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Abstract

The molecular theory of the second electric-field-induced second-harmonic gener-

ation (ESHG) virial coefficient Bγ describing the effects of interacting pairs of

molecules on the molecular hyperpolarizability is reviewed, and then extended to

include contributions arising from the permanent electric quadrupole moments and

the dipole-dipole-quadrupole hyperpolarizabilities of the molecules. The classical

long-range dipole–induced-dipole model is used to describe the interactions between

pairs of molecules. The molecular (hyper)polarizability tensor components required

in the calculations have been obtained by ab initio computation using DALTON.

This investigation has been limited to non-dipolar species, where the permanent

electric quadrupole moment is the leading multipole moment. The expressions ob-

tained for contributions to Bγ are evaluated numerically for the H2, N2, CO2 and

C2H4 molecules.

For CO2 and C2H4, the quadrupole-induced and dipole-dipole-quadrupole hyper-

polarizability contributions become significant, and the calculated Bγ virial coeffi-

cients indicate that the pair-interaction contributions arising for CO2 and for C2H4

are large enough to be comfortably measurable by Shelton’s ESHG apparatus and

electrode arrays.
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Chapter 1

Review and Introduction

1.1 Review

1.1.1 Nonlinear optics (NLO)

In 1931, Maria Goeppert-Mayer presented in her PhD thesis the quantum-mechanical

theory predicting two-photon absorption (or two-photon excitation) [1]. This was

the first nonlinear optical effect to be predicted, her pioneering theory accounting

for the simultaneous absorption by a single atom of two photons, exciting the atom

from an initial electronic state (typically the ground state) to one of higher energy

(usually an excited electronic state). The two photons can be of the same frequency,

or, for so-called non-degenerate two-photon absorption, of different frequencies. The

probability of two-photon absorption is found to depend quadratically on the light

intensity, making it a NLO process. It was almost three decades later, and only

after the invention of the laser in 1960 (which provided a source for the required

high-intensity radiation), that experimental observation of two-photon absorption

was at last realised. At Bell Labs, Kaiser and Garrett irradiated Eu2+ doped CaF2

crystals with the red monochromatic light (λ = 694.3 nm) from a pulsed ruby laser,

and generated blue fluorescent light at around 425.0 nm through the process of two-

photon-excited fluorescence [2].

1



2 CHAPTER 1. REVIEW AND INTRODUCTION

Around a month prior to Kaiser and Garrett publishing their work on two-photon

absorption, Franken, Hill, Peters and Weinreich reported their discovery of the NLO

process of second-harmonic generation (SHG): on passing the beam from a ruby

laser through a quartz crystal, they observed the production of ultraviolet photons

(λ = 347.1 nm) at double the frequency of the incident photons [3].

The quantum-mechanical processes for two-photon absorption and for SHG are dif-

ferent, and have been comprehensively explained in various modern texts (see, for

recent examples, references [4–6]). The essential mechanisms of the two processes

are now briefly reviewed:

Figure 1.1: Energy-level diagram representing the two-photon absorption process.

In two-photon absorption, which is represented in Figure 1.1, an atom or molecule

in the sample simultaneously absorbs two photons from the irradiating laser beam,

and usually makes a transition from its ground electronic state (labelled by the ket

|0⟩) to its first excited electronic state |1⟩.

Figure 1.2 on the other hand represents the process of optical second-harmonic gen-

eration. Here, two incident photons of frequency ω from the optical field are almost

simultaneously incident on the molecule, and in a single quantum-mechanical pro-
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Figure 1.2: Energy-level diagram for the SHG process indicating the two incident
photons, each of frequency ω, and the emitted photon of frequency 2ω.

cess are annihilated, almost instantaneously creating a scattered photon of the sum

frequency 2ω. The solid lines represent real electronic energy eigenstates of the free

atom or molecule, whereas the dashed lines represent virtual levels, these being the

combined energy of the ground electronic state and of one, or both, of the simulta-

neously incident photons.

The discovery of SHG is generally taken as the birth of the field of nonlinear optics.

It was Nicolaas Bloembergen who rapidly developed the theoretical basis for many

nonlinear optical processes, as described in his 1965 monograph Nonlinear Optics

[7], which was based on the lectures which he delivered at Harvard University in

1963 for a course on quantum electronics. Bloembergen was jointly awarded the

Nobel Prize in Physics in 1981, being singled out in the presentation speech for

having, together with his collaborators, “founded a new field of science we now call

non-linear optics . . . where two or more beams of laser light are mixed in order to

produce laser light of a different wavelength” [8].

The SHG experiment of Franken et al. precipitated a sudden explosion of dis-

covery of nonlinear optical phenomena, as evidenced by the early review article of

Franken and Ward [9]. Amongst these was the discovery of electric-field-induced

second-harmonic generation, the effect which is the subject of the present investiga-
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tion.

1.1.2 Electric-field-induced second-harmonic generation (ei-

ther ESHG or EFISH)

In 1962, Terhune, Maker and Savage were the first to observe electric-field-induced

second-harmonic generation, when they propagated light from a ruby laser through a

calcite crystal in the presence of a dc electric field, producing SHG photons [10, 11].

For normal SHG (i.e. that arising from electric dipole transitions) to occur, the

medium cannot be isotropic, meaning that it must lack a centre of inversion. Cal-

cite crystal is a naturally isotropic medium, but the application of a dc electric field

induces polarization in the medium, thereby destroying the inversion symmetry and

so permitting optical SHG arising from electric dipole transitions [9]. Terhune et al.

even observed the faint production of SHG photons in calcite in the absence of an

applied dc electric field [10, 11], these arising from electric quadrupole and magnetic

dipole transitions [12–15].

In 1968, Mayer reported on ESHG experiments for various gases and liquids [16].

Shortly thereafter, Kielich developed a molecular-tensor theory to account for ESHG,

by invoking classical statistical mechanics to relate the macroscopic susceptibility to

the microscopic hyperpolarizabilities [17–21]. The third-order nonlinear susceptibil-

ity χ(3)(2ω) is the measurable observable in an ESHG experiment, and the theory

of Kielich yields, for a gas-phase ESHG measurement where the light-wave field is

plane polarized in the same direction as the applied dc electric field,

χ(3)(2ω) =
1

6
fL(0)f

2
L(ω)fL(2ω)

N

ε0
Γ . (1.1)

Here, fL(ω) is the Lorentz local-field factor at frequency ω, fL(0) is the local-field

factor for the static applied field, N is the molecular number density, and Γ is the
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orientationally averaged microscopic second hyperpolarizability

Γ =

[
γESHG
∥ +

µ0

3kT
βSHG
∥

]
, (1.2)

with γESHG
∥ being the scalar component of the second molecular hyperpolarizability,

µ0 the permanent molecular electric dipole moment (if there is one), k the Boltzmann

constant, T the absolute temperature of the gas, and βSHG
∥ the vector component

of the first hyperpolarizability in the direction of the permanent dipole moment.

Equations (1.1) and (1.2) will be formally derived in Section 3.4.1 of Chapter 3,

where a full account of the tensor notation will also be provided.

The two terms in the expression for Γ in equation (1.2) arise from different mecha-

nisms. The source of the temperature-independent second-hyperpolarizability con-

tribution is the distortion of the electronic structure of the individual molecules

in the sample by the applied static electric field. The temperature-dependent first

hyperpolarizability term, on the other hand, is due to the orientational effect of the

electric field on the permanent molecular dipole moments, which tend to become

partially aligned. Both atoms and non-dipolar molecules are centrosymmetric, with

µ0 and βSHG
∥ being zero. For them, the orientation term makes no contribution to

Γ and an ESHG measurement at room temperature will suffice to yield knowledge

of γESHG
∥ . Conversely, dipolar molecules are non-centrosymmetric, and so for them,

both γESHG
∥ and βSHG

∥ will contribute to Γ. This means that for dipolar molecules,

temperature-dependent measurements of the ESHG are necessary if values of γESHG
∥

and βSHG
∥ are to be extracted.

The typical experimental procedure for measuring ESHG in gaseous media entails

passing a laser beam with oscillating electric field Eα cos(ωt) through the sample

while in the presence of a static applied electric field Eα, which permits the gen-
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eration of a weak, collinear beam of frequency-doubled photons. Mayer et al. un-

dertook the first ESHG measurements of gases [16], investigating a number of small

molecules.

From 1971 through to 1985, Ward’s research group undertook a systematic series

of ESHG experiments for gaseous media, making use of a single pair of cylindrical

electrodes and a pulsed ruby laser (λ =694.3 nm) [22–29]. The density of each gas

was gradually varied to obtain a maximum signal, corresponing to the coherence

length of the gas matching the length of the electrostatic region. As a consequence

of the dispersion of the refractive index, the fundamental wave generating the SHG

and the second-harmonic wave travel at different velocities through the medium. By

increasing the path-length of the medium under the influence of the applied electric

field (to increase the intensity of the SHG signal), the second-harmonic waves gen-

erated at either end of the sample will get further out of phase with each other, and

ultimately they will interfere destructively rather than constructively. Increasing

the sample length any further than this will reduce the amplitude of the resultant

second-harmonic wave. Since a method to achieve phase matching had not yet been

established, the cylindrical electrodes served to optimize the length of the electro-

static region to avoid this problem, and consequently a high-power pulsed laser was

essential if a detectable SHG signal was to be achieved. For gases of atoms or

non-dipolar molecules, room temperature measurements sufficed, while for dipolar

species, the apparatus was modified to allow for measurements over the temperature

range 295 to 600 K.

In 1982, Buckingham and Shelton described a gas-phase ESHG experimental ar-

rangement to realise periodic phase matching [30], allowing for an increase in the

number of second-harmonic photons of around four orders of magnitude. A con-

tinuous wave laser beam with a power of around 1 W could now be used to excite
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the gas sample under study, and they used an argon-ion laser, allowing for mea-

surements at all six of the laser wavelengths, namely 514.5, 501.7, 496.5, 488.0,

476.5 and 457.9 nm. Combined with the ruby laser measurements at λ = 694.3 nm

of Ward’s group, this would at last allow the frequency dependence of the second

hyperpolarizability of isolated atoms and non-dipolar molecules to be measured in

the visible region of the electromagnetic spectrum. By employing a periodic array

of cylindrical electrodes, the density of the gas sample could be continuously varied

until the coherence length of the gas matched the spatial period of the electrodes,

hence greatly enhancing the SHG signal. Since 1982, Shelton’s research group has

employed this periodic-phase-matching technique to yield the most accurate mea-

surements of the dispersion of the hyperpolarizability of atoms and small, mostly

non-dipolar, molecules to date [30–53].

In 1990, Shelton measured Γ for 16 atoms and molecules using room-temperature

gas-phase ESHG at the two near-infrared wavelengths 1064 and 1319 nm [45]. This

served to extend the spectral range of the measured dispersion curves to the widest

possible range. In 1993, Shelton and Donley enclosed their ESHG cell in an oven,

permitting measurements over a range of gas temperatures from room temperature

up to 200 ◦C. They measured the temperature-dependence of Γ for the polar molec-

ule acetonitrile (mixed in a buffer gas of N2) using an argon-ion laser to provide an

excitation beam of wavelength 514.5 nm [47], extracting values of γESHG
∥ and βSHG

∥

for acetonitrile. In 1998, Kaatz, Donley and Shelton measured γESHG
∥ and βSHG

∥ for

eight molecules at λ = 1064 nm by measuring gas-phase ESHG, and by measur-

ing the temperature dependence of the ESHG for the strongly polar molecules [50].

In 2015, Couling and Shelton reported temperature-dependent gas-phase ESHG

measurements of the dipolar molecule (CH3)2O using five different excitation wave-

lengths over the range 488 nm < λ < 1064 nm [51]. This allowed, for the first time,

for the extraction of benchmark-quality dispersion curves for γESHG
∥ and for βSHG

∥
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for an isolated dipolar molecule from gas-phase ESHG measurements.

1.2 Interaction-induced hyperpolarizabilities

The field of electro-optics bridges the two essential modern technologies of elec-

tronics and photonics. Information technology requires the creation, manipulation,

transportation and detection of information, and this occurs by means of electrons,

photons, phonons or plasmons [54]. In essence, electro-optics allows for information

to be converted between the electronic and photonic domains. Nonlinear-optical

(NLO) materials allow for optical harmonic generation and signal processing. Much

experimental and theoretical effort has been expended in studying the NLO proper-

ties of molecules to find new materials which possess the desired NLO requirements

[55]. The current state-of-the-art in NLO materials is discussed in the recent review

article of Zheludev and Kivshar, wherein they examine metamaterials as a means

of realising tunable, switchable, nonlinear and sensing functionalities [56]. Meta-

materials are artificial electromagnetic media which have been structured on the

subwavelength scale. They argue that future metadevices will see photonic devices

rivalling conventional electronic devices for telecommunications systems as well as

for consumer products like mobile phones.

NLO materials are generally in the condensed phase, so that theoretical and compu-

tational attempts to predict their NLO properties are hampered by the presence of

many subtle physical effects which are not present in the case of an isolated molecule

[57, 58]. Theoretical and experimental understanding of the NLO properties of iso-

lated molecules is an improtant precursor in the development of an understanding

of NLO properties in the condensed phase. Accurate experimental measurements
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of the hyperpolarizabilities of isolated molecules in the gas phase provide useful

benchmarks for the computationalists who are perpetually refining their ab initio

quantum computational techniques. Two recent review articles provide an excellent

overview of the theory of molecular nonlinear optics [59, 60].

In the condensed phase, interatomic and intermolecular interactions can have a

significant effect on the NLO properties of materials. The complexity in unravelling

the particular contributions of the many effects at play has provided the impetus

to understand the simplest of intermolecular interaction effects, namely that of in-

teratomic and intermolecular pair interactions in the gas phase on the atomic or

molecular hyperpolarizabilities. To this end, Donley and Shelton have developed

experimental and analytical techniques at the 0.1% level to obtain accurate mea-

surements of the effects of intermolecular pair interactions on dc ESHG molecular

hyperpolarizabilities γESHG(−2ω;ω, ω, 0) for the atoms and non-dipolar molecules

He, Ar, H2 and N2 [48]. Their measured pair-interaction contributions were then

compared with calculated values obtained from a classical dipole–induced-dipole

(DID) model. Their model was found to underestimate the magnitude of the density

dependence of the hyperpolarizability by a factor of ca. 2, and it had the opposite

sign. Buckingham, Concannon and Hands subsequently made use of a classical DID

model to investigate the effect of dipolar interaction on the independent components

of the hyperpolarizability of a pair of spehrical atoms for five different NLO effects,

including ESHG [61, 62]. They found Donley and Shelton’s expression for the DID

contribution to the pair hyperpolarizability to differ from the original expression de-

rived by Hunt [63], leading to the correction of Donley and Shelton’s expression by

the numerical factor 19/60 [49]. The DID model was thus underestimating the mag-

nitude of the observed density dependence of the hyperpolarizabilities by a factor of

about 6, and was still having the opposite sign. The conclusion reached by Donley

and Shelton was that the DID model, which assumes classical multipole interactions
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even at very short range, does not account for the short-range “electron overlap”

contribution. Ab initio quantum-mechanical calculations which take into account

the electron overlap would be required to establish whether this is the reason, or

part of the reason, for the discrepancy found between experiment and theory. Don-

ley and Shelton suggested other avenues of future investigation to make refinements

to the classical multipole interaction theory to increase its accuracy. This included

using more accurate intermolecular potential functions, using correct values for the

independent tensor components of the molecular hyperpolarizabilities (they had as-

sumed the molecules to possess spherical symmetry), inclusion of the effects of the

permanent electric quadrupole moments of the H2 and N2 molecules as well as the

effects arising from higher-order response tensors, and inclusion of fluctuations in

the moments which give a quantum correction to DID, especially for less massive

molecules.

Buckingham and Concannon investigated the question of electron overlap at short

range, undertaking ab initio SCF calculations of the polarizability and second hyper-

polarizability for interacting pairs of atoms at various internuclear separations [61].

The DID model is based on the long-range theory of intermolecular interactions,

the molecules being assumed to retain their individual identities even at short-range

internuclear separations. For these short range interactions, the electron clouds,

and hence the wavefunctions, of the two molecules begin to overlap [64]. Their ab

initio quantum mechanical calculations show that for interacting helium atoms, for

long-range interatomic separations of 0.35 nm or more, the calculated classical and

quantum mechanical interaction-induced effects on the second hyperpolarizability

agree very well. However, for short-range separations of less than 0.35 nm, the clas-

sical model (which neglects the electron overlap effects) predicts larger interaction-

induced effects than the the SCF calculations (which do account for electron over-

lap) [61].
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There have been a few more-recent studies of collision-induced hyperpolarizabili-

ties between pairs of atoms, [65–72]. While the ab initio computations have be-

come increasingly accurate, they have simultaneously become increasingly demand-

ing of computational resources, which explains why calculations have not been eas-

ily extended to molecules [73]. Koch et al. have utilized the frequency-dependent

interaction-induced second hyperpolarizabilities calculated ab initio for helium and

argon [67] to evaluate the ESHG second virial coefficients for these atoms using a

semi-classical approach [69]. The computed interaction-induced second hyperpolar-

izabilities are seen to be quite sensitive to the choice of basis set, and so calculations

using more extended and diffuse basis sets were performed to try and improve agree-

ment with experiment. The ESHG second virial coefficients obtained for Ar show a

dramatic dependence on choice of basis set, and are positive while the virial coef-

ficients for He are negative. Donley and Shelton measured the density dependence

of hyperpolarizability ratios, and when their experimental determinations for argon

and hydrogen, and for hydrogen and helium, are combined the result has the oppo-

site sign to the calculated value of Koch et al.

1.3 The aim of this project

Recent studies of interaction-induced contributions to the Kerr electro-optic effect

raise interesting questions for the ESHG effect. A brief review is required to give

context.

In 1955, Buckingham and Pople developed a molecular-tensor theory to account for

the Kerr-effect in ideal gases of atoms or axially-symmetric molecules [74]. Bucking-

ham went on to provide a statistical-mechanical theory of the Kerr constant which
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accounted for the density-dependence of the Kerr effect in real gases of atoms or

axially-symmetric molecules [75]. In 1983, Buckingham, Galwas and Fan-Chen in-

cluded the collision-induced polarizability into this theory, and found that it made

the largest contribution to BK [76]. Their calculated BK coefficients were in reason-

able agreement with the measured data for the fluoromethanes over the experimen-

tal temperature range, though the experimental values do have a large uncertainty

(around 50%).

Couling and Graham extended Buckingham’s theory to dipolar molecules, including

higher-order molecular-interaction terms to ensure convergence [77]. Calculations

for CH3F, CH2F2, CHF3, SO2, (CH3)2O, CH3COCH3 and H2S over a range of tem-

perature are mostly within the uncertainty limits of the available experimental data

[77–79]. Quadrupole and field gradient contributions were assumed to be negligi-

ble for molecules with large permanent dipole moments, but should probably be

included for non-dipolar molecules. Quadrupole−induced-dipole (QID) molecular-

interaction contributions were investigated by Couling and Naidoo in 2017, calculat-

ing BK for CO2, C2H4 and C2H6. Agreement with the measured data was generally

favourable [80]. Of especial relevance to the present ESHG investigation is the fact

that molecules with a larger quadrupole moment and polarizability anisotropy had

substantial contributions from the QID interaction, these sometimes even exceeding

the pure polarizability term contributions.

Couling and Mhlongo extended the molecular-tensor theory of the Kerr effect to

include contributions to BK from the optical-frequency second hyperpolarizability

γK(−ω;ω, 0, 0) [81]. These were found to be non-negligible.

If QID contributions can be substantial for the linear interaction-induced polar-

izability, the question arises as to whether, especially for non-dipolar molecules with



1.3. THE AIM OF THIS PROJECT 13

significant quadrupole moments, the QID effects for the interaction-induced hyper-

polarizability will be similarly significant. Might this account for the discrepancy

between the measured ESHG virial coefficients and those calculated using the DID

model?

In an attempt to answer this question, this project extends the molecular-tensor the-

ory of ESHG to include, in the classical DID long-range model, the contributions to

Bγ arising from the permanent molecular quadrupole moments and from the second-

harmonic dipole-dipole-quadrupole hyperpolarizabilities. The non-dipolar molecules

H2, N2, CO2 and C2H4 are investigated, the latter two having relatively large per-

manent quadrupole moments. Since the DALTON molecular electronic-structure

program allows the molecular-property tensor components to be accurately calcu-

lated, the full molecular symmetry can be taken into account.

It should be noted that, for an isolated molecule, Kielich has already considered

second-harmonic generation (SHG) arising from higher-order tensors, both for elec-

tric dipole scattering, where the electric field gradient of the incident light wave

distorts the electronic structure of the molecule thereby inducing additional dipole

moment, and for electric quadrupole scattering where the electric field of the light

wave induces an electric quadrupole moment [82]. Kielich described both processes

by means of the dipole-dipole-quadrupole hyperpolarizability Bijkl(−2ω;ω, ω), tab-

ulating the non-zero and independent tensor components for all point groups. He

assumed the quadrupole-dipole-dipole tensor Dijkl(−2ω;ω, ω) = Bklij(−2ω;ω, ω)

[82], but our analysis will reveal this to be an approximation at optical frequencies,

the relationship holding true only in the static limit where, as described by Buck-

ingham in his classic review on permanent and induced molecular moments and

long-range intermolecular forces, Dijkl(0; 0, 0) = Bklij(0; 0, 0) [83].



Chapter 2

Molecular Electric Properties

2.1 Introduction

The permanent multipole moments of a molecule (e.g. its electric dipole and quad-

rupole moments) are fundamental properties which describe the molecular charge

distribution, while the molecular (hyper)polarizabilities describe the distortion of

the molecular charge distribution by applied fields or the fields arising from the per-

manent or induced moments of neighbouring molecules [83–86]. These permanent

multipole moments and polarizabilities provide key insight into molecular structure

and intermolecular forces, and are crucial to the development of the molecular-

tensor theory of electro-optic effects such as the dielectric, refractivity and Kerr

effects. Hence they are now reviewed in sufficient detail to permit the subsequent

development of the ESHG theory, which is presented in Chapters 3 (ideal gas) and

4 (real gas).

14
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2.2 The multipole expansion

The simplest possible intermolecular interaction is that between two molecules. A

full description of this pair interaction is in fact a many-body problem since the

effects of all the individual charges upon each other needs to be accounted for. This

full description is essentially intractable, and simplifications are required. For ex-

ample, electrostatic theory can be employed provided the internal motion of the

electrons within a molecule, and the motion of the molecule as a whole, are disre-

garded. On the condition that the separation of the two molecules is sufficiently

large (i.e. greater than the molecular dimensions), the electrostatic potential of a

molecule can then be expanded about an arbitrary origin which is chosen to be close

to the charges. This gives rise to a series of moments of charge which are measurable,

and which can then be invoked to characterize the molecule.

Figure 2.1: The coordinates and notation used in the generation of the multipole
expansion of a discrete charge distribution.

Consider N discrete charges qα (α = 1, 2, · · · , N) which are distributed within

a vacuum. Let the charges have displacement vectors rα from an arbitrary origin

O which is chosen to be either within, or close to, the distribution as indicated in
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Figure 2.1. The electrostatic potential ϕ which arises at any arbitrary point P with

displacement vector R from O is given by

ϕ(R) =
1

4πε0

N∑
α=1

qα
|R− rα|

. (2.1)

Provided that the distance to P is much greater than the dimensions of the charge

distribution (i.e. R > rα), then the binomial theorem can be used to expand the

denominator of this summation, yielding

ϕ(R) =
1

4πε0

[
1

R

∑
α

qα +
Rα

R3

∑
α

qα rαi +
3RiRj −R2δij

2R5

∑
α

qα rαirαj + · · ·

]
.

(2.2)

Here, the Roman subscripts i, j, · · · , denote tensor components, which can be equal

to the Cartesian components 1, 2 or 3 of molecule-fixed axes O(1, 2, 3). The Einstein

summation convention is invoked, whereby a repeated Roman subscript denotes a

summation over all three Cartesian components. δij is the Kronecker delta tensor,

with δij = 1 if i = j, δij = 0 if i ̸= j. The electric moments of the distribution are:

the total charge

q =
∑
α

qα , (2.3)

the electric dipole moment

µi =
∑
α

qα rαi , (2.4)

and the primitive (or traced) electric quadrupole moment

Qij =
∑
α

qα rαirαj . (2.5)
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The higher-order moments (i.e. octopole, hexadecapole, · · · ) will not be considered

in this work, since they make successively smaller contributions to the electrostatic

potential, and we will be considering non-dipolar molecules which possess a perma-

nent electric quadrupole moment as the leading moment. The electric quadrupole

moment defined in equation (2.5) is the primitive (or traced) quadrupole moment.

An alternative definition known as the traceless quadrupole moment is useful since

it describes the departure from spherical symmetry of the charge distribution: [84]

Θij =
1

2
(3Qij −Qkkδij) =

1

2

∑
α

qα
(
3rαirαj − r2αδij

)
. (2.6)

Here Θii = 0, hence the name “traceless”.

The electrostatic potential of the charge distribution can be written in terms of these

moments of charge, becoming

ϕ(R) =
1

R
q +

Ri

R3
µi +

3RiRj −R2δij
3R5

Θij + · · · . (2.7)

In this expression, the terms for successively higher multipole moments make contri-

butions which grow successively smaller by a factor of the order 1
R
. A consequence

of this is that the leading non-zero moment will provide a reasonable description of

the electrostatic potential ϕ at point P as long as the distance R is sufficiently large.

Since the contribution to the expanded property arising from each of the multipole

moments depends only on the displacement R of point P from O, the multipole

moments are considered to be located at the origin O.

If an electrostatic field E is applied to the charge distribution, the distribution will
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experience a net force F given by

Fi =
∑
α

qαEαi = q(Ei)0 + µj(∇jEi)0 +
1

3
Θjk(∇k∇jEi)0 + · · · . (2.8)

Here, the field and its derivatives are determined at the origin O about which the

Taylor expansion of the field has been taken. From equation (2.8), it can be shown

that a dipolar charge distribution will experience a torque in a region of uniform

field, or that a quadrupolar charge distribution will experience a torque in a region

of uniform field gradient. Equation (2.8) can be used to determine the potential

energy U of the charge distribution in the presence of an applied electrostatic field

E [86, 87]

U = −
∫ r2(E=E)

r1(E=0)

Fi dri = qϕ−
∫ E

0

µi dEi −
1

3

∫ E

0

Θij d(∇jEi)− · · · . (2.9)

For a rigid charge distribution, only the permanent multipole moments will con-

tribute to equation (2.9), giving

U = qϕ− µ
(0)
i Ei −

1

3
Θ

(0)
ij ∇jEi − · · · . (2.10)

Here, the permanent multipole moments are identified by a superscript (0).

For an axially symmetric charge distribution, each multipole moment is determined

by a single scalar quantity, namely q, µ, Θ, · · · ; for example, the quadrupole moment

Θij has principal components Θ33 = Θ, Θ11 = Θ22 = −1
2
Θ.

The effect of a change of origin on a quadrupole moment can be established by

moving O by r′ to O′. The quadrupole moment Θ′ relative to the new origin O′ is

Θ′
ij =

1

2

∑
α

qα
(
3r′αir

′
αj − (r′α)

2δij
)

(2.11)
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which becomes

Θ′
ij = Θij −

3

2
µir

′
j −

3

2
µjr

′
i + µkr

′
kδij +

1

2
q
{
3r′ir

′
j − (r′)2δij

}
. (2.12)

The quadrupole moment is seen to be independent of the choice of origin provided

both q and µi are zero. More generally, it is possible to show that only the leading

non-zero electric multipole moment is independent of the choice of origin. For a

dipolar molecule, the quadrupole moment will depend on the location of the origin.

In this work, we will only consider non-dipolar molecules.
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2.3 The microscopic field-induced multipole mo-

ments

The permanent multipole moments describing the static molecular charge distribu-

tion in the preceding section are identified by a superscript (0), so that a molecule’s

permanent electric dipole and quadrupole moments are denoted by µ
(0)
i and Θ

(0)
ij

respectively. When the molecule is in weak interaction with fixed external charges,

such that the applied static electric field and field gradient at the origin (at which

the point multipoles are located) are Ei and Eij respectively, the charges in the

molecular distribution will be displaced from their field-free positions to new equi-

librium positions. The corresponding total dipole and quadrupole moments of the

molecule can be described by Taylor-series expansions in the field and field gradient,

giving [83]

µi = µ
(0)
i + αijEj +

1

2!
βijkEjEk +

1

3!
γijklEjEkEl

+
1

3
AijkEjk +

1

3
BijklEjEkl + · · · ,

(2.13)

and

Θij = Θ
(0)
ij + AijkEk +

1

2!
DijklEkEl + CijklEkl + · · · . (2.14)

The induced electric-dipole moment is thus

µi − µ
(0)
i = αijEj +

1

2
βijkEjEk +

1

6
γijklEjEkEl

+
1

3
AijkEjk +

1

3
BijklEjEkl + · · · ,

(2.15)
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while the induced electric quadrupole moment is

Θij −Θ
(0)
ij = AijkEk +

1

2
DijklEkEl + CijklEkl + · · · . (2.16)

In these expressions, terms which depend linearly on field strengths are termed po-

larizabilities, while those which have a nonlinear dependence on field strengths are

called hyperpolarizabilities, a term coined by Coulson, Maccoll and Sutton [88]. αij

is known as the static (dipole) polarizability, while βijk and γijkl are the first and

second (dipole) hyperpolarizabilities. Aijk, Aijk and Cijkl are field-gradient polariz-

abilities, while Bijkl and Dijkl are field-gradient hyperpolarizabilities. All of these

(hyper)polarizabilities are independent of the applied fields so that they are prop-

erties of the unperturbed charge distribution.

Equations (2.13) and (2.14) are obtained on purely phenomenological grounds.

These equations can be derived using quantum-mechanical time-independent pertur-

bation theory, which yields explicit expressions for the (hyper)polarizability tensors

[89, 90]. The quantum-mechanical expressions for the (hyper)polarizabilities reveal

any relationships which might exist between the tensors, as well as any intrinsic

symmetry which might exist between the tensor subscripts of a particular tensor.

For example, in equations (2.13) and (2.14), the tensors Aijk and Aijk are related

by Aijk = Akij, while the tensors Bijkl and Dijkl are related by Dijkl = Bklij. Hence

Eq (2.14) can be written

Θij = Θ
(0)
ij + AkijEk +

1

2!
BklijEkEl + CijklEkl + · · · . (2.17)

αij, βijk and γijkl are symmetric in all suffixes, while Aijk is symmetric in jk, Bijkl is

symmetric in ij and kl, and Cijkl is symmetric in ij and kl and in the pairs (ij),(kl).

Consider a perturbing electric field which is comprised of a static component and
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one or more dynamic components given by [91]

Ei(t) =
1

2

∑
ω≥0

[
Eω

i e
−iωt + E−ω

i eiωt
]

(2.18)

where, since the applied field is real,
[
Eω

i

]∗
= E−ω

i . This can be written in the more

succinct form

Ei(t) =
1

2

∑
ω

Eω
i e

−iωt (2.19)

where the summation now includes both positive and negative frequencies. Similarly,

a perturbing electric field gradient comprised of a static component and one or more

dynamic components will be

Eij(t) =
1

2

∑
ω≥0

[
Eω

ije
−iωt + E−ω

ij eiωt
]

(2.20)

where
[
Eω

ij

]∗
= E−ω

ij . This, in turn, can be written more succinctly as

Eij(t) =
1

2

∑
ω

Eω
ije

−iωt , (2.21)

this summation now including both positive and negative frequencies. The corre-

sponding total dipole and quadrupole moments of the molecule can be described by
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Taylor-series expansions in the dynamic field and field gradient, giving

µi(t) = µ
(0)
i +

∑
ω1

αij(−(ωσ = ω1);ω1)
1
2
Eω1

j e−iωσt

+
1

2

∑
ω1,ω2

βijk(−(ωσ = ω1 + ω2);ω1, ω2)
1
2
Eω1

j
1
2
Eω2

k e−iωσt

+
1

6

∑
ω1,ω2,ω3

γijkl(−(ωσ = ω1 + ω2 + ω3);ω1, ω2, ω3)
1
2
Eω1

j
1
2
Eω2

k
1
2
Eω3

l e−iωσt

+
1

3

∑
ω1

Aijk(−(ωσ = ω1);ω1)
1
2
Eωσ

jk e
−iωσt

+
1

6

∑
ω1,ω2

Bijkl(−(ωσ = ω1 + ω2);ω1, ω2)
1
2
Eω1

j
1
2
Eω2

kl e
−iωσt

+
1

6

∑
ω1,ω2

Bijkl(−(ωσ = ω1 + ω2);ω1, ω2)
1
2
Eω1

jk
1
2
Eω2

l e−iωσt + · · ·

(2.22)

and

Θij(t) = Θ
(0)
ij +

∑
ω1

Aijk(−(ωσ = ω1);ω1)
1
2
Eω1

k e−iωσt

+
1

2

∑
ω1,ω2

Dijkl(−(ωσ = ω1 + ω2);ω1, ω2)
1
2
Eω1

k
1
2
Eω2

l e−iωσt

+
∑
ω1

Cijkl(−(ωσ = ω1);ω1)
1
2
Eω1

kl e
−iωσt + · · · .

(2.23)

The summations over frequency
∑

ω1,··· ,ωn
ensure summation over all distinct sets

of ω1, · · · , ωn, since the spectrum of monochromatic waves in the incident light

beam in equations equations (2.18) to (2.21) could, in principle, contain several

distinct sets of frequencies ω1, · · · , ωn which satisfy ωσ = ω1 + ω2 + · · · + ωn. In

practice, experimentalists usually ensure that there is only one set of frequencies

ω1, · · · , ωn, and so from now on the summations
∑

ω1,··· ,ωn
will be omitted, although
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they remain implied. Since a factor of 1
2
was included in the definition of the applied

dynamic electric field and field gradient in equations (2.18) to (2.21), a factor of 1
2

appears with each occurence of E
ωq

i and E
ωq

ij occurring in equations (2.22) and (2.23)

(provided that the frequency ωq ̸= 0). This is not a universal convention (though it is

probably the most frequently utilized), with some researchers choosing an alternative

convention where the factor of 1
2
is omitted [92]. Keeping track of the various

numerical factors is tedious, and can become the source of errors, which is why it

was suggested to combine these into a single numerical factor K(−ωσ;ω1, · · · , ωn)

[93, 94], which for terms depending on powers of the electric field is formally defined

as [91]

K(−ωσ;ω1, · · · , ωn) = 2l+m−np (2.24)

where p is the number of distinct permutations of ω1, · · · , ωn, while n is the order

of nonlinearity (e.g. βi,j,k(−ωσ;ω1, ω2) in equation (2.22) is quadratic in the field,

so that it is of second-order nonlinearity). m is the number of frequencies in the set

ω1, · · · , ωn which are zero (i.e. for static dc fields), and l = 1 if ωσ ̸= 0, otherwise

l = 0. Table (2.1) provides values ofK for several typical nonlinear optical processes.

Equation (2.22) becomes

µi(t) = µ
(0)
i + αij(−ωσ;ω1)E

ω1
j e−iωσt

+
1

2
K(−ωσ;ω1, ω2)βijk(−ωσ;ω1, ω2)E

ω1
j Eω2

k e−iωσt

+
1

6
K(−ωσ;ω1, ω2, ω3)γijkl(−ωσ;ω1, ω2, ω3)E

ω1
j Eω2

k Eω3
l e−iωσt + · · · .

(2.25)
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Table 2.1: Typical linear and nonlinear optical processes.

Process Property K

First-order linear optical processes

Static polarizability α(0; 0) 1

Linear absorption/emission
and refractive index

α(−ω;ω) 1

Second-order nonlinear optical (NLO) processes

Static first hyperpolarizability β(0; 0, 0) 1

Optical rectification (OR) β(0;ω,−ω) 1
2

dc-Pockels effect (dc-P)a β(−ω;ω, 0) 2

Second harmonic generation (SHG) β(−2ω;ω, ω) 1
2

Three-wave mixingb β(−(ω3 = ω1 ± ω2);ω1,±ω2) 1

Third-order NLO processes

Static second hyperpolarizability γ(0; 0, 0, 0) 1

dc-Optical rectification (dc-OR)c γ(0;ω,−ω, 0) 3
2

dc-Kerr effect (dc-K)d γ(−ω;ω, 0, 0) 3

ac-Kerr effect (ac-K)e γ(−ω1;ω1, ω2,−ω2)
3
2

Intensity-dependent refractive index (IDRI)f γ(−ω;ω,−ω, ω) 3
4

dc-Second harmonic generation (dc-SHG)g γ(−2ω;ω, ω, 0) 3
2

Third harmonic generation (THG) γ(−3ω;ω, ω, ω) 1
4

Four-wave mixing (FWM)h γ(−(ω4 = ω1 + ω2 + ω3);ω1, ω2, ω3)
3
2

aor Electro-optical Pockels effect (EOPE)
bor Sum and difference frequency generation (SFG, DFG)
cor Electric-field-induced optical rectification (EFIOR)
dor Electro-optical Kerr effect (EOKE)
eor Optical Kerr effect (OKE)
for Degenerate four-wave mixing(DFWM)
gor Electric-field-induced second harmonic generation (EFISH or ESHG)
hthis is but one example of FWM, where three photons of different frequency are
annihilated, and a fourth photon is created having a frequency that is the sum of the
three input photon frequencies (an example of SFG). In general, FWM can occur
when interactions between two or three optical frequencies produce two or one new
frequencies.
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It is important to note that experimentally measured (hyper)polarizabilities con-

tain both electronic and vibrational contributions [95]. In this project, the elec-

tronic contributions to the hyperpolarizabilities are calculated ab initio, since these

are generally the dominant contributions to optical-frequency hyperpolarizabilities.

Both zero-point vibrational averages and pure vibrational contributions can, how-

ever, sometimes be sizeable, especially for static properties. Wherever vibrational

contributions have been determined in the literature, these are included in the dis-

cussion of the results presented for each molecule in Chapter 5.

Although equations (2.22) and (2.23) have been obtained phenomenologically, they

can also be formally derived using quantum-mechanical perturbation theory, which

provides explicit sum-over-states expressions for the electronic contribution to the

static and optical-frequency polarizability tensors [83, 86]. These expressions al-

low for any intrinsic symmetry of the tensor subscripts to be ascertained, and for

any relationships between the various tensors to be deduced. In this vein, Orr

and Ward utilized perturbation theory to obtain general quantum-mechanical sum-

over-states expressions for the optical-frequency molecular hyperpolarizabilities [94],

which yields for the second hyperpolarizability γijkl(−ωσ;ω1, ω2, ω3) (where ω1, ω2

and ω3 are the frequencies of the distinct monochromatic waves in the incident beam

of light, and ωσ = ω1+ω2+ω3 is the sum of these frequencies) the expression [89, 94]

γijkl(−ωσ;ω1, ω2, ω3) =
1

ℏ3
∑
P

[ ∑
m,n,p (̸=g)

⟨g|µi|m⟩⟨m|µl|n⟩⟨n|µk|p⟩⟨p|µj|g⟩
(ωmg − ωσ)(ωng − ω1 − ω2)(ωpg − ω1)

−
∑

m,n (̸=g)

⟨g|µi|m⟩⟨m|µl|g⟩⟨g|µk|n⟩⟨n|µj|g⟩
(ωmg − ωσ)(ωng − ω1)(ωng + ω2)

]
.

(2.26)

Here, |g⟩ and |m⟩ are ground-state and excited-state electronic wavefunctions re-

spectively and ℏωmg is the energy difference between them, while
∑

P is the sum
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over all permutations of the frequency/operator pairs (−ωσ/µi), (ω1/µj), (ω2/µk),

(ω3/µl). µi =
∑

α qαrαi is the electric dipole moment operator with qα the αth ele-

ment of charge at point rα in the discrete molecular charge distribution measured

relative to an origin O which is fixed at a point within the molecule (generally at

the centre-of-mass). For a multipole operator Ω, the barred notation ⟨m|Ω|n⟩ is

shorthand for ⟨m|Ω|n⟩− ⟨g|Ω|g⟩δmn [94], where δmn is the Kronecker delta (δmn = 1

if m = n, δmn = 0 if m ̸= n).

