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Abstract

A compactification of a topological space is a dense embedding of the space
into a compact topological space. We study different methods of compact-
ifying a topological space with the focus on zero-dimensionality of the re-
mainder. Freudenthal compactification is known as a maximal compactifica-
tion with a zero-dimensional remainder and is guaranteed to exist for rim-
compact spaces. It is shown that this compactification can be characterized
using proximities. In fact, there is a one-to-one correspondence between com-
pactifications and proximities and, in particular, between compactifications
with zero-dimensional remainder and zero-dimensional proximity. Almost
rim-compact spaces are spaces that are larger than the rim-compact spaces
and they are shown to also have a compactification with a zero-dimensional
remainder. But these do not exhaust spaces that have a compactification
with a zero-dimensional remainder, for example, recently [18] it was found
that spaces that lie between the locally compact part and its Freudenthal
compactification also have a zero-dimensional remainder. It is known that
the Freudenthal compactification is also perfect, we study the relationship
between maximum compactifications with a zero-dimensional remainder and
the perfectness of these compactifications.
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Glossary

P(X)
Int(U)
CixU
bdxU
fr9,k,h
C(X)
c*(X)

aX,vX, ...

wX
53¢

7(9)
A« B
E(A)

Set of real numbers.

Empty set.

Topological spaces.

Topology defined on a space.

Subspace topology defined on a subset of a
space.

x is an element of X.

Complement of the set A in X.

A is a subset of X.

Collection of all subsets of X.

Interior of U.

Closure of the set U in the space X.
Boundary of the set U in the space X.
Mappings.

Ring of continuous real valued functions.
Ring of bounded continuous real valued func-
tions.

Compactification of the space X

Alexandroff one-point compactification.
Stone-Cech compactification.

Proximity relation on P(X).

Subspace proximity defined on a subspace Y
of a space X.

Topology induced by the proximity 9.

A is a d-neighborhood of B.

Collection of ends that contain the set A.



Bases for a topological space.

Extension of the open set U in the compacti-
fication: the largest subset of the compactifi-
cation of X whose intersection with X is U.
Lattice of all compactifications of a space X.
Lattice of all compactifications of a space X
with a zero-dimensional remainder.
Collection of proximities that induce a topol-
ogy on X.



Chapter 1

Introduction

In general topology, compactness is a property that generalizes the notion of
a subset of the Euclidean space being closed. The theory of compact spaces
is rich in its own right, however most topological spaces are not compact.
Thus one of the topics of interest in the realm of topological spaces is the
possibility of densely embedding a given space inside a compact Hausdorff
space. This process of embedding a topological space into a compact Haus-
dorff space is called the compactifying such a space.

The first method of extending a non-compact space into a compact space
was given by Alexandroff in 1924, in which one point is added to a locally
compact space to make it compact. The Stone-Cech compactification was
defined by Marshall Stone and Eduard Cech in 1937: this is the largest Haus-
dorff space that a completely regular topological space can be embedded in.
Other methods of compactifying a space include: Wallman compactification
(1938), Fan-Gottesman compactification (1952) and Magill’s N-point com-
pactification (1965), to mention a few. In Chapter 3, we look at the details
of the construction of these compactifications.

Proximities provide an alternative way of looking at a topological space and
the concept was axiomatized by V. A Efremovic¢ in a paper published in
1934. Smirnov, in 1952, provided a characterization of the lattice structure
of compactifications of a completely regular X by means of proximities on
X that induce the topology on X; the Smirnov Theorem. Then, Skjarenko
used this in 1966 to show that rim-compact spaces have a compactification
with zero-dimensional remainder and also defined the Freudenthal compact-



ification using proximities. We study the relationship between proximities
and compactifications in Chapter 4.

Thinking of X as a subset of a compact Haudorff space a X, the remainder
of a compactification is the complement of X in aX, denoted by aX — X.
So it is natural to endeavour to understand the nature of the points that get
added to a space to make it compact. If the remainder has a basis of clopen
sets then it is said to be zero-dimensional. The Freudenthal compactification
is known as the maximum compactification which has a zero-dimensional re-
mainder and it is guaranteed to exist when a space is rim-compact.

Looking at the internal structure of spaces that have a compactification with
zero-dimensional remainder, B. Diamond developed a theory for the class
of spaces intermediate between rim-compact spaces and spaces that have a
compactification with a zero-dimensional remainder in 1987, which she called
almost rim-compact spaces. In 1995, J. Hatzenbuhler and D. A Mattson gave
a characterization of spaces which lie between the locally compact part and
the Freudenthal compactification of the locally compact part, such spaces
necessarily possess a compactification with a zero-dimensional remainder. In
Chapter 5, we look at the characterization of spaces which have a compacti-
fication with zero-dimensional remainder.

In Chapter 6, we look at the maximum zero-dimensional compactification
and perfectness of zero-dimensional compactifications. It turns out that a
compactification with a zero-dimensional remainder is maximal if and only
if it is perfect. Furthermore the maximum compactification with a zero-
dimensional remainder is the minimum perfect compactification. These re-
sults were proved by McCartney in 1970.

In Chapter 7, we conclude this dessertation by looking at some recent re-
sults in zero-dimensional compactifications (or compactifications with zero-
dimensional remainder) in pointfree topology and state some of the problems
we would like to persue further.



Chapter 2

Preliminaries

The aim of this chapter is to provide definitions and standard results that will
be used throughout this dissertation. For more details, we refer the reader
to texts in general topology, for example [21] and [32].

2.1 Topological spaces

Definition 2.1.1 A set X together with a collection T of its subsets satisfy-
mg:

1. U;e; Ui € T for any index set I where each U; € T,
2. (., Ui € T where each U; € T,
3. O, Xer.

1s called a topological space. The members of T are called the open sets
of X and 7 1s called a topology on X .

Remark: We often omit specific mention of 7 if no confusion will arise and
refer to X as a topological space.

Definition 2.1.2 Let X be a set and d : X x X —> [0,400) be a mapping.
If d satisfies the following three conditions, then d is called a metric on X,
and (X, d) is called a metric space:

1. d(z,y) =0 if and only if x =y,



2. d(z,y) = d(y,x), for every x,y € X.
3. d(z,z) < d(z,y) + d(y, z), for every x,y,z € X.

Remark: For any € > 0 and x € X, let B(x,¢) = {y € X : d(z,y) < €}.
If U € X and for any x € U, there exists ¢ > 0 such that B(x,e) € U, we
say that U is open in X. If (X,d) is a metric space, let 74 consist of all
open sets of X, then (X, 74) is a topological space. If a topological space
has a topology arising from a metric, it is called a metrizable space. For
example, let z,y € R and we define d(z,y) = |z — y| then (R,d) is a metric
space, so R can be viewed as a topological space (R, 7).

Definition 2.1.3 Let X be a topological space. A basis for a topology on
X is a collection B of subsets of X such that

1. For any x € X, there exists B € B such that x € B.

2. If B, By € B and x € By n By, then there exists Bs such that x € By <
Bl M BQ.

Remark: If a collection of subsets B of X satisfies these two conditions,
then we define the topology 7 generated by B as follows: U < X is said
to be open in X if for each x € U, there is a basis element B € B such that
r € B and B € U. Note that, in this case each basis element is an element
of 7.

Another equivalent definition of a basis is as follows;

Definition 2.1.4 Let X be a set and let B be a basis for a topology T on X.
Then T equals the collection of all unions of elements of B.

Definition 2.1.5 Let X be a topological space and N < X. If there exists
an open set U with x € U < N, then N is called a neighborhood of x.
2.2 Subspaces and products

New topological spaces can be formed from the old ones by considering sub-
sets and products:



Definition 2.2.1 Let X be a topological space andY < X. Then the topol-
ogy on Y induced by the topology 7 of X is the set 1, = {UNY : U € 7}.
We say that (Y, 7,) is a subspace of X.

Theorem 2.2.2 If A is a subspace of a topological space X, and B is a base
for X, then {B n A|B € B} is a base for A.

Proof: See [32, Theorem 6.3]. [

Remark: If a topology is not specified on a subset of a topological space, it
is assumed to be the subspace topology.

Definition 2.2.3 Let A be an index set and X, be a set for each a € A.
The Cartestan product of the sets X, is the set

HXa = {x cA U Xo|z(a) € X, for each a € A}

acA acA

Thus | [,es Xao is the set of functions defined on the indexing set. The value
of v € | [nea Xa at « is denoted by x, and is referred to as the a'" coordinate

of x.

Remark: If the index set A is the natural numbers, it is customary to denote
the function x in ]_[2021 X, by listing its values as an ordered n — tuple, i.e.

x = (r1,T,...). Thus [T/, X0 = {(xl,xg, )|k € X,k =1,2, }

The Cartesian product can be endowed with a topology as follows;

Definition 2.2.4 The product topology on || ., X« is obtained by taking

as a base for open sets, sets of the form | [ 4 Us where

1. U, is open in X, for each a € A and
2. For all but finitely many coordinates, U, = X,.

Remark: Notice that the set | [,c4 U, where U, = X, except for a =
YU, ) where 7, is

o, ..., Oy, can be written [ [ o, Uy = 73 (Uay) N .o 0wy
the projection map of | [ 4 Xo on X,, defined by 7, (z) = zq,.



2.3 Closed sets and limit points

Definition 2.3.1 Let X be a topological space and V < X. If X —V is open
in X, we say that V' is a closed set of X.

Remark: Let X be a topological space. The following conditions hold:
1. @ and X are both open and closed.
2. Arbitrary intersections of closed sets are closed.
3. Finite unions of closed sets are closed.
Definition 2.3.2 A subset of X is called clopen if it is both open and closed.

Definition 2.3.3 A topological space is zero-dimensional if it has a basis
of clopen subsets.

Theorem 2.3.4 Let Y be a subspace of X. A set A is closed in'Y if and
only if A=C nY for some closed set C in X.

Proof: See [32, Theorem 6.3]. [

Definition 2.3.5 Let X be a topological space and A € X. The smallest
closed set containing A is called the closure of A and is denoted by Clx(A),
that is,

Cix(A)= () F

Fclosed), ACF

FEach point x € Clx(A) is called a limit point of A.
Proposition 2.3.6 A is closed in X if and only if Clx(A) = A
Proof: See [32, Theorem 3.7]. O

Theorem 2.3.7 Let Y be a subspace of X and A be a subset of Y. Then
Cly(A) =Clx(A)nY.

Proof: See [32, Theorem 6.3]. O

The next theorem gives a way of determining whether or not an element is
in the closure using open sets.
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Theorem 2.3.8 Let x € X. Then x € Clx(A) if and only if for every open
set U containing r, An U # Q.

Proof: See [32, Theorem 4.7]. [

Definition 2.3.9 If X is a topological space and E < X, the boundary of
E is the set; bdx(E) = Clx(E) n Clx(X — E).

Remark: Note that bdx(E) = Clx(F) — E if E is an open set of X.

Definition 2.3.10 If A < X is such that Clx(A) = X, A is said to be
dense in X.

2.4 Continuous functions

Definition 2.4.1 Let X,Y be topological spaces and f : X — Y be a
mapping. If f~1(U) ={x € X : f(x) € U} is open in X for every open set U
in'Y, then f is called a continuous mapping, or a continuous function.

Continuity of a function depends not only on the function f itself, but also
on the topologies specified for the domain and range.

Theorem 2.4.2 Let X and Y be topological spaces, let f: X — Y. Then
the following are equivalent:

1. f is continuous.
2. I[fAC X, then f(Clx(A)) < Cly (f(A)).
3. If B is closed in Y, then f~'(B) is closed in X.

4. For each x € X and each neighborhood V' of f(x), there is a neighbor-
hood U of x such that f(U) < V.

Proof: See [32, Theorem 7.2]. O

An onto map between a topological space and a set induces a topology on
the set that makes the function continuous;

11



Definition 2.4.3 If X is a topological space, Y is a set and g: X — Y is
an onto mapping, then the collection 1, of subsets of Y defined by

7, ={G<CY: g (@) is open in X}

15 a topology on 'Y, called the quotient topology induced on'Y by g. When
Y is given such quotient topology, it is called the quotient space of X, and
the inducing map g is called a quotient map.

Definition 2.4.4 If X and Y are topological spaces, a continuous function
f: X — Y is a homeomorphism if and only if f is one-to-one, onto
and f~1 is also continuous. If f is continuous and one-to-one, we call it an
embedding of X into Y, and say that X is embedded in Y by f.

Remark: Thus, X is embedded in Y by f if and only if f is a homeo-
morphism between X and some subspace of Y. Any property of X that is
entirely expressed in terms of the topology of X yields, via homeomorphism
f, the corresponding property for the space Y.

Definition 2.4.5 Let f : X — Y be a mapping between two topological
spaces. If for every open set U € X, f(U) is an open set then f is called an
open mapping.

Definition 2.4.6 Let f : X — Y be a mapping between two topological
spaces. If for every closed set ' < X, f(F) is a closed set then f is called
an closed mapping.

Definition 2.4.7 If f : X — Y is a mapping and A € X, the restriction
of f to A, denoted by f|A, is the map from A toY such that (f|A)(a) = f(a)
for each a € A.

Definition 2.4.8 Let X be a set. Then
C(X)={f: X —R: fis continuous} and
CH*X)={feC(X):|f(x)] < M for some M € R and everyz € X}.

Definition 2.4.9 A € X is called a zero-set if there is a continuous f :
X — R such that A = {x € X : f(x) = 0}, this is usually denoted by Z(f).

12



2.5 Connectedness and compactness

Definition 2.5.1 X is said to be connected if whenever X =Y U Z, where
Y and Z are openin X, andY nZ =@, then X =Y or X = Z. A subset of
a topological space is said to be connected if it is connected under its subspace
topology

Remark: A space is connected if and only if the only subsets of X which are
clopen are the empty set and X. For; if A is a non-empty proper subset of X
that is both open and closed in X, then the sets U = A and V = X — A are
open, disjoint, non-empty and their union is X. Conversely, if X = U u V
and U NV = ) where U and V are open, then U = X — V which is closed.
Then U is a clopen subset of X.

Definition 2.5.2 X is said to be disconnected if X = Y UZ whereY nZ =
O for some open sets Y and Z.

Definition 2.5.3 A topological space X is totally disconnected if and
only if for any x # y in X, there exists a clopen set U of X such that x € U
andy ¢ U.

Remark: Note that a topological space is totally disconnected if it is maxi-
mally disconnected, in the sense that it has no non-trivial connected subsets.
In every topological space, the singletons are connected; in a totally discon-
nected space, these are the only connected subsets.

Definition 2.5.4 Let X be a topological space and I be an index sets. A
collection {U;}ier of sets is a cover (or a covering) for X if X < .., Ui.
If all U; are open, then we call the collection {U;}ie; an open cover.

Definition 2.5.5 Let {U;}ier be an open cover for X, if there exists {U;}I', <
{Ui}ier such that X < | J; , U; then the collection {U;}?_, is called o finite
subcover of X.

Definition 2.5.6 A space X is compact if each open cover of X has a finite
subcover.

Theorem 2.5.7 (Tychonoff). A non-empty product space | [ ,o; Xa is com-
pact if and only if each X, is compact for each a € I.

13



Proof: See [32, Theorem 17.8]. ]

Definition 2.5.8 A topological space X is said to be locally compact at
x € X if for each neighborhood U of x there exists a compact subset K of X
such that x € U < K. If this holds for any x € X, we say that X is locally
compact.

2.6 Separation axioms

We require that the topology on X should ideally contain enough open sets to
distinguish between the points of X, in some way. We summarize separation
axioms below.

Definition 2.6.1 Let X be a topological space.

1. X s a Ty-space if: whenever x and y are distinct points in X, there
1s an open set containing one and not the other.

2. X is a Ti-space if: whenever x and y are distinct points in X, and U
is a neighborhood of x and V is a neighborhood of y, then y ¢ U and
x¢V.

3. X is a Hausdorff space (Ty-space) if: whenever x and y are dis-
tinct points of X, there are disjoint open sets U and V in X with x € U
andyeV.

4. X is a regular space if: whenever A is closed in X and x ¢ A, then
there are disjoint open sets U and V with x € U and A< V.

5. X is completely regular if: whenever A is a closed subset of X and
x ¢ A, there is a continous function f: X — [0, 1] such that f(x) =0
and f| A= {1} (i.e. f(a) =1 for everyae A).

6. X is a Tychonoff space if: it is a completely reqular and a Hausdorff
space.

7. X is normal whenever A and B are disjoint closed sets in X, there
are disjoint open sets U and V with A< U and B< V.

8. X is called a Ty-space if: it is a normal and T} -space.

14



Definition 2.6.2 A Stone space is a topological space that is
zero-dimensional, Ty and compact. FEquivalently, a Stone space is a totally
disconnected compact space.

We capture some important results regarding compactness and separation
axioms below.

Theorem 2.6.3 The following holds true:
1. Every closed subspace of a compact space is compact.

2. If X is a Hausdorff space, then a sequence of points of X converge to
at most one point of X.

Every one-point set in a Hausdorff space X is closed.
A compact subset of a Hausdorff space is closed.

A compact Hausdorff space X is a Ty-space.

S & e

A topological space X is a Tychonoff space if and only if it is homeo-
morphic to some subspace of the product space of closed and bounded
intervals.

7. (Urysohn’s Lemma). X is normal if and only if any two disjoint
closed subsets can be separated by a continuous function; A < X and
B <€ X are said to be separated by a function if there exists a continuous
function f: X — [0,1] such that f(a) =0 for allae A and f(b) =1
forbe B.

Proof: For (1) see [32, Theorem 17.5], for (2) see [32, Theorem 13.7], for
(3) see [32, Theorem 13.4], for (4) see [32, Theorem 17.5], for (5) see [32,
Theorem 17.10], for (6) see [32, 14.3] and for (7) see [32, Lemma 15.6]. []

2.7 Boolean algebras

Definition 2.7.1 A partially-ordered set, is a set A together with a rela-
tion, <, satisfying:

1. reflexive: for alla € A, a < a,

15



2. transitive: for all a,b,ce A, ifa < b and b < ¢, then a < ¢, and
3. antisymmetric: for all a,b,ce A, if a < b and b < a then a = b.

Definition 2.7.2 An order isomorphism between two partially ordered
sets (S, <g) and (T,<r), is a bijective mapping f : S — T such that for
every x,y € S, x <g y if and only if f(x) <7 f(y).

Definition 2.7.3 Let A be a subset of the partially ordered set (S,<):

1. A lower bound of A is an element a € S such that a < x for all
x € A. A lower bound a of A is called an infimum (or greatest
lower bound) of A (denoted by /\ A) if for all lower bounds y of A
in S, we have that y < a.

2. An upper bound of A is an element b € S such that b = x for all
x € A. An upper bound b of A is called supremum (or least upper
bound) of A (denoted by \/ A) if for all upper bounds z of A in S, we
have that z = b.

Definition 2.7.4 Let {a,b} be a two element set of a partially ordered set
(S, <), then av b is the least upper bound of {a, b} with a nb being the greatest
lower bound.

Definition 2.7.5 A partially ordered (S,<) set is a lattice if for each two
element set {a,b} in S, we have that a v b,a Anbe S.

Definition 2.7.6 1. A lattice (S,<) is distributive if a A (b v ¢) =
(a Ab) v (anc) for any elements a,b,c€ S.

2. If there is be S such thata v b =1 and a A b= 0 (where 0 is the least
element and 1 the greatest element) then such an element b is called
the complement of a, and it is denoted by —a.

Definition 2.7.7 A Boolean algebra is a distributive lattice in which ev-
ery element has a complement.

Remark: For a set X, let P(X) = {B: B € X}, the family of all subsets
of X. Then (P(X), <) is a Boolean algebra. Take 0 = @ and 1 = X. Define
the meets (A) to be intersection (n), joins (v) to be set unions (u), and
complementation (—) to be set complementation of subsets of X.

16



Definition 2.7.8 A filter on a set X is a family F of subsets of X such
that, for all A, B € X, we have

1. XeF,but@D¢F.
2. If A< B and A€ F, then Be F.
3. If A/Be F, then An Be F.

Definition 2.7.9 The principal filter at an element x € X is the family
F.={Ac X :ze A}

Definition 2.7.10 Let X be a topological space. The set N'(x) of all neigh-
bourhoods of x € X is called the neighbourhood filter at x

Definition 2.7.11 An wltrafilter is the mazimal filter on X.

Proposition 2.7.12 A filter F on a set X is an ultrafilter if for A € X,
we have that Ae F or X — Ae F.

Proof: See [32, Theorem 12.11]. O

Remark: For each x € X, the principal filter F, is an ultrafilter.

Theorem 2.7.13 Let F be an ultrafilter on X. If Au B € F, then Ae F
or Be F.

Proof: See [8, Part I, Section 6.4, Proposition 5]. ]

17



Chapter 3

Some compactifications of
topological spaces

One of the classical problems in topology is to embed a non-compact space
into a compact one. In this chapter we define the compactification concept
and look at some of the well-known methods of compactifying a space.

Definition 3.0.1 A compactification of a space X is an ordered pair
(X, ) where aX is a compact Hausdorff space and « is an embedding of X
as a dense subset of aX. Thus, a compactification of X is a compact space
aX together with a function o : X — aX such that Cl,x[a(X)] = aX.

Our interest is to have a compatification which is a Hausdorff space, it turns
out that Tychonoff spaces are exactly the spaces that possess a Hausdorff
compactification as the next theorem states. Tychonoff spaces are named
after Andrey Nikolayevich Tychonoff who introduced them in 1930. For
example, every metric space is Tychonoff.

Theorem 3.0.2 A toplogical space X has a Hausdorff compactification if
and only if X is a Tychonoff space.

Proof outline : The theorem is proved by noting that a compact Hausdorff
space is Tychonoff; which is proved by showing that a compact Hausdorff
space is regular, then a regular compact space is a normal space which is in
turn a Tychonoff space, by Urysohn’s Lemma. A subset of a Tychonoff space
is a Tychonoff space; since a subspace of a T} —space is also a Ti-space and
a subspace of a completely regular space is completely regular. Therefore,
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since X is embedded in a Tychonoff space, it can be thought of as a subspace
of a Tychonoff space, and hence it is Tychonoff.

For the converse, let f € C'(X) be a real-valued function that separates points
in X (since X is assumed to be Tychonoff), which has a range contained in
some closed bounded interval Iy in R. The product space []If of such
functions is compact by Tychonoff theorem which states that a non-empty
product space is compact if and only if each factor space is compact. We have
that [ [ /s is a Hausdorff space, since each I is a Hausdorff space. Then, the
evaluation map e : X — [ ] Iy defined by [e(z)]; = f(z) is an embedding by
[32, Theorem 8.12]. Thus, if X is a Tychonoff space, then it can be embedded
in to the compact Hausdorff space | [ Iy, where I < R.

Example: The space (0, 1) is not compact as a subset of R with the usual
topology. (0, 1) is a subset of a Tychonoff space, and hence itself is Tychonoff.
There are many compact Hausdorff spaces that (0,1) can be embedded in;

1. (0,1) can be embedded in [0,1] by A : (0,1) — [0, 1] where h(z) = x
for x € (0,1). Then (0,1) is homeomorphic to a subset of [0, 1] via
the inclusion map and [0, 1] is compact since it is closed and bounded
interval.

2. (0,1) can be embedded in S*' by h : (0,1) — S' where h(z) =
(cos(2mx), sin(2wz)). Now, (0, 1) is homeomorphic to S'—{(1,0)} which
is a subspace of S', and S! is compact in IR? since it is a closed subset
of a Hausdorff space.

3. (0,1) can be embedded in [0, 1]" by & : (0,1) — [0, 1] where h(x) =
(z,1,1,1,...). Then (0,1) can be embedded in [0, 1]N (a cube) which is
compact since each [0, 1] is compact.

In general, there are a number of ways of embedding a space into a compact
Hausdorff space, we look at some of these techniques;

3.1 N-point compactifications

Definition 3.1.1 Let n be a positive integer. A compactification aX 1is
called an N -point compactification if a X — X consist of n points.
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Remark: A compactification with n points on the remainder has a zero-
dimensional remainder since the remainder is finite.

The first general method of extending a non-compact space to compact one
was the one-point compactification by Alexandroff (1924). The one-point
compactification, denoted by wX, is a way to extend a non-compact topo-
logical space by adjoining a single point (denoted by o) in such a way that
the resulting space is compact and Hausdorff.

Firstly we define a topology on wX, then prove that wX is a compact space
with the defined topology and finally construct a map that embedds X into
wX which will be our one-point compactification, as outlined in [32].

Proposition 3.1.2 If (X, 1) is a topological space, then (wX,T*) is a top-
logical space, with T defined by

Uet*if and only ifUe T orU = {oo} U (X — K)
where K is some compact subset of X and co ¢ X.

