
On zero-dimensionality of
remainders of some
compactifications

by
Gugulethu Nogwebela

Supervisor
Dr Simo Mthethwa

Project submitted in fulfillment of the requirements for the
degree

Masters of Science
in Mathematics

School of Mathematics, Statistics and Computer Science
University of KwaZulu Natal

South Africa
January 2022



Abstract

A compactification of a topological space is a dense embedding of the space
into a compact topological space. We study different methods of compact-
ifying a topological space with the focus on zero-dimensionality of the re-
mainder. Freudenthal compactification is known as a maximal compactifica-
tion with a zero-dimensional remainder and is guaranteed to exist for rim-
compact spaces. It is shown that this compactification can be characterized
using proximities. In fact, there is a one-to-one correspondence between com-
pactifications and proximities and, in particular, between compactifications
with zero-dimensional remainder and zero-dimensional proximity. Almost
rim-compact spaces are spaces that are larger than the rim-compact spaces
and they are shown to also have a compactification with a zero-dimensional
remainder. But these do not exhaust spaces that have a compactification
with a zero-dimensional remainder, for example, recently [18] it was found
that spaces that lie between the locally compact part and its Freudenthal
compactification also have a zero-dimensional remainder. It is known that
the Freudenthal compactification is also perfect, we study the relationship
between maximum compactifications with a zero-dimensional remainder and
the perfectness of these compactifications.
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Glossary

R Set of real numbers.
Ø Empty set.
X, Y Topological spaces.
τ Topology defined on a space.
τ|Y Subspace topology defined on a subset of a

space.
x P X x is an element of X.
X � A Complement of the set A in X.
A � X A is a subset of X.
PpXq Collection of all subsets of X.
IntpUq Interior of U .
ClXU Closure of the set U in the space X.
bdXU Boundary of the set U in the space X.
f, g, k, h Mappings.
CpXq Ring of continuous real valued functions.
C�pXq Ring of bounded continuous real valued func-

tions.
αX, γX, ... Compactification of the space X
ωX Alexandroff one-point compactification.
βX Stone-Čech compactification.
δ Proximity relation on PpXq.
δY Subspace proximity defined on a subspace Y

of a space X.
τpδq Topology induced by the proximity δ.
A ! B A is a δ-neighborhood of B.
EpAq Collection of ends that contain the set A.
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B,M Bases for a topological space.
OpUq Extension of the open set U in the compacti-

fication: the largest subset of the compactifi-
cation of X whose intersection with X is U .

KpXq Lattice of all compactifications of a space X.
K0pXq Lattice of all compactifications of a space X

with a zero-dimensional remainder.
ΣpXq Collection of proximities that induce a topol-

ogy on X.
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Chapter 1

Introduction

In general topology, compactness is a property that generalizes the notion of
a subset of the Euclidean space being closed. The theory of compact spaces
is rich in its own right, however most topological spaces are not compact.
Thus one of the topics of interest in the realm of topological spaces is the
possibility of densely embedding a given space inside a compact Hausdorff
space. This process of embedding a topological space into a compact Haus-
dorff space is called the compactifying such a space.

The first method of extending a non-compact space into a compact space
was given by Alexandroff in 1924, in which one point is added to a locally
compact space to make it compact. The Stone-Čech compactification was
defined by Marshall Stone and Eduard Čech in 1937: this is the largest Haus-
dorff space that a completely regular topological space can be embedded in.
Other methods of compactifying a space include: Wallman compactification
(1938), Fan-Gottesman compactification (1952) and Magill’s N-point com-
pactification (1965), to mention a few. In Chapter 3, we look at the details
of the construction of these compactifications.

Proximities provide an alternative way of looking at a topological space and
the concept was axiomatized by V. A Efremovič in a paper published in
1934. Smirnov, in 1952, provided a characterization of the lattice structure
of compactifications of a completely regular X by means of proximities on
X that induce the topology on X; the Smirnov Theorem. Then, Skjarenko
used this in 1966 to show that rim-compact spaces have a compactification
with zero-dimensional remainder and also defined the Freudenthal compact-
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ification using proximities. We study the relationship between proximities
and compactifications in Chapter 4.

Thinking of X as a subset of a compact Haudorff space αX, the remainder
of a compactification is the complement of X in αX, denoted by αX � X.
So it is natural to endeavour to understand the nature of the points that get
added to a space to make it compact. If the remainder has a basis of clopen
sets then it is said to be zero-dimensional. The Freudenthal compactification
is known as the maximum compactification which has a zero-dimensional re-
mainder and it is guaranteed to exist when a space is rim-compact.

Looking at the internal structure of spaces that have a compactification with
zero-dimensional remainder, B. Diamond developed a theory for the class
of spaces intermediate between rim-compact spaces and spaces that have a
compactification with a zero-dimensional remainder in 1987, which she called
almost rim-compact spaces. In 1995, J. Hatzenbuhler and D. A Mattson gave
a characterization of spaces which lie between the locally compact part and
the Freudenthal compactification of the locally compact part, such spaces
necessarily possess a compactification with a zero-dimensional remainder. In
Chapter 5, we look at the characterization of spaces which have a compacti-
fication with zero-dimensional remainder.

In Chapter 6, we look at the maximum zero-dimensional compactification
and perfectness of zero-dimensional compactifications. It turns out that a
compactification with a zero-dimensional remainder is maximal if and only
if it is perfect. Furthermore the maximum compactification with a zero-
dimensional remainder is the minimum perfect compactification. These re-
sults were proved by McCartney in 1970.

In Chapter 7, we conclude this dessertation by looking at some recent re-
sults in zero-dimensional compactifications (or compactifications with zero-
dimensional remainder) in pointfree topology and state some of the problems
we would like to persue further.
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Chapter 2

Preliminaries

The aim of this chapter is to provide definitions and standard results that will
be used throughout this dissertation. For more details, we refer the reader
to texts in general topology, for example [21] and [32].

2.1 Topological spaces

Definition 2.1.1 A set X together with a collection τ of its subsets satisfy-
ing:

1.
�
iPI Ui P τ for any index set I where each Ui P τ ,

2.
�n
i�1 Ui P τ where each Ui P τ ,

3. Ø, X P τ .

is called a topological space. The members of τ are called the open sets
of X and τ is called a topology on X.

Remark: We often omit specific mention of τ if no confusion will arise and
refer to X as a topological space.

Definition 2.1.2 Let X be a set and d : X �X ÝÑ r0,�8q be a mapping.
If d satisfies the following three conditions, then d is called a metric on X,
and pX, dq is called a metric space:

1. dpx, yq � 0 if and only if x � y,
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2. dpx, yq � dpy, xq, for every x, y P X.

3. dpx, zq ¤ dpx, yq � dpy, zq, for every x, y, z P X.

Remark: For any ε ¡ 0 and x P X, let Bpx, εq � ty P X : dpx, yq   εu.
If U � X and for any x P U , there exists ε ¡ 0 such that Bpx, εq � U , we
say that U is open in X. If pX, dq is a metric space, let τd consist of all
open sets of X, then pX, τdq is a topological space. If a topological space
has a topology arising from a metric, it is called a metrizable space. For
example, let x, y P R and we define dpx, yq � |x � y| then pR, dq is a metric
space, so R can be viewed as a topological space pR, τdq.

Definition 2.1.3 Let X be a topological space. A basis for a topology on
X is a collection B of subsets of X such that

1. For any x P X, there exists B P B such that x P B.

2. If B1, B2 P B and x P B1XB2, then there exists B3 such that x P B3 �
B1 XB2.

Remark: If a collection of subsets B of X satisfies these two conditions,
then we define the topology τ generated by B as follows: U � X is said
to be open in X if for each x P U , there is a basis element B P B such that
x P B and B � U . Note that, in this case each basis element is an element
of τ .

Another equivalent definition of a basis is as follows;

Definition 2.1.4 Let X be a set and let B be a basis for a topology τ on X.
Then τ equals the collection of all unions of elements of B.

Definition 2.1.5 Let X be a topological space and N � X. If there exists
an open set U with x P U � N , then N is called a neighborhood of x.

2.2 Subspaces and products

New topological spaces can be formed from the old ones by considering sub-
sets and products:
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Definition 2.2.1 Let X be a topological space and Y � X. Then the topol-
ogy on Y induced by the topology τ of X is the set τ|Y � tUXY : U P τu.
We say that pY, τ|Y q is a subspace of X.

Theorem 2.2.2 If A is a subspace of a topological space X, and B is a base
for X, then tB X A|B P Bu is a base for A.

Proof: See [32, Theorem 6.3]. l

Remark: If a topology is not specified on a subset of a topological space, it
is assumed to be the subspace topology.

Definition 2.2.3 Let A be an index set and Xα be a set for each α P A.
The Cartesian product of the sets Xα is the set

¹
αPA

Xα �
!
x : A ÝÑ

¤
αPA

Xα|xpαq P Xα, for each α P A
)

Thus
±

αPAXα is the set of functions defined on the indexing set. The value
of x P

±
αPAXα at α is denoted by xα and is referred to as the αth coordinate

of x.

Remark: If the index set A is the natural numbers, it is customary to denote
the function x in

±8
k�1Xα by listing its values as an ordered n � tuple, i.e.

x � px1, x2, ...q. Thus
±8

k�1Xα �
!
px1, x2, ...q|xk P Xk, k � 1, 2, ...

)
.

The Cartesian product can be endowed with a topology as follows;

Definition 2.2.4 The product topology on
±

αPAXα is obtained by taking
as a base for open sets, sets of the form

±
αPA Uα where

1. Uα is open in Xα, for each α P A and

2. For all but finitely many coordinates, Uα � Xα.

Remark: Notice that the set
±

αPA Uα, where Uα � Xα except for α �
α1, ..., αn, can be written

±
αPA Uα � π�1

α1
pUα1q X ...X π�1

αn
pUαnq where παi

is
the projection map of

±
αPAXα on Xαi

defined by παi
pxq � xαi

.
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2.3 Closed sets and limit points

Definition 2.3.1 Let X be a topological space and V � X. If X�V is open
in X, we say that V is a closed set of X.

Remark: Let X be a topological space. The following conditions hold:

1. Ø and X are both open and closed.

2. Arbitrary intersections of closed sets are closed.

3. Finite unions of closed sets are closed.

Definition 2.3.2 A subset of X is called clopen if it is both open and closed.

Definition 2.3.3 A topological space is zero-dimensional if it has a basis
of clopen subsets.

Theorem 2.3.4 Let Y be a subspace of X. A set A is closed in Y if and
only if A � C X Y for some closed set C in X.

Proof: See [32, Theorem 6.3]. l

Definition 2.3.5 Let X be a topological space and A � X. The smallest
closed set containing A is called the closure of A and is denoted by ClXpAq,
that is,

ClXpAq �
£

Fclosed,A�F

F

Each point x P ClXpAq is called a limit point of A.

Proposition 2.3.6 A is closed in X if and only if ClXpAq � A

Proof: See [32, Theorem 3.7]. l

Theorem 2.3.7 Let Y be a subspace of X and A be a subset of Y . Then
ClY pAq � ClXpAq X Y .

Proof: See [32, Theorem 6.3]. l

The next theorem gives a way of determining whether or not an element is
in the closure using open sets.
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Theorem 2.3.8 Let x P X. Then x P ClXpAq if and only if for every open
set U containing x, AX U � Ø.

Proof: See [32, Theorem 4.7]. l

Definition 2.3.9 If X is a topological space and E � X, the boundary of
E is the set; bdXpEq � ClXpEq X ClXpX � Eq.

Remark: Note that bdXpEq � ClXpEq � E if E is an open set of X.

Definition 2.3.10 If A � X is such that ClXpAq � X, A is said to be
dense in X.

2.4 Continuous functions

Definition 2.4.1 Let X, Y be topological spaces and f : X ÝÑ Y be a
mapping. If f�1pUq � tx P X : fpxq P Uu is open in X for every open set U
in Y , then f is called a continuous mapping, or a continuous function.

Continuity of a function depends not only on the function f itself, but also
on the topologies specified for the domain and range.

Theorem 2.4.2 Let X and Y be topological spaces, let f : X ÝÑ Y . Then
the following are equivalent:

1. f is continuous.

2. If A � X, then fpClXpAqq � ClY pfpAqq.

3. If B is closed in Y , then f�1pBq is closed in X.

4. For each x P X and each neighborhood V of fpxq, there is a neighbor-
hood U of x such that fpUq � V .

Proof: See [32, Theorem 7.2]. l

An onto map between a topological space and a set induces a topology on
the set that makes the function continuous;
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Definition 2.4.3 If X is a topological space, Y is a set and g : X ÝÑ Y is
an onto mapping, then the collection τg of subsets of Y defined by

τg � tG � Y : g�1pGq is open in Xu

is a topology on Y , called the quotient topology induced on Y by g. When
Y is given such quotient topology, it is called the quotient space of X, and
the inducing map g is called a quotient map.

Definition 2.4.4 If X and Y are topological spaces, a continuous function
f : X ÝÑ Y is a homeomorphism if and only if f is one-to-one, onto
and f�1 is also continuous. If f is continuous and one-to-one, we call it an
embedding of X into Y , and say that X is embedded in Y by f .

Remark: Thus, X is embedded in Y by f if and only if f is a homeo-
morphism between X and some subspace of Y . Any property of X that is
entirely expressed in terms of the topology of X yields, via homeomorphism
f , the corresponding property for the space Y .

Definition 2.4.5 Let f : X ÝÑ Y be a mapping between two topological
spaces. If for every open set U � X, fpUq is an open set then f is called an
open mapping.

Definition 2.4.6 Let f : X ÝÑ Y be a mapping between two topological
spaces. If for every closed set F � X, fpF q is a closed set then f is called
an closed mapping.

Definition 2.4.7 If f : X ÝÑ Y is a mapping and A � X, the restriction
of f to A, denoted by f |A, is the map from A to Y such that pf |Aqpaq � fpaq
for each a P A.

Definition 2.4.8 Let X be a set. Then
CpXq � tf : X ÝÑ R : f is continuousu and
C�pXq � tf P CpXq : |fpxq| ¤M for some M P R and every x P Xu.

Definition 2.4.9 A � X is called a zero-set if there is a continuous f :
X ÝÑ R such that A � tx P X : fpxq � 0u, this is usually denoted by Zpfq.
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2.5 Connectedness and compactness

Definition 2.5.1 X is said to be connected if whenever X � Y YZ, where
Y and Z are open in X, and Y XZ � Ø, then X � Y or X � Z. A subset of
a topological space is said to be connected if it is connected under its subspace
topology

Remark: A space is connected if and only if the only subsets of X which are
clopen are the empty set and X. For; if A is a non-empty proper subset of X
that is both open and closed in X, then the sets U � A and V � X �A are
open, disjoint, non-empty and their union is X. Conversely, if X � U Y V
and U X V � Ø where U and V are open, then U � X � V which is closed.
Then U is a clopen subset of X.

Definition 2.5.2 X is said to be disconnected if X � Y YZ where Y XZ �
Ø for some open sets Y and Z.

Definition 2.5.3 A topological space X is totally disconnected if and
only if for any x � y in X, there exists a clopen set U of X such that x P U
and y R U .

Remark: Note that a topological space is totally disconnected if it is maxi-
mally disconnected, in the sense that it has no non-trivial connected subsets.
In every topological space, the singletons are connected; in a totally discon-
nected space, these are the only connected subsets.

Definition 2.5.4 Let X be a topological space and I be an index sets. A
collection tUiuiPI of sets is a cover (or a covering) for X if X �

�
iPI Ui.

If all Ui are open, then we call the collection tUiuiPI an open cover.

Definition 2.5.5 Let tUiuiPI be an open cover for X, if there exists tUiu
n
i�1 �

tUiuiPI such that X �
�n
i�1 Ui then the collection tUiu

n
i�1 is called a finite

subcover of X.

Definition 2.5.6 A space X is compact if each open cover of X has a finite
subcover.

Theorem 2.5.7 (Tychonoff). A non-empty product space
±

αPI Xα is com-
pact if and only if each Xα is compact for each α P I.
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Proof: See [32, Theorem 17.8]. l

Definition 2.5.8 A topological space X is said to be locally compact at
x P X if for each neighborhood U of x there exists a compact subset K of X
such that x P U � K. If this holds for any x P X, we say that X is locally
compact.

2.6 Separation axioms

We require that the topology on X should ideally contain enough open sets to
distinguish between the points of X, in some way. We summarize separation
axioms below.

Definition 2.6.1 Let X be a topological space.

1. X is a T0-space if: whenever x and y are distinct points in X, there
is an open set containing one and not the other.

2. X is a T1-space if: whenever x and y are distinct points in X, and U
is a neighborhood of x and V is a neighborhood of y, then y R U and
x R V .

3. X is a Hausdorff space (T2-space) if: whenever x and y are dis-
tinct points of X, there are disjoint open sets U and V in X with x P U
and y P V .

4. X is a regular space if: whenever A is closed in X and x R A, then
there are disjoint open sets U and V with x P U and A � V .

5. X is completely regular if: whenever A is a closed subset of X and
x R A, there is a continous function f : X ÝÑ r0, 1s such that fpxq � 0
and f | A � t1u (i.e. fpaq � 1 for every a P A).

6. X is a Tychonoff space if: it is a completely regular and a Hausdorff
space.

7. X is normal whenever A and B are disjoint closed sets in X, there
are disjoint open sets U and V with A � U and B � V .

8. X is called a T4-space if: it is a normal and T1-space.
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Definition 2.6.2 A Stone space is a topological space that is
zero-dimensional, T0 and compact. Equivalently, a Stone space is a totally
disconnected compact space.

We capture some important results regarding compactness and separation
axioms below.

Theorem 2.6.3 The following holds true:

1. Every closed subspace of a compact space is compact.

2. If X is a Hausdorff space, then a sequence of points of X converge to
at most one point of X.

3. Every one-point set in a Hausdorff space X is closed.

4. A compact subset of a Hausdorff space is closed.

5. A compact Hausdorff space X is a T4-space.

6. A topological space X is a Tychonoff space if and only if it is homeo-
morphic to some subspace of the product space of closed and bounded
intervals.

7. (Urysohn’s Lemma). X is normal if and only if any two disjoint
closed subsets can be separated by a continuous function; A � X and
B � X are said to be separated by a function if there exists a continuous
function f : X ÝÑ r0, 1s such that fpaq � 0 for all a P A and fpbq � 1
for b P B.

Proof: For p1q see [32, Theorem 17.5], for p2q see [32, Theorem 13.7], for
p3q see [32, Theorem 13.4], for p4q see [32, Theorem 17.5], for p5q see [32,
Theorem 17.10], for p6q see [32, 14.3] and for p7q see [32, Lemma 15.6]. l

2.7 Boolean algebras

Definition 2.7.1 A partially-ordered set, is a set A together with a rela-
tion, ¤, satisfying:

1. reflexive: for all a P A, a ¤ a,
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2. transitive: for all a, b, c P A, if a ¤ b and b ¤ c, then a ¤ c, and

3. antisymmetric: for all a, b, c P A, if a ¤ b and b ¤ a then a � b.

Definition 2.7.2 An order isomorphism between two partially ordered
sets pS,¤Sq and pT,¤T q, is a bijective mapping f : S ÝÑ T such that for
every x, y P S, x ¤S y if and only if fpxq ¤T fpyq.

Definition 2.7.3 Let A be a subset of the partially ordered set pS,¤q:

1. A lower bound of A is an element a P S such that a ¤ x for all
x P A. A lower bound a of A is called an infimum (or greatest
lower bound) of A (denoted by

�
A) if for all lower bounds y of A

in S, we have that y ¤ a.

2. An upper bound of A is an element b P S such that b ¥ x for all
x P A. An upper bound b of A is called supremum (or least upper
bound) of A (denoted by

�
A) if for all upper bounds z of A in S, we

have that z ¥ b.

Definition 2.7.4 Let ta, bu be a two element set of a partially ordered set
pS,¤q, then a_b is the least upper bound of ta, bu with a^b being the greatest
lower bound.

Definition 2.7.5 A partially ordered pS,¤q set is a lattice if for each two
element set ta, bu in S, we have that a_ b, a^ b P S.

Definition 2.7.6 1. A lattice pS,¤q is distributive if a ^ pb _ cq �
pa^ bq _ pa^ cq for any elements a, b, c P S.

2. If there is b P S such that a_ b � 1 and a^ b � 0 (where 0 is the least
element and 1 the greatest element) then such an element b is called
the complement of a, and it is denoted by  a.

Definition 2.7.7 A Boolean algebra is a distributive lattice in which ev-
ery element has a complement.

Remark: For a set X, let PpXq � tB : B � Xu, the family of all subsets
of X. Then pPpXq,�q is a Boolean algebra. Take 0 � Ø and 1 � X. Define
the meets p^q to be intersection pXq, joins p_q to be set unions pYq, and
complementation p q to be set complementation of subsets of X.
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Definition 2.7.8 A filter on a set X is a family F of subsets of X such
that, for all A,B � X, we have

1. X P F , but Ø R F .

2. If A � B and A P F , then B P F .

3. If A,B P F , then AXB P F .

Definition 2.7.9 The principal filter at an element x P X is the family
Fx � tA � X : x P Au.

Definition 2.7.10 Let X be a topological space. The set N pxq of all neigh-
bourhoods of x P X is called the neighbourhood filter at x

Definition 2.7.11 An ultrafilter is the maximal filter on X.

Proposition 2.7.12 A filter F on a set X is an ultrafilter if for A � X,
we have that A P F or X � A P F .

Proof: See [32, Theorem 12.11]. l

Remark: For each x P X, the principal filter Fx is an ultrafilter.

Theorem 2.7.13 Let F be an ultrafilter on X. If A Y B P F , then A P F
or B P F .

Proof: See [8, Part I, Section 6.4, Proposition 5]. l
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Chapter 3

Some compactifications of
topological spaces

One of the classical problems in topology is to embed a non-compact space
into a compact one. In this chapter we define the compactification concept
and look at some of the well-known methods of compactifying a space.

Definition 3.0.1 A compactification of a space X is an ordered pair
pαX,αq where αX is a compact Hausdorff space and α is an embedding of X
as a dense subset of αX. Thus, a compactification of X is a compact space
αX together with a function α : X ÝÑ αX such that ClαXrαpXqs � αX.

Our interest is to have a compatification which is a Hausdorff space, it turns
out that Tychonoff spaces are exactly the spaces that possess a Hausdorff
compactification as the next theorem states. Tychonoff spaces are named
after Andrey Nikolayevich Tychonoff who introduced them in 1930. For
example, every metric space is Tychonoff.

Theorem 3.0.2 A toplogical space X has a Hausdorff compactification if
and only if X is a Tychonoff space.

Proof outline : The theorem is proved by noting that a compact Hausdorff
space is Tychonoff; which is proved by showing that a compact Hausdorff
space is regular, then a regular compact space is a normal space which is in
turn a Tychonoff space, by Urysohn’s Lemma. A subset of a Tychonoff space
is a Tychonoff space; since a subspace of a T1 –space is also a T1-space and
a subspace of a completely regular space is completely regular. Therefore,
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since X is embedded in a Tychonoff space, it can be thought of as a subspace
of a Tychonoff space, and hence it is Tychonoff.
For the converse, let f P CpXq be a real-valued function that separates points
in X (since X is assumed to be Tychonoff), which has a range contained in
some closed bounded interval If in R. The product space

±
If of such

functions is compact by Tychonoff theorem which states that a non-empty
product space is compact if and only if each factor space is compact. We have
that

±
If is a Hausdorff space, since each If is a Hausdorff space. Then, the

evaluation map e : X ÝÑ
±
If defined by repxqsf � fpxq is an embedding by

[32, Theorem 8.12]. Thus, if X is a Tychonoff space, then it can be embedded
in to the compact Hausdorff space

±
If , where If � R.

Example: The space p0, 1q is not compact as a subset of R with the usual
topology. p0, 1q is a subset of a Tychonoff space, and hence itself is Tychonoff.
There are many compact Hausdorff spaces that p0, 1q can be embedded in;

1. p0, 1q can be embedded in r0, 1s by h : p0, 1q ÝÑ r0, 1s where hpxq � x
for x P p0, 1q. Then p0, 1q is homeomorphic to a subset of r0, 1s via
the inclusion map and r0, 1s is compact since it is closed and bounded
interval.

2. p0, 1q can be embedded in S1 by h : p0, 1q ÝÑ S1 where hpxq �
pcosp2πxq, sinp2πxqq. Now, p0, 1q is homeomorphic to S1�tp1, 0qu which
is a subspace of S1, and S1 is compact in IR2 since it is a closed subset
of a Hausdorff space.

3. p0, 1q can be embedded in r0, 1sN by h : p0, 1q ÝÑ r0, 1sN where hpxq �
px, 1, 1, 1, ...q. Then p0, 1q can be embedded in r0, 1sN (a cube) which is
compact since each r0, 1s is compact.

In general, there are a number of ways of embedding a space into a compact
Hausdorff space, we look at some of these techniques;

3.1 N-point compactifications

Definition 3.1.1 Let n be a positive integer. A compactification αX is
called an N-point compactification if αX �X consist of n points.
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Remark: A compactification with n points on the remainder has a zero-
dimensional remainder since the remainder is finite.

The first general method of extending a non-compact space to compact one
was the one-point compactification by Alexandroff (1924). The one-point
compactification, denoted by ωX, is a way to extend a non-compact topo-
logical space by adjoining a single point (denoted by 8) in such a way that
the resulting space is compact and Hausdorff.
Firstly we define a topology on ωX, then prove that ωX is a compact space
with the defined topology and finally construct a map that embedds X into
ωX which will be our one-point compactification, as outlined in [32].

Proposition 3.1.2 If pX, τq is a topological space, then pωX, τ8q is a top-
logical space, with τ8 defined by

U P τ8 if and only if U P τ or U � t8u Y pX �Kq

where K is some compact subset of X and 8 R X.

