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ABSTRACT

This thesis is devoted to two aspects of nonlinear PDEs which are fundamental
for the understanding of the order and coherence observed in the underlying physical
systems. These are symmetry properties and soliton solutions. We analyse these
fundamental aspects for a number of models arising in various branches of theoretical

physics and applied mathematics.

We start with a fluid model of a plasma in the case of a general polytropic
process. We propose a method of the analysis of unmagnetized travelling structures,
alternative to the conventional formalism of Sagdeev’s pseudopotential. This method
is then utilized to obtain the existence domain for compressive solitons and to establish
the absence of rarefactive solitons and monotonic double layers in a two—component

plasma.

The second class of models under consideration arises in (2+1)-dimensional con-
densed matter physics. These are the Abelian gauge theories with Chern—Simons
term, which are currently considered as candidates for the description of high—7T,
superconductivity and fractional quantum Hall effect. The emphasis here is on non-
relativistic theories. The standard model of a self-gravitating gas of nonrelativistic
bosons coupled to the Chern-Simons gauge field is capable of describing asymptot-
ically vanishing field configurations, such as lump-like solitons. We formulate an
alternative model, which describes systems of repulsive particles with a background
electric charge and allows to incorporate asymptotically nonvanishing configurations,

such as condensate and its topological excitations. We demonstrate the absence of
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the condensate state in the standard nonrelativistic gauge theory and relate this fact
to the inadequate Lagrangian formulation of its nongauged pfécufsor. Using an ap-
propriate modification of this Lagrangian as a basis for the gauge theory naturally
leads to the new model. Reformulating it as a constrained Hamiltonian system allows
us to find two self-duality limits and construct a large variety of self-dual solutions.
We demonstrate the equivalence of the model with the background charge and the
standard model in the external magnetic field. Finally we discuss nontopological
bubble solutions in Chern-Simons-Maxwell theories and demonstrate their absence

in nonrelativistic theories.

Finally, we consider a model of a nonhomogeneous nonlinear string. We continue
the group theoretical classification of the string equations initiated by Ibragimov et
al. and present their preliminary group classification with respect to a countable-
dimensional subalgebra of their equivalence algebra. This subalgebra is an extension
of the 10-dimensional subalgebra considered by Ibragimov et al. Our main result here

is a table of non-equivalent equations possessing an additional symmetry.



To my parents



vl

ACKNOWLEDGMENTS

I wish to express my sincere appreciation to the following.

Professor P G L Leach for his advice, encouragement and patience as my supervisor.

He has provided the much needed support and invaluable guidance for this thesis.

Dr IV Barashenkov, my co—supervisor, who introduced me into the fascinating world
of nonlinear science. Working with him has been the most pleasant and inspiring

experience.

Dr V O Strasser for the many enlightening discussions on plasma physics that we

had.
Professor M Hellberg for his helpful comments about the Chapter 2 of this thesis.

Professor N H Ibragimov for stimulating my interest in group analysis and encour-

agement during his visit of the University of Natal in November-December 1992.

Professor B D Reddy for making possible my visit to the University of Cape Town

where part of the work has been done.

The Foundation for Research Development of South Africa for financial support.



TABLE OF CONTENTS

vil

CHAPTER Page
[ INTRODUCTION . . . . . .. o 1
A. Solitons and soliton—bearing systems . . . . . ... .. .. 3
B. Symmetries and invariance . . . . . ... ... L 9
II ARBITRARY AMPLITUDE ELECTROSTATIC TRAVEL-
LING WAVES IN A PLASMA . . . . ... ... ... ... .. 13
A. Themodel . . . . ... ... .. Lo 14
B. Arbitrary amplitude solitary waves . . . . . e 15
C. Two—-component plasma . . . . .. ... . ... ...... 16
D. A no-go result for monotonic double layers . . . . . . . .. 22
E. Domain of existence for compressive ion-acoustic solitons . 23
F. Concluding Remarks . . .. .. .. ... ... ... .... 26
11 TOPOLOGICAL VORTICES IN A CONDENSATE OF NON-
RELATIVISTIC BOSONS COUPLED TO THE MAXWELL
AND CHERN-SIMONS FIELDS . . .. ... ... ... .... 28
A. The standard model and asymptotically nonvanishing fields 30
B. The regularised model . . . . ... ... ..., 37
C. The constrained Hamiltonian formulation . . . . . . . . .. 43
D. Momentum . . . .. ... ... 47
E. Vortices in the condensate . . . . . ... ... ... .... ol
1. Background solution and asymptotic behaviour . . . . 51
2. Self-dual limits . . . .. .. ... oo L 54
F. Equivalence of the background charge and the external
magneticfield . . . . ... oL Lo 61
G. Solitonic bubbles in Chern-Simons theories. . . . . . . .. 62
v PRELIMINARY GROUP CLASSIFICATION OF NONHO-
MOGENEQOUS WAVE EQUATIONS . . ... ... ... .... 74
A. The problem of group classification . .. ... ... .. .. 75
B. The equivalence algebra and preliminary group classification 77
C. The countable-dimensional subalgebra Ly . . ... .. .. 79
D. Automorphisms . . . . ... .. ... 81



CHAPTER

E. Optimal system of subalgebras for Ly . . . . . ... .. ..

CONCLUSIONS

REFERENCES

viil



X

LIST OF TABLES

TABLE - Page
I Table of commutators of Lg. . . . . . . .. ... 80
II Table of commutators of L. . . . . . . . . . .. . . .. ... ... 81
111 The result of the classification (¢ = 1/, v = f/a, ® and T are

arbitrary functions of A\). . . . . .. ... oo 89



FIGURE

LIST OF FIGURES

A typical form of the “boundary” on the z;,z, plane in the case

CYQ<].,O(1>1. .............................

The domain of existence of compressive ion-acoustic solitons for
an electron-proton plasma on the 7,9-plane, 7 = Ti/T,, ¥ =
miu? /T, = u*/V2. The domain is bounded by the thick lines.

The (n = 1) self-dual vortex. 1(a) and 1(b) correspond to both
the Maxwell-Chern-Simons (¢ = ) and the pure Chern-Simons
(u = 0) case. Fig. 1(a) shows the solution of the Liouville-like
equation (3.85a) while on 1(b) the corresponding magnetic field

is plotted, eq. (3.85b). . . . . ...

Electric field carried by n = 1 vortex in the pure Chern-Simons
case, E = —V Ay with Ag = —(e/k)(p — po)- (In the Maxwell-

Chern-Simons case, the vortex carries no electric field.) . . . . ..

Oscillating solutions in the case of attraction, U = —e*(p—py)?/k.

la. Vorticity—free solution. 1b. Solution with a negative vorticity. . .

The energy of homogeneous states in the 3—° model. . .. . . .

Page

18

24

56

38

60



CHAPTER I

INTRODUCTION

A large number of physical models gives rise to nonlinear partial differential equa-
tions. For a long time, however, it was accepted that for nearly all practical purposes
the corresponding linear models could be used. Typically one would assume that non-
linear effects can be neglected for small variations of physical variables. The resultant
linearized equations then can be solved using functional-analytic and operator meth-
ods. However, in the middle of this century it was realized that linear equations often
give inadequate and even incorrect description of the inherently nonlinear physical
reality. The systematic analysis of nonlinear PDEs and the explosive growth of what
nowadays is known as nonlinear science began in the late sixties with the discovery
of amazingly stable localized structures, solitons. At approximately the same time
there was a revival of interest in Lie symmetries of nonlinear differential equations
and their group-theoretical analysis.

The role of solitons and Lie symmetries in the analysis of nonlinear models cannot
be overestimated. In dynamical models, for instance, solitons are indispensable for
the determination of nonlinear evolution. More precisely in completely integrable
systems every localised initial condition breaks up asymptotically into a set of solitons,
propagating with constant velocities, accompanied by the background radiation that
typically dies off as 1/v/2. Since collisions of solitons in integrable systems are elastic,
the number of solitons remains constant. Hence the evolution of any initial data in
integrable systems reduces asymptotically to soliton dynamics. The existence of stable
solitons in a nonintegrable system is even more significant. In this case collisions of

solitons are no longer elastic. They produce the background radiation that can be



absorbed by other solitons. This usually leads to the loss of “mass” by some solitons
in the system. The implication of this behaviour for systems in a bounded region,
where solitons are confined to keep on colliding, is that after séme transient period.
there remains only one stable soliton. Thus solitons in nonintegrable systems act as
statistical attractors (even in the absence of dissipation) [58].

Another type of solitons, the topological solitons, is especially important for static
models. These localized configurations are characterized by a quantised topological
charge, whose conservation is a consequence of the topology of the underlying space.
Topological solitons cannot be smoothly deformed into the background configuration
and hence play a role of topological defects.

On the whole solitons represent islands of regular and coherent behaviour in
the midst of surrounding chaos and serve as footholds for the nonlinear analysis.
The symmetries play a conceptually similar role. On the one hand the presence
of a symmetry is a manifestation of a conservation law. On the other hand, since
equations admitting similar algebras of symmetries can be transformed into each
other by a change of variables, symmetries serve as a basis for the classification of
nonlinear equations. Group analysis can reveal a hidden symmetry structure of a
nonlinear equation thus providing a way for its possible simplification, identification
of particular solutions and, sometimes, complete integration.

A remarkable feature of Lie symmetries and soliton solutions is that both of them
have a deep physical content furnishing a mathematical formulation of major physical
concepts. The Lie symmetries provide é natural mathematical description of physical
concepts of invariance. Solitons, as localized nondispersive packets :of energy, can be

identified as real objects of particle and condensed matter physics.



A. Solitons and soliton—bearing systems

The concept of soliton takes its origin in the discovery of solitary wave by Scott-
Russell over a century ago [52]. He experimentally observed a localised water wave
propagating without a change of shape and .velocity. The explanation of this phe-
nomenon was given by Korteweg and deVries in 1895 [36], who introduced an equation

describing shallow water waves:

¢l + a¢¢l‘ + ¢rx1‘ = 0, a = Const.

A solitary wave solution of this equation can be easily found. This is a solution which

is stationary in the coordinate system moving with velocity u:

B(x,t) = dw(é), €=z —ut. (1.1)

The second defining property of a solitary wave is that it is an essentially localised
solution. The rate of its approach to the constant asymptotic state at spatial infinity
is exponential. Note that the asymptotic values can be different at different infinities.
This is characteristic for topological solitons, such as kinks in a one-dimensional
space, vortices in two dimensions and monopoles in 3D.

Although solitary waves were discovered over a hundred years ago, their signifi-
cance was recognized only in the early seventies. Before that it was generally accepted
that solitary waves are rather exceptional and tricky particular solutions that may
occur only under very special initial conditions, just as it has been thought that the
nonlinearity responsible for their formation will lead to their destruction after they
collide. The process towards the real understanding of solitary waves and recognition
of their importance started with numerical experiments by Kruskal and Zabusky [57].

These numerical experiments demonstrated that solitary waves can emerge after a



collision unchanged. Solitary waves that survive a collision have been called solitons.

A major breakthrough in the understanding of the soliton dynamics came with
the discovery of the inverse scattering transform method (IST) [22, 37]. The:.IST -'
method rigorously reduces the solution of a nonlinear problem to a sequence of linear
computations. Ma.ny other equations amenable to inverse scattering have since then
been identified [51] . Using IST one can prove that not only do solitary waves of these
equations emerge unchanged after collision, but that any initial condition breaks up
asymptotically into a set of solitons propagating with constant velocities. Equations
that can be solved by the inverse scattering are known as completely integrable. Un-
fortunately, like most problems that can be solved analytically, completely integrable
equations are an exception, even though they model a wide range of.physical phenom-
ena. As a rule systems arising in mathematical physics, especially higher dimensional
ones, are nonintegrable.

One of the major sources of soliton—bearing equations is the physics of fluids and
plasma physics in particular. Another large supplier of soliton equations is particle
physics. Here solitons arise as solutions of classical field equations and serve as a
basis for the construction of quantum objects. Solitons also play an important role
in condensed matter physics. In this thesis we investigate Abelian gauge theories
in (2+1) dimensions which are used to describe quasiplanar systems of condensed
matter. On the one hand these theories provide a phenomenological description of
normal and high-T, superconductivity, and systems exhibiting the fractional quantum
Hall effect. On the other hand they serve as a basis for quantum field theories that
provide a second-quantized description of these models.

The hydrodynamic model of plasma is the first system with which we are con-
cerned. As a medium with a large number of oscillating modes, plasma supports a

rich variety of soliton-like nonlinear structures. These are obtained both theoretically



and experimentally. The most general description of plasma can l?e given in terms of
the distribution function goverhed by the Boltzmann equation. -.Such description con-
stitutes the foundations of the kinetic theory. The analysis of the full kinetic model is,
however, extremely difficult and one has to invoke various approximations. The most
important one is the hydrodynamic model. In the hydrodynamic description plasma
is treated as if it were composed of several intermingled nonviscous fluids, correspond-
ing to different kinds of particles. The velocity of any one fluid at any point in space
is assumed to be the average velocity characteristic of the particles comprising that
fluid at that particular point. The collisionless plasma (no interaction between fluids)

is hence governe.d simply by the equations of multifluid magnetohydrodynamics [17]:

V- -E=4r) nqg (1.2a)
j
VxE=-B (1.2b)
V.B=0 (1.2¢)
AV x B=4r1) njqv; + E (1.2d)
j
8V]’ .
min; |y + (Vi- V)vi| =¢ini(E+ v, x B) = Vp; (1.2e)
on;
5 TV (nv;) =0 (1.2f)
pi = C(m;n;)". : (1.2g)

The first four equations in the system (1.2) are Maxwell’s equations relating elec-
tromagnetic fields E, B to particle densities, n;, and velocities, v;, in each of the
fluids. Eq. (1.2e) is a momentum equation for the j-th fluid in the electromagnetic
field. Eq. (1.2f) is a continuity equation for j-th fluid. Constants ¢; and m; stand for

the charge and mass of particles so that n;m; and n;q; express the mass and charge



densities, respectively. The last equation in the system is a thermodynamic equation
of state for a polytropic process. It implies that the heat flow can be neglected. In
the case of an n—component plasma (1.2) is a set of 3n + 8 nonlinear scalar eduations
for 5n + 6 unknowns. However, two of the Maxwell equations, egs. (1.2a) and (1.2¢)
are superfluous since they can be recovered from egs. (1.2d) and (1.2b). Thus -(1.2)
is a self-consistent system of 5n + 6 scalar PDEs for 5n 4+ 6 unknowns. The com-
plexity of this system is reflected by the large number of soliton equations it contains
as reductions. The KdV, nonlinear Schrodinger, Boussinesq, Kadomtsev-Petviashvili
equations, as well as their nonintegrable modifications, are all derived from (1.2) (see
e.g. [42] for a review and references). These equations approximate the system (1.2)
in a variety of situations. However, the assumption of small amplitude is essential in
all of these situations. The study of large-amplitude solutions requires the analysis
of the general system (1.2). We study these in the next chapter. More precisely we
investigate the existence conditions of planar travelling structures in the absence of
the magnetic field.

Another class of models that we are concerned with are models of condensed
matter physics, namely those processes that are described by the U(1) gauge theory.
The state of a superconductor, for instance, is characterized by the local density of
the superconducting component, p(x,t) = |1(x,t)|%. (Here ¥(x,1) is a complex wave
function.) The interaction with the electromagnetic field is introduced by-the minimal
coupling of ¥ to the corresponding vector potential A*(x,t): 9, — D, = 8, + ieA,.

