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Abstract

The character table of a finite group provides considerable amount of information about
the group, and hence is of great importance in Mathematics as well as in Physical Sciences.
Most of the maximal subgroups of the finite simple groups and their automorphisms are of
extensions of elementary abelian groups, so methods have been developed for calculating
the character tables of extensions of elementary abelian groups. Character tables of finite
groups can be constructed using various techniques. However Bernd Fischer presented a
powerful and interesting technique for calculating the character tables of group extensions.
This technique, which is known as the technique of the Fischer-Clifford matrices, derives
its fundamentals from the Clifford theory. If G = N.G is an appropriate extension of N by
G, the method involves the construction of a nonsingular matrix for each conjugacy class
of G/N = G. The character table of G can then be determined from these Fischer-Clifford

matrices and the character table of certain subgroups of G, called inertia factor groups.

In this dissertation, we described the Fischer-Clifford theory and apply it to both
split and non-split group extensions. First we apply the technique to the split extensions
27:Spg(2) and 28:5pe(2) which are maximal subgroups of Spg(2) and 28:07 (2) respectively.
This technique has also been discussed and used by many other researchers, but applied
only to split extensions or to the case when every irreducible character of IV can be extended
to an irreducible character of its inertia group in G. However the same method can not be
used to construct character tables of certain non-split group extensions. In particular, it can
not be applied to the non-split extensions of the forms 37-07(3) and 37-(07(3):2) which are
maximal subgroups of Fischer’s largest sporadic simple group Fi), and its automorphism
group F'igq respectively. In an attempt to generalize these methods to such type of non-
split group extensions, we need to consider the projective representations and characters.
We have shown that how the technique of Fischer-Clifford matrices can be applied to any
such type of non-split extensions. However in order to apply this technique, the projective
characters of the inertia factors must be known and these can be difficult to determine
for some groups. We successfully applied the technique of Fischer-Clifford matrices and
determined the Fischer-Clifford matrices and hence the character tables of the non-split
extensions 37-07(3) and 37-(07(3):2).

The character tables computed in this thesis have been accepted for incorporation into

GAP and will be available in the latest versions.
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a general conjugacy class of G with representatives of order n
g1 1s conjugate to go

order of g € G
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Chapter 1

Introduction

The classification of finite simple groups is a landmark of tremendous importance in the
development of finite group theory. It states that each finite simple group is isomorphic to

exactly one of the following:

e A cyclic group of prime order,
e An alternating group A, of degree at least 5,
e A group of Lie type,

e One of twenty-six sporadic simple groups.

The form of this result, and in particular the existence of the twenty-six sporadic
groups, raises many questions. Subsequent work has focused on attempts to understand
these groups, their maximal subgroups and automorphism groups. The study of maximal
subgroups of the sporadic groups is very important to reveal the structure of the sporadic

groups themselves.

A group G is called a 3-transposition group if it is generated by a conjugacy class D of
involutions in G such that o(de) < 3 for all d and e in D. The conjugacy class D is called
a class of conjugate 3-transpositions. Bernd Fischer in [28] introduced and investigated
the 3-transposition groups. Fischer classified all finite 3-transposition groups with no non-
trivial normal soluble subgroups. In the process of classifying the 3-transposition groups,
Fischer discovered three new groups Fise, Figoz and Figg with 3510, 31671 and 306936
transpositions respectively. Of these, the first two groups are simple, while the third
contains a simple normal subgroup Fi5, of index 2 (consisting of the products of evenly
many transpositions). In recent years serval people have studied the classification problem
by removing some or all of the Fischer conditions. For more information on 3-transposition
groups, readers are encouraged to consult [3], [21], [28], [29], [76], [77] and many other
relevant sources.
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In [66] Linton and Wilson classified all the maximal subgroups of Fiy, and its auto-

morphism group Fig4.

Theorem 1.0.1 The simple group Fi'24 has exzactly 25 conjugacy classes of mazimal sub-

groups as follows:

Figs 2 Figg:2
2112.3U4(3).22 22.U(2):S3
(Aq x OF (2):3):2 23412 (L3(2) x Ag)
926+8 (G5 x Ag) 211 Moy
(3 x OF (3):3):2 34710.U5(2):2
32.34.38 (A5 x 244).2 (3%:2 x G2(3)).2
3%.[310].GL3(3) 7:6 x Az
37.07(3) 29:14
010(2) He:2 (2 copies)
(As x Ag):2 Us(3):2 (2 copies)
Ag x Lo(8):3 Lo(13):2 (2 copies)

Proof. See [66]. O

Theorem 1.0.2 Fisy has ezactly 21 conjugacy classes of mazimal subgroups as follows:

Fi’24 Figz x 2
(2 X 2-Fig).2 21+12.3U4(3).(22)122

(2 X 22-U6(2))253 (S4 X 0;(2)53)
23+12 ([3(2) x Sg)  2678.(S5 x As)

212. My, S3 x Of (3):53
311102 x Us(2):2)  32.31.3%.(S5 x 254))
(S3 x S3 x G2(3)).2  33.[319).(GL3(3) x 2)

37-07(3):2 7:6 x S7
29:28 01_0(2):2
7},_+2:(6 X 53).2 S5 X Sg
SG X L2(8)23
Proof. See [66]. .

Since the classification of all finite simple groups, more recent work in group theory
has involved methods of calculating character tables of maximal subgroups of finite simple
groups. The character tables of the all maximal subgroups of simple groups have not yet
been known. Most of these maximal subgroups are of extensions of elementary abelian

groups, so methods have been developed for calculating the character tables of extensions
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of elementary abelian groups. A knowledge of character table of a group provides consid-
erable information about the group, and hence it is of importance in the physical sciences
as well as in pure mathematics. Character tables of finite groups can be constructed using
various techniques. For example, the Schreier-Sims algorithm, Todd-Coxeter coset enu-
meration method, the Burnside-Dixon algorithm and various other techniques. However
Bernd Fischer presented a powerful and interesting technique for calculating the charac-
ter tables of group extensions. This technique, which is known as the technique of the
Fischer-Clifford matrices, derives its fundamentals from the Clifford theory. If G = N.G is
an appropriate extension of N by GG, the method involves the construction of a nonsingular
matrix for each conjugacy class of G/N. In this dissertation, we apply the Fischer-Clifford
theory to both split and non-split extensions. First we apply the technique to the split
extensions 27:5pg(2) and 28:Spg(2) which are maximal subgroups of Spg(2) and 28:07 (2)
respectively. This technique has also been discussed and used by many other researchers,
but applied only to split extensions or to the case when every irreducible character of N
can be extended to an irreducible character of its inertia group in G. For example see
Almestady [1], Darafsheh and Iranmanesh ([22], [23]), Fischer ([30], [32], [33]), List [68],
List and Mohammed [69], Moori and Mpono ([81], [82], [83]), Mpono [88], Pahlings [92],
Saleh [101], Schiffer [102] and Whitely [109].

However the same method can not be used to construct character tables of certain
non-split group extensions. In particular, it can not be applied to the non-split extensions
of the forms 37-07(3) and 37-(07(3):2) which are maximal subgroups of Fischer’s largest
sporadic simple group Fiy, and its automorphism group Figs respectively. In an attempt
to generalize these methods to such type of non-split group extensions, we need to consider
the projective representations and characters. We have shown that how the technique of
Fischer-Clifford matrices can be applied to any such type of non-split extensions. However
in order to apply this technique, the projective characters of the inertia factors must be
known and these can be difficult to determine for some groups. We successfully have applied
the technique of Fischer-Clifford matrices and determined the Fischer-Clifford matrices and
hence the character tables of the non-split extensions 37-O7(3) and 37-(07(3):2).

In Chapter 2 we give some preliminary results on group extensions and group characters
that will be required in the subsequent chapters. In Section 2.1 we define group extensions
and discuss some basic results. In Section 2.2 we discuss the conjugacy classes of group
extensions. We briefly discuss the technique of coset analysis for computing the conjugacy
classes of group extension G of N by G where N is an abelian normal subgroup of G.
This technique was developed and first used by Moori in [72], [73] and has since been
widely used for computing the conjugacy classes of group extensions. We also develop two
programmes in MAGMA [10] which we call Programmes A and B. These are analogues to
the programmes developed by Mpono in [88] for CAYLEY [15], which have been applied
to compute the conjugacy classes of the groups 27:Spg(2) and 28:5p6(2) that have been
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studied in this dissertation in Chapters 6 and 7 respectively. In Section 2.3 we present
some basic theory on group representations and characters of groups. In Section 2.4 we are
concerned with the relationship between characters of G and the characters of a subgroup
H of G. We first discuss restriction of characters and then we go on to study induced
characters. In Section 2.5 we shall discuss permutation characters. For further readings
on group extensions, representations and characters of groups, readers are encouraged to
consult [2], [4], [7], [8], [11], [17], [18], [26], [44], [50], [54], [55], [56], [57], [65], [67], [89],
[94], [99], [107], [108].

In Chapter 3 we discuss the projective representations and projective characters. Since
the first step in obtaining the projective representations of a group G is to compute its
Schur multiplier, We have therefore devoted Section 3.1 to the study of Schur multipliers.
In Section 3.2 we shall concentrate on the projective representations of G. We proved
that for a projective representation P with factor set a of degree n, the o([a]) divides n.
We showed that how projective representations of G can be obtained from the ordinary
representations of a so called representation group of G. We also discuss that how projective
representations of a group G can be constructed using three different approaches. In Section
3.3 we study projective characters of G. For further readings on projective representations
and projective characters readers are referred to [8], [43], [45], [49], [52], [54], [60], [84],
[85], [86], [87], [89], [96], [97], [98].

Chapter 4 is devoted to the study of Clifford theory for ordinary and projective rep-
resentations of a group G and its related consequences which will be required to describe
the Fischer-Clifford matrices in the next chapter. In Section 4.1 we study the relationship
between characters of a group G and its normal subgroup N. We present various sufficient
conditions for the extendibility of an irreducible character  of N to its inertia group H in
G. In Section 4.2 we study the Clifford theory for projective representations. We give a
result which shows that how it is always possible to extend 6 to a projective character of H
in G. In Section 4.3 we discuss the number of irreducible constituents of induced characters
and the number of conjugacy classes of G. We study a result from [36] which asserts that if
x is a G-invariant irreducible character of a normal subgroup N of G, then the number of
distinct irreducible constituents of x is equal to the number of x-regular conjugacy classes
of G/N. We also state a result from [36] that the number of irreducible constituents of X%
is equal to the number of conjugacy classes of G/N if and only if x extends to a character
of each subgroup N<z,y> of G with [z,y] € N. For more information on Clifford theory

and its related consequences reader are encouraged to consults [8], [36], [52], [54], [60], [61],
[89].
In Chapter 5 we describe the theory of the Fischer-Clifford matrices. If G = N.G is

an appropriate group extension of N by G, the technique involves the construction of a

non-singular matrix for each conjugacy class of G/N = G. Then by using these matrices
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together with the fusion maps and character tables of some subgroups of G which are
inertia factors of the inertia groups in G, we are able to construct the complete character
table of G. In this dissertation we apply this technique to both split and non-split group
extensions. This technique has been discussed and used (mainly to split extensions) in
Almestady [1], Darafsheh and Iranmanesh ([22], [23]), Fischer ([30], [31], [32]), [33], List
[68], List and Mohammed [69], Moori and Mpono ([81], [82], [83]), Mpono [88], Pahlings
[92], Saleh [101], Schiffer [102] and Whitely [109]. In Section 5.1 we define Fischer-Clifford
matrices in general. Subsection 5.1.1 deals with the properties of the Fischer-Clifford
matrices which are helpful in their computations. In Subsection 5.1.2 we study a special
case of Fischer-Clifford matrices of an extension G = N.G with the property that every
irreducible character of N can be extended to an irreducible character of its inertia group
in G. In Section 5.2 we study the split cosets and we prove that if the extension splits then
every coset is a split coset. In Section 5.3 we are concerned with non-split extensions and
in Section 5.4 we discuss how the Fischer-Clifford matrices can be constructed using GAP
[103]. We also develop a programme to determine the column weights of a coset. In Section
5.5 we give an example of the non-split extension 28-Uy(2), which is maximal subgroup of
the Harda-Norton group HN. We show that how the technique of Fischer-Clifford matrices
can be applied to determine the Fischer-Clifford matrices and the conjugacy classes of
25.U4(2). We also show how the complete character table of 26-Us(2) can be computed

using the Fischer-Clifford matrices.

The subgroups of the symplectic groups which fix a non-zero vector of the underlying
symplectic space are called affine subgroups. In Chapter 6 we shall study the group A(4) =
27:Sps(2), as an affine subgroup of Spg(2) of index 255. We construct the character table of
A(4) using the technique of Fischer-Clifford matrices. We use the properties of the Fischer-
Clifford matrices which are discussed in Subsection 5.1.1 and Section 5.2 of Chapter 5
to compute their entries. Sections 6.1 and 6.2 deal with symplectic groups and their
affine subgroups respectively. In Section 6.3 we construct the affine subgroup A(4) as the
stabilizer of e; in Spg(2), where e; = (1,0,0,0,0,0,0,0). Sections 6.4, 6.5 and 6.6 deal
with conjugacy classes of A(4), the inertia groups of A(4) and the fusion of inertia factors
into Spg(2) respectively. In Section 6.7 we determine the Fischer-Clifford matrices of A(4).
For each conjugacy class [g] of Spe(2) with representative g € Spg(2) we construct the
corresponding Fischer-Clifford matrix M(g). In Section 6.8 we obtain the fusion map of
A(4) into Sps(2).

