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Abstract

The kinetic dispersion relation for a magnetized dusty plasma comprising of ions,

electrons and massive, charged dust particles is solved for low frequency electrostatic

instabilities in the dust plasma frequency regime. The free energy is provided by the

drifting ion beam. The effect of varying parameters such as ion drift speed, particle

densities, ion temperature and magnetic field strength on the real frequency and

growth rate is examined. Initially light and heavy dust species of different charge

are separately considered. This procedure is then repeated for a four-component

plasma in an attempt to study the effect of the presence of both the dust species on

low frequency electrostatic phenomena. Using a different plasma model, instabilities

generated by an equal E x B drift of both the magnetized ions and electrons relative

to the unmagnetized dust grains of both the heavy and light dust species is also

investigated. The latter instabilities are applicable to the planetary ring plasmas of

Saturn. Throughout our studies, numerical solutions of the full dispersion relation

for the real frequency and growth rate are compared with approximate analytical

solutions.
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Chapter 1

Introduction

The concept of 'plasma instability ' has attained widespread attention because of its

importance in nuclear fusion and space research. Plasma instabilities play a vital role

in many phenomena such as magnetic reconnection, and solar and pulsar radiation .

which occur in space and astrophysical plasmas. These instabilities are also detrimen­

tal to the confinement of a thermonuclear plasma. Instabilities arise because plasmas

are usually far from their equilibrium states and hence contain certain amounts of free

energy. The natural tendency for a plasma is to get rid of some of its excess energy

and ultimately attain a state of thermodynamic equilibrium. It does this by shedding

this energy to some of its normal wave modes and hence causing their amplitudes to

grow in time. Such a growing plasma mode is referred to as being an unstable mode.

Plasma instability refers to this process whereby the free energy in a plasma becomes

converted into a growing wave mode.

The interest in studying linear and nonlinear instabilities in the so called "dusty"

plasmas is fairly recent , this being motivated by the fact that charged dust has been
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increasingly found in cometary environments, planetary rings , interstellar clouds and

also in laboratory devices. These dust grains are extremely variable with regard to

shape, size, mass and charge. The dust grains range from micron, submicron sized

grains to extremely large boulders. Grain charge is not fixed but depends on the

properties of the surrounding plasma, photo-ionization processes, secondary electron

emission and ultra-violet ray irradiation. If charging effects other than those due to

thesurrounding plasma are neglected, the dust grain must aquire a negative charge (as

the more mobile electrons reach the grain surface first) in order to equalize the ion and

electron thermal fluxes to the grain surface, and attain a state of equilibrium. Most

theoretical treatments , therefore, assume the dust grains to be negatively charged.

However, other processes such as photo-ionization, secondary electron emission and

ultra-violet ray irradiation may result in grains becoming positively charged. Once the

dust is charged it starts to react to electromagnetic as well as to gravitational forces.

One finds that a grain must be in the micrometre range of sizes before electromagnetic

effects start becoming dominant over gravitational effects (Northrop,1992).

The three fundamental length scales for a combined dust-plasma mixture are the grain

size a, the Debye length AV and an average intergrain distance d which is roughly

related to the dust density by d ~ n~1/3. The grain size a is the smallest of the three

lengths. Single particle dynamics dominate over collective effects for a « AV < d.

On the other hand, collective effects become important when a « d < AV. It is this

latter case that we refer to as being a dusty plasma.

Dusty plasmas are similar to plasmas comprising of ions and electrons except that
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the dust grains have large mass and charge. Each dust grain can be highly negatively

charged with up to 104 electrons on a single dust grain. The mass of a typical

dust grain is about 106 - 1012 that of the proton. The time scales associated with

dust phenomena will therefore be orders of magnitude greater than those associated

with the ion component of the plasma. The entire spectrum of plasma waves will

therefore be modified by the presence of the charged dust component. Rao et al.

(1990) found that a new 'sound' wave called a dust-acoustic wave could propagate

in such a plasma. Linear dust-acoustic waves have been detected very recently in a

laboratory experiment by Barkan et al. [2]. The low frequency density fluctuations of

dust particles, which seems to be consistent with the theory of dust-acoustic waves,

was observed by Prabhakara et al. (1996) in a hot cathode discharge device. Dust

grains are also known to have been grown in laboratory plasmas to form the so called

dust 'plasma crystals' which are Coulomb lattices of charged dust grains (Thomas et

aI. ,1994).

The linear theory of waves in a dusty plasma is well developed. Wave excitation

mechanisms may also give rise to large amplitude waves where nonlinear effects be­

come important such as leading to the formation of solitary wave structures (solitons).

Dusty plasmas encountered in the laboratory as well as in space environments are of­

ten immersed in an external magnetic field, therefore it is also imperative to study

the effects of a magnetic field on wave phenomena in plasmas.

This thesis presents a study of low frequency electrostatic instabilities in a magnetized

dusty plasma. A brief outline of the thesis is as follows:
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A survey of relevant literature is presented in Chapter 2. In Chapter 3 we derive

the relevant dispersion relation and present approximate analytical solutions.

Chapter 4 investigates the dust-acoustic instability in a three-component plasma

consisting of drifting ions, stationary electrons and a single, stationary heavy dust

component. The ion drift is parallel to the external magnetic field. The effect of

the variation of parameters such as ion drift speed, densities, ion temperature and

magnetic field strength on the instability real frequency and growth rate is studied.

The effect of the presence of a single light dust component on the dust-acoustic

instability in a three-component plasma is also studied.

Chapter 5 examines the effect of two different species of dust (of different mass

and charge) on the dust-acoustic instability in a four-component plasma. A complete

variation of parameters as done in the previous chapter is undertaken.

Chapter 6 serves to examine the transition from the dust-acoustic instability to the

dust-modified two-stream instability in a four-component plasma comprising of drift­

ing ions, drifting electrons and two stationary dust components of equal density. Mass

and charge of both dust components are the same as in preceding chapters. These

instabilities are generated by equal E x Bo drifts of both the magnetized electrons

and ions across the external magnetic field, while the dust grains are treated as being

unmagnetized.

Finally in Chapter 7 we present a summary of our results.



Chapter 2

Literature Survey

In this chapter we present a discussion of the reported works in the literature that

are relevant to our investigations.

The first study of wave phenomena on the dust time-scale was made by Rao et al.

(1990). They studied the linear and weakly nonlinear properties of the dust-acoustic

wave. In their analysis , the motion of the dust particles was assumed to be described

by the fluid equations. The electrons and the ions were assumed to be in thermody­

namic equilibrium and their densities described by Boltzmann distributions, because

of their relatively small mass in comparison to the dust grains. In the nonlinear limit ,

they found that dust-acoustic solitons of either positive or negative electrostatic po­

tential could propagate in the plasma.

Using a standard Vlasov analysis, M. Rosenberg (1993) investigated the conditions for

the excitation of dust ion-acoustic (DIA) and dust-acoustic (DA) instabilities driven

by weak ion and/or electron drifts in an unmagnetized dusty plasma. It was found

that the dust ion-acoustic mode could be be driven unstable by an electron drift even

5
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in an isothermal plasma with T, = Ts , provided that the dust grains carry most of the

negative charge (ni/ne » 1). Approximate expressions for the real frequency and

growth rates of both instabilities are presented. Possible applications to collapsing

protostellar clouds and Saturn's rings are discussed.

Using a standard linear Vlasov analysis, V.W. Chow and M. Rosenberg (1995) inves­

tigated the effect of the presence of charged dust on the electrostatic ion cyclotron

instability (EICI). Although the EIC wave propagates almost perpendicular to the

external magnetic field Bo, the wave vector has a small but finite component along

B o . The EICI is driven by electrons drifting along the direction of the magnetic

field. They found that for negatively charged dust grains as d = nio/neo increases ,

the critical electron drift for the onset of the instability decreases and the instability

is enhanced. On the other hand, the presence of positively charged dust grains tends

to stabilize the EICI. A possible application to the environment linking Jupiter to its

satellite 10 is discussed.

M. Rosenberg and N. A. Krall (1995) studied modified two-stream instabilities in a

three-component magnetized dusty plasma driven by electrons and/or ions drifting

across an external magnetic field. Instabilities in both the high frequency (Wei « W « wee)

and low frequency (Wed « W « Wci) regimes are studied via the full dispersion re­

lation. In the former case the instability is driven by a drift of the magnetized

electrons relative to the unmagnetized ions and the unmagnetized dust grains. The

low frequency instability is driven by a drift of both the magnetized electrons and the
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magnetized ions relative to the unmagnetized dust grains. Both numerical and ap­

proximate analytical solutions of the dispersion relation are presented. Applications

to dusty protostellar plasmas and planetary rings are also mentioned.

