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Abstract

The molecular theory of the second Kerr-effect virial coefficient, Bk, describing the
effects of interacting pairs of molecules on the molecular Kerr constant for molecules
with non-linear symmetry is reviewed, and then extended to include second hyper-
polarizability contributions in the molecular interactions. The classical long-range
dipole—induced-dipole model is used to describe the interactions between pairs of

molecules.

This investigation has been limited to non-dipolar species, where the permanent
electric quadrupole moment is the leading multipole moment, since for dipolar
species, the hyperpolarizability contributions will likely be masked by the gener-
ally much-larger contributions arising from the permanent electric dipole moment.
The resulting expressions for contributions to Bk are evaluated numerically (using
Gaussian quadrature) for nitrogen (Nj), carbon dioxide (CO2) and ethene (CyHy),
these molecules having measured data against which to assess the theoretical pre-

dictions.

Ny and CO, are axially-symmetric molecules, while CoHy is of lower symmetry, be-
longing to the Dy, point group. Previous attempts to approximate the molecular
properties of CoHy to axial symmetry in calculations of Bk have produced theoreti-
cal results which significantly underestimate the measured data. Inclusion of the full

molecular symmetry has been shown to be essential if the molecular-tensor theory
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is to yield reasonable agreement with experimental data.

For CO, the quadrupole-induced-dipole contribution dominates, and the interaction-
induced hyperpolarizability contribution to By is only 0.3% at 200 K rising to 1.5%
at 500 K. For the Ny and CyHy molecules, the collision-induced hyperpolarizability
contributes just under 2% at 200 K, rising to 4% at 500 K for N, and 5.5% for CoH,.
These contributions are non-negligible, and are hence worth refining in future work
through full ab initio quantum mechanical computation of the interaction-induced
hyperpolarizability contribution where dispersion force and electron cloud overlap

effects can be included.
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Chapter 1

Review and Introduction

1.1 Review

In 1875, the Reverend John Kerr reported his observation that upon placing an
isotropic medium in a strong uniform electric field, the medium generally becomes
birefringent [1]. This project is concerned with the Kerr effect in gaseous media,
where the application of a uniform static electric field induces anisotropy in the
molecular distribution through two possible mechanisms, namely (i) the anisotropy
which is induced in the molecules due to the applied electric field itself, and (ii),
in the case of molecules which possess a permanent dipole moment, through the
intrinsic anisotropy in the individual molecules, since the electric field will exert a

torque on a dipolar molecule, resulting in partial alignment of the molecules.

Kerr-effect measurements in gases permit the determination of molecular polariz-
abilities and hyperpolarizabilities, and if measurements are carried out over a suf-
ficiently large range of gas densities, the second Kerr-effect virial coefficients can
also be obtained. Extraction of these properties from experimental data requires
mathematical relationships between the macroscopic experimental observables and

the molecular-property tensors of the individual molecules [2—4].
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2 CHAPTER 1. REVIEW AND INTRODUCTION

In 1955, Buckingham and Pople developed a molecular-tensor theory to account for
the Kerr-effect in ideal gases of atoms or axially-symmetric molecules [5]. Buck-
ingham then developed a statistical-mechanical theory of the Kerr constant to ac-
count for the density-dependence of the Kerr effect in real gases of atoms or axially-
symmetric molecules [6]. In 1969, this theory was refined by Buckingham and Orr
to calculate values of the second Kerr-effect virial coefficient By for difluoromethane
(CHyFy), fluoromethane (CH3F) and trifluoromethane (CHF3) [7]. Here, they in-
cluded additional effects of polarizability and angle-dependent repulsive forces, but
their calculated Bk only yielded approximate agreement with their measured value
for CH3F, while the calculated Bk for CHF3 was far too small. Attributing this
to the effects of short-range interactions on the polarizability and potential energy,
they posited that measurements of Bk for gases of dipolar molecules would proba-
bly not provide useful information about the nature of intermolecular forces. This
discrepancy between experiment and theory for the fluoromethanes was resolved in
1983, when Buckingham, Galwas and Fan-Chen included the collision-induced po-
larizability in the theory, finding that it was the predominant contribution to Bk
[8]. Using a simple Stockmayer-type potential, they obtained reasonable agreement
with the measured Bk data for the fluoromethanes over the experimental range of
temperature, although the large uncertainty of around 50% in the experimental val-

ues was a limitation on the test of the new theory.

Buckingham’s theory was extended by Couling and Graham to include gases of
dipolar molecules with nonlinear (and higher) symmetry, and also to include higher-
order molecular-interaction terms to ensure convergence to a meaningful result [9].
Calculations for the dipolar molecules CH3F, CHyF5, CHF3, sulphur dioxide (SO),
dimethyl ether ((CH3),0), acetone (CH3COCH3) and hydrogen sulphide (HsS) over
a range of temperatures generally are within the uncertainty limits of the available

literature experimental values [9-11]. Quadrupole and field gradient contributions
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were neglected, being assumed to be negligible for molecules with large perma-
nent dipole moments, but these contributions need not be negligible in the case of
non-dipolar molecules. Couling and Naidoo included quadrupole—induced-dipole
(QID) molecular-interaction contributions in 2017, and calculations of By for the
non-dipolar molecules COy, CoH, and ethane (CyHg) yielded reasonably good agree-
ment with the measured data [12]. Those molecules which possess a relatively large
quadrupole moment and polarizability anisotropy were found to have QID interac-

tion contributions which can exceed those arising from the pure polarizability terms.

1.2 Interaction-induced hyperpolarizabilities

The question which arises is whether the hitherto-ignored collision-induced second-
hyperpolarizability contribution v¥(—w;w,0,0) to Bk for non-dipolar molecules is
indeed sufficiently small that it may be safely neglected. The aim of this project has
been to attempt an answer to this question. It is profitable, though, to first review

any related investigations in the literature.

Donley and Shelton have measured the effects of molecular interactions on dc electric-
field-induced second-harmonic generation (ESHG) molecular hyperpolarizabilities

ESHG(_20w; w,w, 0) for the non-dipolar atoms and molecules helium (He), Hy, Ny

v
and argon (Ar) [13]. They compared their measured pair-interaction contributions
with values obtained from a classical dipole-induced-dipole (DID) model, and found
that their model underestimated the magnitude of the density dependence of the
hyperpolarizability by around two times, and had the opposite sign. Buckingham,
Concannon and Hands subsequently investigated the effect of dipolar interaction on

the independent components of the hyperpolarizability of a pair of spehrical atoms

(also using a classical DID model) for five different nonlinear-optical (NLO) phenom-
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ena, including ESHG and the Kerr effect [14, 15]. They showed that Donley and
Shelton’s expression for the DID contribution to the pair hyperpolarizability differs
from the original expression derived by Hunt [16], and this led to the correction of

Donley and Shelton’s expression by a numerical factor of 76/(5x48) [17].

Concannon has also performed ab initio SCF calculations of the polarizability and
second hyperpolarizability for interacting pairs of atoms at various internuclear sep-
arations [14]. The DID model employs the long-range theory of intermolecular in-
teractions, where the molecules retain their separate identities even for short-range
interactions where the electron clouds (and wavefunctions) actually begin to over-
lap [18]. The ab initio quantum mechanical calculations show that for interacting
helium atoms, for long-range interatomic separations of 0.35 nm and greater, the
calculated classical and quantum mechanical interaction-induced effects on the sec-
ond hyperpolarizability are in excellent agreement, but for short-range separations
of less than 0.35 nm, the classical model predicts larger interaction-induced effects
since it neglects the electron overlap effects which are accounted for in the SCF

calculations [14].

There have been various subsequent investigations of collision-induced hyperpolar-
izabilities between pairs of atoms, and occasionally between pairs of small molecules
(such as hydrogen (H,)), for example in references [19-26]. The ab initio compu-
tations have become increasingly accurate, but there remain restrictions on extend-
ing the calculations to polyatomic molecules of low symmetry, arising principally
from the computational demands. What emerges is that the classical long-range
DID model for interaction-induced hyperpolarizabilities is less effective than that
for interaction-induced polarizabilities, which supports the notion that hyperpolar-
izabilities are greatly determined by the electronic structure of the outer reaches

of the electron cloud [14, 27], making the collision-induced hyperpolarizability very
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sensitive to the overlap of the electronic wavefunctions of the interacting atoms or
molecules [14, 19, 20]. This necessitates the use of large basis sets with diffuse basis
functions if accurate ab initio results for interaction-induced hyperpolarizabilities

are to be obtained, which increases the computational demands considerably.

1.3 The aim of this project

In this project, the molecular-tensor theory of the Kerr effect is extended to include,
in the classical DID long-range model, the contributions to Bk arising from the
optical-frequency second hyperpolarizability 7% (—w;w,0,0). This should provide a
useful estimate of the order of magnitude of the hyperpolarizability contributions,
and indicate whether they are completely negligible, or whether they are sizeable
enough to warrant future investigation at the quantum mechanical level, where in-
clusion of dispersion force and electron cloud overlap effects will refine the accuracy

and precision of our knowledge of their contribution.

The permanent multipole moments of a molecule (e.g. its electric dipole and quad-
rupole moments) are fundamental properties which describe the molecular charge
distribution, while the molecular (hyper)polarizabilities describe the distortion of
the molecular charge distribution by applied fields or the fields arising from the
permanent moments of neighbouring molecules [28-31]. These permanent multipole
moments and polarizabilities provide key insight into molecular structure and inter-
molecular forces, and are crucial to the development of the molecular-tensor theory
of the Kerr effect. Hence they are now reviewed in sufficient detail to permit the

subsequent development of the Kerr effect theory, which is presented in Chapter 2.
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1.4 The multipole expansion

The description of two interacting molecules can be simplified provided the separa-
tion of the molecules is sufficiently large, allowing for the expansion of the electro-
static potential of a molecule about an arbitrary origin which is close to the charges.
The resulting series of moments of charge provide a useful characterization of the

molecule.

Figure 1.1: Coordinates and notation used for a discrete charge distribution.

Consider a distribution of N charges ¢, in a vacuum (a« = 1,2, ---, N), the charges
having displacement vectors r,, from the (arbitrary) origin O which is within, or close
to, the distribution as indicated in Figure 1.1. The electrostatic potential ¢ which
arises at an arbitrary point P with displacement vector R from O, where R > r,,

is then

I«
o(R) = dreg ; R —r,| (1.1)

The binomial theorem allows the denominator of this summation to be expanded,
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yielding

1 1 Rz ?)RlRJ — Rgélj
¢(R):47T80 E;Qa—i_ﬁ;%xroﬂ‘i‘ 9 R5 ;qarmraj—l—---

(1.2)

Here, the Roman subscripts ¢, j, - - -, denote tensor components, which can be equal
to the Cartesian components 1, 2 or 3 of molecule-fixed axes O(1, 2, 3). The Einstein
summation convention is invoked, whereby a repeated Roman subscript denotes a
summation over all three Cartesian components. ¢;; is the Kronecker delta tensor,

with 6;; = 1ifi = j, 0;; =0ifi # j. The electric moments of the distribution are:

the total charge

1= G, (1.3)

the electric dipole moment

Hi = an Tai (14)

and the primitive (or traced) electric quadrupole moment

Qij = Z Ga Tailaj - (15)

The higher-order moments (i.e. octopole, hexadecapole, - --) will not be considered
in this work, since they make successively smaller contributions to the electrostatic
potential, and we will be considering non-dipolar molecules which possess a perma-
nent electric quadrupole moment as the leading moment. The electric quadrupole
moment defined in equation (1.5) is the primitive (or traced) quadrupole moment.

An alternative definition known as the traceless quadrupole moment is useful since
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it describes the departure from spherical symmetry of the charge distribution: [29]

61']' —

DN | —

1
(3Qi; — Qurdij) = B an (3rairaj — 20i) (1.6)

Here ©;; = 0, hence the name “traceless”.

The electrostatic potential of the charge distribution can be written in terms of these

moments of charge, becoming

1 R, 3R,R; — R26,
R)— — b ; idlj 7,
»(R) R dt gahit Ve

In this expression, the terms for successively higher multipole moments make contri-
butions which grow successively smaller by a factor of the order #. A consequence
of this is that the leading non-zero moment will provide a reasonable description of
the electrostatic potential ¢ at point P as long as the distance R is sufficiently large.
Since the contribution to the expanded property arising from each of the multipole
moments depends only on the displacement R of point P from O, the multipole

moments are considered to be located at the origin O.

If an electrostatic field E is applied to the charge distribution, the distribution will

experience a net force F given by
1
Fi= Z GoFoi = q(Ei)o + 11 (Vi Ei)o + §@jk(vkvjEz‘)0 +ee (1.8)

Here, the field and its derivatives are determined at the origin O about which the
Taylor expansion of the field has been taken. From equation (1.8), it can be shown
that a dipolar charge distribution will experience a torque in a region of uniform
field, or that a quadrupolar charge distribution will experience a torque in a region

of uniform field gradient. Equation (1.8) can be used to determine the potential
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energy U of the charge distribution in the presence of an applied electrostatic field

E [31, 32]:

ro(E=E) E 1 E
U:_/ FidTiZQ¢—/ NidEi_g/ Oy d(VE) — -+ . (1.9)
0 0

r1(E=0)

For a rigid charge distribution, only the permanent multipole moments will con-

tribute to equation (1.9), giving
U=q¢p— M(O)E — —@ V E; — (1.10)

Here, the permanent multipole moments are identified by a superscript ).

For an axially symmetric charge distribution, each multipole moment is determined
by a single scalar quantity, namely ¢, u, ©, - - - ; for example, the quadrupole moment

©;; has principal components ©33 = O, O1; = Oy = _%@.

The effect of a change of origin on a quadrupole moment can be established by

moving O by r’ to O'. The quadrupole moment ©’ relative to the new origin O’ is

an Srazra] ( ;)261'1') (111>
which becomes

3
@Qj =0, — —,u»ﬂ"; -

3 1
5 — i+ pgryi; + 54 {37“;7“;- — (r)%0;} . (1.12)

2

The quadrupole moment is seen to be independent of the choice of origin provided
both ¢ and p; are zero. More generally, it is possible to show that only the leading
non-zero electric multipole moment is independent of the choice of origin. For a

dipolar molecule, the quadrupole moment will depend on the location of the ori-
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gin. In this work, we will only consider non-dipolar molecules, since in the case of
dipolar molecules the large contributions to By arising from the permanent dipole
moments will most likely completely swamp the much smaller hyperpolarizability

contributions.

1.5 The induced dipole moment

The total electric dipole moment of a molecule in the presence of both an oscillating

light-wave field & and static applied field E is [2, 5, 28, 33, 34]
Lbi :MEO) + @;;(0;0) B + i (—w;w) & + %Bijk(o; 0,0)E; By, + Bijk(—w;w, 0)&; Ej,

+ §7i#2(0; 0,0, 0) E; By By + 3yijna(—w; w, 0,0) & Ep By + - -

(1.13)

where all tensors are referred to the molecule-fixed axes O(1,2,3). MZ(-O) is the per-

manent dipole moment, while, respectively, a;;(0;0) and «a;;(—w;w) are the static
and dynamic dipole polarizabilities, 5;;(0;0,0) and 3;;,(—w; w, 0) are the static and
dynamic first hyperpolarizabilities, and 7;;1:(0;0,0,0) and 7, (—w;w,0,0) are the
static and dynamic second hyperpolarizabilities. These molecular polarizabilities
describe the distortion of the molecule by the external static and dynamic electric
fields. The tensors 3;;1(0;0,0) and 7,%(0;0,0,0) are symmetric in all indices, while
Bijk(—w;w,0) is symmetric in 4, and ;jx(—w;w, 0,0) is symmetric in i and in k.
To simplify the notation, we write a;;(0;0) = a;;, oyj(—w;w) = a;j, Biji(0;0,0) =
bijks Bije(—w;w,0) = Bijk, Vijri(0;0,0,0) = gii and Yiju(—w;w,0,0) = Y. This

permits equation (1.13) to be written as

i = u§°) + ai; E; + ij&) + b BBy + Biju€i Ex + £ 9iju By EvEr + 5% BBy + - - -
(1.14)
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1.6 Concluding remarks

The multipole expansion has been very successful in relating various macroscopic
electromagnetic phenomena in matter to the microscopic structure of individual
molecules (for gases) or of unit cells (for crystals) [28, 31]. It allows the descrip-
tion of two interacting molecules to be simplified as long as the separation of the
molecules is sufficiently large, allowing the individual molecules to be characterized
by a series of moments of charge. Armed with the multipole expansion as well the
expression for the total electric dipole moment (permanent and induced) in a mol-
ecule in the presence of both a uniform static applied electric field and a dynamic
light-wave electric field, we are now equipped to relate the induced dc Kerr-effect

birefringence to these microscopic polarizabilities and multipole moments.



Chapter 2

The Theory of the Kerr Effect

2.1 The Kerr effect in an ideal gas

The electric-field-induced birefringence, or dc Kerr effect, is the anisotropy in the
refractive index, (n, — n,), which is observed when linearly-polarized light prop-
agates through a fluid along the z-direction of space-fixed axes O(z,y, z), z being
perpendicular to a uniform applied electric field E,. The molecular Kerr constant

m K proposed by Otterbein is then defined as [35]

18nV. Ne. — N
wk = n [ e— 2.1
3<n2+2>2<sr+2>2E530[ B2 } 1)

where n and ¢, are respectively the refractive index and relative permittivity of the
medium in the absence of the field, and V}, is the molar volume. The theory of
the Kerr effect must relate the macroscopic observable (n, — n,) to the molecular
property tensors of the individual molecules in the fluid. This has been achieved for
an ideal gas by Buckingham and Pople [5], with minor subsequent refinements by

Buckingham [36], and this theory is now reviewed.

