ALGEBRAIC PROPERTIES
OF |
ORDINARY DIFFERENTIAL
EQUATIONS

P G L LeacH



Algebraic Properties of Ordinary Differential
Equations

by

PETER GAVIN LAWRENCE LEACH
BSc BA DirEp (MELB) MSc PHD (LA TROBE)

Volume II: The Papers

This thesis is submitted in fulfilment of the requirements for the degree of

Doctor of Science in the Faculty of Science, University of Natal

Durban
September 1995



Preface

Contained in this volume are copies of the papers by the author discussed
in Volume I. Not included are papers mentioned i, for example, the Epilogue
which refer to current trends and directions in this and related fields, but which

do not comstitute part of the literature discussed in the thesis.



Contents

Quadratic Hamiltonians, quadratic invariants and the symme-

try group SU(R) ..o i e 1
The Lie and Lie-admissible symmetries of dynamical systems 9

The complete symmetry group of the one-dimensional time-

dependent harmonic oscillator..................... ...l 37
The complete symmetry group of a forced harmonic oscillator 43
s{(2, R) and the repulsive oscillator ...l 55

Application of the Lie theory of extended groups in Hamilto-

nian mechanics: the oscillator and the Kepler problem....... 67

An exact invariant for a class of time-dependent anharmonic

oscillators with cubic anharmonicity............................ 83
A further note on the Hénon-Heiles problem.................. 91

First integrals versus configurational invariants and a weak

-form of complete integrability....................... ... 97
The linear symmetries of a nonlinear differential equation ... 111

First integrals for the modified Emden equation d+a(t)g+q™ = 0147

i



Symmetries of nonlinear differential equations and linearisa-

Equivalence classes of differential equations ................... 171

Lie point symmetries for systems of second order linear ordi-

nary differential equations................... ... ..ol 183
Normal forms for third order equations........................ 207

Maximal subalgebra associated with a first integral of a system

possessing sf(3,R) algebra......... ... ... 221

Analysis and solution of a nonlinear second order differential

equation through rescaling and through a dynamical point of

Lie algebras associated with scalar second-order ordinary dif-

ferential equations .............. ... ..., 287

Symmetry Lie algebras of nth order ordinary differential equa-

The relationship between the symmetries of and the existence

of conserved vectors for the equation r + f(r)L + g(r)f = 0.... 277

Generalized Ermakov systems................................... 289

First integrals associated with the additional symmetry of cen-

tral force problems with power law potentials................. 295

Contact symmetry algebras of scalar second-order ordinary

differential equations........................ ... ... . 309

Shear-free spherically symmetric solutions with conformal sym-

il



Plets. oo e 333
sf(2, R), Ermakov systems and the magnetic monopole........ 345
Symmetries of Hamiltonian one-dimensional systems......... 357

Kepler’s third law and the oscillator’s isochronism

The algebraic structure of generalised Ermakov systems in

three dimensions.................co it 385
Generalized Ermakov systems in terms of s/(2, R) invariants . 399

The Painlevé test, hidden symmetries and the equation y” +

The Lie analysis and solutions for a class of second order non-

linear ordinary differential equations........................... 419

Solution of generalized Emden-Fowler equations with two sym-

MELIIS ..ottt 429

The algebraic structure of the first integrals of third order

linear equations ................oo i 441

An elementary demonstration of the existence of sA(3, R) sym-

metry for all second order linear ordinary differential equa-

v



Integrability analysis of the Emden-Fowler equation.......... 467

Characterisation of the algebraic properties of first integrals

of scalar ordinary differential equations



Quadratic Hamiltonians,
quadratic invariants and the
symmetry group SU(n)

P G L Leach

Journal of Mathematical Physics 19 (1978) 446-451



Quadratic Hamiltonians, quadratic invariants and the

symmetry group SU(n)
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(Received 28 December 1976)

We show that any 2n-dimensional quadratic Hamiltonian may be transformed by a (usually time-
dependent) linear canonical transformation into any other 2n-dimensional quadratic Hamiltonian, in
particular that of the isotropic harmonic oscillator. This latter Hamiltonian possesses the symmetry group
SU(n) and n2—1 linearly independent quadratic invariants which provide a basis for the generators of the
group. Every other quadratic Hamiltonian is shown to have a quadratic invariant possessing SU(n)
symmetry. The free particle structure is given explicitly. The anisotropic oscillator is shown not to possess
SU(3) symmetry based on quadratic invariants. However, its wavefunctions and energy levels may be
obtained directly from those of the isotropic oscillator whether the frequencies are commensurable or not.

1. INTRODUCTION

Since the pioneering work of Fock' on the Coulomb
problem and Bargmann? on the isotropic time-indepen-
dent oscillator, the study of dynamical symmetry groups
in quantum mechanics has been one of the dominant
features of the subject. Not the least of the reasons for
this has been the connection between the existence of a
particular symmetry and the solution of the Schrddinger
equation.?

The existence of a symmetry group requires the exis-
tence of a set of constants of the motion such that all
elements of the set commute (classically have zero
Poisson bracket) with one particular element. The other
elements or suitable linear combinations of them are
then required to have commutation relations appropriate
to the generators of the particular symmetry group
sought. For problems with time-independent Hamil-
tonians, the Hamiltonian itself was taken as the central
invariant and the search for a symmetry group became
the search for sufficient other constants to constitute a
basis. For both the Coulomb and oscillator problems,
the angular momentum provided some of the required
constants. The remaining constants were found in the
Runge-Lenz vector! for the former and in a symmetric
matrix® for the latter. Physically these constants de-
scribe the shape of the classical orbit.® Each of these
quantities has an unambiguous definition in terms of
quantum mechanical operators and so the symmetry
group was applicable to the quantum mechanical prob-
lem. This was not the case for the anisotropic oscilla-
tor with incommesurable frequencies.®” It has been
pointed out frequently® that the problem is in finding the
appropriate operator expressions for classical expres-
sions involving nonintegral powers.

The case of a time-dependent Hamiltonian produces
the need to determine the basic constant of the motion,
if any. A class of problems which has been of con-
siderable interest is that which reduces to the time-
dependent harmonic oscillator. This problem occurs
in the motion of a charged particle in an electromag-
netic field®" or in the evolution of coherent states in
lasers.’? The existence of an exact invariant for the
time-dependent oscillator was shown by Lewis'® and |
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Riesenfeld.!! A simpler demonstration has been pro-
vided more recently.’® A discussion of the symmetry
group of the three-dimensional time-dependent har-
monic oscillator was given by Gunther and Leach! in
which they showed that SU(3) was the symmetry group
of the invariant.

The use of canonical transformations in the solution
of quantum mechanical problems has received con-
siderable attention in recent years.!’"}* The employ-
ment of time-dependent transformations!?2%2! hag
broadened the range of problems which can be success-
fully tackled. - Such transformations have been particu-
larly fruitful when applied to time-dependent oscillator
Hamiltonians, in establishing both an interpretation for
the invariant associated with the motion and that the
motion is characterized by the symmetry group SU(n)
and also providing a relatively simple method for the
solution of the Schrodinger equation.

In this paper we examine the general class of quadratic
Hamiltonians describing some n-dimensional motion.
We show that classically every such Hamiltonian has a
quadratic constant of the motion which possesses SU(n)
as its symmetry group. In general, this is not the sym-
metry group of the Hamiltonian, but we may say that the
Hamiltonian is characterized by the noninvariance
group SU(r). There is no problem in the transition to
quantum mechanics. We give an explicit demonstration
of the SU(3) structure for a three-dimensional free par-
ticle and discuss the problem of the anisotropic oscilla-
tor with noncommensurable frequencies. In particular
we show that its nondegenerate energy levels may be
obtained by transformation methods from those of the

" degenerate isotropic oscillator.

2. LINEAR CANONICAL TRANSFORMATIONS _ _
Writing the conjugate canonical coordinates (g, p) a.s~ '

q,=w*, i=1,n, p=1,n

(2.1)..

pi=w*, i=ln, p=n+l,2n,

Hamiltonian’s equations of motion are

)
™)

and the Poisson bracket of two scalars F and G is
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[F,Glogw= (:—f)rs (%g) , (2.3)

where ¢ is the 2n X 2n sympletic matrix (% {).

The general linear transformation frem coordinates
wto @ is

W=SW+resw=5wW+T, 4 (2.4)

where S is a 2n X 2x (real) matrix and r a 2nx 1 (real)
column matrix., The condition that (2.4) be canonical is

SeST=¢. - (2.5)
In terms of w, the general quadratic Hamiltonian is
H(w)=% wTAw+BTw+C, (2.6)

in which A is a 27 X 2n symmetric matrix, Bisa 2nx1
column matrix, and C is a scalar. A, B, and C are co-
ordinate free, but may be time-dependent. Under the
transformation (2.4), H(w) is transformed to H(w) where

Hw)=3 wTAw+BTw+C (2.7
provided®®

§5=¢AS-SecA, (2.8)

r=¢Ar+e¢B-Se¢B. (2.9)

Equations (2.8) and (2.9) are linear first order systems
and so possess solutions?? with continuous first deriva-
tives provided the elements of the matrices A,4,B, B
are continuous functions of time over the interval of
interest. In general S will contain (27)? and r (2n) ar-
bitrary constants. The condition (2.5) imposes some
constraint on the number of arbitrary constants of S,
but does not determine them uniquely.

We note that C and C do not appear in (2.8) and (2.9).
In classical mechanics this reflects the invariance of
Hamilton’s equations of motion to the transition H~H:
H=H- C. Quantum mechanically, this invariance is ex-
pressed as an arbitrary time phase in the Schrodinger
wave function. .

3. THE FORM OF H

In our previous applications of time-dependent linear
canonical transformations,!3:142%2! the signature of
wTAw and wT4 W has been 22, i.e. the transformations
have been between attractive oscillator Hamiltonians.
This restriction is not implicit in any of (2.5), (2.8), or
(2.9). That it is unnecessary may be illustrated by using
the simple example of the one-dimensional oscillator
with Hamiltonian

H=3(p*+ w%q?), w constant. ) (3.1)

Some possible forms for H and the required transfor-
mation matrices are .

(i) H=3(P"- «*Q?).

- (ewt &+ e~wt B), (eata+ e-mtﬁ)
s=[ : ] , (3.2)

- w(ew! a - e-wté), w(euta _ e-wtﬁ)
where

a=Asinwt + Beoswt, B=C sinwt + Dcoswt, - (3.3)

¢
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.

.o, b

20*(AD-BC)=1. ' (3.4.) '
(ii) #=0. '
-a, al
S=[-é,- ﬁ] , (3.5)
where

a=Acoswt +Bsinwf, B=Ccoswt+Dsinwt, (3.6)

w(AD-BC)=1. (3.7)
(iii) H=wPQ
- Ge¥?, ae“! _
se [ Zpe, gt as
where '
a=Bcoswt - Asinwt, B=Dcoswt~Csinwt, (3.9)
wAD-BC)=1. (3.10)
(iv) H=P.
-a, a Ctec
N S

where « and g are the same as in (ii), ¢ and » are arbi-
trary constants. and use has been made of the equivalence
of H and (H-C).

The particular case H=0 is the one used in the'solu-
tion of the Hamilton-Jacobi equation. However, the so-
lution of Hamilton’s equations for (3.1) may be obtained
from the solution of the Hamilton’s equations for any
H (w) obtained from (3.1) via a canonical transformation.
Generally H and H are not numerically equal since

9F

H=H + 3r

(3.12)
where F is the generating function of the transformation.
For a linear transformation F is a quadratic form whose
coefficients depend upon the elements of S (and r where
applicable). If S is time-dependent, clearly H = H.

4, THE ARCHTYPAL QUADRATIC HAMILTONIAN

From the foregoing, it is obvious that any quadratic
Hamiltonian (2.6) is related to
=3wTw . : (4.1)

by a linear canonical transformation. We term this the
archtypal quadratic Hamiltonian because it possesses
the dynamical symmetry group SU(n) as an invariance
symmetry group. The generators of the group may be
written down in terms of constants of the motion de-
scribed by (4.1) which are quadratic in w. :

Suppose € is a time-independent quadratic form given
by . '

C=}uwTCw, 42)
where C is a constant 2n X 2n real symmetric matrix.
€ is a constant of the motion provided
[G’H]pnu=“’TCT€Q=0, ’ (4.3)
i.e., C has the form '

e i ¢ e




[ U, W]

C= -w, vl (4'4)
where U is a symmetric and W a skew-symmetric n Xz
matrix. We define the set of matrices (U;, W;;; i=1,n;
j=1,n) as

(Ui s1mn=Oim Onj* O jmOni» (4.5)
[W i slmn= SER(F = £)(8;,,85 = 810y)- (4.6)
Any general C may be written as
;Ui BiWi;
€= |:- BiiWis oz”U”:| (4.7)

where the scalar coefficients a;, and g;, are symmetnc
in 7 and j.

Writing
1 UH’ 0
ui‘,:.in 0’ U! w, (4.8)
1 T|: 0, W”]
mil— 92 w - W, 0 w, (4.9)

we have a set of #* linearly independent constants of the
motion which have zero Poisson bracket with H (4.1).
Since

H= % E;u“ ’
there are n* — 1 constants of the motion linearly indepen-
dent of H. The I ;; are the components of the n-dimen-

sional counterpart to the Fradkin tensor.® The %3, are
the components of the angular momentum tensor.

(4.10)

The above analysis applies equally well to quantum
mechanics. From the »® — 1 constants of the motion we
may obtain the standard generators of the Lie algebra
su(n) by suitable linear combinations. Thus for n=3,
the generators of SU(3) for the quantum mechanical
mechanical problem are

2/3H, =B,,,

12H,= Uy, + Uy — 2 Uy,

4V3E =@, + i€y, — MU p+iell,,),
4EE, =1, - Up+2icll,,,

(4.11)

in which ¢ and A take the values + 1 independently. The
H’s and E’s satisfy the usual commutation relations
(c.f., Fradkin,® Ginther and Leach, and Sec. 6 for the
discussion of the free particle).

5. BEHAVIOR UNDER TRANSFORMATION
Under the linear canonical transformation
(2.4)

the Hamiltonian H ( w) which gives a description of the
motion in wequivalent to that of H(w),(4.1) in w is given
by

H(w)=H(w)+3F/at.
In w we also have an expression for H which we wrxte
as H(w). Since

wsSw+rew=Sw+T,

(3.12)
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H(w)=0, (5.1)
H(w) is a nontrivial constant of the motion described by
H(w) because H(w) is nonzero. In general [H(), H(w)]ppg
is nonzero unless 3F/3t has zero Poisson bracket with
A(@).

As the transformation from w to w is both canonical
and nondegenerate, the symmetry group of H(w) is pre-
served for H(w). Suppose the generators of SU(n) for
H(w) are §,{(w), N=1,7% - 1 with €,(w) having the form

Cy=oflly+ BBy, - (5.2)
Then

(i) Gulw)#0,

(if) Cu{w)# Gy (w), M#N, (5.3)

(iii) [@N(w))H(w)]pBu =0,

(iv) [Gul(@), Cy(@)]ppu= flnCxw),
where K, M and N range over the values 1to n*~1 and |
the fX, are the structure constants. These properties
are invariant under a linear canonical tranformation,
(5.4) (i) and (ii) due to the nondegeneracy and (5.4) (iii)
and (iv) due to the canonicity of the transformation. For
example,

[@y(ar @N(B)]paa"" {3% @”(5)} T({s% GN(G)}

BR: T o) @ )
—{E(Q,(w) SeS %Gy(w
= funG ¢(@)

since SeST=¢.

For every H obtainable from H (4.1) under a linear
canonical transformation, there exists a constant of the
motion H(w) possessing the symmetry group SU(zn) which
is thereby a (usually noninvaraince) symmetry group
characterizing H. Alternatively, any given quadratic
Hamiltonian may be transformed to the archtypal form
(4.1) which possesses n® — 1 associated constants. In
the original coordinates, (4.1) and the associated con-
stants provide the (noninvariance) symmetry group for
the Ha.rmltoma.n

We emphasize that these results apply equally well to
quantum mechanics when the usual conventions are ob-
served. We note that the definitions of A and the ¢, are
already symmetric in the products of «w* and «”.

6. THE FREE PARTICLE AND SU(3)

. In three dimensions, a free particle has the Hamil-
tonian

=2p%, (6.1)
where p is a three-vector. The archtypal form :
=3 (P+Q) , (6.2)
is obtained by the transformation
Q a, —at+Bl[q
=| . o, 2 , (6.3)
P a, —at+pllp

in which

P.G.L. Leach



a=Acost + Bsinz, Bg=Ccost +Dsint. (6.4)

The transformation (6.3) is canonical provided the con-
stant 3 X 3 matrices 4, B, C, and D satisfy

ACT=CAT, BD"=DB?, ADT-CBT=]. (6.5)
In particular we may set
A=I1, D=I, C=0, B=0, (6.6)
so that the transformation matrix is
Icost, —Itcost+Isint
S= . . . (6.7)
~Isint, Itsint +Icost

Applying the transformation (6.3) to the generators of
SU(3) given in (4.9), in the (q,p) coordinates we obtain
the quantum mechanical generators

W3H,=q,p,~q2b,
12 =3+ g3 - 205+ (1+ )1+ £ - 203)
- 2t(g, p,+ 3202~ 20:05)
&I Er=q,p, - s0p+i€(ds D)~ 0105
~ Mgy2s+ (1+ 20, by = Ha, b3+ 0145)}
— ie{gyas+ (1+ )y py = £z b+ 02230
4B E, =q% - g3+ (1+£)(p} - p2) - 2t(q, b, - 12 P2)
+2ie{g g, + (1+ 80, 0, — gy 0.+ 51050} -

(Note that there is no necessity to write H, or E,, in
symmetric form since % terms cancel.)

(6.8)

Using these generators we directly confirm the SU(3)

M|

_w}” cos(w, ~ 1)¢, 0, 0, :

0, wh/?cos(w, - 1)¢, 0 :

0, 0; wl/2 cos(w, - l)t:

R [ ettt -
wi/?sin(w, - 1)t, 0 .0 :

0, wb/? sin(w, - 1)t, 0 |

i 0, 0, wi/2 sin(w, - 1)¢ :

The transformed Hamiltonian
= 1
=3 Y (1D

is isotropic and exhibits the full degeneracy associated
with SU(3). This degeneracy is associated with the ex-
pression for H in the (q, p) coordinate system which is
the quadratic invariant

1= % i: (wigi+ wi'p?).
=]

I.(7.4) commutes with 4 (7.1). The constants of the mo-
tion which provide a basis for the generators of the
SU(3) group of I are

1= 4w, q} + W),

(7.3)

(7.4)

(7.5)
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commutation relations, viz.
{H,,H,)=0,
[H,, E|=ei (2V3)E), [H,,El]=€\E(2) E},
[H,, Ex]=€ ﬁ(ﬁ)-lEzn [H,, E,,]=0,
[E}, EZ)=0, [E¢ E,]=0,
[E), E)]=eF(2V3) H, + X (2)H,,
[EY EM=- eXE(VE)E,,,
[EY, E_p]= eXE(VB)ED), [E,y, Enpe]= € B(V3)H,.
The invariant for the motion is
I=3[q2+ @3+ @3+ I+ B)( pi+ p5+3)
= (@, 01+ P11+ Q2 Do+ Dz Qs Da+ Pells)]

and, as has been directly demonstrated, 7 possesses the

" dynamical symmetry of SU(3). As 81/3t is nonzero, I
does not commute with H and so SU(3) is a noninvariance
symmetry group for H (6.1).