This produces Lagrangian £(1, A%) invariant under local gauge transformations:
T,/) N eix(x,t)

1
A= A+ ZVy(x,t)
€

AO — AO — atX(x,t)



Gauge theories of which the Abelian model is a simple example play a very im-
portant rol.e in contemporary physics, providing a mathematical foundation for the
modern unified theories. These theories are based on more complicated multidimen-
sional nonabelian models. However, the U(1) theories already possess many properties
inherent in more general gauge fields. Thus, apart from applications in condensed
matter, this class of models has even greater significance as a nice laboratory for
studying more complicated gauge fields.

The U(1) model is especially interesting on the plane. The planar case possesses
two important features that are absent in (34+1) dimensions. First of all in (341) di-
mensions the most general quadratic kinetic term has a conventional Maxwell form:
—(u/4) Fup F*P, where Fop = 0,As — JpAs. In (2 4+ 1) dimensions the Chern-Simons
(CS) term (k/4)e"*P A, F,5 provides a possible alternative. The resultant Chern-
Simons “electrodynamics” drastically differs from the conventional electrodynamics
of Maxwell, as charged particles interacting with Chern-Simons field carry a magnetic
flux. The Chern-Simons model was proposed for the description of high-T. super-
conductivity and fractional quantum Hall effect. It is currently argued that anyonic
quasiparticles, objects exhibiting fractional statistics, might be responsible for these
phenomena. Fractional statistics, on the other hand, implies that anyons must carry
magnetic flux and hence obey the Chern-Simons electrodynamics [41].

Another very important feature of the planar model is the occurrence of topo-
logical solutions, which is a consequence of the nontriviality of the homotopy group
of mappings of the circle: S' — S'. Finite energy configurations in this model all
fall into a countable set of non-overlapping topological classes, characterised by a

conserved topological charge n € Z. Indeed, let us assume that the corresponding



energy is given by

H= []Dz/)[2 +EF2 4 U(p)]| da.
U

Suppose that U'(po) = U(po) = 0, where po # 0; The finiteness of the energy
requires that |¢|> — pg as 2 — co. The phase of the field at the infinity can
however vary and hence the allowed asymptotic states of ¢ form a circle Sii"t), defined
by |[¢|> = po.- On the other hand, since the physical space is two-dimensional, its
boundary essentially is another circle S$P™). Hence the set of boundary conditions
on 1 compatible with the finiteness of energy is the set of all nonsingular mappings
Sﬁphy’ — Sfint). These mappings fall into a countable number of homotopy classes
characterised by a topological index n. It has a meaning of winding number as
it describes the number of times S0™) is traversed when Sﬁphys) is traversed once.
Clearly mappings with different winding numbers can not be continuously deformed
into each other. A consequence of this fact is the conservation of the topological
index (or topological charge) with time. Since the time evolution is a continuous
deformation, a field configuration belonging to some topological sector stays within
that sector as time evolves.

Soliton solutions with n = 0 and pg # 0 are often called solitonic bubbles. These
solutions reside in the same topological class as the background field, ¥ = |/po. The
solitons with n # 0 are topological in the sense that they cannot be continuously
deformed into the background configuration. These solutions are usually referred to
as vortices and their topological index n as vorticity.

In this thesis we consider Abelian gauge theories in Chapter 2. We formulate a
new nonrelativistic Chern-Simons model with vortex solutions and present its detailed

analysis.



'B. Symmetries and invariance

Rather intuitive concepts of invariance and symmetry havé their mathematical foun-
dation in the theory developed by Sophus Lie in the previous century. The continuous
groups introduced by Lie (Lie groups) comprise both algebraic and topological struc-
tures and naturally describe physical concepts of invariance, such as the homogeneity
and isotropy of space and time, dynamical similarity, Galilean and Lorentz invari-
ance. A major part of Lie’s work was devoted to the study of symmetry properties
of differential equations. The subject of studying differential equations from the Lie-
group point of view is nowadays known as the group analysis of diﬁereniial equations.
Since many physical models are formulated as systems of differential equations, this
is probably one of the most important applications of the Lie group theory.

A concept of the group admitted by a given differential equation is central to the

group analysis. We say that a family G of transformations of R™:

q=4d(¢,a), q€R", «CR, (1.4)

is an (r-parameter) Lie group if

1) The composition of any two transformations from G also belongs to G.
2) G contains the identity transformation, which corresponds to ¢ = ao.
3) For any transformation in G there exists its inverse, also belonging to G.

4) ¢(z,a) is an analytical function in some open set of parameters (g,a) containing

ap.

If a € R, then the Lie group is one-parameter. A one-parametric group can be
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~ completely recovered if we know its generator:
0

X =¢=—

50

where £ = 0¢/da|y=q,- Transformations of the form (1.4) are recovered as solutions

of the initial value problem for the Lie equation:

b _

L), s =q (15)

Let us suppose now that g represents a vector of independent ( z) and dependent (y)

variables of a differential equation:
g=(z,y) z€R" yekR

and the generator of the Lie group of transformations (1.4) is

(1.6)

A differential equation describes a surface in the extended space, spanned by z,y and
by the derivatives of y with respect to . The general form of, for instance, a second
order equation is

F(z',y%, 98, y5) =0, (1.7)

where F is a R™-valued function, y® = dy®/dz" and Yo = 9y /dz'0z’. In order to
formulate the invariance condition for a differential equation one needs to know the

transformations (or the corresponding generator) induced by the transformations (1.4)

on the extended space.
The generator of the transformation that acts on the space spanned by (z*, y*,

yZ,yss) is called a second prolongation or extension, X,, and is obtained by the
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following prolongation formulas:

o 0 « 0

X2—X+Ci a—yia"f‘cijay?jv

where

(¢ = Di(n*) = y5 Di(&)
&= Di(¢7) — v Di(€5).
Here
D. = 0 + ai_}_,a_a__l_
7 = 59& Y, aya yijay?

is the total derivative. We now say that the group G with the generatbr (1.6) is

admitted by the equation (1.7) if
(X2 F)p=0 = 0. (1.8)

For an nth order equation, the nth prolongation of X, X,, should be used instead of
X,. It can be obtained in a similar fashion.

The group admitted by a differential equation acts on the solutions of the DE
and hence endows the set of solutions with an algebraic structure. This can be used,
for instance, to describe the general properties of solutions, to find solutions that
possess certain invariance properties, and to generate new solutions from the known
ones.

An important problem in the group analysis is classification of differential equa-
tions according to their admitted algebra.s.k Equations appearing in mathematical -
physics are often not rigidly defined, but contain some arbitra'r.y' functions and pa-
rameters, 1.e. they come as members of a certain family. In this case group analysis

can be used to divide members of a family into classes, nonequivalent with respect to
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a change of variables, and ﬁnd equations with certain desirable features, such as the
simpleét structure or the widest admitted group of symmetries. -

Symmetries and invariance are dealt with in all chapters of this thesis. In the
next chapter we study self-similar solutions of the hydrodynamic equations of plasma
physics. In Chapter 3 we discuss relativistic (i.e. invariant under Lorentz transfor-
mations) and nonrelativistic (admitting the Galilei group) models. We use gauge
and rotational symmetries to obtain a simpler form of solution. These symmetries
together with translations are also used in the context of Noether’s theorem in order
to define correctly momenta of a vortex. Chapter 4 is completely devoted to the
Lie symmetries of differential equations. We use methods of the group analysis to
perform a group classification of equations describing a nonlinear nonhombgeneous

vibrating string.



13

CHAPTER II

ARBITRARY AMPLITUDE ELECTROSTATIC TRAVELLIN.G WAVES IN A
PLASMA

The study of arbitrary amplitude travelling structures (such as solitons, double layers
etc.) in plasmas has been a subject of considerable interest in the recent years. The
fact that the amplitude can be arbitrarily large makes the KdV equation inapplicable
and one should use the more general fluid model. Starting from the paper [49] the
travelling structure solutions of fluid equations were usually analysed using the for-
malism of the Sagdeev pseudopotential. It was shown [55] (in the approximation of
Boltzmann electrons and cold ions) that plasmas consisting of single ion and electron
components do not admit rarefactive solitons, although the question of their existence
in a more general case remained open. Recently several publications appeared where
travelling structures are studied in multi-component plasmas [12, 3, 4]. A question
of special interest has been the domain of existence of such solutions. Numerical
investigation [5, 48] has shown that they are possible only in rather restricted regions
of the parameter space of the model.

It was found both theoretically [13, 38, 50, 56] and experimentally [40, 18, 19]
that particle distribution within a monotonic transition layer (which is a kink-type
soliton) can be classified into “irapped” and “free” groups. This irnpl_ies that in a
fluid model of a two—component plasma kinks do not occur, although a rigorous
mathematical proof of this fact has not been given.

In this chapter we study the existence conditions for travelling structures without

using the conventional method of the Sagdeev pseudopotential. In the next section

we introduce the fluid model of a plasma. In sec. B we perform a partial integration
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of the model using a travelling wave ansatz (1.1). This resulvts in two constraints
on the density configurations. The first one defines a line and the second defines
a region in the density space. In sec. C we restrict ourselves to a.two—component‘
plasma and formulate a necessary and sufficient condition for the existence of solitons
and kinks in terms of the mutual geometrical locations of the constraints on the
density plane. As a by-product of this consideration we establish the non-existence
of rarefactive solitons. In sec. D we show that a two-component plasma with the
same thermodynamic properties of the components cannot support double layers.
The domain of existence of compressive solitons is found in sec. E. Finally in sec. F

some concluding remarks are made.

A. The model

The plasma is assumed to be infinite, homogeneous, collisionless, unmagnetised and
quasineutral. The system of plasma fluid equations (1.2) for one-dimensional config-

urations then becomes

On; n d(n;v;)

T . 0, (2.1a)
Ov; Ov; Op; O

m;n; (Ej_ + Uja_gj) 8—; = —ejnja—x, (21b)

0%

w = —47’[';8]?2] ‘ (21(3)

Here nj,mj, e;,v;, p; are the density, mass, charge, velocity and pressure of the j-th
species respectively. To obtain a closed system one should add an equation of state.

We assume a general polytropic process

p—ﬂljj = const, (2.2)
nj

where v; is the polytropic index.



Also we assume the following boundary conditions:

0 :
é, 3% 0; nj; —njo; p; — njol;;

15

(2.3)

as ¢ — —oo. Here T} is the background temperature and the unperturbed density,

njo, satisfies the quasineutrality condition:
Z Cjnjo =90.
J

B. Arbitrary amplitude solitary waves

(2.4)

We look for solitary wave solutions propagating with a constant velocity u. It is

advantageous to pass into a moving frame by means of the transformation é = z — ut.

Equation (2.1a) can then be readily integrated to yield

Substituting this into eq. (2.1b) we obtain

Equation (2.5) can be integrated to give

YL

Tilnz; + J2u (2572 = 1) = —e;4,

for an isothermal process (y; = 1) or

i T5 | -1 m;u® ; _ ,
2 T (1) <

v;—1 2
n;\"’ n; on; 0
7 7

(2.6a)

(2.6b)

for an anisothermal process (v; # 1), where z; = n;/n;o are normalised densities.
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Eliminating ¢ from egs. (2.6) we obtain

T 2 .
5 [ 20 -+ 75 (57 )

v #1 i -1 )
2
+ 3 [Tj Inz; + m]2u (z]'z - 1)] njo = 0. (2.7)
V=1

This equation defines a curve in a space of normalised densities, z;, which we will
further refer to as a trajectory of the solution. We denote the LHS of eq. (2.7) by
T (x).

On the other hand, summing egs. (2.5) over all types of species, using the Poisson
equation (2.1c) and integrating, we obtain

> [Tj(x;-" —1) + myu*(z;! - 1)] njo = ) (%?) . (2.8)

- 8
J

We denote the LHS of eq. (2.8) as B(x). Since (9¢/0¢)* > 0, configurations with
the densities satisfying B < 0 are not allowed. The boundary of this “no dymamics”

region is defined by

C. Two-component plasma

We restrict ourselves to the plasma consisting of two kinds of species, 5 = 1,2. In this
case both the trajectory and the boundary are curves in the plane of the densities
(z1,22). Let k and ! be fixed indices, k = 1 or 2, [ = 3 ~ k. The trajectory and the

boundary can be represented as solutions of autonomous differential equations

. —2 -
dry e [wuTizy - myulz® 510
dz, e Tz~ % — mu2z® (2.10)
k k YiL1Zy { t!
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and

d Tz b _ 2272
ot _ & [% kL - MU I_kZ . (2.11)
dry,  er | vzl ™" — mplzy
respectively, with initial condition zy(0) = z(0) = L.

The initial point z; = z, = 1 belongs both to the trajectory and the boundary.

This is also a point at which they have a common tangent,

d:l:t]

dCL‘k

dzy e

YT — mkuz]

2.12
T — mu? (2.12)

zp=1 d:l:k (43

p=1
We denote [m;u?/(v;T;)"*) by a;. For 0 < ap; < +0co the curves defined by
eq. (2.7) and (2.9) are closed. The extrema of z; are achieved at z3_; = a3_;, since
here the derivatives dz;/dz;_; vanish (fig. 1). According to eq. (2.5) the derivatives
dz;/d¢ become infinite when z; = «;. Therefore, the solution lives only on the part of
the trajectory falling into the quadrant bounded by the lines z; = «; and containing
the initial point (permissible quadrant).

We shall now estimate the “escape time” from the points of the boundary. By

the escape time we mean the range of { needed for the finite change of densities z;.

Expression of 0¢/0¢ from eq. (2.8) and substitution of it into eq. (2.5) results in

_ dzx; .
(')’]‘T]'.T,';/J 2 m]-u2xj_3) difj = ?ffj\/STFZmo {T,(a::’ — 1)+ mu?(z] - 1)] (2.13)

Let (k1,k2) be a point of the boundary and x; # «;. Introducing new variables
v; = z; — k; and taking into account that

2.-3

TR — myuts 2
T + O(V]))

. I E T -3
Vo Ta-jrs’y = — ma_juik3Z;

due to eq. (2.10), we can write eqs. (2.13) as
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|

!

|

|

1

] I ]

0 1 o,y X
Fig. 1. A typical form of the “boundary” on the z;, z, plane in the case az < 1, oy > L.

dv;

j—2 2 - _
(’)’jTjK,;YJ —mju KZ]- 3) df p

?ej\@rnjoi/j(ﬂa—j — ;) (meu?s® = Ty’ ) + O(v2).

We observe that for k; = &,

du.
—dy—g — :{:G,J'l/j + O(UJZ), G.J' > 0, (214)
and for k; # K2
dv;
0 = b/l + 01wy, (215)

Eq. (2.14) implies that v; behaves like an exponential function. It vanishes when
& — oco. Hence the trajectory may leave or enter points with k; = &, in an infinite
“time”. On the other hand eq. (2.15) yields a finite “time” of enter (escape) for the

points with k; # k;. Assuming z; = z in eq. (2.9) one can verify that the boundary
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and the bisector z; = z5 can have at most two common points. The infiniteness of
the escape time for the point (1,1) proves the consistency of the boundary condi-
tions (2.3). |

At the infinity the solution can have two different types of behaviour. It can either
end at the second point with infinite escape time (z; = x5 # 1) or it reaches a turning
point on the boundary where z; # z; (at this point the sign of the RHS of eq. (2.13)
changes) and comes back to the point (1,1). In the first case the solution will have
the form of a kink while the second case corresponds to a symmetric (with respect to
¢) lump-like soliton. In both cases the solution satisfying boundary conditions (2.3)

exists if and only if the following two conditions hold.