Proof: Since @ € 7 then @ € 7. We have wX = {0} U (X — 0) , and
since the empty set is compact in X then wX € 7°. Let {Uy,Us,...} be a
collection of elements in 7*. If all the elements of the collection are such
that they are also in 7 then their union is in 7% since (X, 7) is a topological
space. If oo € | JUj, then thereis a U = {oo} U (X — K) in | JU;. If U; is open
in X then there is a closed set G; such that U; = X — G;. Hence, | JU; =
(X—K)u{olu(X—=G)u(X—=Glu..={0}u[X— (KNG nGan...)]
Since the intersection of any closed sets is closed, and a closed subset of a
compact space is compact, we have that | JU; € 7®. Let {Uy, Uy, ...U,} be
a finite collection of elements in 7. If all the elements of the collection are
such that they are also in 7 then their intersection is in 7% since (X, 7) is a
topological space. If oo € ﬂ?zl U; then all the elements of the collection are
of the form U; = {0} u (X — Kj), then

n

(105 = teeh o (X = 55 = fosh 0 (X = (K5 = fosh 0 (X = K

where K* = U?=1 K, which is a compact subset of X. Therefore, the finite
intersection of elements of 7% is in 7. ]
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Proposition 3.1.3 If (X, 7) is a locally compact Hausdorff space then (wX, 7%)
1s a compact Hausdorff space.

Proof: Since X is a Hausdorff space, elements of X can be separated by
disjoint open sets, hence wX — {0} is a Hausdorff space. For z € X there
is a compact neighborhood, say K, of x, since X is locally compact. That
compact neighborhood has a corresponding neighborhood for oo € wX given
by {0} U (X — K), which is disjoint from U < K where U is an open
neighborhood of x. Since the x was arbitrary, then every z € X has a
neighborhood that separates it from co. Hence wX is a Hausdorff space.

Let {Uy,Us, ...} be an open cover of wX, then oo is contained in some open
set U; = U from the collection. Therefore U = {oo} u (X — K) for some
compact subset of X, K. Therefore X — U = K which means that it is
compact, hence it has a finite subcover; X — U < U;'L:1 U; implies that
wX = [(X -U)vU] < Jj_, U; v U, taking a finite subcover and adding on
one more open set, leaves the subcover still finite, hence wX is compact. []

Proposition 3.1.4 If (X, 1) is non-compact Hausdorff space, the the inclu-

si0n map
c: (X7 7_) - (WXa 7—00)

defined by:
cley=x VYrelX

is continuous, open and one-to-one, and Cl,x[c(X)] = wX.

Proof: Let U be an open set in wX, then it is of the form {oc} U (X — K)
where K is compact or it is equal to U if it contains only elements of X by
construction. Therefore ¢! ({o0} U (X —K)) = [{0}U(X—K)|nX = X—K
is open in X, since K is a compact subset of a Hausdorff space and hence
closed, or ¢ '(U) = U n X = U which is open in X. Hence the mapping
¢ is continuous. Since open sets of X are mapped into open sets in wX by
definition of the map ¢, then it is by default an open mapping. Similarly, since
an element of X is mapped to itself, the map is one-to-one. Since Cl,,x(X)
is the smallest closed set containing X, then Cl,x(X) € wX. Also, if one
point is added, then every open set around that point contains an element
of X by the defined topology, hence the point is the limit point (hence X is
not compact), which means the point must be in the closure of X, then also
wX <€ Clyx(X) which means that Cl,x(X) = wX. [
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Definition 3.1.5 Let X be locally compact, and oo ¢ X. Let wX = X u{oo},
and define T

Uet®if and only if U et orU = {0} u (X — K)

where K is some compact subset of X. Then wX is the one-point com-
pactification via the inclusion map.

Theorem 3.1.6 A topological space X has a one-point compactification if
and only if X 1s locally compact and Hausdorff.

Proof: (=) Suppose that X has a one-point compactification:

Let wX = {0} U X, where 0 ¢ X, be the one-point compactification of
X. Suppose that z € U and U is an open subset of X, we want to show
that there is a compact set K such that + € K € U. Because wX is a
Hausdorft space, we can find disjoint open sets U and W in wX such that
reV and oo € W. Since oo ¢ V', we have V € X and therefore Vn X =V,
which means that V' is also open in X. Since x € U n' V' (which is an open
subset of X), we can use the regularity of X to choose an open set G in X
for which x € G € ClxG € UnV <€ U. We have G € V € wX — W,
so Cly,xG € wX — W < X because wX — W is closed in wX. Therefore
ClxG = X n ClyxG = Cl,xG, meaning that ClxG is closed in wX and
thus compact. Then K = ClxG is the desired compact set.

(«=) Suppose that X is locally compact and Hausdorft:

Choose p ¢ X and let aX = {p} U X. Put a topology on aX as defined
in Proposition 3.1.2 to make aX a topological space. Then by Proposition
3.1.3, aX is a compact Hausdorff space. Also X is densely embedded in
aX by Proposition 3.1.4. Hence aX is a compactification of X, and since
aX — X = {p} which is one point then aX = wX. This means that X has
a one-point compactification. O

In 2013, [2] gave the neccessary and sufficient conditions for a one-point
compactification to be a Stone space, which implies that the whole compact-
ification is zero-dimensional. We record this below;

Theorem 3.1.7 Let X be a topological space. Then the one-point compact-
ification wX of X is a Stone space if and only if X is a Hausdorff space and
the collection of compact clopen sets is a base of X.
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Proof: (=) Since wX is a Stone space that is Hausdorff, then it is a com-
pact Hausdorff space and hence X is a Hausdorff space by Theorem 3.0.2.
wX has a basis consisting of clopen sets since it is zero-dimensional and hence
it has a basis consisting of compact clopen sets since it is compact. Let U be
an open set of X, then U is also an open set of wX. Therefore there exists
a collection U of compact clopen sets of wX such that U = [J{O : O € U}.
But for each O e U, O € X; so O is a compact clopen set of X. Thus the
collection of compact clopen sets is a base of X.

(<) We prove that wX is a Stone space by proving that it is totally dis-
connected. Let x # y be in wX.

Case 1. z,y € X. Since X is Hausdorff and compact clopen sets form a
base for X, there exists a compact clopen set U of X such that x € U and
y ¢ U. Since U is clopen in X, then it is clopen in wX.

Case 2. r € X and y = o0. Since the collection of compact clopen sets is a
base of X, there exists a compact clopen set U of X such that x € U. Then
wX is a Stone space, since U is a compact clopen set of wX. O

We now look at the method of compactification by n points, which was con-
structed by Magill in 1965. We are going to call this method of compactifying
a non-compact locally compact topological space the Magill compactification.
In [22], Magill gives a characterization of those spaces which have a compact-
ification with n points in the remainder.

Theorem 3.1.8 Suppose (X, 1) is locally compact and contains n non-empty
open subsets G; for 1 =1,...,n which are mutually disjoint such that

1. K =X —J_,G; is compact and

2. X —..; Gj is not compact for each i =1,...,n.

i
Let {00;}"_, be points not in X. Then the collection
B = ru{HU{oo;} : HeT and (KuG;)Nn(X—H) is compact in X,i € {1,...,n}}

is a base for a topology on a compact Hausdorff space pX such that Cl,x(X) =
pX. This pX is what we call Magill compactification.

Proof: We show that B? is a base for a topology in pX. Let H' = H U {oo;}
and let H{, H) € B, then

(KOG A [X —(HinHy)] = [(KUGy) (X —H)]U[(K0Gi)n (X — H)].
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Since the union of compact sets is compact we have that H! ~ Hi € B?, and
the other cases follow from the fact that 7 is a topological space.

Since (K u G;) n (X — G;) = K for each i € {1,...,n}, then we have that
G! and G? are disjoint open sets of pX containing oo, and oo; respectively.
Now let x € X and some oo; be given. Since X is locally compact, there is
an open subset G' and a compact subset K of X such that z € G' < K.
Then (K U G;) n K ", being a closed subset of K, is compact. Therefore
(X - K')' = (X — K') U {o0;} is an open set containing oo; which is disjoint
from G'. The remaining case follows from the fact that X is Hausdorff, hence
pX is a Hausdorff space.

Let U = {Uy,Us,Us, ...} be an open cover for pX. Then n of these sets
Uy, Us, ..., U, contain, respectively, sets of the form H{, Hz, ..., H" where for
each i, H; is an open set of X and (K u G;) n (X — H;) is compact. Since
GinG; = for i # j, then we have

ﬂ[Gl ...V Gi,1 U Hl U GZ'+1 U Gn] - [Hl ) HQ U Hn]

=1

This implies that

X—(HivHyu..oH)<| JIX = (G1u...0G 1 vHUGinu..Gy)]
i=1

and since
Hllquu...qugUlUUQU...uUn

we get

pX — (U uUyu..ulU,) S pX — (H VHI U ..U HY)
=X—-(HiuvHyu..UH,)

n

[X — (Gl .oV Gi—l U HZ U Gi+1 U Gn)]

N
T

[(KuG)n (X —H;)

-

-
I
—

which is compact. Thus pX — (U; wUs U ... U U,) is a compact subset of pX
and is therefore covered by a finite subfamily of ¢/. Hence pX is compact.
It remains to show that X is a dense subset of pX. Let H® be a basic set
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containing oo;. Since (K U G;) n (X — H) is compact and K u G; is not
compact by assumption, we conclude that H # @ (i.e. X — H # X). Thus
HnX=H=#0Q. O

We show that if a space has a compactification with n points in the remain-
der then it is locally compact and possesses a family of sets with a special
property; Magill calls the family of such open sets an N-star of X.

Theorem 3.1.9 If X has an a compactification with n points in the remain-

der then X 1is locally compact and contains n mutually disjoint, open subsets
{G;}, such that

1. X -, G; is compact and

2. X —J

ki G; is not compact for each i =1, ...,n.

Proof: Let aX be a compactification of X with n points on the remainder.
Denote the points in aX — X by 00, 009, ..., 00,,. Since aX is Haudorff, there
exists a mutually disjoint family {G'}?_, of open subsets of aX such that
o0; € G for each i. Let G; = G — {o0;}. Since X is dense in aX then each
(G; is a non-empty open subset of X. Let

7

K=X—-—(G1uGyu..uG) =aX —(GuGyu..uG)
then K is a closed subset of aX and is therefore compact. Now
KuG =X—-(Giu..uG 1UGi1U...uGy)
=laX = (GLU...uG_ UG, U UG)] N [aX —{0o}]

If we assume that K U G; is compact, that implies that it is a closed subset
of aX and hence

{0 U(GLU.. UG UG, U UG,

is an open subset of aX and the intersection of this set with G} is {oo;}
which contradicts the fact that oo; is a limit point. Therefore, K U G; is not
compact (for each 7). Then the sets {G;}! ; have the desired property.

To show that X is locally compact, we note that it is an open subset of a
compact Hausdorff space, i.e. X = aX — {0} is open in aX. [
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3.2 Wallman compactification

The Wallman compactification is a compactification of a Tj-space that was
constructed by Wallman in 1938. In [16] O. Frink generalises the compact-
ification precedure of Wallman to obtain Hausdorff compactifications of a
Ti-spaces. Frink uses what we call a Wallman base (we follow the terminogy
in [32, Problem 19L]) to construct the compactifications.

Definition 3.2.1 Let A be any base for the closed sets of X satisfying the
following conditions:

1. For each closed set F' and x ¢ F', there is some A € A such that x € A
and AnF =0Q,

2. Finite unions and finite intersections of elements of A belong to A,

3. If A,B € A are disjoint, then for some C,D e A, Ac X —C, B <
X—Dand (X -C)n (X —-D)=0.

Then A is called a Wallman base for X.

Definition 3.2.2 Let X be a topological space and A be a Wallman base for
X. Let waX be the set of all A-ultrafilters on X and for each A € A, let

A* = {FewsX: Ae F}

The sets A* will be the base for closed sets of waX. We will call wq X with
this topology a Wallman space.

Lemma 3.2.3 The Wallman space wa X has the following properties
1. If Ae A, then wyX — A* = (X — A)*.
2. A* U B* = (Au B)*.
3. A*n B* = (An B)*.

Proof: We use the properties of filters to prove the following;

(1) :
FewyX — A" < F¢A*
— A¢ F
— X—AeF
— Fe(X-ArF
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Fe(AuB)* < AuBeF
< AeF or BeF
<~ FeA* or FeB*
< Fe A* U B*

FeA*nB* < Fe A" and F e B*
< AeF and Be F
— AnBeF
< Fe(An B)"

Theorem 3.2.4 w4 X is a compact Hausdorff space.

Proof: We prove that w4X is compact by showing that any family of closed
subsets of w4 X with the finite intersection property has a non-empty in-
tersection. Let ¥ = {F* : i € I} have a finite intersection property. Let
F € ()., Ff for any finite collection in o, then Fy, F5, ..., F, € F hence
»  F; # . That implies that {F; : i € I} has a finite intersection property.
Then there is G € wy X such that F; € G for each ¢ € I. Hence we have that
G e s F as required.
We now show that w4X is a Hausdorff space. Let F,G € w4 X be distinct.
Then there is a A € F and B € G such that A n B = (). By Definition
3.2.1, there are sets C, D € A such that A € X —C, B € X — D and
(X —C)n (X —D) = 0. Hence A and B are contained in disjoint open
sets of X. By Lemma 3.2.3, we have F € A* € (X — C)* = waX — C* and
Ge B*< (X —D) =wyX — D* Hence wgX — C* and waX — D* are
disjoint open sets of w4 X that contain F and G. O]

Theorem 3.2.5 The mapping wy : X — wy X, defined by
wylr)={FeA:xeF}

for every x € X, is an embedding of X densely into wyX.
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Proof: If z # y in X, since X is a T}-space, there is an open set U € X such
that x € U and y ¢ U. Let ' = X — U, then F' € A such that y € F' and
x ¢ F. Thus wa(z) # wa(y).

We show that w,y is continuous by proving that wj'(A*) = A. Now, wa(z) €
A* if and only if A € wy(x) if and only if z € A as desired. In order that w4
be continuous we must have that w4(.5) is closed for all closed subsets S of X.
Since {A* : A € A} is a base for closed sets in w4 X, w4(S) is closed if and only
if wa(S) = Nies Af is closed, or if and only if S = (., wi (A¥) = Nie; Ai-
Since A; € A, then it is closed and hence S being the intersection of closed
sets is itself closed.

To prove that w4(X) is dense in w4 X, we show that every open set of w4 X
intersects wa(X). Let F € waX and N be the open set that contains F.
Since {A* : A e A} is a base for closed sets in w4.X, there exists A € A such
that F € wyX — A* € N. Taking © € X — A, we have A ¢ wy(z), hence
wa(x) € waX — A*. This implies that N nw4(X) # O. O

Remark: Different choices of the Wallman base produce different compact-
ifications. This procedure of contructing a compactification is called Wall-
man’s method of compactifying a space X and the space w4 X is called the
Wallman compactification of X.

We now prove that every Tj-space that is completely regular has a Wallman
base.

Theorem 3.2.6 A T'-space is completely reqular if and only if it has a Wall-
man base.

Proof: (=) We prove that the family of zero-sets is a Wallman base for
a completely regular space X, that is, the sets Z(f) = {x € X : f(z) = 0}
where f is a continuous real-valued function defined on X. Let F be a closed
set such that x ¢ F, then by definition of a completely regular space there
exist a continuous function f such that f(z) = 0 and f(F) = 1. Therefore,
there exist Z(f) such that x € Z(f) and FnZ(f) = . Hence Definition 3.2.1
(1) is satisfied. Since Z(f)u Z(g) = Z(fog) and Z(f) n Z(g9) = Z(f*+ ¢*),
then Definition 3.2.1 (2) is also satisfied. From [17, page 17], we have that if
Z(f)nZ(g) = O then Z(f) < X —Z(f1) € Z(91) < X —Z(g). Therefore we
have Z(f) € X — Z(f), Z(g) € X — Z(g1) and X — Z(f1) n X — Z(g1) = 0
as required for Definition 3.2.1 (3).

(<) If X has a Wallman base A, then we can construct the compactifi-
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cation w4 X by Theorem 3.2.5 which is Hausdorft by Theorem 3.2.4. Then
Theorem 3.0.2 says that X must be completely regular. Il

In 1967 E.F. Steiner, in [31], gave conditions under which a compactifica-
tion is a Wallman compactification and also defined a regular Wallman com-
pactification which is neccessarily a Wallman compactification. In [4], the
concept of regular Wallman compactification is used to show under which
circumstances does a compactification with a zero-dimensional remainder,
of a locally compact space, become a Wallman compactification. We give
details of these discussions.

Definition 3.2.7 By a ring of sets we will mean a family closed under
finite union and finite intersection.

Definition 3.2.8 We will call a family A of closed subsets of X separating
if whenever S is a closed subset of X and x ¢ S there exist sets F,G € A
such that x € F, S < G and F n G = Q.

Definition 3.2.9 Let aX be a compactification of X and A be a family of
closed subsets of aX. Then A has the trace property with respect to X
if for a finite collection F; € A we have that F = (e, i # O implies that
FnX #0.

Theorem 3.2.10 If the Hausdorff compactification aX possesses a separat-
ing ring A with the trace property with respect to a dense subspace X, then
aX is a Wallman compactification of X. In fact, aX is homeomorphic to
wAmXX'

Proof: Let aX be a compact Hausdorff space and A be a separating ring
of closed sets with the trace property with respect to a dense subspace X.
We have that An X = {F n X : F e A}. Since a compact Hausdorff space
is normal and hence A is a separating ring X, then A ~ X is the Wallman
base for X. We want show that the natural mapping ¢ = wj. .y : X —
w j~xX can be extended to a homeomorphism ¢ between aX and w ;. yX.
If x € aX — X, define ¢ by

¢(x)={FnX:zxeFelA

We show that @(z) € w;X by showing that ¢(x) is maximal with respect
to the finite intersection property. Let F; n X € ¢(z) for i = 1,2,...,n,
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then = € ()_, F; and since A has the trace property with respect to X,
we have [, F; n X # O. Thus $(x) has the finite intersection property.
Let H € A, suppose that H ¢ o(x), then ¢ H. Since A is a separating
ring, we have that there exist F' that contains x such that F n H = ), thus
(FnX)n(HnX)=0. Hence ¢(x) is maximal.

Let x # y in aX. Since aX is a Ti-space, {y} is closed and x ¢ {y}. Since
Ais a separating ring, that means that there exists F' e A such that z € F
and y ¢ F. Therefore there is an F' such that F € ¢(x) and F ¢ $(y). Hence
o(x) # ¢(y), ¢ is one-to-one.

To show that ¢ is onto, let F € w;X. Consider {F e A: Fn X € F}.
This family has the finite intersection property because F does. Since aX
is compact, that means that there exists 2 € (\{F € A: F ~n X e F}. This
implies that F < ¢(x). Since F is maximal, F = @(z).

Since ¢(F) = {¢(y) : Fn X € ¢(y)} = (F n X)* for all F € A, therefore
H(F) is closed if and only if F is closed. Hence ¢ is a homeomorphism. []

Now we consider the question: which families of sets have the trace property?

Definition 3.2.11 Let A be a family of sets in X, then we say that A is a
family of regular closed sets if A = Clx[Intx(A)] for each Ae A.

Theorem 3.2.12 If aX possesses a separating ring of reqular closed sets A,
then aX is a Wallman compactification of each of its dense subspace.

Proof: In view of Theorem 3.2.10, it suffices to show that A has the trace
property with respect to any dense subspace. Let X be a dense subspace
of aX. Suppose Fy,Fy € Aand Fy n Fy # (. Since A is a ring of regular
closed sets, F1 n Fy = Clyx[Int,x(Fy n Fy)]. Since X is dense in X, then
Intox(F1 0 Fy) n X # O, therefore (F1n X)n(FanX)=(FinF)nX =
Clox[Intox (F1 0 Fy)] n X # . This shows that A has the trace property
with respect to X. O

Definition 3.2.13 If aX has a separating ring of reqular closed sets, we will
say that a X is a regular Wallman compactification of each of its dense

subspaces.

Proposition 3.2.14 Any open subspace X of a reqular Wallman space aX
possesses a ring of reqular closed sets.
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Proof: Let A be a ring of regular closed sets in the compact space aX and
X be a open subset of aX. Define A = {Fn X : Fe A}. For F e A, we
have

Clx|Intx(F n X)] =Clx[Intx(F) n
=Clx[Intx(F)]
=Claox[Intx(F)] n
gClaX[[ntaX(F)]
=FnX

X]

For the reverse inclusion, we have

FnX =Cl,x[Intox(F)] n X
=Clox[Intox(F) n X]n X
=Clx[Intox(F) n X]
cClx[Intx(F)]
=Clx[Intx(F) n X]
=Clx[Intx(F n X)]

Hence, Clx[Intx(F n X)] = F'n X. Note that A is a separating ring since
A is a separating ring. Therefore A is a separating ring of regular closed
sets. ]

We want to prove the main theorem: if a locally compact space X possesses
a separating ring of closed sets then any compactification of X with a zero-
dimensional remainder is a regular Wallman compactification. We need new
concepts and auxiliary results in place.

We say that a subspace is relatively compact if its closure is compact. Let
A be a separating ring of regular closed sets in X and X be locally compact.

Define A, by
A, ={F e A: Fis compact or (X — F) is relatively compact}

Then A, is a separating ring of regular closed sets in X since A is a sepa-
rating ring of regular closed sets. Let eX be a compactification, we define a
collection €A of eX in the following manner:

S € eA if and only if there are; F' € A,, compact K < X and open subsets
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Vi, V5 of €X such that

(1) Fhn K =0,

2)eX —K=ViuVyand S =F nV; where V) n V3 = Q.

Lemma 3.2.15 Let X be a locally compact space, eX a compactification

of X, and A a separating ring of reqular closed sets in X. Then eA is a
separating family of sets in X that is closed under finite intersection.

Proof: We first show that €A is closed under finite intersection. Let Sy, S; €
eA. Then by the definition of €A; for i = 1,2 there exist F; € A,, compact
K; € X and open U;,V; € €X such that eX — K; = U; 0V, F; n K; = O,
S; = F;nU;. Then Syn S; = (Fyn F1) n (UgnUp) = F nU. We have that
K = Ky u K is compact, F n K = () and
eX — K =(eX — Ky) n (eX — Kj)

=(Uou Vo) n (U v 1)

Z(UoﬁUl)U(Uoﬁ‘/l)u(‘/oﬁUl)U(‘/oﬁ‘/l)

=UuV
with V = {(Us n V1) u (Vo nUy) U (Vo n V1)}. Therefore Sy n Sy € eA.
We have that eA € A,, hence €A is separating if A, is separating. To prove
that A, is separating, let x € X and let G be a closed set in X such that
x ¢ G. Since G is closed and X is locally compact, we can find an open U in
X suchthat x e U € X, Clx(U)nG = O and Clx(U) is compact. Now, A is
separating and therefore there exist Fy, F1 € A such that z € Fy, X —U € F}
and Foyn Fy = . We have that Clx (X — F;) € Clx(U) and thus the closure
of X — I is compact, which implies that F; € A,. Also, Iy € A, since it is
closed with a compact neighborhood. Since G € X —Clx(U) € X —U < F;
and x € Fy, then A, is separating. ]

Lemma 3.2.16 Let eX be a compactification of X and F be a reqular closed
subset of X. If X — F 1s relatively compact, then

Clx(F)=F v (eX — X)
Proof:
Clex(F) =[Clex(F) n X]u [Clx (F) n (eX — X)]
=Clx(F) v [Clx(F) n (eX — X)]
=F U |Clx(F)n (eX — X)]
CFuU(eX — X)
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To prove the reverse inclusion, let y € F u (eX — X). If y € F, then
y € Clx(F). Suppose that y € eX — X, since X — F is relatively compact
then Clx(X — F) = Cl.x(X — F), hence we have

=y ¢ X

=y ¢ Cly(X — F)

=y ¢ Clx(X — F)

—=yeeX —Clx(X —F)

==y € Cl.x|[eX — Cl.x(X — F)]
And since [eX — Clx(X — F)] n X = Intx(F), then

Clox[eX — Clux(X — F)] = Clox[Intx(F)]  Clox(F).

Therefore y € Cl.x(F) as required. O

We are now ready to prove the main result:

Theorem 3.2.17 Let X be a locally compact space. Then X possesses a
separating ring of reqular closed sets if and only if any compactification eX of
X with a zero-dimensional remainder is a regular Wallman compactification.

Proof: (<) Suppose that €X is a regular Wallman compactification, then
by Definition 3.2.13 €X possesses a separating ring of regular closed sets.
Then, since X is locally compact and therefore X is open in €X, we have
that X possesses a separating ring of regular closed sets by Proposition 3.2.14.
(=) Let A be a separating ring in X and let £ = {Cl.x(S) : S € eA}. We
first show that £ is closed under intersection.

Claim : For S € eA, we have

Clx(S)=S or Clx(S)=Su[Vn(eX—-X)]
Let F' € A, and let K be a compact subset of X such that eX — K =V uU,
FAnK =0and S = FnV. If F'is compact, then also S is compact,
therefore Cl.x(S) = S. Suppose that X — F is relatively compact, then we
have that Cl.x(F) = F u (eX — X) by Lemma 3.2.16.
Clx(S) =Clx(F nV)

C[Fu(eX —X)]nClx(V)

C[Fu(eX —-X)]n(VuK)

=(FnV)ul(eX —-X)nV]

=SU(eX —X)nV]
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Also, we have

SU(eX =X)nV]=(FnV)u[(eX—-X)nV]
=V n[Fu(eX —X)]
=V n Cl.x(F)
cClx(VnF)
=Clex(5)

Therefore Cl.x(S) = S U [(eX — X) n V] which completes the proof for our
claim.

