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Abstract
We discuss the application of orthogonal collocation on finite elements (OCFE)
method using quadratic and cubic B-spline basis functions to ordinary, partial
and fractional differential equations. Collocation is performed at Gaussian points
to obtain optimal solutions, hence the name orthogonal collocation. The OCFE
method based on quadratic spline is used to solve Burgers’ equation, modified
Burgers’ equation and the nonlinear Schrodinger equation in non-uniform subin-
tervals with different cases of soliton solutions. It is also extended to obtain nu-
merical solutions of fractional differential equations taking the fractional diffusion
equation as a case study.
In addition, we apply orthogonal collocation based on modified quadratic B-spline
functions to solve time-dependent and time independent two-dimensional partial
differential equations. The numerical results are in good agreement with previous
ones in the literature.
Furthermore, KdV-Burgers’ equation that does not have an exact solution and
the one with exact solution, Burgers’ equation, KdV equation and fractional dif-
ferential equations are considered as test cases for the OCFE method using cubic
B-spline basis functions. The results compare favourably with exact solutions and
existing results in the literature.
Generally, the numerical schemes are proven to be convergent, unconditionally
stable and utilizes minimal memory storage due to the sparse matrix systems

associated with B-spline basis functions.
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CHAPTER ONE

INTRODUCTION

In this thesis we use quadratic and cubic B-splines as trial functions for solving
ordinary and partial differential equations using the method of orthogonal colloca-
tion on finite elements (OCFE) [17, 63]. Essentially, the OCFE method combines
the features of the classical finite element and orthogonal collocation methods. It
was developed in the chemical engineering community to solve problems having
rapidly changing solution behaviours [17, 26, 72]. It is a robust numerical method
which inherits the flexibilty of dynamic grid choices and the superior stability
and convergence features of the orthogonal collocation method. We elaborate
on further details of the method below. We also demonstrate the capability of
our method to solve Burgers’ equation, modified Burgers’ equation, Schrodinger
equation, KdV-Burger’s equation and KdV equation. In addition we extend our
method to solving two dimensional partial differential equations and fractional

order partial differential equations.

1.1 Method of weighted residual

The method of weighted residuals (MWR) forms the basis for collocation methods.
They are used to approximate solutions of differential equations by assuming the
solution is a linear combination of basis functions and force the residual to be equal

to zero. The method is described as follows:



Given a second order differential equation

d2
d_z = f(z,u,v'(2)), a<z<b, ula)=u, and u(b) = uy. (1.1)
T
Suppose we approximate the exact solution by u(x) = 3 a;0;(x), where o;(x) are
i=0

trial functions. Then the residual is written as

r(r,a) = Zaiagl(x) —f <x,Zaiai(x),Zaicr;(x)> , (1.2)

and at the boundaries,

Uy = Zaial-(a), (1.3)
up = Zaial-(b). (1.4)

=0

In the method of weighted residuals we set
b
/ wi(x)r(z,a)de =0, i=1,2,...,n. (1.5)

where w;(z) are some chosen set of independent functions called the test functions.
Other choices for w;(x) lead to methods, such as, Galerkin method and method
of least squares. In the collocation method, w;(x) = é(x — x;), where §(x) is the

Dirac delta function.

1.2 Orthogonal Collocation on finite elements (OCFE)

In the method of orthogonal collocation the solution of a differential equation is
approximated by a linear combination of known functions called the trial functions
[26]. Tt is called orthogonal because roots of orthogonal polynomials are chosen as
the collocation points. If a continuous (trial) function is used to approximate the

solution throughout a given domain then the approximation is said to be global.



However, if the domain is split into subintervals and continuous piecewise functions
are used as basis functions then the resulting approximation is local and referred to
as a finite element approximation. The method of OCFE combines the orthogonal
collocation and finite element approach. It is useful for solving problems having

rapid changes in their solution profiles.

1.3 Literature review

Collocation belongs to the class of numerical methods for solving ordinary differ-
ential equations called method of weighted residuals. It interpolates the residual to
zero. It can also be used to solve partial differential equations, integral equations,
integro-differential equations and fractional differential equations. This method
eliminates some challenges associated with other numerical methods. It does not
involve integrations and the resulting matrix has a small band width [4]. Other
advantages of collocation method include flexibility, strong stability properties,
high order of convergence and ability to recover missing values when step size is
changed [16].

The works of the authors of [17, 20,23,27,35,41] are some of the research that laid
the foundation for recent advances on orthogonal collocation method on finite ele-
ments. A research work on solution of boundary value problems using orthogonal
collocation was presented in [72]. They chose appropriate weight functions and
zeros of Chebyshev polynomials as collocation points since it minimizes the mag-
nitude of the residual. This approach led to a more intuitive, finite difference like
method and facilitated automation of the method for general applications. It was

noted that the orthogonal collocation method is a discrete analog of the Galerkin’s



method. In [46] a procedure for discretization matrices for first and second deriva-
tives, roots of orthogonal polynomials and weight functions for orthogonal collo-
cation was examined. The author in [26] applied orthogonal collocation to solve
models of chemical reactor for heat and mass transfer in an SOy (sulphur (iv)
oxide) oxidation reactor, countercurrent heat transfer in ammonia reactor and a
transient model on reduction of nitric oxide in automobile exhaust. The method
compared favourably with finite difference and required less time for computa-
tion. It is worthy to note that high rate of convergence exhibited by OCFE is
due to continuous representation of the approximate solution in the domain of
interest. A comparison of spectral and pseudospectral methods for some simple
model problems was made in [51] and it was found that both methods gave similar
errors.

The authors in [6] were the first to use the word differential quadrature since
quadrature is a discrete evaluation of an integral. They proposed that the method
could be used to solve differential and integral equations. The method was de-
scribed and demonstrated for some problems in [7] using Legendre polynomials as
test functions. In [10], a review of the differential quadrature method was carried
out. It was applied to solve heat and diffusion problem, integro-differential equa-
tion and free vibrating cantilever beam problem. The author in [49] used polyno-
mial differential quadrature to solve Burgers’ type nonlinear differential equations.
It was concluded in [75] that the differential quadrature and pseudo-spectral meth-
ods are just other names for the collocation method. The main drawbacks of these
methods are the use of dense matrices in their computations.

The flexibility of collocation method is not only it’s independence on integration



but also the choice of basis functions and collocation points. Hermite polynomials
of various degrees have been used as trial functions for collocation method. A
cubic Hermite collocation method was used to solve nonlinear Burgers’ equation
in [28]. In [53], a collocation method for solving system of fractional differential
equations with variable coefficients using Hermite polynomials as trial functions
was presented. In [73] collocation method on Hermite polynomials was used to ob-
tain solutions of pantograph equations with variable coefficients. A septic Hermite
collocation method for Kuramoto-Sivashinsky equation was studied in [39].

An orthogonal collocation method based on global basis function was used in [13] to
solve optimization problems. In [69] a model of a tubular isothermal catalytic-wall
reactor was solved by orthogonal collocation method. A Gauss’ pseudospectral
method was used to solve a continuous-time optimal control problem in [9]. The
accuracy of orthogonal collocation method was improved in [19] by using piecewise
basis functions instead of the global ones. The authors of [29] also used a modified
piecewise polynomial as basis function for Galerkin method to obtain the numerical
solution of boundary value problems. An extensive discussion on the properties,
error estimates and application of orthogonal collocation using piecewise B-splines
to ordinary differential equations were done in [20]. [22] extended the work in [20]
to PDEs. These methods are referred to as orthogonal spline collocation (OSC)
method. The main drawback of OSC methods are that they are limited to the
class of C'* approximations.

OCFE method is equivalent to OSC although originally using Lagrange basis func-
tions and piecewise Hermite basis functions.. A study of orthogonal collocation on

finite elements using quintic Hermite polynomials was carried out in [63] to solve



partial differential equations. Numerical solution of time dependent singularly
perturbed problems were also obtained by [5] using quintic Hermite collocation
method.

Furthermore differential quadrature and splines are discussed in [8]. The author
defined spline interpolating functions as piecewise interpolating polynomial func-
tions that satisfy some continuity properties at the interpolating points. Recently
a review on developments on collocation methods for solving differential equations
was made in [64]. Quartic B-spline collocation method was also employed in [60]
for solving the Burgers’ equation. Quintic B-spline collocation method was used
to solve Kuramoto-Sivashinski equation by [47]. A modified cubic B-spline collo-
cation method that gave a diagonally dominant system was examined and applied
to Burgers’ equation without using linearization in a paper by [48]. The authors in
[34] obtained the solution of singularly perturbed boundary value problems with
cubic B-spline collocation method. The method was found to be second order
accurate.

Moreover, a decatic spline collocation was used to solve Burgers’ equation in [32].
Trigonometric [3,21,62,74] and exponential [30,55,77] spline collocation methods
have also been considered for solving differential equations in literature. A compact
spline collocation using quadratic basis functions for the Helmholtz equation was
studied by [25]. Numerical solution of the fractional Black-Schole’s equation using
a compact quadratic spline collocation method was examined in [70]. The Dirichlet
biharmonic problem was solved by [12] with quadratic spline collocation method.
The application of quadratic spline methods to shallow water equations in spherical

coordinate was discussed in [42]. Quadratic non-polynomial spline was used to



solve a system of second order boundary value problems in [65]. It was noted
in [37] that cubic spline is less accurate than quadratic splines in some cases as
demonstrated with examples in their work. Based on the above, we develop the
quadratic and cubic OCFE methods. The merits of each method is included within
each chapter. In addition a list of proposed works are recommended for future

research.

1.4 Organization of the thesis

This thesis is organized as follows: In chapter 2 we derive the method of orthogonal
collocation on finite elements using quadratic B-spline functions. We apply the
method to ordinary differential equations and discussed it’s convergence. Chapter
3 is dedicated to the application of OCFE based on quadratic splines to partial
differential equations. We consider Burgers’ and Modified Burgers’ equations as
examples. Chapter 4 deals with the solution of partial differential equations on
non-uniform intervals with emphasis on the Schrodinger equation. In chapter
5, we present the application of OCFE using quadratic splines to solve space
fractional differential equations with some illustrations. In Chapter 6, we applied
quadratic B-spline OCFE to solve two-dimensional partial differential equations.
Chapter 7 deals with OCFE using cubic B-splines to solve the KdV-Burgers’,
Burgers’ and KdV and equations. We also use the method to approximate the
numerical solutions of time and space fractional partial differential equations of
orders 0 < a < land 1 < a < 2, then Chapter 8 concludes our work with proposed

future research.



CHAPTER TWO
QUADRATIC B-SPLINE ORTHOGONAL

COLLOCATION ON FINITE ELEMENTS

In this chapter we discuss the derivation of quadratic B-spline basis functions for
orthogonal collocation on finite elements, it’s error estimates, convergence and
it’s application to ordinary differential equations. We consider cases of linear
and nonlinear ordinary differential equations. Our results are are consistent with

known results in the literature.

2.1 Quadratic B-Spline Basis
Consider a non-decreasing sequence of knots,

21 <20 <o <2 < 2y < 2Ny

N+1
Each B-spline curve has the form p(z) = > 5;B;x(2) where f3; are constants and
i=1

B, 1(z) are normalized basis functions. The order of the basis function is k, and
the degree of the polynomial is £ — 1. Some properties of B-spline curves are listed

in [14] as follows:
1. p(z) is a polynomial of degree k — 1 on z; < z < z;4;.

2. p(2) € C*?[z1, 2n41]-

4. Each B;x(z) > 0 on [2;, zi1k).



5. Each basis function has one maximum value, except in the case of k = 1.

In order to calculate the basis functions, we need the knot vectors, which are
usually written as [z;, 2it1, - , Ziyp] Where p + 1 denotes the number of knots.
There are three types of knot vectors: (1) uniform knots, which are evenly spaced;
(2) non-uniform knots, which are irregularly spaced; and (3) open uniform knots.
For the latter case, the multiplicities of the knots at the ends are equal to the order
of the basis. We shall consider only the third type and only two distinct knots.
Once the knots have been chosen, the basis is calculated using the Cox—de Boor
recursion formula [20],
L [z, 2i41),

Bii(z) = (2.1)

0, otherwise,

Bz‘kzzﬂBmaz—M&mqZ. 29
+
’ Zivk—1— %% Zitk — Zit1 ’

Here, for the recursion to work, we adopt the notation 0/0 = 0.

In this case, & = 3, and we use the knots [z1, 29, 23, 24, 25, 26] = [0,0,0,1,1,1].
The multiplicity at the end points 0 and 1 is three, and there are two distinct knots.
From the definition of B; (%), it follows that By 1(z) = B21(z) = Bs1(z) = 0 and
Bsi(z) = 1in [0,1]. One can also confirm from the recurrence relation that
By9(2) = Bya(2) = 0,B22(2) = 1 — z and Bss(z) = 2. Hence, the recurrence

relation gives
BLg(Z) = (1 — 2)2, B273 = 22(1 — Z), B3’3(Z) = 22.

From the recursion Formula (2.2), B, ;(2) can be represented as entries of the



matrix given by

(2.3)
1 2z 22
0 O 0
k-1 ' ‘
We observe that if we expand [z + (1 — 2)]*7t = 3> (*71)2/(1 — 2)*~! using the
i=0

binomial theorem, then we can recover the quadratic basis B;, ¢ = 1,2, 3, where

k is the order of the spline. Therefore.

k—1

BHM(,Z):( ; >zi(1—z)’““, i=01,...k—1 (2.4)

Hence

Bi(2) = (1 — 2)%, By(2) = 22(1 — 2), Bs(z) = 2%, (2.5)

where we have dropped the second subscript. The B-spline basis functions on [0, 1]

are graphically shown in Figure 2.1.

Figure 2.1: Graph of quadratic B-spline basis functions on [0, 1].
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Figures 2.2 and 2.3 show the continuities of the quadratic B-spline basis functions

and their first derivatives across the boundaries x; 1 to z;12.

1.00
075 |
— g
n."
— 5"
0.50 | B
By
”i + 2
_B-Ig 2
By’
025
0.00 | 1 1 1 1
& Tit Tiv2 Tita
Figure 2.2: Continuity at the boundaries.
2 F
l =
— B,
B |
By
0 B.I,. 1
B!
J,}.l 2
—3
— 5
-1
_2 [ 1 1 L 1
T Lica Titva Tita

Figure 2.3: First derivative continuity at the boundaries.

2.2 Quadratic B-spline OCFE for second order ODE

For ease of explanation of the quadratic B-spline OCFE method, we solve a second-

order ODE given by

11



with the boundary conditions

yla) =0, y(b) =6, (2.7)

where as(x), a1(x), ag(z) are coefficients and f(x) is the source term.

We partition the interval [a, b] into N elements with nodes given by z; = a + (i —

Dh,i=1,2,...,N+1, where h = ”‘Ta is the uniform step size. The transformation
y = x”:fx = 5% maps the iy, interval [x; 2;11] to [0, 1]. The collocation solution

in interval ¢ and interval (i + 1) is respectively assumed to be

Yi(@) = bBi(x) (2.8)
and
Y (@) =) b B(x). (2.9)

To enforce continuity at z;,; boundaries, we write

Yi+1($i+1> = Yi($i+1), (210)
deH-l dYZ
= 2.11
dx A dr | ( )
Ti+1 Ti+1

This in the z variable implies

YH(0) = Y(1), (2.12)
Yz'+1 Yz
d _ 4 , i=1,2,...,N—1. (2.13)
dz |,_, dz |,_,

Equations (2.12) and (2.13) together with (2.5) give

bitt = bl (2.14)

bt = 20k — b, (2.15)

respectively.
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Then, for each element i, we may write

3
Vi) =) biran Bi(w), (2.16)
k=1
which implies
3
Y(2) = braa-nBr(z), i=12... N (2.17)
k=1

We satisfy the ODE (2.6)on each element by substituting (2.17) in (2.6). The

result, together with (2.7), yields

Z [th(;)BIZ(Z) + alf(i) Bi(z) + ao(z)Bk(z>] beaio1) = flzithz),i=1,2,...,N
k=1
(2.18)

and
y(O) = bl = 09, y(l) = b2N+1 = 0. (219)

Equation (2.18) contains 2N + 1 unknowns which implies that we require 2N + 1
conditions. In order to achieve this, we use one collocation point per element,
namely z = 0.5 in (2.18) , which, together with the two boundary conditions
and N — 1 continuity equations from (2.15), results in a closed linear system of
equations of the form

Ab =f. (2.20)
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The coefficient matrix A is given by

- My My M3y 0 O O O O O --- 0 0 O -
o 0 My My My 0 O O O --- 0 O O
o o 0 0 My My Ms 0O O --- 0 0 O
o o o0 o o0 0 M My My --- 0 0 O
o o o0 o o o o0 0 0 --- M M, M;
A=10 -1 2 -1 0 0 0 0 0 0o 0 0 |
o o o0 -1 2 -1 0 0 0 0O 0 0
o o o0 o o0 -1 2 -1 0 0o 0 0
o o o0 o o o0 0 0 O 2 -1 0
1 0o o0 O 0 0 0 0 O 0 0 0
o o o0 o o o0 0 0 O 0 0 1
i (2.21)
where
M; = %B;’(Ob) + @B}(Ob) +ap(0.5)B;(0.5), j7=1,2,3 (2.22)
and the vector of unknowns b = [by, by, b3, -+ ,bany1]?, where T represents the

14



transpose and

(

0 i=N+1,...,2N —1,
fi= (2.23)

0 i = 2N,

) i=2N +1.

\

The last two rows of the matrix A represent the transformed boundary conditions.
Once the b values are obtained, (2.16) is used to reconstruct the solution. We
now show that the collocation matrix system (2.21) has a unique solution for any
number of finite elements N. The resulting coefficient matrix is a square matrix of
order 2N + 1. Expand the determinant det(A) about the last and second-to-last
rows, successively, to obtain det(A)=-det(A"), where A’ is the (2N —1) x (2N —1)
submatrix with the first column, last column and last two rows deleted.

Let P be the even permutation matrix given via P = [e; €3 ...€an_1 €2...€3x 2],
where e; are the standard basis vectors in R?V 1,

Let

In 0
A" = AP

0 MyIn_,y
where [; is the j x j identity matrix.
Row reduce A” by letting Rny; = Rny; + Rj, j=1,2,...,N — 1 to obtain
Iy E

A//:
0 T

where T is the (N —1) x (N —1) tridiagonal matrix with M3 on the super diagonal,
a = 2Msy + My + M; on the diagonal, and M; on the subdiagonal.

Let dy_y = det(T); then following [24] and [71], the determinant of a tridiagonal
matrix satisfies the recurrence formula
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dk:adk_l—MlMg,dk_Q, l{?:N—l, N—Q,...

with d; = o and dy = 1.