Consider a neutral molecule in the presence of an external electrostatic field E. The

orientation and position of the molecule is given by the variable . For all but

12
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the lightest of molecules at typical experimental temperatures (of between 300 K to
500 K) the rotational energy levels are sufficiently close together that the orientation
may be considered to vary continuously, and hence be treated classically rather than

quantum mechanically.

The electric field E can be written in tensor notation as F,. (In this work, Greek
tensor subscripts will pertain to the laboratory frame, while Roman tensor subscripts
will pertain to molecule-fixed axes.) A typical Kerr-effect apparatus comprises a gas
cell which is a conducting metal cylinder down the length of which run two parallel-
plate electrodes which are separated by a small distance, and which are equidistant
from the cylinder’s axis. The cylinder and one of the electrodes are earthed, while
the other electrode is held at a potential relative to them, such that the axis ex-
periences a high uniform electric field. The space-fixed laboratory frame O(x,y, 2)
is fixed in the Kerr cell such that z is along the axis of the cylinder and in the
direction of propagation of the light beam (which is parallel to, and centred on, the

cell’s axis), while the applied uniform electric field lies in the z—direction.

For a dilute gas, the oscillating electric dipole moment pu; induced in a molecule
arises due to the polarizing action of the oscillating electric field &; of the light wave.
The refractive index is primarily determined by this oscillating dipole, the optical-
frequency polarizability tensor a;; being modified by the uniform applied electric

field as per equation (1.14), so that
pi = ;85 + Bijnd; By + %%jkléajEkEl + - (2.2)

The differential polarizability ;; is defined as [5, 28]

. O
= o¢,

Tij = ij + BinEr + 3vim BB+ (2.3)



HV
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Figure 2.1: Schematic of the Kerr cell and laboratory reference frame O(z,y,z).
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The difference between the molecular polarizabilities in the directions parallel
and perpendicular to E, is (7., — my,), which, using the direction cosines a$ between
the a space-fixed axes and ¢ molecule-fixed axes, and for a particular molecular

configuration o, can be written
m(0,E) = Tpe — my, = my (afaf — alal). (2.4)

The transformation of the electric field from the laboratory frame (i.e. space-fixed
axes) into molecule-fixed axes is obtained using the direction cosine as follows:

E;=d.E, . (2.5)

«

Since the electric field F, has as its only non-zero component FE,, FE; becomes
E,dal = E,a%, so that equations (2.3) and (2.4) yield

(0, B) = (aij + Biyr By ai + 5y Es afaf +---) (afaj — alal). (2.6)
The refractive index difference (n, — n,) in the presence of E, is obtained using the
Lorenz-Lorentz equation which provides the link between the microscopic molecular
property « (the polarizability) and the macrosopic observable n. For a gas in the

absence of an applied field, in the electric dipole approximation, the Lorenz-Lorentz

equation is

n2 -1 47TNA

= <a>, (2.7)

n2 4+ 2  3(4neg)Va

where N, is Avogadro’s number, g is the permittivity of free space, V;, is the molar

volume of the gas sample, and a = %ozaa is the mean polarizability. The angular

brackets denote an isotropic average, since the molecule is tumbling freely in space.
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For light polarized in the x direction of the applied field E,, equation (2.7) becomes

n2 — 1 4 Na
z = oz 2.8
n2 + 2 3(dmeg)Vi (28)
while for light polarized perpendicular to E, it becomes
n? — 1 47N
v - T (2.9)

n2 42 3(dmeg)Vm WV

The overbar in 7 denotes the orientational average of 7 over all configurations in the

presence of the biasing influence of the applied electric field. A little algebra yields

n2 — 1 n§—1_3(nz+ny)(nx—ny) (2.10)
n2+2  n2+2 (m2+2)(n2+2) '

and since for gases n ~ 1, equation (2.10) is simplified by seting (n, + n,) =~ 2n
and (n2 + 2) (n2 + 2) =~ (n* + 2)%, so that
n: —1 ny — 1 N 6n

2re n2+2° (n2 4 2)° (e = 1) &1

Equations (2.8), (2.9) and (2.11) yield

(n2 +2)° 47Ny _
=y A~ . . 2.12
e Ty 6n  3(dreq)Ve (212)

For an ideal gas in the limit of infinite dilution, with n — 1, this reduces to

27TNA

GreV (2.13)

Ng — Ny =

It is fair to assume that the rapidly oscillating field of the incident light wave is
sufficiently weak that it does not affect the orientation of the molecule, that the
orientational variable ¢ is continuous, and that a Boltzmann-type weighting factor

can be used to determine the orientational average required [5, 36]. 7 can then be
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written as

_ [7(o,E)e V@B Mg
7= . (2.14)
[ e U@EB/’ g

Here, U(o, E) is the energy of the molecule, which from equation (1.9) is given by

Ulo,E) = — /OE Wi dE;. (2.15)

Using equation (1.14) in equation (2.15), and neglecting the terms in & since & is

assumed not to orient a molecule,

1 1 1
U(O', E) = U(O) — ILLEO)EZ — §aijEiEj — gbz]kEzE]Ek — ﬂgijk‘lEiEjEkEl — e

T T, T, T
%

1 1 1
=UO — B, af - 5%‘55 a; aj — gmef; ajajag — ﬂgijklEi a

(2.16)

The biased average T in equation (2.13) is converted into isotropic averages through

a Taylor series expansion of 7 in powers of F,
7=A+BE, +CE*+ .-, (2.17)

where

_ or 1 (0%
A = (W)EIZO ; B = (8Ez)Ez:0 and C = 5 (a—Eg) £ o . (218)

The isotropic average of a property X (o, E') with E' = 0 is denoted as (X), and is

X (0,0 e U KT g
(X) =
N [e VO qe

(2.19)

aja/k.al - .
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Setting F, = 0 in equation (2.6) yields
A= <7r> = < (afa;? — a‘?a?) > = <<afa§> — <a‘1{a?>> ) (2.20)
These second-rank isotropic averages have been shown to reduce to [30]
<afaf> = <a§’a§’> = %&-j, (2.21)

so that A = 0.

To obtain an expression for B, the partial derivative of T which appears in equa-
tion (2.18) needs to be evaluated. This requires equation (2.14) and application of

the product rule:

af f %E"ZEI)eiU(U’EI)/deU 1 fﬂ—(0-7 EI>8U(§EIEZ)67U(J,EI)/]€TdO_
(9E$ = f e_U(J,EI>/deO- B ﬁ f e_U(a,Ez)/k,TdO_
(2.22)
N 1 (f 7T(J, Ew)e*U(U,Ez)/dec).) <f %Ef”er(o,Ez)/deg)
ﬁ (f er(o',E»c)/k.Tdo_)Q
Hence,
om 1/ oUu 1 U
b= T T - 2.23
<8Em> KT <W5Ez>+kT<W><aEx> (2.23)
Since A = <7T > = 0, the expression for B reduces to
om 1/ oU
B:<6E >_ﬁ<”ag > (2.24)

Equation (2.6) provides

on
< ) = B a (afa] — ala?), (2.25)
E.=0
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so that

871. x T T x
<8EI> = ﬁijk<ai ajay — a;ya?ak>. (2.26)
The only non-vanishing third-rank isotropic average is [30]
<afa?a,i> = %Eijka (2.27)

where ¢;;;, is the Levi-Civita tensor, which is +1 or —1 if ¢, j, k is respectively an
even or odd permutation of 1, 2, 3, or is zero if any two of the subscripts i, 7, k are

the same. Consequently, equation (2.26) is zero.

Similarly, equation (2.16) provides

oU ©
=l 2.98
(GEI)EwO Hiy " Ay (2.28)
so that
(ﬂ'aEx>Em0 = —qQ; /'L](g) (ai a;ay — a?a?ak) (229)
and
<7T8EI> = —j M,(c )<ai ajay — ajala > =0. (2.30)

Hence B = 0, and the leading non-vanishing term in the expansion of 7 is found to

be in E2.

The expression for C' is obtained in an analagous procedure to that for B above.

The double partial derivative of T which appears in equation (2.18) is evaluated by
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taking 0/0FE, of (07/JE,) in equation (2.22), which yields [5]

1 8271' 1 or oU 82U 1 ouU 2
C—§<0Eg>_2k;T <23Em8Ex+7T8E§>+2/€2T2 <7r (aEI) > (2.31)

Equation (2.31) is evaluated in a similar manner to equation (2.24) for B, using equa-

tions (2.6) and (2.16) together with the standard results for fourth-rank isotropic

averages [5, 30, 37]

<afaf-aﬁaf> = 1= (0450m + i1 + 6udjn) (2.32)
and

<a§a§aza;f> = L (46,0 — S — Sudj) - (2.33)

The second partial derivatives of equations (2.6) and (2.16) are

E? = Yijkl (ai aj — a; aj) apa; (2.34)
x FE.=0

and

o*U o
(8E2> = —aij a;a; . (2.35)
z/ Ez=0

The terms in equation (2.31) evaluate to

1 827( 1 T T T T Y Y T T

(2.36)

1
= %(3%3‘1&‘ - %’ijj) )
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1 87?(9U 02U_1 (0) 1 T T T yymx

2 0 1
= S0kT (3@]1#] 51'1']‘#;- )> + m(%ﬁjazj — iaz;)
(2.37)
and
1 oU \* 1 0, (0) 0, (0)
2K2T? <7T (8Ex) > = g (o — a1 (2:38)
so that equation (2.17) becomes
_ E2 2 (0)
=3 (37ijij — Yiijs) + T (351‘]‘1‘/1 — Biijht; )
(2.39)

1 1 0 0
+ k;_T<3az‘jaij — agag;) + k2772 <3O‘U”§ )'“5 ) O‘“‘é ),u§ )> } '

Equation (2.39) can then be substituted into equation (2.13), giving

27TNA _
(47T€0)Vm "

Ng — Ny =

NAE? ) i
- 60€0V {(371313 o f}/iijj) k? (Z))ﬁzjzu( ) BZUME )>

1 1 ), (0) 0, (0)
—i-ﬁ(?)ozijaij—oziiajj) 272 <304w/% By — Quifly | )

(2.40)
Equation (2.40) is an expression for the birefringence induced in the gas by the uni-

form applied electric field expressed in terms of the microscopic molecular properties

of an individual molecule. In the limit of infinite dilution, Otterbein’s definition of
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the molar Kerr constant , X given in equation (2.1) becomes

2V .. Ng — Ty
wk = 27 {E—} (241)

Substituting equation (2.40) into equation (2.41) gives an expression for the molar

Kerr constant in the limit of infinite dilution as

Na 2 (0) (0)
k= 810¢e { (S%ﬁj B %ijj) + =T (36@'1‘,“]' — Biij,uj >

1 1 ©) (0 ©0) (0
+ k_T(Baijaij — agiaj;) + k272 (30%‘9‘/%' )“5' = il )“5' )> '

(2.42)

This equation was initially derived by Buckingham and Pople [5, 36], and is a gener-
alization of the Langevin-Born equation to include the effects of high field strengths

on the polarizability.

In the Kerr experiment, a monochromatic beam of linearly-polarized laser light
travels along the z—axis, which is chosen to coincide with the axis of the of the gas
cell. Parallel electrodes establish the uniform electric field in the = direction. The
laser beam enters the cell polarized at 45° to the xz plane, where it can be resolved
into two components with orthogonal electric vectors &, and &, which will experi-
ence different refractive indices n, and n, as they travel through the birefringent
medium. The beam emerges from the cell elliptically polarized, the two components

now having a relative phase difference  of

_ ol

"=

(e —ny) (2.43)

where [ is the pathlength of the medium, and A is the wavelength of the light. The

azimuth of this elliptically-polarized beam remains 45° to the xz plane, so that if it
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passes through a quarter-wave plate with fast axis set at an azimuth of 45°, the light
will emerge linearly polarized but rotated from the initial 45° plane of polarization
by an angle /2 radians. The optical retardation ¢ is the observable property in the
experiment, and from equation (2.43) it yields (n, — n,), which together with knowl-
edge of the refractive index and relative permittivity of the gas, its temperature and
density, and the strength of the applied electric field, allows for the calculation of

mK via equation (2.40).

2.2 Interacting non-dipolar molecules

For higher gas densities, the approach adopted by Buckingham and Pople for the
treatment of intermolecular interaction effects via a virial expansion is followed [38].

This approach is now briefly reviewed:

A range of electromagnetic properties of gases are found to be proportional to the
number density of the constituent molecules. For ideal gases, this proportionality
will be exact since there are no interactions between the molecules, so that each
molecule can be considered to be an independent system. For real gases, where in-
termolecular interactions occur, the electromagnetic properties display a non-linear

dependence on the number density of the molecules.

In 1956, Buckingham and Pople accounted for these intermolecular interaction ef-
fects through the use of a virial-type expansion [38]. If ) is a measurable molecular-

optic property of a real gas, () can be expressed as a virial expansion in inverse
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powers of the molar volume V;:

B C
Q:AQ+V—E+V—§+---. (2.44)

Here, the first virial coefficient Ag is the ideal gas contribution to @), Bg is the
second virial coefficient accounting for the contribution to ¢ from interacting pairs
of molecules, while the third virial coefficient Cy gives the contribution arising from
interacting triplets. The virial coefficients are functions only of the temperature, or
in the case of molecular-optical phenomena, of temperature and the wavelength of

the light [38].

For a mole of ideal-gas molecules, the Ny mean contributions g of the individual

isolated molecules sum to @):
Q=Aqg=Naq. (2.45)

At higher gas densities, a representative molecule 1 will, on occasion, be interact-
ing with a neighbouring molecule 2. If the relative intermolecular configuration is
described by 7, then their contribution to @) at any given instant will be g2(7).
Treating molecule 1 as half of an interacting pair, its contribution to () at a given

instant is %qu(T). Neglecting triplet and higher-order interactions, () becomes

Q= {a+ [ [tantr) ~a)Pryar} (2.40)

T

where P(7) d7 is the probability that molecule 1 has a neighbour in the range (7, 7+
dr). The relationship between the intermolecular potential energy Ujo(7) and the

probability function is given by

N
P(r) = _m? e~ Va(n/KT (2.47)
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where Q = V1! [ dr. From equation (2.44),

By = lim (Q - AQ)Vm , (2.48)

Vin—o0
which combined with equations (2.45) to (2.47) gives

NQ
Bqg = EA/ [%%2(7') - ﬁ} e U/ gy (2.49)

This general expression for B can be applied to whichever molecular-optical prop-
erty @) is under consideration. In this thesis, it will be applied to the second Kerr-

effect virial coefficient By for interacting pairs of non-dipolar molecules.

Recall from equation (2.13) that in the limit of infinite dilution, the refractive index

difference n, — n, of a gas in the presence of a uniform applied electric field is

27TNA

S 2,
ny (47?50)Vm7r (2.50)

Nge —

where 7 is the average over all configurations o of the quantity m;; (afaf — a?a]y)
of a representative isolated molecule in the presence of the biasing influence of the

applied field.

For higher gas densities, the contribution of a representative molecule 1 to n, —n,
is not always given by equation (2.50), there now being times when molecule 1 has
to be treated as half of an interacting pair. When molecule 1 is in the presence of a
neighbouring molecule 2, their relative configuration being specified by 7, then the
instantaneous contribution of molecule 1 to the induced birefringence is

Al ) 221
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where

712(r, E) = 1Y = 7r82) (afa§ —afal) . (2.52)
7TZ(; 2 is the differential polarizability of the interacting pair, and an expression for
7TZ(]1 2 will need to be derived. Obtaining the biased orientational average 712 (7, E)

requires that the molecular pair is allowed to rotate as a rigid whole (in the fixed
configuration 7) in the presence of the biasing influence of the field E,. This biased
average is then converted into isotropic averages via a Taylor expansion in powers of
E. An analysis similar to that of an isolated molecule provided in equations (2.17)

to (2.40) gives the leading term as

1 (& 0(, B) )
7T(12)(7', E) = 5 (8—1@3 o E:c (253)

where
1 (*7(2(1 E) 1 /0?7012 1 on12) oU(12) 0*U(12)
Y e S — _ 2 + 7T(12)
2 0E? P 2 OFE? 2kT OFE, OF, OE?