(6.9)

(6.10)

7. THE ANISOTROPIC OSCILLATOR:
NONINVARIANCE GROUP

The three-dimensional time-independent anisotropic
oscillator has the Hamiltonian -

1 i
H=§ (p2,+wfq‘).
=1

It is transformed to the archtypal oscillator Hamiltonian
by the linear canonical transformation with coefficient
matrix,

(7.1)

- w2 sin(w, - 1)¢, - 0, .0 ]
0 w;'/ % sin(w, - 1)¢, 0
0 -0 - w3'/ % sin(w, - 1)¢
wit/2 cos(w, - 1)¢, 0 0
0 w;t/ % cos(w, - 1)¢, 0
0, 0, wt/2 cos(w, - 1)t

(7.2)_ -

L= (@i} 2q,q, + 7 120} % p ) cos(w; - w)t
+(w}/2w; 2, p, - Qillzwilqui") sin{w; - )¢,
(7.6)
Ly;=- (wi’zw}”chﬂ' Wit 2wt %p p ) sin(w, - w))t
+(@}20} g, p, - P20}/, p,) cos(w, - @)t
(1.7)

(no summation on either ¢ or j in (7 5-7) Although
[, H] is zero,

. [I(,,H]=—zh’(w,- wj)i‘lj) (7.8)
[LU’ H]'-'ih-(“-)i - w;)lu . (7.9)
Thus the SU(3) basis for I does not provide a like basis
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for H.

We point out that this does not exclude SU(3) from be-
ing the symmetry group for the anisotropic oscillator, .
but it does exclude the possibility of a quadratic basis.
When the ratios of frequencies are rational, the sym-
metry group exists both classically and quantum me-
chanically.”!” When the frequencies are incommen-
surable the classical generators involve irrational
powers.® Although considerable progress has been
made in constructing consistent quantum mechanical
operators when the powers are rational,'® irrational
powers as yet defy description. In this case it is possi-
ble that a consistent quantum mechanical discussion of
the operators is not possible.

8. THE ANISOTROPIC OSCILLATOR: ENERGY STATES

The effect of a linear canonical transformation on the '
Schrodinger wavefunction is well established.!®?3 Un-
der the transformation

Q1 [S: S:rd
[P] =[Ss 54] [p] (8.1)
we have ) )
v(a,0)= [ dQK,(a,Q,)%(Q,2), (8.2)

where the kernel K,(q,Q, t) is given by
K\(q,Q,8)=(2n)¥/2|det S, [ /*exp{i F\(q,Q, )}, (8.3)
2F,(q,Q,t)=-Q7STSIQ - q"STS]q+2Q7S]q, (8.4)

provided S, is nonsingular. If S, is singular, the ex-
pression for K, may be written in an alternate form.
For our discussion this is not the case and (8.3) with
(8.4) suffices.

The energy levels of the motion described by y(q, ¢)
may be calculated without the form of (q, ¢) being
known since

(Wl H|9,y=if [~ dq [7_dQ [~ dQ T(Q, )K¥a,Q, 1)
X { Q057 K@, Q1)

FK@Q D o TR t)} (8.5)
For the anisotropic oscillator, K,(q,Q, t') may be con-
structed from (7.2) and §,(Q, ¢) is the Schrodinger wave-
function for the isotropic oscillator. It is merely a
matter of persistent calculation to show that

W H] 9 =F w,(ny + ) + Fwy(n,+ 3) + Hwy(my + 3)  (8.6)
for
@l B|Ta) =1 (g + iyt g+ 3) . (®7)

Thus, when w,, w,, and w, are noncommensurable, non-
degenerate energy levels are obtained even though the
energy levels of zp are degenerate.

It may have been observed that we wrote the kernel of
(8.2) as K,(q,Q, #) which was expressed in terms of an
F,(q,Q,¢). This is not usually done in the literature
(cf. Boon and Seligman?). We do this to emphasize
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that classically the function F(q,Q, ) is the generating
function of the first type for the canonical transforma-
tion from H to H. Should we so desire, the other gener-
ating functions may be used to construct a kernel. Then
we may transform wavefunctions from momentum to co-
ordinate, coordinate to momentum, and momentum to
momentum representations in (Q, P) and (g, p), respec-
tively. Thus

v(@,0)= [ dPK,(a,P,0)&(P,1), (8.8)
¢, )= [ dQK,(p,Q,NF(Q,1), (8.9)
¢@,8)= [ dPK,(p, P,N3(P,1). (8.10)

9. COMMENT

We have restricted the present discussion to quad-~
ratic Hamiltonians, quadratic invariants, and linear
transformations for two reasons., Firstly the theory
has a particularly elegant form and secondly there is
no difficulty in the transition to quantum mechanics.
For every quantum mechanical problem described by a
quadratic Hamiltonian, the group SU{(n) may be asso-
ciated in at least a noninvariant way.

It would appear that the wavefunction and energy lev-
els for any such Hamiltonian may be obtained via (8.2)
and (8.5) from the archtypal quadratic Hamiltonian.
This is certainly the case when the signature of the .
quadratic part of the Hamiltonian is 2n. However, when
(8.5) is applied in the case of a free particle Hamilton-
ian a quadratic function of time is obtained. Evidently
the transition from classical to quantum mechanics im-
poses some constraints on the validity of the application
of (8.2) and (8.5), a feature which has been noted in a
different context by Kennedy and Kerner.?* The nature
of these constraints will be the subject of further in-
vestigation.

Another worthy area of investigation is the applica-
bility of the ideas used here to general Hamiltonian
systems. It has been pointed out'® that classically every
2n-dimensional Hamiltonian may be transformed to any .
other 2n-dimensional Hamiltonian by a suitable canoni-
cal transformation. If the canonical tranformation is a
point transformation, the transition to quantum mechan-
ics is always possible.” However, in the more general
case, the extent to which such results may be applied in
quantum mechanics will be determined by whether or not
the quantum mechanical operators in the different coor-
dinate systems are uniquely related.
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Abstract

In this paper we recall Lie's method for the construction of the generators of Lie symmetry
groups from given second-order equations of motion, and provide an illustrative example. The
method is then adapted to the equations of motion in their equivalent first-order (vector field)
form, and an example is discussed in terms of Hamilton’s equations. The first-order version of
Lie's method is then studied for the construction of Lie-admissible symmetry groups, that is,
connected Lie groups realized in such a way to admit a non-Lie, but Lie-admissible algebra in-
the neighborhood of the identity, as a nonconservative extension of the conventional Lie
description of conservative mechanics. Some problems of using Lie's method for the
construction of a Lie-admissible symmetry when the transformation includes a coordinate
- dependent time change are discussed.

*Supported by th2 U.S. Department of Energy under Contract Number AS02-78ER04742

Copyright © by Hadronic Press, Inc., Nonantum, Massachusetts 02108 11 Q@ 4 Al winken coanc.n -



- 392 -
- 391 -

CONTENTS ’ . CHAPTER 1. INTRODUCTORY REMARKS

1. INTRODUCTORY REMARKS . sseoeeeoccsesencocasestcancosnsnnaness Po 392

1
l.1. Exact _and broken Lie symmetries. The higstory of Lie's symmetries
1.1. Exact and broken Lie symmetries .......ocevcuovvvssess P. 392
in physics is rather remarkable. After several decades of lack of gereral
1.2. Lie-admissible treatment of broken Lie symmotries .... p. 395 :
intecrest following their original proposal of 1891 , Lic's symmetries
1.3. Statement Of the ProbleM .c..cveceecsccesssossasasceses Po 398 ) .
were brought to the attention of the physics community by rather forceful,
2¢ LIE'S METHOD coevenasovrncssonssvsocssncosnssasacsnsensssanseons P. 401 -
plonecering studies at the beginnlng of this century.Since that timeo, -
2.1.Invariance Of fOXM cuieeccevecarosoancocnssscnnssoseses Po 401
' Lic's symmetxies have progressively evolved, up to the current level
2.2. Local and global transformations ......ceecenesccseaas p. 402
of diversified physical applications. Almost needless to recall, a rather
2.3, Tirst ordex differential equations ...ci.vevvveeceass-s p. 404
primary role)for the achievement of this position in physics, has been
2.4. Second order equations .....c.icerecrvacsttnsecnsssens P. 407 X R .
] the application of Lie's symmetries for the conventional relativities
2.5. AN eXamPle ...sevecscrorsscrrstcasstoncsacacnncce ssas Po 408 . : :
: ) of current use in particle phvsics, such as Galilei's and Zinstein's speclal
2.6. First int 18 tevnieccincosecscacssnstsssstcsansiasese . 409 .
: ntegrals P relativity.
o LIE'S METHOD FOR FIRST-ORDER SYSTEMS ..icececscnsconressens . 412
; o P Nevertheless, with tae passing of time, it is becoming more and more
d. 1 B torecconcsenttevncancasssasnsncas . 412
3 ntroductory remarks P clear that Lie's symmctries are generally broken in nature. The broken

.2, : i i . 412
3 The Lie method for simultaneous first order equations p. 41 chara~ter of the unitary SU(3) symmetry for the classification of the

3.3. Equivalence to a second order equation ............... p. 414 stroncly interacting particles was identified at the very inception of

4. C i t f th ti cenesesrresane . 418
3 onstruction of constants o € motion P this line of study. Subsequently, the broken character of internal

3:5. Application to a problem in Hamiltonian mechanics .... p. 420 symmetries has been subjected to studies in. rather diversified flelds.
4. APPLICATION OF LIE'S METHOD TO THE LIE~ADMISSIBLE GENERALIX~ The situation for the spaco-time symmetries is, At this moment,
ZATION OF HECHANICS eesssencssssasciescssssssesnsecvrnasavs Po 423 quite intriguing.
4.1, INtroductlon vesesnecrastrrcecccscsasscassnciacsnsacee Po 423 Dlncret; space-time symmetries. Leo-Yang discovery of the parity

4.2, 5SOM6 UPEn PrODLeMS ..eevsvseesssssonnvecssssssanensess Do 425 -
lpe problems P violation in weak interactions brought to light, rather forcefully, the

+ CONCLUDIN R - T X5 | ' .
5. concLy G REMARKS P broken character of the discrete space-time symmetries. This character
RELEIrENCES .o.svarevscesccrosraseccsncacaosonsassanssssssees P. 438 was subsequently confirmed by the discovery of the PC and T violatiors
in the weak decays of light hadrons.

Classical continuous space-time symmetries. The breaking of

the conventional Galilei symmetry in Newtonian mechanics is today esca;

blished in rather incontrovertible terms. In fact, the assumption of the
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aymneéry considerad literally impliesbéhe assumption of the validity

of the perpetual motion in our environment. In gencral, the Newtonian
forces are nonconservative and Galilei-form-noninvarjiant. As a result,
Galilei‘*s relativity in broken in Newtonian mechanics not only at the level
of the conservation laws (physical profille), but also at the level of

the form-invarfance of the equations of motion (qrbup theoretical profile).
A classification of the breakings 6f Galilei's relativity has been provided
by one of us (sae ret.z, Section 2.14; for a roview, sco-in Part A of

these Proceedlngs-re£.3, Section 2.2}. .

The sitvation for the Polncaré’symmetry is predictably more contro-
yersial. According to a number o6f authors, the Poincare symmetry is an
exact symmetry for the classical motion of charged particles. According
to Santilli (loc. cit.) the Poincard synmetry is generally broken in
ﬁature, with the exception of the conditions originally conceived by
Einstein, that is, motion of chaiged particles in vacuum undex long
range electromagnetic interactions. The breaking of the rotational
part of the Poincard symmetry i3, in any case, established by the lack
of conservaticn of the angular momentum for the motion of <charged particles
in a resistive medium. The breaking of the full Poinca:e’symmetry is
(independently) inferred from conditions of compatibility with the breaking
of the full Galilei symmetry, as established by the systems of our every-
day axpeilance.

This situation confirms the approximative character of phygical
theories. Galilei's symmetries provides a first approximation of physical
redlity (of Newtonian chatacter) under the condition that the particles
can be well approximated as being point-like (e.g., the sun and the planets
of our solar system in Newtonian approximation). Whcnever the point-likae

approximation becomes excessive (e.g., for the motion of an extended object

in a resistive medium), Galilei's symmetry becomes excessively approximated
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for any physically meaningful description, that is, it is broken.
According to Santilli (loc. cit.), exactly the same situation occurs for
Einstein's special relativity in classical mechanics, including gravita-
tional extensions. In this latter case the geometry can be consistently
considered as being of local Lorentz character fdr the motion of test
particle in vacuum in the exterior of astrophysical bodiex (again, when
the test particle can be effectively approximated as being point-like),
but the geomatyy must noéeuunrily be non-Lorontz in local character

for tho interior case ., to avoid perpetual-motion-type of approximations,
e.g., for the motion of a satellite in Earth's atmosphere, or for the
motion of a proton in the core of a star (for details, see ref.s, Sections
2.1 and 2.4). '

Quantum mechanical continuous space-time symmetrics; This is an open

problem at this time, understandably, because of the current lack
of sufficient experimental infcrmation. There is a rather general agree-
ment that the Galilei and Poincaré’symmetties are-exact for the quantum
mechanical description of charged particles moving in vacuum under large
mutual distances and electromagnetic interactions only {e.g., the structux
of atoms). On the contrary, there is a rather sharp disagreement at this
moment on the problem of the validity or invalidity of the same symmetries

for the strong interactions. According to one group of rescarchers

/
Einstein special relativity is still exactly valid for particles under
strong interactions. According to another group of researchers, the rela~-
tivity must be necessarily violated to allew a technical characterizatien
of the extended character of the hadrons. In particular, accord/ng to thi
second view, conventional space-time ;yrmetries are broken beginning
at the nuclear level (e.g., dissipative nuclear proceesses), and thia
breuking rqrsis:é at the hadronic level (e.g., models of hadronlic consti~

tuants with wave }ackets 3n complete mutual penetration). as will o8
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at the level of the intecrior problem of gravitation (e. ., for structure
molols of stars with non~-point-like constituents). Predictabiy, this
situation calls for an experimental resolution (see ref?, Scction 2.4

for the state of the art on available proposals for experiments).

1.2, Lie~adnissible treatment of broken Lie symmetries. The situation

indicated in paragraph 1.1 was sufficiently well idontified nt the beginning
of this decade. Santilli therefore initiated a study aiming at the identi-
fication of methods for éhe treatment of broken Lie symmetries in clasai-
cal.mechanics and quantum mechanicsz-s. The guiding iceca is essentially
the following. One of tha reasons>of the physical effectiveness of Lie's
symmetries is that they are equipped with an array of mathematical structu-
res, such as (a) analytic formulations (Hamilton's equations, variational
principles, etc.); (b) algebraic formulations {Lie's theorems, the Poin-
caréznirkhofi-witt theorem, etc.); and (c) geometrical formulations
(symplgctic-geomecry, Lie's der;vative, etc.). In order to achieve a
treatment of broken Lie symmetries which is sufficiently diversified to
allow physical applications, it appears advisable to (1) identify the
forces responsible for the breaking of the original symmetry; (2) identi-
fy the mathematical structure of the broken symmctry; and (3) achieve
for the broken symmetry a diversification of mathematical methods as
close as pdssible to that for the original exact symmetry.

Aspect (1) was readily resolved. All Lie symmetries considered ln
Paraqraph 1.1 are broken in classical mechanics because of “non-Hamiltonian
forces”, that is, forces nonderivable from a potential. It is possible that

the same situation occurs also at the quantum mechanical level, in the

sense that these nonpotential forces can be interpreted as an approxi-
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mation 6f nonlocal forces (e.g., via polynomial e;pansions iq the veloci-~
ties). The studies unde: consideration suggested ghe genézalization
of Hamilton's equations into a form capable of accomodating unrestricted
forces. The brackets of the time evolution law of these cquatiouns violate
the Lie algebra laws,and verify instead those of the covering Lic-admissible
algebrasg.

The studies of u3p;ct {2) resulted in the proposal that a "broken
Lie symmetry” be identified with a Lie~admlissible aymmetry, that is,
a symmetry of the equations of motion possessing a Lic-admissible (nea-
Lie)algebra in the neighborhood of the identity. On more technical grounds,
the original symmetry is considered broken at the level of the enveloping,
associative'Lle-admissible,ulgebra. The replacement of this associative
envelope with a covering,nonassociatlve,Lie-admissible,form ensures
the capabllity of admitting a Lie-admissible algebras in the neighborhooel
of the identity (covering algebraic profile), as well as the exponeatiaticn
to a connected group (covering group-theoretical profile). Initial
application# of these ideas resulted to be encouraging. For instance,
the application of the treatment for the broken SU(3) symmetries in hadrop'
physics reproduced the Gell-Mann-Okubo mass formuia 1dentically; while
gchieving identification of the broken context. Similarly, the trecatment
of Ehe breaking of the symmetry under translations in time provided the
capability to reach an algebraic representation of the time rate of
variation of the energy under nonconservative forces.

Owing to the encouragirg results for aspeccts (1) and (2), the
studies for aspects (3) are now in full expansions, and they are generally
referred to the "Lie-adissible formulations", that is, to the generali-
zation of Lie's theory of Lie-azdmissible character at the analytic, alge-

braic and geometrical level. For a review of the state of the art, see

ref.
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For the case of the connected space-time symmctries in Newtonian
mechanics, these studies can be escentially applied as follows. Consider
a Newtonian system possessing an cvxact symmetry (ES) under a Lie group
G (e.9., the complete Galllel group or one of its subgroups)

. -
(m? - £ 1B o o Y e R (1.1)
Suppose that the G-symmetry is broken (BS) baecause of the presence of

additive forces {(generally) nonderivable from a potential

2 - —
[(n? - £ )% - £ . o (1.2)
The Lie-admissible treatment of the broken G-symmetry essentially
consists of the replacement of the Lie symmetry group G of egs. (1.1)

with a Lie-admissible symmetry group 6 of eqs. (1.2). e is constructed in
such a way that the original Lie formulations for the exact symmetry
are recovered identically at all levels (analytic, algebraic and geometrj-
cal) at the value of null symmetry breaking forces ?? .

When G is the time component of Galilei's relativity (in canonical

realization), the Lie~-admissible covering 6 has the structure
QW72

)n’
t s Q&"Qa"

A
G 3 e 1 a= (r,p) (1.3)

where H is the generatorof G, that is, the nonconserved t tal energy,

and S is the Lie-admissible (rather than Lie)tensor . In the neighborhood
of the identity, the Lie-admissible group provides the characteri-~
zation of the time rate of variation of physical quantities X;, i = 1,2,..,

(say, energy, angular momentum, etc.) 3ccording to the rule
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4 SFVQ._R(?—
X, = 34 =(x; - e ¢ COarin® X,)/dt = (X,,B) ¢ O (1.4)
i ac i | R
where (X;,H) is the Lie-admissible product characterized by the tensor §.
At the limit of null F-fofces : (L) the product (Xi,H) becomes the conven-
tional Pcisson product; (ii) the conservation laws of the physical
quantities X; are recovered identically; and {(iii) the group 6 recovers
the conventional group G identically. This is, in essence, the covering
of the time component of Galilei's relativity in Newtonian mechanics
proposcd by Santilli in ref.z, with a conjectured extension to the entire
10-pammeter Galilei qroub (see ref.3 for the state of the art).

Notice that the Lie-admissible group (1.3) admits an operator-type
reformulation. It is therefore expected that the Lie-admissible treatment
of broken Lie symmetries admits a quantum mechanical image.

Finally, it should be indicated here that the thcorems of &irect
universality.of the Lie-admissible algebras in Newtcnian and guantum

mechanics (ref.s) establish that all broken Lie symmetries can be treated

. via the Lie-admissible techniques, although the use of other tachniques,

of course, 1s not excluded. .

1.3. Statement of the problem. The state of the art in the construction

of the Lie-admissible treatment of broken Lie symmetries in Newtorian
mechanics can be summari-ed as follows, We know how to construct the Lie-
admisgible generalization of Hamilton's equations for all Newtonian systems

(including nonlocal forces). We also know how to generalize a Lie algebra
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into a covering Lie-édmiésible algebra. In turn, this allows the constru-
ction of the symplectic-admissible gencralization of the underlying symple-~
ctic two-forms, Finally, we know how to construct the covering Lie-admissi-
ble group (1l.3) for all local, autonomous, nonconservative systems.
Nevertheless, a . central problem which is open at this time consists
of general methods.for the construction of the covering Lie-admissible
symmetry 6 from given equations of motion (1.2). This paper is devoted to
initial studies along these lincs. Notice that our problem is at least
two-fold. First, we need general methods for the construction of symmetries
from given equations of motion. Second, these methods should be such to

allow a redefinition of the symmetry as a Lie-admissible symmetry.

