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Notation

A, Ax

C(k),C (k1)

I,1In

P,Px

Matrix of order N

Approximation to Hartley coefficients
Signal or image matrix

Even part of signal f

Odd part of signal f

Signal f reversed

Even indexed components of a signal
Odd indexed components of a signal
Hartley transformation matrix
Simpson Hartley transformation matrix
Identity matrix of order N
Permutation matrix of order N
Convolution

Correlation

Element-wise multiplication
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Abstract

The Discrete Hartley Transform and Discrete Fourier Transform are classical transfor-
mations designed for efficient computations in the frequency domain. We introduce
a relatively new transformation based on the existing Discrete Hartley Transform by
applying Simpson’s quadrature for N = 4m + 2 quadrature nodes. The majority of
our investigation involves exploring the mathematical properties satisfied by our newly
derived transformation. We formulate the convolution and cross correlation properties
both in the real and frequency domain. An intensive spectral analysis is performed
to ascertain the multiplicities of the eigenvalues corresponding to the transformation

matrix.
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Introduction

In chapter 1, we provide a brief literature survey of the Discrete Hartley Transform

(DHT) and show how it arises from trapezoidal quadrature.

In chapter 2, we derive the Simpson Discrete Hartley Transform (SDHT) from Simp-
son’s quadrature. We provide an expression for the transformation matrix as well as an

expression for the inverse. We investigate the effect of the transform on a real signal.

In chapter 3, we provide detailed proofs for several properties satisfied by the Simpson
Discrete Hartley Transform. We prove the convolution property for both the real and
frequency domains as well as the cross correlation property. We also prove various

other properties such as the frequency shift property and the duality property.

In chapter 4, we provide a detailed spectral analysis of the transformation matrix. We
use the duality property to obtain an expression for the minimal polynomial. From the
minimal polynomial we obtain four distinct eigenvalues for the transformation matrix.
We employ powers of the traces of the matrix and the theory of Gauss sums to obtain

the multiplicities of the eigenvalues.
In chapter 5, we derive a two-dimensional Simpson Discrete Hartley Transform.

In chapter 6, we apply this transform to the useful area of image processing namely



watermarking and cleaning sinusoidal noise in the frequency domain.



Chapter 1

Discrete Hartley Transform

1.1 Introduction

Ralph Hartley was an innovative scientist responsible for mathematical triumphs such
as the Hartley transform and Hartley oscillator [9]. The Hartley transform is closely re-
lated to the Fourier transform. These are both integral transforms, which however have
one main difference being that the former is real valued whilst the latter is generally
complex valued [9].

While investigating the relationship of Fourier analysis to images in 1983, Ronald
Bracewell, who was in the research field of electronic engineering discovered a new
factorization of the discrete Fourier transformation matrix which resulted in a fast
algorithm for spectral analysis [4]. This discovery led to the proposal of the Discrete
Hartley Transform (DHT) and the first Fast Hartley Transform (FHT) algorithm by
Ronald Bracewell in 1983 [5]. The DHT is closely related to the Discrete Fourier

transform (DFT) whereby both consist of discrete periodic data. Ronald Bracewell



also proposed that the FHT algorithm is more computationally efficient than the FFT
(Fast DFT) when the data is real, however this was disproved by tweaking the FFT
for real inputs [7].

The properties of the DHT enables one to design fast algorithms to compute it [14] and
thus allows applications in various areas of signal processing such as power engineering
and digital filtering [10]. The DHT is also used extensively in biomedical imaging for
edge enhancement and medical resonance imaging and in addition can also be useful

in image compression and reconstruction.

1.2 Derivation of the DHT

We will now show how the DHT arises by applying trapezoidal quadrature. Recall that
the coefficients in a Hartley series for a continuous, 27-periodic function f(x) have the

form

1
2m Jo

c(k) = f(z) cas(kx)dzx, (1.1)

where cas(x) = cos(z) + sin(x). Divide the interval [0,27] into N equally spaced
subintervals of length w = QN“ with nodes z; = wj, 7 =0,1,..., N. The approximation

C(k) to c(k) using the trapezoidal rule gives

1 N-1

—[f (o) cas(kzo) + f(zn)cas(kay) + 2 Z f(z;) cas(kz;)]

¢k =3y

2f(xo) cas(kxo) + QZf x;) cas(kx;)] (1.2)

7j=1

1
=y

L V-
= NZ (x;) cas(kx;).
=0



We used the fact that f(xo) = f(zn) due to the periodicity of f. We adopt the notation

f(z;) = f(j) and rewrite equation (1.2) as

=

-1

Cl) = 5 3 F() cas(hjo) (1.3)

I
o

The derivation above enables us to define the DHT of a N point real sequence f(j),

j=0,1,...,N —1 by [6]

F

F(k) = HE(K) = 3 cas(kwi) (). (L4)

J

Il
=)

k=0,1,..., N — 1 along with transformation matrix H defined by components h;; =
cas(kwj), j=0,1,....,N =1, k=0,1,..., N — 1. To be consistent we have chosen to
index the components from zero.

In order to recover the signal f = [£(0), f(1),..., f(N—1)]7 multiply (1.4) by cas(kwp),

pe€{0,1,...,N — 1} and sum over k to obtain

=2
=
=2

cas(kwp) F (k) = [ cas(kwj) cas(kwp)] ). (1.5)
k=0 §=0 k=0
We will now prove the following lemma.
Lemma 1.1.
N-1 N when j = p,
cas(kwy) cas(kwp) = (1.6)
h=0 0  when j # p,
where p € {0,1,..., N — 1}.
Proof. Using the identity
cas(A) cas(B) = cos(A — B) + sin(A + B), (1.7)

enables us to expand the left hand side of (1.6) which results in

=

Z_ cos(kw(j —p)) + » sin(kw(j+p)). (1.8)

b
Il

bt



Let m=j—pthenme {—N+1,—-N+2,...,N — 1} and it suffices to show that

N-1 N when m =0,
cos(kwm) =

k=0 0 when m # 0.

When m = 0 the result is trivial. Consider the case when m # 0. Let

Sm — o 1eikwm =14+ eiwm + €2iwm 4.+ eiwm(N—l)
k=0
N-1
=14+ eikwm.
k=1

Multiply equation (1.10) by €™ to get

N-1
Sm(e'iwm) — ei(kJrl)wm
k=0
N
_ Z eikwm
k=1
N-1
— ezkwm + eszm‘
k=1
Subtracting (1.11) from (1.10) yields
1 — einm
Sp=—"""—"7—.
1 — pwm

(1.9)

(1.10)

(1.11)

(1.12)

We observe that S,, = 0 since the numerator is zero and the denominator is non zero.

Taking the real part of S,, proves (1.9). Furthermore it may be shown in a similar

manner that
N—1

> " sin(kw(j +p)) =0

(1.13)

[]

Applying lemma 1.1 to the right hand side of (1.5) yields N f(p). Finally from (1.5),

by replacing the index p by 7, we get the inverse DHT

FU7) = % 3 cas(kuf) F(R).
k=0

(1.14)



Chapter 2

Simpson Discrete Hartley

Transform

Applying Simpson quadrature to equation (1.1) yields

N
N

C(k) = L f(xo) cas(kxo) + f(zn) cas(kzn) + 2 Z [ (9;) cas(ka;)
3N 2
+4 . f(x241) cas(kx2j+1)]
= %[% cas(2kwy) f(27) + %l cas(kw(2j + 1)) f(25 + 1)]. (2.1)

[e=]

J=0

o,

Hence the Simpson Discrete Hartley Transform (SDHT) is defined component-wise by

HE(k) — % Z_Ol cas(2kwj) F(2)) + % %_01 cas(kw(2j + ) f(2j +1).  (2.2)
Define ] ) ]
Fik) = g%lcaS(%wj)f@j) (23)
and ) h
Fuk) = %icas(kw(Zj 1) f(2) 4 1), (2.4)

7



for k =10,1,2,..., N — 1. Using the fact that the cas function is anti-periodic in 7 it

follows from (2.4) that

Fk+5)= cas((k + L)w(2j + 1)) (25 + 1)

_ % cas(kw(2f + 1) + (2j + 1)m) f(2) + 1)

4
=3 cas(kw(2j + 1)) f(27 + 1)
= —Fi(k). (2.5)
Define F1 = [F1(0), Fi(1),..., Fi(§ — 1)]” then the vector F; is anti-periodic in .
Similarly it may be shown that the vector Fo = [Fy(0), Fo(1), ..., Fo(§—1)]7 is periodic
in

N
5 -

Equation (2.3) leads us to define a (§ x ') matrix A by

1 1 1 e 1
1 cas(2w)  cas(dw) -+ cas(Nw)

A=11 cas(dw) cas(8w) --- cas(2Nw) | - (2.6)
1 cas(Nw) cas(2Niw) - cas(SLNw)

Hence (2.3) may be written as

2
Fo = gAfO,

where fo = [f(0), f(2),..., f(N — 2)]". Equation (2.4) leads us to define a (§ x

I3



matrix B by

_ 1 1 1 e 1 _
cas(w) cas(3w) cas(bw) -+ cas((N; + 1w)
B = cas(2w) cas(bw) cas(l0w) --- cas(2(N;+ Dw) | (2.7)
_cas(%w) cas(3w) cas(Mbw) -+ cas(BL(Ny + 1)w)_

where N; = N — 2. Hence (2.4) may be written as

4
F]_ - ngla

where f; = [f(1), f(3),..., f(N — 1)]T.
Considering (2.2) for k =0,1,..., % — 1 the right hand side can be written in the form

2 4
ZAf, + —-Bfy.
gftto +5bh

Considering (2.2) for k = §, 5 4+ 1,..., N — 1 the right hand side can be written in
the form

2 4

—Afy, — -Bf

3 0 3 1,
where we have used the periodicity and anti-periodicity of Fo and F; respectively.

Finally (2.2) in block matrix vector form is represented by

5 |A 2B | [

3
A —-2B| |f;

Hf (2.8)

Since [fo f1]7 = Pf where the (N x N) permutation matrix P is defined by Pjz; = 1

and Py ;95

=1for j =0,1,..., % — 1. With this substitution in (2.8) we recover
the transformation matrix
2 |[A 2B

3

H P. (2.9)

A -2B



Taking the inner product of the j;, and py, columns of A results in

N .
N_4q N —
2 5 when j =p,

cas(2ijw) cas(2ipw) = (2.10)
0  when j # p,
where we have used a variation of lemma 1.1. Hence we conclude that \/%A is or-
thogonal. Since A is symmetric it follows that \/%A is involutory. Similarly it may
be shown that \/%B is orthogonal.

Using these properties it may be shown by multiplication that the inverse of H is given

by
3 A A
H'=_"_P7T . (2.11)
2N 1T _ipr

From (2.11) the inverse transform may be represented component-wise by

£(2)) = % 3™ cas(2huf JHE(F). (2.12)
k=0
f2j+1)= % 2 cas(kw(2j + 1))Hf (k). (2.13)

=

=0

10



Chapter 3

Properties of the SDHT

In this chapter we state and prove various properties of the SDHT.
An even signal f is defined as one for which f(—j) = f(j) whilst an odd signal is

defined as one for which f(—j) = —f(j).

3.1 Transform of an even signal

Given an even signal f then Hf(—k) = Hf (k).

