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ABSTRACT

Although options have been traded for many centuries, it has remained a rela-
tively thinly traded financial instrument. Paradoxically, the theory of option
pricing has been studied extensively. This is due to the fact that many of the
financial instruments that are traded in the market place have an option-like
structure, and thus the development of a methodology for option-pricing may

lead to a general methodology for the pricing of these derivative-assets.

This thesis will focus on the development of the theory of option pricing.
Initially, a fundamental principle that underlies the theory of option valua-
tion will be given. This will be (ollowed by a discussion of the different types

of option pricing models that are prevalent in the literature.

Special attention will then be given to a detailed derivation of both the
Black-Scholes and the Binomial Option pricing models, which will be fol-

lowed by a proof of the convergence of the Binomial pricing model to the

Black-Scholes model.

The Black-Scholes model will be adapted to take into account the payment
of dividends, the possibility of a changing interest rate and the possibility of
a stochastic variance for the rate of return on the underlying assct. Several

applications of the Black-Scholes model will finally he presented.
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CHAPTER 1
INTRODUCTION

Option trading, especially on stocks, has had a long and varicd history. In
fact, its origins can be traced back to the time of the ancient Greeks when

the following quotation was made by Aristotle.

There is an anecdote of Thales the Milesian and his financial
device, which involves a principle of universal application, but is
attributed to him on account of his reputation for wisdom. He
was reproached for his poverty, which was supposed to show that
philosophy was of no use. According to the story, he knew by
his skill in the stars while it was yet Winter that there would
be a great harvest of olives in the coming year; so, having a
little money, he gave deposits for the use of all the olive presses
in Chios and Miletus, which he hired at a low price because no
one bid against him. When the harvest time came, and many
wanted them all at once and of a sudden, he let them out at any
rate which he pleased, and made a quantity of money. Thus he

showed the world that philosophers can easily be rich if they like

Aristotle’s Politics, Book One,
Chapter eleven, Jowett translation.

The early scventeenth century, however, saw the first extensive use of op-
tions. Tulip bulb growers in Amsterdam wrote call option contracts which

they then sold to tulip bulb dealers for a certain fee. The holder of such a

contract then had the right to purchase, at some future date, the as of yet



unharvested tulip bulbs at a fixed price. The dealers, in turn, sold these
bulbs, for future delivery, based on the value of these call option contracts.
There were, however, many irregularities in the tulip bulb option market.
For example, there were no financially sound option endorsers to guarantee
that the writers would fulfil their contracts, and there were no margin re-
quirements necessary to keep speculators from bankrupting themselves. As
a result, the tulip bulb market collapsed in 1636, with these investors and
speculators, who had gained some experience in Amsterdam, moving to Eng-
land following the accession of William and Mary to the English throne in
1688. Although option trading was declared illegal by the Barnards Act of
1733, option trading continued until the financial crisis of 1931, when it was

eventually banned.

In 1958, however, option trading resumed on a small scale. In an attempt
to promote the development of an options market, a properly constituted op-
tions trading market (known as the Chicago Board Option Exchange (CBOE))
was set up in Americain 1973. This brought into existence, for the first time,
a market for option trading that contained standardized (fixed) expiry dates.
The CBOE’s lead was then followed by the American Stock Iixchange, the
Philadelphia Stock Exchange, the Midwest Stock Exchange and the Pacific
Stock Exchange. Outside America, the European Options Exchange in Ams-
terdam, the London Stock Exchange and the London International Financial

Futures Exchange also began promoting an options market with fixed expiry

dates.

In South Africa, the development of an options trading market was primarily

S



influenced by the combined interest of the Dutch and British in South Africa
as well as the development of the mining industry. At the time the following
two mining houses, Anglo American and Johannesburg Consolidated Invest-
ments, were the most active in the writing of option contracts. Stockbroking
companies, however, began to enter the options market in the late 1940’s
when two members of the JSE, Mr M.R. Johnson and Mr R.C.J. Anderson,
began to sell options. In the early eighties, eflorts were made to create a for-
malised exchange in Krugerrand futures and options. These cfforts, however,
failed due to insufficient financial backing and a lack of tradeability (market
liquidity). In 1987, Eskom introduced the first standardized option contract
to appear in South Africa. Known as the E168-11%-2008 option contract,
it was written on the Iskom 168 stock which matures in the year 2008
and pays a coupon rate of 11 per cent. At the time of writing this thesis,

exchange traded options are available on the following stocks:!

15168-11%-2008, R150-12%-2005, R119-14%-1997, UG55-15%- 2005,
R147-11,5%-2008, R144-12,5%-1996, E170-13,5%-2020, EI167- 12%-1996,
T004-7,5%-2008,  P001-10%-2008, P002-10%-1993, P005-12%-1998,

while over-the-counter options are available on a limited range of listed shares

and futures, foreign currency and commodities.

While options have been traded for many centuries. the valuation of these
contracts is relatively new, with the first attempt heing recorded by Bache-

lier in 1900. There have since heen numerous contributions to the theory of

1The prefix E refers to an Eskom Loan, R to an RSA stock, UG to the Umgeni
Waterboard, T to Transnet, P to Post and Telecommunications (Telkom)



option pricing. However, it was Fischer Black and Myron Scholes who, in
1973, presented in their paper entitled, “The Pricing of Options and Corpo-
rate Liabilities”, the first satisfactory option pricing model, accepted by both
academics and market participants. The objective of this thesis will be to
review the derivative theory of option valuation with specific attention be-
ing given to the derivation of the Black-Scholes and binomial option pricing

models.

In the second chapter we will present some terminology and notation that
will be employed in this thesis. Thereafter, a fundamental principle for op-
tion valuation will be given and the chapter will close with a discussion of

some basic option trading strategies.

In chapter three, we will examine three types of option pricing approaches
that have been adopted in the literature, namely, the discounted expected
value, the recursive optimisation and the general equilibrium pricing ap-

proaches.

Two derivations of the Black-Scholes call option pricing model will then be
presented in chapter four. The first derivation will use an Ité calculus ap-
proach, and the second derivation will be based upon the capital asset pricing
framework of Sharpe and Lintner. Thereafter, we will show how the value of
a European put option can be derived from the value of a call option, which

is followed by the derivation of a valuation model for an American put option.



Our aim in chapter five will be to highlight the arbitrage pricing principle
underlying option pricing theory. This will be done by deriving a two-state,
discrete-time analogue to the Black-Scholes option pricing model, known as
the Binomial option pricing model. We will then show, with the use of the
De Moivre-Laplace theorem, that the Black-Scholes option pricing model can

be derived as a special limiting case of the Binomial option pricing model.

Chapter six will deal with the relaxation of three of the underlying assump-
tions of the Black-Scholes model. By taking into account the payment of
dividends and the possibility of a changing short term interest rate, we will
show that the resulting option pricing model is only a slight modification of
the Black-Scholes model. We will also derive, and solve, a partial differential
equation for the price of an option where the variance of the rate of return

on the underlying asset is assumed to be stochastic.

In the final chapter, the inherent flexibility of the Black-Scholes option pric-
ing model will be illustrated where the valuation of the debt and equity of
a firm, the valuation of convertible bonds, warrants, collateralised loans and

the pricing of certain insurance contracts will be considered.



CHAPTER 2

BASIC OPTION CONCEPTS AND STRATEGIES

The aim of this chapter will be to introduce the terminology and notation
that will be employed in this thesis. A fundamental principle that underlies
option pricing theory will be given. Thereafter, four basic option trading

strategies will be discussed.

2.1 TERMINOLOGY AND NOTATION

An option contract is a contract which, for a predefined period of time, gives
the owner the right, but not the obligation, to trade a certain number of
units of an underlying asset at a fixed price that is called the ezercise or
strike price. The price that is paid for the option is called the option pre-
mium while the date on which the option expires is called the expiration or

maturity date.

Given the above definition, two basic types of option contracts can be iden-
tified, namely, a call option, which gives the purchaser the right to buy the
underlying asset at the exercise price, and, a put option, which gives the
purchaser the right to sell the underlying asset at the exercise price. The
option holder is then said to have a long position in the contract as the op-
tion grants him the opportunity to exercise his option if he so wishes. The
option writer, however, has a financial obligation to the option holder should
he decide to exercise the option, and is thus said to have a short position
in the contract. If the exercise price is set equal to the currently prevailing
asset price, then the option is said to be trading at-the-money. If the exer-
cise price is set below (above) the asset price, then the call (put) option is
referred to as trading in-the-money, while, if the exercise price is set above
(below) the asset price, then the call (put) option is referred to as trading
out-of-the-money. An option that can be exercised at any time on, or before,

the expiration date is called an American option, while one that can only be
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exercised at maturity is called a Furopean option.

In order to facilitate the discussion in the chapters to follow, the following

notation will be employed, namely:

C(St*, i*)

P(St,t)

P(Sgt ) t*)

current date,
expiration date of the option,
time to expiration (t* — 1),

a random variable denoting the price
of the underlying asset at time t,

a random variable denoting the price
of the underlying asset at time t*,

exercise price of the option,

price of a call option at time ¢, based on an underlying
asset with current price S; = s,

price of a call option at time t*, based on an underlying
asset with current price Sy = 8+,

price of a put option at time ¢, based on an underlying
asset with current price S; = s,

price of a put option at time t*, based on an underlying
asset with current price Sy = s+,

standard deviation or volatility of return,
risk-free interest rate,
the cumulative standard normal distribution,

the standard normal density function.



2.2 A FUNDAMENTAL PRINCIPLE FOR OPTION
VALUATION

Since the exercising of an option is voluntary, the purchase price for a call
option on an underlying asset, with current price, s;, and time to expiration,
T, can be given by:

C(sy,t) = max[0,s, — X] . (1)
This is often referred to as the option’s intrinsic value. Similarly, the intrinsic
value for a put option on an underlying asset with current price, s;, and time

to expiration, T', can be given by:
P(s;,t) = max[0, X — 5] . (2)

The above pricing principle will be used extensively throughout this thesis.

2.3 BASIC OPTION TRADING STRATEGIES

Before considering further the theory of option pricing, we will briefly focus
our attention on a discussion of four basic option trading strategies that are
being employed in the market. Our purpose for doing so will be to illus-
trate how certain risk-reward characteristics of the underlying asset can be
obtained using call and put option instruments. In order to simplify the

discussion, the following basic assumptions will be made, namely, that
(1) the underlying asset on which the option is written costs R90, and that

(2) put and call options, which expire in six months, are available.
The strike price of the option will be assumed to be R100 and the

premium to be paid, R10.!

"Although the price of both the call and put option is the same here, it does not
presume that a call and put option with the same parameters will have the same value.



2.3.1 Purchase a call option

20

Profit (R)
o

-10

_20 1 1
90 100 110 120
Stock price (R)

The profit-loss position of a call option holder, is illustrated above. The in-
vestor will lose the entire premium, if, by the expiration date, the underlying
asset, is still selling below the strike price of R100. He will only break even
when the price of the asset equals the strike price plus the option premium
paid for the call, in this case, R110 (R100 + R10). Thus only when the price

of the asset rises above this break-even price of R110, does he come into profit.



2.3.2 Sell or write a call option
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The above graph illustrates the position of a “naked” or uncovered call op-
tion writer.? If the option holder does not exercise the option, the writer will
get to keep the entire premium. Thus, this position is profitable so long as
the price of the asset does not rise above that of the break-even price of R100
+ R10 = R110. However, the option writer’s profit is limited only to that of

the option premium that was paid, while his potential loss may he enormous.

2 . o . .
“A “Naked” or uncovered option writer is one who writes an option on a stock that he
does not own.
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2.3.3 Purchase a put option
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As in the case of a call option holder, the put option holder’s risk is limited
to the premium paid for the option. The break-even point will then be given
by the strike price less the premium paid, in this case, R90. If the stock price
falls to R80, the put option buyer could realise a profit of R10 by buying

the stock in the physical market at R80 and exercising his option to sell the

stock at R100 to the option writer.