The last problem is made technically identifyable by the property
that all Lie-admissible groups admit a reformulation in terms of
conventional Lie groups(although in different generators without dirg;t
physical meaning). This is easily seen by rewriting group (1.3) in the

vector field form

S tX(a)
G 1 e (1.5)

As .a’'result of this property, the first part of our ~+tudy will be
devoted to the review of Lie's method for the cons(.ucttoﬁ of symmetries
from given differential equations. This method (which has been regrettably
forgotten to a considerable extent) has been brought again to the atten-
tion of our communiti by some of us. For a reccnt review of the state of

the art see the article by Eliezere.
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We shall subsequently study the formulation of Lie's method for
first-order systems of differential equations, that is, for the reduction
of equations (1.2) to an equivalent first-ordar form. This reduction is
recomnendable for all symmetries (whether of exact or broken Lie chara-
ctar), in order to have the proper grounds for analytic, algebraic, and
geometrical formulations.

We shall then identify a number of aspects of * the Lie-~admissibla
reformulation of Lie's method, and consider in detail some of them, e.q.,
the Lie-admissible reformulation (1.3) of a given Lie_symmetry (1.5).

No quantum mechanical aspect will be considered in this paper.
Also, this paper is written for the physics audience without any use at
al}l of familiar mathematical languages (such as vector fields, cotangent
bundle, Lie's derivative, etc.). The intercsted mathematicians can howeve)

eagily reformulate cur analysis in the conventional language of Jiffe-

rential geometry.
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CHAPTER 2. LIE'S METHOD

2.1. Invarlance of form.

There has been a recent revival of interest in a mcthod which
S. Lie . used nbout a century ago to nnnlyée the symmetry properties
of a differential equation by considering the groups of continuous
transformations which preserve the form of the differential equation.
The notion of "1n§nriance of forn" has in the intervaning ycara bccome
a dominant theme in phyaicai thcéry, with the advent of the thecories
of relativity and quantum mechanies. For a given dyncmical system we
describe as Lie symmetries those which arisc from transformations which
leave the dynamiéal equations of motion invariant. The family of such
transformations are found to satisfy the group axioms and thus we

obtain the symmetry group associated with the system.

In the context of ordinary differcnfial equations, Lie's aim
wvas to construct a gencral integration method whercby for a first order
equation a solution may be obtained by quadrature cnd, for a higher
degree equation, a reduction in order could be cffected and the solution

obtained thereafter by a requisite number of quadraturea.

Tha approach had much success but aiso showed some limitation.
For example, for a given first order first degree equation, it was
found that a knowledge of the group does in fact lead tc a solution
by quadrature., However there is no systematic method available for
determining the uncountably infinite number of groups. For a firat
order equation which is not of .first degrce,a group need not necessarily

9

exist .,

In the cage of necqnd order equations of the first degres the
situation 1s markedly different. When there is only one dependent
variable, there exist at most eipht independent groups of polat trana-
forrations which leave the equation invariant. These are obtained by
solving & mester cquuticn. The method has been applied to some second
orker chationa of motion of dynamical systems, and significant results
have been ‘obtained for the free particle, for various oscillator systcms

and for the Kepler ptdblem 8-13.

It 48 also of interest to note that in the case of second
order cquations, if we widen the transformations from point-transformations
to velocity-dependent transfofmatlons, the situvation bears a similarity
to the first order case and the number of groups becomeé infinite 8

2.2, Local and Global transfornationg.

We consider some aspects of a one-parameter group of trans-

formations of the x,y plane into itself such that
; = f(x, Y a), ; - z(x' Y, @) . (2.1)

vhere o = ay corresponds t; the identity transformation and the
group propertigs are satisfied. Lic's method emphasises the importance
of the local structure of the group. The global structure may be
dexived from the local structure. Accordingly the method determines,
in the first instanc:, the group of infinitesimal transformations

which leave a given differential equation invariant.
With a = ay + da, we take as trancformation

X=x+E(x,y)ea, ¥ =y +alxy)ba. 2.2)
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The functions § and n define the transformntion locally. The
finite form of the transformatfion may then be found by integrating the

differential aystem

dx - dy
£(x , ¥ n(x .

- dt (2.3)

vith the initial conditions x = x, Y=y at 1 = 0 where €.g. T = a -~ a5,

At eth point (;, ;). € and n determine a dircction of
gradient n/€. As 1 varie?, the point (;. ;) deseribes a curve which
we call a path curve. Since the path curve as a whole goesn into itself
under the transformation, the path curve is also called an invariant

curve..

The infinitesimal transformation (2.2) way be expressed concisely
by the symbol U where .

Us 60ay) g+ nley) - (2.6)

Ux = g, Uy »=n, x= (L + 86t x, ¥y = (L4577,

The finite form of the transformation may ba written formally as
' ) ;_-.[cxp tUlx, y=[lexpr VU]l y.
Por a function ¢(x,y), ve may write
¢(x, ¥) = o(x,y) + 61 U
. vhere U = ¢ %% + "‘%3 18 the directional derivative of ¢ along the
path curve at (x, y). .

$(x,y) is satd to be an invariant when &(X,y) = &(x,y), for -

wvhich a necessary and sufficlent condition is Ug = O.
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A family of curves
¥(x, y) = constant

may be gaid to ba an invariant in the sense y¢(x, ¥) = F {#(x,y)},
80 that geometrically a member of the family would transform into

another member or into f{tself under a trans{ormation of. the group. In

terma of the operator U, we may write the condition for this:

Up = G(¥) whera G(¥) ie a function of ¢. Except {or path curves
for which Uy = 0, we may without loss of generality write the
equation of family as F(y) = constant such that UF = 1, '

2.3, First order difierential equations

‘Let us now :onsider a first order differential equation of the

form
$(x, yo y) my’ - f(x, y) =0 (2.5)

where y'm gf . The solution of (2.5) 4n the form X(x, y) = constant’

will reprcsent a singly infinite family of curves, vwhich will be called

intepral curves of the system.

We conide: now the effect of the transformation (2.;) on this

differentinl equation. The point transformatjon induces changes in

(k)

Let &t 0 represent the

dy )
change in the kth cerivative ——{-- y .
.odx

y’s y" and in all higher derivatives.

It can be shown that

(k) , _d_

n i " (2.6)

plkD) L 0ds

where .
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I EEO O A
Tdx w tY oy YV 3y

The change in any function 4¢(x, y, ¥'s y", ... ) may be written

3% U(')Q where

» : k
u( ) a z.sa_;_... n—-——a + n<1)—sa;-+...+n( )

5y +.T 2.7)

_ ay™

Let u(k) deéote that part of the serics for U(n? which texminates

n(k) ?k) + The condition that the equation (2.5) retains its
ay .

at
iotm'under the transformation is cquivalent to U<N)¢ = 0, which

1
reduces to UF %"0. as & involves only x, y and y'.

)

) af
Hence -fT=-n 3y +ald) o, (2.8)

£
ax

Substituting for n(‘) and replacing y' by £ yields

3 an _ 2 2 08 [, 38 _ o 3f 2.9)°
-al,}-rz(s—’yl-;i)-f R TR (2.9

as the condition that &, n satisfy for equation (2.5) to be invariant
uader the.tranafotmacion. Ceometrically this property is that an
1nteg:#1 curve transforms either into itself or into another integral

curve,
Defining p by thas eguation

n=&f +p, (2.10)

and substituting in (2.9) then yiclds

3, ¢ o, 3f ' (2.11)
'3x+£3y "ay'

showing that the solution of (2.9) may be written: § 4s arbitrary and

n is kiven by (2.10) ond (2.11).
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Solution of (2.11) is bascd on that of

&  dy __do

1 "F " it (2.12)

which incorporates equatfon (2.5).

We may also view (2.10) as arising {rom & condition Up = 1

vhore ¢ = constant .1s the family of integral curves of (2.5).

It may also be eghown that whenever the condition (2.9) is

satisfied, an integrating factor may be found which providesa solution

of (2.5) by quadrature.

.

We now consider the invarfant functions v{x, y, ¥') of U(l).

Such a function is given by solutions of

dx . - _dy - ¢y’
£(x.y) nGy) a (o vn

. . (2.13)

The first pair of (2.13) yield the fnvariant function u(x,y) =
constant of U, that 13 Uu = 0. Any other pair of (2.13) 4s then
intcgrated eliminating the appropriate variable using. u = constant.

The solution 1z wv(x, y, y') = constant. This is the so called first

differentfal invariant of U and we have U(l)v = 0.

It is clear'that the most general first order differential

equation invariant under a given group with generator U s

vi(x, y, ¥') = H(u(x, y)) , (2.14)

for any function H.
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2.4 Second order equations

The equations wo would be concerned with are dyn-mica. cquatiors
iavolving time t as the independent varfable, and therefore a
change of notation is desirable. We consider an cquation of motion

of the form
"X b glx, x, t) = 0 (2.15)
The point transformation is

Tot+ 8T ECL, %), X =x+ 8¢ nit, x) (2.16)

vith asgsoclated quantities

(k) ) 3. ) 3 )
1} -E-a—t—'l‘n ™ + i ¥+ ax(k) »
k-1)
@ _ oD gy g g
n - It x at (27
d 3 . 9 )
TE—-TE—i'x-s;— +XT;—+... . J
Invariance of (2.15) leads to the condition
DG4 g) =0 . (2.18)

_ vhere after differentiation ve substityte X = -g, and obtaia
H(Z)"' 13 %E.+ n .:.5 + n(’) 2-8. -0 . (2.19)

ax

Substitution for n(l) and n(z) yields the master equation

2
M+(2ﬁ.-ﬂ)i+(ﬁ._z.&_)i2_ﬂi,
n? Xt 2 ax? 3xat ax?

£14

N S I . 3% 3 3 5 3 e . 35 .al0
(,. 1y % P ) g+ 3§ +n 3§ + {—l + (—ﬂ - £h) % . 2 g0 5& = 0. (2.20)

Ix at
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When we consider the inveriance of the whole family of integrgl curves
and not of any onc member, the equation (2.20) holds for all values

of x. Hence we equate to zero the coefficienta of linecarly independent
functions of X anl obtain a set of partial differcnt;al equaticns

for & and n. On solving these we obtain the required group of .
transformations. We ghall find tha?lthere are at most eight one-

parameter groups.

2.5 An example

To illustrate the method we consider the equation of the

damped free particle:
x +y% = 0. : . (2.21)

Substituting g = yx 4n (2.20), and equating to zero terms of the

same power in X, we have

a2g
2x?

=0

233...23.2_;__ + 2y % . 0
ax?  axat ax

f _ (2.22
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© Solving these we have

E=A+Bx+Ce ' 4 (D+ Ex)e’
. (2.23)
neF+Cx-yDx2+ (H-Cyx) e "

vhere A, B,...,H are arbitrary constants. We motc that there arxe
eight possible independent solutions for £, n. Thae exﬁlicit solutions

are given in a :ablé in the next section.

2.6 Firet Integrals

"« When a first integral I(x, x, t) existé, the equation I = ¢
would represent a surface in (x, x, t) space. The solution curves
will be on this surface, and 1if there exiats a transformation which

permitessolution curves within the surface, thea
U 1(x, %, ) = 0. (2.24)

This equation together with the constancy of I may be used to determine

I. Por given £, n we solve

de _ dx _ %
T " n T : (2.23)

to obtain invariant u(x, t) and differential dnvariant v(x, %, t).
Then any function of the f9rm ¢$(u, v) 18 invariant under the
operation of U(l). It is also a first integral If its total time

derivative is zero, giving

%ﬁ - %% { %% = W(u, v) (2.26)
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vhare ¥ 18 calculated afﬁet substituting for X+ The firut integral
is obtained where possible from the first-order equation (2.26) by
quadreture. We observe that the existence of the group has enabled

a reduction in order from second to first. If equation (2.26) proves
intractable, the existence of a second group may provide a way to

determine an integrating factor. This matter ig developed in detatl

elsewﬁere by Princelo.

We {1llustrate by applying this method to the example of
Section 2.5 for the particular transformation & = x, n = -yx2 which

belongs to the group. Equation (2.25) yields

%5 - Oz - dx . (2.27)
2 =2yxk - X2 . '

from which we obtain

u = xe't s V u X/x(X +yx) . (2.28)

Then %% - %% / %% vhich on evaluction after substituting for x

i@ found to be -v/u. Integration gives uv as a constant of motion.
Hence wa take

T wxe /v . (2.29)

We giva below a tadle of the values of £ and n for the eight one-
parameter transformaticnn, and the associated first integrals for

tho damped free parti.le:
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€ n 1
. 1 E 0 o " x + yx
QYt 0 ioYt
- JY; Y xc vt X + yx
) x -yx? C(k A+ yx) "
xc?t - 0 ieyt((i + vx)
0 x ieyt/(i + %)
0 1 xe't
0 A x4y

The group of these eight one-parameter transformations is the Lie

-symmetry group for the damped free particle.

The Noether method, which is applicable for studying symmetries
vhen the system has a Lagrangian, provides only a sub-group of the
lie group. Noether's method 1a cquivalent to finding the transformation

functions £(x, t) and n{x, t) and a gauvge function f(x,t) such that

. ' ~ TALSORE S (2.30)

This leads to a set of partial diffcrential cquations for £, n ond

f. With each transformation therc is an assocfated first integral
J = (£x - n) %}f - EL + f. (2.31)
Elements of the Lie group which arc nct in the Noether group

-ala0 have ﬁhyuicnl significance. Such an element in thc Kepler problen

" leeds tn the syymalry described by the Runge-Lenz vector -

CHAPTER 3. LIE METHOD FOR FIRST ORDER _SYSTEMS,

3.1. Introductory Remarks

It 45 of somc importance to sce how the preceeding results may
bc'obtnlncd 1f a glvea second order equation (Newtonian equation of
motion) 13 reduced to a palir of first order equations. The ultimate
aim ig to obtain an equivalent set of results when working fn a
formulation of mechanics which 1a bascd on first order equations such

as those of Hamilton or their generalizations.

Firstly we consider the invariance of a general pair of first
ordor equations of the first degree in (x, y, z) space under point
tranﬁformations of that space.. The restriction 1s then made, that
the pair be equivalent to a second vrtaer cqu;tion of fLrs:.degree in
(x, y) space (z r G(x, y, v')). To obtain useful results‘ic is
found to be necessary that the =z transformation be fnduced by thé
X, ¥y transformations in the treatment of the pair of first order

equations.

By way of example we apply the approach to a dynamical problem

in Hamiltonian mechandics.

3.2 The Lie method for simultaneous first order equations

Consider the pair of first degree first order ordihaty

differential equations
y' = f(x, ¥, 2) Q.

z' = p(x, y, 2)
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in (x, y, z) space. Two functionally independent solutions

w(x, ¥y, z) = c = constant
(3.2)
A(x, y, z) = k = constant

of (3.1) provide two familica of surfaces in Qhe 3~3pace and any other
solution of (3.1) will be a function of w and A. The Jorn
invariance of (3.1) under a point transformation in the 3-space will
come about when the transformation permutes solutions (3.2). The
converse is also true: any point transformation in 3-space permuting

(3.2) will leave (3.1) form invariant.
Suppose such a polnt transformation has the generator

Ve By, 2) 2t lx, 3, 2) -33;

~-(3.3)
- ]
+ulx, ¥y, 2) 55
The above invariance requirements are eipresscd.as
¢ - £(x,Y¥,2)
W {2 - gy 70
or . (3.4)
M) -veao
E(!) - Vg m 0
vhen (3.1) holds (form invarfance of (3.1)) or, ecquivalently,
Vu = (Q(w, )
3.5

VA = Adw, A)
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vhen (3.2) bolds (permutation of solutfons (3.2)). Note that

CO I NN SN 1
v ¢ ax +_n oy e 3z
| (3.¢
S L ) 3
M TS
vith a1 o 80 _ s 48
for example (M) a x " Y &
It is also worth noting that without loss of generality w
and A may be chosen such that
Vo = 0
(3.7
VA=1,
14 ) -
(compare with §2,3) . By considering (3.7) or the partial d{ff-
erential equations (3.4) it may be shown that
fwplx, y,2) + €€
(3.8

E=olx, y, 2) +gf ,

where p and ¢ are related to w and A. |
It is elear from (3.8) that as in the simple first order case there
is an uncountable infinity of triples E, ﬁ, T available for a given

palr of first order equations of first degree (3.1).

3.3. Equivalence to a sccond order equation

Suppose the pair (3.1) 18 rcgarded as the decomposition of

a second order equation of first degree, say
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Y. Fx, v, ¥, . (3.9)
that 1,. we introduce a dummy variable

2 & G(x, v, ¥') (3.10)
in (3.9) to prodpcq (3.1) as

. y'= £(x, ¥, 2)

z' = g{x, Y» 2) .
€3.9) 4 reclaimed from (3.11) as

YU L L5+ gt (3.12)

where z {is replaced in (3.12) through k3.10). .

Since equations (3.11) have identical solutions to (3.12) we
look for a restricted class of point transformations of (x, y, z)
space vith (3.11) invariant fn the sense of $3.2, which is equivulené
to the set of point transformatfons in (x,y) space leaving (3.12)

invariant in the sense of §2.4 .

Now we are really dealing with a second order equation in
(x,y) space so.we should only consider transformations in (x, ¥y, 2)

space of the form

X - ‘f(x. )

(3.13)

Y = glx, ¥, @)

(3.11)

- 416 -

with the =z 'transformation being induced by (3.13).through the irduce
transformation in 'y' nnd.(3.10). Explicitly, the appropriate
infinitesimal operator in (x; ¥, z) space is the U(I) operator of

(x, y) opace written in (x, y, z) variables rather than in (x, y, y')

variables
veuMe e 2+ Uy 2+ (u")
- E(x, ¥) 5+ n(x,y) -———-+ (x, yo 2) 5 (3
vhere (3.10) and (3.11) have becen used to eliminate y' from U(l)z.

To treat the invariance of (3.11) using (3.14), V 4= extended in

the usuval way,

R xR IR R e}

3y
with
)  ér _,» d&
n "ax Y &
(3.
Q) _dz __, df ,
¢ " I 2 X
The variables x, y, z are now regardcd as 1ndepe6dcnt quantities -
and the first equation cf (3.11) i3 to considered as an equation of
motion rather thnn as a definition.
It may be shown that the invariance of (3.11) under (3.14)
Myt - ttx, y, 2) = 0
(3..

vt Cgtx, y, ) =0,

~when (3.11) hold, ensures the invariance of (3.12) considered as a
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gccond order equation In (x, y, z) rpace, that is, (3.17) implies that
2
v (g - g -ty - gt 0, (3.18)

vhen (3.12) holds, is identically satisfied. This 1s to be expected
as (3.12) and (3.11) have . identical solutions in (x, y, z) space.
Hofeover. the invariance requirement (3.18) is identical with the
invariance requirement under U of (3.12), considered as a second

order equation in (x, y) space, which is that’
T A { S YA I (3.19)
This is seen by cxpanding (3.18) aa

n(z) - V(fy + ffy + gf,) _ (3.20)-
and (3.19) as
n(z) - U()) (fx + ffy + gfz) . . (3.21)

vhere 1a (3,20) y” 1s everywhere replaced through (3,12) and z 4s

everywhere retained and in (3.21) y" 1s replaced everywhere through

. (3.12) and z {s not retained.

In summary, if a pair of first order equations of first degree
4s' to be treated rather than an equivalent second order equation of
first degree, the resulte of the trcatment of the second order problem
are regained exactly if the point transformatious 1ir solved in the
first order theory are restricted to thosc generated by operators of
the form

Ve Bl y) et ) o4 B, 3. D) 5 (3.22)
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The one-to-one correspondence of the results of the two approaches

‘18 through the identification

Vix, v, 2) = 0P (x, v, vz, v, 20). (&

Note firstly that a relation (3.10) must exist, that ig at some stage
z wust be introduced as a dummy variable and secondly that we have
achicved equivalence of the two methods through sacrificing the

z-dependence of the x and y transformations in (x, y, z) opaca.