In Chapter 7 we are dealing with the group 28:Spg(2), which sits maximally inside the
group 2%:05 (2). Let G = 28:5pg(2) be the split extension of N = 28 by G = Sps(2), where
N is the vector space of dimension 8 over GF(2) on which G acts irreducibly. We determine
the Fischer-Clifford matrices and hence construct its character table. The complete fusion
of G into 28:0F (2) will be fully determined.
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In Chapter 8 we study a maximal subgroup of the largest sporadic simple Fischer
group F'i%,. From the work of Wilson [111], we obtain that there are six classes of maximal
3-local subgroups of Fi5,. In this chapter we determine the Fischer-Clifford matrices
and conjugacy classes of one of these maximal 3-local subgroups, namely the subgroup
37.07(3) of index 125168046080. Let G = 37-O(3) be the non-split extension of N = 37
by G = 07(3) where N is the vector space of dimension 7 over GF(3) on which G acts
naturally. We apply the technique of Fischer-Clifford matrices which was developed in
Chapter 5 to determine the Fischer-Clifford matrices and conjugacy classes of 37-07(3). In
Section 8.1 we discuss the action of G on N and Secfion 8.2 deals with the inertia groups of
G. We also compute the projective characters of one of the inertia factors corresponding to
the factor set « of order 3, which will be required in Section 8.4. The fusions of the inertia
factors into G are obtained in Section 8.3. In Section 8.4 we determine the Fischer-Clifford

matrices and the conjugacy classes of 37-O7(3).

Finally in Chapter 9 we study a maximal subgroup of the largest 3-transposition spo-
radic Fischer group Fiz4. The character tables of the maximal subgroups of Figg are not
yet known. It was proved in [64] that there exists at most one non-split extension of O7(3)
by its natural module. Recently Kitazume in [62] using Moufang loop constructed the
non-split extension 3”-(07(3):2) and from [40] we deduce that such a group is realized as
a maximal subgroup of the Fischer group Fis4. In this chapter we construct the charac-
ter table of the the non-split extension 37-(O7(3):2) which is a maximal 3-local subgroup
of Fig4 of index 125168046080. Let G = N-G be the non-split extension of N = 37 by
G = 07(3):2, where N is the vector space of dimension 7 over GF(3) on which G acts
naturally. We apply the technique of Fischer-Clifford matrices to construct the character
table of G. We use the properties of Fischer-Clifford matrices given in Subsection 5.1.1,
Sections 5.2, 5.3 and 5.4 to compute the entries of the Fischer-Clifford matrices of G. The
fusion of G to Fipq together with the restriction of characters of Figg to G forces the signs
of the Fischer-Clifford matrices and orders of the elements of the conjugacy classes of G. In
Section 9.1 we study the action of O7(3):2 on N. In Sections 9.2 and 9.3 we are concerned
with the inertia groups of G' and the fusions of inertia factors into O7(3):2. In Section
9.4 we determine the Fischer-Clifford matrices and conjugacy classes of G. The Fischer-
Clifford matrices and conjugacy classes of G are given in Tables 9.6 and 9.7 in Chapter 9.
Finally in Section 9.8 we discuss the fusions of G into Fiys. However the fusion map of
37-07(3) into G will be crucial in determining the fusion map of G into Fig. This will
help to determine those classes of the elements of G that fuse into Fi5,. Those conjugacy
classes of elements of G which contain classes of 37.07(3) will fuse into Fib, and others

will fuse into Fiigg — Fiy,. The fusion map of G into Fiyy will be fully determined.

For notation on the conjugacy classes of elements and permutation characters, we follow
the notation used in the ATLAS [19] and the ATLAS of Brauer Characters [68]. All our

groups and sets are finite unless otherwise specified. All the computations were carried out
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with the aid of MAGMA [10], GAP Version 3.5 [103] and GAP Version 4.2 [104] running
on a SUN GX2 computer. Programmes A for 27:Spg(2) and 28:Sps(2), that have been
used to compute the conjugacy classes of of these groups, will be given in the Appendix A.
In Appendix B we give the character tables of the groups 3°%:U4(2):2 and L4(3):2, listed in
Tables 1 and 2 respectively, which we used in Chapter 9 to compute the character table of
the non-split extension 37:(07(3):2). All the character tables computed in this thesis have
been accepted for incorporation into GAP. The character table of 28:Spg(2) has already
been incorporated into GAP Version 4.2 while the other character tables will be available
in the latest versions. The consistency and accuracy of these character tables have been
verified by the GAP team at Aachen.



Chapter 2

Preliminaries

In this chapter we give preliminary results on group extensions and group characters that
will be required in later chapters. In Section 2.1 we present definitions and some basic
results on group extensions. In Section 2.2 we discuss the conjugacy classes of elements of
group extensions. We describe the technique of coset analysis for computing the conjugacy
classes of group extension G of N by G where N is an abelian normal subgroup of G.
This technique was developed and first used by Moori in [72], [73] and has since been
widely used for computing the conjugacy classes of group extensions in all cases where
it is applicable. For example, it has been used in Saleh [101], Mpono [88] and Whitely
[109]. We also develop two MAGMA Programmes A and B (analogous to the programmes
developed by Mpono [88] for CAYLEY) to compute the conjugacy classes and the orders
of the class representatives for the split extensions G = N:G where N is an elementary
abelian p-group. We used these programmes to compute the conjugacy classes of the group
extensions 27:Spg(2) and 28:5pg(2) which will be studied in Chapters 6 and 7 respectively.
In Section 2.3 we present some theory on representations and characters of groups by
concentrating on those results which would be useful in later chapters. Section 2.4 deals
with the relationship between the characters of a group G and the characters of a subgroup
H of G. In this section we will first study restriction of characters and then go on to study
induced characters. Finally in Section 2.5 we give some results on permutation characters.
For further information and readings on group extensions, group representations and group
characters readers are encouraged to consult [2], [4], [7], [8], [11], [17], [18], [26], [44], [50],
[54], [55], [56], [57], [65], [67], [89], [94], [99], [107], [108] and many other relevant sources.

2.1 Group Extensions

Definition 2.1.1 Let N and G be groups. An extension of N by G is a group G that
satisfies the following properties
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(i) N 4G,
(ii) GIN =G.

We say that G is a split extension of N by G if G contains subgroups N and Gy with
G1 = G such that

(i) N 4G,

(ii) NGy =G,
(i) NNG;y = {1g}).

In this case G is also called a semi-direct product of N and G, and identify G, and G.

Following ATLAS [19], we denote an arbitrary extension of N by G by N.G. A split
extension is denoted by N:G and a case of N.G that is not split is denoted by N-G.

Definition 2.1.2 The automorphism group of a group G, denoted by Aut(G), is the set

of all automorphisms of G under the binary operation of composition.

For G a semidirect product of N by G, then every element in G can be expressed
uniquely in the form ng, where n € N and g € G and the multiplication of elements of G
is given by

(n191)(n2g2) = mind' 9192
where n9 = gng~!. Also there is a homomorphism 8 : G — Aut(N) given by 6(g) = O,
where g € G, 8, : N — N is defined by 6,(n) = gng™! and 6, is an automorphism of N.
Hence G acts on V.

Definition 2.1.3 Let G, N and G be as defined above and 6 : G — Aut(N). Then the
semidirect product G of N by G is said to realize 0 if O4(n)=n9VneN,ged.

Remark 2.1.4 For G a semidirect product of N by G, then G is isomorphic to a semidirect
product of N by G that realizes 6 for some 6 : G — Aut(N).

If G is a split extension of N by @, then G = NG = Ugee Ng so G may be regarded
as a right transversal for N in G (that is, a complete set of right coset representatives of
N in G). Now suppose G is any extension of N by G, not necessarily split, then since
G/N = G, there is an onto homomorphism A : G —s G with kernel N. For g € G define
a lifting of g to be an element § € G such that \(g) = g. Then choosing a lifting of each
element of G, we get the set {g : ¢ € G} which is a transversal for N in G.

We now show that even for a non-split extension of N by G, if N is abelian , G acts
on N.
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Lemma 2.1.5 ([88],[100],[109]) Let G be an extension of N by G where N is abelian.
Then there is a homomorphism 6 : G — Aut(N) such that 04(n) = gn(g)',n € N and 6
is independent of the choice of liftings {g : g € G}.

Proof. Let a € G and <, denote conjugation by a. Since N is a normal subgroup of
G, (va)v € Aut(N) and the function g : G — Aut(N) defined by p(a) = (va)n is
a homomorphism. If a € N, then since N is abelian we have u(a) = Iy. Thus there
is a homomorphism p* : G/N — Aut(N) which is given by u*(Na) = u(a). However
G = G/N and for any lifting {g : g € G}, the function ¢ : G — G/N defined by
¢(g9) = Ng is an isomorphism. If {g; : g € G} is another choice of liftings, then g g;' € N
for every g € G and thus Ng = Ng;. Therefore the isomorphism ¢ is independent of the
choice of liftings. Let 8 : G — Aut(IN) be the composition p* o ¢. For g € G and g a
lifting of g, then 8(g) = u*(¢(g)) = u*(Ng) = u(g) € Aut(N) and thus for n € N, we have
04(n) = p(g)(n) = gn(g)~*. Hence the result. |

Remark 2.1.6 [109] Let G be an extension of N by G where N is abelian and for each
g € G let g be a lifting of g. We identify G with G/N under the isomorphism g — Ng.
Thus {§ | g € G} is a right transversal for N in G and thus every z € G has a unique
expression of the form z = ng wheren € N and g € G.

2.2 Conjugacy Classes of Group Extensions

In this section we discuss the technique of coset analysis to determine the conjugacy classes

of group extensions but first we state the following two relevant results.
Theorem 2.2.1 Let G be a finite group

(i) Suppose that C1 and Cy are two conjugacy classes of G such that C, # (1¢] and

CT = Cs for some integer n > 2, where
CT={zmzy-zp|2:€C1,1<i<n} .

Then there ezists some normal subgroup N of G and g € G — N such that Cy is the

coset Ng and the map x — z" is a bijection from C) onto Cs.

(i) If G has a normal subgroup N and g € G — N such that the coset Ng is a single
conjugacy class of G, and such that for some n € Z the map z — z™ forx € Ng
is a monomorphism, then Ng™ is a conjugacy class of G and (Ng)™ = Ng".

Proof. See [9].
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Proposition 2.2.2 Let G = N.G, § € G a lifting of g € G, C be the centralizer of Ng in
G and C be the complete preimage in G of C. Then

(i) the union of the cosets NI which are conjugate in G to Ng, is the union of the

conjugacy classes Ly, Lo, ..., L, of G,
(i) C acts on the coset Ng by conjugation,

(iii) C has T orbits in its action on NG and the orbit representatives gi,go,...,dr are

representatives of the conjugacy classes Ly, La, ..., L. of G,

(iv) the centralizer Ca(g;) for 1 < i < r is the stabilizer of g; in C in its action on Ng.

Proof. See [13]. O

We now briefly discuss the technique of coset analysis to determine the conjugacy classes
of elements of group extensions G = N.G where N is an abelian normal subgroup of G.
For detailed information about this technique we encourage readers to consult Moori [72],
[73] and Mpono [88].

For each conjugacy class [g] in G with representative g € G, we analyse the coset Ng,
where g is a lifting of g in G and
G=|JNg
9€G
To each class representative g € G with lifting § € G, we define
C;={z€G : z(Ng)=(Ng)z} .

Then Cj is the stabilizer of Ng in G under the action by conjugation of G on Ng, and
hence Cj is a subgroup of G.

Remark 2.2.3 Tt is not difficult to see that N is a normal subgroup of Cj.
Lemma 2.2.4 [109] C3/N = Cg/n(Ng).

Proof. Consider Nk, where k € G. Then

Nk € Cg/y(Ng) & Nk(Ng)(Nk)™' =Ng
NkNgNk™! = Ng
NkNgk™ = Ng
NENngk™ = Ng Vne N
Nkngk ™' =Ng,VneN
kngk™' € Ng,VneN
ke Gy
Nk € Cy/N .

T ¢ ¢ ¢ ¢ ¢
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Thus we obtain that C3/N = Cg/n(NG). O

Remark 2.2.5 Using Remark 2.3.4 and Lemma 2.3.5 we deduce that C3 = N.Cg/y(Ng).
For g a lifting of g € G in G, we can identify Cg/n(Ng) with Cg(g) and write C5 = N.Cg(g)
in general. If G = N:G then we can identify C; with C; = {z € G : z(Ng) = (Ng)z},

where the lifting of ¢ in G is g itself since G < G in the case of a split extension.
Corollary 2.2.6 If G = N:G, then Cy = N:Cg(g).

Proof. We have that N is a normal subgroup of C;. Now we show that Cg(g) < Cy and
that N N Cg(g) = {1}. Let z € Cg(g). Then we obtain (Ng)* = z(Ng)z~! = zNgz~! =
Nzgz~! = Ng. Thus z € C,; and hence Cg(g) < Cy. Since NNCg(g) < NNG = {1g},
then we have that N N Cg(g) = {1¢}. Hence the result. m]

The conjugacy classes of G (where N is abelian) will be determined by the action by
conjugation of Cj, for each conjugacy class [g] of G, on the elements of Ng. To act Cy on
the elements of N, we first act N and then act {h : h € Cg(g)}, where h is a lifting of

h in G. We outline this action in two steps as follows:

STEP 1: The action of N on Ng: Let Cn(g) be the stabilizer of § in N. Then for
any n € N we have € Cny(ng) & =z € Cn(g). Thus Cn(7) fixes every element of Ng.
Now let |Cn(g)| = k. Then under the action of N, Ng splits into k orbits Q1,Qo,. .., Qk,

where
_ v

@il =N:Cnv@] =",
forie {1,2,...,k}.

