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Abstract

Survival analysis is a well developed area which explores time to single

event analysis. In some cases, however, such methods may not adequately

capture the disease process as the disease progression may involve inter-

mediate events of interest. Multistate models incorporate multiple events

or states. This thesis proposes to demystify the theory of multistate models

through an application based approach. We present the key components of

multistate models, relevant derivations, model diagnostics and techniques

for modeling the effect of covariates on transition intensities.

The methods that are developed in the thesis are applied to HIV and

TB data partly sourced from CAPRISA and the HPP programmes in the

University of KwaZulu-Natal. HIV progression is investigated through the

application of a five state Markov model with reversible transitions such

that state 1: CD4 count ≥ 500, state 2: 350 ≤ CD4 count < 500, state 3:

200 ≤ CD4 count < 350, state 4: CD4 count < 200 and state 5: ARV ini-

tiation. The mean sojourn time in each state and transition probabilities

are presented as well as the effect of covariates namely age, gender and

baseline CD4 count on transition rates.

A key finding, consistent with previous research, is that the rate of de-

cline in CD4 count tends to decrease at lower levels of the marker. Further,

patients enrolling with a CD4 count less than 350 had a far lower chance

of immune recovery and a substantially higher chance of immune deterio-

ration compared to patients with a higher CD4 count. We noted that older

patients tend to progress more rapidly through the disease than younger

patients.
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Chapter 1

Introduction

Survival analysis is concerned with modeling time to event (e.g. death or dis-

ease onset) data where hazard rates or intensities or survival functions between

groups are compared. This topic has been extensively researched. However, in

practice the disease evolution or progression can be broken up into a finite num-

ber of intermediate states, which may offer a greater understanding and clarity

of the evolution of disease than a pure survival analysis model would provide.

A multistate model considers several discernable states of a process, a model-

ing process that allows one to compute transition probabilities, transition rates

(hazards), mean sojourn time (mean time spent in each state) and to model the

effect of covariates on transition rates. Treating a multistate model as several

separate survival models would not suffice as this would not accommodate the

process stage dependence. In spite of the many advantages of applying multi-

state models, these models are not often applied compared to classical survival

analysis. Meira-Machado et al. (2009) state the reasons for this as daunting

mathematical theory and lack of available software.

As a multistate process evolves over time, a history is naturally generated.

This history contains information on previous states visited, times of entry into

previous states and length of stay in states. The simplest, and most applied

multistate model assumes that the transition to a future state is only depen-

dent on the present state (Markov property) and time independent transition
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rates. There are other multistate models which are less restrictive but more

difficult to implement.

This thesis proposes to demystify the theory of multistate models through

an application based approach. We present the key components of multistate

models, relevant derivations, model diagnostics and techniques for modeling

the effect of covariates on transition intensities. These concepts have been

successfully applied to data on HIV (Alioum et al., 1998), depression (Mar-

shall and Goldhamer, 1955), cancer (Schaubel et al., 1998) and hepatitis (Geng

et al., 1998). Most of these studies, however, were performed in Europe and the

United States. To my knowledge, this thesis is one of the first to study HIV

disease progression in resource limited settings and the first in South Africa.

In 2008, it was estimated that there were an estimated 22.4 million adults

and children living with HIV in Sub-Saharan Africa (UNAIDS, 2009). HIV/AIDS

is therefore the greatest public health challenge facing South Africa and in par-

ticular the KwaZulu-Natal province . An understanding of HIV progression and

factors that influence disease progression can have great value when under-

standing HIV pathogenesis and on the development of new treatment strate-

gies (Sabin et al., 1998). With regards to HIV progression there are different

ways in which one can define “progression”. One may examine the occurrence

of clinical events which occur early in HIV infection or the values of biological

markers as markers of disease progression. The most widely used marker of

HIV progression is the CD4 lymphocyte count, which plays a crucial role in the

immune system. When an individual loses CD4 cells he or she is more vulner-

able to opportunistic infections and lymphomas.

Although substantial research has been done in the area of CD4 count mod-

eling using linear mixed models, no attempt has been made to estimate the

length of stay in different CD4 count intervals or to investigate probabilities

of transitions to lower CD4 counts over time in South Africa. This thesis goes

2



even further, in that it seeks to estimate the effect of age, gender and baseline

CD4 count on individual transition rates. The multistate approach is partic-

ularly powerful as it enables one to make predictions on the trajectory of an

individual’s disease progression through time.

The first endeavor to model the stages of HIV infection was by Longini et al.

(1989) who applied a Markov model with five progressive stages: (1) infected

but antibody-negative; (2) antibody-positive but asymptomatic; (3) pre-AIDS

symptoms and/or abnormal haematologic indicator; (4) clinical AIDS and (5)

death. This model was applied to data on 548 homosexual and bisexual men

who were enrolled at the San Francisco City Clinic between 1978 and 1980.

Longini et al. (1989) examined the mean sojourn times in each of the states

and the length of the AIDS incubation period which is defined as the time from

infection to clinical AIDS. This model offered valuable information regarding

progression and was the start of Longini et al. (1989) contribution to the mod-

eling of the natural history of HIV/AIDS but was lacking in that it did not take

into account the effect of cofactors on rates of HIV progression. In 1991, Longini

et al. (1991) modeled HIV progression with a different state structure that ex-

amined immune deterioration rather than clinical deterioration. Longini et al.

(1991) applied an eight state progressive model which included cofactors on in-

dividual transition rates. In the 1796 HIV infected individuals from the US

Army it was noted that rate of CD4 decline is faster in older age groups. Thus

transition rates are age dependent. A limitation of this study was the inability

to model long term behavior of CD4 count. This limitation, due to the fact that

CD4 counts only started being taken in 1990, was explained by Bwayo et al.

(1995) who addressed this limitation with their article in 1995. Bwayo et al.

(1995) examined the decline in CD4 count in HIV positive female sex workers

residing in Kenya.

In this thesis we propose a model with state structure based on four inter-

vals of CD4 count and ARV initiation as an absorbing fifth state. The decision

3



to consider states based on CD4 counts is that apart from CD4 counts being the

leading indicator of HIV progression, it is this marker that is used to determine

when antiretroviral therapy should commence. This model is fitted to data from

the Sinikithemba cohort, consisting of 451 HIV positive individuals residing in

Durban, South Africa. Upon careful examination of CD4 count it became clear

that reverse transitions need to be incorporated into the model. Bwayo et al.

(1995) also noted erratic decline in CD4 counts in their data and were the first

to include reverse transitions in CD4 count modeling. The decision to designate

ARV status as the end point was based on the primary objective of this study,

which is to determine rates of immune deterioration in ARV naive patients.

The rate of CD4 count decline is examined and predictions of the trajectory of

patients is made through the use of transition probability matrices. The effect

of age, gender and baseline CD4 count on individual state transition rates is

examined.

4



Chapter 2

An Introduction to Multistate

Models

The key components associated with a multistate model according to Mullins

(1996) are the states, observation times, actions, rewards, transitions and con-

straints of the model. These are briefly described below:

States

Each state in a Markov model represents a particular distinct situation and

cannot overlap with another state. In statistical terms the above statement

can be interpreted as mutually exclusive states. In biomedical applications the

states might be based on clinical symptoms, biological markers (Alioum et al.,

1998), some scale of the disease (Schaubel et al., 1998) or a non-fatal compli-

cation in the course of the illness (Mullins, 1996). Although this thesis is ded-

icated to biomedical applications, it must be stated that there are numerous

applications of multistate models to other fields such as engineering and soci-

ology. It is commonly assumed, for mathematical simplicity, that the number

of states are finite. Each state is classified as either transient, absorbing or

instantaneous.

Transient: A transient state is temporary. Hence, once it is visited it will be

exited with certainty.

5



Absorbing: An absorbing state is a state from which there is no escape.

Instantaneous: An instantaneous state is one which will be exited immedi-

ately.

Observation times

These are the points in time at which the system is observed and data is col-

lected. This system, in our case, refers to the disease process. Markov models

can incorporate equally or unequally spaced stages. The four possible observa-

tion schemes discussed below are with reference to biomedical applications.

Fixed: Here patients are observed at fixed time intervals specified in advance

by the investigator and the patient.

Random: The sampling times vary randomly, and are independent of the cur-

rent state of disease. Such observation times arise in observational or open

studies involving a cohort of individuals where no prior design to observe

patients was put in place.

Doctor’s care: It is important that severely ill patients are monitored more

closely. Here the choice of the next sampling time is dependent on the

state of the patient at the previous sampling time. The sampling times in

this case are specified by the doctor.

Patient self selection: A patient may himself/herself decide to visit a doctor

when in poor condition.

It is important to consider the reasons why observations are made at the

given times. This could give information about the value of that observation. If

a modeler were to fit a model ignoring the information in the observation times

then the modeler’s results could be biased. Jackson (2007) has shown that of

the four observation schemes discussed above, the only informative observation

scheme is patient self selection.

6



Actions and decisions

At each stage or observation time an action may be taken. Possible actions

include surgery, a drug regimen or no action at all. When we are purely analyz-

ing the natural history of a disease, as is done in this dissertation, the decision

process and the rewards process discussed below are ignored.

Rewards

The actions described above are aimed at achieving some sort of reward such

as a speedy recovery, higher quality of life or longer lifespan. A different state

of disease may require a different sequence of actions in order to maximize the

rewards.

State transitions

A change of state is called a transition. The transitions of a Markov model

describe the likelihood of being in a particular state at some future time, given

the present state. The Markov property (Definition 4.1) implies that a patient’s

progression rate to the next state is independent of their progression rate into

the previous state. The parameters of interest in such a model are the inter-

state transition probabilities, transition rates and distribution of duration in

state.

States and state transitions can be effectively represented in a transition

rate diagram. In these diagrams, states are represented by squares and arrows

denote the allowed transitions to or from these states. Figure 2.1 is the transi-

tion rate diagram for the commonly used illness-death model.

The three states depicted in Figure 2.1 are disease free, disease and death.

The bidirectional arrows connecting the disease and disease free state indicate

7



Figure 2.1: Illness-Death model

that a patient may progress to or recover from the disease state. Clearly death

is an absorbing state.

In the homogeneous continuous time Markov context we define the transi-

tion probability, pij(t), to be the conditional probability of entering state j at

time t, given the system was in state i at time 0. This definition of pij(t) implies

that after leaving state i the process could have migrated to other states, say

j1, j2, . . . , jk−1 before finally entering state j at time t. A detailed description

of the properties of these transition probabilities and the transition probability

matrix follows in Chapter 4.

Constraints

Constraints are introduced into the model to simplify it or to isolate typical

behavior. In terminal disease modeling, a constraint is that state transitions

are irreversible and sequential. That is, once a patient has progressed to a cer-

tain state they cannot go back to an earlier state. There are certain irreversible

8



Figure 2.2: Irreversible multi-state terminal disease Markov model

and sequential states which have to be passed through in order to reach a more

advanced state. In other words the disease states exhibit some natural hierar-

chy with order determined by the natural history of the disease. These states

are called tunnel states because an individual passes through them in a set

sequence, analogous to passing through a tunnel. The terminal disease model

applied by Mullins (1996), which appears in Figure 2.2, illustrates the use of

tunnel states.

It may be the case that, because of the timing of the observations, a patient

appears to have skipped a state from one visit to the next. In such instances,

it is assumed that the patient moved through the “skipped” state during the

interval.

We consider two other components central to the understanding of multi-

state models. These are:

1. The history generated by the multistate process

2. Survival analysis

The history generated by the multistate process

If one were to examine the state of an individual at a particular time t, it

will become apparent that a particular path was traversed to get to this state.

This “path” is referred to as the history of the process. The history contains in-

formation on previous states visited, length of stay in the current and previous

states etc.
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2.1. Preliminary Concepts

Survival analysis

Survival analysis deals with the analysis of time to event data. Here the

event of interest may be death or disease onset (e.g. HIV infection). The impor-

tant point to note is that survival analysis models a single event. Multistate

models therefore are an extension of survival models. The beauty of dealing

with only transitions to a single event is that many of the standard survival

analysis techniques for prediction, model fitting and model analysis can be di-

rectly applied to multistate models. Chapter 3 will review key functions in

survival analysis, nonparametric and parametric estimation of survival distri-

bution and the modeling of survival data.

2.1 Preliminary Concepts

A multistate process is a stochastic process (X(t), t ∈ T ) with finite state space

S = {1, 2, 3 . . . N} where T = [0, τ ] is the period of observation (Meira-Machado

et al., 2009). As the process evolves over time a history Ft− consisting of the ob-

servation of the process over the interval [0, t) is generated. Ft− is a σ− algebra

which can be explained as the history of the process just before time t. As men-

tioned previously this history contains information on previous states visited,

length of stay in the current and previous states, time of transition into previ-

ous states and other related information. The two quantities which completely

characterize a multistate process are transition probabilities and transition in-

tensities.

Transition probabilities

Consider,

pij(s, t) = P (X(t) = j|X(s) = i,Fs−) (2.1)

for i, j ∈ S and s, t ∈ T where pij(s, t) can be interpreted as the probability
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2.2. Types of Multistate Models

of entering state j at time t, conditional on being in state i at time s and the

history of the process prior to time s. The transition probabilities in Equation

(2.1) form a transition probability matrix P(s, t).

P(s, t) =


p11(s, t) p12(s, t) · · · p1n(s, t)

p21(s, t) p22(s, t) · · · p2n(s, t)
...

... · · ·
...

pn1(s, t) pn2(s, t) · · · pnn(s, t)


Transition intensities

Let,

qij(t,Ft−) = lim
∆t→0

pij(t, t + ∆t)
∆t

(2.2)

The transition intensity can be interpreted as the instantaneous rate or hazard

of making a transition from state i to state j at time t. The transition intensities

in Equation (2.2) form a transition rate matrix Q(t).

Q(t) =


q11(t) q12(t) · · · q1n(t)

q21(t) q22(t) · · · q2n(t)
...

... · · ·
...

qn1(t) qn2(t) · · · qnn(t)


Note that the transition probabilities and transition intensities both depend on

the history Ft−.

2.2 Types of Multistate Models

The more history on which the transition intensities and transition probabili-

ties depend, the more complicated the model is to implement.

We will briefly introduce the various types of multistate models in this section,

and explore them in more detail in subsequent chapters.

11



2.2. Types of Multistate Models

2.2.1 Markov Model

In a Markov model a transition to a future state is only dependent on the

present state of the process as the history before this is irrelevant. Hence,

pij(s, t) = P (X(t) = j|X(s) = i) (2.3)

This is an important departure from the model specified in Equation (2.1). The

three types of Markov models are outlined below.

Time-homogeneous Markov model (THMM):

In a time-homogeneous Markov model transition intensities are assumed to be

constant. Hence

qij(t,Ft−) = qij

The THMM is the most widely applied multistate model, possibly owing to the

well developed software for these models and less daunting theoretical frame-

work. Chapter 4 explores the Markov assumption, time homogeneity assump-

tion, properties of the transition probability matrix P(t), the transition rate

matrix Q(t) and the computation of P(t).

Time dependent Markov model:

This model is used when there is an underlying reason for transition rates to

change with time. For example, suppose we were examining the simple “illness-

death” model. It is a known fact that rates of falling sick are higher in winter

and recovery rates are lower. Hence, the transition rates vary with time of the

season. It is also often the case that transition rates vary with age (time). This

is easy to see in the following example.

Example of time dependence:

As patients get older, the risk of death due to illness increases and their chances

of recovery decrease. The opposite is true for younger patients but this cannot

be generalized to all diseases. In fact, for some childhood diseases the opposite

occurs. That is the younger the patient the higher the risk of disease and death

12



2.2. Types of Multistate Models

and lesser the chance of recovery. Clearly, in this case transition rates would be

a function of age.

Nonparametric Markov model: This approach can be thought of as a

generalization of the Kaplan-Meier estimate outlined in Chapter 3. The non-

parametric estimates of the transition probabilities are called the Aalen-Johansen

Estimates and are presented in detail in Chapter 5.

2.2.2 Semi-Markov Model

In a Semi-Markov model the future evolution not only depends on the current

state, but also on ti, the entry time into the current state i. The form of the

transition intensities which we model then changes to qij(t, t − ti) where t − ti

denotes the duration in state i.

Although the semi-Markov model is more flexible than the time homoge-

neous Markov model there are two drawbacks to it use. Firstly, semi-Markov

models contain many parameters which make them more difficult to fit. Sec-

ondly, we can only use these models if we know what distribution the sojourn

or residence time in each state follows.

2.2.3 Non-Markov Model

Non-Markov models depend arbitrarily on the history of the process. These

models were relatively unused and difficult to implement until recently when

Meira-Machado et al. (2009) developed “Markov free” estimators of transition

probabilities for an illness-death model.

13



Chapter 3

Time to Single Event Analysis

3.1 Introduction

Time to single event analysis or survival analysis can actually be considered as

the simplest multistate model. This necessitates a thorough understanding of

the topic before approaching more complicated models. As depicted in Figure

3.1, survival analysis can be represented as a multistate model with two states

and one transition associated with a transition rate q12. Questions which arise

with respect to survival analysis are:

• Why do we require special techniques and models for time to event data?

• Why are the more standard statistical methods such as t-tests, linear re-

gression and others not appropriate?

A response to the above questions is that survival data has many special

features which require the assumptions of distributions other than the nor-

mal distribution. In addition, survival data frequently suffers from the prob-

Figure 3.1: Survival as a multistate model
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3.2. The Special Features of Survival Data

lem of censored observations hence the need for non-standard methods to deal

with partially observed outcomes other than those appropriate to fully observed

data.

