, and sets out the limitations of the study.  
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CHAPTER FOUR: RESEARCH DESIGN AND METHODOLOGY 

4.1 Introduction 

The previous chapter presented the theoretical framework used for this study, providing an 

overview of APOS theory and the triad mechanism. This chapter presents the methodological 

processes followed in the study. The chapter first discusses different paradigms and how this 

research is positioned in relation to them. Next, the chapter discusses the qualitative design that 

was used to engage with learners’ mental constructions and misconceptions when learning and 

solving trigonometric equations. The methods used for sampling and for data collection and 

analysis are discussed. Finally, the chapter addresses the trustworthiness of the findings, ethical 

considerations and the limitations of the study. 

 
Figure 6 Visual summary of Chapter Four 

The heart of this chapter focuses on methodological design. As purported by Plomp (2013), 

research methodology is a theory of how an inquiry should proceed. Extending this philosophical 

point of view, Creswell and Creswell (2017) posit that methodology can be defined as a way of 

systematically explaining the research problem and may be understood as the science of studying 

how research is done scientifically. It involves an analysis of the assumptions, principles and 

procedures used in a particular approach to inquiry. This study is aligned with this understanding 

of methodology. In addition, Corbin and Strauss (2008) define methodology as a way of thinking 
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about and studying social phenomena. This is quite pertinent to this study, which aims to 

understand learners’ learning, which is a social phenomenon.  

While Chapter One defined the phenomenon under investigation, this chapter provides a 

systematic description of how the inquiry was undertaken, framed by the following research 

questions: 

• What are the learners’ mental constructions of learning and solving trigonometric 

equations? 

• Why do learners succeed in making, or fail to make, the necessary mental constructions 

when learning and solving trigonometric equations?  

• How do learners’ mental constructions of action, process, and object align with the 

preliminary genetic decompositions? 

4.2 Research paradigm 

The term ‘paradigm’ has been broadly defined by many scholars. While different scholars have 

different ways of defining it, all agreed on the same philosophical point: that it is a way of seeing 

the world; in the context of research, it is the lens that frames the research process.  

Hughes (2010) states that a paradigm is a way of seeing the world that frames a research topic and 

influences the way that researchers think about the topic. This view can be traced back to the work 

of Fraser and Robinson (2004), Denzin and Lincoln (2011), Flick (2009) and others. For example, 

Fraser and Robinson (2004) posit that a paradigm is a set of beliefs about the way in which 

problems exist and a set of agreements on how such problems can be investigated – a point 

reiterated by Denzin and Lincoln (2011) and Flick (2009).  Denzin and Lincoln (2011) extend their 

argument beyond the idea that a paradigm is the way one perceives the world, to be a human 

construction that deals with first principles or indicates where the researcher is coming from so as 

to construct meaning embedded in data. Paradigms are, thus, important because they provide 

beliefs and dictates that, for scholars in a particular discipline, influence what should be studied, 

how it should be studied, and how the results of the study should be interpreted. The same 

philosophical perspectives are advocated in the work of Kivunja and Kuyini (2017). In summary, 
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a paradigm can be said to be a way of looking at a phenomenon which helps to guide the researcher 

on how to make decisions and conduct research (Taylor & Medina, 2011). 

While in agreement with the other scholars, Chilisa and Kawulich (2012) add another dimension 

to the theoretical understanding of a paradigm. They moot that every researcher has a particular 

understanding of what constitutes knowledge and truth, and this understanding shapes the 

researcher’s thoughts and views about themselves and other people as much as their thought and 

views about the world. Therefore, while they agree that a paradigm depicts one’s view of seeing 

the world, this view is influenced by one’s understanding of what is considered to be the truth. 

Through interacting with the world, we each constructs our reality, and our perspective shapes our 

understanding of how things are connected (Creswell, 2007; Cohen et al., 2011).  

Applying this to the context of this research, this study explores Grade 11 learners’ mental 

construction and misconceptions when learning and solving trigonometric equations. The 

researcher’s interaction with the world of teaching and experiences of teaching mathematics shape 

how he perceives how the learning of these concepts should take place (as illustrated in the genetic 

decomposition presented in Chapter 3). Our learning is informed by multiple realities; thus, there 

is no single truth. As the realities of a learner’s construction of knowledge when learning is 

subjective, an interpretive paradigm was identified as the most suitable paradigm to frame this 

study. 

4.2.1 The interpretive paradigm 

This study was concerned with mental construction in the learning of trigonometric equations. The 

main aim was to explore the mental constructions and misconceptions that learners make when 

learning and solving trigonometric equations. This study is guided by the interpretative paradigm 

because it is aligned with constructivist theory, which understands each person creates their own 

knowledge from their own experiences, resulting in multiple realities or views of truth. it is thus 

critical, in research, to attempt to understand participants’ experience through their own world 

view. Interpretivism rejects the notion that a single, verifiable reality exists independent of our 

senses (Rehman & Alharthi, 2016). It refuses to adopt any permanent unvarying standards by 

which truth can be universally known (Lincoln & Guba, 2005). Instead, interpretivists believe in 
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socially constructed, multiple realities. Truth and reality are created, not discovered. It is not 

possible to know reality as it is because it is always mediated by our senses.  

In contrast to the positivist paradigm, which believe that knowledge is neutral and may be assessed 

via observation of action, the interpretive paradigm is concerned with understanding the reality of 

the participants in their natural settings. While the critical paradigm emphasises emancipation, 

interpretivists strive to interpret the world through the eyes of the participants. The interpretive 

paradigm pays attention to reality and values what people say, do and feel and how they make 

meaning of the phenomena under study; it thus allows the researcher to view the world through 

the perceptions and experiences of participants (Thanh & Thanh, 2015). 

4.2.2 Suitability of the interpretive paradigm for this study 

This study aimed to reveal the nature of learners’ mental constructions and to explore how they 

came to construct their understanding of the learnt concepts in the classroom-based situation, as 

well as to understand the misconceptions they had developed with regard to trigonometric 

equations. The interpretive paradigm was found to be appropriate for this study because the goal 

of the interpretive paradigm is to develop an understanding of social life and to discover how 

people construct meaning in a natural setting (Chowdhury, 2014).  Human activity cannot be 

understood from some external reality. Interpretivism, therefore, focuses on people’s subjective 

experiences, on how people construct the social world by sharing meanings, and on how they 

interact with or relate to each other. Social constructions such as language (including text and 

symbols), consciousness and shared meanings are used to gain access to and understand reality 

(Hiller, 2016). 

In this study, an interpretive paradigm helped the researcher contend with subjective meaning, as 

the researcher sought to recognise individual interpretations and understandings of trigonometric 

equations. In this context, it was of importance to analyse learners’ responses to written tasks in 

order to reveal their mathematical thinking in the context of trigonometric equations. It was also 

of significance to use interviews to understand how participants constructed meaning, and to draw 

out embedded meanings. This was done with the hope that engaging in dialogue would shed light 

on the mental constructions made, in relation to the proposed genetic decomposition. This kind of 
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knowledge makes sense only when drawn from the participants themselves because different 

contexts might yield different results. Through the interpretive paradigm, the researcher was able 

to observe different approaches to solving problems and use multiple ways to understand how 

learners constructed meaning. 

4.3 Research design and style 

A research design can be thought of as the logic, or master plan, of the research that drives how 

the study will be conducted. Yin (2017) states that a research design is an action plan for getting 

from here to there, where ‘here' may be defined as the initial set of questions to be answered and 

‘there' as the set of answers (conclusions).   

Bertram and Christiansen (2014) explain that research designs are either quantitative, qualitative 

or mixed methods. A research design should be selected that is aligned with the research paradigm.  

Informed by the literature, the qualitative research design was deemed suitable for this study. The 

qualitative approach provides multiple ways to explore the inherent complexity and variability of 

human behaviour and experience (Grace et al., 2009). This study explored Grade 11 learners’ 

mental constructions and misconceptions when learning and solving trigonometric equations. A 

learning process is a complex process; thus, learners will construct multiple, different realities 

through the process. Therefore, a qualitative design was deemed to be appropriate as it guided the 

researcher to understand the construction of knowledge related to trigonometric equations from 

the participants’ perspectives. 

Creswell and Clark (2017) explain that, in addition to the selection of a research design, the 

researcher must choose the type of study they will conduct. In line with the interpretive paradigm 

and qualitative research design, a case study was deemed suitable to be a suitable research style 

for this study. The qualitative design and case study design are discussed next. 

4.3.1 Qualitative research 

Qualitative research can be understood as “an approach for exploring and understanding the 

meaning individuals or groups ascribe to a social or human problem” (Creswell, 2014, p. 32). 

According to Cropley (2015), qualitative research examines the way people make sense of their 
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own concrete real-life experiences in their minds and through their words. This study aimed to 

develop an in-depth understanding of learners’ learning and misconceptions when learning and 

solving trigonometric equations. A qualitative approach was used to gain an understanding of the 

underlying reasons, opinions and motivations of learners. The qualitative approach also provided 

insights into the situation and contributed to the development of ideas (Aspers & Corte, 2019).  

Qualitative research is often concerned with achieving an in-depth understanding of a phenomenon 

(Dworkin, 2012). Creswell and Poth (2016) state that the qualitative research approach focuses on 

understanding the meaning that an individual or a group ascribe to a social or human problem and 

generating ‘words’ for data analysis – rather than ‘numbers’ (as is the case in quantitative 

research). Social science research asks questions about why people behave the way they do, how 

opinions and attitudes are formed, how people are affected by the events that go on around them, 

and how and why cultures and practices have developed in the way they have. Therefore, a 

qualitative approach is used in this study because the aim was not to find out how much the learners 

knew but to understand learners’ mental constructions and the misconceptions they encountered 

in learning and solving trigonometric equations.  

According to Thorogood and Green (2018), qualitative research has a particular role to play in 

helping the researcher to generate useful knowledge about the topic at a range of levels: from that 

of individual perceptions through how the systems work. The process of research in the qualitative 

design involves emerging questions and procedures, data typically collected in the participants’ 

settings, data analysis conducted inductively – building from particular or general themes, and the 

researcher making interpretations of the meaning of the data.  

This study was located within the broad category of qualitative research design to understand 

leaners’ mental constructions when learning and solving trigonometric equations and learners’ 

difficulties about trigonometric equations.  

Qualitative research provides an opportunity to understand peoples’ perception in their natural 

settings and directly speaks to the participants, seeing how they behave and act within their context. 

According to Austin and Sutton (2014), qualitative researchers have a desire to step beyond the 

known and enter the world of participants, to see the world from their perspective. In doing so, 

they make discoveries that contribute to the development of empirical knowledge. This study 
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aimed at exploring the learner’s construction of knowledge when learning and solving 

trigonometric equations and learners’ mental constructions of action, process, and object link with 

the preliminary genetic decompositions. As mentioned earlier, these variables cannot be measured 

but can only be interpreted from the world view of the participants. By understanding their world 

view, the researcher hoped to gain insight into leaners’ mental constructions of knowledge related 

to trigonometric equations that could be useful for teaching trigonometric equations in schools. 

Furthermore, the researcher also hoped to gain an understanding of learners’ misconceptions that 

could also be helpful for teachers.   

By its nature, a qualitative research methodology allows one to use different research strategies to 

collect data. Merrian (2002, as cited in Ndlovu, 2014), describes four qualities of qualitative 

research: (1) qualitative research elicits participation accounts of meanings, experience or 

perception about concepts; (2) it produces descriptive data; (3) qualitative approaches allow for 

more diversity in responses as well as capacity to adapt to new development or issues; and (4) in 

qualitative methods, forms of data collected can include interviews, group discussions, 

observations, various texts, pictures and other materials.  

This study makes use of a variety of methods to collect data as it used learners’ response to 

trigonometric equations from Grade 10 and 11 on trigonometric questions and primary data 

collected by means of interviews. Using a variety of resources in this study collected over a long 

period of time allows for an in-depth understanding of the phenomena interpreted from different 

stand points but in the same contexts, in this case the school. In qualitative research, the idea is to 

discover patterns of behaviour or thoughts in a set of texts (Cohen et al, 2011). Creswell (2012) 

concurs with this idea, and states that the researcher establishes patterns and searches out 

correspondence between two or more categories.  

Since the study was based on a qualitative approach, inductive analyses were used. Firstly, written 

responses to Grade 10 and 11 tasks from trigonometric equations were analysed using the APOS 

theory and triad mechanism. Then, the interview responses were coded to determine patterns and 

categories. The trends that emerged were analysed in line with the framework of the APOS theory, 

which emphasises the importance of understanding individual action, process, object, and schema. 
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4.3.2 Case study 

In line with the interpretive paradigm and qualitative research design, a case study was deemed to 

be a suitable research style for this study. A case study aims to describe what it is like to be in a 

particular situation. In doing so it aims to capture the reality of the participant and their thoughts 

about the particular situation (Cohen, 2018).  

According to Crowe et al. (2011), the case study approach allows in-depth, multi-faceted 

explorations of complex issues in real-life settings. This ensures that the issue is not explored 

through one lens, but a variety of lenses that allow multiple facets of the phenomenon to be 

revealed and understood. Moreover, a qualitative case study facilitates the exploration of a 

phenomenon within its context, using a variety of data sources (Baxter & Jack, 2008). In this study, 

the case study enabled the researcher to explain, describe and interpret the data on learners’ mental 

constructions of knowledge as well as the difficulties they developed around learning and solving 

trigonometric equations.   

In this study the case study was used to analyse a phenomenon, to generate hypotheses, and to 

validate a method use to collect the data (Teegavarapu et al., 2008). A case study method enables 

a researcher to closely examine the data within a specific context (Zainal, 2007). Case studies, in 

the true sense, explore and investigate contemporary real-life phenomena through detailed 

contextual analysis of a limited number of events or conditions, and their relationships (Starman, 

2013). A case study is a particular strategy for qualitative empirical research that allows an in-

depth investigation of a contemporary phenomenon within its real-life context (Yin, 2018). 