STEP 2: The action of {h | h € Cg(g)} on Ng: Since the elements of N§ are now in
the orbits Q1,Qq,...,Qk from Step 1 above, we need only act {h | h € Cg(g)} on these
k orbits. Suppose that under this action f; of these orbits Q1,Qs,. .., Qx fuse together to

form one orbit Aj, then the f;’s obtained this way must satisfy
> fi=k
J

and we have

||
Al = f: x 210
, Jl f]x P2
Thus for z = d;g € A, we obtain that
G
5l = 18] x |lgle] = f; x A —
ol =183l xlldlel = 15 < ey

and thus we obtain that

v |G = . klCc(9)l _ k|Cq(g)]
C T = = =
Ceol = G =16 Far = 5,
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Thus to calculate the conjugacy classes of G = N.G, we need to find the values of k

and the f;’s for each class representative g € G.

Remark 2.2.7 However in the case of G = N:G a split extension, we analyse the coset Ng
instead of Ng since in this case G < G. Under the action of N on Ng, we always assume
that g € Q,. Also instead of acting {h : h € Cg(g)} on the k orbits Q1,Q2,...,Qk we
just act C(g) on these orbits. Since g € Q1, then Cg(g) always fixes @1 and thus we will

always have f; = 1. Hence

k=) fi=1+) fm ,
7 m

where the sum is taken over all m such that g € Q.-

We now prove and discuss techniques that are useful in the determination of the orders
of the elements of G = N:G.

Theorem 2.2.8 Let G = N:G and dg € G where d € N and g € G such that o(g) = m
and o(dg) = k. Then m divides k.

Proof. We have that
15 = (dg)* = dd?d"d?" ...d9" ' g% .

k

~' € N. Hence dd?9d?’ ...d"" " €
=1y and g* = 1g. Hence m divides k. O

Since G acts on N and d € N, we have d,dg,dgz,...,dg
N. Thus we must have that dd9d?’ ...d?"

Theorem 2.2.9 Let G = N:G such that N is an elementary abelian p-group, where p is
prime. Let dg € G where d € N and g € G such that o(g) = m and o(dg) = k. Then either

k=m or k =pm.
Proof. See [88]. a

Remark 2.2.10 Let G = N:G, where N is an elementary abelian p-group. Let dg € G
with d € N, g € G such that o(g) = m and o(dg) = k, then we observe that

2 m—1

(dg)™ = d.d9.d9".....d9" " g™ .

By Theorem 2.2.9 above, we have that if w = 1)y then k = m and if w # 1y then k = pm.
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We have used the method of coset analysis discussed above (outlined in Steps 1 and
2) together with Theorems 2.2.8 and 2.2.9 and Remark 2.2.10 in developing Programmes
A and B in MAGMA [10] (analogous to the programmes developed by Mpono [88] for
CAYLEY) which are applied for the computation of conjugacy classes and the orders of
the class representatives of the extension G = N:G where N is an elementary abelian

p-group for prime p on which a linear group G acts.
PROGRAMME A

V := vectorSpace(FiniteField(q),n);

S < ¢1,92 >:= MatrizGroup < n, FiniteField(GF(2)) | generators >;
¢ := classes(S);

Op := Orbit(S,elt <V | a1,y...,an >);

O := Orbit(S,elt <V | B1,y...,Bn >);

Oy := Orbit(S,elt <V | §1,...,0, >);
O := Oy join Oy join O join ... join O;
fori:=1ton(c) do;

print c[i, 1];

wi=elt <V |01,0q,...,0, >;
e:={};

while(O diff e) ne { } do
d:={}

for z in O do;
yi={z+w+(zxc[3])}
d:=djoin y;

end for;

print d;

e:=djoin e

if(O diff €) ne { } then

w = Representative( O diff e );
endif;

end while;

ri={}

ui=elt <V |0,0,...,0>;
while(O diff r) ne { } do;

m:={}
for g in Centralizer(S,cli,3]) do
l:={ux*g}

m =m join I;
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end for;

print ' A block for the vectors under the action of centralizer s
print m;

7I=Mm join T,

if (O diff r) ne { } then

u := Representative(O diff r);

endif;

end while;
print’********************************’;

end for;

PROGRAMME B

V := vectorSpace(FiniteField(g),n);

S < g1,92 >:= MatrizGroup(n, FiniteField(q) | generators);
¢ := classes(S);

g = cli, 1];

d=clt <V |ai,...,an);

w=d+dxg+d*(g2) +d*(¢®)+... +dx (g™ )

print w;

In Programme B we have o(g) = m and g € S is a class representative, for 1 < j <
n,aj € GF(q), d + g = d% and + signifies the operation in V' and dg € G is a class
representative from the coset Ng.

2.3 Representations and Characters

In this section we give some preliminary results on representations and characters of groups

which will be needed in later chapters.

Definition 2.3.1 Let G be a group, F a field and GL(n, F) the general linear group
which is the multiplicative group of all nonsingular n x n matrices over F for some integer
n. Then a homomorphism p: G — GL(n, ) is called a representation of G over F or
simply an [ -representation. The representation p is said to have degree n. The function
x: G — F given by x(g) = trace(p(g)) is called the [ -character of G afforded by the
F-representation p. The degree of x is the same as that of p.

Two [F-representations p; and py of G are said to be equivalent if there exists P €
GL(n, F) such that p;(g) = Pp2(g)P~ ! forallg € G. An F-representation p of G is said
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to be reducible if it is equivalent to a representation « which is given by

for all g € G, where 8,v,0 are [F-representations of G. If p is not reducible, then it is
said to be irreducible. Since similar matrices have the same trace, then it follows that
equivalent representations afford the same character. The character afforded by an irre-
ducible representation is called an irreducible character. Sums and products of characters

are themselves characters.

We now give a celebrated result of Schur [105] which provides an assessable approach

to group characters.

Theorem 2.3.2 (Schur’s Lemma) Let p; : G — GL(n, F) and p2 : G — GL(m, F)
be two irreducible representations of a group G over a field F. Assume that there exists a
matriz P such that Ppi(g) = p2(g)P for all g € G. Then either P is the zero matriz or P
is nonsingular so that p1(g) = P~ 'pa(g)P.

Proof. See Theorem 1.8 of [80]. O

Corollary 2.3.3 [80] If p : G — GL(n, F) is an irreducible representation of a group
G over an algebraically closed field F, then the only matrices which commute with all
matrices p(g), g € G are scalar matrices al,, where a € F and I, is the n X n identity

matric.

Proof. Let P be an n x n matrix such that Pp(g) = p(g)P for all g € G. Then for any
a € F we have that

(al — P)-p(g) = p(g)-(al, — P), Vg€ G . (1)

Let m(z) = det(zI, — P) be the characteristic polynomial of P. Since m(z) is a polynomial
over F and F is algebraically closed, then there exists a; € F such that m(a;) = 0. Hence
det(a1I, — P) = Of and thus a;I, — P is singular. Then from relation (1) above and Schur’s
Lemma, we obtain that a; I, — P = 0 and hence a;I, = P. O

Definition 2.3.4 Let G be a group, F a field and ¢ : G — F be a function which is

constant on conjugacy classes of G. Then ¢ is called a class function of G.

From the above definition, we observe that every character is a class function. From
now on, we will consider representations and characters of a finite group G over the complex
field C. We shall use the notation Irr(G) to denote the set of all irreducible characters
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of the group G. These irreducible characters are presented in a table, called the character
table of G. In this table, the columns correspond to the conjugacy classes of G and the
rows to the irreducible characters, with entry a;; being the value of the ¢-th irreducible

character on an element of the j-th conjugacy class.

We can show that every class function ¢ of G can be uniquely expressed in the form
¢ = Yyerrr(c) bxX> where by € C. Moreover ¢ is a character if and only if all by € N U{0}
and ¢ # 0. We can also show that the following properties hold:

(i) Two representations of G have the same character if and only if they are equivalent.

(ii) The number of irreducible characters of G is equal to the number of conjugacy classes

of elements of G.

(iii) Any character of G can be written as a sum of irreducible characters.

Definition 2.3.5 Let G be a group, x be a character of G and Irr(G) = {x1,Xx2,---> Xr}
such that x = Y.i—; nixi, where n; € N U {0}. Then those x; for which n; > 0 are called
the irreducible constituents of x. In general, if 1 is a character of G such that x — v is a

character or is zero, then 1 is a constituent of x.

Orthogonality relations for characters are the cornerstone of character theory. Among
other applications, they allow us to express an arbitrary class function in terms of irre-
ducible characters and to determine instantanously whether or not a given character is

irreducible.

Theorem 2.3.6 (Generalized Orthogonality Relation) Let G be a group and Irr(G) =
{x1,x2,---,Xxr}. Then the followz'ng holds for every h € G:

- xi(h)
xi(gh)xi(g™") = 6y ==
€] g; 197 = %3 o)
Proof. See Theorem 2.13 of [54]. a

Theorem 2.3.7 Let x be a character of G afforded by a representation p of degree n.
Then for g € G, p(g) is similar to a diagonal matriz diag(e, €, ...,€,) where each ¢; is a

complez root of unity. Then x(g) = 37 & and x(97') = x(g), where x(g) is the complez
conjugation of x(g).

Proof. This is the Lemma 2.15 in [54]. O

Definition 2.3.8 Let x and ¢ be class functions of a group G. Then the inner product of
x and 1 is defined by
STl GI > xlg

9eG
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The following theorems are derived from the generalized orthogonality relation and are

called the first and second orthogonality relations respectively.

Theorem 2.3.9 [5/(First Orthogonality Relation) Let G be a group and Irr(G) =
{X].)XZ) e ,Xr}- Then
1

@ 3 xi(9)x3(9) = &i5 = (xi> x5)

9€G

Proof. Using the generalized orthogonality relation and taking A = 1g, then the result

follows immediately. O

Theorem 2.3.10 [5//(Second Orthogonality Relation) Let G be a group and Irr(G) =
{x1,x2,--->Xr} and {91,92,...,9r} be a set of representatives of the conjugacy classes of
elements of G. Then

> x(9:)x(g;) = 8;ICalgs)l
x€lrr(G)

Proof. Let X be the character table of G. Then viewed as a matrix, X is an r X 7 matrix
whose (i, j)-th entry is given by x;(g;). Let C; be the conjugacy class which contains g;
and D be the diagonal matrix with entries §;;|C;|. Then by the first orthogonality relation,
we obtain that

G165 = > xi(9)x;(9) = D_ |Celxi(ge)x;(ge)
g€eG t=1

Then we obtain a system of 72 equations which can be written as a single matrix equation
as follows
IG|I = XDX© |

where I is the identity r x r matrix and X7 is the transpose of X. Since X is a nonsingular
matrix, then we obtain that

|G| = DX X
Rewriting the above matrix system as a system of equations yields

,
G165 = |Cilxe(9:)xe(g;)
t=1
Hence we obtain that

Y x(g9)x(9:) = [Calg:)|dis
x€Irr(G)

a

Let G be a group and x be a character of G afforded by a representation p. Then we
define

ker(x) = {9 € G | x(9) = x(1¢)}
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It can be shown that ker(x) = ker(p) and hence ker(x) is a normal subgroup of G. If
Irr(G) = {x1,Xx2,- -, Xr}, then every normal subgroup of G is the intersection of some of
the ker(x;).

Theorem 2.3.11 Let G be a group and N be a normal subgroup of G. Then

(a) If x is a character of G and N C ker(x), then x is constant on the cosets of N in G
and the function % defined on G/N by x(Ng) = x(g) is a character of G/N.

(b) If % is a character of G/N, then the function x defined by x(g) = X(Ng) is a character
of G.

(c) In both (a) and (b) above, x € Irr(G) if and only if x € Irr(G/N).

Proof. See Theorem 2.2.2. of [109]. O

If N is a normal subgroup of G and p is a representation of G such that N C ker(p),
then there exists a unique representation g of G/N defined by p(Ng) = p(g). Thus knowing
p, we can obtain p and vice versa. We also obtain that p is irreducible if and only if p is
irreducible. Hence p and p can be identified. If p affords a character x of G, then p affords
a character ¥ of G/N and also x and X can be identified. Under this identification, we
obtain that

Irr(G/N) = {x € Irr(G) | N C ker(x)}

Thus the irreducible characters of G/N are precisely those irreducible characters of G which

contain N in their kernels.

Definition 2.3.12 Let G be a group, N a normal subgroup of G and ¥ be a character of
G/N. Then the character x of G defined by

x(9) = x(Ng)

s called a lifting of X to G.

Thus given characters of G/N, we can obtain some characters of G by the lifting process.
The character x and its lifting x have the same degree.

2.4 Induced Characters

In this section we look at the ways of relating the representations of a group to the repre-
sentations of its subgroups.
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Definition 2.4.1 Let G be a finite group and H < G. If p is a representation of G, then
the restriction of p to H is a representation of H. This representation is denoted by py.
If x is a character of G afforded by p, then the restriction of x to H is denoted by xg and
is a character of H afforded by the representation pp such that
xe= 3, k¥ ,
pelrr(H)
where ky € N U {0}.

