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ABSTRACT

This dissertation deals with the classification of varieties according to

their Mal'cev properties. In general the so called Mal'cev-type theorems

illustrate an interplay between first order properties of a given class of

algebras and the lattice properties of the congruence lattices of algebras of

the considered class.

CHAPTER 1. A survey of some notational conventions, relevant defini­

tions and auxiliary results is presented. Several examples of less frequently

used algebras are given together with the important properties of some of

them. The term algebra T(X) and useful results concerning 'term' opera­

tions are established. A K-reflection is defined and a connection between

a K-reflection of an algebra and whether a class K satisfies an identity of

the algebra is established.

CHAPTER 2. The Mal'cev-type theorems are presented in complete

detail for varieties which are congruence permutable, congruence distribu­

tive, arithmetical, congruence modular and congruence regular. Several

examples of varieties which exhibit these properties are presented together

with the necessary verifications.

CHAPTER 3. A general scheme of algorithmic character for some

Mal'cev conditions is presented. R. Wille (1970) and A. F. Pixley (1972)

provided algorithms for the classification of varieties which exhibit strong

Mal'cev properties. This chapter is largely devoted to a modification of
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the Wille-Pixley schemes. It must be noted that this modification is quite

different from all such published schemes. The results are the same as in

Wille's scheme but slightly less general than in Pixley's. The text pre­

sented here, however is much simpler. As an example, the scheme is used

to confirm Mal'cev's original theorem on congruence permutable varieties.

Finally, the so-called Chinese var£ety is defined and Mal'cev conditions are

established for such a variety of algebras .

CHAPTER 4. A comprehensive survey of literature concerning Mal'cev

conditions is given in this chapter.
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INTRODUCTION

The Chinese Remainder Theorem, dating back to about the first century, is

probably the first known theorem concerning congruences. It involves the simulta­

neous solution of a system of congruences x == bi(mod ai) where aI, .. . , an, bI , · · · ,bn

are given integers. The theorem, apparently, was used to predict the simultaneous

occurrence of periodically recurring astronomical events. Today, however, congru­

ences play a vital part in almost every branch of algebra.

In the early part of the nineteenth century Galois introduced normal subgroups

which play a fundament al role in defining quotient groups and in the so-called

homomorphism and isomorphism theorems. In the second half of t he nineteenth

century Dedekind introduced ideals which play an analogous role in the theory of

rings . It was inevitable that a concept be introduced in the theory of universal

algebra to unify the notions of normal subgroups and ideals. It turned out that

congruences on an algebra filled this important gap . In addition to providing the

means for defining quotient algebras and related notions, several mathematicians

engaged their attention in the relatively new theme of classifying varieties according

to the behaviour of congruences in their algebras.

In 1954 A.I. Mal'cev proved that the algebras in a variety K have permut ing

congruences if and only if there exists a ternary term t of the type of K such

that the equations t(x, y, y) = x and t(x, x , y) = y hold in K. This theorem has

had a profound influence on the subsequent development of universal algebra. In

recognition of Mal'cev's contribution, congruence permutable variet ies are referred

to as Mal'cev varieties and the term t such that t (x, y , y) = x and t (x , x, y) = y is

called a Mal 'cev term.

In the years that followed , much work on the classification of varieties was done

by G. Cratzer, B. J6nsson, A.F. Pixley, W. Taylor R. Wille and others. It was

indeed Cratzer who coined the phrase "Mal'cev-type condition". Pixley in 1963,

established Mal'cev-type conditions for varieties whose algebras have permutable
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and distributive congruences. J6 nsson [1967] det ermined Mal'cev type conditions

for variet ies with dist r ibut ive congruences. A. Day, in 1968 established Mal 'cev

conditions for con gruence mo du lar varieti es. Mal 'cev condit ions for congruence

regul ar varieties were established by B. Czakany, G. Cratzer and R. Wille in 1970.

From the seventies attention was given to the development of schemes for classi­

fying varieties according to their Mal'cev properties. In 1970, R . Wille (in [33]) and

in 1972, A. F. Pixley (in [27]) provided two such schemes. In 1973, W. Taylor (in

[34]) presented his generalized characterization of Mal'cev conditions. The third

chapter of this thesis is devoted to a modificat ion of the Wille-Pixley schemes.
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CHAPTER 1

A GENERAL SURVEY

In this chapter we present some notational conventions, definitions and general

results which will be used throughout this dissertation.

§l. SOME NOTATIONAL CONVENTIONS

We shall commence this section with a casual review of the well known notions

of operations, types and algebras.

Suppose nEw where w is the set of non-negative integers and S is a set. An

n-ary operation on S is a mapping from S" to S. We shall frequently use the terms

nullary, unary, binary, ternary and quaternary operations to mean O-ary, l-ary,

2-ary, 3-ary and 4-ary operations respectively. A nullary operation 0 on the set S

is a mapping from Sa == {0} to S . Since the mapping 0 : {0} -7 S is determined

by the element 0(0) in S, nullary operations are referred to as constants.

A type T is an ordered pair (0 , ar ) where 0 is a set of objects referred to as

operation symbols, and ar : 0 -7 W is a mapping called the arity function.

A universal algebra A of type T is an ordered pair

A = (A,F)

where A is a nonempty set, the so-called underlying set of A, and F == (oA; 0 E 0)

is a family of finitary operations on A, where oA is an ar(o)-ary operation on A .

In the absence of any ambiguity the superscript A in oA will be omitted. If 0 E °
is an operation symbol of T then oA refers to the fundamental operation of A

indexed by 0; we also say that oA is the interpretation of 0 in A. For brevity we

shall use uppercase boldface letters to represent algebras and the corresponding

uppercase letters to represent their universes. Further, all our considerations shall
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be related to a general but fixed type T. Modifications to this do arise in chapter

3 and appropriate attention will be given to the changes involved.

1.1.1 Some Symbols. Throughout this thesis, we shall use the language and

notation of set and model theory. We make mention of the following symbols:

C : proper inclusion.

'---+ : an inclusion mapping.

idM : the identity function on set M.

w : the set of non-negative integers.

X" : the set {(xo, .. . , Xn-l); Xo, ... ,Xn-l E X} of ordered n-tuples on X, nEw.

y x : the set of all functions from set X to set Y.

ker(f) : the kernel of a mapping f : X -7 Y. It is defined as

fiX: the restriction of a mapping f to a subset X of its domain.

1.1.2 The Set of Variables V. We shall assume that V is an infinite countable

set of variables with a given bijection w -7 V. That is,

where Xi i= Xi for different indices i, J' E w. Whenever we refer to a set of variables

X we shall assume that X ~ V. Also, we will frequently use the metavariables

X, y , z, u, v, W, etc., which range over V.

1.1.3 The Relational Product (r, s)n. Suppose rand s are binary relations

on a set. As usual r 0 s will denote the relational product of rand s. If n is a
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positive integer, we define the relational product (r, s)n inductively as follows:

r

(r, s)2n

(r, s)2n+l

(r, s)2n- 1 0 S

(r,s)2n o r.

Since the relational product is associative, the parenthesis and the symbol 0 shall

be frequently omitted. For example, we will write

(r,s)2 = rs , (r,s)3 = rsr, (r,s)4 = rsrs, etc .

§2. CONGRUENCES ON AN ALGEBRA

1.2.1 The Supremum of Congruences. Let A be aT-algebra. The set

of all congruences on A will be denoted by Con A . It is known that Con A is a

complete sublattice of the complete lattice E(A) of all equivalence relations on the

set A, where the lattice order on E(A) is the inclusion.

Suppose a , r E ConA and that n is a positive int eger . T hen the supremum of

a and r in Con A is given by

00

a V r = U(a, r)n
n=l

whe re (a,r)n has been defined in Section 1.1.3.

1.2.2 The Congruence 8A(r). For a T-algebra A and r ~ A x A we define

Indeed 8 A (r) is the least congruence on A which contains r as a subset. In the

absence of any ambiguity we shall omit the subscript A and simply refer to 8 (r).

1.2.3 The Congruence 8(M). If M is a subset of A, A aT-algebra, then

8 (M ) = n{p E Con A; M 2 ~ p}.
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In part icular , if a , b E A , a -I- b, then

8(a,b) == n {p E ConA; {a,b} 2 ~ p}.

The congruence 8(a, b) is called a principal congruence on A.

§3. EXAMPLES OF ALGEBRAS

A qroupoid is an algebra with one binary operation. Other commonly encoun­

tered algebras are groups, Abelian groups, semiqroups, monoids, r£ngs and lattices.

The following are more examples of algebras which we shall refer to in the course of

this thesis. We shall adopt the usual convention of denoting the product resulting

from the binary operation· by juxtaposition .

1 .3.1 Quasigroups. According to [13], p.355 , a quasiqroup is an algebra Q ==

(Q; " /, \) with three binary operations satisfying the identit ies:

1. (x/y)y == x

2. (xy)/y == x

3. x(x\ y) == Y

4. x\(xy) == y.

D

1.3.1.1 Lemma. Let (Q; " [ , \ ) be a quasiqroup. Then for all a, b, c E Q we

have

(i) a/ b == c £jf a == cb,

(ii) a\b == c £jJ b == ac,

(iii) ab == ac £ff b == c and

(iv) ba == ca £ff b == c.
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PROOF.

(i) Assume a/b = c. Then cb = (a/b)b = a by Axiom 1. Conversely, let cb = a.

Then a/b = (cb)/b = c by Axiom 2.

(ii) Assume a\b = c. Then ac = a(a\b) = b by Axiom 3. Conversely, let ac = b.

Then a\b = a\(ac) = c by Axiom 4.

(iii) Let ab = ac. Then by Axiom 4 we have b = a\(ab) = a\(ac) = c. The

converse implication is trivial.

(iv) Let ba = ca. Then by Axiom 2 we have b = (ba)/a = (ca)/a = c. The

converse implication is trivial. D

The above lemma enables another description of quasigroups which could be

helpful to the reader:

1.3.1.2 Corollary. (i) Let (Q; .) be a groupoid which enjoys the following

property: For all a b E Q, each of the equations ax = band ya = b has a unique

solution in Q. If we define a\b d;j x and b/a d;j y, then (Q; ., / , \) is a quasigroup.

(ii) Conversely, let (Q ; ., [ , \ ) be a quasigroup. Then for all a, b E Q, each of

the equations ax = band ya = b has a unique solution in Q, namely,

x = a\b and y = b[o:

PROOF.

(i) By the definition of a\ band bj a we have

(b/a)a

a(a\ b)

ya

ax

band

b.

Thus (Q; .) satisfies Axioms 1 and 3 respectively. Now for Axiom 2, we note that

u d;j (ab) / b is the unique solution of ub = ab (by our definition of the operation).

Because a is also a solution of that equation , we have that a = u = (ab) / b by the

uniqueness of the solution. Axiom 4 can be verified in a similar fashion.

(ii) We have that ax = a(a\b) = b by Axiom 3. The uniqueness of the solution

follows from Lemma 1.3.1.1 (iii). That y = b]a is the unique solution of ya = b in

Q can be proved in a similar manner. D
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1.3.2 Right-complemented Semigroups. According to [13], p.356, a r£ght­

complemented semiqroup is an algebra S == (S ;', *) with two binary operations

satisfying the identities:

1. x(x *y) == y(y *x)

2. (xy) *z == y * (x * z)

3. x(y * y) == x ,

1.3.3 Boolean AIgebras . A Boolean algebra is an algebra B == (B; V, /\,' ,0,1)

with two binary, one unary and two nullary operations satisfying the following

conditions:

1. (B; V, /\) is a distributive lattice

2. x /\ 0 == 0 and x V 1 == 1

3. x /\ x' == °and x V x' == 1.

1.3.4 Heyting Algebras. An Heyt£ng algebra is defined in [2], p.26 , as an alge­

bra H == (H; V, /\ , --+,0,1) with three binary operations and two nullary operations

satisfying the following conditions:

1. (H, V, /\,0, 1) is a distributive lattice with greatest element 1 and leas t ele­

ment 0.

2. x --+ x == 1

3. (x --+y) /\y==y

4. x /\ (x -+ y) == x /\ y

5. 1 --+ x == x

6. x --+ (y /\ z) == (x --+ y) /\ (x --+ z)

7. (x V y) --+ z == (x --+ z) /\ (y --+ z).
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Clearly Axiom (5) can be deduced from Axiom (4) as follows:

x 1/\ x

l/\(l-+x)

1 -+ x.

Let ~ denote the associated lattice order on H induced by the lattice structure

of H . We shall establish several more properties of Heyting algebras. On account

of their usefulness in Section 2.3.4, we embody these properties in the following

lemma:

1 .3.4.1 Lemma. Let H be an Heyt£ng algeb ra. Then for all x , y, z E H we

have

(i) y ~ x -+ y

(ii) x ~ y zjJ x -+ y = 1

(iii) x /\ z ~ Y zjJ z ~ x -+ y

(iv) x -+ (y -+ z ) = (x /\y ) -+ z .

PROOF.

(i) In consequence of our lattice order, this is just an equivalent formulat ion of

Axiom (3) .

(ii) ::}: Since x ~ y we have that x = x /\ y. Then

1 x-+x

x-+ (x /\y)

(x -+ x) /\ (x -+ y) [by Axiom (6) ]

l /\(x -+y)

x -+ y.

{= : Since ~ is the lattice order it will suffice to show that x = x /\ y: Assuming

that x -+ y = 1, we have

x x /\ 1

9



x /\ (x ~ y)

x /\ y [by Axiom (4) ].

(iii) =}: Assume that x /\ z ::; y. Then

z < x ~z [by (i)]

- (x ~ z) /\ (x ~ x) [by Axiom (2)]

x ~ (x /\ z) [by Axiom (6)]

- x~(x/\z/\y) [by Assumption]

(x ~ (x /\ z)) /\ (x --t y) [by Axiom (6)]

< X --t y .

~: If z ::; x ~ y , then

x /\ z < x /\ (x --t y)

= x /\ y [by Axiom (4)]

< y.

We observe here that x ~ y is an upper bound of the set {z E H; x /\ z ::; y}. By

Axiom (4) it is in fact the greatest element of that set.

(iv) We firs t show that x ~ (y --t z) ::; (x /\ y) ~ z:

(x /\ y) /\ (x --t (y ~ z)) Y /\ (x /\ (x --t (y --t z)))

- Y /\ (x /\ (y --t z)) [by Axiom (4)]

< y /\ (y --t z)

= y/\z

< z,

[by Axiom (4) ]

Since (x /\ y) /\ (x ~ (y ~ z)) ::; z; it follows from (iii) that

x ~ (y ~ z) ::; (x /\ y) --t z.

To prove the converse inequality, we note that

(y /\ x) /\ ((y /\ x) ~ z) - (y /\ x) /\ z [by Axiom (4)]

< z.
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Hence by (iii), x /\ ((x /\ y) -+ z) :S y -+ z. Using (iii) agai n we conclude that

(x/\y) -+ z:s x -+ (y -+ z). 0

1.3.5 R-modules. For a given ring R, an R- module, according to [2], p.25 ,

is an algebra M == (M; +, -, (fr, r ER),0) where the operation + is binary, - is

unary, each fr is unary and 0 is nullary such that the following conditions hold:

L (M; +, -,0) is an Abelian group

2. fr(x + y) == fr(x ) + fr(Y), for r E R

3. fr+s(x) == fr (x) + f s(x), for r, S E R

4. fr(f s(x )) == f rs (x), for r ,s E R.

1.3.6 BCK AIgebras. A ECK algebra, (see [7], p.102 and [17] p.2 ), is an

algebra A == (A; ,, 0) with one binary operation and one nullary operation satisfying

the following identities:

1. ((xy)(xz) )(zy) == 0

2. (x (xy))y == 0

3. xx == 0

4. Ox == 0

5. xy == 0 == yx implies that x == y.

o

With a BCK-algebra A we can associate a partially ordered set (A, :S) where

we define for all x, yEA,

x :S y iff xy == O.

We also note that the above axioms can be used to prove that

6. xO == x and

7. (xy )z == (xz)y.
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These proofs which are due to K. Iseki and S. Tanaka are present ed In [17] as

theorem 2 (9) and theorem 1 respectively.

We note that the binary operation· for BCK-algebras is not associative. There­

fore we have to use parentheses for BCK-terms. We simplify our notation by the

following convention: Let a, bo, b1 , ••• be elements of a BCK-algebra A. Then for

any nEw, we define

del ( )abo . .. bn+1 = abo . .. b., bn+1•

In consequence of the above mentioned BCK-identity xO = x, we now have that

a = aO. . . 0 for any number of O's on the right hand side.

1.3.7 Implication AIgebras . An implication algebra is defined in [13], p.356 ,

as a groupoid G = (G;~) with one binary operation wh ich satisfies the following

t hree ident it ies for all x , y , z in G:

1. (x ~ y) --+ x = x

2. (x --+ y) -t Y = (y~ x) ~ x

3. x -t (y --+ z) = Y --+ (x ~ z).

o
We shall use the above three identities to establish some useful facts about

implication algebras. Thereafter we shall show that an implication algebra is just

a special case of a BCK-algebra. For brevity of notation, we shall replace the

operation symbol ~ by . and wr ite (as it is usual in the theory of BCK-algebras)

x y instead of y ~ x ,

We shall hereafter use the following equivalent formu lation of the above t hree

axioms:

I x(yx) = x

11 x(xy) = y(yx )

III (xy)z = (xz)y.

12



In view of the above we shall now refer to an implication algebra as a groupoid

(G; .) which satisfies Axioms I, II and Ill.

1 .3.7.1 Lemma. If G == (G;·) £8 an implication algebra, then for all x, y E G,

we have that x == y zjJ xy == yx.

PROOF.

=}: This is trivial.

~: Assume xy == yx. Then

x == x(yx) [by Axiom (I)]

== x(xy) [by Assumption]

- y(yx) [by Axiom (Il)]

- y(xy) [by Assumption]

== y [by Axiom (1)]

o

1.3.7.2 Lemma. For an implication algebra G == (G' ') , we have that for all

x, y E G,

xx == yy.

PROOF.

As a result of Axiom (1) we have that x == x{ [x(yy) ]x}. Therefore

xx - (x{[x(yy)]x}) x

- (x[(xx)(yy)])x [by Axiom (Ill) ]

- (xx)[(xx)(yy)] [by Axiom (Ill)]

- (yy)[(yy)(xx)] [by Axiom (II)]

- (y[(yy)(xx)])y [by Axiom (Ill)]

== (y{ [y(xx)]y})y [by Axiom (Ill)]

- yy [by Axiom (1)].

0

13



1.3.7.3 Convention. In consequence of Lemma 1.3.7.2 we have established

the existence of a distinguished element 0 such that

Ode!
= aa

for all a E G. We observe that 0 does not depend on our choice of a; in fact OG is

a derived constant. D

1.3.7.4 Lemma. Let G be an implication algebra. Then for all x E G, we

have that

(i) xO = x and

(ii) Ox = O.

