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Abstract

This dissertation discusses Wigner functionals and an application, namely
ghost imaging. Wigner functionals aim to provide more accurate measure-
ment results due to the inclusion of all the degrees of freedom of light.
The main concepts discussed are spontaneous parametric down-conversion
(SPDC), the evolution equation for light through the SPDC crystal, the
probability distribution for the ghost image, conditional probability distri-
bution, and the point spread function. The ghost imaging calculation is done
for the rational thin crystal and extreme thin crystal limits.
It is shown that the probability distribution produced is the same for the
rational thin crystal and extreme thin crystal limits, and consequently, the
point spread function, and conditional probability distributions are the same.
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Chapter 1

Introduction

For thousands of years, humanity has attempted to capture images, be it
in the form of parietal art or photography. Images produced by famous
painters such as Pablo Ruiz Picasso, Leonardo Da Vinci, or Vincent Van
Gogh, to name a few, are valued immensely for various reasons e.g. the ab-
stract meaning or detailed accuracy. Recent technological advances allow for
high-resolution images to be captured within split seconds. Such a conve-
nience enables anyone with a smartphone to capture memories that could
last a lifetime.
The science behind using quantum optics to produce an image via a process
called ghost imaging is written in terms of Wigner functionals. The modeling
of ghost imaging with Wigner functionals has not been done before.
Quantum optics deals with the quanta of light called photons and how it in-
teracts with atoms and molecules, entanglement can be generated as a result.
It describes many interesting phenomena, such as teleportation, black-body
radiation, ghost imaging, quantum communication, quantum cryptography,
and metrology [4, 2]. There are quantum optical effects that give rise to
macroscopic phenomena.
Entanglement is a phenomenon arising due to specifically preparing parti-
cles. The preparation requires the impossibility of describing the particles
independently, irrespective of the distances between them, i.e. the state de-
scribing the quantum system must not be factorizable. Entanglement can
be generated in quantum optics by spontaneous parametric down-conversion
(SPDC) and can be ingrained in various degrees of freedom, such as fre-
quency, spatial, spin, polarization, and particle number. Entanglement is
an interesting yet counter-intuitive phenomenon with various applications in
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physics, such as cryptography, quantum computing, and statistical physics,
to name a few.
In recent years, a Wigner functional formalism of quantum optics has been
invented [15, 18, 17, 19] which includes all the degrees of freedom of light and
results from the introduction of a complete and orthogonal basis, for com-
prising all degrees of freedom of light, i.e. its spatiotemporal, polarization,
and the photon number degree of freedom [15]. The quadrature basis is used
for such a purpose, and consists of eigenstates of the momentum dependent,
or fixed-momentum, quadrature operator [15].

Incorporating all the degrees of freedom allows for more accurate mea-
surements over conventional methods [15]. It is possible to produce entan-
glement in all degrees of freedom. However, how one proceeds to harvest the
entanglement is out of the scope of this project. Wigner functionals allow
quantum optics to be rewritten on functional phase space rather than using
the operator and state vector approach. The normalization factors in the
state vector approach for particular states with more than one photon has
been shown not to work very well, as it is not possible to normalize [15].
The Wigner functional formalism will be introduced and applied to ghost
imaging to calculate the conditional probability distribution for detection of
image photons and the resolution of ghost imaging. The modeling of ghost
imaging with Wigner functionals has not been done previously and is thus
unique to this project. Ghost imaging is based on generating entangled pho-
tons by means of SPDC. The signal beam is then sent to the object, and
the idler beam is sent to the CCD (charge-coupled device) array or scanning
detector. A picture should then be produced by the idler beam even though
it has not interacted with the object. However, the transverse momentum
degree of freedom is used when modeling the ghost image. One of the ad-
vantages of ghost imaging is the possibility to interact with the object with
photons in the infrared spectrum, but detect their entangled partners in the
visible spectrum where the detection efficiency is higher than in the infrared
spectrum. Basically, this amounts to a change of frequency between optical
object and image. Another advantage is that the ghost image is transferred
without physical carrier between the object and image, this is of use if the
light cannot directly be sent from the object to the image.
The structure of this dissertation is as follows. The main goal is to in-
troduce the formalism of Wigner functionals and describe its application
to ghost imaging. One of the basic ingredients of ghost imaging is a pair
of entangled photons, which can be obtained from spontaneous parametric
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down-conversion (SPDC). Chapter 2 describes SPDC in nonlinear crystals
and derives the nonlinear Helmholtz equation, which governs the propaga-
tion of light in the nonlinear medium. Chapter 2 provides the infinitesimal
propagation operator for the state of light in the nonlinear medium.
Chapter 3 introduces Wigner functionals and shows how to calculate Wigner
functionals of operators, and products of operators. Moreover, it is shown
how to calculate probabilities, such as the detection probability.
Chapter 4 discusses Wigner functionals in SPDC, and an equation is de-
rived for Wigner functionals that describes the evolution of light propagat-
ing through a nonlinear crystal. The derivation is not original but follows
the literature [15, 18, 17, 19] and privately communicated notes by my co-
supervisor, FS Roux.
The concepts from chapter 4 are then used in chapter 5 to calculate the ghost
image of an aperture in the near field.
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Chapter 2

Spontaneous parametric
down-conversion

Spontaneous parametric down-conversion (SPDC) has various uses such as
for the generation of entangled photons, and the preparation of squeezed
states. It is also employed in quantum cryptography, quantum simulation,
quantum metrology, etc [2]. SPDC involves a pump beam incident on a
nonlinear crystal, typically the beta barium borate crystal [23], and is usually
assumed to be paraxial, i.e. it propagates with small divergence along a
particular direction. The incident pump beam then produce down-converted
photon pairs. Due to energy conservation, the sum of the frequency of the
down-converted photons must equal to the frequency of the pump photon.
A similar rule holds for the momentum phase matching condition, whereby
the sum of the wave vectors for the down-converted photons must equal to
the wave vector of the pump photon.
There are two types of SPDC, namely type I and type II. An illustration
of the down-conversion process is shown in figure 2.1. A pump beam of
angular frequency ωp, and wave vector k̃p, is incident on a nonlinear crystal
and produces a signal and idler beam with angular frequency ωs, and ωi
respectively. The three-dimensional wave vectors for the signal and idler
beams are k̃s, and k̃i, respectively. The angular frequencies and transverse
wave vectors abides by the phase matching conditions and is explained in
greater detail in the sections below. The underlying reason why SPDC occurs
is due to the second order polarization term. The response of a dielectric
medium to the incident light beam is to form electric dipoles with a certain
density. The polarization, or electric dipole density, of the medium can be
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Figure 2.1: An illustration of SPDC which shows the pump beam producing
the signal and idler beams with time propagating in the z direction. The
interaction between the crystal and pump beam is shown as a dot in the
center of the diagram.

expressed as a power series of the electric field [1]

Pi(Ea) = ε0χ
(1)
ib Eb + ε0χ

(2)
ibcEbEc + ε0χ

(3)
ibcdEbEcEd + ..., (2.1)

where the coefficient χn of the expansion above is called the n-th order electric
susceptibility, and ε0 is the permittivity of free space. Here tensor notation
is used, and the summation is over repeated indices. The assumption is
χ

(1)
ab = χ(1)δab is made, where δab is the Kronecker delta. Note that χ(1) is the

first order electric susceptibility, and is a constant. The polarization function
simplifies to

Pi(Ea) = ε0χ
(1)Ei + ε0χ

(2)
ibcEbEc + ε0χ

(3)
ibcdEbEcEd + ..., (2.2)

and the displacement field can be written as

Di = ε0
(
1 + χ(1)

)
Ei + ε0χ

(2)
ibcEbEc + ε0χ

(3)
ibcdEbEcEd + ..., (2.3)

where tensor notation has been assumed on b, c and d. The expression
ε0
(
1 + χ(1)

)
is a constant. Equation (2.2) can be converted to vector form
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by considering all the components of the polarization

P = ε0χ
(1)E + ε0χ

(2) : E2 + ε0χ
(3) ... E3 + ..., (2.4)

where χ(k) is a rank k + 1 tensor which is contracted with k dot products
with the electric field vector, these dot products are depicted by the vertical
dots between the electric field and the nonlinear susceptibility tensor. For
SPDC, only the first and second order polarization terms will be considered.
The polarization for SPDC reduces to

P = ε0χ
(1)E + ε0E · χ(2) · E. (2.5)

Eq. (2.5) is combined with D = ε0E + P to give

D = εE + ε0E · χ(2) · E, (2.6)

where ε = ε0
(
1 + χ(1)

)
. SPDC requires a nonlinear anisotropic crystal which

possesses birefringence. Anisotropy is defined as having physical properties
which depend on the incident angle of the pump beam, and birefringence is
the property of a crystal to have two refractive indices, i.e. double refraction
[6].

2.1 Type I SPDC

Only two types of SPDC will be mentioned, namely, type I and type II.
In type I SPDC, the signal and idler beams have an identical polarization,
whilst the pump beam has an orthogonal polarization to the signal and idler
beams [6]. All the possible paths of the signal beams for a fixed frequency
form a cone which can be seen in figure 2.2, and applies to the trajectories of
the idler beams as well. Each of these cones have a particular frequency, and
therefore appear to be a different colour, with the innermost cone having the
highest frequency.

2.2 Type II SPDC

In type II SPDC, the signal and idler photons have an orthogonal polarization
to each other whilst the pump beam can have any polarization [6]. All the
possible trajectories of the signal and idler beams in type II SPDC produces
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Figure 2.2: A Diagram showing type I SPDC with the cones representing all
the possible trajectories of the signal and idler beams [6].

two cones that intersects each other which is shown in figure 2.3. Each cone is
now characterized by the type of polarization. The intersection of cones can
be produced by changing the orientation of the nonlinear crystal [8]. Type
II SPDC can be used to entangle photons at the intersection of these cones.
Entanglement will then be engrained in the polarization degree of freedom.

2.3 Phase matching conditions

SPDC has to satisfy the conservation of energy and momentum for efficiency.
The simultaneous satisfaction of these two conditions are referred to as the
phase matching condition [2, 6, 14]. The conservation of energy requires

h̄ωp = h̄ωi + h̄ωs, (2.7)

where ωp, ωi, and ωs are the angular frequencies of the pump, idler, and signal
beams respectively. The following condition holds for the wave numbers,
which is called the phase mismatch

∆k = kp − ks − ki, (2.8)

where kp, ki, and ks are the wave numbers of the pump, idler, and signal
beams respectively. The pump beam is not efficiently converted into the
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Figure 2.3: A Diagram showing type II SPDC with the cones representing
all the possible trajectories of the signal and idler beams. The diagram also
shows the type of polarization of the down-converted beams. These are the
extraordinary polarization (e-ray) and ordinary polarization (o-ray) [6].

down-converted beams. The pump beam has a higher momentum than the
sum of the momenta from the signal and idler beams. If ∆k = 0, then it
implies that the pump beam is efficiently converted into its down-converted
beams [1].
Critical phase matching is considered, and is dependent on the down-conversion
angle. The down-conversion angle is the angle between the down-converted
beams and the optical axis, which is taken to be the z direction and coincides
with the propagation direction of the pump beam.
There are two types of phase mismatch, namely collinear and noncollinear.
Collinear phase mismatch is when the pump, signal and idler beams propa-
gate in the same direction, i.e. the down-conversion angle, which is measured
between the propagation direction of the down-converted beam and the op-
tical axis, is 0◦. As explained before, these are paraxial beams. Noncollinear
phase mismatching means that the pump beam produces signal and idler
beams that have a nonzero angle with respect to the optical axis, resulting
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in obtaining a phase mismatch which is dependent on the down-conversion
angle.
As mentioned before, the phase mismatch is in the z component of the wave
vector which arises due to maximal entanglement and includes a small crystal
length. As a result, the discussion of the z wave vector component of a beam
is of interest. The three-dimensional wave vector, which will be depicted by
a tilde1, is given as

k̃ = kxx̂ + kyŷ + kzẑ. (2.9)

The wave number is then given by∣∣∣k̃∣∣∣ =
√
k2
x + k2

y + k2
z =

2π

λ
=
ω

v
, (2.10)

where λ, ω and v are the wavelength, angular frequency and velocity of the
light beam respectively. Rearranging the above equation yields

kz(k, ω) =

√
ω2

v2
− |k|2, (2.11)

where k = kxx̂ + kyŷ. The term kz(k, ω) depends on the transverse wave
vector components given by k and the frequency. It will be shown in the
next section that the calculations reduce to a phase mismatch with the z
momentum component in the section below, i.e. ∆kz 6= 0. It arises due to
the finite length of the nonlinear medium.
It is beneficial to look at a few quantities such as the angular frequency and
the ratio of the crystal length (L) with the Rayleigh range. The ratio is
defined as P , which is given in Eq. (2.13), and is required to be very small in
order to maximize entanglement [19, 9]. The case where P � 1 is called the
thin crystal limit and will have two cases, these are the extreme and rational
thin crystal limits which are explored in the ghost imaging calculation in
chapter 5. The conservation of transverse components of the wave vectors is
also desired for better entanglement [9, 24].
The angular frequency is discussed first where type I SPDC and degeneracy2

are assumed. It is assumed that the wavelength for one of the down-converted
beams, say the signal beam, is λd = 200 × 10−6 m. The wavelength can be
used to calculate the angular frequency, which can then be used to in P

1The three dimensional wave vector is written with a tilde since it does not appear
much throughout this dissertation in comparison to the transverse wave vectors.

2Degeneracy is when the down-converted photons have the same frequency.
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and is done by using the equation ωd = 2πfd = 2πvd
λd

= 2πc
n0λd

that produces

ωd = 5.7 × 1014 Hz, where Sellmeier’s equation was used to calculate the
refractive index [23]

n2
0 = 1 +

0.90291λ2

λ2 − 0.003926
+

0.83155λ2

λ2 − 0.018786
+

0.76536λ2

λ2 − 60.01
, (2.12)

which produces n0 = 1.63. The collinear case is considered here, i.e. θd ≈ 0.
Assuming wp = 0.001 m and L = 0.001 m, all of the required variables are
obtained in order to calculate P . The order of P is

P =
L

2w2
pkz(ωd)

=
Lvd

2w2
pωd

=
cL

2n0w2
pωd

∼ 10−4.

(2.13)

The above quantity, P , is small and dimensionless, during the calculation of
the probability distribution for the rational thin crystal limit in chapter 5,
P will be used as a Taylor expansion parameter.

2.4 The nonlinear Helmholtz equation

The nonlinear Helmholtz equation is calculated here and is based on frequent
discussions and notes written by my co-supervisor, FS Roux.
In order to obtain the nonlinear Helmholtz equation, consider the set of
Maxwell’s equations with no free charges

∇× E = −∂B

∂t
,

∇×H =
∂D

∂t
,

∇ ·D = 0,

∇ ·B = 0,

(2.14)

where E is the electric field vector, B = µ0H is the magnetic field, H is the
magnetic field strength, and D is the displacement field which is given in Eq.
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(2.6)
D = εE + ε0E · χ(2) · E. (2.15)

Calculation of the second of Maxwell’s equations

∇×H =
∂D

∂t

= ε
∂E

∂t
+ ε0

∂E

∂t
· χ(2) · E + ε0E · χ(2) · ∂E

∂t

= ε
∂E

∂t
+ 2ε0E · χ(2) · ∂E

∂t
.

(2.16)

Now the third of Maxwell’s equations is evaluated to

∇ ·D = 0

=⇒ ε∇ · E +∇ ·
(
ε0E · χ(2) · E

)
= 0.

(2.17)

The last term is written in terms of tensor notation. Note that the ith
component is given by ε0χ

(2)
ibcEbEc, which can be seen in Eq. (2.3). Therefore,

ε0∇ ·
(
E · χ(2) · E

)
= ε0

(
∂
∂x1

∂
∂x2

∂
∂x3

)χ
(2)
1bcEbEc
χ

(2)
2bcEbEc
χ

(2)
3bcEbEc


= 2ε0

(
χ

(2)
1bcEb

∂Ec
∂x1

+ χ
(2)
2bcEb

∂Ec
∂x2

+ χ
(2)
3bcEb

∂Ec
∂x3

)
= 2ε0

∑
i

χ
(2)
ibcEb

∂Ec
∂xi

= 2ε0χ
(2)
abcEb

∂Ec
∂xa

,

(2.18)

where i is the summation index, a, b and c are tensor notation indices, and
xi are spatial variables. Therefore Eq. (2.17) becomes

∇ ·D = ε∇ · E + 2ε0χ
(2)
abcEb

∂Ec
∂xa

= 0. (2.19)
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2.4.1 Time dependence removal

An expression for the electric field in Eq. (2.19) is now considered. The idea
is to remove the time dependence, and thus the electric field written in terms
of the inverse Fourier transform of a complex valued field called the phasor
field, E′, is considered,

E(x, t) =
1

2π

∫
E′(x, ω) exp (iωt) dω. (2.20)

The real part of E(x, t) represents the physical electrical field, and the phasor
field, E′, within the definition of E(x, t) does not depend on time, which is
one of the properties of a phasor field. The same operation is performed on
the magnetic field

H(x, t) =
1

2π

∫
H′(x, ω) exp (iωt) dω. (2.21)

The phasor field for the magnetic field is H′. The expressions for the electric
and magnetic fields are substituted into the first of Maxwell’s equations giving

∇× E = −∂B

∂t
= −µ0

∂H

∂t

=⇒ ∇×
∫

E′(x, ω) exp (iωt) dω = −µ0
∂

∂t

∫
H′(x, ω) exp (iωt) dω

=⇒
∫
∇× E′(x, ω) exp (iωt) dω = −iµ0

∫
ωH′(x, ω) exp (iωt) dω.

(2.22)

A Fourier transform is performed with respect to time in order to remove
the time dependence∫

∇× E′(x, ω) exp (i(ω − ω′)t) dωdt

= −iµ0

∫
ωH′(x, ω) exp (i(ω − ω′)t) dωdt.

(2.23)

The integral over angular frequency and time is removed since the integral
over time produces a delta function,∫

∇× E′(x, ω)δ (ω − ω′) dω = −iµ0

∫
ωH′(x, ω)δ (ω − ω′) dω, (2.24)
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and we are left with

∇× E′(x, ω′) = −iµ0ω
′H′(x, ω′). (2.25)

The electric and magnetic fields are substituted into Eq. (2.16) and a Fourier
transform is performed with respect to time

∇×H = ε
∂E

∂t
+ 2ε0E · χ(2) · ∂E

∂t

=⇒
∫
∇×H′(x, ω) exp (iωt) dω

= ε
∂

∂t

∫
E′(x, ω) exp (iωt) dω

+
2ε0
2π

∫
E′(x, ω′) exp (iω′t) · χ(2) · ∂

∂t
E′(x, ω) exp (iωt) dω′dω

=⇒
∫
∇×H′(x, ω) exp (iωt) dω

= iε

∫
ωE′(x, ω) exp (iωt) dω

+
2iε0
2π

∫
ωE′(x, ω̃) · χ(2) · E′(x, ω) exp (iωt+ iω̃t) dω̃dω.

(2.26)

Performing the Fourier transform with respect to time, we obtain

∇×H′(x, ω′)

= iω′εE′(x, ω′)

+
2iε0

(2π)2

∫
ωE′(x, ω̃) · χ(2) · E′(x, ω) exp (it(ω + ω̃ − ω′)) dω̃dωdt.

(2.27)

Focusing on the last term

2iε0
(2π)2

∫
ωE′(x, ω̃) · χ(2) · E′(x, ω) exp (it(ω + ω̃ − ω′)) dω̃dωdt

=
iε0
π

∫
ωE′(x, ω̃) · χ(2) · E′(x, ω)δ (ω + ω̃ − ω′) dω̃dω

=
iε0
π

∫
ωE′(x, ω′ − ω) · χ(2) · E′(x, ω)dω.

(2.28)

The result is

∇×H′(x, ω′)

= iω′εE′(x, ω′) +
iε0
π

∫
ωE′(x, ω′ − ω) · χ(2) · E′(x, ω)dω.

(2.29)
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Considering ∇ ·D in Eq. (2.19)

ε∇ ·
∫

E′(x, ω) exp (iωt) dω

+
ε0χ

(2)
abc

π

∫
E ′b(x, ω̃)

∂

∂xa
E ′c(x, ω) exp (iωt+ iω̃t) dω̃dω = 0.

(2.30)

Taking the Fourier transform with respect to time

ε∇ · E′(x, ω′)

+
ε0χ

(2)
abc

π

∫
E ′b(x, ω̃)

∂

∂xa
E ′c(x, ω)δ (ω + ω̃ − ω′) dω̃dω = 0

=⇒ ε∇ · E′(x, ω′) = −ε0χ
(2)
abc

π

∫
E ′b(x, ω̃)

∂

∂xa
E ′c(x, ω

′ − ω̃)dω̃.

(2.31)

And similarly, the following can be shown

∇ ·H′ = 0. (2.32)

2.4.2 The nonlinear Helmholtz equation

The Maxwell’s equations in terms of phasor fields are obtained. The goal is to
derive the nonlinear Helmholtz equation with the assistance of the following
identity

∇×∇× E = ∇(∇ · E)−∇2E. (2.33)

The left-hand side of the equation, when substituting Eq. (2.25) along with
Eq. (2.29) yields

∇×∇× E = −iµ0ω
′∇×H′(x, ω′)

= µ0ω
′2εE′(x, ω′) +

µ0ω
′ε0
π

∫
ωE′(x, ω′ − ω) · χ(2) · E′(x, ω)dω.

(2.34)

Using Eq. (2.31), the right-hand side of Eq. (2.36) becomes

∇(∇ · E)−∇2E

= −ε0χ
(2)
abc

επ
∇
∫
E ′b(x, ω)

∂

∂xa
E ′c(x, ω

′ − ω)dω −∇2E′(x, ω′).
(2.35)

14



Putting these terms together, we obtain

∇×∇× E = ∇(∇ · E)−∇2E

=⇒ µ0ω
′2εE′(x, ω′) +

µ0ω
′ε0
π

∫
ωE′(x, ω′ − ω) · χ(2) · E′(x, ω)dω

= −ε0χ
(2)
abc

επ
∇
∫
E ′b(x, ω)

∂

∂xa
E ′c(x, ω

′ − ω)dω −∇2E′(x, ω′).

(2.36)

Rearranging the equation yields the following result by making the substitu-
tion k0 = ω′

√
µ0ε0 and k = ω′

√
µ0ε,

∇2E′(x, ω′) + k2E′(x, ω′)

= −ε0χ
(2)
abc

επ
∇
∫
E ′b(x, ω)

∂

∂xa
E ′c(x, ω

′ − ω)dω

− k2
0

ω′π

∫
ωE′(x, ω′ − ω) · χ(2) · E′(x, ω)dω,

(2.37)

which is called the nonlinear Helmholtz equation. The terms on the right-
hand side contains the second order electric susceptibility, which means that
they are the nonlinear part of the Helmholtz equation.
It is possible to make a paraxial approximation to the nonlinear Helmholtz
equation. A phasor of the following form is chosen

E′(x, ω′) = Ẽ(x, ω′) exp (−ikz)

= Ẽ(x, ω′) exp

(
−iω

′z

v

)
.

(2.38)

According to the paraxial approximation, it is assumed that Ẽ(x, ω′) varies

slowly in the propagation direction, which means that ∂Ẽ(x,ω′)
∂z

� ∂2Ẽ(x,ω′)
∂z2 , it

is then possible to neglect the second order derivative. Note that equation
(2.38) shows that Ẽ depends on the angular frequency, and so does the phase
factor. For a different frequency, a different wave number will be obtained.
Substituting Eq. (2.38) into the left-hand side of the Helmholtz equation
produces

∇2E′(x, ω′) + k2E′(x, ω′)

= ∇2
(
Ẽ(x, ω′) exp (−ikz)

)
+ k2Ẽ(x, ω′) exp (−ikz) .

(2.39)
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Acting with the z derivatives on the left-hand side only, and separating the
transversal gradient from the second derivative with respect to the propaga-
tion length, z, we define ∇̃2 = ∇2 − ∂2

∂z2 . The expression above becomes

∇2E′(x, ω′) + k2E′(x, ω′)

= ∇̃2Ẽ(x, ω′) exp (−ikz) +
∂2

∂z2

(
Ẽ(x, ω′) exp (−ikz)

)
+ k2Ẽ(x, ω′) exp (−ikz)
= ∇̃2Ẽ(x, ω′) exp (−ikz) + k2Ẽ(x, ω′) exp (−ikz)

+
∂

∂z

(
∂

∂z
Ẽ(x, ω′) exp (−ikz) + Ẽ(x, ω′)

∂

∂z
exp (−ikz)

)
= ∇̃2Ẽ(x, ω′) exp (−ikz) + k2Ẽ(x, ω′) exp (−ikz)

+
∂2

∂z2
Ẽ(x, ω′) exp (−ikz)− ik ∂

∂z
Ẽ(x, ω′) exp (−ikz)

− ik ∂
∂z

Ẽ(x, ω′) exp (−ikz)− k2Ẽ(x, ω′) exp (−ikz) .