The characters xg and x take on the same values on the elements of H. If xy is
irreducible, then x is irreducible in G but the converse is not true in general. Karpilovsky
in [61] proves a theorem (Theorem 23.1.4) due to Gallagher that if H < G, x € Irr(G)
such that x(g) # 0V g € G — H, then xg is irreducible, and for any ¢ € G — H, x(g)
is a root of unity. We also observe that (see [57]) every irreducible character of H is a

constituent of some irreducible character of G restricted to H.

Theorem 2.4.2 [57] Let G be a group, H < G, x € Irr(G) and Irr(H) = {1,%2,...,¢r}.
Then

XH =Y kit ,
i=1

where k; € N U {0} satisfy the following relation

erkfg[G:H] .

=1

Moreover, equality in the above relation holds if and only if x(g) =0 for allg € G — H.
Proof. See [88] a

Theorem 2.4.3 Let G be a group, H be a normal subgroup of G and x € Irr(G). Then
all the constituents of xu have the same degree.
Proof. See Proposition 20.7 of [57]. m]

Let G be a group and H < G such that the set {z1,z9,...,z,} is a transversal for H
in G. Let ¢ be a representation of H of degree n. Then we define ¢* on G as follows:

d(z1927), $(z1923 ), . .., p(z192;)
¢($29x1_1)) ¢($‘2g$2_1), . ,¢($29$r_1)

¢ (9) =
$(@ngr"), (2ng23 "), .., d(anga;?)
where d)(:cz-gz;l) are n X n submatrices of ¢*(g) satisfying the property that
(b(xigmj_l) =0pxn V xing—l ¢ H

Then we can show that ¢* is a representation of G of degree nr.
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Definition 2.4.4 Let G, H, ¢ and ¢* be as above. Then the representation ¢* is called the

representation of G induced from the representation ¢ of H and we denote this by writing

4" =¢C.

If 4 is a representation of H which is equivalent to ¢, then it can be shown that ¢¢
is equivalent to ¢¢. Thus the induction process preserves equivalence between representa-

tions.

Definition 2.4.5 Let G be a group and H < G. Let x be a class function of H. Then we

Zx (zgz™1)

zeG

define X¢ as follows:

where

0 otherwise

0 :{ x(h) ifheH

Then x© is a class function of G, called the induced class function of G induced from x.
Also we have that deg(x®) = [G : H]deg(x).

Theorem 2.4.6 [5//(Frobenius Reciprocity Theorem) Let G be a group, H < G and
suppose that x is a class function of H and ¢ is a class function of G. Then

(Xa ¢H> = (XG1 ¢>

Proof. We obtain that

(xC,¢) = |G|Zx |G||H|ZZX zgz ") $(g)

g€G 9€G z€G

1

Putting y = zgz ™" and since ¢ is a class function, then we obtain that ¢(y) = ¢(g). Hence

we have
x%¢) = IGH Z > x°(zgz7")(g) ,G” Z > Xy
gEG zeG yGG z€G
= Z X Xa ¢H)
yEH

Hence the result. a

Let H < G and ¢ be a representation of H that affords a character x of H. Then
xC is a character of G afforded by the induced representation ¢“ of G. The character

x© is called the induced character of G. The induction and restriction processes do not

necessarily preserve irreducibility of characters. For further reading on induced characters,

readers are encouraged to consult [5], [6], [56], [90] and many other relevant sources.
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Theorem 2.4.7 Let G be a group and H < G. Let x be a character of H, g € G and
{1,Z2,-..,Tm} be a set of representatives of the conjugacy classes of elements of H which

fuse into [g] in G. Then we obtain that
X°(9) = [Cola) 3o 25
= |Cu (=)
where we have that x%(g) = 0 whenever H N [g] = 0.

Proof. We have that

1
(9) > x°(zgz™
IHI z€G

If HN[g] = 0, then zgz~' ¢ H and thus x°(zgz™!) =0 V z € G and hence x%(g) = 0.
Now if HN[g] # 0, then let A € H N[g]. Then as z runs over elements of G, we have
zgz~! = h for exactly |Cg(g)| values of z. Hence we obatin that

o) = X xtaga™) = 52 T 3wy =150 |Z

heHN[g]

Hence the result. O

Theorem 2.4.8 Let G be a group, K, H < G such that K < H < G and x be a character
of K. Then for all g € G we have

(i) ()9 = ()97 19
(ii) (x9)¢ = x°.

Proof. See [61] O

2.5 Permutation Characters

Knowledge of the permutation characters of a group leads to information about the sub-

group structure of the group. In this section we discuss permutation characters.

We say that a group G acts on a set X if there is a homomorphism ¢ : G — Sy,
where Sx is the symmetric group on X. We say that G acts faithfully on X if ¢ is a
monomorphism. In this case G can be identified with a subgroup of Sx and G becomes a

permutation group on X. In this section we assume that X is a finite set.

Definition 2.5.1 Let G be a group acting on a set X such that for any two k-tuples
(1,%2,...,zx) and (y1,¥2,...,Yx) of k distinct elements of X, there ezists g € G for
which i = y; fori=1,2,...,k. Then we say that G is k-transitive on X.
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If G is 1-transitive on X, then we say that G is transitive. In this case G has only one

orbit on X.

If G acts on X, we define a representation 7 : G — GL(n,C), where n = |X|. Let

X = {z1,%2,...,%,}. For each g € G we define 7, = (a;;) by

1 ifz! =z
aU = .
0 otherwise

Then 7, is a permutation matrix of the action of g. The representation 7 defined above is

called the permutation representation of G obtained from the action of G on X.

Definition 2.5.2 Let G be a group and X be a set such that G acts on X. Then we denote
the character afforded by the permutation representation m by x(G|X). This character is
called the permutation character of G associated with the action of G on X. It is not
difficult to show that for g € G we have

x(G|X)(g) = |{z € X | 29 = z} = the number of points of X fized by g

Suppose that G acts transitively on X and G is the stabilizer of z € X. Then the
action of G on X is the same as the action of G on the cosets of H = G,. Hence V g € G,
x(G|X)(g) also gives the number of cosets of H = G, that are fixed by g € G and in this
case we denote this number by x(G|H)(g). Due to the fact that the action of G on X is
the same as the action of G on the cosets of H, then we can write x(G|H) = x(G|X).

Theorem 2.5.3 Let G be a group acting transitively on a set X. Let a € X, H = G, and
X(G|H) be the permutation character of this action. If Iy is the identity character of H,
then x(G|H) = (In)®

Proof. We have that
1 _ 1
(In)°(g) = il > Iy(zgz™') = %l > 1
z€G,xgz~1€H z€G,zgz—1eH

Now if zgz~! € H, then zg € Hz. Thus Hzg = Hz and hence Hz is fixed by g € G.
However the summation is taken over all z € G such that zgz~! € H. Hence the summation
is taken over all z € G for which the coset Hz is fixed by g € G. But Vy € Hz, Hz = Hy
and thus we obtain that

S 1=|H|{Hz| Heg = Hz)|
z€G,zgz~€H

and hence we obtain that

(I1)C(g) = ﬁmn{ﬂz | Hog = Hz)| = |{Hz | Hzg = Hz}| = x(G|H)(g)

Hence the result. 0O
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Theorem 2.5.4 [54] Let G be a group acting on a set X with x(G|X) as the permutation
character of the action. If X splits into k orbits under the action of G, then

(x(G|X),Ig) = k

Proof. Suppose that the k orbits of X under the action of G are {Xi,...,Xk}. Then we
obtain that

Let z; € X; and H; be the stabilizer of z; € X;. Also let x;(G|H;) be the permutation

character of G on the cosets of H;. Then we obtain that
k
X(GIX) =" xi(G|H;) where xi(G|H;)= (In,)®
i=1

By the Frobenius reciprocity theorem, we obtain that
(Xi(GIHi),IG> = <(IH1')G’IG) = (IHi?IHi) =1

Hence we obtain that

k

k
(x(G|X),Ig) = Z(Xz GH),Ig) =Y 1=

=1 =1

Hence the result. O

The following result will be used in later calculations to determine the conjugacy class

fusions of subgroups of G.

Corollary 2.5.5 Let H < G. Let g € G and let x1,29,...,Z, be representatives of the
conjugacy classes of H that fuse to [g]. Then

X(Gi(e) = 3 el

Proof. This follows from Theorem 2.4.7. O

In the following we present some properties of the permutation characters.
Theorem 2.5.6 Let G be a group, H < G and x = x(G|H).
(i) deg(x) divides |G|.
(1) (x,¥) < deg(y) for all 3 € Irr(G).
(1i1) (x,1g) = 1.

(iv) x(g) e NU{0} forallg€G.
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(v) x(g) < x(g™) for all g € G and m € N U {0}.

(vi) x(g) =0 if o(g) does not divide |G|/deg(x)-
(vii) X(g)%% is an integer for all g € G.

Proof. This is Theorem 2.5.6 in [109)].

Let ¢ be a representation of G and « an automorphism of G. Then ¢ is a representation

of G given by
¢%(z) = ¢(z%) and ¢%(zy) = ¢*()4%(v)

for =,y € G. If the representation ¢ affords a character x of G, then the representation
¢* affords a character x* of G which is given by x%*(z) = x(z®) for z € G. Then the
representation ¢* and the character x* are called the algebraic conjugates of ¢ and x
respectively induced by the automorphism a. Let X = (x;(z;)) be the character table
of G, where x; € Irr(G), 1 < i < nand z;,1 < j < n are representatives of the
conjugacy classes of elements of G. Then the automorphism « of G induces a permutation
on the conjugacy classes of G and thus induces a permutation on the columns of X. For
each x; € Itr(G), we deduce that x? € Irr(G). Hence a induces a permutation on the
irreducible characters x; of G and thus induces a permutation on the rows of X. Moreover
since x7(z;) = xi(z§), then the matrices obtained from X by these two operations are

identical. Hence we obtain the following theorem known as Brauer’s Theorem.

Theorem 2.5.7 [38/(Brauer’s Theorem) Let G be a group and K be a group of au-
tomorphisms of G. Then the number of orbits of K as a group of permutations on the
irreductble characters of G is the same as the number of orbits of K as a group of permu-

tations on the conjugacy classes of G.

Proof. Let X be the character table of G. Then as a matrix, X is square and nonsingular.
Let a be an automorhism of G such that @ € K. Then a induces a permutation on the
conjugacy classes of G' and thus induces a permutation on the columns of X. Hence K
acts on the conjugacy classes of G. Since o € K, then to each character x of G, we obtain
a character x of G such that x* € Irr(G) whenever x € Irr(G). For y € G, we obtain
that x*(y) = x(y*). Thus « induces a permutation on the rows of X. Hence K acts on
the irreducible characters of G. Let X denote the image of X under a. Then we obtain
that
P(a)X = X* = XQ(a) ,

where P(a), Q(c) are appropriate permutation matrices which are uniquely determined by
a € K. Suppose that o, § € K. Then we obtain that X*# = (X*)#. Also we have that

P(af)X = X = (X*)f = (P(a)X)? = P(B)P(a)X
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and hence P(af) = P(B)P(c). We also have that X*¥ = XQ(af) and (X%)? =
(XQ(a))? = XQ(a)Q(B). Since X = (X*)P, we obtain that XQ(aB) = XQ(a)Q(B).
The nonsingularity of X implies that Q(af) = Q(a)Q(S). Define mappings 7 and
on K by mi(a) = (P(a))t and m(a) = Q(a), where ¢ denotes the transpose operation on
matrices. Then 7; and 7y are permutation representations of K. Let §; and 5 be the per-
mutation characters afforded by 71 and 7 respectively. Since X ' P(a)X = Q(a), P(«)
and Q(c) are similar and thus have the same trace. Since trace(P(a))! = trace(P(a)),
we have that trace(P(a))t = trace(Q(c)). Hence ; = 02 and m; and 7, are equivalent.
Let d;,ds be the number of orbits of K on the irreducible characters and on the conjugacy
classes of G respectively. Thus we observe that d; is the number of orbits of m (K) in
its action as a group of permutations. Also dy is the number of orbits of mo(K) in its
action as a group of permutations. Since 6; is the permutation character of K acting on
the irreducible characters of G, we obtain that (6;,Ix) = d;. Also for 6,, we obtain that
(02, Ix) = dg. However 6; = 0, and thus (0, k) = (02, Ix) and hence d; = dy. Hence the
result. O



Chapter 3

Projective Representations and

Characters

In this chapter we study the projective representations and characters which will be re-
quired in the subsequent chapters. We refer to the group representations and group char-
acters that we defined in Chapter 2 as ordinary representations and ordinary characters
respectively. The Schur multiplier of G plays an important role in the study of projec-
tive representations of G. We have therefore devoted Section 3.1 to the study of Schur
multiplier of G. In Section 3.2 we are dealing with projective representations of G. We
study the relationship of projective representations with the ordinary representations. We
discuss that how projective representations of G can be constructed using three different
approaches. We also show that how projective representations of G can be determined
from the ordinary representations of a so-called representation group of G. Finally in Sec-
tion 3.3 we discuss projective characters and study the orthogonality relations analogous
to the ones for ordinary characters. For further readings on projective representations and
projective characters readers are referred to [8], [43], [45], [49], [52], [54], [84], [85], [86],
[87], [89], [96], [97], [98].

3.1 Schur Multiplier

The first step in obtaining the projective representations of a group G is to compute its
Schur multiplier. In this section we discuss results useful in finding the Schur multiplier of

a group.