1. The trajectory touches the region B < 0 at the initial point (1,1) on the outer

side. (Escape condition.)

2. The trajectory intersects (touches at 2, = z; # 1 in the case of a kink) the

boundary in the permissible quadrant.

The “escape condition” can be written in terms of second derivatives at the initial

point,
d2$t1 dQIbl .
d:l'z d:l‘z if ap > 11 (216&)
¢ lrp=1 ¢ lzk=1
d*zy day : )
o iz if o <1 (2.16b)
=1 vz =1

In view of egs. (2.10), (2.11) and (2.12) these conditions can be reduced to

dl‘tz
0 _ -
< dIk

dI bl

= T, <1l for a>1,ar<1. (2.17)

Tr=1

=1
In the case a;,a; > 1 the escape condition can never be satisfied while in the case

ay, a2 < 1 it always holds.



20

Let us suppose that the escape condition is satisfied, i.e in the neighbourhood of
the initial point the trajectory is in the region B > 0. The requirement of intersection
will then be fulfilled if the trajectory is in the region B < 0 when it reaches one
of the lines a; = 0 (boundaries of the permissible quadrant). To show that this
condition is also necessary we prove that the trajectory can intersect the boundary
in the permissible quadrant only once.

Let

2 3

Y12
d(zey —zp2)  e2mnTiz]' ™" —mu

fle))=——7"—==

Y22 2..,—3
dz, e1 e Thzs T — mautay
22

Ty

-1 -
esmnliz] — mur]

: (2.18)

e1 v Tox ™ — moulzy}
f(z1) is the derivative of the difference g(z1) = zi2(z1) — zb2(z2) which is a single-
valued function of z; in the permissible quadrant. Note that f(1) = 0. Assuming

that escape conditions (2.16a), (2.16b) hold we obtain that
sgn f(1+6) =sgn(d) sgn(l — ) (2.19)

for sufficiently small 6. On the other hand at a common point of the boundary and

trajectory where xy = zpy = x4,

3 . m+l yi+1
PERTRCY'L S LMt ual o)
1) = — - —]. .
ey ")’2T21““;’ z'zvz+1 _agﬁ-l s

We first show that in the case a,,0; < 1 the trajectory and the boundary
have no points of intersection in the permissible quadrant which is now defined by
(1 > 1,72 > a3). Let (z],3) be the point of intersection of the boundary and the
trajectory immediately to the right of the initial point, 3 < 1 < z}. Eq. (2.19) then
implies that f(1+0) >0, i.e. g(z;) emerges from zero while increasing and it has to

decrease when it reaches its next zero, and so f(z}) < 0. Hence according to eq. (2.20)
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x} > z}, which contradicts the assumption made above. The same argument can be
applied if the point of intersection (z7%,x}) is assumed to be immediately to the left
of the initial point.

Let us now analyse the case ay < 1, a; > 1 (Fig. 1). Again let (z},z3) be the
point of intersection immediately to the right of the initial point, 2] > 1. Again
eq. (2.19) implies that f(1 + 0) > 0 and so f(z}) < 0. However, this time eq. (2.20)
yields z3 < z}. Note that condition (2.17) implies that dzp/dz; > 1 and hence the
bisector z; = z, intersects the boundary between z; = 1 and z; = z]. Suppose
there exists another point of intersection (z7*,z3*) to the right of (z],23), z7° > z7.
Then g(z,) reaches its zero at z}* while increasing, i.e. f(z}*) > 0, and consequently
z3* > z7*. This means that the line 2; = z, should again intersect the boundary,
which is impossible.

If (z7,23) is the point of intersection immediately to the left, 27 < 1, then,
since f(1 —0) < 0, we have f(z7) > 0. Hence z} > ;. This, however, contradicts
the condition dzs/dz, > 1 which implies that this point lies below the bisector, i.e.
Ty < z7.

The case a2 > 1,03 < 1 can be obtained from the previous case by formal
exchange of indices.

As a result the trajectory and the boundary can have only one point of intersec-
tion in the permissible quadrant and only in the case when o; < 1, ay >.1. Moreover,
if (27, 3) is such a point of intersection, 27, > 1. In this case the sufficient condition
of intersection which now becomes also necessary can be expressed as the following
Inequality |

zu(on) < To(ar). (2.21)

Note that the condition z}, > 1 means that densities can only increase, i.e.
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rarefactive solitons are not allowed.

D. A no-go result for monotonic double layers. -

Apart from lump solitons, the analysis of the sec. 4 gave us another possible type of
a travelling structure, viz. a kink. Such solution would exist if and only if the second
common point of the boundary and trajectory in the permissible quadrant belongs
also to the line z; = z,. We shall further assume v; = 4, = 4. The Assumption that

T, = T2 = ¢ in equations (2.7) and (2.9) for the trajectory and the boundary results

In
_ y—=1 , _
D -1+ alz’2-1)=0 2.22a
—a (a7 -1) (2.22a)
and
2 —1+a(a7=1) =0, - (2.22b)
where

minio + MaNayg 4

Tinyo + Tang

A kink can exist only for such v and a that a system of equations (2.22a), (2.22b)
has a solution z # 1. Multiplication of equation (2.22a) by z? and subtraction of it

from equation (2.22b) multiplied by z results in

v+1
2y

-1
x2(1+7 a)—:c(a+1)+

> a=0. ‘ (2.23)

The roots of this quadratic equation are

p =1, gy 0 FDa
27+(7—1)a
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The system (2.22) has the solution z, if and only if it solves eq. (2.22b). Expressing

a through z,,
2(132’)’
a= ,
(vy+1)—z2(y—1)

we rewrite eq. (2.22b) as

o +1 y+1
g(z2) = o} (“_Z—J —lhm =0 (2.24)

Since g(1) = 0 while ¢’(x,) # 0 for z; # 1; 2, = 1 is the only root in accordance with
Rolle’s theorem. Consequently z = 1 is the only common root of equations (2.22a)
and (2.22b).

For an isothermal process (y = 1) instead of egs. (2.22a) and (2.22b) we have

Inz + g (1"2 — 1) =0, | (2.25a)
z—1+a(z7'=1)=0. (2.25b)

Equation (2.25b) has two roots z; = 1, 2 = a. Substituting z = a into eq. (2.25a)

we obtaln

1 1
Ina = 3 (a — 5) : (2.26)
Using the same consideration as for eq. (2.24) we find that a = 1 is the only root of
eq. (2.26).
This proves that the model in question can not support monotonic transition

layers.

E. Domain of existence for compressive ion-acoustic solitons

Let us call the jth type of particles in the plasma ions (i) if @; > 1 or electrons
(e) if ¢; < 1. A condition necessary and sufficient for an existence of compressive

solitons is given by egs. (2.17) and (2.21). We introduce the following dimensionless
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Fig. 2. The domain of existence of compressive lon-acoustic solitons for an elec-
tron-proton plasma on the 7,9-plane, T = T3/T., ¥ = mu? /T, = w?/V2. The
domain is bounded by the thick lines.

parameters, g = me/mi, 1 = nio/Neo, T = Ti/Te, 0 = v?/VZ? = mu?/T,, where V; is
ion acoustic speed. Since ae = (Op/7e)/0F) < 1 and o; = [0/(ym)]/Ot) > 1, 6
and 7 satisfy: 7 < 0/v, 0 < ve/pu.

The escape condition (2.17) written in our dimensionless parameters is

0 .
T<—(1+ﬁ>—7. (2.27)
i n 7N

Eq. (2.27) gives the left margin of the existence domain (thick straight line in Fig. 2).

The boundary of the region defined by eq. (2.21) is given by

Tre(ati) = The(at), (2.28)

where Tpe(a;) and zi.(e;) are the maximal roots of equations T (z, ;) = 0 and
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B(zpe, i) = 0 respectively. (We should choose the maximal roots, since we consider
only those parts of the trajéctory and the boundary that fall into the permissible
quadrant.) Hence eq. (2.28) is a compatibility condition of these equations.

Jon-acoustic solitons are stable and propagate with a constant speed only if 7 <
1, otherwise their amplitude and hence speed decrease due to Landau damping. Then
Vr, > u (Vr, = {/2T;/m; is a thermal velocity of particle species j) and hence the
variations in the electron temperature are very small. Accordingly the polytropic
index for electrons is very close to that of an isothermal process, 7. = 1. The ion-
acoustic velocity, on the other hand, although less, can be of the same order as a
structure speed. Hence the process for ions can be naturally approximated as an
adiabatic.

Teo(0) and ape(q;), for an isothermal electron, v, = 1, and for an anisothermal

ion, v = v # 0, are found from

T(zie, ) =Ilnz, + 9?# (ace‘Q - 1) + 77_7:771 (a?‘l - 1)

+9777 (ai"Q — 1) =0 (2.29)

and

B(zpe; o) =2 — 1 + 0p (Ie_l - 1) +7n(ef —1)

+0n (o7 — 1) =0, (2.30)
according to egs. (2.7), (2.9). Eq. (2.30) produces a quadratic equation
w2 —zbtc=0, (2.31)

where b = 1+ p + 67 (1 — afl) +7m(l — ') >0, c=0u. To prove the positiveness
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of b it suffices to show that

01— ) +7(l—a])>0 (2.32)

o bl

where o; = [0/(77)]}/©*1). On the introduction of a new variable ¢ = 8/7, eq. (2.32)
becomes

~

[1+q—q#(7# +477T)] 7 = plg)7 > 0. (2.33)
Eq. (2.33) always holds since, at ¢ = 7, p(q) achieves its minimum, p(y) = 0.

Hence the maximal root of eq. (2.31) is z+ = b+ Vb? — 4ac/2a. Accordingly,

eq. (2.28) is equivalent to

lnx_}_-{-% (xe_z—l) +;/in1 ( A —1)
+%”( T2-1)=0 (2.34)

Eq. (2.34), as one can verify, is satisfied on a line segment 7 =0/, 0 < § < v/u
(thin straight line in Fig. 2). Numerical solution shows that eq. (2.34) is also satisfied
on another line that gives the right margin of the existence domain (Fig. 2) (thick

curve in fig. 2).

F. Concluding Remarks

We have obtained the following results for a fluid model of a two-component plasma:

1. The model does not admit monotonic transition layers in the case of a plasma
consisting of two types of particles with the same thermodynamic properties

(M = 72),

2. The model does not admit rarefactive solitons,
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3. Compressive ion-acoustic solitons exist only in the domain defined by egs. (2.27),

(2.34).

In Fig. 2 we present the domains of existence of compressive solitons in a plasma
consisting a single isothermal electron species and a single adiabatic proton species,
= 1/1836, 7. = 1, 71 = 5/3. These solitons are supersonic, ¥ > 1. Let us note
that the right boundary of the domain for 7 = 0 (cold ions) corresponds to the speed
u = 1.58V, which coincides with the standard result of Sagdeev [49].

For low ion temperature the domain of existence sharply shrinks with the increase
in temperature. Consequently even a comparatively low 1on temperature cannot be
neglected.

We have assumed that the polytropic indices are constants énd do not dep.end
on other parameters. This is in fact a simplification of the model, since polytropic
indices do depend on parameters such as ratio of structure speed and thermal velocity
of particles, structure amplitude etc. The natural way to deal with this would be to use
the kinetic theory, where there is no need to make assumptions abouf the dependence
of polytropic indices. Although this approach is more general, it does not seem to be
feasible to obtain even the most simple general conclusions about the properties of
travelling structures.

We have not considered solutions with trajectories intersecting the lines z; = «;.
However, we note that such solutions might be possible and would correspond to
shock waves. The analysis of shock waves requires the use of the appropriate integral

relations and lies beyond the scope of the present investigation.
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CHAPTER III

TOPOLOGICAL VORTICES IN A CONDENSATE OF NONRELATIVISTIC ~
BOSONS COUPLED TO THE MAXWELL AND CHERN-SIMONS FIELDS

Vortices, topologically nontrivial localised structures, lie at the heart of all theories of
particles with fractional statistics. It is these collective excitations of the field quanta
that are considered as candidates for anyonic objects in quasi-planar condensed matter
physics. More precisely, in the case of charged matter interacting with a Maxwell field,
the anyon is a bound state of an (electrically neutral) vortex and a field quantum, a
“flux” and a “charge”. If the gauge field is of Chern-Simons type, the vortex is no
more electrically neutral and behaves as an anyon itself. | ’

Both Maxwell and Chern-Simons vortices are discussed in the literature, for
both relativistic and nonrelativistic matter fields. So far the relativistic model has
been amenable for a more thorough analysis. It admits a nontrivial ground state over
which topological vortices can be superimposed.

The vortex configurations of a scalar field minimally coupled to the Maxwell
field were discovered by Abrikosov within the (240)-dimensional Ginzburg-Landau
model of superconductivity [1]. This model can be treated as the static limit of the
(2+1)-dimensional Higgs, or more precisely, Higgs—Maxwell theory, Therefore one
can think of Abrikosov’s solutions as of relativistic vortices in the sense that they
are static solutions of the (2+1)-dimensional relativistic Higgs-Maxwell theory [43].
The compatibility of Abrikosov’s vortices and of the Ginsburg;Landau model itsélf
with relativistic dynamics follows from the fact that this model does not contain
the Gauss law, AAy = Jy. This omission is compatible with the assumption of the

electrical neutrality (Ay = 0) only when J; vanishes for static fields, i.e., when it is
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the relativistic charge: Jo = te(¢Dod — #Dod).

The possibility of existence of Chern-Simons-Maxwell vortices was first discussed
in [45] withir.1 the relativistic Higgs model. (For the actual nﬁmérical solutions of this
model see [16].) Multivortex solutions and the selfduality limit were discovered (in
the pure Chern-Simons case) in [26] and [33, 29]. In addition to these asymptotically
nonvanishing solutions with quantized flux, the relativistic model exhibits nontopo-
logical solitons for which the matter field, ¢, vanishes at infinity [29]. (We call such
bell-shaped solitons “lumps” in this thesis.) Although the two sets of solutions are
supported by the same scalar potential U(¢) = (|¢]* — po)*(|¢|* — @), they obviously
pertain to different regimes of the self-interaction, vortices to repulsion, lumps to
attraction.

The nonrelativistic model, i.e. the gauged nonlinear Schrédinéer équation [31], is
presumably more relevant for condensed matter applications. However, it was found
to exhibit only asymptotically vanishing solitons [31, 30, 32]. Although these collective
excitations are also referred to as topological vortices, as their flux is quantized, they
are clearly distinct from the relativistic topological vortices which have the form of
defects interpolating between topologically distinct vacua. Solutions of the latter
type do not arise in the standard nonrelativistic model as formulated by Jackiw and

Pi [31]. There is even no condensate state, i.e. nontrivial vacuum solution in this

model.

As in the ordinary, nongauged nonlinear Schrodinger equation, the above—said
bell-like solitons arise in the case of the self-attractive boson gas (coupled to the
Chern-Simons field). By analogy with the nongauged equation, one could expect the
condensate state to emerge in the case of the nonlinear Schrodinger equation with
repulsion. However, as is shown below, the condensate can be incorporated into the

“standard” model by no choice of the scalar self-interaction. It turns out that this
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model is applicable only for the description of asymptotically vanishing fields. Our
aim is to modify it to incorporate the condensate (and the topological defects).

We demonstrate that the necessary modification can be attained by the revision
of the Lagrangian formulation of the nongauged precursor of the standard model.
Using the revised Lagrangian as a basis for the gauge theory, we arrive at a new
version of the gauged nonlinear Schrodinger equation which is completely compatible

with the nonvanishing (“condensate”) boundary conditions.