We prove that £ is closed under intersection by showing that; for all Sy, S; €
eA we have Cl.x(Sy) N Cl.x(S1) = Clex(So n'S1) and the result follows by
Lemma 3.2.15 since €A is closed under intersection. For i € {0,1}, let K; be
a compact subset of X, F; € A, and U;,V; be open subsets of ¢X such that
S;=F,nV;, while eX — K; = V;uU; and F; n K; = . If Sy is compact
and S is not compact then

Clex(So) N Clex (S1) =So N {S1 U [(eX — X) n Vi]}
=(So N S1) U [So N (eX — X) n V]
=(Sp N S1)
=Cl.x(So N Sy)

since Sy N 51 is compact. Now suppose that neither is compact, then we have

Clex(So) N Clex(S1) ={So u [Vo n (eX = X))} n {S1 U [V n (eX — X)]}
=(So N S U [(eX = X)n Vo n V]

and since Sy N Sy = (Fy n 1) n (Uy nUy) where X — (Fy n Fy) is relatively
compact, we get that Clcx(Sy) N Clcx(S1) = Clex(So) N Clex(Sy).
Supplimenting £ with all finite unions of its elements we get the ring of
regular closed sets T; since the finite union of finitely many regular closed
sets is again regular closed sets.

Cliam: 7 is separating.

Let x € €eX and let GG be a closed set of €X such that x ¢ G.

If x € X, then since X is regular (a completely regular space is regular)
and locally compact, there exist Ty, Ty € T such that z € Ty = Cl.x(Tp)
and G € Cl.x(Ty) with Cl.x(Ty) n Clex(Th) = ©. So we may assume that
r €eX — X. Since eX — X is zero-dimensional, it possesses a base of clopen
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sets. Let C' be a clopen subset of eX — X such that x € C and C n G = O,
of which we can find since G is closed. Define Cy = (eX — X) — C. Then
C and Cj are disjoint closed subsets in €X such that Cy v C = eX — X.
Therefore Cy u G and C' are disjoint closed sets also. As €X is normal, there
exist open Uy, U; € €X such that Cy w G < Uy, C < Uy and Uy n Uy = Q.
Then K = eX — (Uy u Uy) is a compact subset of X such that K n G = .
Choose a relatively compact, open O in X such that K € O < Clx(0O) and
Clx(0)n(GnX) = @. Since A, is separating, we have X —O = (|{F € A, :
X — O € F}. Then, by compactness of K, there exist an F' € A, such that
X—-0OcFand FnK =@. Define Sy = FnUyand S; = F nU,. Then it
follows that x € Cl.x(S1) and G < Cl.x(Sp), while Cl.x(Sy) N Clex(S1) = O
(since Sop N Sy = D). Il

3.3 Fan-Gottesman compactification

The Fan-Gottesman compactification was constructed by Ky Fan and Noel
Gottesman. In 1952, they constructed the compactification for a regular
space which has a normal base. In this section we go through their construc-
tion.

Definition 3.3.1 Let B be a base for the space X, B is called the normal
base if it has the following properties;

1. A, Be B implies An BeDB.
2. Ae B implies X — Clx(A) € B.

3. For any open set U of X and any A € B such that Clx(A) € U, there
exists a B € B such that Clx(A) € B< Clx(B) < U

Following the terminology used in [14], a binding family on B is a non-
empty family of sets of B such that

(Clx(A) = ©
i=1

for any finite number of sets A; of the family. By Zorn’s lemma, every binding
family on B is contained in at least one maximal binding family on B.
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Maximal binding families on B is denoted by letters x*, y*, ....
By uX, we denote the set of all maximal binding families on B.
For each A € B, we define

A* = {z* € pX : there exists a B € z* with Clx(B) < A}

And let B* = {A* : A e B}. We show that B* is closed under intersection,
and hence is a basis for pX.

Proposition 3.3.2 For any two sets A, B € B, we have (AnB)* = A*n B*.

Proof: Let 2* € (A n B)*. Then there exists a C' € x* such that Clx(C) <
A n B, then Clx(C) <€ A and Clx(C) < B which implies 2* € A* and
x* € B*. Now we prove that A* n B* € (An B)*. Let 2* € A* n B*. Then
we have C' € x*, D € z* such that Clx(C) € A, Clx(D) < B. By Definition
3.3.1 (3), there exist E,F € B such that Cix(C) € E < Clix(E) < A,
Clx(D) € F < Clx(F) € B. From Cix(C)nClx(D) € En F € B and
Cezxz*, Dex* weget EnF € z* by maximality of x*. Which together
with Clx(E n F) € A n B yields 2* € (A n B)*. O

This means that B* can be taken as a base for a topology on uX. Now
we want to show that X is indeed the compactification for X, but we first
prove some auxilary results that we need for the proof.

Lemma 3.3.3 If an open set U of X and finite number of sets A; € B
(1 < i< n) satisfy

Cl)((Al) M Clx(AQ) N...M Clx(An) - U,
then there exists B € B such that
Clx(Al) N Clx(AQ) N...N Clx(An) c BC Clx(B) cU.

Proof: For i = 1, this is true by Definition 3.3.1 (3). We suppose that it is
true for ¢ = n — 1 and prove by induction. The hypothesis may be written

Clx(Al) M Clx(Ag) N...M Clx(Anfl) cUvu (X — Clx(An))
By our assumption of induction, there exists C' € B such that

Clx(Al) ﬁC’lx(AQ) M... ﬂle(Anfl) c(Cc Clx(O) cUuvu (X—Clx(An)),
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which implies that Clx(A,) € U u (X — Clx(C)). By Definition 3.3.1 (3),
there is a D € B such that

Since (), Clx(4;) € C n Clx(A,), then (), Clx(A;) < C n D. Which
implies that B = C' n D has the required property. ]

Lemma 3.3.4 For any two sets A, B € B, we have A* n B* = O if and only
if An B = Q.

Proof: We show that A* = ) if and only if A = @ and the result follows
by Proposition 3.3.2. Since 0* = ), we have that A = () implies A* = 0.
Suppose that A # ), then since X is regular, there is B € B such that B # O
and Clx(B) < A. Since Clx(B) n Clx(A) # O then B is contained in a
binding family, by Zorn’s lemma there exists z* € uX such that B € z*.
Hence z* € A* # Q. ]

Lemma 3.3.5 Let A€ B and * € uX. If A ¢ x*, then X — Clx(A) € z*,
and there exists a B € * such that Clx(A) n Clx(B) = 0.

Proof: If A ¢ x*, then there exists a finite number of sets A; € z* (1 < i < n)
such that

Clx(A) M Clx(Al) M Clx(Ag) MN...MN CZX(An) = @
Hence, we have that

CZX(Al) M CZX(AQ) M...M Clx(An) c X — Clx(A)
By Lemma 3.3.3, there exists B € B such that

Clx(Al) N Clx(AQ) N ..M Clx(An) c Bc Clx(B) c X — Clx(A)
By maximality of z*, the facts that B € B, A; € z* (1 < i < n) and
» 1 A; © B imply that B € z*. Hence the existence of a B € z* with

Clx(A) n Clx(B) = 0 is proved. From B € z* and B € X — Clx(A), we
get that X — Clx(A) € z*. O
Theorem 3.3.6 X is a Hausdorff space.
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Proof: Let x*,y* € uX and z* # y*. Then there is an A € x* such that
A ¢ y*. By Lemma 3.3.5, there is a B € y* such that Clx(A) nClx(B) = O.
Then Clx(A) € X — Clx(B). By Definition 3.3.1 (3), there is a C' € B
such that Clx(A) € C < Clx(C) € X — Clx(B). Let D = X — Clx(C),
then Clx(B) € D and D € B by Definition 3.3.1 (2). Now A € z* and
Clx(A) € C imply z* € C*. Similarly B € y* and Clx(B) < D imply
y* € D*. Since Cn D = (), then by Lemma 3.3.4 we have that C* n D* = ().
Hence C* and D* are disjoint neighborhoods of z* and y*. ]

To prove that uX is compact, we need another base for uX.

Lemma 3.3.7 For z* € X and A € B, we have x* € Cl,x(A*) if and only
if Aex*.

Proof: We first prove that A € z* implies 2* € Cl,x(A*) by proving that
every neighborhood of z* has a non-empty intersection with A*. Since B* is
a basis for u X, let B* be an arbitrary neighborhood of z* with B € B. From
x* € B*, we get that there is C' € x* with Clx(C) € B. Since A € x*, we have
Clx(A) n Clx(C) # O and therefore Clx(A) N B # . Hence An B # @
and by Lemma 3.3.4 we have that A* n B* # () as required.

Now assume that A ¢ z*. By Lemma 3.3.5, this implies that there exists
B € z* such that Clx(A) n Clx(B) = @. Then Clx(B) € X — Clx(A). By
Definition 3.3.1 (3), there is a C' € B such that Clx(B) <€ C < Clx(C) <
X — Clx(A). Since B € z* and Clx(B) < C, then we have z* € C*. But,
from A nC = ), we have that A* n C* = () by Lemma 3.3.4. Hence
z* ¢ Cl,x(A*). ]

Lemma 3.3.8 C* = {uX — Cl,x(A*) : A€ B} is a base of uX.

Proof: Given z* € uX and B € B such that z* € B*, we are to find an
A € B such that
z* e pnX —Cl,x(A*) < B*

Since x* € B*, there is C' € z* with Clx(C') < B. By Definition 3.3.1 (3),
there is D € B such that Clx(C) < D < Clx(D) < B. Let A = X —Clx (D).
We claim that A satisfies the above condition. From the fact that C' € z*
and Clx(A) n Clx(C) = @, by Lemma 3.3.5 we have that A ¢ z* and
by Lemma 3.3.7 we get that 2* € uX — Cl,x(A*). Now we show that
pX —Cl,x(A*) < B*. Consider any point y* € uX — Cl,x(A*). By Lemma
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3.3.7, we have A ¢ y* and therefore, by Lemma 3.3.5, X —Clx(A) € y*. This
together with Clx|X — Clx(A)] € Clx(D) € B implies that y* € B*. [

Theorem 3.3.9 uX is compact.

Proof: Assume that ;X is not compact. Suppose that U* is an open covering
of uX without a finite subcovering. By Lemma 3.3.8, for every z* € uX, we
can find a set U} € U* and a set A,« € B such that

v* € uX — Clux(A%) € U,

Consider now any finite number of points =7, 3, ..., z} of uX. Since U* does
not have a finite cover for puX, we have

X = Clux( (A%)] # uX

=1
or, equivalently
[ Clux(A%) # ©.
i=1
If y* is a point in this intersection, then y* € Cl,x (A% ) forv =1,2,.

which, by Lemma 3.3.7, implies that A« € y* (1 < i < n). Since y* is a
binding family, we have

(Clx(A

i=1

And this last relation holds for any finite number of points x* of uX. Hence
{A+ : 2* € pX} is a binding family on B, therefore it is contained in a
maximal binding family on B. In other words, there exists a point a* € uX
such that A,« € a* for every z* € uX. In particular, we have A+ € a*
and by Lemma 3.3.7 we get that a* € Cl,x(A%:). This contradicts that
a* e uX — Cl,x(A%). (]

Theorem 3.3.10 The mapping p: X — puX defined by
plx) ={AeB:xeClx(A)}

for every x € X, is an embedding of X densely into uX.
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Proof: Let x,y € X and = # y. Since X is regular 71, there exist B € p(x)
and C' € p(y) such that Clx(B)nClx(C) = @. This implies that p(x) # p(y),
hence p is one-to-one.

Now we show that p~*(A*) = A for every A € B, which would imply that
p and p~! are continuous. Since X is regular, x € A is equivalent to the
existance of a B € B such that x € Clx(B) € A, i.e. the existence of a
B € p(z) such that Clx(B) < A. Therefore x € A if and only if p(z) € A* as
required.

To show that Cl,x[p(X)] = pX, we need to show that the intersection of any
open set of uX with p(X) is non-empty. We use the fact that p~'(A*) = A
and we get that U* n p(X) = p(U) n p(X) = p(U) # O for every non-empty
U € B. Hence we can say that p(X), and hence X, is dense in pX. ]

Remark: We can now say that uX together with the base B* for the topol-
ogy, is a compactification of X and it is called the Fan-Gottesman compact-
ification of X.

In 2019, C.S. Elmali and T. Ugur, defined the Fan-Gottesman compactifica-
tion using closed ultrafilters on X. In their paper [12] they give necessary
and sufficent conditions for Fan-Gottesman compactification of a T3 space to
be a Stone space. Since a Stone space is zero-dimensional, that implies that
the compactification has a remainder that is zero-dimensional. The following
definition of the Fan-Gottesman compactification is taken from their paper.

Definition 3.3.11 Let X be a Ts-space and 0 X be the subcollection of all
closed ultrafilters on X. For each open set U € X, define U* € o X to be the
set

U*={GeoX :Clx(U)e G}

Then {U* : U is open subset of X} is a base for open sets of the topology on
cX, and 0 X is called the Fan-Gottesman compactification of X.
On the other hand, for each closed set D < X, we define D* € 0 X by

D*={GeoX :G < D for some G € G}
The natural map o : X — o0X 1is defined by
o(x) =G,

where G, s the closed ultrafilter converging to v € X.
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The following properties, which are proved in a similar manner as in Lemma
3.2.3, are useful in our proof.

(1) If U <€ X is open, then 0 X — U* = (X — U)*.

(2) If D < X is closed, then 0 X — D* = (X — D)*.

(3) If Uy and Uj are open in X, then (U; n Us)* = Uy n Us.

(4) If Uy and Uj are open in X, then (U; u Us)* = Uy u Us.

(5) If U is open in X, then Cl,x(c(U)) = U*.

Lemma 3.3.12 If Q) is a clopen set of 0 X, then there exists a clopen set C
of X such that QQ = C*.

Proof: Since ) is open and {U* : U is open subset of X} is a base for the
topology of 0 X, then Q = |J[U* : U € J] where 9 is a collection of open
sets of X. We also have that @ is closed in ¢X, hence () is a compact
set of 0X. Therefore there exists a finite subcollection ¥ of ¢ such that
Q=U[U*:Ued]. Let C =J[U : U € ¥], then by property no. 4 above
we have that C* = (). Since C' = Q) n X, then it is a clopen set of X. O

Theorem 3.3.13 Let X be a Ts-space. Then the Fan-Gottesman compact-
ification o X s a Stone space if and only if for each disjoint closed sets Dy
and Doy in X, there exists a clopen set C' such that D1 < C' and DonC = (.

Proof: = Let D; and D, be two disjoint closed sets of X. Then D} and
D3 are two disjoint closed sets of 0 X. Let Dy € D} and D, € Dj. Since
cX is a Stone space and by Lemma 3.3.12, for each D; € Dj there exists a
clopen set V' of X such that D; € V* and Dy ¢ V*. Taking the collection
of such V*’s, we have that D} < | J,.;V;* and Dy ¢ |J,.; V;*. Since Df is
closed in ¢ X, it is a compact set. Hence there exist a finite n such that
Df cJ,Vi* and Dy ¢ | J;, V;*. Set Fp, =()_,(cX —V*). Since 0X is a
topological space and we are taking a finite intersection; Fp, is a clopen set
of 0 X such that Dy € Fp, and Fp, n Di = O. Let ¥ = {Fp, : Dy € D3}.
Then D < J[Fp, : Fp, € U]. Since Dj is compact in oX, there is a
finite ¥ such that Di < |J[Fp, : Fp, € ¥']. Let Q = J[Fp, : Fp, € V].
Since we are taking a finite union then @) is clopen in ¢ X and we also have
D coX —Q, Dy < Q. 0X —(Q is hence clopen in ¢X, thus by Lemma
3.3.12 we have that there exists a clopen set C'in X such that C* = ¢ X — Q.
By property no. 5 above we have that D < C* if and only if D; < C,

similarly D} € 0 X — C = (X — C)* if and only if Dy € X — C. Hence, we
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have a clopen set C' of X such that D; € C and Dy " C' = O.

(<) We will prove that o X is totally disconnected since a Stone space is
a totally disconnected compact space. Let D; and Dy be distinct elements
of 0 X. Then there exists closed sets D; and Dy of X such that D; € Dy,
Dy € Dy and Dy n Dy = (). Since Dy and D, are disjoint, by assumption,
there exist a clopen C' of X such that D; € C and Dy n C = ). Thus
DY <€ C* and D n C* = (). Since Dy € Dy and Dy € Dy, by Definition
3.3.11 we thus have D; € DY and Dy € D3. So C* is a clopen set of 0 X such
that D, € C* and D, ¢ C*. O

3.4 Stone-Cech compactification

Stone-Cech compactification, which was defined by Marshall Stone (1937)
and Eduard Cech (1937) separately, is the process of constructing a map
from a topological space X to the largest, compact Hausdorff space that
contains X as a dense subset. We look at the process as outlined in [32].

Definition 3.4.1 Let f € C*(X), with closed and bounded range Iy < IR.
Then these functions separate points in X (since X is Tychonoff), and thus
the evaluation map defined by

e:X— [] I
feC*(X)

where

[e(2)]; = f(x)
is an embedding. The closure of e(X) is what is called the Stone-Cech
compactification of X, denoted by SX.

The product space, | [ I, is a compact Hausdorff space since it is the product
of closed and bounded intervals, therefore X is embedded into a compact
Hausdorff space. In order to show that the Stone-Cech compactification is
the largest compactification (on X'), we need to have some kind of ordering
system in place for the family of compactifications that X can have, hence
the next definition.

Definition 3.4.2 Let K(X) denote the family of compactifications of X and
let (nX,ay), (X, ay) € K(X) be arbitrary. We say that (anX,aq) <
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(o X, ag) if and only if there exists a continuous function F : (e X, ag) —>
(1 X, a1) such that Foay = ay.

Proposition 3.4.3 FEvery continuous function from X to a compact space
can be extended to X, that is to say, if aX is a compact Hausdorff space
and o : X —> aX s continuous then there is a continuous function F' :
(BX,e) — (aX,«) such that Foe = a.

Proof: Note that (X, a) is a compact Hausdorff space, hence a Tychonoff
space, which means that it can be embedded by the evaluation map into the
product space by Theorem 2.6.3 (6),

oX — [] I

geC*(aX)

We can define a map

H: [[ — ][] L
feC*(X) geC*(aX)
by
[H(t)], = (goa)(t) forall te H Iy
feC*(X)

(g oa) e C*(X) for each g € C*(aX), therefore H is a continuous function.
For t € e(X), then there exists z € X such that t = e(z)

[H(t)]g = (g0 a)(t) = g(a(t)) = glale(x))) = gla(z)) = [e (a(z))],

Therefore, since a(r) € aX then H(e(X)) € €' (aX)...(x # *).
If I were to be defined such

F:BX —aX

with F' = ¢ ~'o(H|BX), then it must be that ¢ ~'(H(8X)) € aX; since e(X)
is dense in SX, then H(e(X)) is dense in H(5X) because H is a continuous
map, also € (aX) is close (hence contains the closure of its subset as the
smallest closed set) since aX is compact. Hence, using these facts and (= =)
we have

H(e(X)) € H(BX) € € (aX)
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Therefore
¢ Y H(BX)) € aX

Hence the image of F'is indeed in aX. For z € X

(Foe)(z) =¢ '(H(e(x))) = ¢ (e (a(x)) = afx)
Hence, also F' o e = . Therefore F' is the function that extends o from X
to a compact space aX to F' from a Stone-Cech compactification to aX. []

Theorem 3.4.4 If (aX,a) € K(X), the function « is a dense embedding of
X into aX, then (aX,a) < (6X,e) where (BX,e) is the Stone-Cech com-
pactification of X.

Proof: From the previous proposition, if (X, «) is a compactification, then
there exists a function F' that extendes a to be from a Stone-Cech compact-
ification to aX. Therefore, there is a continuous function F' : (X,e) —
(X, @) such that F oe = a. Hence (aX,a) = (5X,e). Now all that is left
is to prove uniqueness.

Claim: The Stone-Cech compactification (8X,e), is the only compactifica-
tion of X of which other compactification maps can be extended to.

Let (vX,X) € K(X) be arbitrary and (aX,«) be a compactification such
that there is a continuous function F' : (aX, a) — (yX,~) with F' oo = 7.
Then, there is a continuous function

p1: X — aX

defined such that ¢; 0 e = «, hence (aX,a) < (X, e).
Similarly, a map can be defined

po:aX — X

such that ¢y 0 a = e, hence (X, e) < (X, a).

Therefore, (aX, «) is equivalent to (56X, e). Hence, (5X,e) is characterized
up to topological equivalence by the extension property, and it can also be
deduced that it is the largest element of the partially ordered lattice of all
compactifications of X, (K(X), <). ]

Since X is the maximum compactification in the collection of all compact-

ifications (K(X), <), then there is always a function from SX to any other
compactification by the definition of the order on K(X).
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Definition 3.4.5 Let aX be any compactification of X, then the mapping
f: BX — aX such that f(x) = x for any x € X is called the natural
map.

We are now going to show that for a strongly zero-dimensional space, its
Stone-Cech compactification is zero-dimensional, a fact we get from a theo-
rem in [24, Chapter 12, Lemma 3.9)].

Definition 3.4.6 A completely reqular space X is called strongly zero-
dimensional if for every disjoint zero-sets A and B in X, there exists a
clopen set U such that A< U and U n B = O.

Lemma 3.4.7 If A and B are disjoint zero-sets of X, then Clgx(A) n

Proof: If two zero-sets A and B of X are disjoint, then there exists a
function f : X — [0, 1] such that f(a) =1forae A and f(b) = 1forbe B.
Then f is a continuous mapping from X into a compact space, so it has a
continuous Bf : X — [0,1]. We have that 8f(a) = 0 for a € Clgx(A)
since ff(a) =0 for a € A, similalry we have that Sf(b) = 1 for b e Clgx(B).
Hence Clgx(A) n Clgx(B) = O. O

Theorem 3.4.8 A space X is strongly zero-dimensional if and only if X
15 zero-dimensional.

Proof: = We show that X is totally disconnected when X is strongly
zero-dimensional, then a compact Hausdorff space that is totally disconnected
is zero-dimensional. If p and ¢ are distinct points of 5X, then we can choose
disjoint neighborhoods A and B of p and ¢, respectively. So A n X and
B n X are disjoint zero-sets of X. Then there exists a clopen set U such that
AnX cUand (BnX)nU = @. Thus Clgx(U) is a clopen set containing
p but not ¢, hence SX is totally disconnected.

<= Assume that A and B are disjoint zero-sets of X, then Clgx(A) N
Clgx(B) = O by Lemma 3.4.7. Since $X is normal and zero-dimensional,
there is a clopen set U such that Clgx(A) € U and UnClgx(B) = @. Hence
U n X is a clopen set of X such that A Un X and (Un X)n B = 0.
Therefore X is strongly zero-dimensional. O

Remark: An element of a ring (R, +,.) is called clean if it is the sum of a

45



unit (an element the having multiplicative inverse) and an idempotent (an
element whose square is itself), and A € R is called clean if every element of
A is clean. In [3, Theorem 2.5] it is shown that C'(X) is clean if and only if
X is strongly zero-dimensional, that means that C'(X) is clean if and only if
BX is zero-dimensional by Theorem 3.4.8.
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Chapter 4

Proximity spaces and
compactifications

4.1 Proximity spaces

A proximity space is an axiomatization of the intuitive notion of nearness that
holds set-to-set. The concept was axiomatized by V. A. Efremovic¢ in 1934,
but published in 1951 (to which he referred to as infinitesimal space). This
section aims to provide a background knowledge to the theory of proximity
space, more details on proximity spaces can be found in [26]. Amongst
other things, we are going to show that a compact Hausdorff space has a
compatible separated proximity. The following definition gives the axiomatic
characterization of proximity spaces.

Definition 4.1.1 A separated proximity on a space X is a binary rela-
tion 6 on P(X) satisfying

(P1) @4 A for any A c X,

(P) IfA,B< X, and An B # @, then AJ B,

(P;) If A,B< X, and A B, then B § A,

(Py) For A,B1,By € X, Ad (By v By) if and only if AS§ By or Ad By,
(Ps) If A,B < X, and A § B, then there exists E € X such that A§ E and
BF#X—E,

(Ps) x § y implies x =y (we write x ¢ y instead of {x} § {y}).

The following properties follow directly from the list in Definition 4.1.1 and
can be found in [26].
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Lemma 4.1.2 For a prozimity space (X,0), we have
1. IfAdB, A< C and B< D, then C D.
2. If there exists an x such that Ad x and x 0 B, then A6 B.

If (X,9) is a proximity space, a topology 7(4) is naturally defined in it in
the following way: a set A € X is said to be closed if it contains all points
x such that x & A. In the next theorem we verify that all the axioms for a
topological space are satisfied by this topology.