(2.40)

According the to paraxial approximation, the second derivative with respect
to z can be neglected if the first derivative with respect to z is kept

∇2E′(x, ω′) + k2E′(x, ω′)

= ∇̃2Ẽ(x, ω′) exp (−ikz)− i2k ∂
∂z

Ẽ(x, ω′) exp (−ikz) .
(2.41)

It is assumed that the phasor field approximates a plane wave [5]. It is then
possible to neglect the following term since ∇ · E′(x, ω′) ≈ 0,

ε0χ
(2)
abc

επ
∇
∫
E ′b(x, ω)

∂

∂xa
E ′c(x, ω

′ − ω)dω = ∇(∇ · E′(x, ω′)) ≈ 0. (2.42)

The right-hand side of the nonlinear Helmholtz equation with the paraxial
approximation becomes

− k2
0

ω′π

∫
ωẼ(x, ω′ − ω) exp (−ik1z) · χ(2) · Ẽ(x, ω) exp (−ik2z) dω

= − k2
0

ω′π

∫
ωẼ(x, ω′ − ω) · χ(2) · Ẽ(x, ω) exp (−ik1z − ik2z) dω,

(2.43)
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where k1 and k2 are the wave numbers associated with different frequencies3.
Hence, the nonlinear Helmholtz equation under the paraxial approximation
produces the nonlinear paraxial Helmholtz equation

∇̃2Ẽ(x, ω′) exp (−ikz)− i2k ∂
∂z

Ẽ(x, ω′) exp (−ikz)

= − k2
0

ω′π

∫
ωẼ(x, ω′ − ω) · χ(2) · Ẽ(x, ω) exp (−ik1z − ik2z) dω

=⇒ ∇̃2Ẽ(x, ω′)− i2k ∂
∂z

Ẽ(x, ω′)

= − k2
0

ω′π

∫
ωẼ(x, ω′ − ω) · χ(2) · Ẽ(x, ω) exp (i∆kz) dω,

(2.44)
where ∆k = k−k1−k2 is the phase mismatch and will be reduced to just the
z components. It is desirable to have the above equation written in terms
of wave vector and angular frequency dependencies, therefore the paraxial
nonlinear Helmholtz equation is rewritten in terms of its angular spectra of
the phasor field. The two-dimensional inverse Fourier transform will be used
to obtain the angular spectrum

Ẽ(x, ω′) =

∫
E(k, z, ω′) exp (ik ·X)

d2k

(2π)2
, (2.45)

where X in R
2 is the transverse spatial vector and d2k is the integral measure

representing the transverse components of the wave vector, k. Eq. (2.44)
becomes∫ (

−|k|2E(k, z, ω′)− i2k ∂
∂z

E(k, z, ω′)

)
exp (ik ·X)

d2k

(2π)2

= − k2
0

ω′π

∫
ωE(k1, z, ω

′ − ω) · χ(2) · E(k2, z, ω)

× exp (i (k1 + k2) ·X) exp (i∆kz)
d2k1

(2π)2

d2k2

(2π)2
dω.

(2.46)

In order to remove the integrals over the transverse wave vector components,
the Fourier transform with respect to X over the entire equation is taken,

3Unless the degenerate case is considered.
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resulting in two-dimensional Dirac delta functions∫ (
−|k|2E(k, z, ω′)− i2k ∂

∂z
E(k, z, ω′)

)
δ (k′ − k)

d2k

(2π)2

= − k2
0

ω′π

∫
ωE(k1, z, ω

′ − ω) · χ(2) · E(k2, z, ω)

× δ (k′ − k1 − k2) exp (i∆kz)
d2k1

(2π)2

d2k2

(2π)2
dω

=⇒ |k′|2E(k′, z, ω′) + i2k
∂

∂z
E(k′, z, ω′)

=
k2

0

ω′π

∫
ωE(k′ − k2, z, ω

′ − ω) · χ(2) · E(k2, z, ω)

× exp (i∆kz)
d2k2

(2π)2
dω.

(2.47)

The left-hand side of the above equation is part of the linear Helmholtz
equation, whereas the right-hand side contains the nonlinear part. A light
beam with transverse wave vector k′ is sent through the nonlinear crystal for
the purpose of SPDC. The medium couples the output electric fields with
these wave vectors. The result is a superposition of a pair of light fields
with such transversal wave vector components involving different transversal
k2 wave vectors. This superposition corresponds to beams with entangled
wave vectors. A similar result holds for the frequency. In other words, the
phase matching conditions apply. There is also a phase mismatch expres-
sion which will be simplified and will be reduced to the z components of the
three-dimensional wave vectors.

2.4.3 The co-propagating frame

The next goal is to obtain an expression for an operator called the infinitesi-
mal propagation operator, P̂∆ [17]. The IPO is analogous to a Hamiltonian,
and contains operators for the pump field, down-converted fields, and the
phase mismatch. An expression of the IPO will be provided at the end of
the section. A preliminary step in acquiring the IPO is to first convert our
equations to the co-propagating frame and is accomplished below.
Equation (2.47) is defined in terms of phasor fields which are vector fields.

18



The phasor field is split into its polarization vector, η, along with a scalar
field, E

E(k, z, ω) = ηE(k, z, ω). (2.48)

The electric fields left-hand side and right-hand side Eq. (2.47) represent the
pump beam and down-converted beams, respectively. For type I SPDC, the
pump has extraordinary polarization ηe, whilst the down-converted beams
will have ordinary polarizations ηo. The down-converted beams have the
same polarizations since type I SPDC is considered. Performing the substi-
tution produces

|k′|2ηeE(k′, z, ω′) + i2k
∂

∂z
ηeE(k′, z, ω′)

=
k2

0

ω′π

∫
ωE(k′ − k2, z, ω

′ − ω)ηo · χ(2) · ηoE(k2, z, ω)

× exp (i∆kz)
d2k2

(2π)2
dω.

(2.49)

A dot product with the complex conjugate of the extraordinary polarization
vector leads to

|k′|2E(k′, z, ω′) + i2k
∂

∂z
E(k′, z, ω′)

=
k2

0dooe
ε0ω′

∫
ωE(k′ − k2, z, ω

′ − ω)E(k2, z, ω) exp (i∆kz) d̄k2

(2.50)

where

dooe = 2ε0χ
(2)
abcη

o
aη

o
bη

e∗
c , (2.51)

and

d̄k =
d2k

(2π)3
dω. (2.52)

The polarization vector components are represented by η. The scalar field
is modeled in a co-propagating frame which removes the free space propa-
gation terms. For the co-propagating frame to come into play, the following
expression is considered

E(k, z, ω) = G(k, z, ω) exp

(
iz

2k
|k|2
)
. (2.53)
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Substitution of the above expression produces

|k′|2G(k′, z, ω′) exp

(
iz

2k
|k′|2

)
+ i2k

∂

∂z

(
G(k′, z, ω′) exp

(
iz

2k
|k′|2

))
=
k2

0dooe
ε0ω′

∫
ωG(k′ − k2, z, ω

′ − ω) exp

(
iz

2k1

|k′ − k2|
2

)
G(k2, z, ω)

× exp

(
iz

2k2

|k2|2
)

exp (i∆kz) d̄k2

=⇒ i2k
∂

∂z
(G(k′, z, ω′)) exp

(
iz

2k
|k′|2

)
=
k2

0dooe
ε0ω′

∫
ωG(k′ − k2, z, ω

′ − ω)G(k2, z, ω)

× exp

(
iz

2k1

|k′ − k2|
2

+
iz

2k2

|k2|2
)

exp (i∆kz) d̄k2.

(2.54)
Multiplying the complex conjugate of the exponential on the left-hand side
and gathering all the terms in the exponents results in the following expres-
sion for the co-propagating frame:

i2k
∂

∂z
G(k′, z, ω′)

=
k2

0dooe
ε0ω′

∫
ωG(k′ − k2, z, ω

′ − ω)G(k2, z, ω)

× exp

(
iz

2k1

|k′ − k2|
2

+
iz

2k2

|k2|2 −
iz

2k
|k′|2 + i∆kz

)
d̄k2.

(2.55)

It is possible to simplify the phase mismatch by considering the following
three-dimensional wave vector as defined in Eq. (2.9)

k̃ = kxx̂ + kyŷ + kzẑ

=⇒ kz(k, ω) =

√
ω2

v2
− |k|2

=

√
k2 − |k|2.

(2.56)

The square root is approximated using either the Taylor expansion or the
binomial expansion. Due to the paraxial expansion, only the first two terms
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are taken

kz(k, ω) ≈ k − |k|
2

2k

=⇒ k ≈ |k|
2

2k
+ kz.

(2.57)

According to Eq. (2.55), the pump beam has the transverse wave vector k′,
and the down-converted beams have the transverse wave vectors k′−k2, and
k2. Substituting the approximated expression into the phase mismatch

∆k = k − k1 − k2

≈ |k
′|2

2k
+ kz −

|k′ − k2|
2

2k1

− kz1 −
|k2|2

2k2

− kz2

=
|k′|2

2k
− |k

′ − k2|
2

2k1

− |k2|2

2k2

+ ∆kz,

(2.58)

where ∆kz = kz − kz1− kz2. The expression is substituted into the exponent
in Eq. (2.55)

iz

2k1

|k′ − k2|
2

+
iz

2k2

|k2|2 −
iz

2k
|k′|2 + i∆kz

≈ i∆kzz.
(2.59)

It is now possible to obtain a more convenient expression of Eq. (2.55) using
the approximations above

i2k
∂

∂z
G(k′, z, ω′)

=
k2

0dooe
ε0ω′

∫
ωG(k′ − k2, z, ω

′ − ω)G(k2, z, ω) exp (i∆kzz) d̄k2.
(2.60)

2.4.4 The infinitesimal propagation operator

The remaining objective is to obtain the infinitesimal propagation operator
(IPO), P̂∆. The IPO is a Hamiltonian analogue depending on the propa-
gation direction. The starting point is to quantize the equation above and
considering G(k′, z, ω′) as an operator similar to the annihilation operator
for photons in quantum optics [17]. The operators for the pump and down-
converted fields are separated. The annihilation operator for down converted
photons satisfies an eigenvalue equation for coherent states |α〉 [17]

Ĝd(k, ω, z) |α〉 = |α〉N ′(ω)α(k, ω), (2.61)
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represents operator for the down-converted beams. Likewise, the operator
representing the pump beam is represented by [17]

Ĝp(k, ω, z) |β〉 = |β〉N ′(ω)β(k, ω). (2.62)

The eigenfunctions, α(k, ω) and β(k, ω), represent the complex-valued spec-
tral functions of the transversal fields at a fixed distance, z, of the down-
converted field and the pump field respectively[17]. The norm square of
α(k, ω, z) be the average number of photons with transversal wave vector k
and frequency omega at z. The remaining term is

N ′(ω) =

√
h̄k

2ε
. (2.63)

The creation and annihilation operators satisfy the usual commutation rela-
tion [17]

[Ĝ(k, ω, z), Ĝ†(k′, ω′, z)] =
nh̄

2ε0
(2π)3kzδ (k− k′) δ (ω − ω′) . (2.64)

The quantized operators are substituted into the infinitesimal propagation
equation (IPE). The IPE is given as [17]

ih̄
d

dz
ρ̂(z) =

[
P̂∆, ρ̂(z)

]
. (2.65)

The density operator representing the state of the paraxial electromagnetic
field at propagation distance, z, is given as ρ̂(z). For example, for a coherent
state including a mode function with transversal spectral function, α(k, ω, z),
the density operator reads ρ̂ = |α〉 〈α|. The propagation of ρ̂(z) along the z
axis can be described by a unitary transformation with generator P̂∆ [17], or
equivalently by the IPE shown in Eq. (2.65). It takes the form of a master
equation in the Schrödinger picture, where the time derivative is replaced by
the z derivative.
By comparison with the paraxial wave equation for the quantized operators
in the co-propagating frame, the IPO can be shown as [17]

P̂∆ =

∫
V (k,k1,k2, ω, ω1, ω2)Ĝ†p(k, ω, z)Ĝd(k1, ω1, z)Ĝd(k2, ω2, z)d̄kd̄k1d̄k2

+ h.c.,
(2.66)
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where h.c. is the Hermitian conjugate, and [17]

V (k,k1,k2) =
(2π)3

2
dooe exp (i∆kzz) δ (k− k1 − k2) δ (ω − ω1 − ω2) .

(2.67)
V (k,k1,k2) is called a vertex kernel which depends on three transverse wave
vectors and represents the interaction between the nonlinear crystal and the
beams involved [17]. The IPE and IPO will come in handy when deriving
the Wigner functional version for the IPE in order to obtain the evolution
equation which will be done in chapter 4.
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Chapter 3

Wigner functionals

Quantum mechanics can be formulated on phase space [3]. A density ma-
trix can be transformed into a quasi-probability distribution on phase space.
One such distribution is the Wigner function. For certain cases, the distri-
bution could be negative or even singular, hence the name, quasi-probability
distribution. The Wigner function written in position basis is given by [6]

W (q, p) =
1

2πh̄

∫ ∞
−∞

〈
q +

1

2
q′
∣∣∣∣ ρ̂ ∣∣∣∣q − 1

2
q′
〉
eipq

′/h̄dq′, (3.1)

where ρ̂ is an arbitrary density matrix, and q′ and p are the position and
momentum eigenvalues of the position and momentum operators. A set of
operators with the eigenvectors and eigenvalues are given below

q̂ |q〉 = q |q〉 ,
p̂ |p〉 = p |p〉 .

(3.2)

The Wigner function contains an integral over all possible position values,
q′.
A similar set of operators are now presented, which will be called the fixed-
momentum quadrature operators, with its eigenvectors and eigenvalues de-
pending on k [15]

q̂(k) |q〉 = q(k) |q〉 ,
p̂(k) |p〉 = p(k) |p〉 .

(3.3)

The eigenvalues of q̂(k) and p̂(k) will be referred to as eigenfunctions. The
fixed-momentum quadrature operators are given in terms of the creation and
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annihilation operators of a photon with wave vector k [21]

q̂ =
1√
2

(
â(k) + â†(k)

)
,

p̂ = − i√
2

(
â(k)− â†(k)

)
,

(3.4)

where the spin indices are neglected. The eigenvectors are defined in terms
of quadrature creation operators [21, 15] as

|q〉 = â†q|vac〉,
|p〉 = â†p|vac〉.

(3.5)

where the creation operators are given by [21, 15]

â†q = π−Ω/4 exp

(
−1

2
‖q(k)‖2 + â†Q − â

†
R

)
,

â†p = 2Ω/2πΩ/4 exp

(
−1

2
‖p(k)‖2 + iâ†P + â†R

)
,

(3.6)

and

â†Q =
√

2

∫
â†(k)q(k)d̄k,

â†P =
√

2

∫
â†(k)p(k)d̄k,

â†R =
1

2

∫
â†(k)â†(k)d̄k,

(3.7)

where the integral measure is given as

d̄k =
d2kdω

(2π)3
. (3.8)

Using all real-valued square integrable eigenfunctions q(k) and p(k), we ob-
tain an orthonormal basis |q〉 and |p〉, respectively, for the complete Hilbert
space of the quantised electromagnetic fields [21, 15]. Consider a Wigner
function written in terms of the position basis using Eq. (3.3). The following
expression is obtained which is called a Wigner functional [21, 15]

WÂ[p, q] =

∫ 〈
q +

1

2
q′
∣∣∣∣ Â ∣∣∣∣q − 1

2
q′
〉

exp (−ip � q′)D[q′], (3.9)
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where D[q] = dΩq, Ω = tr (1), and Â is an arbitrary operator. The explicit
dependence of p and q on k is dropped, only the eigenfunctions will be
considered from this point onward. Eq. (3.9) is called a functional because
it is integrated over all possible functions of q(k). There are other functional
quasi-probability distributions such as the functional Weyl transform and the
characteristic functional [21]. The notation � represents an integral over k
and will be explained in greater detail in section 3.1. In terms of complex
fields, the Wigner functional is [21]

WÂ[α] = N0

∫
exp

(
−2‖α‖2 + 2α∗ � α1 + 2α∗2 � α−

1

2
‖α1‖2

−1

2
‖α2‖2 − α∗2 � α1

)
〈α1| Â |α2〉D◦[α1, α2],

(3.10)

where N0 = 2Ω, D◦[α1, α2] = D◦[α1]D◦[α2], and D◦[α] = 1
(2π)ΩD[p]D[q]. The

circle in the superscript of the integral measure implies a factor of 1
(2π)Ω . The

integral also integrates over the complex conjugate of the complex field. The
state vector approach diverges when attempting to include the spatiotempo-
ral, particle number, and spin degrees of freedom [15], therefore, the Wigner
functional approach is used.
Combining Wigner functionals is now tackled. If there are two operators, Â
and B̂, and the respective Wigner functionals are WÂ and WB̂, the Wigner
functional for a product of these operators is WÂB̂. A star product is used to
represent WÂB̂ in terms of WÂ and WB̂ which follows the Moyal formalism
[12], and is defined as [21]

WÂB̂[p, q] = WÂ ? WB̂ = N2
0

∫
WÂ[q − q1, p− p1]WB̂[q − q2, p− p2]

exp (2i (q1 � p2 − q2 � p1))D[q1, q2]D◦[p1, p2],

(3.11)

which is written for two operators and is in terms of p and q. Rewriting this
in terms of complex fields

WÂB̂[α] = WÂ ? WB̂

= N2
0

∫
WÂ [α− α1]WB̂ [α− α2] exp (2α∗1 � α2 − 2α∗2 � α1)D◦[α1]D◦[α2],

(3.12)
and is shown in appendix A. The equation above is obtained by simply
rewriting the functional phase space variables in terms of the complex field

26



variables, which is done in appendix A. The star product of three operators
is given by [21]

WÂB̂Ĉ [α] =

∫
WÂ

[
1

2
(αa + αb + α)

]
WB̂[αa]WĈ

[
1

2
(αa − αb + α)

]
exp ((α∗ − α∗a) � αb − α∗b � (α− αa))D◦[αa, αb].

(3.13)

Note that the star product is associative since the order of integration does
not influence the result. The case whereby the operator Â = Â(α1, α2, α3, α4)
is a bipartite system is of interest. The treatment of such a case would
require that the Wigner functional, either Eq. (3.9) or Eq. (3.10), be applied
to operator Â twice. If the complex field approach is used, we have

WÂ[α, β] = N2
0

∫
exp

(
−2‖α‖2 + 2α∗ � α1 + 2α∗2 � α−

1

2
‖α1‖2

− 1

2
‖α2‖2 − α∗2 � α1 − 2‖β‖2 + 2β∗ � α3 + 2α∗4 � β −

1

2
‖α3‖2

−1

2
‖α4‖2 − α∗4 � α3

)
〈α1, α3| Â |α2, α4〉D◦[α1, α2, α3, α4].

(3.14)
Consider another operator, B̂, which is also a bipartite system and has a
Wigner functional WB̂. The Wigner functional for their product is obtained
by using the star product twice

WÂB̂[α, β] = WÂ[α, β] ? ? WB̂[α, β]. (3.15)

We consider a special case whereby the operator Â is not entangled i.e Â =

Â′(α1, α2)⊗ ˜̂
A(α3, α4). The Wigner functional above simplifies to

WÂ[α, β] = WÂ′ [α]W ˜̂
A

[β]. (3.16)

The star product reduces to a regular product for the case of a separable
operator. Eq. (3.16) depicts a system which is not entangled in the Wigner
functional formalism, and is due to

〈α1, α3| Â |α2, α4〉

= 〈α1| Â′ |α2〉 〈α3| ˜̂
A |α4〉 .

(3.17)
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3.1 Functional theory

The reader is provided with an intuitive idea of how to interpret functionals.
A functional is a function of functions. Functional derivatives and functional
integrals cannot be treated as conventional derivatives and integrals. A basic
understanding of functionals and how to perform basic operations is provided
here.
A few paragraphs are presented below describing kernels. Consider the ma-
trix equation

F̃ T
j =

N∑
m=1

F T
mKmj, (3.18)

where F is a column vector with dimension N and K is an N × N matrix.
Eq. (3.18) is a discrete equation, and essentially maps elements of vector FT

to elements of vector F̃
T

by means of matrix K. The equation below is a
continuous analog of Eq. (3.18)

f̃(y) =

∫ ∞
−∞

f(x)K(x, y)dx, (3.19)

where the kernel is given by K(x, y). An example of a kernel is the Fourier
kernel, where K(x, y) = e−2πixy, which reduces Eq. (3.19) to the Fourier
transform. In optics, a linear map of a spectral function, f(k1)→ f̃(k2), can
be expressed by an integral with a two-dimensional kernel [21, 17]

f̃(k2) =

∫ ∞
−∞

f(k1)K(k1,k2)
d2k1dω1

(2π)3

=

∫ ∞
−∞

f(k1)K(k1,k2)d̄k1

= f �K,

(3.20)

where

d̄k1 =
d2k1dω1

(2π)3
, (3.21)

and � is called the diamond product (or diamond contraction) which rep-
resents an integral over the transverse wave vector, as well as ω. In other
words, the diamond product, if calculated over k1, is an integral with the
integral measure given above. It is possible to have cases in which kernels
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are diamond contracted to each other. An example is if a kernel K1(k1,k2)
is contracted to kernel K2(k3,k4). The variables of K1 and K2 are differ-
ent, however by taking a diamond product of K1 with K2, it is implied that
k2 = k3. The diamond product is shown below∫

K1(k1,k2)K2(k2,k4)d̄k2 = K1 �K2 = K ′(k1,k4), (3.22)

where K ′ is another kernel. A kernel is essentially a function of two or more
transverse wave vectors. In the examples above, the kernels were functions
of two transverse wave vectors. A kernel can depend on more than two
transverse wave vectors, and represents an interaction. An example of such
a kernel is the vertex kernel shown in Eq. (4.4). In most of the calcula-
tions involving diamond products, the transverse wave vector dependencies
are dropped for simplicity since the expressions are quite lengthy. When
a diamond product of two kernels is taken, it is implied that the second
transverse wave vector of the first kernel will be contracted with the first
transverse wave vector of the second kernel, as depicted in Eq. (3.22). The
triple diamond product (containing three � symbols) of a kernel with three
transverse wave vector dependencies become ambiguous since there can be
different combinations of diamond products for such a kernel. Therefore, for
calculations involving the triple diamond product, the integral form, along
with the diamond product notation is written. The diamond product nota-
tion produces a neater expression and operators can be applied easier than
with the integral notation.
In shift invariant systems, a matrix called the Toeplitz matrix can be de-
fined which has a property that the diagonals have the same value [11]. For
the purposes here, an analogous Toeplitz kernel is used which is also shift
invariant and has the form

Y (k,k1) = 2πδ (ω − ω1)

∫
a(X) exp (i (k− k1) ·X) d2X, (3.23)

where X is a two-dimensional spatial vector, a(X) is called an anchor, and
Y (k,k1) is the Toeplitz kernel. The anchor is set to a = 1, then the identity
kernel is obtained, 1 [17]

1 = 2πδ (ω − ω1)

∫
exp (i (k− k1) ·X) d2X

= (2π)3δ (ω − ω1) δ (k− k1) .

(3.24)
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The identity kernel is defined such that

K � 1 = K, (3.25)

where K is a kernel. When Toeplitz kernels are diamond contracted with
each other, they have a special property. Consider the diamond product of
two kernels, from Eq. (3.22)

Y1 � Y2

= (2π)2

∫
δ (ω − ω1) δ (ω1 − ω2) a1(X)a2(X’)

exp (i (k− k1) ·X + i (k1 − k2) ·X′) d2Xd2X′d̄k1

= (2π)2

∫
δ (ω − ω1) δ (ω1 − ω2) a1(X)a2(X’)

exp (ik ·X− ik1 ·X + ik1 ·X′ − ik2 ·X′) d2Xd2X′d̄k1

= 2πδ (ω − ω2)

∫
a1(X)a1(X) exp (i (k− k2) ·X) d2X

= Ỹ .

(3.26)

The anchors a1 and a2 belong to Y1 and Y2 respectively. The diamond product
of Toeplitz kernels is equal to the Toeplitz kernel of the product of its anchors,
Ỹ .
Functional derivatives will now be defined. Consider a functional, F [f1, f2](z)
where f1 and f1 are functions depending on z and k. The square bracket
notation is used to distinguish functionals from functions. The full derivative
of F [f1, f2](z) with respect to z is considered, and will produce functional
derivatives. The full derivative of a functional, F [f1, f2](z), is defined as
follows [17]

dF [f1, f2](z)

dz

=

∫
δF [f1, f2](z)

δf1(z,k)

∂f1(z,k)

∂z
d̄k +

∫
δF [f1, f2](z)

δf2(z,k)

∂f2(z,k)

∂z
d̄k +

∂F [f1, f2](z)

∂z

=
δF

δf1

� ∂f1

∂z
+
δF

δf2

� ∂f2

∂z
+
∂F

∂z
,

(3.27)
where the diamond product notation has been used to represent the integral
over k. The terms with δ, such as δF

δf1
, represents a functional derivative.
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Note that in the diamond product notation all the variable dependencies
have been dropped for convenience. The variables may sometimes be written,
depending on the scenario of the calculation.
The full derivative of a functional was depicted, the functional derivative of
a functional with respect to one of its functions is now looked at. Consider
the following functional

F

= f �K � f

=

∫
f(k)K(k,k1)f(k1)d̄kd̄k1.

(3.28)

The diamond product is associative. The functional derivative of the func-
tional with respect to one of its functions, say f = f(k̃), is defined as follows

δF

δf
=
δ (f �K � f)

δf

= K � f + f �K

=

∫
K(k̃,k1)f(k1)d̄k1 +

∫
f(k)K(k, k̃)d̄k,

(3.29)

where [21]
δf(k′)

δf(k̃)
= δ(k′ − k̃). (3.30)

It is possible to take another functional derivative with respect to f = f(k′),
and the transverse wave vector dependency is explicitly written

δ2F

δf(k′)δf(k̃)
= K(k̃,k′) +K(k′, k̃). (3.31)

There is a problem with the above equation. The diamond product of Eq.
(3.31) is taken with an arbitrary complex field variable, f ′, to the right, the
following issue occurs

δ2F

δfδf
� f ′ =

∫
K(k̃,k′)f ′(k̃)d̄k̃ +

∫
K(k′, k̃)f ′(k̃)d̄k̃. (3.32)

The first term on the right-hand side violates the definition of the diamond
contraction in Eq. (3.20). When the diamond product of f ′ is taken to the
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right, an integral over k̃ is implied. The diamond contraction of a kernel
and function/complex field variable should have matching transverse wave
vectors on the diamond contracted transverse wave vector. The first term on
the right-hand side is not in agreement. The correction would be

δ2F

δfδf
� f ′ =

∫
KT (k′, k̃)f ′(k̃)d̄k̃ +

∫
K(k′, k̃)f ′(k̃)d̄k̃, (3.33)

or
δ2F

δfδf
� f ′ = KT � f ′ +K � f ′, (3.34)

where
KT (k′, k̃) = K(k̃,k′). (3.35)

Therefore, the transverse wave vectors in Eq. (3.31) are separated by the use
of a transpose

δ2F

δf(k′)δf(k̃)
= KT (k′, k̃) +K(k′, k̃). (3.36)

All the k′ dependencies are on the left, and all the k̃ dependencies are on
the right. Eq. (3.36) is now ready for the diamond contraction process. As
mentioned, the diamond product on the right-hand side yields

δ2F

δf(k′)δf(k̃)
� f ′(k̃) = KT (k′, k̃) � f ′(k̃) +K(k′, k̃) � f ′(k̃). (3.37)

The diamond product can be taken on both sides with respect to f ′(k′), and
produces

f ′(k′) � δ2F

δf(k′)δf(k̃)
� f ′(k̃)

= f ′(k′) �KT (k′, k̃) � f ′(k̃) + f ′(k′) �K(k′, k̃) � f ′(k̃)

= f ′ �KT � f ′ + f ′ �K � f ′.