3.2 The Special Features of Survival Data

Incomplete observation

Unlike blood pressure or weight, time to event is not measured instanta-

neously. In other words, one has to “wait” for the event to occur. Due to time

and monetary constraints, studies cannot continue until every person has expe-

rienced the event. Hence some people may never experience the event during

the study. People may also choose to withdraw from the study or may be lost

to followup. The above are all examples of censoring. A censored observation is

one whose value is incomplete due to factors observed or unobserved specific to

each subject or group (Hougaard, 2002). An observation is left censored if the

event occurred before observation began and right censored if the actual value

lies to the right of the censored value. Interval censoring, which is of particular

importance in the next chapter, occurs when the event of interest is known to

have occurred between two time points. An important assumption made in the

analysis of censored survival data is the assumption of independent censoring.

This assumes that the actual survival time of an individual is independent of

the mechanism that causes the survival time to be censored at c where c < t.

Distribution of survival times

Survival data are not symmetrically distributed and are strictly positive. In

fact if we were to construct a histogram of survival times of similar individuals

the histogram will exhibit a long tail to the right, meaning that most time to

event data is right skewed.
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3.3. Important Functions in Survival Analysis

Conditioning

Hougaard (2002) introduced this concept through an example which we have

adapted below:

If we have information that the median lifetime of a South African female is

65 years and 70 days, can a woman celebrating her 65th birthday use this in-

formation to infer that she has only 70 days left to live? The answer to this

question is obviously “no” since the death pattern of woman aged 0 to 65 years

old is irrelevant to the 65 year old as she has already reached this age. Hence,

a more accurate picture would be the conditional median where we condition

on survival to 65 years. The above illustration warrants the form of the hazard

function which will be discussed in the next section.

3.3 Important Functions in Survival Analysis

Let T be the time to event random variable and assume that each individual

i has an event time ti and a censoring time ci, two new variables may now be

introduced. xi = min(ti, ci) is the time which we actually observe and δi is an

indicator of death which takes on a value of 1 if ti is observed and 0 if ci is

observed. Putter et al. (2007) state that these events and censoring times of

the individuals should be seen as a random sample (X1, C1) . . . (Xn, Cn) from a

survival distribution Xi ∼ F with S(t) = P (T > t) and censoring distribution

Ci ∼ G. The basic assumption of independent censoring assumes that the ac-

tual survival time is independent of the censoring mechanism for right censored

data. The survival function S(t) and related functions are briefly discussed be-

low.
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3.3. Important Functions in Survival Analysis

Survival function

Let T denote the survival time, then the probability that an individual sur-

vives longer than t (before experiencing the event) is given by

S(t) = P (T > t)

The graph of S(t) is called the survival curve and allows us to find the quartiles

and compare the distribution of two or more groups. Section 3.4 covers methods

for the estimation of S(t) in the presence of right censored observations.

The hazard function

Lee and Wang (2003) define the hazard function as the probability of failure

during a very small time interval assuming that the individual has survived

to the beginning of that interval. Thus the hazard function is mathematically

expressed or defined as

α(t) = lim
∆t→0

P (t ≤ T < t + ∆t|T ≥ t)
∆t

(3.1)

By the independence assumption the hazard of censored individuals is equal

to the hazard of individuals who are still under observation. The hazard func-

tion can increase, decrease, remain the same or exhibit a combination of these

features. Lee and Wang (2003) explore different shapes of hazards. The hazard

function also plays a central role in regression modeling which will be discussed

in Section 3.5.

The cumulative hazard function

The cumulative hazard function can take on any value between 0 and ∞

and represents the integrated hazard up to time t.

A(t) =
∫ t

0
α(s)ds (3.2)
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3.4. Nonparametric Methods for the Estimation of Survival Functions

The function A(t) is also frequently referred to as the integrated hazard func-

tion.

The three functions described are mathematically related. First, from Equa-

tion (3.1) it is easy to state that

α(t) =
f(t)
S(t)

But f(t) = d
dt [1− S(t)]

Hence

α(t) = −S′(t)
S(t)

It also follows that

−
∫ t

0
α(s)ds = log S(t)

Therefore A(t) = − log S(t) or equivalently

S(t) = exp[−A(t)] = exp[−
∫ t

0
α(s)ds]

3.4 Nonparametric Methods for the Estimation of Sur-

vival Functions

First we consider the estimation of S(t). There exist two nonparametric meth-

ods for the estimation of S(t). These are

1. The Kaplan-Meier or product limit estimator

2. The life table estimate

The Kaplan-Meier estimate is based on individual survival times whereas the

lifetable estimate groups survival times into intervals. We will only discuss the

Kaplan-Meier estimator for the purpose of this thesis.
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3.5. Modeling Survival Data

Suppose that there are n individuals with observed survival times t1, t2, . . . , tn.

If there are m ≤ n recorded event times then the ranked survival times are de-

noted as t(1), t(2) . . . t(m). Let nj be the number of individuals at risk (still under

followup and have not yet experienced the event) at time t(j) and dj be the

number of observed events at time t(j) for j = 1, 2, . . . ,m. The Kaplan-Meier

estimator is defined as follows

Ŝ(t) =
∏

t:t(j)≤t

(
1− dj

nj

)
(3.3)

Several approaches have been suggested to estimate the cumulative hazard

function A(t) given by (3.2).

The Nelson-Aalen estimator of A(t) is given by

Â(t) =
∑

t(j)≤t

dj

nj
(3.4)

The estimator of the survival function based on Equation (3.4) is

Ŝ(t) = exp[−Â(t)]

The slope of the cumulative hazard function gives us insight into the shape

of the hazard function, which is useful for model identification.

3.5 Modeling Survival Data

Another distinguishing feature of survival analysis is that the hazard func-

tion is modeled directly, whereas in most other regression models the mean

response or some function of the mean response is modeled as in generalized

linear models (McCullagh and Nelder, 1989). Collett (2003) describes the two

main objectives of modeling survival data as :

(1) To determine the effect that explanatory variables have on the hazard.

(2) To estimate the hazard function for a particular individual. Using the re-

lationship between the survival function and the hazard function outlined

in Section 3.3, this in turn will enable us to estimate survival probability

or median survival time as a function of explanatory variables.

19



3.5. Modeling Survival Data

The most common regression type model for time to event data is the pro-

portional hazards model (Cox, 1972).

3.5.1 The Cox Proportional Hazards Model

Definition 3.1. The proportional hazards property

This property states that the ratio of hazard rates for two different individuals

with covariates x1 = (x11, x21, . . . , xp1)′ and x2 = (x12, x22, . . . , xp2)′ is a constant

(i.e. independent of time).

In simple terms, the above definition means that the ratio of the risk of an

event for two individuals is the same, regardless of how long they survive (Lee

and Wang, 2003). The above property gives rise to the following form of the

hazard function. Given a set of covariates in x = (x1, x2, . . . , xp)′, the hazard

function at time t is

α(t | x) = α0(t)g(x) (3.5)

In Equation (3.5) α0(t) is referred to as the baseline hazard function and can

be interpreted as the hazard function when all covariates are set to zero and

g(x) is a function of covariates only. The Cox proportional hazards model, due

to Cox (1972), assumes that g(x) in Equation (3.5) is an exponential function of

covariates. That is,

g(x) = exp

 p∑
j=1

bjxj

 = exp(b′x) (3.6)

Therefore the hazard function in Equation (3.5) becomes :

α(t | x) = α0(t) exp

 p∑
j=1

bjxj

 = α0(t) exp(b′x) (3.7)

where b = (b1, b2, . . . , bp)′ are the regression coefficients associated with the p

covariates.

The hazard ratio for a subject with a set of predictors say x1, compared to a

subject with a set of predictors x2 is
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3.5. Modeling Survival Data

HR(x1, x2) =
α0(t) exp(b′x1)
α0(t) exp(b′x2)

(3.8)

= exp(b′(x1 − x2) (3.9)

3.5.2 The Partial Likelihood Function for Survival Times

This section, written with reference to Lee and Wang (2003), covers the partial

likelihood method for estimation of parameters in the absence of tied observa-

tions. Suppose that k of the n individual survival times are uncensored and

that n− k are right censored. We let t(1) < t(2) < . . . < t(k) and x(1), x(2), . . . , x(k)

denote the ordered, distinct event times and covariates respectively. As defined

previously the risk set at time t(i) here denoted by R(t(i)) consists of all indi-

viduals still under followup and who have not yet experienced the event. For

a particular observed event at time t(i), given R(t(i)), the probability that the

event is on the individual observed is :

exp(
∑p

j=1 bjxj(i))∑
lεR(t(i))

exp(
∑p

j=1 bjxjl)
=

exp(b′x(i))∑
lεR(t(i))

exp(b′xl)
(3.10)

Since each observed event time contributes a factor as given above, the overall

partial likelihood function is

L(b) =
k∏

i=1

exp(
∑p

j=1 bjxj(i))∑
lεR(t(i))

exp(
∑p

j=1 bjxjl)
=

k∏
i=1

exp(b′x(i))∑
lεR(t(i))

exp(b′xl)
(3.11)

Expression (3.11) is called a partial likelihood because, as is evident, the base-

line hazard is left unspecified (Cox, 1972). The maximum partial likelihood

estimate b̂ = (b̂1, b̂2, . . . , b̂p)′ can be found by setting the derivative of the log of

the expression in Equation (3.11) with respect to b equal to zero and solving the

resulting simultaneous equations iteratively using numerical methods such as

the Newton-Raphson procedure.

3.5.3 Non-proportional Hazards Model

The model described above is only relevant for time independent covariates. In

practice, however, we may find that both time dependent and baseline covari-
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3.6. Application: Survival of HIV-TB co-infected patients under different forms of Treatment

ates contribute to the hazard at time t. If this happens the time independent

hazard ratio assumption clearly fails to hold. The two types of time dependent

variables are

(i) Time varying covariates resulting from repeated observations at different

time points prior to the event or censoring.

(ii) Covariates whose values change according to a mathematical function of

time.

The partial likelihood function accommodating time dependent covariates is

L(b) =
k∏

i=1

exp(
∑p

j=1 bjxj(i)(t(i)))∑
lεR(t(i))

exp(
∑p

j=1 bjxjl(t(i)))
(3.12)

=
k∏

i=1

exp(b′x(i)(t(i)))∑
`εR(t(i))

exp(b′x`(t(i)))
(3.13)

where k is the number of uncensored event times and

x`(t(i)) = (x1l(t(i)), x2l(t(i)), . . . , xpl(t(i)))′ denotes the covariates observed from

person ` at time t(i). Clearly the likelihood x`(t(i)) in Equation (3.13) is time

dependent despite the proportional hazard structure at each observation time.

3.6 Application: Survival of HIV-TB co-infected pa-

tients under different forms of Treatment

This section examines the survival of HIV patients co-infected with TB who

were enrolled in the CAPRISA SAPIT trial. The SAPIT trial was a three arm

open label randomized controlled trial, the objective of which was to determine

the optimal time to start ARVs in HIV-TB co-infected patients.

The three treatment arms were

Arm 1: ART to be initiated within 4 weeks of starting tuberculosis treatment.

Arm 2: ART to be initiated within 4 weeks of completing the intensive phase

of tuberculosis treatment.

Arm 3: ART to be initiated within 4 weeks after completing tuberculosis treat-

ment.
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3.6. Application: Survival of HIV-TB co-infected patients under different forms of Treatment

In the analysis which follows arm 1 and arm 2 combined are referred to as

the “Integrated arm”, and arm 3 as the “Sequential arm”.

Between 28 June 2005 and 11 July 2008 HIV-infected, smear positive pa-

tients, 18 years or older were recruited. A total of 642 HIV-tuberculosis co-

infected patients were enrolled; 429 in the integrated treatment arms and 213

in the sequential treatment arm (Abdool Karim et al., 2010). At baseline, pa-

tients in the integrated and sequential treatment arms were comparable in

terms of age, CD4 count, viral load (VL), WHO stage and gender. These base-

line characteristics are presented in Table 3.1. Difference between arms was

assessed through the use of t-tests for continuous variables and Fishers exact

test for categorical variables (gender and WHO Stage).

3.6.1 Description of the Population at Baseline

Table 3.1: Baseline characteristics

Characteristic Integrated Arm Sequential Arm P-value

Mean Age (SD) 34.4 (8.38) 33.9 (8.18) 0.48

Gender (Proportion Males) 48.7% 52.1% 0.45

Mean CD4 (SD) 181(136.2) 167 (124.1) 0.22

Mean Log VL (SD) 5 (0.91) 5.12(0.74) 0.12

WHO Stage 4 4.9% 4.7% 1

3.6.2 Survival Analysis

By September 2008 there were a total of 52 deaths in the study. A statistical

test was performed to compare the two arms to examine the effect of treatment

arm on death. Table 3.2 shows that there were significantly higher deaths in

the sequential treatment arm than in the integrated treatment arm (p-value

= 0.001). It is of interest to examine the impact of treatment arm on time to

death.
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Table 3.2: Mortality between treatment arms

Treatment Arm n Number of Deaths Proportion P-value

Integrated 429 29 6.76 0.001

Sequential 213 23 10.80

Figure 3.2: Kaplan-Meier survival curves

The Kaplan-Meier survival curves associated with the two treatment arms

appears in Figure 3.2. Patients who did not experience a death were censored

at the time of their last physical examination. From this curve we see a large

number of the deaths in the sequential arm occurred between 60 and 240 days.

This time corresponds to the continuation phase of TB therapy. Thus we see

that treatment administered between the time of completion of TB therapy and

ARV initiation has a significant impact on survival.

The Cox proportional hazards model was fitted using the R software which

has a built in function “coxph” to fit the model. We were interested in examining

the effect of treatment arm, baseline weight and CD4 count on time to death.
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Based on previous literature we took the decision to include age and gender as

they are well known to be confounders.

The specification of the model to account for covariate effects on the hazard

of death is given below.

α(t | x) = h0(t) exp(b′x)

= h0(t) exp(b1gender + b2age + b3arm (3.14)

+b4weight + b5CD4)

Weight and baseline CD4 count were transformed to categorical variables as

follows

Weight

1 Weight < 60

2 Weight ≥ 60

Baseline CD4 count

1 CD4 Count 0− 100

2 CD4 Count 101− 200

3 CD4 Count 201− 350

4 CD4 Count 351− 500

The parameter estimates, hazard ratios, standard error of the coefficient,

the z or Wald statistic and the p-value after applying the Cox proportional haz-

ards model in R appear in Table 3.3. We see that the hazard of death for males

is almost 1.7 times that of females. It is also clear that lower levels of CD4 count

is associated with higher risk of death. This effect is particularly pronounced

in patients with a baseline CD4 count less than 100, who have a 3.63 times

greater hazard of death than patients with a CD4 count greater than 350.
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Table 3.3: Results of the fitted Cox proportional hazards model

Variable Coefficient Hazard Ratio Standard Error z p-value

Gender (Male) 0.5299 1.699 0.272 1.947 0.0510

Age -0.0129 0.987 0.017 -0.761 0.4500

Arm (Sequential) 0.8179 2.266 0.256 3.192 0.0014

Baseline Weight < 60 0.2488 1.282 0.278 0.897 0.3700

Baseline CD4 (0-100) 1.2885 3.627 0.602 2.140 0.0320

Baseline CD4 (101-200) 0.6295 1.877 0.631 0.997 0.3200

Baseline CD4 (201-350) -0.3379 0.713 0.732 -0.462 0.6400

As can be viewed from Table 3.3, the effect of Treatment Arm on time to

death is significant (p-value < 0.05). The hazard in the sequential treatment

arm is 2.27 times the hazard in the integrated treatment arm.

Using the stepwise regression procedure for which output appears in Ap-

pendix C, based on the AIC criterion, weight and age were excluded from the

model as they were not significant predictors of time to death. Thus, the final

model was refitted with both baseline weight and age excluded from the model.

The results appear in Table 3.4.

Table 3.4: Results of the refitted Cox proportional hazards model

Variable Coefficient Hazard Ratio Standard Error z p-value

Gender (Male) 0.478 1.613 0.261 1.829 0.06700

Baseline CD4 (0-100) 1.280 3.597 0.600 2.133 0.03300

Baseline CD4 (101-200) 0.630 1.878 0.630 1.001 0.32000

Baseline CD4 (201-350) -0.361 0.697 0.731 -0.494 0.62000

Arm (Sequential) 0.850 2.340 0.255 3.335 0.00085

To determine whether the assumption of proportional hazards holds, we

used two methods : One graphical and the other quantitative.
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Figure 3.3: Testing the proportional hazards assumption

In light of Definition 3.1, one method to check proportional hazards is to fit a

Cox proportional hazards model stratified on levels of some covariate, and plot

log(− log(Ŝj(t; x̃j)))

where j represents the jth stratum and x̃j represents the vector of average

values of other covariates for the jth stratum (Lee and Wang, 2003). If the

assumption of proportional hazards holds, the curves will be parallel.

Since the two curves in Figure 3.3 cross more than once it is difficult to conclude

whether the assumption has been violated.

The formal test “coxzph” in R gives an estimate of the time-dependent co-

efficient b(t) and tests its significance. If the proportional hazards assumption

is true, b(t) will be a constant and graphically a horizontal line. The test was

applied to the current problem to test for time dependence of the regression

coefficients, the result of which appears in Table 3.5.

