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Abstract

Motivated by the construction of the Monster sporadic simple group as a
group of automorphisms of an algebra and the recent development of ax-
ial algebras as a generalization of Majorana representations, we construct
axial algebras for the sporadic simple groups HS and Suz in different ways
analogous to the Norton algebra construction. We study how these algebras
decompose as direct sums of the adjoint action of an axis. Fusion rules, that
is the rules with which eigenvectors from various eigenspaces of the adjoint
action multiply, are found. This places these groups in a general framework
of groups acting on algebras hence giving a common theme for their origin.



Acknowledgements

I wish to thank Professor B. G. Rodrigues and Professor S. Shpectorov with-
out whom the present work would not have been possible. Their support and
guidance has been invaluable and has extended beyond the academic to the
mundane. The financial support of the NRF through grant holder bursary
is gratefully acknowledged.

The support, encouragement, understanding and the sacrifice of family
members is gratefully acknowledged. Without this support it would have
been impossible to finish this work. To my brother and sisters I am greatly
indebted for their support over the years. Sadly my brother and eldest sister
did not live to see the fruition of this work. Their memories will forever be
cherished.

Jane Morgan has been a pillar of support throughout my graduate stud-
ies. I am grateful for her support and kindness. I would like to extend my
gratitude to Simo, Yash Madanha and Xavier who have been real brothers.

Finally, I would like to thank Ezalleth for her patience.



Contents

(1.2.1 Fusion laws with distinguished unit| . . . . . . . . . ..
(1.3 Gradings|. . . . . . . . . . ..
(1.3.1 Miyamoto involutions|. . . . . . . . .. ... ... ...

Norton Algebras and generalisations|

[2.1 Representation-theoretic background| . . . . . ... ... ...
[2.1.1 Bilinear forms and tensor products| . . . . . ... ...
2.1.2  Tensor products|. . . . . . . .. ... ... ... ... .
[2.1.3  Change of scalars| . . . . ... ... ... ... .....

[2.2  Tensors and powers of characters| . . . . ... ... ... ...
[2.2.1 Realizability questions| . . . . . . ... ... ... ...
[2.2.2  Rationality over Rl . . . . . . .. ... ... .. ....

[2.3  Norton algebras and generalizations| . . . . . . ... ... ...
[2.3.1 Krein parameters| . . . . . . ... ... ... ... ...
2.3.2 Alternative formulation of association schemes| . . . . .

[2.4  Norton algebras admitting permutation groups|. . . . . . . . .

2.0 Constructionl . . .. .. .. ... .o oo
[2.5.1 Algebra extension by unit| . . . . . .. ... ... ...
[2.5.2  Idempotents of the extended algebra] . . . . . . . ...

Links with Algebraic Graph Theory|

[3.1 Basic facts about strongly regular graphs| . . . . . . . ... ..
[3.2 Geometry of eigenvalues| . . . . ... ...
[3.3 Norton algebra products on certain eigenspaces| . . . . . . ..

i

10
11
13

15
15
16
17
19
20
24
24
29
30
31
33
38
39
40



[4  Algebras from HS| 61

4.1 Character-theoretic checks . . . . . ... ... ... ... ... 61
4.2 Algebras from the class 2A| . . . . .. ... ... .. ... ... 72
[4.2.1  The fusion rules for the 77-dimensional algebra for class [

[ 2A . 74
4.2.2  The extended algebras from the class 2A[ . . . . . . .. 74
4.2.3  The extended algebra from class 24 with A= —z[ . . . 75
4.2.4  The extended algebra from class 2A with A=< . . . . 76

4.2.5  The extended algebra from class 24 with A=3| . . . . 76

4.3 Algebras from the class 25]. . . . . . ... .. ... ... ... 7
[4.3.1 'T'he 77-dimensional algebra trom the class 25| . . . . . 79
[4.3.2  Extended algebra with A=2. . ... ... ... .... 80
[4.3.3  Extended algebra with A\=—2/. . . .. .. ... ... . 80
[4.3.4 Extended algebras obtained by setting A=3|. . . . . . 81
[4.3.5 Extended algebra from class 28 with A=0 . . .. .. 82

4.4 Algebras from the class 2C|. . . . . . ... .. ... ... ... 83
4.4.1 Fusion rules for extended algebra with A= —2|. . . . . 86

4.4.2  Fusion rules for the extended algebra with A ==2|. . . . 87

4.4.3  Fusion rules for extended algebra with A= [ . . . . .. 88
444 Thecase A=1] . . ... ... ... ... .. .. .... 89

4.5 Algebras from the class 2D{. . . . . . .. ... ... ... ... 90
[ Algebras for the Suzuki sporadic simple group| 95
Ol Preliminaries) . . . ... ... ... oo 95
(5.2 A basis of algebra products| . . . . ... ... ... ... ... 98
(5.3 Algebras from the class 2A| . . . . . ... ... ... ... ... 115
[>.3.1  Fusion laws for the extended algebras/ . . . . . . .. .. 117
[5.3.2  Algebras tfrom 2A under the product ¢ . . . . . . . .. 120

[>.4 Algebras from the class 25]. . . . . ... ... ... ... ... 122
[5.4.1 The extended algebras for the class 25| . . . . . . . .. 125
[>.4.2  Algebras under the product g/ . . . . . . . ... .. .. 126

(5.5 Algebras from the class 2C|. . . . . .. ... ... ... ... 128
[>.6  Algebras from the class 20D(. . . . . . ... ... ... ... .. 145
6 __Conclusion| 158
6.1 Overviewl. . . . . . . . . . e 158

(Bibliography| 160

il



List of Tables

[2 Prelimininary check to see if algebra structure can be imposed [

on an irreducible module of the groups HS:2 and Suz:2 with [

small dimensions. . . . . . . . ... 4
(1.1 Fusion rules for Jordan algebras.|. . . . . . .. ... ... ... 10
(1.2 Fusion rules for the Conway-Griess Monster algebra|. . . . . . 12
4.1 Fusion law for the 77-dimensional algebra for class 2A|. . . . . 74
4.2  The eigenvalues ot ad, corresponding to those of an axis a [

fixed by the centralizer of a 2A involution.| . . . . . . ... .. 75
4.3 A fusion law tor the extended algebra trom the class 2A with |

A= T 7
4.4 A fusion law for the extended algebra with A\ = %| ....... 76
4.5 Fusion rules for the extended algebra with A=3[ . . . . . .. 7
4.6 Fusion rules for the 77-dimensional algebra from class 2B| . . . 79
4.7 ad, eigenvalues corresponding to non unit eigenvalues of ad, |

with 2 € 2B . . . . . . .. 79
[4.8  Fusion rules for extended algebra with A=2[. . . . . . . . .. 80
[4.9 The fusion rules for extended algebra with A= -2 . . . . .. 81
[4.10 The fusion law for extended algebra with A=3] . . . . . . .. 82
411 Fusion rulesfor A=0J . . ... ... .. ... L. 83
[4.12 Fusion rules for the 77-dimensional algebra trom class 2C| . . . 86
4.13 The ad,-eigenvalues corresponding to a fixed by z € 2C'| . . . 86

4.14 Fusion rules for extended algebra for the class 2C with A = —2| 87
4.15 Fusion rules for extended algebra for the class 2C with A = 5[ . 88

4.16 Fusion rules for extended algebra with A\ = Z.l ......... 88
117 TFusion rules for 2C extended algebra with A = 1]. . . . . . . . 89
[5.2  Distribution of common neighbours of end points of edges|. . . 111

v



(5.3 The fusion law for the 780-dimensional algebra from the class |

2A for Suz:2l . . .. 117
5.4 Fusion law for the extended algebra with A=1 . . . . . . .. 118
5.5 Fusion law for the extended algebra with A= 23 . . . . . . .. 119
5.6 Fusion law for the extended algebra with A= =| . . . . . . .. 120
5.7 Fusion law for the extended algebra with A =% . . . . . . .. 121
5.8 Fusion law for the extended algebra with A= —z+ . . . . . .. 121
5.21 Distribution diagram relative to a 2D centraliser|. . . . . . . . 145
(5.9 Fusion law for axes fixed by 2A involutions under the product ¢[147
[>.10 Summary of action of the centraliser of a 25 involution on edges(148
[>.11 Distribution of common neighbours for end points of edges| . . 148
[5.12 The tusion law for the 780 dimensional algebra with axis fixed |

by the centralizer of an involution in class 25| . . . . .. . .. 149
[5.13 Fusion law for the extended algebra obtained from 25 with [

A=1. . 150
[>.14 Fusion law for the extended algebra obtained from 25 with |

A=18/25 . . . 151
5.15 Fusion law for the extended algebra obtained from 2B with —=[152
5.16 Fusion law for the extended algebra obtained from 2B with —5-[153
5.17 Fusion law for the extended algebra obtained from 2B with —=:[154
5.18 Fusion law for the extended algebra obtained from 2B with |

A= % ............................... 155
[5.19 Fusion law for axes fixed by 25 involutions under the product ¢[156
[5.20 The distribution of common neighbours of edges of various types{157




a|b,atb
A\ B
AxB
AUB

A B
char(F)
FX
Fix(o)
FG
ged(a, b)
Gal(K/L)
|G : H|
GxH
GX

G/H

Ga:
H<G
HJdG
Hompg (U, V), L(U, V)
L/F

o(g)
Orbg(x)
rR

Sn

tr(A)
tr(x, M)
V*
Vew
VeorW

V|FH
5@']’

List of symbols

a divides b, a does not divide b

Set difference

The Cartesian product of A and B
Disjoint union of A and B

The wreath product of A and B

The characteristic of F

F\ {0}

The set {w € Q|w? = w}, of fixed points of o
Group algebra of G over F

The greatest common divisor of integers a and b
The Galois group of the field extension
The index of H in G

The direct product of G and H

&\ {16}

Coset space or factor group if H is normal
The stabilizer of z in G

H is a subgroup of G

H is a normal subgroup of G

The set of homomorphisms from U to V
Field extension L of a field F.

The ring of all n X n matrices over A;
The order of an element g of a group

The orbit of x under G

Left regular module

The symmetric group on n symbols

Trace of A

The trace of the action of x on a module M
The dual module of V

The direct sum of V and W

The tensor product of R-modules

V and W

FG-module V restricted to H < G

The Kronecker symbol

vi



Division ring

Character afforded by p

Character afforded by a representation on

a vector space V

The restriction of the character y of G' to a subgroup H.
The symmetric square of the character x
The antisymmetric square of the character x
The image o(w) of w under o
Representation of G

Matrix representation of p w.r.t some basis
Primitive root of unity

A set

The cardinality of Q2

An ideal in R

The field of fractions of K

The power set of (2

The finite residue field Z/pZ

A basis for the p-eigenspace of ad,

vil



Declaration

This dissertation, in its entirety or in part, has not been submitted to this or
any other institution in support of an application for the award of a degree.
It represents the author’s own work and where the work of others has been
used in the text, proper reference has been made.