2.3.4 Sell or write a put option

20r

10

-20 L :
80 30 100 110
Stock price (R)

Profit (R)
o

Just as the writer of a “naked” call option receives the entire premium if, by
the expiration date, the asset price is below the strike price, the writer of a
“naked” put option receives the entire premium if the price of the asset is

above the strike price.

In the case illustrated above, the writer will break even at the strike price
less the premium paid for the option, in this case, R90. Il the stock price
falls below this price, the writer will begin to make a loss. If the stock price
remains above this break-even price, the writer will make a profit that is

limited to the premium paid.

Numerous other speculative strategies that involve options are also possi-

ble. Although it is not possible to explore every strategy here, the few that

12



we have explored do illustrate to some extent, the way in which options can
be used to reduce an investor’s exposure to market risk. It should, however,
also be noted that even though the investor now has the opportunity to ben-
efit from any favourable price movements in the underlying asset, this benefit

comes at a cost, namely, that of the option premium.
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CHAPTER 3
THEORIES OF OPTION PRICING

Broadly speaking, the following three types of option pricing models can be

identified in the literature, namely
(i) discounted expected-value models,
(i) recursive optimisation models, and
(iii) general equilibrium models.

In this chapter we will briefly examine each of the above-mentioned models
with a view to gaining a useful insight into the development of the Black-
Scholes model. Use will be made of a European call option since it is the

simplest type of option that is traded.

14



3.1 DISCOUNTED EXPECTED-VALUE MODELS

Discounted expected-value models assume that a call option will only be ex-
ercised at maturity.! For every possible price S;« that the underlying asset
might assume on the expiration date of the option, the following are calcu-

lated:

(a) the probability that the stock will assume the price S;«, viz. P(S;» =

S¢+), and
(b) the expected future price for the option, namely

E[C(Spk,t)] = FE{max|0,S, — X]}

= [(Se = X)J(Se)dS.e
X

where f(5;+) denotes the density function of S;..
Employing an appropriate discount rate 6, we can then express the present
value of (3) as

Clspt) = e T [ (S — X)f(S0)dS,s . (4)

k\g

A call option holder, upon exercising the option, will receive the maximum of zero or
s; — X where s; is the current price of the underlying asset. However, prior to the date of
expiration, the value of the call option is worth at least the difference between the current
asset price and the present value of the exercise price, that is ('(s,, t) = max(0,s,—Xe™"T).
Since r, 7 >0, Xe7™T <« X = 5, — Xe='T > s; — X it follows that the profit that can be
obtained from exercising the option prior to maturity, i.e. max(0,s, — X) is less than the
Intrinsic value for the option. Thus it is never optimal to exercise an American call option
on a non-dividend paying asset prior to expiration because the return from exercising this
option would be less than the return that one would obtain from selling the option at its
Intrinsic value in the market place.



Examples of discounted expected-value models are those that have been de-
veloped by Sprenkle (1964), Boness (1964) and Samuelson (1965). A brief

discussion of these models will now follow.

3.1.1 The Sprenkle Model
Sprenkle (1964) assumed that the price of the underlying stock has a log-
normal distribution. The expected value of the option on maturing is then

given by

E[C(Si, 1) / (Ser — X)A(S)dS,e | (5)
X
where A(S5;+) denotes the lognormal density function of the stock price.

The following theorem (Smith (1976)) can now be used to evaluate the above

integral, viz.

16



Theorem

If S, follows a lognormal distribution and

0, if St* > QSJY’
Q = )\Sgt — ")CX, if ¢X 2 St* > 'l/))\’,
0, it S < 00X,

denotes a random variable, then

dX
EQ) = /()\Sf*~7X)A(St.)dSt.,
PX

_ Ty, [N{lnm/ww[p+(a'2/2>1T}_ N {lnm/w’)+[p+<o2/2)1TH
N t U\/T U\/T

e Sl /e X) 4 [o - (a7 ln(st/¢<\’)+[p—(oﬁ/:z)]TH
st} (st

where p denotes the continuously compounded expected rate of growth in

the stock,? ¥, ¢, A and + denote arbitrary, but known, parameters A(.S;+) the
lognormal density for S;» and N{-} denotes the cumulative standard normal

distribution.

Applying the above result with A = v = ¥ = 1, and ¢ = oo, to (5), one

can obtain

i ers [y {10 X) + [+ (o /2))T
E[C(Sp,t*)] = t[N{ e H

o [ [ (s X) 4 [p — (o 2T
X {N{ T H ) (6)

2E(Sp/Sy) = T

17



3.1.2 The Boness Model
Boness (1964), also assuming a lognormal distribution for the stock price,
derived an expression for the expected terminal price of a call option by

using the following conditional expectation argument, viz.
E[C(Sp,t7)] = E[E(max[0,5. — X][S:. > X)], (7)
— [E(‘S't* |S¢* > 4\,) - E(X| St"‘ > )\,)] P(;_qtt > JY)j
= [(/’\f'St*A(Sl*)dSt* //{ A(Sp)dSys) — X[ [ A(Sp)dS,
g , ¥
= A[(5[. — X)A(S)dS,e . (8)

Discounting (8) by the expected rate of return on the stock, p, he arrived at

the following present value formula for the price of an option
Csit) = T /(5,* — X)A(Sp)dS, . (9)
/Y

Using the theorem of Smith with A =y = e 4 =1 and ¢ = o, (9) may
then be solved to yield:

oV T

e TX N {m(sf/X) too (a?/‘zﬂ’f} |

Clsit) = siN { In(s:/X) + [p + (02/2)]1‘}

(10)



3.1.3 The Samuelson Model

In Samuelson’s (1965) approach he chose to distinguish between the different
risk characteristics of the option and those of the underlying asset. Having
assumed that the distribution of the terminal stock price is lognormal, he
discounted the expected terminal call option value by 3, the expected rate
of return on the option, rather than by p, the expected rate of return on the

underlying stock, to yield
C(si,1) = eT /(St. — X)A(S:)dS, . (11)
X

Using the theorem of Smith and letting A =y = 7?7, 1) =1 and ¢ = co we
then obtain the result that

Clst) = e B=Tg N {ln(st/){) ';E//)T-I- (02/2)]T}

0T N {1n(st/X) + E;Tﬁ (02/‘2)}T} .

(12)
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3.2 RECURSIVE OPTIMISATION MODELS

The possibility of exercising an American option before maturity is taken
into account in the recursive optimization model. The method consists of
dividing the life of an option into a series of fixed time periods. At the end

of each period the call option-holder then has the choice of either
(i) exercising the option, or
(i1) holding onto the call option for one more period.

In order to find the valuc of a call option with strike price X, we will divide
the life of the call option into n periods. Letting s; denote the price of the
underlying asset at time ¢ and C(s,1,7) denote the value of a call option at
time ¢, with j periods remaining to maturity, then, in view of the above two

choices, we find that C'(s;,t,7) will be given by the maximum of
(i) zero,
(i1) s, — X, the present intrinsic value of the option, or

(iii) the expected value of the call option with j periods to expiration, given
that the option holder has decided to hold the option for one more
period, i.e.

e MEIC(Sipmt 4 b j — 1S = 5], (13)

where % is defined to be equal to the length of each time period and 6

denotes an appropriate discount rate.

Thus by determining all the possible values that the price of the underlying
asset might assume n — 1 periods before maturity, and a suitable course of

action for each of these possible values, the value of a call option at time ¢,

20



with n periods remaining to maturity, can now be derived from the following

recursive equation (Samuelson, 1965, p.158)
C(sy,t,n) = max[0,s; — X, e‘gh/C(,9t+h,t + h,n—1)
0

P(5z+h < St+h|St = St)d5t+h] y

C(Sp,1*,0) = max[0,S; — X]. (14)

The above recursive optimisation procedure will be used in the next chapter

to find the value of an American put option.



3.3 GENERAL EQUILIBRIUM MODELS

The approach of the general equilibrium model is to attempt to create, using
a suitable option strategy, a hedged position in a certain asset in such a
manner that the expected rate of return on this hedged position equals the
return on a riskless asset. Such an approach has led to the derivation of the

following pricing formula for options:

Clsy,t) = sN {]H(St/X) +[r+ (02/2)]T}

o/ T

oty S Inse/X) + [r = (0?/2)]T
—Xe N{ T }

(15)

Known as the Black-Scholes pricing formula, the above formula has become
widely used in the market place and will form the focus of our attention in

the next chapter.

S
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CHAPTER 4

THE BLACK-SCHOLES OPTION PRICING
MODEL

In this chapter we will derive the Black-Scholes formula for pricing a Euro-
pean call option. Initially, an It6 calculus approach will be used, and then,
for comparative purposes, a capital asset pricing framework approach will be
presented. Thereafter a pricing formula for a Furopean put option and an

American put option will be presented.

4.1 DERIVATION OF THE BLACK-SCHOLES CALL OPTION
VALUATION MODEL USING ITO’S LEMMA

Given the following assumptions, namely that
(1) the risk-free interest rate, r, is known and assumed to be constant,

(2) the stock price has a lognormal distribution with a constant variance

rate of return,
(3) there are no dividend payments on the stock,
(4) the option is a [luropean option,
(5) there are zero transaction costs and taxes,
(6) trading takes place continuously,

(7) there are no penalties for short sales,



let us assume that the price of a call option is expressible as a function of
t, the current point in time, and s,;, the price of the underlying asset at
time ¢. Furthermore, assume that C(s;,t) represents a twice continuously
differentiable function with respect to s;, and that the dynamics of the asset
price can be adequately described by a stochastic differential equation of the

form

dS,/s; = pdt + o dw , (16)

where p denotes the expected instantaneous rate of return on the underlying
asset, o? the instantaneous variance for that return, and w(-) a standardized

Wiener process.

Black and Scholes (1973) then demonstrate that it is possible to create a
riskless hedge by combining a single share of the underlying stock with an
appropriate quantity of European call options. This portfolio, if adjusted
continuously with changes in the underlying stock price should then, in equi-
librium, earn a rate of return that is identical to that of the riskless interest

rate r.

In order to create such a hedged position, the number k, of call options

that should be sold short, against one share of the stock that is to be held



long should satisfy the equation

k[C (s + Asyyt + At) — C(sy, )] = Asy -

Since
80 (s, OC (si,t
Cls+ Aspt+ At) = Csi,t) + (s08) gy 9 Ny
()t aSt
1 82C($i i) 2 1 aQC?(Si,IL) 2 020(St,t)
i il PR S & s —A At Ve
5 o B g Tga (AslH TRy T As ALY

this implies that
C(si+ Asiyt + At) — C(s,t) ~ Ci(se,t)Asy for small At

where C1(s;,t) refers to the partial derivative of C(sy,t) with respect to s;.
Therefore
1

k= — )
Cl(‘sht)

Thus the value, at time ¢, of the hedged portfolio can be given by

C (s, )
Ci(set)’ (17)

St —

with a change in value of this investment position over a short time interval

being given by
dC(S,t)

l _
= oD

- (18)



Since C(sy, 1) is twice continuously differentiable, [t6’s Lemma (see Appendix

A) can now be used to express dC(Sy,1) as follows:

dC(St,t) = Cl(sh t)dSt + CQ(St,t)dt + %C]](St,t)(dsl)2 . (19)

Substitution of (d5,)2 from (16) then yields:!
dC(S;,t) = Ci(se, 1)dS, + Colss, t)dt + %C“(st,t)(,ustd'l, + os,dw)?,
= Cu(si 1)dS: + Clsu t)dt + SCm (s t) (253 (d1)?
+2pusto dt dw + os?(dw)?),
= Cysi, 1)dS, + s t)dt + 3Cn (50, )03 (dw)?,

= Ci(s,,1)dS; + Cylse, t)dt + %Cn(st,t)a%?dt. (20)

Substitution of dC(Sy,t) in (18) then yields:

1
(-'vl (Sts 1’)

dSt - [C](st,t)dst + CQ(Sg,t)dt + %C]](St,i)ojsltzd[/:l y

1
N _C](sht) [C'Z(St,t) + %Cl](st,i)agsf] dt . (21)

Since the hedged position is riskless, it must earn a rate of return that is
equal to the risk-free interest rate. This then implies that the change in

value of the hedged position in (21) must be equal to the value of the initial

'We obtain step three as a conscquence of the following results which appear in Ap-
pendix A, namely:

(dt)? = o(dt) and dt dw = 0 .
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hedged position in (17) multiplied by rdt, i.e.

