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Abstract

In this thesis we investigate the effect of shear on radiating stars undergoing gravi-
tational collapse. The interior spacetime is described by the most general spherically
symmetric line element in the absence of rotation. The energy momentum tensor for
the stellar interior is taken to be an anisotropic fluid with heat flux. The thermodynam-
ics of a relativistic fluid is reviewed for the Eckart and causal theories. Since the star
is radiating energy to the exterior in the form of a radial heat flux, the atmosphere is
described by Vaidya’s outgoing solution. We provide the matching conditions required
for the continuity of the momentum flux across the boundary, which determines the
temporal evolution junction conditions for the metric functions. We provide a general
method to obtain shearing solutions of the Einstein field equations describing a radi-
ating, collapsing sphere. A particular exact solution satisfying the boundary condition
and field equations is found. The validity of this specific model is investigated by em-
ploying a causal heat transport equation which yields the temperature profile within
the stellar core. The energy conditions are studied and yield interesting features of this

particular model which are absent in the shear-free case.
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Chapter 1

Introduction

Relativistic physics is one of the cornerstones of modern theoretical physics. Astro-
physics, a branch of relativistic physics, has been striving to explain physical phenom-
ena associated with a bounded local system. For example, a star is of particular interest
in the end state of gravitational collapse. The laws of physics affect large gravitational
objects as they approach the end state and its possible outcomes, namely black holes,
neutron stars, super nova and quark stars [1]. These objects are of particular interest
because this is when general relativity is pushed to the limits of it’s explanatory power.
This brings us to the observation that we know the star undergoes some form of col-
lapse but how do we model such a scenario? With the progress made in observational
astrophysics, it has become necessary to model more realistic scenarios of gravitational
collapse.

The first significant solution to describe a star’s gravitational field was the exterior
Schwarzschild solution [2] which gives the exterior gravitational field of a static star with
a spherically symmetric mass distribution. This was later expanded by Schwarzschild
to include the interior of a star, treating the star as a static incompressible fluid sphere
[3]. Reinforcing Schwarzschild’s solution was Birkhoff’s theorem which indicates that
the spacetime geometry outside a general spherically symmetric matter distribution is

the Schwarzschild geometry [4].



From this basic initial solution more phenomena were perceived as significant con-
tributors to gravitational collapse, namely anisotropy, bulk viscosity, shear, the electro-
magnetic field and energy dissipation through radiative processes [5],[6]. One of these
phenomena that Birkhoff’s theorem did not account for was the radiating nature of a
gravitational body. Consequently the Schwarzschild solution needs to be extended to
include radiation. The Vaidya solution [7], describes radially directed null radiation
creating an atmosphere around the gravitating body. The Vaidya solution is thus a
very natural model for stars in comparison to the Schwarzschild solution, as it is clear
that stars do radiate matter. The Vaidya solution has also been extended to include
charge and the cosmological constant [8] although these will not be covered in this
thesis. A further phenomenon that is significant but has not been pursued to its full
extent due to the difficulty in modeling, is the effect of rotation.

With the discovery of the Vaidya solution, it became possible to model radiating
stars and to investigate dissipative collapse. The junction conditions required for the
smooth matching of the interior spacetime to the Vaidya solution was first provided
by Santos in 1985 [9]. An important consequence of the junction conditions is that
the pressure on the boundary is nonvanishing. This ensures the continuity of the
momentum flux across the boundary. Earlier treatments of radiating stellar models
were restricted to shear-free, spherically symmetric interiors. These models were gen-
eralized to include shear, electromagnetic field, bulk viscosity and the cosmological
constant [10]. The first shearing, radiating stellar model within this framework was
provided by Naidu et al [11] in which the particles were assumed to undergo geodesic
motion. These results were extended by Thirukkanesh and Maharaj [12]. Herrera and
Santos [15] proposed a shearing model in which the areal radius was always equal to
the proper stellar radius, and referred to these models as Euclidean stars. The first
exact solution describing Euclidean stars was presented by Govender et al [13]. These
models were subsequently generalized by Govinder and Govender [14] who found exact

solutions describing Euclidean stars with a barotropic equation of state. It was fur-



ther shown that these models exhibit the horizon-free property, ie, the rate of collapse
balances the rate of energy emission preventing the formation of the horizon.

Another important physical aspect to consider is the thermodynamics of the collaps-
ing star. Historically most researchers utilized Eckart’s theory to model heat transfer
within the stellar core. There are various problems associated with the theory. First
and foremost, the theory is noncausal, ie, it predicts superluminous velocities for the
dissipative fluxes. Secondly the Eckart theory yields unstable equilibrium states [16].
When the temperature inside an object changes then that temperature change is not
instantaneous across the whole object especially if it is massive (like a star). Therefore
a relaxation time needs to be included such that it allows the temperature change to
occur gradually across the star. We will thus investigate dissipative processes within
the framework of extended irreversible thermodynamics [18],[19],[20]. This framework
has been used before by others including the treatment of Maharaj et al [17].

It is important to consider existing shearing radiating models. Most solutions found
do not include shear but include other physical phenomena occurring in the star [9].
Some of the early attempts to incorporate shear were made by Herrera and Martinez
[21] but they principally dealt with bulk viscosity. It took the treatment of Chan [22],
to include shear viscosity for the first time although there were some issues with his
approach. A more comprehensive and clear shear viscosity analysis was completed by
Govender et al [24]. Their paper did not produce solutions but put together a model for
the problem. The first exact model for this framework, where the fluid is acceleration-
free, was presented by Naidu et al [11]. This model was subsequently generalised
by Thirukkanesh and Maharaj [12]. An interesting class of shearing models are the
Euclidean stars first proposed by Herrera and Santos [15]. These models exhibit the
special feature that the proper radius equals the areal radius throughout the collapse
process. Some further exact solutions involving shear can be seen by Di Prisco et al
[23].

In this thesis we provide a new class of solutions which describe a shearing inte-



rior spacetime with acceleration thus providing a wider spectrum of models than the
geodesic radiating models.

A quick overview of what is included in each chapter is included below.

In chapter 2, we describe the most basic aspects of relativistic astrophysics by
considering differential geometry and the associated field equations. We illustrate how
to mathematically describe the various energy conditions or physical aspects of our
spacetime given by the radial pressure, density, heat flux and transverse pressure. We
also present Vaidya’s exterior radiating solution.

Chapter 3 involves the study of stellar boundaries, commonly known in the astro-
physics community as “Junction Conditions.” We consider the interior spacetime and
the exterior spacetime that match at the surface of the star. By matching the exterior
and interior at this boundary we demand that the two spacetimes and the extrinsic cur-
vature are continuous at this surface. This matching process results in new constraints
to our system that ultimately helps us in making predictions about the system.

Chapter 4 covers irreversible thermodynamics relevant to relativistic astrophysics.
In particular, we study the previous work of Eckart [25] and more modern results that
include causality to model the thermodynamical nature of a star.

Chapter 5 considers a specific model of a radiating shearing star drawing on what
was discussed in chapters two, three and four. A new exact solution is found which is
shearing and accelerating. We perform a physical analysis of this solution and show

that it is physically reasonable.