Bishop has followed the formalism of Orr andWard to obtain the general perturbation-

theory expression for the optical-frequency dipole-dipole-quadrupole hyperpolariza-

bility Bijkl(−ωσ;ω1, ω2) [95, 96]:

Bijkl(−ωσ;ω1, ω2) =
1

ℏ2
∑
P

∑
m (̸=g)

∑
n (̸=g)

⟨g|µi|m⟩⟨m|µj|n⟩⟨n|Θkl|g⟩
(ωmg − ωσ)(ωng − ω2)

, (2.27)

where Θij = Θji = 1
2

∑
α qα(3rαirαj − r2αδij) is the traceless quadrupole-moment

operator, ωσ = ω1 + ω2, and where
∑

P is the sum over the permutations of the

pairs (−ωσ/µi), (ω1/µj), (ω2/Θkl). Using this same formalism, the expression for

the dipole-quadrupole-dipole hyperpolarizability is obtained:

Bijkl(−ωσ;ω1, ω2) =
1

ℏ2
∑
P

∑
m (̸=g)

∑
n (̸=g)

⟨g|µi|m⟩⟨m|Θjk|n⟩⟨n|µl|g⟩
(ωmg − ωσ)(ωng − ω2)

(2.28)

where
∑

P is the sum over the permutations of the pairs (−ωσ/µi), (ω1/Θjk), (ω2/µl),

and for the quadrupole-dipole-dipole hyperpolarizability the expression

Dijkl(−ωσ;ω1, ω2) =
1

ℏ2
∑
P

∑
m (̸=g)

∑
n (̸=g)

⟨g|Θij|m⟩⟨m|µk|n⟩⟨n|µl|g⟩
(ωmg − ωσ)(ωng − ω2)

(2.29)

where
∑

P is the sum over the permutations of the pairs (−ωσ/Θij), (ω1/µk),

(ω2/µl). The response-function formalism provides a more compact notation for
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equations (2.26) to (2.29), giving [97–99]

γijkl(−ωσ;ω1, ω2, ω3) = −⟨⟨µi;µj, µk, µl⟩⟩ω1,ω2,ω3 , (2.30)

Bijkl(−ωσ;ω1, ω2) = ⟨⟨µi;µj,Θkl⟩⟩ω1,ω2 , (2.31)

Bijkl(−ωσ;ω1, ω2) = ⟨⟨µi; Θjk, µl⟩⟩ω1,ω2 , (2.32)

and

Dijkl(−ωσ;ω1, ω2) = ⟨⟨Θij;µk, µl⟩⟩ω1,ω2 . (2.33)

A common experimental configuration is the application of a static field with am-

plitude Eω=0
i = E0

i together with a single, monochromatic laser beam having a field

with frequency ω and amplitude Eω
i . Equation (2.19) yields

Ei(t) = E0
i + Eω

i cos (ωt) . (2.34)

The notation can be compressed by writing the static field as E0
i ≡ Ei and the

dynamic field amplitude as Eω
i ≡ Ei, so that

Ei(t) = Ei + Ei cos (ωt) . (2.35)

If there is also a static applied electric field gradient of amplitude Eω=0
ij = E0

ij,

combined with the field gradient of the light wave, which has amplitude Eω
ij, then



2.3. THE MICROSCOPIC FIELD-INDUCED MULTIPOLE MOMENTS 29

equation (2.20) becomes

Eij(t) = E0
ij + Eω

ij cos (ωt) . (2.36)

This notation is similarly compressed by writing the static field gradient as E0
ij ≡ Eij

and the dynamic field-gradient amplitude as Eω
ij ≡ Eij so that

Eij(t) = Eij + Eij cos (ωt) . (2.37)

Substituting equations (2.35) and (2.37) into equation (2.22), the electric dipole

moment of a molecule becomes

µi(t) = µ
(0)
i + αij(−ωσ;ω1)

(
Ej + Ej cos (ωt)

)
+

1

2
βijk(−ωσ;ω1, ω2)

(
Ej + Ej cos (ωt)

)(
Ek + Ek cos (ωt)

)
+

1

6
γijkl(−ωσ;ω1, ω2, ω3)

(
Ej + Ej cos (ωt)

)(
Ek + Ek cos (ωt)

)(
El + El cos (ωt)

)
+

1

3
Aijk(−ωσ;ω1)

(
Ejk + Ejk cos (ωt)

)
+

1

6
Bijkl(−ωσ;ω1, ω2)

(
Ej + Ej cos (ωt)

)(
Ekl + Ekl cos (ωt)

)
+

1

6
Bijkl(−ωσ;ω1, ω2)

(
Ejk + Ejk cos (ωt)

)(
El + El cos (ωt)

)
+ · · · .

(2.38)

Here the frequency arguments of the (hyper)polarizabilities have not yet been made

explicit in terms of the frequency ω of the laser beam light, since terms in cos2(ωt)

will be seen to have both a dc component and a component oscillating at frequency

2ω, while terms in cos3(ωt) will have components oscillating at the frequencies ω
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and 3ω. Equation (2.38) yields

µi(t) =µ
(0)
i + αij(−ωσ;ω1)Ej + αij(−ωσ;ω1)Ej cos (ωt)

+
1

2
βijk(−ωσ;ω1, ω2)EjEk

+
1

2

[
βijk(−ωσ;ω1, ω2)EjEk + βijk(−ωσ;ω1, ω2)EjEk

]
cos (ωt)

+
1

2
βijk(−ωσ;ω1, ω2)EjEk cos

2 (ωt)

+
1

6
γijkl(−ωσ;ω1, ω2, ω3)EjEkEl

+
1

6

[
γijkl(−ωσ;ω1, ω2, ω3)EjEkEl + γijkl(−ωσ;ω1, ω2, ω3)EjEkEl

+ γijkl(−ωσ;ω1, ω2, ω3)EjEkEl

]
cos (ωt)

+
1

6

[
γijkl(−ωσ;ω1, ω2, ω3)EjEkEl + γijkl(−ωσ;ω1, ω2, ω3)EjEkEl

+ γijkl(−ωσ;ω1, ω2, ω3)EjEkEl

]
cos2 (ωt)

+
1

6
γijkl(−ωσ;ω1, ω2, ω3)EjEkEl cos

3 (ωt)

+
1

3
Aijk(−ωσ;ω1)Ejk +

1

3
Aijk(−ωσ;ω1)Ejk cos (ωt)

+
1

6
Bijkl(−ωσ;ω1, ω2)EjEkl

+
1

6
Bijkl(−ωσ;ω1, ω2)EjEkl cos (ωt) +

1

6
Bijkl(−ωσ;ω1, ω2)EjEkl cos (ωt)

+
1

6
Bijkl(−ωσ;ω1, ω2)EjEkl cos

2 (ωt)

+
1

6
Bijkl(−ωσ;ω1, ω2)EjkEl

+
1

6
Bijkl(−ωσ;ω1, ω2)EjkEl cos (ωt) +

1

6
Bijkl(−ωσ;ω1, ω2)EjkEl cos (ωt)

+
1

6
Bijkl(−ωσ;ω1, ω2)EjkEl cos

2 (ωt) + · · · .

(2.39)
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The trigonometric identity

cosϕ cos θ =
1

2

[
cos(ϕ+ θ) + cos(ϕ− θ)

]
(2.40)

gives

cos2(ωt) =
1

2
+

1

2
cos(2ωt) (2.41)

and

cos3(ωt) =
3

4
cos(ωt) +

1

4
cos(3ωt) , (2.42)
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so that equation (2.39) simplifies to

µi(t) =µ
(0)
i + αij(−ωσ;ω1)Ej + αij(−ωσ;ω1)Ej cos (ωt)

+
1

2
βijk(−ωσ;ω1, ω2)EjEk

+
1

2

[
βijk(−ωσ;ω1, ω2)EjEk + βijk(−ωσ;ω1, ω2)EjEk

]
cos (ωt)

+
1

2
βijk(−ωσ;ω1, ω2)EjEk

(
1

2
+

1

2
cos(2ωt)

)

+
1

6
γijkl(−ωσ;ω1, ω2, ω3)EjEkEl

+
1

6

[
γijkl(−ωσ;ω1, ω2, ω3)EjEkEl + γijkl(−ωσ;ω1, ω2, ω3)EjEkEl

+ γijkl(−ωσ;ω1, ω2, ω3)EjEkEl

]
cos (ωt)

+
1

6

[
γijkl(−ωσ;ω1, ω2, ω3)EjEkEl + γijkl(−ωσ;ω1, ω2, ω3)EjEkEl

+ γijkl(−ωσ;ω1, ω2, ω3)EjEkEl

](1

2
+

1

2
cos(2ωt)

)

+
1

6
γijkl(−ωσ;ω1, ω2, ω3)EjEkEl

(
3

4
cos(ωt) +

1

4
cos(3ωt)

)

+
1

3
Aijk(−ωσ;ω1)Ejk +

1

3
Aijk(−ωσ;ω1)Ejk cos (ωt)

+
1

6
Bijkl(−ωσ;ω1, ω2)EjEkl

+
1

6
Bijkl(−ωσ;ω1, ω2)EjEkl cos (ωt) +

1

6
Bijkl(−ωσ;ω1, ω2)EjEkl cos (ωt)

+
1

6
Bijkl(−ωσ;ω1, ω2)EjEkl

(
1

2
+

1

2
cos(2ωt)

)

+
1

6
Bijkl(−ωσ;ω1, ω2)EjkEl

+
1

6
Bijkl(−ωσ;ω1, ω2)EjkEl cos (ωt) +

1

6
Bijkl(−ωσ;ω1, ω2)EjkEl cos (ωt)

+
1

6
Bijkl(−ωσ;ω1, ω2)EjkEl

(
1

2
+

1

2
cos(2ωt)

)
+ · · · .

(2.43)
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The frequency arguments of the (hyper)polarizabilities can now be made explicit:

µi(t) =µ
(0)
i + αij(0; 0)Ej + αij(−ω;ω)Ej cos (ωt) +

1

2
βijk(0; 0, 0)EjEk

+
1

2

[
βijk(−ω; 0, ω)EjEk + βijk(−ω;ω, 0)EjEk

]
cos (ωt)

+
1

4
βijk(0;ω,−ω)EjEk +

1

4
βijk(−2ω;ω, ω)EjEk cos(2ωt)

+
1

6
γijkl(0; 0, 0, 0)EjEkEl

+
1

6

[
γijkl(−ω; 0, 0, ω)EjEkEl + γijkl(−ω; 0, ω, 0)EjEkEl

+ γijkl(−ω;ω, 0, 0)EjEkEl

]
cos (ωt)

+
1

12

[
γijkl(0; 0, ω,−ω)EjEkEl + γijkl(0;ω, 0,−ω)EjEkEl

+ γijkl(0;ω,−ω, 0)EjEkEl

]
+

1

12

[
γijkl(−2ω; 0, ω, ω)EjEkEl + γijkl(−2ω;ω, 0, ω)EjEkEl

+ γijkl(−2ω;ω, ω, 0)EjEkEl

]
cos(2ωt)

+
1

8
γijkl(−ω;ω,−ω, ω)EjEkEl cos(ωt) +

1

24
γijkl(−3ω;ω, ω, ω)EjEkEl cos(3ωt)

+
1

3
Aijk(0; 0)Ejk +

1

3
Aijk(−ω;ω)Ejk cos (ωt)

+
1

6
Bijkl(0; 0, 0)EjEkl

+
1

6
Bijkl(−ω; 0, ω)EjEkl cos (ωt) +

1

6
Bijkl(−ω;ω, 0)EjEkl cos (ωt)

+
1

12
Bijkl(0;ω,−ω)EjEkl +

1

12
Bijkl(−2ω;ω, ω)EjEkl cos(2ωt)

+
1

6
Bijkl(0; 0, 0)EjkEl

+
1

6
Bijkl(−ω; 0, ω)EjkEl cos (ωt) +

1

6
Bijkl(−ω;ω, 0)EjkEl cos (ωt)

+
1

12
Bijkl(0;ω,−ω)EjkEl +

1

12
Bijkl(−2ω;ω, ω)EjkEl cos(2ωt) + · · · .

(2.44)
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The quantum-mechanical expressions for the hyperpolarizabilities given in equa-

tions (2.26) to (2.29) allow for any relationships between them to be deduced. The

static B− and B−tensors are related by

Bijkl(0; 0, 0) = Biljk(0; 0, 0) (2.45)

so that

Bijkl(0; 0, 0)EjkEl = Biljk(0; 0, 0)EjkEl . (2.46)

Biljk(0; 0, 0)EjkEl can be rewritten as Bijkl(0; 0, 0)EjEkl by relabelling the dummy

subscripts. The dynamic first-harmonic dipole-dipole-quadrupole hyperpolariza-

bility tensors Bijkl(−ω; 0, ω) and Biljk(−ω;ω, 0) are related by

Bijkl(−ω; 0, ω) = Biljk(−ω;ω, 0) (2.47)

so that

Bijkl(−ω; 0, ω)EjkEl cos (ωt) = Biljk(−ω;ω, 0)EjkEl cos (ωt) , (2.48)

where Biljk(−ω;ω, 0)EjkEl can be written Bijkl(−ω;ω, 0)EjEkl. Similarly, the ten-

sors Bijkl(−ω; 0, ω) and Biklj(−ω;ω, 0) are related through

Bijkl(−ω; 0, ω) = Biklj(−ω;ω, 0) (2.49)

so that

Bijkl(−ω; 0, ω)EjEkl cos (ωt) = Biklj(−ω;ω, 0)EjEkl cos (ωt) , (2.50)

where Biklj(−ω;ω, 0)EjEkl is the same as Bijkl(−ω;ω, 0)EjkEl. The frequency-
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doubled dipole-dipole-quadrupole hyperpolarizabilities, which are of especial rele-

vance to this project, have the relationship

Bijkl(−2ω;ω, ω) = Biljk(−2ω;ω, ω) (2.51)

so that

Bijkl(−2ω;ω, ω)EjkEl = Biljk(−2ω;ω, ω)EjkEl . (2.52)

Relabelling of the dummy subscripts allows Biljk(−2ω;ω, ω)EjkEl to be rewritten as

Bijkl(−2ω;ω, ω)EjEkl.

The molecular dipole moment in equation (2.44) becomes

µi(t) =

[
µ
(0)
i + αij(0; 0)Ej +

1

2
βijk(0; 0, 0)EjEk +

1

4
βijk(0;ω,−ω)EjEk

+
1

6
γijkl(0; 0, 0, 0)EjEkEl +

1

4
γijkl(0;ω,−ω, 0)EjEkEl

+
1

3
Aijk(0; 0)Ejk +

1

3
Bijkl(0; 0, 0)EjEkl +

1

6
Bijkl(0;ω,−ω)EjEkl

]

+

[
αij(−ω;ω)Ej + βijk(−ω;ω, 0)EjEk +

1

2
γijkl(−ω;ω, 0, 0)EjEkEl

+
1

8
γijkl(−ω;ω,−ω, ω)EjEkEl +

1

3
Aijk(−ω;ω)Ejk

+
1

3
Bijkl(−ω;ω, 0)EjEkl +

1

3
Bijkl(−ω;ω, 0)EjkEl

]
cos (ωt)

+

[
1

4
βijk(−2ω;ω, ω)EjEk +

1

4
γijkl(−2ω;ω, ω, 0)EjEkEl

+
1

6
Bijkl(−2ω;ω, ω)EjEkl

]
cos(2ωt)

+

[
1

24
γijkl(−3ω;ω, ω, ω)EjEkEl

]
cos(3ωt) + · · · .

(2.53)
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Hence the polarization can be written as

µi(t) = µ0
i + µω

i cos(ωt) + µ2ω
i cos(2ωt) + µ3ω

i cos(3ωt) + · · · (2.54)

where the Fourier amplitudes are

µ0
i =µ

(0)
i + αij(0; 0)Ej +

1

2
βijk(0; 0, 0)EjEk +

1

4
βijk(0;ω,−ω)EjEk

+
1

6
γijkl(0; 0, 0, 0)EjEkEl +

1

4
γijkl(0;−ω, ω, 0)EjEkEl

+
1

3
Aijk(0; 0)Ejk +

1

3
Bijkl(0; 0, 0)EjEkl +

1

6
Bijkl(0;−ω, ω)EjEkl ,

(2.55)

µω
i =αij(−ω;ω)Ej + βijk(−ω;ω, 0)EjEk +

1

2
γijkl(−ω;ω, 0, 0)EjEkEl

+
1

8
γijkl(−ω;ω,−ω, ω)EjEkEl +

1

3
Aijk(−ω;ω)Ejk

+
1

3
Bijkl(−ω;ω, 0)EjEkl +

1

3
Bijkl(−ω;ω, 0)EjkEl ,

(2.56)

µ2ω
i =

1

4
βijk(−2ω;ω, ω)EjEk +

1

4
γijkl(−2ω;ω, ω, 0)EjEkEl

+
1

6
Bijkl(−2ω;ω, ω)EjEkl ,

(2.57)

and

µ3ω
i =

1

24
γijkl(−3ω;ω, ω, ω)EjEkEl . (2.58)

A similar treatment of the molecular electric quadrupole moment of equation (2.23)
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yields, after substitution of equations (2.35) and (2.37),

Θij(t) = Θ
(0)
ij + Aijk(−ωσ;ω1)

(
Ek + Ek cos (ωt)

)
+

1

2
Dijkl(−ωσ;ω1, ω2)

(
Ek + Ek cos (ωt)

)(
El + El cos (ωt)

)
+ Cijkl(−ωσ;ω1)

(
Ekl + Ekl cos (ωt)

)
+ · · · .

(2.59)

This expands to

Θij(t) = Θ
(0)
ij + Aijk(−ωσ;ω1)Ek + Aijk(−ωσ;ω1)Ek cos (ωt)

+
1

2
Dijkl(−ωσ;ω1, ω2)EkEl

+
1

2
Dijkl(−ωσ;ω1, ω2)EkEl cos (ωt)

+
1

2
Dijkl(−ωσ;ω1, ω2)EkEl cos (ωt)

+
1

2
Dijkl(−ωσ;ω1, ω2)EkEl cos

2 (ωt)

+ Cijkl(−ωσ;ω1)Ekl + Cijkl(−ωσ;ω1)Ekl cos (ωt) + · · · .

(2.60)
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Substitution of the trigonometric identity in equation (2.41) yields

Θij(t) = Θ
(0)
ij + Aijk(−ωσ;ω1)Ek + Aijk(−ωσ;ω1)Ek cos (ωt)

+
1

2
Dijkl(−ωσ;ω1, ω2)EkEl

+
1

2
Dijkl(−ωσ;ω1, ω2)EkEl cos (ωt)

+
1

2
Dijkl(−ωσ;ω1, ω2)EkEl cos (ωt)

+
1

2
Dijkl(−ωσ;ω1, ω2)EkEl

(
1

2
+

1

2
cos(2ωt)

)

+ Cijkl(−ωσ;ω1)Ekl + Cijkl(−ωσ;ω1)Ekl cos (ωt) + · · · .

(2.61)

The frequency arguments of the (hyper)polarizabilities can now be made explicit:

Θij(t) = Θ
(0)
ij + Aijk(0; 0)Ek + Aijk(−ω;ω)Ek cos (ωt)

+
1

2
Dijkl(0; 0, 0)EkEl

+
1

2
Dijkl(−ω; 0, ω)EkEl cos (ωt)

+
1

2
Dijkl(−ω;ω, 0)EkEl cos (ωt)

+
1

4
Dijkl(0;−ω, ω)EkEl

+
1

4
Dijkl(−2ω;ω, ω)EkEl cos (2ωt)

+ Cijkl(0; 0)Ekl + Cijkl(−ω;ω)Ekl cos (ωt) + · · · .

(2.62)
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This yields

Θij(t) =

[
Θ

(0)
ij + Aijk(0; 0)Ek +

1

2
Dijkl(0; 0, 0)EkEl +

1

4
Dijkl(0;−ω, ω)EkEl

+ Cijkl(0; 0)Ekl

]

+

[
Aijk(−ω;ω)Ek +Dijkl(−ω;ω, 0)EkEl + Cijkl(−ω;ω)Ekl

]
cos (ωt)

+

[
1

4
Dijkl(−2ω;ω, ω)EkEl

]
cos(2ωt) + · · · .

(2.63)

The quantum-mechanical expressions for the hyperpolarizabilities in equations (2.27)

to (2.29) yield for the static B− and D−tensors the relationship

Dijkl(0; 0, 0) = Bklij(0; 0, 0) ,

while the first-harmonic hyperpolarizabilities have the relationship

Dijkl(−ω;ω, 0) = Bklij(−ω; 0, ω) .

The total quadrupole moment becomes

Θij(t) =

[
Θ

(0)
ij + Aijk(0; 0)Ek +

1

2
Bklij(0; 0, 0)EkEl +

1

4
Dijkl(0;−ω, ω)EkEl

+ Cijkl(0; 0)Ekl

]

+

[
Aijk(−ω;ω)Ek +Bklij(−ω; 0, ω)EkEl + Cijkl(−ω;ω)Ekl

]
cos (ωt)

+

[
1

4
Dijkl(−2ω;ω, ω)EkEl

]
cos(2ωt) + · · · .

(2.64)
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Hence the quadrupole moment can be written as

Θij(t) = Θ0
ij +Θω

ij cos(ωt) + Θ2ω
ij cos(2ωt) + · · · (2.65)

where the Fourier amplitudes are

Θ0
ij =Θ

(0)
ij + Aijk(0; 0)Ek +

1

2
Bklij(0; 0, 0)EkEl +

1

4
Dijkl(0;−ω, ω)EkEl

+ Cijkl(0; 0)Ekl , (2.66)

Θω
ij = Aijk(−ω;ω)Ek +Bklij(−ω; 0, ω)EkEl + Cijkl(−ω;ω)Ekl , (2.67)

and

Θ2ω
ij =

1

4
Dijkl(−2ω;ω, ω)EkEl . (2.68)

2.4 The macroscopic induced dipole density

The macroscopic polarization (or macroscopic electric dipole moment per unit vol-

ume) of a medium under the influence of an applied electric field can be described

as a power series in the field:

Pα(t) = P (0)
α (t) + P (1)

α (t) + P (2)
α (t) + P (3)

α (t) + · · · , (2.69)

where P
(0)
α (t) is independent of the field, while P

(1)
α (t) is linear in the field, P

(2)
α (t) is

quadratic in the field, etc. P
(0)
α (t) is the permanent polarization which is present in

some crystals. For an isotropic medium, P
(0)
α (t) = 0. Here, the polarization Pα(t) is

referred to space-fixed axes since it is generally measured in the laboratory frame.
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As in equation (2.19), the dynamic component of the macroscopic applied electric

field Eα(t) can be written as

Eα(t) =
1

2

∑
ω

Eω
αe

−iωt , (2.70)

where the summation is over both positive and negative frequencies. The expansion

terms of equation (2.69) can be written as

P (n)
α (t) = ε0

∑
ω1, ··· , ωn

χ
(n)
αβ···ε(−ωσ;ω1, · · · , ωn)

1
2
Eω1

β · · · 1
2
Eωn

ε e−iωσt , (2.71)

where ωσ denotes the sum of optical frequencies, i.e. ωσ =
n∑

i=1

ωi. The macroscopic

polarization becomes

Pα(t) = ε0
∑
ω1

χ
(1)
αβ(−ωσ;ω1)

1
2
Eω1

β e−iωσt + ε0
∑
ω1, ω2

χ
(2)
αβγ(−ωσ;ω1, ω2)

1
2
Eω1

β
1
2
Eω2

γ e−iωσt

+ ε0
∑

ω1, ω2, ω3

χ
(3)
αβγδ(−ωσ;ω1, ω2, ω3)

1
2
Eω1

β
1
2
Eω2

γ
1
2
Eω3

δ e−iωσt + · · · .

(2.72)

For NLO processes such as SHG, THG and ESHG in non-resonant spectral regions,

a monochromatic laser beam (with single frequency ω) induces the NLO process. In

the case of ESHG, the light beam travels through the medium while it is subjected

to an applied uniform static electric field. The general case of application of a static

field with amplitude Eα(ω = 0) = E0
ω together with a laser beam having a field with

single frequency ω and amplitude Eα(ω) = Eω
α will be considered. The net applied

field can be written as

Eα(t) = E0
α + Eω

α cos (ωt) . (2.73)
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The notation can be simplified as done previously in the case of the microscopic

multipole expansion, by writing the static field as E0
ω ≡ Eα and the dynamic field

amplitude as Eω
α ≡ Eα, so that

Eα(t) = Eα + Eα cos (ωt) . (2.74)

The expansion terms P
(n)
α (t) of equation (2.69) can each be written as a Fourier

series having the general form

P (n)
α (t) = P (n)

α (0) + P (n)
α (ω) cos(ωt) + P (n)

α (2ω) cos(2ωt) + · · · . (2.75)

For an isotropic medium such as a gas, P
(0)
α (t) = 0, while the first-order polarization

will be

P (1)
α (t) = ε0χ

(1)
αβ(−ωσ;ω1)Eβ(t)

= ε0χ
(1)
αβ(0; 0)Eβ + ε0χ

(1)
αβ(−ω;ω)Eβ cos(ωt).

(2.76)

The second-order polarization is

P (2)
α (t) = ε0χ

(2)
αβγ(−ωσ;ω1, ω2)Eβ(t)Eγ(t)

= ε0χ
(2)
αβγ(−ωσ;ω1, ω2)

(
Eβ + Eβ cos(ωt)

)(
Eγ + Eγ cos(ωt)

)
= ε0

[
χ
(2)
αβγ(0; 0, 0)EβEγ + 2χ

(2)
αβγ(−ω;ω, 0)EβEγ cos(ωt)

+ χ
(2)
αβγ(−ωσ;ω1, ω2)EβEγ cos2(ωt)

]
.

(2.77)

The trigonometric identity given in equation (2.41), namely

cos2(ωt) =
1

2
+

1

2
cos(2ωt) , (2.78)
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allows equation (2.77) to be recast as

P (2)
α (t) = ε0

[
χ
(2)
αβγ(0; 0, 0)EβEγ +

1

2
χ
(2)
αβγ(0;ω,−ω)EβEγ

+ 2χ
(2)
αβγ(−ω;ω, 0)EβEγ cos(ωt) +

1

2
χ
(2)
αβγ(−2ω;ω, ω)EβEγ cos(2ωt)

]
.

(2.79)

Finally, the third-order polarization is

P (3)
α (t) = ε0χ

(3)
αβγδ(−ωσ;ω1, ω2, ω3)Eβ(t)Eγ(t)Eδ(t)

= ε0χ
(3)
αβγδ(−ωσ;ω1, ω2, ω3)

(
Eβ + Eβ cos(ωt)

)(
Eγ + Eγ cos(ωt)

)(
Eδ + Eδ cos(ωt)

)
= ε0

[
χ
(3)
αβγδ(−ωσ;ω1, ω2, ω3)EβEγEδ +

(
χ
(3)
αβγδ(−ωσ;ω1, ω2, ω3)EβEγEδ

+ χ
(3)
αβγδ(−ωσ;ω1, ω2, ω3)EβEγEδ + χ

(3)
αβγδ(−ωσ;ω1, ω2, ω3)EβEγEδ

)
cos(ωt)

+
(
χ
(3)
αβγδ(−ωσ;ω1, ω2, ω3)EβEγEδ + χ

(3)
αβγδ(−ωσ;ω1, ω2, ω3)EβEγEδ

+
(
χ
(3)
αβγδ(−ωσ;ω1, ω2, ω3)EβEγEδ

)
cos2(ωt)

+ χ
(3)
αβγδ(−ωσ;ω1, ω2, ω3)EβEγEδ cos3(ωt)

]
.

(2.80)

The trigonometric identity given in equation (2.42), namely

cos3(ωt) =
3

4
cos(ωt) +

1

4
cos(3ωt) , (2.81)
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is now also required. Substituted together with equation (2.78) into equation (2.80),

P
(3)
α (t) becomes

P (3)
α (t) = ε0

[
χ
(3)
αβγδ(0; 0, 0, 0)EβEγEδ +

3

2
χ
(3)
αβγδ(0;−ω, ω, 0)EβEγEδ

+ 3χ
(3)
αβγδ(−ω;ω, 0, 0)EβEγEδ cos(ωt)

+
3

4
χ
(3)
αβγδ(−ω;ω,−ω, ω)EβEγEδ cos(ωt)

+
3

2
χ
(3)
αβγδ(−2ω;ω, ω, 0)EβEγEδ cos(2ωt)

+
1

4
χ
(3)
αβγδ(−3ω;ω, ω, ω)EβEγEδ cos(3ωt)

]
.

(2.82)

The polarizability Fourier amplitude responsible for SHG is

P (2)
α (2ω) =

1

2
ε0χ

(2)
αβγ(−2ω;ω, ω)EβEγ (2.83)

while that responsible for THG is

P (3)
α (3ω) =

1

4
ε0χ

(3)
αβγδ(−3ω;ω, ω, ω)EβEγEδ . (2.84)

The polarizability amplitude which gives rise to ESHG is

P (3)
α (2ω) =

3

2
ε0χ

(3)
αβγδ(−2ω;ω, ω, 0)EβEγEδ . (2.85)
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2.5 The transition from microscopic to macro-

scopic polarization

The link between the induced microscopic molecular dipole moment and the induced

macroscopic polarization of a fluid is provided by [100, 101]

Pα = N µα =
NA

Vm

µα (2.86)

where µα is the orientational average of the electric dipole moment of a molecule

and N is the number density of molecules, NA being Avogadro’s number, and Vm

the molar volume.

In equation (2.86), the macroscopic polarization Pα is for a medium under the in-

fluence of a macroscopic applied electric field. It needs to be recognized that the

macroscopic Maxwell field Eα inside matter is a macroscopic spatial average, since

the microscopic charge distribution (comprised of electrons and nuclei) and resulting

fields are rapidly varying in an intractably complicated manner, necessitating sim-

plification. The spatial averaging is a mathematical procedure which smooths out

the microscopic spatial variations observed on length scales of the order of molec-

ular dimensions, yielding slowly varying macroscopic sources and fields [101, 102].

The macroscopic electric field has contributions both from sources external to the

material system (e.g. charges on a parallel-plate capacitor), and from the charges

of all the molecules comprising the system (e.g. a dielectric fluid inserted to fill the

space between the plates of the capacitor).

The microscopic polarization µα in equation (2.86) is for a single molecule under the

influence of the microscopic local electric field acting on the molecule. This local

field Eloc
α is the field arising from all external sources and from all of the molecules
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within the sample with the exception of the single molecule under consideration, and

is different to the applied field Eα. To obtain the macroscopic susceptibilities from

the microscopic (hyper)polarizabilities thus requires knowledge of the relationship

between the local and macroscopic fields. For rarefied gases, where the refractive

index approaches unity, the distinction between the local field and the macroscopic

field becomes negligible. In dense isotropic media such as non-dipolar fluids or cubic

crystals, Lorentz [103] was able to show that

Eloc
α = Eα +

1

3ε0
Pα . (2.87)

Kirkwood [104] considered a dielectric sphere of macroscopic dimension which is

small enough to be treated as a mathematical point, but which contains a sufficient

number of molecules such that molecular fluctuations average out to a constant

value. Assuming that the dominant contribution to the local field arises from the lin-

ear polarizability of the surrounding molecules, he was able express equation (2.87)

as

Eloc
α =

εr(ω) + 2

3
Eα , (2.88)

where εr(ω) is the frequency-dependent dielectric constant for a dynamic applied

field Eα ≡ Eω
α . For a static applied field Eα ≡ E0

α, equation (2.88) becomes

Eloc
α =

εr + 2

3
Eα , (2.89)

where εr is the static dielectric constant. Here, E
loc
α is called the Lorentz local field,

while the Lorentz local field factor relating the local and applied fields is

fL(ω) =
εr(ω) + 2

3
(2.90)



2.5. THE TRANSITION FROMMICROSCOPIC TOMACROSCOPIC POLARIZATION47

for dynamic fields, and

fL(0) =
εr + 2

3
(2.91)

for static fields. Fortunately, the mathematical simplicity afforded by the spherical

shape of the dielectric material does not lead to a loss of generality, since the di-

electric constant εr of a material is independent of the shape of the sample under

consideration.

For a fluid comprised of dipolar molecules, the external field will not only induce

dipoles, but will also tend to orient the permanent molecular dipole moments. On-

sager refined the Lorentz model to account for the orientational reactive forces which

are exerted between dipolar molecules [105], obtaining the Onsager local field factor

fO(0) =
εr

(
εr(∞) + 2

)
εr(∞) + 2εr

, (2.92)

where εr(∞) is the dielectric constant obtained through extrapolation of εr(ω) to

high frequencies. If the applied field arises from a visible beam of light, the elec-

tric field oscillates at optical frequency, and molecular inertial effects prevent any

alignment of dipoles with the alternating field, so that the Lorentz local field factor

in equation (2.90) still suffices, even for a dense fluid comprised of dipolar molecules.

Armstrong et. al have shown that the local field factors obtained above for linear

polarizabilities are readily extended to nonlinear (hyper)polarizabilities [12]. Boyd

provides a full derivation [6] based on the procedure of Bloembergen [106], showing

that equation (2.86) is valid for the Maxwell nonlinear polarization provided that

in the average of the electric dipole moment of a molecule, not only are each of the

incident local fields multiplied by their local field correction factor, but a local field

factor must also be included for the field generated by the nonlinear interaction (i.e.
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for the induced dipole which oscillates at the frequency ωσ).

2.6 Concluding remarks

First, a word of caution. In the scientific literature, the use of different conventions

in the definition of hyperpolarizabilities has resulted in significant confusion in the

comparison between hyperpolarizabilities either measured or calculated by different

research groups. The relationship between nonlinear susceptibilities and hyperpo-

larizabilities defined using the various different conventions has been examined by

Willetts, Rice, Burland and Shelton [107], and re-examined by Reis [92]. One of

the reasons we have been particular in deriving from first principles the multipole

expansion, the total molecular dipole moment, and the macroscopic susceptibilities

in this chapter is to provide a coherent foundation for the theory in subsequent

chapters, and a definitive means of comparing the conventions used here with the

others encountered in the literature.

In conclusion, the multipole expansion has successfully related many macroscopic

electromagnetic phenomena in matter to the microscopic structure of individual

molecules in gases (or of unit cells in crystals) [83, 86]. By means of it, the descrip-

tion of two interacting molecules can be simplified provided the separation of the

molecules is sufficiently large, allowing the individual molecules to be characterized

by a series of moments of charge. Equipped with the multipole expansion and the

expression for the total molecular electric dipole moment in the presence of both a

uniform static applied electric field and a dynamic light-wave electric field, it will be

possible to relate the induced dc ESHG to these microscopic (hyper)polarizabilities

and multipole moments.



Chapter 3

The Theory of ESHG for an Ideal

Gas

3.1 Electromagnetic theory in dielectric media

All electromagnetic phenomena which depend on the macroscopic electric fieldE(r, t)

and magnetic field B(r, t) are described by Maxwell’s macroscopic equations

∇ ·D = ρf , (3.1)

∇× E = −∂B

∂t
, (3.2)

∇ ·B = 0 , (3.3)

and

∇×H = Jf +
∂D

∂t
. (3.4)

49
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Here, ρf and Jf are the macroscopic “free” charge and current densities respectively,

and the auxiliary macroscopic response fields, to the order of electric and magnetic

dipole respectively, are defined as

D(r, t) = ε0E(r, t) +P(r, t) (3.5)

and

H(r, t) = µ−1
0 B(r, t)−M(r, t) . (3.6)

D and H can be termed response fields because the electric dipole moment density

P and the magnetic dipole moment density M include induced contributions aris-

ing from the response of matter to externally applied electric and magnetic fields

respectively.

In this work, we will be considering dielectric media, which means that there are no

free charges (i.e. ρf = 0) and no significant currents (i.e. Jf = 0). It is sufficient in

this project to work to electric dipole order, which means that the dipole magneti-

zation term M should not be included in equation (3.6). As has been articulated in

detail by Raab and de Lange [86], the reason for this is that in an application involv-

ing an electromagnetic response, the multipole contributions to D and H should be

of comparable magnitude. M is of magnetic dipole order, and is of the same multi-

pole order as the electric quadrupole contribution to D [86].

In the following two sections, we review the linear electro-optical effects of the di-

electric constant (for an ideal gas in the presence of a static applied electric field)

and the refractive index (for an ideal gas traversed by an applied monochromatic

light-wave field), which are both determined by the linear polarizability α. This pre-

pares the groundwork for tackling the molecular-tensor theory for dc ESHG, which
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is the analagous effect for the nonlinear hyperpolarizability γ. It also serves to es-

tablish the technique of orientational averaging, thus permitting the formulation of

a relationship between the macroscopic dipole polarization Pα and the microscopic

dipole µα of an individual molecule for the various electro-optical effects.

3.2 The dielectric constant of an ideal gas

Consider a sample of an ideal gas containing a number density N of identical

molecules (N = NA/Vm where NA is Avogadro’s number and Vm is the molar vol-

ume). This fluid is a homogeneous medium, and in the absence of any external

applied fields is isotropic on a macroscopic scale. Such a nonconducting material is

termed a dielectric. If the gas sample is placed in a uniform external static electric

field E, the applied field will induce a polarization of the medium through two pos-

sible mechanisms, namely from partial orientation of permanent molecular electric

dipole moments (if these exist), and through distortion of the electronic structure

of the molecules. The polarization of the medium results in a partial cancellation

of the electric field inside the dielectric, the resultant field remaining finite. Even

for a gas of non-dipolar molecules, the external field will induce electric dipoles and

higher multipoles in the molecules. The electric dipole approximation neglects the

contributions arising from these higher-order multipoles.

In the following analysis, it will be sufficient to work to electric-dipole order, so

that the auxiliary field D within the medium (which is often called the electric

displacement) is related to the macroscopic Maxwellian field E by

Dα = ε0Eα + Pα (3.7)

where D and E have been written in tensor notation as Dα and Eα respectively, ε0

is the permittivity of free space, and where Pα is the macroscopic dipole moment per
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unit volume, or dipole moment density, sometimes also called the dipole polarization.

(Throughout this thesis, Greek tensor subscripts pertain to the laboratory frame,

while Roman tensor subscripts pertain to molecule-fixed axes.) Since

Dα = εrε0Eα (3.8)

where εr is the static dielectric constant, equation (3.7) becomes

Pα = Dα − ε0Eα

= ε0(εr − 1)Eα .

(3.9)

Recall from equation (2.76) that the first-order (i.e. linear) macroscopic static po-

larization is

P (1)
α = ε0χ

(1)
αβ(0; 0)Eβ . (3.10)

This equation is general, in that it accounts for the response of an anisotropic

medium (as is the case for various crystalline media) to an applied field. Since we

are dealing specifically with gaseous media, which are isotropic, the induced dipole

will be parallel to the applied field, so that equation (3.10) reduces to

Pα = ε0χeEα . (3.11)

Here the dimensionless scalar macroscopic quantity χe is termed the electric sus-

ceptibility of the medium under consideration. Comparison of equations (3.9) and

(3.11) yields

χe = (εr − 1) . (3.12)
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Figure 3.1: Schematic of a dielectric cell containing a parallel-plate capacitor the capacitance of which can be measured with a
vacuum between the plates, or with the plates filled with a dielectric fluid. The laboratory reference frame O(x,y,z) is oriented such
that the z−axis is parallel to the direction of the uniform static electric field between the plates.
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Experimentally, the dielectric constant of a dielectric can be measured using a

parallel-plate capacitor with fixed potential, as shown in Figure 3.1. If the ca-

pacitor has a vacuum capacitance of C0, and if the dielectric is then allowed to fill

the space between the plates while the potential difference V between the plates is

held constant, the capacitance becomes C = εrC0. Note that the electric field be-

tween the plates remains fixed at E = V/d (where d is the plate separation) whether

the dielectric is present or absent. As dielectric is admitted, charge will flow to the

plates so that the polarization charge of the adjacent dielectric surfaces will be ex-

actly cancelled, as described on pp. 172-173 of Reference [102]. Various research

groups have used refined experimental techniques to obtain accurate measurements

of the dielectric constants of gases, such as reported in References [108, 109].