A. The standard model and asymptotically nonvanishing fields

The gauged nonlinear Schrédinger equation was formulated by Jackiw and Pi [31, 30,
32]:

1 — eAotp + D* — U'(p)y = 0, (3.1a)
where p = |¢|2, U'(p) = dU/dp, D = V —ieA, Ay is the scalar and A the vector
potential. The gauge field A* = (Ag, A) satisfies its own equation for which the
conserved matter current, J* = (Jo,J), serves as a source. (Note that there are no
external gauge fields.) The most general linear equation for A% in (24+1) dimensions

comprises both Maxwell and Chern-Simons terms:
uds PP + geaﬂvFﬁw = eJe. (3.1b)

Here Fog = 0,A3—03A,; Greek and Latin indices run over 0,1,2 and 1,2, respectively;
and the metric signature is (+, —, —). The matter current of Jackiw and Pi has the

following form:

Jo=p = [¢]%, (3.2a)

3= (FDY - yDY). (3.2b)
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Next the parameters u and x control the relative contributions of the Maxwell and

Chern-Simons terms in the corresponding Lagrangian:

£ = L(F Dot ~ $D%) - DidDed

P
_% aBFaﬁ T Ze'\/aﬁA’YFaﬁ - U(p). (33)

In eq. (3.3) Dy = 0y + 1eAo; p is > 0, and & will be considered nonnegative as well.

1 o .2

The case of negative & is recovered simply by the parity transformation (z' = z°,
A' = A?). Finally, the scalar self-interaction U(p) is taken to be completely arbitrary
in this section. We demonstrate that, no matter what U (p) is, the system (3.1)-(3.3),

which we will call the standard model, does not admit the condensate solution.

Componentwise, the gauge field equation (3.1b) can be written as

pdivE — kB = elJy, (3.4a)

— pE, + peurl B— kE = €], (3.4Db)

where E* = F'® and B = F'*! are the electric and magnetic fields respectively, curl B =
(0B/dy, —0B/0z). E stands for the dual to B: B = ¢;; E7.

We will call a condensate any solution to the equations (3.1a), (3.4) with the |
following properties: (i) v is a time-independent nonsingular matter field distribution
with a uniform density, i.e. 1 = |/poe™X) with py = const and x(x) single-valued; (ii)
the electric and magnetic fields are also static, E = E(x), B = B(x), and bounded.

In the pure Maxwell case (k = 0), the nonexistence of the solution with the
properties above is straightforward. Eq. (3.4b) is then simply divE ~ po and so
the electric field has to grow indefinitely. In the pure Chel‘.n—Sifndns case (u = 0),
eq. (3.4b) becomes B ~ po and the nonexistence of the condensate is not so obvious.

Below we prove this fact for the most general situation when both the Maxwell and
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Chern-Simons terms are present.
Our argument appears somewhat shorter if we choose the real gauge, x(x) = 0.

The imaginary part of eq. (3.1a) amounts to div A = 0 and hence A is a curl: |
A = curlw. (3.5)
The current (3.2b) is then a curl as well:
J = —2epg curl w. (3.6)
The requirement E;, = B, = 0 does not yet ensure A; = 0 and so the electric field,
E=-VA, - A, (3.7)

may have, in general, both conservative and solenoidal components. However, taking

the divergence of eq. (3.4b) with E;, = 0, we get
—kV-E=—-kV xE =0, (3.8)
which means that E is a pure gradient. Eq. (3.7) yields then
E=_VA. (3.9)

Evaluating the curl of both sides of eq. (3.4b) and subtracting eq. (3.4a) with
an appropriate coefficient, it is not difficult to obtain a stationary nonhomogeneous

Klein-Gordon equation for the magnetic field:
— p2AB 4 (k% 4 2€°upo) B = —ekpo. (3.10)

Here we also used the fact that

B = -Aw; (3.11)
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this is a simple consequence of eq. (3.5).
The general solution of the equation (3.10) is the sum of a particular solution of
the nonhomogeneous equation, for instance
. eKpg
B(x)=By=——5——F>—, 3.12
0= Bo = = etng (3.12)

and the general solution of the corresponding homogeneous equation,
— p2AB + (k% + 2e*upo) B = 0. (3.13)

The general solution of eq. (3.13) is, of course, well known:
B(r,0) = Y & [bmA’m (1> bl (1)] . (3.14)
m=0 To To
where R, and I, are the modified Bessel functions, b,, and bon arbitrary complex

coefficients and

2 ,U2

ry = PENE
Unless all b, = b,, = 0, this solution grows exponentially and/or has singularities
in a finite part of the (z,y)-plane. (In fact, to see that B = 0 is the only square
integrable solution, we do not even need the explicit formula (3.14). All one needs to
do is to observe that the operator L = —u?A + k2 + 2e?upg on the left hand side of
(3.13) is positive definite, and apply L' to both sides.)

Thus the only bounded solution of eq. (3.10) is the constant magne‘tic field (3.12).

For constant B, eq. (3.4b) becomes

E — 2¢po

Vw. | (3.15)

K

Comparing it to (3.9) we observe that w is equal to

K

=g (3.16)
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plus, probably, some function of time. (We do not keep track of it as it cancels in
what follows.)

Eliminating w between egs. (3.11) and (3.16), we obtain

2¢’po

AAO = Bo, (317&)

K
with By given by the expression (3.12). The real part of the nonlinear Schrédinger

equation (3.1a) is another equation for Ap:

eAg + € ( )2 (VA2 = =U'(po). (3.17b)

2€%pg

In what follows we find it useful to rewrite the equations (3.17) as

_ 2e? '
09A0 = eﬂp" Bo, (3.18)
K E — 1
AQ +e (2€2p0) aAoaAo = —;Ul(po). (319)

Here z and Z are the Laplace coordinates on the plane,

Tty E__r—iy'

2 7 2

0=209/9z and § = 9/ 0=
Up to now we were implicitly assuming that & # 0. If x = 0, the substitution
of (3.7) and (3.5) into (3.4a) produces exactly the equation (3.17a), where we should

only replace By/k by its limiting value:

. By 1
lim — = ———.
k=0 g 2epg

Solution of the Poisson equation (3.18) is

_ 2¢2po WTIRY

Ao = = P0Boiz + £(2) + 7(3), (3.20)
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where f(z) is an arbitrary complex function, analytic in the ﬁmte part of the complex
plane. The first term in (3.20) is a solution of the 1nhomogeneous equation, while
f(2) + f(z) represents the general solution of the corresponding homogeneous equa-
tion. The nonexistence of the condensate solution is obvious already from eq. (3.20).
(Ap comprises a term quadratic in coordinates and so the electric field grows at least
linearly as r — oo.) However, we prove a stronger assertion. We demonstrate that
equations (3.18) and (3.19) are, in general, incompatible and, with a single exception,
there are no even polynomially growing solutions.

Substitution of eq. (3.20) into (3.19) produces

2¢%pg

K

Bo:Z 4 eB2:z+ e ( ) () (=)

2e2pg

+ 1 f(z) + :B

rq

sz'(z) +c. C.j| = —%U’(po). (3.21)

We expand the analytic function f(z) in a Taylor series in the neighbourhood of
z=10:
fZ)=fo+ fiz+ for? 4+ ... (3.

[S)
o
—

Substituting this into eq. (3.21) we have

2
_6 v
( Pop + B>z§+e(9'; )
K Z€°Po

X |ifl () + Fif'(2) = AP +ZZCJ:"~‘JJ

=1 j=1

kBy '

with Cj; = const. In eq. (3.23) there are terms which are functions of z only; terms
which are functions only of 7; and those which are products of powers of z and z. For

the equation to be satisfied, each group of terms must be set equal to a constant. In
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particular, assembling all functions of z, we obtain

£\ = , kBy L
€ (262[)0) fif(z) + 26p0zf (2) + f(z) = Co, (3.24)

where Cj is the corresponding separation constant. Eq. (3.24) is separable and so its

solution is straightforward:

f(z) = Ci(z — 20)" + Co, (3.25)
where
2epo .
= -, 3.26
" KZBO ‘ ( )
2o = —rf,/(26%poBy) and C is an arbitrary complex constant. If C, is zero, eq. (3.21)
reduces simply to
K+ detupy =0, (3.27)

which is clearly impossible for u > 0. Hence, C, # 0.

For C; # 0, the analyticity requires n to be a positive integer. Returning to
equation (3.21), it is elementary to see now that zo is necessarily zero, and the only
admissible value of n is 2. The value of |C}] is then found to be e®p3/k?.

Invoking eq. (3.26) we find that the condition n = 2 is equivalent to 4 = 0. This
means that a solution to the system (3.17) exists only in the pure Chern-Simons case,

p = 0. However, this solution is quadratic in the co-ordinates,

2e°py
- 2 P

A():

+ Cyz% + C 7% + const, - (3.28)
H/ .
and so the corresponding electric field grows linearly as ¢ or y — Zoo. As we have
already mentioned, this solution is clearly not admissible as the condensate state.

Returning to the original system (3.1), this implies that the condensate exists for no

i and K.
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B. The regularised model

At first glance it may seem that there is just one way to couple minimally electro-
magnetism to the nonlinear Schrodinger ﬁeld, namely the way Jackiw and Pi did it.

In this prescription one substitutes 8, — D, in the corresponding Lagrangian,
= S0F = Ta) ~ [Vl = U(p). (3.29)
However, the Lagrangian for the NLS equation,
N (3.30)

is not defined uniquely. One may add a time derivative to (3.29), for example. It is
natural to ask if all possible Lagrangians produce the same gauge theory and, if not,
then on what grounds should we choose one or another.

To understand the impact of the specific choice of the Lagrangian on the theory,

consider the simplest model, which is the ordinary nongauged NLS equation on a line:
It is easy to check that the Lagrangian

= S(0F =) = [l = Up). (3.32)

which is normally associated with eq. (3.31), does not automatically préduce correct
integrals of motion for solutions with ||* — py at infinity. Indeed, the number of

particles integral,

N = / ( 5t - 5d—yz¢> dz, (3.33)

takes the form N = [ p dz and obviously diverges. The regularized number of parti-
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cles,

N = /(p —po)dz, ' (3.34)
has to be obtained by the ad hoc subtraction of the background contribution. The
conventional definition of momentum,

aL - or
P=[|dery + /I_T) dz, 3.35
(”’ o " Vo, (3:33)

does not yield the correct expression either. For the Lagrangian (3.32) one obtains

p= %/ (4:% - T,0) da (3.36)

which is not compatible with the Hamiltonian formulation of the model [11]. Indeed,
varying this P gives |
- — oo
6P =i [ (680 — B,80)dx — poiArg |
Due to the appearance of the boundary term we cannot compute the functional
derivatives ‘5P/5@[) and dP/&p. As a result, the Poisson bracket of P with some
other functional (e.g. Hamiltonian) can not be evaluated. To obtain a definition
compatible with the Hamiltonian structure we again have to make an a posterior:

regularization [11] (see also [14]):

+o0

P=1 [ (B —v8.) de + pohrgy

—0o0

= % /(ll’za - Erd’) (1 - %‘) dx. (3.37)

Proceeding to two dimensions the standard definition P = [ Pd?z, with
1 - -
P=3 (4% - 0Vy) (3.38)

is even less suitable since for asymptotically nonvanishing configurations this func-
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tional is not only nondifferentiable but also ill-defined. Assuming, for instance, the
vortex boundary conditions 1(x) — \/poe'™ as |x| — oo we have P. — (—n)x x po/r?
and so the integral [ Pd*z converges only in the sense of the principal value. Another

important conserved quantity in two dimensions is the angular momentum:
L= /x x Pdz. (3.39)

As |x| — oo, the integrand in (3.39) approaches npy and so the angular momentum, in
general, diverges. Thus we have to conclude that nonvanishing boundary conditions at
infinity (or nonvanishing background) are not compatible with the internal structure
of the standard model. On the one hand this incompatibility manifests itself in the
fact that there is no condensate solution. On the other hand, even if the condensate
existed (as in the case of the non-gauged nonlinear Schrédinger)', we would still have
problems with integrals of motion. We turn to a nongauged model to see if the
problem can be overcome at this more elementary level.

Adding the time derivative of some function to the standard one-dimensional La-
grangian (3.32) obviously does not change its Euler-Lagrange equation (3.31). This
function can be chosen in such a way that the corresponding integrals of motion au-
tomatically arise in the regularized form given by (3.34) and (3.37). The appropriate

time derivative is pod/0dt Argtp, and the regularized Lagrangian is

-G .
L = ;(d)td) _ /)t.lr)) ( — %) —_ |¢’r|2 — U(p) (340)
Let us see if the same prescription can be extended to two dimensions. The

Lagrangian

£ 5wid =) (1- 2] - 19ur - vl (3.41)
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produces the two-dimensional nonlinear Schrodinger equation,
why + Ay = U'(p)y =0, (3.42)

while the conserved quantities (as evaluated by Noether’s theorem) are:

N = [(p=po)ds, (3.43)
P= /Pd%, (3.44a)
with
P = LGvs - uv) (1 - %) , (3.44b)
and ,
L= /x x Pdz. (3.45)

It is easy to see that these integrals are convergent for fields with p approaching
po rapidly enough as r — oco. As far as differentiability is concerned, P, eq. (3.44a),
and L, eq. (3.45) are differentiable in the n = 0 topological sector, i.e for fields
with boundary conditions ¥(x) — /po as r — co. (Solitonic bubbles in the Bose
condensate [11] furnish an example of configurations of this type. Another example
is a vortex-antivortex pair.) However, the momentum (3.44a) is not differentiable
on a vortex-like configuration, i.e. a configuration of the form 1 (x) = (r)e'™ with
Y(r) = /po as T — oc, and ¥%(r) ~ r” for r ~ 0. Indeed let us evaluate the variation

of the momentum:

SP=1i [ (8¢ Vi — 6 Vi)dz ~ (3.46)

~ [ Vo~ po)s Argbd’a. (3.47)

Similarly to the one-dimensional situation, the quantity (p — po)é Arg+ approaches
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zero as r — oo and it is tempting to expect the second term in (3.47) to vanish as
well aft;er the double integral has been transformed to a line integral:over an infinitely
remote contour. However, Green’s theorem is not applicableﬁ for vortices as Arg is
not differentiable at the centre of the vortex. (For instance, if the vortex is placed at
the origin, Arg = nf = narctan(y/z).) To apply Green’s theorem we would have
to integrate not only over the infinitely remote contour but also over a small contour
encircling the vortex core. The result will clearly be nonzero. Note that this nondif-
ferentiability has a nature different from the nondifferentiability of momentum (3.36)
in one dimension. The latter arises from the nonvanishing boundary conditions at
infinity; this discontinuity is an attribute of the condensate. The expressions (3.37)
and (3.44a) are free from this drawback, both in D = 1, and D = 2. However, in two
dimensions the price we pay for the elimination of one discontinuity 'is the appearance
of another one.

Hence the integrals (3.44a) and (3.45) are not compatible with the Hamiltonian
formulation of the model in the n # 0 topological sector. However, this fact does not
devalue the modified expressions (3.44a) and (3.45). The point is that the nongauged
NLS (3.42) does not have (n # 0)-solutions with finite energy [47, 21]. The celebrated
Ginsburg-Pitaevsky vortex[23, 46] has a logarithmically divergent energy. (This is
why, in numerical experiments with finite energy initial conditions, vortices nucleate
only in vortex-antivortex pairs [35].) This implies that the nongauged NLS does not
admit a Hamiltonian formulation in nontrivial topological sectors and there is simply
no need for the differentiability of momentum in topological configurations.