Theorem 4.1.3 Let A be a subset of a prozimity space (X,d). Let A be
defined to be closed if and only if © 0 A implies x € A, then the collection of
complements of all closed sets yields a topology on X denoted by 7(0).

Proof: Since z § @ for every x € X, for x not in the empty set, then @ is
closed. X is closed because for x 6 X we have z € X. Let {A; : i € I} be an
arbitrary collection of closed sets. If x § (1),.; A; then by (P) of Definition
4.1.1, z § A; for each i € I, and so = € A; for each ¢ € I since A; is closed.
Thus = € [),.; A;, which means [),.; 4; is closed. Finally, if A; and A, are
closed and x § (A; U Ay) then by (P;) of Definition 4.1.1, either x § A; or
x 6 As. But A; and A, are closed, implying that x € A; or x € As, hence
x € (A U Ay). Thus Ay U As is closed. H

The closure of a set in a topological space is the intersection of all closed sets
which contain that set. We give a description of closed sets for the topology
7(6) below.

Theorem 4.1.4 Let (X,0) be a prozimity space and 7 = 7(0). Then the
T-closure Clx(A) of a set A is given by

Clx(A) ={x: 2 A}.

Proof: If Clx(A) denotes the intersection of all closed sets containing A and
A% = {x : 2§ A}, then we must show that Clx(A) = A°. Let x € A°, then
x § A. By Lemma 4.1.2 (1), that means that z ¢ Clx(A). Since Clx(A)
is closed in 7(§) and in Theorem 4.1.3, Clx(A) is closed when = § Clx(A)
implies that z € Clx(A). Hence we have A° < Clx(A). To prove the
reverse inclusion it suffices to prove that A° is closed, and since Clx(A) is
the intersection of closed sets then it will be contained in it. By the definition
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of 7(8), A° is closed if x § A° implies # € A°. So let x ¢ A%, then = § A, so
that by Definition 4.1.1 (P5) there is a set E such that z § E and (X—FE) § A.
By Lemma 4.1.2 (2) that means that there is no point y € (X — E) such that
y § A, therefore A° € E. But 2 § E, by Lemma 4.1.2 (1) that implies that
x § A% as required to be proved. O

Proposition 4.1.5 Let G, A, B be subsets of the proximity space (X,0).
Then:

1. Ge () if and only if z § (X — G) for every x € G.
2. AJ B implies Clx(B) < (X — A).

Proof: (1) G € 7(9) if and only if (X — G) is closed in (X, 7(0)), that is if
and only if (X — @) contains all the points x such that = ¢ (X —G), and this
means that for z ¢ X — G we have z § (X — G).

(2) Suppose that Clx(B) < A, by (FP) of Definition 4.1.1 we have that
Clx(B) 0 A which in turn means B § A. O

Proposition 4.1.6 For subsets A and B of a proximity space (X,0), we
have A 0 B if and only if Clx(A) § Clx(B) (where the closure is taken with
respect to 7(9)).

Proof: If A § B, then we have Clx(A) § Clx(B) since A < Clx(A) and
B < Clx(B), by Lemma 4.1.2. Now suppose that A § B, then by (Ps)
of Definition 4.1.1 there exists an F such that A § F and (X — E) § B.
By Proposition 4.1.5 (2), Clx(B) € FE, and by Lemma 4.1.2 (1) A § F
implies A § Clx(B). It then follows by (P;) of definition 4.1.1 that also
Clx(A) # Clx(B). O

We consider the concept of d-neighborhood in a proximity space, which was
also introduced V. A. Efremovic.

Definition 4.1.7 A subset B of a proximity space (X, 0) is a d-neighborhood
of A, written as A < B, if and only if A§ (X — B).

Lemma 4.1.8 The following properties hold for d-neighborhoods
1. If A; « B; where i = 1,..., k, then | J, A; « |J; B; and [, A; < [, B;.
2. If A « C then there exists a B such that A < B « C'.
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Proof: We prove (1) for £ = 2 only. Let A; « B; and Ay « By. If
B = By U By then A; « B and Ay « B. This means that A; § (X — B) and
As § (X — B), therefore by (P;) of Definition 4.1.1 we have (4; U Ay) § (X —
B), i.e Ay U Ay « B as required. For the intersection, take A = A; n As.
Then A « By and A « By, i.e A§ (X — By) and A§ (X — By). By Lemma
4.1.2 (1), that means we have A § (X — (B1 n By)), i.e A « By N By.

For the proof of (2), let A « C. Then A § (X — C), means (by (Ps) of
Definition 4.1.1) that there is an E such that A § F and (X — E) § C, but
that in turn means A « X — F and X — F « C. By choosing B =X — F
we get the desired result. ]

Lemma 4.1.9 Let (X,0) be a prozimity space and let Clx(A) and Intx(A)
denote, respectively, the closure and interior of A in 7(5). Then

1. A « B implies Clx(A) « B, and
2. A« B implies A « Intx(B).

Therefore A < Intx(B), showing that a 6-neighborhood is a topological neigh-
borhood.

Proof: (1) A « B means that A § (X — B) which implies Clx(A) § (X — B)
by Proposition 4.1.6, i.e Clx(A) « B

(2) By noting that Clx(X — B) is equivalent to (X — Intx(B)) we have
AJ (X — B) implies A § Clx(X — B) by Proposition 4.1.6, which in turn is
equivalent to A § (X — Intx(B)), i.e. A« Intx(B). O

Lemma 4.1.10 (Ps5) of Definition 4.1.1 is equivalent to the following con-
ditions:

(P#) A § B implies there exist subsets C' and D such that A § (X — C),
(X -D)F B, and C§ D.

(P¥*) A § B implies that A and B have disjoint §-neighborhoods.

(Px**) A § B implies that there exist sets C and D such that C v D = X,
AFC, and B D.

Proof: To prove that (PZ) implies (Ps) of Definition 4.1.1, we note that if
C § D, then C < (X — D) by Proposition 4.1.5 (2). Setting £ = X — C, we
have A § E and since (X — D) § B then (X — E) § B. On the other hand,
suppose that (Ps) of Definition 4.1.1 holds. Then A § B implies there is a D
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such that A § D and (X — D) § B. Moreover, since A § D, there exists a C
such that A § (X — C) and C' § D, which completes the proof.

To see that (Ps) of Definition 4.1.1 is equivalent to (Pr*) we note that if
AJ FE then A « (X — F) and if (X — E) § B then B « E where E and
(X — E) are disjoint.

Finally, to see that (Ps) of Definition 4.1.1 is equivalent to (P**), we just
note that £ v (X — F) = X. [

Proposition 4.1.11 If(X,9) is a prozimity space and A < X, then Clx(A)
ﬂA<<B B.

Proof: From Lemma 4.1.9 we have that A « B implies that Clx(A) « B
and hence Clx(A) € B. That means that Clx(A) € (.5 B- To show the
reverse inclusion, suppose that x ¢ Clx(A). Then z § Clx(A), by Lemma
4.1.10, Clx(A) has a é-neighborhood B, not containing z. Thus we have

x¢ﬂA<<BB' D

Definition 4.1.12 If on a set X there is a topology T and a proximity ¢
such that 7 = 7(9), then T and 0 are said to be compatible.

Definition 4.1.13 We say that subsets A and B in X are functionally
distinguishable if and only if there is a continuous function f : X — [0, 1]
such that f(A) =0 and f(B) = 1.

If we take any set () € X, where X is a proximity space, and all proximity
relations between subsets of () are just as they are in X, then ) becomes a
proximity space. With the compactification of X, aX, we have X < aX,
and that means if we have a compatible proximity for a X then we also have
a compatible proximity for X as a subspace. In the following theorem we
prove that we indeed have a compatible proximity for a compact Hausdorff
space.

Theorem 4.1.14 In a compact Hausdorff space (X, T), A6 B if and only if
Clx(A) n Clx(B) # O, defines a separated compatible proximity.

Proof: A compact Hausdorff space is normal, and by Urysohn’s lemma,
Clx(A)nClx(B) = O if and only if A and B are functionally distinguishable.
Then it is sufficient to prove that the proximity defined by, A § B if and only
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if A and B are functionally distinguishable, is compatible with 7.

Firstly we show that ¢ is a proximity,

(Py) : Since f(@) = O for any continuous function, that means we can always
find a function that is zero at the empty set and 1 on any subset of X since
the intersection is empty.

(Py) : If An B # O, then there is no function from X to [0, 1] such that
f(A) =0 and f(B) = 1, that is to say that A and B can not be functionally
distinguishable. Hence A § B

(P3) : If BJ A, then A and B are functionally distinguishable, hence A § B.
(Py) : If AJ (B1 v Bsy), then there is no function f: X — [0, 1] such that
f(A) =0 and f(B; u By) = 1, that means that there is no function from X
to [0, 1] such that f(A) =0 and f(B;) = 1. Hence A B;.

(P5) : Suppose that A § B and let f be a continuous function from X to
[0,1] such that f(A) =0and f(B) =1. Set E ={xe X :1/2 < f(z) < 1}.
Then A § E and (X — E) § B. We show by example that A § F; Let
g :[0,1] — [0, 1] be defined by g(y) = 2y for 0 < y < 1/2 and ¢(y) = 1 for
1/2 <y < 1. Then go f is a continuous function from X to [0, 1] such that
gof(A)=0and go f(F) = 1.

We show that 7 = 7(d). Let G € 7 and x € G. Then = ¢ X — G, which is a
closed set. Since X is completely regular, there exists a continuous function
f X — [0,1] such that f(z) = 0 and f(X — G) = 1. By the definition
of the proximity, z § (X — G). Hence by Proposition 4.1.5 (1), we have that
G € 7(0). Conversely, if G € 7(0) and x € G, then by Proposition 4.1.5
z § (X — G). Hence, by the definition of the proximity, there exists a 7-
continuous function f : X — [0, 1] such that f(z) =0 and f(X —G) = 1.
Then f~'([0,1/2)) is a 7-open neighborhood of = contained in G. Therefore
G is T-open, i.e. G € 7. To see that (F) is satisfied when (X, 7) is Tychonoff,
we note that if z # y then = ¢ Clx({y}) since (X, 7) is 7. From the definition
of a completely regular space, we are assured that x and Clx({y}) = y are
functionally distinguishable, implying that = ¢ y. O

We also have the converse, which is found in [26, Theorem 3.14], which states
that:

Theorem 4.1.15 If (X,0) is a separated proximity space, then () is Ty-
chonoff.

We now define the concept of a proximity map and show that it is the same
as a mapping being continuous in its own topology. And in turn, continuous
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functions that have a compact domain are proximity mappings.

Definition 4.1.16 Let (X,01) and (Y, d3) be two prozimity spaces. A func-
tion f : X — Y is a proximity mapping if A 61 B implies f(A) § f(B).

In the following propositions, we are using the fact that a function f: X —
Y between two topological spaces is continuous if and only if f~1(F) is closed
in X whenever F is closed in Y, that is if and only if f(Clx(A)) < Cly(f(A))
for any subset A of X.

Proposition 4.1.17 A prozimity mapping [ : (X,61) — (Y, d2) is contin-
uous with respect to 7(61) and 7(ds).

Proof: In 7(d;) and 7(d3) we have Clx(A) = {z : z 0; A} and Cly(f(A)) =
{y :y 0y f(A)}. So, if x € Clx(A), i.e f(z) € f(Clx(A)), we have x ;A
which means that f(x) dy f(A) since f is a proximity mapping. Therefore
f(z) € Cly(f(A)), from which we can conclude that f(Clx(A)) < Cly(f(A))
as required. ]

Proposition 4.1.18 If (X,01) and (Y,0) are proximity spaces and X is
compact, then every continuous function f from X to'Y is a prozimity map-
ping.

Proof: Since X is compact, if A and B are subsets of X such that A §; B,
then Clx(A) n Clx(B) # O by Theorem 4.1.14. But this implies that
f(Clx(A)) n f(Clx(B)) # @, which in turn means that

f(Clx(A4)) b f(Clx(B))

by (P2) of Definition 4.1.1. Since f is continuous, f(Clx(A)) € Cly(f(A))
and f(Clx(B)) € Cly(f(B)), through Lemma 4.1.2 (1) this yields

Cly(f(A)) o2 Cly (f(B)).

From Proposition 4.1.6 it follows that f(A) do f(B), therefore f is a proximity
map. (]

Definition 4.1.19 Two prozimity spaces (X, 1) and (Y, 2) are called prox-
itmally isomorphic (or §-homeomorphic) if and only if there exists a
one-to-one mapping f from X ontoY such that both f and f—* are prozim-
1ty mappings.
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A subset of a proximity inherits a proximity from a proximity space.

Proposition 4.1.20 Let (X,0) be a proximity space and let Y be a subset
of X. For any sets A, B of Y, define A dy B if and only if Ad B. Then dy
s a proximity on Y .

Proof: (P;) : Since a subset of Y is also a subset of X, @ § A for any A € X
implies that @ §y A for any subset A of Y.

(P): fAnB#@inY then An B # 0 in X and since 0 is a proximity
on X by (P,) of Definition 4.1.1 we have A § B and hence A 0y B by the
definition of dy.

(Ps) : Since ¢ is reflexive then dy is also reflexive.

(P;) : Condition (Py) of Dediniiton 4.1.1 is satisfied by dy since it is satisfied
by 9.

(P5) : Let A §y B, we are going to show that there is a set F of Y such that
Ady Eand (Y — E) §y B. If A §y B, then A § B by the definition of dy,
hence there exists a set F; of X such that A§ E) and (X — Ey) § B by (Ps)
of Definition 4.1.1 since ¢ is a proximity on X. If the intersection of Y and
E; is empty then Y is a subset of X — ;. Since (X — F;) § B then Y § B
which contradicts that B is a subset of Y. Hence the intersection of Y and
E, is not empty. Let E =Y n E;. Since E € E, and A§ E;, then A§ E,
which means A §y E. Also, since Y — F <€ X — E; and (X — Fy) § B then
(Y — E) § B which means that (Y — E) §y B. O

4.2 Representation of compactifications us-
ing proximities

In [29], it is shown that the partially ordered set of inequivalent compactifi-
cations of a completely regular space X is isomorphic to the partially ordered
set of proximities on X that induce the topology on X. This result is known
as Smirnov theorem. It provides a characterization of the structure of com-
pactifications of a completely regular X by means of proximities on X that
induce the topology on X. In this section we are going to explore the Smirnov
Theorem in detail. The concept of centered d-system and ends, to be defined,
is similar to the concept of filters and ultrafilter. The ends are used to con-
struct a compact space from a completely regular space, which is thus used
to construct the Smirnov compactification of X.
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Definition 4.2.1 A collection of sets F from a proximity space is said to be
a centered 6-system if and only if

1. A, B e F implies that An B # O,

2. A e F implies the existence of a B € F such that B < A.

Supplementing the centered d-system JF with the intersections of all possible
finite subsystems, we get a new centered d-system F , any finite intersection
of whose elements also belong to F . Supplementing the system F with all
sets A € X which contain any set B € F , we get a new centered d-system,
which we denoted by ¢ (because we want to think of it as elements of a set in
what follows). Let 4 denote the set of all J-neighborhoods of any non-empty
set A of a proximity space X, then 4 is an example of a centered J-system.

Definition 4.2.2 An end of a proximity space X is any centered d-system,
&, which is not a subsystem of any other centered d-system.

It follows from the preceding remark that the intersection of any finite number
of elements of an end £ also belongs to ¢ and that any set A € X which
contains an element of an end ¢ also belongs to £&. We denote the set of all
ends of a given proximity space X by uX. We now want to define a proximity
on the set of all ends, but first we define the operator E( ); E( ) corresponds
to each set A € X the set of all ends £ € uX which contain A as an element,

that is F(A) = {{ e uX : Ae &},

Proposition 4.2.3 Let E(A) = {€ € uX : A€ ¢}, then we have
1. E(A) n E(B) = E(An B).
2. E(A) U E(B) < E(AU B).

3. if A and B are sets of the prozimity space X such that (X —A) § (X —
B), then E(A) v E(B) = uX.

Proof: (1) We have that £ € E(A n B) if and only if A n B € &, that is
£ € E(An B) if and only if A € € and B € £, which is true if and only if
£e E(A)n E(B).

(2)If ¢ e E(A)U E(B) then (£ € E(A) or £ € E(B), i.e A€ or B €&, which
means that £ € E(A u B).

For (3) we are going to prove that every end ¢ contains either A or B if
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(X —A) § (X — B). In the case X = A we have that A € & for every
end. Otherwise D = X — A is not empty, and so the system &p of all o-
neighborhoods of D is a centered d-system by Lemma 4.1.8 (2). Let £ be an
arbitrary end in uX. If every H of £ meets D, then the union {p U & of the
system &p and the end ¢ will be a centered d-system. Since £ is an end, we
must have £p € &, But D § (X — B), which means D « B, i.e B € {p, and
consequently B € £. In the remaining case when D is not empty and the
end ¢ has an element H which does not meet D, we get that H € A, and so

Aek. (]

We are going to define a proximity on the set of all ends uX of X, using
the proximity which is defined on X. The set of all ends, with its topology
induced by the defined proximity, will be shown that it is a compact space
and also X will be densely embedded in it, hence it is the compactification
of X. We say that this compactification is induced by the proximity defined
on X.

Proposition 4.2.4 Let £ and & be any two sets of ends of X. Define
& §** & if and only if there exists sets A and B such that A § B, & < E(A)
and & € E(B). Then (uX,d**) is a separated proximity space.

Proof: (P;) : To prove (P;) we note that E(Q) = 0, E(X) = uX, and
X § Q. Since uX < E(X) and @ < E(Q), by the definition of 6** we must
have that uX §** ). That means that for any non-empty set £ of uX, we
have £ §** .

(P2) : Suppose that & F** &. Then there are sets A and B such that
& S E(A), & < E(B), and A § B. Since 4 is a proximity, we have AnB =
by (P,) of Definition 4.1.1, therefore & n & = O as required.

(P3) : & #** & if and only if & §** £ by (P;) of Definition 4.1.1 since 4 is
a proximity on X.

(Py) : Let N, &1, & be sets in uX. We will show the validity of (P;) in the
equivalent form: AN §** (& U &) if and only if N §** £ and N §** &,.
Let N §** (& U &), then by definition of 6** we can find sets A and B in
X such that A § B, & v & < F(A) and N € E(B). Then there are sets
A, B in X such that A § B, & < E(A), and N € E(B), then by definition
of §** we have N §** £,. Similarly, we have that N' §** &,. Conversely,
suppose that N §** & and N §** &. By the definition of 6**, we can
find pairs of sets A, B and A", B" in X such that & < E(A), N € E(B),
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& S EA), N E(B),AfB,and A § B'. Then we have that A§ Bn B’
and A" § B~ B, by (P)) of Definition 4.1.1 (since § is a proximity) we
get AuA § Bn B'. And by applying (1), (2) of Proposition 4.2.3 we get
ElUECE(A)VEA)S E(AuA)and N € E(B)nE(B') = E(BnB').
Then by the definition of 6**, we must have N§**(&£; U &) as required to be
proved.

(Ps) : We will prove instead an equivalent (P**) of Lemma 4.1.10. Suppose
that & §** &, then there are sets A and B of X such that A § B, & < E(A),
and & < E(B). A J B implies that B « (X — A), hence by Lemma 4.1.8
(2) there is a B" and B” of X such that B « B « B" « (X —A). B « B"
implies that (X — B') § X — (X — B"), therefore by Proposition 4.2.3 (3) we
have E(B) u E(X — B") = uX. But & < E(A) and A § B which means
that & #** E(B'). In the same way we get & §** E(X — B").

To show that 0** satisfies (Fg), we take any distinct elements of uX, say &
and &, and show that & #** &. Suppose that & # &, then we can find
disjoint sets A € & and B € &. Since & is a centered d-system, there is a
set C' € & such that C' « A, hence C' § (X — A), which means that we have
C # B. But also & € E(C) and & € E(B), by the definition of 6**, we must
have & §** &. O

Proposition 4.2.5 The system &, of all d-neighborhoods of each point x € X
s an end.

Proof: For this we are going to take the system &, of some point x € X and
will show that if there is a collection of sets & which contains &, as a proper
subsystem, satisfying Definition 4.2.1 (2) then it does not satisfy the other
condition. Hence, we show that £ is not a centered §-system. We choose
aset A e (£ —¢&,). Since we assumed that & satisfy (2) of Definition 4.2.1,
we can find sets B and C' in £ such that ' « B « A. Since A is not a
d-neighborhood of x, we have z ¢ B, and so x § C. This means that X — C
is in &, and so in £&. But we also have C' € &, this means that ¢ does not
satisfy condition (2) of Definition 4.2.1 since (X — C) n C' = (. That means
that &, is not a subsystem of any other centered d-system. O

Proposition 4.2.6 The map v : X — uX, where u(z) = &, for each
x € X, is a 6-homeomorphism of X into uX, and X is dense in uX

Proof: We will first show that u is one-to-one. Let x # y in X. Since ¢ is a
separated proximity, 6 y. Then by Lemma 4.1.10 (P:*), there are disjoint
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d-neighborhoods A and B such that A € {, and B € {,. But that means that
& # €. Now we need the following claim,

Claim : For any set A < X the preimage u=(E(A)) is the interior of A
Let z € u='(E(A)), this means that u(z) = & € E(A), that is A € &
and so x <« A. By Lemma 4.1.9, it follows that = € Int(A). Conversely,
let x € Int(A). Since Int(A) € 7(0), by Proposition 4.1.5 (1) we have
x § (X — Int(A)). Consequently, z « Int(A), and hence x « A. That
means that A € &, i.e & € F(A), and hence € u"'(E(A)). The claim is
proved.

We must now show that v and u ! are proximity maps. Firstly, let £ §** N/
be sets in uX. There are sets A and B in X such that A § B, £ < E(A),
and NV € E(B). Then we have v '(§) € A and v '(N) € B, but we
have A § B, hence u=(€) § v~ '(N). That means that u is a proximity
map. To show that u~! is a proximity map, suppose that A § B in X.
Then B « (X — A), and by Lemma 4.1.8 (2) we can choose sets B and
B" such that B « B' « B" « (X — A). Since by Lemma 4.1.9, B « B’
implies that B < Int(B'), we can then deduce that u(B) € E(B'). Similarly,
B" « (X — A) implies that B" § A, i.e A « (X — B"), which in turn implies
A C Int(X —B"), which means that u(A) € E(X —B"). But B' « B" means
that B' § (X — B"). By the definition of §**, this means that u(A) §** u(B).
To prove that X is dense in u.X, we must consider X as a subspace of uX,
then CU(X) = {£ : £ 0** X}. So we must show that every point £ € uX is
such that £ 6** X. For this purpose, in view of our definition of 6** in uX,
we will prove that any sets A and B of X such that £ € E(A) and X < E(B).
Then we must have A § B. In fact we have X = B; an x € X is represented
by & when X is considered as a subspace of uX, X € E(B) means B € &,
which means B n {z} # @, hence © € B. Therefore X € B. So that means
A d B, as required. O

Definition 4.2.7 By a d-extension of the prorimity space X we mean any
proximity space which contains X as a dense subspace. We will call a prox-
imity space absolutely closed if it has no d-extension except for itself.

In order to call uX a compactification of X, we must show that uX is in-
deed compact. We start with absolute closedness of a proximity space, and
then establish compactness. We need the following criterion for absolute
closedness of a proximity space;
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Proposition 4.2.8 A proximity space (X, ) is absolutely closed if and only
if every centered 0-system of sets of X have a non-empty intersection.

Proof: Suppose X is not absolutely closed. Then there is a d-extension
X' = X U {y} of X consisting of all points € X and another point y. We
consider the end 7 of the space X' made up of all neighborhoods of y and
show that £ = {X n H : H € n} is a centered system with empty intersection.
Firstly, y is a limit point of X, therefore if we take H; and Hs that are
neighborhoods of y then they contain atleast one point of X. Therefore
(X nHy)n (X nHy) # O, hence condition (1) of Definition 4.2.1 is satisfied.
Since for H € 7, there is an H such that H « H it follows immediately
that X n H « X n H, and hence condition (2) of Definition 4.2.1 is also
satisfied. This means that £ is a centered d-system. It remains to show that
the intersection of all A € £ is empty. We note that for z € X we can find
a o0-neighborhood which is disjoint from the d-neighborhood of y, hence we
have that the intersection of all H € n consists of just one point y, so that
Nace A = O, which was to be proved.

Conversely, let ¢ be a centered d-system in the proximity space X with
empty intersection. We supplement ¢ to make it an end &. Since £ < &,
the intersection of all A € £ is empty. This means that X has an end £
which is different from any proper end &, for x € X. Consequently, X has
a d-extension uX different from X and this means that X is not absolutely
closed. ]

Theorem 4.2.9 Let (X, ) be a prozimity space, then (uX,6**) is absolutely
closed.