Using a kinetic approach, R. Bharuthram and T. Pather (1996) studied the dust­

acoustic instability in a three-component magnetized plasma consisting of stationary

electrons, drifting ions and a stationary, massive, negatively charged dust compo­

nent. The instability is driven by the energy provided by the drift of-the ions along

the magnetic field direction. Both numerical and approximate analytical solutions of

the kinetic dispersion relation are presented. They found that

(1) The instability growth rates, increase with an increase in the drift speed of the

ions. For normalized beam speeds Vdiz/Cs < 0.01, the Landau damping due to the

electrons and the negatively charged dust component is strong and there is no growth.

(2) Due to the kinetic nature of the dust-acoustic instability, the growth rate, de­

creases as the normalized ion temperature Til'T; increases.

(3) For a fixed kAd' the real frequency decreases as the normalized equilibrium electron

density neo/no increases. This behaviour agrees well with the analytical expression of

the real frequency.

(4) The instability growth rates increase as Zd increases where Zd is the number of

electronic charges on each dust grain. The growth rates also increase with a reduction

in the dust grain to ion mass ratios.

(5) As the magnetization of the plasma increases, the range of propagation angles for

the instability widens.
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The numerical results were found to be in excellent agreement with approximate

analytical solutions of the dispersion relation.

R. Bharuthram (1997) examined low frequency electrostatic instabilities in a three­

component dusty plasma driven by equal Ex Bdrifts of both the ions and electrons

across an external magnetic field. There is a transition from the dust-acoustic insta­

bility (DAI) for small angles of wave propagation to the dust-modified two-stream

instability (DMTSI) of Rosenberg and Krall (1995) which becomes excited for wave

propagation almost perpendicular to the magnetic field. A varia tion of the normal­

ized ion temperature Ti/Te produces results that are consistent with the findings of

Bharuthram and Pather (1996) for wave propagation in the direction of the magnetic

field. The DAI was found to be more easily excited in plasmas having a high con­

centration of negatively charged, massive dust particles. The opposite was found to

be true for the DMTSI. Results could be applicable to Saturn's rings where both the

ions and electrons have an azimuthal drift relative to the levitated dust grains.

M. Rosenberg and V.W. Chow (1998) examined the effect of charged dust on the

Farley-Buneman instability in a three component dusty plasma. The instability is

applicable to the E-region of the ionosphere at altitudes of about 90-130 km. In

the presence of an electric field Eo perpendicular to B, the instability is driven by

a crossfield Eo x B drift of the electrons relative to the ions. In their analysis, they

assumed that Oe = eB/mec » Ven, Oi = eB/mic « Vin and Od = ZdeB/mdc« Vdn

where Oe (Oi) (Od) is the electron (ion) (dust) gyrofrequency respectively and Vin

(ven)(Vdn) is the ion (electron) (dust )-neutral collision frequency. They found that
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the critical drift for excitation of the instability decreases as the charge density of

the negatively charged dust grains increases, as was found for the EICI (Chow and

Rosenberg,1995).

Most theoretical treatments of dusty plasmas assume the dust grains to be uniform

with regard to shape, size, mass and charge. However in real dusty plasmas the

size distribution of the dust grains must be considered. P. Meuris (1997) made a

comparison of the dust plasma frequency of

(1) mono-sized dust grains

(2) dust grain size following a power law distribution with the differential dust density

given by

for charged dust grains with grain radii a in the range [amin;amax]' They found

that the dust plasma frequency increases when a power law or a normal grain size

distribution is considered. This correction is negligible for {3 values greater than 2

but is significant for smaller values.

The focus of initial experimental work on dusty plasmas was on the measurement of

charge on individual dust grains (Robertson.ISsfi}. It was not until very recently that

experiments on collective processes in a plasma such as waves and instabilities were

undertaken. Barkan et al. [1] investigated electrostatic ion cyclotron (EIC) waves in a

Q-machine modified by the presence of a dust dispenser. They found that as the dust

grains became increasingly negatively charged, larger amplitude waves were produced
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indicating that the EIC instability was enhanced. This behaviour is in good agreement

with theoretical predictions. Linear dust-acoustic waves have been detected recently

in a Q-machine by Barkan et al. [2] . Both theoretical and experimental studies of

low frequency electrostatic waves in a magnetized dusty plasma were carried out by

Merlino et al. (1998). The experiment was carried out in a dusty plasma device

(DPD) which is a Q-machine modified by the presence of a rotating dust dispenser.

The plasma was created by ionization of potassium atoms supplied by an atomic

beam. A dusty plasma was created by introducing kaolin (aluminium silicate) into

the plasma column of the device. Further experiments on dust-acoustic waves were

carried out in a glow discharge device containing nitrogen gas. The experiments

performed confirm that the ion-acoustic and ion cyclotron instabilities are more easily

excited in a dusty plasma consisting of negatively charged dust grains. Taking into

account collision effects between the dust grains and the neutral gas molecules , the

experimental results on the dust-acoustic mode were in good agreement with the

theoretical dispersion relation obtained from fluid theory.

H.R. Prabhakara and V.L. Tanna (1996) investigated the trapping of negatively

charged dust particles in a hot cathode filament plasma discharge device. The dust

particles were made visible by the scattering of the light of a He-Ne laser. The source

of the dust was about 5g of alumina powder (average grain diameter O.3Ilm) placed

in an aluminium plate at the bottom of the device. After aquiring a negative charge,

it was observed that the dust particles became trapped in a plasma which was main­

tained at a positive potential with respect to the walls of the device. Due to the
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electric fields in the plasma being very weak, the dust grains began to fall under the

influence of gravity, but would be pushed back into the plasma due to the repelling

force of the electric field of a sheath region surrounding the lower plate. The observed

low frequency density fluctuations of the dust was found to agree well with the the­

ory of dust-acoustic waves although a more reliable method of measuring the number

density of dust particles was required.



Chapter 3

Derivation of the Kinetic

Dispersion Relation

In our derivation of the kinetic dispersion relation we follow the method of Gary et

al. (1970) and Singh (1989). As a general treatment, we consider a three-component

collisionless plasma comprising of an anisotropic ion beam and stationary, isotropic

background electron and dust components. A uniform magnetic field Bo is assumed

to be present in the z-direction. We assume that there is no equilibrium electric field

(Eo = 0). The electrostatic approximation is used , therefore the electric field El can

be derived from the gradient of a scalar potential 4>1 viz. El = -V'4>1. Perturbations

in the magnetic field are therefore neglected. The electrostatic modes occur due to

charge separation and bunching phenomena. In our model all species are assumed to

be magnetized.

The velocity distribution of the anisotropic ion beam is assumed to be a drifting

Maxwellian with temperatures Tl. (111) perpendicular (parallel) to the external mag­

netic field. The beam is assumed to have drifts ~y (~z) perpendicular (parallel) to

12
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Ba. The configuration is depicted below.

z

t t

o}-------"-_ y

x

Figure 3.1

The equilibrium ion beam velocity distribution is given by

fio - (21rCl)~~1rClf)1/2 exp {- [V; +(Vy - v, )2] /2Cl} x

exp [-(Vz - ~z? /2C,f) (3.1)

where CJ. = (TJ./mi)1/2 and CII = (TII/md 1
/

2 are the perpendicular (parallel) thermal

velocities of the beam ions respectively. The density of the ion beam is given by nio.

In the linearization of the Vlasov equation

we consider small perturbations about equilibrium quantities:

(3.2)
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n 'J (3.3)

where j = i, e and d for the beam ions, electrons and dust particles respectively.

Using the equations of motion for the ions

dV _~ [E E V x Bo V X BI]
dt

- 0 + 1+ + ,
m, C C

the Vlasov equation for the beam now becomes

afiI V'" xr t. s. [E'" V x Bo] afiI __s. [E'" V x BI] afio
a + .v JII + 0 + . ... - 1+ . ...

t m; C av mi C av

(3.4)

(3.5)

Since for electrostatic modes El = - V<PI, BI = 0 and setting Eo = 0, the above

equation can be rewritten as

(3.6)

where the operator d/dt is defined to be the rate of change following an unperturbed

orbit in phase space (Gary et al.,1970). Integrating (3.6) along unperturbed orbits

we obtain

f ( ... V... ) e jt 't"7 ( ... ') aJioCV') ,
J it r, , t = - v <PI r',t. ... dt

m ; - 00 av' (3.7)

where
... dr;
V'=­dt' ,
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Assuming the variation of perturbed quantities to be harmonic in space and time

(/JI(r, t) = 4>lkw exp {i [f.r- wt]}

Then \74>1(';';' t') = ik4>I(?' t ') and (3.7) becomes

where

~ = _ [V; . V: - ~y. V; - ~z]
eq C2 ' C2 ' C2

.1 .1 , 11

is obtained upon differentiation of (3.1).