In equation (3.9) the macroscopic polarization can be related to the orientational

average of the electric dipole moment of a molecule via equation (2.86) so that

Pα = ε0(εr − 1)Eα = N µα =
NA

Vm

µα (3.13)

where µα is the orientational average of the electric dipole moment of a molecule and

N is the number of molecules per unit volume. The space-fixed laboratory frame

O(x, y, z) is oriented such that the z−axis is in the direction of the applied uniform

field, giving E = (0, 0, Ez). The induced polarization density in equation (3.13) sim-

plifies to Pz = N µz since the random molecular orientation in directions perpen-

dicular to the applied field means that the perpendicular polarization contributions

Px = N µx and Py = N µy will average to zero:

Pz = ε0(εr − 1)Ez =
NA

Vm

µz . (3.14)

It is reasonable to assume (for all but the lightest of molecules) that the rotational

energy levels are sufficiently close for the orientation σ to be treated as continuous,
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so that a classical rather than quantum mechanical treatment will suffice. This per-

mits a Boltzmann-type weighting factor to be used in determining the orientational

average µz [74, 110]. The biased orientational average of a molecular quantity X in

configuration σ in the presence of the biasing influence of the applied field E is

X = X(σ,E) =

∫
X(σ,E) e−U(σ,E)/kTdσ∫

e−U(σ,E)/kTdσ
. (3.15)

Here, U(σ,E) is the energy of the molecule, given by

U(σ,E) = −
∫ E

0

µi dEi . (3.16)

As discussed in Section 2.5, a microscopic quantity X is for a single molecule under

the influence of the local field acting on the molecule. Rather than correcting for

each instance of the field using equation (2.89), it is more convenient to proceed

using the applied (Maxwell) field, bearing in mind that once the final expression for

X has been obtained, adjustments for the local field factor must then be made as

appropriate. The biased average X is converted into isotropic averages through a

Taylor series expansion of X in powers of Eα,

X = X(σ,E) = A+BEα + C E2
α + · · · , (3.17)

where

A =
(
X(σ,E)

)
Eα=0

, B =

(
∂X(σ,E)

∂Eα

)
Eα=0

and C =
1

2

(
∂2X(σ,E)

∂E2
α

)
Eα=0

.

(3.18)

The isotropic average of a property X(σ,E) with E = 0 is denoted as ⟨X⟩, and is

〈
X
〉
=

∫
X(σ, 0)e−U(σ,0)/kTdσ∫

e−U(σ,0)/kTdσ
. (3.19)
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The coefficients in equation (3.18) are now evaluated from equation (3.15), where

the partial derivatives will be evaluated using the product rule. Firstly,

A =
〈
X
〉
. (3.20)

The Leibnitz integral rule, in the special case where the limits of integration are

constants (given by a and b below), states that [111]

d

dx

(∫ b

a

f(x, t) dt

)
=

∫ b

a

∂

∂x
f(x, t) dt . (3.21)

Hence,

(
∂X(σ,E)

∂Eα

)
=

∫ ∂X(σ,E)
∂Eα

e−U(σ,E)/kTdσ∫
e−U(σ,E)/kTdσ

− 1

kT

∫
X(σ,E)∂U(σ,E)

∂Eα
e−U(σ,E)/kTdσ∫

e−U(σ,E)/kTdσ

+
1

kT

(∫
X(σ,E)e−U(σ,E)/kTdσ

)(∫ ∂U(σ,E)
∂Eα

e−U(σ,E)/kTdσ
)

(∫
e−U(σ,E)/kTdσ

)2 ,

(3.22)

where
(

∂X(σ,E)
∂Eα

)
is the partial derivative of the Boltzmann average X(σ,E) with

respect to the applied field Eα, so that

B =

(
∂X(σ,E)

∂Eα

)
Eα=0

=

〈
∂X

∂Eα

〉
− 1

kT

〈
X

∂U

∂Eα

〉
+

1

kT

〈
X
〉〈 ∂U

∂Eα

〉
. (3.23)

The expression for C is obtained in an analagous procedure to that for B above. The

double partial derivative of X(σ,E) which appears in equation (3.18) is evaluated
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by taking ∂/∂Eα of
(
∂X(σ,E)/∂Eα

)
in equation (3.22), which yields

C =
1

2

〈
∂2X

∂E2
α

〉
− 1

2kT

{
2

〈
∂X

∂Eα

∂U

∂Eα

〉
− 2

〈
∂X

∂Eα

〉〈
∂U

∂Eα

〉

+

〈
X

∂2U

∂E2
α

〉
−
〈
X
〉〈∂2U

∂E2
α

〉}

+
1

2k2T 2

{〈
X

(
∂U

∂Eα

)2
〉

−
〈
X
〉〈( ∂U

∂Eα

)2
〉

− 2

〈
X

∂U

∂Eα

〉〈
∂U

∂Eα

〉
+ 2
〈
X
〉〈 ∂U

∂Eα

〉〈
∂U

∂Eα

〉}
.

(3.24)

From equation (2.55), for a molecule in a uniform static external electric field E the

total dipole moment is given by

µi = µ
(0)
i + αij(0; 0)Ej +

1

2
βijk(0; 0, 0)EjEk +

1

6
γijkl(0; 0, 0, 0)EjEkEl + · · · .

(3.25)

Equation (3.25) in equation (3.16) yields

U(σ,E) = U (0) − µ
(0)
i Ei −

1

2
αij(0; 0)EiEj −

1

6
βijk(0; 0, 0)EiEjEk

− 1

24
γijkl(0; 0, 0, 0)EiEjEkEl − · · · .

(3.26)

The transformation of the electric field from the laboratory frame (i.e. space-fixed

axes) into molecule-fixed axes is obtained using the direction cosine as follows:

Ei = aiαEα . (3.27)

Since the electric field Eα has as its only non-zero component Ez, Ei becomes
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Ez a
i
z = Ez a

z
i , so that equations (3.25) and (3.26) become

µi = µ
(0)
i + αij(0; 0)Ez a

z
j +

1

2
βijk(0; 0, 0)E

2
z a

z
ja

z
k +

1

6
γijkl(0; 0, 0, 0)E

3
z a

z
ja

z
ka

z
l + · · ·

(3.28)

and

U(σ,E) = U (0) − µ
(0)
i Ez a

z
i −

1

2
αij(0; 0)E

2
z a

z
i a

z
j −

1

6
βijk(0; 0, 0)E

3
z a

z
i a

z
ja

z
k

− 1

24
γijkl(0; 0, 0, 0)E

4
z a

z
i a

z
ja

z
ka

z
l − · · · .

(3.29)

Equation (3.17) provides

µz = µz(σ,E) = A+BEz + C E2
z + · · · , (3.30)

where

A =
(
µz(σ,E)

)
Ez=0

, B =

(
∂µz(σ,E)

∂Ez

)
Ez=0

and C =
1

2

(
∂2µz(σ,E)

∂E2
z

)
Ez=0

.

(3.31)

Obtaining expressions for A, B and C requires evaluation of the isotropic averages

of the direction cosines or products of directions cosines, the procedures for which

are well-established [74, 85, 112]. Many of the isotropic averages evaluate to zero,

for example

〈
axi

〉
=
〈
ayi

〉
=
〈
azi

〉
= 0. (3.32)

The non-vanishing isotropic averages used in this work are now summarized:

〈
axi a

x
j

〉
=
〈
ayi a

y
j

〉
=
〈
azi a

z
j

〉
=

1

3
δij, (3.33)
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〈
axi a

y
ja

z
k

〉
=

1

6
εijk (3.34)

where εijk is the Levi-Civita tensor, which is +1 or −1 if i, j, k is respectively an

even or odd permutation of 1, 2, 3, or is zero if any two of the subscripts i, j, k are

the same,

〈
axi a

x
ja

x
ka

x
l

〉
=
〈
ayi a

y
ja

y
ka

y
l

〉
=
〈
azi a

z
ja

z
ka

z
l

〉
=

1

15

(
δijδkl + δikδjl + δilδjk

)
(3.35)

and

〈
axi a

x
ja

y
ka

y
l

〉
=
〈
ayi a

y
ja

z
ka

z
l

〉
=
〈
azi a

z
ja

x
ka

x
l

〉
=

1

30

(
4δijδkl − δikδjl − δilδjk

)
. (3.36)

Equation (3.28) gives

µz(σ,E) = µi a
z
i = µ

(0)
i azi + αij(0; 0)Ez a

z
i a

z
j +

1

2
βijk(0; 0, 0)E

2
z a

z
i a

z
ja

z
k

+
1

6
γijkl(0; 0, 0, 0)E

3
z a

z
i a

z
ja

z
ka

z
l + · · · ,

(3.37)

so that equation (3.31) yields

A =
(
µz(σ,E)

)
Ez=0

=
〈
µz

〉
. (3.38)

By setting Ez = 0 in equation (3.37) this becomes

A = µ
(0)
i

〈
azi

〉
= 0 . (3.39)

In a similar fashion, use of equation (3.23) yields

B =

(
∂µz

∂Ez

)
Ez=0

=

〈
∂µz

∂Ez

〉
− 1

kT

〈
µz

∂U

∂Ez

〉
+

1

kT

〈
µz

〉〈 ∂U

∂Ez

〉
. (3.40)
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Since A =
〈
µz

〉
= 0, the expression for B reduces to

B =

〈
∂µz

∂Ez

〉
− 1

kT

〈
µz

∂U

∂Ez

〉
. (3.41)

Equation (3.37) provides

(
∂µz

∂Ez

)
Ez=0

= αij(0; 0) a
z
i a

z
j , (3.42)

so that

〈
∂µz

∂Ez

〉
= αij(0; 0)

〈
azi a

z
j

〉
=

1

3
αij(0; 0) δij =

1

3
αii(0; 0) = α(0; 0) (3.43)

where

α(0; 0) =
1

3
αii(0; 0) =

1

3

(
α11(0; 0) + α22(0; 0) + α33(0; 0)

)
(3.44)

is the mean static polarizability.

Similarly, equation (3.29) provides

(
∂U

∂Ez

)
Ez=0

= −µ
(0)
j azj (3.45)

so that

(
µz

∂U

∂Ez

)
Ez=0

= −µ
(0)
i µ

(0)
j azi a

z
j (3.46)

and

〈
µz

∂U

∂Ez

〉
= −µ

(0)
i µ

(0)
j

〈
azi a

z
j

〉
= −1

3
µ
(0)
i µ

(0)
j δij = −1

3

(
µ
(0)
i

)2
. (3.47)

A similar analysis yields C = 0. The leading non-vanishing term in the expansion
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of µz is thus in Ez, and gathering the terms in equation (3.41) yields

B =

α(0; 0) +

(
µ
(0)
i

)2
3kT

 (3.48)

such that equation (3.30) becomes

µz =

α(0; 0) +

(
µ
(0)
i

)2
3kT

 Ez . (3.49)

Bearing in mind the earlier caveat that this expression for the orientational average

µz is for a single molecule under the influence of the local electric field acting on the

molecule, it must now be written explicitly as

µz =

α(0; 0) +

(
µ
(0)
i

)2
3kT

 Eloc
z . (3.50)

The classic Langevin-Debye result [113–116] is obtained if the Lorentz local field

factor fL(0) for a static applied electric field, given by equation (2.92), is used to

relate the local and applied fields via Eloc
α = fL(0)Eα for both the distortion and

orientation components of equation (3.50), which then becomes

µz =

α(0; 0) +

(
µ
(0)
i

)2
3kT

 (
εr + 2

3

)
Ez . (3.51)

Substituting equation (3.51) into equation (3.14) for the dipole polarization yields

Pz = ε0(εr − 1)Ez =
NA

Vm

(
εr + 2

3

) α(0; 0) +

(
µ
(0)
i

)2
3kT

Ez , (3.52)

which when rearranged for the total (or molar) polarization TP provides the Langevin-
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Debye equation

TP =
εr − 1

εr + 2
Vm =

NA

3ε0

α(0; 0) +

(
µ
(0)
i

)2
3kT

 . (3.53)

In the case of a gaseous dielectric comprised of non-dipolar molecules, where there

is no permanent electric dipole moment, the Langevin-Debye equation reduces to

the Clausius-Mossotti equation [117, 118]

TP =
εr − 1

εr + 2
Vm =

NAα(0; 0)

3ε0
. (3.54)

Osager refined the Langevin-Debye equation, showing that one cannot use the

Lorentz local field factor to relate the Maxwell field to the local field of the term

in equation (3.50) which describes the partial orientation of permanent dipole mo-

ments, since it does not account for the orientational reactive forces which are ex-

erted between dipolar molecules [105]. Rather, the Onsager local field factor given in

equation (2.92) should be used. This subtlety is probed in detail by Böttcher [100],

and is not further examined here since this project only considers gases comprised

of non-dipolar molecules.

3.3 The index of refraction of an ideal gas

The theory of the refractive index n of an ideal gas is closely analagous to that for

the dielectric constant εr of an ideal gas presented in the previous section. The

equation linking the two theories is

n2 = εrµr , (3.55)

where departures of the relative permeability µr from µr = 1 is assumed to be

negligible for dilute gases comprised of non-magnetic molecules. In the theory of
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the dielectric constant of an ideal gas, the gas sample was placed in a uniform

static electric field E. For the theory of the refractive index of an ideal gas, this

static electric field is replaced by the dynamic electric field of a light beam, which is

typically a monochromatic laser beam with electric field Eα cos(ωt), as illustrated in

Figure 3.2. Equation (3.9) for the macroscopic dipole moment density, Pα, becomes

Pα(t) = ε0

(
εr(ω)− 1

)
Eα cos(ωt) (3.56)

where εr(ω) is the frequency-dependent dielectric constant of the gas, and Eα cos(ωt)

is the oscillating macroscopic Maxwellian electric field of the light wave (of frequency

ω). The polarizability Fourier amplitude is

Pα(ω) = ε0

(
εr(ω)− 1

)
Eα (3.57)

which can be compared to that obtained from equation (2.76), which accounts in

general for an anisotropic medium:

P (1)
α (ω) = ε0χ

(1)
αβ(−ω;ω)Eβ . (3.58)

For a gaseous medium, which is isotropic, this reduces to

Pα(ω) = ε0χe(ω)Eα (3.59)

where the scalar quantity χe(ω) is the dynamic electric susceptibility of the medium

under investigation. Equations (3.57), (3.55) and (3.59) yield

χe(ω) =
(
εr(ω)− 1

)
=
(
n2(ω)− 1

)
. (3.60)



64
C
H
A
P
T
E
R

3.
T
H
E
T
H
E
O
R
Y

O
F
E
S
H
G

F
O
R

A
N

ID
E
A
L
G
A
S

Figure 3.2: Schematic of a refractivity cell which would be placed in one arm of an interferometer. The laboratory reference frame
O(x,y,z) is oriented such that the z−axis is parallel to the direction of the oscillating electric field of the light wave.
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The refractive index of a dielectric is typically measured interferometrically, using

a monochromatic laser beam of known frequency. For example, using a Michelson

interferometer, an evacuated cell with optical windows can be placed in the light

path along one arm of the interferometer, and can then be slowly filled with the

desired gas to a known final pressure. As the gas fills the cell, there will be fringe

shifts (which arise because the wavelength of the light inside the gas changes), and

these fringe shifts can be used to determine the refractive index. More sophisticated

interferometric techniques for measuring the refractive indices of gases have been

reported in the literature, for example [119–121].

Equations (3.57) and (2.86) combine to give

Pα(ω) = ε0

(
εr(ω)− 1

)
Eα = N µα =

NA

Vm

µα . (3.61)

If the incident beam is plane polarized (a condition which is not necessary, but which

helps to simplify the theoretical analysis), and the laboratory frame O(x, y, z) is

oriented such that y is in the direction of propagation of the light beam, the electric

field of which oscillates in the yz plane such that Eα = (0, 0,Ez), then the induced

polarization density simplifies to Pz = N µz, and equation (3.61) becomes

Pz(ω) = ε0

(
εr(ω)− 1

)
Ez =

NA

Vm

µz . (3.62)

From equation (2.9), for a molecule in the presence of the light-wave electric field

the total dipole moment is given by

µi = µ
(0)
i + αij(−ω;ω)Ej +

1

8
γijkl(−ω;ω,−ω, ω)EjEkEl + · · · . (3.63)

The biased orientational average µz in equation (3.61) is evaluated using a procedure

analogous to that for the dielectric constant in Section (3.2). In the present case,



66 CHAPTER 3. THE THEORY OF ESHG FOR AN IDEAL GAS

with the applied field oscillating at optical frequency, molecular inertial effects pre-

vent any alignment of dipoles with the alternating field, so that the energy U(σ,Ez)

of the molecule is simply the free energy of the molecule,

U(σ,Ez) = U(σ) = U (0) . (3.64)

Here, the biased average µz is converted into isotropic averages through a Taylor

series expansion of µz in powers of Ez, namely

µz = µz(σ,E ) = A+B Ez + C E 2
z + · · · , (3.65)

where

A =
(
µz(σ,E )

)
Ez=0

, B =

(
∂µz(σ,E )

∂Ez

)
Ez=0

and C =
1

2

(
∂2µz(σ,E )

∂E 2
z

)
Ez=0

.

(3.66)

The leading non-vanishing term in the expansion is

B =

〈
∂µz

∂Ez

〉
− 1

kT

〈
µz

∂U

∂Ez

〉
, (3.67)

and since from equation (3.64)

∂U

∂Ez

= 0 , (3.68)

the temperature-dependent term in equation (3.67) drops to zero, this being a direct

consequence of the light-wave field having no orienting effect on the molecules in the

gas sample. B reduces to the contribution arising from distortion by the light-wave
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field of the electronic structure of the molecules:

B =

〈
∂µz

∂Ez

〉
. (3.69)

Equation (3.63) gives

µi = µ
(0)
i + αij(−ω;ω)Eza

z
j +

1

8
γijkl(−ω;ω,−ω, ω)E 3

z a
z
ja

z
ka

z
l + · · · , (3.70)

so that

µz(σ,E ) = µia
z
i = µ

(0)
i azi + αij(−ω;ω)Eza

z
i a

z
j +

1

8
γijkl(−ω;ω,−ω, ω)E 3

z a
z
i a

z
ja

z
ka

z
l + · · · .

(3.71)

Hence,

(
∂µz

∂Ez

)
Ez=0

= αij(−ω;ω) azi a
z
j , (3.72)

so that

B =

〈
∂µz

∂Ez

〉
= αij(−ω;ω)

〈
azi a

z
j

〉
=

1

3
αij(−ω;ω) δij =

1

3
αii(−ω;ω) = α(−ω;ω)

(3.73)

where

α(−ω;ω) =
1

3
αii(−ω;ω) =

1

3

(
α11(−ω;ω) + α22(−ω;ω) + α33(−ω;ω)

)
(3.74)

is the mean dynamic polarizability. Equation (3.65) becomes

µz = α(−ω;ω)Ez , (3.75)

where Ez is the local field acting on the molecule, so that this expression for µz
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should be written explicitly as

µz = α(−ω;ω)E loc
z . (3.76)

Invoking the Lorentz local field factor fL(ω) for dynamic fields, given in equa-

tion (2.90), and substituting into equation (3.62) yields

Pz(ω) = ε0

(
εr(ω)− 1

)
Ez =

NA

Vm

α(−ω;ω)

(
εr(ω) + 2

3

)
Ez . (3.77)

This equation, together with equation (3.55), yields the Lorentz-Lorenz relation for

the molar refraction Rm of an ideal gas [122, 123]

Rm =
n2 − 1

n2 + 2
Vm =

NA

3ε0
α(−ω;ω) . (3.78)

3.4 ESHG in an ideal gas

In dc ESHG the medium is perturbed by a combination of both a static and a

dynamic electric field by passing a polarized laser beam with oscillating electric

field Eα cos(ωt) through the gas in the presence of a static applied electric field Eα,

as shown in Figure 3.3. The space-fixed laboratory frame O(x, y, z) is oriented such

that the z−axis is in the direction of the applied uniform field, giving E = (0, 0, Ez).

The most common experimental arrangement has the light-wave field also polarized

in the z−direction, and propagating in the y−direction, and this will be treated in

the next section. The other significant experimental arrangement, which has the

optical field polarized perpendicular to the static field (i.e. in the x−direction), will

be treated in Section 3.4.2.
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3.4.1 Static and dynamic fields with parallel polarization

The third-order polarization Fourier amplitude which gives rise to ESHG has been

provided in equation (2.85), namely

P (3)
α (2ω) =

3

2
ε0χ

(3)
αβγδ(−2ω;ω, ω, 0)EβEγEδ . (3.79)

This macroscopic polarization is related to the orientational average of a single

molecule’s electric dipole moment via equation (2.86), so that

P (3)
α (2ω) =

3

2
ε0χ

(3)
αβγδ(−2ω;ω, ω, 0)EβEγEδ = N µ2ω

α =
NA

Vm

µ2ω
α . (3.80)

As was found for the linear electromagnetic effects of dielectric constant and refrac-

tive index (explored in sections 3.2 and 3.3, respectively), the induced polarization

density in equation (3.80) simplifies to Pz = N µ2ω
z since the random molecular

orientation in directions perpendicular to the applied fields means that the perpen-

dicular polarization contributions Px = N µ2ω
x and Py = N µ2ω

y will average to

zero:

P (3)
z (2ω) =

3

2
ε0χ

(3)
zβγδ(−2ω;ω, ω, 0)EβEγEδ =

NA

Vm

µ2ω
z . (3.81)

Here the experimental arrangement has the light-wave field polarized in the same

direction as the applied static field, both in the z−direction of the laboratory frame,

so that this becomes

P (3)
z (2ω) =

3

2
ε0χ

(3)
zzzz(−2ω;ω, ω, 0)E 2

z Ez =
NA

Vm

µ2ω
z . (3.82)
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Figure 3.3: Schematic of the ESHG experiment for the particular case of static and dynamic fields having parallel polarization.
The laboratory reference frame O(x,y,z) is oriented such that the z−axis is parallel to the direction of both the uniform static
electric field and the oscillating light-wave field. A carbon dioxide molecule is shown with molecule-fixed axes O(1,2,3). The induced
second-harmonic dipole moment yields the frequency-doubled light wave.
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The task that remains is to evaluate µ2ω
z . For an isolated molecule within a sample

of ideal gas in the presence of combined static and dynamic electric fields with

parallel polarization, the total dipole moment oscillating at frequency 2ω is given

by equation (2.57), namely

µ2ω
i =

1

4
βijk(−2ω;ω, ω)EjEk +

1

4
γijkl(−2ω;ω, ω, 0)EjEkEl + · · · . (3.83)

Using the direction cosines aαi = aiα between the α space-fixed axes and the i

molecule-fixed axes, and with both fields polarized in the z−direction, the relation-

ships between the applied fields expressed in molecule-fixed axes and space-fixed

axes becomes

Ei = Eαa
i
α = Eza

i
z (3.84)

and

Ei = Eαa
i
α = Eza

i
z . (3.85)

Then

µ2ω
i =

1

4
βijk(−2ω;ω, ω)E 2

z a
z
ja

z
k +

1

4
γijkl(−2ω;ω, ω, 0)E 2

z Eza
z
ja

z
ka

z
l + · · · . (3.86)

with

µ2ω
z = µ2ω

i azi . (3.87)

The energy of the molecule is also required when evaluating the orientational average

of µ2ω
z , and is obtained from the total molecular electric dipole moment µi in the

presence of the light-wave field and the applied field, bearing in mind that the terms

in the optical field Eα must in fact be omitted, since Eα has no orienting effect on
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a molecule. µi is given by equation (2.55) with terms in Ei set to zero, yielding the

same result as for equation (3.25) in the analysis of the dielectric constant, namely

µi = µ
(0)
i + αij(0; 0)Ej +

1

2
βijk(0; 0, 0)EjEk +

1

6
γijkl(0; 0, 0, 0)EjEkEl + · · · .

(3.88)

From equation (3.16), for a neutral molecule in a uniform applied electric field,

U(σ,E) = −
∫ E

0

µi dEi . (3.89)

Substituting equation (3.88) into this gives an expression for the energy of the mol-

ecule that is identical to the one in equation (3.26),

U(σ,E) = U (0) − µ
(0)
i Ei −

1

2
αij(0; 0)EiEj −

1

6
βijk(0; 0, 0)EiEjEk

− 1

24
γijkl(0; 0, 0, 0)EiEjEkEl − · · · .

(3.90)

Setting Ei = Eza
i
z in equation (3.90) establishes the expression for the energy that

will be required in deriving µ2ω
z :

U(σ,E) = U (0) − µ
(0)
i Ez a

z
i −

1

2
αij(0; 0)E

2
z a

z
i a

z
j −

1

6
βijk(0; 0, 0)E

3
z a

z
i a

z
ja

z
k

− 1

24
γijkl(0; 0, 0, 0)E

4
z a

z
i a

z
ja

z
ka

z
l − · · · .

(3.91)

In a procedure analagous to the treatment of the linear electro-optic effects in Sec-

tions 3.2 and 3.3, the biased average µ2ω
z is converted into isotropic averages through

a Taylor series expansion of µ2ω
z in powers of the applied field Ez.

µ2ω
z = µ2ω

z (σ,E) = A+BEz + C E2
z + · · · , (3.92)
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where

A =
(
µ2ω
z (σ,E)

)
Ez=0

, (3.93)

B =

(
∂µ2ω

z (σ,E)

∂Ez

)
Ez=0

(3.94)

and

C =
1

2

(
∂2µ2ω

z (σ,E)

∂E2
z

)
Ez=0

. (3.95)

From equations (3.86) and (3.87),

µ2ω
z (σ,E) = µ2ω

i azi =
1

4
βijk(−2ω;ω, ω)E 2

z a
z
i a

z
ja

z
k

+
1

4
γijkl(−2ω;ω, ω, 0)E 2

z Eza
z
i a

z
ja

z
ka

z
l + · · · .

(3.96)

It follows that

A =
(
µ2ω
z (σ,E)

)
Ez=0

=
1

4
βijk(−2ω;ω, ω)E 2

z

〈
azi a

z
ja

z
k

〉
= 0 (3.97)

since, according to equation (3.34),
〈
azi a

z
ja

z
k

〉
= 0.

The leading term is B, which has been evaluated in equation (3.40), giving

B =

(
∂µ2ω

z

∂Ez

)
Ez=0

=

〈
∂µ2ω

z

∂Ez

〉
− 1

kT

〈
µ2ω
z

∂U

∂Ez

〉
+

1

kT

〈
µ2ω
z

〉〈 ∂U

∂Ez

〉
. (3.98)
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Since A =
〈
µ2ω
z

〉
= 0, the expression for B reduces to

B =

〈
∂µ2ω

z

∂Ez

〉
− 1

kT

〈
µ2ω
z

∂U

∂Ez

〉
. (3.99)

Equation (3.96) provides

(
∂µ2ω

z

∂Ez

)
Ez=0

=
1

4
γijkl(−2ω;ω, ω, 0)E 2

z a
z
i a

z
ja

z
ka

z
l , (3.100)

and so〈
∂µ2ω

z

∂Ez

〉
=

1

4
γijkl(−2ω;ω, ω, 0)E 2

z

〈
azi a

z
ja

z
ka

z
l

〉

=
1

4
γijkl(−2ω;ω, ω, 0)E 2

z · 1

15

(
δijδkl + δikδjl + δilδjk

)

=
1

60

[
γiijj(−2ω;ω, ω, 0) + γijij(−2ω;ω, ω, 0) + γijji(−2ω;ω, ω, 0)

]
E 2
z .

(3.101)

Since γijkl(−2ω;ω, ω, 0) is symmetric in the suffices jk, equation (3.101) reduces to

〈
∂µ2ω

z

∂Ez

〉
=

1

60

[
2γiijj(−2ω;ω, ω, 0) + γijji(−2ω;ω, ω, 0)

]
E 2
z . (3.102)

From equation (3.96),

(
µ2ω
z

)
Ez=0

=
1

4
βijk(−2ω;ω, ω)E 2

z azi a
z
ja

z
k , (3.103)

while from equation (3.91)

(
∂U

∂Ez

)
Ez=0

= −µ
(0)
l azl , (3.104)
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so that

(
µ2ω
z

∂U

∂Ez

)
Ez=0

= −1

4
βijk(−2ω;ω, ω)µ

(0)
l E 2

z azi a
z
ja

z
ka

z
l . (3.105)

Hence〈
µ2ω
z

∂U

∂Ez

〉
= −1

4
βijk(−2ω;ω, ω)µ

(0)
l E 2

z

〈
azi a

z
ja

z
ka

z
l

〉

= −1

4
βijk(−2ω;ω, ω)µ

(0)
l E 2

z · 1

15

(
δijδkl + δikδjl + δilδjk

)

= − 1

60

[
βiij(−2ω;ω, ω)µ

(0)
j + βiji(−2ω;ω, ω)µ

(0)
j + βjii(−2ω;ω, ω)µ

(0)
j

]
E 2
z .

(3.106)

βijk(−2ω;ω, ω) is symmetric in the suffices jk so that equation (3.106) reduces to

〈
µ2ω
z

∂U

∂Ez

〉
= − 1

60

[
2βiij(−2ω;ω, ω)µ

(0)
j + βjii(−2ω;ω, ω)µ

(0)
j

]
E 2
z . (3.107)

From equation (3.92),

µ2ω
z = BEz =

[〈
∂µ2ω

z

∂Ez

〉
− 1

kT

〈
µ2ω
z

∂U

∂Ez

〉]
Ez , (3.108)

hence

µ2ω
z =

1

4

[
γESHG
∥ +

µ3

3kT
βESHG
∥

]
E 2
z Ez . (3.109)

Here the experimentally measurable hyperpolarizabilities γESHG
∥ and βSHG

∥ have a

parallel subscript to indicate that both applied fields (static and dynamic) have

parallel polarization, and from equations (3.102) and (3.107) respectively, they are
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given by

γESHG
∥ =

1

15

(
2γiijj(−2ω;ω, ω, 0) + γijji(−2ω;ω, ω, 0)

)
(3.110)

and

βSHG
∥ =

1

5

(
2βii3(−2ω;ω, ω) + β3ii(−2ω;ω, ω)

)
. (3.111)

In equation (3.109), it must be remembered that each of the incident fields are local

fields, and these are now written explicitly as such:

µ2ω
z =

1

4

[
γESHG
∥ +

µ3

3kT
βSHG
∥

] (
E loc
z

)2
Eloc

z . (3.112)

The local fields are related to the applied fields via equation (2.92) for the Lorentz

local field factor fL(0) for the static applied field and via equation (2.90) for the

Lorentz local field factor fL(ω) for the applied light-wave field. In addition, a local

field correction factor fL(2ω) must also be included for the field generated by the

nonlinear action, arising from the induced dipole oscillating at frequency 2ω. Hence,

equation (3.112) becomes

µ2ω
z = fL(0)f

2
L(ω)fL(2ω)

1

4

[
γESHG
∥ +

µ3

3kT
βSHG
∥

]
E 2
z Ez (3.113)

where

fL(0)f
2
L(ω)fL(2ω) =

(
εr + 2

3

)(
εr(ω) + 2

3

)2(
εr(2ω) + 2

3

)

=

(
εr + 2

3

)(
n2
ω + 2

3

)2(
n2
2ω + 2

3

)
.

(3.114)

Here, nω is the refractive index of the gas at frequency ω. While equation (3.113)

will hold for a gas of non-dipolar molecules at lower pressures, for a gas at higher
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pressures or comprised of strongly dipolar molecules, the Lorentz local field factor

fL(0) for the static applied field would need to be replaced by the Onsager local field

factor fO(0) given in equation (2.92).

The third-order polarization given in equation (3.82) is

P (3)
z (2ω) =

3

2
ε0χ

(3)
zzzz(−2ω;ω, ω, 0)E 2

z Ez =
NA

Vm

µ2ω
z , (3.115)

and substituting in for µ2ω
z given by equation (3.113), it follows that

3

2
ε0χ

(3)
zzzz(−2ω;ω, ω, 0)E 2

z Ez =
NA

Vm

fL(0)f
2
L(ω)fL(2ω)

1

4

[
γESHG
∥ +

µ3

3kT
βSHG
∥

]
E 2
z Ez .

(3.116)

Hence, the third-order susceptibility is found to be

χ(3)
zzzz(−2ω;ω, ω, 0) =

1

6
fL(0)f

2
L(ω)fL(2ω)

NA

ε0Vm

[
γESHG
∥ +

µ3

3kT
βSHG
∥

]
. (3.117)

This equation was first obtained by Kielich [17–21], and has been used in the extrac-

tion of molecular hyperpolarizabilities from gas-phase measurements of the third-

order nonlinear optical susceptibilities of a range of atoms and small molecules [22–

53].

Attention is now focused on the case in which the optical field is polarized per-

pendicular to the static field.

3.4.2 Dynamic field polarized perpendicular to static field

dc ESHG experiments have also been undertaken with the light-wave field polarized

perpendicular to the static applied field [22, 23, 25–28]. If the laboratory frame

O(x, y, z) is oriented such that the relatively strong static applied field is in the
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z−direction while the (relatively weak) oscillating optical field is polarized in the

x−direction, then Ei = Eza
i
z and Ei = Exa

i
x. Here, the surviving third-order polar-

ization Fourier amplitude is

P (3)
z (2ω) =

3

2
ε0χ

(3)
zβγδ(−2ω;ω, ω, 0)EβEγEδ =

NA

Vm

µ2ω
z

=
3

2
ε0χ

(3)
zxxz(−2ω;ω, ω, 0)E 2

xEz =
NA

Vm

µ2ω
z .

(3.118)

For a molecule in the gas, the total dipole moment oscillating at frequency 2ω as

given by equation (3.83) becomes

µ2ω
i =

1

4
βijk(−2ω;ω, ω)E 2

x a
x
ja

x
k +

1

4
γijkl(−2ω;ω, ω, 0)E 2

xEza
x
ja

x
ka

z
l + · · · . (3.119)

Hence,

µ2ω
z (σ,E) = µ2ω

i azi =
1

4
βijk(−2ω;ω, ω)E 2

x a
z
i a

x
ja

x
k

+
1

4
γijkl(−2ω;ω, ω, 0)E 2

xEza
z
i a

x
ja

x
ka

z
l + · · · .

(3.120)

The energy of the molecule remains as given in equation (3.91), namely

U(σ,E) = U (0) − µ
(0)
i Ez a

z
i −

1

2
αij(0; 0)E

2
z a

z
i a

z
j −

1

6
βijk(0; 0, 0)E

3
z a

z
i a

z
ja

z
k

− 1

24
γijkl(0; 0, 0, 0)E

4
z a

z
i a

z
ja

z
ka

z
l − · · · .

(3.121)

Again, the biased average µ2ω
z is converted into isotropic averages through a Taylor

series expansion of µ2ω
z in powers of the applied field Ez:

µ2ω
z = µ2ω

z (σ,E) = A+BEz + C E2
z + · · · , (3.122)
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where the leading surviving term remains

B =

〈
∂µ2ω

z

∂Ez

〉
− 1

kT

〈
µ2ω
z

∂U

∂Ez

〉
. (3.123)

Equation (3.120) provides

(
∂µ2ω

z

∂Ez

)
Ez=0

=
1

4
γijkl(−2ω;ω, ω, 0)E 2

x a
z
i a

x
ja

x
ka

z
l , (3.124)

so that〈
∂µ2ω

z

∂Ez

〉
=

1

4
γijkl(−2ω;ω, ω, 0)E 2

x

〈
axja

x
ka

z
i a

z
l

〉

=
1

4
γijkl(−2ω;ω, ω, 0)E 2

x · 1

30

(
4δjkδil − δjiδkl − δjlδki

)

=
1

120

[
4γijji(−2ω;ω, ω, 0) − γiijj(−2ω;ω, ω, 0) − γijij(−2ω;ω, ω, 0)

]
E 2
x

=
1

120

[
4γijji(−2ω;ω, ω, 0) − 2γiijj(−2ω;ω, ω, 0)

]
E 2
x

=
1

60

[
2γijji(−2ω;ω, ω, 0) − γiijj(−2ω;ω, ω, 0)

]
E 2
x .

(3.125)

From equation (3.120),

(
µ2ω
z

)
Ez=0

=
1

4
βijk(−2ω;ω, ω)E 2

x azi a
x
ja

x
k , (3.126)

while from equation (3.121)

(
∂U

∂Ez

)
Ez=0

= −µ
(0)
l azl , (3.127)
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so that

(
µ2ω
z

∂U

∂Ez

)
Ez=0

= −1

4
βijk(−2ω;ω, ω)µ

(0)
l E 2

x azi a
x
ja

x
ka

z
l . (3.128)

Hence〈
µ2ω
z

∂U

∂Ez

〉
= −1

4
βijk(−2ω;ω, ω)µ

(0)
l E 2

x

〈
azi a

x
ja

x
ka

z
l

〉

= −1

4
βijk(−2ω;ω, ω)µ

(0)
l E 2

z · 1

30

(
4δjkδil − δjiδkl − δjlδki

)

= − 1

120

[
4βjii(−2ω;ω, ω)µ

(0)
j − βiij(−2ω;ω, ω)µ

(0)
j − βiji(−2ω;ω, ω)µ

(0)
j

]
E 2
x

= − 1

60

[
2βjii(−2ω;ω, ω)µ

(0)
j − βiij(−2ω;ω, ω)µ

(0)
j

]
E 2
x .

(3.129)

From equation (3.122),

µ2ω
z = BEz =

[〈
∂µ2ω

z

∂Ez

〉
− 1

kT

〈
µ2ω
z

∂U

∂Ez

〉]
Ez , (3.130)

hence

µ2ω
z =

1

4

[
γESHG
⊥ +

µ3

3kT
βSHG
⊥

]
E 2
x Ez . (3.131)

Here the experimentally measurable hyperpolarizabilities γESHG
⊥ and βSHG

⊥ have a

perpendicular subscript to indicate that the optical applied field is perpendicular to

the static field, and from equations (3.125) and (3.129) respectively, they are given

by

γESHG
⊥ =

1

15

(
2γijji(−2ω;ω, ω, 0) − γiijj(−2ω;ω, ω, 0)

)
(3.132)
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and

βESHG
⊥ =

1

5

(
2β3ii(−2ω;ω, ω) − βii3(−2ω;ω, ω)

)
. (3.133)

The applied fields in equation (3.131) are local fields, which are written explicitly as

µ2ω
z =

1

4

[
γESHG
⊥ +

µ3

3kT
βSHG
⊥

] (
E loc
x

)2
Eloc

z . (3.134)

Equation (3.134) becomes

µ2ω
z = fL(0)f

2
L(ω)fL(2ω)

1

4

[
γESHG
⊥ +

µ3

3kT
βSHG
⊥

]
E 2
x Ez (3.135)

where Ex and Ez are the applied macroscopic fields, and where the Lorentz local

field factors are

fL(0)f
2
L(ω)fL(2ω) =

(
εr + 2

3

)(
n2
ω + 2

3

)2(
n2
2ω + 2

3

)
. (3.136)

Substituting equation (3.135) into equation (3.118) and rearranging for the third-

order susceptibility yields

χ(3)
zxxz(−2ω;ω, ω, 0) =

1

6
fL(0)f

2
L(ω)fL(2ω)

NA

ε0Vm

[
γESHG
⊥ +

µ3

3kT
βSHG
⊥

]
. (3.137)

Single-temperature gas-phase measurements of the third-order macroscopic suscepti-

bility χ
(3)
zxxz(−2ω;ω, ω, 0) for atoms or non-dipolar molecules (for which µ3 and βSHG

⊥

are both zero) allow for the extraction of γESHG
⊥ . For dipolar molecules, temperature-

dependent measurements of χ
(3)
zxxz(−2ω;ω, ω, 0) are required if both first and second

molecular hyperpolarizabilities are to be deduced.

In the next chapter, a theory to account for the effects of intermolecular pair inter-

actions on ESHG in a real gas will be developed.



Chapter 4

The Theory of ESHG for a Real

Gas

4.1 Interacting non-dipolar molecules

In the previous chapter, the molecular-tensor theory to account for ESHG in an ideal

gas was reviewed. In this chapter, the theory is extended to account for ESHG in a

real gas. For these higher gas densities, the approach adopted by Buckingham and

Pople for the treatment of intermolecular interaction effects via a virial expansion

is followed [124]. This approach is now briefly reviewed:

A range of electromagnetic properties of gases are found to be proportional to the

number density of the constituent molecules. For ideal gases, this proportionality

will be exact since there are no interactions between the molecules, each molecule

existing as an independent system. For real gases, where intermolecular interactions

occur, the electromagnetic properties display a non-linear dependence on the num-

ber density of the molecules.

In 1956, Buckingham and Pople accounted for these intermolecular interaction ef-

82
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fects through the use of a virial-type expansion [124]. If Q is a measurable molecular-

optic property of a real gas, Q can be expressed as a virial expansion in inverse powers

of the molar volume Vm:

Q = AQ +
BQ

Vm

+
CQ

V 2
m

+ · · · . (4.1)

Here, the first virial coefficient AQ is the ideal gas contribution to Q, BQ is the

second virial coefficient accounting for the contribution to Q from interacting pairs

of molecules, while the third virial coefficient CQ gives the contribution arising from

interacting triplets. The virial coefficients are functions only of the temperature, or

in the case of molecular-optical phenomena, of temperature and the wavelength of

the light [124].