(3.38)

Functional integrals are explained in the following. Consider the equation
below, which is the integral for an isotropic Gaussian functional [21]∫

exp (−cα∗ � P � α− α∗ � β − β′ � α)D◦[α]

=
1

cΩ det[P ]
exp

(
1

c
β′ � P−1 � β

)
,

(3.39)
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where P is a kernel, c is a nonzero constant, α, β and β′ are complex fields
which depend on transverse wave vectors, Ω = tr(1) is the cardinality of
countable infinity [16], and D◦[α] = 1

(2π)ΩD[p]D[q] [21]. The integral mea-

sure for the momentum is D[p] = dΩp, and a similar definition applies for
the position. The circle on the integral measure, D◦[α], implies a factor of

1
(2π)Ω [21]. The proof for the discrete and finite case for Eq. (3.39) is shown

in appendix B. The functional integral in Eq. (3.39) is performed over the
complex field, α, and its complex conjugate.
The functional integral over a real field variable, q, is also considered∫

exp (−cq � P � q − q � β)D[q]

= exp

(
β � P−1 � β

4c

)
πΩ/2

cΩ/2
√

det (P )
,

(3.40)

where P is a kernel that does not need to be real-valued. The proof for the
discrete and finite case for Eq. (3.40) is also shown in appendix B.

3.2 Examples of Wigner functionals

A few examples of Wigner functionals for certain operators are discussed
here. A special Wigner functional called the detector Wigner functional is
mentioned.
The Wigner functional for a fixed spectrum coherent state is studied. The
fixed spectrum coherent state is given by [15]

|αF 〉 = exp

(
−1

2
|α|2
)∑

n

αn√
n!
|nF 〉 , (3.41)

and the fixed spectrum fock states are [15, 21]

|nF 〉 =
1√
n!

(â†F )n |vacuum〉 , (3.42)

with the fixed-spectrum creation operator [15, 21]

â†F =

∫
â†(k)F (k)d̄k. (3.43)
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The normalized spectrum is labeled as F (k) which follows the following nor-
malization condition ∫

|Fk|2d̄k, (3.44)

and the creation operator for momentum is â†(k). It is important to note
that [21]

â(k) |αF 〉 = α(k) |αF 〉 . (3.45)

The equation above implies that an eigenfunction of α(k) is calculated for
a fixed spectrum coherent state, |αF 〉 [21]. The eigenfunction, α(k), will
sometimes be referred to as the spectral function [21, 17]. For a different
fixed spectrum coherent state, a different eigenfunction will be obtained, i.e.
â(k) |βF 〉 = β(k) |βF 〉. When referring to the fixed spectrum coherent state,
the spectrum will be dropped for convenience. The Wigner functional for
a fixed spectrum coherent state is calculated by starting with the following
definition for the Wigner functional [15, 21]

WÂ[p, q] =

∫ 〈
q +

1

2
q′
∣∣∣∣ Â ∣∣∣∣q − 1

2
q′
〉

exp (−ip � q′)D[q′]. (3.46)

The substitution of Â = |αF 〉 〈αF | gives

W|α〉〈α|[α] =

∫ 〈
q +

1

2
q′
∣∣∣∣αF〉〈αF ∣∣∣∣q − 1

2
q′
〉

exp (−ip � q′)D[q′]. (3.47)

The result is simplified by using the equation below [15]〈
q +

1

2
q′
∣∣∣∣αF〉 = π−

Ω
4 exp

(
−1

2

∥∥∥∥q +
1

2
q′ − q0

∥∥∥∥2

+ ip0 �
(
q +

1

2
q′ − 1

2
q0

))
,

(3.48)
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where p0 and q0 are eigenfunctions which are evaluated at a point, and brings
Eq. (3.47) to

W|α〉〈α|[α] = π−
Ω
2

∫
exp

(
−1

2

∥∥∥∥q +
1

2
q′ − q0

∥∥∥∥2

+ ip0 �
(
q +

1

2
q′ − 1

2
q0

))

exp

(
−1

2

∥∥∥∥q − 1

2
q′ − q0

∥∥∥∥2

− ip0 �
(
q − 1

2
q′ − 1

2
q0

))
exp (−ip � q′)D[q′]

= π−
Ω
2

∫
exp

(
−1

2

∥∥∥∥q − q0 +
1

2
q′
∥∥∥∥2

+ ip0 � q′
)

exp

(
−1

2

∥∥∥∥q − q0 −
1

2
q′
∥∥∥∥2
)

exp (−ip � q′)D[q′]

= π−
Ω
2

∫
exp

(
−1

2
‖q − q0‖2 − 1

2
(q − q0) � q′ − 1

8
‖q′‖2

+ ip0 � q′
)

exp

(
−1

2
‖q − q0‖2 +

1

2
(q − q0) � q′ − 1

8
‖q′‖2

)
exp (−ip � q′)D[q′]

= π−
Ω
2

∫
exp

(
−‖q − q0‖2 − 1

4
‖q′‖2

+ ip0 � q′ − ip � q′
)
D[q′]

= π−
Ω
2 exp

(
−‖q‖2 + 2q � q0 − ‖q0‖2)

×
∫

exp

(
−1

4
q′ � q′ − (ip− ip0) � q′

)
D[q′].

(3.49)
The result in Eq. (3.40) is used, where β = ip− ip0, P = 1, and c = 1

4
[17, 21]

W|α〉〈α|[α] = N0 exp
(
−‖q − q0‖2 − (p− p0) � (p− p0)

)
= N0 exp

(
−‖q − q0‖2 − ‖p− p0‖2)

= N0 exp
(
−‖q − q0 + i (p− p0)‖2)

= N0 exp

(
−2

∥∥∥∥q + ip√
2
− q0 + ip0√

2

∥∥∥∥2
)

= N0 exp
(
−2‖α− α0‖2) .

(3.50)

We consider the Wigner functional for the number operator, the proof of
which is given in [21], however, the calculations are looked at here in slightly
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more detail. The Wigner functional can be rewritten in terms of complex
fields, for an arbitrary operator, Â, it is given by [21]

WÂ[α] = N0

∫
exp

(
−2‖α‖2 + 2α∗ � α1 + 2α∗2 � α−

1

2
‖α1‖2

−1

2
‖α2‖2 − α∗2 � α1

)
〈α1|Â|α2〉D◦[α1, α2],

(3.51)

where N0 = 2Ω. Eq. (3.51) will mostly be used in order to calculate Wigner
functionals for operators, and will be referred to as the coherent-state assisted
approach. The aim is to calculate the Wigner functional for the photon num-
ber operator, and is done by first calculating 〈α1|Â|α2〉, where Â is replaced
by the number operator n̂. The number operator is given by [21]

n̂ =

∫
â†(k)â(k)d̄k. (3.52)

Calculating the inner product by using Eq. (3.45) [21]

〈α1|n̂|α2〉 = α∗1 � α2 exp

(
−1

2
‖α1‖2 − 1

2
‖α2‖2 + α∗1 � α2

)
. (3.53)

Observe that there is a factor of α∗1 �α2 above, and substitution of it into Eq.
(3.51) will not produce a convenient Gaussian functional to integrate over,
as defined in Eq. (3.40). A generating functional, G, is defined in order to
remedy the situation [21]

G = exp

(
−1

2
‖α1‖2 − 1

2
‖α2‖2 + Jα∗1 � α2

)
, (3.54)

where J is a generating parameter such that [21]

∂G
∂J

∣∣∣∣
J=1

= 〈α1|n̂|α2〉. (3.55)

Instead of substituting Eq. (3.53) into the Wigner functional, the generating
functional can be substituted instead to facilitate the calculation. A gen-
erating Wigner functional is then calculated. A derivative with respect to
J of the expression is taken, and setting J = 0 in order to get the Wigner
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functional for the number operator [21]. Generating Wigner functionals are
written in calligraphy

WG[α] = N0

∫
G exp

(
−2‖α‖2 + 2α∗ � α1 + 2α∗2 � α−

1

2
‖α1‖2

−1

2
‖α2‖2 − α∗2 � α1

)
D◦[α1, α2]

= N0

∫
exp

(
−2‖α‖2 + 2α∗ � α1 + 2α∗2 � α−

1

2
‖α1‖2

−1

2
‖α2‖2 − α∗2 � α1 −

1

2
‖α1‖2 − 1

2
‖α2‖2 + Jα∗1 � α2

)
D◦[α1, α2]

= N0

∫
exp

(
−‖α1‖2 + 2α∗ � α1 − α∗2 � α1 + Jα∗1 � α2

+2α∗2 � α− ‖α2‖2 − 2‖α‖2)D◦[α1, α2].
(3.56)

The functional integral is performed. The generating Wigner functional is
brought into the form of the isotropic Gaussian functional given in Eq. (3.39).
The integral over the complex field variable, α1, is performed first

WG[α] = N0

∫
exp (−α∗1 � 1 � α1 − (α∗2 − 2α∗) � α1 − α∗1 � (−Jα2)

+2α∗2 � α− ‖α2‖2 − 2‖α‖2)D◦[α1, α2]

=
N0

det{1}

∫
exp ((α∗2 − 2α∗) � 1 � (−Jα2)

+2α∗2 � α− ‖α2‖2 − 2‖α‖2)D◦[α2]

= N0

∫
exp

(
−‖α2‖2 − Jα∗2 � α2 + 2Jα∗ � α2 + 2α∗2 � α

−2‖α‖2)D◦[α2],

(3.57)
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P is the identity kernel and c = 1. The functional integration over α2 pro-
duces [21]

WG[α] = N0

∫
exp (− (1 + J)α∗2 � α2 − (−2Jα∗) � α2 − α∗2 � (−2α)

−2‖α‖2)D◦[α2]

=
N0

(1 + J)Ω det{1}
exp

(
1

1 + J
(−2Jα∗) � (−2α)− 2‖α‖2

)
=

N0

(1 + J)Ω
exp

(
4J

1 + J
α∗ � α− 2‖α‖2

)
=

N0

(1 + J)Ω
exp

(
−2

(
1− J
1 + J

)
α∗ � α

)
,

(3.58)

where c = 1 + J , and the P is once again the identity kernel. The overall
factor of (1 + J)Ω originates due to the constant, c, as seen in Eq. (3.39). It is
important to note that the above equation is a generating Wigner functional
and to obtain its Wigner function, a derivative with respect to its generating
parameter needs to be taken. To calculate the Wigner functional for the
number operator [21]

Wn̂[α] =
∂WG[α]

∂J

∣∣∣∣
J=1

= ‖α‖2 − Ω

2
, (3.59)

where Ω = tr(1). Another example for the Wigner functional of an operator,
which will be used in the next section, is the Wigner functional for the
projection operator for a fixed spectrum. The proof is also given in [21], the
calculation for the Wigner functional for the projection operator for a fixed
spectrum, M , is very similar to the calculation shown above. Therefore,
only key points of the calculation will be made. The Wigner functional
for the projection operator |nM〉〈nM | is calculated. Naturally, following the
coherent-state assisted Wigner functional approach, the generating Wigner
functional is calculated [21]

K =
∑
n

Jn〈α1|nM〉〈nM |α2〉

= exp

(
−1

2
‖α1‖2 − 1

2
‖α2‖2 + Jα∗1 �MM∗ � α2

)
,

(3.60)
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where J is a generating parameter. The generating Wigner functional is
calculated, where K is the generating parameter, and amounts to [21]

W̃ =
N0

1 + J
exp

(
−2‖α‖2 +

4J

1 + J
α∗ �MM∗ � α

)
. (3.61)

If the following operation is performed [21]

1

n!

∂nW̃
∂Jn

∣∣∣∣∣
J=0

= WPn, (3.62)

then the Wigner functional for the projection operator for n photons in spec-
trum M is produced. The Wigner functional is represented as WPn.

3.3 Using Wigner functionals to calculate prob-

abilities

The calculation of probabilities using Wigner functionals is presented. The
probability for measuring a single photon in the spatial mode with spectrum
M depending on spatial frequencies, detecting a single photon, and a veri-
fication check is considered. The Wigner functional for the state considered
for the first two cases is given in Eq. (3.50), and the verification will model
the state as a single photon in a spatial mode to verify whether a bucket
detector would detect the photon with unit probability. The process of func-
tional integration for the purpose of probability calculation is described and
the types of Wigner functionals used for the calculation in certain scenarios
are discussed.
The following generating Wigner functional for spectrum M is focused on,
which was already introduced in section 3.2 [21]

W̃ =
N0

1 + J
exp

(
−2‖α‖2 +

4J

1 + J
α∗ �MM∗ � α

)
. (3.63)

A few probabilities are calculated using W̃ . The case where Eq. (3.63) is
treated as the generating Wigner functional of the projection operator for a
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single photon with spectrum M , is considered

WP1 =

[
− N0

(1 + J)2
exp

(
−2‖α‖2 +

4J

1 + J
α∗ �MM∗ � α

)
+
N0α

∗ �MM∗ � α
1 + J

∂

∂J

(
4J

1 + J

)
exp

(
−2‖α‖2 +

4J

1 + J
α∗ �MM∗ � α

)]∣∣∣∣
J=0

= −N0 exp
(
−2‖α‖2)+ 4N0α

∗ �MM∗ � α exp
(
−2‖α‖2) .

(3.64)
The probability of measuring one photon with spectrum, M , is found by
taking the trace of the product of the Wigner functional of the projection
operator with the Wigner functional of an appropriate density operator

p1 = tr (WP1Wρ̂) , (3.65)

where the Wigner functional for the state, Wρ̂, is

Wρ̂[α] = N0 exp
(
−2‖α− β‖2) , (3.66)

which is the Wigner functional for the coherent state given by Eq. (3.50) in
the previous section, and β is called a parameter function, which is a point
in functional phase space. The probability becomes

p1 = N2
0 tr

(
− exp

(
−4‖α‖2 + 2α∗ � β + 2α � β∗ − 2‖β‖2)

+4α∗ �MM∗ � α exp
(
−4‖α‖2 + 2α∗ � β + 2α � β∗ − 2‖β‖2))

= −N2
0

∫ (
exp

(
−4‖α‖2 + 2α∗ � β + 2α � β∗ − 2‖β‖2))D◦[α]

+N2
0

∫ (
4α∗ �MM∗ � α exp

(
−4‖α‖2 + 2α∗ � β + 2α � β∗ − 2‖β‖2))D◦[α].

(3.67)
The integral obtained from the trace is separated into two integrals. The
probability is defined as p1 = p′1 + p̃1 where p′1 is the first summand, and p̃1

is the second summand in Eq. (3.67). The generating functional approach
is used for the second functional summand, which is called p̃1G, in order to
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absorb the coefficient of the exponent in the exponent

p̃1G(K) = N2
0

∫
exp

(
−4‖α‖2 + 2α∗ � β + 2α � β∗ − 2‖β‖2

+4Kα∗ �MM∗ � α)D◦[α]

= N2
0

∫
exp (−4α∗ � (1−KMM∗) � α− α∗ � (−2β)

−(−2β∗) � α− 2‖β‖2)D◦[α]

=
1

det[1−KMM∗]
exp

(
β∗ � (1−KMM∗)−1 � β − 2‖β‖2) ,

(3.68)

where K is the generating parameter and

p̃1 =
∂p̃1G

∂K

∣∣∣∣
K=0

. (3.69)

The simplification of the kernel (1−KMM∗)−1 will be examined. It is
assumed that the kernel has an inverse of the form 1 − cKMM∗ where c is
a constant [21]. The implication is

(1−KMM∗)−1 � (1−KMM∗) = 1

=⇒ (1− cKMM∗) � (1−KMM∗) = 1

=⇒ −KMM∗ − cKMM∗ + cK2MM∗ �MM∗ = 0.

(3.70)

Taking the diamond product of the above equation with M∗ on the left,
and M on the right and remembering that the modes are normalized, i.e.,
M∗ �M = 1

KM∗ �MM∗ �M + cKM∗ �MM∗ �M − cK2M∗ �MM∗ �MM∗ �M = 0

=⇒ K + cK + cK2 = 0

=⇒ c =
1

K − 1
.

(3.71)
The kernel can now be written as

(1−KMM∗)−1 = 1− KMM∗

K − 1
. (3.72)
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p̃1G(K) becomes

p̃1G(K) =
1

det[1−KMM∗]
exp

(
β∗ �

(
1− KMM∗

K − 1

)
� β − 2‖β‖2

)
=

1

det[1−KMM∗]
exp

(
−Kβ

∗ �MM∗ � β
K − 1

− ‖β‖2

)
.

(3.73)
Simplifying the determinant

det[1−KMM∗] = exp [tr (ln� (1−KMM∗))] , (3.74)

where the trace over kernels is defined as [21]

tr (H(k,k1)) =

∫
H(k′,k′)d̄k′. (3.75)

The natural logarithm is Taylor expanded as a stepping stone towards sim-
plifying the determinant

ln� (1−KMM∗) = −
∞∑
n=1

1

n
(KMM∗)n�

= −KMM∗ − 1

2
K2MM∗ �MM∗ − . . . ,

(3.76)

and applying the trace,

tr (ln� (1−KMM∗)) = tr

(
−KMM∗ − 1

2
K2MM∗ �MM∗ − . . .

)
= −KM �M∗ − 1

2
(KM∗ �M)2 − . . .

= −K − 1

2
K2 − . . .

= −
∞∑
n=1

Kn

n

= ln (1−K) .

(3.77)

Therefore,
det[1−KMM∗] = 1−K. (3.78)
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The determinant simplifies to the following convenient expression

p̃1G(K) =
1

(1−K)
exp

(
−Kβ

∗ �MM∗ � β
K − 1

− ‖β‖2

)
. (3.79)

The calculation of p̃1 is as follows

p̃1 =
∂p̃1G

∂K

∣∣∣∣
K=0

=

[
− 1

(1−K)2 exp

(
−Kβ

∗ �MM∗ � β
K − 1

− ‖β‖2

)
−β

∗ �MM∗ � β
(1−K)

(
(K − 1)−K

(K − 1)2

)
exp

(
−Kβ

∗ �MM∗ � β
K − 1

− ‖β‖2

)]∣∣∣∣
K=0

= − exp
(
−‖β‖2)+ β∗ �MM∗ � β exp

(
−‖β‖2) .

(3.80)
The second remaining piece of p1 is p′1. Recall that p1 = p′1 + p̃1, and p′1 is
given as

p′1 = −N2
0

∫
exp

(
−4‖α‖2 − α∗ � (−2β)− α � (−2β∗)− 2‖β‖2)D◦[α]

= − exp
(
−‖β‖2) .

(3.81)
Therefore,

p1 = p′1 + p̃1

= − exp
(
−‖β‖2)− exp

(
−‖β‖2)+ β∗ �MM∗ � β exp

(
−‖β‖2)

= −2 exp
(
−‖β‖2)+ β∗ �MM∗ � β exp

(
−‖β‖2) . (3.82)

This concludes the calculation of the probability of obtaining one photon
with spectrum M .

3.3.1 Detectors

If a system is measured with a detector, possibly a position resolving or
bucket detector, the Wigner functional for such detectors can be modeled as
follows

WD =

(
2

1 + J

)tr(D)

exp

(
−2

(
1− J
1 + J

)
α∗ �D � α

)
, (3.83)
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where J is the generating parameter and D = MM∗, with D = 1 for the
bucket detector. Eq. (3.83) was obtained from discussions and notes by my
co-supervisor, FS Roux, as well as Eqs. (3.84), (3.86), (3.87), and (3.88).
The above equation contains experimental information about the detectors
[17]. For example, consider the CCD array or scanning detector for which
the function M is defined as

M(k1, ω,X0) = NMh(ω − ωd, δd) exp

(
−1

4
w2

0|k1|2 + iX0 · k1

)
, (3.84)

where w0 is the width of the Gaussian and will be regarded as the pixel size,
X0 is the pixel position, X is the location at the height of the Gaussian, and

NM =
√

2πw0. (3.85)

where
M∗(k1, ω,X0) �M(k1, ω,X0) = tr (D) = 1, (3.86)

and

h(ω − ωp, δp) =

√ √
2√
πδp

exp

(
−(ω − ωp)2

δ2
p

)
(3.87)

is a narrow function with a width of δp that represents the angular frequency
and has the following property [20]

1

2π

∫
h2(ω − ωp, δp)dω = 1. (3.88)

To understand Eq. (3.84) in terms of spatial vectors, the inverse Fourier
transforms can be taken which produces

m =
4πNM

(2π)2w2
0

F−1
ω {h(ω − ωd, δd)} exp

(
−|X0 + X|2

w2
0

)
, (3.89)

where F−1
ω {h(ω − ωd, δd)} is the inverse Fourier transform over the narrow

spectral function

F−1
ω {h(ω − ωd, δd)}

=
δd
2π

√
π
√

2√
πδd

exp
(
−δ2

dt
2
)

[cos (ωdt) + i sin (ωdt)] .
(3.90)
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The following normalization condition also applies∫
m∗mdtdX = 1, (3.91)

where

m∗m =
2

πw2
0

exp

(
−2|X0 + X|2

w2
0

)
. (3.92)

The equation above is shown without the inverse Fourier transform over the
narrow spectral function for simplicity. Eq. (3.92) is the pixel sensitivity
function illustrating the probability of detecting a photon if it is incident at
−X within a radius of the pixel size, w0. For our purposes in ghost imag-
ing, the maximum of the pixel sensitivity function is set at −X since there
is momentum entanglement involved. The signal and idler beams will have
opposite momenta resulting in opposite locations of the signal and idler pho-
tons, i.e. if the idler photon is at X, then the signal photon is at −X.
A graphical depiction of Eq. (3.92) is shown in figure 3.1. Technically speak-
ing, since the pixel was modeled as a Gaussian, the pixel area should be
circular, instead of using the square grids as shown in figure 3.1. The techni-
cality is ignored, since the main purpose of figure 3.1 is to illustrate that the
detector provides transverse spatial information. The bucket detector will
be modeled as D = 1. The main purpose of the bucket detector is to detect
photons without any spatial resolution. Such a detector can be imagined as
a single large pixel. Since there is no spatial resolution, the pixel position,
X0, is not present for the bucket detector. Eq. (3.83) will be referred to as
the detector generating Wigner functional. The detector Wigner functional
for the detection of n photons can be obtained from Eq. (3.83) by

∂nWD

∂Jn

∣∣∣∣
J=0

= WDn. (3.93)

The derivative of the detector generating Wigner functional is taken, and the
generating parameter is then set to 0 to obtain the Wigner functional for the
detection of a single photon at X0

WD1 =
∂WD

∂J

∣∣∣∣
J=0

= − tr(D)2tr(D) exp (−2α∗ �D � α)

+ 2tr(D)+2α∗ �D � α exp (−2α∗ �D � α) .

(3.94)
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Figure 3.1: An illustration of the CCD array with its pixels.
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Much like the case before, the trace over the product of WD1 with the Wigner
functional of the state is performed in order to obtain the probability for
detecting one photon, and is labeled as pD1

pD1 = tr (WD1Wρ̂)

= N0 tr
[(
− tr(D)2tr(D) exp (−2α∗ �D � α)

+2tr(D)+2α∗ �D � α exp (−2α∗ �D � α)
)

exp
(
−2‖α− β‖2)]

= − tr(D)2tr(D)N0

∫
exp

(
−2α∗ �D � α− 2‖α‖2 + 2α∗ � β + 2α � β∗

−2‖β‖2)D◦[α]

+

∫
4α∗ �D � α exp

(
−2α∗ �D � α− 2‖α‖2 + 2α∗ � β + 2α � β∗

−2‖β‖2)D◦[α].
(3.95)

The same strategy as before is used. Define pD1 = p′D1 + p̃D1 where p′D1 is
the first summand, and p̃D1 is the second summand. Considering that the
second summand uses the same generating functional approach, whereby

p̃D1 =
∂p̃D1G

∂J

∣∣∣∣
J=1

. (3.96)

It follows that

p̃D1G

= −
∫

2 exp (−2α∗ � (JD + 1) � α− α∗ � (−2β)− α � (−2β∗)

−2‖β‖2)D◦[α]

= − 2

N0 det [JD + 1]
exp

(
2β∗ � (JD + 1)−1 � β − 2‖β‖2) .

(3.97)

Simplifying (JD + 1)−1 by assuming that (JD + 1)−1 = cJD+1, where c is
a constant, it is possible to follow the same method as in Eq. (3.70) to obtain

(cJD + 1) � (JD + 1) = 1

=⇒ D + cJD �D + cD = 0.
(3.98)
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The detector kernel, D = MM∗, is substituted, and considering the case
where M �M∗ = 1

(cJD + 1) � (JD + 1) = 1

=⇒ MM∗ + cJMM∗ + cMM∗ = 0

=⇒ 1 + c(J + 1) = 0

=⇒ c = − 1

J + 1
.