Let dj, = z* in (2.24), then

oF — a4 M Ms P2 =0.

Divide both sides of equation (2.25) by z*~2 gives

2> —ar+ M M;=0

and the roots are

o+ a? — 4M1M3

Ty = 92 )
a — o? — 4M1M3
To = 9 .

Thus the solution can be expressed as

dy = clx’f + chg, k=0,1,

with

do =1=rc1 + ¢,

d1 = = C1X1 + CaTo.

Solution of (2.27) and (2.28) using Cramer’s rule yields

Xz —«
C1 = —(x2 —ZE1)’
 a—x
Cy = —(x2 o)

Equation (2.26) becomes

di =

(x2 — 0) o] + (0 — 1) @}

T2 — X7

16

747 37 27

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)



Since 1 + x2 = @ and xy — 21 = —v/a? — 4M; M3, it follows from (2.29) that

k+1 k+1
_ml-‘r + l‘2+
dy = ——,

To — X1
- (O[ -+ o? — 4M1M3)k+1 — (Oé —V o? — 4M1M3)k+1
B 2k+1\/ o? — 4M1M3 '

Thus det(T') = dy_1.
Now
det(A") = det(A"),
MY det(A") = MY det(T),

det(A") = Mydet(T),

_M2 ([Oz + o? — 4M1M3 N - [Oé -V o? — 4M1M3 N)
2N\/a? — 4M; M; '

Hence the matrix A is nonsingular provided o? # 4M;Ms and M, # 0.

det(A) =

2.3 Error estimates

In this section, we show the error estimates numerically.
Theorem 2.1: Suppose the coefficients a;(x) in (2.6) satisfies a;(x) € C*a,b]. If
Gauss’ points are chosen as the collocation points then 3 Ky and Ky such that for

Jj €40,1,2} [20]

DIy - Y) ()| < Kul?, (2.30)

and

1D7(y = V) (i)l < Kah?®. (2.31)

Suppose the errors at the node z; is O(h™) then

DIy — V) () = O(™), (232)
and
D= V)@ P =0 (3) (233)



Using (2.32) and (2.33), we compute the ratio
_ Dy = Y)(i)|"

h
2

Dty =)o) (230

~ 2™,

This implies that the order of convergence at the node is

In £
h) = . 2.
m(h) = 2% (2:35)
Similarly, we compute the ratio
8, = 1D (y — Y) (@)%
2= " h
1D (y = Y)()]|% (2.36)
~ 2.
This implies that the global order of convergence is
In 3
h) = : 2.37
ma(h) = T (237)

2.4 Application of quadratic OCFE to ODEs

In this section, we demonstrate the applicability of OCFE based on quadratic
B-spline functions to linear and nonlinear ordinary differential equations. The
approximate solution to the differential equation (2.6) can be obtained by substi-

tuting b;, ¢ = 1,2, ..., 2N + 1 into equation (2.17).

2.4.1 Linear ODE

Example 2.1: As a test case, we consider the linear second order boundary value

problem (BVP)
d*y

S5 — 100y =0, y(0) =y(1) = 1. (2.38)

The exact solution is

_ cosh(10z — 5)

y(z) = cosh(3) (2.39)
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We set as(z) = 1, a1(x) = 0, ap(z) = —100, f(x) = 0 in equation (2.18) and
6 = © =1 in equation (2.19). We then solve the resulting linear system (2.20).

. h
The rate of convergence is calculated as log, ||‘|e|‘||h°/°2 where the components of e are
€llco

given by e; = y;(z) — Yi(z), y;(x) and Y;(x) are exact and approximate solution at
the nodes x; respectively.

The approximate solution and errors for this example are depicted in Figures 2.4
and 2.5 respectively. Figure 2.4 shows that the approximate solutions at the nodes

are very close to the exact solution.

Figure 2.4: Plot of the approximate and exact solutions of y(x) when N = 40.
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Figure 2.5: Plot of the error for example 2.1 when N = 40.

The convergence rate at the nodes is approximately 2 as displayed in Table 2.2.
Table 2.1 below shows the order of convergence using the OCFE method and
the classical collocation method using quadratic splines studied in [13]. As ex-
pected, the OCFE method converges faster than the classical quadratic spline
collocation method. Hence quadratic B-spline OCFE can solve linear ordinary

differential equations.

Table 2.1: Convergence rates at different step sizes

h Khalifa [13] OCFE
= 1.76 2.12
= 1.93 2.03
&= 1.96 2.00
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Table 2.2: Convergence rates m(h) at the nodes when N = 40.

x 7=0 j=1 x 7=0 j=1
0.025 2.0087 1.9945 0.475 2.0054 1.9984
0.050 2.0085 1.9952 0.525 2.0054 1.9984
0.075 2.0083 1.9958 0.550 2.0055 1.9984
0.100 2.0081 1.9963 0.575 2.0056 1.9984
0.125 2.0080 1.9967 0.600 2.0058 1.9984
0.150 2.0078 1.9970 0.625 2.0060 1.9983
0.175 2.0076 1.9973 0.650 2.0062 1.9983
0.200 2.0074 1.9975 0.675 2.0064 1.9982
0.225 2.0072 1.9977 0.700 2.0066 1.9981
0.250 2.0070 1.9979 0.725 2.0068 1.9980
0.275 2.0068 1.9980 0.750 2.0070 1.9979
0.300 2.0066 1.9981 0.775 2.0072 1.9977
0.325 2.0064 1.9982 0.800 2.0074 1.9975
0.350 2.0062 1.9983 0.825 2.0076 1.9973
0.375 2.0060 1.9983 0.850 2.0078 1.9970
0.400 2.0058 1.9984 0.875 2.0080 1.9967
0.425 2.0056 1.9984 0.900 2.0081 1.9963
0.450 2.0055 1.9984 0.925 2.0083 1.9958
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Table 2.3: Global convergence rates

N i=0 j=1

10 2.1283 1.4244
20 2.0324 1.7282
30 2.0145 1.8245
40 2.0081 1.8708
50 2.0052 1.8979
100 2.0013 1.9504

The global order of convergence in Table 2.3 approaches 2 as the number of inter-
vals N increases. Hence the global order and convergence rates at the nodes are

the same for the linear ordinary differential equation.

2.4.2 Nonlinear ODE

Example 2.2: We take the nonlinear boundary value problem

The exact solution is y(z) = e™*.
The approximate solutions and errors for this problem are plotted in Figures 2.6

and 2.7 respectively. Figure 2.6 shows that the approximate solutions at the nodes

are very close to the exact solutions.
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Figure 2.6: Plot of the solution for example 2.2 when N = 10.

Figure 2.7: Plot of the error for example 2.2 when N = 10.

In Table 2.4 the convergence rates at the nodes are approximately 2.
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Table 2.4: Convergence rates at the nodes when N = 10.

T 7 =0 j=1

0.1 2.0088 2.0038
0.2 2.0080 2.0033
0.3 2.0073 2.0028
0.4 2.0068 2.0025
0.5 2.0063 2.0022
0.6 2.0059 2.0019
0.7 2.0056 2.0017
0.8 2.0053 2.0016
0.9 2.0050 2.0015

Suppose the global error |D’(y — Y)(x)|s is O(h™™), j = 0, 1. We define the

ratio '
5 D= V@)
Dily — V) @)y 1)
~2m
This implies that the global order of convergence is
In (3
h) = ——. 2.42
o () 2

We compute the global order using equation (2.4.2). The results are shown in

Table 2.5. Hence the global order of convergence is approximately 2.
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Table 2.5: Global convergence rates for different values of N.

N j=0 j=1

10 2.0068 2.0024
20 2.0001 2.0009
30 1.9986 2.0004
40 2.0001 2.0002
50 2.0007 2.0002
60 2.0007 1.9996
70 2.0002 2.0001

2.5 Discussion of Chapter 2

We have successfully used the quadratic B-spline OCFE to solve linear and nonlin-
ear ordinary differential equations. We also showed that it’s order of convergence
is 2. This is due to the fact that B-splines with the continuity conditions yield the
smoothest spline, has minimum compact support [14], shape preserving and flex-
ible to apply to differential equations. Moreover, orthogonal collocation on finite
elements (OCFE) is more accurate than the classical collocation. We leveraged on
this property of OCFE and that of B-splines to solve one-dimensional problems
that has solutions with steep gradients. The resulting coefficient matrix is sparse
and the boundary conditions do not require special treatment. First derivative
also has order of convergence 2. In the next chapter we shall extend our method

to solving partial differential equations.
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CHAPTER THREE
APPLICATION OF QUADRATIC B-SPLINE OCFE TO
PDEs: BURGERS’ EQUATION
We present numerical solutions to partial differential equations using quadratic
B-spline OCFE. For ease of exposition we illustrate the OCFE method on Burg-
ers’ equation. A complete analysis of the stability and convergence of the method
is provided. Various numerical simulations for Burgers’ and the modified Burg-

ers’ equations are also presented. We found that the quadratic OCFE method

outperforms the classical quadratic spline collocation method.
3.1 OCFE applied to Burgers’ equation
Consider the viscous Burgers’ equation [[1], [2]]
U = VUgy — Uy, a<x<b, t2>t1g, (3.1)
with the boundary conditions
u(a,t) =0, u(b,t) = 0, (3.2)

and initial condition

uo(x) = u(z, o). (3.3)

For a partial differential equation (PDE) in space and time, we write the trial

solution as

u(z,t) = biyaqn(t) B(2). (3.4)



Discretization of (3.1) into N finite elements, similar to the ODE case, and sub-

stitution of (3.4) in (3.1) yields

3
14

(3.5)
__<Zbk+211 )(Zbk—i—Qzl) ())» =12,...,N.
The boundary conditions (3.2) (for simplicity, choosing a =0, b = 1) yield
bl(t) == 9, bQN+]_(t) - @ (36)

Equations (3.5) and (3.6) give a system of differential-algebraic equations (DAEs)
which has to be solved in time. Unfortunately, for large /N, solving this system
could prove to be computationally challenging. A common alternative used in the
literature, which avoids dealing with DAEs, is to use the Crank—Nicolson method
with quasi-linearization to accomplish time integration. Furthermore, the stability
and convergence of the method is easily established. In the next section, we apply
the quasilinearization method to Burgers’ equation.

Now we apply Trapezoid method to equation (3.1).

Given y' = f(t,y), let y(t;) = y; then

A
7t(f(tj+1ayj+1)+f(tjayj))a .]: 17"7N' (37)

Yjir1 = Y5 +
Applying equations (3.7) in (3.1),

U(I> tj+1> = u(m, tj) + 7 [Vuwx(x7 tj+1) - uw(xw tj-&-l)u(x’ tj-l—l)
(3.8)

FVUe (T, 1) — ug (@, t)u(z, tj)].

Expand u(x,tj41)us(x,t;41) by Taylor’s theorem to linearize it. Let
O(tjr1) = wl(@, tj1)ua (2, tj11) = O(t; + At), (3.9)
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Otja1) = o(t;) + ¢'(t;) At + O((At)?)

%ut + 8_¢u$t:| At + O((At)Q)

— oyl ) + | ot

= u(z, t;)us(z,t;) + [ue (2, t))ue(m, t5) + u(w, t;)ug (2, ;)] At + O((At)?).

(3.10)
Now use the forward difference approximations
- u(x, tj—i-l) - u(xv tj)
t — )
At (3.11)
Uy — uw(xvtj—i-l) - uw(xvtj)
xt At Y
and substitute equation(3.11) in (3.10) to obtain
O(tjr1) = u(w, tj)ua(z, ;) + u(a, tjpn)ua (2, t5) — w(z, t;)uq (2, t;) 3.12)
3.12

e, ) (i) — ule, t)ug (2, ) + O((A1)2).

This implies

Oltr11) = ule, by (e ) — ule, s, 1) + ule, t)us (@, t30) + O((A).

(3.13)

Substitute equation(3.13) in (3.8), to get
(i, ) = 0l 1) + S (Gt t510) = [ b e, 1) = () (o, 1)
+ u(@, t)us (2, tj1) FO((A)?)] + vug(z,t;) — uy(, t5)u(z, t5))
= ) + S e, t10) = (a0 15) + (1) (0, 1)
—u(m, ) (T, 1) + Vg (7, 1) — up (2, t)u(x, t;)] + O((At)?)
=0, 1) S W 1) — ety 1) — (e ), 1)

FV U (T, 15)] + O((At)?).

(3.14)
Ignoring the error term, the linearized Burgers’ equation takes the form
At v At At
L Gl o tyen) = 25 o ty) 4 S ot
(3.15)
VAL
= u(x,t;) + Tum(:ﬁ, t;).
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Since
3
u(w, t;) =Y brsai-(t;) Be(x), (3.16)
k=1

using the transformation z = *5* in (3.15), we have

3 /T 3
At At
Z ( 1+ 57 Zbk+2(i_l)(tj) Bi(2)| Bi(z) — 572" B(2)
k=1 \ L k=1
At [ ]
o > biyag-1) (1) Bi(2) B/Q(@) bi2(i-1) (tj+1) (3.17)
Lk=1 |
3 -
At 1" .
= Z [Bk(z) + 2—h2V Bk(Z) bk+2(i—l)(tj)a 1= ]_, 2, ey N.
k=1 -

Substituting one collocation point per interval for z in equation (3.17) and using
the boundary conditions will give a system of equations of the form @ b(t;11) =

P b(t;), where the entries of P and () are defined as follows:

At
aﬂFm%:Bgmn+§§aMw% k=1,2,3 i=12...,N, (3.18)
Pyi =1, (3.19)
Pyni1ani1 =1, (3.20)
P,; =0, otherwise. (3.21)
Define
3
SE=> brsan ;) Bi(0.5), (3:22)
k=1
3
k=1
then
At At At
Qig—1)+x = | 1+ =5 | Br(0.5) — _UBIZ(O'E)) + =S B.(0.5),
’ 2h 2h? 2h
(3.24)
k=1,2,3, i=1,2...,N.

Y
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Qnyigi = —1

Qniioin =2 (- ©=12,...,N—1 (for continuity conditions).  (3.25)
QnNtigir2 = —1
Vs
Qani = 1, (3.26)
Qan+12nv+1 = 1, (3.27)
Qi; =0, otherwise. (3.28)

Note that @ ~ A in equation (2.21) and Pb ~ f in (2.23).

3.2 Stability of the Quadratic B-Spline OCFE Method

The von Neumann analysis technique is used to determine the stability of a nu-
merical method for linear initial value problems and linearized nonlinear boundary
value problems.

Let K = max{u} be a local constant representing u in the nonlinear term of

equation (3.1), and use the Crank—Nicolson method for discretization. We have

AtK At AtK At
_un+1 o _Vun+1 _.n u i —y

n+1

(3.29)

where At is the time step. Transforming to variable z, equation (3.29) becomes

u"t + %U?H - gu;?l =u" - %Uz + g Uzz (3.30)
where a = AZK and 8 = . Since

3
z) = Z b?+2(m71)Bl<Z>> (3.31)
I=1
Equation (3.30) can be written as

3

T « / // o / /8 "
St | B+ SBI ) - 5B ()] - E:bm(m o [Be - 3B+ B
=1

(3.32)
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Then, at the collocation point z = %,

by ly 01+ Uy o + 50y 05 = b5y p1 + Uy pz + B33, (3.33)

where

1 a _ 1 o
p=73—35+05, or=5+35-0

_ 1 _ 1
p2_§_267 02_§+267

1 a _ 1 a
ps=3+5+5, o3=7—5—0

Let b7 = A\"e™ k= mode and i = \/—1, then (3.33) gives

)\nJrl [ez(2mfl)hko_1 + eszhkO,2 + el(2m+1)hko,3]

(3.34)
— )\ [ei(mel)hkpl + eithkp2 + ei(2m+1)hkp3] :
By +iFy
Ey +iF (3.35)

where Fy = 2p; cos hk + ps + acos(hk), Ey = 20y cos hk + 09 — avcos(hk), Fy =

asin(hk), and Fy = —asin(hk). Therefore

E}+F} N
=== 3.36
N — D = 4(p} — 03) cos®(hk) + (p5 — 03) + 4(p1p2 — 0102) cos(hk)
(3.37)
+ 2a(pg + 02) cos(hk) + 4a(py + o1) cos®(hk),

where
pr—o1=—a+2p, p2 — 02 = —40,
Pl+01:%> p2+ o2 =1,
py—oi=p0~7%, p3 — 05 = —4p,

. —
P1P2 — 0102 = —~.
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This gives

N — D = (48 — 2a) cos?(hk) — 43 — 2 cos(hk) 4 2a cos(hk) + 2a cos? (hk)

= —43(1 — cos®(hk)) = —4Bsin*(hk) < 0.
(3.38)

Therefore N < D — % < 1. Hence |A\| = \/g < 1.
This shows that orthogonal quadratic spline collocation on finite elements using

Gauss points for Burgers’ equation is unconditionally stable.

3.3 Convergence of the Method

Suppose the partial differential equation
Up = Ugy + 1 (T) Uy + qo(2)u,  to <t <y, (3.39)
with boundary conditions
u(a,t) =06, ulbt)=~, a<z<b, (3.40)

where ¢;(x) and go(z) are coefficients of u, and u respectively, has the initial con-
dition u(z,ty) = a(x). We assume that the exact solution of equation (3.39) is
u(z,t) € C¥a,b] x C*[ty,ts], where to and t; are initial and final times, respec-
tively. For time, we use the discretization ¢; = ¢y + jAt and the trapezoidal rule
to effect time integration. From the trapezoid rule, the local error is given by
AL u(2,6), &5 € [t i)

Let up(x,t;+1) be the solution of the time discretized form of equation (3.39). At

time ¢,,1, the global error is ¢;,1 K’At* for constant K’. Hence

[0z, ty41) = wn(w, byl < KAP (3.41)
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for some constants K.

We let u(z,t;) = u/(x), then the time discretized form of equation (3.39) is
w T (2) + ar ()l (2) + ag(z)u! T (z) = (). (3.42)
where f(z) = — ([1+ tqo(2)] W (z) + §la1 (2)ul(z) + Slue. (), ao(z) = Slgo(z)—

1 and a;(z) = £tqi(z). We assume that ag(z), ai(z) € C?[a,b]. Let u.(z,t) €

P3N C'a, b] be the collocation solution to (3.42), where P3 denotes the space of

piecewise polynomials of degree < 3. From equation 2.30,
(D (g™ — ) ()" < i, (3.43)
and
DD () — wd T (2, ||h < Cyptmint2=0 g — 01,2, (3.44)
Inequalities (3.41) and (3.43) imply
la(z, 1) — ue(z, tj0)| | < KA + C1R. (3.45)

This establishes the rate of convergence of the method is second order in both time

and space.