Finally we note that there exist at most eight generators
of the type (3.22) leaving ianvariant a given pair of first order
equations (3.11), The generators form a Lie algebra indenticsl to

the algebra for the corresponding sccond order problem.

3.4. Construction of constants of motion

Any functionally indepcndent pair of solutions w(x, y, z)
and A(x, y, z) of (3.11) are first integrals I(x, y, y') and
J(x, y, ¥') of the equivalent second order equation (3.12): In the
first of equations (3.7) we saw that without loss'of generality one

of these, say w(x, y, z) wmay be chosen auch that
Vu(x, y, z) = 0 . . (:

This, coupled with the property of first inteprals, viz.

* That

7%? wix, y,z) = 0 ‘ (&}

enables the construction of w as follows. Equation (3.24) indicates
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‘thlt e(x, y, z) must ba a function of uy(x, y, z) and u,(x, ¥, z),
}ha invariants of the operator V which are found by quadrature

"(e.f. 52.3). 1t is written as

uix, v, z) = 4(u;, u,) .l . (1.26)

Sudbstituting this into (3.24).ve have

TS S TR ]
Jdup  dx duy dx =0

d\lz !
) -EGT =¥ (ug, uy) . (3.27)

Equation (3.27) indfcates how the pair of equations (3.11) is.
reduced to a single first order cquation when a group 48 available
(c.f. $2.6). The function ¥(uy, u,) is determined by calculation

du2 ) du2 dul
duy dx dx ’ (3.28)

. using the functional forms of u end u, aterms of %, y and 2z

and thg equations of motion (3.11). Equation (3.27) 18 then solved

to obtain the {nvariant
w = ¢(u;, u,) = constant.

When a simple quadrature is not possible, the existence of anoth r

group of point transformations leaving (3.11) invariant may be used

to provide ao integrating factor for (3.27) 14~
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3.5 ~ Application to o problem in Hamlitonlnn mechanies

From the foregoing discussion it is obvious that the Lie
wethod way be applied to porticulax types of pairs of first qrder
equations, As an exenyle we look at Humilton's equations and as
iundicated above we ghall use point transformations only. We may
considcer the method applied in the canonical framework without
reference to Newtoninn_or Lagranglan formulation3. It ;hould be
emphasized that, 1f a problem has a parallel description in the oéher
formulation, then the results arc identical and the equivalcnce is

eotablished through (3.23).

' In keeping with the usual Hamiltonian methodology we write

the gencrator of the group as

.

Y(2s Py € = E(3, ©) G4 n(a, B G+ 5q, By ) P e (3.29)

Hamilton's equations

° o4 ) |

are invariant under the group when
]
1 P
r® -0 C (33D

e
+
Sl

with (3.30) in force. The operator Y(l) fs the first exténsion of

Y. Prom (3.31) we have

n(’) Y (%g) -0, c(l) +Y (%%) =0 . (3.32)
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and the first of these naylbe rearranged to give an expression for

¢ in terms of §, n, i. ﬁ, q, p and t, 7This is substituted in the
gsecond of (3.32) using the definition of c(l). In the rcsulting
equation sunce § and n independent of p,.ue way equate éoefficientn
of linearly indepeﬂdent functions of p to zero thercby obtaining

[ 4 “and n. These are then substituted in the exprxession for c;

Tho invariants are cﬁlculnted és in §3.4,

we‘illustrnce the method with a simple cxample, the damped

free particle, It has Hamiltonian 15

Help2a 't (3.33)

vhence

- eVt n(l)

. 14 +yp £ . : (3.34)

Vhen (3.34) is substituted into the second of (3,32) and the algebra

vorked through we obtain the generators and favariants listed in

Table 1 .

If p 48 replaced by q exp (yt) the results for £,n and

I are identical with those given i{n Scction 2.6.

1(q, py t)

£E(q, p, )

TABLE 1.

n{q, t)

£(q, t)

t

Yq + pe

P

-yt

~yt

- Yq - pe.

¥q + pe

-t

qe

pl(rq + pa ¥F)

-Yt

¥q + pe

-

G-Yt

(yq ; pe-Yt)/P

- vq?

. =Yt
—plq + pe T0)

p/(vq + pe T5).

qe®

Table 1.

for the dazped free

Generators and invariants

particle with Haciltonian H =) p2 exp(-yt).
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CHAPTER 4. APPLICATION OF THE LIE METHOD TO THE

LIE ADMISSIBLE GENERALIZATION OF MECHANICS

4.1 Introduction

In this chapter we investipate the rclevance of the prsviously
outlinc& Lie method for finding point syrmetries to the Lic admissible
generalization of mechanics proposed by one of us .. in a number
of paécrs 2'5, Sin;c within both this Lie admissible mechanics and
Lic's thcory of differential equations one 1s concerned with trans~
formation groups which leave invariant a given system of equations, it
appears that there is a strong motivation for carrying out such an

investigation and a reansonable hope that a common ground will exist

between the two approaches of mutunl benefit to both.

We emphasiee, however, right at the outset that the work we

report here 18 still very much at the exploratory stage and instead

-of being in a position to formulate concretely eoteblished. reoults

wa can at‘this point only outline the problems which appear relevant
and indicate possible vays {in which they may ba resolved. Nevertheless
since ve believe strongly in the motivations, we feellconfident that

o dufficulties con eventually be overcowe.

The essence of the Lie admissible generalization vesic. s in the

extension of the canonical Poisson Brackets

lA.B) ™ uuv _aA_ E-B-A-

: A (CT W“v m (_(1, (J)) (4.1)
. PA TN - *

to the generalised Lie adwissidle brackets

(A, 3) = g™ —3ﬁ; _EE; s sV m MV e TV, (4.2)
3a FEY
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vith_the replacenent [A, B] = (A, B) being carried out in the trons-
ition from a (vzriu&ionully) self-pdloint (SA) to & non-self-adjoint
iNSA) system of cquations via the addition of NSA fotcesls.ihe tensor
" vhich 1s some prracribed function of tho additional forces and

is required to vaniuh as the forces go to zero, essentianlly carrics the
generalization., This generalization in fact opens the way to a notural
procedure for changing the symactry group of the SA system {nto &’
corresponding one appropriate to the NSA counterpart. Thus,in the

case of a SA system where a canonfeal formalism 13 meccsvarily available,
one realizes the symnetry group (taken here for comcereteness to be the

Galilel Group) via the infinftesimal cenonical transforrmations

b+ & - a0l (2%, ] _ (4.3)

with the tén generating functions G‘ being the appropriate ones
essociated with the Galilei group. In the transition to the NSA
equation the conventional canonical formalism is loat, but nevertheless
one 1ie ;trongly motivated to writc the analogue of the above symmetcy
group with the aid of the generelised bracket, aa the Lie adafssible
group’

o+ ¥ = ¥ 4 set (a¥, &) . (4.4)

The finite group elements are obtained from this by exponenilation

G 9
i 1 3
a . {959 s 8 a } a¥ . (6.5)

aad da

It has been found 4 that in the case where consideration is
voocricted to the gencrato:.of time t:cnsla:ion(i.e. all CL aré
absent bk one which is then fdentiffed with the (SA) Hamiltonian)
the Lie—admissib;e group (4.5) zan always be constructed

and furthermore the resulting transformations a" + ¥ do Indced
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keep the NSA equations form invariant. Unfortunately a’'general proof

of invarlance ﬁnder the complete Lie admissible group is not yet

available.

4.2. Some open problems

1t is at this stage that we fcel a useful point of contact”

nay rvesult by a parallel investigation with the Lie method. As out-

lined in cthe previous chép:ara.this method concerns itself with the

direot construction of point transformatfon groups of the form

tetmt+ se‘gt<c, qQ)
qr quq+ seinl(t. q)

vhich kéep a given second order equation form invariant and thereby map

one-of-its -golutienaintoangther solution, Whether or not such a golutlon

also satiafy the homogeneous Euler equation

- d
T 0

2
]
e

is accidental snd, indecd, the construction of symmetries is
cu;cutlnlly the sama for both -SA and NSA cquations of motion. Thus
i¢ appears that the point symmetrics, extracted from a NSA equation
by the direct Li; method, should have a considerable bearing én the
Lie ldninaible group, Because this latter group is arrived at in a
rather formal and indirect way, a simple straightforvard comparison
of the two approaches does not scem to be possible. Tt 1g precisely
4n this search for a 'common gi&und' that in the following we list
via nunbered paragraphs (not necessarily in any order of priority)

vhat appesr to us relevant points of discussion concerning such e

(4.6)
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“link-up.

(1) - It 48 immeciintely apparent that in order to come closer to a
comparison we must, in the cas: of the Lie methods, pass from the
gecond order (in time) Lagrangian formulation of the SA problem to an
equivalent first order Hemiltonian canonical formalism. Such an
'induced' Lie method of point tranaformation within the Hamiltonian
thoor~ has been di{scussed in the previous chapter_where,.in addition,
the géncral proccdur; outlined for reducing any.second order system
to first order,eatebliphes a wecll defined way of reducing also the
NSA equations to palrs of first-order oncs., Thus, 1f L ie the
Lagrangian of ;he SA problem, one defines for both the SA and NSA
proble;s the co-ordinate p''s %% + In the former case p will be the
canonical wmomentum while in the lattér case it will merely play the
tdle of a fized constract 1in torms of q, § and t. The Lie method

now applied directly in the co-ordinates t, q, p 1leads for both

problemsto infinitesimal transformations of the form

[
+
erg

=t + 56151(:. qQ)

qQ +

F-1]

- p +60% (e, q, p)

<1

[+ i

or

te+fm t 4 59151(C1 qQ)

¥ L

a¥ » 3" wa 4+ éoio:(t, Qs P)» o: w (ng, (L>
(11) The appearance of co-ordinate dependent time transformations,
vhich arise in general in the Lie theory and are indicated in (4.6)

and (4.7), causes difficulties. Thus if Hamilton's equations are to

- q + 60 (t, @ : (4.7
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exist subsequent to'a transformation of the type (4.7) (in which for

the present we even generalise "1(t' q) to "i(t’ q, p)), thatys 1f

the givean Hamiltonian equations .

n .
Pt na, 01, e 4.8)
are to lead to the new ones
at v o= - :
;Tt-—'- [a » "-(’I t)](;) 4.9)

then the integrability conditions for the existence of a new Hamiltonian

]

functfon H rule out a" - dependent time transformations i.e., one

can have only £, = £,(t) (notice, however, that NSA systems are generally
treated via the Lie-admissible generalization of Hanilton's equations3).

A complete resolution of the difficulty can be achicved in
the case of the SA problem by restricting oneself to the so called
‘Noether subgroup' of point symmetries. This subgroup is mathematically

distinguished from the full point symmetry group of Lie by being

‘that subset of point transformatiomswhich keep invariant the action

~ functional Sle] m [ L dt along arbitrary curves ¢ and change the
¢

funFtionnl»torn of the Lagrangian L(q, §, t) at wost by a total

tinme derivati%e. ﬁ%-l(q.c). It can be generally shown for systems with

natural “Lagrangians.that th; traneformatiomns of this sub-gzroup have

the property that the time part of the transformation does not involve
q i.e. the & of the Noether subgroup are at most functions of t.
(An addttional well known and well used proéetty of this subgroup is
thet tt iemedlately supplics closed form integral invariants equal in

*9A4% o the nuabet of its cssential paramcters vhen ¢ 43 an extremal.)’
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Ciearly it 18 exactly the Noether subgroup, or one of its subgroups
in turn, which 15 {dentiffcd with the space~time group such as the

Calilei Croup, when in the SA problem one stipulates Calilean invariance.

Now although by restricting oneself to the Noether gubgroup,

appropriately translated into the Hamiltonfan language of tha SA

‘ problem, one is left with meaningful transformations of the type (4.7)

with (1 - gl(t). neverthelens onc cannot do the corresponding thing

for the NSA counterpart, for the obvicus reason that; in terms of the
given co-ordinates, no Langrangion and hence no Nocther subgroup exist
for it, Thus avy attempt at fdentifying in gencral the Lie admisaible
group with some subgroup of the NSA lie point group, with this

latter subgroup arising in some natural Qay as au 'image' or 'shadow'’

of the Noether subgx up, appears to be fraught with considerable difficult

gince it i3 not clear how ore 43 to ducfine such a 'shadow’.

Furthermore, the Lie admissible covering group and the group
from which it arises by generalisation of the Poisson brackets, are
btoth postulated to have the eame number of parameters and this leads
to the requircment that any ‘'shadow’ subgroup, if 41t is to be identiliable

wvith the Lie admissible covering groups, must have the pame dimension

.as the 'object‘ group (= Nocther group or its sub~group) of which-it is a

shadow.  Thia requircrent may perhaps tutn’out to be-too sevc;o.if one 211
only point groups to be candidates for the Lie adaissible group, since

it 1s conceivable that by introducing & 'bad enough' NSA force, one

wight reduce the complete NSA point transformation group to the trivial

‘ddentity, 2n which case any concept of a 'shddow’ ev&porntes.
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(411) The discussion in the previous paragraph scems to motivate

an extension of the Lig methods to a wider class o) transformation
than just point transkormationn, if one is to have a Qseful confluence .
vith the Lie admissible theory, Although this may not be an invariable
ennclusion, 4t ig nevertheless prompted also by an examination of the

generalised tracketsof the form

' 11 301 12 301
g, Gi') xS —ﬁ-".' S ™

a quantity which is eventually to bo indentificd with the function
ng arising in the Lie symmetry group of the NSA equation. If a point
group is to fit the b{ll, then (q, Gi) cannot  turn out to be a

function involving p, vhereas a priori there does not secem ‘to be

_any strong reason why this should be the casa in view of the fact

that the generators Gy and indeed the NSA forces themselves appearing -

in the Lie.edmispible tensor SPY w MV + Tuv, nay be strongly
p - dependent. Consequently;one may need to widen the point groups
to dynamical groups by including functi&nal or path-dependent trans-
formations, This, however, carries with it the problems already
mentioned in the previous sections, that present techniquesdo not
pfovtdequltenatic way of arriving at such dynﬁmicﬁl groups, in sharp

ccntrast vith the point transformations.

(1v) 1f on; evenéually succeeds in constructing a catisfactory
‘shadow' symmetry group-of the NSA equation, then one must be careful
19 the process of identification with the Lie admissible group,to
recognise that the pdraneters 01 ia the shadow group ar~ merely
mathematical pntlntte?a and do not yet have any physicél connotations

i

in contrast with the €~ appearing in the lic admiseible group. Thus

(4.10)

- €30 ~

a problem will arise as to what linecar combinations of tha form

n' ety

Gi' - Lij Cj

are to be associated respectively with the generalised brackets

(q, ct) and (p, G,)- We expect the resolution of.such ambiguitics to

be effected by purely algebraic methods.

) In the attempt to identify a suitable 'shadow' subgroup within

, the NSA symmetry group it may perhaps be useful to resort to the

'{nverse problem' which involves constructing a Lagrangiap also for
the NSA equntion}s The co-ordinates in which this i possible will im

general not be physical, but one may thereby establish a Noether type

gubgroup of symmetries in the NSA case which when mapped back to the

-original (physical) co-ordinates establishes some invariant notion of

a ‘shadov’.

1t 1s interesting to try this for the gimple case of a free .

particle in one dimension upon whish one superimposes a NSA ltﬁear

velocity'damping force. Writing
q=Xx
to indicate an inertiirl (physical) co-ordinsite, we have

. _ )
SA. - x=0 ~ Lo, %

- : .2 Yt
. NSA: X+ yE= Qo> LNSA -l xte
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We define

then (x, p) are the canonical co-ordinates of the SA problem and

on;y they are to appear in botk the SA & NSA prbblemn.

Tha Lie method applied separately to the two equations leada

to 8 infinitesimal operators for both aa

(4.1

o follows
5 NSA
b ¢ - —— ' Ye _3
1 . X, = -
F13 1 "¢ At
3 3
-2 9 8 ) ]
X 3 ¥ xt 57 = e o - xe Mt aax
.xs -t—?—--..,’x_a_ x‘- 3 "li -—-a
3t Ix T ™ 3%
x., 't——-: X! w Yt 3
X IX
3
X o ———— ! 3
S ax . Xy = ax
?
xs o X x'- Yt-—a—.
3t xe 3¢t
x Dy g2 3 '
LA T R
X - e—— Ve -._L
( Ix xa * Ix

sessy3 generate the

Noethar subgroups ot the corresponding Lagrangian,nllowtng us to

ideatify the shadow subgroup with the NSA Noether sub group,

To attempt a further ‘{dentification with the Lie admissible

8¢ra
‘P ¥e need to calculate wvhat {nfinitestmal change 18 {nduced

- 432 -
in the co~ordinate p ® x by

(a) the Noether sub group of the SA problem

(b) the Noether sub group of the NSA problem .

These are readily calculated by using the appropriate first extensions
x,_m £ w1,2,..., 5 for the SA & NSA problema. Thua we get the

function ci(i,_x. p) for the Noether subgroups

SA : NSA

& =0 ty = ~ype™"
T, X = tp : & = vixeT
ty = ~hp. ' Ty = v
g, -1 & - -ve" Y
tg = 0 ts = 0. -

At this point a complication arises in so far as the l-dimensional
Cnlilei group G(1, 1) has_ three and not five parameters (its
1nf1n1teu£qa1 operators are xl, Xy Xg in the SA pet). Thus the
space~-tine symmetry group we wish to cove? by a Lie némlaeible group
ia a prbper subgroup of the SA Noecther group a;d we must look for
its 'shadow' in turn in thc NSA Noether counterpart. Since this

is sooewhat problematic we ghall not pursue the example further but
inatead draw the general conclusfion that rather than covering only
a given space-time gymmetry gfoup (such as the Calilei group) it
may be profitable to look for generalizations which cover always
the Noether aymmetry gfoup conteining this space—time groLp as a

proper or improper subgroup.
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CHAPTER 5, CONCLUDING REMARKS

Our studies indicate that Lie's method must be subjected to
a numbher of additional dcvelopments before it can be effectively
applied lb the conatruction of the Lic-admissible symmetries o.
Newtonian systems. The most vlsiblcland important one is the extention
to arbitrary transformations in (t,q,p)-space, rather than point
transformations in (t,q)-space. In fact, such an extonsion is needed
both classically as well as quantum mechanically (seec ref.,J
Nover?helesn, our studies indicate also that the approach is
quite proaising, particulatly in regards to the problem of the relativiiy
of Newtonian mechanics (no rolativistic, field theoretical, and quantum
mechanical extensionsl). The case of the linearly damped particle
worked out in the preceding chapters points out this possibility quite
clearly. Recall that, %n this cése, wo have the transition‘from the

free SA particle in one dimension to a NSA system

(X =0 — [rig, “Ti]gen = 0. (5.1)
‘The relativity for the SA subsystem is the conventional Galilei relati-
vity 'in one-space dimension. Dy lignoring scalar ‘extensions, the relativity
group G(1.1) is 3-dimensional and it is given by translations in time
Tl(c). translations in space T;(x), and Galilei boosts Gy (x). Th;
meaning of the relativity in which we are interested here is that the
group G(l.1) constitutes a symmetry group of the equation of motion
in such a way to Yepresent the conservation laws of the total energy,

linear momentum, and uniform motion of the center of mass that is, the
. 7

first intedrlln

2
H = 4p% P = x3 G = x (5.2)

, Section 2,3).
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The abstrnc£ Lie group G(1.1) is unique. Nevertheless, it can be realized
in different ways when appl ed specifically to the system considered.
A most significant difference which has bcen indicated earlier is that
the group G(1.1) can be realized elther for configuration space
treatmen:s along generators of type (4.11), or for phase space treatments,
in which case the generators arc thoce of eqs. (5.2) (sce, for instance,
reforence 16 » P. 390), As indicated in the introductory remarks,
we prefexr the phaso space treatment because it is more suitable for
the direct application of analytic/algebraic/gcometrical téchniquea.
With the symbol G{1.1) we shall therefore refer to the canonical
realization of the Galilel group in one-space dimension with generators
(5.2) and with unit mass.