Krusenvik (2016) states that case study research is often described as a flexible but challenging 

methodology that is most used in social science research. According to Baxter and Jack (2008), a 

qualitative case study is an approach to research that facilitates exploration of a phenomenon 

within its context through the use of a variety of data sources. This ensures that the issue is not 

explored through one lens but rather a variety of lenses, which allows for multiples facets of the 

phenomenon to be revealed and understood. In this study, the researcher used a variety of data 

sources to allow for the understanding and interpretation of learners’ mental construction of 

trigonometric concepts as well as misconceptions. Different people can learn the same concept but 

construct the meaning differently; thus, using a case study allowed the researcher to explore the 

multiple facets of knowledge constructions using APOS theory. 
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Yin (2003, p.3), stated that a case study design should be considered when the focus of the study 

is to answer the “how” and “why” questions; “when you cannot manipulate the behaviour of those 

involved in the study; when you want to cover contextual conditions because you believe they are 

relevant to the phenomenon under study; and when the boundaries are not clear between the 

phenomenon and context”. The advantage of the case study is that it can close in on a real-life 

situations and test views directly in relation to phenomena as they unfold in practice (Flyvbjerg, 

2006). Josefsson (2016) states that the most obvious advantage is that the case study provides a 

detailed analysis in the individual case. The case study can also offer important evidence to 

complement experiments. Yin (2009) argues that in all the fields, the need for case studies comes 

from the desire of understanding complex social phenomena. Therefore, in this study the 

researcher explores Grade 11 learners’ mental construction and difficulties when they are solving 

and learning trigonometric equations. The case study also provides insight and illuminates 

meaning that expands the readers’ experiences.  

Most critics indicate that it is the case study theory, reliability, and validity that are at issue; thus, 

the very status of the case study as a scientific method is questioned (Flyvbjerg, 2006). Case studies 

provide very little basis for scientific generalization since they use a small number of subjects, 

some conducted with only one subject (Zainal, 2007). De Massis and Kotlar (2014) conclude that 

the findings and recommendations that case studies provide can be either confirmed or denied in 

terms of utility and veracity, because of the nature of the case study. Yin (2009) argues that the 

case study is seen as only a preliminary research method and cannot be used to describe or test 

propositions. Since the aim for this study is to understand Grade 11 leaners mental construction 

and difficulties when learning and solving trigonometric equations with no intention to generalize 

them, these limitations are not applicable to this study.  

Thus, by using a qualitative case study research approach, the researcher aimed to gain an 

understanding of learners’ mental constructions of learning and solving trigonometric equations. 

4.4 Sample and Sampling  

Sampling is an element of data collection and is defined by Berndt (2020) as the fragment or 

section of the population that is selected for the research process. Sampling involves making 

decisions about which people, settings, events or behaviours to include in the study and deciding 
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how many people, individuals, groups or objects will be observed. Fagerholt et al. (2010) maintain 

that sampling involves specifying what precisely will be scrutinized in a particular study. Thus, 

the researcher needs to come to a decision about the number of individuals to interview and 

research sites to work within the study. 

Being able to select a reasonable number of cases and materials to study makes the research more 

manageable. This study focused on examining the learners’ mental constructions and difficulties 

when learning and solving trigonometric equation. Since it was underpinned by the APOS theory, 

the sample was selected on the basis that it is in Grade 11 that trigonometric equations are taught 

in different forms with restrictions to prepare learners for Grade 12. Since the aim is not to achieve 

findings that can be generalised, one Grade 11 class at one school was selected. 

4.4.1 Context of the study 

This study was conducted at one school which is situated in a township (KWAS). The school is 

categorised as Quintile 3 by the Department of Basic Education. Quintile 3 schools do not charge 

school fees and receive substantial government funding. Most of the learners identify as African. 

The school is not well-resourced and does not have sufficient facilities to make teaching and 

learning possible. The school offers academic learning areas in line with the Curriculum 

Assessment Policy Statement. The school’s pass rate is between 65% to 89%. Enrolment is at 1400 

learners, with 48 teachers, including four mathematics teachers. The school has structured after-

school programmes for Grade 12 Mathematics and Science learners; participation is optional for 

learners in lower grades. 

4.4.1 Sampling 

The researcher is a teacher in the school and teaches Grade 12 learners and offers an optional after-

school programme to Grade 10 and 11 learners. The sample taken for this study consisted of 17 

Grade 11 learners that participated in the after-school programme. Trigonometry in South African 

schools is introduced at Grade 10 level; thus, the selected learners were the same learners who had 

been at the school in Grade 10 when trigonometric equations were introduced. 
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4.4.1.1 Purposive Sampling   

The sampling method used for this study was purposive sampling. This method was deemed 

appropriate for this study because the researcher made a specific choice about participants to 

include in the sample of the study. According to Palinkas et al. (2015), purposive sampling is used 

in qualitative research for the identification and selection of information-rich cases related to the 

phenomenon of interest. Furthermore, Crossman and Nick (2018) indicate that purposive sampling 

is useful when a researcher is studying a phenomenon or trend that relates to what are considered 

average members of the affected population. Therefore, this study explored Grade 11 learners’ 

mental construction and difficulties when learning and solving trigonometric equations. Purposive 

sampling was suitable for the study because it was intended to understand the mental constructions 

and difficulties of Grade 11 learners.  

The researcher specifically selected participants for this study on the basis that trigonometric 

equations have been a problem to learners who are doing mathematics.  Cohen et al. (2011), 

however, suggests that in purposive sampling researchers chose participants that have knowledge 

of the phenomena being studied. It is for these two reasons the researcher chose Grade 11. Firstly, 

over the years Grade 10 learners have had difficulties with trigonometric equations. Secondly, 

learners continue to experience those difficulties in Grade 11. As a result, learners find it hard to 

understand Grade 11 and Grade 12 trigonometric equations because the issues have continued 

from Grade 10. Therefore, Grade 11 was chosen because, having learnt key concepts in Grade 10, 

they have a knowledge of the concept being researched; for this reason, the researcher assumed 

they would provide rich data to explore.  

To avoid interfering with the school programme and coercing learners to participate in this study, 

at the beginning of learners’ Grade 11 the researcher gave learners flyers about this study and the 

after-school programme. Those who signed up for the after-school programme were recruited to 

participate in this study. Over the years, approximately 30 learners have participated in the after-

school programme. Therefore, in this study purposive sampling was adopted, since the researcher 

purposefully selected the participants.  
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4.4.1.2 Participants in this study  

Seventeen learners participated in this study.  These learners were involved in the optional after-

school programme After the analysis of written responses, the responses were categorized using 

the constructs of APOS theory: ACTION-PROCESS-OBJECT-SCHEMA. Two learners in each 

category (in total, seven learners) were interviewed. The selected participants had been involved 

in the programme since Grade 10; therefore, they were presumed to have in-depth knowledge of 

the phenomena being studied. Furthermore, the researcher targeted one group knowing that 17 

learners did not represent the wider population, but only itself.  The researcher was quite aware 

that there were many learners doing trigonometry equation at other schools to in other districts and 

that the selected learners were by no means representative of this whole cohort of learners. 

However, the findings from this study speak to what is probably happening to other learners when 

they are studying and solving trigonometry equations as it shown that it is one of the challenging 

topics in South African schools. 

4.5 Data collection  

This study aims to explore Grade 11 learners’ mental constructions and difficulties when learning 

and solving trigonometric equations. Since mental constructions are evident during the learning 

and assessment process, it was during teaching and engagement with activities that data was 

collected.  Data was collected using two methods: document analysis and interviews. Document 

analysis involved analysing learners’ responses to classroom tasks done in the lesson. To 

interrogate learners written responses and thinking process, interviews were conducted. In 

addition, focus group discussions, in the form of whole class discussions, were used. To avoid 

interruptions, school guidelines were adhered to: learners worked independently on the tasks 

instead of in groups and whole class discussion was used and video recorded. In addition, 

interviews were conducted with selected individual learners. 

During the collection of date the limitation was that the learners were not confident enough to 

appear before the video camera to enable every moment of teaching and learning in the class to be 

captured, as the researcher was teaching more than 30 learners in the after-school programme and 

17 learners agreed to participate in the study. Therefore, notes were taken to serve as a backup in 
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case the researcher encountered problems. Since the researcher was also a teacher at the school, 

issues of power dynamics and bias were a challenge.  

It is within these parameters that the study was conducted with learners in the after-school 

programme rather during the normal teaching time. The after-school programme is an optional 

programme where learners are free of any sense of needing to impress the teacher as the activities 

they engage in at the after-school programme do not contribute to their marks. The after-school 

programme was designed to provide a space for learners to discuss their learning challenges with 

the teacher or with peers. Thus, the teacher facilitating the after-school programme (who was also 

the researcher conducting this study) also did not face pressure to complete the curriculum or to 

push learners for correct answers, which otherwise could have resulted in bias. 

4.5.1 Document analysis 

Document analysis is a systematic procedure for critiquing or evaluating documents (Rapley & 

Reece, 2018). Rapley and Reece (2018) states that document analysis requires that data must be 

examined and explicated in order to elicit meaning to gain understanding and develop empirical 

knowledge. As this study was conducted with Grade 11 learners, their responses to summative 

Grade 10 assessment tasks were analysed to understand their mental constructions of the concepts 

at Grade 10 level. Morgan (2022) states that document analysis is a form of qualitative research in 

which documents are interpreted by the researcher to give voice and meaning around the 

assessment topic. Hence the analysis of Grade 10 tasks was used to inform the development of the 

genetic decomposition that was used to guide the analysis of the mental constructions in Grade 11 

and inform the teaching and learning process.   

4.5.2 Administration of structured activity sheets 

Structured activity worksheets modelled how meaningful mathematics teaching could be planned 

with the aim of simultaneously addressing the cognitive and effective domains when students solve 

problems (Brijlall & Maharaj, 2009). For the purpose of the study, structured activity sheets were 

administered to explore Grade 11 learners’ mental constructions of trigonometric equations. APOS 

theory is theory of learning that advocates that knowledge construction is hierarchical, meaning 

that the construction of knowledge of the next level depends on the preceding level (Arnon et al, 
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2014), thus the structured activity sheet was designed to explore the hierarchical construction of 

trigonometric equation among the Grade 11 mathematics learners.  

Adhering to school guidelines regarding social interactions, individual learners were given one 

activity sheet with all the tasks to be done in class and as homework. A second set of tasks were 

done in class, only, in the form of an assessment. The aim was not to do pre- and post-tests but, 

instead, to explore how the learners’ mental construction of solving trigonometric equations 

evolved over the course of teaching. Learners were given five lessons on trigonometric equations 

and homework after a lesson and before the assessment. The lessons were conducted for one week, 

including the weekend.  

4.5.3 Semi-structured interviews  

After the tasks were analysed using the preliminary genetic decomposition, learner’s responses 

were categorized according to the ACTION-PROCESS-OBJECT mental constructions, as 

describe in Figure 2, and the preliminary genetic decomposition that was designed after analysing 

their responses in the previous summative tasks in Grade 10. A total of 7 learners was interviewed. 

The selection of learners per category was informed by their responses, as learners could display 

the same mental constructs but be at different levels of thinking; this also catered for withdrawals 

during the interview process. Semi-structured interviews provide the opportunity for the 

interviewer to probe and expand an interviewee’s responses. According to Trigueros et al. (2017), 

a semi-structured interview based on a flexible topic guide provides a loose structure of open-

ended questions to explore knowledge. In this study, semi-structured interviews were used to probe 

learners’ written responses, as the literature indicates that to understand the level of individual 

mental constructions it is important to probe the thinking, because having the correct answer does 

not always mean that one understands the concept (Maharaj, 2014; Ndlovu & Brijlall, 2013; 2015; 

2016).  

According to Easwaromoorthy and Zarinpoush (2006), semi-structured interviews are useful when 

the researcher is systematically collecting in-depth information from several respondents. 

Therefore, the semi-structured interview assisted the researcher in obtaining in-depth information 

from learners concerning their mental constructions and difficulties in learning and solving 
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trigonometric equations. To ensure that the researcher capture the detailed interview, interviews 

were done using WhatsApp call and were audio-recorded on the phone as the conversation was 

taking place.  

4.5.4 Focus group discussion/ whole class discussion 

Focus group discussion (FGD) is a qualitative research method and data collection technique in 

which a selected group of people discusses a given topic (Van Eeuwijk & Angehrin, 2017). The 

focus group is frequently used as a qualitative approach to gain an in-depth understanding of social 

issues (Nyumba et al., 2018). The method of focus group discussion aims to obtain data from a 

purposely selected group of individuals. As this study aimed to explore the learners’ mental 

construction and difficulties when learning and solving and trigonometric equations in Grade 11, 

the learners were divided in groups of four by the researcher (who was also the teacher), who 

guided the groups on a predetermined topic and created an environment that encouraged 

participants to share their perceptions. 

Observation is one of the most important research instruments that was used and at the same time 

one of the most diverse. The term includes several types, techniques and approaches, which may 

be difficult to compare in terms of enactment and anticipated results (Ciesielska et al., 2018). While 

learners engaged in the learning activities, video recording was also used. The aim of using video 

recording was to capture learners’ activities while in the lesson. As the researcher was also teacher, 

it was not possible to teach and also observe learners to capture the nuances of their activities. In 

addition, in ACE teaching style, which is aligned with the framework of the study, observing the 

nuances of classroom activities is critically important. Furthermore, this is a qualitative study; 

therefore, open-ended observation was important to allow participants to be themselves while 

being observed; therefore, the use of the video recording assisted the researcher and the 

participants to continue with the activities in the classroom. The video recorder was used to observe 

even non-visible behaviours among the learners. The focus was not on their appearance, but on 

what they said and how they said it. The class discussion was transcribed. 
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Table 4 Summary of data generating techniques 

Critical Research questions Participants Data Collection Technique 

and Instruments 

1. What are the learners’ mental 

constructions of learning and solving 

trigonometric equations? 

Learners  Documents analysis, e.g., 

summative tasks and 

activity sheets and video 

recordings 

2. Why do learners succeed/ fail to make 

the necessary mental constructions in 

learning and solving trigonometric 

equations? 

Learners  Semi-structured interviews 

and video recordings 

3. How do learners’ mental constructions 

of action, process and object link with 

the preliminary genetic 

decompositions? 

Learners  Document analysis of 

activity sheets, interviews 

and video recordings 

 

4.6 Data analysis 

Data analysis was informed by the two theories that comprised the theoretical framework for this 

study: the APOS theory (Dubinsky 1991) and the triad mechanism developed by Piaget and Garcia 

(1989). The preliminary genetic decomposition informed by the APOS theory and mental 

constructs (shown in Figure 3) was used to analyse the mental constructions made by learners. The 

triad mechanism, comprising intra-, inter- and trans- stages, was used to analyse the difficulties 

learners revealed.  

Data analysis was undertaken using both deductive and inductive approaches. The deductive 

analysis involved using the categories already established in APOS theory to explain the mental 

constructions, while the categories defined in the triad mechanism were used to analyse learners’ 

difficulties. For the deductive analysis, patterns that emerged that explained how learners 
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constructed knowledge were analysed inductively, informed by the construction of knowledge 

discussed in the literature review.  

Video and audio recordings made during interviews were transcribed. From the transcriptions, the 

researcher created narratives a methodology described by Denzin et al. (2023) learning moments, 

themes, interactions, and the overall cadence of the discussion. The researcher was presented with 

raw data from learners and the transcriber’s initial impressions. The aim was to understanding 

learners’ learning trajectories through the lenses of the theories underpinning the study. 