As can be seen from Table 3.5 and p-values, there seems to be no evidence

to suggest that the proportional hazards assumption is violated. Plots of scaled
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Table 3.5: An investigation of the proportional hazards assumption

Variable rho chisq p-value

Gender(Male) -0.0684 0.294 0.587

Baseline CD4 (0-100) -0.1473 1.342 0.247

Baseline CD4 (101-200) -0.1434 1.290 0.256

Baseline CD4 (201-350) -0.1924 2.303 0.129

Arm (Sequential) 0.1480 1.365 0.243

Global NA 3.841 0.572

Figure 3.4: Time trend of the hazard ratio

Schoenfeld residuals against time for treatment arm appears in Figure 3.4. The

solid line is a smoothing-spline fit to the plot, with the broken lines representing

standard error bands around the fit. This plot reaffirms the finding in Table 3.5,

that the assumption of proportional hazards appears to be supported for the

covariate treatment arm. Thus, we are confident that the proportional hazards

model assumed in our analysis is justified.

The SAPIT data provided a platform to apply the theoretical concepts of sur-

vival analysis which were introduced in previous sections. This was necessary
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since survival analysis forms a foundation for multistate models, which is the

main topic of this thesis. The ideas introduced in this chapter are now extended

to multistate models in subsequent chapters with an application in Chapter 6.
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Chapter 4

Time Homogeneous Markov

Model

4.1 Introduction

In this chapter we briefly discuss the important and key properties of contin-

uous time homogeneous Markov models. These basic concepts are key to un-

derstanding multistate models. We start with some important definitions and

notations.

4.2 Definitions

Definition 4.1. The Markov property for processes in continuous time

For a continuous time stochastic process {X(t), t ≥ 0} whose state space is S,

we say it has the Markov property if

P (X(t) = j|X(s) = i, X(tn−1) = in−1, ..., X(t1) = i1) = P (X(t) = j|X(s) = i)

where 0 ≤ t1 ≤ ... ≤ tn−1 ≤ s ≤ t is any nondecreasing sequence of n + 1 state

occupation times and i1 . . . , in−1, i, j ∈ S.

In other words, Definition 4.1 states that the state of the process at time t

depends only on the most recent state occupied prior to time t.
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Definition 4.2. A continuous time stochastic process {X(t), t ≥ 0} is called a

continuous time Markov process (CTMC) if it has the Markov property

Definition 4.3. Time homogeneity in a continuous time Markov chain

A CTMC is said to be time homogeneous if for any s ≤ t and any states i, j ∈ S

P (X(t) = j|X(s) = i) = P (X(t− s) = j|X(0) = i)

That is, dependence on time is only through the length of time elapsed between

events.

The time homogeneous property means that whenever state i is entered, the

way the process evolves is equivalent to having started in state i at time 0.

4.3 The Sojourn Time

When the process enters state i, the time it spends there before moving to an-

other state is called the holding time in state i or the sojourn time. The sojourn

time is of great interest in disease modeling as it gives us an indication of how

rapidly the disease is progressing. Longer sojourn times in a disease state mean

a slow progressing disease and shorter sojourn times mean a rapidly progress-

ing disease. With the assumption of time homogeneity, it should be evident

that the sojourn time in state i would be the same every time state i is entered.

Hence we can speak of a holding time or sojourn time distribution. An imme-

diate question that arises is : What distribution does the holding time follow?

The answer to this question is presented in the following theorem which has

been adapted from Random Processes, Statistics (2007) notes.

Theorem 4.1. For a time homogeneous continuous time Markov chain, Ti (the

sojourn time in state i) is exponentially distributed

Proof:

The proof is based on the memoryless property which is unique for the expo-

nential distribution. By time homogeneity we assume that the process starts in

state i. Then,
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P (Ti > s + t|Ti > s) = P (X(u) = i for 0 ≤ u ≤ s + t|X(u) for 0 ≤ u ≤ s) (4.1)

= P (X(u) = i for s < u ≤ s + t|X(u) = i for 0 ≤ u ≤ s)

(4.2)

= P (X(u) = i for s < u ≤ s + t|X(s) = i) (4.3)

= P (X(u) = i for 0 < u ≤ t|X(0) = i) (4.4)

= P (Ti > t)

This is exactly the memoryless property which is unique for an exponen-

tially distributed random variable, therefore Ti must be exponentially distributed.

Step (4.1) follows from the simple observation that, for s ≥ 0 the event

{Ti > s} is equivalent to the event {X(u) = i for 0 ≤ u ≤ s}. Similarly,

for s, t ≥ 0 the event {Ti > s + t} is equivalent to the event {X(u) = i for

0 ≤ u ≤ s + t}. Step (4.2) follows from the fact that P (A∩B|A) = P (B|A) where

we let A = {X(u) = i for 0 ≤ u ≤ s} and B = {X(u) = i for s < u ≤ s + t}. Step

(4.3) follows from the Markov property in Definition 4.1 and step (4.4) follows

from time homogeneity defined in Definition 4.3.

Thus Ti is exponentially distributed with the corresponding state i mean

sojourn time given by µi. This also means that var(Ti) = µ2
i which implies

that the variance is not independent of the mean. This is important because

modeling such variables requires special approaches such as the generalized

linear model (GLM) methodology (McCullagh and Nelder, 1989).
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4.4 The Transition Rate Matrix

We have just established that in a homogeneous CTMC, for each state i, the

amount of time spent in that state in a given visit is an exponentially dis-

tributed random variable. We define the parameter of this exponentially dis-

tributed random variable to be qi. Here qi is referred to as the transition in-

tensity, and by the time homogeneous assumption of the Markov process, this

parameter can be regarded as a constant. We let qij be the rate of going from

state i to j. Then we define Q to be the transition rate matrix or infinitesimal

transition generator, with elements

Q =


q11 q12 · · · q1n

q21 q22 · · · q2n

...
...

...
...

qn1 qn2 · · · qnn


for a continuous time Markov process with n states.

In the case where the state i is absorbing, that is once state i is entered it

will never be exited, qi = 0. A state i is called instantaneous if qi = ∞, since

once it is entered it is exited immediately. Throughout this thesis, and in the

examples to follow, we assume that the CTMC has no instantaneous states, that

is 0 < qi < ∞ for all i ∈ S.

Now we define important properties of the transition rate matrix, before

proceeding to a description of the transition probability matrix.

(i)
∑
j∈S

qij = 0 for all i ∈ S

(ii) qi =
∑
j 6=i

qij

(iii) qii = −
∑
j 6=i

qij = −qi for all i ∈ S.

Using (ii) and (iii) above, we are now able to modify the Q matrix defined pre-
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viously as

Q =


−q1 q12 · · · q1n

q21 −q2 · · · q2n

...
... · · ·

...

qn1 qn2 · · · −qn


To fit a multistate model we need to estimate this transition intensity matrix

Q. Fortunately, this is relatively simple to do in R, as will be demonstrated in

Chapter 6 provided that the right data for the observed process is available.

As we shall see in the following section, we can use the estimated Q matrix

(Q̂) to find the transition probability matrix described in the next section.

4.5 The Transition Probability Matrix

As defined in Chapter 2, pij(t) is the conditional probability of entering state j

at time t, given the system was in state i at time 0. So,

pij(t) = P (X(t) = j|X(0) = i) for all i, j ∈ S and t ≥ 0

The quantities pij(t) are called the transition probabilities, and form a matrix

P(t) called the transition probability matrix. Hence for a CTMC with n possible

states we can define

P(t) =


p11(t) p12(t) · · · p1n(t)

p21(t) p22(t) · · · p2n(t)
...

... · · ·
...

pn1(t) pn2(t) · · · pnn(t)


A detailed description of the properties of this matrix and its individual ele-

ments follows in the next section. We are now able to describe the behavior of

a CTMC. Suppose that once a system enters state i at time t it remains there

for an exponentially distributed period of time with parameter qi, where qi ≥ 0,

and then jumps to state j (j 6= i). It will be noted that despite the assumption of

time homogeneity, the state specific sojourn times are assumed to have separate

exponential distribution rates thereby allowing state heterogeneity.
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Theorem 4.2. A continuous time Markov chain is completely characterized by

its initial distribution and its transition probability matrix P(t).

Based on the importance placed on P(t) in the above theorem, it is imper-

ative that we have a thorough knowledge of the transition probability matrix

P(t) and its properties.

4.6 The Properties of P(t)

The theory of this section, unless otherwise stated, has been adapted from

Kulkarni (1995).

Theorem 4.3. The transition probability matrix P(t) with elements {pij(t)} has

the following properties.

(i) pij(t) ≥ 0 for all i, j ∈ S and t ≥ 0.

(ii)
∑
j∈S

pij(t) = 1 for all i ∈ S and t ≥ 0.

(iii) pij(t + s) =
∑
k∈S

pik(t)pkj(s) for all t ≥ 0, s ≥ 0 and i, j ∈ S.

Proof

(i) pij(t) = P (X(t) = j|X(0) = i). These are conditional probabilities, so

clearly pij(t) ≥ 0.

(ii) To prove this part we let Sn be the time at which the nth jump takes place.

Now, define Xn = X(S+
n ) to be the state of the system immediately after the nth

jump takes place. We can also define N(t) to be the number of transitions up to
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and including time t. Then

∑
j∈S

pij(t) =
∑
j∈S

P (X(t) = j|X(0) = i)

=
∑
j∈S

∞∑
n=0

P (X(t) = j|X(0) = i, N(t) = n)P (N(t) = n|X(0) = i)

=
∑
j∈S

∞∑
n=0

P (Xn = j|X(0) = i, N(t) = n)P (N(t) = n|X(0) = i)

=
∞∑

n=0

∑
j∈S

P (Xn = j|X(0) = i, N(t) = n)P (N(t) = n|X(0) = i)

=
∞∑

n=0

P (N(t) = n|X(0) = i) (4.5)

= P (N(t) < ∞|X(0) = i)

= 1 (4.6)

Step (4.5) follows because we have P (Xn ∈ S) = 1 and hence

∑
j∈S

P (Xn = j|X0 = i, N(t) = n) = 1

Step (4.6) follows because the CTMC is assumed to undergo a finite number of

transitions in a finite amount of time.

(iii) To prove this equation, commonly known as the Chapman-Kolmogorov

equation for CTMCs, we condition on X(t) and also use the time homogeneity
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property to get

pij(t + s) = P (X(t + s) = j|X(0) = i)

=
∑
k∈S

P (X(t + s) = j|X(t) = k, X(0) = i)P (X(t) = k|X(0) = i)

=
∑
k∈S

P (X(t + s) = j|X(t) = k)P (X(t) = k|X(0) = i) (4.7)

=
∑
k∈S

P (X(s) = j|X(0) = k)P (X(t) = k|X(0) = i) (4.8)

=
∑
k∈S

pik(t)pkj(s) (4.9)

Step (4.7) follows from the Markov property

Step (4.8) follows from time homogeneity

In matrix form (iii) can be written as P(t + s) = P(t)P(s).

Another property of the transition probabilities pij(t) that is of interest in

the study of CTMCs, is its behavior near t = 0. In order to achieve this goal we

need to derive the differential equation for pij(t). First we consider a number of

preliminary concepts.

Theorem 4.4. Let P(t) be a transition matrix of a CTMC. Let Q = [qij ] be its

generator matrix. Then,

(i) lim
t→0

pii(t)− pii(0)
t

= lim
t→0

pii(t)− 1
t

= qii = −qi, where i ∈ S

(ii) lim
t→0

pij(t)− pij(0)
t

= lim
t→0

pij(t)− 0
t

= qij , where i 6= j and i, j ∈ S

Proof: We define Xn = X(S+
n ) to be the state of the system immediately

after the nth jump, and Yn = Sn − Sn−1 where Sn denotes the time of the nth

jump. Note that Xn is not a time variable but a state variable while Sn is a time
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variable. Recall that Ti is the ith holding or sojourn time. Let {X(t), t ≥ 0} be a

CTMC and N(t) be the number of transitions up to t. We have

P (N(t) = 0|X(0) = i) = P (Yi > t|X(0) = i)

= e−qit

= 1− qit + o(t)

= 1 + qii(t) + o(t) (4.10)

Also,

P (N(t) ≥ 2|X(0) = i) = P (Y1 + Y2 ≤ t|X(0) = i)

=
∑
j∈S

P (Y1 + Y2 ≤ t|X(0) = i, Xi = j)pij (4.11)

Now, X0 = i and X1 = j imply that Y1 ∼ exp(qi) and Y2 ∼ exp(qj) are

independent random variables. Hence,

P (Y1 + Y2 ≤ t|X0 = i, X1 = j) = 1− qj

qj − qi
e−qit +

qi

qj − qi
e−qjt

= 1− qj

qj − qi
(1− qit + o(t)) +

qi

qj − qi
(1− qjt + o(t))

= o(h) (4.12)

Now, substituting (4.12) into Equation (4.11) we get,

P (N(t) ≥ 2|X(0) = i) =
∑
j∈S

pijo(t) (4.13)

Since the right hand side is a probability, it is bounded. Hence we get

P (N(t) ≥ 2|X(0) = i) = o(t) (4.14)
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Now

pii(t) = P (X(t) = i|X(0) = i)

= P (X(t) = i|X(0) = i, N(t) = 0)P (N(t) = 0|X(0) = i)

+ P (X(t) = i|X(0) = i, N(t) = 1)P (N(t) = 1|X(0) = i)

+ P (X(t) = i|X(0) = i, N(t) ≥ 2)P (N(t) ≥ 2|X(0) = i)

= 1(1 + qiit + o(t)) + 0 · P (N(t) = 1|X(0) = i)

+ P (X(t) = i|X(0) = i, N(t) ≥ 2)o(t)

= 1 + qiit + o(t) (4.15)

Hence we have
pii(t)− 1

t
= qii +

o(t)
t

lim
t→0

pii(t)− 1
t

= qii ,

which completes the proof.

(ii) This part is similarly proved, by showing that

pij(t) = qijt + o(t) (4.16)

pij(t)
t

= qij +
o(t)
t

lim
t→0

pij(t)
t

= qij

Corollary 4.1. P(t) is continuous at t = 0 and P(0) = I.
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Proof: The results from Theorem 4.4, along with the fact that qi < ∞, imply

that
lim
t→0

pii(t) = 1 = pii(0)

lim
t→0

pij(t) = 0 = pij(0) for i 6= j

Hence lim
t→0

P(t) = P(0) = I.

Corollary 4.2. P(t) is continuous at all values of t ≥ 0.

Proof: From Theorem 4.3 part (iii), we know that P(t + h) = P(t)P(h).

Letting h → 0 we get

lim
h→0

P(t + h) = lim
h→0

P(t)P(h)

= P(t) lim
h→0

P(h)

= P(t)I

= P(t)

Now that we have established continuity of P(t), we can establish differentia-

bility of P(t) and its relationship with the rate matrix Q.

Theorem 4.5. Let P(t) be a transition matrix of a CTMC with rate matrix Q.

Then P(t) is differentiable and satisfies,

d

dt
P(t) =

[
d

dt
pij(t)

]
= P(t)Q

This is commonly known as Kolmogorov’s forward equation (in matrix form).
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Proof: We have

pij(t + h) = P (X(t + h) = j|X(0) = i)

=
∑
k∈S

P (X(t + h) = j|X(t) = k, X(0) = i)P (X(t) = k|X(0) = i)

=
∑
k∈S

P (X(t + h) = j|X(t) = k)P (X(t) = k|X(0) = i) (4.17)

=
∑
k∈S

P (X(h) = j|X(0) = k)pik(t) (4.18)

=
∑
k∈S
k 6=j

pik(t)(qkjh + o(h)) + pij(t)(1 + qjjh + o(h)) (4.19)

=
∑
k∈S

pik(t)qkjh +
∑
k∈S

pik(t)o(h) + pij(t)

Hence pij(t + h)− pij(t) =
∑
k∈S

pik(t)qkjh + o(h)

pij(t + h)− pij(t)
h

=
∑
k∈S

pik(t)qkj +
o(h)
h

lim
h→0

pij(t + h)− pij(t)
h

=
∑
k∈S

pik(t)qkj

d

dt
pij(t) =

∑
k∈S

pik(t)qkj

In matrix form, the above result leads to

d

dt
P(t) = P(t)Q (4.20)

Step (4.17) follows from the Markov property (Definition 4.1) and step (4.18)
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follows from time homogeneity (Definition 4.2). The expression (4.19) follows

from (4.15) and (4.16).

To obtain Kolmogorov’s backward equation, we condition on X(h) instead of

X(t) to arrive at
d

dt
P(t) = QP(t)

A question which often arises is which equation should we use. The forward

or backward equation? If we want to obtain the conditional distribution of X(t)

we should use the forward equation. However, if we want to find the proba-

bility that X(t) is in a given state j for various initial states, we should solve

backward equations.

4.7 Computation of P(t)

For both the forward and backward equations in Theorem 4.3, we have the same

initial boundary condition.

P(0) = I

For a continuous time Markov process with n finite states, I is the n×n identity

matrix. This boundary condition follows since

pii(0) = P (X(0) = i|X(0) = i) = 1

pij(0) = P (X(0) = j|X(0) = i) = 0

Although the backward and forward equations are different, they do have the

same solution. The solution to the matrix differential Equation (4.20) is given

by

P(t) = etQ =
∞∑

n=0

(tQ)n

n!