When the frce'particle enters a dissipative medium and experiences
a linearly-dependent Qelocity-drag force, all conservation laws (S.2)
aroe lost. The covering Lie-admissible relativity proposed by Santi1112.3
is intended to achieve

(A) the form-invariance of the extended, NSA,system; in such a way
that

(B) the behaviour of the symmetry in the neighborﬁood of the identity
charhcterizes'this time/the time rate of variation of the physical
quantities (5.2); while

(C) the conventional Galilei’relativlty is recovered identically
at all levels at the limit of null NSA force.

As familiar (see, for a review, rc£.3, Section 1.2), the usé of Lie's
groups prohibits the achievement of all three conditions A, B and C.
In fact, condition B calls for the rcalization of a symmetry in such
a way to admit a non-Lie algebra in the neighborhood of the identity

‘because tha anticommutativity of the Lie product allows only the
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repfelentation of thé particular case ﬁ = LH,H] = 0, and prohibits
the representation of the broader physical law o= £(t) ¢ 0).

The use of a Lie~admissible group does indeed allow the achievement
of the three conditions A;B,and C. We are thcrefore interested in a
Lie~admissible covering 6(1.1) of the Lie group G(1.1), and, more spe~
cifically, in Lie-admisgsible coverings §l(t), Ql(x), and Ei(x) of
the individual components Tl(t), Tl(x), and Gl(x) of G(1.1) which are
capable of providing the algebraic representation of the time rate of

variations of H, p and G

Xp = (X3H) F0; 1m1,2,3) Xy=H, X,= p, Xy= G

(5.3)
in such a way that the conventional Galilei setting is recovered iéentically
all all levels (including the conservation laws) at the limit of null
value of the NSA force. '

The first condition to achieve these goals is to realize 8(1.1) in
terms of the qenerators.of G(1l.1). This 1s clearly essential on physical
grounds to preserve the direct physical significance of the generators.
I fact, the force which breaks the G(1.1) symmetry is not derivable
from a potential. Therefore, the physical quantities of the original
SA systems and of its NSA extension coincide. For more dectails, see
the locally quoted references. ' )

The secoﬁd-conditlon for the desired objectives 1; to equnentiate
the time evolution law into a Lie-admissible group. For the NSa system
considered here tpis task has been worked out in details in re£.4, p.1304

and foll., resulting in the firstldesired'Lie—admlsslble covering
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. x* t 5”'(52?raar x
Tl(t)t(a')'()'e )

(5.4

_ -1t
x + %T(x,n) + ....) (x -ple - 1/Y

p+ %T(p,u) ¥ eene P expi— X+

(] 1
(S§) = )
(-1 -Y

(a,B) =B gpe 28

Dal a7

It is an instructive exercise for the interested reader to verify that
the Lie-admissible group (5.4) verifies the three conditions under

consideration, that 13, (1) it leaves the equations of motion form

invariant, 1.e;,

-0 —> < °F -0 (5.5)
p' + XP’

P +YP

(2) it represents the time rate of variations {5.3) via rule (1.4);
and (3) it recovers the conventional Galilel group Tl(t) 1den:19.11y

- i mark
at the limit Fusa™ = rb -ﬁ?. {.e., at the limit 67 0. As a final re ’
notice that the group Tl(t) can be constructed via the use of the
Lie-admissible tgchniques,. not only for the system considered here,
but for all autonomous systems, without any need of Lie's method.

¥When passing to the construction of the Lie-admissible coverings

A
él(x) and G, (x) the situation is different, It is at this point that
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Lie's method becomes particularly significant. In fact, one may, 4.
principle:

A
(a) construct the symmetries Tl(x) and 'gl(x) as ordinary Lie

symnetries, via the methods considered in the preceding chaptexs,

in which case the generators do not have a direct physical

meaning; and then
(b) reformulate thae symmetties in terms of the generatdrs of Tl(x)
and Gl(x), which yields automaticelly Llie-admissible groups,

A ~
. by making sure that the groups Tl(x) and Gl(x) recover the

original groups Tltx) and Gl(x) identically at the limit Fusa™ 0.

The inspectlon of Table ) of Chapter 3 and of eqs. (4.11) indicates
that these objectives have realistic possibilities of actuation for the
equation of motion conside:ed,'as well as of potential extension to
equations of motion in more than one dimension and with more complex

forces. These problems will be considered in a separate paper.

3.

4.
S.
6.
7.

8.
9.
10.
11,
12.

13,
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The five invariants for the time-dependent one-dimensional harmonic oscillator Hamiltonian are
constructed. Using the linear transformation to the time-dependent oscillator Hamiltonian, the
five invariants for the latter are obtained. The differential operators which generate the
dynamical symmetry of this Hamiltonian have the same commutator relations as these of the time-

independent problem. An additional three operators are obtained using the method of extended

Lie groups and have the same properties as those for the time-independent problem. Thus the
complete dynamical symmetry of the txme-dependent problem is the e1ght~parameter Lie group

SL(3,R).

1. INTRODUCTION

In recent years there has been considerable interest in
harmonic oscillator systems, both time independent and

time dependent. This interest has expressed itself in several

ways, especially in the construction of invariants and the
determination of symmetry groups for such systems. Differ-
ent approaches are found in the literature. To some extent
these differences follow from different concepts of what is
the basic dynamical expression for the oscillator system—
Newton’s equation(s) of motion, the Lagrangian, or the Ha-
miltonian. There are differences in the results obtained. To
be more precise consider the one-dimensional time-indepen-
dent harmonic oscillator with equation of motion, Lagran-
gian, and Hamiltonian, respectively,

§+q=0, 1.1
L=1¢ -1, (12)
H=1ip +1i¢

(there is no essential loss of generality in taking the custom-
ary o? as unity). The application of the Lie theory of ex-
tended groups to Eq. (1.1)! showed that the complete sym-
metry group was the eight-parameter Lie group SL(3,R ).
Applying Noether’s theorem to Egs. (1.2), Lutzky? obtained
a five-parameter subgroup of SL(3,R ) corresponding to two
linear and three quadratic constants of the motion. To obtain
the additional three-parameter subgroup, Lutzky used the
Langrange’s equation of motion. The members of this sub-
group do not preserve the invariance of the action integral as
does a Noether-derived operator, but they do preserve the
invariance of the equation of motion since solutions are
transformed into solutions. There does not appear to have
been a similar treatment for the Hamiltonian (1.3) aithough

for this problem the extension of the results for the Lagran- .

gian (1.2) is particularly obvious.

In considering the time-dependent one-dimensional
harmonic oscillator (we restrict ourselves to one dimension
to keep the discussion as simple as possible; the extension to

" higher dimensions is more a matter of algebraic rather than

conceptual difficulty), again there have becn dlﬂ'crcnt ap-
proachts. Defining the problem by o

200 J. Math. Phys. 21(2), February 1880

(1.3)

- ~0022-2488/80/020300-05$1.00

§+a’(t)g =0, 1.9)
L= %qz - $w2(t)q2’ (1.5)
H=14p+10%(t)g, (1.6)

Lewis,’ applying Kruskal’s method* in closed form, con-
structed an exact invariant which is equally valid for the
Lagrangian (1.5) or the Hamiltonian (1.6). This was

I, = {¢/p* — (pd — p9)*}, (1.7)
Iy =4{q%/p* — (pp — p9)*}, (1.8)

where the suffixes L and H refer to Lagrangian and Hamil-
tonian formulation, respectively, and p(t ) is any solution of

p+a*@p=p > (1.9
Leach® used the method of time-dependent linear canonical
transformations to obtain a form similar to Eq. (1.8) by
transforming Eq. (1.6) to (1.3). Lutzky® applied Noether’s
theorem to the Lagrangian (1.5) to obtain Eq. (1.7).

None of the writers mentioned above has provided a
discussion of the symmetry group and invariants of the one-
dimensional time-dependent harmonic oscillator. In this
note we provide such discussion in the context of the Hamil-
tonian formalism. We start with a simple method for obtain-
ing the five invariants for the Hamiltonian (1.3). Using the
linear canonical transformation between Eqs. (1.3) and (1.6)
we construct the five invariants of Eq. (1.6) from those of Eq.
(1.3). The five corresponding group generators are given.
The remaining three operators which leave Newton’s equa-
tion of motion invariant are also given. It is demonstrated
that the operators have the same commutator properties as
those for the time-independent problem, hence showing that
the time-dependent oscillator also possesses | the dynaxmcal
symmetry of SL(3,R ).

2. THE INVARIANTS OF H(1.3)

All manner of polynomial invariants for H (1.3) may be
constructed by postulating a general form for the invariant
with undertermined coefficients and then using the reqmrc- _
ment that, if I is an invariant of H, :

dI oI
—_ —0
& [IrH]PB+ %

@)
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Writing H (1.3) as

H=1z"z, 2.2)
where v
=[], @3
4
a linear invariant, denoted by /,, has the form
I, =r"z, 29

in which r is a coordinate free 2-vector.
Since the Poisson bracket of two scalars Fand G is given
by

JF ) ( aG )
F,Glpg= Jl =) 2.5
(FG1es=( 2 ) 7( 3 @5)
where J is the 2 X 2 symplectic matrix
01
2.6
B! | @9
Eq. (2.1) is simply
r'z+4+it7Jz=0. Q.7

Making use of the linear independence of the elements of z,
Eq. (2.7) reduces to

I"l=7'2, ’-'2= _rl’ . (2-8)
where r; and r, are the elements of r. This Hamiltonian sys-

tem of first order linear differential equations has a singular
point at

rl =0, r2=0. 7 . (2.9)

This particular solution is trivial in the present context. The
general solution of Eq. (2.8) is

r, =a cost + b sint, (2.10a)
r, = —asint + b cost, (2.10b)

in which @ and b are arbitrary constants. The general linear
nvariant of A (1.3) is

I, = (a,b)z cost + (b, — a)z sint. .11

If we write the row vector (a,b ) as c7, the invariant is
I, = ¢"(I cost — J sint )z, ' (2.12)

e., to within a factor of the magnitude of ¢, I} is the magni-
nde of the projection of the vector

I, = (I cost — Jsint )z (2.13)

1 the direction of some arbitrary constant vector ¢. Clearly
1e basic invariant is I,, whose two linearly independent ele-
ients are

I, =gcost—psint, o (2.14a)
I, =gsint + p cost. (2.14b)

We observe that the invariant vector I, is simply the
ssition vector of the point on the phase plane occupied by
e particle at time ¢ = 0. The time development of zis given

z=(Icost+ Jsint)l, - _ A (2.15a)
= (I cost + J sint )2(0) '  (2.15b)
tich describes a circle of radius z(0) in the phase plane. We

.
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note that

oI,
= =Tw (2.16a)
aI

_a;‘ = ~1I,, (2.16b)

This indicates that there are only two symmetry mappings
associated with the first order invariants, a result which fol-
lows from the discussion given by Katzin and Levine.’

We could proceed to construct the quadratic invariants
of H (1.3) by postulating the form

= 42"Mz, (.17
in which M is a 2 X 2 coordinate free symmetric matrix, and

- solving the equation corresponding to Eq. (2.17), viz.,

27 (UM + M)z = 0. - (2.18)

For the one-dimensional system being considered here it
eventuates that there are only three types of quadratic invar-
iant which are given by the following products of the linear
invariants:

2y =1+ 1= P +¢, ' (2.19a)
26,y =21y, = (¢ — p?) sin2t + 2gp cos2t, (2.19b)
2y =1}, — I, =(¢* — pP)cos2t —2gpsin2t.  (2.19¢)

The result is not surprising. Any quadratic form in two var-
iables is a linear combination of the three linearly indepen-
dent expressions given above and no more than three linearly
independent quadratic expression can be formed from two
linearly independent variables.

The five invariants which have been obtained here cor-
respond to the five invariants derived by Lutzky in Ref. 2
where he used Noether’s theorem to obtain the five Lie

group operators and hence the invariants. The slight differ- '

ences are due to the present writer wishing to keep the form
of the invariants related to their physical interpretations.
Thus, 1;, and /,, are the initial positions (at time ¢ = 0) in
the phase while 7,, is the Hamiltonian which in this problem
is the conserved energy.

We point out that the method outlined here gcnerahm
easily to multidimensional oscillators and that suitable oper-
ators may be obtained for the corresponding quantum me-
chanical problem.* In the latter problem the products are
symmetrized, a process which follows naturally if a matrix
formulation is used. For the quantum mechanical problem it
is convenient to define new operators. They are

A* =272, +1il,}, (2.202)
B* =Iy+il, _ Q. 20b)
C=1L,. - . (2:200)

The A ’s are the nmc-dependcnt creation and annihilation
operators. We note that in higher dimensional problems
there is an additional class of invariants whose elements con-
stitute the angular momentum tensor.

3. TRANSFORMAT| ION TO THE I'IME-DEPENDENT
OSCILLATOR -

A canonical transformation of the Hz_gmiltonim_: .

P.G.L Leach 301
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H=1z"4z @3.1)
to the Hamiltonian

H=13"47 3.2)
may be accomplished by the linear transformation

Z =Sz, (3.3)
where (cf. Ref. 5)

S =JAS — SJA, (3.4a)

SIST=J. (3.4b)

The equation (3.4a) arises from the requirement that the de-
scription of the time development of the system be equiv-
alent in either the z or Z coordinate system, i.e.,

3=y _ jis (3.52)
7z
and
i= 2 St") = Sz + SJAz. (3.5b)

The number of arbitrary constants in the general solution of
Eq. (3.4a) is reduced by the requirement (3.4b), which is the
condition that the transformation be canonical.

For the particular case of the transformation from
H (1.3) to H(1.6) we take H (1.3) as H. The transformation
has been shown to be*

Z—2L.Z = RSZ,
where

= lc,sinW, — C,sinW,,  C, cosW, — 2cosW2
(3.7a)
-1
—p P
and
W, = f(p _dt', W= f(p-2+1)dt, (3.83)
p+ap=p" (3.8b)
Ci-Ci=1. (3.80)

4. INVARIANTS FOR THE TIME-DEPENDENT
OSCILLATOR HAMILTONIAN

As invariance is independent of the coordinate repre-

sentation, there are five invariants for £ (1.6) which are ob- ‘

tained by expressing the invariant derived in section two in
terms of the new coordinates. Using the transformation (3.6)
with the specific expressions for R and S glven by Eqgs. (3.7a)
and (3.7b), respectively, we have

Iy = (coshC + sinhC){p ~'q cosW — (pp — pq)smW}
(4.1a)

I, = (coshC—sth){P“qsmW+(PP pg) cosW ],

4. lb) _

20,, = cosh2C {p~2¢* + (pP —P'Q)_z} _
+ sinh2C (p ~?¢* — (pp — pgYcos2W

302 J Math. Phys., Vol. 21, No. 2, February 1960

1

(3.6)

-2~ 'q(pp — pg)sin2 W |, (4.10)
2y, =p = *g’sin2W — (pp — pg)*
X sin2W + 2p~ 'g( pp — pq) cos2 W, (4.1d)
2I,; = cosh2C {p~*¢* cos2 W — (pp — pg)’ cos2W
—2 p~'q(pp — pg)sin2C )
+sinh2C {p ~*¢* + (pp — pg)?}, (4.1¢)
in which we have written
coshC=C,, sinhC=0C,, (4.20)
W= f p=dr’. (4.2v)
5 .

If C, is set at zero, I, is the form of the invariant reported by
Lewis.’ The general form given above was reported by
Leach. ®®

We may define a set of invariants independent of C by
writing
J,1 = (coshC — sinhC)] |, .
(4.3a)

=p~'q cosW — (pp — pg) sinW,
J,5 = (coshC + sinhC)J,,
=p~'gsinW + (pp — pq) cosW, (4.3b)

2J,, = 2(I,, cosh2C — I, sinh2C) = p = 2¢%(pp — pg)%,

(4.30)
_ 2y =2,
= [p~’¢ — (pp — pg)*)sin2W
+ 20~ '9(pp — pg)cos2W, (4.3d)
2J,; = 2(— I, sinh2C + I,;cosh2C)
= {p2¢ — (pp — pg)*}cos2W
—~2p ' 9(pp ~ pg)sin2W. (4.3¢)

We note that the Lewis invariant now occurs without a pa-

rameter in Eq. (4.3c).
The physical interpretation of some of these invariants
is facilitated if we make use of the intermediate Hamiltonian

H' =3} %(p?+¢?, @9

~ which is related to H (1.6) by the canonical transformation

0 q| '
[ ] [ p] [p] . @-3)
J“ = gq' cosW — p’sinW¥, (4.6a)
- Jiy =g sinW + p’cosW, (4.6b)
In=34%+pD. (4.60)
In the (¢', p’) phase plane, taking 7, =0,
Ju=q¢0), J,=p0). “.7

The motion of the partlcle along thc phase space trajectory is

- given by

[ ]= cosW sinW @3

—sinW cosW.

g where J, is defined similarly to I,. This is a circular motion
- and J,, simply represents the constancy of the radnus, bemg _

half the square of the radius.
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Reverting to Eq. (4.3) we may obtain the formal solu-
tion for ¢ by eliminating pp — pq from (4.3a) and (4.3b). This
is .

q=p(Jll COSW+J|2 SinW), (4.9)
which is of the same form as that given in Ref. 6, Eq. (10).

Finally, we note that only two of the five invariants

listed are functionally independent. It seems to us to be natu-
ral to select Jy, and J|, as the independent quantities. Then

2y =V + U : (4.92)
Uy =) = V1) _ (4.9b)
2, =20, J),. (4.9¢)

These relations are the same as those which are found in the
time-independent case (cf. Ref. 8).

5.OPERATORS OF THE FIVE-PARAMETER SUBGROUP

Now that we have the five invariants for the Hamiiton-
ian of the time-dependent harmonic oscillator it is a simple
task to obtain the corresponding differential operators
which are the generators of transformations. To facilitate
comparison with the time-independent harmonic oscillator
as discussed by Lutzky,? we adopt the nomenclature used in
that paper. To summarize this, a generator G is given by

G(q,t)=§(q,r)-§ +n<q.r>aiq G.1) -

and the corresponding invariant, in the Lagrangian formula-
tion, is '

@ (girt) = Ej — 1) ‘;—z —EL + @), 5.2)
In this instance .
L(g,4:t) = 3¢* — 3’ (1 )" (5.3)

We may determine £, 77 and f from the invariants given by

, Eqgs. (4.3a)~(4.3c) and we have, replacing p by 4,

Pi(g.4:1) = — 2(q.4.1), - . (5.42)
Dy(g,4:t) = — 2J55(9.4:1 ), (5.4b)
Pi(g.9:t) = — 2J12(g:4:2), (5:4c)
Py(g:4:1) = 21,(g.4:1), (5.4d)
Dy(9.9:t) = 25(9.4:1)- (5.4¢)

The corresponding operators are

G, =sin2W-2_ 4 (ppsin2W + co2W) 20—,  (5.50)
oW dq

a3 ) ) 3
G, = cos2 W -2 2W —sin2W)g —,  (5.5b
2 T + (pp cos sin2W)q 3 (5.5b)

q
G,=p cosW—a— , (5.5¢)
dq
G,=psinw-9_, (5.5d)
dq
J 3
Gy= — g —— . , 5.
s= o TPPY 2 (5.5¢)

We note that if @ is constant and equal toone,p > =w = 1,
W = t, and the expressions for the generators are the same as
those given by Lutzky Ref. 2, Eqs. (24a)—(24¢) for the time-
independent problem. These operators generate a five-pa- .

rameter Lie group and have the following commutative
relations:

[61,G:] = — 2G5, [G5G] =26, [G,Gs] =26,

~ (5.6a)
[G3G4] =0, (5.6b)
[G3G1] = [G1,G,] = [G5,G4] =Gy, (5.6¢c)
[G,G,] = [G3,Gs] = [G,,G5] = G4,' ) (5.6d)

which are exactly the same as those for the time-independent
problem.