Chapter 2

Fundamentals of Relativistic

Astrophysics

2.1 Introduction

In this chapter we provide a brief overview of differential geometry that is required
for our investigation. In §2.2 we introduce the notion of a four-dimensional psuedo-
Riemannian manifold representing the geometry of spacetime. The element required
to describe the curvature of spacetime, namely the Riemann tensor, and associated
quantities are introduced here. The Einstein field equations, in its generality, are
also presented in this subsection. In §2.3 we consider a general spherically symmetric
shearing line element which describes the interior of the stellar model. The kinematical
quantities such as the acceleration, shear and expansion are calculated for this line
element. We assume a perfect fluid energy momentum tensor with heat flux. We
derive the Einstein field equations describing the gravitational behaviour of the interior
fluid. The exterior Vaidya solution which is the unique spherically symmetric solution
representing null radiation is presented in §2.4. The solution describes the exterior

spacetime of a relativistic radiating star.



2.2 Differential Geometry and Field Equations

In general relativity we take spacetime to be a four-dimensional differentiable manifold
which is defined by a symmetric nonsingular metric tensor field g [26]. The metric
tensor field has a signature (— + + +). Coordinates in the manifold are local and
given by (z%) = (2% 2', 2% 23) where 2 is timelike and the other components are
spacelike. For this thesis the speed of light and the coupling constant are taken to be
unity.

The invariant distance between two infinitesimally separated points in spacetime is
defined by [26]

ds® = gapda®da® (2.2.1)

which is the most general form of the line element. The connection coefficients, which
represent a connection on the manifold, connect spaces of vectors and tensors at nearby
events through parallel transport [27]. They are defined in terms of g and it’s deriva-

tives (partial derivatives are denoted by commas) to give the following,

ad(

1
I = 59" (Ged.p + Gdb,e — Gbe,d) (2.2.2)

The fundamental theorem of Riemann geometry ensures the existence of a unique
connection coefficient which preserves the inner product.
The Riemann tensor, R, which is a measure of curvature in spacetime, is created

from these connection coefficients [26],
Rcabc = Fdac,b - I‘dab,c + Feacrdeb - FealJFdec (223)
By contracting the Riemann tensor (2.2.3) the symmetric Ricci tensor is obtained,

Rab = Rcacb (224)

d d
FCab,c - 1—‘cac,b + chcr ab — chbr ac

A further contraction of the Ricci tensor (2.2.4) results in the Ricci scalar. This is a

scaling constant that assigns a single real number to each point on the Riemannian



manifold. As can be seen by the following equation it is determined by the intrinsic

geometry of the manifold [26]

R = R% (2.2.5)

= ¢®Ru (2.2.6)

Using the Ricci tensor (2.2.4) and the Ricci scalar (2.2.5) it is possible to construct

the Einstein tensor, G,

1
Gab = Rab — éRgab (227)

As both the Ricci tensor and the metric coefficient are symmetric one can see that
G, in turn, is symmetric. Another property of the Einstein tensor is that it has zero

divergence such that (where semicolons denote covariant differentiation),

G%, =0 (2.2.8)

)

This property follows from the definition of the Einstein tensor (2.2.7). This property
is sometimes called the Bianchi identity, and it is a necessary condition to generate the
conservation equations via the Einstein equations.

After defining G we need to look at the energy momentum tensor, T, which has

been separated into three distinct terms,
Ty=T +T + T (2.2.9)

We decompose these terms to get the following representations

The first term
TS = (1t + p)tta + Pgas (2.2.10)

represents the perfect fluid where w is a unit timelike four-velocity vector, u is the
energy density and p is the pressure.

The second term

T3 = qats + gotia + (Pr — PL)XaXo (2.2.11)
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represents the dynamically anisotropic stress energy tensor where ¢, is the heat flow
vector, p, is the radial pressure and p is the transverse pressure. Note that the vector

Xq is orthogonal to u®. The heat flow vector and stress tensor satisfy the conditions

q¢“up =0 (2.2.12)

1w = 0 (2.2.13)

where Il,, = (pr — p1)XaXs- These quantities are defined relative to the fluid four-

velocity [8] where the heat flow vector ¢, is given by

¢* =(0,¢,0,0), (2.2.14)
The third item

T = €y (2.2.15)

is the energy momentum tensor for null radiation where € is the radiation energy density
and &, is the null four-vector.

The Einstein field equations can thus be written as
G =Tw (2.2.16)

where we use geometrized units. The Einstein field equations (2.2.16) couple spacetime

geometry (2.2.7) to the matter content (2.2.9).

2.3 Spherically Symmetric, Shearing Spacetimes

The most general line element for a spherically symmetric spacetime in the absence of

rotation and in comoving coordinates can be written as,
ds® = —A*dt* + Bdr® + Y*(d#” + sin® 0d¢?) (2.3.1)

where A, B and Y are all functions of the coordinates ¢t and r. The fluid four-velocity

u is timelike and is given by

ut = —48 (2.3.2)



The kinematical quantities are given by o (the magnitude of the shear), u® (the four-
acceleration vector), © (the expansion scalar) and v, (the vorticity tensor).

The expansion scalar and the fluid four-acceleration are given by the equations
0 = Ua;a, Aq = ua;buba
and the shear tensor by
1
Tab = Uasp) T A(allp) — g@(gab + Ualp).

These kinematical quantities contribute to our knowledge about the evolution of the
system in question. Later we will draw from them and comment on the physical nature

of the system. The kinematical quantities for the line element (2.3.1) are

A/
W = (o, =0, 0) (2.3.3a)

A
0 = % <g + 2%) (2.3.3b)
o = 05= —%o—g = 3%1 (; — g) (2.3.3¢)
Vap = 0 (2.3.3d)

where dots and primes denote differentiation with respect to ¢ and r respectively.



Using equation (2.2.3) we find the nonzero Ricci tensor components to be,

o B+AB+2AY 21"/
W= T AB TTAY Y

_|_A_2 A_”_£/£,+2£/z
B2\ A A B AY

BY' AY' Y
R()l = 2 ———f-————

YY(B A Y Y)
Ry = 5 |5-5+c+=

YY/ B/ A/ Y/ Y//
R Y

R33 = sin2 QRQQ

for the line element (2.3.1). From the above components we find the Ricci scalar (2.2.5)

to be,

R - 2(B_4AB ,BY ,AY V' .Y
A2\B AB “BY TAT "Y? 7y

+ 2 (234

T2y T P2y )t

2 A// Al B/ B/ Y/ Al Y/ Y/2 Y//
92—
(A AB “BYy "“Ay 'Y Y)

for the line element (2.3.1).

By making use of the above components, (2.2.7) and (2.3.4) we obtain the Einstein

10



tensor components, as follows,

BY Y?