Tendai Makope Mudziiri Shumba

viii



Introduction

The sporadic simple groups have been constructed via ad hoc methods.
A unified theory explaining their existence has been sought and none has
been forthcoming to date. Recently, a new class of algebras resembling the
Conway-Griess algebra for the Monster sporadic simple group have been in-
troduced which could provide such an explanation. Physicists have long
studied vertex operator algebras (VOAs), which Bocherds used to settle the
Moonshine conjecture via the construction of the Moonshine module V* for
the Monster group.

VOAs, useful as they are, are however bulky and cumbersome to work
with. Miyamoto [Miy96a] noticed that VOAs admit automorphisms canon-
ically associated with idempotents of the associated Griess algebra. He no-
ticed that there was a certain class of vectors in the weight 2 part of the
Moonshine module which correspond to certain transpositions of the Mon-
ster. Such vectors are called 2A-axes.

Norton [Con85] studied the subalgebras of the Griess algebra generated by
2 2A-axes, called dihedral algebras. In 2007 Sakuma [Sak07| proved a result
that classified all the algebras that are generated by pairs of such vectors.

In a quest to abstract from the VOAs, Ivanov [Iva09] axiomatised some
properties the class of algebras classified by Sakuma and called them Ma-
jorana algebras. Subsequently, small examples have been constructed. In
[[PSS10] such algebras for the symmetric group of degree 4,5y, were con-
structed, and in [[S12] for Lj3(2). Seress [Serl2] developed an algorithm
for constructing Majorana algebras from various groups and many of the
previously known examples as well as new ones, were obtained from his
GAP implementation of this algorithm. Unfortunately, after his death, this
GAP implementation was lost. Subsequently, Pfeiffer and Whybrow have
worked on implementing and improving his algorithm [PWI18]. Many work-
ers in the field have continued in this particular direction. See for example



[CR13, [Why18] [FIM16al, Tvalll, [FTM16b].

Shpectorov noted that his implementation of an algorithm to construct
Majorana algebras did not use many of the axioms for this class of algebras
and together with Hall and Rehren [HRSI5a], introduced a more general
class of algebras called axial algebras. Many results in this new direction
have been obtained, for example [HRS15b|, [Reh16], Reh17], [HSS1S].

Recently, McInroy and Shpectorov [MS18] have described a new expan-
sion algorithm for the construction of axial algebras which only uses fusion
rules. Astonishingly, they have found out that all the algebras they have
constructed admit Frobenius forms and many of the Majorana algebra ex-
amples that are found in the literature have been constructed this way by
a MAGMA implementation of this algorithm. De Medts and Van Couwen-
berghe [DV17] have even investigated modules over axial algebras while De
Medts and Rehren have studied the connection between Jordan algebras and
3-transposition groups [DMRI17].

In the late 1970s, Norton, in his PhD thesis, a part of which has subse-
quently been published as [Nor8§|, constructed algebras admitting 3-transpo-
sition groups. In a project in which they sought to explain some phenomenon
relating to Smith’s work [Smi75] as well as Scott’s work on products of char-
acters [Sco77], Cameron, Goethals and Seidel [CGST8| showed that primitive
rank 3 groups of even order admit a commutative Norton algebra. Other
workers in the field have since constructed such algebras for various groups:
Frohardt [Ero85] provided an outline of the construction of an algebra ad-
mitting O’Nan’s group, Ryba [Ryb07, [Ryb96] constructed algebras for the
Baby Monster as well as the Harada-Norton group, while Kitazume [Kit87]
constructed algebras for some groups with triple covers. In [Har85], Harada
studied certain commutative algebras associated with permutation groups.

In this thesis we construct various Norton algebras which admit the al-
most simple and simple groups HS:2, Suz:2, HS and Suz. We show that these
algebras are axial and we study the fusion rules that arise. We use the unital
extensions of these algebras to try and investigate if we can find “useful”
fusion rules.

Our starting point is representation-theoretic. For small dimensional irre-
ducible modules V' for the groups HS and Suz (respectively HS:2 and Suz:2),
we check if these modules support a commutative algebra structure, by check-
ing if V is a constituent of its own symmetric square Sym?V. Furthermore,
we require our algebras to support non-degenerate symmetric bilinear forms
so we require that V is self-dual as a module, i.e., V* = V. Finally, it is
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desirable that for some conjugacy class of involutions, the centralisers have
non-trivial fixed subspaces in V' of dimension 1 ideally, or 2. That is, for some
class 2X of involutions, we desire that dim(V Ninvg(W)) € {1,2},p € 2X,
where W is the permutation module of G and K = Cg(p), the centralizer of
pin G.

All these checks can best be carried out by passing to characters. The first
check is equivalent to checking that if the module V' affords an irreducible
character y then the inner product (Sym?®y, x), of the symmetric square of
x and x is nonzero. To check the existence of a symmetric bilinear form,
we need to check if the Frobenius-Schur indicator is 1. Finally to check the
dimension of the space in V' fixed by the centraliser K, of an involution, we
compute the inner product of the restriction of y to K and the principal
character 1g, that is, (x|k, 1x).

We note that all these checks can be done by hand, from the Atlas
[CCNT85], or by using a computational algebra package like MAGMA [BC94].
We summarise these data in the Table 2 below. In the table we record the
dimensions of the irreducible modules, their sources, whether they arise from
a permutation or an induced representation. If an irreducible module comes
from a permutation representation , we put a check mark under “perm” in
the source column, and if the module arises as an induced representation we
put a check mark under “ind” in the source column.

For the group HS:2, we see that it is possible to impose commutative alge-
bra structure on irreducible modules of dimensions 77,154, 175,693, 770, 825
and 1056 while we can potentially do the same on irreducible modules of
dimensions 143,364, 780 and 1001 for Suz:2. However, using the techniques
described in Chapter [2, we can only use a construction of Norton algebras
on the modules of dimension 780 and 1001. Due to the scale of computa-
tions involved, no attempt has been made to construct an algebra on the
1001-dimensional module of Suz:2 at this stage.

0.1 Basics and useful definitions

We will fix here some common notation which we will need throughout the
thesis. We assume that groups are finite, that all algebras are commutative
and that the reader is familiar with notions of linear algebra, groups, their
actions and basic representation theory. We will recall a few definitions from
the theory of graphs.



Group | dim(V) Source V' a constituent | V* =V? | dim(V Ninvg(W))
Perm Ind | of Sym?*(V)? K =Ca(p),p € 2X
involutions
22 v X
22 v X
77 v v
77 v v v 1,2
154 v X
154 v v v 1
175 v v v 0,1
175 v v v 1,2
231 v v v 1
HS:2 231 v X
308 v X
693 v X
693 v | v (8- dim) v 0
770 v | v (5— dim) v 0
770 v | v (2- dim) v 0
825 Ve v (8 — dim) v 0
825 v | v (2-dim) v 0,1,2
1056 v | v (5-dim) v 0
1056 v v (13 — dim) v 0,1,2
143 v v v 0,1
143 v X
364 v v v 0,1
Suz:2 364 v X
780 v v (2-dim) v 0,1,2
780 v X
1001 v X
1001 ve v v 0,1

Table 2: Prelimininary check to see if algebra structure can be imposed on
an irreducible module of the groups HS:2 and Suz:2 with small dimensions.

Let X be a finite set. Then an incidence relation E on X is a subset
of the Cartesian product X x X. A graph I' is a pair (X, E) where X, E are
finite sets of points, called vertices, and E is an incidence relation on X,



respectively. The ordered pairs in the incidence relation are called edges. If
u,v € X are joined by an edge e € E, we write e = uv instead of e = {u, v},
and say that u and v are adjacent and that e is incident with v and v. We
also say that v and v are neighbours. The number of neighbours a vertex has
is called its valency, or degree. Throughout we will only consider simple
graphs, that is, we will only concern ourselves with graphs which do not have
loops, in other words, for all v € X, vv € E, and in which no multiple edges
are allowed, that is, for any pair u,v of vertices, there is at most one edge
e with e = wv. Thus, we may consider a graph as a set X admitting an
irreflexive, symmetric binary relation ~, where v ~ v if and only if uv € E.
Certain classes of graphs will be of use to us so we will say more. We
say that a graph I' = (X, E) is k-regular, k£ € N, if every vertex v € X
has exactly k neighbours. The class of strongly regular graphs and distance
regular graphs will be used in what follows. We say that I' is strongly
regular with parameters (v, k, A, 1) if X has size v, the graph is k-regular,
any pair u, v of adjacent vertices have A common neighbours, while any pair
of non-adjacent vertices has exactly ;1 common neighbours. A u-v path is a
sequence (u = vg, vy, ...,v = vg) of vertices such that v;_; ~ v; for 1 <i <d,
and the vertices are distinct, except possibly for the first and last. We say
that a graph is connected if for any pair u,v of vertices there exists a u-v
path. In a connected graph we introduce a distance function d : X x X — N
where d(x,y) is the length of the shortest z-y path. The diameter of a
graph is the maximum distance between two vertices, that is, diam(I") =
max, ,ex{d(u,v)}. A complete graph is the graph with a given set as vertex
set in which all pairs of distinct vertices are adjacent. Opposite to this is the
null graph in which no vertices are joined, i.e., a graph with no edges. Given
a graph I' = (X, F), one can obtain many new graphs from it but we will
concern ourselves with forming the complement of I', denoted I', which is a
graph on the same vertex set X as [' but u ~g v if and only if u % v.

Given a graph I' = (X, E), we consider the symmetric (0, 1) square matrix
A formed by indexing the rows and the columns of the matrix by X, such
that the (u,v)-th entry of A, A,,, is given by

A = 1 ifu~ 7'1,
0 otherwise.
We can think of A as a function X x X — F, where F is the field we use.
It is well known [BCN89| that the complement of a strongly regular graph
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(v, k, A\, ) is again strongly regular, with parameters (v,v — k — 1,v — 2k +
i —2,v—2k+\). Finally, a connected graph I is distance-regular if there
are constants ¢;, a;, b;,0 < 7 < d such that if v and v are at a distance 7 then
the number of vertices w such that v ~ w and w is at distance ¢ — 1,7,7 + 1
from w is ¢;, a;, b; respectively, where ¢y = by = 0, and d is the diameter of the
graph. We note that the distance regular graphs of diameter 2 are precisely
the strongly regular graphs. We will use these classes of graphs in subsequent
chapters to construct association schemes and Norton algebras. Because we
will be interested in group actions on graphs from now on, we finish off
this section by introducing the notion of distance transitive graphs. By an
automorphism o of a graph I' = (X, £'), we mean a bijection o : X — X
that is adjacency preserving, that is,

o(x)o(y) € E if and only if zy € E, for all z,y € X.

