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Abstract

Chapter 0. For completeness we present (mostly without proof) the background results of
universal algebra that are necessary for the rest of the thesis. We also present here some proofs of

results concerning quasivarieties that are less accessible in the literature.

Chapter 1. A deductive system S is defined in terms of axioms and inference rules and
equivalent characterizations in terms of algebraic closure operators and, in particular, the ‘lattice of
theories’ are given. S can be considered as an absolutely free algebra (of formulas) together with a
consequence relation + g satisfying some natural conditions. ‘Theories’ of S are sets of formulas
‘closed’ under the axioms and inference rules. A number of examples of deductive systems are
given. We generalize the notion of deductive system to k-deductive system (k a positive integer)
and show how the 2-deductive system S% can be obtained from any quasivariety %. A matriz
model (S-matriz) A consists of an algebra of the same type as the language of § with an associated
subset (S-filter) F' such that F g is reflected in a natural way by membership of F. The Leibniz
operator () associates with each theory T a congruence relation QT on the algebra of formulas in
the following way: Formulas ¢ and 1 are identified by QT if either one can replace the other as a
subformula in an arbitrary formula J without affecting the truth of ¥ relative to T. The Leibniz
operator leads to the definition of a reduced matriz, and we show that the class of reduced matrices
form a ‘matrix semantics’. Two deductive systems are equivalent if there are mutually inverse
interpretations of the consequence relations of each in the other. This is characterized by the
property that there exists an isomorphism between their corresponding lattices of theories that
satisfies an additional natural condition. We show how matrix models can be presented as

universal Horn classes in the sense of first-order logic.
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Chapter 2. Protoalgebraic k-deductive systems are introduced; these may be characterized
as k-deductive systems for which the Leibniz operator Q is monotonic. Protoalgebraicity is also
characterized with respect to S-matrices and S-filters in a number of ways. A class of reduced S-
matrices is the class of reduced matrices of a protoalgebraic k-deductive system iff it is closed under
subdirect products. We present an internal characterization of protoalgebraicity in the spirit of
Mal’cev-type conditions. Congruential and weakly congruential k-deductive systems are stronger
than protoalgebraic ones, and their reduced model classes are characterized by the fact that they
are closed under both submatrices and products (and also ultraproducts in the congruential case).

A number of examples are provided.

Chapter 3. A class % of algebras is an algebraic semantics for a k-deductive system S if the
consequence relation + ¢ can be interpreted in the (semantical) equational consequence relation
]:% of ¥ in a natural way. % is called an equivalent algebraic semantiics if there is an inverse
interpretation of |:% in Fg. If S has an equivalent algebraic semantics then it is called
algebraizable.  Every algebraizable k-deductive system has a unique quasivariety among its
algebraic semantics, called its equivalent quasivariety semantics. Conversely, a quasivariety 3 is
the equivalent algebraic semantics of a 1-deductive system if certain Mal’cev-type conditions hold
in %. A k-deductive system is algebraizable iff the Leibniz operator is monotonic, continuous and
injective; iff it is an isomorphism between the lattice of theories and the lattice of %-congruences of
its algebra of formulas (where % can be taken as its equivalent quasivariety semantics); iff it is
equivalent (in the sense of Chapter 1) to a 2-deductive system 55(; for some quasivariety %. The
metalogical property of having the Gddel rule (or G-rule) (for algebraizable 1-deductive systems)
corresponds to relative T-regularity of the equivalent quasivariety semantics (for some equationally
definable constant T) but does not imply relative ideal-determination. Moreover, the equivalent
quasivariety semantics has the relative shifting lemma, but need not be relative congruence

modular (contrasting with the situation for varieties). A number of examples are provided.



Chapter 4. Here we investigate the metalogical properties called the deduction theorems.
The local deduction-detachment theorem (LDDT) is a very general version of the deduction
theorem (DDT). Both properties have matrix analogues. An algebraizable k-deductive system
with equivalent quasivariety semantics % has the LDDT iff % has the relative congruence extension
property. S has the DDT iff % has equationally definable principal relative congruences. The
classes of matrix models and reduced matrix models of k-deductive systems with the (L)DDT are
characterized. In the case of S%, where % is a quasivariety, these characterizations lead to results

about quasivarieties.

Chapter 5. We present as a case study the deductive system BCK of Meredith that
exemplifies a number of the results from previous chapters. BCK is algebraizable with equivalent
quasivariety semantics the quasivariety BCJ¥% of BC K-algebras (in the sense of Iséki). Logic-driven
proofs of existing algebraic results for BC¥% are presented, e.g., relative congruence distributivity,
possession of locally equationally definable principal relative congruences, hence also the relative
congruence extension property. Strongly algebraizable axiomatic extensions of BCK have as their

equivalent variety semantics just the varieties of BC K-algebras. Several of these are studied.
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Introduction

This thesis is concerned mainly with the ‘algebraization’ of logics (alias deductive systems).
Certain logics are well known to be ‘algebraizable’ in the (somewhat imprecise) sense that a class of
algebras exists in which the logic’s consequence relation is reflected faithfully. Standard examples
are the Classical Propositional Calculus (denoted CP C), Intuitionistic Propositional Calculus
(denoted I'P C) and the modal logics K and §4. It was Tarski who produced the algebraization of
the CPC. He introduced the ‘algebra of propositional formulas’ and defined on it the relation =,
defined by
p=vy iff ¢—1 and ¥ — ¢ are theorems of CPC,

and showed that = forms what is now called a ‘congruence relation’ on this algebra. The
corresponding quotient algebra is a Boolean algebra and the theorems of CPC (i.e., tautologies)
coincide precisely with the formulas equivalent to some fixed but arbitrarily chosen tautology of
CPC (e.g., T). A similar construction with the IP C creates a Heyting algebra, and from K and

S 4 we get a modal algebra and an interior algebra respectively.

The quotient algebra obtained by factoring the algebra of propositional formulas by the
relation = has come to be known as the ‘Tarski-Lindenbaum algebra’ of the logic. The study of a
logic to which this construction can be applied can to a large extent be reduced to the study of this
algebra, and for this the well-developed apparatus of universal algebra is available. This is the

primary motivation of the algebraic logician.

While certain logics have been ‘algebraized’ in the above way, prior to the publication of
Blok and Pigozzi’s ‘Algebraizable Logics’ [BP89a], no precise general notion of ‘algebraizability’ of
a logic was available. There remained significant logics that had not been algebraized in the
Tarski-Lindenbaum sense, for example, the modal logics S 5% and §5" and the logics E and R of
entailment and relevance, respectively. In the cases of §5 and § 5", the Tarski-Lindenbaum
construction fails because = is not a congruence relation on the algebra of formulas, since it is not
compatible with the unary operator 0. This is a consequence of the fact that these logics do not

have the rule of necessitation (i.e., we cannot deduce Op from p). In the cases E and R, the



relation = is a congruence, but the sets of theorems of E and R do not coincide with a congruence

class of =.

The question arises whether these logics can be algebraized in another manner or whether
they are inherently nonalgebraizable. The same question may be asked of an arbitrary logic. In
response to this question, Blok and Pigozzi have developed a general theory of algebraizability of
logics. They approach the problem from an abstract point of view. A logic (which we shall call a
deductive system) is defined (in Chapter 1) by a set of axioms and rules of inference over a given
language. Moreover, we define a ‘consequence relation’ + between sets of formulas (over the
language) and single formulas that encapsulates all possible derivations of the logic. A logic is said
to be ‘algebraizable’ if there exists a class of algebras (which we can take as a quasivariety) whose
equational theory is reflected in and reflects the consequence relation of the logic. This definition is
made precise in Chapter 3. This criterion is naturally applicable to those logics that have been
‘algebraized’ previously, and the resultant algebras are the same. Moreover, following [BP89a], we
show in Chapter 3 that it is possible to algebraize the logic R of relevance and certain modal logics.
The logic E is not algebraizable in this sense however. In fact E is an example of a logic that is
‘congruential’ but not algebraizable. We also consider a number of pure implicational logics (i.e.,
logics whose language contains only an —). Of these, we show that BCK, RMO_, and RM_, are
algebraizable, while BCI, E_, and R_, are not. Amongst other examples, we shall show that the

{~}-fragments of CP C and IPC are algebraizable.

A number of characterizations of algebraizable logics (due to Blok and Pigozzi) are
presented. It becomes evident that quasivarieties (classes of algebras closed under subalgebras,
products and ultraproducts) are the natural algebraic counterparts to algebraizable logics. When
the quasivariety is a variety, we call the logic ‘strongly algebraizable’. We add to Blok and

Pigozzi’s results by presenting a characterization of such logics in Chapter 3.
g g g

In many of the main results presented in this thesis, the ‘Leibniz operator’ £ plays an
integral role. It applies to ‘theories’ of a deductive system, i.e., sets of formulas ‘closed’ under the
axioms and inference rules. It associates with each theory T a congruence relation QT on the
algebra of formulas in the following way: Formulas ¢ and ¢ are identified by QT if either one can

replace the other as a subformula in an arbitrary formula ¥ without affecting the truth of ¢



relative to T'. (Here the truth or falsity of ¥ is determined by whether or not ¥ is contained in T'.)
A logic turns out to be algebraizable if and only if the Leibniz relation is monotonic, continuous
and injective; if and only if it is an isomorphism between the lattice of theories and the lattice of

relative congruences of the formula algebra.

That the conditions presented are all characterizations of algebraizability provides
convincing evidence that Blok and Pigozzi’s definition of an algebraizable logic is the correct one.
The Tarski-Lindenbaum algebra construction is not lost in the characterizations. In the logics
mentioned above that are algebraizable by the Tarski-Lindenbaum method, the relation =

coincides with the Leibniz relation 27, where T is the theory consisting of all theorems.

The correspondence between algebra and logic allows one to apply algebraic results to
certain logics and deduce new results. The abstract approach to algebraizing logics investigated
here allows one to find universal algebraic counterparts for many metalogical notions. For
example, the metalogical property of having a deduction theorem corresponds to the universal
algebraic property of a quasivariety having EDPRC (EDPC for varieties). We shall be
investigating this connection and various related ones in Chapter 4. Another example is the Gédel
rule. We shall see in Chapter 3 how this metalogical property corresponds to relative T-regularity

for a ‘truth’ constant T.

Much of the above theory may be developed under assumptions far weaker than
algebraizability. In particular, logics for which the Leibniz operator is monotonic are called
‘protoalgebraic’. These deductive systems will be studied in detail in Chapter 2, and characterized
in many different ways. Though not algebraizable in the above sense, they are amenable to
algebraic treatment if we regard the study of relational structures as a part of algebra. In this
broad sense, the title of this thesis should be considered to include their study. They turn out to
include all logics having a deduction theorem. The intermediate notions of ‘weakly congruential’

and ‘congruential’ deductive systems, which are algebraically motivated, are also considered.

Chapter 5 is a case study in which the aforementioned theory is applied to the relatively
‘weak’ but still algebraizable logic BCK. Except in Chapter 5, the approach adopted follows that

of the series of papers of Blok and Pigozzi [BP89a], [BP89b], [BP88], [BP92]. Most of the main



results of this thesis are modifications or extensions of their work. The thesis [Pala94] was also

consulted.



Chapter 0
Preliminaries

In this chapter we present much of the mathematical background needed for the rest of the thesis.
We do assume a familiarity with elementary set theory. Most of the results presented are well-
known for which reason we do not give many proofs, but rather give references to where proofs
may be found. The proofs that are included are of results that will probably be known to experts,
but for which suitable published proofs were either unavailable or in less accessible references. This

applies particularly to the section on quasivarieties (0.4).

The set of natural numbers is w = {0,1,2,...}. For a set X, the set of all subsets of X is
called the power set of X and denoted by P(X). The set of all finite subsets of X is denoted by
P, (X). For sets X,Y, let XY be the set of all functions mapping Y to X, i.e., all f:Y - X. For
a set X and a natural number n, X™ is therefore the set of all functions from an n-element set to
X, i.e.,, X" is a set whose elements can be considered n-tuples (zq,...,z, ), where Tyy..y2, €X.
An n-ary operation on a set X is a function from X" to X. An n-ary relation on a set X is a
subset of X™. A l-ary operation (resp. relation) is called unary; a 2-ary operation (resp. relation)
is called binary. For a set X, we define the binary relation Iy = {(z,z); ¢ € X}. Let f: X —Y be
a function. We shall often write fr for f(z) when z € X, and we write f(Z) for the image
{fz; 2€ Z} of Z under f when Z C X. For Z C X, the restriction of f to Z is denoted by f | Z.
If n is a nonzero natural number, then we often write i <n for i € {1,2,...,n}. Note that the

lastmentioned set begins at 1 and not 0.

0.1 LATTICE-THEORETIC PRELIMINARIES

There are two standard ways of defining semilattices and lattices — one puts them on the same

algebraic footing as groups or rings, while the other is based on the notion of order.

An ordered pair L =(L; V) (resp. (L; A)), such that L is a nonempty set and V (resp.

A) is a binary operation on L (i.e., a function from L? to L) called join (resp. meet), is called a



join-semilattice (resp. meet-semilattice) if it satisfies the following identities for all a,b,¢ € L:

aVb=>bVa, (resp.aAb=0bAa) [commutative laws]
aV(Ve)=(aVb)Ve, (tesp.aA(bAc)=(aAb)Ac) [associative laws]
aVa=a, (resp.eAa=a) [idempotent laws]

An ordered triple L = (L; A, V) such that L is a nonempty set and A and V are binary
operations on L, called join and meet, respectively, is called a lattice if (L; A) is a meet-semilattice
and (L; V) is a join-semilattice and the following identities hold for all a,b € L:

a=aV(aAb), a=aA(aVb) [absorption laws]

Let L be a nonempty set and let < be a binary relation on L (i.e., < C L?). We write
a<b if (a,b) € <. Then < is called a partial order on L and the pair (L; <) is called an

ordered set or partially ordered set if the following conditions hold for all a,b,¢c € L:

a<a [reflezivity],
ife<band b<cthena<ec [transitivity),
fa<band b<athena=1b [anti-symmetry].

A partial order < on aset L is a linear order if for all a,b € L the following condition is satisfied:
a<b or b<a.

A partially ordered set (L; <) is called a linearly ordered set or a chain if < is a linear order.
For a,b € L, we use the expression a < b to mean @ <b but ¢ #b. Also, for a,b € L, we say that b
covers a, or a ts covered by b, if a < b and whenever c € L and a <c¢ < b it follows that a = ¢ or
b=-c. We use the notation a < b to denote that a is covered by b. Let X C L where (L; <) is a
partially ordered set. An element b € L is an upper (resp. lower) bound of X if a < b (resp. b < a)
for all e € X. An upper (resp. lower) bound of X is a least upper bound (resp. greatest lower
bound) or supremum (resp. infimum) of X if for all upper (resp. lower) bounds ¢ of X, we have
b<c (resp. ¢ <b). If the least upper bound (resp. greatest lower bound) of X exists, then it is
unique and we denote it by VIX (resp. ALX), where L = (L; <). (We sometimes drop the

superscript if L is understood.)

A partially ordered set L = (L; <) is called a join-semilattice (resp. meet-semilattice) if

vix (resp. ALX) exists for every finite subset X of L. If (L; V) is a join-semilattice in the sense



of the first definition, and we define a relation < on L by a<b iff avb =0, then (L; <).is a
join-semilattice in the sense of the second definition. Similarly, if (L; A) is a meet-semilattice in
the sense of the first definition, then (L; <), with < defined by a <b iff a Ab =a, is a meet-
semilattice in the sense of the second definition. Conversely, if (L; <) is a join-semilattice in the
sense of the second deﬁnition,‘ then (L; V), with Vv defined by aVb:VL{a,b}, is a join-
semilattice in the second sense. A similar statement is true for meet-semilattices, with
aAb=AYa,b}. We shall, at times, confuse the algebraic and order-theoretic notions of

semilattice systematically, as is standard practice.

A subset X C L of a partially ordered set (L; <) is said to be upwardly directed (resp.

downwardly directed) if for every a,b € X, there exists ¢ € X such that a,b < ¢ (resp. ¢ < a,b).

An element a of a partially ordered set (L; <) is said to be least (resp. greatest) if for
every b€ L, a <b (resp. b <a). If a least element exists in a join-semilattice, it is unique and is
often denoted L or 0, and if a greatest element exists in a meet-semilattice, it is unique and is
often denoted T or 1. A join-semilattice (L; V) is called a join-semilattice with 0 if it has a least

element. A meet-semilattice (L; A) is called a meet-semilatiice with 1 if it has a greatest element.

A partially ordered set (L; <) is called a laitice and < a lattice order if for all finite
subsets X of L, the least upper bound and greatest lower bound exist. If (L; A, V) is a lattice, as
in the first definition, then (L; <) is a lattice as in the second definition, where < is defined by
a<b iff anb=a iff avb=0b. Conversely, if L=(L; <) is a lattice as defined here, then
(Ly A, V) is a lattice in the sense of the first definition, where A and V are defined by
aAb=AYa,b}, aVvb=V"{q,b}. These two constructions are inverses. Throughout the text we
will use both the above definitions of lattices, and we will make free use the notions associated with

either definition.

A lattice L=(L; <) is called complete if AVX and VX exist for every subset X of L. In
fact, a partially ordered set L = (L; <) is complete if either AVX exists for every X C L or vlx
exists for every X C L. A complete lattice L = (L; <) always has a greatest and a least element,
namely VUL and AVL. For every set X, (P(X), C)is a complete lattice. Its corresponding meet

and join operations are N and U and its greatest and least elements are X and @, respectively.



Two lattices L, =(L;, Ay, V), Ly =(Ly Ag V,) are said to be isomorphic, written
Ly = Ly, if there exists a bijection f from L; to L, such that for every a,b € L, the following two
equations hold:
flanib)=f(a)A,f(b) and f(aVb) = f(a)V,f(b).
Such an f is called an isomorphism. If (Ly; <4) and (L,; <,) are partially ordered sets and f is
a map from L; to L,, then we say that f is order-preserving or monotonic if a < 10 implies
fla) <, f(b) for all a,b € L;. We say that f is order-reflecting if f(a) < o f(b) implies a < ;b for

every a,b € L,.

0.1.1 LEMMA [BS81, Theorem 2.3, p8]
Let Ly = (Ly, Ay, V), Ly=(Ly, Ay, V) be lattices and let <, and <, be their associated
lattice orders. Then L; and L, are isomorphic iff there ezists a bijection f from L; to L, such

that f is both order-preserving and order-reflecting. a

A lattice (L, A, V) is said to be distributive if it satisfies each of the following equations

for all a,b,c € L:
an(bVve)=(anb)V(aAc) and aV(bAc)=(aVb)A(aVe).
In fact it is sufficient that either one of the above equations hold. Moreover, the first equation
holds iff a A (bV ) <(aAb)V (aAc)since (aAb)V(aAc)<aA(bVe)for all a,b,c € L. Similarly,
the second equation holds iff aV(bAc)>(aVb)A(aVe). A lattice (L, A, V) is said to be
modular if it satisfies the following condition for all a,b,c € L:
a<b implies aV(bAc)=bA(aVe).

A distributive lattice is clearly modular.

Let L =(L; <) be a join-semilattice (resp. meet-semilattice). A nonempty subset G of L
is called an ideal (resp. filter) of L if and only if for any a,b € L, we have
(i) a,b € G implies avbe& G (resp. a,b € G implies aAb € G),
(i) a€Gandb<a implies b€ G (resp. a € G and a <b implies b € G).
If in addition, G # L, we say that G is a proper ideal (resp. proper filter) of L. The set of all
ideals of L is denoted Id L. We denote by (z] = {y € L; y < z} the ideal of L generated by z (it is

the intersection of all ideals containing z). Similarly, we denote by [z) = {y € L; = < y} the filter



of L generated by x.

Let L=(L; <) be a join-semilattice with 0. It is easy to see that the set IdL is closed
under arbitrary intersections. If we define IAJ = INJ and
IvVi={zeL;z<iVjforsomei€eland jeJ}
for all I,J € IdL, then IdL = (IdL, vV, A) is a lattice whose associated lattice order is C.
Moreover, since IdL is closed under arbitrary intersections, it follows that IdL is a complete

lattice.

We say that the condition D(a,b) holds in L if, for all ¢,d € L,

aVec>band avd>b implies there exists e € L such that e <c,e<d and aVe>b.

0.1.2 LEMMA [BP88, Lemma 4.1] (see also [Gra78, Lemma 1, p99])
Let L=(L, V) be a join-semilattice with 0. The lattice Id L is distributive if and only if D(a,b)
holds in L for all a,b€ L.

Proof. (<) Let I,J, K be ideals of L. We must show that

IVIJANK)=({IVI)A(IVK).

Since the inclusion from left to right always holds, we need only show the reverse inclusion. Let
¢ €(IVI)ANIVK). Then, by definition, there exist 7,4’ € I, j € J and k € K such that z <iV j
and 2 <4'Vk, hence £ <(iVi)Vjand 2 <(:V#)Vk. Since D(iVi,z) holds, there exists an
€ Lsuch that £<jand {<kand e <(iV)VL SinceleJNK andiVi'€l,zelIV(JAK)

as required.

(=) Let a,b € L. To show that D(a,b) holds, suppose there exist ¢,d € L such that aV ¢ > b and
aVd>b. Then be ((a]V(c])A((a]V(d]), i.e., b€ (a]V ((c]A(d]), since L is distributive. Thus

there exist f <a and e € (¢]N(d] with b < fVe. Finally,aVe> fVe>b,e<cande<d. 0

A join-semilattice L = (L; V) (resp. meet-semilattice L = (L; A)) is said to be generated
by a set X C L if for every a € L, there exist some z,,...,z, € X such that a = VL{zl,...,:cn}

(resp. a = AL{xl,...,xn}).
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0.1.3 LEMMA [BP88, Lemma 4.2]
Let L=(L, V) be a join-semilattice with 0 generated by X C L. If D(a,b) holds for all a,b € X,
then D(a,b) holds for all a,b € L.

Proof. First consider the case a € X,b € L. There exists a positive integer n and z;, € X for
i <n such that b=V, < n%;- Proceed by induction on n. For n=1, b€ X, so D(a,b) holds by
assumption. Assume that n > 1, and that D(a,b’) holds, where b’ = V; <n-1%i Let ¢,d € L such
that b <aVe and b<aVd. Since b’ <b, we have b’ <aVe and ¥ <aVd, hence there exists
e’ € L such that ' <aVe', ¢’ <cand ¢ <d. Now, z,<aVcand 2, <aVd since z,, < b, hence,
since D(a,z,) holds, there exists ¢” € L such that z, <aVe”, ¢ <c and ¢’ <d. If we set
e=¢'Ve' thene<ec, e <dand

aVe=aVeVe' =aVe'Vave' >z, Vi =b,

so D(a,b) holds and the induction is complete.

Next, suppose that a,b are arbitrary elements of L, say a =V, ., «; where z; € X for all

it <n. Proceed by induction again. If n =1, then a € X and D(a,b) holds by the above result. If

<n—_1%; and assume that D(a’,b) holds. Let ¢,d € L such that aVe >,

n>1, set a'=V;
aVd>b. Then b<a'Vz, Vcand b<a'Vz,Vd. Since D(a',b) holds, there exists ¢ € L such
that a’Ve' >b, e’ <z Vc and ¢ <z, Vd. But, since D(z,,e’) holds, there exists e € L such that
e/ <z, Ve, e<cande<d, hence

b<a've<aVz, Ve=aVe,

and the induction is complete. O

Let L=(L;V) be a join-semilattice and @ # L' C L. If for any a,b € L', we have
aVbe L' then we call (L'; v | (L')?) a join-subsemilattice of L, and we abbreviate (L'; v | (L')%)
by (L'; V). Meet-subsemilattices of meet-semilattices are defined dually. If L=(L; A, V) is a
lattice and @ # L’ C L, such that (L'; V) is a join-subsemilattice of (L; V) and (L'; A) is a meet-
subsemilattice of (L; A) then (L'; A [(L')% v |(L')*) (abbreviated (L'; A, V)) is called a
sublattice of L. Similarly, if we denote a (semi)lattice by (L; <) then a subsemilattice will be

denoted by (L’; <), which really abbreviates (L'; < N (L')?).

Let {(L; <) be a complete lattice. An element a € L is called compact if, whenever X C L
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and a < VX, there exists a finite subset X’ of X such that a < VX’. The set of all compact
elements of L is denoted by L°. For example, for any set Y, the compact elements of the complete
lattice (P(Y), C ) are the finite subsets of Y. A complete lattice (L; <) is called algebraic if every
element of L is the join of a set of compact elements of L. Clearly, (P(Y); C) is an algebraic
lattice for every set Y. Algebraic lattices are called ‘algebraic’ because typically, they are the kinds
of lattices studied by algebraists, e.g., the ideal lattices of rings, the subgroup or normal subgroup
lattices of groups, the ideal or filter lattices of Boolean algebras, etc. (ordered, in each of these
cases, by set inclusion). For all of these lattices, the term ‘compact’ turns out to have exactly the
same meaning as ‘finitely generated’. We shall give a standard test for algebraicity of a complete
lattice and a well-known characterization of the compact elements of such a lattice. Some more

terminology is required first.

Given a complete lattice L = (L; <), a subset X of L is called a closure system in L if for
every Y C X, Aty e x. (This forces X to contain the greatest element of L, viz., AL0; in
particular, X #0 and (X; <) is a complete lattice in its own right.) If in addition, we have
vy € X for every nonempty upwardly directed subset Y of X, then X is called an algebraic
closure system in L. With a closure system X in a complete lattice (L; <), we associate a
mapping u=1uy:L— L defined by u(z)= AL{z € X;z<z}. This map has the following
properties:

(i) 2 < u(®) = u(u(@));

(i1) z <y implies u(z) < u(y)

for all z,y € L. The range u(L) of this map is just X. If X is an algebraic closure system then we
also have

(iii) w(z) = V¥ {u(y); y <« and y is compact in L} (= € L).

Mappings u: L — L satisfying (i) and (ii) are called closure operators on (L; <). For such a map
u, we always have

(0.1.1) yuL) w(Y)=u(V¥Y) forany Y CL (where u(L) = (u(L); <)=(X; <))

([BS81, Theorem 5.2, p18]). A closure operator u on (L; <) is called an algebraic closure operator
on {L; <) if it satisfies (iii) (for all z € L). The elements of L of the form u(z) (for some z € L)

are called closed (with respect to u). Every (algebraic) closure operator on (L; <) has the form uy
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for some (algebraic) closure system X in (L; <), viz.,, for X =u(L), and the correspondence
X —uy is one-to-one. Also, every (algebraic) closure system X in (L; <) is in the range u(L) of a
suitable (algebraic) closure operator u on (L; <), viz., u = uy, and the correspondence u uy is
one-to-one. The aforementioned two correspondences are mutually inverse bijections between the
set of (algebraic) closure systems in (L; <) and the set of (algebraic) closure operators on (L; < ).
The following results are to be found in most introductory lattice theory texts or, e.g., [Grd79,

Theorem 5 and Lemma 5, p25].

0.1.4 PROPOSITION

The following conditions on a lattice L = (L; <) are equivalent:

(i) L is an algebraic lattice;

(i)  there exzists a set S and an algebraic closure system X in the complete lattice (P(S), C) of

all subsets of S (ordered by inclusion) such that L is isomorphic to the lattice (X; C). O

0.1.5 PROPOSITION

Let L={(L; <) be an algebraic lattice and u an algebraic closure operator on L. Then y €L is a

compact element of (u(L); <) iff y = u(z) for some compact element & of (L; <). O

0.1.6 COROLLARY

Let S be a set and X C P(S). Then (X; C) is an algebraic lattice if and only if X is closed under
arbitrary intersections and |JY € X for any nonempty upwardly directed subset Y of (X; C). In
this case, the map Z—w(Z)= (V{A€ X; AD Z} (Z € ¥(S)) is the algebraic closure operator on
(P(S); C) corresponding to X and the compact elements of (X; C) are just the elements of the

form u(Z), where Z is any finite subset of S. g

In Chapter 4, we shall make essential use of the following proposition, which combines
several classical results from lattice theory. Proofs of all statements in the proposition may be

found in [Gra79, Chapter 0, §6].
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0.1.7 PROPOSITION

(i) (Gra79, Theorem 2, p22] The ideal lattice IdL of a join-semilattice L with 0 is an algebraic
lattice.

(i1)  [Gra79, Theorem 3, p22] If (L; <) is an algebraic lattice and 0 is the least element of L
then the set LS of all compact elements of L is a join-subsemilattice of L (i.e., L is closed
under finite joins), and 0 € L°.

(i1) [Grd79, Theorem 3, pp22-23] If (L; <) is an algebraic lattice then the map
z—{y€ L y<z} (zx€L)is a lattice isomorphism from L onto the ideal lattice IdL° of
the join-semilattice LC (with 0) of all compact elements of L. Therefore:

(iv)  [Gra79, Theorem 5, pp25-26] A lattice is algebraic if and only if it is isomorphic to the

wdeal lattice of some join-semilatiice with 0. g

Let L =(L, A) be a meet-semilattice with 1. We say that L is Brouwerian if, for all
a,b € L, there exists an element a—L'b € L such that
a—lb= max{ce L;aAc<b}.
We then call a—U'b the relative pseudocomplement of a with respect to b. Let L = (L, V) be a
join-semilattice with 0. We say that L is dually Brouwerian if, for all a,b € L, there exists an
element a b € L such that
axlh = min{c € L;aVe > b}.

We then call a*Lb the dual relative pseudocomplement of a with respect to b.

0.1.8 LEMMA [BP88, Lemma 7.4]
Let L=(L, V) be a join-semilattice with 0 such that L is generated by X C L. Then L 1s dually
Brouwerian if and only if a *L'b ezists for all a,b e X.

Proof. Suppose ax'b exists for all a,b € X. Let a€ X and be L. Then there exist a
positive integer n and z; € X for i < n, such that V, <n¥i = b. We proceed by induction on n.‘ If
n =1, then a*l'b exists by assumption. Suppose n > 1 and a*l ViSn-—lxi exists, say d =
a*l V; <n-1% Thus aVd >V, <n—1% Since a,z, € X, a *L.’L‘n exists and a V (a *an) >z,

Set e=dV(a *LG). Then

aVe:(an)V(aV(a*L:cn))Z(Vi<n_1xi)Vzn=b.
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Moreover, if aV f > b, then
aVf>V,.._ iz, hence f>d,
and aVf>=z, hence f> a*LG,

implying that aV f > d V (a L z,)=e. Thusa «L'b exists and the induction is complete.

Now, suppose a,b € L. Then there exist a positive integer n and z; € X for i < n such that
V; <n¥i=a We proceed by induction on n. If n=1, then a+lb exists by the previous
paragraph. Suppose (V... _,z;) «Lb exists, say d = (Vicn_1%;) «L'b. Then (Vicpoqz;)Vvd
>b. Since z,, € X, the previous paragraph implies that z,, *L'd exists. Set e = ) «d. Then
z,Ve>d, hence

Ve= \% JVz Ve> \% Jvd>b.
aves(, V_m)Ve,Vex(, V. z)vd>

Suppose aV f > b. Then (V, . .z;,)V f > b, hence

( A" zl)V:z:anZb,

1<n-1 i
50 :chfé( -V a:z-)*Lbzd,
T il<n—-1
and szn*Ld:e.
Thus e = a b and the proof is complete. a

0.1.9 LEMMA [BP88, Lemma 7.5]
Let L be an algebraic lattice and L€ its join-semilattice of compact elements. If a,b € LC, then
a+t*b ezists if and only z'fa*Lb exists, and if they do, then a L = aslp,

Proof. (=) Suppose that a¥!b=deL° Thendel and avd > b, by definition. Now,
suppose ¢ € L such that aVec>b. We can write ¢ =V, . ; ¢, for some set {c;; 7€ I} with each
c; € L% so aVV,cre;>b. Since b is compact in L, there exists a finite I;C I such that
a VVl € IOC' Z b. Then V, € 1001 E LC, SO

LC
d=a+x" b< V ¢;<e,
i€l b

hence d=A{c€L;aVe>b}=ua «b, and the implication is proved.

<) Suppose a*b=d e L. Then aVd>b. Since L is algebraic, there exist ¢ . € L¢, j € J, such
J
that d = V-jeJCj' Thus aV(VJ-Gch) >b. Since b is a compact element of L, there exists a

finite set J; C J such that aV(VjEJO c;) 2 b. By definition of d, we have d < VjGJO ¢, hence
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Vie 1= d, hence d is a compact element of L. O
0.2 UNIVERSAL ALGEBRAIC PRELIMINARIES

Recall that for a nonempty set A and a natural number n we have A° = {0}, and, for n > 0, A" is
the set of n-tuples of elements from A. An n-ary operation on A is any function f:A" — A; we
say that n is the arity (rank) of f, written ar(f) =n. An n-ary operation, for some n, is called a
finitary operation.  The image of (ay,...,a,) under an n-ary operation f is denoted by
f(ay,...,a,). An operation f on A is called a nullary operation (or constant) if its arity is zero; it
is completely determined by the image f(#) in A of the element @ in A°, and it is convenient to
> identify it with the element f(@). Thus a nullary operation is thought of as an element of A. An

operation f on A is called unary, binary or ternary if its arity is 1, 2 or 3, respectively.

A language or type of algebras is a pair L = (£,ar), where L is a set (whose elements are
called function symbols) and ar:2 — w is a map (called the arity function). For each f € £, ar(f)
is called the arity (or rank) of f, and f is said to be an ar(f)-ary function symbol. If L is a type of
algebras then an algebra A of type L (also called an L-algebra) is an ordered pair (A ; L) where A4 is
a nonempty set and L = {fA; F€L} is a set indexed by £ such that for each f € L, with
ar(f) = n say, fA is an n-ary operation on A. The set A is called the universe (or underlying set)
of A=(A; L), and the fA’s are called the fundamental operations of A. If L is finite, say
L={f1....f .}, we often write (4; ff,...,fﬁ) for (A; L) and we say that (4; f{\,...,fﬁ) has
type (ar(fy),...,ar(f,,)). An algebra is finite if A is a finite set,. and is trivial if A has precisely
one element. We often simply write £ for £, and we often write f for a fundamental operation fA.

Unless otherwise specified, it will be understood that the universe of algebras A,B,C,... are

A,B,C,..., respectively.

Let A and B be two algebras of the same type. Then B is a subalgebra of A if B C A and
every fundamental operation of B is the restriction of the corresponding operation of A, i.e., for
each function symbol f, fB = fA | B n this case, we call B a subuniverse of A. Given an

algebra A define, for every X C A,

SgA(X)= N{B; X C B and B is a subuniverse of A}.



16

We read SgA(X) as ‘the subuniverse generated by X’. We denote by Sub A the set of subuniverses
of A. For X C A we say X generates A (or A is generated by X) if SgA(X) = A. The algebra A is
finitely (resp. countably) generated if it is generated by a finite (resp. countable) set. We drop the

superscript from SgA(X ) if A is understood.

Note that a lattice L= (L; A, V) is an algebra of type (2,2). Moreover, the sublattices of

L are precisely the subalgebras of L.

Let A =(A;L) be an algebra of type L =(L,ar). Let £’ C L and let L' = {fA; fe 2/}.
The algebra A’ = (A; L') is called the £’- reduct of A. If B is a subalgebra of A’ and A’ is the £'-

reduct of A then B is called an £’-subreduct of A.

Recall that a binary relation R on X is an equivalence relation if the following conditions

hold:

(z,z)€ER forallze X [reﬂezivity].,

for all z,y € X, (z,y) € R implies (y,z) € R [symmmetry],

for all z,y,2€ X, (2,¥),(y,2) € R implies (z,2) € R [transitivity].
The set of all equivalence relations on a set X is denoted Eq(X). If R is an equivalence relation on
a set X, then for each z € X, we define the equivalence class of z (modulo R) by

z/R={y€ X;(z,y) € R}

and set X/R={z/R;z € X}

Let A be an algebra of type £ and let ® be an equivalence relation on A. Then ® is called
a congruence on A if ® satisfies the following compatibility property:
For each n-ary function symbol f € £ and elements aj,...,a,,b;,...,b, € A,
if (a;,b;) € ® for each i < n then (fA(ay,...,a,), fA(by,...,b,)) € ®.

The classes a/®, for a € A, are called the congruence classes of A (modulo ®).

The compatibility property allows one to introduce an algebraic structure on the set of
equivalence classes A/® that is inherited from A. For if a;,...,a,, € A and f is an n-ary symbol in
L, then the easiest choice of a value in A/® for f applied to (a;/®,...,a,/®) would be

fA(al,...,an)/<1>. And indeed, this defines a function on A/® if and only if the compatibility
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property holds.

The set of all congruences on A is denoted by Con A. Let ® € Con A. Then the quotient
algebra of A by ®, denoted A/®, is the algebra of type £ whose universe is A/® and whose
fundamental operations satisfy

A%, /8,...,a,/®) = fMay,...,a,)/®
where a;,...,a, € A and f is an n-ary function symbol of L. It is easy to prove that Con A is
closed under arbitrary intersections and unions of upwardly directed sets (with respect to C). For
XC A2 let @A(X) denote the congruence on A generated by the set X, i.e., the intersection of all
congruences on A containing X. For X C A, let GA(X) denote the congruence generated by the set
X2. A congruence ® € Con A is said to be finitely generated if ® = @A(X) for some finite subset X

of A2. We abbreviate ©A({(a,b)}) by ©A(a,b). By Theorem 0.1.6, we get

0.2.1 THEOREM [BS81, Theorem 5.5]
For each algebra A, there is an algebraic closure operator OA on (P(A%); C) such that the closed
subsets of A% are precisely the congruences on A. Thus ConA = (ConAj; C) is an algebraic

lattice. For an algebra A, the compact members of Con A are the finitely generated members of

Con A. O

It is well-known that if L= (L; A, V) is a lattice then ConL is a distributive lattice and

that if ® € ConL and a,b,c € L with a < ¢ < b and (a,b) € ®, then (a,c),(c,b) € ®.

If R, S are binary relations on a set A then we define
RoS = {(a,b) € A?; for some ¢ € A, we have (a,c) € R and (¢,b) € S},
Roy R=14(={(a,a);a€4}),
Ro,, R=(Ro, R)oR (n€w).
A binary reflexive and symmetric relation R on the universe of an algebra A is called a tolerance
on A if it has the compatibility property. In this case OA(R), the least congruence on A containing
R, is just the transitive closure of R, i.e., the least transitive binary relation containing R. That is

to say,

oAR)=U R o, R={(a,b) € A?; there exists n € w and cg,...,c,, € 4 such that
necw
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a=cy b=c, and (c‘-,cH_l)eRfor alli=0,1,...,n-1}.

Suppose A and B are two algebras of the same type. A mapping h: A — B is called a

homomorphism from A to B if
hfMay,...,a,) = fB(hay,... ha,)

for each n-ary f € £ and all ay,...,a, € A. If the map h is surjective or injective then h is called a
surjective or injective homomorphism, respectively. If h is an injective homomorphism from A to
B then h is called an embedding. We say A can be embedded in B if there exists an embedding
from A to B. If his a surjective homomorphism from A to B then B is called a homomorphic
image of A under h. If h is a surjective and injective homomorphism from A to B then A is called
an isomorphism from A to B. In this case we say that A is isomorphic to B, written A= B. If his
a homomorphism (isomorphism) from A to B we may simply say “#:A — B is a homomorphism

(an isomorphism).” An isomorphism from A to A is called an automorphism of A.

0.2.2 THEOREM

(i)  [BS81, Theorem 6.2] If A is an algebra generated by a set X CA and h:A—B and
g:A — B are two homomorphisms which agree on X (i.e., ha = ga for a € X ), then h = g.

(ii))  [BS81, Theorem 6.3] Let h: A— B be a homomorphism. Then the image of A under h is a
subuniverse of B, and the inverse image under h of a subuniverse C of B, i.e,
{a € A; ha € C}, is a subuniverse of A.

(ii) [BS81, Theorem 6.5] Suppose h:A—B and g:B— C are homomorphisms (isomorphisms).
Then the composition goh is a homomorphism (isomorphism) from A to C.

(iv)  Suppose h:A—B is a surjective homomorphism and ® € ConA. Then h(®) = {(ha, hb);
(a,b) € @} is a tolerance on B, hence OB(h(®)) is the transitive closure of h(®). Also, if

n € Con B, then h~1(n) ( = {(a,b) € A%; (ha,hb) € n}) is a congruence on A. a

Let h:A— B be a homomorphism. We denote by h(A) the subalgebra of B with universe
h(A). The kernel of h, written kerh, is defined by

kerh = {(a,b) € A%; ha = hb}.
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0.2.3 THEOREM [BS81, Theorem 6.8, p44]

Let h:A— B be a homomorphism. Then kerh is a congruence on A. 0

Let A be an algebra and let ® € ConA. The natural map j:A— A/® is defined by
ja=a/®. The natural map is a surjective homomorphism, hence it is sometimes referred to as the

natural homomorphism.

0.2.4 HOMOMORPHISM THEOREM (First Isomorphism Theorem) [BS81, Theorem 6.12, p46]
Suppose h:A—B is a surjective homomophism. Then there is an isomorphism g from A/kerh to

B defined by h = goj, where j is the natural homomorphism from A to A/kerh. a

Suppose A is an algebra and ®,¥ € Con A with ® C ¥. Let
U/® = {(a/®,/®) € (4/®)*; (a,b) € ¥}.

It is easy to check that ¥/® is a congruence on A/®.

0.2.5 THEOREM (Second Isomorphism Theorem) [BS81, Theorem 6.15, p41]

If A is an algebra and ®,% € Con A with & C U, then the map
he(A/B)/(¥]®)— AJ¥

defined by h((a/®)/(¥/®)) = a/¥

is an isomorphism from (A/®)/(¥/®) to A/ V. O

0.2.6 CORRESPONDENCE THEOREM [BS81, Theorem 6.20, p49]
Let A be an algebra and let ® € ConA. Then the map h from [<I>,A2] to ConA/®, where
[@,42)={¥ €ConA; dC ¥ C A?}, defined by h¥ = /& is a lattice isomorphism from [®, A% 1o

ConA/®, where [®, A%] is the sublattice of Con A with universe [®, A?). 0

Let {A;;i€ I} be a‘n indexed family of algebras of type L. Recall that II; o ; A; is the set
of all functions A from I to |J; ¢ ; 4, such that (i) € 4; for each i € I. We often use the notation
(A;; i € I) for the element X of II; - ; A; such that A(:) = A; for each ¢ € I. The direct product of
{A;;i €1}, denoted A =TI, . [ A, is the algebra with universe II; . ; A; and such that for f €L

and al,...,anEH'EIAi,

1
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. A . .
(FAay,...,a))E) = i (ay(i),...,a,())
for each 1 €1, i.e., fA is defined coordinate-wise. For each j € I, we have the projection maps
m;:; ey A;—A; defined by Ta= a(j), which are also surjective homomorphisms
mill e Aj— Ay I T = {1,2,...,n} we also write A;x...xA, for II; . ;A;. Notice that the

direct product IT® of the empty family of algebras of type £ is a trivial algebra of type L.

An algebra A is a subdirect product of an indexed family {A;; ¢ € I} of algebras if A is a
subalgebra of II; o  A; and m,(A) = A, for each i € . An embedding h:A—TI; o ; A, is subdirect
if h(A) is a subdirect product of the A;. An algebra A is called subdirectly irreducible if for every
subdirect embedding h:A—1I; . ; A; there is an i € I such that m;0h:A— A, is an isomorphism.
Equivalently, A is subdirectly irreducible if and only if {® € ConA; ® # I 4} (recall that I, =

{(a,a); a € A}) has a least element (with respect to C).

Let 3% be a class of algebras of the same type. We introduce the following operators

mapping classes of algebras to classes of algebras:

A €I(%) iff A isisomorphic to some member of %,

A €S(%) iff Aisa subalgebra of some member of %,

AcH(%) iff A isa homomorphic image of some member of ¥,

AeP (%) iff Aisa direct product of a family of algebras in %,

A €Pg(%) iff A isa subdirect product of a family of algebras in %.
If O, and O, are two operators on classes of algebras, we write 0,0, for the composition of the
two operators, and we write O; <O, to abbreviate O, (%) C O, (%) for all classes of algebras %.
Clearly ¢ <’ has the properties of a partial order. A class 3% of algebras is closed under an operator

0 if O (%) C %.

A nonempty class 3% of algebras of the same type is called a variety if it is closed under
subalgebras, homomorphic images and direct products. The intersection of a class of varieties of a
fixed type is again a variety, hence for every class % of algebras of the same type there is a smallest
variety containing %. If 3 is a class of algebras of the same type, let V(%) or %V denote the
smallest variety containing 3%. We say that %Y is the variely generated by 3. A variety ¥ is

finitely generated if ¥ = %V for some finite set % of finite algebras. A variety ¥’ that is a subclass



of a variety ¥ is called a subvariety of V.

0.2.7 THEOREM (Tarski) [BS81, Theorem 9.5, p61]

For every class % of algebras of the same type, %Y = HSP (%). o

0.2.8 BIRKHOFF’S SUBDIRECT DECOMPOSITION THEOREM [BS81, Theorem 8.6, p58]
An algebra A is isomorphic to a subdirect product of subdirectly irreducible algebras which are
homomorphic images of A. In particular, if % is a variety, then every member of % is isomorphic

to a subdirect product of subdirectly irreducible members of %. 0

Let L be a type of algebras. Let X be a set of (distinct) objects called variables. (When
given a type £ and a set .X of variables, we shall always assume that X N £ = 0.) The set T(X) of
terms of type L over X is the smallest set such that
G XCT(X)

(i) If ty,...,t, € T(X) and f € L with ar(f) = n then the formal expression f(t,,...,t,) is in
T(X). (We take this to imply that ¢ € T(X) for any nullary ¢ € £.)

For a binary operation, - say, we usually write ¢, -1, for -(%;,t,). For t € T(X) we often write ¢

as t(xy,...,,) to indicate that the variables occurring in ¢ are among z,,...,z,. A term t is n-ary

(has arity n) if the number of variables appearing explicitly in t is less than or equal to n. We

abbreviate T'({z,,...,z,,}) by T(z4,...,2,,).

Given a term t(z,,...,z,) of type £ over some set X and given an algebra A of type £ we
define a map tA: A" — A (called the term function of t on A) as follows:
(1) If t is a variable z;, then tA(al,...,an) =a; for ay,...,a, € 4, i, tA is the ith projection

map.
(if)  If tis of the form f(¢,(xq,...,2,),...,t%(2,...,2,)), where f € L such that ar(f) =k, then
tA(ay,...,a,) = FAtMNay,... a,),..., th(ag,. .. a,).

We take this to imply that if ¢ is a constant symbol ¢ € £ then tA is ¢A. More generally, if
t=f €&l then A= fA and we say that tA is the term function on A corresponding to the term ¢.

(Often we will drop the superscript A.)
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0.2.9 THEOREM [BS81, Theorem 10.3 (c), p64]
For an algebra A of type L and a subset X of A,

SgA(X) = {tA(al,...,an); t is an n-ary term of type L, n € w and a,,...,a, € X}. 0

Given £ and X, if T(X) # 0 then the term algebra (also called the absolutely free algebra)
of type L over X, written T(X), has as its universe the set T(X), and the fundamental operations
satisfy

FEE (et ) (0 t)

for f € L with ar(f) =n and ¢, € T(X) for i < n.

Note that T(X) exists iff X # @ or there exists a constant symbol in the type £. Note also
that T(X) is indeed generated by X (by Theorem 0.2.9). Term algebras provide us with the
simplest examples of algebras with the ‘universal mapping property’: Let 3 be a class of algebras
of type £ and let B be an algebra of type £ which is generated by a set X. If for every A € % and
for every map a:X — A there is a homomorphism #:B— A which extends « (i.e., Sz = az for
z € X), then we say that B has the universal mapping property for % over X, X is called a set of

free generators of B, and B is said to be freely generated by X.

0.2.10 THEOREM [BS81, Theorem 10.8, p66]

For any type L and set X of variables, if T(X) ezists then it has the universal mapping property

for the class of all algebras of type L over X. 0

Let ¥ be a family of algebras of type £. Given a set X of variables, define the congruence

84¢(X) on T(X) by bgc(X) = [ Pgc(X), where
®qe(X) = {¥ € Con T(X); T(X)/¥ € IS (%)};
and then define Fg(X), the %-free algebra over X, by Fg(X)=T(X)/0g(X), where
X = X/0ge(X). For z,2,,...,2,, € X we write g for 2/04:(X) and for t = t(z,...,2,) € T(X) we
. Fao(X) . . .

write ¢ for ¢ (24s...52,)- If X is finite, say X = {z,,...,z,}, we often write F%(gl,...,gn)
for Fgr(X). Let Fg:(X) be the universe of Fq:(X). Note that Fg:(X) exists iff T(X) exists. If in

addition, % contains a nontrivial algebra then the map z+ z defines a bijection from X onto X.
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0.2.11 THEOREM

Suppose T(X) ezists.

(i) [BS81, Theorem 10.10, p67] Then F%(i) has the universal mapping property for % over X.
(i)  [BS81, Theorem 10.12, p68] For % # 0, Fo:(X) € ISP(%). Thus, if % is closed under 1, S

and P, in particular if % is a variety, then Fg(X) € %. 0

Let A be an L-algebra, and X a set of variables. Let ¥ C X and let @ € AY. We call @ an
interpretation of Y in A. If t = t(z,,...,z,,) is an L-formula and z,,...,z, € Y C X, then for
ae AY such that a(z;) = a; for each i < m, we write tA(@) for tA(al,...,am). In this case we also

call a;,...,a,, an interpretation of x,...,z, (respectively) in A.

.

An identity of type L over X is a formal expression of the form s &~ ¢, where s,t € T(X).
Let Id(X) be the set of identities of type £ over X. An algebra A of type L satisfies an identity
s(zq,...,z,) = t(zg,...,z,) (or the identity is true in A, or holds in A), abbreviated
A= s(zy,..2,) R H(zg,...,2,), 0r A= s~ t or |=, s~ tif for every interpretation a,,...,a, of
the variables z,,...,z,, respectively, in A, we have sA(al‘,...,an) = tA(al,...,an). A class % of
algebras satisfies s & ¢, written % = s~ tor |=qc s~ tif |=5 s~ ¢t foreach Ac%. If X is aset

of identities, we say J satisfies X, written %6 [= X or |=q: L if |=qr st foreach sx~te X.
% %

Suppose L = {s; = t;;i €I} CId(X) and s~ t€Id(X). We write © I=q¢ s ~ t provided
that for every A €% and every interpretation @ € AX of X in A such that s,-A('d) = tf‘(&) for all
i € I, we also have sA(@) = tA(@). Given % and X, let ldg(X)={s~t€ld(X); % = s~t}. We

use the symbol }#£ for “does not satisfy.”

0.2.12 THEOREM ([BS81, Theorem 11.4, pp73-74]

Given a class % of algebras of type L and terms s,t € T(X) of type L over a set X of variables, we

have

¥l=s~t if F%(z(_) =s=t iff g:iinF%(_Xl) iff (s,t)EH%(X). O

Let ¥ be a set of identities of type L. A class 3 of algebras of type £ is said to be defined

or aziomatized by ¥ if % is the class of all algebras of type £ that satisfy all of the identities of X.
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0.2.13 THEOREM (Birkhoff) [BS81, Theorem 11.9, pp75-76]
A class % of algebras of the same type is a variety if and only if % is aziomatized by some set of

identities. In|

A class % of algebras of the same type has an equationally definable constant C if and only
if there is a term ¢(z,,...,z,,) of the type of % such that
%= t(xyy...,2,) R Hyqs.- 0 Y,)

and C abbreviates t(z,,...,z,).

Examples

Groups. A group G is an algebra (G-, ~1,1) of type (2,1,0) in which the following identities

hold:

(G1) z-(y-2)=(z-y) 2z
(G2) c-lxl-zre,

(G3) ez 'mwe lonll

A group G is abelian (or commutative) if the following identity holds in G:

(G4) Ty~ y-z.

A group is called Boolean if the following identity holds in G:

(G5) z-zrl

It follows from the above definition and Birkhoff’s theorem (Theorem 0.2.8), that the class of all
groups is a variety (it is defined by the identities (G1) to (G3)). We denote this variety by §.
The class of all abelian groups is a subvariety of § and we denote it by A§. The class of all

Boolean groups is a subvariety of § (in fact, it is a subvariety of AQ) and we denote it by .

Lattices. A lattice is an algebra L=(L; A,V), where A and V (called meet and join,

respectively) are binary operations, in which the following identities hold:

(L1) tVyxmyVez, zAyxyAz [commutative laws]
(L2) eV(yVz)~(eVy)Vz, zA(yA)=(zAy)Az [associative laws]
(L3) tVerz, Az~ [idempotent laws]

(L4) rxzV(zAy), z=zA(zVy) [absorption laws]
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A lattice is a distributive lattice if it satisfies:

(L5) cA(yVa)=(zAy)V(zAz), sV(yAz)=(@Vy)A(zV2) [distributive laws]
An algebra L = (L; A, V,0,1) of type (2,2,0,0) is a bounded lattice if (L; A, V) is a lattice and L
satisfies:

(L6) zA0~0, oVl

Boolean Algebras. A Boolean algebra is an algebra (B; A, V,’,0,1) of type (2,2,1,0,0) in which

the following hold:

(B1) (B; A, V) is a distributive lattice
(B2) zA0=0, zVixl
(B3) zA(2")~0, zVv(z)~1

The following identities are known to be satisfied by every Boolean algebra:

(zAy) =2’ vy (zVy) =2'AYy [De Morgan’s Laws).
It is evident from Birkhoff’s theorem that the class of all Boolean algebras is a variety; we denote
it by BA. We shall sometimes find it more natural to write -, L and T for ‘, 0 and 1,
respectively. The term — will be frequently used; it is a binary term defined by z —y = (2') Vv y.

It is easy to show that the underlying lattice order on a Boolean algebra B satisfies the following

property for all a,b € B:

By 1B,

a<b iff a—

Brouwerian Semilattices. An algebra A = (4; A,—,1) of type (2,2,0) is a Brouwerian semilattice

if (A; A) is a semilattice and the following identities hold in A:

(BS1) r—znl,
(BS2) (z—y)Az=(y—z)Ay,
(BS3) (zAy)—zmr—(y—2).

In this case 1 is the greatest element of (A; A). Note that the class of Brouwerian semilattices

forms a variety by Birkhoff’s theorem.

Heyting algebras. An algebra (H; A, V,—,0,1) of type (2,2,2,0,0) is a Heyting algebra if it

satisfies:
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(H1) (H; A, V) is a distributive lattice

(H2) zA0=0, zvizl

(H3) z—z =l

(H4) (z—=y)Ay=y, zA(z—y)~zTAY

(H5) z—(yAD) % oy A(s—2), (EVy)—zx(2—2)Aly—2)

By Birkhoff’s theorem the class of all Heyting algebras is a variety; we denote it 36.4. We shall
often use L and T for 0 and 1, respectively. A unary term — is sometimes added to the type of
Heyting algebras; it is defined by -z =2 —0. A Boolean algebra, with the term — defined as
above, satisfies each of the defining identities of a Heyting algebra, so we can consider Boolean
algebras stronger than Heyting algebras. Note that the { A, —, 1}-reduct of a Heyting algebra is a
Brouwerian semilattice. In fact, it is well known that the { A, —, 1}-subreducts of Heyting algebras

are exactly the Brouwerian semilattices.

Let A be a Brouwerian semilattice or a Heyting algebra. The DA operation of A satisfies
g alg

the following property for all a,b,¢c € A:
a—Ab=max{ce A;cAla<b}.
In other words, {4; A) is Brouwerian and for all a,b € A, a—Ab is the relative pseudocomplement

of a with respect to b.

As in the case of Boolean algebras, the underlying partial order < of A satisfies the

following, for all a,b € A:

a<b iff a—Ab=1A

We list some other easily proved properties of < that we shall need. For all a,b,c € A:

a< b—»Aa,

a <b implies c—2a < c—»Ab,

a <b implies b—Ac < a—Aec.

If the underlying partial order of A is a chain, then, for all a,b € A:

If a<b then a—Ab =14

b

if @>b then a—Ab=5.

Wajsberg Algebras. An algebra W = (W; —,—,1) of type (2,1,0) is a Wajsberg algebra if it



satisfies the following identities:

(W1) l-z~a,

(W2) (z—y)—=[(y—2)—(z—2)]~ 1,
(W3) (z—y)—y=(y—z)—z,

(W4) (2)= () —(y—z)~1

The class of all Wajsberg algebras is evidently also a variety; we denote it by W.

Modal Algebras. An algebra M =(M; A, V,—,—-,0,0,1) of type (2,2,2,1,1,0,0) is a modal

algebra if it satisfies the following:

(M1) (M; A, V,=,0,1) is a Boolean algebra,
(M2) z—yr(-z)Vy

(M3) 01=1,

(M.4) O(z Ay) = (Oz) A (Oy).

The class of all modal algebras is a variety; we denote it by MA4. A modal algebra M=
(M; Ay V,—,—,0,0,1) is a monadic algebra if it satisfies

(M5) (Oz)Az~ 0z (ie., Oz <2),

(M6) QxzA(@Qz)=~ 02, where (z=-0-2 (ie, (z<Oz).

A modal algebra M = (M; A, V,—,—,0,0,1) is an interior algebra if it satisfies (M5) and

(M7) (Oz)A (O0z) =0z  (i.e., Oz < O0z).

0.3 REDUCED PRODUCTS AND ULTRAPRODUCTS

Let B be a Boolean algebra or a Heyting algebra. A subset G of B is a filter of B if it is a filter of
the underlying lattice of B. The set of all filters of B is denoted FiB. It is easy to see that FiB is

the universe of a lattice (ordered by C ), which we denote by FiB.

0.3.1 THEOREM (cf. [BS81, Theorem 3.5, p128])
Let B=(B; A, V,’,0,1) (resp. (B; A, V,—,0,1)) be a Boolean algebra (resp. Heyting algebra)
and let G be a filter of B. Define a binary relation A on B by:

(a,0) €A off aV(¥),(d)VbEG [ie., iff (aV(V))A((a)Vb)EG]
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(resp. iff a—bb—a€ G [ie., tff (a—b)A(b—a)€G)).
Then Ag is a congruence relation on B. Conversely, if & € Con B, then 1/® is a filter of B.
FiB— ConB ; ConB—FiB
G g : bd—1/®
are mutually inverse lattice isomorphisms, so (FiB, C )= (ConB, C ). Therefor-e (FiB, C) is an

algebraic distributive latlice. g

Let B=(B; A, V,’,0,1) be a Boolean algebra and G a subset of B. By an ulirafilter of
B, we mean a proper filter G' of B that is maximal, with respect to C, among all proper filters of

B (i.e., if F' is a proper filter of B and if G C F then G = F).

0.3.2 THEOREM [BS81, Theorem 3.12 and Corollary 3.13, ppi32—133]

Let G be a filter on a Boolean algebra B=(B; A, V,’,0,1). Then the following conditions are
equivalent:

(i) G is an ultrafilier of B;

(1)  for every a € B, ezactly one of a and a’ is an element of G;

(iit) 0¢& G and for every a,b € B we have aVbe G iff a€ G orbeG. 0

If B=(B; A, V,’,0,1) is a Boolean algebra and a € B then [a) = {b € B; b > a} (where
< is the lattice order of (B; A, V)) is clearly a filter of B — called the principal filter generated by
a—it is clearly the least filter of B containing a. An element a € B is an atom of Bif 0 <a. If ais
an atom of B, it is easy to see that [a) is an ultrafilter of B. Such an ultrafilter is called a principal
or fized ultrafilter. A free ultrafilter is one that is not fixed. A routine application of Zorn’s

Lemma produces the following result.

0.3.3 THEOREM

Let B=(B; A, V,’,0,1) be a Boolean algebra. If G is a proper filter of B then there ezists an

ultrafilter U of B such that G CU. O

If T is a set, then the power set P(I), partially ordered by C, gives rise to a Boolean

algebra P(I)=(P(I); N, U, —,0,I), where ~X=I-X={a€l;ag¢ X} forall XCI. Bya
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filter (resp. ultrafilter) over a set I, we mean a filter (ultrafilter) on the Boolean algebra ®(I). If T
is an infinite set, then X C I is called a cofinite subset of I if I — X is finite. If I is an infinite set
then the set of all cofinite subsets of I is a filter over I; it is called the Fréchet filter over I and is
not an ultrafilter. By the previous theorem, the Fréchet filter over an infinite set I is contained in

a (necessarily free) ultrafilter. Conversely, we have the following well-known fact.

0.3.4 COROLLARY

Every free ultrafilter over I contains the Fréchet filter. O

0.3.5 COROLLARY

For every infinite set I, there ezists a free (i.e., nonprincipal) ultrafilter over I. g

Let {A;; ¢ € I} be a family of algebras of the same type and let a,b € II; crA; Let Gbea
filter over the set I. Define a binary relation 0 on II; o 1 A; by
(a,b) €0, iff {ie€l;a(i)=05(i)}€q.
Then 6; is a congruence relation on II; . ; A;. The quotient algebra (II; . ; A;)/0 is usually called
a reduced product in the literature. We shall call it a filtered product in order to avoid a clash of
usage of the term ‘reduced’ later. We denote the filtered product by II; c 1 A;/05. If G is actually
an ultrafilter over I, we call II; o ; A;/05 an ultraproduct of the family {A;; 7 € I'}. In particular,

if A;=Aforalliel, wecall II; . ; A;/0; an ultrapower of A.

0.3.6 LEMMA [BS81, Lemma 6.5, p146]
If {A;; i €1} is a finite set of finite algebras, say {By,...,B,} (I may be infinite) and U is an
ultrafilter over I then the ultraproduct 11, ¢ 1A;/05 is isomorphic to one of the algebras By,...,B,,

namely to that B; such that {i€ I; A; =B} €U. 0

Let 3% be a class of algebras of the same type. We introduce the following operators
mapping classes of algebras to classes of algebras:
A €Pgr(%) iff Aisa filtered product of a family of algebras in %,

A € Py (%) iff Aisan ultraproduct of a family of algebras in %.
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0.4 QUASIVARIETIES

A class % of algebras of the same type is called a quasivariety if it is closed under I, S, P and Py.
The intersection of a class of quasivarieties is again a quasivariety, hence for every class % of
algebras of the same type there is a smallest quasivariety containing %. If % is a class of algebras
of the same type, let Q (%) or %9 denote the smallest quasivariety containing 3. We say that %9
is the gquasivariety generated by %. A quasivariety %’ that is a subclass of a quasivariety % is

called a subquasivariety of %.

A quasi-tdentity of type £ over X is an identity or a formal expression of the form
syt&.. ks, mt, =>s~t (abbreviated ( iicn s;Rt)=>sxt)
where s;,...,5,,t1,...,t,,5,t € T(X). We extend the relation sz]G defined for identities: An
algebra A of type L safisfies a quasi-identity of type £
51(xqyee 0 zy) Rt (2, 2) & &sn(xl,b...,mn) mt (T 2y,) > s(Ty,. ) R (2. 2,)
(or the quasi-identity ¢s true in A, or holds in A), abbreviated A |= s, ~t, &... &s, ~t, => st
or Epasyrt & &s, xt, 2> s~tif
{s=t,...s, =t} Eps=t
A class ¥ of algebras satisfies s; ~ ¢, &... &s, ~ 1, = s~ t, written
Bl=sirti&...&s, xt, = st
of =g sy eti&. ks, mt, >sxt if Fpsy & &s, xt, > st for each A€®. If
¥ is a set of quasi-identities, we say ¥ satisfies ¥, written [=q: L or % |= X if
Bl=s;~t1&... &s, ~t, =>s~t for each (s, xt;&... &s, ~t, =>s~t)eX. We use the
symbol [£ for “does not satisfy.” Let ¥ be a set of quasi-identities of type £. A class % of
algebras of type £ is said to be defined or aziomatized by ¥ if % is the class of all algebras of type

L that satisfies each of the quasi-identities of L.

0.4.1 THEOREM (Mal’cev) [BS81, Theorem 2.25, p219]
Let 36 be a class of algebras of a fized type. The following conditions are equivalent:
(i) % is aziomatized by a set of quasi-identities,

(it) % is a quasivariety,
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(1)) % 15 closed under I, S and Py,
(tv) % =ISPR(%') for some class %',

(v) % =ISPPy(%') for some class %'. a

0.4.2 THEOREM (Mal’cev) [Mal73, Corollary 5, p216]
Let % be a quasivartety of type L = (L,ar) and let 2'CL. Let %' be the class of all L'-reducts of
algebras in %. Then (%')Q =S(%'), i.e., the quasivariety generated by %' is the class of all L'-

subreducts of %. 0

Let % be a class of algebras of the same type and let A be an algebra with the same type
as %. A congruence ® on A is called a %-congruence (or a relative congruence) on A if the

quotient algebra A/® € 3. We denote the set of all 3-congruences on A by CongcA.

The following proposition and the subsequent lemma will be needed, of which we have not
been able to find proofs in the published literature (although the former result is certainly known

to quasivariety specialists).

0.4.3 PROPOSITION
For a quasivariety % and an algebra A with the same type as %, (ConﬂGA, C) is an algebraic
lattice.

Proof. 'To prove that Con%A is algebraic it suffices, by Theorem 0.1.6, to show that
Con%A is closed under arbitrary intersections and unions of upwardly directed subsets. Let
{®;;i € I} be a set of ¥-congruences on A. Note that (]{®,; i€ I} € Con A by Theorem 0.2.1.
Define a map from A/ {®;; i€ I} to II; . ; A/®; by

a/N{®;;i €I} (a/®,;;i€I).
The map is easily seen to be well-defined, injective and a homomorphism from A/ {®;; i € I} to
I; . ;A/®;. The image of A/({®;; i€ I} under this map is therefore a subalgebra of II; . ; A/®;
by Theorem 0.2.2 (ii). Since each A/®; € % by assumption, we have that II; . ;A/®; € P (%). It

follows that A/(1{®,; i € I} € ISP (%) C %, by Theorem 0.4.1, i.e., [}{®;; ¢ € I'} € CongA.

Let {®;; i € I'} be an upwardly directed family of %-congruences on A. By Theorem 0.2.1,
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U{®;;¢€ I} €ConA. Suppose that B=A/(J{®,;;i€ I} ¢%. Then, by Theorem 0.4.1, there
exists a quasi-identity s; ~ ¢; & ... & s, ~t, = s=~t satisfied by % such that
A/U{®;siel} st & ... s, =t = st

i.e., there exists an interpretation @ of the variables in Sptyseees Sty st in A/ J{®,;; 1 € I} such
that s?(a) = t?(ﬁ) for each i<n but sB@) #tB@. Now, for each ¢ <mn, let s?(ﬁ) =
bo/U{®;;i€1} and t?(&) =cg/U{®;;i €1} for some byc,€ A  Moreover, let sB@) =
b/ U{®;;i€I} and tB@) =c/U {®;;i€ I} where b,c€ A. Then s?(a) = t?(ﬁ) implies that
(bprcg) € U{®;5i €I}, ie., (byep) € <I>]-e for some j,€ 1. Since {®;;i€ I} is directed, there
exists k € I such that (I>]-£ C @, for each £ <n. Thus (be,ce) € ®,, hence be/fbk = ce/<I>k for each
¢<n, and A/®; €% by assumption, hence b/®, =c/®,, i.e., (b,c) € ®;. But this implies that
(byc) € U{®,; i€ I}, hence that sB(@) = tB(@). This contradiction implies that A/U{®;;iel}

cX%. a

We denote the lattice (CongGA, C) by ConxA. For a quasivariety %, an algebra A with
the same type as % and X C A2, let 9%(X) denote the %-congruence on A generated by the set X,
i.e., the intersection of all J%-congruences on A containing X. For X C A4, let @?G(X) denote the %-
congruence on A generated by the set X2. A J-congruence & is said to be finitely generated if
® = @%(X) for some finite X C A%, The compact members of CongcA are the finitely generated

members of CongcA, by Theorem 0.1.6. We abbreviate @?G({(a,b)}) by @iAG(a, b).

0.4.4 LEMMA
Let 3% be a class of algebras of a fized type which is closed under 1, S and P. Let X be a set of
variables and let ¢;,n; € T(X) fori € I and ¢, € T(X). The following conditions are equivalent:
(i) {Gimn;iel} Eq e,
(i1)  for each A € % and each interpretation @ of X in A,
ox({(cMa.nt@): i € 1)) 2 Og(eH(@), v (@),

(511) O ({(Com); i € I}) 2 O (p¥), where F = Fog(X).

Proof. (i)=>(ii) Let A € % and let @ be an interpretation of X in A. Take any ® € Cong:A
such that {(¢A@),nA(@));i €I} C®. Let a/® denote the interpretation of X in A/® defined by

a/®(z) = a(z)/® for all z€ X. Now, in A/®, Cfx/(p(a/_q))znf‘/q)(a/_q)) for each 7€ and
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A/® e ¥, so, by (i),

A 2(a]3) = v %(a]3),

(A@)/2 = (WA @)/%,

(2@, vh@) € @,

ie., 0y (¢* @), vMa@)) C @

Thus O3(v"(@), @) C 0§ ({(¢M@),n@); i € I}).

(if)=>(iii) Follows trivially from the fact that by Theorem 0.2.11 (ii), F € ISP (%) C %.

(ili)=>(1) We can assume without loss of generality that 3 contains at least one nontrivial algebra.
Take A € % and let @ be an interpretation of X in A with (,-A(E) =n@) for all i I. We can
consider the interpretation @ as an interpretation of X in A also. (See the remark preceding
Theorem 0.2.11.) By the universal mapping property (Theorem 0.2.11(i)), @ extends to a unique
homomorphisin 7:F — A. Then, by the Homomorphism Theorem (Theorem 0.2.4),

F/kerr = n(F) € S(A) C %,
hence kerm € CongzA. Now, 7((;) = (?(6) = niA(E) =m(n;) forall i € I, so

(¢;2m;) € kerm forall i € I,
hence efl}?(;({(givﬂi)? 1 € I}) C kerr.
By (iii), @gg(fv ¥) C kerm, so (p,¥) € kerr, i.e., 7(p) = 7(¥), i-e., oA (@) = vA(@). This shows that

{{;=n;;i €1} |=5 ¢ = ¥, hence (i) holds. 0

0.4.5 COROLLARY
Let % be a quasivariety, X a set of variables and (,...,C M,y Ny 5% € T(X). The following
conditions are equivalent:
(i) %l=Grn&. &=, =>exY,
(i)  for each A € % and each interpretation @ of X in A,
O%({(¢@),nM@)); i < m}) 2 04(p (@), v (@),

(i) O5%({(¢om); i < m}) 2 Ox(p,¥)-

Proof. Noting that a quasivariety is, by definition, closed under I, S and P, and that (i)

holds if and only if {¢; ~7n,; i < m} |:36 ® = 1), one can see that the corollary follows immediately
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from the previous theorem. O

The following result will be used in Chapter 3.

0.4.6 THEOREM [DMS87, Theorem 3.4]
Let ¥ be a variety and let (;,n;, i <m, and @, be n-ary terms of the type of ¥ in the variables

Then the following are equivalent:

T=z...,Z,.

(i) VTIEG=~n&. . &(,=n,)=>exy;
(ii)  for some L€ w there exist (n+2)-ary terms ty,...,t, and pairs (uj,v;) € {(€pm)si<m}
for j < € such that ¥ satisfies the identities
¢(Z) = t(4)(T),,(2),7)

t1(v1(F), 4y (T), T) = 15(uy(T), v5(%), F)

t(vg(T) up(T),T) = ¥(T);
(iii) for some L€ w there ezist (n+1)-ary terms ty,...,t, and pairs (u;,v;) € {(¢;in;), (n::€;)5

i <m} for j < € such that ¥ satisfies the identities

ty(v,(2), %) = Y(F). O

A quasivariety % is called relatively T-regular if there exists an (equationally definable)
constant term T of the type of % such that, for all A € % and ®,¥ € Con%A,
TA/® = TA/¥ implies & = V¥.

If in addition, % is a variety, then Con%A = Con A for all A € %, so % is called T-regular.
The following notion of an ‘ideal’ is due to A. Ursini (see [GU84]).

Let % be a quasivariety of type £ with constant term T. A term t(xl,...,z'e, YirererYp) Of
type L over {2:1,...,:L'€,y1,...,ym} is called an ideal term in yy,...,y,, (for % and T) if
% |= t(xl,...,xé,T,...,T) ~ T.

Let A be an algebra of type £. A subset I of A is called an ideal of A (with respect to % and T) if
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for every ideal term t(a:l,...,xe, Y1r-o 1Y) D Ypsees Yy We have
tA(al,...,ae,il,...,im) €1 for all ayy...,a9 € Aand iy,...,i, €1.
The set of all ideals of A is denoted by Id A. Since the constant term T is an ideal term (in any
variable), it follows trivially that TA € I for every ideal I of A. We also have the following easily
verified fact:
For any reflexive compatible binary relation ® on A, TA/<I> is an ideal of A.
This induces a map f:ConSGA—-»IdA defined by f(®) = TA/<I>. It is evident that 3 is relatively

T-regular if and only if f is injective for all A € %.

The varieties of groups and Boolean algebras are 1-regular, for example. All natural
examples of (relatively) T-regular (quasi)varieties that have been identified as such in the
literature have a stronger property, viz., their (relative) congruences are ‘ideal determined’ in the
following sense: A quasivariety 3% with a constant term T is called relatively ideal determined
(with respect to T) if the map f:Cong:A— Id A defined by f(®) = TA/® is a bijection for each
A € %. If in addition, % is a variety we call % ideal determined (with respect to T). We shall give
an example in Chapter 3 of a relatively T-regular quasivariety that is not relatively ideal
determined. We believe that the next result is not in the published literature, although its

specialization to varieties is well-known.