PROOF.

(i): By Section 1.3.7.3 above, and by Axiom (I) respectively, we have that

xO = x(xx) = x.

(ii) : Again by Section 1.3.7.3, we have that xx = 0 for all x E G. Therefore

Ox (xx)x

(xx) [x(xx)]

{x[x(xx)]}x

{(xx)[ (xx)x]}x

[(xx)x][ (xx)x]

O.

[by Axiom (I)]

[by Axiom (HI)]

[by Axiom (H)]

[by Axiom (IH)]

D

1.3.7.5 Corollary. If (B;.) is an implication algebra, then (B;·, 0) is a

ECK-algebra, where 0 is the distirujuished element of B such that 0 = bb for all

bE B.

PROOF.

Axioms (3), (4) and (5) of BCK-algebras have been established in Lemmas

1.3.7.2 1.3.7.4 (ii) and 1.3.7.1 respectively. We only need to show that

14



(i) ((xy)(xz))(zy) == 0 and

(ii) (x(xy))y == o.

(i): Observe that

((xy)(xz))(zy) - ((x(xz))y)(zy) [by Axiom (Ill)]

- ((z(zx))y)(zy) [by Axiom (ll)]

- ((z(zy))y)(zx) [by Axiom (Ill)]

== ((y (yz))y)(zx) [by Axiom (ll)]

== ((yy)(yz) )(zx) [by Axiom (Ill)]

== (O(yz))(zx)

- 0 [by Lemma 1.3.7.4 (ii)].

(ii): Using Axiom (Ill) and Section 1.3.7.3 respectively we have

(x(xy))y == (xy)(xy) == o.

o

1 .3 .7 .6 Definition. A BCK-algebra (B; ·,0) is said to be implicative if it

sat isfies the ident ity x(yx) == x. o

1.3.7.7 Theorem. Let (B; .) be a groupoid, and let 0 be an element of B .

The n the following conditions are equivalent:

(i) (B", 0) is an implicative BCK- algeb ra.

(ii) (B; .) satisfies the follo wing identities for all x, y , z E B .

(a) x(yx ) == x

(b) x(xy) == y(yx)

(c) (xy)z == (xz)y

15



PROOF.
(i)=> (ii): (B;·) satisfies (a) by Definition 1.3.7.6 and (c) by (7) of Section

1.3.6. We shall now show that the identity (b) is also satisfied in (B;·). We first

make the following simple observations about BCK- algebras:

01. u ::; v => uw ::; vw.

02. y(y(yx)) = yx.

Recall that the partial order ::; was defined after the definition in Section 1.3.6.

Now

(x(xy))(y(yx)) < y(y(yx)) [Ax. 2, Sec. 1.3.6 and 01]

- yx [by 02]

Therefore we have that in any BCK-algebra,

03. (x(xy))(y(yx)) ::; yx.

Moreover,

((x(xy))(yx))(y(yx)) = ((x(xy))(y(yx)))(yx) [(7) of Sec. 1.3.6]

< (yx)(yx) [by 01 and 03]

- 0 [Axiom 3, Sec. 1.3.6]

Therefore (x(xy))(yx) ::; y(yx). Now since

x(xy) = (x(yx))(xy) [Axiom I]

= (x(xy))(yx) [(7) of Sec. 1.3.6]

we have that x(xy) ::; y(yx). By interchanging x and y we have that y(yx) ::; x(xy)

also, and hence (b) is satisfied in (B;· ).

(ii)~ (i): This follows from Corollary 1.3.7.5. 0

1.3.7.8 Remark. Let us note firstly that a BCK-variety is a variety of algebras

(A ; ,,0) (where · is binary and 0 is nullary) all of whose members are BCK-algebras.
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The class of implication algebras, interpreted as BCK-algebras in the sense given

in Corollary 1.3.7.5, forms a variety of BCK- algebras, the so-called variety of

implicative BCK- algebras. An equational base of this BCK-variety is given for

instance by

(xy)z (xz)y,

x(xy) y(yx),

x(yx) x, and

xx o.

In fact, it is the least nontrivial variety of BCK-algebras ; see Cornish's survey

[7], p .106, for details. Further, this BCK- var iety is the class intersection of the

variety of the so-called commutative BCK-algebras [that is, BCK-algebras satisfying

x(xy) = y(yx)] and the variety of the so-called positive implicative BCK-algebras

[that is, BCK-algebras which satisfy xy = (xy)y].

In view of the last mentioned observation we present the following proposition .

1.3.7.9 Proposition. A BCK-algebra (B; ·,0) £8 implicative zj and only zj it

£8 commutative and positive implicative.

PROOF.

=>: We need only show that xy = (xy)y: Using Axiom I two times, we have

xy = (xy)(y(xy)) = (xy)y.

<=:: In any BCK-algebra we have that x(yx) < x. We shall now establish the

converse inequality.

x(x(yx)) (yx)((yx)x) [Def. commutative]

(yx)(yx) [Def. posit ive implicative]

o.

Therefore x ~ x(yx) and (B; ·,0) is implicative.
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§4. FREE ALGEBRAS AND TERM ALGEBRAS

1.4.1 Definition. Let K be a class of T - algebras. AT-algebra A is said to

be free over K if A E K and there is a set X ~ A such that for every B E K and

for each mapping f : X ~ B , there exists a unique homomorphism <p : A ~ B

which extends f. Every such X is said to be a free generating set of A, and we say

that X freely generates A .

A T -algebra A is called an absolutely free algebra if it is free over the class of

all T -algebras. 0

With respect to the above definition we make the following import ant observa­

tions which follow directly from the above definit ion:

1.4.1.1 Let B E K be generated by a Y ~ B (written as B == (Y)). Then Y

is a K-free generating set of B if and only if for every C E K and each mapping

g : Y ~ C there is at least one homomorphism 'lj; : B ~ C which extends g.

Conversely, if A is free over K with free generating set X , and if K is closed

under the formation of subalgebras, then A == (X).

1.4.1.2 A free algebra over a class K is determined , up to isomorphism, by the

cardinality of any of its free generating sets. That is , if Al and A 2 are two free

algebras over K, freely generated by Xl and X2 respectively, then A l is isomorphic

to A 2 whenever Xl and X2 have the same cardinality.

1.4.2 The Set of Terms T(X) . Let T be a type of algebras and let 70 be the

set of nullary operation symbols. Suppose X ~ V such that X n To == 0. Then the

set T( X ) is the least set Y such that

(i) X U To ~ Y.

(ii) If to, .. . ,tm - 1 E Y and 0 is an m-ary operation symbol of T , then

o(to, .. . , tm-d E Y.

The elements of T(X) are referred to as terms or polynomial symbols of type T

over X .

18



A term t is said to be n-ary, where nE w, if

t E T ({xi; i E wand 0 ::; i < n}).

If t is an n-ary term, we also write t (xo, .. . ,xn-d instead of t . o

Since we have T(X) ~ T(Y) whenever X ~ Y ~ V, every n-ary term is also

m-ary for each integer m 2: n. Note that there exist nullary terms of type T if

and only if there exist nullary operation symbols of T . Of course, a constant can

be defined even by a term which is not nullary (see for instance Lemma 1.3.7.2).

1 .4.3 Term Interpretation in an Algebra. Let t E T( X) be a term of type

T over a set X ~ V and let A be aT-a lgebra . The in t erpret at ion At : AX -+ A of

t is defined induct ively on its comp lexity as follows:

(i) if t is a variable , that is, t = x for some x E X , then we define

where 7r is the well known projection mapping.

(ii) if t = 0 is a nullary operation symbol of 0 , then At is the constant funct ion

defined by

(iii) if t = o(to, .. . ,tr- 1) where 0 E 0 is of positive arity r and to, . . . ,tr- 1 E T(X )

such that the interpretations A to, .. . ,A t r - 1 have already been defined, then

for u E A X •

o

Suppose {xo, . . . , xn} ~ X and that t(xo, ... , xn) is an n + l-ary term. It is a

simple fact that At (f ) = At(g) for all !, g E AX if f (xi) = g(Xi) for all i = 0 , .. . ,n.
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We can therefore define At(aa, ... ,an ) for (aa , ... ,an ) E An+l by

where f E AX with f(Xi) = ai for i = 0, ... , n.

We observe that for every t E T(X) there is a unique interpretation

D

We refer to At as the term function, (or a polynomial), induced by t . As a convention

we shall use left superscripts for term interpretations . However, in the absence of

any ambiguity the superscript A will be omitted.

The set of terms T(X) can be transformed into an algebra in a very natural

way as follows.

1.4.4 The Term Algebra T(X). Let T be a type and X a set. If T(X) #

0, then the term algebra T(X) is the algebra with universe T (X) and with T

operations defined as follows:

(i) if 0 E 0 is a nullary operation symbol, then

OT(X) = 0 ,

(ii) if 0 E 0 is an n-ary operation symbol and if ta, ... , tn - 1 E T (X ), then

T(X) ( ) _ ( )o ta , ... ,tn - 1 -ota, . . . ,tn - 1 •

D

We note that the T -algebra T(X) is defined if and only if X # 0 or there

is at least one nullary T -operation symbol. Further, every term algebra T(X)

is absolutely free and it is freely generated by X (see [2], p.66). This fact was

established by Birkhoff in 1935.

1.4.5 Definition. Suppose s, t E T(X). Then the equation s = t is referred to

as an identity. An algebra A is said to satisfy the identity s = t, written as

A 1= s = t,
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if the interpretations As : AX ---t A and At : AX
---t A are equal. A class K of

algebras is said to satisfy the identity s = t if every algebra of K satisfies that

identity. A class K is said to be a variety if there exists a set ~ of identities such

that

K = {A; A is aT-algebra and A 1= E}.

o
Before the next definition we shall comment briefly on quasiprimitive and prim­

itive classes of algebras . A quasiprimitive class is a collection of algebras that is

closed under the formation of isomorphic images , subalgebras and direct products.

A primitive class is closed under the formation of homomorphic images, subalge­

bras and direct products. Trivially every primitive class is a quasiprimitive class.

In 1935 Birkhoff proved that a class K of algebras is a variety if and only if it is a

primitive class (see [2], p.75).

1.4.6 Definition. Suppose K is a non-trivial variety and X ~ V . Then T K(X)

denotes a free algebra over K with free generating set X . If re is a cardinal number,

then T K (re) denotes an algebra T K (X ) where IX I = s: o

Following from Section 1.4.1.2 , we note that TK(rc) is determined only up to

isomorphism. Further, T K (0) exists if and only if the type has nullary operations.

If re i= 0, then T K (re) exists if and only if K has non trivial members or r: = L

§5. SOME USEFUL LEMMAS

We note that an n-ary term t(xo, ... , xn-d defines an n-ary operation on the

universe of an algebra A by

for aa, ... , an - ! E A. Such an operation is called a derived operation since it is

derived from the basic T - operations of A . The first of the following three lemmas

shows that term functions can be effectively used for the formation of subalgebras.

The next two show that they behave just like fundamental operations when it comes

to the preservation of homomorphisms and the compatibility of congruences.
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1 .5.1 Lemma. Suppose A is a T -algebra, and M ~ A . Then the subalgebra

(M) of A generated by M is qiuer: by

where T(V) is the term algebra defined in Section 1.4.4. Especiallij, xj M xs a

nonempty finite set w£th r elements, then

(M) == {A t(ao, . . . , ar- d ; t(xo, . . . , xr- d E T(X), ao , . . . ,ar-l E M}

where X is any subset of V sat£sfy ing {xo, ... , Xr-l} ~ X.

PROOF.

Suppose G is any subalgebra of A such that M ~ G, and let

H == {At(ao, .. . , an); nEw, t(xo, . .. , xn) E T(X) , ao, .. . , an EM}.

We first show by induction on the complexity of t that H ~ G: Suppose t == 0, a

nullary operation symbol of T . Then

Since G is a subalgebra of A , we have oA E G. Next, assume that t is a variable

Xi, i == 0 , . . . , n , Then At (ao, . . . , an) == a; and a, E M ~ G. Finally, let t ==

o(to, .. . , tm-d for 0 an m-ary operation symbol and t j E T (X), for j == 0, . .. , m-I ,

such that each t j (ao, ... , an) E G (in the light of our observat ion given in Section

1.4.2 we can assume that all the t j are of the same arity). Then

which is an element of G, G being a subalgebra of A . T hus H is a subset of G.

It is a well known that

(M) == n {G; G a subalgebra of A , M ~ C} .

Hence to prove H == (M) , all that remains is to show that H is a subuniverse of A

containing M : Let 0 be a nullary operation symbol of T . Then
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For m E w- {O}, let 0 be an m-ary operation symbol of T and let ho, , hm - 1 E H.

Then there are terms tj(xo"", Xn) E T(X), such that for j = 0, ,m - 1 we

have hj = Atj(ao, ... , an)' Then

E H.

Hence H is a subalgebra of A and (M ) = H. o

1.5.2 Lemma. Suppose A and Bare T -algebras and that <p : A --i- B is a

homomorphism. Let t(xo , . . . , Xn ) E T (X). Then for all ao, . . . , an E A we have

<p (At (ao, . . . , an)) = B t(<p (aO ), . . . , <p (an)).

PROOF.

We proceed by induction on the complexity of t: Let t = 0, where 0 is a nullary

operation symbol of T . Then since <p is a homomorphism, we have

<p (At (ao, . . . , an)) <p (oA (ao, ... , an))

<p(oA)

Bo(<p(ao), , <p(an))

B t (<p (ao ), , <p (an)).

Now let t be a variable such that t(xo, .. . , Xn) = Xi for some i = 0, .. . ,n. Then

Finally for mEw - {O} and 0 an m-ary operation symbol, let t = o(to, . . . ,tm-d
where for each j = 0, ... , m-I we have
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Then,

cp(OA(Ato(ao, ,an),.", Atm_1(ao, ,an)))

oB(cp(Ato(ao, ,an),'" ,A tm-l(ao, ,an)))

oB(Bto(cp (ao), ,<p(an)), .. . , Btm_ 1(cp(ao), ... ,cp(an)))

Bt (cp (ao ), ... , cp(an)).

D

1.5.3 Lemma. Let A be an algebra, a E Con A and t(xo, ,xn) E T(X).

Then for all ao, .. . , an, bo, . . . , bn E A such that ai == b, (a), i = 0 , ,n, we have

PROOF.

Again we proceed by induction on the complexity of t: Let t = 0 where 0 is a

nullary operation symbol. Then At(ao , ... , an) == At(bo, .. . , bn) (a) quite t rivially

SInce

At (ao, ... , an) = oA = At (bo, .. . , bn),

and a is reflexive. Next, let t be a variable and assume that t(xo, . . . , xn) = Xi for

some i = 0, ... , n . Then since ak == bk (a) for k = 0, ... , n, we have

Finally, for mEw - {O} and 0 an m-ary operation symbol, let t = o(to, ,tm-d

where to, . . . ,tm - 1 satisfy the lemma (as usual, we assume that all the to, ,tm - 1

are of the same arity n ; see Section 1.4.2). T hen for i = 0, . . . , m -I, we have

Since a is a congruence on A, we have

and hence t (ao ... , an) == t(bo, . . . , bn) (a) for this case as well.
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To conclude th is section we present a lemma which turns out to be rather useful

in the next chapter. We recall that the congruence 8 (r) was defined in Section

1.2.2.

1.5.4 Lemma. Suppose K is a nontrivial variety, 0 =f X ~ Z ~ V and

r ~ Z2, such that r n X2 = 0, and whenever (u, v), (w,x) E r, the elements

u , v , w , x are distinct. Further, let T K (Z ) be the free algebra over K with free

generating set Z. If G is the subalgebra of T K (Z ) generated by X, then

G2 n 8(r) = ideo

PROOF.

Let us denote F = T K(Z). We shall first show that G is freely generated

by X. Take a mapping cp : X -+ A for some A E K. Since F is free over K,

t here is a homomorphism 'l/J : F -+ A extending cp. Now G is a subalgebra of F ,

generated by X, so by Lemma 1.5.1 and 1.5.2, the restriction of 'l/J to G is the

unique homomorphism from G to A extending cp. Thus G is free over K, freely

generated by X.

We choose any element y E X and define a mapping f : Z -+ G as follows:

f(x) x for each x E X ;

f (u) w if (u,w) Er or (w,u) Er for some wE X;

f(z) y ifzEZand(z,v),(v,z)~rforallvEX.

Notice that f is well defined because of our hypotheses concerning X and r. Since

F is free , there is a unique homomorphism 9 : F -+ G extending f 0 If we set

h = giG, it is clear that h : G -+ G with h lX = i dx . Since X freely generates G we

must have h = ideo We know that 8(r) ~ ker(g), by the definition f. Therefore

G2 n 8(r ) C G2 n ker(g)

ker(h)

ide,

hence G2 n 8(r) = ideo
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§6. K-REFLECTIONS

1.6.1 Reflective classes. Refer to the diagram below:

A

A"-- --r:': B

K

Figure 1.6.1

A subclass K of a class .c of algebras of a fixed type is said to be reflective in .c if

for each A E .c there exists a homomorphism r A : A ~ A * for A" E K, with the

following universal property:

For each homomorphism f : A ~ B with the target B E K there is a

unique homomorphism f" : A * ---+ B such that f = f* 0 r A.

The homomorphism rA : A --+ A" is called a K -refiection of A. o

The above definition is a modification of the definition of reflective subcate­

gories appearing in [1], page 193. We note that the K-reflection r A : A ~ A" 1S

determined uniquely up to isomorphism in the following sense:

The homomorphism g : A ---+ C is a J( - reflection of A E .c if and only

if C E J( and there is an isomorphism f : A" ~ C such that forA = g.

1.6.2 Lemma. Suppose K and .c are classes of algebras such that J( ~ L,

Let A be a free algebra over .c with .c-free generating set X. If r : A ---+ B is a

J( -reflection, then B is a free algebra over K with r[Xl as its K -free generating

set.

PROOF.

Refer to the diagram in figure 1.6.2. Take a mapping f : r[Xl ~ C, C E :<.

Since f 0 (r IX) is a mapping of X into C, C E K ~ .c and A is free over L, there
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exis ts a un ique homomorphism t..p : A. ---+ C such tha t

<p IX = f 0 (r l.tY) .

Since r : A ---+ B is a K-reflection, there exists a unique homomorphism 'lj; : B -? C

such that <p = 'lj; 0 r . In particular we have

f 0 (rIX) = <P IX = (t/J 0 r)IX.

inclusion

rlX

inclusion

Figure 1.6.2

r

Therefore f = 1/1 lr [X ]. All that is left now is to establish the uniqueness of the

homomorphism t/J : B --* C which extends f : r [X] -? C: Let X : B -? C be a

homomorphism satisfying

t/J lr[X ] = f = xlr[X].

Then we have

(t/J 0 r) IX = (X o.r)IX.

SO (X 0 r)IX

Therefore,

<pI X . Now A is free over f. with X as f.-free generating set .