We conclude this section by listing the expressions for £, 7, and /. The order corresponds to the one to five ordering of the

f(gt)
2 (36(0p sin2W + cos2 )
2 {36%(pp cos2 W — sin2 W)
ad ' .
: E{QPFOSW] (5'7),
d .
| Elqpsle ,

2 (3¢p )

tshould be noted that the £ s listed in Eqs. (5.7) are as coefficients of 3 /0t.InEq. (5.6), 3 /dWis used, the two being related by

®’sand G’s:
§@t) 7(gt)

P sin2 W % (44% 06 Sin2 W + cos2W))
P cos2 W aiq (36 op cos2 W — sin2 )]
0 '%{qpcosW]
) ' _ —g;-{qpsinW}
2 9 s
) 3% {44 p 5}

9 _p8

aw P

(5.8)

he appropriate variable to use in the operators in # and not ¢ because W is now the effective time variable. This is most

‘adily seen from the Hamiltonian H ' introduced in Eq. (4.4). Under the time scale transformation from tto W, Hamilton’s

juations for H’ are : :
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d _ , dp' ,
aw P g T 7T

6. OPERATORS OF THE THREE-PARAMETER
SUBGROUP

The five invariants obtained in Sec. 4 relate to the Ha-
miltonian. The complete dynamical symmetry of the time-
dependent oscillator is made up not only of the five corre-
sponding operators, but also any operators which leave the
Newtonian equation of motion invariant. These operators,
as well as those given in Sec. 5, may be obtained by using the
Lie theory of extended groups. This method is quite ade-
quately described in Wulfman and Wybourne (1.b) and it is

not proposed to repeat their working. We shall simply sum-

marize the relevant results.
Suppose that the generator G defined by

G §(q,t) +n(q,)— o 6.1

isa member of the complete dynamlcal symmetry group. Its
second extension is

a a
G =£(— - ,
5&+n aq+[11 + (1,

+ [7711 + (zﬂql —gu)q.
+ (nqq -2 §ql)qz —gqqqz

O =26 34500 5 62)

If the Newtonian equation of motion is

q

NGda) =0, | NN

G'N=90 : 6.4)
since G is a generator of the symmetry group. The require-
ment that Eq. (6.4) be true whenever Eq. (6.3) is true leads to

- a set of partial differential equations for £ and 7.

In the case of the tlme-dependent harmonic oscillator,

Newton’s equation is

§+a*(t)g=0. : (6.5)
When G “ acts on this equation and the raultmg differential
equations are solved, in addition to the five operators already
given, we obtain

=g, (6.6a)
dq

G,=p qsmWa-g”—,+(psmW+p"cosW)q2—
(6.6b)
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Gs=p“‘qcosWaiW+(pcosW'—p"'sinW)qzai.

q
(6.6c)

These three operators form a subgroup with the commuta-
tion relations

[GeG1 =G5 [GaGs] =G [G1,Gg] =0, (6.7)
which are the same as for the time-independent problem.
These three operators also have the same commutator

relations with the other five operators as in the time-inde-
pendent case. They are

[G6G1] = [GsG,] = [GeGs] =0, (6.8a)
[GeGs] = — Gy [GeGs] = — G, (6.8b)
[G7’Gl] = -Gy [G16] = — G, (6.80)
[Gs,G\] =Gy, [GyG,] = — Gy (6.8d)
G631 = — (G, + 3G,

[Gs:G,] = 3(— G, + 3Gy), (6.8¢)
[G1G,] = %(Gz - Gs),

[Gs,G;] = — 4(G, + Gy), (6.80)
[G1,Gs]1 = — Gy [GsGs] =G (6.8g)

Thus we have the result that the complete dynamical sym-
metry of the time-dependent one-dimensional harmonic os-
cillator is SL(3,R ).
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Abstract

The complete symmetry group of a forced harmonic oscillator is shown to be
S/(3, R) in the one-dimensional case. Approaching the problem through the
Hamiltonian invariants and the method of extended Lie groups, the method
used is that of time-dependent point transformations. The result applies equally
well to the forced repulsive oscillator and a particle moving under the influence
of a coordinate-free force. The generalization to n-dimensional systems is
discussed.

1. Introduction

Over the last few years there has been a resurgence of interest in the symmetries
of dynamical systems. The original impetus for the construction of dynamical
symmetry groups came from the description of unexpected degeneracies in spectra.
For the basic integrable classical systems, the Kepler problem and the harmonic
oscillator, the symmetry groups are respectively SO(4) and SU(3) (for three
dimensions). Similarities between time-independent and time-dependent oscillator
systems led to the study of the invariants, and consequently the symmetries, of
time-dependent quadratic Hamiltonians. It was seen that time-dependent and
time-independent quadratic Hamiltonians were related by linear canonical trans-
* formations [5]. Previously known invariants [4] for the time-independent oscillator
were shown to have their counterparts for time-dependent oscillators [3, 6]. In
particular, the Lewis-invariant [12] was given a simple explanation. The existence_
of these invariants enabled the construction of symmetry groups for quadratic
Hamiltonians [7]. As the invariants usually had non-zero Poisson brackets with
the Hamiltonian, they were called non-invariance symmetry groups.
Further work [9] on quadratic Hamiltonians showed that there are more linear

12




[2] Symmetry group of a forced oscillator 13

and quadratic invariants than is necessary to form the operators of the special
unitary group. The significance of these invariants became obvious in light of the
work of Anderson and Davison [1], Wulfman and Wybourne [17], and Lutzky [13].
Anderson and Davison showed that the complete symmetry group for the one-
dimensional time-independent harmonic oscillator and the free particle was
SI(3, R). The term complete is used to indicate that the group is the largest admitted
by the problem. Wulfman and Wybourne used the method of extended Lie groups
to deduce the same result for the oscillator. Lutzky used Noether’s theorem and a
modification of the theory of extended Lie groups to repeat the result.

The extension of these results to other systems has been undertaken recently.
Leach has shown that S/(3,R) applies to the one-dimensional time-dependent
harmonic oscillator [10] and to the repulsive oscillator [11]. Of the eight generators
required, five came from the two linear and three quadratic invariants of the
Hamiltonian and the remaining three from the use of the method of extended Lie
groups. Prince and Eliezer [15] extended the work on the time-dependent oscillator
to n-dimensions, showing that the group is S/(n+2, R). They followed Lutzky’s
method.

In this note, the complete symmetry group of a forced one-dimensional harmonic
oscillator is shown to be SI(3, R). The method used is based on the theory of linear
canonical transformations. Lutzky’s approach has not been attempted, but it is
expected that the results would be equally easy to obtain. Some work was done
using the method of Wulfman and Wybourne. The resulting partial differential
equations were not easy to solve and it is believed that the method adopted here
is simpler. It also has the advantage of showing the essential similarity of linear
Hamiltonian systems.

2. Lie symmetry groups and invariants

The main ideas of the theory of Lie symmetry groups may be found in Bluman
and Cole [2]. Some of the relevant results are summarized here for the benefit of
the reader. A one-parameter infinitesimal point transformation from coordinates
(g, t) to coordinates (g, ¥), where

t=1+&g,1)0a, §=q+n(q,t)de, (2.1)

is geherated by the oberator
_ d 0
G(g,) =g ) +nlg.0—. 22
,, ot og i .

To find the variations induced on the derivatives it is necessary to use the extended
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group operator. For a function involving the first derivative, the operator is

d a 0
G = l F (D) )
éat néq g a4 23)

and, for one involving the second derivatives, it is

‘ d. @ 3 9
GA=¢—4 — = (2)_, 2.4
Cat "aq n aq+" % (24)

where

|
LY
Y

23

o

In particular, if it is desired to study the symmetry group of a differential equation
of the second order, such as

N(q, q‘) 49 t) = 0) (2'6)
the second extended operator must be used. An operator G is said to be the

generator of a one-parameter symmetry group for (2.6) if, whenever (2.6) is
satisfied,

G® N(q’ ‘1', ii’ t) =0 (2'7)
ON oN oN oN
vy — (1) Y27 )" .. 2.8
¢ at+"aq n aq+" 3 238)

It is possible to obtain the generator of a one-parameter symmetry group if the
motion corresponding to the differential equation (2.6) has an integral invariant.
'In terms of the Lagrangian formulation, if there exists an invariant, it may be
written in the form ' o '

. L, . e

$(q, 4,1) =(5q—n)a—q—éL+f(q, t). (29

The operator G is obtained by the use of the ¢ and n which satisfies (2.9) for a
particular ¢(g, 4,?). In the Hamiltonian formulation the corresponding relation is
$(g,p, 1) = EH—np+f(q, ). @1

The function f(g, #) performs the task of soaking up remaining terms. For each
invariant ¢ there corresponds only one generator. It has been noted by Lutzky [14]
that, were f allowed to depend upon g, 4, ¢ (or g, p,t), this uniqueness property
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is lost. From (2.10) it is obvious that, for those Hamiltonians which are at most
quadratic in the momentum, invariants are also at most quadratic in the momentum
if they are to give rise to a symmetry group generator.

It should be emphasized that, although to each invariant (subject to the
limitations mentioned above) there exists a generator of a one-parameter Lie
group, there may be one-parameter groups which do not correspond to the
Lagrangian (or Hamiltonian) invariants. The generators of such groups are formed
from the solutions of (2.8). They have the property of leaving the equation of
motion invariant, but not the action integral. Only the Lagrangian (Hamiltonian)
derived generators have this property. There has been some work done on finding
constants which correspond to these additional generators, but so far the results
have not been reported in the literature [16].

3. Invariants for the forced oscillator

The one-dimensional, time-independent, forced harmonic oscillator has
Newtonian equation of motion
+4gq+f=0, 3.1

where f is taken to be a continuous function of time over the interval of time
which is of interest. The corresponding Hamiltonian is '

H=¥p*+4¢")+fq, (32
the conjugate momentum, p, being 4. This may be transformed to the unforced
oscillator

- H=4(P*+0?) (3.3)
by means of a linear canonical transformation. Rewriting (3.2) and (3.3) as

H=3z"Iz4+b'z, - (34

H=4"13, ON
where

| ,_|¢2 _|f
= s 2= ’ b = ) 3-
HESHESH 69

the transformation is ' e .

z = SZ+r, G
where [5] ' -

S =JIS-S8JI, (3.8

t =JIr+Jb. S (3.9)




16 P. G. L. Leach (51

The matrix J is the 2 x 2 symplectic matrix. There is no loss of generality in taking
S to be the identity. The solution of (3.9) is given by

1(f) = R(1)(0) + j R(t)R™Y(c) Jb(z) dx, (3.10)
0 .

where R(z) is the 2 x 2 matrix formed from the solution set of the homogeneous
equation corresponding to (3.9). Explicitly, ‘

cost sin t:| (3-11)

—sint cost|

R(t) = [

Again there is no loss of generality if r(0) is set at zero. The transformation
relating the two Hamiltonians is then

a1 To].[ o0
[p]’[P]J’[—h(r)}’ @12

g0 =j.‘ sin(z—1)f(z)dx, (3.13)
[t}

where

h(t) = J. t cos(t—1t)f(r)dz. (3.14)
0

The two linear and three quadratic invariants for (3.2) are (compare with [8]):

2¢4(¢,7,1) = —{(g—9)* — (p+h)*} sin 2t —2(g—g) (p+h) cos 24,
2¢5(9,2,1) = —{(g—9)* — (p+h)*} cos 2t 4+-2(g—g) (p+h)sin2t, _
b3(q,p, 1) = —(q—g)sint—(p+h)cost, ‘ (3.15)
b4(q,p,t) =(g—g)cost—(p+h)sint, j
2¢5(g.p: 1) = (p+H*+(@—g)*. , |
The ordering adopted is that which has been used in recent papers [10, ‘1_3, 15). '
From (2.2) and (2.10) it follows that the corresponding generators are ’ ‘
S : |

fij . i}
G, =sin2t—+{(g—g)cos2t—hsin2t} —,
1 i at {(q ) }aq

G, =cos2t—13 —{(q—g)sin2t+hc052t}—a-’ . P
Bt - dq _ |

Gy =costZ, X 1)
0q .
d
G =sint,
4 =5 24
a J
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These five generators have commutation relations which are appropriate for the
five-parameter proper subgroup of S/(3, R). They are

[G1, G, 1= —2Gs, [Gs,G1]=2G,, [G2,Gs] =2G,,

[G3,Gs1=0,

[G3,G1=[G1,Gs] =[Gs, G, ] =G,

[Gy, G,]=[G3,Gs]1 =[G, G3]=G,.

(3.17)

4. Transformation of the generators

! The remaining three generators, which also constitute a proper subgroup of
SI(3, R), may be obtained by solving the partial differential equation (2.8) for
&(g,t) and n(g,t). This has the disadvantage of including the derivation of the
generators already obtained. Further, for this problem, the ordinary equations
which emerge are coupled, which complicates the algebra. An alternative method,
which has been used elsewhere [11], is to compare the expressions for G, to Gs
for the harmonic oscillator with those obtained in this case, for the forced
oscillator. By noting the variations, an educated guess can be made as to the
expressions for G¢ to G,. The guess can be checked by substitution of & and # in
(2.8). There is another method which may be applied in this problem. Before
outlining it, the generators for the harmonic oscillator described by (3.3) are listed.

They are
a !
t -—sm2t’-—-+ cos2t' —, I
G,(Q,1) Py Qco 50’
' 7}
' G(0,t 2t —— 2t —,
2(Q, 1) =cos 6 Qsin 50"

G(Q, ¢) = cos r'é%,

G.(Q, ') =sin :'5%, '

> (4.1)
GS(Q t,) _'a—,9
Ge(Q, t'). Q—Q
G0,1) = Qsmt’—+Q’cost %
0

‘ 'G,(Q,x) Qcost’—-—stmt'a—Q
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The transformation from H to H may be written as

g=0+g(t), .
p=P—h(t), 4.2)
t=1, :

where the distinction is made between ¢ and ¢’ for reasons which become apparent
shortly. The transformation (4.2) is a point transformation and the second equation
adds no further information to that contained in the other two. (Note that
dg(t)/dt' = —h(t').) The differential operators in (4.1), namely 6/6t and d/aQ,
take the following expression in the new coordinates,

0 0td dqd 0 0

ar oror oroqg ot oq
o _9t9 040 3

“4.3)

30 000t 9Qdq oq

If, in the first five equations in (4.1), Q is replaced by g—g, t’ by ¢, d/dt’ by
0/0t—L3/dq and /30 by 0/oq, the operators are now in the form given in (3.16).
The remaining generators for the forced oscillator are

d
G =(qg~g)—,
s =(q g)aq

Gy =(g—g)sin t§;+{(q—g)2c05t-—(q—g)h,sin t}a—‘l , L 4.9

Gy =(q—g)cost§;—{(qég)Zsmr+(q—g) hcost} a%

o

It is simply a matter of algebra to verify that G, G, and G¢ do form a proper
subgroup of SL(3, R). The commutation relations are

[Gs,G1]1 =G4, [G6,Gs]l= Gs, [G1,Ggl= 0. 4.5)

The commutation relations between the generators of the two subgroups are also
the standard ones, being

[Gs, G1] =[Gs, G2]1 =[Ge:» Gs]=0,

[G4,G,]=—G;, [G1,G,]1=—Gs [G1,Gs]1=~Gs,
[Gs, G1] = G, [Gs, G,]= —G;, [Gs,Gsl = G, L (4.6)
[Ge» G3]1=—Gs, [Ges GJ=-G, )
[G:,G:]1= —¥(G,+3Ge), - [Gas.Gd =$(—G,+3Ge),
[G1, G =¥G2—Gs), [Gs,G5]1=—¥G,+Gs). J
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Thus the complete symmetry group of the one-dimensional forced harmonic
oscillator is SI(3, R).

5. Discussion

The result obtained here for the forced oscillator applies equally well to an
oscillator with a moving source of potential for it is essentially the same problem,
having the same equation of motion. The transformation between the two
Hamiltonians was of the form of identity plus a time-dependent displacement.
Thus the symmetry group of any forced linear system will be the same as the
corresponding unforced linear system. As the symmetry group SI/(3, R) is applic-
able to the free particle, attractive and repulsive (both time-independent and time-
dependent) oscillators, it is applicable to the case of a particle moving under the
influence of a coordinate-free force and to the forced attractive and repulsive
oscillator. It is also applicable to motion relative to frames of reference in recti-
linear motion (the equivalent for the oscillators to a moving source of potential).
It might be noted that this is independent, in the case of oscillators, of whether

~ the forcing term (or source movement) is resonant or not.

For n-dimensional systems without coupling, damping or rotating axes, the
corresponding result is that the symmetry group is S/(n+2, R). The excluded cases
await further investigation.

The use of point transformations may make the investigation of the symmetries
of other systems easier. To take the example of the time-dependent harmonic
oscillator which has been studied in other ways [10, 15], the Hamiltonians

H=3{p+0*()¢*} 5.1)
and

H=p-3{P2+ 0%} (52
are related by the point transformation

[ﬁ] =[1-/Z 2] [g:l’ (5.3)

where p(¢) is any solution of .
p+a*(t) p =1/(p%). & 4)

Hence the symmetries of the systems corresponding to H and H are the same. The
change of time variable from 7 to W, where

W=J" p2dy, 5.5
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makes (5.2) the equivalent to the time-independent harmonic oscillator which
possesses SI/(3, R) symmetry. The problem of determining whether a given
dynamical system possesses this symmetry is reduced to finding a point trans-
formation relating it to a system which does.
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Abstract. The complete symmetry group of a particle moving in one dimension under the
influence of a negative quadratic potential (‘the repulsive oscillator’) is shown to be SI(3, R).
The generators of the five-parameter subgroup are obtained from the two linear and three
quadratic invariants of the Hamiltonian. The additional generators required for the
three-parameter subgroup are obtained from the method of extended Lie groups. It is
inferred that an n-dimensional, uncoupled, undamped and unforced linear system has the
complete symmetry group Sl(n +2, R).

1. Introduction

Discussion of the symmetry groups of dynamical systems, especially classical, has
widened in recent years. Initially, discussions were of purely geometrical symmetries,
for example rotational invariance. The concept of dynamical symmetry as contrasted to
geometrical symmetry arose from the necessity to explain the existence of degeneracies
in spectra which were over and above those expected on purely geometric grounds.

For the non-relativistic Kepler problem the conserved Runge-Lenz vector provided
additional generators which showed that SO(4) was the appropriate symmetry group. In
the case of the non-relativistic isotropic harmonic oscillator, the conserved Jauch-Hill-
Fradkin tensor performed a similar task. In this case the symmetry group was SU(3).
Each constant of the motion associated with these symmetry groups has zero Poisson
bracket with the (appropriate) Hamiltonian. Subsequent development has been in the
construction of non-invariance symmetry groups. These have taken the form of
non-invariance super-groups as studied by Mukunda et al (1965) and of non-invariance
groups for time-dependent systems such as those studied by Ginther and Leach (1977)
and Leach (1978a).

More recently, attention has been given to the complete symmetry groups. of
dynamical systems.. The basic systems studied have been one-dimensional and linear.
Linear systems are important physically and have the advantage of being amenable to
mathematical treatment. It would appear that the concentration on one-dimensional
systems has been from a desire to highlight the symmetry rather than to engage in a
demonstration of algebraic dexterity. However, there is a more serious difficulty in the
treatment of multi-dimensional linear systems which is related to the diagonalisation of
symmetric matrices by symplectic transformations (cf Williamson 1937).