1
Ci(s,t)

C(St, t)
— dt
: 01(31»"5)} e

[C72(3t,i) + %011(81,1’)0’23?] dt = l:s

= —CQ(St,t) - %Ol](st,t)UZS? = TStC] (31, t) — TC(St,t) s

which yields a second order linear, partial differential equation for the value

of an option of the form

Colsi,t) = rC(se, 1) — 15,C1 (84, 1) — %UQSfC“(st,t) ) (22)

A suitable boundary value condition that is needed to solve the above differ-

ential equation can be given by

C(s,t") = max|0, s+ — X7 . (23)

To obtain a solution to the above partial differential equation, Black and
Scholes noted that (22) could be transformed into a familiar heat-transfer

equation which has a solution that is given by

Cls,t) = s;N(dy) — e "X N(dy) , (24)
where
Cn(s /X)) + [r+ (02/2)]T
dy = /T ) (25)
and
4, = In(s;/X)+ [r — (62/2)]T (26)

av/T
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(24) may also be used to find the value of an American call option since it is

never optimal to exercise an American call option before maturity.>

4.2 DERIVATION OF THE BLACK-SCHOLES CALL OPTION
VALUATION MODEL USING A CAPITAL ASSET PRIC-
ING FRAMEWORK

Consider the following Sharpe-Lintner formulation of the capital asset pricing
model which states that the instantaneous rate of return on the call option

over and above the instantaneous risk free rate of return, takes the form:

E (dC!St,t!)

C(St,t)

di :r+ﬂc(/-"m vr) ) (27)

where g, denotes the expected instantanous rate of return on the market

portfolio,

C(s:,t) ’

var(ry,, )

dC (5t
Cov ( (Set) Tmz|St = St)

(28)

M

and r,,, is a random variable denoting the return on the market portfolio.

This then implies that

dC(Sy,t)
E - = J— €
( Clond) ) rdt + (i, — 7)B.dL . (29)
Similarly,
dsS,
E (q—) =rdt + (jt,, — r)Bdt | (30)
S

2See Section 3.1, footnote 1.



where

ds
Cov ( ot rm>
Var(rm,,)

Bs:

From (20) we can obtain the result that

Si = St)

dC (S, t)
Cov (m, T'm,

b = Var(rm,, )
Cov Ci(sy, 1)dS;  Casy, t)dt %Cll(st,t)a%fdt;rml S = 3[)
. C’Y(St,t) C(St,t) O(Si,t)
- Var(r,,,) '
Cl(,st,t)dSt
C S =
) ov < Clsel) T L= Sy
N Var(r,,,)
Sgcl(St,t) . @ o
B Clonl) Cov ( . Tl St = 8y
B var (T, )
_ -SgCl(St,t)/B
N C(St,t) 5

(31)
Multiplying (29) by C(s;,t), and substituting for g, from (31), one can then
obtain the result that

E(dC(S,t)) = rC(se, t)dt + (prm — 1)8,C1 (8¢, 8)Bsdt . (32)

Taking the expected value of (20) then yields:
E(dC(Sg,t)) = CI(Sht)E(dSl) + CQ(St,t)dt + %0’23?01](317t)(h, (33)
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which upon substitution for E(dS;) from (30) yields:

E(dC(St,i)) = T'Sicl(St,t)dt + (H7n — T)StC1(St, t)ﬁsdt

+Ca(s, t)dt + 50257 Cha(se,t)dt (34)

Combining (32) and (34) then yields the following partial differential equation

for pricing a call option, namely
rC (84, t)dt + (ppm — 7)8,C1 (80, 1) Bsdt = 75,Cy (84, 1)dt

F(ptm — 7)8:C1 (50, 1) Bodt + Co(s, t)dt + 1025?011(31,71’)(” :

2

This then implies that

Cy(si,1) = rC(s4,t) — 15, Cr(8, 1) — %(723?(_711(3t,t) ,

which is exactly the same pricing equation as is given in (22).
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4.3 A VALUATION MODEL FOR A EUROPEAN PUT OPTION
In this section we will show how the value of a European put option on an
underlying asset with exercise price X', and maturity date t*, can be derived
from the value of a European call option on the same underlying asset, with

the same exercise price and maturity date.

Consider the following two portfolios:

Portfolio A: one call option, with exercise price X, maturing at time t*, on
an underlying asset with current price s;, and one discount bond

that will be worth X at time ¢*.

Portfolio B: one put option with the same characteristics as those given for
the call option in portfolio A, and one share of the underlying

asset.

On maturing, portfolio A will be worth

max[0, Sp — X| + X = max[X, Sp],
while portfolio B will be worth

max[0, X — Sp.] + S = max[S,, X].
At time ¢ the value of portfolio A will be

Cls,t)+ Xe =1
while the value of portfolio B at time ¢t will be
P(si,t) + s4.

The options, being of the European type, cannot be exercised prior to ma-

turity. Since they have the same value at maturity they must therefore have
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the same value at time ¢. This implies that a European put option must be

priced so that,
P(si,t) = C(si,t) — se + Xe 77D (35)

This is known as the put-call parity.
Substitution of the Black-Scholes formula for C(s;,t) from (24) then yields:
P(Sg,t) = S N{d]} — ‘Yf"_TT y ]V{dg}
= —St[] —N{d]}]—‘—XG*TT[] — N{dQ}]
= —SiN(*dl) + AX'(‘;’“TTJV(**C]Q) s (36)

where d; and d, are as given in (25) and (26) respectively.



4.4 A VALUATION MODEL FOR AN AMERICAN
PUT OPTION

Since it might be optimal to exercise an American put option prior to the
expiry date, the valuation model for a European put option that was given
in the previous section, cannot be used to price an American put option. As
a result the recursive optimisation procedure, outlined in section 3.2, will be

used to derive the value of an American put option.

Consider the following two portfolios:

Portfolio A: One American put option, with strike price X" and time
to expiration, T' = t* — ¢, plus one sharc of the underlying

asset.

Portfolio B: A discount bond that will be worth X at time ¢*.

If the option is exercised at time ¢ < t*, the value of portfolio A will be
X—si+s8=2X,
while portfolio B will be worth
Xe "=,
At expiration (time #*) portfolio A will be worth
max[X — S, 0] 4+ S = max[X, S|,

while portfolio B will be worth X.
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Therefore portfolio A is always worth at least as much as portfolio B re-

gardless of whether the option is exercised prior to expiration.

Thus, should one expect the asset price at expiration, s, to be less than
the exercise price, X, it might be preferable to receive X, at time ¢, rather

than at some later date (time t*).

This being the case, to derive a valuation model for an American put option,
it is necessary to take into account the possibility of exercising the option
prior to the expiration date, prompting our use of the recursive optimisation

procedure of section 3.2.

If the life of an American put option with strike price X is divided into
n time periods, each of length h, then the value of this put option, at time ¢,
with n periods remaining to maturity, on an underlying asset with price s,,

which is assumed to have a lognormal distribution can be given by:



P(st,t,n) = maX[O,X — St,e_phE[Pn._](St_'_h,t + h)ISt = 31,]]7

= max[O,X — S, e"’h f Pn—l(St+h1t + h)P(SH,h _<_ 5t+h|St = St)dSH.h] 3

0

X
= IH&X[O, X —~ St, C—ph f(X - St+h)A(St+h)dSt+h] . (37)
0

Ifwelet ¢y = 0,0 =1, A\ = —e*" 5= —e? and p = r in the theorem of

Smith, we find that

P(s;,t,n) = max [O,X — 84, —stN{ i

—1In(s;/X) = (r + %)h}

2

—In(s/X) = (r—Z)h H |

(38)

+e ™" XN
: { i

Thus, by determining a suitable course of action for each of the possible
values that the underlying asset might assume n — 1 periods before maturity,
the value of an American put option, at time ¢, with n periods remaining to
maturity, can now be derived from (38) where r denotes the risk-free interest

rate and o2, the variance of the rate of return on the underlying asset.
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CHAPTER 5
THE BINOMIAL OPTION PRICING MODEL

Our aim, in this chapter, will be to highlight the arbitrage pricing principle
that underlies option pricing theory. This will be done by deriving an op-
tion pricing model which is set in a discrete time framework, known as the
Binomial Option pricing model. We will also show how the model derived
in Chapter 4, namely, the Black-Scholes model, which is set in a continuous-
time framework, can be derived as a special limiting case of this binomial

pricing model.

5.1 DERIVATION OF THE BINOMIAL OPTION PRICING MODEL

Consider dividing the time to expiration, T, of a call option into n periods

11
each of length h = —. Suppose, furthermore, that the price of the asset
n

at the end of each time period, [t,t + k), will either increase to us,, with

probability ¢, or decrease to vs;, with probability 1 — g.

To avoid the possibility of making a riskless profit, any portfolio that contains
the above stock and options on the above stock will require that v < R < u,

where!

R=01+n)T". (39)

1Since R > 1, v < 1 and u > 1, it follows that v < R and v < u. We may now
consider the case where v < u < Rand v < R < u. If v < u < R then a riskless arbitrage
opportunity is created by lending the proceeds from a short sale at the risk-free interest
rate R. Therefore we must have v < R < u for no risk free arbitrage opportunities to
arise.
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In order to construct a portfolio that is risk free, a hedged position is created
by writing one call option against 7 shares of the underlying asset such that a
gain (loss) in holding the underlying asset is offset by a loss (gain) in holding
the option. The cost of this investment position is then given by the cost of
buying the shares less the premium received for the option that is sold short,
ie.

mitial cost = 78, — C(s,1) . (40)

At the end of the current period, this investment position will be worth either
Tus, — Cpoq(usy, t + h), (41)
with probability ¢, if the asset price rises to us;, or
Tvs; — Cr_q(vsy,t + h) (42)

with probability 1 — ¢, if the asset price decreases to vs,.

A condition for no arbitrage opportunities would now imply that,
Tus; — Chqg(usy, t+ h) = tvs, — Cr_y(vsy, t + h) . (43)
This then implies that the following choice for 7 needs to be made:

S Cn—l(u'stvt + h) B C?l—l(UStat + h) ) (44)

si(u —v)




Since the portfolio constructed was risk-free it must earn the risk-free rate of

interest, thus requiring that
1
78; — Crlsi,t) = E[T'LLSt — Cro1(usy, t + h)] . (45)

Substitution of 7 from (44), then yields

Cn_l(U,St,t + h) - Cn_]('U.Sht + h)

U —7v

— Chulsi,t)

1 [uCh_i(us,,t +h)—uC,_ Jt+h
= — (u I(UQi + ) u l(vSt + ) — Cn_l(ust,t + h):| ,
R | U—v
1 [dC, 1 (usy, t + h) — uCp_y(vs;, t + h)
R i u—v ’
1 TR—v u— R
= Ch(sy,t) = 71 Cr_1(usg, t +h) + T Croi(vs, t + h)| . (46)
On defining?
R—vwv
P2 = )
U—v

(46) may now be written as:

1

Co(ss,t) = E[])QCH_I(ust,t +h) + (1 = p2)Criy(vse, t + 1)),

= R7'[pamax[0,us; — X] + (1 — p,) max[0, vs, — X, 40

3 . " .
For no arbitrage opportunities to occur we require that v < R < u, which implies

that 0 < R_v<1.

u-—v

38



which yields a single period pricing formula for the option under considera-

tion.