Proof: Since Ø P τ then Ø P τ8. We have ωX � t8u Y pX � Øq , and
since the empty set is compact in X then ωX P τ8. Let tU1, U2, ...u be a
collection of elements in τ8. If all the elements of the collection are such
that they are also in τ then their union is in τ8 since pX, τq is a topological
space. If 8 P

�
Uj, then there is a U � t8uYpX�Kq in

�
Uj. If Ui is open

in X then there is a closed set Gi such that Ui � X � Gi. Hence,
�
Uj �

pX�KqYt8uYpX�G1qYpX�G2qY ... � t8uYrX�pKXG1XG2X ...qs.
Since the intersection of any closed sets is closed, and a closed subset of a
compact space is compact, we have that

�
Uj P τ

8. Let tU1, U2, ...Unu be
a finite collection of elements in τ8. If all the elements of the collection are
such that they are also in τ then their intersection is in τ8 since pX, τq is a
topological space. If 8 P

�n
j�1 Uj then all the elements of the collection are

of the form Uj � t8u Y pX �Kjq, then

n£
j�1

Uj �
n£
j�1

rt8u Y pX �Kjqs � t8u Y pX � p
n¤
j�1

Kjqq � t8u Y pX �K�q

where K� �
�n
j�1Kj, which is a compact subset of X. Therefore, the finite

intersection of elements of τ8 is in τ8. l
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Proposition 3.1.3 If pX, τq is a locally compact Hausdorff space then pωX, τ8q
is a compact Hausdorff space.

Proof: Since X is a Hausdorff space, elements of X can be separated by
disjoint open sets, hence ωX � t8u is a Hausdorff space. For x P X, there
is a compact neighborhood, say K, of x, since X is locally compact. That
compact neighborhood has a corresponding neighborhood for 8 P ωX given
by t8u Y pX � Kq, which is disjoint from U � K where U is an open
neighborhood of x. Since the x was arbitrary, then every x P X has a
neighborhood that separates it from 8. Hence ωX is a Hausdorff space.
Let tU1, U2, ...u be an open cover of ωX, then 8 is contained in some open
set Ui � U from the collection. Therefore U � t8u Y pX � Kq for some
compact subset of X, K. Therefore X � U � K which means that it is
compact, hence it has a finite subcover; X � U �

�n
j�1 Uj implies that

ωX � rpX �Uq YU s �
�n
j�1 Uj YU , taking a finite subcover and adding on

one more open set, leaves the subcover still finite, hence ωX is compact. l

Proposition 3.1.4 If pX, τq is non-compact Hausdorff space, the the inclu-
sion map

c : pX, τq ÝÑ pωX, τ8q

defined by:
cpxq � x @x P X

is continuous, open and one-to-one, and ClωXrcpXqs � ωX.

Proof: Let U be an open set in ωX, then it is of the form t8u Y pX �Kq
where K is compact or it is equal to U if it contains only elements of X by
construction. Therefore c�1pt8uYpX�Kqq � rt8uYpX�KqsXX � X�K
is open in X, since K is a compact subset of a Hausdorff space and hence
closed, or c�1pUq � U X X � U which is open in X. Hence the mapping
c is continuous. Since open sets of X are mapped into open sets in ωX by
definition of the map c, then it is by default an open mapping. Similarly, since
an element of X is mapped to itself, the map is one-to-one. Since ClωXpXq
is the smallest closed set containing X, then ClωXpXq � ωX. Also, if one
point is added, then every open set around that point contains an element
of X by the defined topology, hence the point is the limit point (hence X is
not compact), which means the point must be in the closure of X, then also
ωX � ClωXpXq which means that ClωXpXq � ωX. l
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Definition 3.1.5 Let X be locally compact, and 8 R X. Let ωX � XYt8u,
and define τ8

U P τ8 if and only if U P τ or U � t8u Y pX �Kq

where K is some compact subset of X. Then ωX is the one-point com-
pactification via the inclusion map.

Theorem 3.1.6 A topological space X has a one-point compactification if
and only if X is locally compact and Hausdorff.

Proof: pùñq Suppose that X has a one-point compactification:
Let ωX � t8u Y X, where 8 R X, be the one-point compactification of
X. Suppose that x P U and U is an open subset of X, we want to show
that there is a compact set K such that x P K � U . Because ωX is a
Hausdorff space, we can find disjoint open sets U and W in ωX such that
x P V and 8 P W . Since 8 R V , we have V � X and therefore V XX � V ,
which means that V is also open in X. Since x P U X V (which is an open
subset of X), we can use the regularity of X to choose an open set G in X
for which x P G � ClXG � U X V � U . We have G � V � ωX � W ,
so ClωXG � ωX �W � X because ωX �W is closed in ωX. Therefore
ClXG � X X ClωXG � ClωXG, meaning that ClXG is closed in ωX and
thus compact. Then K � ClXG is the desired compact set.
pðùq Suppose that X is locally compact and Hausdorff:
Choose p R X and let αX � tpu Y X. Put a topology on αX as defined
in Proposition 3.1.2 to make αX a topological space. Then by Proposition
3.1.3, αX is a compact Hausdorff space. Also X is densely embedded in
αX by Proposition 3.1.4. Hence αX is a compactification of X, and since
αX �X � tpu which is one point then αX � ωX. This means that X has
a one-point compactification. l

In 2013, [2] gave the neccessary and sufficient conditions for a one-point
compactification to be a Stone space, which implies that the whole compact-
ification is zero-dimensional. We record this below;

Theorem 3.1.7 Let X be a topological space. Then the one-point compact-
ification ωX of X is a Stone space if and only if X is a Hausdorff space and
the collection of compact clopen sets is a base of X.
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Proof: pùñq Since ωX is a Stone space that is Hausdorff, then it is a com-
pact Hausdorff space and hence X is a Hausdorff space by Theorem 3.0.2.
ωX has a basis consisting of clopen sets since it is zero-dimensional and hence
it has a basis consisting of compact clopen sets since it is compact. Let U be
an open set of X, then U is also an open set of ωX. Therefore there exists
a collection U of compact clopen sets of ωX such that U �

�
tO : O P Uu.

But for each O P U , O � X; so O is a compact clopen set of X. Thus the
collection of compact clopen sets is a base of X.
pðùq We prove that ωX is a Stone space by proving that it is totally dis-
connected. Let x � y be in ωX.
Case 1. x, y P X. Since X is Hausdorff and compact clopen sets form a
base for X, there exists a compact clopen set U of X such that x P U and
y R U . Since U is clopen in X, then it is clopen in ωX.
Case 2. x P X and y � 8. Since the collection of compact clopen sets is a
base of X, there exists a compact clopen set U of X such that x P U . Then
ωX is a Stone space, since U is a compact clopen set of ωX. l

We now look at the method of compactification by n points, which was con-
structed by Magill in 1965. We are going to call this method of compactifying
a non-compact locally compact topological space the Magill compactification.
In [22], Magill gives a characterization of those spaces which have a compact-
ification with n points in the remainder.

Theorem 3.1.8 Suppose pX, τq is locally compact and contains n non-empty
open subsets Gi for i � 1, ..., n which are mutually disjoint such that

1. K � X �
�n
i�1Gi is compact and

2. X �
�
j�iGj is not compact for each i � 1, ..., n.

Let t8iu
n
i�1 be points not in X. Then the collection

Bρ � τYtHYt8iu : H P τ and pKYGiqXpX�Hq is compact in X, i P t1, ..., nuu

is a base for a topology on a compact Hausdorff space ρX such that ClρXpXq �
ρX. This ρX is what we call Magill compactification.

Proof: We show that Bρ is a base for a topology in ρX. Let H i � H Yt8iu
and let H i

1, H
i
2 P Bρ, then

pKYGiqXrX�pH1XH2qs � rpKYGiqXpX�H1qsYrpKYGiqXpX�H2qs.
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Since the union of compact sets is compact we have that H i
1 XH

i
2 P Bρ, and

the other cases follow from the fact that τ is a topological space.
Since pK Y Giq X pX � Giq � K for each i P t1, ..., nu, then we have that
Gi
i and Gj

j are disjoint open sets of ρX containing 8i and 8j respectively.
Now let x P X and some 8i be given. Since X is locally compact, there is
an open subset G

1

and a compact subset K
1

of X such that x P G
1

� K
1

.
Then pK Y Giq X K

1

, being a closed subset of K
1

, is compact. Therefore
pX �K

1

qi � pX �K
1

q Y t8iu is an open set containing 8i which is disjoint
from G

1

. The remaining case follows from the fact that X is Hausdorff, hence
ρX is a Hausdorff space.
Let U � tU1, U2, U3, ...u be an open cover for ρX. Then n of these sets
U1, U2, ..., Un contain, respectively, sets of the form H1

1 , H
2
2 , ..., H

n
n where for

each i, Hi is an open set of X and pK Y Giq X pX �Hiq is compact. Since
Gi XGj � Ø for i � j, then we have

n£
i�1

rG1 Y ...YGi�1 YHi YGi�1 Y ...Gns � rH1 YH2...YHns.

This implies that

X � pH1 YH2 Y ...YHnq �
n¤
i�1

rX � pG1 Y ...YGi�1 YHi YGi�1 Y ...Gnqs

and since
H1

1 YH
2
2 Y ...YH

n
n � U1 Y U2 Y ...Y Un

we get

ρX � pU1 Y U2 Y ...Y Unq � ρX � pH1
1 YH

2
2 Y ...YH

n
n q

� X � pH1 YH2 Y ...YHnq

�
n¤
i�1

rX � pG1 Y ...YGi�1 YHi YGi�1 Y ...Gnqs

�
n¤
i�1

rpK YGiq X pX �Hiqs

which is compact. Thus ρX �pU1YU2Y ...YUnq is a compact subset of ρX
and is therefore covered by a finite subfamily of U . Hence ρX is compact.
It remains to show that X is a dense subset of ρX. Let H i be a basic set
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containing 8i. Since pK Y Giq X pX � Hq is compact and K Y Gi is not
compact by assumption, we conclude that H � Ø (i.e. X �H � X). Thus
H i XX � H � Ø. l

We show that if a space has a compactification with n points in the remain-
der then it is locally compact and possesses a family of sets with a special
property; Magill calls the family of such open sets an N -star of X.

Theorem 3.1.9 If X has an a compactification with n points in the remain-
der then X is locally compact and contains n mutually disjoint, open subsets
tGiu

n
i�1 such that

1. X �
�n
i�1Gi is compact and

2. X �
�
j�iGj is not compact for each i � 1, ..., n.

Proof: Let αX be a compactification of X with n points on the remainder.
Denote the points in αX�X by 81,82, ...,8n. Since αX is Haudorff, there
exists a mutually disjoint family tG

1

uni�1 of open subsets of αX such that
8i P G

1

i for each i. Let Gi � G
1

i � t8iu. Since X is dense in αX then each
Gi is a non-empty open subset of X. Let

K � X � pG1 YG2 Y ...YGnq � αX � pG
1

1 YG
1

2 Y ...YG
1

nq

then K is a closed subset of αX and is therefore compact. Now

K YGi �X � pG1 Y ...YGi�1 YGi�1 Y ...YGnq

�rαX � pG
1

1 Y ...YG
1

i�1 YG
1

i�1 Y ...YG
1

nqs X rαX � t8ius

If we assume that K YGi is compact, that implies that it is a closed subset
of αX and hence

t8iu Y pG
1

1 Y ...YG
1

i�1 YG
1

i�1 Y ...YG
1

nq

is an open subset of αX and the intersection of this set with G
1

i is t8iu
which contradicts the fact that 8i is a limit point. Therefore, K YGi is not
compact (for each i). Then the sets tGiu

n
i�1 have the desired property.

To show that X is locally compact, we note that it is an open subset of a
compact Hausdorff space, i.e. X � αX � t8uni�1 is open in αX. l
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3.2 Wallman compactification

The Wallman compactification is a compactification of a T1-space that was
constructed by Wallman in 1938. In [16] O. Frink generalises the compact-
ification precedure of Wallman to obtain Hausdorff compactifications of a
T1-spaces. Frink uses what we call a Wallman base (we follow the terminogy
in [32, Problem 19L]) to construct the compactifications.

Definition 3.2.1 Let A be any base for the closed sets of X satisfying the
following conditions:

1. For each closed set F and x R F , there is some A P A such that x P A
and AX F � Ø,

2. Finite unions and finite intersections of elements of A belong to A,

3. If A,B P A are disjoint, then for some C,D P A, A � X � C, B �
X �D and pX � Cq X pX �Dq � Ø.

Then A is called a Wallman base for X.

Definition 3.2.2 Let X be a topological space and A be a Wallman base for
X. Let ωAX be the set of all A-ultrafilters on X and for each A P A, let

A� � tF P ωAX : A P Fu

The sets A� will be the base for closed sets of ωAX. We will call ωAX with
this topology a Wallman space.

Lemma 3.2.3 The Wallman space ωAX has the following properties

1. If A P A, then ωAX � A� � pX � Aq�.

2. A� YB� � pAYBq�.

3. A� XB� � pAXBq�.

Proof: We use the properties of filters to prove the following;
p1q :

F P ωAX � A� ðñ F R A�

ðñ A R F
ðñ X � A P F
ðñ F P pX � Aq�
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p2q :

F P pAYBq� ðñ AYB P F
ðñ A P F or B P F
ðñ F P A� or F P B�

ðñ F P A� YB�

p3q :

F P A� XB� ðñ F P A� and F P B�

ðñ A P F and B P F
ðñ AXB P F
ðñ F P pAXBq�.

l

Theorem 3.2.4 ωAX is a compact Hausdorff space.

Proof: We prove that ωAX is compact by showing that any family of closed
subsets of ωAX with the finite intersection property has a non-empty in-
tersection. Let ϑ � tF � : i P Iu have a finite intersection property. Let
F P

�n
i�1 F

�
i for any finite collection in ϑ, then F1, F2, ..., Fn P F hence�n

i�1 Fi � Ø. That implies that tFi : i P Iu has a finite intersection property.
Then there is G P ωAX such that Fi P G for each i P I. Hence we have that
G P
�
iPI F

�
i as required.

We now show that ωAX is a Hausdorff space. Let F ,G P ωAX be distinct.
Then there is a A P F and B P G such that A X B � Ø. By Definition
3.2.1, there are sets C,D P A such that A � X � C, B � X � D and
pX � Cq X pX � Dq � Ø. Hence A and B are contained in disjoint open
sets of X. By Lemma 3.2.3, we have F P A� � pX � Cq� � ωAX � C� and
G P B� � pX � Dq� � ωAX � D�. Hence ωAX � C� and ωAX � D� are
disjoint open sets of ωAX that contain F and G. l

Theorem 3.2.5 The mapping ωA : X ÝÑ ωAX, defined by

ωApxq � tF P A : x P F u

for every x P X, is an embedding of X densely into ωAX.
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Proof: If x � y in X, since X is a T1-space, there is an open set U P X such
that x P U and y R U . Let F � X � U , then F P A such that y P F and
x R F . Thus ωApxq � ωApyq.
We show that ωA is continuous by proving that ω�1

A pA
�q � A. Now, ωApxq P

A� if and only if A P ωApxq if and only if x P A as desired. In order that ωA
be continuous we must have that ωApSq is closed for all closed subsets S of X.
Since tA� : A P Au is a base for closed sets in ωAX, ωApSq is closed if and only
if ωApSq �

�
iPI A

�
i is closed, or if and only if S �

�
iPI ω

�1
A pA

�
i q �

�
iPI Ai.

Since Ai P A, then it is closed and hence S being the intersection of closed
sets is itself closed.
To prove that ωApXq is dense in ωAX, we show that every open set of ωAX
intersects ωApXq. Let F P ωAX and N be the open set that contains F .
Since tA� : A P Au is a base for closed sets in ωAX, there exists A P A such
that F P ωAX � A� � N . Taking x P X � A, we have A R ωApxq, hence
ωApxq P ωAX � A�. This implies that N X ωApXq � Ø. l

Remark: Different choices of the Wallman base produce different compact-
ifications. This procedure of contructing a compactification is called Wall-
man’s method of compactifying a space X and the space ωAX is called the
Wallman compactification of X.

We now prove that every T1-space that is completely regular has a Wallman
base.

Theorem 3.2.6 A T1-space is completely regular if and only if it has a Wall-
man base.

Proof: pùñq We prove that the family of zero-sets is a Wallman base for
a completely regular space X, that is, the sets Zpfq � tx P X : fpxq � 0u
where f is a continuous real-valued function defined on X. Let F be a closed
set such that x R F , then by definition of a completely regular space there
exist a continuous function f such that fpxq � 0 and fpF q � 1. Therefore,
there exist Zpfq such that x P Zpfq and FXZpfq � Ø. Hence Definition 3.2.1
(1) is satisfied. Since ZpfqYZpgq � Zpf � gq and ZpfqXZpgq � Zpf 2� g2q,
then Definition 3.2.1 (2) is also satisfied. From [17, page 17], we have that if
ZpfqXZpgq � Ø then Zpfq � X�Zpf1q � Zpg1q � X�Zpgq. Therefore we
have Zpfq � X �Zpf1q, Zpgq � X �Zpg1q and X �Zpf1q XX �Zpg1q � Ø
as required for Definition 3.2.1 (3).
pðùq If X has a Wallman base A, then we can construct the compactifi-
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cation ωAX by Theorem 3.2.5 which is Hausdorff by Theorem 3.2.4. Then
Theorem 3.0.2 says that X must be completely regular. l

In 1967 E.F. Steiner, in [31], gave conditions under which a compactifica-
tion is a Wallman compactification and also defined a regular Wallman com-
pactification which is neccessarily a Wallman compactification. In [4], the
concept of regular Wallman compactification is used to show under which
circumstances does a compactification with a zero-dimensional remainder,
of a locally compact space, become a Wallman compactification. We give
details of these discussions.

Definition 3.2.7 By a ring of sets we will mean a family closed under
finite union and finite intersection.

Definition 3.2.8 We will call a family A of closed subsets of X separating
if whenever S is a closed subset of X and x R S there exist sets F,G P A
such that x P F , S � G and F XG � Ø.

Definition 3.2.9 Let αX be a compactification of X and Â be a family of
closed subsets of αX. Then Â has the trace property with respect to X
if for a finite collection Fi P Â we have that F �

�n
i�1 Fi � Ø implies that

F XX � Ø.

Theorem 3.2.10 If the Hausdorff compactification αX possesses a separat-
ing ring Â with the trace property with respect to a dense subspace X, then
αX is a Wallman compactification of X. In fact, αX is homeomorphic to
ωÂXXX.

Proof: Let αX be a compact Hausdorff space and Â be a separating ring
of closed sets with the trace property with respect to a dense subspace X.
We have that Â XX � tF XX : F P Âu. Since a compact Hausdorff space
is normal and hence Â is a separating ring αX, then ÂXX is the Wallman
base for X. We want show that the natural mapping ϕ � ωÂXX : X ÝÑ
ωÂXXX can be extended to a homeomorphism ϕ̂ between αX and ωÂXXX.
If x P αX �X, define ϕ̂ by

ϕ̂pxq � tF XX : x P F P Âu

We show that ϕ̂pxq P ωÂX by showing that ϕ̂pxq is maximal with respect
to the finite intersection property. Let Fi X X P ϕ̂pxq for i � 1, 2, ..., n,
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then x P
�n
i�1 Fi and since Â has the trace property with respect to X,

we have
�n
i�1 Fi X X � Ø. Thus ϕ̂pxq has the finite intersection property.

Let H P Â, suppose that H R ϕ̂pxq, then x R H. Since Â is a separating
ring, we have that there exist F that contains x such that F XH � Ø, thus
pF XXq X pH XXq � Ø. Hence ϕ̂pxq is maximal.
Let x � y in αX. Since αX is a T1-space, tyu is closed and x R tyu. Since
Â is a separating ring, that means that there exists F P Â such that x P F
and y R F . Therefore there is an F such that F P ϕ̂pxq and F R ϕ̂pyq. Hence
ϕ̂pxq � ϕ̂pyq, ϕ̂ is one-to-one.
To show that ϕ̂ is onto, let F P ωÂX. Consider tF P Â : F X X P Fu.
This family has the finite intersection property because F does. Since αX
is compact, that means that there exists x P

�
tF P Â : F XX P Fu. This

implies that F � ϕ̂pxq. Since F is maximal, F � ϕ̂pxq.
Since ϕ̂pF q � tϕ̂pyq : F X X P ϕ̂pyqu � pF X Xq� for all F P Â, therefore
ϕ̂pF q is closed if and only if F is closed. Hence ϕ̂ is a homeomorphism. l

Now we consider the question: which families of sets have the trace property?

Definition 3.2.11 Let A be a family of sets in X, then we say that A is a
family of regular closed sets if A � ClXrIntXpAqs for each A P A.

Theorem 3.2.12 If αX possesses a separating ring of regular closed sets Â,
then αX is a Wallman compactification of each of its dense subspace.

Proof: In view of Theorem 3.2.10, it suffices to show that Â has the trace
property with respect to any dense subspace. Let X be a dense subspace
of αX. Suppose F1, F2 P Â and F1 X F2 � Ø. Since Â is a ring of regular
closed sets, F1 X F2 � ClαXrIntαXpF1 X F2qs. Since X is dense in αX, then
IntαXpF1 X F2q XX � Ø, therefore pF1 XXq X pF2 XXq � pF1 X F2q XX �
ClαXrIntαXpF1 X F2qs XX � Ø. This shows that Â has the trace property
with respect to X. l

Definition 3.2.13 If αX has a separating ring of regular closed sets, we will
say that αX is a regular Wallman compactification of each of its dense
subspaces.

Proposition 3.2.14 Any open subspace X of a regular Wallman space αX
possesses a ring of regular closed sets.
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Proof: Let Â be a ring of regular closed sets in the compact space αX and
X be a open subset of αX. Define A � tF X X : F P Âu. For F P Â, we
have

ClXrIntXpF XXqs �ClXrIntXpF q XXs

�ClXrIntXpF qs

�ClαXrIntXpF qs XX

�ClαXrIntαXpF qs XX

�F XX

For the reverse inclusion, we have

F XX �ClαXrIntαXpF qs XX

�ClαXrIntαXpF q XXs XX

�ClXrIntαXpF q XXs

�ClXrIntXpF qs

�ClXrIntXpF q XXs

�ClXrIntXpF XXqs

Hence, ClXrIntXpF XXqs � F XX. Note that A is a separating ring since
Â is a separating ring. Therefore A is a separating ring of regular closed
sets. l

We want to prove the main theorem: if a locally compact space X possesses
a separating ring of closed sets then any compactification of X with a zero-
dimensional remainder is a regular Wallman compactification. We need new
concepts and auxiliary results in place.
We say that a subspace is relatively compact if its closure is compact. Let
A be a separating ring of regular closed sets in X and X be locally compact.
Define A� by

A� � tF P A : F is compact or pX � F q is relatively compactu

Then A� is a separating ring of regular closed sets in X since A is a sepa-
rating ring of regular closed sets. Let εX be a compactification, we define a
collection εA of εX in the following manner:
S P εA if and only if there are; F P A�, compact K � X and open subsets
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V1, V2 of εX such that
p1q F XK � Ø,
p2q εX �K � V1 Y V2 and S � F X V1 where V1 X V2 � Ø.

Lemma 3.2.15 Let X be a locally compact space, εX a compactification
of X, and A a separating ring of regular closed sets in X. Then εA is a
separating family of sets in X that is closed under finite intersection.

Proof: We first show that εA is closed under finite intersection. Let S0, S1 P
εA. Then by the definition of εA; for i � 1, 2 there exist Fi P A�, compact
Ki � X and open Ui, Vi � εX such that εX �Ki � Ui Y Vi, Fi XKi � Ø,
Si � Fi XUi. Then S0 X S1 � pF0 X F1q X pU0 XU1q � F XU . We have that
K � K0 YK1 is compact, F XK � Ø and

εX �K �pεX �K0q X pεX �K1q

�pU0 Y V0q X pU1 Y V1q

�pU0 X U1q Y pU0 X V1q Y pV0 X U1q Y pV0 X V1q

�U Y V

with V � tpU0 X V1q Y pV0 X U1q Y pV0 X V1qu. Therefore S0 X S1 P εA.
We have that εA � A�, hence εA is separating if A� is separating. To prove
that A� is separating, let x P X and let G be a closed set in X such that
x R G. Since G is closed and X is locally compact, we can find an open U in
X such that x P U � X, ClXpUqXG � Ø and ClXpUq is compact. Now, A is
separating and therefore there exist F0, F1 P A such that x P F0, X�U � F1

and F0XF1 � Ø. We have that ClXpX�F1q � ClXpUq and thus the closure
of X � F1 is compact, which implies that F1 P A�. Also, F0 P A� since it is
closed with a compact neighborhood. Since G � X �ClXpUq � X �U � F1

and x P F0, then A� is separating. l

Lemma 3.2.16 Let εX be a compactification of X and F be a regular closed
subset of X. If X � F is relatively compact, then

ClεXpF q � F Y pεX �Xq

Proof:

ClεXpF q �rClεXpF q XXs Y rClεXpF q X pεX �Xqs

�ClXpF q Y rClεXpF q X pεX �Xqs

�F Y rClεXpF q X pεX �Xqs

�F Y pεX �Xq

32



To prove the reverse inclusion, let y P F Y pεX � Xq. If y P F , then
y P ClεXpF q. Suppose that y P εX � X, since X � F is relatively compact
then ClXpX � F q � ClεXpX � F q, hence we have

ùñy R X

ùñy R ClXpX � F q

ùñy R ClεXpX � F q

ùñy P εX � ClεXpX � F q

ùñy P ClεXrεX � ClεXpX � F qs

And since rεX � ClεXpX � F qs XX � IntXpF q, then

ClεXrεX � ClεXpX � F qs � ClεXrIntXpF qs � ClεXpF q.

Therefore y P ClεXpF q as required. l

We are now ready to prove the main result:

Theorem 3.2.17 Let X be a locally compact space. Then X possesses a
separating ring of regular closed sets if and only if any compactification εX of
X with a zero-dimensional remainder is a regular Wallman compactification.

Proof: pðùq Suppose that εX is a regular Wallman compactification, then
by Definition 3.2.13 εX possesses a separating ring of regular closed sets.
Then, since X is locally compact and therefore X is open in εX, we have
thatX possesses a separating ring of regular closed sets by Proposition 3.2.14.
pùñq Let A be a separating ring in X and let L � tClεXpSq : S P εAu. We
first show that L is closed under intersection.
Claim : For S P εA, we have

ClεXpSq � S or ClεXpSq � S Y rV X pεX �Xqs.

Let F P A� and let K be a compact subset of X such that εX �K � V YU ,
F X K � Ø and S � F X V . If F is compact, then also S is compact,
therefore ClεXpSq � S. Suppose that X � F is relatively compact, then we
have that ClεXpF q � F Y pεX �Xq by Lemma 3.2.16.