The set of all automorphisms of I forms a group denoted Aut(I'), under
composition. A graph I' = (X, E) is distance-transitive if Aut(I') acts
transitively on sets of pairs of vertices at distance i, for i = 0,1,...,d :=
diam(I"). In other words, for each 0 < i < d, for each (xy,y1), (z2,y2) such
that d(x1,y1) =i = d(x2,ys), there exists an automorphism o € Aut(I") such
that o(x1) = 2 and o(y1) = y2. This property can easily be seen to imply
distance regularity; however, we note that the converse is not always true.

The structure of the thesis is as follows: in Chapter [I| we discuss the
background from axial algebras, in Chapter [2] we discuss general algebras,
Norton algebras, as well as their generalizations. In Chapter [3| we discuss
the link between Norton algebras and algebraic graph theory. We set up the
stage for Chapters [4 and [f| where we discuss the axial algebras for HS, HS:2,
as well as for Suz and Suz:2, respectively.

All the MAGMA code used throughout the thesis can be found at [MS19).



Chapter 1

Background from axial algebras

In this chapter we discuss the background material from axial algebras that
we will need in the remainder of the thesis. We start by discussing fusion
rules, axes and axial algebras. We close the chapter with a discussion of
Miyamoto involutions and Frobenius forms. Throughout this chapter, R is
a commutative unital ring. We make our discussion as general as possible
though in the chapters following this one we will work mostly over fields of
characteristic 0, in particular Q and C.

1.1 Basic definitions

We start by defining algebras. Since we are assuming that our algebras are
commutative, it does not matter whether we multiply on the left or the right.
For simplicity we restrict our discussion to algebras over fields.

Definition 1.1.1. An algebra is a module A over a field F with a distribu-
tive F-bilinear multiplication, that is, for all a,b,c € A and A € F,

Alab) = (Aa)b = a(\D),
(a+b)e =ac+ bc and a(b+ ¢) = ab+ ac.

The focus of our study in this thesis are commutative nonassociative
algebras so we will assume throughout that the algebras under study are
commutative and we will not require associativity. Every nonzero element of



an algebra induces an endomorphism by its adjoint action, that is, multipli-
cation. Thus, for 0 # = € A, there is an endomorphism ad, : A — A,

U — xu,
for all u € A. We will denote the u-eigenspace of ad, by
A, (z) = {u € Alzu = pu}.

If A CF, then
An(z) = P Aule)

HEA
with the convention that Ag(x) = 0.

Certain distinguished elements in an algebra will play an important role
in our study of axial algebras, namely idempotents. We will give a definition
here. We will also define the closely related concept of nilpotent elements
though we do not require them.

Definition 1.1.2. Let A be an algebra. An element a € A is said to be an
idempotent if a> = a. The additive identity 0 is called the trivial idempo-
tent and if A is unital, 1 € A is also an idempotent. We say a is nilpotent
if a* = 0 for some positive integer k.

1.2 Fusion laws

A common theme in the study of nonassociative algebras is the placing of
emphasis on some relations to specify the multiplication of elements. In the
case of Lie algebras, the device is the Jacobi identity, for Jordan algebras it
is the Jordan identity and in the case of axial algebras, we use fusion laws.

Definition 1.2.1. Let X C F be a set. The pair F = (X, x), where
x: X x X — 2% is a symmetric binary operation, is called a fusion law and
a single instance \ x u is called a fusion rule.

Sometimes a fusion law is called a fusion table since the values of x can be
arranged in a symmetric square table. Often we abuse notation and simply
write F for the fusion law (F,*). We will discuss how this is related to
algebras in the next paragraph.



Definition 1.2.2. Let A be an algebra and F a fusion law of Definition [I.2.1]
above. Then an F-decomposition of A is a decomposition

A:@Ax

zeX

such that
A Ay € Apy = €D A

zZETXY

Definition 1.2.3. An idempotent a € A is said to be F-diagonalisable for
the fusion law F = (X, %) if

A= @ Ay(a)

peX

and Ag(a)A,(a) C Agepu(a) for all ¢, p € X. In other words, the product of a
¢-eigenvector and a u-eigenvector is a sum of k-eigenvectors, kK running over
¢ * . In this definition and the previous one, we say that a and A satisfy the
fusion law F.

The following example illustrates the concept of fusion laws.

Example 1.2.4. A Jordan algebra J over a field F is a commutative nonas-
sociative algebra such that elements satisfy the Jordan identity

(zy)a® = (yaz®).

If a € J is an idempotent, then ad, has eigenvalues C {1,0, %} Furthermore,
setting
Jula) = {u € Jlad,u = pu},

then J has a decomposition

(),

called the Peirce decomposition. The Peirce decomposition satisfies the fu-
sion law with

J=3d1(a)®Jo(a)®J

1
2

1
*{1,0,5) = 2{1.0.5}

given by the table below. See [Jac68, p.119] for more details.



*10%
11 03
0[0 0] 3
212 3|10

Table 1.1: Fusion rules for Jordan algebras.

The fusion law in Table has been generalised in [HRS15b] to F =
({1,0,a}, *) where a general class of primitive axial algebras of Jordan type
are studied. For this generalisation, in the fusion table % is replaced by .

1.2.1 Fusion laws with distinguished unit

In this subsection we consider fusion laws F = (X, *) with a distinguished
unit 1 € X. Suppose that 1 € X is a unit, i.e.,

1xxz C{z}
for all z € X.

Definition 1.2.5. Let A be an algebra and F = (X, *) a fusion law with
distinguished unit 1. We say that an F-decomposition A = @, A, is F-axial
if there exists 0 # v € A; such that v acts as a scalar A(x) on each A,,x € X
and (1) # 0. That is, if w € A,, then vw = A\(z)w.

From this definition, it is clear that vA, C A,, for if w = vw’ € vA,,w' €
A, then w = v’ = Mz)w' € A,. Since v € Ay, we have vo = A(1)v. Con-
sequently, we can scale v to be an idempotent, i.e., A(1) = 1. The following
result about the uniqueness of such a v is immediate.

Lemma 1.2.6. An element v satisfying the conditions of Definition[1.2.] is
unique.

Proof. Suppose that we have an axial decomposition A = @, A, with distin-
guished unit 1, i.e., there exists v € A; such that v acts as a scalar A\(x) on
each A,,x € X. Suppose that v" € A; also satisfies the same conditions. In
other words, for all x € X, for all w € A,,v'w = A(x)w. Then, in particular,
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vv’ = A(1)v" and reversing the roles of v, v gives v'v = A(1)v. Commutativity
of the algebra then gives A\(1)v" = vv' = v'v = A(1)v. Since A(1) # 0, we get
v =" as claimed. O

Remark 1.2.7. The motivation of this definition is that, unlike the one found
in the literature, we allow distinct parts A, of an axial decomposition to have
the same A(z) value. We will see examples of this in Chapter [4]

Definition 1.2.8. The vector v of Definition [[.2.5] and Lemma [[.2.6]is called
an axis. An axis v is called primitive if v spans A;.

Since we can scale v so that it is an idempotent, or equivalently, A(1) = 1,
this is equivalent to stating that v spans its own 1-eigenspace. We now define
an axial algebra.

Definition 1.2.9. Let A be an algebra, A C A be a set of axes. The pair
(A, A) is called an axial algebra if A is generated as an algebra by axes a € A.

We note that in the definition of an axial algebra above, we often abuse
notation and call A an axial algebra if the context is clear.

1.3 Gradings

In this section we will discuss gradings which are important in the study of
axial algebras. Whenever the fusion rules of an axial algebra are graded,
corresponding to each axis there is an automorphism of the algebra. Let A
be an algebra over a field F, F = (X, %) a fusion law and T an abelian group.
We will define the notion of grading of the fusion law.

Definition 1.3.1. The fusion law F = (X,x) is T- graded if X has a
partition X = U;er Xy such that

Xt *Xs g Xst
for all s,t € T.

Let A be an algebra and a € A an F-axis. If F is T-graded, then there is
an induced grading on A with respect to the axis a. The weight ¢ subspace
A; of A is defined as

A= Ax, = €D A,

AEX,

11



This gives rise to automorphisms of A as follows. Let 7™ be the group
of all linear characters of T" over I, i.e., T* = Hom(7T,F*), the set of homo-
morphisms from 7 to the multiplicative group F* of F. For an axis a and
X € T*, consider the map 7,(x) : A — A defined by

u— x(t)u for u € Ay(a)

extended linearly to A. Because A is T-graded, the map 7,(x) is an auto-
morphism of A.

We are interested in T-graded fusion laws where T' = 7Z/27. In this case
we require that char(F) # 2 since T* = 1 otherwise. Furthermore, we have
T* = {x1, x2}, where x; is the trivial character. The automorphism 7,(x2)
is then denoted by 7, since it is usually non-trivial.

Definition 1.3.2. A fusion law F = (X, *) is Z/2Z-graded if X can be
written as X U X_, necessarily disjoint, such that

xxy C X, whenever z,y € X,
x*xy C X, whenever z,y € X_,
rxy C X_ if either x € X, and y € X_ or vice versa.

Example 1.3.3. (i) The fusion law for Jordan algebras is Z/2Z-graded.
Set X ={1,0,3}, X4 = {1,0} and X_ = {3}. In general Jordan fusion
rules are Z/27Z-graded with « replacing %

(ii) The 196884-dimensional Conway-Griess real algebra has fusion law F =
(X, %), X ={1,0,1 L} x: X2 — 2% shown in the Table .

11033
*10%%2
11 0 1| =%
010 0 1| 3
ila g LOJ g
mlm om om0

Table 1.2: Fusion rules for the Conway-Griess Monster algebra.
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Table has been drawn to be suggestive, set X, = {1,0, }L},X_ =
{35}. Then we see clearly that the fusion rules F are Z/2Z-graded.
It turns out that the fusion rules obtained by omitting % from X are
7./27-graded. Set X = {1,0, i} We obtain fusion rules of Jordan-type,
with a = }l and the grading follows.

1.3.1 Miyamoto involutions

Let F = (X, *) be Z/2Z-graded fusion law and a € A an axis, A an axial al-
gebra. We associate an involutory map 7, to a, called a Miyamoto involution

defined as
. {u if uweAx,

u™ = )
—u ifueAx_ .

Because of the grading, this defines an automorphism of A. We note that it
is allowed to have Ax_ trivial, in which case 7, is trivial. If, however, Ax_
is non-trivial, then 7, is a non-trivial automorphism of A.

Remark 1.3.4. The Miyamoto involutions corresponding to axes in the Conway-
Griess algebra correspond to 2A involutions of the Monster, which generate
the whole group.