4.7 Trustworthiness of the findings 

Quality concerns play a central role in the research process, from the inception of a research study, 

through data collection to the analysis and presentation of research findings (Ali & Yosuf, 2011). 

Quality demands that the research be accurate and correct. In qualitative research, questions of 

validity and reliability are key to assuring quality. Ensuring that qualitative research is accurate 

and correct can be more complex. Trustworthiness is thus the criterion typically used to ensure 

quality in qualitative research, rather than validity and reliability.  Lincoln and Guba (1985) 

identify the key features of trustworthiness as credibility, dependability and confirmability, which 

need to be taken into consideration when conducting qualitative research. 

4.7.1 Validity and reliability 

Validity in qualitative research refers to the appropriateness of the tools and processes used, and 

the data gathered (Leung, 2015). Validity is broadly defined by Sireci (2016) as the state of a study 

being bounded or justifiable, relevant, meaningful, logical and conforming to accepted principles, 

or the quality of being sound, just and well-founded. It involves ascertaining whether the research 

question is valid for the desired outcome, the choice of methodology is appropriate for answering 

the research question, the design is valid for the methodology, and the sampling and data analysis 

methods are appropriate. According to Creswell and Miller (2000), validity is affected by the 

researcher's perception of validity in the study and choice of paradigm.  
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Reliability refers to the exact replicability of the processes and the results (Leung, 2015). It is an 

explanation idea, whereas the qualitative study's quality notion aims to generate understanding 

(Stebacko, 2001).  

According to Healy and Perry (2000), reliability and validity are more relevant to a quantitative 

study than they are to a qualitative study. However, Patton (1990) states that validity and reliability 

are two factors that any qualitative researcher should be concerned about while designing a study, 

analysing results, and judging the quality of the study.  

4.7.2 Trustworthiness 

Trustworthiness is the quality, authenticity and truthfulness of the findings of qualitative research. 

Trustworthiness addressed strategies for ensuring that the study process was carried out correctly. 

(Gunawan, 2015). Trustworthy studies not only demand the integration of multiple sources of 

evidence but also must continually take place over time (Cope, 2014).  In this study, as indicated 

in the data collection section above, the learner’s responses to an activity were first analysed, then 

substantiated using semi-structured interviews. This allowed the voice of the learner to come out. 

Thus, the data collection process wase carried over time using multiple methods.  

4.7.2.1 Credibility 

Credibility refers to establishing that the results of the research are believable (Hays et al., 2016). 

Forero et al. (2018) also indicate that the purpose of credibility is to establish confidence that the 

results are true and believable. Credibility depends more on the richness, rather than the amount, 

of data gathered and thus corresponds to a qualitative, rather than a quantitative, approach. To 

ensure credibility in this study, data triangulation was used. Data was collected using the written 

test and the written response from learners was taken and will be submitted in the university. 

Furthermore, interviews were conducted, which were recorded and saved. 

4.7.2.2 Dependability 

Dependability ensures that research findings are consistent and can be repeated (Noble & Smith, 

2015). This is measured by the standard of how the study was conducted and the data analysed 

and presented. Lincoln and Guba (1985) state that the purpose of qualitative inquiry is to assess 
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the repeatability of results if the inquiry occurred within the same cohort of participants. To ensure 

dependability in this study, the researcher developed detailed drafts of the study would be 

conducted throughout the study and developed a detailed record of the data collection process. To 

ensure the dependability of the data, a number of issues were taken into account. For instance, 

during the data collection and analysis in the first phase, data was collected over a period of three 

months, and, during the second phase, the data was collected over the period of the year. While 

the data was being analysed, when some of the recordings were unclear, participants were called 

in to confirm or explain what they had said during the interview. Data auditing was done to ensure 

the dependability of the study.  

The consent letter was provided to the learners, and it was read together to ensure that participant 

understood it before they signed. The participants were told that the data obtained would not be 

disclosed to anybody other than the university structures, and that it would be held safely by the 

institution. Also, it was explained that their real names would not be used. The learners were 

informed that if they would like to read the results of the study before they were made public, they 

had the right to do so. 

4.7.2.3 Confirmability   

Confirmability refers to how the research findings are supported by the data collected, to establish 

whether the researcher has been biased during the study. Krostjens and Moser (2018) state that 

confirmability is the degree to which the findings of the research study could be concerned with 

establishing that the interpretations of the findings were not figments of the inquirer's imagination 

but were derived from the data. To ensure confirmability in this study, the researcher checked and 

rechecked the data during the entire research. Coding was used during the analyses of results.  

4.8 Ethical considerations  

To ensure that all ethical issues were appropriately addressed, a letter outlining the nature, process 

and purpose of the study was given to the Department of Education and to the principal of the 

school, seeking permission to conduct the study at the school. The ethical clearance reference 

number is HSSREC/00003000/2021 (see Appendix B). Letters of informed consent also were 

given to all the participants to read and sign (see Appendix A). In the letter, it was clearly stated 

that participation is voluntary, and that participants could withdraw anytime they wanted to, only 
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needing to inform the researcher if they wished to do so. Participants were  made aware of their 

rights as participants when they read and signed the statement (Choy, 2014). Before the 

commencement of the study, the researcher explained and emphasised these issues to participants. 

To ensure confidentiality, pseudo names were used for the research site and the participants.  

4.9 Conclusion   

This chapter has highlighted the major methodological considerations of the study. The research 

was presented, and the interpretive research paradigm used in this study was discussed. The 

chapter considered the qualitative research paradigm, the methods of data capturing, ethical issues 

and trustworthiness in line with qualitative research approaches. Chapter Five summarizes the 

findings obtained from analysed data on the trigonometric equations test questions and the 

interviews.   

  



66 
 

CHAPTER FIVE: LEARNERS’ MENTAL CONSTRUCTIONS 
FOR TRIGONOMETRIC EQUATIONS: ANALYSIS OF 

WRITTEN RESPONSES FOR PHASE ONE  
 

5.1 Introduction 

The previous chapter focused on the research design and the methodology of the study.  

Limitations and issues of the trustworthiness of the study were explained in detail. While this study 

explored Grade 11 learners’ mental constructions and difficulties when learning and solving 

trigonometric equations, it was also an aim of the study to explore how learners’ mental 

constructions evolved over a period of two years while learning trigonometry. In the South African 

context, learners start to learn trigonometric equations in Grade 10. Thus, Phase One of the study 

was conducted while the participants were still in Grade 10.  

Grade 10 trigonometric equations involve finding the lengths of the sides and angles of right-

angled triangles, as well as more general trigonometric equations. In Grade 11, learners must 

calculate the angle given the equation, and trigonometric equations that involving the interval that 

satisfy the equation. The research questions (presented in Chapter One) were as follows:  

1. What are the learners’ mental constructions when learning and solving trigonometric 

equations? 

2. Why do learners succeed/fail to make the necessary mental constructions in learning 

and solving trigonometric equations? 

3. How do learners’ mental constructions of action, process and object link with the 

preliminary genetic decompositions? 

For Phase One, qualitative methods were used, and the first set of data was collected by 

administering an assessment task to a group of mathematics learners (n=17). The task was designed 

to provide insight into their mental constructions when solving trigonometric equations.  

The data generated from the written tasks administered in Phase One corresponded to the first 

research question, which guides the discussion in this chapter: 
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What are the learners’ mental construction when learning and solving trigonometric 

equations? 

This data also contributed to the full data set used to answer the third research question, which will 

be discussed in the final chapter. 

5.2 Analysis of learners’ written responses to tasks 

The task was designed to provide insight into learners’ mental constructions when solving and 

learning trigonometric equations. The design of the task was guided by the understanding of the 

mental constructions the learners made when learning mathematics concepts in the classroom 

which led to improved instructional methods and curriculum development (Ndlovu & Brijlall, 

2015). The task was chosen to allow the learners to make the necessary mental constructions. 

The data were analysed to assess the levels of APOS theory learners were operating at with respect 

to trigonometric equations. Understanding the level learners are operating at assists in 

understanding learners’ conceptual development and thus their development of a schema – in this 

case, a schema for trigonometric equations.  The task consisted of six items involving 

trigonometric equations. The questions were categorized using the four cognitive levels stipulated 

in the curriculum: knowledge, routine tasks, complex procedures, and problem-solving. For the 

purpose of this study, questions at the same cognitive level were grouped together to form an item. 

Thus, the ten problems were grouped into six items. 

The first part of the data analysis involved categorising participants into three categories based on 

their responses. The first category was for learners who had made the necessary mental 

constructions to solve the problem, although their solutions may have revealed different levels of 

conceptual development. The second category was for learners who had attempted to solve the 

problems but had failed to come to the correct solution, with no evidence of mental constructions. 

The third category was for learners who had not attempted to solve the problem. Table 5, adopted 

from Ndlovu and Brijlall (2016), was used to categorise learners’ responses during the first part of 

the analysis of written responses.  
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Figure 8 Fihlela’s written response to Item 1.1, illustrating action level 

 

 

Figure 9 Fihlela’s written response to Item 1.2, illustrating action level 

Fihlela’s responses were allocated to Category 1 (See Table 7); i.e., categorized with those that 

provided the correct solution. In both Items 1.1 and 1.2, Fihlela performed all the steps needed to 

solve for the variable 𝑥𝑥. While he carried out the necessary procedures, the final demonstrated that 

he knew the procedure to solve the problem, and that he had constructed the meaning of the 

solution as he answer was given in degrees. Unlike in algebraic equations, where variable 𝑥𝑥 

represents an unknown number, in the trigonometric equations it represents an angle. Fihlela, along 

with other learners categorized as operating at an action level, displayed knowledge of the 

procedure but did not correctly construct the meaning of the concept. 

Weller et al. (2009) state that when a person is operating at the process level they perform the same 

operation as at the action level, but they carry this out in their mind without having to execute each 

step explicitly. Using this explanation of the process level, learners in this study were identified as 

operating at the process level if they skipped some steps during the process of determining the 
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solution. Ndeo was one learner who did not perform all the steps to solve for the variable 𝑥𝑥, as 

shown in extract 5.3 below.  

 

Figure 10 Ndeo’s written response to Item 1, illustrating the process level 

Ndeo carried out the necessary procedures to the final solution and showed that she understood 

that the solution was an angle, because she gave the answer in degrees. Only 3 learners 

demonstrated that they were operating at the process level because they did not write down every 

step to find the solution. None of the learners were found to be operating at the object level or had 

formulated a coherent schema for either Items 1.1 or 1.2. Their inability to formulate a coherent 

schema suggests that, although some of the learners could solve the trigonometric equations, their 

conceptual knowledge was still at a basic level: while they were able to recall the necessary facts 

and carry out the necessary procedures, their understanding of the concept had not yet been 

cognitively constructed, as demonstrated by Fihlela’s failure to use a degree symbol, suggesting 

that he did not understand the solution was an angle. Ndlovu’s (2014) study found that learners 

operating at the action level had not made sense of the importance of terminology or notation in 

mathematics and had not memorised, or fully understood, these notations. As was found in this 

study, the learners operating at the action level were just performing computations. 

5.2.2 Analysis of learners' responses to Item 2 
(𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆 𝒐𝒐𝒐𝒐 𝒕𝒕𝒕𝒕𝒕𝒕 𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇 𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂; 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄; 𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 ± 𝒃𝒃 = 𝟎𝟎,𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 𝒂𝒂 ≥ 𝟏𝟏 𝒂𝒂𝒂𝒂𝒂𝒂 𝒃𝒃 > 𝒐𝒐𝒐𝒐 < 𝟎𝟎) 

Item 2 was designed to provide insight into learners’ mental constructions when solving questions 

that require routine tasks. A routine problem demands the application of a similar or previously 

learned formula to a new situation, which usually involves the use of arithmetic skills (Kablan & 

Uğur, 2021). In Item 1, only one step is required to make the function the subject of the formula, 
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As evident in the figure above, Makwanza explicitly performed all the steps to determine the angle 

represent by 𝑥𝑥. Beyond carrying out procedures in her response, she carried out all the steps in the 

final solution. The external cue that triggered Makwanza’s solution to each problem was the sign 

attached to the numerical value. For example, in Item 2.1, after making the function the subject of 

the formula the equation was sin𝑥𝑥 = 3
4
 , where three-quarters were positive while in Item 2.2 

cos 𝑥𝑥 = −4
5
 ,where four-fifths were negative, thus guiding her to find where the solution is located. 

However, her understanding was limited to one solution; she lacked the understanding that the 

function was either positive or negative and, thus, the solution lay in more than one quadrant.  

When solving equations, the focus is on the value(s) that make the statement to be true. In dealing 

with linear equations, there is one solution to the equation; however, in trigonometric equations, 

there is more than one solution to the equation because the focus is on determining whether the 

function is either positive or negative, not on the numerical value. However, as shown in 

Makwanza’s solution, for learners operating at the action level construction is limited to finding 

the value only, ignoring the aspect of the position of a function. Therefore, the 15 learners 

categorised as operating at the action level based on their responses to Items 2.1 and 2.2 had not 

yet constructed an understanding of the meaning of the solution of trigonometric functions; their 

understanding was limited to a knowledge of how to carry out procedures, not how to make 

meaning.  

Dlamini, in contrast, was categorized as operating at the process level for Item 2.2. Like the 

learners categorized as working at the action level, he arrived at a correct solution to the equation; 

however, he was able to perform some of the steps mentally, rather than writing them out, as shown 

in the extract below. 
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Figure 13 Extract from Dlamini’s response to Item 2.2 demonstrating process level  

 

As noted above, the steps involved with making the function the subject of the formula are 

performed in the learners’ minds at the process level according to APOS theory. After making the 

trigonometric function the subject of the formula, Dlamini determined the quadrant where the 

solution lies mentally, and then used the reference angle to determine the solution. However, his 

inability to construct the relevant schema hindered his ability to apply the relevant actions and 

processes to determine the other solution to make the statement true. 

5.2.3 Analysis of learners' responses to Item 3 
(𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆 𝒐𝒐𝒐𝒐 𝒕𝒕𝒕𝒕𝒕𝒕 𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇 𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂; 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄; 𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 = 𝒃𝒃;𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 𝒂𝒂 𝒊𝒊𝒊𝒊 𝒂𝒂 𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗) 

To solve Item 3, an understanding of special angles and algebra is required. Wilson (2016) defines 

a complex procedure is one where a procedure involving conceptual understanding is used; the 

procedure is thus carried out with sense-making. According to this understanding, Item 3 requires 

a complex procedure. 