0.4.7 THEOREM
Assume the type of the quasivariely %6 admits a constant term T. The following conditions are
equivalent:
(i) % is relatively T-regular,
(i1)  there exzist binary terms di(z,y),...,d, (z,y) (of the type of % over {z,y}) such that %
satisfies
di(z,e) =T foralli<n, and
(iécndi(:c,y) =~ T) => 2 Ry.
Proof. (1)=>(ii) Let F = Fq(z,y). Let
U ={(T%.0); (T%.b) € O (2. p)}-

(Here, every element of F has the form b = bF(_.'g,g) for a term b(z,y) of the type of %, so the
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definition of U makes sense.) Trivially, O%(U) - @g‘G(g, y). By definition of U,
TF /08 (z,y) € TF/O5(1),
s0 TF /0% (z,y) = T¥ /05 V).
By relative T-regularity, @gg(g,g) :@g‘G(U), hence OgG(U) is compact in Con%F, by Corollary
Cong-F
0.1.6. Since @gG(U) =V % {@gG(TF,Q);(TF,Q) € U}, it follows that for some finite subset, say
{(T¥,d)),...,(TF,d,)} of U, we have
Cong-F i
o) cv % (0F(TF d,)i < n)
=05 ({(TF,d;);i < n}).
The converse inclusion is also true, trivially. We have shown that
0% (z,y) = 05 ({(TF,d;);i < n),
hence, by Lemma 0.4.4, % satisfies the quasi-identity in (ii). It remains to show that % satisfies
d(z,z) T, i <n. Take j€{l,...,n}. In Corollary 0.4.5, replace m by 1 and (;,n,,%,% by z,y,
dj(x, ¥), T, respectively. By the above,
so @gc(g,g) ) @g‘c(ij,TF).
Lemma 0.4.4 then implies that 3 satisfies z ~y = dj(x,y) ~ T, from which it follows that 3%

satisfies d j(z,z) ~ T.

(i))=(i) Assume that d;,...,d, are binary terms as in (ii). Let A € % and suppose that ®, ¥ €
Con%A such that TA/<I> = TA/\II. Take (a,b) € ®. By reflexivity, (b,b) € ®, hence, for each i <n
(dMa,b),d(b,b)) € &.

Now, d?(b, b) = TA, by assumption, so (df\(a,b),TA) €,

Le., d¥a,b) € TA/®,

so d?(a, b) € TA/W.
Thus dA(a,b)/% = TA/¥,
which is equivalent to d‘-A/‘I’(a/\II, b/¥) = TA/Y,

Since ¥ is a relative congruence, A/¥ € %, so (ii) implies that a/¥ = b/, i.e., (a,b) € ¥. This
proves the inclusion ® C ¥, and the reverse inclusion follows by symmetry, hence % is relatively T-

regular. |
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Let 36 be a class of algebras of type L =(£,ar) and %’ a class of algebras of type

2’ =(&,ar’). Let X be an infinite set of variables. Suppose:
(i) ~ There is an injection a:%’—3% such that for each A€ %', A and a(A) have the same

universe,
(ii)  For every operation symbol f € L with ar(f) = n > 0 there is a term f’ of type L’ over X

with ar’(f') = n such that for every A € %', and all ay,...,a, € A,

Fo B8 (ay,...a,) = (f)May,...,a,).

(iii) For every constant symbol ¢ of L, there is a term ¢ of type £’ over X such that for every

A € %' and all CTRRPP L € A,

(c’)A(al,. . .,aar,(c,)) = c*A),
Then we say that % is interpretable in %’. In this case, for any term t of type L over X with
ar(t) = n > 0, there is clearly a term ¢’ of type L' over X of arity ar’(¥') = n such that for every
A€ % and all a,...,q, € 4,
1*Aay,... a,) = 1) (ay,... a,).
We call («, ) an interpretation of % in %’ where ' denotes the map ¢+— ¢’ whose domain is the set
T(X) of all terms of type L over X. If in addition, %’ is interpretable in % by means of an
interpretation (3, *) such that
(i) o and B are mutually inverse functions,
(i1)  for every term t of type £ over X,
% = CITRRE A R (t')*(xl,..‘,:car,((t,)*)),
(ili) For every term s of type L’ over X,
%' = s(zy,.. .,zar,(s)) ~ (s*)'(xl,...,zar((s*),))

(where z,,2,,... € X),
then we say that 3% and %' are termwise definitionally equivalent. The standard example used to
illustrate this concept is the termwise equivalence of the varieties of Boolean algebras and Boolean

rings. (See [BS81, Chapter IV §2] for the details of this example.) Algebras A and A’ are said to

be termwise definitionally equivalent if the classes {A} and {A’} are.
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0.5 FIRST-ORDER STRUCTURES, THEORIES AND MODELS

First-order structures

A (first-order') language (without equality) is an ordered triple € = (O, R, ar) where 0 and R are
disjoint sets and ar is a function from QU R to w, called the arity funciion of 8. We call O the
set of operation (or function) symbols and R the set of relation (or predicate) symbols of . An

element p of O (resp. ®) is called an n—ary operation (resp. relation) symbol of & if ar(p) = n.

In this case an ordered triple A = (A4;0; R) is called a (first-order) structure of type 8 (or
just an f-structure) if A is a nonempty set, O is a set {oA:o0€ O} indexed by O, R is a set
{rA:r € R} indexed by R and for each p in O (resp. R), if n=ar(p) then p® is an n-ary
operation (resp. relation) on A (as defined at the beginning of this chapter); we call pA a
fundamental operation (resp. relation) of A. We delete the superscripts when no confusion can
arise. We call A the universe of A. If O and ® are finite, say O = {04,04,...,0,} and
R = {ry,rys...,7}, we often write (4; 01,0,,...,0,;71,7q,...,7..) for A. Note that if R =@, we

may identify A = (A;0;0) with the universal algebra (4;0).

Let X be a set (whose elements are called variables) such that XN(OUR) =0. We
define a ferm of type & over X to be just a term of the type (U,ar| O) (of universal algebras) over
X. An atomic formula of type & (or atomic 8—formula) over X is defined to be a (purely formal)
expression of the form r(t,,...,t,) where r € ®, ar(r) =n and t,,...,t, are terms of type ® over
X. Notice that if ~ € R with ar( ~ ) =2 and we write t; ~ t, for ~ (,,1,) then all identities of

type (O, ar|O) are atomic formulas of 8.

More generally, we define formulas of type & (or -formulas) over X recursively by the
following rules, which involve the (purely formal) logical symbols ~ (‘not’), = and V as well as

symbols of & and variables:

1) any atomic -formula over X is an 8 -formula over X;

(ii) ifze X and ®,®,,®, are 8—formulas over X then so are

1The word ‘elementary’ is often used as a synonym for ‘first-order’ in the literature.
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~(®), (2)=(d), Vz(®).
We introduce the following abbreviations for 8-formulas over X:
(@) U (®,) abbreviates (~ (®,)) = (P,)
(®1) & (®,) abbreviates ~ ((~ (&) U (~(®,)))
(®,) & (®,) abbreviates ((®,) = (,)) & ((®,) = (2,))
3z(®) abbreviates ~ (Vz( ~ (3))).

We read ‘U’ and ‘&’ as ‘or’ and ‘and’, respectively.
P

For the present we shall assume that  and the set of variables X are fixed and we shall
use the expression ‘formula’ in place of ‘@—formula over X’. Where no confusion is possible, we
abbreviate formulas by omitting brackets according to standard natural conventions (which we

refrain from stating explicitly here).

A formula @, is a subformula of a formula @ if there is a consecutive string of symbols in
the formula @ which is precisely the formula ®;. An occurrence of a variable z in a formula & is
called bound if it is an occurrence of z in a subformula of ® which is either of the form Vz ¥ or of
the form Jz ¥. Otherwise the occurrence of z in @ is called free. The variable z is called bound
(resp. free) in @ if it has a bound (resp. free) occurrence in ®. An f-sentence over X (briefly, a
sentence) is a formula with no free variables. We sometimes denote a formula ® by ®(z,,...,z,),
which should be understood to indicate that the free variables of ® are among z,,...,2,. Given
terms ty,...,t,,, we write ®t;/x,,...,t, . /z, ] for the formula obtained by simultaneously replacing
all free occurrences of the variable z; in the formula ® by the term ¢,, for i =1,...,m. When a
formula is given as ®(z;,...,z,), we sometimes denote @[tl‘/xl,...,tn/zn] by ®(t,...,t,).
(Clearly this does not conflict with our earlier usage.) Given a formula ® and a variable z, a term
t is said to-be free for ¢ in ® if for any variable y that occurs in ¢, no free occurrence of z in @ lies

within a subformula of & of the form Vy¥ (equivalently, if no occurrence of any variable in ¢

becomes a bound occurrence of that variable in ®[t/z]).

Let A = (A;0;R) be an 8-structure. We denote by & 4 the first-order language obtained
from & by adding to O a nullary operation symbol a for each a € A. We may now consider

8 4—formulas of the form ®[a/z] for every 2—formula ®, every variable z € X and every a € A.
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Observe that a sentence of 8, is an atomic formula if and only if it is r(t1(ag,- 00 8p)se s

t,(ay,...,a,,)) for some re %R with ar(r) =n, some terms t,...,t, of arity m and some

ag,..- @, € A. Given a sentence & of 8 4, we define the notion that ‘A satisfies ®’, or that ‘® is

true in A’ or ‘® holds in A’ (written A |= @) recursively as follows:

(1) When & is an atomic formula r(¢,(ay,...,q,,),..., t,(ay,...,a,,)), we define A |= & iff
(tf(al,...,am),...,tﬁ(al,...,am)) erh

(i) When @is ~ ®,, we define A |= & iff it is not the case that A |= @, (which we abbreviate
as A £ ).

(iii) When ®is & = ®,, wedefine A |= & iff AE P, or A= 9,

(iv) When @ is Yz ®,, we define A |= @ iff A |= ®,[a/z] for all a € A.

Notice that in (iv), the fact that ® is a sentence means that ®, has no free variable except possibly

x, so these definitions make sense.

For an 8 4—formula ® (not necessarily a sentence) whose free variables (listed in the order

that they first occur in @, from left to right) are x;,...,z,,, we say that ® is valid in A (or that A
satisfies ® or that ® holds in A) iff A |= Vz,...Vz ®. In this case, we also write A |= ®. (Thus,
a sentence is valid in A if and only if it is true in A.) For a class of structures %, an —formula ®
and a set X of -formulas, we define: |

X|=d iff Al=® forevery Ac%; A|EX iff A|=® forevery PeX;

¥ =2 iff A|=X for every A € %.
If A= X, we also say that A is a model of &.. We use |=q; @ to abbreviate § I=q; @, etc. A class
% of &—structures is said to be aziomatized by a set £ of —formulas if % is exactly the class of all

f-structures A for which A |= & for every ® € L.

Let P be a property which members of a class % of @ -structures may or may not possess.
We say that P is first-order definable over % provided that there exists a set ¥ of 2—formulas (of
equivalently 8-sentences) such that for each A € 3%, A has property P if and only if A|= . A
subclass M of % is called first-order definable over % if and only if the property of being an

element of A is first-order definable over %.

A universal Horn sentence is an -formula of the form
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Voy... Ve, [(r(zg,..2) & ... & (2.0 2,) = r(2g,...,2,)]
where ry,...,r ,,r are atomic 8—formulas whose variables are among Ty, (We allow m =0,
ie, Vz,...Vz_ (r(z...,z,)) is also a universal Horn sentence.) A class % of f-structures is

called a universal Horn class if there exists a set of universal Horn sentences which axiomatizes %.

Let A=(4;0%R") and B=(B;OB;RB) be f-structures. We say that A is a
substructure of B provided that (4;0A) is a subalgebra of (B;OB) and for each r € R with
ar(r) = n, say, rA = A"NrB. We denote the class of substructures of a class % of 8—structures by

S(3%). (This generalizes our use of S as a class operator for algebras.)

A function h: A— B is called a homomorphism from A to B if h is a homomorphism of
algebras (A;OA)—>(B;OB) and for each r € R with ar(r) = n, say, and any a,,...,a, € A such
that (a;,...,a,) € A, we have (h(ay),...,h(a,)) € B. In this case, the image h(A) of A under A is
the universe of a substructure of B, which we denote by A(B). If in addition, h is a bijection and
for every r € R with ar(r) =n and any a,...,a, € A for which (h(a;),...,h(a,)) € rB, we have
(ay,...,a,) erA, then we call h an isomorphism from A to B. In this case we say that A is
isomorphic to B and we write A=~ B or h:A = B. An isomorphism from A to a substructure of B
is called an embedding of A into B. We denote by I(%) the closure of a class 3 of —structures

under isomorphism.

Let I be any set and suppose A; = (A‘-;Ol-A"; R?") is an f-structure for each i€ I. We
define the direct product II; ¢ ; A; of the family (A;: i € I) to be the 8—structure A = (4;04; RA),
where (A4;04) is the direct product over I of the algebras (Al-;O?") and for each r € R with
ar(r) =n, say, and any ay...,a, €I, A; we have (ay,...,a,) € rA iff for every i€,
(ay(i),...,a,(%)) GrA‘. In this case the j—th canonical projection map il e Aj—Ajis a
surjective homomorphism for each j € I. The class of all direct products of members of a class %
is denoted by P(%). Observe that P (%) always contains a structure with universe {#}. A
substructure B of the direct product II; e1 A is called a subdirect product of the family (A;: ¢ € I)
of &-—structures if 7 ;(A) = A, for all j € I. An embedding h from an 8-structure C to I, el A;is
called a subdirect embedding if h(C) is a subdirect product of (A;: i € I). The closure of a class %

of £-structures under subdirect products is denoted by Pg(%).
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Given a family (A; = (A,-;O?‘; R?i): i € I) of f-—structures and a proper filter G' on the
Boolean algebra of all subsets of I, recall that the binary relation 0, = {(a,b) € I e 1 A
{i € I: a(i) = b(i)} € G} is a congruence of the algebra reduct of I, e 1 A;. We define the filtered
product II; . 1 A;/G to be the R—structure A = (A;OA; RA), where (A;OA) is the filtered product
of algebras II; . ; (Ai;Of“')/G (as defined in Section 0.3) and for any = € R with ar(r) = n, say,
and any ay,...,a, €II; . ; A;, we have (a,/G,...,a,/G) € rAff {iel: (a1(3),...,a,(0) € rA‘}
€ G. If the filter G is an ultrafilter over I then we call A an ultraproduct of the family (A;: i € I).
If Cis an &-structure and A; = C for all i € I then we call A a filtered power (resp. ultrapower) of
C and we write A= C//G. We denote by Pg (%) (resp. Py (%)) the closure of a class % of
& —structures under filtered products (resp. ultraproducts). The following famous theorem accounts

to a large extent for the attention paid by mathematicians to ultraproducts.

0.5.1 LOS’ THEOREM [BS81, Theorem 2.9, p210]
Given L-structures A;, i € I, an ultrafilter U over I, any (first-order) 8-formula O(zy,...,1,)
and any ay,...,a, €II; c1 Ay we have

0 e AU |= ®(ay/U,...,a,/U) iff {i€l: A= ®(a;(i),...,a,(i)} €U.
Thus, if a first-order formula holds in all members of a class % of R -structures then it holds in
any ultraproduct of members of %. In particular, first-order definable properties are preserved by

ultraproducts. O

0.5.2 THEOREM (Mal’cev, see e.g. [BS81, Theorem 2.23, p218])

The following conditions are equivalent for any class % ofﬂ—structures:
(1) % is a universal Horn class.

(11) % s closed under the class operators 1, S and Pp.

(iit) % is closed under the class operators 1, S, P and Py.

(tv) % =1ISPg (%) for some class %' of L~structures.

(v) % =ISPPy (%) for some class %' of L—structures. O

First-order structures with equality

Notice that the notion A |= X of the satisfaction of (sets of) identities by a universal algebra
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A = (A4;0) becomes a special case of the notion of satisfaction defined above, provided that we
define % = {~ }, ar( =) =2 and consider the structure A’ = (4;0;{ ~ A}) in place of A, where
~ A= I, (={(a,a): a € A}). We cannot extend the notion % |= £ similarly, however, because
we cannot require all structures A of a given type with a binary relation symbol =& to satisfy

~A= I,. For this reason, we make the following definition.

A (first-order) language with equality is a first-order language £ = (O, %, ar) (as above)
with the additional property that ~ € R with ar( & ) =2. In this case an -structure A is called
an {-structure with equality if =~ A= I,. Then identities t = s are atomic 8 —formulas. If % is a
class of 8 —structures with equality then % |= f ~ s means that the algebra reducts of all members

of % satisfy t & s in the sense of universal algebra, as expected.

In order to avoid ambiguity here, it is clearly necessary to specify at the outset whether
is being considered as a language with equality or as a language without equality. If we specify
that £ is a language with equality then a class 3% of R-structures (with equality) is said to be
aziomatized by a set ¥ of &—formulas if 3 is the class of all —structures with equality that satisfy
2. In this case, the members of % are called the models of ¥ with equality. By a universal Horn
class with equality shall mean a class % of R-structures with equality which is axiomatized by
some set X of universal Horn sentences. The previous theorem, which characterized universal Horn

classes (without equality) remains true for universal Horn classes with equality.

Let & = (0,%®,ar) be a language with equality. A quasi-identity ¥ (in the sense of
universal algebra) of type (O,ar | O) is clearly logically equivalent to the universal Horn 2-sentence
Vz,...Vz, ¥, where z,,...,z,, are the variables occurring in ¥. By this we mean that for any
L-structure A = (A4;0; R) (with equality), we have that A |= Vz;...Vz, ¥ iff (4;0) = V¥. It
follows that quasivarieties are just the universal Horn classes with equality where the binary
relation symbol = is the only relation symbol of the language. The last theorem therefore

specializes to our earlier characterization of quasivarieties (Theorem 0.4.1).

First-order theories

Thusfar, we have considered only ‘semantic’ aspects of first-order languages, i.e., notions of
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meaning and truth (or satisfiability) of formulas by structures. We now deal with the ‘syntactic’

aspects of first-order languages, i.e., notions of formal provability and derivability of formulas.

We continue to assume that & (as defined at the beginning of this section) is a first-order
language (without equality) and that a fixed set X of variables is given. We now assume X to be
denumerable. With 8 and X, we associate a set of formulas which we call logical azioms of & over
X. These are just all formulas of the following form, where &, ®,,®, are -formulas, ¢ is a

variable and ¢ is a term.

(A1) 3, = (3, = P,)

(A2) (@= (2= 2) = (2= &) = (2= By))

(A3) ((~ @) = ~ &) = ((~ D) = &) = Ty)

(A4) (Vz®) = (®[t/z]) provided that ¢ is free for z in ®

(A5) (V2 (®; = @,)) = (®; = (V2 ®,)) provided that z has no free occurrence in ®,.

We also define two inference rules (of 8 over X), viz.

(MP) from @, and ®; = ®,, infer @,

(Gen) from @ infer Vo @

(where ®,®,,®, are any 8-formulas and z any variable). (MP) stands for Modus Ponens and
(Gen) for Generalization. More formally one could define (MP) and (Gen) as relations on the set
of all —formulas over X, e.g., (MP) is really {(®;,®, = ®,,®,): ®,,P, are 2—formulas over X}.
We say that @, is directly derivable from ®, and ®; = &, by (MP) and that Va2 ® is directly

derivable from ® by (Gen).

A (first-order) R—theory T (without equality) over X (briefly, an 8—theory) is defined
whenever in addition to the above, a set Pr of formulas, called the proper azioms of T, is given. In
this case, we can define a notion of provability in T, as follows. Let £U {®} be a set of formulas.
A sequence ®,,...,®, of formulas is called a proof (or derivation) of ® from X in T if ®, is ¢ and
for each i € {1,...,n}, @, is a logical axiom or ®, is a proper axiom of T or ®, € ¥ or @, is directly
derivable from <I>j,<I>k by (MP) for some positive integers j,k < i, or ®, is directly derivable from
®; by (Gen) for some positive integer j < k. We write T+ 7 ® (or just £+ ®) if there is a proof
of @ from ¥ in T. We read X I 1 ® as ‘Y syntactically entails (or proves) ® in T’. We abbreviate

OF 7@ by F @ (or just F ®) and if this is true then ® is called a theorem of T. It is quite
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common to identify T with its set of theorems. If Pr=0, we call T a (first-order) predicate

calculus. If Pr is a set of universal Horn sentences, we call T a universal Horn theory.

For any logical axiom ® and any 8-structure A, we have A |= ®. If A |= ¥ for all proper
axioms ¥ of T' then A is called a model of T. This does not conflict with our previous usage: A is

a model of T if and only if A is a model of the set Pr of proper axioms of T in the sense defined

previously.

0.5.3 VALIDITY AND COMPLETENESS THEOREM OF FIRST-ORDER LOGIC.
Let @ be an &—formula and T an R—-theory. Then F 7 ® if and only if for every model A of T,

we have A |= O. O

The Validity (or Soundness) Theorem of first-order logic is the assertion that all theorems
of T are valid in any model of T. The Completeness Theorem of first-order logic asserts the
converse: If a formula @ is valid in every model of T then +  ®. Proofs of these metatheorems

may be found, for example, in [Men87, Chapter 2].

First-order theories with equality

Suppose that 8 is a language with equality. By a (first-order) -theory T with equality over X
(briefly an 8-theory with equality) we mean an 2-theory T (as defined above) with the additional
property that for any variables z,y and any formula ®, the following formulas are theorems of T
(A6) TR

(AT) z=y = (&= (®[y/z])) provided that y is free for z in P.

In this case, by a model of T with equality we shall mean an R-structure with equality that is a
model of T'. It is well known that the Validity and Completeness Theorems may be refined to suit
this restricted notion of model. In other words, given an R—theory T with equality and a formula

®, we have F 1 ® off for every model A of T with equality, A |= ®.
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Chapter One
Deductive Systems

A deductive system can intuitively be understood to consist of a set of axioms and a set of rules of
inference which together represent some method of reasoning. To say that one is working within a
given deductive system is to say that one’s conclusions are reached purely by means of the given
axioms and rules of inference. It is important to note that in the study of deductive systems, it is
not the meanings of the premisses and conclusions of a particular deduction that matter, only the
method of deduction. For example, consider the following simple deduction in number theory:
z is even. z is not even or 3 divides £. From this we conclude that 3 divides z.
If we represent ‘z is even’ by p and ‘3 divides &’ by ¢, and we use the symbols — for ‘not’, Vv for
‘or’ and F for the deduction, then we can rewrite the above as
P (-p)Vet g

It is this statement that is of interest to us; the meanings of p and ¢ are irrelevant. In another
context, we might use the same argument but on completely different propositions. The need for
variables such as p and ¢ is evident and, to that end, we shall specify a fixed set P, whose elements
we shall call propositional variables. We furthermore specify that P must be countably infinite so
that we can never exhaust the set by finite constructions. Since there are no other restrictions on

P, the same set will suffice for all deductive systems.

The symbols — and V of the above example are called propositional connectives. It is
connectives like these that form the so-called language of a deductive system; they are used in
conjunction with the set of propositional variables to construct ‘sentences’ such as (—p)Vgq. The
manner in which these ‘sentences’ are constructed must conform to some rules, or, roughly
speaking, a grammar. By this we mean that the symbol V, for example, operates on two
variables; to write V p would be grammatically incorrect. It is necessary, therefore, to associate
with each propositional connective a natural number, called its arity, that specifies the number of
arguments it takes. Thus the arity of V is two. The word ‘formula’ is commonly used in place of

‘sentence’. The set of all formulas constructed using the propositional variables together with the
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given propositional connectives forms the context, or universe, of the deductive system within

which deductions are made.

A deductive system (as will be formally defined in Section 1.1) consists of an ordered pair
(L, ), where the L is the language of the deductive system; it consists of the set of connectives
along with an arity function. The symbol F, called the consequence relation of the deductive
system, is a relation between sets of formulas and single formulas that consists of all the possible
deductions that can be made. For example, suppose that from a set T of formulas we can deduce a
formula ¢, then I' is related to ¢ by I, which we denote by I' - . Inherent in this relation is a
set of axioms and a set of inference rules. Typically, the axioms are not ‘axioms’ that one might
associate with a certain mathematical theory, such as the associativity axiom z*(y*z) = (z*y)*z in
the theory of groups, but are fixed formulas of the method of reasoning. The formula p— (q¢— p),
for example, could be taken as an axiom. An example of an inference rule is ({p, p—¢},q) which
reads: If p and p—gq (‘p implies ¢’), then we infer q. Thus the inference rules define the

permissible methods of deduction.

The generality of our definition encompasses most deductive systems, including the
classically motivated ones. Notice that there are no restrictions on what the axioms and inference
rules should be, so it is not necessary to demand that a deductive system be modelled on some
intuitive method of reasoning. (The language, too, need not consist of propositional connectives
with which intuitive meanings are associated, such as —, = or A, but might consist of %, e or o,
with which no intuitive meaning is associated. Moreover, the set of connectives need not be finite.

In fact, it can have an arbitrarily large cardinality).

The aim of this chapter is to introduce deductive systems formally and to define the
concepts that will be necessary for later investigations. In Section 1.1 we consider various
(equivalent) definitions of a deductive system and show how the classical propositional calculus can
be described using this format. Section 1.2 provides a characterization of deductive systems that is
based on algebraic notions, namely, lattices and closure operators, and various properties are
exhibited. In Section 1.3 we briefly introduce the idea of matrix models and matrix semantics;

they provide a method of algebraization of deductive systems that will be explored in greater depth
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in later chapters. Further examples of deductive systems are introduced in Section 1.4, many of
which will be referred to later. From Section 1.5 onwards we work in the more general setting of
k-deductive systems. This requires extending the notions introduced in Sections 1.1, 1.2 and 1.3.
This is done in Sections 1.5 and 1.6, where these notions are studied in more depth. The Leibniz
equivalence relation defined in Section 1.7 is an inherent notion associated with deductive systems,
and as such it plays an integral part in our investigations. This is first demonstrated in Section
1.8. There we investigate various operations on matrix models, and in particular their connection
with the Leibniz operator. The question of equivalence of two deductive systems is the topic of
Section 1.9. The final section is a brief look at the possibility of using first-order methods to define

a deductive system, as opposed to relying on second-order notions such as  that are used in the

preceding sections.

The material in this and the following chapters is, for the most part, taken from certain

papers of Blok and Pigozzi, especially [BP89a], [BP89b], [BP88] and [BP92].

1.1 FORMULA ALGEBRAS AND DEDUCTIVE SYSTEMS

Let P ={p;,Py:P3...} be a fixed, countably infinite set. ~The elements of P are called
propositional variables. The letters p,q,7,s,p;,q;,7;,5;, etc., will be used as metavariables ranging
over the set of propositional variables. Let L be a set of symbols, say L = {f,;; i € I}, and let ar
be a function that assigns a natural number to every f,€ L, ie.,, ar:L —w. Denote by L the
ordered pair (£,ar). We call L a propositional language and the elements of L are called
propositional connectives. The function ar is called the arity function of L and, for every f; € £,
we call ar(f;) the arity (or rank) of f,. If ar(f) =n we call f; n-ary. We also use the following
names: If f has arity 0 then f, is called a constant or a nullary connective; if f; has arity 1 then

f; is called unary, and if f; has arity 2 then f; is called binary.

Classical examples of propositional connectives include —, A, = and L, understood to
mean ‘implies’, ‘and’, ‘not’ and ‘falsum’, respectively. Note, however, that in this definition it is
not necessary for there to be any intuitive meaning assigned to the connectives; every conceivable

sort of propositional connective is allowed. Note also that there can be as many propositional
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connectives as we like, as there is no restriction on the cardinality of the set I (hence on £). The
arity function specifies how many arguments a connective should take. For example, we usually
have ar( L ) =0, ar(-) =1 and ar(—) = 2. Strictly speaking, when considering binary connectives
such as — and V we should use the functional notation —(p,¢) and V (p,q) , but we usually write
p—q and pV ¢ for convenience. When using this notation, brackets are used liberally to avoid all

possible ambiguity.

The set Fmy of all L-formulas is constructed in the following recursive way:

pE FmL for every p € P,

if 915000, € Fmy and f € L with ar(f) = n, then f(p;,...,9,) € Fmy.
Note that when n =0, the second defining condition implies that all constants are elements of
FmL. We usually denote L-formulas by lower-case Greek letters, e.g., ¢,%,d, while sets of L-
formulas will usually be denoted by upper case Greek letters, e.g., T',A,II. Note that every L-
formula contains occxirrences of only a finite set of propositional variables. Suppose, for example,
that f,g,h are propositional connectives that have arities 3, 2 and 1, respectively. Then the only
propositional variables that occur in the L-formula ¢ = f(g(p,q),h(p),9(r,p)) are p,q,7. To
emphasise this, we would write ¢ = ¢(p,q,r), and in the general case we would write
¥ = ¢(pyy...,P,) if ¥ is an L-formula whose propositional variables are among py,...,p,. In
particular, we do not insist that each of the stated variables occurs in the formula. We often use

or P to denote a sequence (speciﬁed-or unspecified) of variables or formulas.

The language L can be considered to be a type of algebras (see Section 0.2), hence the L-
formulas are just the terms of type £ over the set P (considered as a set of variables). For each
f €L with ar(f) =m, define me(gol,...,cpm) = f(¥1y-+19,,)- Then fFm is an operation on
Fmy. Thus the ordered pair (Fmy, LFm) forms an algebra, where £F™ = {me; f €L}, which is
called the formula algebra (over L)} and is denoted by FmL. Note that since P is a fixed set, all
that is needed to define FmL is the propositional language L; the algebra Fm;L can then be
considered the absolutely free L-algebra generated by the set P. This immediately implies that

FmL has the universal mapping property for £ over P (Theorem 0.2.10).

In future we shall usually drop the word ‘propositional’ when talking about propositional



50

languages, propositional variables and propositional connectives. Furthermore, a (propositional)
language L = (£, ar) will simply be denoted by £, so £ will stand for both the language and the set
of connectives (and the set of operations on the formula algebra). No confusion will arise. If the
language is fixed and understood, then the prefix £- will be dropped from 2-formula, and we shall

write Fm for FmL, and Fm for FmL.

By a substitution we mean a homomorphism ¢ :Fm — Fm, i.e., a map from Fm into Fm
such that op(py,...,p,) = ¢(epy,...,0op,) for all ¢(p;,...,p,) € Fm. We call o a substitution
instance of . For example, if op =r and g =s—r, then o(p—(g—p)) = (cp—(og—op)) =
(r—((s—r)—r)). Notice that since the formula algebra Fm is freely generated by P, every
substitution is uniquely determined by its restriction to P. Conversely, every map 7:P — Fm
extends to a substitution ¢_:Fm— Fm by the universal mapping property. The map o, satisfies
o (p(Pys---rp,)) = 9(Tpy,...,7p,,) for any w(pys...,p,) € Fm. Thus one can think of a
substitution as a renaming of the variables by other variables or by formulas. We shall briefly

consider some properties of substitutions as they play a large role in the thesis.

For any substitution ¢:Fm— Fm, we have that ¢ “1(P)C P: If @(pyy--.,p,) € " Y(P),

then o(p(py,...,p,)) = ¢(opys...,0p,) € P, so, @(pyy+.-»p,) is p; for “some i< mn, hence

©(pyy-..,P,) € P. Tt follows that if ¢ is a surjective substitution, then P = o(e ~1(P)) C a(P).

If 7:P—Fm is “surjective on P”, i.e., 7(P)D P, then 0.:Fm—Fm is a surjective
substitution. For suppose ¢(py,...,p,) € Fm. By assumption, there exist q; € P, i < n, such that
p; = 74;, hence @(py,...,p,) =¢(Tqy...,7¢,) = 0.9(qq,...,4,) € 7. (Fm), hence o, is surjective.
If 7:P— Fm is injective, i.e., 7 is a one-to-one map, then so is 0. Fm—Fm. To see this, let
P(P1seesPR)y¥01s 1 0) € Fm. Then o, 0(py,...,p,) = 0,94y, 0,) iff @(7py,...,7p,) =
¥(7qy5--+,7q,,). Since we are working in an absolutely free algebra, this holds if and only if =1,

n=m and Tp,; = 7¢; for all i < n, hence p; = g, for each i < n, as 7 is injective.

The previous paragraph implies the result that if 7: P — P is a permutation (an injective
and surjective map), then o_ will be an automorphism of Fm (an injective and surjective
homomorphism). The converse also holds, namely, if ¢ is an automorphism of Fm, then o | P, the

restriction of ¢ to P, is a permutation of P. To see this, we need only show that o(P) = P. So,
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suppose p € P and op = f(py,...,9,,) € P where P1yeerP, € Fm and f € L. Then there exist
Yiyeo s ¥ € Fmo such that @, =oy; for i<m, hence of (Y15 s ¥pn) = 0%y, 09,,) =
f(@1s--19,,)-  Since o is injective, this_implies that p = f(¥1,...,%,,), contradicting "the
assumption that p € P. Thus o(P)C P. We know that P C o(P) since o is surjective, hence

O'(P) = P.

Let £ be a fixed language. A (finitary) clause (over ) is a pair (A,¢) where A is a finite
set of formulas and ¢ is a single formula. For example, the clause ({p, p— q},q) represents modus
ponens. A formula g is said to be directly derivable from a set I' of formulas by the clause (A, p) if
there exists a substitution ¢ such that (A) CT and 0% = ¢. The formal definition of a deductive

system goes as follows:

1.1.1 DEFINITION
Let L be a fixed language. A deductive system S (over L) is determined by a (possibly infinite) set
Ir of clauses which we call the inference rules of S, and a (possibly inﬁnife) set Az of formulas,
which we call the azioms of S. It consists of a pair S =(Z, I g) where F ¢ is a relation between
sets of formulas and single formulas that is defined by the following condition:
For every I' C Fm and every ¢ € Fm,

' g¢ if and only if ¢ is contained in the smallest set of formulas that

includes T' together with all substitution instances of the axioms of S, and is

closed under direct derivability by the inference rules of S.
Deductive systems are sometimes referred to as logical systems or simply logics. The relation F S
is called the consequence relation of S. If O g, then ¢ is called a theorem of S. In this case
we just write - gp. (One can read “TF g¢” as “T entails ¢, or “p is a consequence of "))
Let AC Fm. A derivation from A is a nonempty finite sequence of formulas Y1, ¥9,..., ¥, such
that, for each i < n, one of the following conditions holds:
(i) Y, € Aory,=0cp for some p € Az and some substitution o,
(ii)  there exists a rule (T',) € I and a substitution o such that ; = o and

0¥ € {tby,...,%; _} for each ¥ € I.

Moreover, we call ¥,,%,,...,%, a derivation of ¢ from A if Y, = .
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As an example of a deductive system defined in this way, consider the Classical
Propositional Calculus, denoted CPC. The language is £ ={—, A, V,~, L ,T}, where
—, A, V are binary connectives, - is a unary connective and L and T are constants. For
simplicity we shall write -~ p for = (p), p—q for —(p,q), pA g for A(p,q) and pVq for V (p,9)
Let p,q,r be fixed, but arbitrary propositional variables. The set Az of axioms of CP C consists

of (C,) to (C,;) below:

(Cy) p—(a—p),
(Cy) (p=(g—=r))—=((p—=9)—(p—r)h
(C3) ()= (Cp)—(p—9.

Note that the only connectives that occur thusfar in Az are — and —. In fact, the other
connectives are definable in terms of — and —. The remaining axioms serve only to define

A,V, L and T in this way:

(Cy (PAG)—p,

(Cs) (pAg)—q,

(Ce) (r—=p)=((r—a)—(r—=(pAq))
(C7) p—(pVa),

(Ce) 7—(pVa),

(Cy) (p=r)=((g—r)=((pVg)—r))
(Ci0) 1 -p

(Ci1) p—T.

The set Ir of inference rules of CP C consists only of modus ponens, namely

(MP) {p,p—a},9).

The relation F g, associated with a deductive system S, can also be defined recursively in
the following way: For every I' C Fm and every ¢ € Fm,
(i) if ¢ € T or ¢ is a substitution instance of an axiom of § then ' F ¢,
(i) if ACFm and ¢ is directly derivable from A by an inference rule of S and for every
YEA TFg9, thenT F go.
From (i) we can deduce immediately that F g¢ for every axiom ¢ of S, and from (ii) we can

deduce immediately that Al gt for each inference rule (A,¢) of S. When defining inference
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rules of S in future, we shall often use At 514 to abbreviate the statement that (A,) is an

inference rule of S. Similarly, we sometimes write F ¢ when defining ¢ as an axiom of §.

From the above characterization one can easily see that the following conditions are

satisfied by the consequence relation + ¢. For all A C Fm and ¢ € Fm,

(1.1.1) @ €T implies T'F g,

1.1.2 I'gp and TCA implies Ak g,
S 5]

1.1.3 I'cp and Ak gy forevery v €' implies AF 5.
S S S

It is also true that F g is finitary, by which we mean that F g satisfies the following property:
(1.1.4) [+ g¢ implies there exists some finite IY C T such that I' F g ¢.

To see that this is true, suppose that I' - ¢ . We shall consider each of the cases (i) and (ii)
above. If ¢ €T then {p} F g¢, and {p} is obviously a finite subset of I'. If ¢ is a substitution
instance of an axiom of S, then @ F g and 0 is obviously an empty subset of I'. Next, suppose
that there exists a set A C Fm such that ¢ is directly derivable from A by an inference rule of S
and for every ¥ € A, we have I' - g4 and assume inductively that for each ¢ € A there exists a
finite r,cr such that F¢ F g¥. Since ¢ is directly derivable from A, we can assume without
loss of generality that A is finite, hence the set [' = U{Fd); ¥ € A} is a finite subset of T. It
follows from (1.1.2) that I s for all ¥ € A. Now, since ¢ is directly derivable from A,

condition (ii) implies that I' - g ¢.

A further property of | g is that it is structural, namely

(1.1.5) 'k g implies o(T')F gop for every substitution o.

To see this, we again proceed inductively, considering each of the cases (i) and (ii). Suppose
' g, and o is a substitution. If ¢ €T or @ is a substitution instance of an axiom of S, then
(1.1.5) holds, trivially. Next, suppose that there exists a set A C Fm such that ¢ is directly
derivable from A by an inference rule of S and for every ¢ € A, we have I' - g4 and o(T') I g o9
If ¢ is directly derivable from A by the inference rule (II,d#) of S, then there is a substitution 7
such that 7(II) CA and 79 =¢. The composition ¢ or is obviously also a substitution and,
moreover, it satisfies (¢ o 7)(I) = o(7(I1)) C ¢(A) and (c o 7)d = o7Y = o, hence oy is directly

derivable from o(A) by (II,¥). By (ii), we have that o(T) - g 0.
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It is reasonably intuitive that a deductive system should be finitary. The structurality is
an important property in that it says that a rearrangement of the variables does not affect the
relation + g. This is certainly to be expected as the set P of variables is an arbitrary set. Los
and Suszko [LS58] prove the following converse of the above results: If + is a relation between
sets of formulas and single formulas satisfying (1.1.1) to (1.1.5), then F is the consequence
relation of some deductive system. Consequently, a deductive system over a set of formulas can
be defined by a relation which satisfies the properties (1.1.1) to (1.1.5) This method of defining a
deductive system will be utilised in later sections and the relation + will be called a consequence

relation. Note that in this case there are no predefined sets of inference rules and axioms of S.

Given a deductive system S = (L, - ), there are other deductive systems that one can
associate with S, namely extensions, subsystems and fragments. By an eztension of S we mean a
deductive system §' = (&', S,), where L' D £, that satisfies the following condition: For all
rc FmL and p € FmL, I't+ g implies Ff—s,ap. In other words, ¢4 C F g If S’ has the
same language as S and S’ is obtained purely by the addition of formulas to the set of axioms of

S, then S’ is called an aziomatic extension of S. If S’ is an extension of S, we also call S a

subsystem of §'.

Suppose ¢(py,...,p,) is an L-formula in n variables. We can consider ¢ as a connective
of arity n. Strictly speaking, ¢ need not be a connective of L, so we call it an abbreviation of L.
For example, in the classical propositional calculus, a common abbreviation is the symbol «; the
binary formula p « ¢ is defined by

p=a=(p—q9)A(g—p)
Let £’ be a set consisting of connectives of £ and/or abbreviations of L. Then we can consider £’
as a propositional language. Let S’ be the pair (&', I S,), where + g is the restriction of F g to
2’ in the sense that
I'F ¢ if and only if FgFmL,, wE FmL, and ['F g .

It is easy to see that the properties (1.1.1) to (1.1.5) hold when I g is replaced by I g and Fmy
by FmL,, hence S’ is a deductive system; it is called the L’-fragment of S. If £ has only one
element, f say, then we usually write § f for the £’-fragment of S. The consequence relation + s

of the £'-fragment of S consists of all deductions T' g % for which the formulas contain only the
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elements of £’ (and the propositional variables). It is not always clear how to produce from S
and £’ an axiomatization for S’, nor a finite axiomatization for S’ if one exists. In fact, finding a

finite axiomatization can be a very difficult problem.

1.2 THE LATTICE OF THEORIES

The properties (1.1.1) to (1.1.3) of a deductive system suggest that some sort of closure operator
is inherent in the system (see Section 0.1). For a fixed language £ and a deductive system S,
define a map Cng:P(Fm)— P(Fm) by

Cng(P)={p € Fm; T+ 50}
Cng is called the consequence operator of S and is easily seen to satisfy the following properties,

which correspond to the properties (1.1.1) to (1.1.5), respectively,

(1.2.1) T C Cng(T),

(1.2.2) [ C A implies Cng(T') C Cng(A),

(1.2.3) Cng(Cng(T)) C Cng(D),

(1.2.4) Cng(T) C UCng(T’) where the union is taken over all finite subsets I' of T,
(1.2.5) (Cng(T)) C Cng(c(T')) for every substitution o.

By (1.2.1) to (1.2.4), Cng is an algebraic closure operator on the complete lattice
(P(Fm), C) (as defined in Section 0.1). Conversely, a function Cn:P(Fm)—P(Fm) that
satisfies (1.2.1) to (1.2.5) gives rise to a consequence relation I defined, for I' C Fm and
@ € Fm, by

I't¢ if and only if ¢ € Cn(T).
It is easily checked that this is indeed a consequence relation. It is possible, therefore, to define a
deductive system as a pair (£,Cn) where Cn satisfies (1.2.1) to (1.2.5). A set T C Fm is called a
theory of S, or an S-theory if, for every ¢ € F'm,
Tk gyp implies peT.
If I'C Fm, then (1.2.3) implies that Cng(T) is an S-theory. We call Cng(T') the S-theory
generated by I' and, if this is equal to Cng(A) for some finite A C Fm, we say that this S-theory

is finitely generated. If T is an S-theory, then Cng(T) =T. The set of all S-theories, which is
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denoted by ThS, is therefore the range of the algebraic closure operator Cns. It follows that
ThS = (ThS; C) is an algebraic lattice in which (arbitrary) infima are just intersections and
joins are defined by

VIRS(T..ieI} = N{ReThS;T,CRforallicl}

=Cng(U{T;;i€1})
for any family {T,;i€ I} of S-theories. In particular, the binary join operation of ThS is
defined by:
TvT™Sy = N{R e ThS; TUU C R} = Cng(T U).

The largest element of ThS is the set Fm of all formulas, and the smallest is Cng(0), the set of
all theorems of S. Some properties of ThS are given in the following lemma, which rephrases
some of the above observations in the light of Corollary 0.1.6. A more general result will be

proved in detail later (Lemma 1.6.4).

1.2.1 LEMMA [BP89a, Lemma 1.1]

Let S be a deductive system.

(i) ThS is closed under unions of nonempty upwardly directed sets (i.e., for every nonempty
upwardly directed family {T;; i € I} of S-theories, | J{T';;i € I} € ThS).

(i1)  The lattice ThS is algebraic.

(iii) The compact elements of ThS coincide with the finitely generated S-theories. O

The consequence operator Cng is recovered from the lattice ThS by

Cng(T)=A{T € ThS; T C T}

It is possible, therefore, to define a deductive system as any one of the pairs (£, I ¢),

(Z,Cng) or (£, ThS), since they are all equivalent.

Consider the lattice of S-theories again. If T is an S-theory and ¢ is a substitution, then
it is not necessarily true that o(T') will be an S-theory. We shall give an example exhibiting this
in the next section. What we can say is that if o is an automorphism (recall that a substitution
is a homomorphism) then ¢(7T) € ThS. This holds because ¢ ~1! is then also an automorphism

and thus, by structurality,
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o= (Cng((T))) € Cnglo = H(o(T)) C Cng(T) = T,
ie., Cng(o(T)) Co(T).
Because this is not true for arbitrary substitutions we define, for each substitution o, the function
05:ThS —ThS by o4(T) = Cng(c(T)) for each S-theory T. The next lemma summarises the

necessary facts about this function. Again, the lemma is a special case of a later lemma (Lemma

1.5.3, in fact).

1.2.2 LEMMA [BP89a, Lemma 1.2]

Let § be a deductive system.

(i) ThS is closed under inverse substitutions (i.e., ¢~ (T)€ ThS for every T € ThS and
every substitution o).

(1) o05(Cng(I')) = Cng(o(T')) for all T C Fm and every substitution o.

(i) og is a join-continuous mapping of ThS into itself (i.e., GS(V;-“E‘SI Ti)z V;-I‘SSI os(T;) for

every family {T;;i € I} of S-theories and every substitution o). g
1.3 MATRIX SEMANTICS

In this section we begin our investigation into the algebraization of deductive systems. The aim
is to translate concepts and results about deductive systems into corresponding ones about
algebras. We begin by interpreting the formulas of a deductive system as elements of an algebra.
If we interpret the propositional variables as elements of an algebra and the connectives as
operations of the same algebra, then a formula (i.e., a grammatically correct formal string of
variables and connectives) can be interpreted as the evaluation of a term acting on elements of
the algebra, hence as an element of the algebra itself. To be able to do this, it is necessary that
the operations of the algebra correspond to the connectives of the deductive system, so only
certain types of algebras will do. Suppose £ is a fixed language. We can consider L to be a type
of (universal) algebras (see Section 1.1). Thus an £-algebra is a structure A = (A,fA)f el where
A is a nonempty set called the universe of A, and fA is an operation on A of rank ar(f) for each
connective f€ £. Let A be an L-algebra, and recall that P is the (denumerable) set of all

variables. Let @€ AT, We call @ an interpretation of P in A. The set AP is therefore the set of
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all interpretations of P in A. Let Q C P and let € A%. We call @ an interpretation of @ in A.
If ¢ = ¢(py,...1P,,) is an L-formula and py,...,p,, € @ C P then, for @ € A9 such that a(p;) =q;
for each ¢ < m, we write goA(E) = gaA(al,...,am) to represent the element of A resulting from the
evaluation of the formula ¢ in A where each p; is replaced by a; and each connective f occurring
in ¢ is replaced by the corresponding operation fA of A. In this case we also call ay,...,a,, an

interpretation of pq,...,p,, (respectively) in A.

Recall that the formula algebra Fm = (Fm,£) is an absolutely free £-algebra. Since an
2-algebra A has the same type as Fm, we can define the set Hom(Fm, A) of all homomorphisms
from Fm into A. Moreover, since Fm is freely generated by P, we can identify Hom(Fm, A) with
the set AT of all maps from P into A. Thus we can identify the set of all interpretations of P in

A with the set Hom(Fm, A).

In the ‘algebraization’ of the Classical Propositional Calculus, the correctness of the
statement ' gp oy can be decided in the Boolean algebra 2 =({0,1}; A% V2 -20,1) in the
following way (note that we are using — for ’): First, define the binary operation —2on {0,1}
by a—2b=(-%a)v?b (a,b€{0,1}). Then I'F gpgy if, for every interpretation T of the
variables of T'U {¢} in {0,1},

$%(Z) =1 for all ¥ €T implies ¢*(&) = 1.
This is the Completeness Theorem of Classical Propositional Calculus. The Validity Theorem of

Classical Propositional Calculus asserts that the converse of the above is also true (see Section

1.4).

We can use the Validity Theorem to prove that the set Th CP C, of all theories of CPC,
is not closed under substitutions. Let T = Cngpc({p,g—r}). Then T is a CPC-theory. Let
p,q,7 be propositional variables such that p # ¢, and ¢ a substitution such that cp = oq = p,
or =r and os # r for all other s€ P. Then p=0op € o(T) and p—r =0c(¢—r) € o(T), hence
r € Cng(o(T)) by modus ponens. Now, interpret p as 1 and g and » as 0 in {0,1}, the universe of
the two-element Boolean algebra 2. Since 0 —20 = 1, the Validity Theorem then implies that

pg—rl gpgr sor €T, hence 7 ¢ o(T) by definition of ¢. Thus o(T) # Cng(c(T)).

Unfortunately, not all deductive systems can be ‘algebraized’ as conveniently as CPC.
. g
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An obvious problem that could arise is that there is no definable constant such as ‘1’ with which
we could equate interpretations of theorems. Even if there is, would it have validity and
completeness behaviour as exemplified by the 2-element Boolean algebra for CPC? The
following definitions provide a more general approach to overcome these problems. Instead of a
single ‘truth’ constant like 1, we designate a fixed set of ‘acceptable truth values’ with respect to

a fixed algebra.

An L-matriz is a pair (A, F), where A is an L-algebra and F is an arbitrary subset of A.
The elements of F are called the designated elements of the L-matrix (A, F). We denote £-
matrices by the upper-case script letters, A, B, C, etc., and we often write A = (A, F.A> to
emphasise the fact that F , is the set of designated elements of the matrix A. Let A = (A, F )
be an £L-matrix. The relation |= 4 between sets of formulas and single formulas is defined, for all
I'C Fm and ¢ € Fm, by

I'|= 4 ¢ if and only if for every interpretation @ of the variables of I'U {¢} in 4,

yA@ e F yforall p €T implies pH@) e F 4.
A matrix A = (A, FA) is called a matriz model for S if, for all ' C Fm and ¢ € Fm
[k gp implies T |:.A ®.

We call A an S-matriz for short in this case.

The set of designated elements can be considered the set of ‘acceptable truth values’. One
can read the definition of T’ |:.A @ in the following way: For any interpretation @ of variables of
TU{p)} in A, if ¥A(@) is ‘true’ for each 9 € T, then (@) is ‘true’ as well. This definition still
encompasses the method used on the classical propositional calculus. The £-matrix € = (2,{1}) is
a matrix model for CPC. For suppose that I' C F'm and ¢ € Fm. By definition, T |:C @ if and
only if for every interpretation € of the variables of T'U {¢} in {0,1}, if %%(€) € {1} for all ¢ €T,

then ¢%(z) € {1}.

Let A =(A,F) be an £-matrix. Since |= , is a relation between sets of formulas and
single formulas, it is feasible to ask whether |= A s the consequence relation of some deductive
system. We shall show that |= , satisfies (1.1.1), (1.1.2), (1.1.3) and (1.1.5), and in Lemma

1.3.1, we show that if A is a finite algebra then (1.1.4) holds.
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It follows easily from the definition that the relation = 4 satisfies (1.1.1), (1.1.2). To see
that (1.1.3) holds, suppose that [',A C Fm and ¢ € Fm such that T =4 % and A =4 ¢ for
every ¥ € I'. Let @ be an interpretation of the variables of AU {p} in A4 such that 19A(E) € F for
each ¥ € A. Then wA(E) € F for each ¢ € T since A l:.A ¥, hence goA(a') € F since T’ [:A p. To
see that (1.1.5) holds, suppose T l:.;i v and let o be a substitution. Recall that we can identify
the set of all interpretations of P in A with the set Hom(Fm,A). So, let h:Fm—A be a
homomorphism such that h(o+) € F for every ¢ €T (i.e., for every o¢p € oT). Since ¢:Fm — Fm
is a homomorphism, the composition hoo:Fm—A is also a homomorphism, hence hoo
corresponds to an interpretation of P in A. Furthermore, for all ¢ € T, (hoo)y = h(oy) € F,

implying that (hoo)p € F since T I=_4 ¥, hence h(op) € F. This shows that o(T) =4 o

Although IZ.A is not finitary in general, Los and Suszko prove the following lemma in
[LS58]). For the proof of the lemma, we shall digress briefly into the realm of topology. The

necessary definitions and results can be found in any standard textbook on topology.

1.3.1 LEMMA
Let A =(A,F) be an L-matriz. If A is a finite L-algebra (i.e., A is finite), then ,:.A 18 finitary.

Proof. Equip the set A with the discrete topology, i.e., every subset of A is open. Since A
is finite, the topological space T = (A,P(A)) is compact and Hausdorff. Recall that P is the set
of all variables. Using Tychonoff’s Theorem, the product space TF is also a compact Hausdorff
space. Recall, furthermore, that the set AT is the set of all interpretations of P in A. For each
SD(Pil’-“’pin) € F'm, define

V() = {a=(a,ay...) € AF; goA(a,-l,...,a,-n) € F}L

We claim that V(p) is a clopen set (i.e., a closed and open set) in TF: Let @€ Vip), ie.,
goA(al-l,...,a,-n) €F. Let m, be the projection from A onto A; (= A) (defined by

J J
wij((al,a2,...) = a,-j) for each j <n. Then we have that
-1 -1
U= 7!"'1 (atl) n...N 77"’1 (a"n)

is an open set in TF since each set {a; } is open in T. For every b= (b,0,,...) €U and all
J

J < n, we have that b; =, b= a; , hence goA(bil,...,bi )= <pA(ai1,...,a,~ JEFandsobe V).
J J J n n

lIt is understood that E(pk) = a;, for each positive integer k.
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Thus @€ U CV(yp). Since U is an open neighbourhood of @ and @ was an arbitrary element of

V{(p), we have that V() is an open set. We shall denote the complement of a set X C AP by

X'. Now, for every @ € AP either <pA(ai1,.. .,‘a,-n) € F or goA(ail,...,ain) € A—F, therefore
(V(p)) = {ae AF; ¢A(ai1,...,ain) €A-F}.

Note that the set F is arbitrary, so the same proof used to show that V() is open can be used to

show that (V(p))’ is open. Then, since the complement of V() is open, V(i) is a closed set in

e

Let ' C Fm and ¢ € Fm. First, note that
(1.3.1) ['|=4 ¢ ifand only if N{V(¥); ¥ €T} CV(p).
For suppose @€ N{V(¢); ¥ €T}, e, Y@ € F for all yT. If T |=, ¢ then oA@) € F,
hence @ € V{y) and the implication from left to right holds. Conversely, if the right hand side of

(1.3.1) holds, then @ € V(p), hence T' |= ; ¢.

Now, suppose that T’ I:.A ¢. We shall show that there is a finite A CT such that
A= 4 oo By (1.3.1), N{V(¥); v €T} CV(p),
ie., Vi) u(N V)i ver)) = 4P,
equivalently Vie)u(U{v@)'s weT}) = 4P,
Since each (V(9))’ is open, so is U{(V(¥))'; ¥ €T}. Since V() is also open and TF is a
compact space, there exists a finite A C I such that

V(U v e A}) = 47,

hence N{V(¥); ¥ € A} CV(p),

implying, by (1.3.1), that A |= , ¢. O
1.4 EXAMPLES OF DEDUCTIVE SYSTEMS

In this section we introduce a number of the deductive systems that will be studied in this thesis.
Throughout this section we shall assume that p,q,r,s,t are fixed but arbitrary propositional
variables. This ensures that in the cases where an explicit axiomatization of a deductive system is
given, there are only finitely many axioms. Certain axioms appear in more than one deductive

system. As a result, these axioms are sometimes given more than one name.



Classical Propositional Calculus (CPC).

The Classical Propositional Calculus was defined in Section 1.1. We present here some well-
known results concerning CPC. Recall that BA is the variety of all Boolean algebras and that
by 2 we mean the Boolean algebra ({0,1}; A% V2-2%0,1). Recall also that in the language of

BA, we define the binary term ¢ —y = (-z)Vy. Thus the languages of CPC and ®.A can be

considered the same.

Completeness and Validity Theorems for CPC
For allT C Fm and ¢ € Fm,

'Fopcy iff {sz;wEI‘}lza&AcpzT iff {v=T;9el}|=pp~T. O

The third equivalence of the theorem is a consequence of Birkhoff’s Subdirect
Decomposition Theorem (Theorem 0.2.8): BA =1Pg(2) ( = HSP(2), since BA is a variety)
because it is well-known that 2 is (up to isomorphism) the only subdirectly irreducible Boolean
algebra. A fundamental result of CP C is the deduction theorem. We state it without proof here
since we shall give a more general result in Chapter 4. (If one assumes the above Completeness

and Validity Theorems, then the Deduction Theorem is an easy corollary.)

Deduction Theorem for CPC
Let T C Fm and ¢, ¥ € Fm. Then

Lok gpg¥ fandonlyif TEgpop—v. O

We shall be using the abbreviation « (called equivalence) frequently; it is a binary
formula defined, for ¢,y € Fm, by

“)=pcov=(p—=9)A([¥—0p)

Classical Equivalential Calculus (CPC_).

This is the {«<}-fragment of CPC. In Chapter 3 we shall show that CPC_, has the finite
axiomatization consisting of the axiom

(p=g)=((r=gq)=(pe=r))
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and the inference rule

<{pa peq}, ‘I)'

Intuitionistic Propositional Calculus (IP C).

The Intuitionistic Propositional Calculus is the deductive system intended to realise the concept
of intuitionism, a philosophical approach to mathematics that differs from the classical one. The
basic idea behind intuitionism is that the ‘truth’ of a mathematical statement depends on
whether one can explicitly construct a proof of it. The intuitionistic implication connective, —,
can be interpreted as follows: ¢ -1 is ‘true’ if there exists a method by which a proof of 4 can
be deduced from a proof of ¢. Intuitionists regard a disjunction ¢ V4 as ‘true’ if one of the
formulas ¢, is ‘true’ and there exists a method by which it is possible to determine which of
them is ‘true’. An example of a formula that is not considered ‘true’ by intuitionists is ¢ V (= ¢),
for there is no general method of finding out, for a given formula ¢, whether it is ¢ or —¢ that is
‘true’. It was L.E.J. Brouwer who single-handedly created intuitionism around 1905. A. Heyting

formalized and developed many of Brouwer’s ideas. We refer the interested reader to [RS63,

Chapter IX].

The language of IPC is the same as that of CPC. The axioms of IPC can be taken as
(Cy), (Cy), (Cy)-(Cyy) and
(Cyg) (mp)—(p— L)
(Ci3) (p— L)—=(-p).

The only inference rule of IP C is modus ponens, i.e., ({p,p — ¢},4).

Recall that J6A is the variety of all Heyting algebras. Recall also that in the language of
36 A we can define the unary operation symbol = by =z =z— 1. Thus IPC and }.A can be
considered to have the same language. The following well-known result of IP C is the analogue of
the one for CPC. Note, however, that we do not have a two-element algebra for IP C that plays

a similar role to that of 2in CPC.

Completeness and Validity Theorems for IP C

For alT C Fm and ¢ € Fm,
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Chkipcy if and only if {1/;zT;¢eI‘}]=:}GA¢zT, O

We can deduce from the above result that [P C is, indeed, weaker than CP C. We claim
that ¥ 1pgpV(=p). For let H=({L,a,T};A,V,—, L ,T) be the three-element linearly
ordered Heyting algebra with L < a < T (where < is the lattice order) —see Chapter 0 (Section
0.2). Then ~a=a— L = 1L andso aV(—a)=a# T, hence g PV(=p)~T. Asin the

case of CP C, the following result will be proved in Chapter 4.

Deduction Theorem for IPC
LetT' C Fm and p, € Fm. Then

Lok ipco¥ ifandonlysf Thipop—1. g

The following proposition presents an explicit description of the IP C-matrices; we shall
have opportunity to use it in later chapters. Recall from Section 0.2 that the operation — on a
Heyting algebra H satisfies the condition
(1.4.1) a—b=max{c€ H;cAa<b}.
Recall, furthermore, that the underlying lattice order on H can be defined (for all a,b,c € H) by

a <bif and only if a—b = T. Other properties of < that we shall need are given in Section 0.2.

1.4.1 PROPOSITION
Let H=(H; A,V ,—, L,T) be a Heyting algebra and F CH. Then A= {(H,F) is an IPC-
matriz if and only if F is a filter of the lattice (H; A, V).

Proof. For illustrative purposes and to avoid circularity, we give a proof from first
principles. (Shorter proofs, using the Validity and Completeness Theorems for IPC or the
Deduction Theorem for IP C, are of course possible.) Suppose A = (H, F) is an IP C-matrix. By
(C11), FipcT—Tand Fpg(T—T)—T, so by (MP), +pgT. Consequently, T (=TH) ¢
F,s0o F#0. Let a,bc H. If a€ F and a <b, then a—b=T€ F. Since p,p—qt pgq by
(MP), we have b € F. Now, suppose a,b € F. By (C,) and (Cg),

Fipecp—(T—p),
Fipca—(T—9),

and f'Ipc(T—*P)“’[(T_’Q)—’(T"*(P/\‘1))]’
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S0, by (MP)’ P,qFIPCT_*(P/\Q)
From F ;pcT and (MP), we therefore obtain
pyFipcPAa

It follows that a Ab € F, so F is a filter of the lattice (H; A, V).

Now, suppose that F' is a filter of the lattice (H; A, V). It is not hard to see that for A
to be an IPC-matrix we need only prove that !=.A @ for each axiom ¢ of IPC, and that
P, p—q IZA q. (We shall prove a more general result in Section 1.6.) We show that
(@) = TH( € F) for every interpretation @ of the variables of ¢ in H, whenever ¢ is an axiom
of IPC. Let a,b,c be an interpretation of p,q,r in H, respectively.

(C,) Since a <b—a, we have that a—(b—a)=T € F.

(G T o (e N o I = e N I e inc o e
By (1.4.1), therefore, a—(b—¢) < (a—b)— (a—c). Thus (a—(b—c))— ((Ia —b)—(a—c)) =
TeF.

(C4) Since aAb< a, we have that (a Ab)—a=T € F.

(Cs) Since aAb < b, we have that (a Ab)—b=Te€F.

(C¢) By (H5), (c—a)A(c—b)=c—(aAb), so, by (1.4.1), c—a <[(c—b)—(c—(aAbd))], ie.,
(c—a)—[(c—bd)—(c—(aAb))]=TE€F.

(C;) Since a <aVb, we have that a—(aVbd)=TE€F.

(Cg) Since b <aVb, we have that b— (aVb) =T € F.

(Cy) By (H5), (a—ec)A(b—c)=(aVb)—c, so, by (1.4.1), a—c <[(b—c)—((aVb)—c)], ie.,
(a—e)—=[(b—c)—((aVbh)—ec)=TeF.

(Cyp) Since L <a, wehavethat L —a=TEF.

(C;1) Since a < T, we have that a—T =T € F.

(H3)

(Cyy) By definition, ~a=a— L,s0(-na)—(a— L)=(a— L)—(a— 1) TeF.

H
(Cy3) Using na=a— L again, (a— L )—(~a)=(a— L)—(a— _L)(-_§)TEF.

(H4)

Finally, consider (MP): If aq,a—b € F, then a A b aA(a—b)€ F. Since aAb < b, we deduce

that & € F. Thus p,p—>q]:v4q. 0

As in the case of CP C, we shall be using the abbreviation «; we define, for ¢,¥ € Fm,

() = pov=(p—¥) A(¥—p).
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Note that

KAl (popaT) e (p—pnT&d—enT) & (<P ¥ <p) o (0~ ).

We shall need the following theorems of IP C in Chapter 2:

(i) Fipc(p—g) =)= (p=r)],

(i) Fipc(P=g—=[(res)—((p—r)—(2—9)))
(iii) Fipc(Pog) = [(re=s)=((pAT)—=(aA5)),
(iv) Fipc(P=g)=[(res)—=((pvr)—(gVs)],
(v) Fipc(p—g) = ((-p)=(-9)

We justify these, assuming the Validity and Completeness Theorems (and hence the Deduction
Theorem). By the Deduction Theorem, (i) holds iff p—gq,qg—rF ipcP—r. By the Validity
Theorem, this holds if p—gx T,qr~T |:JG.A p—r~T. But, as noted above, z—y T is
equivalent to r =~y over }6A. Since pxgq,q~r l:f}ﬁ,/i p~r is true, so is (i). Let * be any of
the binary connectives —, A or V. By the Deduction Theorem,
Fipc(P=a)=[(r—=s)=((prr)—(gs))] iff pegqroshpo(prr)—(gxs).

By the Validity Theorem, this holds if p—gaxT,resa~T IS¢ 4 (P*r) —(gxs) = T iff
PR qr &5 |=y 4 p*r = gxs. Since the last statement is true when * is —, A or V, (i1), (iii)
and (iv) hold. Applying the same method to (v), we have that (v) holds iff

pPRq I::}G.A - p = —q, which is evidently true.

Intuitionistic Equivalential Calculus (IPC_,).
By IPC_, we mean the {~}-fragment of IPC. Blok and Pigozzi note in [BP89a] that an
axiomatization of the theorems of IPC_,, consisting of one axiom and the following inference
rules was produced by Tax, [Tax73]:

{{p,p =g}, q),

({p},g=(g-p)).

The deductive system IPC* is the {A,V, L,T}-fragment of IPC. As an example it is

significant in that its language does not contain an — connective (or a — connective).
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Modal Logics.
By a modal logic we mean a deductive system that has as its language the language of CPC
together with a unary connective O, known as a modality. In modal logics, the O’s are interpreted
as ‘linguistic constructions that qualify assertions about the truth of statements, and express
various modes of truth’ ([Gol94, pl1]). The following are examples of modalities (applied to a
formula ¢):

it is necessarily true that ¢,

it is possible that ¢ is true,

probably ¢,

it has always been true that ¢,

it will eventually be true that ¢,

it ought to be that ¢,

it is permissible that ¢,

it is known that ¢,

it is believed that .
Associated with O is the unary term (¢ = -~O-¢. The interpretation of () depends on that of
0. For example, if Oy is understood as ‘it is necessarily true that ¢’, then { ¢ can be understood
to mean ‘it is possible that ¢’. The concept of a modality was introduced by W.T. Parry [Par39)
in connection with the study of the modal calculi of C.I. Lewis [Lewl8] and C.H. Langford

[LL32]. We list some of the modal logics that we shall be considering.

The modal logic K (named after Kripke) is a deductive system defined over the language
L={—,A,V,~, L, T, 0}, where O is unary and all other connectives have arities as in CPC.
We shall use the convention that both — and O take precedence over the binary formulas, e.g.,
—p—Ug = (—p)—(0g). The axioms of K are

(K;) All theorems (i.e., tautologies) of CPC,

(Ky) 0(p—¢) — (Op— D).

The inference rules are (MP) and

(Ne) ({r},0p) [necessitation]. -

We could replace (K,) (equivalently) by the axioms (C,) to (Cy;) of CPC, since (MP) is
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available, which would give us a finite axiomatization of K.

The Normal and Quasi-Normal Modal Logics. The normal modal logics are those modal logics
that are axiomatic extensions of K. Let K’ be the modal logic whose axioms are the set of
theorems of K, but whose only inference rule is (MP). The modal logics that are axiomatic
extensions of K’ are called the quasi-normal modal logics. The modal logic S5W, defined below is

quasi-normal.

C.I. Lewis introduced a number of modal logics, of which we shall be concerned with two,

viz. §4 and §5.

The modal logic $4 is an axiomatic extension of K (hence is a normal modal logic). The
additional axioms of S4 are
(K3) DP"’P,

(Ky) Op — 0O0p.
"There are various different axiomatic presentations of §5, of which the following three

are known to have the same theorems (see, e.g., [Por83]).

The modal logic §5° (Gédel style §5) is also an axiomatic extension of K. The additional
axioms of §5C are (K;) and

(Ks5) 0p—00p, where () p = -0O-p.

The modal logic $5° (Carnap style S 5), has the same language as K and is axiomatized by (Kj)

and

(Kg) Op, where ¢ is any theorem (i.e., tautology) of CPC,
(K7) 0(0(p — ¢) — (Op — Og)),

(Kg) 0(@p — p),

(Kg) a(op—0¢ p), where ¢ p = -0-p.

together with the single inference rule (MP).
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The modal logic S5 (Waysberg style §5), over the same language as K, is axiomatized by (Kg),
(Kg)s (Kg) and

(Kio) 0(0(p — ¢) - O(@p — Og)),

together with the single inference rule

(Kq1) {p,0(p —9)},9).

According to [BP89a], $5" is the closest in spirit of the above three systems to Lewis’ original

S5.

B C K-logic.
This deductive system and several of its extensions are studied in detail in Chapter 5, so we
merely present the definition here. The language consists of one binary connective —. The

axioms of BCK are

(B) (p=9)—=({(r—p)=(r—q)
(C) (p—=(g—=r))—=(g—(p—r))
(K) p—(qg—p),

and the single inference rule is (MP).

Entailment and Relevance Logics (E and R).

It is possible to take the view that a necessary condition for the ‘correctness’ of an inference from
 to ¥ is that ¢ be relevant to ¢. This is not the case in the classical logics CPC and IPC. The
deductive systems Entailment and Relevance, E and R, respectively, are designed with the
intention of incorpérating the ideas of relevance into the logic. A significant example of a
formula that does not adhere to the principal of relevance is ¢ — (¥ — ). We refer the interested
reader to [AB75]. The language of E is £ = {A, V,—,—}, where A, V,— are binary and - is

unary. The axioms of E are

(Ey) p—p

(Ey) (P—=a)—((g—=r)—=(p—r))
(Es) (P=¢)—((r—p)—(r—9q))
(Eq) (p=(p—9)—(p—0q)

(Es) (pAg)—p
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(Eg) (PAg)—q

(E7) (p=a)A(p—r))—(p—(gAT))
(Eg) p—(pVa)

(Eg) p—(¢Vp)

(E1o) (p=r)A(g—r))=((pVa)—r)
(E1y) (pA(gVr))—=((pAgVr)

(E1g) (p—=(=p)—(-p)

(E13) (r—(=9)—(¢—(=p))

(E1q) (=(=p)—p

(Eys) (p=9)—{(p—=g)—r)—r)
(Eqq) ((@p) A (Og)) —~DO(p A g), where Op = (p—p)— p.

The inference rules of E are (MP) and

(A) ({p.alpAq) [Adjunction]

It is no accident that the formula (p — p) — p is abbreviated Op. The O is intended to be
a modality of E. In fact, the modal logic S§5% is an extension of E. We shall write —g and —yw
to distinguish between the — connectives of E and S 5%V, respectively. Add to the language of E
the unary connective [, defined by Op = (¢ —g ) =g, and the binary connective —y, defined
by ¢ sw® = (—p) V. To the language of S$5%, add the connective —g, defined by ¢ —p¢ =
O(¢ —w). Then the extended languages of S 5" and E coincide. Moreover, with respect to this
formalism, each of the axioms and inference rules of E can be proved in $5" (see [BP89a)).
Since $5" has only one inference rule, corresponding to (MP) for E, S$5% is an axiomatic

extension of E (with the additional connectives).

The deductive system R of relevance logic is an axiomatic extension of E. It is obtained
by adding the axiom

(Ey7) p—((p—p)—p)

The deductive system RM is an axiomatic extension of R. It is obtained by adding to R

the axiom

(M) p—(p—p) [the mingle axiom].
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Lukasiewicz Many-Valued Logics.

Philosophical problems arising from the idea that there exist statements which are neither true
nor false led Lukasiewicz to develop his many-valued logics. He introduced them by means of
certain matrices. Let QM [0,1] be the set of rational numbers r such that 0 <r <1 and let
L, =(QnN[0,1]; —, ) be the algebra of type (2,1) where

a—b=min{l,b+1—-a}, —a=1-a.

For each integer n with 1<n<w, let L, be the subalgebra of L, with universe
{#;7=0,1,...,n}. For each positive n <w, let £ be the matrix (L,,{1}). Eukasiewicz n-

valued many-valued logic is the deductive system S = (L,|=, ), where L = {—,~}, ar(—) =2
n Ln

and ar(—) = 1.

It is shown in [FRT84] that the system S, can be axiomatized by

() p—(¢—p)

(La) (p=g)—(g—r)=(p—r))
(L3) (r—=9)—9)—(g—pr)—p)
(Ly) (=p)= (=)= (g—p)

together with the inference rule (MP). It was J. Lukasiewicz who conjectured that (L;)—(L,),
(MP) and

(Ls) (p—9)—(a—p)—(p—0)

formed an axiomatization for S . The first proof of the Lukasiewicz conjecture, due to Wajsberg
(1935), was never published (see [FRT84]). In 1958, A. Rose and J.B. Rosser [RR58] published a
proof of the completeness of the Lukasiewicz axioms. In 1959, C.C. Chang obtained a new proof

of the completeness of the Lukasiewicz axioms [Cha58, Cha59].

Three-Valued Paraconsistent Logic (J5).
Let £ = {—,—}, where ar(—) =2 and ar(-) =1, and let A = ({0,%,1},.&“) be an algebra, where

LA = (A TA} and —2 and =2 (— and - for short) are defined by the tables



72

— 0 % 1 -

0111 01

1 1 1 1

23|11 7|2
1

1011 1o

Note that A = L,. Define the L-matrix 33 = (A,{l,%}). The three-valued paraconsistent
logic is defined, as in [BP89b], to be J3 = (L, |:§3). In other words, if I' € Fm and ¢ € Fm, then
'k 5, % if and only if T ]::}3 @. Since A is a finite algebra, it follows from Lemma 1.3.1 that
|:§3 is finitary. By the remarks preceding that lemma, we see that I:ZB, le.,, F iy satisfies

properties (1.2.1) to (1.2.5), hence J4 is, indeed, a deductive system.