Go = 25+

BY Y2

BY'
G = 2(__+

G33 = Sin29G22

22— — 2 |+

A2 B/ Y/ Yl2 Y// AZ
( BY ' Y? Y) V2

BQ

£2_2>

v:(B_AB BY AY Y
B AB BY AY Y

Al B/ A/ Y/ B/ Y/ Y/l)

+§(T_ZE+AY BY 'Y

(2.3.5a)

(2.3.5b)

(2.3.5¢)

(2.3.5d)

(2.3.5¢)

which are in a simple form that is consistent with spherical symmetry. The Einstein

field equations for the interior of an anisotropic shearing matter distribution may be

derived. The following illustrates the physical aspects of the star that we glean from

the Einstein field equations,

11



! 2[3+Y Y 1 2Y”+ Y’ 2_2B’Y/_ B\’ (2.3.60)
P e \"BTY )Yy T BTy T \Y BY \Y o
1 [ v A v\Y] 1 /.4 vy\Y 1
= —— 2= — 2= | = — (2= =) — - —= 2.3.6b
P 22 |7y <A Y)Y +B2<A+Y>Y yz  (2:36D)

i [B Y _A(B ¥\ By
b= "0 |BTy a\BTY)  BY
1 'A// Y// Al B/ Al B/ Y/
LA AL (A BT 2.3.
"BE|ATY AB <A B) Y} (2:3.6¢)
9 (v BY VA 2.3.60)
= Ap\Y BY YA o

where p is the energy density within the star, and ¢ is the measure of heat flow.
To illustrate how these equations can be reduced to a simpler form we simply let

the shear vanish by letting

Y B
= = = 2.3.7
v I (2.3.7)
This results in the line element changing from (2.3.1) to the following:
ds* = —A*dt* + B? [dr® + r*(d6” + sin® 0dp*)] (2.3.8)

This line element is simultaneously comoving and isotropic. The Einstein field equa-

tions, for this line element, now reduce to,

12



B" B? 4B
- (2.3.9a)

3B 1 N
= g m\*“B B "B

_ 1 (_,BB B32+2AB
Pro= g B B2 " “AB

1 /B? AB 24 2B
2 o= (2.3.9b)

"BE\BETTAB Tra B
1B _AB 1B 141

— 949 2 2 L
PL PR BB AR T rAR

1B A"1 B*® B
SET AR B ®

(2.3.9¢)

_ 2 (B BB A (2.3.94)
7 "ap\ BT B TAB >
Thus we see how the field equations define the gravitational interactions of a stellar

body in the simple shear-free case.

2.4 Exterior Spacetime: Vaidya Solution

Previously the exterior solutions for gravitational collapse, based on the Schwarzschild
model for exterior spacetime, suffered from neglecting the radiative heat flow from the
star [28]. It was with the advent of the Vaidya solution that a more realistic model
of radiative gravitational collapse, where the collapsing core radiated energy to the
exterior spacetime, came to pass [7].

Vaidya’s solution is given by the following metric,
2 2m(v) 2 2 (102 | win2 2
ds* = — | 1 — —— ) dv® — 2dvdr + r* (d6” + sin® 0d¢*) (2.4.1)
.

where v represents the retarded time coordinate. In this result m(v) can be interpreted

as the Newtonian mass of the body generating the gravity as observed at infinity, and

13



essentially represents gravitational energy contained within the radius of the star. In

order to separate the interior and exterior spacetimes it should be noted that we use

the coordinate v and r to represent the temporal and radial coordinates for the exterior

spacetime. Using (2.2.3) we find the only nonzero Ricci tensor component to be

oo =~

The Ricci scalar for the Vaidya line element (2.4.1) vanishes giving R = 0.

Thus we find for the Einstein tensor (2.2.7) in this case to be,

Gy = — 2 I 5050

rZ2dv ¢

and the energy momentum tensor for null radiation is given by

T® — e,¢,

For the Vaidya solution the null four-vector is given by &, = (1,0,0,0).

(2.4.3) and (2.4.4) we have for the energy density of the null radiation

B 2 dm

r2 dv

(2.4.2)

(2.4.3)

(2.4.4)

Thus using

(2.4.5)

Since the star is radiating energy to the exterior spacetime we have that % <0.

14



Chapter 3

Chapter 3: Junction Conditions

3.1 Introduction

The boundary of a radiating star divides spacetime into two distinct regions, the inte-
rior spacetime described by a general shearing line element in the absence of rotation
and the exterior spacetime represented by Vaidya’s solution. Since the star is radiating
energy to the exterior spacetime, there is associated with this radiation a momen-
tum flux across the stellar boundary. In order for the flux to be continuous across
the boundary, we require that the interior spacetime match smoothly to the exterior
Vaidya spacetime. The junction conditions required for the smooth matching of the
two spacetimes was first provided by Santos [9]. It was shown that a spherically sym-
metric, shear-free line element could be matched to Vaidya’s outgoing solution. If we
further assume that the stellar interior is dissipating energy in the form of a radial heat
flux, then the junction conditions imply that the pressure on the surface of the star is
nonvanishing. The Santos junction conditions have subsequently been generalised to
include the electromagnetic field, shear, bulk viscosity, cosmological constant as well
as matching to the generalised Vaidya solution [29]. In section §3.2 we introduce the
general conditions required for the smooth matching of the interior spacetime to the

exterior spacetime across a timelike hypersurface. In section §3.3 we match the in-

15



terior spacetime to the timelike hypersurface which defines the boundary of the star.
The exterior spacetime is matched to the hypersurface in §3.4. In §3.5 we provide the
complete set of junction conditions required for the smooth matching of the interior

spacetime to the exterior Vaidya solution.

3.2 Line Elements and Matching Conditions

The interior and exterior spacetimes are both described by distinct, smooth four-
dimensional manifolds, M~ for the interior and M™ for the exterior, the boundary
being ¥ which is a timelike hypersurface. The Darmois conditions were used for the
derivation of the junction conditions as they were shown to be the most convenient
and reliable [30].

We assume that ¥ has an intrinsic metric g,g where the intrinsic co-ordinates are

given by £* where a = 1,2,3. On the surface ¥ we have

ds%, = gapde®de” (3.2.1)

The line elements for the interior and exterior spacetimes (M%), respectively, assume

the form

ds’y = gupdXLdXY (3.2.2)

The coordinates in (M?*) are x4, where a = 0, 1,2, 3. When approaching the boundary

we demand that

(ds?)y = dss. (3.2.3)

where ( )y represents the value of () at the boundary. It can be seen then that the

coordinates of (M™*) are given by X¢ = X%(£).

16



The continuity of ¥ results in the first junction condition. The second junction
condition arises from the requirement that there is continuity of the extrinsic curvature

of 3 across the boundary, such that,

Kl =K, (3.2.4)
where
O*X 0X % X"
Kfﬁ =-—n, — iﬁ — I = ﬁi (3.2.5)
0E“O¢ 06" 0¢

The quantities nX(X?%) are the components of the vector normal to the boundary
>.. These junction conditions are not necessarily the only junction conditions that
have been used. In various papers different junction conditions have been used at the
boundary. For a more detailed analysis of these different junction conditions, used in
the literature, see [30]. For a deeper discussion of junction conditions at the boundary
in general relativity see [31]. The junction conditions described here are the same as

those used in [32] and [33].

3.3 Matching the interior to the boundary

The intrinsic metric of ¥ is given by
ds:t = —dn* + Y*(d6* + sin® 0d¢?) (3.3.1)

with coordinates £* = (n,0,¢) and ) = Y(n). It must be noted that the time co-
ordinate 7 is defined only on the boundary .. Using comoving coordinates, we take
M, the interior spacetime, to be described by the most general spherically symmetric

line element as defined by equation (2.3.1), repeated below,
ds® = —A%dt* + B%dr® + Y?*(d6® + sin® 0d¢?) (3.3.2)
The boundary of the interior matter distribution is given by
flrit)y=r—rg=20 (3.3.3)

17



where the radius at the boundary (ry) is constant. The vector with components

oxe
is orthogonal to . Hence the unit vector normal to X, n_, must be of the form,

n, = [0, B(rs,t),0,0] (3.3.4)

The first junction condition (3.2.3) for metrics (3.3.1) and (3.3.2) will result in the

restrictions

Alrs,t)t = 1 (3.3.5)

Y(rs,t) = Y(n) (3.3.6)

where dots represent differentiation with respect to 7. The extrinsic curvature K4
is calculated from (2.2.2),(3.3.2),(3.2.5) and (3.3.4). The nonzero components of K_,

are,

~ 1A
I(m7 = (_EZ)E (337&)
_ 1%
Koy = (B )E (3.3.7h)
K,, = sin®0K, (3.3.7¢)

which is valid on the surface X.