In order to extend (47) to a multiperiod framework, let us define the fol-

lowing random variable:

I = the number of times that the stock price rises in the n time
periods remaining to maturity.

Given the above definition, we may then argue that if the stock price rises k
times (and falls n — k times) in the n time periods left to maturity, we will

have the following probability distribution for I, namely

P(I=k) = (A) H(1 ="

Since in equilibrium, we require that,

q(usy) + (1 — q)(vs,) = Rsy ,

. R—wv
:>q: = pq,
U —v

we can obtain the following result

n

P(I=k)< (k

)Pg(l —p2)"F

Thus, conditional on the assumption that k rises in the stock price occur,

the price of the call option, at maturity, can be given by:

Colsi, tH = k) = (Z) ps(1 = p2)™* max(0, ufv" ks, — X]. (48)
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Discounting the sum of all the possible terminal option value outcomes by

R~™, the pricing formula,

Co(si,t) = R (Z)pé“(l — p2)" ¥ max[0, v o™ Fs, — X] (49)
k=0

can be obtained for a call option which expires in n time periods, and where

the underlying asset price follows a binomial process.

In order to simplify the expression that is given in (49) let

1 = the minimum number of asset price rises over the n time periods
that is required for the call option to finish in-the-money.

This then implies that ¢ 1s the smallest, non-negative integer satisfying:
W ls > X,

= ilnu+4(n—2)logv>InX —Ins,,

o X
=iln—>In——nlnv,
v Sy

In Si —nlnv
—_— m . (50)

v

=1 >
In

Thus, we can write (50) as

InX —ninwv
St

i:T+6, (51)

where, 0 < ¢ < 1, is introduced so as to make 7 an integer.
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Hence, (49) may be written as

Cn(St,t) = R_n Z

n

k=1

(Z) ps(1 = pa)" F(uFv

n—kSt —X) .

(52)

Splitting (52) into two terms then results in the following discrete-time for-

mula for a call option that has n periods remaining to maturity:

where

C,I(St, t)

B,

B,

P1

P2

k=1

n

xR [Z

Yk _ n—k
k:i(k)m(l p2) ]

SLBI - ‘X,R_nBQ 3

41

)n—k

St [i (Z)Pg(l — P2,

[

k,n—

u-v

Rn

k

)

(53)

(54)



5.2 CONVERGENCE OF THE BINOMIAL OPTION PRICING
FORMULA TO THE BLACK-SCHOLES OPTION PRIC-
ING FORMULA

Having derived a Binomial option pricing model, we will, in this section,
attempt to show how the above model contains the Black-Scholes model as
a special limiting case. The discussion hereafter will be based on a general

convergence procedure that was developed by Hsia (1983).

Using the results that for small r
In(14+r)~r (59)

and
e (14)7 T (60)

we may, for small r, write the Black-Scholes option pricing formula in (24)

. X .
C'(si,t):si/\/(dl)—mw(@), (61)
where
g — s/ X) 4 [In(1 +7) + (o?/2)]T ‘
h = TT , (62)
and
4, — In(s;/X) + [In(1 4+ 7) — (¢/2)]T . (63)

oVT

On comparison of (61) with (54) and recalling that

R=(1+r)T",
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where T' denotes the time to expiration, and n the number of periods into
which the life of a call option has been divided; the proof of the convergence
of the Binomial option pricing model to the Black-Scholes option pricing
model will be complete if it can be shown that By — N(d;) and B, — N(d;)

as n — oC.

To this end, use will be made of the De Moivre-Laplace theorem (Rahman,
1968) which states that a binomial distribution converges to a normal distri-

bution if np — oo as n — oo.

From (55) and (56)

n

Bjézp(]j:k), _]':1,2,...,

k=1

where [; denotes a binomial random variable with parameters n and p;.3

Since B; is related to a cumulative distribution function of a random variable
having a binomial distribution with parameters n and p; and since p; € (0,1),
by the De-Moivre Laplace Theorem we need only show that B; — N(d;) as

n — 00.

3The symbol = means that Bj is related to the cumulative distribution function of
the random variable [;.
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Now

B, — /f(t)di _ n(z)dz = N(z;), j=1,2,
: = (1))
Var(IJ)
where
E(I;) -1
z; = (/;) - ’
\/Var(]j)
I; denotes the random number of asset price rises in the n time periods,

1 denotes the minimum number of rises in the asset price over the n time

periods that is required for the call option to finish in-the-money,

f(:) denotes a normal density function,
n(-)  denotes a standard normal density function,

N(-) denotes the cumulative standard normal distribution.

In order to obtain an expression for E(/;) and Var(l,), recall that the price

of the underlying asset at expiration (time {*) is given by:

Sy = ulipnhy, .
Hence,
ngt* .
=yl b,
St

This implies that

Sy _
ln( ) = Ijlnu4(n—1I[;)Ino,

St
= [;In (E) +nlnv,
v
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and thus that,
In(Sps/sy) —nlinv

li= In(u/v)

(66)

Using the properties of expectations, we may write the mean and variance

of I; respectively as:

and
Var([;) = Varlln(5c-/s0) (68)

[In(u/v))?
Substituting (51) and the above expressions for the mean and variance of /;

into (65) one can obtain the result that

Elln(S;+/s))] —nlnv  In(X/s)) —nlnv
In(u/v) In(u/v)
’ \/Var S/ 84)] ’

u/v)

Eln(Se/s)] —nlnv —1In(X/s;) + nlnwv
V/Var[In(S. /s,)]

a \/Var[ln(Sr/St)] ’
In(u/v)
_ Eln(Se/s)] +1In(s/X) ¢ (69)
VVar[ln(S /5,)] VVar[In(S,- /s,)]

In(u/v)
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Since the stock price rises with probability p;, and thus falls with probability

1 - Pjs

Var[In( S+ /s¢)]
[In(u/v)]?

Var([;) = =np;(1 —p;) -

Substituting this value for Var([;) in (69) one can obtain the result that:

n(s¢/X) + E[In(Se/s¢)] €

T WNarln(Selsdl (i —p)
n(s/X) + ElIn(Si/s1)] €

1
\/Var[ln(st*/st)] vn m '

Noting that — tends to zero as n — oo,

\/7,/ (1—p,)

In(s;/X) + E[In(S;/s1)]

T — as n — 0o (71)

\/Var[ln(sr/st)]

(70)

In order to simplify the denominator of z, note that, as n — oo, the underly-
ing asset’s price dynamics can be shown to converge to a geometric Brownian

motion process of the form:
dS; = ps;dt + os,dw

where w(-) denotes a standard Wiener process.

We can now use this result to find the variance of In(S;«/s;) which can be

done by letting ¥ =1n S,.
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Application of 1td’s lemma then yields
dY = (H - %02) dt + odw

and thus,

tt l#

Y(t) = Y(t)+/(;z— Lo?) dt-{—/adw,

= V() + (p— 30?) (" — 1) + ofw(t) — w(t)] -

Now

In(S;+/s) = Y()=Y(1),
= (p — %02) (t* —t) + ofw(t*) — w(t)],
= (p, - %(72) T+ ow(T) .
This then implies that

In(Sp/s;) ~ N [(p — 102) T;02T] ,

2

and thus substituting for Var[ln(S;:/s;)] = ¢*T in (71), we have:

In(s¢/X) + E[In(Si+/s:)]
oVT '

l'jZ

(72)

(73)

Examination of the value for z; in (73), and the values for d; in (62) and d,

in (63), show that in order to prove the convergence of the Binomial option
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pricing model to the Black-Scholes option pricing model, we need only show

that, as n — oo,

(74)
E[In(Si/s0)]

I

{[ln(1+r)+(a2/2)]T , forj=1,
T

(In(1 4+ 7r)— (c?/2)]T , forj =2 (75)

To prove (74), recall that, from (57),

n= () =)

which implies that,?

1 1\ !
R=<P1—+(1—P1)—) ,
u v

and thus that

Rr=0anT =l (D) r0-m(3)] (76)

Dividing the life of the call option into n periods and letting S; denote the

price of the asset during the time period j, we may write:

50/ See = (50/5) = (s0/51)(51/52)+ (Suc/Sa) = fI

1=1
4
L R—
(57) implies Rpy = w ( v) ,
u—v
uR uv

u—v u—v

uR uv

u—v T



As the future price of the asset depends only on the current price of the

asset and not on its past history of prices, we may use the properties of

expectations to write:

i Sj-
E(s)/Se) =[] E (fg—]> : (77)
j=1 J
Since
g _ (s;—1)u , with probability p;, and
) (sj-1)v ,  with probability 1 — py
one can obtain the result that
sz 1 1
b( ig.l)zpl (;>+(1—P1)<;> : (78)
J
Thus (77) may be written as:
N 1 I\~
[E(s:/Se )] = kﬁ (;) +(1'—P1)<;)] : (79)
:*R[pl— u] :_uv!
u—v u—v
~ R - (_ uv)( uU—v
B u—v) \prlu—v)—u/’
_ —Uuv
u(pr—1) - pv’

I

_ (—mv_uu—pg !
—uv '

1 1\ !
(pla'f‘(l_l’l);) .

SE(XY)=E(X)E(Y)il X and Y are independent random variables.
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Combining (76) and (79) then results in
(1+7r)" = [E(s/Se)]",
= (1+7)T = E(s/S+),
= —Tin(14+7) = In[E(s/S:)] , (80)
when P(S; = s;_1u) = py.

From the result that is given in (72), namely, that (S,«/s;) has a lognor-

mal distribution, we may deduce that (s;/S,+) has a lognormal distribution.®

The properties of the lognormal distribution can now be employed to simplify

(80) as follows:
—Thn(l+r) = In[E(s/S)],
= Elln(s/Se)] + 3 Var[ln(s,/Si)],T
= E[-1In(S:;+/s¢)] + 2Var[—In(S, /5,)],8

= —E[In(Si/s0)] + 3 Var[In(Sp/s,)).

6 Aitchison and Brown (1957, p.11). See (B1)
TAitchison and Brown (1957, p.8). See (B2)
8 lOg(St/St*) = — ]Og(St-/st)
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Therefore,”
E[ln(Sn/s))] = Tln(l+r)+ 3Var[n(Si+/s:)],
= [In(1+7r)+0?/2]T,

and (74) is proved.

Following a similar argument, one can also show that (75) holds when

P(S; = sj_1u) = py. In order to see this note that, from (58),

R—v
P2 = y
u—0
= R' = (1+ T)T = [pau + (1 — p2)o]™. (81)
Now,
E(Si/s:) = 1 E(S;/si-1) = [pau+ (1 = p2)v]" . (82)
1=1

(81) and (82) together imply that
(1 + T)T = E(Sﬁ/st) .

Thus
Tln(l4+7) = In[E(S;/s)],

= E[In(S/s;)] + Var[In( S, /s,)].
= E[In(Si/s)] = Tn(l4+r)— tVar[ln(S,/s,)]

= [In(l+r)—0o?/2]T,

? Var[In(S- /s,)] = 0%T. See (72).



and (75) is also true.

With the use of the De Moivre-Laplace theorem we have proved that By = N(d;)
and By % N(d,), and so the convergence of the Binomial option pricing model

to the Black-Scholes option pricing model is complete.

It should be noted that because p; and p, are fixed constants between zero
and one, one need only require that n — oo for the above proof to hold true.
Previous attempts at proving the above convergence result have required far
more stringent conditions. For example, Rendleman and Barter (1979) show
in the appendix to their paper that the convergence of their binomial op-
tion pricing model to the Black-Scholes option pricing model depends on the

relation:!®

lim p; =¢.