For a mole of ideal-gas molecules, the NA mean contributions q of the individual

isolated molecules sum to the molar quantity Q, so that

Q = AQ = NA q . (4.2)

At higher gas densities, a representative molecule 1 in the sample will, on occasion,

be interacting with a neighbouring molecule 2. If the relative intermolecular config-

uration is described by τ , then their contribution to Q at any given instant will be

q12(τ). Treating molecule 1 as half of an interacting pair, its contribution to Q at a

given instant is 1
2
q12(τ). Neglecting triplet and higher-order interactions, Q becomes

Q = NA

{
q +

∫
τ

[
1
2
q12(τ)− q

]
P (τ) dτ

}
, (4.3)

where P (τ) dτ is the probability that molecule 1 has a neighbour in the range (τ, τ+

dτ). The relationship between the intermolecular potential energy U12(τ) and the



84 CHAPTER 4. THE THEORY OF ESHG FOR A REAL GAS

probability function is given by

P (τ) =
NA

ΩVm

e−U12(τ)/kT , (4.4)

where Ω = V −1
m

∫
τ
dτ . From equation (4.1),

BQ = lim
Vm→∞

(
Q− AQ

)
Vm , (4.5)

which combined with equations (4.2) to (4.4) gives

BQ =
N2

A

Ω

∫
τ

[
1
2
q12(τ)− q

]
e−U12(τ)/kTdτ . (4.6)

This general expression for BQ can be applied to whichever molecular-optical prop-

erty Q is under consideration. In this project, it is applied to the second ESHG

virial coefficient Bγ for interacting pairs of non-dipolar molecules.

Recall from equations (3.108), (3.112) and (3.113) that for an ideal gas in the pres-

ence of a static applied electric field and an oscillating light-wave electric field which

are parallel (in the z space-fixed direction),

µ2ω
z = µz(2ω) = BEloc

z =

(
∂µ2ω

z

∂E loc
z

)
Eloc

z =0

Eloc
z

=

[〈
∂µ2ω

z

∂E loc
z

〉
− 1

kT

〈
µ2ω
z

∂U

∂E loc
z

〉]
Eloc

z

= fL(0)f
2
L(ω)fL(2ω)

1

4

[
γESHG
∥ +

µ3

3kT
βSHG
∥

]
E 2
z Ez

(4.7)

where µ2ω
z is the average over all configurations σ of the quantity µ2ω

i azi of a rep-

resentative isolated molecule in the presence of the biasing influence of the applied

field.
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The macroscopic measurable quantity in an ESHG experiment is the third-order

susceptibility χ
(3)
zzzz(−2ω;ω, ω, 0), which for an ideal gas is related to µ2ω

z in equa-

tions (3.82) to (3.117). From equation (3.117) one can define a molar ESHG constant

mΓ as

mΓ =
6ε0χ

(3)
zzzz(−2ω;ω, ω, 0)

fL(0)f 2
L(ω)fL(2ω)

Vm . (4.8)

For higher gas pressures, the density dependence of the molar ESHG constant,

mΓ(Vm), could then be expressed by a virial expansion analagous to equation (4.1),

where the ideal-gas mΓ would be the first virial coefficient.

However, in Donley and Shelton’s publication on the measurement of hyperpo-

larizabilities for interacting molecular pairs, they utilise a virial expansion of the

measured density-dependent molecular hyperpolarizability Γ(Vm) for non-dipolar

molecules

Γ(Vm) =
mΓ(Vm)

NA

= Aγ +
Bγ

Vm

+ · · · (4.9)

where Aγ is the ideal-gas density-independent molecular hyperpolarizability γESHG
∥ ,

and where Bγ is the second ESHG virial coefficient. This is analagous to equa-

tion (4.1) where only the left-hand side has been divided by NA, so that the expan-

sion is no longer for macroscopic molar virial coefficients, but rather for microscopic

molecular virial coefficients, yielding

Q

NA

= AQ +
BQ

Vm

+
CQ

V 2
m

+ · · · . (4.10)
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Equations (4.2), (4.3) and (4.6) respectively become

Q

NA

= AQ = q , (4.11)

Q

NA

= q +

∫
τ

[
1
2
q12(τ)− q

]
P (τ) dτ , (4.12)

and

BQ =
NA

Ω

∫
τ

[
1
2
q12(τ)− q

]
e−U12(τ)/kTdτ . (4.13)

For an ESHG measurement at higher gas densities, the contribution of a represen-

tative molecule 1 to the macroscopic susceptibility is not always given by equa-

tion (4.7), there now being times when molecule 1 has to be treated as half of an

interacting pair. When molecule 1 is in the presence of a neighbouring molecule 2,

their relative configuration being specified by τ , then the instantaneous contribution

of molecule 1 to the macroscopic susceptibility is 1
2
µ
(12)
z (2ω) where

µ(12)
z (2ω) = µ(12)

z (2ω, τ,E) = µ
(12)
i (2ω)azi . (4.14)

µ
(12)
i (2ω) is the induced second-harmonic dipole of the interacting pair, and a full

expression for this must now be derived. Obtaining the biased orientational average

µ
(12)
z (2ω, τ,E) requires that the molecular pair is allowed to rotate as a rigid whole

(in the fixed configuration τ) in the presence of the biasing influence of the applied

uniform electric field Eα. This biased average is then converted into isotropic av-

erages by means of a Taylor expansion in powers of Ez, in a procedure analagous

to that performed in the case of an isolated molecule in equations (3.92) through

to (3.114). (It is implicitly understood that these molecular properties experience

local fields, and to circumvent laborious notation, the appropriate local field factor



4.1. INTERACTING NON-DIPOLAR MOLECULES 87

corrections will only be applied to the end results.) The leading term emerges as

µ
(12)
z (2ω, τ,E) =

(
∂µ

(12)
z (2ω, τ,E))

∂Ez

)
Ez=0

Ez (4.15)

where

(
∂µ

(12)
z (2ω, τ,E))

∂Ez

)
Ez=0

=

〈
∂µ

(12)
z (2ω)

∂Ez

〉
− 1

kT

〈
µ(12)
z (2ω)

∂U (12)

∂Ez

〉
. (4.16)

U (12) = U (12)(τ, 0) is the potential energy of the interacting pair of molecules when

the applied field is removed. The quantities inside the angular brackets are initially

referred to the molecule-fixed axes O(1, 2, 3) of molecule 1. For a given interaction

configuration τ , the tensor product in O(1, 2, 3) will be fixed. Allowing the pair to

rotate as a rigid whole in the laboratory frame O(x, y, z), the average projection of

the pair properties, referred to O(1, 2, 3), will be averaged into O(x, y, z) over all

orientations. Averaging over the pair-interaction parameters τ can subsequently be

undertaken.

We follow Donley and Shelton in writing the density dependence of the molecular

ESHG constant Γ(Vm) as the virial expansion contained in equation (4.9), namely

Γ(Vm) =
mΓ(Vm)

NA

= Aγ +
Bγ

Vm

+ · · · . (4.17)

Only gases of non-dipolar molecules will be considered in this work, and for an ideal

gas of non-dipolar molecules, equation (3.112) yields

µ2ω
z =

1

4
ΓE 2

z Ez (4.18)

where Γ = γESHG
∥ , and where the fields are all local fields. Hence the first ESHG



88 CHAPTER 4. THE THEORY OF ESHG FOR A REAL GAS

virial coefficient is

Aγ = Γ = γESHG
∥ =

4

E 2
z Ez

· µ2ω
z =

4

E 2
z

(
∂µ2ω

z

∂Ez

)
Ez=0

. (4.19)

From equation (4.13) Bγ is seen to be

Bγ =
NA

Ω
· 4

E 2
z Ez

∫
τ

[
1
2
µ(12)
z (2ω, τ,E)− µz(2ω)

]
e−U12(τ)/kTdτ

=
4NA

ΩE 2
z

∫
τ

[
1

2

(
∂µ

(12)
z (2ω, τ,E)

∂Ez

)
Ez=0

−

(
∂µz(2ω)

∂Ez

)
Ez=0

]
e−U12(τ)/kTdτ .

(4.20)

The relative configuration τ of the two interacting molecules can be represented

by the following seven parameters · · · the intermolecular separation R, the Euler

angles α1, β1 and γ1 defining the direction cosines aαi between the laboratory frame

O(x, y, z) (referred to by α, β, γ · · · ) and the molecule-fixed axes O(1, 2, 3) of mol-

ecule 1 (referred to by i, j, k · · · ), and the Euler angles α2, β2 and γ2 defining

the direction cosines aαi′ between the laboratory frame and the molecule-fixed axes

O(1′, 2′, 3′) of molecule 2 (referred to by i′, j′, k′ · · · ). These parameters are fully

described elsewhere [77, 125], together with evaluation of the normalization constant

as Ω = (8π2)2. The direction cosine tensors are found to be

aαi =


cosγ1 sinγ1 0

−sinγ1 cosγ1 0

0 0 1



cosβ1 0 −sinβ1

0 1 0

sinβ1 0 cosβ1




cosα1 sinα1 0

−sinα1 cosα1 0

0 0 1



=


cosα1cosβ1cosγ1 − sinα1sinγ1 sinα1cosβ1cosγ1 + cosα1sinγ1 −sinβ1cosγ1

−cosα1cosβ1sinγ1 − sinα1cosγ1 −sinα1cosβ1sinγ1 + cosα1cosγ1 sinβ1sinγ1

cosα1sinβ1 sinα1sinβ1 cosβ1

 ,

(4.21)
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aαi′ =


cosα2cosβ2cosγ2 − sinα2sinγ2 sinα2cosβ2cosγ2 + cosα2sinγ2 −sinβ2cosγ2

−cosα2cosβ2sinγ2 − sinα2cosγ2 −sinα2cosβ2sinγ2 + cosα2cosγ2 sinβ2sinγ2

cosα2sinβ2 sinα2sinβ2 cosβ2

 .

(4.22)

Equation (4.20) becomes

Bγ =
NA

4π3E 2
z

∫ ∞

R=0

∫ 2π

α1=0

∫ π

β1=0

∫ 2π

γ1=0

∫ 2π

α2=0

∫ π

β2=0

∫ 2π

γ2=0

×

[
1

2

(
∂µ

(12)
z (2ω, τ,E)

∂Ez

)
Ez=0

−

(
∂µz(2ω)

∂Ez

)
Ez=0

]
e−U12(τ)/kT

×R2 sinβ1 sinβ2 dR dα1 dβ1 dγ1 dα2 dβ2 dγ2 .

(4.23)

Integration over the pair interaction coordinates in equation (4.23) requires knowl-

edge of both the intermolecular potential U12(τ), and the expression

1

2

(
∂µ

(12)
z (2ω, F )

∂Ez

)
Ez=0

(4.24)

which contains the induced second-harmonic dipole µ
(12)
i (2ω) of the interacting pair.

At this juncture, certain assumptions are made which need to be qualified. The

interacting molecules are assumed to always retain their separate identities so that

the classical long-range DID model can be invoked. In the long-range limit this

will hold true, but at short ranges (i.e. of the order of molecular dimensions or

smaller) the charge distributions of the molecules can start overlapping, so that

classical multipole theory cannot adequately describe the interactions. A definitive

description of the effects of the overlap of the molecular wavefunctions requires high-

level ab initio quantum-mechanical calculations utilizing large basis sets with diffuse
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basis functions, and taking into account electron correlation effects. Such calcula-

tions are computationally demanding even for interacting atoms and quasi-spherical

molecules, and remain almost intractable for interacting molecules of low symmetry.

By treating small molecules as if they retain their separate identities even in the

region of overlap, the molecular interactions for Rayleigh light-scattering [125–128]

and the Kerr effect [76–79] have been successfully modelled, with agreement between

measured and calculated second virial coefficients of within 10% or better being re-

alised. This perhaps provides some justification for the simplifying assumption. If

this also holds true for the interaction-induced hyperpolarizabilities of molecules,

then equation (4.14) can be written as

µ(12)
z (2ω) = µ(12)

z (2ω, τ,E) = µ
(12)
i (2ω)azi =

(
µ
(1)
i (2ω) + µ

(2)
i (2ω)

)
azi . (4.25)

The potential energy of the interacting pair of molecules in the presence of the static

applied field is [76]

U (12)(τ,E) = U (12)(τ, 0)−
∫ E

0

µ
(12)
i (τ,E) dEi , (4.26)

where µ
(12)
i is the total dipole moment of the pair in the presence of E which, using

the above arguments, can be written as

µ
(12)
i (0) = µ

(1)
i (0) + µ

(2)
i (0). (4.27)

Here µ
(p)
i (0) is the total dipole of molecule p in the presence of Ei and molecule q, the

terms in the light-wave field Ei being omitted since Ei does not orient a molecule.

Hence, for interacting pairs of non-dipolar molecules the total static dipole and

quadrupole moments induced in molecule p are provided by equations (2.55) and
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(2.66) respectively, giving

µ
(p)
i (0) = α

(p)
ij (0; 0)

(
Ej + F

(p)
j

)
+

1

6
γ
(p)
ijkl(0; 0, 0, 0)

(
Ej + F

(p)
j

)(
Ek + F

(p)
k

)(
El + F

(p)
l

)

+
1

3
B

(p)
ijkl(0; 0, 0)

(
Ej + F

(p)
j

)
F

(p)
kl + · · · ,

(4.28)

and

Θ
(p)
ij (0) = Θ

(p)
0ij + C

(p)
ijkl(0; 0)F

(p)
kl +

1

2
D

(p)
ijkl(0; 0, 0)

(
Ek + F

(p)
k

)(
El + F

(p)
l

)
+ · · · .

(4.29)

In these equations, Θ
(p)
0ij is the permanent molecular electric quadrupole moment of

molecule p, and F
(p)
j and F

(p)
jk are the static field and field gradient arising at mol-

ecule p due to both the induced dipole and the permanent and induced quadrupole

moments of molecule q.

Buckingham’s T−tensors [83] are now invoked to aid with the analysis. F
(p)
j is

given by

F
(p)
j = T

(p)
jk µ

(q)
k (0)− 1

3
T

(p)
jklΘ

(q)
kl (0) , (4.30)

while F
(p)
jk is given by

F
(p)
jk = T

(p)
jkl µ

(q)
l (0)− 1

3
T

(p)
jklmΘ

(q)
lm (0) , (4.31)

where

T
(1)
jk =

1

4πε0
∇j∇kR

−1 =
1

4πε0

(
3RjRk −R2δjk

)
R−5 (4.32)
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and

T
(1)
jkl = − 1

4πε0
∇j∇k∇lR

−1

=
3

4πε0

[
5RjRkRl −R2

(
Rjδkl +Rjδkl +Rjδkl

)]
R−7

(4.33)

are the second and third rank T−tensors respectively. In these equations, R is the

vector from the origin of molecule 1 to the origin of molecule 2. Buckingham has

also shown that

T(1) = (−1)(n)T(2) (4.34)

where n is the order of the T−tensor, so that the superscript may be omitted from

T−tensors of even rank.

The higher-order (hyper)polarizabilities in equations (4.28) and (4.29) will hence-

forth be assumed to contribute negligibly to the second average in equation (4.16)

since they will result in tensor products of higher-order polarizabilities. Conse-

quently, Θ
(p)
ij (0) will be described solely by the leading contribution arising from the

permanent quadrupole moment of the molecule. µ
(p)
i (0) and Θ

(p)
ij (0) become

µ
(p)
i (0) = α

(p)
ij (0; 0)

(
Ej + F

(p)
j

)
+ · · · , (4.35)

Θ
(p)
ij (0) = Θ

(p)
0ij + · · · . (4.36)

For molecule q the respective equations are

µ
(q)
j (0) = α

(p)
jk (0; 0)

(
Ek + F

(q)
k

)
+ · · · (4.37)
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and

Θ
(q)
jk (0) = Θ

(q)
0jk + · · · . (4.38)

with

F
(q)
k = Tklµ

(p)
l (0)− 1

3
T

(q)
klmΘ

(p)
lm (0) . (4.39)

Successive substitutions of F
(p)
j and F

(q)
k into equation (4.35) give the interaction-

induced contributions to the total static dipole µ
(p)
i (0) of molecule p as

µ
(p)
i (0) = −1

3

(
α
(p)
ij (0; 0)T

(p)
jkvΘ

(q)
0kv + α

(p)
ij (0; 0)Tjkα

(q)
kl (0; 0)T

(q)
lmvΘ

(p)
0mv

+ α
(p)
ij (0; 0)Tjkα

(q)
kl (0; 0)Tlmα

(p)
mn(0; 0)T

(p)
npvΘ

(q)
0pv

+ α
(p)
ij (0; 0)Tjkα

(q)
kl (0; 0)Tlmα

(p)
mn(0; 0)Tnpα

(q)
pq (0; 0)T

(q)
qrvΘ

(p)
0rv + · · ·

)

+
(
α
(p)
iv (0; 0) + α

(p)
ij (0; 0)Tjkα

(q)
kv (0; 0) + α

(p)
ij (0; 0)Tjkα

(q)
kl (0; 0)Tlmα

(p)
mv(0; 0)

+ α
(p)
ij (0; 0)Tjkα

(q)
kl (0; 0)Tlmα

(p)
mn(0; 0)Tnpα

(q)
pv (0; 0)

+ α
(p)
ij (0; 0)Tjkα

(q)
kl (0; 0)Tlmα

(p)
mn(0; 0)Tnpα

(q)
pq (0; 0)Tqrα

(p)
rv (0; 0) + · · ·

)
Ev

+ O
(
E2
)
+ · · · .

(4.40)

Hence, using equations (4.40) and (4.27), equation (4.26) becomes

U (12)(τ,E) = U (12)(τ, 0) + U (1)(τ,E) + U (2)(τ,E) (4.41)
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where

U (p)(τ,E) =
1

3

(
α
(p)
ij (0; 0)T

(p)
jkvΘ

(q)
0kv + α

(p)
ij (0; 0)Tjkα

(q)
kl (0; 0)T

(q)
lmvΘ

(p)
0mv

+ α
(p)
ij (0; 0)Tjkα

(q)
kl (0; 0)Tlmα

(p)
mn(0; 0)T

(p)
npvΘ

(q)
0pv

+ α
(p)
ij (0; 0)Tjkα

(q)
kl (0; 0)Tlmα

(p)
mn(0; 0)Tnpα

(q)
pq (0; 0)T

(q)
qrvΘ

(p)
0rv

+ · · ·
)
Ez a

z
i

−1

2

(
α
(p)
iv (0; 0) + α

(p)
ij (0; 0)Tjkα

(q)
kv (0; 0)

+ α
(p)
ij (0; 0)Tjkα

(q)
kl (0; 0)Tlmα

(p)
mv(0; 0)

+ α
(p)
ij (0; 0)Tjkα

(q)
kl (0; 0)Tlmα

(p)
mn(0; 0)Tnpα

(q)
pv (0; 0)

+ α
(p)
ij (0; 0)Tjkα

(q)
kl (0; 0)Tlmα

(p)
mn(0; 0)Tnpα

(q)
pq (0; 0)Tqrα

(p)
rv (0; 0)

+ · · ·
)
E2

z a
z
i a

z
v

− O
(
E3
)
− · · · .

(4.42)

Equation (4.34) allows the third-rank T−tensors in equation (4.42) to be written

as T
(1)
jkl = −T

(2)
jkl = Tjkl, so that the respective energies U (1)(τ,E) and U (2)(τ,E) of
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molecules 1 and 2 can be written explicitly as

U (1)(τ,E) =
1

3

(
α
(1)
ab (0; 0)TbghΘ

(2)
0gh − α

(1)
ab (0; 0)Tbcα

(2)
cd (0; 0)TdghΘ

(1)
0gh

+ α
(1)
ab (0; 0)Tbcα

(2)
cd (0; 0)Tdeα

(1)
ef (0; 0)TfghΘ

(2)
0gh

− α
(1)
ab (0; 0)Tbcα

(2)
cd (0; 0)Tdeα

(1)
ef (0; 0)Tfsα

(2)
st (0; 0)TtghΘ

(1)
0gh

+ · · ·
)
Ez a

z
a

−1

2

(
α
(1)
ah (0; 0) + α

(1)
ab (0; 0)Tbcα

(2)
ch (0; 0)

+ α
(1)
ab (0; 0)Tbcα

(2)
cd (0; 0)Tdeα

(1)
eh (0; 0)

+ α
(1)
ab (0; 0)Tbcα

(2)
cd (0; 0)Tdeα

(1)
ef (0; 0)Tfgα

(2)
gh (0; 0)

+ α
(1)
ab (0; 0)Tbcα

(2)
cd (0; 0)Tdeα

(1)
ef (0; 0)Tfgα

(2)
gs (0; 0)Tstα

(1)
th (0; 0)

+ · · ·
)
E2

z a
z
aa

z
h

− O
(
E3
)
− · · · ,

(4.43)
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and

U (2)(τ,E) =
1

3

(
−α

(2)
ab (0; 0)TbghΘ

(1)
0gh + α

(2)
ab (0; 0)Tbcα

(1)
cd (0; 0)TdghΘ

(2)
0gh

− α
(2)
ab (0; 0)Tbcα

(1)
cd (0; 0)Tdeα

(2)
ef (0; 0)TfghΘ

(1)
0gh

+ α
(2)
ab (0; 0)Tbcα

(1)
cd (0; 0)Tdeα

(2)
ef (0; 0)Tfsα

(1)
st (0; 0)TtghΘ

(2)
0gh

+ · · ·
)
Ez a

z
a

−1

2

(
α
(2)
ah (0; 0) + α

(2)
ab (0; 0)Tbcα

(1)
ch (0; 0)

+ α
(2)
ab (0; 0)Tbcα

(1)
cd (0; 0)Tdeα

(2)
eh (0; 0)

+ α
(2)
ab (0; 0)Tbcα

(1)
cd (0; 0)Tdeα

(2)
ef (0; 0)Tfgα

(1)
gh (0; 0)

+ α
(2)
ab (0; 0)Tbcα

(1)
cd (0; 0)Tdeα

(2)
ef (0; 0)Tfgα

(1)
gs (0; 0)Tstα

(2)
th (0; 0)

+ · · ·
)
E2

z a
z
aa

z
h

− O
(
E3
)
− · · · .

(4.44)

Attention is now focussed upon the second-harmonic oscillating dipole moment of

molecule p, µ
(p)
i (2ω), which is induced partly by the oscillating light-wave field Ej

and partly by the field F (p)
j arising at molecule p due to the oscillating moments on

molecule q, as illustrated schematically in Figure 4.1, so that
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Figure 4.1: Schematic of the ESHG experiment for a dense gas with static and dynamic fields having parallel polarization. The
laboratory reference frame O(x,y,z) is oriented such that the z−axis is parallel to the direction of both the uniform static electric
field and the oscillating light-wave field. A pair of interacting carbon dioxide molecules is shown with molecule-fixed axes O(1,2,3)
for molecule 1 and O(1’,2’,3’) for molecule 2. The induced second-harmonic dipole and quadrupole moments yield the frequency-
doubled light wave.



98 CHAPTER 4. THE THEORY OF ESHG FOR A REAL GAS

µ
(p)
i (2ω) = α

(p)
ij (−2ω; 2ω)F (p)

j (2ω)

+
1

4
γ
(p)
ijkl(−2ω;ω, ω, 0)

(
Ej + F (p)

j (ω)
)(

Ek + F (p)
k (ω)

)(
El + F

(p)
l

)

+
1

6
B

(p)
ijkl(−2ω;ω, ω)

(
Ej + F (p)

j (ω)
)(

Ekl + F (p)
kl (ω)

)
.

(4.45)

γijkl(−2ω;ω, ω, 0) is symmetric in jk, and assuming the field gradient Ekl of the light

wave to be negligibly small, this expression reduces to

µ
(p)
i (2ω) = α

(p)
ij (−2ω; 2ω)F (p)

j (2ω)

+
1

4
γ
(p)
ijkl(−2ω;ω, ω, 0)

(
EjEk + 2EjF

(p)
k (ω) + F (p)

j (ω)F (p)
k (ω)

)(
El + F

(p)
l

)

+
1

6
B

(p)
ijkl(−2ω;ω, ω)

(
Ej + F (p)

j (ω)
)

F (p)
kl (ω) .

(4.46)

The second-harmonic oscillating quadrupole of molecule p is

Θ
(p)
ij (2ω) =

1

4
D

(p)
ijkl(−2ω;ω, ω)

(
Ek + F (p)

k (ω)
)(

El + F (p)
l (ω)

)
, (4.47)

which, since Dijkl(−2ω;ω, ω) is symmetric in kl, reduces to

Θ
(p)
ij (2ω) =

1

4
D

(p)
ijkl(−2ω;ω, ω)

(
EkEl + 2EkF

(p)
l (ω) + F (p)

k (ω)F (p)
l (ω)

)
. (4.48)

With the aid of the second- and third-rank T−tensors [83], F (p)
j (2ω), F (p)

j (ω) and
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F (p)
jk (ω) have the form

F (p)
j (2ω) = T

(p)
jk µ

(q)
k (2ω)− 1

3
T

(p)
jklΘ

(q)
kl (2ω) , (4.49)

F (p)
j (ω) = T

(p)
jk µ

(q)
k (ω)− 1

3
T

(p)
jklΘ

(q)
kl (ω) , (4.50)

and

F (p)
jk (ω) = T

(p)
jkl µ

(q)
l (ω) . (4.51)

Here the induced dipole on molecule q oscillating at 2ω is

µ
(q)
k (2ω) = α

(q)
kl (−2ω; 2ω)F (q)

l (2ω)

+
1

4
γ
(q)
klmn(−2ω;ω, ω, 0)

(
ElEm + 2ElF

(q)
m (ω) + F (q)

l (ω)F (q)
m (ω)

) (
En + F (q)

n

)

+
1

6
B

(q)
klmn(−2ω;ω, ω)

(
El + F (q)

l (ω)
)

F (q)
mn(ω) ,

(4.52)

the induced quadrupole on molecule q oscillating at 2ω is

Θ
(q)
kl (2ω) =

1

4
D

(q)
klmn(−2ω;ω, ω)

(
EmEn + 2EmF (q)

n (ω) + F (q)
m (ω)F (q)

n (ω)
)
, (4.53)
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the induced dipole on molecule q oscillating at ω is

µ
(q)
j (ω) = α

(q)
jk (−ω;ω)

(
Ek + F (q)

k (ω)
)

+
1

2
γ
(q)
jkab(−ω;ω, 0, 0)

(
Ek + F (q)

k (ω)
)(

Ea + F (q)
a

)(
Eb + F

(q)
b

)

+
1

3
B

(q)
jkab(−ω;ω, 0)

(
Ek + F (q)

k (ω)
)
F

(q)
ab

+
1

3
B(q)

jkla(−ω;ω, 0)
(
Ekl + F (q)

kl (ω)
)(

Ea + F (q)
a

)
,

(4.54)

and the induced quadrupole on molecule q oscillating at ω is

Θ
(q)
jk (ω) = D

(q)
jklm(−ω;ω, 0)

(
El + F (q)

l

) (
Em + F (q)

m

)
+ C

(q)
jklm(−ω;ω)

(
Elm + F (q)

lm

)
.

(4.55)

The field gradient of the light wave appearing in equations (4.54) and (4.55), namely

Ekl and Elm respectively, will also be assumed to be negligibly small. In turn,

F (q)
n = T (q)

np µ
(p)
p . (4.56)

If equations (4.55) and (4.56) are substituted into equation (4.49), followed by suc-

cessive substitutions of F (p)
j and F (q)

n , a series of terms contributing to the net field

F (p)
j in equation (4.49) is obtained, which, when substituted into equation (4.45),

yields the required expression for the total oscillating dipole moment induced on

molecule p by the light-wave field in the presence of the neighbouring molecule q.

This expression is now provided in full, with terms up to the order required in the

ensuing calculations. To conserve space, since the frequency arguments for γijkl are

always (−2ω;ω, ω, 0), these are omitted (except for the first ocurrence). Similarly,

the frequency arguments for both Bijkl and Dijkl are consistently (−2ω;ω, ω), so

that these too are omitted (save for the introductory terms).



µi
(p)(2ω) =

1

4

(
γ
(p)
ivwh(−2ω;ω, ω, 0) + 2γ

(p)
ivjhTjkα

(q)
kw(−ω;ω) + α

(p)
ij (−2ω; 2ω)Tjkγ

(q)
kvwh + γ

(p)
ivwaTabα

(q)
bh (0; 0) + 2γ

(p)
ivjhTjkα

(q)
kl (−ω;ω)Tlmα

(p)
mw(−ω;ω)

+ γ
(p)
ijphTjkα

(q)
kv (−ω;ω)Tpqα

(q)
qw (−ω;ω) + 2α

(p)
ij (−2ω; 2ω)Tjkγ

(q)
kvlhTlmα

(p)
mw(−ω;ω) + α

(p)
ij (−2ω; 2ω)Tjkα

(q)
kl (−2ω; 2ω)Tlmγ

(p)
mvwh

+ α
(p)
ij (−2ω; 2ω)Tjkγ

(q)
kvwaTabα

(p)
bh (0; 0) + 2γ

(p)
ivjaTjkα

(q)
kw(−ω;ω)Tabα

(q)
bh (0; 0) + γ

(p)
ivwaTabα

(q)
bc (0; 0)Tcdα

(p)
dh (0; 0)

+ 2γ
(p)
ivjhTjkα

(q)
kl (−ω;ω)Tlmα

(p)
mn(−ω;ω)Tnpα

(q)
pw(−ω;ω) + 2γ

(p)
ijphTjkα

(q)
kv (−ω;ω)Tpqα

(q)
qr (−ω;ω)Trsα

(p)
sw (−ω;ω)

+ 2α
(p)
ij (−2ω; 2ω)Tjkγ

(q)
kvlhTlmα

(p)
mn(−ω;ω)Tnpα

(q)
pw(−ω;ω) + α

(p)
ij (−2ω; 2ω)Tjkγ

(q)
klphTlmα

(p)
mv(−ω;ω)Tpqα

(p)
qw (−ω;ω)

+ 2α
(p)
ij (−2ω; 2ω)Tjkα

(q)
kl (−2ω; 2ω)Tlmγ

(p)
mvnhTnpα

(q)
pw(−ω;ω) + α

(p)
ij (−2ω; 2ω)Tjkα

(q)
kl (−2ω; 2ω)Tlmα

(p)
mn(−2ω; 2ω)Tnpγ

(q)
pvwh

+ α
(p)
ij (−2ω; 2ω)Tjkα

(q)
kl (−2ω; 2ω)Tlmγ

(p)
mvwnTnpα

(q)
ph (0; 0) + 2α

(p)
ij (−2ω; 2ω)Tjkγ

(q)
kvmaTmnα

(p)
nw(−ω;ω)Tabα

(p)
bh (0; 0)

+ α
(p)
ij (−2ω; 2ω)Tjkγ

(q)
kvwaTabα

(p)
bc (0; 0)Tcdα

(q)
dh (0; 0) + γ

(p)
ijpaTjkα

(q)
kv (−ω;ω)Tpqα

(q)
qw (−ω;ω)Tabα

(q)
bh (0; 0)

+ 2γ
(p)
ivjaTjkα

(q)
kl (−ω;ω)Tlmα

(p)
mw(−ω;ω)Tabα

(q)
bh (0; 0) + 2γ

(p)
ivjaTjkα

(q)
kw(−ω;ω)Tabα

(q)
bc (0; 0)Tcdα

(p)
dh (0; 0)

+ γ
(p)
ivwaTabα

(q)
bc (0; 0)Tcdα

(p)
de (0; 0)Tefα

(q)
fh (0; 0) + 2γ

(p)
ivjhTjkα

(q)
kl (−ω;ω)Tlmα

(p)
mn(−ω;ω)Tnpα

(q)
pq (−ω;ω)Tqrα

(p)
rw (−ω;ω)

+ 2γ
(p)
ijphTjkα

(q)
kv (−ω;ω)Tpqα

(q)
qr (−ω;ω)Trsα

(p)
st (−ω;ω)Ttuα

(q)
uw(−ω;ω) + γ

(p)
ijphTjkα

(q)
kl (−ω;ω)Tlmα

(p)
mv(−ω;ω)Tpqα

(q)
qr (−ω;ω)Trsα

(p)
sw (−ω;ω)

+ 2γ
(p)
ivjaTjkα

(q)
kl (−ω;ω)Tlmα

(p)
mn(−ω;ω)Tnpα

(q)
pw(−ω;ω)Tabα

(q)
bh (0; 0) + 2γ

(p)
ijpaTjkα

(q)
kv (−ω;ω)Tpqα

(q)
qr (−ω;ω)Trsα

(p)
sw (−ω;ω)Tabα

(q)
bh (0; 0)

+ 2γ
(p)
ivjaTjkα

(q)
kl (−ω;ω)Tlmα

(p)
mw(−ω;ω)Tabα

(q)
bc (0; 0)Tcdα

(p)
dh (0; 0) + γ

(p)
ijpaTjkα

(q)
kv (−ω;ω)Tpqα

(q)
qw (−ω;ω)Tabα

(q)
bc (0; 0)Tcdα

(p)
dh (0; 0)

+ 2γ
(p)
ivjaTjkα

(q)
kw(−ω;ω)Tabα

(q)
bc (0; 0)Tcdα

(p)
de (0; 0)Tefα

(q)
fh (0; 0) + γ

(p)
ivwaTabα

(q)
bc (0; 0)Tcdα

(p)
de (0; 0)Tefα

(q)
fg (0; 0)Tgjα

(p)
jh (0; 0)

+ 2α
(p)
ij (−2ω; 2ω)Tjkγ

(q)
kvlhTlmα

(p)
mn(−ω;ω)Tnpα

(q)
pq (−ω;ω)Tqrα

(p)
rw (−ω;ω) + α

(p)
ij (−2ω; 2ω)Tjkγ

(q)
klphTlmα

(p)
mv(−ω;ω)Tpqα

(p)
qr (−ω;ω)Trsα

(q)
sw (−ω;ω)
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+ 2α
(p)
ij (−2ω; 2ω)Tjkα

(q)
kl (−2ω; 2ω)Tlmγ

(p)
mvnhTnpα

(q)
pq (−ω;ω)Tqrα

(p)
rw (−ω;ω) + α

(p)
ij (−2ω; 2ω)Tjkα

(q)
kl (−2ω; 2ω)Tlmγ

(p)
mnqhTnpα

(q)
pv (−ω;ω)Tqrα

(q)
rw (−ω;ω)

+ 2α
(p)
ij (−2ω; 2ω)Tjkα

(q)
kl (−2ω; 2ω)Tlmα

(p)
mn(−2ω; 2ω)Tnpγ

(q)
pvqhTqrα

(p)
rw (−ω;ω) + α

(p)
ij (−2ω; 2ω)Tjkα

(q)
kl (−2ω; 2ω)Tlmα

(p)
mn(−2ω; 2ω)Tnpα

(q)
pq (−2ω; 2ω)Tqrγ

(p)
rvwh

+ 2α
(p)
ij (−2ω; 2ω)Tjkγ

(q)
kvlaTlmα

(p)
mn(−ω;ω)Tnpα

(q)
pw(−2ω; 2ω)Tabα

(p)
bh (0; 0) + α

(p)
ij (−2ω; 2ω)Tjkγ

(q)
klpaTlmα

(p)
mv(−ω;ω)Tpqα

(p)
qw (−2ω; 2ω)Tabα

(p)
bh (0; 0)

+ 2α
(p)
ij (−2ω; 2ω)Tjkα

(q)
kl (−2ω; 2ω)Tlmγ

(p)
mvnaTnpα

(q)
pw(−ω;ω)Tabα

(q)
bh (0; 0) + α

(p)
ij (−2ω; 2ω)Tjkα

(q)
kl (−2ω; 2ω)Tlmα

(p)
mn(−2ω; 2ω)Tnpγ

(q)
pvwaTabα

(p)
bh (0; 0)

+ 2α
(p)
ij (−2ω; 2ω)Tjkγ

(q)
kvlaTlmα

(p)
mw(−ω;ω)Tabα

(p)
bc (0; 0)Tcdα

(q)
dh (0; 0) + α

(p)
ij (−2ω; 2ω)Tjkα

(q)
kl (−2ω; 2ω)Tlmγ

(p)
mvwaTabα

(q)
bc (0; 0)Tcdα

(p)
dh (0; 0)

+ α
(p)
ij (−2ω; 2ω)Tjkγ

(q)
kvwaTabα

(p)
bc (0; 0)Tcdα

(q)
de (0; 0)Tefα

(p)
fh (0; 0) + · · ·

)
EvEwEh

− 1

12

(
γ
(p)
ivwj(−2ω;ω, ω, 0)T

(p)
jqrΘ

(q)
0qr + 2γ

(p)
ivjlTjkα

(q)
kw(−ω;ω)T

(p)
lqr Θ

(q)
0qr + α

(p)
ij (−2ω; 2ω)Tjkγ

(q)
kvwlT

(q)
lqr Θ

(p)
0qr + γ

(p)
ivwjTjkα

(q)
kl (0; 0)T

(q)
lqr Θ

(p)
0qr

+ 2γ
(p)
ivjpTjkα

(q)
kl (−ω;ω)Tlmα

(p)
mw(−ω;ω)T (p)

pqrΘ
(q)
0qr + γ

(p)
ijlpTjkα

(q)
kv (−ω;ω)Tlmα

(q)
mw(−ω;ω)T (p)

pqrΘ
(q)
0qr + 2α

(p)
ij (−2ω; 2ω)Tjkγ

(q)
kvlpTlmα

(p)
mw(−ω;ω)T (q)

pqrΘ
(p)
0qr

+ α
(p)
ij (−2ω; 2ω)Tjkα

(q)
kl (−2ω; 2ω)Tlmγ

(p)
mvwpT

(p)
pqrΘ

(q)
0qr + α

(p)
ij (−2ω; 2ω)Tjkγ

(q)
kvwlTlmα

(p)
mp(0; 0)T

(p)
pqrΘ

(q)
0qr + 2γ

(p)
ivjlTjkα

(q)
kw(−ω;ω)Tlmα

(q)
mp(0; 0)T

(q)
pqrΘ

(p)
0qr

+ γ
(p)
ivwjTjkα

(q)
kl (0; 0)Tlmα

(p)
mp(0; 0)T

(p)
pqrΘ

(q)
0qr + · · ·

)
EvEw

+
1

6

(
B

(p)
ivjk(−2ω;ω, ω)T

(p)
jkl α

(q)
lw (−ω;ω) + α

(p)
ij (−2ω; 2ω)TjkB

(q)
kvlmT

(q)
lmnα

(p)
nw(−ω;ω) +B

(p)
ivjkT

(p)
jkl α

(q)
lm (−ω;ω)Tmnα

(p)
nw(−ω;ω)

+B
(p)
ijlmTjkα

(q)
kv (−ω;ω)T

(p)
lmnα

(q)
nw(−ω;ω) + · · ·

)
EvEw

− 1

12

(
α
(p)
ij (−2ω; 2ω)T

(p)
jklD

(q)
klvw(−2ω;ω, ω) + α

(p)
ij (−2ω; 2ω)Tjkα

(q)
kl (−2ω; 2ω)T

(q)
lmnD

(p)
mnvw + 2α

(p)
ij (−2ω; 2ω)T

(p)
jklD

(q)
klvmTmnα

(p)
nw(−ω;ω) + · · ·

)
EvEw

(4.57)



In the laboratory frame, µ(1)
z (2ω) = µ

(1)
i (2ω)azi , which together with the simplification T

(1)
jkl = −T

(2)
jkl = Tjkl gives

µ(1)
z (2ω) =

1

4

(
γ
(1)
ivwh(−2ω;ω, ω, 0) + 2γ

(1)
ivjhTjkα

(2)
kw(−ω;ω) + α

(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvwh + γ

(1)
ivwaTabα

(2)
bh (0; 0) + 2γ

(1)
ivjhTjkα

(2)
kl (−ω;ω)Tlmα

(1)
mw(−ω;ω)

+ γ
(1)
ijphTjkα

(2)
kv (−ω;ω)Tpqα

(2)
qw(−ω;ω) + 2α

(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvlhTlmα

(1)
mw(−ω;ω) + α

(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmγ

(1)
mvwh

+ α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvwaTabα

(1)
bh (0; 0) + 2γ

(1)
ivjaTjkα

(2)
kw(−ω;ω)Tabα

(2)
bh (0; 0) + γ

(1)
ivwaTabα

(2)
bc (0; 0)Tcdα

(1)
dh (0; 0)