Proof. Replace k by —k in equation (2.2) to obtain

N N
71 271

Hf(—k) = ; > cas(—2kw)) f(2) + % Z cas(—kw(2j + 1)) f(2j + 1) (3.1)
= ; Z cas(2kwj) f % Z cas(kw(2j — 1)) f(—27+1) (3.2)
j=—5+1 j=—5+

22 > cas(2kw)f(=2)) + 5 _Z cas(kw(2j + 1)) f(=2j —1)  (3.3)

j:*%*Fl ]_7—

vz
L
wo|z
L

[GURITEN

as(2kwj) f(27) + cas(kw(25 + 1)) f(25 + 1) (3.4)

I
=)
<
Il
=)



where we replaced j by —j from (3.1) to (3.2). From (3.2) to (3.3) we have replaced j
by j + 1 in the second summation. We notice that the arguments of both summations
in (3.3) are periodic in j of periodicity %, hence we may sum over any period of length

2 [2] resulting in (3.4). O

3.2 Transform of an odd signal

Given an odd signal f then Hf(—k) = —Hf (k).

Proof. Replace k by —k in equation (2.2) to obtain

Hf(—k) = ; cas(—2kwj) f(27) + % Z cas(—kw(2j +1))f(25 + 1) (3.5)
2 T ]ZO :
=3 Z cas(2kwj) f(—2j) + 3 Z cas(kw(2j — 1)) f(=2j+1) (3.6)
j=—5+1 j=—5+1
5 0 =
=3 Z cas(2kwj) f(—27) + 3 Z cas(kw(2j + 1)) f(—2j — 1) (3.7)
j==5+1 i==%
RN PR,
=—3 D cas(2kwj)f(2)) — 5 > cas(kw(2) + 1)) f(25 + 1) (3.8)
j=0 Jj=0
= —Hf (k)
From (3.7) to (3.8) we have used the fact that f is an odd signal. O

3.3 Time reversal
By this property it is meant that the reversal of the transformed signal is equal to the

transform of the reversed signal, that is Hf (—k) = Hfgr (k) where

fr = [£(0), F(N = 1),.... F(D]".

12



Proof. Replace k by —k in equation (2.2) to get

Hf(—k) = g 22 cas(—2kwj) f(27) + % ZZ cas(—kw(2j + 1)) f(25 + 1)
j=0 Jj=0

N

_ gzcas<_zkw<—j + AN (-5 + )

+ g ans(—kw(Q(—j + %) + 1)) f(2(=5 + %) +1),

where we have replaced j by —j + %

Equation (3.10) simplifies to

Hf(—k) cas(2kwj — kwN) f(N — 2j)

<
Il
MR

I
Wl N
e

cas(kw(2j — N — 1)) f(N —2j + 1)

+
ol i~
‘Mw\z

<
|2 ’l

Wl N

cas(2kwj — 2km) f(N — 27)

<.
Il
-

cas(kw(2j — 1) — 2km) f(N — 25 + 1)

<
Il
-

I +
[SC RN N [GCRIEN
e T2

cas(2kwj) f(—=27)

<
Il
—

cas(kw(2j — 1)) f(—=27 + 1),

<
I
—

_I_
ol i
'Mw\z

-1

cas(2kwj) f(—29)

vl

I
[GVR )
NS
il

+
o W~

cas(kw(2j + 1)) f(=25 — 1)

<.
[l
o

= Hfg (k).

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

From (3.12) to (3.13) we have used the periodicity of both f and the cas function. From

(3.13) to (3.14) we replaced j by j + 1 in the second summation.

13
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In order to proceed we require the following lemma.

Lemma 3.1. The double angle formula of the cas function is given by

cas(A+ B) = 3 [cas(A) cas(B)+cas(A) cas(—B) +cas(—A) cas(B) — cas(—A) cas(—B)].
Proof.

cas(A + B)

= cos(A+ B) +sin(A + B)

— cos(A) cos(B) + cos(A) sin(B) + sin(A) cos(B) — sin(A) sin(B)
— cos(A) cas(B) + sin(A) cas(—B)

— Llcas(A) + cas(—A)] cas(B) + L[cas(A) — cas(—A)] cas(— B)

— 1[cas(A) cas(B) + cas(A) cas(—B) + cas(— A) cas(B)

— cas(—A) cas(—B)],

where we have used cos(A4) = L[cas(A) + cas(—A)] and sin(A4) = [cas(A) — cas(—A)].

2

]

Given a sequence f define the even part fo by fe(j) = w and the odd part
fo by fo(j) = w In addition, define the vector v by v(j) = cas(kowj), j =

0,1,..., N — 1, where kg is an integer.

3.4 Frequency shift

A shift by kg of the transformed signal f is equivalent to the transformed signal v. x

f.+vr.xf, where vy is the reversal of v and .x represents element-wise multiplication.

14



Proof. From (2.2

~—

replacing k by k — kg gives

S

~1 7—1

cas((k—ko)w2j) f ans ((k—ko)w(2j+1)) f(2j+1). (3.15)
=0

HF (k—ko) =

Wl N

Applying lemma 3.1 to equation (3.15) yields

Hf (k — k)

I\D‘Z

-1
2
[§ (cas(kaj) cas(—2kowyj) + cas(2kwy) cas(2kowj)
—0

DN | —
k}

+ cas(—2kwj) cas(—2kowj) — cas(—2kwj) cas(?k:owj)ﬂ f(29)

1 4 g
5 [g Z (cas (kw(25 + 1)) cas(—kow (25 + 1))

7=0

+ cas(kw(2j + 1)) cas(kow(2j + 1))
+ cas(—kw(2j + 1)) cas(—kow(2j + 1))

— cas(—kw(2j + 1)) cas(kow(2j + 1))>]f(2j +1). (3.16)
Rearranging yields

HE (k — ko)
L

( Z cas(2kwj) cas(—2kowyj) f(27)

7=0

DN | —
[ —|

S
—

cas(kw (2] + 1)) cas(—kow (2] + 1)) f(25 + 1)) (3.17)

+
Q| >
o

j:
J-1
cas(2kwj) cas(2kowj) f(27)
0

_l’_
oz I

(

J

L W~
—

cas(kw(2j + 1)) cas(kow (27 + 1)) F(2] + 1)) (3.18)

0

<

15



ol

-1

+ <§ ' cas(—2kwj) cas(—2kowy) f(27)
+ % cas(—kw(2j + 1)) cas(—kow(2j + 1)) £ (25 + 1)) (3.19)

Il
o

J

—_

_ (; cas(—kaj) CaS(QkOWj)f(Qj)

w|2

o

<

N
Yo

+ % Y cas(—kw(2j + 1)) cas(kow (2 + 1)) f(2 + 1))} . (3.20)

J=0

Statement (3.19) can be simplified by replacing j by —j in the first term and j by

—j — 1 in the second term to give

N_q N
2 3 4 3
3 cas(2kwj)cas(Zkowj)f(—2j)+§ cas(kw(2j+1)) cas(kow(27 + 1)) f(—25 —1).
=0 =0
(3.21)
Similarly statement (3.20) simplifies to
927!
- = cas(2kwj) cas(—2kowy) f(—27)
3 =
N 4
4 2
—3 cas(kw(2j + 1)) cas(—kow(25 + 1)) f(—25 — 1). (3.22)
=0
We can combine (3.18) and (3.21) to yield
U]
2 3 27 -2
z cas(2kwj) cas(2kowy) [f( )+ ‘7)}
3 “ 2
7=0
U |
4} . _ 2+ 1)+ f(=25 -1
+ Z cas(kw(2j + 1)) cas(kow(2j + 1)) [f( JH+ (=2 )] (3.23)
3 = 2
In a similar manner we can combine (3.17) and (3.22) to get
J-1
2 27) — f(—=23
= cas(2kwj) cas(—2kowj) [f( )= j)]
3 = 2
J-1
4 27+1)—f(—27—-1
+ 3 cas(kw(2j + 1)) cas(—kow(2j + 1)) [f( j+1) Zf( j=1 : (3.24)

16



With this simplification (3.15) reduces to
Hf(k — ko) = Hv. x fo] + H[vgr. * £,]

= Hv. xfo + vg. x f,]. (3.25)

3.5 Duality

By this we mean the effect of H? on f. From (2.2) we obtain the even components

H?f(2k)
J-1 J-1
2 : N4 : :
=3 cas(4kwy)HE(25) + 3 Z cas(2kw(25 + 1))HE (25 + 1) (3.26)
j=0 Jj=0
. . =
=3 cas(4kwj) [g Z cas(4jwp) f(2p) + 3 Z cas(2jw(2p+ 1)) f(2p + 1)]
7=0 p=0 p=0
4 81 5 81
+ 3 cas(2kw(2j + 1)) [5 cas(2wp(2j + 1)) f(2p)
7=0 p=0
132
+3 2 cas(w(2j + 1)/ (2p + 1))} (3.27)
p=0
4 J-14-1
=3 cas(4kwy) cas(4jwp) f(2p) (3.28)
p=0 7=0
J14-1
8
+ 9 cas(4dkwj) cas(2wj(2p+ 1)) f(2p + 1) (3.29)
p=0 5=0
18-
8
+ 9 cas(2kw(2j + 1)) cas(2pw(2j + 1)) f(2p) (3.30)
p=0 35=0
J-14-1
16
+ 9 cas(2kw(2j + 1)) cas(w(2p+1)(2j + 1)) f(2p + 1) (3.31)
p=0 j=

Statement (3.28) simplifies to
J-1
2

w2
_

N N
- ¥ 18

O W~

cos(dwj(k —p))f(2p) + sin(dwp(k + p)) f(2p). (3.32)

3
I
=)
<
I
)
3
I
<)
<
Il
=)



It may be proved as in (1.13) that the second term in (3.32) is zero. There is con-
tribution from the first term in (3.32) only when p = k. Hence (3.32) simplifies to
2N f(2k).

Similarly (3.29) reduces to

g 5" cos(uj(2k — 2 — 1) (2p-+1) + g > sin(20j(2h + 2p-+ 1) £ (20 + 1),

(3.33)
Once again the second summation in (3.33) can be shown to be zero. It must be
observed that 2k — 2p — 1 is non zero. There is contribution from the first term only
when 2k — 2p — 1 = §. Hence (3.33) simplifies to 5N f(2k + &). Similarly (3.30)
simplifies to §N f(2k) and (3.31) simplifies to —3N f(2k + %).

In summary we combine all four terms to get the duality property for the even com-

ponents, namely

H2f(2%k) = ng(Zk) + ng(Qk + 4+ ng(Qk) - ng(Qk +

= ng(Qk) - %Nf(Qk + 4. (3.34)

The odd components for the duality property is done in a similar manner to yield

H?f(2k + 1)
4 J14-1
=5 cas(2jw(2k + 1)) cas(4jwp) f (2p) (3.35)
p=0 j=0
g J-14-1
+ 9 cas(2wj(2k + 1)) cas(2wj(2p + 1)) f(2p + 1) (3.36)
p=0 3j=0
g 18
+ 9 cas(w(2j + 1)(2k + 1)) cas(2wp(2j + 1)) f(2p) (3.37)
p=0 ;=0

18



cas(w(2j + 1)(2k + 1)) cas(w(2j + 1)(2p + 1))
X f(2p+1). (3.38)

Statements (3.35)-(3.38) evaluate to 2N f(2k+1+45), N f(2k+1), =N f(2k+1+5)
and SN f(2k + 1) respectively.
In summary we combine all four terms to get the duality property for the odd compo-

nents, namely

H?f(2k + 1)
2 vy 4 4 Ny 8

— ng(2k+1) — ng(2k+1+%). (3.39)

Let f and g be vectors of period N. The circular convolution z = f ® g is defined

component-wise by

—_

2(7) =) f(m)g(i —m), (3.40)

=0

forj=0,1,...,N — 1.

3.6 Convolution in the real domain

We derive an expression for the transform of the convolution f ® g.

N_4q N_q
2 2 4 3
Hz(k) = 3 cas(2kwj)z(25) + 3 cas(kw(2j +1))z(25 + 1), (3.41)
7=0 7=0

19



where

2(27) = 22 f(2m)g(25 —2m) + \ f@2m+1)g(25 —2m — 1), (3.42)
2(2j+1) = 22 f2m)g(2j +1—2m) + 2 f@2m+1)g((27 +1) — (2m +1)).

