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ABSTRACT 

 

The understanding of the structural behaviour of masonry structures is of great importance for the 

preservation of their structural integrity and restoration. Masonry arches are among the oldest 

structural systems in the world. The failure of these structures can lead to loss of the architectural 

inheritance and therefore, a full understanding of their structural behaviour is of paramount 

importance.  

Over the years, several approaches have been developed for the investigation of failure of masonry 

structures. Emphasis is given in the heterogeneous nature of masonry (masonry blocks and mortar 

joints), which imposes a difficulty in simulating the response of this structural type. Continuum 

damage and discrete models can be adopted to simulate damage in masonry structures. Finite 

element analysis is one of the numerical tools, which are widely used for this task.   

In this thesis, a methodology is proposed for the structural evaluation of masonry systems, such as 

buildings and arches, using nonlinear finite element analysis. Traditional constitutive descriptions, 

including non-smooth contact mechanics, as well as damage mechanics, are adopted for the 

investigation of the ultimate, failure response of masonry structures. Within this framework, the 

existing interfaces between masonry blocks, standing for potential damage surfaces, are simulated 

using unilateral contact and friction. To capture the compressive damage mode on the blocks, 

damage plasticity laws are introduced. Compressive and tensile damage plasticity laws can also be 

used to simulate the failure response of complex masonry systems. 

A new approach is also provided in the thesis, relying on data-driven structural engineering using 

machine learning principles. According to this approach, artificial neural networks are adopted to 

replace time-consuming numerical simulations, providing a fast and computationally efficient 

evaluation of the failure response for masonry arches. Datasets are built for this purpose, using 

finite element analysis simulations. For the implementation of the parametric simulations, which 

are needed for the development of the datasets, programming codes in Python and Matlab are 

developed, in collaboration with commercial finite element models. The proposed concept can be 

adopted to predict the mechanical response, failure load and collapse mechanism of masonry 

arches and thus, it can be used for the structural health monitoring of these structures. 

To provide a holistic investigation of the structural response, the thesis focuses on the evaluation 

of both the static structural and the dynamic response of masonry buildings. Case studies in real 

structural systems are included, highlighting the applicability and efficiency of the proposed 

methodologies. In particular, the structural response of a three-span masonry arch bridge in 

Turkey, as well as the response of a seven-span shipyard building in Greece, has been investigated. 
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Among the outcomes of this thesis, is the evaluation of the collapse mechanisms of multi-span 

masonry arches, as these compare to the collapse mechanisms of single-span arches. It is proved 

that a four-hinge failure mechanism arises when a vertical load is applied at the middle arch of a 

three-span masonry arch bridge, which is a typical response observed on single span masonry 

arches.  It is also noted that a hinge-mechanism is the critical failure pattern for discrete models of 

multi-span masonry arches, under in-plane and out-of-plane loads.  

For the structural assessment of masonry buildings, it is proved in this thesis that finite element 

analysis can be used to explain real and possibly undocumented structural damages experienced 

by the buildings, due to static and/or dynamic actions.  

An effort is also made in the thesis, to propose an innovative data-driven methodology, aiming to 

capture the structural response and collapse mechanism of masonry arches. Thus, it is shown how 

machine learning can be integrated within structural analysis and used to solve the complex 

problem of the structural evaluation of circular masonry arches. The computational cost of 

this methodology is significantly reduced, comparing to conventional finite element 

simulations. The extension of this concept can be adopted for the structural health 

monitoring of masonry structures. 
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Chapter 1 – Introduction 

1.1 Background 

 

Masonry as a building material is among the oldest and widely used materials. Structures made 

of masonry are among the most traditional structural forms extensively used across the world, 

which is attributed to their affordability and availability. The use of masonry as a building material 

can be considered as the beginning of civil engineering (Phonphuak and Chindaprasirt, 2015). 

This method of construction dates back to the 7000 BCE, where masonry was in the form of sun-

dried mud blocks (Murmu and Patel, 2018). This was influenced by the prevailing geological 

formations and conditions of surrounding areas, since natural stones were mostly used. Other 

factors include the durability, easy to handle, aesthetic appear and affordability. 

 

Some of the monumental structures which are an architectural marvel are made up of masonry:  

the Great Wall of China, the Colosseum in Rome, the pyramids in Egypt, Chichén Itzá in Mexico, 

Petra in Jordan, the Taj Mahal in India, the Machu Picchu in Peru, The Pont Du Gard in France 

and the Mnajdra Prehistoric Temples in Malta.   

 

Over the years, the technique of using masonry as a construction material advanced and the 

people’s craftsmen skills improved. This led to the desire to construct structures that can enclose 

and/or span over areas. This method of construction constitutes a particular structural type, known 

as masonry arch bridge or masonry vault. The technique of building arches was first seen in the 

2nd millennium BC in Mesopotamian brick architecture (Anastasio, 2020). The first arch 

structure was discovered by archaeologists in ruins of Babylonia and estimated it was constructed 

about the year 1400 B.C (Brick Industry Association, 2007). 

 

Mansory structures have a peculiar structural behaviour due to their no-tension characteristics. 

Their strength lies on the geometric form of the structure, which is properly built to ensure it is 

mainly in compression when subjected to loads. The contact conditions between adjacent 

stones/blocks allow for the potential development of normal and/or tangential displacements 

between them, introducing a nonlinear response. Therefore, a thorough understanding of the 

structural behaviour of masonry structures is of crucial importance, for their restoration and 

preservation. 

 

Most of the ancient masonry structures have sustained some form of damage over the decades 

while in service. Some of the common structural problems that they may experience, which can 
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lead to failure and/or collapse, are (a) deterioration of the masonry material due to thermal effects, 

moisture, or chemical actions; (b) damage of the arch barrel due to ring-separation, arch barrel 

distortion, and cracking, which is a result of longitudinal shear or tensile failure (Ford et al., 2003, 

Melbourne, 1991); (c) failure of the foundation, which is mainly caused by settlement of supports 

(Ashurst, 1992); and (d) vehicle collision, which can interact with abutments, arch barrels, or 

piers(Melbourne et al., 2006, Wilmers, 2012). It must be noted that some of these defects take 

place simultaneously. Other factors which can compromise the structural integrity of masonry 

structures include aging, different and/or amplified loads due to seismic activity, and increased 

vehicle axle loads.  

 

A methodology is proposed in this thesis, investigating different numerical methods and 

techniques, adopted to overcome the challenges involved in the structural evaluations of existing 

masonry systems (buildings and arches). Some aspects of the proposed methodology are 

highlighted here: (a) analytical study of the geometry using laser scanning and MATLAB scripts, 

(b) destructive and non-destructive tests, and information from literature review used to provide 

material properties, (c) nonlinear finite element analysis and machine learning tools, including 

artificial neural networks, developed to assess the structural response of masonry systems, 

emphasizing in failure.  

 

Case studies on various masonry systems are then investigated. These include a three-span 

masonry arch bridge in Turkey (Tapkın et al., 2022), a seven-span shipyard building in Greece 

(Charalambidi et al.), and a single span masonry arch structure. These structures were designed 

for different functionally, thus, they are subjected to different loading conditions. Therefore, the 

related study enhances the depth and understanding of the structural behaviour of various masonry 

systems with different geometries and load types.  

 

 

1.2 Motivation for the Research 

 

Masonry structures are part of our architectural inheritance, and their preservation is of paramount 

importance. They can be found in various sizes and configurations, depicting significantly varying 

aesthetic details. In Africa and Asia, most of the ancient masonry structures were made up of 

stone or earth material. In America, ceramics were mostly used as masonry (Maldonado et al., 

2019). Quite often, masonry structures are integrated in modern infrastructure, for instance, the 

railway masonry arch bridges in UK. 
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The mechanical properties of masonry stones/blocks are uncertain which is attributed to the 

following reasons: (a) local irregularities of the geometry which is not always visible, including 

internal imperfections of the masonry, (b) deterioration of material changing the behaviour of the 

masonry structure from monolithic to discrete, (c) undocumented damage and repairs on structure, 

and (d) local variation of material strength and stiffness due to chemical deterioration. 

 

The process of restoring the structural integrity of old masonry structures requires a good 

understanding of the structural behaviour of the system. In particular, this process includes, (a) 

visual assessment of the structure; (b) material testing for the constituent materials; (c) 

understanding of the original design and the structural capabilities by developing numerical 

models; and (d) implementing the actual restoration of the different elements of the structure after 

the previous steps have been considered. 

 

In early years, most of the structural investigations of masonry systems were based on static 

stability and geometric proportions and were mostly limited to two- dimensional geometries (e.g. 

arches or walls). During this time, relevant studies were used for design and construction. Over 

the years, there has been a shift in focus, where the study of masonry structures mainly emphasizes 

in the preservation and structural restoration. This is not a trivial task due to the potential 

deterioration of the material properties over the years, as well as due to the fact that the structure 

might have experienced different loads due to earthquakes, settlement of supports and others, 

which may have caused significant damage and/or collapse.  

 

In this thesis, a detailed study of masonry structures is undertaken using a range of numerical 

modelling techniques. Within nonlinear finite element analysis, several parameters related to the 

structural response of masonry buildings and arches are investigated, including the out-of-plane 

and in-plane behaviour, as well as the elastic and plastic (damage) response of masonry. The 

adopted modelling approaches are used to investigate the ultimate response under static and 

dynamic loads. Restoration of the systems under investigation can then be implemented, to ensure 

that the structural integrity is preserved.  

 

 

1.3 Research Aims and Objectives 

 

The aim of this study is to propose a methodology for a holistic investigation of the structural 

behaviour of masonry systems. To successfully achieve this aim, the following objectives are 

formulated:  
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• Developing detailed numerical models in the framework of finite element analysis (FEA) 

that can simulate realistically the structural response of masonry buildings and arches.  

• Implementing proper constitutive descriptions, aiming to capture failure of the 

investigated structures. 

• Developing a methodology that uses artificial intelligence and machine learning to 

predict the structural behaviour of masonry arches.  

 

 

1.4 Technical and Scientific Contributions 

 

The work presented in Chapters 4 and 5 includes a detailed description of different techniques of 

numerical modelling of masonry structures, in the framework of finite element analysis. First, an 

analytical study is conducted to provide the geometry of the structures using laser scanning. From 

the laser scanner, a point cloud describing the geometry is obtained and transformed to a solid 3-

D geometry suitable for finite element modelling. In Chapter 4, discrete and continuum modelling 

approaches, including unilateral contract and friction laws as well as damage mechanics 

constitutive descriptions, are adopted to investigate the following aspects of the structural 

response of masonry arch bridges, (a) the opening/sliding between the stones, (b) compressive 

and tensile failure, (c) quasi-brittle material failure, and (d) the beneficial influence of the backfill 

over the arch. 

 

In Chapter 5, static and dynamic finite element analysis models are proposed to, (a) identify the 

material properties and the damage patterns of a masonry building, and (b) explain the existing 

damage developed in the building. It should be noted that due to the large size of the building, 

age and damage, the material properties vary across the structure.  

 

Among the most important contributions emerging from this research, is the introduction of 

machine learning elements, implementing data-driven structural engineering and used to predict 

the structural behaviour of masonry arches. This concept is presented in Chapter 6 of the thesis.  

Within machine learning, artificial neural networks used to predict the structural response of 

masonry arches, are trained by using datasets, generated from a parametric analysis of nonlinear 

finite element models. 

 

Within the thesis, different numerical modelling techniques are adopted, focusing on the structural 

investigation of masonry buildings and arches with different geometries and loading types. This 
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provides an insight to the non-trivial structural behaviour of masonry structures which is 

attributed to the heterogeneous nature of the material and the contact conditions between the 

masonry stones.  

 

 

• predict the structural behaviour of masonry arches.  

 

1.5 Research Scope and Limitations 

 

The scope of this study is limited to the structural behaviour of masonry structures such as 

buildings and arches, with emphasis on the heterogeneous nature of masonry. In this study, non-

linear finite element models are used to gain a sight on the structural behaviour of masonry 

systems with real structural systems used as case studies to highlight the efficiency and 

applicability of the proposed methods. Also, an innovative data-driven methodology is proposed 

to capture the structural response and collapse mechanism of masonry arches. The complex 

structural problem is solved by using non-linear finite element models to perform a parametric 

study to create a dataset to be used for the machine learning.  

 

The scope of this study is limited by the following reasons: funding and computational costs. 

Funding limited the number of case studies that can be considered for this study since collecting 

comprehensive experimental data requires a lot of expensive machinery and resources. 

Computational cost and computer resources limited the number of finite elements models and the 

complexity of the models as the more complex the models are, the more computational resources 

are required.  

 

1.6 Structure of the Thesis 

 

This thesis is organised into seven chapters, two of which are published papers derived from this 

investigation and presented in their original form. One (special issue article pending) chapter 

includes an article submitted to an international journal. An overall introduction is given in the 

present chapter and a summary of the findings and overall conclusions are provided in the last 

chapter. In particular, the content of each chapter of the thesis is provided below: 
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Chapter 1  provides an overall introduction and motivation of this study. The structure of the 

thesis is presented.  

Chapter 2  provides a literature overview related to the structural response of masonry arches 

and buildings. The importance of masonry structures in the society is also 

highlighted.  

Chapter 3    presents the methodology adopted on this thesis.    

Chapter 4   introduces nonlinear, three-dimensional finite element models which are used to 

provide the ultimate response and collapse mechanism of multi-span masonry arches 

(published article 1).   

Chapter 5     presents the framework for the structural evaluation of a partially collapsed masonry 

monument, using static and dynamic analysis within the finite element method. The 

existing damage on the structure is investigated (published article 2).  

Chapter 6     presents an innovative methodology for analysing the structural response of circular 

masonry arches using machine learning. The proposed scheme aims to provide a tool 

for the computationally inexpensive and fast assessment of the structure response of 

masonry arches (article submitted for publication). 