Solving the equations of motion (3.4) for the ions we obtain

(3.8)

(3.9)

(3.10)

(3.11)

V'x

V'z

Vl cos(-!It' +8)

constant (3.12)

where Vi = {V;2 + (V; - ~y)2} 1/2 is the speed in a circular orbit in a plane perpen­

dicular to the magnetic field. The configuration at t' = 0 is indicated in

Figure 3.2.

Resolving f into components parallel and perpendicular to it (Figure 3.3)

(3.13)
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Figure 3.3
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We can show that

.... .... k.L Vi , ) », (' )
k.~q = 7J2 COS(Oit + 't/J - e + C2 Y:, - Voz

.L 11

Using (3.14) and (3.8), the integral (3.10) can be rewritten as

(3.14)

Ji1(T, V, t)

ie .... [k.L V.L It (0' . 1. 0.) d '--.fio(V) -C2 <PI cos Hit + 'f/ - 0 t
m l .L-oo

+ Ck~ (V; - ~z) It <PI dt'] (3.15)
11 -00

Evaluating the right hand side of (3.15) at t = 0 we get

Ji1(V) = -~-.fio(V)<PlkW [k.L ~.L 1° COS(Oit' + 't/J - 8) exp {i[k.(P - r) - wt'l} dt'
m, C.L -00

kz, 1° {........ '} '] )+C2(y:' - ~z) exp i[k.(r' - r) - wt] dt (3.16
11 -00

We solve the equations (3.12) with p(O) = r= [xo, yo, zo] to obtain the approximate

orbit equations

P- r = Vi [sin8 - sin( -Oit' +0)]x
Oi

+ [~~ {- cose + cos(-Oit' +8n + ~yt'] Y+V;t'z

Using (3.13) and (3.17) the second integral in (3.16) reduces to

[°00 exp[iJ.lsin(e - 't/J)]exp[-iJ.lsin(8 - 't/J - Oit')] x

exp [i{k.Vo+ kz(V; - ~z) - w} t'] dt'

where J.l = k.L V.L/Oi. Using the identity (Watson ,1944)

00

exp(iJ.l sin (3) = L exp(il{3)J1(J.l )
1=-00

(3.17)

(3.18)

(3.19)
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where J 1 is the Bessel function of order 1, the integral (3.18) becomes

f= f= ~xp[i(p -= ClJ(8 -1/J)]Jp(/l)Jq(/l)

p=-oo q=-oo l[q!1i +k.~ + kz(Vz - ~z) - w]

The first integral in (3.16) can be manipulated by using the identity

and can be separated into two parts, of which the first part is given by

110 -+ -+2" -00 exp[i(1/J - 8 + !1it')] exp[i{k.(r' - r) - wt'}] dt'

(3.20)

(3.21)

(3.22)

Using (3.17) and (3.19), the first part of the first integral of (3.16) simplifies to

~ f: f= .exp[i(p - .q --+1)~8 -1/J)]Jp(/l )Jq(/l )
p=-oo q=-oo l[(q + 1)!11 + k.~ + kz(~ - ~z) - w]

Similarly the second part yields

~ f: f: .exp~(p - .q +}~8 - 'l/J)]Jp(/l)Jq(/l)
p=-ooq=-oo l[(q 1)!11 +k.~ +kz(~ - Voz) - w]

Using (3.20)-(3.24) in (3.16) we obtain

-+ e -+ [k.l..V.l.. 00 00

fil(V) = - m/iO(V)cPlkw 2C1 p~OOq~OO Jp(/l)Jq(/l)x

{
exp[i(p - q -1)(8 - 'l/J)]

[(q+ l)!1i +k.~ +kz(~ - ~z) - w]
exp[i(p - q +1)(8 - 'l/J)] }+ -+-+

[(q - l)!1i + k.Vo+ kz(~ - ~z) - w]

+!5:-(V _ v: ) ~ ~ exp[i(p - q)(8 - 'l/J)]Jp(/l)Jq(/l)]
C2 z oz LJ LJ -+ -+

11 p=-ooq=-oo [q!1i +k.~ +kz(~ - ~z) - w]
The perturbed ion beam density is given by

(3.23)

(3.24)

(3.25)
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(3.26)

The integration can be manipulated by transforming to cylindrical co-ordinates in

velocity space, with

3'"d V = V.L dV.L d~ ae (3.27)

The triple integral (3.26) can be separated into three parts. Using (3.1) for the

equilibrium velocity distribution fioCV) , the first part is

(3.28)

where we use

rh {o if p # q + 1in exp[i(p - q - 1)8] dE> = .
o 271" If P = q +1

Introducing the plasma dispersion function or the Z-funetion (Fried and Conte,1961)

1 00 _x2

Z(A) = c! ~ dx
v 71" -00 X - 1\

for Im(A) > 0 or alternatively as

the integral over d~ in terms of the Z-funetion becomes

(3.29)

(3.30)

(3.31)



20

The second part of the 'integral (3.26) yields

It can be shown that the last part of the integral (3.26) is

(3.32)

Combining (3.31), (3.32) and (3.33) we finally obtain

(3.34)

where we have used the identity (Watson ,1944)

J p- 1(p) + Jp+! (p) = _2p_J~p..:..:...(p-,-)
p

(3.35)

Using the identity (Watson ,1944) where I p is the modified Bessel function of order p

100 1 ((J2) (IP)Jp
2({3 x ) ex p(- a x 2

) x de = -exp -- I p - ,
o 2a 2a 20 (3.36)
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the expression for the perturbed density (3.34) becomes

(3.37)

Finally letting CYi

rewritten as

e- a i Ip(CYi) ' the equation (3.37) can be

. __ e4>lkwn io [T.l. {I W - k.~ ~ Z(z .)r .}
ntlkw - T t. + liik C L..... pt pt

.1. 11 v£, z 11 p=-oo

{ T.l.} ~ pOi ]+ 1 -11 L..... V2k C Z(Zpi)rpi
11 p=-= z 11

(3.38)

3.1 Contribution of Background Species to Dis­

persion Relation

The stationary, isotropic Maxwellian distribution of the background electrons and

dust particles is given by

(3.39)

where j = e and d for the electron and dust species.

Quasi-neutrality at equilibrium requires nio = n eo + Zdndo where e, d and i refers

to the background electron,dust grains and the beam ions respectively. Here Zd is

the number of electronic charges on each dust grain. The perturbed densities for

the background electrons and dust grains are easily obtained from (3.38) by setting
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TJ.. = TU = Tj and Vo = 0 for the isotropic, stationary species. We thus obtain

njlkw = - qA)~~njo [1 + V2: C. f Z (0kP~~) fpj] (3.40)
J Z J p=-oo Z J

for j = e and d for the background electrons and dust particles respectively, with

qe = -e and qd = -Zde. In the electrostatic approximation, Poisson's equation

(3.41 )

becomes

(3.42)

(3.43)

We finally obtain using (3.40) for the background dust particles and electrons and

(3.38) for the beam ions

k
2 + A; [1 + V2

w f Z(zpe)fpe]
de 2kzCe p=-oo

1 [ w oo]+ A~d 1 + V2kzCdp~oo Z( zpd)fpd

1 [{ w-k.~ ~ }+ \2 (7 1 + M L.J Z(zpi)fpi
"'di V 2kzCII p=-oo

f3 00 ]+y'2 L pOiZ(Zpi)fpi = 0
2kz CII p=-oo

which is the dispersion relation for electrostatic waves in a dusty plasma comprising

of an ion beam against a background of stationary electrons and dust grains, where

all species are magnetized. Here (7 = TJ../TII ' f3 = 1 - (7 , Zpe = (w - pne)/V2kzCe ,

Zpd = (w - pOd)/V2kzCd, Zpi = (w - k.~ - pOi)/V2kzCII and the Debye length of

species j is defined by Adj = (Tj/47rnjoqj2)1/2 (j = e, i and d).
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3.2 Approximate Solutions of the Kinetic Disper­

sion Relation

From (3.43), the dispersion relation for a three-component dusty plasma (single dust

component) (Bharuthram and Pather,1996) may be written as

(3.44)

where Ad = (Te/41rnioe2)1/2. On the other hand, in the presence of two dust species

of mass mdl , mdh and charge -Zdle, -Zdhe; the general dispersion relation will be

(3.45)

We consider low frequency waves in three and four-component plasmas with hot

electrons, hot ions and cold dust constituents. Hence we make the assumptions

T, ~ T; » Td (Te ~ T, » To: Td1) for a three-component (four-component) plasma

and Iw 1« ni .
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The series expansion of the Z-funetion (Fried and Conte,1961) is given by

where

Z(z)

Z(z)

iJ7[<5e-z 2
_ 2z [1 _ 2z

2

+ 4z
4

_ •••] for I z 1« 1 and
3 15

2 1[ 1 3 ]- iJ7[<5e-z
- -; 1 + 2z2 + 4z4 + ... for I z I» 1

{

0 if Im( z ) > 0

<5 = 1 if Im(z) = 0

2 if Im(z) < 0,

(3.46)

(3.47)

Assuming the drift of the ions to be weak (small ~) (Rosenberg,1993), I w 1« f! i

where w = w - k.~ is a Doppler shifted frequency. With this assumption

(3.48)

Then

for Zoi = (w - k.~)/V2kzCi and using the fact that Z(e) + Z( -e) = 0 which can

easily be proved from the definition of the Z-funetion.