= I + tQ +
(tQ)2

2!
+

(tQ)3

3!
+ · · · (4.21)

To see whether the above solution satisfies the backward equation defined in

Theorem 4.3, we consider
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P′(t) =
d

dt

[
I + tQ +

(tQ)2

2!
+

(tQ)3

3!
+ · · ·

]

= Q + tQ2 +
t2

2!
+

t3

3!
Q4 + · · · (4.22)

= Q
[
I + tQ +

t2Q2

2!
+

t3Q3

3!
+ · · ·

]

= QP(t)

Similarly, to show that P(t) = etQ satisfies the forward equation we can write

(4.22) as

P′(t) =
[
I + tQ +

t2Q2

2!
+

t3Q3

3!
+ · · ·

]
Q

= P(t)Q

Now that we have established that both the backward and forward equations

satisfy P(t) = etQ, the next step is the computation of etQ. One possible method

is to use the Taylor expansion of etQ in (4.21). However, Kulkarni (1995) has

shown that this method is numerically unstable. He presents an alternative

method which is simpler to implement on a computer. This method works when

all eigenvalues of Q are distinct. An appendix on eigenvalue and eigenvector

expansion appears in Appendix A.

Let µ1, µ2, . . . , µN be the N distinct eigenvalues of Q. Then it is possible to

write the matrix decomposition

Q = ADA−1 (4.23)

where D = diag(µ1, µ2, . . . , µN ) and A is a matrix whose ith column is equal to

the right eigenvector corresponding to µi. Then the positive powers of Q can

easily be generated as

Qn = ADnA−1
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for n = 1, 2, 3, . . . hence,

exp(Qt) = AA−1 +
∞∑

n=1

A
Dntn

n!
A−1

= A
[
I +

∑ Dntn

n!

]
A−1

= A exp(Dt)A−1 (4.24)

But,

D = diag(µ1, µ2, . . . , µN )

Hence,

exp(Dt) = diag(eµ1t, eµ2t, . . . , eµN t)

Substituting the above expression into (4.24), we are now able to compute

exp(Qt) easily. The following example, taken from Elston et al. (2002), uses

the above theory to compute the transition probability matrix P(t) of a three

state model as an illustration.

Example 4.1

This example tracks the flow of substances in the body. The states or com-

partments of the model refer to containers such as organs or the blood stream

itself. The matrix Q corresponding to the three state model is given by

Q =


q11 q12 q13

q21 q22 0

0 0 0


Recall from Section 4.4 that the structure of the matrix Q means q11 = −(q12 +

q13) and q22 = −q21. State 1 refers to the bloodstream, state 2 refers to the

liver while state 3 refers to the bladder, from which the pollutant or toxin will

be expelled, as shown in Figure 4.1. The drug will reside in the bloodstream

for an exponentially distributed period of time, then move either to the bladder

or to the liver. The drug will similarly stay in the liver for an exponentially
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Figure 4.1: The transition rate diagram for toxins

distributed period, then move back to the bloodstream. Finally any drug that

reaches the bladder will be removed from the system, so this represents an ab-

sorbing state. Clearly, the bloodstream state and the liver state are transient.

Note that by virtue of having different exponential distribution rates for each

compartment in the model, we account for state to state heterogeneity, that is

not treating the process as one homogeneous compartment. The model allows

for structure in the system.

Consequently, it is of interest to calculate the total amount of time that the

toxin will spend in the liver where damage can occur. As an illustration suppose

Q was found to be

Q =


−2 1 1

1 −1 0

0 0 0


Before we can compute the transition probability matrix, we need to find the

eigenvalues and eigenvectors of the matrix Q. For such a small matrix these

can be found by hand (Appendix B) as well as via the R command “eigen”. The

eigenvalues and eigenvectors hence the matrix A corresponding to Q are given

below as

(µ1, µ2, µ3) = (−2.618034,−0.381966, 0.0000),
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A =


−0.8506508 −0.5257311 0.5773503

0.5257311 −0.8506508 0.5773503

0.0000000 0.0000000 0.5773503


If we assume that there is a bolus injection of pollutant at time 0 into the

blood stream, then the transition probabilities for a single particle can be found

from the Kolmogorov forward equations. Given the eigenvalue of Q we can

write expressions for pij(t) for j = 1, 2, 3 as

p11(t) = 0.276 exp(−0.382t) + 0.724 exp(−2.618t)

p12(t) = 0.448 exp(−0.382t)− 0.448 exp(−2.618t)

p13(t) = −0.724 exp(−0.382t)− 0.276 exp(−2.618t) + 1

Now, more specifically, we can calculate the probability of the substance remain-

ing in or leaving the bloodstream after five units of time as

p11(5) = 0.04087

p12(5) = 0.06633

p13(5) = 0.89279

Through examination of the form of the transition probabilities we see that

as time increases the pollution concentration decreases in the bloodstream, in-

creases and then decreases in the liver and eventually it all resides in the blad-

der.

4.8 Maximum Likelihood Estimation

In the example of the flow of substances through the body, the transition rate

matrix Q was given and hence spared us the task of estimating the parame-

ters. The current section explores methods for parameter estimation in a time
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homogenous Markov model. Maximum likelihood estimation is simple for the

time homogeneous Markov model. This simplicity can be attributed to a rela-

tively small, finite number of parameters arising from constant transition in-

tensities, as well as the simple relationship P(t) = etQ outlined in Section 4.7.

If i indexes a particular individual out of M individuals, then the data for

individual i consists of the times (ti,1 < . . . < ti,ni) that individual i was observed

and the states (X(ti,1), . . . X(ti,ni)) the individual was in at each of these time

points. Then the likelihood function is the product over all individuals and all

time points.

L =
M∏
i=1

ni−1∏
j=1

li,j (4.25)

Jackson (2007) presents the form of the individual likelihood function under

different observation schemes. The forms of li,j under an example of different

assumptions are presented below.

Intermittently observed process: Considering a general multistate pro-

cess, if (X(tj), X(tj+1)) denotes a pair of successive observed states at times tj

and tj+1 respectively, then the contribution to the likelihood is

li,j = pX(tj),X(tj+1)(tj+1 − tj)

Death states: Usually when the death state is reached, the time of en-

try into the state is known but the state occupied immediately before death is

unknown. In other words we have a scenario similar to left censored informa-

tion. Letting X(tj+1) = D denote the death state it is logical that the likelihood

should be summed over all possible states that could have been occupied the

day before death. Hence,

li,j =
∑

m6=D

pX(tj)m(tj+1 − tj)qmD

Censored states: It is often the case that at the end of a study or observa-

tion, it is known that a patient is alive but in an unknown state. In this case
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the likelihood takes the following form

li,j =
∑
m∈C

pX(tj)m(tj+1 − tj)

where C denotes the set of all possible states.

Exactly observed transition times: If the times (ti,1, . . . , ti,ni) were exact

transition times and no transitions took place in between these transition times

then the contribution to the likelihood will take the following form

li,j = pX(tj)X(tj)(tj+1 − tj)qX(tj)X(tj+1)

The rationale behind this form is that the individual is known to be in state

X(tj) in the interval [tj , tj+1) until moving to state X(tj+1) precisely at time

tj+1. The use of exactly observed transition times is advantageous and will be

demonstrated in this section as a means of computing initial parameter esti-

mates.

There are iterative computer procedures available to handle the maximiza-

tion process. Kay (1986) outlines the calculation of the starting values of pa-

rameters for this procedure. The principal assumption here is that the times

tj represent exact transition times between states. Letting Ti denote the total

time spent in state i by all individuals and mij the total number of transitions

from state i to state j, the maximum likelihood estimates of the parameters are

then

q0
ij =

mij

Ti
(4.26)

where values of q0
ij are zero or undefined. Kay (1986) suggests the use of a

global average value over all possible transitions. That is:

q0
ij =

∑
i

∑
j mij∑

i Ti
(4.27)

Note that Equations (4.26) and (4.27) above assume time independent transi-

tion rates.
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4.9 Diagnostics for Model Assessment

The assumptions of time homogeneity and the Markov assumption are assump-

tions which need to be assessed as an incorrect application can lead to bias

(Meira-Machado et al., 2009). It is also important to get an overall idea of the

goodness of fit and to recognize time intervals in which the model may greatly

under or overestimate parameters of interest.

4.9.1 Assessing the Markov Assumption

The Markov assumption that the future state of a process depends only on the

present state, independent of the past (Definition 4.1), is a key simplifying as-

sumption in multistate models. Kay (1986) stated that the difficulty of assess-

ing the Markov assumption lies when faced with the absence of exact transi-

tion times. He proposed a method of interpolation to estimate exact transition

times after which one may apply the formal test explained below. Assuming an

illness-death model allowing recovery with states: (1) healthy, (2) illness and

(3) death, let x denote the time spent in state 2 from the most recent transition

from state 1. Kay (1986) proposed fitting a model where the transition intensity

q23 is given by

q23 = λ0 exp(βx)

and thereafter testing the hypothesis H0 : β = 0. A limitation argued by Titman

(2007) is that this test would only be valid if the interpolation to estimate exact

transition times is accurate.

4.9.2 Assessing the Time Homogeneity Assumption

The assumption of time homogeneity in Definition 4.3 implies that transition

rates are constant over time. This assumption can be tested by fitting a piece-

wise constant intensities model and thereafter using a likelihood ratio test as

a test for time independence. The piecewise intensities model is discussed in

detail in Chapter 5. Likelihood ratio tests are often used to compare two nested
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models, and take the form

LRT = −2 ln

(
Ls(θ̂)

Lg(θ̂)

)
(4.28)

where Ls(θ̂) denotes the likelihood of the simplified model (model with fewer

parameters) and Lg(θ̂) denotes the likelihood for the general model. The Like-

lihood Ratio Test statistic asymptotically follows a χ2 distribution with degrees

of freedom equal to the difference in the number of parameters between the

general and the simplified model. Although Markov models had been imple-

mented since 1985 (Kalbfleisch and Lawless, 1985), prior to 2002 very little

attention was placed on formally measuring the goodness of fit of these models

(Aguirre-Hernández and Farewell, 2002).

4.9.3 Prevalence Counts

Gentleman et al. (1994) introduced a method which compares the observed and

expected (fitted) data. This method requires two assumptions. The first as-

sumption is that an individual’s state at a time t was the same as the state at

their previous observation time. Gentleman et al. (1994) state that provided

subjects are observed sufficiently frequently bias should be minimal. The sec-

ond assumption is that the process begins at a common time for all individuals.

Suppose at this time, each individual is in state 1. Then, given n(ti) individuals

are under observation at time ti, the expected number of individuals in state r

at time ti is n(ti)P1r(ti). Thereafter one may plot observed and expected preva-

lence against time.

Letting Ori and Eri denote the observed and expected counts respectively,

for a particular state r and time ti we may gain an indication of the times at

which the data deviate from the model by calculating (Titman and Sharples,

2008)
(Ori − Eri)2

Eri
(4.29)

However, one cannot apply formal tests to assess whether these deviances are

statistically significant. The reasons for this limitation, given by Titman (2007),

50



4.9. Diagnostics for Model Assessment

are that the interpolation of observed states and the dependence between the

rows of the tables render formal tests nonapplicable.

4.9.4 Residual Plots

Residuals are defined as the differences between the observed values of the

outcome variable and the fitted values and are a powerful tool to detect outlying

observations. Titman (2007) proposed a method for calculating score residuals.

Assuming that we have n subjects and a parameter vector θ ∈ Θ with maximum

likelihood estimate θ̂ we define the score function

U(θ) =
∂ lnL(θ)

∂θ
(4.30)

where L(θ) denotes the likelihood function. The score residual for a single sub-

ject is given by

Ui(θ̂)′Ii(θ̂)−1Ui(θ̂) (4.31)

where I(θ̂) is the observed Fisher information matrix, that is, minus the matrix

of second order derivatives of the log-likelihood for that subject evaluated at θ̂.

The greatest challenge in computing score residuals lies in the computation of

the derivative of the exponential matrix. This is achieved through the use of the

eigenvalue decomposition derived in Section 4.7. That is, P(t) = A exp(Dt)A−1

where A is the matrix of eigenvectors and D is the diagonal matrix of eigenval-

ues of the transition intensity matrix Q. The first derivative with respect to the

uth component of θ is (Titman, 2007)

∂P(t)
∂θu

= AVuA−1 (4.32)

where Vu is a matrix with ijth element given by


g
(u)
ij (exp(dit)− exp(djt))

(di − dj)
, i 6= j

g
(u)
ii t exp(dit), i = j

and g
(u)
ij is the (i, j)th entry of the matrix Gu = A

∂Q
∂θu

A−1. d1, . . . , dR are the

eigenvalues of the intensity matrix Q(θ), which are assumed to be distinct.
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Jackson (2007) explains that individuals who have larger score residuals,

have a greater influence on the maximum likelihood estimates.

4.9.5 Quantitative Tests

Aguirre-Hernández and Farewell (2002) proposed a Pearson-type goodness of

fit test that involved partitioning the data for each transition based on obser-

vation number into observation categories denoted by h and by time interval

category lh. Observations are further grouped by covariate classes c, according

to quantiles of the transition intensity qrr. For a particular transition r → s, for

a patient with observations at times tj , j = 1, . . . n the observed and expected

cell frequencies can be calculated as

ohlhrsc =
∑

I[(X(tj+1) = s,X(tj) = r)] (4.33)

and

ehlhrsc =
∑

P [(X(tj+1) = s,X(tj) = r)] (4.34)

where I(A) is an indicator function for event A and the summation is over the

set of transitions in the category defined by h, lh, c over all individuals i. The

Pearson-type test statistics is then

T =
∑

h

∑
lh

∑
r

∑
s

∑
c

(ohlhrsc − ehlhrsc)2

ehlhrsc
(4.35)

Although the Pearson test statistic has an assumed χ2 distribution, the null

distribution of T is not exactly χ2 owing to non-identical time intervals and

consequently observed transitions are realizations of independent non-identical

multinomial distributions. Aguirre-Hernández and Farewell (2002) showed

that in the absence of covariates the χ2 distribution is a good approximation.

This test, however, is not applicable when censoring or an absorbing state is

present.

Titman and Sharples (2008) modified this test to correct for biases intro-

duced by absorbing states and censoring. In the case of exact death times these
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are handled by times of death classified transitions to the absorbing state ac-

cording to the next scheduled observation time after the death, which is esti-

mated by multiple imputation from a Kaplan-Meier estimate of the distribution

of time intervals between observations (Jackson, 2007).

4.10 Modeling Multistate Data

The models we have considered so far assume that transition intensities and

transition probabilities are the same for all individuals. Individual differences

can be due to observed covariates and or unobserved factors. In the current

thesis we focus on the case of observed covariates. Multistate models can also

assist in understanding the effect of risk factors associated with the onset or

progression of illness. The four types of risk factors defined by Mullins (1996)

follow:

Predisposing factors e.g. age and previous illness

Precipitating factors e.g. exposure to a viral or carcinogenic agent

Enabling factors e.g. poor nutrition, restricted access to medical care and

poverty

Reinforcing factors e.g. repeated exposure and stress

Alioum et al. (1998) used multistate models to study the effect of gender,

age, transmission category and antiretroviral therapy on the clinical progres-

sion of HIV. This section serves to introduce methods for inferring the effect of

covariates on transitions which will be applied in Chapter 6.

In multistate models it is the transition intensities that are modeled, since

one can directly allow for these covariate dependent intensities in the model.

The modeling of transition intensities was first introduced by Kay (1982). This

paper extended the model proposed by Cox (1972), which was introduced in

Section 3.5 to multiple events. In recent years alternative strategies have been

introduced (Fiocco et al., 2008).
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4.10.1 Proportional Hazards Regression Models

The transition intensities are now allowed to depend on a vector of covariates

z. That is,

qij(t | z(t)) = qij0(t) exp(β′ijz(t)) (4.36)

where βij = (βij1, βij2, . . . , βijr)′ is the vector of regression coefficients associated

with vector z(t) for the transition from state i to state j. The quantity qij0(t)

represents the baseline transition intensity function. If the ordered transition

times are t(1) < t(2) < . . . then the partial likelihood contribution of a transition

from state i to state j at time t(k) with independent variables z(k) due to Kay

(1982) is
qij0(t(k)) exp(β′ijz(k)(t(k)))∑

lεR(t(k),i)
qij0(t(k)) exp(β′ijzl(t(k)))

(4.37)

The risk set R(t(k), i) in Equation (4.37) is the risk set for making transitions

from state i to state j. The way that the risk set is defined is one of the features

in multistate models which differs from the risk set defined in Section 3.5 under

the Cox (1972) partial likelihood approach. If the ordered transition times from

state i to state j are

tij1 < tij2 < . . . < tijn

then the partial likelihood for that transition is given by

L(βij) =
n∏

m=1

exp(β′ijzijm(tijm))∑
lεR(tijm,i) exp(β′ijzl(tl))

(4.38)

The above formulation is therefore a generalization of the Cox (1972) partial

likelihood function to multistate models. The notation in Equation (4.36) in-

dicates that separate baseline intensities are fitted for each transition. In the

literature, however, it is often assumed that all transitions going into the same

state have proportional baseline hazards (Fiocco et al., 2008). Meira-Machado

et al. (2007) present the illness death model as an example. Here baseline inten-

sities for the transitions healthy → dead and sick → dead are assumed propor-

tional. That is, q13(t | z) = q130(t) exp(β′13z) and q23(t | z) = q130(t) exp(β′23z + δ)

where exp δ is the constant of proportionality.
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4.10.2 Additive Hazards Regression Models

Aalen (1980) proposed an alternative method for modeling survival data, which

allowed time varying regression coefficients. The model proposed was

α(t | z) = β0(t) + β1(t)z1 + β2(t)z2 + . . . + βp(t)zp (4.39)

As stated in Hosmer and Royston (2002), the coefficients in the above model

can be interpreted as the change in hazard at time t, from the baseline hazard

function β0(t) for a one-unit change in the covariate, holding all other covariates

constant. The model extends to multistate models and is commonly referred to

as Aalen’s non-parametric additive model. The extension, due to Andersen and

Keiding (2002) can be specifically stated as

qij(t | z) = qij0(t) + β′ij(t)z (4.40)

Further detail regarding the model and methods employed to estimate param-

eters can be found in Hosmer and Royston (2002).
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Chapter 5

Time Non-homogeneous

Markov Model

The non-homogeneous model is used when there is an underlying reason for

transition rates to change with time or age. The following two examples illus-

trate this concept.