Chapter 7    provides a summary of the key findings and conclusions, which are derived from this 

study. In addition, future work and recommendation of further research are 

presented.   
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Chapter 2 – Literature review 

2.1 Introduction  
 

The aim of this chapter is to provide and insight to the current literature which is related to the 

structural evaluation of masonry buildings and arches. First, a brief discussion on the general 

background of masonry as a building material is presented. Following that, a discussion on the 

structural response of masonry is presented together with information on how the mechanical 

properties of masonry can be obtained experimentally. Thereafter, a review of unreinforced 

masonry arches is presented and common techniques for analysing the structural performance of 

arches are explored. Finally, the background of finite element modelling for masonry structures 

is presented.  

 

2.2 Description of Masonry  

 

Masonry is a heterogeneous material, since it consists of individual units and joints. These units 

can be bricks, blocks, ashlars, adobes, irregular stones, and others. The cohesive layer or mortar 

can be any material with adhesive properties like clay, bitumen, chalk, glue, and lime-/cement-

based mortar.  

 

Figure 2- 1: Different types of stone masonry: (a) rubble masonry; (b) ashlar masonry; (c) 

coursed ashlar masonry (Lourenço, 2014). 
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Stone was the first known material to be used for the masonry blocks. The use of stone can be in 

different configurations to achieve various geometries. Figure 2-1 shows some of the possible 

configurations of using stone as a building material. Over the years, different masonry materials 

have been developed, due to the developments/improvements of the construction technique, 

craftsmanship, the local culture and wealth, knowledge of materials, architectural reasons, and 

lastly the availability of materials.  

 

 

The construction of ancient masonry structures was very complex. The separation of architectural 

features and structural elements was not always clear. When the walls of the structures where 

needed to be very thick, typically two/three layers of different types of stones would be used: the 

outer layer would be ashlars, the inside layer/layers would be an infill of rubbles and/or irregular 

small stones. A typical section of a thick masonry wall is shown in Figure 2-2. This kind of 

complex arrangement of masonry makes it cumbersome to fully analyse the behaviour of these 

structures/systems.  

 

 

 

 

 

 

 

  

Figure 2- 2: Section of a thick masonry wall: (a) photograph  of wall and 

(b) schematic drawing of the masonry wall (Binda, et al, 1999). 
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2.3 Material behaviour of masonry 

 

In ancient and modern masonry structures, there is a wide variation of materials, techniques and 

craftsmanship skills making the task of understanding the structural response and performing 

structural analysis of such systems complex. With all these variations, masonry as a building 

material can be classified into two types, based on its structural behaviour, namely, reinforced 

and unreinforced. In a reinforced masonry building or arch, a type of reinforcement, like for 

instance fibre reinforced polymer (FRP) strips or steel reinforcement in the form of bars/ties, is 

provided on the masonry to increase the tensile strength and enhance the structural behaviour. 

|This usage of reinforcement in the masonry, makes the nonlinear behaviour, which arises due to 

the interfaces between the discrete masonry blocks/units, less critical.  

 

On the other hand, unreinforced masonry has a very low tensile strength and the nonlinear 

behaviour due to the discrete masonry blocks/units can be critical. Due to this potential damage 

along the interfaces of masonry blocks, which may also lead to out-of-plane failure, masonry 

structures are more vulnerable to seismic loads (Chieffo et al., 2019, Standard, 2005). In Eurocode 

6 and in general engineering practise, the tensile strength of masonry is approximated to be one 

tenth of the compressive strength (Standard, 2005).   

 

 

2.4 Computational Mechanics for masonry elements 

 

When modelling the complex material behaviour of masonry by introducing either analytical or 

numerical approaches, three techniques can be adopted, (a) the detailed micro-modelling, (b) the 

simplified micro-modelling and (c) the macro-modelling.  

 

In the detailed micro-modelling, units and mortar in the joints are represented by continuum 

elements, whereas the unit-mortar interface is represented by discontinuous elements. Within the 

simplified micro-modelling approach, expanded units are represented by continuum elements, 

whereas the behaviour of the mortar joints and unit-mortar interface is lumped in discontinuous 

elements. These interface elements represent the potential crack location where tensile and shear 

cracking may occur. In the macro-modelling approach, units, mortar, and unit-mortar interface 

are lumped into a homogeneous continuum (Lourenço, 2002). Schematically, these models are 

shown in Figure 2-3 below. 
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In macro modelling, the overall geometry of the structure is approximated, which allows for more 

complex loading conditions to be applied, for instance, focusing on the nonlinear seismic 

response. This approach also allows for the simulation of the nonlinear behaviour of the material, 

with relatively low computational cost. It is also noted, that for the accurate modelling of masonry, 

comprehensive experimental data may be needed. The strength of the material is usually tested 

while deformation characteristics, like the inelastic strain response may or may not be found.  

 

 

 

2.5 Experimental data for masonry  

 

When investigating the stress and strain distribution in structures or structural components, one 

of the critical factors to be considered is the material properties. The mechanical material 

properties can be obtained from conducting destructive and non- destructive experimental tests. 

 

Destructive testing is the process whereby the material is broken down in order to obtain its 

mechanical properties like strength, toughness and hardness. This form of testing is not preferable 

for important and protected monumental structures since it alters and/or destroys the material.  

However, this form of testing often provides the most critical characteristics of the material. Some 

of the widely used destructive testing techniques are presented in Table 2-1 below.  

 

 

 

 

Figure 2- 3:Modeling techniques for masonry structures: (a) detailed micro-modelling; (b) 

simplified micro-modelling; (c) macro-modelling (Lourenço,2002).  
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Table 2- 1: Commonly used destructive test techniques. 

Technique Capabilities Limitation 

Tensile test Tensile strength 

Test sample is destroyed or damaged in the process of testing.  

Compression test Compressive 

strength  

Bending test Flexure strength 

Torsion test Torsion/Twisting 

strength 

Hardness test Deformation/ 

impact strength  

 

On the contrary, non-destructive testing is used when the material properties can be determined 

without destroying and/or altering the material. This form of testing is preferable for monumental 

structures. Some of the commonly used non-destructive testing techniques are presented in Table 

2-2 below. It is noted that the visual inspection is generally the easiest and cheapest non-

destructive testing approach, provided the structure is accessible.  

  

Table 2- 2: Commonly used non-destructive test techniques (Vyas and Kazys, 2018).  

Technique Capabilities Limitation 

Visual Inspection Macroscopic 

surface flaws 
Small flaws are difficult to detect, no subsurface flaws. 

Microscopy Small surface 

flaws 
Not applicable to larger structures, no subsurface flaws. 

Radiography 
Subsurface flaws 

Smallest defect detectable is 2% of the thickness, radiation 

protection. No subsurface flaws not for porous materials. 

Dye penetrant Surface flaws No subsurface flaws, not for porous materials. 

Ultrasonic Subsurface flaws Material must be good conductor of sound. 

Magnetic Particle Surface / near 

surface and layer 

flaws 

Limited subsurface capability, only for ferromagnetic materials. 

Acoustic emission Can analyse 

entire structure 

Difficult to interpret, and expensive equipment required. 

 

2.6 Masonry to mortar bond 

 

Masonry structures derive their strength from the individual masonry units which have a high 

compressive strength and low tensile strength. This enables them to perform well under 

compressive loads and poorly when subjected to tension loads. The interface between the units is 
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the weakest point of this assembly, due to the low tensile resistance of the mortar joints, leading 

to potential cracking.   

 

To accurately model the behaviour of the interfaces, their failure modes under different loading 

conditions need to be fully understood. The two main failure modes are tensile failure and shear 

failure.  These are known as mode I and mode II failure type, respectively (Lourenço, 2021). In 

Figure 2-4, schematic diagrams of these failure types are shown. A secondary mode of failure 

may appear when mode I and II failures take place concurrently. This secondary mode is known 

as mixed mode failure.   

 

 

The contact conditions of adjacent masonry blocks/stones can be modelled using two modelling 

techniques, namely, the detailed micro-modelling and the simplified micro-modelling technique. 

In the detailed micro-modelling approach, the mortar layer and the discrete masonry units are 

simulated using their real geometry and their distinct properties are explicitly incorporated (Adam 

et al., 2010, Vyas and Venkatarama Reddy, 2010, Shieh-Beygi and Pietruszczak, 2008, Zucchini 

and Lourenço, 2007, Brencich and Gambarotta, 2005). In the simplified micro-modelling 

approach, the mortar layer is modelled by defining a contact mechanics law, between the 

interfaces of the discrete masonry units (da Porto et al., 2010, Orduña and Lourenço, 2003, Berto 

et al., 2002, Zhuge et al., 1998, Dhanasekar, 1985). 

 

 

2.7 Vaults and Arches  

 

Over the years, the construction techniques on masonry systems have been improved in such a 

way that unique architectural buildings were constructed to match the aesthetic appeal of the 

environment. A new construction method was developed to enclose and/or span over areas using 

Figure 2- 4: The main failure modes of mortar in masonry structures (a) Tensile 

failure and (b) shear failure (Thamboo and Dhanasekar, 2016). 
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masonry. This technique of construction was first observed in Mesopotamian architecture, dating 

back to the 2nd Millennium BC (Anastasio, 2020). This was the birth of vaults and arches as a 

method of construction.  

 

Arches and vaults are efficient load-bearing structures. They distribute applied loads through 

compression along adjacent masonry stones. The arch as a method of construction is directly 

linked to the material behaviour of the masonry. There exists a harmonic relation between the 

masonry stones/blocks and the shape of the arch to ensure the structure is mainly under 

compression. Compression failure of masonry arches is generally unlikely to take place, thus, the 

typical failure mode of arches is tensile (Grillanda et al., 2021). 

 

2.7.1 Structural theory for arches and vaults 

 

The structural design of ancient masonry arches was based on engineering practice developed at 

that time, which was mainly focused on three structural criteria: strength, stiffness and stability 

(Dahmen and Ochsendorfs, 2012, Heyman, 1996). Stability was probably the most critical 

condition in the design of masonry arches since the compressive strength of unreinforced masonry 

is often adequate to support the applied loads. On the other hand, vaults and unreinforced arches 

may not be able to support seismic actions or settlement of supports, since these conditions can 

lead to instability.  

 

To evaluate the stability of masonry arches, the concept of the thrust line was introduced. In 

particular, a thrust line is a line passing through the centres of the internal pressure, which is 

developed at the sections of an arch. It is used to represent the path of the resultant compressive 

forces (Méry, 1840, Moseley, 1856).  

 

The stability of unreinforced masonry arches is achieved when the thrust line is maintained within 

the cross-section of adjacent masonry units, which ensures that the structure is under compression. 

Figure 2-5a shows a typical arch with a thrust line maintained within the cross-section of the 

masonry units. To ensure stability, the designer needs to properly define the geometry of the 

structure in such a way that it remains mainly in compression under any loading conditions. In 

the event, the thrust line falls at the boundary of the section of the masonry, a hinge is formed 

which can lead to damage and/or partial collapse of the structure (Figure 2-5b). This problem of 

finding a suitable geometry for masonry arches, was first explained by (Hooke, 1676) using the 

‘hanging chain’ principle. 
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2.7.2 Robert Hooke’s ‘hanging chain’ Principle 

 

Several researchers and engineers have made efforts to understand the structural response of 

masonry arches. Robert Hooke (Hooke, 1676) has been pioneer for first describing the stability 

of masonry arches under their self-weight by proposing a rational rule to sizing masonry arches. 

This rule is based on the analogy of a hanging chain forming catenary in tension under its self-

weight. Then, it is concluded that the inverted chain, representing an arch, stands rigid in 

compression (Heyman, 1982, Heyman, 1998, O’Dwyer, 1999, Block et al., 2006).  

 

In (Hooke, 1676), it was concluded that both the chain and the arch will be in equilibrium, the 

chain under tension and the arch under compression (Figure 2-6a). This principle led to the 

concept of the funicular polygon which states that, the shape made by a string or chain under 

certain loads, if inverted, is the ideal geometry to support the same set of loads. This method has 

successfully been used to produce the line of thrust along the masonry arch structures.  

 

In 1748, (Poleni) used Hooke’s hanging chain principle to assess the safety of the cracked dome 

of St. Peter’s in Rome. Figure 2-6b shows Hooke’s hanging chain principle as applied to the 

Figure 2- 5: (a) An arch with thrust lines within sections, (b) an 

arch with thrust lines outside the sections (Pulatsu et al., 2019). 
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analysis of St. Peter’s dome. Recently, this technique was used by (Gáspár et al., 2022), in a study 

which relates the optimal geometry of a masonry arch and the number of concurrent hinges under 

self-weight, at a limit state quantified by minimum thickness.  

 

 

2.7.3 Classical mechanics on unreinforced masonry arches 

A few decades later, a new technique of analysing arch structures was presented, known as the 

classical collapse mechanism. This technique uses the funicular polygon as the fundamental tool 

for analysing arches and is based on the estimation of the thrust line. The classical collapse 

mechanism theory as presented by (Heyman, 1982), has been widely used for determining the 

load-bearing capacity of masonry arches. This concept has been used as the building block for 

other analytical methods aiming to estimate the thrust line in masonry arches. In (Heyman, 1982), 

it was concluded that, for arches to be fully under compression, the thrust line must lie within the 

core (middle third) of the section. 

Unreinforced masonry arches form a plastic hinge when the thrust line is tangent to the extrados 

and/or intrados of the ring. The introduction of three hinges changes the determinacy of a fixed 

support arch from statically indeterminate to statically determinate. The addition of a fourth hinge 

triggers a kinematic collapse mechanism classically known as the four-hinge collapse mechanism 

(Heyman, 1967). This four-hinge collapse mechanism is generally the common cause of structural 

failure on arches. 