Pure Implicational Logics.

In logic and most of mathematics, one is essentially interested in knowing what inferences one can
make. Thus it would seem natural to give the — connective of certain logics special
consideration. By a pure implicational logic is meant a logic that has only one binary connective
—. We group together here a number of such logics, including the {—}-fragments of a number

the previously defined deductive systems. We shall use the following formulas

) p—p [identity)

(') (p—a)—p)—p

(B) (p—g)—=((r—=p)—(r—1q) [transitivity]

(B') (p—a)—g—r)=(p—r))

(©) (p=(g—r)—(a—(p—1)) [commutation]

(C) (p=((s—=t)—a)—=((s—t)—=(p—4q)) [restricted commutation]
(E) (p—(p—9)—(p—9) [contraction]

(D) (p—=(g—r))—=((p—a)—(p—1)) [distributivity]

(K) p—(¢—p)

(M) p—(p—p) [mingle]

We shall have occasion to use the fact that in the presence of (C) and (MP), (B) and (B’)

are interderivable. To see this, let S be a deductive system having (B) and (C) as theorems such
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that p,p—qF gq. We have
Fslg—r)—((p—=a)—(p—r))
by (B), and
Fsllg—=r)=((p—a)—(p—r)=lp—=0)—((g—r)=(p—r))]
by (C). Applying (MP), we get
Fs(p—a)—((g—=r)—(p—r)),

i.e., (B’) is a theorem of S. That (B) can be derived from (B’) and (C) is similarly proved.

In the following table, each of the deductive systems is defined over the language
2 = {—}, where — is a binary connective. Those deductive systems whose axioms are stated
explicitly all have (MP) as their only inference rule. Reversing historical usage, Blok and Pigozzi
use the name (B) for (B’) in their papers. However, as the previous paragraph shows, this does
not create any problems for the deductive systems defined below as (B) only appears in

conjunction with (C). We (temporarily) omit the brackets around the axiom names.

Symbol Definition Axioms Name

E_, I, B, C', E | pure entailment
R_, LB CE relevant implication
RMO_, LB, C E M

RM_, {—}-fragment of RM

BCK B, C, K BCK-logic

BCI I,B,C BCl-logic

S5KE {—g}-fragment of ssW

IPC_, {—}-fragment of IPC B,C, K, E Hilbert logic
CPC_, | {—}-fragment of CPC | B,C, K, I

The theorems of the pure calculus of entailment, E_, (see [AB75, p79]), coincide with those of the
{—}-fragment of E. The theorems of relevant implication, R_,, coincide with those of the {—}-
fragment of R. The following diagram taken from [BP89a] displays some of the extension

relationships between the above implicative logics. (S, is displayed on the left of S, iff S, is an

extension of S;.)
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S5

E/ E
—>\R_)

———RMO_,

RM_,

/
BCI
L =N

BCK IPC_,
1.5 --DEDUCTIVE SYSTEMS

In this section, we generalize the notion of a deductive system to that of a ‘k-deductive system’,
where k is a nonzero natural number. Although we shall not consider examples with k > 2, they
do exist. In [BP92], Blok and Pigozzi present a k-deductive system for every integer k > 1, based
on the theory of sets. Apart from the greater generality afforded by considering deductive
systems of dimension k > 1, the main reason for considering them is to create a framework that
accomodates deductive systems in the traditional sense as well as quasi-equational theories. The
algebraic notions of equivalence and congruence relation rely on 2-tuples, to which 2-deductive
systems apply more intuitively than do deductive systems. Furthermore, the algebraic relation
= is a binary relation, so the 2-deductive systems allow us to introduce the algebraic notion of

equality to deductive systems, as will be seen in Chapter 3.

Let the language £ be fixed, and let k be a nonzero natural number. A k-variable is an
ordered k-tuple (py,...,p;) where each p;, i <k, is a propositional variable. A k-formula is an
ordered k-tuple (p,,...,;) where each ¢; is an &-formula. We usually denote k-variables by
bold lower-case Roman letters, e.g., p,q,r, and k-formulas by bold, lower-case Greek letters, e.g.,
p,%, ¥ and, unless stated otherwise, we will understand that p = (Proe-as Pr)r @ ={P1)- s PL)s
Y= (¥y,..., %), etc. Sets of k-formulas are usually denoted by upper-case Greek letters (not
bold), as for sets of £-formulas. The set of all k-formulas over the language £ will be denoted by
Fmi, or simply FmF if £ is understood. If o:Fm—Fm is a substitution, Fgka and
pE ka, then we define

0P =0(Py,.. s P1) = (0P, TPL),
and o(T)={op; peT}

A k-clause is a fixed pair (T, ¢) where ' is a finite subset of Fm* and pE FmF. A k-formula P is
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said to be directly derivable from a set A of k-formulas by the k-clause (T, ) if there exists a
substitution o:Fm—Fm such that o(I)CA and ocp=1. The following definition is a

generalization of Definition 1.1.1.

1.5.1 DEFINITION
Let £ be a fixed language. A k-deductive system S (over L) is determined by a (possibly infinite)
set Ir of k-clauses, called the inference rules of S, and a (possibly infinite) set Az of k-formulas,
called the azioms of S. It consists of a pair S = (£, - 5) where F g is just a relation between sets
of k-formulas and single k-formulas that is defined by the following condition: For every
' C Fm* and every ¢ € Fm¥,

[k s if and only if ¢ is contained in the smallest set of k-formulas that

includes IT' together with all substitution instances of the axioms of S, and is

closed under direct derivability by the inference rules of S.
The relation F g is called the consequence relation of S. If S is a k-deductive system, then we
sometimes refer to S as a deductive system of dimension k. A k-formula ¢ for which 0 ¢
(written F g¢ for short) is called a theorem of S. Let A C Fm*. A derivation from Ais a
nonempty finite sequence of k-formulas Y1, ¥g,..., ¥, such that, for each i <n, one of the
following conditions holds:
(1) ¥, € Aor ¢, =cyp for some ¢ € Az and some substitution o,
(i)  there exists an inference rule (T,p) of S such that Y;=op and od € {¢,..., ¢, _,} for

each deT.

If, moreover, ¢, = ¢, we call Y1, ¥,,..., ¥, a derivation of ¢ from A.

It is evident that a deductive system as defined in Section 1.1 is a 1-deductive system. In
the future we will drop the prefix ‘1-’ when working with (1-) deductive systems. An inference
rule (T',¢) of S is sometimes written as '+ s, and an axiom ¢ of S is sometimes written as
Fsp. HT,AC Fm* such that T - s for every ¢ € A, then we write T' s 4. For a finite set
{¥y,...,%,} of k-formulas we often write Yoo b g for {¢,,...,9,} F gp. Similarly, if A

Is a finite set, say {¢;,...,¢,,}, then we often write I' I- sPn--Pafor TH g{p,..., 0.}

As for deductive systems, the relation F s can be defined recursively in the following
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way: For every I' C Fm* and every ¢ € FmF,
(i) if ¢ €T or ¢ is a substitution instance of a axiom of § then I' - SP
(ii) if AC Fm* and @ is directly derivable from A by an inference rule of S and for every

YeEA, TFgythenT'H go.

The definitions of extensions, subsystems and fragments of 1-deductive systems extend in

the obvious way to k-deductive systems.

Although the definition of a k-deductive system encompasses the definition of a 1-
deductive system, our independent introduction of 1-deductive systems was deliberate. The
mention of a (propositional) logic suggests the classical examples of 1-deductive systems (or
‘sentential’ logics) rather than the examples for k > 1. However, such examples do exist and are
amenable to treatment similar to that given 1—dedu¥:tive systems. We present a few examples of
2-deductive systems that will turn out to be essential to our later studies of algebraizable k-

deductive systems.

The 2-deductive system S, = (&, where S can be thought of as the deductive
Eq SEq Eq

system associated with equivalence relations) is defined by the following axiom and inference

rules:

(151 ks, ()

(152) (P7Q) F SEq(q’p)’
(1.5.3) (), (g,7) sEq(p,r),

Note that we use round brackets rather than angled brackets for 2-formulas.

The 2-deductive system So = (L, F Se ) (where S . can be thought of as the
on
deductive system associated with congruence relations) is defined by the axiom and inference rules
of SEq together with the following inference rules:

(154)f (pla(h)v---v(pm,qm) F SCon (.f(pli---apm)’f(ql""’qm))

for every f € £ with ar(f) =m.

Suppose ¥ is a quasivariety axiomatized by a set Id of identities together with a set Qi

of quasi-identities that are not identities. We define the 2-deductive system Sq=(L F S%) as
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follows: Let g D ko | ie, b g  satisfies (1.5.1) to (1.5.3) and (1.5.4) 4 for each operation

% Con %
f in the type L of %, and let
(1.5.5) F Sh (¢,9) for every v ~ ¢ € Id,
(1.5.6) (115 C0s o os O G F 5 (09) forevery (& nim )= pmv € Qi

56 1<m

The 2-deductive system S% depends only on the quasivariety % and not on its particular
axiomatization. In fact, (1.5.5) holds for every identity satisfied by %, and (1.5.6) holds for every
quasi-identity satisfied by %. These claims will follow from the fact (mentioned just after Lemma
1.6.9) that the Sq-matrices are just the 2-matrices (A,®) such that A€ % and ® ¢ CongcA.
Thus the quasi-equational theory of % (i.e., the set of all quasi-identities satisfied by %) is

captured in our framework of 2-deductive systems.

The consequence relation F ¢ of a k-deductive system S satisfies the following analogues

of properties (1.1.1) to (1.1.5). For all I, A C Fm"* and ¢ € Fm*,

(1.5.7) p €T implies T+ 4o,

(1.5.8) FFgsp and T CA implies Al g,

(1.5.9) 'Fgp and Al g4 for every p €T implies A - 5%

(1.5.10) I'k g implies there exists some finite IV C T such that I’ F SP
(1.5.11) ' g implies o(I')F goyp for every substitution o : Fm — Fm.

Note that structurality (1.5.11) is still defined for all substitutions ¢:Fm—Fm (and not

o:Fm*— ka). The following definitions are analogues of those for deductive systems.

Given a k-deductive system S, we define the consequence operator of S,

Cng: P(FmF)— P(Fm*), by
Cng(T) = {p € Fm*; Tk s}
This operator satisfies properties (1.2.1) to (1.2.5). We shall write Cng g for Cng({}). A set
TC FmF is called a theory of S, or an S-theory, if
Tthgp implies weT, foreach p € Fm".

The set of all S-theories is denoted by ThS. Note that, as for deductive systems, Cng is an
algebraic closure operator on the complete lattice (P(FmF), C). If T C FmF, then (1.2.3) implies
that Cng(T) is an S-theory. We call Cng(T) the S-theory generated by I' and, if this is equal to

Cng(A) for some finite A C FmF, we say that this S-theory is finitely generated. If T is an S-
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theory, then Cng(T) = T. The set of all S-theories is therefore the range of the algebraic closure
operator Cng. As in the case of 1-deductive systems, the set ThS is the universe of an algebraic
lattice ThS (ordered by set inclusion) in which infima and joins are defined as before. The largest
element of ThS is the set FmF of all formulas, and the smallest is Cng(®), the set of all theorems

of §. The following lemma is a generalization of Lemma 1.2.1.

1.5.2 LEMMA

Let S =(L, F g) be a k-deductive system.

(i) ThS is closed under unions of nonempty upwardly directed sets (i.e., for every nonemply
upwardly directed family {T;; i € I} of S-theories, |J {T;;i€I}€ThS).

(it)  The lattice ThS is algebraic.

(i)  The compact elements of ThS coincide with the finitely generated S-theories.

Proof. The result will follow as a corollary to Lemmas 1.6.4 and 1.6.5. O

We showed in Section 1.1 that for an S-theory T of a 1-deductive system S and a
substitution &, o(T) is not necessarily an S-theory. In particular, this holds for k-deductive
systems. This leads to the following definition: For every substitution o:Fm— Fm, define the
function og:ThS — ThS by

05(T) = Cng(o(T)) for all T € ThS.

The following lemma generalizes Lemma 1.2.2 to k-deductive systems.

1.5.3 LEMMA

Let S = (L, I g) be a k-deductive system.

(1) ThS is closed under inverse substitutions (i.e., o ~(T) € ThS for every T € ThS and
every substitution o, where ¢ ~Y(T) = {p = (P1r---r03) € Fm¥; (09p1,...,00L) €T}).

(i)  05(Cng(T)) = Cng(c(T)) for allT C Fm* and every substitution .

(i) og is a join-continuous mapping of ThS into itself (i.e., og (V;HGISI Ti)z V;I‘ésl os(T;) for
every family {T';; i € I} of S-theories and every substitution o)
Proof. Let o:Fm— Fm be a substitution, 7 € ThS and I' C FmF.

(i) By (1.2.5), we have
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7(Cng(o ~(T))) C Cng(o(e X (T))) C Cng(T) = T,
hence Cng(o ~Y(T)) C ¢ ~1(T), implying o~ YT) = Cng(c ~1(T)) € ThS.
(i) By the definition of o g and (1.2.5) and (1.2.3), we have
75(Cng(T)) = Cng((Cng(T))) C Cng(Cng(o(T))) € Cng(a(T)), and
Cng(e(T) C Cng(o(Cng(T))) = ¢ 5(Cng(T)), hence o4(Cng(T)) = Cng(o(T)).
(iii) Using (i) and the definition of the join in the lattice ThS, we get

os( V5 T,)= a'S(CnS(igITi)) = Cns(a(ilei)) =cng( U o(T)))=

iel iel

Cns(iglCnSa(T,-)) (by (0.1.1)) = Cns(iglas(Ti))zi\eli og(T)). O
Note that part (i) above is equivalent to the structurality of Cng: Let T'C Fm* and let

o:Fm—Fm be any substitution. Then I’go'l(CnS(a(F))) since, if ¢ €T, then oy € o(T),

which implies o € Cng(c(I')) and hence that ¢ € o ~}(Cng(o(T))). By (i), o~ Y(Cng(a(T))) is

an S-theory, so Cng(T') C o ~}(Cng(o(T))), i.e., o(Cng(T')) C Cng(o(T)), proving structurality.

We conclude this section with a lemma that we shall need subsequently.  For

9(p,7) € FmF and p € Fm, define I /p] = e, 7).

1.5.4 LEMMA

Assume 0:Fm—Fm s a surjective substilution. For every 9 € Fm* and every variable p
occurring in ¥, there ezists a 9 € Fm* and a variable ¢ such that a(9e/q]) = o/ p] for every
¢ € Fm.

Proof. Using the fact that ¢ ~1(P) C P for every substitution o (proved in Section 1.1)
and the assumption that o is surjective, we have that for each variable r there exists a variable '
such that or’ = r. Let ¢’ be obtained from ¥ = 9(p,7) (7 is a list of variables) by simultaneously
replacing each variable r different from p by r’, and p by any variable g different from all the
7"’s. Then & = ¥(q,r’), hence

o(¥lp/a]) = o(e, 1) = ¥op,7) = dop/p]. O
1.6 MATRIX SEMANTICS FOR k-DEDUCTIVE SYSTEMS

Let £ be a fixed language and k a nonzero natural number. A k-matriz is a pair (A, F) where A
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is an L-algebra and F C A*. An f£-matrix is, therefore, simply a 1-matrix. The elements of F
are called designated elements. If ¢ = (py,...,9;) € Fm¥ and the variables of the ®;’s are among
Piy---s Py, We write
= @(p1s--Pp) = {L1(P1re -1 Pr)se oy PR(P1r e PR
and if A is an L-algebra and @ = (a,,...,a,,) € A" is an interpretation of p,,.. .y P, in A, write
A@) = pH(ays...,a,) = (0, 2@)...., 0, M (@)
If A =(A,F)is a k-matrix, then we define the relation |= 4 as follows. For all T C Fm* and
pE ka,
I'|= 49 iff for every interpretation @ of the variables of I'U {¢} in 4,
YA(@) € F for every Y € T' implies oM@ e F.
IfTr,AC FmF, then we define
r I:AA if and only if T |= 4o for every p € A.
If M is a class of k-matrices, then the relation |=,, is defined, for all T' C Fm* and pE ka, by
D'l=pre iff T I= 4 for every k-matrix A € M.
Again, if A C ka, then we define
I'|=pA ifand only if T |=p, ¢ for every p € A.
IfI,AC FmF and M is a class of k-matrices, then, by
I'==py A

we mean that ' |=,, A and A |=,,T.

The reader may notice that k-matrices may be considered as first-order structures (see
Section 0.5) over a language which consists of £ together with one k-ary relation symbol. This
connection will be explored in more detail in the final section of this chapter; it guides several of

the definitions that will follow.

1.6.1 DEFINITION
Let S be a k-deductive system. A k-matrix A = (A, F) is called a matriz model for S, or an S-
matriz, if, for all T C Fm* and pE ka,

['Fgsp implies T |= 4.

We denote the class of all matrix models of S by ModS. Matrix models of S whose £-algebras
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are the formula algebra Fm are called formula matriz models. A class M of matrix models of S
is called a matriz semantics for S provided that, for all T C FmF and pE ka,

I'tge ifandonlyif T |=,,¢.

As was the case for 1-deductive systems, it is easy to see that the relation |=ps satisfies
properties (1.5.7), (1.5.8), (1.5.9) and (1.5.11) (with F g replaced by |=,,). For a k-matrix A to
be an S-matrix it is sufficient that I=_4 ¢ for every axiom ¢ of S, and that ¥,,...,9, |=A p for
every inference rule ({¢,,...,9¥,},9) of S. To see this, suppose that 'gsp. If €T, then
' |=_ 4 o by the definition of [= 4. If ¢ is a substitution instance of an axiom of S, then =49
by assumption, hence T’ ':.A . Suppose A C FmF* and @ is directly derivable from A by the
inference rule (II, 9) of S and for every € A, T+ g4. Assume inductively that T' l:.A ¥ for each
€ A. There exists a substitution o such that o(I) CA and od = ¢, and, by assumption,
Il |= 4 9. Since |= 4 is structural, o(II) I= 4 9, hence, by (1.5.8), A |=4 ¥ Since T =4 ¥ for

eachp € A, T |= , p, by (1.5.9).

If A is a k-matrix and ¢ is an axiom of S, we often say that A is closed under ¢ if
= 4 % Similarly, if (T, ) is an inference rule of § then we often say that A is closed under (T, )
if T !:.A ¢. Thus, by the previous paragraph, A is an S-matrix iff A is closed under each of the

axioms and inference rules of S.

An example of a matrix semantics for CP C is the class {(B, {IB}); B a Boolean algebra}.
This follows from the Completeness and Validity theorems of CPC. This is not the only
example, however. The set {(2,{1})}, where 2 is the 2-element Boolean algebra is also a matrix
semantics for CPC. That (2,{1}) is an S-matrix was shown, in Section 1.3, to be a consequence
of the Validity Theorem of Classical Propositional Calculus. The converse follows from the
Completeness Theorem of Propositional Calculus. The following theorem can be considered as a
joint validity and completeness theorem for k-deductive systems with respect to matrix models of

S.

1.6.2 THEOREM [BP92, Theorem 4.2)

Let S be a k-deductive system and M the class of all matriz models of S, i.e., M = ModS, or let
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M be the class of all formula matriz models of S. Then M is a matriz semantics for S.

Proof. Suppose that T C Fm* and @ € Fm* such that T l=ar ¢- Let A = (Fm,Cng(T)).
Recall from the second paragraph of Section 1.3 that an interpretation of P in Fm can be
identified with a homomorphism from Fm into Fm, i.e., a substitution. Let AC Fm* and
¢€ka such that AtF g4 Let ¢: Fm—Fm be an interpretation of P in Fm such that
oc(A)CCng(T). Then I'k go(A). Now o(A)lF go(9) by structurality hence, by (1.5.9),
'k go(). Thus o($)) CCng(T) and so A =4 ¥ Thus A is a formula matrix model of S so
A€ M. By assumption T ]:_A ¢. If we interpret I'U {p} simply as TU{p} in Fm, then
[ € Cng(T) implies ¢ € Cng(T), i.e., I'F 5. Conversely, by the definition of an S-matrix, if

['FgethenT |=5, ¢ 0

1.6.3 DEFINITION

Let A = (A, FA> be a k-matrix. A set F C A¥ is called an S-filter of A if (A, F) is an S-matrix
and F D F ,. The set of all S-filters of A is denoted by FiSA. If {G,;; 1 €I} is a set of S-filters
of A, then ({G,;i€ I} is an S-filter of A as well. (If I'F ¢ and @ is an interpretation of the
variables of T'U{p} in A such that yA(@) € NA{G;; i € I} for every ¢ € T, then yA(a) e G, for
every Y €' and every ¢ €. This implies that <pA(6)€G‘- for every ¢ € I, hence goA('d)e
N{G;;i€I}). It follows that Fi® A is a closure system on the complete lattice of all subsets of
LS (ordered by set inclusion). This allows us to define, for all X C L

Fg3 X = N{F e Fi4; F D X}.

We call ngX the S-filter of A generated by X. If X is finite, then ngX is said to be finitely
generated; if X consists of a single element, a say, then ng{a} is called a principal filter of A
and we write nga instead of ng{a}. Observe that ng is a closure operator on the complete
lattice of all subsets of AF corresponding to Fi4 (in the sense of Section 0.1). In particular,
Fi® A is the range of ng and is itself the universe of the complete lattice FisA = (FiS.A, N, V),
whose partial order is set inclusion. (Arbitrary) infima coincide with intersections in this lattice,

while the join in Fi’A of a family {F,; i € I} of S-filters of A is Fg5(U; e 1F))-

1.6.4 LEMMA [BP89b, Proposition 2.2.2)

Let S be a k-deductive system and A a k-matriz.
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(i) FisA is closed under unions of nonempty upwardly directed sets (i.c., for every nonempty
upwardly directed family {F; i € I} of S-filters of A, ;¢ ;F; € FisA).
(i1) FiSA is algebraic.
(iit)  The compact elements of Fi’ A coincide with the finitely generated S-filters of A.
Proof. We shall show that the union of any nonempty upwardly directed family of closed
sets (i.e., S-filters of A) is a closed set (S-filter of A). This immediately proves (i).
Furthermore, this will prove that FiA is an algebraic closure system (i.e., that ng is an

algebraic closure operator), from which the statements (ii) and (iii) will follow (by Corollary

0.1.6).

Let {F;; i€ I} be an upwardly directed subset of Fi® A and suppose that I' C Fm* and
@ € FmF such that T'F s%- Then there exists a finite set I’ C ' such that I' - g . Let @ be an
interpretation of the variables of the k-formulas of I U {¢} in A such that
vr@e U F; for each p € T".
rel
Since there are only finitely many ¢’s in I, there exists a finite J C I such that
vA@) e U F; foreach y e I".
reJ
Since {F;;i€ I} is upwardly directed, there exists £ € I such that F; C FZ for all ¢z € J, hence
U;esFiCFp Thus YA@) e F, for each ¢ € I, implying that oA(@) e F, since F; is an S-
filter of A. So, (@) € Ui e F; which shows that I = 4 where X'=(A,J;c[F;). It

then follows that I'|= ,, ¢, hence |J; ¢ [ F; is an S-filter of A. ]

The following useful proposition clarifies the connection between S-theories and S-filters
and between the consequence relation I+ ¢ and S-filters. (It is used tacitly in the literature
without explicit statement or proof). Let S be a k-deductive system and let @ £ @Q C P. By
Fm(Q) we mean the set of all (1-)formulas of Fm in which only the variables of @ occur.
Clearly Fm(Q) is the universe of the absolutely free Z-algebra over @, which we denote by
Fm(Q). We use (Fm(Q))* to denote the set of k-tuples P17+ 9x), where ¢, € Fm(Q) for each

i<k

1.6.5 PROPOSITION

Let S be a k-deductive system. Let 9 # Q C P.
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(i) Let TC(Fm(Q)*. Then A=(Fm(Q),T) is a matriz model of S if and only if
= CnS(T)ﬂ(Fm(Q))k. For a matriz model A = (Fm(Q),T), we have that Fi°A =
{UN(Fm(Q))*; U € ThS and U D T}. In particular, A= (Fm,T) is a formula matric
model if and only if T is an S-theory. The S-filters of A are just the S-theories
containing T.

(ii)  Let A= (Fm(Q),T N (Fm(Q))¥) be an S-matriz, where T € ThS, and let I C (Fm(Q))*.
Then

Fg5 T = (T V Cng(T)) N (Fm(Q))*.
In particular, if .A:(Fm,T_A) is a formula matriz model of S then, for ' C FmF,
Fg5 I =T 4V Cng(I).
(iii) Let A= (Fm(Q),Cng(l)N(Fm(Q))*) be an S-matriz, where T C(Fm(Q))*, and let
0, ¥ € (Fm(Q))*. Then
T,pk g9 if and only if %€ Fg5p.
In particular, the above equivalence holds for a formula matriz model A = (Fm,Cng(T)),
where T C Fm* and ¢, ¢ € FmF.
Proof. (i) Suppose that 4 = (Fm(Q),T) is a matrix model of S. The inclusion from left

to right is trivial. Conversely, let @ € CnS(T)ﬂ(Fm(Q))k.

Then Tk g, hence T |= 4 ¢, by
assumption. Fix any r € Q. Define a map j: P — Fm(Q) by jg = ¢ for all ¢ € @ and jp =r for
all p€ P— Q. We can consider j as an interpretation of P, the set of all variables, in Fm(Q).
For all ¢ € T we have

J¥(P) = ¥(iP) =¥(P) e T,

hence ¢(F) = j(7) € T.

Conversely, suppose T = Cng(T)N (Fm(Q))*. Let T C Fm* and o € FmF such that
Ik g, and let h € Hom(Fm,Fm(Q)) extend an interpretation of the variables of I' U {¢} in
Fm(Q) such that
hpeT foral Yy e, ie.,
htp € Cng(T) N (Fm(Q))F forall €T, so
(1.6.1) TrHghyp forallpel.

We can consider h as a substitution, hence I' - ¢ ¢ implies (') - g hgp, by structurality. Since
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Tt ghy for all hpen(), (1.5.9) implies that T+ ghy, ie., hp€Cng(T). Since hpe€
(Fm(Q))k as well, we have that ho € T. Thus I ]:A p and A is a matrix model for S. The
other statements follow from the fact that when @ =P, Fm(Q)=Fm and membership of

(Fm(Q))* becomes redundant.

(i) Let A= (Fm(Q),T N(Fm(Q))*) be a matrix model of S where T € ThS. By Definition
1.6.3,
Fg3I' = N{F € Fi’4; F DT}

= N{UN(Fm(Q))*; U € ThS, U DT and U DT}

[by (i) and Def. 1.6.3]

= (Fm(Q))kﬂ(ﬂ {U;U€ThS,UDT and U D r})

= (Fm(@)*n(N{U € Ths; U 2 (T UT)))

= (Fm(Q))* N (Cng(T UT))

= (Fm(Q))F N (T Vv Cng(I)).
As in (i), the second statement follows from the fact that when Q = P, Fm(Q)=Fm and

membership of (Fm(Q))k becomes redundant.

(iii) bveFgSp iff e (Cng(l)VCngp)n (Fm(Q))* [by (ii)]
iff ¥ eCng(TU{p})

iff T,pF . O

It is worth noting that in (ii) of the above lemma, if the formula matrix model of § is
taken to be A = (Fm,Cng(0)), then ngf = Cng(T) for all T C Fm*, hence ThS = Fi®A. Recall
Lemma 1.5.2; the lattice ThS of S-theories used there is thus the lattice FiS.,(, where
A =(Fm,Cng(0)). Lemma 1.5.2 is therefore a special case of Lemma 1.6.4. We will make

frequent use of the results of Lemma 1.6.5 in future proofs without referencing them explicitly.

1.6.6 LEMMA [BP89b, Lemma 2.2.3]
Let S be a k-deductive system, A = (A, F.A> a k-matriz, X C A* and a € AF. Thenac ngX if

and only if a € ngX' for some finite X' C X,
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Proof. We have that
ae ngX if and only if nga - ngX = V{ngb; be X}.
But nga is compact in FiA by Lemma 1.6.4 (i), so, by Lemma 1.6.4 (ii), there exists a finite
X' C X such that

nga C V{ngb; be X'} = ngX'. 4]

The following lemma presents an explicit characterization of the elements of an S-filter

generated by a given set.

1.6.7 LEMMA
Let S be a k-deductive system, A = (A, F) a k-matriz and X C A*. Let Y be the set of allbe Ak
that satisfy the following condition: There ezists a positive integer n and b',6%,... 6" € A* with
b™ = b such that for each i < n, either
(1) beXu F, or
(2)  there ezists a finite subset T'U{p} of Fm* and an interpretation ¢l = ci,,..,c;(‘-) of the

variables of T U {¢} in A such that

1) Trse

(i) (WA veTh (b9 <i),

(iii)  oP(ct) = b,

Then Y = ngX.

Proof. By definition, XU F CY. If ©F g pu then, since S is finitary, we have £/ - g p for
some finite ¥’ C X, say ¥/ = {¥1,...,9%,}. Let py,...,p, be the variables occurring in ' U {u}
and let dy,...,d be an interpretation of these variables (respectively) in A such that 1/)?(3) €Y
for all j<s. For each j<s, there exist b},...,b;(j)EAk, as in the definition of Y, with
b';(j ) = 1/1?(3). The sequence

oL, 70 bl bne) A

establishes that gA(d) € Y. Thus Y € Fi®4, so Fg5 X CY.

Conversely, let G be an S-filter of A with X CG. Let b€ Y and let b!,...,b" be as in
the definition of Y, with 8 = b. We claim that b € G for each i < n. This is true if b € XUF.

Otherwise there exist T, go,; as in the definition of Y satisfying (i), (i) and (iii). If i = 1, then
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Fse and b= <pA(;) € G, since G € FisA. Otherwise, by (ii) and an induction hypothesis,
1/)A(;) € G, since G € FiA. So the claim is true, and in particular, b=30" € G. Thus Y CG.

This shows that ¥ C ngX, and so Y = ngX. O

1.6.8 COROLLARY

Let S be a k-deductive system, A = (A, F) a k-matriz and a,b € Ak, such that b€ ng a. Then
there exists a finitely generated subalgebra A’ of A, with a,b € (A')k, such that b € ng, a, where
A’ is the submatriz (A', F N (A")*) of A.

Proof. Set X ={a} in the lemma. By the lemma, since be¢ ng a, there exist
bl,...,b" € A¥ with 5" = b as described in the definition of Y. To each b ¢ {a} U F, there
correspond T, ¢ and c{,...,cin(i) € A satisfying (i), (ii) and (iii). Set

Z ={ay,..., a5 by, b} U(U{{BE,... 0L} ; b € F})U(U{{ci,...,cfn(..)}; b ¢ {a} UF}).
Let A':SgA(Z). Then A’ is the universe of a finitely generated subalgebra A’ of A and
A’ = (A", F N (A)¥) is a submatrix of A. For any ¥ in any of the I'U {¢p} involved in the above
account of the fact that bEnga, we have ¢AI(§):¢A(;)€A', by definition of A’. It

therefore follows directly from the lemma that b ¢ ng, a. O

Recall the 2-deductive systems SEq’ Scon and SSG from Section 1.5. Let A be an £-
algebra and F C A2, and suppose that A = (A, F) is an SEq-matrix. Take any a,b,c € A. We
can consider a,b,c as an interpretation of the variables p,q,r in A, respectively. From (1.5.1) we
get that (a,a) € F, hence F is a reflexive relation on A. From (1.5.2) we get that if (a,0) € F
then (b,a) € F, hence F is a symmetric relation on 4, and similarly (1.5.3) tells us that F is

transitive, therefore F' is an equivalence relation on A.

Conversely, if R is any equivalence relation on A, then A = (A,R) is an S’Eq-matrix. To
see this, suppose that ¢,%,9 € Fm and that @ is an interpretation of the variables of e, Y, in A
such that (pA(@),vA@)), (wA(E),ﬁA(E)) € R. Since ® is an equivalence relation on A,
(¢A@),92@) € ® as well, thus (%), (%, 9) |= 4 (,9). Similarly, |= 4 (¢,) and

(o, %) I= 4 (¥,9). By the note following Definition 1.6.1, A is an Spqmatrix.

If A={(A,F)isan S;_-matrix then, since + C F , F' is an equivalence relation
Con SEq SCon
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on A. Now, if Qpyevns@pyby,...,b, €A then we can consider Qyyeeey @by, b, as an
interpretation of the variables py,...,p,. qqs---1 ¢, in A. If (a1,07),...,(a,,b,,,) € F then, by
(1.5.4) 4, (fA(al,...,am),fA(bl,...,bm))eF for each fe & with ar(f)=m, hence F is a
congruence relation on A. Conversely, it is easy to show, as was done for SEq, that all 2-matrices

of the form (A, ®), where ® € Con A, are S, -matrices.

We claim that the S%—matrices are precisely the 2-matrices (A, ®), where ® is a %-

congruence of A (i.e., ® € Con A and A/® € ¥). To show this we shall need the following

1.6.9 LEMMA
Let % be a quasivariety. For every 2-matriz A = (A, F) with F € Con A and every quasi-identity
(& < i % ¢:) = 0% ¥ of the language of %,
AMFE(, & nmG) = env fandonly if (1,0 (1) [ 4 (0,8).
Proof. Let A =(A,F) be any 2-matrix. Let (1;,y),--.,(7,,,¢,), (9, %) € Fm2. Then
(M6 )se o (Ms €) B 4 (05 9)
iff for every interpretation @ of the variables of the n,’s, {;’s, ¢ and ¢ in A,
(nA(@),¢X@) € F for all i <m implies (pA(a),yA(@)) € F
iff for every interpretation @ of the variables of the n,’s, (s, ¢ and 1/) in A
@)/ F = ¢M@)/F for all i <m implies pA(a)/F = vA(@)/F,
iff for every interpretation @/F of the variables of the n,’s, {;’s, ¢,¢ in A/F
nMF(@/F)y = (MF(@/F) for all i <m implies o™ F(a/F) =y F(a/F)

iff  A/F = (ié&mnizci):gomp. o

Let % be a quasivariety axiomatized by a set Qi of quasi-identities and let A = (A, ®) be
an Sq-matrix. Since F P o+ SC-on, ® € Con A, hence the factor algebra A/® exists. Suppose
(&,. <R c,.) =@~V EQi. Then, by definition of Sgt, (111w (D) F 5y (1)
hence (11,¢1)s s (M1 C) |:.A (¢,%). Now, A/D |= <&i <mMi ™ C,-) = ¢ &~ ¥, by Lemma 1.6.9.

Therefore A/® € %.

Conversely, suppose that A = (A, ®) is a 2-matrix with ® € Con A for which A/® € %.

Let T C Fm? and (,®%) € Fm? such that T'F S (¢,%). Then there exist a finite IY C T such
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that IV F o (¢,9). It follows easily by induction on the length of a derivation of (i,%) from I
in S% that
{n=¢; (1) €T} =g ¢ = 9.
Since A/® € %,
A/® |= & =l = o=,
( (m¢)er’ )

so Lemma 1.6.9 implies that I/ I= 4 (¢, ¥), which trivially implies that T ]:Jt (¢,%). Thus A is
an Sq-matrix. These observations and the fact that Mod Sqc is a matrix semantics for Sq; show

that the definition of the 2-deductive system Sq; does not depend on the particular quasi-

equational axiomatization of % that is given.
1.7 THE LEIBNIZ EQUIVALENCE RELATION

In the study of modern mathematical logic, the question of how to define ‘equality’ between two
formulas arises. This question. has its roots in the philosophical question of what constitutes
equality. It was Leibniz who proposed that two objects should be considered equal if and only if
they have identical properties. In the context of mathematical objects, thé ‘properties’ referred to
here must include all possible definable properties. If, however, we restrict ourselves to properties
definable in first-order terms, i.e., within a first-order language (or a propositional language), then
it is possible for two objects to have the same properties yet be distinct. (For example, there is a
countable model of the first-order theory of the real numbers. Since R is uncountable, it is not
equal to this model, nevertheless, in the first-order language {+,—,-,0,1, <}, R and the
countable model have the same properties.) Similarly, in the context of deductive systems, we
want to know what can be said about two (not necessarily equal) objects that have the same
properties as describable in the given language. This is the idea behind the following definition.

(Unless otherwise stated, £ is a fixed language and k is a nonzero natural number.)

1.7.1 DEFINITION

Let A be any L-algebra. For each F C Ak, the Leibniz equivalence relation on A, denoted Q\F,

is defined by the following condition:

(1.7.1) (a,b) € QuF iff for all p(p,g) € Fm* and all 7€ 4™,
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pMa,C) € F iff pAb,T) € F.

It is evident that Q, F is an equivalence relation on A. If ® is a congruence relation on
an algebra A and a = (ay,...,a;),b=(by,...,0;) € AF, then we write (a,b) € ol*l if (a;,b;) € @ for

each ¢ < k. Note that Q[k] is, in fact, a congruence on Ak,

1.7.2 DEFINITION
Let A be an L-algebra and F C A%, A congruence relation ® on A is said to be compatible with
F if, whenever a,b € A¥, (a,b) € 3% and a € F, we have b € F-as well. In other words, if a € F,

then a/<I>[k], the congruence class of pl¥l containing a, is a subset of F as well.

1.7.3 THEOREM ([BP89a, Theorem 1.5]
For any L-algebra A and aeny F C Ak, QpF is the largest congruence on A that is compatible
with F.

Proof. To see that 2, F' is a congruence relation on A, suppose that (a;,b;) € QuF for
each i < n and that f is an n-ary operation on A. Take any ¢(p,7) € Fm* and ¢ € A™. Define

Hppseo s P @) = @(f(P1s- -, PR), D),
(where the variables p; are distinct from those in ). By repeated application of (1.7.1) we get
that, for all ¢ € Ak,
9 (ay,...,a,0) €F iff 94(by,...,b,,) € F,

ie., eA(fAay,...,a,),8) €F iff  A(fA(by,...,b,),T) € F,

hence (fA(al,. . .,an),fA(bl,. e 0,)) EQQF, s0 Qu F is a congruence relation.

Next suppose that a=({a;,...,a;), b= (b;,...,b.) € A* such that a€ F and (a,d) €
(QAF)[k]. Take any k-variable p; since (a;,b;) € Q4 F for each i < k, we have pA(al,...,ak) e Fif
and only if pA(bl,...,bk) € F, which is equivalent to saying a € F if and only if b€ F. By

assumption, @ € F, hence b € F' also, implying 2, F is compatible with F.

Now suppose that ® is a congruence on A that is compatible with F. Take (a,b) € ®; for
every (p,7) € Fm* and ¢ € A™ we have, since ® is a congruence and each ¢, is a term of the

absolutely free algebra over £, that
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(9*(a,2), 0(8,7)) € )
By the compatibility of ® with F we get
pMa,2) e F iff oA(b,2) e F,

hence (a,b) € Q2 F, implying that ® C Q, F. 0

According to Definition 1.7.1, the set F can be chosen arbitrarily. However, the sets that
are of real interest to us are those that are S-filters of some S-matrix. For this reason we shall

restrict our attention to S-filters.

1.7.4 DEFINITION

Let S be a k-deductive system and A = (A, F 4) an S-matrix. We define the Leibniz operator of
A, denoted Q.A’ as a map QA:FiSA—>Con A, where Q_AF =Q,F for every F € FiA. In the
case where A is a formula matrix model, i.e., 4 = (Fm,T) for some T € ThS, we simply write

QU for QAU, where U € ThS.

The Leibniz operator is intended to represent some form of equality between elements of
a matrix model A, hence we should expect it to satisfy some properties similar to those of =.
We have already noted that Q4 F, hence also .AF , is an equivalence relation on A, and Theorem
1.7.3 shows that it is, in fact, a congruence relation on A. But what does it mean for QAF to be
compatible with the S-filter F' of A? Recall from Section 1.3 that the elements of F' can be
thought of as ‘acceptable truth values’ in some sense. So Definition 1.7.1 expresses the idea that
we identify (by Q 4 F) those elements a and b for which the ‘truth’ of each k-formula ¢(p,7) is the
same when p is interpreted as either a or b. If a € F, i.e., a is an ‘acceptable truth value’, and
each a; can be replaced by some b; and without affecting the ‘truth’ of the interpretation of
#(p,7), then we should expect that b is also an ‘acceptable truth value’. This is precisely the
statement that Q ,F is compatible with F. That Q2 4F is the largest congruence with this

property means that it is not possible to identify any more elements and still preserve the above

property.

Consider the 2-deductive system Sgq Let A =(A,R) be an Spqmatrix.  Then, by

previous results, R is an equivalence relation on A. Since QAR is the largest congruence on A
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compatible with R, we have
Q yR=V{®€ConA; ®is compatible with R}.

We claim that a congruence ® is compatible with R if and only if ® C R. To see this, note that
® is compatible with R if and only if, for all ay,a9,by,b, € A,

(ay,ay) € R and (ay,b;),(ay,b,) € ® imply (b,,5,) € R.
Suppose the latter condition holds, and let (a,b) € . We have (a,a) € R and (a,a),(a,b) € ®
since R and & are reflexive, hence (a,b) € R, implying that ® C R. Conversely, suppose ® C R.
Let (aj,a;) € R and (ay,b,),(apb,) € . Then (a;,b,),(a,,b,) € R and (byyay),(ay,a9),(ag,by) €
R since R is symmetric, hence (b,,b,) € R since R is transitive. We thus have

QR=V{®ecConA;®CR}.

Next, consider Si,,. Let A =(A,®) be an S -matrix, then & is a congruence on A.
As before,
Q2 4@ =V{Il € ConA; Il is compatible with ®}.
Since ® is obviously an equivalence relation, the earlier claim still holds, so
Q42=V{ll€ConA;IlC d},

but since @ is compatible with @, trivially, we get that Q,2=29.

Finally, consider Sﬂg (% a quasivariety). Recall that A = (A, ®) is an S%—matrix if and
only if & € Con%A. Thus, if A is an S%-matrix, then @ is a congruence on A, hence QAQ = as

well.

1.8 MATRIX HOMOMORPHISMS AND REDUCED MATRICES

A matrix is basically an algebra with an associated subset. Thus we should be able to extend
various definitions regarding algebras to matrices. In this section we consider submatrices, matrix
homomorphisms and matrix isomorphisms, that are obviously intended to correspond to
subalgebras, homomorphisms and isomorphisms. We also introduce the idea of a reduction
between matrices, which is a stronger version of a matrix homomorphism. Unless otherwise
stated we shall assume that £ is a fixed language and S is a fixed k-deductive system for some

nonzero natural number k.
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1.8.1 DEFINITION

Let A =(A,F 4), B=(B, Foy) be any k-matrices. We say that B is a submatriz of A if B is a
subalgebra of A and (Bk) NF, = Fop. By a matriz homomorphism between A and B we mean a
homomorphism h:A—B such that (h(ay),...,h(a;))€E Fo  whenever (aj,...,q;) € F;i‘
(Henceforth we shall abbreviate {(h(a,),...,h(ay)); (ay,...,a;) € F 4} with h(F 4).) We write
h: A — B in this case. We call h surjective or injective if h is a surjection or injection from A to
B. If h is a surjective and injective matrix homomorphism for which A(F .A) = Fop then h is
called a matriz isomorphism, and A and B are said to be isomorphic. A matrix homomorphism
h:A—3B between A and B is said to be reductive from A to B if h is surjective and

F o =h" I(FG.B)' B is then called a reduction of A and A is called an ezpansion of .

The following proposition is an adapted version of [BP92, Proposition 5.1].

1.8.2 PROPOSITION
Let A= (A, F 4) and B = (B, Fa) be k-matrices and S a k-deductive system.
(i) If A 15 an S-matriz and B is a submatriz of A, then B is also an S-matriz.
Let B be a reduction of A, and let h: A — B be the corresponding reductive ho1.nom0rphism.
(it)  For each ¢(py,...,p,,) € FmF* and all ay,...,a, € A4,
tpA(al,...,am) €EF, iff goB(hal,...,ham) € F%.
(i1i) A is an S-matriz if and only if B is an S-matriz.

Proof. (i) Let T C Fm* and pE Fm* such that T + s Let b be an interpretation of the
variables of T'U {p} in B such that ¢B(F) e Fgy for each $ €T’ Since B is a subalgebra of A,
¥B() = ¥A(B). By definition of a submatrix, Fgy = F 4 N BF, so ¥B(B) = vA(0) € F 4. Since 4
is an S-matrix, T' |= , ¢, hence <pB(B) = oAb € F 4. Thus #B() e Fun BF = Fa,soT =g o

and B is an S-matrix.

Let B be a reduction of A, and let h:4—B be the corresponding reductive
homomorphism.
(i) If pA(al,...,am) € F 4, then

¢P(hay,... ha,,) = hpA(ay,...,a,,) € H(F 4) = Fg.
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Conversely, if goB(hal,...,ham) € F%, then

Phay,...a,) € R (9P(hay,. . ha,)) C ™Y (Fg) = F 4.

(ili) Suppose A is an S-matrix. Let T' C Fm* and pE Fm* such that T F s, and let b be an
interpretation of the variables of the k-formulas of I'U{¢} in B such that ¢B(3) € Fg for each
Y el. Since h is surjective, there is an interpretation @ of the variables occurring in the k-
formulas of TU{yp} in A such that ha=35. By part (i), as ¢B(ha) = ¥B(p) € Fg, we have
vA@) e F, for all $€I. Since A is an S-matrix, ¢*(a@)e F 4 as well, so ©B(ha) =

h(pA('a') € h(F 4) or, equivalently, goB(B) €Fegys0T I:'EB ®-

Conversely, suppose B is an S-matrix. Again, let ' C Fm* and pE FmF such that
I'F 5, and let @ be an interpretation of the variables of the k-formulas of ' U {¢} in A such that
¥(@) € F 4 for each p €. Then yB(ha) = hyA(@) € h(F ) ie., ¥P(ha) € Foy for all Y€T.
Since hd is an interpretation of the variables of the k-formulas of I'U{p} in B and B is an -

matrix, ¢B(ha) € Fay, hence, by (i), oAa) e F 50T [= 4 o o

1.8.3 COROLLARY [BP92, Proposition 4.1]
If A=(AF ) and B=(B, Fe) are k-matrices and h:A—%B is a surjective matriz
homomorphism then h ™ Y(G) is an S-filter of A for each G € FiS.

Proof. We show that (A,h~1(G)) is an S-matrix. By definition, G D Fay, hence
h=NG)2h™ N Fg) 2 F 4. Now, h:(A,h~Y(G))—(B,G) is surjective, hence h(h~ gy =g¢,
and therefore h is reductive from (A,» ~}(G)) to (B,G). Since (B,G) is an S-matrix, the previous

theorem implies that (A, A~ 1(G)) is an S-matrix as well. a

Note that Lemma 1.5.3 (i) may be considered a corollary of this result. Given a matrix
homomorphism h: A — B between k-matrices A and B and an S-filter F of A, the set h(F) is not
necessarily an S-filter of B. For example, suppose that 4 is a homomorphism between the S-
matrices (Fm,T) and (Fm,U), where T and U are S-theories. Since h:Fm—Fm, & is a
substitution. It was shown in Section 1.3, that h(T') need not be an S-theory, hence (Fm, h(T))
need not be an S-matrix. If we want h to induce a map between the lattices of S-filters of A and

B, it is necessary to define the map hS:FiS.A —Fi®B in the following way: For every F € FiS.A,
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define

hs(F) = Fgg h(F).

1.8.4 LEMMA [BP92, Lemma 7.4]

Let A=(A,F ) and B=(B, Fa) be k-mairices and h:A—B a surjective matriz
homomorphism. If kerh is compatible with F € Fi°A (where kerh = {(a,b) € A%; ha = hb} €
ConA), then hg(F) = h(F).

Proof. We need to show that h(F) € Fi’®. Suppose I' - s, and b is an interpretation of
the variables in the k-formulas of I'U{p} in B such that $B(8) € h(F) for each ¥ € I. Choose an
interpretation @ of the variables in the k-formulas of ' U{p)} in A4 such that h@="5. Since
h(¥ (@) = ¥B(F) € h(F) for all i <k, we have h($A(@)) = hz for some z € F, i.e., ($A(a),z) €
kerh. Since kerh is compatible with F, ¥(@) € F. This holds for all Y €T, hence p™(a@) € F,

implying ©B(b) € A(F). a

To end this section we consider the Leibniz operator once more. We first present a

lemma that we shall need in Section 2.2.

1.8.5 LEMMA [BP92, Lemma 5.4]
Let S be a k-deductive system. Let A = (A, F 4) and B = (B, Fay) be k-matrices and h: A —B a
surjective matriz homomorphism. Then for every F € Fi°%B, Qh~ YFy=h- 1(Q%F).

Proof. First note that A~ X(F) € FiA by Corollary 1.8.3. Since Qg F is a congruence on
B, it follows from Theorem 0.2.2 (iv) that h_l(QqBF) is a congruence on A. To see that it is
compatible with h~!(F), suppose a€ h~'(F) and (a,b) € (h~1(QquF))I*l. Then hae F and
(ha, hb) € (U F)I*], hence hb e F since QqF is compatible with F, so be h~(QgF). Thus
h_l(Q%F) - QAh—l(F) by Theorem 1.7.3. The opposite inclusion is equivalent to
h(Q_Ah‘l(F)) CQqF, which will follow by Theorem 1.7.3 if we can show that
@B(h(QJth_ 1(F))) is compatible with F. Since h is surjective, it follows from Theorem 0.2.2(iv)
that @B(h(Q_Ah_I(F))) is the transitive closure of h(Q 4h ~1(F)). Thus it suffices to show that
W@ 4h~}(F)) is compatible with F. For in that case, suppose (a,b) € (OB(h(Q b~ 1(F))))[¥]

and a€F, where a=(ay...,qp) and b= (b,...,b,). For each i<k, (a,b;,)e€
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@B(h(QAh— 1(F))), so there exists a positive integer n(i) and c},...,c?(i) € B such that a; = c},
bi=cl and (cf,ed*1) € (@ h~X(F)) for j=1,...,n(i)=1. Since h(Q b= Y (F)) is a
reflexive relation, we may assume that there is a positive integer n with n(i)=nfori=1,...,k
Let ¢/ = (c{,...,ci) € B*. Then (e (h(Q_Ah—l(F)))[k] for each j € {1,...,n—~1}. Since

a=cl e F, it follows that ¢? € F and, repeating this argument, that b = ¢™ € F, as required.

Let b,&’ € B* such that (b,b) € (h(Q gh~ I(F)))[k] and b € F. There exist a,a’ € A¥ such
that (a,a’) € (R 4h~ I(F))[k] and ha=b, ha' =¥. Then a€ h~1(F) implies a' € h~ Y(F) (since

Q4 b~ Y(F) is compatible with A~ Y(F)),s0 ¥ =ha' € F. 0

The following corollary, which is a special case of Lemma 1.8.5, is proved from first

principles in [BP89a).

1.8.6 COROLLARY [BP89a, Lemma 4.4 (ii)]
Let S be a k-deductive system. For every T € ThS and every surjective substitution o,
o~ YQT) = Qo ~Y(T), hence Q(ThS) is closed under inverse substitution.

Proof. Let B = (Fm,0) and A = (Fm,a'_l(F%)). If we regard o as a homomorphism
from Fm to Fm, then 0: A4 — B is a matrix homomorphism and, by assumption, ¢ is surjective.

The result follows from Lemma 1.8.5 and Proposition 1.6.5. 0

We shall use the following convention: If (A, F 4) is a k-matrix and ® € Con A then for

any F C A¥ we denote by F/® the set {(a,/9,...,a;/®); a=(ay,...,q;) € F}.

1.8.7 LEMMA [BP88, Lemma 3.3]
Let A =(A, F.A) be a k-matriz and B = (B, F“.B> a submatriz of A. Let & be a congruence on A
that is compatible with F ; (e.g., ® = QF 4)- Then (B/(‘DﬂBz),FG‘B/(@ﬂB%) is isomorphic
to a submatriz of the k-matriz (A/®,F , /).

Proof. Observe first that ®NB?eConB, so the claim makes sense. Let
B = (B/@,FA/@O(B/Q)’C), where B/® is the subalgebra of A/® with universe
B/®={b/®;be B}. (This is a subalgebra of A/® by Theorem 0.2.2 (ii) — consider the

composition of the inclusion map B— A and the canonical map A—A/®.) By its definition, B’
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is a submatrix of (A/®, F 4/®). We shall show that (B/(®n B2),F€B/(<I> N B%)) is isomorphic to
B'. The map h:B/(®N B*)— B/® defined by h(b/(®N B?)) = b/® defines an isomorphism of
algebras B/(®N B?)—B/®.  Since we are given that Fg=F , N B, we have that
h(Fg/(®NB*)=Fq/®=F ,/onBF/® = F 4/®N(B/®)F. This shows that h is a matrix

isomorphism. a

It is common practice to identify (B/(QOB2),FEB/(<I>OB2)) with B’ and to call it a

submatrix of (A/9®, F 4/®).

In Section 1.7 we noted that the Leibniz relation identifies those elements of a matrix
model that are equivalent with respect to a given S-filter. This leads to the question of whether
there are S-matrices for which the Leibniz relation identifies no two distinct elements, i.e., the §-

matrix cannot be reduced any further. Thus we make the following definition.

1.8.8 DEFINITION

An S-matrix A = (A, F) is said to be reduced if Q0 4F =1 ,. The class of all reduced S-matrices

is denoted Mod*S:

If A =(A,F)€ ModS, is it possible to construct a reduced matrix from A? In Theorem
1.7.3, we noted that the relation QAF is a congruence relation on the underlying algebra A that
is compatible with F. Congruence relations are significant in that they allow one to construct a
factor algebra from the original algebra. For any S-matrix A = (A, F ), define the matrix

A* = (A/Q 4 F,F/Q F),

where F/Q ,F = {(al/QAF,...,ak/QAF); {ay,...,a ) € F}.  The canonical homomorphism
h: A— A* defined by ha= a/QAF for each a € A, is obviously surjective and satisfies
F = h_l(F/QAF), hence h is reductive from A to A*. By Proposition 1.8.2, therefore, A* is an
S-matrix. Furthermore, A* is a reduced S-matrix: If (a/Q4F, b/ 4F) € QA*(F/QAF) then it
is not hard to infer from Definition 1.7.1 that (a,b) € Q F, e, a/Q F = b/Q 4 F, hence

Q_A*(F/Q./(,F)zIA*’ Whe['e A"‘:A/QAF.

The following important theorem shows that in the study of matrix models, it is

sufficient to consider only the reduced matrix models.
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1.8.9 THEOREM [BP92, Theorem 5.6]
Mod*S is a matriz semantics for S.

Proof. We must show that, for all [ C Fm* and p € Fmk, ' ge if and only if
r ,=Mod*5 ¢. The implication from left to right holds by definition. Conversely, suppose
[ |=q¢ for every B € Mod*S. Let A=(A,F)€ModS. Then A*= (A/QAF,F/QAF) €
Mod*S, so T I:_A*go by assumption. Since A was chosen arbitrarily, we have that I’ =Mods ¥
Recalling from Theorem 1.6.2 that ModS is a matrix semantics for S, we get that '+ 5 ¢, hence

FI:_A‘P' a

Let A =(A,®) be an S, -matrix. Then A is reduced if and only if Q@ =1, but
QA<I> = @, hence A is reduced if and only if ® =T 4. So

Mod*S¢,,, = {{A,I4); A is an L-algebra}.

Since the I,’s are the usual interpretation of the equality symbol, Mod*S,, is
essentially a class of algebras and need not be thought of as a class of matrices (yet it captures

the full deductive force of Si,,, in view of the previous theorem).

Let A =(A,®) be an S%-matrix. Again, QACD = @, so the reduced s%—matrices are of
the form (A, I 4). In fact,
Mod*Sg = {(A, I 4); A € %}.
This follows from the fact that if (A,I,) is an Sqc-matrix, then I, must be a %-congruence,
hence A= A/I, €%. Again, the class Mod*SSG is  essentially a class of algebras, namely the
quasivariety 3. Thus the consequence relation of the 2-deductive system SﬂG is determined by %,

so the definition of SSG is the ‘correct’ one.
1.9 EQUIVALENCE OF DEDUCTIVE SYSTEMS

Two deductive systems of the same dimension are identical if and only if they have the same
language and consequence relation. But how does one compare two deductive systems of different

dimension? Obviously they cannot be identical, but we are able to define a notion of equivalence.
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Loosely, we say that they are equivalent if it is possible to translate formulas from one deductive
system into the other in such a way that the relation of consequence is preserved, and vice versa.
Furthermore, the two translations must be mutually inverse in some sense. In particular, for
every deduction I' - ¢ of the one deductive system, there is an equivalent deduction in the other.

In this section, we investigate this notion of equivalence.

Let S, be a k-deductive system and S, an {-deductive system, where 1< ¢k € w.
Assume that S; and S, have the same language £. By a (k,{)-translation we mean a finite set 7
of ¢-formulas in k variables, i.e., 7 = {r1,..., 7"} for some integer n > 1 and

Ti(pl,.. D) = (T{(pl,...,pk),...,.TZ(pl,...,pk)) for each 7 < n.
If o =(py,...,4) is a k-formula, then we define 7(¢) to be the set of ¢-formulas,
() = {(T1 @10 s P)se e s Tg(@1re- 101} 3 § < ).

If T is a set of k-formulas then by 7(I') we mean {J{7(¢); ¥ € T}.

By an interpretation of S| in S, we mean a (k,{)-translation 7 that satisfies, for all
k k
I'C Fm” and p € FmF,

1.9.1 Trg o iff H(D)F g T(p).
5y Sy

We shall need the following abbreviation: For a k-deductive system § and I', A C ka,

we write I' 4 F ¢ A to mean TrFgA and AF oI,

1.9.1 DEFINITION

We say that S| and S, are equivalent if there is an interpretation 7 of S, in S, and an
interpretation p of §, in §; such that 7 and p are inverse in the following sense:

(1.9.2) pr slp(r(ga)) for all ¢ € Fm¥, and

(1.9.3) ok 5 1(ple) forallpe Fmb.

The following proposition gives ostensibly weaker conditions that will be sufficient for S,

and S, to be equivalent.

1.9.2 PROPOSITION [BP89b, Proposition 4.1]

Let S, be a k-deductive system and S, an {-deductive system, where 1 < 0,k < w. Then S, and
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S, are equivalent if there ezists a (k,{)-translation T and an (¢, k)-translation p such that T is an
interpretation of S| in S, and (1.9.3) is satisfied.

Proof. We need to show that p is an interpretation of S, in S, and also that (1.9.2) holds.
Let I'C Fm® and pE Fmt. By (1.9.3), ¢-F Sz‘r(p(go)) and T'+HF Sz‘r(p(l")) (since
Yk S2r(p(1/))) for each ¢ € T'), therefore

TFge iff m(pT)F s, 7(p(0)
iff p(T)+ s, () [since 7 is an interpretation],
implying that p is an interpretation of S, in §;. To see that (1.9.2) holds, note that, for all
pE FmF,
v F g plrle) iff () 4 F g 1(p(r(0)),

and the right hand side holds by (1.9.3) since 7(¢) C Fmb. O

We shall show that the notion of equivalence is an equivalence relation on the class of all
deductive systems. Only transitivity of the relation not obvious. Let §; be a k-deductive system,
S, an {-deductive system and S3 an m-deductive system. Suppose §; and S, are equivalent and
T is an interpretation of S, in S, and p is an interpretation of S, in S, such that 7 and p are
inverse. Suppose S, and S; are equivalent and 7 is an interpretation of S, in S5 and ( is an
interpretation of S5 in S, such that n and ¢ are inverse. We shall use Proposition 1.9.2 to show
that S, and S5 are equivalent with 57 an interpretation of S| in 53 and p( an interpretation of
S5 in S, such that nT and p( are inverse. Let I' C Fm* and pE Fm*. Then

I 5,% iff #(T)F S, T(p)
iff p(r(T)) F 5, 2(r(w))-
Thus n7 is an interpretation of S; in S;. Now suppose € Fm™. Then
¥ A F g n(r(p(C(¥))) Hf ((¥) 4 F 5 dn((p(((¥)))))
it ¢(¥) 4+ 5, T(p(C(V))
[Cla(r(p(¢(¥))))) 1 F 5, 7(p(¢(¥))) since 5 and ¢ are inverse]
iff {(¢) 4+ S, ¢(¥) [since T and p are inverse],

which is evidently true. Thus ¢ 4 | Sq n(r(p({(¥)))) so S; and S5 are equivalent.

Although the definition of equivalence is given for deductive systems of possibly different

dimensions, it is interesting to note that there exist distinct deductive systems of the same
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dimension that are nevertheless equivalent. The following example of two 1-deductive systems
that are equivalent and not identical is taken from [DDT, pl5]. (Note that two deductive
systems are identical if and only if they have the same language and consequence relation, but
that a single deductive system may be presentable by means of various different sets of axioms
and inference rules). We shall consider the three-valued paraconsistent logic J5 and Lukasiewicz
3-valued many-valued logic S, (see Section 1.4). Recall that the language for both these
deductive systems is L = {—,-}, where ar(—) =2 and ar(—)=1. Recall, moreover, that
I, =(2, [:23) and S, = (£, |:£3>’ where 33 = (A,{1,3}), £3=(A,{1}) and A = ({0,],1},24) is

an L-algebra, whose operations — 4 and -4 (— and - for short) are defined by the tables

—>0%1 =

o111 01
1 11 1 (1
22|11 2 |2
1103 (1 1]0

We will need the abbreviations { p = (—~p)—p and Op =~ () (-p)). Then { and O take the

following values

0 o
010 010
1 1
z |1 7|10
101 1 fi1

Let ¢(p) = ((—p)— p)— p. Then we get the following table:

a ¢A(a)
01
3|3
1)1

Since pA(a) € {%, 1} for all a € A, we have + A2 However, since p(a) ¢ {1} for a = % € A, we
have W S, P So J5 and S, are different deductive systems. Now define (1,1)-translations 7 and

p by 7(p) = { p and p(p) = Op. We have the following (where ¥(P) € Fm):
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therefore (4A(a@) € {1} if and only if $A(@) € {%—, 1}. Since §; = (A,{l,%}) and L5 = (A, {1}), we
have, for all ' C Fm and ¢ € Fm,
i= iff ; '} = , L.e.,
l§3<P iff {Qy;ve }|£30301e

hence 7 is an interpretation of J5 in S,. Finally we have, for ¥(7) € Fm,

vAh@ OvA@) 0O0¢A(@) vA@ ovh@ 00vH@
0 0 0 0 0 0
3 0 0 3 1 1
1 1 1 1 1 1

so ¥A(@) € {1} if and only if (OyA(@) € {1}, and yA(@) € {},1} if and only if D¢ yA@) € {11},
ie.,

¥ =llEg, 004,
and ¢ ==y, D0

By Proposition 1.9.2, J5 and S, are equivalent.

Since deductive systems can be defined in terms of their lattices of theories, it is to be
expected that the equivalence of deductive systems can as well. This is indeed true, which is
shown in Theorem 1.9.4. The result of that theorem seems very natural, and it is used later in

connection with the algebraization process.

Let S, be a k-deductive system and S, an {(-deductive system, where 1 < ¢,k € w, and
suppose 7 is a (k, {)-translation. For each T € ThS;, set
7(T) = CnSZT(T),
and for each substitution ¢ and T € ThS;, i = 1,2, set

"'Si(T) = CnSiU(T)'
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A map f:ThS; —ThS, is said to commute with substitutions if f("Sl(T)) = 0'52f(T) for all
T € ThS, and all substitutions o. In other words, f commutes with substitutions if and only if
f(CnSI(O'(T))) = Cn52(0'(f(T))). Recall that a substitution can be understood to be a renaming
of variables (by formulas). In this context, this definition can be read to say: If the variables of
an S,-theory T are renamed and a new S,-theory generated thereby, then its image under f is
the same as that obtained by taking the image of T under f first, then renaming the variables

and generating a new S,-theory.

1.9.3 LEMMA [BP89b, Lemma 4.3]
Let S, be a k-deductive system and S, an {-deductive system, where 1 < {,k € w, and suppose
that S, and S, are equivalent under the interpretations T from §, to S, and p from S, to S,.
Then
(i)  7:ThS;— ThS, is a lattice isomorphism, and
(it) T commutes with substitutions.
Proof. (i) If T,U € ThS, such that T C U, then obviously 7(T) C 7(U), and Cn52(T(T))
C Cnsz(r(U)), implying that 7 is order-preserving. Similarly, p is also order-preserving. Since
p 1k Slp(r(<p)) for all p € Fm*, we have
pCns (MT)) ks ¢ i p(Cng (H(TI)F 5 plr(e)
iff Cns2(‘r(T)) F S, T(p)
iff 7(T)F S, T(¢p) [by (1.5.9)]
iff Tk 5, %
hence ¢ € Cnsl(p(Cnsz‘r(T))) = p(T(T)) if and only if ¢ € T. This means that p(7(T)) =T,
hence po7 is the identity on ThS;. Similarly, To p is the identity on ThS,, therefore 7 and p

are mutually inverse bijections, and the result follows from Lemma 0.1.1.

(ii) Let o be a substitution. Recall that by structurality, for I' C Fme,
7(Cn (I))  Cng (o(D)).
Using this fact, we get that
Cng,(0(Cng, () € Cng (Cng (o(I))) = Cng, (0(T)) C Cng, (o(Cng, (T))), ie,

{1.9.4) Cnsz(a(CnS2(I‘))) = Cn52(o(I‘)).
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Since I' F s, ¥ implies 7(T") - 5, 7(y) for all T C FmF* and ¢ € Fm¥, we have
T(Cnsl(r)) c CnS2T(F).
Using the same argument as above, we similarly get
(1.9.5) Cnsz(r(CnSI(I‘))) = CnS2T(I‘).
Now, for T' € ThS;,

T(os,(T)) = T(Cng (o(T)))

= Cng (r(Cns (o(T))))

= Cng,(r(o(T)) [by (1.9.5)]

= Cng,((r(T)))

= Cng_(o(Cns,(r(T)))) [by (1.9.4)]

=05 (F(T)). O

The next theorem shows that properties (i) and (ii) actually characterize the equivalence
of arbitrary deductive systems. The theorem stated here is a slightly adapted version of [BP89b,

Lemma 4.4].

1.9.4 THEOREM
Let Sy and S, be deductive systems. The following are equivalent:
(i) S, and S, are equivalent,
(ii)  there exists an isomorphism from ThS; onto ThS, that commutes with substitutions,
(iii) there ezists an isomorphism from ThS, onto ThS, that commutes with surjective
substitutions.
Proof. (i)=(ii) This result is proved in the preceding lemma.
(i1)=-(iii) Trivial.
(ili)=(i) Assume that f:ThS;— ThS, is an isomorphism that commutes with surjective
substitutions.  Let the dimensions of S; and S, be k and ¢ respectively. Set T =
Cnsl((pl,...,pk)) and set T’/ = f(T). Since T is a compact element of ThS, and f is an
isomorphism, T’ is a compact element of ThS,, hence T’ is finitely generated, by Lemma 1.5.2.
Let T' = Cn52({xi; i < n}), where x; is an {-formula for each i <n. Let the variables occurring

in the x,’s be among pq,...,pp, 7y, T, 1€,
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X; = Xi(Ppr--or PgsT1se o9 7py) for each i <m.
Define a surjective substitution ¢:Fm— Fm as follows: Set op; = p; for each i < k, and or; = p;
for i < m. Since o is thusfar defined only on a finite number of variables, it is possible to define
o:P— Fm such that o(P) D P. (Recall that P is countably infinite.) By the remarks about
substitutions in Section 1.1, we can extend o to a surjective substitution, which we also call o,
from Fm onto Fm. Now,
(1.9.6) oX; = Xi(Pys+- 1 Pg» P1s+--»Py) foreachi<n.
Using the assumption (iii), we get that
osl(T) = aSI(Cnsl(pl,...,pk)) = Cnsla(pl,...,pk) = Cnsl(pl,...,pk) =T, therefore T' = f(T)
= {(os,(T)) = 05 (f(T)) = o5 (T") = 75 (Cng ({x;; i < n})) = Cng (o(Cns ({x;3 1 < n}))
= Cnsz({axi; i <n}) (as argued in the justification of (1.9.4) in the proof of Lemma 1.9.3).
From (1.9.6) we get
(1.9.7) = CHS2({X;‘(P17--~»1’I¢’ PyyeeoyPp)i i < m}).
This effectively removes the unwanted variables r,,...,r . which allows us to define a (k,¢)-
translation 7 by

T({p1s-- 1 P)) = {XiPyse -1 Pro P1s- -5 Py) 5 1 S 1)

Then (1.9.7) says that T/ = Cnsz(r((pl,...,pk))). We shall show that 7 is an interpretation of
S, in §,. To that end, let ¢ = ((pl,...,<pk)'be any k-formula and define a surjective substitution
o as follows: Set op; = ¢, for all i <k, i.e., o(py,...,p;) = ¢. Since o is thusfar defined only for
a finite number of variables, it is possible to define o: P — Fm such that ¢(P) D P. As before we
can extend o to a surjective homomorphism, also called o, from Fm onto Fm. Then, using (iii),
f(CDSISP) = f(Cn510'<P1y---,Pk)) = f("sl(cnsl(Pp---,Pk))) = Usz(f(cn51<p1»---»pk))) =
05,(f(T) = 05,(T') = 05,(Cg 7((P1s.-., P))) = Cg (o(((pys- - P)))) =

Ciig (1(0(py,--, Pi) = Cn (7(p), ice., F(Cns () = Cng, (7(9)).

Let T' C Fm*. Since f is a lattice isomorphism,
ThS
- 1
f(Cns () = £ V" Cng o)
R
pel

f(CnslﬂP)

ThS
- 2
=, eV - Cnsz(r(p)) [by the above]
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=Cng U r(¢))

pel
= Cnsz(r(I‘)),
Now, if ' C Fm* and ¢ € Fm¥, then
r+ 5,9 iff Cnslcpg Cnsl(P)
iff f(Cng,¢) C f(Cng (T)
iff Cnsz(r(gp)) - Cnsz(r(l‘))
it (1) F s, 7(p),

hence 7 is an interpretation of S, in §,.

Since f is an isomorphism, f'lzThSz—>ThS1 is also an isomorphism. Furthermore,
f ~1 commutes with substitutions: If ¢ is a substitution, then

f _1(‘752(T.)) = Usl(f_ NT)) iff Jsz(T) = f(”sl(f ~N1T))

iff o5 (T) =05 (fo fY1)),
which is certainly true. This allows us to define an interpretation p of S, in S; in the same way
that 7 was defined. In particular we have, for ¢ € Fme, that f~ 1(Cn52<p) = Cnsl(p(tp)),
therefore
Cng, ¢ = f(Cns (p(9))) = Cng (r(p(#))),

implying that ¢ - + S2r(p(¢)). 7 and p therefore satisfy the conditions of Proposition 1.9.2, so

S, and S, are equivalent. a

The following theorem looks at the interaction between the Leibniz operator and
isomorphisms on the lattices of theories that satisfy condition (ii) of the previous theorem. The

corollary that follows will be applied in Chapter 3.

1.9.5 THEOREM [BP89b, Theorem 4.5]

Let S, be a k-deductive system and S, an (-deductive system, where 1 <k,l{ € w, and suppose
that f:ThS,—ThS, is an isomorphism that commutes with substitutions. For i=1,2, let
A; = (Fm, Cnsi(@)), and set Q, = Q'Ai’ for convenience. Then the following diagram commutes,

i.e., for each T € ThS,, Q(T) = Qy(f(T))-
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Q1
ThS;, — Con Fm
f Q,
ThS,

Proof. Let T € ThS; and ® € Con Fm. The result will follow if we can show that @ is
compatible with T exactly when & is compatible with f(T). Then, since Q;(T) € ConFm is
compatible with T, we have that Q,(T’) is compatible with f(T'), and hence Q,(T) C Q,(f(T)).

The converse inclusion follows similarly.