3.4 Matching the exterior to the boundary

We describe the exterior spacetime manifold, M™, of the radiating star using the

Vaidya line element equation 2.4.1 as outlined in chapter 2:

18



2
ds? = — (1 _ w> dv® — 2dvdr + r* (d6” + sin® 0dp*) (3.4.1)

Similar to the interior spacetime case, the equation at the boundary ¥ of M™ is

f(r,v)=r—rg(v)=0 (3.4.2)

Note that rs(v) is a function of v. From the above we find the orthogonal vector to X

is given by

8f drz
L (=1 4.
oX ( dv’ 0, O) (3:4:3)

The unit normal to Y can then be interpreted as

1
2m dl’g o2 dl’z
Sl D ) b2l ~T2 10,0 3.4.4
o= (12 42f) 7 (<00) (3.4.4)

For M™, the first junction condition (3.2.3), for the line elements (3.3.1 and 3.4.1)

generates equations similar to that seen in the interior case,

re(v) = Y(n) (3.4.5a)

2 d 1
(1 -y 2—r) — (—2) (3.4.5b)
r dv ) s, 0? )

Using (3.4.5b) we can reformulate equation (3.4.4) to read,

n = (—t,9,0,0) (3.4.6)

a

In order to find K for the exterior spacetime according to equation (3.2.5) we

must perform some long and tedious calculations to find the nonvanishing components
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of the extrinsic curvature tensor, as given below

(o .m
L s
P 2m :
K, = |v (1 - —) r+ rr} (3.4.7b)
L r =
K}, = sin®0 K, (3.4.7c)

As can be seen by the subscript ¥, these forms are valid at the boundary.

3.5 Summary

The first junction condition for the interior and exterior spacetimes from §3.3 and §3.4

can be written as,

Alrs, )t = 1 (3.5.1)
Y(Tg,t) = y(ﬁ) (352)
re(v) = Y(n) (3.5.3)

2m dr 1
120y - (L) o5

As 7 was defined as only an intermediate variable we can eliminate it from the above
equations. We thus find that both the sufficient and necessary conditions on the space-

time for the first junction condition to be valid are

9 3
Alrs, )t = (1 _Am zdﬂ) dv (3.5.5)
rs dv

Y(rs,t) = rxg(v) (3.5.6)
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By equating the appropriate extrinsic curvature components in (3.4.7) and (3.3.7)

we generate the second set of junction conditions (3.2.4) These are given by

1A [ m
- — |2 =y 3.5.7
( BA)Z L0 Ur2v]2 ( )
YY’ [ 2
< ) = o -4 ri] (3.5.8)
B /s L r 5

After eliminating r, r and v we can find the expression of the mass function in terms

of the metric function. After a long calculation we find that,

(3.5.9)

%

We can take m(v) as representing the total gravitational mass within the surface X.

We can also use (3.3.6), (3.3.5) and (3.4.5a) to write

, Y

Using the above for fy. and substituting (3.5.9) in (3.5.8) we obtain

: -1
. Yy Y
Vy = (Z + E) (3.5.11)
s
We now differentiate the above with respect to 7 and make use of (3.3.5) and (3.3.6)
to write
: 2 . . .
o 1 (Y n Y’ Y’ BY' AY n Y (3.5.12)
T T a\aT B B~ B2 A2 A ~
2

From here we substitute (3.3.6), (3.4.5a), (3.5.9), (3.5.11) and (3.5.12) into (3.5.7)
Y’+BY’+AY Y Y2+A Y2 D).
B B? A2 A 2AY  2Y \ B?

. —1
(XX (3.5.13)
PR 5.

P

which produces,

AN
BA)s

21



When we multiply the above by (% + YE,) and simplify, we come to the following result

(the same as Santos [9])

(pr)s = (¢B)s (3.5.14)

It is clear from (3.5.14) that the radial pressure, at the boundary of the dissipating
star, can only be zero when ¢ becomes zero. In this case there is no radial heat flow
and the exterior spacetime consequently is not the Vaidya spacetime but is described

by the vacuum Schwarzschild spacetime.
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Chapter 4

Thermodynamics

4.1 Introduction

A common approach in astrophysics is to look at processes as being perfect fluid ap-
proximations in which a fluid in equilibrium generates no entropy and no “frictional”
type heating occurs. This is due to the dynamics being reversible and without dissi-
pation. While this is adequate for some processes, it is not suitable for others, such as
dissipative phenomena. Dissipative effects require us to develop a relativistic theory
of dissipative fluids and treat the fluid as behaving irreversibly. This form of irre-
versible thermodynamics has been covered extensively in [18]. This paper does cover
the relativistic thermodynamical processes but it focuses on the nonrelativistic case.
For a full relativistic description the reader is referred to [19],[20],[34]. As has been
mentioned in [16] the most comprehensive approach to irreversible thermodynamics is
via nonequilibrium kinetic theory. It however, was also pointed out that this method
is very complicated and a standard phenomenological approach is more than adequate
and much simpler to communicate. Reference can still be made to relativistic kinetic

theory to support results.
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4.2 Irreversible Thermodynamics

Irreversible thermodynamics was first extended to the relativistic sphere of physics by
Eckart in 1940 [25]. This theory and it’s later modified version by Landau and Lifschitz
in 1959 [35], had the same major problem as in the Newtonian theory. Dissipative per-
turbations are assumed to propagate instantaneously throughout the fluid (essentially
achieving super-luminal speeds).

This propagation assumption, while adequate for small scale nonrelativistic objects,
does not work well with relativistic theory and the massive objects it deals with. If we
choose to use this assumption in relativity theory then we find the equilibrium states
that are predicted are, in fact, unstable.

Mueller developed an extended non-relativistic version of irreversible thermody-
namics that included causality [36]. This was, later, extended independently by Israel
and Stewart [20], to a relativistic form. The extended theory was known due to two
influential aspects. It takes into account causality in thermodynamics by treating dis-
sipative perturbations as being non-instantaneous. A second order term within the
thermodynamics arises because the entropy includes a second order term in the dis-
sipative variables. This theory uses transient variables because it looks beyond the
semi-stationary form of classical theory to incorporate transient phenomena on the
scale of the mean free path.

For this chapter we follow the notation of Maartens [16].

4.3 Entropy in Irreversible Thermodynamics

Both standard and extended irreversible thermodynamical theories impose conserva-

tion of particle number and the energy momentum tensor. Thus we have

n%, =0, T 3=0 (4.3.1)
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Thus n+ 3Hn = 0, where H is the generalised Newtonian expansion rate [16] and n is
the number density.