Figure 2- 6: (a) Hooke’s hanging chain in tension with the corresponding inverted arch in 

compression; (b) the safety of the cracked dome of St Peter’s in Rome demonstrated by Hooke’s 

principle (Block et al.,2006) 
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In the classical studies presented by (Heyman, 1982), the structural behaviour of unreinforced 

masonry arches under settlement of supports is also explored. It was mentioned in these studies 

that if the abutments spread for a reason, ‘‘the arch could accommodate itself to the increased 

span by forming three hinges, one at the crown in the extrados, and one at each abutment in the 

intrados’’. In the same studies it was also claimed that if the abutments are too close, ‘‘three 

hinges have again been formed to accommodate the decreased span, one at the crown in the 

intrados and one at each abutment in the extrados”. In a study conducted by (Drosopoulos et al., 

2008), these conclusions were verified using nonlinear finite element models, in single span, two-

dimensional arches. In Chapter 4 of the thesis, the possibility for a three-hinge mechanism to 

appear due to settlement of supports in multi-span arches, using three-dimensional finite element 

analysis, is investigated. 

2.8 The main elements of a masonry arch bridge and their functionality 

 

A masonry arch bridge, like any other structure, consists of different structural elements which 

contribute to the overall structural integrity and load bearing capacity. The main structural 

elements of a masonry arch bridge are shown in Figure 2-7.  

 

The main structural element is the arch barrel, which is found in different geometries, such as for 

instance, semi-circle, semi-ellipse and parabolic. The arch barrel is generally a ring of large stones 

which transfer the applied loads to the supports, through compression in the masonry sections. 

The fill material (compacted fill soil) is placed above the arch barrel, to provide a level formation 

for the road carriageway or railway surface. The fill material distributes the load from the road 

carriageway or railway surface over a larger area, to reduce the load intensity on the arch barrel.  

This has a beneficial contribution to the load-carrying capacity of the arch bridge, by reducing the 

load intensity experienced by the arch barrel. Furthermore, the self-weight of the fill material 

introduces an overall compressive load to the arch barrel, which further enhances the structural 

response of the arch. 

 

The spandrel walls are built on the side of the arch barrel and may extend to the wing walls beyond 

the abutments, to ensure the fill material does not spill out. Damage or collapse of the spandrel 

walls can lead to the loss of the fill material over the arch barrel rendering the bridge unfit for use. 

The wing walls and parapets do not have a direct influence on the structural integrity of the arch 

bridge. The wing walls are mainly used to contain the fill material beyond the abutment wall and 

to minimise settlement on the road carriageway or railway surface. Parapets are used to protect 

users from falling into the watercourse-way, road track, railway track or lower ground since most 

masonry arch bridges are at an elevated height relative to the surrounding area.   
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2.9 Methods used to investigate the structural response of masonry arches  

 

In recent years, several studies have been conducted to evaluate the structural behaviour of 

masonry arches and improve their ultimate strength. Some of the recognized methods include (a) 

the military engineering experimental establishment method, (b) the collapse mechanism method, 

(c) the finite-element method (FEM) and (d) the limit analysis method. Another recent and 

innovative approach is to adopt machine learning principles in order to evaluate the structural 

response of masonry arches. In Chapter 6 of the thesis, a methodology is proposed, elaborating 

this concept.  

 

2.9.1 Military engineering experimental establishment (MEXE) method 

 

The military engineering experimental establishment (MEXE) method is a semi-empirical method 

based on elastic analysis that only considers the independent strength of the arch barrel (Hughes 

et al., 1997). This method is derived from Pippard’s elastic method (Pippard et al., 1936) with a 

point load applied at mid span of the arch (Wang et al., 2013). Empirical formulas with modifying 

factors referring to the geometry and material conditions of the structure are used to calculate the 

load capacity (Pippard et al., 1936). These modifying factors are obtained from visual inspection 

of the structure.  

 

Figure 2- 7: Elements of a masonry arch bridge (Pipinato, 2022). 
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Due to its simplicity and quickness, this method has been widely adopted in Europe for the 

assessment of railway and highway masonry arches (Orbán, 2004). Advancement in research and 

experience has demonstrated that this method is very conservative and seriously underestimates 

the load capacity of the structure (Code, 2011). In contrary, (Wang et al., 2013) has shown that in 

some cases, the MEXE method is non-conservative and the lack of transparency in the method 

makes it difficult to fully understand the influence of the assumptions made.   

 

2.9.2 Collapse mechanism method 

 

The collapse mechanism method uses simple equilibrium calculations based on the assumption 

that the collapse of an unreinforced masonry arch takes place due to the formation of a four-hinge 

mechanism (Hughes et al., 2002, Page, 1993). The research done by (Pippard et al., 1936, Pippard 

and Baker, 1968), formulates the foundation of this method. In this research, it was developed a 

tabular procedure of determining the ultimate load of unreinforced voussoir arches. It was 

assumed that a structural instability would occur when the thrust line is tangent to the intrados 

and/or extrados at four points of the arch, which will result in the formation of four hinges.  

 

In later years, (Heyman et al., 1980) presented a solution which uses equilibrium equations to 

determine the ultimate load for unreinforced masonry arches. This was called the ‘geometric 

factor of safety’ solution, which is also known as the mechanism approach. In this solution, the 

following assumptions were made: (a) masonry stones have no tensile strength, (b) the 

compressive strength of each stone is infinite, (c) sliding between stones cannot occur, and (d) 

the masonry blocks/stones are rigid. It was also concluded that the ultimate load was obtained 

when the point load was applied at the quarter span of the arch, with hinges forming at the 

springings and crown of the masonry arch (Heyman et al., 1980). This four-hinge failure 

mechanism is shown in Figure 2-8.   

 

Figure 2- 8: Collapse of a voussoir arch with four-hinge mechanism (Ford et al., 2003). 
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A few years later, after the development of the mechanism approach, (Crisfield and Packham, 

1987) developed a computational technique to obtain the ultimate load of unreinforced masonry 

arches by solving the equations of equilibrium. In this improvement, the following aspects of the 

masonry arch were incorporated: (a) the compressive strength of masonry, (b) the dispersion of 

load through the fill over the arch barrel, and (c) the lateral earth pressure exerted on the arch 

barrel by the fill.  

 

In (Boothby, 1995), further development to the mechanism analysis was made, by introducing the 

possibility of sliding failure in arches. In his study, it was concluded that a collapse mechanism 

is most likely to occur in unreinforced masonry arches with low-rise-to-span ratios and thick arch 

barrel. 

 

2.9.3 Limit analysis method  

 

Limit analysis method is a modern implementation of the classical collapse mechanism method 

based on linear programming (Gilbert and Melbourne, 1994, Melbourne and Gilbert, 1995). This 

method is adopted by the Ring software (LimitState:RING, 2020). In this method, the structure is 

simulated as a schematic assembly of rigid, no-tesion blocks, introducing also frictional sliding 

in-between the interfaces of the blocks (Caporale and Luciano, 2012). The blocks are modelled 

as rigid bodies of infinite compressive strength, such that crushing cannot occur. Instead, hinges 

can be developed at the interfaces.  

 

In (Foraboschi, 2004, Caporale et al., 2006), it was concluded that in some instances, reinforced 

masorny arches can experience compressive failure, indicating that crushing of the bricks and/or 

the mortar joints should also be considered in the analysis. In (Orduña and Lourenço, 2003), a 

modification of the limit analysis method was proposed, to incorporate compressive failure of 

unreinforced mansory arches. This novel procedure was also proposed by (Orduña and Lourenço, 

2005b, Orduña and Lourenço, 2005a), by adopting a limit for the compressive strenght of the 

mansory. Frictional sliding and torsion failure modes at the interfaces were also included in these 

descriptions.  

 

This method has been used in (Moreira et al., 2016), to assess the reliability of five mansory arch 

railway bridges located in Portugal. These mansory arch bridges were modelled as rigid units 

separated by contact interfaces along masonry joints, with a rigid-plastic constitutive behaviour. 

In this study (Moreira et al., 2016), it was conlcuded that the structural response of the mansory 

arch railway bridges, becomes less predictable with increase in span length. In (Costa et al., 2015), 
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the limit analysis method was adopted to evaluate the ultimate load-carrying capacity of São 

Lázaro bridge, which is a mansory arch bridge located in Portugal with two unequal arch spans. 

The RING software (LimitState:RING, 2020) was utilised to perform the structural assessment 

of the bridge, considering the action of the dead load and incremental static loading simulating 

the vehicle load as recommned on the national design standards.  

 

 

2.9.4 Investigation of the structural response of masonry arches using the 

finite element method (FEM) 

 

The finite element method (FEM) is a numerical procedure which can be used to solve equations 

governing a physical system (Oñate, 2009). In particular, the method is used to solve partial 

differential equations, describing the mechanical response of structural systems. Within the FEM 

method, a weak formulation is usually adopted, such as the Principle of Virtual Work, converting 

the systems of differential equations to integral expressions (Drosopoulos and Stavroulakis, 

2022).  

Finite elements are introduced to discretize the overall geometry, interconnected at discrete points 

(nodes). The finite element method can be used to predict the structural response of complex 

structural systems, which would not be solved by traditional analytical approaches. 

 

During the last years, the finite element method is widely used in research focusing on the 

structural evaluation of masonry buildings and arches. Referring to masonry arches, the finite-

element method relies on the development of a computational, structural model that considers the 

influence of each element of the bridge (arch barrel, spandrel walls, wing walls, fill, and parapets) 

(Crisfield, 1985b, Towler, 1985). 

  

In the study of the structural behaviour of masonry arches, the finite element method was first 

used by (Towler and Sawko, 1982) and (Crisfield, 1985b) to compare against experimental 

models of masonry arch structures. In the early models adopting the finite element method, the 

effects of the fill material above the arch barrel were not considered and the arch was modelled 

as a two-dimensional structure.   

 

In later work, (Crisfield, 1985a, Crisfield and Wills, 1986, Crisfield and Packham, 1987) noticed 

the importance of the fill material for the estimation of the ultimate load, and the fact that arches 

depicted very low collapse loads when the positive influence of the fill was ignored. As mentioned 

above in the thesis, the presence of the fill over the arch barrel reduces the load intensity on the 
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arch, thus, increasing the ultimate load. In the modelling of the fill material above the arch, the 

Mohr-Coulomb yield criterion, as presented by (Crisfield, 1987), was adopted. To ensure 

convergence to a solution and stability of the analysis, an incremental-iterative procedure called 

Newton-Raphson, was used.  

 

In the framework of finite element analysis, different computational strategies have been used to 

simulate the structural response of masonry buildings and arches, including: (a) the micro-

modelling, (b) the macro-modelling, (c) the multi-scale and (d) the continuum approach. In the 

following lines of this section, a brief literature review, emphasizing in these methods, is 

provided.  

 

2.9.4.1 Micro-modelling approach 

 

The micro-modelling approach is a comprehensive analysis of masonry structures, which is ideal 

for small structural elements since it is computationally expensive. In this modelling strategy, the 

masonry units are modelled as continuum elements and the mortar interfaces are represented by 

discontinuous elements. This approach was first developed by (Cundall, 1971) to model joint 

failure in sliding rock masses. For the structural assessment of masonry arch bridges, this 

approach has been used in (Tapkın et al., 2022, Costa et al., 2015, Thavalingam et al., 2001, Ng 

et al., 1999).  

 

2.9.4.2 Macro-modelling approach 

 

The macro-modelling approach is a simplified and efficient approach used to evaluate the overall 

response of masonry structures. In this approach, the individual masonry units and joints are not 

explicitly simulated. Instead, the collapse mechanism is smeared out in the continuum using 

damage mechanics models. The material is regarded as anisotropic composite and a relation is 

established between average masonry strains and stresses. In (Anthoine, 1992, Lourenço, 1996), 

it is proposed that there are few orthotropic material models which can be used to evaluate the 

behaviour of masonry structures (Laurenco et al., 1995). In (Zampieri et al., 2015, Pelà et al., 

2013, Pelà et al., 2009), the macro-modelling approach has been adopted to investigate the 

structural behaviour of masonry arch bridges under seismic loading. The same approach has also 

been used in (Pulatsu et al., 2019,Conde et al., 2017, Fanning and Boothby, 2001).  
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2.9.4.3 Multi-scale methods 

 

The multi-scale modelling approach is a strategy adopted to model the heterogeneous nature of 

masonry, where the constitutive behaviour on the macroscopic level is represented by the 

effective behaviour of a corresponding Representative Volume Element (RVE) (Sorić et al., 

2018). In (Ainsworth and Mihai, 2009), an adaptive multi-scale approach for modelling large 

masonry structures is proposed. This approach combines simplified structural level and detailed 

micro-scale modelling by reducing the contact constraints without significantly changing the 

behaviour of the structure. In (Mihai and Ainsworth, 2009), adaptive multi-scale approach was 

adopted to simulate a three-span arch masonry arch bridge in Cambridge, UK. In (Drosopoulos 

and Stavroulakis, 2018), a multi-scale computational homogenization approach is used to 

investigate localization of damage in masonry walls. The Extended Finite Element method 

(XFEM) is used to capture crack propagation in the macroscopic level.  

 

2.9.4.4 Continuum models 

 

Continuum models, such as for instance damage mechanics laws, are used to simulate the material 

behaviour in finite element models, focusing on tensile and compressive damage, as well as 

irreversible (plastic) strains (Toti et al., 2013).  When adopting continuum models, diagonal 

tension cracking on the masonry units and masonry crushing, can be observed. Different 

continuum models can be used to capture failure for masonry structures, including: (a) Mohr-

Coulomb plasticity law (b) Drucker- Prager law, and (c) Concrete smeared crack model.  

 

The Mohr-Coulomb law describes the shear and normal stress response and is commonly used 

for materials depicting greater compressive strength than tensile strength, like for instance the fill 

material (soil). This model uses the conservation of energy principle to describe the linear 

relationship between shear and normal stresses (or minimum and maximum principal stresses) at 

failure (Labuz & Zang, 2012).  

 

The Drucker-Prager law describes the pressure-dependent failure mode, when a material has 

failed or experienced plastic yielding (Campbell & Durán, 2017). This model is commonly used 

to describe the mechanical failure of rock, soil, concrete, and other pressure dependent materials 

(Jiang et al., 2011). It is comprehensive in describing the isotropic hardening or softening of a 

material and uses linear, exponential or hyperbolic functions to describe yield surfaces. 
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The concrete smeared crack model describes the nonlinear behaviour of cement-based materials 

subjected to different loading paths. This model simulates the crack initiation and propagation by 

using a multidirectional fixed smeared crack approach (Edalat Behbahani et al., 2015). The 

inelastic behaviour of the material is incorporated by combining plasticity and damage theories 

using a yield function.  