X 0 r = <p = 'lj; 0 r,

Also, since r : A ---+ B is a K. - reflection of A, 'lj; has to be determined in a unique

way. Therefore X = 1/1 and B is free over K with free generating set r [.tYj. 0
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Suppose K is a class of algebras, and r a K- reflection of an algebra A. Can

we use the K- reflection r to determine whether K satisfies an identity of A? The

next and final lemma of this chapter addresses this question. However before we

proceed we need to first generalize the usual notion of an identity given in Definition

1.4.5. This prompts the following definition .

1.6.3 Definition. If A is an algebra, then each ordered pair (a,b) of elements

of A is said to be an A-z'dentz'ty. We shall say that an algebra B satisfies an A­

identity (a,b) , written as

if and only if for each homomorphism ep : A -t B, we have ep (a) = ep (b) . A class

K of algebras satisfies an A-identity (a, b), written as

if B FA (a, b) for all B E K.

As a consequence of the above definition, we can regard a term identity

as a T (X)-identity (t , s). We now identify B F t = s with the expression

o

1.6.4 Lemma. Suppose K and .c are classes of algebras such that K ~ L.

Let A be a free algebra over £, with £,-free generating set X . If r : A -t B is

a K-reflection, then the [ollounriq propositions are equivalent for each A-identity

(a, b):

(iii) r(a) = r(b).

Especially, we have that (a, b) E ker(r) ~f and only ~f KFA (a, b).
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PROOF.

(i)=> (ii): This is t rivial since B E K.

(ii)=> (Hi): Since r : A ~ B is a homomorphism, Definition 1.6.3 yields the

required result, namely, that

r(a) = r(b) .

(Hi)=> (i): Take any C E K and a homomorphism

<p: A ~ C .

Since r : A ~ B is a K-reflection, there exists a homomorphism 'ljJ : B ~ C such

that 'lj; 0 r = ip, T herefore, using (iii) we have

<p(a) = 'ljJ(r (a) ) = 'ljJ( r(b)) = <p(b).

Hence by Definition 1.6.3, we conclude that KFA(a, b).
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CHAPTER 2

SOME MAL'CEV CONDITIONS

In this chapter we shall discuss the Mal'cev-type conditions for varieties of

algebras which are congruence n-permutable, congruence distributive, arithmetical,

congruence modular and congruence regular.

§1. CONGRUENCE n-PERMUTABLE VARIETIES

2.1.1 Definition. Let n 2: 2 be an integer. An algebra A is said to be

congruence n-permutable if its congruence lattice is n-permutable, that is, if

(0, r)n = (r, 0)n for 0,r E Con A,

where (0, r)n has been defined in Section 1.1.3. A class K of algebras is said to be

congruence n- permutable if every element of K is congruence n- permutable. We

shall usually refer to congruence 2-permutability as congruence permutability. D

The main theorem of this section establishes Mal'cev conditions for varieties of

algebras with n-permuting congruences. However , we shall first prove a lemma.

If K is a class of algebras and sand t are terms, under what conditions will K

satisfy the identity s = t? The following lemma gives some necessary and sufficient

condit ions under certain assumptions about K.

2.1.2 Lemma. Let n be a positive integer and let X ~ V. Further suppose

that s (xo, ... , X n ), t(xo, ... , xn ) E T(X), K is a class of algebras and A is a free

algebra over K with free generat£ng set G. Let H = {xo, . .. , x n } and let f : H ~ G

be any mapping. Then:

(i) As(f(xo), ... , f(x n ) ) = At(f(xo), , f(x n ) ) zff for each B E K and for every

g: H ~ B we have Bs(g (xo), , g(xn ) ) = Bt(g(xo), . .. , g(xn ) ) whenever

ker(f) ~ ker (g ).

30



(ii) 11 the mappinq f : H ~ G is an injection then As(f(xo), ... , f(x n)) ­

At(f(xo), .. . , f(x n)) £jJ K F s = t.

(iii) 11 ao, ,an are pairunse d£jJerent elements 01 the set G, then we have that

As(ao, , an) = At(ao, ... , an) £jJ K\ F s = t.

PROOF.

(i) (~): This is trivial. If we let B = A, and g = f then ker(f) ~ ker(g)

and As(f(xo), .. . , f(x n)) = At(f(xo), ... , f(xn)).

(=}): Refer to the figure 2.1.1. Take B E K and 9 : H ~ B such that ker(f) ~

ker(g). We define a mapping hI : G -+ B such that hI 0 f = g as follows: If y E G

and y = f(x), we define hI(y) = g(x) which is possible because ker(f) ~ ker(g). If

y E G\f[H], then we choose any bE B and define hI (y) = b. Now since A has free

generating set G, there exists a unique homomorphism h : A -+ B which extends

hI ' Therefore,

h (homomo:?nism)

f

B

Figure 2.1.1

BS(g(XO)' ... ,g(xn)) = Bs((hI 0 f)(xo) , , (hI 0 f)(xn))

= B s((h 0 f)(xo), ,(h 0 f)(xn))

- h(A s(f(xo), ... , f(xn))) [by Lemma 1.5.2].

Similarly, we can show that Bt(g(xo)' ... ,g(xn)) = h(At(f(xo), ... , f(x n))). Since

As(f(xo), ... , f(x n)) = At(f(xo), ... , f(x n)), we have

B s(g(xo), . . . , g(x n)) = Bt(g(xo) , . . . , g(x n)).
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(H). If f is an injection then for every g : H --+ B we have ker(f ) ~ ker(g).

The result then follows from (i).

(Hi). Since X ~ V , the elements Xo, ••• , X n of X are distinct. Hence we can

define f ~ H --+ G by f (Xi ) = tu , Thus f is an injection and the required result

follows from (ii). 0

2.1.3 Theorem (J. Hagemann and A. Mitschke [1973]). Suppose K is a

variety of algebras and n 2: 2 is an integer. Then the following conditions are

equivalent:

(i) K is congruence n-permutable.

(ii) The free algebra T K(n + 1) in K over n + 1 free generators is congruence

n-permuiable.

(iii ) The re exist ternary terms t 1 , •• • , t n - 1 such that K satisfies the following iden­

tities:

PROOF.

tn-dX, x, z)

x,

z and

ti+l(X,Z,Z) [or i v- ), •• • ,n-2.

We shall consider the case when n is even, say n = 2m. The case when n is

odd can be treated in an analogous way.

(i)=> (ii) : This is trivial since TK(n + 1) E K.

CH) => (Hi) : Let the free generators of T K(n + 1) be ao, . . . , an' We shall take

two n-permuting congruences , p and a in Con TK (n +1), and show that identities

in (iii) hold in K. Before we proceed, we recall from Section 1.2.3, that the principal

congruence e(a, b) on an algebra A is defined as

e(a,b) = n{r E ConA ;{a ,b}2 ~ r } ,

Also, from Section 1.2.1, we have for p, a E Con A,

00

pVa= U(p,a)k.
k= l
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We now choose

m-I m - I

p == V 8 (a2i ,a2i+d and a == V 8 (a2i+l, a2i+2 ).
i=O i=O

Then

(1)

By the n-permutability of congruences on T K (n + 1), there exist elements b, (i ==

0, 0 o . ,n) such that

(2)

Since TK(n + 1) is generated by {ao, . . . , an} , we have by Lemma 1.5.1 that each

b, is of the form

b, == qi(ao, ... , an) for some term qi

where qi (aO, ... , an) is the inte rp retation of qi(XO , ... , xn) In T K(n + 1). From

Lemma 2.1.2 (iii) we deduce, since ao == bo and an == bn, that

K 1= qo(xo, , xn) Xo

K 1= qn(XO' ' x n) Xn·

We now consider two cases :

Case I: i an even number, °::; i < n .

Then from (2) we have qi(ao, , an) a qi+I (ao, ... , an). From the defin ition of

a, a2i+1 - a2i+2 (a) for i == 0, , m - 1. By Lemma 1.5.3 and the reflexivity

of a we have

(3)

From Lemma 1.5.4 the rest riction of a to the subalgebra generated by ao and the

elements a2i+l (j == 1, . . . ,m- I ) is the identity on the subalgebra. Hence (3)

implies that
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Therefore by Lemma 2.1.2 (iii), for i even

Case II: i an odd number, 0 ~ i < n.

Then from (2) we have qi(aO, , an) p qi+l (aO, .. . ,an). From the definition of

p, a 2j = a2 j +l (p) for J' = 1, , m - 1. By Lemma 1.5.3 and the reflexivity of

p,

Again by Lemma 1.5.4 these terms are equal. Therefore, for i odd,

by Lemma 2.1.2. We now let

ti(X, y, Z) = qi (X, ... , x , y , z , ... , z) for i= 1, ... ,n-l ,

with x occur r ing i times and z occurring n - i times. Therefore,

ti(x , x,z ) = qi(X, . . . , x , x,z, . .. , z)
'-v-' '-v--'

i n-i

qi~1 ( X, ... , X, X, Z, Z, ... , Z)
'---v-' '-v--'

i+1 n-(i+l)

for i = 1, ... ,n - 2, while

ql(X, z , z, . . . , z)

and

qo(x, z, z , .. 0 , z)

x

tn - 1(x,x,z) qn-l(X,X, ... , X, Z)

qn(x,x, . . . , z)

z.
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(iii)=> (i): Suppose A E K and let p, a E Con A. We show that p and a

permute n times . It suffices to show that

Take (aa, an) E (p ,a)n. Then there exist al, ... , an-l E A such that

Let aa = ba and an = bn. We now have to find b, (0 < i < n) such that

Let b, = Ati(ai_1 , ai, ai+l) for i E w with 0 < i < n, and consider the following

two cases:

Case I: i even and 1 < i < n - 1.

Then from

ai-1 == ai (a), ai == a, (a) and ai+I = a;+1 (a )

we have by Lemma 1.5 .3, that

Similarly,

Also by (iii) ,

Hence

b, Ati (ai_l , ai , ai+d a Ati(ai' ai, ai+d

A ti+1 (ai , ai+l, ai+d a A ti+1 (ai, ai+l , ai+2)

- bi+l •

So a identifies b, with bi +1 for i even and 0 < i < n .
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Case If: i odd, 1 < i < n - 1.

Then for similar reasons as in case I,

b, Ati(ai_l, a., ai+d P Ati(ai, a., ai+d

A ti+1(ai , ai+l, ai+d P A ti+1(ai , ai+l, ai+2)

So p ident ifies b, with bi+1 for i odd and 0 < i < n .

Both cases together yield

o

Clearly, setting n = 2 in Theorem 2.1.3, we obtain Mal'cev's original theorem

characterizing congruence permutable algebras (as stated in the Introduct ion). In

§5 of the next chapter, we shall show that without prior knowledge of this theorem ,

it is possible to construct, in a purely mechanical way, the equations t (x, y, y) = x

and t(x, x, y) = y from the inequality p 0 a ~ a 0 p. This will serve to illustrate a

more general algorithm for "finding" Mal'cev conditions.

2 .1.4 Examples of Congruence n-Permutable Varieties.

The following are examples of varieties of algebras which are congruence n­

permutable. Those algebras which are not commonly known have been defined in

§3 of Chapter 1.

(i) The variety of quasiqroups is congruence permutable with Mal'cev term

tdx,y,z) = (x/(y\y))(y\z) .

Notic e that t1(x,z ,z) = (x/(z\z))(z\z) = x by Axiom 1 of Section 1.3.1. To show

that t1 (x,x,z) = z we require the identity, x = x/(x\x). This follows from the
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fact that x = x/ (x\x) iff x = x(x\x) [by Lemma 1.3.1. 1 (i)], and clearly the latter

statement is true by Axiom 3 of Section 1.3.1. Hence

t 1(x,x ,z) = (x/(x\x))(x\z) = x(x\z) = z.

Remark. We note that the congruence permutability of groups and rings are

consequences of the congruence permutability of quasigroups as follows.

1. For Groups: Let (G; ',-1 ,1) be a group. For a, bEG set

/b de! b- 1 d \b de! -lba =a an a = a .

Then (G; " /, \) is a quasigroup. The four axioms of Section 1.3.1 are verified below.

(i) (x/y) y = (xy-l) y = x(y- ly ) = xl = x,

(ii) (xy)/y = (xy)y-1 = X(yy-1) = x,

(iii) x(x\y) = x(x-1y) = (xx- 1)y = y, and

(iv) x\ (xy) = x- 1(xy) = (x- 1x)y = y.

We can now take our Mal 'cev terms to, t 1 and t2 for the congruence permutability

of the variety of quasigroups (noting our definition of / and \) , and conclude by

Theorem 2.1.3 that the variety of all groups is congruence permutable.

2. For Rings: We make the following general observation: For i = 1,2, let

Ti = (O,, ari) be types such t hat

Let A, be a 1i-algebra such that Al = A2 and oAl = oA 2 for all 0 E 0 1 • Then

Sinc e both Con A 2 and Con Al are sublat t ices of the equivalence lattice E(A1)

which is equal to E (A 2 ), it follows that Con A 2 is a sublattice of Con Al' Hence if

Con Al enjoys a property P which is expressible as a quasi-identity in the language
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of lattices , enriched with the additional binary operat ion 0, then Con A z will also

enjoy the same property P. The property P could be congruence n-permutability,

congruence distributivity, arithmeticity, congruence modularity, or congruence reg­

ularity. (Note that for congruence regularity, the inclusion Con A z ~ Con A, is

sufficient; we do not require the stronger result that Con A z is a sublattice of

Con Aj).

Therefore, since groups are permutable, so are rings, R-modules, or for that

matter any algebra which contains the group operations . and -1 in its type and

satisfies the group axioms.

(ii) P. M. Idziak shows in [16] that any variety of BCK- algebras is 3-permutable

without employing any Mal'cev-type condition. By means of Idziak 's results, H.

Komori and P. M. Idziak proved the following theorem in [16], Theorem 1 and

Lemma 1.

Let K be a BCK-var£ety. Then there are positive inteqers n , m and {-}-terms

u; == Ui(X, y) and Vj == Vj(x, y) sat£sfy£ng for every ECK-algebra, the identities,

Ui(X , x) == 0 and Vj(x, x) == 0 for i == 1, ... ,n and i == 1, ... ,m

such that K satisfies the £dent£ty

The above mentioned theorem enables us to determine Mal'cev terms for the con­

gruence 3-permutability of a variety of BCK-algebras, the existence of which is

guaranteed by Theorem 2.1.3 . We choose

tt{X ,y,z)

tz (x,y ,z)

XU l (y , z ) ... un(y, z ) and

The existence and properties of the terms Ul , ... , Un and VI , . .. ,Vm are given in

[30], Sections 2.6 and 2.7. The identities of Theorem 2.1.3 are verified below.

t l (x, Z, Z) == XUl(Z, Z) ... Un(Z, Z) == x 0 . .. 0 X.
"'--v--"

n-times

XUl(X, Z) ... Un(X, Z)

38

ZVt{X, Z) ... Vm(X, Z)



z 0 .000
~

m-times

z .

o

It is possible to deduce from the Mal 'cev characterization of congruence per­

mutability that no non trivial variety of BCK- algebras is congruence permutable.

The proof is as follows. First note that if t (xo, . .. ,xn ) (n ~ 0) is any {.,O}-term

then for some i E {O, ... , n} , every algebra sa t isfies the (abbreviated) identity

t (xo, .. . , xn ) :s; Xi . This follows, by induction on complexity, from 4 and 6 [p, 11),

the fact that::; is a partial order with least element 0 in every BCK-algebra, and

the BCK-property xy ::; X (since (xy)x = ((xy)(xO))(Oy) = 0). Now if K is a con­

gruence permutable variety of BCK- algebras then for some ternary {., O}-term i , K

satisfies t(x, x, y) = y and t(x, y, y) = x. By the above, K also satisfies t(x, y, z) ::; u

for some u E {x, y, z} . If u = x then K sati sfies y = t(x, x,y) ::; x, and therefore ,

by symmet ry of variables , K sa tisfies y = x , that is, K is t rivi al. Similarly, K is

t rivial if u = y or u = z . This fact was first observed in Corollary 3.16 of W. H.

Cornish: 3-permut ability and quas icommutat ive BCK- algebras, Ma th . Japon. , 25

(4) (1980) , 477-496.

(Hi) (A. Mitschke [1971], J. Hagemann and A. Mitschke [1973]). The variety of

implication algebras is congruence 3-permutable. The Ma l'cev terms are:

(z --+ y) -t X an d

(x --+ y) --+ z.

Using the axioms and properties of implication algebras given in Section 1.3 .7 it is

clear that

t1( x,z ,z) = (z --+ z) --+ x = 0 --+ x = x,

t 1 ( x, x, z) = (z --+ x) --+ x an cl t2 ( x, z, z) = (x --+ z) --+ z = (z --+ x) --+ x,

t2(x,x, z) = (x --+ x) --+ Z = 0 --+ z = z.
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It is appropriate to note here that in the light of Theorem 1.3.7.7, Remark 1.3.7.8

and Proposition 1.3.7.9, the congruence 3-permutability of the variety of implica-

tion algebras follows directly from example (ii) above.

(iv) The variety of r£ght complemented semujroups has congruences that are

3-permutable. As our Mal 'cev terms we have

Then,

t 1(x,y,z)

t2(x,y, z)

x(y * z) and

z(y*x).

tdx, z, z) == x(z *z) == x,

tdx, x, z) == x(x * z) == z(z * x) an d t2( x, z , z) == z(z * x),

t2(x, x,z) == z(x *x) == z.

It is true that for each integer n 2:: 2, there is an algebra, called an n-Boolean

algebra (see [18]), which is congruence (n + I)-permutable but not congruence n­

permut able. These algebras were introduced by E. T. Schmidt (On n- pe rmutable

equational classes, Acta ScL Math. (Szeged) 33 (1972), 29-30) solely to distinguish

between degrees of permutability.

§2. CONGRUENCE DISTRIBUTIVE VARIETIES

2.2.1 Definition. An algebra A is said to be congruenc e distributiue if its

congru ence lattice is distributive, that is, if for all p, a, T E Con A ,

p V (a n T) == (p V a) n (p V T) .

A class K of algebras is said to be congruence distributive if every algebra of K is

congruence distributive. 0

The following definition is necessary for the proof of the next lemma.
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2.2.2 Definition. If f : M -t N is a mapp ing, then for x, Y E M we define

f2( (X,y)) = (f (x), f (y)).

o

It is therefore clear that 12 : M 2
-t N 2 • Hence for a binary relation r on M we

have

f2[r] = {(f(x), f(Y)); (x, y) Er}

for all x ,y E M .

2.2.3 Lemma. Suppose A and Bare algebras of a gz'ven type and the mappinq

f : A -t B is a surjectiue homomorphism. Then the mappinq 9 : Con B -t Con A

defined by

g(a) = f2-
1[a] for a E Con B

is an injeciive lattic e homomorphis m from Con B into Con A .