 

Figure 14 Item 3  

Unlike in Items 1 and 2, where the unknown was the angle, in Item 3 the unknown is the coefficient 

of a function. In this instance, learners were expected to find 𝑥𝑥, the co-efficient of the function. 

Learners' understanding of the meaning of the variable in the equation was thus critical to solving 
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the angle and went on to perform the calculation without indicating the correct notation for the 

angle being solved. Ndlovu and Brijlall (2015) term this ‘number grabbing’. Makhanya correctly 

performed the procedures for making tan the subject of the formula, but by dropping the angle she 

treated the function as the variable. Also, she gave her solution in numeral form, which indicated 

that she was approaching it as a routine calculation – carrying out the action of finding the solution 

as a procedure, without making sense of what exactly was being calculated. The positive sign 

indicated that the solution was positive but no understanding of how many solutions made the 

statement to be true was demonstrated. Makhanya’s written response indicated that she had not 

yet interiorised the solution of triangles involving reciprocals as a process, as she explicitly 

performed all the steps with no meaning-making. Dubinsky (1991, cited in Ndlovu & Brijlall, 

2015) posits that the stages of APOS theory are hierarchical, with progress to the next level 

dependent on the construction of the previous level; thus, failure to construct the process level 

would result in the learner being unable to encapsulate the process into an object.  

5.2.5 Analysis of learners' responses to Item 5 
(𝐞𝐞𝐞𝐞𝐞𝐞𝐞𝐞𝐞𝐞𝐞𝐞𝐞𝐞𝐞𝐞𝐞𝐞 𝐨𝐨𝐨𝐨 𝐭𝐭𝐭𝐭𝐭𝐭 𝐟𝐟𝐟𝐟𝐟𝐟𝐟𝐟 𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂; 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙; 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 ± 𝒃𝒃 = 𝟎𝟎 𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 𝒂𝒂 ≥ 𝟏𝟏;𝒃𝒃 < 𝟎𝟎 𝒐𝒐𝒐𝒐 𝒃𝒃 > 𝟎𝟎) 

Item 5 was designed to investigate learners’ mental constructions for solving reciprocals and assess 

their problem-solving skills. Item 5 requires the same skills and knowledge of reciprocals that is 

required in Item 4; however, while in Item 4 learners solved reciprocals of tan, in Item 5 learners 

solved reciprocals of sine and cosine. Faulkner et al. (2021) state that to solve a problem efficiently 

one has to acquire new information, select relevant information to employ to solve the given 

problem. To solve Items 5.1 and 5.2, knowledge of algebra and of reciprocals was key.  

Items 5.1 and 5.2 were grouped together because they test the same knowledge and are reciprocals 

of sin  θ  𝑎𝑎𝑎𝑎𝑎𝑎 cos  θ , which are continuous functions.  

 
Figure 18 Item 5 
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Figure 19 Zulu’s response for Item 5.1 (left) and Makhwanza’s response for Item 5.2 (right) 

As indicated above in Table 16, for Item 5.1 11 learners were categorised in Category 1 for Item 

5.1 and 14 learners for Item 5.2. Learners displayed a mathematical understanding of the concept 

of the reciprocals of cosec and sec. The responses indicate that learners identified the co-efficient 

and that they needed to divide with it on both sides and they understood the inverse of 

sec 𝑥𝑥 𝑡𝑡ℎ𝑎𝑎𝑎𝑎 𝑖𝑖𝑖𝑖 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑡𝑡𝑡𝑡 1
cos𝑥𝑥 

 𝑎𝑎𝑎𝑎𝑎𝑎 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑥𝑥 =  1
sin𝑥𝑥

.  Learners in Category 1 were found to be able 

to make the necessary mental constructions and were operating at the action stage.  In the extract 

shown in Figure 19, Zulu performed the required procedures step by step to answer Item 5.1; 

Makhwanza also carried out step-by-step procedures to determine the answer for Item 5.2. Some 

of the learners did not use the correct notation to indicate that they were calculating an angle, 

however. While they performed the procedure, it was evident that they did this with no meaning-

making. For example, Zulu, when writing sec as 𝑐𝑐𝑐𝑐𝑐𝑐−1, did not include the angle but indicated in 

the final answer that he was determining the value of the angle. If a learner views a procedure as 

an isolated fact, it suggests that they are viewing the procedure as an externally directed 

transformation of solving any other equation as in algebra where the power of the first variable 

triggers the number of solutions. Thus, in trigonometric functions the power is viewed as 1; thus, 

the learner cannot think of the equation having two solutions. In addition, the meaning of the 

notation is not yet interiorised. 
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However, Most of the learners in Category 1 demonstrated that they were operating at the action 

level, with minor errors by some. It was also observed that one of the learners operated at the 

process and object levels in their responses to Item 6.  

5.3 Summary of findings on learners’ mental constructions 

An analysis of learners’ responses during Phase One revealed that they were capable of carrying 

out procedures, which suggests they had developed procedural knowledge. Hurrel (2021) notes 

that, while procedural knowledge is important, when procedures are performed without making 

sense of the concepts it can lead to peculiar and unreasonable solutions. The findings from Phase 

One of this study showed that, while learners were able to perform the procedures correctly most 

of the time, they were applying rules without reason, simply as centred around recollection of facts, 

meaning that they were solving using the rules but not understanding how to solve the items. This 

was made evident when they failed to use correct notation to indicate that their solution represented 

an angle. Also, when solving trigonometric equations involving reciprocals, they demonstrated 

knowledge of the fact that cot is the same as 1
𝑡𝑡𝑡𝑡𝑡𝑡

 , but arrived at unreasonable solutions because 

they did not demonstrate the unknown being calculated and indicate what the answer was. Thus, 

most learners displayed an action conception of how to solve trigonometric equations, where the 

action was not yet interiorised. External cues triggered their knowledge of the correct procedures 

to be followed but this was not internalized.  

5.4 Conclusion  

This chapter has reported the findings with regard to the mental constructions made for solving 

trigonometric equations during Phase One of this study, when the learners were still in Grade 10. 

APOS theory was used to analyse learners’ mental constructions for trigonometric equations as 

revealed in their written responses to problems.  

The next chapter presents the findings with regard to the learners' mental constructions, made while 

solving trigonometric equations once they were in Grade 11. Learners' responses to interview 

questions are also presented.  
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CHAPTER 6: LEARNERS' MENTAL CONSTRUCTION OF 
TRIGONOMETRIC EQUATIONS 

 

6.1 Introduction 

Chapter Five presented an analysis of the data collected in Phase One. The data for Phase One was 

collected while the learners were still in Grade 10 to enable observation of the development of 

learners’ mental constructions related to solving trigonometric equations across Grades 10 and 11. 

This chapter analyses data collected during Phase Two of the study once the learners had 

progressed to Grade 11 related to learners’ mental constructions and their development over a 

period of 1 year and 6 months. Learners’ errors and the misconceptions that were found to hinder 

the development of their mental constructions around trigonometry in Phase Two are discussed in 

the next chapter.   

Three research questions guided this study, as presented in Chapter One. The collection of data 

using written tasks in Phase Two was designed to answer the third research question:  

How do learners’ mental constructions of action, process, and object align with the 

preliminary genetic decompositions? 

Question 2 will be discussed in the next chapter. 

6.2 Collection and analysis of data 

In Phase Two, the same 17 learners were given an activity sheet with three tasks, each containing 

two or three problems to solve (called ‘items’). Some of the learners were selected for interviews 

with the researcher based on their responses to the activity sheet. 

6.2.1 Activity sheet 

 Tests and exams are important evaluation instruments in the teaching-learning process as they are 

used primarily to measure and improve student learning; for this reason, they should be well-

designed (De Guzman & Adamos, 2020). The design of the questions for Phase Two was guided 
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by the level of learners’ mental constructions demonstrated during Phase One (presented in 

Chapter Five).  

Seventeen learners who had attended an afterschool programme since Grade 10 participated. 

According to Bassey et al (2022), test findings serve as a crucial decision base for ascertaining the 

knowledge, understanding, and skills of different learners. Therefore, the tasks chosen in the 

second phase were those that the researcher identified as suitable for allowing learners to make the 

necessary mental constructions, as recommended by Ndlovu and Brijlall (2015).  

Brijlall and Ndlovu (2013) note that structured worksheet can model how meaningful mathematics 

can be constructed. For this study, tasks were structured to model the developments of concepts in 

the solution of trigonometric equations. The tasks on the activity sheet (shown in Appendix G) 

were structured as follows:  

Task One consisted of 3 items:  

• Item 1 explores learners’ mental constructions when it comes to understanding the quadrant 

where trigonometric functions have a solution.  

• Item two explores learners’ mental construction of the relationship between the quadrant 

in the cartesian plan and value of the function.  

• Item 3 explored learners’ mental constructions of understanding when the function is 

defined or not.  

Task 2 consisted of three items; of the items explored learners’ mental constructions of the general 

solution of trigonometric equations.  

Task 3 consist of two items which explored learners’ mental constructions of the application of 

restrictions when solving trigonometric equations.  

For analysis, learners’ responses were coded using the same categories presented in Chapter Five.  
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6.2.2 Interviews 

Seven learners were chosen for interviews based on the evidence of their development since Phase 

One demonstrated in their written responses during both phases. One learner from each category 

was selected for the interview. The interviews were conducted to engage learners about how they 

had approached solving the problems, as recommended by Dubinsky (1997), Maharaj (2014), and 

Ndlovu and Brijlall (2015). The selected learners were asked various questions to understand how 

they constructed various mental structures. The aim was to verify learners’ written responses and 

to engage learners with what they wrote as alluded by Maharaj (2014) as well as to interrogate 

their thinking processes to ascertain their mental constructions.  

6.3 Analysis of learners' responses to Task 1 (equations of the form 𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂; 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄; 𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 =
𝒃𝒃 𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 𝒂𝒂 ≥ 𝟏𝟏) 

Task 1 consists of three items designed to reveal learners’ mental constructions of trigonometric 

functions and the quadrant they belong to. Moreover, the focus was to ascertain learners’ mental 

constructions when determining the quadrant in which the function has a solution. The Cartesian 

plane which defines the trigonometric ratios in terms of where they are positive and negative is 

shown in Figure 22. 

 

Figure 22 Quadrants of the trigonometric ratios 
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Figure 27 Extract from Makwanza’s written response to Item 2 (Task 1) 

In the interview, the researcher asked her to describe how she approached the problem: 

Researcher: I see you choose two answers. Explain how you solved the question. 

Makwanza: I wrote two answers to this question because in 2nd quadrant  𝜃𝜃 is less than 

180°, because I will subtract the reference angle, and in 4th quadrant  𝜃𝜃 is greater than 

180°, because it will be 360° subtract the reference angle. 

Researcher: Ok. So, can you tell me what is the connection between the quadrant where 

the solution lies and the value of the angle? 

Makwanza: Mhhh…. angazi [I don’t know], sir. 

While Makwanza could predict the value without first attempting to perform calculations, she 

could not make the connection between the position where the solution lay and the value of 𝜃𝜃; she 

could only explain the procedural process that, since tan is positive in the second quadrant, the 

value will be less than 180° due to subtracting the reference angle, and greater in the fourth 

quadrant. Although she was able to predict the value and explain the procedural parts, she could 

not make connection between the concepts. This supports the claim by Roberts et al. (2022) that 

students' responses are not necessarily indicative of a conceptual understanding. 

6.3.3 Item 3: Determining whether the function is defined or not 

Item 3 was designed to provide insight into whether the learners understood whether the function 

was defined or not. This item also assessed learners’ mental constructions of recalling of facts and 

rules to solve related questions. Recall questions may involve facts, definitions, terms, or basic 

instructions, as well as running a quick algorithm or using a formula (Singh et al., 2022). In this 
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Figure 29 Ntaka's written response to Item 3 (Task 1) 

All of these 8 learners explained why they were saying it was defined by performing the calculation 

and solving for 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = −2.5. Their failure to explain why the function was defined suggests that 

they had not interiorised the action of finding the solution to understand what it means when the 

function is defined. This inability to interiorise the action into a process was evident in Ntaka’s 

response during the interview, as shown below: 

Researcher: When you were answering this question, you said that the function is 
defined. Why are you saying it is defined?  

Ntaka: I said it defined.  

Researcher: Why?  

Ntaka: Because when I calculate the value of θ, I got reference angle subtracted from 180 

degrees and 360 degrees and got the answer. So, it is defined.  

Researcher: What do we mean when we say the function is defined? 

Ntaka: It means the answer is known. If you punch the values in the calculator and got an 

error, it means it does not have an answer, so it’s undefined, njenga masidvider ngo 0 [as 

we are diving by 0].  

Ntaka indicated that she understood the function being defined as meaning calculating and getting 

the answer.  
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The findings from Task 1 showed that the learners constructed concept as isolated facts. For 

example, while all of the learners were able to determine the quadrants where the given function 

had a solution, not all were able to use that knowledge to predict the value of the solution and to 

explain if the function was defined. While the learners showed development of their mental 

constructions for some concepts – such as where some learners showed interiorization of the action 

to process – the majority were still found to be operating at the action stage. In contrast to the 

findings from Phase One (Chapter Five), where most of the learners showed no evidence of being 

able to make the necessary mental constructions, the data generated in Phase Two shows gradual 

development of learner’s mental constructions. This suggests that some learners need an extended 

period of time to construct knowledge of a concept. 

6.4 Analysis of learners' responses to Task 2 (equations of the form 𝒔𝒔𝒔𝒔𝒔𝒔(𝜽𝜽 + 𝒂𝒂) =
𝒃𝒃, 𝒄𝒄𝒄𝒄𝒄𝒄(𝜽𝜽+ 𝒂𝒂) = 𝒃𝒃, 𝒕𝒕𝒕𝒕𝒕𝒕(𝜽𝜽 + 𝒂𝒂) = 𝒃𝒃)     

Task 2 focused on learners’ mental constructions when solving trigonometric equations that 

required finding a general solution. Task 2 was comprised of three items. 

6.4.1 Item 1: Solving a trigonometric equation of the form 𝒄𝒄𝒄𝒄𝒄𝒄(𝜽𝜽 + 𝒂𝒂) = 𝒃𝒃 

Item 1 of Task 2 explored learners’ mental constructions when determining a general solution for 

trigonometric equations involving horizontal shift. For this item, those learners who were able to 

determine the general solution were considered to have made the necessary mental constructions. 

Learners who attempted the problem but were unable to determine the general solution were 

considered to have not made the necessary mental constructions.  

 

Figure 30 Item 1 (Task 2) 

The analysis of learners written responses is presented in Table 23. 
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Figure 31 Makwanza’s written response to Item 1 (Task 2) 

Makwanza was one of the 10 learners who gave a correct and complete response for Item 1. She 

was thus considered to have developed the concept of determining the general solution as an action. 