1 U2\ ?
az (U7
UbTEE <7T ( O, ) '

(2.54)

In equation (2.54), U = U(2)(7,0) is the potential energy of the interacting pair
of molecules in the absence of the applied field. The quantities inside the angu-
lar brackets are initially referred to the molecule-fixed axes O(1,2,3). The tensor
product in O(1,2,3) is fixed for a given interaction configuration 7. As the pair
rotates as a rigid whole in the laboratory frame O(z, vy, ), the average projection of
the pair properties, referred to O(1,2,3), is averaged into O(x,y, z) over all orien-

tations. Averaging over the pair-interaction parameters 7 can then be performed.
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The density dependence of the molar Kerr constant ,, K can be expressed by the

virial expansion

B C

Vot (2.55)

where Ak, Bk and Ck are the first, second and third Kerr-effect virial coefficients,
respectively. From equation (2.1), the molar Kerr constant ,, K in the limit of infinite

dilution is

Ag = lim (,K) = lim s — 1y)
Vin—ro0 Voo | 3(n2 +2)%(e, +2)2 B2 [ 5 g

(2.56)

_ 2mNa o’
- 27(4meo) \OE2 ) o

This expression can be extrapolated to higher densities, giving

B 2Ny | 1 [ *702 (1, E) 0T
mK = AK+/727(47T50) {5 ( aE% - 8E§ oo P(T)dT )
Ey=0 @

(2.57)

where P(7)dr is the probability of molecule 1 having a neighbour in the range
(1,7 + dr), P(7) being given by equation (2.47). Comparing equation (2.57) with

equation (2.55), Bk is seen to be

Bx = —QWNX / 1 —827T(12)<T7 E) — 0T e U2()/KT g
0y J 12\ om2 9Ez ), .
E.=0 T

(2.58)

The relative configuration 7 of two molecules of general symmetry may be expressed
by seven parameters: the separation R of the two molecular centres, the Fuler an-
gles oy, B and 7, used to define the direction cosines af* between the laboratory

frame O(z,y,z) (referred to by «, 3,7 ---) and the molecule-fixed axes O(1,2,3)
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of molecule 1 (referred to by 4,7,k ---), and the Euler angles s, > and 7, defin-
ing the direction cosines af between the laboratory frame and the molecule-fixed
axes O(1',2',3') of molecule 2 (referred to by ¢',j’,k’ ---). These parameters are
fully described by Couling and Graham [9, 39], who also evaluate the normalization

constant 2 = (872?)%. The explicit expressions for the direction cosine tensors are

cosy; siny; 0 [cosB; 0 —sinfy cosa;  sinay 0
(0% . .
a; = | —siny; cosy; O 0 1 0 —sinay cosaq 0O
0 0 1| [sinf; 0 cosp 0 0 1
€oS1Cos31cosy; — sinasiny, sinaycosficosy; + cosasiny;  —sinficosy;

= | —cosaycosfisiny; — sinajcosy;  —sinagcosfisiny; + cosaicosy;  sinfysiny; |

cosaisinfy sinagsinS; cosf
(2.59)
COS(rCO8F2C08Yy — Sinapsinys SinapcosPacosys + CoSasiny,  —sinfycosys
o . . . . . .
Q; = | —CcoSapCosasiny, — SinapCosyy  —Sinancosfasinyg + cosaCcosye  Sinfasinys
cosaasinsy sinapsinfy cosfy
(2.60)

Equation (2.58) becomes

27 2 s 2m
- Tl L]
21671'2 47750 R=0 Ja1=0JB1=0 J~v1=0 Jas=0 J f3=0 J~2=0

Ty Y 2
1 (0°(r, B) o'm U@ (2.61)
2 OFE? B,—0 3E B,—0

R2 Sinﬁl Sinﬁg dR da1 dﬁl d’}/l dOzg dﬁg d’)/g .
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In order to evaluate Bk by integrating over the pair interaction coordinates in
equation (2.61), the intermolecular potential Uj(7) is required. The expression

3 <827r(12) (1, E)/ 8E§) also needs to be evaluated, requiring the differential po-

=

larizability 7r§jf) for interacting pairs of molecules:

9,12
712 g;@@ (2.62)

(12)

where u; 7 (&,) is the total oscillating dipole moment induced on the interacting

pair by the incident light-wave field &,,.

To proceed, the classical long-range DID model is assumed to hold true: i.e. the
molecules are assumed to always retain their separate identities. Although this will
hold true in the long-range limit, at very short ranges the charge distributions of
the molecules begin to overlap, a situation which can only be definitively described
by high-level ab initio quantum-mechanical calculations. Such calculations require
electron correlation effects to be taken into account, and require large basis sets with
diffuse basis functions, rendering them extremely demanding and computationally
intensive even for interacting atoms, but especially so for interacting molecules.
For interaction-induced polarizabilities, the electron overlap contributions to the
apparent polarizability (i.e. the polarizability in the presence of a neighbouring
molecule) has been estimated to be —8xDID for He, but only —0.6xDID for H,
and Ny [13]. Indeed, treating diatomic and small polyatomic molecules as if they
retain their separate identities even in the region of overlap has provided a useful
model of molecular interactions for Rayleigh light-scattering [39-42] and the Kerr
effect [8-11], where agreement between measured and calculated second virial coef-
ficients can be achieved to within 10% or better, providing a measure of justification
for the simplifying assumption. If this also holds true for the interaction-induced

hyperpolarizabilities of molecules, then equation (2.62), even if it includes second
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hyperpolarizability contributions in the induced dipole, can be written as

a2 _ O + i)
w ) gw

T

(2.63)

Substituting this into equation (2.52) gives the difference between the differential
polarizabilities of an interacting pair in a specific configuration 7 in the presence of

the applied field as

71(r, B) = 717 (a%a?, — alal)

1) (2)
- (%‘; n %) (afaf, — alat)

(2.64)

= (=) + 7)) (ataz, — atal)

=7(r, E) + 79(1, E) .

Similarly, the potential of the interacting pair of molecules in the presence of the

static applied field is defined to be [31]

E
7(12) (1,E) = 12 (1,0) _/ M(12) (1, E) dE; (2.65)

%
0

(12)

where y1;7” is the total dipole moment of the pair in the presence of E which, using

the above arguments, can be written as

' =+ p?. (2.60)

(p)

Here ;" is the total dipole of molecule p in the presence of F; and molecule q. For

interacting pairs of non-dipolar molecules, the total static dipole and quadrupole
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moments induced in molecule p are

v

iV =l (B + FP) 4 o (B + FP) (Bo+ BY) (B+ BY), (267)

oF = o) + ch R, (2.68)
where @(()I;])- is the permanent molecular electric quadrupole moment of molecule p,
and where Fj(p ) and Fj(,f ) are the static field and field gradient arising at molecule p
due to both the induced dipole and the permanent and induced quadrupole moments
of molecule q. The field-gradient-induced C-tensor contribution will henceforth
be assumed to be negligible, so that @Z(-?) will be described solely by the leading

contribution arising from the permanent quadrupole moment of the molecule. Fj(p)

is given by
FP = TP~ 176, (2:60)
Here, it must be borne in mind that [28]

T = (—=1)"WT®, (2.70)

where n is the order of the T—tensor. Successive substitutions of Fj(p), ugp) and @ﬁ)
into equation (2.67) yields the interaction-induced contributions to the total static

dipole, ugp), of molecule p:
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) 4= T O, + o T 008, — o Ty Thl2 T, 0

+ agf)j}kal(cl)ﬂma( )Tnpapq Tqu@Orv )

mn

(2.71)

v

+( ) 4 a( )T a,gq) + a(p)T a,(d)Tlma,(m), + a( )Tjka,g?)ﬂmagngpaﬁ)

+ P Tal D T a8 T,y T, a§2)+~-)EU+ O(E?) + ---.

mn=Np~pq ~4qr

Hence, using equations (2.71) and (2.66), equation (2.65) becomes
U(r, E) = U")(7,0) + UN(1, E) + U%(7, ) (2.72)

where

UW (7, E) = =4 (=aP Tu0(, + ald Tuald T O, — all Tyl Thnal) T O,

+ “%-))T] ka,(;})sza( )Tnpapq qu@OTU ) E,a*

mn K3

muv

— (o + al' Tinal? + ol Typal Thnall) + a Tyl Thnal) Topal)

+ ag)ﬂkag})ﬂma(p) Tpa\ D Tpal®) + - >E2

mn=NP-"pq —qr xzv

—O(E?’) — ..

(2.73)

Returning to the oscillating dipole moment of molecule p, ,ugp) (&), this is induced

not exclusively by the oscillating light-wave field &}, but also partly by the field .# ()
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which arises at molecule p due to the oscillating moments on molecule q, so that

i (&) = (o + 398, (B + BP) (B+ FY) +-- ) (6+2P) . (274)

With the aid of the second-rank 7T'—tensor [28], 35]»(1) has the form

FP = T® @ (2.75)

where

pd (&,) = (a,ﬁ‘}% + 159 (B, + F9) (Eb + Fﬁ) + - ) (& +F9) | (2.76)

mnab

where, in turn,
FL) = TP (2.77)

If equations (2.76) and (2.77) are substituted into equation (2.75), followed by suc-
cessive substitutions of ﬂ’j(p) and ﬂ)&q), a series of terms contributing to the net field

Z®)

 in equation (2.75) is obtained, which, when substituted into equation (2.74),

yields the required expression for the total oscillating dipole moment induced on

molecule p by the light-wave field in the presence of the neighbouring molecule q:
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2 6 = (ol + o T2 + 0 Tl T, + lf Tl T 17,02

mn

TnpOé( )Tqué( p)

mn

+ o Ty Tima )

+ ag’)ﬂka,(d)ﬂmoz( ) Ty DT, DT, o) 4 )é‘iu

mn tw

+3 (71(5;21b + 78 Tl + a®Tyn@ 4292 7300l 44 T 09T, )

1jab ijab

V7,0

a

$n1)u + a(P)T kakl)ﬂmvrm)uab + ’Y( P) Ekak

twjl

+ a7y T

+ 28 T30 Ta®) + 298, T340 000 + 200 Ty (%), Tia)

iwaj ijal

Tl T D T2 + o T Tl Tty

ijab mn~ NPp-pw ij

+ agjp)jwjkal(fl)r‘rlm,y( TnpOZ( 9 + a(p)T k/yl(e(llgbr‘rlma( )Tnpa;(ng

mnab pw mn

+ 29 T DT 0P T a4 P T T @ T a (p)

iwaj mn~— NPpb iwjl

AT TSy + 208 Ty B, T

ijln ma~ Ppb ma

+ Q/YzjanT kakl)Tma( p) Tnpa/I(qu) + 2062?)1—' /y(q) Tlma(p) T ( )

mw klan

+ QO‘S))EkO‘I(d)Tlm’Y( ) Tnpa(q) + 27( P) Ekal(g(ngnpa( )Tqragb)

mwan rjan

+ 2042))7} fy,(w?anTnpa(p)T raff;) e )EaEb@@w 4.

(2.78)

Performing the operation % on equation (2.78) yields the expression for the dif-

ferential polarizability of molecule p in the presence of both the applied field and a

neighbouring molecule q in a specific relative configuration 7:
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iwaj mn=— NP~pb jwjl
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20 T o2 Tyald + 208 Tyl T T

ijan muw

+ QQE?)TJWI(C;)TM( p) Tnpa(q) + 27( v Ekal(m);Tnpa( )Tqragb)

mwan ijan pq

+ 20T, Topa B Tyl + -+ ) BBy +

(2.79)

Use of equation (2.79) in equation (2.64) yields 7 (7, E) as

70(r, B) = x2) (afal, — a¥al). (2.80)
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The term 3 (827T(12) (7, E)/8E§> in the expression for By in equation (2.61) can
Ea=0

T

now be evaluated. Using equation (2.64) in equation (2.54) yields
1 2,.-(12) 1 2,.-(1) 1 2,.(2)
1/0° _ 1 /o 1 o°*r , (2.81)
2\ 0LE? 2\ OF2 2\ OF2

and since molecules 1 and 2 are identical, the isotropic averages of their molecular

properties must be the same, so that
1/0?x(12) Pr®
(7 ) ~ () 252

Similar arguments, together with equation (2.72), yield
| (7D E) PrON 2 [/ ox0 U\ |/ onth) g
2\ T oE2 E_0<0E§>_ﬁ{< OE, 8Ex>+< OE, 8Ex>}
1 o*UWw o*U@
_ 1) 1)
{0 )+ (% ) )
1 UM\’ oUW ou
M 9V
Jr(/<;T)2{<7T (aEx> +< T B, aEz>
U@\ 2
1)
+ <7r ( OF. ) > } .

(2.83)

Substituting in the explicit expressions for 7?)(7, E) and U® (7, E) (provided by
equations (2.79) — (2.80) and equation (2.73), respectively) with £ = 0, as well as
their first and second derivatives with respect to the applied field where appropriate,

the contributions to Bk in equation (2.61) are obtained as
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1 (*r03(r, E) (9T
2 OE?2 0E? ) . _,
E,=0 @

(2.84)
=aytag+ o+ as+as+ oyt -+ Oras + Oy + Ora5
+ 206 + O2a7 + - - + 1o + 1w + o+ -
where
ay = L W@V Caratatal — a¥alatal (2.85)
2 LT ab “pg a“bYpyq a“b“pq /o :
1
9 = 1 OL0Ty 0 + a2 Tyal?) + 0 TicolZaly
(2.86)
+ al(l?Tbcagl) a](fs)} X <a§a§a§a§ — alaya,a; >,
1
oy = ﬁ{agf) aé}l)TqTag)Tstagi) + a((llf) a](fq)Tqra,(ﬂ?T stag) + a((l?Tbca((jc)a&)TqTa,(ﬁi)
+ Oz((l?Tbcag)ag)Tqraﬁ) + a((l?Tbcafz?Tdeag;)a;B + a&)Tbcag)Tdeagc) a}(i)}

><<aaafapau aaafapau>,

(2.87)
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1
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The isotropic averages in equations (2.85) to (2.98) are carried out using equa-

tions (2.32) and (2.33), which combine to give

<afa;’5a’,§af - ai’a?aﬁa}’> = % (—20;§68 + 30050 + 30:0,1) - (2.99)



44 CHAPTER 2. THE THEORY OF THE KERR EFFECT

As an illustration of the procedure, the term for vy is now evaluated explicitly:

nen = LA Tinal + ol T, + 29k, Tieal | {atatatay - alat,ata)

1
— %{’%(jlgb,‘z—‘]kal(i)) + Oll(jl)j—;k’y](gi)ab + 271(111]’1"]ka’(€2b)} (_25iw5ab + 35ia5wb + 36ib5wa)

_ 2
30

ijaa i i

{3100 el = A Twal? + 30 Ty, — ol T2,
+ 67&)3‘17}16“;212 - 2%&%@’6%&?} .

(2.100)

Note that the terms vy,a1, y1a0 and y;a3 constitute the new work obtained by this
project. The molecules treated in this project are Ny and CO,, which are axially-
symmetric non-dipolar molecules belonging to the D, symmetry point group, and
CsHy, which is a planar non-dipolar molecule of Dy, symmetry. For the Dy, point

group, the dynamic polarizability tensor ag;) has three independent components

[28], namely
11 0 0
)=o) =10 an 0] (2.101)
0 0 Q33
The mean polarizability « is
a = %aii = % (Q11 + oo + azz) (2.102)

and the anisotropy in the polarizability A« is defined as

1/2

AO& = \/Li{ (Ozll — 0122)2 + (0122 — 0433)2 + <0433 — (111)2 } (2103)
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(2

%’j) is the dynamic polarizability tensor of molecule 2 expressed in the molecule-fixed

axes of molecule 1, which is provided by

agj) = aaa]ﬁai,af/ag,j), . (2.104)

The optical-frequency second hyperpolarizability for the dc Kerr-effect, namely
Vijki(—w;w,0,0), is symmetric in the suffices ij and in the suffices kl. Standard
group-theory techniques [43, 44| can be used to establish that for molecules of Dy,

symmetry, ¥;jx(—w;w, 0,0) has the 12 independent components

Y111
Y2222
Y3333
Y1122
Y211
Y1212 = 72121 = V1221 = 72112
(2.105)
Y1133
Y3311
Y1313 = V3131 = 71331 = 73113
Y2233

3322

72323 = V3232 = 72332 = 73223 -

Consequently, for non-dipolar molecules of Dy, symmetry the tensors fyi(jl,zl(—w; w,0,0)

— %(,?,k,l,(—w;w,o, 0) have 21 non-zero components. The dynamic second hyper-

polarizability tensor of molecule 2 expressed in the molecule-fixed axes of molecule
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1 is given by

2 7 1 a 2
71'(3‘13;1 = %a?aalfyafsai’a?/aZ/a?%’('j)/k'l' : (2.106)
For the Kerr effect, the measured second Kerr hyperpolarizability v¥ is defined
by [2, 45]

7= %(vf(—w;w, 0,0) — ﬁ(—w;w,o,o)) : (2.107)

where 7ﬁ< is the scalar component of +;;x; when the applied static electric field and the
light wave field are parallel (i.e. the light-wave field is polarized in the x—direction
of the laboratory frame), while 4¥ is the scalar component when the light wave
field is polarized perpendicular to the static field (i.e. in the y—direction). The
measurable hyperpolarizability quantity v¥ thus contains the scalar components of

Vijki s given by

’Yﬁ< = <’Y:c:m:> = %’jkl<af&§aiaf> = %(%z‘jg‘ + Q’Yijij) (2.108)
and
T = (Yyyew) = ’Yijk1<a?ai{aiaf> = 15 (2viis5 — vigis) - (2.109)
Hence,
7= %(VF - 75) = 15 (37505 — vitss) - (2.110)

For molecules of Dy, symmetry, the traceless electric quadrupole moment has two
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independent components [28], and is given by

on 0 0
Ol =05 =1 0 6, 0 . (2.111)

0 0 -0 — 69

Similarly,

a 3@(2)

@(2) — a;aéai,aj, 0i'j’ - (2.112)

0ij
The second-rank 7T'—tensor in space-fixed axes is [28]

1
VQV5R71 =

T o=
5 Are, €0

(3RaRs — R*6,3) R™° . (2.113)

In the molecule-fixed axes of molecule 1, T;; = a'fla% Top.