+ 2γ
(1)
ivjhTjkα

(2)
kl (−ω;ω)Tlmα

(1)
mn(−ω;ω)Tnpα

(2)
pw(−ω;ω) + 2γ

(1)
ijphTjkα

(2)
kv (−ω;ω)Tpqα

(2)
qr (−ω;ω)Trsα

(1)
sw (−ω;ω)

+ 2α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvlhTlmα

(1)
mn(−ω;ω)Tnpα

(2)
pw(−ω;ω) + α

(1)
ij (−2ω; 2ω)Tjkγ

(2)
klphTlmα

(1)
mv(−ω;ω)Tpqα

(1)
qw(−ω;ω)

+ 2α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmγ

(1)
mvnhTnpα

(2)
pw(−ω;ω) + α

(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmα

(1)
mn(−2ω; 2ω)Tnpγ

(2)
pvwh

+ α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmγ

(1)
mvwnTnpα

(2)
ph (0; 0) + 2α

(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvmaTmnα

(1)
nw(−ω;ω)Tabα

(1)
bh (0; 0)

+ α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvwaTabα

(1)
bc (0; 0)Tcdα

(2)
dh (0; 0) + γ

(1)
ijpaTjkα

(2)
kv (−ω;ω)Tpqα

(2)
qw(−ω;ω)Tabα

(2)
bh (0; 0)

+ 2γ
(1)
ivjaTjkα

(2)
kl (−ω;ω)Tlmα

(1)
mw(−ω;ω)Tabα

(2)
bh (0; 0) + 2γ

(1)
ivjaTjkα

(2)
kw(−ω;ω)Tabα

(2)
bc (0; 0)Tcdα

(1)
dh (0; 0)

+ γ
(1)
ivwaTabα

(2)
bc (0; 0)Tcdα

(1)
de (0; 0)Tefα

(2)
fh (0; 0) + 2γ

(1)
ivjhTjkα

(2)
kl (−ω;ω)Tlmα

(1)
mn(−ω;ω)Tnpα

(2)
pq (−ω;ω)Tqrα

(1)
rw(−ω;ω)

+ 2γ
(1)
ijphTjkα

(2)
kv (−ω;ω)Tpqα

(2)
qr (−ω;ω)Trsα

(1)
st (−ω;ω)Ttuα

(2)
uw(−ω;ω) + γ

(1)
ijphTjkα

(2)
kl (−ω;ω)Tlmα

(1)
mv(−ω;ω)Tpqα

(2)
qr (−ω;ω)Trsα

(1)
sw (−ω;ω)

+ 2γ
(1)
ivjaTjkα

(2)
kl (−ω;ω)Tlmα

(1)
mn(−ω;ω)Tnpα

(2)
pw(−ω;ω)Tabα

(2)
bh (0; 0) + 2γ

(1)
ijpaTjkα

(2)
kv (−ω;ω)Tpqα

(2)
qr (−ω;ω)Trsα

(1)
sw (−ω;ω)Tabα

(2)
bh (0; 0)

+ 2γ
(1)
ivjaTjkα

(2)
kl (−ω;ω)Tlmα

(1)
mw(−ω;ω)Tabα

(2)
bc (0; 0)Tcdα

(1)
dh (0; 0) + γ

(1)
ijpaTjkα

(2)
kv (−ω;ω)Tpqα

(2)
qw(−ω;ω)Tabα

(2)
bc (0; 0)Tcdα

(1)
dh (0; 0)

+ 2γ
(1)
ivjaTjkα

(2)
kw(−ω;ω)Tabα

(2)
bc (0; 0)Tcdα

(1)
de (0; 0)Tefα

(2)
fh (0; 0) + γ

(1)
ivwaTabα

(2)
bc (0; 0)Tcdα

(1)
de (0; 0)Tefα

(2)
fg (0; 0)Tgjα

(1)
jh (0; 0)
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+ 2α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvlhTlmα

(1)
mn(−ω;ω)Tnpα

(2)
pq (−ω;ω)Tqrα

(1)
rw(−ω;ω) + α

(1)
ij (−2ω; 2ω)Tjkγ

(2)
klphTlmα

(1)
mv(−ω;ω)Tpqα

(1)
qr (−ω;ω)Trsα

(2)
sw (−ω;ω)

+ 2α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmγ

(1)
mvnhTnpα

(2)
pq (−ω;ω)Tqrα

(1)
rw(−ω;ω) + α

(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmγ

(1)
mnqhTnpα

(2)
pv (−ω;ω)Tqrα

(2)
rw(−ω;ω)

+ 2α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmα

(1)
mn(−2ω; 2ω)Tnpγ

(2)
pvqhTqrα

(1)
rw(−ω;ω) + α

(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmα

(1)
mn(−2ω; 2ω)Tnpα

(2)
pq (−2ω; 2ω)Tqrγ

(1)
rvwh

+ 2α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvlaTlmα

(1)
mn(−ω;ω)Tnpα

(2)
pw(−2ω; 2ω)Tabα

(1)
bh (0; 0) + α

(1)
ij (−2ω; 2ω)Tjkγ

(2)
klpaTlmα

(1)
mv(−ω;ω)Tpqα

(1)
qw(−2ω; 2ω)Tabα

(1)
bh (0; 0)

+ 2α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmγ

(1)
mvnaTnpα

(2)
pw(−ω;ω)Tabα

(2)
bh (0; 0) + α

(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmα

(1)
mn(−2ω; 2ω)Tnpγ

(2)
pvwaTabα

(1)
bh (0; 0)

+ 2α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvlaTlmα

(1)
mw(−ω;ω)Tabα

(1)
bc (0; 0)Tcdα

(2)
dh (0; 0) + α

(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmγ

(1)
mvwaTabα

(2)
bc (0; 0)Tcdα

(1)
dh (0; 0)

+ α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvwaTabα

(1)
bc (0; 0)Tcdα

(2)
de (0; 0)Tefα

(1)
fh (0; 0) + · · ·

)
E 2
z Eza

z
i a

z
va

z
wa

z
h

− 1

12

(
γ
(1)
ivwj(−2ω;ω, ω, 0)TjqrΘ

(2)
0qr + 2γ

(1)
ivjlTjkα

(2)
kw(−ω;ω)TlqrΘ

(2)
0qr − α

(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvwlTlqrΘ

(1)
0qr − γ

(1)
ivwjTjkα

(2)
kl (0; 0)TlqrΘ

(1)
0qr

+ 2γ
(1)
ivjpTjkα

(2)
kl (−ω;ω)Tlmα

(1)
mw(−ω;ω)TpqrΘ

(2)
0qr + γ

(1)
ijlpTjkα

(2)
kv (−ω;ω)Tlmα

(2)
mw(−ω;ω)TpqrΘ

(2)
0qr − 2α

(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvlpTlmα

(1)
mw(−ω;ω)TpqrΘ

(1)
0qr

+ α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmγ

(1)
mvwpTpqrΘ

(2)
0qr + α

(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvwlTlmα

(1)
mp(0; 0)TpqrΘ

(2)
0qr − 2γ

(1)
ivjlTjkα

(2)
kw(−ω;ω)Tlmα

(2)
mp(0; 0)TpqrΘ

(1)
0qr

+ γ
(1)
ivwjTjkα

(2)
kl (0; 0)Tlmα

(1)
mp(0; 0)TpqrΘ

(2)
0qr + · · ·

)
E 2
z a

z
i a

z
va

z
w

+
1

6

(
B

(1)
ivjk(−2ω;ω, ω)Tjklα

(2)
lw (−ω;ω)− α

(1)
ij (−2ω; 2ω)TjkB

(2)
kvlmTlmnα

(1)
nw(−ω;ω) +B

(1)
ivjkTjklα

(2)
lm(−ω;ω)Tmnα

(1)
nw(−ω;ω)

+B
(1)
ijlmTjkα

(2)
kv (−ω;ω)Tlmnα

(2)
nw(−ω;ω) + · · ·

)
E 2
z a

z
i a

z
va

z
w

− 1

12

(
α
(1)
ij (−2ω; 2ω)TjklD

(2)
klvw(−2ω;ω, ω)− α

(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)TlmnD

(1)
mnvw + 2α

(1)
ij (−2ω; 2ω)TjklD

(2)
klvmTmnα

(1)
nw(−ω;ω) + · · ·

)
E 2
z a

z
i a

z
va

z
w .

(4.58)
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The groundwork permitting evaluation of the term 1
2

(
∂µ

(12)
z (2ω, τ,E)/∂Ez

)
Ez=0

in

the expression for Bγ in equation (4.23) has successfully been laid. Using equa-

tion (4.25) in equation (4.16) yields

〈
∂µ

(12)
z (2ω)

∂Ez

〉
=

〈
∂µ

(1)
z (2ω)

∂Ez

〉
+

〈
∂µ

(2)
z (2ω)

∂Ez

〉
, (4.59)

and since molecules 1 and 2 are identical, the isotropic averages of their molecular

properties must be the same, so that

〈
∂µ

(12)
z (2ω)

∂Ez

〉
= 2

〈
∂µ

(1)
z (2ω)

∂Ez

〉
. (4.60)

Similarly, using equations (4.25) and (4.41) in equation (4.16) yields

− 1

kT

〈
µ(12)
z (2ω)

∂U (12)

∂Ez

〉
= − 2

kT

{〈
µ(1)
z (2ω)

∂U (1)

∂Ez

〉
+

〈
µ(1)
z (2ω)

∂U (2)

∂Ez

〉}
.

(4.61)

Hence,

1

2

(
∂µ

(12)
z (2ω, τ,E)

∂Ez

)
Ez=0

=

〈
∂µ

(1)
z (2ω)

∂Ez

〉
− 1

kT

{〈
µ(1)
z (2ω)

∂U (1)

∂Ez

〉

+

〈
µ(1)
z (2ω)

∂U (2)

∂Ez

〉}
.

(4.62)

Evaluation of these isotropic averages requires expressions for
(
µ
(1)
z (2ω, τ,E)

)
Ez=0

,(
∂µ

(1)
z (2ω, τ,E)/∂Ez

)
Ez=0

,
(
∂U (1)(τ,E)/∂Ez

)
Ez=0

and
(
∂U (2)(τ,E)/∂Ez

)
Ez=0

, which

are readily obtained from equations (4.58), (4.43) and (4.44). These are as follows:



(
µ(1)
z (2ω)

)
Ez=0

=− 1

12

(
γ
(1)
ivwj(−2ω;ω, ω, 0)TjqrΘ

(2)
0qr

+ 2γ
(1)
ivjlTjkα

(2)
kw(−ω;ω)TlqrΘ

(2)
0qr − α

(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvwlTlqrΘ

(1)
0qr − γ

(1)
ivwjTjkα

(2)
kl (0; 0)TlqrΘ

(1)
0qr

+ 2γ
(1)
ivjpTjkα

(2)
kl (−ω;ω)Tlmα

(1)
mw(−ω;ω)TpqrΘ

(2)
0qr + γ

(1)
ijlpTjkα

(2)
kv (−ω;ω)Tlmα

(2)
mw(−ω;ω)TpqrΘ

(2)
0qr

− 2α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvlpTlmα

(1)
mw(−ω;ω)TpqrΘ

(1)
0qr + α

(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmγ

(1)
mvwpTpqrΘ

(2)
0qr

+ α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvwlTlmα

(1)
mp(0; 0)TpqrΘ

(2)
0qr − 2γ

(1)
ivjlTjkα

(2)
kw(−ω;ω)Tlmα

(2)
mp(0; 0)TpqrΘ

(1)
0qr

+ γ
(1)
ivwjTjkα

(2)
kl (0; 0)Tlmα

(1)
mp(0; 0)TpqrΘ

(2)
0qr + · · ·

)
E 2
z a

z
i a

z
va

z
w

+
1

6

(
B

(1)
ivjk(−2ω;ω, ω)Tjklα

(2)
lw (−ω;ω)− α

(1)
ij (−2ω; 2ω)TjkB

(2)
kvlmTlmnα

(1)
nw(−ω;ω)

+B
(1)
ivjkTjklα

(2)
lm(−ω;ω)Tmnα

(1)
nw(−ω;ω) +B

(1)
ijlmTjkα

(2)
kv (−ω;ω)Tlmnα

(2)
nw(−ω;ω) + · · ·

)
E 2
z a

z
i a

z
va

z
w

− 1

12

(
α
(1)
ij (−2ω; 2ω)TjklD

(2)
klvw(−2ω;ω, ω)− α

(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)TlmnD

(1)
mnvw

+ 2α
(1)
ij (−2ω; 2ω)TjklD

(2)
klvmTmnα

(1)
nw(−ω;ω) + · · ·

)
E 2
z a

z
i a

z
va

z
w , (4.63)



(
∂µ

(1)
z (2ω)

∂Ez

)
Ez=0

=
1

4

(
γ
(1)
ivwh(−2ω;ω, ω, 0) + 2γ

(1)
ivjhTjkα

(2)
kw(−ω;ω) + α

(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvwh + γ

(1)
ivwaTabα

(2)
bh (0; 0) + 2γ

(1)
ivjhTjkα

(2)
kl (−ω;ω)Tlmα

(1)
mw(−ω;ω)

+ γ
(1)
ijphTjkα

(2)
kv (−ω;ω)Tpqα

(2)
qw(−ω;ω) + 2α

(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvlhTlmα

(1)
mw(−ω;ω) + α

(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmγ

(1)
mvwh

+ α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvwaTabα

(1)
bh (0; 0) + 2γ

(1)
ivjaTjkα

(2)
kw(−ω;ω)Tabα

(2)
bh (0; 0) + γ

(1)
ivwaTabα

(2)
bc (0; 0)Tcdα

(1)
dh (0; 0)

+ 2γ
(1)
ivjhTjkα

(2)
kl (−ω;ω)Tlmα

(1)
mn(−ω;ω)Tnpα

(2)
pw(−ω;ω) + 2γ

(1)
ijphTjkα

(2)
kv (−ω;ω)Tpqα

(2)
qr (−ω;ω)Trsα

(1)
sw (−ω;ω)

+ 2α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvlhTlmα

(1)
mn(−ω;ω)Tnpα

(2)
pw(−ω;ω) + α

(1)
ij (−2ω; 2ω)Tjkγ

(2)
klphTlmα

(1)
mv(−ω;ω)Tpqα

(1)
qw(−ω;ω)

+ 2α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmγ

(1)
mvnhTnpα

(2)
pw(−ω;ω) + α

(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmα

(1)
mn(−2ω; 2ω)Tnpγ

(2)
pvwh

+ α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmγ

(1)
mvwnTnpα

(2)
ph (0; 0) + 2α

(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvmaTmnα

(1)
nw(−ω;ω)Tabα

(1)
bh (0; 0)

+ α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvwaTabα

(1)
bc (0; 0)Tcdα

(2)
dh (0; 0) + γ

(1)
ijpaTjkα

(2)
kv (−ω;ω)Tpqα

(2)
qw(−ω;ω)Tabα

(2)
bh (0; 0)

+ 2γ
(1)
ivjaTjkα

(2)
kl (−ω;ω)Tlmα

(1)
mw(−ω;ω)Tabα

(2)
bh (0; 0) + 2γ

(1)
ivjaTjkα

(2)
kw(−ω;ω)Tabα

(2)
bc (0; 0)Tcdα

(1)
dh (0; 0)

+ γ
(1)
ivwaTabα

(2)
bc (0; 0)Tcdα

(1)
de (0; 0)Tefα

(2)
fh (0; 0) + 2γ

(1)
ivjhTjkα

(2)
kl (−ω;ω)Tlmα

(1)
mn(−ω;ω)Tnpα

(2)
pq (−ω;ω)Tqrα

(1)
rw(−ω;ω)

+ 2γ
(1)
ijphTjkα

(2)
kv (−ω;ω)Tpqα

(2)
qr (−ω;ω)Trsα

(1)
st (−ω;ω)Ttuα

(2)
uw(−ω;ω) + γ

(1)
ijphTjkα

(2)
kl (−ω;ω)Tlmα

(1)
mv(−ω;ω)Tpqα

(2)
qr (−ω;ω)Trsα

(1)
sw (−ω;ω)

+ 2γ
(1)
ivjaTjkα

(2)
kl (−ω;ω)Tlmα

(1)
mn(−ω;ω)Tnpα

(2)
pw(−ω;ω)Tabα

(2)
bh (0; 0) + 2γ

(1)
ijpaTjkα

(2)
kv (−ω;ω)Tpqα

(2)
qr (−ω;ω)Trsα

(1)
sw (−ω;ω)Tabα

(2)
bh (0; 0)

+ 2γ
(1)
ivjaTjkα

(2)
kl (−ω;ω)Tlmα

(1)
mw(−ω;ω)Tabα

(2)
bc (0; 0)Tcdα

(1)
dh (0; 0) + γ

(1)
ijpaTjkα

(2)
kv (−ω;ω)Tpqα

(2)
qw(−ω;ω)Tabα

(2)
bc (0; 0)Tcdα

(1)
dh (0; 0)

+ 2γ
(1)
ivjaTjkα

(2)
kw(−ω;ω)Tabα

(2)
bc (0; 0)Tcdα

(1)
de (0; 0)Tefα

(2)
fh (0; 0) + γ

(1)
ivwaTabα

(2)
bc (0; 0)Tcdα

(1)
de (0; 0)Tefα

(2)
fg (0; 0)Tgjα

(1)
jh (0; 0)

(continued over the page · · · )



+ 2α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvlhTlmα

(1)
mn(−ω;ω)Tnpα

(2)
pq (−ω;ω)Tqrα

(1)
rw(−ω;ω)

+ α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
klphTlmα

(1)
mv(−ω;ω)Tpqα

(1)
qr (−ω;ω)Trsα

(2)
sw (−ω;ω)

+ 2α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmγ

(1)
mvnhTnpα

(2)
pq (−ω;ω)Tqrα

(1)
rw(−ω;ω)

+ α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmγ

(1)
mnqhTnpα

(2)
pv (−ω;ω)Tqrα

(2)
rw(−ω;ω)

+ 2α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmα

(1)
mn(−2ω; 2ω)Tnpγ

(2)
pvqhTqrα

(1)
rw(−ω;ω)

+ α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmα

(1)
mn(−2ω; 2ω)Tnpα

(2)
pq (−2ω; 2ω)Tqrγ

(1)
rvwh

+ 2α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvlaTlmα

(1)
mn(−ω;ω)Tnpα

(2)
pw(−2ω; 2ω)Tabα

(1)
bh (0; 0)

+ α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
klpaTlmα

(1)
mv(−ω;ω)Tpqα

(1)
qw(−2ω; 2ω)Tabα

(1)
bh (0; 0)

+ 2α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmγ

(1)
mvnaTnpα

(2)
pw(−ω;ω)Tabα

(2)
bh (0; 0)

+ α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmα

(1)
mn(−2ω; 2ω)Tnpγ

(2)
pvwaTabα

(1)
bh (0; 0)

+ 2α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvlaTlmα

(1)
mw(−ω;ω)Tabα

(1)
bc (0; 0)Tcdα

(2)
dh (0; 0)

+ α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmγ

(1)
mvwaTabα

(2)
bc (0; 0)Tcdα

(1)
dh (0; 0)

+ α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvwaTabα

(1)
bc (0; 0)Tcdα

(2)
de (0; 0)Tefα

(1)
fh (0; 0) + · · ·

)
E 2
z a

z
i a

z
va

z
wa

z
h , (4.64)
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(
∂U (1)(τ,E)

∂Ez

)
Ez=0

=
1

3

(
α
(1)
ab (0; 0)TbghΘ

(2)
0gh − α

(1)
ab (0; 0)Tbcα

(2)
cd (0; 0)TdghΘ

(1)
0gh

+ α
(1)
ab (0; 0)Tbcα

(2)
cd (0; 0)Tdeα

(1)
ef (0; 0)TfghΘ

(2)
0gh

− α
(1)
ab (0; 0)Tbcα

(2)
cd (0; 0)Tdeα

(1)
ef (0; 0)Tfsα

(2)
st (0; 0)TtghΘ

(1)
0gh

+ · · ·
)
aza

(4.65)

and

(
∂U (2)(τ,E)

∂Ez

)
Ez=0

=
1

3

(
−α

(2)
ab (0; 0)TbghΘ

(1)
0gh + α

(2)
ab (0; 0)Tbcα

(1)
cd (0; 0)TdghΘ

(2)
0gh

− α
(2)
ab (0; 0)Tbcα

(1)
cd (0; 0)Tdeα

(2)
ef (0; 0)TfghΘ

(1)
0gh

+ α
(2)
ab (0; 0)Tbcα

(1)
cd (0; 0)Tdeα

(2)
ef (0; 0)Tfsα

(1)
st (0; 0)TtghΘ

(2)
0gh

+ · · ·
)
aza .

(4.66)

Substituting equations (4.63) to (4.66) into equation (4.62) yields the contributions

to Bγ in equation (4.23). These are
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{
1
2

(
∂µ

(12)
z (2ω, τ,E)

∂Ez

)
Ez=0

−

(
∂µz(2ω)

∂Ez

)
Ez=0

}

= γ1α1 + γ1α2 + γ1α3 + γ1α4 + · · ·

+ γ1α1Θ2 + γ1α2Θ2 + γ1α3Θ2 + · · ·

+B1α2Θ1 +B1α3Θ1 + · · ·

+D1α2Θ1 +D1α3Θ1 + · · · ,

(4.67)

where

γ1α1 =
E 2
z

4

{
2γ

(1)
ivjh(−2ω;ω, ω, 0)Tjkα

(2)
kw(−ω;ω)

+ α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvwh(−2ω;ω, ω, 0)

+ γ
(1)
ivwa(−2ω;ω, ω, 0)Tabα

(2)
bh (0; 0)

}〈
azi a

z
va

z
wa

z
h

〉
,

(4.68)
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γ1α2 =
E 2
z

4

{
2γ

(1)
ivjh(−2ω;ω, ω, 0)Tjkα

(2)
kl (−ω;ω)Tlmα

(1)
mw(−ω;ω)

+ γ
(1)
ijph(−2ω;ω, ω, 0)Tjkα

(2)
kv (−ω;ω)Tpqα

(2)
qw(−ω;ω)

+ 2α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvlh(−2ω;ω, ω, 0)Tlmα

(1)
mw(−ω;ω)

+ α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmγ

(1)
mvwh(−2ω;ω, ω, 0)

+ α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvwa(−2ω;ω, ω, 0)Tabα

(1)
bh (0; 0)

+ 2γ
(1)
ivja(−2ω;ω, ω, 0)Tjkα

(2)
kw(−ω;ω)Tabα

(2)
bh (0; 0)

+ γ
(1)
ivwa(−2ω;ω, ω, 0)Tabα

(2)
bc (0; 0)Tcdα

(1)
dh (0; 0)

}〈
azi a

z
va

z
wa

z
h

〉
,

(4.69)
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γ1α3 =
E 2
z

4

{
2γ

(1)
ivjh(−2ω;ω, ω, 0)Tjkα

(2)
kl (−ω;ω)Tlmα

(1)
mn(−ω;ω)Tnpα

(2)
pw(−ω;ω)

+ 2γ
(1)
ijph(−2ω;ω, ω, 0)Tjkα

(2)
kv (−ω;ω)Tpqα

(2)
qr (−ω;ω)Trsα

(1)
sw (−ω;ω)

+ 2α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvlh(−2ω;ω, ω, 0)Tlmα

(1)
mn(−ω;ω)Tnpα

(2)
pw(−ω;ω)

+ α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
klph(−2ω;ω, ω, 0)Tlmα

(1)
mv(−ω;ω)Tpqα

(1)
qw(−ω;ω)

+ 2α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmγ

(1)
mvnh(−2ω;ω, ω, 0)Tnpα

(2)
pw(−ω;ω)

+ α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmα

(1)
mn(−2ω; 2ω)Tnpγ

(2)
pvwh(−2ω;ω, ω, 0)

+ α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmγ

(1)
mvwn(−2ω;ω, ω, 0)Tnpα

(2)
ph (0; 0)

+ 2α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvma(−2ω;ω, ω, 0)Tmnα

(1)
nw(−ω;ω)Tabα

(1)
bh (0; 0)

+ α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvwa(−2ω;ω, ω, 0)Tabα

(1)
bc (0; 0)Tcdα

(2)
dh (0; 0)

+ γ
(1)
ijpa(−2ω;ω, ω, 0)Tjkα

(2)
kv (−ω;ω)Tpqα

(2)
qw(−ω;ω)Tabα

(2)
bh (0; 0)

+ 2γ
(1)
ivja(−2ω;ω, ω, 0)Tjkα

(2)
kl (−ω;ω)Tlmα

(1)
mw(−ω;ω)Tabα

(2)
bh (0; 0)

+ 2γ
(1)
ivja(−2ω;ω, ω, 0)Tjkα

(2)
kw(−ω;ω)Tabα

(2)
bc (0; 0)Tcdα

(1)
dh (0; 0)

+ γ
(1)
ivwa(−2ω;ω, ω, 0)Tabα

(2)
bc (0; 0)Tcdα

(1)
de (0; 0)Tefα

(2)
fh (0; 0)

}〈
azi a

z
va

z
wa

z
h

〉
,

(4.70)
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γ1α4 =
E 2
z

4

{
2γ

(1)
ivjh(−2ω;ω, ω, 0)Tjkα

(2)
kl (−ω;ω)Tlmα(1)

mn(−ω;ω)Tnpα
(2)
pq (−ω;ω)Tqrα

(1)
rw(−ω;ω)

+ 2γ
(1)
ijph(−2ω;ω, ω, 0)Tjkα

(2)
kv (−ω;ω)Tpqα

(2)
qr (−ω;ω)Trsα

(1)
st (−ω;ω)Ttuα

(2)
uw(−ω;ω)

+ γ
(1)
ijph(−2ω;ω, ω, 0)Tjkα

(2)
kl (−ω;ω)Tlmα(1)

mv(−ω;ω)Tpqα
(2)
qr (−ω;ω)Trsα

(1)
sw (−ω;ω)

+ 2γ
(1)
ivja(−2ω;ω, ω, 0)Tjkα

(2)
kl (−ω;ω)Tlmα(1)

mn(−ω;ω)Tnpα
(2)
pw(−ω;ω)Tabα

(2)
bh (0; 0)

+ 2γ
(1)
ijpa(−2ω;ω, ω, 0)Tjkα

(2)
kv (−ω;ω)Tpqα

(2)
qr (−ω;ω)Trsα

(1)
sw (−ω;ω)Tabα

(2)
bh (0; 0)

+ 2γ
(1)
ivja(−2ω;ω, ω, 0)Tjkα

(2)
kl (−ω;ω)Tlmα(1)

mw(−ω;ω)Tabα
(2)
bc (0; 0)Tcdα

(1)
dh (0; 0)

+ γ
(1)
ijpa(−2ω;ω, ω, 0)Tjkα

(2)
kv (−ω;ω)Tpqα

(2)
qw(−ω;ω)Tabα

(2)
bc (0; 0)Tcdα

(1)
dh (0; 0)

+ 2γ
(1)
ivja(−2ω;ω, ω, 0)Tjkα

(2)
kw(−ω;ω)Tabα

(2)
bc (0; 0)Tcdα

(1)
de (0; 0)Tefα

(2)
fh (0; 0)

+ γ
(1)
ivwa(−2ω;ω, ω, 0)Tabα

(2)
bc (0; 0)Tcdα

(1)
de (0; 0)Tefα

(2)
fg (0; 0)Tgjα

(1)
jh (0; 0)

+ 2α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvlh(−2ω;ω, ω, 0)Tlmα(1)

mn(−ω;ω)Tnpα
(2)
pq (−ω;ω)Tqrα

(1)
rw(−ω;ω)

+ α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
klph(−2ω;ω, ω, 0)Tlmα(1)

mv(−ω;ω)Tpqα
(1)
qr (−ω;ω)Trsα

(2)
sw (−ω;ω)

+ 2α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmγ

(1)
mvnh(−2ω;ω, ω, 0)Tnpα

(2)
pq (−ω;ω)Tqrα

(1)
rw(−ω;ω)

+ α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmγ

(1)
mnqh(−2ω;ω, ω, 0)Tnpα

(2)
pv (−ω;ω)Tqrα

(2)
rw(−ω;ω)

+ 2α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmα(1)

mn(−2ω; 2ω)Tnpγ
(2)
pvqh(−2ω;ω, ω, 0)Tqrα

(1)
rw(−ω;ω)

+ α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmα(1)

mn(−2ω; 2ω)Tnpα
(2)
pq (−2ω; 2ω)Tqrγ

(1)
rvwh(−2ω;ω, ω, 0)

+ 2α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvla(−2ω;ω, ω, 0)Tlmα(1)

mn(−ω;ω)Tnpα
(2)
pw(−2ω; 2ω)Tabα

(1)
bh (0; 0)

+ α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
klpa(−2ω;ω, ω, 0)Tlmα(1)

mv(−ω;ω)Tpqα
(1)
qw(−2ω; 2ω)Tabα

(1)
bh (0; 0)

+ 2α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmγ(1)

mvna(−2ω;ω, ω, 0)Tnpα
(2)
pw(−ω;ω)Tabα

(2)
bh (0; 0)

+ α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmα(1)

mn(−2ω; 2ω)Tnpγ
(2)
pvwa(−2ω;ω, ω, 0)Tabα

(1)
bh (0; 0)

+ 2α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvla(−2ω;ω, ω, 0)Tlmα(1)

mw(−ω;ω)Tabα
(1)
bc (0; 0)Tcdα

(2)
dh (0; 0)

+ α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmγ(1)

mvwa(−2ω;ω, ω, 0)Tabα
(2)
bc (0; 0)Tcdα

(1)
dh (0; 0)

+ α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvwa(−2ω;ω, ω, 0)Tabα

(1)
bc (0; 0)Tcdα

(2)
de (0; 0)Tefα

(1)
fh (0; 0)

}〈
azi a

z
va

z
wa

z
h

〉
,

(4.71)
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γ1α1Θ2 =
E 2
z

36kT

{
γ
(1)
ivwj(−2ω;ω, ω, 0)TjqrΘ

(2)
0qrα

(1)
ab (0; 0)TbghΘ

(2)
0gh

− γ
(1)
ivwj(−2ω;ω, ω, 0)TjqrΘ

(2)
0qrα

(2)
ab (0; 0)TbghΘ

(1)
0gh

}〈
azi a

z
va

z
wa

z
a

〉
,

(4.72)

γ1α2Θ2 =
E 2
z

36kT

{
2γ

(1)
ivjl(−2ω;ω, ω, 0)Tjkα

(2)
kw(−ω;ω)TlqrΘ

(2)
0qrα

(1)
ab (0; 0)TbghΘ

(2)
0gh

− 2γ
(1)
ivjl(−2ω;ω, ω, 0)Tjkα

(2)
kw(−ω;ω)TlqrΘ

(2)
0qrα

(2)
ab (0; 0)TbghΘ

(1)
0gh

− α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvwl(−2ω;ω, ω, 0)TlqrΘ

(1)
0qrα

(1)
ab (0; 0)TbghΘ

(2)
0gh

+ α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvwl(−2ω;ω, ω, 0)TlqrΘ

(1)
0qrα

(2)
ab (0; 0)TbghΘ

(1)
0gh

− γ
(1)
ivwj(−2ω;ω, ω, 0)Tjkα

(2)
kl (0; 0)TlqrΘ

(1)
0qrα

(1)
ab (0; 0)TbghΘ

(2)
0gh

+ γ
(1)
ivwj(−2ω;ω, ω, 0)Tjkα

(2)
kl (0; 0)TlqrΘ

(1)
0qrα

(2)
ab (0; 0)TbghΘ

(1)
0gh

− γ
(1)
ivwj(−2ω;ω, ω, 0)TjqrΘ

(2)
0qrα

(1)
ab (0; 0)Tbcα

(2)
cd (0; 0)TdghΘ

(1)
0gh

+ γ
(1)
ivwj(−2ω;ω, ω, 0)TjqrΘ

(2)
0qrα

(2)
ab (0; 0)Tbcα

(1)
cd (0; 0)TdghΘ

(2)
0gh

}〈
azi a

z
va

z
wa

z
a

〉
,

(4.73)
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γ1α3Θ2 =
E 2
z

36kT

{
2γ

(1)
ivjpTjkα

(2)
kl (−ω;ω)Tlmα

(1)
mw(−ω;ω)TpqrΘ

(2)
0qrα

(1)
ab (0; 0)TbghΘ

(2)
0gh

+ 2γ
(1)
ivjpTjkα

(2)
kl (−ω;ω)Tlmα

(1)
mw(−ω;ω)TpqrΘ

(2)
0qrα

(2)
ab (0; 0)TbghΘ

(1)
0gh

+ γ
(1)
ijlpTjkα

(2)
kv (−ω;ω)Tlmα

(2)
mw(−ω;ω)TpqrΘ

(2)
0qrα

(1)
ab (0; 0)TbghΘ

(2)
0gh

+ γ
(1)
ijlpTjkα

(2)
kv (−ω;ω)Tlmα

(2)
mw(−ω;ω)TpqrΘ

(2)
0qrα

(2)
ab (0; 0)TbghΘ

(1)
0gh

− 2α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvlpTlmα

(1)
mw(−ω;ω)TpqrΘ

(1)
0qrα

(1)
ab (0; 0)TbghΘ

(2)
0gh

− 2α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvlpTlmα

(1)
mw(−ω;ω)TpqrΘ

(1)
0qrα

(2)
ab (0; 0)TbghΘ

(1)
0gh

+ α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmγ

(1)
mvwpTpqrΘ

(2)
0qrα

(1)
ab (0; 0)TbghΘ

(2)
0gh

+ α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)Tlmγ

(1)
mvwpTpqrΘ

(2)
0qrα

(2)
ab (0; 0)TbghΘ

(1)
0gh

− α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvwlTlmα

(1)
mp(0; 0)TpqrΘ

(2)
0qrα

(1)
ab (0; 0)TbghΘ

(2)
0gh

− α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvwlTlmα

(1)
mp(0; 0)TpqrΘ

(2)
0qrα

(2)
ab (0; 0)TbghΘ

(1)
0gh

− 2γ
(1)
ivjlTjkα

(2)
kw(−ω;ω)Tlmα

(2)
mp(0; 0)TpqrΘ

(1)
0qrα

(1)
ab (0; 0)TbghΘ

(2)
0gh

− 2γ
(1)
ivjlTjkα

(2)
kw(−ω;ω)Tlmα

(2)
mp(0; 0)TpqrΘ

(1)
0qrα

(2)
ab (0; 0)TbghΘ

(1)
0gh

+ γ
(1)
ivwjTjkα

(2)
kl (0; 0)Tlmα

(1)
mp(0; 0)TpqrΘ

(2)
0qrα

(1)
ab (0; 0)TbghΘ

(2)
0gh

+ γ
(1)
ivwjTjkα

(2)
kl (0; 0)Tlmα

(1)
mp(0; 0)TpqrΘ

(2)
0qrα

(2)
ab (0; 0)TbghΘ

(1)
0gh

+ 2γ
(1)
ivjl(−2ω;ω, ω, 0)Tjkα

(2)
kw(−ω;ω)TlqrΘ

(2)
0qrα

(1)
ab (0; 0)Tbcα

(2)
cd (0; 0)TdghΘ

(1)
0gh

− 2γ
(1)
ivjl(−2ω;ω, ω, 0)Tjkα

(2)
kw(−ω;ω)TlqrΘ

(2)
0qrα

(2)
ab (0; 0)Tbcα

(1)
cd (0; 0)TdghΘ

(2)
0gh

− α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvwl(−2ω;ω, ω, 0)TlqrΘ

(1)
0qrα

(1)
ab (0; 0)Tbcα

(2)
cd (0; 0)TdghΘ

(1)
0gh

+ α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvwl(−2ω;ω, ω, 0)TlqrΘ

(1)
0qrα

(2)
ab (0; 0)Tbcα

(1)
cd (0; 0)TdghΘ

(2)
0gh

− γ
(1)
ivwj(−2ω;ω, ω, 0)Tjkα

(2)
kl (0; 0)TlqrΘ

(1)
0qrα

(1)
ab (0; 0)Tbcα

(2)
cd (0; 0)TdghΘ

(1)
0gh

+ γ
(1)
ivwj(−2ω;ω, ω, 0)Tjkα

(2)
kl (0; 0)TlqrΘ

(1)
0qrα

(2)
ab (0; 0)Tbcα

(1)
cd (0; 0)TdghΘ

(2)
0gh

− γ
(1)
ivwj(−2ω;ω, ω, 0)TjqrΘ

(2)
0qrα

(1)
ab (0; 0)Tbcα

(2)
cd (0; 0)Tdeα

(1)
ef (0; 0)TfghΘ

(2)
0gh

+ γ
(1)
ivwj(−2ω;ω, ω, 0)TjqrΘ

(2)
0qrα

(2)
ab (0; 0)Tbcα

(1)
cd (0; 0)Tdeα

(2)
ef (0; 0)TfghΘ

(1)
0gh

}〈
azi a

z
va

z
waza

〉
,

(4.74)
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B1α2Θ1 = − E 2
z

18kT

{
B

(1)
ivjk(−2ω;ω, ω)Tjklα

(2)
lw (−ω;ω)α

(1)
ab (0; 0)TbghΘ

(2)
0gh

−B
(1)
ivjk(−2ω;ω, ω)Tjklα

(2)
lw (−ω;ω)α

(2)
ab (0; 0)TbghΘ

(1)
0gh

}〈
azi a

z
va

z
wa

z
a

〉
,

(4.75)

B1α3Θ1 = − E 2
z

18kT

{
− α

(1)
ij (−2ω; 2ω)TjkB

(2)
kvlmTlmnα

(1)
nw(−ω;ω)α

(1)
ab (0; 0)TbghΘ

(2)
0gh

+ α
(1)
ij (−2ω; 2ω)TjkB

(2)
kvlmTlmnα

(1)
nw(−ω;ω)α

(2)
ab (0; 0)TbghΘ

(1)
0gh

+B
(1)
ivjkTjklα

(2)
lm(−ω;ω)Tmnα

(1)
nw(−ω;ω)α

(1)
ab (0; 0)TbghΘ

(2)
0gh

−B
(1)
ivjkTjklα

(2)
lm(−ω;ω)Tmnα

(1)
nw(−ω;ω)α

(2)
ab (0; 0)TbghΘ

(1)
0gh

+B
(1)
ijlmTjkα

(2)
kv (−ω;ω)Tlmnα

(2)
nw(−ω;ω)α

(1)
ab (0; 0)TbghΘ

(2)
0gh

−B
(1)
ijlmTjkα

(2)
kv (−ω;ω)Tlmnα

(2)
nw(−ω;ω)α

(2)
ab (0; 0)TbghΘ

(1)
0gh

−B
(1)
ivjk(−2ω;ω, ω)Tjklα

(2)
lw (−ω;ω)α

(1)
ab (0; 0)Tbcα

(2)
cd (0; 0)TdghΘ

(1)
0gh

+B
(1)
ivjk(−2ω;ω, ω)Tjklα

(2)
lw (−ω;ω)α

(2)
ab (0; 0)Tbcα

(1)
cd (0; 0)TdghΘ

(2)
0gh

}〈
azi a

z
va

z
wa

z
a

〉
,

(4.76)

D1α2Θ1 =
E 2
z

36kT

{
α
(1)
ij (−2ω; 2ω)TjklD

(2)
klvw(−2ω;ω, ω)α

(1)
ab (0; 0)TbghΘ

(2)
0gh

− α
(1)
ij (−2ω; 2ω)TjklD

(2)
klvw(−2ω;ω, ω)α

(2)
ab (0; 0)TbghΘ

(1)
0gh

}〈
azi a

z
va

z
wa

z
a

〉
(4.77)
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and

D1α3Θ1 =
E 2
z

36kT

{
− α

(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)TlmnD

(1)
mnvwα

(1)
ab (0; 0)TbghΘ

(2)
0gh

+ α
(1)
ij (−2ω; 2ω)Tjkα

(2)
kl (−2ω; 2ω)TlmnD

(1)
mnvwα

(2)
ab (0; 0)TbghΘ

(1)
0gh

+ 2α
(1)
ij (−2ω; 2ω)TjklD

(2)
klvmTmnα

(1)
nw(−ω;ω)α

(1)
ab (0; 0)TbghΘ

(2)
0gh

− 2α
(1)
ij (−2ω; 2ω)TjklD

(2)
klvmTmnα

(1)
nw(−ω;ω)α

(2)
ab (0; 0)TbghΘ

(1)
0gh

− α
(1)
ij (−2ω; 2ω)TjklD

(2)
klvw(−2ω;ω, ω)α

(1)
ab (0; 0)Tbcα

(2)
cd (0; 0)TdghΘ

(1)
0gh

+ α
(1)
ij (−2ω; 2ω)TjklD

(2)
klvw(−2ω;ω, ω)α

(2)
ab (0; 0)Tbcα

(1)
cd (0; 0)TdghΘ

(2)
0gh

}〈
azi a

z
va

z
wa

z
a

〉
.