(3.99)

Therefore

(JD + 1)−1 = 1− JD

J + 1
. (3.100)

For the determinant, the same technique as for the previous calculation is
applied, the result reads

det[1 + JD] = 1 + J. (3.101)

These results simplify p̃D1G to

p̃D1G

= − 2

N0 (1 + J)
exp

(
− 2J

J + 1
β∗ �D � β

)
.

(3.102)

Applying the derivative

p̃D1 =
∂p̃D1G

∂J

∣∣∣∣
J=1

=

[
2

N0 (1 + J)2 exp

(
− 2J

J + 1
β∗ �D � β

)
+

4β∗ �D � β
N0 (1 + J)

(
2

(J + 1)2

)
exp

(
− 2J

J + 1
β∗ �D � β

)]∣∣∣∣
J=1

=
1

2N0

exp (−β∗ �D � β) +
β∗ �D � β

N0

exp (−β∗ �D � β) .

(3.103)
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The calculation of p′D1 starts off as

p′D1 = − tr(D)2tr(D)N0

∫
exp

(
−2α∗ �D � α− 2‖α‖2 + 2α∗ � β + 2α � β∗

−2‖β‖2)D◦[α]

= − tr(D)2tr(D)N0

∫
exp (−2α∗ � (D + 1) � α− α∗ � (−2β)

−α � (−2β∗)− 2‖β‖2)D◦[α]

= − tr(D)2tr(D)

det [D + 1]
exp

(
2β∗ � (D + 1)−1 � β − 2‖β‖2) ,

(3.104)
where (D + 1)−1 is simplified as

(D + 1)−1 = 1− D

2
, (3.105)

the determinant reduces to

det [D + 1] = 2. (3.106)

The final result of p′D1 is calculated

p′D1 = −tr(D)2tr(D)

2
exp

(
2β∗ �

(
1− D

2

)
� β − 2‖β‖2

)
= −tr(D)2tr(D)

2
exp (−β∗ �D � β) .

(3.107)

The case whereby Eq. (3.86) holds is considered. Finally, the probability of
detecting one photon on the bucket detector is

pD1 = p′D1 + p̃D1

= − exp (−β∗ �D � β) +
1

2N0

exp (−β∗ �D � β)

+
β∗ �D � β

N0

exp (−β∗ �D � β) .

(3.108)

As a verification, the probability to detect a photon with density matrix
|nM〉〈nM | for mode M is calculated, which should return 1. The starting
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point is

ps = tr (WD1Wρ̂)

= tr (WD1WP1)

= tr
[(
−N0 exp

(
−2‖α‖2)+ 4N0α

∗ �D � α exp
(
−2‖α‖2))(

− tr(D)2tr(D) exp (−2α∗ �D � α) + 2tr(D)+2α∗ �D � α exp (−2α∗ �D � α)
)]

=

∫ [
tr(D)2tr(D)N0 exp

(
−2α∗ �D � α− 2‖α‖2)

− 2tr(D)+2N0α
∗ �D � α exp

(
−2α∗ �D � α− 2‖α‖2)

− tr(D)2tr(D)+2N0α
∗ �D � α exp

(
−2α∗ �D � α− 2‖α‖2)

+2tr(D)+4N0 (α∗ �D � α)2 exp
(
−2α∗ �D � α− 2‖α‖2)]D◦[α].

(3.109)
The first few integrals are similar to the expression for p′D1 and p̃D1 with
β = 0. The expression can be rewritten as

ps = tr(D)2tr(D)−1 − (tr(D) + 1)2tr(D)−1

+ 2tr(D)+4N0

∫
(α∗ �D � α)2 exp

(
−2α∗ �D � α− 2‖α‖2)D◦[α].

(3.110)

For the remaining integral, observe the calculation for Eq. (3.111) whilst
setting β = 0

p̃D1G(β = 0)

= −
∫

2 exp (−2Jα∗ �D � α− 2α∗ � α)D◦[α].
(3.111)

To obtain the integrand in Eq. (3.114), the following operation on Eq. (3.111)
is performed

−1

8

∂2p̃D1G(β = 0)

∂J2

∣∣∣∣
J=1

, (3.112)

which eases the calculation, since the first derivative of p̃D1G is already cal-
culated, and is given in Eq. (3.103)

∂p̃D1G(β = 0)

∂J
=

2

N0 (1 + J)2

=⇒ ∂2p̃D1G(β = 0)

∂J2
= − 4

N0 (1 + J)3

=⇒ −1

8

∂2p̃D1G(β = 0)

∂J2

∣∣∣∣
J=1

=
1

16N0

.

(3.113)
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The probability, ps, is reduced to

ps = −2tr(D)−1 + 2tr(D) = 2tr(D)(−2−1 + 1) = 2tr(D)−1. (3.114)

Since the condition, tr(D) = 1, has been acknowledged, it follows that ps = 1.
The verification works out as expected.
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Chapter 4

SPDC in terms of Wigner
functionals

The description of SPDC by means of Wigner functionals is based on an
article entitled ”Parametric down-conversion beyond the semiclassical ap-
proximation” [17]. In addition, the explanation and concepts in this chapter
were pointed out to me by FS Roux in private, who had developed the Wigner
functional formalism and applied it to SPDC.
The main goal is to obtain an equation describing the motion of light through
the nonlinear SPDC (type I) crystal in the z direction, with a thickness of L.
The infinitesimal propagation equation (IPE) is used, which was introduced
in section 2.4. The IPE is defined in terms of the propagation distance, z.
The Wigner functional version of the IPE is also introduced. After some
simplifications, a functional differential equation will be produced, which de-
pends on the Wigner functional for the state produced by SPDC, and will
be called the evolution equation. The Wigner functional for the state pro-
duced by SPDC will be referred to as the Wigner functional for the SPDC
state, and it will be solved by assuming an exponential functional as a solu-
tion, resulting in the Wigner functional for the SPDC state as a function of
the propagation distance. Similar developments were made using the Moyal
product to form an evolution equation [7] which allows a semi-classical ex-
pansion with the help of Planck’s constant.
The IPE is given as [17]

ih̄
d

dz
ρ̂(z) =

[
P̂∆, ρ̂(z)

]
, (4.1)

52



where ρ̂(z) is the state of light as a function of its propagation distance, the
square brackets denote the commutator of the operators P̂∆, which is called
the infinitesimal propagation operator (IPO) [17], and ρ̂(z). The IPO was
introduced in section 2.4 and is repeated here for convenience. The IPO is
given as [17]

P̂∆ =

∫
V (k,k1,k2, ω, ω1, ω2)Ĝ†p(k, ω, z)Ĝd(k1, ω1, z)Ĝd(k2, ω2, z)d̄kd̄k1d̄k2

+ h.c.,
(4.2)

where k is a transverse wave vector, and

d̄k =
d2k

(2π)3
dω. (4.3)

The operators for the pump and down-converted fields are Ĝd(k, ω, z), and
Ĝp(k, ω, z), respectively. The term h.c. stands for Hermitian conjugate, and
V (k,k1,k2) is called a vertex kernel which depends on three transverse wave
vectors and represents the interaction between the nonlinear crystal and the
beams involved [17]

V (k,k1,k2) =
(2π)3

2
dooe exp (i∆kzz) δ (k− k1 − k2) δ (ω − ω1 − ω2) , (4.4)

where dooe = 2ε0χ
(2)
abcη

o
aη

o
bη

e∗
c contains the polarization vectors and second

order electric susceptibility, and ∆kz is the phase mismatch, which was pro-
vided in section 2.4. A simplified evolution equation is desired for a state of
light written in terms of Wigner functionals. Such an equation is arrived at
by simplifying the IPE in terms of Wigner functionals and substituting an
exponential functional as an ansatz for a solution. Rewriting Eq. (4.1) with
Wigner functionals yields

Wih̄ d
dz
ρ̂(z)[α, β](z) = W(P̂∆ρ̂(z)−ρ̂(z)P̂∆)[α, β]. (4.5)

According to the definition of the coherent-state assisted Wigner functional
provided in Eq. (3.51), it is possible to simplify the expression above

Wih̄ d
dz
ρ̂(z)[α, β](z) = ih̄

d

dz
Wρ̂(z)[α, β](z), (4.6)
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and

W(P̂∆ρ̂(z)−ρ̂(z)P̂∆)[α, β]

= WP̂∆ρ̂(z)[α, β]−Wρ̂(z)P̂∆
[α, β]

= WP̂∆
[α, β] ? ? Wρ̂[α, β](z)−Wρ̂[α, β](z) ? ? WP̂∆

[α, β],

(4.7)

where ? is an operation that combines Wigner functionals, called the star
product, as explained in chapter 3. Recall that Eq. (3.15) is similar to the
case above

WÂB̂[α, β] = WÂ[α, β] ? ? WB̂[α, β], (4.8)

where Â = P̂∆ and B̂ = ρ̂. Due to the IPE, coherent-state assisted Wigner
functional given in Eq. (3.51), and double star product, it was possible to
obtain a Wigner functional version of the IPE [17]

ih̄
d

dz
Wρ̂[α, β](z)

= WP̂∆
[α, β] ? ? Wρ̂[α, β](z)−Wρ̂[α, β](z) ? ? WP̂∆

[α, β].
(4.9)

The functionals and fields involved are differentiable. The simplification of
WP̂∆

[α, β] can get slightly complicated. Instead of evaluating the functional
integrals directly, a generating functional is integrated over, and the appro-
priate derivatives are used. The advantage of the generating functional ap-
proach is so that the functional integral of the isotropic Gaussian, as defined
in Eq. (3.39), can be used. The Wigner functional for the IPO is expressed
as a generating functional WG[α, β]. An operator Ĉ, which is called the con-
struction operator [17], is applied to the generating functional in order to get
the Wigner functional for the IPO

WP̂∆
[α, β] = ĈWG[α, β] |µ1=µ∗2=η1=η∗2=0 , (4.10)

where µ and η are generating parameter fields, and the double coherent-state
assisted Wigner functional is used for WG[α, β], which was provided in Eq.
(3.14). The generating functional idea here is similar to the one presented for
calculating the Wigner functional for the number operator. The construction
operator contains a kernel and derivatives of the parameter fields, which
brings Eq. (4.11) to [17]

ih̄
d

dz
Wρ̂[α, β](z)

= Ĉ (WG[α, β] ? ? Wρ̂[α, β](z)−Wρ̂[α, β](z) ? ?WG[α, β]) |µ1=µ∗2=η1=η∗2=0 .

(4.11)
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4.1 Generating Wigner functional for the IPO

The generating Wigner functional for the infinitesimal propagation operator
is calculated first, for this purpose, the coherent-state assisted approach is
used and was provided in Eq. (3.51). Firstly the inner product of the IPO
is taken with respect to coherent states, 〈α1, β1| and |α2, β2〉, that uses the
complex field variables α1, β1, α2 and β2 which will be integrated over. The
coherent states serve as an over-complete basis that allows to express the
creation and annihilation operators, Ĝ†(k, ω, z) and Ĝ(k, ω, z), in the IPO
in a simple way. The Wigner functional for coherent states needs to be used
twice to obtain the IPO in terms of Wigner functionals. The inner product
produces

〈α1, β1| P̂∆ |α2, β2〉 = 〈α1|α2〉 〈β1|β2〉 (β∗1 � T � �α2α2 + α∗1α
∗
1 � � T ∗ � β2) ,

(4.12)
where T = T (k,k1,k2) = N ′(ω)N ′(ω1)N ′(ω2)V (k,k1,k2, ω, ω1, ω2), and the
triple diamond product, which is associative, is

β∗1 � T � �α2α2 + α∗1α
∗
1 � � T ∗ � β2

=

∫
(β∗1(k)T (k,k1,k2)α2(k1)α2(k2)

+α∗1(k2)α∗1(k1)T ∗(k,k1,k2)β2(k)) d̄kd̄k1d̄k2.

(4.13)

The expression 〈α1|α2〉 〈β1|β2〉 is simplified, and produces

〈α1, β1| P̂∆ |α2, β2〉 = (β∗1 � T � �α2α2 + α∗1α
∗
1 � � T ∗ � β2)

× exp

(
−1

2
‖α1‖2 − 1

2
‖α2‖2 − 1

2
‖β1‖2 − 1

2
‖β2‖2 + α∗1 � α2 + β∗1 � β2

)
.

(4.14)
The reader is reminded that T (k,k1,k2) and V (k,k1,k2) are special types of
kernels which are called vertex kernels. The kernels depend on three trans-
verse wave vectors and can thus be diamond contracted three times. Eq.
(4.14) needs to be brought into a form where the integral of the isotropic
Gaussian, Eq. (3.39), can be used. Therefore, a generating functional ap-
proach is used. The generating functional for Eq. (4.14) is given by [17]

G[α1, α2, β1, β2] = exp

(
−1

2
‖α1‖2 − 1

2
‖α2‖2 − 1

2
‖β1‖2 − 1

2
‖β2‖2

+ α∗1 � α2 + β∗1 � β2 + α∗1 � µ1 + µ∗2 � α2 + β∗1 � η1 + η∗2 � β2

)
.

(4.15)
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The generating functional for the inner-product of the IPO also depends on
the generating parameter fields, µ, and η. However, the parameter depen-
dence is ignored for simplicity. The construction operator is [17]

Ĉ =
δ

δη1

� T � � δ

δµ∗2

δ

δµ∗2
+

δ

δµ1

δ

δµ1

� � T ∗ � δ

δη∗2
. (4.16)

In terms of integrals, the construction operator will have the form

Ĉ =

∫ (
δ

δη1(k′)
T (k′,k′1,k

′
2)

δ

δµ∗2(k′1)

δ

δµ∗2(k′2)

+
δ

δµ1(k′2)

δ

δµ1(k′1)
T ∗(k′,k′1,k

′
2)

δ

δη∗2(k′)

)
d̄k′d̄k′1d̄k

′
2.

(4.17)

It is possible to check that 〈α1, β1| P̂∆ |α2, β2〉 = ĈG |µ1=µ∗2=η1=η∗2=0, since the
generating functional for the inner-product of the IPO and the construction
operator is available. G is convenient for functional integration using complex
fields. As mentioned before, the coherent-state assisted Wigner functional is
used twice. The first two functional integrations will be carried out in detail
over α1 and α2, which follows from the Wigner functional for the coherent-
state assisted approach in Eq. (3.10), and is considered below

W̃G[α, β1, β2] = N0

∫
exp

(
−2‖α‖2 + 2α∗ � α1 + 2α∗2 � α−

1

2
‖α1‖2

−1

2
‖α2‖2 − α∗2 � α1

)
G[α1, α2, β1, β2]D◦[α1, α2]

= N0

∫
exp

(
−2‖α‖2 + 2α∗ � α1 + 2α∗2 � α− ‖α1‖2

− ‖α2‖2 − α∗2 � α1 −
1

2
‖β1‖2 − 1

2
‖β2‖2 + α∗1 � α2

+ β∗1 � β2 + α∗1 � µ1 + µ∗2 � α2 + β∗1 � η1 + η∗2 � β2

)
D◦[α1, α2]

= N0 exp

(
−2‖α‖2 − 1

2
‖β1‖2 − 1

2
‖β2‖2 + β∗1 � β2 + β∗1 � η1 + η∗2 � β2

)
×
∫

exp
(
−α∗1 � α1 − α∗1 � (−α2 − µ1)− (α∗2 − 2α∗) � α1 − ‖α2‖2

+2α∗2 � α + µ∗2 � α2)D◦[α1, α2],
(4.18)
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where W̃G[α, β1, β2] only contains the first Wigner functional for the coherent-
state assisted approach, applying it a second time for β1 and β2 will produce
WG[α, β]. It is now possible to use Eq. (3.39) to perform the integral over
α1, where the kernel equals to the identity kernel

W̃G[α, β1, β2]

= N0 exp

(
−2‖α‖2 − 1

2
‖β1‖2 − 1

2
‖β2‖2 + β∗1 � β2 + β∗1 � η1 + η∗2 � β2

)
×
∫

exp
(
(2α∗ − α∗2) � (α2 + µ1)− ‖α2‖2 + 2α∗2 � α + µ∗2 � α2

)
D◦[α2]

= N0 exp

(
−2‖α‖2 − 1

2
‖β1‖2 − 1

2
‖β2‖2 + β∗1 � β2 + β∗1 � η1 + η∗2 � β2

)
×
∫

exp (2α∗ � α2 − 2α∗2 � α2 − α∗2 � µ1 + 2α∗2 � α + µ∗2 � α2

+2α∗ � µ1)D◦[α2]

= N0 exp

(
−2‖α‖2 − 1

2
‖β1‖2 − 1

2
‖β2‖2 + β∗1 � β2 + β∗1 � η1 + η∗2 � β2

)
×
∫

exp (−2α∗2 � α2 − α∗2 � (µ1 − 2α)− (−µ∗2 − 2α∗) � α2

+2α∗ � µ1)D◦[α2]

= exp

(
−2‖α‖2 − 1

2
‖β1‖2 − 1

2
‖β2‖2 + β∗1 � β2 + β∗1 � η1 + η∗2 � β2

+ 2α∗ � µ1

)
exp

(
1

2
(µ∗2 + 2α∗) � (2α− µ1)

)
= exp

(
−1

2
‖β1‖2 − 1

2
‖β2‖2 + β∗1 � β2 + β∗1 � η1 + η∗2 � β2 + α∗ � µ1

+ µ∗2 � α−
1

2
µ∗2 � µ1

)
.

(4.19)
The IPO is partially transformed into a generating Wigner functional. All
that is left is to repeat the process for the complex field variables, β1 and β2.
The calculation is performed step by step below, noting that the coherent-
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state assisted Wigner functional in Eq. (3.10) is used once again

WG[α, β] = N0

∫
exp

(
−2‖β‖2 + 2β∗ � β1 + 2β∗2 � β −

1

2
‖β1‖2

−1

2
‖β2‖2 − β∗2 � β1

)
W̃G[α, β1, β2]D◦[β1, β2]

= N0 exp

(
α∗ � µ1 + µ∗2 � α−

1

2
µ∗2 � µ1 − 2‖β‖2

)
×
∫

exp
(
−‖β1‖2 + 2β∗ � β1 − β∗2 � β1 + β∗1 � β2 + β∗1 � η1

+2β∗2 � β − ‖β2‖2 + η∗2 � β2

)
D◦[β1, β2]

= N0 exp

(
α∗ � µ1 + µ∗2 � α−

1

2
µ∗2 � µ1 − 2‖β‖2

)
×
∫

exp (−β∗1 � β1 − β∗1 � (−β2 − η1)− (β∗2 − 2β∗) � β1

+2β∗2 � β − ‖β2‖2 + η∗2 � β2

)
D◦[β1, β2]

= N0 exp

(
α∗ � µ1 + µ∗2 � α−

1

2
µ∗2 � µ1 − 2‖β‖2

)
×
∫

exp
(
(β∗2 − 2β∗) � (−β2 − η1) + 2β∗2 � β − ‖β2‖2 + η∗2 � β2

)
D◦[β2]

= N0 exp

(
α∗ � µ1 + µ∗2 � α−

1

2
µ∗2 � µ1 − 2‖β‖2 + 2β∗ � η1

)
×
∫

exp (−2β∗2 � β2 − β∗2 � η1 + 2β∗2 � β + η∗2 � β2 + 2β∗ � β2)D◦[β2]

= N0 exp

(
α∗ � µ1 + µ∗2 � α−

1

2
µ∗2 � µ1 − 2‖β‖2 + 2β∗ � η1

)
×
∫

exp (−2β∗2 � β2 − β∗2 � (η1 − 2β)− (−η∗2 − 2β∗) � β2)D◦[β2]

= exp

(
α∗ � µ1 + µ∗2 � α−

1

2
µ∗2 � µ1 − 2‖β‖2 + 2β∗ � η1

+
1

2
(η∗2 + 2β∗) � (2β − η1)

)
= exp

(
α∗ � µ1 + µ∗2 � α−

1

2
µ∗2 � µ1 + β∗ � η1 + η∗2 � β −

1

2
η∗2 � η1

)
.

(4.20)
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where WG[α, β] is the generating Wigner functional for the IPO, which can
be seen in Eq. (4.10). The calculation for the generating Wigner functional
of the IPO is concluded. It has been proven that [17]

WG[α, β] = exp

(
α∗ � µ1 + µ∗2 � α−

1

2
µ∗2 � µ1 + β∗ � η1 + η∗2 � β −

1

2
η∗2 � η1

)
.

(4.21)
By means of the generation functional and the construction operator, the
Wigner functional for the infinitesimal propagation operator can be obtained

WP̂∆
[α, β] = ĈWG[α, β] |µ1=µ∗2=η1=η∗2=0 , (4.22)

where WP̂∆
[α, β] is the Wigner functional for the IPO. To summarize what

was done, a generating functional for the inner-product of the IPO with the
pump and down-converted fields was calculated. The generating functional
had a Gaussian form which was convenient for functional integration. The
coherent-state assisted Wigner functional was used twice to obtain the gen-
erating Wigner functional for the IPO. The coherent-state assisted Wigner
functional was used twice due to the IPO’s dependence on the pump and
down-converted fields. After that, the generating Wigner functional for the
IPO simplifies to Eq. (4.21).

4.2 Wigner functional for the IPO

Since the calculation of the Wigner functional for the IPO is done, all that is
left to do is to calculate the double star product ofWG[α, β] with Wρ̂[α, β](z)
and Wρ̂[α, β](z) with WG[α, β]. Note that both Wρ̂[α, β](z), and WG[α, β]
are functionals of two complex field variables each. Thus, the star product
is implemented twice. One star product belongs to α, and the other belongs
to β. The star product was explained in chapter 3. The star product for two
Wigner functionals is written in terms of complex field variables

WÂB̂ = WÂ ? WB̂

= N2
0

∫
WÂ [α− α1]WB̂ [α− α2] exp (2α∗1 � α2 − 2α∗2 � α1)D◦[α1]D◦[α2].

(4.23)
It is shown in appendix A, where the starting point was the star product
of two Wigner functionals written in terms of the position and momentum
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fields, q and p. Setting WÂ = WG[α, β], and WB̂ = Wρ̂, the star product is
applied on the complex field α

WG[α, β] ? Wρ̂[α, β]

= N2
0

∫
WG [α− α1, β]Wρ̂ [α− α2, β] exp (2α∗1 � α2 − 2α∗2 � α1)D◦[α1]D◦[α2]

= N2
0

∫
Wρ̂ [α− α2, β] exp

(
2α∗1 � α2 − 2α∗2 � α1 + (α∗ − α∗1) � µ1

+µ∗2 � (α− α1)− 1

2
µ∗2 � µ1 + β∗ � η1 + η∗2 � β −

1

2
η∗2 � η1

)
D◦[α1]D◦[α2]

= N2
0

∫
Wρ̂ [α− α2, β] exp

(
− α∗1 � (µ1 − 2α2) + (−2α∗2 − µ∗2) � α1

+α∗ � µ1 + µ∗2 � α−
1

2
µ∗2 � µ1 + β∗ � η1 + η∗2 � β −

1

2
η∗2 � η1

)
D◦[α1]D◦[α2].

(4.24)
A result derived in appendix C, Eq. (C.8), which contains delta functionals
is now used and removes the functional integrals above

= Wρ̂

[
α∗ +

1

2
µ∗2, α−

1

2
µ1, β

]
exp

(
α∗ � µ1 + µ∗2 � α−

1

2
µ∗2 � µ1

+β∗ � η1 + η∗2 � β −
1

2
η∗2 � η1

)
=WG[α, β]Wρ̂

[
α∗ +

1

2
µ∗2, α−

1

2
µ1, β

]
.

(4.25)
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The first star product is completed. The second star product, which is over
β, is of interest below

WG[α, β] ? ? Wρ̂[α, β]

= N2
0

∫
WG [α, β − β1]Wρ̂

[
α∗ +

1

2
µ∗2, α−

1

2
µ1, β − β2

]
× exp (2β∗1 � β2 − 2β∗2 � β1)D◦[β1]D◦[β2]

= N2
0

∫
Wρ̂

[
α∗ +

1

2
µ∗2, α−

1

2
µ1, β − β2

]
exp

(
α∗ � µ1 + µ∗2 � α−

1

2
µ∗2 � µ1

+ (β∗ − β∗1) � η1 + η∗2 � (β − β1)− 1

2
η∗2 � η1 + 2β∗1 � β2 − 2β∗2 � β1

)
×D◦[β1]D◦[β2].

(4.26)
The above equation is obtained by using Eqs. (4.23) and (4.24).

WG[α, β] ? ? Wρ̂[α, β]

= N2
0

∫
Wρ̂

[
α∗ +

1

2
µ∗2, α−

1

2
µ1, β − β2

]
exp

(
α∗ � µ1 + µ∗2 � α−

1

2
µ∗2 � µ1

+ (−η∗2 − 2β∗2) � β1 − β∗1 � (η1 − 2β2)− 1

2
η∗2 � η1 + β∗ � η1 + η∗2 � β

)
×D◦[β1]D◦[β2]

= Wρ̂

[
α∗ +

1

2
µ∗2, α−

1

2
µ1, β

∗ +
1

2
η∗2, β −

1

2
η1

]
exp

(
α∗ � µ1 + µ∗2 � α

−1

2
µ∗2 � µ1 −

1

2
η∗2 � η1 + β∗ � η1 + η∗2 � β

)
= Wρ̂

[
α∗ +

1

2
µ∗2, α−

1

2
µ1, β

∗ +
1

2
η∗2, β −

1

2
η1

]
WG[α, β].

(4.27)
Using the same technique, it can be shown that

Wρ̂[α, β] ? ?WG[α, β]

= Wρ̂

[
α∗ − 1

2
µ∗2, α +

1

2
µ1, β

∗ − 1

2
η∗2, β +

1

2
η1

]
WG[α, β].