In irreversible thermodynamics entropy is no longer conserved, and is expected to
increase with time as is suggested by the second law of thermodynamics. Entropy
production is given by divergence of the entropy flux vector. Thus the covariant form

of the second law of thermodynamics is

S%, >0 (4.3.2)

In the perfect fluid case entropy is typically represented by [16]

S = Spo (4.3.3)

With the inclusion of a dissipation term we find entropy to be

[e7

S = Snu® + RT (4.3.4)

where entropy and temperature are still related via the Gibb’s equation, given below

TdS =d (g) +pd (1> (4.3.5)

n

The dissipative contributions of S* and R* are both assumed to be algebraic func-

tions of n® and T (ie, R* = R%(n”,T")) that vanish in equilibrium:

R*=0

This essentially goes back to the idea that non-equilibrium states are assumed to be
adequately specified by n® and T*? which are the hydrodynamical tensors.
One can see in [20] how the above corresponds to truncation in the non-equilibrium

distribution function of relativistic kinetic theory.
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4.4 Irreversible Thermodynamics - From Eckart On-
wards

Eckart theory makes a very simple assumption about the structure of R*, in that it
is linear in the dissipative quantities. This produces only one possible vector that can

then be created from the dissipative quantities

f(n, a)lu® 4+ g(p,n)q” (4.4.1)

It is expected that the entropy density (u,5%) will be maximum at equilibrium,

0
—(—us S = 0. 4.4.2
B (1.42)
equi

This in turn implies that f = 0. We also expect then in a comoving instantaneous
orthonormal frame (IOF) that % = (0, %) which is the entropy flux due to heat flow.

Thus we now expect g = 1 and (4.3.4) becomes,

qa
¢ = * 4+ = 4.4.
S = Snu® + T (4.4.3)

Using the Gibb’s equation (4.3.5), the conservation equations (4.3.1) and the altered

conservation equations of [16], the divergence of (4.4.3) becomes

TS* o= —[BHI + (Do InT + 116)q" + 0asm™’] (4.4.4)

where D, InT' is the covariant spatial derivative of InT.

The equilibrium conditions from relativistic kinetic theory lead to the vanishing of
each factor multiplying the dissipative terms on the right leading to S*., =0

For (4.4.4) to satisfy (4.3.2), we impose a linear relationship between the thermo-

dynamical “fluxes” II, gq,, m.s and the corresponding thermodynamical “forces” H,
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U+ Dy InT and o,4:

II = —3CH (4.4.5a)
o = _)\(DQT + Tuoz) (445b)
Tag = _2770a,8 (445C)

It is of interest to note that, should pressure be isotropic, then the left hand side of
(4.4.5¢) vanishes, implying that ¢ must be zero. This implies that the shear viscosity
must be zero. Without shear viscosity there is no shear. In some previous papers they
have claimed to include anisotropy without shear which clearly makes no sense [37].
The equations of (4.4.5) are the constitutive equations for dissipative quantities in
Eckart’s theory of relativistic irreversible thermodynamics. It can also be seen that
they are the relativistic generalisations of the corresponding Newtonian laws as shown

below,

I = —3(?.7 (Stokes) (4.4.6)
o = —A?T (Fourier) (4.4.7)
mi; = —2no;; (Newton) (4.4.8)

One should note that if one tries to use an IOF in (4.4.5) then an acceleration term
arises, that can be seen in (4.4.5b), due to the inertia of heat energy (as noted by
Eckart). Essentially this tells us that a heat flux is predicted to arise from the accel-
erated matter even in the absence of a temperature gradient. As with the Newtonian

laws we expect the thermodynamical coefficients to be given by

e ((p,n) which is the bulk viscosity.
e )\(p,n) which is the thermal conductivity.

e 1)(p,n) which is the shear viscosity.

27



Using (4.4.5) we find (4.4.4) becomes,

g0 0= L | dad”  Tay "
CTCT AT T T

(4.4.9)

which will always be greater than or equal to zero provided that ¢ > 0, A > 0 and
n = 0.
Using the Gibbs equation (4.3.5), number conservation and energy momentum con-

servation again lead us to find a time evolution equation for the entropy
TnS = —3HTL — ¢* . — 11aq™ — 00z’ (4.4.10)

A substantial amount of papers have used Eckart’s version of irreversible thermo-
dynamics. The problem with it, as mentioned earlier, is it’s non-causality which can
be seen if one turns the thermodynamic force off suddenly. When this occurs the tem-

perature throughout the fluid changes instantaneously violating relativistic causality.

4.5 Moving Towards a Causal Theory of Irreversible
Thermodynamics

We have seen in the previous section that Eckart’s assumption with respect to R* is
just too simple. It leaves out the causal nature of temperature propagation thus leading
to incorrect predications of stability states.

A more general form of R, that is at most second order in the dissipative fluxes

[16], has been inputted below

ut apllgt  aymq,
St = Snut — (70H2 + f)/lquy + '727‘-1//{77-1/”) T + OTq + - T d (451)

where, v4(p,n) > 0 are the the thermodynamic coefficients for all scalar, vector and
tensor dissipative contributions to the entropy density, and a4(p,n) are the thermo-

dynamic viscous/heat capacity coefficients.
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We can now use (4.5.1) to find the effective entropy density (measured by comoving

observers)

1
—u,S* =S, — 7T (70H2 + m1q.q" + 'ygﬂwm’“’) (4.5.2)

which has been modified to be independent of the viscous/heat capacity coupling co-

efficients, ie,

Qp = 0 = 0 (453)

Similar to our approach with respect to the Eckart formalism we want to look at
the divergence of (4.5.1) with (4.5.3) which follows from the Gibbs equation (4.3.5) and

the conservation equations. We obtain

L1
TS, = —II|3H + oIl + =T <ﬂua) 11
’ 2 T e’
1
¢ |Daln T+t +1da + 5 () aa
2\T S

1
— |:O'a# + VoTtap + §T <¥u”) 7Ta#:| (4.5.4)

where the above three terms represent the evolution of the bulk viscosity, heat flux and
shear respectively.

In order to obey the second law of thermodynamics (4.3.2) we impose a linear
relationship between the thermodynamic fluxes and dissipative forces. This leads to

the following transport equations,

oI+ = —3CH - |¢T (#w) il (4.5.52)
T/,
1
T ds +da = —ADoT + Tiiy) — {EATQ (%Uﬁ)ﬁ qa] (4.5.5b)
Tl B 3T + Top = —2n0a5 — |01 (%Z_ZTUV) TaB (4.5.5¢)
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where the relaxational times 74(p, n), 71(p,n) and 75(p,n) become

T = (Y
n = N
Ty = 2107

As was mentioned earlier as long as ¢, A and n are > 0 then the entropy production
rate will be greater than or equal to zero.

In addition to the viscous/heat coupling, relativistic kinetic theory predicts that in
general there will be a coupling between the heat flux and the anisotropic pressure to
the vorticity, which, unlike the shear, does not vanish at equilibrium. We see these
couplings giving rise to the following additions to the right hand side of (4.5.5b) and

(4.5.5¢) respectively,
+)\TX1wagqﬁ
and
T2 aTeaWssp

where y; and x» are the thermodynamic coupling coefficients.

We can omit the terms in brackets from equations (4.5.5a), (4.5.5b) and (4.5.5¢).
The new equations have been referred to in the published literature as the truncated
Israel-Stewart equations [20]. There are only certain conditions that can then be con-

sidered reasonable for the truncated equations

ol +11 = —3CH (4.5.6a)
h s+ g0 = —ANDoT + Tita) (4.5.6Db)
TQhuahyﬁﬁ-pu + Tag = _2770aﬁ (456C)

If we compare the above equations, representing the Israel-Stewart transport equations

with the Eckart transport equations, we find that the Israel-Stewart equations are
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differential evolution equations whereas Eckart are merely algebraic equations. The
new evolution terms with the relaxation time coefficients 74 have now introduced the
much needed causality to the irreversible thermodynamic theory. If we were to set
10 = 11 = 7o = 0 we would then recover the Eckart transport equations [11].