Thus the Lagrangian (3.41) automatically produces finite, differentiable conser-
vation laws in the space of finite energy configurations with nonvanishing boundary
conditions at infinity. It is natural to expect that, if we couple ¥ minimally to the

gauge field, the resulting gauge theory will not be so hostile to asymptotically non-
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vanishing fields. Indeed gauging the Lagrangian (3.41) yields

L= % (¥ Dot — ¥ Dot (1 - 5’9) - DDt
P

—';—LFO,QF"‘? + %eﬁo"@Aﬂ,Fag - Ul(p), (3.48a)
which can also be rewritten as
L = L + po(do Argp + eAy), (3.48b)

where L is the standard Lagrangian of Jackiw and Pi (eq. (3.3)). The time derivative
po0g Arg ) can be dropped from the Lagrangian without any consequences for the

equations of motion and the final form of the regularized model is

L= (¥Dop ~ ¥Do¥) ~ Db Dip + epo o

—‘Z‘FWWj + ge“/aﬁ&Faﬁ —U(p). (3.49)

It is only one term, epgAg, that makes eq. (3.49) different to the standard model
(3.3). However, this term has a transparent physical interpretation (it describes the
gauge field coupling to the uniformly charged static background) and produces a
drastic change in the structure of solutions to the model. The equations of motion
look the same, egs. (3.1), with the vector J being given by the standard expression
(3.2b). It is only the number density, Jy, that is changed by the addition of the term

poAo to the Lagrangian. This time Jp is given not by eq. (3.2a) but by
Jo=p — po. (3.50)

It is straightforward to check that the model regularized in this way does possess the

condensate solution: ¢ = \/pg, Ag = —(1/e)U"(po), A = 0.



43

C. The constrained Hamiltonian formulation

The Hamiltonian formulation of the new model (as well as of the standard model of
Jackiw and Pi) is crucial for the construction of self-dual solutions (see sec. E.2). One
immediately notices that the Lagrangian (3.49) is singular (degenerate in velocities).
In its treatment we follow the Dirac-Bergmann approach (see [20], [33] for a review
and references).

The momenta conjugate to the matter field ¥ and its complex conjugate ¥ are

given by
= = — 1—-—— ,
__oc ot P
o - )

and give rise to two primary constraints:

f=m—30(1- ") =0, (3.51a)
=7+ %d)(l - %0) = 0. (3.51b)

The momenta conjugate to the fields A* are
K B o0 Q=
IIa = 5%;30/4 — pFe. (3.52)

IIy vanishes. Therefore II; = 0 is a third primary constraint. The canonical Hamil-
tonian density is the energy density 7% [see eq. (3.64a) below] expressed in terms of

canonical variables ¢, ¥, 7,7, A* and II,,. Integrating by parts we write the canonical

Hamiltonian as

H= {|Dz/)|2 +U(p)+ £(B% + B'Z)} e

—/AO{(,u divE — kB — e(p — po)} &z, (3.53)
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where E' = (ﬁeijAj/Z —11;)/p, and B = 0, A* — 9,A'. The Poisson bracket between

two functionals is

§S 6T 6S58T 6S6T 6S6T
{S’T}:/[wﬂ‘ﬂﬁJrﬁﬁ_Eﬁ
6§ 8T 85 6T ] ,

T SAe ST, Sl eAx| ¢ T

The constraints (3.51) are second class, {£,(x,1),&(y,t)} = =863 (x — y), and

can be accommodated by the introduction of the Dirac bracket,
1
($Tho = {57} < | {{s., 61(2)}{6(2).T)

_{S’ 62(Z)}{§1(Z)’T}:| d*z. o (354>

In fact one can express 7 and 7 from (3.51) and consider S and T' as functionals

of 1 and ¥ only:

(They also depend on A;,I1;, of course.) As a result the Dirac bracket is

1 (6S6T  3S4T
smo=/ | (S )

N 58S 6T S 8T , 350
SAc ST,  6M,dAx| " (3.55)
where
§_5, oms ord 56
S SY  Opdm | O 6T (3.56)

The constraint IIo = 0 is first class and the requirement of its conservation leads to a
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secondary constraint
n={ly, H}p =pdivE — kB —e(p— po) = 0. (3.57)

The secondary constraint = 0 does not lead to further constraints since, as one can
check, {n,H.}jp = 0.

The total Hamiltonian is now Ht = H. + [vllod*z, where v is an arbitrary
multiplier. One can now see that the variables A° and Il have no physical significance.
[Io, = 0 all the time while A° can take arbitrary values. Accordingly we may drop
them out from the set of dynamical variables of the model. This can be accomplished
by discarding the term vIl, in Hr, the only role of which is to let A° vary arbitrarily,
and by treating A° as an arbitrary multiplier. As a result the Hamiltonian formulation
of our model can be given in terms of three pairs of canonical fields, ,; AL T, The
dynamics is described by the Hamiltonian, H., with the canonical bracket (3.55) (now
a=1,2). The initial state should satisfy the constraint (3.57). Hamilton’s equations
will contain an arbitrary function A°. It can be determined only for a static problem,

in which case the problem reduces to finding the stationary points of energy
1= [ Dy + V() + £ + B)] (3.5%)

on the constraint manifold (3.57). In this case A9 plays the réle of a Lagrange
multiplier and H. is a Lagrange function.
So far we have assumed g # 0. For p = 0 (pure CS model) the situation is

somewhat different. The theory has two more second class primary constraints, viz.

K
& =1l - SA" =0, (3.59)

K
Lo=1+ 5141 =0, (3.59b)
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{&5(x, 1), &4(y, 1)} = —k83P(x —y), resulting from the definition of momenta II;. This

can be accommodated by modifying the bracket:

{$,Tp ={S, T}
+ [ [, 6 60, T + 1S, 6 6, T)
f{S, §3(2)Héa(2), Ty + -,1;{5, 54(z)}{§3(z),T}] dz.

The reduced phase space in this case is spanned by ¥, ¥, Al and A?, and the Dirac

bracket takes the form:

{5,T} :/ % §S3T  5SET
5 l[ ( )

S oG 5oy

5s 3T isirN\l,
(Ml SA? T A 5A1>] 'z, (3.60)

where

e

SA T sA T pATe

(3.61)

In fact in the pure Chern-Simons case further reduction is possible. In this case
the constraint (3.57) can be explicitly resolved which makes it possible to consider
¥, as the only canonical variables. This is the approach utilised by Jackiw and
Pi [31, 30, 32]. In the general case, however, the fact that the constraint involves
both II; and A® makes such reduction impossible.

Our final remark in this section is that the fact that the model can be formulated
as a constrained Hamiltonian system is a consequence of the local gauge invariance.
The generator of the local gauge transformations is nothing but the first class con-

straint (3.57). The linear part of the transformation is

Y(x) = %(x) + a(x0){th(x), n(x0)}

=(x) + iea(xo)5(2)(x — Xo)lb(x) (3.62&)
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PD(x) = p(x) + a(x0){¥(x),n(x0)}
=P(x) — iea(xo)5(2)(x — XO)E(X) (3.62b)
Al(x) = A(x) + a(Xo){A_i(X)a U(Xo)}

)+ alxo) 8 x0) (3.620)

(%) = T1i(x) + a(x0){TLi(x), n(xo0) }
= IL(x) + éa(xo)eijé%é(Q)(x — Xo). (3.62d)
The formulas (3.62) pertain to the case where both Maxwell and Chern-Simons terms
are present (u # 0). The bracket here is the Dirac bracket (3.55). When A, is the
pure Chern-Simons gauge field, egs. (3.62a—) are still in place, while (3.62d) should
be discarded. The bracket then is defined by eq. (3.60).

D. Momentum

We start with the derivation of the energy-momentum tensor for the modified model
(3.49). The corresponding results for the standard Jackiw-Pi’s model are recovered
by simply letting pg = 0.

By Noether’s theorem, the canonical energy-momentum tensor is

OL poyy 0L poz. 0L

T8 =
9(0at) 9(0u0) 0(0a A7)

PAY — Lg°P, (3.63)

where ¢*? = diag{1l, —1, —1}. For the Lagrangian (3.49) eq. (3.63) yields

T®= D> + Ulp) + 5F2

4
+Ao (e(p — po) + K Fay — 0k Foy)
+0k [Ao <#F0k - %ékmAm)] : (3.64a)
o :
T% = S (¥D ~ YD) + epoesja’ B + pej Foj Foy
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+ A" (—p0 For, + £ Fa1 + e(p — po))
+0% [CpoﬁmkﬁijIjAm + A (NFOk - gﬁkmAm)] ,
(3.64b)
T = —~Dip Dot — Dip Dot + péim Fom Fr

—80 |:AO (NFOi - geimAm):|

K

+ €10k {ﬂAonl + 5(/40)2} , (3.64c)

TY = Db D + Diy Dy — pkoiF;
A /
+ (%F% - —23 +U(plp = U + CPvo) 0ij
RY )

Fendy {uAjF'“ + gAOAJ} . (3.64d)

The expressions for the fluxes, egs (3.64c) and (3.64d), were simplified using the
equations of motion. In the conserved densities, egs (3.64a) and (3.64b), the multiples

of pdivE + kB + e(p — po) vanish as well. However,
pdivE + kB +e(p —po) = 0

is a weak equality in Dirac’s sense and can be implemented only after all Poisson
brackets have been calculated.
The last terms in the fluxes T*° are two-dimensional curls. We can drop them

as they cancel in the local conservation laws,
0T +0.T" =0; o =0,1,2. (3.65)

Next, terms in the square brackets in the conserved densities (3.64a) and (3.64b)
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cause the divergence or nondifferentiability of the corresponding integrals of motion.
Fortunately the terms with the square brackets in (3.64a,b,c,d) are the components
of (241)-dimensional curls and so can be dropped without violating the local conser-

vation laws (3.65).

Thus we arrive at the following expression for the linear momentum:
. A .
F :/ {§(¢Dﬂl} — ¥ Dyb) + epoeijz’ B 4 pei; Fo; B
+(A* = ) [~p0c For + B + e(p — PO)]} =2 (3.66)

Here ' (2 = 1,2) are arbitrary multipliers reflecting the gauge freedom in the con-
strained Hamiltonian formulation. One can verify that P* is indeed a differentiable

functional. It generates translations supplemented by local gauge transformations:

Y(x) =, (x) = P(x) + a.{b(x), P*}

= P(x) — a0, (X) + 1ea; A(x; a)(x), (3.67a)
(%) = Dy, (%) = &(x) + a,{(x), P}
= (x) — a0, (x) + ieas A(x, a)ih(x), (3.67b)

>

A(x) = Aq (%) = A(x) + a.{A(x), P}
= A(x) — a,0,A(x) + a, VA, (3.67¢)
H(X) — Has(x) = H(X) + as{H(x)’ PS}

= I(x) — a,0,1(x) + 5a,V x ), C(3.67d)

where s =1, 2.
The explicit dependence of the momentum density, eq. (3.66), on r and y results

in a nonstandard commutation relation between P! and P2:

d _
{PlaPZ} = d—QQ"PI[¢a27¢a27Aa2>Ha2] = 27Tp077,, (368)

az=0



50

where n is the topological charge of the configuration v, viz.

n:%/Bd%: él;fdArng. (3.69)
_ 27;[)0 / (8B — B0, D) . (3.70)

In fact the bracket (3.68) can be evaluated without invoking the explicit expressions
for the momenta, eq. (3.66). One only needs to know the Poisson brackets (3.67). This
implies that the linear momentum in our theory should necessarily be translationally

noninvariant.



E. Vortices in the condensate

1. Background solution and asymptotic behaviour

The condensate solution has the form: ¢ = \/p,, Ao = —(1/€)U’(po), A = 0. This
solution exists even when the potential U/{p) does not possess a symmetry-breaking
minimum at po. We can, however, confine ourselves to potentials with U'(pg) = 0 as
this condition can always be accomplished by the transformation Ay — Ao—U"(po)/e,
U(p) — U(p) + U'(po)p. The condensate solution is then ¢ = \/p,, Ao = 0, A =0,
and it corresponds to an extremum of U(p). By a singular gauge transformation the

condensate generates a set of singular solutions,

b= /pem™, Ag=0, A=_2 (3.71)

er

which serve as r — oo asymptotes for vortices. The magnetic flux of the vortex is
quantized: ® = [ Bd’z = § Ayrdf = 2wn/e. Integrating eq. (3.57) over the entire
plane we observe that the flux and the (regularized) number of particles in the vortex

are related: —k® = e [(p — po) d*z. Hence N is quantized as well:

2 -
N=[(p=p)ds=-"Cn (3.72)

e?

Confining consideration to radially symmetric configurations we write

P(x) = p(r)e™, ' (3.73a)
Al(x) = eikrk@, 5 k=12, (3.73b)
Ao(x) = Ag(r). (3.73¢)

Regularity at the origin requires ¥(0) = 0 when n # 0. For finite A(0) we should



also have ¢(0) = 0. Hence
é(r) = /Or B(r)rdr

and the quantity 27 ¢(r) acquires a simple interpretation as the magnetic flux through

a disc of radius 7. As r — oo, ¢(r) = ®/(2n) = n/e. The system (3.1) reduces to

o2 0\ 2

~AY + = <¢ ~ g) Y+ edoy + U'(p)p =0, (3.74a)
—u (gbr, - %) — m‘% +2¢%p <¢ - %) =0, (3.74b)
~ulAg — n%‘—r —e(p—po) =0. (3.74¢)

The system (3.74) may exhibit both topological vortices, for which n # 0, and
vorticity-free solutions, bubbles. Eq. (3.72) indicates that the bubbles have to be
nodal in our model, i.e. p(r) — po should necessarily change sign. In the pure Maxwell
case (k = 0) both bubbles and vortices must be nodal.

For small r the solutions to (3.74) can be sought as

W(r) =rP(o +Urr +er® +...), p>0; (3.75a)
d(ry =r"(¢o + drr +dar’ +...), m > 0; (3.75b)
APy =rl(ag+agr +agr® +...), (>0, (3.75¢)

where ¢q, ag, o # 0. Substituting these into (3.74) one readily verifies that there are

two possibilities corresponding to bubble and vortex solutions respectively, viz.

Yo + O(r?) (bubble)
Jor + OH1) (vortex,n £ 0)

Aq(r) = Ao(0) + O(r?).
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(Here o # 0.) It is also worth looking at the asymptotic behaviour at infinity.

Assuming exponentially localised solutions we write

B(r) = /po |1+ 7P (o +rr ™t +ppr 2+ )e ] (3.76a)
¢(r)==g-+-rm(¢o+—¢1r“+!¢2r‘2+-..Je‘”Z (3.76b)

2

Ao(ry=rl{ap+anr™ +agr™ + .. )e™ ™, (3.76¢)

where g, ¢y, 9 # 0 and Rey > 0.

When & # 0, one ends up with the following cubic equation for the exponent

1 2¢? 2¢e?
7t —~7) (—2 —72> = Npo ( upo - ’72> , (3.77)

squared:

where ¢ = 2poU"(po) and 1/r3 = (2e2pop + k2)/u?. We assume that U(p) possesses
a minimum at po: U"(pg) > 0. Then eq. (3.77) can obviously have no negative or
zero roots, y2. This means that there are three exponents 1,72,vs with positive (and
three with negative) real parts. This justifies our exponential localisation assumption.