3.4 Numerical Examples and Simulations for Burgers’ Equa-
tion

In this section, we consider various examples and present various numerical simu-

lations to demonstrate the efficiency of the OCFE method.

Example 3.1: We consider the Burgers’ Equation (3.1). The exact solution to

(3.1) is

(3.46)



where 7 = exp(g;), and the initial condition is

uo(z) = u(z, 1). (3.47)

The boundary conditions are u(0,¢) = 0 and u(1,t) = 0. The result of our method
is presented when the number of partitions of the space interval [0,1] is N = 50,
the number of time steps is Nt = 50 and the final time is ¢; = 2. The 3D plot of

the solution is shown in Figure 3.1 and error in Figure 3.2.

Figure 3.1: Approximate solution of the Burgers’ equation when N = Nt = 50.

2.00

1.0 1.00

Figure 3.2: 3D plot of the error for example 3.1 when N = Nt = 50 and v = 0.005.
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Table 3.1 shows that the convergence rate is approximately 2.

Table 3.1: Convergence rates for example 3.1 when v = 0.005, N = Nt = 50.

T Rate T Rate

0.1 1.9319 0.60 1.8457
0.2 1.8753 0.72 1.4772
0.3 1.8352 0.84 2.0333
0.4 1.8409 0.90 2.2622
0.5 1.8740 0.96 1.9796

We compare the results of our method with the work of Raslan [56] on Burg-
ers’ equation (3.1). Table 3.2 indicates that our results are better than those of
Raslan [56], since both the L., and the Ly norm values are smaller. The table
also show that the L., norm of the present work is better than that of the Crank—
Nicolson method (CN) based on [56].

The CN based on [56] performed better than Raslan [56], as shown in the ta-
ble. Hence, both CN and the present method, quadratic B-spline collocation using

Gauss points on finite elements, compare favourably.
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Table 3.2: Errors for example 3.1 at N = Nt =50, Ty = 2.

L L,
t Present ~ Raslan [56] CN Present  Raslan [56] CN
1.2 0.002389  0.009445 0.002455 0.003594 0.014613  0.003630
1.4 0.002140  0.009192  0.002201 0.003779  0.019857  0.003762
1.6 0.001868  0.008531  0.001905 0.003589  0.024209  0.003546
1.8 0.001653  0.010477  0.001667  0.003310  0.027808  0.003258
2.0 0.001431  0.012058 0.001426 0.003025 0.030687  0.002972

In Table 3.3, the invariants for the present work, Raslan [56] and CN based on [56]

are compared and found to agree with one another.

Table 3.3: Invariant for example 3.1 at N = Nt =50, Ty = 2.

t Present Raslan [56] CN

1.0 0.124967 0.124817 0.124967
1.2 0.124059 0.124317 0.124059
1.4 0.123291 0.123954 0.123291
1.6 0.122626 0.123602 0.122626
1.8 0.122039 0.123264 0.122039
2.0 0.121513 0.122940 0.000000

Exact solutions u(z,2) and approximate solutions with the present method and
that of [56] are compared for some values of « in Table 3.4. The Table shows that

the present method converges to the exact solution faster than that of Raslan [56].
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Table 3.4: Comparison of u(x,2) and approximate values at some points z.

x Present Exact Raslan [56]
0.365 0.182978 0.182473 0.185924
0.415 0.206938 0.207419 0.215954
0.465 0.232783 0.232227 0.235308
0.605 0.289358 0.288192 0.293358
0.645 0.274683 0.274869 0.279174
0.695 0.181949 0.180506 0.150321
0.725 0.095053 0.098406 0.096996
0.765 0.028298 0.029633 0.030028
0.805 0.006413 0.006911 0.007348
0.845 0.001254 0.001413 0.001598
0.915 6.11 x 107° 7.05 x 107° 0.000140

Furthermore, in Figure 3.3, the convergence of the different methods and the CPU
times for Raslan [56], the Crank—Nicolson method based on Raslan, and quadratic
spline collocation on Gauss points for computation of this example are shown. The
OCFE method has order-two convergence, and the present method is the fastest
of the three methods and nearly five times faster than Raslan [56] and four times

faster than CN.
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10-1 L ——Raslan(19.13s) |
g \\+ CN(17.65s) |
i —o— Gauss(4.04s) H
. I |
~
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S - 7]
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= ]
1073 F E
— } } 1 } === :

10! 102

Figure 3.3: Convergence plot for example 3.1.

Example 3.2: A travelling wave solution of Burgers’ Equation (3.1), which is of

the form
u(e,t) = et (—o) 2 (3.48)
1+ev
with the initial condition
uo(z) = u(z,0) (3.49)

and the boundary conditions u(0,t) = 1, u(1,t) = 0.2, where { =z — pt — B, p
and « are constants, is considered.

We compute the solution at various times when the number of partitions of the
space interval [0,1] is N = 50, the number of time steps is Nt = 50 and the fi-
nal time is Ty = 2. Figure 3.4 shows the profiles at some values of ¢ for all z.
The graph of the exact solution is overlaid onto that of the approximate solu-
tion in Figure 3.5. The exact and approximate solutions match perfectly on the
computational domain. Figure 3.6 shows that our method has convergence order

two.
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Figure 3.4: Final solution profiles for example 3.2 at different times when N =

Nt = 50.

Figure 3.5: Approximate travelling wave solution of the Burgers’ equation when

N = Nt =50.
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Figure 3.6: Convergence plot for CN and Gauss.

3.5 Modified Burgers’ Equation

Example 3.3: We apply the OCFE method with a quadratic basis to the modified

Burgers’ equation [[15,18,31,38,40,61]].
w4 Wuy — Vg, = 0, o0>2.

Consider the case of 6 = 2, v = 0.005 with the initial condition

u(z, 1) = -

2
1+2ew

and boundary conditions
u(0,t) =0, wu(l,t)=0.

The exact solution is

x
t<1+2\/% efTQt)

Substituting (3.4) into (3.50), we get the nonlinear system of equations

Z Dera(i—1)(t) Bi( Y] Z bit26-1)(t) B (x)

u(z,t) =

bl*—‘

40

(3.50)

(3.51)

(3.52)

(3.53)

(Z bir2-1) ) (Z bira-1)(t) Bi(x ))

(3.54)



Similar to the Burgers’ equation case, we apply the trapezoidal rule in time, lin-

earize the nonlinear term of equation (3.50) and substitute (3.16) in (3.50):

: AtS R
P NERs (Zbkm 1(t;) Bi(z )) Zbkm 1(t;) Bi(2) | Bi(2)
k=0
At '
—5zV Br(2) Zbk+2(z 1)(t)Br(2) | Bi(2) | birag—1)(ts1)

3 3 4
-3 B+ %t BY(z) + 55— 1) (Z brsaen (1) Bk<z>) BU(=) | besan ()
) (3.55)

The boundary conditions become

U(O,t) = bl = 0,
(3.56)

u(1,t) = bany1 = 0.
The system comprising (2.15), (3.55) and (3.56) can now be solved to obtain u(z, t).
The stability and convergence analysis are very similar to the previous case of the
classical Burgers’ equation and are not repeated.
A 3D plot of the numerical solution and error for N = 50 are given in Figures 3.7
and 3.8, respectively. The orthogonal collocation of finite elements based on
quadratic B-spline basis functions gives good results when compared with the

exact solution of the modified Burgers’ equation as shown in Figure 3.8.
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0.0

Figure 3.7: 3D plot of approximate solution of the modified Burgers’ equation.
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=0.0002
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0.8 i

1.0 1.00
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Figure 3.8: 3D plot of error for the modified Burgers’ equation.

In Figures 3.9-3.11, time profiles of the solution are shown for various values of v
and N. It is seen that the OCFE method is capable of tracking the steep profiles

of the solution for extremely small values of v and moderate values of N.
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Figure 3.9: Shock propagation » = 0.01 and N = 100.

Figure 3.10: Shock propagation v = 0.005 and N = 100.
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Figure 3.11: Shock propagation v = 0.0005 and N = 400.

3.6 Discussion of Chapter 3

In the previous sections, we applied quadratic B-splines in conjunction with finite
elements (OCFE method) to solve second-order PDEs. It is seen that the OCFE
method using quasilinearization is optimal in efficiency for solving Burgers’ and
modified Burgers’ equations. In particular, there is no need to impose additional
boundary conditions, and the method matches the second-order method used for
time integration. Hence, the overall method is second-order in space and time.

We have shown that quadratic B-spline OCFE can effectively solve second order
partial differential equations in uniform intervals using the Burgers’ equation as a
case study. Moreover, we showed that it is faster and gives smaller error than the
classical B-spline collocation methods. In the next chapter we shall investigate the
performance of quadratic B-spline OCFE to Schrédinger equation on non-uniform

intervals.
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CHAPTER FOUR
QUADRATIC B-SPLINE OCFE FOR NON-UNIFORM
INTERVALS AND APPLICATION TO SCHRODINGER
EQUATION
In this chapter, we examine the applicability of the quadratic B-spline OCFE to
partial differential equations defined on non-uniform intervals. We shall illustrate
our method with the Schrodinger equation considering different soliton cases. We
also discuss the stability of the quadratic B-spline OCFE for the Schrodinger

equation. In the next section, we shall derive the first derivative condition when

the given interval is partitioned into N non-uniform subintervals.

4.1 First derivative continuity condition for non-uniform

intervals

Suppose the interval [a,b] is divided into N non-uniform intervals [z;, z;+1] such

that given the points

=21 < Ty < T3 < - <X <Tiy1 << Tpy1 =D, (4.1)
the interval length h; for [z;,z;y1] are not equal, where h; = x;,1 — x;, @ =
1,2,---, N. We transform = € [x;, ;1] to [0, 1] using

r — T
z = . 4.2
- (4.2)

Using the continuity condition in equation (2.13), we have

1\ dy™*t| /1) dY?
hivi) dz |._, \hi) dz

(4.3)

z=1



If we combine (4.3) with (2.12), we get a system of linear equations
bty = gy (4.4)

The approximate solution Y;(z) in an element [x;, ;1] is also of the form (2.16).

4.2 Application to the Schrodinger equation

As an application we take an example from [58|, the Schrédinger equation [[45],
[50]]

iy + Ugy + qlul*u =0, z € (—00,00), t € [0,T], (4.6)
where ¢ = 4/—1 with the initial condition
u(z,0) = g(z), |g(z)| = 0 as |z| — oo. (4.7)

We truncate the infinite spatial domain into a finite domain [a, b], and impose the
boundary conditions

u(a,t) =0, u(b,t) =0. (4.8)

It is convenient to rewrite (4.6) as a system of PDEs (without complex quantities)
by defining u(x,t) = v(x,t) + iw(x,t) then iu = —w + iv.

— Wy + Vye + q(v7 + w?)v = 0, (4.9)

Uy + Wap + q(v° + w?)w = 0. (4.10)

We apply the trapezoid rule in the time variable and linearize equations (4.9) and

(4.10) which gives

—At qAt
2 Vi — 5 (307 +w;) visr | +[1 — gAL wjvj] wys
N (4.11)
=w; + 7 [U;/ — q(v? + w?)l)j}
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and

At qAt
[ + QAt 'U]w_]] U]+1 + 2 ;/+1 + — 2 ( jQ + 3w]2) 'LU]'+1
(4.12)
A
=05+ [—w! + q(w] +v})w;]

respectively. The approximate solution in the 7' interval at time ¢; is assumed to

be of the form

ch+2 (i—1) By(x), (4.13)
where
Crra@i-1)(tj) = arpo-1)(tj) +ibpyo-1)(t;), i=+v—1 (4.14)

Therefore at the collocation point z, U(z,t;) = Z Cr+2(i-1)(tj) Br(2). This implies

that

= (2, ) ZQM, y(t;) Bi(z), (4.15)

w; = w(z,t,) mez y(t;) Bi(2). (4.16)

We substitute equations (4.5), (4.15) and (4.16) into equations (4.11) and (4.12).

Therefore, equations (4.11) and (4.12) can be expressed as

2

At
2

Z brta(i—1)(t (2)

v k=1

2 Z pa(i-1)(tj41) By (2 <l3z Ak+2(i-1

3

XY paaion)(ti) Bil2)
)

+ Z 1 —qAt <Z Apepa(i-1)(t ) (Z bita(i—1)(t ))] brta(i—1)(tj+1) Br(2)

Z bk+2(z 1) 2 h2 Z Af4-2(i— 1) ( )
k=1
( [Z arraii—1)(t ) Z Alot-2(i-1 )]

2

Z brraii—1)(t

(4.17)

and
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>

k=1

1+ qAt (Z Appa(i-1) (1 ) (Z brtagi-1)(t ))] at2(i-1)(tjr1) Br(2)
k=1
}QZsz —n(tj41) Bi(z ( Zak+2(z ) Br(z Zbk+2 —1)(t;) Bi(2)
v k=1
3
Zbk+2 1) J+1 By.(z Zak+2 1) 2 Zbk+2(z BZ (2)
7’ k=1

( Z brya(i-1) ) Z bk+2(i—1)(tj)Bk(Z)] )

1=1,2,---, N., respectively. The boundary conditions yield

At
3
+5 +

Z A+2(i 1)

(4.18)

a1 = AaN+1, bl - bQN_H = 0. (4].9)

Equations (4.17), (4.18), (4.5) and the boundary conditions (4.19) form a linear

system of equations Ap = q where

A= ’ 1, (4.20)

P= [a, b]T, a= [a17a2, . ;CL2N+1]7 b = [bl,bz, ce 762N+1]7 q= [Q1;Q2]T7

fl(xl+05h) izl,...,N,
q1i = (4.21)

0 i=N+1,....,2N +1,

\

4

fg(l'l+o5h) izl,...,N,
qu = (422)

0 i=N+1,....2N+1,

\

f1(z) is the right hand side of (4.17), f2(2) is the right hand side of (4.18), A; ; and

A; o, (i =1,2) are the coefficient matrices of the unknowns a; and b;, respectively
fory=1,2,...,2N + 1.
Using the initial condition at the collocation point z = 0.5, the initial coefficient

matrices are such that Ay = Ago, A12 = As1 = 0, where A, ; has the form
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0 0 0 O 0 O
0 0 0 0 0 0
By B3 0 0 0 0
0 By By Bs 0 0

0 0 0 0 0 0 0 0 0 By Bj
Ap=1|0 & m_1 0 0 0 0 0 0o o |, (423)
0 0 0 7—2 —2—3—1 1 0 0 0 0 0
0 0 0 0 0 mo—E_1 1 0 - 0 0
0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1

g(x; +0.5h) i=1,..., N,
Qi = (4.24)
0 i=N+1,...,2N +1,
B; = B;(0.5) j=1,2,3, (4.25)
and
G;=0, i=1,...,2N+1 (4.26)

are used to get the initial solution.

At subsequent times, we compute sub-matrices A 1, A; 2, A21 and As o from equa-

tions (4.17) and (4.18) to get the matrix A and finally obtain p. The numerical

solution to the Schrodinger equation can now be obtained by substituting p into

(4.14) and then into (4.13).
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The invariants at various times are given in [58] as

L= / lul?dz = 2, (4.27)

o0

o0

20 20 1
L’:/ |U|*dz, and H’:/ <\Ux\2dx—§q|U]4) dz, (4.29)

—20 —-20

where u = u(x, t) is the exact solution and U = U(x, t) is the approximate solution.

4.3 Stability Analysis

In this section, we apply the von Neumman stability analysis to the Schrodinger
equation for equal spacing h. Let the non-linear term g|u|* be bounded by a local

constant K [44]. Then the Schrodinger equation becomes
Uy = —Upy — Ku. (4.30)

Applying Crank-Nicolson method to equation (4.30), we get

KALY At KAt . At .
(1 — ZT) Wt — ;?Uijl = (1 + ! 5 ) u + 2 (4.31)

3.
Since uw? = >_ ¢

Bi(2) in the my, interval, equation (4.31) becomes

3 . .
1 1 KAt At
> A [(1 i ) By(z) — 2—}1231@(2)1 =

o (4.32)
- iKAt iAt
k=1
where o = KTN and = QATQ.

> Ay [(1—ia) B(z) — iBBY(2)] =
' (4.33)
C’i—i—Q(m—l) [(1+ia) Bi(2) +iBBy(2)] -
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At z = % (collocation point),

Ariyor+ Ao+ bl o0 = 101+ e + By, (4.34)
where
1 1
o= - z% ~ 28, o= - z% + 4B, (4.35)

and ¢/, = Me™h* for the ky, mode. Equation (4.34) is now expressed as

)\j—i—l [ez(Zm—l)hk:o_l + ez2mhk0_2 + 61(2m+1)hk0'1}

(4.36)
Y [ei(2m—1)hk071 4 i2mhkg 6i(2m+1)hk0—1] ’
N oy cos(hk) + o9 = N [26, cos(hk) + &, (4.37)
—
\ 20y cos(hk) + 0y cos(hk) + % +1 [(% + 45) cos(hk) + (% - 45” _ %
20y cos(hk) + oy cos(hk) + 5 — i [(§ +48) cos(hk) + (§ —4P)] M
(4.38)

where M is the conjugate of M.
The fact that |[M| = |M| means that |\| = 1. Therefore the orthogonal quadratic
OCFE method using Gauss’ points for the Schrodinger equation is unconditionally

stable.

4.4 Numerical examples

We consider a bound state of n solitons of the Schrodinger equation

ity + Uy + qlul*u =0, ¥ € (—o0,00), t €[0,T], (4.39)

where ¢ = 2n? and n is the number of solitons, with the initial condition u(z,0)

on the interval [-20, 20] and t € [0,2.5] [58]. We consider the interval [a, b] with a

o1



non-uniform grid given by

9 k
xo:U?mj:xj:20(Nj) 7k217j:1727"'7_7 (44())

where £ € R and N is the number of intervals. The results for the approximate
solutions of the Schrédinger equation on uniform and non-uniform grids for the
one soliton (¢ = 2), two solitons (¢ = 8) and three solitons (¢ = 18) cases are

presented below:

Example 4.1: We take ¢ = 2 and N = Nt = 100 for the one soliton case. The
exact solution is

u(z,t) = e"sech(x). (4.41)

The numerical results are presented graphically in the Figures 4.1 to 4.4. The
figure in the upper part of the right column shows the 3D plot of the approximate
solution and the one in the lower right column displays error for example 4.1 when
k = 1. In the left column, the upper and lower figures depict the approximate
solution and the error when k£ = 1.2. We can deduce that the error is smaller
when k = 1.2 than when k£ = 1. Hence the infinity norm of errors for case k = 1.2

is smaller than that of case k£ = 1.
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Figure 4.1: Approximate solution and the error when k£ = 1 (Left column) and

k = 1.2 (Right column).