Assume @ is compatible with T. By Theorem 1.9.4, S, and S, are equivalent. As in the

proof of Theorem 1.9.4, let 7 be an interpretation of S; in S, and p an interpretation of S, in S;
such that 7 and p are inverse to eachother as in the sense of Definition 1.9.1, f = Fand f ~ 1 = 5.
Then

ek s plr(y)) and %4+ g r(p(¥)
for all ¢ € Fm* and v € Fmb Let p= (gol,...,goe), Y= (¢1,...,1/)g) € Fm® such that p € f(T)
and (p,¥) € olfl. T prove that @ is compatible with f(T) we need to show that ¥ € f(T).
Note that T = f ~Y(f(T)) = p(f(T)) 2 p(f(T)). Note also that e € f(T) implies f(T)+ S,
which implies p(f(T))F s, p(p), therefore T Slp(tp), ie,, p(p) CT. Now suppose p=
{p*; i <n}, where pi(pl,...,pe) = (pi(pl,.'..,pa),...,p;'c(pl,...,pe)). Then

P(9) = (P1(P1r- 1902 PE(P10- 1))
Since (¢, ) € <I>[€], (pp ;) € ® for i < ¢, therefore (p}(gol,...;¢2),p;(¢1,...,¢e)) € ® for : < n and
J <k, hence (pi(gal,...,goe),pi(t,bl,...,wa)) € ol?l for i <n. But we have already shown that
pi(gol,...,<pe) € T for i < n, and since ® is compatible with T" by assumption, pi(ljzl,...,we) eT
as well. So p(¥) = {pi(¥);i < n) CT, hence 7(p($)) C 7(T)C FA(T)= /(T). Since -4
7(p(¥)), we have ¥ € f(T), so it follows that ® is compatible with f(T'). The reverse implication

is similarly proved. a

1.9.6 COROLLARY [BP89b, Corollary 4.6]
If %, and %, are quasivarieties (over the same language) such that S% and S% are equivalent
1 )

then 5%1 = 5%2 and 36, = %,.
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Proof. As in Theorem 1.9.5, let Jii:(Fm,CnSﬂG (0)) for i=1,2, and set Q;=Q ;.
5 L3
3
Recall that the theories of S%I and 5%2 are the %,- and %,-congruences of Fm respectively.
Recall, furthermore, that for each %,-congruence ® of Fm, Q,® = ®, hence Q, :ThSEJG — Con Fm
1

is the identity map. Similarly Q;:ThSq; — Con Fm is also the identity map.
1

Let f:Tth —>Tth be an isomorphism that commutes with substitutions. Such a
1 2
function exists by Theorem 1.9.4, since SSG and S% are equivalent. If ® EThS% , then, by
1 2 1
Theorem 1.9.5, Q,f(®) = Q,®. This, in turn, gives us that f(®) = Q,f(®) = Q;® = @, implying

that f is the identity map and therefore that ThSSGl = ThSan, i.e., 5%1 = 5%2.

Assume that %6, # %,. Take A €%, —3,. Since %, is a quasivariety, there is a quasi-

identity
(iécra‘zﬂ‘) R

(r € w) in variables «,,...,z,, satisfied by all the algebras of %, and violated by A. We can
therefore choose ay,...,a,, € A such that af\(al,...,an) = ﬂf‘(al,.. .,a,) for all i < r but
aA(al,...,an) ¢5A(a1,...,an). Then the subalgebra A’ of A generated by {ay,...,a,} is in
S(%,) = %, A’ ¢ %, and A’ is finitely generated. Let h:Fm— A be a surjective homomorphism
and set ® =kerh. By the Correspondence Theorem of universal algebra, Fm/® = A € %,, hence
® is a J;-congruence. @ is not a Jby-congruence, however, since A¢ %, What we have,

therefore, is that @GThS%I but <I>¢Th5%2, S0 Th.S'%1 ;téTth)G2 or, 5%1 7353(;2. By this

contradiction, 36, = 3,. g
1.10 .-DEDUCTIVE SYSTEMS AS FIRST-ORDER THEORIES

This brief section is devoted to a study of an alternative characterization of the consequence
relation of a deductive system. Let S be a k-deductive system over a language £. The
consequence relation F ¢, as defined in Section 1.5, is not a first-order notion as it is a relation
between sets of k-formulas and single k-formulas. Moreover, the alternative characterizations in
terms of closure operators or algebraic lattices are not first-order notions either. It is possible,
however, to characterize deductive systems in first-order terms, as was first observed by Bloom, in

[BI75], for 1-deductive systems. This result is noteworthy in that it means that, in the
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metalogical study of k-deductive systems, all the results of first-order mathematics are available.

We refer the reader to Section 0.5 for the necessary definitions.

If we add to the language £ a single k-ary predicate symbol D, then we get a first-order
language, L, (without equality) whose extra-logical symbols are D and the connectives of £,
now thought of as operation symbols of the appropriate rank. The £ p-structures are of the form
(A4, LA,DA), where A is a set of elements, 24 is a set of operations on A corresponding to the
language £, and D? is a k-ary relation on A. In other words, A = (4,24) is an L-algebra and
DA C AR i, ((4,24), D) = (A, D4) is a k-matrix. Thus the L p-structures may be identified
with the k-matrices and for consistency, we shall write 24 and D* as L2 and DA henceforth. If
we consider k-matrices A and B as L p-stuctures, then Definition 1.8.1 implies that B is a
submatrix of A iff B is a substructure of A. Moreover h: A — B is a matrix homomorphism
(resp. isomorphism) from A to B iff it is a homomorphism (resp. isomorphism) between the
structures A and B. Note that for any k-formula @ = (p,...,¢1) € FmF with variables
Pireeor Pry D(®) = D(pyy-.., ;) is valid in the Lp-structure (A,.&A, DA) if and only if for every
interpretation @ of the variables p;,...,p,, in A we have <pA(Zi) e DA (where tpAG 24 is the

operation on A corresponding to ).

With each axiom ¢ of S, we associate the universal Horn sentence Vp(Dg), where P is a
list of all the variables occurring in @. With each inference rule, ({¢,...,9.},¢) of S we
associate the universal Horn sentence

V(D¢ &...& Dy, = Dyp),
where 7 is a list of all the variables occurring in the #’s and in @. Let T(S) be the first-order
(elementary) universal Horn theory over £ whose proper axioms are all these sentences. Recall
that F 7(S) denotes the consequence relation relative to 7°(S) in the usual first-order sense. As
noted above, the models for T(S) can be considered as k-matrices. We claim that the models of
T(S) are precisely the matrix models of S. For suppose A = (A, F) is a k-matrix that is a model
of T(S). Then, by the Validity and Completeness Theorems of First-Order Logic, 7(S) V(D)
if and only if for every interpretation @ of the variables 7 in A, we have tpA(E) € F, which holds if
and only if ’:.A ¢, by definition of l:.A' Similarly, + T(S)V'E(Dtlil&...&Dtbn = Dy) if and

only if for every interpretation @ of the variables p in A such that ll),-A(Zi) € F for all i <n, we
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have <pA(E) € F, which holds if and only if ¥;,...,¢9, IZ.A @. So, if ¢ is an axiom of S, then
Vp(Dyp) is a proper axiom of T(S), hence |= 4% If ({$p,...,9,},p) is an inference rule of S
then V(D¢ &...& Dy, = D) is a proper axiom of T(S), hence ¢,,..., 9, |:A . By the note
following Definition 1.6.1, this shows that A is an S-matrix. Conversely, suppose A = (A, F) is
an S-matrix. For every universal Horn sentence YB(Dy) that is a proper axiom of T(S), p is a
axiom of S, hence |= AP For every universal Horn sentence Vp(Dy, &...& Dy, = D) that is
a proper axiom of T(S), ({¥y,...,¥,},¥) is a inference rule of S, hence ¥,,...,%, |=.A . Thus
A satisfies every axiom of T(S), implying that it is a model for T(S), which proves the claim.

This leads to the following result, which is stated in [BP89a].

1.10.1 PROPOSITION
For all 4,...,¢,,p € ka, we have
Y.V, F g if and only if + T(S)Vﬁ(Dtbl&... & Dy, = D).

Proof. By the Completeness and Validity theorems of first-order theories (Theorem 0.5.3),
the right hand side holds if and only if Vp(Dy, &... & D¢, = D) is valid in every model of
T(S). By the preceding claim, this is true if and only if ¥,,...,¢, ’::.A @ for every A € ModS.
Recall from Theorem 1.6.2 that the class ModS forms a matrix semantics for S, hence this holds

if and only if ;,..., ¥, F 5. 2 O

Conversely, with every universal Horn theory T of the first-order language £, we can
associate a k-deductive system S(T'). Suppose that T has a set T' of universal Horn sentences as
its set of proper axioms. For every universal Horn sentence Vp(D¢) in T, choose ¢ to be an
axiom of S(T), and for every universal Horn sentence VH(D¢; &... & Dy, = Dyp) in T, choose
({y,.-.,¥,}, ) to be an inference rule of S(7). We specify that S(T') has no other axioms or
inference rules. It is easy to see that S(T(S)) =S and T(S(T")) = T. Thus there is a one-to-one
correspondence between k-deductive systems over £ and universal Horn theories over L, where

D is a k-ary predicate symbol.
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Chapter Two
Protoalgebraic Deductive Systems

The general aim of this thesis is to investigate those deductive systems to which universal algebraic
methods can be applied. The class of ‘protoalgebraic’ k-deductive systems introduced in this
chapter forms a very wide class of such k-deductive systems. It includes all the classical deductive
systems as well as all those introduced in Section 1.4, bar one. The notion of a protoalgebraic k-
deductive system is formally defined in terms of the Leibniz operator 2. We shall see, however,
that it is also definable in terms of matrix models and filters, namely by the ‘filter correspondence
property’. It is this property that evidences the universal algebraic nature of these deductive
systems, for it is an extension of the Correspondence theorem of universal algebra. Section 2.1
looks at these notions, with Theorem 2.1.3 presenting a compilation of various equivalent
characterizations of protoalgebraicity. In that section we also present a deductive system that is
not protoalgebraic. Although k-deductive systems exist that are not protoalgebraic, it does seem
that protoalgebraic k-deductive systems form the widest class of k-deductive systems with a
reasonable model theory. This claim is explored in Section 2.2. Section 2.3 presents an internal
characterization of protoalgebraic k-deductive systems, in other words, a characterization
depending only on the existence of certain ‘equivalence k-formulas’ within a given k-deductive
system and not on the Leibniz operator or on matrix models. This idea is taken further in Section
2.4 where we tie up the link between the equivalence k-formulas and the Leibniz operator. In
Section 2.5, we define some classes of k-deductive systems that satisfy stronger conditions than
protoalgebraicity, namely ‘congruential’ and ‘weakly congruential’ k-deductive systems. Lastly, we
consider some examples in Section 2.6 which distinguish between the notions ‘protoalgebraic’,

‘weakly congruential’ and ‘congruential’.

2.1 PROTOALGEBRAIC k-DEDUCTIVE SYSTEMS

2.1.1 DEFINITION

A k-deductive system S is called protoalgebraic if, for all S-theories T,
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(0,9) € (QpgT)! implies T,o+ g and T,pF .

Recall that the intuitive idea behind the Leibniz relation is that it identifies those k-
formulas that are ‘equivalent’ with respect to some fixed S-theory. If we extend that intuition to
this definition, we can read it as: If ¢ and ¥ are k-formulas that are ‘equivalent’ with respect to a

fixed S-theory T', then ¢ and ¢ are interderivable relative to 7.

Sg

q is a natural example of a protoalgebraic 2-deductive system since it is based on an
algebraic notion, namely that of an equivalence relation. To see this, recall from Section 1.6 that
the SEq-theories are exactly the equivalence relations on Fm, and for each equivalence relation R,
QpmR = V{® € ConFm;® C R} C R. If ((¢y,9,),(¥1,%3)) € (QFmR)p]? then (p1,¥;), (9 ¥s) €
QpmB, hence (¢1,9),(p2,%2) € R. By the symmetry rule of Sg, (¥1:91)s (P1,99): (s ¥g) €
CnSEq(RU{(c,ol,go2)}), hence (¢1,¢2)ECnSEq(RU{(gol,gaz)}) by the transitivity rule of Sg,.
Thus

Ry (p1,02) F 5y (¥1%2),

and similarly R, (Y, ¥, F ©1:99); proving protoalgebraicity.
1 ¥2 SEq 172

Scon is also a protoalgebraic 2-deductive system. Recall that the S -theories are
precisely the congruence relations on Fm. In particular, each Sg  -theory is an equivalence

relation and Qp ®=®. Since F Sg c Scon’ it follows immediately from the preceding
q on

paragraph that whenever ((¢1,%,), (¥1,%,)) € (QFmQ)m
D, (p1,9) SCon (¥1,%2)

and D, (vy,%,) (P15 92)s

SCon

hence S¢, is protoalgebraic.

Recall from Section 1.8 that if A and B are k-matrices and h: A — B is a matrix
homomorphism then the map hS:FiS.A—+FiS°ZB is defined for every F € FiA by hg(F) =
Fg%h(F). Recall also that h: A —%B is a reductive matrix homomorphism if h is a surjective

homomorphism and &~ 1(F%) =F 4.

2.1.2 DEFINITION

A k-deductive system S has the filter correspondence property if, for every reductive matrix
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homomorphism h: A — B between S-matrices A = (A, F.A> and B = (B, F%) and every F € FiS4,

h=(hg(F)) = F.

The following theorem collects together a number of equivalent characterizations that

appear in [BP89a], [BP89b], [BP88] or [BP92]. In fact, each of the first three properties given have

been taken as the definition for protoalgebraicity in at least one of these works. The property (iv)

appears in [BP92] and is called the compatibility property there. Property (viii) does not appear

explicitly in any paper and is included here by the author. We have corrected the original versions

of (vi) and (vii) which were given without the requirement that h be reductive in [BP89b].

2.1.3 THEOREM

Let S be a k-deductive system. The following are equivalent:

()

(1)

(iii)

(w)

(v)

(vi)

(vii)

(viid)

S is protoalgebraic;
for all T,U € ThS, if T CU, then QT CQU, i.e. the operator  is monotonic on ThS;
for all S-matrices A and all E,F € FiS A4, tf ECF then QAE' - QAF, t.e., the operator
Q.A is monotonic on FiS.A;
for every S-matriz A = (A, FA)’ if ® € Con A is compatible with F 4, then ® is compatible
with every S-filter of A;
S has the filter correspondence property;
if A=(AF ), B=(B,Fq) are S-matrices and h:A—B is a reductive mairz
homomorphism, and if Y C B* X C AF such that hMX)=Y, then
h~1(FggY) = Fg5 X;
if A=(AF ), B=(B,Fq) are S-matrices and h:A—B s a reductive matriz
homomorphism, and if Y C B* X C A¥ such that Y is finite and h(X) =Y, then
h~1(FggY) = Fg5 X;
for every S-matriz A = (A, F 4), if (a,b) € (Q‘AF_A)[’C], then a € FgS_Ab and b€ nga.

Proof. (i)=(ii) Let T,U € ThS such that T CU. To show that QT C QU we shall show

that QT is compatible with U. Then the result will follow by Theorem 1.7.3. If ¢ € U and

(p,¥) € (QT)[k] then, by assumption, T,pt g9, ie., ¥ € Cng(T U {p}). Since T CU and p €U,

Cng(T U{yp}) CU, hence p € U. So QT is compatible with U.
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(i)=(iii) Let A =(A,F ;) be an S-matrix and let E,F € Fi’ A such that E C F. Suppose that
QUEZQ F. Let a,b€ A such that (a,b) €2 4E and (a,b) ¢ Q 4F. By Definition 1.7.1, there
exists a k-formula afp,q) such that, for some ¢ € A™,

ara,2)e F and oP(b,2)¢F
or a?a,©)¢ F and oP(b,e)€F.
Without loss of generality we can assume that the first statement holds. Let us assume also, for
the present, that the algebra A is countably generated, i.e., that A = SgA(X) for some X C A with
| X| <w. Let r be a variable different from p and from all co-ordinates of g. Since P — {p,r,7}
is denumerable and X is countable, there is a surjection h: P — X such that hp = a, hr = b, kv =¢c.
Since Fm is the absolutely free L-algebra over P, the universal mapping property (Theorem 0.2.10)
says that h extends to a homomorphism Fm — A which is surjective (since X generates A). We

shall also call this homomorphism A.

Let B=(Fm,h~ 1(F.A)>‘, Then h:B— A is a surjective (in fact reductive) matrix
homomorphism so, by Corollary 1.8.3, B is an S-matrix and h~Y(E), h = }(F) are S-theories. We
have h™YE)Ch~YF), so Qh~YE)CQh~(F), by assumption (ii). We also have
h~=YQ 4E) = Qh~(E) by Lemma 1.8.5. We define

=Y (QE)FD) = {(a, B) € (Fm*)2; (ha, hB) € (@ B},
We claim that h=1((2  E)*)) C (@h =Y (E))*). Indeed, if (a, 8) € h~1((2 4 E)*)), then for each
i<k (a;8;) €A~ (QE), hence (a;,8,) € %h~X(E), implying that (a,8) € (%~ HENH], as

required.

Since (hp,hr)=(a,b) and (a,b) €Q E, we have that (p,r)€h™'(Q E). Also,
(ha(p,q), ha(r,7)) = (a?(a,?),ar(b,7)) € (QAE’)[k] since 4 F' is a congruence on A and (a,b) €
QE. Thus (a(p,),a(r,7) € b~ (@ E)*), implying (a(p,7),a(r,7)) € (@~ (E) by the
above result. Thus (a(p,7),a(r,7)) € (Qh~ I(F))[k] since Qh~HE)C Qh~YF). Now, a(p,q) €
h~Y(F) since ha(p,3) = a®(a,) € F. By the compatibility of @k ~!(F) with A~ }(F), we deduce
that a(r,g) € h ~}(F), hence oA(b,2) = ha(r,7) € F, which is a contradiction. So QUECQF

provided that A is countably generated.
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Now, suppose A is not countably generated. Let A’ be the subalgebra of A generated by
{a,b,c} and let A’ = (A’,FAO (A")F). Then A’ is a submatrix of A, hence A’ is an S-matrix, by
Proposition 1.8.2(i). It also follows from Proposition 1.8.2(i) that E N (A’)* and F N (4")* are S-
filters of A’. Of course, EN(A*CFN(A)*. Now for any 5(s,7) € Fm* and d e (A,
qA/(a,E) = n”(a,d) and this lies in EN(A’)F if and only if it lies in E. The same applies to
nAl(b,E), so we can deduce from (a,b) €2 ,E and Definition 1.7.1 that (a,b) € QA,(EO(A')’C).
Since aAI(a,E) = a?(a,2) € FN(4)* but aA,(b,E) = a’(b,2) ¢ FN(A")F, Definition 1.7.1 tells us
that (a,b) € Q ((F N (A")¥). Thus Q (EN(A)*) € Q (FN(A)F). But since A’ is countably

(in fact, finitely) generated, this contradicts the result just proved. This concludes the proof of

(iii).

(iii)=>(iv) Let A =(A,F 4) be an S-matrix and ® € Con A such that ® is compatible with F ,.
Then ¢ C Q.AFA by Theorem 1.7.3. Let G € Fi’A. Then F,C G by definition, so Q.AF.A C
Q 4G by the assumption (iii), therefore ®CQ F , CQ ,G. If a€G and (a, b)€<I>[k], then

(a,b) € (QAG)[IC], hence b € G, implying that ® is compatible with G.

(iv)=(v) Let A=(A,F 4), B=(B,Fq) be S-matrices, let FeFi’A and let h: 4A—B be a
reductive matrix homomorphism. Since A(F 4)= Fap, it is easily seen that kerh is compatible
with F A therefore assumption (iv) says that kerh is compatible with F. Since h is surjective, by
assumption, we can deduce, by Lemma 1.8.4, that hg(F) = h(F). So,

F Ch=Y(h(F)) = h~(hs(F)).
To see that h~1(h(F)) C F, suppose a € h~1(h(F)), i.e., ha=hb for some b€ F. Since F is
compatible with kerh and (a,b) € (kerh)*], we have a€ F. Thus h~(h(F))C F, implying

F = h='(h(F)) = h~(hg(F)).

(v)=>(vi) Let A=(A,F ,), B=(B,Fg) be S-matrices and let h: 4 —B be a reductive matrix
homomorphism. Let YgB’“,XgA’“ such that A(X)=Y. Then the filter correspondence
property implies

Fg5 X = h~'(hs(Fg5 X)) 2 h ™ (Fgh(X)) = A~ (Fg5Y).

Conversely, suppose h(X)C G € Fi°®B. Then X C R=YG) e Fi® A, by Corollary 1.8.3, so ngX
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C h=YG), i.e., h(Fg5,X)C G. By definition of Fg5,h(X), it follows that h(Fg5 X) C Fgs,h(X),
A B A B

hence Fg5 X C h~1(Fg5Y), implying Fg5 X = A~ (Fg§Y).
(vi)=>(vii) Obvious.

(vii)=(viii) Let A =(A,F ;) be an S-matrix and let (a,b) € (QAF.A)[H‘ In Section 1.8 we
defined the matrix A*=A/Q F , =(A/Q F ,F ,/Q ,F ;) and showed that the canonical
homomorphism h: A — A* is reductive. We claim that for any G € FiA, A~ Y(hg(G)) CG: Let
z€ h™Y(hg(G)). Then hz € hg(G) = ng*h(G). By Lemma 1.6.6, there exists X C G such that
h(X) is finite and hz € ng*h(X), hence

z€h™ 1(ng{,.‘h(X)) = ngX [by assumption (vii)]

CG [X CG, GeFi4],
which proves the claim. Since (a,b) € (QAFA)[k], we have a/(QAFA)[k] = b/(QAFA)[k], ie.,
ha = hb, hence

a€h~1(h(b)) C h™(h(Fg5b))
C h ™ (hg(Fg5h))
- ngb [by the above claim],

and finally a € FgS_Ab. By symmetry we get that b € nga.

(viii)=(i): Let T be an S-theory. Then A = (Fm,T) is an S-matrix by Proposition 1.6.5(i).

Suppose that o, % € Fm* such that (p,¢) € (Q_AT)UC}. Then, by assumption (viii), we have
veFgp and peFgSy,

ie., Y €Cng(TU{p}) and ¢ € Cng(TU{¥}), [by Proposition 1.6.5 (iii)]

hence T,pt gt and T,¥F g ]

2.1.4 COROLLARY
Let S be a protoalgebraic k-deductive system. Let A= (A,F_A), B = (B, F":B) be S-matrices and
let h: A— B be a reductive matriz homomorphism. Then, for a € Ak, b B* such that ha = b,

h~ 1(Fg%b) = nga and Fg%b = h(nga).

Proof. This is a special case of property (vii). O
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2.1.5 COROLLARY [BP89a, Lemma 4.4 (ii)]
Let S be a protoalgebraic k-deductive system. Let A =(A,F) be an S-matriz. For every system

F. i€, of S-fillers of A, Q - F)=N;e1Q F,; hence Q (Fi°A) is closed under
A ielt el A" ¢ A

i
arbitrary intersections. In particular, Q(ThS) is closed under arbitrary intersections.

Proof. Since S is protoalgebraic, Theorem 2.1.3 states that QA:FiS.A—>ConA is
monotonic, hence QA(ﬂieIFi)(_: nieIQ_AFi' For the reverse inclusion, first note that
ﬂieIQAFi is a congruence on A. It is easy to see that nieIQ_AFi is compatible with

NicrFi hence N, ¢ R 4F; C QA(nie IFi)’ and the result follows. (The last assertion follows

from Lemma 1.6.5 (i) ). |

A very useful consequence of a k-deductive system being protoalgebraic is the following:
Let A = (A, F 4) and B = (B, Fg) be S-matrices and h:.A — B a reductive matrix homomorphism.
Consider the induced map hS:FiS.A—>FiSG.B, defined by hg(F) = Fg%h(F) for each S-filter F of
A. We claim that hg is a lattice isomorphism from FiS A onto FigB. To see that hg is injective,
let F,G € Fi® A such that hg(F) = hg(G). By the filter correspondence property, we have
F=h"Y(hg(F)) =h™(hs(G)) = G.
To see that hg is surjective, let H € Fi°B. Since h is surjective, Corollary 1.8.3 states that
h=1(H) is an S-filter of A. It follows that hg(h ™ (H)) = Fggh(h ™ (H)) = FgH = H. To see
that hg is order-reflecting, suppose that F,G € Fi°A such that hg(F)C hg(G).  Then
h™ 1(hS(F)) C h~ 1(hS(G)). By the filter correspondence property,
F=h"Yhg(F)) Ch™ Y (hs(@) =G,
i.e., F CG. Since hg is obviously order-preserving, it follows by Lemma 0.1.1 that hg is a lattice

isomorphism.

This property is especially significant if we take B to be the reduced S-matrix A* =
(A/QF 4 F 4/Q 4F 4) and h the canonical homomorphism, i.e., ha = a/Q  F , for each a € AR,
Note that h is reductive. By the above remarks, therefore, hg is an isomorphism between FiA
and FiSA*. This allows us to restrict our attention to reduced S-matrices when S is a
protoalgebraic k-deductive system, i.e., to the class Mod*S. Recall that the S  -matrices are

precisely the matrices (A, ®), where ® € Con A, and that QA<I> =& for all ® € ConA. Thus, if
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A=(A,®) is an S -matrix, then A*= (A/@,IA/@). Let h: A— A" be the canonical
homomorphism. Then hSC :Fi’ A — FiA* is an isomorphism. But this is precisely the map
on

hg . :[® A% — Con A/® defined by
Con

hsg, ¥ = Fe5-¥/® = {(a/®,b/®) € (4/®); (a,b) € ¥} = ¥/@.

C

This is the Correspondence Theorem of universal algebra (Theorem 0.2.6).

Recall from Section 1.8 that the class of reduced S, ,-matrices consists of all matrices of
the form (A, I ), where A is any L-algebra, and the class of reduced Sg.-matrices, where 3% is a
quasivariety, consists of all matrices of the form (A,I,), where A€ 3. In both these cases the
matrix models are essentially reduced to algebras, reinforcing the connection between

protoalgebraic k-deductive systems and algebra.

Although most classical deductive systems are protoalgebraic, it is not a completely general
property of deductive systems. The following theorem gives an example of a deductive system that

is not protoalgebraic. Recall from Section 1.4 that IPC*is the {A,V, L,T}-reduct of IPC.

2.1.6 THEOREM
IPC* is not protoalgebraic.

Proof. This theorem will be proved by contradicting condition (iii) of Theorem 2.1.3. Let
H={{T,a,b, L}; A,V,—, L ,T) be the 4-element chain Heyting algebra. In other words,
({T,a,b, L }; A, V) is achain and, say, L <b<a<T, asin Figure 2.1. The unary operation -
is defined by ~T=-a=-b= L and - L =T. The binary operation — is defined by the
condition:

z—y=max{z € {T,a,b, L }; zAz <y},
where < is the lattice order. (See the discussion of Heyting algebras in Section 0.2.) Let the
{A,V, L,T}reduct of H be denoted by A.
T
]
b
4

Fig. 2.1: H
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Set F; ={T} and F, = {q,T}. Since F, and F, are lattice filters of H, it follows from
Proposition 1.4.1 that (H, F,) and (H, F,) are matrix models of IPC. Since IP C* is a fragment of
IPC, we have, for all T C Fmy, and ¢ € Fmy, (where L' is the language of IP C*), that

'tk ifand only if Ttk ;pco.

irc*¥
Thus, for each IP C-matrix B, if T+ pct% then I'F ;p gy, hence T Iz".B . In particular, if

Ik

PC*% then T' |‘_‘(H, F)¥ and T IZ(H, F) ¥ Since the connective — does not occur in T or ¢,

this implies that I’ |:(A, F)¥ and T |=(A, F ) Le., (A, F,) and (A, F,) are IP C*-matrices.

If we set A = (A, F,), then F; and F, are 1P C*-filters of A and F; C F,. We shall show,
however, that @ ,F; £ Q 4 F,. Note first that if z € {b,a,T} and ( L ,z) € P for some ® € Con A,
then (-L,-2)€®, ie, (T, L)€ ®. Consider Q,AFI: If (z,T)€ QAFD then z € F'; since
QAF1 is compatible with Fy, i.e., z =T, therefore Q‘AF1 does not identify T with any different
element.  Also, QAFI does not identify L with any different element either otherwise
(T, L)e QAFP which would imply that L € F;, by compatibility. Thus the largest congruence

compatible with F, is, therefore, oA (a,b) = I4U{(a,b),(b,a)} =Q 4F;.

Consider QAFZ: If (z,a) € QJ(FW then ¢ =a or z =T, and if (,T) € QJ{sz then x = a
or z =T again. Since QAF2 cannot identify 1 with anything else (otherwise (T, L )€ QAF2,
implying that L € F,, by compatibility), we have that Q ,F, = @A(a,T) =1,U{(e,T),(T,a)}.

Obviously, Q@ 4 F{ € Q 4 F,. a

2.2 MODEL THEORY FOR PROTOALGEBRAIC k-DEDUCTIVE SYSTEMS

We have shown in Theorem 1.8.9 that the class Mod*S of reduced matrices of a k-deductive
system S forms a matrix semantics for S, in other words, + ¢ = |-—-MO ats If S is protoalgebraic
we showed, moreover, that when considering S-filters, it is sufficient to work with the class Mod*S
of reduced matrices rather than ModS inasmuch as Fi® A = Fi® A* for each S-matrix A. A natural
question to ask is whether the class Mod*S has any closure properties that characterize it as the
reduced model class of a protoalgebraic k-deductive system. Theorem 2.2.3 offers a positive
answer, namely that Mod*S is closed under subdirect products if and only if S is protoalgebraic.

The necessary concepts are defined in Definitions 2.2.1 and 2.2.2. The theorem suggests that
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protoalgebraic k-deductive systems are the widest class of k-deductive systems having a reasonable

model theory.

2.2.1 DEFINITION
A class H of reduced k-matrices of the form Mod*S for some k-deductive system S is called a
reduced universal Horn k-class. A reduced universal Horn k-class is called a k-protoquasiveriety if

it is the class of all reduced matrix models of a protoalgebraic k-deductive system.

The terminology is motivated by the fact that ModS may be regarded as a universal Horn
class (see Section 1.10). In Chapter 3 we shall establish a connection between certain deductive
systems with properties stronger than protoalgebraicity, and quasivarieties; this will explain our

choice of the term ‘protoquasivariety’.

The following matrix definitions are analogous to those for universal algebra. In each case,

it is the filters that require an appropriate definition.

2.2.2 DEFINITION

Let A; = (A;, F,) be a k-matrix for each i € I, where I is a set. We may regard each A; as an L
structure (Ai,LA‘, F,) (in the sense of Section 1.10) where L, is the first-order language (without
equality) (£,{D},ar) which extends the language L by the addition of one relation symbol D with
ar(D) = k: Since we have seen that the notions of submatrix, homomorphism and isomorphism of
matrices coincide respectively with those of Lp-substructure, £p-homomorphism and Zp;-
isomorphism, we shall use S (%), H (%) and I(%) to denote, respectively, the closure of a class % of
k-matrices under submatrices, (matrix-) homomorphic and isomorphic images. For each f € £,
fAi is, as before, just the interpretation in the algebra A; of f, while phi= F,. From Section 0.5,
ywe also obtain the following notions of direct and subdirect products of k-matrices: The direct
product of A;, i € I, is the k-matrix

= <i g IeIIF">’

(where, for simplicity, we identify I, . ; F; with {@=(a,...,a;) € (II; ¢ [Ai)k; (ay(3),...,a,(3))
€ F; for each i € I'}). The index set I may be empty, in which case II; . ; A, is the trivial one-

element algebra. A submatrix B of II; . ; A, is a subdirect product of the system {A;;i € I} if the
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projection 7;:B— A; is surjective for every i € I. (This forces 7, to be a surjective matrix

homomorphism as a consequence of the definition of submatrix.)

2.2.3 THEOREM [BP92, Theorem 9.3]

(i) Every k-protoquasivariety is closed under subdirect products and in particular under direct
products.

(ii)  Conversely, every reduced universal Horn k-class that 1s closed under subdirect products is a
k-protoquasivariety.

Proof. (i) Let B =(B, F%). Assume Q is a k-protoquasivariety and B is a subdirect
product of A; = (A,-,FA‘_),Z' € I, where A; € Q for each i € I. For each i € I, let 7,: B— A; be the
projection map, and set F, = w~ I(F.A,-)' By Corollary 1.8.3, F; € Fi°®B. We have that
(2.2.1) N F=0 "Fy)= ( i gIFA‘_)n B=Fq.

Since A; is reduced
Q' = Qep(m;” 1(F,A‘.)) = ”i_l(QA‘,FA'.) =7 I(IAi)-
The equality denoted £ follows from Lemma 1.8.5, since 7, is surjective. Now, writing a; for the
i-th co-ordinate of @ (i.e., a@; = 7,@) and the same for b,
@b)e Nicrmi I(IAi) iff ma=m=pb foralliel

iff a;=0b; foralliel

iff a=8,
hence (), ¢ QqF; = Niermi l(VIA,_) =Ipg. By (2.2.1) and the fact that Qg is monotonic
(Theorem 2.1.3),

P = Oy iQIFi) C Qg F; for each i €1,

hence Qg F oy C iQIQG‘BF'i =1Ipg, so Q%F% = Ig. Thus B is a reduced matrix.
(ii) Assume H is a universal Horn k-class that is closed under subdirect products. Let S be the k-
deductive system for which H = Mod™S. Let A =(A,F ;) be an S-matrix, and let F,G € FisA
such that F CG. We shall show that Q-AF - QAG' and then invoke Theorem 2.1.3. Let
f:A—A/Q F and 9:A—A/Q ,G be the canonical homomorphisms and let A be the product of
f and g, ie, h:A—A/Q FxA/Q G is defined by h(a) = (f(a),g(a)). Set ®=0Q FNQ ,G.

For all a,b € A, we have
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ha=hb iff (a/QAF,a/Q_AG) = (b/QAF,b/QAG)

iff (a,b) €Q4F and (a,b) €2 4G

iff (a,b) € P,
so @ is the kernel of4 h. By the Homomorphism Theorem of universal algebra (Theorem 0.2.4),
A/® is isomorphic to a subalgebra of A/QJ'{F x A/Q 4G. Furthermore, we have that

h=YF/QFxG/QG)=f~NF/QF)Ng~ G/Q,4G)=FNG=F,

hence (A/®,F/®) is isomorphic to a subdirect product of (A/Q  F,F/Q ,F) and
(A/QAG, G/QAG). The latter two matrices are reduced models of S, i.e., they are members of H,
therefore (A/®, F/®) must also be a member of H, as H is closed under subdirect products. Set
A'=(A/®,F[®). Then Q(F/®) =144 ie, QUF/Q4FNQ4G))=1,/p From the
previous sentence and the Correspondence Theorem, it follows that Q .AF naQ AG is the largest
congruence on A that contains ® and is compatible with F. Since it is easy to see that ¢ is
compatible with F, the largest congruence on A compatible with F' must contain ® and therefore
coincides with the largest congruence on A containing & that is compatible with F, ie.,

2.3 AN INTERNAL CHARACTERIZATION OF PROTOALGEBRAIC k-DEDUCTIVE SYSTEMS

Theorem 2.1.3 provided a number of characterizations of protoalgebraicity in terms of the Leibniz
operator and matrix models, while Theorem 2.2.3 provided a characterization in terms of the class
of reduced matrices. In each of these cases it was necessary to draw on concepts dependent on but
external to the deductive system in question. In this section we show that it is possible to
characterize protoalgebraicity from within the deductive system itself, namely, by employing only
the language £ and the consequence relation F ¢ of the deductive system. There is a parallel here
with the concept of Mal’cev conditions for classes of algebras, again reinforcing the algebraic

character of these deductive systems.

For a k-deductive system S, let Z ={(zy,...,z;,_;) be a fixed (k—1)-tuple, where
Zy,...1Z_1 are propositional variables. For ¢€Fm and i<k, define Z[p/i]=

(Z4s-12; 1395 Zjse vy 2 _ 1)+ Also, define % [@/k] =(z4s..., 21 _1,). Note that if k =1, then Z
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is the empty string and ¥ [¢/1]is ¢. By {p,¢,Z } we mean the set {p,q,27,...,25 _ 1}

2.3.1 DEFINITION

Let S be a k-deductive system and I an index set. Let p,q,zq,...,2z; _; be distinct variables. A
system A[(p,q,Z), 1€ I, of k-formulas, is called a system of equivalence k-formulas with
parameters 7 for S if

(2.3.1) FgAlp,p,Z) foralliel.

(2.3.2) Z(p/s], {A(p,0.F);i€l}F 5% [q/5] forall j<k.

Recall that by A,(p,q,Z) we mean the k-tuple B8Py sZ ) A(p, 0,7 ). A system Ay(p,q),
i € I, of k-formulas, is called a system of equivalence k-formulas without parameters for S if
(2.3.1) FgA(p,p) foraliel.

(2.3.2)" Z(p/j], {A(p,q);i€ I} §%[q/j] forall j<k.

The system A(p,q,%Z ), i € I, (or Ay(p,q), ¢ € I) is called finite if I is finite.

Note that if k=1, i.e.,, ¥ is the empty string, then the system A;(p,q), i € I, of (1-)
formulas is a system of equivalence formulas with parameters Z for S if and only it is a system of
equivalence formulas without parameters for S. Note also that since any k-deductive system § is
finitary, if there exists a system of equivalence k-formulas with parameters Z (or without
parameters) for S then there exists a finite system of equivalence k-formulas with parameters Z
(without parameters) for S. Finally, note that if (2.3.1) and (2.3.2) (or (2.3.1)" and (2.3.2)") hold

in a deductive system S, then they also hold in every extension of S.

The following theorem is an adapted version of Theorem 13.2 of [BP92]. The original
theorem does not include the parameters 7, without which the theorem is false. This error was
noted and corrected by Palasinska, [Pala94]. We exhibit a counterexample, also due to Palasinska,
[Pala94], proving that the original theorem is indeed false. As noted in the previous paragraph,
however, when considering 1-deductive systems, the parameters Z are redundant, hence Theorem

13.2 of [BP92] is true for k = 1. We include this result as a corollary to the following theorem.

2.3.2 THEOREM [Pala94, Theorem 3.10]

A k-deductive system is protoalgebraic if and only if it has a finite system of equivalence k-
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formulas with parameters 7 .

Proof. (<) Assume S has a finite system of equivalence k-formulas with parameters 7 ,
Al(p,q,? )s.-sAL(p,q,Z ) say. To prove this implication we will show that S satisfies condition
(iii) of Theorem 2.1.3. Let A =(A,F ) be an S-matrix, and let F,G € Fi’ A such that F C G.
We shall show that Q_AF is compatible with G. Suppose a = (a,,...,a;), b= (b;,...,b;) € A¥ such
that a € G and (a,b) € (QAF)[’C]. Then, since 2 ,F € Con A,

(AMa;,a;,2), AMa,,b,,0) € (@ F)F foralli<n;j<kandze 4*~1.
By (2.3.1), since A is an S-matrix and F is an S-filter of A, we can deduce that
Af\(aj,aj,ﬁ) €F fori<n;j<kandce S
hence A?(aj,bj,E)EF forign;jgkandEeAk"l,
since QAF is compatible with F. Thus, since F C G,
Af\(aj,bj,E) €G fori<n;j<kandce AF~1
Thus, using the S-matrix (A, G) and (2.3.2), we have that for every { <k, if
(al,...,ae,bE+1,...,bk) € G,
then (alv""ae_1’b({’b2+1""’bk>EG'
Since @ = (ay,...,a;) € G, it follows that b= (b;,...,b;) € G, therefore Q 4F is compatible with G,

so QAF - QAG, and S is protoalgebraic.

(=) Assume that S is protoalgebraic, i.e., each condition of Theorem 2.1.3 holds. Let p,q be
variables such that p,q,z,...,2; _ are distinct. Set
T = {(p, 4,7 ) € (Fm(p,q,%))*; F g9(p,p,7 )}
We claim that A = (Fm(p,q,% ),T) is an S-matrix. By Proposition 1.6.5 (i), we need to show that
T = Cng(T)N (Fm(p,q,% NE.  That T C Cng(T)N(Fm(p,q,% ))¥ is obvious. Suppose ¢ €
Cng(T)N (Fm(p,q,%7 ). Then ¢ =¢(p,¢,% )€ (Fm(p,q,% NF and THgp. Let o be the
substitution defined by oq=p and oz =z for all z € P—{q}. By structurality we have that
o(T)F gop, i.e.,
{9(p,p,7); ¥p,,7) €T} 59(p, .7 ).
Since each of the premisses is an S-theorem by definition, we get that F go(p,p,7), ie.,

¢(p,g,7 ) €T. This proves that Cng(T)N(Fm(p,q,7 )FC T, and hence that T = Cng(T)N

(Fm(p,q,% ))*.
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We now claim that (p,q) € Q,T. We shall prove this using Definition 1.7.1. Let
p(r,3) € Fm¥, where 5= (84y---+8,,) is a list of variables, and suppose that for some
v,(p,q,% ) € Fm(p,q,% ), i <m, we have ¢(p,¥(p, 0% )y ¥ (Py0,Z)) €T. We need to show
that @(q,%,(p, 0,7 ),...,¥,(p,¢,7 )) € T. By assumption,
(2.3.3) F s @(p,¥1(p 2,7 )sev s ¥pn(py 25 7))
Set

9P, 0,%) = P4, 91(P 67 ) ¥n(P1 07 )

It follows from (2.3.3) that + ¢d(p,p,Z ), i.e, ¥(p,q,Z) €T, ie,, P(0:01(P, 7 )se- s ¥n(P1 0,7 ))

€ T, as required.

Let i<k. Since S is protoalgebraic, Q T CQ Fg5(TU{¥[p/i]}), hence (p,q)€
Q (Fg5(T U{Z [p/i]}). Thus, since 7 [p/i]€ TU{Z [p/i]}, Z[¢/i] € Fg5 (T U{Z [p/d]}), i-e.,
T,Z [p/i]+ s% [a/1].
Since S is finitary, there exists a finite subset {A;(p,¢,%Z ),..., A, (p,¢,Z )} of T such that
AP, 4,7 ) AP0, 7 ), Z /1] F 57 (/1)
Thus A(p,4,% )., Ay (p,,F) satisfy (23.2). By the definition of T, we have that
FsA(p,p,%), hence A(p,¢,7),...,A,(p,q,7) satisfy (2.3.1) as well, so A(p, 4,7 ).y

A, (p,q,% ) form a system of equivalence k-formulas with parameters Z for S. O

2.3.3 COROLLARY
A 1-deductive system S is protoalgebraic if and only if there erists a finite system of equivalence

formulas without parameters for S. a

The following example shows that in certain protoalgebraic k-deductive systems (k > 1) it
is essential for a system of congruence k-formulas to have parameters 7. Let £ = {-} where -is a

binary connective. Let S be the 2-deductive system defined by the following axiom and inference

rules

(2.3.4) Fs(psp),

(2.3.5) (p,r)s(p-rig-r) b glgr),
(236) (T,P),(p'T,Q"") F S’(r7Q)-

We first claim that (p-r,q-r) forms a system of equivalence 2-formulas (with parameter r) for S,
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i.e., that
Fs(p-ryp-r),
(pyr)s(p-rg-r) b g(g,m),
and (r,p)(p-mq-7)F 5(r9)

Each of these conditions holds by (2.3.4), (2.3.5) and (2.3.6), respectively, hence S is a
protoalgebraic 2-deductive system. Next we claim that S does not have a system of equivalence 2-

formulas without parameters.

So, let A(p,q) = {A,(p,q); i € I'} be a set of 2-formulas in the variables p and ¢. Set
A(p,9) = (CngA(p,q)) N (Fm(p,q)).

By Proposition 1.6.5, (Fm(p,q),&(p,q)) is an S-matrix. We claim that

(2.3.7) Cng(A(p,q) U{(p,m)}) = Alp, ) U {(p, ")} U{(¢,9); ¢ € Fm})

In view of (2.3.4), it is clear that the inclusion from right to left holds. Let X denote the right
hand side. Evidently-, A(p,9)U{(p,r)} € X. Thus we need only show that X is an S-theory, i.e.,
that (Fm, X) is an S-matrix. Clearly, (Fm, X) is closed under (2.3.4). For the inference rule
(2.3.5), suppose (p, %), (¢-¥,9-¢) € X for some ¢,9,9 € Fm. We need to show that (J,%) € X as
well. If ¢ =19, then (J,¢)=(p,¥)€ X, by assumption. So assume @ #9¥. Note that
(p-1,9-9%) # (p,r) since p,r are variables and ¢-%,J-4 are composite formulas. Thus, by
(2.3.7), we may assume that (p-9,9-¢) € &(p,q). In particular, the only variables occurring in
¢,,0 are p and g. Thus, if (p,9) is contained in the third component of X, then it is also
contained in A(p,q). Since r does not occur in ¢,¢, (¢,¥)# (p,r). By (2.3.7), therefore,
(p,¥) € 3(p,q). It follows that (9,%) € B(p,q) and- hence (9,¢) € X as well, so {Fm, X) is closed

under (2.3.5).

The proof for (2.3.6) is similar: Suppose (¥,¢), (¢ ¥,9-1) € X for some p,¢,d € Fm. If
=179, then (¢¥,9)=(¢,¢)€ X, by assumption. So assume ¢ # 9. Then, as before,
(p-,0-9) € S(p,q) and the only variables occurring in ,v, ¢ are p and ¢. In particular, ¢ #£7

and therefore (¢,9) # (p,7). So (¥,¢) E&(p,q) or p =1. In either case, (¢,y) E&(p,q). It

follows that (¥,9) € A(p,q) C X, thus proving that X is an S-theory and that (2.3.7) holds.

Now, (¢,7) € X, hence (g,7) & Cng(A(p,q)U{(p,7)}). This shows that A(p,q) is not a



system of equivalence 2-formulas for S. Since A(p,¢) was an arbitrary set of 2-formulas in p and

g, it follows that S does not have a system of equivalence 2-formulas without parameters.

Theorem 2.3.2 and Corollary 2.3.3 allow one to determine whether a k-deductive system is
protoalgebraic by finding a system of equivalence k-formulas with parameters 7 (a system of
equivalence formulas, in the 1-deductive case). For example, suppose S is a 1-deductive system
that has a binary connective (or abbreviation), — say, in its language. Set A(p,q) = p—g¢. Then
(2.3.1) and (2.3.2) become, respectively,

Fgp—p and p,p—qltsq.
If both of these conditions hold, then A(p,q) will constitute a system of equivalence (1-) formulas
for §, and S will be protoalgebraic. Since these conditions are certainly satisfied by CPC, IPC,
BCK and BCI to name but a few, we immediately have that these deductive systems (and their
{—}-fragments) are protoalgebraic. The choice of equivalence k-formulas is not necessarily unique.
Another example of a system of equivalence formulas for CPC is A(p,q) = p—g¢, which

immediately implies that CP C_, is protoalgebraic.

2.4 REPRESENTATIONS OF EQUALITY

The Leibniz equivalence relation of Section 1.7 is a-relation inherent to any deductive system. In
this section we shall show that the Leibniz equivalence relation (or operator) associated with a
protoalgebraic k-deductive system is representable in terms of so-called ‘congruence k-formulas with
parameters Z ’ (Corollary 2.4.6), hence the title of this section. In doing so, we present another
characterization of protoalgebraic k-deductive systems in terms of congruence k-formulas with
parameters 7. The results of this section originated in [BP92], but the error in Theorem 13.2 of
that paper has affected the truth of their original statements. These repercussions have been

explored by Palasinska and the corrected results have been taken from [Pala94].

We first introduce the following notion, which extends Definition 2.3.1: Let S be a k-
deductive system and I an index set. For the rest of this section, let 7 = (21""’zk—1> be as
defined in the beginning of Section 2.3 and let p,q be variables such that p,q,z;,...,2, _ are

distinct. A system A.(p,q,wy,...,w,, ,Z ), ¢ €I, of k-formulas in the variables p,q,zy,..., zx_,
1 -
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and possible additional variables wy,...,w,,  1is called a generalized system of equivalence k-
1 5

formulas with parameters Z for S if

(2.4.1) F s Ap,pywyy...,wy, ,Z) foralliel.
1
(2.4.2) Z [p/i), {A(p.as wl,...,wmi,?); i€l gZ[q/j] forall j<k.

2.4.1 DEFINITION

Let S be a k-deductive system and I an index set. Suppose that for each i€,

A(p,q,wq,...,w,, ,Z ) is a k-formula in the variables p,q,z,..., z; _; and possible additional
1

variables wy,..., W Let

A= {Ai(p,q,wl,...,wmi,?); i €I}
We call A a generalized system of congruence k-formulas for S with parameters Z iff A is a
generalized system of equivalence k-formulas with parameters Z for S and
(2.4.3) {A(pq, wl,...,wmi,? );iel}k SAe(go(p,E),<p(q,5),w1,...,wmz_,? )

for each ¢(p,7) € Fm and all £ € .
Now, suppose that for each i € I, Ai(p,q,7 ) is a k-formula in the variables p,q,2;,...,2; _;. We
call A= {A(p,¢,7); i€ I} a system of congruence k-formulas with parameters ¥ for S iff Ais a
system of equivalence k-formulas with parameters 7 for .S and-
(2.4.3) {A(p, 0,7 )i €I} F g Ay(e(p, D), 0(0,7), %)

for each ¢(p,7) € Fm and all £ € I.
Suppose that for each i€ I, A/p,q) is a k-formula in the variables p,g. We call A=
{A,(p,q);i €1} a system of congruence k-formulas without parameters for S iff A is a system of
equivalence k-formulas without parameters for S and
(2.4.3)" {Ai(p,9); i € I} 5 Ay(p(p, D), ¢(4,7))

for each ¢(p,7) € Fm and all £ € 1.
The system A;(p,q, wl,...,wmi,? ), i €1, (or A(p,q,Z ), i €1, or A,(p,q), i €I) is called finite if

I is finite.

Note that if k =1, i.e., 7 is the empty string, then the system A,(p,q), ¢ € I, is a system
(resp. generalized system) of congruence formulas with parameters 7 for S if and only if it is a

system (resp. generalized system) of congruence formulas without parameters for S. Note also that
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if S satisfies (2.4.3) (or (2.4.3)" or (2.4.3)"") and if S’ is an extension of S that has the same

language as S, then (2.4.3) (or (2.4.3)" or (2.4.3)") still holds when S is replaced by S".

2.4.2 THEOREM (cf. [Pala94, Theorem 3.22])
Let S be a k-deductive system:
(1) Suppose the system A(p,q,wq,.. Win, ,Z), 1€1, is a generalized system of congruence k-

formulas with parameters ¥ for S. Then for each S-matriz A = (A, F),

(244)  (a,b)€QF iff AMab,f,d)€F foreachi€l, fe A" andd e AF -1,
(ii)  Suppose the system Al(p,q,7 ), i €I, is a system of congruence k-formulas with parameters

% for S. Then for each S-matriz A = (A, F),

(2.4.4) (a,b)€QF iff AMa,b,d)€F foreachi€I andd € G

(111) Let A(p,q), i €I, be a system of k-formulas. The following are equivalent:

(1) The system A,(p,q), i €I, is a system of congruence k-formulas without parameters for S,
(2)  for each S-matriz A =(A,F),

(2.4.4)" (a,b)€Q4F iff AMa,b)€F for cachi€l.

Proof. (i) Let A = (A, F) be an S-matrix. Let ® be the set of all pairs (a,b) € A? such that
the condition on the right hand side of (2.4.4) holds. To prove the result, we shall show that
QAF = ®. First we show that & is a congruence relation on A. It follows immediately from
(2.4.1) that & is reflexive. Let (a,b) € ®. To show that ® is symmetric, we need to show that
A;A(b,a,f,z) cFforeachicl, fe A™iandde A~

Claim. Lei‘iEI, ]Sky TEAmI andEeAk‘l, ]f

(Aﬁ(a a f d) ( -f E) z]+l(b a, f’d) A;Ak(b’av?az)) € F
then (A ‘l(a a, f,d),.. 'J_l(a, ,d), A”(b a, f,d),.. (b a,f,d)) €

Proof. Since (a,b) € @, we have Af‘(a, b,f,d) € F. Denote Y1 s U, by 7 and vy,..., v _4
by v, where the y;,v; are variables and p,q,u,7,7 are distinct. Set ¢(p,u,7,7) = A,-J-(P, u,Y,v). Let
tel, g€ AmlZ and g€ AF-1 and, using a,b,a, f,d,5,€ as an interpretation of p,q,u,7,7,
Wiy ,wme,? in A, we get, from (2.4.3) and the fact that (A, F') is an S-matrix that

AY(M(e,a,F,d), 02 (b0, T, d),5,8) € F,
e, ANAL(a,0,F,d),88(b,a,F,d),5,8) € F.

Now, set €= (Aﬁ(a, a,f,g),...,Aij _1{a, a,?,g),Afa- +1(b a,T,E),...,A:-&‘k(b, a, f,d)). Taking
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Af‘}-(a, a, f,d), Afj(b, a,f,d), g,€ as an interpretation of p,q,%,% in (2.4.2) and using the fact that
(A,F) is an S-matrix, we obtain from (2.4.2) exactly the statement of the Claim. Since
(Aﬁ(a, a, f,d),..., Aﬁc(a, a,f,d)) € F (by (2.4.1)), it follows from repeated application of the Claim

that (Aﬁ(b,a,?, E),...,Af‘k(b,a,f, d)) € F, hence @ is symmetric.

Next we show that @ is transitive. Let (a,b),(b,c) € . To show that & is transitive, we
need to show that Af(a, c,f,dye Fforalliel, fe A™iand d € AF 1,
Claim. Leti€l, j<k, fe A" andde AF~1. If
(AA(a,0,F,),..., AR (a,b,F, @), A8 | ((a,¢,F,),..., AR (a,c, F D) € F,
then (Aﬁ(a, b, f,d),..., Af‘j —1(a, b, f,d), A?j(a, e, frd),..., Aﬁc(a, e, f, 3)) € F.
Proof. Since (a,b),(b,c) € ®, we have A?(a,b,fﬂ),Af\(b,c,T,E) € F. Denote Yoo Y, by
g and vy,...,v; _; by ¥, where the y,, v; are variables and p,q,u,7,7 are distinct. Set ¢(p,u,y,7)
= A.’j(”: »,5,0). Forany Lel, g€ A" and 7 € Ak-1, using b,¢,a, f,d,,€ as an interpretation
of p,q,u, ¥, v, wy,... ,wme,?, we get, from (2.4.3) and the fact that (A, F') is an S-matrix that
Al(A(b,0,F,d),0*(c,0,F,d),5,8) € F,
ie., A?(Af‘j(a,b,?,g),Aﬁ(a,c,?,E),y,E) €F.
Now, set &= (Aﬁ(a,b,rf—,a),. - A?j —4(a, b, f,d), AiAj + 1(a,c,_,g),. . ,Aﬁc(a,c,?,z)). Taking
Af‘j(a, b, f,d), A?j(a, e,f,d), §,Z as an interpretation of p,q,®,% in (2.4.2) and using the fact that
(A,F) is an S-matrix, we obtain from (2.4.2) exactly the statement of the Claim. Since

(AA(a,6,7,),...,A4(a,b,F,d)) € F, it follows by repeated application of the Claim that

(Aﬁ(a,c,—f, d),... ,A?k(a, ¢,f,d)) € F, hence @ is transitive.

To see that ® has the substitution property, suppose that (a;,b;),...,(a,,,b,,) € ® and
felwithar(f)=m. Lett€l, e A™iand d € AF L. By the definition of @,
Af‘(aj,bj,_,g) € F for each j <m.
By (2.4.3), AMfA(ay,aq,...0a,,), FA(by ag,... a,,), Frd) € F,
and by (2.4.3) again, Af‘(fA(bl, o, Agy.. .,am),fA(bl,b2,a3,. . .,am),jf_,;i-) eF.
By transitivity of & we have that
AA(fA(ay,ag,a5.. ., a,,), fA(by bys g, ya,), Fd) € F

Continuing in this way, we obtain the desired result, namely

AN fAay,... a,), FAbyy- . 0b,), Fod) € F.
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Thus @ is a congruence.

The compatibility of ® with F is proved as follows: Suppose that (a,b) € 3* and ac F.
Then (a;,b;) € ® for each j < k.
Claim. Letiel and j<k. If
(al,...,a]-,bj+1,...,bk) €F,
then (al,...,aj_l,bj,...,bk)EF.
Proof. Since (aj,b;) € ®, it follows that
A?(aj, bj,T,E) € F foreach fe A™iand g€ 4k L.
Set € = (al,...,aj —pbiy 19+--2bg). By the hypothesis of the Claim and (2.4.2), the result follows.
Since a € F, it follows by repeated application of the Claim that & € F, hence ® is compatible with

F.

This implies that ® C Q_AF. For the reverse inclusion, suppose that (a,b) € QAF. Let
iel, fe A™iand d € A¥~ 1, Since QAF is a congruence relation, we immediately have that
(AM(a,a,F,d), ANa,b,7,d)) € (@ F)IF.
But this implies that A?(a,b,f,g) € F by the compatibility of Q-AF with F and (2.3.1). Thus

(a,b) € @, and so Q 4 F C ®.

The second statement of the theorem can be deduced from the above proof in the following
way: Set A:—(p,q,wl,...,wmi,? ) = A[(p,q,7 ) for each i € I. Then A:-(p,q,wl,...,wmi,?:' ), t€l,
forms a generalized system of congruence k-formulas with parameters Z for S iff A(p,¢,Z), 1 €1,
forms a system of congruence k-formulas with parameters %, and (2.4.4) holds iff (2.4.4)" holds.

By the above proof, therefore, (2.4.4)" holds.

In the third statement of the theorem, (1)=>(2) can be deduced from (ii) in the following
way: Set AXp,q,Z)=A[p,q) for each i€I. Then Al(p,q,7), i€, forms a system of
congruence k-formulas with parameters 7 for S iff A,(p,q), i € I, forms a system of congruence k-

formulas without parameters, and (2.4.4)" holds iff (2.4.4)" holds. Thus (2.4.4)" is true.

(2)=(1) We need to show that A;(p,q), i € I, forms a system of equivalence k-formulas without

parameters for S, i.e., that (2.3.1) and (2.3.2)' hold, and also, by Definition 2.4.1, that (2.4.3)"
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holds. That (2.3.1)" holds is trivial since ©Q ,F is reflexive. To see that (2.3.2)" holds, let
A= (Fm,T), where

T = Cng({Z [p/il} U{Aip,@); i € I}).
Since A,(p,q) € T for each i € I, we have that (p,q) € Q.AT. This implies, by the definition of
Q 4T, that % [p/jl € T if and only if % [¢/j] € T. Consequently Z [¢/j]€ T, i.e.,

7 [p/il {Aip,0); i€ I} F 5% [q/ ).

To see that (2.4.3) holds, recall from Theorem 1.6.2 that ModS is a matrix semantics for
S. Suppose that ¢(p,v) € Fm. We claim that for each £ € I,
{Ai(p,0); 1 € I} [Fpoas Agle(p: ), 2(4:7));
which will imply (2.4.3). So, let A = (A, F) € ModS and let a,b be interpretations of the variables
p,q in A, respectively, such that Af‘(a, b) € F for all i € I. Then, by assumption, (a,b) € Q2 4F.
Since Q 4F is a congruence relation on A, it follows that (pA(a,2),¢2(5,2)) € Q F. By
assumption again, we get that Af‘(cpA(a,E),cpA(b,E)) € F for all i € I, hence the claim holds since

A was arbitrary, and it implies (2.4.3)". a

The condition (2.4.3)"” of Definition 2.4.1 is not easily checked directly for a given
deductive system. In the following proposition, we present an equivalent formulation of (2.4.3)"
that we shall use in later sections when proving that a given system of equivalence formulas is a

system of congruence formulas.

2.4.3 PROPOSITION

Let A(p,q), i €I, be a system of equivalence k-formulas without parameters for S. The following
are equivalent:
(i) {Ai(pa); i €I} 5 Ay(e(p,0),9(9,7))
for each ¢(p,7) € Fm and all L €I,
(iz) {Aj(pig);i<mij €IV E g Ap(f(Praeees Prn)s F(d1se -1 4m))
for each f € L with ar(f)=m and all L€ I.
In particular, a system A(p,q), i € I, of equivalence k-formulas without parameters is a system of

congruence k-formulas without parameters if and only if (ii) holds.

Proof. (i)=(ii) Let f€ & with ar(f)=m. We may clearly assume without loss of
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generality that the variables p,..., P, 415+ -+ 4, are all distinct (in view of structurality). Let
F = Cog({A(p;;2;); i <m})
and let A = (Fm,F). Since A is an S-matrix, it follows from (i) (which says that A(p,q) is a
system of congruence k-formulas without parameters for S) and Theorem 2.4.2 that
(2.4.5) QF = {(¢,¥) € Fm?; {A(p;y4;); i Sm} b g Ay, ¥) for all L€ I}
By (i) and the fact that py,...,p,,14qs...,4,, are all distinct, we have, for any £ € I, that
A(py a1) F s Bg(f(P1y Py Pra)y F (410 P91 P o))
By (2.4.5), therefore,
(f(P1sPas-- s Py F(81) Pose 1 Pr)) € QY F.

SimilaIIY7 (f(QD Pz,ng- -»pm)»f(qlaq2’p31-'-apm)) E QAFa

(f(‘hv--~7qm_1vpm)vf(q1a---aqm_1vqm)) € Q_AF
and since 2 4 F is a congruence (in particular, it is transitive),
(f(Prye- s P F(@y5- -1 0,m)) EQ 4 F.
By (2.4.5), we have
{A(piaQi); t S m} F SAe(f(pl!' "’pm)’f(Qh-'-va))

for each £ € I, as required.

(ii)= (i) We proceed by induction on the complexity of ¢(p,7). Suppose ¢(p,T) is a variable.
Then the result reduces either to
Ap,q) F SAe(p,q) (all L€ 1),
or to A(p, ) F s Ay(r;r;) (all L)
for some variable T If ¢(p,T) is a constant, say ¢(p,7) =T, thenvthe result reduces to
A(p,q) F g Ay(T,T) (all L€I).
The first case is trivially true and both the last two cases are true by (2.3.1). Now suppose,
inductively, that ¢(p,7) = f(¥1(p,7),...,%,,,(P,T)), where f € £ with ar(f) =m >0, and
A(p,9) b 5 Ay(bi(p,7),¥i(0,7))
for each i < m and each £ € I. We may clearly assume without loss of generality that the variables

p,q,T are all distinct (in view of structurality). By (ii), and structurality,

{AW(p, 7). ¥i(0,7))5 i S mp b g Ay(f( Wy (P, )y (P P)), (W10 T)s 2 ¥ (07)))s
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ifcs {AW(p, ), ¥i(0,7)); § Sm}E g Ay(p(p,7), (4, 7))
for all £ € I. Consequently,
A(p, ) F s Aylp(p.T),p(g,7)) forall Lel.

The remaining statements follow immediately from Definition 2.4.1. O

2.4.4 LEMMA [Pala94, Lemma 3.21]
Let S be a protoalgebraic k-deductive system and A = (A, F) an S-matriz. Let A(p,q,Z), 1€ 1,
be a system of equivalence k-formulas with parameters Z for S (which exist by Theorem 2.3.2).
Define
A= {A(¢(p,?), 0(q,7),% ); i € I and o(p,v) € Fm, where T is a finite sequence of variables}.

Then A is a generalized system of congruence k-formulas with parameters Z for S. In particular,
(a,0) €Q 4 F if and only if Af\(goA(a,E),gaA(b,‘c'),a-)eF for each i€ I, dll ¢(p,q) € Fm and
€ A™, where T has the same length as T, and d € AR

Proof. By definition, A satisfies (2.4.3). Since F ¢A/p,p,Z), for each i € I, by (2.3.1)
and structurality, we have that A satisfies (2.4.1). Since A(p,q,% ), i € 1, satisfies (2.3.2) and
{Ai(p,g,7);i€1} C A, it follows that A satisfies (2.4.2). Thus A is a generalized system of
congruence k-formulas with parameters 7 for S. The second statement follows by Theorem

2.4.2 (i) and the definition of A. a

Knowing that protoalgebraicity is definable purely in terms of the Leibniz operator, one
would expect that a converse of Lemma 2.4.4 holds, i.e., if one can define Q .AF in terms of a fixed
set of k-formulas in the sort of way exemplified by Lemma 2.4.4, then the associated k-deductive
system is_protoalgebraic. The following theorem proves that this is indeed the case, hence we have

another characterization of protoalgebraic k-deductive systems.

2.4.5 THEOREM
A k-deductive system S is protoalgebraic if and only if it has a generalized system of congruence k-
formulas with parametersZ for S.

Proof. (=) Assume that S is protoalgebraic. By Theorem 2.3.2 there exists a finite system

of equivalence k-formulas with parameters Z for S, say A,(p,¢,% ),...,A,(p,¢,Z ). By Lemma
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2.4.4, there exists a generalized system of congruence k-formulas with parameters 7 for S.

(<) Let A= {Ai(p,q,wl,...,wmi,?); i € I'} be a generalized system of congruence k-formulas
with parameters ¥ for S, and let A = (A, FA) be an S-matrix. We show that Q.A is monotonic,
which will imply that S is protoalgebraic by Theorem 2.1.3 (iii). Let F,G € Fi% A such that F C G
and let (a,0) € 2 4F. Then

AMa,b,Fd)e Floralliel, fe A™ and d € AF 1,
by Theorem 2.4.2 (i). Since F C G, we therefore have that

AMa,b, f,d)eGloralliel, fe A" and d € AF 1,

hence, by Theorem 2.4.2 (i) again, (a,b) € 2 4G. Thus Q@ ,F CQ ,G. o
2.5 WEAKLY CONGRUENTIAL AND CONGRUENTIAL k-DEDUCTIVE SYSTEMS

In Theorem 2.4.5, we provided a characterization of protoalgebraic k-deductive systems in terms of
generalized congruence k-formulas with parameters 7. The form of the k-formulas at issue is very
general, and it is natural to consider more refined systems of k-formulas. These can be used to
define deductive systems which are stronger than protoalgebraic deductive systems, namely
‘congruential’ and ‘weakly congruential’ ones. For both these types of k-deductive system we
present a model-theoretic characterization of the classes of reduced matrix models, as was done in
Section 2.2 for protoalgebraic k-deductive systems. We also present a characterization of weakly
congruential k-deductive systems in terms of the Leibniz operator and a similar partial result for

congruential k-deductive systems.

2.5.1 DEFINITION
A k-deductive system is called weakly congruential if it has a system of congruence k-formulas
without parameters, and it is called congruential if it has a finite system of congruence k-formulas

without parameters.

It is evident from the definition that a congruential k-deductive system is weakly

congruential, and from Theorems 2.4.2 and 2.4.5 that a weakly congruential k-deductive system is
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protoalgebraic.

By Theorem 2.4.2, a k-deductive system S is weakly congruential if and only if there exists
a system A;(p,q), i € I, of k-formulas such that for each S-matrix A = (A, F),
(a,b) € Q 4F if and only if Af‘(a, b) € F for each i€ I.
S is congruential if and only if there exists a finite system A;(p,q), i € I, that has the above
property. It is evident from Definition 2.5.1 that every extension S’ of a (weakly) congruential -
deductive system S that has the same same language as S is also (weakly) congruential. If the
language of S’ contains additional connectives and for each additional connective f, with
ar(f) = m say,
{Aj(pi,qi); i<m;jel}kr SAe(f(pl,...,pm),f(ql,...,qm)) for each £ & I,

then S’ is weakly congruential.

Recall from Section 1.10 the first-order universal Horn theory T'(S) (without equality) over
the language L. Let I be a set and A; = <Ai’F.Ai> € ModS for each i€ I. Let F CP(I) be a
filter of the Boolean algebra of all subsets of I. By regarding each A; as an £ p-structure (where
L is L augmented by a single k-ary relation symbol D, and DA‘ = F"‘ii) we get from Section 0.5

the following notions of filtered products and ultraproducts of k-matrices:

We identify (II, . IAt-)’c with II; IAf under the natural map

((ad; 7 € I)""’<aik; ] € I))H((ail,...,aik>; 1 € I).

We define
Fg“‘ti ={a={((a; ;i €1I),....{ap;i€I)) e (Il; . AN ie T (g, a,) € F-"ti} € J}.
Let @ = (a;; ¢ € I) and b = (b;; i € I). Recall that
9(F) = {(a,b) € (iIeIIA,-)Z {i;a; = b} € F},
AT = (L A)/69).

If we define Fry /%= F3 4/0F) (={a/oF);ae F3 4D
then iIEII.{li/ifz(iléIIAi/?f,FnAi/?)
is the filtered product of the structures A;, i € I. We shall also call Il; . ; A,;/F the matriz filtered
product of {A;;i€ I} by ¥. If F is an ultrafilter of P(I), then 'IeIIAi/g is called the matriz

ultraproduct of {A;; i€ I} by ¥. For a class H of k-matrices, define
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Pp (H) (resp. Py (H)) :{igIAi/g; A;€Hforalliel and Fisa

filter (resp. ultrafilter) of P(I)}.

Now let T(S)® denote the first-order theory with equality over the language Zp,
augmented by the binary predicate symbol =, whose proper axioms are just those of T'(S). It is
easy to see that the structures (resp. models) with equality for T(S)® are just the triples
(A,F,1,), where (A, F) is a k-matrix (resp. S-matrix) and I, is the identity relation on 4. We
shall confuse (A,F,I,) and (A,F) systematically. Notice that submatrices, products, etc. of
matrices (A, F) may also be regarded, in the obvious way, as substructures, products, etc. of the
structures (A, F,I,) with respect to the language of T(S)™, so no harm will come of this

convention.

2.5.2 LEMMA [BP92, Corollary 13.6]
Let S be a congruential k-deductive system and let A;(p,q),..., A, (p,q) be a finite system of
congruence k-formulas without parameters for S.
(i) An S-matriz A is reduced if and only if, as a model of T(S)®, it satisfies the universal
Horn sentence
VeVy (D(A(z,9)&... & D(A (z,y)) =z~ y).
(1)  The class Mod™S is closed under the formation of submatrices and filtered products.
Proof. (1) By the Validity and Completeness Theorems of First-Order Theories with
equality (the equality-analogue of Theorem 0.5.3),
F 7(8) Ve Vy (D(A(2,y) &... & D(A(z,y)) =z = y)
iff for every model A = (A, F) of T(S)® (i.e., every S-matrix) and every a,b € A,
A?(a, b) € F for all i < n implies a = b.
Since an S-matrix A = (A, F) is reduced iff @ F =1, (ie., (a,b) €Q F iff a=1b), the
above argument, together with (2.4.4)" yield statement (i). Statement (i) follows
immediately from (i), the fact that T'(S) =™ is axiomatized by universal Horn sentences and

the equality-analogue of Theorem 0.5.2. O

We now present some model-theoretic results concerning congruential and weakly

congruential k-deductive systems.
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2.5.3 DEFINITION
A reduced universal Horn k-class is called a k-(weakly) congruential quasivariety if it is the class of

all reduced matrices of some (weakly) congruential k-deductive system.

2.5.5 THEOREM [BP92, Theorem 13.12]
Let H be a reduced universal Horn k-class.
(i) H is a k-protoquasivariety if and only if it closed under Pg.
(ii)  H is a k-weakly congruential quasivariety if and only if il is closed under S and P.
(iii) H is a k-congruential quasivariety if and only if it is closed under S, P and Pyj.

Proof. (i) It follows trivially from the definitions that H is closed under (matrix-)
isomorphic images. The result follows from Theorem 2.2.3.
(i) Let H be a k-weakly congruential quasivariety, l.e., H = Mod*S, where S is a weakly
congruential k-deductive system. Then H is a k-protoquasivariety, so it is closed under Pg, hence
it is also closed under P. Let A/p,q), i €I, be a system of congruence k-formulas without
parameters for S. Let A= (A, F)€ H. By assumption, A is reduced, so Q_AF:IA. Let
B = (B,G) be a submatrix of A. For all a,b € B, we have, by Theorem 2.4.2 (iii) that

(a,b) € QG if and only if AP(e,b) €G forall i€l

Since B is a subalgebra of A, we have A?(a,b) = A?(a,b) and, since G = F N B, A?(a,b) €Gif
and only if Af‘(a,b) € F. Hence (a,b) € QG if and only if (a,b) € Q 4 F if and only if a = b (since

QF =1,). Thus QgG = Ip, and B is reduced. This proves that H is closed under S.

‘Now, assume that S(H) C H and P(H) C H. Then H is closed under Pg and is therefore a
k-protoquasivariety. Thus we can assume H = Mod*S, where S is protoalgebraic, so there exists a
generalized system A;(p,q, wy,.. .,wmi,fz’ ), i € I, of congruence k-formulas with parameters Z for §
(Theorem 2.4.5). Let {A;(p,q); j€J} be the set of all k-formulas of the form
AP 4012101 P (P10 71 (P @)y s T (@) Where 01(P10)s 0 (P10)s Ta(P)s-
T, _1(p,q) are formulas in the variables p, ¢. To show that H is a k-weakly congruential
quasivariety, we shall prove that A’]-(p,q), j€J, is a system of congruence k-formulas without

parameters for S. Let A = (A,F) be an S-matrix and a,b € A. Let B be the subalgebra of A



139

generated by {a,b} and B the submatrix (B,FﬂBk) of A. Each element of B is of the form

TA(a,b) for some formula 7(p,q) (by Theorem 0.2.9).

By Lemma 1.8.7, C = (B/(Q2 4F N B?),(F N Bk)/(QAF N B?)) is isomorphic to a submatrix
of A" =(A/Q 4F,F/Q 4F). Since A* is reduced and IS(H)C H, C € H, so C is reduced. Thus,
by the Correspondence Theorem (Theorem 0.2.6), Q F N B? is the largest congruence on B that is
compatible with F'N Bk ie.,

Qq(FNB*) =Q  FnB%.
Using the fact that A;(p,q, wl,...,wm'_,? ), 1 € I, is a generalized system of congruence k-formulas
" with parameters ¥ for § we get
(a,6) €QF iff (a,0) €(QF)N B? [since a,b € B]
iff  (a,b) € Qoy(F N B¥)
iff AP(a,b,f,e)e FNB*forallic I, fe B™iandce BF¥~! [Thm 2.4.2(i)]
ift  AB(a,b,oB(a, b),...,gogi(a,b), B(a,b),...,7B_ (a,b)) € FN BF
for all : € I and all formulas gol(p,q),...,gomi(p,q),rl(p,q),...,rk_ 1(py9).
iff  AA(a,b,Ma,b),. ..,gof\ni(a, b), 7A(a,b),...,T8_(a,b)) EF
for all ¢ € I and all formulas gol(p,q),...,gaml_(p,q),rl(p, Qs orTr - 1(0y0)-
iff A’jA(a, bye F forall jeJ.
Since a@,b are arbitrary elements of A, we can deduce from Theorem 2.4.2 (iii) that A']-(p,q), jed,
is a system of congruence k-formulas without parameters for S and therefore that H is a k-weakly

congruential quasivariety.