At the Chern-Simons limit (4 = 0) eq. (3.77) reduces to a biquadratic equation.
(The reason is that egs. (3.74b) and (3.74c) are of the first order now.) The exponents

can readily be found,

et
v* = U"(po)po = PO\/U"(PO)2 -4 (3.78)
Clearly for U"(po) > 2€*/k the solution approaches the condensate monotonically,
while for 0 < U"(po) < 2¢*/x it undergoes an oscillatory decay to the background.
The pure Maxwell case (k = 0) is exceptional. In this case we have, instead of

eq. (3.77),
e*po

W

7 =% = (3.79)

This time we arrive at a quadratic equation because asymptotically eq. (3.74b) decou-
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ples from eqs. (3.74a) and (3.74c) and we effectively have a system of two second-order
equations. Provided ¢* > 0, % can not be a negative real number and so we again

have exponenfially localised solutions.

2. Self-dual limits

Static solutions correspond to stationary points of the Hamiltonian (3.58) on the
constraint manifold (3.57). In the mixed Chern-Simons-Maxwell case, using the

flux-vorticity relation, ® = 27n/e, and the Bogomol’nyi decomposition,
) 1
IDy|* = (D, £ iDy)%|* £ —2—V x J £ eBp, (3.80)
the energy (3.58) takes the form

H:/{](DliiD2)¢|2+g [Bii(p—po)] |

2

o)’ # 2 lg gty
2#(9 po)” + U(p) + 5(VAo) i2V><J}dw

+2mpgn. (3.81)

For U(p) = €?/(2u)(p — po)? (which corresponds to the Bose gas with d-function pair-
wise repulsion) and fields approaching the condensate background (3.71) the energy

can be rewritten as
2
:/{ (Dy £1iD)Y* + [Bﬂ: (p—po)J : (3.82)
u
+; VA()) }d T+ 27rp0n

The lower bound of energy, H = £2mpon is saturated when the following self-duality

equations are satisfied:

(D1 £1iD,) =0, (3.83a)
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B+ E(p —po) =0, (3.83b)

Ao = 0. .. (3.83¢)

The upper (lower) sign should be associated with the positive (negative) vorticity n.
This can be concluded, for example, simply fforn the fact that the energy is positive
for positive U(p) (see eq. (3.58)). Comparing (3.83b) with (3.57) we see that solutions
of egs. (3.83) lie on the constraint manifold only for x = p and only in the case of
the upper sign. Thus, for £ > 0, only vortices with positive vorticities may exist.
Eq. (3.83a) yields

A= :l:zl—ec,-jaj Inp+ %&-Argw (3.84)

and we should retain only the upper sign here. Substituting this into (3.83b) we
arrive at

2
Vilnp = 2%(/0 — po). (3.852)

The corresponding magnetic field is then
e
B = _;(P = po)- (3.85Db)

Eq. (3.85a) appeared previously in the self-dual limit of the relativistic Higgs
model with Maxwell term [15] and is known to possess solutions with the “topological
vortex” asymptotic behaviour: p(co) = po, p(0) ~ r**, n > 1. No explicit solutions
of this equation for pg # 8 have been found. Nevertheless eq. (3.85a) was proved to
possess multivortex solutions [54] for which no closed form representations exist but
which can be found, for instance, numerically. In Fig.3, we plot the n = 1 solution of
eq. (3.85a) together with the corresponding B(r), eq. (3.85b).

The self-duality reduction is also possible in the pure Chern-Simons case (u = 0).

Making use of the identity (3.80) and the constraint (3.57) the energy (3.58) can be
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Fig. 3. The (n = 1) self-dual vortex. 1(a) and 1(b) correspond to both the
Maxwell-Chern-Simons (¢ = &) and the pure Chern-Simons (g = 0) case.
Fig. 1(a) shows the solution of the Liouville-like equation (3.85a) while on 1(b)
the corresponding magnetic field is plotted, eq. (3.85b).
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represented as

H = _/ [|(D1 TiDa ) F %(P — po)p + U(P)} d’z. (3.86)

Invoking the integral form of the constraint, eq. (3.72), we rewrite this as

H=/ {I(Dl +iDy)y|* F 6;;(p —po)’ + U(p)} d’z

+2mpon. (3.87)

With the choice of U(p) = £(e?/x)(p — po)? one observes that the energy is minimal
provided (D) £ iD3)¥ = 0 whence we have, as before, eq. (3.84). Substituting this
into the constraint equation (3.57) we arrive at

2

Vilnp = i?%(p — po) (3.88a)

and
B:-%@—p@. (3.88b)

Note that no equation for Ay arises here. This is not surprising as Ag is not a dynam-
ical variable. (In our Hamiltonian formulation, it is just a Lagrangian multiplier.)
For any combination of the Maxwell and Chern-Simons terms it can be determined

from the spatial part of eq. (3.1b):
pV x B+ &V x Ag = el. . (3.89)

The matter current is calculated from eq. (3.84): J = FV x p. Substituting this into

eq. (3.89) for = 0 we can readily solve for Ay:

A0:¢§@—p@. (3.90)

In contrast to the mixed Chern-Simons-Maxwell case, both signs are allowed in
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Fig. 4. Electric field carried by n = 1 vortex in the pure Chern-Simons case,
E = -V A with Ag = —(e/&)(p — po). (In the Maxwell-Chern-Simons case,

the vortex carries no electric field.)
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(3.88a). As a result the pure Chern-Simons model exhibits a wider variety of self-
dual solutions. Besides conventionally shaped topological vortices of positive vorticity,
arising in the case of the repulsive potential U(p) = eQ(p—po)z/ﬁ (figs. 3, 4), it admits
a new type of solutions corresponding to a self-gravitating gas, U(p) = —e*(p—po)?/x
[negative sign in (3.88a)]. These solutions approach the condensate in an oscillatory

fashion:

2
p(r) = poexp {% cos ( Qeﬁpor - 02) } ) (3.91)

as r — oo. Here C;,(Cy = const. At the origin p(0) can be both zero and nonzero;

more precisely, as 7 ~ 0,

(r) = \/ho [1 L lpo=ho) o ] . (3.92)

4K
or
2
B(r) = \/hor™ (1 + 6—4%# v ) e~ (3.92b)
with hg = const and n positive integer. These two types of oscillating solutions

are presented in Figs. 5a and 5b, respectively. Because of the slow approach of
these solutions to po (see eq. (3.91)) the corresponding flux, number of particles and,
consequently, energy are infinite. Naturally this fact reduces the interest in these
solutions.

When pg — 0, the period of oscillation in (3.91) becomes infinite and the oscil-
latory solutions pass to the lumps of Jackiw and Pi [31, 30, 32]. TheA vorticity-free
solutions, eq. (3.92a) (Fig. 5a), pass to the lumps with n = 0, whereas solutions of
the second type, eq. (3.92b) (Fig. 5b) pass to the lumps with negative vortici£y.

We close this section by mentioning that eq. (3.85a) arising in both self—dual limits
and pertaining to the repulsive potential U = €*(p — pg)?/x admits also vorticity-free

lump-like solutions, p(r) — 0 as r — oco. A straightforward phase space analysis
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Fig. 5. Oscillating solutions in the case of attraction, U = —e*(p — po)?/k. la. Vortic-

ity—free solution. 1b. Solution with a negative vorticity.
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shows that p(0) can be any number between 0 and po. As pg — 0, these solutions

disappear.

F. Equivalence of the background charge and the external magnetic field

This equivalence can be demonstrated on the level of Lagrangians. Suppose we have
Jackiw-Pi’s model (3.1) where, in addition to the gauge field A, whose source is the

matter field ¢, there is an external potential AS*. The Lagrangian is

= L (BDwp — wDoB) ~ | Di?

4F gfef 4 = 7 BB A Fs— Ulp) (3.93)

and the only distinction from eq. (3.3) is that in (3.93),
D, =0,+ieA, +1ieAS™. (3.94)

(Note that F,p is defined as before: Fog = 0,45 — 9pAs.) Now let us define a new

gauge field,
A, = A, + A (3.95)

This substitution does not involve derivatives and hence can be implemented directly

in the Lagrangian. Inserting (3.95) into eq. (3.93) yields:

(ZE o — ¥ Do) — | Dy

% P 4+ = n Bt A Fop — Ulp) + L, (3.96a)
where
~ K ~ :
L= 5P - e ARy, (3.96b)

D,=0, +1eA,, (3.96¢)
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Fuu = ayAu - al/A[.L (396d)
and we have dropped the term

. K !
_%Fsthextaﬁ + %EwaﬁAzxtFaeEt _ 36’7‘1&8&(‘42“/15)

4

the variation of which is zero. We can rewrite £; as
Ly = (kAg + uB)B™ — kA x B — LE - B, (3.97)

Here the quantities with tildes correspond to the field A,. In particular E stands
for the corresponding electric field (and not for the dual to E). If B*** = const, the
term pEBe"t may be dropped from £,. Consequently, in the case of purely magnetic
(E®™* = () constant external field, £; reduces simply to kAo B, If we rename the
~ constant £ B* as epyp, eq. (3.96a) becomes nothing but our model with the background

charge, eq. (3.49), for the fields ¢ and A,“ viz.

L= 5@ Db — yDoB) - IDupl? — & B, 650

K - - .
+chﬂA7Fw = Ul(p) + epoAo.

G. Solitonic bubbles in Chern—Simons theories.

In this section we examine the existence of nontopological solitons in the Chern-
Simons model, namely solitonic bubbles. The bubbles are characteristic for both
relativistic and nonrelativistic scalar models with competing self-interactions [10, 6].

The simplest examples of such models are the Higgs theory with a sextic potential

(the so-called ¢® theory),

£ =108 = ([¥l" = po)*(|9]* = A) (3.98)



63

and its nonrelativistic counterpart, the cubic-quintic nonlinear Schrodinger equation:
iy 4+ AY — oqp + a9 — asply|* = 0. (3.99)

The solitonic bubbles can be defined [6] as vorticity-free axially symmetric con-

figurations with the following properties:

'zf/v(:c) =1(r) = /p, as 1 — 00, (3.100a)

$(0) >0, #(0) =0. (3.100b)

Similar to vortices the bubbles have the form of localised rarefaction domains on
the background of the spatially uniform solution. However, as opposed to topolog-
ical vortices, they are inherently unstable. Invoking the boson gas interpretation of
eq. (3.99), bubble-like solitons have the meaning of the low density cavities in the
constant density condensate.

Physically the importance of solitonic bubbles stems from the fact that these
unstable structures can seed first-order phase transitions [11, 35]. Indeed the energy

functional for static configurations of the models (3.98) and (3.99) is

E= [{IVo] + U(luf)}da, (3.101)

where U(|¥]?) = (|¥]* — po)*(|¢]* — A). When 0 < A < pg, the homogeneous solution
Y = /po realises only a local minimum of the energy, while the global minimum is
achieved on a homogeneous solution ¢ = 0 (Fig. 6). Thermodynamically this implies
that the state ¢ = 0 is stable while the state with ¢ = V/Po 1s metastable. The
bubble solution represent the conﬁguration. with 1 = |/p, everywhere except for a
finite dgmain, where ¢ is close to zero. Accordingly it is interpreted as a nucleus of

the stable phase in the metastable one. It has been shown that solitonic bubbles are
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Fig. 6. The energy of homogeneous states in the 13—)® model.
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inherently unstable, no matter what is the number of dimensions or the form of the
nonlinearity [11]. Therefore, after a solitonic bubble has nucleated, it will instantly
start to grow and in the process convert the entire space into the stable state.

In the context of gauge theories the idea of inhomogeneous nucleation is not
unknown either. Jensen and Steinhardt [34] proposed that phase transitions in su-
perfluid 3He—*He mixtures can be mediated by dissociating vortices. (The model
they discussed was the ¥® Higgs field coupled to the Maxwell field.)

An important question is whether solitonic bubbles survive interaction with
gauge fields. If so. these would be natural candidates for the role of nucleation seeds
in gauge theories.

The problem of the existence of bubbles appears to be quite nontrivial. So far
it has not been completely solved. There seem to be principal differences between
relativistic and nonrelativistic theories in this respect. It turns out that relativistic
theories cannot support bubble-like solitons. However, we are not able to reach a
similar negative conclusion within our nonrelativistic theory.

In what follows we demonstrate the absence of bubbles in the relativistic model.
The Lagrangian density for the relativistic theory, comprising both Maxwell and
Chern-Simons terms, is given by

. 1 1
L = (D) (D*e) — TEw P ZmaﬁmaFm —U{p). (3.102)

Variation of the corresponding action yields the Euler-Lagrange equations

. dU
D, D* + %;z) =0 (3.103a)

pOsFP® + ke 9u A, = J (3.103b)
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Here J? is the relativistic conserved matter current,
J* = ie{yp" (D) — (DY)} (3.104)

When e = 0, the gauge field decouples and for static fields (¢, = 0) eq. (3.103a)
becomes simply

— A+ — Y = 0. (3.105)
dp p=y?

It can be shown [6, 10] that eq. (3.105) has a bubble solution provided U(?) has at
least two minima (say, at ¢ = 0 and ¢ = ,/p,) such that U(0) < U(po).

Coming back to the model with the gauge field, egs. (3.103), we look for static
solutions with the bubble-type boundary conditions on 1 (3.100). We restrict our-

selves to solutions with radially symmetric charge density and electric and magnetic

fields:
Y(x) = (r)ex?), (3.106a)
A= ekak@ J k=12, (3.106b)
Ao = Ao(?"). (3106C)

The spatial part of eq. (3.103b) is then
dA
— uAA — ,{d—roee —2epV1 + 2e%pA =0, (3.107)

where A = {A!, A%} = (¢(r)/r)es and e,, e, are the unit vectors in r and 6 directions

respectively. Now since

B AA = (¢rr _¢r) e

r r?
and

Vx = x-e- + %ee,

the r-component of eq. (3.107) is simply x, = 0 and hence x = x(6). Substitutiﬁg
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this into eq. (3.107) we obtain

¢\, dA . ¢ 2 dx 3.108
,ur(—r- +I\,dr uepr—‘ rpd9 ( )

The LHS of (3.108) depends only on r while the RHS is, up to an r-dependent factor,
a function of 8. Consequently dy/df = n, a constant, which can always be chosen to
be positive. (The case of negative ns can be easily recovered by the transformation
a — —a, Ag = —Ap.) In order that 1(x) be a single-valued function this constant is

required to be an integer.

With this choice of 1 and A* egs. (3.103) take the form

dU
—AYp + (n— eqﬁ)Q;E — P A%+ %;b =0, (3.109a)
ur <ﬁ> + krAp + 2e(n — ed)p = 0, (3.109b)
r
—E(rA’O)' — /{ﬁ +2e*pA = 0. (3.109c¢)
T r

Note that now our Ansatz is exactly the same as the one we used for vortices (eqs 3.73),
viz.

Y =p(r)e™, A= ejk:ck%), Ao = Ao(r). (3.110)

In order to avoid a singularity at the origin either t(0) or n must be set equal to
zero. Since we are interested in solutions with the boundary condition ¥(0) > 0, we
have to put n = 0.

In actual fact there is no loss of generality in choosing n = 0. The reason is that
we can define a new ¢: ¢ = ¢ — n/e and this ¢ will satisfy the same system (3.109)
but this time with n = 0. This fact is a manifestation of the gauge invariance of the

system (3.103). If the pair A,, ¥ is a solution of this system, then

1 - '
Au=Au==0x, = e (3.111)
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is a solution as well. The substitution of q~5 = ¢ — n/e instead of ¢ amounts to the
choice Y = —n#, i. e. to the transformation to real ¢’s.