(4.28)
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Armed with the star products, construction operator, and the IPE in terms
of Wigner functionals, the main goal of the chapter is resumed [17]

ih̄
d

dz
Wρ̂[α, β](z)

= Ĉ (WG[α, β] ? ? Wρ̂[α, β](z)−Wρ̂[α, β](z) ? ?WG[α, β]) |µ1=µ∗2=η1=η∗2=0

= Ĉ
(
Wρ̂

[
α∗ +

1

2
µ∗2, α−

1

2
µ1, β

∗ +
1

2
η∗2, β −

1

2
η1

]
WG[α, β]

−Wρ̂

[
α∗ − 1

2
µ∗2, α +

1

2
µ1, β

∗ − 1

2
η∗2, β +

1

2
η1

]
WG[α, β]

)
|µ1=µ∗2=η1=η∗2=0 .

(4.29)
From this point onwards, most of the expressions were taken from the notes
of my co-supervisor, FS Roux, which was shared in private communication.
The construction operator can be evaluated, and the expression simplifies to
[17]

ih̄
d

dz
Wρ̂[α, β](z)

= 2β∗ � T � � αδWρ̂

δα∗
− δWρ̂

δβ
� T � � αα− 1

4

δ3Wρ̂

δβδα∗δα∗
� � �T

− 2
δWρ̂

δα
α∗ � �T ∗ � β + α∗α∗ � �T ∗ � δWρ̂

δβ∗
+

1

4

δ3Wρ̂

δβ∗δαδα
� � � T ∗.

(4.30)

Once again, the equation is written in terms of integrals [17]

ih̄
d

dz
Wρ̂[α, β](z)

=

∫ [
2β∗(k3)T (k1,k2,k3)α(k1)

δWρ̂

δα∗(k2)
− δWρ̂

δβ(k3)
T (k1,k2,k3)α(k1)α(k2)

− 1

4

δ3Wρ̂

δβ(k3)δα∗(k1)δα∗(k2)
T (k1,k2,k3)− 2

δWρ̂

δα(k1)
α∗(k2)T ∗(k1,k2,k3)β(k3)

+ α∗(k1)α∗(k2)T ∗(k1,k2,k3)
δWρ̂

δβ∗(k3)

+
1

4

δ3Wρ̂

δβ∗(k3)δα(k2)δα(k1)
T ∗(k1,k2,k3)

]
d̄k1d̄k2d̄k3.

(4.31)
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4.3 The semiclassical approximation and Mag-

nus expansion

An assumption about the pump beam is now made. It is assumed that the
pump beam remains a coherent state during SPDC [17]. The form for the
Wigner functional of a coherent state was shown in section 3.2 and is given
below [17, 21]

W [α] = N0 exp
(
−2‖α− α̃‖2) , (4.32)

where α̃ is a point on functional phase space and will be referred to as the
parameter function. Since the peak of W [α] on functional phase space is
located at α̃, and the pump field is undepleted, it is the “most classical”
point. The state with a coherent pump beam is then represented by [17]

Wρ̂[α, β](z) = N0 exp

(
−2
∥∥∥β − ζ̃(z)

∥∥∥2
)
Wσ̂, (4.33)

where Wσ̂ is the Wigner functional for the down-converted beams and ζ̃(z)
is called the pump parameter function. The Wigner functional for the state
is just the Wigner functional for the pump beam multiplied by the Wigner
functional for the down-converted beams. According to Eq. (3.16), it follows
that the pump and down-converted beams are not entangled [17]. The up-
dated Wigner functional for the state is substituted into Eq. (4.31), and the
total derivative over z is taken. The total derivative was demonstrated in
Eq. (3.27) where in this case F = Wρ̂, f1 = ζ̃(z), and f2 = ζ̃∗(z). The result
is written in terms of integrals instead of diamond products and rearranged
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in terms of ∂Wσ̂

∂z
[17]

ih̄
∂Wσ̂

∂z
= −2ih̄

∫ (
β∗(k)− ζ̃∗(k, z)

) dζ̃(k, z)

dz
d̄kWσ̂

− 2ih̄

∫
dζ̃∗(k, z)

dz

(
β(k)− ζ̃(k, z)

)
d̄kWσ̂

− 2

∫ [
α∗(k1)α∗(k2)T ∗(k1,k2,k3, z)

(
β(k3)− ζ̃(k3, z)

)
Wσ̂

+
δWρ̂

δα(k1)
α∗(k2)T ∗(k1,k2,k3, z)β(k3)

+
1

4

δ2Wσ̂

δα(k1)δα(k2)
T ∗(k1,k2,k3, z)

(
β(k3)− ζ̃(k3, z)

)
−
(
β∗(k3)− ζ̃∗(k3, z)

)
T (k1,k2,k3, z)α(k1)α(k2)Wσ̂

− β∗(k3)T (k1,k2,k3, z)α(k1)
δWσ̂

δα∗(k2)

−1

4

(
β∗(k3)− ζ̃∗(k3, z)

)
T (k1,k2,k3, z)

δ2Wσ̂

δα∗(k1)δα∗(k2)

]
d̄k1d̄k2d̄k3.

(4.34)
The semiclassical approximation is used and is valid when the state of the
pump beam does not change, i.e./, if the photon number is much greater
than 1, which essentially sets β = ζ̃ [17]. The above expression reduces to
[17]

ih̄
∂Wσ̂

∂z
= 2

∫ [
ζ̃∗(k3, z)T (k1,k2,k3, z)α(k1)

δWσ̂

δα∗(k2)

− δWσ̂

δα(k1)
α∗(k2)T ∗(k1,k2,k3, z)ζ̃(k3, z)

]
d̄k1d̄k2d̄k3.

(4.35)

In order to neaten the expression, a kernel H is defined [17, 20]

H(k1,k2, z) =
−4i

h̄

∫
ζ̃∗(k)T (k1,k2,k, z)d̄k, (4.36)

where the z dependence of ζ̃ is now dropped since solving for ζ̃ would be
complicated [17]. The parameter function is now defined as [20]

ζ̃(k) =
√

2πζ0wph(ω − ωp, δp) exp

(
−1

4
w2
p‖k‖

2

)
, (4.37)
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where wp is the pump beam waist radius which is chosen to not change with
the propagation distance, |ζ0|2 is the pump power which is assumed not to
deplete [17], and the narrow spectral function was explained in chapter 3,
but is repeated for convenience

h(ω − ωp, δp) =

√ √
2√
πδp

exp

(
−(ω − ωp)2

δ2
p

)
(4.38)

is a narrow function with a width of δp that represents the angular frequency
which has the following property [20]

1

2π

∫
h2(ω − ωp, δp)dω = 1. (4.39)

Substituting the definition of H(k1,k2, z) produces the evolution equation
[17]

∂Wσ̂

∂z
=

1

2

δWσ̂

δα∗
�H � α +

1

2
α∗ �H∗ � δWσ̂

δα
. (4.40)

The following ansatz will be used as the Wigner functional for type I SPDC,
which is the solution to Eq. (D.1) [17, 20]

Wσ̂ = N0 exp(−2α∗ � A(z) � α− α �B(z) � α− α∗ �B∗(z) � α∗), (4.41)

where A and B are the unknown SPDC kernels. The equation above assumes
that the initial seed field is a vacuum and that the vacuum state evolves with a
Bogoliubov transformation through the crystal [20]. The expression Wσ̂ only
contains the SPDC down-converted fields. Since type I SPDC is utilized, the
outgoing photons are indistinguishable due to the photons having the same
polarization. Wσ̂ is substituted into the evolution equation, and a system of
SPDC kernel differential equations is extracted. The SPDC kernel differential
equation can be solved by back-substitution and is shown in appendix D to
obtain [17]

A(z) = 1 +

∫ z

0

∫ z1

0

Z{H∗(z1) �H(z2)}dz2dz1

+

∫ z

0

∫ z1

0

∫ z2

0

∫ z3

0

Z{H∗(z1) �H(z2) �H∗(z3) �H(z4)}dz4dz3dz2dz1 + . . . ,

(4.42)
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and [17]

B(z) =

∫ z

0

H(z1)dz1

+

∫ z

0

∫ z1

0

∫ z2

0

Z{H(z1) �H∗(z2) �H(z3)}dz3dz2dz1 + . . . ,

(4.43)

where [17]
Z {H1(z1) � · · · �Hn(zn)}

=
1

2
[H1(z1) � Z {H2(z2) � · · · �Hn(zn)}

+Z {H1(z2) � · · · �Hn−1(zn)} �Hn(z1)] ,

(4.44)

and Z {H1(z1)} = H1(z1). The down-converted state as a twin-beam squeezed
vacuum state is given by

Wσ̂[α, β] = N2
0 exp (−2α∗ � A(z) � α− 2β∗ � A(z) � β − 2α∗ �B(z) � β∗

−2β �B(z)∗ � α) ,
(4.45)

where the kernels A and B are the type I SPDC kernels. Ghost imaging
requires spatially separated signal and idler beams and is considered in Eq.
(4.45). The idler beam is labeled as α, and β will now represent the signal
beam. The normalization of the state is important∫

Wσ̂[α, β]D◦[α, β]

= N2
0

∫
exp (−2α∗ � A(z) � α− 2β∗ � A(z) � β − 2α∗ �B(z) � β∗

−2β �B(z)∗ � α)D◦[α, β]

=
1

det (A) det (A−B � (A∗)−1 �B∗)
.

(4.46)

The functional integral, Eq. (3.39), was used twice to obtain the final result.
For the state to be normalized, it follows that A−1 = A − B � (A∗)−1 � B∗,
which will be used in the next chapter.
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Chapter 5

Quantum ghost imaging

The setup of ghost imaging requires an entangled signal and idler beam in
the transverse momentum degree of freedom. The signal beam interacts with
the object and travels to the bucket detector whereas the idler beam is in-
cident on the CCD array or scanning detector. The idler photons, that are
coincident with the signal photons incident on the bucket detector, produce
a picture of the object without interacting with it, hence the name ghost
imaging. The basic setup can be seen in figure 5.1. The bucket detector
is a detector which detects the signal beam after it has interacted with the
object and has a large transverse surface area that provides a binary out-
put on whether a photon is detected or not, whilst the CCD array can be
thought of comprising many single pixel detectors that records photons in
the transverse plane. The bucket detector contains spatial resolution, whilst
the idler photon channel contains information about the object. Both pieces
of information is required to produce an image. The special role of entangle-
ment for ghost imaging is pointed out on page 44 in Chapter 3.

The purpose of the v shaped mirror in figure 5.1 is to separate the signal
and idler beams into specific paths or channels. This setup with the v shaped
mirror works due to the signal and idler SPDC beams emitted in cones, i.e.
they are already spatially separated. The ghost imaging setup also requires
lenses in-between the object and the crystal plane and is ignored in the dia-
gram for simplicity. The aim of this project is to calculate the resolution of
ghost imaging by using Wigner functionals for one photon.
For the purposes of this project, the object is located at a distance z0 from
the v shaped mirror and will be an aperture. The aperture will be mod-
eled as a transmission function, t(x, y, z0), that only lets light through at the
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Figure 5.1: The basic setup for ghost imaging using entangled photons pro-
duced by SPDC.

location of the point-like aperture. The image of the point like aperture is
the point spread function (PSF), which will be calculated for two cases, the
thin and extreme crystal cases. t2(x) will be modeled as a delta function,
and therefore ‖t(x)‖ = 1. It is approximated by a delta function in order
to select a point on the transversal plane in which the aperture is located,
and to focus the incident rays on the object through the aperture. Light
of an infinite amplitude is then transmitted through the object, which leads
to modeling t2(X) = δ (X−X′), where X′ is the transverse position of the
aperture.
The system is modeled in such a way that the lost photons are not of interest
in the analysis. In other words, only the photons passing through the aper-
ture is considered. The state is then normalized, and as a consequence, the
system is unitary, or reversible. For a real physical process, such a system
would not be reversible since some photons would be absorbed by the object,
and information will be lost, i.e. the system will be a lossy process. For the
purpose of this dissertation, the transverse spatial properties which produce
an image are of interest, therefore modeling the process to be unitary is suf-
ficient.
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The detectors in the ghost imaging setup are modeled in terms of Wigner
functionals, and was introduced in section 3.3. The generating Wigner func-
tional for an arbitrary detector kernel, D, was provided to me by my co-
supervisor, FS Roux, and is given below

W(J) =

(
2

1 + J

)tr(D)

exp

(
−2

(
1− J
1 + J

)
α∗ �D � α

)
, (5.1)

where J is the generating parameter. The detector Wigner functional for the
detection of n photons can be obtained from Eq. 5.5 by

∂nW(J)

∂Jn
|J=0 . (5.2)

The detector kernel for the bucket detector is given as the identity kernel, 1
and produces the generating Wigner functional for the bucket detector given
by

WB(J) =
N0

(1 + J)Ω
exp

(
−2

(
1− J
1 + J

)
‖β‖2

)
, (5.3)

where β is a complex field variable that represents the signal beam, which
interacts with the object. The detector kernel for a single pixel in the CCD
array to be used in Eq. (5.5) is given by D = M(k1, ω1,X0)M∗(k2, ω2,X0).
The function M(k1, ω,X0) represents one pixel in the CCD array at position
X0 and its width is given as the size of a pixel on the CCD array, w0.
M(k1, ω,X0) reads

M(k1, ω,X0) = NMh(ω − ωd, δd) exp

(
−1

4
w2

0|k1|2 + iX0 · k1

)
, (5.4)

where NM is a normalization constant such that tr(D) = 1, h(ω − ωd, δd) is
a narrow spectral function1 that has its maximum value at ωd with spectral
bandwidth δd, and w0 is the size of a single pixel on the CCD array. Given
the definition of D above, and tr(D) = 1, the generating Wigner functional
for the CCD array then becomes

WA(K) =
2

1 +K
exp

(
−2

(
1−K
1 +K

)
α∗ �MM∗ � α

)
. (5.5)

1The narrow spectral function was explained in chapter 4.
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The detector kernel depends on the position of the pixels on the CCD array,
X0, located on the transverse plane. Figure 3.1 depicts a few pixels in a CCD
array. The purpose of the CCD detector is to detect idler photons which are
coincident with the signal photons arriving from SPDC and to provide spa-
tial resolution i.e the position of the photon detected on the transverse plane.
One of the main aims of this project is to obtain a photon probability dis-
tribution over the transverse plane on the CCD array. The procedure of
obtaining the probability distribution is to take the expectation value of the
detection operators and divide it by a normalization factor. This probability
distribution arises as a result of the coincidence counts between the signal
and idler photons. Let the idler beam be α, and the signal beam, which
interacts with the object, be β. The expectation value is then given by

〈WBWA〉 =

∫
WŜρ̂Ŝ† [α, β]WB[β]WA[α]D◦[α, β], (5.6)

where WŜρ̂Ŝ† is the Wigner functional of the state after SPDC, evolved by

an operator Ŝ due to interaction with the object. The Wigner functionals,
WB and WA, represent the Wigner functionals for the bucket detector and
CCD array. The generating Wigner functional method will be used in the
actual calculations. Eq. (5.6) will be multiplied by a normalization factor, µ,
to obtain a probability distribution.

5.1 The object

The main goal of this section is to obtain the Wigner functional for the SPDC
state after it has interacted with the object. It is done by defining an oper-
ator representing the object and transforming the Wigner functional for the
SPDC state, Eq. (4.45), with star products for the Wigner functionals of the
object operator. This section is started with a basic description of the object
and the reasoning behind ghost images due to the presence of the object. As
mentioned earlier in this chapter, the process will be modeled to be unitary,
and only the photons transmitted through the object are considered.
The ghost imaging object will be modeled as an aperture, however for illus-
tration purposes, consider it to be an aperture with an arrow as shown in
figure 5.2. One may ask, why does an image of the object form on the CCD
array even though the idler photons, which are incident on the detector, have
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Figure 5.2: An aperture with an arrow representing the object.

never interacted with the object? In order to answer, consider incident sig-
nal photons on the object in figure 5.2. The first case is where the signal
photons get absorbed by the arrow and do not get detected by the bucket
detector. Therefore there are no coincidences between the idler and signal
photons when the signal photons get absorbed. In this case, despite the idler
photons reaching the CCD array, they do not get registered due to no co-
incidence since the signal photons get absorbed by the arrow. The second
case is where the signal photons are transmitted through the aperture and
are coincident with the idler photons. These photons will be registered, and
after a sufficient number of coincident photons, a ghost image will form on
the CCD array. The CCD array contains the spatial resolution, whereas the
signal beam channel contains information about the object. The tactic of
coincidence also reduces error caused by stray photons in the environment.
It is also possible to get an image of the object if the signal photons that in-
teract with the object are backscattered onto a mirror on the SPDC crystals
surface and then incident on a screen [22].
The objective is now to provide an operator for the object which evolves the
signal photon field found in the Wigner functional for the SPDC state. The
idea is to only affect the signal beam in the SPDC Wigner functional since
only the signal beam interacts with the object. This operator will be la-
beled as Ŝ and was provided to me by my co-supervisor, FS Roux, in private
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communication. The operator can be represented as

Ŝ =
∞∑
j=0

1

j!

[∫
|k〉E(k,k′)〈k′|d̄kd̄k′

]⊗j
= exp⊗

(∫
|k〉E(k,k′)〈k′|d̄kd̄k′

)
,

(5.7)

where k and k′ are the transverse wave vectors, ⊗ represents the tensor
product, and E(k,k′) is a Toeplitz kernel which contains information about
the position of the aperture on the transverse plane, as well as the aperture
size. The operator is unitary if E†(k,k′) = −E(k′,k). The Toeplitz kernel,
which was also provided to me by FS Roux, was examined in section 3.1, the
one used here is

E(k1,k2, ω1, ω2) = 2πδ(ω1 − ω2)

∫
t(X) exp (i (k1 − k2) ·X) d2X, (5.8)

where t(X) is the transmission function, and dictates how much light exits
the aperture and has a magnitude smaller than or equal to 1. The width of
the transmission function is equal to the width of the aperture. And X is a
two-dimensional vector on the transverse plane. E(k1,k2, ω1, ω2) is the only
kernel with information about the object since it contains the transmission
function.
A conversation with my co-supervisor, FS Roux, had resulted in the Wigner
functional representation of Eq. (5.7)

WŜ[β] = N exp (−2β∗ �H � β) , (5.9)

where

N =
N0

det [1 + E]
, (5.10)

and
H = (1− E) � (1 + E)−1 . (5.11)

The SPDC and object Wigner functional is obtained, where E is given by Eq.
(5.8). These Wigner functionals must be combined in a way that evolves the
signal beam, β, of the SPDC Wigner functional with respect to the object
operator since this is the beam in contact with the object. The star product
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will be used to combine Wigner functionals

WŜρ̂Ŝ† [α, β] = WŜ[β] ? Wρ̂[α, β] ? WŜ† [β]

=
N2N0

det (H +H†)

∫
exp [−2α∗a �Hp � αa − 2β∗ �Hp � β

+2α∗a �Hn � β + 2β∗ �H†n � αa
]
Wρ̂[α, αa]D◦[αa],

(5.12)

where Hp =
(
1 +H �H†

)
�
(
H +H†

)−1
and Hn = (1 +H) �

(
1−H†

)
�(

H +H†
)−1

. The expression above was given to me by my co-supervisor,
FS Roux, however, my derivation of Eq. (5.12) is provided in appendix E. A
quick observation of Eq. (5.12) reveals that the idler beam, α, is untouched
by the star product. This concludes section 5.1. In the next section, we will
use Eq. (5.12) in order to calculate the point spread function.

5.2 Probability distribution

The main objective of this section is to calculate and interpret the point
spread function (PSF). The starting point is the simplification of the trace
in Eq. (5.6). However, to mathematically simplify the calculation, the gener-
ating Wigner functionals for the detection kernels is used instead of directly
using the Wigner functionals. A single derivative of the expression with re-
spect to the generating parameters is then taken for a single photon which is
labeled as R = R(X0,X

′) where X0 is the pixel position on the CCD array
and X′ is the aperture position

R =
∂2

∂J∂K

[
tr
(
WŜρ̂Ŝ† [α, β]WB[β]WA[α]

)]∣∣∣∣
J,K=0

, (5.13)

where J and K are the generating parameters for the bucket detector and
CCD array respectively. R is a probability distribution for the detection of
a photon. The functional integral of the trace can be separated since the
bucket detector only depends on the signal field, and the CCD array only
depends on the idler field. This results in

tr
(
WŜρ̂Ŝ† [α, β]WB[β]WA[α]

)
=

∫
WŜρ̂Ŝ† [α, β]WB[β]D◦[β]WA[α]D◦[α].

(5.14)
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The functional integration of the expression above is given in appendix F
and results in

tr
(
WŜρ̂Ŝ† [α, β]WB[β]WA[α]

)
=

2N0

(1 +K) det [1 + JE � E] det
[
A+ (1−K

1+K
)MM∗

]
× 1

det
[
DE + A−B � (AT + (1−K

1+K
)M∗M)−1 �B∗

] ,
(5.15)

where the definition of kernel DE is

DE = (1− JE � E) � (1 + JE � E)−1 . (5.16)

Upon inspecting Eq. (5.15), it is evident that it depends on the SPDC kernels,
A and B, as expected. It is also a function of the object toeplitz kernel, E,
which is modeled as an aperture and hidden in the definition of DE. The
number of photons are not specified as yet, thus the dependence on the
generating parameters J and K.
The derivative of the trace with respect to the generating parameters is now
of concern in order to select one photon. After performing the derivatives,
the probability distribution, R, is simplified to be

R ≈ M �B∗ � E � E �B �M∗

4
. (5.17)

A detailed derivation of Eq. (5.17) is done by me and can be found in ap-
pendix G.
Two forms of R can be obtained. One for the extreme thin crystal limit, and
one for the rational thin crystal limit. In both cases, only the first nonzero
term in both the SPDC kernels, A and B, are considered. For the extreme
thin crystal limit, it is considered that z ≈ 0 in the integrand of the SPDC
kernel, B. For the rational thin crystal limit, the z dependence remains
and is included in the calculations. The PSF for the extreme crystal case is
considered first.

5.3 The point spread function

The purpose of this section is to calculate the final simplified result for the
PSF as well as its conditional photon probability distribution and is done
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independently. It is possible to extract them from R. The probability dis-
tribution simplifies to a Gaussian

R =
Q

4

∫
t2(X) exp

(
−2|X0 −X|2

w2
0

− 2|X|2

w2
p

)
d2X. (5.18)

A full derivation of Eq. (5.18) which was done independently and is provided
in appendix H. Isolating the (ghost) image from the final result, one obtains

T (X0) =

∫
t(X)2 exp

(
−2|X0 −X|2

w2
0

− 2|X|2

w2
p

)
d2X

=

∫
t(X)2h (X0,X) d2X,

(5.19)

where h (X0,X) is the point spread function. If the transmission function
is modeled as a point aperture located at X′, t2(X) = δ (X−X′), then the
point spread function is the image. The point spread function is

h (X0,X
′) = exp

(
−2|X0 −X′|2

w2
0

− 2|X′|2

w2
p

)
, (5.20)

where X0 is the pixel position. h (X0,X
′) is the point spread function as

recorded by the pixel located there. From the equation above, it looks as if
the signal beam incident on the object were a Gaussian beam with the same
beam waist as the pump beam. It is now important to discuss resolution.
Resolution is the minimal distance at which two points in the image can be
distinguished [13]. The definition implies that a decrease in the FWHM (full
width at half maximum) results in an increase in the obtained image quality
due to the optical systems ability to differentiate between finer details. In
other words, the smaller the FWHM resolution, the sharper the PSF and the
clearer the image. The FWHM resolution is equal to the pixel size, w0, times
a constant, which will be ignored.
Coming back to equation (5.20), it is desirable to have an effect of wp in
the PSF. According to the PSF obtained, the aperture position needs to be
shifted to retain the beam waist. Consider the aperture to be shifted hori-
zontally by 1 unit. For convenience of analysis, the movement of the aperture
will only be in the horizontal direction since the results are symmetric in the
vertical direction, i.e. X0y = X ′y = 0. It is important to note that all the
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Figure 5.3: A depiction of the point spread function for various pump beam
waists which are given in the legend. The units “arb. units”” represents
arbitrary units. The aperture is moved by 1 unit in the x̂ direction on the
transverse plane.

units are ignored since it cancels out in the argument of the exponential in
Eq. (5.20).
For a fixed w0, an increase in the pump beam waist results in a sharper point
spread function. Similarly, a decrease in the beam waist leads to a flatter
point spread function with a smaller FWHM and can be seen in figure 5.3.
The brightness of the image is dependent on wp since the amplitude of the
image increases. The beam waist can be calculated by using the following
formula

zR =
kw2

p

2
, (5.21)

where zR is the Rayleigh range, and k is the wave number.
For a fixed pump beam waist, a smaller w0 will produce a smaller FWHM,
and a larger w0 will produce a larger FWHM which can be seen in figure
5.4. The brightness of the image is independent of the pixel size, i.e. the
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amplitude does not change with a change in w0.
A question arises as to what happens when the aperture is moved further

Figure 5.4: A depiction of the point spread function for pixel sizes which are
given in the legend. The aperture is moved by 1 unit in the x̂ direction on
the transverse plane.

away from the signal beam. For a fixed pixel size and beam waist, the in-
crease of the aperture distance accelerates the decrease of the PSF and is
shown in figure 5.5.
The point spread function is illustrated in figure 5.6. Note that the figure

has a displaced aperture and aims to show that the image and point spread
function is dependent on the position of the aperture. The point spread func-
tion is not shift invariant. It contains an amplitude function containing the
pump beam waist which increases the amplitude of the point spread function
for a decreasing pump beam waist.
The case where two apertures are involved is now considered. The first aper-

ture is a labeled as X′, and the second aperture is labeled as X′1. An image
of these two apertures is obtained by modifying the transmission function as
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Figure 5.5: A depiction of the point spread function for different aperture
positions which are given in the legend.

follows

t2(X) =
δ (X−X′) + δ (X−X′1)

2
. (5.22)

The result is a sum of PSF’s which is shown in figure 5.7.
And finally the case where there is a fixed distance between two apertures

with varying pixel sizes, is depicted in figure 5.8. The image for a small
aperture size clearly shows two Gaussian distributions, each representing
an aperture. As the pixel size increases, it becomes increasingly difficult
to distinguish between these apertures in the image. The resolution is the
minimum distance to resolve two points. In this case the points are the
apertures and is equal to 1 unit. When the pixel size increases, a single
Gaussian distribution is obtained and is depicted in purple. The distance
between the two apertures on the image is approximated via calculation of
the FWHM of the single Gaussian shown in purple. A FWHM>1 unit is
obtained which can be observed by the shape of the Gaussian in figure 5.8.
The case of FWHM> d, where d is the distance between apertures, means
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Figure 5.6: An illustration of the point spread function. The aperture is the
object and is modeled as a point, however it is magnified in this diagram. An
input signal beam which is incident on the displaced aperture. An image is
then obtained as a result of the ghost imaging setup. The image is dependent
on the apertures position and is quantified by the point spread function.

that the apertures on the image is not resolved. In other words, it will be
impossible to see the different apertures in the image due to a large pixel
size.
The resolution limit for the setup is also discussed. The resolution limit is
w0, since it is the pixel size on the CCD array. Therefore if two apertures of a
distance less than w0 is considered, then the setup will not be able to resolve
the two apertures in the image. In order for an object to be resolvable, the
following criteria needs to be satisfied

d > w0. (5.23)

As a side-note, altering the beam waist will only contribute to a change in
the amplitude of the image.
The conditional probability of photons are now of interest. The probability

distribution, R, is not normalized due to an approximation made as a result
of an inefficient SPDC process, as mentioned in appendix G. Therefore, R is
written in terms of a condition probability and normalized as follows

R
Ñ

=
P̃ (D1 ∩D2)

Ñ
=
P̃ (D1|D2)P̃ (D2)

Ñ1Ñ2

=⇒ R
Ñ

= P (D1 ∩D2) = P (D1|D2)P (D2),

(5.24)
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Figure 5.7: The images of two apertures with varying distances apart. If
the pump beam waist is increased, then the amplitude function is increased,
which in turn increases the amplitudes of the images.

where P (D1|D2) is the normalized conditional probability of detecting a pho-
ton at detector D1, given that a photon is detected at D2, and P (D2) is
the normalized probability of detecting a photon at detector D2. The fac-
tor P (D1 ∩D2) represents detecting photons at both detectors D1 and D2,
therefore it is the normalized probability of detecting coincident photons.
The probabilities containing tildes are unnormalized probabilities. The nor-
malization factors associated with these probabilities are also given with a
tilde which form the normalized probabilities. It is possible to find the con-
ditional probability of detecting a photon at X0, by normalizing R

R
µ

= P (D1|D2) =
R

ÑP (D2)

=
1

µ

∫
t(X)2 exp

(
−2|X0 −X|2

w2
0

− 2|X|2

w2
p

)
d2X,

(5.25)
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Figure 5.8: The images for different CCD pixel sizes with two apertures at a
distance of 1 unit apart.

where

µ =

∫
Rd2X0 =

πw2
0

2

∫
t(X)2 exp

(
−2|X|2

w2
p

)
d2X. (5.26)

A point aperture is considered, which implies t(X)2 = δ (X−X′)

P (D1|D2) =
1

µ
exp

(
−2|X0 −X′|2

w2
0

− 2|X′|2

w2
p

)
, (5.27)

with

µ =
πw2

0

2
exp

(
−2|X′|2

w2
p

)
. (5.28)

Therefore

P (D1|D2) =
2

πw2
0

exp

(
−2|X0 −X′|2

w2
0

)
. (5.29)
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Figure 5.9: The conditional photon probability distribution for the object lo-
cated at the origin of the transverse plane for a CCD pixel size of 0.26. The
detector positions have arbitrary units.