In Figures 4.2 and 4.3, the infinity norm of the errors of the real and imaginary
parts of the approximate solution is oscillatory with respect to time but decreases

as k increases.
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Figure 4.2: L., error of Re(U) against time (¢) when ¢ = 2 and N = 500 for

various values of k.

Figure 4.3: Ly error of Im(U) against time (¢) when ¢ = 2 and N = 500 for

various values of k.

Also Figure 4.4 shows that the invariants L’ is approximately the same as the
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exact value of L = 2 but as k increases, the absolute error for L’ does not exceed
3 x 10~%. Similarly Figure 4.5 shows that the invariant H’ almost the same for the
values of k considered except for k = 1.2. The absolute error for H' is less than

3 x 1074

2.00025 [T ! ! ! T 4

2.00020 ¢ B

2.00015 | 9

[
Loyl st
[=JE N

LI
R’lr?\'?'-'

2.00010 | b

2.00005 | |

2.00000 1

1 1 1 1
0.0 0.5 1.0 1.5 2.0 2.5
t

Figure 4.4: Invariant L' and H' for N = 500 q =

Figure 4.5: Invariant L' and H' for N = 500, ¢ = 2.
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Figures 4.6 and 4.7 further confirm that as k increases, the infinity norm of errors
of the real and imaginary parts solutions decreases. Hence the results are closer

to the exact solution as k increases.

Figure 4.6: Plot of L. norm of error of Re(U) and Im(U) against time when

N =Nt =100 q = 2.

Figure 4.7: Plot of L, norm of error of Re(U) and Im(U) against time when

N =Nt =100 q = 2.
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In this case, ¢ = 2 the invariants L = 2 and H = —%. The approximate results
are shown in Table 4.1 . In Table 4.1, the invariant L’ =~ L such that the absolute

errors when k = 1, 1.2 and 2 are less than or equal to 1.1 x 1076, 2.5 x 10~* and

2.2 x 1074, respectively.

Table 4.1: Invariant L' for ¢ =2, N = 500.

13 k=1 k=12 k=2
0.5 1.9999993140704686 2.000246967311435 2.0002132431685116
1.0 1.9999992255589547 2.0002467675324036 2.0002131357895463
1.2 1.9999991906558545 2.0002467024427304 2.0002130884933638
1.5 1.9999991388513283 2.0002466164730652 2.0002130315117610
2.0 1.9999990539225080 2.0002465013137947 2.0002129394045010
2.2 1.9999990204151104 2.0002464639068678 2.0002129044476304
2.5 1.9999989706002652 2.0002464173233556 2.0002128557823440

Figure 4.8 illustrates the numerical convergence of the method for £k = 1.2. The

method is approximately of order two in space. The theoretical convergence anal-

ysis can be obtained along the same lines as [52].
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Figure 4.8: Convergence plot for example 4.1 when k = 1.2.

Example 4.2: We take ¢ = 8 in equation (4.6) for the case of two solitons. The

exact solution is given by

(1 + 0.75sech?(x)(e® — 1))

£ = oisech :
u(zx,t) = e"sech(x) 1 — 0.75sech*(x) sin?(4t)

(4.42)

The results are presented graphically in Figure 4.9 for £ = 1.2 and N = Nt = 500.
The solutions for the formation of two solitons are depicted in the figure. We
observe that the absolute error for |U(z,t)]| is less than 3 x 1072, The density plot
in Figure 4.9 shows the distribution of the modulus |U(z,t)| in the region under

consideration.
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=15

0.025
©.000
-0.025

Figure 4.9: Top left: Exact solution . Top right: Approximate solution. Bottom

left: Error. Bottom right: Density plot

In Figure 4.10 and 4.11, the L. error of the real and imaginary part solutions

decreases as k increases.

Figure 4.10: Plot of L, norm of error of Re(U) against time when N = Nt = 100.
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Figure 4.11: Plot of L., norm of error of Im(U) against time when N = Nt = 100.

Moreover the exact values of the invariants are L = 2 and H = —1—34. The approx-
imate results for L' and H' are shown in the Tables 4.2 and 4.3, respectively. The
absolute errors for L’ in Table 4.2 when k£ = 1, 1.2 and 2 are less than or equal to
4 x 1073, 3 x 1072 and 3 x 1073 respectively. This shows that as k increases the
absolute error for L' decreases.

Furthermore, in Table 4.3 the absolute errors for H" when & = 1, 1.2 and 2 are
less than or equal to 1.7 x 107!, 4 x 1072 and 4 x 1072 respectively. Hence as k
increases the absolute error for H' decreases. Therefore the approximate results

are consistent with the exact values of the invariants L and H.
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Table 4.2: Invariant L' for ¢ = 8, N = 500.

t k=1 k=12 k=2
0.5 1.9997860736288362 2.0018511811360410 2.0005647365874095
1.0 1.9991639559418688 2.0001139413317444 1.9996056704823670
1.2 1.9999478538782265 2.0039065138798340 2.0012834291274677
1.5 1.9979781887606685 1.9982537645416570 1.9981634131928380
2.0 1.9988043891305036 2.0025937977783066 2.0000636330174470
2.2 1.9970867529391771 1.9976414358241767 1.9973464431795530
2.5 1.9969780960005120 1.9973784496338522 1.9971894528931016

Table 4.3: Invariant H' for ¢ = 8, N = 500.

t k=1 k=12 k=2
0.5 -4.591078095033748 -4.679429403766860 -4.675583794247313
1.0 -4.638954540953396 -4.662140176598175 -4.660707149685754
1.2 -4.437170115041884 -4.707311934773099 -4.698417405662838
1.5 -4.640863387307565 -4.643435607752973 -4.642913738260561
2.0 -4.438513861316172 -4.691039939310799 -4.682415168541428
2.2 -4.624185813998357 -4.634236501508632 -4.633074582893552
2.5 -4.626840469901180 -4.632320126916547 -4.631457470965063

Example 4.3: We take ¢ = 18 for the three solitons case. Here, the exact solution
is unknown. The results are shown in Figure 4.12 when N = Nt = 100 for different
values of k. Figure 4.12 shows an improvement in the solution when the interval

is less uniform (k = 1.2) compared to that of the uniform case (k = 1). The
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density plot in Figure 4.12 depict the distribution of the modulus in the region.
The concentration at the middle for three solitons (case ¢ = 18) is higher than

that of two solitons (¢ = 8) in Figure 4.9.

Figure 4.12: Top left: k = 1. Top right: k=1.2. Bottom left: Surface plot. Bottom

right: Density plot

Similarly in Figure 4.13 and 4.14, L, error of the real and imaginary part solutions

decreases as k increases.
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Figure 4.13: Plot of L., norm of error of Re(U) against time when N = Nt = 100.

Figure 4.14: Plot of L., norm of error of Im(U) against time when N = Nt = 100.

The approximate results for invariants L' and H’ are shown in Tables 4.4 and 4.5,
respectively when ¢ = 18. In Table 4.4, the values of L’ decreases gradually as k
increases and generally L' ~ 1.9. However in Table 4.5, H' increases gradually as

k increases but in general H' ~ —9.
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Table 4.4: invariant L' for ¢ = 18, N = 500.

k=1

k=12

k=2

0.5

1.0

1.2

1.5

2.0

2.2

2.5

1.9716347189462933

1.9536882683277290

1.9496199006870800

1.9329236584048455

1.9302098765860340

1.9157331912116036

1.9130255707307150

1.9701328044896482

1.9521142630388197

1.9482745207398677

1.9314952912676382

1.9288105118104828

1.9140079543809243

1.9102995775787281

1.9700315096238600

1.9520900110377186

1.9479056524406426

1.9311104479246304

1.9278253869036210

1.9129958271366290

1.9093871035211032

Table 4.5: invariant H' for ¢ = 18, N = 500.

k=1

k=12

k=2

0.5

1.0

1.2

1.5

2.0

2.2

2.5

-10.20335493227373

-9.466406734489020

-9.589608183446568

-9.063897102819032

-8.988052636484749

-8.551664812991596

-8.459921555578845

-10.20306913753222

-9.533985328334023

-9.545004918903630

-8.991606269061817

-8.955082573439789

-8.461102002161958

-8.375491781024992

-10.21290813500802

-9.596214446558621

-9.531327742520370

-8.970671762172701

-8.921529953368218

-8.424026080706097

-8.340442854468023
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4.5 Discussion of Chapter 4

We have shown that quadratic B-spline OCFE can effectively solve a system of
second order partial differential equations arising from the Schrédinger equation
in a non-uniform interval. We also found that it’s accuracy increases as the non-
uniform parameter increases for the soliton cases considered. The results for the
examples in this chapter agree favourably with the exact solutions and previous
results in the literature. The next chapter deals with the application of quadratic

B-spline OCFE to fractional differential equations.
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CHAPTER FIVE
APPLICATION OF OCFE TO FRACTIONAL

DIFFERENTIAL EQUATIONS

We demonstrate the capability of the quadratic B-spline OCFE to handle fractional
differential equations using the Caputo fractional derivative. We considered it’s
application to ordinary and partial fractional differential equations. We discuss
it’s stability and carry out convergence analysis of the method. Our numerical
simulations showed accuracy of order 2 — o, 1 < a < 2, where « is the order of
the fractional derivative. Our results compared favourably with previous ones in

the literature.

5.1 Solution of fractional ODE

Let a fractional ordinary differential equation

Diu(x) = dad?;(f =f(z), n—1<a<n, (5.1)

~—

with boundary conditions

u(a) = d1, u(b) = 9o, (5.2)

be given. We shall make use of the Caputo fractional derivative together with the
quadratic B-spline basis functions to solve equation (5.1). The Caputo derivative

[59] is defined as

Déu(zx) = F(nl— ) /: dt;gf) (x—&"17%d¢, n—1<a<n, (5.3)



where o € R and n € N. Due to the fact that quadratic B-spline basis functions
are of degree 2, therefore n cannot be greater than 2. Thus we consider the case

of n = 2 only. Equation (5.3) is now

1

D2u(r) = / e de, 1<a <2 (5.4)

Let I; = [xj,7;4+1] C [a,b] be an interval. Suppose the exact and approximate

solutions of equation (5.1) are u(x) and w.(z) respectively. In the interval I;, we

assumed that
3
u(z) = ul(z) = Zbk+2(j—1)Bk(I), (5.5)
k=1

defined in equation (2.16). Let z be in the j interval. Therefore equation (5.4)

can be written as

1 i1 Zi+1 3
Diu(x) = T2—a) ; /xl (z - ; brr2-1) B (§) d

(5.6)
1

T 3
") / A ; biva(-1) Br(€) dE,

where z; = a+(j—1)h, Tipn = xj—l—%, h = 241 —x;. Because of the transformation

h

z= , it follows that

Bj(€) =~ (57)

Thus at the collocation point z; 4+ % (5.6) becomes

h 1 - s h 1 - "
Do ) i . _ -« B
2 U (953 + 2) T2 —a) ;/xl (z; + 5 §) ;bkw(l 1By (§) d€

1

. ; (5.8)
"Te—w /%, (145 -0 ; bi2(-1) By () d¢.
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Therefore
X h 2 =2 A
Df“(xfﬁ):m[(bl_%ﬁbg)/ (e5e)

1

T3 11—«
+(b3—2b4+b5)/ (ij—l—g—f) dE—i—

2 . (5.9)
Zj h a
+(bgj_3 — 2bj_o + baj_1) / (%‘ + 5 f) dg§
Tj—1
ijr% h l—a
+(b2j_1 — 2b2j + b2j+1)/ (ZL’j + 5 - §> dé- .
o h P Ch w1 h e
Dju (ij + 5) = m ;(521—1 — 2by; + boyy1) /ml (ffj + 57 f) d§
xj+% h l1-a
+(b2j71 — 2by; + ij+1)/ (xj + 5 f) dg| .
z;
(5.10)

We ignore the first term in the square bracket of equation (5.10) when j = 1. The

integral

o h 1_ad _ 2j — 241" — (25 —201—-1)*"
/xl (xj+§—§> f—m[(J— +1)7T = (2 -2 -1)71.

(5.11)

:cj-i-% h 1-a h?—a
/m ($j + § - 6) dg = m. (512)

Hence equation (5.10) becomes

Similarly,

h Zj‘l , |
D;‘u (Jlj + §> = Ca ( (bglfl — 2[)21 —+ b21+1) [(2] — 21 + 1)6 — (2] — 2] — 1)6
=1

+(b2j—1 —2b2j+bgj+1)) s j = 1,2,...,]\7.

(5.13)
where =2 —a and C, = #;M The boundary conditions in (5.2) yield
bl = 51, b2N+1 = 52. (514)

Thus substituting the collocation points into (5.1) and using (5.13) we obtain
N equations. These equations together with the continuity equation (2.15) and
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boundary conditions in (5.14) give a square linear system of size (2N + 1) given
by

C,Pb=t, (5.15)

where b = [bl,bg, Ce 7b2N+1]T7 f= [fl,fg, e ,fN,O, e 70,51,52]T,

1 -2 1 0 0 0 O

3 —1 =203/ -1) 38 -2 1 - -0 0

58 _ 38 _2(5/3 — 36) 56 _ 1 _2(36 —1) 3B ... ... 0 0

-2 1

P=1 0 a —2a a 0 0 0f:

0 0 0 a —2a 0 O

0 0 0 0 0 a 0

a 0 0 0 0 0 O

0 0 0 0 0O -« -+ 0 a

(5.16)

and a = (C,)~!. The solution to the fractional differential equation (5.1) is then
obtained via equation (5.5).
We now illustrate the application of our method to fractional ordinary and partial

differential equations with examples.
Example 5.1: Consider the fractional ordinary differential equation

d*u(z) x3
= 1 2 5.17
dre  T@d—a) %% (5.17)

with the exact solution u(x) = ga* has boundary conditions u(0) = 0 and u(1) = .
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We shall use our method to obtain it’s numerical solution.

Figure 5.1 shows the numerical and exact solutions to the fractional differential

equation (5.17) when aw = 1.5 and N = 50. The error is depicted in Figure (5.2).

Figure 5.1: Solution of u(z) for example 5.1 when N = 50, and a = 1.5.

D -
- 6 ...'...l-

-5.00x10°% | /

/f
,r
~1.00x107° |
\
-1.50x107° |
\‘\\ ///
\\. /
-2.00x107° | B
0 10 20 30 a0 50

Figure 5.2: Error plot for example 5.1 when N = 50, and o = 1.5.

Table 5.1 show the convergence rates when v = 1.5 and N = 50. It is approxi-
mately 1.5.
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Table 5.1: Convergence rates for example 5.1 when o« = 1.5 and N = 50.

T Rate T Rate

0.02 1.6212 0.5 1.5147
0.08 1.5395 0.6 1.5134
0.1 1.5348 0.7 1.5123
0.2 1.5238 0.8 1.5115
0.3 1.5192 0.9 1.5108
0.4 1.5165 0.96 1.5105

This shows that our method is suitable for solving fractional differential equations.

5.2 Application to space-fractional partial differential equa-
tion

In this case, we re-write the approximate representation of u.(x) in equation (5.5)

ue(z,t) =Y bryag—1)(t) Bi(z) (5.18)
k=1

to accommodate the variable t. As an example we consider the fractional diffusion

equation
et _TULD | ra, (5.19)
subject to the initial conditions
u(a, tg) = w(x) (5.20)
and boundary condition
u(a,t) = d3, u(b,t) = ds. (5.21)
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To solve this problem, we apply the trapezoidal rule to equation (5.19) to get

j+1_g

u; 5

: At . . .
Doud™ =l + — (Dol + A7+, (5.22)
where uf = u(z;,t;), j is the index for discrete time ¢, ¢ is index for discrete z, At

0%u(z,t)
Oz

is the time step, t; is the final time, ¢; is the initial time and D u =
We use equation (5.13) in (5.22) and evaluate at the collocation point in inter-
vals 1,2,..., N. The resulting system coupled with the boundary and continuity

conditions form a linear system represented in the form
C,@b =R, (5.23)

where Q is a (2N + 1) square matrix, b = [by, by, ..., bay 1|7 and

R = [Rl,RQ,...,RN,O,...,0,53,54]T.

5.3 Stability

Consider now the fractional diffusion equation given by

(67

up — d(x,t)%u(x,t) = p(z, 1), (5.24)

where d(x,t) and p(z,t) are coefficients of the fractional derivative and the source
term, respectively. Consider the homogeneous case of (5.24) i.e p(z,t) = 0 and
put d =1 is a constant.

Apply the trapezoidal rule to get
At o
w(x, tyyr) —u(z, t,) = 5> (D%u(x, tpi1) + Du(z,t,)) , (5.25)
which we write as

) — (@) = 5 (DM (@) + Do (a). (526)



If x is in the m' interval then we write equation (5.26) as

At
u M (z) —ul (z) = > (D*ult (z) + D*ull (2)) (5.27)
3
where up, () = >° 0} o, 1) Bi(2).
k=1

Evaluate (5.27) at the collocation point z,, + $h

1 1 At 1 1
ul <xm + §h> —ul (xm + §h> =35 (Dau%rl (xm + §h) + D%y, (xm + §h)) )

(5.28)

mol ez "
LS _wre

1
Dan " Zhl=——
um<x +2> F(?—a)Z 5 (Tm +1h =€)

J=1

Lot () (©)
- m d
T /xm (2 + 2h— )" ¢
2a—l = . —a . 2—a
B heT'(3 — «) j=1 [(27” — 2+ )T (2m =2 1) }

X (bgj—l — 20%; + bgjﬂ) + 05,1 — 205, + bgm—i-l]

= heT(3 — ) cj(by; g — 205, + by, ) + 05,y — 205, + b2m+1] )
=1
(5.29)
where ¢; = (2m —2j + 1)** — (2m — 2j — 1)*>7,
1 1 1 1
U, (xm + §h> = Zbgmq + §bgm + Zbgmﬂ- (5.30)

Substitute (5.29) and (5.30) into 5.28 to get

-1

3

bytly 4205t bt — C

(]

(b5 — 265+ o5l — C (bhhy — 205+ b5t

.

Il
3 =

= bgmfl + 2b121m + bngrl +C Cj (bgjfl - 2bgj + bngrl) +C (bgmfl - 2bgm + bngrl) )
1

J

(5.31)
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where C' = #@ja) Let 0 = A"e'dh*,

)\n+l (1 . C)ei(2m—l)hk + 2<1 + C)eithk + (1 . C)ei(Zm—i-l)hk
m—1
_C Z ¢ (ez‘(zjq)hk _ 9i2ihk | ei(2j+1)hk)
7 (5.32)

—\" (1 . O)ei(Qm—l)hk + 2(1 + O)eithk + (1 . C)ei(2m+1)hk

Z i(2j—1)hk _ 2€i2jhk+€i(2j+1)hk)

Let X Z (e B VRk _ 9piZihk y oi(ZIHDREY - Divide (5.32) by €™ to get

.