Proof: By Proposition 4.2.8 it is necessary for us to establish that every
centered d-system 71 of sets of uX has a non-empty intersection. We supple-
ment the arbitrarily chosen centered d-system 1’ to be an end i of uX. Then
¢ = {X nH :H en} is a centered d-system. We supplement this system ¢
to make it an end € of X and show that ¢ € H for every H € n'. Suppose that
a set H € n could be found which does not contain ¢. By Definition 4.2.1,
there is an H € i such that H « H. This means that H §** (uX — H),
and since ¢ is not contained in H then we have H #** . This means, by
the definition of the proximity in u.X, that we can find sets A and B in X
such that A § B, ¢ € E(A) and H e E(B). This means that A € ¢ and since
BeH wehave A = X nH < B. Then A’ € ¢ and since A § B we also
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have A § A". But ¢ is a centered d-system, hence we have a contradiction.
That means that & € (\H for every H e . O

In the following theorem, we are going to use the following characterization
of compactness: (X, 7) is compact if F < P(X) consists of closed sets such
that any intersection of finitely many elements of F is non-empty (to which
we say that F has the finite intersection property), then (| F # @

Theorem 4.2.10 The proximity space (X,0) is absolutely closed if and only
if it is compact.

Proof: If X is compact as a topological space, then there is no proximity
space which contains X as a dense subspace except for itself. Conversely,
suppose we have an absolutely closed proximity space X. Let ¢ be arbitrary
and consist of closed sets of X with the finite intersection property, then
we must show that ¢ has a non-empty intersection. For every F' € ¢, we
consider the system &g of all its d-neighbourhood. Since no F € ¢ is empty,
every system & will be a centered d-system. We let £ = [ &r, now we prove
that £ is a centered d-system. Firstly, on condition (1) of Definition 4.2.1, if
A, B € £ then there is F} and F, such that A € £, and B € {p,. That means
that F; « A and F» « B, which in turn implies that F; n F5, <« An B. But
Fi n Fy # O since ¢ has the finite intersection property. Therefore A N B
is also non-empty since it is a d-neighborhood of a non-empty set. Then
condition (2) of Definition 4.2.1 is satisfied in £ since it is also satisfied in
¢. So, since X is absolutely closed, the intersection of all H € £ is non-
empty. We will show now that this intersection ) ee 1 coincides with the
intersection of all F' € ¢. In fact, by Proposition 4.1.11, for every F' € ¢ the
intersection of all H € £ is F' itself since it is closed, i.e F' = ﬂHeﬁF H. So
we can safely say that [\pc, ' = [\ye H, and since [y H is non-empty,
then (pe ¢ F' 1s also non-empty as required. Il

We can now safely say that uX is a compactification of X, with the topology
induced by 0**, that is to say that (uX,7(6**)) is a compactification of X.
We now want this compactification to be unique, and hence the next theorem.
But before we prove the theorem we need a result from the paper by Smirnov
(1952) named; Mappings of systems of open sets, written in Russian. It
states that: in order that two compactifications of the space X be distinct, it
is necessary and sufficient that there exists a pair of closed subsets of X, the
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closure of which intersect in one compactification and do not intersect in the
other compactification.

Theorem 4.2.11 Let (X,0) be a proximity space, then it has only one ab-
solutely closed 0-extension, i.e there is only one proximity space (uX,§**)
which 1s absolutely closed.

Proof: If (uX,§**) is a proximity space which is absolutely closed then
(uX,7(6**)) is a compactification of (X, 7). Let (vX,7(0}*)) be another
compactification which is different from uX, then there is no homeomor-
phism of vX onto uX which is the identity on X. But this means (by the
comment on the previous paragraph) that there are sets A and B in X whose
closure meet in one compactification, say vX, and are disjoint in the other
compactification. This means, by Theorem 4.1.14, that A §** B but A §** B.
Which is impossible since X is a subspace of both vX and u.X. O

By Theorem 4.1.15, we have that a separated proximity induces a Tychonoff
topology, hence a Hausdorff topology, we therefore have the following theo-
rem which can be found in [26, Theorem 7.7].

Theorem 4.2.12 FEvery separated prozimity space (X, ) is a dense subspace
of a unique (up to 6-homeomorphism) compact Hausdorff space uX. More-

over, for A,B< X, Ao B if and only if Cl,x(A) n Cl,x(B) # O.

Definition 4.2.13 Let uX be the set of all ends of X and 7(5**) be the
topology on uX induced by the proximity 0**, then uX is called the Smirnov
compactification of X.

Definition 4.2.14 Let (X)) denote the set of all prozimities on X. Define
a partial order on X(X) by saying that 6, < 0o if and only if A do B implies
A &1 B for each A, B < X, which is also saying that 01 < 0o if and only if
there is an identity proximity map f : (X,dy) — (X,01) . Then (X(X), <)
15 a partially ordered set.

All this analysis of the proximity space has been leading up to the Smirnov
Theorem which provides a characterization of the structure of compactifi-
cations of a completely regular space X by means of proximities on X that
induce a topology on X, but before we state it we need the following theorem
which we state without proof (the proof can be found in [26, Theorem 7.10],
but the compactifications are constructed using clusters in that instance).
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Theorem 4.2.15 FEuvery proximity mapping g of (X,01) onto (Y,0) has a
unique extension to a continuous mapping g* which maps the compactification
of X onto the compactification of Y.

Theorem 4.2.16 (Smirnov theorem). Let X be a completely regular
space. Then the partially ordered set (K(X),<) of inequivalent compacti-
fications of X is order isomorphic to the partially ordered set (%(X),<) of
proximities that induce the topology on X.

Proof: Let ¢ : (X(X),<) — (K(X),<). ¢ is onto since if aX is a com-
pactification of X, then aX is a compact Hausdorff space and by Theorem
4.1.14 we can define a compitable proximity on aX, which in turn defines a
proximity dx on X as a subspace of a X by Proposition 4.1.20. Therefore for
any arbitrary choosen compactification, there exist a proximity dx such that
©(0x) = aX. Also, ¢ is one-to-one since every proximity space has only one
0-extension by Theorem 4.2.11 and hence one compactification generated by
it. Now we show that 0; < 9 if and only if uX < vX where p(d;) = uX
and ¢(d2) = vX. Suppose that d; < dy, then there is a proximity map
f:(X,02) — (X, 01) such that f(z) =« for all x € X. By Theorem 4.2.15
this map can be extended to a continuous map from vX into uX, therefore
uX < vX. Conversely, let uX < vX where p(d;) = uX and ¢(d) = vX,
this means there is a continuous map ¢ : vX — uX such that g(x) = =
for x € X. Since v.X is compact, by Proposition 4.1.18 this ¢ is a proximity
map. Therefore the resitriction of g into X, g|x, is the identity proximity
map from (X, ds) into (X, d1), thus §; < ds. O

4.3 Zero-dimensional proximities

There is another way of defining the Smirnov compactification using clus-
ters. In this section we go through this construction, and also recall zero-
dimensional proximities as defined in [7]. It turns out that if a space has a
zero-dimensional proximity then that proximity induces a compactification
which is zero-dimensional. Moreover, if a space is zero-dimensional, there
is a one-to-one correspondence between its zero-dimensional proximities and
its zero-dimensional compactification.

Definition 4.3.1 A collection o of subsets of a proximity space (X,0) is
called a cluster if and only if the following conditions are satisfied:
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1. If A and B belong to o, then Ao B
2. If A6 C for every C € o, then A€o

3. If(AuB)eo, then Aeo or Beo

Definition 4.3.2 For each x € X, the collection o, = {A< X : Adzx} isa
cluster. We call such a cluster a point cluster.

We have the following properties for clusters.
Proposition 4.3.3 Let o be a cluster of X, then
1. If {z} € o for some x € X, then 0 = 0.

2. If o 1s any cluster in X, then X € 0. Hence for every subset E of X,
either E€o or (X —E)eo.

3. If Aco and A< B, then Beo
4. If o is any cluster in X, then A € o if and only if Clx(A) € o

Proof: (1) If {x} € o then x § A for every A € o, therefore o = o,.

(2) We have X § A for any A € X, therefore by Definition 4.3.1 (2) we have
that X € o for any cluster 0. Moreover, since (X — E) u E then by Definition
4.3.1 (3) we have that X — EFe o or F € 0.

(3) A€ o, then A9 C for every C € o. Since A € B then B ¢ C for every
C € 0, hence B € o by Definition 4.3.1 (2).

(4) Since A ¢ B if and only if Clx(A) § B then the result follows by Definition
43.1 (2). 0

Proposition 4.3.4 Let o be a cluster in a prozimity space (Y,0) and let
X € o with X €Y. Then there exists a unique cluster o in (X,dx) such
that 0 € o, namely o = {A< X : Aeo}.

Proof: See [26, Theorem 5.16]. O

Proposition 4.3.5 A proximity space is compact if and only if every cluster
i the space is a point cluster.

Proof: See [26, Theorem 5.13]. [
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Definition 4.3.6 Let uX denote the set of all clusters in X. For P € ulX,
we say that a subset A of X absorbs P if and only if A€ o for every o € P.

Proposition 4.3.7 The binary relation 6* on the power set of uX defined
by, P 6* D if and only if A absorbs P and B absorbs D implies A d B, is a

separated proximity on uX .

Proof: We need to check that conditions of Definition 4.1.1 are satisfied.
(Py) : If P 6* D then there are sets A and B absorbing P and D respectively
such that A § B. Since 0 is a proximity, by (P;) of Definition 4.1.1, A and
B can not be empty, therefore P and D are non-empty.

(P,) : Let P < uX and D < uX. Suppose that P nD # ¢J and A and B
absorb P and D respectively. We want to show that A § B. But we have
that both A and B absorb P n D, so that A B and hence P 6* D.

(Ps) : The symmetry of 0* follows from the fact that ¢ is symmetric.

(P;) : We want to show P 0* R or D §* R implies that (P u D) ¢* R.
Suppose that D 6* R, that D absorbs (P u D), and that C' absorbs R.
Then D absorbs D and hence D § C' by assumption. Thus (P u D) §* R.
Conversely, suppose that (P U D) 0* R and that P §* R, then we need to
show that D 6* R. Let B absorb D and C absorb R, then we must show
that B 6 C. Since P §* R, there are sets A and D absorbing P and R
respectively such that A § D. Since § is a proximity, by (Ps) of Definition
4.1.1, there is an E such that A § E and (X — F) § D. Because D absorbs
R and (X — E) § D, (X — FE) belongs to no cluster in R. Consequently,
(C'— E) belongs to no cluster in R. But C' = (C — E) u (C n E) absorbs
R, implying that C' n E' absorbs R. Now (A u B) absorbs (P u D), which
means that (A u B) § (C n E) by assumption. Since A § E, we also have
that A (C n E), and since (A U B) § (C' n E) we must have B § (C' n E),
implying that B § C.

(P5) : Suppose that P §* D, then there are sets A and B absorbing P and
D respectively such that A § B. Since § is a proximity, by Ps of Definition
4.1.1, there is an E such that A § F and (X — E) § B. Since (X — E) § B
and B absorbs D, (X — E) belongs to no cluster of D. Thus E absorbs D.
Now let R = {0 € uX : E € 6}. Then we have that A absorbs P, E absorbs
R but A § E, which means that P §* R. And since E belongs to no cluster
in (uX —R), (X — E) absorbs (uX — R). Since we have (X — E) § B, that
implies (uX — R) §* D

We therefore have that 6* is a proximity on uX. To prove that it is a
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separated proximity, we note that A absorbs {c} if and only if A € o. Hence
o1 0" o9 if and only if every set in oy is in oo and vise versa, that is if and
only if o and o5 coincide. ]

Let 7* denote the topology induced on uX by &*.

Lemma 4.3.8 A absorbs f(B) if and only if B < Clx(A), where Clx(A) is
the 7(8) closure of A.

Proof: Suppose that A absorbs f(B). Let b € B. Then o, € f(B), which
implies A € oy, since A absorbs f(B). Therefore b § A and hence b € Clx(A).
Conversely, if B € Clx(A), then for every b € B, b € Clx(A) and hence
b o A. Tt follows that A € o, which shows that A € g}, for any o, € f(B).
Therefore A absorbs f(B). [

Theorem 4.3.9 Let (X, ) be a separated proximity space and let uX denote
the set of all clusters in X, and 0* is the prozimity on uX. Let f be defined
such

f:(X,0) — (uX, %)

where f(x) = o, for every x € X. Then (X,0) is proximally isomorphic to
F(X) with the subspace prozimity induced by 6*, and f(X) is dense in uX.

Proof: We first note that D absorbs f(A) if and only if A < Clix(D) by
Lemma 4.3.8. Hence if D is any subset of uX, then D §* f(A) if and only
if C' absorbs D and D absorbs f(A) implies C' § D, that is if and only if
C absorbs D and A € Clx(D) implies C' § D, therefore if and only if C
absorbs D implies C' § A. Now if we take D to be the singleton {c}, we
obtain {o} 0* f(A) if and only if C' € o implies C' § A, that is if and only
if A€ o. Since Cl,x(f(A)) ={o:06* f(A)}, then the T*-closure of f(A)
is equal to {o : A € o}. That means that Cl,x(f(X)) ={o: X € 0} = uX
since X is contained in every cluster. Then f(X) is dense in uX.

f is one-to-one since, if  # y then {x} § {y}, therefore y ¢ o,. Hence
Op 7 Oy.

Now f(A) ¢* f(B) if and only if C' § D whenever C' and D absorb f(A)
and f(B) respectively, that is if and only if C' § D whenever A < Clx(C)
and B < Clx (D). But this last statement is equivalent to A § B, so that
f(A) 6* f(B) if and only if A 6 B. Thus X is proximally isomorphic to
FX). O

65



Theorem 4.3.10 (uX,7*) is compact.

Proof: By Proposition 4.3.5, it suffices to show that an arbitrary cluster u
in uX is a point cluster. Since f(X) is dense in uX, we have Cl,x(f(X)) =
uX € p by Proposition 4.3.3 (2), and therefore by Proposition 4.3.3 (4) we
have that f(X) € u. By Proposition 4.3.4, there exists a unique cluster p’
in (f(X),(S;(X)) such that ¢ < p. By Theorem 4.3.9, (X,0) is proximally
isomorphic to (f(X),07y)), hence there exists a cluster o in X such that
i = {f(A) : Ae o} From the proof of Theorem 4.3.9 we have that A € ¢
if and only if {o} 6* f(A). Hence {o} 6* C for every C € . It follows that
{o} € i < p. Therefore there exists o € uX such that {o} € p and it follows
by Proposition 4.3.3 (1) that u is a point cluster. O

Lemma 4.3.11 If A 0 B, then there ezists a cluster o in (X,0) such that
A, Beo.

Proof: See [26, Theorem 514]. O

Let A* = {0 : A€o}, then A* € uX.

Lemma 4.3.12 Let (X,0) be a prozimity space. For A < X, the following
conditions are equivalent

1. A§ (X —A)
2. A*n(X-A)* =0
3. (X —A)* =uX — A*
Moreover, if one of the above conditions is satisfied, then A* is clopen in uX

Proof: (1) implies (2). Suppose that A § (X — A). Let 0 € A* n (X — A)*.
Then o0 € A* and 0 € (X — A)*. Therefore A € 0 and 0 € (X — A). Thus
A0 (X —A) by Definition 4.3.1 (1) which contradicts our assumption. Hence
A*n (X —-A)*=0.

(2) implies (3). Let 0 € uX — A*, then o ¢ A*, therefore A ¢ o which
implies that X — A € o by Proposition 4.3.3 (2). Thus o € (X — A)*, hence
uX —A* (X —A)*. If A* n (X — A)* = O then (X — A)* € uX — A*.
(3) implies (2). If (X —A)* = uX —A*, then A*n(X—-A)* = A*nuX—-A* =
%)

(2) implies (1). Suppose that A* n (X — A)* = @. Let A¢J (X — A). By
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Lemma 4.3.11, there is a cluster o of X such that A, X — A € 0. Therefore
o€ A* n (X — A)* which contradicts our assumption.

Moreover, since for £ < X we have that £* = Cl,x(F) then E* is closed in
uX. In addition (X — A)* = uX — A* implies that uX — A* is closed in u.X.
Therefore, A* is open in u.X, and so the three equivalent conditions imply
that A* is clopen in u.X. ]

Definition 4.3.13 Let § be a proximity on X. We call § a
zero-dimensional proximity if it satisfies the following strong version of
aziom (Ps):

(SPs) A J B implies there is a C = X such that C § (X —C), AJ§ C, and
(X - C) 4 B.

We are now going to show that a zero-dimensional proximity induces a
Smirnov compactification which is zero-dimensional.

Theorem 4.3.14 If ¢ is a zero-dimensional proximity on X, then (uX,7*)
15 zero-dimensional.

Proof: Let 01,0, be two distinct points of uX. By Definition 4.3.1 (2),
there exists A € 0y and B € oy such that A § B. By (SPs) of Definition
4.3.13, there is a C' < X such that C § (X — C), A§ C, and (X —C) § B.
By Lemma 4.3.12, C § (X — C) implies (X — C)* = uX — C*. By (P) of
Definition 4.1.1, A § C implies that A n C = @. Therefore A € X — C, so
X — C € oy by Proposition 4.3.3 (3), and so 01 € (X — C)* = uX — C*.
Similarly, (X — C) § B implies (X — C) n B = Q. Thus, B < C, so C € 0y,
and hence o9 € C*. Thus we have that o, ¢ C* and 09 € C'*, and so we have
found a clopen subset C* of uX separating o; and 5. This implies that uX
is a Stone space since it is also compact by Theorem 4.3.10, hence uX is
zero-dimensional. ]

If we have a compactification, then it follows by Smirnov theorem that there
is a proximity that corresponds to it. In the following theorem we show that
the corresponding proximity is a zero-dimensional proximity if the compact-
ification of a zero-dimensional space is zero-dimensional.

Theorem 4.3.15 Let X be a zero-dimensional Hausdorff space and let aX
be a zero-dimensional compactification of X. Then the proximity that corre-
sponds to aX wvia Smirnov theorem is a zero-dimensional proximity on X.
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Proof: Let ¢ be the proximity corresponding to o X, then by Theorem 4.2.12
we have that A § B if and only if Clyx(A) N Cl,x(B) # @. It follows from
Smirnov theorem that § is a proximity on X, so we only need to show that
J satisfies (SPs) of Definition 4.3.13. Since aX is compact Hausdorff zero-
dimensional and both Cl,x(A) and Cl,x(B) are closed in aX, then there is
a clopen set U € aX such that Cl,x(A) € U and U n Cl,x(B) = @. Let
C =X —a'(U) where a : X — aX. Then

Clax(A) A Clax (C) € U A Clax (X — o~ (U))
cUnNn(Y-U)=0.

Therefore, A § C. Also, X — C = a~!(U), and so

Clax(X — C) M Clax(B) = Clax(a_l(U)) M Clax(B)
- Clax(U) M Clax(B)
— U~ Clox(B) = 0.

Thus (X — C) § B. Moreover,

Clox(C) N Clox (X = C) = Clox (X — o' (U)) A Clox (a7 (U))
C(aX-U)nU=0,

and so C' § (X — C). Therefore, there is a C < X such that C' § (X — C),
AfF C and (X — C) § B. Hence ¢ satisfies axiom (SP;), and so it is a

zero-dimensional proximity on X. ]

Theorem 4.3.16 For a zero-dimensional Hausdorff space X, the partially
ordered set (Ko(X),<) of inequivalent zero-dimensional compactifications
of X is order isomorphic to the partially ordered set (X0(X),<) of zero-
dimesional proximities on X that induce the topology on X.

Proof: By Theorem 4.3.15, for a zero-dimensional space, if we have a zero-
dimensional compactification then the corresponding proximity is a zero-
dimensional proximity. Also, by Theorem 4.3.14, if we have a zero-dimensional
proximity then the induced compactification is zero-dimensional. This im-
plies that there is a bijection between Ko(X) and ¥o(X).

By using the order defined in Definition 4.2.14, it can be concluded that the
mapping between Ko(X) and ¥o(X) preseves order in a simalar manner as
in Theorem 4.2.16. L]
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Chapter 5

Spaces with a zero-dimensional
remainder

In this chapter, we discuss spaces that have a compactification with zero-
dimensional remainder. Rim-compact spaces, almost rim-compact spaces,
and spaces between a given space and its Freudenthal compactification are
examples of such spaces.

5.1 Rim-compact spaces and the Freudenthal
compactification

The Freudenthal compactification was introduced by H. Freudenthal [15].
It is a compactification of a rim-compact space whose remainder is zero-
dimensional. ~Skjarenko [28], proved Freudenthal-Morita Theorem which
states that: there exists a compactification with zero-dimensional remainder
for every rim-compact space. He defined a proximity on a rim-compact space
that corresponds to the maximum compactification with zero-dimensional re-
mainder, i.e Freudenthal compactification. In this section we give details of
this construction.

Definition 5.1.1 A Hausdorff space X is called rim-compact if there ex-
ists in this space a basis of open sets, each of which has a compact boundary.

Definition 5.1.2 Let B be a basis of the space X that consist of open sets
with compact boundaries. If:
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1. U, B; € B whenever B; € B fori=1,2,....n,
2. i, Bi € B whenever B; € B fori=1,2,...,n and
3. X — Clx(B) € B whenever B € B.

We call such a basis for a rim-compact space a m-compact bases.

The following Lemma arises from the fact that a rim-compact space is regular.

Lemma 5.1.3 Let the closed set A of the space X be contained in the ele-
ment U of the m-compact basis B. Then there is an element V of the basis
such that AV and Clx (V) < U.

Proof: Let A be a closed subset of U. If x € bdxU then = ¢ A. Since
bdxU is compact and X is a regular space, the set bdxU may be covered by
a finite number of sets, Vi, ..., V,, from B whose closure do not contain A. If
V=U-J_,Clx(Vi), then AV < Cix(V) < Cix(U)-J_,V; < U.
We also have that V' is an element of B, since B contains the complements
of the closures. ]

We now define a proximity on X using the m-compact basis, then show that
the proximity is compatible with the topology on X. By Smirnov theorem
(Theorem 4.2.16), this would mean that there is a compactification of X
associated with the proximity.

Proposition 5.1.4 Let B be the m-compact basis of X, we define A § B if
and only if there is a neighborhood U in the basis B such that Clx(A) € U
and Clx(B) € X — Clx(U). Then § is a compatible prozimity on X.

Proof: Firstly we prove that ¢ is a proximity, by checking if the conditions
of Definition 4.1.1 are met;

(Py) : Since for U € B where Clx(A) < U, we have also Clx(0) = O <
X — Clx(U) since the empty-set is a subset of any set. Therefore @ § A for
any A c X.

(Py) : If A§ B then A n B = by definition of the proximity.

(P3) : If B § A, then there is a U € B such that Clx(B) < U and
Clx(A) € X = Cix(U). Let V.= X — Clx(U), then V € B since B it
contains the complement of the closures. Then we have Clx(A) < V and
Clx(B) € X — Clx(V), hence A § B.

(Py) : We are going to check that A § (B; u By) if and only if A § By
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and A § By. If A § (B; U By) then there is a neighborhood U € B such
that Clx(A) € U and Clx(B; v By) € X — Clx(U). But Clx (B, U Bs) =
Clx(By) u Clx(By), and the result that A § B; and A § By follows. Now
suppose that A § B; and A § B, then there are neighborhoods U, U, € B for
which Clx(Bl) c Uy, le(Bg) < Us, Clx(A) - X—Clx(Ul) and le(A) -
X—Clx(UQ) Let U = U1 U UQ, then Clx(Bl o BQ) = Clx(Bl) UCZ)((BQ) -
UyuU; = U and Clx(A) € X—Clx(UyuUsy) = X—Clx(U) with U € B (since
B contains the finite union of its members). This means that A § (B; u Ba).
(P5) : Let A § B. There is a U € B such that Clx(A) € U and Clx(B) <
X — Clx(U). From Lemma 5.1.3, there is a V' € B for which Cix(A) € V
and Clx(V) < U, and also a set W € B such that Clx(B) € W and
Clx(W) c X — Clx(U) Since le(V) c U then X —U < X — CZX(V),
hence A § (X — U), and similarly we have U § B as required.

Finally, we check the compatibility of the proximity ¢ with the topology of the
space, we do this by checking that Clx(A) = {x : x 0 A}. Let x € Clx(A),
then every neighborhood of x intersects the set A, i.e by the definition of the
proximity, z § A. Conversely, suppose that x ¢ Clx(A), then there exist a
neighborhood U € B for which x € U and U n A = ). According to Lemma
5.1.3, there is a neighborhood V' € B of the point = such that Clx(V) < U.
Since Clx(A) € X — Clx(V), it follows that = § A. n

Let B be a m-compact basis on the space X, and d be a proximity relation de-
fined by means of this basis (by means of Proposition 5.1.4). We shall term
the compactification 0.X, corresponding to this proximity relation, the -
compactification. We will now prove that any compactification generated
through a m-compact basis has a zero-dimensional remainder, by proving
that the compactifications have a basis of open sets whose boundaries are
contained in X. In order to prove this, we need the lemmas below.

Definition 5.1.5 If U is an open subset of X and 60X € K(X), then O(U)
is defined to be the set 6 X —Clsx (X —U), and O(U) is called the extension
of U in 6 .X.

Lemma 5.1.6 Let 6X be the m-compactification of the space X associated
with the w-compact basis B. Then the collection {O(U) : U € B} of open sets
of 6X 1s a basis for the topology on 6.X.