(ii) Let H = Mod*S and assume H is a k-congruential quasivariety, i.e., we may assume that S is
congruential. Since H is also a k-weakly congruential quasivariety, (ii) implies that H is closed
under S and P, and in Lemma 2.5.2, we showed that H is closed under Py;. Conversely, suppose
that S(H) C H, P(H) C H and Py (H) C H. By (ii), we know that there exists a system A(p,q),
i € I, of congruence k-formulas without parameters for S. We shall show that some finite subset of
{A/p,q); i € I} must be a system of congruence formulas without parameters for S by assuming
otherwise and obtaining a contradiction. By definition, for all A = (A, F) € ModS,

Q 4 F = {(a,b) € A%; AMa,b) € F foralli€ I}.
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Assume that for every finite subset J of I, A]-(p, q), 7 € J, does not form a system of congruence k-
formulas without parameters for S. Then, for each J € P (I) (recall that P (I) is the set of all
finite subsets of I), there exists an S-matrix A; = (Aj, F;) such that Q.AJFJ g @, where

;= {(a,b) € A%; A}I(a,b) € F; for all j € J}.
We may assume without loss of generality that each A; is reduced (for otherwise we could take
AG = <AJ/Q.AJFJ’ FJ/Q.AJFJ> for A;), hence that A; € H for each J € P (I). It follows that

for every J € P_(I), ®; # IAJ'

For every J € P (I), let J={Ke®P(I);JCK}. Since {MeP(P,(I);MD2 J for
some J € P (I)} is clearly a filter of P(P (I)), it follows from Theorem 0.3.3 that there exists an
ultrafilter U on the Boolean algebra of all subsets of ?_(I) that includes J forall J € P (I). Let

i 65'{,(1)“41/%
By assumption, B € H. For each J€ P _(I), choose (a;,b;) € ®; such that aj;#b;. Let
d={(ay;J €P(I))/U and b=(b;;J € P (I))/U. Clearly @ # b. Let i€ I. For each J € P (I)
such that ¢ € J, we have A?J(aj,bj) € F; since (ay,b;) € ;. Consequently,
T €2,(I); AM(ayby) € Fy} 2 (it e,
and thus A?(E,E) € FH.AJ/CU' (= Fq) for all ieI. So (@,b) e QoyFqp, by Theorem 2.4.2 (iii),
since A;(p,q), i €1, is a system of congruence k-formulas without parameters for S. But this
implies that @ = b because B € H (hence B is reduced). From this contradiction, we deduce that

some finite subset of {A;(p,q); i€ I} must be a system of congruence k-formulas without

parameters for S, so H is a k-congruential quasivariety. O

Finally, we present a characterization of weakly congruential k-deductive systems in terms
of the Leibniz operator, which appears in [BP92, Theorem 13.13]. The same theorem of [BP92]
presented a similar characterization for congruential k-deductive systems whose proof was shown in
[Pala94] to be invalid. The proof of one implication is correct (this is our Theorem 2.5.6 (ii)

below), but whether the other implication is true is an open question.

Recall that a set {F,; i € I} of S-filters on a matrix model A of some k-deductive system
S is said to be directed if for all ¢,j € I there exists a k € I such that F;C Fy and F;C Fy. If

{F;;i€ I} is directed then, by Lemma 1.6.4(i), U, F; is an S-filter of A. The Leibniz
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operator { , is said to be continuous if Q_A(UieIFi) = UieIQJ(Fi for any directed set

{F;; i € I} of S-filters of A.

2.5.6 THEOREM
(i) A k-deductive system S is weakly congruential if and only if the Leibniz operator Q.A is

monotonic for all S-maitrices A and

Qq(F N By = (Q 4 F)N B?

for every S-matriz A = (A, F) and every submatriz B = (B, F N BX) of A.
(1) If a k-deductive system S is congruential then the Leibniz operator QA:FiSA—>ConA is

both monotonic and continuous for every S-matric A = (A, F.A)'

Proof. (i) (<) Since Q 4 is monotonic for all A, S is protoalgebraic (Theorem 2.1.3) and,
by Theorem 2.4.5, there exists a generalized system of congruence k-formulas with parameters 7
for S, say A;(p,q, “’1{-“"."m,~’; ), 1 € I. Define {A’J-(p,q); j € J} to be the set of all k-formulas of
the form Ai(p,q,<p1(p,q),...,gomi(p,q),fl(p,q),...,'rk_l(p,q)), where 7€ and Prrees P
T1y...,T_ are formulas that contain only the variables p and ¢. It follows exactly as in the
proof of Theorem 2.5.5(ii) that {A’j(p,q); j€J} is a system of congruence k-formulas without

parameters for S.

(=) Monotonicity of © 4 (for all A) follows from Theorem 2.1.3 since weakly congruential implies
protoalgebraic. Let A;(p,q),i € I, be a system of congruence k-formulas without parameters for S,
let A = (A, F) be an S-matrix, and let B = (B, F' N B be a submatrix of A. For all a,b € 4,
(a,b) € Q(FNB*) iff (a,b) € B? and A}a,b) € FNB* forall i€l
iff (a,b) € B and AMa,b) € F foralliel
iff (a,b) € (2, F)NB?,

hence Qq(F N B¥) = (Q 4 F) N B*.

(ii) Suppose that S is congruential and let A;(p,q),...,A, (p,q) be a finite system of congruence -
formulas without parameters for S. Monotonicity of Q , (for all A) follows since congruential
implies protoalgebraic. Let A =(A,F ) be an S-matrix. Let {F;; j € J} be a directed set of S-

filters of A. Set G = U]- ¢ g Fj- Since Q 4 is monotonic, U]- e 74 F; CQ 4G. For the reverse
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inclusion, suppose (a,b) € Q4G Then A;‘(a,b) € G for each i < n, hence there exist j;, € J, for
i < n, such that A,-A(a,b) EF;. Since {FJ-; j € J} is directed, there is an £ € J such that F, CF,
1 1}

S b e, F,c U Q,F. O
or each 7 < n, hence (a,b) € N e"jLeJJ 4F;
2.6 EXAMPLES

We present here an example from [BP92, p28] of a protoalgebraic 1-deductive system that is not
weakly congruential. We show that the deductive system’s class of reduced matrices is not closed
under submatrices. Thus a k-protoquasivariety need not be closed under submatrices and in

particular, by Theorem 2.5.5, its associated k-deductive system need not be weakly congruential.

Let £ = {—}, where — is a binary connective. Let S be the (1-)deductive system over £
defined by the axiom p— p and the inference rule ({p,p—gq},q). Let A = ({0,a,b,1}; —) be an

algebra of type (2), where — is defined by the following table:

0‘1111

By definition, A(p,q) = p— ¢ forms a system of equivalence (1-) formulas for S, so it follows from
Corollary 2.3.3 that S is protoalgebraic. Set F = {1,a}. It is easy to see that 4 = (A, F) is an §-
matrix. We claim that A is reduced. Any congruence on A other than I, which is compatible
with F would have to contain ©A(0,b) or ©A(a,1). We have (0,1) = (b—a,0 —a) € ©4(0,b), so
04(0,1) C ©4(0,b). Also, (0,1) = (b—a,b—1) € 04(q,1), so ©4(0,1) C ©A(a,1). Since 1€ F
and 0 ¢ F, neither ©4(0,5) nor ©A(a,1) is compatible with F, hence Q 4F =1y, and A is reduced.
Let B be the subalgebra of A with universe {0,a,1}. Then B = (B, F) is an S-matrix and a
submatrix of 4. We have 6B(q,1) = I,U{(a,1),(1,a)}, hence Qg F = 68(a, 1), since ©8(a,1) is
the largest congruence of B compatible with F'. Thus B is not reduced. This shows that Mod*S is

not closed under submatrices. By Theorem 2.5.5, S is not weakly congruential.
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Next, we present a variation of an example from [BP92, p30] of a weakly congruential 1-
deductive system that is not congruential. Let £ ={A,V,—,—-,0, L, T} be the language of
modal logics. Define 0% = p, and E]ip =0oi- 1p for each positive integer ¢. Let S be the modal

logic over the language £ whose only inference rule is (MP) and whose axioms are:

1) F sDicp for all i € w whenever F{pgw,
(i) s (@(p—q)—((@'p)—=(T'q)) foralli€w,
(iii) b ¢0'F(p—q) —Di((0p) — (Og)) for all i € w,

where p « q abbreviates (p—¢) A (¢—p).

2.6.1 THEOREM
The deductive system S, defined above, is weakly congruential, with a system of congruence
formulas without parameters for S given by {Di(pe-»q); i€ w}l

Proof. Let A =(A,F) be an S-matrix. Let ® = {(a,b) € A%; O'(a«—b) € F for all i € w}.
We shall show that ® is a congruence relation on A that is compatible with F. Evidently & is
reflexive and symmetric. Suppose (a,b),(b,c) € ®. In Section 1.4, we showed that the following is
a theorem of IPC:

(p=g)=llg—r)—(por));

hence, by (i) F SDi((qu)—>[(q<—>r)—4 (p+r)]) for each i€ w.
By (ii) and (MP), F SDi(p«—»q)—»[Di(qu)—»Di(pHr)] for each i € w,
hence, by (MP), Di(p«——»q),Di(qu) F SDi(pHr) for each i € w.
Thus Di(aHb),Di(bHc)eF implies that O'a—c) € F for all i €w, ie., (a,c)€®, so ® is

transitive.

Suppose (a,b),(c,d) € ®. Using the following theorem of IPC, which was proved in
Section 1.4:
(peg)—l(ros)=((p—r)=(g—9))
it follows from (i), (ii) and (MP) that
O(p—q),0(r—s)F gO((p—r)—(g—s)) for each i € w.
Thus O'(a«—b),0(c—d)e F implies that O'((a—c)e(b—d))€F for each i€w, ie,

(e—c,b—d)e®. It follows similarly that (aAc,bAd)€® and (aVc,bVd)€E P from the
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following theorems of I P C, which were proved in Section 1.4:
(peg)—={reos)—=((PAT)=(gA5))],

(peg)—=[(res)=((pVr)=(gVs))

Suppose (a,b) € ®. Using the following theorem of IP C, also proved in Section 1.4:
(p=g)—((mp)=(—9),
it follows from (i), (ii) and (MP) that
O(p—q) F s O((=p)=(~q) foralli€w.
Thus O'(a =) € F implies O'((—a) — (=b)) € F for each i € w, i.e., (~a,—b) € ®. From (iii) and
(MP), we get
Ot (p—q)F s O((0p)—(Qg)) for all i€ w.

Thus O° * (a — b) € F implies O0*((Qa) — (0b)) € F for each i € w, i.e., (a,0b) € &.

Thus ® is a congruence on A. To see that ¢ is compatible with F, suppose a € F' and
(a,b) € ®. Then a—b€ F and Fpc(p—9q)—(p—4q), hence a—b € F, so (MP) implies that
be F. Consequently, & C QAF by Theorem 1.7.3. Conversely, suppose (a,b) € QAF. Set
o(p,q) = Di(qu) for some 7 € w. Interpreting p as a and ¢ as b in A, Definition 1.7.1 states

oAMa,b) e Fiff oA(b,b) € F,

ie., Di(ab) € F iff O'(b—b) € F.
Since Fipgp<p, we have k¢ Oi(p — p), hence O(b—b)e F. Thus O‘(a—b) € F, hence
(a,b) € @, implying that Q ,F =®&. This proves that {Di(p<—>q); i1 €w} forms a system of

congruence formulas without parameters for .S, hence that S is weakly congruential. 0

2.6.2 THEOREM
The deductive system S, defined above, is not congruential.

Proof. We first prove the following Claim:

Claim: Let A be an L-algebra whose { A, V,—, L, T }-reduct is a linearly ordered Heyting
algebra and whose O operation has the following properties: OT =T,0.1L = L and if a <, then
Oa < Ob for all a,b€ A (hence O'a <O for all i€ w). Let F C A be a filter of the underlying
lattice of A. Then A = (A, F) is an S-matrix.

Proof. Since the { A, V,—, L ,T}-reduct of A is a linearly ordered Heyting algebra, we
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have that for all a,be A, a—b=Tifa<b,a—b=bifa>b, ma= L ifax L and-1L =T
(see Section 0.2). To prove that A is an S-matrix, it suffices to show that |= 4 ¢ for each of the
axioms ¢ of S and that p,p—g¢q ’:.A q. Whenever F(pcy, i € w and @ is an interpretation of the
variables of ¢ in A, we have (@) =T € F and so DiwA(E) =0T =T € F, hence |= 4 ¥ for each
of the axioms ¢ stated in (i). Let a,b be an interpretation of the variables p,q in A. Note that if
a<b thena—b=(ea—=b)A(b—a)=TAa=a.

(i)  Assume first that a <b. Thus Oa—b)=0'T=T and O'%a—DO% =T, hence
Di(a—? b) — (O'a — I:lib) =Te€F. Now suppose that @ >b. Then (¥ (a—b) = 0% and O'a— 0%
= 0%, hence O0'(a—b)— (O'a—0O%) =T € F.

(iii) Assume, without loss of generality that a <&, hence Oa <0b. Thus a—b=a and
(Oa) ~ (Ob) = Oa. So, (¢ T Ya—b))—O((0a) —(0b)) =Tt la—0i(0a) = O* t la—O* tla =T
EF.

Lastly, consider (MP). Suppose a € F and a—b € F. If a <b then b € F since F is a lattice filter,

and if a > b then b = a—b € F. This proves the Claim.

For each integer n, where n > 2, let C,, ={0,1,2,...,n}. Let C_ be the L-algebra whose
{A,V,—, L,T}reduct is the (n + 1)-element linearly ordered Heyting algebra with universe C
(hence TC" =nand Ll Cn = 0) and whose O operation is defined as follows: On =n, 00 =0 and
Oa=a—-1for0<a<n LetF, = {1,2,...,'n}. Note that if a < b, then O'a < 0% for all i € w. It
follows from the previous claim that €, =(C,,F,) is an S-matrix for each n. Each C,_ is also

reduced, as is shown in the next paragraph.

The only congruences on C,, that might be compatible with F  are I, and congruences of

n
the form @C"(X), where X CC, —{0}. So, let &= @C"(X), where X CC,_ — {0} and let
a,b € C,, — {0} such that a<b and (a,b) €®. Then (0,0%) = (0%,0%) € ®, where 0% # 0,

hence @ is not compatible with F' . Thus QC F,. =1, ,and C, is reduced.
n n

Let U be a free ultrafilter over I={2,3,4,...}. Let C=(C,F)=(I,.;C./U,

I, ¢ ; F,,/U) be the matrix ultraproduct of {C,;; n € I}. Note that (1,1,1,...)/U € F.

Since each of the defining identities of a Heyting algebra is a first-order formula, it follows

from Los’ Theorem (Theorem 0.5.1) that the {A, V,—, L, T }-reduct of C is a Heyting algebra.
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Also, by Los’ Theorem, it is linearly ordered by the relation a < b iff d—b = T, since each C,, is,
and we can describe the property of being linearly ordere(i by the first-order sentence
VaVy((z—y=T)U(y—z =T)).

Similarly the O operation of C satisfies DT =T, 0L = L and if a <b, then O'a < 0% for all
a,b e C and 7 € w.

Claim: The S-matrix C is not reduced.

Proof. For each n € w, define n* €I, c1C,and n € C by

n*(i) =n if n <i; n*(d) = i otherwise,
7 =n*/4l.
For each n€w, i< n+1 because {ieI;n*@) < (n+1)*@)}={i€l;i>n+1} €U (since U
contains the cofinite subsets of I, by Corollary 0.3.4). We claim that there does not exist an z € C
such that 7 < z < n + 1. For suppose otherwise, say 7 < y/U <n+1 (y € II; ¢ 1C;)- Then
J={el;n*(i)<y(i)<(n+1)*(G)} eU.

So, for each i€ J, if i>n+1 then n <y(i) <n+1. This is impossible, so JN{i €I;i>n+1}
=0. But {i € I;i>n+1} is cofinite, hence is in U, implying that § € U! Thus, in C, L C-0
and (recall that < is the covering symbol)
(2.6.1) 0<1<2<...,
i.e., for each n € w, 7 is covered by n+1. Let N = {fi;n€w} and G=C ~ N. Note that GCF
since 1 € F and C is a chain. We show that G is an ‘open filter’ of C, i.e., a filter of the lattice

(C'; <) such that Og € G whenever g € G.

We first show that G' #0, by showing that ¢/U € G, where e =(1,2,3,...) €Il; . ;C,.
Suppose on the contrary, that e/ =7, where m € w. This means that if X ={i€;
e(i) =m*(¢)} then X€U. But X={iel;i—1=m}C{m+1}, so I —X is cofinite, hence

I-XeU. Butthen®=XN(I—-X)eU! Soeé€G,hence G #0.

Since (C'; <) is a chain, it follows from (2.6.1) that G is a lattice filter of (C'; <). Since
TC is the greatest element of (C'; <) (by Los’ Theorem), we therefore have TC® € G. Suppose
a€ll, . ;C, such that a/U € G but O(a/U) € G, say O(a/U) =7 for some n € w. If n =0 then
O(a/U) = 0 so for some U € U, we have (Oa)(i) = 0 for all i € U, hence a(i) = 0 or a(i) = 1 for all

ieU. Let Uy={i€U;a(i)=0}, Uy ={i€U;a(i)=1}. We claim that Uj€ U or U, € U.
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Otherwise I —Uy,I-U, €U, so [-U=I1-(UqUU})=(I-Uy)N(I-U;)€ U, implying that
0=UN(I-U)€eU, which is a contradiction. If Uy € U then a/U =0¢ G, and if U; € U then
a/U =T1¢G, hence n # 0. Now, for every n € w,

C,=EVeVy(Oz~0y# L=>zxy),
hence CeVeVy(Oe=0Oys% L=z=y) [by Los’ Theorem].

We have O(a/U)=7i=0(r+1)#0= L (in C), so a/U=(n+1)¢ G, a contradiction. This

proves that O(a/U) € G.

Now, define
® = {(a,b) € C?;a—b € G}.

Since C has a Heyting algebra as a reduct, ® is a congruence of this Heyting algebra by Theorem
0.3.1. Moreover, by Los’ Theorem, we have, for any a,b € C,
(2.6.2) a—b=TC ifa=b and a—b=aAb otherwise.
From (2.6.2) and the fact that G is an open filter of C, it follows easily that ® is compatible with
0 also, i.e., that ® € ConC. We claim that ® is compatible with F. Since each F_ is a filter of
(C,; <), it follows easily from Los’ Theorem that F is a filter of (C'; <), and since 0¢F and
TeF, we have F={c€C;1<c}. So we have to show that for any (a,b) € ®, if a #0 then
b#0. Suppose to the contrary, that (a,0) € ® and that a # 0. Then

0=0Aa=0—~a€q,
a contradiction. This shows that ® is compatible with F, so ® C QCF. We need to know that
®#£1I,. We showed that TCe/U € G where e=(1,2,3,...). Note that e/U # TC since
{iel;e(i)=i}=0¢U. Since e/UATC =¢e/U € G, we have (e/U,TC) € @, so & I-. Thus
QeF # I, ie., Cis not reduced, hence Mod™S is not closed under Py;. By Theorem 2.5.5 (iii), S is

not congruential. O

Lastly we provide some examples of congruential deductive systems. In the next chapter
we introduce the notion of an ‘algebraizable deductive system’ and we shall show that an
‘algebraizable deductive system’ is also congruential. As will be proved in Section 3.3, the

examples given here are not algebraizable.



148

2.6.3 THEOREM
A pure implicational logic satisfying (I), (B), (B’) and (MP) is congruential with a finite system of
congruence formulas without parameters given by Ay(p,q) = p—q, Ay(p,g) =q—p.

Proof. Let S be a pure implicational logic satisfying (I), (B), (B’) and (MP), and let
A = (A, F) be an S-matrix. Set

® = {(a,b) € A%’;a—bEF and b—a€ F}

(we write — for —A). We shall use Theorem 1.7.3 to show that Q 4F =®. First we show that ®
is a congruence on A. By (I), F gp—p, hence a—a € F for all a € 4, so ® is reflexive. It follows

trivially that ® is symmetric. To see that ® is transitive, consider the following:

Fslg—=p)—=((r—q)=(r—p)) (by (B)],
S0 g—pkg(r—g)—(r—p) [by (MP)],
hence g—pr—gbgr—p [by (MP)].

It follows similarly, using (B’) rather than (B), that p—¢,q—r+ g p—r, so
p—4,9—=p,q—r,r—qkF g p—orr—p.
Let (a,b),(b,c) €®, i.e.,, a—bb—a,b—c,c—be€ F. Interpreting p as a, ¢ as b and r as c in A,

we can deduce from the above that a —¢,c —a € F, i.e., (a,c) € ®.

Next, we need that if (a,b),(c,d) € @, then (a—c,b—d) € . Now,

Fs(@—p)—=((p—r)—(g—7)) [by (B)]
and Fs(p—=a)=((a—=r)—(p—r)) [by (B)],
hence, by (MP),
(2.6.3) p=a,9—pkg(p—r)—=(g—r)(g—r)=(p—r)
Now, Fg(r—s)=((g—r)—(g—3)) (by (B)],
and Fs(s—r)—((g—s)—(g—r)) [by (B)],
therefore, by (MP),
(2.6.4) r—s,s—rkg(g—r)—(@—s)(@—s)—(g—r)

Interpreting p as a, ¢ as b, r as ¢ and s as d in A, (2.6.3) and (2.6.4) imply that (a —¢)— (b —c),
(b—e)—(a—c),(b—oc)—(b—d),(b—d)—(b—c) € F, hence (a —¢c,b—¢),(b—ec,b—d) € ®. By
the transitivity of ®, therefore, (a —¢,b—d) € ®. Thus P is a congruence on A. To see that P is

compatible with F, suppose a € F and (a,b) € ®. Then a—b € F, hence it follows from (MP) that
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b€ F. Thus, by Theorem 1.7.3, ® C Q_AF.

Now, suppose (a,b) € Q2 4F. Set ¢(p,q) = p—g¢. By Definition 1.7.1, goA(a,b) € F if and
only if g.oA(a,a) € F. Now, goA(a,a) =a—a€F, by (I), hence goA(a,b) =a—be F. Similarly,
b-—a € F, hence (a,b) € ¢ and so QAF C ®. Thus QAF =, i.e.,

(a,b) € Q 4 F if and only if Ai‘(a, b),A‘;(a,b) eF,

so Ay(p,q), Ay(p,q) form a finite system of congruence formulas without parameters for S. 0O

2.6.4 COROLLARY
The pure implicational logics BCL, R_,, E_, and S5V_V‘E are congruential deductive systems with
congruence formulas Ay(p,q) = p—q, Ay(p,q) = q—p (replace — by —g in S5ZE).

Proof. In Section 1.4, it was shown that (B’) is derivable by (MP) from (B) and (C), hence
the previous theorem implies that BCI and R_, are congruential. To see that E_, is congruential,
we need only show that it satisfies (B). By (C’) (replacing p by r—p, s by p, t by ¢ and ¢ by
r—q),

Fg_[r=p)= (=)= (r=)]=lp—=a)=((r—=p)=(r—9)]
hence (B’) and (MP) imply F E_ (p—q9)—((r—p)—(r—4q)), i.e., E_, satisfies (B). Since S5__W_,E
is an axiomatic extension of E_, (see Section 1.4), it is congruential and its congruence formulas
are given by A,(p,q) =p—g8 Ay(p,q9) =q¢—gp.- By the definition of —p, this system is

equivalent to A,(p,q) =0(p—q), Ay(p,q) =0(g— p). O

Note that we cannot deduce that the {—}-fragment of S5W is congruential from the fact
that E_, is congruential because in extending E to S5%, the — connective of E (which we denoted
—) is added to the language of S5%, being defined by ¢ —gpY¥ =0(p —wv), where —yy is the —

connective of S5". The {—g}-reduct of the enriched deductive system S5% is congruential with

congruence formulas A(p,g) =0(p—1q), Ay(p,g) =0(g— p).

2.6.5 COROLLARY
The deductive systems E and S5W are congruential.
Proof. = We know that E_, is congruential with congruence formulas A(p,q) =

{A(p,9), Ay(p,q)}, where A (p,q) =p—q and A,(p,q) =g¢—p. By Definition 2.4.1 and
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Proposition 2.4.3, all that is needed to show that E is congruential is that
A(p,9),A(r,5) F g A(f(p,7), f(g,9)),

where f is either A or V, and

A(p,g) F gA(=p,—g).
Consider A: Since Fg((pAr)—p)—=[(p—q)—((pAr)—0q)], by (E,), and + g(pAr)—p, by
(Es), (MP) implies that - g(p—¢q)— ((pAr)—¢). Thus, by (MP) again,

p—aFg(PAT) =g
Similatly Fg((pAr)—r)=[(r—s)—=((pAr)—s)], by (E;) and Fg(pAr)—r, by (Eg), so
Fg(r—s)—((pAr)—s) by (MP). Thus, by (MP) again,

roskp(pAr)—s.
Applying the inference rule (A), we get

p=gr—skg((pAr)=gA((pAT)—s)
By (E;),
Fell(pAT) =g Al(pAT)=s)]=[(pAT) = (gAs)],
hence, by (MP),
p—=¢r—skg(pAr)—(gAs)

Similarly, ¢ — p,s —rF g(gAs)—(pAr), hence A(p,q),A(r,s) F g A(pAr,qAs).

Consider V: By (E,), Fg(p—a)—[(¢g—(gVs))—(p—(qVs))], hence, by (MP), p—gqk E
(g—(qVs))—(p—(qVs)). By (MP) and (Eg), we get

p—qFgp—(¢Vs)
Similarly, by (E;), Fg(r—s)—[(s—(qVs))—(r—(qVs))], hence, by (MP), r—stpg
(s—(qVs)—(r—(qVs)). By (MP) and (Ey), we get

r—skgr—(¢Vs)
Applying the inference rule (A), we get

p=g¢r—skg(p—(gVs)A(r—(qVs))
Now, by (E,),
FEl(P—@Vs) A=Vl =[(pVr)=(gVs),

hence we can deduce, using (MP), that

p—qr—sktp(pvr)—(qVs).
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Similarly, g — p,s —r E(q vV 3) — (p \% 7'), hence A(p,q),A(r,s) [ EA(p Vr,qV S).

Consider —~: First note that, by (E3), Fgl(=¢)—(=¢)]—[g—(==g)]. Using (MP) and (E,),
we can deduce that F gq—(=—q). Now, by (E,),
Frli—=(==9]—[(p—9)—(p—(==09)]
hence, by (MP), Fg(p—q)—(p—(==4q)). By (E),
FellP=(-) = (- = l(p—a)=(p—= ()= ((r—2) = ((—9)—(-p))]
Since F g (p—(~—9))—((=¢) = (= p)), by (Eq3), (MP), applied twice, gives us
Fe(p—9)—((~9)—=(-p)).
Finally, (MP) gives us p—gh g(n¢)—(=p).  Similarly, ¢—pF g(-p)—(=q), hence,

A(p,q) F gA(=p,—9q).

Thus E is congruential. It was noted in Section 1.4 that S5% is an axiomatic extension of

E, hence it too is congruential. It follows from Section 1.4 that a system of congruence formulas

for $5% is given by A (p,q) =0(p —q), A,(p,q) =0(g— p). o
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Chapter 3
Algebraizable Deductive Systems

The notion of an ‘equivalent algebraic semantics’ for a deductive system is defined by Blok and
Pigozzi in [BP89a]. The aim of their definition is to associate a class of algebras with a given
deductive system in such a way that the consequence relation of the deductive system reflects and
is reflected in the equational theory of the class of algebras. This allows one to use universal
algebraic results to produce results about the deductive system in question. In fact, the nature_of
the ‘equivalence’ between a deductive system and its corresponding class of algebras allows one to
produce results about the class of algebras from the deductive system as well (as we shall exhibit in
Chapter 5). Blok and Pigozzi applied the term ‘algebraizable deductive system’ to those deductive
systems for which an equivalent algebraic semantics exists. In this chapter we investigate
‘algebraizable deductive systems’. For this reason, much of the material contained here comes
from the Memoir [BP89a]. Blok and Pigozzi’s investigation into the subject continued in [BP89b],
(BP88] and [BP92] and in this chapter we collect a number of the characterizations of algebraizable
deductive systems that appear in these papers. In fact, we combine all these characterizations in
one theorem, namely Theorem 3.1.11. Following that theorem, we present results that focus more
explicitly on the equivalent quasivariety semantics (Definition 3.1.4) and the ‘defining equations’
(Definition 3.1.2) and ‘equivalence formulas’ (Definition 3.1.4) of such a deductive system. We

also consider fragments and extensions of deductive systems.

Section 3.2 is concerned with a special class of algebraizable 1-deductive system, namely
those that satisfy the so-called ‘Gddel rule’ (G-rule, for short). This class of 1-deductive systems
contains a number of well-known deductive systems (as will be pointed out in Section 3.3). Of
interest to us is the fact that the logical property of satisfying the G-rule corresponds to an
algebraic property of the equivalent quasivariety semantics. In particular, the equivalent
quasivariety semantics of an algebraizable 1-deductive system that has the G-rule is relatively T-
regular (as defined in Section 0.4) with respect to a constant term T. Conversely, every relatively

T-regular quasivariety is the equivalent quasivariety semantics of an algebraizable 1-deductive
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system that has the G-rule.

Finally, Section 3.3 provides a number of examples of deductive systems that exemplify

some of the results of the first two sections.

3.1 ALGEBRAIZABLE k-DEDUCTIVE SYSTEMS

Unless stated otherwise, we shall assume that a language £ is fixed and that k is a fixed, nonzero
natural number. Let % be a quasivariety of type £, and recall from Section 0.2 that Id (P) is the

set of all identities v ~ ¢, where ¢ and 9 are L-terms over P (i.e., L-formulas). We have the

following:

3.1.1 LEMMA

Let %6 be a class of L-algebras. Recall that %Q is the quasivariely generated by 3.

(i) |Fg is structural, (ie., for all T CId(P), p~¢ €Id(P) and each substitution o, if
I'|=q; ¢ = ¢ then o(T) [=¢; 0p ~ 03p). [BP89a, Lemma 2.1]

(i) !:% is finitary if and only if |=E)G coincides with IZSGQ' (We say that I‘_'ﬂG is finitary if for
all T C1d(P) and p =y € Id(P), T |=4; ¢ ~ ¢ implies that there exists a finite I CT such
that T Fq e y.)
Proof. (i) Let A€%. For a formula 9(7) = 9(py, py,...) (i-e., an L-term over P), a

substitution o and an interpretation @ = ay,a,,... (with @(p;) = a; for each i) of the variables of ¥

in A, we have (¢9(p))*(@) = (9(7P))A(@) = ¥*((¢p)*(@)). Now, suppose I |=q; ¢ ~ ¢ and that a

is an interpretation of the variables 7 of ' U {p,%} in A. If (¢¢)A(@) = (en)A(@) for all ¢ & n €T,

then (A((0)2(@) = PA(ep)M(@) for all (mneT, hence wA(2p)Ma)) = YA((p)A(@) since
A €% and the map p,-r—»(opz-)A(E) is an interpretation of P in' A. This means that (cp)A@) =

(azp)A(E), hence {e¢ = on;(~n e} |:3(; op = o, implying that |:ﬂG is structural.

(ii) Suppose that ’:3(5 is finitary. Since % C %9, we have |=5CQ C [:SG. For the reverse inclusion,
suppose that I' |=¢c ¢ & ¢. Then there exists a finite [’ CT such that I Eq ey If V=

{¢;=ny,..., ¢, =n,} then T’ =4 ¥ = ¥ is equivalent to (see Section 0.4)
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g G & & Cumn) > pa g
This is a quasi-identity, hence it is also satisfied by %Q, from which we deduce that

I |:SGQ @ = 1, which implies that T !:%Q ¢ ~ 1, hence [=3G - |:3GQ'

Conversely, suppose ’:f]G coincides with IZ%Q and that T |:f]G YR Y. Then
r IzﬂGQ @ ~ 1. By the Lemma 0.4.4, we have that for each A € % and each interpretation @ of the
variables of TU{p, 9} in 4, ©4({(¢A@),7%@); ( ~n€eT}) 204(pA@), v (). Since the
lattice CongcA is algebraic (Proposition 0.4.3) and GﬂAG(goA(E), 4A(@)) is compact in CongcA, there
exists a finite I'' C T such that
O ({(cM@), (@) ¢ ~ 1 € T'}) 2 OA(pA@), ¥A(@)).

By the Lemma 0.4.4, this implies that T’ IZ%Q ® &P, so |=3G is finitary. a

The above lemma shows that for a quasivariety %, the relation I:% is both structural and
finitary. We also have that the relation l:% satisfies the following properties, for all I', A C Id (P)
and p = ¢ € [d(P),

ifo~xy €l thenl |=3Ggozt/),

if T |=%<pz1pandl“§A, then A |:5Ggpz1/},

T =g p~¢and A [=%Cznforall§zner, then A |=9{;<,0$31/).
Thus the relation IzﬂG satisfies properties similar to those that define deductive systems (the
difference being that l:SG is a relation between sets of identities and single identities). The 2-
deductive system S% is also an attempt to present the quasi-equational theory of a quasivariety ‘flG
as a deductive system in our sense. The relation !:5(3 is reproduced without any loss of information
as F o in this construction as all that is done is to replace the formal expression ¢ ~ ¢ by the
formal expression (¢,1). Later we show that with certain quasivarieties it is possible to associate a
1-deductive system. Nevertheless, the strong connections between quasivarieties in general and k-
deductive systems should not be overlooked. In Theorem 3.1.11, we show that a k-deductive
system can be considered algebraizable (in a soon to be defined sense) if and only if it is equivalent

to the 2-deductive system associated with a quasivariety.

More precisely, we have the following connection between |=% and F S%: For all

I CId(P) and p = ¢ € Id (P),
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(3.1.1) I'l=g p~¢ ifandonlyif {(¢,n);¢~neT}F S (¢, ¥).
To see this, recall from Theorem 1.8.9 that Mod*SSG is a matrix semantics for Sgc» hence the right
hand side holds if and only if

(s CxneT) Fyppes (8)
if and only if {(¢n);¢=neTtE 4 (v¥)
for every A= (A, 1,)€ Mod*SSG. In turn, this holds if and only if, for every A € % and every
interpretation @ of the variables of I and (¢,9) in A4, <pA(E) = 1/)A(E) whenever ¢A(a@) = nA(E) for

all { @ €Tl. This is precisely what the left hand side of (3.1.1) says.

3.1.2 DEFINITION

Let S be a k-deductive system. A class 3% of algebras is called an algebraic semantics for S if there
exists a natural number m >1 and l-formulas 6,(p),...,6,,(p), and &,(p),...,c,,(p), where
P =(py,...,Py) is a k-variable, such that for all I' C FmF and pE ka,

(3.1.2) Tkgy ifandonlyif {6(¥)=c,(¥);p€T,i<m} =g {6,(p) =c,(p); i <m}.

Then é,(p) = €;(p),-..,6,,(p) = €,,,(p) are called defining equations for S and %.

We shall be using (3.1.2) fairly often, so it would be a good idea to introduce an
abbreviation for it. If 6,(p),...,0,,(p) is any system of 1-formulas in the k-variable
P =(pq,..., Pg), then, for any ¢ € Fm¥, we abbreviate the system 6,(¢),...,6,.(¢) by 8(p). We
similarly abbreviate the system sl(<p),...,e:m(<p)‘ by &(p). A system §,(p) = e(p),...,
6,2(P) = €,,(p) of defining equations is written as 8(p) =~ e(p). We then abbreviate (3.1.2) as

(3.1.3) I+ gy ifand only if {8(y)~ e(¥); ¥ €T} =4 8(9) ~ e(p).

Note that since F g is finitary, we can always take I' to be finite in (3.1.3). Then the
right-hand side of (3.1.3) holds if and only if % satisfies
(& 80)~ ew) = 8(0) > ei(o),
for each ¢ < m. This is a system of quasi-identities, hence they are also satisfied by %9. So (3.1.3)

holds when % is replaced by SGQ, which leads to the following:

3.1.3 COROLLARY

If % is an algebraic semantics for a k-deductive system S, then so is %9. 0
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An algebraic semantics that is a quasivariety (resp. variety) is called a quasivariety (resp.
variety) semantics. As a result of the above corollary we get that a k-deductive system has an

algebraic semantics if and only if it has a quasivariety semantics.

Consider the Classical Propositional Calculus (CPC) introduced in Section 1.1. The
Validity and Completeness Theorems of CP C combine to give the following:
(3.1.4) F'Fgpoy ifandonly if {y~T;¥€Tl}|=,p=T
ifand only if {¢Y~T;y €T} Fa p~T.
If we set 6(p) = p and ¢(p) =T, then (3.1.4) corresponds to (3.1.3). Thus both the singleton {2}
and the class BA form algebraic semantics for CPC. Since BA is a variety, hence also a
quasivariety, we have that BA is a variety semantics for CPC. Recall that BA = {2}%,

illustrating the previous corollary.

3.1.4 DEFINITION

Let S be a k-deductive system and % an algebraic semantics for § with defining equations
8(p) = e1(p)s...,6,,(p) = €,,(p). The class % is said to be an equivalent algebraic semantics for S
if’ there exists a natural number n>1 and a finite system A;(p,q),...,A,(p,q) of k-formulas in
two variables such that, for all ¢ & ¢ € Id(P),

(3.1.5) ey =|l=q {6,(A(0,¥) me(A(0,¥));i <m; j <n}.

Then A,(p,q),...,A,(p,q) are called equivalence k-formulas for S and %.

Note that the A;’s are k-formulas in two variables and not in two k-variables. As the
terminology suggests, a system of equivalence k-formulas for S, as defined here, will turn out to be
a system of equivalence (in fact, congruence) k-formulas for S, in the sense of Section 2.3, having
additional properties also: see Theorem 3.1.11. Again, (3.1.5) could do with some abbreviating.
We write A(p,q) for the system A;(p,q),...,A,(p,q) of k-formulas. Let §(A(p,v)) = e(A(p, )
stand for the set {§;(A;(¢,¥)) =~ €,(A;(p,¥));i <m;j<n}. Then (3.1.5) is abbreviated as

(3.0.6) o~ ¥ =ll=g 5(Ap, ) ~ (Al ).

It is evident that (3.1.6) is equivalent to a set of quasi-identities just as (3.1.3) is. (The set

of identities on the right is finite.) So (3.1.6) must also hold for %9. This leads to the following;:
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3.1.5 COROLLARY [BP89a, Corollary 2.11]

If % is an equivalent algebraic semantics for a k-deductive system S, then so is %Q. a

An equivalent algebraic semantics that is a quasivariety is called an equivalent quasivariety
semantics. If an equivalent quasivariety semantics is a variety, then it is called an equivalent
variety semantics. The above corollary implies that a k-deductive system has an equivalent

algebraic semantics if and only if it has an equivalent quasivariety semantics.

In the case of CPC and BA, a system of‘ equivalence (1-)formulas is given by
A(p,q) = p+q. If we take BA as the algebraic semantics, then (3.1.6) becomes
(3.1.7) prYp =g poy=T.
To see that this indeed holds, recall that in the language of BA, @< is defined as
(p— %) A (¥ — @), which is defined as ((—¢) V¥) A ((—¥)V ). The implication from left to right
in (3.1.7) is obvious, since (~p)Ve~T. Now, suppose ((-m@)VY)A((-¥)Ve)~T. This
implies that (-¢)V4¥ =T and (~¢)Ve ~T. Using identities of BA (see Section 0.2), we get
that BA satisfies the following:
erpATmeA((~e) V)= (pA(-p))V(pAY)
~ LV(eAY)=(=T)V(eAY) = (= ((m¥) V) V(e AY)
R BA )V (P AD) S DA(~0) Vo) M BAT
~ Y,

hence (3.1.7) holds. By Definition 3.1.4, BA forms an equivalent variety semantics for CP C.

3.1.6 LEMMA [BP89a, Corollary 2.9]

If % is an equivalent algebraic semantics for S with defining equations 6,(p) = e (p),...,
S(P) ~ e, (p) and equivalence k-formulas Ai(p,q),...,A,(p,q), then, for every T CId(P),
o~ eld(P) and ¥ € Fm¥,

(1) TEgemv ff {An);C=neT}F sA(p¥),

(i) 94k s{A(6,(9),e,(9)); i <m}.

Conversely, if there exists a system 6,(p),...,8,.(p), €1(P)...,&,,(P) of 1-formulas in one k-

variable and a system A(p,q),..., A (p,q) of k-formulas in 2 variables that satisfy (i) and (ii),
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then % is an equivalent algebraic semantics for S with equivalence k-formulas Ay(p,q),..., A (p,q)
and defining equations 6,(p) = £,(p);...,0,,(P) = €,,(p).
Proof. (=)
D {An);C=nETIF 5A(p,9)
iff  {8(A((,m) = e(A(Gn); (& n €T} =g 8(A(p,¥)) = e(A(p, ¥)) [by (3.1.3)]
iff Tl prt [by (3.1.6))].
(i)  IAF s{A(§;(9),e,(d)); i < m}
iff  6(J) = e(9) =[l=q¢ {8(A(8;(9),6,(9))) = (A(§;(9),¢,(9))); i < m} (by (3.1.3)]
i 8(9) ~ e(9) =[l=q; {6,(9) ~ ;(¥);i <m} [by (3.1.6)].

The last condition is certainly true, hence (ii) holds.

For the converse, suppose I' C Fm* and ¥ € FmF. Then 'k ¢4 if and only if
{AG;(m),e;(m); neT; i <m}t g {A(§;(9),6,(9)); i < m} [by (ii)]
iff  {8(n) ~ e(n); n €T} [=q; 6(9) ~ €(¥) [by (1)1,
hence (3.1.3) holds. One can see that (3.1.6) holds from the following:
o~y =ll=q 8(Ap,¥)) = e(Ap, )
it Alp,¥) 4 F g {A(6;(A(p, %)), e,(Alp, ¥))) ;1 < m} [by (i)]

iff  Alp,¥) 1 F s A(p,¢)- by (i1)] o

The idea of an algebraic semantics is to interpret F ¢ in I:%, i.e., to translate the
statement '~ g (TU {9} C Fm*) into a corresponding algebraic one, as done in (3.1.3). This
means that it is possible to determine whether or not I' - g ¢ purely by considering a corresponding
relationship in the equational theory of %. The idea of an equivalent algebraic semantics extends
this idea to allow one to interpret |=% in F g as well, i.e., to translate the statement I’ }:% (=
(TU{¢ = n} CId(P)) into a logical deduction, as done in Lemma 3.1.6 (i). Similarly, this allows
one to decide whether T |:3G(,' ~n by considering a corresponding statement about S. Most
importantly, these two interpretations are inverse to one another in the following sense: Suppose ¢
is a k-formula. Applying the defining equations, we get the identities 6,(¢) = €,(), i < m. Now,
applying the equivalence k-formulas to these identities, we get the set of k-formulas
{A(S,(p),e;(p)); i <m}. Lemma 3.1.6 (ii) is precisely the statement that this set and ¢ are inter-

derivable. On the other hand, suppose { = 7 is an identity. Applying the equivalence k-formulas
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we get the k-formulas A((,n). Then, applying the defining equations, we get the identities
8:(A(¢,n)) = €,;(A(¢,m)), i <m. The statement (3.1.6) of Definition 3.1.4 says precisely that these

identities are equivalent to { = n over %.

(In the above discussion we have used the expressions ‘interpretation’ and ‘equivalence’ in
a natural but loose way. These words were given precise definition in Section 1.9. In Theorem

3.1.11, we shall see that our intuitive usage is consistent with the definitions of Section 1.9.)

Note that conditions (i) and (ii) of Lemma 3.1.6 are not used in the definitions of algebraic
and equivalent algebraic semantics. In fact, Lemma 3.1.6 shows that they are consequences of
statements (3.1.3) and (3.1.6) (and vice-versa). In the case of CPC and BA, Lemma 3.1.6 (i) and
(ii) correspond to the following: For every set I' of identities, every identity ¢ a~ v and every
formula ¢,

PlEg ey iff {{—n;¢=nelttgpcr—,

The idea that a k-deductive system can be equivalent to a class of algebras with respect to
two interpretations which are mutually inverse in the above sense has led Blok and Pigozzi to
propose the following definition of algebraizability of deductive systems in [BP89a] for 1-deductive

systems, and more generally in [BP94].

3.1.7 DEFINITION
A k-deductive system is called algebraizable if there exists an equivalent algebraic semantics for it.

A k-deductive system is called sirongly algebraizable if there exists an equivalent variety semantics

for it.

Note that since the class BA of all Boolean algebras is a variety, our earlier remarks show

that CP C is strongly algebraizable.

We immediately have the following corollary regarding fragments of deductive systems.
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3.1.8 COROLLARY [BP89a, Corollary 2.12]
Let S=(L, Fg) be a k-deductive system. If S is algebraizable, then so is any L'-fragment of S,
where L' contains all the connectives that occur in a system of equivalence k-formulas and defining
equations for an equivalent quasivariety semantics % of S. Moreover, if %' is the class of all 2'-
reducts of members of %, then S%’' is the equivalent quasivariety semantics for the L'-fragment of
S and the equivalence k-formulas and defining equations of S and % continue to function as such
for the L'-fragment and S %'

Proof. 1t is clear that the conditions (i) and (ii) of Lemma 3.1.6 continue to hold when S is
replaced by its £’-fragment and % is replaced by %', hence the L'-fragment is algebraizable with
equivalent algebraic semantics %’ and the same defining equations and equivalence k-formulas as

S. By Theorem 0.4.2, (%')? = S%’, which completes the proof. ]

The following theorem presents necessary and sufficient conditions for a quasivariety to be

the equivalent quasivariety semantics of an algebraizable 1-deductive system.

3.1.9 THEOREM [BKP, Theorem 2.5]
Let % be a quasivariety. Then 36 is the equivalent quasivariety semantics of a 1-deductive system if
and only if there exist binary formulas Ay(p,q),...,A,(p,q) and unary formulas 6,(p),...,6,,(p)
e1(P)y-- v, E(p) such that % satisfies
(i)  8;(8(pp))=e;(Ap,p)) foralli<n and j<m,
@) (&, & 800 ~edpa) = rra

Proof. (=) If % is the equivalent quasivariety semantics of a 1-deductive system S, say,
then (3.1.5) holds, and this implies both (i) and (ii).
(+) Suppose the described A}’s, 6j’s and sj’s exist. Define a 1-deductive system S = (2, I g) as
follows: Let £ be the type of . For I' C Fm_& and ¢ € FmL, let

Tk ¢ if and only if {6(¥) ~ e(¥); ¥ €T} |=4; () = &(¢).

By Lemma 3.1.1, + g is both structural and finitary. Since the conditions (1.1.1), (1.1.2) and
(1.1.3) hold trivially, S is a deductive system. To show that 6,(p) = ¢{(p),...,8,,(p) = €,,(p)

forms a system of defining equations for § and %, we need to show that (3.1.3) holds. But this is

an immediate consequence of the definition of F . To show that A (p,q),...,A, (p,q) forms a
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system of equivalence formulas for § and 3% we must establish (3.1.5). The implication from right
to left follows immediately from (ii), and the implication from left to right follows from (i). By
Definition 3.1.7, S is algebraizable with equivalent quasivariety semantics 3%, defining equations

6,(p) = £1(p);---,6,m(p) ~ €,,(p) and equivalence formulas Apy ). AL (Dyg). a

The following lemma extends [BP89a, Lemma 2.13] to k-deductive systems.

3.1.10 LEMMA [BP89a, Lemma 2.13]
Let S be an algebraizable k-deductive system with equivalent algebraic semantics % and equivalence
formulas Ay (p,q),...,A,(p,q). Then, for all p,9,9 € Fm, we have
() FsAlpy)
(i) Alp,¥)F sAW9),
(iii)  Alp,¥), A,9) b s A, D),
(iv) If 9 =9(p,T), where p does occur in ¥ and ¥ is a list of all variables in ¥ other than p, then
Alp,¥) F 5 A(S(p,7), (3, 7).
Proof. Parts (i), (ii) and (iii) are all similarly proved, so we shall only prove (iii) and (iv).
By Lemma 3.1.6 (i), (iii) holds if and only if p = ¢,y = ¢ |=3(; ¢ & 9, and this is obviously true.

Now, (iv) holds if and only if ¢ ~ ¢ I‘—‘% I(p,7) = (¢, 7), which is clearly also true. O

The following theorem combines results from the sources [BP89a], [BP89b] and [BP92].
The conditions (i), (ii), (v) and (vii) are from [BP89a), (iii) and (iv) appear in [BP92] and (vi) and
(viil) appear in {BP89b]. The results from [BP89a] have been suitably generalized to k-deductive

systems.

3.1.11 THEOREM

Let S be a k-deductive system. The following are equivalent:

(i) S is algebraizable.

(i)  There exists a system A(p,q),...,A (p,q) of k-formulas in two variables and a system
61(P)y+-+6,(P)s€1(P)y- s Epy(P) of 1-formulas in k variables py,...,p; such that for every
e, € Fm,

(1)  FsAlp ),
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(2)  Alp, ) F s A,e),
(3)  Alp¥), A, 9) F 5 Alp, V),
for every f € L with ar(f) =¢, and <,ol,...,<pe,¢1,...,d)e € Fm,
(4)  Alpp¥y) - Al g F s A(f (15000 f(B1,- 5 0p))
and, for every 9 € ka,
(5)  9AF s{A(9),e,(9)); i <m}.
(iii) S has a finite system A;(p,q),...,A,(p,q) of congruence k-formulas without parameters and
a system 61(p),...,5m(p),61(p),...,6m(p)‘ of 1-formulas in k variables such that
9 F g {A@E;(9),6,(9); i <m}  forall 9 € Fm*,
(iv) For every S-matriz A = (A, F.A>’ the Leibniz operator QA:FiS.A—>ConA ts monotonic,
continuous and injective.
(v)  2:ThS — ConFm is monotonic, continuous and injective.
(vi)  There ezists a quasivariety % such that Q(ThS)=ThSq and Q:ThS—ThSy is an
1somorphism.
(vii) There exists a quasivariely 3% and an isomorphism f:ThS——'Tth that commutes with
substitutions.
(viii) There exists a quasivariety % such that S is equivalent to S% (in the sense of Definition
1.9.1).
Proof. (i)=(ii) Suppose S is algebraizable with equivalent quasivariety semantics %,
defining equations 6,(p) =~ £,(p)...,0,,(P) ® ¢,,(p) and equivalence k-formulas A,(p,q),...,
A, (p,q). We claim that these systems satisfy (1) to (5). The first three are proved in Lemma

3.1.10 and condition (4) follows easily from Lemma 3.1.10 (iv) and (3). Condition (5) is proved in

Lemma 3.1.6, hence this implication is true.

(ii)=>(iii) Let Ay(p,q)s..., A, (P,q) and 6;(p),...,0,,(P)€1(P),...,€,,(p) be as in (ii). All we need
to show is that A;(p,q),...,A,(p,q) forms a system of congruence k-formulas without parameters
for S. We first show that A;(p,q),...,A,(p,q) is a system of equivalence k-formulas without
parameters as defined in Definition 2.3.1. Condition (1) with p replacing ¢ is the necessary
(2.3.1)". To see that (2.3.2)' holds, let p,q, Zyy..., 2 _ 1 be distinct variables. Let £ <k and let 7,

Z [p/€] and % [¢/€] be as defined in Section 2.3. Observe that an (inductive) generalization of (4),
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replacing f € £ by any n € Fm, is clearly true. Note that each §; is a formula, so it follows from
this generalization of (4) that
(3.1.8) Alzyy2)y 0 A(zg _izg 1) AP, 0), Alzgy2p)s- o Az _ 1,25 _ 1) F g
{AG,(Z [p/€)),6,(Z [a/€]); i < m},
and, similarly,
(3.1.9) Az zy)se s Alzg_ 1z ) AP 0), Alzgzg) - Az Ly 25 1) b g
{A(e,(Z [p/2),e(Z [9/0])); i < m},
Using (5) and (2), respectively, we have that
(3.1.10)  Z[p/t A+ {AG(Z [p/U)ei(Z[p/E]));i<m} Ak
{A(e,(Z [p/€]),6,(Z [p/8])); i < m}.
Collecting all these results together, we get
¥ (p/8, AP, 9) b s T (p/€ Alzyy2)se - Alzg _ g _ ) APi0) Alzg 2g). s Al2g _ 112 1)
by (1), hence, by (3.1.8),
Z{p/C AP, ) b s Z (/8 {A(S:(Z [p/2]),6,(Z [g/8])); i < m}.
By (3.1.10),
Z[p/, AP, ) b s {A(;(Z [p/0), 6% [p/€])); i < m} {A(S(Z [p/2]),6,(Z [a/2])))5 i < m},
hence, by (3) and (2),
Z[p/t AP b s {A(e(Z [p/8]),8:(Z [a/1])); i < m}
and Z[p/tAlp, ) F s {A(,(Z [9/8)),,(Z [p/0])); i < m}.
By (3.1.9),
¥ (p/L AP 9) F 5 {AG;(Z [p/0),€,(F [a/]); i < m),
hence, by (3) and (5)
Z[p/t, Alp, ) F s {A(6;(Z [a/0]),€(Z [9/€])); i < m}
and Z[p/t,Alp, ) F 5 % [a/¢],
and so (2.3.2)’ holds and A,(p, q),...,A;(p,q) form a system of equivalence k-formulas without

parameters for S. The result now follows from Definition 2.3.1, Definition 2.4.1, (4) and

Proposition 2.4.3.

(iii)=>(iv) By Definition 2.5.1, S is a congruential k-deductive system, hence, by Theorem 2.5.6,

Q.A is monotonic and continuous for each S-matrix A = (A, F.A>' To see that Q.A is injective, let
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F,Ge Fi® A such that QAF = QAG. Let a € A* and let p be any k-variable. Then a can be
considered an interpretation of p in A. By assumption, p 4 F ¢ {A(é,(p),¢;(p)); ¢ < m}, hence
acF iff AlsMa),eMa))eF forallt<n;i<m
iff (6:‘(a),5?(a)) EQF foralli<m [by Theorem 2.4.2]
iff  (62(a),eMa)) €Q G foralli<m
iff Af(6Ma),eMa))€G forallé<n;i<m  [by Theorem 2.4.2]
iff aed,

hence F = G, implying that Q.A is injective.
(iv)=(v) Take A= (Fm,Cng(0)). Then Q ; = Q, so the result follows trivially.

(v)=>(vi) Set K = {Fm/8;0 € Q(ThS)}, and let % be the quasivariety generated by K. Recall
that the Sq-theories are exactly the J-congruences of Fm (see Section 1.7), so we need to show
that 2 is an isomorphism between ThS and Cong:Fm. For each § € Q(ThS), § is obviously a %-
congruence of Fm (since Fm/# € %), hence Q(ThS) C Cong:Fm. For the reverse inclusion, we need
the following

Claim: Let # € Q(ThS) and let A:Fm— Fm/# be any homomorphism with the property
that for each p € P, hp € Fm/0 is the image under h of an infinite number of variables. Then the
kernel of h is of the form o ~1() for some surjective substitution ¢ : Fm — Fm.

Proof. We shall construct a surjective substitution o such that ¢p € hp for each variable p.
Recall from Section 1.1 that P = {p;,py,p3,...}. Let @ = {gy,95,¢5,...} where g; =p, for all j.
Set op; = q;, where i is the least integer such that g; € hp;. Then op, € hp, as required. Now
reorder the set @ by simultaneously renaming ¢; as ¢;, ¢; as ¢y, ¢, as ¢3,..., ¢; _; as gq;. Set
opy = q;, where i is the least integer such that i > 1 and g¢; € hp,. Then op, € hp, as required.
Now reorder @ by simultaneously renaming g¢; as ¢,, ¢, as ¢s,..., ¢; _, as ¢;. This process can be
continued for all i<w because at every step there are infinitely many variables ¢ in
{q,-+1,q,~+2,...} for which g € hp;, by assumption. If we complete this induction, then we will
have constructed a bijective map o: P — Q, viz., 0:p;—¢;, that extends to a surjective substitution
(since @ = P) which we will also call o, such that op € hp for each p € P. Note that hp = (op)/8

for each p € P.
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Let f:Fm— Fm/§ be the canonical homomorphism. Then (foo)p = f(op) = (op)/8 =
hp for each p € P. Since f oo and h agree on the generators of Fm, we have that f oo = h. Now,
(p,¥) € keth iff hp = hy iff f(op) = f(oy) iff (cp,0¢) €0 iff (p,¢) €0~ 1(d), hence kerh =

o ~1(8), which proves the claim.

Let ® € Con%Fm, and assume first that ® is finitely generated, say ® = @g(;m(l‘) for some
finite ' C Fm?  Suppose that (p,¥) € ®. By considering the S%-matrix (Fm, ®), we get
T# Sqc (p,%). By (3.1.1), we have that this is equivalent to {n ~ ¢; (n,¢) € '} [#q; ¢ & 9. Since I’
is finite, this can also be written as
(3.1.11) g ( (n,c&fernzc):><pz¢'

Since ¥ is generated by K, there must exist Fm/f# € K such that the quasi-identity in (3.1.11) fails
in Fm/0. Thus there exists an interpretation h(%w):Fm—»Fm/G' of the variables of P in Fm/§
such that

(3.1.12) h(%wn = h(% w)C for each (n,{) € ', but h(%w)cp # h(‘p,d})w‘

Let X C P be the set of all variables occurring in any of the ({,n) €T or in (p,¥). Since I is
finite, X is finite as well, hence the set of all variables not in X is infinite. Without affecting
property (3.1.12) of h(%d))’ we could modify h(%tﬁ) by mapping those variables not in X anywhere
we want to. Since P — X is countably infinite and the set {h(%d))p € Fm/8; p € P} is countable,
we can define a map 7:(P—X)— Fm/6 in such a way that h(‘p,‘p)p is the image under 7 of
infinitely many variables of P — X for each p € P. If we now define hz‘p'd)):Fm—»Fm/ﬁ by
specifying that hz%d))p = h(%d))p for all p € X and hz% wP=TP for all pe P— X, then h(%tﬁ)

still satisfies (3.1.12) and it also satisfies the hypothesis of the Claim.

! /

Now (p,1) & kerhz%w, but ' C kerh(¢’¢), hence ® = @g‘Gm(F) gkerh(%,‘b) since kerh(%w
is a %-congruence (by the Homomorphism Theorem, Fm/kerh(‘P ) = h((p ¢)(Fm) €S(Fm/8) C
%). Since (¢,1y) was an arbitrary element satisfying (p,%) ¢ ®, we may construct an h(so ) with
the aforementioned properties for any such (y,v) and we have that
@ C N{kerhl, ;s (v v) £ B).
The reverse ‘inclusion also holds, because if (p,%) ¢ ® then (p,¢) ¢ kerhz o) (by construction of

2%11))), therefore we have

¢ = n {kel’hzwyd}); (‘Pv ¢) ¢ q)}a
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where each kerhz‘p"p) € ThSy. By the claim, each kerhz%w) is of the form ¢ ~1(4) for some
surjective substitution ¢ and some 6 € Q(ThS). By Corollary 1.8.6, kerhz‘P ¢):a—1(0)e
Q(ThS), hence ® is an intersection of elements of Q(ThS), so Corollary 2.1.5 gives us that

® € Q(ThS).

Now, suppose that & is an arbitrary %-congruence. Set
C= {@g(;m(l"); I' C® and T is finite}.
Then & = [JC since ThSq is an algebraic lattice under set inclusion, by Lemma 1.5.2. By the
above, CC Q(ThS), say C={QT;;i€ I}, where T,€ ThS for each i€ I. We claim that
{T;; i€ I} is upwardly directed. For suppose T,T;e {T;;i€1I}. Then there exist T}, r,ce
such that I';,T; are finite and QT; = OF™(T,) and QT ; = OF™(T;). Set QT , = OF™(I,UT )€ C.
The assumption that Q is monotonic implies, by Corollary 2.1.5, that
QT,NTy =QT,NQT,

= O§™(T;) NOF™(T,UT;)

= @gg‘“(l“ i)

=QT,.
The assumption that Q is injective implies, therefore, that T,.nTE =T, ie., that T, C TZ' It
follows similarly that Tj - Té’ hence the set {T';;:€ I} is directed. Now, we can use the
assumption that € is continuous and deduce that

@=Uc=ar;=a( YT,
i€l 1€l

hence @ € Q(ThS). This proves that Cong:Fm C Q(ThS) and hence that (ThS) = Cong:Fm.

Finally, in view of Lemma 0.1.1, we need to show that Q is order reflecting (we have
assumed that € is order preserving and injective). So, suppose T,U € ThS such that QT C QU.
Since {2 is monotonic, Corollary 2.1.5 implies that Q(TNU) =QT NQU = QT. Consequently,

since ) is injective, we have that TNU =T, i.e., T CU.

(vi)=(vii) Assume that Q:ThS —»Tth is an isomorphism. To prove this implication, we shall
show that Q commutes with surjective substitutions and employ Theorem 1.9.4. Let o be a
surjective substitution and T € ThS. We first show that ”S%(QT) CQog(T).  Take

(py¥) € o(QT) with, say o’ = ¢ and o9’ = ¢, where (¢',9') € QT. Assume that (yp,) ¢ Qog(T).
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By Definition 1.7.1, there exists a ((p,7) € Fm* and formulas 7 such that, say, {(¢,7) € o4(T)
and ((v,7) € c5(T). Let u be a list of the variables occurring in 7 and let p’ be a variable distinct
from all of these. Define ¥(p’,u) = {(p’,7) (so that J[7/p'] = {(7,7) for any 7 € Fm). Since ¢ is
surjective, we can apply Lemma 1.5.4, hence there exists a ¥'(¢,3) € Fm* such that
a(9¢'/q)) = do¢'/p'l = Lo, ) = ((p,7),

and a(¥[y'/q]) = doy'/p'] = {(o¥',7) = {(¥, 7).
So #(¢'/q] € o~ 1({(p,7)), hence #[¢'/q)€ o™ (o5(T)). Similarly, #[1'/q] ¢ ¢ ~Y(o5(T)). By
Definition 1.7.1, again, this means that (¢',¢') & Qo ~1(0cg(T)). Now, Q is an order-preserving
map by hypothesis, and T C U—I(O’S(T)), hence we have that (¢’,¢') € QT. This contradiction
implies that o(QT) C Qo g(T). Now,

754 (9T) = Cng, o(T) = OFme(QT) C OF™ (0 4(T)) = Qo4(T),

with the last equality following from the hypothesis that Qo ¢(T) is a %-congruence of Fm.

For the reverse inclusion, note that since O'S%(QT) is a ¥-congruence and 2 is a surjective
map, there must exist a U € ThS such that US%(QT) =QU. Then
QT Co~ 1(05%(QT)) =0~ }QU) = Qo ~{U),
by Corollary 1.8.6. Thus T C ¢~ }(U) since Q is an isomorphism, so o(T) C o(o ~ Y(U7)) = U since
o is surjective. Finally, o4(T)=Cngo(T)C CngU CU since U is an S-theory, hence

(vil)=>(viii) This is proved in Theorem 1.9.4.

(viii)=(1) Let 7={rl,...,7™} be an interpretation of § in Sq and p= {p',....p"} an
interpretation of Sq in § satisfying (1.9.2) and (1.9.3). Since Sy is a 2-deductive system, each T
is a 2-formula in one k-variable, ie., 7%= (Ti(pl,...,pk),Té(pl,...,pk)). We claim that
T} zT%,...,T;"zT;" form a system of defining equations for S and %. Let Fgka and
pE Fm*. Then
kg iff 7(I)F ST () [by (1.9.1)]
iff {r}($) = r§(¥); i < mp€T}=g i(p) m () for each j <m,

by (3.1.1). This shows that % is an algebraic semantics for S.
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Next, we claim that p,..., p" form a system of equivalence k-formulas for S and %. Note
that p' = (pi(pl,pz),...,pz(pl,p2)), for each i < n, i.e., each p’ is a k-formula in two variables.

Let (p,9) € Fm?2. Then

R (CR CRONN A CX0)) [by (1.9.3)]
s0 (0 9) F 5 AT 9)s- s A2 0D o (0, V), R0 )38 S s < )
o ¥ =g (T1(p(0, ) (0 ) = T3(PL(2, ¥)s -, PRl ¥)) 38 S s G <),
by (3.1.1). Thus % is an equivalent algebraic semantics for S and %, so S is algebraizable. O

It is evident from condition (iii) that an algebraizable k-deductive system is congruential,

hence also weakly congruential and protoalgebraic.

It is possible for an algebraizable k-deductive system to have more than one system of
defining equations or equivalence k-formulas. In the following theorem, however, we shall see that
different sets of equivalence k-formulas must be inter-derivable and that different sets of defining
equations must be equivalent over 3. We shall see, moreover, that the equivalent quasivariety

semantics of an algebraizable k-deductive system must be unique.

3.1.12 THEOREM [BP89a, Theorem 2.15]
Let S be an algebraizable k-deductive system. Let % and %' be two equivalent algebraic (resp.
quasivariely) semantics for S. Then %Q = %'Q (resp. X =%'). Let Ay(p,q),...,A,(p,q) and
61(p) ~ &y(P)s- 1 6,u(P) @ €,,,(P) be equivalence k-formulas and defining equations for S and %,
respectively, and let A’l(p,q),...,A;,(p, q) and &8i(p) =~ s'l(p),...,(s'm,(p) ) ein,(p) be equivalence k-
formulas and defining equations for S and %', respectively. Then
AY(pr @) APy g) A F s AP, 9)s. ., A(Py0),

and {6i(p) = €i(p); i <m'} =ll=g; {6;(p) m €i(p); i < m}.

Proof. We first prove that the two systems of equivalence k-formulas are inter-derivable. If
we consider that each Aj;(p,q) is merely an 2-formula, then, by Lemma 3.1.10 (iv),
(3.1.13) A(p,q) F s{A(A(pp), Ajj(py0))si < ', j < k)
In Theorem 3.1.11, we showed that the equivalence k-formulas of condition (i) satisfy (ii) and
thereby also (iii), i.e., Aj(p,q);...,AL(p,q) is a system of equivalence k-formulas as in Definition

2.3.1. Thus we get that (2.3.1)" holds, i.e., - ¢ A'(p,p), i.e.,
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(3.1.14) Fs{{Au(p, )., Al(p, p)); i < n'}.
Since (2.3.2)" also holds, we can use k applications of it to get, for each i < n’,
(3.1.15)  {Ay(pyp)s-- - A3l P)), {A(A (P ), AL (21 0))5 5 S kY F 5 (AL (P, )y -1 APy 9))-
So, from (3.1.13), (3.1.14) and (3.1.15) we get
A(p,0) F s {A(A (P p), A (P ) s i S 1’5 5 S kL {{AL (P, P)se o Ali(pyP))5 i < '),
so  Alp, ) F s {{Aj(pi )., Aip(pr)); i <0’}

hence A(p,q) F g A'(p,¢), and, symmetrically, A'(p,q) F ¢ A(p,q).

With this result we can now show that %% =%'Q. Let ( (; =~ 775) = px1 be a

&
i<t
quasi-identity over the language of S. We have that

%{=(i§ec,’”77i)=>¢%¢

iff {CGimn; i<l lFgg oy

iff {A(CHm); 1< G E g Alp,¥) [by Lemma 3.1.6 (i)]
iff {A'((m); i S F g A(p,¥) [by the above]

iff {¢;=n;;i<t} ]:%, oY [by Lemma 3.1.6 (i)]
o I _ i ~

iff % |—(,,§ec,-~n,):>so~¢

Thus % and %’ satisfy the same quasi-identities, i.e., % = %’Q. To complete the proof, we have
{6i(p) m €i(p); i <m'} ={l=¢¢ {6:(p) = ei(p); i <m}
it {A@(p)ei(p); i <m'}HF g {A(6,(p)ei(p)); i <m}
it {A(6i(p)ei(p));s i <m'} A F g {A(8;(p),e,(p)); i < m}
iff pAkgp [by Lemma 3.1.6],

which is clearly true. a

With the knowledge that the equivalent quasivariety semantics of an algebraizable k-
deductive system is unique, we now seek a description of it. In the following corollary we give one
in terms of the Leibniz operator of the matrix (Fm,Cng(0)). Furthermore, we show that the
equivalent quasivariety semantics satisfies each of the conditions (vi), (vii) and (viii) of Theorem

3.1.11.

3.1.13 COROLLARY

Let S be an algebraizable k-deductive system. Let % be the quasivariety generated by K =
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{Fm/0; 0 € QThS)} (as in the proof of the implication (v)=>(vi) of Theorem 3.1.11), i.c.,
3 = ISPPy(K). Then % is the equivalent quasivariety semantics for S and
(i) Q:ThS—»Tth is an isomorphism which commutes with substitutions,
(i) S is equivalent to Sec

Proof. Note that in the proof of Theorem 3.1.11, the quasivariety % defined here is proved
to satisfy condition (vi), and the same % is used for the proofs of (vi) = (vii) and (vii) = (viii) with
Q for f in (vii). In the proof of (viii)=>(i) it is shown that a quasivariety satisfying (viii) is an
equivalent algebraic (hence quasivariety) semantics for S. Consequently, we must have that % is

the unique quasivariety semantics for S, which completes the proof. ]

By Theorem 3.1.11 (vi), the Leibniz operator is an isomorphism from ThS onto the lattice
of %-congruences of Fm, where, by the above corollary, we can take % to be the equivalent
quasivariety semantics of 5. As is shown in the following corollary, the same holds for the Leibniz

operator associated with each matrix model.

3.1.14 COROLLARY [BP89a, Theorem 5.1]

Let S be a k-deductive system and %6 a quasivariety.

(i) The following are equivalent:

(i) S is algebraizable with equivalent quasivariety semantics %,

(") If A is an L-algebra, F , = (V{F C AR (A F) is an S-matriz} (i.e., F 4 is the least
subset of A¥ such that (A, F ) is an S-matriz) and A=(AF ;) then
QA:FiSJ.—> Con%A s an isomorphism.

(1)  Assume S is algebraizable with equivalent quasivariety semantics %, and let
6,(p) = e1(p),...,6,,,(p) = €,,,(p) be a system of defining equations for S and %. Let A be
an L-algebra, let F 4 be the least subset of A* for which (A,F.A) 15 an S-matriz, and let
A= (A, F.A)' For each ® € ConﬂGA, define

H 4(®)={ac A*; (6M(a),eMa)) € @ for i <m}.
Then H.A 15 the inverse of Q.A'
Proof.  The implication from (i) to (i’) is proved by taking A = (Fm,Cng(0)) and

employing Theorem 3.1.11 and the previous corollary. Assume now that (i’) holds, and that
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A(p,q),..., AL (p,q) are equivalence k-formulas for S and %. Let A = (A, F ) be as described in
(i"). By Theorem 3.1.11(iv) and Lemma 0.1.1, we need only show that Q2 4 maps Fi® A onto the
whole of Con%A and that Q.A is order reflecting. First we shall show that QAF is a %-congruence
for every F € FiSA. By Theorem 3.1.11(iii), A(p,q),...,A.(p,q) form a finite system of
congruence k-formulas without parameters for S, hence, by Theorem 2.4.2,

QF ={(a,b) € A?; Af\(a,b) € F for all i <n}.
Suppose that %= ( iizeﬁizni)bgozd),
or, equivalently, {{;=n;;i<8} |:flG » &Y.
Let @ be an interpretation of the variables of the (;,1,,¢,% in A such that ((?(6),77{“(5)) EQ F
for all ¢ < {. Then, by the above, we have that

AX¢A@),nM@) € F for all j <nand all i < ¢
Since ¥ is an equivalent algebraic semantics for S, Lemma 3.1.6 (i) implies that

{A(Cm);i<ns i< F g {Aj(p,9); j <n}.
Thus, since F' is an S-filter of A, we get A?(cpA(a),d}A(E)) € F for all j <n. Consequently,

(PP @), 42 @) € Q 4F,s0 A/Q 4F €%, implying that Q F is a %-congruence.

Next, we show that Q , is surjective. Let §,(p) ~ &,(p),...,6,,(p) = €,,,(p) be a system of
defining equations for S and %. Let ® € CongcA, and let H ,® be the subset of AF defined in part
(i) of this theorem. We show that H ,® is an S-filter of A. Suppose that I' 5 and assume
without loss of generality that T is finite. Let @ be an interpretation of the variables of I' U {¢} in

A such that $*(@) € H ;@ for all $ €T. Then (6X(y*(a)),cA (¥ (@) € @ for all p € T and i < m.