For the sake of convenience we rewrite the system (3.109) for the case n = 0:

Ay + qubZEb— — Al + gzﬁ =0, (3.112a)
T2 0 dp
ur (ﬁ) + kr Al — 2e*¢p = 0, (3.112b)
r
—E(TA:))I — n‘ﬁ + 2e*pAp = 0. (3.112¢)
r r

Now let us specify the boundary conditions. As r — oo, we have p — pg and

eqs. (3.112a)-(3.112b) become

ur (ﬂ) + rkrAp — 2e*pod = 0, (3.113a)
T

H I\ _d)f 2 _ b

;(T‘AO) + h,T —2e pvo = 0. (3113}3)

Physically only solutions with finite electric and magnetic fields make sense, where

dAq B:VxA:ﬁ.

E = —VAO = —d—e,,
r r

Hence we shall not allow a(r) to grow faster than r? and Ap(r) to grow faster than r

at infinity. Let us look for solutions in the form
B(r) = r™(do + dirt F dor 4L )T, (3.114a)
Ao(r) = rf(ag + anr™ + agr™ i 4. )e™ . (3.114b)

Substituting this into egs. (3.113), we find after some algebra that m = 1/2,{ = —1/2

3

and

' 2
K K
M,234 =015~ + 02 <——) + 262@,
2p 2p p

where o, and o, are uncorrelated sign factors, oy, = £1. Accordingly there are two
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exponentially growing and two exponentially decaying solutions. Power-law growth
and asymptotically constant solutions are thereby excluded.

Some doubts can be raised only regarding the pure Chern-Simons limit, x/2u —
oo, where two of the four 4’s tend to zero. However, it is not difficult to demonstrate
vthat in this case asymptotically constant or polynomially growing solutions cannot
emerge either. Indeed expression of Ao(r) from eq. (3.112c) and substitution of it

into eq. (3.112b) yield a scalar equation

d (1d¢ 2¢? 2p _ )
- = (p_rd_r> + <?> ;d)_ 0. (3.115)

Writing
o) = 1),

and letting r — oo, we obtain from eq. (3.115)

2¢%p,\ ?
brr_( epo) b:(])

K

the solutions of which are, of course, two exponentials.

Consequently, the only admissible boundary conditions at infinity are

1B(r)|* = po, ¢(r) =0, and Ay(r) =0 as r — oco. (3.116)

Note that these conditions are compatible with eq. (3.112a).

To find the boundary conditions at the origin we expand a, A, and Y as

B(r)=r"(do + 17 + gar’ 4 ..), (3.117a)
Ao(r) =10 + arr + agr? + c)s (3.117b)
Y(r)=to+Y1r +var’ + ..., Yo # 0. (3.117¢)

Physically we are prepared to tolerate solutions with local singularities. Hence neg-
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ative m and [ should not be a priori excluded. Substituting these expressions into

eqs. (3.112) we find two possibilities:

(i) [=00r2, m=2,¢ =a; =19, =0, and

(ZZ) l:0,m24, alzd’lzﬂ.
Thus the boundary conditions at the origin are
b(r) = (0) + O(r?),  ¢(r) = dor? + O(r*), Ao(r) = Ao(0) + O(r*).  (3.118)

Now let us demonstrate that the system (3.112) does not possess solutions with

the boundary conditions (3.116) and (3.118) other than the vacuum solution,

¢(r) = Ao(r) =0, ¥ = /po. (3.119)

To this end note that egs. (3.112b)-(3.112¢c) can be represented simply as

Ly(r) =0, (3.120)
where y(r) is a vector—function,
¢(r)
y(r) = )
Ao(r)

_ IR D) —_— R —
H drrdr—*_dep M’dr ?
Ly = y ) (3.121)
rdr ﬂrgrﬂ*— ©p 0

It turns out that the operator L is positive and hence does not have zero eigenvalues in

the space of vector-functions with boundary conditions (3.116) and (3.118)." Indeed,
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denoting

oo [ 1) p(2)
v,y = | (¢ ¢ +A8>Aé”r)dr, (3.122)
0

-
we have
2

(y,Ly) = u/()oo [%3 + (%) r] dr + 2¢* /OOO (72 + A%r) pdr >0 (3.123)
and hence eq. (3.120) cannot be satisfied.

It is worthwhile to mention that, in the pure Chern-Simons case (¢ = 0), the
nonexistence of bubbles is quite obvious. In this case eq. (3.120) reduces to eq. (3.115)
which is nothing but a Sturm-Liouville equation with a positive potential or, speaking
in quantum-mechanical terms, with a potential barrier. Localised solutions (bound
states) clearly cannot exist in such a potential. As we have shown above, the asymp-
totically constant or slowly growing solutions cannot arise either.

The argument above does not forbid the existence of wvortices, 1. e. solutions of
egs. (3.109) with n > 0, though it may seem to do so. Although the vortices are
among solutions of the very same system (3.112) (due to the gauge invariance of
the model), fhe boundary conditions at the origin for vortices differ from those we
imposed on bubbles, egs. (3.118). More precisely vortex solutions arise if we discard

the requirement o # 0 in eq. (3.117¢) and take ¢)(r) in the form
P(r) = r"(o + 17 + Yar® + ... (3.124)

Substituting (3.117a), (3.117b) and (3.124) into eqs. (3.112) we find that m =0, [ > 2
or [ =0, and ¢, = 0, while ¢g = n/e. (In the case | = 0 we have, in addition, a; = 0.)
Hence, if we treat vortices as solutions of egs. (3.112), the boundary conditions should

be

[W(r)I* = po,  $(r) =0, Ao(r) =0 (3.125a)
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exponentially as r = oo and
p(r) = or” + O(r™), (r) = —% +0(r?), Ao(r) = A0) + O(r?)  (3.125b)

as — 0. Now the functions b(r), ¢(r) = d(r)+n/eand Ag(r) will satisfy egs. (3.109)

with boundary conditions
(> = po, @(r) = nfe, Ao(r) =0 (3.126a)
exponentially as r — oo and
Y(r) = or™ + O(r™),  ¢(r) = O(r?),  Ao(r) = A(0) + O(r?) (3.126D)

as 1 — 0. (We have omitted the tilde.)

In the space of functions with the boundary conditions (3.125) the operator L
is no longer positive. The reason is simply that (y, L y) cannot be represented in the
form (3.123) since the boundary term p¢@, /r| _, will not vanish when we integrate
by parts. Consequently our argument on the nonexistence of the bubbles does not
extend to the case of vortices.

However, this boundary term does vanish in the space of functions with boundary
conditions (3.126) and hence we may try to perform our analysis on the system (3.109)

instead. The last two equations, eq. (3.109b) and (3.109¢), can be written as

Ly(r) = f(r), (3.127)
where
2enp(r)
flr) =
0

The solvaBﬂity condition for eq. (3.127) is that f(r) should be orthogonal to the
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solution of the conjugate homogeneous equation,

LY yo(r) = 0, (3.128)
.. d d
where L1 is obtained from L by the substitution 7 — —2‘;:

d1ld L aetp o d

_.I_Lr____—— 2 v —

d
Lt = drr dr " . (3.129)

1 d }_iri + ‘762
N dr Frdr ar 7 P

To check this one can simply compute the scalar product (yo, f):

(vo, f) = (yo, Ly) = (y,LT yo) = 0.

We have already seen that the operator L is positive and so is Lt (LT results
from L simply by substituting x — —x while the representation (3.123) does not
involve & at all.) Consequéntly eq. (3.128) does not have solutions with the boundary
conditions (3.125) and eq. (3.127) is always solvable.

We have thus demonstrated that, unlike relativistic vortices, relativistic bubbles
cannot nucleate in the presence of a gauge field, no matter whether the latter is of
the Chern-Simons or Maxwell type or a combination of the two.

In the nonrelativistic case, however, a similar argument does not lead to the
no-go conclusion. This leaves the hope that bubble-like solitons might arise in the
nonrelativistic theory. Note that they will have to be nodal since the equation (3.72),

relating the number of particles to the topological charge, implies

/(p —po)d*z =0

for vorticity-free solutions
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CHAPTER IV

PRELIMINARY GROUP CLASSIFICATION OF NONHOMOGENEOUS WAVE
EQUATIONS

The problem of classification of partial differential equations according to their sym-
metries was first considered by Sophus Lie [39]. In his paper he studied a class of linear
second-order equations with two independent variables. Since then a great number
of works giving the group classification for concrete equations has been published
(see [28] for a comprehensive list). The classification is performed up to the trans-
formations of variables that do not change the structure of the equation (equivalence
transformations) and requires a knowledge of the general solution of the determining
equation. Unfortunately it is quite common that the general solution of the determin-
ing equation cannot be found. For such problems a new method, the so-called prelim-
inary group classification, was proposed [2]. The idea of the new method is to look for
the extensiéns of the principal Lie algebra admitted by a class of differential equations
among the elements of its equivalence algebra. Since the algebra of equivalence trans-
formations can usually be found quite easily, the problem of the classification reduces
to the algebraic problem of constructing the optimal system of subalgebras, which
in the case of a finite-dimensional equivalence algebra can be effectively solved [44].
However, in general there are no effective algorithms for constructing the optimal
system of an infinite-dimensional algebra, so that one can effectively carry out the
classification only relative to the finite-dimensional subalgebras of the full algebra of
equivalence transformations.

This method was applied [27] to the equations of the type

ve = f(2,v:) 0 + g(z, v2) (4.1)
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governing the longtitudinal vibrations of elastic nonhomogeneous strings or bars. As
this class of equations possesses an infinite-dimensional equivalence algebra Lg, the
authors of [27] confined themselves to the classification relative to its 7-dimensional
subalgebra L;. The result of the classification is a table of 29 non-equivalent equa-
tions.

‘We continue the analysis of the equations (4.1). The question we now have in
mind is how we can utilize the equivalence transformations that are not contained
in L7;. Hence we investigate a countable-dimensional subalgebra Ly of Lg or rather
a countable number of n-dimensional extensions L, of L;. Firstly we use the inner
automorphisms of Ly as external automorphisms for L; and reduce the number of one-
dimensional subalgebras in the optimal system, found in [27], by four. Secondly we

fulfill the preliminary classification of eqs. (4.1) relative to the countable-dimensional

subalgebra Ly.

A. The problem of group classification

The problem of a group classification of differential equations belonging to a certain
family consists of dividing equations of the family into classes, nonequivalent with
respect to a change of variables, such that members of the same class have equivalent

algebras of symmetries. The algebras of symmetry generators

’ 9 9 9
X :§l(taxvv)a_t+§2(t’l‘7v)—a;+r](t>$7v)a_va (42)

admitted by equations (4.1) is found from the invariance condition (1.8) which in this

case reads

Xy vy — flz,v:)vz — g(z, UI):| = 0. (4.3)

(4.1)
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Here X, is the second prolongation of X, given by

d 0 0 i
X=X +
2 + Cl + Cz + Clig— dos szavm

with

G = Di(n) = viDil€") = v:De(€)

G2 = Da(n) — viDz(€') = v:D:(€7)

G = De(G1) = vuDo(€) = v Di(€7)
(o2 = Di((2) = vie Du(€') — vaa Do (€7).

The operators D; and D, denote the total derivatives with respect to t and z:

D=2 400 i, Xty

a ta tta tl‘avr et
D :2+b 0 +v 8 + v 0 +
x ax (Ea il‘a IL‘.’I,‘((_)UI et

After use is made of the above equations the invariance condition (4.3) reduces to the

following determining equation:

[Cll - fC22 - vxr(é-Zfz + CZf'ur) - 5291 - Cngx”(Ai.l) = 0. (44)

The algebra of the symmetries admitted by every equation of the family (4.1) can be

easily found. Assuming that (4.4) holds for arbitrary f and g we obtain

=0, (=0, (2=¢1=0

or
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Hence eq. (4.1) admits a three-dimensional principal algebra Lp with the basis

0 d 0
Vo= — (7 = — ‘, :t—
)\1 875’ }xg av, }\3 8’0

Now, in order to perform the classification we should specify f and g such that the
corresponding equation (4.1) admits an additional symmetry. Two members of the
family are considered to be in the same class if they can be transformed into each other
by a change of variables. The transformations of variables acting on the members of
the family are called equivalence transformations and are used to chose the simplest
representative of each class. Clearly such classification requires the knowledge of
the admitted algebra for an arbitrary choice of f and g, i.e. we need to know the
general solution of (4.4), which cannot be found due to the high arbitrariness in the
choice of the coefficients f and g. The full group classification of eqs (4.1) therefore
cannot be fulfilled. We can however perform a partial group classification using the
method of preliminary group classification recently proposed by Ibragimov et al. [27].
The main idea of the new method is that instead of solving the determining equation
additional symmetries are sought only among the elements of the equivalence algebra.
The classification is partial since equations that do not admit symmetries from the

equivalence algebra are not classified.

B. The equivalence algebra and preliminary group classification

This section is devoted to the equivalence algebra for eq. (4.1). An equivalence trans-
formation is a change of variables that takes any equation belonging to the family
into an equation of the same family. Usually the group of equivalence transformations

can be easily found. In the case of eq. (4.1) it consists of discrete transformations:

t— —t



78

T — —X

v — —U, g — —4g,

and of continuous transformations constituting a subgroup E.. The generators of the

continuous subgroup E. span an equivalence algebra and can be sought in the form

5 .9 o0 .8 .0

1 2 7 . 1~ 2 7

V=8 +8g, tg, T H g TH 5y
k

where £ = £'(t,z,v), n = n(t,z,v), p° = uk(t, z,v, v, vz, fyg). The invariance

condition (1.8) for the generators ¥ should be written for the system

Vit — frze —g =0

ft:f’U:f’Ut:gt:gu:gyt:O.

Solving the corresponding determining equation we find that the equivalence algebra

L¢ is spanned by

0 0 0 a . 0
}/lz'a'z’ Yé:t%, }/B_t—a_t_*—l‘é-x—-i-zvad,
t 0 0 0 2 0 d
= s+ fortoa ==+ 7 4.
Vy = 8l 4 28/(2) ) + ' (2)ouf
0 " 0
Wp = F(x)a*v — () 9g’

where ¢(z) and F(z) are arbitrary functions. Hence the equivalence algebra is infinite-
dimenstonal. In order to perform a preliminary group classification with respect to
one-dimensional subalgebras we have to specify f and g such that the correspond-
ing equations (4.1) posses an additional symmetry from Le. For a given symmetry

generator ¥ € Lg such f and ¢ can be found simply as differential invariants of Y.
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Clearly if an equivalence transformation with the generator Y leaves equations
f=%(z,v;) and g=T(z,v;) (4.6)

invariant, then the projection of Y on the space ({,z,v) will be admitted by the
corresponding equation (4.1). Hence the remaining part of the preliminary group
classification is to divide generators ¥ € L into classes such that members of differ-
ent classes can not be transformed into each other by equivalence transformations.
Consequently, equations (4.1) obtained as invariants of the generators Y belonging
to different classes will be non-equivalent with respect to the transformation of vari-
ables. Since Lg acts on itself as an inner automorphism the preliminary classification
reduces to the problem of constructing all classes of nonsimilar one-dimensional sub-
algebras of L¢ (optimal system of one-dimensional subalgebras). Since only those Y
that have nonzero projections on the space of (z, f, g) yield nontrivial invariants (4.6),

it is sufficient to consider the optimal system for a subalgebra L, spanned by

0 0 0
Zi=lgtagst g,
t o 0 0 9 0
=0 o T8 BT 55 T oy
Vi = () 2 + 28 (2)f 2 1 8" (a)vuf 2 47
? Oz ! of b dg’ (47)
8 . 8

C. The countable—dimensional subaigebra L

There exists an effective and simple algorithm for the construction of an optimal
system of subalgebras of a finite-dimensional Lie algebra [44]. Unfortunately this
algorithm looses its effectiveness when an infinite-dimensional algebra is considered,

which is the case with which we should deal. (L is infinite-dimensional.) A way to
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Table 1. Table of commutators of Lg.