Definition 1.3.5. A fusion law F = (X, ) is said to be Seress if 0 € X
and for all p € X,0%pu C {u}if u#1and 0x1 = 0.

Remark 1.3.6. Suppose that A is a primitive axial algebra satisfying the
fusion law F = (X,*) and 0 € X. Then for a primitive axis a and any
p e X,

Aula)  Ap) # 0,

0 otherwise.

A, () - Ay(a) = {

Of interest is the existence of a certain invariant bilinear form on an axial
algebra. This has been taken as an axiom in the theory of Majorana algebras
though we do not assume its existence in axial algebras.

Definition 1.3.7. Let A be an axial algebra. A nonzero bilinear form (-, ) :
A x A — R is said to be a Frobenius form if

(1) The form is symmetric, that is (u,v) = (v, u) for all u,v € A,
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(2) The form associates with the algebra product in the sense

(uv, w) = (u,vw) for all u,v,w € A.

It has been shown in [MS1§], [KMSI8, Lemma 4.17 ], that if such a form
exists, then it is unique, up to a scalar. We give a result which illustrates
the usefulness of Frobenius forms.

Lemma 1.3.8. Let A be an n-dimensional real azial algebra admitting a
Frobenius form (-,-). Then for an azis a, the matriz representing ad, relative
to some orthonormal basis B = {v;}I,, n = dim A, is symmetric.

Proof. Define m;; via
ada(vi) = Zmij’l]j.
J
Then we have
mi; = (v, Zmikvk) = (v, ad,(v;))
k

(vj, av;) = (avj, v;) by associativity of (-,-) and commutatitivity ,
= (v, av;) = (v;,ad,(v;)), using symmetry of (-,-) and the definition

= (v, ijkvk) = my;, by orthonormality of (-, ).
k
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Chapter 2

Norton Algebras and
generalisations

In this chapter we discuss Norton algebras and their generalizations. This
chapter will form a foundation for Chapters [4] and [5] Recall from the intro-
duction that Norton algebras were introduced by Norton and the term was
coined by J.H Conway. In his paper [Nor8§| Norton notes that there is no
precise definition of Norton algebras. Indeed, Hall [Hall§| notes that this is
the case even to date. We follow the definition given by Cameron, Goethals
and Seidel in [CGST8] and give the theoretical formulation of this class of
algebras in the context of axial algebras.

We begin the chapter by recalling some representation- (and character-
) theoretic facts we need for our discussion. We do not claim completeness
here and many results will be stated without proof. Throughout by group we
mean a finite group and all modules and vector spaces are finite-dimensional.
Unless explicitly stated otherwise, fields are of characteristic zero.

2.1 Representation-theoretic background

In this section we will gather results about bilinear forms, tensor products and
representations and characters of groups that are fundamental to the study
in the subsequent chapters. We will also discuss Norton algebras and gener-
alizations. Recall from the introduction that Norton [Nor8§| constructed an
algebra for the group F'isy which admits a certain invariant triple form. In
that paper, he showed that similar algebra structures could be constructed on
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modules admitting other groups with triple covers as automorphisms. Again
all these suggested constructions rested on the existence of a G-invariant
trilinear form.

2.1.1 Bilinear forms and tensor products

We discuss bilinear forms and their links to tensor products in this subsection.
We assume that the reader is familiar with notions of modules and G-modules
and refer to [Lan02a] for further details. We begin by defining various terms
related to bilinear forms.

Definition 2.1.1. Let V be a module over a commutative ring R which has
an automorphism of order 2, written as a — a. By a bilinear form we mean
amap f:V xV — R which is linear in each argument, that is, satisfies the
following conditions:

(1) f@1+22,y) = f(a1,y) + f(22,y) for all 21,29,y €V,

(i) flz, g +w2) = f(@,y1) + fl2,y2) for all m,y1, 90 €V,

(i) f(az,y) = f(x,ay) = af(x,y), forall x;y € V,a € R.
Furthermore,
(a) We say that f is symmetric if f(z,y) = f(y,z) for all x,y € V.

(b) The bilinear form f is said to be skew-symmetric if
f(yax) = _f(l',y) for all T,y € V.

(c¢) If R is the field of complex numbers, then the form is Hermitian if
f(y,z) = f(z,y) for all x,y € V, where Z denotes the complex conjugate
of z.

A bilinear form is nondegenerate if f(z,y) = 0 for all y € V' implies that
x = 0, that is, the left annihilator of V' with respect to the form is trivial. If a
form is real-valued, then we say that f is positive semidefinite if f(z,x) > 0
for all x # 0. If the inequality is strict, we say that f is positive definite.

Let Ey, Es, ..., E, be modules over a ring R, and suppose f : E; X Fy X
-+ X E, — Ris amap. We extend the notion of bilinearity to n-linearity by
saying f is n-linear if it is linear in each of the n arguments.
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Definition 2.1.2. Let My,..., M,, N be R modules for a ring R. Denote by
L™(M, ..., M,; N) the module over R of all n-linear maps. If n = 1, we will
drop the use of the semicolon so that L(M,N) := {f : M — N|f is linear}.
If n =2 and M = N, we define B(M) the module of all bilinear forms on M
by B(M) := L*(M, M; R).

We have the following standard elementary result which will be useful in
what follows.

Lemma 2.1.3. Let V be a module over R > 5 and denote by B(V') the module
L*(V,V; R) of all bilinear forms. Define S(V) = {f € B(V)|f is symmetric},
and A(V) :={f € B(V)|f is skew-symmetric}. Then B(V) = S(V)® A(V).

2.1.2 Tensor products

We discuss ideas about tensor products and their links to bilinear forms in
this section. Throughout R will be a commutative unital ring. Let £, F' be
R-modules and consider R-bilinear mappings f of £ X F' into an R-module
G, that is, mappings such that for all z € E,y € F'and XA € R,

flx, \y) = f(Az,y) = A f(z,y) (2.1)

linear in each argument. Consider the free R-module C' = RE*F) of formal

linear combinations of elements of ' x I’ with coefficients, most of which are
zero, in R. This has a basis made up of pairs (z,y),x € E,y € F. Let D be
a submodule of C generated by elements of the type

(*rl + £L‘2,y) - ($1,y) - (‘T27y)
(xayl + y2) - (x>yl) - (ZE,yg) (2‘2)
(@A, y) = (z, Ay)

where x,x1,29 € E, y,y1,y2 € F and A € R.

Definition 2.1.4. The tensor product of the right R-module E and the left
R-module F, denoted by E ®g F' is the quotient R-module C'/D. For x € E
and y € F, the element of £ ® F' which is the canonical image of the element
(z,y) of C = RF*F) is denoted by  ® y and is called the tensor product of
x and y.
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Remark 2.1.5. Since we are going to apply tensor products of modules over
fields which are commutative rings, every module is a left and right module
or a bimodule.

We will state without proof, some facts about tensor products which we
will need for the rest of the chapter. We refer the reader to a standard algebra
text such as [Lan02b] for details. The following result is called the universal
property of tensor products and is sometimes used as a definition of tensor
products by some authors.

Proposition 2.1.6. (i) Let g be an R-linear mapping of E ®g F' into an
R-module G. The mapping (z,y) — f(z,y) := g(x ® y) of E X F into
G is R-bilinear.

(1) Conversely, let f be an R-bilinear mapping of E X F into G. Then there
exists one and only one R-linear mapping g of E® F' into G such that
flx,y) =g(x®y) forallz € E,y € F.

Remark 2.1.7. We note here that if £/ and F' are vector spaces with bases
{ei]1 <@ <m}, {f;|]1 <j < n} respectively, then

{e@filiel,je I={1,...,m},J={1,...,n}}

is a basis for ' ® F. This is sometimes used as a definition of tensor product.

The following theorem gives some properties that are immediate from the
definition and the universal property of tensor products above.

Theorem 2.1.8. Let FE, F,G be modules over a commutative ring R. We
have

L(E, L(F,G)) = I}(E, F;G) = L(E® F.G).
We give some definitions of special tensors here.

Definition 2.1.9. (i) Tensors of the form v ® w 4+ w ® v which are images
of the symmetric functions in Theorem generate the R-module
denoted F'V E. The submodule F'V E is called the symmetric tensor
square and the vectors v ® w + w ® v are called symmetric tensors.
Sometimes the notation Sym*(E) is used for £V E.

(ii) The vectors of the form v ® w — w ® v, are called antisymmetric
tensors. The submodule denoted F A E| called the antisymmetric
tensor square is the submodule generated by antisymmetric tensors.
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From now on, we construct algebras over fields and thus we are interested
in the case where £ = F,G = R where R is a field. We will discus how tensor
products are linked to algebras but we will first decompose tensor products.

Corollary 2.1.10. (i) In the hypothesis of Theorem[2.1.8, let E = F and
G = R, the ring over which the module E is defined. Assume further,
that 2 is a unit in R, i.e charR # 2. Then

L*(E,F:G) = L*(E, E: R) = B(E).

(ii) [*(E,E;E) 2 L(E ® E, E) and hence the bilinear maps of E x E to
E can be identified with linear maps of the tensor product E @ E to E.

An immediate consequence of the identification of part (ii) of Corollary
2.1.10|is that if £ is a module, the existence of an algebra structure on FE is
equivalent to the existence of a linear map £ ® E — E. This is sometimes
used as a third definition of an algebra.

Remark 2.1.11. (i) A linear map Sym?(E) — E corresponds necessarily
to a commutative algebra product while a linear map F A F — E
corresponds necessarily to an anti commutative algebra product.

(ii) It follows that £ ® E = Sym?*(E) @ (E A E), where Sym?*(E) consists
of symmetric tensors and E' A E' is made up of antisymmetric tensors.

2.1.3 Change of scalars

Many times in algebra it is desirable when a module over a ring is replaced
by a related module over another ring. For instance, in linear algebra, it is
sometimes useful to enlarge R-vector spaces to C-vector spaces. In general,
it is often nice to work with algebraically closed fields. Let R, S be commu-
tative, unital rings and f : R — S be a ring homomorphism. Consider an
S-module N as an R-module by the action

for all r € R and n € N. In particular, S is an R module via rs = f(r)s.
Passing from N as an S-module to N as an R-module is called restriction
of scalars. The process of extension of scalars reverses the process described
above.
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Suppose that R C S and M is an R-module. We wish to form an S-module
related to M. We call the module S ®r M defined via s(s' @ m) = (ss') @ m,
for all s € S, a change of rings. This is useful when it is desirable to
multiply elements of M by scalars from a bigger ring. When we discuss
rationality questions of group representations and characters, we will need
the following case. Set R = R and S = C. If V is a vector space over R,
then C ®g V is a vector space over the complex numbers. In particular, if
dimgV = n, then C®g V is a 2n-dimensional space over R as we can regard
C as a 2-dimensional vector space over R with basis {1,}.