ClεXpSq �ClεXpF X V q

�rF Y pεX �Xqs X ClεXpV q

�rF Y pεX �Xqs X pV YKq

�pF X V q Y rpεX �Xq X V s

�S Y rpεX �Xq X V s
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Also, we have

S Y rpεX �Xq X V s �pF X V q Y rpεX �Xq X V s

�V X rF Y pεX �Xqs

�V X ClεXpF q

�ClεXpV X F q

�ClεXpSq

Therefore ClεXpSq � S Y rpεX �Xq X V s which completes the proof for our
claim.
We prove that L is closed under intersection by showing that; for all S0, S1 P
εA we have ClεXpS0q X ClεXpS1q � ClεXpS0 X S1q and the result follows by
Lemma 3.2.15 since εA is closed under intersection. For i P t0, 1u, let Ki be
a compact subset of X, Fi P A� and Ui, Vi be open subsets of εX such that
Si � Fi X Vi, while εX � Ki � Vi Y Ui and Fi X Ki � Ø. If S0 is compact
and S1 is not compact then

ClεXpS0q X ClεXpS1q �S0 X tS1 Y rpεX �Xq X V1su

�pS0 X S1q Y rS0 X pεX �Xq X V1s

�pS0 X S1q

�ClεXpS0 X S1q

since S0XS1 is compact. Now suppose that neither is compact, then we have

ClεXpS0q X ClεXpS1q �tS0 Y rV0 X pεX �Xqsu X tS1 Y rV1 X pεX �Xqsu

�pS0 X S1q Y rpεX �Xq X V0 X V1s

and since S0 X S1 � pF0 X F1q X pU0 X U1q where X � pF0 X F1q is relatively
compact, we get that ClεXpS0q X ClεXpS1q � ClεXpS0q X ClεXpS1q.
Supplimenting L with all finite unions of its elements we get the ring of
regular closed sets T ; since the finite union of finitely many regular closed
sets is again regular closed sets.
Cliam: T is separating.
Let x P εX and let G be a closed set of εX such that x R G.
If x P X, then since X is regular (a completely regular space is regular)
and locally compact, there exist T0, T1 P T such that x P T0 � ClεXpT0q
and G � ClεXpT1q with ClεXpT0q X ClεXpT1q � Ø. So we may assume that
x P εX �X. Since εX �X is zero-dimensional, it possesses a base of clopen
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sets. Let C be a clopen subset of εX �X such that x P C and C XG � Ø,
of which we can find since G is closed. Define C0 � pεX � Xq � C. Then
C and C0 are disjoint closed subsets in εX such that C0 Y C � εX � X.
Therefore C0YG and C are disjoint closed sets also. As εX is normal, there
exist open U0, U1 � εX such that C0 Y G � U0, C � U1 and U0 X U1 � Ø.
Then K � εX � pU0 Y U1q is a compact subset of X such that K XG � Ø.
Choose a relatively compact, open O in X such that K � O � ClXpOq and
ClXpOqXpGXXq � Ø. Since A� is separating, we have X�O �

�
tF P A� :

X � O � F u. Then, by compactness of K, there exist an F P A� such that
X �O � F and F XK � Ø. Define S0 � F X U0 and S1 � F X U1. Then it
follows that x P ClεXpS1q and G � ClεXpS0q, while ClεXpS0qXClεXpS1q � Ø
(since S0 X S1 � Ø). l

3.3 Fan-Gottesman compactification

The Fan-Gottesman compactification was constructed by Ky Fan and Noel
Gottesman. In 1952, they constructed the compactification for a regular
space which has a normal base. In this section we go through their construc-
tion.

Definition 3.3.1 Let B be a base for the space X, B is called the normal
base if it has the following properties;

1. A,B P B implies AXB P B.

2. A P B implies X � ClXpAq P B.

3. For any open set U of X and any A P B such that ClXpAq � U , there
exists a B P B such that ClXpAq � B � ClXpBq � U

Following the terminology used in [14], a binding family on B is a non-
empty family of sets of B such that

m£
i�1

ClXpAiq � Ø

for any finite number of sets Ai of the family. By Zorn’s lemma, every binding
family on B is contained in at least one maximal binding family on B.
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Maximal binding families on B is denoted by letters x�, y�, ....
By µX, we denote the set of all maximal binding families on B.
For each A P B, we define

A� � tx� P µX : there exists a B P x� with ClXpBq � Au

And let Bµ � tA� : A P Bu. We show that Bµ is closed under intersection,
and hence is a basis for µX.

Proposition 3.3.2 For any two sets A,B P B, we have pAXBq� � A�XB�.

Proof: Let x� P pAX Bq�. Then there exists a C P x� such that ClXpCq �
A X B, then ClXpCq � A and ClXpCq � B which implies x� P A� and
x� P B�. Now we prove that A� X B� � pAX Bq�. Let x� P A� X B�. Then
we have C P x�, D P x� such that ClXpCq � A, ClXpDq � B. By Definition
3.3.1 (3), there exist E,F P B such that ClXpCq � E � ClXpEq � A,
ClXpDq � F � ClXpF q � B. From ClXpCq X ClXpDq � E X F P B and
C P x�, D P x�, we get E X F P x� by maximality of x�. Which together
with ClXpE X F q � AXB yields x� P pAXBq�. l

This means that Bµ can be taken as a base for a topology on µX. Now
we want to show that µX is indeed the compactification for X, but we first
prove some auxilary results that we need for the proof.

Lemma 3.3.3 If an open set U of X and finite number of sets Ai P B
pi ¤ i ¤ nq satisfy

ClXpA1q X ClXpA2q X ...X ClXpAnq � U,

then there exists B P B such that

ClXpA1q X ClXpA2q X ...X ClXpAnq � B � ClXpBq � U.

Proof: For i � 1, this is true by Definition 3.3.1 (3). We suppose that it is
true for i � n� 1 and prove by induction. The hypothesis may be written

ClXpA1q X ClXpA2q X ...X ClXpAn�1q � U Y pX � ClXpAnqq.

By our assumption of induction, there exists C P B such that

ClXpA1qXClXpA2qX ...XClXpAn�1q � C � ClXpCq � U YpX �ClXpAnqq,
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which implies that ClXpAnq � U Y pX � ClXpCqq. By Definition 3.3.1 (3),
there is a D P B such that

ClXpAnq � D � ClXpDq � U Y pX � ClXpCqq.

Since
�n
i�1ClXpAiq � C X ClXpAnq, then

�n
i�1ClXpAiq � C X D. Which

implies that B � C XD has the required property. l

Lemma 3.3.4 For any two sets A,B P B, we have A�XB� � Ø if and only
if AXB � Ø.

Proof: We show that A� � Ø if and only if A � Ø and the result follows
by Proposition 3.3.2. Since Ø� � Ø, we have that A � Ø implies A� � Ø.
Suppose that A � Ø, then since X is regular, there is B P B such that B � Ø
and ClXpBq � A. Since ClXpBq X ClXpAq � Ø then B is contained in a
binding family, by Zorn’s lemma there exists x� P µX such that B P x�.
Hence x� P A� � Ø. l

Lemma 3.3.5 Let A P B and x� P µX. If A R x�, then X � ClXpAq P x
�,

and there exists a B P x� such that ClXpAq X ClXpBq � Ø.

Proof: If A R x�, then there exists a finite number of sets Ai P x
� p1 ¤ i ¤ nq

such that

ClXpAq X ClXpA1q X ClXpA2q X ...X ClXpAnq � Ø.

Hence, we have that

ClXpA1q X ClXpA2q X ...X ClXpAnq � X � ClXpAq.

By Lemma 3.3.3, there exists B P B such that

ClXpA1q X ClXpA2q X ...X ClXpAnq � B � ClXpBq � X � ClXpAq

By maximality of x�, the facts that B P B, Ai P x� p1 ¤ i ¤ nq and�n
i�1Ai � B imply that B P x�. Hence the existence of a B P x� with

ClXpAq X ClXpBq � Ø is proved. From B P x� and B � X � ClXpAq, we
get that X � ClXpAq P x

�. l

Theorem 3.3.6 µX is a Hausdorff space.
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Proof: Let x�, y� P µX and x� � y�. Then there is an A P x� such that
A R y�. By Lemma 3.3.5, there is a B P y� such that ClXpAqXClXpBq � Ø.
Then ClXpAq � X � ClXpBq. By Definition 3.3.1 (3), there is a C P B
such that ClXpAq � C � ClXpCq � X � ClXpBq. Let D � X � ClXpCq,
then ClXpBq � D and D P B by Definition 3.3.1 (2). Now A P x� and
ClXpAq � C imply x� P C�. Similarly B P y� and ClXpBq � D imply
y� P D�. Since CXD � Ø, then by Lemma 3.3.4 we have that C�XD� � Ø.
Hence C� and D� are disjoint neighborhoods of x� and y�. l

To prove that µX is compact, we need another base for µX.

Lemma 3.3.7 For x� P µX and A P B, we have x� P ClµXpA
�q if and only

if A P x�.

Proof: We first prove that A P x� implies x� P ClµXpA
�q by proving that

every neighborhood of x� has a non-empty intersection with A�. Since Bµ is
a basis for µX, let B� be an arbitrary neighborhood of x� with B P B. From
x� P B�, we get that there is C P x� with ClXpCq P B. Since A P x�, we have
ClXpAq X ClXpCq � Ø and therefore ClXpAq X B � Ø. Hence A X B � Ø
and by Lemma 3.3.4 we have that A� XB� � Ø as required.
Now assume that A R x�. By Lemma 3.3.5, this implies that there exists
B P x� such that ClXpAq X ClXpBq � Ø. Then ClXpBq � X � ClXpAq. By
Definition 3.3.1 (3), there is a C P B such that ClXpBq � C � ClXpCq �
X � ClXpAq. Since B P x� and ClXpBq � C, then we have x� P C�. But,
from A X C � Ø, we have that A� X C� � Ø by Lemma 3.3.4. Hence
x� R ClµXpA

�q. l

Lemma 3.3.8 C� � tµX � ClµXpA
�q : A P Bu is a base of µX.

Proof: Given x� P µX and B P B such that x� P B�, we are to find an
A P B such that

x� P µX � ClµXpA
�q � B�

Since x� P B�, there is C P x� with ClXpCq � B. By Definition 3.3.1 (3),
there is D P B such that ClXpCq � D � ClXpDq � B. Let A � X�ClXpDq.
We claim that A satisfies the above condition. From the fact that C P x�

and ClXpAq X ClXpCq � Ø, by Lemma 3.3.5 we have that A R x� and
by Lemma 3.3.7 we get that x� P µX � ClµXpA

�q. Now we show that
µX �ClµXpA

�q � B�. Consider any point y� P µX �ClµXpA
�q. By Lemma
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3.3.7, we have A R y� and therefore, by Lemma 3.3.5, X�ClXpAq P y
�. This

together with ClXrX � ClXpAqs � ClXpDq � B implies that y� P B�. l

Theorem 3.3.9 µX is compact.

Proof: Assume that µX is not compact. Suppose that U� is an open covering
of µX without a finite subcovering. By Lemma 3.3.8, for every x� P µX, we
can find a set U�

x� P U� and a set Ax� P B such that

x� P µX � ClµXpA
�
x�q � U�

x�

Consider now any finite number of points x�1 , x
�
2 , ..., x

�
n of µX. Since U� does

not have a finite cover for µX, we have

n¤
i�1

rµX � ClµXpA
�
x�i
qs � µX

or, equivalently
n£
i�1

ClµXpA
�
x�i
q � Ø.

If y� is a point in this intersection, then y� P ClµXpA
�
x�i
q for i � 1, 2, ..., n

which, by Lemma 3.3.7, implies that Ax�i P y
� p1 ¤ i ¤ nq. Since y� is a

binding family, we have
n£
i�1

ClXpAx�i q � Ø.

And this last relation holds for any finite number of points x�i of µX. Hence
tAx� : x� P µXu is a binding family on B, therefore it is contained in a
maximal binding family on B. In other words, there exists a point a� P µX
such that Ax� P a

� for every x� P µX. In particular, we have Aa� P a
�

and by Lemma 3.3.7 we get that a� P ClµXpA
�
a�q. This contradicts that

a� P µX � ClµXpA
�
a�q. l

Theorem 3.3.10 The mapping ρ : X ÝÑ µX defined by

ρpxq � tA P B : x P ClXpAqu

for every x P X, is an embedding of X densely into µX.
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Proof: Let x, y P X and x � y. Since X is regular T1, there exist B P ρpxq
and C P ρpyq such that ClXpBqXClXpCq � Ø. This implies that ρpxq � ρpyq,
hence ρ is one-to-one.
Now we show that ρ�1pA�q � A for every A P B, which would imply that
ρ and ρ�1 are continuous. Since X is regular, x P A is equivalent to the
existance of a B P B such that x P ClXpBq � A, i.e. the existence of a
B P ρpxq such that ClXpBq � A. Therefore x P A if and only if ρpxq P A� as
required.
To show that ClµXrρpXqs � µX, we need to show that the intersection of any
open set of µX with ρpXq is non-empty. We use the fact that ρ�1pA�q � A
and we get that U�X ρpXq � ρpUq X ρpXq � ρpUq � Ø for every non-empty
U P B. Hence we can say that ρpXq, and hence X, is dense in µX. l

Remark: We can now say that µX together with the base Bµ for the topol-
ogy, is a compactification of X and it is called the Fan-Gottesman compact-
ification of X.

In 2019, C.S. Elmali and T. Ugur, defined the Fan-Gottesman compactifica-
tion using closed ultrafilters on X. In their paper [12] they give necessary
and sufficent conditions for Fan-Gottesman compactification of a T3 space to
be a Stone space. Since a Stone space is zero-dimensional, that implies that
the compactification has a remainder that is zero-dimensional. The following
definition of the Fan-Gottesman compactification is taken from their paper.

Definition 3.3.11 Let X be a T3-space and σX be the subcollection of all
closed ultrafilters on X. For each open set U � X, define U� � σX to be the
set

U� � tG P σX : ClXpUq P Gu.
Then tU� : U is open subset of Xu is a base for open sets of the topology on
σX, and σX is called the Fan-Gottesman compactification of X.
On the other hand, for each closed set D � X, we define D� � σX by

D� � tG P σX : G � D for some G P Gu

The natural map σ : X ÝÑ σX is defined by

σpxq � Gx

where Gx is the closed ultrafilter converging to x P X.
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The following properties, which are proved in a similar manner as in Lemma
3.2.3, are useful in our proof.
p1q If U � X is open, then σX � U� � pX � Uq�.
p2q If D � X is closed, then σX �D� � pX �Dq�.
p3q If U1 and U2 are open in X, then pU1 X U2q

� � U�
1 X U

�
2 .

p4q If U1 and U2 are open in X, then pU1 Y U2q
� � U�

1 Y U
�
2 .

p5q If U is open in X, then ClσXpσpUqq � U�.

Lemma 3.3.12 If Q is a clopen set of σX, then there exists a clopen set C
of X such that Q � C�.

Proof: Since Q is open and tU� : U is open subset of Xu is a base for the
topology of σX, then Q �

�
rU� : U P ϑs where ϑ is a collection of open

sets of X. We also have that Q is closed in σX, hence Q is a compact
set of σX. Therefore there exists a finite subcollection ϑ

1

of ϑ such that
Q �

�
rU� : U P ϑ

1

s. Let C �
�
rU : U P ϑ

1

s, then by property no. 4 above
we have that C� � Q. Since C � QXX, then it is a clopen set of X. l

Theorem 3.3.13 Let X be a T3-space. Then the Fan-Gottesman compact-
ification σX is a Stone space if and only if for each disjoint closed sets D1

and D2 in X, there exists a clopen set C such that D1 � C and D2XC � Ø.

Proof: ùñ Let D1 and D2 be two disjoint closed sets of X. Then D�
1 and

D�
2 are two disjoint closed sets of σX. Let D1 P D

�
1 and D2 P D

�
2 . Since

σX is a Stone space and by Lemma 3.3.12, for each D1 P D
�
1 there exists a

clopen set V of X such that D1 P V
� and D2 R V

�. Taking the collection
of such V �’s, we have that D�

1 �
�
iPI V

�
i and D2 R

�
iPI V

�
i . Since D�

1 is
closed in σX, it is a compact set. Hence there exist a finite n such that
D�

1 �
�n
i�1 V

�
i and D2 R

�n
i�1 V

�
i . Set FD2 �

�n
i�1pσX � V

�
i q. Since σX is a

topological space and we are taking a finite intersection; FD2 is a clopen set
of σX such that D2 P FD2 and FD2 X D�

1 � Ø. Let ϑ � tFD2 : D2 P D
�
2u.

Then D�
2 �

�
rFD2 : FD2 P ϑs. Since D�

2 is compact in σX, there is a
finite ϑ

1

such that D�
2 �

�
rFD2 : FD2 P ϑ

1

s. Let Q �
�
rFD2 : FD2 P ϑ

1

s.
Since we are taking a finite union then Q is clopen in σX and we also have
D�

1 � σX � Q, D�
2 � Q. σX � Q is hence clopen in σX, thus by Lemma

3.3.12 we have that there exists a clopen set C in X such that C� � σX�Q.
By property no. 5 above we have that D�

1 � C� if and only if D1 � C,
similarly D�

2 � σX � C � pX � Cq� if and only if D2 � X � C. Hence, we
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have a clopen set C of X such that D1 � C and D2 X C � Ø.

pðùq We will prove that σX is totally disconnected since a Stone space is
a totally disconnected compact space. Let D1 and D2 be distinct elements
of σX. Then there exists closed sets D1 and D2 of X such that D1 P D1,
D2 P D2 and D1 X D2 � Ø. Since D1 and D2 are disjoint, by assumption,
there exist a clopen C of X such that D1 � C and D2 X C � Ø. Thus
D�

1 � C� and D�
2 X C� � Ø. Since D1 P D1 and D2 P D2, by Definition

3.3.11 we thus have D1 P D
�
1 and D2 P D

�
2 . So C� is a clopen set of σX such

that D1 P C
� and D2 R C

�. l

3.4 Stone-Čech compactification

Stone-Čech compactification, which was defined by Marshall Stone p1937q
and Eduard Čech p1937q separately, is the process of constructing a map
from a topological space X to the largest, compact Hausdorff space that
contains X as a dense subset. We look at the process as outlined in [32].

Definition 3.4.1 Let f P C�pXq, with closed and bounded range If � IR.
Then these functions separate points in X (since X is Tychonoff), and thus
the evaluation map defined by

e : X ÝÑ
¹

fPC�pXq

If

where
repxqsf � fpxq

is an embedding. The closure of epXq is what is called the Stone-Čech
compactification of X, denoted by βX.

The product space,
±
If , is a compact Hausdorff space since it is the product

of closed and bounded intervals, therefore X is embedded into a compact
Hausdorff space. In order to show that the Stone-Čech compactification is
the largest compactification (on X), we need to have some kind of ordering
system in place for the family of compactifications that X can have, hence
the next definition.

Definition 3.4.2 Let KpXq denote the family of compactifications of X and
let pα1X,α1q, pα2X,α2q P KpXq be arbitrary. We say that pα1X,α1q ¤
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pα2X,α2q if and only if there exists a continuous function F : pα2X,α2q ÝÑ
pα1X,α1q such that F � α1 � α2.

Proposition 3.4.3 Every continuous function from X to a compact space
can be extended to βX, that is to say, if αX is a compact Hausdorff space
and α : X ÝÑ αX is continuous then there is a continuous function F :
pβX, eq ÝÑ pαX,αq such that F � e � α.

Proof: Note that pαX,αq is a compact Hausdorff space, hence a Tychonoff
space, which means that it can be embedded by the evaluation map into the
product space by Theorem 2.6.3 (6),

e
1

: αX ÝÑ
¹

gPC�pαXq

Ig,

We can define a map

H :
¹

fPC�pXq

If ÝÑ
¹

gPC�pαXq

Ig

by
rHptqsg � pg � αqptq for all t P

¹
fPC�pXq

If

pg � αq P C�pXq for each g P C�pαXq, therefore H is a continuous function.
For t P epXq, then there exists x P X such that t � epxq

rHptqsg � pg � αqptq � gpαptqq � gpαpepxqqq � gpαpxqq � re
1

pαpxqqsg

Therefore, since αpxq P αX then HpepXqq � e
1

pαXq...p� � �q.
If F were to be defined such

F : βX ÝÑ αX

with F � e
1�1�pH|βXq, then it must be that e

1�1pHpβXqq � αX; since epXq
is dense in βX, then HpepXqq is dense in HpβXq because H is a continuous
map, also e

1

pαXq is close (hence contains the closure of its subset as the
smallest closed set) since αX is compact. Hence, using these facts and p� � �q
we have

HpepXqq � HpβXq � e
1

pαXq
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Therefore
e
1�1pHpβXqq � αX

Hence the image of F is indeed in αX. For x P X

pF � eqpxq � e
1�1pHpepxqqq � e

1�1pe
1

pαpxqq � αpxq

Hence, also F � e � α. Therefore F is the function that extends α from X
to a compact space αX to F from a Stone-Čech compactification to αX. l

Theorem 3.4.4 If pαX,αq P KpXq, the function α is a dense embedding of
X into αX, then pαX,αq ¤ pβX, eq where pβX, eq is the Stone-Čech com-
pactification of X.

Proof: From the previous proposition, if pαX,αq is a compactification, then
there exists a function F that extendes α to be from a Stone-Čech compact-
ification to αX. Therefore, there is a continuous function F : pβX, eq ÝÑ
pαX,αq such that F � e � α. Hence pαX,αq ¥ pβX, eq. Now all that is left
is to prove uniqueness.
Claim: The Stone-Čech compactification pβX, eq, is the only compactifica-
tion of X of which other compactification maps can be extended to.
Let pγX,Xq P KpXq be arbitrary and pαX,αq be a compactification such
that there is a continuous function F

1

: pαX,αq ÝÑ pγX, γq with F
1

�α � γ.
Then, there is a continuous function

ϕ1 : βX ÝÑ αX

defined such that ϕ1 � e � α, hence pαX,αq ¤ pβX, eq.
Similarly, a map can be defined

ϕ2 : αX ÝÑ βX

such that ϕ2 � α � e, hence pβX, eq ¤ pαX,αq.
Therefore, pαX,αq is equivalent to pβX, eq. Hence, pβX, eq is characterized
up to topological equivalence by the extension property, and it can also be
deduced that it is the largest element of the partially ordered lattice of all
compactifications of X, pKpXq,¤q. l

Since βX is the maximum compactification in the collection of all compact-
ifications pKpXq,¤q, then there is always a function from βX to any other
compactification by the definition of the order on KpXq.
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Definition 3.4.5 Let αX be any compactification of X, then the mapping
f : βX ÝÑ αX such that fpxq � x for any x P X is called the natural
map.

We are now going to show that for a strongly zero-dimensional space, its
Stone-Čech compactification is zero-dimensional, a fact we get from a theo-
rem in [24, Chapter 12, Lemma 3.9].

Definition 3.4.6 A completely regular space X is called strongly zero-
dimensional if for every disjoint zero-sets A and B in X, there exists a
clopen set U such that A � U and U XB � Ø.

Lemma 3.4.7 If A and B are disjoint zero-sets of X, then ClβXpAq X
ClβXpBq � Ø

Proof: If two zero-sets A and B of X are disjoint, then there exists a
function f : X ÝÑ r0, 1s such that fpaq � 1 for a P A and fpbq � 1 for b P B.
Then f is a continuous mapping from X into a compact space, so it has a
continuous βf : βX ÝÑ r0, 1s. We have that βfpaq � 0 for a P ClβXpAq
since βfpaq � 0 for a P A, similalry we have that βfpbq � 1 for b P ClβXpBq.
Hence ClβXpAq X ClβXpBq � Ø. l

Theorem 3.4.8 A space X is strongly zero-dimensional if and only if βX
is zero-dimensional.

Proof: ùñ We show that βX is totally disconnected when X is strongly
zero-dimensional, then a compact Hausdorff space that is totally disconnected
is zero-dimensional. If p and q are distinct points of βX, then we can choose
disjoint neighborhoods A and B of p and q, respectively. So A X X and
BXX are disjoint zero-sets of X. Then there exists a clopen set U such that
AXX � U and pB XXq XU � Ø. Thus ClβXpUq is a clopen set containing
p but not q, hence βX is totally disconnected.
ðù Assume that A and B are disjoint zero-sets of X, then ClβXpAq X
ClβXpBq � Ø by Lemma 3.4.7. Since βX is normal and zero-dimensional,
there is a clopen set U such that ClβXpAq � U and UXClβXpBq � Ø. Hence
U X X is a clopen set of X such that A � U X X and pU X Xq X B � Ø.
Therefore X is strongly zero-dimensional. l

Remark: An element of a ring pR,�, .q is called clean if it is the sum of a
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unit (an element the having multiplicative inverse) and an idempotent (an
element whose square is itself), and A � R is called clean if every element of
A is clean. In [3, Theorem 2.5] it is shown that CpXq is clean if and only if
X is strongly zero-dimensional, that means that CpXq is clean if and only if
βX is zero-dimensional by Theorem 3.4.8.
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Chapter 4

Proximity spaces and
compactifications

4.1 Proximity spaces

A proximity space is an axiomatization of the intuitive notion of nearness that
holds set-to-set. The concept was axiomatized by V. A. Efremovič in 1934,
but published in 1951 (to which he referred to as infinitesimal space). This
section aims to provide a background knowledge to the theory of proximity
space, more details on proximity spaces can be found in [26]. Amongst
other things, we are going to show that a compact Hausdorff space has a
compatible separated proximity. The following definition gives the axiomatic
characterization of proximity spaces.

Definition 4.1.1 A separated proximity on a space X is a binary rela-
tion δ on PpXq satisfying
pP1q Ø ��δ A for any A � X,
pP2q If A,B � X, and AXB � Ø, then A δ B,
pP3q If A,B � X, and A δ B, then B δ A,
pP4q For A,B1, B2 � X, A δ pB1 YB2q if and only if A δ B1 or A δ B2,
pP5q If A,B � X, and A ��δ B, then there exists E � X such that A ��δ E and
B ��δ X � E,
pP6q x δ y implies x � y (we write x δ y instead of txu δ tyu).

The following properties follow directly from the list in Definition 4.1.1 and
can be found in [26].
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Lemma 4.1.2 For a proximity space pX, δq, we have

1. If A δ B, A � C and B � D, then C δ D.

2. If there exists an x such that A δ x and x δ B, then A δ B.

If pX, δq is a proximity space, a topology τpδq is naturally defined in it in
the following way: a set A � X is said to be closed if it contains all points
x such that x δ A. In the next theorem we verify that all the axioms for a
topological space are satisfied by this topology.