Definition 3.1.1 A function a: G x G — C* is called a factor set of G if

alzy, 2)e(z,y) = a(z,yz)aly, z)  for all z,y,z € G.
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Two factor sets @ and o' are said to be equivalent if there exists a function p: G — C*
such that o/(z,y) = 2 ; zpyy a(z,y) for all z,y € G. This is an equivalence relation and
we denote the equivalence class of the factor set a by [a]. For factor sets a and o/, let

(ad)(z,y) = a(z,y)d!(z,y) for all z,y € G. Then ac' is a factor set, as is a~! defined by

a N(z,y) = (a(z,y)) 7"

Definition 3.1.2 The set of all equivalence classes of factor sets forms a group by defining
[o][e'] = [ac!]. The identity of this group is [1] where 1 is the factor set 1(z,y) =1 for all
z,y € G, and [o]™! = [a~1]. This group is called the Schur multiplier of G and we denote
it by M(G).

Theorem 3.1.3 (i) M(G) is a finite abelian group.

(it) If G is a cyclic group, then M(G) = 1.
Proof. See [89]. a

Lemma 3.1.4 Suppose that N is a normal subgroup of a finite group G. If M(G) = 1,
then M(G/N) = (N 0 G")/[N,G]. In general, (N NG')/[N,G]| divides |M(G/N)|.

Proof. See [60]. a

Theorem 3.1.5 Let G be a finite group and H be a subgroup of index n. Then the group
(M(G))™ of all n-th powers of M(G) is isomorphic to a subgroup of M(H).

Proof. See [60]. O

The following theorem describes the Schur multiplier of G in terms of the subgroup
structure of G. Schur [105] reduced the problem of finding M(G) to obtaining the Schur
multiplier of the Sylow p-subgroups of G.

Theorem 3.1.6 [105] Let S be a Sylow p-subgroup of G. Then the Sylow p-subgroup of
M(QG) is isomorphic to a subgroup of M(S).

Proof. See [60]. O

Theorem 3.1.7 A group G has trivial Schur multiplier if and only if it has a set of

subgroups with trivial Schur multipliers and relatively prime indices.

Proof. See [60]
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3.2 Projective Representations

The notion of projective representation, due to Schur, was suggested by the study of
relations between linear representations of a group and its factor groups over a central

subgroup.

Definition 3.2.1 Let G be a group and F be a field. Consider the map P : G —
GL(n, F) such that

(i) P(lg) = I,, where I, is the identity n X n matriz.
(ii) For all z,y € G, there ezists a map o : G x G — F* such that

P(z)P(y) = a(z,y)P(zy) where ofz,y) € F*

Then P is called a projective representation of G over [F of degree n. The map « is called

the factor set associated with P.

From the above definition, we observe that

a(z,y) = P(z)P(y)(P(zy)) ™

Thus for the factor set a associated with P, if a(z,y) = 1F for all z,y € G, then we obtain
that P(zy) = P(z)P(y) and hence P becomes an ordinary representation of G. Sometimes
a pair (P, ) is used to indicate a projective representation P and its associated factor set

.

There is another way of looking at projective representations. The group PGL,( F) =
GL,( F)/Z(GL,( F)) is called the projective general linear group where Z(GL,( F)) is
the centre of GL,( F) which consists of all non-zero scalar matrices. If P is a projective

F -representation of G then the composition of P with the natural homomorphism G —
PGL,( F) is a homomorphism G — PGL,( F). Conversly, if # : G — PGL,( F) is
any homomorphism, a projective representation P of G can be defined by setting P(g)
equal to any element of the coset 7(g) of Z(GL,( F)) in GL,( F). Thus the projective

F-representations of G' can be identified with the homomorphisms of G into the projective

general linear group.

We now consider the associated factor sets of the projective representations.

Lemma 3.2.2 Let o be the associated factor set of a projective representation P of G.

Then a satisfies a(zy, z)a(z,y) = a(z,yz)a(y, z) for al z,y,z € G.
Proof. By associativity we have

P(z)P(y)P(2) = a(z,y) P(zy) P(2) = a(z,y)a(zy, 2) P(zy?)
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and
P(z)P(y)P(z) = aly, z)P(z)P(yz) = aly, z)a(z,yz) P(zyz).
Now the result follows since P(zyz) is invertible. O

As with ordinary representations, we now define equivalence and irreducibility of pro-
jective representations. We will consider projective representations over the complex field

C from now on.

Definition 3.2.3 Two projective representations P; and P, of G are equivalent if there
is a non-singular matriz T such that for all g € G, Pi(g9) = c(9)TPa(9)T~! for some
c(g) € C*. If c(g) =1 for all g € G then P, and Py are linearly equivalent. A projective
representation P is irreducible if it is not linearly equivalent to a projective representation
of the form

Lemma 3.2.4 If two projective representations are equivalent then they have equivalent

factor sets; if they are linearly equivalent they have equal factor sets.

Proof. Let P, and P; be equivalent projective representations with factor sets «; and
ag respectively. Suppose T is a non-singular matrix and ¢ : G — C* such that Pi(g) =
c(9)TP2(g)T~! for all g € G. Now for ¢g,h € G,

ai(g,h) = Pi(g)Pi(h)(Pi(gh))”"
= (9)TPa(9)T ' c(R)T Py (R)T " (c(gh)) T (Pa(gh)) ' T~}
= c(g)c(h)(c(gh)) "' TPa(g) Pa(h)(Pa(gh)) T~}
= c(g)c(h)(c(gh)) ealg, h),

so a1 and ap are equivalent. If P; and P, are linearly equivalent, then c(g) = 1 for all

g € G in the above expressions, so a; = ay. O

Let F[G,C] be the set of all functions A : G — C. If P is a projective representation
of G with factor set o and A € F[G,C], then P’ = AP, where P'(g) = A(g)P(g) for all
g € G, is a projective representation of G with factor set o/, and

o(z,9) = Mz)A¥) (Mzy)) ' alz,y) (3.1)

for all z,y € G.

Remark 3.2.5 It follows from (3.1) that o ~ 1 if and only if there exists A € F[G,C]
such that for all z,y € G

a(z,y) = Mz)My) (Mzy)) ™.
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The following result provides a close connection between the degrees of the irreducible

projective characters with factor set a and the o([a]).

Lemma 3.2.6 [8] Let P be a projective representation of G with factor set o and deg(P) =

n. If o([a]) = m then m divides n.

Proof. We know that
P(z)P(y) = a(z,y)P(zy).

Taking determinant we obtain

det(P(z))det(P(y)) det(a(z,y)P(zy))

a(z,y)"det(P(zy))

which implies
a(z,y)" = det(P(z))det(P(y))(det(P(zy)) ™"

By Remark 3.2.5 we obtain [a]® = 1. Hence m divides n. O

Projective representations of a group G can be obtained by three different ways. Firstly,
we may obtain the projective representations of a group G by considering a central extension
of G. Now we show that how the projective representations of a group G can be constructed

from the ordinary representations of a so-called representation group of G.

Definition 3.2.7 A central extension of G is a group H together with a homomorphism
7 of H onto G such that ker(n) lies in the centre of H.

Lemma 3.2.8 Let (H,n) be a central extension of G with A = ker(w). Let X be a set of
coset representatives for A in H, and write X = {z4 : g € G}, where n(z,y) = g. Define
a:GxG— Abyzgxy = afg,h)zgn. Then a is an A-factor set of G and the equivalence
class of o is independent of the choice of X.

Proof. See Issacs [54]. m)

Corollary 3.2.9 Let H be a central extension of G with A, X and o as in the previous
lemma. Let T be an ordinary representation of H such that the restriction T4 is the scalar
representation A\ for some A € Hom(A,C"), that is
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where n = deg(T). Define P(g) = T(z4) for g € G. Then P is a projective representation
of G with factor set A\(c), where A(a)(g,h) = Xa(g,h)). Furthermore, P is irreducible
if and only if T is and the equivalence class of P is independent of the choice of coset

representatives X.
Proof. See [54].

Remark 3.2.10 Note that if T is an ordinary irreducible representation of H then the
condition that T4 be scalar representation is satisfied by the Schur’s lemma (Theorem
2.8.2), since A lies in the centre of H.

Definition 3.2.11 A projective representation of G that can be constructed from an ordi-
nary representation of a central extension H of G as in Corollary 3.2.8 is said to be lifted
to H. A representation group of G is a central extension H of G such that every projective

representation of G can be lifted to H.

Every group has a representation group by the following result which is due to Schur
[105].

Theorem 3.2.12 Let G be a finite group of order n. Then G has at least one representa-
tion group H of order mn where m = |M(G)| and the kernel of the extension is isomorphic
to the Schur multiplier M(G) of G.

Proof. See, for example, [54]. |

Secondly, projective representations of G can also be obtained by the generalization of
Clifford’s method of constructing representations of G using representations of a normal
subgroup N of G.

Finally, third approach to obtain projective representations involve a natural general-
ization of the group algebra which plays such an important role in ordinary representation

theory. Interested readers are encouraged to consult Morris [84] and other relevant sources.

The projective representations of a group are often constructed by using a combination
of the above mentioned three techniques. Interested readers are referred to a series of
articles by Morris ([85], [86], [87]) and Read ([96], [97], [98]).

3.3 Projective Characters

Definition 3.3.1 Let P be a projective representations of G with factor set a. Define

£(g) = Trace(P(g)) for all g € G. Then ¢ is called a projective character of G. We say
that § is irreducible if P is, and & has factor set o, where o is the factor set of P.
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Definition 3.3.2 Given a factor set a of G, an element g € G is said to be a-regular if

alg,z) = a(z, g) for all z € Cg(g).

If g is a-regular, so is every conjugate of g, and an element g is a-regular if and only if
g is o'-regular for every factor set o' equivalent to a. So we can define a conjugacy class

of G to be a-regular if each of its elements is a-regular.

An important feature of ordinary characters is that they are class functions. However,

this no longer true for projective characters. For projective characters we have

Proposition 3.3.3 Let ¢ be the projective character of G with factor set a. If for any

1

a-reqular element  in G and for any y in G, a(z,y) = a(y,y ‘zy) then & is a class

function.
Proof. This is Proposition 2.2(iii) in [60]. )

Theorem 3.3.4 Two projective representations P, and P, with factor set o are linearly

equivalent if and only if they have the same projective character.

Proof. See Theorem 4.4 in [84]. O

The projective characters of G' can be determined from the ordinary characters of a
representation group (H,n) of G. Let 7 : H — G be defined by the extension H of G,
and let {z, : g € G} be a set of coset representatives for ker(r) in H. If P is a projective
representation of G with projective character ¢ then there is an ordinary representation T
of H such that P(g) = T(z,) for g € G. Let x be the character of H afforded by T, then
£(9) = x(zy) for all g € G.

Projective characters also satisfy the usual orthogonality relations. We have analogues

to ordinary characters.

Theorem 3.3.5 (i) The number of irreducible projective characters of G with factor set

« 15 equal to the number of a-reqular conjugacy classes of G.

(i) Let&1,&s,...,& be the projective characters of G with factor set v, and let C1,Co,...,C
be the a-regular conjugacy classes of G with g; a representative of C; fori = 1,2,...,t.
Then

t
> &il9)&(gr) = 6iklCalgi)l  for 4,k € {1,2,...1}.

i=1

(ii1) An element g of G is a-regular if and only if there is an irreducible projective character
§ of G with factor set o such that £(g) # 0.
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Proof. See [43]. O

Let G° be the set of all a-regular elements of the group G. Then we have the following.

Theorem 3.3.6 Let Let £1,&9,...,& be the projective characters of G with factor set o,
and let Cy,Cy,...,Cy be the a-reqular conjugacy classes of G with g; a representative of
Ci fori=1,2,...,t. Then

> &il9)(&(9) = 1GI8y5.

geGO

Proof. See [60] a

Haggarty and Humphreys [43] showed that it is possible to determine the projective
characters of G with a given factor set without the full representation group G. Suppose
o is a factor set of G, with [@] having order e in the Schur multiplier M(G). Let w be an
et® root of unity and let o be a representative of [a] whose values are powers of w. For
g,h € G define o/(g, h) by o/ (g, h) = w*9P) . Let L be the group generated by an element
z of order e and elements z4(g € G) with multiplication z'z,z/z) = x”j:c“(g’h)zgh. Then
L is a quotient of the representation group H and any projective representation of G with
factor set a can be lifted to an ordinary representation of L. Thus the projective characters

of G with factor set o can be determined from the ordinary character table of L.



Chapter 4

Clifford Theory

An important method for constructing irreducible projective representations of groups

consists in the application of three basic operations:

e Restriction to a subgroup,
¢ Extension from a subgroup,

e Induction from a subgroup.

The theory attains particular richness when the subgroup is normal. This is the content of
the Clifford theory, originally developed by Clifford in 1937 [17] for ordinary representations
and extended by Mackey in 1958 [70] to projective representations. In this chapter, we
study the Clifford theory and its related consequences which are required to describe the
Fischer-Clifford matrices in the next chapter. In Section 4.1, we study the relation between
the characters of a group G and its normal subgroup N. We will give various sufficient
conditions for the extendibility of an irreducible character 8 of N to G. In Section 4.2, we
are dealing with the Clifford theory of projective representations. We will study, how it is
always possible to extend an irreducible character of a normal subgroup N to a projective
character of its inertia group H. Finally in Section 4.3, we will study the problem which
asserts that if x is a G-invariant irreducible character of a normal subgroup N of a finite
group G, then the number of distinct irreducible constituents of XG is equal to the number
of x-regular conjugacy classes of G/N. We also show that the number of irreducible
constituents of XG is equal to the number of conjugacy classes of G/N if and only if x
extends to a character of each subgroup N<z,y> of G with [z,y] € N.
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4.1 Clifford Theory and Normal Subgroups

In this section we study the important connection between characters of group G and a

normal subgroup N of G.