 

2.9.5 Machine learning methods 

Machine learning is a branch of artificial intelligence which uses datasets and algorithms to make 

predictions of the response of systems. In the past, machine learning was not commonly used in 

structural engineering due to limitations on machine learning algorithms and computing power 

(Reich, 1997). Over the years, there has been development and improvement of the machine 

learning algorithms and computational power. These improvements have resulted in the 

significant increase of using machine learning tools, to solve complex structural engineering 

problems (Thai, 2022).  

In (Jing et al., 2022), an artificial neural network called BridgeNet is proposed for automating the 

segmentation of masonry arch bridge elements from a large-scale masonry point cloud. In 

(Melchiorre et al., 2021), machine learning algorithms are used to structurally optimize the cross-

section of a circular arch by calculating the internal stresses and comparing them against the yield 

stresses of the material. In (Civera et al., 2022), artificial intelligence and machine learning 

algorithms are used for structural health monitoring, to interpret operational modal analysis mode 

shapes, which is normally a labour-intensive task. The vibrational modes predicted by the 

machine learning algorithms were compared against experimental cases.  

In Chapter 6 of this thesis, a data-driven machine learning approach, for the structural evaluation 

of masonry arches is proposed. It must be noted, that during the time of writing this thesis, no 

relevant work was found.  
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2.10 Investigation of the structural response building using the finite-

element method (FEM) 

 

The finite-element method has been widely used to evaluate the structural response of masonry 

buildings, due to its flexibility in modelling structural elements. In (Rosenhaupt and Sokal, 1965, 

Saw, 1974), the behaviour of masonry building elements were assumed to be isotropic elastic to 

simplify the problem and the influence of mortar joints was ignored. In (Dhanasekar et al., 1984), 

a simplified ‘nonlinear’ finite element model was proposed, were material properties of masonry 

and joints were averaged following numerous biaxial tests on bricks of masonry. In this approach, 

the structure was modelled as a continuum, ignoring local effects. Other researchers (Smith and 

Carter, 1970, Stafford Smith and Rahman, 1972, Ali and Page, 1985), refined this procedure to 

incorporate a discrete modelling of masonry blocks and mortar.  

 

In (Lourenco and Rots, 1993, Laurenco et al., 1995), the two approaches (Micro- and macro-

modelling) for modelling masonry building was presented. In (Lourenço et al., 2007), finite 

element models were used to assess the structural integrity and safety of a Monastery of Jerónimos 

in Lisbon, Portugal. This monumental structure was assessed for static and dynamic conditions. 

In (Beskos, 1993, Sánchez-Beitia and Brebbia, 1997, Tzamtzis and Asteris, 2004, Milani et al., 

2007, De Villiers et al., 2021), static analysis for masonry building under their self-weight have 

been developed under the framework of finite element modelling.  

Dynamic loads induced by seismic actions is generally critical in large-scale monumental 

structures. In (Acary and Jean, 1998, Jean et al., 2001, Caliò et al., 2012, Cescatti et al., 2020, 

Clementi, 2021), the seismic response of masonry buildings is investigated using finite element 

analysis. This method has been widely recognized as an efficient and effective approach that can 

be adopted for the structural assessment of old masonry structures (Armesto et al., 2010, Sevim 

et al., 2011, Domede et al., 2013, Ataei et al., 2016). In (Shabani et al., 2022), finite element 

models were used to investigate the soil-structure interaction on a stone masonry tower in 

Tønsberg, Norway. Non-destructive testes were used to calibrate digital-twin models to evaulate 

the risk of resonance effect due to siesmic actions in zones of low seismicity activity. In (Pirchio 

et al., 2021), unreinforced mansory churches in Italy were investigated using  finite element 

models to understand the global behavior of the churches and to identify the most critical local 

mechanisms for collapse potential. 
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Chapter 3 – Methodology   

3.1 Introduction 

Chapter 3 outlines the methods and procedures applied in the thesis, to achieve the aims and 

objectives provided in Chapter 1. The main aim of this study is to investigate the structural 

response of masonry systems, such as buildings and arches, using nonlinear finite element 

analysis. To achieve this, a methodology is proposed in the thesis, investigating different 

numerical methods and techniques, adopted to overcome the challenges involved in the structural 

evaluation of existing masonry systems. Aspects of the proposed methodology include: (a) 

analytical study of the geometry of the structures under investigation using laser scanning and 

MATLAB scripts, (b) information from literature or evaluation of old destructive/non-destructive 

tests, used to provide the material properties, and (c) nonlinear finite element analysis and 

machine learning tools, including artificial neural networks, developed to assess the structural 

response of masonry systems, emphasizing in failure.  

 

3.2 Details of the adopted finite element models  

To holistically investigate the response of masonry systems (arches and building), both discrete 

and continuum approaches are adopted in the thesis. In particular, traditional constitutive 

descriptions, incorporating principles of non-smooth contact mechanics, as well as damage 

mechanics laws, are adopted for the investigation of the ultimate, failure response of masonry 

structures. 

 

3.2.1 Discrete constitutive description  

 

Within the discrete approach, unilateral contact–friction interfaces are introduced between the 

masonry stones, to simulate the response between the stone blocks, in the mortar joints. Potential 

damage like the hinge-mechanism is represented by the opening and/or sliding of those interfaces. 

Figure 3-1(a) shows an example of a unilateral contact–friction interface, introduced to evaluate 

potential damage on a multi-span masonry arch bridge. This investigation is conducted using 

nonlinear finite element analysis, as presented in Chapter 4 of the thesis.   
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To simulate the contact conditions between the masonry blocks, principles taken from contact 

mechanics have been adopted. Figure 3-1(b) shows a schematic representation of the contact 

conditions between two adjacent blocks. The mathematical formulation of the contact-friction 

laws, which are introduced in the interfaces between the masonry blocks, is provided by equations 

(1)-(5) (Panagiotopoulos, 1985, Drosopoulos et al., 2006). 

 

 

 

` 

 

 

In particular, u is a single degree of freedom and g represents the initial opening between the 

contacting bodies, as shown in Figure 3-1(b). Inequality (1) expresses the non-penetration 

condition between adjacent blocks. Inequality two states that only a compressive force (pressure) 

𝑡𝑛 , and no tensile forces, can be developed in the interfaces. Equation (3) provides the 

(a) 

(b) 

Figure 3-1: (a) A unilateral contact interface (marked in red) assigned on an arch bridge finite element model, 

and (b) schematic representation of the contact conditions between two stones. 
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complementarity condition, stating that either contact occurs, with non-zero compressive forces 

in the interface, or separation takes place, resulting in zero interface forces. 

 

ℎ = 𝑢 − 𝑔 ≤ 0 ⟹ ℎ ≤ 0                                        (1) 

−𝑡𝑛 ≥ 0                                                                       (2) 

𝑡𝑛(𝑢 − 𝑔) = 0                                                            (3) 

The behaviour in the tangential direction between the interfaces, is defined by a static version of 

the Coulomb friction model. Two contacting surfaces start sliding when the shear stress in the 

interface reaches a critical value equal to: 

 

𝑡𝑡 = 𝜏𝑐𝑟 = ±𝜇|𝑡𝑛|                                                    (4) 

where tt and tn are the shear stress and the contact pressure at a given point of the contacting 

surfaces, respectively, and μ is the friction coefficient. There are two possible directions of sliding 

along an interface, so tt can be positive or negative depending on that direction. Furthermore, 

there is no sliding if |tt | < μ|tn| (stick conditions). The sliding rule can be summarized by the 

following relations, where ut is the displacement (sliding) in the tangential direction of an 

interface: 

|𝑡𝑡| < 𝜇|𝑡𝑛|  ⟶  𝑢𝑡 = 0 (𝑛𝑜 𝑠𝑙𝑖𝑑𝑖𝑛𝑔)                                                   (5𝑎) 

𝑡𝑡 = 𝜇|𝑡𝑛|  ⟶ 𝑢𝑡 ≥ 0 (𝑠𝑙𝑖𝑑𝑖𝑛𝑔 𝑖𝑛 𝑜𝑛𝑒 𝑑𝑖𝑟𝑒𝑡𝑖𝑜𝑛)                              (5𝑏) 

𝑡𝑡 = −𝜇|𝑡𝑛| ⟶ 𝑢𝑡 ≤ 0 (𝑠𝑙𝑖𝑑𝑖𝑛𝑔 𝑖𝑛 𝑡ℎ𝑒 𝑜𝑝𝑝𝑜𝑠𝑖𝑡𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛)        (5𝑐) 

 

The unilateral contact-friction problem is strongly nonlinear, due to the mentioned conditions 

applied at the interfaces between the stones. Thus, the nonlinearity is caused by the opening–

closure and sticking–slipping response along these interfaces. The overall nonlinear problem is 

solved using the Newton-Raphson incremental-iterative procedure. The same contact mechanics 

law has been adopted to simulate (and explain) the cracks on the vault roof of the masonry 

building investigated in Chapter 5 (Figure 3-2). 
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3.2.2 Continuum models  

To simulate the material behaviour in the framework of finite element analysis, continuum models 

incorporating damage mechanics laws are adopted. In Chapter 4, a smear crack and a damage 

plasticity law are used to represent failure on a masonry arch bridge. Both compressive and tensile 

failure types can be observed, when applying these damage mechanics constitutive descriptions. 

 

3.2.2.1 Smear crack damage model 

The smeared crack damage law is adopted to simulate the brittle nature of masonry by 

incorporating the uniaxial tensile and compression behaviour. Within this model, cracking is 

assumed to occur when the stress reaches a critical failure surface, given by the relationship 

between the equivalent pressure stress, p, and the Mises equivalent deviatoric stress q, as shown 

Figure 3-3b. The compressive response is defined within elastic-plastic theory, using a simple 

form of yield surfaces written in terms of the equivalent pressure stress p, and the Mises equivalent 

deviatoric stress q (Figure 3-3b). The post-failure behaviour of the damaged material is modelled 

with a tension stiffening law and the stress–displacement diagram shown in Figure 3-3c. 

 

 

 

 

 

Figure 3- 4: Seven-span shipyard masonry building in Greece, with vaulted roof (Providakis, 2021).  
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Figure 3- 3:(a) Uniaxial stress–strain law of the smeared crack 

damage model (Simulia, 2016). 

Figure 3- 5:(b) Failure surfaces of the smeared crack damage model (Simulia, 2016). 

Figure 3- 3:(c) Stress–displacement law of the smeared crack damage model representing 

tension softening (Simulia, 2016). 
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3.2.2.2 Damage plasticity law 

 

A damage plasticity, continuum constitutive description is adopted to simulate the failure 

behaviour for quasi-brittle structures, like masonry and concrete, subjected to monotonic or cyclic 

actions. The main two failure mechanisms, which can be depicted by this law, are tensile cracking 

and compressive crushing. During unloading the elastic stiffness of the material is considered 

damaged. This is depicted using two damage variables, one for tension and another for 

compression, both introduced in the model as functions of the plastic strains. These damage 

variables take values from zero, representing the undamaged material, to one, depicting total loss 

of strength. If the initial elastic stiffness of the material is E0, dt and dc are the tensile and 

compressive damage variables, respectively, then the stress-strain relations under uniaxial tension 

and compression loading are provided by the following equations (Simulia, 2016): 

𝜎𝑡 = (1 − 𝑑𝑡)𝐸0(𝜀𝑡 − 𝜀𝑝𝑙
𝑡 )                                (6)    

𝜎𝑐 = (1 − 𝑑𝑐)𝐸0(𝜀𝑐 − 𝜀𝑝𝑙
𝑐 )                            (7) 

 

 

3.2.3 Geometric modelling 

 

 

To obtain the geometry of the masonry structures studied in Chapters 4 and 5 of the thesis, 

terrestrial laser scanning was used to obtain a point cloud, describing the geometry. Analysis is 

then conducted, to convert the point cloud to an appropriate three-dimension solid geometric 

format, to be used by the structural analysis software. In addition, other resources, like existing 

drawings and reports were used to enrich the geometric details. Figure 3-4(a) shows a photo of 

the masonry arch studied in Chapter 4, taken during the collection of the point cloud using 

terrestrial laser scanning. Figure 3-4(b) shows an image of the masonry building investigated in 

Chapter 5, during analytical processing of the point cloud to a three-dimension geometry by using 

triangulation of the data collected.  
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3.2.4 Modal analysis and damage identification  

To determine the natural dynamic characteristics of masonry structures, modal analysis can be 

used, in the framework of finite element analysis. In modal analysis, natural frequencies, damping 

factors and mode shapes of the structure are obtained to formulate a mathematical model which 

describes its dynamic behaviour. The vibration response of a structure is expressed as a linear 

combination of a set of simple harmonic motions called the natural modes of vibration or mode 

(b) 

Figure 3- 4:(a) 3D scanning of the masonry arch bridge using terrestrial laser scanner, and (b) 

analytical processing by triangulation of point cloud to 3D geometry.    

(a) 

https://www.sciencedirect.com/topics/engineering/linear-combination
https://www.sciencedirect.com/topics/engineering/linear-combination
https://www.sciencedirect.com/topics/engineering/simple-harmonic-motion
https://www.sciencedirect.com/topics/engineering/mode-of-vibration
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shapes. In this thesis, modal analysis simulations are implemented in Chapter 5, to identify 

existing damage on a large masonry building. 

 

The determination of structural and material properties of a partially collapsed monument and the 

evaluation of existing damages is not a trivial task. The complexity of this task is amplified by 

the size of the structure. The modal analysis is assisted by micro-tremor measurements which 

experimentally measure the natural frequencies of the structure due to ambient vibrations. The 

numerically calculated eigenvalues are compared to experimentally measured quantities. The 

correlation between numerical and experimental measurements, provides an insight of the 

structural response. A least square technique is adopted for the modal assurance criterion, by 

driving the model from a Python script. Standard design codes for structural investigation, 

recommend that the modal analysis used should have as many eigenvectors as possible in order 

to activate 75% of the total mass of the structure. All the details of this research, are provided in 

Chapter 5 of the thesis. 