Theorem 4.1.3 Let A be a subset of a proximity space pX, δq. Let A be
defined to be closed if and only if x δ A implies x P A, then the collection of
complements of all closed sets yields a topology on X denoted by τpδq.

Proof: Since x ��δ Ø for every x P X, for x not in the empty set, then Ø is
closed. X is closed because for x δ X we have x P X. Let tAi : i P Iu be an
arbitrary collection of closed sets. If x δ

�
iPI Ai then by pP2q of Definition

4.1.1, x δ Ai for each i P I, and so x P Ai for each i P I since Ai is closed.
Thus x P

�
iPI Ai, which means

�
iPI Ai is closed. Finally, if A1 and A2 are

closed and x δ pA1 Y A2q then by pP4q of Definition 4.1.1, either x δ A1 or
x δ A2. But A1 and A2 are closed, implying that x P A1 or x P A2, hence
x P pA1 Y A2q. Thus A1 Y A2 is closed. l

The closure of a set in a topological space is the intersection of all closed sets
which contain that set. We give a description of closed sets for the topology
τpδq below.

Theorem 4.1.4 Let pX, δq be a proximity space and τ � τpδq. Then the
τ -closure ClXpAq of a set A is given by

ClXpAq � tx : x δ Au.

Proof: If ClXpAq denotes the intersection of all closed sets containing A and
Aδ � tx : x δ Au, then we must show that ClXpAq � Aδ. Let x P Aδ, then
x δ A. By Lemma 4.1.2 (1), that means that x δ ClXpAq. Since ClXpAq
is closed in τpδq and in Theorem 4.1.3, ClXpAq is closed when x δ ClXpAq
implies that x P ClXpAq. Hence we have Aδ � ClXpAq. To prove the
reverse inclusion it suffices to prove that Aδ is closed, and since ClXpAq is
the intersection of closed sets then it will be contained in it. By the definition
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of τpδq, Aδ is closed if x δ Aδ implies x P Aδ. So let x R Aδ, then x ��δ A, so
that by Definition 4.1.1 pP5q there is a set E such that x ��δ E and pX�Eq ��δ A.
By Lemma 4.1.2 (2) that means that there is no point y P pX�Eq such that
y δ A, therefore Aδ � E. But x ��δ E, by Lemma 4.1.2 (1) that implies that
x ��δ Aδ as required to be proved. l

Proposition 4.1.5 Let G,A,B be subsets of the proximity space pX, δq.
Then:

1. G P τpδq if and only if x ��δ pX �Gq for every x P G.

2. A ��δ B implies ClXpBq � pX � Aq.

Proof: p1q G P τpδq if and only if pX � Gq is closed in pX, τpδqq, that is if
and only if pX�Gq contains all the points x such that x δ pX�Gq, and this
means that for x R X �G we have x ��δ pX �Gq.
p2q Suppose that ClXpBq � A, by pP2q of Definition 4.1.1 we have that
ClXpBq δ A which in turn means B δ A. l

Proposition 4.1.6 For subsets A and B of a proximity space pX, δq, we
have A δ B if and only if ClXpAq δ ClXpBq (where the closure is taken with
respect to τpδq).

Proof: If A δ B, then we have ClXpAq δ ClXpBq since A � ClXpAq and
B � ClXpBq, by Lemma 4.1.2. Now suppose that A ��δ B, then by pP5q
of Definition 4.1.1 there exists an E such that A ��δ E and pX � Eq ��δ B.
By Proposition 4.1.5 (2), ClXpBq � E, and by Lemma 4.1.2 (1) A ��δ E
implies A ��δ ClXpBq. It then follows by pP3q of definition 4.1.1 that also
ClXpAq ��δ ClXpBq. l

We consider the concept of δ-neighborhood in a proximity space, which was
also introduced V. A. Efremovič.

Definition 4.1.7 A subset B of a proximity space pX, δq is a δ-neighborhood
of A, written as A ! B, if and only if A ��δ pX �Bq.

Lemma 4.1.8 The following properties hold for δ-neighborhoods

1. If Ai ! Bi where i � 1, ..., k, then
�
iAi !

�
iBi and

�
iAi !

�
iBi.

2. If A ! C then there exists a B such that A ! B ! C.
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Proof: We prove p1q for k � 2 only. Let A1 ! B1 and A2 ! B2. If
B � B1 YB2 then A1 ! B and A2 ! B. This means that A1 ��δ pX �Bq and
A2 ��δ pX�Bq, therefore by pP4q of Definition 4.1.1 we have pA1YA2q ��δ pX�
Bq, i.e A1 Y A2 ! B as required. For the intersection, take A � A1 X A2.
Then A ! B1 and A ! B2, i.e A ��δ pX � B1q and A ��δ pX � B2q. By Lemma
4.1.2 (1), that means we have A ��δ pX � pB1 XB2qq, i.e A ! B1 XB2.
For the proof of p2q, let A ! C. Then A ��δ pX � Cq, means (by pP5q of
Definition 4.1.1) that there is an E such that A ��δ E and pX � Eq ��δ C, but
that in turn means A ! X � E and X � E ! C. By choosing B � X � E
we get the desired result. l

Lemma 4.1.9 Let pX, δq be a proximity space and let ClXpAq and IntXpAq
denote, respectively, the closure and interior of A in τpδq. Then

1. A ! B implies ClXpAq ! B, and

2. A ! B implies A ! IntXpBq.

Therefore A � IntXpBq, showing that a δ-neighborhood is a topological neigh-
borhood.

Proof: p1q A ! B means that A ��δ pX�Bq which implies ClXpAq ��δ pX�Bq
by Proposition 4.1.6, i.e ClXpAq ! B
p2q By noting that ClXpX � Bq is equivalent to pX � IntXpBqq we have
A ��δ pX �Bq implies A ��δ ClXpX �Bq by Proposition 4.1.6, which in turn is
equivalent to A ��δ pX � IntXpBqq, i.e. A ! IntXpBq. l

Lemma 4.1.10 pP5q of Definition 4.1.1 is equivalent to the following con-
ditions:
pP �

5 q A ��δ B implies there exist subsets C and D such that A ��δ pX � Cq,
pX �Dq ��δ B, and C ��δ D.
pP ��

5 q A ��δ B implies that A and B have disjoint δ-neighborhoods.
pP ���

5 q A ��δ B implies that there exist sets C and D such that C Y D � X,
A ��δ C, and B ��δ D.

Proof: To prove that pP �
5 q implies pP5q of Definition 4.1.1, we note that if

C ��δ D, then C � pX �Dq by Proposition 4.1.5 (2). Setting E � X � C, we
have A ��δ E and since pX �Dq ��δ B then pX � Eq ��δ B. On the other hand,
suppose that pP5q of Definition 4.1.1 holds. Then A ��δ B implies there is a D
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such that A ��δ D and pX �Dq ��δ B. Moreover, since A ��δ D, there exists a C
such that A ��δ pX � Cq and C ��δ D, which completes the proof.
To see that pP5q of Definition 4.1.1 is equivalent to pP ��

5 q we note that if
A ��δ E then A ! pX � Eq and if pX � Eq ��δ B then B ! E where E and
pX � Eq are disjoint.
Finally, to see that pP5q of Definition 4.1.1 is equivalent to pP ���

5 q, we just
note that E Y pX � Eq � X. l

Proposition 4.1.11 If pX, δq is a proximity space and A � X, then ClXpAq ��
A!B B.

Proof: From Lemma 4.1.9 we have that A ! B implies that ClXpAq ! B
and hence ClXpAq � B. That means that ClXpAq �

�
A!B B. To show the

reverse inclusion, suppose that x R ClXpAq. Then x ��δ ClXpAq, by Lemma
4.1.10, ClXpAq has a δ-neighborhood Bx not containing x. Thus we have
x R
�
A!B B. l

Definition 4.1.12 If on a set X there is a topology τ and a proximity δ
such that τ � τpδq, then τ and δ are said to be compatible.

Definition 4.1.13 We say that subsets A and B in X are functionally
distinguishable if and only if there is a continuous function f : X ÝÑ r0, 1s
such that fpAq � 0 and fpBq � 1.

If we take any set Q � X, where X is a proximity space, and all proximity
relations between subsets of Q are just as they are in X, then Q becomes a
proximity space. With the compactification of X, αX, we have X � αX,
and that means if we have a compatible proximity for αX then we also have
a compatible proximity for X as a subspace. In the following theorem we
prove that we indeed have a compatible proximity for a compact Hausdorff
space.

Theorem 4.1.14 In a compact Hausdorff space pX, τq, A δ B if and only if
ClXpAq X ClXpBq � Ø, defines a separated compatible proximity.

Proof: A compact Hausdorff space is normal, and by Urysohn’s lemma,
ClXpAqXClXpBq � Ø if and only if A and B are functionally distinguishable.
Then it is sufficient to prove that the proximity defined by, A ��δ B if and only
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if A and B are functionally distinguishable, is compatible with τ .
Firstly we show that δ is a proximity,
pP1q : Since fpØq � Ø for any continuous function, that means we can always
find a function that is zero at the empty set and 1 on any subset of X since
the intersection is empty.
pP2q : If A X B � Ø, then there is no function from X to r0, 1s such that
fpAq � 0 and fpBq � 1, that is to say that A and B can not be functionally
distinguishable. Hence A δ B
pP3q : If B ��δ A, then A and B are functionally distinguishable, hence A ��δ B.
pP4q : If A δ pB1 Y B2q, then there is no function f : X ÝÑ r0, 1s such that
fpAq � 0 and fpB1 YB2q � 1, that means that there is no function from X
to r0, 1s such that fpAq � 0 and fpB1q � 1. Hence A δ B1.
pP5q : Suppose that A ��δ B and let f be a continuous function from X to
r0, 1s such that fpAq � 0 and fpBq � 1. Set E � tx P X : 1{2 ¤ fpxq ¤ 1u.
Then A ��δ E and pX � Eq ��δ B. We show by example that A ��δ E; Let
g : r0, 1s ÝÑ r0, 1s be defined by gpyq � 2y for 0 ¤ y ¤ 1{2 and gpyq � 1 for
1{2 ¤ y ¤ 1. Then g � f is a continuous function from X to r0, 1s such that
g � fpAq � 0 and g � fpEq � 1.
We show that τ � τpδq. Let G P τ and x P G. Then x R X � G, which is a
closed set. Since X is completely regular, there exists a continuous function
f : X ÝÑ r0, 1s such that fpxq � 0 and fpX � Gq � 1. By the definition
of the proximity, x ��δ pX �Gq. Hence by Proposition 4.1.5 (1), we have that
G P τpδq. Conversely, if G P τpδq and x P G, then by Proposition 4.1.5
x ��δ pX � Gq. Hence, by the definition of the proximity, there exists a τ -
continuous function f : X ÝÑ r0, 1s such that fpxq � 0 and fpX � Gq � 1.
Then f�1pr0, 1{2qq is a τ -open neighborhood of x contained in G. Therefore
G is τ -open, i.e. G P τ . To see that pP6q is satisfied when pX, τq is Tychonoff,
we note that if x � y then x R ClXptyuq since pX, τq is T1. From the definition
of a completely regular space, we are assured that x and ClXptyuq � y are
functionally distinguishable, implying that x δ y. l

We also have the converse, which is found in [26, Theorem 3.14], which states
that:

Theorem 4.1.15 If pX, δq is a separated proximity space, then τpδq is Ty-
chonoff.

We now define the concept of a proximity map and show that it is the same
as a mapping being continuous in its own topology. And in turn, continuous
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functions that have a compact domain are proximity mappings.

Definition 4.1.16 Let pX, δ1q and pY, δ2q be two proximity spaces. A func-
tion f : X ÝÑ Y is a proximity mapping if A δ1 B implies fpAq δ2 fpBq.

In the following propositions, we are using the fact that a function f : X ÝÑ
Y between two topological spaces is continuous if and only if f�1pF q is closed
in X whenever F is closed in Y , that is if and only if fpClXpAqq � ClY pfpAqq
for any subset A of X.

Proposition 4.1.17 A proximity mapping f : pX, δ1q ÝÑ pY, δ2q is contin-
uous with respect to τpδ1q and τpδ2q.

Proof: In τpδ1q and τpδ2q we have ClXpAq � tx : x δ1 Au and ClY pfpAqq �
ty : y δ2 fpAqu. So, if x P ClXpAq, i.e fpxq P fpClXpAqq, we have x δ1A
which means that fpxq δ2 fpAq since f is a proximity mapping. Therefore
fpxq P ClY pfpAqq, from which we can conclude that fpClXpAqq � ClY pfpAqq
as required. l

Proposition 4.1.18 If pX, δ1q and pY, δ2q are proximity spaces and X is
compact, then every continuous function f from X to Y is a proximity map-
ping.

Proof: Since X is compact, if A and B are subsets of X such that A δ1 B,
then ClXpAq X ClXpBq � Ø by Theorem 4.1.14. But this implies that
fpClXpAqq X fpClXpBqq � Ø, which in turn means that

fpClXpAqq δ2 fpClXpBqq

by pP2q of Definition 4.1.1. Since f is continuous, fpClXpAqq � ClY pfpAqq
and fpClXpBqq � ClY pfpBqq, through Lemma 4.1.2 (1) this yields

ClY pfpAqq δ2 ClY pfpBqq.

From Proposition 4.1.6 it follows that fpAq δ2 fpBq, therefore f is a proximity
map. l

Definition 4.1.19 Two proximity spaces pX, δ1q and pY, δ2q are called prox-
imally isomorphic (or δ-homeomorphic) if and only if there exists a
one-to-one mapping f from X onto Y such that both f and f�1 are proxim-
ity mappings.
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A subset of a proximity inherits a proximity from a proximity space.

Proposition 4.1.20 Let pX, δq be a proximity space and let Y be a subset
of X. For any sets A,B of Y , define A δY B if and only if A δ B. Then δY
is a proximity on Y .

Proof: pP1q : Since a subset of Y is also a subset of X, Ø ��δ A for any A � X
implies that Ø ��δY A for any subset A of Y .
pP2q : If A X B � Ø in Y then A X B � Ø in X and since δ is a proximity
on X by pP2q of Definition 4.1.1 we have A δ B and hence A δY B by the
definition of δY .
pP3q : Since δ is reflexive then δY is also reflexive.
pP4q : Condition pP4q of Dediniiton 4.1.1 is satisfied by δY since it is satisfied
by δ.
pP5q : Let A ��δY B, we are going to show that there is a set E of Y such that
A ��δY E and pY � Eq ��δY B. If A ��δY B, then A ��δ B by the definition of δY ,
hence there exists a set E1 of X such that A ��δ E1 and pX �E1q ��δ B by pP5q
of Definition 4.1.1 since δ is a proximity on X. If the intersection of Y and
E1 is empty then Y is a subset of X � E1. Since pX � E1q ��δ B then Y ��δ B
which contradicts that B is a subset of Y . Hence the intersection of Y and
E1 is not empty. Let E � Y X E1. Since E � E1 and A ��δ E1, then A ��δ E,
which means A ��δY E. Also, since Y � E � X � E1 and pX � E1q ��δ B then
pY � Eq ��δ B which means that pY � Eq ��δY B. l

4.2 Representation of compactifications us-

ing proximities

In [29], it is shown that the partially ordered set of inequivalent compactifi-
cations of a completely regular space X is isomorphic to the partially ordered
set of proximities on X that induce the topology on X. This result is known
as Smirnov theorem. It provides a characterization of the structure of com-
pactifications of a completely regular X by means of proximities on X that
induce the topology on X. In this section we are going to explore the Smirnov
Theorem in detail. The concept of centered δ-system and ends, to be defined,
is similar to the concept of filters and ultrafilter. The ends are used to con-
struct a compact space from a completely regular space, which is thus used
to construct the Smirnov compactification of X.
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Definition 4.2.1 A collection of sets F from a proximity space is said to be
a centered δ-system if and only if

1. A,B P F implies that AXB � Ø,

2. A P F implies the existence of a B P F such that B ! A.

Supplementing the centered δ-system F with the intersections of all possible
finite subsystems, we get a new centered δ-system F 1

, any finite intersection
of whose elements also belong to F 1

. Supplementing the system F 1

with all
sets A � X which contain any set B P F 1

, we get a new centered δ-system,
which we denoted by ξ (because we want to think of it as elements of a set in
what follows). Let ξA denote the set of all δ-neighborhoods of any non-empty
set A of a proximity space X, then ξA is an example of a centered δ-system.

Definition 4.2.2 An end of a proximity space X is any centered δ-system,
ξ, which is not a subsystem of any other centered δ-system.

It follows from the preceding remark that the intersection of any finite number
of elements of an end ξ also belongs to ξ and that any set A � X which
contains an element of an end ξ also belongs to ξ. We denote the set of all
ends of a given proximity space X by uX. We now want to define a proximity
on the set of all ends, but first we define the operator Ep q; Ep q corresponds
to each set A � X the set of all ends ξ P uX which contain A as an element,
that is EpAq � tξ P uX : A P ξu.

Proposition 4.2.3 Let EpAq � tξ P uX : A P ξu, then we have

1. EpAq X EpBq � EpAXBq.

2. EpAq Y EpBq � EpAYBq.

3. if A and B are sets of the proximity space X such that pX�Aq ��δ pX�
Bq, then EpAq Y EpBq � uX.

Proof: p1q We have that ξ P EpA X Bq if and only if A X B P ξ, that is
ξ P EpA X Bq if and only if A P ξ and B P ξ, which is true if and only if
ξ P EpAq X EpBq.
p2q If ξ P EpAq YEpBq then ξ P EpAq or ξ P EpBq, i.e A P ξ or B P ξ, which
means that ξ P EpAYBq.
For p3q we are going to prove that every end ξ contains either A or B if
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pX � Aq ��δ pX � Bq. In the case X � A we have that A P ξ for every
end. Otherwise D � X � A is not empty, and so the system ξD of all δ-
neighborhoods of D is a centered δ-system by Lemma 4.1.8 (2). Let ξ be an
arbitrary end in uX. If every H of ξ meets D, then the union ξD Y ξ of the
system ξD and the end ξ will be a centered δ-system. Since ξ is an end, we
must have ξD � ξ. But D ��δ pX � Bq, which means D ! B, i.e B P ξD, and
consequently B P ξ. In the remaining case when D is not empty and the
end ξ has an element H which does not meet D, we get that H � A, and so
A P ξ. l

We are going to define a proximity on the set of all ends uX of X, using
the proximity which is defined on X. The set of all ends, with its topology
induced by the defined proximity, will be shown that it is a compact space
and also X will be densely embedded in it, hence it is the compactification
of X. We say that this compactification is induced by the proximity defined
on X.

Proposition 4.2.4 Let E1 and E2 be any two sets of ends of X. Define
E1 ��δ�� E2 if and only if there exists sets A and B such that A ��δ B, E1 � EpAq
and E2 � EpBq. Then puX, δ��q is a separated proximity space.

Proof: pP1q : To prove pP1q we note that EpØq � Ø, EpXq � uX, and
X ��δ Ø. Since uX � EpXq and Ø � EpØq, by the definition of δ�� we must
have that uX ��δ�� Ø. That means that for any non-empty set E of uX, we
have E ��δ�� Ø.
pP2q : Suppose that E1 ��δ�� E2. Then there are sets A and B such that
E1 � EpAq, E2 � EpBq, and A ��δ B. Since δ is a proximity, we have AXB � Ø
by pP2q of Definition 4.1.1, therefore E1 X E2 � Ø as required.
pP3q : E1 ��δ�� E2 if and only if E2 ��δ�� E1 by pP3q of Definition 4.1.1 since δ is
a proximity on X.
pP4q : Let N , E1, E2 be sets in uX. We will show the validity of pP4q in the
equivalent form: N ��δ�� pE1 Y E2q if and only if N ��δ�� E1 and N ��δ�� E2.
Let N ��δ�� pE1 Y E2q, then by definition of δ�� we can find sets A and B in
X such that A ��δ B, E1 Y E2 � EpAq and N � EpBq. Then there are sets
A,B in X such that A ��δ B, E1 � EpAq, and N � EpBq, then by definition
of δ�� we have N ��δ�� E1. Similarly, we have that N ��δ�� E2. Conversely,
suppose that N ��δ�� E1 and N ��δ�� E2. By the definition of δ��, we can
find pairs of sets A,B and A

1

, B
1

in X such that E1 � EpAq, N � EpBq,
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E2 � EpA
1

q, N � EpB
1

q, A ��δ B, and A
1

��δ B
1

. Then we have that A ��δ BXB
1

and A
1

��δ B X B
1

, by pP4q of Definition 4.1.1 (since δ is a proximity) we
get A Y A

1

��δ B X B
1

. And by applying p1q, p2q of Proposition 4.2.3 we get
E1Y E2 � EpAq YEpA

1

q � EpAYA
1

q and N � EpBq XEpB
1

q � EpBXB
1

q.
Then by the definition of δ��, we must have N ��δ��pE1 Y E2q as required to be
proved.
pP5q : We will prove instead an equivalent pP ���

5 q of Lemma 4.1.10. Suppose
that E1 ��δ�� E2, then there are sets A and B of X such that A ��δ B, E1 � EpAq,
and E2 � EpBq. A ��δ B implies that B ! pX � Aq, hence by Lemma 4.1.8
(2) there is a B

1

and B
2

of X such that B ! B
1

! B
2

! pX � Aq. B
1

! B
2

implies that pX �B
1

q ��δ X � pX �B
2

q, therefore by Proposition 4.2.3 (3) we
have EpB

1

q Y EpX � B
2

q � uX. But E1 � EpAq and A ��δ B
1

which means
that E1 ��δ�� EpB

1

q. In the same way we get E2 ��δ�� EpX �B
2

q.
To show that δ�� satisfies pP6q, we take any distinct elements of uX, say ξ1
and ξ2, and show that ξ1 ��δ�� ξ2. Suppose that ξ1 � ξ2, then we can find
disjoint sets A P ξ1 and B P ξ2. Since ξ1 is a centered δ-system, there is a
set C P ξ1 such that C ! A, hence C ��δ pX � Aq, which means that we have
C ��δ B. But also ξ1 P EpCq and ξ2 P EpBq, by the definition of δ��, we must
have ξ1 ��δ�� ξ2. l

Proposition 4.2.5 The system ξx of all δ-neighborhoods of each point x P X
is an end.

Proof: For this we are going to take the system ξx of some point x P X and
will show that if there is a collection of sets ξ which contains ξx as a proper
subsystem, satisfying Definition 4.2.1 (2) then it does not satisfy the other
condition. Hence, we show that ξ is not a centered δ-system. We choose
a set A P pξ � ξxq. Since we assumed that ξ satisfy p2q of Definition 4.2.1,
we can find sets B and C in ξ such that C ! B ! A. Since A is not a
δ-neighborhood of x, we have x R B, and so x ��δ C. This means that X � C
is in ξx, and so in ξ. But we also have C P ξ, this means that ξ does not
satisfy condition p2q of Definition 4.2.1 since pX �Cq XC � Ø. That means
that ξx is not a subsystem of any other centered δ-system. l

Proposition 4.2.6 The map u : X ÝÑ uX, where upxq � ξx for each
x P X, is a δ-homeomorphism of X into uX, and X is dense in uX

Proof: We will first show that u is one-to-one. Let x � y in X. Since δ is a
separated proximity, x δ y. Then by Lemma 4.1.10 pP ��

5 q, there are disjoint
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δ-neighborhoods A and B such that A P ξx and B P ξy. But that means that
ξx � ξy. Now we need the following claim,
Claim : For any set A � X the preimage u�1pEpAqq is the interior of A
Let x P u�1pEpAqq, this means that upxq � ξx P EpAq, that is A P ξx
and so x ! A. By Lemma 4.1.9, it follows that x P IntpAq. Conversely,
let x P IntpAq. Since IntpAq P τpδq, by Proposition 4.1.5 p1q we have
x ��δ pX � IntpAqq. Consequently, x ! IntpAq, and hence x ! A. That
means that A P ξx, i.e ξx P EpAq, and hence x P u�1pEpAqq. The claim is
proved.
We must now show that u and u�1 are proximity maps. Firstly, let E ��δ�� N
be sets in uX. There are sets A and B in X such that A ��δ B, E � EpAq,
and N � EpBq. Then we have u�1pEq � A and u�1pN q � B, but we
have A ��δ B, hence u�1pEq ��δ u�1pN q. That means that u is a proximity
map. To show that u�1 is a proximity map, suppose that A ��δ B in X.
Then B ! pX � Aq, and by Lemma 4.1.8 (2) we can choose sets B

1

and
B

2

such that B ! B
1

! B
2

! pX � Aq. Since by Lemma 4.1.9, B ! B
1

implies that B � IntpB
1

q, we can then deduce that upBq � EpB
1

q. Similarly,
B

2

! pX �Aq implies that B
2

��δ A, i.e A ! pX �B
2

q, which in turn implies
A � IntpX�B

2

q, which means that upAq � EpX�B
2

q. But B
1

! B
2

means
that B

1

��δ pX �B
2

q. By the definition of δ��, this means that upAq ��δ�� upBq.
To prove that X is dense in uX, we must consider X as a subspace of uX,
then ClpXq � tξ : ξ δ�� Xu. So we must show that every point ξ P uX is
such that ξ δ�� X. For this purpose, in view of our definition of δ�� in uX,
we will prove that any sets A and B of X such that ξ P EpAq and X � EpBq.
Then we must have A δ B. In fact we have X � B; an x P X is represented
by ξx when X is considered as a subspace of uX, X � EpBq means B P ξx,
which means B X txu � Ø, hence x P B. Therefore X � B. So that means
A δ B, as required. l

Definition 4.2.7 By a δ-extension of the proximity space X we mean any
proximity space which contains X as a dense subspace. We will call a prox-
imity space absolutely closed if it has no δ-extension except for itself.

In order to call uX a compactification of X, we must show that uX is in-
deed compact. We start with absolute closedness of a proximity space, and
then establish compactness. We need the following criterion for absolute
closedness of a proximity space;
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Proposition 4.2.8 A proximity space pX, δq is absolutely closed if and only
if every centered δ-system of sets of X have a non-empty intersection.