Definition 4.1.1 Let G be a group, N < G and 0 be a character of N. Then for § € G,
we define 69 : g7INg — € by 63(t) = 0(gtg™"') for allt € g7 Ng. Then 69 is said to be a
G-conjugate of 8. If N is a normal subgroup of G and 69 = 6 for all § € G, then 0 is said

to be G-invariant.

Remark 4.1.2 If N < G and § € G, then 09 is a character of GgNG~'. However if N is

normal in G, 89 becomes a character of N.

Let G be a group, N a normal subgroup of G and 6 € Ir(N) then we define
ITT(G,O) = {X | X € ITT(G)a (XNao) > O} .

Observe that (xn,0)n = (X,OG)G.

Definition 4.1.3 Let G be a group, N a normal subgroup of G and 6 € Irr(N). Then
15(6) = {7 € G| 67 = 6}

is the inertia group of 6 in G.

Since Ig(6) is the stabilizer of 6 in the action of G on Irr(N), it follows that it is a
subgroup and that Ig(6) O N.

Lemma 4.1.4 [52] Let G be a group, N a normal subgroup of G and 6 € Irr(N). Then
(a) For g1,z € G we have 69192 = (§9)%2. In particular N < I5(0) < G. If

_ m
G=JI1:0)a
i=1
with [G : 1(6)] = m, then {695 € G} = {69,6%,...,69}, and 6%, 0%, ... @%m

are pairwise distinct.

(b) If iy, o are any characters of N and § € G, then (gb?,ng)N = (¢1,%2)n. In partic-
ular 69 € Irr(N) if 6 € Irr(N).

(c) If ¥ is a character of G and 0 of N, then (n,0)n = (Y, 09)y for all § € G.
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Proof. See [52]. O

We now state a fundamental theorem, which is due to Clifford [17] but we give a proof

from Huppert [52].

Theorem 4.1.5 [52] (Clifford Theorem) Suppose G is a group, N a normal subgroup of
G, 0 € Irr(N) and x € Irr(G,0). Let (xn,0) = e > 0. Assume also that

7 =J1s0)5 and m=[G:1s(6)].
i=1
Then we have

() (0%)n = |I(0)/N| Ty 67

(b) (6¢,0 G) = |Iz(0)/N|. In particular 9% Itr(G) if and only if I5(6) = N.
(c) xn =e>X %, 0%. In particular,
x(1) =em0(1) and (xn,xn)nv = €*m.

Also
e* <|Iz(0)/N| and e*m < |G/N]|.

Proof. (a) For z € N we have by the previous lemma

_ a(0)] &
0(z 9—" =
“@) |M§: uw23 |N|ZI

geid geaG =1

(b) By Frobenius reciprocity (Theorem 2.4.6) and part (a) we obtain
(69,6%¢ = ((6%)n,0)n = |15(6)/N|.
(c) For all § € G, we have by Lemma, 4.1.4(c)
(xw, 0% = (xn, O)v = e.
Hence

N =629§i + 9,

=1
where 1 is a character of N or zero. As

(0%, x)a = (6, xn)N = €,

we obtain
6¢ = ex+....
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Restriction to N shows by part (a)
— m —
exn + ... = (0%)n = |Iz(6)/N| > _ 6%
=1

Hence in xy there does not appear any irreducible character of N different from the

0% . Therefore .

xv=e) 6%,
=1

which implies immediately

x(1) = emf(1) and (xn,XnN)N = €°m.

By part (b) we have

1I(0)/N| = (6%,6%) s = (ex+...,ex+...)g > €
and hence
|G/N| =G : I5(6)||I5(0)/N| > me®.

O

Remark 4.1.6 It can be shown that the number e in the above theorem is the degree of an

irreducible projective representation of G/N, hence it divides |G/N|. See Huppert [52].

As a consequence of Clifford theorem we have the following result, which is of funda-

mental importance in the character theory of normal subgroups.

Theorem 4.1.7 [5/] Let G be a group, N a normal subgroup of G, 6 € Irr(N) and
T = IG(Q). Let
A={y €Irr(T)| (¥n,0) # 0},

B ={x € Irr(G) | (xn,0) # 0}.
Then

(a) If € A, then %€ € Irr(G).

(b) If ¢ = x and ¢ € A, then (¥n,6) = (x, ).

(c) If 11)@ = x and ¢ € A, then ¢ is the unique irreducible constituent of xr which sits
in A.

(d) The map p —> ¢C is a bijection of A to B.

Proof. See Issacs [54]. O
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Remark 4.1.8 From the previous theorem we deduce that induction to G maps the irre-
ducible characters of T that contain 0 in their restriction to N faithfully onto the irreducible

characters of G that contain 0 in their restriction to N.

An important task of the Clifford theory is to examine when irreducible characters of

normal subgroups are extendible to their respective inertia groups.

Definition 4.1.9 Let G be a group, H a subgroup of G, 0 € Irr(H) and x € Irr(G) such
that xgr = 0. Then 0 is said to be extendible to an irreducible character of G.

If 6 is extendible to an irreducible character of G, we will simply say that @ is extendible
to G. There are various conditions which have to be satisfied in order that € can be
extended to G. Readers can also consult [8], [34], [35], [54], [59], [52] for further reading

and information on extendibility of characters.

Theorem 4.1.10 [61] Let N a normal subgroup of G, x € Irr(N), where x is G- invariant

and let I' be a matriz representation of N which affords x. Then

(i) there ezists a projective representation p of G such that I'(n) = p(n) and (p(3))°9 =
I, for alln € N,g € G where I is the identity matriz,

(it) if G = NH for some H < G and if py is an ordinary representation of H, then x

can be extended to G.

Proof. (i) Let § € G. Since x is G-invariant, then the representations I' and T'9 of N are
equivalent. Hence there is an invertible matrix 6(g) such that (6(g))~!I'(n)8(g) = I'¥(n),
for all n € N. We may assume that 8(n) = I'(n) for all n € N. We have that 8 : G —
GL(k, ), where k = deg(T"), and that 6 =T'. Now let ¢i,g2 € G. Then we obtain that

(0(9192)) ' T(n)0(g1gz) = T9%(n) = (T9)%(n) = (0(g2))~'T (n)6(g2)
= (6(g2))7'(8(g1)) "' T(n)6(g1)6(g2)-
So that
0(91)0(42)(0(g162)) "' T(n) = T'(n)8(1)6(q2) (6(g142)) "

Thus for all n € N, 6(41)0(g2)(6(g142)) ! commutes with I'(n) and thus by the Corollary
2.3.3, we can define a function a : G x G — C* such that 6(g;)0(g2) = a(g1,32)0(q192).
Since I' is a representation of N, then we obtain that §(1x) = I'(1x) = I. Hence 6 is a
projective representation of G' with associated factor set o. Let o(g) =m and if § € N,
then we obtain that (6(g))™ = I. However if g € G — N, then since 0(g™) = 6(1g) = I,
there exists A(g) € C* such that (8(§))™ = A(§)I. Now let x(g) € C* such that (u(g))™ =
(Mg))~" and let p(n) =1 for all n € N. Then the projective representation p of G given



CHAPTER 4. CLIFFORD THEORY 40

by p(g) = 1(g)8(g) is such that p(n) = p(n)f(n) = 6(n) = I'(n) for alln € N. Also we
have that

(0(@)™ = (1(@)6@)™ = (@)™ O@)™ = A@) AT =T .

Hence property (i) is established.

(ii) Let T be a transversal for N N H in H containing 1. Then every § € G has a
unique expression of the form § = tn, where t € T,n € N. Now let §; € G, g1 # g be given
by ¢1 = tini1, where t; € T,n; € N. Since ¢,t; € T, then ¢,¢; € H and hence tt; € H.
Now let tt; = tyny, where to € T and ny € N N H. Define % on G by %(g) = p(t)p(n).

Since ngtflntlnl € N, we obtain that
$(9g1) = P(tnting) = P(tt1t] 'nting) = p(tanat] 'nting) = p(ta)p(naty 'nting)
Also we have

P@v(gi) = pt)p(n)p(t)p(ni) = p(t)p(t1)(p(t1)) " p(n)p(t1)p(n)

However from the proof of part(i) above we have that (p(§))~'I'(n)p(3) = I'¥(n) and
p(n) =T(n) for alln € N,g € G. Since t'nt; € N, then we obtain that

p(t7'nt1) = D(t'ntr) = T (n) = (p(t1)) "' T(n)p(t1) = (p(t1)) " p(n)p(t1) -

Since by the assumption p is an ordinary representation on H we have p(tt;) = p(t)p(t1)
since tt; € H. We deduce that

P(@Y(G1) = pt)p(n)p(ti)p(n1) = p(t)p(t1)(p(t1)) " p(n)p(t1)p(ny)
(

( )
= p(t)p(t1)[(p(t1)) " p(n)p(t1)]p(n1)
= p()p(t)p(t] 'nt1)p(n1) = p(tt)p(t7 inty)p(ny)
= pltana)p(ty 'nt1)p(n1) = p(ta)p(noty 'nting).

Hence we obtain that ¥(gg1) = ¥(g)¥(g1). Therefore 7 is an ordinary representation of
G. However V n € N, we obtain that 1(n) = p(n) = I'(n) and thus the character afforded
by the representation 1 of G, extends x to G. Hence the result. O

Theorem 4.1.11 [61] Let G = NG where N is a normal subgroup of G, and G < G such
that NNG C N'. If 0 is an irreducible G-invariant character of N such that (deg(6), IG|) =
1, then 6 can be extended to G.

Proof. For a detailed proof which uses the previous theorem, see Corollary 27.1.2 of [61]
I
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Theorem 4.1.12 (/20],/109],/88]) (Mackey’s Theorem) Let N be a normal subgroup of
G and 9 be a G-invariant irreducible character of N. If N is abelian and G splits over N,
then 6 can be extended to G.

Proof. Let G = N:G. Since G is a semidirect product of N by G, then any z € G can
be expressed uniquely as z = ng, where n € N,g € G. Define x on G by x(ng) = 6(n).
Since N is abelian, § has degree 1 and thus is linear. The invariance of 8 in G implies that
O(n) = O(znz~!) for all z € G. Now let =1 = n1g1,Z2 = nage be elements of G. Then we
obtain that

x(z1z2) = x(niginags) = x(nng'g1g2) = 0(n1n3’')
= 6(n)0(n3") = 0(n1)0(n2) = x(z1)x(z2).

Therefore ¥ is a linear character of G such that xy = 6. g

Remark 4.1.13 Mackey’s theorem has been proved differently in Mpono [88] by applying
Theorem 4.1.11.

Theorem 4.1.14 Let N be a normal subgroup of a finite group G and 0 be an irreducible

character of N which is invariant in G, then 0 is extendible to a character of G if ([G :

N, 2k = 1.

Proof. See [34]. O

Theorem 4.1.15 Suppose G is a splitting extension of a normal subgroup N, then any

linear character 0 € Irr(N) can be extended to its inertia group I5(6).

Proof. See [88]. a

Note that Mackey’s theorem is reinforced by the Theorem 4.1.15 since for N abelian,
all its irreducible characters are linear and hence are extendible to their respective inertia

groups.

Theorem 4.1.16 (/35],/53],/109])(Gallagher’s Theorem) Let N a normal subgroup of
G, 0 € Irr(N) and H = I5(0). If 0 can be estended to 3 € Irr(H) then as B ranges over
all the irreducible characters of H which contain N in their kernels, By ranges over all the

irreducible characters of H which contain 6 in their restriction to N.

Proof. Since H = Iz(#), then 0 is self-conjugate in H and thus by Clifford’s theorem

we obtain that (01_1 )N = fO for some positive integer f. Comparing degrees we have
(6"~ = [H : N6 and so (87,67) = (9,(6%)y) = [H : N]. Now we claim that 67 =
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>3 B8(1g)B, where B ranges over all the irreducible characters of H that contain N in
their kernels. Both 67 and 28 B(1z)By are zero off N since for g ¢ N, zgz~! ¢ N for all
z € G and thus 97(g) = 0. Also for g ¢ N, by the orthogonality of the columns of the
character table of H/N we have that 35 8(15)(8%)(9) = [Z5B8(15)B(9)]¥(g) = 0. We
also have that (§%)y = [H : N)§ = (X5 B(1g)BY)n since for g € N, 35 B(15)B(9)¥(9) =
>p(B(1 a)*(g) = [H : N|ip(g) = [H : N]6(g). Hence we obtain that oH = > B(1g)BY.

So we have

[H : N] = (67,67) = Zﬂlcﬂd)z Zﬂ &) (B, )

The diagonal terms contribute at least 3(8(1¢))? = [H : N], so the By are irreducible
and distinct, and are all the irreducible constituents of 0 and so are all the irreducible
characters of H that contain @ in their restriction to N. For ¢ € Irr(H) such that
(¢n,0) # 0, we obtain that (pn,0) = (#,0%) which implies that ¢ is an irreducible

constituent of 7 and hence is of the form S. O

Remark 4.1.17 Let G be an extension of N by G. If every irreducible character of N can
be extended to its inertia group in G, then by application of Theorem 4.1.7 and Remark

4.1.8, the characters of G can be obtained as follows:

Let 01,0, ...,0, be representatives of the orbits of G on Irr(N). For each i, let H; =
I5(8;) and let op; € Irr(H;) with (¥;)n = 6;. Now each irreducible character of G contains
some B; in its restriction to N by Clifford’s theorem. So by Theorem 4.1.7 and Remark
4.1.8 we have

Irr(G) = U{ ,81/), : B € Irr(H;), N C ker(B)}.