While she carried out the necessary procedures, it was noted that she has not constructed the 

meaning of the solution as she did not use notation to indicate that she was dealing with angles. 

The incorrect use of notation, or ignorance of the importance of notation, suggests that a learner 

has not developed a conceptual understanding of the concept. While such a learner may perform 

step-by-step calculations, when the concepts are constructed as a discrete body of facts, it causes 

a challenge in the application (when solving) of the problems (Ndlovu & Brijlall, 2015). Although 

Makwanza did not use degree notation in her written response, during the interview she indicated 

that she knew she was calculating the angle, and repeatedly referenced the correct notation: 

Researcher: Explain how you solve this equation.  

Makwanza:  I used the calculator to calculate the reference angle. Then I checked in which 

quadrant where cos is negative – because I was given -0,67, therefore the sign before the 

number tells me where the solution should be. Ngiyazi ukuthi [I know that] cos is negative 

in the second quadrant. Then I used 180 degrees – reference angle. After that, I had θ +10 
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equal to 132,0670648 degrees +K 360 degrees where K is the element of real numbers. 

Since I am solving for θ, I transposed 10 degrees to the right then I had 132,0670648 – 10 

degrees +K 360, where K is the element of real numbers. My answer was 122, 07 degrees 

+K 360, where K is the element of real numbers. Also, cos in negative in the 3rd quadrant 

I used 180 + reference angle. After that, I had θ +10 equal to 227.9329352 degrees +K 

360degrees where K is the element of real numbers. Transposed 10 degrees to the right, 

then I had 227.9329352– 10 degrees +K 360, where K is the element of real numbers. My 

answer was 217.93 degrees +K 360 degrees, where K is the element of real numbers. 

Researcher: Are there any other methods you could have used to solve the question? 

Makwanza: No, this is the only one I know.  

Researcher: Will the question always have a solution? 

Makwanza: Mmm… yes.  

Researcher: How will you tell if the equation has a solution or not? 

Makwanza: Yes, I think I can be able by doing it in my head, but I can’t see ngoba kunzima 

[it’s difficult]. 

The explanation given by Makwanza indicates that she understood how to determine the general 

solutions. In the interview she explicitly articulated each and every step as she was relying on 

external cues such as sign (-) to trigger the position of the solution; each step triggered the next 

step. The same was evident in the other learners’ written responses, thus they showed no evidence 

of having interiorized the action into a process. In the interview, it was evident that Makwanza 

knew that she was calculating an angle as she repeatedly referred to ‘degrees’ in her explanation; 

however, she did not use the notation for degrees in her written response. But the focus was on the 

correct answer provided, that why she was categorised as one of the 10 learners who   made mental 

construction.  
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Figure 33 Makhanya’s written response to Item 2 (Task 2) 

As shown in the response above, in step 3 Makhanya divided both sides of the equation by 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐; 

however, she did not use the correct notation to show that she was dividing. This is considered to 

be a slip as, in the next step, when diving by 3,  she used the correct notation. In addition, even if, 

in step 3, she did not use the division notation it can be assumed that she was aware that she was 

dividing by 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 because she was able to relate to quotient identity that sin𝜃𝜃
cos𝜃𝜃

= 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡. Although 

there is evidence to suggest that Makhanya understood the notation even if she failed to use it, she 

documented each step, suggesting that each step triggered the next step which suggests that she 

was operating at the action stage. This was confirmed during the interview: 

Researcher: Explain how you solve 2.2. 

Makhanya: I solve this equation by taking the square root of 3 sin θ the subject of the 

formula by manipulating 3 sin θ and changing to positive sin θ by dividing with cos θ which 

became tan θ and dividing by square root of three both sides to remove the square root. 

And I was left with tan θ as a subject of the formula. Then I got a reference angle. After 

that, I went to the 1st and 3rd quadrant, because it is where the tan is positive, to find the 

answers.  

Researcher: Is there any other method you could have used? Explain. 

Makhanya:  No, I only know this method.  
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Figure 35 Makwanza’s written response to Item 3 (Task 2) 

Makwanza was able to factorise the equation and identify the value that had solution. However, in 

determining the general solution, she considered the third quadrant to be the only quadrant where 

the solution lay. Her responses were investigated through an interview.   

Researcher: Explain how you solved the problem. 

Makwanza:  I transposed 1 to the left side, then I was left with a trinomial which is 

2𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 − 3𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 − 1 = 0. Ok, I tried to look for factors and I didn’t get them. After that I 

used the quadratic formula, I did a substitution of a=2, b=3, and c=-1. Then I calculate 

to find the reference angle and I could get a solution to the first one, which was 

undefined, and the second one got the solution.  

Researcher: Why do you say the other solution was undefined? 

Makwanza: When I tried to calculate the reference angle of 1,78 it shows undefined. 

Researcher: What does undefined mean? 

Makwanza: Mhhh…. [Pause] There is no solution. 
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Researcher: Why do you think the other coordinates has no solution? 

Makwanza: Yoh! [Pause]. Sengiyabona. [Now I see]. When I factorise it, my answer was  

sin𝜃𝜃 = 1.78. This is not possible, Sir. No solution. 

Researcher: Why? 

Makwanza: Angithi [Isn’t], Sir, the graph of sin turns ku 1 on the y value when x is 90°, 

so it cannot go higher than that unless the graph was shifted up vertically? This is normal 

graph of sin, so the maximum value is 1, yingakho (1,78) enganayo I -x coordinate [That 

is why there is no x coordinate for 1,78]. 

Researcher: Okay, that is good that you can pick up that. Now tell me why you only used 

the 3rd quadrant to determine the solution? 

Makwanza: Eish, sinzima lesisibalo [the sum is difficult], but I see now I should have 

also included the 4th quadrant, because sin is negative in the 4th quadrant. 

Although Makwanza’s written response suggested that she was operating at the action stage, 

during the interview she demonstrated encapsulation of the solution of a trigonometric equation 

into an object as she was able to understand 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = ±𝑏𝑏 as a static structure, construct the process 

for solving the equation as a totality, imagine the graph of 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 and apply the transformation to it, 

on which value will yield a solution. The development of Makwanza’s mental constructions 

suggest that when learners are exposed to learning a concept over an extended time, they gradually 

develop an accurate concept image.  Furthermore, as alluded by Maharaj (2014) and Ndlovu and 

Brijlall (2015), engaging learners with their thought processes assists them in the development of 

the necessary mental constructions. This was evident in the interview with Makwanza. 

6.5 Analysis of learners' responses to Task 3 (equations of the form 𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 = 𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔, 𝒄𝒄𝒄𝒄𝒄𝒄 𝜶𝜶 =
𝒄𝒄𝒄𝒄𝒄𝒄 𝜷𝜷, 𝒕𝒕𝐚𝐚𝐚𝐚 𝜶𝜶 = 𝒕𝒕𝒕𝒕𝒕𝒕 𝜷𝜷) 

6.5.1 Item 1: Solving trigonometric equations of the form 𝒂𝒂.𝒃𝒃 = 𝟎𝟎 using special angles 

Item 1 was designed to provide insight into the learners’ mental constructions when solving 

complex Level 4 questions, which involve high cognitive demand (Khudhair & Jasim, 2021). 
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Figure 37 Makhanya’s written response to Item 1 (Task 3) 

 

Figure 38  Fihlela’s written response to Item 1 (Task 3) 

In the interview with Fihlela, he explained the process he had used as follows: 

Researcher: Explain how you solve the question. 

Fihlela: What I did here, I took 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 − 1 = 0 and 2 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃 − 1 = 0 . In this equation I 

apply my knowledge of solving the algebraic equation on question 1 when we solve x. 

Separated by the two equations, first, I solve 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 − 1  by transposing. Then I had cos θ 

is equal to 1. The value of θ was equal to 0 degrees.  On the other side, I had 2sin θ and 

transposed 1 to the right and divided by 2 into both sides. I was left with sin θ equal to 1
2
 

and my theta was 30 degrees. 

Researcher: Is there any other method you could have used? Explain.  

Fihlela: No. 

Researcher: Will the equation always have a solution?  
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constructed the meaning of the solution as she left the answer as a numeral instead of using the 

degree notation, indicating that she did not understand that she was finding an angle. The same 

was observed with most of the learners. Also, most of the learners lacked an understanding of the 

interval. Makhanya, however, displayed a good understanding of the interval. In the interview, she 

explained her process as follows: 

Researcher: 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 𝑦𝑦𝑦𝑦𝑦𝑦 𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃�2𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 + √3� = 0. So how did you solve the 

equation? 

Makhanya: I answered this question separating 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃 = 0 𝑎𝑎𝑎𝑎𝑎𝑎 2 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 + √3 = 0. Yabona 

[you see], Sir, mina [I] what I did is that I transported √3 to the left and became negative 

√3 and I was left with 2 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 and I divide by 2 both sides. Then I was left with 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 = −√3
2

 

. After that, I used the calculator – I do not want to lie sir – and said the shift 𝑐𝑐𝑐𝑐𝑐𝑐−1 �√3
2
� 

and the value of θ= 150. Also, sinθ=0 again I used the calculate the answer was θ= 0.  

Researcher: Makhanya, is there any other method you could use to solve it? 

Makhanya: Ayi, no sir. 

Makhanya’s responses reveals that her action conception has been interposed into a process. This 

was also observed as she clearly explained how she had solved this item. This shows that she 

worked step-by-step in answering the question. Comparing her responses to those she gave in 

Phase One of the data collection, significant development of her conceptual understanding of 

solving and learning trigonometric equations. The next section summarises the findings on 

learners’ mental constructions presented in this chapter. 

6.6 Summary of findings on learners’ mental constructions  

The findings for Phase Two showed that, while the majority of the learners’ responses displayed 

that they were unable to make the necessary mental constructions, it was evident that most of those 

who were able to operate at the action stage. In fewer instances, learners displayed process 

conception. While some of the written responses revealed that learners were operating at the action 

stage, when engaging learners in interviews about how they had solved the problems gradual 
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development of their mental constructions could be observed: while the findings for Phase One 

showed that learners who made the necessary mental constructions were operating at the action 

stage, the findings for Phase Two showed development in the mental constructions of some of the 

learners (for example, Makhwanza and Shozi). 

6.7 Conclusion 

This chapter has discussed the findings from Phase Two of the study pertaining to Grade 11 

learners’ mental constructions of trigonometric equations. APOS theory was used to explain the 

nature of learners’ mental constructions of the trigonometric equations. The findings showed that 

the majority of those learners who had made the necessary mental constructions had an action 

conception of the solution of trigonometric equations. The next chapter discusses learners’ 

solutions who were unable to construct the concepts because they experienced difficulties when 

solving trigonometric equations.   
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CHAPTER SEVEN: DIFFICULTIES THAT HINDER 
LEARNERS’ MENTAL CONSTRUCTION OF 

TRIGONOMETRIC EQUATIONS 
 

7.1 Introduction 

The previous chapter presented findings on the learners’ mental constructions when solving 

trigonometric equations. The findings revealed whether learners were able to make the necessary 

mental constructions for different types of trigonometric problems or not. A failure to make the 

necessary mental constructions implies that the learner experienced challenges with particular 

parts of the trigonometric equation. The focus of this chapter is the analysis of these challenges. 

While APOS theory was useful for analysing learners’ mental constructions, it cannot be used to 

analyse the errors and misconceptions that hindered learners’ mental constructions. For this, the 

triad mechanism was used. As discussed in Chapter Three, the triad mechanism uses three stages: 

the Intra-stage, which focuses on a single entity, followed by the Inter stage, which is the study of 

transformations between objects; and finally, the Trans-stage, which refers to schema development 

that makes connections between actions, processes, and objects, which was used in category 1 

(Jojo et al., 2013).  

This study was guided by three research questions, presented in Chapter One. The findings in this 

chapter answer the second research question: 

Why do learners succeed/fail to make the necessary mental constructions when 

learning and solving trigonometric equations?  

Globally, mathematics education researchers have been concerned with learners’ difficulties 

related to trigonometry topics at the high school and university levels (see Siyepu, 2015; Chigonga, 

2016; Nurmeidina & Rafidiyah, 2019; Fahrudin & Pramudya, 2019; Hamzah, et al., 2021). The 

aim of this chapter is to extend this discourse into the area of the challenges experienced by learners 

related to trigonometric equations. 
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7.2 Analysis of learners' conceptual errors when solving trigonometric equations 

This chapter focuses on the errors and misconceptions that learners manifest in learning and 

solving trigonometric equations. Misconceptions are one of the main reasons for students’ poor 

performance in mathematics (Aygor & Ozdag, 2012). Drews et al. (2020) state that a 

misconception is when a learner’s conception conflicts with the acceptable meaning and 

understanding of mathematical concepts. Understanding the learner’s misconceptions helps the 

teacher to understand what interventions should be provided for the learner for that concept.  

Drews et al. (2020) posit that errors that occur at the surface level of knowledge, are mostly 

procedural and can easily be corrected by teachers or learners themselves. The literature (Sirkiä & 

Sorva, 2012; Mutodi et al., 2023). notes that errors are symptoms of underlying misconceptions, 

meaning that learners commit errors because there is an underlying misconception which is the 

source of the errors. For example, if a learner believes that division results in a smaller quotient, 

that may expect that even when diving with a fraction the quotient will be smaller than the 

dividend.  

Arnawa and Nita (2019) posit that a misconception arises when a student believes a false concept 

is a true concept. For example, some learners believe that adjacent sides and opposite sides are 

fixed irrespective of the angle used. Due to such a misconception, errors such as incorrect naming 

of the sides may arise. Therefore, misconceptions manifest in errors and errors hinder the 

construction of the correct understanding of the taught concept.  

In the analysis of learners’ mental constructions in Chapters Five and Six, three categories were 

used to categorise learners’ responses. The first category was for responses that demonstrated that 

learners had made the necessary mental constructions, whether at the action stage, process or object 

stage, in terms of APOS. The second category was for responses that showed no evidence of 

learners making the necessary mental constructions, while the third category was for learners who 

did not attempt to solve the problem. As this chapter focuses on the errors and misconceptions that 

hindered learners’ mental constructions, it deals with responses that fell into the second category: 

where learners who attempted to solve the question gave incorrect responses. These responses are 

examined to shed light on the misconceptions that learners had that hindered them from making 

the necessary mental constructions.  
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Researcher: So, here you said the denominator is 1. So, what it is that makes the function 

undefined if the denominator is 1? 

Makhanya: Eish, sir, these things are confusing. I just thought it’s undefined. Angazi nami 

[I don’t know why I said that]. 