Furthermore for large T, we may assume that I Zoi 1« 1. Then using (3.46) we may

write

00

L Z(zpi)fpi ~ (iJ7[ - 2Zoi)roi
p=-oo

(3.50)

Since for the cold dust grains I ad 1=1 kicun~ 1« 1 and fp(x) « 1 for p =I 0, we

can write fp(x) = e-Xlp(x) ~ (x/2)P(1/p!)(1-x) for I x 1« 1. Hence we retain only
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Since Iw 1« ne,

Then
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(3.51)

(3.52)

for Zoe = wjV2kz Ce and again using Z(O +Z( -e) = o.

For large T; we may assume that I Zoe 1« 1. We may then write

00

L Z(zpe)rpe~ (iy'7r - 2zoe)roe
p=-oo

Using (3.50),(3.51) and (3.54) in the dispersion relation (3.44) we obtain

It can be shown that for ad = klcJjn3 « 1

(3.54)

(3.55)

(3.56)
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Using (3.56) and neglecting terms involving zoe
2 and Zoi

2 SInce Zoe I,I Zoi 1« 1;

equation (3.55) becomes

(3.57)

Setting W = W r + iT and assuming I/ /wr 1« 1 we can write

1

W2 (1 + 2h _"(2)
r Wr w:

1

11- = ---------::-

(3.58)

Using the above manipulation, (3.57) becomes

(3.59)

Taking the real part of the equation (3.59) we get

(3.60)

Multiplying (3.60) by nio/neo and rearranging terms we obtain

(3.61)

We recall that the quasi-neutrality condition for a three-component dusty plasma is

given by

(3.62)
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Using (3.62), the equation (3.61) becomes

We finally obtain

(3.63)

(3.64)

where C, = JTe/mi and J = nio/neo. This expression corresponds to that obtained

by Bharuthram and Pather (1996) for a three-component (single dust constituent)

plasma.

Now for a four-component plasma (two dust species), the approximate dispersion

relation from (3.45) is given by

+ i [1 + zoi(iy'7r - 2zodf Oi]

t: ndho 2 [ (1 1)]+ ---Zdh 1+ Zodh --- - --3 f odh
Tdh nio Zodh 2Zodh

t: ndlo 2 [ (1 1)]+ --Zdl 1 + Zodl -- - --3 f odl
T dl nio Zodl 2Zodl

(3.65)

where subscripts dh and dl have been introduced to differentiate between the heavy

and the light dust components.

Simplifications are the same as before and the four-component analogue of equation

(3.60) is given by
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Multiplying (3.66) by nio/neo and rearranging terms we get

Using the quasi-neutrality condition

(3.68)

the expression within curly brackets becomes

(3.69)

We finally obtain

(3.70)

which is the approximate expression of the real frequency for a four-component plasma

(two dust constituents).

Setting the density of either one of the dust constituents to be zero (ndlo = 0 say),

we can write from the quasi-neutrality condition (3.68)

(3.71)

Using (3.71), the approximate solution (3.70) becomes

(3.72)

which is the approximate solution of the full dispersion relation for the three-component

(single dust constituent) plasma of Bharuthram and Pather (1996).
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Inderiving the approximate solution of the growth rate for a three-component plasma,

we neglect second order terms in (3.55) and we include the exponential term in the

series expansion of the Z-function for the dust species.

o

(3.73)

Now

(3.74)

using the expression (3.72) for to; and neglecting terms involving 'Y [i», assuming that

writing W = W r +hi the equation (3.73) becomes

(3.75)
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Taking the imaginary part of (3.75)

neo(7r)1/2wr(me)1/2 t: (7r)1/2Wr(m i)1/20-- - - - f +- - - - f ·
. - n io 2 k, T; oe T, 2 kz T; 0 1

(3.76)

From the quasi-neutrality condition (3.62) we can write

(3.77)

Using (3.77), the equation (3.76) can be written as

_ 1 (7r) 1/2wr(me) 1/2 t: (7r) 1/2Wr(mi ) 1/20-- - - -- foe +- - - - f oi
J 2 kz t: t: 2 s; t:

_ Te(~)1/2k.~ (mi)1/2r; + Te~ (1- ~) Z~2'Y k; Td
t: 2 i; i . t; z, J W r t»; md

+ Te~ (1-~) Z~(~)1/2Wr (md)1/2e_ZOd2 (3.78)
t; z, J 2 kz t;

Simplifying equation (3.78) we get

(3.79)

Rearranging terms and making 'Y the subject of (3.79)

(3.80)
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Now foi(O' i) ::::: 1 since o , « 1. Rearranging terms and using expression (3.64) for ui;

w: ~a{ll~~Zd(J -1) w, ·} [_(me)1/2foe

V"8 (1 +J~ +Jk2A~r/2 md

+ J(Te)3/2(mi)1/2 (k.~ _1)
T, md Wr

_ (Te)3/2Zd(J _ 1)exP{_2T.T.' Zd(J-l) ( ~ 1 )}] (3.81)
T« d 1 + J T: + Jk2A~

which is the approximate expression of the growth rate derived by Bharuthram et al.

(1996) for a three-component (single dust constituent) plasma. We note in (3.81) that

the electrons and dust particles provide Landau damping, while for k.~ > Wr , the

ions provide inverse Landau damping which leads to wave growth when the positive

ion term dominates.

Extending the calculation to a plasma with two dust species , the four-component

analogue of equation (3.75) is given by

(3.82)
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Taking the imaginary part of (3.82) and using the quasi-neutrality condition (3.68) ,

the equation (3.82) becomes

1 (7r)1/2Wr (me )1/2 t: (7r)1/2 Wr (mi )1/2 i . (7r)1/2k.~ (mi )1/2o= - - - -- roe+- - - -- roi - - - -- -- roi
8 2 kz t: t; 2 kz t: t: 2 kz t:

(3.83)

Simplifying, rearranging terms and using r oi ~ 1, we get

{(
T. )1/2(8)1/2 (P) ("I) [ T ( n )~ - -1 - __e Zdh 8 - 1 - Zdl dlo
m, 7r W r Wr mdh neo

(3.84)
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We finally obtain for the growth rate , using the expression (3.70) for Wr,

[ (
m )1/2 (T. )3/2 (k V )x - m: roe + 8 T: ~r 0 - 1

(3.85)

where

2
Zoj

which is the approximate expression of the growth rate for a four-component plasma

(two dust species) where j = dl and dh for the light and heavy dust components

respectively.

In the following chapters we shall compare numerical solutions of the full dispersion

relation with the approximate analytical solutions for plasmas with one and two dust

species.



Chapter 4

Solution of the Dispersion

Relation for a Single Dust

Component Plasma

4.1 Heavy Dust Component

We initially consider a three-component plasma comprising of drifting ions, station­

ary electrons and a single , stationary dust component which we will refer to as being

heavy. In Chapter 5 we will apply our analysis to a four-component plasma consist­

ing of two dust components (having different grain mass and charge and hence the

distinction between light and heavy). In our analysis we assume that the dust grains

are uniform with regard to shape, size, mass and charge and that the grains do not

break up or coalesce. All species are fully magnetized. The velocity distributions of

all species are isotropic Maxwellians and that of the ion component simply a Doppler

shifted Maxwellian. Using standard Vlasov theory and following the method of Gary

et al. (1970), the general kinetic dispersion relation for electrostatic fluctuations is

34
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obtained to be:

(4.1)

where e, i and dh represent the electron, ion and the heavy dust components respec-

tively. We recall that the wave frequency is given by w = W r +i, and Z is the plasma

dispersion function. rpj = e-Oj Ip( aj) where aj = k~~i for j = e, i and dh.
]

C, = f!i;, n j and Adj = (Tj/4rrnjoq/)t is the thermal velocity, gyrofrequency and

Debye length of species j (where qj = -e, +e and - Zdhe for j = e, i and dh respec-

tively) while Ip is the modified Bessel function of order p.