The shape of P (D1|D2) does not vary when the aperture position varies, and
the material dependencies are removed due to its normalization. The height
of the ghost image peak only depends on the pixel size, w0. The lower the
pixel size, the higher the peak.
To get an aesthetic idea of the conditional photon probability distribution,
an example whereby the object is located at the origin is used, i.e. X′ = 0,
and a pixel size of 0.26. Using these numerical values, it is then possible to
graph out a picture of the ghost image. It is done in figure 5.9. The point
spread function for the rational thin crystal limit was calculated indepen-
dently, which used an approximation for the z dependence in the bilinear
kernel, H(z). The bilinear kernel can be found in the SPDC kernel, B. After
calculating the PSF, the same image as for the extreme thin crystal limit is
obtained. The proof can be found in appendix I.
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Chapter 6

Conclusion

The Maxwell’s equations for light in a medium were used to calculate an
equation for the scalar field in the co-propagating frame, and the IPO was
then extracted. Thereafter, the use of Wigner functionals in SPDC were
discussed and the evolution equation was then calculated.
The main aim of this study was to compute the resolution of ghost imaging
using the thorough description in terms of Wigner functional theory. Chap-
ter 5 contains a detailed discussion of the results. These results for ghost
imaging were obtained for two instances, which were the extreme thin crys-
tal limit and the rational thin crystal limit resulting in the same images. In
both cases, only the first nonzero term in the Magnus expansion for SPDC
kernels A and B were retained, and used in the Wigner functional for the
SPDC state. The first term of A is the identity kernel, and the first term for
B is the integral of the bilinear kernel H(z) with respect to the propagation
through the crystal. In the extreme thin crystal limit, the z dependence of
H(z) was removed from the SPDC kernel, B. In the rational thin crystal
limit, the z dependence was retained and approximated using a Taylor ex-
pansion. The resulting image and conditional photon probability distribution
from both cases are the same.
The main results from this dissertation reads that the image of a point object
obtained depends on the CCD pixel size, aperture position, and the beam
waist. Moreover, the ghost imaging model calculations show that the reso-
lution is equal to the CCD pixel size. The resolution is thus only limited by
the CCD pixel size, i.e. an object smaller than the CCD pixel size cannot be
resolved. Another result obtained was that the image position depends on
the position of the object. Movement of the object away from the incidence
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of the signal beam resulted in a decreasing height of the image, in other
words, the amplitude of the image decreases as the aperture is pulled away.
An additional effect of moving the point aperture position by a distance, X′,
results in the movement of the image position by X′.
The dependence on the beam waist on the image was discussed. An increase
in the beam waist leads to an increase in the amplitude of the image, which
increases the brightness.
Most of these results are to be expected for a crystal with sufficiently large
surface area. The unusual result is the dependence of the resolution solely
on the CCD pixel size due to the near field model.
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Appendix A

Coherent state star product

The following star product of two Wigner functionals in terms of coherent
states is proved

WÂB̂ = WÂ ? WB̂

= N2
0

∫
WÂ [α− α1]WB̂ [α− α2] exp (2α∗1 � α2 − 2α∗2 � α1)D◦[α1]D◦[α2].

(A.1)
Acknowledging the star product for two Wigner functionals in terms of po-
sition and momentum variables [21]

WÂB̂ = WÂ ? WB̂

= N2
0

∫
WÂ [q − q1, p− p1]WB̂ [q − q2, p− p2] exp (2i (q1 � p2 − q2 � p1))

×D[q1, q2]D◦[p1, p2].
(A.2)

Examining the exponent

2i (q1 � p2 − q2 � p1)

= 2i (q1 � p2 − iq1 � q2 + iq1 � q2 − q2 � p1)

= 2 (q1 � (ip2 + q2) + q2 � (−q1 − ip1))

= 2
√

2 (q1 � α2 − q2 � α1)

= 2
√

2

((
α1 + α∗1√

2

)
� α2 −

(
α2 + α∗2√

2

)
� α1

)
= 2 (α1 � α2 + α∗1 � α2 − α2 � α1 − α∗2 � α1)

= 2 (α∗1 � α2 − α∗2 � α1) .

(A.3)
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The exponent transformation in terms of α is concluded, the dependence of
WÂ is now of interest. The position and momentum, q and p, are shifted
by q1 and p1 respectively, and is equivalent to having WÂ depend on α̃ =

1√
2

(q − q1 + ip− ip1) = α − α1. A similar argument can be made for WB̂.
Therefore, the star product simplifies to

WÂB̂ = WÂ ? WB̂

= N2
0

∫
WÂ [α− α1]WB̂ [α− α2] exp (2α∗1 � α2 − 2α∗2 � α1)D◦[α1]D◦[α2].

(A.4)
The star product written in terms of complex field variables for two operators
was shown, starting from the star product for two operators written in terms
of p and q.
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Appendix B

Proof for the discrete and finite
isotropic Gaussian integral

This proof was done independently. Consider the isotropic Gaussian below∫
exp (−cα∗ � P � α− α∗ � β − β′ � α)D◦[α]

=
1

cΩ det[P ]
exp

(
1

c
β′ � P−1 � β

)
.

(B.1)

where D◦[α] = 1
(2π)ΩD[p]D[q]. The aim is to solve the Gaussian integral for

the discrete case with finite dimension, then make the final result continuous
and infinite-dimensional. Consider the exponent

− cα∗ � P � α− α∗ � β − β′ � α

= −c

2
(q(k)− ip(k)) � P (k,k′) � (q(k′) + ip(k′))

− 1√
2

(q(k)− ip(k)) � β(k)− 1√
2
β′(k) � (q(k) + ip(k))

= −c

2
[q(k) � P (k,k′) � q(k′) + iq(k) � P (k,k′) � p(k′)

−ip(k) � P (k,k′) � q(k′) + p(k) � P (k,k′) � p(k′)]

− 1√
2

(q(k)− ip(k)) � β(k)− 1√
2
β′(k) � (q(k) + ip(k)) ,

(B.2)
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which is discretized and made finite-dimensional

−
N∑
n,j

c

2
[qnPnjqj + iqnPnjpj − ipnPnjqj + pnPnjpj]

− 1√
2

N∑
l

((ql − ipl) βl + β′l (ql + ipl)) ,

(B.3)

where the summation runs from 1 to the dimension, N , and Pij are entries
of a matrix P with dimensions N × N , similarly, qi is the ith entry of the
column vector q. The matrix P is assumed to be invertible. Written in terms
of matrices

− c

2

[
qTPq + iqTPp− ipTPq + pTPp

]
− 1√

2

((
qT − ipT

)
pβ + β′T (q + ip)

)
.

(B.4)

Since P is invertible, it has nonzero eigenvalues. To slightly simplify the
calculations, it is also assumed that P is symmetric. Spectral decomposition
is used on P. Let the normalized eigenvectors be U(l) for the lth eigenvalue.
It is worth noting that the eigenvectors form projection matrices, in other
words U(l)U(l)T is the lth projection matrix. Therefore

P =
∑
l

λlU
(l)U(l)T . (B.5)

The subscript indices are reserved for matrix entries. Alternatively, a more
general case of P can be considered, the case that P is normal. It can be done
by assuming that the eigenvalues and eigenvectors are complex, however, the
simpler case of a symmetric matrix P is considered here. Eq. (B.4) becomes

− c

2

∑
l

[
qTλlU

(l)U(l)Tq + iqTλlU
(l)U(l)Tp− ipTλlU(l)U(l)Tq

+pTλlU
(l)U(l)Tp

]
− 1√

2

((
qT − ipT

)
β + β′T (q + ip)

)
.

(B.6)
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A change of variables is now performed, let q′l = U(l)Tq and p′l = U(l)Tp.
Since these are elements of a matrix, the transpose has no effect on it.

− c

2

∑
l

[q′lλlq
′
l + iq′lλlp

′
l − ip′lλlq′l + p′lλlp

′
l]

− 1√
2

∑
l

((
qT − ipT

)
U(l)U(l)Tβ + β′TU(l)U(l)T (q + ip)

)
=− c

2

∑
l

λl
[
q′2l + p′2l

]
− 1√

2

∑
l

(
(q′l − ip′l) β̃l + β̃′l (q′l + ip′l)

)
,

(B.7)

where β̃l = U(l)Tβ and β̃′l = U(l)Tβ′. Grouping terms and completing the
square

=
∑
l

[
−cλl

2
q′2l −

cλl
2
p′2l −

1√
2

(
(q′l − ip′l) β̃l + β̃′l (q′l + ip′l)

)]
=
∑
l

[
−cλl

2
q′2l −

cλl
2
p′2l −

1√
2

(
β̃l + β̃′l

)
q′l −

i√
2

(
β̃′l − β̃l

)
p′l

]

=−
∑
l

cλl
2

[
q′2l +

√
2

cλl

(
β̃l + β̃′l

)
q′l +

1

2c2λ2
l

(
β̃l + β̃′l

)2

+ p′2l +
i
√

2

cλl

(
β̃′l − β̃l

)
p′l −

1

2c2λ2
l

(
β̃′l − β̃l

)2

+
1

2c2λ2
l

(
β̃′l − β̃l

)2

− 1

2c2λ2
l

(
β̃l + β̃′l

)2
]

=−
∑
l

cλl
2

[(
q′l +

1√
2cλl

(
β̃l + β̃′l

))2

+

(
p′l +

i√
2cλl

(
β̃′l − β̃l

))2

− 2β̃′lβ̃l
c2λ2

l

]

=−
∑
l

[
cλl
2

(
q′l +

1√
2cλl

(
β̃l + β̃′l

))2

+
cλl
2

(
p′l +

i√
2cλl

(
β̃′l − β̃l

))2

− β̃′lβ̃l
cλl

]
.

(B.8)
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Recall that the expression is broken into dimension N , therefore performing
an N -dimensional integral for each variable, p and q, produces 2N integrals∫

exp

(
−
∑
l

[
cλl
2

(
q′l +

1√
2cλl

(
β̃l + β̃′l

))2

+
cλl
2

(
p′l +

i√
2cλl

(
β̃′l − β̃l

))2

− β̃′lβ̃l
cλl

])
dNpdNq.

(B.9)

A change of variables needs to be performed such that the integral is per-
formed over p′ and q′. Consider the integral measure dNp. To change the
integral measure to dNp′ a Jacobian is used, i.e. dNp = det (J) dNp′ =

det
(
∂(p1,...,pN )
∂(p′1,...,p

′
N )

)
dNp′. Recall that p′l = U(l)Tp, therefore using the property

of projection matrices I =
∑

j U(j)U(j)T where I is the N -dimensional iden-

tity matrix in this context, p =
∑

j U(j)p′j is obtained. The Jacobian, J, is

constructed by the use of Jij = ∂pi
∂p′j

Jij =
∂pi
∂p′j

=
∂

∂p′j

∑
m

U
(m)
i p′m

= U
(j)
i .

(B.10)

U
(j)
i is the element in the ith row of the jth eigenvector. Eq. (B.10) es-

sentially means that the jth column of the Jacobian will contain the jth
eigenvector, therefore the Jacobian is composed of the eigenvectors of ma-
trix P, it follows that the Jacobian is an orthogonal matrix. These types
of matrices are typically used in similarity transformations to map a ma-
trix into a diagonal matrix. One useful property of orthogonal matrices
is WWT = I =⇒ det

(
WWT

)
= 1 =⇒ det(W) = ±1 for an

orthogonal matrix, W. However, the case where det(W) = 1 is consid-
ered. Since the orthogonal matrix equals to the Jacobian, it follows that

det(J) = det
(
∂(p1,...,pN )
∂(p′1,...,p

′
N )

)
= 1 which means that dNp = dNp′. A similar

approach can be done for q which will produce dNq = dNq′. This brings the
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isotropic Gaussian to∫
exp

(
−
∑
l

[
cλl
2

(
q′l +

1√
2cλl

(
β̃l + β̃′l

))2

+
cλl
2

(
p′l +

i√
2cλl

(
β̃′l − β̃l

))2

− β̃′lβ̃l
cλl

])
dNp′dNq′

= exp

(∑
l

β̃′lβ̃l
cλl

)∫
exp

(
−
∑
l

cλl
2

(
q′l +

1√
2cλl

(
β̃l + β̃′l

))2
)
dNq′

∫
exp

(
−
∑
l

cλl
2

(
p′l +

i√
2cλl

(
β̃′l − β̃l

))2
)
dNp′

= exp

(∑
l

β̃′lβ̃l
cλl

)(√
2π

c

)N
1√∏
n

λn

(√
2π

c

)N
1√∏
n

λn

= exp

(∑
l

β̃′lβ̃l
cλl

)(
2π

c

)N
1∏

n

λn
.

(B.11)
The eigenvalues belong to matrix P, therefore the product of all the eigen-
values of matrix P is equal to the determinant. The expressions β̃l = U(l)Tβ
and β̃′l = U(l)Tβ′, as defined earlier, will be used and brings the isotropic
Gaussian to

(2π)N

cN det(P)
exp

(∑
l

β′TU(l)U(l)Tβ

cλl

)

=
(2π)N

cN det(P)
exp

(
1

c
β′T

∑
l

(
U(l)U(l)T

λl

)
β

)

=
(2π)N

cN det(P)
exp

(
1

c
β′TP−1β

)
.

(B.12)

96



It has just been shown that∫
exp

(
−c

2
[qPq + iqPp− ipPq + pPp]

− 1√
2

(
(q− ip)β + β′T (q + ip)

))
dNpdNq

=
(2π)N

cN det(P)
exp

(
1

c
β′TP−1β

)
.

(B.13)

Both sides of the equation is divided by (2π)N and written in terms of β =
q+ip√

2 ∫
exp

(
−c

[
(q− ip)√

2
P

(q + ip)√
2

]
− 1√

2

(
(q− ip)β + β′T (q + ip)

)) 1

(2π)N
dNpdNq

=
1

cN det(P)
exp

(
1

c
β′TP−1β

)
.

(B.14)

Performing the substitution of α on the left-hand side gives the final answer∫
exp

(
−cα∗Pα−α∗β − β′Tα

)
D◦(α)

=
1

cN det(P)
exp

(
1

c
β′TP−1β

)
,

(B.15)

where D◦(α) = 1
(2π)N

dNpdNq. Analogously to Eq. (B.15), if the dimension

is N = Ω = tr(1) and instead of symmetric matrices, kernels are included,
then Eq. (B.1) is obtained.
Another interesting expression which can be seen is the functional integral of
a real field, in contrast to the functional integral over a complex field variable,
α, shown above. The field q is considered since it is real. Essentially, the
integral over q for the discrete case will be shown and will be performed much
faster than for the complex case∫

exp (−cq � P � q − q � β)D[q]

= exp

(
β � P−1 � β

4c

)
πΩ/2

cΩ/2
√

det (P )
.

(B.16)
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Much like the case before, the exponent is discretized. Consider the assump-
tions and transformations of the previous case

− cqTPq− qTβ

=
∑
l

[
−cλlq

′2
l − q′lβ̃l

]
= −

∑
l

cλl

(
q′l +

β̃l
2cλl

)2

+
∑
l

β̃l
2

4cλl
.

(B.17)

The integral is performed∫
exp

(
−cqTPq− qTβ

)
dNq

= exp

(∑
l

β̃l
2

4cλl

)∫
exp

−∑
l

cλl

(
q′l +

β̃l
2cλl

)2
 dNq′

= exp

(∑
l

β̃l
2

4cλl

)√√√√ πN

cN
∏
l

λl

= exp

(
βTP−1β

4c

)
πN/2

cN/2
√

det (P)
.

(B.18)

It has been shown that∫
exp

(
−cqTPq− qTβ

)
dNq

= exp

(
βTP−1β

4c

)
πN/2

cN/2
√

det (P)
.

(B.19)

In analogy to the functional integral over α, the case where the dimension
is N = Ω = tr(1) is considered, and the inclusion of kernels instead of
symmetric matrices. The functional integral over a real field, q is obtained∫

exp (−cq � P � q − q � β)D[q]

= exp

(
β � P−1 � β

4c

)
πΩ/2

cΩ/2
√

det (P )
.

(B.20)
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Appendix C

The delta functional

This proof was done independently. The functional integration of the Wigner
functional leading to delta functionals are now performed∫

Wρ̂ [α− α2, β] exp

(
(−2α∗2 − µ∗2) � α1 − α∗1 � (µ1 − 2α2)

)
D◦[α1]D◦[α2]

=

∫
Wρ̂ [p− p2, q − q2, β] exp

((
− (q2 − ip2)− 1√

2
µ∗2

)
� (q1 + ip1)

− (q1 − ip1) �
(

1√
2
µ1 − (q2 + ip2)

))
D◦[p1, q1]D◦[p2, q2]

=

∫
Wρ̂ [p− p2, q − q2, β] exp

(
− q2 � q1 + ip2 � q1 −

1√
2
µ∗2 � q1 − iq2 � p1

− p2 � p1 −
i√
2
µ∗2 � p1 −

1√
2
q1 � µ1 + q1 � (q2 + ip2)

+
i√
2
p1 � µ1 − ip1 � (q2 + ip2)

)
D◦[p1, q1]D◦[p2, q2]

=

∫
Wρ̂ [p− p2, q − q2, β] exp

(
2ip2 � q1 −

1√
2
µ∗2 � q1 − 2iq2 � p1

− i√
2
µ∗2 � p1 −

1√
2
q1 � µ1 +

i√
2
p1 � µ1

)
D◦[p1, q1]D◦[p2, q2].

(C.1)
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The integral over p1 is performed which produces a delta function. But just
before this step, a change of variables is performed, p̃1 = 2p1 and we obtain∫

Wρ̂ [p− p2, q − q2, β] exp

(
2ip1 �

(
−q2 −

1

2
√

2
µ∗2 +

1

2
√

2
µ1

)
=

1

N0

∫
Wρ̂ [p− p2, q − q2, β] exp

(
ip̃1 �

(
−q2 −

1

2
√

2
µ∗2 +

1

2
√

2
µ1

)
+ 2ip2 � q1 −

1√
2
µ∗2 � q1 −

1√
2
q1 � µ1

)
D◦[p̃1, q1]D◦[p2, q2]

=
1

N0

∫
δ

[
−q2 +

µ1 − µ∗2
2
√

2

]
Wρ̂ [p− p2, q − q2, β] exp

(
2ip2 � q1

− 1√
2
µ∗2 � q1 −

1√
2
q1 � µ1

)
D[q1]D◦[p2, q2].

(C.2)

The factor of 1
N0

is obtained by changing the integration measure to D◦[ p̃1

2
],

and pulling out the factor of 1
2

from the integral measure. The field variable
q2 is now integrated over to give

1

N0

∫
Wρ̂

[
p− p2, q −

µ1 − µ∗2
2
√

2
, β

]
exp

(
2ip2 � q1 −

1√
2
µ∗2 � q1

− 1√
2
q1 � µ1

)
D[q1]D◦[p2].

(C.3)

Before q1 is integrated over to produce another Dirac delta functional, a
substitution similar to the method before is performed q̃1 = 2q1. This gives

1

N0

∫
Wρ̂

[
p− p2, q −

µ1 − µ∗2
2
√

2
, β

]
exp

(
2iq1 �

(
p2 + i

1

2
√

2
µ∗2

+i
1

2
√

2
µ1

))
D[q1]D◦[p2]

=
1

N2
0

∫
Wρ̂

[
p− p2, q −

µ1 − µ∗2
2
√

2
, β

]
exp

(
iq̃1 �

(
p2 + i

1

2
√

2
µ∗2

+i
1

2
√

2
µ1

))
D[q̃1]D◦[p2]

=
(2π)Ω

N2
0

∫
Wρ̂

[
p− p2, q −

µ1 − µ∗2
2
√

2
, β

]
δ

[
p2 + i

1

2
√

2
µ∗2 + i

1

2
√

2
µ1

]
D◦[p2].

(C.4)
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The delta functional with an imaginary component is justified by mentioning
that the coefficients of i are generating parameter fields which will be set to
0 later in the calculations. Therefore, the expression above is used since the
imaginary component will drop out later. This leads to

1

N2
0

∫
Wρ̂

[
p− p2, q −

µ1 − µ∗2
2
√

2
, β

]
δ

[
p2 + i

1

2
√

2
µ∗2 + i

1

2
√

2
µ1

]
D[p2]

=
1

N2
0

Wρ̂

[
p+ i

µ∗2 + µ1

2
√

2
, q − µ1 − µ∗2

2
√

2
, β

]
.

(C.5)

The overall factor of (2π)Ω cancels with the the factor of 1
(2π)Ω hidden in

D◦[p2]. The dependence of Wρ̂ is written in terms of α and α∗ instead of its
p and q dependence. Consider the p, dependence

p+ i
µ∗2 + µ1

2
√

2

= i

(
α∗ − α√

2
+
µ∗2 + µ1

2
√

2

)
= i

1√
2

(
α∗ +

µ∗2
2
−
(
α− µ1

2

))
.

(C.6)

Doing exactly the same procedure for q − µ1−µ∗2
2
√

2
produces

q − µ1 − µ∗2
2
√

2

=
1√
2

(
α∗ +

µ∗2
2

+ α− µ1

2

)
.

(C.7)

Therefore, Eq. (C.1) can be written as∫
Wρ̂ [α− α2, β] exp

(
(−2α∗2 − µ∗2) � α1 − α∗1 � (µ1 − 2α2)

)
D◦[α1]D◦[α2]

=
1

N2
0

Wρ̂

[
α∗ +

µ∗2
2
, α− µ1

2
, β

]
.

(C.8)
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Appendix D

The Magnus expansion

The starting point for the Magnus expansion is the evolution equation [17]

∂Wσ̂

∂z
=

1

2

δWσ̂

δα∗
�H � α +

1

2
α∗ �H∗ � δWσ̂

δα
, (D.1)

and the ansatz [17]

Wσ̂ = N0 exp(−2α∗ � A(z) � α− α �B(z) � α− α∗ �B∗(z) � α∗). (D.2)

The aim is to solve for Wσ̂ which means that the kernels A(z) and B(z) have
to be found, and in order to obtain a solution for the kernels, the ansatz is
substituted into the evolution equation(

−2α∗ � ∂A(z)

∂z
� α− α � ∂B(z)

∂z
� α− α∗ � ∂B

∗(z)

∂z
� α∗

)
Wσ̂

=
Wσ̂

2

(
−2α � AT (z)− α∗ �B†(z)− α∗ �B∗(z)

)
�H � α

+
Wσ̂

2
α∗ �H∗ �

(
−2AT (z) � α∗ −B(z) � α−BT (z) � α

)
.