Now, 'k sop
iff {6(¥) = e(¥); Y €T} |=4; 8(p) = ()
iff {(8(4), e(¥)); b €T F sq; (8(9),€(9))-

Since ® € CongcA, (A,®) is an Sg-matrix. Thus, since (§M($A(@)),eM(¥™(@))) € @ for all peT
and i <m, we have that (§2(p™(a)),eM(¢™(@))) € @ for all i <m. Thus pA(a@) € H 4@, and so
(A, H 4®) is an S-matrix. Thus, F y CH ,®andso H @€ Fi°A. We claim that QH =2
By the above remarks, for all ab€A, (a,b)€Q H & if and only if
(62A%(a,b)),eMA%(a,b))) € @ for all i < m and j < n. Now, using (3.1.1), (3.1.5) becomes

(p,¥) 4 F Sec {(6:(A (e, ¥)),e(As(p:¥)))5 i Smy j < m}.
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Thus it follows that (6?(A?(a,b)),EiA(A]A-(a,b)))EtI> for each i <m and j<n if and only if

(a,b) € ®, which proves the claim that Q.AH.ACD = ®, and hence that §Q 4 is surjective.

Now, suppose that F,G are S-filters of A such that QAF - Q_AG. Since S is
protoalgebraic, we can apply Corollary 2.1.5 and get that
By Theorem 3.1.11 (iv), we have that Q.A is injective, so FNG = F, i.e., F C G, hence QA is order
reflecting. This proves part (i). Furthermore, this helps in proving part (ii), for now all that is
needed is to show that HAQ.AF = F for every F € Fi’A. Ifac Ak, then a € H.AQAF if and only
if (64(a),eM(a)) € (QAF)[k]. This holds if and only if A?(éi(a),e‘-(a)) € Fforalli<mand j<n.
But since F' is an S-filter of A this holds if and only if a € F, by Lemma 3.1.6 (ii). This proves

part (ii). a

As a sort of converse to the previous corollary, the following corollary shows that if the
class of reduced matrix models of an algebraizable k-deductive system is known, then it is possible
to give a description of the equivalent quasivariety semantics in terms of the reduced matrix

models.

3.1.15 COROLLARY [BP89a, Corollary 5.3]

Let S be an algebraizable k-deductive system. Then the equivalent quasivariety semantics for S, %
say, is the class of all algebra reducts of Mod*S, i.e.,

(3.1.16) % = {A;(A, F) € Mod*S for some F C A¥}.

Moreover, for each A € %, there ezists a unique F C A* such that (A, F) € Mod*S.

Proof. Let A =(A,F)€ Mod*S. Then F is an S-filter of A" = (A, F ,) where F , is the
least subset of A* for which (A, F.A> is an S-matrix. Clearly QAF=QA,F. By Corollary
3.1.14 (1), QAF is a %-congruence of A, so A/QAF € %. But since A is reduced, QAF =TI 4, hence
A= A/QAF € %. Conversely, let A € %, let FA be the least subset of AF for which (A, F.A) is an
S-matrix and let A =(A,F ;). Then I, is the least 3%-congruence of A and F 4 is the least §-
filter of A, hence, by Corollary 3.1.14 (i), F.A is unique in Fi® A such that QAFA =1,. Since F.A
is contained in any G C A* with (A, G) € ModS, F 4 is unique among subsets G of A with

Q4G =1, Thus (A, F ;) € Mod™S is the required S-matrix. a
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Returning to Theorem 3.1.11, we now show that the formulas defined in (ii) and (iii) there

can be taken as defining equations and equivalence k-formulas.

3.1.16 COROLLARY

Let S be a k-deductive system and % the class defined in (3.1.16). Let Ay(p,q),..., A, (p,q) be a
system of k-formulas in 2 variables and 6,(p),...,6,.(p), €1(P),...,€,,(P) a system of 1-formulas in
one k-variable. The following are equivalent:

(i) S is algebraizable with equivalent quasivariety semantics %, equivalence k-formulas

A(p,9)s..., AL (p,q) and defining equations 8,(p) = €,(p);...,6,,(p) = €,.(p).

(it)  The systems A(p,q),...,A(p,q) and 8(p),....0,.(p), &€1(P)...,e,(P) satisfy the
conditions of 3.1.11 (i1).
(1) The systems A(p,¢)....,AL(p,q) and 6(p),....0,.(P), €1(P)....c,,(P) satisfy the

conditions of 3.1.11 (iii).

Proof. That (1)=(ii) and (ii)=(iii) is evident from the proof of the respective implications
in Theorem 3.1.11. Assume that (iii} holds. We shall use Lemma 3.1.6 to prove the result,
namely, that A,(p,q),...,A,(p,q) forms a system of equivalence k-formulas and that
8,(p) = 1(p)s...,0,,(p) = ¢,,(p) forms a system of defining equations for S and %. Lemma
3.1.6 (ii) holds by hypothesis. For Lemma 3.1.6 (i), let ' CId (P) and ¢ = ¢ € Id (P). Then

{A(Gn); (mneTHE s A(p, ) iff {A((n); (an €T} = x5 Alp,¥),
since Mod™S is a matrix semantics for S, by Theorem 1.8.9. Let A = (A, F) € Mod*S. Then

{A(Gn); (mneT} = 4 Alp,¥)
iff for any interpretation @ of the variables of I and ¢ & ¢ in A,

AA(¢A@),nA(@)) € F for all ¢ x n € T implies AA (oA (@), v (@) € F
iff for any interpretation @ of the variables of I" and ¢ ~ 9 in A4,

(¢X@),n™(@)) € Q 4 F for all ¢ ~ n €T implies (pA(a),¥2(@) € Q (F  [by (2.4.4)"]
iff for any interpretation @ of the variables of T’ and ¢ &= ¥ in A,

¢A@) = (@) for all ¢ & €T implies oA @) = vA (@) [since Q 4 F =1 4]
iff Fl=pery.

By the definition of 3, we have the required result, namely

{A(C); (=neTtF sA(p,¥) iff T |=g o=y 0
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3.1.17 COROLLARY [BP89a, Corollary 4.9]
Let 5 be an algebraizable k-deductive system, lel $& be its equivalent quasivariety semantics and let
8(p) = e(p) and A(p,q) be defining equations and equivalence k-formulas for S and %. Then an
extension S’ of S with the same language as S is algebraizable and §(p) = g(p) and A(p,q) are
defining equations aﬁd equivalence k-formulas for S’ and its equivalent quasivariety semantics. An
arbitrary extension S’ = (L, F gn) of S is algebraizable if for every f € L" — L with ar(f) =,
and all gol,...,<pe,¢l,...,1/)e € Fm,

Al ¥y Alpg V) b gn A(f(P1se--209)s f (Y-, ¥g))-
In this case, 8(p) ~ e(p) and A(p,q) are defining equations and equivalence k-formulas for S and
1ls equivalent gquasivariely semantics.

Proof. Conditions (1) to (5) of Theorem 3.1.11 (ii) hold for S and they continue to hold
regardless of any additions to the axioms or the inference rules of S. Thus S’ is algebraizable and
by Corollary 3.1.16 the same defining equations and equivalence k-formulas continue to function as
such for §’. If §" satisfies the conditions of the present corollary, then it satisfies the conditions of
Theorem 3.1.11 (iii), hence it is algebraizable and, by Corollary 3.1.16, the same defining equations

and equivalence k-formulas continue to function as such for §"'. O

Note that if S’ is an extension of § obtained purely by the addition of axioms and
inference rules, then the equivalent quasivariety semantics 3%’ for S’ will satisfy all the identities
and quasi-identities of the equivalent quasivariety semantics ¥ for S (and possibly some more),

hence 3%’ will be a subquasivariety of 3.

The following theorem is perhaps the most useful in determining the equivalent
quasivariety semantics of an algebraizable k-deductive system (if the axioms and inference rules are
known). For here we give an explicit axiomatization based on the defining equations and

equivalence k-formulas.

3.1.18 THEOREM [BP89a, Theorem 2.17]
Let S be a k-deductive system defined by a set Az of azioms and a set It of inference rules of S.

Assume that S is algebraizable with equivalence k-formulas Ay(p,q),...,A,(p,q) and defining
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equations 6,(p) ~ &1(p);...,6,,(P) = €,,(P). Then the unique equivalent quasivariely semantics for
S is aziomatized by the identities
(i) b(p)=ec(p) forallp€ Ar and i <m,
(i) 6;,(Aj(p,p)) = e(Aj(p,p)) foralli<m and j<n,
together with the following quasi-identities
(1) ( iélm j&(zeéi(d)j) ~ 5.‘('/’j)) =>b,(p) ~ ep(p)  for each {#y,.- ¥} o) €I and h < m,
() (&, & 68 p0)~(Apa) = oo

Proof. Let %' be the quasivariety defined by (i)-(iv). We shall show that %’ is the
equivalent quasivariety semantics for S. The quasi-identity (iv) implies that

§(A(p,9) = e(A(p,9)) =g P~ 4,
and the identity (ii) implies that
P~ g 5A(P.0)) ~ (Alp,2)),
hence (3.1.6) holds. Let I' C Fm* and set
X = {p€ Frmk; {8(9) ~ e($); ¥ € T} rqes 8(9) ~ e(i0) ).
We shall show that (3.1.3) holds by showing that T' - 5 ¢ if and only if ¢ € X. From (i) it follows
that Az C X, and from (iii) it follows that X is closed under the inference rules of S, hence, X is
an S-theory. If ['F g then X F g¢ (since I' C X), so ¢ € X. Conversely, suppose that ¢ € X.
Let % be the equivalent quasivariety semantics of S. Then % satisfies (i)-(iv) (by (3.1.3) and
(3.1.6)), so % C %’. Since p € X,
{8(8) ~ e(9): ¥ € T} =gy 8(9) ~ e(0),

hence {6(¥) = e(4); ¥ € T} =g; 6(p) = (o)

By (3.1.6), I'F g . O

Since the notion of equivalence is an equivalence relation on the class of deductive systems,
we obtain the following result from the remarks following Proposition 1.9.2 and Theorem

3.1.11 (viii).

3.1.19 THEOREM
Let S and S, be equivalent deductive systems. Suppose that Sy is a k-deductive system and 8§, is

an €-deductive system and let T be an interpretation of S| in S, and p an interpretation of S, in
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S, such that (1.9.2) and (1.9.3) hold. Let S, be algebraizable with equivalent quasivariety
semantics %, defining equations 8(p)~ e(p) and equivalence k-formulas A(p,q). Then S, is
algebraizable with equivalent quasivariety semantics %, defining equations 8(p(p)) ~ e(p(p)) and

equivalence L-formulas T(A(p, q)). (]

It is possible to characterize strong algebraizability in terms of the relation F s+ (The

result is new.)

3.1.20 THEOREM

Let S be an algebraizable k-deductive system with equivalent quasivariety semantics %, defining

equations 6;(p) = £1(p),...,0,,(p) = €,,(p) and equivalence k-formulas A(pig),...s A (p,q). Then

S ts strongly algebraizable if and only if the following conditions hold:

(i) For every inference rule (', @) of S, there exist { € w and terms tl(pl,pz,F),...,te(pl,p2,7),
where T is a list of the variables occurring in T' and @ and p,, p, are variables such that
Py, P T are distinct, and there exist pairs (u;,v;) € {(6(¥),¢;(¥)); ¥ €[5 j < m} such that
for each h <m,

F s A(6u(w), 4 (uy, vy, 7))

F S A(tl(vl, upF)7 tz(ug, UQ,F))

ot s A(te _ I(Ue _7 Ue _ I’F)’ te(Ue, 'Ue,F))
F N A(tg(”gv ung)7€h(‘P))'
(11)  There exist terms s,(Pq, Pys P3r Pya)s---+5.(P1s Pos P3y Py) in four distinct variables, and pairs
(a;,6;) € {(6;(AL(P,0)) € j(AL(P: )5 § < ms h < n} such that

l_ S A(p’ Sl(ap bl’ D, Q))

t S A(sl(bl’ aq, Dy (I), 52(“21 b2’ b, Q))

I— S A(Sr —_ 1(br -1 ar -1 D, Q), Sr(ars bry D, Q))
F S A(Sr(ar, br’ P, 4)’ Q)'

Proof. By Lemma 3.1.6 (i), (i) is equivalent to the following: for each A < m,

sz]G 5};(50) ~ tl(upv]vT)
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I:% tl(vlvupF) =~ t2(’u2,’u2,1—')

P to1(vg_ g ™) telugvpT)
=g tp(vpupT) = €(p).

Similarly, (ii) is equivalent, to the following identities
I=q; P = s1(ay, b1, p,9)

lzj(; Sl(blaapp’ q) ~ 32((12762,17» Q)

o sr—1(by _1y0, _ 1, 2:9) ® 5,(a,,b,,p,9)

=gt 51(br 0y 2, 0) 4.
Suppose that S is strongly algebraizable. Since the equivalent quasivariety semantics of S is
unique (Theorem 3.1.12), we may infer that 3% is a variety. By Theorem 3.1.18, % satisfies the
quasi-identities stated in condition (iii) and (iv) of that theorem. By Theorem 0.4.6, a variety
satisfies a quasi-identity of the form 3.1.18(iii) if and only if for suitable terms ¢; it satisfies the
identities equivalent to (i) listed above, and it satisfies 3.1.18 (iv) if and only if it satisfies the
identities equivalent to (ii) listed above. Conversely, if S satisfies (i) and (ii), then the above
identities hold in %, and it is easy to see that these sets of identities imply the quasi-identities
3.1.18 (iii) and 3.1.18 (iv). Since % is axiomatized by these quasi-identities and certain identities, it

can be axiomatized purely by identities, i.e., it is a variety. a

Clearly another version of the above characterization could be given using the condition in

Theorem 0.4.6 (iii) rather than 0.4.6 (ii).

3.2 THE GODEL RULE

In this section we shall consider algebraizable 1-deductive systems which satisfy the so-called
‘Godel-rule’ (G-rule, for short). This condition is satisfied by many classical algebraizable 1-
deductive systems. In the CPC and IPC cases the G-rule states that p,qF cpcop g (resp.
P,qF pcP < q). An intuitive interpretation for this inference is: ‘If p and ¢ are both true, then p

is equivalent to ¢’, or, ‘there exists exactly one object corresponding to ‘the true’ (modulo
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equivalence). The G-rule was defined by Suszko, [Sus71, p40] and adapted, in [BP89a, p41] to the
definition of the G-rule, in terms of equivalence formulas, used here (Definition 3.2.1). Although
the (syntactic) definition of the G-Rule may be extended to algebraizable k-deductive systems for
k > 2, we shall not study this ‘higher dimensional’ analogue. This is because, for example, in the
2-deductive systems of greatest interest to us, the G-Rule proves enormously restrictive. The
reader may verify, in particular, that for a quasivariety %, the 2-deductive system SfJG has the G-

rule if and only if % is a trivial quasivariety.

Not all algebraizable 1-deductive systems have the G-rule. An example of an algebraizable
1-deductive system that does not have the G-rule is the deductive system R of relevance. In
Theorem 3.2.3, we present a number of characterizations of the G-rule. Thereafter, in Theorem
3.2.4, we present a number of equivalent conditions that the equivalent quasivariety semantics of
an algebraizable 1-deductive system with the G-rule must satisfy. Moreover, we show that such an
eduivalent quasivariety semantics must be relatively T-regular (see Section 0.4) for a suitable
constant term T. The converse of this is not true, however, but we do present a partial converse.
Using a logic-driven proof, we show that for quasivarieties, relative T-regularity does not imply
relative ideal-determination. Lastly, we present some results on quasivarieties that contrast with
their counterparts for varieties. In particular, a relatively T-regular quasivariety satisfies the

‘relative shifting lemma’ but need not be ‘relatively congruence modular’.

3.2.1 DEFINITION

Let S be an algebraizable 1l-deductive system with a system of equivalence formulas
A(Pyq)y---,A,(p,q). We say that S has the Godel rule (the G-rule, for short) if

(G-rule) e ¥ F g A, ¥), |

for all ¢,y € Fm and i < n.

Note that the definition does not depend on the choice of equivalence formulas, in view of
Theorem 3.1.12. Note also that an algebraizable extension S’ of a 1-deductive system S with the
Godel rule also has the Godel rule since g C F g The Classical Propositional Calculus does
have the G-rule. Taking A(p,¢) = p—g as our equivalence formula, the G-rule for CP C states

that for all g, € Fm,
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g cpcp—9-
We can see that this holds by using (3.1.3), which says that
v opoy—v¢ ifandonlyif {p~T,y~T} lz?B.A p—ypaT,
which is the same as Iz‘.B.A T —T = T, which is certainly true. It follows similarly that IPC also

has the G-rule. We give more examples of deductive systems with the G-rule in Section 3.3 and

Chapter 5.

The following result is a corollary to Theorem 3.1.11 and Corollary 3.1.16

3.2.2 COROLLARY [BP89a, Corollary 4.8]

A sufficient condition for a deductive system S to be algebraizable is that there exists a system
Ai(py )., AL(pyq) of binary formulas satisfying conditions (1) to (4) of Theorem 3.1.11 (ii) (for
1-deductive systems) and, for all ¢, € Fm,

(6) 8100 9),.., Ap(0¥) F g,

(1) et sAp ) foralli<n.

In this event, A(p,q),...,A,(p,q) form a system of equivalence formulas for S and p = A,(p, p),
i < n, form a system of defining equations for S.

Proof. Let 9€ Fm. By (7), 9,A;(9,9)F gA;(9,A,(9,9)) for all i,j<n. By (1),
F g (0,9) for all i<n, hence I+ o{A,(9,A[(Y,9));4,j<n}. Also, FgA;(9,9) implies
{A;(9,A,(9,9));4,5 <n} bk g9 by (6) and (2). So, by Theorem 3.1.11(ii), S is algebraizable, and
by Corollary 3.1.16, A(p,q),...,A,(p,q) and p= A(p,p),...,p = A, (p,p) are equivalence

formulas and defining equations, respectively, for S and its equivalent quasivariety semantics. |

The converse of this corollary is not true, however, for there do exist algebraizable
deductive systems that fail to have the G-rule. In particular, the logic R of relevance is an
example of this. This is proved in Section 3.3. The (algebraizable) deductive systems that have
the G-rule can be characterized in terms of their defining equations, S-matrices or S-theories, as is

shown in the following theorem, which extends [BP89a, Corollary 5.4].

3.2.3 THEOREM

Let S be an algebraizable deductive system with equivalent quasivariety semantics %, and let
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Ay(pig),.., A (prg) be a system of equivalence formulas for S and %. The following are

equivalent

(i) S has the G-rule.

(i)  Every reduced S-matriz has ezactly one'-designated element.

(iir) There exists an equationally definable constant T in the language of % such that p~T
forms a system of defining equations for S and %.

(tv)  There exists an equationally definable constant T in the language of % such that for every S-

matriz A = (A, F), F = TA/Q ,F.

(v)  For every S-matriz A = (A, F), F is an equivalence class of QAF.
(vi)  For every S-theory U, U is an equivalence class of QU.

Proof. (i)=(ii) Assume that 6,(p)=e,(p),....€,(p) = 6,,(p) is a system of defining
equations for S and %. Let A =(A,F) be a reduced S-matrix. Then Q 4F =1, hence, by
Corollary 3.1.14,

F=H Q,F={a€4; 5?((1) = sf(a) for each i < m}.
Suppose a,b € F. For any two variables p,q, the G-rule implies that p,qF ¢A(p,q) for i <n,
hence p,q ‘:A A;(p,q) for i <n. If we interpret p as a and ¢ as b, then a,b € F implies that
AMa,b) € F for i <n. Thus 62(AMa,b)) = eX(AMa,b)) for i<n and j<m. But A€% by
Corollary 3.1.15, so (3.1.6) immediately implies that a = b, hence F contains at most one element.
From F ¢A(p,p), we have Af(a,a) € F for any a€ A and i< n, so F contains exactly one

element.

(ii)=>(iii) Since S is algebraizable, there exists a system of defining equations for S and %. Thus,

by Corollary 3.1.16, the system A(p,q),...,A, (p,q) forms a system of congruence formulas

without parameters for S in the sense of Chapter 2. In particular, (2.3.1)’ and (2.3.2)’ hold, i.e.,
FgAlp,p) foreachi<n,

and 2, AP 2),.. ., A(py) F ga.

We claim that p ~ A,(p, p), i <n, form a system of defining equations for S and ¥. We shall use

Corollary 3.1.16 to prove this. Since A;(p,q),...,A,(p,q) is a system of congruence formulas

without parameters for S, we need only show that

e s{ApAj(p,p));i<n; j<n}
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Using Theorem 3.1.11 (ii) (2) and the above properties, we have, for each j < n,

A ) {Ai(0, Ajlp,0)); i <R} E g o
Since F g A (p,¢), we have {A,(p,A(p,9));1 < n}F gy, hence

{Ae, 8,(p,0))5i<n; j<n}k go.
For the converse, since Mod*S is a matrix semantics for S, we need only show that
¥ Fymoars {Ailer Aj(p,9))ii < nj j <n}.

By assumption, for each A = (A, F) € Mod*S, F has precisely one element, T say. (By Corollary
3.1.15, there exists a unique reduced S-matrix that has A as its underlying algebra, so TF is well-
defined.) Let a,b be an interpretation of the variables p,q in A, respectively. We have
Af‘(a,a) € F since F ¢ A (p,p), hence Af(a, a.) =TF. Let @ be an interpretation of the variables
of ¢ in A. Then Af‘(cpA(E),goA(ﬁ)) =TF for each i <n. Thus, if oM@ eF, ie., oA@) = TF,
then AMpA(@), AXA@), A (@) = ANTF, TF) = T7, ie., AMA@), AN o™ (@), v*(a))) € F for
each 1,7 < n. This proves that

e AF s{Alp, A0, 0)); i <nj j<n},

and hence that p &~ A,(p, p), i < n, forms a system of defining equations for S and %.

Now consider any A€ 3¥. By Corollary 3.1.15, there exists a unique F C A with
(A, F) € Mod*S, i.e., F has precisely one element, T say. We have already noted that
Af\(a, a) =TF for each a€ A and i <n. Thus Ai(z,z) = A (y,y) is an identity satisfied by A.
Since A was an arbitrary element of %, we have
%= Az z) ~ Aj(y,y) for each ¢,j < n.
Choose any i < n. The term A(z,z) therefore acts as a constant in each algebra A of %. Thus we
may denote the term A (z,z) by T, whereupon TA = TF for each A € %. This implies that p ~ T

is a system of defining equations for S and %.

(iii)=(iv) Let (A, F) be an S-matrix. Then, by Corollary 3.1.14,
F=H ,Q,F={acA; (6%a),cMa)) €Q (F}
={a€4;(a,TA €Q F}
—_ TA
=TA/Q F.

(iv)=(v) Trivial.
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(v)=>(vi) Trivial, since (Fm,U) is an S-matrix for every S-theory U.

(vi)=(i) Let ,9 € Fm and set A = (Fm,U), where U = Cng({,%}). Since U is an equivalence
class of QAU, and p,9 € U, we have (¢,9¥) € Q_AU. Then, since QAU is a congruence relation on
Fm, (A;(¢,0),Ai(e%)) € Q.AU for each ¢ <n. Since F 5A,(p,p), we have A;(p,p) € U for each

i <, so, by the compatibility of Q U with U, we get A;(p,9) €U, i.e., 0, F g A (0, ¥). O

An algebraizable deductive system has, as we know, a unique equivalent quasivariety
semantics. The (algebraizable) deductive systems that satisfy the G-rule can be characterized in
terms of their equivalent quasivariety semantics. Recall the definitions of (relative) T-regularity,
ideals and ideal terms from Section 0.4. The remaining results and examples of this section are not

in the published literature.

3.2.4 THEOREM
Let S be an algebraizable deductive system and let % be the unique equivalent quasivariety
semantics for S.  Let é6;(p) = e(p)s...,6,,(P) e, (p) and A(p,g),...,2,(p,q) be defining
equations and equivalence formulas for S and 3%. The following are equivalent:
(i) S has the G-rule.
(i) %k, & o)~ ei(p) & (| RO el) = g
(iti)) 3% has an equationally definable constant term T such that % |=T ~ AT, T) and
FiSACIdA for each S-matriz A = (A, F), where A € %.
Moreover, each of the conditions (i) to (iii) implies
(iv) % |=T=A;(p,p) foralli<n, and
% |= (léznA,-(p,q) ~T) = prg.
(v) % is relatively T-regular.
Proof. (i)=(ii) By assumption, p,qF ¢A,(p,q) for all ¢ < n, hence
%= (& 60 ~eip) &, & 60 % @) = 6(8,(p0) % (A (p.)
for each ¢ <m and j < n, which we can write as

6(p) = €(p), 8(q) = &(q) [=4; 6(A,(p,9)) = €(A(p,9))-
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Since §(A(p,0) = e(A(p:q) =ll=g; p & g,

the result follows.

(ii)=(i) Let (A, F) be a reduced S-matrix, where A € %. Then, by Corollary 3.1.14,
F=HQ,F=H,I,={a€A; 5?(61):6?((1) for each ¢ < m}.

If a,b € F, then 6;‘(a) = siA(a) and 6?(b) = eiA(b), implying, by the quasi-identity, that ¢ = b, hence

F' has at most one element. Form F ¢A(p,p) (i < n), we get that F has at least one element.

By Theorem 3.2.3, S has the G-rule.

(i)=(iii)) By (i) and Theorem 3.2.3, there exists an equationally definable constant T in the
language of % such that p = T forms a system of defining equations for § and %. Thus, since
F A, (p,p), we have % |= A,(p,p) # T for each i <n. In particular, % |= A,(T,T) = T for all
t<n. Let A be an S-matrix and F an S-filter of A. Since (i) holds we can use condition (iv) of
the Theorem 3.2.3 to deduce that F = TA/Q_AF. Then, since TA/QAF is an ideal (with respect to

% and T) (see Section 0.4}, the result follows.

iti)=>(i) Since ¥ |= AT, T) = T for all i <n, we have that A (y,,y,) is an ideal term in Y1, Y
: i\J11I2 1:92
(with respect to % and T). If ¢,¢ € Fm, (A, F) is an S-matrix and @ is an interpretation of the

variables of ©,% in A such that (@), v (@) € F, then A,A(goA(E),z/;A(Zi)) € F since F is an ideal

(by (111) )7 hence <P,'/) F SA{((P, ¢)

[(1)-(iii)]=(iv) By Theorem 3.2.3, there exists an equationally definable constant T in the language
of % such that p ~ T forms a system of defining equations for S and %. Thus, since + ¢ A(p,p),
% |= Ai(p,p) =T for each i<n. Now, ¥ |=T~xT, hence 4T by (3.1.3). By Theorem
3.1.11 (iii), A4(p,9),..., A, (p,q) form a system of congruence formulas without parameters for S
(in the sense of Chapter 2). In particular, (2.3.2) holds, so

T,4,(44(p,9), T),..., Ap(A4(p, ), T) F s Aj(ps0)
for each j <n. Since F ¢T,

{ai(84(p,9),T); 4,5 <n}F g{Aj(p,q); 7 < n},

hence Ay(p,¢) = T,..., A (p,q) = T !:5(; p =~ ¢, by Lemma 3.1.6 (i).
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[(i)-(iii)]=(v) This can be deduced immediately from (iv) and Theorem 0.4.7, with d; = A, for
each i <n. A direct proof of T-regularity is easily obtained though. Suppose each of the
equivalent conditions (i) to (iii) hold. Let A € % and let F 4 be the least subset of A such that
A=(AF 4) is an S-matrix. Let 6,® € Cong;A such that TA/6 = TA/®. By Theorem 3.1.14,
Q_A:Fis.,( = ConxA, so there must exist unique F,G € Fi°A such that QAF =@ and QAG =,
and by (iv) of the Theorem 3.2.3, F = TA/Q ,F and G =T4/Q ,G. So, TA/§ = TA/® implies

TA/Q 4F = TA/Q 4G, which implies F = G, hence Q 4 F =Q /G, i.e., = ®. 0

Although it is not true that (v) implies (i) in the previous theorem (which we shall show in

Section 3.3), we nevertheless have the following result.

3.2.5 THEOREM
Let % be a relatively T-regular quasivary 'y. Then there exzists an algebraizable 1-deductive system
with the G-rule that has % as its equivalent quasivariely semantics.

Proof. By Theorem 0.4.7 there exist formulas d,.. "dé such that
(i) ¥ |=T~d/(p,p) foralli<i and
(i) %= (iicedi(p,q) ~ T) = payg.
Consider Theorem 3.1.9. Setting é(p) = p, e(p) =T and A(p,q) =d;(p,q) for each i< ¢, it
follows that (i) and (ii) of that theorem coincide with (i) and (ii) here. Thus % is the equivalent
quasivariety semantics of a 1-deductive system S and p ~ T and dl(p,q),...,de(p, q) form systems
of defining equations and equivalence formulas for S and % (see the proof of Theorem 3.1.9). Now,
the G-rule holds if and only if

‘ prT, q=T|=q di(p,g) =T

for each i <. But this is equivalent to |=g; d,(T, T) = T, which holds by (i), hence S has the G-

rule. |

The reason for the failure of the implication (v) to (i) of Theorem 3.2.4 is suggested in the
above theorem. For it is possible that there exist more than one 1-deductive system that has % as
its equivalent quasivariety semantics and it is not necessarily true that if one such system has the

G-rule then all such systems do. In Section 3.3 we present an example of a quasivariety that is the
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equivalent quasivariety semantics of two distinct 1-deductive systems such that one has the G-rule
and the other does not. In particular, the G-rule is not preserved by equivalence of deductive

systems.

Most naturally occurring relatively T-regular quasivarieties enjoy the stronger property of
being relatively ideal determined. We shall show that a relatively T-regular quasivariety need not,
in general, be relatively ideal determined. It seems that (relative) ideal determination of the
equivalent quasivariety semantics of an algebraizable logic fails to reflect any significant properties
of the logic (other than those already deducible from relative T-regularity), except in cases that are

syntactically rather special.

3.2.6 PROPOSITION
The equivalent quasivariely semantics of an algebraizable deductive system S that has the G-rule
need not be relatively ideal delermined.
Proof. Let L be the language (d,T) with ar(d) =2 and ar(T)=0. Let % be the
quasivariety of this type defined by
(i) d(z,z) ~ T,
(ii) diz,yy) = T=> ey
By Theorem 0.4.7, % is relatively T-regular, so by Theorem 3.2.5, there is an algebraizable 1-

deductive system S with the G-rule such that % is the equivalent quasivariety semantics of S.

We shall construct an algebra A = (A,dA, TA) that is an element of %. Set A = {0,1,2},

and let TA = 0. Define

d(a,b) =0 ifa=b,
and d(a,b)=1 ifa#b.
The only congruences of A are I 4, oA0,1) = I,U{(0,1),(1,0)} and A% Let & = ©A(0,1). We
show that A/® ¢ %, hence that @ is not a relative congruence. It is evident that the congruence
classes of A/® are {0,1} and {2}, and that the following holds:

dA2(£0,1},{2}) = d4(0,2)/® = 1/ = {0, 1}.
Note that TA/® =0/® = {0,1}, so d*/®({0,1},{2}) = TA/®, but {0,1} # {2}, which contradicts

(ii), t.e., A/® |# d(z,y) * T = z &~ y, hence A/® ¢ %. The lattice CongA is thus the two-element
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chain.

Since @ € Con A, it is certainly reflexive and compatible, hence, as noted in Section 0.4,
0/®={0,1} is an ideal of A (with respect to % and T). Since {0} and A are both ideals of A
different from 0/®, the set Id A has at least three elements and so cannot be mapped bijectively

onto Con%A, hence % is not relatively ideal determined. O

3.2.7 COROLLARY

For a quasivariety 36, relative T-regularity does not imply relative ideal-determination. O

Let ¥ be a quasivariety (resp. variety) and A € %. We say that A is relatively congruence
modular (resp. congruence modular) if the lattice Con%A (resp. Con A) is modular. Every T-
regular variety is congruence modular (see [Hag73]), therefore the equivalent variety semantics of a
strongly algebraizable deductive system with the G-rule is congruence modular. Relatively
congruence modular quasivarieties 36 are characterized by the conjunction of two properties, viz.
the ‘Relative Shifting Lemma’ and the ‘Extension Principle’ [KM92, Theorem 4.1]. The former
asserts that there are terms p,(z,y,z,w),...,p, (2, ¥, 2, w), ¢y(z,¥,z,w),...,q,(2,y, z,w) of the type
of % such that 36 satisfies the identities

p; (z,y,9,2) = ¢;(z,y,y,%) and p;(z,2,y,y) = q;(z,z,y,y) for i <n,
and the quasi-identity
p(z,yuuw) = qzyyu) & .. & p (2 y,0u) =g, (20,00 = zxu.
The latter asserts that for any A € % and «,3 € Con A, we have eSAG (a)ﬂ@ﬂAG (B)C ijA(; (anp)

(which implies that the map an—»@E‘]‘G (a) is a lattice homomorphism from Con A to Congc A).

3.2.8 PROPOSITION
A relatively T-regular quasivariety satisfies the Relative Shifting Lemma.

Proof. Let % be a relatively T-regular quasivariety and let d,,...,d,, be binary terms as in
the statement of Theorem 0.4.7. Define p,;(z,y,2,u) =d;(d;(z,u),d;(y,2)) and q,;(2,y,2,u) =
T for all i,j€{l,...,m}. Then ¥ satisfies p,;(z,y,y,2)% d;(d;(z,z),d;(y,y)) T~
a;; (z,y,y,z) forall i,j. If A€ % and a,b,d € A with pf‘j (a,b,b,d) = q?j (a,b,b,d) for all 4, j, then

dMd¥a,d),dB(b,b)) = TA for all i,j, i.e., dM(d®(a,d), TA) = T2 for all i,j, so d™a,d) = TA for
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all 7, hence a = d. ]

Notwithstanding this result, the following example shows that a relatively T-regular quasi-

variety need not be relatively congruence modular.

3.2.9 EXAMPLE
Let 3% be the quasivariety whose type consists of two binary operation symbols d;,d, and a
constant symbol T and whose axioms are the identities d,(z,z)~T (i=1,2) and the quasi-
identity dy(z,y) T & dy(z,y) = T = r~y. Then % is relatively T-regular, by Theorem 0.4.7.
For a given integer n>3, let A=BUJIU{0} be a disjoint union, with B = {a,a,,...,a,},
IBl=n+1, and I = {{¢,j};i+j54,5€{0,1,...,n}}. Let A= (A;d?,d?,TA) be the algebra of
type (2,2,0) defined by TA =0 = df(c,c) = dlA(O,c); d{.‘(c,O) =c¢ for all ¢ € A; df(a‘-,aj) = {i,5}
for distinct ¢,5 € {0,1,...,n}; d{‘(ai,{j,k}) =a;; df({j,lc},a,-) ={j,k} for i,j,k€{0,1,...,n}
with j & k; di({s, J} {k,€}) = {i,j} for distinct {i,j},{k,€} € I and di(c,d) = dd,c) for all
c,d € A. It is easily verified that A€ 3¥%. Let 7 be any partition of B and let e be the
corresponding equivalence relation on B. Define
r ={({i,7},0); a; and a; each belong to some nontrivial block of r}.
Define
r' = {({,k},{j,k}); a; and a; each belong to some nontrivial block of 7 and a;, belongs
to a trivial block of 7}.
For a binary relation R, define R~ = {(y,z); (z,y) € R}. Let s be the transitive closure (in A) of
rUrUr~ U() "1 Let,=1,U ~ Us. One checks that 6 € Con A. Moreover,
0/6, = {0}U{{i,j}; each of a; and a; belongs to some nontrivial block of 7},
from which it follows that 6 € Con%A if and only if = has at most one nontrivial block. Thus, if
Ty, Ty, T3, T4 are the partitions of B whose only nontrivial blocks are, respectively, {ag,a,}, {ay,a5},
{ag,aq,a5}, {ag,ay,dy,a3}, then in ConxA, 0”1 V01r2 = 6',l.4 = 9,,3v0,r2, so the following pentagon

is a sublattice of Conx A:



188

T
3 9

L]

Thus, in CongrA we have 6"'1 C 07‘,3 but
91‘,1 \ (0”3 A 9”2) = 0”1 VI = 07‘,1 # 0”3 = 91r3 A 9”4 = 9”3 A (0”1 \% 9,,2),

hence A is not relatively congruence modular.

3.3 EXAMPLES

We shall investigate the algebraizability of a number of deductive systems here. We refer the

reader to Section 1.4 for the necessary definitions.

Classical and Intuitionistic Propositional Calculi.

It was shown early on in Section 3.1 that the Classical Propositional Calculus is strongly
algebraizable with equivalence formula A(p,q) = p«—gq (abbreviating (p—¢)A(¢—p)), and
defining equation p & T. The unique equivalent variety semantics for CPC is ®B.A, the variety of
Boolean algebras. By Theorem 3.1.18, the equivalent variety semantics for CP C is axiomatized

by (we shall use T instead of 1 here):

(3.3.1) ¢ ~T where ¢ is any axiom from (C,) to (Cyy),
(3.3.2) p—p=T,

(3.3.3) prT&p—ogaT=qxT,

(3.3.4) pogxT = pag

Thus (3.3.1) to (3.3.4) must form an axiomatization of BA. That these identities and quasi-
identities are true in all Boolean algebras is evident. That they form an axiomatization of the

variety of Boolean Algebras can be directly proved; we shall omit the easy, but lengthy details.

The Completeness and Validity Theorem for I P C states that, for ' C Fm and ¢ € Fm,
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Pkypcy ifandonlyif {¥~T;yeT} Ey e ~T,
where 3.4 is the variety of all Heyting algebras (using T instead of 1). Clearly, this coincides with
(3.1.3), with 6(p) = p and (p) = T. Set A(p,q) = p— ¢ (abbreviating (p—¢)A(g—p)). For A
to be an equivalence formula for IPC, we need
Cansllmg 4 ConnT,

corresponding to (3.1.6). Recall that the natural order on J.A, namely, a <b if and only if
a—b=TA (a,b€ A A € J6A) is a lattice order, hence the above statement follows from the anti-
symmetry of <. Consequently, IPC is strongly algebraizable with equivalent variety semantics
A, equivalence formula A(p,q) =p—g¢ and defining equation p=T. Evidently, an

axiomatization of oA can be deduced from Theorem 3.1.18.

Since p,qF gpcpr—¢ and p,qt 1p P+ ¢ (which can be deduced from the Completeness
Theorems of CP C and IP C, respectively), both CPC and IP C have the G-rule. This can also be
deduced from Theorem 3.2.3 and the fact that p ~ T forms a system of defining equations for
CPC and BA (resp. IPC and }.A). The well known fact that the varieties BA and JA are T-

regular illustrates Theorem 3.2.4.

The defining equations and equivalence formulas used for CPC and 1P C are not unique.
An alternative system of defining equations is given by p ~ p— p, and an alternative system of
equivalence formulas is A,(p,q) = p—4¢q, Ay(p,¢) =¢—p. One can immediately see that the
necessary conditions for algebraizability, namely (3.1.3) and (3.1.6), hold when these new systems
are used. Thus the {—}-fragments of CPC and IPC, denoted CPC_, and IPC_,, respectively,
are also algebraizable. We shall return to these deductive systems in Chapter 5, where we show, in

particular, that they are strongly algebraizable.

Algebraizing Predicate Logic presents certain difficulties, nevertheless, it can be done using
the methods of this chapter. Of course, this requires a presentation of predicate logic as a
(structural and finitary) deductive system in our sense. This is done in two ways in [BP89a,
Appendix C]. The equivalent quasivariety semantics for the two formal presentations that are

given there are the varieties of ‘cylindric’ and ‘polyadic’ algebras.
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Pure Implicative Logics.

3.3.1 THEOREM [BP89a, Theorem 5.10]
A pure implicative logic satisfying (I), (B), (C), (M) and (MP) is algebraizable with equivalence
formulas A;(p,q) = p—q, Ay(p,q) = q— p and defining equations p =~ p — p.

Proof. Let S be a pure implicative logic satisfying (I), (B), (C), (M) and (MP). To prove
that § is algebraizable, we shall prove that condition (iii) of Theorem 3.1.11 holds. As noted in
Section 1.4, (B’) is derivable from (B), (C) and (MP), hence (B’) is a theorem of S. Thus, by
Theorem 2.6.3, § is congruential with congruence formulas without parameters A;(p,q) = p—gq,
Ay(p.q) =q—p. Set 8(p)=pand e(p) = p—p. Let p € Fm. We need to show that

P F 5 A(68(0),£(0)) A6, (),
e ok se—(p—¢)
pFslp—p)—e,
and po(p—=p)(p—p)—pkge.

The first follows trivially from the mingle axiom (M). For the second, we have

s (p—e)—(p—p) [by (D],
implying Fse—={p—p)—p) [by (C) and (MP)],
hence phgs(p—p)—ep (by (MP)).
For the third, we have

Fslp—e)—=e)=((p—p)—o) [by (D],
implying Fsle—=o)=(((p—p)—p)—¢) [by (C) and (MP)],
so Fs((p—e)—p)—p [by (I) and (MP)],
hence po(p—p)lp—mp)—pkgp [by (MP)].

By Corollary 3.1.16, A,(p,q) = p— ¢, Ay(p,q) = ¢— p are equivalence formulas and p~ p—pisa

defining equation for S. O

As a corollary to this theorem, we immediately get that RM O_, is algebraizable with the
given defining equations and equivalence formulas (see Section 1.4). It is shown in [BKP, pp56-57]
that RMO_, is not strongly algebraizable. RM_, is an axiomatic extension of R_,, hence (I), (B)

and (C) are theorems of RM_,. Since (M) is, trivially, a theorem of RM_, (and (MP) is an
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inference rule of RM_,) RM_, is also algebraizable, by the previous theorem.

3.3.2 THEOREM [BP89a, Theorem 5.9]
None of E_,, R_, or BCI is algebraizable.
Proof. Let A =(A; —) be the algebra with universe 4 = {T,¢t,f, L} and with — defined

in the table below.

- T t f 1
T |T |1 |L]|L
t |T |t [F|L
f|T|L |t |L
it |T|(T|T

First we show that R_, is not algebraizable. Let A = (A,{T,t}). It is easy to see that A is an
R_,-matrix. We shall show that © , is not an injective map and deduce from Theorem 3.1.11 that
R_, is not algebraizable. Set F, = {T,t} and F, = {T,t,f}. One can easily verify that both F,
and F, are R_,filters of A (trivial for F;). Now, apart from I 4, a congruence on A that is
compatible with F, must contain (¢,T) or (f, L). But (L,T)=(T—tT—T)eOAtT) and
(L, T)=(f—t L —t)€ @A(f, L), so neither @A(t,T) nor @A(f, L) is compatible with F, (as
TeF, but L ¢F,). Thus Q.AF1 =1,. Apart from I ,, a congruence on A that is compatible
with F, must contain (¢,T), (t,f) or (f,T). We have ( L,T)ec @A(t,T), so ©A(¢,T) is not
compatible with F,. Now, (L,t)=(f—t,f—f)€ GA(t,f), hence @A(t,f) is not compatible
with Fy. Also, (L ,t)=(T—f,f—f)€ @A(f,T), hence @A(f,T) is not compatible with F,

either. Thus QAF2 = I 4, proving that Q.A is not injective.

\ Since R_, is an extension of BCI (with the same language), it follows from the above and
Corollary 3.1.17 that BCI is not algebraizable. Similarly, R_, is an extension of E_, (since R is

an axiomatic extension of E), hence E_, is not algebraizable. O

In the literature, a quasivariety % of algebras (A;—A,TA) called BCI-algebras, was
introduced in [Isé66] and has been studied extensively. This quasivariety has among its axioms

r—zr~T,



and r—yxT&y—zxT=zay,
so by Theorem 3.1.9, % is the equivalent quasivariety semantics of some algebraizable 1-deductive
system S. But, by the above, this S is not BCI. The term ‘BCI-algebra’ should perhaps be

regarded as a misnomer for this reason.

Modal logics.
Since K is an extension of CPC, we wish to apply Corollary 3.1.17 to deduce that K is
algebraizable. Recall that p—~¢=(p—¢)A(¢— p) in K. By Corollary 3.1.17, all we need show is
that p—qt g (0p) < (Og).
By the inference rule (Ne), i.e., p - g Op,

p—gqtgO(p—q)
By (K,), i.e., F g0O(p—q¢)— (Op—0g), and (MP) we therefore get

p—qt g0Op—0Dq.
It follows similarly that ¢—pk O¢—0Op. Now, (p—q)A(¢g—p)FkpP—¢q—p and
Op —0q¢,0¢—0Op +  (Op —0Oq¢) A(Og—DOp) (since K is an extension of CP C), hence the required
result follows. Thus, by Corollary 3.1.17, K is algebraizable with the same defining equation and
equivalence formula as CPC, namely p~ T and A(p,q) = p < ¢, respectively. Moreover, since
S§5% and $4 are axiomatic extensions of K, it follows from Corollary 3.1.17 that $5% and S4 are
algebraizable. Theorem 3.1.18 gives the following axiomatization for the equivalent quasivariety

semantics for K:

(3.3.5) all the axioms of BA,

(3.3.6) p—opxT,

(3.3.7) O(p—¢)—(Op—0¢) = T,
(3.3.8) preT&p—qrT=q~T,
(3.3.9) p~T=0p~T,

(3.3.10) p—gxT=>pxq.

For §5%, the equivalent quasivariety semantics is defined by (3.3.5) to (3.3.10) plus the following
(3.3.11) Op—p~T

(3.3.12) Op—00p=xT [recall that { p = —~0O-p]

For §4, the equivalent quasivariety semantics is defined by (3.3.5) to (3.3.11) plus
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(3.3.13) Op—00p ~ T.

3.3.3 THEOREM

The modal logic K s strongly algebraizable with equivalent variety semantics the class M4 of all
modal algebras. The modal logic S5C9 is strongly algebraizable with equivalent variety semantics
the class of all monadic algebras, i.e., modal algebras that satisfy the following identities

() OpAp~0Op (ie,Op<p)

() OpAOQp=~ Op (ie, Op<O0p)

The modal logic S4 s strongly algebraizable with equivalent variely semantics the class of all
interior algebras, i.e., modal algebras that satisfy (i) and

(i) OpAOOp~0Op (ie,Op<00p).

Proof. As noted before this theorem, the equivalent quasivariety semantics for K is
axiomatized by (3.3.5) to (3.3.10). We shall show that (3.3.5) to (3.3.10) axiomatize MA and,
conversely, that MbA satisfies each of (3.3.5) to (3.3.10). Refer to Section 0.2 for an
axiomatization of AbA. Note first that the quasi-identity (3.3.9) is equivalent to the identity
OT = T, which is (M3). (M1) and (M2) follow from (3.3.5). Thus we need only show that (M4) is
derivable from (3.3.5) to (3.3.10), i.e., we must derive
(3.3.14) O(pAg)=0OpADQq.

Using Boolean identities, we get the following:
O(» A q) = (Op AOq)

= (O(p A g)—(Op AOg)) A ((Op ADg) —D(p A g))

= ((=0(pA ) vV (@p AOg) A((—~(Op AOqg)) VO(p Ag))

~[(-0(pAg)A-~(OpAQg)] V[(~O(p Ag)) AO(p Ag)} vV [(Op ADq) A= (Op ADg)]

V(OpADg)vO(pAg) [by distributivity]
~[(~0(pAQ)A-~@OpAOg] V[ L]V L]V[(@pAQq)vO(pAqg)

~ (~[(@pAOg) vO(p A V[(OpAQg) vO(p Ag)] [by de Morgan law]

~ T.

Thus, by (3.3.10), we have that O(p Aq) ~Op Alg. To see that MA satisfies (3.3.5) to (3.3.10),
all we need show is that (3.3.7) holds. (We are exploiting the aforementioned axiomatization of

B.A.) So, using Boolean identities again, we have
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O(p—9¢)—(Op—0¢) =-0(-pVe)V(~OpVvy)

~ (~O0(-pVq)V-D0p)vhg [by associativity of V]
~ - (0(~pVg)AOp)vOq [by de Morgan law]
~-0((-pVvg)Ap)VvOg [by (3.3.14)]

~-0(gAp)VvDg
~ ~(OgAOp)vOq [by (3.3.14)]
~-Qgv-0pvOg
~Tv-0Up
~ T.
This proves the result for K. Since $5% is an axiomatic extension of K, it follows from Theorem
3.1.17 that §5% is algebraizable. By Theorem 3.1.18, its equivalent quasivariety semantics is the
variety of all modal algebras that satisfy
Op—p~T and (p—0Qp=~T.
In particular, the quasivariety is axiomatizable by identities, so it is a variety, hence S$59 is
strongly algebraizable. Recall that in B.A, the associated partial order < is definable by a < b iff
a—b="T. Thus, the above identities are equivalent to (i) and (ii), respectively. 5S4 is also an
axiomatic extension of K, hence is also algebraizable. Its equivalent quasivariety semantics is the
variety of all modal algebras satisfying the identities
Op—px~T and Op—0O0p=~T.
As for S5G, S§4 is strongly algebraizable. Applying the same comment about the partial order <

that was used for §57, we see these identities are equivalent to (i) and (iii), respectively. 0

Note that since both K and S5C are algebraizable extensions of CPC, it follows by the

note after Definition 2.3.1 that both these deductive systems have the G-rule.

We proved in Corollary 2.6.5 that S5% is congruential. We now show that it is not

algebraizable.

3.3.4 THEOREM [BP89a, Theorem 5.5]
The deductive systems S5% and S5" are not algebraizable.

Proof. Define the algebra A=(A; A, V,—,=,0, L,T) to be the modal algebra with
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universe A = {a,b,T, L } such that L <a,b<T, a¢£b, b £a asin the figure below:

T

The operations A, V are interpreted as the lattice operations of (A; <) and the operations —, =

and O are explicitly defined by the following tables:

— 1L a b T - . a

LT T T]T 4] T S
a|lL|T|b|T al|b a| L
b| L|la | T|T b|a b| L
T!J_ a | b |T Ti TL

Set A =(A,{T}). Since A is a modal algebra and OT =T and T— T =T, it follows easily that
each axiom of S5 and §5" evaluates to T in A (regardless of the values substituted for
variables) and also that {T} is closed under the inference rules (MP) and (K;;). Thus A is an
$5° and an $5%-matrix. Clearly {a,b, L, T} is an $5° and an S5%-filter of A. Set
F ={e,T}. Again, since each axiom of § 5% and §5" evaluates to T, and it is easily checked that
F is closed under the inference rules (MP) and (K,;), F is an § 5°- and S5%-filter of A.
Similazly {5, T} is also an §5C- and §5%-filter of A. Thus the lattices Fi° A and FiS5" A each
have at least four elements. Now it is easy to see that the algebra A has only two congruences,
namely I, and A% Note first that ©A( L, T) = A? since A has a lattice reduct (see the remarks
following Theorem 0.2.1). We have (L,T)=(0¢,0T)€ ©A(q,T) and (L,T)=(0b,0T)€
OA®B,T), so OA(a,T)=A42=07,T). Since (b,T)=(~a,~ L)e6A(a, L) and (a,T)=
(-b,~L)eOAD, L), it follows that ©OA(a, L )= A2=0A%, L) Finally, (b,T)=
(a—b,b—b) € ©A(a,b), so ©A(a,b) = A2. Thus the Leibniz operators Q A:Fiﬁcx—»c«mA and

w
QA:Fiss A — Con A cannot be injective. By Theorem 3.1.11 (iv), the result follows. O

From the above theorem we can deduce that S 5V_V,E (recall from Section 1.4 that p —gq =
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O(p—g)) is not algebraizable. For if it were, then §5" would be algebraizable as it satisfies the

necessary conditions of Corollary 3.1.17 (recall that 55% is congruential).

Entailment and Relevance Logics.

We proved in Corollary 2.6.5 that E is congruential. We now prove that E is not algebraizable.

3.3.5 THEOREM [BP89a, Corollary 5.7]
The deductive system E ts not algebraizable.

Proof. Define the algebra A =(A; —, A, V,—) as follows: Let A = {a,b,T, L} and let
({a,b, L, T}; A, V) be alattice with L <a,b<T, as£b, b<£a, as shown below:

T

4

The connectives — and — are defined by the following tables:

— 1L a & T -

L T T| T| T J.T
a| 4| T| L| T a| L
b| L) L T| T b| L
T| L| L| L[ T T| L

Set A = (A,{T}). It can easily be shown that each axiom of E evaluates to T and also that {T}
is closed under the inference rules (MP) and (A). Thus A is an E-matrix. Clearly A is an E-filter
of A. Set F = {a,T}. It is tediously verified that F is closed under all the axioms of E and under
the inference rules (MP) and (A), therefore F is an E-filter of A. Similarly {b,T} is also an E-filter

of A. Thus the lattice Fif_A has at least four elements.

We shall show that A has only two congruences, namely I, and A% Let ® € ConA. If
(a,b) € @, then (a, L) =(aAa,aAb)€® and (a,T)=(aVa,aVd)€ ®, hence (L,T)ed, by

transitivity, which implies ® = A% If (¢, L)€ ®, then ( L ,T) = (ma,m L)€ P, hence (¢, T) € P,
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so ®= A%  The other cases follow similarly. This implies that the Leibniz operator

QA:FiE.A—>ConA cannot be injective. By Theorem 3.1.11(iv), the result follows. o

3.3.6 THEOREM [BP89a, Theorem 5.8]
The deductive systems R and RM are algebraizable with equivalence formulas A (p,q) = p—yq,
Ay(p,q) = q— p and defining equation pA(p—p) ~ p— p.

Proof. By Corollary 2.6.5, E is congruential, hence its axiomatic extension R is also
congruential (with congruence formulas A;(p,q), A,(p,q) as above). We shall use condition (iii) of
Theorem 3.1.11 to show that R is algebraizable. Thus we need only show that

pAFR{(PA(—P) = (p—p), (b~ )= (P A(p— )}

Consider the following derivation in R:

(3.3.15) Frp—({(p—p)—p) [by (Eq7)]
(3.3.16) p Fr(p—p)—p [by (3.3.15) and (MP)]
(3.3.17) Fr(p—p)—(p—p) [by (E;)]

(3.3.18) p Fr((p—=p)—=p)A((P—p)=(p—p))  [by (3.3.16), (3.3.17) and (A)]
(3.3.19) Fr((p—=p)—pP)A((p—pP)—=(p—p))—((p—P)—=(PA(P—p)) [by (Ep)]
p Frp—=p)—=(pA(pP—p)) [by (3.3.18), (3.3.19) and (MP)]
Now, from (Eg), we immediately get F g (p A (p— p))— (p— p), hence
pkrilpA(P—p))—(p—p) (P—pP)—(PA(P—P))}
For the inference in the other direction, note that
(p—=p)—(pA(p—pP))FrPA(P— D),
by (E;) and (MP), and p A (p— p) F g p by (Ej), hence
{(pA(p—=p)—=(p—p) (P=pP)=(PA(P—pP))}F rP
Thus R is algebraizable and, by Corollary 3.1.16, Al(p,q),A2(p,q) are equivalence formulas and
p A(p—p) = p— p are defining equations for R and its equivalent quasivariety semantics. Since
RM is an axiomatic extension of R, it is also algebraizable, with the same defining equations and

equivalence formulas. a

In fact, in the paper [FR90]} it is shown that R is strongly algebraizable and an

axiomatization of its equivalent variety semantics is given there. The extension RM of R is also
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strongly algebraizable. Its equivalent variety semantics is the variety of Sugihara algebras (cf.
[AB75], [Dun70]; also see [BD86]). This variety is defined as follows: Let Z be the algebra
(Z; AN, V,—, —) of type (2,2,2,1), where Z is the set of integers with the usual ordering, A,V
are the lattice operations with respect to this order, — is the usual operation of additive inverse
and

g—y=(-z)Vy ifz<y
and z—y={—z)Ay otherwise.
By a Sugihara algebra we will understand any algebra in the variety % generated by Z (so

% = HSP (Z)).

Let A be the algebra defined in Theorem 3.3.2 and let A = (A, {T,¢, f}). As noted in the

proof of Theorem 3.3.2, A is an R_,-matrix. We have that

PalEy P—a
For if we interpret p as f and ¢ as ¢t in A, then both f,t € {T,t, f}, but p—q is interpreted as
f—t= L ¢{T,t,f}. Thus we get that

pafr_pP—o
Since R_, coincides with the {—}-reduct of R, it follows that p,ql;‘Rp—>_q. As noted after
Definition 3.2.1, a deductive system has the G-rule with respect to a certain system of equivalence
formulas if and only if it has the G-rule with respect to every system of equivalence formulas.

Thus R does not have the G-rule.

In fact R M does not have the G-rule either. We shall show that condition (ii) of Theorem
3.2.4 does not hold in Z. Let Z be the Sugihara algebra defined above. By Theorem 3.3.6,
pA(p—p) = p— p is a defining equation for RM. We shall show that
ZFEpA(p—p)rp—plgA(g—grq—qg=>pry.
Interpret p and ¢q as 1 and 2, respectively, in Z. Then 1A(1—1)=1=1—1and 2A(2—2)=2

=2—2, but 1 # 2. By Theorem 3.2.4 (ii), RM does not have the G-rule.

Note that R was obtained from E by the addition of the axiom p— ((p — p) - p). Recall
that 4 = (A, {a,T}), as defined in Theorem 3.3.5, is an E-matrix. One would expect that A is not

an R-matrix, otherwise Theorem 3.3.5 would prove that R is not algebraizable. This is indeed the
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case since a —((a—a)—a)= L, which is not an element of {a, T }.
Lukasiewicz Many-Valued Logics.

3.3.7 THEOREM

For each n<w, S, 1s algebraizable with equivalence formulas A (p,q) = p—q, A,(p,q) =g—p,
defining equation p~p—p and equivalent algebraic semantics {L,} (hence with equivalent
quasivariety semantics {Ln}Q).

Proof. Let n<w be fixed. To prove that the set {L_} forms an equivalent algebraic
semantics for S, we must show that the following two conditions hold, corresponding to (3.1.3)
and (3.1.6), respectively (for T U {¢} C Fm),

(i) I‘I-S"go ifand only if {¢ ¢ —¢;¢¥el} l:Lngozgo-—»go.

(ii) exyFlFL, 2—yr -y -E—y)y—ex(y—o)—(—o)})

For (i), we have, by definition of S, that I'}F s, ¥ if and only if T |= , ¢, where 4 =(L,,{1}).
Thus I' + s, if and only if for every interpretation @ of the variables of I'U {¢} in L,

(3.3.20) I/JL"(E) =1 for all ¥ € T implies <pL"(?1') = jig

Now, {¢ = —y; ¢y €T} |:Ln ¢ = @ — if and only if for every interpretation @ of the variables
of TU{y}in L,

(33.21)  $"n(@) = 4" (@) — ¢ (@) for all y € T implies p"n(a) = ¢ (@) — p"n(@).

But since a—a =1 for each a € L,,, (3.3.21) is evidently equivalent to (3.3.20).

For (ii), let a,b be interpretations of  and y in L, respectively. Since a—a =1 for any
a € L,, in particular (¢ —b)—(a—b)=1 and (b—~a)—(b—a)=1. Ifa=0b, then a—b=1 and
b—a=1, by d;zﬁnition. Conversely, if a—b =1 and b —a =1, then
1<b+1—a and 1<a+1-b,

ie,a<band b<a,soa=0. a

For each n <w, §,, has the G-rule, since, by definition,
,qF —q iff ~lgxl|= —g~x1 iff | 1—-1=x1,
pabs pog Ml prla~ll, pog iff fFp 1
and the fact that |=, 1—1=1 follows immediately from the definition of —. Thus, by
n

Theorem 3.2.4, {Ln}Q is a relatively 1-regular quasivariety.
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In Section 1.4, we presented an axiomatization of S, Since S has the G-rule, Theorem
3.2.3 allows us to define a constant term T = A (2,2) = z—z in the language of the equivalent
quasivariety semantics such that p ~ T is a defining equation for S,- Thus, by Theorem 3.1.18,
the equivalent quasivariety semantics for S, namely {Lw}Q, can be axiomatized by
(3.3.22) r—{y—z)=T
(3323)  (r—y)—(y—2)—(z—2)~T
(3.3.24) (g=y)—y)—=((y—z)—2z)~T
(3325)  ((~o)—(-g)—(y—2)~T
(3.3.26) rxT&e—y~T=>yaT
(3.3.27) r—yxT&y—zxT=>zry.
We return to this quasivariety in Chapter 5, where we show that it is a variety, hence that S, is

strongly algebraizable.
Equivalent Deductive Systems.

3.3.8 COROLLARY [BP89b, p21]

The three-valued paraconsistent logic Jg (refer to the discussion following Proposition 1.9.2) is
algebraizable with defining equation (p =~ ((p—p), equivalence formulas A(p,g)=0(p—y),
Ay(p,q) =0(g— p) and equivalent quasivariety semantics {L2}Q.

Proof. In Section 1.9 we proved that J; and the 3-valued many-valued logic S, of
Lukasiewicz are equivalent with interpretations ¢ from J3to S, and O from S, to J3. In Theorem
3.3.7, we proved that S, is algebraizable with equivalent quasivariety semantics {Lz}Q, defining
equations p ~ p— p and equivalence formulas A,(p,q) = p—g, Ay(p,q) = ¢— p. The result now

follows directly from Theorem 3.1.19. , d

Note that J; does not have the G-rule: In view of the comments which follow Definition
3.2.1, it is sufficient to show that J; does not have the G-rule with respect to the system
Aq(pyq) =0(p—4q), Ay(p,q) = O(g— p) of equivalence formulas. Now,
pat g Op—g) if poi=y Olp—9)

where §3=(L2,{1,-12-}). Interpreting p as 1 and ¢ as % in Ly, we have that 1,%6 {1,%}, but
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D(l—»%):D%:Oﬁ {1,% . This shows that the G-rule is not preserved by the relation of
equivalence between deductive systems. Moreover, it shows that for a quasivariety 36, there may
exist two distinct 1-deductive systems both of whose equivalent quasivariety semantics is %.
Proposition 3.2.6 states that every relatively T-regular quasivariety is the equivalent quasivariety
semantics of a 1-deductive system that has the G-rule. As the above example shows, this does not
exclude the possibility that there may exist other 1-deductive systems whose equivalent

quasivariety semantics is % but that do not have the G-rule.

Two Logics with the Same Algebraization.

The deductive systems J4 and S, are examples of distinct deductive systems that have the same
equivalent quasivariety semantics. We present here another example that appears in [BP89a]. The
implicative logic RMO_, is an algebraizable, axiomatic extension of R_,. We now consider two

non-axiomatic extensions of R_,.

Let A= ({T,t,f, L },—) be the algebra defined in Theorem 3.3.2. Set
(3.3.28) s(P)=p, &(P)=p—p,
(3.3.29) 5(p)=(p—=(p=pP))—p, &(p)=(p—(p—p)—(p—0p)
Let Sy and S, be the two deductive systems over the language £ = {—} defined as follows for
i=1,2
(3.3.30) Ihse it {6;(¥) = e,(¥); ¥ €T} =5 8;(0) = eile).
It is easy to see that |=, = |=ISP(A)’ but since A is finite, {A}Q = ISPP;(A) =ISP(A) (Lemma
0.3.6). Thus |=, coincides with ,:{A}Q’ hence Lemma 3.1.1(ii) implies that |=, is finitary, so S

and §, are indeed deductive systems.

3.3.9 THEOREM [BP89a, Theorem 5.12]

The deductive systems S, and S, are distinct algebraizable deductive sysiems with the same
equivalent quasivariety semantics % = {A}Q. ¥ has the same system of equivalence formulas,
namely A(p,q) = {p—q,q— p}, with respect to both S, and S,, but different systems of defining
equations, namely 6,(p) = €,(p) and 6,5(p) = ¢4(p), respectively, where

s(p)=p, e(p)=p—p,



and b(p)=¢—p, &(pP)=¢—(p—p),
where p = p—(p—p).

Proof. We shall use Definitions 3.1.2 and 3.1.4 to show that % is the equivalent
quasivariety semantics for both S; and §,. The equivalence (3.1.3) is precisely the defining
condition for F sy t=1,2, i.e., (3.3.30), while (3.1.6) is
(3.3.31) P g =l 6,(A(P0) ~ £(Alp, 1),

Set Fy = {T,t} and F, = {T,t,f}. From the definition of — we get that 6A(T)=T=T—T =
eMT), sMt)y=t=t—t=clt), Mf)=f#t=f—Ff=cAf) and A(L)y= L #T=
L— 1 =¢f(L). Thus

(3.3.32) §t(a) = efMa) ifand only if a€F,.

By a similar computation, it can be shown that

(3.3.33) §8(a) =eMa) if and only if a€ F,.

The implication from left to right of (3.3.31) means that 6?(AA(a, a)) = e;A(AA(a,a)) for all
a€{T,tf, L} and i=1,2. But this follows from (3.3.32), (3.3.33) and the fact that
Af\(a,a) =a—a€{T,t}CF, CF,forallae{T,t f, L}andi=1,2. For the implication from
right to left, note that if a #b, then either a—b= L or b—a= L, hence 6{‘(AA(a,b))¢

€?(AA(a, b)) for i =1,2.

This shows that S, and S, are both algebraizable and that the unique equivalent

quasivariety semantics for both of them is % = {A}Q.

Observe that f € F,, but 6f(f)——>e?(f) =f—=(f—=f)=f—t= L ¢F,, therefore, by
(3.3.32) and (3.3.33), 62(f) = (/) but 63(5R(f) — ef(f)) # £ (6X(f) — A(f)). Thus
(3.3.34) 82(p) ~ €9(p) IEA 65(61(P) —€1(p)) = £5(6,(P) — 1(p)).
By the definition (3.3.30), we may conclude that pb‘3261(p)—>61(p), but it is true that
pl—Sl 6,(p) —¢4(p) since pH }-51 A(6;(p)ie1(p)). This shows that S; and S, are distinct

deductive systems. 0

Classical Equivalential logic.
Recall that CP C_, is the {<}-fragment of the Classical Propositional Calculus (defined in Section

1.4). It follows from Corollary 3.1.8 that CPC_, is algebraizable and A(p,q) = p—gq forms a
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system of equivalence formulas for CPC_, and its equivalent quasivariety semantics. Thus
CPC,_, satisfies the conditions (1) to (4) of Theorem 3.1.11 (ii). Moreover, it satisfies conditions
(6) and (7) of Corollary 3.2.2, hence a system of defining equations for CPC_, and its equivalent
quasivariety semantics is p = p«> p. Since the G-rule is satisfied, Theorem 3.2.3 shows that if we
define T = A(p,p) = p« p for any variable p then, over the equivalent quasivariety semantics of
CPC_,, T is a constant. By Corollary 3.1.8, the equivalent quasivariety semantics for CPC_ is
the class of all {«~}-subreducts of Boolean algebras. Using the symbol + for «, we see that this is
precisely the variety B§ of Boolean groups (as defined in Section 0.2). We shall present an
axiomatization here that was produced by Lukasiewicz, [Luk70], and prove that it does form an

axiomatization of CPC_, .

3.3.10 LEMMA

Let S be the deductive system over the language {—}, where « is binary, that is defined by the
single axiom
() (Pog)e((reg)=(por),

and the single rule of inference

(i1) ({p,p—d},9).

Then

(3.3.35) Fspep,

(3.3.36) Fs(p=g)=(g-p),
(3.3.37) Fspe(g=(g—p)).

Proof. (3.3.35) By (i)
Fsllpege((rog=(per)l=l(pP=g)=((reg—(p=r))=(p—9)—(p—q), so
(1) Fglpege(p—q) by (i), twice.
Fs((P=a)=(p—=9))—=p=(p—9)—((p—q)—p)] (for any p € Fm) by (i), and
2)  Fslp=(p—q)={p—g)—¢) by(l)and (i), and
Fs((pog=(reg—(per)=ll((per) =)= ((rog—(p—r)]—
(@)= ((p=r)=(r—q))]] by (i), hence
@) Fspog—((p—r)—(r—q) by (i) and (i) and by (ii) and (2) with p = p .

Fs((peg=(p=g)=((p—g—((por)=(reg))—
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(((peor)=(r—g)—(p=q)] by (),
4) Fs((pe=r)=(r—q))—(p—q) by (ii) and (1) and by (ii) and (3), hence
Fsl(p=(p=9)=((p—q)—p)—=(p—p) by(4). Thus

(5) Fgpep by (ii) and (2).

(3.3.36) Fg(@g=g)—=({p—q)—(g—p)) by (i), hence

Fs(p=g)—=(g—p) by (i) and (5).

(3.3.37) Suppose that for formulas p and % we have F g1, By (3.3.36), we also have
F (¢ 9)— (¥~ ¢), hence we can apply (i) to get F ghp. We refer to this argument as
(6).
Fs((gmp)op)=ll¢g—p)—(2-p)—9)] by (i), so
(M) Fsllag=p)=g=p)~a]=((g=p)=p) by (6).
@) Fs(pe(g=p))=(g—p)—p) by (3.3.36),
Fsllpe(g=p))=((g—p)=p)l=
[[((¢=P)=(g=P) =)= ((g=p) = p)]=[(P=(1-p) = ((4=p) = ((g-p) = q))]]
by (i), hence, by (7), (8) and (ii) (twice),
Fs(p=(g=p)=(g-p)~((g=p)—0).
) Fsllg=p)~g=p)~a)=(p—(g=p)) by (6).
Now Fglp=((gep)=9l=(t-p)=((g=p)=0)=(p=(g-p))] by (),
so Fgllager)=(g=p)=)=(p—(g-p)]=[p=((g=p)—q)] by (6), hence
(10) Fgp=((g—p)—q) by (9) and (ii).
(11)  Fs(@g=(g=p))—((g—p)=q) by (3.3.36), and
Fslla=(@=p)=(g=p)=Dl=l(p=(a-p)~0)=(g=(g—p))=p)] by (@)
so Fs(p=(g—=p)=9)—((g—(g—p))=p) by (11)and (i)
so  Fglg=(g—p))—p by (10)and (i)

so  Fgpe=(g=(g—=p)) by(6). o

3.3.11 THEOREM [BP89a, Theorem 5.14]

CPC_, s defined by the single aziom
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(i) (P = ((reg)=(p=r)),
and the single rule of inference

(11) ({p,p—4q},q).

Proof. Let S be the deductive system defined by (i) and (ii). By the lemma, each of
(3.3.35), (3.3.3-6) and (3.3.37) are theorems of S. First, we show that S is algebraizable. Set
A(p,g) = p+~gq. Condition (1) of Theorem 3.1.11(ii) is (3.3.35), Condition (2) follows from
(3.3.36) and the inference rule (ii), and condition (3) follows from axiom (i) and the inference rule
(ii). That (4) holds can be seen from the following:

By (), Fs(pioa)=(pe=a)=(pr—py) and  Fg(pye=q) = (0 =0) = (p—q))
hold, hence, by (ii),

e b g(py=ga) = (pr—py)

and Py a4y F 5(q1 9 99) = (py—qy).
Thus P11 Pe gy b S(p2«—>q1)<—->(p1<—>p2),(q1*—>q2)<—'(p2‘—’q1),
hence P1oqp P da b g (P py) = (912 0,)

by Theorem 3.1.11(ii) (2) and (3). From (3.3.37) and (ii) it follows that p,qt g p—g¢. Thus, by
Corollary 3.2.2, § is algebraizable with equivalence formula A(p,q) = p«— ¢ and defining equation
p~ pep. Let ¥ denote the equivalent quasivariety semantics for § and replace — by + in %.
Since the G-rule holds, Theorem 3.2.3 shows that it is possible to define a constant term 0 in the
language of % by 0 = p«~p = p+ p for any variable p. Applying Theorem 3.1.18, we get the

following axiom system for 3%

(3.3.38) (r+)+(r+)+(p+7)=0
(3.3.39) p+p~0

(3.3.40) pr0&p+qr0=>qg=0
(3.3.41) p+q~0&q+p=~0=p=ryg.

Next we show that 3 coincides with the class of semigroup reducts of Boolean groups.
Clearly each of (3.3.38) to (3.3.41) hold in each Boolean group, i.e., BGC %. Let A= (A4, +)e€%
and let a,b,c € A. By (3.3.38), we have (a+a)+((b+a)+ (a+b))=0. Since a+a =0, (3.3.40)
implies that (b+a)+ (a+b) =0 and, by symmetry, (a+b)+(b+a)=0. Thus b+a=a+b, by

(3.3.41). So A is commutative. We shall make use of this fact without explicit mention. Now,



(3.3.39) and (3.3.41) immediately imply that a = b if and only if a + b = 0, hence, by (3.3.38),
(3.3.42) a+b=(c+a)+(b+c)=(a+c)+(b+¢)

Thus a+c¢=0b+c implies a = b, i.e., the right (hence also left) cancellation law holds. As a
substitution instance of (3.3.42), we have

(3.3.43) a+(b+c)={(a+b)+((b+c)+0d).

Using (3.3.42) again, we get (b+c)+c=((b+c)+b)+(c+b) so, cancelling b+c, we get
¢=(b+c)+b. Substituting ¢ for (b+c)+b in (3.3.43), gives the associativity of A. Finally,

a+0=a+(b+b)=(a+b)+b=a, hence A is a Boolean group and % = BG.

To complete the proof, we note that S and CPC_, are algebraizable with the same
equivalent quasivariety semantics and the same defining equations. Thus, for I'C Fm and

peEFm 't spiff {Y=0;9el} ]:G_B(jcsziffI‘f-CPC @, hence S and CPC_, are equal. 0O

Since B§ is a variety, CPC_, is strongly algebraizable.