Hence the characters of G fall into t blocks, with each block corresponding to an inertia

group.

Finally in this section, we give a result due to Issacs about the value of an extension x
of § to G. For N 4@, 6 € Irr(N) has an extension x to G if I5(6) = G. We prove that
the values of x are equally distributed over the cosets of N.

Theorem 4.1.18 Suppose N I G, x € Irr(G) with xy € Irr(N). Then

le

y€N9

forallg € G.

Proof. See Theorem 21.5 of [52]. a
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4.2 Clifford Theory and Projective Representations

The projective representations of a group are closely related to Clifford theory. In this

section we study the Clifford theory for projective representations.

Definition 4.2.1 Let N < G. IfY is an irreducible (ordinary) representation of N then
for g € G, Y9 defined by Y9(n) = Y(gng='), n € N, is a representation of N, called a
conjugate of Y. The inertia group of Y, T(Y), is the set of all § € G such that Y is
equivalent to Y9. Note that T(Y) = I5(0) where 6 is the character of N afforded by Y.

Now let Y be an irreducible representation of N, where N <G and let H = T(Y),s0 Y
is equivalent to all its conjugates in H. The following theorem shows that Y can always be
extended to a projective representation of H and gives a necessary and sufficient condition

for Y to be extendible to an ordinary representation of H.

Theorem 4.2.2 Let N < G, Y an irreducible representation of N and H be as above.
Then Y extends to a projective representation X of H with factor set & such that & is
constant on cosets of N in H. Therefore & can be regarded as a factor set o of H = H/N
defined by a(Nh,Nk) = a(h,k). Also, a satisfies oM ~ 1 where d is the degree of Y.
Furthermore, Y extends to a linear representation of H if and only if a ~ 1. In particular,

if H*(G,C*) =1, then Y always extends to a linear representation of G.
Proof. See Nagao and Tsushima [89]. O

Theorem 4.2.3 Let N 4G, Y be an irreducible representation of N with H = T(Y) and
H = H/N. Extend Y to a projective representation X of H as in Theorem 4.2.2 with

factor set &. Then

1. If W is an irreducible representation of H that has Y as one of its irreducible con-
stituents in its restriction to N then there exists an irreducible projective representa-
tion Z of H with factor set a~! such that W is equivalent to the representation Z® X
of H, where « is the factor set of H obtained from &, and Z is the representation of

H obtained naturally from Z.

2. If, conversely, Z is any irreducible projective representation of H with factor set
™1, then Z ® X is an irreducible representation of H which is equivalent to some

representation that contains Y in its restriction to N.

Proof. See Nagao and Tsushima [89)]. O
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Theorem 4.2.4 [102] Let N < H, ¢ € Irr(N) be invariant under H and let @ be an

projective extension of ¢ to H with factor set o. Then
Irr(H,p) = {@ | ¥ is an irreducible o~ —projective character of H/N}.

In particular, the number of irreducible o'~ projective characters of H/N is equal to the

number of a- reqular classes of H.

Proof. See [102]. O

Now we restate the results from Theorems 4.2.2 and 4.2.3 in the form in which we will

be using them, in terms of projective and ordinary characters.

Corollary 4.2.5 [73] Let G = N-G, where N QG and G/N = G. Let 0 € Irr(N) and
H = I5(0).

(i) There ezists a projective character @ of H with factor set & such that oy = 6 and &

is constant on cosets of N, so & can be regarded as a factor set a of H= H/N.
(i) If 0(1n) = d, then oVl ~ 1.

(i) If n runs over all the irreducible projective characters of H with factor set a~t, then
fi runs over all irreducible characters of H that contains 0 in their restrictions to

N where 7] is the projective character of H obtained naturally from 7.
Proof. See [73]. O

Remark 4.2.6 In the above theorem, if 6 extends to an ordinary character of H, then
we show that a ~ 1. In this case 1’s are the ordinary irreducible characters of H. Hence

Theorem 4.1.16 is a special case of the above corollary.

Remark 4.2.7 Now by Remark 4.1.8 and Corollary 4.2.5, the characters of G = N-G can

be obtained as follows:
Let 01,05, ...,0; be the representatives of the orbits of G on the set Irr(N). Let H; =
I5(6:), @i be a projective character of H; with factor set o; such that 0; = wn- Then

4 -
Irr(G) = U{(W’i)a | n € IrrProj(H;), with factor set oy,

i=1
where a; is obtained from &; as in Corollary 4.2.5.

Hence the characters table of G is partitioned into t blocks Ay, Nog, ... DNy where N\ is
produced from the inertia subgroup H;.
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4.3 Irreducible Constituents and Conjugacy Classes

This section treats two topics. The first concerns the number of irreducible constituents of
induced characters, and the second the number of conjugacy classes. Using some properties
of extensions of characters, we will study the problem which asserts that if x is a G-invariant
irreducible character of a normal subgroup N of a finite group G, then the number of
distinct irreducible constituents of Xé is equal to the number of x-regular conjugacy classes
of G/N. We also show that the number of irreducible constituents of XG is equal to the
number of conjugacy classes of G/N if and only if ¥ extends to a character of each subgroup

N<z,y> of G with [z,y] € N.

Most of the results in this section are from Gallagher [36] but we give proofs from [61].

Lemma 4.3.1 Let N be a normal subgroup of G such that G/N is cyclic of order n. If x is
G-invariant irreducible characters of N, then there exists precisely n irreducible characters

of G extending x and their sum is XG.

Proof. See Lemma 23.3.2 of [61]. ]

Let N be a normal subgroup of a group G and, for each § € G, let the group Cy
containing N be defined by
C3/N = Cg/n(Ng) .

Let x be a G-invariant irreducible character of N. From the proof of Lemma 4.3.1, x
extends to a character x; of the subgroup N<g> with § € G. We say that § is x-regular
if (x5)* = xg for all z € C;. Note that Gallagher [36] uses the term goodness instead of
x-regular.

Remark 4.3.2 In [61] it was proved that the notion of x -regularity is independent of the
choice of xg and depends only on x and the conjugacy class of Ng in G/N.

We say that the conjugacy class of Ng in G/N is x-regular if g is x-regular. By the

above Remark, this notion is well defined.

Theorem 4.3.3 [36]. Let N be a normal subgroup of a group G and let x be a G-invariant
irreducible character of N. Then the number of distinct irreducible constituents of xé 18

equal the number of x-regular conjugacy classes of G/N.

Proof. See [61]. a

Corollary 4.3.4 [36] Let N be a normal subgroup of a group G and let x be a G-invariant

irreducible character of N. Then the number of distinct irreducible constituents of xé 18
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at most the number of conjugacy classes of G/N with equality if and only if x extends to
a character of each subgroup N<z,y> with [z,y] € N.

Proof. See [61]. a

Now we provide some information on the number of conjugacy classes of G by using
certain character-theoretic facts. In what follows 7(G) denotes the number of conjugacy

classes of G. Then 7(G) is also the number of irreducible complex characters of G.

Lemma 4.3.5 [61] The following formula holds:

= 167 2 10600

geG

Proof. The group G acts on itself by conjugation. If x is the corresponding permutation

character, then

x(g) =|Cclg)| forall g¢geG

and the G-orbits are precisely the conjugacy classes of G. Hence,

1 20 = g 2160

geG geqG

T(G) X) 1G
as desired. O

Theorem 4.3.6 [36]. Let N be a normal subgroup of G. Then

(i) r(G) < r(G/N)r(N);

(i) The following conditions are equivalent:
(a) (G) = r(G/N)r(N),

(b) C3 = Cg(g)N for allg € G,

(c) each irreducible character of N extends to a character of each subgroup
N<z,y> with [z,y] € G.

Proof. See Theorem 28.2.3 of [61]. O



Chapter 5

The Fischer-Clifford Matrices

The character table of a group provides considerable information about the group, and
hence it is of importance in the physical sciences as well as in pure mathematics. Character
tables of finite groups can be constructed using various techniques. For example, the
Schreier-Sims algorithm, Todd-Coxeter coset enumeration method, the Burnside-Dixion
algorithm and various other techniques. However Bernd Fischer studied a technique for
constructing the character tables of group extensions. This technique, which is known as
the technique of Fischer-Clifford Matrices, derives its fundamentals from the Clifford theory
and provides very powerful information for constructing character tables. If G = N.G is
an appropriate extension of N by G, the method involves the construction of a nonsingular
matrix for each conjugacy class of G/N. In this dissertation we apply this technique to both
split and non-split extensions. This technique has also been discussed and used (mainly
to split extensions) in Almestady [1], Darafsheh and Iranmanesh ([22], [23]), Fischer ([30],
[31], [32], [33]), List [68], List and Mohammed [69], Moori and Mpono ([81], [82], [83]),
Mpono [88], Pahlings [92], Saleh [101], Schiffer [102] and Whitely [109]. For the Fischer-
Clifford matrices and its properties, we shall follow the work of Mpono [88], Schiffer [102]
and Whitely [109] very closely.

In Section 5.1 we define Fischer-Clifford matrices in general. In Subsection 5.1.1 we
shall discuss the properties of the Fischer-Clifford matrices which are helpful in their com-
putation. In Subsection 5.1.2 we study a special case of Fischer-Clifford matrices of a
G = N.G with the property that every irreducible character of N can be extended to an
irreducible character of its inertia group in G. Sctions 5.2 and 5.3 deal with the Fischer-
Clifford matrices for the split cosets and non-split extensions respectively. Section 5.4 is
devoted to the study of Fischer-Clifford matrices using GAP [103]. Finally in Section 5.5

we consider the group 2°-Uy(2) (non-split) and we compute its Fischer-Clifford matrices.
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5.1 Definition and General Theory

Let G = N-G be an extension of N by G, where N is normal subgroup of G and G/N = G.
Let § € G be a lifting of g € G under the natural homomorphism G — G and [g] be a
conjugacy class of elements of G with representative g. Let X(g) = {z1,z2,...,2,q)} be a
set of representatives of the conjugacy classes of G from the coset Ng whose images under
the natural homomorphism G — G are in [g] and we take z; = §. Let {01,0,...,60;}
be a set of representatives of the orbits of G on Irr(N) such that for 1 <4 < ¢, we have
H; = I5(6;) with the corresponding inertia factors H; and let ; be a projective character
of H; with factor set &; such that (1;)y = 6;. By Remark 4.2.5 we have
t -
Irr(G) = U{(z/),ﬂ)G | B € IrrProj(H;), with factor set o'},
i=1

where o; is obtained from @; and B from f as in Remark 4.2.5. Without loss of generality
suppose that 6; = 1y is the identity character of N. Then H; = G and H; = G. Now
choose y1,¥2,...,yr to be the representatives of the a; 1-conjuga,cy classes of elements of
H; that fuse to [g] in G. Since yi € H; for 1 < k < r, then we define y;, € H; such that
Y1, Tanges over all representatives of the conjugacy classes of elements of H; which map to
yx, under the homomorphism H; — H; whose kernel is N. Now by using the formula for

induced characters given in Theorem 2.4.7, we have

B\C(r) = ! |CG($J)
(w’tﬁ) ( .7) 1<zk:<r; |CHz(y£k (y@k)
. _ ()] 7
" LT )

= Z 1Gel@i)l o )8(3)

1<k<r [Cai(e,)

where Y,/ is the summation over all £ for which Ye, ~ ¢; in G. Now we define a matrix
Mi(g) by Mi(g) = (auy), where 1 <u <7 and 1 < v < ¢(g), and

‘Z| <k)| vee)

Then we obtain that
(¢iﬂ)G($j) = Z auvB(yk)
1<k<r
By doing so for all 1 < ¢ <t such that H; contains an element in [g] we obtain the matrix
M(g) given by

Mi(g)

M,
)= | 9

Me(g)
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where M;(g) is the submatrix corresponding to the inertia group Hi and its inertia factor
H;. If H;N[g] = 0, then M;(g) will not exist and M (g) does not contain M;(g). The size
of the matrix M(g) is I x c(g) where [ is the number of o '-regular conjugacy classes of
elements of the inertia factors H;’s for 1 < ¢ < ¢ which fuse into [g] in G and ¢(g) is the
number of conjugacy classes of elements of G which correspond to the coset gN. Then
M(g) is the Fischer-Clifford matriz of G corresponding to the coset gN. We will see later
that M(g) is a c(g) x ¢(g) nonsingular matrix. Let

9) ={(y) |1<i<t, Hin[g] #0,1<k<r}

and we note that y; runs over representatives of the o; 1-conjugacy classes of elements of
H; which fuse into [¢g] in G. Following the notation used in Fischer [29], Mpono [88] and
Whitely [109] we denote M (g) by writing M(g) = CI(Ng) = (ag-l’y’“)), where

(l)yk / |CG x]
g KL

with columns indexed by X(g) and rows indexed by R(g). Then the partial character table
of G on the classes {z1,Z3,...,Z)} is given by

Ci(9)M1(9)
C2(g9)Ma(g)

Ce(9)Me(g)

where the Fischer-Clifford matrix M{(g) is divided into blocks with each block correspond-

ing to an inertia group H; and C;(g) is the partial projective character table of H; with
factor set o; ! consisting of the columns corresponding to the oy L_regular classes that fuse
into [g] in G. We obtain the characters of G by multiplying the relevant columns of the pro-
jective characters of H; with factor set o ' by the rows of M(g). We can also observe that
the number of irreducible characters of G is the sum of numbers of projective characters
of the inertia factors H;’s with factor set o 1, foralli, 1 <i<t.