Z1 Zy 23 Vy Wea
Z: 0 0 0 Vivi—y  Wea—ag
Zy 0 0 —-Zs 0 0
Zy 0 Zz 0 0 0

Vo Viwy 0 0 Vew-ve Weer
Wrp Wiperr 00 —Wyr 0

get round this is to perform a classification relative to a subalgebra of Lg for which
the construction of the optimal system is feasible. It will be desirable, of course,
to choose a largest possible subalgebra. Fortunately L, possesses a large (in fact a
countable-dimensional) subalgebra Ly for which an optimal system of subalgebras can
be constructed. The classification with respect to a countable-dimensional Ly con-
siderably improves the classification of Ibragimov et al. [27] who used a 7-dimensional
subalgebrd L.

L4 can be defined as follows. From the table of of commutators (Table I) one
can easily see that subalgebras of arbitrary finite dimensions n + 5,n > 1, can be

constructed by restricting ¢ and F' in (4.7) to

We -denote the corresponding generators V,, and Wg as Vi,V, and Wy, W,,... W,.
The algebra L7 examined in [27] corresponds to the case n = 2. All these subalgebras

Ly 45 are contained in the countable-dimensional subalgebra Ly that corresponds to
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Z Zy Zs W v, W, W, W,
Z, 0 0 0 -V 0 -W 0 n2W,
Zy 0 0 —-Zy 0 0 0 0 0
Z3 0 Zy 0 0 0 0 0 0
|4 Vi 0 0 0 w0 W Wt
Va 0 0 o0 -V 0 W W W,
W, W 0 0 o -W 0 0 0
W, 0 0o 0 -W -W, 0 0 0
W, -2=2W, 0 0 —W,y, -W, 0 0 0

the choice of F' as an analytic function of z. In fact, since every analytic function
F(z) can be represented as a power series F(z) = $.22,v;2'/n, every operator Wp
can be expressed as a linear combination of the basis vectors W;: Wrp =372 v, W,.

The commutator relations for the subalgebras L, 5 are given in Table II.

D. Automorphisms

Our aim now is to divide the elements of the equivalence algebra Ly into classes
nonequivalent with respect to the corresponding group Ex of equivalence transfor-
mations. Let us consider a transformation T € Ey and its generator ¢ € Ly. The
transformation induced by 7" on Ly is called an inner automorphism of the algebra

L4 and its generator is given as a linear operator

A: X 5 [6,X], X€Ly (4.8)
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The set of all inner automorphisms is called an adjoint group E and the correspond-
ing algebra of the generators is called an adjoint algebra LY.

According to (4.8) each line of Table II can be considered as the coordinates of

the generators A; of the adjoint algebra L}:

AL BT L

A, = —ZS%, Ay = ZgaiZQ,

Ay = V‘aivl +v15% + WI%JF...JF Wn_laim,
AS:—Vla?/l +W105V1 +W28%/;+...+Wn;—vn,
pomwd wm

Ar = —W, a?/l - Wza%,

Apys = — 2Wnaiz1 _ Wn_lgc?v—1 - W"aivz'

The inner automorphisms of Ly, T;, can be easily recovered from the corresponding
generators, A;, using the Lie equation (1.5). (We denote the group parameter of T;

as A;.) For example, T) is given as the following transformation of the basis:

Z; - Zl, Z; - ZQ7 Zé:Z:g,
Vi=aVi, Vi =W,

W!=aWy, ..., W =a]" "W, a >0,

We will be interested in the automorphisms 7; with ¢ > 8, which can be represented
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as

) =7
Zl = Z1 — ;=5 Vi-5a4,

Vi=Vi — Wi_ga,, (4.9)

Vi=V, - Wi_sa.

The -composition of Ty, T,. .., Tr gives the 7-parameter group Er used in [27], while
The composition of Ty,...,T,,... gives the group of inner automorphisms E7. The
problem of constructing the optimal system of one-dimensional subalgebras consists

of finding all classes of the operators

Z=eZi+ 2+ Zs+ Vi + Vo + ) T, (4.10)

i=1
non-equivalent with respect to E. This task can be made easier by making use of
the optimal system of one-dimentional subalgebras of L; constructed in [27]. In our

basis this system is written as the following 27 vectors:

71} Vi, 7(2) — Wh, 73) — 7,

ZW =z, + 2, ZV® =27,

7O =L+ )2+ (14 8)2, - Vs,

Z0 =W, Z®=2+V,, 2Z9=7+V,

200 =32, + (14 B) 2, + Vi — 1V,

ZW =view, z0=z,4+w, z0B=z 1w,

209 = 2,4+ Zy, 20 =2, 4+ W,, 200 = Z, 4+ W,,

209 =2y =Wy, ZU =V + 2, + W, (4.11)
Zm:%+%+m,z@=%+%—%,

70 = aZ) +' 2, + Wy, ZP) =72, 4 Z, L W,
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200 = 2y + Zy—Wa, 2% =32+ Za+ Vi3V,
Z0N = 17, + (14 B) 22 - Ve + Wy,
ZC0 = (3 + )21 + Zs — 5Va,

ASE e sVa+ Wi

We have omitted vectors Z(4), 722 7(3) 7(24) since they are in fact equivalent
to 2(7), 73) 707 and Z(®). In [27] these vectors appear due to an unfortunate
mistake in the second of the egs. (5.5). The correct form is & = as[—ase' + age® +
(aaag — ajaz)e® + asage® + ayage’].

Let us represent transformations 7T; as the transformations of coordinates. For

1 > 8 they can be written as

g =¢é —ae® — el (4.12)

1—5

& =e, j#i-1,i

From (4.12) one observes that 7; with ¢ > 9 leaves vectors of L; invariant. The
transformation Ts however changes the e’ component of those [ € L; that have
a nonzero component e¢?. Hence Ty can be used to further simplify the optimal
system (4.11) of L.

Optimal system of L; has four vectors with non-zero component e*, namely
ZUY 719 7(20) and Z(Y. Since these vectors have e = ¢! = 0, Ts changes only
e’, and thus leaves them in L;. Since e’ can be annulled by taking ag = €”/e?,
the subalgebras Z(11) 709 7(20) and Z(Y considered as elements of Ly are in fact

equivalent to the subalgebras Z(1), Z®) and Z(®. Hence only the following vectors of



L are nonequivalent with respect to the automorphisms of Ly:

Z0—v, Z®—w,, 20 =2z,

70 = aqZy+ Z,, 2B = Z,,

70 = (1 4+a)Z,+ (1 +8) 22 — 5V,

70 = W, 78 — 7o + V4, 7(9) — Zs+ Vi,

700 =17+ (1 + 8)Zy + Vi — 3V,

Z0 = Z, 4 Wy, ZUD = Z,4+ Wy, ZUY =7, + Zs,
700 = 7 4 W,, 20 = Z, 4 W, ZU8) = Z, - W,,
200 = aZi 4+ Zo+ Wy, ZU8 =27, + Z3+ W,

709 = 7,4 Zs Wy, Z =174 Zy+ Vi — 114,
70 = 17, 4 (14 B)Z, — sV + W,

720 = (L +0)Z1 + Z5 - Vs,

2(23) == —%Zl + Z3 h %V2 —Jr Wl.

Consequently there exist equivalence transformations that transform equations 11,

19, 20 and 21 listed in Table II in [27] to the cases 1, 8 and 9, thereby reducing the

number of equations in the table by four.

E. Optimal system of subalgebras for Ly

We can now assume that the transformations 7;,: < 7 have been already employed

and the vectors (4.10) are divided into classes, nonequivalent with respect to E-,

represented by

ZW = 70 4 T sty

3=3
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These vectors can now be further simplified and divided into classes nonequivalent
with respect to the countable-dimensional group of inner automorphisms Fy4 using
transformations 7T; with ¢ > 8, eq. (4.12). Firstly one can easily see that in the
case of vectors ZU, ZB) Z£(4;]eo, Z18 zel Z[13]?:Z[14], Z([;;%, ARIRALUN Z[i’i], 70231 4nd
718 7% with o # L=, the transformations 7}, eqs. (4.12), only change either the

component e~

or the component e*:

With the appropriate choice of a; the components €', 1 > 8, become zero, while the
components €', i < 7, remain the same. Note that we need to perform only a finite
number of transformations to eliminate the components €' with ¢ > 8, provided the
sum in (4.12) is finite.

In the same way the vectors Z% and ZP? with o = ;;1—7, i > 8, can be brought
to the form

7O+ uWiis, i=6,22.

In the case of the vectors Z['l and Z[®I the transformations T; change two



components:

' i—1
e =e " —-a,

(4.14)

Si i 1
e =e + -3,

jAi—14, i>8.

el = ¢,

Suppose that the last component in (4.13) is €¥. We annul it by the transformation

Tx and use the transformations Tw_1,...,Ts to bring the vectors ZI'% and Z[9 to

the form

ZW = 260 L §W,, =10,20.

Now Z0(% and ZP% are in L, and are similar [27] to Z0% and Z(? respectively.

The remaining vectors ZU do not change under the transformations (4.12).

Hence, we have constructed the following optimal system of one-dimensional sub-

algebras of Ly:

-y,

ZD] = Zl + aZ27

I =+ a)Zi+ (14 8) 2 - 1V,

7% = 7, + W,

78 = Z,+

29 =172, 4 (14 8)2Z, + Vi — 1V,

720 = 7, 4 Za,

Z8 = 2, 4+ W,

ZE = 2y + aZy + oWy,

AR Zy+ 43+ Wy,

Z[ll]:ZI+Z3—W2, 2[12]:%Z1+ZS+‘/1_%1/2:
Z0 = 17, 4+ (14 8) 2, — 2V + W,
20 = (L1 )2, + 25— W,

AR _%Zl + Z3 — %Vz + W,
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2[16] = %Zl + (Tl -2 + ﬁ)Z2 - n_-2—2‘/2 + /*LWTU (n Z 3)’
20 = 27, 4 (n—2)2Z5 — 252 Vy 4 pW,, (n > 3),

M = Wey, 209 = Zy+ Wegy, 2°9 = Zs + Wiy,

Here in the case of vectors ZI'8 and Z['9, F(z) is an arbitrary analytic function with
either F'(0) = 0, F"(0) = 0 or F'(0) =1, F”(0) =0 or F'(0) =0, F"(0) = 1; and in
the case of vector Z1??l, F(z) is an arbitrary analytic function with either F'(0) = 0,
F"(0) =0or F'(0) =1, F"(0) =0 or F'(0) =0, F"(0) = £1.

The corresponding equations can be found in the same way as in Ref. [27]. The
classification is listed in Table III. In addition to the principal algebra Lp admitted
by all equations of the type (4.1) equations of the Table III also possess an extra
symmetry X,;. The constitutive laws corresponding to such choice of parameters f
and ¢ thus produce models with a more interesting algebraié structure. Note that
most of the equations in the Table III have an invariant solution corresponding to
the additional operator X,. For example, in the case of equations corresponding to

N = 2 the invariant solutions should be sought in the form

(1~a/2)

v T

) = f ( ) )
T t

as [} = v/z? and I, = 217%/D) /¢ constitute a basis of invariants for the operator X.
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Table III. The result of the classification (¢ = 1/a, ¥ = f/a, ® and I' are arbitrary

functions of A).

N Z Invariant A Equation Additional operator Xj
. a
1 Z[l] Vz Vit = (I)Uz':c +r 8_x
AL Vi /T Vg = 2°{Pvp + T} (1- )tg-}-r 0 +QU—8—
T i e 8€t) Oza ov
3 ZE:C z Uy = vf{{)vm + v, } , ﬂtgz —8‘2118—6 ,
>[3] o+1 Y o 9 _ A, YA Ny 2
4 Zige v/ vy = 27 { Qv + 2T} (2 'y)tat-i—Zovaac —;2(0+2)08v
5 714] = ¢
5 Z vy vy = €7 {®v,, + '} %t 2(,)3
6 ZUl Vg Vi = Pvgp + T4 2 2~ 17—
oz 5 dv 5
7 7l e v, vy = V2 { By + Ty} ﬁtgz —5 e 21)6—” ;
g 2zl vy /T vy = Pvgy + L+ In |z 2tgz+2x%—x+(t2+4u)§
9 zBl 4y /z—In |z Uy = Qg + T — @ In|z| 2t§;2x%+(r2+4v)% ,
10 28y /z—alnje| vy = 2°®{vy — aln 2| + I} (2 ~8a')t(—9; +82$3_73 + (az® + 41})8%
11 Z00 oy /e —In|z| vy = Bvgy + (1~ ®)In|z|+ T 2+ 22—+ (t2 + 2? + 4v) —
_ %t %z Ov
12 ZM o /e 4 lnjz] vy = Bvg + (1+ @) Injz|+T 2ot 20—+ (t2—22+4v)§
: v
0 d 0
13 [12] -~z — T et i 2
e %, vy =e FQu,++z tat;-an—i-a(t +2v)6v ,
14z vz + In 2| vy = 2P {Bvzy + 27T (,5’+2)t528+ 2I8_I +'2((;x+v)%
15z z v = ®v7 v, + T+ In Jug 3 o +a(t2 +2) 5
16 ZE:JO g1ty vy =2 7Quy + T4 olnfzl (14 %)t £ + 2o + (5t 2424 a)v]%
17 Z08L 4, 4 1n|z| Vu = 2Pvgg + T + v, t%+2xai+( —‘2z+20)§
>i6] vy /znl vy = 298P {v 3 0 d
18z — pln|z| “—x“ 2&(71—-1 Injz| 4T} 2)i§£+la_x+(”‘“7““‘f‘)av
57 vy fxl v —a: " n _a_ 0 8
9oz Dol -2 p- e er 35t gy w254 )
20 zh8] T vy = oy, — W@vr +T Fai
v
= 19 o — Uz F’ 1 8 6
21 709 -z vy = e/ T o {v,, - Ly, + T} %E“Lpa_ﬁ
22 Z[20] z vy = vy, 4+ 1= F”q)vx—f—l" (%—{—F)-a?—
v
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CONCLUSIONS

In this thesis we have reported the following main results:

The existence of soliton solutions in the hydrodynamic model of plasma has been
analysed. We have obtained the domains of existence of compressive ion-acoustic
solitons using an analyticél method. We also proved that the model does not support
rarefactive solitons and monotonic transition layers.

A new nonrelativistic Chern-Simons theory possessing vortex solutions has been
proposed. The absence of the nonvanishing background solution in the standard
model was cured by adding a background charge. The new model was reformulated
as a constrained Hamiltonian system. This allowed the determination of explicit
vortex solutions in two self-duality limits and the correct definition of the linear
momentum. The model with the background charge has been shown to be equivalent
to the model with the external magnetic field. Finally the existence of nontopological
solutions has been considered and the absence of solitonic bubbles in relativistic
Chern-Simons-Maxwell theories established.

The preliminary group classification of nonhomogeneous wave equations has been
given. The classification has been performed with respect to a countable-dimensional
subalgebra of the full equivalence algebra of these equations.

Some of the results presented in this thesis have also been reported in [25, 7, 8,

9, 24]
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