Proof: Suppose X is not absolutely closed. Then there is a δ-extension
X

1

� X Y tyu of X consisting of all points x P X and another point y. We
consider the end η of the space X

1

made up of all neighborhoods of y and
show that ξ � tXXH : H P ηu is a centered system with empty intersection.
Firstly, y is a limit point of X, therefore if we take H1 and H2 that are
neighborhoods of y then they contain atleast one point of X. Therefore
pXXH1qXpXXH2q � Ø, hence condition (1) of Definition 4.2.1 is satisfied.
Since for H P η, there is an H

1

such that H
1

! H it follows immediately
that X X H

1

! X X H, and hence condition (2) of Definition 4.2.1 is also
satisfied. This means that ξ is a centered δ-system. It remains to show that
the intersection of all A P ξ is empty. We note that for x P X we can find
a δ-neighborhood which is disjoint from the δ-neighborhood of y, hence we
have that the intersection of all H P η consists of just one point y, so that�
APξ A � Ø, which was to be proved.

Conversely, let ξ
1

be a centered δ-system in the proximity space X with
empty intersection. We supplement ξ

1

to make it an end ξ. Since ξ
1

� ξ,
the intersection of all A P ξ is empty. This means that X has an end ξ
which is different from any proper end ξx for x P X. Consequently, X has
a δ-extension uX different from X and this means that X is not absolutely
closed. l

Theorem 4.2.9 Let pX, δq be a proximity space, then puX, δ��q is absolutely
closed.

Proof: By Proposition 4.2.8 it is necessary for us to establish that every
centered δ-system η

1

of sets of uX has a non-empty intersection. We supple-
ment the arbitrarily chosen centered δ-system η

1

to be an end η of uX. Then
ξ
1

� tX XH : H P ηu is a centered δ-system. We supplement this system ξ
1

to make it an end ξ of X and show that ξ P H for every H P η
1

. Suppose that
a set H P η

1

could be found which does not contain ξ. By Definition 4.2.1,
there is an H1

P η
1

such that H1

! H. This means that H1

��δ�� puX � Hq,
and since ξ is not contained in H then we have H1

��δ�� ξ. This means, by
the definition of the proximity in uX, that we can find sets A and B in X
such that A ��δ B, ξ P EpAq and H1

P EpBq. This means that A P ξ and since
B P H1

we have A
1

� X X H1

� B. Then A
1

P ξ and since A ��δ B we also
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have A ��δ A
1

. But ξ is a centered δ-system, hence we have a contradiction.
That means that ξ P

�
H for every H P η

1

. l

In the following theorem, we are going to use the following characterization
of compactness: pX, τq is compact if F � PpXq consists of closed sets such
that any intersection of finitely many elements of F is non-empty (to which
we say that F has the finite intersection property), then

�
F � Ø

Theorem 4.2.10 The proximity space pX, δq is absolutely closed if and only
if it is compact.

Proof: If X is compact as a topological space, then there is no proximity
space which contains X as a dense subspace except for itself. Conversely,
suppose we have an absolutely closed proximity space X. Let φ be arbitrary
and consist of closed sets of X with the finite intersection property, then
we must show that φ has a non-empty intersection. For every F P φ, we
consider the system ξF of all its δ-neighbourhood. Since no F P φ is empty,
every system ξF will be a centered δ-system. We let ξ �

�
ξF , now we prove

that ξ is a centered δ-system. Firstly, on condition (1) of Definition 4.2.1, if
A,B P ξ then there is F1 and F2 such that A P ξF1 and B P ξF2 . That means
that F1 ! A and F2 ! B, which in turn implies that F1 X F2 ! AX B. But
F1 X F2 � Ø since φ has the finite intersection property. Therefore A X B
is also non-empty since it is a δ-neighborhood of a non-empty set. Then
condition (2) of Definition 4.2.1 is satisfied in ξ since it is also satisfied in
φ. So, since X is absolutely closed, the intersection of all H P ξ is non-
empty. We will show now that this intersection

�
HPξH coincides with the

intersection of all F P φ. In fact, by Proposition 4.1.11, for every F P φ the
intersection of all H P ξF is F itself since it is closed, i.e F �

�
HPξF

H. So
we can safely say that

�
FPφ F �

�
HPξH, and since

�
HPξH is non-empty,

then
�
FPφ F is also non-empty as required. l

We can now safely say that uX is a compactification of X, with the topology
induced by δ��, that is to say that puX, τpδ��qq is a compactification of X.
We now want this compactification to be unique, and hence the next theorem.
But before we prove the theorem we need a result from the paper by Smirnov
(1952) named; Mappings of systems of open sets, written in Russian. It
states that: in order that two compactifications of the space X be distinct, it
is necessary and sufficient that there exists a pair of closed subsets of X, the
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closure of which intersect in one compactification and do not intersect in the
other compactification.

Theorem 4.2.11 Let pX, δq be a proximity space, then it has only one ab-
solutely closed δ-extension, i.e there is only one proximity space puX, δ��q
which is absolutely closed.

Proof: If puX, δ��q is a proximity space which is absolutely closed then
puX, τpδ��qq is a compactification of pX, τq. Let pvX, τpδ��v qq be another
compactification which is different from uX, then there is no homeomor-
phism of vX onto uX which is the identity on X. But this means (by the
comment on the previous paragraph) that there are sets A and B in X whose
closure meet in one compactification, say vX, and are disjoint in the other
compactification. This means, by Theorem 4.1.14, that A δ��v B but A ��δ�� B.
Which is impossible since X is a subspace of both vX and uX. l

By Theorem 4.1.15, we have that a separated proximity induces a Tychonoff
topology, hence a Hausdorff topology, we therefore have the following theo-
rem which can be found in [26, Theorem 7.7].

Theorem 4.2.12 Every separated proximity space pX, δq is a dense subspace
of a unique (up to δ-homeomorphism) compact Hausdorff space uX. More-
over, for A,B � X, A δ B if and only if CluXpAq X CluXpBq � Ø.

Definition 4.2.13 Let uX be the set of all ends of X and τpδ��q be the
topology on uX induced by the proximity δ��, then uX is called the Smirnov
compactification of X.

Definition 4.2.14 Let ΣpXq denote the set of all proximities on X. Define
a partial order on ΣpXq by saying that δ1 ¤ δ2 if and only if A δ2 B implies
A δ1 B for each A,B � X, which is also saying that δ1 ¤ δ2 if and only if
there is an identity proximity map f : pX, δ2q ÝÑ pX, δ1q . Then pΣpXq,¤q
is a partially ordered set.

All this analysis of the proximity space has been leading up to the Smirnov
Theorem which provides a characterization of the structure of compactifi-
cations of a completely regular space X by means of proximities on X that
induce a topology on X, but before we state it we need the following theorem
which we state without proof (the proof can be found in [26, Theorem 7.10],
but the compactifications are constructed using clusters in that instance).
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Theorem 4.2.15 Every proximity mapping g of pX, δ1q onto pY, δ2q has a
unique extension to a continuous mapping g� which maps the compactification
of X onto the compactification of Y .

Theorem 4.2.16 (Smirnov theorem). Let X be a completely regular
space. Then the partially ordered set pKpXq,¤q of inequivalent compacti-
fications of X is order isomorphic to the partially ordered set pΣpXq,¤q of
proximities that induce the topology on X.

Proof: Let ϕ : pΣpXq,¤q ÝÑ pKpXq,¤q. ϕ is onto since if αX is a com-
pactification of X, then αX is a compact Hausdorff space and by Theorem
4.1.14 we can define a compitable proximity on αX, which in turn defines a
proximity δX on X as a subspace of αX by Proposition 4.1.20. Therefore for
any arbitrary choosen compactification, there exist a proximity δX such that
ϕpδXq � αX. Also, ϕ is one-to-one since every proximity space has only one
δ-extension by Theorem 4.2.11 and hence one compactification generated by
it. Now we show that δ1 ¤ δ2 if and only if uX ¤ vX where ϕpδ1q � uX
and ϕpδ2q � vX. Suppose that δ1 ¤ δ2, then there is a proximity map
f : pX, δ2q ÝÑ pX, δ1q such that fpxq � x for all x P X. By Theorem 4.2.15
this map can be extended to a continuous map from vX into uX, therefore
uX ¤ vX. Conversely, let uX ¤ vX where ϕpδ1q � uX and ϕpδ2q � vX,
this means there is a continuous map g : vX ÝÑ uX such that gpxq � x
for x P X. Since vX is compact, by Proposition 4.1.18 this g is a proximity
map. Therefore the resitriction of g into X, g|X , is the identity proximity
map from pX, δ2q into pX, δ1q, thus δ1 ¤ δ2. l

4.3 Zero-dimensional proximities

There is another way of defining the Smirnov compactification using clus-
ters. In this section we go through this construction, and also recall zero-
dimensional proximities as defined in [7]. It turns out that if a space has a
zero-dimensional proximity then that proximity induces a compactification
which is zero-dimensional. Moreover, if a space is zero-dimensional, there
is a one-to-one correspondence between its zero-dimensional proximities and
its zero-dimensional compactification.

Definition 4.3.1 A collection σ of subsets of a proximity space pX, δq is
called a cluster if and only if the following conditions are satisfied:
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1. If A and B belong to σ, then A δ B

2. If A δ C for every C P σ, then A P σ

3. If pAYBq P σ, then A P σ or B P σ

Definition 4.3.2 For each x P X, the collection σx � tA � X : A δ xu is a
cluster. We call such a cluster a point cluster.

We have the following properties for clusters.

Proposition 4.3.3 Let σ be a cluster of X, then

1. If txu P σ for some x P X, then σ � σx.

2. If σ is any cluster in X, then X P σ. Hence for every subset E of X,
either E P σ or pX � Eq P σ.

3. If A P σ and A � B, then B P σ

4. If σ is any cluster in X, then A P σ if and only if ClXpAq P σ

Proof: (1) If txu P σ then x δ A for every A P σ, therefore σ � σx.
(2) We have X δ A for any A � X, therefore by Definition 4.3.1 (2) we have
that X P σ for any cluster σ. Moreover, since pX�EqYE then by Definition
4.3.1 (3) we have that X � E P σ or E P σ.
(3) A P σ, then A δ C for every C P σ. Since A � B then B δ C for every
C P σ, hence B P σ by Definition 4.3.1 (2).
(4) Since A δ B if and only if ClXpAq δ B then the result follows by Definition
4.3.1 (2). l

Proposition 4.3.4 Let σ be a cluster in a proximity space pY, δq and let
X P σ with X � Y . Then there exists a unique cluster σ

1

in pX, δXq such
that σ

1

� σ, namely σ
1

� tA � X : A P σu.

Proof: See [26, Theorem 5.16]. l

Proposition 4.3.5 A proximity space is compact if and only if every cluster
in the space is a point cluster.

Proof: See [26, Theorem 5.13]. l
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Definition 4.3.6 Let uX denote the set of all clusters in X. For P � uX,
we say that a subset A of X absorbs P if and only if A P σ for every σ P P.

Proposition 4.3.7 The binary relation δ� on the power set of uX defined
by, P δ� D if and only if A absorbs P and B absorbs D implies A δ B, is a
separated proximity on uX.

Proof: We need to check that conditions of Definition 4.1.1 are satisfied.
pP1q : If P δ� D then there are sets A and B absorbing P and D respectively
such that A δ B. Since δ is a proximity, by pP1q of Definition 4.1.1, A and
B can not be empty, therefore P and D are non-empty.
pP2q : Let P � uX and D � uX. Suppose that P X D � H and A and B
absorb P and D respectively. We want to show that A δ B. But we have
that both A and B absorb P XD, so that A δ B and hence P δ� D.
pP3q : The symmetry of δ� follows from the fact that δ is symmetric.
pP4q : We want to show P δ� R or D δ� R implies that pP Y Dq δ� R.
Suppose that D δ� R, that D absorbs pP Y Dq, and that C absorbs R.
Then D absorbs D and hence D δ C by assumption. Thus pP Y Dq δ� R.
Conversely, suppose that pP Y Dq δ� R and that P ��δ� R, then we need to
show that D δ� R. Let B absorb D and C absorb R, then we must show
that B δ C. Since P ��δ� R, there are sets A and D absorbing P and R
respectively such that A ��δ D. Since δ is a proximity, by pP5q of Definition
4.1.1, there is an E such that A ��δ E and pX � Eq ��δ D. Because D absorbs
R and pX � Eq ��δ D, pX � Eq belongs to no cluster in R. Consequently,
pC � Eq belongs to no cluster in R. But C � pC � Eq Y pC X Eq absorbs
R, implying that C X E absorbs R. Now pA Y Bq absorbs pP Y Dq, which
means that pA Y Bq δ pC X Eq by assumption. Since A ��δ E, we also have
that A ��δ pC X Eq, and since pAY Bq δ pC X Eq we must have B δ pC X Eq,
implying that B δ C.
pP5q : Suppose that P ��δ� D, then there are sets A and B absorbing P and
D respectively such that A ��δ B. Since δ is a proximity, by P5 of Definition
4.1.1, there is an E such that A ��δ E and pX � Eq ��δ B. Since pX � Eq ��δ B
and B absorbs D, pX � Eq belongs to no cluster of D. Thus E absorbs D.
Now let R � tσ P uX : E P σu. Then we have that A absorbs P , E absorbs
R but A ��δ E, which means that P ��δ� R. And since E belongs to no cluster
in puX �Rq, pX �Eq absorbs puX �Rq. Since we have pX �Eq ��δ B, that
implies puX �Rq ��δ� D
We therefore have that δ� is a proximity on uX. To prove that it is a
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separated proximity, we note that A absorbs tσu if and only if A P σ. Hence
σ1 δ

� σ2 if and only if every set in σ1 is in σ2 and vise versa, that is if and
only if σ1 and σ2 coincide. l

Let τ� denote the topology induced on uX by δ�.

Lemma 4.3.8 A absorbs fpBq if and only if B � ClXpAq, where ClXpAq is
the τpδq closure of A.

Proof: Suppose that A absorbs fpBq. Let b P B. Then σb P fpBq, which
implies A P σb since A absorbs fpBq. Therefore b δ A and hence b P ClXpAq.
Conversely, if B � ClXpAq, then for every b P B, b P ClXpAq and hence
b δ A. It follows that A P σb which shows that A P σb for any σb P fpBq.
Therefore A absorbs fpBq. l

Theorem 4.3.9 Let pX, δq be a separated proximity space and let uX denote
the set of all clusters in X, and δ� is the proximity on uX. Let f be defined
such

f : pX, δq ÝÑ puX, δ�q

where fpxq � σx for every x P X. Then pX, δq is proximally isomorphic to
fpXq with the subspace proximity induced by δ�, and fpXq is dense in uX.

Proof: We first note that D absorbs fpAq if and only if A � ClXpDq by
Lemma 4.3.8. Hence if D is any subset of uX, then D δ� fpAq if and only
if C absorbs D and D absorbs fpAq implies C δ D, that is if and only if
C absorbs D and A � ClXpDq implies C δ D, therefore if and only if C
absorbs D implies C δ A. Now if we take D to be the singleton tσu, we
obtain tσu δ� fpAq if and only if C P σ implies C δ A, that is if and only
if A P σ. Since CluXpfpAqq � tσ : σ δ� fpAqu, then the τ�-closure of fpAq
is equal to tσ : A P σu. That means that CluXpfpXqq � tσ : X P σu � uX
since X is contained in every cluster. Then fpXq is dense in uX.
f is one-to-one since, if x � y then txu ��δ tyu, therefore y R σx. Hence
σx � σy.
Now fpAq δ� fpBq if and only if C δ D whenever C and D absorb fpAq
and fpBq respectively, that is if and only if C δ D whenever A � ClXpCq
and B � ClXpDq. But this last statement is equivalent to A δ B, so that
fpAq δ� fpBq if and only if A δ B. Thus X is proximally isomorphic to
fpXq. l

65



Theorem 4.3.10 puX, τ�q is compact.

Proof: By Proposition 4.3.5, it suffices to show that an arbitrary cluster µ
in uX is a point cluster. Since fpXq is dense in uX, we have CluXpfpXqq �
uX P µ by Proposition 4.3.3 (2), and therefore by Proposition 4.3.3 (4) we
have that fpXq P µ. By Proposition 4.3.4, there exists a unique cluster µ

1

in pfpXq, δ�fpXqq such that µ
1

� µ. By Theorem 4.3.9, pX, δq is proximally

isomorphic to pfpXq, δ�fpXqq, hence there exists a cluster σ in X such that

µ
1

� tfpAq : A P σu. From the proof of Theorem 4.3.9 we have that A P σ
if and only if tσu δ� fpAq. Hence tσu δ� C for every C P µ

1

. It follows that
tσu P µ

1

� µ. Therefore there exists σ P uX such that tσu P µ and it follows
by Proposition 4.3.3 (1) that µ is a point cluster. l

Lemma 4.3.11 If A δ B, then there exists a cluster σ in pX, δq such that
A,B P σ.

Proof: See [26, Theorem 514]. l

Let A� � tσ : A P σu, then A� � uX.

Lemma 4.3.12 Let pX, δq be a proximity space. For A � X, the following
conditions are equivalent

1. A ��δ pX � Aq

2. A� X pX � Aq� � Ø

3. pX � Aq� � uX � A�

Moreover, if one of the above conditions is satisfied, then A� is clopen in uX

Proof: (1) implies (2). Suppose that A ��δ pX � Aq. Let σ P A� X pX � Aq�.
Then σ P A� and σ P pX � Aq�. Therefore A P σ and σ P pX � Aq. Thus
A δ pX�Aq by Definition 4.3.1 (1) which contradicts our assumption. Hence
A� X pX � Aq� � Ø.
(2) implies (3). Let σ P uX � A�, then σ R A�, therefore A R σ which
implies that X � A P σ by Proposition 4.3.3 (2). Thus σ P pX � Aq�, hence
uX � A� � pX � Aq�. If A� X pX � Aq� � Ø then pX � Aq� � uX � A�.
(3) implies (2). If pX�Aq� � uX�A�, then A�XpX�Aq� � A�XuX�A� �
Ø.
(2) implies (1). Suppose that A� X pX � Aq� � Ø. Let A δ pX � Aq. By
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Lemma 4.3.11, there is a cluster σ of X such that A,X � A P σ. Therefore
σ P A� X pX � Aq� which contradicts our assumption.
Moreover, since for E � X we have that E� � CluXpEq then E� is closed in
uX. In addition pX �Aq� � uX �A� implies that uX �A� is closed in uX.
Therefore, A� is open in uX, and so the three equivalent conditions imply
that A� is clopen in uX. l

Definition 4.3.13 Let δ be a proximity on X. We call δ a
zero-dimensional proximity if it satisfies the following strong version of
axiom pP5q:
pSP5q A ��δ B implies there is a C � X such that C ��δ pX � Cq, A ��δ C, and
pX � Cq ��δ B.

We are now going to show that a zero-dimensional proximity induces a
Smirnov compactification which is zero-dimensional.

Theorem 4.3.14 If δ is a zero-dimensional proximity on X, then puX, τ�q
is zero-dimensional.

Proof: Let σ1, σ2 be two distinct points of uX. By Definition 4.3.1 (2),
there exists A P σ1 and B P σ2 such that A ��δ B. By pSP5q of Definition
4.3.13, there is a C � X such that C ��δ pX � Cq, A ��δ C, and pX � Cq ��δ B.
By Lemma 4.3.12, C ��δ pX � Cq implies pX � Cq� � uX � C�. By pP2q of
Definition 4.1.1, A ��δ C implies that A X C � Ø. Therefore A � X � C, so
X � C P σ1 by Proposition 4.3.3 (3), and so σ1 P pX � Cq� � uX � C�.
Similarly, pX � Cq ��δ B implies pX � Cq X B � Ø. Thus, B � C, so C P σ2,
and hence σ2 P C

�. Thus we have that σ1 R C
� and σ2 P C

�, and so we have
found a clopen subset C� of uX separating σ1 and σ2. This implies that uX
is a Stone space since it is also compact by Theorem 4.3.10, hence uX is
zero-dimensional. l

If we have a compactification, then it follows by Smirnov theorem that there
is a proximity that corresponds to it. In the following theorem we show that
the corresponding proximity is a zero-dimensional proximity if the compact-
ification of a zero-dimensional space is zero-dimensional.

Theorem 4.3.15 Let X be a zero-dimensional Hausdorff space and let αX
be a zero-dimensional compactification of X. Then the proximity that corre-
sponds to αX via Smirnov theorem is a zero-dimensional proximity on X.
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Proof: Let δ be the proximity corresponding to αX, then by Theorem 4.2.12
we have that A δ B if and only if ClαXpAq X ClαXpBq � Ø. It follows from
Smirnov theorem that δ is a proximity on X, so we only need to show that
δ satisfies pSP5q of Definition 4.3.13. Since αX is compact Hausdorff zero-
dimensional and both ClαXpAq and ClαXpBq are closed in αX, then there is
a clopen set U � αX such that ClαXpAq � U and U X ClαXpBq � Ø. Let
C � X � α�1pUq where α : X ÝÑ αX. Then

ClαXpAq X ClαXpCq � U X ClαXpX � α�1pUqq

� U X pY � Uq � Ø.

Therefore, A ��δ C. Also, X � C � α�1pUq, and so

ClαXpX � Cq X ClαXpBq � ClαXpα
�1pUqq X ClαXpBq

� ClαXpUq X ClαXpBq

� U X ClαXpBq � Ø.

Thus pX � Cq ��δ B. Moreover,

ClαXpCq X ClαXpX � Cq � ClαXpX � α�1pUqq X ClαXpα
�1pUqq

� pαX � Uq X U � Ø,

and so C ��δ pX � Cq. Therefore, there is a C � X such that C ��δ pX � Cq,
A ��δ C and pX � Cq ��δ B. Hence δ satisfies axiom pSP5q, and so it is a
zero-dimensional proximity on X. l

Theorem 4.3.16 For a zero-dimensional Hausdorff space X, the partially
ordered set pK0pXq,¤q of inequivalent zero-dimensional compactifications
of X is order isomorphic to the partially ordered set pΣ0pXq,¤q of zero-
dimesional proximities on X that induce the topology on X.

Proof: By Theorem 4.3.15, for a zero-dimensional space, if we have a zero-
dimensional compactification then the corresponding proximity is a zero-
dimensional proximity. Also, by Theorem 4.3.14, if we have a zero-dimensional
proximity then the induced compactification is zero-dimensional. This im-
plies that there is a bijection between K0pXq and Σ0pXq.
By using the order defined in Definition 4.2.14, it can be concluded that the
mapping between K0pXq and Σ0pXq preseves order in a simalar manner as
in Theorem 4.2.16. l
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Chapter 5

Spaces with a zero-dimensional
remainder

In this chapter, we discuss spaces that have a compactification with zero-
dimensional remainder. Rim-compact spaces, almost rim-compact spaces,
and spaces between a given space and its Freudenthal compactification are
examples of such spaces.

5.1 Rim-compact spaces and the Freudenthal

compactification

The Freudenthal compactification was introduced by H. Freudenthal [15].
It is a compactification of a rim-compact space whose remainder is zero-
dimensional. Skjarenko [28], proved Freudenthal-Morita Theorem which
states that: there exists a compactification with zero-dimensional remainder
for every rim-compact space. He defined a proximity on a rim-compact space
that corresponds to the maximum compactification with zero-dimensional re-
mainder, i.e Freudenthal compactification. In this section we give details of
this construction.

Definition 5.1.1 A Hausdorff space X is called rim-compact if there ex-
ists in this space a basis of open sets, each of which has a compact boundary.

Definition 5.1.2 Let B be a basis of the space X that consist of open sets
with compact boundaries. If:
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1.
�n
i�1Bi P B whenever Bi P B for i � 1, 2, ..., n,

2.
�n
i�1Bi P B whenever Bi P B for i � 1, 2, ..., n and

3. X � ClXpBq P B whenever B P B.

We call such a basis for a rim-compact space a π-compact bases.

The following Lemma arises from the fact that a rim-compact space is regular.

Lemma 5.1.3 Let the closed set A of the space X be contained in the ele-
ment U of the π-compact basis B. Then there is an element V of the basis
such that A � V and ClXpV q � U .

Proof: Let A be a closed subset of U . If x P bdXU then x R A. Since
bdXU is compact and X is a regular space, the set bdXU may be covered by
a finite number of sets, V1, ..., Vn from B whose closure do not contain A. If
V � U �

�n
i�1ClXpViq, then A � V � ClXpV q � ClXpUq �

�n
i�1 Vi � U .

We also have that V is an element of B, since B contains the complements
of the closures. l

We now define a proximity on X using the π-compact basis, then show that
the proximity is compatible with the topology on X. By Smirnov theorem
(Theorem 4.2.16), this would mean that there is a compactification of X
associated with the proximity.

Proposition 5.1.4 Let B be the π-compact basis of X, we define A ��δ B if
and only if there is a neighborhood U in the basis B such that ClXpAq � U
and ClXpBq � X � ClXpUq. Then δ is a compatible proximity on X.

Proof: Firstly we prove that δ is a proximity, by checking if the conditions
of Definition 4.1.1 are met;
pP1q : Since for U P B where ClXpAq � U , we have also ClXpØq � Ø �
X � ClXpUq since the empty-set is a subset of any set. Therefore Ø ��δ A for
any A � X.
pP2q : If A ��δ B then AXB � Ø by definition of the proximity.
pP3q : If B ��δ A, then there is a U P B such that ClXpBq � U and
ClXpAq � X � ClXpUq. Let V � X � ClXpUq, then V P B since B it
contains the complement of the closures. Then we have ClXpAq � V and
ClXpBq � X � ClXpV q, hence A ��δ B.
pP4q : We are going to check that A ��δ pB1 Y B2q if and only if A ��δ B1
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and A ��δ B2. If A ��δ pB1 Y B2q then there is a neighborhood U P B such
that ClXpAq � U and ClXpB1 Y B2q � X � ClXpUq. But ClXpB1 Y B2q �
ClXpB1q Y ClXpB2q, and the result that A ��δ B1 and A ��δ B2 follows. Now
suppose that A ��δ B1 and A ��δ B2, then there are neighborhoods U1, U2 P B for
which ClXpB1q � U1, ClXpB2q � U2, ClXpAq � X �ClXpU1q and ClXpAq �
X�ClXpU2q. Let U � U1YU2, then ClXpB1YB2q � ClXpB1qYClXpB2q �
U1YU2 � U and ClXpAq � X�ClXpU1YU2q � X�ClXpUq with U P B (since
B contains the finite union of its members). This means that A ��δ pB1YB2q.
pP5q : Let A ��δ B. There is a U P B such that ClXpAq � U and ClXpBq �
X � ClXpUq. From Lemma 5.1.3, there is a V P B for which ClXpAq � V
and ClXpV q � U , and also a set W P B such that ClXpBq � W and
ClXpW q � X � ClXpUq. Since ClXpV q � U then X � U � X � ClXpV q,
hence A ��δ pX � Uq, and similarly we have U ��δ B as required.
Finally, we check the compatibility of the proximity δ with the topology of the
space, we do this by checking that ClXpAq � tx : x δ Au. Let x P ClXpAq,
then every neighborhood of x intersects the set A, i.e by the definition of the
proximity, x δ A. Conversely, suppose that x R ClXpAq, then there exist a
neighborhood U P B for which x P U and U X A � Ø. According to Lemma
5.1.3, there is a neighborhood V P B of the point x such that ClXpV q � U .
Since ClXpAq � X � ClXpV q, it follows that x ��δ A. l

Let B be a π-compact basis on the space X, and δ be a proximity relation de-
fined by means of this basis (by means of Proposition 5.1.4). We shall term
the compactification δX, corresponding to this proximity relation, the π-
compactification. We will now prove that any compactification generated
through a π-compact basis has a zero-dimensional remainder, by proving
that the compactifications have a basis of open sets whose boundaries are
contained in X. In order to prove this, we need the lemmas below.