5.1.1 Properties of Fischer-Clifford Matrices

In this section we shall discuss some properties of the Fischer-Clifford matrices which are
useful in their computation. These properties have been discussed in [22], [23], [31], [32],
[68], [69], [81], [82], [83], [88], [101] and [109).

Let K be a group and A < Aut(K). Then by Brauer’s theorem (Theorem 2.5.7) A acts

on the conjugacy classes of elements of K and on the irreducible characters of K resulting
in the same number of orbits.
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Lemma 5.1.1 Suppose we have the following matriz describing the above actions:

8 1 1 - 1 -1
82 a1 azz - Q25 o A2
8i Qi1 [+ 23 2N / 77 B/ £11
8¢ 223} (275 2 / 7 DR £ 11

where aj; =1 for j € {1,2,...,t}, l;’s are lengths of orbits of A on the conjugacy classes of

K, s;’s are lengths of orbits of A on Irr(K) and a;; is the sum of s; irreducible characters
of K on the element x;, where z; is an element of the orbit of length l;. Then the following
relation holds for 4,1 € {1,2,...,t}:

Yo aijily = |K|sidi .

Proof. This result has been proved as Lemma 2.2.2 in [101] and as Lemma 4.2.2 in [109].
a

For arithmetical properties weights are important. We present M (g) with corresponding
weights. Let z; € X(g). For a fixed coset X = gN € G/N, we define m; = [Ng(X) :
Ce(z;)]-

The Fischer-Clifford matrix M (g) is partitioned row-wise into blocks, where each block
corresponds to an inertia group. The columns of M(g) are indexed by X (g) and for each
z; € X(g), at the top of the columns of M(g), we write |Cx(z;)| and at the bottom
we write m;. The rows of M(g) are indexed by R(g) and on the left of each row we
write |Cy,(yk)|, where y; fuses into [g] in G. Then in general we can write M(g) with
corresponding weights for rows and columns as follows, where blocks corresponding to the

inertia groups are separated by horizontal lines.
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Table 5.1
|Cx(z)| [Cglz2)l -+ [Cqlzeo)l
1, 1, (1,9)
ICa@)l [ o™ el el
2, 2, (2,11)
ICoy(yn)l | alP* ol a?@”)‘)
2, 2, 2,
Cay(y2)| | o o)
Crw)l | af*?  afw . alw)
Cri(y)| | o™ af? . al3®
, , t
|CH. (y1)| a(lt y1) agt v1) o ag(gv)l)
, ¢
|CH¢ (y2)| agt,yz) a(zt y2) . a((_,(;’)z)
mi ma cee Me(g)

Remark 5.1.2 Fischer [32] has shown that the Fischer-Clifford matrix M (g) satisfies com-

plex conjugation.

The following result gives the orthogonality relation for M(g). Its proof was obtained
from Whitley [109], Proposition 4.2.3.

Proposition 5.1.3 (/109//88])(Column orthogonality) Let G = N-G, then

> 10 )lal Pl = 6551 C5(z;)]
(%,yx YER(g)

Proof. The partial character table of G at classes z1, ... yTe(g) 18 given by

C1(g)M1(g)
Ca2(g)Ma(g)

Ci(9)Mi(9)

By column orthogonality of the character table of G, we have

|Cz(x)16;5 Z >0 Y W Y aMaiw)

i=1 B;€IrrProj(H;) yi:(i,yx)ER(g) ¥y.: (3,9, )ER(g)
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Xt: Z Za ,yk ’yk ﬂl yk)ﬂz(yk) +

i=1 B;€lrrProj(H;) ¥

5 oW g 0B E))

Yk Y FYk
t . —_— -
= S dWdlw ST Biw)Bilue) +
i=1 Yk Bi€lrrProj(H;)
Y o0 S B
Yyl Ak Bi;€IrrProj(H;)
t . _—
= (X a™al™ |y, ()l + 0)
i=1 Uk

— Z ag_i,yk)agf,yk)lcm (ve).

(6ye)ER(9)

>
Theorem 5.1.4 ag.l’g) =1 forallj€{1,2,...,c(9)}
Proof. For yg, ~ z; in G, we have |Cg(z;)| = |Cg, (ye,)|. Thus we obtain that
(l,g ! JC |
1(Ye,,)
Z |Cp, (ye )I * ze:
Hence the result. O

Proposition 5.1.5 ([68], [109]) The matriz M(1g) is the matriz with rows equal to the

orbit sums of the action of G on Irr(N) with duplicate columns discarded. For this matriz

we have agl 1) = =[G : H;], and an orthogonality relation for rows:
t
Z aBle) 1) _ 1 i = 1 Siit
et C—(mg)l % T [ow(le)] | Hl
Proof. See [88]. O

As a consequence of Lemma 5.2.1, Proposition 5.2.3 and from Fischer [32], we have the

following properties:

(a) |X(9)| =I|R(g)l,
ol9) o (iye) () _ <
(b) S50 ™ e = 85,000 I INT

(©) tents) a5 al™ (Cr,(ue)| = 8;7105(z))]

(d) M(g) is square and nonsingular.
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5.1.2 Fischer-Clifford Matrices (Special Case)

Let G = N.G be an extension of N by G such that every irreducible character § of N can
be extended to its inertia group H = I5(#). Now we define the Fischer-Clifford matrices
in the same way as the general case. Let § € G be a lifting of g € G under the natural
homomorphism G — G and [g] be a conjugacy class of elements of G with representative
g- Let X(g9) = {z1,%2,...,%,g)} be a set of representatives of the conjugacy classes of
G from the coset N§ whose images under the natural homomorphism G — G are in
[g] and we take z; = §. Let {61,602,...,6;} be a set of representatives of the orbits of
G on Irr(N) such that for 1 < 4 < t, we have H; = Iz(0;) with H; = Hi/N < G and
that 1; € Irr(Hq) is an extension of 6; to Hi. Then without loss of generality suppose
that §; = Iy is the identity character of N. Then H, = G and H, = G. Now choose
Y1,Y2,...,Yr to be the representatives of the conjugacy classes of elements of H; which
fuse into [g] in G. Since yx € H; for 1 < k < r, then we define y,, € Hi such that Ye,
ranges over all the representatives of the conjugacy classes of elements of H4 which map
to yx under the homomorphism Hi — H; whose kernel is N. Let 8 € Irr(H4) such that
N C ker(8). Then 8 is a lifting of 8 € Irr(H;) such that B(ye,) = B(yy) for any lifting
Yo, € Hi of y, € H;. Now by using Theorem 2.4.7, as in the general case, we obtain that

- Calz; A
wo)’e) = ¥ (Eg 106y, (40 )Blw)
1<k<r | Hi y k)|
where ), is the summation over all £ for which yg, ~ z; in G. We define a matrix M;(g)
by M;(9) = (auy), where 1 <u <7 and 1 <wv <¢(g), and

' |Cx(z

-3 o)

Then we obtain that

@iB)C(z5) = 3 auBlur)

1<k<r

By doing so for all 1 < ¢ <t such that H; contains an element in [g] we obtain the matrix
M(g) given by

M:(g)
where M;(g) is the submatrix corresponding to the inertia group Hi and its inertia factor

H;. Then as in the previous section, M(g) is the Fischer- Clifford matriz of G corresponding
to the coset gN. Let

R(g) ={(hyr) | 1<i<t, HiN[g]#0, 1<k <7}
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and we note that gy, runs over representatives of the conjugacy classes of elements of H;

which fuse into [g] in G. Again we denote M (g) by writing M(g) = (a (w")) where
(M/k) 1 |Cq(25)| ve.)
Z |CH1 Yer | v ’

with columns indexed by X(g) and rows indexed by R(g). Then we obtain the irreducible
characters of G by multiplying the relevant columns of the irreducibles characters of H; by
the rows M(g).

Remark 5.1.6 All our results of Section 5.1.1 are applicable with irreducible projective

characters are replaced by ordinary irreducible characters.

5.2 Split Cosets
From now on suppose that N is an elementary abelian normal p-subgroup of G and gN = X
is a fixed coset of G/N 2 G. Let M = C; = Ng(X). We define
Nj:=<[g,n], ne N >.
With these notations we have the following lemma.
Lemma 5.2.1 (i) N; = N; for allz € X and
[gaul]'[g’U'?] = [g,’U’1u2] fOT all U1, U2 € N.
(i) Ng QM and Nz < N.

(i) If o € Irr(N), then Ny < ker(c,o) or Is(p)NgN = 0.
Proof.

(i) Let z = gn € gN and u € N, then

[z,u] = [gn,u]=n"t(u"1)nu
= (uH)u since N is abelian
= g luTlgu=[g,y|
which implies that
Ny =Nz forall ze€gN.

Also since N is abelian, we obtain for all ui,us € N

[gaul]’[gaU'?] = (ul_l)gul(u2_1)§UZ
= (u'uy ) urug

= [g,wug] .
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Hence

13, u1).[g, u2] = [§,u1up] for wi,up €N.

(i) Since [g,u] = (u™!)%u € N, we obtain Ny < N < M. Conversly, let m € M then

(g, u]™

Hence Nz <M .

(iii) Let ¢ € Irr(N) be fixed. Then

N; < Ker(y)

K A

= m_l[g’u]m

= (@)
(5™ @) g
= [g™u"] e Ny.

(
e ugu) = o((u™H)%u) =1
e((w™)9) = (p(w) ™" = p(u™)
() = put)
=9
gN C I(v)

55

ad

Remark 5.2.2 We can easily show that <X>/Nj is abelian and X/Nj is a coset of

<X>/Nj.

Lemma 5.2.3 [32] The rows of the Fischer-Clifford matriz Cl(X) can be identified with
restrictions of M-invariant characters of <X>/Ny to X/Nj.

Proof. This is Lemma 5.2 in [32].

O

Remark 5.2.4 In the above lemma, the rows of Cl(X) will be an independent set of orbit

sums, under the action of M on <X>/Nz. This observation was first given in Fischer

[30].

Definition 5.2.5 A coset X is said to be a split coset if it contains an element z such

that M = N.Cx(z).

Note that we do not require <z> N N = <1> in the above definition.
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Lemma 5.2.6 [102] If the extension split, then every coset is a split coset.

Proof. Let X = gN and h € C5(g) then h(gn)h™! = (hgh~1)(hnh~!) = ghnh™! = gn €
gN. Now since N < M and Cg(g) < M then M > N.Cz(g). Let C be the complement of
N in G such that § € C. Let m € M then m = n.k, for some k € C. Since M = Nz(gN),
(gN)™ = gN. Hence
gN = (GN)™=m(gN)m™!
= n(kgNE™)n™! = n(kgNk " )n~! = n(gN)*n=1.

So that n~1(gN)n = (gN)* and n~'gN = (gN)*. Hence gN = (gN)*. It follows that
gN = (gN)* = gFN, which implies that g* € gN. Hence g¢ € C N gN = {g} and
so k € Cg(g), which implies that m = n.k € N.Cz(g) and so M < N.Cz(g). Thus
M = N.Cs(g). 3

The following result is of fundamental importance and very helpful to fill the entries of

Fischer-Clifford matrices.

Lemma 5.2.7 [82] Let X be a split coset then the rows of CI(X) can be identified with
M -invariant characters of N/Ng multiplied by a p-th root of unity.

Proof. See [32] and [102]. | O

Lemma 5.2.8 Let X = gN be a split coset and Nz(X) = NCx(z) for z € X(g). Then
we have the following:

. L, C
(i) agz Ye) CHC,-;%qul ’
(i1) |a§i’y")| < |a§i’y’°)| forall1<j<r,
(111) If |[N| = p*, then ag-i’y") = a(li’y’“)(mod D) .

Proof. See [102].

5.3 Non-Split Extensions

Let G = N-G be a non-split extension, where N is an elementary abelian normal p-subgroup
of G. Let gN be a conjugacy class representative of G /N and ¢ be a representative of
G-orbit irreducible characters of N with the projective extension ¢ to G. We consider the
groups <g>N < G and <gN> < G/N.

Lemma 5.3.1
<g>N/N = <gN> .
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Proof. Let z € <g>N/N, then z = §™nN = §™N for somem € Z. Sothat z = (gN)™ €
<gN>. Hence <g>N/N < <gN>. Conversely, let z € <gN>. Then z = (gN)™ =g™N
for some m € Z. Hence z = (§™N) € <g>N/N. Thus <gN> < <g>N/N. Therefore
<g>N/N = <gN>. O

Lemma 5.3.2 With the above notations, we have the following:

(a) <g>N < M.

(b) (<g>N) = Nj where (<g>N)' denotes the commutator subgroup of <g>N.

(c) <g>N < In(p) where ¢ € Irr(N).

(d) Given @ € Itr(N) there ezists an extension nf to <g>N where n = (P)<g>n and B

is a projective character of <gN>.

Proof.

(a) Let z € <g>N then z = g™ N for some m € Z. Now

z(gN) = g"n(gN)=g"ngN =g"nNg (since N d G)
= g"Ng=Ng"h

Similarly, (§N)z = Ng™*!. Hence £ € M = Ng(gN) and so <g>N < M.

(b) First suppose that [g,n] € Ny then [