=0

3
<|:
3

(3.43)

Upon substitution of (3.42) and (3.43) into (3.41), we get

Hz(k)
— § Jj: cas(2kwj)z(27) + % fzglcas(kw@j +1))2(25 + 1)

_ § NO cas(2kw)) [:; F(2m)g(2j — 2m) + :;f (2m -+ 1)g(2j — 2m — 1)]

+ % ?01 cas(kw(2j + 1)) [ZZ;: f(2m)g(2j +1—2m)

+ iZ:f(Qm +1)g((2) +1) — (2m + 1))] (3.44)
- §[ mz cas(2kw;) f (2m)g(2(j —m)) (3.45)
+ 1%01 f;jcaS(%wj)f(?m +1)g(2(j —m) — 1)] (3.46)
+ % [t :01 cas(kw(2j + 1)) f(2m)g(2(j — m) + 1) (3.47)
i g: :;01 cas(kw(2j + 1)) f(2m + 1)g(2(j — m))]- (3.48)

20



Statement (3.45) simplifies to

——1 mf—l
Z Z cas(2kw(l +m)) f(2m)g(20)
l=—m m=0
) J14-1
=3 [cas(Zk:wl) cas(2kwm) + cas(2kwl) cas(—2kwm) + cas(—2kwl) cas(2kwm)
=0 m=0
— cas(—2kwl) cas(—kam)] f(2m)g(20). (3.49)

The reindexing of the argument of g allows the double summation to be written as

products of single summations giving

N_4q N_4q
1 2 2
= [ cas(2kwm) f(2m) Z cas(2kwl)g(21) (3.50)
3 m=0 1=0
+ cas(—2kwm) f(2m) cas(2kwl)g(20) (3.51)
m=0 =0
J-1 81
+ > cas(2kwm) f(2m) Y _ cas(—2kwl)g(21) (3.52)
m=0 =0
J-1 J-1
- cas(—2kwm) f(2m) cas(—kal)g(Ql)] . (3.53)
m=0 1=0

Statement (3.46) simplifies to

; Z cas(2kw(l +m+1))f(2m + 1)g(2l + 1)

— % [cas(kw(?m + 1)) cas(kw(2l + 1)) + cas(kw(2m + 1)) cas(—kw(20 + 1))

+ cas(—kw(2m + 1)) cas(kw(2l + 1)) — cas(—kw(2m + 1)) cas(kw(2l + 1))

x f(2m + 1)g(2l + 1) (3.54)
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The reindexing of the argument of g once again allows the double summation to be

written as products of single summations giving

%[223 cas(kw(2m + 1)) f(2m + 1) 5 cas(kw(20 4+ 1))g(20 4+ 1) (3.55)

+ 5 cas(kw(2m + 1)) f(2m + 1) 22_: cas(—kw(20 +1))g(20 + 1) (3.56)

+ 22: cas(—kw(2m + 1)) f(2m + 1) 22: cas(kw(2l 4+ 1))g(20 + 1) (3.57)
m=0 =0

— 5 cas(—kw(2m + 1)) f(2m + 1) 5 cas(—kw(20+1))g(20 + 1) |. (3.58)
m=0 =0

It should be noted that (3.47) and (3.48) can be simplified in a similar manner to

obtain
; [:: cas(2kwm) f (2m) {:Vzolcas(k:w@l +1))g(20 + 1) (3.59)
4 Ni cas(2kwm) f(2m) NZ_I cas(—kw (2l + 1))g(20 + 1) (3.60)
4 Ni:l cas(—2kwm) f(2m) Nz::l cas(kw(2l + 1))g(20 + 1) (3.61)
_ gZ:CaS(Qk;wm) f(2m) NZ_I cas(—kw(2l +1))g (2l + 1)] (3.62)
and - B
% [:2;: cas(kw(2m + 1)) f(2m + 1) sz:cas(%wl)g(%) (3.63)
+ Nz:l cas(kw(2m + 1)) f(2m + 1) NZ_l cas(—2kwl)g(21) (3.64)
+ NZ_I cas(—kw(2m + 1)) f(2m + 1) NZ_I cas(2kwl)g(20) (3.65)
- gz:cas(k’w@m +1)f(2m+1) Jj,z:olcas(Qk:wl)g(Ql) . (3.66)
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For any signal x we make the following observation

w2

N
—1 N1

2 4
Hx (k) = 3 cas(2kwj)x(27) + 3 Z cas(kw(2j + 1))z (25 + 1),
j=0 j=0
N_q N_q
2 3 4 3
Hx(k+Y) = 3 > cas(2kw))a(2)) — 5 > cas(kw(2) + 1))z(2) +1).
7=0 7=0

By adding (3.67) to (3.68) we obtain the result

81
cas(2kwj)x(27) = %Hx(k) + ZHX(k + %)
=0
Similarly it may be shown that
N1
> cas(hw(2j + 1))x(2j + 1) = ng(k) — nguf + 2,
=0
L 3 3
Z cas(—2kwj)z(27) = ZHX(—k‘) + ZHX(—]g — %),
=0
= 3 3
cas(—kw(2j +1))2(2j +1) = SHx(~k) — SHx(—k — oy,

<.
o

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)

(3.72)

By using the results in (3.69)-(3.72) in (3.50)-(3.53), (3.55)-(3.58), (3.59)-(3.62) and

(3.63)-(3.66) we arrive at

Hz(k)

- 2—3 [Hf(k)Hg(k) + Hf (k) Hg(—k) + Hf(—k)Hg (k) — Hf (—k)Hg(—k)
64
~HE(—k— §)Hg(—k 3] + - [HEHg(h + §) + HE()Hg(—k 5
+Hf(—k)Hg(k + &) — Hf (~k)Hg(—k — &) + Hf (k + §)Hg(k)

+Hf(k + §)Hg(—k) + Hf (—k — §)Hg(k) — Hf (—k — §)Hg(—k)|.

23

. [Hf(k; + S Hg(k + &) + HE(k + §)Hg(—k — §) + Hf (—k — J)Hg(k + §)

(3.73)



Define vectors S and T as follows

S = Hf. x Hg + Hf. x Hggr + Hfr. « Hg — Hfg. x HgRr, (3.74)
T = Hf «Hgn + Hf. x Hgn  + Hfp. « Hgn — Hfg. x Hgn (3.75)
2 2 2 2

where Hgg represents the reversal of Hg, Hgn represents Hg shifted by % and Hgn R
2 2
represents the reversal of Hgn. A similar explanation applies to f. Finally we can
2

express equation (3.73) in the form

39 9
Hf®g) = —S - —Sny2) +

9
oA o4 (T + T(N/g)). (3.76)

64

We now prove the following lemma.

Lemma 3.2.

cas(C) cas(A — B) = CaSQ(A) [cas(C' — B) + cas(C + B)]
+ cas(2—A) [cas(—C — B) — cas(—C + B)].

Proof.

cas(C) cas(A — B) = cas(C) [sin(A — B) + cos(A — B)]
sin(A) (sin(B) + cos(B)) + cos(A)(cos(B) — sin(B))}

cas( [
= cas( [sm cas(B) + cos(A) cas(—B)]

= %cas(C) cas(B) [C&S(A) — Cas(_A)}

+ % cas(C') cas(—B) [cas(A) + cas(—A)]
= %cas(C’) cas(B) cas(A) — %cas(C) cas(B) cas(—A)
+ % cas(C) cas(—B) cas(A) + %cas(C’) cas(—B) cas(—A)

— cas(A) [ ) cas(B) + cas(C) cas(—B)]
)

2
( A

[cas( ) cas(—B) — cas(C) cas(B)]. (3.77)
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In order to simplify the terms in (3.77) we use the following identities.

cas(C+ B) = = [C&S(C) cas(B) + cas(C) cas(—B) + cas(—C) cas(B)
— cas(—C) cas(—B)}

(3.78)
cas(C' — B) = L [cas(C) cas(—B) + cas(C') cas(B) + cas(—C') cas(—B)

— cas(—C) cas(B)}

(3.79)
cas(—C' + B) = = [cas(—C) cas(B) + cas(—C') cas(—B) + cas(C') cas(B)
— cas(C) cas(—B)}

cas(—C — B) = L

(3.80)
[cas(—C) cas(—B) + cas(—C) cas(B) + cas(C) cas(—B)

— cas(C) cas(B)].

Adding (3.78) and (3.79) gives

(3.81)
cas(C) cas(B) + cas(C) cas(—B) = cas(C + B) + cas(C — B). (3.82)
Subtracting (3.80) from (3.81) gives
cas(C') cas(—B) — cas(C) cas(B) = cas(—C — B) — cas(—C + B). (3.83)
With this substitution in (3.77) we complete the proof. ]

3.7 Convolution in the frequency domain

We derive an expression for Hf ® Hg. This is also known as the product theorem

F

(Hf © Hg)(j)

Hf (m)Hg(j —m)

S ﬁ
o

|
—

N
N

3

=0

m=0

Hf (2m)Hg(j — 2m) + Y HE(2m + 1)Hg(j — 2m — 1). (3.84)
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We now simplify the first summation in (3.84). This reads

S

-1

i
vz ©

| — |

Wl
WMN\Z 3
o

S

ol
3

Hf(2m)Hg(j — 2m)

I
_ o

w2

©| oo
vl sMw\z
L

QEIﬂOO

I
-~ o

3
vz |
| (=]

ol

3

Il

o

hS]

—

ol

N ﬁ

=
Il

H
N

Il
| o
—

/N
| —

—
w2

Wl N

vl

S

L
vz

(]

3

vzl

| (@)
—

[en]

—
vz

[e=]

I
o

H
S

(]

~

(]

~

I
—

I
o

|
—

o

cas(4mwp) f(2p) + %

|
—

o~
Il

|
—

N
Il
=)

cas(2mw(2p + 1)) cas(w(j — 2m) (2L + 1)) f(2p + 1)g(2l + 1).

[e=]

cas(2lw(j — 2m))g(21) +

-1

cas(2mw(2p+ 1)) f(2p + 1)} X

p=0
-1

vl

N
2

ol i

cas(w(j — 2m) (20 + 1))g(21 + 1)})

[en]

cas(dmwp) cas(2lw(j — 2m)) f(2p)g(20)+

cas(dmwp) cas(w(j — 2m) (21 + 1)) f(2p)g(2l + 1)+

cas(2mw(2p + 1)) cas(2lw(j — 2m)) f(2p + 1)g(201)+

Using lemma 3.2, (3.85) simplifies to

O =~
vz

3
g
S

+ +
NIl )

Nl W)

Nel i\

L
vz

[e=]

H
vl

o~

[y

Il
o

o
®
n
—
|
[\
<
&
=~

Nl )

=N

N4

(]

SR

Il
Lol (e
N

(]
(]

vz 3

Il
-~ o
SIS

(]
(]

vz 3

3

[l
- o
[z

o
3

L
vz

I
o

L
vz

|
—

3
I

S

o

L
w2

o

L
vl

[e=]

~—

~

o~

~

o~

(

[cas(—4mwp — 4mwl) — cas(—4mwp + 4mwl)] ) f(2p)g(20)

cas(2jwl)

|
—

I
=)

[e=]

|
—

|
Lo

o

[cas(4mwp + 4mwl) + cas(dmwp — 4mwl)]

cas(2jwl) cas(dmw(p + 1)) f(2p)g(2])

cas(2jwl) cas(dmw(p — 1)) f(2p)g(21)

cas(—2jwl) cas(—4mw(p + 1)) f(2p)g(21)

cas(—2jwl) cas(—4dmw(l — p)) f(2p)g(21).
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(3.90)
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The summations in (3.90) may be further simplified as follows.

g cas(2jwl) cas(4mw(p + 1)) f(2p)g(21) (3.94)
= g ZO cas((N — 2p)wj) f(2p)g(N — 2p) ; cas(4mm) (3.95)
= T3 cas(~2m0)) F(2p)g(~2p). (3.96)

We have used the fact that the only contribution to the summation in (3.94) occurs
forp+1= %, the periodicity N of g and the periodicity 27 of the cas function. The

summations in (3.91) may be further simplified as follows.