(4.78)

The isotropic averages in equations (4.68) to (4.78) are carried out using equa-

tion (3.35), and the procedure will now be demonstrated by evaluating the term for

γ1α1.

γ1α1 =
E 2
z

4

{
2γ

(1)
ivjh(−2ω;ω, ω, 0)Tjkα

(2)
kw(−ω;ω) + α

(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvwh(−2ω;ω, ω, 0)

+ γ
(1)
ivwa(−2ω;ω, ω, 0)Tabα

(2)
bh (0; 0)

}〈
azi a

z
va

z
wa

z
h

〉

=
E 2
z

4 · 15

{
2γ

(1)
ivjh(−2ω;ω, ω, 0)Tjkα

(2)
kw(−ω;ω) + α

(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvwh(−2ω;ω, ω, 0)

+ γ
(1)
ivwa(−2ω;ω, ω, 0)Tabα

(2)
bh (0; 0)

}(
δivδwh + δiwδvh + δihδvw

)

=
E 2
z

60

{
2γ

(1)
iijh(−2ω;ω, ω, 0)Tjkα

(2)
kh (−ω;ω) + 2γ

(1)
ivjv(−2ω;ω, ω, 0)Tjkα

(2)
ki (−ω;ω)

+ 2γ
(1)
ivji(−2ω;ω, ω, 0)Tjkα

(2)
kv (−ω;ω)

+ 2α
(1)
ij (−2ω; 2ω)Tjkγ

(2)
kiww(−2ω;ω, ω, 0) + α

(1)
ij (−2ω; 2ω)Tjkγ

(2)
kvvi(−2ω;ω, ω, 0)

+ 2γ
(1)
iiwa(−2ω;ω, ω, 0)Tabα

(2)
bw (0; 0) + γ

(1)
ivva(−2ω;ω, ω, 0)Tabα

(2)
bi (0; 0)

}
.

(4.79)

The final scalar expression for γ1α1 in equation (4.79) is obtained through summation
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over the tensor indices, which is conveniently done using the Macsyma algebraic-

manipulation software package. Macsyma has a facility to translate the final ex-

pression into Fortran code for direct insertion into the program which performs the

numerical integration by the Gaussian quadrature method. This procedure is car-

ried out on all of the terms in equation (4.67), and the final expressions will not

be provided in this thesis since they are generally too large to reproduce here. An

example of the Fortran code is however given in Appendix A.1. The ranges of the

angular variables α1, α2, β1, β2, γ1 and γ2 were divided into sixteen intervals each,

while R was given a range of 0.1 nm to 3.0 nm divided into 64 intervals. Increas-

ing the number of intervals beyond these yields negligible change in the integral (to

within the 6th significant figure). Fortran programs were all run in double precision.

Substituting the final expressions for the terms into equation (4.23), followed by nu-

merical integration over the pair-interaction coordinates, will yield their numerical

contributions to the second ESHG virial coefficient Bγ for a particular molecule.

This requires knowledge of the numerical values of the tensor components of the

molecular-property tensors for the particular molecule under inestigation. Where

possible, the best experimentally measured data available in the literature are used.

Otherwise, the highest-quality ab initio quantum-mechanical calculations have been

sought in the literature. In the absence of available data, the DALTON molecular

electronic-structure program has been used to calculate the molecular-property ten-

sor components as part of this project.

The molecules which have been investigated are the axially-symmetric non-dipolar

molecules H2, N2 and CO2 (all of which are of D∞h symmetry), and the planar

non-dipolar molecule C2H4 (which is of D2h symmetry). The independent compo-

nents of the various molecular-property tensors in equations (4.68) to (4.78) for the

symmetry point groups D∞h and D2h are now explicitly listed.
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4.2 The molecular-property tensors

It is perhaps best to begin with the more general case of the lower-symmetry D2h

point group, since the higher symmetry of the D∞h point group will result in the

same number of components for any given molecular-property tensor as for the D2h

point group, but in a reduction in the number of independent components.

4.2.1 Molecules of D2h symmetry

For the D2h point group, if the molecule-fixed axes O(1, 2, 3) are oriented such that

the 1- and 3-axes lie in the molecular plane, with the 3-axis along the principal

molecular axis (e.g. along the double bond of the C2H4 molecule) and the 2-axis

perpendicular to the molecular plane, then the polarizability tensor α
(1)
ij (−ω;ω) is

diagonal and has three independent components [83], namely

α
(1)
ij (−ω;ω) = α

(2)
i′j′(−ω;ω) =


α11 0 0

0 α22 0

0 0 α33

 . (4.80)

The mean polarizability α(−ω;ω) is

α(−ω;ω) =
1

3
αii(−ω;ω) =

1

3

(
α11 + α22 + α33

)
, (4.81)

while the anisotropy in the polarizability ∆α(−ω;ω) is

∆α(−ω;ω) =
1√
2

{(
α11 − α22

)2
+
(
α22 − α33

)2
+
(
α33 − α11

)2}1/2

. (4.82)

In these expressions, ω is zero for the static polarizability, while for a dynamic polar-

izability, ω is the vacuum frequency of the incident photon. In addition, α
(2)
ij (−ω;ω)

is the polarizability tensor of molecule 2 expressed in the molecule-fixed axes of
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molecule 1, which is provided by

α
(2)
ij (−ω;ω) = aiαa

j
βa

α
i′a

β
j′α

(2)
i′j′(−ω;ω) . (4.83)

The ESHG optical-frequency second hyperpolarizability γijkl(−2ω;ω, ω, 0) is sym-

metric in the suffices jk alone. Using standard group-theory methods [129, 130],

it can be shown that for molecules of D2h symmetry, the tensors γ
(1)
ijkl(−2ω;ω, ω, 0)

= γ
(2)
i′j′k′l′(−2ω;ω, ω, 0) have a total of 21 non-zero components, of which 15 are

independent:

γ1111

γ2222

γ3333

γ1122 = γ1212

γ2211 = γ2121

γ1221

γ2112

γ1133 = γ1313

γ3311 = γ3131

γ1331

γ3113

γ2233 = γ2323

γ3322 = γ3232

γ2332

γ3223 .

(4.84)
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The ESHG dynamic second hyperpolarizability tensor of molecule 2 expressed in

the molecule-fixed axes of molecule 1 is

γ
(2)
ijkl(−2ω;ω, ω, 0) = aiαa

j
βa

k
γa

l
δa

α
i′a

β
j′a

γ
k′a

δ
l′γ

(2)
i′j′k′l′(−2ω;ω, ω, 0) . (4.85)

From equation (3.110), the experimentally measurable hyperpolarizability γESHG
∥ is

γESHG
∥ (−2ω;ω, ω, 0) =

1

15

(
2γiijj(−2ω;ω, ω, 0) + γijji(−2ω;ω, ω, 0)

)
, (4.86)

which for molecules of D2h symmetry becomes

γESHG
∥ (−2ω;ω, ω, 0) =

1

15

(
3γ1111 + 2γ1122 + γ1221 + 2γ1133 + γ1331 + 2γ2211

+ γ2112 + 3γ2222 + 2γ2233 + γ2332 + 2γ3311

+ γ3113 + 2γ3322 + γ3223 + 3γ3333

)
.

(4.87)

The static second hyperpolarizability γijkl(0; 0, 0, 0) has full permutation symmetry,

and has the 6 independent components

γ1111

γ2222

γ3333

γ1122 = γ1212 = γ1221 = γ2112 = γ2121 = γ2211

γ1133 = γ1313 = γ1331 = γ3113 = γ3131 = γ3311

γ2233 = γ2323 = γ2332 = γ3223 = γ3232 = γ3322 .

(4.88)

Hence,

γESHG
∥ (0; 0, 0, 0) =

1

15

(
3γ1111 + 6γ1122 + 6γ1133 + 6γ2233 + 3γ2222 + 3γ3333

)
. (4.89)
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The SHG optical-frequency dipole-dipole-quadrupole hyperpolarizabilityBijkl(−2ω;ω, ω)

is symmetric in the suffices kl only, so that for molecules ofD2h symmetry this tensor

has 21 non-zero components, of which 12 are independent:

B1111

B2222

B3333

B1122

B2211

B3322

B1212 = B1221

B2121 = B2112

B1313 = B1331

B2323 = B2332

B3131 = B3113

B3232 = B3223 .

(4.90)

The following are the remaining non-zero dependent components:

B1133 = − (B1111 +B1122)

B2233 = − (B2222 +B2211)

B3311 = − (B3333 +B3322) .

(4.91)

The Bijkl(−2ω;ω, ω) tensor of molecule 2 expressed in the molecule-fixed axes of

molecule 1 is

B
(2)
ijkl(−2ω;ω, ω) = aiαa

j
βa

k
γa

l
δa

α
i′a

β
j′a

γ
k′a

δ
l′B

(2)
i′j′k′l′(−2ω;ω, ω) . (4.92)
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The static dipole-dipole-quadrupole hyperpolarizability Bijkl(0; 0, 0) is symmetric in

ij and in kl, and has 9 independent components:

B1111

B2222

B3333

B1122

B2211

B3322

B1212 = B1221 = B2112 = B2121

B1313 = B1331 = B3113 = B3131

B2323 = B2332 = B3223 = B3232 ,

(4.93)

with the additional non-zero dependent components

B1133 = − (B1111 +B1122)

B2233 = − (B2222 +B2211)

B3311 = − (B3333 +B3322) .

(4.94)

The SHG optical-frequency dipole-dipole-quadrupole hyperpolarizabilityDijkl(−2ω;ω, ω)

is symmetric in the suffices ij and in the suffices kl, so that for molecules of D2h
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symmetry this tensor has 21 non-zero components, of which 9 are independent:

D1111

D2222

D3333

D1122

D2211

D2233

D1212 = D1221 = D2112 = D2121

D1313 = D1331 = D3113 = D3131

D2323 = D2332 = D3223 = D3232 .

(4.95)

The following are the remaining non-zero dependent components:

D3311 = − (D1111 +D2211)

D3322 = − (D2222 +D1122)

D1133 = − (D3333 +D2233) .

(4.96)

The Dijkl(−2ω;ω, ω) tensor of molecule 2 expressed in the molecule-fixed axes of

molecule 1 is

D
(2)
ijkl(−2ω;ω, ω) = aiαa

j
βa

k
γa

l
δa

α
i′a

β
j′a

γ
k′a

δ
l′D

(2)
i′j′k′l′(−2ω;ω, ω) . (4.97)

The static dipole-dipole-quadrupole hyperpolarizability Dijkl(0; 0, 0) is also sym-

metric in ij and in kl, so there is no further simplification, this tensor having the

same 9 independent components as in equation (4.95). In addition, Dijkl(0; 0, 0) =

Bklij(0; 0, 0).

The traceless permanent electric quadrupole moment for molecules of D2h symmetry
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has two independent components [83], giving

Θ
(1)
0ij = Θ

(2)
0i′j′ =


Θ11 0 0

0 Θ22 0

0 0 Θ33 = −Θ11 −Θ22

 . (4.98)

Similarly,

Θ
(2)
0ij = aiαa

j
βa

α
i′a

β
j′Θ

(2)
0i′j′ . (4.99)

4.2.2 Molecules of D∞h symmetry

For axially-symmetric molecules, if the molecule-fixed axes O(1, 2, 3) are oriented

such that the 3-axis co-incides with the rotation axis of the molecule, then the

polarizability tensor αij(−ω;ω) has the two independent components α11 = α22 =

α⊥ and α33 = α∥ [83] so that equation (4.80) reduces to

α
(1)
ij (−ω;ω) = α

(2)
i′j′(−ω;ω) =


α⊥ 0 0

0 α⊥ 0

0 0 α∥

 . (4.100)

These two independent components can be deduced from measured values of the

mean polarizability

α(−ω;ω) =
1

3
αii(−ω;ω) =

1

3

(
2α⊥ + α∥

)
(4.101)

and the polarizability anisotropy

∆α(−ω;ω) =
(
α∥ − α⊥

)
, (4.102)
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so that

α⊥ = α(−ω;ω)− 1

3
∆α(−ω;ω) (4.103)

and

α∥ = α(−ω;ω) + 2
3
∆α(−ω;ω) . (4.104)

For axially-symmetric molecules, the ESHG optical-frequency second hyperpolar-

izability tensor γijkl(−2ω;ω, ω, 0) reduces to 7 independent components:

γ1111 = γ2222

γ3333

γ1133 = γ1313 = γ2233 = γ2323

γ3311 = γ3131 = γ3322 = γ3232

γ1331 = γ2332

γ3113 = γ3223

γ1122 = γ1212 = γ2211 = γ2121 =
1

2
(γ1111 − γ1221) =

1

2
(γ1111 − γ2112) .

(4.105)

The expression in equation (4.86) for γESHG
∥ becomes

γESHG
∥ (−2ω;ω, ω, 0) =

1

15

(
8γ1111 + 4 (γ1133 + γ3311) + 2 (γ1331 + γ3113) + 3γ3333

)
.

(4.106)
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The static second hyperpolarizability γijkl(0; 0, 0, 0) has the 3 independent compo-

nents

γ1111 = γ2222 = 3γ1122 = 3γ1212 = 3γ1221 = 3γ2112 = 3γ2121 = 3γ2211

γ3333

γ1133 = γ1313 = γ1331 = γ3113 = γ3131 = γ3311 = γ2233 = γ2323 = γ2332 = γ3223 = γ3232 = γ3322

(4.107)

with

γESHG
∥ (0; 0, 0, 0) =

1

15

(
8γ1111 + 12γ1133 + 3γ3333

)
. (4.108)

The SHG optical-frequency dipole-dipole-quadrupole hyperpolarizabilityBijkl(−2ω;ω, ω)

has the 5 independent components

B1111 = B2222

B3333

B1313 = B1331 = B2323 = B2332

B3131 = B3113 = B3232 = B3223

B1122 = B2211 = B1111 − 2B1212 ,

(4.109)

with the additional non-zero dependent components

B1212 = B1221 = B2121 = B2112 =
1

2
(B1111 −B1122)

B1133 = B2233 = − (B1111 +B1122)

B3311 = B3322 = −1

2
B3333 .

(4.110)
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The static dipole-dipole-quadrupole hyperpolarizability Bijkl(0; 0, 0) has 4 indepen-

dent components:

B1111 = B2222

B3333

B1313 = B1331 = B2323 = B2332 = B3131 = B3113 = B3232 = B3223

B1122 = B2211 = B1111 − 2B1212 .

(4.111)

The SHG optical-frequency dipole-dipole-quadrupole hyperpolarizabilityDijkl(−2ω;ω, ω)

has 4 independent components:

D1111 = D2222

D3333

D1313 = D1331 = D2323 = D2332 = D3131 = D3113 = D3232 = D3223

D1122 = D2211 = D1111 − 2D1212 .

(4.112)

The additional non-zero dependent components are

D1212 = D1221 = D2121 = D2112 =
1

2
(D1111 −D1122)

D1133 = D2233 = −1

2
D3333

D3311 = D3322 = − (D1111 +D1122) .

(4.113)

The static dipole-dipole-quadrupole hyperpolarizability Dijkl(0; 0, 0) has no further

simplification, this tensor having the same 4 independent components as in equa-

tion (4.113).

For axially-symmetric molecules, the traceless permanent quadrupole moment now
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has one independent component [83], given by

Θ
(1)
0ij = Θ

(2)
0i′j′ =


Θ11 = −1

2
Θ33 0 0

0 Θ22 = −1
2
Θ33 0

0 0 Θ33

 . (4.114)

All molecular-property tensors in equations (4.68) to (4.78) for symmetry point

groups D∞h and D2h have now been considered. The only remaining tensors in

these equations are the second- and third-rank T−tensors. In the laboratory frame

O(x, y, z) the second-rank T−tensor is [83]

Tαβ =
1

4πε0
∇α∇βR

−1 =
1

4πε0

(
3RαRβ −R2δαβ

)
R−5 , (4.115)

while in the molecule-fixed axes of molecule 1, Tij = aiαa
j
β Tαβ. The third-rank

T−tensor in space-fixed axes is [83]

Tαβγ =
1

4πε0
∇α∇β∇γR

−1

=
−3

4πε0

[
5RαRβRγ −R2

(
Rαδβγ +Rβδγα +Rγδαβ

)]
R−7 ,

(4.116)

while in the molecule-fixed axes of molecule 1, Tijk = aiαa
j
βa

k
γ Tαβγ.

The tensor-manipulation package of the Macsyma algebraic manipulation program

was used to evaluate the expressions for the terms in equations (4.68) to (4.78), and

proved to be an invaluable aid especially for the more complex expressions. These

final expressions are often extremely large, and so they are not presented here, but

the Macsyma program translates them directly into Fortran code, hence minimiz-

ing the introduction of spurious typographical errors. The integration of the final
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expressions over the pair-interaction coordinates as per equation (4.23) enumerates

the contributions to Bγ of each of the terms in equation (4.67).

The integral in equation (4.23) requires the intermolecular potential U12(τ). As in

previous work [77, 125], the classical potential

U12(τ) = ULJ + UΘ,Θ + UΘ, ind µ + Ushape (4.117)

is used, where ULJ is the Lennard-Jones 6:12 potential, UΘ,Θ is the electrostatic

quadrupole-quadrupole interaction energy of the two molecules, and UΘ, ind µ is the

quadrupole-induced dipole interaction energy. The angular dependence of short

range repulsive forces for non-spherical molecules is accounted for by Ushape. Ex-

plicit expressions for each of these contributions to U12(τ) for molecules of D2h

symmetry and higher have already been provided [77, 125]. In order to compute

the induction energy UΘ, ind µ, the static molecular polarizability αij(0; 0) is required.

The integrals were evaluated by numerical integration using Gaussian quadrature.

The ranges of the orientation angles were divided into 16 intervals each, while the

intermolecular separation R was given the range of 0.1 to 3.0 nm divided into 64

intervals. A sample of the Fortran programs used to compute the contributions to

Bγ is provided in Appendix A.1 (it is the program to evaluate γ1α1 for the C2H4

molecule). All programs were run in double precision using the Salford F90 compiler.

Chapter 5 presents the results of the computations of Bγ for the molecules H2, N2,

CO2 and C2H4.



Chapter 5

Results

5.1 Hydrogen

Hydrogen is a homonuclear diatomic molecule, and so is non-dipolar, its leading

electric moment being the quadrupole moment. H2 has axial symmetry, belonging

to the D∞h symmetry point group. The molecular data required in the calculation

of Bγ are provided in Tables 5.1 to 5.5. The force constants R0 and ε/k used in the

Lennard-Jones 6:12 potential are taken from Hirschfelder et al. [131], and together

with the shape parameter D have been optimized by fitting calculated values of the

second pressure virial coefficient

B(T ) =
NA

2Ω

∫
τ

[
1− e−U12(τ)/kT

]
dτ (5.1)

to the tabulated measured data over a wide temperature range. These are presented

in Table 5.1 together with the molecular electric quadrupole moment.

131
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Table 5.1: The intermolecular potential parameters and quadrupole moment of H2

used in the calculation of Bγ.

Property Value Reference

R0 (nm) 0.300 [131]

ε/k (K) 30.0 [131]

D1 0.050a

D2 0.000

1040Θ33(Cm2) 2.166 [132]

aObtained by fitting to pressure virial coefficients reported in Ref. [133]

Donley and Shelton’s ESHG experiments to measure pair-interaction contributions

to hyperpolarizablities were undertaken using the argon-ion laser line at λ = 514.5 nm

[48]. We focus on calculations at this wavelength, and so require the optical polar-

izability tensor components at this wavelength and at half of this wavelength. The

static polarizability tensor components are also required. Table 5.2 provides these

polarizabilities and polarizability anisotropies for H2, all deduced from the con-

strained anisotropic dipole oscillator strength distribution (DOSD) study of Kumar

and Meath [134].

Bishop and co-workers have, in a series of studies, obtained accurate ab initio cal-

culations of the static and dynamic polarizabilities and hyperpolarizabilities of H2

[96, 135–137]. Their fourth paper in this series utilized James-Coolidge type wave

functions with an extended basis set [96], yielding excellent agreement with ESHG

experimental data. Their calculations of the dipole-dipole-quadrupole hyperpolar-

izability Bijkl(−ωσ;ω1, ω2) are for ωσ = ω1 and ω2 = 0, which is encountered in

the electric-field-gradient-induced birefringence of molecules [138, 139]. To obtain

values of Bijkl(−2ω;ω, ω) and Dijkl(−2ω;ω, ω) for H2, we have used DALTON to
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Table 5.2: H2 mean polarizabilities, polarizability anisotropies, and deduced polar-
izability tensor components for zero frequency and relevant optical frequencies.† All
values are in SI units.a

λ 1040 α 1040∆α 1040 α⊥ 1040 α∥
(nm) (C2m2 J−1) (C2m2 J−1) (C2m2 J−1) (C2m2 J−1)

∞ 0.8957 0.3367 0.7835 1.1201

514.5 0.9223 0.3530 0.8046 1.1577

257.25 1.0148 0.4126 0.8772 1.2899

†i.e. for Donley and Shelton’s experimental wavelength λ = 514.5 nm and the
frequency-doubled wavelength λ = 257.25 nm; the data are extracted from the
DOSD [134].
aThe relationship between SI units and atomic units is:
1 e2a20 E

−1
h = 1.648778 × 10−41C2m2J−1.

perform calculations with a CCSD wavefunction and with Woon and Dunning’s

triply-augmented correlation consistent polarized valence quadruple zeta (t-aug-cc-

pVQZ) basis [140]. As a cross-check of the reliability of the calculated values, we

have also undertaken CCSD calculations of the second hyperpolarizability over a

range of wavelengths (presented in Table 5.3), allowing direct comparison with the

accurate data of Bishop et al. (reproduced for ease of comparison in Table 5.4).

All tabulations of ab initio calculated hyperpolarizability data are in atomic units,

allowing for ease of comparison with results in the literature. Conversion factors

to SI units are provided in the tables. Our calculated hyperpolarizabilities for all

components save for γ3333 agree with the data of Bishop et al. to better than 0.3%.

For γ3333, agreement is within 1.5%. Our calculated dipole-dipole-quadrupole hy-

perpolarizabilities are presented in Table 5.5 for a range of wavelengths. Note that

the static hyperpolarizabilities Bijkl(0; 0, 0) = Dklij(0; 0, 0) can be compared directly

with those of Bishop et al. [96], and here, agreement is to within 1%. The recent

study of the static hyperpolarizabilities of H2 by Miliordos and Hunt [141] confirms
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this level of agreement.

Table 5.3: Components of the ESHG second hyperpolarizability γijkl(−2ω;ω, ω, 0)
for H2 calculated in this work using a CCSD wavefunction and a t-aug-cc-pVQZ
basis set. All values are in atomic units.a

Property λ(nm)

400.0 514.5 694.3 1064 ∞

γ1111 959.3 774.1 675.3 616.6 577.8

γ1122 308.9 253.2 222.9 204.7 192.6

γ1133 344.3 282.0 248.1 227.7 214.1

γ1331 382.7 299.0 255.7 230.6 214.1

γ3113 393.5 303.5 257.7 231.3 214.1

γ3311 362.2 290.1 251.8 229.1 214.1

γ3333 1216.3 957.0 821.8 742.8 691.0

aConversion to SI units: 1 e4a40 E
−3
h = 6.235378 × 10−65C4m4J−3.
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Table 5.4: Components of the ESHG second hyperpolarizability γijkl(−2ω;ω, ω, 0)
for H2 calculated by Bishop et al. using accurate James-Coolidge type wavefunctions
and an extended basis set.† All values are in atomic units.a

Property λ(nm)

514.5 694.3 1064 ∞

γ1111 772.2 673.4 614.8 575.9

γ1122 252.6 222.3 204.1 192.0

γ1133 279.4 245.6 225.4 211.9

γ1331 297.0 253.6 228.3 211.9

γ3113 301.5 255.5 229.1 211.9

γ3311 287.6 249.4 226.8 211.9

γ3333 942.8 810.7 733.3 682.5

†Note that Bishop et al. have quoted values for γijkl(−2ω; 0, ω, ω) in their paper [96].
These are related to γijkl(−2ω;ω, ω, 0) via γijkl(−2ω;ω, ω, 0) = γiljk(−2ω; 0, ω, ω).
aConversion to SI units: 1 e4a40 E

−3
h = 6.235378 × 10−65C4m4J−3.
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Table 5.5: Components of the SHG dipole-dipole-quadrupole hyperpolarizabilities
Bijkl(−2ω;ω, ω) and Dijkl(−2ω;ω, ω) for H2 calculated ab initio in this work using a
CCSD wavefunction and a t-aug-cc-pVQZ basis set. All values are in atomic units.a

Property λ(nm)

400.0 514.5 694.3 1064 ∞

B1111 −92.04 −80.50 −73.88 −69.77 −66.97

B1122 45.01 39.34 36.09 34.07 32.70

B1313 −81.76 −71.48 −65.59 −61.93 −59.43

B3131 −85.03 −73.05 −66.33 −62.22 −59.43

B3333 −131.05 −112.43 −102.00 −95.61 −91.29

D1111 −80.11 −74.41 −70.88 −68.59 −66.97

D1122 39.25 36.40 34.64 33.50 32.70

D1313 −71.71 −66.37 −63.08 −60.94 −59.43

D3333 −111.12 −102.45 −97.14 −93.70 −91.29

aConversion to SI units: 1 e3a40 E
−2
h = 1.696733 × 10−63C3m4J−2.
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Our calculations of Bγ are summarized in tables 5.6 to 5.9. The relative magnitudes

of the contributing terms are listed over the experimentally-accessible temperature

range 200 K to 500 K. Contributions from the series in the second hyperpolariza-

bility (γ1αn), the quadrupole-induced series (γ1αnΘ2) and the series in the dipole-

dipole-quadrupole hyperpolarizabilities (B1αnΘ1 and D1αnΘ1) are each summed

separately to allow for quick assessment of their relative contributions to Bγ. At

T = 200 K,
∑

γ1αn contributes 90.4% to Bγ,
∑

γ1αnΘ2 contributes 8.8% and∑(
B1αnΘ1 + D1αnΘ1

)
only 0.8%. At T = 500 K,

∑
γ1αn contributes 95.6% to

Bγ,
∑

γ1αnΘ2 contributes 4.1% and
∑(

B1αnΘ1 +D1αnΘ1

)
0.4%.

For the γ1αn series, the term in γ1α2 is dominant, contributing around 90% to

Bγ over all temperatures in the range 200 to 500 K. The series then rapidly con-

verges. For the γ1αnΘ2 series, the leading γ1α1Θ2 term is dominant, after which

the series rapidly converges. With the dipole-dipole-quadrupole hyperpolarizability

series, the terms in B1α2Θ1 and D1α2Θ1 make the dominant contribution, the series

then also rapidly converging.

Calculations have been performed at Donley and Shelton’s experimental temper-

ature of 298 K [48], but since ESHG measurements are not absolute, giving instead

the ratio of hyperpolarizabilities for two gases, comparison with experiment (where

the ratio of hyperpolarizabilities for N2 and H2 were obtained) will first require the

presentation of Bγ calculations for N2. These are given in the next section.
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Table 5.6: The relative magnitudes of the contributions to Bγ for H2 at T = 200 K

1067 × value
Contributing Term (C4m7J−3mol−1) % contribution to Bγ

γ1α1 −0.01496 −1.55

γ1α2 0.85449 88.41

γ1α3 0.02970 3.07

γ1α4 0.00491 0.51

γ1α1Θ2 0.07805 8.08

γ1α2Θ2 0.00710 0.73

B1α2Θ1 0.00320 0.33

B1α3Θ1 0.00057 0.06

D1α2Θ1 0.00298 0.31

D1α3Θ1 0.00052 0.05

4∑
n=1

γ1αn 0.87414 90.44

2∑
n=1

γ1αnΘ2 0.08515 8.81

3∑
n=2

(
B1αnΘ1 +D1αnΘ1

)
0.00727 0.75

Bγ 0.96656
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Table 5.7: The relative magnitudes of the contributions to Bγ for H2 at T = 298 K

1067 × value
Contributing Term (C4m7J−3mol−1) % contribution to Bγ

γ1α1 −0.01394 −1.42

γ1α2 0.88752 90.57

γ1α3 0.03304 3.37

γ1α4 0.00590 0.60

γ1α1Θ2 0.05665 5.78

γ1α2Θ2 0.00541 0.55

B1α2Θ1 0.00232 0.24

B1α3Θ1 0.00044 0.05

D1α2Θ1 0.00217 0.22

D1α3Θ1 0.00040 0.04

4∑
n=1

γ1αn 0.91252 93.12

2∑
n=1

γ1αnΘ2 0.06206 6.33

3∑
n=2

(
B1αnΘ1 +D1αnΘ1

)
0.00533 0.55

Bγ 0.97991
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Table 5.8: The relative magnitudes of the contributions to Bγ for H2 at T = 400 K

1067 × value
Contributing Term (C4m7J−3mol−1) % contribution to Bγ

γ1α1 −0.01297 −1.29

γ1α2 0.91978 91.66

γ1α3 0.03601 3.59

γ1α4 0.00677 0.67

γ1α1Θ2 0.04511 4.50

γ1α2Θ2 0.00446 0.44

B1α2Θ1 0.00185 0.19

B1α3Θ1 0.00037 0.04

D1α2Θ1 0.00172 0.17

D1α3Θ1 0.00033 0.03

4∑
n=1

γ1αn 0.94959 94.63

2∑
n=1

γ1αnΘ2 0.04957 4.94

3∑
n=2

(
B1αnΘ1 +D1αnΘ1

)
0.00427 0.43

Bγ 1.00343
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Table 5.9: The relative magnitudes of the contributions to Bγ for H2 at T = 500 K

1067 × value
Contributing Term (C4m7J−3mol−1) % contribution to Bγ

γ1α1 −0.01227 −1.19

γ1α2 0.94746 92.27

γ1α3 0.03854 3.75

γ1α4 0.00754 0.74

γ1α1Θ2 0.03806 3.70

γ1α2Θ2 0.00387 0.38

B1α2Θ1 0.00156 0.15

B1α3Θ1 0.00032 0.03

D1α2Θ1 0.00146 0.14

D1α3Θ1 0.00029 0.03

4∑
n=1

γ1αn 0.98127 95.57

2∑
n=1

γ1αnΘ2 0.04193 4.08

3∑
n=2

(
B1αnΘ1 +D1αnΘ1

)
0.00363 0.35

Bγ 1.02683
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Table 5.10: A summary of the calculated Bγ values for H2

T 1067Bγ

(K) (C4m7J−3mol−1)

200 0.96656

250 0.97075

300 0.98035

350 0.99168

400 1.00343

450 1.01519

500 1.02683

Table 5.10 provides a summary of the temperature dependence for Bγ calculated

in this work. Donley and Shelton’s density-dependent hyperpolarizability measure-

ments were conducted at the experimental temperature of 298 K, and for a pressure

range of 1 to 8 atm. It is instructive to calculate the pair-interaction contribution

arising from our ESHG second virial coefficient Bγ = 0.97991×10−67C4m7J−3mol−1

at this temperature and at the upper end of the experimental pressure range, namely

0.8 MPa, where H2 has an inverse molar volume of V −1
m = 321.4 mol m−3 as calcu-

lated using the NIST Chemistry WebBook [142]. Recall equation (4.9)

Γ(Vm) = Aγ +
Bγ

Vm

, (5.2)

where Aγ is the ideal-gas density-independent molecular hyperpolarizability γESHG
∥ ,

which for H2 at λ = 514.5 nm is γESHG
∥ = (59.22± 0.24)× 10−63C4m4J−3 [45]. Here,

Bγ/Vm = 0.031 × 10−63C4m4J−3, which is 0.052% of γESHG
∥ . Donley and Shelton

had implemented refinements of the ESHG measurement technique and analysis

to ensure accuracy at the 0.1% level for their density-dependent measurements of
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hyperpolarizability ratios [48], and the Bγ calculated here indicates that even at the

upper pressure limit of the measurements, the pair-interaction contributions for H2

are hovering at the threshold of what is detectable.

At a pressure of 10 MPa and a temperature of 298 K the gas density increases

to V −1
m = 3807.1 mol m−3, for which Bγ/Vm = 0.37 × 10−63C4m4J−3. While this

contribution would be measurable, it needs to be remembered that to achieve phase

matching at a particular gas density requires specific electrode array parameters,

including for the electrode spacing and the cylindrical electrode diameter. There

are practical limits to the electrode arrays that can be manufactured, for example

the laser beam needs to be able to pass through the narrow gap between electrodes.

For H2 gas at a density of V −1
m = 3807.1 mol m−3, the electrodes would need to be

spaced by around a tenth of a millimeter, which is completely impractical.

The results for the N2 molecule are considered next.
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5.2 Nitrogen

The molecular data required to calculate Bγ for the axially-symmetric N2 molecule
are contained in Tables 5.11 to 5.14.

Table 5.11: The intermolecular potential parameters and quadrupole moment of N2

used in the calculation of Bγ.

Property Value Reference

R0 (nm) 0.368 [131]

ε/k (K) 91.50 [131]

D1 0.112a [143]

D2 0.000

1040Θ33(Cm2) −4.97 ± 0.16 [144]

aObtained by fitting to pressure virial coefficients reported in Ref. [133]
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Table 5.12: N2 mean polarizabilities, polarizability anisotropies, and deduced polar-
izability tensor components for zero frequency and relevant optical frequencies.† All
values are in SI units.a

λ 1040 α 1040∆α 1040 α⊥ 1040 α∥
(nm) (C2m2 J−1) (C2m2 J−1) (C2m2 J−1) (C2m2 J−1)

∞ 1.936 0.7573 1.6836 2.4409

514.5 1.975 0.7794 1.7152 2.4946

257.25 2.107 0.8541 1.8223 2.6764

†The data are extracted from the DOSD [134].
aThe relationship between SI units and atomic units is:
1 e2a20 E

−1
h = 1.648778 × 10−41C2m2J−1.

Hättig, Christiansen and Jørgensen have calculated the optical-frequency ESHG

second hyperpolarizability for N2 over a range of wavelengths using coupled cluster

cubic response theory and a CCSD wavefunction together with a t-aug-cc-pVTZ

basis set [145]. Their calculations were performed at the N2 equilibrium bond

length re = 1.098 Å. This level of theory gives results of γijkl(−2ω;ω, ω, 0) which

are in good agreement (2.5% at λ = 514.5 nm) with measured ESHG values of

γESHG
∥ [33, 34, 145]. Subsequent calculations at the CC3 level of theory brought the

agreement between experiment and theory for γESHG
∥ for N2 to 0.7% at λ = 514.5 nm

[146]. Since the computational time for calculations at the CC3 level of theory rises

significantly, all of the DALTON calculations undertaken in his project have been

implemented with CCSD wavefunctions. These calculated values have a precision

of 3% or better for all molecules.

Since γESHG
∥ in equation (4.106) does not require the γ1122 tensor component of

γijkl(−2ω;ω, ω, 0), Hättig et al. did not compute this component [145]. We have

reproduced the γijkl(−2ω;ω, ω, 0) tensor-component calculations of Hättig et al.
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for a range of wavelengths, as reported in Table 5.13, and have also evaluated

the γ1122 independent component required in this work. The tensor components

of Bijkl(−2ω;ω, ω) and Dijkl(−2ω;ω, ω) for N2 have also been computed at the

CCSD level of theory with a t-aug-cc-pVTZ basis set, the results being listed in

Table 5.14. We are unaware of any calculations or measurements of the SHG dipole-

dipole-quadrupole hyperpolarizabilities appearing in the literature against which to

compare our results. Maroulis has undertaken second-order Møller-Plesset pertur-

bation theory (MP2) computation of the static (hyper)polarizabilities of N2 using

Utrecht basis sets [147]. For Bijkl(0; 0, 0) he obtained the components B1111 = −126,

B1122 = 61, B1313 = −124 and B3333 = −216 e3a40 E
−2
h . These values are in good

agreement with the static values reported in Table 5.14.
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Table 5.13: Components of the ESHG second hyperpolarizability γijkl(−2ω;ω, ω, 0)
for N2 calculated in this work using a CCSD wavefunction and a t-aug-cc-pVTZ
basis set. All values are in atomic units.a

Property λ(nm)

400.0 514.5 694.3 1064 ∞

γ1111 1226.0 1013.4 897.7 828.3 781.8

γ1122 402.9 335.2 298.1 275.7 260.6

γ1133 480.9 401.2 357.3 330.7 312.8

γ1331 511.5 414.8 363.4 333.0 312.8

γ3113 523.5 420.3 366.0 334.0 312.8

γ3311 503.9 412.0 362.4 332.6 312.8

γ3333 1909.0 1556.7 1367.5 1254.8 1179.9

γESHG
∥ = γ∥ 1436.3 1180.0 1041.4 958.5 903.2

γexp
∥ [45] 1500.8† 1210.2±5.3 1058.6±6.4 964.5±3.1 917.3†

aConversion to SI units: 1 e4a40 E
−3
h = 6.235378 × 10−65C4m4J−3.