The components of the wave vector k are given by kz (kJ.) along (perpendicular) to

the external magnetic field B, = Boz. Also Zpe = (w - pne)/V2kzCe ,

Zpi = (w - k.Vdi - pni)/V2kzCi and Zpdh = (w - pndh)/V2kzCdh. The ion drift ve-

locity is given by V di. The numerical solution of the dispersion relation is compared

with the approximate analytical solution in the next section.

4.1.1 Numerical Results

The root-finding technique employed uses Muller's method and deflation. The disper-

sion relation (4.1) is ofthe form D(w,k) = o. The number of roots to be found, initial

guess values for the roots and the maximum number of iterations to be performed
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to arrive at each root are supplied by the user. The FORTRAN code then begins

by using the initial guess value of the root and by a series of approximations to the

true root , attempts to arrive at this root. Once the true root is found , the order of

D(w,k) is reduced by one (deflation) , the guess value of the second root is picked up

by the program and the process continues in the usual way until all roots have been

found.

In our analysis we assume the drift of the ions to be in the direction of the magnetic

field B o . For simplicity we restrict our analysis to the y - z plane, with k = (ky, kz ) =

(k.1. ' kz ) . Results are presented in normalized form. Time is normalized by the inverse

total ion plasma frequency w;/ = (4rrnoe2/mit~. Speed is normalized by the ion

sound speed Cs = (Te/mi)~ ' spatial lengths by Ad = (Te/ 4rrnoe2 )t , densities by

the total plasma density no and temperatures by the electron temperature Tei the

normalizations having being chosen so as to keep the dust mass mdh and charge Zdh

as variable parameters in the numerical work that follows.

Quasi-neutrality at equilibrium requires:

(4.2)

where (-eZdh) is the uniform charge on each dust particle.

We initially consider wave propagation along B, i.e. ky/k = 0 (or () = sin-1(k
y/k) =

0°). It will later become evident that this will correspond to the direction of propa­

gation for which wave growth rate will be a maximum. Standard parameter values

chosen are Ti = Te, Tdh = 0.01 Te, neo = 0.1 no and Zdh = 104 • The dust grain to

ion mass ratio is set to mdh/mi = 1012 as inferred for the E-ring or G-ring of Saturn
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(Goertz,1989;Rosenberg,1993). The ion to electron mass ratio is set at nujm; = 1836

(corresponding to a hydrogen plasma). For these parameters WpdWpdh = 1.1 X 104
•

Assuming grain radii much smaller than the electron Debye length (a << ADe) , the

mass and charge of a dust grain of radius a may be expressed as follows (Meuris et

al.,1997):

m(a)

q(a) -

where Co is the vacuum permittivity, p is the mass density of a dust grain and </>0

is the equilibrium surface potential. The charge to mass ratio of a dust grain is

thus proportional to a-2
• In the numerical work that follows, parameters have been

selected so as to keep the charge to mass ratio of the dust grains to be proportional

to the inverse square of the grain radius. We set wpi/fl i = 100, which corresponds to

weakly magnetized ions and dust particles.

Figure 4.1 shows that as Vdiz/Cs increases, there is an increase in the growth rate of

the instability. An increase in ion drift velocity results in more free energy becoming

available to drive the instability. There is no growth for Vdiz < 0.01 C, because the

beam is not energetic enough to drive the instability. Similar behaviour was observed

by Bharuthram et al. (1996).
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The behaviour of the real frequency W r for Vdiz = 0.3 C, is shown in Figure 4.2. The

real frequency curves corresponding to the growth rate curves of Figure 4.1 for other

beam velocities are not shown because ea; is found to be independant of ion drift

velocity. The behaviour shown in Figure 4.2 is found to be in excellent agreement

with the analytical expression obtained by appropriate expansions of the Z function

(Bharuthram et al.,1996) , viz.

(4.3)

where b = (nio/neo = no/neo). The approximations used in deriving equation (4.3)

are IW 1« Di and T; ~ T, » Tdh • This expression for a magnetized plasma is similar

to that obtained by Rosenberg (1993) for an unmagnetized plasma and that derived

earlier by Rao et al. (1990) using a fluid approach.
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Figure 4.2: Plot of the normalized real frequency versus normalized wavenumber
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If the effective temperature of the point particles (electrons and ions) is defined by

ZJhndho/Teff = neo/Te + nio/Ti (Bharuthram and Shukla,1992), then the analytical

expression (4.3) can be rewritten in the form for ion acoustic waves as

(4.4)

Figure 4.3 shows that the numerical growth rate is also in excellent agreement with

that calculated using the approximate expression

(4.5)

which is similar to that obtained by Rosenberg (1993) for an unmagnetized plasma.

We see from equation (4.5) that an instability arises (-y> 0) whenever Vdiz > wr/kz,

i. e. the wave phase speed in the direction of the magnetic field sees a positive gradient

of the ion velocity distribution. This is a phenomenon known as inverse Landau

damping. The remaining terms in (4.5) are the damping terms associated with the

electrons and the dust particles. The beam speed has to be sufficiently high enough to

overcome the effects of wave damping. Since I roe I::; 1 and me « mdh, the damping

is negligible for sufficiently large values of Vdiz'
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Figure 4.4 shows the effect of the variation of the electron density on the growth

rate of the instability. As the equilibrium electron density decreases, the growth rate

is found to increase. From this we may conclude that the instability is more easily

excited in plasmas with fewer electrons. It is seen in Figure 4.5 that for a fixed

kAd' the real frequency increases as neo decreases (the dust density increases). This

behaviour is consistent with the analytical expression (4.3) for Wr • A similar trend

has been observed for EIC and ion-acoustic modes (D'Angelo ,1990).

Figure 4.6 shows the effect of the normalized ion temperature Ti/Te on the instability

growth rate. As Ti/Te increases, the growth rate decreases. For Ti/Te > 5.0 the

growth rates become negligible. This reduction in the growth rates with an increase in

Ti/Te may be explained in terms of the kinetic nature of the dust-acoustic instability.

The growth rate / is proportional to the slope (8lio/8vz) of the ion beam velocity

distribution. As Ti increases the slope of the ion velocity distribution decreases and

this 'smaller slope' is seen by a wave propagating along Bo with phase speed wr/kz.

The ion beam velocity distribution is almost flat (8lio/8vz ~ 0) for TiJTe > 5.0,

consequently there is no positive growth. The real frequencies corresponding to the

growth rate curves of Figure 4.6 are illustrated in Figure 4.7.

Fig 4.8 illustrates the effect of increasing the equilibrium electron density neo/no on

the growth rate of the instability. It is seen that wave damping increases with an

increase in the concentration of the electrons.
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We finally study the effect of the magnetic field strength on the instability. It is seen

in Figure 4.9 that with an increase in the magnitude of B; (wpdfJ i decreasing) , the ion

magnetization increases, the range of propagation angles for positive growth widens

and the growth rates increase. As the magnetic field strength increases, the motion

of the ions becomes increasingly restricted by the magnetic field lines . The ions are

not so 'free ' to move to shortout potential perturbations of a wave propagating in a

direction oblique to Bo . As a result , wave growth rate is enhanced. For a weakly

magnetized plasma, the instability is restricted to a narrow cone of propagation angles

about the beam direction displaying similar behaviour to that of an unmagnetized

plasma. The growth rate I is maximum for propagation along Bo since this is the

direction of propagation for which the wave can gain maximum energy from the ion

beam.

The real frequency (1) and growth rate (2) curves for selected oblique angles of

propagation are shown in Figures 4.10, 4.11 and 4.12 corresponding to angles () =

sin-1(kyj k) = 45°, 30° and 72° respectively. Results differ from Bharuthram et

al. (1996) in that the instability becomes the dust-modified two-stream instability

(DMTSI) (Rosenberg and Krall ,1995) for wpdfJi > 0.01 i.e. when the ions become

less strongly magnetized.
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4.2 Light Dust Component

We now consider a three-component plasma consisting of drifting ions, stationary

electrons and a single stationary dust component which we will refer to as being light

due to the smaller dust to ion mass ratio of the individual grains when compared to

the heavier dust component in section 4.1. All species are again fully magnetized.

The velocity distributions of all species are the same as in section 4.1. The general

kinetic dispersion relation similar to that given in section 4.1 is given by:

(4.6)

where e, i and dl represent the electron, ion and light dust components respectively.