Based on our line element (2.3.1) introduced in chapter 2 we expect (4.5.6b) to

become,

“ry

7'1(QB)¢+A(C]B) = —)\ B

(4.5.7)

Note that(4.5.7) has a large impact on the causal temperature profile as it is linked to
the heat transport equation. Equation (4.5.7) governs the behaviour of the temperature
and we can quite clearly see that by setting 7 = 0 that we will obtain the familiar

Fourier heat transport equation,

_ @y
A(gB) = -\ (4.5.8)

which can predict reasonable temperatures provided that the fluid is close to a quasi-
stationary equilibrium. In our models that we will be analyzing we assume that the
energy is carried away from the star by massless particles that are thermally generated
with energies of the order of kT". Thus we expect the thermal conductivity to take the

form,

A= pT?7, (4.5.9)

where ¢ (> 0) is some constant, and 7, is the mean collision time between the massless
and massive particles. If we model the system like this then we expect the power law

behaviour to look like,

. (%) T (4.5.10)
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where a (> 0) and w (> 0) are some positive constants. We can test to see if the
power law found is reasonable by setting w to % in which case we recover the case of
thermally generated neutrinos in neutron stars. We can also see in (4.5.10) that an
increase in temperature will result in decreasing collision time, which is in line with
what we would expect from any decent prediction mechanism. There is a special case
when w = 0 that results in a constant collision time but this will only give a reasonable
model for a very limited range of temperatures.

If we consider the treatment in [39], then we can adopt a similar assumption, in
that the velocity of the dissipative propagation is comparable to the adiabatic speed
of sound. This is satisfied provided that relaxation time is proportional to the collision

time as shown below,

T= (%0) To (4.5.11)

where 7 (> 0) is a constant. The case where 7 = 0 would apply for the noncausal
temperature predictions. Omne can think of 7 as being the ’causality index’ which
measures the strength of the relaxations effects.

We can now use our definition of A from (4.5.9) and 7 from (4.5.11) in (4.5.7) so

that we find,

T5(AT)'

BaB) T + A(gB) = —a (4.5.12)

where (¢B) . is differentiation with respect to t. By setting 8 = 0, we can then find all

the noncausal solutions of (4.5.12), [38]

—4
ATy = Y72 / A4 Br + F(t) ,w# 4
a
1
In(AT) = ——/q32dr+F(t) ,w=4 (4.5.13)
o
where F(t) is some arbitary function of integration. The quantity F'(¢) is fixed by the
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expression for the temperature of the star (which is found from the luminosity) at its
surface.

If we want to consider the relaxational effects due to shear then we must use (4.5.5¢)
as a definition of the relaxation time for the shear stress. Using line element (2.3.1)

equation (4.5.5¢) is reduced to,

—-P
P + ETOUT4
where the coefficient of shear viscosity for a radiative fluid
_ A (4.5.15)
n = 15’/“0 T1 ..

has been used. In the above we have set P = %(p 1 —pr) and 7 is the radiation constant

for photons. Also 75 is assumed to be proportional to 7.
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Chapter 5

A Radiating Model

5.1 Introduction

It is the purpose of this chapter to seek solutions to the Einstein field equations de-
scribing a spherically symmetric matter distribution with shear and nonvanishing ac-
celeration. We show that the boundary condition for a general spherically symmetric
interior matter distribution, matched to Vaidya’s outgoing solution, leads to a Riccati
equation. We solve this equation for particular combinations of the metric functions.
We further investigate the thermal behaviour of a particular model and relate our

results to the acceleration-free models developed in the literature.

5.2 Shearing Spacetimes

The interior spacetime of the collapsing sphere is described by the general spherically

symmetric, shearing metric in comoving coordinates (2.3.1) which is, repeated below
ds®> = —A%dt* + B2dr® + Y*(d6? + sin” 0d¢?) (5.2.1)
where the metric functions A = A(t,r), B = B(t,r) and Y = Y(¢,r) are yet to be

determined.
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The matter content for the interior is described by the energy momentum tensor

(2.2.9),

Top = (14 1)Uty + P1rgab + (Dr — DL)XaXb + Qats + Gl (5.2.2)

where u, p., p1 and ¢ are defined in §2.2. The fluid four-velocity u and the heat flow

vector ¢ are,

1
u = S (5.2.3)
¢* = (0,4,0,0) (5.2.4)

and q“u, = 0 ensures radial heat dissipation. We further have

X"Xa =1, X tq = 0. (5.2.5)

For the comoving line element (5.2.1) the kinematical quantities take the following

forms
A/
a = 7 (5.2.6)
1(B Y
_ l é_X (5.2.8)
o = il a7y 2.

where a; = '. We then find the thermodynamical quantities for the interior of the
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star

2Y”+ Yy’ 2 QBIY/ B 2 (529)
Y Y BY Y o

1 [ v A vV\Y 1 /A Y\Y 1
— |9 _ (2 _ | = — 2=+ =] —=-—= 2.1
Pr 2|7y (A Y)Y +B?(A+Y>Y yz (5210
1 'B+Y_A B Y\ BY
Po= 7|y a\B Y] T BY
1 'Al/ Y/l Al B/ Al B/ Yl
A r AL A LY 211
B|ATY 4B (A B)Y] (5.2.11)
2 (Yr BY YA (52.12)
= up\y BY YA -

This is an underdetermined system of four coupled partial differential equations in the

seven unknowns A, B,Y, u, p,,p, and q.

5.3 Exterior Spacetime and Junction Conditions

The exterior spacetime is taken to be Vaidya’s outgoing solution

ds* = — (1 — 2m—r<”)) dv® — 2dvdr + r* (d6? + sin® 0d¢?) (5.3.1)
where m(v) is not constant. The necessary conditions for the smooth matching of
the interior spacetime (5.2.1) to the exterior spacetime (5.3.1) have been discussed in
chapter 3. We present the main results that are necessary for modeling a radiating
star. The continuity of the intrinsic and extrinsic curvature components of the interior
and exterior spacetimes across a timelike boundary are, given by

s = 5| (5) - (5) 352

(pr)E = (qB)E . (533)

Relation (5.3.3) determines the temporal evolution of the collapsing star.
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5.4 Temporal Evolution

The junction condition 5.3.3 yields

Y AY | A Y’+2A’ (5.4.1)

Y AY’ 2 1Y A o
which is of the form

B =Cy(t)B* + Cy(t)B + Cy(t) (5.4.2)

We now attempt to integrate (5.4.1) for some special cases.

5.4.1 Casel

If we set
S-S+ =0 (5.4.3)
then (5.4.1) reduces to a linear equation. We note that (5.4.3) can be recast into the

=)
2YY

where is a Bernoulli equation in the variable A. This equation can be integrated in

following form

L
A—|=+—
Y * 2Y

general to yield
YY?

where f(r) is a function of integration. With the result (5.4.4), we find that (5.4.1)

becomes
Yy AY

: Ay A
B — v AT B+—{—+2—]_0 (5.4.5)

2 |Y A
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which is linear in B. We are in a position to integrate (5.4.5) which then allows us to

obtain a particular solution of the junction condition (5.4.1) given by

A = ,/ﬂif)—yjy (5.4.6)
g(r) —/ (A/+ AY’) exp / (j/;/, - ;) dt

dt
2Y
B = (5.4.7)

AY Y
— —)dt|dt
(%)

Y = Y({t,r) (5.4.8)

exp

where ¢g(r) is the second function of integration. We believe that (5.4.6)-(5.4.8) is a
new solution to the boundary condition (5.4.1) which allows for nonzero acceleration of
the fluid particles. We note that once the arbitrary function Y is specified, we can then
obtain explicit forms for A(r,t) and B(r,t) which completely specifies the gravitational

behaviour of our model.