1. Suppose we were examining the simple “illness-death” model. It is a known

fact that rates of falling sick are higher in winter and recovery rates are

lower. Hence, the transition rates vary with time.

2. As patients get older, the risk of death due to certain disease increases

and their chances of recovery decrease. The opposite is true for younger

patients. Clearly, in this case transition rates would be a function of age.

As introduced in Section 2.2, the time non-homogeneous Markov model con-

siders time dependent transition intensities of the following form

qij(t,Ft−) = qij(t) (5.1)

There are two approaches for handling the aforementioned model that have

been documented in the literature. These are

• Parametric methods

• Non-Parametric methods
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5.1 Parametric Methods

As stated by Meira-Machado et al. (2009) the simplest and most widely used

parametric procedure is conducted by partitioning the observation time into in-

tervals, and assuming that within each interval the transition rate or intensity

remains constant. This is often referred to as the piecewise constant intensities

model. In other words, the transition intensities qij are step functions and the

transition rate matrix is of the following form

Q(t) =


Q0 t < τ1

Qi τi ≤ t < τi+1, i = 1, 2, . . . ,m− 1

Qm t ≥ τm

where τ1, τ2 . . . τm are the designated cutpoints and t denotes time since the

initiation of the process.

Now, using results from the previous chapter and times ta and tb such that

τk < ta < tb < τk+1

P(ta, tb) = P(ta, τi+1)P(τi+1, τi+2) . . . P(τj−1, τj)P(τj , tb)

Each of the terms of this product give a transition probability matrix within

a time interval of constant transition rate and therefore can be computed using

the Kolmogorov forward equation.

The above holds when ta and tb both fall within the same interval. If this is

not the case such that τi ≤ ta < τi+1 and τj ≤ tb < τj+1 where j > i then by the

Chapman Kolmogorov equation proved in Theorem 4.3

P(ta, tb) = exp(Qk(tb − ta)

The likelihood function below is the same as that for the time homogeneous

process where i indexes an individual out of M individuals and j indexes the

times at which the individual is observed.

L =
M∏
i=1

ni−1∏
j=1

li,j (5.2)
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The terms of the likelihood however, are computed differently as will be de-

scribed below. According to Pérez-Ocón et al. (2001), if the observed transition

interval for a patient is between two cutpoints, the contribution to the likelihood

is the transition probability with the corresponding Q matrix. If the observed

transition interval has one cutpoint, the contribution to the likelihood is the

product of the transition probability in the interval between the instant of the

jump and the cutpoint, and from this point to the next jump or censoring, with

the corresponding Q matrices in each period. If the observed transition inter-

val is between k cutpoints, the contribution is the product of k + 1 transition

probabilities with the corresponding Q matrices. If the last time observed is a

death then the last product in the likelihood is a transition probability to the

absorbing state. However, if the last observed time is a censoring, then the last

product term is a probability of surviving in the last state.

The piecewise process is a very powerful tool, not only owing to its ability to

handle time dependence, but also in its ability to test whether the assumption

of time homogeneity is valid in other models. This concept was discussed in

Section 4.9. Pérez-Ocón et al. (2001) studied relapse and survival times for 300

breast cancer patients under different forms of treatment. A piecewise constant

intensities model was shown to be more appropriate than the homogeneous

model. The two intervals chosen were 0 ≤ t < 48 and t ≥ 48. Meira-Machado

et al. (2007) outlines the limitation of the piecewise model as the lack of clarity

on how to choose the number of cutpoints and the values of the cutpoints.

5.2 Non-parametric Methods

5.2.1 Introducing the Product Integral

The product integral plays a central role in survival analysis and stochastic

process theory. In fact, the Kaplan-Meier estimator of the survival function is

the product integral of the Nelson-Aalen estimator of the cumulative intensity

function. This section introduces the product integral for a simple survival
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analysis. Consider breaking the period (0, t] into k subintervals such that 0 =

t0 < t1 < . . . < tK = t. We have :

S(t) = P (T1 > t1)P (T2 > t2|T1 > t1) . . . P (TK > tK |TK−1 > tK−1)

=
K∏

k=1

P (T > tk|T > tk−1)

=
K∏

k=1

S(tk|tk−1) (5.3)

where S(tk|tk−1) = P (T > tk|T > tk−1).

This follows by noting that

S(tk|tk−1) = P (T > tk|T > tk−1)

=
P (T > tk ∩ T > tk−1)

P (T > tk−1)

=
P (T > tk)

P (T > tk−1)

and

S(t1|t0) = P (T > t1|T > t0)

=
P (T > t1)
P (T > t0)

= P (T > t1)

since P (T > t0) = 1.

Using results introduced in Section 3.3 we know that

dS(t) = −S(t−)dA(t) (5.4)

From Equation (5.4) we have the approximation

S(tk)− S(tk−1) ≈ −S(tk−1)(A(tk)−A(tk−1)) (5.5)

or

S(tk | tk−1) ≈ 1− (A(tk)−A(tk−1)) (5.6)
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Substituting the above equation into Equation (5.3) we have

S(t) ≈
K∏

k=1

(1− (A(tk)−A(tk−1))) (5.7)

As stated by Aalen (2008) if the number of subintervals increase while their

lengths tend to zero in a uniform way, the product on the right hand side will

approach a limit called the product integral and the approximation will im-

prove. Hence S(t) may be expressed in terms of the product integral as

S(t) =
∏
u≤t

(1− dA(u)) (5.8)

When A(u) is absolutely continuous we have

dA(u) = α(u)du

Recall that the Nelson-Aalen estimator, which was introduced in Section 3.4 is

given by

Â(t) =
∑

t(j)≤t

dj

nj
(5.9)

The product integral of Â(t) is then

Ŝ(t) =
t∏
0

(1− dÂ)

=
∏
tj≤t

(
1− dj

nj

)
which is the Kaplan-Meier estimator.

5.2.2 Expressing P(s,t) as a function of Q(t)

Let pij(s, t) denote the time dependent transition probability for a Markov pro-

cess. Then

pij(s, t) = P (X(t) = j|X(s) = i) (5.10)
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for i, j ∈ S and s, t ∈ T . The transition probabilities in Equation (5.10) yield

the transition probability matrix P(s,t) given by

P(s, t) =


p11(s, t) p12(s, t) · · · p1n(s, t)

p12(s, t) p22(s, t) · · · p2n(s, t)
...

... · · ·
...

pn1(s, t) pn2(s, t) · · · pnn(s, t)


This section illustrates the application of product integration to Markov pro-

cesses. Returning to the Kolmogorov equation which was introduced in Theo-

rem 4.5, and extending the equation to a non-homogeneous Markov process we

have
d

dt
P(s, t) = P(s, t)Q(t)

which holds for Q(t) due to Aalen (2008) defined as

Q(t) = lim
h−→0

1
h

(P(t, t + h)− I)

Using the general solution case, the Kolmogorov equation can be written as

P(s, t) = I +
∫ t

s
P(s, u−)dA(u) (5.11)

which is the extension of the expression in (5.4) to multistate Markov processes.

We define A(t) to be a square matrix function with ijth element

Aij(t) =
∫ ∞

0
qij(s)ds (5.12)

and iith element

Aii(t) = −
∑
i6=j

Aij(t) (5.13)

Given interval specific transition matrix P (ti, tj), ti < tj we can write

P (s, t) = P (t0, t1)P (t1, t2)P (t2, t3) . . . P (tk−1, tk)

where s = t0 < t1 < . . . < tK = t.

By the same argument as in the previous section we can approximate Equa-

tion (5.11) as

P(s, t) ≈
K∏
1

(I + (A(tk)−A(tk−1))) (5.14)
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Now, letting the lengths of intervals go to zero,

P(s, t) =
∏

uε(s,t]

(I + dA(u)) (5.15)

The product integral representation of the transition probability matrix only

assumes existences of cumulative transition intensities which need not neces-

sarily be continuous (Borgan, 1997).

5.2.3 The Aalen-Johansen Estimator

Assuming that exact transition times are recorded and denoting
dijk = Number of individuals who experience a transition

from state i to j at time tk (the risk set)

rik = Number of individuals in state i just prior to time

tk

dik =
∑

i6=j dijk denotes the number of transitions out of

state i at time tk
The Aalen-Johansen estimator takes the following form

P̂(s, t) =
∏

s<tj≤t

(I + q̂j) (5.16)

where I is an n× n identity matrix, and q̂j is a n× n matrix with ijth element

q̂ijk =
dijk

rik

for i 6= j while the iith element is given by

q̂iik = −dik

rik

Returning to Equation (5.8) in the previous section, we will now illustrate

the link between the Aalen-Johansen estimator and the Nelson-Aalen Estima-

tor:

P(s, t) =
∏

uε(s,t]

(I + dA(u)) (5.17)
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For i 6= j we estimate the cumulative transition intensity Aij(t) by the Nelson-

Aalen estimator introduced in survival analysis. That is

Âij(t) =
∑
tk≤t

q̂ijk (5.18)

=
∑
tk≤t

dijk

rik
(5.19)

and,

Âii(t) =
∑
tk≤t

q̂iik (5.20)

=
∑
tk≤t

−dik

rik
(5.21)

These elements form the square matrix Â(t) =
∑

tj≤t q̂j Returning to

P(s, t) =
∏

uε(s,t]

(I + dA(u)) (5.22)

we see that

P̂(s, t) =
∏

uε(s,t]

(I + dÂ(u)) (5.23)

Since Â(t) is matrix of step functions we see that this is the same as the Aalen-

Johansen estimator in Equation (5.16).
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Figure 5.1: Illness-Death model

Example 5.1

For simple models it is possible to give explicit expressions for transition

probabilities, as will be demonstrated below for the Illness-Death model which

is illustrated in Figure 5.1.

The transition rate matrix takes the following form

Q(t) =


q11(t) q12(t) q13(t)

0 q22(t) q23(t)

0 0 0


The corresponding transition probability matrix is as follows

P(s, t) =


p11(s, t) p12(s, t) p13(s, t)

0 p22(s, t) p23(s, t)

0 0 1



Note that q31(t) = 0, q32(t) = 0 and q33(t) = 0 because “dead” is an absorbing

state. Letting t(1) < t(2) < . . . < t(d) denote the ordered event times for illness

onset or death and
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d12k = Number of individuals who become diseased at

time t(k)

d13k = Number of healthy individuals who die at time t(k)

d23k = Number of sick individuals who die time t(k)

r1k = Number of healthy individuals just prior to time

t(k)

r2k = Number of sick individuals just prior to time t(k)

Using the Aalen-Johansen estimator we have

p̂11(s, t) =
∏

s<t(k)≤t

(
1− d12k + d13k

r1k

)
(5.24)

and

p̂22(s, t) =
∏

s<t(k)≤t

(
1− d23k

r2k

)
(5.25)

The estimate of p12(s, t) is slightly more complicated and requires the fol-

lowing reasoning due to Meira-Machado et al. (2009):

p12(s, t) =
∫ t

s
p11(s, u)q12(u)p22(u, t)du (5.26)

The estimator for p12(s, t) is given by

p̂12(s, t) =
∑

s<t(k)≤t

p̂11(s, t(k−1))
d12k

r1k
p̂22(t(k), t) (5.27)

which is found by substituting estimates for each term in Equation (5.26). q12(u)

is substituted by dÂ12(u) which is the increment of the estimator A12(u) =∑
t(k)≤t

d12k

n1k
.

5.3 Other Markov Models

All the previous theory has been dedicated to Markov processes. In many cases,

however, the Markov assumption may not be appropriate. There exist other

types of Markov models which possess different properties. These processes are

briefly discussed below.
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5.3.1 The Hidden Markov Model

Hidden Markov models were originally introduced and studied in the late 1960s

and early 1970s, and since the 1980s have become very popular models for

speech recognition and protein modeling. In a hidden Markov model (HMM)

the states of the Markov chain are not observed. The observed data are gov-

erned by some probability distribution (the emission distribution) conditionally

on the unobserved state. This definition is difficult to grasp and hence is better

introduced through an example.

Karlsson (2000) describes the following urn and coloured ball example.

Example 5.2

Consider a room with N urns. Within each urn there are a large number of

coloured balls. We assume that there are M different colours in total. Further-

more, assume that an urn is initially chosen according to some probability dis-

tribution. From this urn, a ball is chosen at random, and its colour is recorded

as the observation. The ball is then replaced in the urn from which it was se-

lected. A new urn is selected according to a random selection process associated

with the current urn.

The ball selection process is repeated for the new urn, after which the next

urn is selected according to a selection process associated with the second urn,

and so forth. The entire process generates a finite observation sequence of

colours which we would like to model as the observable output of a HMM.

We can now see that we have an underlying Markov chain, where each state

corresponds to the selection of a particular urn. This chain is, however, not ob-

servable but can be observed through the sequence of colours which obviously is

a probabilistic function of the embedded Markov chain, since a colour is chosen

randomly depending on the state which we are currently in, i.e. the urn, which

we are currently choosing the ball from.
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5.3. Other Markov Models

Figure 5.2: A hidden Markov model in continuous time

Jackson (2007) describes HMMs as mixture models, where observations are

generated from unknown distributions. This distribution, however, changes

through time according to states of a hidden Markov chains. The true state

of the model Sij evolves as a Markov process which is underlying and not ob-

served. Observed data Oij are generated conditionally on the true states Sij ac-

cording to a set of distributions f1(y | θ1, γ1), f2(y | θ2, γ2), . . . fn(y | θn, γn) where

n denotes the number of states and θi the parameter for the state i distribution

which can accommodate dependence on covariates through a link transformed

linear model with coefficients γi (Jackson, 2007). Figure 5.2, taken from Jack-

son (2007), illustrates the evolution of a hidden Markov model.

General HMMs have proven to be useful when modeling a chronic disease

whose stages can only be identified by an error prone continuous biological

marker such as CD4 count in HIV/AIDS and FEV in bronchial obliterans syn-

drome or cancer stages through cancer screening tests.

5.3.2 The Misclassification Model

Misclassification of states occur often, particularly between adjacent states. In

the misclassification model, which is a type of hidden Markov model (Karlsson,

2000), the observed data are states which are assumed to be misclassifications
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of the true, underlying states.

Consider a disease progression model with at least a disease-free and a dis-

ease state. When screening for the presence of the disease, the screening pro-

cess can sometimes be subject to error. In such cases the Markov disease pro-

cess Si(t) for individual i is not observed directly, but through realizations Oi(t).

The quality of a diagnostic test is often measured by the probabilities that

the true and observed states are equal, that is P (Oi(t) = r|Si(t) = r). When r

represents a “positive” or disease state, this is the sensitivity, or the probability

that a true positive is detected by the test. When r represents a “negative” or

disease-free state this represents the specificity, or the probability that, given

the condition of interest is absent, the test produces a negative result.

Observed states Oij for patient i at time tij are generated conditionally on

true states Sij according to a misclassification matrix E. For a finite number of

states n, E is an n× n matrix whose (r, s) entry is

ers = P (Oij(t) = r|Sij(t) = r)

so that

E =


e11 e12 · · · e1n

e21 e22 · · ·
...

en1 · · · enn


5.3.3 The Semi-Markov Model

Semi-Markov multistate models are Markov extension models which allow for

dependence on the time spent in the current state. This dependence is referred

to as duration dependence. In a semi-Markov model the future evolution not

only depends on the current state, but also on ti , the entry time into the current

state i. The form of the transition intensities which we model then changes to

qij(t, t− ti). In a semi-Markov model two assumptions of Chapter 4 are relaxed.
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• The durations in each state need not be exponential.

• The transitions to the next state may depend on the time spent in the

current state.

Although the semi-Markov model is more flexible than the time homogeneous or

piecewise time homogeneous Markov model, there are two drawbacks to its use.

Firstly, these models contain many parameters, which make them more difficult

to fit. Secondly, we can only use these models if we know what distribution the

sojourn time (time spent in each state) follows.
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Chapter 6

Application of Multistate

Models to HIV Progression

6.1 Data

The Sinikithemba Study was started in 2005 (and is still in progress). Thus the

data used in the current thesis is part of the continuing study. This study re-

cruited 451 HIV positive individuals. Initial information such as demographics,

HLA typing, cellular immunology, CD4 count and viral load were collected. CD4

counts were then taken every three months and viral loads were taken every

six months. The study takes place at McCords hospital in Durban, South Africa.