Proof: Let £ be any point of 6.X, and O¢ be an arbitrary neighborhood of it.
We select a neighborhood Olg of the point & such that C’ng(O;) C O¢. The
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sets C’l(;X(Olg) and 0.X —O¢ do not intersect, therefore C'lx (Oér\X) § (X —-0)
since Cl X(Oé N X) and X — O do not intersect in X. Consequently, there is
a neighborhood U € B for which C'ZX(O'f NX)<Uand X—0, < X-CIxU.
Since Oé c O(Oé N X), we get that O’E < O(U) from CZX(O'g NnX)cU.
Therefore £ € O(U). Also, X — O € X — ClxU means that O(U) <
0X —(X—0¢) = Ocu(0X —X), and since U is a set from X then O(U) < O.
So we have £ € O(U) < O, as required. ]

Definition 5.1.7 Let aX be the compactification of X. If for U < X we
have bd,xO(U) = Clax(bdxU) then we shall call the compactification aX
perfect with respect to the set U. We say that aX is a perfect com-
pactification if it is perfect with respect to every open subset of X.

Lemma 5.1.8 Let X be a completely reqular space with the compactification
aX. Let § be the proximity relation on X corresponding to aX. If A and B
are two open subsets of X with A § B then O(A u B) = O(A) u O(B).

Proof: Suppose that £ € O(U v V). Then € € Clox(U v V) = Clox(U) U
Clox (V). Since A § B, we have Cl,x(U) n Cl,x(V) = O, then £ can
belong to only one of the sets Cl,x(U), Clox (V). Let £ € Clyx(U), so that
€ ¢ Clyx (V). We show that & € O(U). We select some neighborhood O of
the point &, contained in O(U u V') and not intersecting V. Then O n X <
OUuV)nX =UuV. But, since O "V = 0, it follows that Oe n X < U.
And thus £ € O € O(O: n X)) € O(U), therefore O(Uu V) < O(U) uO(V).
Also, O(U) v O(V) € O(U v V) since O(U),O0(V) < O(U u V). M

Lemma 5.1.9 Let 6 be a proximity relation on the space X corresponding to
the compactification aX. The compactification aX of the space X 1is perfect
with respect to the open set U < X if and only if for every set A < U we
have that, A § bdxU implies A§ (X —U).

Proof: Let aX be perfect with respect to the open set U, and let A € U
be such that A § bdxU which means that Cl,x(A) N Clyx(bdxU) = O
by Theorem 4.2.12. We must show that this implies that A § (X — U).
Suppose that A § (X — U), then that means that Cl,x(A4) N Clox(X —
U) # O. Let & € Clox(A) n Clox(X —U). Since A < U < O(U)
then we have that & € Cl,x(O(U)). Also, since £ € Clyx(X — U) and
OU) =aX — Clyx(X —U) then £ ¢ O(U). Consequently, & € bd,x(O(U)).
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Since Clax(A) N Clax(bdxU) = O and § € Cl,x(A) then we have that
€ ¢ Clox(bdxU). This means that bd,x(O(U)) # Cl,x(bdxU) which is a
contradiction to our assumption that aX is perfect with respect to U.

Let U < X. Suppose that for every set A < U we have that, A § bdxU
implies A § (X — U). We want to prove that bd,xO(U) = Cl,x(bdxU), i.e
that the compactification aX is perfect with respect to U. We have that
bdxU < Clx(U) € Clax(O(U)) and at the same time bdxU n O(U) = O,
therefore bdxU < bd,xO(U). Since the set bd,xO(U) is closed in aX, we
get that Cl,x (bdxU) < bd,xO(U). Now we want to prove that bd,xO(U) <
Clox(bdxU). Let € ¢ Clyx(bdxU), and we shall take a neighborhood O¢ of
the point ¢ in aX such that Cl,x(O¢) N Clox(bdxU) = O. Let A = O U
and B = O¢ n (X — Clx(U)). Since we have Cl,x(O¢) N Clox (bdxU) = @
that means we have OgnbdxU = ) which in turn means that O:n X = AUB.
So, O € O(O¢ n X) = O(A v B). Therefore £ € O(A u B). Since
Clox(A) N Clox(bdxU) = @ then A § bdxU and by the condition of the
lemma A § (X — U) and that means A § B. Therefore on the basis of
Lemma 5.1.8, either £ € O(A) or £ € O(B). If € € O(A) then, since
O(A) = O(0¢nU) < O(U), we have £ € O(U). Since O(U) is open in a X, we
have that £ ¢ bd,xO(U) as desired. Now, if £ € O(B) then £ € O(X—Clx(U))
and since O(U) n O(X — ClxU) = O(U n (X — ClIxU)) = O(0) = O so
£ ¢ Clox(O(U)) and hence & ¢ bd,x(O(U)) as required. O

Lemma 5.1.10 Let 6X be a w-compactification of the space X, associated
with the m-compact basis B. And let vX be an arbitrary compactification of
X such that 0X < vX. Then the compactification vX is perfect with respect
to all the sets of the basis B.

Proof: Let § and §; be proximities corresponding to 6. X and v.X respectively.
Let U € B be arbitrary, and let A < U be such that A §; bdxU in the sense
of the proximity ¢;. The proximity §; is such that Cl,x(A) N bdxU = @ by
Theorem 4.2.12, therefore Clx(A) nbdxU = () which means that Clx(A) <
U. By Lemma 5.1.3, there is a set V' in the basis B for which Clx(A) € V and
Clx(V) <€ U. But then X —U < X —Clx(V) which means that A § (X —U)
and further A §; (X — U) since § < §;. Then by Lemma 5.1.9, the result is
proved. L]

Theorem 5.1.11 The remainder in every mw-compactification is
zero-dimensional.
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Proof If X is the compactification associated with the m-compact basis B,
then it is a m-compactification. By Lemma 5.1.6, the set {O(U) : U € B} is
a basis for 0.X. Since 06X < dX, Lemma 5.1.10 says that X is perfect with
respect to all elements of B, hence we have bdsxO(U) = Clsx (bdxU) for all
U in B. But bdxU is compact since U € B, hence bdsxO(U) = bdxU which
is contained in X. Therefore dX has a basis of open sets which have their
boundaries contained in X, hence 0.X has a zero-dimensional remainder. []

Lemma 5.1.12 Let X be a rim-compact space and
M ={U :U is open in X and bdxU is compact }
Then M is a maximal m-compact basis of X.

Proof: Since M consists of all open sets with compact boundaries, we have
B © M for any m-compact basis B. Then M is a basis for X consisting
of open sets with compact boundaries since it is closed under intersection.
Let B = U?=1Bj where B; € M for each j € J. Then B < B for some
m-compact basis. Since B © M for any m-compact basis, then B < M.
Similarly, ();_, B; € M for B;j € M . We also have that X — Cix(U) c B
for some m-compact basis, where U € M. Hence M contains the complement
of the closures. ]

Theorem 5.1.13 The w-compactification, F' X, associated with the m-compact
basis M is the mazimal compactification among all w-compactifications of a
rim-compact space X .

Proof: Let iz be the proximity associated with an arbitrary m-compact ba-
sis B. If A §g B, there is a U € B such that Clx(A) € U and Clx(B) <
X — Clx(U). But if U is in B, then also U € M since B € M for any 7-
compact basis B, therefore A §,; B where d,, is associated with M. Which
means that g < drq. Since there is an order isomorphism between prox-
imities and compactifications by Smirnov theorem, that means if aX is a
compactification generated by the arbitrary chosen m-compact basis B, then
we have a X < FX. ]

Definition 5.1.14 FX is called the Freudenthal compactification.

We thus have a description of the Freudenthal compactification using prox-
imities.
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Theorem 5.1.15 F'X is a perfect compactification.

Proof: Let U be an arbitrary open set of the space X, and let A < U be
a set such that A § bdxU, where § is the proximity corresponding to the

maximal m-compact basis M. By definition of the proximity J; there is a
V € M such that

Clx(A) <V, bdxU< X —Clx(V).
Let V' =U V. Since
Clx(V) M bde = @,

then bdxV' < bdxV which implies that bdx V' is compact being a closed
subset of a compact set, and hence V' € M. We have:

Clx(A)c V', Clx(VYn(X-U)=0

with V' € M. Thus A § (X — U). By Lemma 5.1.10 we can conclude that
FX is perfect with respect to the set U and since U was arbitrary then
FX is perfect with respect to all open sets of X, hence F'X is a perfect
compactification. O

By Theorem 6.2.19, that is to follow, since F'.X is a perfect compactification
with zero-dimensional remainder then it is the maximum compactification
with a zero-dimensional remainder that a rim-compact space can have. Also,
by Theorem 6.2.21, F'X is the minimum perfect compactification.

5.2 Almost rim-compact spaces

In 1987, Beverly E. J. Diamond [9] developed a theory for a class of spaces in-
termediate between rim-compact spaces and 0-spaces, which she calls almost
rim-compact spaces. Each almost rim-compact space possesses a compactifi-
cation in which each point of the remainder has a basis (in the compactifi-
cation) of open sets whose boundaries do not intersect the remainder of the
compactification. The approach used was to show that if a space satisfies
the conditions of almost rim-compactness, then a defined quotient space of
the Stone-Cech compactification of X is a compactification of X with the
property that the remainder has a basis of open sets whose boundaries are
disjoint with the remainder.
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Definition 5.2.1 A space X is a 0-space if X has a compactification aX
such that a X — X 1is zero-dimensional.

Before we get to almost rim-compact spaces, we are dealing with special open
sets of the space X and their related open sets in the compactification so we
first prove some results about them.

Definition 5.2.2 Let X be a topological space, and K(X) be a set of all
compactifications of X, we have

1. An open set U of X is said to be m-open in X if bdxU is compact.

2. Suppose W is open in aX € K(X), we say W is a small boundary
(denoted by sb) subset of aX if bd,xW < X.

Lemma 5.2.3 The intersection and union of finitely many m-open sets are
m-open, as is the complement of w-open sets. And the union and intersection
of finitely many sb subsets is an sb subset, as is the complement of the closure
of an sb subset (i.e if A is an sb subset then X — Clx(A) is an sb subset).

We recall that if U is an open subset of X, and aX € K(X), the extension
of U in aX, denoted by O(U), is the set aX — [Cl,x(X — U)]. O(U) is the
largest open subset of X whose intersection with X is the set U.

Lemma 5.2.4 Let aX € K(X), if W is an sb open subset of a X, then
1. W n X 1s m-open in X.
2. W =0(W n X).

Proof: (1) We have bdx(W n X) € bdoxW n X = bd,xW, hence the set
bdx (W n X) is a closed subset of a compact subset of X, and is therefore
compact.

(2) It is sufficient to show that O(W n X) € W, since the reverse inclusion
is true for any open subset W of aX. Now O(W n X) —W < Cl,x(W n
X)=W =Clox(W) =W =bdoxW < X. So we have OW n X)—-W < X
while O(W n X) n X € W, hence O(W n X) < W. O]

Proposition 5.2.5 Let aX € K(X) and U,V be open subsets of X.
1. O(U)n X =U, hence Cl,x(U) = Cl,x(O(U))
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2. O(UAV) =0(U) nO(V)
3. If Clox(U) A Clax (V) = @, then O(U 0 V) = O(U) U O(V)

Proof: (1) OU)n X =X —-Clx(X-U)=U.
(2)

OU) nO(V) =[aX — Clox(X —=U)] n[aX = Clox (X = U)]
=aX — [Clox (X = U) U Clox (X = V)]
=aX = Clox((X —U) u (X = V))
=aX —Clyx(X —(UnV))
=0(UnV).

(3) Suppose that £ € O(Uu V). By (1) above £ € Clox(UuV) = Clox(U) U
Clox (V). Since Clyx(U) n Clox (V) = O, then £ can belong to only one of
the sets Clox(U), Clax (V). Let € € Cl,x(U), so that & ¢ Cl,x (V). We show
that £ € O(U). We select some neighborhood O of the point &, contained
in O(U u V) and not intersecting V. Then O n X €« O(U uV)n X =
Uu V. But, since O n'V = O, it follows that O, n X < U. And thus
€€ 0 € O(0:n X) < O(U), therefore O(U v V) < O(U) v O(V). Also,
OU)uvO(V)yc O(U v V) since O(U),0O(V) < OU v V). O

Proposition 5.2.6 Let aX be a perfect compactification of X, and U a set
that s m-open in X, then

Clox(U) A (@X — X) = O(U) A (aX — X)

Proof: We have that Cl,x(U)n(aX —X) = Cl,x(O(U))n(aX —X). Since
U is m-open in X and aX is a perfect compactification of X, Cl,x(O(U)) —
O(U) = bdaxO(U) = Clax(bde) = bdxU < X thus (Clax(O(U)) —
OU)) n(aX — X) = O, hence (Clox(U) — O(U)) n (aX — X) = @ which
implies that Cl,x(U) n (aX — X) = O(U) n (aX — X). [

Proposition 5.2.7 Let aX be a perfect compactification of X. If U is 7-
open in X and F is closed in X, then F' < U if and only if Cl,x(F) < O(U).

Proof: If Cl,x(F) < O(U) then F < O(U) n X =U. Also, if F < U, then
Clax(F) = O(U) = (Clax(F) = O(U)) n (X — X) < (Clax(U) = O(U)) N
(aX —X). By Proposition 5.2.6, we have (Cl,x (U)—O(U))n(aX -X) = O.
Therefore Cl,x(F) — O(U) = @, which implies that Cl,x(F) < O(U).
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Theorem 5.2.8 The Stone-Cech compactification BX, of a completely reg-
ular space X, is a perfect compactification.

Proof: The Stone-Cech compactification is the maximum from the set of
compactifications by Proposition 3.4.3, and therefore corresponds to the max-
imum proximity on X by Smirnov Theorem. We are going to prove that, for
an arbitrary set U < X, the maximal proximity  satisfies the condition of
Lemma 5.1.10 for an arbitrary open set U. Let A € U and A § bdxU, i.e
let there be a continuous function f on the space X such that f(A4) =0 and
f(bdxU) = 1. We define the function ¢ in the following way: g(x) = f(x)
if v € Clx(U) and ¢g(z) = 1 if 2 € X — U. This function is continuous and
we also have that g(A) = 0 and g(X — U) = 1, therefore A § (X — U) as
required. L]

Other compactifications can be formed by partitioning the Stone-Cech com-
pactification. The next result provides a characterization of such procedure.

Proposition 5.2.9 Let X be a topological space and C a partition of BX.
Then BX /C is a Hausdorff compactification of X under the quotient topology
if and only if for every A € C and for every open subset U of BX such that
A c U, there is an open subset V of BX such that

1. AcVcU
2. V is a union of members of C.

Proof: Firstly we show that 5X /C is a compact space. Let f : X — X/C
be the mapping x — [z] and X /C be endowed with the quotient topology.
Since f is a quotient map then it is onto, that implies that f(8X) = X /C
and hence X /C is compact since its a continuous image of a compact space.
Suppose that SX/C is Hausdorff. Let A € C and U be an open subset
of BX such that A € U. Then X — U is closed and hence a compact
subset of SX. Since f is continuous, f(SX — U) is compact. Since fX/C is
Hausdorff, f(8X —U) is closed in 5X /C. Moreover f(A) is a singleton subset
of BX/C and it is contained in the open set fX/C — f(5X — U). Choose
V = fYBX/C — f(BX —U)). Then V is open subset of SX since 3X/C
has the quotient topology. Also AV < U and V = f~1(f(V)), hence V is
an open subset of X such that (1) and (2) are true.

Conversely, assume that for every A € C and for every open subset U of X
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such that A € U, there is an open subset V of X such that (1) and (2) are
true. Let us fix two distinct points u; and uy in SX/C. Let A} = f~(uy)
and Ay = f~'(uy). Since {u;} and {uy} are singletons in 83X /C, and f is
continuous, then A; and Ay are closed subsets of SX. Since a compact
Hausdorff space is normal, there are disjoint open subsets U; and U, in X
such that A; € U; and Ay € U,. By assumption, there are disjoint open
subsets V; and V5 in X such that A1 € V; € U; and Ay, < V5, € Us,
Vi and V, are unions of members of C (that is to say V4 = f~'(f(V1)) and
Va = f71(f(12))). Now, since Vi = f71(f(V1)) and V5 = f~'(f (V%)) are open
in X then f(V;) and f(V4) are open and also disjoint in X /C because of
the quotient topology. Therefore we have u; € f(V1) and uy € f(V5), this
proves that X /C is Hausdorff. ]

Now we have the neccessary tools to prove the main theorems of this section.

Definition 5.2.10 If Z € Y, then Z is 0-dimensionally embedded inY
if each point of Y has a base of open sets of Y whose boundaries are contained
mY — 7.

The Freudenthal compactification, F'.X, of a rim-compact space X is a com-
pactification such that FX — X is O-dimensionally embedded in F' X, and is
the maximum in the family of compactifications of X having a 0-dimensionally
embedded remainder. The Freudenthal compactification possesses these prop-
erties as a consequence of X being rim-compact.

Definition 5.2.11 I[f Z € Y, then Z s relatively 0-dimensionally em-
bedded in'Y if each point of Z has a base of open sets of Y whose boundaries
are contained in Y — Z.

If a space X has a compactification, aX, with a relatively 0-dimensional
embedded remainder, then aX — X is zero-dimensional. We shall formu-
late internal conditions on a space X that will be shown to be equivalent
to X having a compactification with a relatively O-dimensional embedded
remainder. We follow [9] in defining the following concepts.

Definition 5.2.12 Let X be a topological space;

1. If Fi,F, € X, then Fy and Fy are m-separated in X if there is a
m-open set U such that Fy < U, and Clx(U) n Fy = .
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2. If F and U are closed and open subsets of X, respectively, then F' 1is
m-contained in U if there is an m-open set V of X such that F €'V <
Clx(V)cU.

3. If F is closed in X, U is open in X, and F < U, then F is nearly 7-
contained in U if there is a compact subset K of F' so that whenever
F' is a closed subset of F, and F' n K = @, F' is m-contained in U.

4. A space X is nearly rim-compact if whenever U is open in X, and
x € U, there is an open set W of X such that x € W and Clx (W) is
nearly w-contained in U.

5. A space X is quasi-rim-compact if for any x € X, there is a compact
set K, of X, so that whenever F is a closed subset of X and Fn K, =
O, then x and F are m-separated.

6. A space X is almost rim-compact if X is nearly rim-compact and
quasi-rim-compact.

Every rim-compact space is almost rim-compact. Neither near rim-compactness
nor quasi-rim-compactness is sufficient to ensure that a space is a O-space.
We will now proceed to show that almost rim-compactness is a sufficient con-
dition for a space to be a 0-space; quasi-rim-compactness provides a basis of
sb open sets of SX for elements of the decomposition contained in fX — X,
while near rim-compactness provides a basis of saturated open sets for each
point of X.

Definition 5.2.13 Forpe X, let
G, = ﬂ{C’ng(U) : U is a m-open subset of X andpe O(U)}.

In the following proposition we are going to use the fact that if U € X is
open such that X — U is compact, and {F;},; is a family of closed sets such
that (),c; i U, then there is a finite subset J < I such that (,; F; < U.

Proposition 5.2.14 G, is connected, for all p e fX.

Proof: Suppose that for some p € 58X, G, is not connected. Let G, =
G1 v Gy, where G and Gy are disjoint nonempty closed subsets of G,. Since
G, is compact, G and Go are disjoint compact subsets of 3.X; hence, there
are open sets Uy and Us of fX such that G; < U, for i = 1,2 and Clgx (Uy) n
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Clﬁx(Ug) = @ Then Gp M [ﬁX - (U1 ) Ug)] = @, and BX - (U1 U UQ) is
compact, hence there is a finite collection V;,7 = 1,2, ..., n of m-open subsets
of X such that p e O(V),, for each i, and [J{Clgx(V);: 1 <i < n} € Uyuls.
IfV =({Vi:1<i<n}, then V is a m-open subset of X, and by Proposition
5.2.5 (2), pe O(V).

Let W, = VU, fori = 1,2. We have that W; < V and hence bdxW,; < bdxV
for ¢ = 1,2, therefore Wy and W, are m-open subsets of X. As Clgx(W;) n
Clgx(W3) € Clgx (Uy) nClgx (Usz) = O, while Wy Wy =V n(Uyuls) =V,
it follows by Proposition 5.2.5 (3) that p € O(W;) U O(W3). Assume without
loss of generality that p e O(W), then G, < Clgx (W), therefore G, " Uy <
Clgx(Wh) n Uy = @, and hence G, nUs = O is a contradiction to our choice
of U; fori =1,2. ]

Theorem 5.2.15 If X s quasi-rim-compact, and p € BX — X, then G, is
the (compact connected) quasi-component of p in X — X. The set G, has a
basis of open sets of X whose boundaries are a subset of X.

Proof: Firsly, we are going to show that G, € X — X for pe X — X by
showing that z ¢ 8X — X = 2z ¢ G).

If pe X — X and z € X (that is x ¢ X — X) then there is a closed set F
of X such that F'n K, = O (by quasi-rim-compactness), and p € Clgx (F).
Then x and F are m-separated, while p € Clgx (F'). That is, there is a m-open
set U of X such that z ¢ Clx(U) < Clsx(U) and F' < U. Since p € Clgx (F),
and we want p € O(U), that means we must have Clgx (F) < O(U) and hence
the next claim.

Claim: If U is w-open in X, and F is closed in X, then F < U implies that
Clsx(F) < O(U).

Since SX is a perfect compactification by Theorem 5.2.8, we have Clgx (bdxU)
bdsx (O(U)) by definition. Then

(Clgx(U) —O(U)) n (BX — X) =(ClsgxO(U) —O(U)) n (BX — X)
=(bdpxO(U)) n (BX = X)
Z(Cl/gX(bde)) M (5X — X)
since U is m-open in X we have (Clgx (bdxU)) n (BX — X) = bdxU n (X —
X) = O. Therefore we have (Clgx(U) — O(U)) n (X — X) = O. So

we now that means Clgx(F) — O(U) = (Clgx(F) — OU)) n (X — X) <
(Clgx(U) —O(U)) n (BX — X) = @ and the claim that Clgx(F) < O(U) is
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proved.

This implies that p € Clgx(F) < O(U), in other words there is a m-open U
such that p e O(U) and = ¢ Clgx(U), that is x ¢ G,. Therefore G, < fX—X.
Now we prove that G, is a quasi-component for p € X — X. Let G, =
{U : Uismopenin X and p € O(U)}, then G, = G, n (X — X) =
(M{Clsx(U) n (X — X) : U € G,}. Since X is a perfect compactifica-
tion and by Proposition 5.2.6, we have that for each U € G,;

bx [Clox (U)  (BX — X)] =bdsx[O(U) o (BX — X)]
SbdgxO(U) N (BX — X)
—Clyx (bdxU) A (BX — X)
=bdxU n (X —X)< X n (X — X)
=0

hence Clgx(U) n (X — X) has an empty boundary and is therefore clopen.
This means that the quasi-component of p in X — X is contained in G).
On the other hand, G, is connected, therefore G, is contained in the quasi-
component of p in X — X. Since it has been showen by Proposition 5.2.14
that ), is compact and connected, that means that G, is the connected com-
pact quasi-component of p in X — X.

To prove the last statement, we note the intersection of finitely many mem-
bers of G, is again a member of G,. Then by compactness, if T" is a closed
subsest of fX such that G, nT = O, then there is U € G, such that
G, € Clgx(U) < X —T. Since G, < X — X, we have that G, <
Clsx(U) n (BX — X) = O(U) n (X — X) by Proposition 5.2.6. Then the
collection of sets {O(U) : U € G,} is a basis for G, consisting of open sets of
BX whose boundaries are contained in X, since bdgxO(U) = Clgx (bdxU) =
bdxU < X. L]

Theorem 5.2.16 If X is almost rim-compact, and U is an open subset of
X, then
US = | J{G, :pe BX — X and G, < O(U)} LU

1s a saturated open subset of BX.
Proof: U® is saturated since it is the union of connected components. To
show that U? is open in 8X, we show that if p € U®, then there is an open

set W of BX such that pe W < U?.
First suppose that p € U® n (BX — X) : Then G, < O(U), and since the set
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{O(U) : U € G,} (as defined in the proof of Theorem 5.2.15) is a basis for
Gp, then there is a m-open set V' of X such that p € G, < O(V) < O(U).
We are going to show that O(V) € U®. Since O(V)n X c O(U)n X =U
by Proposition 5.2.5 (1), we have O(V)n X < U®. If g€ O(V) n (8X — X),
then G, < O(V) < O(U), since O(V) n (BX — X) is clopen in fX — X. In
other words, ¢ € U®. Since ¢ is an arbitrary element of O(V) n (X — X)),
then O(V) n (BX — X) € U®. Thus O(V) <€ U®. Then W = O(V) is an
open set of X having the desired property.