2.2 Tensors and powers of characters

In this section we will discuss the link between tensors and powers of charac-
ters of groups. Let V' be a G-module for a finite group . Suppose that the
module V' affords a character y. Basic results in representation theory show
that V ® V affords the character x? while the symmetric part Sym?(V) of
V®V affords the character xs, also denoted Sym?(x), and the antisymmetric
part V AV affords the character y4 such that x> = xs + 4.

We begin by giving basic definitions of the relevant concepts and state
without proof some results which will be used in what follows. Throughout
this section G is a finite group and every vector space is assumed to be
finite-dimensional.

Let V' be a finite-dimensional vector space over a field F and let GL(V)
be the group of isomorphisms of V' onto itself. By a representation of G' we
mean a homomorphism p : G — GL(V). The degree of the representation
is the dimension of V' as a vector space, in particular, if the degree is 1, the
representation is said to be linear. The space V' is said to be a representation
space for G. If U is a subspace of V' such that U is invariant under p(g) for
all g, then U is said to admit G or to be G-invariant. If V' # 0 and the
only G-invariant subspaces of V are 0 and V itself, then we say that p is
irreducible, otherwise it is reducible. If H < G is a subgroup of G, the
restriction of p to H is a representation of H. Let V be a one-dimensional
vector space. The representation p such that p(g) = ¢ for all g € G, where ¢
is the identity of GL(V), is called the trivial representation.

As an example, let Q be a finite G-set and R a commutative ring (we
do not lose much if we consider rings instead of fields). Let M be a free
R-module with basis {m,|w € Q}, where the basis elements are symbols
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corresponding bijectively to the elements of €2. Then, each x € G defines an
R-linear map T'(z) : M — M, where T(x)m, = my, for each w € Q. It
is clear that T'(1) = 15, T(zy) = T(x)T(y), for all z,y € G. Thus, there
is a homomorphism from G to the group of R-automorphisms of M. We
call the map = — T'(z) associated with a fixed G-set 2 a permutation
representation defined by (2.

If (e;) ={e1,...,e,} is a basis for the representation space V, then each
7 € GL(V') can be represented by a matrix as follows. Write 7(e;) = . ajje;,
for each e;. Then the matrix representing 7, denoted by 7,), is given by

Ties) = |@ij]-

[

Each of these matrices is invertible, so there is an isomorphism GL(V) =
GL(n,F) between the group of all invertible linear transformations and the
group of all invertible n x n matrices over . Thus, equivalently, a representa-
tion of a group is a homomorphism p : G — GL(n,F). Such a representation
is called a matrix representation.

Given a representation p : G — GL(V),V can be endowed with a module
structure via

g-m = p(g)m.
By a G-module we mean a module M such that gm € M forall g € G, m €
M. Given a G-module M, we may obtain a representation o : G — GL(M) by
defining o(g)m = g - m. Thus representations and G-modules are equivalent
and we will freely switch from one to the other.

We have a more general setting of representations by considering algebras
over fields. Let A be an algebra over a field F, and let M be an A-module.
Then each x € A defines an F-linear map z; : M — M where x;(v) = zv,v €
M. In general, we have the following definition of a representation of an
algebra.

Definition 2.2.1. Let A be a finite-dimensional algebra over a field F and
M a finite-dimensional vector space over F. A representation of A with
representation space M is an algebra homomorphism

T :A— Homg(M, M),
that is, a mapping 7" such that
T(a+b)=T(a)+T(b), T(ab) =T (a)T(b),

21



T(oa) = aT'(a), T(e) = lgpay, a,b € A,a € F
and e is the identity of A if it exists.

In light of the last paragraph, group representations fit in the general
setting as follows. Consider the set of all formal linear sums

FG = {Z T, a, € F}.

zeG

This can be turned into an algebra by defining addition and multiplication

as
e+ fur =Y (ap+ )7,
zeG zeG zeG
(Z OéxIL’)<Z 6@/3/) = Z axﬁyl'y-
zeG yeG z,yeG

The algebra FG is called the group algebra. Elements x of G can be
identified with the elements 1-x of FG so that GG can be regarded as embedded
in FG. Representations of GG then correspond to left FG-modules.

Closely related to representations are characters. We start from the gen-
eral setting of algebras and proceed to the case of groups. Let A be an
F-algebra and M an A-module. For every f € EndpM, choosing an F-basis
for M means that f can be represented by a matrix f over F. Define

Tr(f, M) = Trace of f.

It is clear from basic linear algebra that this is independent of the choice of
basis.
Let M be a left A-module. The function y : A — F defined by

x(a) = Tr(a, M),a € M

is called the character of A afforded by M. The degree of y, denoted
degy, is defined as the the dimension dimpM, of M. Because x is the trace
map, degx = x(1). In what follows, we define a basic set of simple left A-
modules as a set of representatives of the isomorphism classes of simple left
A-modules. In other words, { My, ..., M} is a basic set of simple A-modules
if every simple A-module is isomorphic to some M;,1 < 5 < s and M; # M;
if i # 5. If {My,..., M} is a basic set of simple left A-modules, and y; is
the character afforded by M;, the characters {x1,...,xs} are called a basic
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set of irreducible characters. We use the notation Irr(A) = {x1,...,Xs},
following [CR62]. Sometimes the notation x,s is used to show that x is
afforded by the module M. The principal character is the character whose
value is 1 at each group element. This is afforded by a module of dimension
one.

Let GG be a group and F a field of characteristic 0, and let xy : FG — F be
the character afforded by the left FG-module M. By definition,

x(a) =Tr(a, M),a € FG.
Restricting x to GG, we obtain a function y : G — F given by
x(x) = Tr(z, M),z € G.

It can be shown that the elements of G form a basis for FG so that the trace
function FG — F can be recovered from the values {x(z) : x € G} by using

the formula
X(Z a,x) = Z oz x(z), ap €F.

zeG relG
If M* := Hom(M,F) is the dual of M, we denote by x* the character afforded
by M*.

For the remainder of this section, we will be concerned with characters
of groups over the field C, of complex numbers. A complex-valued character
X is said to be real if x(g) € R for all g € G. The following result will be
useful in what follows. For the proof we refer the reader to [CR].

Proposition 2.2.2. Let M and M’ be CG-modules. Then :
(i) Xmem = Xy + X,

(1) Xmem = XMXm,

(iii) xar(9) = xm(g™") = x(9),

(i) If xpr = X, then M = M.

For other facts about characters, multiplicities, inner products and the
arithmetic properties of characters, we will refer the reader to the standard
references given below.

On occasion we will need to refer to Clifford’s theorem which gives a
relationship between the action of a group on an irreducible module with
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the restriction to a normal subgroup. We state the theorem here without
proof. Again the reader is referred to [Col90],[Isa76],[CR62],[CR90],|Gor07]
or [Ser77].

Theorem 2.2.3 (Clifford). Let V' be an irreducible G-module over a field F
and let N be a normal subgroup of G. Then V is a direct sum of N-invariant
subspaces Vi, 1 < i < r, which satisfy the following conditions:

(1) Vi = Xn®Xi2®- - - & Xy, where each X;j is an irreducible N -submodule,
1 < i < r, tis independent of i, and X;;, Xyjr are isomorphic N -
submodules if and only if i =i’

(i) For any N-submodule U of V, we have U = Uy @ Uy & - - - @& U, where
U =U0UnV,1 <1 <r. In particular, any irreducible N-submodule of
V' lies in one of the V;.

(i1i) For x € G, the mapping w(x) : V; — xV;,1 < i < r, is a permutation

of the set S = {V1,Vs,...,V;} and 7 induces a transitive permutation
representation of G on S. Furthermore, NCg(N) is contained in the
kernel of m.

2.2.1 Realizability questions

In this subsection we will discuss the fundamental questions of realizability
of representations. Our exposition follows that of Curtis and Reiner [CR&7].
Throughout G is a finite group and k is a field.

Definition 2.2.4. A kG-module M is realizable in a subfield F of k if there
exists an F'G-module M, such that M = k ® g My. The module M, is called
an F-form of M.

2.2.2 Rationality over R

We are interested in the case where £ = C and F' = R. Consider a CG-
module M. We will in general be interested in subfields K of C such that
M is realisable in K, that is, in the spirit of Definition [2.2.4] there exists an
isomorphism of CG-modules

M = C®k My
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for some KG-module M,. A K-basis for M, is then a C-basis for M and
relative to this basis, the matrices {M(g) : ¢ € G} have entries in K.

Recall that the contragredient module M* of a CG-module M is the dual
space M* = L(M,C) on which G acts according to

(g- fym= f(g~'-m), forall f € M* mec M

and g € G. An elementary result in the theory of characters show that if
M affords a character x, then M* affords the character x* where x*(g) =
X(g) = x(g7?) for all g € G. Tt follows that y is real-valued if x* = y. We also
have that x is real-valued if M has an R-form. We will state some results
which are relevant to the discussion in the rest of the thesis. Though we
aim for self-containment, we will not prove all results. Where proofs are not
provided, relevant references are given for the reader to check the proof for
themselves. It turns out that the question of whether a character y afforded
by a CG-module M is real is equivalent to the question of whether or not
there exists a G-invariant bilinear form on M. We have the following theorem.

Theorem 2.2.5 (Frobenius-Schur). Let M be a CG-module with character
X. Then

(i) x is real-valued if and only if M admits a nondegenerate G-invariant
bilinear form.

(i1) M has an R-form if and only if M admits a nondegenerate symmetric
G-invariant bilinear form (over C). In this case M affords a represen-
tation in which each x € G is represented by a real orthogonal matriz.

Proof. This is [CR87, Theorem 73.3]. O

Recall the notion of restriction of scalars from Section 2.1.3] We have the
following.

Definition 2.2.6. Let M be a finitely generated K G-module, where G is a
finite group, and K a field. For any subfield ' C K such that dimpK <
00, the natural embedding F'G — KG defines the structure of a finitely
generated F'G-module on M, called the F'G-module obtained by restriction
of scalars, and denoted by M|pqg (or simply Mpg).

We have the following result which we will state without proof.

25



Lemma 2.2.7. Let M be a KG-module affording a matriz representation
r — M(x) = (m(x)),x € G, with entries {m;;(x)} in K. Then for any
subfield F C K with dimpK < oo, Mpg affords a matriz representation
r — pr/r(mi;(z)) where prr is the reqular matriz representation of K over

F.
Proof. This is [CR87, Lemma 73.6, p. 722]. ]

Corollary 2.2.8. With the same notation as above, assume that K/F is a
Galois extension with Galois group I' = Gal(F/K). Then for all x € G,

Tr(x, Mpg) = ZJTr(x, m).
oel’
Proof. See [CR87, Corollary 73.7, p. 723]. ]

An immediate consequence of this is the following.