Hsia (1983) shows that Rendleman and Barter’s condition implies that as
n — 00, 1) = ¢ = 0 and that this is possible if and only if ¢ = ¢ = 0 = % as

n — OO.11

10 Rendleman and Barter (1979, p.1109), p1,p2 and ¢ are equivalent to ¥, ¢ and @
respectively in Rendleman and Barter.
"Hsia (1983, p.46).



Cox, Ross and Rubinstein (1979) show that the convergence of their binomial

option pricing model to the Black-Scholes option pricing model holds only

u = eXp(Gm),

for the case where!?

v = u’l, and
po= 543 () VI

Hsia’s convergence proof however imposes no restrictions on u,d and p and
1s therefore a more general proof of the convergence of the binomial option

pricing model to the Black-Scholes model.

2 Cox, Ross and Rubinstein (1979, p.249).
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CHAPTER 6

MODIFICATIONS OF THE BLACK-SCHOLES
MODEL

The derivation of the Black-Scholes formula is based on the fulfillment of
certain “ideal conditions”. In this chapter attention will be given to the

relaxation of the following three assumptions, namely that
(i) there are no dividend payments on the asset,
(i) the short-term interest rate is known and is constant, and
(iii) the variance of the rate of return on the asset is constant.

In the first section of this chapter, we will examine the effect that a dividend
payment has on the Black-Scholes formula for a European call option. We
will show that with a slight modification of the Black-Scholes formula divi-

dend payments can be taken into account.

In section two we will incorporate a time varying interest rate into the Black-
Scholes model, and, in section three, we will derive and solve a partial dif-
ferential equation for the price of a call option on an underlying asset where
the variance of the rate of return on the asset is assumed to be stochastic.
All the other assumptions that have been made by Black and Scholes (1973)

will however be maintained throughout the chapter.



6.1 THE EFFECT OF DIVIDENDS

To analyse the effect of making a dividend payment on a Furopean call op-
tion, let us denote by D, the dividend payment that is to be made per share
on an underlying asset that has a current price of s;. Furthermore, let us
assume that the dividend payments are made continuously so that the divi-

dend yield, which we will denote by § = D/s,, is constant.

The instantaneous return on the dividend-paying asset can therefore be given
by
dS, + 8s4dt .

. . ) : 1
Consider now a portfolio that is formed by selling ———— European call

C] (St, t)

options short against one share of stock that is held long.!

The cost of creating such a portfolio will be given by

C'Y(St,t)
Cl('sht) ’

mitial value = s, —

(83)

and thus the instantaneous change in value of this portfolio, will take the

form:
dC(Sy,t)

change in value = (dS; + és,dt) — m :
1{St,

(84)

"The subscript in C;(s;,t) refers to the partial derivative of C(sy,t) with respect to
its 7th argument. This notation will be employed throughout the chapter.

5}3)



Substituting for dC(S;,t) from (20) then yields

1
change in value = (dS;+ 6s,dt) — A [Ci(s4,1)dS; + Co(sy,t)dt
1{oty

+ %Cn(st,t)azsfdt] ,

] |
Ss.dt — 3 [Calse t)dt + 1Cn(si, t)osde] . (85)

Cl(sta

In order to assume that the portfolio we created is perfectly hedged, it must,
for no arbitrage opportunities to occur, earn the risk-free interest rate. Thus,
the change in value of the portfolio in (85) must be equal to the initial value

of the portfolio in (83) multiplied by the risk-free interest rate, r, i.e.
Ci(se, t)és,dl — Co(sy, t)dt — %Cu(st,t)o?s?dt = [8:C1 (s, 1) — C(s4,t)]rdt,

= C(s1,1)08; — Co(s4,t) — %Cu(st,t)azs? =rs$,C1(s4,1) — rC(s, 1) .
= Co(se,t) = 1C(s4,t) —18,Ch (84, 8) + Cr(sy, )68, — %Cn(st,i)rﬂsf,

= 1C(si,t) = 8,C1(s4,t)[r — 8] — 20257 C1 (54, t) (86)

A boundary condition needed to solve the above second order partial differ-

ential equation can be given by

C(s4+,t7) = max|0, s+ — X]. (87)
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It can be established by substitution that the solution to (86) subject to the

boundary condition in (87) is given by:

oVT

e o [l X) = 6 (2T
—e AX-J\{ T } : (88)

C(s1,1) =e4%m{“@mﬁ+v—5+w7mT}

Thus the price of a European call option on an underlying asset, which pays
a dividend continuously at a rate é, is given by the above modification of the

Black-Scholes formula.

To modify the European put option formula to account for dividend pay-
ments, one simply substitutes the modified solution for C(s, 1) in (88) into

the relation obtained in (35), namely,

P(St,t) = C(St,t) — S + zX'e—T(t’_t) .

It should be noted that (88) does not hold for an American call option on
a dividend paying asset, as it can be shown that, by prematurely exercising
the option a riskless profit opportunity may occur. To see this consider the

following two portfolios:

Portfolio A: The purchase of one American call option, with exercise
price X, maturing at time ¢t*, on an underlying asset with
current price sy, which pays a certain dividend D at time

t*, and one discount bond that will be worth X at time
[
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Portfolio B: One share of the underlying asset on which the option in

portfolio A is written.
At maturity, portfolio A will be worth
max[0, S;» — X]+ X + D = max[X + D, S» + D]
and portfolio B will be worth
S+ D.
Thus at maturity the value of portfolio A will be greater than or equal to

that of portfolio B. At time t < t*, however,

value of portfolio A = max|[0,s, — X] + (X 4 D)e """
and

value of portfolio B = s, + De"(*"~1),

Thus, when s; < X, the value of portfolio A is not always greater than
or equal to the value of portfolio B. Thus it might be advantageous to exer-

cise an American call option on a dividend paying asset prior to maturity.



6.2 THE EFFECT OF A TIME VARYING INTEREST RATE

To analyse the effect of a time varying interest rate on the value of a call
option we will follow the approach of Merton (1973a), where he assumed
that the price of a call option can be expressed as a function not only of the
underlying stock’s price and time to maturity, but also of the rate of return

on a pure discount bond.

Assuming the following price dynamics for the underlying asset and the dis-
count bond

dSt = /LStdt + U'Sgdw, (89)
dB; = aBdt + é§Bydq, (90)
where

u and « denote the instantaneous expected returns on the
stock and bond respectively,

% and 6% denote the instantaneous variance of returns on the
stock and bond respectively,

w and ¢ denote standard Wiener processes, and
B, is the price of a pure discount bond that pays R1, T years
from now,
Merton proceeded to create a hedged portfolio consisting of the following

investment in the call option, the underlying asset and the discount bond:

Ht - QCC(*gtat)+QSS£+I/VBBi7 (91)
with
I’VC = QOC(St,t) \ (92&)
W5 = QSSt y and (92}))
Wg = OgB, (92¢)
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denoting the total amount invested in the option, the underlying asset and
the discount bond respectively, where the total investment is zero, i.e.? the

value of the hedged portfolio can be given by
Hy=We +Ws+ Wpg =0,

Under the assumption that the price of the call option is a function of the

price of the underlying asset, the bond price and time, we may apply Ito’s

lemma to express the change in the value of the call option as follows:?

dC(Sy, Bist) = Ci(se,bit)(psidt + os,dw) + Co(sy, by, 1) (abdl + 6b,dq)
+C3(s¢, by, t)dt + 2C1 (50, by, t)o%s2dt + Cya(sy, by, t) porbs,bydt
+3Cy(s4, by, 1)6%02dt,
= {[us:Cr(se, beyt) + abyCo( sy, by, t) + Ca(sy, by, )
+1C11(50,biy )02 + Chalsy, by, 1) pordsb,
+ 5C22(s0, b, )82/ C 51, by 1) } C sy, by, 1)t
+{08,C1 (50, b0, 1) /C (50, b1, 1)} C 4, by, t)dw
+ {86,054, b1, 1)/ C (51, by, 1)} Csy, by, t)dg,

= -30(35, bt, L)di + "/C(Sg, bi, t)d'l,[) + nC(St, b[, t)d(],
(93)

2 This may be achieved by financing long positions with proceeds from short sales
and/or by borrowing.

3 dS,dB, = poés b.dl where p is the instantaneous correlation coefficient between the
asset and the bond. See (A12)
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where

B = [usiCi(ss,bi,t) + abCo(sy, by, t) + Ca(sy, by, t)

+%0283011(8g, bt, t) + pU(SStth]Q(St, bt, t)

+ L6202 Ca(50, by 1)] /C (51, bus ) | (94)
¥o= 0'3101(3t}bt,t)/C(5t,bt,t), and (95)
n = 61)[C2(St,bt,t)/C(.St,bt,t) . (96)

On subsituting Qc¢, Qs and Wg from (92a), (92b) and (92¢) respectively into
the following expression for the instantaneous change in value of the hedged

position, namely,
dH, = QcdC(S5;, b, t) + QsdS, + WgdB,
then yields:

dC b, t
(Sh ts )+M/SEZE+WBg7

1H, = W,
i ¢ C(St,bht) Sy l)t

= We(Bdt + vdw + ndq) + Ws(udt + odw)

+Wg(adt + 6dq) .
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Since W¢ + Ws + Wy = 0, we may substitute Wg = —(We 4+ Ws) to obtain:

dH;, = We(Bdt + vdw + ndg) + Ws(pdt + odw) (97)
—(VVC + Ws)(O/dt + 5dq) ,
= [Ws(p —a) + We(8 — a)]dt + [Wey + Wsoldw
FWen — (Wo + Ws)éldg.
In order to get a return that is certain, suppose we choose an investment
strategy where the coefficients of dw and dgq in (97) are always zero. Also,
since our initial investment was zero, our return from the hedged position

in equilibrium must also be zero to avoid arbitrage opportunities. These

conditions may be stated as follows:
(/L—&)]'VS—i— (i?-a)ﬂ/c = 0,
oWs+yWe = 0,

—§Ws+(n—We = 0.



So a non-trivial solution to the above system of equations exists iff

Thus

and

_2-n (98)

(p—a)Ws + (8 — a)We = aWs + W,

> pU—a=0

This implies that

It can be shown similarly that

If (98) is true, then

B—a=xy
f-a v
L—a o
b—mn v
5§ o
v U
L1141
o )

and thus from the definition of v and 7 in (95) and (96) respectively, we can

obtain

/p gt,bt, ) —~ 1—‘b(Y2 Qt,bt, /(\1 9lvbh )7

= C(Si, bt, t) = Stol(St, bi, t) + thQ(S[, bl) l) . (99)
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(98) also implies that
B-a=q(p—a)lo.

Substituting for 4 and 4 from (94) and (95) respectively, we can obtain:
18:C1 (e, by 1) + abCy( s, by, t) + Ca(se, by t) + 30252 Cra(se, by 1)
+p085,:b,C1a(84, biyt) + %6263(]22(3“ bi,t) — aC(sy, biyt)
= 5,C1(s1, bt,l.)(u —a),

or
abyCal s, biy t) + as,Cr(se, by t) + Calse by, £) + Lo2s2Chy (51, by £)

+p0’681b1012($t, bt,t) -+ %6263022(St,bt,t) — QC(St, btat) =0.

Substituting for C'(s,, by, t) from (99) then yields:
% [0252C11(5¢0, biy 1) + 2p08810,Cra (81, by t) + 6207 Caa(s4, byy )]

+03(St, b[,t) = 0 ; (100)

which is a second-order, linear partial differential equation for the value of a

call option when the interest rate is time varying.