PROOF.

The mapping 9 : Con B -t Con A is well defined since whenever a E Con B , we

have 9(a) E Con A as follows: Without loss of generality we take 0 E 0 to be a

binary operation. Let (Xl, Yl) (X2, Y2) E 9(a). Then by the definit ion of 9 we have

that (f (Xl), f (Yl )), (f( X2), f (Y2 )) E a. Since a is a congruence on B , we have that

But f is a homomorphism. T herefore

Hence, again by the definition of g, we have that (0(Xl, X2),0(Yl' Y2)) E g(a).

We shall now show that the mapping 9 is an injection: If a ~ r then, t rivially,

g(a) ~ g(1'). We need to prove that if aCT then g(a) C g(1') . Take (u, v) E r - a

with u = f(x) and v = f(y) . Then (x,y) E g(1') - g(a). Hence 9 is a one to one

rnappmg.

To conclude the proof we show that 9 : Con B -t Con A is a lattice homomor­

phism: For (Yi, i E I), a family of subsets of A where I t- 0, we have that

f-1[n Yi )= n j-l [Yi ).
i EI i EI
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This is also true for f2 ' that is, f;l [anr ]= f2"l [a ]nf;l [r ]for a.r E ConB. Hence,

(4) g(a /\ r) = g(a n r ) = g(a) n g(r) = g(a) /\ g(r).

For the join operation, it is trivial that

g(a) V g(r) ~ g(a V r }.

To establish the converse inclusion we note firstly that

(J V r = a U ar U ata U aror U ... .

Now (x, y) E g(a V r ) implies that (f(x),f( y)) E a V 1". T herefore there exist

Uo , ••• ,Un E B such that

Hence there exist z; E A for i = 0, ... , n such that Ui = f(Zi), Zo = X , Zn = Y and

x = Zo g(a) Zl g(r) Z2 . • • Zn = y.

This means that (x, y) E g(a) V g( r ) and

g(a V r) ~ g(a) V g(r).

. Bot h inclus ions yield

(5) g(a V r) = g(a) V g(r).

From (4) and (5) we conclude 9 : ConB ~ ConA is a lattice homomorphism. D

2 .2.4 Theorem (B. J6nsson [1967]). Suppose K is a non-trivial variety and

X ~ V is a set with at least three eleme nts. Then th e fo llowing conditions are

equivale nt:

(i) K is congruenc e distributive.

(ii) T K (X) is congruence dist ributiv e.

(Hi) T K (3) is congruence distr ibu tive .
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(iv) For each A E K and for all a, b,c E A,

(a,c) E (8(a,b) 1\ 8(a,c)) V (8(b,c) 1\ 8(a,c)).

(v) There exist a positive inieqer n and ternary terms to, . . . ,tn such that K sat­

isfies the following identities:

to(x, y, z)

tn(x, y, z)

ti(X , y, x)

ti-l(X,X,Z)

ti-dx, Z, z)

x,

z,

x for i = 1, ... , n - 1,

ti(X, x , z) for 1 ~ i ~ n , i odd, and

ti(X, z , z) for 2 ~ i ~ n , t even.

PROOF.

(i)=> (ii): This is trivial since TK(X) E K.

(ii) => (iii): Let Y = {x, y, z} be a three-element free generating set of T K (3).

Consider a surjective mapping f : X ~ Y. Since both T K (X) and T K (3) are free

over K, f is extendible to a surjective homomorphism <p : T K (X ) ~ T K (3). By

Lemma 2.2.3 there exists a lattice embedding

Thus the congruence distributivity of T K(X ) implies that T K (3) IS congruence

distributive.

(Hi)=> (iv ): Let B be the subalgebra of A generated by a three-element set

{a, b, c}. Then there exists a un ique surjective homomorphism h : T K (3) ~ B such

that h(x) = a, h(y) = band h(z ) = c, where x, y, z are three free generators of

T K (3). By Lemma 2.2.3 there exists a lat tice embedding

X : ConB ---+ ConT K (3).

Since T K (3) is congruence distributive, we have that B is congruence distributive.

T herefore,

(a ,c) E 8 (a ,c) 1\ (8(a, b) V 8 (b ,c))
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(8 (a,b) 1\ 8(a,c)) v (8(b, c) 1\ 8 (a,c)).

(iv)=> (v): Let TK(3) = TK(X,y,Z). If we subst itute x for a, y for band z for

c in (iv) we have

(x, z) E (8(x ,y) 1\ 8(x, z)) V (8(y , z) 1\ 8(x, z))

In view of this and Lemma 1.5.1, there exist tern ary terms to, ... ,tn in the abso­

lutely free algebra T(V) such that to(x, y, z) = x, tn(x, y, z) = z and

x = to (8(x, y) 1\ 8(x, z)) t l (8(y , z) 1\ 8(x, z)) t2 ... t.; = z,

where each ti(X, y, z) is cons idered to be the int erpr et at ion of this term in T K(3).

Note that the first two identi ties of (v) are sati sfied already. For the remaining

three sets of identities, we observe the following:

(I) For all i = 0, . . . , n , to(x, y, z) == ti(x, y, z)(8 (x, z )). Also, since (x, z) E

8(x, z), we have ti(X, y, z) == ti(X,y,x)(8(x, z)) by Lemma 1.5 .3. In particular, x ==

ti(X, y, x)(8(x, z)). By Lemma 1.5.4, the restriction of 8(x , z) to the subalgebra

generated by {x ,y} is the identity on the subalgebra. Hence by Lemma 2.1.2 ,

K F x = ti(X, y, x) for i = 1, . . . , n.

(II) For 1 :::; i :::; nand i odd, we have ti- 1 (X ,y,z) == ti(x,y z)(8(x ,y)) .

But ti-l( X, X,Z) == ti-dx,y,z)(8 (x,y)) and ti(X,y,Z ) == ti(x, x ,z)(8(x , y)). Hence

ti-dx, z , z) == ti(X,x, z)(8(x, y)). Again by Lemma 1.5.4,

K 1= ti-dx,x, z ) = t, (x,z , z) for i odd.

(Ill) For 2 :::; i :::; n and i even, we have ti-l(X, y,Z) == ti(x,y, z)(8(y,z)) .

But ti- 1(X,y ,y) == ti- 1(X,y ,z)(8(y,z)) and ti(x,y,z) == ti(x,y,y)(8(y,z)). Hence

ti-l(X,y,y) =ti(x ,y,y)(8(y,z)). Also by Lemma 1.5.4 ,

K F ti- l(X, y, y) = ti(X,y,y) for i even .

(v)=>(i): Let A E K and p,a,r E ConA. We need only show that

P 1\ (a V r) ~ (p 1\ a) V (p 1\ r)
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as the converse inclusion is true for an y lattice. For each positive int eger m we let

where (0, r )m is defin ed in Section 1.1.3. Since 0 V r = U{ qm; mE w - {O}}, we

shall now prove that

6)

We proceed by induction on m: For m = 1, the inclusion (6) is satisfied since

qi = (0, r)l = o . We assume that (6) is true for a positive integer m and assert

that (6) is true for an integer m + 1. To prove our assertion, let us suppose that

(a , b) E P n qm+1 .

T hen t here is acE A such that (a, b) E p, (a, c) E qm and (c, b) E q where

q E {c, 1"} . For i = 0, ... , n we set

where Ati(a,c,b) is the interpretation of ti(x ,y,z) in A. Since p E ConA and

(a,b) E p, we have by Lemma 1.5.3 that (Ati(a,c,a) ,Ati (a,c,b)) E p, From (v)'

Ati(a, c, a) = a, so that

(7) (a,di ) E P for all i.

Since (a, c) E qm , we have that (c,a) E q~l . Also,

qm = 0 r 0 ... p (m factors)

with p E {o,r} , Hen ce we have from the symmetry of congruences that

-1 -1 -1 -1 -1qm = p . . . 0 T 0 = p .. . a t a ,

Therefore (c, a) E q;;/ implies that there exist Cl , • •• , Cm - 1 E A such that

c PCl · · . Cm-3 0 Cm-2 r Cm-lOa.

Then by Lemma 1.5.3,
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We therefore conclude that

(8)

(9)

Case I: Let i be an odd number. Now by Lemma 1.5.3 and the fact that

(a, b) E p, we establish that

This means that (Ati(a, a, b),a) E p. This together with (7) yields

(10)

In the same way, (Ati_l(a ,a,b),di_l) E p , and by the symmetry of p,

(11)

From (8) and (11) we have

and from (9) and (10) we have

However, by (v)' Ati_da, a, b) = Ati(a, a, b) for i odd. Therefore

by the symmetry of p and the fact that p-l n q;;/ = (p n qm )-l . By the induction

assumption,

(p n qm )-l(p n qm ) C ((p n a) V (p n r))-l( (p n a) V (p n i ))

(p n a) V (p n r)
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Thus for i odd,

Case 11: Let i be an even number. Then by (v) ,

Aga in by Lemma 1.5.3 and the fact that (c, b) E q E {a,r} ,

di-1 = A i, -1 ( a, c, b) q A ti-1 ( a, c, c) = A ti(a, c,c) q A t, (a, c, b) = di·

Hence,

Also , since (a, b) E p, di - 1 = Ati_1 (a, c, b) p Ati_1 (a, c, a) = a. This together with

(7) yields

Thus for i even also

Since do = Ato(a,c ,b) = a and dn = Atn(a,c,b) = b, we have

(a, b) E (pn a) V (p n r },

and finally

p n qm+1 ~ (p n a) V (p n r },

Therefore K is congruence distributive.

2.2.5 Examples of a Congruence Distributive Varieties.

o

(i) T he variety of all lat tices L = (L;1\, v) is congru ence dist ributive: We choose

n = 2 and our Mal 'cev terms are:

to(x, y , z)

tdx,y, z)

t2 (x, y, z)

x,

(x V y) 1\ (x V z) 1\ (y V z}, ancl

z.
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Observe that with

to(x, y, x) x,

tl(x,y,x) (x V y) 1\ (x V x) 1\ (y V x) x,

tdx, x, z) (x V x) 1\ (x V z) 1\ (x V z) x to(x,x,z), and

tl(x,z,z) (xV z) 1\ (xv z) 1\ (zv z) Z t2(x,z,z),

the identities of theorem 2.2.4 (v) are clearly satisfied.

(ii) Every variety K of BCK-algebras is congruence distributive: If K is a trivial

variety, then trivially K is congruence distributive. So, we shall assume that K is

nontrivial. Then by the Komori-Idziak theorem ([16], Theorem 1 and Lemma 1),

there are binary {-}-terms Ub"" Un ' VI," " Vm such that Ui(X, x) = 0 = vi(x, x)

for every BCK-algebra (i = 1, ... , nand J = 1, ... , m), and such that K satisfies

the identity

We now choose n = 3 and define our Mal'cev terms as follows:

to(x,y,z)

tl(x, y, z)

t2(x,y,z)

t3(x,y, z)

x,

X(Ul(X,Y)Ul(Z,y)) (un(x,y)un(z,y))

Z(Vdx, z)VI (y, z)) (Vm ( X, Z) V m (y, Z) ), an d

z.

All that remains is to verify the identities of Theorem 2.2.4 (v). The first two

identities are satisfied by our choice of to(x,y,z) and t3(x,y,z). For the third set

of identities we have to(x, y, x) = x,

tdx, y, x)

x 0 ... 0---......---
n-times

x,

and
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x 0 . . . 0
'-v--"

m-t imes

X.

For the fourth set of identit ies of Theorem 2.2.4 (v) we have

X(Ul(X,X )Ul(Z,X)) .. . (Un (X, X)Un(Z,X))

X(OUl (Z, x)) ... (OU n(Z ,x))

x

to(X,X,Z).

and

t2(x,X,Z)

Z 0 ... 0
'-v-'

m- t imes ·

Z

t3(X, X,Z).

Fi nally, for the last identity (in our case) of Theorem 2.2.4 (v) we have

X(Ul(X, Z)Ul(Z, Z)) ... (Un(X ,Z)Un(Z, Z))

X(Ul(X ,Z)O) ... (Un(X, Z)O)

ZVdX, z) ... Vm(X,z) [by (a) with y = z]

Z(Vl (X,Z)Vl (Z,Z) ) ... (vm(x ,z)vm(z,z))

§3. ARITHMETICAL VARIETIES

2.3.1 Definition . An algebra is said to be arithmetical if it is both congru­

ence permutable and congruence distributive. A class K of algebras is said to be

arit hm etical if every algebra of K is arithmetical. 0
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In §6 of chapter 3 we shall define arithmetical classes in terms of the so called

Chinese classes. We shall then apply the scheme developed in chapter 3 to establish

the Mal 'cev type conditions for arithmetical varieties.

2.3.2 Theorem (A.F. Pixley [1963]). Suppose K is a non-trivial variety and

that X ~ V is a set with at least three elements. Then the following conditions are

equivalent:

(i) K is an arithmetical variety.

(ii) T K(X ) is an arithmetical algebra.

(iii) There exist ternary terms t(x, y, z) and s(x , y, z) such that K satisfies the

following identiti es:

t(x, z , z)

t(x, x, z)

s(x, x, z)

s(x, y , x)

s(x , z , z)

x,

z,

x,

x, and

z .

PROOF.

(i)=> (ii): This is trivial since TK(X) E K.

(ii)=>(iii) : Since TK(X) is congruence permutable, we apply Theorem 2.1.3 in

the case when n = 2 (where we write t instead of td and arrive at the result :

K 1= x

K 1= z

t( x , z, z ) an d

t(x,x,z).

Also , T K (X) is congruence distributive. So we can again choose n = 2 in Theorem

2.2.4 and write s instead of t1 to obtain the result : (Note that the choice of n = 2

in t his case is justified by the fact that p V a = po for p, a E Con T K (X) since

T K(X) is congruence permutable).

K F X s(x, y,x),
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K F X

K F z

s(x x, z), and

s(x,z ,z).

(iii)=>(i): By Theorems 2.1.3 and 2.2.4 respectively, the first two identities in

(iii) imply that K is congruence permutable, while the last three identities in (iii)

imply that K is congruence distributive. Hence K is arithmetical. D

2.3.3 Remark. We note that condition (iii) of Theorem 2.3 .2 can be reduced

to a condition with one Mal'cev term. So we have the following two equivalent

conditions for a non- trivial variety K:

(P) There exist two ternary terms t(x , y, z) and s(x, y, z) such that K satisfies the

identities:

x t(x ,z,z) ,

z t (x,x,z),

x s(x, x, z),

x s(x,y,x), and

z s(x, z , z).

(Q) There exists one ternary term p(x, y , z) such that K satisfies the ident it ies:

x = p(x, z, z) = p(x, y, x) = p(z , z, x).

PROOF .

(P)=>(Q): Let p(x, y, z) = t(x, s(x , y, z), z).Then

p(x, z, z) = t(x, s(x , z , z), z) = t(x, z , z)

p(x, y, x) = t(x, s(x , y,x), x) = t(x , x, x)

p(z,z,x) = t(z,s(z,z,x ),x) = t(z,z ,x)

x,

x , and

x.

(Q)=>(P): Let t(x , y, z) = p(x,y,z). Then the first two identities of (P) are

satisfied as follows:

t (x,z,z) = p(x,z,z)

t(x, x, z) = p(x,x, z)
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Now let s(x,y,z) = p(x,p(x,y ,z),z) ..Then

s(x,x,z) = p(x,p(x,x,z),z) - p(x,z,z) = x

s(x, y,x) = p(x,p(x,y,x),x) = p(x, x,x) = x and

s(x,z,z) = p(x,p(x,z ,z),z) p(x,x, z) = z.

o

2.3.4 Examples of Arithmetical Varieties.

(i) The variety of all Boolean algebras B = (B; 1\ , V,' ,0,1) is arithmetical with

Mal'cev term,

p(x,u.z) = (x 1\ z) V (x 1\ y' 1\ z') V (x' 1\ y' 1\ z).

Observe the following:

p(x,z,z)

p(x,y,x)

and

(x 1\ z) V (x 1\ z' 1\ z') V (x' 1\ z' 1\ z)

(x 1\ z) V (x 1\ z') V (x' 1\ 0)

- (xl\(zV z'))V O

xl\1

x,

(x 1\ x) V (x 1\ y' 1\ x') V (x' 1\ y' 1\ x)

x V (0 1\ y' ) V (0 1\ v')

x

p(z,z,x) (z 1\ x) V (z 1\ z' 1\ x) V (z' 1\ z' 1\ x)

= (z 1\ x) V (0 /\ x) V (z' /\ x)

= x 1\ (z V z')

x .
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(ii) The variety of Heyt£ng algebras H == (H; /\ , V,~ , 0,1 ) is arithmetical. The

Mal'cev term is

p(x,y,z) == ((x ~ y) ~ z) /\ ((z -t y) ~ x) /\ (x V z).

We will require Lemma 1.3.4.1 to verify the identities:

p(x,y, x) ((x -t y) ~ x) /\ ((x -7 y) ~ x) /\ (x V x)

((x ~ y) -7 x) /\ x

- x [by Axiom (3), Sec. 1.3.4].

For the next identity we first note that by Lemma 1.3.4.1 (iv) we have

x ~ ((x ~ z) ~ z) (x /\ (x ~ z)) ~ z

(x/\z) ~ z [by Axiom (4) , Sec. 1.3.4]

== 1 [x /\ z :::; z and Lemma 1.3.4.1 (ii)].

Therefore by (ii) of the same lemma we have

(a) x:::; ((x ~ z) ~ z).

Now,

p(x,z,z)

Fi nally,

((x -7 z) -7 z) /\ ((z -7 z) -7 x) /\ (x V z)

((x ~ z) ~ z) /\ (1 ~ x) /\ (x V z) [Axiom 2, Sec. 1.3.4]

((x ~ z) ~ z) /\ (x /\ (x V z)) [Axiom 5, Sec. 1.3.4 ]

( (x~z)-7z) /\ x

x [from (a) above].

p(z,z,x ) ((z~ z) -7 x) /\ ((x -7 z) -t z) /\ (z V x)

- (1 ~ x) /\ ((x -7 z) ~ z) /\ (z V x)

x /\ ((x ~ z) ~ z) /\ (x V z)

(x /\ (x Vz)) /\ ((x ~ z) ~ z)

x /\ ((x -7 z) ~ z)

== x [by (a) above].
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§4. CONGRUENCE MODULAR VARIETIES

2.4.1 Definition. An algebra A is said to be congruence modular if its con­

gruence lattice is modular , that is, if for all a.o;« E ConA,

r ~ P => p 1\ (a V 'f) = (p 1\ a) V 'f.

A class K of algebras is said to be congruence modular if every algeb ra of K IS

congruence modular . 0

It is well known that the above lattice quasi-identity is equivalent to the fol­

lowing lattice identity:

((p 1\ 'f) V a) 1\ t = (p 1\ 'f) V (a 1\ T).