Corollary 2.2.9. Let M be a finitely generated CG-module with character
X- Then the character afforded by the RG-module M |gq is given by

x> Tr(x, M|rg) = x(z) + x(x), x € G,
where bar denotes complex conjugation.

Proof. The extension C/R is a Galois extension with Galois group I' = (o),
where ¢ is complex conjugation and so it follows that

Tr(x, M|rg) = Tr(z, M) + Tr(z, M)
and the result follows. O

The following theorem gives a relationship between the results just stated
with some aspects of character theory.

Theorem 2.2.10. Let M be a simple CG-module with character x, and let
n = dimcM. Then exactly one of the following possibilities occurs:

(i) x is not real-valued and the RG-module M |re, obtained from M by
restriction of scalars is a simple RG-module of dimension 2n over R,
affording the character x + X. In this case the endomorphism algebra
EndrgMgg is isomorphic to M, (C).
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(i1) x is real-valued, and M has an R-form My. Then My is absolutely
simple with character x. Moreover, Endgra My = R and the Wedderburn
component of RG corresponding to My is isomorphic to M, (R). In this
case, Mgrg is a direct sum of two copies of M.

(111) x is real-valued, but M does not have an R-form. Then the RG-module
Mg obtained from M by restriction of scalars is a simple RG-module
of dimension 2n, whose character is 2x. The endomorphism algebra
EndrgMre is isomorphic to H, and the corresponding Wedderburn
component of RG s isomorphic to M,(H), where H is the real divi-
siton algebra of Hamilton’s quaternions.

Proof. This is proved in [CR87], p.723. ]

Remark 2.2.11. The theorem above gives the so-called “kinds” of represen-
tations. If M affords a real-valued character and is realisable over R, it is
called of the first kind, if it affords a real-valued character but does not have
an R-form, then we say it is of the second kind and if y is not real-valued,
M is a representation of the third kind.

The next couple of results will give other ways of distinguishing between
the three possibilities of the theorem above. The first is a kind of geometric
way which employs the existence of G-invariant bilinear forms on M.

Theorem 2.2.12. Let M be a simple CG-module affording the character x.

(1) If M does not admit a nonzero G-invariant bilinear form, then x is not
real-valued, and M has no R-form. Call M unitary in this case.

(1) If M admits a nonzero G-invariant bilinear form, then this form is
unique up to scalar multiples. It is nondegenerate and is either sym-
metric or skew symmetric. If the form is real-valued, then x is real-
valued, and M has an R-form. We call M orthogonal in this case
(since M affords a real representation by orthogonal matrices). If the
form is skew-symmetric, then x is real-valued, but M has no R-form.
We call M sympletic, since M affords a representation by sympleticﬂ
transformations.

Proof. See [CR87], Theorem 73.10, p.724. ]

LA sympletic transformation of a vector space over a field is a linear map preserving a
nondegenerate skew-symmetric bilinear form.
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Remark 2.2.13. We note that if M is unitary, then M admits a positive
definite G-invariant Hermitian form.

We close this subsection with an important test of the type of a simple
CG-module as in Theorem 2.2.12 in terms of the character table. We first
set up some notation. Let M be an arbitrary finitely generated CG-module
with character y. Starting with the isomorphism of vector spaces over C,

ch<M*, M) = iDVG<M X M),
where invg(M) is {m € M|gm = m, Vg € G}, we define the intertwining
number:

Definition 2.2.14. Let M be a simple CG-module and suppose that M* is
the dual of M. Then the intertwining number is defined as

i(M, M*) = dimcinvg(M @ M).
We also define the symmetric and antisymmetric intertwining numbers.
Definition 2.2.15.
is(M*, M) = dimcinvg(M V M), i,(M*, M) = dimcinvg(M A M),

respectively, where M V M, M A M are the symmetric and antisymmetric
parts of M ® M.

Since M @ M = (M Vv M) @& (M AN M) as CG-modules, it follows that
(M, M) =is(M*, M) +i,(M*, M).

We define the Frobenius-Schur indicator which we will use to determine the
type of a simple CG-module M.

Definition 2.2.16. Let M be a CG-module. Then the Frobenius-Schur
indicator ¢(M) is defined by

(M) = ig(M*, M) — io(M*, M).

It can easily be shown that ¢(M) € {0,£1} for a simple module M.
The next result gives a method of computing ¢(M) in terms of the character
afforded by M. The Frobenius-Schur indicators {¢(Z;)} of a basic set of simple
CG-modules can be regarded as basic character table data. In fact, where
the computer algebra package MAGMA [BC94] can compute the character
table of a group, the Frobenius-Schur indicators of all irreducible characters
come precomputed with the character table.
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Theorem 2.2.17 (Frobenius-Schur). Let M be a simple CG-module with
character x. Then c¢(M) € {0,£1}, and is given by

o(M) =[Gy x(a®). (2.3)

zeG

Moreover, M is orthogonal if c((M) = 1, sympletic if (M) = —1 and unitary
if ¢(M) = 0.

Proof. See Collins [Col90, Ch. 2, §8, p. 85-87 | for details, or [CR87, Theo-
rem 73.13, p. 726]. ]

We are ready now to discuss the class of algebras dubbed Norton algebras.

2.3 Norton algebras and generalizations

In this section we discuss the class of nonassociative Norton algebras and
generalisations. As discussed in the preamble to the chapter, in [Nor8§],
Norton constructed an algebra for the group Fisy via the 783-dimensional
constituent of the permutation representation of the triple cover 3 - Fligy on
its 3 x 306936 transpositions. This algebra supported a unique nonzero,
nondegenerate G-invariant bilinear form. In fact, it supported an invariant
symmetric cubic form. The group 3 - Fligy is a typical example of a class of
finite groups called 3-transposition groups which are generated by a class of
involutions, called transpositions, such that the product of any two has order
at most 3. Let GG be a 3-transposition group. One obtains a graph, called a
rank 3 graph, from the action of the group on its transpositions. We refer
the reader to [Wil09] for further details. Take a unitary space V' generated
by the points of the rank three graph, which are the transpositions. Suppose
(,) : VxV — Cis an inner product on V. Then we can obtain a cubic form
as follows. Let t; be a transposition and let v; be the corresponding vector.
Then (vi,v;,v) = (vi, ) (vj, i) + (v5,5%) is a G-invariant cubic form. See
[Nor88|, p.488] for more details.

From the character table, Norton noticed that there is a 783-dimensional
orthogonal constituent of the permutation module which is a summand in its
own symmetric square affording a character y of the “first kind”. This means
that the character is real-valued and the constituent is realisable over the
reals. Furthermore, according to Theorem [2.2.12] this constituent supports

J
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a unique bilinear form, up to scalar. By Remark (iii), appearing in
the symmetric part of the tensor square means that the constituent supports
a commutative algebra structure.

In the same paper, Norton constructs a 26-dimensional algebra for 3D,(2)
from its rank 4 graph on the action on its transpositions. This algebra also
supports a unique bilinear form and Norton showed that the form can be ex-
tended to a trilinear form. This allows viewing the group as a group of linear
transformations of the algebra fixing the trilinear form. Using a construction
which we discuss in detail below, Norton extended the algebra to a unital
27-dimensional algebra by adjoining an algebra unit, where multiplication
in this extended algebra involved both the algebra product and the bilinear
form on the 26-dimensional algebra. The extended 27-dimensional algebra
turns out to be the exceptional 27-dimensional Jordan algebra.

Norton also showed that it was possible to construct algebras using a
similar technique for the groups (7, 3), O7(3) and (6, 3) all of which have
triple covers. Kitazume [Kit87] subsequently carried out these constructions.

We also note that other workers in the field have since constructed Norton
algebras for other groups. In particular, D. Smith [Smi77] constructed com-
mutative nonassociative algebras for triple covers of 3-transposition groups.
Ryba [Ryb96] constructed a Norton algebra for the Harada-Norton group as
well as one for the Baby Monster, BM [Ryb07]. Frohardt [Fro85] has also de-
scribed a construction of an algebra for O’'Nan’s group. Cameron, Goethals
and Seidel [CGST8] have shown that any group with a rank 3 action supports
a Norton algebra on that rank 3 representation.

Recall that we have mentioned that Norton made an allusion to the fact
that Norton algebras were loosely defined. The apparent definitions are too
general to be satisfactory. Jon Hall [Hall§] mentions that indeed this is still
the case. We use a different definition of Norton algebras to the one that
Norton gives in his thesis. We will devote a subsection to the discussion of
Norton algebras and Krein parameters.

2.3.1 Krein parameters

Krein parameters were introduced by Scott [Sco77] in his work on character
products. Cameron, Goethals and Seidel [CGST78] made use of these pa-
rameters together with association schemes to define Norton algebras. Our
notation here, with slight alterations, follows that paper. For a more compre-
hensive treatment of association schemes, we refer the reader to the inimitable
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[BIR4].

Definition 2.3.1. Let Q2 be a finite set and consider a partition of the edge set
of the complete graph on €2 into s classes. Let Ay, Ao, ..., A, be the adjacency
matrices of each of the classes. Each of these matrices is a symmetric (0, 1)
matrix. We say that the partition is an association scheme if the linear span
of {Ag =1, A1, As, ..., As} over R, say, is an algebra «7. Such an algebra is
called the Bose-Mesner algebra of the scheme.

If s = 2 for example, then we get a pair of complementary strongly-
regular graphs. Conversely, if one has a strongly regular graph which is not
null or complete, a theorem in the theory of strongly regular graphs shows
that the complement is also strongly regular so we get an association scheme.
We will show that from distance regular graphs, one obtains an association
scheme which recasts the claim made above since the distance regular graphs
of diameter 2 are precisely the strongly regular graphs.

The product of any two matrices A;, A; is again in the algebra 7 so that

S
AiA; = A
k=0
for some parameters pfj

Definition 2.3.2. The parameters pfj are called intersection numbers for
the scheme.

The intersection numbers are non-negative integers with well known com-
binatorial interpretation [CGS78]. The definition above is restrictive and
gives symmetric schemes only. The formulation given in the subsection be-
low is a more general definition of an association scheme.

2.3.2 Alternative formulation of association schemes

Using our interpretation of graphs as sets supporting symmetric relations,
we may define an association scheme as follows. Let 2 be a finite set of
points and suppose that the ordered pairs of the points i.e., {2 x {2 can be
partitioned into s + 1 classes Cy, C1, ..., C such that

(i) The diagonal {(w,w)|w € Q} is a single class Cp,

31



(i) Giveni,j,k € {0,...,s} and (u,v) € Cj, the number p’; of w € Q such
that (u,w) € C; and (w,v) € Cj, depends on ¢, j, k but not on u, v.