Similarly, the third-rank 7'—tensor in space-fixed axes is [28]

1
Togy = —Vo VsV, Rt
By 47150 BVy
(2.114)
-3
B 471'80

BRoRsR, — R*(Radsy + Rada + Rv(saﬂ)} RT.

In the molecule-fixed axes of molecule 1, T}j, = agaga’; Topy-

The tensor-manipulation package of the Macsyma algebraic manipulation program
was used to evaluate the expressions for the terms in equations (2.85) to (2.98), and
proved to be an invaluable aid especially for the more complex expressions. These
final expressions are often extremely large, and so they are not presented here, but
the Macsyma program translates them directly into Fortran code, hence minimiz-

ing the introduction of spurious typographical errors. The integration of the final
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expressions over the pair-interaction coordinates as per equation (2.61) enumerates

the contributions to Bk of each of the terms in equation (2.84).

The integral in equation (2.61) requires the intermolecular potential Ujs(7). As in

previous work [9, 39], the classical potential

Ura(7) = Urs + Us,e + Us, ind y + Ushape (2.115)

is used, where Up; is the Lennard-Jones 6:12 potential, Ug g is the electrostatic
quadrupole-quadrupole interaction energy of the two molecules, and Ug, ing , is the
quadrupole-induced dipole interaction energy. The angular dependence of short
range repulsive forces for non-spherical molecules is accounted for by Ugpape. Ex-
plicit expressions for each of these contributions to Uj(7) for molecules of Dy,
symmetry and higher have already been provided [9, 39]. In order to compute the

induction energy Ug, ind 4, the static molecular polarizability a;; is required.

The integrals were evaluated by numerical integration using Gaussian quadrature.
The ranges of the orientation angles were divided into 16 intervals each, while the
intermolecular separation R was given the range of 0.1 to 3.0 nm divided into 64
intervals. An example of the Fortran programs used to compute the contributions
to Bk is provided in Appendix A.1, this being the program to evaluate y,aq. All
programs were run in double precision using the Salford F90 compiler on a personal

computer with a dual-core processor. Run times were ca. 20 minutes per program.

Chapter 3 presents the results of the computations of By for the molecules Ny, COq
and CyHy, these molecules being chosen since there are experimentally measured By
data reported in the literature, hence allowing for a critical comparison of experiment

theory.
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Results

3.1 Nitrogen

The molecular data required to calculate Bk for the axially-symmetric homonuclear
diatomic molecule N5, which belongs to the D, symmetry point group, are pre-
sented in Table 3.1. Optimized values for the Lennard-Jones force constants Ry and
e/k and the shape parameter D have been obtained by fitting values of the second

pressure virial coefficient B(T'), calculated using

N
B(T) = ﬁ/ [1 — e UM/ gy (3.1)

to the available experimental data (as found in the tabulations of Dymond et al. [46])

over a range of temperature.

For axially-symmetric molecules, the two independent polarizability tensor compo-
nents can be deduced from measured values of the mean polarizability o = %Oén' =
% (20@ + O‘H) and the polarizability anisotropy Aa = (a” — aL), where in equa-

tion (2.101), a1 = @z = «ay and agg = a. This yields oy = a — %Aa and

Q= a+ %Aa.

49
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Also, for axially-symmetric molecules, ;i (—w; w, 0,0) has six independent compo-

nents, namely

Y1111 = Y2222
73333
Y1133 = 72233
(3.2)
73311 = Y3322

Y1331 = Y3131 = Y3113 = 71313 = Y2332 = 773232 = 72323 = 73223

Y122 = Yoo11 = (Y1111 — 271212) -

Since Y1122 = Y2011 = (Y1111 — 271212), the following dependent components are also

non-zero:

Y1212 = % (V1111 — Y1122) = Ye121 = Y1221 = Yau12 - (3.3)

Hence, the tensors %(jllzl(—w; w,0,0) = 7§,§.)/k,,,(—w; w,0,0) have a total of 21 non-zero

components.

The traceless quadrupole moment has one independent component [28], given by

@11 = —%@33 0 0
0 0 O33

All optical-frequency polarizabilities and second hyperpolarizabilities in this chapter
are quoted for the helium-neon laser wavelength of A\ = 632.8 nm, this being the
wavelength used in almost all de¢ Kerr-effect experimental studies reported in the

literature to date.
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Hattig, Christiansen and Jorgensen have calculated the frequency-dependent second
hyperpolarizability for Ny using coupled cluster cubic response theory [47], comput-
ing the hyperpolarizability tensor components required for obtaining comparison
with various experimentally measured properties, which are usually in terms of a
scalar component of the tensor 7;;i [2, 34, 47]. Recall from equation (2.110) that

for the Kerr effect, the measured second Kerr hyperpolarizability v is [2, 45]
P = 3(of = 7E) = 5 (B —wiw,0,0) = gz (—wiw, 0,0)) . (35)

A CCSD wavefunction was utilized, with the triply-augmented correlation consistent
polarized valence triple zeta (t-aug-cc-pVTZ) basis of Woon and Dunning [47, 48|,
and all calculations for the Ny molecule were performed at its equilibrium bond
length of r, = 1.098 A. This level of theory gives results of 7, (—2w;w,w,0) which
are in excellent agreement (2% at A = 632.8 nm) with precise measured values
of ’yFSHG(—Zw; w,w, 0) deduced from electric-field-induced second-harmonic genera-
tion (ESHG) experiments [47, 49, 50|, so that the calculated 7,z (—w;w,0,0) can
be used used with confidence. While computations at the CC3 level of theory can
further refine the 7, (—2w;w,w,0) components, having been found to bring the
agreement between experiment and theory for V‘I‘ESHG(—Qw;w,w, 0) for Ny to 0.6%
at A = 632.8 nm [51], the computational cost rises significantly, and so evaluations

of the v;i(—w;w,0,0) components at the CC3 level of theory have not been imple-

mented here.

We have installed the DALTON molecular electronic-structure program [52] on a
DELL R720 PowerEdge 2.60 GHz workstation with 8-core CPU, and have repro-
duced the 71 (—w;w,0,0) tensor-component calculations of Héttig et al. for a
wavelength of 632.8 nm [47], proceeding to then also calculate the additionally-

required 1192 component for No. The results are reported in Table 3.1, together



52 CHAPTER 3. RESULTS

with the 4% = 0.0597 x 107 C*m* J=3 deduced using equation (3.5). The only
measured 7¥ for Ny at A = 632.8 nm is that obtained in 1970 by Buckingham et
al. of 4% = (0.09 £ 0.01) x 1070 C*m?* J=3 [45]. Whenever comparing calculated
and measured v¥ values for non-dipolar molecules, one needs to bear in mind the
exceptionally demanding nature of measurement of the temperature-independent
contribution to the molar Kerr constant in equation (2.42), as discussed in refer-

ences [53, H4].

Tables 3.2 to 3.5 provide the relative magnitudes of the various contributions to
By calculated over the temperature span 200 K to 500 K, which was chosen since
the usual range of experimental temperature for Kerr-effect measurements in the
literature is between these limits. In these tables, the contributions from the series
in pure collision-induced polarizability («,), the quadrupole series (©s,) and the
series in the second-hyperpolarizability (v;c,) are each summed separately, yielding
>, Y. Oy, and > v, respectively. This facilitates the comparison of their
respective contributions to Bkx. At T = 200 K, > «,, contributes 87.5% to By, while
> Osav, contributes 10.8% and ) vy, only 1.7%. At T' = 500 K, the picture is a
little different, since the «,, series of terms has an inverse temperature dependence,
while the ©yq, series has a T2 dependence and the v;c, series is temperature
independent (see equation (2.83)). Consequently, at 7' = 500 K, > «, contributes
91.2% to Bk, while the > O, and > v, contributions are now almost equiva-

lent, being 4.6% and 4.2% respectively.
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Table 3.1: The molecular properties of Ny used in the calculation of Bk. All optical-
frequency properties are for A = 632.8 nm.

Property Value Reference
Ry (nm) 0.368 [55]
e/k (K) 91.50 [55]
D, 0.112¢ [56]
D, 0.000
100, (Cm?) 2.485 + 0.08 [57]
10%0 045 (C m?) 2.485 + 0.08
10% ©33(Cm?) —4.97 + 0.16
10%0 (C?m? J71) 1.967 58]
10%° Aa(C?m? J1) 0.784 £ 0.010 [57]
10% oy (C?m? J 1) 1.706 4+ 0.010 [57]
10%0 qrgp(C?m? J 1) 1.706 4 0.010
10% arg3(C*m? J 1) 2.490 4+ 0.012
10%0 q(C?m? J~1) 1.93532 + 0.00017 59, 60]
104 Aa(CQm J= 0.757 £ 0.008 [61]
10% g, (C?m? J 1) 1.683 + 0.001
10%0 gy (C? m 1) 1.683 4+ 0.001
10 g35(C? m? J—l) 2.440 + 0.003
1090 ;11 (C*m* J—3) 0.05147 [47]
1050 73333((34 =3) 0.07796
1090 4133(C* m? J—3) 0.02049
1080 331 (C4 —3) 0.02066
1090 ;54 (C* m* J—3) 0.02068
10 071122(C4m J=3) 0.01711 this work
1050 K (Ctm?* J=3) 0.05965 this work

?Obtained by fitting to pressure virial coefficients reported in Ref. 46
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Table 3.2: The relative magnitudes of the contributions to Bk for Ny at T'= 200 K

Contibuting Term

1032 x value
(C*m®J2mol ?)

% contribution to Bk

o 0.0148 1.47
s —0.2115 —20.96
ay 1.0350 102.62
s 0.0396 3.93
6 0.0050 0.50
Qg 0.0003 0.03
Osr3 0.0770 7.64
S 0.0245 2.43
Oy 0.0063 0.62
Oy 0.0007 0.07
Os07 0.0001 0.01
o —0.0016 ~0.16
Y12 0.0177 1.76
e 0.0006 0.06
7
Z a, 0.8832 87.57
n=2
7
Z O,a,, 0.1086 10.77
n=3
3
Z%an 0.0167 1.66
n=1
By 1.0085
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Table 3.3: The relative magnitudes of the contributions to Bk for Ny at T'= 300 K

Contibuting Term

1032 x value
(C*m®J2mol ?)

% contribution to Bk

o 0.0062 0.96
as —0.1108 —17.11
ay 0.6584 101.65
s 0.0261 4.03
g 0.0035 0.54
Qg 0.0002 0.03
Osr3 0.0337 5.20
Oy 0.0106 1.64
Osrs 0.0030 0.46
Oy 0.0004 0.06
Oy 0.0001 0.02
Y101 —0.0012 —0.18
Y12 0.0169 2.61
Tas 0.0006 0.09
7
Z a, 0.5836 90.10
n=2
7
Z O,a,, 0.0478 7.38
n=3
3
Z%an 0.0163 2.52
n=1
By 0.6477
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Table 3.4: The relative magnitudes of the contributions to Bk for Ny at T'= 400 K

Contibuting Term

1032 x value
(C*m®J2mol ?)

% contribution to Bk

s 0.0035 0.72
as —0.0730 —14.93
o 0.4910 100.47
s 0.0202 4.13
6 0.0028 0.57
o 0.0002 0.04
Osr3 0.0194 3.97
Oy, 0.0062 1.27
Oqars 0.0019 0.39
@2046 0.0002 0.04
Osa7 0.0000 0.00
Y101 —0.0011 —0.23
Y12 0.0168 3.44
Y13 0.0006 0.12
7
Z o 0.4447 91.00
n=2
7
> O, 0.0277 5.67
n=3
3
> man 0.0163 3.33
n=1
Bk 0.4887
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Table 3.5: The relative magnitudes of the contributions to Bk for Ny at T'= 500 K

Contibuting Term

1032 x value
(C*m®J2mol ?)

% contribution to Bk

s 0.0022 0.55
s —0.0532 —13.34
o 0.3953 99.15
s 0.0168 4.21
6 0.0024 0.60
o 0.0002 0.05
@20&3 0.0128 3.21
@2&4 0.0042 1.05
Osa; 0.0013 0.33
Oy 0.0002 0.05
sy 0.0000 0.00
o —0.0010 —0.25
Y12 0.0169 4.24
e 0.0006 0.15
7
> an 0.3637 91.22
n=2
7
> O, 0.0185 4.64
n=3
3
> man 0.0165 4.14
n=1
Bk 0.3987
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Table 3.6: A summary of the calculated By values for Ny

T
(K)

1032 Bk
(C*m®J~?*mol ?)

200
250
300
350
400
450
200

1.0085
0.7844
0.6477
0.5553
0.4887
0.4384
0.3987

Table 3.6 summarizes the calculated Bk temperature dependence, which is plotted

together with the available measured By data for Ny in Figure 3.1. Note that for the

ay, series, the term in a4 is dominant, contributing ca. 100% to Bk at all tempera-

tures in the range 200 to 500 K, and the series then converges rapidly. For the ©sa;,

series, the leading ©,a3 term is dominant, making a contribution to Bk of only 7.6%

at 200 K, and 4.6% at 500 K, the series then converging rapidly. With the yia,

series, the term in y;ay makes the dominant contribution (1.8% at 200 K and 4.2%

at 500 K). The series has converged sufficiently by ;a3 that higher-order terms need

not be considered. The experimental data are of limited precision, the contributions

arising from pair-interaction effects being small for non-dipolar molecules. There is

considerable scatter in the measured By data, which have questionable accuracy.
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Figure 3.1: Temperature dependence of the measured and calculated By values of
N,. The solid line is our calculated curve, the circles are the measured values of
Buckingham et al. [45] and the blue triangle is the single measured value of Read
et al., which is not directly comparable since it was measured at A = 590 nm [62].
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Recalling equation (2.55), namely

Bk = Ck
mK =Ax+—+ =+, 3.6
K‘|‘Vm+VH21+ (3.6)

it is now possible to calculate the Bk /V;, pair-interaction contribution to ,, K. The
molar volume is obtained by solving the equation
RT B(T) C(T)
Vip=— 14+ =24+ — 2|, 3.7
P ( v e (3.7)
using the appropriate second and third pressure virial coefficients from the tabula-

tions of Dymond et al. [46].

N, has a critical temperature and pressure of T, = 126.2 K and P, = 3.390 MPa,
respectively. For temperatures and pressures exceeding T, and P,, the Ny becomes a
supercritical fluid, the phase behaviour of which becomes ambiguous, being neither
a well-defined gas nor liquid. Under these conditions, the virial equation of state can
become unreliable in calculating the the molar volume, and experimentally measured
isotherms of the compressibility factor Z = PV},,/RT are used to obtain reliable val-
ues for V4, such as the Ny data of Nowak et al. [63], Klimeck et al. [64], Span and
Wagner [65] and Mantilla et al. [66]. Depending on the temperature and pressure,

the supercritical fluid can tend to behave more like a gas or more like a liquid.

The relative contribution made to ,, /K by interacting pairs of molecules in Ny is
now assessed over the temperature range 200 to 500 K and the pressure range 2 to
10 MPa. Typical Kerr-effect measurements in the literature have been performed for
pressures up to around 1 MPa in the temperature range 250 to 500 K, though pres-
sures up to 4 MPa are readily accessible to our existing Kerr-effect apparatus [67].
Pressures of 10 MPa could be reached, but would probably require significant mod-

ifications to the apparatus. Table 3.7 contains the Ny inverse molar volumes (or
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densities) V! for the temperatures 200, 300, 400 and 500 K at the pressures 2,
4 and 10 MPa. These V! data, combined with the Bk data in Table 3.6, yield
the calculated Bk /V;, estimates listed in Table 3.8. For comparative purposes, Ta-
ble 3.8 also contains the Ak values interpolated from the Kerr-effect measurements
of Buckingham et al. [45], together with their expected uncertainties. The only
other measurement of the Kerr effect of gaseous Ny is that of Read et al., which
vielded a value of Ax = (0.2843 + 0.0023) x 107" C?>m5J2mol~! at A = 590 nm
and T' = 294.8 K [62].

Table 3.7: Densities (inverse molar volumes) for gaseous Ny at relevant temperatures
and pressures

at P =2 MPa, at P =4 MPa, at P =10 MPa,
T |z V-t |7
(K) (mol m™—3) (mol m™3) (mol m™3)
200 1255.6 2617.0 7152.7
300 804.1 1609.6 3989.0
400 598.0 1188.4 2906.2
500 477.3 946.7 2305.9

The smallest value for Bk /Vy, of 0.002 x 10727 C?m®J2mol~! (obtained at P =
2 MPa and T = 500 K) is 0.96% of Ak, which is the same as the experimen-
tal uncertainty limits of Read et al. [62], and so lies at the presently available
experimental limits of detection. Accumulating a large number of ,, K measure-
ments at this temperature and pressure could reduce the experimental uncertainty
by up to an order of magnitude, rendering By contributions detectable even for
the highest temperature and lowest pressure in Table 3.7. For the lower tempera-
tures and higher pressures in the table, the Bk /V,, contribution is generally suffi-

ciently large that it should be measurable. This is borne out by the measurement
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Table 3.8: Calculated Bk /Vy, contributions to ,, K for Ny at A = 632.8 nm and the
temperatures and pressures in Table 3.7, compared against the available measured
Ak data.

at P =2 MPa, at P =4 MPa, at P = 10 MPa,
T 1027 A% 10 By /Via 102" By /Via 107 By / Vi
(K)  (C*’m®J%mol™!)  (C*’m®J2mol™!) (C?m®J2mol™!) (C?m5J?mol™)

200 0.409 £+ 0.021 0.013 0.026 0.072
300 0.298 4+ 0.015° 0.005 0.010 0.026
400 0.242 £0.012 0.003 0.006 0.014
200 0.209 +0.010 0.002 0.004 0.009

*These Ak values have been interpolated from the measured data in Ref. 45. The
uncertainties are indicative of the experimental uncertainties in Ref. 45.