N (1= C) (e + =) 4 2(1 + C) + C X e~ 2mhk
(1 — C)(ehk + e=ihk) + 2(1 + C) — C X e~i2mhk’
~ 2(1—C)cos(hk) +2(1 4 C) + CXe 2mhk (5.33)
"~ 2(1— C)cos(hk) +2(1 + C) — CXe~2mhk’
R+ A
- R-A

where R = 2(1 — C) cos(hk) + 2(1 + C) is real and A = CXe 2mh* ig complex.

AP = R? +|A? +2R Re(A) _ N (5.34)
R? + |A? + 2R Re(A) D’ '
N — D = 4R Re(A), (5.35)

since R = 2(1 + cos(hk)) + 2C(1 — cos(hk)) > 0. If Re(A) <0 then |\?* <1 =
|A| <1 and conditional stability.

However if At is chosen small enough so that C' << 1 then (5.33) implies

2 cos(hk) + 2
AN=——"—=1 :
Al 2cos(hk)+2 (5:36)

and conditional stability with condition

h°T'(3 — «)

At <<
2a

(5.37)
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5.4 Convergence Analysis

Having shown that our method is stable in the previous section, we now show
that our method is consistent. The determinant of the coefficient matrix C,Q
is computed as det(C,Q) = (—1)V2 2N(C,)Y # 0 for all values of a. The
coefficient matrix is nonsingular. This implies that our method is consistent. Hence

our method is convergent. Suppose
D%u = \u,

where A is a constant. This simplifies to
(5.38)

Let ; = a1+ (: — 1)h, i=1,2,...,N + 1, the collocation points are at

_ +h e 1 b
T; = T — =X 1 — = .
2 ! 2

The collocation solution in the ;, interval is

Mw

J+2 i— I)B

= bgi_lBl(Z) + bngg(Z> + b2i+1Bg(Z).
Then

= 5 [bai-1 — 2ba; + baiya] .
/x W) g Z Lo+ 1, (5.39)
x1 (x o S)a !
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with I, defined as

, /«:r:k-u u(k)”<8) 4
k= T a1 48
Tk (x - S) !

2
)

2—«

x—)” " — (2 — pp1)” ] (bok—1 — 20k + boks) , (5.40)

k=1,2,,...,i—1.

Therefore

SINOL
L(%) = / U—(S)dS’
o (5.41)
2 — T 2—a .
- ﬁ [bai—1 — 2b2; + bait1] .

Substitute the collocation points z;,7 = 1,2,..., N into (5.40) and (5.41) to get

ga— 1
]ﬂ@%:2 hQK%—2k+D”ﬂ—(%—2k—n%ﬂ
- (5.42)
X (bag—1 — 2bog + bogy1), Kk <i.
2a71
Iz(i’l) = 5_ Q{h_a [bQZ’_l — 2()21 + b2i+1] . (543)
Hence, substituting the collocation points z; into (5.38) gives
i—1
Co | [(20 = 2k + 1)* — (20 — 2k — 1)°7°]
k=t (5.44)
X (bag—1 = 2bap, + bogy1) + (baim1 — 2by; + boi1) | = f(T4),
where ¢, = % and ¢ =1,2,..., N.
We now define a linear operator L by (Lu)(z f (x s)a ) ds. Let z € [, xi11]

and Z; be the midpoint of [x;, 2| so that the length of this interval is given by w;h

for w; € (0,1]. Define e(z) = u(x) — u.(x)

Le(z) = ; /x:nkﬂ %d{s + /: %d& (5.45)

" Tt 1 " ! 1
2 e (gk) /mk —(:L‘ — S)afl dS + e (fz) /zz —(ZL‘ — S)afl dS, (546)
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where we have used the integral mean value theorem, & € (x,xry1) and & €

(x;,x). Now

(&) = u" (&) — ug (&),

since () is constant in [xy, Tj1].

We assume that for h << 1, & can be approximated by Zj so that €”(&) =

u(a) = u(me = §) = S (-DPEE ) +ad(32) (3)') B € (o, 70)

o(F) = % u(ans) — 2u(@) + ula)] + O(h2), (5.47)
ue (Zy) = % [bak—1 — bag + bag1] - (5.48)

Now bgp—1 = uc(xk) and bojy1 = Uc($2k+1),

1 1
ue(Zy) = 1 (bog—1 + bogt1) + 5621:,

1 (ue(xg) + ve(Tper) 1

- - il 5.49
5 ( 5 + Sbar, (5.49)
1

1
= §Uc(fk> + §b2k + O(h2)
We have assumed that the collocation solution at the midpoint of [zy, zx41] is

approximately the average of the solutions at the endpoints.
Hence by, = u.(Zy) + O(h?).

2

ul(zy,) = 5 [ue(xpi1) — 2ue(Tr) + ue(xy)] - (5.50)

We assume that the approximation of the second derivative in (5.47) agrees to

within O(h?) with that in (5.50), thus

W (@) — 0 (33) = O(R?). (5.51)



Hence

|6”(§k)| S Mkh2, (552)

for some constant M.
Equation (5.51) has been verified numerically. We shall approximate the integral

using the midpoint rule.

Tp+1 1 h _ h3
/ S S P C— (5.53)
T

where g(s) = W and &, € (2, Tx41). Hence

i—1 g 1 i—1 ) 3 il -
;/ CE h;W+ 2129 (&)
hi—1)  ala—1h 1 5.54
S (aj — iﬁl)afl 24 ; (CL’ — §k)0‘+1 ( )
h(i —1) ala —1)h? 1
SGoapt o U e

Similarly, the second term in (5.45) can be simplified to

x " h 3 3h3 B
/ e_(S)af1 ds < Mih2 —_’LU: o1 + g"(@)wl X fz € (:EZ-, :E)
v (T—5) (x — ;) 24
Z (5.55)
< M;h? wih | ofo— Dwih® 1
- (SL’ — fi)a_l 24 (1‘ — gi)oé+1

If 2, = x; + woh, & = x; + wsh, wy,ws € (0,1) and M; = max M. then from

(5.46), (5.52), (5.54) and (5.55) it follows that

| 1 al@—1h* 1
I < Mh*(i — 1
| Le(x)| < Myh™(i — 1) {(;g ")l 20 (we xi)a“} (5.56)
—1) w3h? .
s w, ala 1
i {(ZU — x; — wah)*! BT (@ = 25 — wsh)e+!

The function on the RHS of (5.56) is an upper bound for |L e(z)| Vx. In particular,

when z = xn41, ¢ = N, we have

1L e()]|oo = Myh*=®(N = 1) [1 . M]

24
w ala—1) w?
1— Wo 24 1— W3

(5.57)

+ Myht@ {
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But N — 1~ N o h~! for large N. Thus there exists constants k; and ks such
that

L e(2)||oo < k1h* ™ + koh®™. (5.58)
Now assuming that L=! is bounded above, we have

(= ue)(2)] < [[(u = ue) (2)]]oc,
= |IL7 L — ue)(2)|]oo,
(5.59)

< LML e()]loo

— o)
from (5.58). This shows that the fractional differential equation (5.1) is of order
(3 — «) in space.
We then infer from the trapezoidal rule that the local error is given by Al—futt(x, &n)s
n € [tn, tnsa).
Theorem 5.1: Let u(x,t,.1) be the exact solution of (5.1), and assume that
w(x, tyy1) € CHa,b]. At time t,. 1, the global error is t, 1 KAt? for constant K.

Hence
[ue(, tri1) — u(@, tnia)]|oo = O(At2 + h3_a)>
(5.60)
= O(At2 + A:I:?’_a),
for some constants K.

This shows that the quadratic B-spline OCFE for fractional differential equations

is second order in time and order 3 — « in space.

5.5 Numerical examples

h
||eHh°72 where the components of e are

llefloc

The rate of convergence is calculated as log,
given by e; = u;(z) — U;(z), u;(z) and U;(x) are exact and approximate solution
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at the nodes respectively.
Example 5.2: We consider the equation

ou 24x* 0%

—_— - 2u=20 5.61
o TGta) oz 4T (561)
with initial condition
u(z,0) = 2, (5.62)
and boundary conditions
u(0,t) =0,
(5.63)
uw(l,t) =et
The exact solution is u(x,t) = z®+e.
The discretized form of equation (5.61) is
, At ; At ;
(14 At)ul™ — 7miDaug+1 =(1—-At)u! + TmiDaug, (5.64)
where m(z) = F%gf;), 1 and j represents discretization in x and ¢, respectively.

Figures 5.3 and 5.4 display the efficiency of the quadratic OCFE method to handle

the fractional diffusion equation using a small number of intervals.
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1.0

0.5

0.0

g
Figure 5.3: 3D plot of solution for example 5.2 at N = Nt = 100, o« = 1.5.

0 ,_'I‘,__,_,_,__,_,_,,_

-1.0x10-5

-2.0x1075 A =

-3.0x10-> ‘,‘I

40410 T .4.0x10-5

Soa0= 1] - = : 7

0.0 ~ 00

Figure 5.4: Error plot for example 5.2 at N = Nt =50, o = 1.5.

Table 5.2 shows the absolute error for various values of o at the time ¢t = 1.
Table 5.3 shows that the convergence order is (3—«). The global convergence rate

81



is represented by Ord.

Table 5.2: Table of Absolute errors at for different values of @ when N = Nt = 100.

T a=1.1 a=13 a=1.5 a=128

0.10 1.560 x 107®  1.590 x 10~®  1.390 x 10~%  6.300 x 10~°
0.30 5.330 x 1077 8570 x 1077 1.190 x 1075 1.140 x 1076
0.50 2.680 x 107 5.380 x 107  9.230 x 1075 1.220 x 1075
0.70 7.650 x 107 1.760 x 10>  3.300 x 10>  4.930 x 107°
0.90 8.830 x 107%  2.030 x 107>  3.960 x 107°  6.450 x 10
0.98 2420 x 107 5.820x 107  1.180 x 10™°  2.000 x 107

Table 5.3: Convergence rates for example 5.2 for different values of a when N =

Nt = 50.
x a=11 a=1.3 a=15 a=1.8
0.10 1.7746 1.5451 1.2872 0.5882
0.30 1.8834 1.6746 1.4615 1.0995
0.50 1.8900 1.6834 1.4760 1.1411
0.70 1.8892 1.6814 1.4768 1.1522
0.90 1.8872 1.6808 1.4771 1.1561
0.98 1.8860 1.6802 1.4771 1.1570
Ord 1.8649 1.6599 1.4545 1.1060

Example 5.3: We consider the equation

ou TI'b—a) , 0%
gu _ @ 2u =0
ot~ 20 o gge TV

(5.65)
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with initial condition

u(z,0) = 2t (5.66)
and boundary conditions
u(0,t) =0,
(5.67)
u(l,t) =e"

The exact solution is u(z,t) = zle™.

The discretized form of (5.65) is

. At . At .
(1+ At)ul™ — TmiDaufﬂ =(1-At)u! + TmiDauf, (5.68)

where m(z) = @xa.

1.0

0.8

Figure 5.5: 3D plot of approximate solution for example 5.3 when N = Nt = 50,

o= 1.5.
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—2.0x10°°
—4.0x107°

—6.0x10°°

0.0

Figure 5.6: 3D plot of errors for example 5.3 when N = Nt = 50, a = 1.5.

Figures 5.5 and 5.6 depicts the approximate solution and error for this problem
respectively. Tables 5.4 and 5.5 show the comparison between the present work
and that of [68] for different values of a. The present results are better than that
of [68] due to lower infinity norm of errors. Table 5.6 shows the convergence order

for this example to be approximately 3 — a for different values of «.

Table 5.4: Comparison of L., errors when h = At at t =1, a = {1.2, 1.4}.

a=12 a=14
h 68] Present [68] Present
1/20 7122 x 107% 1387 x 107*  5.162x 107*  2.050 x 1074
1/25 4.801 x 107 9.303 x 107°  3.401 x 107*  1.445 x 107
1/30 3.432 x 107 6.758 x 10™° 2411 x 10~*  1.090 x 10~*
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Table 5.5: Comparison of L., errors when h = At at t =1, a = {1.5, 1.8}.

a=15 a=1.8

h [68] Present [68] Present
1/15 7439 x 107 3.584 x 107 4.361 x 107*  3.186 x 1074
1/20 4.399 x 107 2.361 x 107* 2532 x 107 2.323 x 10~*
1/25 2.880 x 107*  1.704 x 107*  1.645 x 10~*  1.808 x 10~*
1/30 2.040 x 107 1.309 x 107*  1.158 x 10~*  1.470 x 1074

Table 5.6: Convergence rates for example 5.3 when N = Nt = 50.
x a=12 a=14 a=15 a=1.8
0.10 1.8109 1.5839 1.4714 1.1045
0.30 1.7997 1.5896 1.4858 1.1657
0.50 1.7907 1.5841 1.4821 1.1705
0.70 1.7789 1.5783 1.4786 1.1710
0.90 1.7763 1.5768 1.4778 1.1713
0.98 1.7739 1.5757 1.4771 1.1713
Ordy 1.7794 1.5783 1.4786 1.1711

Example 5.4: We consider the fractional diffusion equation

ou
E_F

(3 —a) x>

(67

with initial condition

% = (2* + 1) cos(t + 1) — 2wsin(t + 1),
:I;Oé

u(z,0) = (2* + 1) sin(1),
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and boundary conditions

u(0,t) =sin(t + 1),

(5.71)
u(l,t) =2sin(t+1).
The exact solution is u(z,t) = (z* + 1) sin(t + 1).
The discretized form of (5.69) is
: At ; VAN A, ;
ul ™ — TmiDaufﬂ =ul + TmiDauf + 7(1“{“ +rl), (5.72)

where m(z) =T'(3 — a) x* ! and r(z,t) = (% + 1) cos(t + 1) — 2z sin(t + 1).
Figure 5.7 shows that the approximate solution overlaid with a mesh plot of the
exact solution. There is a perfect match between the exact and approximate

solutions. The error plot for this example is represented by Figure 5.8.

0.0 0.0

Figure 5.7: 3D plot of solution for example 5.4 at N = Nt =50, a = 1.5.
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-5.0x10~7
-1.0x10-¢

-1.0x10"°

0.0 0.0
Figure 5.8: Error plot for example 5.4 at N = Nt =50, a = 1.5.

Table 5.7 shows that absolute error for different values of a. The convergence
order is shown in Table 5.8. Ord,, represents the global order. The nodal order is

better than the global order.

Table 5.7: Table of Absolute errors at for different values of &« when N = Nt = 100.

T a=11 a=13 a=1.5 a=1.8

0.10 9.290 x 107%  5.650 x 1078 7.730 x 1078 2.140 x 1077
0.30 3.590 x 1077 1.930 x 1077 1.790 x 107 3.260 x 1077
0.50 5.600 x 1077 3.190 x 1077 2.720 x 10~7  3.780 x 1077
0.70 5310 x 1077 3.440 x 1077 2.890 x 1077 3.440 x 1077
0.90 2310 x 1077 1.820 x 1077 1.530 x 10" 1.650 x 107"
0.98 5110 x 107%  4.260 x 1078 3.590 x 1078 3.780 x 107
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Table 5.8: Convergence rates for example 5.4 with different values of o when

N = Nt = 50.
T a=11 a=1.3 a=1.5 a=1.8
0.10 2.0591 2.2555 2.3884 2.1976
0.30 2.0094 2.0823 2.2073 2.1587
0.50 2.0047 2.0439 2.1293 2.1302
0.70 2.0084 2.0285 2.0903 2.1096
0.90 2.0066 2.0204 2.0678 2.0948
0.98 2.0039 2.0182 2.0614 2.0925
Ordy 1.5247 1.5753 1.6783 1.6419

Example 5.5: We consider the linear fractional diffusion equation

% —T(4—a)x” % + Tu = 2ax’e™, (5.73)

with initial condition

u(z,0) = 22 — 2°, (5.74)
and boundary conditions
uz(0,t) =0,
(5.75)
ug(2,t) = —8e "

The exact solution is u(z,t) = (% — x3)e™.

The discretized form of (5.73) is

TAt] At ; TAt| . At At ;
[1 + T} ul Tt — TmiDaugﬂ = {1 — T} ul + TmiDauf + 7(7{“ +7r7),

(5.76)

where m(z) =T'(4 — ) 2% and r(z,t) = 2az?e.
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Figures 5.9 and 5.10 show the graph of the approximate solution superimposed on

the mesh plot of the exact solution and the error respectively when o = 1.5.

0000
Figure 5.9: 3D plot of solution for example 5.5 at N = Nt =50, a = 1.5.

0.0010

0.0005

0.0000

Figure 5.10: Error plot for example 5.5 at N = Nt =50, a = 1.5.
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In Table 5.9, the absolute error at t = 1 is illustrated for different values of a. The

convergence order in Table 5.10 is approximately (3 — «).

Table 5.9: Table of Absolute errors at for different values of a when N = Nt = 100.

T a=1.1 a=1.3 a=15 a=18

0.20 4.790 x 107 7.910 x 1075 1.180 x 107®  1.400 x 107
0.60 1.680 x 107° 3270 x 107°  5.860 x 107°  9.150 x 10~°
0.80 2.360 x 107°>  4.700 x 107°  8.700 x 10~°  1.440 x 1074
1.00 3.120 x 107°  6.190 x 107  1.170 x 10~*  2.010 x 10~*
1.20 3.960 x 107 7.720 x 107> 1.460 x 107* 2,570 x 1074
1.40 4910 x 107°  9.260 x 10 1.740 x 10~*  3.110 x 10~*
1.96 8.290 x 107%  1.350 x 107*  2.350 x 107*  4.120 x 1074

Table 5.10: Convergence rates for example 5.5 using different values of «.

x a=11 a=1.3 a=1.5 a=1.8
0.20 1.8995 1.6960 1.4959 1.1996
0.60 1.9066 1.7113 1.5117 1.2143
0.80 1.9118 1.7197 1.5195 1.2218
1.00 1.9180 1.7298 1.5289 1.2307
1.20 1.9249 1.7417 1.5402 1.2415
1.40 1.9323 1.7557 1.5539 1.2547
1.96 1.9542 1.8060 1.6097 1.3129
Ordy 1.9027 1.7797 1.6103 1.0966
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Example 5.6: We take a nonlinear fractional partial differential equation

% ~T(3—a) 2**tt % + 2u? = 27, (5.77)
with initial condition
u(z,0) =0, (5.78)

and boundary conditions

w(0,t) +u,(0,t) =0,

(5.79)
w(l,t) +uy(1,t) = (2e7 4+ 1)t.
The exact solution is u(z,t) = ta?.
The linearized form of (5.77) is
‘ . At . . AL
(14 207 At)ulth — ngHDaug“ = ul + ngDaug + At 1y, (5.80)

where m(x,t) = T'(3 — a) %™t and r(z) = 2°.
Figure 5.11 illustrates a 3D plot of the exact solution overlaid on the approximate

solution. Figure 5.12 depicts the error.