The following boundary conditions can then be specified to solve the above

partial differential equation

C(sp, 1,1) = max[0, s+ — X], and

Cl0,bi,t) = 0.
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It can be verified by substitution that the solution to (100) is given by

Clsi,biyt) = StN{ln(St/X)—lnbt+(a2/2):r}

52T

i In(s¢/X) = Inb, — (62/2)T
—bt-/\-N{ T } (101)

where
T
o?T = /[02 + 6% — 2pabldt = 0? = o* + 6* — 2pab
0
is the instantaneous variance arising from the asset and the discount bond.
Note that since there are no dividend payments (101) can also be used to

value an American call option and a European put option using the relation-

ship given in (35).
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6.3 THE EFFECT OF A CHANGING VARIANCE ON THE
RATE OF RETURN OF THE UNDERLYING ASSET

In this section we will assume that the underlying asset on which a European
call option 1s written, has a non-constant variance for its instantaneous rate
of return. To examine the effect of this on the price of the European call
option, we will propose that a continuous time diffusion process be used to
describe both, the return on the underlying asset, and the standard deviation
of that return. Upon deriving a suitable partial differential equation for the
price of a call option, we will find that the incorporation of a changing vari-
ance assumption into the model will introduce two sources of risk that need
to be eliminated in a hedged portfolio. Three approaches for eliminating this

risk will then be presented.

The first approach will attempt to diversify away the random term in the

portfolio by forming a hedged position consisting of a short position in the

: o 1 )
underlying asset and a long position of ————— call options. The second

C] (317 Jt, t)
approach will assume that there exists another asset with exactly the same
price dynamics as that which is given for the standard deviation of the un-
derlying asset. To diversify away the random term in a portfolio, a hedge will

be created by purchasing one share of the underlying asset long, m shares of

. ) 1
this new asset long, and selling ————— call options short.
1(‘9!7 Ty, t)

In the third approach, a portfolio consisting of a long position of w, shares
in the underlying asset, a short position of one call option with expiration

date ¢7, and w; call options with expiration date 3, (13 # t7) will be hedged
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against those two sources of risk. A solution to the partial differential equa-

tion governing the price of the call option under consideration will then follow.

6.3.1 The model for a random variance
Let us assume that the price dynamics of the underlying asset, and the vari-
ance of the rate of return on the underlying asset are given respectively by

the following stochastic processes:
dS; = pssdt + oysidw, (a >0), (102)

do, = pooudt + 600 dg,, (8>0), (103)
where

s¢ denotes the price of the underlying asset at time ¢,

s denotes the expected return on the underlying asset,

oy denotes the variance of the return on the underlying asset at time t,
Ko denotes the expected change in the volatility of return,

; denotes the variance of the volatility of the return on the
underlying asset at time ¢, and

w(+), q(-) denote standard Wiener processes with (dw)(dq) = p,dt,
where p;, denotes the instantaneous correlation coefficient between
the returns on the underlying asset and the volatility of the returns.

Assuming that the price of the call option is a function of the underlying

asset price, the changing variance and time, we have, by It6’s lemma, the
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result that a change in the price of a call option takes the form:
dC(Sy,00,t) = Cy(s,00,8)dS;, + Co(sy, 04, t)doy + Cs(sy, 04, t)dt
+3C11(s1, 04, 1)(dS)? + Cnls1, 04, 1)do? + Cra(sy, 04, 1)dS,doy,
= C1(84,04,t)dS; + Ca(se, 04, t)doy + Cs(sy, 04, t)dt
+1C1(se, o0, 1)ofstdt + TCa(sy, Ut,t)éfalwdt
+Cla(st, 00, 1)b101 % pydt . (104)

The initial value of a hedged position which consists of a long position in the

stock and a short position of call options is then given by

Cl (St’ T, t)

C(s¢,04,1)

H=s5-—"—">"=
: ot C](Stagtat) ’

(105)
with the instantaneous change in the value of the hedged position being given
by:

1

dH, = dS; — ————dC(S, t).
t t Cl(st,at,t) C( ty Ot, ) (106)
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Upon substitution of dC(S:,a;,t) from (104), we may then develop (106) as

follows:
1
dS, — ————dC(S;, 04,1) = dS
t Cr(s0,01,1) (Si,00,t) t
1
—m[cl(sf’m’”d&+02(3t70h1)d0t+Cs(st,m,t)dt

+5Cn (s, 00, )02 s2dt + FCn(se, 1. 1)o7l

+Cha(s0, 044 t)5t03+ﬂ3fﬂtdt] )

1 ) i
— —am[Cg(St,O'ht) + %U?S?GCH(Si,Ut.‘t) -l- %6?0’?”022(3;,0’“t)
]+B o ]' Y
+6t0t Sy ptclz(St,O'i,t)]dt — m(/g(st,at,t)dal y

= dC(S,,00,1) = C1(s4, 04, 1)dS, + ndt + 6,07 Co(sy, 00, t)dg | (107)
where we have substituted for do, from (103), and
n = peoiCosi,00,t) + Cs(s, 00,1) + $07s7%Cri(sy, 00, 1)

1¢2 20 148 ~ (108)
+§6tal CQQ(St,U“t> + 5¢0’t Stapt(/lg(.st,at,t) .

Thus the change in value of the hedged position in (106) may be written as:

dH, = — ndt + 6,07 Cy(sy, 04, t)dg] . (109)

__
Cl(St,Uut)
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In order to derive a suitable partial differential equation that will govern the

price of an option in equilibrium, it is necessary to eliminate the random

term dg in (109).

6.3.2 Three procedures to eliminate the random term dq in dH,

A. By assuming (in equilibrium), that price fluctuations due to the random
term in the variance are completely diversifiable, the change in the value
of the hedged position must be equal to the initial value of the hedge
multiplied by rdt, i.e.

1

- ndt =71 [3[ -

C(Staaht) ’
—| dt. 110
Cl(staat-,t) ] ( )

Cl(stvatwt)

Substitution of 5 from (108), (110) may be developed as follows:

1
_C(s—at)[ltoo't(j?(stagt,t) + Cs(se,00,t) + 202522 Cy1 (54,00, 1)
1 oty Uity
' rC(se, o4,
+%5?U?EC22(S“J“ t) + 5igll+ﬁ3?PtC12(3nUt, )] =rs, — wa
Cl(stvatat)

= —[1o01Co (81,04, t) + Cs(sy, 04, 1) + %UES?QCH(ShOh t)
23 o
+%5¢201 Caa(se, Jz,t) + 5103+63t PtCm(Su Ty, i)] = T'SLCI(Sta Ut,t) - T'C(Stv Ut»t),

= Cs(sy,04,t) = 1C (s, 00,1) — rs;Ci(sy, 04, 1) — %a?s?"(?ll(st,ot,t)

—u,,ath(st,at,t)—%éfo?ﬁng(st,at,t)—ptéla:ws?Clg(s,,al,t) , (111)

which is a second order, linear partial differential equation.
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Subject to the following conditions:
C(Stc,atv, t*) — maX[O, St‘ — X] ,

C(sy,04,t) = 0 as s, — 0, and
C(sy,01,t) = max[0,s, — Xe '] for o, =0,

(111) may then be solved to yield the price of a European call option

on an underlying asset which has a changing variance rate of return.

. A second approach is to assume that there exists an asset with the
same random term as the variance of the underlying asset. Suppose

this asset has the following price dynamics:
dP, = p,pdt + \pldg | (112)

A hedge can now be created by purchasing one share of the underly-

ing asset long, selling o call options short, and purchasing m
1

(Sta Ot, t)

shares of the asset, P, long.

The initial value of this position is given by:

C(St, 0y, f)

H, = s, + mp, — ms—g'ﬂ .
T\t Ut b

(113)
Thus the instantaneous change in value of this hedged position is given
by:

1

dH, = dS dP, — ———+«—
t ¢+ m 1 Cl(st’at,t) C(St,al,t) . (114)
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Substitution of dP, from (112), and for dC(S;, 0, t) from (107), then

yields:
1
- dt + \pldg) — ————[C1(s1,0,t)dS
dH, dSt"‘m(/‘th + Aipidq) 01(Si,at,t)[ 1(8¢, 00, 1)dS,
+77df + 610tﬁ02(3t7 Uht)qu
! dt + dt
= - — ML,D
Cl(St,Jt,t>7] /‘plt
1
P A— o N )| dq . 115
+ [mAp; Cl(sz,m,t) 10y Ca( sy, 04, ) q ( )

To eliminate the random term dg, we need to set

77'L/\tptﬁ - (StO'tﬁ(JQ(Si, ¢, t) =0.

Cl(SnUtat)

= 5105[3 Ca(se,04,1)
‘ /\Lp‘? Ci(s1,04,t)

(116)

Substitution of (116) into (113) then yields

H — s 1 (51]0’5
L= S — m C(st,at,t) — FCQ(«S[,U(,i) . (117)

Thus, in equilibrium, we must have:



5 B
= — [’7 o tZt_l C2(Si,O't,t):| dt
Apl
6L0'tﬁ
= [rstcl(st, o t) —rC(sy, 00, t) + T/\—ﬁcg(st,at, t|dt.  (118)
tPt

Upon substitution for n from (108), we can obtain:

o B
_ﬂaatCQ(St)Utat) - CS(Stﬁalvt) - lo-t25t2 Cll(staatwt) - %6120-? C22(8taat7t)

2
143 (5th3
—é,0, 5?ptcl2(5tso-ht) + /-L’p—g_—]CQ(StaUtat)
)\tPt
Ié]

ré,o
=15,Ci(s1, 01, 1) —rC(sy, 00, t) + %CYQ(S“O'“” ,

Ay
= Cs(sy,00,t) = rC(s,04,t) —18,C1 (54,00, t) — %o‘fsf"(]n(st,at,t)

2 - 14
—%630tﬁ022(51,0t,t) — pibioy ﬁS?C]Q(St,Ug,i)

6“75
— #00,4—;\—3?(7“—#1)) CQ(St,(Tt,t) y (119)

tPy

which is equivalent to the partial differential equation given in (111)

with p, 0, replaced by
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C. A third approach is to form a hedged position by purchasing w; shares
of the underlying asset long, selling one call option short, C(s,04,t),
with expiration date, t}, and w, call options short, C(s;,0,t2), with

expiration date, t5.