To be compared with the A = (0.2843 + 0.0023) x 10727 C*m5J~2mol~! obtained
by Read et al. at T =294.8 K and A = 590 nm [62].

of Bx = (0.24 + 0.09) x 10732 C*m®J2mol 2 attained by Read et al. [62] at a

temperature of T' = 294.8K and wavelength of A = 590 nm.

Some general conclusions can be drawn from the foregoing analysis. It is clear that
more accurate and precise experimental measurement of the Kerr effect of gaseous
Nj is required for a critical comparison of experiment and theory, which will require
measurements at higher pressures, perhaps even up to 10 MPa. Furthermore, the
collision-induced hyperpolarizability contribution to By is revealed to be small but
non-negligible, particularly at higher temperatures, where at 500 K the contribution

of 4% is almost as significant as that arising from the quadrupole series.
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3.2 Carbon Dioxide

Table 3.9 contains the molecular data required for the calculation of Bk for the
axially-symmetric CO2 molecule. As for Ny, the 7;ju(—w;w,0,0) tensor compo-
nents were calculated using a CCSD wavefunction and a t-aug-cc-pV'TZ basis set.
The calculations for the COy molecule were performed at the C—O equilibrium
bond length of rc_o = 1.161 226 A [68], and yield v¥ = 0.0823 x 10-5° C*m* J-3.
This is to be compared with the measured v¥ for CO, obtained by Buckingham
et al. of 4 = (0.56 + 0.42) x 1079 C*m*J=3 [45, 53], by Gentle et al. of

= (0.125 £ 0.032) x 1079 C*m?*J=3® [54], and by Tammer and Hiittner of

,VK
~K = (0.040 £ 0.026) x 1070 C* m* J=3 [69].

Both the quadrupole moment of CO5 and its polarizability anisotropy are three times
larger in magnitude than those of Ny, suggesting that Bk for CO5 should be consid-
erably larger than that for N,. This is borne out by the calculated data tabulated
below, with tables 3.10 to 3.13 providing the relative magnitudes of the terms con-

tributing to Bk calculated at intervals of temperature spanning 7' = 200 K to 500 K.

The quadrupole series of terms » | Osay, dominates By for lower temperatures (68.9%
of Bk at 200 K), and even at 7" = 500 K this series contributes a substantial 45.7%
to Bg. For the ) Oa, series, it is the leading ©,a3 term which dominates, the
series rapidly converging for higher-order quadrupole terms. Notice how, particu-
larly at the lower temperatures, the _ a,, series contribution is around an order of
magnitude greater than for No, while the ) Oa,, is around two orders of magni-
tude greater than for Ny. The collision-induced hyperpolarizability series of terms,
> may, is nearly four times larger than for Ny at 200 K, but overall it makes a
negligible 0.32% contribution to Bk at 200 K, and a small but non-negligible 1.5%

contribution to Bk at 500 K.



64 CHAPTER 3. RESULTS

Table 3.9: The molecular properties of COs used in the calculation of Bk. All

optical-frequency properties are for A = 632.8 nm.

Property Value Reference
Ry (nm) 0.400 [55]
e/k (K) 190.0 [55]
D, 0.250 [70]
D, 0.000
10%0,,(C m?) 7.135 + 0.17 70, 71]
10%°04,(C m?) 7.135 + 0.17
10%9033(C m?) —14.27 + 0.33
10%00(C?m2J 1) 2.93141 + 0.00021 [72]
1040Aa(C2m Jh 2.356 4 0.003 [70]
10%a4; (C?m? J~1) 2.1461 + 0.0012
10%0r90(C2m?2 J71) 2.1461 + 0.0012
10%033(C?m? J 1) 4.5021 + 0.0012
10%0 0>(02m J N 3.2402 + 0.0004 59, 60]
10°°Aa@(C2m? J-1) 2.530 £ 0.009 70, 73]
10909 (C2 m?2 J-1) 2.3969 + 0.0034
109040 (C2 m? J-1) 2.3969 + 0.0034
109047 (C2 m? J*l) 4.9269 + 0.0064

109,15, (C*m* J=3) 0.07026 this work

109074533 (C* m* J—3) 0.07907

10907, 133(C* m* J=3) 0.03603

06073311(04 —3) 0.03674

%331((34 —3) 0.03629

106%1122(04111 J73) 0.02343
1000 4K (Ctm* J-3) 0.08228

?Obtained by fitting to pressure virial coefficients reported in Ref. 46
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Table 3.10: The relative magnitudes of the contributions to By for COq at T' = 200 K

1032 x value

Contibuting Term (C*m®J2mol ?) % contribution to Bk
s 3.039 15.57
o —6.833 —35.01
v 9.407 48.20
s 0.334 1.71
o 0.066 0.34
o 0.003 0.02
Os0r3 11.326 58.03
Oy01y 1.624 8.32
05 0.425 2.18
O 0.054 0.28
Os0rr 0.008 0.04
Y101 —0.017 —0.09
Y0 0.076 0.39
Yo 0.003 0.02
7
> an 6.016 30.83
n=2
7
> O, 13.437 63.85
n=3
3
> man 0.062 0.32
n=1

Bk 19.515
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Table 3.11: The relative magnitudes of the contributions to By for COq at T' = 300 K

Contibuting Term

1032 x value
(C*m®J2mol ?)

% contribution to Bk

s 0.919 12.74
as ~3.231 —44.78
ay 4.921 68.20
as 0.171 2.37
g 0.035 0.48
Qg 0.002 0.03
@20&3 3.716 51.51
@2&4 0.470 6.51
Osrs 0.143 1.98
@2046 0.018 0.25
Oy 0.003 0.04
Y101 —0.012 —0.17
Y1 0.058 0.81
Tas 0.002 0.03
7
Z a, 2.817 39.04
n=2
7
Z Osa,, 4.350 60.29
n=3
3
> man 0.048 0.67
n=1
By 7.215
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Table 3.12: The relative magnitudes of the contributions to By for COq at T' = 400 K

Contibuting Term

1032 x value
(C*m®J2mol ?)

% contribution to Bk

s 0.445 10.68
as —2.009 —48.19
ay 3.362 80.64
as 0.118 2.83
g 0.025 0.60
o 0.001 0.02
@20&3 1.873 44.92
@20[4 0.222 5.33
Oscs 0.075 1.80
@2046 0.010 0.24
Oy 0.002 0.05
T —0.010 —0.24
Y12 0.053 1.27
Mg 0.002 0.05
7
Z a, 1.942 46.58
n=2
7
Z Oy, 2.182 52.34
n=3
3
Z%an 0.045 1.08
n=1
By 4.169
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Table 3.13: The relative magnitudes of the contributions to By for CO5 at T' = 500 K

Contibuting Term

1032 x value
(C*m®J2mol ?)

% contribution to Bk

s 0.265 9.10
as —1.417 —48.69
ay 2.575 88.49
as 0.092 3.16
g 0.020 0.69
Qg 0.001 0.03
@20&3 1.143 39.28
@2&4 0.132 4.54
Oscs 0.048 1.65
@2046 0.006 0.21
Oy 0.001 0.03
T —0.008 —0.28
Y12 0.050 1.72
Y1Q3 0.002 0.07
7
Z a, 1.536 52.78
n=2
7
Z Osa,, 1.330 45.71
n=3
3
> man 0.044 1.51
n=1
By 2.910
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Table 3.14: A summary of the calculated By values for CO,

T 10%? Bk
(K) (C*m®J~%mol ?)
200 19.52
250 10.87
300 7.22
350 5.31
400 4.17
450 3.43
200 291

Table 3.14 summarizes the calculated Bk temperature dependence, which is plotted

together with the available experimental Bk data for CO, in Figure 3.2.

The critical temperature and pressure of CO5 are T, = 304.1 K and P. = 7.4 MPa,
respectively. Reliable values for V,, of CO5 have been determined as a function of
pressure and temperature using experimentally-measured isotherms of the compress-
ibility factor Z = PV,,/RT, including the CO, data of Holste et al. [74], Duschek
et al. [75], Mantilla et al. [76] and Gomez-Osorio et al. [77].

The relative contribution made to ,, K by interacting pairs of molecules in CO, is
now assessed over the temperature range 200 to 500 K and the pressure range 1.7
to 10 MPa. The Kerr-effect measurements in the literature for CO, have been per-
formed for pressures up to around 1 MPa in the temperature range 200 to 500 K

45, 54, 69]. Table 3.15 contains the CO4 inverse molar volumes V! for the tem-
[ m
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Figure 3.2: Temperature dependence of the measured and calculated Bk values of
CO,. The solid line is our calculated curve, the dashed line is the calculated curve
for the pure collision-induced polarizability contributions, the blue triangles are the
measured values of Buckingham et al. [45], the magenta squares are the measured
data of Gentle et al. [54], while the black circles are the measured data of Tammer
and Hiittner [69].
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peratures 250, 300, 400 and 500 K at the pressures 1.7, 4 and 10 MPa. These V!
data, combined with the Bk data in Table 3.14, yield the calculated By /V;, esti-
mates listed in Table 3.16. For comparative purposes, Table 3.16 also contains the
Ak values interpolated from the Kerr-effect measurements of Buckingham et al. [45],

Gentle et al. [54] and Tammer and Hiittner [69], with their expected uncertainties.

Table 3.15: Densities (inverse molar volumes) for gaseous CO at relevant temper-
atures and pressures

at P = 1.7 MPa, at P =4 MPa, at P =10 MPa,
T |7 V-t |7
(K) (mol m™3) (mol m™3) (mol m™)
200 — — -
250 995.6° — -
300 747.6 2095.8 —
400 527.2 1293.2 3563.2
500 413.8 987.4 2526.2

“The dash — indicates temperatures and pressures for which the CO;y is in the
liquid or solid phase

PAt T = 250 K, P = 1.7 MPa is just under the saturation vapour pressure of
1.784 MPa

The picture which emerges is that the theoretical By /V;, contributions for CO, are
generally much greater than the uncertainty limits of the Ax measurements of Gentle
et al. and of Tammer and Hiittner even for pressures of 1.7 MPa. This suggests that
the measured By data should be more reliable than that obtained for Ny, where the
Bk / Vi, contributions at 2 MPa were smaller than the Ax measurement uncertainties
by two to five times. However, the plot in Figure 3.2 reveals substantial scatter in

the measured Bk data, confirming the considerable experimental challenge of reli-
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Table 3.16: Calculated Bg/V;, contributions to K for CO, at the temperatures
and pressures in Table 3.15, compared against Ak

at P =17 MPa, at P=4 MPa, at P =10 MPa,
T 1027 A2, 1027 A% 1027 A¢, 10" By / Vi 102" By /Via 102" By / Vi
(K) (C*m®J%mol?) (C?>m8J2mol™?) (C?m®J2mol~2) (C*mPJ?mol™?) (C?m®J~*mol~?) (C*m®J~2mol?)

200 3.88+£0.20 3.550 £ 0.003 3.674 £ 0.006 - — —

300 2.74+£0.14 2.402 £ 0.003 2.478 £0.006 0.054 0.151 —
400 217+0.11 1.828 4 0.004 1.881 £ 0.006 0.022 0.054 0.149
500 1.83 +0.09 1.483 £ 0.004 1.522 4 0.006 0.012 0.029 0.074

“interpolated from the measured data of Buckingham et al. [45]
binterpolated from the measured data of Gentle et al. [54]
“interpolated from the measured data of Tammer and Hiittner [69]

ably measuring this property for non-dipolar species. The Bk /V;, data tabulated in
Table 3.14 provides a useful guide to experimentalists, indicating the upper experi-
mental pressures required if meaningful pair-interaction virial coefficients are to be
extracted. Future experimental studies of CO, undertaken over pressures of up to

4 MPa would clearly assist in providing more precise and accurate Bk data.

The dashed line in the Bk versus T plot in Figure 3.2 provides the collision-induced
polarizability contribution > «, to our calculated By, while the solid line includes
the quadrupole and (almost negligible) hyperpolarizability contributions. Compar-
ing these two curves, it is clear that the QID contributions need to be included,
particularly at lower temperatures where they become predominant. The long-range
theory then provides a reasonable description of the pair-interaction contributions
to the Kerr effect for CO5. A definitive comparison of experiment and theory will
require a more precise experimental determination of the temperature dependence

of Bk for this molecule.
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3.3 Ethene

Ethene is of Dy, symmetry, and it has been shown that approximating the molec-
ule to be axially symmetric in molecular-tensor theories of electro-optical effects has
resulted in considerable disagreement between calculated and measured second light-
scattering virial coefficients B, [56, 78] and second Kerr-effect virial coefficients Bk
[79] of as much as 40%. When the full symmetry of the molecule is accounted for in
describing the molecular properties, which necessitates a considerable development
of the molecular-tensor theories, the calculated B, is brought to within 3% of the
measured value [39], and the measured and calculated Bk values over the experimen-

tal range of temperature (202 to 364 K) are brought into satisfactory agreement [12].

Bearing this caveat in mind, the contribution of 7,z to Bk for CyHy is now eval-
uated taking into account the full molecular symmetry. Table 3.17 contains the
molecular data required for this calculation. The 7, (—w;w,0,0) tensor compo-
nents were calculated using a CCSD wavefunction and a t-aug-cc-pV'TZ basis set.
The calculations for the CoHy molecule were performed at the equilibrium geom-
etry of re_c = 1.339 A, rc_y = 1.085 A and Opcy = 117.83° [80], and yield
K = 0.4509 x 10750 C*m* J=3. This is to be compared with the measured v¥ for
CyH, obtained by Buckingham et al. of v¥ = (—0.04 & 0.25) x 1070 C*m* J=3 [45],
and by Tammer and Hiittner of ¥¥ = (0.562 + 0.028) x 107 C*m* J=3 [79].

CsoHy has a larger polarizability than COs, while their quadrupole moments and
polarizability anisotropies are comparable. The v¥ of C,H, is more than five times
that of CO,, suggesting that the v;;z; contribution to By for CoHy will be consider-
ably larger than that for CO,. This expectation is confirmed by the calculated data,
which are tabulated below. Tables 3.18 to 3.21 provide the relative magnitudes of
the terms contributing to Bk calculated at 100 K intervals spanning 7" = 200 K to

500 K, while Table 3.22 summarizes the calculated Bk temperature dependence.
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Table 3.17:

optical-frequency properties are for A = 632.8 nm.

CHAPTER 3. RESULTS

The molecular properties of CoHy used in the calculation of Byk.

All

Property Value Reference
Ry (nm) 0.4232 (39, 81]
e/k (K) 190.0 (39, 81]
D, 0.22965% [39]
Dy 0.21383
10%°9,;(C m?) 5.57 £ 0.63 [82]
10%°045(C m?) —10.54 £+ 0.63
10%°033(C m?) 494 £+ 0.33
10%a(C*m? J71) 4.71 + 0.03 [79]
1090 AQ(C2 m? J-1) 1.92 + 0.04 [79]
104, (C2 m? J1) 441 £ 0.04 [79]
10%a(C2m2 J 1) 3.79 +£ 0.03
10%a33(C?m? J71) 5.94 £ 0.02
10 (C?*m? J71) 4.73 + 0.03 [79]
10°°Aa(C?m? J71) 1.63 + 0.05 [79]
10", (C?m? J1) 4.30 4+ 0.04 [79]

109045 (C?m? J1) 4.09 £+ 0.03

10%%a33(C?m? J1) 5.81 £ 0.02
10%041,(C*m? J_3) 0.24754 this work
10%075995(C*m* J3) 0.66013
106073333(04 —3) 0.37591

1050195 (C* m* J=3) 0.14946

10%07991, (C*m* J3) 0.15790
106071212(C4 —3) 0.15394
10%0;133(C* m* J3) 0.12833

06073311((34 —3) 0.13173

1004;3,3(C*m* J—3) 0.13056

106072233(04 ) 0.19662

09093395 (C* m* J73) 0.19884
10 072323(C4m J73) 0.19963
1090 4%(Ctm* J73) 0.4509

“*Obtained by fitting to pressure virial coefficients reported in Ref. 46
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Table 3.18: The relative magnitudes of the contributions to Bk for CoHy at T =
200 K

1032 x value

Contibuting Term (C*m®J2mol~?) % contribution to Bk
Qo 23.249 35.93
a3 —57.123 —88.28
oy 60.747 93.88
Qs 3.491 5.40
o 2.054 3.17
Qv 0.197 0.30
O3 —4.997 —7.72
Os0y 20.495 31.67
O05 10.028 15.50
O 4.176 6.45
Osav7 1.122 1.73
Y1 —0.232 —0.36
Y10 1.402 2.17
Y1003 0.101 0.16
7
> an 32.615 50.40
n=2
7
Y s, 30.824 47.63
n=3
3
> nan 1.271 1.96

Bk 64.710
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Table 3.19: The relative magnitudes of the contributions to Bk for CoHy at T =

300 K

Contibuting Term

10%? x value
(C*m®J2mol~?)