Definition 5.1.5 If U is an open subset of X and δX P KpXq, then OpUq
is defined to be the set δX�ClδXpX�Uq, and OpUq is called the extension
of U in δX.

Lemma 5.1.6 Let δX be the π-compactification of the space X associated
with the π-compact basis B. Then the collection tOpUq : U P Bu of open sets
of δX is a basis for the topology on δX.

Proof: Let ξ be any point of δX, and Oξ be an arbitrary neighborhood of it.
We select a neighborhood O

1

ξ of the point ξ such that ClδXpO
1

ξq � Oξ. The
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sets ClδXpO
1

ξq and δX�Oξ do not intersect, therefore ClXpO
1

ξXXq ��δ pX�Oξq

since ClXpO
1

ξXXq and X �Oξ do not intersect in X. Consequently, there is

a neighborhood U P B for which ClXpO
1

ξXXq � U and X�Oξ � X�ClXU .

Since O
1

ξ � OpO
1

ξ X Xq, we get that O
1

ξ � OpUq from ClXpO
1

ξ X Xq � U .
Therefore ξ P OpUq. Also, X � Oξ � X � ClXU means that OpUq �
δX�pX�Oξq � OξYpδX�Xq, and since U is a set from X then OpUq � Oξ.
So we have ξ P OpUq � Oξ, as required. l

Definition 5.1.7 Let αX be the compactification of X. If for U � X we
have bdαXOpUq � ClαXpbdXUq then we shall call the compactification αX
perfect with respect to the set U . We say that αX is a perfect com-
pactification if it is perfect with respect to every open subset of X.

Lemma 5.1.8 Let X be a completely regular space with the compactification
αX. Let δ be the proximity relation on X corresponding to αX. If A and B
are two open subsets of X with A ��δ B then OpAYBq � OpAq YOpBq.

Proof: Suppose that ξ P OpU Y V q. Then ξ P ClαXpU Y V q � ClαXpUq Y
ClαXpV q. Since A ��δ B, we have ClαXpUq X ClαXpV q � Ø, then ξ can
belong to only one of the sets ClαXpUq, ClαXpV q. Let ξ P ClαXpUq, so that
ξ R ClαXpV q. We show that ξ P OpUq. We select some neighborhood Oξ of
the point ξ, contained in OpU Y V q and not intersecting V . Then Oξ XX �
OpU YV qXX � U YV . But, since OξXV � Ø, it follows that OξXX � U .
And thus ξ P Oξ � OpOξXXq � OpUq, therefore OpU YV q � OpUqYOpV q.
Also, OpUq YOpV q � OpU Y V q since OpUq, OpV q � OpU Y V q. l

Lemma 5.1.9 Let δ be a proximity relation on the space X corresponding to
the compactification αX. The compactification αX of the space X is perfect
with respect to the open set U � X if and only if for every set A � U we
have that, A ��δ bdXU implies A ��δ pX � Uq.

Proof: Let αX be perfect with respect to the open set U , and let A � U
be such that A ��δ bdXU which means that ClαXpAq X ClαXpbdXUq � Ø
by Theorem 4.2.12. We must show that this implies that A ��δ pX � Uq.
Suppose that A δ pX � Uq, then that means that ClαXpAq X ClαXpX �
Uq � Ø. Let ξ P ClαXpAq X ClαXpX � Uq. Since A � U � OpUq
then we have that ξ P ClαXpOpUqq. Also, since ξ P ClαXpX � Uq and
OpUq � αX � ClαXpX � Uq then ξ R OpUq. Consequently, ξ P bdαXpOpUqq.
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Since ClαXpAq X ClαXpbdXUq � Ø and ξ P ClαXpAq then we have that
ξ R ClαXpbdXUq. This means that bdαXpOpUqq � ClαXpbdXUq which is a
contradiction to our assumption that αX is perfect with respect to U .
Let U � X. Suppose that for every set A � U we have that, A ��δ bdXU
implies A ��δ pX � Uq. We want to prove that bdαXOpUq � ClαXpbdXUq, i.e
that the compactification αX is perfect with respect to U . We have that
bdXU � ClXpUq � ClαXpOpUqq and at the same time bdXU X OpUq � Ø,
therefore bdXU � bdαXOpUq. Since the set bdαXOpUq is closed in αX, we
get that ClαXpbdXUq � bdαXOpUq. Now we want to prove that bdαXOpUq �
ClαXpbdXUq. Let ξ R ClαXpbdXUq, and we shall take a neighborhood Oξ of
the point ξ in αX such that ClαXpOξq XClαXpbdXUq � Ø. Let A � Oξ X U
and B � Oξ X pX � ClXpUqq. Since we have ClαXpOξq X ClαXpbdXUq � Ø
that means we have OξXbdXU � Ø which in turn means that OξXX � AYB.
So, Oξ � OpOξ X Xq � OpA Y Bq. Therefore ξ P OpA Y Bq. Since
ClαXpAq X ClαXpbdXUq � Ø then A ��δ bdXU and by the condition of the
lemma A ��δ pX � Uq and that means A ��δ B. Therefore on the basis of
Lemma 5.1.8, either ξ P OpAq or ξ P OpBq. If ξ P OpAq then, since
OpAq � OpOξXUq � OpUq, we have ξ P OpUq. Since OpUq is open in αX, we
have that ξ R bdαXOpUq as desired. Now, if ξ P OpBq then ξ P OpX�ClXpUqq
and since OpUq X OpX � ClXUq � OpU X pX � ClXUqq � OpØq � Ø so
ξ R ClαXpOpUqq and hence ξ R bdαXpOpUqq as required. l

Lemma 5.1.10 Let δX be a π-compactification of the space X, associated
with the π-compact basis B. And let γX be an arbitrary compactification of
X such that δX ¤ γX. Then the compactification γX is perfect with respect
to all the sets of the basis B.

Proof: Let δ and δ1 be proximities corresponding to δX and γX respectively.
Let U P B be arbitrary, and let A � U be such that A ��δ1 bdXU in the sense
of the proximity δ1. The proximity δ1 is such that ClγXpAq X bdXU � Ø by
Theorem 4.2.12, therefore ClXpAq X bdXU � Ø which means that ClXpAq �
U . By Lemma 5.1.3, there is a set V in the basis B for which ClXpAq � V and
ClXpV q � U . But then X�U � X�ClXpV q which means that A ��δ pX�Uq
and further A ��δ1 pX � Uq since δ ¤ δ1. Then by Lemma 5.1.9, the result is
proved. l

Theorem 5.1.11 The remainder in every π-compactification is
zero-dimensional.

73



Proof If δX is the compactification associated with the π-compact basis B,
then it is a π-compactification. By Lemma 5.1.6, the set tOpUq : U P Bu is
a basis for δX. Since δX ¤ δX, Lemma 5.1.10 says that δX is perfect with
respect to all elements of B, hence we have bdδXOpUq � ClδXpbdXUq for all
U in B. But bdXU is compact since U P B, hence bdδXOpUq � bdXU which
is contained in X. Therefore δX has a basis of open sets which have their
boundaries contained in X, hence δX has a zero-dimensional remainder. l

Lemma 5.1.12 Let X be a rim-compact space and

M � tU : U is open in X and bdXU is compact u

Then M is a maximal π-compact basis of X.

Proof: Since M consists of all open sets with compact boundaries, we have
B � M for any π-compact basis B. Then M is a basis for X consisting
of open sets with compact boundaries since it is closed under intersection.
Let B �

�n
j�1Bj where Bj P M for each j P J . Then B � B for some

π-compact basis. Since B � M for any π-compact basis, then B � M.
Similarly,

�n
j�1Bj � M for Bj P M . We also have that X � ClXpUq � B

for some π-compact basis, where U PM. Hence M contains the complement
of the closures. l

Theorem 5.1.13 The π-compactification, FX, associated with the π-compact
basis M is the maximal compactification among all π-compactifications of a
rim-compact space X.

Proof: Let δB be the proximity associated with an arbitrary π-compact ba-
sis B. If A ��δB B, there is a U P B such that ClXpAq � U and ClXpBq �
X � ClXpUq. But if U is in B, then also U P M since B � M for any π-
compact basis B, therefore A ��δM B where δM is associated with M. Which
means that δB ¤ δM. Since there is an order isomorphism between prox-
imities and compactifications by Smirnov theorem, that means if αX is a
compactification generated by the arbitrary chosen π-compact basis B, then
we have αX ¤ FX. l

Definition 5.1.14 FX is called the Freudenthal compactification.

We thus have a description of the Freudenthal compactification using prox-
imities.
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Theorem 5.1.15 FX is a perfect compactification.

Proof: Let U be an arbitrary open set of the space X, and let A � U be
a set such that A ��δ bdXU , where δ is the proximity corresponding to the
maximal π-compact basis M. By definition of the proximity δ; there is a
V PM such that

ClXpAq � V, bdXU � X � ClXpV q.

Let V
1

� U X V . Since

ClXpV q X bdXU � Ø,

then bdXV
1

� bdXV which implies that bdXV
1

is compact being a closed
subset of a compact set, and hence V

1

PM. We have:

ClXpAq � V
1

, ClXpV
1

q X pX � Uq � Ø

with V
1

P M. Thus A ��δ pX � Uq. By Lemma 5.1.10 we can conclude that
FX is perfect with respect to the set U and since U was arbitrary then
FX is perfect with respect to all open sets of X, hence FX is a perfect
compactification. l

By Theorem 6.2.19, that is to follow, since FX is a perfect compactification
with zero-dimensional remainder then it is the maximum compactification
with a zero-dimensional remainder that a rim-compact space can have. Also,
by Theorem 6.2.21, FX is the minimum perfect compactification.

5.2 Almost rim-compact spaces

In 1987, Beverly E. J. Diamond [9] developed a theory for a class of spaces in-
termediate between rim-compact spaces and 0-spaces, which she calls almost
rim-compact spaces. Each almost rim-compact space possesses a compactifi-
cation in which each point of the remainder has a basis (in the compactifi-
cation) of open sets whose boundaries do not intersect the remainder of the
compactification. The approach used was to show that if a space satisfies
the conditions of almost rim-compactness, then a defined quotient space of
the Stone-Čech compactification of X is a compactification of X with the
property that the remainder has a basis of open sets whose boundaries are
disjoint with the remainder.
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Definition 5.2.1 A space X is a 0-space if X has a compactification αX
such that αX �X is zero-dimensional.

Before we get to almost rim-compact spaces, we are dealing with special open
sets of the space X and their related open sets in the compactification so we
first prove some results about them.

Definition 5.2.2 Let X be a topological space, and KpXq be a set of all
compactifications of X, we have

1. An open set U of X is said to be π-open in X if bdXU is compact.

2. Suppose W is open in αX P KpXq, we say W is a small boundary
(denoted by sb) subset of αX if bdαXW � X.

Lemma 5.2.3 The intersection and union of finitely many π-open sets are
π-open, as is the complement of π-open sets. And the union and intersection
of finitely many sb subsets is an sb subset, as is the complement of the closure
of an sb subset (i.e if A is an sb subset then X � ClXpAq is an sb subset).

We recall that if U is an open subset of X, and αX P KpXq, the extension
of U in αX, denoted by OpUq, is the set αX � rClαXpX � Uqs. OpUq is the
largest open subset of αX whose intersection with X is the set U .

Lemma 5.2.4 Let αX P KpXq, if W is an sb open subset of αX, then

1. W XX is π-open in X.

2. W � OpW XXq.

Proof: p1q We have bdXpW X Xq � bdαXW X X � bdαXW , hence the set
bdXpW X Xq is a closed subset of a compact subset of X, and is therefore
compact.
p2q It is sufficient to show that OpW XXq � W , since the reverse inclusion
is true for any open subset W of αX. Now OpW X Xq �W � ClαXpW X
Xq �W � ClαXpW q �W � bdαXW � X. So we have OpW XXq �W � X
while OpW XXq XX � W , hence OpW XXq � W . l

Proposition 5.2.5 Let αX P KpXq and U, V be open subsets of X.

1. OpUq XX � U , hence ClαXpUq � ClαXpOpUqq
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2. OpU X V q � OpUq XOpV q

3. If ClαXpUq X ClαXpV q � Ø, then OpU Y V q � OpUq YOpV q

Proof: (1) OpUq XX � X � ClXpX � Uq � U .
(2)

OpUq XOpV q �rαX � ClαXpX � Uqs X rαX � ClαXpX � Uqs

�αX � rClαXpX � Uq Y ClαXpX � V qs

�αX � ClαXppX � Uq Y pX � V qq

�αX � ClαXpX � pU X V qq

�OpU X V q.

(3) Suppose that ξ P OpU YV q. By (1) above ξ P ClαXpU YV q � ClαXpUqY
ClαXpV q. Since ClαXpUq X ClαXpV q � Ø, then ξ can belong to only one of
the sets ClαXpUq, ClαXpV q. Let ξ P ClαXpUq, so that ξ R ClαXpV q. We show
that ξ P OpUq. We select some neighborhood Oξ of the point ξ, contained
in OpU Y V q and not intersecting V . Then Oξ X X � OpU Y V q X X �
U Y V . But, since Oξ X V � Ø, it follows that Oξ X X � U . And thus
ξ P Oξ � OpOξ X Xq � OpUq, therefore OpU Y V q � OpUq Y OpV q. Also,
OpUq YOpV q � OpU Y V q since OpUq, OpV q � OpU Y V q. l

Proposition 5.2.6 Let αX be a perfect compactification of X, and U a set
that is π-open in X, then

ClαXpUq X pαX �Xq � OpUq X pαX �Xq

Proof: We have that ClαXpUqXpαX�Xq � ClαXpOpUqqXpαX�Xq. Since
U is π-open in X and αX is a perfect compactification of X, ClαXpOpUqq �
OpUq � bdαXOpUq � ClαXpbdXUq � bdXU � X thus pClαXpOpUqq �
OpUqq X pαX �Xq � Ø, hence pClαXpUq � OpUqq X pαX �Xq � Ø which
implies that ClαXpUq X pαX �Xq � OpUq X pαX �Xq. l

Proposition 5.2.7 Let αX be a perfect compactification of X. If U is π-
open in X and F is closed in X, then F � U if and only if ClαXpF q � OpUq.

Proof: If ClαXpF q � OpUq then F � OpUq XX � U . Also, if F � U , then
ClαXpF q � OpUq � pClαXpF q � OpUqq X pαX �Xq � pClαXpUq � OpUqq X
pαX�Xq. By Proposition 5.2.6, we have pClαXpUq�OpUqqXpαX�Xq � Ø.
Therefore ClαXpF q �OpUq � Ø, which implies that ClαXpF q � OpUq.
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Theorem 5.2.8 The Stone-Čech compactification βX, of a completely reg-
ular space X, is a perfect compactification.

Proof: The Stone-Čech compactification is the maximum from the set of
compactifications by Proposition 3.4.3, and therefore corresponds to the max-
imum proximity on X by Smirnov Theorem. We are going to prove that, for
an arbitrary set U � X, the maximal proximity δ satisfies the condition of
Lemma 5.1.10 for an arbitrary open set U . Let A � U and A ��δ bdXU , i.e
let there be a continuous function f on the space X such that fpAq � 0 and
fpbdXUq � 1. We define the function g in the following way: gpxq � fpxq
if x P ClXpUq and gpxq � 1 if x P X � U . This function is continuous and
we also have that gpAq � 0 and gpX � Uq � 1, therefore A ��δ pX � Uq as
required. l

Other compactifications can be formed by partitioning the Stone-Čech com-
pactification. The next result provides a characterization of such procedure.

Proposition 5.2.9 Let X be a topological space and C a partition of βX.
Then βX{C is a Hausdorff compactification of X under the quotient topology
if and only if for every A P C and for every open subset U of βX such that
A � U , there is an open subset V of βX such that

1. A � V � U

2. V is a union of members of C.

Proof: Firstly we show that βX{C is a compact space. Let f : βX ÝÑ βX{C
be the mapping x ÞÝÑ rxs and βX{C be endowed with the quotient topology.
Since f is a quotient map then it is onto, that implies that fpβXq � βX{C
and hence βX{C is compact since its a continuous image of a compact space.
Suppose that βX{C is Hausdorff. Let A P C and U be an open subset
of βX such that A � U . Then βX � U is closed and hence a compact
subset of βX. Since f is continuous, fpβX � Uq is compact. Since βX{C is
Hausdorff, fpβX�Uq is closed in βX{C. Moreover fpAq is a singleton subset
of βX{C and it is contained in the open set βX{C � fpβX � Uq. Choose
V � f�1pβX{C � fpβX � Uqq. Then V is open subset of βX since βX{C
has the quotient topology. Also A � V � U and V � f�1pfpV qq, hence V is
an open subset of βX such that p1q and p2q are true.
Conversely, assume that for every A P C and for every open subset U of βX
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such that A � U , there is an open subset V of βX such that p1q and p2q are
true. Let us fix two distinct points u1 and u2 in βX{C. Let A1 � f�1pu1q
and A2 � f�1pu2q. Since tu1u and tu2u are singletons in βX{C, and f is
continuous, then A1 and A2 are closed subsets of βX. Since a compact
Hausdorff space is normal, there are disjoint open subsets U1 and U2 in βX
such that A1 � U1 and A2 � U2. By assumption, there are disjoint open
subsets V1 and V2 in βX such that A1 � V1 � U1 and A2 � V2 � U2,
V1 and V2 are unions of members of C (that is to say V1 � f�1pfpV1qq and
V2 � f�1pfpV2qq). Now, since V1 � f�1pfpV1qq and V2 � f�1pfpV2qq are open
in βX then fpV1q and fpV2q are open and also disjoint in βX{C because of
the quotient topology. Therefore we have u1 P fpV1q and u2 P fpV2q, this
proves that βX{C is Hausdorff. l

Now we have the neccessary tools to prove the main theorems of this section.

Definition 5.2.10 If Z � Y , then Z is 0-dimensionally embedded in Y
if each point of Y has a base of open sets of Y whose boundaries are contained
in Y � Z.

The Freudenthal compactification, FX, of a rim-compact space X is a com-
pactification such that FX �X is 0-dimensionally embedded in FX, and is
the maximum in the family of compactifications ofX having a 0-dimensionally
embedded remainder. The Freudenthal compactification possesses these prop-
erties as a consequence of X being rim-compact.

Definition 5.2.11 If Z � Y , then Z is relatively 0-dimensionally em-
bedded in Y if each point of Z has a base of open sets of Y whose boundaries
are contained in Y � Z.

If a space X has a compactification, αX, with a relatively 0-dimensional
embedded remainder, then αX � X is zero-dimensional. We shall formu-
late internal conditions on a space X that will be shown to be equivalent
to X having a compactification with a relatively 0-dimensional embedded
remainder. We follow [9] in defining the following concepts.

Definition 5.2.12 Let X be a topological space;

1. If F1, F2 � X, then F1 and F2 are π-separated in X if there is a
π-open set U such that F1 � U , and ClXpUq X F2 � Ø.
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2. If F and U are closed and open subsets of X, respectively, then F is
π-contained in U if there is an π-open set V of X such that F � V �
ClXpV q � U .

3. If F is closed in X, U is open in X, and F � U , then F is nearly π-
contained in U if there is a compact subset K of F so that whenever
F

1

is a closed subset of F , and F
1

XK � Ø, F
1

is π-contained in U .

4. A space X is nearly rim-compact if whenever U is open in X, and
x P U , there is an open set W of X such that x P W and ClXpW q is
nearly π-contained in U .

5. A space X is quasi-rim-compact if for any x P X, there is a compact
set Kx of X, so that whenever F is a closed subset of X and F XKx �
Ø, then x and F are π-separated.

6. A space X is almost rim-compact if X is nearly rim-compact and
quasi-rim-compact.

Every rim-compact space is almost rim-compact. Neither near rim-compactness
nor quasi-rim-compactness is sufficient to ensure that a space is a 0-space.
We will now proceed to show that almost rim-compactness is a sufficient con-
dition for a space to be a 0-space; quasi-rim-compactness provides a basis of
sb open sets of βX for elements of the decomposition contained in βX �X,
while near rim-compactness provides a basis of saturated open sets for each
point of X.

Definition 5.2.13 For p P βX, let

Gp �
£
tClβXpUq : U is a π-open subset of X and p P OpUqu.

In the following proposition we are going to use the fact that if U � X is
open such that X � U is compact, and tFiuiPI is a family of closed sets such
that

�
iPI Fi � U , then there is a finite subset J � I such that

�
jPJ Fj � U .

Proposition 5.2.14 Gp is connected, for all p P βX.

Proof: Suppose that for some p P βX, Gp is not connected. Let Gp �
G1YG2, where G1 and G2 are disjoint nonempty closed subsets of Gp. Since
Gp is compact, G1 and G2 are disjoint compact subsets of βX; hence, there
are open sets U1 and U2 of βX such that Gi � Ui for i � 1, 2 and ClβXpU1qX
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ClβXpU2q � Ø. Then Gp X rβX � pU1 Y U2qs � Ø, and βX � pU1 Y U2q is
compact, hence there is a finite collection Vi, i � 1, 2, ..., n of π-open subsets
of X such that p P OpV qi, for each i, and

�
tClβXpV qi : 1 ¤ i ¤ nu � U1YU2.

If V �
�
tVi : 1 ¤ i ¤ nu, then V is a π-open subset of X, and by Proposition

5.2.5 (2), p P OpV q.
Let Wi � V XUi for i � 1, 2. We have that Wi � V and hence bdXWi � bdXV
for i � 1, 2, therefore W1 and W2 are π-open subsets of X. As ClβXpW1q X
ClβXpW2q � ClβXpU1qXClβXpU2q � Ø, while W1YW2 � V XpU1YU2q � V ,
it follows by Proposition 5.2.5 (3) that p P OpW1qYOpW2q. Assume without
loss of generality that p P OpW1q, then Gp � ClβXpW1q, therefore GpXU2 �
ClβXpW1qXU2 � Ø, and hence GpXU2 � Ø is a contradiction to our choice
of Ui for i � 1, 2. l

Theorem 5.2.15 If X is quasi-rim-compact, and p P βX � X, then Gp is
the (compact connected) quasi-component of p in βX �X. The set Gp has a
basis of open sets of βX whose boundaries are a subset of X.

Proof: Firsly, we are going to show that Gp � βX �X for p P βX �X by
showing that x R βX �X ùñ x R Gp.
If p P βX �X and x P X (that is x R βX �X) then there is a closed set F
of X such that F XKx � Ø (by quasi-rim-compactness), and p P ClβXpF q.
Then x and F are π-separated, while p P ClβXpF q. That is, there is a π-open
set U of X such that x R ClXpUq � ClβXpUq and F � U . Since p P ClβXpF q,
and we want p P OpUq, that means we must have ClβXpF q � OpUq and hence
the next claim.
Claim: If U is π-open in X, and F is closed in X, then F � U implies that
ClβXpF q � OpUq.
Since βX is a perfect compactification by Theorem 5.2.8, we have ClβXpbdXUq �
bdβXpOpUqq by definition. Then

pClβXpUq �OpUqq X pβX �Xq �pClβXOpUq �OpUqq X pβX �Xq

�pbdβXOpUqq X pβX �Xq

�pClβXpbdXUqq X pβX �Xq

since U is π-open in X we have pClβXpbdXUqqX pβX �Xq � bdXU XpβX �
Xq � Ø. Therefore we have pClβXpUq � OpUqq X pβX � Xq � Ø. So
we now that means ClβXpF q � OpUq � pClβXpF q � OpUqq X pβX � Xq �
pClβXpUq �OpUqq X pβX �Xq � Ø and the claim that ClβXpF q � OpUq is
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proved.
This implies that p P ClβXpF q � OpUq, in other words there is a π-open U
such that p P OpUq and x R ClβXpUq, that is x R Gp. ThereforeGp � βX�X.
Now we prove that Gp is a quasi-component for p P βX � X. Let Gp �
tU : U is π-open in X and p P OpUqu, then Gp � Gp X pβX � Xq ��
tClβXpUq X pβX � Xq : U P Gpu. Since βX is a perfect compactifica-

tion and by Proposition 5.2.6, we have that for each U P Gp;

bdβXrClβXpUq X pβX �Xqs �bdβXrOpUq X pβX �Xqs

�bdβXOpUq X pβX �Xq

�ClβXpbdXUq X pβX �Xq

�bdXU X pβX �Xq � X X pβX �Xq

�Ø

hence ClβXpUq X pβX �Xq has an empty boundary and is therefore clopen.
This means that the quasi-component of p in βX � X is contained in Gp.
On the other hand, Gp is connected, therefore Gp is contained in the quasi-
component of p in βX �X. Since it has been showen by Proposition 5.2.14
that Gp is compact and connected, that means that Gp is the connected com-
pact quasi-component of p in βX �X.
To prove the last statement, we note the intersection of finitely many mem-
bers of Gp is again a member of Gp. Then by compactness, if T is a closed
subsest of βX such that Gp X T � Ø, then there is U P Gp such that
Gp � ClβXpUq � βX � T . Since Gp � βX � X, we have that Gp �
ClβXpUq X pβX �Xq � OpUq X pβX �Xq by Proposition 5.2.6. Then the
collection of sets tOpUq : U P Gpu is a basis for Gp consisting of open sets of
βX whose boundaries are contained in X, since bdβXOpUq � ClβXpbdXUq �
bdXU � X. l

Theorem 5.2.16 If X is almost rim-compact, and U is an open subset of
X, then

US �
¤
tGp : p P βX �X and Gp � OpUqu Y U

is a saturated open subset of βX.