N 18
; cas(2jwl) cas(dmw(p — 1)) f(2p)g(20) (3.97)
=0 p=0 m=0
g i =
= 5 D cas(2jwp)f(2p)g(2p) ) _ 1 (3.98)
p=0 m=0
N
=5 2 cas(2jwp)f(2p)g(2p). (3.99)
p=0

We have used the fact that the only contribution to the summation in (3.97) occurs

for p = [. The summations in (3.92) may be further simplified as follows.

g cas(—2jwl) cas(—4mw(p +1)) f(2p)g(2!) (3.100)
- g :;0 cas((2p — N)wj) f(2p)g(N — 2p) ; cas(—4mm) (3.101)
= VS cas(omi) F2r)a(~2). 3.102)
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We have used the fact that the only contribution occurs for p+1 = % The summations

in (3.93) may be further simplified as follows.

N_q N_1N_4
2 2 2 2
3 cas(—2jwl) cas(—4mw(l — p)) f(2p)g(20) (3.103)
=0 p=0 m=0
5 J-1 J-1
=5 2 cas(=2jwp) f(2p)9(2p) ) 1 (3.104)
p=0 m=0
21
N .
=g 2_ cas(=2jwp)f(2p)g(2p). (3.105)
p=0

We have used the fact that the only contribution to the summation occurs for p = [.

Using lemma 3.2, (3.86) simplifies to

w2

-1

w2

-1

N4

2 <cas(wj(2l +1))
2

©| co

[cas(4mwp + 2wm(20 + 1))

o

=

3
=}

cas(—wj(2l + 1)) "
2

+ cas(4mwp — 2wm(2l + 1))] +

[cas(—4mwp — 2wm(2l + 1)) — cas(—4mwp + 2wm(2l + 1))]>f(2p)g(2l +1) (3.106)

4
=5 cas(wj (2l 4+ 1)) cas(dmwp + 2wm(20 + 1)) f(2p)g(21 + 1)  (3.107)
m=0 p=0 1=0
4 J-18-185-1
+ 9 Z Z cas(wj(2l + 1)) cas(dmwp — 2wm (20 + 1)) f(2p)g(20l + 1)  (3.108)
m=0 p=0 [=0
4 |
+ 3 cas(—wj (2l 4+ 1)) cas(—4mwp — 2wm(2l + 1)) f(2p)
m=0 p=0 [=0
x g(20 + 1) (3.100)
4 N a1d-18-1
-3 cas(—wj(2l 4+ 1)) cas(—4dmwp + 2wm(2l + 1)) f(2p)

x g(21 + 1). (3.110)
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The summations in (3.107) may be further simplified as follows.

g ; cas(wj(2l + 1)) pg_o mz;o cas(2wm(2p + 21 + 1)) f(2p)g (2 + 1) (3.111)
= g 2 cas((5 — 2p)wj)f(2p)9(5 — 2p) Z cas(2mm) (3.112)
= % (—1)7 cas(—2pwj) f(2p)g(5 — 2p). (3.113)

We have used the fact that the only contribution to the summation occurs for 2p+ 27+

1 e {§,28}. Now 2L is equivalent to & due to periodicity N. Therefore it suffices

to consider only 2p + 21 + 1 = £'. Hence cas((§ — 2p)wj) = (—1)’ cas(—2pwj). The

summations in (3.108) may be further simplified as follows.

X1 J 181
g 3 cas(wj (20 + 1)) ,; 7;0 cas(2wm(2p — 21 — 1)) f(2p)g(20 + 1) (3.114)
4= =
=3 0 cas((2p + S)wj) f(2p)g(2p + &) ) cas(2mm) (3.115)
p= m=
N_1
2N . j , N
=g 2_ (=1 cas(2pw)) f(2p)g(2p + 7). (3.116)

[en]

3

We used the fact that the only contribution to the summation occurs for 2p—21—1 = %

and the fact that cas((2p + J)wj) = (1)’ cas(2pwj). The summations in statement

(3.109) may be further simplified as follows.

w‘z

N N
1 N 141

g cas(—wj (20 +1)) Y Y cas(—2mw(2p + 21 + 1)) f(2p)g(2L + 1) (3.117)

=0 p=0 m=0
51 X1
= g 3 cas(— (& — 2p)wj) f(2p)g(5 — 2p) Z_O cas(—2mm) (3.118)
oN 2
= 2 (=1 cas(2pw)) f(2p)g (5 — 2p)- (3.119)

=0

S

We used the fact that the only contribution in the summation occurs for 2p+ 2l + 1 €

%, % which is equivalent to 2p+ 2l +1 = % The summations in statement (3.110)
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may be further simplified as follows.

N_q N_1N_q
4 2 2 2
5 > cas(—wj(20 + 1)) cas(2wm(—2p + 21+ 1)) f(2p)g(2l +1)  (3.120)
=0 p=0 m=0
J-1 J-1
= cas((5 + 2p)wj) f(2p)g(2p + & Z cas(2mm) (3.121)
1=0
U |
2N | i , N
=~ 2_ (=) cas(=2pwj) f(2p)g(2p + 3)- (3.122)
p=0

We used the fact that the only contribution in the summation occurs for —2p+2[+1 =

N
5 -

Using lemma 3.2, (3.87) simplifies to

—-15-15-1

<cas(2jwl) [

w|z
w|z
w2

cas(2mw(2p + 1) + 4wm)

©| oo

3

=0 p=0 =0

cas(—2jwl)
2

—omw(2p + 1) + 4lwm)]> F(2p + 1)g(2D) (3.123)

+ cas(2mw(2p + 1) — 4lwm)] + [cas(—2mw(2p + 1) — 4lwm)

/\

— cas

N4
I

H
vz
L
vz
L

SIS

cas(2jwl) cas(2mw(2p + 1) + 4lwm) f(2p + 1)g(21) (3.124)

Ll

Il
- O
—
I
o

SR
NS
|z
L

‘Flﬂ%
(]

cas(2jwl) cas(2mw(2p + 1) — 4lwm) f(2p + 1)g(21) (3.125)

Il
o

Il
- o
3
I
=)
—

vz 3

+
NN TN
(]

w2
L
|z
L

cas(—2jwl) cas(—2mw(2p + 1) — 4lwm) f(2p + 1)g(2]) (3.126)

vz 3
I
o[z ’ﬁ
Lo
SERES
| Il
Lo

O >

cas(—2jwl) cas(—2mw(2p + 1) + dwm) f(2p + 1)g(20).  (3.127)

3
o
bS]
o
T

The summations in (3.124) may be further simplified as follows.

N_ N_ 1N _4
4 2 2 2
5 Z cas(2jwl) cas(2mw(2p + 21+ 1)) f(2p + 1)g(21) (3.128)
=0 p=0 m=0
4= =
=3 cas((¥ —2p — Dwj) f(2p+ 1)g(§ —2p— 1) cas(2mm) (3.129)
p=0 m=0
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M\Z

-1
2N

= 3 (W eas(—wjp+ ) fp+ g~ 2 - 1) (3.130)

=

We have used the fact that the only contribution in the summation essentially occurs

when 2p+2[+1 = % The summations in (3.125) may be further simplified as follows.

4 81 J-14-1

B as(2jwl) cas(2mw(2p — 20+ 1)) f(2p + 1)g(21) (3.131)
=0 p=0 m=0
4 J-1 81

= cas((X +2p+ Dwj) f(2p+ 1)g(5 +2p+ 1) cas(2mm) (3.132)

p=0 m=0

oN L

-5 (—1) cas(jw(2p+ 1)) f(2p + D)g(§ +2p + 1). (3.133)

=0

3

We have used the fact that the only contribution in the summation occurs when 2p —
20+1 = % and periodicity 27 of the cas function. The summations in (3.126) may be

further simplified as follows.

N
7_1 ¥ 141

= Z cas(—2jwl) Z Z cas(—2mw(2p + 21+ 1)) f(2p + 1)g(21) (3.134)
p=0 m=0
= g cas((X +2p+ Dwj) f(2p+ 1)g(5F —2p— 1) cas(—2mm) (3.135)
p=0 m=0
QN% 1 j . N
= ? (=1) cas(jw(2p + 1)) f(2p + 1)g(5 — 2p — 1). (3.136)

=0

We have used the fact that the only contribution in the summation essentially occurs
when 2p + 2/ + 1 = % and periodicity 27 of the cas function. The summations in

(3.127) may be further simplified as follows.

7_1 F-14-1

- Z cas(—2jwl) Z Z cas(2mw(—2p+ 20 — 1)) f(2p + 1)g(20) (3.137)
p=0 m=0
4 %—1 81
=5 cas((§ —2p — Dwj) f(2p + Dg(§ +2p+1) ) _ cas(2mm) (3.138)
p=0 m=0
oN I . N
=g (=1) cas(—jw(2p+ 1)) f(2p + 1)g(5 +2p + 1). (3.139)
p=0
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We have used the fact that the only contribution in the summation occurs when —2p +
_ N
20-1= 3.

Using lemma 3.2, (3.88) simplifies to

N N N 4

16 == < X (20 +1

E) (Cas(w](g ) feas(2mio(2p + 1) + 2mes(21 + 1)
m=0 p=0 [=0

cas(—wj(2l 4+ 1)) 8

+ cas(2mw(2p + 1) — 2mw (2l + 1>>] + 2

[cas(—2mw(2p + 1) — 2mw(2l + 1)) — cas(—2mw(2p + 1) + 2mw (2l + 1))})

X f(2p+1)g(20 +1) (3.140)
g 14181
=3 cas(wj(2l + 1)) cas(2mw(2p + 1) + 2mw (20 + 1)) f(2p + 1)
m=0 p=0 I=0
x g(2l+1) (3.141)
g J-14-15-1
+ 9 cas(wj(20 + 1)) cas(2mw(2p + 1) — 2mw (20 + 1)) f(2p + 1)
m=0 p=0 [=0
x g(2l+1) (3.142)
N 1N _ 1N 4
8 2 2 2
+ 9 cas(—wj(2l 4+ 1)) cas(—2mw(2p + 1) — 2mw(2l + 1)) f(2p + 1)

x g(20 +1) (3.143)
— g cas(—wj(2l 4+ 1)) cas(—2mw(2p + 1) + 2mw(2l + 1)) f(2p + 1)

x g(20 +1). (3.144)
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The summations in statement (3.141) may be further simplified as follows.

J-1 J-14-1
g cas(wj(2l 4+ 1)) cas(dmw(p+1+1))f(2p+1)g(2l + 1) (3.145)
=0 p=0 m=0
8 .
=3 cas((N —2p — Dwj) f(2p+ 1)g(—2p — 1) Z cas(4mm) (3.146)
p=0 m=0
AN T2
=5 cas(—wj(2p+ 1)) f(2p+ 1)g(—2p — 1). (3.147)
=0

=

We used the fact that the only contribution to the summation occurs for p+1+1 = %

The summations in statement (3.142) may be further simplified as follows.

N_4q N_1N_q
8 2 2 2
9 cas(wj(2l + 1)) cas(dmw(p — 1)) f(2p+ 1)g(20 + 1) (3.148)
=0 p=0 m=0
g J-1 -1
=3 cas((2p+ Dwyj) f(2p+ 1)g(20 + 1) 1 (3.149)
p:[) m=0
N
=9 cas(wj(2p+ 1)) f(2p+ 1)g(2p + 1). (3.150)
p=0

We used the fact that the only contribution to the summation occurs for p = [. The

summations in statement (3.143) may be further simplified as follows.