Anderson and Davison (1974) showed that the one-dimensional, time-indepen-
dent, harmonic oscillator and the free particle both possessed the complete symmetry
group SI(3, R). The result for the oscillator was obtained also by Wulfman and
Wybourne (1976) who employed the method of extended Lie groups. In an elegant
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paper, Lutzky (1978) combined Noether’s Theorem with a modification of the exten-
ded theory to obtain the same result. Leach (1979) showed that the one-dimensional,
time-dependent, harmonic oscillator also has SI(3, R) as its complete symmetry group.
The method adopted was based on a combination of linear canonical transformations of
the Hamiltonian and the method of extended Lie groups. The complete symmetry
group for an n-dimensional time-dependent harmonic oscillator (uncoupled) was
shown to be Sl(n + 2, R) by Prince and Eliezer (1980). They followed Lutzky’s method.
By implication the corresponding time-independent problem also possesses Sl(n +
2, R) symmetry.

In this paper, the complete symmetry of a particle moving in one dimension under
the influence of a negative, time-independent, quadratic potential is shown to be
S1(3, R). With this result established, it may be inferred that the complete symmetry
group of an n-dimensional linear system, without damping, coupling or forcing terms, is
Sl{n+2, R). This is the case whether the potential terms are time-independent or
time-dependent. (The generators for the one-dimensional, time-dependent negative
quadratic potential are listed in the Appendix.) It remains to be seen whether the result
extends to the three categories of systems which have been excluded.

The main decision to be made when embarking on the determination of a complete
symmetry group is which method is to be adopted. In this paper the method used is that
which combines the Hamiltonian invariants and the extended Lie theory. The other
two methods are believed to be equally suitable in this instance. However, the present
writer is not convinced that this will be the case in all instances, especially when applying
the method of extended Lie groups. The main motivation for the choice in this problem
is that it lies within the author’s programme of demonstrating the essential sameness of
all classical quadratic Hamiltonians.

The development of the paper reflects that purpose. The canonical transformation
from attractive to repulsive oscillator is derived and from this the two linear and three
quadratic invariants obtained. Using standard theory the associated generators may
then be written down. The form of the remaining three generators is suggested. They
are shown to satisfy the partial differential equations arising from the method of
extended Lie groups. The eight generators are shown to have the commutation
relations appropriate to the symmetry group SI(3, R), which establishes the result. A
comparison of these generators with those of the time-independent and time-depen-
dent harmonic oscillator suggests the generators for the time-dependent repulsive
oscillator and they are listed in the Appendix. On a matter of terminology, the system
described here is called the ‘repulsive oscillator’. On a point of semantics this is, in a
sense, nonsensical, but it is believed to be a suitable description.

2. Canonical transformation from attractive to repulsive oscillator

The repulsive oscillator has Newtonian equation of motion

G—q=0 (2.1)
and associated Hamiltonian

H=1(p*-q% 2.2)
in which

p=4q. (2.3)
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In terms of the two-vector z = (g, p), the Hamiltonian is

H=3z"Az (2.4)
where the 2 X 2 real symmetric matrix A is given by
-1 0
A= ( ) .
0 1 (2.5)
The attractive oscillator has Hamiltonian
A=3"1 (2.6)

- where I is the 2x2 identity. A linear canonical transformation form H to H is
accomplished by

z=82 2.7
where the 2 %X 2 real matrix S satisfies the system of equations (Leach 1977)
S=JAS-SJI, (2.8)

J being the 2x2 symplectic matrix. The requirement that the transformation be
canonical imposes the constraint that

SIST=1. (2.9)
The system of equations (2.8) may be rewritten as
i =Mu (2.10)
where
u=(S11, S12, Sa1, S22) (2.11)
J I

= . 2.12

M=(; J) @12

Setting to =0, the solution of (2.10) is
u(t) =exp(tM)u(0)

0 .
={((I) ;)) coshtcost+(g J) coshtsint

0 I . 0 J\ . . } .
. 2.13
+(I 0)smhtcosl+(J 0)smhtsmr u(0) ( )
Writing
_ "1(0) _ (ux) : 2.14)
"")'(uzm' u(©=(7") | 2.
the constraint (2.9) becomes
uiJu;=1. (2.15)

As it is desired to express the invariants of H in terms of z, the inverse transformation is
required. Since -

§t=-JsJ
=—J[ur(1), u2()Y, (2.16)
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when u,(¢) and u,(¢) are substituted from (2.13), the inverse is

S™'=(I sint~J cos t)(—u, sinh t — u, cosh ¢, u, cosh ¢ + u, sinh 1). (2.17)

3. The invariants

The Hamiltonian (2.6) has five invariants (see Leach (1979) The Complete Symmetry
Group of a One-dimensional Forced Harmonic Oscillator (unpublished)), two linear and
three quadratic in the canonical variables. (There are, of course, invariants of higher
degree, but their Poisson bracket relations, which generate more invariants, do not
constitute a closed set and so are not suitable to provide the finite number of generators
which is a feature of second-order equations.) The linear invariants are given by the
elements of the vector '

C,=(I cost—Jsint)z. (3.1
The quadratic invariants are given by the elements of the matrix
C,=C,C}
=(I cos t~J sin 1)z (I cos t+J sin t). (3.2)

There are three linearly independent elements of C,. The usual forms of the invariants
are given by

[Caliz=[C2lass G +(Cako), %([Cz]n —[C2L2)-

However, the expression in (3.2) is suitable for the present formalism. At the
appropriate stage in the development, the invariants will be regrouped.
Applying the transformation

=857z (3.3)
with $7* as given in (2.7), the linear invariants become
C,=—J(u, cosh t + u, sinh ¢, 4, sinh ¢ + u, cosh 1)Jz. (3.4)

This may be written in a form free of the vectors u, and u, by premultiplying by S$(0).
Then

Ci =5(0)C,
uy
~(y1)e
= (I cosh t— K sinh ¢)z (3.5)
where the matrix X is
<0 )

Under the transformation the matrix of quadratic invariants becomes
C,=J(u; cosh t +u, sinh ¢, u, sinh ¢ + u, cosh t)Jzz*JT

X (u, cosh ¢+ uy sinh 1, u, sinh ¢ + u; cosh £)*J7. - (3.7
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This may be converted to an invariant matrix free of u, and u; by premultiplying by $(0)
and postmultiplying by S$(0)*. Thus

Cy = S(0)C:S(0)"
= (I cosh t - K sinh t)zz (I cosh ¢t — K sinh 1), (3.8)

a result which could have been anticipated by the expression for C in (3.5). It should
be emphasised that the rearrangement of C; and C; to obtain C} and C; has nothing to
do with the canonical transformation from H to H. The point is that, for all possible
choices of the parameters of the transformation, the same set of invariants suffices.
Hereafter the prime is dropped and C, and C; refer to the parameter-free forms given
by (3.5) and (3.8). .

4, The generators of the five-parameter subgroup

Corresponding to the two linear and three quadratic invariants there is a five-parameter
group which is a subgroup of the complete group. Before proceeding to obtain the
generators of the subgroup, the five invariants are written down in the order and form -
which corresponds to the usage of Lutzky (1978) and Leach (1979). This will facilitate
comparison. (See also the discussion at the end of § 6.) Thus

¢1(Q» D, I) = —[CZ]IZ

= 3{(q*+p?) sinh 2t — 2gp cosh 2] (4.1a)
62(q, p, 1) = —3([(C2]11 ~ [C2L2)
=-3q"~p" (4.10)
¢3(q;P, t)=-Crz o
= —(—q sinh ¢t + p cosh ) : 4.1¢)
¢4(q,p, 1)=Cn
=g cosh t—psinh¢ 4.1d)
#s(q, p, ) =1([(C2]n1 +[C2L2)
= —3{(q*+ p?) cosh 21 + 24p sinh 2:]. (4.1e)
The generator of a one-parameter group is given by
Glq,t)=¢(q, 1) 8/at+n(q, 1y 8/dq 4.2) .
and the corresponding invariant, in the Lagrangian formulation, is
#(q,4,1)= (64 —mn)aL/3g —EL +f(q, 1). (4.3)
In the Hamiltonian formulation, making use of
p=9L/aq, L=pg—H, 4.4)

the invariant is .
(g, p,t)=EH —np+f(q, 1). 4.5)
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With H as given by (2.2) and in the order corresponding to the listing of the invariants in
(4.1a-¢), &, m and f(q, t) are given by

£(q, 1) n(q, 1) flg, )
sinh 21 q cosh 2¢ q° sinh 2¢
1 0 0
0 cosh ¢ q sinh ¢
0 sinht qcosh ¢
cosh 2¢ g sinh 2¢ q° cosh 2t 4.6)
and the generators are
L =sinh 2t 3/at +q cosh 2t 3/dq ' (4.7a)
G,=4d/at (4.7b)
Gs=cosh td/dq : (4.7¢)
s=sinh 1 3/d3q 4.7d)
Gs = cosh 2t 8/t + q sinh 2¢ 8/dq. (4.7¢)

It is noted that for the first, second and fifth,

2 2 2

9 3 =9
é= W[ZF(q, nl, =3 [F(g, 0] f=3alFa 1] (4.8)

with F(q, ) being 1q” sinh 21, 3q? and 3q° cosh 2t respectively. For the third and fourth,

2 2 2

=;—2[F(q,:>], n==_F@0)  f=31F0] “9)

aq ot

with F(q, 1) being ¢ sinh ¢ and g cosh ¢ respectively.

5. The generators of the three-parameter subgroup

The maximum number of one-parameter groups for a second-order differential equa-
tion is eight (Bluman and Cole 1974). Of these, five have been obtained using the
Hamiltonian formulation and transformation theory. The three remaining are
obtained using the method of extended Lie groups by applying the second extension of
the generator to the Newtonian equation of motion. This equation of motion is

g—q=0. (5.1)
The second extension of the operator _

Glq, 1) =£(q, 1) 8/t +n(q, 1) 3/3q (5.2)
is (Prince and Eliezer 1980)

¢} d 0 ° :
GPq,t)=f(—+n—+nV —+9?@ =
(q,0 faz "aq n Py n Py N | (5.3)
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where
'V =dn/dt—g d¢/de (5.4)
n? =dn'V/dr—§ d¢/dt (5.5)
d/dt=9/ot+4 8/aq. (5.6)
G is the generator of a one-parameter group provided
G*G-q)=0 (5.7)

whenever equation (5.1) is satisfied. This gives rise to the set of partial differential
equations

£ =0 _ (5.8a)
Naqg = 2€=0 (5.8b)
2N —€:—3q£,=0 (5.8¢)
N =1 +qng—2q& =0. (5.84)

The solution of these equations is not particularly difficult in this case. However, for
some other problems it is not a trivial task. One way to avoid having to solve these
equations is to compare the known solutions for G, to G5 already obtained with those of
a similar problem. In this case the attractive oscillator is suitable for comparison. It is
observed that for G, to Gs, in the coefficients of the 3/d¢ terms, cos goes to cosh and sin
to sinh while for the 4/3q terms cos goes to cosh and sin to —sinh. For the attractive
oscillator (cf Lutzky (1978)),

Ge¢=q d/3q (5.9a)-

G7=qsinta/at+q2 costd/dq (5.95)

Gs=q cost d/dt—q°sint3/dq. (5.9¢)
This suggests that for the repulsive oscillator

&=0, ne=¢q (5.10a)

&=gqsinhy, n7=q” cosh t (5.10b)

Zs=gqcosht, ns=q*sinh 1. (5.10¢)

Each of these pairs in turn satisfies the equations (5.8a-d). Therefore itis proposed that
for the repulsive oscillator

Gs=q d/3q (5.11a)
Gy=qsinht3/at+q* cosh t 3/dq (5.115)
Gs=q cosh t3/3t+q*sinh ¢ 3/3q. (5.11¢)

6. The complete symmetry group

The final test for the generators is whether they have commutation relations appro-
priate to one of the established groups. One reason for this is to identify the group.
Another reason is to check the accuracy of the expressions for the generators, especially
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those of Gs, G7 and Gg in view of the method used to obtain them. The commutation
relations are given in table 1. These are the standard relations, as reported in recent
literature, for the symmetry group SI(3, R) which is therefore the complete symmetry
group for the repulsive oscillator.

Table 1. The commutation relations. The (i, j)th entry is the bracket [G;, G;].

G, G, Gs G, "Gs Ge G, Gs
Gl . 0 —265 _GJ G4 —262 - 0 G7 —Gg
G, 2Gs 0 G, G 26, 0 G . Gy
G; Gy -G, 0 0 G, G HG1+3Ge) " }G2+Gy)
G -Gy -Gy 0 0 -Gy G:¢ -XG:-Gs)  1G,-36)
GS 202 -26| G‘ G; 0 0 Gg -G7
Gb 0 0 “G; "G‘ 0 0 G7 Gg
G, -G, -Gy -3Gi+3Gy LG2:-Gs) -Gs -G 0 0
Gs Gs -G; -3Gy+Gs) -3G,-3Gy) G; -Gy 0 0

Those who are familiar with the form of the generators for the attractive oscillator
will have observed that the operators G; and Gs appear to have been interchanged for
the repulsive oscillator. This is not the case. The operators G, and G5 for the repulsive
oscillator are respectively the counterparts of G, and Gs for the attractive oscillator.
This is most easily seen from the corresponding quadratic invariants (see Leach 1978b).
Under the transformation from attractive to repulsive oscillator, the quadratic invari-
ants transform as

(q* - p?) sin 2t +2gp cos 2t > —(q> + p?) sinh 2t + 2gp cosh 2¢ {6.1a)
(g —p*) cos 2t —2qp sin 2t > q* - p* (6.1b)
q*>+p? - (g®+p?) cosh 21— 2gp sinh 21. (6.1¢)

For the attractive oscillator Gs corresponds to the Hamiltonian, whereas for the
repulsive oscillator it is G, which corresponds to the Hamiltonian. The Hamiltonian (in
a time-independent context) is the generator of time translations and so it is appropriate
that the generator corresponding to the Hamiltonian in each case is 3/dt. In order to
preserve the pattern of the commutation relations of the generators for SI(3, R) in the
form adopted by recent writers, the generator of pure time translations may vary from
problem to problem. For the attractive oscillator it is G5 and for the repulsive oscillator
discussed here it is G,. In the case of the alternative form for the Hamiltonian of the
repulsive oscillator, namely

H =pq, (6.2)
G, becomes 3/a1.

7. Comment

The complete symmetry group for the one-dimensional attractive oscillator, the free
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particle and the repulsive oscillator is SI(3, R) in each instance. For the one-dimen-
sional time-dependent attractive oscillator it has been demonstrated by Leach (1979)
that the complete symmetry group is also SI(3, R). This is also the case for the
one-dimensional time-dependent repulsive oscillator for which the generators are
given in the Appendix. For an n-dimensional uncoupled time-dependent attractive
oscillator system, Prince and Eliezer (1980) have shown that the complete symmetry
group is Sl(n +2, R). From the results summarised above, it may be inferred that the
complete symmetry group of an n-dimensional linear system is Sl(n +2, R) provided
that the system is uncoupled, undamped and unforced.

The question now arises as to whether the complete symmetry group of any
n-dimensional linear system is also Sl(n +2, R). It is to be reported elsewhere (Leach
(1979) The Complete Symmetry Group of a One-dimensional Forced Harmonic Oscil-
lator (unpublished)) that the result holds if forcing is present. The situation with respect
to damping is the subject of current investigation. For a coupled system the position is
~ as yet obscure, but it is hoped that some indication will be forthcoming in the near
future. '

Appendix

The one-dimensional time-dependent repulsive oscillator is described by the
Newtonian equation of motion '

§-w’(tq=0 (A1)
and has the Hamiltonian : ,

H =3(p*-0’(t)g?). (A2)
The Hamiltonian (A2) is related to the corresponding time-dependent Hamiltonian

H=3P’-Q" (A3)

by the linear canonical transform

(7) =(1-/: 2)(;) (A4)

where p(t) is any solution of the ‘auxiliary equation’ (cf Eliezer and Gray 1976)

f—-a’(tp=1/p>. (AS)
The generators of the complete symmetry group SI(3, R) are
G,=sinh2W 3/aW +(—pp sinh 2W +cosh 2W)q 8/3q (A6a)
G2=4d/daW +ppq 3/9q (A6b)
' Gs =p cosh W 3/aq (A6¢)
G4=psinh W 3/dq (A64d)
Gs=cosh2W 3/dW + (pp cosh 2W +sinh 2W)q 3/dq (A6e)
Gs=qd/3q (A6f)

G,=p 'q sinh W 3/aW +(—p sinh W +p 1 cosh W)q* 8/aq (A6g)
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Gs=p""q cosh W 3/aW + (6 cosh W +p ™" sinh W)q?8/dq (A6h)

where
w='j p2dr (A7)
o

is the effective time variable.

Acknowledgment

The writer thanks Professor C J Eliezer and G E Prince for many stimulating discussions
on the subject of complete symmetry groups.

References

Anderson R L and Davison S M 1974 J. Math. Anal. Applic. 48 301-15

Bluman G W and Cole J D 1974 Similarity Methods for Differential Equations (New York: Springer)
Eliezer C J and Gray A 1976 SIAM J. Appl. Math. 30 463-8

Giinther N J and Leach P G L 1977 J. Math. Phys. 18 572-6

Leach P G L 1977 J. Math. Phys. 18 1608-11

—— 1978a J. Math. Phys. 19 446-51

—— 1978b Preprint, La Trobe University

—— 1979 Preprint, La Trobe University

Lutzky M 1978 J. Phys. A: Math. Gen. 11 249-58

Mukunda M, O'Raifeartaigh L and Sudarshan E C G 1965 Phys. Rev. Lett. 15 1041-4
Prince G E and Eliezer CJ 1980 J. Phys. A: Math. Gen. 13 815-24

Williamson J 1937 Amer. J. Math. §9 599-617

Wulfman C E and Wybourne B G 1976 J. Phys. A: Math. Gen.9 507-18

o






Application of the Lie theory of
extended groups in
Hamiltonian mechanics: the
oscillator and the Kepler
problem

P G L Leach

Journal of the Australian Mathematical Society (Series B) 23 (1981) 173-186

67



J. Austral. Math. Soc. (Series B) 23 (1981), 173-186

APPLICATIONS OF THE LIE THEORY OF
EXTENDED GROUPS IN HAMILTONIAN MECHANICS:
THE OSCILLATOR AND THE KEPLER PROBLEM

P.G. L. LEACH

(Received 24 September 1980)

(Revised 22 December 1980)

Abstract

The method of the Lie-theory of extended groups has recently been formulated for
Hamiltonian mechanics in a manner which is consistent with the results obtained using
the Newtonian equation of motion. Here the method is applied to the three-dimensional
time-independent harmonic oscillator and to the classical Kepler problem. The expected
constants of motion are obtained. Previously unobserved relations between generators
and invariants are also noticed.

1. Introduction

There is, it would seem, a never-ending search for methods which provide a way
of determining symmetries and invariants for dynamical systems. Two useful
methods are Noether’s theorem (in its various forms) and the method of the Lie
theory of extended groups. The present application of both methods is to test
systems for the presence of exact symmetries and, if they exist, to determine the
associated constants of the motion. It would not greatly surprise us if in the
future they were, in some sense, used to determine approximate symmetries, -for
example, of an adiabatic type. . :

The two methods are based on the concept of an invariance under an
infinitesimal transformation of the dynamical variables. For Noether’s theorem,
the object-which is left invariant is the-Action Integral and, for the Lie method,
it is the equation(s) of motion. The latter method is less restrictive than the

©Copyright Australian Mathematical Society 1981
173
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former and provides a greater number of invariants and/or allows a more
general class of problem to be treated.

Before proceeding further it is proper that we define the type of infinitesimal
transformation about which we speak. We are dealing with point transforma-
tions only. As an example of the greater generality of the Lie method we cite a
one-dimensional linear system. Allowing point transformations only, Noether’s
theorem yields five generators of symmetry whereas the Lie method provides
eight. However, the more serious failings of Noether’s theorem occur when
multi-dimensional systems are studied. It does not provide the Jauch—-Hill-
Fradkin tensor for the harmonic oscillator nor the Runge-Lenz vector for the
classical Kepler problem. The Lie method does [5], [6]. '

To repair this deficiency in Noether’s theorem, the use of velocity-dependent
transformations has been proposed [1], [4]. Certainly the constants mentioned
above satisfy the equations obtained with the more general type of transforma-
tion. Unfortunately, the wider class of admissible transformations results in an
infinite number of symmetries for which no systematic method of determination
exists. The same fault applies to the Lie method if the inclusion of velocity-de-
pendent transformations is allowed. However, the inclusion is not necessary for
the Lie method since all the useful invariants may be found with coordinate-de-
pendent transformations only. As far as we are aware, invariants of value in
describing the motion are either linear or quadratic in the velocities (momenta).
It is these invariants which we term useful here. The difficulties associated with
the use of velocity-dependent transformations in Noether’s theorem are delin-
eated more fully in the Appendix.