5.4.2 Case II

If we set

Y A
2 =0 (5.4.9)

then equation (5.4.1) becomes a Bernoulli equation. Integrating equation (5.4.9) we

get

G
T (5.4.10)

where C(t) is a function of integration. Substituting (5.4.10) into (5.4.1) we obtain

P R S Y S N U

2AAC, CHA 20 A T AX AC2A! AC2A

(5.4.11)

which is a Bernoulli equation in the variable B.
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Even though the coefficients of (5.4.11) contain the functions A, C and their deriva-

tives; it can be integrated in general and we get

Acy”
B = ! 5.4.12
A [ Idt + h(r)] ( )
where h(r) is a function of integration and for convenience we have set
, 70PAC . A2C3? .\ ¢ At ol LA
9 A5 A6 9 A4 A5 4011/2144 4011/2
Therefore the functions
A= A(t,r) (5.4.13)
ACy”
B = ! 5.4.14
AA [ Idt + h(r)] ( )
C
Y = A—; (5.4.15)

satisfy the junction condition (5.4.1). Note that the gravitational potential A(t,r) is
an arbitrary function in this class of solution. Once A is specified, together with the

integration function C', the explicit form for I can be determined.

5.4.3 Case III

If we set

T ) (5.4.16)

then equation (5.4.1) has the form of an inhomogeneous Riccati equation. Integrating
equation (5.4.16) we get

A=al)Y

where «(t) is an integration function. In this case (5.4.1) becomes

Y(1+a?) e!

2YY'«o Y’

YY'a
2Y

B=

B> — |Y'a+ (5.4.17)

This is an inhomogenous Riccati equation which is difficult to analyse in general.
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If we take o as a constant and Y to be the separable function
Y(t,r) = K(r)C(t) (5.4.18)

where K (r) and C(t) are arbitrary functions of r and ¢ respectively. Then (5.4.17) can

be written as

(1+ a2)£
20K C?

- gaK’C (5.4.19)

B=

5.5 A Particular Radiating Model

In order to study the physical viability of the class of solutions describing dissipative

collapse we take a closer look at solutions (5.4.6)—(5.4.8). To this end we choose
Y(r,t)=a+cr—bt (5.5.1)

which subsequently allows us to obtain

b — bt
Ar,t) = 2\/% (5.5.2)
5 a b(a—i—cr—bt)—Qct\/w
t) = 5.5.
(r,) a+cr—bt (553)
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where we have set f(r) = a + cr. The Einstein field equations (5.2.9)—(5.2.12) yield

po= (4()03(07’ —bt)*+a’ (—4()0 +Va+cr— bt\/w>

—2a? (—2bc2(c — 1) — 2b%ct + *Va +cr — bt\/w>

b — bt
—Qa( — 4bctr + 4023t + AErvia + or — bt\/%
9 b(a+ cr — bt
—3bc“tva + cr — bt —))

t
o b\
(—a\/a +or — bt + 2ct %) (5.5.4)
2 2
Pr = = ¢ (555)

5
(a\/a +cr — bt — 20“/@)

The thermodynamical quantities at the centre of star become

o = 59 <4b303t2 + a® (—4bc + Va —bty/ M)

—2q2 (—ch — 2%t + AVa — bla — bt))

t

—2a (41)20375 3bc*tva — bt bl bt))

3
b(a — bt b(a — bt
/ (at (—a+bt) (—a\/a — bt + 2ct (at > (5.5.6)
2c?
pro = Qo= 5 (5.5.7)
(a\/a — bt — 2cty/ w)
The kinematical quantities yield
_ a-+cr+2(a+cr)t — 2bt? (5.5.8)
bY
2t4/ 2 (=Y)
—2acVY — 2c(cr — 4bt)VY — 3at /2

o = (5.5.9)

2Y(3/2)(aVY — 2cty /%)
@ = — ¢ (5.5.10)

2(a + cr — bt)
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5.6 Energy conditions and stability

In order to test the physical viability of our solution it is imperative to impose the
energy conditions on the interior matter distribution. We firstly require that the energy
density, radial pressure and tangential pressure all be positive within the stellar core,
ie.,

p =0, pr =0, pL =0
We further require that the energy density and pressure decrease outwards from the

centre towards the stellar surface, ie.,
p' <0, P, <0

We expect this as the density of the star at the centre is the highest and gradually
drops off towards the surface. From Figure 5.2 we note that the radial pressure also
drops off as one moves from the centre of the star to the stellar surface. Since p, = ¢B
for all time, the heat flux is highest at the centre of the core and falls off radially
outwards leading to cooling of the surface layers. An interesting feature of this model
is that the tangential pressure becomes negative for this particular epoch of the star’s
evolution. This suggest that the tension on each concentric shell is such that it tends
to cause the shell to expand while the sphere is collapsing under gravity. We can think
of the negative tangential pressure as contributing to the outward radial pressure thus
slowing down the collapse process. Figures 5.4 and 5.5 show (p + p,)> — 4¢®> > 0 and
p—pr—2p1 + [(p+ P.)? — 4¢%]"/? > 0 always. These requirements ensure that all the
energy conditions (weak, strong and dominant) are satisfied at all interior points of our

stellar model.

5.7 Thermal behaviour

The behaviour of the temperature during dissipative collapse has been extensively

studied in shear-free models and shearing models with geodesic flows. Up to this point,
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the only nonzero accelerating models with shear are the so-called Euclidean stars which
were first investigated by Herrera et al [15] and expansion free models [23]. The first
exact model of a Euclidean star was presented by Govender et al [13]. This model
has been generalised by Govinder and Govender [14], in which the thermal behaviour
and stability of Euclidean stars were investigated . The thermal behaviour of these
models were well studied within the context of extended irreversible thermodynamics.
Just as in the cases of shear-free models and shearing, geodesic models it was shown
that relaxational effects due to heat dissipation lead to higher interior temperatures of
the Euclidean stellar core. To this end we investigate the evolution of the temperature
profiles in our class of accelerating models with nonzero shear. We employ a causal
transport equation for the heat flux in order to display relaxational effects during the
collapse process. The truncated causal heat transport equation for the line element

(5.2.1) is given by
(ATY
B

7(¢B) + A(¢B) = —~ (5.7.1)

as seen in chapter 4, where 7 is the relaxation time and & is the thermal conductivity.