2.4.2 Theorem (A. Day [1969]) . Suppose K is a non-trivial variety, X ~ V

is a set with at least four elements and n is a positive integer . Then the following

conditions are equivalent:

(i) K is congruence modular.

(ii) TK(X) is congruence modular.

(iii) T K (4) is congruence modular.

(iv) For each A E K and for all a, b, c, d E A,

(a, d) E (<l> 1\ \l1) V (<l> 1\ 8),

where <P = 8 (a, d) V 8 (b, C), \lJ = 8 (a, b) V 8 (c, d) and e = 8 (b, c).

(v) Ther e exist quate rnar y ter ms to, . . . .t; such that K sat isfies the following iden­

tities:

to(x,y,z ,u) x,
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tn(x,y,z,u)

ti(x, y, y, x)

ti(X, y, y, u)

u,

x for i = 0, . . . ,n - 1,

ti+1(X ,y,y,U) for i odd, 1::; i < n, and

ti+ l(X, x, u, u ) for i even, 2 ::; i < n .

PROOF.

(i)=} (ii): This is t rivial since TK(X ) E K.

(H)=} (Hi): Let Y = {x,y,z,u} be a four element free generating set of TK(4).

Consider a surjective mapping f : X ~ Y. Since both T K (X) and T K (4) are free

over K, f is extendible to a surjective homomorphism ip : T K (X ) ~ T K (4). By

Lemma 2.2.3 there exists a lattice embedding

Hence, since T K (X) us congruence modular it follows that T K (4) IS congruence

modular.

(iii)=} (iv): Let B be the subalgebra of A generated by {a, b, c, d}. Then there

exists a unique surjective homomorphism h : T K (4) ~ B such that h(x) = a,

h(y) = b, h(z) = c and h(u) = d. By Lemma 2.2.3 there exists a lattice embedding

X : ConB ~ Con TK(4).

Since T K (4) is congruence modular, we have that B is congruence modular. There­

fore , since (a,d) E q> and (a, d) E WV (<I> /\ 8), we have

(a, d) E <P /\ (W V (<I> /\ 8))

(<I> /\ W) V ( <1> /\ 8 ).

(iv)=>(v) : Let T K(4 ) = TK(X ,y,z,u). If we substitute x = a, y = b, z = c and

u = d in (iv) we have

(x,u) E (<I> /\ \l1) V (q> /\ 8).

In view of this and Lemma 1.5.1, there exist a positive integer n and quaternary

terms to, ... , tn in the absolutely free algebra T (V) such that to(x, y, z u) = x,

tn(x, y, z ,u) = u and

(12) x=to(<I>/\\l1)t1(<I>/\8)t2 ... tn=z
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where each ti(X, y, z, u) is considered to be the interpret at ion of this term in T K 4).

Clearly the first two identities of (v) are satisfied. We establish the remaining three

sets of identities as follows:

(I) From (12) we see that for i = O, ... ,n, to(x,y,z,u) == ti(x,y,z,u) (q».

Since (x, u) E q> and (y, z) E <1>, we have by the reflexivity and symmetry of

<1>, and Lemma 1.5.3 that ti(X,y,z,u) == ti(X,y,y,x) (q». By transitivity, x =
~

to(x,y,z,u) - ti(x,y,y,x) (q». But by Lemma 1.5.4 , the congruence q> , restricted

to the subalgebra generated by {x,y} identifies ti(X,y,y,x) and x. Therefore, by

Lemma 2.1.2,

K F ti(x, y, y, x) = x for i = 1, ... ,n.

(II) For i odd with 1 S i < n we have t, (q> /\ 8) ti+l ' Hence t, == ti+1(8) .

Because (y, z) E 8, we have ti(X, y, y, u) == ti(X, y, Z, u) (8) and ti+l (x, y, z, u) ==

ti+ 1(X, y, y, u) (8). Thus by transitivity, ti(x, y, y, u) == ti+r(x, y, y, u) (8). From

Lemma 1.5.4, the restriction of 8 to the subalgebra generated by {x,y,u} is the

identity on the subalgebra. Therefore, by Lemma 2.1.2 ,

K F ti(x , y, y,u) = ti+l(X, y, y, u) for i odd.

(IH) For i even with 0 S i < n we have ti(q> /\ W)ti+l' Hence ti(X,y,z,u) ==

ti+l(X,y,Z,u) (\lJ). Since (x,y) E wand (z,u) E W, we have by Lemma 1.5.3,

that ti(x, y, z, u) == ti(x, x, .u, u) (w) an d t,+r(x, y, z, u) == t i+1 ( x, x, u, u) (w) . Thus

we have that ti(x,x,u,u) == ti+1(X,X,u,u) (w). Also by Lemma 1.5.4 , the restric­

tion of \l1 to the subalgebra generated by {x u} is the identity on the subalgeb ra .

Therefore, by Lemma 2.1.2 ,

K F ti(X,X,U,u,) = ti+l(X,X,U ,u) for i even.

(v)=>(i): Take A E K and p,a,'T E Con A such that 'T ~ p. We have to show

that

p n (a V 'T) ~ (p n a) V T.

For each positive integer m we set
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where (a ,T)m is defined in Sect ion 1.1.3. Since a V T == U{qm; mEw - {O}}, we

now prove that

(13)

We shall proceed by induction on m: For m == 1, (13) is trivially satisfied since

ql == a. The inclusion (13) is also true for m == 2 as follows : If (a,b) E p n (aT) ,

there is acE A such that (a ,b) E p, (a, c) Ea, and (c, b) ET. Since T ~ p, we

have (c, b) E p, and since (a, b) E P we have (a, c) E p as well. Thus (a, c) E p n a.

But (c, b) E 1". Therefore (a, b) E (p n a )T and (13) is satisfied for m == 2. We now

assume that for m ~ 3, (13) is satisfied for all non-negative integers less than or

equal to m - 1.

Let m be an odd number and take (a,b) E P n qm. Then there exist c, d E A

such that (a,b) E p , (a, c) E qm- 2, (c,d) E T, and (d, b) E a. For each i == 0 , ... ,n

we define

where all term interpretations shall be in the algeb ra A . T hen by the third set of

identit ies of (v) and the ap plicat ion of Lemma 1.5.3, we have that for every i ,

Therefore (a, di ) E t p ~ pp == p. Since (a c) E qm-2 == a t o . .. a (m - 2 factors) ,

there are Cj E A for j == 1, . .. , m - 3 such that

a a Cl T C2 a Cs T ... T cm-s a c .

Hence, by Lemm a 1.5 .3 and the fact that (b,d) E a , we have for 0 < i ::; n,

Thus we have proved that for 0 < i ::; n , we have

(14)

Also ,
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and we have that

(15)

Fur ther , since (c, d) E r ~ p and (b, a) E p, we can apply the third set of identities

of (v) to obtain

di- 1 Ati_1(a, c, d, b) PAti_1(a, d, d, a)

a

Ati_1(a, a, a, a) pA ti_1(a,a, b, b).

Therefore by (14),

Similarly, we have (Ati(a,a,b,b),d i ) E p and in view of (15),

Case I: For i odd with 1 ~ i < n we have Ati(a, a, b, b) = Ati_1(a a b,b). Hence

(di - 1, di ) E (p n q~~2)(P n qm-2)

(p n qm-2)-1 (p n qm-2)

C ((p n a) V r)((p n a) V r ) [Ind . Assumption]

(p n a) V T.

Case 11: For i even with 2:::; i < n, we note that Ati_1(a,c ,c,b) = Ati (a,c,c,b).

Since (c, d) ET, we have

di- 1 A t i _1 (a, c, d, b) r Ati_da, c, c, b)

Ati(a, c, c, b) r Ati (a, c, d,b)

die

Hence for all i we have
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Since do == a and dn == b, we have established that for m odd,

(a,b) E (pn a)V r.

Finally, we consider m to be even and take (a,b) E P n qm' Then there is a

c E A such that (a, b) E p , (a, c) E qm-1 and (c, b) Er . For each i == 0, . .. ,n we

define

di == At i (a, c, c, b) .

Then by the third set of identities of (v) and Lemma 1.5.3 we have for every i, that

Therefore (a, di ) E p. Since (a ,c) E qm-l == a r a ... a (m - 1 factors), there are

Ck E A for k == 1, ... ,m - 2 such that

a a Cl t C2 a C3 r ... r Cm-2 a C.

Therefore, by Lemma 1.5.3 and the fact that (c, b) Er,

Thus we have shown that

(16)

Also,

and we have that

(17)

Further,

d,-1 A t,-1 ( a, c,C, b) p A ti -1 ( a, c, c,a)

a
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Therefore by (16),

( A ( b b) ) - 1 n 2 - -1 ndi - 1 , ti-1 a, a" E qm-l P - qm-1 p.

Case I: For i odd with 1 ::; i < n we have A ti(a, a, b, b) == A t i_ l (a, a, b, b). Hence

by the induction assumption

(di- 1,di) E (pnq~~d(pnqm-d

(p n qm_d-1(p n qm-d

c ((p n a) V r)((p n a) V r) [Ind, Assumption]

(p n a) V r,

Case II: For i even with 2 ::; i < n, we note that A t i _1 (a, c, c, b) == A t i (a, c, c, b).

Hence di - 1 == di and

Again since do == a and d.; == b we obtain for m even as well that

(a, b) E (p n a) V r.

o

2.4.3 Examples of Congruence Modular Varieties.

G. Birkhoff proved that congruence permut able algebras are congruence mod­

ular . B. J6nsson proved that congruence 3-permutable algebras are congruence

modu lar. Also , it is rather t rivial that congru ence distributive algebras are con­

gruence modular .
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§5. CONGRUENCE REGULAR VARIETIES

2.5.1 Definition. An algebra A is said to be congruence regular if every

congruence on A is uniquely determined by any of its congruence classes that is,

if for all p, a E Con A,

(Alp) n (Ala) :f- 0"* p = a.

A class K of algebras is congruence regular if every element of the class is congruence

regular. 0

For the next lemma we recall from Section 1.2.3 that if M ~ A, A an algeb ra,

then

8(M) = n{r E ConA;M2 ~ r}.

2.5.2 Lemma. An algebra A is congruence regular z1 and only if for all

a, b, c E A, there is a subset M of A such that

a == b(8(M)) and c == d(8(a , b)) for all d E M.

PROOF.

"*= Let a, b, c E A and choose M = c/8(a, b). Then c == d(8(a, b)) for all d E M.

Since M E (A/8(a, b)) we have that 8(M) ~ 8(a, b). Hence M E (A/8(M)) as

well. Since A is congruence regular and M E (A/8(a, b)) n (A/8(M)), we have

8(a, b) = 8(M). Thus a == b(8(M)).

<:=: Let p,a E Con A with C E (Alp) n (A/a). We have to show that p = a.

Let a = b(p) and take c E C. Then there exists M ~ A such that a == b(8 (M))

and c == d(8(a, b)) for all d E M. Since a == b(p), we have that 8(a , b) ~ p. Hence

M ~ C. Therefore (a, b) E 8(M) ~ 8 (C) ~ a, as C E (A/a ). Thus we have the

inclusion p ~ a. The converse inclusion can be proved in a similar way. 0

2.5.3 Definition. A mapping f : A ---+ A is said to be a translation on an

algebra A if for some positive integers nand i with i :::; n , there are elements
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a1,"" ai-I, ai+1 ... , an E A and a term t(X1 " '" xn) such that for all x E A,

o

Before we attempt the proof of a Mal'cev type theorem for congruence regular

varieties, we require two additional results. Recall from Section 1.2.2 that for a

binary relation r ~ A x A and A an algebra, we define

8(r) = n{r E ConA; r ~ r},

The first of the following two lemmas gives a characterisation of 8(r) in terms of

t ranslati ons.

2.5.4 Lemma. Suppose A is an algebra, a, b E A and r ~ A x A. Then the

following conditions are equivalent:

I . (a,b) E 8(r).

11. Either

(i) a= b

or

[ii] for some positive integer m , there exist translations f1"'" fm on A

and ordered pairs (Cl ,d1) , . . . , (Cm, dm) E r U r- 1 such that

PROOF.

We define a binary relation a on A as follows:

(a, b) E a iff (a, b) satisfies n.

I=>II: Ev idently a is an equivalence relat ion on A . We shall show that a is

a congruence on A: For convenience let 0 E 0 be a binary operation of A. (A

similar procedure to the one which follows will apply if 0 is n-ary for any posit ive

integer n ). Also let aI, a2, b1,b2 E A such that a1 ob, and a2ab2. We shall show that
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oA(al,a2) aoA( bl, bz). Suppose al i= bl . Then there exists a sequence as in (ii) such

that

Since 0 is an operation symbol, O(Xl' X2) is a term. Consider the translation

and f (bd == oA (b l , a2)' Since the composition of translations is a translation, we

have that

(18)

Simil arly, we have

(19)

From (18) and (19) , and the transitivity of a we have

and thus a is a congruence on A .

Finally we shall show that r ~ a: Let (a, b) E r and consider a term t such

that t is a variable. Then At, the interpretation of t in A is a translation. Since

a = At(a) and At(b) = b, we have (a, b) E a by H. Hence 8(r) ~ a.

H=> I: Suppose (a, b) E a with a i= b. Then by (ii) there is a sequence

where the (Ci' di) E r U r- l and the fi are translations on A. Since (Ci' di) E r U r- l ,

we have that (Ci' di ) E 8(r). Since a translation is defined by an n-ary operation on

A we can apply Lemma 1.5.3 and have (!i( ci), fi(dd) E 8 (r) . By the trans it ivity

of 8(r) we have (a, b) E 8(r). D

2.5.5 Lemma. Suppose K is a non-trivial var£ety and T K(X ) is the free

algebra over K w£th free generat£ng set X, for X ~ V. Let t(Xl"'" xn ) and
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S(Xt, . . . , II'1 ) be terms in T (..'(). If 'P : T (..X·) -r-r T ( (.X") is the uni que hom omo r­

phism extending id x then

K F= t == s if[ ~(t ) == <,o (s).

PROOF.

Let us denote G = T(X) and H = T:«X) .

=>: Suppose K F= t = s. Then H F= t == s . Since <p : G --+ H is a homomor­

phism, we have by Lemma 1.5.2 that

<p (t (i 1, ••• , Xn ) ) - <p (G t(Xl' ... , X1'1) ) = Ht(<p (xi) , . .. , <p (Xn ) ), an d

<P(S(Xl""'Xn ) ) - <p(GS(Xl"" 'Xn ) ) = Hs(<p(xd,···,<p(Xn ) ) .

By the equality of t and S in H we have <p(t) = <p(s).

~: Refer to figure 2.5.1. Let B E K. We shall show ' that B F= t = s. In

view of Lemma 2.1.2, we need on ly show that Bt(u) = Bs(u) for every mapping

'U : X -+ B. Since G is freely generated by X, there exists a unique homomorphism

a : G --+ B extending 'U . Also, H is freely generated by X . Hence there exists a

unique homomorphism {3 : H. --+ B extending u . T herefore, for all x E X, we have

a(x) = u(x) = ,B(x) = j3(<p(x)).

x

I

I
I

l a..,
I,
I

I

.....

H ---------------------~ B
f3

F igure 2.5.1

Hence,
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Bt( a( xd , , a(xn ) )

a(Gt (Xl ' , X n ) )

a(t ).

Simil arly,

BS(U) = ,6(<p(S)) .

But by our assumption <p(t) = <p(s). Therefore Bt(u) = Bs(u) and

K Ft = s,

o

2.5.6 Theorem (B. Czakany, G. Cratzer and R. Wille [1970]). Let K be a

non-trivial var£ety and let Z ~ V be a set with at least three elements. Then the

following conditions are equivalent:

(i) K is a congruence regular variets}.

(ii) The free algebra T K (Z ) is congruence regular.

(Hi) For a positive integer n, there are terms ti(x, y, z), Ui(X, y, z), and Vi(X, y, z u )

for i = 1, . .. .n, such that K satisfies the following identiti es:

(20) z = ti (x, z , z) for £= 1, .. . , n ,

(21) z = Ui(X , x, z) for £= 1, . . . ,n,

(22) x = VI (x, y, z, t I (x, y, z)),

(23) Vi-l(X , v,z,Ui-l(X , v.z) ) = Vi (X , y , Z, t i( X , y, z)), ,,: = 2, . . . , n ,

(24) y = vn(x, y,z,un(x, y, z)).

PROOF.

Let us denote F = TK(X).

(i)=> (ii) : This is trivial since F E K.

(ii) => (i) : Let A E K and let p and a be two different congruences on A such

that (Alp) n (Ala) -:f 0. Suppose M E (Alp) n (A/a). Then there exists an (a, b)

such that

(a ,b) E (p-a)U(a-p).
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Let c E M and r, s E Z with r i= S o Since F is free , there exists a unique

homomorphism

such that cp(r) = a, cp(s) = band cp (x) = c for all x E Z - {r, s}. We define binary

relations 15 and a on F as follows: For all u , v E F,

U

u

v (15) iff cp (u)

v(a) iff cp(u)

cp(vHp),

cp(vHa).

We shall show that 15 and a are congruences on F: For u E F, cp(u) = cp(uHp)

since p is a congruence on A . Therefore u == u(15) and 15 is reflexive. For all

u, v E F, u - v (15) implies that cp(u) == cp(vHp) . Since p is symmetric , 15 is

also symmetric. For u, v, w E F, we have by the t ransit ivity of p, that cp(u) ==

cp(vHp) and cp(v) == cp(wHp) imply that cp(u) == cp (wHp). Hence u == v(15) and

v == w (15) imply that u == w (15) , making 15 t ran sit ive as well. To show that 15

is compatible with operations it suffices to cons ider a binary operation 0 EO.

Suppose (UI' VI), (U2' V2) E 15. Then (cp (UI), cp(VI))' (cp(U2), cp(V2)) E p. But since p

is a congruence on A, (oA(cp (ud ,<p (U2)),oA(cp (Vl), cp (V2))) E p. By Lemma 1.5.2,

Hence by the definition of 15 we have of (UI ' U2) == of (VI, V2) (15) . T hus 15 is a

congruence on F . That a is a congruence on F can be shown in a similar manner.

Next we show 15 i= a: If (a, b) E p and (a,b) rt a, then (cp (r), cp (s)) E p and

(cp(r) , cp(s)) (/. a. T his means that (r,s) E 15 an d (r,s ) (/. 0, and (15 - a) i= 0.

Simil arly, (a - 15) i= 0 whenever (a - p) i= 0. Therefore P i= a implies that 15 i= a.

Sin ce M E (Alp) n (Ala) and c E M, we have cl p = c]a, Then for x E Z - {r,s},

cp(x)1P = cp(x)la. This implies that

xl15 = xla E (F 115) n (F la) i= 0.

But 15 i= a, thus contradicting the congruence regularity of F. Hence K is congru­

ence regular.
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(i)=> (iii): We denote H == TK(X ,y,Z) the free algebra over K with {x,y,z}

as it s free generating set , and G == T(x ,y , z) the absolutely free algebra with free

generating set {x, y, z} . We assume that x, y and z are three different variables.