(D.3)

The above equation is divided by Wσ̂, and the fact that B(z) is symmetric
is used in order to simplify the equation

2α∗ � ∂A(z)

∂z
� α + α � ∂B(z)

∂z
� α + α∗ � ∂B

∗(z)

∂z
� α∗

= α � AT (z) �H � α + α∗ �B∗(z) �H � α
+ α∗ �H∗ � AT (z) � α∗ + α∗ �H∗ �B(z) � α.

(D.4)
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The kernel derivatives, ∂A(z)
∂z

and ∂B(z)
∂z

, are solved for. In order to solve for
∂A(z)
∂z

, the functional derivatives with respect to α∗ and α is performed since
∂A(z)
∂z

is diamond contracted with these complex field variables. Starting with
the functional derivative with respect to α∗

2
∂A(z)

∂z
� α +

∂B∗(z)

∂z
� α∗ +

∂B†(z)

∂z
� α∗

= B∗(z) �H � α +H∗ � AT (z) � α∗

+ A(z) �H∗ � α∗ +H∗ �B(z) � α,

(D.5)

and now for the functional derivative with respect to α

∂A(z)

∂z
=

1

2
B∗(z) �H +

1

2
H∗ �B(z). (D.6)

The same procedure is followed for ∂B(z)
∂z

and ∂B∗(z)
∂z

, and produces the fol-
lowing system of kernel differential equations, where the dependence on the
propagation distance for the kernels, H, is explicitly written [17]

∂A(z)

∂z
=

1

2
H∗(z) �B(z) +

1

2
B∗(z) �H(z),

∂B(z)

∂z
=

1

2
H(z) � A(z) +

1

2
AT (z) �H(z),

∂B∗(z)

∂z
=

1

2
A(z) �H∗(z) +

1

2
H∗(z) � AT (z).

(D.7)

The reader is reminded that the diamond products act on the transverse wave
vectors, the dependence on transverse wave vectors will not be explicitly writ-
ten here for the sake of simplicity. The system of kernel differential equations
above are solved by integrating with respect to z and back-substituting. The
result will be solutions for A, B, and B∗ in the form of an expansion, and is
done below∫ z

0

∂A(z1)

∂z1

dz1 = A(z)− A(0)

=
1

2

∫ z

0

H∗(z1) �B(z1)dz1 +
1

2

∫ z

0

B∗(z1) �H(z1)dz1

=⇒ A(z) = 1 +
1

2

∫ z

0

H∗(z1) �B(z1)dz1 +
1

2

∫ z

0

B∗(z1) �H(z1)dz1.

(D.8)

103



Applying a similar procedure to B produces

B(z) =
1

2

∫ z

0

H(z1) � A(z1)dz1 +
1

2

∫ z

0

AT (z1) �H(z1)dz1,

B∗(z) =
1

2

∫ z

0

A(z1) �H∗(z1)dz1 +
1

2

∫ z

0

H∗(z1) � AT (z1)dz1.

(D.9)

An expression forB∗ is written above for convenience when back-substituting.
Focusing on solving the differential equation for A, the SPDC kernels B and
B∗ is substituted into Eq. (D.8), which produces

A(z) = 1 +
1

2

∫ z

0

H∗(z1) �
(

1

2

∫ z

0

H(z1) � A(z1)dz1

+
1

2

∫ z

0

AT (z1) �H(z1)dz1

)
dz1

+
1

2

∫ z

0

(
1

2

∫ z

0

A(z1) �H∗(z1)dz1 +
1

2

∫ z

0

H∗(z1) � AT (z1)dz1

)
�H(z1)dz1

= 1 +
1

22

∫ z

0

∫ z1

0

(
H∗(z1) �H(z2) � A(z2) +H∗(z1) � AT (z2) �H(z2)

A(z2) �H∗(z2) �H(z1) +H∗(z2) � AT (z2) �H(z1)
)
dz2dz1.

(D.10)
The above expression can get incredibly messy, therefore only the first order
of A is considered for now, the second order will be considered afterwards.
The first order of A comprises of diamond products of the form H1 � H2,
which is obtained by substituting A and AT into itself once, and is given by

A(1)(z) =
1

2

∫ z

0

∫ z1

0

(H∗(z1) �H(z2) +H∗(z2) �H(z1)) dz2dz1

=

∫ z

0

∫ z1

0

Z {H∗(z1) �H(z2)} dz2dz1,

(D.11)

where [17]
Z {H1(z1) � · · · �Hn(zn)}

=
1

2
[H1(z1) � Z {H2(z2) � · · · �Hn(zn)}

+Z {H1(z2) � · · · �Hn−1(zn)} �Hn(z1)] ,

(D.12)

and Z {H1(z1)} = H1(z1). The second order term of A is now of interest and
is obtained by substituting A and AT into A (itself) twice and gathering the
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terms which have the form H1 �H2 �H3 �H4

A(2)(z) =
1

23

∫ z

0

∫ z1

0

∫ z2

0

∫ z3

0

(H∗(z1) �H(z2) �H∗(z3) �H(z4)

+H∗(z1) �H(z2) �H∗(z4) �H(z3) +H∗(z1) �H(z4) �H∗(z3) �H(z2)

+H∗(z1) �H(z3) �H∗(z4) �H(z2) +H∗(z3) �H(z4) �H∗(z2) �H(z1)

+H∗(z4) �H(z3) �H∗(z2) �H(z1) +H∗(z2) �H(z4) �H∗(z3) �H(z1)

+H∗(z2) �H(z3) �H∗(z4) �H(z1)) dz4dz3dz2dz1

=

∫ z

0

∫ z1

0

∫ z2

0

∫ z3

0

Z {H∗(z1) �H(z2) �H∗(z3) �H(z4)} dz4dz3dz2dz1.

(D.13)
Note that the kernel, A, does not contain diamond products of an odd number
of H kernels, it will be found in B. Finally, the Magnus expansion for A is
obtained [17]

A(z) = 1 +

∫ z

0

∫ z1

0

Z{H∗(z1) �H(z2)}dz2dz1

+

∫ z

0

∫ z1

0

∫ z2

0

∫ z3

0

Z{H∗(z1) �H(z2) �H∗(z3) �H(z4)}dz4dz3dz2dz1 + . . . .

(D.14)
The SPDC kernel, B, is much easier to obtain since an expression for A is
calculated, and is done by simply substituting A and AT into B, resulting in
[17]

B(z) =

∫ z

0

H(z1)dz1

+

∫ z

0

∫ z1

0

∫ z2

0

Z{H(z1) �H∗(z2) �H(z3)}dz3dz2dz1 + . . . .

(D.15)

The Magnus expansion for B∗ is obtained by taking the complex conjugate
of B.
A system of kernel differential equations were solved, and the solutions for
the kernels were found for A and B in terms of an expansion. The expansion
is called the ”Magnus expansion” since it has a similar form of an expansion
developed by W. Magnus called the Magnus expansion [10].
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Appendix E

Derivation of the evolved
SPDC state

A derivation on the evolution of the SPDC state is provided here. Firstly, the
signal beam is chosen to interact with the object, therefore the star product
of the object operators is made to attach to the signal beam. Following the
definition of the star product

WŜρ̂Ŝ† [α, β] = WŜ[β] ? Wρ̂[α, β] ? WŜ† [β]

= N2

∫
exp

[
−1

2
(αa + αb + β)∗ �H � (αa + αb + β)

− 1

2
(αa − αb + β)∗ �H† � (αa − αb + β) + (β∗ − α∗a) � αb

− α∗b � (β − αa)
]
Wρ̂[α, αa]D◦[αa, αb].

(E.1)

The next step is to bring the above equation into a form which can be inte-
grated. The integration with respect to αb is first considered, and the integral
over αa will be done later for convenience. The following is obtained

WŜρ̂Ŝ† [α, β] = N2

∫
exp [−α∗b �Hh � αb − α∗b � [Ha � (αa + β) + β − αa]

− [(α∗a + β∗) �Ha − β∗ + α∗a] � αb − (α∗a + β∗) �Hh � (αa + β)]

Wρ̂[α, αa]D◦[αa, αb],
(E.2)

where Ha = 1
2

(
H −H†

)
and Hh = 1

2

(
H +H†

)
. The functional integration

is now performed over αb, since it is in the form of Eq. (3.39), and simplifies
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to

WŜρ̂Ŝ† [α, β] =
N2N0

det (H +H†)

∫
exp [−2α∗a �Hp � αa − 2β∗ �Hp � β

+2α∗a �Hn � β + 2β∗ �H†n � αa
]
Wρ̂[α, αa]D◦[αa],

(E.3)

where Hp =
(
1 +H �H†

)
�
(
H +H†

)−1
and Hn = (1 +H) �

(
1−H†

)
�(

H +H†
)−1

.
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Appendix F

Functional integration of the
trace

The trace of interest is given below

tr
(
WŜρ̂Ŝ†WBWA

)
=

∫
WŜρ̂Ŝ† [α, β]WB[β]D◦[β]WA[α]D◦[α]. (F.1)

The functional integral over β is now studied, and is performed by substi-
tuting Eqs. (5.3) and (5.12) for the bucket detector and evolved SPDC state
respectively. Thereafter manipulating the equation in order to resemble the
functional integral of an isotropic Gaussian in Eq. (3.39), and performing the
functional integral over β yields∫

WŜρ̂Ŝ† [α, β]WB[β]D◦[β]

= NE

∫
exp (−2α∗a �DE � αa)Wρ̂[α, αa]D◦[αa],

(F.2)

where

DE = Hp −Hn �
(
Hp +

1− J
1 + J

1

)−1

�Hn = (1− JE � E) � (1 + JE � E)−1 ,

(F.3)
and

NE =
N0

det (1 + JE � E)
. (F.4)

The three equations above had been obtained from notes and discussions
from my co-supervisor, FS Roux. The remaining integral measure originates
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from the evolved SPDC state. This result is taken and substituted into the
trace to obtain

=
2NE

1 +K

∫
Wρ̂ exp

(
− 2α∗a �DE � αa

−2

(
1−K
1 +K

)
α∗ �MM∗ � α

)
D◦[αa]D

◦[α]

=
2N2

0NE

1 +K

∫
exp

(
−2α∗a �DE � αa − 2

(
1−K
1 +K

)
α∗ �MM∗ � α

− 2α∗ � A � α− 2α∗a � A � αa − 2α∗ �B � α∗a − 2αa �B∗ � α
)
D◦[αa, α]

=
2N2

0NE

1 +K

∫
exp

(
−α∗ �

(
2

(
1−K
1 +K

)
MM∗ + 2A

)
� α− α∗ � (2B � α∗a)

− (2αa �B∗) � α− 2α∗a �DE � αa − 2α∗a � A � αa)D◦[αa, α]

=
2N0NE

(1 +K) det
((

1−K
1+K

)
MM∗ + A

)
=⇒

∫
exp

(
2α∗a �B∗ �

[(
1−K
1 +K

)
MM∗ + A

]−1

�B � α∗a

− 2α∗a �DE � αa − 2α∗a � A � αa

)
D◦[αa]

=
2N0

(1 +K) det [1 + JE � E] det
[
A+ (1−K

1+K
)MM∗

]
× 1

det
[
DE + A−B � (AT + (1−K

1+K
)M∗M)−1 �B∗

] .
(F.5)
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Appendix G

Taking the derivatives and
simplifying the trace

This proof was done independently. The start point is to simplify the deter-
minants of the trace which was derived in appendix F

2N0

(1 +K) det [1 + JE � E] det
[
A+ (1−K

1+K
)MM∗

]
× 1

det
[
DE + A−B � (AT + (1−K

1+K
)M∗M)−1 �B∗

] , (G.1)

where

DE = Hp −Hn �
(
Hp +

1− J
1 + J

1

)−1

�Hn = (1− JE � E) � (1 + JE � E)−1 .

(G.2)
Simplifying the first determinant

det

[
A+

(
1−K
1 +K

)
MM∗

]
= det(A) det

[
1 + γMM∗ � A−1

]
, (G.3)

where

γ =
1−K
1 +K

. (G.4)

The second determinant can be rewritten as

det
[
1 + γMM∗ � A−1

]
= exp

[
tr
(
ln�
(
1 + γMM∗ � A−1

))]
. (G.5)
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The natural logarithm can be expanded as follows

ln�
(
1 + γMM∗ � A−1

)
=
∞∑
n=1

(−1)n+1

n

(
γMM∗ � A−1

)n�
,

=⇒ tr
(
ln�
(
1 + γMM∗ � A−1

))
=
∞∑
n=1

(−1)n+1

n
tr
[(
γMM∗ � A−1

)n�]
= −γ

∫
M(k)M∗(k2) � A−1(k2,k)d̄k

+
1

2
tr
[
γMM∗ � A−1 � γMM∗ � A−1

]
+ · · ·

= −γM∗ � A−1 �M +
γ2

2
tr
[
MηM∗ � A−1

]
+ · · ·

= −γη +
γ2η2

2
+ · · · =

∞∑
n=1

(−1)n+1

n
(γη)n

= ln(1 + γη),
(G.6)

where η = M∗ � A−1 �M is a constant. Finally, Eq. (G.5) reduces to

det
[
1 + γMM∗ � A−1

]
= 1 + γη, (G.7)

and therefore,

det

[
A+

(
1−K
1 +K

)
MM∗

]
= (1 + γη) det(A). (G.8)

Consider the remaining determinant in Eq. (G.1)

det

[
DE + A−B �

(
1 +

(
1−K
1 +K

)
M∗M � (A−1)T

)−1

� (A−1)T �B∗
]
.

(G.9)
To simplify the above equation, the inverse kernel needs to be simplified, and
is done by assuming(

1 + γM∗M � (A−1)T
)−1

= 1− cγM∗M � (A−1)T , (G.10)

where c is a constant, it follows that(
1 + γM∗M � (A−1)T

)
�
(
1− cγM∗M � (A−1)T

)
= 1. (G.11)
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The constant, c, is now solved for

−cγM∗M�(A−1)T +γM∗M�(A−1)T−cγ2M∗M�(A−1)T �M∗M�(A−1)T = 0.
(G.12)

The above equation can be divided by γM∗, since it is not contracted to
anything, and the right-hand side of the equation is diamond contracted by
M∗

− cM � (A−1)T �M∗ +M � (A−1)T �M∗

=⇒ − cγM � (A−1)T �M∗M � (A−1)T �M∗ = 0

=⇒ − cµ+ µ− cγµ2 = 0,

=⇒ c =
1

1 + γµ
.

(G.13)

The inverse kernel becomes(
1 + γM∗M � (A−1)T

)−1
= 1− γM∗M � (A−1)T

1 + γµ
, (G.14)

and is substituted into the determinant

det

[
DE + A−B �

(
AT +

(
1−K
1 +K

)
M∗M

)−1

�B∗
]

= det

[
DE + A−B �

(
A−1

)T �B∗ +
γB �M∗M � (A−2)

T �B∗

1 + γη

]
.

(G.15)

Since A is Hermitian, it follows that A∗ = AT . Using the identity A − B �
(A∗)−1�B∗ = A−1 which was shown in chapter 4 as a normalization condition

det

[
DE + A−1 +

γB �M∗M � (A∗)−2� �B∗

1 + γη

]

= det
(
A−1

)
det

[
1 +DE � A+

γB �M∗M � (A∗)−2� �B∗ � A
1 + γη

]
.

(G.16)

Consider the determinant

det

[
1 +DE � A+

γB �M∗M � (A∗)−2� �B∗ � A
1 + γη

]

= det[1 +DE � A] det

[
1 +

γB �M∗M � (A∗)−2� �B∗ � A
1 + γη

� (1 +DE � A)−1] .
(G.17)
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The first term of the Magnus expansion for A is considered, A = 1. Let
p =

(
1−J
1+J

)
and F = 1 +DE, which simplifies the second determinant to

det

[
1 +

γB �M∗M �B∗ � F−1

1 + γη

]
= exp

[
tr

(
ln�

(
1 +

γB �M∗M �B∗ � F−1

1 + γη

))]
.

(G.18)

The natural logarithm produces

ln�

(
1 +

γB �M∗M �B∗ � F−1

1 + γη

)
=
∞∑
n=1

(−1)n+1

n

(
γB �M∗M �B∗ � F−1

1 + γη

)n�
.

(G.19)

Taking the trace yields

∞∑
n=1

(−1)n+1

n
tr

[(
γB �M∗M �B∗ � F−1

1 + γη

)n�]
. (G.20)

Evaluating the trace and setting M � B∗ � F−1 � B �M∗ = ζ simplifies the
expression to

∞∑
n=1

(−1)n+1

n

(
γζ

1 + γη

)n
= ln

(
1 +

γζ

1 + γη

)
=⇒ det

[
1 +

γB �M∗M �B∗ � F−1

1 + γη

]
= 1 +

γζ

1 + γη
.

(G.21)

The determinants in Eq. (G.1) reduces to

det

[
A+

(
1−K
1 +K

)
MM∗

]
det [DE + A

−B �
(
AT +

(
1−K
1 +K

)
M∗M

)−1

�B∗
]

det [1 + JE � E]

= (1 + γη)

(
1 +

γζ

1 + γη

)
det[1 +DE] det [1 + JE � E]

= (1 + γη + γζ) det[1 +DE] det [1 + JE � E] .

(G.22)
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This simplifies equation (G.1) to

2N0

(1 +K) (1 + γη + γζ) det[1 +DE] det [1 + JE � E]
. (G.23)

Simplifying the following determinant

det (1 + JE � E) = exp[tr (ln� (1 + JE � E))]. (G.24)

Simplifying the trace of the natural logarithm and noting that JE �E = E2

tr (ln� (1 + JE � E))

=
∞∑
n=1

(−1)n+1

n
tr [(E2)n� ] .

(G.25)

Looking at (E2)n�

(E2)n� =

[
2πδ (ω1 − ω2)

∫
Jt2 exp (iX · (k1 − k2)) d2X

]n�
= 2πδ (ω1 − ω2)

∫
Jnt2n exp (iX · (k1 − k2)) d2X,

=⇒ tr [(E2)n� ] = 2πJn
∫
t2n tr [δ (ω1 − ω2) exp (iX · (k1 − k2))] d2X

= 2πδ(0)Jn
∫
t2nd2X

∫
d̄k.

(G.26)
The following is defined ∫

t2nd2X = τ. (G.27)

Eq. (G.26) then reduces to

tr [(E2)n� ] = 2πδ(0)Jnτ

∫
d̄k (G.28)

=
Jnτδ(0)δX(0)

∫
d2kdω

(2π)2δX(0)
(G.29)

=
Jnτ

(2π)2δX(0)
Ω, (G.30)
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where Ω = tr(1). Eq. (G.25) then becomes

tr (ln� (1 + E2)) (G.31)

=
τΩ

(2π)2δX(0)

∞∑
n=1

(−1)n+1

n
Jn (G.32)

=
τΩ

(2π)2δX(0)
ln(1 + J) (G.33)

=⇒ det (1 + E2) = (1 + J)
τΩ

(2π)2δX(0) . (G.34)

With the methods shown above, it is possible to calculate det[1 +DE] =

N0(1 + J)
− τΩ

(2π)2δX(0) , which brings Eq. (G.1) to

2

(1 +K) (1 + γη + γζ)
. (G.35)

Starting off with taking the derivative with respect to J and thereafter setting
J = 0, where ζ0 = ζ|J=0, the above expression becomes

− γM �B∗ � E � E �B �M∗

(1 +K) (1 + γη + γζ0)2 . (G.36)

Recall that A = 1, as a consequence, η = M∗ � A−1 �M = 1. After taking
the derivative with respect to K and setting K = 0

M �B∗ � E � E �B �M∗ (2− ζ0)

(2 + ζ0)3 . (G.37)

Observe ζ0 = M �B∗ � F−1 �B �M∗|J=0. Each of the B kernels have a fac-
tor called the SPDC efficiency [19], which is an inefficient process. Therefore,
it is possible to use the following approximation

2± ζ0 ≈ 2, (G.38)

and simplifies R to

R ≈ M �B∗ � E � E �B �M∗

4
. (G.39)
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Appendix H

Simplification of diamond
products

This proof was done independently. The aim here is to simplify M �B∗ �E �
E �B �M∗, and is done by calculating M �B∗ first, thereafter, M �B∗ �E.
And finally since E is Hermitian and B is symmetric, the diamond product
of M � B∗ � E with its Hermitian conjugate is taken in order to obtain
M �B∗ � E � E �B �M∗. The reader is reminded that the SPDC kernel, B
is given by

B∗ ≈
∫ L

0

H(z1)dz1

=

∫ L

0

4i
√

2πωpζ
∗
0σooewp

c2

√
ω1ω2h(ω1 + ω2 − ωp, δp)

exp

(
−1

4
w2
p|k1 + k2|2 − i∆kzz1

)
dz1,

(H.1)

where the first nonzero term of the Magnus expansion was used. Since the
extreme thin crystal limit is considered, z1 ≈ 0 is set. The SPDC kernel
becomes

B∗ ≈
4iL
√

2πωpζ
∗
0σooewp

c2

√
ω1ω2h(ω1 + ω2 − ωp, δp) exp

(
−1

4
w2
p|k1 + k2|2

)
.

(H.2)
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The calculation for the diamond product of M with B∗ is now performed

M �B∗ =
4
√

2πωpiwpLσooe|ζ0|NM

c2

∫ √
ω1(ωp − ω1)h(ω1 − ωd, δd)

× h(ωp − ω1 − ω2, δp)

× exp

(
−
w2
p

4
|k1 + k2|2 −

1

4
w2

0|k1|2 + iX0 · k1

)
d̄k1.

(H.3)

After integrating over k1 by using Eq. (I.10)

M �B∗ =
2
√

2πωpiwpLσooe|ζ0|NM

c2π2(w2
p + w2

0)

exp

(
−
w2
p

4
|k2|2 −

4|X0|2 + 4iw2
pX0 · k2 − w4

p|k2|2

4(w2
p + w2

0)

)
∫ √

ω1(ωp − ω1)h(ω1 − ωd, δd)h(ωp − ω1 − ω2, δp)dω1.

(H.4)

Taking the diamond product of the above equation with E produces

M �B∗ � E =

√
2πωpiwpLσooe|ζ0|NM

2c2π4(w2
p + w2

0)

∫ √
ω1(ωp − ω1)h(ω1 − ωd, δd)

h(ωp − ω1 − ω3, δp)dω1

∫
t exp

(
−
w2
p

4
|k2|2

−
4|X0|2 + 4iw2

pX0 · k2 − w4
p|k2|2

4(w2
p + w2

0)
+ i(k2 − k3) ·X

)
d2Xd2k2

=

√
2πωpiwpLσooe|ζ0|NM

2c2π4(w2
p + w2

0)

∫ √
ω1(ωp − ω1)h(ω1 − ωd, δd)

h(ωp − ω1 − ω3, δp)dω1

∫
t exp

((
−
w2
p

4
+

w4
p

4(w2
p + w2

0)

)
|k2|2

+

(
−
iw2

pX0

w2
p + w2

0

+ iX

)
· k2 −

|X0|2

w2
p + w2

0

− ik3 ·X

)
d2Xd2k2.

(H.5)
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The above integral is evaluated by using Eq. (I.10) to obtain

M �B∗ � E =
2
√

2πωpiLσooe|ζ0|NM

c2π3wpw2
0

∫ √
ω1(ωp − ω1)h(ω1 − ωd, δd)

h(ωp − ω1 − ω3, δp)dω1

∫
t exp

(
− |X0|2

w2
p + w2

0

−ik3 ·X−
1

4(w2
p + w2

0)

(∣∣2w2
pX0 − 2(w2

p + w2
0)X

∣∣2
w2
pw

2
0

))
d2X.

(H.6)
Finally, calculating M �B∗ � E � E �B �M∗

M �B∗ � E � E �B �M∗

=
ωpL

2|σooeζ0NM |2

c4π8w2
pw

4
0

∫ √
ω1(ωp − ω1)ω′1(ωp − ω′1)h(ω1 − ωd, δd)

h(ωp − ω1 − ω3, δp)dω1h
∗(ω′1 − ωd, δd)h∗(ωp − ω′1 − ω3, δp)dω

′
1dω3∫

t(X)t(X′) exp

(
− 1

4(w2
p + w2

0)

(∣∣2w2
pX0 − 2(w2

p + w2
0)X

∣∣2
w2
pw

2
0

)

− 1

4(w2
p + w2

0)

(∣∣2w2
pX0 − 2(w2

p + w2
0)X′

∣∣2
w2
pw

2
0

)
− 2|X0|2

w2
p + w2

0

+ ik3 · (X′ −X)

)
d2Xd2X′d2k3.

(H.7)

The integral over ω1, ω′1 and ω3 will produce a constant which will be labeled
as Q along with the other constants

Q =
4ωpL

2|σooeζ0NM |2

c4π6w2
pw

4
0

∫ √
ω1(ωp − ω1)ω′1(ωp − ω′1)h(ω1 − ωd, δd)

h(ωp − ω1 − ω3, δp)dω1h
∗(ω′1 − ωd, δd)h∗(ωp − ω′1 − ω3, δp)dω

′
1dω3.

(H.8)

Since the narrow spectral function is narrow, the replacements ω1 = ωd, and
ω′1 = ωd can be performed, which produces

Q =
4L2|σooeζ0NM |2ωpωd(ωp − ωd)

c4π6w2
pw

4
0

∫
h(ω1 − ωd, δd)

h(ωp − ω1 − ω3, δp)h
∗(ω′1 − ωd, δd)h∗(ωp − ω′1 − ω3, δp)dω1dω

′
1dω3.