All symbols have their usual meaning as defined in section 4.1. This dispersion

relation is numerically solved and comparison is made with the approximate analytical

solution.

4.2.1 Numerical Results

Here again we assume the ion drift to be in the direction of the magnetic field Bo .

Results are presented in normalized form. Normalizations are the same as in section

4.1. Quasi-neutrality at equilibrium requires:

(4.7)
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where (-eZdl) is the uniform charge on each dust particle of the lighter species.

In the numerical work that follows the standard parameter values used are T; = Te ,

Td1 = 0.01 Te , n eo = 0.1 no and Zdl = 102
• The dust grain to ion mass ratio is set

to mdI/mi = 106 . We again consider a hydrogen plasma (mi/me = 1836). For the

chosen parameters wpdWpdl = 1.1 x 102 • We again consider weakly magnetized ions

and dust particles (Wpdn i = 100).

It is seen in Figure 4.13 that as the normalized ion drift velocity Vdiz/Cs increases,

there is a corresponding increase in the growth rate of the instability. This is due to

more free energy becoming available to drive the instability. For very low ion drift

speeds Vdiz < 0.01 Cs, there is no growth as was the case for the single heavy dust

constituent plasma in the previous section.

As observed for the single heavy dust constituent plasma, the real frequency is again

found to be in excellent agreement with the analytical expression (4.3) of the real fre­

quency for the three-component plasma given in the previous section. The numerical

growth rate is also found to be in excellent agreement with that calculated using the

approximate expression (4.5) as given in section 4.1.

As was discussed for the single heavy dust constituent plasma, the dust-acoustic mode

is unstable whenever the wave sees a positive slope of the ion velocity distribution,

i. e. at any particular wave speed, the ions that are travelling slightly faster than the

wave can impart more energy to the wave than those travelling slightly slower, and

hence resulting in its amplitude to grow in time (inverse Landau damping).
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In Figure 4.14 we see the effect of the variation of the electron density on the growth

rate of the instability. The growth rate is found to increase as the concentration of

the electrons decreases. This is consistent with the results for the single heavy dust

constituent plasma. We see that the wave frequency (Figure 4.15) and growth rate

(Figure 4.14) are about two orders of magnitude higher than those for the heavy

dust component plasma of the previous section. This is due to the dust grains being

lighter and hence fluctuations in potential would occur on much shorter time scales

than those associated with the more massive , heavier dust grains. It is observed in

Figure 4.15 that for a fixed k)..d, the normalized real frequency Wr increases as neo/no

decreases as was the case for the three-component plasma in the previous section.

Figure 4.16 illustrates the effect of the normalized ion temperature Ti/Te on the

growth rate of the instability. As Til'T; increases, the growth rate decreases. Results

are consistent with the findings for a single heavy dust species plasma. The lowering

of the growth rates with an increase in Ti/Te may again be explained in terms of

the kinetic nature of the dust-acoustic instability. As T, increases, the ion velocity

distribution 'flattens' and thus a 'smaller slope' is seen by a wave propagating along

Bo with phase speed wr/kz. The real frequency curves are depicted in Figure 4.17.

Figure 4.18 illustrates that the Landau damping increases with an increase in the

normalized electron density neo/no. This is consistent with the findings for the heavy

dust constituent plasma.
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The effect of the magnetic field strength is depicted in Figure 4.19. As the magnitude

of Bo increases (wpdn i decreasing), the range of propagation angles over which the

mode is unstable becomes wider and the growth rate increases as for the single heavy

dust constituent plasma. Again , for a weakly magnetized plasma (large wpi/ni ) ,

the instability is restricted to a narrow cone of propagation angles about the beam

direction. The growth rate is maximum for propagation along Bo as was the case for

the single heavy dust constituent plasma.

We finally investigate the effect of oblique angles of wave propagation relative to

B o . The real frequency (1) and growth rate (2) curves for certain oblique angles of

propagation are shown in Figure 4.20 corresponding to () = sin-1(kyjk) = 45° and 30°

respectively. The instability is dust-acoustic in nature. However if we consider a more

oblique angle of wave propagation (more perpendicular to B o ) such as kyjk = 0.95

(() = 72°), then in addition to the dust-acoustic instability, the dust-modified two­

stream instability (Rosenberg and Krall ,1995) is also excited for each value of wpi/n j

(Figures 4.21-4.23).
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Chapter 5

Solution of the Dispersion

Relation for a Four-Component

Plasma (Two Dust Species)

Our analysis is now applied to a four-component plasma comprising of drifting ions,

stationary electrons and two stationary dust components (one light and one heavy)

where the distinction between light and heavy is due to the different dust grain to

ion mass ratios of the two species. All species are considered to be fully magnetized.

The velocity distributions of all species are the same as in Chapter 4. Following the

procedure outlined in Chapter 4, the general kinetic dispersion relation for the model

is obtained to be:

64
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(5.1 )

where e, i, dl and dh represent the electron, ion, light and heavy dust components

respectively. All symbols have been defined in Chapter 4. This dispersion relation

is numerically solved and compared with the approximate analytical solution in the

next section.

5.1 Numerical Results

We again carry out our analysis in the y - z plane, with k = (ky, kz ) = (kJ.' kz ) .

Results are presented in normalized form. Normalizations are the same as in Chapter

4. Quasi-neutrality at equilibrium requires:

(5.2)

where (-eZj) (for j = dl and dh) is the uniform charge on each dust particle of

species J.

We initially consider wave propagation along B, (ky/k = 0). It will later become

evident that this will correspond to the direction of propagation for which wave
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growth rate will be a maximum as for the single dust constituent plasmas in the

previous chapter. The standard parameter values chosen for the numerical work are

T; =Te, Td1= 0.01 Te, Tdh := 0.01 T« ;neo = 0.1 no, Zdl := 102 and Zdh = 104
• The dust

grain to ion mass ratios are set to mdl/mi = 106 and mdh/mi = 1012 corresponding to

the light and heavy dust constituents respectively. Assuming equal densities of the

light and the heavy dust constituents, we set ndlo = ndho' The ion to electron mass

ratio is set to nu]me = 1836 (corresponding to a hydrogen plasma). In our selection

of parameters, we recall (Meuris et al.,1997) that the charge to mass ratio of the dust

grains is proportional to the inverse square of the grain radius (qd/md "" a-2 ) . We

again consider ions and dust particles which are weakly magnetized (wpi/n i := 100).

For these fixed parameters, wpdWpdl = 1.1x 102 and wpi/Wpdh := 1.1 X 104 corresponding

to the light and heavy dust species respectively.

Figure 5.1 shows that as Vdiz/Cs increases, there is an increase in the growth rate of

the instability due to more free energy becoming available to drive the instability. We

notice that the range of wave numbers for which the dust-acoustic mode is unstable,

is reduced when compared to the case of the single dust constituent plasmas of the

previous chapter. In Figure 5.1 we see that for fixed Vdiz = 0.5 C, the mode is

damped beyond k>"d ~ 3.0, whereas in the case of the single heavy dust constituent

plasma (Figure 4.1) , the upper limit of normalized wave numbers for which the mode

is unstable is approximately 5.0. As was observed by Bharuthram et al. (1996) for a

three-component plasma, there is no growth for Vdiz < 0.01 Cs because the beam is

not energetic enough to drive the instability.
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The real frequency curves corresponding to the growth rate curves of Figure 5.1 are

not shown because the real frequency is numerically found to be independant of ion

drift velocity. This is confirmed by analytically solving for the real frequenc y for a

four-component (two dust species) plasma by making appropriate expansions of the

Z function (Bharuthram et al.,1996). We find

{ .E!.i..Zd1(e5 -1 - Zdh!!:sUlD.) + ...!!!LZdh(e5 -1- Zd1!!tlUl.)}
2 k2c2 mdl neo mdh neo (5 3)

wr = z s (1 + e5Te/Ti + e5k2AJ) .

where e5 = (nio/neo = no/neo). We recall that the subscripts dl and dh refer to the

light and heavy dust constituents respectively. In arriving at (5.3) we have used the

approximations Iw 1« n, and t; ~ t: » Tdh , Td1. By setting the number density of

either one of the dust species equal to zero (ndho = 0 or ndlo = 0), the equation (5.3)

reduces to the approximate expression of the real frequency for a three-component

(single dust constituent) plasma derived by Rosenberg (1993) for the dust-acoustic

mode in the limit ky/k = o.