Of the 451 participants enrolled, there were 115 participants with less than

two CD4 count readings or missing baseline information who were excluded

from the current analysis. This analysis examines the immune deterioration

of 336 ARV naive HIV positive patients enrolled in the Sinikithemba study be-

tween January 2005 and December 2009. The decision to exclude observations

and enrollments post December 2009 was based on limiting the period bias that

could be introduced due to the change in ARV treatment guidelines as at 1 De-

cember 2009. Patients were followed for a median of 3.54 years (IQR 1.91 –

4.52 years) and had a median of 12 visits (IQR 4 – 17 visits). The median time

between visits was 0.26 years. There were 257 (76.49%) participants who had
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6.1. Data

a baseline CD4 count less than or equal to 500. Compared to the CAPRISA

SAPIT study used in Chapter 3 to demonstrate time to single event analysis,

the Sinikithemba study data is suitable for multistate models because patients

were followed over a longer period of time with smaller intervals between visits.

Table 6.1 summarizes baseline information on study participants. From

Table 6.1 we see that the number of females exceeded the number of males and

mean baseline CD4 count was well over the 200 cell threshold.

Table 6.1: Baseline characteristics of study participants

Characteristic Statistic

Age mean (95% CI) 32.60 (31.73, 33.48)

Females n(%) 270 (80.36%)

Baseline CD4 count Mean (95% CI) 381.22 (359.21, 403.22)

In Figure 6.1 the CD4 counts are plotted against time for two randomly selected

participants.

Figure 6.1(b) shows that participant SK-063 had a relatively steady decline

in CD4 count over six years post enrollment. Participant SK-010 in Figure

6.1(a) however, displays more “erratic” behavior of CD4 count exhibiting an un-

dulating pattern. There are many reasons that have been cited in the literature

explaining CD4 count fluctuation. One of these reasons, reported by Malone

et al. (1990), is diurnal fluctuation of CD4 count and other subject specific char-

acteristics including genetic factors. In this study a significant CD4 cell count

diurnal increase of 59 cells/mm3 (p-value = 0.018), was detected between 8am

and 10pm for male HIV positive patients. Other reasons for fluctuation include

seasonal change, psychological and physical stress, diet and the menstrual cycle

(Crowe et al., 1996).
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Figure 6.1: Pattern of decline for two randomly selected participants

72



6.2. Motivation for Multistate Model

6.2 Motivation for Multistate Model

In 2008 UNAIDS (UNAIDS, 2008) estimated that there were 5.7 million peo-

ple living with HIV in South Africa. More than 3 million of these are women

aged 15 and above and 280,000 are children aged between 0 and 14 years mak-

ing South Africa the world’s largest population of people living with HIV. As

stated in the introduction, an understanding of HIV progression and factors

that influence disease progression can have great value in understanding HIV

pathogenesis and in the development of new treatment strategies (Sabin et al.,

1998). Although substantial research has been done in the area of CD4 count

modeling using linear mixed models, no attempt has been made to estimate the

length of stay in different CD4 count intervals or to investigate probabilities

of transitions to lower CD4 counts over time in South Africa. This thesis goes

even further in that it seeks to estimate the effect of age, gender and baseline

CD4 count on individual transition rates.

The general pattern of CD4 count decline in HIV positive individuals through-

out HIV infection is illustrated in Figure 6.2 as reported in Sabin et al. (1998).

We see a sudden drop in CD4 cells at seroconversion, which soon after returns

to normal, after which a gradual decline is observed. Our main objective is to

describe this gradual decline of cells in the Sinikithemba (SK) cohort, and to

assess the effect of cofactors or covariates on the disease progression. The mul-

tistate approach is particularly useful for this type of problem because the data

is characterized by a high degree of interval and right censoring. Furthermore,

patients are at different stages in disease progression as this was not an acute

infection cohort.

We have chosen a state structure based on four intervals of CD4 count and

ARV initiation as an absorbing fifth state. Upon careful examination of CD4

count it became clear that reverse transitions need to be incorporated into the

model. Bwayo et al. (1995) also noted erratic decline in CD4 counts in their data

and were the first to include reverse transitions in CD4 count modeling. The
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6.2. Motivation for Multistate Model

Figure 6.2: Pattern of CD4 count change throughout HIV infection

Figure 6.3: State structure applied to HIV progression in Kenyan sex workers and mothers

state structure used in Bwayo et al. (1995) is shown in Figure 6.3. The decision

to designate ARV status as the end point was based on the primary objective of

this study, which is to determine rates of immune deterioration in ARV naive

patients. The transition state diagram is illustrated in Figure 6.4.

The labeling of states associated with HIV disease progression in terms of CD4

count are as follows:

1: CD4 Count ≥ 500
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6.2. Motivation for Multistate Model

Figure 6.4: Graphic representation of the Sinikithemba data model

2: 350 5 CD4 Count < 500

3: 200 5 CD4 Count < 350

4: CD4 Count < 200

5: ARV Initiation

The number of state transitions observed in the SK data are summarized in

Table 6.2

Table 6.2: Observed transitions between states

To State

From State 1 2 3 4 5

1 376 178 19 0 0

2 148 473 269 7 2

3 16 205 909 159 25

4 0 2 80 247 81

Through examination of the state transitions we see that there were 2 ARV

initiations after a previous CD4 count of 350-499 and 25 ARV initiations after

a previous CD4 count of 200-349. Treatment guidelines state that all patients
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6.2. Motivation for Multistate Model

presenting with WHO stage 4 illnesses be initiated on ARVs regardless of CD4

count. Such conditions include Karposi Sarcoma. Upon reaching a CD4 count

less than 250 patients are referred to an ARV clinic for treatment. As is visible

in the observed transitions, prior to 1st December 2009 patients were being ini-

tiated on therapy quite late (81 Transitions to ARV initiation from CD4 count

less than 200).

As mentioned in the previous section there is quite strong evidence of a CD4

increase in patients. The state transitions confirm this, since there were a total

of 433 (148+205+80) transitions of immune recovery that is, from a higher to

a lower state. The model in Figure 6.4 is specified by the transition intensity

matrix Q.

Q(t) =



q11(t) q12(t) 0 0 0

q21(t) q22(t) q23(t) 0 0

0 q32(t) q33(t) q34(t) q35(t)

0 0 q43(t) q44(t) q45(t)

0 0 0 0 0


The Q matrix defines which instantaneous transitions can occur in the Markov

process, and that the data are “snapshots” of the process. Although there were

19 occasions on which a patient was observed in state 1 followed by state 3, the

underlying model specifies that the patient must have passed through state 2

in between. The same rationale applies to other observed “jumped” states.

We begin by fitting the simplest model to the data which is the time homoge-

nous Markov model. These two simplifying assumptions allow us to modify the

transition intensity matrix such that :
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Q =



−q12 q12 0 0 0

q21 −(q21 + q23) q23 0 0

0 q32 −(q32 + q34 + q35) q34 q35

0 0 q43 −(q43 + q45) q45

0 0 0 0 0


The state transition diagram is depicted in Figure 6.5 below. Here the be-

tween state transition rates are denoted by qij where i 6= j and i, j = 1, 2, 3, 4, 5

Figure 6.5: Graphic representation of the model with parameters

Initial estimates of the transition intensity matrix were calculated by as-

suming exact transition times. The likelihood calculation and iterative proce-

dure were explored in the previous section (Section 4.8). The initial estimate of

the transition rate matrix is given by

Q0 =



−0.925 0.925 0.000 0.000 0.0000

0.561 −1.580 1.019 0.000 0.0000

0.000 0.511 −0.969 0.396 0.0623

0.000 0.000 0.606 −1.219 0.6131

0.000 0.000 0.000 0.000 0.0000


This estimate is used to compute maximum likelihood estimates of qij where

i 6= j and i, j = 1, 2, 3, 4, 5, which are given in Table 6.3.
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Table 6.3: Time homogeneous Markov model parameter estimates

Parameter Estimate (95% CI)

q12 1.528 (1.310,1.783)

q21 0.922 (0.779,1.091)

q23 1.576 (1.394,1.783)

q32 0.8721 (0.759,1.003)

q34 0.5612 (0.479,0.657)

q35 0.02387 (0.009,0.066)

q43 0.8412 (0.670,1.056)

q45 0.6682 (0.540,0.827)

−2 ln L 5891.98

Before extracting important functions such as mean sojourn times and tran-

sition probability matrices it is important to find out whether there are certain

individuals having a profound effect on the parameter estimates. We computed

score residuals for each patient to achieve this purpose. Score residuals are

expressed as a function of the score function and observed Fisher information

matrix which were outlined in Section 4.9. The score residuals for all patients

appear in Appendix D and are displayed graphically in Figure 6.6.

As Figure 6.6 shows, there are three subjects with particularly large influ-

ence on the model likelihood. The state trajectory of patients with score residu-

als greater than 0.40 appear in Figure 6.7.

The pattern of influence generally exhibits a close association with the amount

of follow-up time. Patients SK-086 and SK-163 have maintained a CD4 Count

greater than 500 over a six year period. These patients could be “elite con-

trollers”, which are people infected with HIV who do not lose CD4 cells or have

the virus in their blood. Subjects for which an ARV initiation was observed also

tend to have higher influence.
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Figure 6.6: Plot of score residuals to examine individual patient influence on likelihood
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Figure 6.7: The state trajectory of “high influence individuals”

80



6.2. Motivation for Multistate Model

Upon removal of the three participants displaying a large influence on the

likelihood, the model was refitted. The revised initial rate matrix Q0 is given

by

Q0 =



−0.988 0.988 0.000 0.000 0.000

0.561 −1.580 1.019 0.000 0.000

0.000 0.514 −0.971 0.396 0.060

0.000 0.000 0.599 −1.213 0.614

0.000 0.000 0.000 0.000 0.000


A comparison of the maximum likelihood estimates between the first model

and the refitted model is presented in Table 6.4.

Table 6.4: Comparison of parameter estimates

Parameter Model 1 estimate Refitted model estimate

q12 1.528 1.728

q21 0.922 1.002

q23 1.576 1.561

q32 0.872 0.846

q34 0.561 0.584

q35 0.024 0.014

q43 0.841 0.822

q45 0.668 0.689

−2 ln L 5891.98 5836.05

Thus the removal of the three influential subjects had a substantial effect on

model likelihood and transition intensity estimates. The transition intensities

of the refitted model presented in Table 6.4 above, indicate that the rate of loss

of CD4 cells declines as the CD4 count drops. This finding is consistent with

that of Longini et al. (1991) who applied an eight state progressive model to

data on HIV infected individuals from the US Army. The state structure used

in Longini et al. (1991) is shown in Figure 6.8 where “OI” denotes the onset of

an opportunistic infection.
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Figure 6.8: The flow through eight states of infection as defined by Longini et al. (1991)

The Table 6.5 contains the mean sojourn time in each state expressed in

years where mean sojourn times describe the average period in a single stay in

a state. These are calculated as
−1
qrr

where qrr is the rth diagonal entry of the

estimated transition intensity matrix Q.

Table 6.5: Mean sojourn time in transient states

State Estimate (Years) Standard Error 95% CI

State 1 0.579 0.0462 (0.495, 0.677)

State 2 0.390 0.0201 (0.353, 0.431)

State 3 0.692 0.0367 (0.624, 0.768)

State 4 0.662 0.0548 (0.563, 0.779)

The interpretation of the mean sojourn times in states 1,2,3 and 4 are that

an average stay in the CD4 count states are 0.58, 0.39, 0.69 and 0.66 years

respectively. Thus we see that a typical individual just entering a CD4 count

between 350 and 500, can expect to spend around five months (0.39 years) at

that level before moving to either a higher or lower level of CD4 count. The

mean sojourn time estimates the expected length of stay in a single stay in a

state. It is also of interest, in the presence of reverse transitions, to estimate

the total length of stay in each transient state. These estimates are presented

in Table 6.6.
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Table 6.6: Estimated total length of stay in transient states

State Total length of stay (years)

State 1 2.07

State 2 2.57

State 3 3.56

State 4 1.38

The transition probability matrix P(t) is evaluated below at times 1, 2, 3, 4,

5 and 6 years. As expected, greater time is associated with higher probabilities

for transitions to ARV initiation. It is of interest to note that as the years since

enrollment increase, the probability of immune recovery and immune mainte-

nance decrease. Immune recovery represents a transition from a state of lower

CD4 count to a state of higher CD4 count. Immune maintenance refers to re-

maining in a particular state. Therefore the transitions representing immune

recovery are

1. State 2 −→ 1

2. State 3 −→ 2

3. State 4 −→ 3

Transitions representing immune deterioration are

1. State 1 −→ 2

2. State 2 −→ 3

3. State 3 −→ 4

P(1) =



0.329 0.336 0.27 0.052 0.014

0.195 0.298 0.37 0.098 0.037

0.085 0.202 0.44 0.172 0.098

0.023 0.074 0.24 0.283 0.378

0.000 0.000 0.00 0.000 1.000


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P(2) =



0.198 0.27 0.35 0.11 0.078

0.156 0.24 0.35 0.13 0.125

0.109 0.19 0.34 0.15 0.216

0.049 0.10 0.21 0.13 0.512

0.000 0.00 0.00 0.00 1.000



P(3) =



0.149 0.224 0.33 0.127 0.17

0.130 0.204 0.32 0.129 0.22

0.105 0.172 0.29 0.124 0.31

0.056 0.098 0.17 0.085 0.59

0.000 0.000 0.00 0.000 1.00



P(4) =



0.124 0.19 0.30 0.123 0.26

0.112 0.18 0.28 0.118 0.31

0.095 0.15 0.25 0.106 0.40

0.054 0.09 0.15 0.067 0.64

0.000 0.00 0.00 0.000 1.00



P(5) =



0.107 0.17 0.27 0.112 0.34

0.098 0.16 0.25 0.105 0.39

0.085 0.14 0.22 0.093 0.47

0.050 0.08 0.13 0.056 0.68

0.000 0.00 0.00 0.000 1.00



P(6) =



0.093 0.149 0.24 0.100 0.42

0.086 0.138 0.22 0.093 0.46

0.075 0.120 0.19 0.081 0.53

0.044 0.071 0.11 0.049 0.72

0.000 0.000 0.00 0.000 1.00


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Interpretation of the transition probability matrix:

• A typical individual presenting at the clinic with a CD4 count greater than

500, has a 35% chance of having a CD4 count between 200 and 350 and

an 8% chance of being initiated on ARVs within two years. Six years later,

however, this individual has a much higher probability of being initiated

on ARVs (42%).

• An individual presenting at the clinic with a CD4 count between 350 and

500 has a 19.5% chance of experiencing immune recovery (an increase in

CD4 Count) within a year. As time goes on, this chance of immune recovery

decreases to 8.6% at six years.

• Prior to December 2009, the uptake of ARVs appears to be not as high as

expected. This is apparent from the 50% probability of a patient currently

presenting with a CD4 count less than 200, receiving ARV therapy within

two years. There are many possible reasons for this. Although patients

are referred to an ARV clinic when their CD4 counts are particularly low,

they may not have adhered to this advice until they felt physically sick.

The date of ARV initiation recorded could be much later than the actual

initiation date. Clinicians may have been waiting for patients to present

WHO Stage 3 or 4 symptoms before initiating them on ARVs, as the ARV

rollout in South Africa was relatively poor in 2001.

• It is clear that transition probabilities from states 1, 2, 3, 4 into state 5

(ARV initiation) increase as t increases. For example p45(2) = 0.512 while

p45(6) = 0.72.

Defining survival as “not initiating ARV therapy”, we can plot the estimated

survival functions from each of the four stages of infection.

STi(t) = 1− p̂i5(t)

where i = 1, 2, 3, 4
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Figure 6.9: Estimated survival functions from each stage of infection

These functions are illustrated graphically in Figure 6.9.

As expected, the probability of ARV initiation within time t is highest for

those with a previously observed CD4 count less than 200. We also see that as

time increases, so too does the probability of initiating ARVs.

We now assess model fit by applying the methods introduced in Section 4.9.

We assume that an individual’s state at a time t was the same as the state at

their previous observation time and that the process begins at a common time

for all individuals. Then, given n(ti) individuals are under observation at time

ti, the expected number of individuals in state r at time ti is n(ti)P1r(ti). The

appropriateness of the former assumption was established by noting that obser-

vation times were relatively close together (Median 0.26 years). It is of interest

to note that 16 patients were enrolled in the study without a CD4 count mea-

surement who had three monthly measurements post enrollment. To prevent

the loss of valuable followup data these patients were not excluded from the

analysis. This is evident in the increase in observed total number of patients

from time 0 to time 0.696 years.
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Figure 6.10: Kaplan-Meier incidence

The observed number of patients at each time point clearly demonstrate

patterns in the data. As time increases the number of patients occupying the

transient states 1, 2, 3 and 4 decreases and the number of patients initiating

ARV therapy tends to increase. At approximately 7 years post enrollment there

were 108 patients still under observation, 107 of whom had initiated ARV Ther-

apy.

By examination of the expected frequencies in each state, areas of poor

model fit can be identified. The observed counts are relatively close to the ex-

pected counts in the transient states, but tend to differ in the absorbing state

(state 5). Using the observed and expected frequencies in each state, preva-

lences are calculated, which appear in Appendix D and are represented graph-

ically in Figure 6.11.