N_q N_1N_4
8 2 2 2
3 cas(—wj(20 4+ 1)) cas(—dmw(p+1+1))f(2p+1)g(2l+1) (3.151)
1=0 p=0 m=0
g i —
=5 cas((N +2p+ Dwj) f(2p+ 1)g(—2p — 1) cas(—4mm) (3.152)
p=0 m=0
N1
4N ]
=3 cas(wj(2p+ 1)) f(2p + 1)g(—2p — 1). (3.153)
p=0

We used the fact that the only contribution to the summation occurs for p+1+1 = %
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The summations in statement (3.144) may be further simplified as follows.

N_q N_ 1N _4
8 2 2 2
9 as(—wj(2l + 1)) cas(dmw(l —p)) f(2p+ 1)g(2 + 1) (3.154)
=0 p=0 m=0
g il =
al cas(—wj(2p+ 1)) f(2p+ 1)g(2p + 1) 1 (3.155)
p=0 m=0
N_y
4N 3 ,
=5 cas(—wj(2p+ 1)) f(2p+ Dg(2p + 1). (3.156)
p=0

We used the fact that the only contribution to the summation occurs for p = [.

Combining (3.96), (3.99), (3.102) and (3.105) statement (3.85) simplifies to

NS cast2poi) r(2n)g(2m) + j{j cas(2pj) F(2p)g(—2p)
p=0 p=0

+ ) cas(—2pwj) f(2p)g(—2p) — ) cas(—2pwj)f(2p)g(2p)|. (3.157)
p=0 =0

3

Combining (3.113), (3.116), (3.119) and (3.122), statement (3.86) simplifies to

N 1

%[2 (—1) cas(—2pwj) f(2p)g(5 — 2p) + 2 (—1)7 cas(2pwj) f(2p)g(2p + )
+ (—1)7 cas(2pwj) f(2p)g(5 — 2p) — 2 (—1)7 cas(—2pwj) f(2p)g(2p + 5) |-

i

=)
3

I
o

(3.158)

Combining (3.130), (3.133), (3.136) and (3.139), statement (3.87) simplifies to
J-1
D (1 cas(—wip + ) f(2p + Vg(¥ —2p - 1)

=0

hS]

S
—

+ (—1) cas(jw(2p + 1)) f(2p + l)g(% +2p+1)

hS]
—

+ > (1) cas(jw(2p+ 1)) f(2p+ 1)g(5 —2p — 1)

N4

3

N4
_

— Y (=1Y cas(—jw(2p+ 1)) f(2p+ )g(§ +2p + 1)|. (3.159)

3
I
=)
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Combining (3.147), (3.150), (3.153) and (3.156), statement (3.88) simplifies to

N1

4N 7}

- [; cas(—wj(2p+1))f(2p + 1)g(—2p — 1)

i I;Z_Olcas(wj@p +1)f(2p+ 1)g(2p+1)

+ 1;01 cas(wj(2p + 1)) f(2p + 1)g(—2p — 1)

_ ];Z:Cas(wj@p—i- D)2+ Dg(2p+1)]. (3.160)

By a similar analysis the second summation in (3.84) simplifies to the following four

cas(2wp(2m + 1)) cas(2wl(j — 2m — 1)) f(2p)g(2l)

= %[ cas(2pwj) f(2p)g(2p) + Z cas(2pwj) f(2p)g(—2p)
+ 3 cas(2pa) g —20) — 3 cos(—2pa)fpa(n)]. (3161)

cas(2pw(2m + 1)) cas(w(2l + 1)(j —2m — 1)) f(2p)g(20 + 1)

vl
—

—7[ (—1) cas(—2pwyj) f(2p)g(5F — 2p) + > (1) cas(2pwj) f(2p)g(2p + )

i~
o

m‘z
L
w2

+ > (—1) cas(2pwyi) f(2p)g(5 — 2p) — Y (—1)7 cas(—2pwj) f(2p)g(2p + %)]

3
o

(3.162)



+ ) (1Y cas(jw(2p+ 1)) f(2p+ Dg(§ —2p — 1)

= 3 (1) cas(—jew(2p+ 1) f(2p + (¥ +2p+ 1)]. (3.163)

+ > cas(wji(2p+1))f(2p+1)g(—=2p—1)

i
=)

N4
L

- cas(—wj(2p+1))f(2p+ 1)g(2p+ 1)|. (3.164)

3
o

An interesting observation is that (3.158) is the negative of (3.162) as well as (3.159) is
the negative of (3.163) whilst (3.157) and (3.160) are duplicates of (3.161) and (3.164)

respectively. Hence equation (3.84) simplifies to

N N
71 271

(HE @ Hg) () = 20| Y cas(2po)) f(20)a(2p) + Y cas(2moi) 1 (20)o(~20)

p=0
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vl
L
vl

+ > cas(—2pwj) f(2p)g(—2p) — ) cas(—2pwj)f(2p)g(2p)

3

I
=)

3
)

+ — [ cas(wj(2p+1))f(2p+ 1)g(2p + 1)

+ ) cas(wi(2p+ 1) f(2p + 1)g(=2p — 1)

p=0

N
N

+ Y cas(—wj(2p+ 1)) f(2p + 1)g(—2p — 1)

p=0

N
L]

— 3" cas(—wi(2p+ 1)) f(2p + 1)g(2p + 1)]. (3.165)

We wish to express equation (3.165) in terms of the transform and this requires some

manipulation to yield

(Hf ® Hg)(j)
N2 il , g 2! .
= 5|5 D cas(2pi) f(2p)g(2p) + 5 Y cas(wi(2p + 1)f(2p + 1)g(2p + 1)
p=0 p=0
52 g2
+g 2 cas(Zpwy) f(2p)g(=2p) + 5 ) cas(wi(Zp+1))f(2p + 1)g(=2p — 1)
p=0 p=0
52 g2
+5 2 cas(2pwj) f(=2p)g(2p) + 5 > cas(wi(2p+ 1)) f(=2p — 1)g(2p+ 1)
p=0 p=0
41 51

DO
S
+
L W~

cas(2pw;) f (~2p)g(— cas(wj(2p + 1)) f(~2p — )g(~2p — 1)|

GV )

3
o

i
o

N
L]

[ cas(wj(2p+ 1)) f(2p + 1)g(2p + 1)

p=

+
o
°| £

NP4
_

_|_

cas(wj(2p + 1)) f(2p + 1)g(—2p — 1)

[e=]

3

w2
—

+ ) cas(wj(2p+1))f(—2p—1)g(2p + 1)

3
o
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vl

— D cas(wi(Zp+1))f(=2p—1)g(=2p— 1)

= 5[ )() + F(E * g0) () + HilE. +)()) — H(En, * 2r)())
+ % [ 2 cas(wj(2p+1))f(2p+ 1)g(2p + 1)

[e=]

3

T ZZ cas(wj(2p + 1)) f(2p + 1)g(—2p — 1)

N
N

+ > cas(wi(2p+1))f(=2p — Dg(2p + 1)

ol ﬁ
o

-1

- Z cas(wj(2p + 1)) f(—2p — 1)g(—2p — 1)|. (3.166)

=0

=

It should be noted that the reason we have arrived at a reversal of signals is simply
due to the fact that we have replaced p by —p in order to introduce the transform.
The remaining summations in (3.166) may be written in terms of the transform by

employing (3.69) and (3.70) to obtain

N
N

Z cas(wj(2p+1))f(2p+1)g(2p+1) = g [H(f *g)(j)—H(f. xg)(j+ %)} . (3.167)

p=0

cas(wj(2p + 1)) (2p -+ g(~2p — 1) = 2 [H(F. x gr) () ~ H(F. +gr) (G + 3)].

(3.168)
J1

3 cas(wj 2+ 1) F(~20-1)g(2p+1) = 2 [Hlf ) (j) ~Hln g)(j+ )] (3.169)

p=0

-1

m‘z

cas(wj(2p+ 1)) f(=2p—1)g(-2p—1) = 2 [H<fR‘ *gr)(j) — H(fr- xgr)(J + %)} .

3

(3.170)

We now define a vector S by

S=fxg+fxgr+fr.xg—fr.*gr (3.171)
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thus allowing us to write the final form of equation (3.84) as

N (ms - %S(N/z)). (3.172)

(Hf ® Hg) = 5

The circular cross correlation r = f x g is defined component-wise by

Z Fm)g(j +m) (3.173)

The cross correlation property bares striking similarities to that of the convolution
property. As such we will not consider the detailed derivation for this property, rather
we will use an alternative approach to arrive at the final result.

Component-wise the effect of the transpose on a signal can be obtained from (2.9) and

is given by [15]

9 N—-1
Hf(2k) = 3 2 cas(Zkw)) f(5)
=0
, 3 i
=5 > cas(4hwj) f Z s(2kw(2i + 1) f(25 +1)  (3.174)
=0 =0
and
4 N-1
H(2k+1) = 2 ) cas((2k + 1)wy) f(j)
j=0
A Ny 4 31
=5 > cas((2k + Dw2)) f(2)) + 5 > cas((2k + Dw(2) + 1)) £(2) + 1).
j=0 Jj=0

(3.175)

We see that the index 2k + & is odd, hence from (3.175) it follows that

vl

-1

vlz

-1

cas(4kwj) f(27) — % cas(2kw(2j + 1)) f(25 +1). (3.176)

i=0 7=0

Hf(2k+ %) =

ol

<

We see that the index 2k + % + 1 is even, hence from (3.174) it follows that

N

\2
L

HTf(2k+14 ) —; cas((2k+1)w2j) f § j ((2k+1)w(2j+1)) f(2)+1).
=0 =0
(3.177)
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From (2.2) and (3.174) it follows that

m‘z

Hf(2k) = HTf(2k) + - cas(2kw (25 + 1)) f(25 + 1) (3.178)

J=0

[GLRN )

From (3.174) and (3.176) it can be shown that

NP4

-1

cas(2kw(25 + 1)) f(2j + 1) = %HTf(Qk:) - }lHTf(Qk: +4). (3.179)

[GLRN )
o

.