 

 

3.2.5 Extended finite element method (XFEM) 

 

To investigate the initiation and propagation of cracks in the masonry building studied in Chapter 

5, the extended finite element method is adopted. The method is an extension of the conventional 

finite element analysis, introducing cracks crossing finite elements and contact interfaces, 

allowing them to propagate in an arbitrary path. The main concept of this method is to use the 

partition of unity property and properly enrich the nodal displacement approximation enrichment 

functions, as shown in equation (8) (Simulia, 2016). For the enrichment of the split elements, the 

Heaviside function 𝐻 is used as given in equation (8). The domain of a crack crossing an element 

is shown in Figure 3-5. This numerical method was applied in Chapter 5, in an attempt to explain 

the transverse cracks on the vaulted roof of the masonry building.  
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𝑢 = ∑ 𝑁𝐼(𝑥) [𝑢𝐼 + 𝐻(𝑥)𝑎𝐼 + ∑ 𝐹𝑎(𝑥)𝑏𝐼
𝑎

4

𝑎=1
]

𝑁

𝐼=1

 (8) 

 

 

 

3.3 Machine learning  

 

An innovate procedure for the investigation of the structural response of circular masonry arches 

using machine learning is proposed in Chapter 6 of this thesis. A data-driven analysis of circular 

masonry arches is proposed, to evaluate the mechanical response of arches considering different 

arch shapes (span and thickness of the stones that make up the arch).  

 

The first step of this investigation is to conduct parametric simulations, in order to develop a 

dataset with input and output geometric and structural parameters of the masonry arch. The 

parametric simulations were driven by MATLAB and Python scripts to build nonlinear finite 

element models with unilateral contact/friction laws used to simulate the response between 

masonry blocks. The dataset obtained was then used to train the artificial neural network. 

 

To train the artificial neural networks, the Levenberg-Marquardt algorithm is adopted due to its 

fastest training algorithms. It uses the Jacobian matrix to compute the solution and assumes that 

the performance function is the mean or sum of square errors. Equations (9) to (11) show the 

Figure 3- 5: Definition of a crack and crack domain for 

XFEM (Simulia, 2016). 
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principle that the Levenberg-Marquardt algorithm is based on (MathLab, 2021). The Hessian 

matrix is approximated by equation (9) when the performance function is provided by the sum of 

squares errors and the gradient can be computed as Jacobian matrix multiplied by the vector of 

network errors, see equation (10). Equation (11) shows how the Levenberg-Marquardt algorithms 

approximate the Hessian matrix by combining the Gradient Descent and Newton-Raphson 

method.  

 

𝐻 = 𝐽𝑇𝐽           (9) 

𝑔 = 𝐽𝑇𝑒          (10) 

𝑥𝑘+1 = 𝑥𝑘 − [𝐽𝑇𝐽 + 𝜇𝐼]−1𝐽𝑇𝑒                      (11) 

 

Three artificial neural networks are trained in this study to predict different structural responses: 

(a) deformation due to self-weight only, (b) deformation due to self-weight and a vertical point 

load applied at ¼ span of the arche, and (c) the ultimate load.  
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Chapter 5 – Modelling, identification and structural damage 

investigation of the Neoria monument in Chania 

 

 
In this section, the identification and evaluation of the structural damage of the Neoria monument 

in Chania is investigated and the findings are published in Developments in the Built Environment, 

Received: 9 November 2021; Received in revised form 31 January 2022; Accepted 17 February 

2022 /Available online 24 February 2022 
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Chapter 6 – A data-driven, machine learning scheme used to 

predict the structural response of masonry arches  
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Abstract 

In this article a data-driven, structural analysis methodology is proposed, for the investigation of 

the ultimate response of masonry arches. The main objective of the study is to adopt machine 

learning principles, in the form of artificial neural networks, in order to evaluate the structural 

response of masonry arches. In this framework, numerical metamodels are developed, aiming to 

predict in a computationally efficient framework, the failure mechanism and the ultimate, collapse 

load of masonry arches. First, datasets are numerically built, integrating Matlab, Python and 

commercial finite element software. Heyman’s assumptions are adopted within non-linear finite 

element, incorporating contact-friction laws between adjacent stones/blocks to capture failure in 

the arch. The artificial neural networks are trained, validated, and tested using the least square 

minimization technique. It is shown that the proposed scheme can be used to provide a fast and 

accurate prediction of the deformed geometry, the collapse mechanism and the ultimate, failure 

load of masonry arches. Cases studies demonstrate the efficiency of the proposed method, by 

implementing the method to random, new masonry arch geometries, not used for training. All 

Matlab and Python scripts used to generate the datasets as well as the datasets, are provided with 

this article. The method can be extended towards structural health monitoring applications and 

the concept of digital twin.  

 

Keywords: FEM, Machine Learning, Artificial Neural Network, Multi-hinge failure, Damage 

Prediction, Masonry Arches, Data-driven Mechanics, Digital Twin  
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1. Introduction 

 

Masonry arches have been used widely during centuries to span and enclose space. The structural 

benefit of the arch shape is still under investigation even though the technique was first observed 

in Mesopotamian brick architecture, dating back to the 2nd Millennium BC (Anastasio, 2020). 

Arches are efficient load-bearing structures, which distribute applied loads through compression 

in adjacent masonry stones. The arch, as a method of construction, is directly relevant to the 

material behaviour of masonry. There exists a harmonic relation between the masonry stones and 

the shape of the arch, to ensure that the structure is mainly under compression. Compression 

failure of masonry arches is generally unlikely to take place, thus, the typical failure mode of 

arches is a tensile hinge mechanism (Grillanda et al., 2021).  

 

In particular, the typical mode of failure for masonry arches is the formation of tension hinges in-

between the masonry stones, activated when the thrust line falls outside the section of the masonry 

arch. The change of the structural state, from equilibrium to mechanism, can be caused by 

settlement of supports due to earthquakes, vertical loads due to vehicles, erosion, or ground 

bearing failure. This hinge mechanism can result in damage and eventually partial or total 

collapse.  

 

Several investigations have been conducted, to highlight the structural response of masonry 

arches. Hooke (1676) has been pioneer for first describing the compression behaviour of masonry 

arches under their self-weight and for proposing a rational rule to estimate the size of masonry 

stones and the geometry of masonry arches. This rule is based on the analogy of a hanging chain 

forming catenary in tension under its self-weight, and on a masonry arch (inverted chain), 

standing rigid in compression (Heyman, 1982, Heyman, 1998, O’Dwyer, 1999, Block et al., 

2006). In (Poleni, 1748), Hooke’s hanging chain principle was used to assess the safety of the 

cracked dome of St. Peter’s in Rome. Recently, in (Gáspár et al., 2022) this principle was used in 

a study which relates the optimal geometry of a masonry arch and the number of concurrent hinges 

under self-weight, at a limit state quantified by minimum thickness.  

 

In the later years, more advanced techniques have been developed, to evaluate the structural 

behaviour and ultimate, failure response of masonry arches. Often, the finite element method is 

the numerical tool used to simulate detailed two and three-dimensional geometries of masonry 

arches. To capture the failure response, different constitutive descriptions are introduced in these 

models. The arising computational cost is significant, in particular for bigger models with more 

structural parts, higher dimensions and complex non-linear material laws. 
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In (Özmen and Sayın, 2018), three-dimensional finite element models are used to assess the 

seismic response of an old masonry arch bridge in the framework of the macro modelling 

approach. In (Charalambidi et al., 2022), a finite element model introducing unilateral interfaces 

to capture failure between masonry stones, is proposed to identify and predict the cause of the 

existing structural damage of a masonry monument in Greece. In (Tapkın et al., 2022), various 

non-linear finite element models were used to simulate the structural response of a three-span 

masonry arch bridge located in Turkey. In (Drosopoulos and Stavroulakis, 2018), a computational 

homogenization method is proposed, to investigate localization of damage in masonry walls. 

Macroscopic, structural scale failure is represented by cohesive cracks in the framework of the 

extended finite element method, using the effective material properties obtained from microscopic 

simulations. More efforts on numerical modelling of masonry arches using the finite element 

method can be found in (Ferrero et al., 2023, Rahimi et al., 2022, Zampieri et al., 2021, Tubaldi 

et al., 2020, Stavroulaki et al., 2018, Conde et al., 2016, Sarhosis et al., 2016, Milani et al., 2006, 

Lourenço, 2002).  

 

In the 4th industrial revolution era, machine learning elements, such as artificial intelligence (AI), 

have been adopted to solve complex non-linear engineering problems. In the recent years, even 

more machine learning algorithms have been developed to solve engineering problems. In 

structural engineering, artificial neural networks have been used to assess the strength and 

performance of concrete structures (Chang and Zheng, 2019, Prakash et al., 2019, Sadowski et 

al., 2018) and the structural response of steel (Beskopylny et al., 2020, Wołowiec and Kula, 2012). 

Other available machine learning approaches include non-destructive and vision-based 

measurement techniques, which are used as a method of structural health monitoring (Yuan et al., 

2022, Bekas and Stavroulakis, 2017, Psychas et al., 2016, Cavaleri et. al., 2022, Grandio et al., 

2022, Ashrafian et. al., 2023).  

 

The main concept of introducing machine learning approaches in structural engineering, is to use 

existing data, carrying information for the structural response, in numerical simulations. Thus, 

databases are developed and used to train a machine learning algorithm. The trained algorithm is 

then used to assess the response of the structural system. A numerical metamodel is developed 

within this framework, able to potentially replace or complete existing structural evaluations, due 

to missing experiments or computationally expensive calculations. 

 

In (Jing et al., 2022), an artificial neural network called BridgeNet is proposed, for automating 

the segmentation of masonry arch bridge elements obtained from large-scale point clouds. In 

(Melchiorre et al., 2021), machine learning algorithms are used to structurally optimize the cross-
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section of a circular arch by calculating the internal stresses and comparing them against the yield 

stresses of the material. In (Civera et al., 2022), artificial intelligence and machine learning 

algorithms are used to interpret operational modal analysis mode shapes, which is normally a 

computationally expensive task, aiming in the structural health monitoring of masonry arches. In 

(Drosopoulos and Stavroulakis, 2020), machine learning is introduced in multi-scale 

computational homogenization to capture the non-linear response of masonry walls. Recent 

studies emphasize in using image recognition and deep machine learning tools, including for 

instance computer vision and convolutional neural networks (CNN), to generate geometric digital 

twins for masonry structures (Dais et al., 2021, Loverdos and Sarhosis, 2023, Loverdos and 

Sarhosis, 2023). 

 

In this study, a data-driven numerical analysis of masonry arches is proposed, to evaluate their 

mechanical response considering different arch geometries (span and thickness of the masonry 

stones). The first step of this investigation is to conduct parametric simulations, in order to 

develop datasets, using as input and output values geometric and structural parameters of masonry 

arches. In a subsequent step, these datasets will be used to train artificial neural networks. 

Therefore, the article proposes a methodology for using machine learning, data-driven techniques, 

in order to achieve a fast and accurate prediction of the structural response of masonry arches. It 

is noted that to the authors’ best knowledge, only limited works can be found, emphasizing in 

data-driven, machine learning approaches, for the structural evaluation of masonry arches. Also, 

the majority of the published research focuses more on the geometric aspects of the data-driven 

approaches, comparing to the structural response and the failure mode prediction which is the 

core outcome of this investigation. 

 

In particular, two-dimensional, non-linear finite element models were developed to perform the 

parametric assessment, considering the following Heyman’s assumptions: (i) masonry stones 

have no tensile strength and, (ii) the compressive strength of the stone is infinite (Heyman, 1966). 

The results obtained from the finite element models were used to train, validate, and test artificial 

neural networks. This procedure has been implemented using Python, Matlab and commercial 

finite element software. The trained neural networks can provide a fast structural evaluation of 

random masonry arches, with limited computational cost, emphasizing in critical and valid 

information for the ultimate structure response. Thus, the outputs of the trained neural networks, 

are, (a) the deformed geometry depicting potential damage under the self-weight, (b) the deformed 

geometry, also depicting potential damage, under self-weight and a vertical point load applied at 

¼ of the span and (c) the ultimate load at collapse.  
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2. Ultimate (failure) response of masonry arches

Goal of this article is to propose a data-driven methodology for the structural evaluation of 

masonry arches. According to the overall concept, parametric structural simulations within non-

linear finite element analysis are conducted to generate datasets providing the ultimate, failure 

response of masonry arches of various geometries. Machine learning elements in the form of 

artificial neural networks are then used to train the set of results obtained from the parametric 

finite element analysis. The trained neural networks are metamodels able to predict the failure 

response of randomly chosen masonry arch geometries. The parametric investigations are 

conducted on circular masonry arches, but any other geometry (e.g. parabolic) or even different 

structural type, could be adopted using the proposed concept.  

In this section, principles of the mechanical response of masonry arches are provided, 

emphasizing in the ultimate, failure behaviour of these structures. The classical collapse 

mechanism theory as presented in Heyman (1982), has been widely used to determine the load-

bearing capacity of masonry arches.  This technique has been adopted by other analytical methods 

to estimate the thrust line passing through masonry arch stones. For arches to be fully under 

compression, the thrust line must lie within the core (middle third) of the section (Heyman, 1982). 

Unreinforced masonry arches form a plastic hinge when the thrust is tangent to the extrados and/or 

intrados of the arch. When the thrust line is tangent at three extrados and/or intrados points of the 

arch, three hinges are developed. The introduction of three hinges changes the determinacy of a 

fixed support arch from statically indeterminate to statically determinate. Then, the development 

of a fourth hinge triggers a kinematic collapse mechanism, widely known as the four-hinge 

collapse mechanism (Heyman, 1967).  