Makhanya's remark reveals a lack of understanding of the concept of definition and vagueness 

around its meaning. However, it was found that even learners who answered "yes" (indicating that 

it was defined) were unable to justify their answers. This suggests they were guessing. Others said 

it was undefined because the denominator was 0, which is not true. This suggests that they were 

generalising the concept of division by 0 to a context where it did not apply.  

Siyepu (2015) found that one of the difficulties students had with trigonometric concepts was the 

overgeneralization of rules, arising from a lack of conceptual understanding. In this case, the rules 

of divisibility by zero were overgeneralized to explain any concept that was deemed to be 

undefined. From the learner’s responses it could be concluded that, while the learners had learned 

the collection of rules, these were not linked to form coherent understanding which had hindered 

their mental construction of the meaning of ‘defined’ and ‘undefined’, in the context of 

trigonometric equations. 

Another learner, Zulu, responded “yes” – that it was defined. When his response was probed during 

the interview, he explained his thinking: 

Zulu: Sir, I said ‘yes’ because if I try to solve, I can get the answer, but I don’t know how 

to explain.  

Although Zulu could not articulate the meaning of being defined, he understood that if the equation 

has a solution, it means it is defined. This suggests that he had made a connection between the 

rules of solving equations and the concept of being defined or undefined. He was categorized as 

not having made the necessary constructions for this item, because instead of providing a clear 

definition he just solved the equation and found the values of 𝜃𝜃. Accordioning to triad mechanism 

their responses revealed that they are operating in the intra-stage as they lack the understanding of 

the concept. 
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Figure 46 Ndoe’s written response to Item 1 (Task 2) 

In making 𝜃𝜃 the subject of the formula, Ndoe divided by 10 instead of subtracting 10°, which is 

basic knowledge for solving algebraic equations. According to Ngu & Phan (2020), the placement 

of the pronumeral (e.g., 𝑥𝑥), whether it is a numerator (e. g. sin 30° = 𝑥𝑥
5
)  or a denominator 

(e. g. sin 30° = 5
x
)  requires algebraic skills. However, the learners in this study struggled to answer 

despite having correctly solved a similar problem ( 𝑥𝑥
4

= 3). This suggests that the learners had 

failed to integrate what they had learnt in algebra when solving trigonometric problems. As noted 

above, when learners learn concepts as isolated facts, they experience challenges when they need 

to integrate concepts. A failure to transition to inter-stage or trans-stage seemed to be the main 

source of learners’ difficulties, hindering them from making connection between concepts. 
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of basic concepts which Tall (2008) terms “met before”, which hindered the development of 

learners’ mental constructions of the trigonometric equation, as illustrated in the extract below.  

 

Figure 48 Zulu’s written response to Item 2 (Task 2) 

Zulu seems to have understood what he needed to do, because the method he used was correct; 

however, he made an error when dividing. He transposed 3𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃 to the right and divided by 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 

on both sides. As a result, he obtained 3𝑡𝑡𝑡𝑡𝑡𝑡 = √3, which was correct, but the reference angle was 

incorrect as he gave the reference angle as 60. The error made by Zulu in this item was that, instead 

of dividing by 3 on both sides he divided by √3; as a result, the answer was incorrect. This error 

was caused by skipping the step of dividing, where he would have realized that the answer was 

incorrect. Polya (1957, as cited by Ortiz, 2016) proposes two versions of a model: (1) define the 

problem, develop a plan, implement the plan, and evaluate; or (2) plan, do, and check. Zulu's 

response indicates that he planned and did but did not check. During the interview, he explained 

his process as follows:  

Researcher: How did you find the answer?  

Zulu: I divided by 3 on both sides to find the reference angle and I used shift tan of  √3
3

. 

Researcher: Can you please do it again, using a calculator? 
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the left-hand side (LHS) to 0, the learners attempted to factorize the LHS, as shown in the extracts 

below. 

 

Figure 50 Dlamini’s written response to Item 3 (Task 2) 

 

Figure 51 Makhanya’s written response to Item 3 (Task 2) 

As noted in Dlamini’s response, only one factor (3𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) was equated to the value on the RHS and 

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 equated to 0. It appears that, while Dlamini recalled some of the facts (i.e., that 𝑎𝑎𝑎𝑎 =

0 therefore 𝑎𝑎 = 𝑜𝑜 𝑜𝑜𝑜𝑜 𝑏𝑏 = 0) this was incorrectly applied, in this instance. In addition, 

algebraically, the power 2 in the equation gives an indication that there are two solutions; however, 

as shown in their responses, the learners failed to recognise that they have common factor. Also, 

some learners treated the equal sign as an operator (i.e., to indicate the next step), rather than to 

mean equivalence. Kazunga and Bansilal (2018) found, similarly, that an incorrect conception of 

the equal sign was the main source of learners’ misconceptions. Mbewe (2013) argues that a lack 

of understanding of structural features in the conceptual area leads learners to use many incorrect 

rules. In this study, in Item 3 learners incorrectly applied the rules they knew.  As shown in the 

responses above, learners recalled many rules that were not applicable to the problem; as a result, 

they were unable to determine the solution because they treated 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  as a variable to solve for in 

an algebraic equation, instead of determining where the solution lay for the given function. Even 



128 
 

during the interviews, learners were only able to explain the procedure and were unable to identify 

the errors in their response, as shown in Makhanya’s response: 

Researcher: What was your understanding of the question? In short: what you were 

expected to do? 

Makhanya: To solve the equation. 

Researcher: Explain how you were supposed to approach the problem. 

Makhanya: I solved the equation by taking out the common factor, which is 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃. Then I 

was left with 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃 = 1 𝑎𝑎𝑎𝑎𝑎𝑎 2 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃 − 3 = 1. After that, I had 2 sin𝜃𝜃 = 4. Divide both 

sides with 2. Then I had sin𝜃𝜃 = 2  and I found the answer. 

Researcher: If this was algebraic equation, how were you going to approach it? 

Makhanya: This is not algebra, sir. In algebra, we have 𝑥𝑥 𝑎𝑎𝑎𝑎𝑎𝑎 𝑦𝑦. Here we have words sin, 

cos. So it’s not the same. 

Learners such as Makhanya demonstrated that they had not transitioned to the stage of making 

connections between concepts and thus could not draw from their previously learnt knowledge to 

apply it to a new context. 

7.5 Analysis of learners’ difficulties hindering the necessary mental constructions in Task 3 

Item 1 of Task 3 required complex procedures to be carried out; as with the previous items, a sound 

knowledge of algebra was key. 

 

Figure 52 Item 1 (Task 3) 
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Figure 54 Ndoe’s written response to Item 1 (Task 3) 

Analysing the tendency of learners to move one factor to the RHS, confusing the process due to 

incorrect schema of transposing (as Shozi did, in the example in Figure 53), revealed that the equal 

sign was viewed by these learners as an operator symbol. In addition, they had constructed the 

meaning of identity incorrectly: while identity should hold true for all values in the equation, the 

learners’ failure to understand that resulted in them overgeneralizing square identities, such as  

𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃 + 𝑐𝑐𝑐𝑐𝑐𝑐2𝜃𝜃 = 1, to situations such as 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + cos 𝜃𝜃 = 1, as noted in step 2 where cos 𝜃𝜃 − 1 is 

changed to be equal to 𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃. Thereafter, the rules of solving quadratic equations were applied. 

During the interview, Shozi confirmed that she had considered the square identities to be 

applicable in every expression as long as there was 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑎𝑎𝑎𝑎𝑎𝑎 1:  

Sir, I thought that cos 𝜃𝜃 − 1  ulingana [is equal] to sin2 𝜃𝜃, because there was 

cos  𝜃𝜃 𝑤𝑤𝑤𝑤𝑤𝑤ℎ − 1 . As a result, I had trinomials to solve by finding the factors.  

Learners given the expressions enclosed in two brackets revoked the schema of using foil method 

among some learners, as illustrated in Ndoe’s response in Figure 54. As a result, these learners 

were unable to procced to solve the equations. Applying the rules of algebra when they were not 

applicable was thus another source of learners’ errors that hindered them from making the 

necessary mental constructions. Ndoe, in her response during the interview, indicated that she was 

confused about which rule to use, as she spoke about transposing, while she had used the foil 

method: 

I tried to transpose 2 sin𝜃𝜃 − 1, but my answer was wrong. I removed the bracket, trying 

to eliminate some terms, but I was stuck again. Ay, sir: I did not know how to solve this 

one.  

Both Shozi and Ndoe indicated during their interviews that they did not fully comprehend the 

concept and thus had failed to solve the problem.  
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Figure 56 Ndoe’s written response to Item 2 (Task 3) 

In the previous item (Item 1) Ndoe had used the foil method to simplify the brackets, making the 

equation more complex, suggesting that while she had developed the schema, the retrieval 

mechanism was not located as she did not indicate that she needed to equate the two factors to 0. 

In this item (Item 2), while she was able to carry out the procedure to determine the reference 

angle, the notation use to indicate the angle was incorrect, meaning that she considered 30 to be a 

numeral, not a degree. Also, the notation she used to give the general solution was flawed, 

indicating that her schema for the general solution was flawed. This was confirmed by her response 

during the interview. 

Sir, mina [I] what I know is that I need to have one trig ratio. So, I removed the bracket 

with sin𝜃𝜃 and divide it with sin𝜃𝜃 throughout. 

Ndoe’s explanation of her process reveals the misconception that there should be one trig ratio. 

This misconception among learners led to them trying to eliminate one trig ratio, even in an 

equation that is in the quadratic form. Similarly, the misconception of having one trig ratio was 

confused with having one solution; thus, when learners determined the reference, they considered 

that to be the final answer, without consideration for the constraints given.  

7.6 Summary of learners’ difficulties hindering mental construction 

The analysis revealed several difficulties that hindered learners from making the necessary mental 

constructions. First, it was evident that an incorrect conception of the equal sign as an operator 

symbol hindered learners’ development of the necessary mental constructions. Second, 

overgeneralization of rules, or retrieval of incorrect rules, resulted in errors. Third, failure to 
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integrate algebra into the learning of trigonometry created difficulties for learners. Conversely, 

however, learners’ application of the rules of algebra where they did not apply make solving of 

the problem more difficult. It was therefore observed that, while the learners’ recalled procedures 

or rules, they did not possess the correct schema needed to solve the equation. 

It is noted that some of the short methods that learners are taught, or short explanations they are 

given, may contribute to these difficulties. For example, learners are taught always to simplify into 

one trig ratio; thus, instead on focusing on the concept, learners retrieve incorrect rules as they try 

to eliminate the other trig ratio. They may overgeneralize this to mean one trig ratio results in one 

solution, regardless of the constraints given. As evident in the analysis, learners’ conceptualization 

of concepts as isolated facts hindered their development of the concept to be able to make the 

necessary mental construction, as most learners who failed to make the necessary mental 

constructions displayed elements of being at the intra stage, in terms of the triad mechanism. 

7.7 Conclusion 

This chapter has discussed the difficulties that hindered learners from making the necessary mental 

constructions when solving trigonometric equations. The triad mechanism was used to examine 

the errors and misconceptions that learners make when learning and solving trigonometric 

equations (Borji & Font, 2019). The data gathered from learners’ written work and interviews 

provided sufficient information to identify learners' difficulties when solving trigonometric 

equations and the sources of their errors. The following chapter discuss the findings, 

recommendations and conclusion. 
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CHAPTER 8: DISCUSSION, CONCLUSION, AND 
RECOMMENDATIONS 

 

8.1 Introduction 

The preceding chapter presented the study’s findings on the Grade 11 learners’ mental 

constructions and difficulties when learning and solving trigonometric equations. This chapter 

seeks to confirm if the critical questions guiding this study have been answered as well as establish 

if the research aim has been accomplished.  

The aim of the study was to explore Grade 11 learners’ mental construction of trigonometric 

equations and the difficulties they experienced that hindered their ability to make the necessary 

mental construction.   

The objectives of the research were:  

1. to explore Grade 11 learners’ mental construction of knowledge when learning and solving 

trigonometric equations; 

2. to explore the enablers or challenges that enhance/ hinder the development of the 

learners’ mental constructions in trigonometric equations; and 

3. to explore the extent to which learners’ mental constructions align with the preliminary 

genetic decomposition of trigonometric equations. 

The corresponding research questions were:  

1. What are the learners’ mental constructions of trigonometric equations? 

2. Why do learners succeed/ fail to make the necessary mental constructions in learning and 

solving trigonometric equations? 

3. How do learners’ mental constructions of action, process, and object align with the 

preliminary genetic decompositions? 
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This chapter articulates the key conclusions drawn from the study and makes recommendations 

anchored in the literature as well as the data that has been presented in this thesis: the analysis of 

learners' written responses administered in Phase One of the study to ascertain the mental 

constructions in trigonometric equations (Chapter Five): the analysis of learners’ responses on 

activity sheets and semi-structured interviews collected in Phase Two of the study when learners 

had progressed to Grade 11 (Chapter 6); and the analysis of the Grade 11 learners’  difficulties 

(errors and misconceptions) that hindered their ability to make the necessary mental constructions 

(Chapter 7). 

8.2 Synthesis of the findings 

The findings and conclusions on the three main questions address learners’ mental constructions 

of trigonometric equations and aimed to unearth challenges that hinder the constructions of the 

necessary mental constructions. In responding to the research questions, the findings are discussed 

in line with themes that emerged during data analysis, which is learners’ mental constructions of 

trigonometric equations, alignment of learners’ mental constructions to the preliminary generic 

decomposition and errors and misconceptions evident to hinder learners’ mental constructions. 

8.2.1 Learners’ mental constructions of trigonometric equations  

This section consolidates the findings that emerged when interrogating learners’ mental 

constructions of trigonometric equations. The study focused on learners’ mental constructions for 

understanding the meaning of a trigonometric function and the quadrant where the solution lay. 

The study also explored learners’ mental constructions for determining the general solution and 

solving trigonometric equations. Item 1 and Item 2 of Task 1 explored learners’ construction of 

meaning about the relationship between the quadrant and the solution of a trigonometric equation. 

It also focused on identifying the value of the solution that was the angle without solving the 

equation. Identifying where the solution lay without performing any calculation physically was 

deemed to be an illustration of the process conception. The findings showed that while all 17 

learners were able to tell whether the equation had a solution or not and were able to locate where 

the solution lay, the majority were still operating at the action stage. This was demonstrated by the 
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fact that, before they could tell where the solution lay, they first needed to calculate the reference 

angle. Only then were they able to tell where tan 𝜃𝜃 = −2.5 would have a solution. The positive or 

negative sign (+ or –) acts as a physical cue to trigger one’s memory of which quadrant the function 

solution lies. The findings showed that all 17 learners had constructed an action conception of the 

relationship between the sign of the function and the quadrant where the solution lay. Further 

interrogation during the interviews found that fewer learners displayed an evolution of their mental 

constructions to the next level of interiorization of the action to a process, where they could reflect 

on the physical steps to explain in which quadrant the solution would lie. This is illustrated in the 

following response by a participant: 

According to the question, it says, “Which quadrant would the function have a solution?” 