Hence (3.178) can be written in the form

1
Hf(2k) = gHTf(Qk:) — Z—lHTf(zkz +4). (3.180)

It may be shown similarly from (2.2), (3.175) and (3.177) that

1
Hf(2k+ ) = %HTf(% +8) - 5HTf(zk:). (3.181)

From (3.180) and (3.181) we may recover the effect of the transpose on a signal to get

1
H'f(2k) = ZHf(Qk) + ZHf(zk +5) (3.182)

1
HTE(2) + ) = SHEK) + ng(Zk: Y (3.183)

3.8 Cross correlation

It is shown that the even component of the circular cross correlation is given by [15]

Hr(2k) = %[HTf(Qk)HTg(Zk) — HTf(2k)H g(—2k)

+H"f(—2k)H"g(2k) + H" f(—2k)H" g(—2k)

3
- = [HTf(zk + NV H g(2k + ) — HTF(2k + Y)HTg(—2k — )

+HTE(—2k — Y)Hg(2k + &) + HTF(—2k — L)H g(—2k — %)] L (3.184)
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Using (3.182) and (3.183) in (3.184) we may write the correlation purely in terms of

the transform to get

Hr(2k) g [(%Hf(%) + %Hf(?k £ ) (%Hg(%) + ng(?k +)

_ <ZHf(2]{;) + in(zk + %)) <§Hg(—2k) + ng(—% — %))

+ (ZHf(—Zk) + in(—% - %)) (ZHg(%) + ng(% + %>)

+<2Hf( 2k)+in k——)( k) + Hg( k—%))]

- 3%[(% £(2k) + Hf ok + X )(% (2Kk) + Hg(2k+ ))

_ (%Hf(Qk) + 3Hf(2k: +5) (%H (—2k) + ;Hg( 2% — )

+ (%Hf(—Qk) + ng —ok — &) )(% (2k) + Hg(2k;+ ))

+ (%Hf( o) + 2Hf ok — N )(% —2k) + Hg( 2% - )] (3.185)
9

Il
o>|c,o
=~
| —

Hf (2k)Hg(2k) — Hf (2k)Hg(—2k) + Hf (—2k)Hg(2k) + Hf (—2k)Hg(—2k)

Hf(2k + 5)Hg(2k + §) — HE (2k + §)Hg(—2k — )

|
2|
[—

+HF(—2k — Y)Hg(2k + &) + HF (—2k — ¥)Hg(—2k — g)]
+ 634 [Hf(?k:)Hg(Qk: + ) — Hf(2k)Hg(—2k — )
+ Hf(—2k)Hg(2k + ) + Hf (—2k)Hg(—2k — ¥) + Hf (2k + ¥)Hg(2k)

— Hf(2k + 5 )Hg(—2k) + Hf (—2k — ¥ )Hg(2k) + Hf (—2k — 5 )Hg(—2k)|. (3.186)

It may be proved that (3.186) is also valid for the odd components. In order to write

the correlation in a more compact form we define two vectors
R = Hf  x Hg — Hf. x Hgr + Hfg. x Hg + Hfr. x Hgr (3.187)

M = Hf. « Hgy — Hf . » Hgnp + Hfg.  Hgy + Hfn. « Hgxg. (3.188)
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Hence the correlation can be written as

39 9 9
Hr Riny2) + — (M + Mny2))- (3.189)

BT 64
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Chapter 4

Spectrum of H

From (3.34) and (3.39) we deduce that the matrix H? is tridiagonal. The diagonal of
H? has the form [%N, %N, %N, %N, cee %N, %N] of length NV, the super diagonal has the
form [—éN, —%N, —%N, —%N, ey —%N, —%N] of length % located at column % in the
0y, row and the sub diagonal has the form [-2N, —4N, 2N, —IN, ... —3N, —2N]

N

of length % located at row 7 in the Oy, column.

Let X = [X(0), X(1), X(2),...,X(N —1)] be an eigenvector of H? which corresponds

to the eigenvalue A, then we can write
H*X = \X. (4.1)

Now let p be the index such that |X(2k)| < |X(2p)| and m be the index such that
| X(2k+1)] < |X(2m + 1) for k =0,1,...,5 — 1. Using the duality property (3.34),

(3.39) results in

H2X(2p) = gNX(2p) — SNX(Qp +Z) (4.2)
H*X(2p+ %) = %NX(Zp +8) - gNX(Qp). (4.3)
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Since X is an eigenvector of H? it must be true that

;NX(Qp) - gNX 2p+ §) = AX(2p) (4.4)
SNX(2p+ §) - SNX(2p) = AX(2p+ ) (45)

Hence system (4.4)-(4.5) can be written as

(BN —N)X(2p) — tNX(2p+5)=0 (4.6)

—INX(2p)+ (AN = NX(2p+ T) =0. (4.7)

Now if X (2p) = X(2m + 1) = 0 then X cannot be an eigenvector. If X (2p) # 0 then

X(2p+ %) = 0 will contradict (4.7). Hence the linear system (4.6)-(4.7) has a non

trivial solution.
Using the duality property (3.34), (3.39) results in
2 4 2 N
H?X(2m +1) = SNX (2m + 1) = SNX(2m + 1+ ) (4.8)

4 2
H*X(2m+1+4) = —g VX (@2m + 1)+ SNX(2m + 1+ ). (4.9)
Since X is an eigenvector of H? it must be true that

4 2
gJ\/‘X(2m +1) — §NX(Qm +1+5)=AX2m+1) (4.10)

4 2
—§NX(2m+1)+§NX(2m+1+%) =AX(2m+1+%). (4.11)
Hence system (4.10)-(4.11) can be written as

(AN —NX(2m+1)—2NX2m+1+%) =0 (4.12)

—INX(2m+1)+ (3N - NX@2m+1+5)=0. (4.13)

If X(2m + 1) # 0 then X(2m + 1+ %) = 0 will contradict (4.13). Hence the linear
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system (4.12)-(4.13) has a non trivial solution. Linear systems (4.6)-(4.7) and (4.12)-

(4.13) imply that

%N - A —%N
=0. (4.14)
AN AN A
This results in
2 4 8
N - A) <—N _ A) _ 2N, 415
(3 3 81 ( )

which can easily be solved to yield the eigenvalues of H?, namely 72 = N + %\/ 17 and

r3 =N — % 17 where

. _ V9+VITVN (4.16)
1 — 3 .
Iy = )~ \?)/T?\/N (4.17)

Hence we may deduce that the spectrum o(H) C {%ry, £r5}.

4.1 Minimal polynomial

The minimal polynomial P,, of an nxn matrix H over a field F is the monic polynomial
over I of least degree such that P,,(H) = 0. Any other polynomial ) with Q(H) =0
is a polynomial multiple of P,,.

In order to derive an expression for the minimal polynomial of H we require the effect

of H* on a signal f. Hence

HAF(2k) = H2[F2f] (2%)

= H?%g(2k), (4.18)
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where g = H2f. By recursively using the duality property (3.34) and (3.39) we have

2 4
H%g(2k) = gNg(zk) — §Ng(zk +5)

4
= §NH2f(2k) — G NEPE(2k + §)

2 2 4 o 4 4 2
— gN[ng(Qk:) —~ gN 2k + 5] - §N[§Nf(2k + ) §Nf(2k:)]

_ 4 _ 8 Ny _ 16,5 Ny 8
_9N f(2k) 27N f@2k+3) 27N f(2k + 2)+81N f(2k)
44

8
= 8—1N2f(2k;) — §N2f(2k: +5) (4.19)

= H*f (2k).
We also note that

—(r} + r3)H*f(2k) = —2N(§Nf(2k) — ng(% + %))

= —§N2f(2k) + SNQf(% +5) (4.20)
and
rirsIf(2k) = g—i‘J\ﬂ f(2k). (4.21)

Summing equations (4.19), (4.20) and (4.21) we observe the following

H* — (T% + T%)H2 + r%r%I] f(2k)

44 8 4 8 64
= gJ\ﬂf(zlg) - §N2f(2k + 8- gN2f(2k;) + §N2f(2k; +8)+ 8—1N2f(2k)
108 4
— 8—1N2f(2/<;) — §N2f(2l<;)
=0. (4.22)

In a similar manner it may be shown that

[H4 — (r? +r)H? + i3I | f(2k + 1) = 0.
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Hence we may conclude that
H* — (r} +r3)H? +rir31 = 0. (4.23)
It follows from (4.23) that the minimal polynomial has degree four and is given by

PyN) = N = (3 + 13)02 33
= (=) - 3)

=A=r)A+r)A—=7r2)(A+12). (4.24)

In our case we can see that H is diagonalizable since the minimal polynomial has linear
elementary divisors [13], furthermore o(H) = {#£r, £r5}.

We now derive an expression for the effect of H3 on a signal f. Hence

H3f(2k) = H2[Hf](2k)

= H?g(2k), (4.25)
where g = Hf. Using the duality property again we arrive at

H’g(2k)

2 4
= gNg(zk;) — §Ng(zk; +5)

2 4 N
= SNHE(2k) — SNHE(2k + 5)

NP4
L
|z

-1

= ENE . cas(4kwj) f(25) + cas(2kw(2j + 1)) f(25 + 1)]

ol

I
o
<
o

SIS
AR
S

-1

- %NE > cas(2(2k + § )i f(24) + cas(w(2k + 2)(25 + 1)) £(25 + 1)].

QO W~

<

I
<)

<
=)

(4.26)
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Using the fact that the cas function is periodic in 27 and anti-periodic in 7 (4.26)

simplifies to

H3F(2k) — gzv cas(4kw) F(27) + SN 3 cas(2hio(2 + 1)) 5(2) + 1)

=—N ' cas(4kwj) f(25) + =N ' cas(2kw(2j + 1)) f(25 +1). (4.27)

It can be shown in a similar manner that

L | |

Z cas QWJ(2/€+1))f(2])+27N Z cas(w(2j+1)(2k+1)) f(25+1).

Jj=0 7=0

H*f(2k+1) = 20

(4.28)

4.2 Traces of powers of H
For future use we require expressions for the traces of H, H? and H3. For this we

require the following summary

§-1 Ei
Hf (2k) = ; cas(4kwj) f(27) + % > cas(w(2i+ 1)k + 1) (2 +1)  (4.29)
j=0 Jj=0
Hf(2k + 1)
g i 4
=3 3 as(2wj(2k + 1)) Z cas(w(2j + )2k + 1)) f(25 +1)  (4.30)
H*f(2k) = §Nf(2k) — ng(% +5) (4.31)
H*f(2k +1) = éNf(% +1) — ng(% +1+ %) (4.32)

N N

H3f(2k) = —N Z cas(4kwj) f(2) + - 40 5N Z cas(2kw (27 + 1)) (25 +1)  (4.33)

]—
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vl

-1 N_4q

2 2

Hf(2k +1) = 2—(;]\7 cas(2wj(2k + 1)) f(27) + Z—GN cas(w(2j + 1)(2k + 1))
=0 j=0

<

x f(2j +1). (4.34)

By expressing the right hand side of (4.29) and (4.30) in matrix vector form we observe

that the diagonal entries of H consist of alternating terms of the form 2 cas((2p)*w)

and 3 cas((2p + 1)?w) hence

|z

-1 7—1

trace(H) = cas((2p)*w Z cas((2p + 1)°w). (4.35)

Wl N

=0

hS]

The diagonal of H? has already been expressed on page 43 and can be expressed as

N /2N 4N
trace(H") = (- + )
— N2, (4.36)

The trace of H? is deduced (from (4.33),(4.34)) in a similar manner to the trace of H
to give

N

N
3
trace(H?) = Z )+ 27N Z cas((2p + 1)*w). (4.37)
=0

In order to further simplify the trace of H we consider the first term of (4.35) which

simplifies as follows

J-1
Z cas(4pw)
p=0
81
=1+ cas(4p*w)
p=1
- -
=1+ cas(4p*w) + cas(4p*w)
p=1 p=4+3
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N _ 1 N_ 1
173 173
=1+ Z cas(4p*w) + Z cas(4(p+ & — 1)w)
p=1 p=1
N1 N 1
4 2 4 2
=1+ Z cas(4p*w) + cas((2p + § — 1)°w). (4.38)
p=1 p=1

The argument of the summation of the sum in the third term of (4.38) simplifies as

follows
cas((Zp -1+ %)Qaz)
= cas((Qp — 1w+ (2p — 1)Nw + NTQw)
= cas((Qp —1)’w+ (2p—1)27 + %w)
- cas<(2p —1)%w + %W)
= cas<(2p - 12w+ (2m+ 1)7r>
=— cas<(2p — 1)2w>. (4.39)
Using (4.39) in (4.38) we obtain
N 4 N 1 N 1
2 4 2 4 2
cas(4p*w) = 1+ Z cas(4p°w) Z cas((2p — 1)*w). (4.40)
p=0 p=1 p=1

Now let us investigate the second term of (4.35) which simplifies as follows

N1
cas((2p + 1)*w)
p=0
N 1 N4
4 2 2
= Z cas((2p + 1)"w) + Z cas((2p + 1)*w)
p=0 p=2+1
N_1 N_1
4 2 4 2
= Z cas((2p + 1)%w) + Z cas((2(p+ & — 3) + 1)°w)
p=0 p=1
141 =
= cas((2p — 1)%w) + cas((2(p+ & — 1)+ 1)°w)
p=1 p=1

20



NP3
ol

= cas((2p — 1)%w) + C&S((2(% +3) - 1)2w> + cas((2(p+ & — 1)+ 1)°w)

MZ =
MZ

w\»—t
l\.’)\»—‘

= Z cas((2p — 1)%w) — 1 + Z cas((2(p+ & — 1) + 1)’w). (4.41)

=1

hS]

The argument of the summation of the sum in the third term of (4.41) simplifies as
follows

cas((?(p + 8-+ 1)2w>

N2
= cas(4p’w + 2pNw + Tw)

cas <4p2w + 2p27 + %W)
s(4p2w + %W)

= cas <4p2w + (2m + 1)7T>

= —cas(4p’w). (4.42)
Using (4.42) in (4.41) we obtain

_ N_1 N1

2 4 2 4 2
Z cas((2p + 1)°w) = —1 — cas(4p’w) + Z cas((2p — 1)%w). (4.43)

= p=1 p=1

N

From (4.40) and (4.43) we deduce that Z a cas(4p w) = —> " cas((?p + 1)%w).