According to this description, four-hinge collapse mechanism is generally the common cause of 

structural failure of masonry arches. In addition, this mechanism may not arise when a 

symmetrical arch is subjected to symmetric loading, like self-weight. Heyman (1967) 

demonstrated that this response may be obtained on semi-circular arches under their own weight. 

Under this condition, at least a 5th hinge must form to trigger a kinematic collapse.  

To simulate the mentioned hinge mechanism between adjacent stones, principles taken from non-

smooth mechanics have been adopted in this article within non-linear finite element analysis 

(Panagiotopoulos, 1985, Drosopoulos et al., 2006). In particular, a unilateral contact and friction 

law is used to describe the surface contact conditions. This law introduces a strong nonlinearity, 

even though the stones are assigned linear material properties. Therefore, nonlinearity is restricted 
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to the interfaces between the stones, allowing for the opening and/or sliding along these interfaces. 

This opening and sliding that may appear in an interface, give rise to 8 configurations of 

deformation between two adjacent stones (Stockdale et al., 2022). These deformation modes 

include openings, rotations, slips, and slip/rotation combinations, as shown in figure 1. It is noted, 

that these deformation modes can be predicted by the machine learning, data-driven approach 

which is proposed in this study.    

 

 

 

 

 

 

 

 

 

Figure 1: Potential deformation modes between two adjacent blocks of an arch (Stockdale et 

al., 2022). 
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3. Machine learning using artificial neural networks 

 

Machine learning is a branch of artificial intelligence which focuses on training computer codes 

on how to make predictions of systems based on available datasets and algorithms. The ability of 

machine learning algorithms to recognise patterns from large datasets allows for their usage in 

various fields of study such as engineering, business, and science. 

 

In (Reich, 1997) it was shown that machine learning was still in its infancy stage due to limitations 

on machine learning algorithms and computing power, as well as due to the lack of experimental 

databases to validate the machine learning models. Recently, it has been demonstrated a 

significant increase of using machine learning tools, to solve complex structural engineering 

problems (Thai, 2022). In addition, databases like DataCenterHub, DesignSafe and Mendeley 

Data can now be used to validate machine learning models. The number of machine learning 

algorithms has been significantly increased and tools like artificial neural networks, decision 

trees, regression analysis, support vector machine, random forest and boosting algorithms, have 

been adopted in structural engineering applications (Thai, 2022).  

 

In this article, emphasis is given on using artificial neural networks as the numerical tool which 

implements data-driven structural assessment. An artificial neural network is developed by 

biomimicking the human brain structure, thus, how neurons are interconnected to imitate 

thinking, recognition and decision making (Simon, 1999, Nasrabadi, 2007). It was first invented 

by (Rosenblatt, 1958) in 1958 and called the perceptron. Due to improvements to computational 

power, various algorithms have been developed such as the feedforward neural network 

(Ivakhnenko, 1971), the radial basis function neural network (Broomhead and Lowe, 1988), the 

convolutional neural network (LeCun et al., 1998), the recurrent neural network (Elman, 1990) 

and the adaptive neuro-fuzzy inference system (Jang, 1993). The feedforward neural network is 

the most common system, due to its simplicity and robustness to solve multi-variate and nonlinear 

modelling problems (Mostafa et al., 2022, Thai, 2022).  

 

In this study, a feedforward neural network is adopted to train the datasets which are built by 

finite element simulations. In figure 2 an example of a neural network represented by x-h-h-y is 

shown, where x is the number of inputs (variables), h is the number of neurons for one of the two 

hidden layers, and y is the number of outputs (prediction) (Mostafa et al., 2022). In the hidden 

layers, the input variables are assigned weights which need to be determined and then used to 

predict. Activation (sigmoid) functions, such as the nonlinear continuous sigmoid, the tangent 

sigmoid, and the logarithmic sigmoid, are also introduced (Haykin, 2009). The inputs are 
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multiplied by weights to provide the values of the output layers, within acceptable accuracy (low 

error margins). The iterative process of assigning weights is called training. Equation (1) shows 

a generic neuron j in a hidden layer, where 𝑤𝑖𝑗
ℎ  is the weight that connects the ith neuron of the 

current layer to the jth neuron of the following layer, 𝑥𝑖
ℎ

 is the input variable, b is the bias 

associated with the jth neuron to adjust the output along with the weighted sum, and 𝑓 is the 

activation function (Mostafa et al., 2022). Equations (2) and (3) provide some of the commonly 

adopted activation functions, the tangent sigmoid and logarithmic sigmoid, respectively.  

 

𝑦𝑗
ℎ = 𝑓(∑ 𝑤𝑖𝑗

ℎ𝑛
𝑖=1 𝑥𝑖

ℎ + 𝑏𝑗
𝑘)     (1) 

𝑓(𝑢) = −1 +
2

(1+𝑒−2𝑢)
       (2) 

𝑓(𝑢) =
1

(1+𝑒−𝑢)
       (3) 

 

In this study, the Levenberg–Marquardt backpropagation algorithm (Hagan and Menhaj, 1994, 

Marquardt, 1963) is adopted to perform the training. The algorithm consists of two steps: (a) feed-

forward weight values are determined to calculate the error by minimizing the least squares error 

function, and (b) propagating back the error to previous layers and checking if the error value 

falls outside the acceptable error margin. This iterative process (epoch) of backpropagation is 

repeated until the errors from the interconnecting weights are within the acceptable error margin. 

The fixed interconnecting weights now form a neural network which can be used to predict 

complex problems with certain accuracy. A schematic diagram of the whole training process is 

shown in figure 3.  

 

Figure 2: Feed-forward neural network architecture. 
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4. The proposed data-driven scheme 

 

The implementation in this article of data-driven structural analysis for masonry arches using 

machine learning principles, involves the use of a commercial finite element software (Abaqus) 

and two programming codes, namely, Matlab (Matlab, 2021) and Python. A code developed in 

Matlab is the pillar of the procedure, since it provides the overall definition of the parameters used 

by the finite element models, it establishes the connection with the parametric finite element 

model, and it implements machine learning. In Appendix 9.1 of the article, descriptions for this 

Matlab code are given. 

 

The finite element software is only used to conduct the parametric structural simulations of 

masonry arches. A Python script is also introduced within the Matlab code, to call the finite 

element model without opening the GUI of the finite element software. Descriptions for this 

Python script are provided in Appendix 9.2 of the article. 

 

The details of the proposed scheme are presented below:  

• In the first step, a Matlab script (Appendix 9.1) is developed to define the geometry of 

the masonry arch and extract the (x) and (y) coordinates of the vertices of the individual 

stone blocks that make up the structure. The span of the arch and the thickness of the 

masonry blocks are the parameters introduced to define the geometry and used in the 

parametric investigation. The extracted coordinates are saved in a text file.   

• In the second step, the Matlab script calls a Python script with the finite element model 

(Appendix 9.2), derived from the commercial finite element software, without the need 

to open the GUI of the software. The Python script initiates the solution for the discrete 

finite element model of the masonry arch, which is generated by reading the coordinates 

Figure 3: Typical workflow of machine learning (Thai, 2022). 
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from the text file (previous step). All the details of the non-linear finite element model 

are included in the Python script, namely, the boundary conditions (fixed supports), the 

applied loads (step-1: self-weight and, step-2: 100kN vertical point load applied at ¼ of 

span), the mesh (bilinear quadrilateral elements with size equal to 0.05m), and the 

unilateral contact/friction laws between the stones.  

• In the third step, a second Matlab script (Appendix 9.3) calls the finite element software 

and runs a second Python script (Appendix 9.4) which extracts results from the finite 

element analysis solutions. The results extracted, include the (x) and (y) displacements 

of the four vertices of each stone block after the completion of the first and second loading 

steps (self-weight only and self-weight plus vertical point load, respectively), and the 

ultimate load at collapse. It is noted that these (x) and (y) displacements are used to 

determine the deformed shape of the arch, after the end of each finite element analysis. 

• In the fourth step, the results obtained from the finite element models are sorted and stored 

as mat files (Matlab) to form databases. These databases are trained using an artificial 

neural network which can then be used to predict the structural response of any masonry 

arch within the range of the database values.      

 

A flowchart illustrating the steps of the whole process is shown in figure 4. The path marked by 

the dashed-line (red) arrows in figure 4 shows the workflow/application of the trained neural 

network.  

 

All the simulations were run on a computer with quad-core Intel® Xeon E5520 at 2.266 GHz and 

16 GB RAM. The computational time needed to predict the structural response using the trained 

neural networks is about 25.5s.  
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5. Details of the parametric finite element analysis simulations

In this work, unilateral contact-friction interfaces are introduced between adjacent blocks to 

simulate the failure modes which are shown in figure 1. Sliding and/or opening of these interfaces, 

lead to the formation of hinges (the thrust line falls outside the section of the stone), depicting 

failure for two-dimensional masonry arches. To solve this unilateral contact–friction problem, the 

Lagrange multipliers method is adopted for simulating opening in the normal direction of the 

interfaces and the penalty method is used for simulating sliding in the tangential direction. In this 

study, the coefficient of friction is set at 0.5 (Melbourne and Gilbert, 1995). The arches are 

assigned fixed boundary conditions, the self-weight and a vertical point load, applied at ¼ of the 

span. Due to the introduction of the unilateral-contact and friction interfaces, the finite element 

model is non-linear. The Newton-Raphson incremental-iterative procedure is used to solve this 

problem.  

To implement the parametric finite element simulations and generate the datasets, 1862 non-linear 

finite element models have been developed to provide a holistic insight in the structural response 

of masonry arches, emphasizing in potential collapse mechanisms. Within the adopted discrete 

approach, 20 two-dimensional masonry blocks have been used to create each masonry arch. It is 

noted that in previous studies (Charalambidi et al., 2022, Tapkın et al., 2022), it has been shown 

Figure 4: Flowchart of the proposed workflow. 
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that using more blocks than a chosen number, may not significantly affect the structural response, 

while it can increase the computational cost.  

 

Due to its low tensile resistance, the mortar is neglected in the models developed for this study. 

Two steps are used to introduce static loads on the structure: the first step introduces a pure gravity 

load to simulate the state of inertia of the structure and the second step adds an incrementally 

applied point load of 100kN at ¼ of the span. The assigned material properties on the finite 

element models, are as follows: density is equal to 2300kg/m3, Modulus of elasticity is 30GPa 

and Poisson’s ratio is 0.2.    

 

Concerning the failure response of the masonry arches, as this arises from the used discrete finite 

element models, it is noticed that the ultimate strength is reached when parts of the structure lose 

contact and develop rigid body displacements. This happens due to the fact that the defined 

unilateral contact/friction boundary constraints (assigned between stones) become insufficient to 

equilibrate the loaded structure. On the numerical model, as collapse is being reached, at least one 

zero eigenvalue on the tangential stiffness matrix is introduced which makes the analysis unstable.  

  

6. Building the artificial neural networks 

  

In this study, three neural networks have been trained, validated and tested to predict the structural 

response of masonry arches. Each trained neural network will provide a different insight about 

the structural behaviour of the arch. The first neural network will be used to predict the deformed 

geometry of the structure when subjected to self-weight only. The second neural network will 

predict the deformed geometry when the structure is subjected to self-weight plus a 100kN 

vertical load applied at ¼ of span. The third neural network will be used to predict the ultimate 

(failure) load at collapse, when the structure is subjected to self-weight plus a 100kN vertical load 

applied at ¼ of span.  

 

To train the mentioned artificial neural networks, results derived from the finite element 

simulations, were extracted and used. In the input layer of each neural network are added the span 

and thickness of the masonry blocks representing the initial geometry of each arch. Figure 5 shows 

a Matlab plot of the vertices that make up the intrados and extrados of a 5.0m span arch with 

0.25m masonry ring thickness.  
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In the output layer of the first two neural networks, are included the x- and y- displacements of 

each vertex on each of the 20 individual masonry stones, representing the deformed geometry at 

the end of each loading step of the finite element analysis.  

In particular, the x- and y- displacements values at the end of loading step-1 were used to build 

the neural network that predicts the deformation of the structure when subjected to self-weight 

only and the x- and y- displacements values at the end of loading step-2 were used to build the 

neural network that predicts the deformation of the structure when subjected to self-weight plus 

a 100kN vertical point load.  

In the third neural network, the output layer was defined by the ultimate load which is obtained 

at the end of the finite element analysis. Figure 6 shows the deformation of a 5.0m span arch with 

0.25m thickness, subjected to self-weight and a 100kN vertical load applied at ¼ of the span. This 

figure is derived from one of the parametric finite element simulations, developed to create the 

databases that will be used to train the artificial neural networks. It is noted, that the opening and 

sliding between the masonry blocks as depicted in figure 6, can also be predicted and shown by 

the trained neural networks. 

Figure 5: Matlab plot of the vertices that make up the intrados and extrados of a 5m span 

arch with 0.25m ring thickness. 
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6.1 Methodology and parameters adopted to train the artificial neural networks 

 

In this study, the Levenberg-Marquardt algorithm is adopted to train the neural networks. This is 

considered as one of the fastest training algorithms (Matlab, 2021) but requires more memory 

than other techniques available. It uses Jacobian matrix to compute the solution and assumes that 

the performance function is the mean or sum of square errors. Like the quasi-Newton methods, 

second-order training speed can be achieved without solving the Hessian matrix (Liu et al., 2021). 

The Hessian matrix is approximated by equation (4) when the performance function is provided 

by the sum of squares errors and the gradient can be computed as Jacobian matrix multiplied by 

the vector of network errors, see equation (5).  

 

Equation (6) shows how the Levenberg-Marquardt algorithms approximate the Hessian matrix 

(Hagan and Menhaj, 1994, Hagan et al., 1997) by combining the Gradient Descent and Newton-

Raphson method. When 𝜇 is zero, equation (6) is transformed to Newton’s method, using the 

approximate Hessian matrix. When 𝜇 is large, equation (6) forms Gradient Descent with a small 

step size. The algorithm is faster and more accurate when 𝜇 is small since Newton’s method is 

quick when approaching the true value. With each successful iteration (epoch), the performance 

function is reduced unless the tentative step is not successful thus increasing the performance 

function. The aim to keep reducing 𝜇 makes the algorithm fast.  