Then X = (Q,{Cy, C1,...,Cs}) is an association scheme. If in addition, each
class is symmetric, that is, if (z,y) € Cj, then (y,x) € C; for all i, we say
that the scheme is symmetric. We next give a definition of the notion of
group actions on association schemes.

Definition 2.3.3. A permutation group G on () preserves an association
scheme X = (Q, {Cy, C4,...,Cs}) if all the sets C; in the partition are fixed
setwise by GG. An automorphism group of an association scheme is the
group of permutations which preserve it. The association scheme is then
said to admit a permutation group G if G is a subgroup of its automorphism

group.

Proposition 2.3.4. A distance transitive graph (hence strongly reqular graph
in particular) gives rise to an association scheme.

Proof. We will use the alternative formulation of the association schemes in
this proof. Suppose that I' = (X, F) is distance regular of class d. Partition
X x X as follows. Let R; C X x X be defined by (z,y) € R; if and only
if d(z,y) =14,1 < i <d, and set Ry := {(x,z)|z € X}. It is clear that the
R; partition X x X, that R; are symmetric since ~, the adjacency relation,
is, and the last requirement follows from the definition of distance regular
graphs. O

Because &7 consists of pairwise commuting symmetric matrices, these
matrices can be simultaneously diagonalised and there is an orthogonal de-
composition

V=RQ=V,oVi®- -V,

where each V; is an eigenspace for all matrices in 7.

Since the spaces V; have constant row sums, it can be assumed that Vj is
spanned by the all 1 vector j. By m; we mean the usual orthogonal projection
of V onto V;. Set E; to be the matrix representing ;. Then Ey = %J, where
J is the all 1 matrix and n = |Q|. Furthermore, since 72 = 7;, {£;|0 <7 < s}
is the set of minimal idempotents of o7, i.e.,
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The Bose-Mesner algebra is also closed under Hadamard multiplication, that
is, point-wise multiplication where matrices of the same dimensions have a
product formed by multiplying corresponding entries. This is because

where o is the Hadamard product. It follows that
{Ag, A1, ..., As}

is the set of minimal idempotents for the Hadamard multiplication. Thus,
k
k=0

for some real numbers qu These real numbers qu are the eigenvalues of
E; o E;. Because E; o E; is a principal submatrix of the Kronecker product
E; ® E; of two idempotents,
k
0< 4;; <1
for all 4, j, k. This is called the Krein condition [Sco77]. The parameters qu

are called Krein parameters of the scheme. The following lemma will be
useful in setting up Norton algebras.

Lemma 2.3.5 ([CGST8, Lemma 4.2]). Let j be the all 1 n-long row vector.
Then q?j = 5,-jui/n,quuk = jT(E; o Ej o Ey)j, where p; = dimV;.

2.4 Norton algebras admitting permutation
groups

In this section we introduce Norton algebras admitting group actions which
we are most interested in for the rest of this thesis. We are interested in the
following situation. Let G be a transitive permutation group on €, || = n.
Let Ag, Aq,..., A, be the orbits of G on 2 x Q, called orbitals. Set C; = A;.
We set Cj to be the diagonal orbital, that is Cy = {(w,w)|w € Q}. It is
easy to see that X = (€, {A;}o<i<s) is a possibly non-symmetric association
scheme. Recall from the theory of group actions that the number of orbitals
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is called the rank of G in its action on 2. Because the groups HS:2 and Suz:2
have rank 3 actions on 100 and 1782 points respectively, s = 2 in Chapters
4 and 5. In what follows, suppose that G is a transitive permutation group
on Q@ ={1,2,...,n}, and 0 is the permutation character of G. Furthermore,
assume that 6 is multiplicity free: 8 = xo+x1+- - -+Xs, x; distinct irreducible
characters of G. Then X is a symmetric scheme. Let o/ be the adjacency
(Bose-Mesner) algebra of X, A;,0 < i < d the incidence matrices and E;, the
primitive idempotents of 7. For a € Q = {1,2,...,n},z, denotes the row
vector (0,...,0,1,0,...,0) with 1 in the o'® position. Set X = {z,]a € Q}
and V' = C” be the space with X as orthonormal basis. Let V; be the image
of V under the projection F;. We have an orthogonal decomposition

V=WeVie oV,

and

u fuel
0 ifueVjj#i

Let p: g — A(g) be the permutation representation of G :
raA(9) = x5

it 0 =a%a e Qg€ G, ie., (A(g))ap = dasp where § is the Kronecker
symbol. It can be shown that the matrices in .7 commute with all A(g),g €
G. As in the previous sections of this chapter, by L(V, V') we mean the set of
all linear mappings from V to itself (endomorphisms of V'). The operators
A(g) can be regarded as elements of L(V, V') where we “forget” the basis X
of V. and write

uA(g) =ug,uecV,ged

and
ukl; = um;, 7 the projection of V to V;.

The subspace V; is invariant under G since for v € V;, we have ug = um;g =
ugm;, g € G. This action of G on V; induces a representation ¢; of G on V;. It
follows that p = g+ p1 + - - - + s and the ; are non-equivalent irreducible
representations of G, since 6 = xo + x1 + -+ - + x5 with x; # x; if i # j. We
may, therefore, assume that ¢; affords x;. Thus, y; corresponds to F;, and
X; corresponds to F;.
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Let V ® V be the tensor product of V, i.e., the n?>-dimensional vector
space spanned by u, ® ug. In other words,

O Aatta) @ (O Asug) = Y Aads(tta ® ug)
«a B a,B

where Ay, A\g € C and u,, us € V. We define a Hermitian form (-, ) : VxV —
C such that {z ® y|z,y € X} is an orthonormal basis for V' ® V. Then

(U1 ® v1,ug @ v2) = (U1, ug)(v1, va).
Similarly, V ® V ® V' becomes a Hermitian space with
(U1 ® v1 @ Wi, Uy ® vy @ w) = (U, uz) (v, v2) (W1, W)

for u;, v;,w; € Vi =1,2. G acts on V®V diagonally, i.e., for u,v € V. g € G,

(u®v)g = (ug) ® (vg).

The tensor product V; ® Vj is invariant under the action of G' and affords
the representation ¢; ® ¢; of G. We claim that FE; is the Gram matrix of
{zm|zr € X}, e,

(Ez)my = <$7Ti7 yﬂ-z) for T,y € X7
(E;)zy being the (o, B) entry of E; such that © = x,,y = 23, @, 8 € (L
Lemma 2.4.1. With the notation of the preceding section, E; is the Gram
matriz of {xm;|r € X}.
Proof. Our proof is based on the one in [BI84, Lemma 8.2]. Notice that
since the vectors xm;, ym; are the ath, Bth rows of F;, we have (zm;, ym;) =

(EZ-ET)W. But E; is idempotent and ET = E; so that EiET = E;FE; = E;
and the claim follows. n

The following results allow us to associate to each non-vanishing Krein
parameter qu a map ij from V;®V; to Vj, and consequently, to define Norton
algebras which are commutative algebras on V; provided that ¢!; does not
vanish.

Proposition 2.4.2 ([CGS78, Proposition 5.1). Let o}; : V; @ V; — V. be
defined by

(v; ® vj)afj = Z(v, ® vV}, WT; @ W, )Wk
weN

Then afj = 0 if and only if qu = 0.
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Proposition 2.4.3 ([CGS78, Proposition 5.2]). The eigenspace V; of an
association scheme on §2 is a commutative algebra under the product defined
by
Uxv = Z(u, w) (v, wHw;.
wes

This product is zero if and only if ¢i; = 0.

Definition 2.4.4. Let V; be an eigenspace of an association scheme on a finite
set Q. If the Krein parameter ¢; does not vanish, then the commutative (non-
associative) algebra defined in Proposition is called a Norton algebra.

We have the following result due to Scott [Sco77]. The proof of the
theorem makes very clear the ideas we use in our construction of Norton
algebras and we give greater details than we would normally have.

Theorem 2.4.5 (Scott). Let G be a transitive permutation group on € =
{1,2,...,n} and 0 the permutation character of G in its action on Q. If 0
1s multiplicity free: 6 = xo + x1 + - + Xs, X distinct irreducible characters
of G, q}; the Krein parameters of the association scheme X = (Q, {A; }o<i<s)
with the scheme set up as in the preceding discussion, then

(1) xr appears in x;x; i.e., (Xk, XiX;) # 0, whenever qu #0, and

(i1) Xr appears in Sym?y;, whenever ¢% # 0, where Sym?x; is the symmetric
part of 3.

Proof. Our proof is based on that given for Theorem 8.1 in [BI84]. Recall
from Proposition that the map of; : V; @ V; = Vi,u@v = Y (u®
v, xm; @ TT;) X is nonzero whenever ¢;; # 0. Consider Wj;, the subspace of
V; ® V; spanned by {zm; ® zmjlxr € X}. We have, for x € X and g € G,
(xm; @ zmj)g = (zm;)g @ (zm;)g = (xgm;) ® (xgmj) = ym; ® ym; where x =
Zo,Yy = xg and [ = af. We conclude that W;; is G-invariant . By Proposition

242
1
(a:7ri®$7ri)afjg = qujxﬂkg

Ly
= —qlxgm
 Tig P97k

= ((zg)m ® (asg)ﬂj)afj, xg € X and by Proposition [2.4.2
(xmig ® ijg)afj

= (zm® xﬁj)gafj,
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whence the mapping afj : Wi; = Vi commutes with the action of G. Since
the image of afj is nonzero when afj # 0, it is a subspace of V; which is
simple, so by Schur’s lemma the irreducible representation of G afforded by
Vi, appears in that afforded by W;;. But then W;; C V; ® Vj, so whenever
qu # 0, xx appears in x;x;. If ¢ = j, then W;; C V; V'V, = Sym?(V;), the
symmetric square of V;. Hence, when qu # 0, x, appears in Sym2xi, which
is the character afforded by V; VvV V;. O

Remark 2.4.6. When ¢ = 7 = k, we have a commutative, nonassociative
algebra structure on V; admitting the group G, where the product given in
Definition and the proof of Theorem [2.4.5[is point-wise multiplication
followed by projection. The irreducible characters of HS:2 and Suz:2 afforded
by the spaces over which we define algebras are real and are realisable over
R, thus we will work over this field in the next chapters. In fact, the spaces
of interest have representations realisable over Q.

We next show that the Norton algebra product associates with the usual
bilinear form.

Lemma 2.4.7. A Norton algebra product of point-wise multiplication and
projection over an association scheme eigenspace associates with the usual
symmetric bilinear form (-,-) over R.