With this substitution in (4.35) we obtain

|z

-1

cas(4p’w). (4.44)

trace(H) = —

[GVIN )

S

In order to explicitly evaluate the sum in (4.44) we employ the result of generalized

quadratic Gauss sums [3] stated in the theorem below.

Theorem 4.1. The reciprocity formula for generalized quadratic Gauss sums can be

written as
O e L inllacl ) e _inter o)
im(ap D =  in(lac|— —im(cp D
E e = ’9‘2 e dac E e a (4.45)
a
p=0 p=0

o1



where a, b and c are integers with ac # 0 and ac + b being even.

Choosing parameters ¢ =

%, a =4 and b =0 in theorem 4.1 gives

w2
L

L
D
3
3
—
s,
SN—
I
D

i4p2w

3
I
=)

3
I
=)

SR

o)
INE]
<.
M o
®I
3
~
—
s
N—

p=0
3
= e%i eiﬂ'i%p2
p=0
ue) —iIN —idr N —2T N
— e4 [1 +e '8t fe s + e 's

i

ENE]

e

14207 EN — 1]

)
NE]

N = N = N

I
ISE)
|
JE]
=

1[1_{_6—18N+6—1§N+6—1§N

]

(4.46)

Thus if we take the real and imaginary parts respectively of equation (4.46) we arrive

at

Hence

-1
N
cas(4p’w) = 1/ 5} cas(% — gN)

A similar calculation yields

52 N
trace(H?) = —2—7N\/§cas<g - gN)

(4.47)

(4.48)

(4.49)

(4.50)

(4.51)



4.3 Multiplicity of eigenvalues

Let mqg, m11, mag, Moy represent the multiplicities of the eigenvalues ry, —ry, 79, —19

respectively. Using the fact that the trace of a matrix is the sum of all it’s eigenvalues

we form the following system of linear equations in order to ascertain the multiplicities

of the eigenvalues of H.

mig +my1 + Mmoo + Mo = N
T1M1g — 1M1 + TaMog — Temey = trace(H)

2 2 2 2 2
rimag + rimay + rymog + ryme; = trace(H?)

3 3 3 2 3
riMmyg — rimay + rymeg — r3mey = trace(H?).

In order to solve the system (4.52)-(4.55) we let

A =myo+mn
B = m20+m21
C = mip — M1

D= Moo — M21.

Hence (4.52) and (4.54) can be written as

A+B=N

Ari+ Bry = N>

23

(4.52)
(4.53)
(4.54)

(4.55)

(4.56)
(4.57)
(4.58)

(4.59)

(4.60)

(4.61)



The simplified system (4.60)-(4.61) can be solved easily by Cramer’s rule. This leads

us to the solution

A NrZ — N?
T2
2 T
B N2 — Nr?
T2
2 T

In a similar manner we simplify equations (4.53) and (4.55) which leads us to

2 |N
rC +ryD = —5\/ ?cas(%

52 N
rC +riD = —2—7N 5 cas(

System (4.64)-(4.65) yields the solution

2 3 27
¢ = 3 3
riry — o’y

N T _ T 2,3 _ 52

> cas(y — gN)(5r1 — 57
D= 3 3
riry — Troly

Since r3 — r{ = —2y/17N, this substitution in (4.62) yields

N(r3 — N)
T3 — 13
N?(27 )
_ 9
“ZJ/TIN

N
5

A:

o4

(4.62)

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)

(4.68)



Similarly B = &. We now attempt to simplify C' from (4.66) as follows.

7"2\/%0&8@
C =

L9+ VITVN(=2V1TN)
V¥ cas(3 - EN) (BN + 240N)
~2V9+ VITVNNVIT

ENVN L cas(5 = EN) (17 + VT7)

~2V9+ VITVNNVIT
€ cas(g - gN) (17 + VI7)

—\/17(9 + V17)
—cas(§ — EN) (17 + V17)

34(9 + V17)

The result in (4.69) is due to the fact that § = —YIT_ — 1 as shown below:

\/34(9+V17)

o (17243417 + 17
34(9 + V17)
306+ 3417
306 4 34V/17

= 1.

Similarly D = cas(% — %N). From equations (4.56)-(4.59) we obtain

A+C:2m10
C—A:—2m11
B+D:2m20

D—B= —2TTI,21,

25

(4.69)

(4.70)
(4.71)
(4.72)

(4.73)



mio =

E
|

maog =

3
|

|
N~ N~ N~ N~

26

from which the multiplicities can easily be recovered and expressed as

by using the fact that cas(% — %N) = cas<_Tm”>.

(4.74)
(4.75)
(4.76)

(4.77)



Chapter 5

2-Dimensional SDHT

The focus of this chapter is going to be the two-dimensional (2-D) SDHT. The digital
world has evolved drastically over the past decade with the ability to communicate vast
amounts of data in the form of audio or visual signals. This leads us to the fact that
digital images are of vital importance to various aspects of life including but not limited
to medical imaging, astronomy, image processing, geophysics and magnetic resonance
imaging [11]. It may be apparent that images could be contaminated by sinusoidal
noise. This can be easily cleaned up in the frequency domain using specific types of
filters whose purpose is to eliminate the contaminating noise. As a two-dimensional
(2-D) Discrete Hartley Transform is obtained by an application of the trapezoidal
rule in 2-D, here we similarly derive a 2-D Simpson Discrete Hartley Transform using
Simpson’s rule. A 2-D transform is necessary for application to image processing as
images are represented digitally in the form of a 2-D array on the gray scale or a

collection of 2-D arrays on the colour scale.
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5.1 Derivation of the 2-D SDHT

In order to proceed we adopt the notation Hx where N denotes the order of the SDHT

matrix H defined in equation (2.9). This implies that Hy is given component-wise by

N_q N_q
2 3 4 3
Hnf(k) = 3 D cas(2huni)f(2)) + 5 > cas(kwn(2) + 1)) £(25 + 1), (5.1)
5=0 5=0
where wy = %’r and k =0,1,..., N —1. The transformation matrix can be represented
by
2 AN 2BN
AN —2Bn

where the (% X %) matrices An and By are defined respectively by

1 1 1 e 1
cas(wy) cas(3wy) cas(bwy) -+ cas((Ny + Dwy)
AN = | cas(2wy)  cas(bwy)  cas(10wy) -+ cas(2(N; 4+ Dwy) |- (5:3)
cas(Bwy) cas(Bt3wy) cas(Blowy) -+ cas(BL(Ny + Dwy)
1 1 1 e 1
cas(wy) cas(3wy) cas(bwy) - cas(Nyjwy)
Bx = | cas(2wy)  cas(6wy)  cas(10wy) .- cas(2Nywy) (5.4)
cas(Nwy) cas(3Njwy) cas(5Nwwy) - cas(BL(Ny + Dwy)
and the N x N permutation matrix Py defined by components P oy =1 and
— - N _
NN o) =1lforj=0,1,...,5 —1land Ny =N —2.
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The two-dimensional Discrete Hartley Transform in a separable form is defined as [16]

Z Z C(k,1) cas(3xk) cas(32yl), (5.5)

with f(x,y) representing a periodic function of 27 in the variables « and y. The Hartley

coefficients are represented by

1 27 2
c(k,l) = 4_7r2/0 i f(z,y) cas(3xk) cas(2yl)dzdy. (5.6)

In order to proceed with the derivation we need to approximate the double integral
(5.6). To do this we employ Simpson’s quadrature with the aid of a grid in the z
direction defined by the nodes z,, = 2”” ,n=20,1,..., N with the step length defined

by wy = 2F. With this discretization equation (5.6) can be written as

L [N ) cas(GEak) + Fon ) cas(Fonk)
a2 ), 3 Lo, Y Zo IN,Y TN

N
S|

+2 Z f(@on, y) cas(Zraank) +4 ) f(@on41,y) cas(3raonia k)| cas(3yl)dy
n=1 =0

[aay

vl

3

127?2 / f (o, y) cas(3rzok) cas(35 dy+/ f(zn,y) cas(3Eayk) cas(3yl)dy
2 2w

23 / F (22, ) cas(Ziza, k) cas(2yl)dy

—1-42/ f(xoni1,y Cas(%’rxgnﬂk‘) cas(%yl)dy] (5.7)

Using the fact that f(zo,y) = f(zn,y), (5.7) simplifies to

2
WN
9.2 [2 2 /o f(@an, y) cas(Zr xa,k) cas(3yl)dy
%71 2w
+4 / f(@ans1,y) cas(Z won41k) cas(3 l)dy]
n=0 0

29



W 2w
=[S [ o) casCGeaanh) cas(Budy
0

n=0
%_1 2w
+2 / f(@ans1,y) cas(Zzo,1k) cas(3yl)dy | . (5.8)
n=0 Y0
We now apply Simpson quadrature in the y direction with nodes y,, = 2”77” where

m=0,1,..., M. We now define G(23,,y) = f(220,y) cas(% z2,k) cas(3yl) and obtain
the following approximation

27 w
/ G (Tan, y)dy ~ =L [G(22n, y0) + G (220, yar)
0

M M
M_y M_q

+ 2 Z G(Q:Qna y2m) + 4 G(x2n> y2m+1>:|

m=0
W %71 %71
=3 [2 mZ:O G(zan, Yom) + 4 2 G(xay, y2m+1)i|

4w
- TM Z m2n7 me TM —~ G(m2na y2m+1)7 (59)

3

where wy;, = % is the step length in the y direction and m = 0,1,..., M. We now

substitute (5.9) into the first part of (5.8) to get

%71 27
WN
6n2 2~ /0 G (w2, y)dy
N 1 M_q M_q
WN X [2War dwpr <
- ) |: Z G(iCQn, me) + — G(xQna ?sz+1)]
a n=0 3 m=0 3 m=0
N_ 1 M_4 N_ 1 M_4
WNWM X N QWNWM ©— =
- 972 Z Z G(x2n’y2m) + 92 G($2nay2m+1)
7T n=0 m=0 ﬂ- n=0 m=0
J14
- WNW M o
om? = mzzo f (@20, Yom) cas(§ wank) cas(57yom!)
5 1M
wWNW
T 9]\7[T2M [ (@an, Yoms1) cas(Zrzank) cas(3xyaml). (5.10)
n=0 m=0

Adopting the notation f(z,,ym) = f(n,m), (5.10) can be written in the simplified
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form

4 J-14-1
— f(2n,2m) cas(2nwy k) cas(2wyrml)
INM n=0 m=0
3 J-14
+ N f(2n,2m + 1) cas(2nwyk) cas(wyr (2m + 1)1).

Similarly the second part of (5.8) can be shown to simplify to

N M
N 1M 4

z_: f(2n +1,2m) cas(wn(2n + 1)k) cas(2mwpl)

n=0 m=0

N M
N 1M

5
9N M
L 16

INM

n=0 m=0

We now define the following terms

N_ 1M 4
4 2 2
Ti(k,1) = 3 f(2n,2m) cas(2nwyk) cas(2wyrml)
n=0 m=0
g N 1M
Tr(k, 1) = 9 Z Z f(2n,2m 4+ 1) cas(2nwyk) cas(wy (2m + 1)1)
n=0 m=0
g J-1241
T3(k,1) = 9 Z f(2n +1,2m) cas(wy (2n + 1)k) cas(2wyyml)
n=0 m=0
1622 2
Ty(k,1) = n f(2n+1,2m + 1) cas(wn(2n + 1)k) cas(war(2m + 1)1).
n=0 m=0

We now let

F(k,1) = Ty(k, 1) + To(k, 1) + Ts(k, 1) + Tu(k, 1).