Which is why I said on the 2nd and 4th quadrants because we are given the value of y as 

negative. Uyabona [You see], Sir, in the Cartesian plane tan is negative in the 2nd and 4th 

quadrant, kodwa ke the [but] where the y value is negative is in the 4th quadrant, if I was 

plotting the coordinates. If I wanted the exact solutions, I would have calculated the 

reference angle at the end, I would have said 180° minus reference angle then finds the 

answer and 180° 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 eference angle. Therefore, that will tell which quadrant my 

answer belongs to. (Zulu) 

The findings showed that, in certain cases where learners were working on a solution, they did not 

engage deeply with their thinking process; when they were asked to explain their thought process, 

they then reflected only on the concept they had constructed. Concurring with Maharaj (2014) and 

Ndlovu and Brijlall (2015) It became clear that when teachers encourage learners to discuss their 

writing, it helps them improve their mental constructions. However, as the majority were still 

operating at the action stage, it was evident – as was found by Madonsela et al (2020).  The majority 

of the learners were still operating at the action stage in terms of their ability to work with 

trigonometric concepts. 

While the learners could identify where the solution lay, the majority could not explain whether 

the solution was defined or not, in Item 3 of Task 1.  This confirmed that the concept of making 

meaning about the solution of trigonometric equation and quadrant was still constructed at the 

action stage, because a person with a conceptual understand would be able to make a connection 
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between identifying the quadrant where the solution lay and whether the solution was defined or 

not. Once they have identified the quadrant where the solution lies, it means that the trigonometric 

function is defined in that quadrant. While in this item all 7 learners identified where the solution 

lay but could not explain, only 8 learners could explain whether the solution was defined or not. 

As mooted by Ngcobo et al (2019), when concepts are learnt as isolated facts it hinders the 

learner’s ability to make the necessary mental constructions. 

8.2.1.1. Learners’ mental constructions for determining the general solution or 
determining the angle 

Three items focused on exploring learners’ mental constructions for determining a general solution 

under Task 2: Item 1 was of the form  𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃 + 𝑎𝑎) = ±𝑏𝑏; Item 2 was of the form ±𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 ±

𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝛼𝛼 = 0; and Item 3 was of the form  ±𝑎𝑎𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃 = 𝑏𝑏 ± 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃. With tasks where learners were 

required to determine the general solution, it was found that learners were more successful in 

solving questions with the trigonometric function on one side and only a number on the other. For 

example, for Item 1, 10 learners provided a correct response where the cos of an angle was on the 

left-hand side and the value was on the right-hand side. Although the majority were able to 

determine the general solution, in terms of their mental constructions it was evident that they were 

operating at the action stage as all 10 learners performed step-by-step calculations to determine 

the general solution. They were unable to skip any of the steps, meaning the preceding step was 

needed as a trigger for the next step. While learners were able to determine the general solution 

when given straight forward trigonometric equations such as Item 1 of Task 2, or solving equations 

that  required recalling routine procedures such as 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑏𝑏, or knowledge of reciprocals such as 

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑏𝑏, it was noted that the learners had to carry out step-by-step procedures to arrive at the 

solution, which indicated they were operating at the action stage. Also, it was noted that, while the 

learners had solved the questions, they were unable to tell whether the answer made. The action 

stage is the most basic stage of construction in APOS theory; for coherent understanding learners 

needs to progress through the process and object stages and ultimately form a coherent schema.  

The learners struggled with questions that required the application of knowledge or previously 

learnt concepts, like the application of special angles. In the interviews, some learners indicated 

that they could not recognise that they were solving trigonometric equations that involved special 

angles. Similarly, they struggled with solving trigonometric equations requiring the integration of 
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algebra to solving the equations or determine the general solution. For example, to determine the 

general solution of  3𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃 − 3𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 1, only one learner was able to apply their knowledge of 

how to solve quadratic equations to determine the correct value of 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠. Although the learner 

worked step by step to determine the value to be used to determine the reference angle, the action 

had been interiorized into a process as the learner was able to identify which of the solutions made 

sense in relation to a sine function – as the maximum value of a sine graph is one, therefore a value 

above 1 does not have an 𝑥𝑥 coordinate for a sine graph where value of 𝑎𝑎 = 1. During the interview, 

the learner showed she has encapsulated the process into an object as she was able to solve  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 =

±𝑏𝑏 as a static structure, conceived the process of solving equation as a totality, imagined the graph 

of 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 and applied the transformation to it which values will yield a solution. Furthermore, she 

was able to imagine the relationship between the reference angle and the value of y, understanding 

that these actually represented coordinates (for a point on the graph) as illustrated in her response 

below. 

Angithi [isn’t it so], Sir: the graph of sin turns ku[from] 1 on the y value when x is 90° so 

it cannot go higher than that unless the graph was shifted up vertically. This is normal 

graph of sin, so the maximum value is 1; yingakho [that’s why] 1,78 enganayo [does not 

have] I -x coordinate.  

The findings revealed that while some learners displayed process or object conceptions of 

determining the general solution for trigonometric equations, it was evident that the majority were 

still operating at the action stage as they relied on external cues to solve the problems. 

8.2.1.2 Learners’ mental constructions of solving trigonometric equations bounded by 
an interval 

It was found that the learners could proceed step by step to determine the general solution. The 

next step was to explore their mental constructions to solving trigonometric equations bounded by 

an interval, for example (cos 𝜃𝜃 − 1)(2 sin𝜃𝜃 + √3) = 0,   𝜖𝜖(0°; 360°). The findings showed that 

most of the learners’ experienced difficulty calculate the angle when they were given the interval 

without using a calculator. While eight learners could solve the problem, it was noted that the 

majority were still operating at the action stage when dealing with solving trigonometric equations 

bounded by the interval. However, a few learners’ responses show the development of an object 
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conceptions as they demonstrated that they could apply the actions and processes of solving 

algebraic equations of the form 𝑎𝑎𝑎𝑎 = 0 to solve trigonometric equations and showed 

understanding of how to apply the constraints indicated in the interval. This is illustrated in the 

following example:  

What I did here: took 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 − 1 = 0 and 2 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃 − 1 = 0 . In this equation, I apply my 

knowledge of solving the algebraic equation on Question 1 when we solve x. Separated the 

two equations, first, I solve 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 − 1 . But transposing 1 then I had cos θ is equal to 1. 

The value of θ was equal to 0 degrees.  On the other side, I had 2sin θ and transposed 1 to 

the right and divided by 2 into both sides. I was left with sin θ equal to 1
2
 and my 𝜃𝜃 was 30 

degrees. The intervals tells where the solution should lie so I know sine is positive in the 

1st and 2nd quadrant so my other value  𝜃𝜃 = 150°. (Fihlela) 

It was noticeable that the learners’ mental constructions were gradually evolving; however, they 

experienced challenges applying the knowledge of special angles to solve trigonometric equations. 

Without using a calculator, learners could not identify the value of 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = −√3
2

.  

In response to the research question about learners’ mental constructions for solving trigonometric 

equations, the findings revealed that the majority of learners were operating at the action stage. 

However, there was evidence of evolution of the mental constructions of some learners as they 

displayed process- or object- level conceptions. However, none of the learners showed the 

development of trigonometric equations schema. This suggests that alternative strategies need to 

be developed to assist learners to construct the schema conception of trigonometric equations.  

While Madonsela et al. (2020), in their study about solving three dimensional problems in 

trigonometry, found that Grade 12 learners showed a lack of development of their mental 

constructions, the findings of the current reveal that learners had a basic knowledge of how to 

solve trigonometric equations but struggled to solve trigonometric equations that required the 

integration of algebraic concepts.   

The next section synthesises the findings regarding factors displayed by learners which assist in 

the evolution of their mental constructions. 



140 
 

8.3 Factors enhancing the evolution of learners’ mental constructions of solving 
trigonometric equations 

Drawing on the findings, it was evident that learners with procedural knowledge were able to carry 

out step-by-step calculation to solve trigonometric equations. Rittle-Johnson and Schneider (2015) 

define procedure as a series of steps or actions taken to complete a goal; thus, knowledge of 

procedure assists one to know how to perform an algorithm. This procedural knowledge assisted 

learners in this study to construct the action conception for solving trigonometric equations. 

Furthermore, it was noted that where learners could recall the required facts and knowledge it 

assisted them with constructing the action conceptions. Although knowing the procedure is not 

enough to enable one to construct the schema of a concept, it assisted the learners in this study to 

understand the basic procedures needed.  

The next section discusses the findings about the factors that hindered the evolution of the learners’ 

mental constructions. 

8.4. Factors hindered the development of learners’ mental constructions 

The findings revealed that learners’ errors when solving trigonometric equations hindered their 

ability to make the necessary mental constructions. Olivier (1989, cited in Ndlovu et al., 2017) 

posits that errors are symptoms of underlying misconceptions. Thus, underlying misconceptions 

lead to the construction of an incorrect concept image. As discussed in Chapter 7, the findings 

revealed several errors made by learners that hindered the evolution of their mental constructions. 

It was evident that in certain instances learners invoked incorrect rules to solve the problem or 

overgeneralized a rule. For example, when solving for 𝜃𝜃 in the question (cos 𝜃𝜃 −

1)(2 sin𝜃𝜃 + √3) = 0,   𝜖𝜖(0°; 360°), learners invoked the foil method of removing the brackets 

and thus could not proceed with solving the sum. 

8.4.1 Wrong method of factoring/ misapplication of rules  

Out of the 12 learners that showed no evidence of mental construction for Item 3 of Task 2 (see 

Table 32,  learners used the wrong method for factorizing the trigonometric equation. The analysis 

found that these learners had misapplied the rules of factorization. For example, when given 

3sin2 𝜃𝜃 − 3 sin𝜃𝜃 = 1, learners tried to find the common factor on the left side: sin𝜃𝜃(2 sin𝜃𝜃 −
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3) = 1. Learners’ use of the wrong method revealed their lack of understanding of the rules of 

factorizing and a failure to understand that they were solving trinomials. In a study of student’ 

errors while solving mathematical problems, Tong and Loc (2017) identified the mistakes learners 

made related to not understanding the problem, not using proper calculation procedures and not 

writing the final answer correctly because of mistakes made during calculations. This was 

observed in the current study: for example, when Zulu was asked about Item 2 of Task 2, where 

he did everything correctly but arrived at an incorrect answer, he replied, “I made a mistake when 

I was using the calculation”. Rashidov (2022) states that learners' lack of knowledge of 

mathematics problems may be a major reason why they cannot solve certain problems correctly 

and consistently. 

8.4.2 Lack of understanding of the concept  

The findings for Items 2 and 3 of Task 1 suggest that a lack of understanding of the concept was 

the main cause of the learners’ misconception with regard to indicating whether the value of 

tan 𝜃𝜃 = −2.5 would be 180 < 𝜃𝜃 𝑜𝑜𝑜𝑜 𝜃𝜃 < 180. The analysis found that of the 17 learners, 9 had a 

misconception about these items. Gafoor and Kurukkan (2015) found that learners who felt that a 

mathematics concept was very difficult tend to forget it faster and made less effort to learn the 

concept than was the case with those who felt the concept was easy. Learners may tend to 

memorise the concept, rather than taking the time to properly understand it (Ahmad et al., 2018). 

8.4.3 Lack of conceptualization of previously learnt concepts 

Previous knowledge is critical in the conceptualization of new concepts; its existence or absence 

can thus either enhance or hinder the construction of new knowledge (Tall, 2008). In this study, 

findings showed that learners’ lack of schema of algebraic concepts hindered their constructions 

for solving trigonometric equations. It was noted that learners struggled to solve problems that 

required the integration of algebra. For example, a knowledge of how to solve quadratic equations 

is critical to solve the equation 3𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃 − 3𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 1. Usman and Hussain (2017) argue that 

learners make errors when solving questions related to trigonometry because as that have not 

previously learnt basic concepts, they misinterpret what the question requires them to do.  
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The preliminary genetic decomposition was shown to be useful for analysing learners’ mental 

constructions for trigonometric equations. However, it was found that some of the responses given 

by learners could not be explained using the preliminary genetic decomposition. To accommodate 

the findings, the genetic decomposition was modified based on learners’ responses. For instance, 

in Item 1 of Task 1 (discussed in Chapter 6), the learner is asked to identify the quadrants in which 

a solution could be found and give reasons. However, a learner who provided the correct answer 

but was unable to explain how they found the answer was also considered to be operating at 

the action level. For instance, Zulu could not explain his answer while solving the problem but, 

during the interview, he indicated that he understood the concept. For Task 2, learners were 

regarded to be operating at the action level if they provided the correct answer step-by-step for 

Items 1, 2 and 3. However, some learners provided the solution step by step but could not 

provide the answers in the degrees (°). The genetic decomposition was modified to regard a 

learner who provided the answer as numerical as operating at the action level because, during the 

interviews, they were able to refer to the answer as the angle – for instance, saying,“30 degrees”.  

The next section discusses the contribution of the study to the field.  

8.6 Contribution of this study to the field 

The preliminary genetic decomposition (Figure 57) was designed to explain learners’ mental 

constructions of trigonometric equations. Analysis of the data generated in this study revealed that 

some answers provided by learners included in the preliminary genetic decomposition. While 

using trial and error to determine the solution can still be considered as the mental construction to 

show action conception, the findings showed that learners tend to base their knowledge of finding 

or calculating the solution on determining the reference angle. The reference angle thus acts as an 

external cue that triggers the steps to be performed to determine the solution, to determine the 

quadrant where the solution lies, or to determine whether the equation is defined or not. To 

accommodate this, the genetic decomposition model has been revised, as shown in Figure 58, to 

allow for a more complete data analysis of learners’ mental constructions of trigonometric 

equation. As stated by Arnon et al. (2014), preliminary genetic decomposition can be modified. In 
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gap by ensuring that they have grasped basic algebraic skills such as collecting like and unlike 

terms, using brackets, and the addition and subtraction of algebraic terms. A sound knowledge of 

the basic skills and concepts of algebra will support learners to be able to understand trigonometric 

equations. Teachers should, thus, take into consideration the importance of ensuring learners have 

foundational skills and knowledge before they teach new concepts and skills (Munna & Kalam, 

2021). 