Proof: US is saturated since it is the union of connected components. To
show that US is open in βX, we show that if p P US, then there is an open
set W of βX such that p P W � US.
First suppose that p P US X pβX �Xq : Then Gp � OpUq, and since the set
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tOpUq : U P Gpu (as defined in the proof of Theorem 5.2.15) is a basis for
Gp, then there is a π-open set V of X such that p P Gp � OpV q � OpUq.
We are going to show that OpV q � US. Since OpV q XX � OpUq XX � U
by Proposition 5.2.5 (1), we have OpV q XX � US. If q P OpV q X pβX �Xq,
then Gq � OpV q � OpUq, since OpV q X pβX �Xq is clopen in βX �X. In
other words, q P US. Since q is an arbitrary element of OpV q X pβX �Xq,
then OpV q X pβX � Xq � US. Thus OpV q � US. Then W � OpV q is an
open set of βX having the desired property.
Now suppose that p P USXX � U . Since X is nearly rim-compact we choose
V to be the open set of X such that p P V and ClXpV q is nearly π-contained
in U . We show that ClβXpV q � US. Since ClβXpV qXX � ClXpV q � U , then
ClβXpV qXX � US. Suppose r P ClβXpV q�X. Then since r R ClβXpKq � K
for any compact subset K of X, there is a closed subset F of ClXpV q such
that r P ClβXpF q and F XK � Ø, where K is the compact subset of ClXpV q
withnessing the fact that ClXpV q is nearly π-contained in U . Then F is π-
contained in U ; let V1 be a π-open subset of X such that F � ClXpV1q � U .
Then r P ClβXpF q � ClβXpV1q � OpUq because ClβXpClXpV1qq � ClβXpV1q
and by Proposition 5.2.7. Since r P ClβXpV1qXpβX�Xq � OpV1qXpβX�Xq
and OpV1q X pβX � Xq is clopen in βX � X, it follows by an argument in
the preceding paragraph that r P US. Since r P ClβXpV q X pβX � Xq was
arbitrary chosen, therefore we have ClβXpV q X pβX � Xq � US. Hence
ClβXpV q � US. Since ClβXpOpV qq � ClβXpV q by Proposition 5.2.5 (1),
then OpV q � ClβXpV q, which means we can choose W � OpV q as the de-
sired open set of βX.
We have shown that if p P US, then there is an open subset W of βX such
that p P W � US. Thus US is a saturated open subset of βX. l

This means that if X is almost rim-compact, then x P X has an open basis in
βX of saturated open sets of βX; Since the collection of open sets tOpUq : U
is open in X, x P Uu is a basis for x in βX, the collection tUS : U is open in
X, x P Uu is a basis for x in βX consisting of saturated open sets.

We now have a partition of βX into compact subsets that is an upper semi-
continuous decomposition, and hence the next theorem.

Theorem 5.2.17 If X is an almost rim-compact space, then X has a com-
pactification with relatively 0-dimensional embedded remainder.

Proof: According to Proposition 5.2.14 and Theorem 5.2.15 CpβXq � ttxu :
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x P Xu Y tGp : p P βX �Xu is a decomposition of βX into connected com-
pact sets, and according to Theorem 5.2.16 CpβXq has a basis of saturated
open sets, this means that CpβXq is an upper semicontinuous decomposi-
tion. Hence by Proposition 5.2.9, βX{CpβXq is a compactification of X.
Theorem 5.2.15 also says that the elements of CpβXq contained in βX �X
have neighbourhood base in βX of open sets whose boundaries are a sub-
set of X, therefore βX � X is relatively 0-dimensionally embedded in βX.
Thus, we have that βX{CpβXq is a compactification of X with relatively
0-dimensionally embedded remainder. l

5.3 Spaces between the locally compact part

and the Freudenthal compactification

Let FX denote the Freudenthal compactification of a rim-compact, com-
pletely regular Hausdorff space X. In what follows, we characterize the
spaces Y such that X � Y � FX. From this, a characterization of when
X lies between its locally compact part LpXq and its Freudenthal compact-
ification FLpXq follows, as shown by J. Hatzenbuhler and D.A. Mattson in
1995 in [18]. Such spaces necessarily possess a compactification αX for which
ClαXpαX �Xq is zero-dimensional.

Definition 5.3.1 We say that X is a perfect subspace of Y if and only
if X is dense in Y and whenever U is a π-open set in X, then there is a
π-open set U1 in Y such that U � U1 XX and bdYU1 � bdXU .

Lemma 5.3.2 Suppose that X is a rim-compact perfect subspace of Y . If ev-
ery point of Y �X has a base of π-open neighbourhoods in Y with boundaries
in X, then Y is rim-compact.

Proof: We need only consider points in X since points in Y �X are already
assumed to have a base of π-open Y -neighbourhoods. Let Op be any Y -open
neighbourhood of a point p P X. Choose a Y -open neighborhood Np of p
such that ClY pNpq � Op. Now, since X is rim-compact, Np XX contains a
π-open X-neighbourhood Up of p. Since X is a perfect subspace of Y , there
is a π-open set Vp in Y such that Up � Vp X X and bdY Vp � bdXUp. Then
Vp � ClY pVpq � ClY pVp XXq � ClY pUpq � ClY pNpq � Op. Thus, Vp � Op,
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so that p has a base of π-open neighbourhood in Y . l

Firstly, we say that a closed subset F separates a space X into sets G1, G2

if X�F � G1YG2, where G1 and G2 are nonempty, disjoint, open subsets of
X. In the following theorem, we shall use the equivalent characterization of
a perfect compactification which states: αX is a perfect compactification
of X if a closed set F separates X into H1, H2, then ClαXpF q separates αX
into G1, G2 where Gi XX � Hi pi � 1, 2q.

Theorem 5.3.3 Let X be a rim-compact, dense subspace of Y . Then Y
satisifies X � Y � FX if and only if X is a perfect subspace of Y and each
point of Y �X has a base of π-open Y -neighborhoods with boundaries in X.
Moreover, under these conditions, FX � FY .

Proof: Suppose X � Y � FX. Since each point of FX has a base of
neighborhoods with compact boundaries that are subsets ofX, then all points
of Y � X also possess this property since Y � X � FX. Next we want to
prove that X is a perfect subspace of Y . Let U be any π-open set in X.
If ClXpUq � X, set U1 � Y � bdXU then U1 X X � X � bdXU � U and
bdYU1 � bdY pbdXUq � bdXU . Otherwise, since FX is perfect and since
X � bdXU � U Y pX � ClXpUqq, then bdXU separates FX into disjoint
V and W such that V X X � U and W X X � X � ClXpUq. Evidently,
bdFXV � bdXU . Setting U1 � V X Y provides the required π-open subset of
Y . Hence X is a perfect subspace of Y .
Conversely, assume the given conditions on Y hold. By Lemma 5.3.2, Y is
rim-compact and hence FY exists. The inclusion map of X into Y has an
extension f mapping βX onto βY . Let p1 and p2 be the natural projections
of βX and βY onto FX and FY respectively. We now show that there is a
continuous bijection g of FX onto FY such that p2 � f � g � p1. Firstly we
show that g is well-defined. Observe that the restrictions of f , p1 and p2 to X
are identity functions. Take q P FX�X so that Cq � p�1

1 pqq is a component
of βX �X because FX is a perfect compactification. Since f is continuous,
the connected set fpCqq lies in βY �X so that C � p2�fpCqq lies in FY �X.
Since Y �X and FY �Y are zero-dimensional and hence totally disconnected,
if C is not a singleton it must contain points x P Y � X and y P FY � Y .
Let Nx be an open FY -neighborhood of x for which y R ClFY pNxq. Then,
by assumption, there is a π-open neighborhood Mx of x in Y satisfying
ClY pMxq � NxXY and bdYMx � X. Since Y �bdYMx �MxYpY �ClY pMxqq
then bdYMx separates FY into disjoint open G and H such that GXY �Mx
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and H X Y � Y �ClY pMxq because FY is a perfect compactification. Since
bdYMx � X, this implies that C � GYH which means G and H disconnect
C, a contradiction since C is a connected component. Thus C is a single
point and p2 � f is constant on each Cq, hence g exists. And since g � p1 is
surjective, then g is also onto. Hence g is a continuous surjection. Next we
prove that g is one-to-one. Suppose that g is not injective, then there are
points p and q in FX�X for which gppq � gpqq. Since FX is the Freudenthal
compactification of X, then there is a FX-open neighborhood W of p such
that q R ClFXpW q and bdFXW � X. By Lemma 5.2.4 (1), U � W XX is π-
open in X, and since X is a perfect subspace of Y there is a π-open set U1 in
Y for which U � U1XX and bdYU1 � bdXU . Set V1 � Y �ClYU1. Since FY
is a perfect compactification of Y , it follows that ClFY pU1q X pFY �Xq and
ClFY pV1qXpFY �Xq are disjoint. But p P ClFXpUq and for V � X�ClXpUq
we have q P ClFXpV q. Thus gppq P gpClFXpUqq � ClFY pgpUqq � ClFY pUq �
ClFY pU1q. Similarly gpqq P ClFY pV1q. But then gppq � gpqq contradicts the
fact that ClFY pU1qXpFY �Xq and ClFY pV1qXpFY �Xq are disjoint. Hence
g is one-to-one. Moreover, FX and FY are homeomorphic under g. l

If X is any space, let LpXq be the set of all points in X which possess compact
neighborhoods in X. Then the residue of X is RpXq � X �LpXq. It follows
that for any compactification αX of X, RpXq � X X ClαXpαX �Xq.

Lemma 5.3.4 If X has a compactification αX with ClαXpαX � Xq zero-
dimensional, then X is rim-compact.

Proof: For x P LpXq, then we have that x has a compact neighborhood,
therefore it has a base of π-open sets. We only need to prove that if x P RpXq,
then x has a base in X of π-open sets. Suppose that T is a closed subset of X
and that x P RpXq�T . Then we have that x R ClαXpT q. Let S � ClαXpT qX
ClαXpαX �Xq. The set S is closed in ClαXpαX �Xq, and x P rClαXpαX �
Xqs � S. Since ClαXpαX �Xq is compact and zero-dimensional, there is a
compact clopen set W of ClαXpαX �Xq with x P W and W XS � Ø. Then
the sets W and rClαXpαX�Xq�W sYClαXpT q are disjoint compact subsets
of the compact Hausdorff space αX. Then there is a continuous function
f : αX ÝÑ r0, 1s with fpW q � 0 and fprClαXpαX�Xq�W sYClαXpT qq � 1.
We then have bdαXf

�1pr0, 1{2qq � bdαXf
�1p0qY bdαXf

�1pp0, 1qq � X, which
implies that f�1pr0, 1{2qq is a sb open subset of αX. By Lemma 5.2.4 (1),
this implies that f�1pr0, 1{2qq XX is π-open subset of X which contains x,
as required. l
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Lemma 5.3.5 Let FX be the Freudenthal compactification, then ClFXpFX�
Xq is zero-dimensional.

Proof: We have that tOpUq : bdXU is compactu is a basis for FX. Since FX
is a perfect compactification, bdFXOpUq � bdXU . Since bdXU is compact,
we have that bdXU � LpXq which means that bdFXOpUq � LpXq. Therefore
ClFXpFX�Xq � FX has a basis of open sets whose boudaries are contained
in LpXq. l

Theorem 5.3.6 For any space X, LpXq � X � FLpXq if and only if LpXq
is a perfect subspace of X and ClαXpαX �Xq is zero-dimensional for some
compactification αX of X.

Proof: Assume LpXq � X � FLpXq. Then X has the compactification
αX � FLpXq for which ClαXpαX�Xq is zero-dimensional by Lemma 5.3.5.
Also, by Theorem 5.3.3, LpXq is a perfect subspace of X.
Conversely, assume that LpXq is a perfect subspace of X and for some com-
pactification αX, ClαXpαX �Xq is zero-dimensional. By Lemma 5.3.4, FX
exists and by Lemma 5.3.5, ClFXpFX � Xq is zero-dimensional. Since
X � LpXq � RpXq, let N be any X-open neighborhood of p P RpXq,
then there is a FX-open neighborhood N1 of p for which N � N1 X X.
Now N1 X ClFXpFX � Xq is a neighborhood of p in ClFXpFX � Xq, so
there exists a clopen neighborhood N2 of p in ClFXpFX � Xq such that
N2 � N1 XClFXpFX �Xq since ClFXpFX �Xq is zero-dimensional. Then
N2 and ClFXpFX �Xq �N2 can be separated by disjoint sb FX-open sets
U and V , respectively, since FX is normal and a Freudenthal compactifica-
tion. Moreover, we can assume that U � N1. Set U1 � U X X. Then by
Lemma 5.2.4 (1), U1 is π-open. Also, since FX is a perfect compactification,
bdXU1 � bdFXOpU1q � bdFXOpU X Xq, and by Lemma 5.2.4 (2) we have
bdFXOpUXXq � bdFXU . Therefore U1 is a π-open in X with bdXU1 � LpXq
and U1 � N . Now Theorem 5.3.3 provides that LpXq � X � FLpXq. l
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Chapter 6

Maximum zero-dimensional
compactifications: The
perfectness

We recall that a partial order, ¤, can be defined on the family of compactifi-
cations of X by: α1X ¤ α2X if there is a continuous function from α2X onto
α1X which leaves the points of X fixed. In this chapter we are interested in
the maximum element of K0pXq, where K0pXq is the collection of compacti-
fications of X with a zero-dimensional remainder. We are also interested in
the perfectness of such compactifications.

6.1 Maximum compactifications

McCartney [23] constructs a compactification between two given compacti-
fications, which has a zero-dimensional remainder under certain conditions.
He used this compactification to prove that the maximum compactification
with a zero-dimensional remainder is equivalent to the maximum compacti-
fication with a countable remainder. We give details of this derivation.

Lemma 6.1.1 Let α1X,α2X P KpXq. If α1X ¤ α2X, let f : α2X ÝÑ α1X
be the continuous onto function that fixes the elements of X, then fpα2X �
Xq � α1X �X

Proof: Suppose fpα2X�Xq � α1X�X. This implies that, for some x P X
and y P α2X�X, we have fpxq � fpyq. Since α2X is Hausdorff, pick disjoint
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neighborhoods U of x and V of y. Now, fpU XXq is a neighborhood of fpxq
in X, since f|X is a homeomorphism on X. So, fpU X Xq � fpUq X X,
where fpUq is a neighborhood of fpxq in α1X. That means that fpUq is the
neighborhood of fpyq in α1X. But f�1pfpUqq � U is not a neighborhood of
y in α2X, which implies that f is not continuous at y, a contradiction.
Since f is onto, we also have α1X �X � fpα2X �Xq. l

The following proposition implies that, if X possesses a zero-dimensional
compactification, then it has a maximum zero-dimensional compactification.

Proposition 6.1.2 Let K0pXq be a family of zero-dimensional compactifi-
cations of a space X. Then there exists a compactification αSX that is the
least upper bound of K0pXq with respect to the partial order ¤.

Proof: Let K0pXq � tαiX : i P Iu. Let P �
±

iPI αiX and consider
the function αS : X ÝÑ P determined by αSpxq � pα1pxq, α2pxq, ...q where
αi : X ÝÑ αiX. Then αS is a homeomorphism from X into a subspace of
P . Let αSX � ClP pXq. Choose αX to be an arbitrary zero-dimensional
compactification, and let p denote the projection of P onto αX. Then the
restriction of p on αSX is the continuous map from αSX onto αX that
is an identity on X. Since αX was arbitrary, then αiX ¤ αSX for any
αiX P K0pXq.
Now, suppose that there is a compactification α

1

X such that there are con-
tinuous functions gi : α

1

X ÝÑ αiX, αiX P K0pXq. Then F : α
1

X ÝÑ αSX
defined by F pxq � pg1pxq, g2pxq, ...q satisfies the condition F �α

1

� αS, hence
αSX ¤ α

1

X and therefore αSX is the desired least upper bound for K0pXq.
Finally, let pi be the projection of P onto αiX, since pipαSX�Xq � αiX�X
for all i P I by Lemma 6.1.1. This implies that αSX � X �

±
tαiX � X :

i P Iu, and hence αSX �X is a subspace of a zero-dimensional space, which
is therefore zero-dimensional. l

Definition 6.1.3 We say that αX is a countable compactification if
αX �X is a countable set.

The following lemma says that the family of countable compactifications is
contained in K0pXq. The following lemma is similar to that of [30, Theo-
rem 5] where it was shown that a countable compactification is a Wallman
compactification.
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Lemma 6.1.4 If αX is any countable compactification of X, then αX has
a base of open sets, whose boundaries are contained in X.

Proof: Let x P αX have the open neighborhood Ox. Then αX � Ox is a
closed subset of αX. Since αX is a compact Hausdorff space, then αX is
Tychonoff, which implies that there exists a continuous function f : αX ÝÑ
r0, 1s such that fpαX � Oxq � t0u and fpxq � 1. Choose r such that
0   r   1 and r is not contained in the countable set fpαX � Xq. Let
V � ty P αX : fpyq ¡ ru. If y P V , then fpyq R fpαX � Oxq which implies
that y P Ox, hence x P V � Ox. Also, bdαXV � ty P αX : fpyq � ru and
since r is not contained in fpαX �Xq then we have that bdpV q � X. l

We now construct a compactification, which is between two given compacti-
fications and is zero-dimensional under certain conditions:
Suppose that α1X and α3X are compactifications ofX with α1X ¤ α3X such
that the natural map g : α3X ÝÑ α1X is not one-to-one. Let z P α1X �X
be any point such that g�1pzq contains more than one point. Assume that
there is an open neighborhood G of z in α1X such that g�1pGq contains two
disjoint open subsets H1, H2 of α3X with the following properties:

� g�1pGq X pα3X �Xq � H1 YH2,

� g�1pzq XHi � Ø for i � 1, 2.

Lemma 6.1.5 Define a relation v on α3X by x1 v x2 if and only if either

x1, x2 P Hi X g
�1pyq for some y P α1X and i � 1 or 2,

or

x1, x2 P g
�1pyq � pH1 YH2q for some y P α1X.

Then v is an equivalence relation and for each x P X, so that txu is the
equivalence class of x.
Let αMX denote the quotient space α3X{ v.

Proof: It is clear that the relation is reflexive. If x1, x2 P HiXg
�1pyq for some

y P α1X then x2, x1 P Hi X g
�1pyq, similarly for x1, x2 P g

�1pyq � pH1 YH2q,
hence the relation is symmetric. Suppose x1 v x2 and x2 v x3. If x1, x2 P
Hi X g�1pyq for some y P α1X then x2 R g�1pyq � pH1 Y H2q then also
x3 P Hi X g

�1pyq since x2 v x3 hence x1 v x3. To show that the equivalence
class of x P X is txu we note that g�1pxq � x and hence x is the only element
in Hi X g

�1pxq or g�1pxq � pH1 YH2q. l
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Proposition 6.1.6 αMX is a compactification of X such that α1X ¤ αMX ¤
α3X, and the natural map f : αMX ÝÑ α1X is not a homeomorphism. Fur-
thermore, f�1pyq contains at most two elements for each y P α1X �X.

Proof: Let h : α3X ÝÑ αMX be the quotient function where each y P α3X
is sent into an equivalence class tyu P αMX. Under the defined equivalence
relation in Lemma 6.1.5, we have hpxq � x for every x P X which implies that
αMX ¤ α3X. For any w P αMX, we have that h�1pwq � g�1pyq for some
y P α1X. So we have the function f : αMX ÝÑ α1X such that g � f � h.
We want to show that f is continuous. Suppose that V is an open set in
α1X, therefore g�1pV q � ph�1�f�1qpV q is open in α3X since g is continuous.
Since αMX has the quotient topology, then f�1pV q is open in αMX, which
means that f is continuous. This implies that α1X ¤ αMX. Also, we can
see from the construction that f�1pyq contains at most two elements for each
y P α1X � X. If αMX is a compactification of X, then we indeed have
α1X ¤ αMX ¤ α3X.
Since h is a quotient mapping, then it is onto, which means that hpα3Xq �
αMX. This implies that αMX is compact since it is a continuous image of a
compact space.
We now show that αMX is Hausdorff. Suppose that w1, w2 are distinct
points of αMX. Then h�1pw1q, h

�1pw2q are contained in g�1py1q, g
�1py2q

respectively for some y1, y2 P α1X.
If y1 � y2 in α1X, then g�1py1q � h�1pw1q Y h�1pw2q. We may assume
that h�1pwiq � Hi pi � 1, 2q. There are sets L1, L2 � αMX such that
h�1pLiq � Hi for i � 1, 2. These subsets L1, L2 are open subsets of αMX,
they are also disjoint and contain w1, w2 respectively.
If y1 � y2. Since α1X is Hausdorff, we can find disjoint sets G1, G2 which
are open in α1X with tyiu � Gi pi � 1, 2q. Then g�1pGiq � h�1pEiq for some
Ei � αMX pi � 1, 2q. Since g and h are continuous, thus E1 and E2 are
disjoint open subsets of αMX containing w1, w2 respectively. l

In the following proposition, we are using the following lemma:

Lemma 6.1.7 If ϕ : X ÝÑ Y is a closed function then whenever U is an
open subset of X then the set ty P Y : ϕ�1pyq � Uu is also an open subset of
Y .

Proof: Let U be open in X. Then X � U is closed, and since ϕ is a closed
function then ϕpX �Uq � Y � ty P Y : ϕ�1pyq � Uu is closed. That implies
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that ty P Y : ϕ�1pyq � Uu is open in Y . l

Proposition 6.1.8 If α1X is a zero-dimensional compactification of X, and
G is chosen such that GX pα1X �Xq is clopen in α1X �X, then the com-
pactification αMX is also zero-dimensional.

Proof: By Lemma 6.1.1, we have that α3X � X � h�1pαMX � Xq �
g�1pα1X � Xq. If w P αMX � X and L is any open neighborhood of w
in αMX, then h�1pLq is an open neighborhood of h�1pwq in α3X. Also
h�1pwq � g�1pyq for some y P α1X �X.
If h�1pwq � g�1pyq, then since g is a closed function, there is an open subset
M of α1X containing y such that g�1pMq � h�1pLq. We can choose M
such that pα1X � Xq XM is clopen in α1X � X, since α1X � X is zero-
dimensional. Then there is a subset E � αMX such that h�1pEq � g�1pMq.
So, w P E � L and since g and h are continuous, E is open in αMX.

h�1pE X pαMX �Xqq �h�1pEq X pα3X �Xq

�g�1pMq X pα3X �Xq

�g�1pM X pα1X �Xqq.

Thus, E X pαMX �Xq is clopen in αMX �X.
If h�1pwq is properly contained in g�1pyq, then we may assume that h�1pwq �
g�1pyq XH1. Then h�1pLq YH2 is an open subset of α3X containing g�1pyq.
Since g is a closed function, we can find an open set M

1

of α1X containing
y, such that M

1

X pα1X � Xq is clopen in α1X � X (since α1X � X is
zero-dimensional), and g�1pM

1

q � h�1pLq YH2. Thus g�1pM
1

q XH1 is open
in α3X. It contains h�1pwq, and g�1pM

1

q X H1 X pα3X � Xq is clopen in
α3X �X. But there is a subset E

1

of αMX with h�1pE
1

q � g�1pM
1

q XH1.
Then twu � E

1

� L, E
1

is open in αMX, and E
1

X pαMX �Xq is clopen in
αMX �X. l

The construction of αMX has been leading to the following theorem.

Theorem 6.1.9 If αX is a maximum countable compactification of X, then
it is also a maximum zero-dimensional compactification of X.

Proof: Suppose that αX is the maximum countable compactification but it
is not the maximum zero-dimensional compactification. Then there is a zero-
dimensional compactification α�X such that αX ¤ α�X and the natural map
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α�X ÝÑ αX is not a homeomorphism. Thus, by the construction above, we
have the compactification αMX such that αX ¤ αMX ¤ α�X. However, the
construction of αMX is such that |αMX �X| ¤ 2|αX �X|. This contradics
the fact that αX is a maximum countable compactification. Hence, αX is a
maximum zero-dimensional compactification. l

6.2 Perfect compactifications

In this section we investigate conditions under which a compactification with
a zero-dimensional remainder is perfect. J. R. McCartney [23] showed that a
compactification with a zero-dimensional remainder is perfect if and only if
it is the maximum compactification with a zero-dimensional remainder. As a
consequence of this, the maximum compactification with a zero-dimensional
remainder is the minimum perfect compactification a space can have. Firstly,
we go through some results on filters which we are going to need in our proofs,
most of these results can be found in [8].

Definition 6.2.1 Let F be a collection of sets of X. Then FA � tB X A :
B P Fu is called the trace of F on A.

Lemma 6.2.2 Let F be a filter on a set X and A be a subset of X. Then
FA is a filter if and only if each set of F meets A.

Proof: We check that conditions of Definition 2.7.8 are satisfied by sets of
FA.
(1): To have Ø R FA, we must have that F X A � Ø for all F P F , of which
we do by assumption.
(2): Let W � V where W P FA. If W � F XA, then F XA � V � A implies
that V � pF Y V q XA. Since F � F Y V and F P F , then F Y V P F which
implies V P FA.
(3): Let W1,W2 P FA. Since W1XW2 � pF1XAqXpF2XAq � pF1XF2qXA,
we have that W1 XW2 P FA because F1 X F2 P F . l

Definition 6.2.3 Let C be a set of subsets of a set X. If C satisfies pBIq
and pBIIq below, we say that C is a filter base.
pBIq: The intersection of two sets of C contains a set of C.
pBIIq: C is not empty, and the empty subset of X is not in C.
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Lemma 6.2.4 Let F be a filter on X, and let f be a continuous function
from X into Y , then fpFq is a filter base on Y .

Proof: Let C1, C2 P fpFq � tfpF q : F P Fu. Assume that C1 � fpF1q and
C2 � fpF2q for F1, F2 P F . Then C1 X C2 � fpF1q X fpF2q � fpF1 X F2q.
Since F1 X F2 P F then we have that C1 X C2 contains a set of fpFq which
means that condition pBIq of Definition 6.2.3 is satisfied.
pBIIq : From the fact that F � Ø implies fpF q � Ø, we have that Ø R F
and hence Ø R fpFq as required for condition pBIIq of Definition 6.2.3. l

Definition 6.2.5 Let X be a topological space and F be a filter on X. If
N pxq is a neighborhood filter of x P X, then x is said to be a limit point of
F if N pxq � F . Also, F is said to converge to x, written as F ÝÑ x.