The initial value of this hedged position is given by
H, = w18, — C(s1,00,t1) — waC (84, 04, 13) . (120)

Thus the instantaneous change in the value of this hedged position is

given by
d]’lt = 'lUIdSt — dC(Sl, Ty, tl) - '(UQdC(St,O'L,iQ) ) (121)

Substituting for dS, from (102), and for dC(S;,0,,t) from (107), we
may develop (121) as follows:

dH, = wpssidt + oys7dw] — Cy (84, 04,11)dS, — ndt — 510?02(3,,@, ly)dgq
—wy[C1 (8¢, 04,12)dS, + ndt + 5t0tﬁC2(st, oy, ty)dg]
= wi[pssidt + oys8dw] — Cy (s, 04, t)[pssidt + 0,88 dw] — ndt
—6,0?02(51,0“ t1)dg — wo[C (8¢, 04, ) [pssidt + 0,57 dw]
+ndt + 6,00 Cy(s,, 04, 13)dq]
= [wipssi = Ci(s1, 00, 01) 58 — 1 — waCh (80, 04y Ly s sy — won]dt
+wioy8Y — Cy (s, 04, t1)ousy — wyCh(sy, 04, 12) 087 |dw

—}—[—5;0?02(5“ O't,tl) — U)Q(StO'tﬁCg(Sf. Ty, tQ)]d([ . (122)
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To eliminate the random terms dw and dg, we set

[wy — Ci(se, 04, t1) — wyC (e, 01, t2)]oysy =0,

= Wi — Cl(Staat)tl) - w201(3ta0t7t2) =0, (123)

and

[—Colse,00,11) — waCalsr, 04, 2)]6i07 =0,

—02(3taaiatl)
=Sy = 7 124
: CQ(St,Ut,tg) ( )
Substituting (124) into (123) we then find that
Co(sy, 0, t
wy = Cl(St,Untl) - Mcl(staatat2) . (125)

Cosy, 00, t2)

Since the hedge position created is now riskless, the change in the value of
the hedge position in (122) must, in an equilibrium market, be equal to the

initial value of the hedge in (120) multiplied by rdi, i.e.
[wiptss: — Cr(81, 04, t1) s St — 1 — waC1 (81, 04, ) s S — won)dt

= rlwys; — C(s4, 00, t1) — waC(s4, 04, 1)]dl . (126)
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Upon substitution of n from (108) we can obtain:
W1 hsSt — Cl(st,o't,tl),usst - C3(St, Ut,tl) - ﬂaJtC2(3taOtatl)

1 28 148
—%J?S?acn(st,duil) — 55120% Caz(81,00,11) — 6,0, " 88 pyCra(se, 04, t1)

—wWats8:C1 (81,01, t2) — waC3( 84, 04, t2) — Wope0,Co( 84, 04, 12)

1 2.2 ’ 1 2 26
—§w20t8facn(3uatatz) - 5w25t gy 022(3t70't7t‘2)

—w26t03+’33;’ptC12(3L,at,tg) =rwys, — rC (s, 00, t) — 1w C (84,00, t2) . (127)

Substituting for wy and w, from (125) and (124) respectively, we can obtain
the following second-order linear partial differential equation for the price of
a call option on an underlying asset, which has a rate of return variance that

is changing over time:

CB(St,Uz,tl) = TC(StaO'tytl) - TS:C1(5t7 Ut,tl) - %U?Sfacll(SuUt, tl)

1¢2 28 143
'§5t0t C22(£t70ut1)*5t01 S?onn(snaz,tl)

C2(Seg0t,t1)

= C 3’ ’t 1. 2 2&0 1
Co(s1, 04, t2) [ 38,00 12) 4 30757 Cn(se, 01, )

+‘;‘5120twc22(3t, Oy, t‘z) + 5t0tl+ﬁ8tapc012(8z, i, t?)

+15,Ci(s, 04, t2) — 1C (84,04, 12)] . (128)
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6.3.3 A solution to the stochastic volatility problem
We will, in this section, attempt to find a solution to the partial differential
equation in (111) using the method of Hull and White (1987). It will be as-

sumed that p; = 0 and that the volatility is uncorrelated with the asset price.

Since neither (111), nor the boundary conditions, depend upon investor risk
preferences, we will assume that investors are risk neutral. Thus, it can be

verified, by substitution, that the price of the call option, at time £, can be

given by:
C(sy,00,1) = r:""'“‘_t)/ma.x[O,Sr — X]f(Si|S1,08)dS,e (129)
where
f(Se|Si,0}) denotes the conditional density function of S+ given the asset price

and variance at time t.

By making the following substitution, namely:*

J(Se

Sy, 0?)h(o?|ot)do?

Stﬂ'?) = /Q(St"

where 02 is defined as the mean of the variance of the rate of return on the

underlying asset over the life of the option, i.e.

-
1
/afdt,
t* — ¢ J

“for any 3 related random variables z, y and z,

o? =

fzly) = /y(wly,:)h(:|y)d: |
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(129) may be simplified as follows:
C(sy,00,1) = e'r(t"t)//ma.x[O,Sp — X)g(Se+|Si, 02)h(0?|0?)d S, do?
= [ [e-rw*-t) [ max(0, Sie — X1g(S-1S1,7)dSe | h(o|oF)do? . (130)

In order to simplify (130) further, the following lemma (Hull and White,
1987), is needed.

Lemma:
Suppose that, in a risk-neutral world, a stock price s, and its instantaneous

variance o} follow the stochastic processes

dS; = rs;dt + oys;dw (a)
and

doy = pyodt + &,02dg (b)

respectively, where r, the risk-free rate is assumed constant, pu, and é, are
independent of s,, and w and ¢ are independent Wiener processes. Let 02 be

the mean variance over some time interval [0, ] defined by

t*

1Y

ol = t—*/afr{t. (¢)
0

Given (a), (b) and (c), then

— o
o2~ N (rt* — 02 ;O’zt*> . (131)
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Using the above lemma,
(1) / max|0, S — X]g(S:+|S:, 2)dS, = C(a?), (132)

where C(o?) denotes the Black-Scholes price for a call option on an asset

with mean variance o?2.

Thus, employing the theorem of Smith (chapter 3, p.17) with ¥» =1, ¢ =

0o, \=e T y=¢7"T p=rand o? = 0? we may rewrite (132) as follows:

C(0?) = s;N(dy) — e " N(dy) , (133)
where
Y ST
4, = In(s;/X) + (r+0%/2)T (134)
ol
and
1 X —o2/2)T
g, — s/ X)+ (r = /2T (135)
a?T

Thus the value of the option in (130) can be given by
Clsi,o0,t) = /C(ﬁ)h(maf)dﬁ,

where C(0?) is given by (133).

Thus, the price of an option on an underlying asset, with a stochastic vari-
ance for its rate of return, can be given by the above Black-Scholes price for

the option integrated over the distribution of its mean volatility.
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CHAPTER 7

APPLICATION OF OPTION PRICING
TECHNIQUES

In this chapter several applications of the option-pricing techniques of Black
and Scholes (1973) will be given. In particular, a technique for valuing the
debt and equity of a firm will be developed, and the pricing of convertible
bonds, warrants, collateralised loans and insurance contracts will be consid-

ered.

7.1 PRICING OF THE DEBT AND EQUITY OF A FIRM
According to Smith (1979), the equity of a levered firm can be valued using

the Black-Scholes formula if one makes the following assumptions:

(a) the capital structure of the firm does not affect the total value of the

firm,

(b) the dynamics of the value of the firm’s assets follow a lognormal distri-

bution with a constant variance on the rate of return,

(c) the risk-free interest rate, r, is known and is assumed to be constant,

and

(d) the firm issues pure discount bonds. At maturity, the bondholders
receive the face-value of the bonds. The company is restricted to paying

out the dividends only after the honds have been paid off.



Under the above assumptions, the equity (F) of a firm can now be viewed as
representing a call option on the face value of the bonds because the issuing
of the pure discount bonds is equivalent to selling the value of the assets of
the firm (v;) to the bond holders, for the proceeds of the bond issue, plus a
(call) option to buy back the assets of the firm from the bondholders when
the bonds mature, at an exercise price that is equivalent to the face value of
the bonds, namely X. The Black-Scholes formula may therefore be used to

value the equity of a firm as follows:

E= o, N{lnmm’) ;{rf} (a&/?)]T}_e-rT YN {ln(m/‘\') ;{\/;_ (03/2)17”} - (136)

where

E is the equity or total value of the stock,
Vi is a random variable denoting the total value of the assets of the firm,
v, 1s the realisation of the random variable V; at time ¢,

X 1s the total face value of the bonds or the face
value of the debt of the firm, and

oy is the variance rate on the total value of
the firm, v,.



Similarly the value of the debt of the firm may be given by

D

'Ut—E,

o — 0N {]n(vt/X) +(r+ (UQV/Q))T}

ovVT

+6_TTA, i N{ln(vi/X) + (7;/%(0%//2))71} ’
oy e/ X) + (r + (0}/2))T )

' (1 N{ T }

Ty In(v/X) + (r — (o} /?))T}

e XN v
" { T |
. { —In(v/X) = (r + (05/2))T}

ovVT

feTX . N{lﬂ(vt//\') + (7\‘/%(0\2//‘3))71} .

(137)



7.2 PRICING OF CONVERTIBLE BONDS

Consider a situation where a convertible bondholder has the option, upon
maturity of the bond issue, of either receiving the face value of the bonds,
which we will denote by X, or a quantity of new shares that are set equal
to a fraction of the firm’s value, say aV;+, where 0 < a < 1. The maturity

value of the convertible bond will therefore be given by
B+ = min[V;«, max[X, aV}.]] ,

and thus, in equilibrium, the current value on the bond must be equal to the
expected terminal value of the convertible bond, discounted at the appropri-

ate expected rate of return on the firm; that is?

bi == C_TTE(Bt*),

B X/ 0
= e T [ VoAV )dVie + [ XA(Vi)dVie + [ a‘fz*A(W')d‘/vl )
O

X X/«

[ X 00 00
= T Ve A(Vie)dVie + [ XA(Vi)dVie + | (an—X)/\(V,‘)dV,—] .
|0 X X/«

Using the theorem of Smith (chapter 3, p.17) with ¢p =0, ¢ = 1, A = =7,
7= 0and p =1 for the first integral, and ¢y =1, ¢ =00, A =0, —y = ¢~"T
and p = r for the second integral, and ¢ = i, =00, =ae T y=¢7T

and p = r for the third integral, one can obtain the result that the value of

L A is a lognormal density function.



a discount bond is given by

b = [‘N {ln(vt/x) + (r + (ov/2))T

O'V\/T

In(v/X) + (r = (o7/2))T

+e ™ TX . N
{ ovVT

+auv; N

Uv\/T

, {m(avz/X) T (r 4+ (o}/2)T

In(avy /X)) + (r — (ot /2))T .

_(.—TTX N {
ovVT

Ov\/T

v - N { —In(v/X) = (r + (o7/2)T

Ty N { Invy/X) + (= (o}/2))T

ovVT

O'v\/.[_'y

av, - N {lnmvt/X) tr (o7

In(av,/ X) + (r — (o}, /2))T

—ef”TX-N{
Uv\/T
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7.3 THE PRICING OF WARRANTS

The primary difference between a call option and a warrant is that a warrant

is issued by a corporation against its own stock, while a call option is issued

by a private individual against any stock. Warrants usually have maturities

of several years or longer and are substantially out-of-the-money when issued.

Smith (1979, p.99) used the Black-Scholes option pricing formula to derive

the equilibrium value of a warrant under the following assumptions:

(a)

The firm issues pure discount bonds. The bondholders receive the face-
value of the bonds at maturity and the company is restricted to paying

out dividends only after the bonds are paid off.

The capital structure of the firm does not affect the total value of the

firm.

The dynamics of the value of the firm’s assets follow a lognormal dis-

tribution with a constant variance on the rate of return.
The risk-free interest rate, r, is known and is assumed to be constant.
The only liabilities issued by the firm are its bonds and the warrants.

The total proceeds if the warrants are exercised is X (the exercise price
per share times the total number of shares sold through the rights
issue). The warrants expire after 7' time periods. If the warrants are
exercised, the shares sold through the offering will be a fraction, «,
of the total number of shares outstanding (o = ~<2— where Q,, is

Qu;“"Qs’
the number of shares sold through the warrant issue and @, is the
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existing number of shares). Any assets acquired with the proceeds of

the warrant issue are acquired at competitive prices.