% contribution to Bk

o 2.826 14.48
as ~9.191 —47.09
ay 20.710 106.11
s 1.256 6.44
g 0.377 1.93
o 0.034 0.17
O3 0.023 0.12
SN 1.752 8.98
@20(5 0.739 3.79
@2036 0.250 1.28
Oy 0.060 0.31
T —0.055 —0.28
s 0.695 3.56
Y13 0.042 0.22
7
Z , 16.012 82.04
n=2
7
Z S 2.824 14.47
n=3
3
Z%an 0.682 3.49
n=1
By 19.518
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Table 3.20: The relative magnitudes of the contributions to Bk for CoHy at T =
400 K

1032 x value

Contibuting Term (C*m®J2mol~?) % contribution to Bk
Qe 0.973 7.54
Qs —3.940 —30.53
oy 13.187 102.18
as 0.818 6.34
o 0.208 1.61
o 0.019 0.15
O3 0.120 0.93
Oy 0.607 4.70
Osas5 0.240 1.86
O 0.071 0.55
Osay 0.015 0.12
Y1 —0.032 —0.25
V1o 0.585 4.54
Y103 0.034 0.26
7
> an 11.265 87.29
n=2
7
Y s, 1.053 8.16
n=3
3
> man 0.587 4.55

Bk 12.905




78

CHAPTER 3. RESULTS

Table 3.21: The relative magnitudes of the contributions to Bk for CoHy at T =

500 K

Contibuting Term

10%? x value
(C*m®J2mol~?)

% contribution to Bk

o 0.489 4.91
a3 —2.309 —23.19
ay 9.852 98.97
as 0.622 6.25
g 0.151 1.52
o 0.014 0.14
O3 0.094 0.94
@20(4 0.322 3.23
Ocrs 0.126 1.27
O 0.035 0.35
@2&7 0.007 0.07
Y101 —0.023 —0.23
Y102 0.543 5.46
Y13 0.032 0.32
7
Z , 8.819 88.59
n=2
7
Z S 0.584 5.87
n=3
3
Z%an 0.552 5.55
n=1
Bx 9.955
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Table 3.22: A summary of the calculated By values for CoHy

T 1032 Bk
(K) (C*m®J~2mol ?)
200 64.71
250 28.47
300 19.52
350 15.39
400 12.91
450 11.21
500 9.96

The calculated By temperature dependence of CoHy is plotted, together with the

available experimental Bk data, in Figure 3.3.

The quadrupole series of terms Y O, makes a significant contribution to By of
47.6% at 200 K, but this contribution diminishes quite rapidly as the tempera-
ture increases, and is only 5.9% of Bk at 500 K. Conversely, the collision-induced
polarizability contribution, > «,, rises from 50.4% at 200 K to 88.6% at 500 K.
The collision-induced hyperpolarizability contributions, » v, ., are a non-negligible
2.0% of By at 200 K, and this contribution steadily rises with increasing temper-
ature, contributing a sizeable 5.5% at 500 K. All three series are seen to converge
much more slowly than for Ny or CO,, which is presumably an artefact of the lower
symmetry of the CoHy molecule. This is the reason for having included terms up to
a7 and fya7, allowing for convergence of the series to be clearly established, and all

contributions down to the ca. 1% level to be included.
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Figure 3.3: Temperature dependence of the measured and calculated Bk values of
CoHy. The solid line is our calculated curve, the dashed line is our calculated curve
for pure collision-induced polarizability contributions, and the dotted line is the
calculated curve of Tammer and Hiittner [79] (approximating the molecule to be of
axial symmetry and accounting only for collision-induced polarizability). The blue
squares are the measured values of Buckingham et al. [45] and the black circles are
the measured values of Tammer and Hiittner [79)].
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CoHy has a critical temperature of T, = 282.4 K and a critical pressure of P, =
5.06 MPa. The molar volume of CoHy has been accurately determined as a func-
tion of temperature and pressure through experimentally measured isotherms of the
compressibility factor Z [83, 84]. Table 3.23 contains the CyHy inverse molar vol-
umes V! for the temperatures 250, 300, 400 and 500 K at the pressures 2, 4 and
10 MPa. These V! data, combined with the By data in Table 3.22, yield the cal-
culated Bk /V;, estimates listed in Table 3.24. For comparative purposes, Table 3.24
also contains the Ak values interpolated from the experimental Kerr-effect data of

Buckingham et al. [45] and Tammer and Hiittner [79].

Table 3.23: Densities (inverse molar volumes) for gaseous CoHy at relevant temper-
atures and pressures

at P =2 MPa, at P =4 MPa, at P = 10 MPa,
T |7 |7 Vit
(K) (mol m™3) (mol m™3) (mol m™3)
200 —a — _
250 1268.8 — —
300 911.1 2187.2 11511.2°
400 628.4 1315.3 3755.1
500 489.2 993.2 2565.7

*The dash — indicates temperatures and pressures for which the CoHy is in the
liquid phase

For this temperature and pressure, the supercritical phase closely resembles the
liquid phase, having a high density

What emerges is that the theoretical Bk /Vy, contributions for CoHy are even more
significant than those for COs, the By for CoH4 being around three times larger than

those of CO4 over the 200 to 500 K temperature range. At a pressure of 2 MPa, the
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Table 3.24: Calculated Bk /V;, contributions to ,, K for CoHy at the temperatures
and pressures in Table 3.23, compared against Ak

at P=2 MPa, at P=4MPa, at P =10 MPa,
T 1027 A2 1027 AL, 102 By / Vi 10% By /Vin 102 By /Vin
(K) (C*m®J2mol~%) (C?m®J2mol2) (C*m®*J2mol~2) (C?m®J2%mol2) (C*m®*J 2mol~2)

200 227+0.12 2.312£0.010 — — —

300 1.48 £0.08 1.707 £ 0.004 0.178 0.427 -
400 1.09 £0.06 1.404 £ 0.003 0.081 0.170 0.485
500 0.86 £+ 0.05 1.223 £ 0.003 0.049 0.099 0.256

“interpolated from the measured data of Buckingham et al. [45]
binterpolated from the measured data of Tammer and Hiittner [69]

Bk /Vi, contribution greatly exceeds the Ax measurement uncertainties of Tammer
and Hittner’s data, which indicates that the measured Bk data should be the most
reliable of the three molecules considered in this study. This is confirmed by the
plot in Figure 3.3, where the measured Bk data points display a clear trend over the
experimental temperature range of 202 to 364 K. These measured virial coefficients
promise to provide the most stringent test of the molecular-tensor theory. Three
theoretical curves are included in the plot, namely the solid line which represents our
calculated By curve, the dashed line which is the calculated collision-induced po-
larizability contribution, and the dotted curve which was obtained by Tammer and
Hiittner using isotropic DID theory [79]. The isotropic DID theory fails to take into
account the full symmetry of the CoH, molecule, and fails to model the temperature
dependence of Bk. Taking into account the full symmetry of the molecule increases
the calculated Bk value by 35% at 200 K, and more than 50% at 364 K, but the
data still considerably underestimate the measured Bk. It is only upon inclusion of

the QID terms that agreement between experiment and theory becomes satisfactory.
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Of particular relevance to this project, the collision-induced hyperpolarizability con-
tribution to Bk for CoH, is revealed to be far from negligible, particularly at higher
temperatures, where at 500 K the contribution of 5.5% is as significant as that aris-

ing from the quadrupole series.

3.4 Concluding Remarks

The existing long-range DID molecular-tensor theory accounting for intermolecular
pair-interaction contributions to the Kerr effect in fluids has been extented to take
into account contributions arising from the collision-induced hyperpolarizability for
non-dipolar species. The second Kerr-effect virial coefficient Bk has been calcu-
lated over a range of temperature for the molecules Ny, CO5 and CyHy. These
molecules have been chosen since experimental measurements of ,, K in the litera-
ture have provided measured data of By, and the molecular properties required in
the computation of Bk are precisely known, or, in the case of the dynamic second
hyperpolarizability tensor ;i (—w;w,0,0), the properties have been calculated as

part of this project.

The goal of this project was to ascertain whether the hyperpolarizability contribu-
tions to By are sufficiently small as to be safely disregarded. What emerges from
the investigation is hyperpolarizability contributions to Bk over the temperature
range T' =200 to 500 K of 0.3 to 1.5% for CO,, 1.7 to 4.1% for N, and 2.0 to 5.5%
for CoHy. These contributions are clearly non-negligible, and are too significant to

be disregarded, particularly at the higher temperatures.

The extent to which short-range electron overlap effects will affect the collision-

induced hyperpolarizability contributions for polyatomic molecules such as CO45 and
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CoHy will only be revealed by full ab initio quantum mechanical calculations which
employ large basis sets with diffuse basis functions, and which take into account the
effects of electron correlation. Such calculations could prove to be computationally
expensive, requiring considerable computational resources, but the findings of this
project suggest that the hyperpolarizability contributions to By are sufficiently large

to warrant the investigation.

This investigation has also provided, for the Ny, COy and CyH4 molecules, useful
tabulations which quantify the extent of pair-interaction contributions to Ak for a
range of pressure and temperature. These tabulations can serve as a guide to ex-
perimentalists when undertaking future Kerr-effect investigations of these species.
The tabulations indicate the range of pressures which should be investigated at each
temperature if precise Bk values are to be extractable. Indeed, the theory can be
used to construct such tabulations for any non-dipolar species provided the molec-

ular properties used in the calculations are known to a sufficient degree of accuracy.

A useful extension to this work could be to evaluate the QID hyperpolarizability

contributions, which might possibly also make a non-negligible contribution to By.
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A.1 Fortran Program to calculate the v;a; contri-
bution to Bk.

PROGRAM KERR_G1A1

C PROGRAM TO CALCULATE TERM G1A1 FOR C2H4 USING GAUSSIAN INTEGRATION WITH
C 64 INTERVALS FOR THE RANGE, AND 16 INTERVALS FOR ALL ANGULAR VARIABLES
C (I.E. ALPHA1, BETA1, GAMMA1, ALPHA2, BETA2 AND GAMMA2).

C DOUBLE PRECISION IS USED THROUGHOUT.

C

C ______________________
C SYSTEM INITIALIZATION:
c ______________________
IMPLICIT DOUBLE PRECISION (A-H,0-Z)
COMMON COEF1,DCTC
DIMENSION COEF2(64,2),COEF1(16,2),SEP(64),AL1(16),BE1(16),GA1(16)
+ ,AL2(16),BE2(16),GA2(16),DCTC(9,16,16,16) ,FI(16,16,16,16,16) ,D1(6
+ 4),E1(16,16,16,16,16) ,F1(16,16,16,16,16) ,SE3(64) ,SE4(64) ,SE5(64),
+ SE6(64) ,SE8(64) ,SE12(64),G1(16,16,16) ,DDP(16,16,16,16,16) ,DQP(16,
+ 16,16,16,16) ,DIDP(16,16,16,16,16)
INTEGER X1,X2,X3,X4,X5,X6,X7
C
C MOLECULAR DATA FOR ethene (632.8 nm):
C

S551=0.000000
352=0.000000
553=0.000000
354=0.000000
555=0.000000
356=0.000000
S557=0.000000
DIP=0.000

85
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Al1=4.41
A22=3.79

A33=5.94
ALDYN=(A11+A22+A33) /3
V11=4.30

V22=4.09

V33=5.81
ALSTAT=(V11+V22+V33) /3
Q1=5.57

Q2=-10.54
G1111=0.247535
G2222=0.660134
G3333=0.375913
G1122=0.149460
G2211=0.157903
G1212=0.153936
G1133=0.128332
G3311=0.131727
G1313=0.130563
G2233=0.196620
G3322=0.198837
G2323=0.199626
AMIN1=0.1000
AMAX1=3.0000

C READ THE GAUSSIAN COEFFICIENTS FROM THE DATAFILE GAUSS64.DAT:

OPEN (UNIT=10,FILE=’GAUSS64.DAT’)
DO 10 ICTR1=1,64
DO 20 ICTR2=1,2
READ(10,1010,END=11) COEF2(ICTR1,ICTR2)

1010 FORMAT (F18.15)

20 CONTINUE

10 CONTINUE

11 CLOSE(UNIT=10)

C

C CALCULATE THE INTEGRATION POINTS FOR THE RANGE:
C

SEP1=(AMAX1-AMIN1)/2
SEP2=(AMAX1+AMIN1)/2
DO 30 INDX=1,64
SEP (INDX)=SEP1*COEF2 (INDX,1)+SEP2
30 CONTINUE

C
C READ THE GAUSSIAN COEFFICIENTS FROM THE DATAFILE GAUSS16.DAT:
C
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OPEN(UNIT=11,FILE="GAUSS16.DAT’)
DO 100 ICTR1=1,16
DO 110 ICTR2=1,2
READ(11,6000,END=12)COEF1(ICTR1,ICTR2)

6000 FORMAT (F18.15)
110 CONTINUE
100 CONTINUE
12 CLOSE(UNIT=11)
C
C CALCULATE THE INTEGRATION POINTS FOR ALPHA1:
C
AMIN=0.0

AMAX=2.%3.14159265358979323846

AL11=(AMAX-AMIN) /2.
AL12=(AMAX+AMIN) /2.
DO 120 INDX=1,16
AL1(INDX)=AL11%COEF1 (INDX,1)+AL12
120 CONTINUE

C
C CALCULATE THE INTEGRATION POINTS FOR BETA1:
C

AMIN=0.0

AMAX=3.14159265358979323846

BE11=(AMAX-AMIN) /2.
BE12=(AMAX+AMIN) /2.
DO 121 INDX=1,16
BE1 (INDX)=BE11*COEF1 (INDX, 1)+BE12
121 CONTINUE

C
C CALCULATE THE INTEGRATION POINTS FOR GAMMA1:
C
AMIN=0.0
AMAX=2.%3.14159265358979323846

GA11=(AMAX-AMIN) /2.
GA12=(AMAX+AMIN)/2.
DO 122 INDX=1,16
GA1(INDX)=GA11+COEF1 (INDX,1)+GA12
122 CONTINUE

C
C CALCULATE THE INTEGRATION POINTS FOR ALPHA2:
C

AMIN=0.0



38 APPENDIX A.

AMAX=2.%3.14159265358979323846

AL21=(AMAX-AMIN) /2.
AL22=(AMAX+AMIN) /2.
DO 123 INDX=1,16
AL2 (INDX)=AL21*COEF1 (INDX, 1)+AL22
123 CONTINUE

C
C CALCULATE THE INTEGRATION POINTS FOR BETA2:
C

AMIN=0.0

AMAX=3.14159265358979323846

BE21=(AMAX-AMIN)/2.
BE22=(AMAX+AMIN) /2.
DO 124 INDX=1,16
BE2 (INDX)=BE21*COEF1 (INDX, 1) +BE22
124 CONTINUE

C
C CALCULATE THE INTEGRATION POINTS FOR GAMMA2:
C
AMIN=0.0
AMAX=2.%3.14159265358979323846

GA21=(AMAX-AMIN) /2.
GA22=(AMAX+AMIN) /2.
DO 125 INDX=1,16
GA2 (INDX)=GA21*COEF1 (INDX,1)+GA22
125 CONTINUE

C _____________
C MAIN PROGRAM:
C _____________
OPEN (UNIT=4,FILE="kglal_450K’)
C
C INPUT MOLECULAR PARAMETERS:
C
C WRITE(6,470)
C470 FORMAT (1X,’ INPUT THE TEMPERATURE (IN KELVIN)’)
C READ(5,471) TEMP
C471 FORMAT (F10.5)

TEMP=450.0
TEMPK=TEMP*1.380622E-23
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c WRITE(6,472)
Cc472 FORMAT (1X, > INPUT R(0) (IN nm)’)
C READ(5,473)R
C473 FORMAT (F10.5)
R=0.4232
C WRITE(6,474)
C474 FORMAT (1X,’E/K (IN K)’)
C READ(5,475) PARAM2

C475 FORMAT(F10.5)
PARAM2=190.0

C WRITE(6,476)
C476 FORMAT (1X, >SHAPE1 )
C READ(5,477)SHAPE1

CaT7 FORMAT (F10.5)
SHAPE1=0.229650

C WRITE(6,478)
C478 FORMAT (1X, >SHAPE2 )
C READ(5,479) SHAPE2

C479 FORMAT (F10.5)
SHAPE2=0.213830

C

C CALCULATION OF THE LENNARD-JONES 6:12 POTENTIAL & STORAGE OF THE
C VALUES IN AN ARRAY:

C

DO 61 X1=1,64

D1(X1)=4.xPARAM2x*1.380622E-23* ((R/SEP (X1) ) **12- (R/SEP (X1) ) **6)
SE12(X1)=SEP(X1)**12

SE5 (X1)=SEP (X1) **5

SE8(X1)=SEP (X1)*%8

SE3(X1)=SEP (X1) **3

SE4 (X1)=SEP (X1) **4

SE6 (X1)=SEP(X1) **6

61 CONTINUE

C
C THE DIRECTION COSINE TENSOR COMPONENTS ARE STORED IN AN ARRAY:
C

DO 66 X4=1,16
DO 77 X3=1,16
DO 88 X2=1,16
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C DIRECTION COSINE TENSOR COMPONENTS:

C

88
77
66

C

A1=COS (AL1(X2))*C0OS(BE1(X3))*C0S (GA1(X4))-1.*SIN(AL1(X2))*SIN(GA1
(X4))
A2=SIN(AL1(X2))*C0S(BE1(X3))*C0S(GA1(X4))+COS(AL1(X2))*SIN(GA1 (X4
)