10

Figure 5.11: 3D plot of solution for example 5.6 at N = Nt =50, o = 1.5.
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Figure 5.12: Error plot for example 5.6 at N = Nt =50, o = 1.5.

Table 5.11 gives the absolute error for various values of av and Table 5.12 gives the

order of convergence.

Table 5.11: Table of Absolute errors at for different values of & when N = Nt =

100.

x a=1.1 a=13 a=1.5 a=1.8
0.10 7.540 x 1075 6.440 x 107  5.810 x 1075 4.920 x 107°
0.30 4.020 x 107 3.630 x 107> 3.230 x 1075 2.650 x 10~°
0.50 8730 x 1075 7.430 x 107>  6.300 x 107>  4.880 x 1075
0.70 1.120 x 107*  9.040 x 1075 7.380 x 10™®  5.480 x 107°
0.90 6.670 x 107°  5.140 x 107> 4.060 x 107> 2.910 x 107°
0.98 1.630 x 10™°  1.240 x 1075 9.640 x 1075  6.830 x 10~°
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Table 5.12: Convergence rates for example 5.6 with different values of a when

N = Nt = 50.
x a=11 a=13 a=15 a=18
0.10 2.0060 2.0247 2.0043 1.9986
0.30 1.9991 1.9991 1.9989 1.9989
0.50 2.0002 1.9993 1.9992 1.9991
0.70 1.9978 1.9991 1.9992 1.9994
0.90 1.9972 2.0002 1.9981 2.0017
0.98 1.9973 2.0017 2.0018 1.9976
Ordy 1.2139 1.4982 1.4987 1.4945

Example 5.7: We consider the Fisher’s equation

ou(z,t) 1 0%u(x,t) 1 1,
St Sk A - = .81
5 T 4u(:1:,t) + ke (x,t) =0, (5.81)

which does not have an exact solution with the initial condition

u(z,0) = e 10k (5.82)
and boundary conditions
u.(0,t) =0,
(5.83)
u.(1,¢) =0.

We make use of the Crank-Nicholson method and linearize equation (5.81). We

have

At . At] At , At] 5 At ;

where d = L.

10
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Figure 5.13 shows the approximate solution. Figure 5.14 shows the final profiles

for various values of «.

Figure 5.13: 3D plot of the approximate solution to example 5.7.

Figure 5.14: Final profiles for example 5.7 at different values of «
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5.6 Discussion of Chapter 5

We have used the quadratic B-spline OCFE to solve fractional partial differential
equations. We solved various diffusion type equations including Fisher’s equation
as case studies to illustrate our method. A complete stability and convergence
analysis was carried out. It was shown that the method is unconditionally stable
and the spatial order of convergence was 3 — . The numerical results validate
the theoretical results. In the next chapter we extend quadratic B-spline to solve

two-dimensional partial differential equations.
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CHAPTER SIX
APPLICATION OF OCFE TO TWO-DIMENSIONAL
PARTIAL DIFFERENTIAL EQUATIONS
In this chapter, we show the versatility of the quadratic B-spline OCFE in solving
two-dimensional partial differential equations. We used a modified form of the
quadratic B-spline basis functions as trial functions. We also show that the con-
vergence order for our numerical results is 2. Our results are presented graphically

and in tabular form to compare with existing work. We find that our method is

better than the existing ones in the literature.

6.1 Derivation of 2-D quadratic B-spline function

Suppose the B-spline numerical solution of the second order ordinary differential

equation
d*u du
— — = -1
b2d:c2 +blda: + bou = g(z) (6.1)
with boundary conditions
u(a) =a, u(b) =20, (6.2)

in the interval a < z < b is u.(z) and the analytical solution be represented by
u(z). We define the modified B-spline basis functions in [0, 1] as Bg(z), k = 1,2, 3,
Bi(z) = (1-2)%
By(z) = 14 22(1 — 2), (6.3)

Bs(z) = 22



Using the continuity conditions in (2.12) and (2.13), the collocation solution u.(2)

in an interval [z;, x;11] can be written in the following alternate form

ul(z2) = Z agsi—1Br(2). (6.4)

The coefficients agy; 1, k =1,2,3,7=1,2,..., N, form a regular pattern across
the intervals. In the first interval, the coefficients are a;, as, as. In the second

interval, they are as, a3, as and ag, a4, as in the third interval e.t.c.

vy @ X @ X @ X @ X

@ o o o ® O
Y3 X X X X X
@ o o o ® O
Y2 X X X X X
® o o o e O
Y1l B—O—K—0—XK—0—K—0—X
xq o 3 T4 T5

Figure 6.1: Grid for N =4, M = 3.

The blue and red dots in Figure 6.1 represent the collocation and boundary points
respectively. The black crosses represent the boundary node while the green ones
represent internal nodes where discrete errors are evaluated. Let u(x,y) be a
function of two variables in z and y on the grid in Figure 6.1 such that z € [a, b]
and y € [¢,d]. Consider the partial differential equation

@) 4 e y) Tt o y) 22 4 o y)

o (6.5)

Ta(@.y) 5o+ wl@y) u,y) = 9(z9)
where QO(x7 y)> q1 (iIZ’, y)7 P (.I', y)? qs3 (Q?, y)? Q4($, y) and gs (Q?, y) are coefficient func-
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tions, and boundary conditions

ula,y) = aiy), wlby) = Fily), ulr,c) =a(z), ulr,d)=pFhz). (6.6)

Define the collocation solution in the rectangle (i, j) to be of the form
3 3
ub? (x,y) Z Z ak]ka 5 (Y), (6.7)

p=1 k=1

We discretize in the y variable as ¢ = y; < y» < ... < yy41 = d. Each rectangle

(i, iv1] X [y;,y;41] is mapped to [0,1] x [0, 1] by

r — T; — UY;
and ,22:y Yi

hq hy

21 =

(6.8)

where h; and hsy are the uniform spacing in the x and y directions, respectively.

We can write the collocation solution (6.7) as

3 3
u (21,) = 3 AT Bu(ar) By(=2), (6.9

where aki _, are the coefficients to be determined. We note that our modification

to the basis functions used in [52] ensures that continuity is automatically embed-

ded in the collocation solution and avoid difficulties in indexing the coefficients
pti—1

a;;_;- Hence the computational cost is significantly reduced since the number of

unknowns is (M + 2)(N + 2). Therefore equation (6.5) can be re-written as

3 3
ds p+j—1 // At 7
72 > D arin Biz) E E ayliZ1 Bi(=1) By(z)

k=1 p=1 k=1 p=1
3
p+j—1 p+j—1 /
ZZ%Z 1 Bi(z1) ZZ abiint Bi(21) By(21)
h1h2
k= lp— k= 117 1
3
p+] p+j—1
E E gt Bk (21) 22 + Qo E E Qi1 By, (21 Bp<22)
k=1 p=1 k=1 p=1

= g(x; + hz1,y; + hoz), @ = @ (2 + hi21,y; + hoze), 7=0,1,2,...,5
(6.10)
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and the boundary conditions are transformed into
\

3 3 ,
kZ 231 aiﬂ_l Bi(0) By(22) = a1;(y + hoza),

=1p=

3 .

kZ_: 2—31 @iijN_—l1 By (1) Bp(22) = Bi1(y + haza),

o (6.11)
Z Z a£+z—1 Bk(zl) Bp(O), = 042,1'@ + h121)7
k=1p=1

33 p+M—1
kZ: 2:1 Aprio Bi(z1) By(1) = Bai(z + hi21).

=1p= )

Equation (6.10) is then evaluated at the collocation points (0.5,0.5) coupled with
the boundary conditions to get a linear system of (M + 2)(N + 2) equations in

(M + 2)(N + 2) unknowns. The solution to the differential equation is obtained

by substituting the coefficients a} 7~} back into equation (6.9).

6.2 Convergence of the Method

[h1,h2]

The order of convergence is checked numerically using log, [%] where the
€l|loo

components Of e are given by
eijj:ui’j—Um, i:1,27...,N, j:1,2,...,M,

u;; and U;; are exact and approximate solutions at the nodes, respectively, and

el = max e, ], (6.12)
j=1.2.."M

using h; for spacing in z direction and hy for spacing in y direction. The nodes

are the vertices of the grid.

6.3 Numerical examples

In this section, we illustrate our method with examples on partial differential
equations in two spatial variables. We shall take Ax = h; and Ay = hy along x
and y directions, respectively.
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Example 6.1: We consider the partial differential equation [57]

0*u  0*u  Ou @

I T Wi = 6.13
92 T oz T on T gy ~ I Y) (6.13)

with the boundary conditions
w(0,y) =0, u(l,y) =0, u(z,0)=0, wu(z,1)=0, (6.14)

where the source term
g(z,y) = 3e* T (*(18y* — 4y — 5) + x(5 — 8y* — 6y) — (3y> — 3y)) .
The exact solution to this problem is
u(z,y) = 3zy V(1 —2)(1 —y). (6.15)

We obtain the discretization of equation (6.13) when ¢s = ¢4 = ¢ = ¢ = 1,
q3 = go = 0 in (6.10) and that of the boundary conditions (6.14) when a; = 5 =
ay = [y = 0 in equation (6.11). The source term g(z,y) is evaluated at points
(z; +0.5hy,y; +0.5hy), i =1,2,...,N, j=1,2,..., M.

Figure 6.2 shows a 3D surface plot of the exact solution (shaded) and approximate
solution (mesh) superimposed on each other. In Figure 6.3, the contour curves for
the approximate solution (coloured dots) are overlaid on that of the exact solution
(solid curves). It shows that both solutions match very well at all points in the

x — y plane. In Figure 6.4, the error is presented.
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Figure 6.2: 3D plot of the approximate solution when Az = Ay = 0.02.
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Figure 6.3: Contour plots for the exact and approximate solutions when Az =

Ay = 0.03.
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Figure 6.4: 3D plot of the error when Az = Ay = 0.02.

In Table 6.1, we compared our results with that of [57] and show that our method
gives less absolute error. Hence the present work is better than that of [57]. Ta-
ble 6.2 shows that the convergence rate is 2 and Table 6.3depicts the computational

times in Julia v1.11 [11].

Table 6.1: Comparison of Absolute errors with that of [57] when y = 0.5, Az =

Ay = 0.02.

x Present [57]

0.1 0.000482 0.001070
0.3 0.001269 0.003409
0.4 0.001550 0.004316
0.5 0.001727 0.005043
0.6 0.001766 0.005607
0.8 0.001299 0.006468
0.9 0.000750 0.006931
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Table 6.2: Convergence rates for example 6.1 when Ax = Ay = 0.02.

i

Y 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.1 1.9993 1.9993 1.9994 1.9994 1.9994 1.9994 1.9994 1.9993 1.9992

0.2 1.9993 1.9994 1.9994 1.9994 1.9995 1.9995 1.9995 1.9995 1.9994

0.3 1.9993 1.9994 1.9994 1.9995 1.9995 1.9996 1.9997 1.9997 1.9997

0.4 1.9993 1.9994 1.9994 1.9995 1.9996 1.9997 1.9998 1.9999 2.0000

0.5 1.9993 1.9994 1.9994 1.9996 1.9997 1.9998 2.0000 2.0002 2.0004

0.6 1.9992 1.9993 1.9994 1.9996 1.9998 2.0000 2.0002 2.0005 2.0008

0.7 1.9991 1.9993 1.9994 1.9996 1.9998 2.0001 2.0004 2.0009 2.0014

0.8 1.9990 1.9992 1.9994 1.9996 1.9999 2.0002 2.0007 2.0013 2.0021

0.9 1.9988 1.9990 1.9993 1.9996 1.9999 2.0003 2.0009 2.0018 2.0032
Table 6.3: CPU computation times for example 6.1 in seconds

N CPU time (s)

10 0.194180

20 0.238544

30 0.237030

40 0.369534

50 0.852913
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Example 6.2: We consider the Poisson equation (example 4 of [57]),

Pu  u
— —_— .1
02 " op g(z,y), (6.16)
with the boundary conditions
w0,y) =0, wu(l,y) =0, u(z,0)=0, wu(z,1)=0, (6.17)

where the source term g(z,y) = 0.5zxy(zy + z + y — 3)e@Hy+05),

The exact solution to this problem is
u(w,y) = 0.250y(1 — x)(1 — y)e oo, (6.18)

We obtain the discretization of equation (6.16) when go = ¢ =2 =¢q3 =0, g4 = 1
and ¢s = 1 in (6.10). The boundary conditions and the source term are discretized
in a similar way as in example 6.1.

Figure 6.5 shows the mesh plot for the approximate solution together with the 3D
plot of the exact solution. In Figure 6.6, the contour curves for the approximate
solution (coloured dots) are overlaid on that of the exact solution (solid curves).
The figure shows that both solutions match very well. Figure 6.7 displays the 3D

plot of the error.
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Figure 6.5: 3D plot of the approximate solution to example 6.2 when Az = Ay =

0.02.
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Figure 6.6: Contour plots for the exact and approximate solutions to example 6.2

when Az = Ay = 0.05.
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Figure 6.7: 3D plot of the error for example 6.2 when Az = Ay = 0.02.

Table 6.4 shows the computation times for different number of number of partitions
of the computational domain. Time increases as N increases. Table 6.5 shows that

the convergence rate is approximately 2.

Table 6.4: CPU computation times for example 6.2 in seconds

N CPU time (s)
10 0.163356
20 0.199027
30 0.240362
40 0.299560
50 0.599808
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Table 6.5: Convergence rates for example 6.2 when Ax = Ay = 0.02.

i

Y 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0.1 2.0005 2.0005 2.0005 2.0006 2.0006 2.0006 2.0007 2.0007 2.0008
0.2 2.0005 2.0005 2.0005 2.0006 2.0006 2.0006 2.0007 2.0007 2.0008
0.3 2.0005 2.0005 2.0006 2.0006 2.0006 2.0006 2.0007 2.0007 2.0008
0.4 2.0006 2.0006 2.0006 2.0006 2.0006 2.0007 2.0007 2.0007 2.0008
0.5 2.0006 2.0006 2.0006 2.0006 2.0007 2.0007 2.0007 2.0008 2.0009
0.6 2.0006 2.0006 2.0006 2.0007 2.0007 2.0007 2.0008 2.0009 2.0010
0.7 2.0007 2.0007 2.0007 2.0007 2.0007 2.0008 2.0009 2.0010 2.0011
0.8 2.0007 2.0007 2.0007 2.0007 2.0008 2.0009 2.0010 2.0011 2.0013
0.9 2.0008 2.0008 2.0008 2.0008 2.0009 2.0010 2.0011 2.0013 2.0017
Example 6.3: In this case we consider the equation [43]
du ) 0*u ) 0*u du
S ) g ey, 9t - t), (6.19
5~ (@ 1) 55 =T+ )(9y2 3y (z +y) ulz,y) = g(z,y,t), (6.19)
with the initial condition
u(z,y,0) = 2sin(7x) sin(my) (6.20)
and boundary conditions
w(0,y,t) =0, w(l,y,t)=0, wu(z,0,t)=0, wu(x,1,t)=0. (6.21)
The exact solution is
u(z,y,t) = (1 + e ") sin(mz) sin(my). (6.22)
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The function g(x,y,t) can be obtained by substituting the exact solution into
equation (6.19). We apply the Crank-Nicolson technique to discretize equation

(6.19). This gives

3

At >
|:1 B (ml -+ hlzl + yj + hQZQ :| ZZCLZI_? 1 ntl Bk<21) Bp(ZQ)

k=1 p:l

At S n ,
(Y + ho2) > > alTTT I Bi(z1) By (2)

" 2hy
k=1 p=1

At 3 3

~ ((z; + hiz1)? + 1) Z Zaﬁiﬁ DB (1) By(2)
k=1 p=1

At 3 3

~on (g + h22)* + 1) Y Y al i7" Bi(z1) By(2)
k=1 p=1

3

At > n
= |:1 + —(SL’@ + hiz1 + Y; + hQZQ :| Z aiiﬁ 11 Bk 21) Bp(ZQ)
1

2 k=1 p= (623)

3

At ° ,
+ — y] + hazs) ZZC‘ZTJ 1 " Bi(z1) BP(ZQ)

2hs
k=1 p=1
At 3 3
th (w4 M)+ 1)) Y alii7 1" Bl(z1) By(z0)
k=1 p=1
At 3 3
1n

e b+ )33 B G

At
+ 7[9(371 + hi21, Y5 + haze, tn) + g(2; + haz1, Y5 + hozo, thg)),

1=1,2,...,N, j=1,2,..., M.

The boundary conditions in (6.21) and the source term g(z,y) are treated in a
similar way as in example 6.1.

The approximate and the exact solutions are displayed together as a mesh and
3D surface respectively in Figure 6.8. In Figure 6.9, we show that both solutions
match very well on the x —y plane with coloured dots representing the approximate
solution and solid curves representing the exact solution. Figure 6.10 shows the 3D
plot of the error. In Table 6.6 the convergence rate is 2. Furthermore, Table 6.7
shows that the time-dependent two-dimensional partial differential equation takes
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longer time than the time-independent ones.

Figure 6.8: 3D plot of the approximate solution to example 6.3 at ¢ = 1 when

Az = Ay = At = 0.02.
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Figure 6.9: Contour plots for example 6.3 at ¢ = 0.5 when At = 0.02, Az = Ay =

0.05.
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Figure 6.10: 3D plot of error for example 6.3 at t = 1 when Az = Ay = 0.02.

Table 6.6: Convergence rate at t = 1 when Ax = Ay = At = 0.025.