†Extrapolated from the measured data in Reference [45].
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Table 5.14: Components of the SHG dipole-dipole-quadrupole hyperpolarizabilities
Bijkl(−2ω;ω, ω) and Dijkl(−2ω;ω, ω) for N2 calculated ab initio in this work using a
CCSD wavefunction and a t-aug-cc-pVTZ basis set. All values are in atomic units.a

Property λ(nm)

400.0 514.5 694.3 1064 ∞

B1111 −161.14 −144.14 −134.19 −127.94 −123.62

B1122 76.51 68.58 63.94 61.03 59.01

B1313 −151.55 −136.45 −127.61 −122.03 −118.18

B3131 −162.41 −142.03 −130.36 −123.12 −118.18

B3333 −268.60 −239.24 −222.18 −211.48 −204.12

D1111 −149.33 −137.99 −131.12 −126.71 −123.62

D1122 70.58 65.52 62.42 60.42 59.01

D1313 −143.56 −132.14 −125.43 −121.15 −118.18

D3333 −247.89 −228.61 −216.92 −209.39 −204.12

aConversion to SI units: 1 e3a40 E
−2
h = 1.696733 × 10−63C3m4J−2.
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Tables 5.15 to 5.18 give the relative magnitudes of the contributing terms to Bγ

calculated over the temperature range 200 K to 500 K. At T = 200 K,
∑

γ1αn

contributes 83.9% to Bγ,
∑

γ1αnΘ2 contributes 13.2% and
∑(

B1αnΘ1 +D1αnΘ1

)
2.8%. At T = 500 K,

∑
γ1αn contributes 92.7% to Bγ,

∑
γ1αnΘ2 contributes 6.0%

and
∑(

B1αnΘ1+D1αnΘ1

)
1.3%. As was observed for H2, the γ1α2 term is dominant

in the γ1αn series, contributing between 88% and 94% to Bγ over the temperature

range 200 to 500 K. The series then quickly converges. Again, for the γ1αnΘ2 series,

the leading γ1α1Θ2 term is dominant, after which the series rapidly converges; while

for the dipole-dipole-quadrupole hyperpolarizability series, the terms in B1α2Θ1 and

D1α2Θ1 make the dominant contribution, the series then also rapidly converging.
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Table 5.15: The relative magnitudes of the contributions to Bγ for N2 at T = 200 K

1067 × value
Contributing Term (C4m7J−3mol−1) % contribution to Bγ

γ1α1 −0.2379 −7.62

γ1α2 2.7482 88.07

γ1α3 0.0933 2.99

γ1α4 0.0155 0.50

γ1α1Θ2 0.3789 12.14

γ1α2Θ2 0.0340 1.09

B1α2Θ1 0.0583 1.87

B1α3Θ1 0.0029 0.09

D1α2Θ1 0.0264 0.85

D1α3Θ1 0.0007 0.02

4∑
n=1

γ1αn 2.6191 83.94

2∑
n=1

γ1αnΘ2 0.4129 13.23

3∑
n=2

(
B1αnΘ1 +D1αnΘ1

)
0.0883 2.83

Bγ 3.1203
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Table 5.16: The relative magnitudes of the contributions to Bγ for N2 at T = 298 K

1067 × value
Contributing Term (C4m7J−3mol−1) % contribution to Bγ

γ1α1 −0.1873 −6.54

γ1α2 2.6193 91.40

γ1α3 0.0921 3.22

γ1α4 0.0161 0.56

γ1α1Θ2 0.2462 8.59

γ1α2Θ2 0.0223 0.78

B1α2Θ1 0.0378 1.32

B1α3Θ1 0.0018 0.06

D1α2Θ1 0.0171 0.60

D1α3Θ1 0.0004 0.01

4∑
n=1

γ1αn 2.5402 88.64

2∑
n=1

γ1αnΘ2 0.2685 9.37

3∑
n=2

(
B1αnΘ1 +D1αnΘ1

)
0.0571 1.99

Bγ 2.8658
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Table 5.17: The relative magnitudes of the contributions to Bγ for N2 at T = 400 K

1067 × value
Contributing Term (C4m7J−3mol−1) % contribution to Bγ

γ1α1 −0.1639 −5.86

γ1α2 2.6014 93.03

γ1α3 0.0950 .40

γ1α4 0.0174 0.62

γ1α1Θ2 0.1860 6.65

γ1α2Θ2 0.0173 0.62

B1α2Θ1 0.0286 1.02

B1α3Θ1 0.0014 0.05

D1α2Θ1 0.0129 0.46

D1α3Θ1 0.0003 0.01

4∑
n=1

γ1αn 2.5499 91.19

2∑
n=1

γ1αnΘ2 0.2033 7.27

3∑
n=2

(
B1αnΘ1 +D1αnΘ1

)
0.0432 1.54

Bγ 2.7964
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Table 5.18: The relative magnitudes of the contributions to Bγ for N2 at T = 500 K

1067 × value
Contributing Term (C4m7J−3mol−1) % contribution to Bγ

γ1α1 −0.1493 −5.36

γ1α2 2.6165 93.87

γ1α3 0.0987 3.54

γ1α4 0.0188 0.68

γ1α1Θ2 0.1527 5.48

γ1α2Θ2 0.0146 0.52

B1α2Θ1 0.0234 0.84

B1α3Θ1 0.0012 0.04

D1α2Θ1 0.0106 0.38

D1α3Θ1 0.0003 0.01

4∑
n=1

γ1αn 2.5847 92.73

2∑
n=1

γ1αnΘ2 0.1673 6.00

3∑
n=2

(
B1αnΘ1 +D1αnΘ1

)
0.0355 1.27

Bγ 2.7875
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Table 5.19: A summary of the calculated Bγ values for N2

T 1067Bγ

(K) (C4m7J−3mol−1)

200 3.1203

250 2.9500

300 2.8633

350 2.8187

400 2.7964

450 2.7879

500 2.7875

Table 5.19 provides a summary of the temperature dependence for Bγ calculated

in this work. Donley and Shelton’s density-dependent hyperpolarizability measure-

ments for both H2 and N2 were undertaken at room temperature (298 K), and over

the pressure range of 1 to 8 atm. Using the methodology applied to the analysis

of H2 in the previous section, the pair-interaction contribution arising from the N2

second virial coefficient Bγ = 2.8658× 10−67C4m7J−3mol−1 at 298 K and 0.8 MPa

is evaluated. At this temperature and pressure, the gas density is V −1
m = 323.4

mol m−3 [142]. In equation (4.9), Aγ is the ideal-gas molecular hyperpolarizability

γESHG
∥ , which for N2 at λ = 514.5 nm is γESHG

∥ = (75.46 ± 0.33) × 10−63C4m4J−3

[45]. The second term in the equation is the pair-interaction contribution Bγ/Vm =

0.093 × 10−63C4m4J−3, which is seen to be 0.12% of γESHG
∥ . The refinements in

Donley and Shelton’s ESHG measurement and analysis of the density-dependent

hyperpolarizability ratios of γN2/γH2 ensure accuracy at the 0.1% level [48]. As was

found in the case of H2, our calculated estimate of Bγ suggests that even at the high-
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est experimental pressure, the pair-interaction contribution for N2 is at the limit of

detectability.

In ESHG experiments, accurate hyperpolarizability ratios γA/γB of sample molecule

A and reference molecule B are measured by comparing the second-harmonic signals

generated in gases A and B under identical phase-matching conditions [30, 45, 148].

Absolute measurements of hyperpolarizabilities are extraordinarily difficult [148],

and extracting molecular hyperpolarizabilities from measurements of ratios ulti-

mately requires a molecule with a known hyperpolarizability. Helium is used as this

ultimate standard reference since the accurate CI-Hylleraas ab initio calculations of

Bishop and Pipin for helium are accurate to within 0.1% [90]. For these reasons,

Donley and Shelton measured the density dependence of γN2/γH2 (rather than for

γN2 and γH2 individually). They recast equation (4.9) into the form

Γ(Vm) = Aγ +
Bγ

Vm

= γ

(
1 +

b

Vm

)
(5.3)

where

b =
Bγ

γ
, (5.4)

and where the symbol γ is the macroscopic scalar hyperpolarizability γESHG
∥ in our

notation. The least-squares straight-line fit to the experimental measurements of

density-dependent hyperpolarizability ratios γN2/γH2 as a function of hydrogen gas

density ρH2 (or inverse molar volume V −1
m ) has the form

γN2

γH2

=

(
γN2

γH2

)
ρ=0

[
1 + b(N2H2)ρH2

]
(5.5)
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where [48]

b(N2H2) =

(
bN2 − bH2 ·

ρH2

ρN2

)(
ρN2

ρH2

)
. (5.6)

Equation (5.6) is equivalent to

b(N2H2) =
1

γHe

· γHe

γH2

(
γH2

γN2

BN2
γ −BH2

γ · ρH2

ρN2

)
ρN2

ρH2

. (5.7)

Donley and Shelton’s experiment yields the following high-accuracy data [48]:

γH2/γHe = (19.551 ± 0.029), γN2/γH2 = (1.2828 ± 0.0013), ρHe/ρH2 = (14.574 ±

0.006) and ρH2/ρN2 = (1.4611 ± 0.0003). Bishop and Pipin provide the standard

reference of γHe = (2.9869 ± 0.0030) × 10−63C4m4J−3 at λ = 514.5 nm from their

CI-Hylleraas calculation [90]. Using these data together with our calculated virial

coefficients Bγ for H2 and N2 in equation (5.7) yields a calculated b(N2H2) = 0.940×

10−6m3mol−1. Their measured value is b(N2H2) = (−6.9 ± 4.6) × 10−6m3mol−1,

while their (corrected [49]) calculated value is b(N2H2) = 1.078×10−6m3mol−1. Our

calculated value for b(N2H2) is 15% smaller than Donley and Shelton’s calculated

value. Both H2 and N2 have relatively small permanent quadrupole moments, and

the contributing terms arising from the quadrupoles contribute around 10% to Bγ

for N2 and around 5% for H2, so it is not surprising that for these molecules, the

change in the DID model brought about by including quadrupole moment contribu-

tions is not so dramatic.

To investigate whether other molecules might present more favourably large pair-

interaction contributions, which would be more accessible to measurement, the sec-

ond ESHG virial coefficients for the CO2 and C2H4 molecules are now considered.
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5.3 Carbon Dioxide

The molecular data required to calculate Bγ for the axially-symmetric CO2 molecule
are contained in Tables 5.20 to 5.23.

Table 5.20: The intermolecular potential parameters and quadrupole moment of
CO2 used in the calculation of Bγ.

Property Value Reference

R0 (nm) 0.400 [131]

ε/k (K) 190.0 [131]

D1 0.250a [143]

D2 0.000

1040Θ33(Cm2) −14.27 ± 0.33 [149, 150]

aObtained by fitting to pressure virial coefficients reported in Ref. [133]
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Table 5.21: CO2 mean polarizabilities, polarizability anisotropies, and deduced po-
larizability tensor components for zero frequency and relevant optical frequencies.†

All values are in SI units.a

λ 1040 α 1040∆α 1040 α⊥ 1040 α∥
(nm) (C2m2 J−1) (C2m2 J−1) (C2m2 J−1) (C2m2 J−1)

∞ 3.2402 2.530 2.397 4.927

514.5 2.9570 2.386 2.162 4.548

257.25 3.1812 2.665 2.293 4.958

aThe relationship between SI units and atomic units is:
1 e2a20 E

−1
h = 1.648778 × 10−41C2m2J−1.

†Extracted from the measured dispersion data in References [120, 150].

The frequency dependence of the ESHG second hyperpolarizability and of the SHG

dipole-dipole-quadrupole hyperpolarizability tensors for the CO2 molecule have all

been calculated using CCSD wavefunctions and t-aug-cc-pVTZ basis sets. The cal-

culations were performed at the C−O equilibrium bond length of rC−O = 1.161 226 Å

[151]. The γijkl(−2ω;ω, ω, 0) tensor components are listed in Table 5.22, yielding an

electronic contribution of γ e
∥ which is in reasonable agreement with the measured

γ∥ data over the full range of wavelengths. Bishop and Dalskov have computed the

vibrational contribution γ v
∥ , obtaining -81.89 a.u. at a wavelength of 632.8 nm, and

-81.50 a.u. in the static limit [152], which when combined with the electronic con-

tribution yields excellent agreement with the measured data (1% or better over the

range of wavelengths considered). The electronic contributions to the tensor com-

ponents of Bijkl(−2ω;ω, ω) and Dijkl(−2ω;ω, ω) are presented in Table 5.23. The

vibrational contributions are not expected to be overly significant. There have been

neither measurements nor calculations of these second-harmonic tensors previously

reported in the literature. Maroulis has reported on fourth-order many-body per-

turbation theory (MP4) computation of the static (hyper)polarizabilities for CO2,
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where he obtained for Bijkl(0; 0, 0) the components B1111 = −140, B1122 = 61,

B1313 = −205 and B3333 = −305 e3a40 E
−2
h .[153] His values are in reasonable agree-

ment with the static values reported in Table 5.23.
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Table 5.22: Components of the ESHG second hyperpolarizability γijkl(−2ω;ω, ω, 0)
for CO2 calculated in this work using a CCSD wavefunction and a t-aug-cc-pVTZ
basis set. All values are in atomic units.a

Property λ(nm)

400.0 514.5 694.3 1064 ∞

γ1111 1678.8 1383.3 1225.0 1130.5 1067.6

γ1122 561.9 461.9 408.6 376.9 355.9

γ1133 953.0 743.5 640.4 581.5 543.3

γ1331 942.5 743.3 641.2 582.0 543.3

γ3113 1007.9 769.9 652.6 586.1 543.3

γ3311 1076.7 794.3 662.6 589.7 543.3

γ3333 2177.2 1671.0 1418.2 1273.7 1180.1

γ e
∥ 2132.1 1683.8 1456.9 1325.7 1240.0

γ v
∥ -81.89 -81.89 -81.89 -81.89 -81.50

γ calc†
∥ 2050.2 1601.9 1375.0 1243.8 1158.5

γexp
∥ [45] 2072.9‡ 1613.7±3.7 1365.8† 1240.2±7.7 1146.7‡

aConversion to SI units: 1 e4a40 E
−3
h = 6.235378 × 10−65C4m4J−3.

†γ calc
∥ = γ e

∥ + γ v
∥ , using the vibrational value obtained at 632.8 nm for all optical

wavelengths
‡Extrapolated from measured data [45].



5.3. CARBON DIOXIDE 161

Table 5.23: Components of the SHG dipole-dipole-quadrupole hyperpolarizabilities
Bijkl(−2ω;ω, ω) and Dijkl(−2ω;ω, ω) for CO2 calculated ab initio in this work using
a CCSD wavefunction and a t-aug-cc-pVTZ basis set. All values are in atomic units.a

Property λ(nm)

400.0 514.5 694.3 1064 ∞

B1111 −192.50 −173.71 −162.67 −155.70 −150.87

B1122 97.54 86.82 80.73 76.95 74.36

B1313 −283.46 −248.96 −229.61 −217.71 −209.62

B3131 −318.11 −265.24 −237.25 −220.65 −209.62

B3333 −397.83 −348.92 −321.23 −304.13 −292.48

D1111 −180.52 −167.50 −159.58 −154.46 −150.87

D1122 92.07 84.07 79.37 76.41 74.36

D1313 −281.41 −245.89 −227.68 −216.86 −209.62

D3333 −351.74 −325.71 −309.87 −299.65 −292.48

aConversion to SI units: 1 e3a40 E
−2
h = 1.696733 × 10−63C3m4J−2.



162 CHAPTER 5. RESULTS

The quadrupole moment and the polarizability anisotropy of the CO2 molecule are

both around three times larger in magnitude than those of N2. This will account for

much of the behaviour observed in the calculated Bγ virial coefficients in tables 5.24

to 5.27. These tables record the relative magnitudes of the terms contributing to

Bγ calculated at intervals of temperature spanning T = 200 K to 500 K.

At T = 200 K,
∑

γ1αn contributes 53.8% to Bγ, while
∑

γ1αnΘ2 contributes 52.1%,

up from the 8.8% for N2 at this temperature.
∑(

B1αnΘ1 + D1αnΘ1

)
contributes

−6.0%. Even at T = 500 K, the quadrupole series of terms make a significant con-

tribution to Bγ,
∑

γ1αnΘ2 providing 26.3% and
∑(

B1αnΘ1+D1αnΘ1

)
-3.4%. As

was observed for H2 and N2, the γ1α2 term is still dominant in the γ1αn series, after

which the series rapidly converges. Also, for the γ1αnΘ2 series, the leading γ1α1Θ2

term remains dominant.
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Table 5.24: The relative magnitudes of the contributions to Bγ for CO2 at T = 200 K

1067 × value
Contributing Term (C4m7J−3mol−1) % contribution to Bγ

γ1α1 −2.7117 −15.27

γ1α2 11.7342 66.10

γ1α3 0.4283 2.41

γ1α4 0.1024 0.57

γ1α1Θ2 7.9992 45.06

γ1α2Θ2 1.2577 7.08

B1α2Θ1 −0.4734 −2.67

B1α3Θ1 −0.0692 −0.39

D1α2Θ1 −0.4243 −2.39

D1α3Θ1 −0.0901 −0.50

4∑
n=1

γ1αn 9.5532 53.81

2∑
n=1

γ1αnΘ2 9.2569 52.14

3∑
n=2

(
B1αnΘ1 +D1αnΘ1

)
−1.0570 −5.95

Bγ 17.7531
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Table 5.25: The relative magnitudes of the contributions to Bγ for CO2 at T = 298 K

1067 × value
Contributing Term (C4m7J−3mol−1) % contribution to Bγ

γ1α1 −1.9169 −16.57

γ1α2 9.0768 78.45

γ1α3 0.3248 2.81

γ1α4 0.0797 0.69

γ1α1Θ2 3.9980 34.55

γ1α2Θ2 0.5689 4.92

B1α2Θ1 −0.2577 −2.23

B1α3Θ1 −0.0365 −0.31

D1α2Θ1 −0.2233 −1.93

D1α3Θ1 −0.0439 −0.38

4∑
n=1

γ1αn 7.5644 65.38

2∑
n=1

γ1αnΘ2 4.5669 39.47

3∑
n=2

(
B1αnΘ1 +D1αnΘ1

)
−0.5614 −4.85

Bγ 11.5699
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Table 5.26: The relative magnitudes of the contributions to Bγ for CO2 at T = 400 K

1067 × value
Contributing Term (C4m7J−3mol−1) % contribution to Bγ

γ1α1 −1.5706 −16.36

γ1α2 8.1647 85.07

γ1α3 0.2949 3.07

γ1α4 0.0741 0.77

γ1α1Θ2 2.6582 27.70

γ1α2Θ2 0.3615 3.76

B1α2Θ1 −0.1784 −1.86

B1α3Θ1 −0.0254 −0.26

D1α2Θ1 −0.1522 −1.59

D1α3Θ1 −0.0292 −0.30

4∑
n=1

γ1αn 6.9631 72.55

2∑
n=1

γ1αnΘ2 3.0197 31.46

3∑
n=2

(
B1αnΘ1 +D1αnΘ1

)
−0.3852 −4.01

Bγ 9.5976
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Table 5.27: The relative magnitudes of the contributions to Bγ for CO2 at T = 500 K

1067 × value
Contributing Term (C4m7J−3mol−1) % contribution to Bγ

γ1α1 −1.3781 −15.75

γ1α2 7.7697 88.79

γ1α3 0.2856 3.26

γ1α4 0.0732 0.84

γ1α1Θ2 2.0298 23.20

γ1α2Θ2 0.2706 3.09

B1α2Θ1 −0.1396 −1.59

B1α3Θ1 −0.0202 −0.23

D1α2Θ1 −0.1180 −1.35

D1α3Θ1 −0.0225 −0.26

4∑
n=1

γ1αn 6.7504 77.14

2∑
n=1

γ1αnΘ2 2.3004 26.29

3∑
n=2

(
B1αnΘ1 +D1αnΘ1

)
−0.3003 −3.43

Bγ 8.7505
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Table 5.28: A summary of the calculated Bγ values for CO2

T 1067Bγ

(K) (C4m7J−3mol−1)

200 17.753

250 13.561

300 11.509

350 10.337

400 9.598

450 9.101

500 8.751

Table 5.28 summarizes the temperature dependence of Bγ as calculated in this work.

As was done for H2 and N2, the pair-interaction contribution arising from the CO2

second virial coefficient Bγ = 11.570× 10−67C4m7J−3mol−1 at 298 K and 0.8 MPa

is evaluated. At this temperature and pressure, the gas density is V −1
m = 336.7

mol m−3 [142]. In equation (4.9), Aγ = γESHG
∥ , which for CO2 at λ = 514.5 nm is

γESHG
∥ = (100.58± 0.23)× 10−63C4m4J−3 [45]. The pair-interaction contribution in

this equation is Bγ/Vm = 0.39×10−63C4m4J−3, which is 0.4% of γESHG
∥ . Donley and

Shelton’s ESHG experiment to measure the density-dependent hyperpolarizabilities

of gases achieves accuracy at the 0.1% level [48], so that the effect should be readily

discernible with this apparatus. The experimental results for H2 and N2 suggest that

our calculations of Bγ underestimate (in magnitude) the true virial coefficients by

up to a factor of 7, which if true for CO2 would mean that the interaction-induced

contribution to the measured hyperpolarizability ratio would be easily detectable.
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5.4 Ethene

The C2H4 molecule possesses D2h symmetry. Previous studies have revealed that

approximating this molecule to be of axial symmetry yields disagreement between

calculated and measured second light-scattering virial coefficients Bρ [143, 154] and

second Kerr-effect virial coefficients BK [155] of up to 40%. If the full symmetry

of the molecule is utilized, the calculated Bρ is within 3% of the measured value

[125], and the measured and calculated BK values over the experimental tempera-

ture range of 202 to 364 K come into satisfactory agreement [80]. The full symmetry

of the molecule will be taken into account in evaluating Bγ. The molecular data

required in the calculations are contained in Tables 5.29 to 5.33.

Table 5.29: The intermolecular potential parameters and quadrupole moment of
C2H4 used in the calculation of Bγ.

Property Value Reference

R0 (nm) 0.4232 [125, 156]

ε/k (K) 190.0 [125, 156]

D1 0.22965a [125]

D2 0.21383

1040Θ11(Cm2) 5.57 ± 0.63 [157]

1040Θ22(Cm2) −10.54 ± 0.63

1040Θ33(Cm2) 4.94 ± 0.33

aObtained by fitting to pressure virial coefficients reported in Ref. [133]
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Table 5.30: C2H4 mean polarizabilities, polarizability anisotropies, and polarizability
tensor components for zero frequency and relevant optical frequencies. The data are
calculated in this work using a CCSD wavefunction and a t-aug-cc-pVTZ basis set.
All values are in SI units.a

λ 1040 α 1040∆α 1040 α11 1040 α22 1040 α33

(nm) (C2m2 J−1) (C2m2 J−1) (C2m2 J−1) (C2m2 J−1) (C2m2 J−1)

∞ 4.489 1.856 4.138 3.637 5.692

632.8 4.557 1.954 4.214 3.736 5.720

514.5 4.678 2.009 4.255 3.789 5.990

257.25 5.465 2.741 4.669 4.439 7.288

aThe relationship between SI units and atomic units is:
1 e2a20 E

−1
h = 1.648778 × 10−41C2m2J−1.

Table 5.31: Experimentally deduced mean polarizabilities, polarizability
anisotropies, and polarizability tensor components for C2H4 for zero frequency and
relevant optical frequencies. All values are in SI units.

λ 1040 α 1040∆α 1040 α11 1040 α22 1040 α33

(nm) (C2m2 J−1) (C2m2 J−1) (C2m2 J−1) (C2m2 J−1) (C2m2 J−1)

∞ [155] 4.73 ± 0.03 1.63 ± 0.05 4.30 ± 0.04 4.09 ± 0.03 5.81 ± 0.02

632.8 [155] 4.71 ± 0.03 1.92 ± 0.04 4.41 ± 0.04 3.79 ± 0.03 5.94 ± 0.02

514.5 [154] 4.787 2.091 4.353 3.857 6.151
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The frequency dependence of the polarizability, ESHG second hyperpolarizability

and SHG dipole-dipole-quadrupole hyperpolarizability tensors for the C2H4 molec-

ule have all been calculated using CCSD wavefunctions and t-aug-cc-pVTZ basis

sets. The calculations for the C2H4 molecule were performed at the equilibrium

geometry of rC−C = 1.339 Å, rC−H = 1.085 Å and ΘHCH = 117.83◦ [158]. The cal-

culated polarizability tensor components are given in Table 5.30, while Table 5.31

provides the best available experimental data. In the calculations of Bγ we have used

the experimental polarizability values at zero frequency and for λ = 514.5 nm. In

the absence of experimental data at λ = 257.25 nm, the ab initio calculated values

have been used for this wavelength. This can be done with confidence, since the cal-

culated and experimental data at the other wavelengths are in reasonable agreement.

The γijkl(−2ω;ω, ω, 0) tensor components are listed in Table 5.32. The only mea-

surement of γESHG
∥ for C2H4 is for the ruby laser wavelength λ = 694.3 nm [27], which

gives γESHG
∥ = (9029 ± 202) e4a40 E

−3
h . The ab initio calculated value of γESHG

∥ =

9038 e4a40 E
−3
h is in good agreement, which suggests that the vibrational contribution

is small. Indeed, ab initio calculations of the vibrational second hyperpolarizability

for C2H4 have already been obtained by Quinet and Champagne, who estimated that

the vibrational contribution to γijkl(−2ω;ω, ω, 0) is only 1% of the electronic contri-

bution [159]. Maroulis has calculated the static (hyper)polarizabilities of C2H4 at the

fourth-order many-body perturbation theory (MP4) level of theory [158], obtaining

the components γ1111 = 3644, γ2222 = 8855, γ3333 = 5755, γ1122 = 2119, γ2233 = 2892

and γ1133 = 1850 e4a40 E
−3
h . These values agree well with the static values reported

in Table 5.32. The tensor components of Bijkl(−2ω;ω, ω) and Dijkl(−2ω;ω, ω) are

listed in Table 5.33; we are not aware of any previous calculations of these properties

for C2H4, even in the static limit.
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Table 5.32: Components of the ESHG second hyperpolarizability γijkl(−2ω;ω, ω, 0)
for C2H4 calculated using a CCSD wavefunction and a t-aug-cc-pVTZ basis set. All
values are in atomic units.a

Property λ(nm)

400.0 514.5 694.3 1064 ∞

γ1111 8612.8 5754.2 4595.7 3992.9 3622.4

γ1122 7304.5 4042.1 2953.6 2439.0 2140.5

γ2211 15734.7 5295.6 3299.8 2537.0 2140.5

γ1221 8273.5 4311.2 3047.9 2469.3 2140.5

γ2112 12736.4 4976.7 3227.8 2519.2 2140.5

γ2222 50955.0 20909.9 13696.6 10692.9 9065.3

γ1133 4663.0 3083.2 2424.9 2082.5 1873.1

γ3311 6235.2 3459.2 2550.7 2122.1 1873.1

γ1331 5418.9 3267.0 2486.9 2102.2 1873.1

γ3113 6728.2 3507.7 2557.9 2122.9 1873.1

γ2233 17110.5 6334.1 4092.1 3199.5 2724.5

γ3322 15056.0 6369.4 4152.3 3225.6 2724.5

γ2332 17394.3 6620.6 4209.3 3239.6 2724.5

γ3223 16894.7 6717.6 4253.0 3254.4 2724.5

γ3333 19360.4 10063.1 7321.2 6074.1 5361.5

γ e
∥ 29095.9 13116.6 9038.0 7279.9 6305.1

aConversion to SI units: 1 e4a40 E
−3
h = 6.235378 × 10−65C4m4J−3.
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Table 5.33: Components of the SHG dipole-dipole-quadrupole hyperpolarizabilities
Bijkl(−2ω;ω, ω) andDijkl(−2ω;ω, ω) for C2H4 calculated ab initio in this work using
a CCSD wavefunction and a t-aug-cc-pVTZ basis set. All values are in au.a

Property λ(nm)

400.0 514.5 694.3 1064 ∞

B1111 −624.8 −527.4 −475.7 −444.8 −424.1

B1122 248.2 229.5 214.9 204.8 197.6

B2211 926.4 583.5 464.2 404.8 369.0

B1212 −846.6 −630.6 −533.0 −479.6 −445.8

B2121 −1282.1 −717.1 −559.9 −487.7 −445.8

B2222 −2252.3 −1347.9 −1054.4 −911.9 −827.1

B1313 −1004.3 −798.7 −696.9 −638.5 −600.5

B2323 −1635.9 −944.7 −741.5 −645.9 −589.7

B3131 −1271.9 −876.9 −726.3 −648.5 −600.5

B3232 −1678.8 −988.7 −761.5 −653.2 −589.7

B3322 223.0 266.2 262.2 254.5 247.7

B3333 −1098.5 −827.4 −716.2 −656.0 −617.8

D1111 −509.6 −479.0 −453.9 −436.6 −424.1

D1122 762.4 536.3 445.4 398.1 369.0

D2211 147.1 191.3 198.5 198.8 197.6

D2233 113.8 214.2 238.3 245.5 247.7

D1212 −829.4 −607.0 −519.9 −474.2 −445.8

D1313 −928.4 −764.4 −681.0 −632.5 −600.5

D2323 −1096.5 −808.4 −691.2 −628.9 −589.7

D2222 −1738.7 −1215.2 −1004.4 −894.7 −827.1

D3333 −714.5 −691.4 −659.4 −635.5 −617.8

aConversion to SI units: 1 e3a40 E
−2
h = 1.696733 × 10−63C3m4J−2.
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The quadrupole moments and polarizability anisotropies of C2H4 and CO2 are com-

parable, but C2H4 has significantly larger ESHG second hyperpolarizability and

SHG dipole-dipole-quadrupole hyperpolarizability tensor components. The calcu-

lated γESHG
∥ for C2H4 at λ = 514.5 nm is 5.4 times that of CO2 at this wavelength.

The expectation is that Bγ for C2H4 should be considerably larger than that for

CO2, and this is borne out by the calculated data in Tables 5.34 to 5.37. These

tables give the relative magnitudes of the terms contributing to Bγ calculated at

100 K intervals spanning T = 200 K to 500 K, while Table 5.38 summarizes the

calculated Bγ temperature dependence.

At T = 200 K,
∑

γ1αn contributes 43.7% to Bγ, while
∑

γ1αnΘ2 contributes 30.4%

and
∑(

B1αnΘ1+D1αnΘ1

)
contributes 25.9%. At this temperature,

∑(
B1αnΘ1+

D1αnΘ1

)
contributed only −6.0% for CO2, 2.8% for N2 and 0.8% for H2. For C2H4,

the dipole-dipole-quadrupole hyperpolarizability has become a significant contrib-

utor to the pair-interaction, being of comparable size to the quadrupole-induced

second hyperpolarizability effect over the entire temperature range considered here.
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Table 5.34: The relative magnitudes of the contributions to Bγ for C2H4 at T =
200 K

1067 × value
Contributing Term (C4m7J−3mol−1) % contribution to Bγ

γ1α1 −49.000 −6.88

γ1α2 322.808 45.34

γ1α3 23.063 3.24

γ1α4 13.958 1.96

γ1α1Θ2 143.874 20.21

γ1α2Θ2 72.611 10.20

B1α2Θ1 73.141 10.27

B1α3Θ1 34.049 4.78

D1α2Θ1 54.590 7.67

D1α3Θ1 22.879 3.21

4∑
n=1

γ1αn 310.829 43.66

2∑
n=1

γ1αnΘ2 216.485 30.41

3∑
n=2

(
B1αnΘ1 +D1αnΘ1

)
184.659 25.93

Bγ 711.973
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Table 5.35: The relative magnitudes of the contributions to Bγ for C2H4 at T =
298 K

1067 × value
Contributing Term (C4m7J−3mol−1) % contribution to Bγ

γ1α1 −11.864 −5.02

γ1α2 161.747 68.40

γ1α3 10.005 4.23

γ1α4 3.706 1.57

γ1α1Θ2 30.034 12.70

γ1α2Θ2 8.645 3.66

B1α2Θ1 15.132 6.40

B1α3Θ1 4.050 1.71

D1α2Θ1 12.159 5.14

D1α3Θ1 2.857 1.21

4∑
n=1

γ1αn 163.594 69.18

2∑
n=1

γ1αnΘ2 38.679 16.36

3∑
n=2

(
B1αnΘ1 +D1αnΘ1

)
34.198 14.46

Bγ 236.471



176 CHAPTER 5. RESULTS

Table 5.36: The relative magnitudes of the contributions to Bγ for C2H4 at T =
400 K

1067 × value
Contributing Term (C4m7J−3mol−1) % contribution to Bγ

γ1α1 −6.611 −3.72

γ1α2 135.322 76.17

γ1α3 8.197 4.61

γ1α4 2.632 1.48

γ1α1Θ2 16.393 9.23

γ1α2Θ2 3.660 2.06

B1α2Θ1 8.277 4.66

B1α3Θ1 1.728 0.97

D1α2Θ1 6.803 3.83

D1α3Θ1 1.256 0.71

4∑
n=1

γ1αn 139.540 78.54

2∑
n=1

γ1αnΘ2 20.053 11.29

3∑
n=2

(
B1αnΘ1 +D1αnΘ1

)
18.064 10.17

Bγ 177.657
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Table 5.37: The relative magnitudes of the contributions to Bγ for C2H4 at T =
500 K

1067 × value
Contributing Term (C4m7J−3mol−1) % contribution to Bγ

γ1α1 −4.823 −3.06

γ1α2 125.817 79.77

γ1α3 7.646 4.85

γ1α4 2.360 1.50

γ1α1Θ2 11.649 7.39

γ1α2Θ2 2.348 1.49

B1α2Θ1 5.893 3.74

B1α3Θ1 1.117 0.71

D1α2Θ1 4.882 3.09

D1α3Θ1 0.824 0.52

4∑
n=1

γ1αn 131.000 83.06

2∑
n=1

γ1αnΘ2 13.997 8.88

3∑
n=2

(
B1αnΘ1 +D1αnΘ1

)
12.716 8.06

Bγ 157.713
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Table 5.38: A summary of the calculated Bγ values for C2H4

T 1067Bγ

(K) (C4m7J−3mol−1)

200 711.97

250 326.11

300 234.30

350 197.22

400 177.66

450 165.70

500 157.71

The pair-interaction contribution arising from the C2H4 second virial coefficient

Bγ = 236.47 × 10−67C4m7J−3mol−1 at 298 K and 0.8 MPa is now evaluated. At

this temperature and pressure, the gas density is V −1
m = 338.7 mol m−3 [142]. In

equation (4.9), Aγ = γESHG
∥ , which for C2H4 at λ = 514.5 nm is calculated here

to be γESHG
∥ = (795.7 ± 0.23) × 10−63C4m4J−3. The pair-interaction contribution

in this equation is Bγ/Vm = 8.0 × 10−63C4m4J−3, which is 1.0% of γESHG
∥ . Since

the ESHG experiment of Donley and Shelton for measuring the density-dependent

hyperpolarizabilities of gases achieves an accuracy at the 0.1% level [48], the pair-

interaction contributions for C2H4 should be readily measurable with this apparatus.

5.5 Concluding Remarks

Donley and Shelton’s experimental study of the density dependence of atomic and

molecular hyperpolarizabilities appears to be the only such investigation in the gas



5.5. CONCLUDING REMARKS 179

phase [48]. The relative size of the pair-interaction contribution at the experimen-

tally accessible gas densities is extremely small, so that even at the excellent 0.1%

level of accuracy achieved by the apparatus, the density dependence of the hyper-

polarizability ratio for the H2 and N2 molecules is hovering near the very limits of

detectability. Using a classical DID model, they obtained calculated pair-interaction

second virial coefficients around 6 times smaller than the experimentally-deduced

values, and of opposite sign.

Ab initio calculations of the frequency-dependent interaction-induced second hyper-

polarizabilities for helium and argon [67] were used by Koch et al. to evaluate the

ESHG second virial coefficients for these atoms using a semi-classical approach [69].

The computed interaction-induced second hyperpolarizabilities are rather sensitive

to the choice of basis set, and so the calculations were performed with extended and

diffuse basis sets. The ESHG second virial coefficients obtained for Ar depend quite

dramatically on the choice of basis set, and are positive while the virial coefficients

for He are negative.

The full extent to which short-range electron overlap effects will affect the collision-

induced hyperpolarizability contributions for polyatomic molecules such as CO2 and

C2H4 will only be made known when ab initio quantum mechanical calculations (em-

ploying large basis sets with diffuse basis functions) are realisable. These calculations

would inevitably require considerable computational resources.

This investigation has sought to provide some interim insight into the question.

Utilizing the classical DID model, and taking note of the suggestions of Donley and

Shelton to improve the accuracy of the model, second ESHG virial coefficients have

been computed for the H2, N2, CO2 and C2H4 molecules. Whereas Donley and Shel-

ton assumed the molecules to be of spherical symmetry, we have taken into account
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their true symmetry, using the correct independent tensor components for the (hy-

per)polarizabilities. The DALTON molecular electronic structure software package

has allowed for accurate calculation of the hyperpolarizability tensor components.

We are unaware of any previous calculations of the second-harmonic dipole-dipole-

quadrupole hyperpolarizabilities for these molecules. The contributions arising from

the permanent electric quadrupole moments and the dipole-dipole-quadrupole hy-

perpolarizabilities of the molecules have been comprehensively accounted for. For H2

and N2, the quadrupole contributions are around 5 to 10% of the ESHG second virial

coefficient, while the dipole-dipole-quadrupole hyperpolarizabilities contribute less

than 1% for H2 and no more than 3% for N2. In the case of CO2, the quadrupole con-

tribution is 52% at T =200 K and 26% at 500 K, while the dipole-dipole-quadrupole

hyperpolarizabilities contribute −6% at 200 K and −3.4% at 500 K. For C2H4, the

quadrupole contribution is 30% at T =200 K and 9% at 500 K, while the dipole-

dipole-quadrupole hyperpolarizabilities now contribute significantly, being 26% of

Bγ at 200 K and 8% at 500 K. Indications are that the overall pair-interaction con-

tributions arising for CO2 and for C2H4 are significant enough to be comfortably

measurable using the existing ESHG apparatus and electrode arrays.



Appendix A

A.1 Fortran Program to calculate the γ1α1 contri-

bution to Bγ.

PROGRAM ESHGG1A1

C

C PROGRAM TO CALCULATE THE G1A1 TERM’S CONTRIBUTION TO B_gamma FOR C2H4

C USING GAUSSIAN INTEGRATION WITH 64 INTERVALS FOR THE RANGE,

C AND 16 INTERVALS FOR ALL ANGULAR VARIABLES

C (I.E. ALPHA1, BETA1, GAMMA1, ALPHA2, BETA2 AND GAMMA2).

C DOUBLE PRECISION IS USED THROUGHOUT.

C

C ----------------------

C SYSTEM INITIALIZATION:

C ----------------------

IMPLICIT DOUBLE PRECISION (A-H,O-Z)

COMMON COEF1,DCTC

DIMENSION COEF2(64,2),COEF1(16,2),SEP(64),AL1(16),BE1(16),GA1(16)

+ ,AL2(16),BE2(16),GA2(16),DCTC(9,16,16,16),FI(16,16,16,16,16),D1(6

+ 4),E1(16,16,16,16,16),F1(16,16,16,16,16),SE3(64),SE4(64),SE5(64),

+ SE6(64),SE8(64),SE12(64),G1(16,16,16),DDP(16,16,16,16,16),DQP(16,

+ 16,16,16,16),DIDP(16,16,16,16,16)

INTEGER X1,X2,X3,X4,X5,X6,X7

C

C Molecular Data for C2H4 ESHG (514.5 nm)

C

SS1=0.000000

SS2=0.000000

SS3=0.000000

SS4=0.000000

SS5=0.000000

SS6=0.000000
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SS7=0.000000

DIP=0.000

C dynamic alpha(-omega;omega) {experimental source wavelength = 514.5 nm}

C 514.5 nm

A11=4.353

A22=3.857

A33=6.151

ALDYN=(A11+A22+A33)/3

C dynamic alpha(-2*omega;omega) {frequency doubled lambda = 257.25 nm}

C 257.25 nm

B11=4.669

B22=4.439

B33=7.288

C static alpha(0;0)

V11=4.30

V22=4.09

V33=5.81

ALSTAT=(V11+V22+V33)/3

C dynamic gamma(-2*omega;omega,omega,0)

C general D_2h symmetry ... for CO2 this reduces to D_ooh symmetry

G1111=0.358795

G2222=1.303809

G3333=0.627473

G1122=0.252043

G2211=0.330203

G1221=0.268818

G2112=0.310313

G1133=0.192251

G3311=0.215693

G1331=0.203709

G3113=0.218716

G2233=0.228472

G3322=0.397159

G2332=0.412819

G3223=0.418865

C quadrupole

Q1=5.57

Q2=-10.54
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AMIN1=0.1000

AMAX1=3.0000

C

C END: Molecular data for C2H4 ESHG (514.5nm)

C

C

C READ THE GAUSSIAN COEFFICIENTS FROM THE DATAFILE GAUSS64.DAT:

C

OPEN(UNIT=10,FILE=’GAUSS64.DAT’)

DO 10 ICTR1=1,64

DO 20 ICTR2=1,2

READ(10,1010,END=11)COEF2(ICTR1,ICTR2)

1010 FORMAT(F18.15)

20 CONTINUE

10 CONTINUE

11 CLOSE(UNIT=10)

C

C CALCULATE THE INTEGRATION POINTS FOR THE RANGE:

C

SEP1=(AMAX1-AMIN1)/2

SEP2=(AMAX1+AMIN1)/2

DO 30 INDX=1,64

SEP(INDX)=SEP1*COEF2(INDX,1)+SEP2

30 CONTINUE

C

C READ THE GAUSSIAN COEFFICIENTS FROM THE DATAFILE GAUSS16.DAT:

C

OPEN(UNIT=11,FILE=’GAUSS16.DAT’)

DO 100 ICTR1=1,16

DO 110 ICTR2=1,2

READ(11,6000,END=12)COEF1(ICTR1,ICTR2)

6000 FORMAT(F18.15)

110 CONTINUE

100 CONTINUE

12 CLOSE(UNIT=11)

C

C CALCULATE THE INTEGRATION POINTS FOR ALPHA1:

C

AMIN=0.0

AMAX=2.*3.14159265358979323846

AL11=(AMAX-AMIN)/2.

AL12=(AMAX+AMIN)/2.
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DO 120 INDX=1,16

AL1(INDX)=AL11*COEF1(INDX,1)+AL12

120 CONTINUE

C

C CALCULATE THE INTEGRATION POINTS FOR BETA1:

C

AMIN=0.0

AMAX=3.14159265358979323846

BE11=(AMAX-AMIN)/2.

BE12=(AMAX+AMIN)/2.

DO 121 INDX=1,16

BE1(INDX)=BE11*COEF1(INDX,1)+BE12

121 CONTINUE

C

C CALCULATE THE INTEGRATION POINTS FOR GAMMA1:

C

AMIN=0.0

AMAX=2.*3.14159265358979323846

GA11=(AMAX-AMIN)/2.

GA12=(AMAX+AMIN)/2.

DO 122 INDX=1,16

GA1(INDX)=GA11*COEF1(INDX,1)+GA12

122 CONTINUE

C

C CALCULATE THE INTEGRATION POINTS FOR ALPHA2:

C

AMIN=0.0

AMAX=2.*3.14159265358979323846

AL21=(AMAX-AMIN)/2.