In Figure 5.2 the numerical solution of the real frequency of the full dispersion re-

lation is compared with the approximate analytical solution (5.3). We see that the

upper limit of normalized wave numbers kAd for which we get excellent agreement

is approximately 0.5, beyond which there is a deviation of the analytical from the

numerical result.
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The analytical expression of the growth rate derived for a four-component plasma

(two dust species) is

(1f { c; [~Zdh(<5 -1- Zdl~)+ ;;:;;Zdl(<5 -1 - Zdh~)t/2 W r }

I ~ V"8 (1 + <5Te/Ti + 8k2>..~t/2 t';;h Zdh(<5 - 1 - Zdl :~!:) + ~Zdl(<5 - 1 - Zdh n:.hoo)}

where

t: mj { m, (> nd10 )-- -Zdh U-1- Zdl-
2Tj m, mdh neo

m, ( ndhO) } 1+-Zdl <5 -1- Zdh-
mdl neo (1 +<5~ + <5k2>"~)

for j = dh and dl for the heavy and light dust components respectively.

In Figure 5.3 we see the comparison between the numerical and the approximate

analytical solution of the growth rate. Numerically we see that the upper limit of

normalized wave numbers for which there is growth (, > 0) is approximately 2.75, be-

yond which the Landau damping due to the negatively charged components becomes

significant and the mode is damped. Analytical considerations of the full dispersion

relation predict that the dust-acoustic mode is unstable for a slightly wider range

of wave numbers, the upper limit of normalized wave numbers in this case being
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Figure 5.4 shows the effect of varying the concentration of the light relative to the

heavy dust grains (in the form of the density ratio ndlo/ndho) on the real frequency

of the instability. The flat 'plateau' regions labelled Hand L correspond to the

real frequency of the dust-acoustic instability of the single dust constituent plasmas

(three-component) of the heavy and light dust species respectively. The transition

from the one mode to the other is continuous and occurs over an extremely large

range of ndlo/ndho. For a typical value of equal densities of the heavy and light dust

constituents (ndlo = ndho), the real frequency lies intermediate to those corresponding

to the light and heavy dust species of the single dust constituent (three-component)

plasmas of Bharuthram et al. (1996). This behaviour is in agreement with Figure

5.6 which shows the approximate solutions of real frequency for the three-component

plasmas corresponding to the light and heavy dust constituents and a four-component

(two dust species) plasma assuming equal concentrations of the light and the heavy

dust species. Figure 5.5 shows the numerical growth rate corresponding to the real

frequency curve of Figure 5.4. We observe that for ndlo/ndho ~ 10-3 (ndlo/ndho ~ l{)3)

the heavy (light) dust-acoustic real frequency and growth rate are independant of the

light (heavy) dust species.
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Figure 5.6: Plot of the analytical solutions of real frequency versus normalized
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plasma. All fixed parameters are as in Figure 5.1
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The effect of the variation of electron density on the growth rate of the instability is

shown in Figure 5.7. As the equilibrium electron density decreases, the growth rate

increases which is consistent with the findings in the previous chapter. The range

of normalized wave numbers over which the mode is unstable narrows as neo/no

increases. It is evident from Figure 5.7 that as neo/ no increases, the curves peak

at smaller values of kAd. For the three-component plasmas in the previous chapter,

the curves peak at the same value of kAd ::::: 0.75 (Figure 4.4). The real frequencies

corresponding to the growth rate curves of Figure 5.7 are shown in Figure 5.8.
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Figure 5.9 demonstrates that the effect of increasing the equilibrium electron density

is that the Landau damping becomes more significant. For nonzero electron densities

(Figures 5.9(b) and (c)) , there is crossing over of some of the curves corresponding to

different normalized ion temperature Ti/Te (Figure 5.9(c) has been repeated to show

the labelling of the individual curves). This behaviour becomes clearer by examining

the growth rate as a function of the normalized equilibrium density neo/no for (a)

kAd = 1.0 and (b) kAd = 2.0 (Figure 5.10). For fixed kAd = 1.0, there is no growth

beyond neo ~ 0.8 no. For normalized wave number fixed at 2.0, the behaviour of the

curves are as for the three-component plasma of Bharuthram et al. (1996) in that

there is no crossing over.

Figure 5.11 shows the effect of increasing the normalized ion temperature Ti/Te on

the instability growth rate. As Tij'I'; increases, the growth rate decreases as found

for the single dust component plasmas in Chapter 4. This reduction in the growth

rate is attributed to the kinetic nature of the dust-acoustic instability as explained

for the three-component plasmas of the previous chapter. The corresponding real

frequencies are shown in Figure 5.12. Figure 5.13 depicts the comparison of the

numerical solution of real frequency with the approximate solution (5.3) for different

values of Ti/Teo It is noted that the agreement is better for higher values of normalized

ion temperature. This is to be expected since one of the assumptions in deriving the

approximate solution (5.3) is that T, ~ T; » Tdh , Tu- For T, = Te , the numerical

real frequency is compared with the approximate solution for different values of the

equilibrium electron density (Figure 5.14), done for values of k for which 'Y > o.
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5.1
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We finally study the effect of the magnetic field strength on the instability. It is

seen in Figure 5.15 that as the magnitude of B; increases, the range of propagation

angles for which there is positive growth widens, and the growth rates are enhanced as

observed for the single dust constituent plasmas in the previous chapter. The growth

rate I is again a maximum for propagation along Bo since this is the direction of

wave propagation for maximum resonance with the ion beam.

Finally the effect of selected oblique angles of wave propagation relative to the mag­

netic field Bo is examined. This is depicted for angles () = sin-1(ky/k) = 45° [Figures

5.16-5.18), 30° (Figures 5.19-5.21) and 72° (Figures 5.22-5.24). The mode obtained

for wpi/ni = 0.01 is the dust-acoustic mode shown in Figures 5.16, 5.19 and 5.22. It

is noted that for values of wpi/ni of 0.5 (Figures 5.17, 5.20 and 5.23) and 1.0 (Figures

5.18, 5.21 and 5.24), two modes are obtained. This second mode present only for

propagations oblique to ti; corresponds to the dust-modified two-stream instabil­

ity (DMTSI) first studied by Rosenberg and Krall (1995) and later by Bharuthram

(1997). For ky/k = 0.5 and wpi/n i = 0.5, Figure 5.25 illustrates both solutions

for normalized W r of the full dispersion relation as well as the approximate solution

(5.3) for the purpose of easy comparison. The growth rates corresponding to the real

frequency curves in Figure 5.25 are shown in Figure 5.26.
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Figure 5.16: Plot of normalized real frequency (1) and growth rate (2) versus kAd for
oblique angles of propagation relative to Bo . Here T; = Te , ky/k = 0.707 (0 = 45°)
and wpi/Oi =0.01. All other fixed parameters are as in Figure 5.15
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Figure 5.19: Plot of normalized real frequency (1) and growth rate (2) versus kAd for
oblique angles of propagation relative to B o . Here T, = Te , ky/k = 0.5 (0 = 30°) and
wpi/ni = 0.01. All other fixed parameters are as in Figure 5.15
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Figure 5.20: Plot of normalized real frequency (1) and growth rate (2) versus kAd for
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5.15
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Figure 5.22: Plot of normalized real frequency (1) and growth rate (2) versus kAd for
oblique angles of propagation relative to Bo . Here T, = Te ? kyjk = 0.95 (0 = 72°)
and wpi/ fl i = 0.01. All other fixed parameters are as in Figure 5.15
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Figure 5.23: Plot of normalized real frequency (1) and growth rate (2) versus k)..d for
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Chapter 6

Solution of the Dispersion

Relation for Equal Crossfield Drift

of Electrons and Ions

The interest in studying linear instabilities is motivated by the fact that relative drifts

between charged particle species provides the necessary energy to excite such insta­

bilities (Havnes,1980,1988; D' Angelo,1990; Bharuthram,1997; Rosenberg et al.,1998).

The work that follows in this chapter is an extension of the three-component (one

dust species) model of Bharuthram (1997) to a four-component (two dust species)

plasma and serves to examine the effect of an additional component of dust on low fre­

quency electrostatic instabilities. We have extended the work of Rosenberg and Krall

(1995) to include much wider angles of wave propagation and find that in addition

to the dust-modified two-stream instability (DMTSI) , the dust-acoustic instability

(DAI) could also be excited as first reported by Bharuthram (1997). Results may be

applicable to ring plasmas such as Saturn's rings where the magnetized electrons and
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ions have an azimuthal E x B drift relative to the unmagnetized dust grains.