Intuitionistic Equivalential Logic.
Recall that IPC_, is the {«}-fragment of IP C (defined in Section 1.4). It follows from Corollary
3.1.8 that IPC_, is algebraizable and A(p,q) = p —q forms a system of equivalence formulas for
IPC_, and its equivalent quasivariety semantics. Thus IPC_, satisfies the conditions (1) to (4) of
Theorem 3.1.11 (ii). Moreover, it satisfies conditions (6) and (7) of Corollary 3.2.2, and a system of
defining equations for IPC_, and its equivalent quasivariety semantics is p ~ p— p. Since the G-
rule is satisfied, Theorem 3.2.3 shows that if we define a constant term T in the language of IPC,_,
by T = p < p for any variable p then, over the equivalent quasivariety semantics of IPC_,, T is a
constant term. By Corollary 3.1.8, the equivalent quasivariety semantics for IPC_, is the class of
all {—}-subreducts of Heyting algebras. It is shown in [BP89a] that this class is precisely the class
of equivalential algebras, by which we mean the class of all algebras over the language {—}, where
ar(«—) = 2, that satisfy the identities

(zez) oy ~y,

(toy)or)ozr(zoy) = (ye)

(zoy)=((zmz)o2)) e ((re) ) mroy.
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Chapter 4
The Deduction Theorems

Certain classical deductive systems, for example CPC, IPC and S,, are known to satisfy the
metalogical condition of having a deduction theorem. In the cases of CP C and IP C, this property
takes the following form: For all I' C Fm and ¢, € Fm,
if Tk ¢ then TFp—ip.

In the case of S, the property is slightly different, with the formula Op — ¢ playing the role of
@ —1 here. The converse implication of the deduction theorem is known as the detachment
theorem and together the two properties form the deduction-detachment theorem (DDT, for short).
In this chapter we shall formalise the notion of a deductive system ‘having a deduction-detachment
theorem’ and generalize it to include k-deductive systems. In fact, initially we consider a much
more general form of a deduction-detachment theorem, namely a ‘local deduction-detachment

theorem’ (LDDT, for short).

We shall only consider protoalgebraic (including algebraizable) k-deductive systems in this
chapter. This proves not to be restrictive in the case of the (full) DDT, as we shall show that any
k-deductive system with the property is protoalgebraic. The aim of this chapter is to investigate
the connection between protoalgebraic k-deductive systems that have a (local) deduction-
detachment theorem and their associated classes of matrix models. The 2-deductive systems
associated with quasivarieties and, in particular, algebraizable k-deductive systems, are of special
interest, for the associated matrix-theoretic results are universal algebraic in nature. In fact, using

the ‘logical’ approach, as we do, certain (known) purely algebraic results can be obtained.

We begin with the more general version of the deduction theorems that we shall consider,
namely the LDDT. In Section 4.1 we show that a protoalgebraic k-deductive system has the
LDDT if and only if its class of matrix models has ‘locally formula definable principal filters’, if
and only if it has the ‘filter extension property’. Corollary 4.1.11 summarises the results of this
section, which are then applied to the 2-deductive systems associated with quasivarieties. In

Section 4.2, we examine the model classes of protoalgebraic k-deductive systems with the LDDT
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that are ‘filter-distributive’. The main result of the next section, 4.3, states that the property of
having the LDDT is preserved by the relation of equivalence of deductive systems, and is applied

to the study of algebraizable deductive systems with the LDDT.

The study of protoalgebraic k-deductive systems with the DDT is approached in a similar
manner to the LDDT case. In Section 4.4 we show that a protoalgebraic k-deductive system has
the DDT if and only if its class of matrix models has ‘formula definable principal filters’, if and
only if the lattice of compact filters of any matrix model is dually Brouwerian. Corollary 4.4.8
summarises the results of this section and, again, these are applied to the 2-deductive systems
associated with quasivarieties. The matrix models of protoalgebraic k-deductive systems that have
the DDT are shown to be ‘filter-distributive’ in Section 4.5. In this section we study such classes in
more detail. We show in Section 4.6 that the property of having the DDT is also preserved by the
relation of equivalence of deductive systems, and we apply this result to the study of algebraizable

deductive systems with the DDT. Lastly, a number of examples are considered in Section 4.7.

L
1

The results of this chapter are drawn (or adapted) mainly from [BP88] and [BP89b).
Throughout this chapter we assume that k is a positive integer and that £ is a fixed, but arbitrary,

language. As before, the set of propositional variables is P.
4.1 LOCAL DEDUCTION-DETACHMENT THEOREMS

4.1.1 DEFINITION

Let S be a k-deductive system, let I be an index set and let p = (p,,...,p;) and ¢ = (g;,...,q;) be
k-variables with p,,...,pr,qy,...,q; all distinct. For each i € I, let n; be a positive integer and let
E(p,q = {'qj(p,q); J<n;} be a set of k-formulas in the 2k variables Pis--o1Pgrdys---1dg The
system 8(p,q) = {E;(p,q);1€ I} is called a local deduction-detachment system for S if, for all
I C Fm* and @, € FmF,

(4.1.1) ot sy ifandonlyif T'F gE(p,9) for someie .

Here, I' - g E(p, %) is an abbreviation for T't g 7% (p,¥) for all 77 € E;(p,q). If there exists a local
deduction-detachment system &(p,q) for S, we say that S has the local deduction-detachment

theorem (LDDT, for short) with respect to 8.
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In the above definition, the implication from left to right in (4.1.1) is known as the
deduction part, and the implication from right to left as the detachment part. Note that
E(p,¥)F s E,(p,9), trivially, hence (4.1.1) implies that E (p,¢), s¥. Also, from o ¢ we
obtain F g E.(p,¢). Examples of 1-deductive systems that have the LDDT are BCK (proved in
Chapter 5) and the modal logic K (proved in Section 4.7). We provide here an example of a 2-

deductive system that has the LDDT.

4.1.2 EXAMPLE [BP88, Example 2.3]
Recall from Section 0.2 that .A§ is the variety of abelian groups. As in Section 1.5, we define the
2-deductive system S«‘ig (denoted S for convenience), by the axioms
Fs(p,p),
Fs(p+a)+rp+(a+r),
Fs(p+0,p),
Fs(p+(=p),0),
Fs(p+a.9+p)
and the inference rules
(P9 F 5(g,p);
(P, 9),(¢:7) F 5 (py),
(P1:901)s (P2 92) F 5(Py + P30y + 02)s

() Fs(=p, —9)

For each i € Z and p = (p,p;),9 = (44,9;) € Fm? define
(7, @) = (}(P,0),15(P, 0)) = (1(P1s P32 91, 02)s 1o (P1 Py 41, 2)),

where n3(P1s P2y 015 95) = i(py — ),
and U;(Pp P241:92) = ¢ — 4a-
(For each p€ Fm, ip=p+¢+...+¢p (i times) if i>1, and ip = —i(—¢) if i< —1 and
0p =10.) Set E,(p,q) = {q‘(p, q)} for each i € Z. We shall show that S possesses the LDDT with
local deduction-detachment set 8(p,q) = {E,(p,q); i €Z}. Recall from Section 2.1 that Sq is
protoalgebraic for any quasivariety %, hence S = S.A(j is protoalgebraic. Let @ = (¢;,¢,),

VY= (¥;,%,) € Fm? and T C Fm?. Set A = (Fm,Cng(T)). Then A is an S-matrix by Proposition
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1.6.5(i). Recall from Section 1.6 that the S-filters of A (i.e., S-theories) are exactly the AG-
congruences of Fm. In particular, this means that Cng(T) = @i“é(r‘) Set ¢ = @i”é(l‘) Then, as
noted in the paragraph preceeding section 1.9, Q4®2=9, s0 A" =(Fm/®, IFm/<I>>‘ Let h be the
canonical homomorphism from A to A*. Now,
Tptgsy iff peFgip [by Proposition 1.6.5 (iii)]
iff e h™ (Fgsup/®)
[by Corollary 2.1.4, as h is reductive and S is protoalgebraic]
iff  $/® = hy € Fg5.p/D
HE (91/2,9,/9) € 658 %(01/2, 0, /@)
it Y, /@~y /® =i(py /P~ p,/P) for some i€ Z,
by a well-known result of abelian groups. Now
1/ =/ P =il /P~ p/®) M (i(py =)ty —¥y) €D
T T 5 (il — o), — )
iff TFgn'(p,¥)

it T+ g B (p, ).

4.1.3 DEFINITION

Let S be a k-deductive system, M a class of S-matrices and p = (py,...,pg) €= {(qy,---,qx) k-
variables with py,..., pg,4y,...,q; all distinct. Let I be an index set and for each i € I, let Ep,9)
be a finite set of k-formulas in the 2k variables P1r---1Pprdys---1q9;. We say that M has locally
formula  definable  principal  filters (LFDPF, for short) with defining system
8(p,q) = {E;(p,q); i € I} if, for all A = (A,F ;) € M and a,b € A¥,

(4.1.2) beFga ifand only if EMa,b)C F  for some i € I.

Note that if A = (Fm,T) is a formula matrix model and ¢,% € ka, then (4.1.2) states
that
Y €Cng(TU{p}) ifandonlyif E,p,¢)CT for some i€ I,

ie., T,pk sy ifandonlyif TF gE(p,¥).



211

4.1.4 THEOREM [BP88, Theorem 2.4]

Let S be a protoalgebraic k-deductive system and 8(p,q) = {E(p,q); i € I} a system of finite sets
of k-formulas in the 2k variables py,...,pr,4y,..-,9- The following are equivalent :

(i) S has the LDDT with local deduction-detachment system &(p, q),

(i)  ModS has LFDPF with defining system 8(p,q),

(iii) Mod*S has LFDPF with defining system 8(p, q).

Proof. (i)=>(ii) Let A =(A,F ;)€ ModS such that A is countably generated and let
a,be A*.  Then there exists a surjective homomorphism A:Fm— A and p,9 € FmF* such that
hpop=aand hp =b. Set T =h~ 1(F.A-)' By Corollary 1.8.3, B = (Fm,T) is an S-matrix, i.e., T is
an S-theory and h:%B — A is a reductive matrix homomorphism. Moreover, Fg%(p = Cng(T U{p})
by Proposition 1.6.5. Since § is protoalgebraic, Corollary 2.1.4 applies, so

beFgia iff hypeFgShy
iff peh~ I(nghgp) = Fg%yv [by Corollary 2.1.4]
iff T,pk g9 [by Proposition 1.6.5]
iff T+ g E(p,9) for some i€ I.
Now, |
TrHsE(p¥) iff Efp9)CST=h"'(F)
i (B (5, 9) C F 4
iff Efa,b)CF
hence (4.1.2) holds. Next, suppose A = (A, F.A) is an arbitrary S-matrix and let b ¢ ng a. By
Corollary 1.6.8, there is a finitely generated subalgebra A’ of A with a,b€ (4’)* and be ng, a,
where A’ = (A, (A")* N F 4). Since A’ is countably generated, we have that
E?’(a, b) C (4)*n F , forsomei€l,
ie., E?(a, b)CF 4 forsomei€l.
Conversely, suppose E?(a, b) C F.A for some i € I. We can consider a,b as interpretations of p,q
(respectively) in A. Since p, E(p,q)F g¢q, a€ nga and EiA(a, b) C F.A C ng a, it follows that

be ng a since Fg‘i a is an S-filter of A.

(il)=(iii) Trivial.
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(iii)=>(i) Let T'C FmF, o € Fm* and set T = Cng(T'). Then T is an S-theory and
A= (Fm,T) € ModS, hence A" = A/Q T = (Fm/Q T, T/ 4T) €Mod™S. Set A =Fm/Q ,T
and FA* = T/QAT. Let h: A — A" be the canonical homomorphism. Then & is reductive, so
Corollary 2.1.4 gives us that A~ 1(ngxhtp) = ng(p, 0
Lok st iff $peFgsp [by Proposition 1.6.5]

iff % eh™(Fg5.hyp)

iff hy € Fg5y.hp

iff  EA (hg,hyp) C F 4= forsome i€ I,
since Mod™S has LFDPF and A* € Mod*S. Now,

BN (ho,h) CF 4o iff h(E(p. ) CF s
i E(p$) Ch™UF ) =T

iff TF gE(p,9). O

The equivalence of conditions (iii) and (i) of the previous theorem can be stated in model-
theoretic terms, using the terminology of Section 2.2: A k-protoquasivariety, Mod*S say, has
LFDPF with defining system &(p,g) if and only if its associated protoalgebraic k-deductive system
S has the LDDT with local deduction-detachment system &(p,q). We now wish to find a

characterization of k-protoquasivarieties (and the classes ModS) that have LFDPF.

4.1.5 DEFINITION

Let S be a k-deductive system. An S-matrix A = (A, FA) has the filter-extension property (FEP,
for short) if for every submatrix B = (B, F?B> of A and every S-filter F' of B there exists an S-filter
F’ of A such that F' N (B*) = F. If the previous statement holds for all principal S-filters F' of B
then we say that A has the principal filter-extension property (PFEP, for short). A class M of S-

matrices has the (principal) filter-extension property if each of its members does.

4.1.6 LEMMA
Let the S-matriz A = (A, F 4) have the FEP, let B = (B, Faop) be a submatriz of A and let X C B*.
Then Fg8 X = B¥NFg5 X.

Proof. 1t is easy to check that BkﬂFgS_AX is an S-filter of B containing X, so
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Fg%X C BFn ngX (regardless of FEP). By FEP, Fg%X = B*N @G for some G € FiA. Now,
X CdG, so ngX CG,s0
k
B*NFg5 X C B NG = Fg& X,

hence Bfn ngX = Fg%X. 0

4.1.7 THEOREM [BP88, Theorem 3.1]

Let S be a protoalgebraic k-deductive system. The following are equivalent :
(i) S has the LDDT,

(ii) ModS has the PFEP.

Proof. (i)=(ii) Assume that S has the LDDT. By Theorem 4.1.4, ModS has LEDPF with
defining system &(p,q) = {E;(p,q); i € I}, say. Let A =(A, F.A) be an S-matrix, B = (B, F"ZB) a
submatrix of A and a€ BF. Then Fg%a is a principal S-filter of %B; ‘we shall show that
Fg%a = ngaﬂ BF, which will prove (ii). If b€ B* then, since ModS has LFDPF, we have that
(4.1.2) holds, i.e.,

beFg5a ifandonly if EA(ab)CF 4 for some i € I.
Both a and b are elements of B¥, hence Ef\(a,b) = E?(a,b) and E‘,—A(a, b) C B* for each i€,
implying that

EB(a,b) C Fg=F ,nB* ifandonlyif EMab)CF 1
for each i € I. Thus, by (4.1.2) and the fact that B € ModS (see Proposition 1.8.2(i) ), we have

beFgga ifandonlyif be Fg5a.

(ii)=>(i) Let p={(py,...,px) and g¢={qy,...,q;) be k-variables such that Pls--osPpsQqs--+sq) are
all distinct, and recall that Fm(p,q) denotes the set of all formulas in the 2k variables
Piye-esPraQys---1qg- Recall also that Fm(p,q) is the universe of the absolutely free L-algebra
generated by py,...,pr,qy5. .., 4y, which we denote by Fm(p,q). Next, define
8= 8(p.q) = {E(p,9) C (Fm(p,))¥; E(p, ) is finite and E(p,q),p+ q}-

We claim that § has the LDDT with local deduction detachment system 8. Let p,PE FmF.
Consider the substitution o defined by op = ¢ and og= ¢ (i.e., op;, = ¢; and oq; =, for i <k)
and or =7 forall r € P—{py,...,pp,qy,...,4;}. Note that o is well-defined by the choice of p and

g Let E€8  Since E(p,q),pt gq, structurality implies that o(E(p,g)opt gogq, e,
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E(p,¥), ¢t g¢. For any I C FmF, therefore, if I'* g E(p, ¢) then T, b ¢ 1.

Conversely, suppose I',p - ¢ . Set
A = (Fm(p,q), F 4), whete F_y = & ~1(Cng(I)) N (Fm(p, )},
and set € =(Fm, F), where Fe = Cng(T).
It follows easily from Lemma 1.5.3 (i) and Proposition 1.6.5 (i) that 4 and € are S-matrices. Let
h:Fm(p,q) — Fm be the homomorphism determined by hp; = ; and hq; =, for i <k. Then
h:A—C is a matrix homomorphism. Indeed, for any 5 € (Fm(p, q))k, we have hnp = o, hence
h(F 4) = h(e = (Cng(I)) N (Fm(p,g))*) = o(c = H(Cng(T)) N (Fm(p,g))¥) C Cug(T), but h is not
surjective. To remedy this, we set
B = (B, Foy), where B = h(Fm(p, q)) and Fey = Fo N B,
Note that both ¢, ¥ € B* since hp = ¢ and hq = . Moreover, B is a submatrix of € and Fg%go is
a principal S-filter of B, hence the PFEP implies that there exists F € Fi°C such that
FNB* = Fg%(p. Now Fg%go C Fgé(pﬂ B* and, conversely, ¢ € Fg%tp implies ¢ € F, hence
Fggzp C F. Thus Fg€<pﬂ B cCFn Bk = Fg%tp, hence
FgSe = Fgaen B,
Since T',p I 5 %, Proposition 1.6.5 (iii) implies that ¢ € Fgé(p, hence ¢ € Fgé(pﬂ B = Fg%tp. Note
that h: 4 — B is a reductive matrix homomorphism, so we can apply Corollary 2.1.4 (recall that S
is protoalgebraic), and get
h = (Fggp) = Fg5p.
Since hgq=9y € Fg%(p, we get g€ h_l(Fg%tp), hence q € ngp, i.e., F 4,pF gq, by Proposition
1.6.5 (ili).  Recall that F g is finitary and F 4 € (Fm(p, @))F, so there exists a finite set
E(p,q) C F 4 such that E(p,q),pt sq. Thus E(p,q) € 8 and, moreover, E(p, ) = h(E(p,q)) C

Having achieved a connection between the LDDT and the PFEP we now proceed to the
FEP in the classes ModS and Mod*S. The following theorem shows that for the class Mods,
having the FEP is a consequence of having the PFEP. Note that this theorem is not restricted to

protoalgebraic k-deductive systems.
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4.1.8 THEOREM [BP88, Theorem 3.2]
Let S be a k-deductive system. Then ModS has the PFEP if and only if it has the FEP.

Proof. Suppose S has the PFEP. Let A = (A, F.A) and B = (B, F%) be S-matrices such
that B is a submatrix of A. We first consider S-filters of B that are finitely generated. We shall
show that for any finite X C Bk,

(4.1.3) Fg5 X = Fg5 X n BF,
This is achieved by induction on the cardinality of X. If | X | =0, then X = § and

Fgp0 = Fgy = F 4, N B* = Fg50n B~.
Assume that (4.1.3) holds whenever |X| <n, for some positive integer n, and suppose that
X={b,....,0,} C B*. Let F= Fg%{bl,...,bn_l}. Then, by the induction hypothesis, there
exists an F’ € FiA4 such that F = F'nB*. Set %' = (B, F) and A’ = (A, F’). Then B is a
submatrix of A’ hence, by the PFEP, there exists a G € Fi®A’ such that Fg%, b, =Gn B*. But
since FiS4’ C FiS 4, we get that G € Fi® A and

Fggy b, = Fgg(F U {b,}) = Fg5 X,

hence G N B* = Fg%X and the induction is complete.

Now suppose that F' € Fi°%B is arbitrary. Recall from Lemma 1.6.4 that filter lattices are
algebraic and that F is the join of compact elements of Fi® B, so
F= {Fg%X; X C F and X is finite}
= U{ngXﬂ B¥; X CFand Xis finite}
= (U{ngX; X C F and X is finite}) N B¥

= Fg5 F n B, 0

In Theorem 4.1.9 we shall show that when establishing the PFEP for a class of matrix
models, it is sufficient to consider the reduced matrix models. Recall from Section 1.8 that for an

S-matrix A = (A, F), we have A* = (A/QF,F[Q 4F) € Mod™S.

4.1.9 THEOREM [BP88, Theorem 3.4]
Let S be a protoalgebraic k-deductive system and A an S-matriz. If A* has the PFEP, then so

does A.

Proof. Let A=(A,F ;) be an S-matrix and B =(B,Fq) a submatrix of A. Set
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®=Q F , and let h:A — A/® be the canonical homomorphism. Then k is reductive from A to
A", Let B/® = (B/®,F ,/®N(B/®)*) (as defined in the proof of Lemma 1.8.7). Clearly, B/® is
a submatrix of A*. Let b€ B* so that Fg%b is a principal S-filter of . We need to show that
Fg%b can be extended over A. If we set g = h| B, the restriction of h to B, then g: B —B/® is a
surjective homomorphism- of matrices and g_l(FA/q?'ﬂ(B/d))k) = FAﬁBk, i.e., g Is reductive.
Since § is protoalgebraic, it follows from Theorem 2.1.3 (vi) that
97 (Fgg g 9b) = Fagh.
Since A* has the principal filter extension property there exists an S-filter of A*, G say, such that
GN(B/®) = Fg‘ZSB/<1> gb. Then A~ Y(G) is an S-filter of A by Corollary 1.8.3 and
Feipb =9 (Fagp 4 9b)

=g~ G Nn(B/®)F)

=h~YGN(B/®)*)n BF

=h~YG)Nh=Y(B/®)*) N BF

=h~YG)n BF, |

hence A has the PFEP. (]

The results concerning the matrix model classes ModS and Mod*S are summarised in the
following corollary. Note that the equivalence of (i) and (iv) can be rephrased in model-theoretic

terms: A k-protoquasivariety has the PFEP if and only if it has the FEP.

4.1.10 COROLLARY [BP88, Corollary 3.5]
Let S be a protoalgebraic k-deductive system. The following are equivalent:
(i)  Mod*S has the PFEP,
(i)  ModS has the PFEP,
(#ii) ModS has the FEP,
(iv) Mod*S has the FEP.
Proof. (i)=»(ii) is Theorem 4.1.9, (i1)=(iii) is Theorem 4.1.8, (iii)=(iv) is obvious and so is

(iv)=(i). O

The theorems that have been proved thusfar can be summed up in a single corollary.



217

4.1.11 COROLLARY [BP88, Corollary 3.6]

Let S be a protoalgebraic k-deductive system. The following are equivalent:
(i) S has the LDDT,

(ii)  ModS has LFDPF,

(i1i))  ModS has PFEP,

(iv) ModS has FEP,

(v)  Mod*S has LFDPF,

(vi) Mod*S has FEP,

(vii) Mod*S has PFEP. 0

Quasivarieties.

As promised, we now apply the results of this section to the 2-deductive system S%, where % is a

quasivariety.

4.1.12 DEFINITION
A quasivariety % has locally equationally definable principal relative congruences (LEDPRC, for
short), if there exists a system
8(pa) = 8(p1s Py 01:92) = {E(P1, P2 01, 02) 5 1 € 1)
of finite sets of 4-ary equations, say,
E{(P1sPg 01,92) = {C5(P1s P2y 01, 02) & 0Py, P10 02) 5 5 < 1)
such that for all A € %, and all a,b,¢,d € 4,
(c,d) € @?]‘G(a,b) iff for some i € I, (C})A(a, b,c,d) = (n;-)A(a, b,c,d) for all j <n,.
Then &(p,q) is called a set of local defining equations for the principal relative congruences of %

(where p = (pl,Pg), q=1{41,9,))-

Consider the 2-deductive system S% associated with a quasivariety %, defined in Section
1.5. Recall from Section 1.8 that Mod*Sg. = {(A,I4); A € %} and that the lattice Fi %A of Sec-
filters of a reduced S%-matrix A coincides with the lattice ConxA of ¥-congruences of A. Let I
be an index set and let E(p,q) = {(C;(p,q),ng(p,q));jgni} be a set of 2-formulas in two 2-

variables p = (p;, py), ¢ = (41,¢,) for each i € I. Set &(p,q) = {E(p,q); i € I}. Then



Mod*Sq: has LFDPF with defining system 8&(p, g)
iff  for all A =(A,I,)€Mod"Sg and (aj,a,),(by,b,) € A2,
53(; . A .
(b1,b9) € Fg g™(ay,a9) iff ENay,a,,by,b,) C I, for somei€ I,
iff for all A € % and ay,ay,b;,by € A there exists ¢ € I such that
(bl’bZ) S @%(01,02) iff (C;)A(al’a2’bl,b2) = (nj’)A(alaazvb]’Ib) for all .7 S L

iff % has LEDPRC with respect to &(p, q).

If 3 is a variety then every congruence on any A € % is a %-congruence. In this case, if %
has LEDPRC, we drop the adjective “relative” and say that % has locally equationally definable

principal congruences (LEDPC, for short).

4.1.13 DEFINITION

A quasivariety % has the (principal) relative congruence eztension property ((P)RCEP, for short),
if for all A,B € % such that B is a subalgebra of A, and all (principal) %-congruences ® of B, there
exists a %-congruence & of A such that ® N B? = ®. We drop the adjective “relative” and use the

abbreviation (P)CEP in the case where % is a variety.

Counsider once again the 2-deductive system Sq; associated with a quasi-variety %.
Mod™Sg has the PFEP
iff for all 4, Be Mod*SﬂG such that B is a submatrix of A4, and all principal S%—ﬁlters
Sqc . Sq 2 Sq;
Fgay® (by,b,) of B, there exists F € Fi A such that F N B* = Fgop® (by,b5)
iff for all A,B € % such that B is a subalgebra of A, and all principal J6-congruences @?(;(bl’bz)
of B, there exists F € CongcA such that F N B? = 0 (b;,b,)

iff % has the PRCEP.

In particular, a variety % has the PCEP if and only if Mod*S% has the PFEP. It can
similarly be shown that Mod*S% has the FEP if and only if the (quasi) variety % has the (R)CEP.

This leads to the following corollary of Corollary 4.1.11.

4.1.14 COROLLARY [BP88, Corollary 3.7]

Let % be a quasivariety. The following are equivalent:
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(i) ¥ has LEDPRC,

(i) % has the PRCEP,

(iit) 36 has the RCEP,

(iv) Sy has the LDDT.

Moreover, % has LEDPRC with respect to 8(p,q) if and only if S% has LDDT with local
deduction-detachment system 8(p, q).

Proof. By the above observations, % has LEDPRC if and only if Mod*S% has LFDPF
which holds if and only if Mod*S% has the PFEP, by Corollary 4.1.11, and this holds if and only if
% has the PRCEP. Thus (i) and (ii) are equivalent. The equivalence of (i) and (iii) and that of
(i) and (iv) follow similarly from Corollary 4.1.11. The last statement follows directly from

Theorem 4.1.4 and the above observations. a

This generalizes a result of Alan Day [Day70] to the effect that a variety has the CEP if

and only if it has the PCEP.

4.2 THE LDDT AND FILTER-DISTRIBUTIVITY

4.2.1 DEFINITION

Let S be a k-deductive system. A class M of S-matrices is called filter-distributive if Fi°A is a
distributive lattice for all A € M. If the class ModS is filter-distributive then we say that § is

filter-distributive.

In this section we provide a characterization of protoalgebraic k-deductive systems with the
LDDT that are filter-distributive (or, equivalently, of k-protoquasivarieties that have LFDPF and

are filter-distributive). We shall use a number of lattice-theoretic definitions and results that were

proved in Section 0.1.

Let S be a k-deductive system and 8 = {E;;i € I} a family of sets of k-formulas, i.e.,

E. C Fm* for each ie I. We say that 8 is S-directed if, for all i,j € I, there exists a k € I such
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4.2.2 THEOREM [BP88, Theorem 4.3]
Let S be a protoalgebraic k-deductive system that possesses the LDDT with respect to a local
deduction-detachment system 8. Then S is filter-distributive if and only if 8 is S-directed.

Proof. (<=) Suppose S has the LDDT with respect to 8 = 8(p,q) = {E,(p,q); ¢ € I}, where
§ is S-directed. Let A = (A, F.A) be an S-matrix. Let FcS A denote the set of finitely generated S-
filters of A. Note that by Lemma 1.6.4(iii) these are precisely the compact elements of the
algebraic lattice FiA. Let FcSA = (FcSJl, V) be the associated join-semilattice with 0, where
F 4 is the least element. It follows from Proposition 0.1.7 (iii) that Fi® A is isomorphic to the ideal
lattice, Id FcS A of FSA. The join-semilattice FcSA is generated by the set {nga, ;a€ Ak} $0,
by Lemmas 0.1.2 and 0.1.3, we need only show that D(nga, ngb) holds in Fc A for all abe AF

in order to conclude that Fi®A is distributive.

So, let F,G € Fc® A such that Fg5bC Fg%aV F and Fg%bC Fg5aV G. First suppose
that A is countably generated. Since P —{py,...,Pt,qy,...,q;} is denumerable, there is a
surjection from this set to a generating subset of A, hence there exists a surjective homomorphism
h:Fm— A such that hp=a, hg=5. Let B = (Fm,h_l(FA)). Then h:B— A is a reductive
matrix homomorphism. Now,
hg="b € (Fg5a)V F = Fg5(F U {a}),
s0 g€ h™Y(Fg5(FU{a}))
and h =1 (FgSy(F U {a})) = Feg(h~{(F)U {p})
(by Theorem 2.1.3 (vi) since, by surjectivity of h, we have h(h~1(F)U {p}) = F U {a})
=Cng(h "} (F)U{p})Vh~'(F 4)  [by Proposition 1.6.5 ii)]
= Cng(h "} (F)U{p}) [as ™ H(F 4) Ch™HF)):
Thus h~Y(F),pt gg. Similarly, we get h~}(G),pt g¢. By the LDDT there exist 3,5 € I such
that
A=Y F)F sEp,g) and h~YG)F s Ey(p,a)
Since 8 is S-directed, there exists &£ € I such that
E(pa)tk sEi(p,g) and Ep,gF sEi(p9),
hence h " X(F) D E,(p,q) and h ™ }(G) 2 Ei(p,q) since h ~1(F) and h~1(G) are S-theories. So

E(a,b) = h(E(p,9)) C F NG.
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Set H = ngE?(a, b). Then H is a compact S-filter of A since E;?(a, b) is a finite set and H C F
and H C G. Moreover, E;(p,q),p+ s¢ by assumption, from which it follows that

g € Fg3y(Ei(p g) U {p}),

s0 b= hq € h(Fgg(E(p,q) U {p}))
=h(h~ 1(1‘“g.‘ii(E‘£(a, b)u {a})) [by Theorem 2.1.3 (vi)]
= ng(EkA(a, b)u {a}) [by surjectivity of A]

= Fg5 E¢(a,b)V Fg5a
=Hv nga,
S0 ngb CHYvV nga.

This shows that D(Fg%a, Fg® ) holds in FcA.

Now, suppose A is not countably generated. Since F,G € Fc® A, there are finite subsets
X,Y of A¥ such that F = ngX and G = ngY. Let A’ be the subalgebra of A generated by the
co-ordinates of X UY U {a,b}. Let A’ = (A/,(4")*n F 4), so that A’ is a submatrix of A. Since §
has the LDDT, ModS has the FEP (by Corollary 4.1.11). Thus, by Lemma 4.1.6,
PgS(X Ufa)) = (4)* N FgS (X U {a}),
ie., Fg5, X VFg5,a= (A" n(Fg5aVF)
and similarly ng, Yv ng, a=(AYn( ng aVG).
Now, be (A")*n( nga V F), so
Fg5,bC Fg, X VFga
and similarly ng, bC FgSA, Yv ng, a.
Since A’ is countably (in fact finitely) generated, we may apply the result just established and
conclude that there exists H' € FcS A’ (say H' = ng, Z, where Z is a finite subset of (A’)¥) such

that H' C Fg%, X NFg5,Y and Fg5,bC Fg5 aV H'.

Using the FEP and Lemma 4.1.6 again,
beFg5(ZU{a}) =(A)*NFg5(ZU{a}) CFe5(ZU{a}) = Fg5av H"
A A =184 g4 '
where H' = ngZ (hence H'' € Fc5A). We therefore have
Fg5bC Fg5av H".
Lastly, if T is any S-filter of A containing X, then (A')kﬂ T is an S-filter of A’ containing X, so

ng,X C(AY*NT, hence ZC(A)NnTCT. Consequently, H'' = ngZ CT and so
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H" CFg5 X = F. Similarly, H C G, completing the proof that D(Fg®a,Fg>b) holds in FcSA.

(=) Suppose 8 ={E,(p,q); i€ I} and choose E;= E(p,q), E;,=FE(p,q) €8. Let B be the
formula matrix model (Fm,Cng(E,)N Cng(E;)) and let A be the absolutely free L-algebra
generated by {py,...,pr,qq,...,q;}. Set A= (A,Ak NCng(E;)N CnS(E'J-)), so that A is a
submatrix of B. By the FEP, the Lemma 4.1.6 and Proposition 1.6.5(ii), we have, for any
X C Ak,
(4.2.1) Fg5 X = A*NFg X = A*N[(Cng(E;) N Cng(E )V Cng(X)].
Now, E;,pt gqand E;, pt 5¢, so since E;U E;u {p,q} C A*, we have by Proposition 1.6.5 (iii),
g€ Fg’pVFgSE; and g€ Fg5pVFgSE;,

s0 g€ (Fg5p Vv Fg5 BN (Fg5pV Fg E))

= ngp \Y [FgS_AEi N ngEj] [by distributivity]

= [A*N ((Cng(E;)NCng(E))V Cngp)] V [4* N Cng(E;) N Cng(E ;)]

[by (4.2.1)]

= A*N[(Cng(E;) N Cng(E,)) V Cngp].
It follows that Cng(E;)NCng(E,),pt g4, hence by the LDDT, there exists E; = E;(p,q) € 8
such that

Cng(E;)N CnS(E]-) kg Ey.

Certainly, therefore, Cng(E;) - g E}. and CnS(Ej) FsEy, ie, E;F gFE and Ej FgE so 8is S-

directed. 0
4.3 EQUIVALENT DEDUCTIVE SYSTEMS AND THE LDDT

Recall that in Section 1.9 we defined a relation of equivalence for arbitrary deductive systems.
Here we partly justify that definition by showing that the property of possessing the LDDT is
preserved by this relation of equivalence. The main result is obtained in several steps. First we
show that if a k-deductive system has the LDDT with a local deduction-detachment system &, then
it also has a local deduction-detachment system “for any finite set of premisses”. This statement is
made precise in Lemma 4.3.1. Unfortunately, for the proof of the main theorem some very

technical definitions and a technical lemma are necessary.
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Let p={(py,...,pi) and ¢ =(qy,..-,qx) be k-variables and {p;, py, p3,...} a countable set
of k-variables, where p; = (p,,...,p;) for each i and pi; # p, unless (4,j) = (r,f). Assume also
that the p;’s, the p,’s and p,g’s are all distinct. Let S be a k-deductive system with local
deduction-detachment system 8=8(p,q) = {E;(p,q);i€I}. We shall need the following
inductively defined sets: Define 1) = I, ESI)(pl,q) =F,(p;,q) for each i€I, and
8(1)(p1,q) = {Egl)(pl,q); i€ I(l)}. Next, we explicitly show the inductive step for n = 2 to make
the definition more accessible. Let IESI) denote the set of all maps from ESI)(pl,q) into I and set

1@ = U{IESI); ie 1My,
For each f € I(z), say f:ESl)(pl,q)—J, set
EP(p,py0) = U {E ;(m(P2m; 1€ EN(p1, )},

and, finally,

83 (py, pya) = {EP(py, pyr0); 7 € 1)

Suppose that n > 2 and that 1™ and 8(")(p1,...,pn,q) = {Eg")(pl,...,pn, g);i€ I(")}
have been defined, where ES")(pl,...,pn,q) is a finite set of k-formulas for each i € I. For each

n)

1€ I(n), let IEi denote the set of all maps from E’Sn)(pl,...,pn,q) into I, and set
G U{IEgn); ie 1™y,
For each f € S0 say f:ES")(pl,..., P9 — 1, set
EC* Ny, by i) = U {E () (Pr 1M 1€ B py,... 20},

and, finally, set

8(n+1)(p17---7pn+1’q):{E}n+l)(p1’-~-apn+lvq); feI(n+1)}'

Note that if the set I contains only one element then for any n, the set of all maps from
ES")(pl,...,pn, q) into I contains precisely one element, hence each 1™ has one element. Then it

follows that each 8™ contains only one element.

4.3.1 LEMMA [BP88, Lemma 5.1]

Let S be a k-deductive system with local deduction-detachment system 8(p,q). For all integers
n>1,86,..,6,¢€ FmF and T - Fm¥, we have

(4.3.1)  T,6,,....6,F g% ifand onlyif T+ gES,,...,6.,9) for someie I,

Proof. As one would expect, the proof is done by induction on n. If n =1, the statement of
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the lemma simplifies to the definition of a local deduction-detachment system. Assume that the
statement holds for some n > 1, and let 61,...,6n+1,¢€ FmF, rc Fm* and o a substitution
satisfying op; = 6; for each i <n+1 and og = 9. Note that such a o exists, by choice of the k-

variables p; and g¢.

(<) Suppose that
(4.3.2) TFgEC 6,06, 1 9),
where fEI("'H), say f:ES")(pl,...,pn,q)—J. Since ES")(cSl,...,&n,t/))gka we can apply
(4.3.1) and deduce, by the induction assumption, that
ES(6,,...,68,,$),6,,...,6,F g for each i € I,
which implies, since E{(6,,...,5,,%) = o(E{)(pys..., p,,q)), that

(4.3.3) U(Esn)(pl,...,pn,q)),61,...,6n gy foreachie ™.

For each € E'g")(pl,. ey P @) Ef(n)(p, ¢q) is an element of the local deduction-detachment system

§, hence
Ef(y,)(6n+1v°"’)76n+1 Fgon.
Now,
Ef(n)(6n+ pon) = U(Ef(,,)(Pn+ 1)
C (B (pyy. e pp 4 1:0)
= E(fn+1)(6l,...,6,,+l,¢),
hence

Egrn+1)(61,...,5n+1’¢'),5n+1 Fgon forall ne Esn)(Pl’---an’Q)'
We can rephrase this as
ES‘n+1)(61,...,6n+1v¢)a6n+1 F SU(ESn)(Pv-“’pn’q))'
By (4.3.3), we then get that
E(f"+1)(51,...,5n+1,¢),51,...,5n+1 F g,

hence (4.3.2) implies that T, 4,,...,6,, +1F s ¥, as required.

(=) Suppose that I',é;,...,68, , F g9, ie, TU{6, },6,...,6,F 59 By the induction
assumption (replacing I' by TU {6, , ;}) we have

T8, .1 F sEM(6,,...,6,,9) for some i 1™

309
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and, as before, we can write ES")(61,...,6,1,1/;) = U(EE")(pl,...,pn,q)). For each pe
ES")(pl,. vy Py @), therefore, I',6,, 1 - son. Since 8 is a local deduction-detachment system for S,
there exists a in€l such that
(4.3.4) kg E‘J-"(6n +1:0M)-
It is possible, therefore, to define a function f:Eg")(pl,...,pn,q)—él by f(n) = Jq- By definition,
fe nt1), Now,
EV 06,6, 9 = o(ES T (i py 4 1,0))

= G(U {E ()P M3 M€ EM(py,... b, q)})

= ULo(E ()(Prt 1) 1€ ES(pys. . 9}

= ULB()nsrom)i n€ E{pyr.., 2 @)},

hence I'F ¢ EY* ¥ 1(65,...,6,, , 1,9), by (4.3.4). 0

4.3.2 THEOREM [BP88, Lemma 5.2]
Let S; and S, be equivalent deductive systems. Then S, has the LDDT if and only if S, has the
LDDT. |
Proof. Assume that S, is a k-deductive system and S, is an {-deductive system. Let
7={r},...,7"} be an interpretation of S, in S, and p={p',...,p™} an interpretation of S, in
S,- Recall from Section 1.9 that each ' is an {-formula in k variables, and each p' is a k-formula
in £ variables. Suppose that S; has the LDDT with local deduction-detachment system &(p,q).
ForallT C Fm® and p,YE Fme, we have that
Lebg v if oD),pe)F s p¥)
il p(T), p1()s-P™ () s, P'(¥) for each j < m.
By Lemma 4.3.1, for all j <m, the right hand side holds if and only if there exists an i; € I{™)
such that
p(0)F s B0 (0)..... 67(0), ()
hence
Lok $ it o)k s ULE (! (9),....s™(9), £’ (9): 5 S m)
it r(p(0) k5, 7(ULET (P (). 0™ (0). 7 ($): 5 < ).
Define Ei‘(p,Q)=T(U{ES;.")(pl(p),---,pm(p),pj(q)):jsm}), where i= (il,---,im>€(1(m))m,
and define 8'(p,q) = {E(p,q); i € (I(m)) m}. Since I' 4 + 58 7(p(T)), the above equivalences yield



ks, ¢ ifandonlyif Tk g Elpy) for someie ( I(m)) 5
hence 8'(p,q) is a local deduction-detachment system for Sy, therefore S, has the LDDT. If we

assume that S, has the LDDT then a symmetrical proof will yield that S, has the LDDT. O

In Theorem 3.1.11, we showed that a k-deductive system is algebraizable if and only if it is
equivalent to S 9% where ¥ is its equivalent quasivariety semantics. This observation allows us to

apply the previous theorem to the study of algebraizable k-deductive systems.

4.3.3 COROLLARY [BP88, Corollary 5.3]
Let S be an algebraizable k-deductive system with equivalent quasivariely semantics %. Then S has
the LDDT if and only if % has the RCEP. In particular, in the case where S is strongly
algebraizable, 1.e., % is a variety, S has the LDDT if and only if % has the CEP.

Proof. By Theorem 3.1.11(viii), S is equivalent to Sf]G’ hence, by the theorem just proved,
S has the LDDT if and only if SSG has the LDDT. By Corollary 4.1.14, S% has the LDDT if and

only if % has the RCEP. O
4.4 DEDUCTION-DETACHMENT THEOREMS

We now proceed to study a stronger form of the LDDT, namely the ‘deduction-detachment
theorem’. A number of the results of the following sections are special cases of results concerning
the LDDT, and the algebraic properties considered here are (stronger) analogues of those

considered previously.

4.4.1 DEFINITION
Let S be a k-deductive system and let Plre--1Ppsqys---»q9; be distinct variables with
P={(py;-..,pg) and ¢={(qq,...,q;). A finite set E(p,q) = {m(p@),....n,,(p,q)} of k-formulas in
the 2k variables py,...,p,qy,...,q; is called a deduction-detachment set for S if, for all T - Fmk
and @, ¥ € FmF,

L,k g9 ifandonly if T g E(p, ).

(Note that I't g E(p, %) is an abbreviation of T+ gn(p,9¥) for each i <m.) If there exists a
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deduction-detachment set for S then we say that § has the deduction-detachment theorem (DDT,

for short).

Note that a deduction-detachment set is a local deduction-detachment system with one

element. So if S has the DDT then S certainly has the LDDT as well.

In [BP88] and [BP89b], most of the results about k-deductive systems S that have the
DDT make the assumption that S is protoalgebraic. The next theorem, which is not in the
published literature, shows that this assumption may be dropped, as it is redundant. This allows
us to phrase several subsequent results more strongly than was done in their original sources in the

literature.

4.4.2 THEOREM
Let S be a k-deductive system which has the DDT. Then S s protoalgebraic.

Proof. Let E(p,q)={m(p.q),...,n,,(P,q)} be a deduction-detachment set for S. Let
Pyq,2q,.--,%), _1 be variables such that they and p,,...,p;,q;,...,q; are all distinct. Recall that
for each € <k, Z [p/€] means (zl,...,ze_l,p,ze,...,zk_l). For each £ < k and each i < m, define
the k-formula Aig(p, 0,2 )=n;(Z[p/l},Z[q/€]) and let A(p,q,7) denote {Aie(p, 4,7 );
(<k;i<m}. From the fact that for each €<k, 7Z[p/l]t ¢Z[p/C], we infer
FsE(EZ[p/t,Z [p/C]), Le, FgA,(p,p,7) for all i<m. Thus + gA(p,p,7). From the fact
that, for each £ <k, E(Z [p/t],Z [¢/C]) F ¢ E(Z [p/),% [¢/}), we obtain

Z[p/t, EE [p/8),Z[a/) F 57 [a/8],
Le., Z[p/UAA(p, 0,7 )i <m} bk 57 [g/E],
so Z[p/t, Alp,q,Z ) F 5% [q/8].
Thus A(p,q,7 ) is a finite system of equivalence k-formulas with parameters ¥ for S. By Theorem

2.3.2, S is protoalgebraic. O

4.4.3 DEFINITION
Let S be a k-deductive system and M a class of S-matrices. Let P1seees Prs9ys---1qy be distinct
variables with p = (p,,...,py) and ¢ =(qy,...,q;). We say that M has formula definable principal

filters (FDPF, for short) if there exists a finite set E(p,q) = {n,(p,q),...,n,,(p,q)} of k-formulas in
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the 2k variables py,..., py,qq,..., ¢4 such that, for all A = (A, F.A) € M and all a,b € A%,
b€ FgSa if and only if EAa,b)C F o

Then E(p,q) is called a set of defining formulas for the principal filters.

Note that if we regard A as a first-order structure (without equality) (see Section 1.10)
then, in terms of the notation of Section 0.5, the right hand side of the equivalence says that
I=_4 mi(a,b) for all i <m, or simply I= 4 E(a,b), where n,(a,b) is considered as a formula of the
language £, got by adding to £ new constant symbols for all elements of A. If we set
8(p,q) = {E(p,q)}, then the above definition implies that M has locally formula definable principal
filters with defining system &, as in Definition 4.1.3. The following theorem can therefore be

obtained as a corollary to Theorem 4.1.4 and the previous theorem.

4.4.4 THEOREM [BP89b, Theorem 7.1]

Let S be a k-deductive system and E(p,q) a finite set of k-formulas in 2k variables Plreeos Phoy

qyy---1q- The following are equivalent:

(i) S has the DDT with deduction-detachment set E(p,q),

(i1)  ModS has FDPF with defining formulas E(p, g),

(iit)  Mod™S has FDPF with defining formulas E(p,q) and is closed under subdirect products.
Proof. Let 8= {E(p,q)}. Note that (i) says that S has the LDDT with local deduction-

detachment system 8, and implies that S is protoalgebraic (by the previous theorem). Since (ii)

says just that ModS has LFDPF with defining system §, the implication (i)=>(ii) follows from

Theorem 4.1.4.  Assuming (ii) and considering the formula matrix models (Fm,Cng(T))

(- ka), we obtain from Proposition 1.6.5 that S has the DDT (with deduction-detachment set

E(p,q)) and is therefore protoalgebraic. By Theorem 2.2.3, Mod*S is closed under subdirect

products. This clearly suffices in establishing that (ii)=>(iii). Since (iii) implies that Mod*S has

LFDPF with defining system &, and that S is protoalgebraic (Theorem 2.2.3), the implication

(iii)=>(i) is-a special case of Theorem 4.1.4. ]

We make the same point here that was made for the LDDT, namely that the equivalence
of (iii) and (i) is a matrix model-theoretic result: A reduced universal Horn k-class Mod*S is a k-

protoquasivariety having FDPF with defining formulas E(p,¢) if and only if § has the DDT with
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deduction-detachment set E(p,q). We now wish to characterize k-protoquasivarieties (and classes

ModS) that have FDPF in terms of the structure of their associated theory (and filter) lattices.

For a k-deductive system S, let Tf.S denote the set of finitely generated S-theories. Note
that by Lemma 1.5.2(iii) these are precisely the compact elements of the algebraic lattice ThS.
Let TfS = (TfS, V) be the associated join-semilattice with 0, where Cng(@) is the least element.
Recall also that for an S-matrix A = (A, FA.)' FcS A denotes the set of all finitely generated S-
filters of A and that FcSA = (FcSA, V) is the corresponding join-semilattice with 0. Recall from

Theorem 1.6.4 (iii) that FcS A is the set of all compact elements of the algebraic lattice FiSA.

4.4.5 THEOREM [BP89b, Theorem 7.6]

Let S be a k-deductive system. The following are equivalent:

(i) S has the DDT,

(i) S is protoalgebraic and for all A € ModS, FcS A is dually Brouwerian,
(iii) S is protoalgebraic and TfS is dually Brouwerian.

Proof. (i)=(ii) S is protoalgebraic by Theorem 4.4.2. Let A = (A, F ) € ModS. Note first
that as a join-semilattice FcSA is generated by the set X = {nga; ac Ak} CFcS A4, so, by
Lemma 0.1.8, all we need to show is that nga *FCS"" ngb exists in FcS A for all a,be A*. Let
E(p,q) be a deduction-detachment set for S, where p = (Py,.-.»py) and ¢=(gqq,...,q;) and the
variables py,...,pg,q;...,q; are all distinct. Note that E(p,q) is finite by definition, hence
ng(EA(a, b)) € Fc A. The result will follow immediately from the following claim.

Claim: nga *F‘:S"( ngb = ng(EA(a, b)).

Proof. ~ We have E(p,q),pFgq  Set B=(A, ng(EA(a, b)U{a})). Then, since
E(p,q),p I-=€B ¢, we can interpret p and ¢ as a and b in A, respectively, and deduce that
b€ Fg5 (E*(a,b) U {a}), from which it follows that

Fg5b C Fg5 E*(a,b) v Fg5a.
Next, we shall show that ngEA(a, b) = min{F € Fi’4; FVngaQ ngb}. Note that by
Lemma 0.1.9, the use here of the lattice Fi°A rather than the semilattice FeSA will not
compr;)mise the claim. Now, suppose first that A is countably generated, and let A:Fm— A be a

surjective homomorphism such that hp = a and hg=b. Set € = (Fm,h~ I(F.A))' Then h:C— A
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is a reductive matrix homomorphism. For X C Ak, we have
Fg%aV Fg5 X DFg5b (in Fi¥A)
iff  Fg(XU{a})2Feg5b
iff k= (FgS(Xu{a})) 2k~ (Fg5b) [ is surjective]
ff Feg(h™'(X)U{p}) 2Fegq
[by Theorem 2.1.3 (vi) since A(h~}(X)U {p}) = X U {a}, by surjectivity, and hq = b]
iff  hATYF ) VCng(hm(X)U{p}) DA~ H(F ;) VCngq (in ThS)
[by Proposition 1.6.5 (ii)]
iff  geCng(h~Y(F )Uh~ 1 (X)U{p})
iff  ATYF JURTNX),pk sq
iff  ATNF )URTHX)F 5E(p,q) [by the DDT]
iff  E(p,g) CCng(h ™ (F)Uh™H(X))=h~Y(F ) VCng(h~ (X)) (in ThS)
iff  E(p,q) CFggh™ (X) [by Proposition 1.6.5 (ii)]
iff  E(p.g) Ch™(Fg5X)
[by Theorem 2.1.3 (vi), since h(h ™ }(X)) = X, by surjectivity]
iff  h(E(p,g)) CFg5 X
iff  Fg5 X 2 EMa,b).
From this we can see that the claim holds for A. Now, let A be an arbitrary S-matrix and
suppose that the claim fails, i.e., there exists a finite set X C A¥ such that
Fg5aV Fg5 X D Fg5b, but Fg5 X 2 EA(a,b).
Let A’ be the subalgebra of A generated by the set of all co-ordinates of X U{a,b} and let
A= (A, (AN F 4), so that A’ is a submatrix of A. By Corollary 4.1.11, A has the FEP so, by
the Lemma 4.1.6, ng,Y = (A")* ﬂingY for any Y C (A’)%. We therefore have
Fg5,av g5, X = Fg5({a} U X) = (4)¥ nFg5 ({a} U X) = (4")F N (Fg5av Fg5 X) D
(A"Y*NFg5b=TFg5b and
EX(a,b) = EMa,b) ¢ (4)¥NFg5 X = g5, X.
But A’ is countably (in fact finitely) generated so this contradicts the result just obtained. Our

claim is therefore true.

(ii)=(iii) is trivial, since TfS = FcS A, where A = (Fm, Cng(0)).
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(ii)=(i) Choose p = (py,...,p;) and ¢ =(gy,...,¢;) such that the variables p,,...,pp qy,--- 4
are all distinct. éince TfS is dually Brouwerian, Cngp «1fS Cngq exists, say
Cngp gt Cngq = Cng({ni(p.¢,7ys...,7,); i <m})

(where the r;’s are distinct from all pj’s and all qe’s). Set n,(p,q) = n:(p, ¢, Py,...,p;) for each
1< m.

Claim: For all T C Fm* and p,YE ka,

I,k gy ifand only if TF gn(p,¢) foralli <m.
Proof. Let h:Fm—Fm be any surjective homomorphism such that hp = ¢, hg =4 and
n

hr;=¢, for each i<n. Such an h exists, by choice of p,q,rq,...,7,. Let A=

(Fm,h ~1(Cng(T))) and B = (Fm,Cng(T)). Then h: A — B is a reductive matrix homomorphism.

Now
Tpb sy iff peFgqe [by Proposition 1.6.5 (iii)]
iff  geh™!(Fgge)=Fe5p [by Corollary 2.1.4]
iff  CnggCCngpVh™}Cng(T)) (in ThS) [by Prop. 1.6.5 (ii)]
iff A~ !(Cng(T)) 2 Cngp +T Cnggq [by definition]

iff A7 Y(Cng(T)) 2 {ni(p, g 7yse--57,) 5 i S m)
iff  Cng(D) 2 {ni(p,¥,91,..r91); i <m}
iff L'k gn(p,¥) foralli<m.
This proves the Claim. If we set E = E(p,q)={n{p,q); i< m}, then F forms a deduction-

detachment set for S, hence S has the DDT. 0

We now collect the above results in one convenient theorem.

4.4.6 THEOREM [BP89b, Theorem 7.7]

Let S be a deductive system. The following are equivalent:

(i) S has the DDT,

(ii)  ModS has FDPF,

(iii) Mod*S has FDPF and is closed under subdirect products,

(iv) S is protoalgebraic and for all A € ModS, FSA is dually Brouwerian,
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(v) S is protoalgebraic and for all A € Mod™5, FcS A is dually Brouwerian,
(vi) S is protoalgebraic and TS is dually Brouwerian.

Proof. That (i), (ii), (iii), (iv) and (vi) are equivalent follows from Theorems 4.4.4 and
4.4.5. It is clear that (iv) implies (v), hence we need only show that (v) implies (iv). Let
A =(A,F 4) € ModS. Recall from the remarks following Corollary 2.1.5 that Fi’ A = FiS4*, with
A" =(A/Q4F 4, F.A/Q.AF.A>’ since § is protoalgebraic. Since A* € Mod*S, FcSA* is dually

Brouwerian by the assumption (v), hence Fe5A is dually Brouwerian as well. 0

Quasivarieties.

The conditions (iii) and (v) of Theorem 4.4.6 have algebraic interpretations when the deductive
system in question is the 2-deductive system S%, where % is a quasivariety. For, as noted before,

the class Mod*S% is essentially 36 and is closed under subdirect products.

4.4.7 DEFINITION
A quasivariety % has equationally definable principal relative congruences (EDPRC, for short) if
there exists a finite set E(p;, py,4,,9,) of equations in four variables
11(P1s P2, 412 92) R Mi9(P1y P2y 410 T2)s
where ¢ < m, such that, for all A € ¥ and all a,b,¢,d € 4
(c,d) € 65\(;(&,17) if and only if nﬁ(a, b,c,d) = ng(a, b,c,d) for all i < m.
Then E(p,,p9,41,9;) is called a set of defining equations for the principal relative congruences of

%. We drop the adjective “relative” and use the abbreviation EDPC in the case where % is a

variety.

In the section on quasivarieties in Section 4.1, it was shown that a quasivariety % has
LEDPRC with respect to &(p,q) if and only if Mod*S% has LFDPF with defining system &(p,g).
As a corollary to that observation, we have that % has EDPRC with defining equations E(p,¢q) if
and only if Mod*S% has FDPF with set of defining formulas E(p,¢). Thus we have the following

corollary to Theorem 4.4.6.
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4.4.8 COROLLARY [BP89b, Corollary 7.8]
Let % be a quasivariety. Then % has EDPRC if and only if the join-semilattice of compact %-
congruences of any algebra A € % is dually Brouwerian.

Proof. By the preceding remarks, % has EDPRC if and only if Mod*S% has FDPF, and, by
Theorem 4.4.6, this is equivalent to the condition that FeSA be dually Brouwerian for any
A€ Mod*S%. If A=(AT,)€ Mod*S%, then the compact filters of A are precisely the compact

J6-congruences of A, whence the result follows. O

This generalizes K6hler and Pigozzi’s result [KP80] that a variety % has EDPC if and only

if every member of ¥ has a dually Brouwerian join-semilattice of compact congruences.

4.5 DDT AND FILTER-DISTRIBUTIVITY

4.5.1 COROLLARY [BP89b, Corollary 7.9]
Let S be a k-deductive system. If S has the DDT then S is filter-distributive.

Proof. If S has the DDT with deduction-detachment set E say, then S has the LDDT with
deduction-detachment system 8 = {E}, and S is protoalgebraic by Theorem 4.4.2. Since & is,

trivially, S-directed, it follows from Theorem 4.2.2 that S is filter-distributive. a

If a k-deductive system has the DDT, then it has the LDDT with a finite local deduction-
detachment system. In the next theorem we show that protoalgebraic k-deductive systems that
have the DDT are characterized by the properties of having the LDDT with a finite local-

deduction-detachment system and filter-distributivity.

4.5.2 COROLLARY

Let S be a k-deductive system. The following are equivalent:

(i) S is protoalgebraic, filter-distributive and has the LDDT with a finite local deduction-
detachment system,

(ii) S has the DDT.
Proof. (i)=>(ii) Suppose S is protoalgebraic, filter-distributive and has the LDDT with

finite local deduction-detachment system 8. Since S is filter-distributive, Theorem 4.2.2 implies
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that & is S-directed. Thus, from the finiteness of & we can deduce that there exists F € & such
that E' - g E for all E' € 8. For I' C Fm* and ¢, % € Fm*,

ok oy ifandonlyif TF gE'(p,¢) for some E' € §,
thus Lok g9 ifandonly if Tk g E(p,9),

hence {E(p, q)} is a local deduction-detachment system for S, so S has the DDT.

(ii))=(i) This follows from the previous corollary and Theorem 4.4.2. 0

Let S be a k-deductive system over the language £. Recall from Section 1.10 the first-
order language L, (without equality) whose extra-logical symbols are the primitive connectives of
L, now thought of as operation symbols of the appropriate rank, together with a single k-ary
predicate symbol D. We showed there that the models for the first-order theory T'(S) over the
language L, are precisely the matrix models of S. The only atomic formulas that occur are
formulas of the form D(p(P),...,px(P)), where T abbreviates some p,,...,p,, € P and
©1(P)s- - 9r(P) € Fmy. Let ¢(P) = D(p1(P);-..,%x(P)) be an atomic formula. For an S-matrix
A = (A, F.A>’ i.e., a first-order structure (A ; A DA) with DA = F 4, and forallae A™, we define

Fq oM@ iff (1@ 0R@) € F 4.
(In fact, this is a natural extension of the convention established in Section 0.5 for the truth of
formulas in the language £ 4 got by adding to L a new constant symbol for each a € A.) As in
Section 0.5, this induces in the standard way, a definition of [= 4 ¥[@] for any formula 4(P) of L,
Now, for formulas ¥(P) (v € I') and ¥(P) of L, define I'[a,d] [= 4 ¢la,b] to mean that |= , ¢[a,}]

whenever [= ; 7[a,b] for all y €T.

4.5.3 DEFINITION
Let S be a k-deductive system and M a class of S-matrices. We say that M has definable
principal filters (DPF, for short) if there exists a first-order formula

A(Pyyeers Ppa s k)
(without equality) over the language L, whose free variables are among py,..., py, qq,--+1qg such
that for every A = (A, F.A> € M and a,b € A* we have

be nga if and only if |= 4 ofa,b].
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4.5.4 LEMMA [BP88, Lemma 4.5]
Let S be a protoalgebraic k-deductive system. Then ModS has DPF if and only if Mod*S has
DPF.

Proof. (=) Trivial.
(<) Assume Mod™S has DPF by means of the first order formula a(p, ¢), over the language Lp,
where p=(py,...,p;) and ¢={gy,...,q;). Let A=(A, F.A) be an S-matrix, let A*=
(A/QF 4 F 4/Q 4F 4) be the matrix defined in Section 1.8 and let h: 4 — A* be the canonical
homomorphism. By Corollary 2.1.4, since h is reductive, we have

beFgSa ifand only if hbe ng* ha.

Let ¢(ry,...,7p) be a first-order formula over the language L. We claim that for every
S-matrix A = (A, F.A> and any cq,...,cy € 4,
IZ.A ¢[cl,...,ce] if and only if ]:A* tb[hcl,...,hce].
We prove this by induction on the complexity of formulas. If %(F) = D(p,(F),...,.(T)), then
=g lEl i (pE). . eh@) € F y
i (heA@),..., hof@) = (D), ... o) € A(F )
[by Theorem 2.1.3 (vi), since h is reductive]
iff = 4« ¥[he] [since A(F 4) =F ,/Q 4F 4].
If %(7) is ~ O(F), then
I Y
) iff £ A J[hE] [by the induction hypothesis]
iff = 4« y{hT].
If ¥(7) is ¥,(F) = 95(7), then
Fa el ] or = 9]
iff I#Ji* 9,[hE] or II.A* J,[he] [by the induction hypothesis]
iff |:.A* Ylhe).
Suppose ¥(7) is Vsn(s,T) (s a variable).
=4 vle] iff =4 Vsn(s,©)

iff for any d € A, |:A n(d,?)
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iff foranyd€ A, I:.A* n(hd, he) [by the induction hypothesis]
iff foranye€ A/Q.AFA’ |=Ji* (e, hE) [since h is surjective]
iff = 4= Vsn(s, hT)
if = e Y[he).
This establishes the above claim. Thus

beFgSa iff hb€FgS . ha
iff  |= 4« alha,hb]
iff  |=_4 ofe,b),

hence ModS has DPF with respect to the formula a(p, ¢). (]

We can now characterize model-theoretically those classes of the form ModS and Mod*$S

that have FDPF.

4.5.5 THEOREM [BP88, Theorem 4.6]
Let S be a k-deductive system. The following are equivalent:
(i) S has the DDT,
(it) ModS has FDPF,
(iiz) Mod*S has FDPF and is closed under subdirect products,
(iv) Mod*S has the FEP, DPF and is filter-distributive and is closed under subdirect products,
(v) S is protoalgebraic and ModS has the FEP, DPF and is filter-distributive.

Proof. The equivalence of conditions (i), (ii) and (iii) is proved in Theorem 4.4.4 and that
each of them implies (iv) follows from Corollary 4.1.11, Lemma 4.5.4 and Corollary 4.5.1. If (iv)
holds, then it follows from Theorem 2.2.3, Corollary 4.1.11 and Lemma 4.5.4 that S is
protoalgebraic and ModS has the FEP and DPF. That ModS is filter-distributive follows from the
fact that for a protoalgebraic k-deductive system S and an S-matrix A, FisA is isomorphic to

Fi¥ A*, hence (v) holds.

(v)=(i) Assume S is protoalgebraic and that ModS has the FEP, is filter-distributive and has
DPF by means of the first-order formula a(p,q). By Corollary 4.1.11, ModS has LFDPF, with

respect to a defining system 8 = {E,(p,q);i€ I}, say. Thus, for all A= (A, F 4) € ModS,
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a,be Ak, we have
be nga if and only if E?(a, b) C F 4 for some i € I.
The right hand side can be rephrased as: For some i € I,
n™(a,b) € F 4 for all n = n(p,q) € E; = E(p,q),
Le., I=4 D(n(p.q))a,b] forallpe E,
ie., =4 &{D(n(p,9); n € E;}{a,b].
Thus we have that
= 4 o[a,b] if and only if = 4 &{D(n(p,q)); n € E;}[a,b] for some i€ I.
For each ¢ € I, denote the first-order formula & {D(5(p,q)); n€ E;} by B,(p,q)- Then we have
that for each 4 € ModS and a,b € Ak,

(4.5.1) beFgSa ifand only if forsomei€ I, |=, f,a,b]

Claim. There exists a finite I C I such that (4.5.1) holds with I replacing I.

Proof. Suppose on the contrary that for each J € ®_(I), there exists an Ay = <AJ’F.AJ>
€ ModS and aj,b; € (A;)F such that b; € ng, ay but for all i€ J, [ Filayb;] For all
JeP(I), set J= {Ke® (I); JCK}. It is easy to see that {H C P (I); HDJ for some
J € P,(I)} is a proper filter of the Boolean algebra of subsets of P _(I). By Theorem 0.3.3, this
filter extends to an ultrafilter U of the Boolean algebra. Let A =(A,F) be the (matrix-)
ultraproduct HJE@w(I) A;/U. Regarding ModS as a universal Horn class (see Section 1.10), it

follows from Theorem 0.5.2 that Py;(ModS) C ModS, so A € ModS.

Set a=(az; J € P (I)),b=(b;; J € P (D) €I, _g (I)AJ)’“. Now, ModS$ has DPF by
w
means of the first-order formula o(p,¢) and for all J € ?_(I), b, € ngj a;, hence |=.AJ alay,by]
for all J €®_(I). Thus, by Lo§’ Theorem (Theorem 0.5.1), IZ.A ala/U,b/U], hence b/U €
ng (a/U) since A € ModS. So, by (4.5.1), there exists an i € I such that =4 Bila/U,b/],
from which it follows that

V={Je2,(I); I:.AJ Bilay,b;]} € U.
Since {?} € U, we have V' N {?} €U, so VN {:} # 0 since U is a proper filter. Let J € Vﬂ{?}.
Then |:.AJ B,laz,b;] since JEV, but since J € {?}, i€J and so |#~AJ B;laz,b;].  This

contradiction proves the Claim.
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Let I, C I such that for any A = (A, F.A> € ModS and any a,b € A*, (4.5.1) holds. Set
8' = {E,;i€I,}. Then, for all A =(A,F ;)€ ModS and a,b € A¥, we have
be nga iff =4 &{D(n(p,q9));n€ E,;}{a,b] for someic I,
iff  n(a,b) € F 4 forall n€ E;, for some i€l
iff  EfNa,b)C F 4 for some i € I,
Thus ModS has LFDPF with defining system &, i.e., S has the LDDT with local deduction-
detachment system 8 (Corollary 4.1.11). Since S is filter-distributive and & is finite, Corollary

4.5.2 implies that S has the DDT. O
Quasivarieties

4.5.6 DEFINITION
Let % be a quasivariety. We say that % is relatively congruence-distributive (RCD, for short) if,
for any A € % the lattice ConxA of ¥-congruences of A is distributive. Thus, a variety % is RCD

if and only if it is congruence distributive (CD, for short).

Let ¥ be a quasivariety. Recall once again that Mod™Sq = {(A,I4); A€ %}. For
S,
.A:(A,IA)EMod*S% the lattice of filters Fi %*.A is precisely the lattice Cong- A of %-

congruences of A (see Sections 1.7 and 1.8). Thus,

% is RCD if and only if MOd*SﬂG is filter-distributive.

Define £ , to be the first-order language with equality whose only non-logical symbols are

the connectives of £, interpreted as operation symbols (and the binary predicate symbol =~ ).

4.5.7 DEFINITION

A quasivariety 3% has definable principal relative congruences (DPRC, for short), if there exists a
formula é(py, py,44:45) in the first-order language with equality £ ~» such that for all A € % and
all a,b,e,d € A,

c,d)e@A a,b) if and only if |=, &[a,b,c,d].
% A

Since S% is a 2-deductive system, the predicate symbol D is binary. Thus we can replace
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all occurrences of ~ in ¢(p;, py,qy:4;) by D to obtain a formula ¢'(p1,p2,ql,q2) over the language
L. Note that for an atomic formula (¢ ~ 7)(P), where ¢, 7 are formulas over the language £,
[=a ((~7n)a] forall Ac % and allze A™
it g (€ 0)(D)
iff =4 VP D(¢,n)(p) forall A=(A,I,)€ Mod"Sy.
A straightforward inductive argument will show that this result extends to all first-order formulas
over the language £ .. Noting that @?G(a, b) = ng%(a,b), one can see that 3% has DPRC by

means of ¢(py,py.4;,9,) if and only if Mod"‘S% has DPF by means of the £p-formula

¢' (P11 P2 415 42)-

4.5.8 COROLLARY [BP88, Corollary 4.7 and Corollary 4.8]
Let % be a (quasi)vam'e_ty. The following are equivalent:

(i) % has EDP(R)C,

(i1) % has the (R)CEP, DP(R)C and s (R)CD,

(ir)  Sq has the DDT.

Proof. We have already shown that 3% has EDPRC if and only if Mod*Sf]G has FDPF if and
only if Sq; has the DDT. Thus (i) and (iii) are equivalent. Now % has the RCEP if and only if
Mod*S% has the FEP. We have just shown that % has DPRC if and only if Mod*S% has DPF,
and % is RCD if and only if Mod*SSG is filter-distributive. Thus, the rest of this corollary is a

special case of the equivalence of (ii) and (iv) of Theorem 4.5.5. o
4.6 EQUIVALENT DEDUCTIVE SYSTEMS AND THE DDT

In Section 4.3 it was shown that the LDDT is a property that is preserved by the relation of

equivalence of deductive systems. Here, we shall see that the same is true for the DDT.

It is shown in the proof of Theorem 4.3.2 that if S; and S, are equivalent deductive
systems and S; has the LDDT with local deduction-detachment system &(p,q) = {E;(p,q);i € I}
indexed by a set I, then §, has the LDDT with local deduction-detachment system &'(p,q) =

{Eipq); i€ (I(m))m} for some integer m. In defining 8™ for n > 1, in Section 4.3, we remarked
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that if the set I contains just one element the so do 1™ and g™, 1t follows then that if $; has a
local deduction-detachment system containing just one element then so does S,. The next theorem

follows immediately.

4.6.1 THEOREM [BP89b, Theorem 5.2]

Let S, and S, be equivalent deductive systems. Then S, has the DDT if and only if S, has the

DDT.

4.6.2 COROLLARY [BP89b, Corollary 5.3]

Let S be an algebraizable k-deductive system with equivalent quasivariety semantics %. Then S has

the DDT if and only if % has EDPRC. In particular, if S is a strongly algebraizable k-deductive

system with equivalent variety semantics %, then S has the DDT if and only if % has EDPC.
Proof. By Theorem 3.1.11, S is equivalent to Sﬂ(;, hence, by the theorem just proved, S has

the DDT if and only if SSG has the DDT. By Theorem 4.4.4, SSG has the DDT if and only if

Mod*S’% has FDPF, and, by the observation following Definition 4.4.7, this holds if and only if %

has EDPRC. O

4.7 EXAMPLES

Classical and Intuitionistic Propositional Calculi.

It is well-known that the varieties BA and }.A of all Boolean algebras and all Heyting algebras
(respectively) have EDPC. Since BA and }.A are the equivalent variety semantics of the
algebraizable deductive systems CP C and 1P C (respectively), the well-known facts that CP C and
IP C have the DDT (more precisely,

Fetbgy ifandonlyif Thgp—vy

for TCFm, o, € Fm and S=CPC or S =IPC) are special cases of Corollary 4.6.2. In
Chapter 5, we shall also see that they are derivable from the fact that certain strongly
algebraizable extensions of the logic BCK have the DDT. The logic BCK itself is an example of

an algebraizable deductive system which has the LDDT but does not have the DDT. This will be

proved in Chapter 5.



Normal Modal Logics.

Let £ be the language { A, V,—,—,0,0,1} of the variety MA of modal algebras. Define Oz ==z
and 0" * 1z = 0(0"z) for each n € w. Now define [0}z = z and [+ 1)z = mMzADO"*" !z for each
n € w. Thus, for n € w,

MA = @~z ADeAD%zA... AD .

Evidently, if n > m, then A |= @z < [A]z.

4.7.1 LEMMA
Let A be a modal algebra (see Section 0.2). Then for all a,b,c,d € A,

(c,d) € OA(a,b) iff c—d >m(ac—b) for somen € w.

Proof. The following first-order sentence is true in all Boolean algebras since it is equivalent
to the conjunction of two quasi-identities (which can be easily checked in the Boolean algebra 2
and 2 generates BA as a quasivariety):
(4.7.1) tAzR YAz & (z—y) > 2.
Thus (4.7.1) is also true in every modal algebra. Let A € M4 and let a,b € A. Set
(4.7.2) ® = {(c,d) € A*; c~d >@(a—b) for some n € w}.
By (4.7.1), ®={(c,d)e A% ;cA@(a—b)=dA @(a—b) for some n € w}.
We claim that ® is a congruence on A. Let
F={e€ A;e>m(a—1) for some n € w}.
Since e >M](a—b) and f > [ml(a<—b) imply e A f > (M(a+~ b)) A ([ (a—b)) = [k](a—b), where
k = max{n,m}, it follows that F is a filter of the lattice reduct (4; A, V) of A. By Theorem
0.3.1, ® is a congruence of the Boolean reduct (4; A, V,—,0,1) of A (recall that z—y=
(m2)Vy)A((my)Ve)). Since ol |=z—y=(-z)Vy, O is also compatible with —. Consider
the connective O0: Let (¢,d) € ¢ and suppose ¢ A @j(a —b) = d A [@(a—b) where n € w. Then
OcAlnF1](ae=b) =0cA(a=b)AD(a=b)AD}a—=b)A... AD" T (a—b)

=(a=b)AD(cA(a=b)AD@a=b) AT} a—b)A... AO™(a—b))

[by (M4) of Section 0.2]

= (a—=b)AD(c A @(a b))

= (a—b) AO(d A @(a b))
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=(a=b)ADdA(a=b) AD@—=b)AD*a—b)A... AOa—b))
=0dA(a=b)AD(a=b)AD¥(a=b)A... AD" T Y (a—b) [by (M4)]

=0dA[n+1](a?b),

hence (Oc,0d) € ®. Thus & is a congruence on A. Clearly (a,b) € ®, so ©A(a,b) C ®.