Then there is a unique surjective homomorphism

rp:G---tH

determined by rp(x) == x, rp(y) == y and rp (z) == z. Since H is congruence regular ,

by Lem m a 2.5.2, there is an M ~ H such that

x == y(E> (M) ) and z == a(E> (x,y)) for all a E M

By Lemma 2.5.4, for a positive integer n, there are translations /1 ,... ,in on H

and pairs (aI,bI) , ... , (an,bn) E M 2 such that

Now G is freel y generated by {x, y, z}. Hence by Lemm a 1.5.1 there are ternary

terms t I , • • • .t« and UI , . • • ,Un of G such that

aI == rp(tI(x,y,z)), ,an

bI == rp(u I(x ,y,z)), ,bn

rp (tn (x, y, z)) an d

rp(un(x, y, z)).

Let 'l/; : H -+ H be the unique endomor phism determined by

'ljJ(x) == 'ljJ(y) == x and 'l/; (z) == z

For all i E {I, ... ,n} we have (z,ai) E E> (x,y), since ai EM. Also E>(x ,y) ~ ker('l/;)

because (x,y) E ker ('ljJ) . Hence (z,ai) E ker( 'ljJ) for i == 1, .. . , n. Therefore we have

rp(z) == z == 'l/;(z) == 'l/;(ad for i == 1, . .. , n , and

rp(z) 'l/;(rp(ti(X ,y,Z)))

Hti ('l/; (rp (x)), 'ljJ (rp (y)), 'l/;( rp(z))) [by Lemma 1.5.2 ]

Hti (rp (X ), rp (x), rp (z))

rp(t i (X ,z , z)).
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Consequently, by Lemma 2.5.5 we have

K 1= z == ti(x,x,z) for i == 1, ... .ti.

For i E {I, ... , n} , we have that b, E M and as be fore, we have (z,bi) E ker('lj;).

Hence <p(z) == z == 'lj;(z) == 'lj;(bi), and

<p (z) 'lj; (<p (ii; (x,y,z)))

H Ui ('lj; (<p (x)), 'lj;(<p(y)), 'lj;(<p(z)))

HUi (<p (X ),<p(x), <p(z))

<p (u;(x, x, z) ).

Again by Lemma 2.5.5, we have

K~ Z == Ui( X, X, Z) fori==l , ... , n .

We sh all now derive the third identity: For every i == 1, ... , n , there is a n atural

number ki , a ki-ary term Si and elements ai,2, ... ,ai,kj E H such t hat for all a EH,

(25)

We note that f i is a translation on H . Since {x , y , z} is a free generating set

for G t here are ternary terms Wi ,2, ... ,Wi ,k j such that ai,i == <p (GWi ,i(x, y, z)) for

i == 1, . . . nand j == 2, ... , ki . We now define quaternary terms Vi , i == 1, ... , n , by

(26)

where X l tJ {x,y ,z}. Then

x

<p (x).
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By Lemma 2.5.5 ,

fi-dbi-1)

fi(ad·

From the array following equation (26) we have <p(GV1(x,y,z,t1)) = fl(ad. Hence

we con clude that

<p (GVi (x , y , z , t i ( x , y, z ))) = t.(ai).

Applying Lemma 2.5.5 we have for i = 2, ... ,n,

K F Vi- l(X ,y,z,ui- d = vi( x, y, z,td·

For the last identity we again use equation (26) . Then

<p (G Sn (Un, Wn,2 , ... , Wn,kn ) )

HSn(<P(U n), <P(Wn,2)' .. 0' <P(Wn,kn ) )

Therefore by Lemma 2.5.5

K F y = vn(x , y, Z , un).

(iii)=} (i): Let A E K and let a, b, c E A. For i = 1, ... , n, we define

ai Ati(a, b, c)

b, Aui(a, b, c)

M {aI, b1 , a2,b2, ... , an, bn}.
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If pE ConA with (a, b) E p , then by Lemma 1.5.3 and the identities (20) and (21),

(c, ai) (A ti (a, a, c),A ti(a, b, c)) E p and

(c, bi) (AUi(b, b,c),A ui(a, b,c)) E p.

This means that c == d(p) for all d E M. But since (a, b) E p, we have that

(27) c == d(e(a, b)) for all d E M .

Next, if 0 E Con A such that M X M ~ 0, then

Avl(a,b,c,ad

A Vl (a, b,c, bd (0) [since M 2 ~ 0]

Av2(a,b ,c ,a2) [by (23)]

Av2(a, b,c, b2) (0)

.. • == 11 • • - • • •

Avn(a ,b,c,bn) (0)

b [by (24) ].

Hence (a, b) E a, However, since 8(M) is the least congruence cont a in ing M 2, we

h ave in part icular ,

(28) a == b(e(M)).

Equipped with (27) and (28), we invoke Lemma 2.5.1 to conclude that A is con-

gruence regul ar , and hence that K is congruence regular .

70

o



2.5.7 Examples of Congruence Regular Varieties .

(i) The variety of all quasigroups is congruence regular: We take n == 1 and

define the terms in Theorem 2.5.6 (iii) as follows.

t1(x, y, z)

Ul (X, y , z)

Vl(X,y,Z,u)

y(x\z)'

z, and

(y(x\z)) / (x\ u).

We now verify the identities of part (iii) of the theorem: First we have Ul(X, x, z) ==

z (by definition of ud. Next,

t1(x,x,z) == x(x\z) == z [Axiom 3, Sec. 1.3.1].

Next ,

(y(x\ z))/ (x\ (y(z\ z)))

t1 / (X\t1)

x,

since by Lemma 1.3.1.1 (i), t1/(x\td == x iff t 1== x(x t1), and clearly t1 == x(x\ t1)

by Axiom 3 of Section 1.3.1. Finally,

(y(x\z) )/(x\z)

y [Axiom 2, Sec 1.3.1].

Therefore the variety of quasigroups is congruence regular.

In view of part 2 of the Remark in Section 2.1.4 , we can conclude that groups ,

rings, R-modules and other such algebras (as mentioned in the Remark) are con­

gruence regular.

(ii) The variety of Boolean algebras is congruence regular: To show that the

ident it ies in (iii) of Theorem 2.5.6 are satisfied, we take n == 1 and define

t1(x,y,z)

udx, y,z)

Vl(X,y,z,u )
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where 6. is the derived Boolean operation, the so-called Boolean difference defined

by

x~ y = (x 1\ y') V (x' 1\ y).

It is a simp le fact (see [22], p. 18-20), that ~ is a commutative and associative

binary operation which satisfies the identities x~x = 0 and x~O = x. Then we

have Ul(X ,X,Z) = Z,

and

Vl(X, y, z, t(x, y, z)) (y~z)~(x~y~z)

x~(y~y)~ (z~z)

x~O~O

x,

(y~z)~z

y~(z~z)

y~O

y.

Therefore the variety of Boolean algebras is congruence regular. (Observe that for

n = 1 the conditi on (23) of Theorem 2.5.6 (iii) is void).

It is known that every congruence regular variety is congruence modular and

congruence n-permutable for some n ~ 2. (J . Hagemann: On regular and weakly

regular congruences , Technische Hochschule Darmstadt, Preprint No. 75, June

1973) .
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CHAPTER 3

A GENERAL SCHEME OF SOME MAL'CEV CONDITIONS

As noted earlier, R. Wille in [33] and A. F. Pixley in [27] provided algorithms for

the classification of varieties of algebras that exhibit "strong Mal'cev properties" .

In this chapter we present a modification of the Wille-Pixley schemes.

At the outset let us recall our convention from Section 1.1.2 that the set V =
{xn ; nEw} is an infinite countable set of var iables.

§l. THE CONGRUENCE CONDITION

3.1.1 Definition. Let X and Y be sets such that X ~ Y ~ V and suppose

that X i= 0. Then each subset of

Y x Y X exp(X X X)

is said to be a congruence condition over (X , Y). Hence if R IS a congruence

condition over (X, Y), then

R ~ {(u, v, r) ; u, v E Y, r ~ X X X}.

o
3.1.2 Definition. Let A be an algebra, R a congruence condition over (X , Y)

and f a mapping such that f : X ---7 A . We say that R is f -satisfied in A if there

is a mapping g : Y ---7 A such that

(i) glX = f and

(ii) if (u,v,r) ER, then (g(u),g(v)) E 8 A (f 2[r ]) .
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where f2[r] has been defined in Section 2.2 .2 and 8A(!2[r]) is the congruence defined

in 1.2 .2. We say that R is satisfied in an algebra A if R is f -sat isfied in A for each

mapping f : X ~ A. o

3.1.3 Definition. Let E(X) denote the set of all equivalence relations on X

and let r be a binary relation on X. Then

c(r) == n{e E E (X); r ~ e}

is the least equivalence on X which contains r as a subset. o

3.1.4 Definition. For each binary relation r on a set X ~ V , we define the

mapping a, : X -t X as follows. For every X n E X,

if and only if m == min{k E w; (xn , Xk ) E C(r)}. o

3 .1.5 Proposition. With respect to the mapping a; in Definition 3.1.4 we

assert the following:

(ii) ker((Jr) == C(r).

PROOF.

(i) Let (Jr(xn) == Xm. Then (xn,xm) E c(r). Further if (Xm,Xk) E c(r), then

by transitivity (xn , Xk) E £' (r) and therefore m :::; k . Thus whenever a, (xm ) = Xl,

then (xm , Xl ) E C(r) and m ~ E. For the converse inequality we note that if

(Jr(xm) == Xl , then l ~ m since (xm ,xm) E c (r) because c(r) is reflexive. Thus

l == m and a; 0 (Jr(xn) = (Jr(xm) == Xl == Xm == ar(xn).

(ii) Let (xn,xm) E ker(ar). Then ar (xn) == ar(xm). If (Jr(xn) == (Jr(xm) == Xi,

then (xn, Xi )' (Xm, Xi) E C(r). By the reflexivity and t ransitivity of C(r) we have

(xn, xm) E c(r). Hence ker(ar) ~ c (r). Conversely, let (xn, xm) E c(r) with

ar(xn) == Xl and ar(xm) == xp • From ar(xn) == Xi, we have (Xn,Xi) E c(r). Again

since C(r) is reflexive and transitive, (xm , Xi) E C(r). Hence p ~ le Similarly by
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considering or(xm ) = xp , we have e~ p. Thus e= p. Therefore O,. (x n ) = or(x m )

and c(r) ~ ker(or). Both inclusions yield the required result. D

Before proceeding with the next theorem, we recall from Section 1.4.4 that

T (Z) is the absolutely free algebra generated by Z. Also from Section 1.4.6, we

have that T K (Z) is the free algebra over the variety K with Z as a free generating

set. We note also that if K is a non- t rivial variety then Z ~ T K (Z).

3.1.6 Theorem. Let K be a non-trivial var£et y and R a congruence condit io n

over (X, Y). Suppose also that X is a subset of Z ~ V. Then the [ollounnq

conditions are equivalent:

(i) R is satisfied in every algebra of K.

(ii) R is satisfied in the free algebra TK(Z) with respect to the £dentity mapping

idx : X -t X.

(iii) Th ere exists a mapping p Y -t T(Z) such that idx

(u, v, r) E R ,

plX and for all

where Or : T(Z) -t T(Z) is the unique homomorphism which extends the

mappinq Or U idz- x : Z -t Z.

PROOF.

(i)=> (ii): Since K is a non-trivial variety we note that X ~ Z ~ TK(Z ). This

implication is now trivial since T K (Z) E K.

(ii)=> (iii): By (ii) R is satisfied in the free algebra T K(Z) with respect to the

mapping idx : X -t X ~ TK(Z) . Hence there exists a mapping g : Y -t TK(Z)

such that g/X = idx and for all (u, v, r) E R we have

Let us denote eTK(Z) (r) by r. We now show the existence of a mapping

p : Y -t T(Z),
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with the special properties listed in (iii). Since T(Z) is an absolutely free algebra,

there exists a unique homomorphism h : T(Z) ~ TK(Z) extending £d z· Refer to

the diagram below:

9

Figure 3.1.1

By the definition of T K (Z), h is clearly a surjection. Hence there is a mapping

p : Y ~ T( Z) such that idx ~ p and 9 == hop. This is so as follows: Since

X ~ Z, we have that glX == idx == hlX. So if y E X we set p(y) == y to

obtain (h 0 p)(y) == h(y) == g(y). If y E Y - X, we define p(y) E h-1[{g(y)}] and

(h 0 p)(y) == g(y) in this case as well. Thus hop == 9 and plX == idx ·

We now show that for. all (u, v, r) E R,

where O"r : T(Z) -+ T(Z) is the unique homomorphism extending a; U idz- x : Z ~

Z. Take any (u,v,r) ER. vVe notice from Section 1.6.1 that h: T(Z) -+ TK(Z) is

a K-refiection of T(Z). Hence by Lemma 1.6.4 we need only show that

Let q : TK(Z) -+ TK(Z) be the unique homomorphism which extends the mapping

a; U idz- x : Z ~ Z. Since h 0 O"r : T(Z) -+ TK(Z) and q 0 h : T(Z) ~ TK(Z) are

homomorphisms such that (h 0 O"r)IZ == (q 0 h)IZ, we have that

h 0 O"r == q 0 h

since both are homomorphisms agreeing on a generating set. vVe shall now show

that T ~ ker(q). Take (x , x/) E T where x,x/ E .Y. Then q(x) == O'r(X) and
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q(x') == ar(x') . From proposition 3.1.5 we have tha t r ~ E(r) == ker(ar) . Thus

(x , x') E ker(a r) which implies tha ar(x) == ar(x'). Hence q(x) == q(x') and (x , x' ) E

ker(q). Therefore we have that r ~ ker(q). Since ker(q) is a congruence on TK(Z),

we have that f ~ ker(q) as well. We now observe that

h(ar(p(u))) == q(h(p(u))) == q(g(u)) == q(g(v))

since (g(u),g(v)) E f ~ ker(q). Also,

q(g(v)) == q(h(p(v))) == h(ar(p(v))).

Hence h(ar(p(u))) == h(ar(p(v))) and p : Y ~ T(Z) is the required mapping.

(Hi)=> (i): Refer figure 3.1.2: Take A E K and let f : X ~ A be a mapping.

We have to find a mapping

g:Y~A

such that g!X == f and, for every (u,v,r) E R, (g(u),g(v)) E e A (!2[rD. Since

T(Z) is absolutely free, there is a homomorphism h : T(Z) ~ A such that ! ~ h.

h~--- T(ZO e,

~-----------.."..". Y

Figure 3.1.2

We set

9 == hop,

and claim that g satisfies the requirements of Definition 3.1.2. That glX == f is

clear since f ~ h. Take (u, v r) ER and denote eA (f2[r]) bye. "Ve shall show

that (h(t ), h(ar(t))) E e for all t E T(Z) : Suppose

S == {t E T (Z) ; (h(t),h(ar(t)) ) E e} .
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Let 0 E 0 be a nullary operation symbo l and let t = oT(Z ). Then since hand ar

are homomorphisms, we have that

and

Hence (h(t) ,h(ar(t))) E 8 for all nullary operations . We now take an n-ary opera­

ti on 0 E 0 for n ~ 1, and let t1, • • • .t.; E S . Then

an d

Hence (h(oT(Z)(t1, . .. , tn)),h(ar(oT(Z)(tt, ... ,tn)))) E 8 for n-ary operations as

well and S is a subalgebra of T(Z). Next we show that Z ~ S: We recall that

ar : T( Z) -l> T (Z) is the unique homomorphism which extends the mapping Or U

idz-x : Z -l> Z where Or : X -7 X . If z E X then h(z) = f(z), and also

h(ar(z)) = h(or(z)) = f(or(z)) . But from the definition of Or, (z,or(z) ) E C(r).

Therefore (z,or(z)) E f2- 1 [8 ] so f2((Z ,Or(z) )) = (f (z), f (or(z))) E 8. Hence

(h(z),h (ar(z))) = (f(z),f(or(z))) E 8 .

If z E Z - X , then ar(z) = i dz-x( z) = z. Thus h(z) = h(ar (z) ) and from the

reflexivity of 8 we have

(h(z),h(ar(z))) E 8 .

Thus Z ~ S and since Z genera tes T (Z ), we conclude that S = T (Z ).

Finally for (u,v, r) E R we have

g(u) - h(p(u)) 8 h (ar (p (U ) ))

- h(ar(p(v))) 8 h(p(v)) [by (iii)]

= g(v).

Hence (g(u), g(v)) E 8 A (f2[r]) and R is sat isfied in every algebra of K. 0
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§2o THE MAPPING i :~ -+ Ref A

We shall denote the set of all reflexive relations on the universe of an algebra

A by Ref A. If r, s E Ref A and if n is a positive integer we define (r, s}" as in

Section 1.1.3.

3.2.1 Remark. All our considerations are related to a fixed but general type

T = (0, ar). We shall now consider three new binary operation symbols /\, V and

o which we interpret as meet, join and relation composition respectively. Then we

h ave the auxiliary type T I = ({ /\ , V , o} , ar) , where all the considered operations are

b inary. We denote the absolutely free algebra of the type T ', with V = {x n ; nEw}

as its free generating set , by the symbol a . 0

3.2.2 Definition. For each mapping I : V -+ Ref A we define a new mapping

I : b" -+ Ref A

as follows:

(i) if t E V, then i(t) = I(t)

o
We can interpret Ref A as a T '-algebra with operat ions defined on the rig ht

hand side of the equalities in (ii) to (iv) above. Then i : a -+ Ref A is the

homomorphism which extends the mapping I : V -+ Ref A .

3 .2.3 Definition. Suppose s, t E ~ . Then we denote

Con A F~ (t ~ s)

if i (t) ~ 1(s) for each mapping I : V -t Con A .
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Ou r aim is to characterise the varieties K of T - algebras which, for given s , t E

s, will satisfy Con A F.c:l (t ~ s ) for all A E K.

3.2.4 Definition. Suppose s, t E tJ.. From the terms sand t we form new

terms as we did for elements of Ref A as follows:

(s, t)l = S, (s, t)2n = (s, t)2n-l 0 t and(s , t)2n+l = (s, t)2n 0 S.

where n is a positive integer. We also define t [n] as follows:

(i) if t E V, then t[n] = t

o
Clearly t [n] E tJ. for all t E /). and n a positive integer. Moreover, t[n] is a {I\, o}­

term even if V occurs in t.

3 .2.5 Lemma. Let A be a T -algebra and I : V -+ Ref A a mapping. Then

for each t E f:j. and for positive integers m and n, we have

(i) i(t [n]) ~ i(t[m]) if n::; m

(ii) i(t) = U~l i(t[il).

PROOF.