Definition 6.2.6 In a topological space X, a point x is a cluster point of
a filter base C on X if x P

�
tClXpF q : F P Cu, in that case we write C ÝÑ x.

If C a filter base of F and C ÝÑ x then F ÝÑ x.

Lemma 6.2.7 The set of cluster points of a filter base on a topological space
X is closed in X.

Proof: The set of cluster points of a filter base C on X is by definition the
set
�
tClXpF q : F P Cu, which is the intersection of closed sets and hence

closed. l

The following is another characterization of compactness.

Lemma 6.2.8 If a topological space is compact then it has at least one clus-
ter point.

Proof: See [32, Theorem 17.4]. l

Lemma 6.2.9 A filter on a compact space converges if it has a single cluster
point.

Proof: Suppose that F is a filter on a compact topological space X and
that F has only one cluster point x. Suppose that F does not converge to
x. That implies that the neighborhood filter N pxq is not a subset of F , i.e.
there is a neighborhood V of x such that V R F . We may assume that V
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is open, since IntpV q P F would imply V P F by properties of filters. Then
the family

V � tF � V : F P Fu

is a filter for the compact set X�V , hence by Lemma 6.2.8, V ÝÑ y for some
y P X � V . Then y is also a cluster point of F . Which is a contradiction to
our assumption that F has only one cluster point. Therefore F ÝÑ x. l

Definition 6.2.10 Let X be a topological space and C be a filter base on X.
A point x P X is said to be a limit of a filter base C, and C is said to
converge to x, if the filter whose base is C converges to x.

Lemma 6.2.11 Let X be a Hausdorff space. Then, no filter on X has more
than one limit point.

Proof: Suppose that X is Hausdorff and F is a filter on X with F ÝÑ x
and F ÝÑ y. Then each neighborhood U of x and each neighborhood V of
y belongs to F by Definition 6.2.5, so U X V � Ø since F is a filter. But
that means that, since X is Hausdorff, we must have x � y. l

The following is a corollary of the proposition given in [8, Part I, Section 7.5,
Proposition 9].

Lemma 6.2.12 Let X, Y be two topological spaces, and f be a function from
X into Y which is continuous at a point a P X. Then, for every filter base
C on X which converges to a, the filter base fpCq converges to fpaq.

Definition 6.2.13 Let f : X ÝÑ Y be continuous, and let F be a filter on
X. A point y P Y is said to be a limit point of f with respect to the
filter F if y is a limit point of the filter base fpFq � tfpF q : F P Fu. In
this case, we will write

limFf � y.

Proposition 6.2.14 Let f : X ÝÑ Y be continuous, and let F be a filter on
X. A point y P Y is a limit of f with respect to the filter F if and only if, for
each neighborhood V of y in Y , there is a set M P F such that fpMq � V .

Proof: See [8, Part I, Section 7.3, Proposition 7]. l

95



Theorem 6.2.15 Let A be a dense subset of X, and f : A ÝÑ Y a con-
tinuous function from A into a regular space Y . For x P X, let FApxq be
the trace on A of the neighborhood filter of x in X. Then f extends to a
continuous function f̂ : X ÝÑ Y if and only if for each x P X we have that

limFApxqf

exists in Y .

Proof: Since we assume that f̂ is continuous and we have that x is the limit
of FApxq, for each x P X we have that f̂pxq � limFApxqf̂ by Lemma 6.2.12.
We note that, if y P Y is a limit of the filter base f rFApxqs then it is the
limit of the filter base f̂ rFApxqs, thus we have

f̂pxq � limFApxqf̂ � limFApxqf

This means that the filter base f rFApxqs converge to a point as required.
Conversely, suppose that the condition is satisfied and define

f̂pxq � limFApxqf

for each x P X; f̂ is well-defined since Y is a Hausdorff space by Lemma
6.2.11. We have to show that f̂ is continuous at each point of x P X. Let V 1

be a closed neighborhood of f̂pxq in Y . Then, since f̂pxq is the limit point
of f with respect to FApxq, there exists M P FApxq such that fpMq � V 1 by
Proposition 6.2.14. Let V be the open neighborhood such that M � V XA.
Since V is a neighborhood of each of its points, we have

FApzq � FVXApzq

for each z P V . It follows that

f̂pzq � limFVXApxqf

for each z P V . From this, it follows that f̂pzq P ClY rfpV XAqs, and because
we have fpV X Aq � V 1 and V 1 is closed, then ClY rfpV X Aqs � V 1. We
thus have f̂pV q � V 1, and since Y has a neighborhood base of closed sets by
regularity, that implies that f̂ is continuous. l

Definition 6.2.16 We say that a closed subset F separates a space X into
sets G1, G2 if X � F � G1 Y G2, where G1 and G2 are non-empty disjoint
open subsets of X.
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We give several equivalent definitions of perfect compactifications of which
we are going to use here. See, for example, Dickman and McCoy [10] and
Sklyarenko [28] for the proof of equivalences.

Definition 6.2.17 A compactification αX of X is a perfect compactifi-
cation if it satisfies any of the following equivalent conditions

1. If y P αX �X, then for any neighborhood N of y, N XX can not be
expressed as the union of two disjoint sets V1, V2 each open in N XX,
and having y P ClαXpV1q X ClαXpV2q.

2. If f is the natural map f : βX ÝÑ αX, then f�1pzq is connected for
all z P αX

3. If a closed set F separates X into H1, H2, then ClαXpF q separates αX
into G1, G2, where Gi XX � Hi pi � 1, 2q.

In the proof of the next theorem, we need the following lemma whose proof
is extracted from the argument of the proof of [19, Lemma 1.4].

Lemma 6.2.18 If G is an open subset of βX and G XX is partitioned by
open sets V1, V2 of X, then tGXClβXpV1q, GXClβXpV1qu is a partition of G
in βX.

Proof: Let GXX � V1 Y V2. Since X is dense in βX, then G � ClβXpGX
Xq � ClβXpV1q Y ClβXpV2q, then G � rClβXpV1q X Gs Y rClβXpV2q X Gs. If
ClβXpV1q X ClβXpV2q � Ø then tGX ClβXpV1q, GX ClβXpV1qu is a partition
of G. l

We are now ready to prove the main theorems.

Theorem 6.2.19 A compactification γX of X which has a zero-dimensional
remainder is the maximum compactification with a zero-dimensional remain-
der if and only if it is perfect.

Proof: pðùq Consider any element y P γX � X, and let NXpyq denote
the trace on X of the neighborhood filter of y in γX. Then by Lemma
6.2.2, NXpyq is a filter on X. Let αX be any compactification of X with a
zero-dimensional remainder, then NXpyq is a filter base in αX. If the con-
tinuous function f : X ÝÑ αX is such that f rNXpyqs converges in αX,
then since γX is regular and has X as a dense subset, by Theorem 6.2.15,
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we must have that there exists a continuous extension of f̂ : γX ÝÑ αX
of the function f . But f takes elements of X to elements of X, hence we
have f rNXpyqs � NXpyq. Therefore, we need to prove that the filter base
NXpyq converges in αX. By Lemma 6.2.9 and Definition 6.2.10, we must
show that NXpyq has a single cluster point in αX, that is, we must show
that adhαNXpyq �

�
tClαXpF q : F P NXpyqu contains only one point. Once

we do that, that would imply that αX ¤ γX by using f̂ as our natural
map, and since αX was arbitrary that would mean that γX is the maximum
compactification with a zero-dimensional remainder.
We shall show that adhαNXpyq contains only one point for each y P γX�X.
Suppose this were not so for some y P γX�X. It would follow that there are
distinct points z1, z2 P adhαNXpyq. By Lemma 6.2.7, adhαNXpyq is closed
and thus a compact in αX. So we can partition it by disjoint closed sub-
sets K1, K2 of αX containing z1, z2 respectively. Since a compact Hausdorff
space is normal, there are disjoint open sets L1, L2 of αX containing K1, K2

respectively. Set Hi � X X Li and F � X � pH1 YH2q. Then F separates
X into H1, H2 and so, since γX is perfect, by Definition 6.2.17 (3) we must
have γX�ClγXpF q � G1YG2 where GiXX � Hi for i � 1, 2. Suppose that
y P ClγXpF q, then F together with NXpyq would form the base of a filter F ,
for which

adhαF � ClαXpF q X adhαNXpyq � rαX � pL1 Y L2qs X pK1 YK2q � Ø

since F � αX � pL1 Y L2q and αX � pL1 Y L2q is closed in αX. But this is
contradicting the compactness of αX by Lemma 6.2.8, hence y R ClγXpF q.
Therefore y P G1 YG2. Suppose that y P G1, then G1 is a neighborhood for
y and hence H1 P NXpyq. Since we have that L2 X H1 � Ø, and we must
have every neighborhood of z2 containing an element of H1 for it to be in
ClαXpH1q, then z R adhαNXpyq, which contradicts our assumption. Hence
adhαNXpyq consists of a single point.

pùñq Suppose γX is a compactification with a zero-dimensional remainder,
that is not perfect. By Definition 6.2.17 (1) of perfectness of a compactifica-
tion, there is a point z P γX �X such that z has an open neighborhood G
with G X X � V1 Y V2, where V1 X V2 � Ø, z P ClγXpViq for i � 1, 2, and
V1, V2 are open subsets of X. We can choose G such that G X pγX �Xq is
clopen in γX�X, since γX�X is zero-dimensional. Let the continuous map
be g : βX ÝÑ γX, then g�1pGq is an open subset of βX and X X g�1pGq �
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V1YV2. Then by Lemma 6.2.18, if Hi � ClβXpViqX g
�1pGq for i � 1, 2, then

g�1pGq � H1 YH2 which implies that g�1pGq X pβX �Xq � H1 YH2. Also,
since z P ClγXpViq, we have that g�1pzq P ClβXpViq, hence g�1pzq XHi � Ø
for i � 1, 2. Thus G,H1, H2 satisfy the conditions required in the previ-
ous section to construct a compactification αMX of X, and by Proposition
6.1.8 αMX is a compactification with a zero-dimensional remainder. Since
we have γX ¤ αMX, then γX is not the maximum compactification with a
zero-dimensional remainder. l

Lemma 6.2.20 If γX is a maximum compactification with a
zero-dimensional remainder of X, there is a one-to-one relation between the
connected components of βX �X and the elements of γX �X.

Proof: Suppose that γX is a maximum compactification with a
zero-dimensional remainder. Then by Theorem 6.2.19, it is a perfect com-
pactification. So, for the continuous function f : βX ÝÑ γX, we have that
f�1pzq is connected for each z P γX � X by Definition 6.2.17 (2). Thus
f�1pzq is contained in a connected component of βX � X. Conversely, if
M is a connected component of βX �X, then fpMq is connected since f is
continuous, and so contains only one element. Hence f�1pzq is a component
of βX �X for each z P γX �X. l

Theorem 6.2.21 If X has a maximum zero-dimensional compactification
γX, this is also the minimum perfect compactification.

Proof: Suppose that αX is any perfect compactification of X, let h, g be the
natural maps; h : βX ÝÑ αX and g : βX ÝÑ γX. Then for any z P αX�X,
h�1pzq is connected in βX �X by Definition 6.2.17 (2). By Lemma 6.2.20,
the component of βX � X in which h�1pzq is contained is mapped onto a
point y P γX � X by g. This implies that h�1pzq � g�1pyq, thus we have
the function f : αX ÝÑ γX such that g � f � h. We now show that f is
continuous. Let K be a closed subset of γX. Since f�1pKq � hrg�1pKqs and
g is continuous, then g�1pKq is closed in βX, which implies that g�1pKq is
compact since βX is compact. Since a continuous image of a compact set is
compact, we have that hrg�1pKqs is compact and since αX is Hausdorff that
implies that hrg�1pKqs � f�1pKq is a closed subset of αX. Therefore, f is a
continuous function, thus γX ¤ αX. l
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Chapter 7

Compactifications in pointfree
topology

The work carried out in this dissertation focuses on the results on compact-
ifications with a zero-dimensional remainder for a topological space. One
avenue of research is the study of compactifications in pointfree topology.
Pointfree topology is a relatively new subject and some of the results that
hold in point-set topology are not yet proved for pointfree topology. Point-
free topology is the study of topology without mentioning the points and it
uses the machinery from lattice theory and category theory. For substantial
literature in pointfree topology we refer the reader to [20] and [27].

7.1 Frame theory

Definition 7.1.1 A frame is a complete lattice L in which distributivity
holds, that is

a^
ª

S �
ª
ta^ s : s P Su

for any a P L and S � L.

The top element and the bottom element of L will be denoted by e and 0
respectively.

Definition 7.1.2 A frame homomorphism is a mapping h : M ÝÑ L
such that

1. hp
�
Sq �

�
thpsq : s P Su for S � L, including hp0Mq � 0L and
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2. hpa1 ^ a2q � hpa1q ^ hpa2q for every a1, a2 P L, including hpeMq � eL.

An example of a frame is the family of open sets of a topological space
X (ordered by set inclusion), denoted by ΩpXq and a frame homomor-
phism that is determined by any continuous function f : X ÝÑ Y as
Ωpfq : ΩpY q ÝÑ ΩpXq which takes a U P ΩpY q to f�1pUq P ΩpXq. Hence, if
one has a topological space then one essentially has a frame that corresponds
to that topological space. A frame L is called spatial if L � ΩpXq for some
topological space X.

Definition 7.1.3 A frame homomorphism h : M ÝÑ L is said to be dense
if hpxq � 0L implies x � 0M .

Definition 7.1.4 A frame L is called compact if whenever e �
�
S, then

there is a finite F � S such that e �
�
F .

Definition 7.1.5 Let L be a frame, we say that a is rather below b and
write a   b if and only if a� _ b � e, where a� is the pseudocomplement
of a in L, given by

a� �
ª
tx P L : x^ a � 0u.

Definition 7.1.6 A frame L is said to be regular if x �
�
ty P L : y   xu

for each x P L.

Definition 7.1.7 A compactification of a frame L is a dense onto frame
homomorphism h : M ÝÑ L, where M is a compact regular frame.

7.2 Recent research on compactifications in

pointfree topology

In this section we look at some recent research done on compactifications in
pointfree topology.

7.2.1 Strong inclusions

In 1990, Banaschewski introduced the notion of a strong inclusion on a frame
L, and showed that there is an isomorphism between the set KpLq of all
compactifications of L and the set SpLq of all strong inclusions on L. We
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give a summary of the one-to-one correspondence between strong inclusions
and compactifications which is from [6]:

A strong inclusion on a frame L is a binary relation � on L satisfying the
following properties:
pS1q x ¤ a� b ¤ y implies x� y.
pS2q � is a sublattice of L� L.
pS3q a� b implies a   b.
pS4q a� b implies there is a c P L such that a� c� b.
pS5q a� b implies b� � a�

pS6q For each a P L, a �
�
tx P L : x� au.

Given a strong inclusion � on L, we obtain a compactification on L as follows:
Let J denote the collection of all strongly regular ideals on L (an ideal J on
L is strongly regular if x P J implies there exist y P J such that x�y). Then
J is a compact regular frame, and the join map

ª
: J ÝÑ L

J P J ÞÝÑ
ª

J

gives a compactification on the frame L.

Conversely, given a compactification h : M ÝÑ L, the associated strong
inclusion is given by

a�h b if and only if rpaq   rpbq

where r : L ÝÑM is the right adjoint of h, satisfying hpaq ¤ b if and only if
a ¤ rpbq.

7.2.2 Perfect and maximum compactifications

A perfect compactification for a topological space was defined in Section
6.2. In 2011, Baboolal introduced the concept of perfectness in frames [5].
Baboolal also stated the additional conditions that one must have on the
strong inclusion in order for the corresponding compactification to be perfect.
In the same paper, the Freudenthal compactification is defined for a class of
rim-compact frames using strong inclusion and it is proved to be perfect.
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In 2021, Mthethwa proved that the Freudenthal compactification, as defined
by Baboolal, is zero-dimensional and the minimum perfect compactification
[25]. We summarize what has been proved:

Definition 7.2.1 Let h : M ÝÑ L be a compactification of L, then pM,hq
is said to be a perfect compactification if for each element u of L we have

rpu_ u�q � rpuq _ rpu�q

where r : L ÝÑM is the right adjoint.

We have that α : X ÝÑ αX is a perfect compactification of a topological
space X if and only if Ωpαq : ΩpαXq ÝÑ ΩpXq is a perfect compactification
of frame ΩpXq.
Baboolal also gave a characterization of perfectness using the strong inclu-
sion:

Theorem 7.2.2 h : M ÝÑ L is a perfect compactification of L if and only
if the associated strong inclusion � satisfies;

For all x, y P L, x ¤ y, x� y _ y� implies x� y.

Proof: See [5, Proposition 3.9]. l

We write Òa � tx P L : a ¤ xu.

Definition 7.2.3 A regular frame L is called a rim-compact frame if
each a P L is a join of elements u such that Òpu_ u�q is compact.

If X is a rim-compact topological space then ΩpXq is rim-compact as a frame.

Definition 7.2.4 For a frame L, a π-compact basis B for L is a basis
such that a, b P B implies a^ b, a_ b P B, a P B implies a� P B and Òpa_ a�q
is compact.

Theorem 7.2.5 For a rim-compact frame L, the relation defined by:

a�B b if and only if there exists u P B such that a   u   b

is a strong inclusion, where B is a π-compact basis.
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Proof: See [5, Proposition 4.6]. l

Let pγBL,
�
q be the compactification of L corresponding to a strong inclusion

�B. We say that a compactification pM,hq of a rim-compact frame L is a
π-compactification if there is a π-compact basis B of L such that pγBL,

�
q �

pM,hq.

Definition 7.2.6 If we define the π-compact basis as M � tu P L :Òpu_u�q
is compactu, then �M is a strong inclusion on L which corresponds to the
Freudenthal compactification.

Theorem 7.2.7 The Freudenthal compactification is perfect for a class of
rim-compact frames.

Proof: See [5, Proposition 4.10]. l

Mthethwa [25] introduced the concept of h-perfect elements relative to a com-
pactification that allowed him to give the neccessary and sufficient conditions
for a compactification of a frame to be a π-compactification.

Definition 7.2.8 Let pM,hq be a compactification of a frame L. An element
a PM is said to be h-perfect if Òpa_a�q �Òhpa_a�q, where the isomorphism
is via h.

Theorem 7.2.9 For any compactification pM,hq of a frame L, let B �
thpaq : a P M,a is h-perfectu and BM � ta P M : hpaq P Bu. If B is a
basis for L then it is π-compact basis, and given that B is a basis for L then
pM,hq � pγBL,

�
q if and only if BM is a basis for M .

Proof: See [25, Lemma 3.4, Proposition 3.6]. l

Mthethwa follows a similar technique to that of Baboolal, that is to prove
the results of Skljarenko [28] for frames:

Definition 7.2.10 Let C be any π-compact basis for a rim-compact frame
L and rC � t

�
J : J P γCL and Ò pJ _ J�q �Ò

�
pJ _ J�qu where the

isomorphism is via the join map
�

: γCL ÝÑ L. We say that C is full if

C � rC.
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Theorem 7.2.11 There is a one-to-one correspondence between the set of
all full π-compact bases and the set of all π-compactifications of a regular
frame L.

Proof: See [25, Theorem 4.11]. l

Theorem 7.2.12 The Freudenthal compactification has a full basis.

Proof: See [25, Corollary 4.12]. l

Theorem 7.2.13 For full π-compact bases C and D of a rim-compact frame
L, γCL ¤ γDL if and only if C � D.

Proof: See [25, Proposition 4.10]. l

Hence, since the Freudenthal compactification has a full basis which contains
all the other π-compact bases, then it is the maximum π-compactification.

Theorem 7.2.14 If a rim-compact frame L has a π-compactification then
the remainder of L in its π-compactification is zero-dimensional. Specifically,
the remainder of L in its Freudenthal compactification is zero-dimensional.

Proof: See [25, Corollary 5.2]. l

Theorem 7.2.15 The Freudenthal compactification of a rim-compact frame
is the minimum perfect compactification.

Proof: See [25, Proposition 5.5]. l

7.2.3 Banaschewski extension

In [11], Dimov gives necessary and sufficient conditions under which the Ba-
naschewski extension for topological spaces is open. In 2021, Adjei and Dube
[1] extended the Dimov’s result to frames. Also, in [1], a characterization of
continuous functions between two zero-dimensional topological space which
has Banaschewski extension that is nearly open is given. This result is ob-
tained as a corollary of a more general result in frames.

Banaschewski compactification: If for a P L, we have that a _ a� � 1,
then it is called a complemented element. The lattice of complemented ele-
ments of L is denoted by BL. Given a zero-dimensional frame L, denote ζL
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the frame of ideals of BL. Then ζL is a compact zero-dimensional frame,
and the map

ζL : ζL ÝÑ L given by ζLpIq �
ª

I

is a dense onto frame homomorphism. We call ζL the Banaschewski com-
pactification of the frame L. The topological analogue of constructing the
Banaschewski compactification is as follows: Let X be a zero-dimensional T0
topological space with basis Z of clopen sets. Let ζX denote the collection of
all ultrafilters on Z, and for each A P Z, let AζX � tF P ζX : A P Fu. It is
seen that tAζX : A P Zu can be taken as a basis for closed sets of a topology
on ζX. The set ζX equipped with this topology is a compact Hausdorff,
zero-dimensional space with the associated dense embedding given by

Φ :X ÝÑ ζX

x ÞÝÑ tA P Z : x P Au.

Definition 7.2.16 In a category of zero-dimensional frames ZDFrm with
frame homomorphisms, the extension of h : L ÝÑ M given by hζ : ζL ÝÑ
ζM is called the Banaschewski extension. Similarly, in the category
of zero-dimensional Hausdorff spaces ZDHaus with continuous functions,
the extension of f : X ÝÑ Y given by f ζ : ζX ÝÑ ζY is called the Ba-
naschewski extension.

Dimov gave the condition on a continuous f in ZDHaus such that f ζ is
open (see [11, Corollary 4.9]); he proved that f ζ : ζX ÝÑ ζY is open if and
only f satisfies the condition that for every clopen F � X then ClY rfpF qs
is a clopen subset of Y .

Theorem 7.2.17 For any morphism h : L ÝÑ M in ZDFrm, hζ is open
if and only if rpBMq � BL where r is the right adjoint of h.

Proof: See [1, Theorem 2.2]. l

Since, they derived that a continuous function in ZDHaus satisfies the Di-
mov condition if and only if the right ajoint of Ωpfq sends complemented
elements in ΩpXq to complemeted elements in ΩpY q, this motivated them to
give the Dimov’s condition for frame;

Definition 7.2.18 A ZDFrm-morphism satisfies the Dimov condition if
its right adjoint sends complemented elements to complemented elements.
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Adjei and Dube then extended Dimov’s result to frames by proving the fol-
lowing theorem.

Theorem 7.2.19 If the ZDFrm-morphism h satisfies the Dimov condition
then hζ is open.

Proof: This follows from Theorem 7.2.17 and Definition 7.2.18. l

The Banaschewski extension extension may be open while the corresponding
morphism in ZDFrm is not open, this motivated Adjei and Dube to seek
condition on a ZDFrm-morphism h so that if it has the condition then we
have that h is open if and only if hζ is open.

Definition 7.2.20 A ζ-map as a ZDFrm-morphism h : L ÝÑ M such
that hζrτLpaqs � τM rhpaqs where τL : L ÝÑ ζL and τM : M ÝÑ ζM are the
right adjoints of ζL and ζM respectively.

Theorem 7.2.21 A ζ-map is open if and only if its Banaschewski extension
is open.

Proof: See [1, Theorem 2.7]. l

Taking their result into ZDHaus, they said that a continuous f : X ÝÑ Y
between zero-dimensional spaces is a ζ-map if its the case that for every
clopen subset F of X and open subset U of Y such that F � f�1pUq, then
there is a clopen subset H of Y such that H � U and F � f�1pHq. The
result that a ζ-map between zero-dimensional Hausdorff spaces is open if and
only if its Banaschewski extension is open then followed, since f is a ζ-map
if and only if Ωpfq is a ζ-map.
It is clear that an open ζ-map satisfies Dimov condition, we also have that a
dense onto ζ-map satisfies the Demov condition. But a general ζ-map need
not satify the Demov condition as shown in [1]. This means that notion of
ζ-map and Dimov condition are independent.

7.3 Future research

The one-to-one relationship between strong inclusion and compactifications
immitates the one-to-one relation between proximities and compactifications
in a topological space which was proved in [29] as done in Section 4.2. In
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2009, in the paper [7], a zero-dimensional proximity is defined and it is shown
that there is a one-to-one correspondence between zero-dimensional proxim-
ities and zero-dimensional compactifications of which we went through it in
Section 4.3. Motivated by this paper, we would like to establish conditions
that strong inclusions need to satisfy for a corresponding compactification to
be zero-dimensional.

We can see from the previous section that Skljarenko’s results (see Section
5.1) for topological spaces have been proved for frames. McCartney’s re-
sult that a compactification of a topological space with a zero-dimensional
remainder is the maximum compactification with a zero-dimensional remain-
der if and only if it is perfect (see Section 6.2) is not yet proved for frames,
and we wish to explore the possibility of proving this going forward. Our
motivation for this is the fact that it has been proved that the Freudenthal
compactification for rim-compact frames has a zero-dimensional remainder
and it is also the minimum perfect compactification, it is not yet proved
that this is indeed the maximum compactification with a zero-dimensional
remainder (in [25], it is shown that the Freudenthal compactification is the
maximum π-compactification).

Also, there are other characterisations of the Freudenthal compactification
for a topological space that do not involve proximities, for example see [10].
However, this compactification has not been explored enough in the point-
free context, except for the work of Baboolal [5] and Mthethwa [25], who
established that the Freudenthal compactification for rim-compact frames is
perfect and is the minimum perfect compactification, respectively. We wish
to extend the scope of knowledge and exhibit more properties and character-
izations of this compactification in frames setting with the aim of inferring
some information about zero-dimensionality and perfect compactifications in
general.

Adjei and Dube also gave the necessary and sufficient condition for the Ba-
naschewski extension of a morphism in ZDFrm to be open of which the
topological result follows as a corollary. They do not consider the case where
the Banaschewski extension of a morphism in ZDFrm is quasi-open, and
Dimov characterized in ZDHaus. We wish to explore this going forward, as
well as researching on other properties of the Banaschewski extension.
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