 

Table 1 shows the parameters used to train the neural networks.  It should be noted that the neural 

networks were re-trained multiple times to improve the results, since during re-training different 

Figure 6: Deformation of 5m span arch with 0.25m thickness subjected to self-weight and a 

100kN vertical load applied at 1/4 of the span. 
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initial conditions and sampling were considered.  The 70/15/15 rule was used during the training 

process, which states that 70% of the dataset is used for training, 15% is used for validating the 

neural network and the remaining 15% is reserved for testing the neural network.  

 

 

𝐻 = 𝐽𝑇𝐽                (4) 

𝑔 = 𝐽𝑇𝑒                (5) 

𝑥𝑘+1 = 𝑥𝑘 − [𝐽𝑇𝐽 + 𝜇𝐼]−1𝐽𝑇𝑒                 (6) 

 

 

In equations (4)-(6), 𝐻 is the approximated Hessian matrix, 𝐽 is the Jacobian matrix, 𝑔 is the 

gradient, 𝐼 is the identity matrix, 𝑒 is the vector of network errors, and 𝜇. is the adaptive value 

 

Table 1: Parameters used to train the neural networks. 

 

Parameter name Value 

Number of neurons in hidden layer 40 

Maximum number of epochs to train 1000 

Performance goal 0 

Maximum validation failures 100 

Minimum performance gradient 1e-7 

Maximum value for  𝜇 1e10 

Initial 𝜇 0.001 

Decrease factor for  𝜇 0.1 

Increase factor for 𝜇 10 

 

 

6.2 Using the artificial neural networks 

 

After training, validating, and testing the neural networks, they can be used to predict the 

structural response. The final deformed geometry of the structure is practically determined using 

equation (7) where 𝑢𝑜  is the vector of coordinates of the vertices of the masonry blocks depicting 

the undeformed geometry before any load is applied, 𝑢𝑖  is the vector of the displacements of the 

vertices of the masonry blocks after the load application and C is a user defined scale factor to 

ensure the deformation of the structure is easily visible. The vector ui is predicted by the neural 

network and is dependent on the geometry of the structure and the load application.  
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Figure 7 shows the deformation of a 5.0m span arch with 0.25m thickness, subjected to self-

weight and a 100kN vertical load applied at ¼ of the span, as derived by using the equation (7). 

A scale factor of 100 is used in this example so that the hinge formation can easily be seen. It 

should be emphasized that figure 7 indicates the capacity of the proposed approach to predict the 

deformed shape and the collapse mechanism of a masonry arch for a random geometry, using the 

proposed data-driven scheme. The Matlab code which is used to generate the deformed geometry, 

with inputs the vectors of the initial coordinates of the vertices of the masonry blocks 𝑢𝑜  and the 

vector 𝑢𝑖  of the displacements of the vertices of the masonry blocks after the load application, is 

given in Appendix 9.5. 

 

                                                             𝑢𝑗 = 𝑢𝑜 + 𝐶. 𝑢𝑖                                                     (7)  

 

 

 

 

 

 

 

Figure 7: Deformation of 5m span arch with 0.25m thickness subjected to self-weight and a 100kN vertical 

load applied at 1/4 of the span, as derived by using equation (7). 
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7. Results and discussions  

 

In this section, the performance and training accuracy of the developed neural networks are 

discussed. Then, it is shown how the trained neural networks can be used to predict the structural 

response of masonry arches of random geometry. Relevant results are provided and compared 

with existing output from literature. 

 

7.1 Performance of the trained artificial neural networks 

 

Three neural networks, namely, A, B and C, were trained by using 1304 data points, validated by 

279, and tested by 279 data points respectively. In all neural networks, 2 input variables were 

used, namely, the span and the thickness of the masonry blocks that represent the arch geometry. 

In the first 2 neural networks (A and B) which are used to predict the deformed geometry under 

self-weight or self-weight and vertical loading, 160 output variables were used, namely, the 

displacements of the vertices of each of the 20 individual blocks making up the arches: 20 blocks 

x 4 vertices per block x 2 displacements per vertex. The deformed geometry of the arches can 

then be determined using theses 160 output variables, according to relation (7). In the third neural 

network (C), 1 output variable is considered, namely, the ultimate load.  

 

In table 2, are provided details related to the training of the three neural networks. The neural 

network A in table 2 refers to the neural network that predicts the deformation due to self-weight 

only, the neural network B refers to the one predicting the deformation due to self-weight and a 

100kN vertical point load and the neural network C refers to the neural network that predicts the 

ultimate load at collapse. 

 

Regarding the training times given in table 2, neural network C depicted a shorter training time 

as compared to the other two networks, since the output layer of network C had only one variable, 

the ultimate load at collapse, comparing to the 160 variables of the output layer of the neural 

networks A and B of table 2.  

 

As shown in table 2, the training, validation, and testing of the neural networks are accurate, with 

neural networks A and C showing more than 98% accuracy and with neural network B showing 

more than 95% accuracy. The neural networks were trained four times to increase accuracy, with 

each proceeding training done from the previously trained neural network without reinitializing 

and starting weights from zero. In addition, the mean squared error obtained from the training of 

the networks is very small.  
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Table 2: Summary information from the training process of the three neural networks.   

 Neural Network A Neural Network B Neural Network C 

Training time  1hr:10min:04sec 2hr:26min:41sec 15min:12sec 

Iterations of 

train(epoch) 

19 126 218 

Training accuracy 98.63% 95.92% 99.23% 

Validation accuracy 99.91% 96.14% 99.15% 

Testing accuracy 99.86% 94.91% 99.26% 

Mean Squared Error 

(MSE) 

0.0001% 0.039% 0.0005% 

 

Figures 8-10, show the regression plots for the training, validation and testing of the neural 

networks and how the trained neural network fit the dataset. From these figures, it is observed 

that the regression for training, validation and testing of the neural networks is almost 1, with 1 

representing zero error in the trained neural network.  
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Figure 8: Regression plot for neural network A. 

Figure 9: Regression plot for neural network B. 
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Figure 10: Regression plot for neural network C. 
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7.2 Predicting the response of random masonry arches using the proposed data-

driven scheme 

 

This section investigates the structural behaviour of six masonry arches as predicted by the trained 

neural networks. The dimensions of the six selected structures are within the range of the dataset 

values (1.5m-to-50m span, and 0.1m-to-1m masonry ring thickness). For the last two masonry 

arch geometries shown in table 3 (arches 5 and 6), the predicted by the proposed metamodel 

collapse mechanism and ultimate load, are compared with the results obtained from finite element 

analysis using commercial software. 

 

In addition, arches 1 and 3 in table 3 are based on the minimum stone thickness for a circular arch 

to maintain stability under self-weight as proposed by (Couplet, 1729) and (Milankovitch, 1904, 

Milankovitch, 1907), respectively. (Couplet, 1729) proposed that the theoretical minimum 

thickness, t, of a circular masonry arch with radius, R, should be t/R=0.1075. Several years later, 

(Milankovitch, 1904, Milankovitch, 1907) proposed that the theoretical minimum thickness for a 

monolith arch should is t/R=0.10748. 

 

In table 3 below, are provided the geometry of the selected arches as well as the ultimate load at 

collapse, which is predicted from the neural networks, when a vertical point load is applied at the 

quarter span.  

 

Table 3: Geometry of masonry arches tested on neural networks and predicted ultimate load. 

Name 
Span 

(m) 

Height 

(m) 

Stone thickness 

(m) 

Ultimate Load 

(kN) 

Source 

Arch 1 2.3 1.15 0.12 0 (Couplet, 1729) 

Arch 2 16.0 8.0 1.0  100 - 

Arch 3 6.0 3.0 0.32 13.4 (Milankovitch, 1904, 

Milankovitch, 1907) 

Arch 4 12.0 6.0 0.5 9.1 - 

Arch 5 20.2 10.1 0.84 35.9 - 

Arch 6 10.4 5.2 0.45 8.8 - 

 

The deformed shape of the arch 1 which is presented in figure 11, shows that the arch is highly 

unstable, since it collapses under its self-weight. It is noted that the deformation of this arch is 

derived using the neural network which predicts the deformation due to the self-weight loading 

(neural network A of table 2). Then, once the neural network which predicts the ultimate load is 
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used (neural network C of table 2), a zero load is obtained. A classical hinge failure mechanism 

of 5 hinges is obtained due to self-weight loading. This is a potential type of collapse, as found in 

literature when a symmetric, circular arch is subjected to symmetrical loading, e.g. self-weight 

(Cocchetti et al., 2012, Foce and Huerta, 2005, Heyman, 1995). A similar, five-hinge collapse 

mechanism is depicted in Figure 12 for a circular arch with the theoretical minimum thickness, 

as proposed in (Milankovitch, 1904, Milankovitch, 1907, Couplet, 1729).  

 

 

 

 

 

Figure 11: Deformation (m) of the arch 1 of table 3 (2.3m span, 0.12m thickness) due to self-

weight only, when scale factor = 200. 
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In figures 13-14, the deformed geometries of the arch 2 of table 3 due to self-weight only, as well 

as due to self-weight and a vertical point load, are shown. From the deformed shape due to self-

weight (figure 13), is noticed that no hinge formation can be seen. According to figure 14, though 

some hinges have been developed in the arch, the four hinges mechanism is not fully developed 

at this load level, indicating that the arch is able to fully support the total applied load.  

 

 

Figure 12: Five hinge mechanism for a circular masonry arch under self-weight based on 

literature. (McLean et al., 2021). 

Figure 13: Deformation (m) of the arch 2 of table 3 (16m span, 1.0m thickness) due to 

self-weight only, when scale factor = 1. 
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In figures 15 and 17, the deformed geometries of arches 3 and 4 due to self-weight only are shown. 

These are followed by figures 16 and 18 depicting the deformed geometry of the same arches, 

due to self-weight and the vertical point load. When arches 3 and 4 are subjected to self-weight 

and a vertical point load, the deformed shapes of both arches as shown in figures 16 and 18, 

indicate that the four-hinge mechanism is developed. Thus, the arches fail to support the overall 

vertical load. The predicted ultimate loads at collapse, as obtained by the neural network C of 

table 2, are 13.4kN and 9.1kN for arches 3 and 4, respectively. 

Figure 14: Deformation (m) of the arch 2 of table 3 (16m span, 1.0m thickness) due to 

self-weight and vertical load, when scale factor = 100. 
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Figure 15: Deformation (m) of the arch 3 of table 3 (6m span, 0.32m thickness) due to self-

weight only, when scale factor = 300. 

Figure 16: Deformation (m) of the arch 3 of table 3 (6m span, 0.32m thickness) due to self-

weight and vertical load, when scale factor = 100. 
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In figures 19-20, the deformed geometries of the arch 5 of table 3 due to self-weight only, as well 

as due to self-weight and the vertical point load, are shown, as obtained from the trained neural 

networks. To provide a comparison of the results which are derived by the predictions of the 

trained neural networks, the same arch has been simulated using finite element analysis 

implemented by the commercial software. Figures 21 and 22 show the deformed geometry of the 

arch 5 due to self-weight as well as due to self-weight and the point load, as obtained by finite 

element analysis. 

 

The geometry of the arch is stable under its self-weight as a symmetrical 3-hinge formation can 

be observed in figures 19 and 21. When the arch is subjected to self-weight and a vertical point 

load, the classical four-hinge collapse mechanism can be observed in figures 20 and 22. The 

predicted ultimate load (35.9kN, table 3) at collapse is comparable with the ultimate load (34.1kN) 

obtained from finite element analysis.  It is noted that the ultimate load predicted by the neural 

network C of table 2 is slightly overestimated by 5.3%. The position of hinges, which are depicted 

in the neural network prediction and in the finite element analysis results, is also similar. 

  

Figure 17: Deformation (m) of the arch 4 of table 3 (12.0m span, 0.5m thickness) due to self-

weight only, when scale factor = 300.
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Figure 18: Deformation (m) of the arch 4 of table 3(12.0m span, 0.5m thickness) due 

to self-weight and vertical load, when scale factor = 100.

Figure 19: Deformation (m) of the arch 5 of table 3 (20.2m span, 0.84m thickness) due to 

self-weight only, when scale factor = 250.
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Figure 20: Deformation (m) of the arch 5 of table 3(20.2m span, 0.84m thickness) due to self-

weight and vertical load, when scale factor = 45.

Figure 21: Deformation (m) of the arch 5 of table 3 (20.2m span, 0.84m thickness) due to self-weight only 

as obtained from finite element analysis. Figure is scaled by a deformation factor of 250.



110 

 

 

 

 

Another example is presented, providing a comparison of the ultimate failure load and collapse 

mechanism obtained from finite element analysis and the proposed metamodel. Figures 23 and 

24 show the deformed geometry of arch 6 due to self-weight and vertical point load as obtained 

from finite element analysis and as predicted by neural network B of table 2, respectively. It can 

be noted that in both figures 23 and 24, the classical four-hinge collapse mechanism can be 

observed. The predicted ultimate load (8.8kN) at collapse is comparable with the ultimate load 

(10.4kN) obtained from the finite element model.  It is noted that the ultimate load predicted by 

the neural network C of table 2 is conservative.  

 

 

  

Figure 22: Deformation (m) of the arch 5 of table 3 (20.2m span, 0.84m thickness) due to self-weight and vertical 

load as obtained from finite element analysis. Figure is scaled by a deformation factor of 45.
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Figure 23: Deformation (m) of the arch 6 of table 3 (10.4m span, 0.45m thickness) due to self-weight and vertical 

load as obtained from finite element analysis. Figure is scaled by a deformation factor of 100.