Switching ’off” 7 leads to the noncausal Fourier heat transport equation

(ATY

A(gB) = —k 5

(5.7.2)

which suffers various pathologies in terms of causality and stability of the equilibrium
states. Adopting the thermodynamic coefficients for radiative transfer as outlined in

[40], we set

k= '7T3Tca Te = (%) T (573)

where a« > 0, v > 0 and ¢ > 0 are constants. We further assume that the velocity of
thermal dissipative signals is comparable to the adiabatic sound speed. This is ensured

if the relaxation time is proportional to the collision time:

(D) (5.7.4)

(67
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where § (> 0) is a constant. Using the above definitions for 7 and &, equation (5.7.1)

takes the form
T3—O'(AT)/

BaB)T™" + A(¢B) = —a—

(5.7.5)

We are in a position to integrate equation (5.7.5) for the special case of constant

collision time corresponding to o = 0:

1
T(rt) = <X2 (X2<
AX3 (aQC + 2ac*d + Ad? — b*ct? — at/X le)

d%/b%(a\/yl—%t b% >

1 4b?e X1 (ay/ X7 + 2cty ) 251)
+b2X12¢ 3t2(a2 — 4bc2t)

b(a* — 4b02t)(a\/fllog X+ QCt\/Z)t(llog %)))/(ﬂ\/th(a? _ 4b02t)2))) _

42/ APc(Xo)(av/Xs + 2t/ B2)
(b%ﬁ)( 3t2(a? — 4bc?t)

(2b205( 2c 7’(4abc Xo+a \/>+ 4bc 2t\/»
b(a* — 4bc*t) (a\/zlog Xy + QCtﬁlo %)))/(t ﬁ(a — 4bc*t)? )>)>1/4

where we have defined

_ <2b2c6< —22dX, —

X1 = a+cd—10t

Xo = a+cr—0t

X; = < —aby/ X1 + aC\/b)t(l + C\/b)t(l (cd + bt))

Xy = <4abcx/X1+a2\/%+4602t\/b—?>

We note, from Figure 5.6, that the causal temperature is everywhere higher than its

noncausal counterpart for each interior point of the stellar core. This agrees with earlier
results obtained in the shearing case with zero acceleration as well as the models of

Euclidean stars studied in [11],[13].
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5.8 Discussion

We have modelled a spherically symmetric radiating star undergoing dissipative col-
lapse in the presence of a radially driven heat flux to the exterior spacetime. The
exterior spacetime is described by Vaidya’s outgoing solution. The matching of the
interior spacetime to the exterior spacetime across a timelike hypersurface generates
a temporal evolution equation for the metric functions which is a Riccati equation.
We integrate this equation under various assumptions to generate several classes of
radiating solutions with shear. We further studied the physical viability of one these
classes of solutions by imposing the energy conditions. Some of the physical properties
of the system are displayed in the Figures 5.1-5.3 and 5.7-5.10. An interesting feature
of this particular model is that the tangential pressure becomes negative (Figure 5.3)
for a particular period of the collapse. We point out that such a scenario would lead to
the slowing down of the collapse as opposed to the case of positive tangential pressure
where the collapsing sphere is squeezed into a smaller volume. We also showed that
the causal temperature is everywhere higher within the stellar core than the Eckart
temperature (Figure 5.6). Up to this point, the shearing radiating solutions that exist
in the literature are all acceleration-free [11] apart from the Euclidean star models and
expansion-free models [23]. We have investigated the evolution of the temperature for a
shearing collapsing fluid with nonzero acceleration. We have found that in the presence
of acceleration and shear, the causal temperature within the stellar core is higher than
the Eckart temperature. This reinforces the belief that relaxational effects cannot be
ignored during dissipative gravitational collapse, even when the stellar fluid is close to

hydrostatic equilibrium.
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Figure 5.6: Temperature vs radial coordinate

47



Density

025

010

005

Figure 5.7: Proper radius vs time

Figure 5.8: Density vs radial coordinate

48



Radial pressure

\
\
1.x10°6 \\
\
\
8.x107 \
6.x107
4.x107
\\\
~
| e '
2 ) 6 -

radial coordinate

Figure 5.9: Radial pressure vs

Tangential pressure
.
2 : e L 10
— /7//7
_sol /
/
/
/
-100 /
r/’
/
/
~150 /
/
/
{
[
—200 “\
[
ool ‘\
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Chapter 6

Conclusion

In our research we modelled spherically symmetric stellar configurations undergoing
dissipative gravitational collapse in the form of a radial heat flux. The Einstein field
equations for a spherically symmetric, shearing spacetime endowed with an imperfect
energy-momentum tensor were derived in detail. Since the star is radiating energy
the exterior spacetime is nonempty and is described by Vaidya’s outgoing solution.
The junction conditions required for the smooth matching of the interior spacetime
and exterior spacetime were derived in detail. Our focus was to extend radiating
stellar models to include shear and acceleration. There are several shear-free models of
dissipative gravitational collapse but the shearing models are quite restricted. These
shearing models include Euclidean stars, expansion-free collapse and geodesic collapse.
We attempted to generalise the geodesic models to include acceleration. We succeeded
in obtaining a wide class of accelerating-shearing models. A detailed analysis of the
physics of a particular class of models indicated that these solutions are physically

viable for particular epochs of the collapse.

We present here an overview of our results obtained during our investigations:

e We derived in detail the Einstein field equations required for modelling a sphere

undergoing dissipative collapse in the presence of shear and the emission of heat.
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We presented the Vaidya solution which is needed to model the exterior of the
radiating star. The atmosphere is assumed to be composed of null radition, thus

representing a radiation zone around the collapsing star.

The junction conditions first obtained by Santos for shear-free collapse was ex-
tended to include shear. We showed in detail that the radial pressure at the
boundary of the collapsing star is nonvanishing. We showed that the radial
pressure is balanced by the heat flux at the boundary. This condition ensures

continuity of the momentum flux across the matching surface.

The nonvanishing of the radial pressure at the boundary fixes the temporal evolu-
tion of our radiating models. We obtained the junction condition that determines
the temporal behaviour of the gravitational potentials. The evolution equation
(which is a nonlinear, ordinary differential equation) is the most general for such
a collapsing model. Unfortunately it cannot be solved exactly in the most general
case. By making certain simplifying assumptions we were in a position to obtain
a wide variety of radiating, shearing solutions with nonvanishing acceleration.
We believe that these solutions have not appeared in the literature and are all

new.

In order to get a handle on the physical viability of these models we investigated
the evolution of the temperature profile by employing a causal heat transport
equation. We presented the important aspects of thermodynamics necessary to
describe fluids leaving hydrostatic equilibrium. We highlighted the importance

of relaxational effects when the star is collapsing.

In order to test the physical viability of our solutions we presented a particular
model and investigated its stability and associated thermodynamical properties.
We found that this particular model satisfies all the energy conditions except for a

particular period in which the tangential pressure becomes negative. We imagine
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a negative tangential pressure repelling the fluid particles on each spherical shell
thus leading to an expansion of these shells. It is speculated that the negative
tangential pressure contributes to outward radial pressure. This would mean
that as the tangential pressure becomes more negative, this may slow down and

possibly halt the collapse.

We now point out several extensions to the results obtained in this thesis. The
shearing solutions presented in this work can easily be generalised to include the effect
of charge on the collapse process. The interesting result we hope to obtain is the effect
of charge on formation or avoidance of the horizon. The role of shear has also been
investigated in expansion-free collapse where it was shown that a cavity evolves within
the dynamical body. The extension of the Santos junction conditions required for the
matching of charged radiating interior to the Vaidya-Reissner-Nordstrom spacetime
has already been obtained by Maharaj and Govender [17]. Another important aspect
that needs to be investigated is the behaviour of the temperature profile by employing
a full causal heat transport equation. The general framework for this investigation has
already been provided by Herrera et al [21]. Temperature profiles using a full causal
approach have not been obtained, even in the shear-free case. We hope that the work
presented in this thesis opens up new areas of investigation in particular, the influence

of inertia due to heat flow in accelerating models.
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