The value of the warrant at maturity (time ¢*) will then be given by:
Wy = max[0,a(Vis + X) — X],

where

Wi+ 1s a random variable denoting the value of the warrant at maturity,

X 1s the total proceeds if the warrants are exercised, and

__Qu
QS+Q'LU.

o
In equilibrium, the current value of the warrant will be equal to the expected
terminal value of the warrant, discounted at the expected rate of return on

the firm, i.e.

w = e TE(Wy),
= T / [aVie — (1 — @) X]A(V;)dVe . (139)
2]

(23



]l -«

Using Smith’s result (chapter 3, p.17) with ¢ = ,d=o00, N =eTa,

7= (1-a)e™T and p = r, (132) may be solved to yield:

o — avN{ln(avt/(l—a)X)+(r+(a%,/2))T}
L avVT

—(1—a)e " TXN {ln(avt/(l - a);:i)\/‘%(r - (0'%//2))T} . (140)

which is equivalent to a call option on an asset with current price av, and

7

exercise price (1 — a)X.
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7.4 THE PRICING OF COLLATERALISED LOANS

A collateralised loan is the sale of an asset (the collateral) to a lender so that
he can use the asset over a period of time that is defined in the contract.
In return, the borrower gets to keep the proceeds of the loan, which we will
denote by X, and has the option to repurchase the asset at the maturity of
the loan, namely time ¢*, at an exercise price that is set equal to the amount

of the original loan.
In order to value such a collateralised loan, Smith (1979) made use of the
following assumptions; namely

(1) the price dynamics of the collateral follow a lognormal distribution with

a constant variance rate of return,

(2) the net value of the flow of services which the collateral provides the
lender, S, is a constant fraction, s, of the market value of the assets,

1.e.

s=S/v,

(3) the dynamic behaviour of the asset value is independent of the proba-

bility of bankruptcy,
(4) the cost to voluntary liquidation or bankruptey is zero,

(5) capital markets and the market for the collateral are perfect. Transac-
tion costs or taxes are non-existent. All available information is freely

accessible to all market participants. Participants are price takers,

(6) the riskless rate of interest, r, is known and is assumed to be constant.
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Given the above assumptions, the value of the collateralized loan, at time ¢*,

must be given by

Dt* = min[Vt:,X] .
In equilibrium, therefore, we must have that

dt = G_TTE(Dt*) y

X 00
= T [ VaA(V)dVie + [ XA(Vie)dV,.| (141)
0 X

Using the theorem of Smith with » =0, ¢ =1, A = e~ "7, v = 0 in the first
integral, and ) = 1, ¢ = 0o, A = 0, v = —e™"! in the second integral, and
noting that the total return on the collateral is r = p+ s (p = r — s), (134)
may be solved to yield:

X~ (= s+ (BT
“= tN{ T }

— (142)
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7.5 THE PRICING OF INSURANCE CONTRACTS

The insurance contract that we will consider is one that insures against the
depreciation of an asset. It specifies a premium, p;, to be paid at the current
date, . On the expiration date of the contract, t*, the policy holder will
receive the difference between the insured value, X, and the market value of
the insured asset, Vi+, if X > V., and will receive no payment if the market

value of the insured asset, Vi«, is greater than its insured value.

Thus, at time ¢*, the value of the insured contract, P+, must satisly

P = max[X — V., 0] .
This insurance contract may therefore be viewed as being equivalent to a Eu-
ropean put option on the insured asset, with current price, v,, and exercise
price that is set equal to the insured value of the asset, X.

By making the following assumptions, namely

(1) the price dynamics of the insured asset follow a lognormal distribution

with a constant variance rate of return,

(2) the riskless interest rate, 7, is known, constant and the same for both

borrowers and lenders,
(3) capital markets are perfect,

(4) trading takes place continuously, price changes are continuous and as-

sets infinitely divisible,
(5) the insured asset generates no pecuniary or non-pecuniary flows,
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the price of the insurance contract may be expressed using the Black-Scholes

put pricing solution in (37) with S; = v, as follows:

R TS AL o

oy I/ X) = (r — (a3 /2))T
+X N{ - } (143)
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APPENDIX A
RESULTS FROM STOCHASTIC CALCULUS

In this Appendix several important results, which are frequently applied in

this thesis, are presented.

Definition 1
A Wiener (or Brownian motion) process {Z;;t € [0,00]} is a stochastic pro-

cess on a probability space (€2, F, P) that satisfies the following properties:
(1) Zo(w) = 0.

(ii) For H C IR, P[Z,, — 7Z,,_, € H, i <n] =[] P[Z, — Z,,_, € H] where

i<n
0<t, <t <--- <, denote points in time.

(i) P[Z,— Z, € H] =

1 x?
Nl )

for 0 <s < t.

(iv) Fort > 0 and for each w € Q, Z,(w) is continuous in ¢.
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On letting
dZ(t):}llirr(l)Z(t—Fh)——Z(t), h >0 (A1)

denote the Ito differential of a Wiener process, the following results can be

shown to hold true:

Proposition A1l
Let dZ(t) be defined as in (A1), then

E[dZ(t)] =0, and (A2)
E[dZ(t)*] = dt . (A3)
Proof: Z(t), being a Wiener process, we have that
2(t) = Z(s) ~ N(0; (¢t — )
for t > s. Thus for dt > 0,
dZ(t) = Z(L + dt) — Z(t) ~ N(0;dt) .

Hence
E[dZ(t)] =0
and

E[dZ(t))?] = dt .
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Proposition A2
Let dZ(t) be defined as in (A1), then

dZ(1)? ~ dt . (Ad)

for small di.
Proof:
var[dZ(1)*] = E[dZ(\)"Y = [E(dZ(1)*)])*,

= 3(dt)* — (dt)*,
= 2(dt)?,

= o(dl).

We also have, for small dt, the result that
E[dZ(t)?] = dl

and thus it follows that dZ(1)? ~ dt
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Proposition A3
Let dZ(t) be defined as in (A1), then

var(dZ(t)dt) = o(dt) . ' (Ab)

Proof:

var[dZ (t)dt] = (dt)*var[dZ(1)],
= (dt)® = o(dl) .

We also have {or small dt the result that

BldZ(1)d] = dt E[dZ(1)] = 0

2

thus, for small di,
dZ(t)dt ~ 0



Proposition A4
Let t > s and let ds be a real number such that 0 < ds <t — s + dt. Then

E[dZ(t)dZ(s)] = 0. (A6)
Proof:
E[dZ(t)dZ(s)] = E[(Z(t+dl) = Z(1))(Z(s + ds) — Z(s))],

= E[Z(t+d)Z(s + ds)] — E[Z(t + dt)Z(s)]
—E[Z(s + ds)Z(t)] + E[Z(s)Z(t)] ,

= min[t +di, s + ds]
—min[t + dt, s] — min[s + ds, ] + min[s, {] ,!

— stds—s—s—ds+s,

= 0.

"Fort>s
ElZ(s)Z()] = E[Z(s)Z(t) - Z(s)Z(s) + Z(s)Z(s)] ,
= E[2(s)[2(t) - Z()] +[2(s))*]
= B(Z(s)[Z(t) = Z(s)]) + E[Z(s)]*
= E[Z()E[Z(1) = Z(s)] + E[Z(s)]*
= ElZ(s))=s.
For s > ¢ it can also be shown that

E(Z(s)Z(1)) = 1.

Thus
E(Z(s)Z(t)) = min(t, s)
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Proposition A5
If Z,(t) and Z(t) are standard Wiener processes and dZ(t) and dZ,(t) are
defined as in Al, then

dZy(t)dZy(t) ~ pydt | (AT)

where p, denotes the correlation coefficient between dZ;(t) and dZ,(t).

Proof:
E[dZ,(t)dZy(t)] = E[dZ,(t)|E[dZy(t)] + Cov[dZ(t),dZ,(t)] ,

= 04 cov][dZi(t),dZ,(1)],

= pt\/Var[dzl(t)] \/Var[dZ-z(t)] )

= Pt\/g \/—d-t 3
= p[dt .2

Step 2 is a consequence of (A2), namely that
E[dZ,(1)] = E[dZ:(t)] = 0.
Step 3 obtains by making the substitution

_ Cov[dZy(t),dZy(1)]
v/ Var[dZ,(1)] \/Var[dZ,(1)]

As a result of (A2) and (A3) we have Var[dZ;(t)] = dt.

143
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Now
Var[dZ, (t)dZ,(t)] = E[dZ:(t)?dZy(t)?) — [E[dZ(1)dZa(1)]]?,
= EldZy(t)*|E[dZ,()*] — [E[dZ:(t)dZa(1)])?
= (dt)? — pR(dt)?
= (1= p?)(dt)? = o(dt) .
This then implies that for small dt
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Proposition A6
If X(t) defines a non-standard Wiener process such that

dX(t) = pdt + odZ(t) ,
where Z(t) denotes a standard Wiener process, then
EldX ()] = pdt ,

and

Var[dX (t)] = odt .

Proof:

E[dX(t)] = pdt+oE[dZ(1)],
= pdt
This proves (A9).
Var[dX ()] = o2Var(dZ(t)),
= o'[E(dZ(1)*) — [E(dZ(1)))*
= o?dt ?

which proves (A10).

3From (A2), E[dZ(t)] = 0.
“From (A3), E[dZ(1)*] = dL.
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Proposition A7
If X,(t) and X,(t) denote two non-standard Wiener processes that satisfy

the following stochastic differential equations
dX](t) = ﬂjdt + 0'de s ] = ],2,

then
d)\,] (t)d_/\lg(t) ~ ptO'IG'Q(lt . (All)

Proof:
EldX,(1)dXy(1)] = E[dX:(1)]E[dX,(t)] + Cov]dX, (1), dXa(1)] ,

=y po(dt)? + Cov[d X, (t),dX:(1)],

12

Cov[dX,(1),dX,(1)]

= ppnJoidt\/oldt,

= po0qdt P (A12)

5The first step equals the second step because E[dX;(¢)] = p1dt and E[d.X5(t)] = padt,
(from A9).

Substituting (dt)? = o(dt) results in step 3, and we obtain step 4 by making the substitu-
tion that
COV[d/Y] (l), dl\rg(t )]
pr = : :
CTVar(dXy (1) \/Var(dXs(1))
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Var[dX,(t)dX,(t)] = E[dX,(1)*dX(1)%)] — E[dX(t)dX,(1)?],
= (okdt + pldt?)(oldt + pidt?) — (pio1oadt)?,
= o(dt) b
For small dt we must have that
dX1(1)dX,(t) ~ E[dX,(t)dXy(t)],
= po109dt .
Thus (A11) is proved.
Ito’s Lemma: Let F/(t, X(t), X2(t)) denote a twice differentiable function of ¢,
and two stochastic processes Xi(t) and X,(t). If
dX;(t) = pjdt +o;dZ; , 7 =1,2,
then

oF | O°F
dF[t, Xi(t), Xa(t)] = |5+ 557301
e ot 29x2!

+—d2 W OF di
OX,0X, o1 + 29x272

BF oF

Tax, Sy dXa (1) + ax, oy dXe(1) (A13)

6SubstltutmCr E[dX;(t)*] = Var[dX;(t)] + [E[dX;(t)]]?, E[dX(1)] = p;dt from (A9),

Var[dX;(1)] = o}dt from (A10) and E[dX,(t)dX> (1)] = pioyoadt from (A11) results in
step 2.
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Result A3
Consider the random process { X (t),t > 0} that satisfies the following stochas-

tic equation

dX = aX dt + bX dZ,

for constants ¢ and b, then - has a lognormal distribution with mean

4
X(0)
(a - %bz) and variance b*t.
Proof: let Y = log X. Using 1t6’s lemma, we may write

dX =aX dt +bX dZ

as

dy = (a—30) dt +bdZ ,

so that
t t
Y(t) = Y(0)+/(a—§b2) dt+/bdZ,
0 0

a — 3b%) 1 + b[Z(t) — Z(0)],

(
= Y(0)+ (a— L0?) 1+ b2(1)].

X (i
= log [)\(([t)” = log X(t) —log X(0),

= V(1) - Y(0),

= (a—10%)t +b2(1)].
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Thus,
log [%} ~ N [(a — %1)2) t,bzt] .

Therefore (t) has a lognormal distribution with mean, <a — %bz) t, and

X(0)

variance, b%t.
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APPENDIX B

B.1 GENERAL PROPERTIES OF THE LOGNORMAL
DISTRIBUTION

1.1 Theorem (Aitchison and Brown (1957, p.11))

If X ~ A(g;0%) and b and c are constants, where ¢ > 0 (say ¢ = ¢?) then
cXPis Ala+ by, bPo?) ! (B1)

1.2 11 X ~ A(p, o), then

E(XT) =exp (T/L + %7‘202) . (B2)

"If X has a lognormal distribution with parameters jt and o2, we write .\ is Ap; 0?).
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