Figure 24: Deformation (m) of the arch 6 of table 3 (10.4m span, 0.45m thickness) due to self-

weight and vertical load, when scale factor = 100
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7.3 Summary of the results and datasets output 

 

Finally, an effort to summarize the results provided in the datasets, reflecting holistically the 

structural response of masonry arches, is made here. In particular, it was observed that the 

structural response of a masonry arch varies with the span and masonry ring thickness. Therefore, 

both the span and the ring thickness values, which have been tested in the parametric simulations 

and included in the datasets, are provided in figures 25 and 26. In both figures, unstable and stable 

masonry arch geometries are denoted. The unstable geometries correspond to arches which fail 

under their self-weight and thus, cannot support any vertical loading. Stable geometries are the 

ones which support their self-weight and potentially fail under the vertical loading. 

 

In figure 25, masonry ring thickness versus span values are provided for unstable and stable 

geometries. It is shown that for higher spans, ring thicknesses significantly increase in order to 

provide a stable geometry. For example, for a span of 20m, ring thicknesses higher than 0.75m 

lead to stable arches. 

 

In figure 26, thickness/span ratio versus the number of dataset points, called dataset node values 

in the graph, are provided for unstable and stable geometries. According to this graph, 400 dataset 

points from the parametric simulations (approximately) lead to stable masonry geometries, while 

more than 1300 dataset points lead to unstable geometries. In addition, for a masonry ring 

thickness to span ratio lower than 0.0383, as indicated by the average line in figure 26, unstable 

masonry arch geometries arise. For higher values of this ratio, depicting a dispersion of increased 

thicknesses (or reduced spans), stable masonry arches arise. It is noted that the datasets for stable 

and unstable masonry arch geometries, providing also the ultimate loads, accompany this article. 

Relevant descriptions can be found in Appendix 9.6 
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Figure 25: Plot of masonry thickness against span for stable and unstable masonry arch geometry. 
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8. Conclusions

A data-driven methodology, relying on machine learning and finite element analysis is proposed 

in this article, to investigate the structural behaviour of masonry arches. The structures are 

subjected to two loading steps, the self-weight and the self-weight plus a vertical point load 

applied at the quarter span. Parametric, non-linear finite element simulations were conducted to 

generate datasets providing the ultimate response. These datasets were then used to train artificial 

neural networks which stand as metamodels, providing the ultimate load and the collapse 

mechanism of random masonry arches. 

Two-dimensional geometries of masonry arches were developed using a Matlab script, where the 

coordinates of each of the vertices of the masonry stones is extracted. The structural, finite 

element models were created using Python scripts called within Matlab to drive, a commercial 

finite-element software. The Python scripts provide the geometry of the structure by reading the 

extracted coordinates of the masonry stones vertices. The script also adds the mechanical 

boundary conditions, the subjected loads, and a unilateral law, used to simulate potential damage 

due to opening/sliding (contact-friction) between the masonry stones. Due to the nonlinearity of 

the models, the Newton–Raphson incremental–iterative process was used to solve the numerical 

problem. Python scripts within Matlab were also used to extract the results from the models. A 

total of 1862 dataset points were used to train the neural networks. The training, validation and 

testing of the network neural networks were within acceptable tolerance. 

The investigation shows that the proposed data-driven structural analysis of masonry arches can 

be used to provide accurate representation of the ultimate, failure response. The developed 

metamodel, can be used to predict the response of random masonry arches. The methodology can 

be extended to more complex three-dimensional geometries. 

The article also proposes a numerical scheme to generate numerical datasets using Matlab and 

Python scripts as well as commercial finite element software. A complete set of relevant codes 

accompanies the article. Relevant descriptions can be found in the Appendix of the article. 

The following conclusions can also be drawn: 

• Machine learning can be a useful structural tool, in solving highly complex structural

problems within a few seconds.
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• The deformed geometries of the arches, which are predicted from the proposed process, 

are comparable with literature as well as with results obtained from finite element 

analysis. 

• The developed structural tool can be used to investigate the structural behaviour of 

masonry arches without the need for extensive computational cost. Once the metamodel 

is built, predictions of the structural response can be provided in few seconds. Little or 

no structural knowledge is required since inputs of the metamodels are the span and the 

ring thickness of the structure. Thus, the proposed methodology can be extended and used 

for a first, fast and accurate representation of the ultimate response of similar structural 

systems.  

 

Future work may involve the incorporation of image identification algorithms to the developed 

neural networks. With an image identification algorithm added, a photograph of a masonry arch 

can simply be supplied, read the geometry of the structure and feed it to the developed machine 

learning tool to predict the structural response. This would make the proposed methodology useful 

in structural health monitoring and site assessment for masonry arches. A system that quickly 

evaluates the remaining strength using these concepts could be helpful for the maintenance of 

these structures or during emergency situations after earthquakes or other disasters. 

 

9. Appendices 

 

In this section are provided descriptions of the source codes which have been developed to 

generate the dataset points. The interested reader can use, as well as extend the codes, for instance 

to generate more sophisticated (e.g. three-dimensional) geometries. All the source Matlab and 

Python files that have been used to create the parametric finite element simulations, as well as the 

datasets which have been used to train the artificial neural networks, accompany this article. 

 

9.1 Central Matlab script 

 

The central code in Matlab, which is used to create the parametric investigation of several 

geometries of masonry arches, is included in the Matlab script: Appendix-1.m.  

Within this script, the commercial finite element software (Abaqus) is called, using a Python 

script (Appendix-2.py), to run a non-linear finite element simulation, for each arch geometry. The 

coordinates of the four vertices of each masonry block of each arch, are generated in Appendix-

1.m script and saved in .txt files. 
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9.2 Python script implementing non-linear finite element analysis 

The Python code, which is used to implement the non-linear finite element analysis of each 

parametric masonry arch geometry, is provided in the Python script: Appendix-2.py. Each 

parametric geometry, defined in Appendix-1.m script, is imported in Appendix-2.py script. In this 

script, all the steps of a finite element model can also be identified, including the material 

properties, the mesh, the loading and boundary conditions, as well as the unilateral contact-

friction interfaces between the masonry blocks. 

9.3 Matlab script generating results 

The Matlab code which is used to generate results, is provided in the Matlab script: Appendix-

3.m. Within this script, the commercial finite element software (Abaqus) is called via a Python

script (Appendix-4.py), to provide the solution of the finite element analysis. 

9.4 Python script generating results 

The Python code, which is used to extract the results from the finite element simulations, is 

included in the Python script: Appendix-4.py. The extracted results are the displacements at the 

four vertices of each masonry block and the ultimate load. 

9.5 Matlab script generating the deformed geometry of each masonry arch 

The Matlab code, which is used to generate the deformed geometry of each masonry arch, is 

included in the Matlab script: Appendix-5.m. Inputs to generate one geometry, are the initial 

coordinates of the four vertices of each masonry block, as well as the displacements of the vertices 

of the masonry blocks at the end of each finite element simulation. 

9.6 Datasets 

The generated datasets, which have been used to train the artificial neural networks are also 

attached to this article in the form of an Excel spreadsheet: DataSet.xlsx. Within the datasets, 

stable and unstable geometries are identified. 

At each column of the Excel spreadsheet, the following dataset points, derived from each 

parametric simulation, are provided: span of the masonry arch, thickness, ultimate load, 
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thickness/span ratio, deformed geometry of the arch due to self-weight, deformed of the arch due 

to point load (for the stable geometries). 
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Chapter 7 – Conclusion and Future work 

7.1 Conclusion 
 

This chapter summarises the findings of this study and presents recommendations for future work. 

Detailed outcomes of the investigations which are conducted in this thesis, can also be found at 

the end of Chapters 4-6. The main aim of the present study was to provide more insight in the 

structural response of masonry systems using nonlinear finite element analysis.  

 

In Chapter 4, a methodology to investigate multi-span masonry arches is proposed, starting from 

laser scanning, and building numerical models towards the structural response. The geometry of 

the arch bridge was obtained in-situ using terrestrial laser scanning, to collect a point cloud 

describing the geometry, which is then converted to a 3D solid geometry using AutoCAD. 

Numerical models were developed considering two modelling approaches, namely, the discrete 

and the continuum. Within this framework, continuum damage laws were introduced to capture 

compressive/tensile failure and a discrete model consisting of unilateral contact–friction 

interfaces were developed to simulate the potential opening of interfaces in adjacent masonry 

blocks. The discrete models were strongly nonlinear due to the presence of unilateral contact–

friction interfaces. The Newton–Raphson incremental–iterative process was used to solve the 

numerical problem. 

 

In this study, it was proved that the presence of fill above the arch barrel reduces the load 

dispersion to the arch thus increasing the ultimate load. The numerical modelling of out-of-plane 

loads, for instance the movement of supports in the direction of the waterway is highly unstable 

and computationally expensive. It was noted that the critical failure mode pattern observed is the 

hinge-mechanism which can be seen on both in-plane and out-of-plane loads. The classical four-

hinge failure mechanism can be observed when a vertical point load is applied at middle arch, 

which has been depicted in classical studies for single-span arch masonry bridges. It is also shown 

that the three-hinge mechanism, which has been depicted in literature for single-span arch 

masonry bridges under a horizontal settlement of supports, may also be obtained for multi-arch 

bridges. 

 

In addition, it was shown that the continuum approach model results in easy modelling and is 

computationally inexpensive. Tensile plastic strain distribution is the dominant failure pattern 

depicted by this approach. From the two continuum constitutive descriptions, the smeared 

cracking law results in convergence difficulties attributed to the brittle nature of this description. 

The failure patterns that are obtained from the continuum concrete damage plasticity law are 
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similar to the ones derived from the discrete approach. The discrete approach may lead to 

numerical instabilities and increased computational cost due to the presence of multiple unilateral 

contact–friction.  

 

In Chapter 5, a methodology for the investigation and identification of the structural damage on 

masonry buildings is provided, using as a case-study the Neoria monument in Chania. The 

geometry of the structure is based on detailed geometric data, collected from sources and in-situ 

measurements. A detailed 3D geometric model of the structure was created with computer aided 

design (CAD) tools. A three-dimensional finite element model was then used to provide modal 

analysis. The goal of the modal analysis was to identify the different material properties assigned 

to different parts of the structure.   

 

In this investigation, two- and three-dimensional models with unilateral contact–friction 

interfaces were used in a modified push-over analysis. Various numerical models with different 

loads were developed to investigate the cracks which are present on the different parts of the 

structure. In particular, to understand the influence of longitudinal cracks on the different sections 

of the monument, the following loads were considered in the framework of modified push-over 

analysis: (a) Lateral movement of the abutment due to a horizontal point load, and (b) a vertical 

displacement of supports. It was concluded that the longitudinal cracks are most likely caused by 

a vertical displacement of supports 2 and 8. 

 

Lastly, an XFEM method was adopted to provide a further insight on the transverse discontinuities 

which are present on the structure. From the developed numerical models, it is observed that the 

existing longitudinal cracks do not propagate with the chosen load application. One potential 

reason for this, is the fact that these transverse cracks may not be considered as critical, since they 

will not interrupt the structural integrity of the system. Thus, in-between their positions, intact 

masonry arch parts will still be able to support the structural system. 

 

In Chapter 6, a data-driven procedure for the investigation of the structural response of circular 

masonry arches using machine learning is proposed. To build the artificial neural networks that 

predict the structural response, 1862 nonlinear finite element models were developed and solved 

providing databases for training. The proposed data-driven procedure can predict the structural 

response when the masonry arches are subjected to two load cases: (a) self-weight only and (b) 

self-weight and a 100kN vertical point load applied at quarter span.  

 

The development of the database required the integration of MATLAB scripts, Python scripts and 

a finite element software (ABAQUS). Two-dimensional geometries of masonry arches were 
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created using a MATLAB script, where the coordinates of each of the vertices of the masonry 

stones were extracted. The structural, finite element models were created using Python scripts 

within MATLAB to drive the commercial finite-element software. The Python scripts ran within 

MATLAB and the finite element software and created the geometry of the model by reading the 

extracted coordinates of the masonry stones vertices. The script also adds the mechanical 

boundary conditions, the subjected loads, and a unilateral law, used to simulate the contact-

friction between the masonry stones. Due to the nonlinearity of the models, the Newton–Raphson 

incremental–iterative process was used to solve the numerical problem.  

The neural networks used to predict the structural behaviour were built in MATLAB using the 

Levenberg-Marquardt training algorithm. The 70/15/15 rule was adopted to train the neural 

networks and 10 hidden layers were used. A total of 1862 data points were used to train the neural 

networks with each data points consists of 160 variables expect for the target layer for neural 

network C which had only one variable (the ultimate load).  

The developed structural tool can be used to understand and investigate the structural behaviour 

of circular masonry arch structures without the need for extensive computational cost. This can 

be implemented within 26s and little or no structural knowledge is required since the inputs is just 

the span and thickness of the structure. Thus, the proposed methodology can be extended and 

used for a first, fast and accurate representation of the ultimate response of similar structural 

systems. Structural health monitoring applications can also use the proposed methodology. 
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7.2 Recommendations for further research 

Following the comprehensive structural investigation on the response of masonry structures 

presented in this thesis, there is scope for future work.  

From Chapter 4, where a methodology to investigate multi-span masonry arches is proposed, the 

influence of the spandrel walls on the mechanical response of masonry arch bridges can be 

investigated. The role of the spandrel walls is to contain the fill material from spilling out. 

Advanced numerical tools can used to model the cohesive behaviour of joint mortar even though 

it is computationally expensive.  

From Chapter 5, there is scope to advance the methodology highlighted in the investigation of the 

structural damage on the Neoria monument. One of the future works can be attributed to the 

complexity of a massive, monumental structure, where there are uncertainties in the material 

properties. Currently there are efforts to implement nonlinear time history analysis, in order to 

evaluate the ultimate response of the building under real earthquakes. A plan to reinforce the 

monument will also be considered. 

From Chapter 6, future work may involve the incorporation of photo identification algorithm to 

the developed neural networks. This would make the proposed methodology useful in structural 

health monitoring and site assessment of masonry arch structures. This system that can quickly 

evaluate the remaining strength of structures following emergency situations, like earthquakes.  
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