It is also recommended that the Department of Basic Education – in particular, its mathematics 

advisors – emphasise the importance of topic integration in mathematics. During analysis of the 

findings, it was observed that if the learners lacked basic skills, they failed to understand and 

correctly answer trigonometric equations.  This could be one of the factors that contributes to the 

poor performance of learners in trigonometry in Grade 12.  

This study strongly supports and subscribes to the idea of using many different ways to teach 

trigonometric equations. Several researchers have advocated for the use of multiple approaches 

(JoJo, 2015) to achieve various benefits. The use of multiple methods to solve trigonometric 

equations encourages learners to better understand the connection between different 

methodologies for conceptual development. Teaching methods should allow learners to explain 

their answers. Teachers should pay close attention to learners’ explanations so that they can 

identify misconceptions that have arisen and devise effective ways to build their learners’ 

understanding of trigonometric equations. Learners should be given more and different 

trigonometric equations to simplify. Learners should be encouraged to share their successes and 

difficulties in trigonometric equations to help those who are struggling. Grouping learners 

according to their abilities can be an effective strategy for addressing their needs in the topic of 

trigonometric equations. 

8.7.2. Recommendations for further research  

This study was conducted with 17 learners in one school in the Umlazi District, which is one of 

the biggest districts in the province of KwaZulu-Natal. because of the small sample, a 

generalisation cannot be made to all learners at this school or other schools.  Future research could 

include a large sample of participants from different schools to increase the validity of the findings.  
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In addition, trigonometry is a very broad topic, and this study focused on only one aspect: 

trigonometric equations. Learners’ performance in this area, as documented in this study, thus 

cannot be seen to be representative of their overall performance for trigonometry. It is 

recommended that future research studies thus include other trigonometry topics. 

As it was observed that a foundational knowledge of algebra is important for a learner to be able 

to understand trigonometric equations, it would also be beneficial for further research to explore 

learners' understanding of algebraic equations.  

Finally, this study has focused on learners in the learning and solving trigonometric equations. It 

may be useful for future studies to explore teachers' understanding of trigonometric equations. 

8.8 Limitations of the study  

This study explores Grade 11 learners’ mental constructions and difficulties in learning and solving 

trigonometric equations in the limited context of a small sample from one school in one district of 

one province of South Africa. Thus, the small size and arbitrary nature of the sample represents a 

limitation to the study, as it could not produce generalizable inferences about Grade 11 learners’ 

mental construction and difficulties when learning and solving trigonometric equations.  

Another limitation arose from the fact that participants understood that tests taken in the after-

school programme (which were used to generate data for the study) do not contribute to their 

summative marks. This may have impacted the seriousness with which the participants engaged 

with the tasks through which data were generated.  

Finally, as the researcher was also a teacher at the school where the study was carried out, issues 

of power dynamics and biases may have impacted the research results. To mediate this, the study 

was conducted with learners from the after-school programme rather than during the normal 

teaching time. The after-school programme was an optional programme that provided a space for 

learners to discuss their learning challenges with the teacher or with peers. As the tasks done at the 

after-school programme did not contribute to the learners’ summative marks and were not used for 

grading purposes, learners could be expected to experience less pressure to impress the teacher 

than in the classroom context. The researcher/teacher, also, was free of any motivation to press 
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learners for correct answers or to complete the curriculum; their role was rather to engage with 

learners about any challenges they encountered in the learning process.  

8.9 Conclusion  

This chapter has provided a summary of the study's conclusions. Recommendations were made 

for teaching and learning and also for further research.  While due to the localised nature of this 

case study the findings cannot be generalised to all schools, is hoped that the findings, conclusions 

and recommendations will assist mathematics teachers and others interested in enhancing 

mathematics teaching and learning – not only in South Africa, but around the world.  
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APPENDIX D: LEANER CONSENT LETTER 

 

 

Science and Technology Cluster, School of Education, 

College of Humanities, University of KwaZulu-Natal, 

Edgewood Campus, KwaZulu-Natal  

 

Date 

Dear Learner 

INFORMED CONSENT LETTER FOR MATHEMATICS LEARNERS 

My name is Mr. N. H. Dube I am a Doctor of Philosophy (PhD) student from the Science 

and Technology Cluster, School of Education, College of Humanities, University of 

KwaZulu-Natal. I am conducting research titled ‘Exploration of Grade 11 learners’ 

mental constructions and difficulties in learning and solving trigonometric equations: 

a case of one school in Umlazi district’ 

In view of the foregoing, I intend to explore learner’s mental construction of knowledge and 

difficulties they face when they are learning and solving trigonometric equations. 

The objectives of the research are as follows: 

1. To explore Grade 11 learner’s mental construction of knowledge when 

leaning and solving trigonometric equations. 

2. To determine the difficulties that hinder the construction of knowledge among 

grade 11 learners when learning and solving trigonometric equations. 

3. To explore the extent, the preliminary genetic decomposition, explain the 

learners’ mental construction of trigonometric equations 
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Document analysis would involve analyzing learner’s responses to classroom tasks done within 

the lesson and during assessment. Also the observation will also be done in the class during 

discussion. You are invited to please participate in the study because you are a student who is 

studying the Mathematics in Grade 11 as the study focusing in the trigonometric equations from 

grade 11 mathematics. To gather the information, I am interested in requesting you to participate 

in this project by reflecting critically on a classroom tasks done within the lesson and during 

assessment. I will also ask you some questions individual interview, each of 25-30 minutes’ 

duration. 

This study has been ethically reviewed and approved by the UKZN Humanities and 
Social Sciences Research Ethics Committee (approval number ). 

Please note that: 

• Your participation is voluntary. If you do not participate you will not be penalized in any 

way. No marks will be deducted from your project if you decline to participate. 

• Your confidentiality is guaranteed as your inputs will not be attributed to you in person, but 

reported only as a population member opinion. The individual interviews (1 of each) will last 

for about 25-30 minutes and may be split depending on your preference. 

• Any information given by you cannot be used against you, and the collected data will be used 

for purposes of this research only. 

• Data will be in the form of interview transcripts and document analysis, and will be stored in 

secure storage and destroyed by shredding after 5 years. Digitally recorded data will be deleted 

after five years. 

• You have a choice to participate, not participate or stop participating in the research. You will 

not be penalized for taking such an action. 

• Your involvement is purely for academic purposes only, and there are no financial benefits 

involved. However, it is expected that you will gain more knowledge for exam purpose in the 

trigonometric equations. 
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Thank you.  

 

Yours faithfully 

 

…………………….. 

 

My contact details are as follows: 

Email:   

Cell phone:  

 

My supervisor is Dr Zanele Ngcobo. She is a lecturer in the School of Education, College of 
Humanities, Edgewood Campus, University of KwaZulu-Natal. 

My supervisor’s contact details are:  

Email: NgcoboA2@ukzn.ac.za  

Phone number:  

 

You may also contact the Research Office at:  

University of KwaZulu-Natal 

Humanities and Social Sciences Research Ethics  

Govan Mbeki Centre 

Tel +27312604557 

Email: HSSREC@ukzn.ac.za 

 

Thank you for reading this document about this research. 
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DECLARATION OF CONSENT 

 

I ………………………………………………………………………… (Full names of 

participant) hereby confirm that I have been informed about the study entitled ‘Exploration of 

Grade 11 learners’ mental constructions and difficulties in learning and solving 

trigonometric equations: a case of one school in Umlazi district 

’. I understand the contents of this document and the nature of the research project, and I consent 

to participating in the research project. 

I understand the purpose and procedures of the study (add these again if appropriate). 

 

I have been given an opportunity to answer questions about the study and have had 
answers to my satisfaction. 

I declare that my participation in this study is entirely voluntary and that I may withdraw 
at any time without negative consequences. 

I voluntarily give permission for the interviews to be audio-recorded. 

I give permission for my assessment task marks and interview response to be used as a source of 

data. My identity will not be disclosed and pseudonyms will be used to protect my identity 

If I have any further questions/concerns or queries related to the study I understand that I may 
contact the researcher at . (provide details). 

If I have any questions or concerns about my rights as a study participant, or if I am 
concerned about an aspect of the study or the researcher, then I may contact: 

HUMANITIES & SOCIAL SCIENCES RESEARCH ETHICS ADMINISTRATION 

RESEARCH OFFICE,  

Westville Campus  

Govan Mbeki Building  

PrivateBagX54001 

Durban 4000 

KwaZulu-Natal, SOUTH AFRICA Email: HSSREC@ukzn.ac.za  
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Additional consent, where applicable: 

• I am willing to be part of the garden project and interviews. I am also willing to allow 

recording by the following equipment, and the use of other data: 

Digital audio recording 

interviews 

Willing Not willing 

Use of portfolio of evidence   

Use of reflective diary   

 

  

…………………………………... 

Name of Participant 

  

…………………………………  

Signature of Participant Date:  
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APPENDIX E: PARENT CONSENT FORM 

 

Mzali 

Ngibhala le ncwadi ukucela imvume yokusebenzisana nomtwana wakho ekwenzeni 
ucwaningo lwesifundo sezibalo(Mathematics) 

Nginguthisha Mr N. Dube ofundisa Kwasanti High school, ngiqhuba izifundo zami 
enyuvesi yaKwaZulu-Natal (UKZN) kunocwaningo okumele ngilwenze mayelana 
nale sifundo. Abafundi ngizobabhalisa isivivinyo (Test) ngiphinde ngibabuze 
imibuzo ngomlomo. 

Ngingajabula ukuthola imvume kuwe, ngingajabula uma umzali engasayina lapha 
ngezansi uma evuma. 

 

Ngiyavuma 

Angivumi 

 

 

 

Igama Lomzali Ukusayina 
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APPENDIX F: GRADE 10 TASK 
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APPENDIX G: GRADE 11 TASK 

1. Given tan θ = -2.5 

1.1 in which quadrant would the function have a solution? Explain 

 

1. Given tan θ = -2.5 

1.2 Is the value of 180 < θ or θ < 180. 

 

1. Given tan θ = -2.5 

1.3 would you say this function is defined or not? Explain  

 

2 Find the general solution of the following equation. 

2.1 cos( θ + 10°) =  −0.67 

 

2 Find the general solution of the following equation. 

2.2 √3 𝑐𝑐𝑐𝑐𝑐𝑐  𝜃𝜃 − 3 𝑠𝑠𝑠𝑠𝑠𝑠  𝜃𝜃 = 0  

 

2 Find the general solution of the following equation. 

2.3 2𝑠𝑠𝑠𝑠𝑠𝑠2 θ − 3sin θ = 1 

 

3. Solve for θ without the use of a calculator if  

3.1 (𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 − 1)�2𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃 + √3 � = 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝜃𝜃 ∈ [0°; 360°] 

 

3. Solve for θ without the use of a calculator if  

3.2 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃�2𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 + √3� = 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝜃𝜃 ∈ [0°; 360°] 
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APPENDIX I: INTERVIEWS  

INTERVIEW WITH MAKWANZA 

 

Researcher: Explain how you solved the problem. 

Makwanza:  I transposed 1 to the left side, then I was left with a trinomial which is 

2𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 − 3𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 − 1 = 0. Ok, I tried to look for factors and I didn’t get them. After 

that I used the quadratic formula, I did a substitution of a=2, b=3, and c=-1. Then I 

calculate to find the reference angle and I could get a solution to the first one, which 

was undefined, and the second one got the solution.  

Researcher: Why do you say the other solution was undefined? 

Makwanza: When I tried to calculate the reference angle of 1,78 it shows undefined. 

Researcher: What does undefined mean? 

Makwanza: Mhhh…. [Pause] There is no solution. 

Researcher: Why do you think the other coordinates has no solution? 

Makwanza: Yoh! [Pause]. Sengiyabona. [Now I see]. When I factorise it, my answer 

was  sin𝜃𝜃 = 1.78. This is not possible, Sir. No solution. 
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Researcher: Why? 

Makwanza: Angithi [Isn’t], Sir, the graph of sin turns ku 1 on the y value when x is 

90°, so it cannot go higher than that unless the graph was shifted up vertically? This 

is normal graph of sin, so the maximum value is 1, yingakho (1,78) enganayo I -x 

coordinate [That is why there is no x coordinate for 1,78]. 

Researcher: Okay, that is good that you can pick up that. Now tell me why you only 

used the 3rd quadrant to determine the solution? 

Makwanza: Eish, sinzima lesisibalo [the sum is difficult], but I see now I should have 

also included the 4th quadrant, because sin is negative in the 4th quadrant. 

INTERVIEW WITH FIHLELA  

 

Researcher: Explain how you solve the question. 

Fihlela: What I did here, I took 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 − 1 = 0 and 2 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃 − 1 = 0 . In this equation I 

apply my knowledge of solving the algebraic equation on question 1 when we solve x. 

Separated by the two equations, first, I solve 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 − 1  by transposing. Then I had cos 

θ is equal to 1. The value of θ was equal to 0 degrees.  On the other side, I had 2sin θ 

and transposed 1 to the right and divided by 2 into both sides. I was left with sin θ equal 

to 1
2
 and my theta was 30 degrees. 

Researcher: Is there any other method you could have used? Explain.  

Fihlela: No. 

Researcher: Will the equation always have a solution?  

Fihlela: Yes. 
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Researcher: How would you tell if the equation has a solution or not. 

Fihlela: If you know about solving algebraic equations in paper 1 of mathematics, it is 

easy to see how to solve this equation. 

INTERVIEW WITH MAKHANYA 

 

Researcher: 𝑀𝑀𝑀𝑀𝑀𝑀ℎ𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑦𝑦𝑦𝑦𝑦𝑦 𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃�2𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 + √3� = 0. So how did you 

solve the equation? 

Makhanya: I answered this question separating 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃 = 0 𝑎𝑎𝑎𝑎𝑎𝑎 2 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 + √3 = 0. 

Yabona [you see], Sir, mina [I] what I did is that I transported √3 to the left and became 

negative √3 and I was left with 2 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 and I divide by 2 both sides. Then I was left 

with 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 = −√3
2

 . After that, I used the calculator – I do not want to lie sir – and said 

the shift 𝑐𝑐𝑐𝑐𝑐𝑐−1 �√3
2
� and the value of θ= 150. Also, sinθ=0 again I used the calculate 

the answer was θ= 0.  

Researcher: Makhanya, is there any other method you could use to solve it? 

Makhanya: Ayi, no sir. 

INTERVIEW WITH ZULU 
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Researcher: How did you find the answer?  

Zulu: I divided by 3 on both sides to find the reference angle and I used shift tan of  √3
3

. 

Researcher: Can you please do it again, using a calculator? 

Zulu: Yes, Sir. [He does it again using a calculator.] Eish, sir: I made a mistake yazi 

(you know) I divide with √3,𝑛𝑛𝑛𝑛𝑛𝑛 3, both sides.  
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APPENDIX K: TURNITIN REPORT  
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