(H.9)
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The narrow spectral functions, h, can be modeled as Gaussians i.e. h(ω, δ) =√ √
2√
πδ

exp
(
−ω2

δ2

)
where δ is proportional to the width of h. A similar in-

tegration of the narrow spectral functions have been done in appendix K,
which brings Q to

Q =
8
√

2πL2|σooeζ0NM |2ωpωd(ωp − ωd)δdδp
c4π5w2

pw
4
0

. (H.10)

Setting NM =
√

2πw0, as seen in Eq. (3.85), and considering the frequency
phase matching condition for the degenerate case, i.e. ωp = 2ωd

Q =
32
√

2πL2σ2
ooe|ζ0|2ω3

dδdδp
c4π4w2

pw
2
0

. (H.11)

Upon observation, Eq. (H.7) contains a two-dimensional delta function due
to the diamond product with k3

M �B∗ � E � E �B �M∗

= Q

∫
δ(X′ −X)t(X)t(X′) exp

(
− 1

4(w2
p + w2

0)

(∣∣2w2
pX0 − 2(w2

p + w2
0)X

∣∣2
w2
pw

2
0

)

− 1

4(w2
p + w2

0)

(∣∣2w2
pX0 − 2(w2

p + w2
0)X′

∣∣2
w2
pw

2
0

)
− 2|X0|2

w2
p + w2

0

)
d2Xd2X′

= Q

∫
t2(X) exp

(
−2|X0 −X|2

w2
0

− 2|X|2

w2
p

)
d2X.

(H.12)
Therefore

R =
8
√

2πL2σ2
ooe|ζ0|2ω3

dδdδp
c4π4w2

pw
2
0

∫
t2(X) exp

(
−2|X0 −X|2

w2
0

− 2|X|2

w2
p

)
d2X.

(H.13)
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Appendix I

The point spread function for
the rational thin crystal limit

This proof was done independently. The SPDC kernels, A and B, are ap-
proximated by taking the first term of its Magnus expansion. Keep in mind
that B and H are kernels and therefore have dependencies on two transverse
wave vector variables. In the calculation below, the dependence is not explic-
itly written since the z variable is currently of interest. The simplification
for the approximation of B starts with writing

B∗ ≈
∫ L

0

H(z1)dz1

=

∫ L

0

iΩ0

√
ω1ω2h(ω1 + ω2 − ωp, δp) exp

(
−1

4
w2
p|k1 + k2|2 − i∆kzz1

)
dz1,

(I.1)
where

Ω0 = 4
√

2πωp
ζ∗0σooewp

c2
. (I.2)

The diamond product of M with B∗ is considered below

M �B∗

=

∫ L

0

∫
NMh(ω1 − ωd, δd)iΩ0

√
ω1ω2h(ω1 + ω2 − ωp, δp)

× exp

(
−1

4
w2

0|k1|2 + iX0 · k1 −
1

4
w2
p|k1 + k2|2 − i∆kzz1

)
d̄k1dz1.

(I.3)
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The phase mismatch is given by [20]

∆kz

=
1

2

kz(ω1)kz(ω2)

kz(ω1) + kz(ω2)

∣∣∣∣ k1

kz(ω1)
− k2

kz(ω2)

∣∣∣∣2 − k2(ω1)

2kz(ω1)

+
1

2
kz(ω1)− k2(ω2)

2kz(ω2)
+

1

2
kz(ω2),

(I.4)

where

kz(ω) =
ω cos(θ(ω))

v(ω)
, (I.5)

and
k(ω) =

ω

v(ω)
. (I.6)

Essentially when the diamond product is taken, ω is only affected in k(ω) and
kz(ω). The wave numbers, k(ω) and kz(ω), will not be interfered with when
integrating over k1 or k2 in the diamond product. Returning to the diamond
product with M and B∗, substitution of the phase mismatch condition yields

M �B∗

=

∫ L

0

∫
NMh(ω1 − ωd, δd)iΩ0

√
ω1ω2h(ω1 + ω2 − ωp, δp)

× exp

(
−1

4
w2

0|k1|2 + iX0 · k1 −
1

4
w2
p|k1 + k2|2

− i

(
1

2

kz(ω1)kz(ω2)

kz(ω1) + kz(ω2)

∣∣∣∣ k1

kz(ω1)
− k2

kz(ω2)

∣∣∣∣2 − k2(ω1)

2kz(ω1)
+

1

2
kz(ω1)− k2(ω2)

2kz(ω2)

+
1

2
kz(ω2)

)
z1

)
d̄k1dz1.

(I.7)
It is argued that δd is very small, leading to a very narrow spectral function,
h(ω1 − ωd, δd). It is therefore possible to set ω1 = ωd in the exponent and
its coefficient excluding h(ω1 + ω2 − ωp, δp). Similarly, the replacement ω2 =
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ωp − ωd is performed

M �B∗

=

∫ L

0

exp

(
−i
(
− k2(ωd)

2kz(ωd)
+

1

2
kz(ωd)−

k2(ωp − ωd)
2kz(ωp − ωd)

+
1

2
kz(ωp − ωd)

)
z1

)
∫
NM iΩ0

√
ωd (ωp − ωd)h(ω1 − ωd, δd)h(ω1 + ω2 − ωp, δp) exp

(
−1

4
w2

0|k1|2

+ iX0 · k1 −
1

4
w2
p|k1 + k2|2

− i
2

kz(ωd)kz(ωp − ωd)
kz(ωd) + kz(ωp − ωd)

∣∣∣∣ k1

kz(ωd)
− k2

kz(ωp − ωd)

∣∣∣∣2z1

)
d2k1

(2π)3
dz1dω1.

(I.8)
Consider the degenerate case for SPDC, i.e. the signal and idler beams
have the same frequency, so ωp = 2ωd, which will simplify the terms with
kz(ω), so kz(ωp − ωd) = kz(ωd). The phase matching condition k(ωp) =
kz(ωd) + kz(ωp − ωd) = 2kz(ωd) can also be used. The implication is that
the beam axis of the pump beam is the z axis which means that θ = 0. The
expression, M �B∗, reduces to

M �B∗

=

∫ L

0

exp

((
i
k2(ωd)

kz(ωd)
− ikz(ωd)

)
z1

)
∫
NM iΩ0ωdh(ω1 − ωd, δd)h(ω1 + ω2 − ωp, δp) exp

(
−1

4
w2

0|k1|2

+iX0 · k1 −
1

4
w2
p|k1 + k2|2 −

iz1

4kz(ωd)
|k1 − k2|2

)
d2k1

(2π)3
dz1dω1.

(I.9)

Consider the following identity to aid in the above integration∫
exp

(
a|k1|2 + V · k1 + b|k1 + k2|2 + c

∣∣∣∣k1

d
− k2

e

∣∣∣∣2
)
d2k1

= − π

a+ b+ c
d2

exp

(
−|V|2 − (4b− 4c

de
)V · k2

4(a+ b+ c
d2 )

+

(
b+

c

e2
−
b2 − 2cb

de
+ c2

d2e2

a+ b+ c
d2

)
|k2|2

)
,

(I.10)
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where a, b, c, d, and e are constants with respect to the integration, V is
a vector, and the absolute value is defined as the vector absolute value. A
proof of equation (I.10) can be seen in appendix J. The integration of Eq.
(I.9) is now performed by noting that the integration parameters are

a = −1

4
w2

0,

b = −1

4
w2
p,

c = − iz1

4kz(ωd)
,

d = e = 1,

V = iX0.

(I.11)

The exponent after integration becomes

|X0|2 − i
(
−w2

p + iz1
kz(ωd)

)
X0 · k2

−w2
0 − w2

p − iz1
kz(ωd)

+

−1

4
w2
p +

−iz1

4kz(ωd)
−

1
16
w4
p −

iz1w2
p

8kz(ωd)
− z2

1

16k2
z(ωd)

−1
4
w2

0 − 1
4
w2
p − iz1

4kz(ωd)

 |k2|2.

(I.12)

Define χ = k2(ωd)
kz(ωd)

− kz(ωd) = k(ωd)
(

1
cos(θ(ωd))

− cos(θ(ωd))
)

for convenience.

Clearly χ depends on the down-conversion angle, θ(ωd). The smaller the
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down-conversion angle, the smaller the value of χ, which brings M �B∗ to

M �B∗

=

∫ L

0

exp (iχz1)∫
πNM iΩ0ωdh(ω1 − ωd, δd)h(ω1 + ω2 − ωp, δp)

1
4
w2

0 + 1
4
w2
p + iz1

4kz(ωd)

exp

 |X0|2 − i
(
−w2

p + iz1
kz(ωd)

)
X0 · k2

−w2
0 − w2

p − iz1
kz(ωd)

+

−1

4
w2
p +
−iz1

4

1

kz(ωd)
−

1
16
w4
p − 1

8

iz1w2
p

kz(ωd)
− 1

16

z2
1

k2
z(ωd)

−1
4
w2

0 − 1
4
w2
p − iz1

4
1

kz(ωd)

 |k2|2
 1

(2π)3
dz1dω1

=

∫ ∫ L

0

πNM iΩ0ωdh(ω1 − ωd, δd)h(ω1 + ω2 − ωp, δp)
1
4
w2

0 + 1
4
w2
p + iz1

4kz(ωd)

exp

(
iχz1 −

|X0|2

w2
0 + w2

p + iz1
kz(ωd)

)

exp

i
(
−w2

p + iz1
kz(ωd)

)
X0 · k2

w2
0 + w2

p + iz1
kz(ωd)

+

(
−1

4
w2
p −

iz1

4kz(ωd)

+

1
16
w4
p −

iz1w2
p

8kz(ωd)
− z2

1

16k2
z(ωd)

1
4
w2

0 + 1
4
w2
p + iz1

4kz(ωd)

 |k2|2
 1

(2π)3
dz1dω1.

(I.13)
The following is defined

c1 = −1

4
w2
p −

iz1

4kz(ωd)
+

1
16
w4
p −

iz1w2
p

8kz(ωd)
− z2

1

16kz(ωd)2

1
4
w2

0 + 1
4
w2
p + iz1

4kz(ωd)

,

g =
i
(
−w2

p + iz1
kz(ωd)

)
w2

0 + w2
p + iz1

kz(ωd)

,

Θ =
πNM iΩ0ωd

(2π)3
(

1
4
w2

0 + 1
4
w2
p + iz1

4kz(ωd)

) exp

(
iχz1 −

|X0|2

w2
0 + w2

p + iz1
kz(ωd)

)
,

(I.14)
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which brings M �B∗ to

M �B∗ =

∫ ∫ L

0

h(ω1 − ωd, δd)h(ω1 + ω2 − ωp, δp)Θ

× exp
(
gX0 · k2 + c1|k2|2

)
dz1dω1,

(I.15)

h(ω1 − ωd, δd)h(ω1 + ω2 − ωp, δp) is kept outside of the defined variables in
Eq. (I.22) so that a delta function is conveniently formed when calculating
M �B∗ �E �E �B �M∗. Proceeding with the diamond product M �B∗ �E

M �B∗ � E

= 2π

∫ ∫ L

0

t(X)h(ω1 − ωd, δd)h(ω1 + ω2 − ωp, δp)Θ

exp
(
gX0 · k2 + c1|k2|2 + i (k2 − k3) ·X

)
dz1d

2Xd̄k2dω1

=
1

(2π)2

∫ ∫ L

0

t(X)h(ω1 − ωd, δd)h(ω1 + ω3 − ωp, δp)Θ exp (gX0 · k2

+c1|k2|2 + i (k2 − k3) ·X
)
dz1d

2Xd2k2dω1

=
1

(2π)2

∫ ∫ L

0

exp (−ik3 ·X) t(X)h(ω1 − ωd, δd)h(ω1 + ω3 − ωp, δp)Θ

exp
(
c1|k2|2 + (iX + gX0) · k2

)
dz1d

2Xd2k2dω1.
(I.16)

Using the functional integral of a Gaussian in Eq. (I.10), the integral of the
above expression is performed over k2 by setting

a = c1,

b = c = 0,

V = iX + gX0,

d, e 6= 0,

(I.17)

which simplifies the expression to

M �B∗ � E = − 1

(2π)2

∫ ∫ L

0

π

c1

exp (−ik3 ·X) t(X)h(ω1 − ωd, δd)

h(ω1 + ω3 − ωp, δp)Θ exp

(
−|iX + gX0|2

4c1

)
dz1d

2Xdω1.

(I.18)
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The reader is reminded that the absolute value is the components of a vector
squared. This is not equal to the complex absolute value. The diamond
product of Eq. (I.18) is taken with its Hermitian conjugate to obtain M �
B∗�E �E �B�M∗ which follows because E is Hermitian and B is symmetric.
However, since M � B∗ � E only depends on one transverse wave vector, k3,
it is symmetric and therefore the diamond product of Eq. (I.18) with its
complex conjugate is taken i.e. M � B∗ � E � E � B �M∗ = ‖M �B∗ � E‖2.
The z dependencies is now introduced and the evaluation of the diamond
product is attempted

M �B∗ � E � E �B �M∗

=
π2

(2π)7

∫ ∫ L

0

∫ L

0

h(ω1 − ωd, δd)h(ω1 + ω3 − ωp, δp)h(ω′1 + ω3 − ωp, δp)
c1(z1)c∗1(z2)

h(ω′1 − ωd, δd) exp (−ik3 · (X−X′)) t(X)t(X′)Θ(z1)Θ∗(z2)

exp

(
−|iX + gX0|2

4c1(z1)
− |−iX + g∗X0|2

4c∗1(z2)

)
dz1d

2Xdz2d
2X′d2k3dω1dω

′
1dω3.

(I.19)
The value of the integral over the narrow spectral functions is now sub-
stituted, which is calculated in appendix K. The integral over k3 forms a
two-dimensional Dirac delta function, δ(X−X′)

M �B∗ � E � E �B �M∗

=
π2
√

2πδdδp
(2π)4

∫ ∫ L

0

∫ L

0

t(X)2Θ(z1)Θ∗(z2)

c1(z1)c∗1(z2)

exp

(
−|iX + gX0|2

4c1(z1)
− |−iX + g∗X0|2

4c∗1(z2)

)
dz1d

2Xdz2.

(I.20)

The above expression can be simplified a little further by realizing that the
integral over z1 and z2 are very similar. The integral over z2 is equal to the
complex conjugate of the integral over z1. It is then possible to write the
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following
M �B∗ � E � E �B �M∗

=
π2
√

2πδdδp
(2π)4

∫
t(X)2

∫ L

0

Θ(z1)

c1(z1)
exp

(
−|iX + gX0|2

4c1(z1)

)
dz1∫ L

0

Θ∗(z2)

c∗1(z2)
exp

(
−|−iX + g∗X0|2

4c∗1(z2)

)
dz2d

2X

=
π2
√

2πδdδp
(2π)4

∫
t(X)2∣∣∣∣∣

∫ L

0

Θ(z1)

c1(z1)
exp

(
−|iX + gX0|2

4c1(z1)

)
dz1

∣∣∣∣∣
2

d2X,

(I.21)

the variables g, c1, and Θ are rewritten for convenience

c1 = −1

4
w2
p −

iz1

4kz(ωd)
+

1
16
w4
p −

iz1w2
p

8kz(ωd)
− z2

1

16kz(ωd)2

1
4
w2

0 + 1
4
w2
p + iz1

4kz(ωd)

,

g =
i
(
−w2

p + iz1
kz(ωd)

)
w2

0 + w2
p + iz1

kz(ωd)

,

Θ =
πNM iΩ0ωd

(2π)3
(

1
4
w2

0 + 1
4
w2
p + iz1

4kz(ωd)

)
× exp

(
iχz1 −

|X0|2

w2
0 + w2

p + iz1
kz(ωd)

)
.

(I.22)

The current aim is to simplify the integral over z1. For this purpose, the
Taylor expansion is considered. The defined variables above are substituted
into M �B∗ � E � E �B �M∗ and the expression outside of the exponential
is Taylor expanded to the 0th order. Afterwards, the argument of the expo-
nential is Taylor expanded to first order, which will be called the coefficient,
and then integrated over z1. The expression outside of the exponent is now
focused on. The integral over z1 contains the factor Θ(z1)

c1(z1)
. The variable Θ(z1)

contains an exponential, so only the expression outside the exponential along
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with c1(z1) is considered

coefficient =
πNM iΩ0ωd

c1(z1)(2π)3
(

1
4
w2

0 + 1
4
w2
p + iz1

4kz(ωd)

) . (I.23)

In order to Taylor expand Eq. (I.23), a small parameter which can be used
to Taylor expand is needed. The thin crystal length is defined to be L and a
small dimensionless parameter is defined as

P =
L

w2
pkz(ωp)

=
L

2w2
pkz(ωd)

, (I.24)

and was also shown in section 2.3. The parameter P will be used as an
expansion parameter. The substitution z1 = t1L is made, where 0 ≤ t ≤
1. Rewriting Eq. (I.23) in terms of P and the new definition of z1, then
expanding to the 0th order

coefficient =
πNM iΩ0ωd

−1
4
w2
p −

iw2
pt1P
2

+
1
16
w4
p−

it1w
4
pP

4
−
w4
pt

2
1P

2

4

1
4
w2

0+ 1
4
w2
p+

iw2
pt1P
2

× 1

(2π)3
(

1
4
w2

0 + 1
4
w2
p +

iw2
pt1P
2

)
≈ − 16πNM iΩ0ωd

(2π)3w2
pw

2
0

.

(I.25)

The simplification of the exponent under the integral of z1 is considered. A
piece of the exponential is found in Θ(z1), which produces

exponential

= exp

(
iχz1 −

|X0|2

w2
0 + w2

p + iz1
kz(ωd)

− |iX + gX0|2

4c1(z1)

)
.

(I.26)

The goal is to make this expression linear with t1. Since the first term is
linear in z1, it will be linear in t1, so the second term is simplified by writing
it in terms of P and the new definition of z1, then Taylor expanding to 1st

128



order. Writing in terms of P

− |X0|2

w2
0 + w2

p + iz1
kz(ωd)

− −|X|
2 + 2giX ·X0 + |gX0|2

4c1(z1)

= − |X0|2
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p + 2iw2
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(
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2
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)
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(
iw2
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p

)
w2
pw

2
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pPw2
0 + 8it1Pw4
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+

(iw2
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pw

2
0 + 2it1w2

pPw2
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p

.

(I.27)
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Taylor expanding to first order

− |X0|2

w2
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p + iz1
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−

(
w2
pw

2
0

)(
2it1w

2
p|X|

2 + 2iX ·X0

(
2t1w

2
p

)
−
(

4it1w4
pw

2
0+6it1w6

p

(w2
0+w2
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(I.28)
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which brings the exponent in Eq. (I.26) to

exponential

= exp


iχL− 2i

(
|X + X0|2 −

5w2
pw
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 ,

(I.29)

which is linear in t1. The exponent of M � B∗ � E � E � B �M∗ is the only
expression which depends on t1, and is easier to integrate than without the
Taylor expansions. The expression, M �B∗ � E � E �B �M∗, becomes

M �B∗ � E � E �B �M∗

=
24
√

2πN2
M |Ω0|2ω2

dL
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
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(I.30)
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Integrating over t1

M �B∗ � E � E �B �M∗

=
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(I.31)

The last exponential can be simplified into a cosine function

M �B∗ � E � E �B �M∗
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(I.32)

Considering the last factor
1− cos (ε)

ε2
, (I.33)

where

ε = χL+
2P
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0 + 2w2
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4
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. (I.34)
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Collinear light is considered, i.e. a small down-conversion angle, θ ≈ 0 which
implies χ ≈ 0. Therefore, the value of ε is small since P is also small and is
shown in section 2.3. It is possible to use L’Hôpital’s rule twice in order to
simplify the result

lim
ε→0

(
1− cos (ε)

ε2

)
= lim

ε→0

(
sin (ε)

2ε

)
= lim

ε→0

(
cos (ε)

2

)
=

1

2
.

(I.35)

Eq (I.32) conveniently simplifies to

M �B∗ � E � E �B �M∗

=
23
√

2πN2
M |Ω0|2ω2

dL
2δdδp

(2π)6w4
pw

4
0

∫
t(X)2

exp

− 2|X0|2

w2
0 + w2

p

−
2(w2

0 + w2
p)
∣∣∣X− w2

p

w2
0+w2

p
X0

∣∣∣2
w2
pw

2
0

 d2X.

(I.36)

Noting that NM =
√

2πw0, and rearranging the above equation reduces R
to

R ≈ M �B∗ � E � E �B �M∗

4

=
2
√

2π|Ω0|2ω2
dL

2δdδp
(2π)5w4

pw
2
0

∫
t(X)2 exp

(
−2|X0 −X|2

w2
0

− 2|X|2

w2
p

)
d2X.

(I.37)

Substituting Ω0

R ≈ 4
√

2π|ζ0|2σ2
ooeω

3
dL

2δdδp
π4w2

pw
2
0c

4

∫
t(X)2 exp

(
−2|X0 −X|2

w2
0

− 2|X|2

w2
p

)
d2X.

(I.38)
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Extracting the image from R

T (X0) =

∫
t(X)2 exp

(
−2|X0 −X|2

w2
0

− 2|X|2

w2
p

)
d2X

=

∫
t(X)2h (X0,X) d2X,

(I.39)

where the h (X0,X) is the PSF. The above image is the same as for the case
with the extreme thin crystal limit, and a similar interpretation applies.
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Appendix J

Derivation of the diamond
product integral

This proof was done independently. The following integral, which arises
numerous times during calculations in slightly different forms, is proved∫

exp

(
a|k1|2 + V · k1 + b|k1 + k2|2 + c

∣∣∣∣k1

d
− k2

e

∣∣∣∣2
)
d2k1

= − π

a+ b+ c
d2

exp

(
−|V|2 − (4b− 4c

de
)V · k2

4(a+ b+ c
d2 )

+

(
b+

c

e2
−
b2 − 2cb

de
+ c2

d2e2

a+ b+ c
d2

)
|k2|2

)
,

(J.1)

where a, b, c, d, and e are constants with respect to the integration, and V is
a vector which is also constant with respect to the integration. The absolute
value is defined as the vector absolute value. The exponent is rearranged and
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completing the square yields

a|k1|2 + V · k1 + b|k1 + k2|2 + c

∣∣∣∣k1

d
− k2

e

∣∣∣∣2
=
(
a+ b+

c

d2

)(
|k1|2 +

(
V + 2k2b− 2ck2

de

)
· k1

a+ b+ c
d2

)
+ b|k2|2 +

c

e2
|k2|2

=
(
a+ b+

c

d2

)[(
k1x +

1

2
σx

)2

+

(
k1y +

1

2
σy

)2
]

− 1

4

(
a+ b+

c

d2

) (
σ2
x + σ2

y

)
+ b|k2|2 +

c

e2
|k2|2,

(J.2)

where σ is a vector with components σx and σy and is defined as σ =
(V+2k2b− 2ck2

de )
a+b+ c

d2
. The integral becomes

∫
exp

(
a|k1|2 + V · k1 + b|k1 + k2|2 + c

∣∣∣∣k1

d
− k2

e

∣∣∣∣2
)
d2k1

=

∫
exp

((
a+ b+

c

d2

)[(
k1x +

1

2
σx

)2

+

(
k1y +

1

2
σy

)2
]

−1

4

(
a+ b+

c

d2

) (
σ2
x + σ2

y

)
+ b|k2|2 +

c

e2
|k2|2

)
d2k1

= − π

a+ b+ c
d2

exp

(
−1

4

(
a+ b+

c

d2

) (
σ2
x + σ2

y

)
+ b|k2|2 +

c

e2
|k2|2

)
.

(J.3)
The terms σ2

x+σ2
y are simplified by using the definition of σ, expanding, and

then grouping up terms to finally obtain∫
exp

(
a|k1|2 + V · k1 + b|k1 + k2|2 + c

∣∣∣∣k1

d
− k2

e

∣∣∣∣2
)
d2k1

= − π

a+ b+ c
d2

exp

(
−|V|2 −

(
4b− 4c

de

)
V · k2

4
(
a+ b+ c

d2

)
+

(
b+

c

e2
−
b2 − 2cb

de
+ c2

d2e2

a+ b+ c
d2

)
|k2|2

)
.

(J.4)
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Appendix K

Narrow spectral function
simplification

Consider firstly the integral over ω1 and ω′1, and then, the integral over ω3.
Let ωx = ω3 − ωp∫

h(ω1 − ωd, δd)h(ω1 + ω3 − ωp, δp)

h(ω′1 − ωd, δd)h(ω′1 + ω3 − ωp, δp)dω1dω
′
1

=

[∫
h(ω1 − ωd, δd)h(ω1 + ω3 − ωp, δp)dω1

]2

=

[∫
h(ω1 − ωd, δd)h(ω1 + ωx, δp)dω1

]2

.

(K.1)
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The definition of the narrow spectral function in terms of a Gaussian is now
substituted

2

πδdδp

[∫
exp

(
−(ω1 − ωd)2

δ2
d

− (ω1 + ωx)
2

δ2
p

)
dω1

]2

=
2

πδdδp

[∫
exp

(
−
δ2
pω

2
1 − 2δ2

pωdω1 + δ2
pω

2
d + δ2

dω
2
1 + 2δ2

dω1ωx + δ2
dω

2
x

δ2
dδ

2
p

)
dω1

]2

=
2

πδdδp

∫ exp

−
(
δ2
p + δ2

d

) (
ω1 +

δ2
dωx−δ

2
pωd

δ2
p+δ2

d

)2

δ2
dδ

2
p

−
−2δ2

dδ
2
pωdωx−δ2

pδ
2
dω

2
x−δ2

pδ
2
dω

2
d

δ2
p+δ2

d

δ2
dδ

2
p

 dω1

2

=
2δdδp
δ2
p + δ2

d

exp

(
−2 (ωx + ωd)

2

δ2
p + δ2

d

)
=
√

2πδdδph
2
(
ωx + ωd,

√
δ2
p + δ2

d

)
.

(K.2)
The integral over ω3 is now considered, and a change of integration variables
is performed such that ωx = ω3 − ωp is integrate over∫

h(ω1 − ωd, δd)h(ω1 + ω3 − ωp, δp)

h(ω′1 − ωd, δd)h(ω′1 + ω3 − ωp, δp)dω1dω
′
1dω3

= 2π
√

2πδdδp

∫
h2
(
ωx + ωd,

√
δ2
p + δ2

d

) dωx
2π

= 2π
√

2πδdδp.

(K.3)
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