A3=-1.*SIN(BE1(X3))*C0S(GA1(X4))

A4=-1.*COS (AL1(X2))*COS(BE1(X3))*SIN(GA1(X4))-1.*SIN(AL1(X2))*COS
(GA1(X4))
A5=-1.*SIN(AL1(X2))*COS(BE1(X3))*SIN(GA1(X4))+C0OS(AL1(X2))*COS(GA
1(X4))

A6=SIN(BE1(X3))*SIN(GA1(X4))

A7=C0OS (AL1(X2))*SIN(BE1(X3))

A8=SIN(AL1(X2))*SIN(BE1(X3))

A9=COS (BE1(X3))

DCTC(1,X2,X3,X4)=A1
DCTC(2,X2,X3,X4)=A2
DCTC(3,X2,X3,X4)=A3
DCTC(4,X2,X3,X4)=A4
DCTC(5,X2,X3,X4)=A5
DCTC(6,X2,X3,X4)=A6
DCTC(7,X2,X3,X4)=A7
DCTC(8,X2,X3,X4)=A8
DCTC(9,X2,X3,X4)=A9

CONTINUE
CONTINUE
CONTINUE

C THE MULTIPOLE INTERACTION ENERGIES ARE CALCULATED AND STORED
C IN ARRAYS:

C

1000

1111

DO 939 X7=1,16

WRITE(4,1000)X7

FORMAT (1X, ’INDEX (IN RANGE 1 TO 16) IS CURRENTLY ’,I2 )

WRITE(6,1111)X7

FORMAT (1X, ’Index (in range 1 to 16) is currently ’,I2 )
DO 40 X6=1,16

DO 50 X5=1,16
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C MOLECULE 2’S DIRECTION COSINE TENSOR COMPONENTS:
C

B1=DCTC(1,X5,X6,X7)
B2=DCTC(2,X5,X6,X7)
B3=DCTC(3,X5,X6,X7)
B4=DCTC(4,X5,X6,X7)
B5=DCTC(5,X5,X6,X7)
B6=DCTC(6,X5,X6,X7)
B7=DCTC(7,X5,X6,X7)
B8=DCTC(8,X5,X6,X7)
B9=DCTC(9,X5,X6,X7)

DO 60 X4=1,16
DO 70 X3=1,16
DO 80 X2=1,16

C
C MOLECULE 1’S DIRECTION COSINE TENSOR COMPONENTS:
C

A1=DCTC(1,X2,X3,X4)
A2=DCTC(2,X2,X3,X4)
A3=DCTC(3,X2,X3,X4)
A4=DCTC(4,X2,X3,X4)
A5=DCTC(5,X2,X3,X4)
A6=DCTC(6,X2,X3,X4)
A7=DCTC(7,X2,X3,X4)
A8=DCTC(8,X2,X3,X4)
A9=DCTC(9,X2,X3,X4)

C
C CALCULATION OF THE DIPOLE-DIPOLE POTENTIAL:
C
DDP(X2,X3,X4,X5,X6)=8.98758E-24*DIP**2* (-2xA9*B9+A6*B6+A3*B3)

C

C CALCULATION OF THE DIPOLE-QUADRUPOLE POTENTIAL:

C

DQP(X2,X3,X4,X5,X6)=8.98758E-25*xDIP* (Q2* (—2*A9*BO**2+ (2% A6*¥B6+2*A
3*B3+2%AQ* k2 -2k AB%*2—-AB**x2+A5**¥ 22— A3%k*k 2+ A2%*2) *BO+2k AQ*xB8** 2+ (—2%A
6*%B5-2*xA3%B2) *B8+A9*B6**2+ (2*xA5%A8-2*xA6*A9) *B6-A9*B5+*2+A9*B3*x*x 2+
(2xA2%xA8-2%xA3*A9) *B3-A9*B2**2) +Q1* (—2*xA9*xBO**2+ (2% A6*B6+2+%A3*B3+2
*AO* 22Kk AT**x2-AB* %2+ A4k *x2—-A3**2+A1%%2) *BO+2%A9*B7 **2+ (—2%A6*xB4 -2
*A3%B1) ¥*B7+A9*B6**2+ (2% A4*A7-2%xA6%A9) *B6-A9*BA**2+A9*B3**2+ (2%A1*
A7-2xA3%A9) *B3-A9*B1**2))

+ o+ + + + o+
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C CALCULATION OF THE DIPOLE-INDUCED DIPOLE POTENTIAL:

DIDP(X2,X3,X4,X5,X6)=-0.50%ALSTAT*8.07765E-27*DIP**2% (3%BO**2
+3%A9**x2-2)

C CALCULATION OF THE QUADRUPOLE-QUADRUPOLE POTENTIAL:

C
+

C

C
+
+
+
+
+
+
+
<+
+
+
+
+
+
+
<+
+
<+
+
+
+
+

C

quadl=-16.*(a6*a9-ab*a8) * (b6*xb9-b5*b8) -16.* (a3*a9-a2+*a8) * (b3*b9-b
2xb8) +4 . % (2. *xa9**2-2 , *a8**2-ab**2+ab**2-a3**2+a2%*2) * (b9-b8) * (b9+
b8) +(—4.*a9**x2+4 , *a8**x2+3 . ¥ab**2-3 . xab**2+a3*x*x2-a2**2) *x (b6**2-b5x*
*2)+4 . * (a3*ab6-a2*ab) * (b3*b6-b2*b5) + (-4 . *a9**2+4 . xa8**2+ab**2-ab**
2+3.*%a3x*2-3 . *ka2*x*x2) * (b3**x2-b2**2)

quad2=-16.* (a6*a9-ad*a7) * (b6*b9-b4*b7)-16.*(a3*a9-al*a7)* (b3*b9-b
1*b7)+4 . % (2. %a9**2-2 xaT7x*x2-ab*x*2+ad**2-a3**2+al**2) *x (b9-b7) * (b9+
b7)+(—4.*%a9**2+4  xaT**x2+3 . xab**2-3 . kad**2+a3**2-al*x*2) x (b6**x2-bdx*
*2)+4 . x (a3*xab-al*ad) * (b3*b6-bl*bd)+ (-4 .*xaQ**2+4 ka7 **2+ab**2-ad**
2+3.*¥a3**2-3 ., *al**2) * (b3**2-b1**2)

quad3=4.* (4. %A9**2-2. * (AB**2+AT**2+A6x*2+A3%*2) +AB* ¥ 2+A4**2+A2%*2
+A1%%2) *BO**2-16. % (2. *A6%xA9-AS5*A8-A4*A7) *B6+*BO9-16* (2. *A3*A9-A2*A8
—A1*A7)*B3*B9-4 . % (2. *A**2-2 kAT **x2-AG**2+A4*¥2—-A3*¥2+A1%*2) *xB8**
2+16.*x (A6*A9-A4*A7) *B5*B8+16.*x (A3*A9—-A1*A7) *B2*B8—-4 . % (2. *A9**2-2,
*AB**2—-AB**x2+ABk*k2-A3**2+A2%*2) ¥BT**x2+16 . x (A6*xA9-AB5*A8) *B4*B7+16.
* (A3*AQ-A2xA8) *B1*B7+(—=8. A9**2+4 . * (A8*x*x2+A7**2) +6 . kA6**2-3 . * (A5*
*24+A4%*2) + 2% A3k k22— A2*%2-A1**2) *B6**2+4 . *x (2. *A3*A6-A2*xA5-A1*A4) *B3
*B6+ (4. xAQ**2—4  kAT**2-3 % AG**2+3 . x AAx*x2—-A3**2+A1%*2) *B5**x2-4 . x (A
3*xA6-A1%A4) *B2*B5+ (4. *A9**2-4  kA8**2-3 . kAG**2+3 . kAD**2-A3*%*k2+A2%*
2) *B4**2-4 . x (A3*xA6-A2*%A5) *B1*B4+ (—8. % AQ**x2+4 . x (A8**2+A7**2) +2 . *A6
*%2-ADk*x2—-A4**2+6 . x A3*%*%2-3 . x (A2%*2+A1**2) ) *B3*k*2+ (4. A9k *2-4  *AT*
*2-A6* %2+ A4**2-3  kA3*x*2+3 .k A1k*2) xB2**2+ (4. ¥ AQ**2-4  xAB**2-AB**2+
AB*%2-3, kA3%*2+3 . kA2%*2) *xB1**2

E1(X2,X3,X4,X5,X6)=8.98758E-26*(1./3.)* (Q2**2*xQUAD1+Q1**x2*xQUAD
2+Q1*Q2*QUAD3)

C CALCULATION OF THE QUADRUPOLE-INDUCED DIPOLE POTENTIAL:

C

+ o+ + o+ +

QID1=Q2**2% (4. *xAQ%*4+ (-8 . %A8**2+4 . ¥ AB**x2+4  xA2%*2) xAQ**2+ (-8 . *A5*
A6-8.xA2%A3) *xA8*xAQ+4  kA8* x4+ (4. A6k *x2+4  *A3**2) ¥ AB**2+A6*k x4+ (-2, *
AB**2+2 ¥ A3%*2-2  kA2%*k2) kAG**k2+AB**4+ (2. kA2%*2—2 , ¥ A3**2) ¥ A5**2+A3
*%4-2 kA2 ¥ Dk A3k K2+ A2k *%4) +Q1 k% 2% (4, kAQ* x4+ (=8 . kAT **2+4  kAd*x*x2+4  *
A1%%2) % AQ**2+ (-8 . xA4A*xA6-8 . kA1*A3) *AT*AQ+4 % AT*x4+ (4 . xAG**2+4  xA3*
*2) kAT ¥ 2+ A6**k 4+ (=2 . kAL*kk 242 % A3**2-2  xA1**2) kAGkk 2+ A% x4+ (2. *A1*
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*2-2  kA3%%2) kAdk*k 2+ A3 %4 -2 kA1 2k A3k *k2+A1*%4) +Q1*Q2% (8. ¥ A9k x4+ (-
8. % AB**2-8 . % AT**x2+4  kADk*k2+4 Kk AA**2+4  +A2xx2+4  xA1**2) xAQ**2+ ( (-8
.*xAB5*%A6-8.xA2xA3) A8+ (-8.%A4*A6-8.xA1*A3) *A7) * A9+ (8. kAT**x2+4 , *A6*
*2-4  xAAxx2+4 kA3*k2-4 kA1 *%2) ¥ A8xx2+ (8. ¥ AA*xAS+8 . *A1*A2) *AT+A8+ (4
kAGKk*2-4  kADKKk2+4  kA3Kk2—4 Kk AD*k%2) kATH*2+2  kAGk*k4+ (-2, kADKk*2-2 , *
Ad**2+4  kA3%*2-2  kA2¥*%2-2  kA1+*2) *x AGk*2+ (2. % Ad**2-2  *A3**2+2 *A1x*
*2) % AS**2+ (2. kA2%*k2—-2 kA3 *2) kA4 *2+2  x A3k k4+ (=2 kA2*%*2-2  *A1%%2)
*A3*k2+2 kAT KKKk AD¥%2)

+ o+ o+ o+ + o+ o+ o+

QID2=Q2**2% (4 .*BO**4+ (-8 . *B8**2+4 . *xB5**2+4 . *B2**2) *BO**2+ (-8 . *B5*
B6-8.*B2%B3) *B8*BO+4 . *B8**4+ (4. *B6**2+4 . *B3**2) ¥B8**2+B6**4+ (-2, *
B5**2+2 ., kB3**2-2, *B2**2) *B6**2+B5* x4+ (2, *B2*x*2-2 , *B3**2) *B5**2+B3
*%4-2  *B2x*x2xB3**x2+B2**4) +Q1 %% 2% (4 . ¥BOx x4+ (—8 . xB7**2+4 , ¥B4**2+4  *
B1x%2) *B9**2+ (-8, *B4*B6-8.*B1*B3) *B7+B9+4 . *xB7x*4+ (4. *B6**x2+4 , *B3x*
*2) ¥BT*x2+B6* x4+ (=2 . *B4**2+2 , *B3**2-2 . xB1**2) *xB6**2+B4**4+ (2. ¥B1*
*2-2 . %B3%%2) *B4*x*x2+B3**4-2 . *xB1**x2%B3**2+B1**4) +Q1*Q2* (8. *BO**x4+ (-
8.*B8**2-8 . *B7**2+4 , *B5**2+4 . *B4**2+4 . *B2**2+4 . *xB1**2) *xBO**2+ ( (-8
. *B5*B6-8 . *B2*B3) *B8+(-8.*B4*B6-8. *B1*B3) *B7) *BO+ (8. *B7**2+4 . *xB6*
*2-4  *xBAx*2+4  *B3*x*x2-4 , *B1**2) *B8**2+ (8. *B4*B5+8 . *B1*B2) *B7*B8+ (4
L¥BB**2-4  xBE**2+4  *B3**2-4  ¥B2**2) xB7**2+2 , *B6* x4+ (-2, xB5**2-2 , *
B4**x2+4 . xB3**2-2, *xB2%*2-2 , *xB1%*2) *B6**2+ (2. *B4**2-2 , *xB3**2+2, *B1*
*2) *B5**2+ (2, *B2**2-2, ¥*B3%*2) ¥*B4**2+2 , xB3**4+ (-2, *B2**2-2 . ¥*B1%%2)
*B3**2+2 , *B1**x2xB2%%*2)

o+ + o+ o+ o+ o+ o+ o+

F1(X2,X3,X4,X5,X6)=-0.5%8.07765E-29*xALSTAT* (QID1+QID2)

C
C CALCULATION OF THE INTEGRATION ARGUMENT:
C

T11=2. *%AT7**2-Ad**x2-A1%*2
T22=2 . % A8**2-Ab**2—-A2%*2
T33=2.*%A0**2-A6**2-A3**2
T12=2 . x%A7*xA8-A4*xAB-A1%A2
T13=2.*A7*A9-A4*xA6-A1*A3
T23=2.%A8*A9-A5*xA6-A2*A3

Z11 = A33% (A7**2*xBO**2+ (2%xA4*AT+B6+2*A1*xA7+B3) *BO+A4**2*B6**x2+2% A
+  1*%A4*B3*B6+A1x*x2xB3%*2) +A22* (A7 **2+¥B8**2+ (2xA4A*A7T*B5+2*A1*A7*B2
) *B8+A4*x*x2xB5**2+2% A1 x A4*B2*B5+A1#*%2%B2**2) +A1 1% (A7T**x2xB7**2+ (2
+  kAA*ATHBA+2%A1xAT*B1) *B7+A4**2*B4A**2+2% A1 % A4xB1*xB4A+A1**x2*xB1**2)

+

Z22 = A33*% (A8**2*xBO**2+ (2xA5*xA8*B6+2*A2*xA8*B3) *BO+AS**2*B6**2+2% A
+  2%A5*B3*B6+A2%*2*%B3**2) +A22* (A8**x2%B8**2+ (2% A5*A8*B5+2x A2 A8*B2
) *B8+AB**x2*BE**2+2% A2% A5*B2*xB5+A2**2xB2**2) +A11% (A8**2+B7*x2+ (2
+ *AS*xA8*B4+2*xA2*A8*B1) *B7+A5**2%B4x*x2+2xA2*A5%B1*B4+A2%*2xB1**2)

+

Z33 = A33* (A9**2*xBOx*2+ (2% A6*A0*B6+2%A3%A0*B3) *BO+AG**2¥BE**2+2% A
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+

+ o+ + o+ +

+ o+ + o+
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3xA6*B3*%B6+A3*%*x2%xB3*x*2) +A22* (AQ**2*xB8**x2+ (2% A6*A9*xB5+2%A3*xA9*B2
) *B8+A6**x2%B5x*2+2%A3*x A6*B2*¥B5+A3**x2%B2*%*2) +A1 1% (A9**x2*xB7*x*2+ (2
*AG*AO*B4+2xA3%A9*B1) *B7+AB**x2%B4*%x2+2%xA3%A6%xB1*B4+A3%*x2%xB1%%2)

Z12 = A33*x (A7*A8*BO**2+ ( (A4*A8+A5*A7)*B6+ (A1*xA8+A2*A7) *B3) *BO+A4*
AS*B6**2+ (A1*xAS5+A2%A4) *B3*B6+A1*xA2*xB3**2) +A22* (A7T*A8*xB8**2+ ( (A4
*A8+A5*A7) *B5+ (A1*A8+A2%A7) *B2) *B8+A4*xA5*xB5*x*2+ (A1*xAS+A2%A4) B2
*B5+A1*xA2%B2%*2) +A11% (A7T*A8*B7x*2+ ( (A4*xA8+A5*A7) *B4+ (A1*A8+A2*A
7) *B1) #*B7+A4*xAS5*xBA**2+ (A1*AB+A2%A4) *B1*xBA+A1*xA2*B1**2)

Z13 = A33% (A7T*A9*BO**2+( (A4*xA9+A6*A7) *B6+ (A1*A9+A3%A7)*B3) *B9+A4*
AB*B6x*2+ (A1*xA6+A3*A4) *B3*B6+A1*xA3*B3**2) +A22* (A7*A9*B8**2+ ( (A4
*A9+A6*A7) *B5+ (A1%AQ+A3*A7) *B2) *B8+A4*A6*B5**2+ (A1 *A6+A3*A4) *B2
*B5+A1*xA3%B2*%2) +A11% (A7T*A9*B7x*2+ ( (A4*xA9+AG*A7) *B4+ (A1+A9+A3*A
7) *B1) #*B7+A4*xA6*xBA**2+ (A1*A6+A3%A4) *B1*xBA+A1*xA3*B1**2)