Further investigation of the observed and expected prevalences in each state

reveals that the predicted number of individuals who are initiated on ARVs

(State 5) is underestimated by the model from about year 4 onwards. Similarly

the number of individuals with CD4 count greater than 500 (State 1), State 2,

87



6.2. Motivation for Multistate Model

Table 6.7: Observed number of patients in each state evaluated at 10 equally spaced inter-

vals

Time State 1 State 2 State 3 State 4 State 5 Total

0 62 73 102 38 0 275

0.6965372907 53 81 99 41 17 291

1.3930745814 46 63 87 28 44 268

2.0896118721 38 62 78 24 56 258

2.7861491628 31 52 80 22 61 246

3.4826864535 20 46 71 20 74 231

4.1792237442 12 23 38 11 90 174

4.8757610349 8 12 23 10 98 151

5.5722983256 5 8 21 5 102 141

6.2688356163 2 8 3 0 107 120

6.965372907 0 1 0 0 107 108

Table 6.8: Expected number of patients in each state evaluated at 10 equally spaced inter-

vals

Time State 1 State 2 State 3 State 4 State 5 Total

0 62.0 73 102 38.0 1.7e-14 275

0.6965372907 50.4 73 106 41.0 2.1e+01 291

1.3930745814 39.6 61 93 37.1 3.8e+01 268

2.0896118721 33.8 53 83 34.0 5.4e+01 258

2.7861491628 29.1 46 73 30.3 6.7e+01 246

3.4826864535 24.8 40 63 26.4 7.7e+01 231

4.1792237442 17.1 27 44 18.3 6.8e+01 174

4.8757610349 13.6 22 35 14.6 6.6e+01 151

5.5722983256 11.6 19 30 12.5 6.9e+01 141

6.2688356163 9.0 14 23 9.8 6.4e+01 120

6.965372907 7.5 12 19 8.1 6.1e+01 108

88



6.2. Motivation for Multistate Model

Figure 6.11: A comparison of observed and expected prevalences in the refitted model

State 3 and State 4 are slightly overestimated by the model from about year 4

onwards. Such discrepancies could be due to many factors. One possibility is

that the transition rates vary with the time since the beginning of the process.

Other factors include the age of the patient or some other omitted covariate,

thereby making the Markov model non-homogeneous.

A piecewise model is fitted in the next section to assess the validity of the
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6.3. Piecewise Model

assumption of time homogeneity.

6.3 Piecewise Model

In an attempt to improve model fit and assess the assumption of time homo-

geneity a non-homogenous Markov model was fitted to the data. We fitted a

piecewise time homogeneous model with two distinct time intervals such that

Q(t) =

 Q0 t < 4

Q1 t ≥ 4

Due to the limited information on transitions from state 3 −→ 5 and state

4 −→ 5 upon splitting the time into the two intervals, we fit a model assuming

that q35 and q45 are fixed, and estimate the remaining parameters.

Table 6.9: Time non-homogeneous Markov model parameter Estimates

Parameter Piecewise interval (t < 4) Piecewise interval (t ≥ 4)

q12 1.776 (1.506, 2.094) 1.068 (0.622, 1.833)

q21 1.011 (0.846, 1.208) 0.637 (0.364, 1.114)

q23 1.620 (1.423, 1.844) 1.007 (0.657, 1.544)

q32 0.901 (0.776, 1.046) 0.434 (0.265, 0.710)

q34 0.539 (0.453, 0.640) 0.723 (0.249, 2.098)

q35 0.063 (0.009, 0.426) 0.045 (0.000159, 1269)

q43 0.779 (0.603, 1.005) 1.175 (0.646, 2.140)

q45 0.569 (0.429, 0.753) 0.936 (0.205, 4.268)

−2 ln L 5834.921

We present a comparison of the transition intensity estimates between the

two time intervals, through the computation of a hazard ratio.

It is evident from the ratios of transition intensities that four or more years post

enrollment the risk of experiencing immune recovery (that is, reverse transi-
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6.4. Effect of Covariates on Transition Intensities

Table 6.10: A comparison of parameter estimates between the two intervals

Transition Ratio of intensities 95% Confidence interval

1 → 2 0.60 (0.34, 1.1)

2 → 1 0.63 (0.35, 1.1)

2 → 3 0.62 (0.40, 0.97)

3 → 2 0.48 (0.29, 0.81)

3 → 4 1.34 (0.44, 4.1)

3 → 5 0.71 (0.00037, 1300)

4 → 3 1.51 (0.80, 2.9)

4 → 5 1.65 (0.27, 10)

tions) is significantly less likely than experiencing immune deterioration.

The extremely wide confidence interval observed for the estimate q35 is at-

tributed to the “fixing” of this parameter in the model due to the limited data

available on this transition in the second time interval. The addition of six pa-

rameters from piecewise model did not represent a significant improvement in

log-likelihood from the time homogeneous model (p-value 0.98). The observed

and expected prevalences computed from the piecewise model are presented in

Appendix D.

6.4 Effect of Covariates on Transition Intensities

A commonly used indicator of disease progression is the HIV incubation period

which is characterized by wide inter-individual variability (Sabin et al., 1998).

This suggests the existence of cofactors, the effect of which may provide valu-

able information on HIV pathogenesis and progression.

The influence of demographic and genetic factors on HIV has been reviewed

by Langford et al. (2007). A few key findings stated in this review were that

1. Older patients tend to progress more rapidly to an AIDS related illness.
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6.4. Effect of Covariates on Transition Intensities

2. Rate of CD4 cell decline is higher in patients over the age of 40 as opposed

to those younger than 40.

3. Gender does not have a significant impact on HIV progression.

4. HIV Subtype may have a significant effect on progression but is difficult

to confirm due to the many confounding factors including race and socio-

economic class.

5. Lower levels of CD4 count, in particular less than 350 cells, are associated

with a higher risk of disease progression.

The findings stated above, however, were derived by considering disease pro-

gression at entry into a single state that is, AIDS diagnosis. A question of

interest however, is whether the effect of these factors differ at different stages

of the disease. Such information can only be ascertained through the applica-

tion of multistate models. Longini et al. (1991) examined the effect of age on

HIV progression through the application of an eight state model based on levels

of CD4 count. This study, based on a cohort of males from the US Army, found

higher rates of CD4 count decline and faster disease progression in men over

the age of thirty. This was only observed at lower levels of CD4 count, in par-

ticular less than 500 cells.

Alioum et al. (1998) examined the effect of age, gender, mode of transmis-

sion and ARV therapy on clinical progression of HIV/AIDS. States in this model

were based on symptoms of the disease as opposed to the examination of im-

mune deterioration through CD4 cell based stages. In this study it was noted

that men tend to progress faster to AIDS diagnosis than females (HR 1.28 (1.16-

1.43)) where HR denotes the hazard ratio of progression to AIDS.

We now explore the effect of three factors on the risk of immune deterioration

and recovery in the Sinikithemba study. These factors are:

• Age at enrollment

• Gender
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6.4. Effect of Covariates on Transition Intensities

• CD4 count at enrollment

To establish an effective comparison with prior results, age and CD4 count

were analyzed as a categorical variable. It is of note that upon removal of the

three outlying individuals identified earlier, the total number of subjects ana-

lyzed is now 333.

Table 6.11: Cofactors analyzed and distribution of subjects within each level

Factor Level n (%)

Gender Male 65 (19.52%)

Female 268 (80.48%)

Age ≥ 30 195 (58.56%)

< 30 138 (41.44%)

Baseline CD4 Count ≥ 350 162 (48.65%)

< 350 171 (51.35%)

The transition intensities now depend on a vector of covariates z. That is,

qij(t | z) = qij0(t) exp(β′ijz) (6.1)

where βij = (βij1, βij2, . . . , βijr)′ is the vector of regression coefficients associ-

ated with vector z for the transition from state i to state j. qij0(t) represents the

baseline transition intensity function.

The effects of gender are presented through the use of hazard ratios, where

female is the reference category (Table 6.12). We see that males tend to have

slightly lower rates of both immune recovery and deterioration than females,

however none of these are statistically significant.
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6.4. Effect of Covariates on Transition Intensities

Table 6.12: Effect of gender on transition rates

Transition Hazard ratio 95% Confidence interval

1 → 2 1.01 (0.671,1.5)

2 → 1 0.89 (0.555,1.4)

2 → 3 0.83 (0.595,1.2)

3 → 2 0.76 (0.524,1.1)

3 → 4 0.86 (0.559,1.3)

3 → 5 0.49 (0.084,2.9)

4 → 3 0.98 (0.548,1.7)

4 → 5 0.65 (0.342,1.2)

The effect of age (reference category: age greater than or equal to 30) is pre-

sented in Table 6.13. We see that younger subjects experience lower rates

of CD4 count decline compared to their older counterparts. We would expect

higher rates of immune recovery in younger patients, but this phenomenon was

not observed.

Table 6.13: Effect of age on transition rates

Transition Hazard ratio 95% Confidence interval

1 → 2 1.01 (0.73, 1.38)

2 → 1 0.84 (0.59, 1.20)

2 → 3 0.86 (0.67, 1.10)

3 → 2 0.97 (0.73, 1.30)

3 → 4 0.88 (0.64, 1.22)

3 → 5 0.70 (0.24, 2.01)

4 → 3 0.76 (0.47, 1.21)

4 → 5 0.56 (0.35, 0.89)
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6.4. Effect of Covariates on Transition Intensities

Since patients enter the study at different levels of CD4 count it is crucial to

control for this. We now present the effect of baseline CD4 count on state tran-

sitions. These results are presented in Table 6.15. It is clear that patients with

a baseline CD4 count greater than 350 have higher rates of immune recovery

and lower rates of immune deterioration. This effect is most pronounced on the

transition from state 1 to state 2 (Hazard ratio 0.29 ((0.11, 0.75)). We also see

that the hazard for recovering from state 2 to state 1 is twice that of patients

with lower baseline CD4 count. These results support the argument for earlier

initiation of ARV therapy which has been a great concern in recent years.

Table 6.14: Parameter estimates for the model with baseline CD4 count as a covariate

Parameter Estimate (Baseline CD4 count ≥ 350) Estimate (Baseline CD4 count < 350)

q12 1.745 (1.482,2.054) 6.072 (2.373,15.540)

q21 1.178 (0.991,1.400) 0.568 (0.237,1.360)

q23 1.291 (1.114,1.495) 3.789 (2.926,4.906)

q32 1.118 (0.935,1.338) 0.755 (0.575,0.991)

q34 0.372 (0.280,0.493) 0.849 (0.707,1.018)

q35 0.058 (0.040,0.084) 0.064 (0.036,0.114)

q43 0.889 (0.365,2.165) 0.826 (0.543,1.258)

q45 0.573 (0.498,0.659) 0.685 (0.549,0.855)

Defining survival as “not initiating ARV therapy”, we may plot the esti-

mated survival functions from each of the four stages of infection stratified by

baseline CD4 count. These curves are presented in Figures 6.12 and 6.13.
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Table 6.15: Effect of baseline CD4 count on transition rates

Transition Hazard ratio 95% Confidence interval

1 → 2 0.29 (0.11, 0.75)

2 → 1 2.07 (0.85, 5.05)

2 → 3 0.34 (0.25, 0.46)

3 → 2 1.48 (1.07, 2.05)

3 → 4 0.44 (0.31, 0.61)

3 → 5 0.91 (0.35, 2.35)

4 → 3 1.08 (0.54, 2.14)

4 → 5 0.84 (0.58, 1.20)

These curves clearly demonstrate that patients with baseline CD4 count less

than 350 progress from all transient states to ARV initiation more rapidly than

those with CD4 count greater than 350.
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6.4. Effect of Covariates on Transition Intensities

Figure 6.12: Survival curves extracted from the model where baseline CD4 count ≤ 350

Figure 6.13: Survival curves extracted from the model where baseline CD4 count > 350
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Chapter 7

Final Overview and

Discussion

This thesis investigated the theory and recent developments in multistate mod-

els by drawing together well known existing contributions to the field. The pri-

mary objective was to apply this theory to describe the trajectory of HIV in ARV

therapy naive South African individuals so as to aid the understanding of HIV

progression and discover factors that influence immune deterioration. These

findings reaffirm the need to initiate therapy at early stages of the virus which

could lead to the development of new treatment strategies and save more lives.

Chapter 2 introduced multistate models and the preliminary concepts re-

quired for further chapters. The key components which are states, observa-

tion times, actions, rewards, transitions and constraints of the model were de-

scribed. The two quantities which completely characterize a multistate process,

that is transition probabilities and transition intensities, were defined in the

general multistate framework. The various types of multistate models, and the

assumptions governing each, were briefly introduced.

Chapter 3 explored time to single event analysis as it is this concept which

forms the foundation of multistate models. Survival functions and the methods

for estimation were described as well as the Cox proportional hazards model
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and the construction of the partial likelihood. These methods were applied to

assess survival in HIV-TB co-infected patients enrolled in the SAPiT trial. The

analysis showed that patients on integrated therapy, that is TB and ARV treat-

ment started at the same time interval) have significantly greater survival than

those on sequential therapy. A Cox proportional hazards was fitted to the data

with covariates age, gender, baseline CD4 count and weight. Patients who had

a CD4 count less than 100 at baseline had a significantly poorer prognosis than

those with CD4 counts between 350 and 500.

The time homogeneous Markov model was examined in Chapter 4. The

Markov assumption and assumption of time homogeneity were explained and

the mathematical properties of transition probability and intensities were stated.

The computation of the transition probability matrix was discussed and demon-

strated through the use of a practical example. The likelihood construction and

iterative procedure for computing parameter estimates were outlined. Informal

and formal diagnostics for model assessment, a relatively new concept in the

multistate framework, were discussed. The Cox proportional hazards model for

survival data was extended to the case of multistate models and the method of

partial likelihood estimation was detailed. An alternative method for modeling

multistate data, that is the additive hazards model, was briefly discussed.

Chapter 5 examined the parametric and non parametric methods available

for the fitting of time dependent Markov models and other less “restrictive mod-

els”. The parametric procedure, which involves piecewise constant intensities,

was discussed as well as the nonparametric Aalen-Johansen estimator. The

Aalen Johansen estimate was applied to the simple illness death model. The

Semi Markov model which incorporates duration dependence and the hidden

Markov and misclassification models were briefly discussed.

An in depth literature review was done. Limitations and strengths of prior

studies were discussed. It was discovered that most of these studies examined
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HIV progression in the United States and Europe. In Africa, however, the dy-

namics of HIV progression is rather different as Africa is afflicted by Subtype

C HIV which is characterized by rapid progression. Thus more research on the

topic with application of models to data from Africa is required.

The methods developed in Chapters 2, 3 and 4 were applied to data on HIV

positive individuals in the Sinikithemba study. CD4 counts were taken at three

month intervals and the median number of visits was twelve. The multistate

approach is particularly useful to this type of problem because the data was

characterized by a high degree of interval and right censoring. Furthermore,

patients are at different points in disease progression as this was not an acute

infection cohort. We have chosen a state structure based on four intervals of

CD4 count and ARV initiation as an absorbing fifth state. An exploratory anal-

ysis of the data revealed that CD4 count is characterized by a high degree of

fluctuation and may increase while a patient is not on ARV Therapy. This was

addressed by including reverse transitions into the model. A key finding, con-

sistent with previous research, is that the rate of decline in CD4 count tends to

decrease at lower levels. It was also noted that patients enrolling with a CD4

count less than 350 had a far lower chance on immune recovery, and a substan-

tially higher chance of immune deterioration compared to patients with higher

CD4 cells. It was also observed that older patients tend to progress more rapidly

through the disease than younger patients.

We have found multistate models to be a powerful tool in HIV/AIDS research

which can offer a deeper understanding of the natural progression of the dis-

ease. The focus of this study was immune deterioration in ARV naive patients.

It is of further interest to explore the rates of immune recovery in patients on

antiretroviral therapy.

The heterogeneity between individuals cannot always be completely explained

by observed covariates. In such cases this residual heterogeneity should be
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modeled as a random effect. From a theoretical perspective it is of interest to

accommodate frailty in multistate transition models, an area which is relatively

new.

The CD4 count which was modeled in Chapter 6 is a marker which is subject

to great variability and measurement error. An area of further work would be

to formulate a Bayesian model which models two processes : the disease pro-

cess (as a Markov process) and the measurement process.
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Appendix A

Eigenvalues and Eigenvectors

The following definition illustrates how to find eigenvalues for a particular ma-

trix.

Definition

Given a matrix A, a non-zero vector x is defined to be an eigenvector of the A

if it satisfies the eigenvalue equation Ax = λx for some scalar λ. In this situa-

tion, the scalar λ is called an eigenvalue of A corresponding to the eigenvector x.

The most important information to extract from the above definition is that

Ax = λx. (1)

We can now form the characteristic equation using the above eigenvalue

equation
Ax− λIx = 0

(A− λI)x = 0

If there exists an inverse (A − λI)−1, then both sides can be multiplied by the

inverse to obtain the trivial solution x = 0.

Thus we require there to be an inverse by assuming from linear algebra that

the determinant equals zero

det(A− λI) = 0
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The above equation is known as the characteristic equation, and enables us to

find the eigenvalues.