T

Y 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.1 1.9911 1.9912 1.9913 1.9914 1.9916 1.9918 1.9919 1.9920 1.9921
0.3 1.9912 1.9913 1.9914 1.9916 1.9917 1.9919 1.9920 1.9922 1.9923
0.4 1.9913 1.9914 1.9915 1.9916 1.9918 1.9920 1.9921 1.9923 1.9924
0.5 1.9914 1.9915 1.9916 1.9917 1.9919 1.9921 1.9922 1.9924 1.9925
0.6 1.9916 1.9916 1.9917 1.9919 1.9920 1.9922 1.9923 1.9925 1.9926
0.8 1.9917 1.9917 1.9919 1.9920 1.9921 1.9923 1.9925 1.9926 1.9927
0.9 1.9917 1.9917 1.9918 1.9920 1.9921 1.9923 1.9924 1.9926 1.9927
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Table 6.7: CPU computation times for example 6.3 in seconds

N CPU Time (s)
10 1.335024

20 1.514066

30 2.314410

40 5.632195

50 14.934014

6.4 Discussion of Chapter 6

We have shown that partial differential equations involving two spatial variables,
and ones that also include a temporal variable can be solved efficiently using the
modified quadratic B-spline OCFE. This simplified version of B-spline basis func-
tion has the advantage that continuity is built in and generates a smaller linear
system. Hence it makes our work easier and computationally faster than the origi-
nal B-spline basis functions, We also showed that our results compared favourably
with exact solutions and existing work in the literature. In the next chapter, we

discuss cubic B-spline OCFE and it’s application to differential equations.
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CHAPTER SEVEN
CUBIC B-SPLINES ORTHOGONAL COLLOCATION
ON FINITE ELEMENTS
In this chapter, we present the cubic B-splines OCFE method and demonstrate it’s
efficiency for solving third-order PDEs. We consider the KdV-Burgers’ equation,
the Burgers’ equation using Gauss’ points, cases of KAV equation with exact solu-
tion and without a known solution, and fractional differential equations. Various

numerical experiments are performed to demonstrate the suitability of the cubic

B-splines OCFE method.

7.1 Cubic B-spline basis

A spline of order k£ = 4, which is a linear combination of third-degree polynomial
bases, is called a cubic B-spline. Hence following equation (2.4), the required cubic

B-spline basis on [0, 1] are

Bi=(1-2)° By=32(1-2)% B3;=322(1—2) and B,=z% (7.1)

The cubic B-spline basis functions on [0, 1] are graphically shown in Figure 7.1.
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Figure 7.1: Cubic B-spline basis functions on [0, 1].

Figures 7.2, 7.3 and 7.4 show the continuities of the cubic B-spline basis functions,

their first and second derivatives across the boundaries x;,1 to x;., respectively.
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Figure 7.2: Continuity at the boundaries.
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Figure 7.4: Second derivative continuity at the boundaries.
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7.2 Derivation of the cubic B-spline OCFE method

Consider solving a third order linear differential equation in one spatial variable x
on (a,b)

Y"(2) + \Y"(2) + WY (@) + nY () = f(2), (7.2)

subject to the boundary conditions

Y(a) =ca, Y'(a)=~, Y(b) =5 (7.3)

Suppose the interval [a,b] is partitioned into N finite elements with nodes given
by x; =a+ (i —1)h, i =1,2,...N + 1, where h is the uniform spacing. For every
x € [x;,;41], we transform z into z € [0, 1] via

r — T r — T;

(7.4)

Z= = ,
Tiv1 — T h

such that the collocation solution denoted by Y7 in the i** element is given by
4
Vi) =Y'(z) =) biBi(z), i=12...,N+1 (7.5)
j=1

We now require continuity at the internal boundaries such that

V(1) =Y (@i40), (7.6)
R g
wrl, =i 79
Equations (7.6)—(7.8) lead to
byj—a = byj_3, (7.9)
bgj—1 = 2b3j_2 — b3j3, (7.10)
bsj = b3j—4 — 4bsj—3 + 4b3; 2, (7.11)
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where j = 2,3,..., N. Therefore, discarding the superscript j, we write the collo-

cation solution as
4
Y(2) = birs-1Bi(2). (7.12)
k=1

The boundary conditions in (7.3) become

b1 = (713)
by — by — % (7.14)
b3N+1 = B (715)

Substitute (7.12) into the differential equation (7.2), evaluate at the collocation
points z = 0.5 on each interval together with equations (7.10), (7.11), (7.13),
(7.14) and (7.15) to get a 3N + 1 linear system of equations that contain 3N + 1
unknowns. The solution of this system will be used to compute the solution to the
differential equation. The solution at nodes x; is given via Y (x;) = bs;_».

We now illustrate our method with some applications to solving partial differential

equations in the next section.

7.3 Application of the Cubic B-Spline OCFE to KdV-Burgers’

equation

The third-order KAV-Burgers’ equation [67] combines KdV [54] and Burgers’ equa-
tions. It is given by

Uy = — €Uy + Vg — Ullgry (7.16)
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We substitute a modified version of (7.12), where the coefficients are functions of

t, into (7.16) and obtain
Z bk+3(7, 1) h3 Z btsi-1)(t) By (2) 7z Z brtsii-1)(t) By (2)

(Zbk+3”> )(me“ %)):o, i=1,2,...,N.

(7.17)
Applying Crank-Nicolson method together with quasilinearization (similar to sec-

tion 3.1) yields

Z(l‘{'ﬁzbwﬂﬂl By(2)

k=1

eAt [
+% z_;bk+3(i1)(tj)Bk(Z)

4
pAt vAt .
— kz:; _Bk(z) 2h3 B,Z/( ) + 2_h2 B”( )} bk+3(i71)(tj), 1=1,2,...,N.

AL
By (z )+2_h3 By (2)

vAt
By(z) — oz B,Z(z)) brts(i—1) (tj+1)

(7.18)

We now solve equation (7.16) with different values of the parameters e, p and v.

Example 7.1: We consider the case of equation (7.16) when ¢ = 1 with the exact

solution

612 612t 1 v 612t 2

t) = 1 4 tanh — - h( — -
ule,?)  25p ( o (10u (:H 25u)) 2 (Sec (10u (x+ 25u))) )
the initial condition
(,0) 6 (i (25) L (seen (22)) (7.20)
u(z,0) = an — = [ sech | — :

’ 25 104 2 10u ’

and the boundary conditions

u(—50,t) =0, u(50,t) =0 and u,(50,t) = 0. (7.21)

A 3D plot of the approximate solution and error are depicted in Figure 7.5 and
Figure 7.6, respectively when p = v = 1. The error is shown for various values of
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N = 50,100, 200, 300, 400 and 500. The time step for each N is At = }V—O. It is seen
that the OCFE method using cubic splines produces a highly accurate solution for
moderate values of N. This shows that this method gives a good approximation

of the exact solution.

U, t)

Figure 7.5: 3D plot of the approximate solution for example 7.1 when N = 50.
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Figure 7.6: 3D plot of error of KdV-Burgers; equation when N = 50, 100 (top:

left to right) N = 200, 300 (middle: left to right) and N = 400, 500 (bottom: left

to right).

Example 7.2: A case of the KdV-Burgers’ equation whose exact solution is not

known in the literature is considered. We use £ = 0.2, ¥ = 0.2 and g = 0.1 with

the initial condition [76]
1 |z| — xo
u(z,0) = 5 1 — tanh y , (7.22)

and boundary conditions

Uy (—50, 1) = 1, (150, ) = u,,(150,t) = 0. (7.23)
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We solve the problem using the OCFE method with N = 300 and compare the
solution with the results obtained using the Mathematica v13.1 NDSolve built-in
solver. We note that the value of N = 300 is much smaller than the value of

N = 4000 used in [76]. The results are presented graphically in Figures 7.7 and

7.8.

Figure 7.7: Comparison of OCFE solution (dots) and Mathematica built-in solver

(solid line) at different times.
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Figure 7.8: 3D plot for the KdV-Burgers’ equation when N = 300, ¢t = 800.
The results in Figure 7.7 demonstrate that the OCFE method produces results

which match the solution produced with Mathematica.

7.4 Burgers’ equation

In this section, we use the cubic B-spline OCFE method to solve the Burgers’

equation
Up = Vlgy — Ully, (7.24)
with the boundary conditions
u(a,t) =0, u(b,t) =0, (7.25)
and the initial condition
up(z) = u(z, 1) (7.26)
The exact solution is
(7.27)




where 7 = exp(g;)-

The discretization of equation (7.24) is done along similar lines of (7.16) by setting
pw=0in (7.18).

In order to use cubic B-spline OCFE to solve the Burgers equation, we require
evaluation at an additional collocation point to ensure a linear system of equations
that has a unique solution. We choose roots of the shifted Legendre polynomials
as our collocation points. We map [—1, 1] to [0, 1] using the linear transformation
T :z— 2z —1. Thus we consider the roots of the shifted Legendre polynomial of
degree 2 given as

Py(z) = 62* — 62 + 1. (7.28)

The roots are +(3 — v/3) and (3 + /3). We use z = 0 in the first element and
z = 1 in the last element, which corresponds to the global domain, to satisfy
the boundary conditions. In addition we use z = §(3 — v/(3)) in each element
as collocation points. This yields N + 2 equations. These coupled with the first
and second derivative continuity conditions at the boundary of the elements give
an additional 2(N — 1) equations. We choose the additional collocation point
3+ v/(3)) in the first element for a total of 3N + 1 equations.

A 3D plot of the approximate solution is shown in Figure 7.9 and that of the error
is shown in Figure 7.10. Furthermore, Table 7.1 displays the convergence rates for

the cubic B-spline solution of the Burgers’ equation.
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Figure 7.9: 3D plot of the approximate solution to the Burgers’ equation at N =

50.

Figure 7.10: 3D plot of error for the Burgers’ equation when N = 50.
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Table 7.1: Convergence rates for the Burgers’ equation with cubic B-spline when

v =0.005, N = 50 and At = 0.02.

T Rate T Rate

0.10 3.6130 0.66 1.5175
0.20 3.2835 0.70 2.0226
0.30 2.8957 0.84 3.5850
0.40 2.4770 0.90 1.9268
0.50 1.9545 0.96 3.2883

Figure 7.10 shows that the cubic B-spline OCFE gives less error and more accurate
than the quadratic B-spline version in Figure 3.2 at the Gauss points. Also the
convergence rates for the cubic Bspline case in Table 7.1 are higher than that of
the quadratic case in Table 3.1. Hence the cubic B-spline performs better than

quadratic OCFE for the Burgers’ equation.

Note 7.1: Greville points [33] can also be used in place of Gauss points as collo-

cation points for the cubic B-spline solution of the Burgers equation.

7.5 KdV equation

In this section, we use the cubic B-spline collocation to solve the KdV equation

Up = — €Uy — [MUpzs, (7.29)

with initial condition

u(z,0) = ¢(x), (7.30)
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and boundary conditions

u(a,t) =0, u(b,t) =0 and wu,(b,t) = 0. (7.31)

The discretization of equation (7.29) is done along similar lines of (7.16) by setting
v =01in (7.18).

In order to use cubic B-spline OCFE to solve the KdV equation, we require evalu-
ation at a collocation point per interval together with the continuity and boundary
conditions to make a linear system of equations that has a unique solution. We

consider the root of the shifted Legendre polynomial of degree 1 given as

Pi(z)=2z—1. (7.32)

We choose the point z = 0.5 as our collocation point.

Example 7.3: The third order KdV equation obtained when ¢ = 1, u = 4.84 x

10~* [66] with initial condition

u(z,0) = 3cysech?(zcy + ¢y), (7.33)
and boundary conditions
u(0,t) =0, u(2,t) =0 and u,(2,t) =0, (7.34)
has the exact solution
3cisech? (xey — tes + ¢y), (7.35)
where ¢; = 0.3, ¢ = 0.5 %, c3 = c1ecy and ¢q4 = —6.0.

The graphs of the approximate solution, profiles at different times and the error

are shown in Figures 7.11, 7.12 and 7.13 when N = 500 and At = 0.002.
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Figure 7.11: Plot of the approximate solution of KdV equation

Figure 7.12: Profiles of the KdV equation at different times.
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Figure 7.13: Plot of error for KdV equation

The convergence rate at time ¢ = 1 when N = 100 is shown in Table 7.2. As

expected the convergence rate is of order 2, which is in agreement with [20].

Table 7.2: Convergence rates for the KdV equation when N = 100, t = 1 and

At = 0.01.

T Rate T Rate

0.02 1.9045 1.08 1.9032
0.08 1.8808 1.20 1.9377
0.16 2.0459 1.38 1.9554
0.24 1.9187 1.58 1.9559
0.32 1.8978 1.70 1.9518
0.72 1.8564 1.86 2.2457
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7.6 Application of cubic B-spline to fractional differential
equations
In this section we approximate the solution of the fractional ordinary differential

equation

Diu(z) = =f(z), n—1l<a<n, (7.36)

with boundary conditions

u(a) = d3, u(b) = da, (7.37)

by cubic B-spline functions. We use the Caputo fractional derivative defined by

Du(x) = F(nl— o) /: dz;ggf) (=& 7%, n—1<a<n, (7.38)

where a € R and n € N. We shall consider the case n = 2 only. This gives

Dou(zx) = ﬁ /:(x Ot (ds, 1<a<?, (7.39)

Let I; = [z;,xi11] C [a,b] be an interval. Suppose the exact and approximate
solutions of equation (7.36) are u(x) and wu.(x) respectively. In the interval I;, we
assumed that

u(@) ~ul(x) = brsi-n Br(x). (7.40)
k=1

Therefore equation (7.39) can be written as

- 4
Dgu(x) = ﬁ/ (ZL‘ - 5)1—0( Zbk+3(l—l)Bg(§) dg, l<ac< 2, (741)
a k=1
where x; = a+ (i — 1)h, h = ;41 — ;,
3

me-(1-52) = so-50-5%), 0w

2

mO-3(52) (1-557) = mo-5 (5 -2),

(7.43)
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(7.44)
and
§ — ’ " 6 5 — T
B = B 4
(© ( ) = Blo = (5 (7.45)
i—1 4 I
Diu(x) = T2 —a) [Z Z br+3(j—1 / By(§)(x — &) d¢
b (7.46)
£ b [ w—erenie g
Therefore, equation (7.46) becomes
1 i—1
iju(x) = m [Z_; [bgj,QJ1 -+ bgjfljz -+ b3jJ3 -+ b3j+1e]4]
. (7.47)
+b3i o1 + b3i—112 + b3il3 + b3i+1[4] )
where
Tj+1
- / B(€)( — €)1~ de, (7.48)
:/ By(& yrrde, k=1,2,3,4. (7.49)
Using

n@) = [ @-gred,
/xj (7.50)

e e 1 O RN TR
o) =3 [ -9 - de
= Gy [ ) ) = B (e )]
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We have

5= 150 — 92(0)), (7.52)
T2 = 25 (30a(a) — 201(2)) (7.53)
Ty = 15(61(2) = 302(2), (7.54)
Ty — %gg(a:). (7.55)
Similarly,
I = 5 (5(2) — 5:(0)), (7.56)
b = 15 (30:() — 20:(2), (7.57)
I = 5 (31() — 3:(0)) (7.58)
I = %gz(x), (7.59)
where
gi(x) = /:(x — &' de = = a)l(?) 2 [(z —2:)* (3 - a)], (7.60)
wle) = ¢ [ 0= m) de = e e a0
Let z € [z;,24,1] where for i = 1,2,..., N.
z—x;=(i+z—j)h, (7.62)
and
v —xjp=(i+z—j—1)h (7.63)
Therefore,
() = Pa[B-a)(itz =g = (42— —1P)], (169
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(7.65)
—B-a)(i+z—j—1)""],
G1(2) = Py(3 —a)2*™, (7.66)
G2(2) = Pp2®™°, (7.67)
where P, = % We can now say that

Ji(z)=Ra [B—a)(i+z—j) "= (i+2—5)" "+ (i+2—j—1)°"°], (7.68)

Jo(2) = Ro [B(i+2— ) =3(i+2—j -1 *=2B-a)(i+ 2z —j)**

—B=a)(i+z—j—1)""],

(7.69)
J3(z) = Ra [B—a)(i+2z—j)" " +2B-a)(i+z—j—1)""

(7.70)

+3(i4+2—j— 1) =3(i+ 2 —j)*°],

Ju(z) =Ra [(i+2—j) "= (i+z—j—1)""

(7.71)

—B-a)(li+z—j—1)].

Similarly,

Li(2) = Ro [(3— a)2** = 2°7], (7.72)
I(2) = Ry [32%7% = 2(3 — )2**] , (7.73)
I3(2) = Ro [(3 — a)2*™® = 32%79] (7.74)
Ii(2) = Ro2*™, (7.75)

where R, = %. Substitute equations (7.68) - (7.75) into (7.47), we have

i—1 4 4
1
Dou(w; + hz) = =o—— |3 Y beesg-nJe(2) + > brasi—Ie(2) |
[(2-a) j=1 k=1 k=1 (7.76)

i=1,2,3...,N
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Let

1
J,::R—Jk,
o (7.77)
1
II=—1I, k=1,23,4
k Rak ) “y

Therefore

i—

Dou(z; + hz) =

1 4 4
> bisgn i) + Y bk+3(,-_1)l,j(z)] 7
1 k=1

a) 7j=1 k=1
Ma L 4
[ Z brtsii—1)Jp (2) + Z bk+3(¢—1)12(2)] , (7.78)
7=1 k=1 k=1
1=1,2,3...,N.

The boundary conditions in (7.37) become

by = 63, bsni1 = 1. (7.79)

We then incorporate equation (7.78) into (7.36) by substituting it into the left hand
side. Thus we evaluate the resulting equation at point z = 2; for all intervals and
another point z = 2, in the last interval to get N + 1 equations. These equations
together with the continuity equations (7.10), (7.11) and boundary conditions in

(7.79) give a square linear system of size (3N + 1) given by

M,Sb=f, (7.80)
where S is a square matrix, b = [by, by, ..., bans1]T, £ = [f1, fo, -, fne1, 0, ..., 0,03, 64]7
and M, = Gh . When z; =1 and 29 = %, the matrix S for N =2 is S = 63T
where T is
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1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 m 0 np— oy n— 0 0 0 0
0 0 0 0 @ 0 np— oy n— 0

mg— 0 0 0 0 0 0 0 0

0 0 m ng— 0 0 0 0 0
0 0 0 0 0 m nmg— m 0 0
9 9 w81 081 81 06 o0SET o0SET »0GET

©9
£-0gCle  (OPS—18)gwel  (EVE—P80T)g-wzl (oEPS—6CL)g— 0zl  (6CL—098F— 140

THOLE80T—) g0zl (LE—P9E+ 74 0E—O0ET) g 0g0le  (0GVE— BT H0IT)g-0z0le  (0GLEOTSHDLGLELE— 1 40SVEET—DnSTC (0GLEPIE—D 5 CLIST+ 0 CTET0THO uCF00LT) g—0z8  (0GL6TLF 0STGLIFO LGTOSET—) ¢—vgl

O O O 9 ©9 ©9 08T 08T 08T ©8T
£-0gLT (Or6—18) g0l (72—0801) g0l (o€7e—62L) g—nzC (6220987 — | 4+ 0EGETHOLES0T—) g—vgh (L2—096+ g+ 08— 08T) g—0gTLT (L2+98T—o8) g—0glLT
09 09 09 09
0 0 0 0 0 0 £—0g0LT (o72—18) g0 (€72—0801) ¢ — vz (OV5—G€T)g—vgT
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63~ *h T (4—a

and w = 5 ) The solution to the fractional differential equation (7.36) is

then obtained via equation (7.40).