Z23 = A33% (A8*A9*BO**2+ ((A5*A9+A6*A8) *B6+ (A2*A9+A3*A8) *B3) *BO+A5*
AB*B6**2+ (A2%A6+A3*A5) *B3*B6+A2*A3*B3**2) +A22* (A8*A9*xB8**2+ ( (A5
*A9+A6*A8) *B5+ (A2+%A9+A3*A8) *B2) *B8+AS5*xAG6*B5**2+ (A2*A6+A3*%A5) *B2
*B5+A2xA3%B2**2) +A11*% (A8*A9*BT7+*2+ ((A5*A9+AB6*A8) *B4+ (A2 A9+A3*A
8) *B1) *B7+AB5*A6*B4**2+ (A2*xA6+A3*%A5) *B1*B4+A2*xA3*xB1*%*2)

Wil = V33%x (A7**2%BO**2+ (2% A4*AT*B6+2%A1*A7*B3) *BO+A4*x*x2xB6**2+2*% A
1%A4*B3*B6+A1**2%B3%*2) +V22% (A7**2*%B8**2+ (2xA4*A7*B5+2+xA1*A7*B2
) *B8+A4**x2xB5**2+2%A1xA4*B2*B5+A1**2*%B2*x*2) +V11* (A7T**x2xB7**2+(2
*AAx AT*BA+2*xA1*AT*B1) *B7+A4**2+BA**2+2x A1 ¥ AA*xB1*B4+A1%*2%B1*%*2)

W22 = V33* (A8**2%BO**2+ (2% A5*xA8*B6+2*%A2*A8*B3) *BO+AS**x2xB6**2+2% A
2%A5*B3*B6+A2x*x2xB3%*2) +V22* (A8**2+¥B8* %2+ (2xA5*xA8*B5+2*A2* A8*B2
) *B8+AB**x2*xB5**2+2% A2x A5*B2*B5+A2*%2*%B2*x*2) +V1 1% (A8*x*x2xB7**2+ (2
*AS5*xA8*xBA+2*xA2*xA8*B1) *B7+A5**2+BA**2+2x A2x AG*B1*B4+A2%*2%B1%%*2)

W33 = V33* (A9**2+BO**2+ (2*xA6%A0*B6+2%A3%A9*B3) *BO+AG**2*%BE**2+2% A
3*A6*B3*B6+A3**x2xB3%%2) +V22x (AQ**2*xB8**x2+ (2% A6*xA9*xB5+2*A3*xA9*B2
) *B8+AB**x2*B5**2+2% A3 % A6*B2*xB5+A3%*x2xB2**2) +V1 1% (AQ**2+B7*x2+ (2
*A6xA9*BA+2*xA3*A9*B1) *B7+A6**2%B4x*x2+2x A3*A6*B1*B4+A3**2*xB1**2)

W12 = V33* (A7*A8*BO**2+ ((A4*A8+AS5*A7) *B6+ (A1¥A8+A2*A7)*B3) *BO+A4*
AS*B6**2+ (A1*xAS5+A2%A4) *B3*B6+A1*xA2*xB3**2) +V22* (A7*A8*B8**2+ ( (A4
*A8+A5*A7) *B5+ (A1*A8+A2%A7) *B2) *B8+A4*xA5*xB5x*2+ (A1*xAS+A2%A4) *B2
*B5+A1*xA2%B2%%2) +V11% (A7*A8*B7x*2+ ( (A4*xA8+A5*A7) *B4+ (A1*A8+A2*A
7) *B1) #*B7+A4*xA5*xBA**2+ (A1*AB+A2%A4) *B1*xBA+A1*xA2*xB1**2)

W13 = V33% (A7*A9*BO**2+ ( (A4*A9+AB*AT) *B6+ (A1*xA9+A3%A7) *B3) *BO+A4x*
AB*B6x*2+ (A1*xA6+A3*xA4) *B3*B6+A1*xA3*B3**2) +V22x (A7*xA9*B8**2+ ( (A4
*A9+A6*A7) *B5+ (A1%AQ+A3*A7) *B2) *B8+A4*A6*B5**2+ (A1 ¥A6+A3*A4) *B2
*B5+A1*xA3%B2*%2) +V11% (A7T*A9*B7x*2+ ( (A4*xA9+AG*A7) *B4+ (A1+xA9+A3*A
7) *B1) #*B7+A4xA6*xBA**2+ (A1*A6+A3%A4) *B1*xBA+A1*xA3*B1**2)
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W23 = V33*(A8*xA9*BI**2+ ( (A5*A9+A6*A8) *B6+ (A2*xA9+A3*A8) *B3) *BO9+A5*
AB*B6**2+ (A2%AB6+A3%A5) *B3*xB6+A2+A3*%B3%*2) +V22% (AS*A9*B8**2+ ( (A5
*A9+A6*A8) *B5+ (A2*xA9+A3*A8) *B2) *B8+AS5*xA6*B5**2+ (A2xAG+A3*A5) *B2
*B5+A2+A3*%B2*%2) +V11* (A8*AQ*B7**2+ ( (A5*A9+A6+A8) *B4+ (A2*A9+A3*A
8) *B1) *B7+A5*xA6*BA**2+ (A2*A6+A3%A5) *B1*B4+A2*xA3*B1**2)

+ o+ 4+ o+

trm1a=G3333*T33%Z33+G2323*T33%Z233+G1313*T33%Z233+G3333*T23%Z23+2
*¥G2323*T23%Z23+G2222*T23%Z23+G1313*T23%Z223+G1212*T23%Z223+G232
3*xT22%7Z22+G2222*xT22*xZ22+G1212%T22%Z22+G3333*T13%Z13+G2323*T13
*713+2%G1313*T13*Z13+G1212*%T13*%Z13+G1111%T13%Z13+G2323*%T12*Z1
2+G2222*T12*%Z12+G1313*T12%xZ12+2xG1212*xT12*Z12+G1111*T12*xZ12+G
1313%T11%Z11+G1212*T11%xZ11+G1111*T11*Z11

g s W N -

trm1b=G3333*T33*Z33+G3322*%T33*Z33+G3311*T33*Z33+G3333*T23*Z23+G
3322*T23*Z23+G3311*T23%Z23+G2233*T23*Z23+G2222*T23*Z23+G2211*
T23%Z223+G2233*T22%7222+G2222*xT22*7222+G2211%T22%7Z22+G3333*T13*Z
13+G3322*%T13*Z13+G3311*T13*Z13+G1133*T13*Z13+G1122*xT13*Z13+G1
111%T13%Z13+G2233*T12*%Z12+G2222*%T12*%Z12+G2211%T12%Z12+G1133%T
12%Z12+G1122*T12%Z12+G1111*T12*Z12+G1133*xT11*xZ11+G1122*xT11*Z1
1+G1111*T11%Z11

Ok WwN -

trm2a=G3333*T33*Z33+G2323*T33*Z33+G1313*%T33*Z233+G3333*T23*Z23+2
*G2323*T23*Z23+G2222*T23%223+G1313*T23*Z23+G1212*T23*Z23+G232
3xT22%Z22+G2222*T22%Z22+G1212%T22%Z22+G3333*T13%Z213+G2323*T13
*Z213+2%G1313*T13%Z13+G1212%T13%Z13+G1111%T13%Z13+G2323*T12*Z1
2+G2222%T12%Z12+G1313*%T12%Z12+2*%G1212*T12%Z12+G1111%T12*Z12+G
1313*T11%Z11+G1212*T11%xZ11+G1111xT11%Z11

g W N -

trm2b=G3333*T33%Z33+G3322*T33%Z33+G3311*T33%Z33+G3333*T23*Z23+G
3322%T23%Z23+G3311*T23*%Z23+G2233*%T23*%Z23+G2222*%T23*Z23+G2211%*
T23%Z23+G2233*T22*%Z22+G2222*xT22%Z22+G2211*T22%xZ222+G3333*T13%Z
13+G3322*%T13%Z13+G3311*T13%Z13+G1133*T13%Z13+G1122*xT13%Z13+G1
111%T13%Z13+G2233*T12*%Z12+G2222*%T12*%Z12+G2211*T12%Z12+G1133*T
12%Z12+G1122*%T12%Z12+G1111*T12%Z12+G1133*T11%Z11+G1122*xT11*Z1
1+G1111%T11%Z11

O WN -

trm3a=G3333*T33*xW33+G2323*T33*W33+G1313*T33*W33+G3333*T23*W23+2
*G2323*T23*xW23+G2222*T23*W23+G1313*T23*xW23+G1212*T23*W23+G232
3*%T22*W22+G2222*T22*W22+G1212*T22*xW22+G3333*T13*xW13+G2323*T13
*W13+2%G1313*xT13*W13+G1212*xT13*W13+G1111*T13*W13+G2323*T12*xW1
2+G2222*T12*W12+G1313*T12*W12+2*%G1212*xT12*xW12+G1111*T12*xW12+G
1313*T11*W11+G1212*xT11*W11+G1111+T11xW11l

g w N
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trm3b=G3333*T33*W33+G2233*T33*W33+G1133*T33*xW33+G3333*T23*W23+G
3322xT23*W23+G2233*T23*W23+G2222*T23*W23+G1133*T23*W23+G1122%
T23*W23+G3322*%T22*xW22+G2222*T22*xW22+G1122*T22*xW22+G3333*T13*W
13+G3311*T13*xW13+G2233*T13*W13+G2211*T13*W13+G1133*T13*W13+G1
111T13*W13+G3322*T12xW12+G3311*T12xW12+G2222*xT12*xW12+G2211*T
12%W12+G1122%T12%W12+G1111*T12xW12+G3311*T11*xW11+G2211*T11%W1
1+G1111*T11xW11

o Ok WN -

TERM=6.* (trmla+trm2a+2.*trm3a)-2.* (trmlb+trm2b+2. *xtrm3b)

FI(X2,X3,X4,X5,X6)=(1/(6480.%3.14159265358979323846*%*2) ) *(SI
+ N(BE1(X3))*SIN(BE2(X6)))*TERM

C
C CALCULATION OF THE SHAPE POTENTIAL:
C
G1(X3,X4,X6)=4.*PARAM2+*1.380622E-23*R**12* (SHAPE1* (3.*C0S (BE1 (X3)
+ )*%2+3.*C0OS(BE2(X6) ) **2-2.) +SHAPE2* (3. *C0OS (GA1(X4) ) **2*SIN(BE1 (X3
+ ))**2+3.%COS (GA2(X7) ) x*2*SIN(BE2(X6) ) ¥*2-2.))
80 CONTINUE
70 CONTINUE
60 CONTINUE
50 CONTINUE
40 CONTINUE
C
C THE INTEGRAL IS CALCULATED:
C
$56=0.00
DO 940 X6=1,16
c WRITE(6,1911)X6
c1911  FORMAT (1X, ’sub-index (in range 1 to 16) is currently ’,I2 )
555=0.00
DO 950 X5=1,16
$54=0.00
DO 960 X4=1,16
$53=0.00
DO 970 X3=1,16
$52=0.00
DO 980 X2=1,16

S551=0.00
DO 990 X1=1,64
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C
C SUMMATION OF THE ENERGY TERMS WITH SUBSEQUENT DIVISION BY (-kT):
C

G3=-1.*(D1(X1)+E1(X2,X3,X4,X5,X6) /SE5(X1)+F1(X2,X3,X4,X5,X6) /SE8(
+ X1)+G1(X3,X4,X6)/SE12(X1)+DDP(X2,X3,X4,X5,X6) /SE3(X1)+DIDP(X2,X3,
+ X4,X5,X6) /SE6(X1)+DQP(X2,X3,X4,X5,X6) /SE4(X1)) /TEMPK

IF(G3.LT.-85) GO TO 5000

G4=2.71828%*G3

GO TO 5010
5000 G4=0
5010  SS1=SS1+(FI(X2,X3,X4,X5,X6)/(SEP(X1)*%1))*G4*COEF2(X1,2)
990 CONTINUE

S$S2=5S2+SS1*COEF1(X2,2)

c

C

980 CONTINUE
SS3=8S3+SS2*COEF1(X3,2)

c

c

970 CONTINUE
SS4=3S4+SS3*COEF1(X4,2)

c

C

960 CONTINUE
SS5=8S85+SS4*COEF1(X5,2)

c

C

950 CONTINUE
SS6=SS6+SS5*COEF1 (X6,2)

c

C

940 CONTINUE
SS7=SS7+SS6*COEF1 (X7,2)

c

C

939 CONTINUE
ANS=SS7*SEP1*ALL11*BE11%GA11*AL21*BE21*GA21%6.022169%*2%8,.98758%*2

+ *x1E-36
C
C THE INTEGRAL IS PRINTED TOGETHER WITH MOLECULAR DATA USED
C

WRITE(4,2266)
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2266  FORMAT(1X,’THE G1A1 TERM CONT TO B(Kerr) FOR ETHENE C2H4’)
WRITE(4,2268)

2268  FORMAT(1X,’AT THE WAVELENGTH 632.8 nm’)
WRITE(4,2267)

2267  FORMAT(1X,’ )
WRITE(4,2269)
2269  FORMAT(1X,’ )

WRITE(4,1140)ANS

1140  FORMAT(1X,’THE INTEGRAL IS’,E15.7)
WRITE(4,2150)

2150  FORMAT(1X,’INPUT DATA:’)
WRITE(4,2155) TEMP

2155  FORMAT(1X,’TEMPERATURE: » F10.5)
WRITE(4,9260)ALDYN

9260  FORMAT(1X,’MEAN DYNAMIC ALPHA:’,F10.5)
WRITE(4,9261)A11

9261 FORMAT (1X,’DYNAMIC ALPHA11: ’,F10.5)
WRITE(4,9262)A22

9262  FORMAT (1X,’DYNAMIC ALPHA22: > ,F10.5)
WRITE(4,9263)A33

9263  FORMAT(1X,’DYNAMIC ALPHA33: > ,F10.5)

WRITE(4,9264)ALSTAT
9264  FORMAT(1X,’MEAN STATIC ALPHA: ’,F10.5)
WRITE(4,9961)V11

9961 FORMAT (1X,’STATIC ALPHA11: > ,F10.5)
WRITE(4,9962)V22

9962  FORMAT (1X,’STATIC ALPHA22: ’,F10.5)
WRITE(4,9963)V33

9963  FORMAT(1X,’STATIC ALPHA33: ’,F10.5)
WRITE(4,9970)G1111

9970  FORMAT(1X,’DYNAMIC GAMMA1111: ’,F10.5)
WRITE(4,9971)G2222

9971 FORMAT (1X, *DYNAMIC GAMMA2222: ’,F10.5)
WRITE(4,9972)G3333

9972  FORMAT(1X,’DYNAMIC GAMMA3333: ’,F10.5)
WRITE(4,9973)G1122

9973  FORMAT(1X,’DYNAMIC GAMMA1122: ’,F10.5)
WRITE(4,9974)G2211

9974  FORMAT(1X,’DYNAMIC GAMMA2211: ’,F10.5)
WRITE(4,9975)G1212

9975  FORMAT(1X,’DYNAMIC GAMMA1212: ’,F10.5)
WRITE(4,9976)G1133

9976  FORMAT(1X,’DYNAMIC GAMMA1133: ’,F10.5)
WRITE(4,9977)G3311

9977  FORMAT (1X,’DYNAMIC GAMMA3311: ’,F10.5)
WRITE(4,9978)G1313

9978  FORMAT(1X,’DYNAMIC GAMMA1313: ’,F10.5)

WRITE(4,9979)G2233
9979  FORMAT (1X,’DYNAMIC GAMMA2233: > ,F10.5)



A.1. FORTRAN PROGRAM TO CALCULATE THE ~yay CONTRIBUTION TO Bg.99

9980

9981

2190

2241

2210

2220

2221

2230

2235

2240

2261

2262

2263

2264

2265

WRITE(4,9980)G3322

FORMAT (1X, ’DYNAMIC GAMMA3322: ’ ' F10.5)
WRITE(4,9981)G2323

FORMAT (1X, ’DYNAMIC GAMMA2323: ’ ' F10.5)
WRITE(4,2190)Q1

FORMAT (1X, ’THETA11: > )F10.5)
WRITE(4,2241)Q2

FORMAT (1X, THETA22: ’ 'F10.5)
WRITE(4,2210)R

FORMAT (1X, ’R(0) : ’ F6.5)
WRITE(4,2220) SHAPE1

FORMAT (1X, SHAPE FACTOR 1: ’ 'F10.5)
WRITE(4,2221) SHAPE2

FORMAT (1X, SHAPE FACTOR 2: ’ 'F10.5)
WRITE(4,2230) PARAM2

FORMAT (1X, ’E/K: > JF9.5)

WRITE(4,2235)AMIN1, AMAX1

FORMAT (1X,’MIN AND MAX POINTS OF RANGE (64 INTERVALS):’,2(F10.5,3
X))

WRITE(4,2240)

FORMAT (1X,’END BT’)

WRITE(4,2261)

FORMAT(1X,’  ?)
WRITE(4,2262)
FORMAT(1X,’ )
WRITE(4,2263)
FORMAT (1X,’ )
WRITE(4,2264)
FORMAT(1X,’ )
WRITE(4,2265)
FORMAT (1X,’  ?)

close(unit=4)
END
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