(i) We proceed by induction on the complexity of t: If t E V , then t [n] = t = t [m]

and

Assume that (i) holds for t 1 and t2 • If t = t 1 0 t 2 , then
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By the induction assumption, and the reflexivity of all considered relations , we

have that

and

By the induction assumption

and

Finally if t == t 1 V t 2 , then

induction assumption, and the assumed reflexivity of all considered relat ions, that

So we have,

(ii) Again we proceed by induction on the complexity of t: If t E V, then since

tU] == t ; we have that

00 00

Ui (t[j]) == Ui (t) == i (t).
j= l j = l
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Now assume that (ii) holds for t1 and t2 • If t = t1 0 t2 then

i (t) - i(td 0 i (t2)

00 00

- (U i (tVl)) 0 (U i (4k1
)) [by Ind. Ass. ]

j=1 k=1

00

- U (i (t ~l) 0 i (4k1)) [by distr . for 0 and U]
k,i=1

00

- U(i( tVl) 0 i(tVl) ) [by (i) ]
i=1

00

- U i (tVl 0 tVl)
i=1

00

- U i(t lj1).
i=1

If t = t1 /\ t2 , then

00 00

U i(tli1) = U i ((t1/\ t2)[jl )

i=1 i=1

00

= U i(tVl/\ tVl)
i=1

00

- U(i( tVl) n i(tVl))
i=1

00 00

- U i(tVl) n U i(tVl),
i=1 i =1

by the distributive law for U and n. Applying the induction assumption we have

00

U i (tlj1) = i(td n i(t2 ) = iu, /\ t2 ) = i (t ).
j=1

00

U i(tU1) =
j=1

00

U i((t 1 V t2) [jl)
;=1
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00

U i((tVl,t~' l )j)
j=l

00

Ui(tV l 0 tVl 0 •• •)

j=l

00

U(i(t~l), i(tVl))j
j=l

00

c U(i(t 1), i(t2))j [by (i) and Ind. Ass .]
j=l

Thus we have
00 00

Ui(t[jl) ~ U(i(td, i(t2))j.

j=l j = l

For the converse inclusion we let

00

(a,b) E U(i(td, i(t2))j .
j=l

T hen for some j == 2k ~ 2, there are X I, X2, ... , X2k-l E A such that

By the induction assumption there are positive integers nI, ••• , n 2k such that

Taking n == max{nl' ... , n2k} , part (i) of the lemma yields

If we take m == max{2k,n} , then (i) and the reflexivity of (i(trl),i(t~nl))n, enables

us to conclude that
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Therefore
00 00

(a, b) E U(i(tVl) , i (tVl) )i = Ui (t[il)
j=l j=l

and hence
00 00

U i(t[jl) = U(i(td, i(tz))j = iu, V tz) = i(t).
j=l j=l

o

§3. THE SETS {t,X,Y)N AND [t, X,Y] N

3.3.1 Definition. As usual, V = {x n ; nEw} . For each infinite subset N of V ,

we choose two infinite disjoint subsets of N and denote them by a(N) and (3(N) .

For brevity we shall denote a(V) by a, a(a(V)) by aa, a({3(V) by a{3, and so on.

o

Note that we can define the sets a(N) and (3 (N ) in a more constructive way,

for example, as follows: Suppose

where in < i n+1 for each positive integer n . Then we can set

3.3.2 Notation. Recall from Section 3.2.1 the absolutely free algebra A of

type T' = ({I\, V,o},ar). We now consider another auxiliary type T" = ({I\, o}, ar)

where all the considered operations are binary, and we denote the absolutely free

algebra of type T", with free generating set V , by the symbol V7 . o

From Section 3.2.4 , we recall that for t E ~ and for each positive integer n we

formed new {I\,o}- terms of the form t[nl. We note that these terms are elements

of the absolutely free algebra \7 as well.
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3.3.3 Definition. If t E \1 and x, Y E V then the triple (t, x , y) is an element of

\1x V x V. Now for each infinite subset N of V, we define a set (t, x, y)N ~ V X V x V

by induction on the complexity of t as follows:

(i) if t E V, then (t, X, y)N = {(t, x, y)}

(iii) if t = t l 0 t2 , then (t, x, Y)N = (tl , x, Z)a:(N)-{II} U (t2 , Z, Y)P(N)-{x} where Z is

the element of N - {x, y} with the least index.

o

3.3.4 Definition. Let N be an infinite subset of V. Then for every t E \1 and

x, y E V we define the set [t, x, Y]N as

[t ,X,Y]N = {u E V; (3w ,v E V) ((w,v,u) or (w,u,v) E (t , X,Y)N)}.

o
Note that by ((w, v, u) or (w, u, v) E (t, x, y) N) in the above definition, we mean

that

(w,v, u) E (t, x, y)N or (w,u, v) E (t, x, y)N.

3.3.5 Example. Consider the set V and the above mentioned constructive

choice of disjoint subsets of V as

Then

af3 {Xl, Xs, Xg, XIS, ...} and

f3f3 {xs, X7, XU,XIS" "}

Suppose t = (xo 1\ Xl) 1\ ((X2 0 Xs) 0 (X4 0 xs)). Then

(Xo 1\ XI, Xs, X7)0I U ((X2 0 xs) 0 (X4 0 xs), Xs, X7)p

{(xo, Xs, X7 ), (Xl, Xs, X7 )} U B ,
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whe re

(X2 0 XS, XS, Xl) ec{3 U (X4 0 XS, Xl , X7) {3{3

{( X2' XS, Xg) , (XS' Xg, Xl)' (X4' Xl , XS ), ( XS' XS, X7)}'

Also , in consequence of Definition 3.3.4 , it is clear that

o

3 .3.6 Lemma. Suppose t , is , t 2 E \l and X,Y E V and N is an infinite subset

of V. Then

(i) (t ~ X, y)N is a finite subset of V X (N U {x, y})2

(H) {x, y} ~ [t~ X, Y]N and [t , X,Y] N is a fi nite subset of N U {x, y}

(iiLa) It, x ,Y]N = {x ,y} 2j t E V

(iiLb) [t l 1\ t 2 ~ x, Y]N = [t l , x ,Y]ec (N ) U [t2, x ,Y]{3(N) and

[t l , X,Y]ec(N) n [t 2, X,Y]{3(N ) = {x,y}

[lii.c ] [t l 0 t2, x ,Y]N = [t l , x , Z] ec( N) -{ y} U [t 2, Z,Y]{3 (N )- {y} where Z is the element of

N - {z , y} with the least index, and

{
{z} 2j X:FY

[t b x , Z]ec(N)-{y} n [t 2 , Z,Y]{3(N)-{x} = { } 'f _
X , Z t X - y .

PROOF.

(i) We proceed by induction on the complexity of t: If t E V , then (t, x, Y)N =

{(t,x,y)} which is a finite subset of V x (N U {X, y})2. Assume that (i) holds for

t l and t 2. If t = t l 1\ t 2, then

86



By the induction assumption (t1, X, y)Q(N) and (t2, X, y)f3 (N) are finite subsets of

V x (a(N) U {X,y})2 and V x ({3( N) U {X,y} )2 respectively. Hence (t, X,Y)N is a

finite subset of V X (N U {X, y})2. If t == t1 0 t2, then

where z is the element of N - {x, y} with the least index. By the induction

assumption we have that (t1, X, z)Q(N)-{y} and (t2, Z, y)f3(N)-{x} are finite subsets of

V x (a(N) - {y} U {x, y})2 and V x ({3(N) - {x} U {x, y})2 respectively. Hence

(t, x Y)N is a finite subset of V x (N U {X, y})2.

(ii) Again we proceed by induction on the complexity of t: By definition,

[t,X,Y]N == {u E V; (~w,v E V) ((w,v,u)or (w,u,v) E (t,X,Y)N)}.

If t E V, then (t,X,Y)N == {(t,x,y)} and

[t,X,Y]N == {x ,y}

which is a finite subset of N u {x , y}. (Note that we have just proved (iii.a)) .

Assume that (ii) holds for t 1 and t2 • If t == t1 1\ t 2 , then

It, x,Y)N == [t1 /\ t2 ,X, Y]N

== {UEVj (:Jw, VEV) ((w,v ,u) or (w,u,v) E (t1/\ t2, X,Y)N)}

== [t1 ' X, Y]a(N) U [t2' x, Y)f3(N)'

since (t1I\t2, X,Y)N == (t1, X, Y)Q(N )U (t2,X, Y)f3(N)' (Note that we have now proved the

first part of (iiLb)). By the induction assumption we have that {x, y} ~ [t1, X, Y]Q (N )

which is a finite subset of a(N) U {x, y} and {x, y} ~ [t 2, x, Y]f3(N) which is a finite

subset of (3(N) U {x ,y} . Thus the union [t 1,X'Y]Q(N )U [t 2,X'Y]f3(N) is a finite subset

of (a(N) U {x, y}) U ({3 (N ) U {x, y} ). Therefore {x ,y} ~ [t, X, Y] N which is a finite

subset of N U {x, y}. Next , if t == t 1 0 t 2 , then

[t, X,Y]N == [t1 ot2,x Y]N

== {UEV j (:Jw ,vEV) ((w,v,u) or (w,u,v) E (t1 o t2,X,Y)N)}

== [tl, x,Z]Q (N )_{y} U [t2' Z,Y]f3 (N )-{x},
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where z is the element of N - {x , y} with the least index, since

(Note that here we have just proved the first part of (iii.c)). Applying the induction

assumption , {x ,z} ~ [tl,X ,Z]a(N)-{y} which is a finite subset of ((a(N ) - {y}) U

{x ,y}) and {z,y} ~ [t 2 , Z' Y]/3(N) -{x} wh ich is a finite subset of ((,8 (N) - {x }) u

{x, y}). The union [tl , x ,Z]a(N)- {y} U [t 2, z, Y]/3(N)- {x} is a finite subset of ((a(N) ­

{y}) u {x ,y}) U ((,8 (N) - {x}) u {x,y}). Therefore {x,y} ~ [t , X, Y]N and [t , X, Y]N

is a finite subset of N U {x , y}.

(iiLa) This has been established in the proof of (ii).

(Hi.b) The first part has already been established in the proof of (ii) . That

[t l, X, Y]a(N) n [t 2, X' Y]/3( N) = {x ,y} follows from (ii) since

{x,y} C [tl,X,Y]a(N) n [t 2,X'Y]/3(N)

C (a(N) U {x,y}) n (,8(N) U {x,y})

- {x, y}.

(iiLc) Again, the first part was established in the proof of (ii). For the second

part we consider the two conditions separately: When x i= y , we have

{Z} C [t l , x, Z]a(N )-{y} n [t 2, Z, Y]/3(N )-{x }

C ( (a (N ) - {y}) U {x,Z } ) n ((,8 (N) - {x} ) U {z, y})

- {z}.

When x = Y, we have that

{x, z} C [t l, x, Z]a(N)-{y} n [t2 , z ,Y]/3(N )- {x }

C ((a(N) - {y}) U {x, z}) n ((,8 (N ) - {x}) U {z,y} )

- {x ,z}.

o

88



3.3.7 Lemma. Suppose t E '\l , x, Y E V such that x 1= y, and N is an infinite

subset 0/ V. Let A be a T - algebra and I : V -+ Ref A be a mappinq. If a, b E A ,

then

(a, b) E i(t)

~j and only £/ there is a mapp£ng f : [t , x , Y] N -+ A such that a = f(x), b = f(y),

and ~j (w,u, v) E (t, X,Y)N, then

(f (u), f (v)) E I(w).

PROOF.

We proceed by induction on the complexity of t : If t E V , then the statement

is t rivially true since in this case (t,X, Y)N = {(t,x, y)}, [t, X,Y] N = {x ,y} and

i (t) = I (t). Assume that the lemma is satisfied for tl, t 2 E \l e If t = t l /\ t 2, then

if and only if (a, b) E i(td and (a, b) E i(t 2 ) . By the induction assumption the

latter statement is true if and only if there are mappings

f : [tl, x, Y]a(N ) -+ A and g: [t 2 , x, Y],8(N ) -+ A

which satisfy the lemma. Since [t t , x, Y]a(N) n [t 2 , x, Y],8(N) = {x, y} by the second

part of Lemma 3.3.6(iii.b), the lemma will be satisfied by the mapping

f Ug: [t,X, Y]N -+ A.

Finally, if t = t l 0 t 2 , then

if and only if there is acE A such that (a ,c) E f(tr) and c, b) E i(t2) . By the

induction assumption the latter statement is true if and only if there are mappings

f : [t l, x , Z ]a(N) -{ y} -+ A and g : [t 2 , Z, Y],8( N) - {x} -+ A
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where z is the element of N - {x, y} with the least index, such that the lemma is

satisfied. This means that

f(x) = a, f(z) = c = g(z) and g(y) = b,

and for all (w,u, v) E V 3 we have that

(w, u, v) E (t1 , x, Z)a(N )-{I/} implies that (f(u), f (v)) E I(w)

and

(w, u,v) E (t2 , Z , Y) ,B (N)- { x} imp lies that (g(u), g(v)) E I (w).

Since [t 1 , x ,Z]a (N )-{I/} n [t2 , z ,Y],B(N )- { x} = {z }, it is clear that the mapping

f Ug : [t, X, Y]N ---+ A

is the required mapping for this case.

§4. THE ALGORITHM

o

In this section we present the algorithm for finding Mal'cev conditions equiva­

lent to a given inclusion for congruences. The algorithm is embodied in Corollary

3.4.5 Theorem 3.4.7 and Corollary 3.4.8. We begin with some definitions and two

lemmas .

3.4.1 Definition. For every t, s E '\l, x, Y E V and a = a(V), let us denote

x = [t, x,Y]a and Y = X U [s, x,Y],B .

We define a congruence condition R(t ,s) over (X, Y ) as follows:

(u, v, r) E R(t ,s)

if and only if there exists w E V such that

(w,u, v) E (s, x, Y),B and r = {(i,j); (w,i,j) E (t, x, Y)a}.

o
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We obse rve that R(t , s) is indeed a congruence condit ion over (X, Y) as follows:

If (u,v,r) E R(t,s), then there exists an element w E V such that (w,u,v ) E

(s, x, Y){3' Therefore

u,v E [s, x, y] {3 ~ Y.

Now r == {(i,i); (w, i,i) E (t, x, Y)cx} . If (i,J') E r then

i,J' E It, x, Y]cx == X.

Hence r ~ X 2• So we have that if (u, v, r) E R(t, s) then (u, v, r) E Y x Y x exp(X2
) .

Thus R(t, s) ~ Y x Y X exp(X2
) .

3 04.2 Definition. Let t, s E!:::J. , x , y E V and let m and n be positive integers.

We define

o
We remark that by the above definition Xn ~ Yn,m for all positive integers n

and m .

3.4.3 Lemma. Suppose A is a T -algebra, and t, s E!:::J.. Then

Con A FLl t ~ s

!f and only 1f for every positive integer n and for each mapping f : X n ---t A, there is

a positive integer m such that the congruence condition R (t[n1, s[m1) over (Xn, Yn,m)

is f -s ai isfi ed in A ,

PROOF.

Assume Con A I=~ t ~ s and take a mapping f : X n ~ A , n a positive integer.

We sh all show that there exists a positive integer m such that the congruence

condition R (t!n1, s!m1) over (Xn,Yn,m) is i -sat isfied in A: For w E V and the mapping

I : V ---t Con A we define

I(w) == n {OE ConA; (V(k, u,v) E (t[ n1 , x, Y) cx)(( f( u)' f (v)) EO)}.

Now since (f(u) , f (v)) E I(w) for all (k, u,v) E (t[n1 , x , y)cx, we have by Lemma

3.3.7 that (i (x) , i (y) ) E j(t [n1) . By Lemma 3.2.5 (ii), we have j (t[n1) ~ j (t ).
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Hence (f( x),f (y)) E i (t), and by the assumpt ion that i(t) ~ 1 (8), we have that

(f(x ), f(y)) E 1(s). Here again by Lemma 3.2.5 (ii) we have that 1(s) == U~l 1(s[j ]).

Therefore there is a positive integer m such that (I (x), f (y) ) E i (s[m]). Also by

Lemma 3.3 .7 there exists a mapping g' : [s[m], x, y] ,e -t A such that I(x) == g'(x)

and f( y) == g'(Y)' and for all (w ,u,v) E (s[m] , x, y),e, we have (g'(u),g'(v) ) E I(w ).

Since we have that 1 : X n -t A, we can set g == 1 U g' to obtain the mapping

g : Yn,m -t A.

We now show that g satisfies the requirements listed in Definition 3.1.2. It is clear

that f ~ g. Now take (u, v, r) E R(t [n], s[m]). By the definition of R(t [n] , s[m]) t here

is awE V such that (w,u,v) E (s[m], x,y),e and

_ {( ' .). ( ..) ( [n] )}r - 1,,) I W , 'l , ) Et, x, y a .

We sh all show that (g(u),g(v)) E 8A(/2[r]) : We have that

12[r] == {(/(i),/ (j) ); (w,i, j) E (t[ n] , x,Y)a}.

Therefore

8 A ({(/ (i), / (j )); (w ,i, j) E (t[n], x ,Y)a})

n{OE Con A ; 12 [r] ~ O}

I(w ).

We have , however, already shown that (g'(u), g'(v )) E I( w). Since g == f Ug' , we

now have that

Hence the congruence condition R(t[n], slm]) over (Xn, Yn ,m) is satisfied in A with

respect to the mapping f .

Conversely, assume that for every positive integer n and each mapping f : X
n

-t

A , there is a positive integer m such that the congruence condition R (t[n], s[m]) over

(Xn , Yn,m) is J -sat isfied in A. We shall show that

ConA FA t ~ s .
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Let I : V --t ConA be a mapping and (a, b) E j(t ). By Lemma 3.2.5 (ii) there is

a pos itive integer n such that (a, b) E j(t[n]). By Lemma 3.3.7 there is a mapping

f : X n --t A such that a = f(x), b = f(y) and for every (w,v,u) E (t[n],x,y)o

we have (/(u), f(v)) E I(w). By the assumption there is a positive integer m

such that the congruence condition R(t [n], s[m1) over (Xn,Yn ,m) is I-satisfied in

A. Therefore f is extendible to a mapping 9 : Yn,m --t A in such a way that if

(u,v,r) E R(t[n],s[m]) then (g(u) ,g(v)) E 8 A(f2 [r]) . We need to prove that (a,b) E

j(s). Take (w,u,v) E (s[m1,x ,y),13 and deno te r = {(i,j); (w,i,j) E (t[n],x,y)}}.

Since (u, v, r) E R(t[n], s[m] ), we have

Then by the definition of I , 8A(/2 [r ]) ~ I (w). Hence (g(u), g(v)) E I(w ) and by

Lemma 3.3.7 we have (g(x),g(y )) E j( s[m]). Hence (a, b) E l (s[m]). By Lemma

3.2.5 (ii), i(s[m]) ~ i(s). So we now have (a, b) E i(s) and thus i(t) ~ 1(s) for

every I : V --t Con A . Therefore Con A Fat ~ s. D

3.4.4 Lemma. Let t E 'V. Then for each posit ive inteqer n , variables x, Y E V

and any infinite subset N ~ V we have

(i) (t,X, Y)N = (t[n] , X, Y) N and

(ii) [t , X,Y] N = [t [n], X,Y]N'

PROOF.