6.1 The Kinetic Dispersion Relation

For a four-component plasma comprising of magnetized electrons and ions, and two

unmagnetized dust components, the kinetic dispersion relation obtained for electro-

static waves, following the procedure outlined in previous chapters is given by:

0= k
2 + A~ [1 + Zoe f: Z(zpe)fpe]

de p=-oo

+ A~. [1 + Zoi f: Z(zpi)fPi]
di P=-oo

+ A; [1 + Zodl f: Z(ZPdl)fpdl]
ddl p=-oo

+ A; [1 + Zodh f: Z(ZPdh)fpdh]
ddh p=-oo

(6.1)

We recall that e, i, dl and dh represent the electron, ion, light and heavy dust com-

ponents. Here zpe = (w - kl. VE - pf'le)/V2kzCe, Zpi = (w - kl.VE - pf'ld/V2kzCi ,

Zodl = w/V2kzCd1 and Zodh = w/V2kz Cdh .

V E is the equal Eo x Bo drift of the ions and electrons for an equilibrium electric

field Eo = - Eox. All other symbols have been defined in previous chapters. Numer-

ical solutions of the full dispersion relation are presented in the next section and are

compared with approximate analytical solutions.
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6.2 Numerical Results

For simplicity the analysis is restricted to the y - z plane, with k = (ky, kz ) = (kJ. ' kz ) .

Results are presented in normalized form. The normalizations are the same as in

preceding chapters. The quasi-neutrality condition for a two-dust component plasma

is given as equation (5.2) in Chapter 5. Parameter values correspond to those in

Chapter 5: t: = t; Tdh = 0.01 r; Tdl = 0.01 T« , n eo = 0.1 n o, Zdh = 104
,

Zdl = 102 , mdh/mi = 1012
, mdl/mi = 106 and ndlo = ndho assuming equal densities

of the heavy and the light dust species.

Figure 6.1 depicts the normalized instability growth rates as a function of ky / k = sin 0

for different values of YE. Figure 6.2 shows the real frequency curves corresponding

to the growth rate curves of Figure 6.1. The high peaks in growth rate in Figure

6.1 for low ky/k correspond to the dust-acoustic instability (DAI) whilst the peaks

in the vicinity of ky/k ~ 1.0 correspond to the dust-modified two-stream instability

(DMTSI) as observed by Bharuthram (1997). This becomes clear in Figure 6.3 by

plotting the real frequency and growth rate against normalized wave number kAd for

(a) ky/k = 0.175 (0 = 10°) and (b) ky/k = 0.993 (0 = 83°). It is evident from Figures

6.1 and 6.2 that for lower drift speeds only the DMTSI is excited but for higher drift

velocities the DAI dominates.
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The numerical real frequency in Figure 6.3 is compared with the approximate an-

alytical solution of the dispersion relation for a four-component plasma (two dust

constituents), equation (5.3) in Chapter 5:

{ .!!!LZd1(J -1 - Zdh~) + .!!!:LZdh(J -1- Zdl~)}
2 _ k2C2 mdl neo mdh n eo (62)

Wr - s (1 +J# +JPAJ) .

Comparison is also made in Figure 6.4 of the numerical solution for the real frequency

of the dispersion relation for a three-component plasma (single dust constituent) with

the approximate solution, equation (4.3) in Chapter 4:

(6.3)

derived by Rosenberg (1993) for the dust-acoustic mode. The numerical solutions for

the normalized real frequency and growth rate (for wave propagation almost perpen-

dicular to B o ) in Figures 6.3(b) and 6.4(b) correspond to the DMTSI of Rosenberg

and Krall (1995).

Figure 6.5 demonstrates the effect of varying the equilibrium electron density on the

instability growth rate for fixed ndho = ndlo. It is seen that for the DAI, the maximum

growth rate Imax decreases as the equilibrium electron density neo increases. This be-

haviour was also observed by Bharuthram (1997) for a single dust species plasma and

for the ion-acoustic and EIC modes seen by D' Angelo (1990,1995). The opposite is

found to be true for the DMTSI which is consistent with the findings of Bharuthram

(1997). The DAI will therefore dominate in dusty plasmas with small electron con-

cent rations whereas large electron concentrations are needed for the DMTSI to be

excited.
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Figure 6.6 shows the effect of varying the normalized ion temperature Tif'T; on the

growth rate of the instability. The lowering of the growth rate with an increase in

Til'T; is due to the 'flattening' of the ion velocity distribution as explained in preceding

chapters.

Figure 6.7 shows the effect of varying the ratio of the light relative to the heavy dust

densities (ndlo/ndho) on the growth rate of the instability. The equilibrium electron

density is fixed at n eo = 0.1 no. The corresponding real frequencies are shown in

Figure6.8. It is seen that as ndlo/ndho decreases (ndho increasing) , the growth rate

and real frequency of the DAI decreases due to the instability becoming dominated

by the heavier species and hence the slower inertial response of the heavier particles

to perturbations in potential. For ndlo < 0.01 ndho, the growth rate becomes com­

paratively very small. Thus when the fraction of the light dust grains is very small,

the instability is present on the 'heavy dust fluid' time scale with growth rates two

orders of magnitude lower than those associated with the light dust grains. We find

that the growth rate of the DMTSI also decreases as the concentration of the heavy

dust grains starts increasing.
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Following a study of the relevant literature (Chapter 2) and the derivation of the

kinetic dispersion relation (Chapter 3) , Chapter 4 presents a study of the dust­

acoustic instability in a three-component plasma comprising of ions, electrons and a

single heavy dust component. The instability is driven by a drift of the ions in the

direction of the external magnetic field B o. The effect of the variation of parameters

such as ion drift speed, densities, ion temperature and magnetic field strength on

the real frequency and growth rate of the instability is studied. In this chapter

the instability is also studied in a three-component plasma comprising of lighter dust

grains. The real frequency and growth rates associated with the light dus t constituent

are found to be two orders of magnitude higher than those associated with the heavier

dust grains. This is to be expected since perturbations in potential would occur on

smaller time scales than those associated with the heavier, less mobile dust grains.

The numerical solution of the full dispersion relation is found to be in excellent

agreement with the approximate analytical solution.

In Chapter 5 the instability is investigated in a four-component plasma comprising of

both the light and heavy dust constituents of Chapter 4. In addition to the variation

of parameters undertaken in Chapter 4, the effect of varying the density ratio of the

light relative to the heavy dust grains (ndlo/ndho), is also studied. The transition

from the dust-acoustic instability corresponding to the single dust constituent (three­

component) plasma of the heavy to that of the light dust grains is continuous and

occurs over an extremely large range of ndlo/ndho' Assuming equal concentrations

of the light and the heavy dust constituents, we observe that the real frequency lies
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intermediate to those corresponding to the light and heavy dust components of the

three-component plasmas of Chapter 4. The numerical solution of the full dispersion

relation agrees well with the approximate solution for smaller values of normalized

wave number k)..d.

The effects of the parameter variation in Chapters 4 and 5 may be summarized as

follows: An increase in the ion drift speed (~ increasing) enhances the instability

growth rate as more free energy becomes available to drive the instability. An increase

in the ion temperature T, results in a lowering of the growth rates. This is attributed

to a 'flattening' of the ion velocity distribution. It is also found that the dust-acoustic

instability is more easily excited in plasmas with small electron concentrations due

to a reduction in the Landau damping. An increase in the magnetic field strength

B; enhances wave growth and is attributed to the effect of the increase in particle

magnetization. As expected, maximum growth is obtained for propagation along Bo •

In Chapter 6 we modify the model of Chapter 5 and consider an equal E X Bo drift

of the magnetized ions and electrons relative to the unmagnetized dust grains. This

model is relevant to the planetary rings of Saturn where the unmagnetized, levitated

dust grains are stationary, while the magnetized electrons and ions have an azimuthal

Ex Bo drift (Rosenberg,1993) . The mass and charge of the two dust components are

the same as in Chapter 5. The effect of varying parameters such as drift speeds, par­

ticle densities and normalized ion temperature on the real frequency and growth rate

is examined. We find that the DAI dominates for small angles of wave propagation

relative to Bo ' whereas for almost perpendicular propagation, the DMTSI is excited.



107

The DAI is more easily excited in plasmas with small electron concentrations which

is consistent with the findings in Chapters 4 and 5. The numerical solution for the

real frequency W r of the full dispersion relation is compared with the approximate

solution.

There are several extensions of the work in this thesis. Charge variation effects of

the dust particles which could play an important role, should be incorporated into

our model. The number of dust components in our model is limited to just two. A

real dusty plasma comprises of an extremely diverse range of grain sizes. We could

generalize our model to include a variable number n of different (with respect to mass

and charge) dust constituents and employ a grain size distribution for the dust grains,

due to the grain size generally being distributed according to a power law distribution

(Meuris et al.,1997).
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