Now suppose that p € U~ X = U. Since X is nearly rim-compact we choose
V' to be the open set of X such that p € V and Clx (V) is nearly m-contained
in U. We show that Clgx (V) < U®. Since Clsx(V)nX < Clx(V) € U, then
Clsx(V)nX < U®. Supposer € Clgx(V)—X. Thensincer ¢ Clgx(K) = K
for any compact subset K of X, there is a closed subset F' of Clx (V') such
that r € Clgx (F) and F n K = ), where K is the compact subset of Clx (V)
withnessing the fact that Clx (V') is nearly m-contained in U. Then F is 7-
contained in U; let V; be a m-open subset of X such that F' < Clx(V;) € U.
Then r € Clgx(F) < Clgx (V1) < O(U) because Clgx(Clx (V1)) = Clax (V1)
and by Proposition 5.2.7. Since r € Clgx (V1) n(BX —X) = O(V1)n(BX —X)
and O(V1) n (X — X) is clopen in fX — X, it follows by an argument in
the preceding paragraph that r € U°. Since r € Clgx (V) n (8X — X) was
arbitrary chosen, therefore we have Clsx (V) n (X — X) < U®. Hence
Clgx (V) < US. Since Clgx(O(V)) = Clsx(V) by Proposition 5.2.5 (1),
then O(V) < Clgx(V), which means we can choose W = O(V) as the de-
sired open set of 5X.

We have shown that if p € U°, then there is an open subset W of X such
that pe W < U®. Thus U? is a saturated open subset of 5X. O

This means that if X is almost rim-compact, then x € X has an open basis in
BX of saturated open sets of 5.X; Since the collection of open sets {O(U) : U
is open in X, x € U} is a basis for x in X, the collection {U® : U is open in
X, x € U} is a basis for z in X consisting of saturated open sets.

We now have a partition of 5X into compact subsets that is an upper semi-
continuous decomposition, and hence the next theorem.

Theorem 5.2.17 If X is an almost rim-compact space, then X has a com-
pactification with relatively 0-dimensional embedded remainder.

Proof: According to Proposition 5.2.14 and Theorem 5.2.15 C(8X) = {{z} :
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re X} u{G,:pe X — X} is adecomposition of 5X into connected com-
pact sets, and according to Theorem 5.2.16 C(5X) has a basis of saturated
open sets, this means that C(5X) is an upper semicontinuous decomposi-
tion. Hence by Proposition 5.2.9, X /C(5X) is a compactification of X.
Theorem 5.2.15 also says that the elements of C(X) contained in fX — X
have neighbourhood base in X of open sets whose boundaries are a sub-
set of X, therefore X — X is relatively O-dimensionally embedded in 5X.
Thus, we have that X /C(5X) is a compactification of X with relatively
0-dimensionally embedded remainder. ]

5.3 Spaces between the locally compact part
and the Freudenthal compactification

Let FX denote the Freudenthal compactification of a rim-compact, com-
pletely regular Hausdorff space X. In what follows, we characterize the
spaces Y such that X € Y € FX. From this, a characterization of when
X lies between its locally compact part L(X) and its Freudenthal compact-
ification F'L(X) follows, as shown by J. Hatzenbuhler and D.A. Mattson in
1995 in [18]. Such spaces necessarily possess a compactification a X for which
Clox(aX — X) is zero-dimensional.

Definition 5.3.1 We say that X is a perfect subspace of Y if and only
if X is dense in'Y and whenever U is a m-open set in X, then there is a
m-open set Uy in'Y such that U = Uy n X and bdyU; = bdxU.

Lemma 5.3.2 Suppose that X is a rim-compact perfect subspace of Y. If ev-
ery point of Y — X has a base of m-open neighbourhoods in'Y with boundaries
in X, then'Y is rim-compact.

Proof: We need only consider points in X since points in Y — X are already
assumed to have a base of m-open Y-neighbourhoods. Let O, be any Y-open
neighbourhood of a point p € X. Choose a Y-open neighborhood N, of p
such that Cly(N,) € O,. Now, since X is rim-compact, N, n X contains a
m-open X-neighbourhood U, of p. Since X is a perfect subspace of Y, there
is a m-open set V, in Y such that U, = V, n X and bdyV, = bdxU,. Then
V, € Cly(V,) = Cly(V, n X) = Cly(U,) < Cly(N,) < O,. Thus, V, < O,,
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so that p has a base of m-open neighbourhood in Y. OJ

Firstly, we say that a closed subset I’ separates a space X into sets G, G»
if X —F = G; UGy, where GG; and G5 are nonempty, disjoint, open subsets of
X. In the following theorem, we shall use the equivalent characterization of
a perfect compactification which states: aX is a perfect compactification
of X if a closed set I separates X into Hy, Hy, then Cl,x(F) separates X
into G, Gy where G; n X = H; (i =1,2).

Theorem 5.3.3 Let X be a rim-compact, dense subspace of Y. Then Y
satisifies X €Y € FX if and only if X is a perfect subspace of Y and each
point of Y — X has a base of w-open Y -neighborhoods with boundaries in X .
Moreover, under these conditions, FF X = FY .

Proof: Suppose X € Y < FX. Since each point of FFX has a base of
neighborhoods with compact boundaries that are subsets of X, then all points
of Y — X also possess this property since Y — X < FX. Next we want to
prove that X is a perfect subspace of Y. Let U be any m-open set in X.
If Cix(U) = X, set Uy =Y —bdxU then Uy n X = X — bdxU = U and
bdy Uy = bdy(bdxU) = bdxU. Otherwise, since F'X is perfect and since
X —bdxU = U v (X — Clx(U)), then bdxU separates F'X into disjoint
V and W such that V. n X = U and W n X = X — Clx(U). Evidently,
bdrpxV = bdxU. Setting U; = V n'Y provides the required m-open subset of
Y. Hence X is a perfect subspace of Y.

Conversely, assume the given conditions on Y hold. By Lemma 5.3.2, Y is
rim-compact and hence F'Y exists. The inclusion map of X into Y has an
extension f mapping X onto SY. Let p; and py be the natural projections
of X and BY onto F.X and FY respectively. We now show that there is a
continuous bijection g of F.X onto F'Y such that p; o f = g o p;. Firstly we
show that ¢ is well-defined. Observe that the restrictions of f, p; and py to X
are identity functions. Take ¢ € FX — X so that C, = p;'(¢) is a component
of BX — X because F X is a perfect compactification. Since f is continuous,
the connected set f(C;) lies in fY — X so that C' = pyo f(C,) liesin F'Y — X.
Since Y — X and F'Y —Y are zero-dimensional and hence totally disconnected,
if C' is not a singleton it must contain points r € Y — X and y € F'Y — Y.
Let N, be an open FY-neighborhood of x for which y ¢ Clpy (N,). Then,
by assumption, there is a m-open neighborhood M, of z in Y satisfying
Cly(M,) € N,nY and bdy M, < X. Since Y —bdy M, = M,u(Y —Cly(M,))
then bdy M, separates 'Y into disjoint open G and H such that GnY = M,
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and H Y =Y — Cly(M,) because FY is a perfect compactification. Since
bdy M, < X, this implies that C' € G U H which means G and H disconnect
C, a contradiction since C' is a connected component. Thus C' is a single
point and ps o f is constant on each C, hence g exists. And since g o p; is
surjective, then ¢ is also onto. Hence ¢ is a continuous surjection. Next we
prove that g is one-to-one. Suppose that g is not injective, then there are
points p and ¢ in F'X — X for which g(p) = ¢g(g). Since F'X is the Freudenthal
compactification of X, then there is a F' X-open neighborhood W of p such
that ¢ ¢ Clpx (W) and bdpxW < X. By Lemma 5.2.4 (1), U = W n X is 7-
open in X, and since X is a perfect subspace of Y there is a m-open set U; in
Y for which U = U; n X and bdyU; = bdxU. Set V; =Y —Cly-U;. Since F'Y
is a perfect compactification of Y, it follows that Clpy (U;) n (FY — X) and
Clpy (V1)n (FY —X) are disjoint. But p € Clpx(U) and for V = X —Clx(U)
we have ¢ € Clpx (V). Thus g(p) € g(Clpx(U)) = Clpy(g(U)) = Clpy (U) <
Clpy (Uy). Similarly g(q) € Clgpy(V1). But then g(p) = g(¢q) contradicts the
fact that Clpy (Uy) n(FY —X) and Clpy (V1) n (FY — X) are disjoint. Hence
g is one-to-one. Moreover, FX and F'Y are homeomorphic under g. O

If X is any space, let L(X) be the set of all points in X which possess compact
neighborhoods in X. Then the residue of X is R(X) = X — L(X). It follows
that for any compactification X of X, R(X) = X n Clyx(aX — X).

Lemma 5.3.4 If X has a compactification aX with Cl,x(aX — X) zero-
dimensional, then X 1is rim-compact.

Proof: For x € L(X), then we have that = has a compact neighborhood,
therefore it has a base of m-open sets. We only need to prove that if z € R(X),
then x has a base in X of m-open sets. Suppose that 7" is a closed subset of X
and that x € R(X)—T. Then we have that z ¢ Cl,x(T). Let S = Clox(T) N
Clox(aX — X). The set S is closed in Cl,x(aX — X), and z € [Clox(aX —
X)] = S. Since Cl,x(aX — X) is compact and zero-dimensional, there is a
compact clopen set W of Clyx(aX — X) with z € W and WS = @. Then
the sets W and [Cl,x(aX —X) —W]uCl,x(T) are disjoint compact subsets
of the compact Hausdorff space a«X. Then there is a continuous function
f:aX —[0,1] with f(W) = 0and f([Clox(aX —-X)-W]uCl,x(T)) = 1.
We then have bd,x f71([0,1/2)) S bdax f71(0) Ubdax f71((0,1)) € X, which
implies that f~1([0,1/2)) is a sb open subset of aX. By Lemma 5.2.4 (1),
this implies that f~'([0,1/2)) n X is m-open subset of X which contains =,
as required. O
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Lemma 5.3.5 Let FX be the Freudenthal compactification, then Clpx(FX —
X) is zero-dimensional.

Proof: We have that {O(U) : bdxU is compact} is a basis for F'X. Since F.X
is a perfect compactification, bdpxO(U) = bdxU. Since bdxU is compact,
we have that bdxU < L(X) which means that bdpxO(U) < L(X). Therefore

Clpx(FX—X) € FX has a basis of open sets whose boudaries are contained

in L(X). O

Theorem 5.3.6 For any space X, L(X) € X € FL(X) if and only if L(X)
is a perfect subspace of X and Cl,x(aX — X) is zero-dimensional for some
compactification aX of X.

Proof: Assume L(X) € X € FL(X). Then X has the compactification
aX = FL(X) for which Cl,x(aX — X) is zero-dimensional by Lemma 5.3.5.
Also, by Theorem 5.3.3, L(X) is a perfect subspace of X.

Conversely, assume that L(X) is a perfect subspace of X and for some com-
pactification a X, Cl,x(aX — X) is zero-dimensional. By Lemma 5.3.4, F. X
exists and by Lemma 5.3.5, Clpx(FX — X) is zero-dimensional. Since
X — L(X) = R(X), let N be any X-open neighborhood of p € R(X),
then there is a FX-open neighborhood Nj of p for which N = N; n X.
Now N; n Clpx(FX — X) is a neighborhood of p in Clpx(FX — X), so
there exists a clopen neighborhood Ny of p in Clpx(FX — X) such that
No € Ny nClpx(FX — X) since Clpx (FX — X) is zero-dimensional. Then
Ny and Clpx(FX — X) — Ny can be separated by disjoint sb F X-open sets
U and V, respectively, since F'.X is normal and a Freudenthal compactifica-
tion. Moreover, we can assume that U < N;. Set Uy = U n X. Then by
Lemma 5.2.4 (1), U is m-open. Also, since F' X is a perfect compactification,
bdxU; = bdpxO(U;) = bdpxO(U n X), and by Lemma 5.2.4 (2) we have
bdrpxO(U N X) = bdpxU. Therefore Uy is a m-open in X with bdxU; € L(X)
and U; € N. Now Theorem 5.3.3 provides that L(X) € X € FL(X). O
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Chapter 6

Maximum zero-dimensional
compactifications: The
perfectness

We recall that a partial order, <, can be defined on the family of compactifi-
cations of X by: a1 X < ap X if there is a continuous function from a, X onto
a1 X which leaves the points of X fixed. In this chapter we are interested in
the maximum element of ICo(X), where Ko(X) is the collection of compacti-
fications of X with a zero-dimensional remainder. We are also interested in
the perfectness of such compactifications.

6.1 Maximum compactifications

McCartney [23] constructs a compactification between two given compacti-
fications, which has a zero-dimensional remainder under certain conditions.
He used this compactification to prove that the maximum compactification
with a zero-dimensional remainder is equivalent to the maximum compacti-
fication with a countable remainder. We give details of this derivation.

Lemma 6.1.1 Let oy X, a0 X € K(X). If on X < X, let f: X — oy X
be the continuous onto function that fizes the elements of X, then f(asX —
X) = O{lX - X

Proof: Suppose f(aeX —X) &€ a; X — X. This implies that, for some z € X
and y € ap X — X, we have f(x) = f(y). Since ap X is Hausdorff, pick disjoint
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neighborhoods U of x and V of y. Now, f(U n X) is a neighborhood of f(x)
in X, since fj, is a homeomorphism on X. So, f(U n X) = f(U) n X,
where f(U) is a neighborhood of f(z) in a; X. That means that f(U) is the
neighborhood of f(y) in a; X. But f~'(f(U)) € U is not a neighborhood of
y in ap X, which implies that f is not continuous at y, a contradiction.

Since f is onto, we also have a; X — X € f(aeX — X). O

The following proposition implies that, if X possesses a zero-dimensional
compactification, then it has a maximum zero-dimensional compactification.

Proposition 6.1.2 Let Ko(X) be a family of zero-dimensional compactifi-
cations of a space X. Then there exists a compactification asX that is the
least upper bound of Ko(X) with respect to the partial order <.

Proof: Let Ko(X) = {o;X : i € I}. Let P = [[,.; X and consider
the function ag : X — P determined by ag(x) = (a1(x), as(zx),...) where
a; : X — «o;X. Then ag is a homeomorphism from X into a subspace of
P. Let agX = Clp(X). Choose aX to be an arbitrary zero-dimensional
compactification, and let p denote the projection of P onto aX. Then the
restriction of p on agX is the continuous map from agX onto aX that
is an identity on X. Since aX was arbitrary, then a; X < agX for any
o; X € Ko(X)

Now, suppose that there is a compactification o’ X such that there are con-
tinuous functions g; : @' X — o, X, ;X € Ko(X). Then F : o' X — agX
defined by F(x) = (g1(x), g2(), ...) satisfies the condition F oa’ = ag, hence
asX < o' X and therefore agX is the desired least upper bound for Ko(X).
Finally, let p; be the projection of P onto o; X, since p;(asX —X) € a; X — X
for all i € I by Lemma 6.1.1. This implies that agX — X < [[{a; X — X :
i € I}, and hence agX — X is a subspace of a zero-dimensional space, which
is therefore zero-dimensional. O

Definition 6.1.3 We say that aX is a countable compactification if
aX — X is a countable set.

The following lemma says that the family of countable compactifications is
contained in Ko(X). The following lemma is similar to that of [30, Theo-
rem 5] where it was shown that a countable compactification is a Wallman
compactification.
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Lemma 6.1.4 If aX is any countable compactification of X, then aX has
a base of open sets, whose boundaries are contained in X .

Proof: Let x € aX have the open neighborhood O,. Then aX — O, is a
closed subset of aX. Since aX is a compact Hausdorff space, then aX is
Tychonoff, which implies that there exists a continuous function f : aX —
[0,1] such that f(aX — O,) = {0} and f(x) = 1. Choose r such that
0 < r < 1 and r is not contained in the countable set f(aX — X). Let
V={yeaX: f(y)>r}. lfyeV, then f(y) ¢ f(aX — O,) which implies
that y € O,, hence z € V < O,. Also, bd.xV = {y € aX : f(y) = r} and
since r is not contained in f(aX — X) then we have that bd(V) < X. [

We now construct a compactification, which is between two given compacti-
fications and is zero-dimensional under certain conditions:

Suppose that a; X and a3 X are compactifications of X with a1 X < a3 X such
that the natural map ¢ : a3 X — ;X is not one-to-one. Let z € a1 X — X
be any point such that g~'(z) contains more than one point. Assume that
there is an open neighborhood G of z in a; X such that ¢g=(G) contains two
disjoint open subsets Hy, Hs of a3 X with the following properties:

e g7 (G)n (a3X — X) € Hy U Hy,
e g Y(2)nH; # D fori=1,2.
Lemma 6.1.5 Define a relation «~ on azX by 1 « x5 if and only if either
x1,75€ Hy n g~ (y) for someye a1 X andi =1 or2,
or
r1, 1€ g *(y) — (Hy U Hy) for somey e a1 X.

Then « is an equivalence relation and for each x € X, so that {x} is the
equivalence class of x.
Let apy X denote the quotient space az X/ .

Proof: It is clear that the relation is reflexive. If z1, 5 € H;ng ' (y) for some
y € oy X then xo, 21 € H; n g~ (y), similarly for xy, 25 € g7 (y) — (H, U Hy),
hence the relation is symmetric. Suppose 1 v~ x5 and xy v x3. If 1,29 €
H; n g7 (y) for some y € ay X then o ¢ g~ '(y) — (H, U Hy) then also
x3 € H; n g '(y) since o -~ x3 hence x1 «~ x3. To show that the equivalence
class of z € X is {x} we note that ¢g~!(z) = x and hence x is the only element
in H;ng '(z) or g '(x) — (Hy U Hy). O
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Proposition 6.1.6 o, X is a compactification of X such that on X < apy X <
a3 X, and the natural map f : apy X — a1 X is not a homeomorphism. Fur-
thermore, f~1(y) contains at most two elements for each y € oy X — X.

Proof: Let h: a3 X — aj; X be the quotient function where each y € az X
is sent into an equivalence class {y} € ay;X. Under the defined equivalence
relation in Lemma 6.1.5, we have h(x) = x for every x € X which implies that
ayX < azX. For any w € ay X, we have that h=!(w) € ¢g~*(y) for some
y € a1 X. So we have the function f : ap X — a1 X such that g = f o h.
We want to show that f is continuous. Suppose that V' is an open set in
a1 X, therefore g 1(V) = (h 1o f~1)(V) is open in a3 X since g is continuous.
Since a ;X has the quotient topology, then f~(V) is open in ay, X, which
means that f is continuous. This implies that ay X < ap; X. Also, we can
see from the construction that f~*(y) contains at most two elements for each
y e an X — X. If ayX is a compactification of X, then we indeed have
X <ayX < azX.

Since h is a quotient mapping, then it is onto, which means that h(azX) =
apr X. This implies that aj; X is compact since it is a continuous image of a
compact space.

We now show that aj;X is Hausdorff. Suppose that w,wy are distinct
points of ayX. Then h ' (wy),h 1 (wy) are contained in ¢ '(y1),9 ' (y2)
respectively for some yp, s € a1 X.

If y1 = yp in X, then g7 (y;) = A~ (wy) U K™ (wy). We may assume
that h='(w;) € H; (i = 1,2). There are sets Li, Ly S ayX such that
h='(L;) = H; for i = 1,2. These subsets L;, Ly are open subsets of ay/ X,
they are also disjoint and contain wy, ws respectively.

If y; # yo. Since a1 X is Hausdorff, we can find disjoint sets G, G5 which
are open in a; X with {y;} € G; (i = 1,2). Then g~ *(G;) = h™!(E;) for some
E; € ayX (i = 1,2). Since g and h are continuous, thus E; and Ey are
disjoint open subsets of a; X containing wy, wo respectively. O

In the following proposition, we are using the following lemma:

Lemma 6.1.7 If o : X — Y s a closed function then whenever U is an
open subset of X then the set {y € Y : o (y) € U} is also an open subset of
Y.

Proof: Let U be open in X. Then X — U is closed, and since ¢ is a closed
function then p(X —U) =Y —{yeY : ¢ '(y) € U} is closed. That implies
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that {ye Y : o }(y) € U} is open in Y. O

Proposition 6.1.8 If a1 X is a zero-dimensional compactification of X, and
G is chosen such that G n (an X — X)) is clopen in ay X — X, then the com-
pactification ap X is also zero-dimensional.

Proof: By Lemma 6.1.1, we have that asX — X = h7'ayX — X) =
g (X — X). f we ayX — X and L is any open neighborhood of w
in ay X, then h (L) is an open neighborhood of h~'(w) in azX. Also
h~'(w) € g (y) for some y € a; X — X.

If h~!(w) = g~'(y), then since g is a closed function, there is an open subset
M of ay X containing y such that g=*(M) < h~'(L). We can choose M
such that (ay X — X) n M is clopen in oy X — X, since oy X — X is zero-
dimensional. Then there is a subset £ S a ;X such that h =1 (E) = g~ }(M).
So, w e F € L and since g and h are continuous, £ is open in ay; X.

hHE N (ayX — X)) =h™H(E) n (a3X — X)
=g Y(M) n (a3 X — X)
=g (M n (0, X — X)).

Thus, £ N (ay X — X) is clopen in ay X — X.

If b~ (w) is properly contained in g~ !(y), then we may assume that A~ (w) =
g (y) n Hy. Then h™'(L) u H, is an open subset of a3 X containing g~ (y).
Since ¢ is a closed function, we can find an open set M of a; X containing
y, such that M N (yX — X) is clopen in a; X — X (since oy X — X is
zero-dimensional), and g~ (M') € h™'(L) U Hy. Thus g (M) n H, is open
in asX. It contains h'(w), and ¢ (M) n H; n (a3 X — X) is clopen in
a3 X — X. But there is a subset E' of ay X with h™(E') = g7 (M') n H,.
Then {w} € E' € L, E' is open in ap X, and E' ~ (ap X — X) is clopen in
CYMX - X. ]

The construction of aj; X has been leading to the following theorem.

Theorem 6.1.9 If aX is a maximum countable compactification of X, then
it is also a mazimum zero-dimensional compactification of X.

Proof: Suppose that aX is the maximum countable compactification but it
is not the maximum zero-dimensional compactification. Then there is a zero-
dimensional compactification a* X such that X < o*X and the natural map
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a* X — aX is not a homeomorphism. Thus, by the construction above, we
have the compactification a;; X such that aX < ap X < o*X. However, the
construction of ap; X is such that oy X — X| < 2|aX — X|. This contradics
the fact that a.X is a maximum countable compactification. Hence, a X is a
maximum zero-dimensional compactification. ]

6.2 Perfect compactifications

In this section we investigate conditions under which a compactification with
a zero-dimensional remainder is perfect. J. R. McCartney [23] showed that a
compactification with a zero-dimensional remainder is perfect if and only if
it is the maximum compactification with a zero-dimensional remainder. As a
consequence of this, the maximum compactification with a zero-dimensional
remainder is the minimum perfect compactification a space can have. Firstly,
we go through some results on filters which we are going to need in our proofs,
most of these results can be found in [8].

Definition 6.2.1 Let F be a collection of sets of X. Then Fa = {Bn A:
B e F} is called the trace of F on A.

Lemma 6.2.2 Let F be a filter on a set X and A be a subset of X. Then
Fa is a filter if and only if each set of F meets A.

Proof: We check that conditions of Definition 2.7.8 are satisfied by sets of
Fa.

(1): To have @ ¢ F4, we must have that ' n A # O for all F' € F, of which
we do by assumption.

(2): Let W <V where W e Fy. If W =FnA, then FnA<CV < Aimplies
that V = (FuV)nA. Since F < FuV and F € F, then F'uV € F which
implies V' € Fju.

(3): Let Wy, Wy € Fa. Since Wi nWy = (F1nA)n(FonA) = (FinFy)n A,
we have that W, n Wy € F4 because F} n Fy € F. O

Definition 6.2.3 Let C be a set of subsets of a set X. If C satisfies (By)
and (Brr) below, we say that C is a filter base.

(Br): The intersection of two sets of C contains a set of C.

(Br1): C is not empty, and the empty subset of X is not in C.
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Lemma 6.2.4 Let F be a filter on X, and let f be a continuous function
from X into Y, then f(F) is a filter base on Y.

Proof: Let C1,Cy € f(F) = {f(F): F € F}. Assume that C; = f(F}) and
Cy = f(Fy) for F1,Fy € F. Then Cy n Cy = f(F1) n f(F2) 2 f(F1 n F).
Since Fy N Fy € F then we have that C; n Cy contains a set of f(F) which
means that condition (By) of Definition 6.2.3 is satisfied.

(Brr) = From the fact that F' # O implies f(F) # O, we have that O ¢ F
and hence O ¢ f(F) as required for condition (By;) of Definition 6.2.3. ]

Definition 6.2.5 Let X be a topological space and F be a filter on X. If
N (x) is a neighborhood filter of x € X, then x is said to be a limit point of
F if N(x) € F. Also, F is said to converge to x, written as F —> x.

Definition 6.2.6 In a topological space X, a point x is a cluster point of
a filter base C on X if v € ({{Clx(F) : F € C}, in that case we write C — x.
If C a filter base of F and C — x then F —> x.

Lemma 6.2.7 The set of cluster points of a filter base on a topological space
X is closed in X.