We proceed by induct ion on the complexity of t: If t E V , then t[n] = t and

both statements hold. Assume now that both (i) an d (ii) hold for t l and t
2

• If

t = tl /\ t2, then

(t, X,Y)N (tl /\ t2 , X, y)N

(tl, X,Y)o(N) U (t2, X,Y),I3(N )

(t[n] ) ( [n] )
- l ' X, Y o(N) U t2 , X , Y ,I3(N)

( [n] [n] )
t l /\ t 2 ,x, Y N
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((tl At 2 )[n], X,Y)N

(t [n],X,Y)N.

In the case of (ii) we note that by the first part of Lemma 3.3.6 (iii.b),

Hence [t,X,Y]N = [t[n],X,Y]N, in the same way as (i) was proved. Finally, ift = t lot2,

then

(t,X,Y)N

where z is the element of N - {x , y} with the least index. By the induction

assumption the last expression equals (t~n],X,Z)Q(N)_{Y} U ( t ~n] , Z ' Y) /3 (N) _ {X} and

( [n]) ( [n] )t l ~ X, Z Q(N)- {y} U t 2 ,Z, Y /3(N)-{x} ((t l ° t2)[n], X, Y)N

(t [n ], X,Y )N .

The proof of (ii) follows in a similar fashion since by Lemma 3.3.6 (iii.c),

o

We recall from Definition 3.4.1 , that the sets X and Y were denoted as follows:

x = [t , z ,Y]Q and Y = X U [8, x, Y]/3'

for t ,« E \7 and z , Y E V. Reca ll also the set s X n and Yn,m from Definition 3.4.2.

We proceed now with the next important corollary.
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3.4.5 Corollary. Let t, s E \7 . Then

Con A F~ t ~ s

21 and only 21 the congruence condition R (t, s) over (X, Y) is satisfied in A.

PROOF.

From Definition 3.4.1, we have that (u,v, r) E R(t[n1, s[m1) if and only if there is

awE V such that (w,u,v) E (s[m1,x,y),e and

r = {(i,j)j (w, i,j) E (t[n1, x, Y)a}.

Since t,s E \7 we have from Lemma 3.4.4 that (s[m1,x,y),e = (s,x,Y),e and also

(t[n1,x,Y)a = (t,x,Y)a' Therefore R(t,s) = R(t[n1,s[m1). Also from Lemma 3.4.4

we have that [t[n1,x,Y]a = [t,x,Y]a and [s[m1,x,y],e = [s,x,Y],e. This means that

X n = X and Yn,m = Y. The corollary is now a direct consequence of Lemma 3.4.3.

o

We note that, in consequence of the above corollary, we have for instance that

an algebra A is congruence permutable if and only if

Con A F~ Xo 0 X l ~ X l 0 Xo ,

if and only if the congruence condition R(xo 0 Xl, Xl 0 xo) is satisfied in A. We shall

return to this example in §5.

We recall that Theorem 3.1.6 gave conditions under which a given congruence

condition R is satisfied in a non-trivial variety K . The following is a corollary to

Theorem 3.1.6.

3.4.6 Corollary. Suppose t, s E !J. and K is a non-trivial variets). Let n be a

positive inieqer w£th X; = [t [n1, X, Y]a and let Z be a set such that X; ~ Z ~ V. If

then there exists a positive inieqer m and a mappinq
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such that idx n ~ p. Moreover, £f there exists an element w E V such that (w,u , v ) E

(s[m] ,x,y),B and r = {(i ,j); (w,i,j) E (t[n] , x , y)cJ then for every A E K we have

where ii; : T (Xn) -+ T (Xn) is the unique homomorphism on the absolutely free

algebra T(Xn) uihicli extends the mappinq ar e

PROOF. '

Since X; ~ Z we have from Con TK(Z) Fa t ~ s that Con TK (Xn ) F t ~ s ,

By Lemma 3.4.3, we have that for every positive integer n and every mapping

I : X n -+ TK(Xn ) there is a positive integer m such that the congruence condition

R (t [n1, s[m1) is I-satisfied in T K(Xn). In particular , we have that the congruence

condition R(t[n1, s[m1) is satisfied in T K (Xn) with respect to .the identity mapping

idx n : X n -+ X n since X n ~ TK (Xn). We now invoke the implication (ii):::} (iii)

of Theorem 3.1.6: We take Y = X n U [s[m], X, Y],B and have the required mapping

p : Y -+ T(Xn ) possessing the two properties, namely, idx n ~ p, and for every

(u, v, r) in R(t[n], s[m]) and for every algebra A E K ,

where ar : T(Xn ) -+ T(Xn ) is the unique homomorphism extending are 0

3.4.7 Theorem. Let t, s E ~. For each pair of positive ini eqers n and m, we

denote

Let K be a non-trivial varietsj and Z be a set such that X; ~ Z ~ V. Then the

[ollounnq conditions are equivalent:

(i) C on A F.6. t ~ s for all A E K,

(iii) For every positive n there exists a positive integer m and a mapp ing p : Yn m -+,

T(Xn) such that idx n ~ p. Moreover, zj (u , v , r) E R(t[n] , s[m]) , then [or each
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o

A E K, we have

where fir : T(Xn ) -t T(Xn ) is the unique homomorphism on the absolutely

free algebra T(Xn ) uihicli extends the mappinq a. :

PROOF.

(i)=> (ii): This is trivial since TK(Z) E K.

(ii)=> (iii): This has been proved in Corollary 3.4.6.

(iii)=> (i): From Theorem 3.1.6, (iii) implies that the congruence condition

R(t[n],s[m]) is satisfied in every algebra of K. As a result of Lemma 3.4.3 , this in

turn implies that Con A F~ t ~ s for every A E K. 0

3.4.8 Corollary, Suppose K is a non-trivial varz'ety and t, s E \7 . Denote

x = It, X, Y]a and Y = X u [s,x, y],e.

If Z is a set such that X ~ Z, then the [ollounnq conditions are equivalent:

(i) Con A FA t ~ s for all A E K .

(iii) There exists a mappinq p : Y -t T(X) such that idx ~ p, and for every

(u , v, r) E R (t , s) and for each A E K we have

where fir : T(X) -t T(X) is the unique homomorphism on the absolutely free

algebra T(X) which. extends the mapping a. ,

PROOF.

In Lemma 3.4.4 we have shown that for t E \7 , (t[n] , X, Y)N = (t , X,Y)N and

[t[n],X,Y]N = [t,X,Y]N where N ~ V. Also in the proof of Corollary 3.4.5 we

showed that R(t[n], s[m]) = R (t , s) for t , s E V . The corollary now follows direct ly

from Theorem 3.4.7.
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§5. AN EXAMPLE

We recall Mal'cev's classical theorem for congruence permutable varieties: A

non-trivial variety K is congruence permutable if and only if there exists a ternary

term , the so called Mal'cev term, such that

K 1= t (x, x, y) = Y and K 1= t (x, Y, y) = x.

As noted earlier, we shall use the algorithm of §4 to give another proof of necessity

of this theorem. Before we proceed, we note that in the definition of the relational

product in 1.1.3 , we agreed to omit the symbol 0 in the interest of brevity. For the

same reason we shall write xy instead of x 0 y .

3.5.1 Example. Let K be a non-trivial varieis). Then K rs congruence

permutable tf and only tf it has a Mal 'ce v term.

PROOF OF NECESSITY.

By Definition 3.2.3 , we know that K is congruence permutable if and only if,

for every A E K,

Con A 1= xy ~ yx .

In consequence of Corollary 3.4 .5, Con A F xy ~ yx if and only if the congruence

condition R(xy, yx) over (X, Y) is satisfied in A . We set t = xy and s = yx. From

Section 3.3.1 we recall our constructive choice of a and j3 as disjoint subsets of V.

We set

a = {xo, X2, X4 ,"' } and j3 = { Xl, X 3, Xs, . ..}.

To determine the sets X and Y of Definition 3.4.1, we let x = Xo , Y

Z = X2 ' T hen

(t,x,y)o: (xy, x, y)a

(x, x, z)aa-{y} U (y, Z , y),8a-{x} ,

since z is the first element of a - {x, y}. Hence

(t,x,y)a = {(x,x,z); (y,z,y)}.
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Also,

(s,x,Y){3 (yx, x, y){3

(y, x, xS)Q{3- {II} u (x,xs, y){3{3-{X},

since Xs is the first element of {3 - {x, y}. Hence

(s,x,y){3 = {(y,x,xs),(x,xs,y)}.

Thus we have

[t, x, y]ex = {x, y, z} and [s, x, y] {3 = {x, y, Xs}.

Hence

x = {x, y, z} and Y = X u [s, x, Y]{3 = {x, y, z, xs}.

We shall now determine the congruence condition R(t ,s) over (X ,Y ). By Definit ion

3.4.1 (u, v, r) E R(t, s) if and only if there exists w E V such that

(w , u, v) E (s, x, y) (3 an d

T he two possibilities for ware w = y and w = x. If w = y , then u = x , v = Xs and

r = {(z ,y)}. If w = x , then u = Xs, v = y and r = {(x,z)}. Hence,

R(t,s) = {(x,xs, {(z,y)}) ,(xs,y, {(x,z )})}.

By Corollaries 3.4.5 and 3.4.8 we have that R(t ,s) is satisfied in K if and only if

there exists a mapping p : Y -t T(X) such that idx ~ p and for every (u, v, r) E

R(t ,s), we have

where Or : T(X) -t T(X) is the unique homomorphism which extends the mapping

a r : X -t X . From the first proper ty of p we have

p(x) = x, p(y) = y and p(z) = z ,

To use the second property of p we denote , for q(x, y, z) a term in T (X)'

p(xs) = q(x,z, y),
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where we have interchanged Y and z. We now take the elements of R (t, s), one at

a time, and show that the identities x = q(x,y,y) and y = q(x,x, y) hold in K.

(i) Take (X,X3' {(z,y)}) E R(t ,s) . By the definitions of c(r) and Or in Sections

3.1.3 and 3.1.4 respectively, we have from E(r) = {X}2 U {z,y}2 that

Since u = x and v = X3 we have that K F= or(P(x)) = Or(P(X3))' But

and

Or(P(X3)) = or(q(x,z,y))

= q(or(x),or(z) ,or(y)]

- q(x,y,y).

Hence x = q(x , y, y) holds in K.

(ii) Take (X3' y, {( X, z)}) E R(t,s). Here again, since c(r) = {y }2 U { X, Z}2, we

have that

Or (x) == x, Or (y) == y and Or (z) == x.

Since u = X3 and v = y, we have that K F= Or(P(X3)) = or(P(y)). But

Or(P(X3)) - or(q(x, Z, y))

- q(or(x), or(z), or(y))

== q(x, x,y),

and

ar(p(y)) = ar(y) = y.

Hence y = q(x,x, y) holds in K.

§6. CHINESE VARIETIES

o

In this section we develop Mal'cev conditions for the so-called Chinese varieties.

We begin with a convention and a definition.
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3.6.1 A Convention. Let A be an algebra. Then a set X will be referred to

as a normal subset of A if X E AIa for some a E Con A. 0

3 .6.2 Definition. A T -algebra A is said to satisfy the Chinese Remainder

Theorem if for each nonempty, finite set N of normal subsets of A we have nN -=I 0

whenever X n Y -=I 0 for all X, YEN.

For brevity A will be called a Chinese algebra if the Chinese Remainder The­

orem holds in it. A class K of algebras is called a Chinese class if all its elements

are Chinese algebras. 0

3.6.3 Theorem. Let A be a T -algebra. Then the following condit ions are

equivalent:

(i) A is a Chinese algebra.

(ii) If XI, X 2 , X3 are normal subsets of A such that Xi n X i -=I 0 for i,i E {I, 2, 3},

then Xl n X 2 n X 3 -=I 0.

(iii) For all p, arE Con A ,

p n (ar ) = (p n aHp n r) .

PROOF.

(i)=> (ii): In consequence of Definition 3.6.2, this is trivial.

(ii)=> (i): Let N be a nonempty finite system of normal subsets of A such that

Xn Y -=I 0 for all X, YEN. We shall show that nN -=I 0by induction on the size of

N. If 1
N l = 1, then (i) is trivially satisfied. Let n ~ 2 be an integer and let nN -=I 0

for each system N of normal subsets of A with 1Nl ~ n . If the sets XI, ... ,Xn+
1

are normal subsets of A such that Xi n X, -=I 0 holds for i , j E {I, ... , n + I}, then

1': def X c .
i = i ror 1, = 1, ... , n - 1,

are clearly normal in A. Also,

d Y: def
an n = X n n X n+l
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for i ,j E {l , .. . ,n-l}, and

for j E {I, ... , n - I}. By (ii), the set X n+l n X n n Xi is nonempty. Therefore by

the induction assumption we have that

n n+ l

e1= nYi = nXi.
i=l i=l

(ii)=} (iii): Let (a, b) E p n (ar). Then there is acE A such that (a,b) E p,

(a, c) E a and (c,b) E r. Let us denote

Xl = alp , X2 = cia and Xs = bi r,

Since a E Xl n X 2 , c E X2 n Xs and b E Xl n Xs, we have that the intersect ion

Xl n X2 n Xs is nonempty. Let d E Xl n X2 n X 3 • Then

(a,d) E P n a and (d,b) E P n r,

and therefore (a,b) E (p n a)(p n r). Hence p n (ar) ~ (p n a)(p n r). We conclude

that (iii) holds since t he converse incl usio n (p n a)( p n r) ~ p n (or) is always

sati sfied in Con A.

(Hi)=} (ii): Suppose XI, X2 and X3 are normal subset s of A and let

Then t here are congruences p,a,r E ConA such that Xl E A lp , X2 E A /a and

X 3 E AIr. Now we have that

(a,c) E P n (ar) = (p n a)(p n r)

T herefore there is an element d E A such that

[by (iii) ].

(a, d) E p n a and (c,d) E p n r,

Hence d E Xl n X2 n X3 and we have that x, n X2 n X3 1= 0.
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3.6.4 Theorem. Suppose K is a var£ety of T -algebras. If K is a Chinese

variety then there exists a ternary term q(x, y , z) such that K eatisjies the [ollounnq

identities:

q(x,x,y)

q(x,y,x)

q(x,y,y)

x,

x and

y.

PROOF.

In consequence of Theorem 3.6.3 we have that K is a Chinese variety if and

only if

Con A FAx 1\ (yz) ~ (x 1\ y)(x 1\ z)

for each A E K. By Corollary 3.4.5, Con A FAX 1\ (yz) ~ (x 1\ y)(x 1\ z ) if and

only if the congruence condition R(x 1\ (yz), (x 1\ y)(x 1\ z)) is satisfied in K. We

set t = x 1\ (yz) and 8 = (x 1\ y)(x 1\ z). Here also we use our constructive choice of

subsets a and f3 of V as in Definition 3.3.1. That is,

Therefore

f3a = {X2 ' X6, XlO,·· .}.

To determine the sets X and Y of Definition 3.4.1, we let x = XQ Y = Xl and

Z = X2. Then

(x 1\ (yz), x, y)a

(x,x,y)aa U (yz ,x,y){3a

(x,x,y)aa U (y,x,z)a{3a -{II} U (z,z ,y){3{3a-{x},

since z is the first element of f3 a - {x, y}. Hence

(t , x ,Y)a = {(x,x,y ), (y,x,z), (z,z,y)} .

Next we have

(8, x, y) {3 ((x 1\ y)(x 1\ z), x,Y){3

(x 1\ y, x, X3 )a{3- {II } U (x 1\ Z, X3, Y){3{3- {x }
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since Xs is the first element of {J - {x, y}. Hence

(s,x,y)p = {(x,x,xs),(y,x,xs),(x,xs,y),(z,xs,y)}

Therefore X = {x, y, z} and Y = {x, y, z, xs}. We now use Definition 3.4.1 to find

the elements of the congruence condition R(t ,s) over (X, Y). Taking the cases

w = x , w = Y and w = z, we find that R(t, s) is the set

{(x, xs, {(x, y)}), (X3'y, {(X ,y)}), (X,X3' {(x ,z)}), (X3'Y'{(Z,y)})} .

Applying Theorem 3.1.6, we have that

p(x) = x, p(y) = y and p(z) = z.

Also let us denote

P(X3) = q(x, y, z)

where q(x, y, z) is a ternary term of T(X). We shall now take the elements of

R(t,s), one at a time, and show that the identities in (iii) hold in K.

From the first triple of R we have u = x, v = X3 and r = {(x , y)}. Therefore,

and

ar(p(x3))

ar(q(x,v,z))

q(ar(x),ar (y), ar(z))

q(Or(x),Or (y), Or(z))

q(x,x,z) .

The last step follows from the definition of Or and the fact that C(r) = {Z}2U{X ,y}2.

We note that ar(p(u)) = ar(p(v)) by the second property of p in Theorem 3.1.6 .

Hence if we exchange y and z, we have the identity

q(x,x,y) = x.
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From the second triple of R we have u == X3, V == Y and r == {(x, y)}. In a

similar manner as for the first triple we obtain, in this instance also, that

q(x,x,y) == x.

From the third triple of R we have u == x, v == X3 and r == {(x, z)}. Again,

proceeding as before,

Or (p(x)) x

Or (p( X3))

q(Or(x) Or(y),Or(z))

q(x,y,x) .

Hen ce we have t he identity

q(x,y,x) == x.

From the fourth triple of R we have u == X3, V == Y and r == {(z, y)}. Finally,

here also,

q(Or(x),Or(y) ,Or(z))

q(x,y,y)

or(P(y)) [P(X3) == p(y) by Thm. 3.1.6]

y.

Hence we have the identity

q(x, y,y) == y.

o

According to Definition 2.3.1, a class K of algebras is said to be arithmetical if

it is both congruence permutable and congruence distributive (A. F. Pixley, 1963) .

We now have the following theorem.

3.6.5 Theorem. Suppose A is a congruence permutable algebra. The n A is

arithmetical il and only zj A is a Chinese algebra. A var£ety is arithmetical zj and

only zj it is a Chinese variets).
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PROOF .

Since A is congruence permutable, we have for all p, a, T E Con A, that

p n (aT) == p n (a V T) and

(p n aHp n T) == (p n a) V (p n T).

Then we have from the equivalence of (i) and (iii) in Theorem 3.6.3 that A is a

Chinese algebra if and only if

pn (a V T) == (p n a) V (p n T),

that is, if and only if A is congruence distributive. The first assertion now follows

from the definition of an arithmetical algebra. To deduce the second assertion it

suffices to note that a Chinese variety has a Mal'cev term (by Theorem 3.6.4), and

is therefore congruence permutable. 0
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