Until recently [7], the application of the Lie method in mechanics has been to
the Newtonian equation of motion whereas Noether’s theorem may be applied
in either a Lagrangian or Hamiltonian context. Once the Newtonian results were
obtained, the results could be translated into Hamiltonian form [2], but it
seemed to us to be a messy approach. As many problems occur in a Hamilto-
nian framework, we judged it better to formulate the Lie method in the
Hamiltonian framework in such a way that the results obtained would be
consistent with the results for the corresponding Newtonian system when it
exists. The formulation turned out to be very straightforward and we 31mply
quote the results here. The operator :

Y(q, p, #) = &(q, 1)3/0r + n,(q, )9/3q; + $(q, p, 1)3/3p; (1. l) ,

is a generator of a one-pa.ra.meter Lie group for a Hamiltonian H(q, p, t) wnh
equations of motion

g —0H/9p,=0 and p, +0H/dq =0, (1.2)
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provided the action of the first extension of Y on equations (1.2) gives zero
whenever equations (1.2) are satisfied. The first extension is

YOG b, a. P, ) = Y(q, B, 1) + 9{"(q, p, )3/34, + {(q, p, 1)3/3p,  (1.3)
where we have specifically written n{" and {{" as functions of q, p and ¢ to
indicate that whenever ¢; appears it is replaced by 3H/dp; and b; by —0H /3g;.
Thus

dn, AH O, QOH(JE  OH o '
() o % 22 0 o> P09
A TR PR PR I TR aq,) (14)
and
3,  3H 8%, 9H 9 6H(8§ dH ae)
R e e R e | 1.5
§ ot 3p; dq; Oq; dp; 9g;\ ¥t  3p, 3g; (15)

When the set of generators { Y;} is determined, the associated invariants are
obtained as solutions to the pair of equations

Y(q,p, )I(qp, 1) =0 (1.6)
and

2 (1(ap, 0} =0. (1)

This is the main drawback with the Lie method in comparison with Noether’s
theorem as the latter gives the invariant immediately. There are some instances
in which the integration of equations (1.6) and (1.7), or their equivalents in the
Newtonian picture, is not necessary. The time-dependent one-dimensional
harmonic oscillator [3] may be taken as an example. The generators for that
problem may be converted to the generators for the corresponding time-inde-
pendent oscillator by a common transformation. Applying the inverse transfor-
mation to the oscillator invariants, the invariants for the time-dependent prob-
lem are obtained immediately.

The plan of this paper is as follows. In Section 2 the generators for the class of
Hamiltonian systems to which the oscillator and the Kepler problem belong are
shown to have a particular form. This simplifies the algebra when the two
problems are considered in Sections 3 and 4.

" 2. Possible form of the generator

Suppose we have a Hamiltonian for which the equations of motion have the
form ' _ ’ N
¢ — f(0p, =0 @1
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and
p+ &g =0 (22)

which is commonly the case when the basis is cartesian. The matrix [f,] is
regular and may, without loss of generality, be taken as symmetric, although this
is not necessary. Applying the first extension of the operator Y given in equation
(1.3) to equations (2.1) and (2.2) we have

- Y(q, p, 0f()p; = 0 (2.3)
and
$V + Y(q, p 1)gde, 1) = 0. ' (24)
On rearranging equation (2.3) we obtain
&= f*af — £ 1*(3f;/90)p; (2:5)
where [ f7] is the inverse of f;, that is,
= 8. (26)

This expression for {; is substituted into equation (2.4). The terms of third order
in the momenta yield

9% (
= 2.7)
9g,0q;
and so
£(q, 1) = a(1) + b(1)q; (2.8)
Coliecting and rearranging the terms of second order in the momenta,
i 3%y ., 0% Oy ot < im 0F

X {8,80m + 848} =0, (2.9)

where equation (2.6) has also been used. For equation (2.9), it is obvious that 7
is at most quadratic in q. From the particular case f; = §;; we get
7(q, 1) = big;q, + Cij(’)qj + dft). (2.10)
There is no point, at this stage, in considering the coefficients of first and
zero-th order powers of p since these contain the functions g(q, /). Had we
-allowed the f,(7) to be functions of q as well, equation (2.10) would have been’
much more complex. Such dependence would occur when curvilinear co-
ordinates are used and may, as a separate topic, be worthy of discussion.
However, the cartesian form which we are using here is sufficient for the present
purpose. To round off this section we complement equations (2.8) and (2.10)
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with the expression for (g, p, #) for the case when f;; is §;;. It is
$4a. p. 1) = ~dp; + bygq, + bpyg; — bpp, + é;q + oupy + d. (211)
3. Harmonic oscillator

The three-dimensional time-independent harmonic oscillator has the
Hamiltonian

H =';'(p2 +q) =%(pipi + 4:4;), i=13 (3.1
Equations (2.2) and (2.3) become S
WP —§=0 and (M4m=0 . . (32

Corresponding to the development in the previous section, the first of (3.2) gives
¢ in terms of 7, £ and their derivatives. Using the second of (3.2), the general
formulae obtained for {, »; and £, and separating by coefficients of powers of p
and g in turn, we obtain the following set of ordinary differential equations
2a8, + ¢, =0, as, — 2é, =0,
b+b=0 and d +d=0.
The solution of this set of equations is trivial and resuits in the following
expressions for §, n and ¢{:
£q,1) = A + Bsin 2t + C cos 2t + (D, sin ¢ + E; cos 1)g;, (34)

(3.3)

1:(q, 1) = (D; cos t — E; sin £)q,q; + Fyqy

+ (B cos 2t — Csin 2t)q; + G;sint + H, cos t, (3.5)

(g, p, t) = — (B cos 2t — Csin 2t)p, — (D; sin t + E; cos 1)gq;

+ (D; cos t — E; sin t)p;q, — (D; sin t + E; cos 1)pp;
- =2(Bsin2t — Ccos2t)q + Fp; + G;cost — H;sint. (3.6)
In all, for the three-dimensional problem, the generator contains twenty-four
constants of integration giving twenty-four linearly independent generators. In
passing, we note that for the corresponding n-dimensional system there are
n? + 4n + 3 constants and so an equal number of generators (compare with [1]).

From the expressions given in equations (3.4) to (3.6) we may write down the
individual generators. These are

Y, =sintd/dq +cosd/dp, =13, X))
Yy=costd/dq —sintd/dp, i=13, | 38
Y, = 3/dt, ' o (39

Y, = sin 2¢ 3/3t + g; cos 2t 9/dq, — (2q; sin 21 + p; cos 21)3/3p,, (3.10)
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Y, = cos 2t 3/9t — g; sin 2¢ 3/dq, — (2g; cos 2t — p; sin 2)3/3p;, (3.11)
Y, = g, sint3/dt + g,q;cos t 3/3g;

' — (g, sint — p,g; cos t — p;p; sin 1)3/3p, i=13, (3.12)
Y, =g costd/ot — gq;sint d/9g;

— (g,q; cos t + p,q; sin t + p;p; cos 03/3p, i=13 (3.13)

Yo, = ¢ 9/9g + g; 9/9q; + p; a/ap,.+ qp; 3/9p;, i,j=13, (3.14)

Yy, = q;9/3q, — q,0/3q; + p;3/%p; — p; 3/%p;, iFJ= L3,  (3.15)

Note that the generators for Yy,; and Y,,; are obtained from the symmetric and
antisymmetric parts of F;, respectively.

We do not intend to discuss the group structure in detail here as it corre-
sponds with the results given by Prince and Eliezer [5] for the time-dependent
system, that is, the group is SI(3 + 2, R). Furthermore, we shall not explore all
the invariants in detail. Of the generators with time-dependent coefficients, Y,
and Y,, are associated with the invariants which represent the initial conditions.
The others are not so informative about the motion.

However, we do wish to make some comment about the generators Y3, Yy,

and Yy, . The antisymmetric generator Y,,; produces the invariants

Iy = qp; — q4p» i %) | (3.16)
and .
Iyp=q} + g} +p}+p}, i#j (3.17)

there being three of each type. The first type consists of the components of
angular momentum. To each component of the angular momentum there is one
invariant of the second type which represents a hypersphere in the four-dimen-
sional subspace of phase space given by the coordinates (g;, g;, pi» ). This
hypersphere is invariant under rotations. The symmetric generator Yy,; gives rise
to what might be described as the hyperbolic counterpart of the invariant
hypersphere. The two constants may be considered to be the orthogonal projec-
tions of a pair of rotating (hyper-) hyperboloids specified respectively by

(a Gj> Pi» Pj) = (712 - qu) - (Piz "R,'z) (3.18)

and

fAq 9 Pis P) = qP: — qp;- (3.19)°

So we see that the symmetric generator is not of use to describe the motion
whereas the antisymmetric operator gives rise to the angular momentum and,
when summed, the energy, both of which are useful quantities.
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We have purposely left the simplest generator, that of time-translations, to the
last as it displays a richness of detail which is generally overlooked. We suspect
the reason for this lies in the consequence of the use of Noether’s theorem as in
that context this generator gives rise to the conserved energy alone. However, we
are working within the scheme of the Lie method and shall display a far richer
result. We recall that an invariant associated with a generator satisfies the dual
conditions

Y(q,p.DI(g,p.)=0 and  I(qp,2) =0 (3.20)

For Y, the associated Lagrange’s system for the first of (3.20) is
dit/1 = dg /0 =dp,/0, i=1,3, (321)

whence, trivially,
u=gq, and o, =p,. ' (3.22)
Rewriting the second of (3.20) in terms of the », and v,, we have

d“i/d“j = ”1/'-’,', d'-’:/d'-’, = “i/“j and d"./duj = "“i/vj- (3.23)

Taking the third of (3.23),

wdy; + dvy; =0, (3.24)
and adding to it the same with ; and ; interchanged, we obtain

d(uu; + vv;) = 0. (3.25)
Integration of equation (3.25) gives the Jauch-Hill-Fradkin tensor

Ay = 9.4 + pp; (3.26)

Half the trace of 4,; gives the enérgy. The first two of equation (3.23) may be
rewritten as

duv; — dyo;, =0 and  wdy — ydo, = 0. 3.27)
When these are added and integrated we have the angular momentum tensor
L; = qp; — ¢p: (3:28)

The Jauch-Hill-Fradkin tensor does not armrive from the application of
Noether’s theorem. The reason for this stems from two facts. The first is that
only one invariant is found. per generator and the 3/9r generator, by not
containing the coordinates specifically, can be regarded as a diagonal operator
which, in- combination - with “a - diagonal -Lagrangian (Hamiltonian), gives a
diagonal invariant, the trace of the tensor. The second is that the only other
possible source could be one of the time independent generators Y, and Y,
actually their Noether equivalents, and neither of these provides the tensor when
Noether’s theorem is used.
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It must be emphasized that we are not promoting the use of the generator,
d/0¢, to obtain all of the time-independent first integrals. This might require
considerable ingenuity, rather more, in fact, than is required when the generator
directly associated with the particular first integral is used. What we do wish to
demonstrate is that, in the Lie method, such first integrals are implied in the
generator of time translations.

4. Classical Kepler problem

The Hamiltonian for the classical Kepler problem is
H=ip~p/r @a.1)

and, in light of the development in Section 2, we take cartesian coordinates. |

Equations (2.2) and (2.3) become
AP -5 =0 and O+ pm(8,;/r - 3qq/r)=0.  (42)
Following the procedure used in Section 3 we find that
a(ty=At+ B, b(1)=0,

43
C,(1)=348,+ C; and d,.(r)=0,] (43)

where the constant matrix [C,] is skew-symmetric. The generators of one-
parameter Lie groups are

Y, =23/d, ' (4.4)
Y, =13/ +2g 3/3q; ~3p; 3/3p;, | 4.5)
Y,,; = q,9/0q; — q,3/3q, + p, 3/3p; — p; 9/, i#j=13, (4.6)

a total of five in all since Y, is skew-symmetric.
Starting with Y;,;, the associated Lagrangian system is .
dt/0 = dg/q = dg/ (-q) = dp./p, = dpy/ (-p), i#j, (A7)
for which
u=t  wy=q +4q, _
vy, =p}+p} and Vo = QP — qu,.}

(4.8)
From (4.8) and the equations of motion we have

duy,;/ duy = 2(gp; + qp;), déw/du. - 92(q;p; + gp)p/r
' " and  dv,,/du; = 0. B C2)
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From the third of equation (4.9) it follows immediately that v,, ;7 is a first integral,
in fact the angular momentum,

L; = qp; — qp. (4.10)
Combining the first two of (4.9),
doy; + (p/r’)duy; = 0. .11

Summing this over the three permissible values of i and j and returning to the
canonical coordinates,

-d(2p*) + 4pdr/r? =0, (4.12)
which, on integration, gives the conserved energy,
H=3p"~u/r. (4.13)
For Y, we have
dt/t=(dg)/ (3q) = (4)/ (-3p). =13 (4.14)
and so
u =gt and o =pt3 i=13. (4.15)
From (4.15) and the equations of motion we have
du, 3v, — 2y o v — KITN
@2 ™ W T g -2w (4.16)
where
P’=uu,. 4.17)

There are three possible solutions to equations ¢4.16), the components of the
Runge-Lenz vector,

R, = w00 — woo; — /P = qpp, — qpp, — 1q,/ 1. (4.18)
That the energy and angular momentum cannot be solutions may be verified by

allowing Y to act on each and noting that the result is non-zero.
The associated Lagrange system for Y, is '

dif1 = dg,/0 =dp, /0, i=1,3 - (419)
and so _ - :
u, =g and = p, i=1 3. (4-20) :
From (4.2) and the equations of motion we have the relations '

d‘{//d“i = '71/91’ dv//d"l = “j/“i and d"//d"l - (l‘“j)/ ("3”1)
(4.21)
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The first and second of these may be combined to give

d(uv; — wo,) =0, (42)
which yields the conserved angular momentum tensor
Lij = qp; — 4p;- (4.23)
Using the third of (4.21) in diagonal form and summing we have
v,dv, — pd(1/r) = 0, (4.24)
which integrates to give the conserved energy
E=H=3p*—p/r. (4.25)

Now we take the third of (4.21) in its general form, multiply by u;,;, and sum on
the repeated index to obtain

up,do, — pud(1/r) =0 and  wovdo, — pud(1/r) =0, (4.26)
which may be combined to give

ud(t0) — wodo, — pud(1/r) = 0. (4.27)
Employing the first and third of equation (4.21), this may be rewritten as
d(ulvioj LA p/r) =0, (4.28)

which integrates immediately to the components of the Runge-Lenz vector
(4.18).

5. Comment

In this short note we have illustrated the use of the method of the Lie theory
of extended groups in the context of Hamilton’s equations of motion. We have
demonstrated that the method may be applied in a self-contained way and yield
- results consistent with those obtained by the more usual application of the
method to the Newtonian equations of motion. This consistency is achieved by
restricting the choice of infinitesimal transformations to point transformations.
The restriction is not unreasonable since it is well-known from the Lie theory of
differential equations that unrestricted transformations will lead to an infinite
number of generators which cannot be determined systematically.

The two problems which were chosen for this demonstration are well-known
for their properties and their usefulness in illustrating theory in mechanics. The
oscillator is the paradigm of linear systems and the Kepler problem the simplest
of the important non-linear systems. In using these well-worked problems we
have, even still, been able to make a point which, when made, is obvious, but
has not, to our knowledge, been made. The classical invariants which are used to
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determine the equations of the orbits, energy, angular momentum and Jauch-
Hill-Fradkin tensor/Runge—Lenz vector, may be found, in the Lie approach,
from the generator of time translations. Since, in Hamiltonian mechanics, the
Hamiltonian is the generator of time translations for time-independent quanti-
ties, any such quantity which has zero Poisson bracket with the Hamiltonian is
an invariant under time translation. That the same invariant arises from more
than one generator is not exceptional as, in the case of the free particle in
one-dimension, eight generators give rise to only three linearly independent
invariants when the Lie method is used.

The Lie method yields more than Noether’s theorem, under the same type of
permitted transformations, for two reasons. The first is simply the possibility of
obtaining more generators. The second is that, for a given generator, the
equations of motion enter into the determination of possible invariants. We saw,
especially in dealing with the 9/ds generator, that this permits manipulations
which are not possible with Noether’s theorem since, for the latter, the relation-
ship between generator and invariant is predetermined.

In examining a particular problem with a view to establishing its orbit
characteristics, we are not interested in every possible invariant, but only those
which are of use in describing the orbit. Of the many invariants associated with
the harmonic oscillator only the energy, angular momentum and Jauch-Hill-
Fradkin tensor are used for this purpose. For the Kepler problem it happens
that all the invariants found are of this type and this may well be a feature of
non-linear systems. It has been noted elsewhere that linear systems are special
[9]. The Lie method does involve some further manipulation which could, in
some problems, depend upon the ingenuity of the investigator to determine the
invariants. The beauty of Noether’s theorem is that the theory does not require
further ingenuity once the generators are known. The failure of Noether’s
theorem is that it does not produce all the known orbit-determining invariants.
If Noether’s theorem could be suitably generalized so that all of these invariants
are available, its utility would be greatly enhanced. For reasons already men-
tioned, velocity-dependent transformations are not suitable. The question is this,
is there some other way to generalize the theorem to produce the desired results?

Appendix

In the Introduction, the use of Noether’s theorem with point transformations
was criticized on the gounds that it did not give rise to all of the known first
integrals. In particular, for the problems under consideration here, Noether’s
theorem does not yield the Jauch—Hill-Fradkin tensor for the oscillator on the
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Runge-Lenz vector for the Kepler problem. Those first integrals may be
obtained if velocity-dependent transformations are admitted, the latter being
given as an example by Levy—Le Blond [4] and also in the text by Saletan and
Cromer [8]. However, the reader will recall that the introduction of velocity-de-
pendent transformations was also criticized in the Introduction as it gave rise to
an infinite number of generators of symmetry transformations for which there is
no systematic method of determination. The apparent contradiction in the last
two sentences is readily resolved. In the paper and text cited, the authors do not
derive their generators, but simple quote them and demonstrate that the
Runge-Lenz vector follows. The concern of the present paper is the determina-
tion of generators. The problems of finding velocnty-dependent transformations
are demonstrated explicitly below.

Suppose that the Action Integral
J=["(p-a-H(gp 1)} (A1)
o

is invariant under the infinitesimal transformation generated by

Y(g,p. 1) = £(q,p, 1) 3/0t + n(q,p, ©)- 3/3q + §{q, p, 1)- 3/3p.  (A2)
Then, from Noether’s theorem, there exists a first integral

(g, p. ) =p-n(a p: 1) — H(g p, (g, p. 1) — flg, 1), (A3)
where f(q, ?) is the gauge-variant contribution. Note that the exclusion of p from
f does pot indicate any loss of generality. To determine the generator, (A3) is
differentiated with respect to time and set equal to zero. This gives rise to the
equation

'a d
P (5 +(n H]p) - a—’;’ - a(E e H],,)
M
.-;f-—[f,HJPfO- (A%

In view of the fact that £ and % have been assumed to contain p, (A4) cannot be
separated by coefficients of powers of p; as before. This is the basis for the
remark made above that the generators cannot be determined systematically
when velocity (momentum)-transformations are admitted.

It is, of course, possible to postulate forms for &g, p, 7) and 7q, p, 1) as
polynomials in p with undetermined coefficients, substitute these and determine
the coefficients. However, this procedure provides no guarantee of completeness
in the set of operators. In the case of the Kepler problem, for exampl