Once the eigenvalues have been found, we return to Equation (1) and com-

pute the eigenvector x.
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Appendix B

Determinant of an n× n matrix

Let A be an n× n matrix such that

A =


a11 a12 · · · a1n

a21 a22 · · · a2n

...
...

an1 an2 ann


It follows from Finney et al. (2003), we have

det(A) = |A| = a11α11 + a12α12 + · · ·+ a1nα1n

where the coefficients αij are given by the relation αij = (−1)i+jβij where βij is

the determinant of the (n− 1)(×(n− 1) matrix that is obtained by deleting row

i and column j. αij is commonly called the cofactor of aij .
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Appendix C

Survival Analysis R Code

coxph(formula = surv.sapit ˜ sapit$GENDER + sapit$AGE + sapit$arm +

sapit$weigh + sapit$kat)

coef exp(coef) se(coef) z p

sapit$GENDERMale 0.5299 1.699 0.272 1.947 0.0510

sapit$AGE -0.0129 0.987 0.017 -0.761 0.4500

sapit$armSequential 0.8179 2.266 0.256 3.192 0.0014

sapit$weighle 60 0.2488 1.282 0.278 0.897 0.3700

sapit$kat0-100 1.2885 3.627 0.602 2.140 0.0320

sapit$kat101-200 0.6295 1.877 0.631 0.997 0.3200

sapit$kat201-350 -0.3379 0.713 0.732 -0.462 0.6400

Likelihood ratio test=37.9 on 7 df, p=3.24e-06 n=640 (2 observations deleted due to missingness)

Start: AIC=742.63

survsap ˜ GENDER + AGE + kat + arm + weigh

Df AIC

- AGE 1 741.22

- weigh 1 741.45

<none> 742.63
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- GENDER 1 744.52

- arm 1 750.72

- kat 3 756.92

Step: AIC=741.22

survsap ˜ GENDER + kat + arm + weigh

Df AIC

- weigh 1 740.12

<none> 741.22

- GENDER 1 742.58

- arm 1 749.61

- kat 3 755.20

Step: AIC=740.12

survsap ˜ GENDER + kat + arm

Df AIC

<none> 740.12

- GENDER 1 741.55

- arm 1 749.12

- kat 3 754.80

Call:

coxph(formula = survsap ˜ GENDER + kat + arm, data = sapit2)

coef exp(coef) se(coef) z p

GENDERMale 0.478 1.613 0.261 1.829 0.06700

kat0-100 1.280 3.597 0.600 2.133 0.03300

kat101-200 0.630 1.878 0.630 1.001 0.32000

kat201-350 -0.361 0.697 0.731 -0.494 0.62000

106



armSequential 0.850 2.340 0.255 3.335 0.00085

Likelihood ratio test=36.4 on 5 df, p=8.05e-07 n= 640

> cox.zph(cox1)

rho chisq p

GENDERMale -0.0684 0.294 0.587

kat0-100 -0.1473 1.342 0.247

kat101-200 -0.1434 1.290 0.256

kat201-350 -0.1924 2.303 0.129

armSequential 0.1480 1.365 0.243

GLOBAL NA 3.841 0.572
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Appendix D

R output of Multistate

Commands

D.1 Computed score residuals

> scoreresid.msm(skstudy.msm, plot=TRUE)

SK-001 SK-002 SK-003 SK-004 SK-005 SK-006 SK-007 SK-008 SK-009 SK-010

0.00293 0.25838 0.04074 0.02542 0.03226 0.10625 0.04693 0.09229 0.45203 0.19095

SK-011 SK-012 SK-013 SK-015 SK-016 SK-017 SK-019 SK-020 SK-021 SK-022

0.44591 0.06890 0.26082 0.34909 0.02719 0.06459 0.00559 0.03333 0.02674 0.04927

SK-023 SK-024 SK-026 SK-028 SK-029 SK-030 SK-031 SK-032 SK-033 SK-034

0.06983 0.53907 0.63668 0.02408 0.65741 0.02013 0.50034 0.04063 0.00348 0.20129

SK-035 SK-036 SK-037 SK-039 SK-040 SK-041 SK-042 SK-043 SK-044 SK-045

0.15004 0.34189 0.18938 0.02144 0.06683 0.06577 0.04500 0.03185 0.06101 0.11225

SK-046 SK-047 SK-048 SK-049 SK-050 SK-051 SK-052 SK-054 SK-055 SK-058

0.54013 0.31729 0.04054 0.13154 0.78192 0.26141 0.02049 0.00467 0.23676 0.14360

SK-060 SK-062 SK-063 SK-066 SK-067 SK-068 SK-069 SK-070 SK-071 SK-073

0.03914 0.06001 0.24729 0.29176 0.18282 0.36871 0.06559 0.13916 0.41163 0.09475

SK-074 SK-077 SK-078 SK-079 SK-081 SK-083 SK-084 SK-085 SK-086 SK-088

0.04976 0.04397 0.02762 0.37260 0.43021 0.00559 0.02694 0.00117 1.56324 0.01521

SK-090 SK-093 SK-095 SK-099 SK-100 SK-101 SK-102 SK-104 SK-105 SK-106

0.02938 0.08804 0.02376 0.01955 0.00573 0.44893 0.14868 0.04648 0.04222 0.08469

SK-107 SK-108 SK-109 SK-112 SK-114 SK-116 SK-117 SK-119 SK-120 SK-122

0.03694 0.05069 0.11712 0.02501 0.34292 0.01754 0.10179 0.01710 0.04227 0.05009

SK-123 SK-124 SK-126 SK-127 SK-128 SK-129 SK-131 SK-132 SK-134 SK-135

0.73821 0.02768 0.13608 0.01184 0.03172 0.02630 0.05515 0.04222 0.00398 0.19962

SK-136 SK-137 SK-138 SK-139 SK-140 SK-141 SK-142 SK-143 SK-144 SK-145

0.08948 0.00120 0.23450 0.12434 0.02009 0.27703 0.14088 0.02045 0.01856 0.03397

SK-146 SK-147 SK-148 SK-150 SK-151 SK-154 SK-155 SK-156 SK-159 SK-160
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D.1. Computed score residuals

0.00742 0.03402 0.01980 0.34431 0.00406 0.04898 0.67666 0.04280 0.00831 0.02738

SK-162 SK-163 SK-165 SK-166 SK-168 SK-169 SK-170 SK-171 SK-172 SK-173

0.17152 1.16031 0.19860 0.03959 0.01382 0.33411 0.52181 0.27779 0.02552 0.03894

SK-174 SK-175 SK-176 SK-177 SK-178 SK-179 SK-180 SK-181 SK-182 SK-186

0.00827 0.09396 0.00610 0.04242 0.02636 0.15833 0.19957 0.07947 0.16323 0.06211

SK-187 SK-188 SK-190 SK-191 SK-192 SK-193 SK-194 SK-195 SK-197 SK-200

0.23574 0.72433 0.01612 0.12092 0.03572 0.06551 0.16909 0.22891 0.07679 0.13988

SK-201 SK-202 SK-203 SK-206 SK-207 SK-208 SK-212 SK-214 SK-215 SK-216

0.11541 0.26119 0.18142 0.02770 0.01997 0.72364 0.10118 0.06326 0.34287 0.01835

SK-217 SK-218 SK-220 SK-221 SK-222 SK-223 SK-224 SK-226 SK-227 SK-228

0.03438 0.15476 0.10393 0.11107 0.03429 0.16962 0.09367 0.14431 0.04090 0.03412

SK-231 SK-232 SK-233 SK-234 SK-236 SK-240 SK-243 SK-244 SK-246 SK-247

0.02735 0.62970 0.01110 0.01488 0.03296 0.00143 0.01273 0.19935 0.14101 0.06462

SK-248 SK-249 SK-250 SK-252 SK-254 SK-255 SK-256 SK-257 SK-258 SK-259

0.45533 0.11065 0.05438 0.04156 0.06028 0.02648 0.03774 0.38844 0.04241 0.10189

SK-263 SK-265 SK-267 SK-268 SK-272 SK-273 SK-274 SK-276 SK-281 SK-283

0.16854 0.78246 0.01695 0.04543 0.23378 0.11760 0.02812 0.11922 0.28757 0.06219

SK-285 SK-287 SK-288 SK-289 SK-291 SK-293 SK-294 SK-295 SK-298 SK-302

0.06796 0.15331 0.00803 0.67043 0.13429 0.01188 0.03821 0.24786 0.04670 0.17144

SK-305 SK-306 SK-307 SK-308 SK-309 SK-311 SK-312 SK-313 SK-316 SK-318

0.29214 0.23058 0.47089 0.06272 0.02043 0.03883 0.22594 0.62447 0.29869 0.09310

SK-319 SK-320 SK-321 SK-322 SK-323 SK-324 SK-325 SK-327 SK-328 SK-329

0.03811 0.53299 0.61851 0.07560 0.06729 0.25339 0.19743 0.10546 0.03814 0.23934

SK-330 SK-331 SK-332 SK-333 SK-334 SK-335 SK-336 SK-337 SK-338 SK-339

0.02975 0.09080 0.01681 0.01573 0.40087 0.04341 0.92570 0.49179 0.30047 0.24636

SK-340 SK-341 SK-343 SK-344 SK-345 SK-346 SK-347 SK-349 SK-350 SK-351

0.00369 0.28989 0.08256 0.07692 0.00109 0.08441 0.07424 0.15253 0.01780 0.18700

SK-352 SK-353 SK-355 SK-356 SK-357 SK-358 SK-359 SK-360 SK-361 SK-363

0.10447 0.25656 0.00242 0.09710 0.21901 0.06861 0.47352 0.16581 0.08292 0.09490

SK-364 SK-365 SK-367 SK-368 SK-370 SK-371 SK-372 SK-373 SK-374 SK-375

0.23844 0.19576 0.13858 0.09159 0.30077 0.09290 0.13208 0.03528 0.15651 0.06836

SK-376 SK-377 SK-379 SK-380 SK-381 SK-382 SK-383 SK-384 SK-385 SK-386

0.05650 0.05478 0.09873 0.19841 0.31742 0.20562 0.18061 0.21492 0.55954 0.21394

SK-387 SK-388 SK-390 SK-391 SK-393 SK-394 SK-395 SK-396 SK-397 SK-398

0.05284 0.15797 0.00298 0.23370 0.06292 0.05212 0.23773 0.07442 0.05941 0.11073

SK-399 SK-400 SK-401 SK-402 SK-403 SK-404 SK-405 SK-406 SK-409 SK-410

0.09791 0.11922 0.04734 0.22429 0.05115 0.48405 0.14617 0.24849 0.22261 0.53928

SK-411 SK-412 SK-413 SK-415 SK-416 SK-417 SK-418 SK-420 SK-421 SK-422

0.17612 0.48989 0.10683 0.02517 0.06534 0.13149 0.08561 0.19203 0.27926 0.07753

SK-423 SK-424 SK-425 SK-426 SK-428 SK-430 SK-432 SK-433 SK-434 SK-435

0.05446 0.08918 0.12777 0.10823 0.06242 0.48182 0.11258 0.41426 0.08504 0.09720

SK-436 SK-437 SK-438 SK-439 SK-440 SK-441 SK-442 SK-443 SK-444 SK-445

0.05298 0.22820 0.03478 0.02043 0.22853 0.00349 0.00866 0.09123 0.09749 0.04188

SK-446 SK-447 SK-448 SK-449 SK-450 SK-451

0.03199 0.25631 0.27815 0.07165 0.26249 NaN
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D.2 Observed and expected prevalence from the time

homogeneous Markov model

$Observed

State 1 State 2 State 3 State 4 State 5 Total

0 62 73 102 38 0 275

0.6965372907 53 81 99 41 17 291

1.3930745814 46 63 87 28 44 268

2.0896118721 38 62 78 24 56 258

2.7861491628 31 52 80 22 61 246

3.4826864535 20 46 71 20 74 231

4.1792237442 12 23 38 11 90 174

4.8757610349 8 12 23 10 98 151

5.5722983256 5 8 21 5 102 141

6.2688356163 2 8 3 0 107 120

6.965372907 0 1 0 0 107 108

$Expected

1 2 3 4 5 Total

0 62.0 73 102 38.0 1.7e-14 275

0.6965372907 50.4 73 106 41.0 2.1e+01 291

1.3930745814 39.6 61 93 37.1 3.8e+01 268

2.0896118721 33.8 53 83 34.0 5.4e+01 258

2.7861491628 29.1 46 73 30.3 6.7e+01 246

3.4826864535 24.8 40 63 26.4 7.7e+01 231

4.1792237442 17.1 27 44 18.3 6.8e+01 174

4.8757610349 13.6 22 35 14.6 6.6e+01 151

5.5722983256 11.6 19 30 12.5 6.9e+01 141

6.2688356163 9.0 14 23 9.8 6.4e+01 120
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D.2. Observed and expected prevalence from the time homogeneous Markov model

6.965372907 7.5 12 19 8.1 6.1e+01 108

$‘Observed percentages‘

State 1 State 2 State 3 State 4 State 5

0 22.5 26.55 37.1 13.8 0.0

0.6965372907 18.2 27.84 34.0 14.1 5.8

1.3930745814 17.2 23.51 32.5 10.4 16.4

2.0896118721 14.7 24.03 30.2 9.3 21.7

2.7861491628 12.6 21.14 32.5 8.9 24.8

3.4826864535 8.7 19.91 30.7 8.7 32.0

4.1792237442 6.9 13.22 21.8 6.3 51.7

4.8757610349 5.3 7.95 15.2 6.6 64.9

5.5722983256 3.5 5.67 14.9 3.5 72.3

6.2688356163 1.7 6.67 2.5 0.0 89.2

6.965372907 0.0 0.93 0.0 0.0 99.1

$‘Expected percentages‘

1 2 3 4 5

0 22.5 27 37 13.8 6.2e-15

0.6965372907 17.3 25 36 14.1 7.1e+00

1.3930745814 14.8 23 35 13.8 1.4e+01

2.0896118721 13.1 21 32 13.2 2.1e+01

2.7861491628 11.8 19 30 12.3 2.7e+01

3.4826864535 10.8 17 27 11.4 3.3e+01

4.1792237442 9.8 16 25 10.5 3.9e+01

4.8757610349 9.0 14 23 9.7 4.4e+01

5.5722983256 8.2 13 21 8.9 4.9e+01

6.2688356163 7.5 12 19 8.1 5.3e+01

6.965372907 6.9 11 18 7.5 5.7e+01
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D.3 Observed and expected prevalence from the piece-

wise Markov model

> prevalence.msm(skstudyp.msm)

$Observed

State 1 State 2 State 3 State 4 State 5 Total

0 62 73 102 38 0 275

0.6965372907 53 81 99 41 17 291

1.3930745814 46 63 87 28 44 268

2.0896118721 38 62 78 24 56 258

2.7861491628 31 52 80 22 61 246

3.4826864535 20 46 71 20 74 231

4.1792237442 12 23 38 11 90 174

4.8757610349 8 12 23 10 98 151

5.5722983256 5 8 21 5 102 141

6.2688356163 2 8 3 0 107 120

6.965372907 0 1 0 0 107 108

$Expected

1 2 3 4 5 Total

0 62.000000 73.00000 102.00000 38.000000 2.672526e-14 275

0.6965372907 49.778120 73.62382 104.99113 41.620015 2.098691e+01 291

1.3930745814 39.053748 61.08357 91.40493 37.835529 3.862222e+01 268

2.0896118721 33.295520 53.23069 81.63171 34.785660 5.505642e+01 258

2.7861491628 28.595072 46.17481 71.65576 31.051745 6.852261e+01 246

3.4826864535 24.380313 39.55811 61.74606 27.001613 7.831391e+01 231

4.1792237442 16.972008 26.49836 43.03666 17.782640 6.971034e+01 174
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4.8757610349 13.617673 19.93026 33.86822 12.855163 7.072869e+01 151

5.5722983256 11.494032 16.54495 28.13478 10.525754 7.430049e+01 141

6.2688356163 8.784387 12.56620 21.27834 7.933176 6.943789e+01 120

6.965372907 7.079614 10.09563 17.03485 6.341898 6.744800e+01 108

$‘Observed percentages‘

State 1 State 2 State 3 State 4 State 5

0 22.545455 26.545455 37.09091 13.818182 0.000000

0.6965372907 18.213058 27.835052 34.02062 14.089347 5.841924

1.3930745814 17.164179 23.507463 32.46269 10.447761 16.417910

2.0896118721 14.728682 24.031008 30.23256 9.302326 21.705426

2.7861491628 12.601626 21.138211 32.52033 8.943089 24.796748

3.4826864535 8.658009 19.913420 30.73593 8.658009 32.034632

4.1792237442 6.896552 13.218391 21.83908 6.321839 51.724138

4.8757610349 5.298013 7.947020 15.23179 6.622517 64.900662

5.5722983256 3.546099 5.673759 14.89362 3.546099 72.340426

6.2688356163 1.666667 6.666667 2.50000 0.000000 89.166667

6.965372907 0.000000 0.925926 0.00000 0.000000 99.074074

$‘Expected percentages‘

1 2 3 4 5

0 22.545455 26.545455 37.09091 13.818182 9.718276e-15

0.6965372907 17.105883 25.300282 36.07943 14.302411 7.211997e+00

1.3930745814 14.572294 22.792376 34.10632 14.117735 1.441128e+01

2.0896118721 12.905240 20.632049 31.64020 13.482814 2.133970e+01

2.7861491628 11.624013 18.770248 29.12836 12.622660 2.785472e+01

3.4826864535 10.554248 17.124723 26.72989 11.689010 3.390212e+01

4.1792237442 9.754028 15.228942 24.73371 10.219908 4.006341e+01

4.8757610349 9.018327 13.198846 22.42928 8.513353 4.684019e+01

5.5722983256 8.151796 11.734008 19.95374 7.465074 5.269538e+01

6.2688356163 7.320323 10.471836 17.73195 6.610980 5.786491e+01
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Figure D.1: Prevalence plot computed from the piecewise model

6.965372907 6.555198 9.347807 15.77301 5.872128 6.245185e+01
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