Thus from (5.8) the approximation C'(k,[) to c(k,1) is given by

Ck,1) = —22

Z Z f(2n+1,2m + 1) cas(wn(2n + 1)k) cas(war(2m + 1)1).

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

where F(k,l) is defined as the Simpson Discrete Hartley Transform in 2-D. Summing
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(5.13) and (5.15) we get

T1<k7 l) + T3

—~

k, 1)

SS
L
oz

—
[GLRN )

-1

f(2n,2m) cas(2nwy k) cas(2wyml)

W o
3
Il
)
3
Il
=)

vl
L

f(2n +1,2m) cas(wn (2n + 1)k) cas(2wyrml)

Q| W~
i
o

SIS
_

N
LS|

[g Z f(2n,2m) cas(2nwyk)

I
ol o

n=0

3
Il
o

—

vl

+
[OVN TN

f(2n+ 1,2m) cas(wn(2n + 1)k)] cas(2wyrml)

S
Il
o

-1

F(k,2m) cas(2wyml), (5.19)

I
ol o
NS

3
L

where

N4

-1

S

-1

F(k,2m) = f(2n,2m) cas(2nwyk) +

ol

f(2n+ 1,2m) cas(wn(2n + 1)k).

[GVRI

3
Il
=)
3
I
o

(5.20)

In a similar manner by summing (5.14) and (5.16) we get

/’E>
-
[\
3
+
=
)
%
&
S
™o
3
+
=

(5.21)
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where

S
L

A

F(k,2m+1) = f(2n,2m + 1) cas(2nwyk)

SN
vz 3
Ll

f(2n+1,2m + 1) cas(wn(2n + 1)k). (5.22)

+
[OVN N

I~
o

Using (5.19) and (5.21) allows us to write

M
—1 5 -1

~ 4 N
F(k,2m) cas(2wyrml) + 3 F(k,2m+1) cas(wp (2m + 1)1). (5.23)

m=0 m=0

SIS

F(k,1) =

Wl Do

It can be seen that equations (5.20) and (5.22) are equivalent to the 1-D SDHT on
the columns of the N x M matrix f which consists of elements f(n,m). This can be
represented as ' = Hyf. An interesting observation is that (5.23) represents the 1-D
SDHT on the rows of F. Let us consider transforming the rows of F. In order to
achieve this, it would be appropriate to transform the columns of FT. Performing the

transformation yields

FT = HyF'
= HyfTHY. (5.24)
From (5.24) we obtain
F = HnfHY, (5.25)

Equation (5.25) is the representation of the 2-D SDHT on matrix f. Equation (5.17)
essentially represents the Simpson’s quadrature for a periodic function in two variables.
This is characterized by the mesh (z,,y,,) forn=0,1,... N—1,m=0,1,..., M —1.

This is illustrated for an image f of size 6 x 10 in figure 5.1 with the appropriate weights.
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Figure 5.1: A 6 x 10 mesh

Let us now investigate some properties of (5.13)-(5.16).

Theorem 5.1. Let Ty be the matriz of size 5 x & consisting of elements T (k,1).

Then Ty is periodic with periodicity of % in the first variable and % in the second

vam’ableforkzo,l,...,%—l andl:O,l,...,%—l.

Proof. From equation (5.13) we have

Sk

-1

SIS

-1
Ti(k,1) = f(2n,2m) cas(2nwyk) cas(2wyrml).

=0

O v~

S
o
3
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Thus we see that

= — f(2n,2m) cas(2nwyk) cas(2wyrml) (5.26)

due to the fact that the cas function is periodic in 2. This completes the proof. [

Theorem 5.2. Let T3 be the matrix of size % X % consisting of elements T3(k,l) for
k=0,1,..., %—1 andl=0,1,..., % —1. Then T3 is anti-periodic in the first variable

and periodic in the second variable.

Proof. To proceed we first will show that T3 is anti-periodic in the first variable. Recall

from equation (5.15) that
Ty(h,1) = g F(2n + 1, 2m) cas(wy (2n + 1)k) cas(2opml).

Thus we see that

T3(k + %7 l)
g |
=3 f(2n+1,2m) cas(wy(2n + 1)(k + ) cas(2wrrml)
n=0 m=0
g J-14
=3 f2n +1,2m)(—1)*"" cas(wy (2n + 1)k) cas(2wyrml)
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—g f(2n+ 1,2m) cas(wn(2n + 1)k) cas(2wyrml) (5.27)

due to the fact that the cas function is anti-periodic in 7. This completes the first part
of the proof. To prove the second part of theorem 5.2 we are required to calculate the

following:

T3(k7 [ + M)

2

N M
N 1M

— g Z Z f(2n+1,2m) cas(wy (2n + 1)k) cas(2wym(l + &)

n=0 m=0
M
14

= S D) F2n+1,2m) cas(wy (2n + 1)k) cas(2wyml + 2mm)
=0

= S f(2n +1,2m) cas(wy (2n + 1)k) cas(2wyrml) (5.28)

We have again employed the fact that the cas function is periodic in 27. This completes

the proof of theorem 5.2. O
Let T4 be the % X % matrix consisting of elements Ty(k,[), then similarly it can be

shown that Ty(k + %, 1) = =Ty(k,l) and Ty(k,l + %) = -Ty(k,1), k=0,1,..., % -1

’

[ =0,1,.. .,% — 1. It can be also shown that if we let Ty be the % X % matrix
consisting of elements Ty(k, () then T (k+ 5,1) = To(k, 1) and To(k, 1+ &) = —Ts(k, 1),
k=0,1,....8-1,1=0,1,.... % - L.

Thus to summarize we see that T} (k, [) is periodic in both the first and second variables,
Ty(k,1) is periodic in the first variable and anti-periodic in the second variable, T5(k, 1)

is anti-periodic in the first variable and periodic in the second and finally Ty(k,1) is

66



anti-periodic in both the first and second variables. Using the properties listed above

we are permitted to write (5.17) in block matrix form as

Ty 4+ T+ T3+ Ty Ty —Ty+Ts— Ty
F = . (5.29)

T1+Te—Tsg—-T4y T1—Ta—-T35+Ty
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Chapter 6

Applications of the 2-D SDHT

In the preceding chapter we have constructed the theory of the 2-D SDHT and we
now illustrate it’s usefulness to two applications in the frequency domain. Firstly we
examine the amplitude spectrum in the frequency domain of the Hartley Transform

and SDHT applied to a typical image illustrated in figure 6.1.

Figure 6.1: Cameraman
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(a) Frequency domain (Hartley Transform) (b) Frequency domain (SDHT)

Figure 6.2: Transform of cameraman

We observe four distinct bright regions (corresponding to large amplitudes) in figure
6.2 (a), whilst in figure 6.2 (b) we observe nine such bright regions. The extra regions

could be exploited in applications such as watermarking.

6.1 Watermarking in the frequency domain

Digital watermarks are of vital importance in this digital age due to the digital medium
in which data is transmitted. A digital watermark can be regarded as a covertly
embedded distortion in a noise tolerant signal such as audio, image or video data [8].
These watermarks are used to typically verify authenticity or ownership of the signal.
Watermarking is the process where the information is hidden within the signal via
some sort of algorithmic method [12]. To demonstrate the process of watermarking we
will now introduce a watermark into an image. The watermark will be inserted into

the frequency domain by using the 2-D SDHT transformation derived in chapter 5. By
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implementing equation (5.25) to an image, we successfully insert a watermark into an
image of peppers using a distortion algorithm.

In order to do this we first use a function fftshift in MATLAB. This essentially moves
the low frequency regions to the center and the high frequency into the periphery as

illustrated in the figures 6.3 (a) and (b).

A B ¢ )
) ¢ B A
(a) Unshifted transform (b) Shifted transform

Figure 6.3: fitshift

Figure 6.4 (a) is an illustration of the original image while it’s corresponding shifted

frequency domain is illustrated in figure 6.4 (b).
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(a) Peppers (b) fftshifted transform

Figure 6.4: Peppers and it’s transform

(a) Watermark in area of high amplitude. (b) Recovered peppers from figure 6.5 (a)

Figure 6.5: Watermarking in the frequency domain in an area of high amplitude

Figure 6.5 (a) represents a triangle watermark placed in the region of high amplitude
and low frequency components. We see that a very small distortion in the central region
of the frequency domain results in visible blurriness on the image when transformed

back to the real domain. This visible distortion is illustrated in figure 6.5 (b) which is
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why it is imperative to place a watermark in an intermediate to high frequency region.
Figure 6.6 (a) shown above represents the frequency domain in which we have inserted
a watermark in the high frequency region. This results in an unnoticeable difference of
the watermarked image when transformed back into the real domain using the inverse

transform.

(a) Watermark in area of low amplitude (b) Recovered peppers from figure 6.6 (a)

Figure 6.6: Watermarking in an intermediate region in the frequency domain

6.2 Noise cleaning in the frequency domain

There are various algorithms which are responsible for the removal of unwanted noise in
a signal. The cleaning algorithms are also dependent on the type of noise being cleaned
up, and the process of removing noise from a signal is known as filtering. This filtering
is usually done in the real domain. It is of vital importance that these filter algorithms
are implemented in the correct manner as they occur in life altering instruments such
as an electrocardiogram machine. The filter for the electrocardiogram machine has to

be designed such that only the electric signals from the heart are shown and all other
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neurological impulses are suppressed.
The experiment which we are going to conduct comprises the removal of sinusoidal

noise from an image. This filtering is best accomplished in the frequency domain.

Figure 6.7: House contaminated with noise

Figure 6.7 is contaminated by unwanted sinusoidal noise. Figure 6.8 illustrates the
frequency domain corresponding to figure 6.7. It is observed that the sinusoidal noise

appears as sixteen bright crosses.

Figure 6.8: Effect of noise in the frequency domain
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We remove the noise in the frequency domain and this is achieved by applying a
simple block filter algorithm. This is certainly not an optimal filter. This filtration is

illustrated in figure 6.9 below.

Figure 6.10: House after applying filter

By inverting the filtered transform we obtain a reasonably cleaned image. Figure 6.10
represents figure 6.7 after the application of a filter. There is clearly visual difference

in quality of the image. The lack of perfect clarity in the image is due to the non
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optimal filter implemented. We can see that a simple filter algorithm has demonstrated

reasonable cleaning ability when transformed into the frequency domain using the 2-D

SDHT.
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Conclusion

In this thesis we have introduced a relatively new transform which was derived by
application of Simpson’s numerical quadrature. We have derived in detail the math-
ematical properties satisfied by this transform, thus we have placed the SDHT on a
firm mathematical foundation. We have not exploited the full potential of the SDHT,
but rather restricted it to two applications. Further applicability is left to the field
of engineering. We have also not compared the DHT with the SDHT as this was not
our intention. A similar investigation of this nature is left as a future task for the

dimension N =0 (mod 4).
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