Proof: The set of cluster points of a filter base C on X is by definition the
set ({Clx(F) : F € C}, which is the intersection of closed sets and hence
closed. n

The following is another characterization of compactness.

Lemma 6.2.8 If a topological space is compact then it has at least one clus-
ter point.

Proof: See [32, Theorem 17.4]. O

Lemma 6.2.9 A filter on a compact space converges if it has a single cluster
point.

Proof: Suppose that F is a filter on a compact topological space X and
that F has only one cluster point x. Suppose that F does not converge to
x. That implies that the neighborhood filter A/(z) is not a subset of F | i.e.
there is a neighborhood V' of z such that V' ¢ F. We may assume that V'
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is open, since Int(V') € F would imply V € F by properties of filters. Then
the family
V={F_V:FeF)

is a filter for the compact set X — V| hence by Lemma 6.2.8, ¥V — y for some
ye€ X — V. Then y is also a cluster point of . Which is a contradiction to
our assumption that F has only one cluster point. Therefore F — x. []

Definition 6.2.10 Let X be a topological space and C be a filter base on X.
A point x € X s said to be a limit of a filter base C, and C is said to
converge to x, if the filter whose base is C converges to x.

Lemma 6.2.11 Let X be a Hausdorff space. Then, no filter on X has more
than one limit point.

Proof: Suppose that X is Hausdorff and F is a filter on X with F — =z
and F — y. Then each neighborhood U of z and each neighborhood V' of
y belongs to F by Definition 6.2.5, so U n'V # () since F is a filter. But
that means that, since X is Hausdorff, we must have = = y. O

The following is a corollary of the proposition given in [8, Part I, Section 7.5,
Proposition 9].

Lemma 6.2.12 Let X, Y be two topological spaces, and f be a function from
X into'Y which is continuous at a point a € X. Then, for every filter base
C on X which converges to a, the filter base f(C) converges to f(a).

Definition 6.2.13 Let f : X — Y be continuous, and let F be a filter on
X. A pointy €Y is said to be a limit point of f with respect to the
filter F if y is a limit point of the filter base f(F) = {f(F): F e F}. In
this case, we will write

lzm;f =1.

Proposition 6.2.14 Let f : X — Y be continuous, and let F be a filter on
X. A pointyeY isalimit of f with respect to the filter F if and only if, for
each neighborhood V' of y in' Y, there is a set M € F such that f(M) < V.

Proof: See [8, Part I, Section 7.3, Proposition 7]. ]
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Theorem 6.2.15 Let A be a dense subset of X, and f : A — Y a con-
tinuous function from A into a regqular space Y. For x € X, let Fa(x) be
the trace on A of the neighborhood filter of x in X. Then f extends to a
continuous function f : X — Y if and only if for each x € X we have that

limg, @) f

exists in Y.

Proof: Since we assume that f is continuous and we have that x is the limit
of Fa(x), for each x € X we have that f(x) = limz,f by Lemma 6.2.12,
We note that, if y € Y is a limit of the filter base f[Fa4(z)] then it is the
limit of the filter base f[Fa(z)], thus we have

A

f@) = limz, @ f = limz, @ f

This means that the filter base f[Fa(z)] converge to a point as required.
Conversely, suppose that the condition is satisfied and define

f($) = limfA(w)f

for each z € X; f is well-defined since Y is a Hausdorff space by Lemma
6.2.11. We have to show that f is continuous at each point of z € X. Let V'
be a closed neighborhood of f () in Y. Then, since f (x) is the limit point
of f with respect to Fa(x), there exists M € F(x) such that f(M) < V' by
Proposition 6.2.14. Let V' be the open neighborhood such that M =V n A.
Since V' is a neighborhood of each of its points, we have

FA(Z) = .FVQA(Z)
for each z € V. It follows that

f(2) = limg,, ) f

for each z € V. From this, it follows that f(z) € Cly[f(V n A)], and because
we have f(V n A) € V' and V' is closed, then Cly[f(V n A)] € V'. We
thus have f (V) € V', and since Y has a neighborhood base of closed sets by
regularity, that implies that f is continuous. O

Definition 6.2.16 We say that a closed subset F' separates a space X into
sets G1,Gy if X — F = Gy U Ga, where Gy and Gy are non-empty disjoint
open subsets of X.
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We give several equivalent definitions of perfect compactifications of which
we are going to use here. See, for example, Dickman and McCoy [10] and
Sklyarenko [28] for the proof of equivalences.

Definition 6.2.17 A compactification aX of X is a perfect compactifi-
cation if it satisfies any of the following equivalent conditions

1. If y e aX — X, then for any neighborhood N of y, N n X can not be
expressed as the union of two disjoint sets Vi, Vs, each open in N n X,

and having y € Clox (V1) N Clax (Va).

2. If f is the natural map f : BX —> aX, then f~(z) is connected for
all z € aX

3. If a closed set F' separates X into Hy, Hy, then Cl,x (F') separates aX
into G1,Go, where G;n X = H; (i =1,2).

In the proof of the next theorem, we need the following lemma whose proof
is extracted from the argument of the proof of [19, Lemma 1.4].

Lemma 6.2.18 If G is an open subset of X and G n X is partitioned by
open sets Vi, Vo of X, then {G nClzx(V1),G nClgx(V1)} is a partition of G
in BX.

Proof: Let G n X = V] u V4. Since X is dense in X, then G < Clgx (G n
X) = Clgx (V1) u Clgx(Vs), then G < [Clgx (V1) n Gl v [Clax (Vo) n G]. If
Clgx (V1) n Clgx(Va) = O then {G n Clgx(V1),G n Clgx(V1)} is a partition
of G. O

We are now ready to prove the main theorems.

Theorem 6.2.19 A compactification vX of X which has a zero-dimensional
remainder is the mazimum compactification with a zero-dimensional remain-
der if and only if it is perfect.

Proof: («<=) Consider any element y € vX — X, and let Nx(y) denote
the trace on X of the neighborhood filter of y in vX. Then by Lemma
6.2.2, Nx(y) is a filter on X. Let aX be any compactification of X with a
zero-dimensional remainder, then Ny (y) is a filter base in aX. If the con-
tinuous function f : X — aX is such that f[Nx(y)] converges in aX,
then since vX is regular and has X as a dense subset, by Theorem 6.2.15,
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we must have that there exists a continuous extension of f X — aX
of the function f. But f takes elements of X to elements of X, hence we
have f[Nx(y)] = Nx(y). Therefore, we need to prove that the filter base
Nx(y) converges in «X. By Lemma 6.2.9 and Definition 6.2.10, we must
show that Nx(y) has a single cluster point in X, that is, we must show
that adhoNx(y) = (W{Clox(F) : F € Nx(y)} contains only one point. Once
we do that, that would imply that aX < vX by using f as our natural
map, and since aX was arbitrary that would mean that vX is the maximum
compactification with a zero-dimensional remainder.

We shall show that adh,/Nx(y) contains only one point for each y € vX — X.
Suppose this were not so for some y € yX — X. It would follow that there are
distinct points 21, 29 € adh,Nx(y). By Lemma 6.2.7, adh,Nx(y) is closed
and thus a compact in aX. So we can partition it by disjoint closed sub-
sets K1, Ky of aX containing zi, zo respectively. Since a compact Hausdorff
space is normal, there are disjoint open sets L1, Lo of aX containing K7, K>
respectively. Set H; = X n L; and F = X — (H; U Hy). Then F separates
X into Hy, Hy and so, since v.X is perfect, by Definition 6.2.17 (3) we must
have X —Cl,x(F) = G; UGy where G;n X = H, for i = 1,2. Suppose that
y € Cl,x(F), then F together with Nx(y) would form the base of a filter F,
for which

(ldha]: = Clax(F) M dehaNx(y) - [O(X — (Ll W, Lg)] M (Kl o KQ) = @

since F' € aX — (L; U L) and aX — (L; U Ly) is closed in aX. But this is
contradicting the compactness of aX by Lemma 6.2.8, hence y ¢ Cl,x(F).
Therefore y € G; U G5. Suppose that y € Gy, then G is a neighborhood for
y and hence H; € Nx(y). Since we have that Ly n H; = ), and we must
have every neighborhood of z, containing an element of H; for it to be in
Clox(Hy), then z ¢ adh,Nx(y), which contradicts our assumption. Hence
adh.Nx(y) consists of a single point.

(=) Suppose 7.X is a compactification with a zero-dimensional remainder,
that is not perfect. By Definition 6.2.17 (1) of perfectness of a compactifica-
tion, there is a point z € vX — X such that z has an open neighborhood G
with G n X = V; U Va, where Vi n Vo = O, z € Cl,x(V;) for i = 1,2, and
Vi, Va are open subsets of X. We can choose G such that G n (X — X) is
clopen in vX — X, since vX — X is zero-dimensional. Let the continuous map
be g : fX —> vX, then ¢g~!(G) is an open subset of X and X n g7 (G) =
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Vi U V,. Then by Lemma 6.2.18, if H; = Clgx(V;) ng }(G) for i = 1,2, then
g (G) = Hy; v Hy which implies that ¢~ (G) n (X — X) € H; u Hy. Also,
since z € Cl,x(Vi), we have that g~'(z) € Clgx(Vi), hence g7 () n H; # O
for ¢ = 1,2. Thus G, Hy, Hy satisfy the conditions required in the previ-
ous section to construct a compactification a ;X of X, and by Proposition
6.1.8 ap X is a compactification with a zero-dimensional remainder. Since
we have vX < ay X, then vX is not the maximum compactification with a
zero-dimensional remainder. ]

Lemma 6.2.20 If vX is a mazximum compactification with a
zero-dimensional remainder of X, there is a one-to-one relation between the
connected components of BX — X and the elements of v X — X.

Proof: Suppose that vX is a maximum compactification with a

zero-dimensional remainder. Then by Theorem 6.2.19, it is a perfect com-
pactification. So, for the continuous function f : X — X, we have that
f7Y(2) is connected for each z € vX — X by Definition 6.2.17 (2). Thus
f71(2) is contained in a connected component of 3X — X. Conversely, if
M is a connected component of X — X, then f(M) is connected since f is
continuous, and so contains only one element. Hence f~!(z) is a component
of X — X for each z € v X — X. ]

Theorem 6.2.21 If X has a maximum zero-dimensional compactification
vX, this is also the minimum perfect compactification.

Proof: Suppose that aX is any perfect compactification of X, let h, g be the
natural maps; h : X — aX and g : S X — 7X. Then for any z € a X - X,
h™1(z) is connected in X — X by Definition 6.2.17 (2). By Lemma 6.2.20,
the component of 3X — X in which A7!(2) is contained is mapped onto a
point y € vX — X by g. This implies that h1(2) < ¢ '(y), thus we have
the function f : «X — 7X such that ¢ = f o h. We now show that f is
continuous. Let K be a closed subset of vX. Since f~}(K) = hlg ' (K)] and
g is continuous, then ¢g~!(K) is closed in 8X, which implies that ¢7'(K) is
compact since SX is compact. Since a continuous image of a compact set is
compact, we have that h[g~'(K)] is compact and since aX is Hausdorff that
implies that h[g ' (K)] = f'(K) is a closed subset of aX. Therefore, f is a
continuous function, thus vX < aX. ]
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Chapter 7

Compactifications in pointfree
topology

The work carried out in this dissertation focuses on the results on compact-
ifications with a zero-dimensional remainder for a topological space. One
avenue of research is the study of compactifications in pointfree topology.
Pointfree topology is a relatively new subject and some of the results that
hold in point-set topology are not yet proved for pointfree topology. Point-
free topology is the study of topology without mentioning the points and it
uses the machinery from lattice theory and category theory. For substantial
literature in pointfree topology we refer the reader to [20] and [27].

7.1 Frame theory

Definition 7.1.1 A frame is a complete lattice L in which distributivity

holds, that is
aA\/Sz\/{aAs:seS}
foranya€e L and S € L.

The top element and the bottom element of L will be denoted by e and 0
respectively.

Definition 7.1.2 A frame homomorphism is a mapping h : M — L
such that

1. h(\V/ S) = V{h(s) : s€ S} for S < L, including h(0p) = 01, and
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2. h(a; A ag) = h{ar) A h(ag) for every ay,as € L, including h(ey) = er.

An example of a frame is the family of open sets of a topological space
X (ordered by set inclusion), denoted by €(X) and a frame homomor-
phism that is determined by any continuous function f : X — Y as
Q(f) : QUY) — Q(X) which takes a U € Q(Y) to f~1(U) € Q(X). Hence, if
one has a topological space then one essentially has a frame that corresponds
to that topological space. A frame L is called spatial if L = Q(X) for some
topological space X.

Definition 7.1.3 A frame homomorphism h : M — L is said to be dense
if h(x) = 0p, implies © = 0.

Definition 7.1.4 A frame L is called compact if whenever e = \/ S, then
there is a finite F < S such that e = \/ F.

Definition 7.1.5 Let L be a frame, we say that a is rather below b and
write a < b if and only if a* v b = e, where a* is the pseudocomplement

of a in L, given by
a*=\/{xEL:x/\a=O}.

Definition 7.1.6 A frame L is said to be regular if v = \/{y e L : y < x}
for each x € L.

Definition 7.1.7 A compactification of a frame L is a dense onto frame
homomorphism h : M — L, where M 1is a compact reqular frame.

7.2 Recent research on compactifications in
pointfree topology

In this section we look at some recent research done on compactifications in

pointfree topology.

7.2.1 Strong inclusions

In 1990, Banaschewski introduced the notion of a strong inclusion on a frame
L, and showed that there is an isomorphism between the set K(L) of all
compactifications of L and the set S(L) of all strong inclusions on L. We
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give a summary of the one-to-one correspondence between strong inclusions
and compactifications which is from [6]:

A strong inclusion on a frame L is a binary relation < on L satisfying the
following properties:

(S1) r < a<b <y implies z < y.

(S2) < is a sublattice of L x L.

(S3) a< b implies a < b.

(S4) a< b implies there is a ¢ € L such that a<c<b.

(S5) a< b implies b* < a*

(Sg) For each ae L,a=\/{re L:z<a}.

Given a strong inclusion <t on L, we obtain a compactification on L as follows:
Let J denote the collection of all strongly regular ideals on L (an ideal J on
L is strongly regular if 2 € J implies there exist y € J such that x<iy). Then
J is a compact regular frame, and the join map

\/:j—>L

JEJH\/J

gives a compactification on the frame L.

Conversely, given a compactification h : M — L, the associated strong
inclusion is given by

a<, b if and only if r(a) < r(b)

where r : . — M is the right adjoint of h, satisfying h(a) < b if and only if
a < r(b).

7.2.2 Perfect and maximum compactifications

A perfect compactification for a topological space was defined in Section
6.2. In 2011, Baboolal introduced the concept of perfectness in frames [5].
Baboolal also stated the additional conditions that one must have on the
strong inclusion in order for the corresponding compactification to be perfect.
In the same paper, the Freudenthal compactification is defined for a class of
rim-compact frames using strong inclusion and it is proved to be perfect.
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In 2021, Mthethwa proved that the Freudenthal compactification, as defined
by Baboolal, is zero-dimensional and the minimum perfect compactification
25]. We summarize what has been proved:

Definition 7.2.1 Let h : M — L be a compactification of L, then (M, h)
15 said to be a perfect compactification if for each element u of L we have

r(uvu*)=r(u) vru®)
where r . L —> M 1is the right adjoint.

We have that o : X — aX is a perfect compactification of a topological
space X if and only if Q(a) : Q(aX) — Q(X) is a perfect compactification
of frame Q(X).

Baboolal also gave a characterization of perfectness using the strong inclu-
sion:

Theorem 7.2.2 h : M — L is a perfect compactification of L if and only
if the associated strong inclusion < satisfies;

Forallz,ye Lyx <y,x<y v y" impliesx <1 y.
Proof: See [5, Proposition 3.9]. O
We write fa ={r € L:a <z}

Definition 7.2.3 A regqular frame L is called a rim-compact frame if
each a € L is a join of elements u such that 1 (u v u*) is compact.

If X is a rim-compact topological space then Q(X) is rim-compact as a frame.

Definition 7.2.4 For a frame L, a m-compact basis B for L is a basis
such that a,b € B implies a nb,a~v be B, a € B implies a* € B and 1 (a v a*)
18 compact.

Theorem 7.2.5 For a rim-compact frame L, the relation defined by:
a < b if and only if there exists u € B such thata < u < b

1s a strong inclusion, where B is a w-compact basis.

103



Proof: See [5, Proposition 4.6]. ]

Let (ysL, \/) be the compactification of L corresponding to a strong inclusion
<. We say that a compactification (M, h) of a rim-compact frame L is a
m-compactification if there is a m-compact basis B of L such that (ygL, \/) =
(M, h).

Definition 7.2.6 If we define the w-compact basis as M = {u € L :1 (uvu*)
is compact}, then < is a strong inclusion on L which corresponds to the
Freudenthal compactification.

Theorem 7.2.7 The Freudenthal compactification is perfect for a class of
rim-compact frames.

Proof: See [5, Proposition 4.10]. O

Mthethwa [25] introduced the concept of h-perfect elements relative to a com-
pactification that allowed him to give the neccessary and sufficient conditions
for a compactification of a frame to be a m-compactification.

Definition 7.2.8 Let (M, h) be a compactification of a frame L. An element
a € M is said to be h-perfect if 1 (ava*) =1 h(ava*), where the isomorphism
15 via h.

Theorem 7.2.9 For any compactification (M,h) of a frame L, let B =
{h(a) : a € M,a is h-perfect} and By = {a € M : h(a) € B}. If B is a
basis for L then it is m-compact basis, and given that B is a basis for L then

(M, h) = (vgL,\/) if and only if By is a basis for M.
Proof: See [25, Lemma 3.4, Proposition 3.6]. ]

Mthethwa follows a similar technique to that of Baboolal, that is to prove
the results of Skljarenko [28] for frames:

Definition 7.2.10 Let C be any w-compact basis for a rim-compact frame
LandC ={\J :J €L and 1 (Jv J*) =1 \/(J v J*)} where the
isomorphism is via the join map \/ : yeL — L. We say that C is full if
c=C.
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Theorem 7.2.11 There is a one-to-one correspondence between the set of
all full m-compact bases and the set of all w-compactifications of a reqular
frame L.

Proof: See [25, Theorem 4.11]. O
Theorem 7.2.12 The Freudenthal compactification has a full basis.
Proof: See [25, Corollary 4.12]. O

Theorem 7.2.13 For full w-compact bases C and D of a rim-compact frame
L, veL < ~pL if and only if C <€ D.

Proof: See [25, Proposition 4.10]. ]

Hence, since the Freudenthal compactification has a full basis which contains
all the other m-compact bases, then it is the maximum m-compactification.

Theorem 7.2.14 If a rim-compact frame L has a w-compactification then
the remainder of L in its m-compactification is zero-dimensional. Specifically,
the remainder of L in its Freudenthal compactification is zero-dimensional.

Proof: See [25, Corollary 5.2]. [

Theorem 7.2.15 The Freudenthal compactification of a rim-compact frame
is the minimum perfect compactification.

Proof: See [25, Proposition 5.5]. [

7.2.3 Banaschewski extension

In [11], Dimov gives necessary and sufficient conditions under which the Ba-
naschewski extension for topological spaces is open. In 2021, Adjei and Dube
[1] extended the Dimov’s result to frames. Also, in [1], a characterization of
continuous functions between two zero-dimensional topological space which
has Banaschewski extension that is nearly open is given. This result is ob-
tained as a corollary of a more general result in frames.

Banaschewski compactification: If for a € L, we have that a v a* = 1,

then it is called a complemented element. The lattice of complemented ele-
ments of L is denoted by BL. Given a zero-dimensional frame L, denote (L
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the frame of ideals of BL. Then (L is a compact zero-dimensional frame,
and the map

(L :CL—> L given by gL(I)z\/I

is a dense onto frame homomorphism. We call (L the Banaschewski com-
pactification of the frame L. The topological analogue of constructing the
Banaschewski compactification is as follows: Let X be a zero-dimensional T
topological space with basis Z of clopen sets. Let (X denote the collection of
all ultrafilters on Z, and for each A€ Z, let Acx ={F e (X : Ae F}. Itis
seen that {A.x : A€ Z} can be taken as a basis for closed sets of a topology
on (X. The set (X equipped with this topology is a compact Hausdorff,
zero-dimensional space with the associated dense embedding given by

®:X — (X
x— {Ae Z:ze A}

Definition 7.2.16 In a category of zero-dimensional frames ZDFrm with
frame homomorphisms, the extension of h : L —> M given by h¢ : (L —>
(M is called the Banaschewski extension. Similarly, in the category
of zero-dimensional Hausdorff spaces ZDHaus with continuous functions,
the extension of f : X — Y given by f¢ : (X — CY is called the Ba-
naschewsk: extension.

Dimov gave the condition on a continuous f in ZDHaus such that f¢ is
open (see [11, Corollary 4.9]); he proved that f¢: (X — (Y is open if and
only f satisfies the condition that for every clopen F' € X then Cly[f(F)]
is a clopen subset of Y.

Theorem 7.2.17 For any morphism h : L — M in ZDFrm, h¢ is open
if and only if r(BM) < BL where r is the right adjoint of h.

Proof: See [1, Theorem 2.2]. O

Since, they derived that a continuous function in ZDHaus satisfies the Di-
mov condition if and only if the right ajoint of Q(f) sends complemented
elements in Q(X) to complemeted elements in Q(Y"), this motivated them to
give the Dimov’s condition for frame;

Definition 7.2.18 A ZDFrm-morphism satisfies the Dimov condition if
its right adjoint sends complemented elements to complemented elements.
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Adjei and Dube then extended Dimov’s result to frames by proving the fol-
lowing theorem.

Theorem 7.2.19 If the ZDFrm-morphism h satisfies the Dimov condition
then hS is open.

Proof: This follows from Theorem 7.2.17 and Definition 7.2.18. ]

The Banaschewski extension extension may be open while the corresponding
morphism in ZDFrm is not open, this motivated Adjei and Dube to seek
condition on a ZDFrm-morphism A so that if it has the condition then we
have that & is open if and only if AS is open.

Definition 7.2.20 A (-map as a ZDFrm-morphism h : L — M such
that hé[t(a)] = Ta[h(a)] where T, : L — CL and 73y : M — (M are the
right adjoints of (1, and (y; respectively.

Theorem 7.2.21 A (-map is open if and only if its Banaschewski extension
1S open.

Proof: See [1, Theorem 2.7]. H

Taking their result into ZDHaus, they said that a continuous f: X — Y
between zero-dimensional spaces is a (-map if its the case that for every
clopen subset F' of X and open subset U of Y such that FF = f~'(U), then
there is a clopen subset H of Y such that H € U and F < f~'(H). The
result that a (-map between zero-dimensional Hausdorff spaces is open if and
only if its Banaschewski extension is open then followed, since f is a (-map
if and only if Q(f) is a (-map.

It is clear that an open (-map satisfies Dimov condition, we also have that a
dense onto (-map satisfies the Demov condition. But a general (-map need
not satify the Demov condition as shown in [1]. This means that notion of
(-map and Dimov condition are independent.

7.3 Future research

The one-to-one relationship between strong inclusion and compactifications
immitates the one-to-one relation between proximities and compactifications
in a topological space which was proved in [29] as done in Section 4.2. In
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2009, in the paper [7], a zero-dimensional proximity is defined and it is shown
that there is a one-to-one correspondence between zero-dimensional proxim-
ities and zero-dimensional compactifications of which we went through it in
Section 4.3. Motivated by this paper, we would like to establish conditions
that strong inclusions need to satisfy for a corresponding compactification to
be zero-dimensional.

We can see from the previous section that Skljarenko’s results (see Section
5.1) for topological spaces have been proved for frames. McCartney’s re-
sult that a compactification of a topological space with a zero-dimensional
remainder is the maximum compactification with a zero-dimensional remain-
der if and only if it is perfect (see Section 6.2) is not yet proved for frames,
and we wish to explore the possibility of proving this going forward. Our
motivation for this is the fact that it has been proved that the Freudenthal
compactification for rim-compact frames has a zero-dimensional remainder
and it is also the minimum perfect compactification, it is not yet proved
that this is indeed the maximum compactification with a zero-dimensional
remainder (in [25], it is shown that the Freudenthal compactification is the
maximum m-compactification).

Also, there are other characterisations of the Freudenthal compactification
for a topological space that do not involve proximities, for example see [10].
However, this compactification has not been explored enough in the point-
free context, except for the work of Baboolal [5] and Mthethwa [25], who
established that the Freudenthal compactification for rim-compact frames is
perfect and is the minimum perfect compactification, respectively. We wish
to extend the scope of knowledge and exhibit more properties and character-
izations of this compactification in frames setting with the aim of inferring
some information about zero-dimensionality and perfect compactifications in
general.

Adjei and Dube also gave the necessary and sufficient condition for the Ba-
naschewski extension of a morphism in ZDFrm to be open of which the
topological result follows as a corollary. They do not consider the case where
the Banaschewski extension of a morphism in ZDFrm is quasi-open, and
Dimov characterized in ZDHaus. We wish to explore this going forward, as
well as researching on other properties of the Banaschewski extension.
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