Example 7.4: Consider the fractional ordinary differential equation

d®u(x) 37
= 1 2 .82
Ta Ti—a) <a<?2, (7.82)
with the exact solution u(z) = $2* and boundary conditions u(0) = 0 and u(1) =

3

We shall use the cubic B-spline OCFE to obtain it’s numerical solution. Figure 7.14
shows that the exact and the approximate solutions are in good agreement. In
Figure 7.15, the error is shown when o« = 1.5 and N = 50. The collocation point

used are 2; = (3 — v/3) and 2 = 1.

Figure 7.14: Numerical solution example for 7.4 at N =50 and o« = 1.5.

134



2.50x10712 |
j \K

2.00x16 12 |
1.50x10° 2 | i %
1.00x10° 22 | /
5.00x10 2 | [ .

I \"\\

\'\.
f R
0 %
N
0.00 0.25 0.50 0.75 1.00

X

Figure 7.15: Error for example 7.4 at N = 50 and o = 1.5.

The numerical solution in Figure 7.14 and the error in Figure 7.15 shows that the

cubic B-spline OCFE can solve partial differential equations of fractional order in

space when the order is 1 < a < 2.

Example 7.5: We consider the linear fractional diffusion equation

@—I‘(él—a)xa O

5 s +Tu=2az’t, l<a<?2,

with initial condition
u(z,0) = 2* — 2°

and boundary conditions

ur(0,t) =0,

uz(2,t) = —8e™".

The exact solution is u(z,t) = (z* — 23)e".

The discretized form of (7.83) is

I ) 2

TAt] At . TAt] . At At
{1 + —} W — =Dl = [1 — —} ul + —m;Doul + —
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(7.83)

(7.84)

(7.85)

T
(7" 4 7)),

(7.86)



where m(z) = T'(4—«) % and r(x,t) = 2ax?e™". The 3D plot of the approximate
solution to this example is shown in Figure 7.16 and that of the error is shown in
Figure 7.17. The collocation point used are z; = ¢(3— V3) and z, = 5. This means

that the cubic B-spline OCFE can solve fractional differential equations efficiently.

Uz, t)

Figure 7.16: 3D plot of the approximate solution for example 7.5 when o = 1.5,

N =50 and At = 0.02.

-2.0%x10°°8
—4.0%x10°0

—6.0x10°°

—3_0)(1(]560

Figure 7.17: Error for example 7.5 plot when o = 1.5, N = 50 and At = 0.02.
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We compare the absolute errors and convergence rates of the cubic and quadratic
B-spline solutions of fractional differential equation of order 1 < a < 2. The
absolute errors for the cubic B-spline cases in Figures 7.15 (ODE) and 7.17 (PDE)
are less than that of the quadratic B-spline cases in Figure 5.2 and 5.10 respectively.
Hence the numerical solution of the fractional differential equations of order 1 <
a < 2 using cubic B-spline OCFE gives better accuracy than the quadratic B-spline

OCFE.

7.7 Application of the cubic b-spline for space fractional
differential equation of order 0 < a < 1
In the case of space fractional derivative of order 0 < o < 1, we employ a similar

approach used in the previous section. The Caputo space fractional derivative of

order 0 <a<1is

Dou(z) = ﬁ / oo uw(©)de, 0<a<l. (7.87)

This can be approximated by

i1
1
ch“u(:z:) = m [Zl [b3j72¢]1 + b3j,1z]2 + b3jJ3 + bgj+1:]4]
= (7.88)
+bsi—ody + bzi—11 + b I3 + b3i+1I4] )
where
ZTj+1 ,
= [ B¢ ds (7.89)
= [ BUO@-¢ds k=123 (7.90)
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Let

1

ta(z; — 2401) B2 — 75) + 2(x — 25)) + 6(2 — 75)(vj01 — 7))

+2(z — zj41)%] — 2(z — 2;)° 7] .

We can now compute Ji, k = 1,2, 3,4 as follows:

(@) =2 [u(w) + 200() — 2],
Tow) = 2 lon() — a(a) + 35 (2],
Jo(r) = 5 20s(r) — B0s(a)],

h

Ti(r) = 3 [os(a)].

Similarly,

138

" (a—1)(a—2)(a—3)h? [(@ = 2j00)"" [ — 2551)%

(7.91)

(7.92)

(7.93)

(7.94)
(7.95)
(7.96)

(7.97)

(7.98)

(7.99)



1 X
g3(x) = [ (@ =& (€~ x;)? dé,
h /xl . (7.100)
=D 2@ _gye 2w
Then I, k= 1,2,3,4 are also obtained as follows:
I@) = 2 [-0:(@) + 29(x) — ga()] (7.101)
B(a) = [51(x) — 4ga() + 3g5(x)], (7.102)
I(2) = > 232(x) ~ 35(2)] (7.103)
L(w) = 5 (o). (7.100)
Therefore,
g(2)=Pu(a=3)(a=2)((i+2—j—1""—(i+2—5)"7), (7.105)

go(2) =Po((i+2—7—1)" " (a=1—i—z+j)+(i+2z—75)"") (a—3),
(7.106)

g(2) =P [(a®—a (3+2i+22—2j)+6i+62—6j+2(i+z—35—1))

(i+z—j—-D""=2(@+2—4)7"°].
(7.107)
G1(2) = Py(— (o —2) (o — 3) 2179, (7.108)
G2(2) = Pa((a — 3) 2279, (7.109)
G3(2) = Py(—22%7%). (7.110)

hlfa
(a—1)(a—2)(a—3) "

where P, =
Ji(2) = Ry [~ (= 3) (@ — 2) ((i+z—j—1)1_a—(z’—i—z—j)l_a)

+2 ((i+2z—5-1)"" " (a—1—i—z+j)+(i+2—5)") (a@—3)

—(a*—a (3+2i+22-27)+6i+62—6j+2 (i+2—j—1)%)

x(itz=j—1""+2(>+z-5)""],

(7.111)
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Jg(z):Ra[(a—B)(a—Q)((i+z—j—1)l (z—l—z—]) a)
—4 ((i+z—j—1)17°‘(a—1—i—z+j)+(i+z—j)27a) (o —3)
+3(a*—a (34+2i+22—25)+6i+62—6j+2 (i+z—j—1))

X(i+z—j—1)""=6(i+2—j)""],
(7.112)

J3(2) = Ra 2 ((i+2—j—1)""(a=1—i—z4j)+(i+2-5)"")(a=3)
3 (a®—a(3+2i+22—-2j)+6i+62—6j+2(+z—35—1))

X(i+2—=j—=1)"7"46 (i+2—7)°""],

(7.113)
Ji(z) =Ro[(0® —a (34+2i+22—2j)+6i+62z—6
(7.114)
F2(i+z—j—1%)(i+z—j—1)""=2(+z-3)°""].
L(2)=Ra[(@—=2)(a=3)2"""4+2 (a—3) 2" +22°7], (7.115)
I(z) = R, [— (@ —2)(a—3)2""* 4 (a—3) 2" — 6z3*°‘} : (7.116)
I3(2) = Ry [2 (0 — 3) 22+ 62577, (7.117)
I4(z) = Ry [-22°7°], (7.118)
where Ra = %.
4
Diu(z; + hz) = Ti—a) ZZkaJ (2 +Zbk+32 nlk(2)]
j=1 k=1 (7.119)
i=1,2,3... N.
Let
1
J]: = R—Jk,
“ (7.120)
1
Ii= I k=1234
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Hence

[i—1 4 4
e Ra * *

Diu(x; + hz) = Ti—a) DO ks di(2) + Y brsa-nIi(2) |

Li=1 k=1 k=1 |

_a [i-1 4 4 7]
F<4 _ a) k+3(]—1) k k+3(7,—1) k 9

Li=1 k=1 k=1 |

i=1,2,3... N.

We shall now use the result of this derivation in the example below.
Example 7.6: Consider the space fractional KdV equation

ou_ o o
ot Euaxa M8x3

+r(x,t), 0<a<l, (7.122)

with e =1, p =1, r(z,t) = 6t + 23 + 2" the initial condition

T(d—a)
u(z,0) =0, (7.123)
and boundary conditions
w(0,t) =0, w(l,t)=1t, wu.(1,t)=3t. (7.124)

The exact solution to the fractional KdV equation is
u(z,t) = ta. (7.125)

Integrating equation (7.122) from ¢, to t,.1, applying the trapezoidal rule and

linearizing results in

At At
P e D S Dy

At At
Iu_un—H = u; — Iu_ugrm,z—i_

9 TXT,0 7 9

At

(7.126)
where n represents discretization in time and ¢ represents discretization in space.
We replace the fractional derivatives in equation (7.126) with (7.121). We then
evaluate the resulting equation at z = 0.5 for ¢+ = 1,2,..., N. These equations
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combined with continuity equations (7.10) and (7.11) and the boundary conditions

in (7.124) give a linear system for each time interval that has a unique solution.

1.00
0.75
0.50

0.25

D%ﬂu

Figure 7.18: 3D plot of the approximate solution for example 7.6 when a =

0.5, N =50 and At = 0.02.

0
_7
—2.00%10
-4.00%10"7
-6.00%10""
-8.00%10""
-1.00x10°°
-1.20x10°°

0.0

Figure 7.19: 3D plot of error for example 7.6 when o = 0.5, N = 50 and At = 0.02.
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Figures 7.18 and 7.19 show the approximate solution and error respectively, when

a = 0.5.

7.8 Discretization of the time fractional differential equa-

tion of order 0 < < 1

Suppose the time interval [to, ;] is divided into N partitions such that ty = ¢; <

ty < ...<tyy with At = % The Caputo time derivative of order 3 is

OPu(z,t) 1 ! _5_10™u(x,n)
i )ﬁ = ! = — m—p5 1—7
rule;t) otP I'(m —B) /tl (t=m) onm n, (7.127)

where m — 1 < 8 < m, m € N. We now follow the approach of [36]. At the point

tiv1,1=1,2..., N, equation (7.127) becomes

1 fit1 s 0™u(z,
Diu(x, tis) = m/ (tigr — )" 1#@7, m—1<f<m,
t1
1 ‘ ti+1 O"mu(x,m)
=Sy tigy —n)" Py,
(7.128)

When m = 1, we have

i

1 tit1 _g0u(x,n)
mz/t (tiz1 —n) ﬂa—ndn, 0<pB<1. (7.129)

]:1 J

Dtﬁu(ﬂfatiﬂ) =

We replace the derivative inside the integral with its forward difference formula.
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This gives

Diu(z, tis1) =

fi+1 w(z,tjpr) —u(x, t;)
ti _ -8 y bj+1 ) d
/t - (=) A7 m,

w(x, tiv1) — u(z,t; Bit _
n (, tiv1) —u(z, ;) / (trn — 1) Bdn} ,
t;

1 — _
- ZZ u(@, tjp1) — u(z,t;) ((tm —tj41) T = (tin — 1) ﬁ“)

AtT(1 - B) 1
u(z,ti1) — u(r, t;) <(ti+1 _ ti)_B—H)

J=1

AtT(1 = B) 1- 8
(7.130)

(o turs) = :z:; { T tJH 5)@:,@)} ((z’ —J+ 1)1215— (i —j)l_ﬁ) -

[““;;;;12 5

Therefore equation (7.131) can be concisely written as

At=8
I'(2-p)

i—1

3wl i) —ula, )] (- 5+ 1) = = 5) )| (7.132)

j=1

Diu(x, ti) = [U(xa tiv1) — u(w,t;)

1=1,2...,N.
This means that when i = 1, we ignore the term of equation (7.132) that contains
the summation sign. We shall now apply the result of this derivation in the next
example.

Example 7.7: Consider the time fractional KdV equation

9Pu ou Pu

with e =1, u =1, f(x,t) = 6t + 3t2x° + the initial condition

r(2

u(z,0) =0 (7.134)
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and boundary conditions
w(0,t) =0, w(l,t)=t, wu.(l,t)=3t. (7.135)
The exact solution to this problem is
u(z,t) =t (7.136)
Integrate (7.133) over [t,, t,41] to obtain

(DPu)"™ At = At [—gu;unﬂ - gunu;“ - gug;; . gu"x] 4 IAE (7.137)

Here we have used the right hand rectangular rule for the first and last terms and
trapezoidal rule for the rest which is O(At?). Further linearizing the non-linear

term in time at x; results in

DPu(zi, ) + S a4 Syt g Byt By ) (7.138)

9 @A 9t Tl 2 TXT,i 2 XTI,

where n and ¢ represent discretization in time and space, respectively. We now

replace the fractional derivative on the left hand side of (7.138) with

At
D} u(i tg) = T2=5) w(z, tpyr) — u(z, ty)
n—1
+ [U’(J"’m tj-i-l) - U(l’h t])] ((’I’L - j + 1)1_6 - (TL - j)l_ﬁ) )
j=1
n=1,2...,Nt, i=1,2...,N.
(7.139)
We obtain
At_ﬁ n+1 € n , n+l € n, n+1 H n+1 At_ﬁ n H n
mui Tgle gt T GU e T S g = muz — Ve,
At_ﬁ - i+1 i . 1— N1—
CT(2-5) Z(uﬁ —uj) [(n—j+1) b —(n—j) ’8]
=1 (7.140)

+ f(z; + hz, thyq),



Using the transformation z = 5%, we have
! AN w
> ( o Zbkﬂ (i-1)(tn) Bip(2) | Br(2) + o By (2)
k=1

4

Zbk+5 (i— 1) By (2)
B
{F( Bi(2) — 223 BY(z )} bt si-1)(tn)

zxt—ﬁ -«
" T2-p) Z (Z brysi-1) (tj41) Br(z Zbk’“ (1) (z)>

€

on

B;C(Z)> btaii—1) (tns1),

HPﬂﬁ

k=1
X [(n—=j+1)'"" = (n—=5)""] + flxi + hz, taia),

n=1,2...,Nt, i=1,2,...,N

Y ?

where h = ;11 —x;, N and Nt are number of intervals on x and ¢, respectively. We
evaluate equation (7.141) at z = 0.5 fori = 1,2, ..., N. These equations combined
with the continuity equations (7.10) and (7.11) and the boundary conditions in
equation (7.135) give a linear system for each time interval that has a unique

solution.

1.00
0.75
0.50

0.25

08%

Figure 7.20: 3D plot of solution for 7.7 when N = 50, § = 0.5 and At = 0.02.
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Figure 7.21: 3D plot of error for 7.7 when N = 50, g = 0.5 and At = 0.02.

Figures 7.20 and 7.21 display the approximate solution and errors respectively,
when 8 = 0.5. The fractional time derivative becomes the classical KdV equation
when 3 = 1. The absolute errors are less than or equal to 8 x 10~* in Figure 7.21.
This shows that cubic B-spline OCFE can be used to solve time fractional partial

differential equations.

7.9 Discussion of Chapter 7

In this chapter we have demonstrated that the cubic B-spline OCFE can solve
ordinary and partial and fractional differential equations. We also showed that
cubic B-spline OCFE with Gauss’ points as collocation point is better than the
quadratic B-spline OCFE. To the best of our knowledge, this is the first time that
cubic B-splines OCFE method has been used to solve fractional ODEs and PDEs.

The next chapter concludes the thesis.
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CHAPTER EIGHT

CONCLUSION

In this thesis, we derive and apply the orthogonal collocation on finite elements
method (OCFE) using the quadratic and cubic B-spline basis to obtain the nu-
merical solution of both ordinary and fractional ordinary and partial differential
equations. We solved linear and nonlinear ordinary differential equations with
the quadratic OCFE. The nonlinear ODEs were linearized and integrated via the
Crank-Nicolson technique. We applied the quadratic OCFE to solve Burgers’
equation and the modified Burgers’ equation.

Moreover, we extend the quadratic OCFE to accommodate non-uniform intervals
and use the Schrodinger equation as a case study. This leads to a coupled system
of nonlinear ODEs. We obtain results that are consistent with the exact solu-
tions for different soliton cases and show that the quadratic OCFE is suitable for
coupled ordinary differential equations. We discuss the consistency, stability and
convergence of the quadratic B-spline OCFE with respect to the aforementioned
applications.

Furthermore, we derive the fractional order derivative matrix based on the quadratic
B-spline OCFE to solve fractional differential equations of order o, 1 < v < 2. We
demonstrate its applicability to linear and nonlinear fractional ODEs and frac-
tional diffusion equations including the Fisher’s equation. We also discuss the
consistency, stability and convergence of the fractional case of the quadratic B-
spline OCFE. In this case we find that the solution is O(h?~®).

In addition, we apply a modified form of the quadratic B-spline basis functions to



solve two-dimensional partial differential equations. This approach minimizes the
number of unknowns in 2D. We obtain results that are in agreement with exact
solutions and previous ones in the literature for examples on time-dependent and
time-independent two-dimensional partial differential equations. We also show
that the OCFE method based on quadratic B-splines has convergence order of two
for both one-dimensional and two-dimensional partial differential equations.

We also extend our work to orthogonal collocation on finite elements using cubic
B-spline basis functions. We applied it to linear and nonlinear ODEs, the Burgers’,
KdV, KdV-Burgers’ equations and a version of KdV-Burgers’ equation whose exact
solution is not known. We demonstrated the efficiency of cubic B-splines OCFE
to solve space fractional partial differential equations of orders 0 < o < 1 and
1 < a < 2, and time fractional partial differential equation of order 0 < g < 1
effectively.

The main features and merits of the OCFE method is it’s simplicity in implemen-
tation, computational efficiency (enhanced memory storage and CPU time) due
to the sparse structure of the matrices arising from the application of the B-spline
basis functions, adaptability and flexibilty due to the implementation using finite
elements. This makes the OCFE method useful for solving problems whose solu-
tion involve steep gradients. We used the Julia programming language v1.11 [11]
for numerical computations. The numerical results compared favourably with the

existing ones in the literature.

8.1 Future Research

The following are recommended for future research:
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. Cubic B-spline orthogonal collocation on finite elements method for space

and time fractional partial differential equations.

. Numerical solution of two-dimensional partial differential equations with cu-

bic B-spline orthogonal collocation on finite elements method.

. Solution of time fractional diffusion equation using quadratic B-splines and

compact finite differences.

. Solution of time fractional diffusion equation using cubic B-splines and com-

pact finite differences.
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