AL22=(AMAX+AMIN)/2.

DO 123 INDX=1,16

AL2(INDX)=AL21*COEF1(INDX,1)+AL22

123 CONTINUE

C

C CALCULATE THE INTEGRATION POINTS FOR BETA2:

C

AMIN=0.0

AMAX=3.14159265358979323846

BE21=(AMAX-AMIN)/2.

BE22=(AMAX+AMIN)/2.

DO 124 INDX=1,16
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BE2(INDX)=BE21*COEF1(INDX,1)+BE22

124 CONTINUE

C

C CALCULATE THE INTEGRATION POINTS FOR GAMMA2:

C

AMIN=0.0

AMAX=2.*3.14159265358979323846

GA21=(AMAX-AMIN)/2.

GA22=(AMAX+AMIN)/2.

DO 125 INDX=1,16

GA2(INDX)=GA21*COEF1(INDX,1)+GA22

125 CONTINUE

C -------------

C MAIN PROGRAM:

C -------------

OPEN(UNIT=4,FILE=’ESHGg1a1_D2h_298K’)

C

C INPUT MOLECULAR PARAMETERS:

C

TEMP=298.0

TEMPK=TEMP*1.380622E-23

R=0.4232

PARAM2=190.0

SHAPE1=0.22965

SHAPE2=0.21383

C

C CALCULATION OF THE LENNARD-JONES 6:12 POTENTIAL & STORAGE OF THE

C VALUES IN AN ARRAY:

C

DO 61 X1=1,64

D1(X1)=4.*PARAM2*1.380622E-23*((R/SEP(X1))**12-(R/SEP(X1))**6)

SE3(X1)=SEP(X1)**3

SE4(X1)=SEP(X1)**4

SE5(X1)=SEP(X1)**5

SE6(X1)=SEP(X1)**6

SE8(X1)=SEP(X1)**8

SE12(X1)=SEP(X1)**12

61 CONTINUE
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C

C THE DIRECTION COSINE TENSOR COMPONENTS ARE STORED IN AN ARRAY:

C

DO 66 X4=1,16

DO 77 X3=1,16

DO 88 X2=1,16

C

C DIRECTION COSINE TENSOR COMPONENTS:

C

A1=COS(AL1(X2))*COS(BE1(X3))*COS(GA1(X4))-1.*SIN(AL1(X2))*SIN(GA1

+ (X4))

A2=SIN(AL1(X2))*COS(BE1(X3))*COS(GA1(X4))+COS(AL1(X2))*SIN(GA1(X4

+ ))

A3=-1.*SIN(BE1(X3))*COS(GA1(X4))

A4=-1.*COS(AL1(X2))*COS(BE1(X3))*SIN(GA1(X4))-1.*SIN(AL1(X2))*COS

+ (GA1(X4))

A5=-1.*SIN(AL1(X2))*COS(BE1(X3))*SIN(GA1(X4))+COS(AL1(X2))*COS(GA

+ 1(X4))

A6=SIN(BE1(X3))*SIN(GA1(X4))

A7=COS(AL1(X2))*SIN(BE1(X3))

A8=SIN(AL1(X2))*SIN(BE1(X3))

A9=COS(BE1(X3))

DCTC(1,X2,X3,X4)=A1

DCTC(2,X2,X3,X4)=A2

DCTC(3,X2,X3,X4)=A3

DCTC(4,X2,X3,X4)=A4

DCTC(5,X2,X3,X4)=A5

DCTC(6,X2,X3,X4)=A6

DCTC(7,X2,X3,X4)=A7

DCTC(8,X2,X3,X4)=A8

DCTC(9,X2,X3,X4)=A9

88 CONTINUE

77 CONTINUE

66 CONTINUE

C

C THE MULTIPOLE INTERACTION ENERGIES ARE CALCULATED AND STORED

C IN ARRAYS:

C

DO 939 X7=1,16

WRITE(4,1000)X7
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1000 FORMAT (1X, ’INDEX (IN RANGE 1 TO 16) IS CURRENTLY ’,I2 )

WRITE(6,1111)X7

1111 FORMAT (1X, ’Index (in range 1 to 16) is currently ’,I2 )

DO 40 X6=1,16

DO 50 X5=1,16

C

C MOLECULE 2’S DIRECTION COSINE TENSOR COMPONENTS:

C

B1=DCTC(1,X5,X6,X7)

B2=DCTC(2,X5,X6,X7)

B3=DCTC(3,X5,X6,X7)

B4=DCTC(4,X5,X6,X7)

B5=DCTC(5,X5,X6,X7)

B6=DCTC(6,X5,X6,X7)

B7=DCTC(7,X5,X6,X7)

B8=DCTC(8,X5,X6,X7)

B9=DCTC(9,X5,X6,X7)

DO 60 X4=1,16

DO 70 X3=1,16

DO 80 X2=1,16

C

C MOLECULE 1’S DIRECTION COSINE TENSOR COMPONENTS:

C

A1=DCTC(1,X2,X3,X4)

A2=DCTC(2,X2,X3,X4)

A3=DCTC(3,X2,X3,X4)

A4=DCTC(4,X2,X3,X4)

A5=DCTC(5,X2,X3,X4)

A6=DCTC(6,X2,X3,X4)

A7=DCTC(7,X2,X3,X4)

A8=DCTC(8,X2,X3,X4)

A9=DCTC(9,X2,X3,X4)

C

C CALCULATION OF THE DIPOLE-DIPOLE POTENTIAL:

C

DDP(X2,X3,X4,X5,X6)=8.98758E-24*DIP**2*(-2*A9*B9+A6*B6+A3*B3)

C

C CALCULATION OF THE DIPOLE-QUADRUPOLE POTENTIAL:

C

DQP(X2,X3,X4,X5,X6)=8.98758E-25*DIP*(Q2*(-2*A9*B9**2+(2*A6*B6+2*A
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+ 3*B3+2*A9**2-2*A8**2-A6**2+A5**2-A3**2+A2**2)*B9+2*A9*B8**2+(-2*A

+ 6*B5-2*A3*B2)*B8+A9*B6**2+(2*A5*A8-2*A6*A9)*B6-A9*B5**2+A9*B3**2+

+ (2*A2*A8-2*A3*A9)*B3-A9*B2**2)+Q1*(-2*A9*B9**2+(2*A6*B6+2*A3*B3+2

+ *A9**2-2*A7**2-A6**2+A4**2-A3**2+A1**2)*B9+2*A9*B7**2+(-2*A6*B4-2

+ *A3*B1)*B7+A9*B6**2+(2*A4*A7-2*A6*A9)*B6-A9*B4**2+A9*B3**2+(2*A1*

+ A7-2*A3*A9)*B3-A9*B1**2))

C

C CALCULATION OF THE DIPOLE-INDUCED DIPOLE POTENTIAL:

C

DIDP(X2,X3,X4,X5,X6)=-0.50*ALSTAT*8.07765E-27*DIP**2*(3*B9**2

+ +3*A9**2-2)

C

C CALCULATION OF THE QUADRUPOLE-QUADRUPOLE POTENTIAL:

C

QUAD1=-16.*(A6*A9-A5*A8)*(B6*B9-B5*B8)-16.*(A3*A9-A2*A8)*(B3*B9-B

+ 2*B8)+4.*(2.*A9**2-2.*A8**2-A6**2+A5**2-A3**2+A2**2)*(B9-B8)*(B9+

+ B8)+(-4.*A9**2+4.*A8**2+3.*A6**2-3.*A5**2+A3**2-A2**2)*(B6**2-B5*

+ *2)+4.*(A3*A6-A2*A5)*(B3*B6-B2*B5)+(-4.*A9**2+4.*A8**2+A6**2-A5**

+ 2+3.*A3**2-3.*A2**2)*(B3**2-B2**2)

QUAD2=-16.*(A6*A9-A4*A7)*(B6*B9-B4*B7)-16.*(A3*A9-A1*A7)*(B3*B9-B

+ 1*B7)+4.*(2.*A9**2-2.*A7**2-A6**2+A4**2-A3**2+A1**2)*(B9-B7)*(B9+

+ B7)+(-4.*A9**2+4.*A7**2+3.*A6**2-3.*A4**2+A3**2-A1**2)*(B6**2-B4*

+ *2)+4.*(A3*A6-A1*A4)*(B3*B6-B1*B4)+(-4.*A9**2+4.*A7**2+A6**2-A4**

+ 2+3.*A3**2-3.*A1**2)*(B3**2-B1**2)

QUAD3=4.*(4.*A9**2-2.*(A8**2+A7**2+A6**2+A3**2)+A5**2+A4**2+A2**2

+ +A1**2)*B9**2-16.*(2.*A6*A9-A5*A8-A4*A7)*B6*B9-16*(2.*A3*A9-A2*A8

+ -A1*A7)*B3*B9-4.*(2.*A9**2-2.*A7**2-A6**2+A4**2-A3**2+A1**2)*B8**

+ 2+16.*(A6*A9-A4*A7)*B5*B8+16.*(A3*A9-A1*A7)*B2*B8-4.*(2.*A9**2-2.

+ *A8**2-A6**2+A5**2-A3**2+A2**2)*B7**2+16.*(A6*A9-A5*A8)*B4*B7+16.

+ *(A3*A9-A2*A8)*B1*B7+(-8.*A9**2+4.*(A8**2+A7**2)+6.*A6**2-3.*(A5*

+ *2+A4**2)+2*A3**2-A2**2-A1**2)*B6**2+4.*(2.*A3*A6-A2*A5-A1*A4)*B3

+ *B6+(4.*A9**2-4.*A7**2-3.*A6**2+3.*A4**2-A3**2+A1**2)*B5**2-4.*(A

+ 3*A6-A1*A4)*B2*B5+(4.*A9**2-4.*A8**2-3.*A6**2+3.*A5**2-A3**2+A2**

+ 2)*B4**2-4.*(A3*A6-A2*A5)*B1*B4+(-8.*A9**2+4.*(A8**2+A7**2)+2.*A6

+ **2-A5**2-A4**2+6.*A3**2-3.*(A2**2+A1**2))*B3**2+(4.*A9**2-4.*A7*

+ *2-A6**2+A4**2-3.*A3**2+3.*A1**2)*B2**2+(4.*A9**2-4.*A8**2-A6**2+

+ A5**2-3.*A3**2+3.*A2**2)*B1**2

E1(X2,X3,X4,X5,X6)=8.98758E-26*(1./3.)*(Q2**2*QUAD1+Q1**2*QUAD

+ 2+Q1*Q2*QUAD3)

C

C CALCULATION OF THE QUADRUPOLE-INDUCED DIPOLE POTENTIAL:

C
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QID1=Q2**2*(4.*A9**4+(-8.*A8**2+4.*A5**2+4.*A2**2)*A9**2+(-8.*A5*

+ A6-8.*A2*A3)*A8*A9+4.*A8**4+(4.*A6**2+4.*A3**2)*A8**2+A6**4+(-2.*

+ A5**2+2.*A3**2-2.*A2**2)*A6**2+A5**4+(2.*A2**2-2.*A3**2)*A5**2+A3

+ **4-2.*A2**2*A3**2+A2**4)+Q1**2*(4.*A9**4+(-8.*A7**2+4.*A4**2+4.*

+ A1**2)*A9**2+(-8.*A4*A6-8.*A1*A3)*A7*A9+4.*A7**4+(4.*A6**2+4.*A3*

+ *2)*A7**2+A6**4+(-2.*A4**2+2.*A3**2-2.*A1**2)*A6**2+A4**4+(2.*A1*

+ *2-2.*A3**2)*A4**2+A3**4-2.*A1**2*A3**2+A1**4)+Q1*Q2*(8.*A9**4+(-

+ 8.*A8**2-8.*A7**2+4.*A5**2+4.*A4**2+4.*A2**2+4.*A1**2)*A9**2+((-8

+ .*A5*A6-8.*A2*A3)*A8+(-8.*A4*A6-8.*A1*A3)*A7)*A9+(8.*A7**2+4.*A6*

+ *2-4.*A4**2+4.*A3**2-4.*A1**2)*A8**2+(8.*A4*A5+8.*A1*A2)*A7*A8+(4

+ .*A6**2-4.*A5**2+4.*A3**2-4.*A2**2)*A7**2+2.*A6**4+(-2.*A5**2-2.*

+ A4**2+4.*A3**2-2.*A2**2-2.*A1**2)*A6**2+(2.*A4**2-2.*A3**2+2.*A1*

+ *2)*A5**2+(2.*A2**2-2.*A3**2)*A4**2+2.*A3**4+(-2.*A2**2-2.*A1**2)

+ *A3**2+2.*A1**2*A2**2)

QID2=Q2**2*(4.*B9**4+(-8.*B8**2+4.*B5**2+4.*B2**2)*B9**2+(-8.*B5*

+ B6-8.*B2*B3)*B8*B9+4.*B8**4+(4.*B6**2+4.*B3**2)*B8**2+B6**4+(-2.*

+ B5**2+2.*B3**2-2.*B2**2)*B6**2+B5**4+(2.*B2**2-2.*B3**2)*B5**2+B3

+ **4-2.*B2**2*B3**2+B2**4)+Q1**2*(4.*B9**4+(-8.*B7**2+4.*B4**2+4.*

+ B1**2)*B9**2+(-8.*B4*B6-8.*B1*B3)*B7*B9+4.*B7**4+(4.*B6**2+4.*B3*

+ *2)*B7**2+B6**4+(-2.*B4**2+2.*B3**2-2.*B1**2)*B6**2+B4**4+(2.*B1*

+ *2-2.*B3**2)*B4**2+B3**4-2.*B1**2*B3**2+B1**4)+Q1*Q2*(8.*B9**4+(-

+ 8.*B8**2-8.*B7**2+4.*B5**2+4.*B4**2+4.*B2**2+4.*B1**2)*B9**2+((-8

+ .*B5*B6-8.*B2*B3)*B8+(-8.*B4*B6-8.*B1*B3)*B7)*B9+(8.*B7**2+4.*B6*

+ *2-4.*B4**2+4.*B3**2-4.*B1**2)*B8**2+(8.*B4*B5+8.*B1*B2)*B7*B8+(4

+ .*B6**2-4.*B5**2+4.*B3**2-4.*B2**2)*B7**2+2.*B6**4+(-2.*B5**2-2.*

+ B4**2+4.*B3**2-2.*B2**2-2.*B1**2)*B6**2+(2.*B4**2-2.*B3**2+2.*B1*

+ *2)*B5**2+(2.*B2**2-2.*B3**2)*B4**2+2.*B3**4+(-2.*B2**2-2.*B1**2)

+ *B3**2+2.*B1**2*B2**2)

F1(X2,X3,X4,X5,X6)=-0.5*8.07765E-29*ALSTAT*(QID1+QID2)

C

C CALCULATION OF THE INTEGRATION ARGUMENT:

C

T11=2.*A7**2-A4**2-A1**2

T22=2.*A8**2-A5**2-A2**2

T33=2.*A9**2-A6**2-A3**2

T12=2.*A7*A8-A4*A5-A1*A2

T13=2.*A7*A9-A4*A6-A1*A3

T23=2.*A8*A9-A5*A6-A2*A3

Z11 = A33*(A7**2*B9**2+(2*A4*A7*B6+2*A1*A7*B3)*B9+A4**2*B6**2+2*A

+ 1*A4*B3*B6+A1**2*B3**2)+A22*(A7**2*B8**2+(2*A4*A7*B5+2*A1*A7*B2

+ )*B8+A4**2*B5**2+2*A1*A4*B2*B5+A1**2*B2**2)+A11*(A7**2*B7**2+(2

+ *A4*A7*B4+2*A1*A7*B1)*B7+A4**2*B4**2+2*A1*A4*B1*B4+A1**2*B1**2)

Z22 = A33*(A8**2*B9**2+(2*A5*A8*B6+2*A2*A8*B3)*B9+A5**2*B6**2+2*A
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+ 2*A5*B3*B6+A2**2*B3**2)+A22*(A8**2*B8**2+(2*A5*A8*B5+2*A2*A8*B2

+ )*B8+A5**2*B5**2+2*A2*A5*B2*B5+A2**2*B2**2)+A11*(A8**2*B7**2+(2

+ *A5*A8*B4+2*A2*A8*B1)*B7+A5**2*B4**2+2*A2*A5*B1*B4+A2**2*B1**2)

Z33 = A33*(A9**2*B9**2+(2*A6*A9*B6+2*A3*A9*B3)*B9+A6**2*B6**2+2*A

+ 3*A6*B3*B6+A3**2*B3**2)+A22*(A9**2*B8**2+(2*A6*A9*B5+2*A3*A9*B2

+ )*B8+A6**2*B5**2+2*A3*A6*B2*B5+A3**2*B2**2)+A11*(A9**2*B7**2+(2

+ *A6*A9*B4+2*A3*A9*B1)*B7+A6**2*B4**2+2*A3*A6*B1*B4+A3**2*B1**2)

Z12 = A33*(A7*A8*B9**2+((A4*A8+A5*A7)*B6+(A1*A8+A2*A7)*B3)*B9+A4*

+ A5*B6**2+(A1*A5+A2*A4)*B3*B6+A1*A2*B3**2)+A22*(A7*A8*B8**2+((A4

+ *A8+A5*A7)*B5+(A1*A8+A2*A7)*B2)*B8+A4*A5*B5**2+(A1*A5+A2*A4)*B2

+ *B5+A1*A2*B2**2)+A11*(A7*A8*B7**2+((A4*A8+A5*A7)*B4+(A1*A8+A2*A

+ 7)*B1)*B7+A4*A5*B4**2+(A1*A5+A2*A4)*B1*B4+A1*A2*B1**2)

Z13 = A33*(A7*A9*B9**2+((A4*A9+A6*A7)*B6+(A1*A9+A3*A7)*B3)*B9+A4*

+ A6*B6**2+(A1*A6+A3*A4)*B3*B6+A1*A3*B3**2)+A22*(A7*A9*B8**2+((A4

+ *A9+A6*A7)*B5+(A1*A9+A3*A7)*B2)*B8+A4*A6*B5**2+(A1*A6+A3*A4)*B2

+ *B5+A1*A3*B2**2)+A11*(A7*A9*B7**2+((A4*A9+A6*A7)*B4+(A1*A9+A3*A

+ 7)*B1)*B7+A4*A6*B4**2+(A1*A6+A3*A4)*B1*B4+A1*A3*B1**2)

Z23 = A33*(A8*A9*B9**2+((A5*A9+A6*A8)*B6+(A2*A9+A3*A8)*B3)*B9+A5*

+ A6*B6**2+(A2*A6+A3*A5)*B3*B6+A2*A3*B3**2)+A22*(A8*A9*B8**2+((A5

+ *A9+A6*A8)*B5+(A2*A9+A3*A8)*B2)*B8+A5*A6*B5**2+(A2*A6+A3*A5)*B2

+ *B5+A2*A3*B2**2)+A11*(A8*A9*B7**2+((A5*A9+A6*A8)*B4+(A2*A9+A3*A

+ 8)*B1)*B7+A5*A6*B4**2+(A2*A6+A3*A5)*B1*B4+A2*A3*B1**2)

Y11 = B33*(A7**2*B9**2+(2*A4*A7*B6+2*A1*A7*B3)*B9+A4**2*B6**2+2*A

+ 1*A4*B3*B6+A1**2*B3**2)+B22*(A7**2*B8**2+(2*A4*A7*B5+2*A1*A7*B2

+ )*B8+A4**2*B5**2+2*A1*A4*B2*B5+A1**2*B2**2)+B11*(A7**2*B7**2+(2

+ *A4*A7*B4+2*A1*A7*B1)*B7+A4**2*B4**2+2*A1*A4*B1*B4+A1**2*B1**2)

Y22 = B33*(A8**2*B9**2+(2*A5*A8*B6+2*A2*A8*B3)*B9+A5**2*B6**2+2*A

+ 2*A5*B3*B6+A2**2*B3**2)+B22*(A8**2*B8**2+(2*A5*A8*B5+2*A2*A8*B2

+ )*B8+A5**2*B5**2+2*A2*A5*B2*B5+A2**2*B2**2)+B11*(A8**2*B7**2+(2

+ *A5*A8*B4+2*A2*A8*B1)*B7+A5**2*B4**2+2*A2*A5*B1*B4+A2**2*B1**2)

Y33 = B33*(A9**2*B9**2+(2*A6*A9*B6+2*A3*A9*B3)*B9+A6**2*B6**2+2*A

+ 3*A6*B3*B6+A3**2*B3**2)+B22*(A9**2*B8**2+(2*A6*A9*B5+2*A3*A9*B2

+ )*B8+A6**2*B5**2+2*A3*A6*B2*B5+A3**2*B2**2)+B11*(A9**2*B7**2+(2

+ *A6*A9*B4+2*A3*A9*B1)*B7+A6**2*B4**2+2*A3*A6*B1*B4+A3**2*B1**2)

Y12 = B33*(A7*A8*B9**2+((A4*A8+A5*A7)*B6+(A1*A8+A2*A7)*B3)*B9+A4*

+ A5*B6**2+(A1*A5+A2*A4)*B3*B6+A1*A2*B3**2)+B22*(A7*A8*B8**2+((A4

+ *A8+A5*A7)*B5+(A1*A8+A2*A7)*B2)*B8+A4*A5*B5**2+(A1*A5+A2*A4)*B2

+ *B5+A1*A2*B2**2)+B11*(A7*A8*B7**2+((A4*A8+A5*A7)*B4+(A1*A8+A2*A

+ 7)*B1)*B7+A4*A5*B4**2+(A1*A5+A2*A4)*B1*B4+A1*A2*B1**2)
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Y13 = B33*(A7*A9*B9**2+((A4*A9+A6*A7)*B6+(A1*A9+A3*A7)*B3)*B9+A4*

+ A6*B6**2+(A1*A6+A3*A4)*B3*B6+A1*A3*B3**2)+B22*(A7*A9*B8**2+((A4

+ *A9+A6*A7)*B5+(A1*A9+A3*A7)*B2)*B8+A4*A6*B5**2+(A1*A6+A3*A4)*B2

+ *B5+A1*A3*B2**2)+B11*(A7*A9*B7**2+((A4*A9+A6*A7)*B4+(A1*A9+A3*A

+ 7)*B1)*B7+A4*A6*B4**2+(A1*A6+A3*A4)*B1*B4+A1*A3*B1**2)

Y23 = B33*(A8*A9*B9**2+((A5*A9+A6*A8)*B6+(A2*A9+A3*A8)*B3)*B9+A5*

+ A6*B6**2+(A2*A6+A3*A5)*B3*B6+A2*A3*B3**2)+B22*(A8*A9*B8**2+((A5

+ *A9+A6*A8)*B5+(A2*A9+A3*A8)*B2)*B8+A5*A6*B5**2+(A2*A6+A3*A5)*B2

+ *B5+A2*A3*B2**2)+B11*(A8*A9*B7**2+((A5*A9+A6*A8)*B4+(A2*A9+A3*A

+ 8)*B1)*B7+A5*A6*B4**2+(A2*A6+A3*A5)*B1*B4+A2*A3*B1**2)

W11 = V33*(A7**2*B9**2+(2*A4*A7*B6+2*A1*A7*B3)*B9+A4**2*B6**2+2*A

+ 1*A4*B3*B6+A1**2*B3**2)+V22*(A7**2*B8**2+(2*A4*A7*B5+2*A1*A7*B2

+ )*B8+A4**2*B5**2+2*A1*A4*B2*B5+A1**2*B2**2)+V11*(A7**2*B7**2+(2

+ *A4*A7*B4+2*A1*A7*B1)*B7+A4**2*B4**2+2*A1*A4*B1*B4+A1**2*B1**2)

W22 = V33*(A8**2*B9**2+(2*A5*A8*B6+2*A2*A8*B3)*B9+A5**2*B6**2+2*A

+ 2*A5*B3*B6+A2**2*B3**2)+V22*(A8**2*B8**2+(2*A5*A8*B5+2*A2*A8*B2

+ )*B8+A5**2*B5**2+2*A2*A5*B2*B5+A2**2*B2**2)+V11*(A8**2*B7**2+(2

+ *A5*A8*B4+2*A2*A8*B1)*B7+A5**2*B4**2+2*A2*A5*B1*B4+A2**2*B1**2)

W33 = V33*(A9**2*B9**2+(2*A6*A9*B6+2*A3*A9*B3)*B9+A6**2*B6**2+2*A

+ 3*A6*B3*B6+A3**2*B3**2)+V22*(A9**2*B8**2+(2*A6*A9*B5+2*A3*A9*B2

+ )*B8+A6**2*B5**2+2*A3*A6*B2*B5+A3**2*B2**2)+V11*(A9**2*B7**2+(2

+ *A6*A9*B4+2*A3*A9*B1)*B7+A6**2*B4**2+2*A3*A6*B1*B4+A3**2*B1**2)

W12 = V33*(A7*A8*B9**2+((A4*A8+A5*A7)*B6+(A1*A8+A2*A7)*B3)*B9+A4*

+ A5*B6**2+(A1*A5+A2*A4)*B3*B6+A1*A2*B3**2)+V22*(A7*A8*B8**2+((A4

+ *A8+A5*A7)*B5+(A1*A8+A2*A7)*B2)*B8+A4*A5*B5**2+(A1*A5+A2*A4)*B2

+ *B5+A1*A2*B2**2)+V11*(A7*A8*B7**2+((A4*A8+A5*A7)*B4+(A1*A8+A2*A

+ 7)*B1)*B7+A4*A5*B4**2+(A1*A5+A2*A4)*B1*B4+A1*A2*B1**2)

W13 = V33*(A7*A9*B9**2+((A4*A9+A6*A7)*B6+(A1*A9+A3*A7)*B3)*B9+A4*

+ A6*B6**2+(A1*A6+A3*A4)*B3*B6+A1*A3*B3**2)+V22*(A7*A9*B8**2+((A4

+ *A9+A6*A7)*B5+(A1*A9+A3*A7)*B2)*B8+A4*A6*B5**2+(A1*A6+A3*A4)*B2

+ *B5+A1*A3*B2**2)+V11*(A7*A9*B7**2+((A4*A9+A6*A7)*B4+(A1*A9+A3*A

+ 7)*B1)*B7+A4*A6*B4**2+(A1*A6+A3*A4)*B1*B4+A1*A3*B1**2)

W23 = V33*(A8*A9*B9**2+((A5*A9+A6*A8)*B6+(A2*A9+A3*A8)*B3)*B9+A5*

+ A6*B6**2+(A2*A6+A3*A5)*B3*B6+A2*A3*B3**2)+V22*(A8*A9*B8**2+((A5

+ *A9+A6*A8)*B5+(A2*A9+A3*A8)*B2)*B8+A5*A6*B5**2+(A2*A6+A3*A5)*B2

+ *B5+A2*A3*B2**2)+V11*(A8*A9*B7**2+((A5*A9+A6*A8)*B4+(A2*A9+A3*A

+ 8)*B1)*B7+A5*A6*B4**2+(A2*A6+A3*A5)*B1*B4+A2*A3*B1**2)

C

C Terms re-worked for D_2h symmetry
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C NB ... checked against D_ooh for CO2, passed check!

C These are the G1A1 terms (tensors evaluated in Macsyma,

C translated directly into Fortran code):

C

D513 = G3333*T33*W33+G2233*T33*W33+G1133*T33*W33+G3333*T23*W23+G

1 3322*T23*W23+G2233*T23*W23+G2222*T23*W23+G1133*T23*W23+G1122*

2 T23*W23+G3322*T22*W22+G2222*T22*W22+G1122*T22*W22+G3333*T13*W

3 13+G3311*T13*W13+G2233*T13*W13+G2211*T13*W13+G1133*T13*W13+G1

4 111*T13*W13+G3322*T12*W12+G3311*T12*W12+G2222*T12*W12+G2211*T

5 12*W12+G1122*T12*W12+G1111*T12*W12+G3311*T11*W11+G2211*T11*W1

6 1+G1111*T11*W11

D521 = G3333*T33*W33+G3223*T33*W33+G3113*T33*W33+G3333*T23*W23+G

1 3223*T23*W23+G3113*T23*W23+G2332*T23*W23+G2222*T23*W23+G2112*

2 T23*W23+G2332*T22*W22+G2222*T22*W22+G2112*T22*W22+G3333*T13*W

3 13+G3223*T13*W13+G3113*T13*W13+G1331*T13*W13+G1221*T13*W13+G1

4 111*T13*W13+G2332*T12*W12+G2222*T12*W12+G2112*T12*W12+G1331*T

5 12*W12+G1221*T12*W12+G1111*T12*W12+G1331*T11*W11+G1221*T11*W1

6 1+G1111*T11*W11

D526 = G3333*T33*Z33+G2233*T33*Z33+G1133*T33*Z33+G3333*T23*Z23+G

1 3322*T23*Z23+G2233*T23*Z23+G2222*T23*Z23+G1133*T23*Z23+G1122*

2 T23*Z23+G3322*T22*Z22+G2222*T22*Z22+G1122*T22*Z22+G3333*T13*Z

3 13+G3311*T13*Z13+G2233*T13*Z13+G2211*T13*Z13+G1133*T13*Z13+G1

4 111*T13*Z13+G3322*T12*Z12+G3311*T12*Z12+G2222*T12*Z12+G2211*T

5 12*Z12+G1122*T12*Z12+G1111*T12*Z12+G3311*T11*Z11+G2211*T11*Z1

6 1+G1111*T11*Z11

D529 = G3333*T33*Z33+G3322*T33*Z33+G3311*T33*Z33+G3333*T23*Z23+G

1 3322*T23*Z23+G3311*T23*Z23+G2233*T23*Z23+G2222*T23*Z23+G2211*

2 T23*Z23+G2233*T22*Z22+G2222*T22*Z22+G2211*T22*Z22+G3333*T13*Z

3 13+G3322*T13*Z13+G3311*T13*Z13+G1133*T13*Z13+G1122*T13*Z13+G1

4 111*T13*Z13+G2233*T12*Z12+G2222*T12*Z12+G2211*T12*Z12+G1133*T

5 12*Z12+G1122*T12*Z12+G1111*T12*Z12+G1133*T11*Z11+G1122*T11*Z1

6 1+G1111*T11*Z11

D532 = G3333*T33*Z33+G2332*T33*Z33+G1331*T33*Z33+G3333*T23*Z23+G

1 3223*T23*Z23+G2332*T23*Z23+G2222*T23*Z23+G1331*T23*Z23+G1221*

2 T23*Z23+G3223*T22*Z22+G2222*T22*Z22+G1221*T22*Z22+G3333*T13*Z

3 13+G3113*T13*Z13+G2332*T13*Z13+G2112*T13*Z13+G1331*T13*Z13+G1

4 111*T13*Z13+G3223*T12*Z12+G3113*T12*Z12+G2222*T12*Z12+G2112*T

5 12*Z12+G1221*T12*Z12+G1111*T12*Z12+G3113*T11*Z11+G2112*T11*Z1

6 1+G1111*T11*Z11

D535 = G3333*T33*Y33+G3322*T33*Y33+G3311*T33*Y33+G3333*T23*Y23+G

1 3322*T23*Y23+G3311*T23*Y23+G2233*T23*Y23+G2222*T23*Y23+G2211*

2 T23*Y23+G2233*T22*Y22+G2222*T22*Y22+G2211*T22*Y22+G3333*T13*Y

3 13+G3322*T13*Y13+G3311*T13*Y13+G1133*T13*Y13+G1122*T13*Y13+G1
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4 111*T13*Y13+G2233*T12*Y12+G2222*T12*Y12+G2211*T12*Y12+G1133*T

5 12*Y12+G1122*T12*Y12+G1111*T12*Y12+G1133*T11*Y11+G1122*T11*Y1

6 1+G1111*T11*Y11

D542 = G3333*T33*Y33+G3223*T33*Y33+G3113*T33*Y33+G3333*T23*Y23+G

1 3223*T23*Y23+G3113*T23*Y23+G2332*T23*Y23+G2222*T23*Y23+G2112*

2 T23*Y23+G2332*T22*Y22+G2222*T22*Y22+G2112*T22*Y22+G3333*T13*Y

3 13+G3223*T13*Y13+G3113*T13*Y13+G1331*T13*Y13+G1221*T13*Y13+G1

4 111*T13*Y13+G2332*T12*Y12+G2222*T12*Y12+G2112*T12*Y12+G1331*T

5 12*Y12+G1221*T12*Y12+G1111*T12*Y12+G1331*T11*Y11+G1221*T11*Y1

6 1+G1111*T11*Y11

TERM = (d513+d526+d529+d532+d535)+(d521+d542)/2.0

C The integration argument:

FI(X2,X3,X4,X5,X6)=(1/(120.*3.14159265358979323846**3))*(SI

+ N(BE1(X3))*SIN(BE2(X6)))*TERM

C

C CALCULATION OF THE SHAPE POTENTIAL:

C

G1(X3,X4,X6)=4.*PARAM2*1.380622E-23*R**12*(SHAPE1*(3.*COS(BE1(X3)

+ )**2+3.*COS(BE2(X6))**2-2.)+SHAPE2*(3.*COS(GA1(X4))**2*SIN(BE1(X3

+ ))**2+3.*COS(GA2(X7))**2*SIN(BE2(X6))**2-2.))

80 CONTINUE

70 CONTINUE

60 CONTINUE

50 CONTINUE

40 CONTINUE

C

C THE INTEGRAL IS CALCULATED:

C

SS6=0.00

DO 940 X6=1,16

SS5=0.00

DO 950 X5=1,16

SS4=0.00

DO 960 X4=1,16

SS3=0.00

DO 970 X3=1,16

SS2=0.00
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DO 980 X2=1,16

SS1=0.00

DO 990 X1=1,64

C

C SUMMATION OF THE ENERGY TERMS WITH SUBSEQUENT DIVISION BY (-kT):

C

G3=-1.*(D1(X1)+E1(X2,X3,X4,X5,X6)/SE5(X1)+F1(X2,X3,X4,X5,X6)/SE8(

+ X1)+G1(X3,X4,X6)/SE12(X1)+DDP(X2,X3,X4,X5,X6)/SE3(X1)+DIDP(X2,X3,

+ X4,X5,X6)/SE6(X1)+DQP(X2,X3,X4,X5,X6)/SE4(X1))/TEMPK

IF(G3.LT.-85) GO TO 5000

G4=2.71828**G3

GO TO 5010

5000 G4=0

5010 SS1=SS1+(FI(X2,X3,X4,X5,X6)/SEP(X1))*G4*COEF2(X1,2)

990 CONTINUE

SS2=SS2+SS1*COEF1(X2,2)

980 CONTINUE

SS3=SS3+SS2*COEF1(X3,2)

970 CONTINUE

SS4=SS4+SS3*COEF1(X4,2)

960 CONTINUE

SS5=SS5+SS4*COEF1(X5,2)

950 CONTINUE

SS6=SS6+SS5*COEF1(X6,2)

940 CONTINUE

SS7=SS7+SS6*COEF1(X7,2)

939 CONTINUE

ANS=SS7*SEP1*AL11*BE11*GA11*AL21*BE21*GA21*1.E-68*6.022141*

+ 8.98755

C

C THE INTEGRAL IS PRINTED TOGETHER WITH MOLECULAR DATA USED

C

WRITE(4,2266)

2266 FORMAT(1X,’THE G1A1 TERM CONTRIBUTION TO B(ESHG) FOR C2H4’)

WRITE(4,2268)

2268 FORMAT(1X,’AT THE WAVELENGTH 514.5 nm’)
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WRITE(4,2267)

2267 FORMAT(1X,’ ’)

WRITE(4,2269)

2269 FORMAT(1X,’ ’)

WRITE(4,1140)ANS

1140 FORMAT(1X,’THE INTEGRAL IS’,E15.7)

WRITE(4,2150)

2150 FORMAT(1X,’INPUT DATA: ’)

WRITE(4,2155)TEMP

2155 FORMAT(1X,’TEMPERATURE: ’,F10.5)

WRITE(4,2156)DIP

2156 FORMAT(1X,’DIPOLE MOMENT: ’,F10.5)

WRITE(4,2911)ALDYN

2911 FORMAT(1X,’MEAN ALPHA(-w;w): ’,F10.5)

WRITE(4,2912)A11

2912 FORMAT(1X,’ALPHA11(-w;w): ’,F10.5)

WRITE(4,2913)A22

2913 FORMAT(1X,’ALPHA22(-w;w): ’,F10.5)

WRITE(4,2914)A33

2914 FORMAT(1X,’ALPHA33(-w;w): ’,F10.5)

WRITE(4,2921)ALDYN

2921 FORMAT(1X,’MEAN ALPHA(-2w;2w): ’,F10.5)

WRITE(4,2922)A11

2922 FORMAT(1X,’ALPHA11(-2w;2w): ’,F10.5)

WRITE(4,2923)A22

2923 FORMAT(1X,’ALPHA22(-2w;2w): ’,F10.5)

WRITE(4,2924)A33

2924 FORMAT(1X,’ALPHA33(-2w;2w): ’,F10.5)

WRITE(4,2160)ALSTAT

2160 FORMAT(1X,’MEAN ALPHA(0;0): ’,F10.5)

WRITE(4,2161)V11

2161 FORMAT(1X,’ALPHA11(0;0): ’,F10.5)

WRITE(4,2162)V22

2162 FORMAT(1X,’ALPHA22(0;0): ’,F10.5)

WRITE(4,2163)V33

2163 FORMAT(1X,’ALPHA33(0;0): ’,F10.5)

WRITE(4,2992)G1111

2992 FORMAT(1X,’DYNAMIC GAMMA1111(-2w;w,w,0): ’,F10.5)

WRITE(4,2993)G2222

2993 FORMAT(1X,’DYNAMIC GAMMA2222(-2w;w,w,0): ’,F10.5)

WRITE(4,2994)G3333

2994 FORMAT(1X,’DYNAMIC GAMMA3333(-2w;w,w,0): ’,F10.5)

WRITE(4,2995)G1122

2995 FORMAT(1X,’DYNAMIC GAMMA1122(-2w;w,w,0): ’,F10.5)

WRITE(4,2996)G2211
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2996 FORMAT(1X,’DYNAMIC GAMMA2211(-2w;w,w,0): ’,F10.5)

WRITE(4,2997)G1221

2997 FORMAT(1X,’DYNAMIC GAMMA1221(-2w;w,w,0): ’,F10.5)

WRITE(4,2998)G2112

2998 FORMAT(1X,’DYNAMIC GAMMA2112(-2w;w,w,0): ’,F10.5)

WRITE(4,2999)G1133

2999 FORMAT(1X,’DYNAMIC GAMMA1133(-2w;w,w,0): ’,F10.5)

WRITE(4,3000)G3311

3000 FORMAT(1X,’DYNAMIC GAMMA3311(-2w;w,w,0): ’,F10.5)

WRITE(4,3001)G1331

3001 FORMAT(1X,’DYNAMIC GAMMA1331(-2w;w,w,0): ’,F10.5)

WRITE(4,3002)G3113

3002 FORMAT(1X,’DYNAMIC GAMMA3113(-2w;w,w,0): ’,F10.5)

WRITE(4,3003)G2233

3003 FORMAT(1X,’DYNAMIC GAMMA2233(-2w;w,w,0): ’,F10.5)

WRITE(4,3004)G3322

3004 FORMAT(1X,’DYNAMIC GAMMA3322(-2w;w,w,0): ’,F10.5)

WRITE(4,3005)G2332

3005 FORMAT(1X,’DYNAMIC GAMMA2332(-2w;w,w,0): ’,F10.5)

WRITE(4,3006)G3223

3006 FORMAT(1X,’DYNAMIC GAMMA3223(-2w;w,w,0): ’,F10.5)

WRITE(4,2190)Q1

2190 FORMAT(1X,’THETA11: ’,F10.5)

WRITE(4,2241)Q2

2241 FORMAT(1X,’THETA22: ’,F10.5)

WRITE(4,2210)R

2210 FORMAT(1X,’R(0): ’,F10.5)

WRITE(4,2220)SHAPE1

2220 FORMAT(1X,’SHAPE FACTOR 1: ’,F10.5)

WRITE(4,2221)SHAPE2

2221 FORMAT(1X,’SHAPE FACTOR 2: ’,F10.5)

WRITE(4,2230)PARAM2

2230 FORMAT(1X,’E/K: ’,F10.5)

WRITE(4,2235)AMIN1,AMAX1

2235 FORMAT(1X,’MIN AND MAX POINTS OF RANGE:’,2(F10.5,3X))

WRITE(4,2240)

2240 FORMAT(1X,’END B_eshg’)

WRITE(4,2261)

2261 FORMAT(1X,’ ’)

close(unit=4)

END
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