Conversely, let ¥ € Con A such that (a,b) € ¥. We shall show that ® CW¥. Take
(z,y) € ® and suppose that z A [@(a—b) =yA [@(a—b) where n € w. Note that ([@(ab),1)
(M3) (@(a—b),m1) = ( (a—b),m@(aa)) € ¥, hence
(zV(yA@m(a—bd)),zV(yAl))eW.
Now, cV(yA@a—bd)=zV(zA@(a—bd)=z and zV(yAl)=zVy,
hence (z,zVy) € ¥. By symmetry, (y,zVy)€ ¥, so (z,y) € ¥ as required. Thus & C @A(a, b), so

® = 04(q,b). O

4.7.2 THEOREM
The modal logic K has the LDDT with local deduction-detachment system {[@p—q; n € w}.

Proof. Recall that M.A is the variety of modal algebras. By Lemma 4.7.1, for each
A e MA and a,c € A, we have (¢,1) € @A(a,l) iff c~1>ml{(a—1) for some n € w iff ¢ > @a for
some n € w (since z-1=(x—1)A(l—-z)==z for all z € 4). Now, let ' C Fm and ¢,% € Fm
such that I', o - . Then, by Section 3.3,
(4.7.3) {x=l;xeTtu{p=1} = g 4 ¥~1
We shall show that TH g mlp—1 for some n€w by showing that {x=~1;x €T} ,=./11:.A
My —1y ~1 for some n €w. So, let A € A and let @ be an interpretation of the variables of
I'U{p,®} in A such that xA(@) =1 for each y € T. By (4.7.3) and Lemma 0.4.4, we have that

(¥A@),1) € OA({(x*(@). 1); x € TIU{(¢*@), D),

(wh(@,1) € 04(pA(@), 1),
since XA(E) =1 for each y €. But by the previous lemma, this holds if and only if d)A(E) =
wA(E) —1>m(eMa)—1) = @ A(@) for some n € w, i.e., iff @ (a) —A(@) = 1 for some n € w.

Thus {y = 1; x €T} |:Jﬂ’_Agp—->¢z1, i.e., I'F g @y — o for some n € w.

Conversely, suppose I' - ¢ [A]¢ — 1 where n € w. By (Ne), we have

‘;0}_]([:]‘10)



so 14 F K D‘p, DZSD»

so ¢ F k Op, O%,...,0%.
Since K is an extension of CPC, p,qF gpAq for p,g € P, hence, by structurality,
p kg @e.

Thus I',¢ - g @, [@e — ¢, hence, by (MP), T',p F g . O

4.7.3 THEOREM [BP89b, Theorem 5.4]
A variely ¥ of modal algebras has EDPC if and only if it satisfies the identity @z ~[n+ 1|z for
some n € w.
Proof. First suppose that ¥ satisfies [A]z ~ :c for some n € w, i.e.,
tAOe A%z A.. . AO"zxzAOcAO% A... AO* 12,
If we apply O to both sides of the identity and use (M4), we get that ¥ satisfies

OcAO% ATz A... A"l 02 AD% 2 ADB2A... AOP T 22,

Meeting both sides with z, we get that [n+ 1]z ~[n + 2]z, hence @z ~[n + 2]z. Continuing in

this way, it follows that ¥ |= Mz ~ [z for each m > n. By the Lemma 4.7.1, for all A € ¥ and
a,b,c,d € A, we have that
(c,d) € ©M(a,b) iff c—d>[ml(a—b) for some m € w.
Now, if m>n, then [@](a—b)=[(a—b), so (c—d)>M@(a—b). If m<n, then
@@(a—b) > @ (a—b), hence c~d >[(a=b). Thus if (c,d) € O(a,b), then c—d > @(a«~b).
The converse is also true by the lemma, hence
(c,d) € @A(a,b) iff cod>Mm(a—b)

Consequently ¥ has EDPC.

Conversely, suppose ¥ does not satisfy any of the identities [Tz z:c, n € w. For
new, let A, €9 and a, € A, such that [@a, #an, i.e., an <[@a,. Suppose ¥ has
EDPC. Then, in particular, ¥ has DPC, i.e., there exists a formula ¢(z,y,z,w) in the first-order
language for modal algebras such that, for all A€ and all a,b,c,d € 4, (c,d) € OA(a,b) iff
A |= ¢[a,b,c,d]. Let U be a free ultrafilter over the natural numbers and let A = I; ¢ , A/,

@=(a,;n€w)and ¢=([n+1]a,; n €w). Since for each n € w and i > n (i € w), we have
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[[+1]e; <[da, < [mla,,
so [t + 1]a; # [@a;. This says that {i € w; (i) # (@Ma)(i)} D {i €w;i>n} €U (Corollary 0.3.4).
Thus, in A, /U $@(a/U), ie., ¢/U 12} @@E/U— 14). (Note that n was arbitrary.) Since
A € ¥ (Theorem 0.4.1), this and Lemma 4.7.1 tell us that (¢/U,1%) ¢ @A(E/“U,IA). But for each

new,

(n) 1% =2(n) =[x 1]a, = R £ (@(n) = 127),

s0 (‘c’(n),lA") € @A"(Zi(n), lA"), hence A, |= gb[ﬁ(n),lA”,E(n), IA"]. But ¢ is a first-order formula,
so by Lo§’ Theorem, A |= ¢[a/U,14,2/,14], i.e., (e/u,14) € ©A@/U,1A). This contradiction

shows that ¥ does not have DPC, and hence does not have EDPC. O

4.7.4 COROLLARY [BP89b, Corollary 5.5]

Let S be a normal modal logic.

(i) S has the DDT iff + g[@p— [n+1]p for some n € w.

(i1) Suppose that S has the DDT and let n € w such that + s@p— [n+1]p. Then {@Wp—q)

ts @ deduction-detachment set for S.

Proof. (i) Let % be the equivalent quasivariety semantics for S. Since S is an axiomatic
extension of K, 3 is axiomatized by the axioms of MA and possibly other identities, so % is a
variety of modal algebras. Then S has the DDT if and only if % has EDPC, by Corollary 4.6.2.
By the previous theorem, this is the case if and only if % |= @z ~ [n + 1|z for some n € w, which is
equivalent to % |= @z — [n+ 1]z &~ 1, and hence (by Section 3.3) to + s@p— [n+1]p for some

new.

(ii) Suppose S has the DDT and let % be the equivalent variety semantics for S. Then, by (i), we
have F gmp— p for some n € w. Thus ¥ |= @p = [n+1]p, and hence, by the previous
theorem and its proof, for each A € % and a,c € 4, (c,1) € @A(a, 1) iff ¢ >[@a. Now, let T C Fm
and ¢, € Fm such that T',p F g4. Then

(4.7.4) {x~1;xeT}U{p~1} =g ¥~ L.

We shall show that I'F ¢@y—1 by showing that {x ~1;x €T} |:% e —1v=x~1. So, let
A €% and let @ be an interpretation of the variables of T'U{p,%} in A such that XA(?i) =1 for

each x €I By (4.7.4) and Lemma 0.4.4,
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(¥A@),1) € @A ({(x (@), 1); x €T} U {(pA(@), 1)}),
Le., #A@),1) € OXpA(@), 1),
since x*(@) =1 for each x € I'. But this holds iff ¥A(@) > @¢™(a), ie., iff @p™@) — vA(@) = 1.
Thus {x~1; x €T} |=q @e—¥ ~1, ie., T+ g@e—1. Conversely, suppose T g@lp— 1.

As in the proof of Theorem 4.7.2, it follows that I',p - g . O

In particular, the normal modal logic §4 has the DDT. Let % be the equivalent variety
semantics of 54, i.e., ¥ is the variety of interior algebras (see Theorem 3.3.3). Since
F ¢40p—00p, we have lz% Op—0O0p = 1, hence J:fiG Op <0Op. Since + g,00p— Op by (K5)
and structurality, we have |=¢- OOp—0p ~ 1, hence I=q; O0p <Op. So I=q; Op ~ 0O0p. Thus
I=qc pAOp~ pAOpADOOp, so I:’f}(; (pABp)—(pAOpADDp) =~ 1, i, I=qc Mp—_2lp=1.
Thus F g4 [{]p—[2]p. By the previous theorem, S4 has the DDT with deduction-detachment set
{[p—gq}. Since Op<p over %, [p~OpAp~0p over %, so {Op—q} is a deduction-

detachment set for S4.

Lukasiewicz Many-Valued Logics.

Recall that for n <w, S is the n-valued many-valued Lukasiewicz logic (see Section 1.4). For

n

formulas ¢,% and m € w, we abbreviate by ¢™ —% the formula ¢ — (¢ —...(¢ —=¥)...), where

there are precisely m ’s. We shall show in Section 5.3 that S, has the LDDT but not the DDT.

However, we have the following theorem.

4.7.5 THEOREM (cf. [BP89b, Section 5.4.2])
For each positive integer n (i.e., n < w), S, has the DDT with deduction-detachment set E(p,q) =
{p"—q}.

Proof. Let n> 1 be an integer. First, note that p,p—q I s, ie, p,p—q ':‘P'n q: For if
a,b is an interpretation of p,q in L, such that a =1 and a—b =1, then 1 <b+1—a, hence
1=a<b, so b=1. Let 'C Fm and ¢, € Fm. It follows from repeated applications of
p,p—q !:Ln q that if T I:L.n ¢"—1 then T, p |=Ln 1, which is the detachment part. Conversely,
suppose that T',p |:£n ¥. Let @ be an interpretation of the variables of T', ¢ and ¢ in L, such that

ﬂL“(E):l for each deTl. If goL"(Zi)zl then, by assumption, ;bL'?(E)zl as well, hence



246

| by Pk
(80—’1/))L"(ﬁ) =1. Suppose ¢ ™a@)#1l. Let goL"(E) =2 L, where 0<a<n, and let
¢L"(Zi) 2% €L, where0<b<n. If (%)iﬁ% =1 for some i < n, then it follows that (%—)"—»% =1

as well. So, suppose that (%)i—»% < 1 for each i < n. Then

@ —p=4—G-D=G-D+1-4=G+1-+1-8=4+201-9)

@ L= (@ - =@ =Y +1-2=C+20-2)+1-2=8131-9),

@ = h =R+ (-1 =B,

(@) —E=min{1,2+n(1-£)}.

But %%— n(l1-2) =%+n—a > 1 since n > a, hence (%)”—»% =1 Thus[ |=, 9", proving the
n

deduction part. 0

Relevance Logic.

The equivalent variety semantics of R (see Section 3.3) does not have the congruence extension
property (see [BP89b]). By Corollary 4.1.14, therefore, the deductive system R does not have the
LDDT (and hence not the DDT either). The axiomatic extension RM of R is strongly
algebraizable and its equivalent variety semantics is the variety of Sugihara algebras (see Section
3.3). This variety is locally finite, congruence distributive and has the CEP (see [BD86]). By a
result of Fried, Gratzer and Quackenbush [FGQ80, Theorem 6.1], a locally finite, congruence
distributive variety with the CEP has EDPC. Thus the variety of Sugihara algebras has EDPC
and so RM has the DDT, by Corollary 4.6.2. Blok and Pigozzi state the following in [BP89b}:

FiptpMm ¢ iff THpy (Ce—=(=¥)V(e—=9)A((me) V).

Equivalential Logic.

In Section 3.3 we showed that the equivalent variety semantics of CPC_, is the variety BG of
Boolean groups. It is well-known that this variety is not congruence distributive, hence, by
Corollary 4.5.8, CPC_, does not have the DDT. Of course CPC_,, being algebraizable, is

protoalgebraic. This shows that the converse of Theorem 4.4.2 is false.
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Chapter 5
BCK: A Case Study

The deductive system BCK was introduced by C. A. Meredith but his published work does not
contain any very clear introduction to the subject, and prior to the publication of Blok and
Pigozzi’s Memoir [BP89a], the standard reference to Meredith’s logic given by algebraists was A. N.
Prior’s book “Formal logic”: [Pri62, p316]. The name BCK is derived from combinator theory,
for background on which [CF68] may be consulted. Curry and Feys give an algorithm associating
with every ‘combinator’ an implicational formula; certain natural combinators known as B, C and
K translate, under this algorithm, into the formulas (B), (C) and (K) defined in Chapter 1. A

discussion of this connection is to be found in [Bun81], for example.

In [Isé66], Kiyoshi Iséki introduced BCK-algebras. Dualizing his definition, we may say
that a BC K-algebra is an algebra (A4;—,T) of type (2,0) satisfying
1 (== {g—r)=(p—r)=T 2 p=((p—9)—9)=T
3) p—p=T A (4 p—T=~T

(5) p—oqgxT & q—prT = prg.

The definition has been modified by some authors; it is more standard now to replace (2)

and (3) by T— p = p, to which they are equivalent (in the presence of the other axioms).

Since Iséki was responsible for the name ‘BC K-algebra’, it must have been his intention
that these algebras would serve as a kind of algebraic semantics for Meredith’s logic. His choice of
axioms is therefore surprising in that they include none of the natural analogues of (B), (C) or (K).
(Axiom (1) corresponds to the (B) defined in Chapter 1; with Tanaka, he later published a lengthy
proof of the analogue of (C) [IT78].) Since the notion of equivalent algebraic (quasivariety)
semantics was not available before the mid 1980s and in view of the non-correspondence between
Iséki’s axioms and the expected ones, it was necessary for Blok and Pigozzi to prove in their
Memoir [BP89a] a theorem that is not self-evident (although its statement makes it sound so):

BCK is algebraizable and the equivalent quasivariety semantics for BCK is the quasivariety of all
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BC K-algebras. (A self-contained proof will be given here.)

Viewed in isolation, this theorem does not show any connection between BCK and any
familiar structures of classical algebra. It turns out, however, that BC K-algebras may also be
characterized as the residuation subreducts of commutative, partially ordered integral monoids
(‘pocrims’).  This result, which was proved independently in [Pal82], [OK85] and [Fle88] gives
BCK-algebras a context that is perhaps more algebraically natural than that afforded by their

logical origins.

Research on the deductive system BCK diverged somewhat from the vigorous exploration
of BC K-algebras that took place in the 1970s and 1980s, mainly in the wake of the survey paper
(IT78). A further survey paper was published by Cornish in 1982 [Cor82], but many important
developments have occurred subsequently (particularly Wronski’s discovery that BC K-algebras do
not form a variety [Wro83].) A survey in Polish appeared around 1987 [Pal]. The paper [BR95]

may also serve as an introduction to the subject.

The logic BCK makes a good case study for the theory of algebraization: in the first
place, it shows that one cannot expect all algebraizable logics to have varieties as equivalent
algebraic semantics. In particular, the need to consider relative congruences is evident here. Partly
because BC K-algebras do not form a variety and partly because of the ‘weakness’ of their axioms,
some of the desirable algebraic properties of this quasivariety are harder to obtain than is the case,
for example with the CP C and Boolean algebras. Finally, since the known algebraic properties of
BCK-algebras were obtained mostly without reference to Meredith’s logic, it is of interest to see
how they can be derived from metalogical properties of BCK only. The provision of such
derivations, which reverses the traditional practice of using algebra to infer facts about logic, is the

main purpose of this case study.

5.1 THE DEDUCTIVE SYSTEM BCK

Recall the definition of BCK from Section 1.4. The language £ = {—} consists of one binary

connective —. The axioms are



(B) (p—q)—=((r—=p)—=(r—g)
(9) (p—=(g—=r))—=(g—=(p—r)
(K) p—(¢—p)

and the single inference rule is modus ponens, which we recall is

(MP) »P—qt gk

The axiom (B) expresses the condition that implication is transitive. Axiom (C) states
that it is permissible to interchange premisses, and axiom (K) states that the strengthening of
premisses is permitted. We present some theorems of BCK. As noted in Section 1.4, the
following formula has been named (B) in some of the papers considered for this thesis:

(B") (p—a)—=((g—=r)=(p—r)).
It was shown in Section 1.4, that (B') follows from the axioms (B) and (C), i.e., (B’) is a theorem
of BCK. The mingle aziom, namely
(M) p—(p—p)
is also a theorem of BCK. This follows from the fact that p—(p— p) is a substitution instance
of (K), an axiom of BCK. The following is also a theorem of BCK:
) p—p.
To see this, substitute p — (p — p) for ¢ in (K), to get
Feck p—((p—(p—p))—p)-
By (C), Feek (P—=({(p=(p—p))—p) = ((P—(P—p)—(p—p)),
so, by (MP) FBck (P—(p—p))—(p—p)
The mingle axiom says Feck P—(p—p)

so (MP) implies FBck P—p-

5.1.1 THEOREM [BP89a, Theorem 5.10]
BCK s algebraizable with equivalence formulas A(p,q) =p—14q, Ay(p,q) =q—p and defining
equation p = p—p.

Proof. This is proved using Theorem 3.3.1. BCK satisfies (B), (C) and (MP) by
definition, and the mingle axiom (M) is a special case of (K). We have just shown that BCK

satisfies the axiom (I), hence the result follows. 0
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We now find the equivalent quasivariety semantics for BC K.

5.1.2 DEFINITION

A BCK-algebra is an algebra A = (A; —,T) of type (2,0) satisfying the following three identities

and one quasi-identity:

(61L)  @E—p)=(—2)—(@—2)~T,
(5.1.2) Toz~z,
(5.1.3) e—TxT,
(5.1.4) @E—y~T) & (y—o~T) =y

Let BCX be the class of all BC K-algebras. Evidently BC% is a quasivariety.

As an example of a BC K-algebra, consider the algebra w = (w; =,0) of type (2,0) where,
for a,b € w, = is defined by a=b = max {a—5,0}. Also define N = (w;—,0) where for a,bew,

a—b=">=+a. It follows easily that N is indeed a BC K-algebra.

The smallest non-trivial BCK-algebra is the 2-element BC K-algebra C, = ({0,1};—,1),

where — is defined by z— 2z =1for z € {0,1} and 0—1=1,1—-0=0.

We shall investigate some properties of BCI that can be derived from the above axioms.
From (5.1.3) we can immediately deduce that T — T a T. This gives us the following
z—r~(T—z)—(T—z) by (5.1.2)]
T—(T—oz)—(T—2)) [by (5.1.2)]
#(T-T)—(T—z)—=(T—z))
~T [by (5.1.1)],
hence we have the identity
(5.1.5) c—zxT.
Let A be an element of BC%. Define a relation < on A by a <b if and only if a—b =T. Then
(5.1.4) immediately implies that if a <b and b < a then a =b. From (5.1.5) we get that a < a for
allac A. Ifa<band b<c,thena—b=T, b—c =T, so (5.1.1) implies that
a—ec=T—(a—c)=(b—c)—(a—c) [by (5.1.2)]

=T—((b—c)—(a—¢c)) [by (5.1.2)]
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=(a—b)=((b—c)—(a—0))
=T [by (5.1.1)],
hence a < ¢, so < is a partial order on A. Furthermore, (5.1.3) implies that T is the greatest
element of this order. The relation has the following properties:
(5.1.6) a<b=>c—a<Lc—b
(5.1.7) b<c=>c—a<b—a

To see (5.1.6), suppose a < b. Thena—b =T, so

(c—a)—(c—b)=(c—a)—=(T—(c—b)) (by (5.1.2)]
=(c—a)—((a—b)—(c—b))
=T by (5.1.1)].

To see (5.1.7), suppose b <c. Then b—c =T, so

(c—a)—(b—a)=T—((c—a)—(b—a)) [by (5.1.2)]
=(b—c)=((c—a)—(b—a))

The following are all identities satisfied by BC¥%

(5.1.8) r—(y—z)mT (ie,z<y—z)
(5.1.9) y—=((y—z)—z)~T (ie,y<(y—z)—2)
(5.1.10)  ((y—z)—z)—zANy—z
(5.1.11)  z—(y—z)my—(z—2)

(5.1.12) (z—=2)—>((y—2)—(y—z))=T.
1

In the following derivations, we shall simply write, for example, (1) instead of (5.1.1). Then (z)
will mean ‘by (5.1.1)’. We derive (5.1.8) as follows:

(2) (3) m

e=(y—2)RT=(T-2)= (=)~ (y—>T) = (T—2z)=(y—2) R T
For (9), we have
(2) m

y—=((y—2)—o) = (T—y) = ((y—2)=(T—2)) =T
For (10), we start with y <(y—=z)—« from (9). Then y—z > ((y—2z)—z)—=z by (7). Since
y—z < ((y—z)-—z)—=z is a substitution instance of (9), we get that ((y—z)—z)—zxy—=z
by (4). The standard reference for the identity (11) is a long and complex derivation in [IT78].

We give a simpler derivation. From

(1)
(y—=(z—2))=((—2)—2)=(y—2))~ T, and
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(=) =)= (y=2)) = (= Y= D) VT~ (= 2) = 2) = (g~ 2) = (s = (y = 2))
R (ma)m2)) = (= 5) = 0) = (y =) = (s o (g ) DT,
we get that y—(:—2) < ((r—2)—2)—(y—z) and ((z—z)—z)=(y—2) < 2 (y—2),
respectively. By the transitivity of <, we have that y —(z—2z) < z—(y—z). By symmetry of
the variables, the identity holds.
Finally, to derive (12), all we need do is apply (11) to (1), i.e.,

(m (11)
Tr(y—2)—=((—a)—(y—2) = (=)= ((y—2) = (y—2))

5.1.3 THEOREM [BP89a, Theorem 5.11]
The class of BCK-algebras is termwise definitionally equivalent to the equivalent quasivariety
semantics for BCK.

Proof. By Theorem 5.1.1, BCK is algebraizable with equivalence formulas
A(p,g)=p—q, Ay(p,q) =q¢g—p and defining equation px~ p—p. Let % be the equivalent
quasivariety semantics for BCK. Now, substituting ¢—g¢ for ¢ in axiom (K), we get that
FgckP—((¢g—q¢)—p), and then an application of axiom (C) and (MP) to this gives
Fecok(@—9)—(p—p). Thus

FeckA(P—Ppa—q).
Thus, since % is the equivalent quasivariety semantics for BCK,

Fgz—ozry—y [by Lemma 3.1.6 (i)].

Let A =(4; —»A) € %. By the above identity, a—2a=b-Ab for all a,b € A. This makes it
possible to define a term T in the language of % by T=z—z. For each A€ %, let
Al =(4; A TA) be the resultant expansion of A, and let %' = {A’; A € %}. We claim that %’ is
the class of all BCK-algebras. We drop the superscript A on the operations — and T if the
algebra is understood. Note that an algebra (A4; —,T) of type (2,0) is an element of %’ if and only
if (A; —=)€% and T=a—a for all a € A. For such an algebra, the defining equation becomes
z.x T. If we now apply Theorem 3.1.18, we get the following axiom system for %’:
(5.1.13) (z—y)—=((c—2)=(2—y) = T,
(5.1.14) (2= (y—2)—=(y—(z—2) = T,
(5.1.15) r—(y—z)=T,

(5.1.16) z—z=xT,
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(5.1.17) (z—y=T) & (y—merT)=>zxy,

(5.1.18) (t=T) & (r—y~T)=>y=T.

It was shown after Definition 5.1.2 that if we assume the axioms of BC K-algebras, then each of
the above identities is derivable, by (5.1.12), (5.1.11), (5.1.8) and (5.1.5), respectively. The quasi-
identity (5.1.17) is precisely (5.1.4). The quasi-identity (5.1.18) is equivalent to T—y~T =

y~T. But T—y=yby (5.1.2),s0 T—y T implies y ~ T.

We now derive the identities and quasi-identities of BC% from (5.1.13) to (5.1.18). We
need only derive (5.1.1), (5.1.2) and (5.1.3) since (5.1.4) is (5.1.17). For (5.1.1), we have
(14)
[(y=2)—((z—y)—(z=2)]=[(e—y) = (y—2)=(z—2)] = T,
(13)
and (y—2)=((z—-y)—(z—2)) = T,
hence (z—y)—((y—z)—(x—2))~ T, by (5.1.18), so (5.1.1) holds. From (5.1.15) we get that

T—(z—T)~T, hence (5.1.18) implies that z =T ~ T, so (5.1.3) holds. To derive (5.1.2), we

have
(14) (18)
T [T-=(T-z)-2)]=[(T—2z)—>(T—2)] ~ [T-(T—z)—z)]—=T,
(14) (18)
and T [(T=z)=(T-2)]->[T->(T—z)—z)] % T=[T—>(T—=z)—2)),
hence TxT—-({(T—z)—2),

by (17). Thus (T—z)—=z~ T, by (5.1.18). Since we also have z—(T—z)~ T by (5.1.15),

(5.1.17) implies that 2 & T — z. o

5.2 PROPERTIES OF BCK AND ®C%

The main drive behind algebraization is to make the machinery of universal algebra available for
the study of logics; however, one may reverse this process and derive properties of the equivalent
quasivariety semantics of an algebraizable logic from properties of the logic. It is of interest to do
this for BCK s{nce, historically, the algebraic development detached itself from the logic after
Iséki’s early papers on the subject. We provide new logic-driven proofs of the significant universal

algebraic properties of the quasivariety BC%.



5.2.1 LEMMA
BCK has the G-rule (i.e., p, ¥\ sA(p,¥) for all ¢,9) € Fm, where A refers to the equivalence

formulas of BCK).

Proof. Recall from Theorem 5.1.1 that BCK is algebraizable with equivalence formulas
A(pyg) =p—4¢,A85(p,¢) = q¢— p. Thus we need to show that Pk gp—t and p, Y F gp—o.
From the axiom (K), we get that

P BekPP— (W —e) v —(p—),
hence oY gk Y= —Y

by two applications of (MP). a

5.2.2 COROLLARY

The quasivariely BCE is relatively T-regular. Consequently, every variety of BCK-algebras is T-

regular.

Proof. The result follows directly from Theorem 3.2.4. 0

5.2.3 DEFINITION

An ideal of a BCK-algebra A= (A; —,T) is a set F C A such that T€ F and, whenever
a,a—b € F we have b € F as well. The set of all ideals of A is denoted by IdA. Of course,
{T},A€IdA. We shall show after Corollary 5.2.6 that this notion of an ideal coincides with the

notion of an ideal (with respect to BC¥ and T) defined in Section 0.4.

From the point of view of the partial order on A, it would be more natural to use the word
“filter’ in place of ‘ideal’. We use ‘ideal’ because it is standard in the theory of BC K-algebras and
because it avoids confusion with our notion of “S-filter”. The connection between ideals and

B C K-filters is clarified in the next lemma.

5.2.4 LEMMA
The class Mod BCK, of all matriz models of BCK, is precisely the class {(A,F); A € BCK and
FeIdA}. Thus, for any BCK-matriz A = (A, F), the BCK-filters of A are just the ideals of A

containing F.
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Proof. Let A=(A;—,T)€ BCH and F € Id A. Suppose that I' C Fm, ¢ € Fm such that
[+ gk, and let @ be an interpretation of the variables of I'U {} in A such that ¥A(@) € F for
all ¥ € I. To prove that goA(E) € F, we proceed by induction on the complexity of a derivation of
@ from I'. If ¢ €T, then @A(a) € F, trivially. If ¢ is a substitution instance of an axiom then
gaA(E) =T € F by Theorems 5.1.1 and 5.1.3. Suppose that ¢ is directly derived from 9 and ¥ — ¢
by (MP), and assume, inductively, that ¢A(@), vA(@)— ¢A(@) € F. By definition of ideals, we

have (@) € F. Thus T ,:(A F) %1 50 (A, F) is a BC K-matrix.

Conversely, suppose A = (A,F)€ ModBCK. The formula p—p is an axiom BCK,
hence, for an interpretation a of p in A, we have T=a—a € F. Suppose now that a,a—b € F.
Since A is a BCK-matrix, (MP) implies that p,p—¢q l:A q. If we interpret p as a and g as b,

then, since a,a—b € F, we have b € F as well, hence F € Id A. O

5.2.5 COROLLARY

The tdeal lattice Id A of a BCK-algebra A is algebraic. 0

5.2.6 COROLLARY
For any BCK-algebra A = (A; —,T), we have IdA = Conc_chA, the isomorphism being given by
Fr{(a,b)€ A’;a—bb—ac F} (FeIdA).
The inverse of the isomorphism s given by
2—T/® (P € CongyeqA).

Proof.  Set A=(A,{T})eModBCK. Then FiB®X4=71dA. Since BCK is
algebraizable, Corollary 3.1.14 implies that Q E FiBCKJ.—>Con€BC$A is an isomorphism, i.e., { i
is a lattice isomorphism between Id A and Cone-chA. A system of equivalence formulas for BCK
is A(p,q) =p—4q, By(p,q9) =q—p. Let F € IdA. It was noted in the proof of Corollary 3.1.14
that

Q 4 F = {(a,b) € A%; AMa,b) € F for i =1,2}
= {(a,b) € A%; a—b,b—a€ F}.
A system of defining equations for BCK is p = p—p. By Corollary 3.1.14 again, the inverse of

Q.A is H.A’ defined, for ® € Con%c%A, by



HAq):{aeA;(a,a——»a)GCI)}
={a€ A;(a,T) € D}

:T/CI). |

We shall need the following abbreviation: For formulas ¢ and % and i € w, let <pi—->¢
stand for ¢ —(p—...(¢ —¥)...), where there are precisely i occurrences of . In particular,

goo -+ abbreviates 1. The next result is stated without proof in [BP88].

We now show that the notion of an ideal in Definition 5.2.3 coincides with the notion of an
ideal in Section 0.4. Let A = (A; —,T) € BCH. Let F be an ideal in the sense of Definition 5.2.3.
By Lemma 5.2.4, A =(A,F) is a BCK-matrix. By Corollary 5.2.6, F = H,Q,F :T/QAF.
Since QAF is a congruence relation on A, it must be reflexive and compatible. Thus, by the
remark following the definition of an ideal in Section 0.4 it follows that T/QAF is an ideal of A.

Since ' =T/Q 4F, F is an ideal of A (for BC% and T) in the sense of Section 0.4.

Conversely, let I be an ideal of A in the sense of Section 0.4. Certainly, T € I, so I #{.
Define the term
Hz,9,2) = (y—~(z—1z))— 2.
Then BC¥ |= t(z, T, T) =~ (T—(T—=2))—z~z—2z=~T, hence t(z,y,z) is an ideal term in y,z
for BCY¥% and T. Thus, if a,a—b € I then so is
A _ ; ©) _
thb,a,a—b)=(a—((a—=b)—b)—=b = T—b=hb.

Thus b € I, s6 I is an ideal in the sense of Definition 5.2.3.

5.2.7 LEMMA
For all 1, j € w, the following formula is a theorem of BCK:
(6:21) (P =)= (T =@ =)= (' TI=Q)).
Proof. We shall need the following
Claim 1: If Fgogp— (¥ — (), then F gox(n—)— (¢ —(n—()).
Proof. From the axiom (B), we get
Feok(lp—= (@ —Q)=[(n—e)—m—w=0)],

hence F gexy— (¥ —¢) and (MP) imply



(5.2.2) Feck(m—¢)—(n—(¥—=)).
Now, the axiom (B) gives us
Faekl(n—= W =)= @W—0—)]—=[(n—e)= = =)~ ((n—¢)—=(H—(n—))
By (C),
Feok (1= =)= ®—(n—)),
hence, by (MP) this gives us
Faek((n=9)—= = =)= ((n—¢)— @ —(1—7))
Thus (5.2.2) and (MP) finally give
Feck(1—9)— @ —(n—))
which proves Claim 1.
Claim 2: If F goxp— (¥—¢), then F gore—((n—=¥)—(n—{)).
Proof. From the theorem (B’) we get
Feek (=@ =)= [((¥=)—=((n=¥)= =)= (p—=((n—=¥)—=(n—))
hence + g ok @ — (¥ —C¢) and (MP) imply
Feek (¥ = —((n—¥)—= (=)~ (e —((n—¥)— (1))
Now, since (B) implies that
Faek( =0 —((n—¥)—(0—7),
we can use (MP) to deduce that
Facky—((n—¥)—(m—0),

which proves Claim 2.

We now proceed by induction on the sum ¢+ j. If i+ j=0, then ¢,j =0, and (5.2.1)
reduces to ¥ — (( — ¢) — (), which is a theorem of BCK as a result of (5.1.9) and Theorems 5.1.1
and 5.1.3. Assume that (5.2.1) is a theorem of BCK for some ¢,j. The formula

(Pt =) = (P = (=)= (' T 1T =0))
is an abbreviation for
(p= (P =) = (¢ = (¥ =)= (¢ — (¥ T 7= ().
But by the induction hypothesis and Claim 1 this formula is a theorem of BCK. Next, consider

the formula

(=)= (P T 1= (=)= (p T I =0)).
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This is an abbreviation for
(¢ =)= ((p— (¥ = (B =) = (p = (¢TI = ())),
which is a theorem of BCK by Claim 2 and the induction hypothesis. This completes the

inductive proof. |

5.2.8 PROPOSITION [BPS§§]
BCK has the LDDT with local deduction-detachment system
8(p,q) = {{p' —q};icw})
Proof. Let T C Fm and ¢,9 € Fm. If T+ g gy’ — o for some i € w, then

F»SO"BCK%SO’—”/)

so Totgekey' ~1—9 (by (MP)]
so - Tokbgekpp—v [by (MP)]
so Lo gok¥s (by (MP)].

This proves the detachment part of the result. Conversely, suppose I',¢p - gog¥. We need to
show that T'F BCK#—M/} for some ¢ € w. This is done using the inductive characterization of
F gk (see Section 1.1). If & €T or ¢ is a substitution instance of an axiom, then, by (1.1.1) and
the axiom (K), TFgog¥, ¥ —(p— %), hence TFgoxe—9 by (MP). Suppose ¥ is directly
derivable by (MP) from x and x — in a derivation #,,...,n7, =9 of ¥ from T U {p}, so that
IoFgeokx and T, gogx—%. Since x,x— % € {n;; k <r}, the induction hypothesis says
that for some i,j €w, 'k BCK‘Pi""X and '+ BCKSOj—’(X—’l/’)- From the previous lemma, we
have that
(' =)= (¢ = (x =)= (¢’ T =)
is a theorem of BCK, hence
THpok? =X ¢ = (x—=¥), (¥ =x) = (! = (x = ¥) = (¢ T =),

sol'F BCK‘Pi tiy by (MP) (applied twice). This proves the deduction part of the result. a

5.2.9 COROLLARY

(i) The quasivariety BCK has the RCEP. In particular, every variety of BCK-algebras has the

CEP.
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(1) The quasivariety BCK has LEDPRC with a system of local defining equations
8(p,q,ry8) = {Ei(p,q,7y )51 = 1,2},
where E\(p,g,r8) ={(p—0) == p) = (r—s)]~T;i,j€w}
Ey(p,g,r,s) = {(p—0)F = [(a—p)’ — (s = )] ~ T; kL € ).
In particular, every variety of BCK-algebras has LEDPC with a system of local defining
equations 8(p,q,r,s).
(i1i) Let A= (A; —,T) be a BCK-algebra and a,b € A. Then the ideal of A generated by {a} is
{ec Ajat—e=T for some i€ w).
Proof. (i) This follows directly from Proposition 5.2.8 and Corollary 4.3.3.
(ii) By Proposition 5.2.8, BCK has the LDDT with local deduction-detachment system 8&(p,q) =

{Ei(p,q); icwl= {{pi—» q}; i € w}. The following sets correspond to those defined in Section 4.3:

Set 1) = w, Esl)(pl,q) = {pi —q} and 8(1)(p1,q) = {{pi —q}; i €w}. Now, set

wEgl) _ {fEsl)_"w}

= {{(pi ~ a0, 4)}; j € w},
1= st iew)
={{pi—a i)} jew;icuw)
For f € I, f = {(p} — g, 1)}, say, set
EP(p1,p2,0) = ULE ;(y(pyrm); m € {p} —a}}
= E (py, P} —9)
= {p}—(pi— 0}
Finally, set  8%)(py,p5,0) = {{pf— (pi —0)}; {{ph — 0, 5)} € I®)}
={pi—(pi—~0)};icw;jew)
Set 5; =BCK and S, =Sqeq;. Let 7={r} be the interpretation of S; in S, defined by
7(¢) = (¢,T) and let p = {p*, p?} be the interpretation of S, in S, defined by pl(p,¥) = p—1,
PZ(S"H/)) =1 — . By the proof of Theorem 4.3.2, we have that S, has the LDDT since S, has the

LDDT. Let p=(p;,P;), 4= (4;,92). In the proof of Theorem 4.3.2, we established that a local

deduction-detachment system for S, is given by
2
8'(p,q) = {Ei(p.q); i€ (1(2)) b
. 2
where EY(p,q) = T(U {ESj)(pl(p),p2(p),pJ(q)); 7 < 2}), where = (i;,i,) € (1(2)) . Now, for

= <i1vi2)v i = {(Pi —4q, j)}, iy = {(Pf“*q, 0)},
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Elpq=1 U{E o' (p), P2(9) PP(0)) j 2})

(
T(Eff (P1 — Py, Py — Py 01— 4) U BV (P1 — Py P2 = P11 42 ﬁql))
= r({(py= p1)7 = (P = P = (&1 = 1))y (B =~ P1)* = (B~ D) — (B~ 0,))})

= {((pa— Py’ = (1 — P2)' = (01 = 0)) T), (P, = p) b = ((py = P2)* = (1, = @), T)):
By Corollary 4.1.14 and its proof, BC% has LEDPRC with respect to &(p,q), i.e., if A € BC% and
a,be,d €A then (c,d) € O4eqr(a,b) if and only if there exists i = (ij,iy) € (1(2))2, where
iy = (py —q,5), iy = (P¥ — ¢, ) (equivalently, if there exist i, j, k, € € w) such that

(a=b) =[(b—a) —(c—d)] =T

and (a—»b)k—»[(b—-ul)e—%dﬂc)] =T.

iii) By (ii), (¢,d) € oA a, T) if and only if there exist 7, j,k, £ € w such that
BCI

(@a=T)'=[(T—a) = (c—d)] =T
and (a—=Tf=[(T—a)—=(d—c)]=T
Le., aj—v(c—>d)=T and ae—>(d—>c)=T.
So OA a,T) = {(c,d) € A?; there exist j, £ € w such that al —(c—d =T, at = d—c)=

BCIK
Since IdA = Cong_ch,A with the isomorphism given in Corollary 5.2.6, it follows that the ideal of
A generated by {a} is equal to T/G) aeg (a:T), and this is equal to
{e € A; (e, T) € Ofpq¢ (0, T)}
= {e € A; there exist j,€ € w such that aj—v(e—vT) =T, ae—>(T—>e) =T}

= {e € A; there exists £ € w such that ale= T} 0

5.2.10 THEOREM [BP89b]
BCH does not have equationally definable principal relative congruences (EDPRC).
Proof. We begin by proving a general result for quasivarieties. Let % be a quasivariety and
A € %; we say that A is 3%-simple if the only 3-congruences of A are I 4 and A%, The subclass of %
consisting of all ¥-simple algebras is denoted 3g.
Claim: If a quasivariety % has EDPRC, then the subclass 3%g is first-order definable
relative to the language of %.
Proof. Suppose that % has EDPRC with defining equations 7,;(pq,P9,41,42) ®

Ni9(P1> P2 915 92), 1 <m. Then we have that A € %g if and only if A satisfies the first-order



formula
(5.2.3) VeVyVzVw(z#y = i ézm 1:1(2,y, 2, w) = 052, y, 2,w) ).
To see this, recall that for all a,b,c,d € A,

(c;d) € ©4(a,b) if and only if nfi(a,b,c,d) = nh(a,b,c,d) forall i <m.
For A € Jg, we have eﬂAG(a,b) =I,ifa=0b, and @%(a,b) = A% if a#b. In other words, if a # b,
then (c,d) € @aAG(a,b) for all ¢,d € A, hence A satisfies (5.2.3). Conversely, suppose A satisfies
(5.2.3). Let a,b € A such that a # b. Then, for all ¢,d € A4,

nﬁ(a,b,c,d) = né(a, b,c,d) for all i < m,

hence (¢,d) € oA a,b), so oA a,b) = A% and A is %-simple. This proves the claim.
% 5%

To prove the theorem, it will suffice to show that BC¥g is not first-order definable. Recall
the BCK-algebra N = (w;—,0) from Section 5.1; we shall show that N is BCH-simple. First we
show that {0} and w are its only ideals. Suppose F' C w is an ideal of N and that there exists a
nonzero z € F. Then, since t =2z =2z ~r =z € F, we also have 2z € F. Then 3c -2z =z € F,
so 3z € F. By induction we have that €z € F for all £ € w. Now, for any y € w, there exists an
€ € w such that y < €z. (Here and throughout this proof, < means the natural order on w, which
is the inverse of the BCK-order of N.) Thus y =z =0, implying that y € F and hence that
F = w. Recalling that IdN is isomorphic to CongyeeN (Corollary 5.2.6), we get that CongeqN

has only two elements, hence N is BCI-simple.

Let U be a free ultrafilter over w. By Corollary 0.3.4, 4 contains all X C w such that
w—X is finite. Set A=1I,. N/U. Then A€ Py(BCK), hence A€ BCK since every
quasivariety is closed under ultraproducts. We show that A is not BC¥,-simple. Define the
canonical map i:w—1II; . ,N/U as follows: For all a € w, set

¢, =(a,a,a,...) € ‘_ng
and set ia =c,/U.
Thus, ia={T € ‘,ng; {n€w;T(n) =a} € U}.
If we set $=(0,1,2,3,...) €Il; . ,N, then p/U € A, but p/U ¢ i(w): For suppose p/U = ia,
where a € w. This means that Z € AL, where
Z ={n € w;p(n) = (ia)(n) = a}.

Obviously, Z = {a}, so w—Z € U CU. But U is a filter of the Boolean algebra of subsets of w, so
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0 =ZnN(w—2Z) €U, contradicting the fact that U is an ultrafilter (i.e., a maximal proper filter)
over w. Thus i is not a surjective map. Next we show that i(w) is an ideal of A. First, note that
i0 = co/U = 07, hence 0A € i(w). Let X,Y € 4 with Y, X =Y (ie., Y = X) € i(w), say ia=Y
and b=X=Y (a,b€w). We claim that X €i(w): If € X, then, for all eV,
T-YEX =Y =ib, hence the set {n€w;ZEn)=yn)=>}eU. Since  the set
{n € w; Y(n) = a} €U, the intersection of these two sets is {n € w; Z(n) - a = b}, which is an
element of U, since U is a filter. Let V = {n €w; Z(n) ~a=>b} € U. There are two cases:

Case 1. Suppose b6=0, so that V={n€w;Z(n)<a}. For r=0,1,...,a, set V,=

{n € w; T(n) =r}, so that

Suppose that for all r € {0,1,...,a}, we have V ¢ U, i.e, w—V_ €U (see Theorem 0.3.2 (ii)).
Then
w-V=w- U V,= N (w=-V,)euU
0<r<a 0<r<a
since {0,1,...,a} is finite and U is a filter, so again, § =V N(w—V) € U, a contradiction. Thus,
there exists r € w with r <a such that V_€U. For this r, we have X =Z/U =ir € i(w), as
required.

Case 2. Suppose b#0. Then V={n€w;Z(n)=a+b} €U, so X =F/U=1i(a+b)e

i(w), as required.

This proves that i(w) is an ideal of A, and, since 7 is not onto, i(w) # A. Obviously
i(w) # {07}, therefore the lattice IdA of all ideals of A is not the 2-element chain. Since
IdA = Conmch, we have that Conmch is not the 2-element chain either. Consequently A is
not BCHK-simple. Note that A is an ultrapower of N, so A must satisfy every first-order formula
that N satisfies (Theorem 0.5.1). Since N is BC3¥%-simple and A is not, it follows that BCI,-simple
algebras are not first-order definable over BC%. By the contrapositive of the Claim, we deduce

that BC¥% does not have EDPRC. ]

This result, in conjuction with Corollary 4.6.2, immediately gives the following

5.2.11 COROLLARY

BCK does not have the deduction-detachment theorem (DDT). 0
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5.2.12 LEMMA
BCK s filter-distributive.

Proof. We know, by Proposition 5.2.8, that BCK has the LDDT with deduction-
detachment system 8 =8(p,q) = {{p'—¢};i€w}. Also, BCK is protoalgebraic (since it is
algebraizable). To prove the theorem, we shall show that & is BCK-directed and deduce the result
from Theorem 4.2.2. Let i,j € w. We need to show that there exists k € w such that

p'—=atpokp’—q and p’—qtpogrf—a
We first show, by induction, that for all {,m € w, if £ > m, then
p"—qk chl’e—"I-
For £ = m, the result is trivial. Suppose now that £ > m and p™ —qF BCer“' q- By (K),

Feck (P =0 —[p—(pt =),

ie., FBCK(pe—*Q)-—*(pe“—*q)- By (K), again

Faok (PP == =)= [ (™ =) — (p =)= (P T 1= 9))],
hence, by (MP),

{41

Feok (P —a) = ((p = g) = (pt T 1= 0)).

Thus, by (MP),

C+1

p"—qt pok (P —a)—= (T 1=y

Since p™ —gq | BCKPZ_"L we finally get, by (MP), that

e+1

p"—qFgckr T =4
completing the induction. Setting k = max {¢,j}, we can now deduce that p'— gt BCka_’q

and pj —q¢Fgck pk —¢. Thus 8 is BCK-directed and the result follows. 0

That BCK is filter-distributive means that, for all A= (A, FA> € Mod BCK and
I,J,KeFiBCKY In(UVEK)=UINnJ)V({INK). Recalling that Fi® ©¥ A = Congyeq-A
(whenever F , is the least subset of A such that (A, F ;) € Mod BCK), we can take A = (A, {TA}Y

and deduce the following

5.2.13 COROLLARY

BCK is relatively congruence distributive (RCD). Consequently, every variety of BCK -algebras is
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congruence disiributive. O
5.2.14 COROLLARY [Pal81]
Id A is distributive for every BCK-algebra A. O

5.3 VARIETIES OF BCK-ALGEBRAS

A variety of BCK-algebras (i.e., a subvariety of BC¥) may be assumed to be axiomatized by the
axioms of BCH together with identities of the form ¢(Z) # T (in view of (5.1.4)). Such varieties
are just the equivalent variety semantics of the strongly algebraizable axiomatic extensions of
BCK. Here we describe some of the varieties of BC K-algebras that arise naturally from this

perspective or that have been studied in the literature.

Commutative BC K-algebras.

Consider the deductive system S that is obtained from BCK by the addition of the axiom

(A) (r=g)—9)—=g—p)—p)

By Corollary 3.1.17, S is algebraizable with the same defining equations and equivalence formulas
as BCK. The equivalent quasivariety semantics is the subquasivariety I of BC3¥ that satisfies the
identity

(T) (z—y)—y=x(y—z)—z.

This follows immediately from Theorem 3.1.18, axiom (A) and (5.1.4). This quasivariety is, in
fact, a variety as can be seen from the following: Suppose A € ¥ and a,b € A with a—b =T and

b—a="T. Then

a=T—a [by (5.1.2)]
=(b—a)—a
= (a—b)—b [by (T)]
—T—b
=b by (5.1.2)],

hence the quasi-identity (5.1.4) follows from the defining identities of . We call T the variety of

commutative BCK-algebras. It was first studied by Tanaka [Tan75].
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Let Sp be the extension of the deductive system S (defined above) obtained by adding a
constant symbol F to the language of BCK and the axiom
g Sp F—p.
Then Sy is also algebraizable with the same defining equations and equivalence formulas as S.
The equivalent quasivariety semantics is thus termwise definitionally equivalent to the class of all
algebras A = (4; —,T,F) of type (2,0,0) that satisfy the identities of I along with the identity
F—ozxT.
This is precisely the class of so-called bounded commutative BCK-algebras, denoted I, which was
first studied in [Tra79]. Every algebra in T has a least element F since the above identity is
equivalent to F <z. The class T is termwise definitionally equivalent to the variety W of
Wajsberg algebras (see Section 0.2): Add a constant F to the type of W, defined by F = T, and
add a unary operation — to the type of I, defined by ~z =2 —F. Axioms (W1), (W2) and
(W3) of Section 0.2 are, respectively, (5.1.2), (5.1.1) and (T), hence they are identities of Tp. To

see that (W4) is an identity of I, consider the following derivation over T

(2) (T)
y—zm(T—y)—=(Toz)x (F-y)-y)—(F-z)—z)= ((y—F)—-F)—((z—=F)—F),
hence
[(z)—=(~y)]—=(y—2)=[(z—F)=(y—=F)]—-(y—=z) [by definition of —]

~[(e—-F)=(y—F)]-[((y—=F)=F)=((z—=F)-F)]
~T [by (5.1.1)].
We also need to show that Fa-T is an identity of Tp. But this follows easily since

2
-T %T—>F(3)F

Conversely, we must show that the class W satisfies the axioms of BC¥, (T) and the
identities F—2 &~ T and ~z = 2 —F. The identities (W1), (W2) and (W3) are (5.1.2), (5.1.1) and

(T), respectively. That (5.1.3) holds in W is proved in the following way:

(W3) (W1) (W1)
(z-T)-»T = (T—z)—z = (T—=2z2)=(T—z) 8 T-(T—2z)—(T—2z))
(W1) (W2)
= (T-T)»(T—2z)—=(T—z)) = T.

Thus

(W1) (W2)
t—=Tr2z—((z—-T)-T) =~ (T—-2)—=(z—=T)—=(T-T)) = T.

It was shown earlier that (5.1.4) follows from (5.1.1), (5.1.2), (5.1.3) and (T) (i.e., (W3)). Thus
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W is a subvariety of 9. In particular, each of the identities of BC%¥% hold in W. To see that
—z ~ z— F holds in W, consider the following derivation over W
(rz)—F= (ﬂ:t)—»('ﬂT)(v?)T—»:c(vg)x, 8o
(5.3.1) (mz)—F<z.
By the BCX identity r < y—z, we have -z < (~F)— (= x)(v?):v—»F, )
(5.3.2) ~z<z—F.
A substitution instance of (5.3.2) gives
(5.3.3) —(~z)<(—z)—F.
By (5.3.1) and (5.3.3),
(5.3.4) -(—z)<z
Now, £ = F < (=(—z)) —F by (5.3.4) and (5.1.7), and (-~ (—z))—F < -z by (5.3.1), so
(5.3.5) z—F <z

By (5.3.2) and (5.3.5) we therefore have that -z ~ 2z —F.

To see that F—z =~ T holds in W, consider the following derivation over W (recall that
(10) means (5.1.10) ):

(10) (W3) (W4)
F—zx ((F-z)—z)—z =~ (¢t—F)—=F)—z = ((~z)—(=T))—=(T—z) =~ "'T.

Recall from Section 3.3 that the equivalent quasivariety semantics for the deductive system
S, is the variety W of Wajsberg algebras. Thus the deductive systems S, and Sy have equivalent
quasivariety semantics that are termwise definitionally equivalent. For further algebraic discussion

of this semantics, see [BP].

Lastly, we provide the connection between the {—}-fragment of S, and BC¥. The
equivalent quasivariety semantics, % say, of the {—}-fragment of S is a subvariety of . To see
this, note first that % satisfies (3.3.23) and (3.3.27) (of the section on Lukasiewicz logics in Section
3.3), which are (5.1.1) and (5.1.4), respectively. That % satisfies (T) follows immediately from
(3.3.24) and (5.1.4). We shall show that % also satisfies (5.1.2) and (5.1.3) over %. By (3.3.22),

T—(z—-T)=T,
hence (3.3.26) implies that z—T =T, ie, (5.1.3) holds. By (3.3.22) again, we have

z— (T—z)~T, and, by (T),



(T—z)—e=(z—=T)-»T~T—-T=~T,

hence T —z = z by (3.3.27), i.e., (5.1.2) holds.

Since % is a subquasivariety of BCI, it follows that we can dispense with the quasi-
identity (3.3.26), and since % satisfies (T), we can dispense with the quasi-identity (3.3.27), i.e., %
is a variety and, in particular, a subvariety of 9. By Corollary 3.1.8, % is the class of all {—,T}-
subreducts of Wajsberg algebras, and it is known that % is a proper subvariety of I. In fact all
subdirectly irreducible members of 3% are linearly ordered by <, [Pal80], [Tra79], while it is easy
to construct subdirectly irreducible members of I that are not. Bounded commutative BCK-
algebras are also termwise definitionally equivalent to the so-called MV-algebras of Chang [Cha58],

which have a much less elegant definition, [Mun86].

Tarski Algebras.
Consider the {—}-fragment of CPC, denoted CPC_,. Each of the axioms (B), (C) and (K) is
easily seen to be a theorem of CPC_,. Thus CPC_, is an axiomatic extension of BCK, hence

Corollary 3.1.17 implies that CPC_, is algebraizable with the same defining equations and

equivalence formulas as BCK.

It is well-known that the two-element Boolean algebra 2 is the only subdirectly irreducible
Boolean algebra. Equivalently, by Birkhoff’s Subdirect Decomposition Theorem (Theorem 0.2.8),
BA =1Pg(2) (= HSP(2), since BA is a variety). Let BA_, denote the class of all {—}-reducts of
Boolean algebras (where z—y = (z')Vy). S(BA_) is termwise definitionally equivalent to
S(BA_, 1), the class of {—, T}-subreducts of Boolean algebras, since BA satisfies ¢ —z =~ T. (We

are writing T in place of 1.}

It turns out that S(BA_, 1) is the subquasivariety J of BCX that satisfies the identity
(1) (e—y)—z =z
(This result is essentially contained in [Kal60].) This class forms a subquasivariety of the variety
of commutative BC K-algebras and is therefore a variety. To see this we need only show that (T)
holds in 3. So,

(e —y)—y)— (y—2)—2) = (y—2) = (z=y) =) — ) [by (5.1.14)]
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~(y—2)—((E=y)—y)—=((z—y)—2)) [by (I)]

~T by (5.1.13)].
Thus CPC_, is strongly algebraizable. Its equivalent quasivariety semantics is called the variety
of Tarski algebras (see [Mon60]) (or implication algebras). Observe that by the quasi-identity
(5.1.4), (I') is equivalent, over BC¥%, to the conjunction of z—((z—y)—z)~T and
((z —y)—z)— 1z =T, of which the former conjunct holds in every BC K-algebra. We may deduce

that (B), (C), (K) and the formula ((p —¢) — p) — p (together with (MP)) axiomatize CPC_,.

Recall that C, is the two-element BCK-algebra (i.e., the {—,T}-reduct of 2). Since the
{—,T}-subreducts of subdirect products of 2 are just the subdirect products of C,, it follows that
3 =1P¢4(C,) = ISPPy (C,) (by Theorem 0.3.6, since C, is finite), the quasivariety generated by C,.
This may be rephrased as an {—}-analogue of the (strong) Validity and Completeness Theorems of
CPC: For aset I'U {p} of {—}-formulas,

I‘f-cpc_)'y: #f {y~Tivel} lgonT iff {YxTipel}lg ¢~ T.
Since 3 is a variety, we also have 3 =HSP(C,). It is easy to see that every nontrivial BCK-
algebra A contains a subalgebra isomorphic to C, (for any a € A such that a # T, {a,T} is the

universe of such a subalgebra). It follows that J is the smallest nontrivial subquasivariety of BC%.

Hilbert Algebras.

Consider the {—}-fragment of IP C, denoted IPC_,. Just as for CPC_, it follows that IPC_, is
algebraizable. It is known that the equivalent quasivariety semantics for IPC_, is precisely the
class of all BC K-algebras that satisfy the identity

(£1) y—(y—z)my—e.

As for CPC_,, one can produce a finite axiomatization of IPC_,, namely the axioms (B), (C),
(K) and the formula (p—(p—4q))—(p—¢) (and (MP)). The equivalent quasivariety semantics
for IPC_, is also a variety (we shall prove this in a more general setting in the section on § ).
Thus IPC_, is also strongly algebraizable. Its equivalent variety semantics, denoted §,, is called
the variety of Hilbert Algebras (see [Die66]), or positive implicative BCK-algebras. It will be
shown later that this variety has EDPC. It is related to 9 and J in the following way: 3=9N§,.

This can be deduced from the following:



5.3.1 PROPOSITION [IT78, Theorem 10]
A BCK-algebra A = (A;—,T) satisfies (T) and (E) if and only if it satisfies (I').

Proof. Suppose that A satisfies (T) and (£,;). Let a,b € A. Then

((a—b)—a)—a=(a—(a—b))—(a—b) [by (T)]
=(a—b)—(a—b) by (E})]
=T [by (5.1.5)],

i.e., (a—b)—a <a. Since a < (a—b)—a by (5.1.8), (I') holds in A.

The converse follows from the fact that 3 is the smallest nontrivial quasivariety of BCK-

algebras, but we give a direct derivation also. Suppose A satisfies (I'). By (5.1.9), a < (a —b) —b,

hence
(b—a)—a<(b—a)—((a—b)—b) [by (5.1.6)]
= (a—b)— ((b—a)—b) [by (5.1.11)]
=(a—b)—b [by (I)].

Thus (b—a)—a < (a—b)—b. By symmetry, (T) holds in A. Note that b—a <b—(b—a), by
(5.1.8). So we need only show that b — (b—a) <b—ua, ie., that (b—(b—a))—(b—a)=T, to

prove that (E,) holds in A. Now

(b—(b—a))—(b—a)=((b—a)—b)—b (by (T)]
=4 by (1))
=T. . a

The Varieties §, .

Let n € w. Recall that p™—q stands for p—(p—...(p—¢)...), where there are precisely n
occurrences of p. For each n € w such that n > 1, let S/ be the deductive system that is the
extension of BCK by the axiom

(Xn) (" *l—9)— ("~

It follows from Corollary 3.1.17 that S/ is algebraizable with the same defining equations and
equivalence formulas as BCK. The equivalent quasivariety semantics for SL is thus the class of all

BC K-algebras satisfying the additional identity
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(536  ("tloy—@—y~T,
(where T is defined as z — z for any z). It is possible to replace this identity by the following
(E,) "l oyt oy.
That (£,,) follows from (5.3.6) can be proved using (5.1.4) and the fact that the identity

(@ =p) =@ p) & (" oy) = (= () B T
holds in all BCK-algebras. Conversely, one can deduce (5.3.6) from (£,) using (5.1.5), which
implies that T ~ (2" T1—y)— (2" —y). Define g€,, to be the class of all BCK-algebras that
satisfy (E, ). §, is a variety, as can be seen from the following: By (5.1.9),

y<(y—z)—z,
hence by applying (5.1.6) 2n times, we get
(2= )" = ((y=2)" =) < (2= )" = (y=2)" = (y— 2) —2)),
ie., (z=y)"=((y—=2)"—y) < (2 =y "= ((y—2)" T =2),
so, by (E,,), (z—y)" = ((y—2)"—y) S (e—y)" = (y—2)" —=z).
By symmetry and (5.1.11), we have (z —y)" — ((y—2)" —y) > (¢ —y)" — ((y = 2)" — z), hence
(5.3.7) (z=y)"=((y—2)" =y = (c=y)" = (y—2)" —=z)
since < is a partial order. Now, if z—y =~ T and y —z ~ T, then (5.3.7) reduces to
T (Tt —=y)~ T — (T" — ),

hence y ~ z. So we can drop the quasi-identity (5.1.4) from the axiomatization of &, as it is

derivable from (5.3.7), which holds in §,. Thus & is a variety.

5.3.2 THEOREM
For each positive integer n, S, has the DDT with deduction-detachment set
E(p,q) ={p"—4q}.

Proof. The proof of Theorem 5.2.8 may be used verbatim to show that S/, has the LDDT
with local deduction-detachment system &(p,q) = {{p'—¢};i € w}. (The only difference is that a
derivation of ¢ from T'U{p} may include the axiom (X,).) Let I' C Fm and ¢,% € Fm and
suppose that ' + st o™ —1. Then

Lok Sln<Pa<P"—’¢

s0 Lok g 9" " =0 [by (MP)]
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so Lok g op—v [by (MP)]
O Iiphk 5;1¢ [by (MP)].
This proves the detachment part of the result. Suppose now that I’,cpl‘-s,n 1. Then, by the
LDDT, there exists some ¢ € w such that 'k st goi-—w,lz. We shall show that this implies that
'k st " — 1, which will complete the proof. If i < n, then by (K),

F s (P =)= (0= (9"~ ),
hence by (MP), goi—>w = s goi+1 — ).

Since I' - 5! goi—aw, we have I' F 5 <p£ +1_, 4. By induction it follows that T 5’ " — 1.
n n n

Now suppose that i > n. We claim that:
(5.3.8) - s'n(pi+1—"1)—>(1’i—"I)-
This is proved by induction on i. If i =mn, then (5.3.8) is precisely (X,). Suppose that (5.3.8)

holds for sume 7 > n. Then, by (B),

+ 5;1((Pi+1—*Q)—*(Pi"”l))—’{(P-’(Pi+1-"1))-’(17"’(17'-—"1))],

hence, by the assumption (5.3.8) and (MP),
Fo (=P T =) = (p— (P —q))
n
so, by (MP), p=' =gk g p—(p'—0),

i.e., pi +

2 gk st pi 1 g, completing the inductive proof. Now we claim that for any i > n,
(5.3.9) ks (PP =)= (p"—a).
Again, this is proved by induction on i. If i = n, the result follows from (T). Suppose that (5.3.9)
holds for some i > n. By (B),

+ an((p"—*ti)—*(p"—w))—*[((p“’1 —q)=(p' =)= (P T =)= ("= )l
Thus, by the induction assumption, (5.3.8) and two applications of (MP) we get
P (P =)= (0" —a),

hence the inductive proof is complete. From this it follows by (MP) that T'F s’ goi—>1/) implies
n

kg o=, 0

5.3.3 COROLLARY
For each positive integer n, the variety 8, has EDPC with defining equations

(ay —ay)*—(b;—b,) =~ T.
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Proof. That &, has EDPC follows from Theorem 5.3.2 and Corollary 4.6.2. The defining

equations for 8, may be obtained in a similar way to that employed in Corollary 5.2.9 for the

LEDPRC. 0

From this corollary, we immediately have the result that every subvariety of €  also has
EDPC. In particular, this means that the varieties 8, and 3, of Hilbert and Tarski algebras
respectively, have EDPC, and Theorem 5.3.2 generalizes the fact that IPC_, and CP C_, have the
DDT (which also follows from the fact that IPC and CPC have the DDT with deduction

detachment set {p — ¢}). We have the following converse of the above result

5.3.4 THEOREM [BR, Theorem 4.2]
A variety ¥ of BCK-algebras has EDPC if and only if ¥ C 8, for some n € w.

Proof. Let ¥ be a variety of BC K-algebras that has EDPC. For an algebra A € ¥ and
a € A, let (a), denote the ideal of A generated by a. By Corollary 4.5.8, ¥ has DPC. In view of
the isomorphism between the congruence and ideal lattices of any A € ¥ given in Corollary 5.2.6,
this implies the existence of a binary first-order formula ¢ in the language of ¥ such that for all
A€V and all a,b€ A, a€ (b), if and only if A |= ¢[a,b]. By Corollary 5.2.9 (iii), this clearly
means that

A |= ¢[a,b] iff there exists n € w such that 8" —a =T.
We claim however that there exists a fixed n € w such that
A |= éla,b] iff b*—a=T.
For if not, then for every n € w, there exists A, € ¥ and a,,b,, € A, such that a, € <bn)An but
b —a, #T. Let U be a free ultrafilter over w, let A be the ultraproduct I, . , A, /U (so A€ Y)
and consider @ = (ag, ay,...), b = (bg,by,...) €M, cwAn Since A, |= ¢[a,,b,] for each n € w, we
have that A |= ¢[@/U,b/U] and so @/U € (b/U),. But for each n € w, {i € w; (b())* —a(i) # T}
D{i€w;i>n}eU, so (5/U)*—a/U#T, contradicting a/U € (b/U),. This vindicates the
above claim. If n is as in the claim, then ¥ C8,_ . For otherwise, we may choose B€ ¥ and
a,b € B such that b" —a # b" ! —a, whence
b — ("l a)—a) B 1 L) (b a) £ T.

Thus, if ¢ =("*t!—a)—a then c ¢ (b)g. But this contradicts the fact that »"+!—¢ )



273
(" *t1a)— ("1 —4a) = T, completing the proof. O

From our discussion of Wajsberg algebras, we have that the algebra L associated with
Lukasiewicz’s logic S, has the property that the {—}-reduct of L is a BCK-algebra. Thus the
subalgebras L, of L, have the same property for each n > 1. In fact, it is easily checked that the
{—}-reduct of L is in 8, for each n>1. The proof of the previous theorem may be modified
easily to show that a subvariety ¥ of the variety {Lw}Q has EDPC if and only if ¥ |= (E,) for
some positive integer n. The algebra L, does not satisfy (E,) for any n > 1, however. Forifn>1

and 0 < m < n, then

R _m+1
ar1 —eer - min{liiy -t =1
Thus it follows that (nil)n+1_>0=z::'_} =1but (;F7)"—0=735 <1, s0 L, [# (E,). Thus

{Lw}Q does not have EDPC and hence the deductive system S, does not have the DDT.

The Variety 3.

Lastly, we consider a variety of BC K-algebras that properly contains the join of the varieties I
and &,. Let } be the class of algebras of type (2,0) that is defined by the axioms of BC¥% and the
identity
©) (z—=y)—y)—z)—z=((y—2)—2)—y) >y
Let S§; be the extension of BCK got by the addition of the axiom

(=9 —a)—p)—P]=[(((s—P)—p)—9)— 4]
By Corollary 3.1.17, S; is algebraizable with defining equation p ~ T and equivalence formulas
A(p,q) =p—q, By(p,q) =q¢— p. The equivalent quasivariety semantics for S is easily seen to
be the quasivariety of all BCK-algebras that satisfy (J), i.e.,, . In fact, S; is strongly
algebraizable, i.e., } is a variety. For illustrative purposes, we show this by appealing to Theorem

3.1.20.

The only inference rule of S; is (MP), ie., ({p,p—4q},q). We shall define terms
t1(-7«'7y,17"1)a t2(xay9 p,‘I) and pairs (ul’vl)’(UQ’v2) € {(va)’(p_’qu)} Set
t(z,y,p9) =y—yq,

ty(z,y, 0 q) = 2.

Let (uq,v;) = (p,T) and (uy,v5) = (p—4¢,T). The required theorems of S;, as stated in Theorem
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3.1.20, are
ks, 9= (T—a),(T—9)—4
ks, (p=a)—(p—9)
ks, T—T.

Each of these is easily seen to be a theorem of §; in fact they are theorems of BCK.

For condition (ii), we shall define terms s,(z,y,p,9),...,54(,y,p,¢) and pairs
(a;,b;) €{(p—a,T)(g—p,T)} for i <4. Set
si(zv,p,9) =y—p,
sy(,v,p,9) = ((y—9) = p)—p,
s3(#,v:2,9) = (2= p) =) — g,
sy(z,y,p,q) =z =4
Let (ay,b;) = (ag,b3) = (¢— p,T) and (ay,b,) = (a4,by) = (p—¢,T). The required theorems of S,

as stated in Theorem 3.1.20, are the following:

(i) ks, p=(T=p) (T=p)—p

(if) ks, lla=P)=Pl=[(T=9)—=p) =) [(T=9)—=p)=pl=[g—=p)— 7]
(iif) Fs (=9 —=a)—p)=pl=1((4=P)=P) =) —d]

and Fs, [((a=P)=P) =)= d=l((P—=0) =)= P)—p]

(iv) Fs ((T=p)=9)—d—=[(P=9) =4 [(P=9)=d=[(T—p)—9)—d]
(v) Fs,(T=0)=¢ 9= (T—9)

That (i), (ii) (iv) and (v) are theorems of S; can be seen using the equivalent quasivariety
semantics for 3. For (i) holds iff p~ T —p, (ii) holds iff (¢—p)—p=~ (T—¢)—p)—p, (iv)
holds iff ((T—p)—¢)—¢q=~(p—q)—g¢ and (v) holds iff-T—vq ~ q. FEach of these identities is
satisfied by BC¥, hence also by }. That (iii) is a theorem of S; is immediate from the definition.

Thus S is strongly algebraizable and } is a variety.

The class of subvarieties of the quasivariety BC¥% forms a lattice under the ordering C
[BR95, Theorem 11]. The figure below shows the relationship between the varieties that we have
considered here, with respect to this lattice. For a proof of the fact that the join of &, and 7,
namely HSP(8, U J), is properly contained in 3, we refer the reader to [Cor81]. If one assumes the

relationships in this diagram then the fact that } is a variety generalizes the facts that &, 7 and J
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l Trivial
Pocrims.

A deductive system that is algebraizable always has a unique quasivariety as an equivalent
algebraic semantics. We have seen that a quasi-equational basis for this quasivariety can be
constructed if a set of axioms and inference rules of the deductive system is known. What is not
always evident, however, is how (if at aIl) this quasivariety is related to classical algebra. We
have, for example, that every Tarski algebra is a {—, T}-subreduct of a Boolean algebra, and that
every Hilbert algebra is a {—,T}-subreduct of a Brouwerian semilattice (see [Die66}). In this
section we present the class of pocrims, which are natural from the point of view of classical

algebra, and which are related to the quasivariety BC¥ in a similar way to the above examples.

A pomonoid is a structure (A;-,T; <), where (4;-,T) is a monoid, i.e., an algebra of
type (2,0) satisfying the axioms (G1) and (G2) of groups (Section 0.2), and < is a partial order
on A that is compatible with - in the sense that, whenever a,b,c € A with a <b, we have
a-c<b-c and ¢c-a<c-b. A pomonoid (A;:,T; <) is said to be commutative if (A;-,T) is
commutative, and integral if T is the largest element of A. A commutative pomonoid
(A;-,T; <) is said to be residuated if for any a,b € A, there exists a greatest ¢ € A such that
c-a<b. We denote this ¢ by a—b. The fact that such a ¢ always exists and is uniquely
determined by a and b means that — is a binary operation on A; we call this operation residuation.
Observe that when (A4;.,T; <) is integral, we have a <b if and only if a—»b;T (for all
a,be€ A). A pocrim is a residuated commutative integral pomonoid considered as a structure

(A;-,—,T; <). The class of all pocrims is denoted by Ab.
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A Boolean algebra A =(A; A,V,’,0,1) can be viewed as a bounded, complemented
distributive lattice. Thus (4; A,1; <), where < is the lattice order, is a commutative integral
pomonoid. If one defines a—b = (a’)Vb, then A is residuated with residuation —, hence the
(A,—,1; <)-reduct of the (enriched) Boolean algebra A =(4; A, Vv, —,’0,1; <) is a pocrim.
Similarly, a Heyting algebra A = (4; A, V,—,0,1) can be viewed as a bounded distributive lattice
with a relative pseudocomplement, i.e., a binary operation — that satisfies, for all a,b,¢ € A,

c<a—b ifandonlyif cAa<b.
Thus the (A,—,1; < )-reduct of the (enriched) Heyting algebra A = (A; A, V,—,0,1; <), where

< is the lattice order, is a pocrim.

Since the order < on a pocrim is determined by — and T, we may as well confuse
pocrims systematically with their algebra reducts (A;-,—,T). Iséki showed [Isé80] that a pocrim
can be defined (equivalently) as an algebra (A4;.,—,T) of type (2,2,0) that is defined by the
identities and quasi-identity defining BC¥% and the identity

ct—(y—z)=x(z-y)—2.
Thus M is a quasivariety. It is evident from this result that every {—,T}-subreduct of a pocrim is
a BCK-algebra. It was shown independently by Palasinski [Pal82], Ono and Komori [OK85], and
Fleisher [F1e88] that the converse also holds, i.e., every BC K-algebra is a {—,T}-subreduct of a

pocrim. Thus we have the following:

5.3.5 THEOREM [Pal82] [OK85] [Fle88]
The quasivariety BCK is precisely the class of {—, T}-subreducts of M. In other words, an algebra

A =(A;—,T) is a BCK-algebra if and only if it is a {—, T}-subreduct of a pocrim. O

{—, A }-fragments of CP C and IPC.

One can deduce that the {—, A }-fragments of CPC and IPC, denoted CPC{_’, A} and
IPC (= A} respectively, are algebraizable from Corollary 3.1.17 and the facts that their languages
contain the connective —, which was the only connective used in a system of defining equations
and equivalence formulas for CPC and IPC. By Corollary 3.1.8, the equivalent quasivariety

semantics for CPC{_’ A} is the class of subalgebras of the {—, A }-reducts of Boolean algebras.
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This class is precisely the variety of relatively complemented distributive lattices with 0, hence
CPC{_,' A} is strongly algebraizable. By the same theorem, the equivalent quasivariety semantics
for IPCy_, ,} is the class of subalgebras of the {—, A }-reducts of Heyting algebras, which is
precisely the variety of Brouwerian semilattices (as defined in Section 0.2). Thus IPC{_,’ A} is

also strongly algebraizable.
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List of Symbols and Abbreviations

w 5 Py (%) 20, 42
P(X) 5 P (%) 20, 42
P_(X) 5 Pg (%) 20
xY 5 V(%) 20
flz 5 %V 20
Iy 5 T(X) 21
< 6 T(X) 22
4 6 X 22
AL 6 z 22
(z] 8 Fg(X) 22
[z) 8 tA@) 23
D(a,d) 9 Id (X) 23
axlb 13 = 23
L2 15 =a 23
ar 15, 48 Fe 23
i 15 Idg:(X) 23
SgA(X) 15 § 24
a/® 16 AG 24
Con A 17 BG 24
0A(X) 17 BA 25
0A(a,b) 17 ¥A 26
= 18 W 27
kerh 18 MA 27
A 19 Pr (%) 29
1(%) 20 Py (%) 29
S (%) 20 Q (%) 30

P (%) 20 %9 30
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