Proof. Let u,v,w € V;. Then

(uxv,w) = (Z(u, xm;) (v, T T, W)

zeX

= Z<u7a:7ri><v,:vm><xﬁi7w>
= (u,v*w),

by symmetry. O]
We present a different point of view proposed by J.I Hall in [Hall§].
Definition 2.4.8 (Hall). A local Norton algebra (A, P) over a field F is an

F-algebra A spanned by a set P of vectors with the following properties:

(i) for x € P,x* = ex for a fixed € € F;
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(ii) for each a,b € P the 2-generated algebra I, = (a,b) has isomorphism
type from A, a given set of F-algebra isomorphism classes. We refer to
A as the algebra with generating set P.

Remark 2.4.9. Hall uses the following geometric notation:
The vectors of P, or sometimes the 1-spaces they span, are called points
while the 2-generated spaces of £ = {l,|a,b € P} are called lines.

We note that in the definition above, if € # 0, then the elements %p for
p € P are idempotents in the algebra, or in an algebra over a quadratic
extension of [, so that we will choose ¢ = 1. Since if ¢ = 0, then p € P is
nilpotent, we will avoid this choice since we are interested in finding axes.
However, we note that other researchers in the field sometimes make other
choices of € as appropriate in the context of their work, for example; c.f.
[Con85l, Miy96b], Mat05].

We are going to discuss the generalised Norton algebras in terms of an
eigenvalue decomposition of association schemes. For the algebras we con-

struct using this technique, we find that our algebras are local Norton alge-
bras as defined by Hall.

2.5 Construction

In this section we give the construction of algebras which we will use in
Chapters [ and [f] We show how we can identify an idempotent in a Norton
algebra constructed over an irreducible constituent of a permutation module
for a permutation group acting on some association scheme. We also how
we can extend such algebras to be unital and such that 0 is an eigenvalue
of a specially selected idempotent. Throughout this section fields are of
characteristic 0.

Let G be a transitive permutation group on a finite set Q = {1,...,n}
which is not doubly transitive and let W be the permutation module over
a field F, in this action. Suppose that V' is an irreducible constituent of
W such that V' is a summand in its own symmetric square V' V V| and is
an eigenspace of the association scheme arising from the action of G on (2.
Suppose further, that V is an orthogonal module, so that we can define a
real algebra structure on V| in particular, a Norton algebra.

Let 2X be a conjugacy class of involutions of G, and let z € 2X. Consider
the centralizer, K = Cg(2), of z in G. Set U = V Ninvg (W), the space of
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vectors fixed by K in V. Recall that invg (W) = {w € W|k-w = w for all k €
K}. We choose V' such that U has dimension 1, ideally, or 2. Let % : V xV —
V be the Norton product. Since the discussion in the last section shows that
x commutes with the group action, u *xu € U for all u € U.

If dimpU = 1, then U = (uy), for some uy € U. Thus, for all u € U, uxu =
g, oy, € F. In particular, uyxuy = o, u1, oy, € F. It follows that a = jul
is an idempotent in V. 1

On the other hand, if dimpU = 2, we can consider U as a projective line
L = {auy + asus), where {uy,us} is a basis for U as a vector space. If

w = iU + oy is an idempotent, then we have

aquy + oy = (qug + asug) * (ug + asus)

2 2 2
= ojui + 20qaz(ug * ug) + agus.

Expressing u?, u; * uy and u% as linear combinations of u; and us and sub-
stituting in the equation above, we obtain a pair of quadratic equations in
a1 and «s. If the system has a non-trivial solution over F, then we have an
idempotent, otherwise we will have to work over a quadratic extension of FF
which contains a solution to the system.

In the cases which we consider in Chapter [4 and Chapter [5 the modules
under consideration are realizable over QQ, so we will work over Q or its
quadratic extensions.

Let (+,) : VXV — F be a symmetric bilinear form on V, which is unique,
up to scalars by Theorem [2.2.12] scaled so that (a,a) = 1. We can extend the
algebra structure on V' using both the algebra product % and (-, -). This lends
a degree of freedom in the algebra and the structure of the extended algebra
can be controlled in such a way that 0 is an eigenvalue of an idempotent in the
extended algebra. The next subsection gives more details of this extension.

2.5.1 Algebra extension by unit

Let (V,*) be a commutative algebra over a field F equipped with a symmetric
bilinear form (-,-) : V x V — F. Let V = F @ V, where elements of V are of
the form a + v, € F,v € V. Then V is clearly a vector space over F with
addition defined by

(a+v)+ (@ +v) = (a+ad)+ (v+2).
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Throughout this thesis, our algebras are commutative and nonassociative.
We will drop the adjectives henceforth. Scalar multiplication is done component-
wise, that is A(aw 4+ v) = Aa + Av. We turn V into an algebra via the multi-
plication

(a+0v)*(a'+v) = (ad +y(v,0)) + (a0 + a'v+ v %), (2.4)

where v € F is a structure-controlling parameter. The bilinearity follows
from that of *. As mentioned in the preamble to this chapter, the presence
of this parameter v in the multiplication affords a degree of freedom in our
algebra. The element 1 = 1+ 0y is the algebra unit in V.

A well known result on unital rings shows that if A is a unital ring with
unit 1, then whenever «a is an idempotent, so is 1 — a. Since idempotents are
important in our study of algebras, we will discuss how we can get idempo-
tents of V from those of V.

2.5.2 Idempotents of the extended algebra

Let V be a commutative non-associative algebra, a € V an axis and V be
a unital extension of V' as set up in In this subsection we derive
necessary and sufficient conditions for w = a + fa € V, 3 # 0, to be an
idempotent and obtain restrictions on « so that these hold.

Lemma 2.5.1. Let V' be a commutative non-associative algebra over a field
F equipped with a symmetric bilinear form (-,-) : V — F and let a € V' be an
azis such that (a,a) = 1. Suppose that w = o+ Ba € V is an idempotent,
where 8 # 0. Then:

(i) B=1-2a.
(i) ¥ = (a — a?)B~2.

Proof. Let a,V, V and w be as in the hypothesis and suppose that w is an
idempotent. Then

a+fa = (a+ pa)*(a+ Ba)
(o +75%(a,a)) + (2080 + Fa x a)
= (@ +78%) + (208 + B*)a,

40



where in the last line we have used the fact that (a,a) = 1 and a* = a. We
have the following equations:

a=a®+v3 (2.5)

and

B =2ap + 3. (2.6)
We see that these are functions of o and 8 but from Equation , we see
that there is a linear relationship between a and (3, namely, § = 1 — 2a so
that we can characterize idempotents of V corresponding to a by the single
variable . It follows that we can write vy as v = (a—a?)372, since 8 # 0. [

Because f is a function of «, in order to describe an algebra product in 1%
so that w = a + fa is an idempotent, we need only specify the parameter «
to describe this multiplication. The eigenvalues of w = « 4 [a are obtained
from a linear transformation which we will derive shortly. Let M be the ad,
matrix and let Spec(M) be its spectrum. Then a well-known theorem from
elementary linear algebra tells us that if i € Spec(M)\1, then (V,(a),a) =0,
i.e., all y-eigenvectors are orthogonal to a. Thus, let v, € V,,. Then we have

w0, = (a+pPa)*(0+uv,)
= (a-0+7(vy,a))+ (a-v,+0-Ba+ (Ba) *v,)
= (ow, + B(axwv,)), since V is an algebra and (a,v,) =0,
= (ow, + B(pv,)), since v, € V,(a),
— (a+ Bu), = (o + B}

We conclude that if w = o+ SBa is an idempotent in V corresponding to an
idempotent a, and if v, € V,(a), then 0, is an ad,-eigenvector corresponding
to the eigenvalue 1/ = (o + Bu). Because we will use this result in the rest
of thesis, we record it as a lemma.

Lemma 2.5.2. Let a be an axis of the commutative non-associative algebra
V and v, € V,(a), with p € Spec(a) \ 1. Then the map p — « + Bu maps
Spec(a)\1 to Spec(a+fa), where a+ Sa is an idempotent of V' corresponding
to a.

We have mentioned that the extension of the algebra by adjoining a unit
allows us a degree of freedom. We use this degree of freedom to ensure that 0
is an eigenvalue of the idempotent w = a + fa. We have the following result
which we will use subsequently in many cases.
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Lemma 2.5.3. Let V be a commutative non-associative algebra over a field
F and let a be an axis of V. Further, let V be the unital extension of V and
w = a+ Ba,B # 0 be an idempotent of V corresponding to a. If X is an
eigenvalue of a which transforms to the eigenvalue 0 of w, then A # 1/2 and

Y 1
=T P Ty

Proof. Recall that f =1 — 2a, by Lemma [2.5.1], so that the map of Lemma
transforms the eigenvalue A of a to the eigenvalue N = a 4+ A =
a+ (1 —2a)\ of a+ Ba. Since we require that X' = 0, we have

0O=N=a+(1-20)A=(1-2N)a+ A

whence

(2.7)
The expression for g follows easily. ]

Consequently, if the eigenvalues of an idempotent a in V' are known, the
structure constant v for the extended algebra V can be expressed in terms
of these eigenvalues. The following proposition gives sufficient conditions for
vectors of the form k+b € V to be eigenvectors for w = a+ fSa corresponding
to eigenvalues p = o + fu. The algebra V satisfies the conditions set out in
the previous results of this section.

Proposition 2.5.4. Let V be the unital extension of V making the original
eigenvalue \ for an azis a into the eigenvalue O for the new idempotent w =
o+ Ba. Then:

(1) v = M\ — 1) using the notation of this section.

(i) Letu=kKrk+0b€ V be an eigenvector for w with eigenvalue p = o + B
Then k= (u—1)-(a,b) and b € {v|a*v = pv — Ka}.
If (a,b) = 0, then also k = 0 and a * b = ub, so u € Spec(a) and b is
an eigenvector of a in the original algebra V.
If (a,b) #0, then v = pu(p — 1), hence p =X orp=1—\.
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Proof.

(iithe 0)

(ithe 0) By Lemma (2), v = (o — @*)B372. Thus

7 = (1:;_(1:;)2) (1_12A>2

- (1 :2)\ G _)\222)\)2) (-2
B (_A((ll_—zzi)); : )(1_2”2

= “AF2X2 A2 = A+ N
= AA—-1)

as required.

Set p = o + S and suppose that © = £ + b € V,(w). Then
pu = u* w so that

(a4 Bu)(k+b) = (k+b)*(a+ Ba)
= (ka+7(b, fa)) + (ab+ k(Ba) + b * (Ba))
= (ka+v6(a,b)) + (ab+ kPa + B(a*b)).

It follows that
(a+ Bu)k + (a+ Bu)b = (ke + vB(a, b)) + (ab+ kBa + B(a * b))
which occurs if and only if

(o + B} = ka+75(a,b)

and
(a4 Bu)b = ab+ kPa+ B(a*b).

The first equation gives Sux = vfS(a,b) hence ux = v(a,b). From
the second equation, we have Sub = kfa + f(a * b) from which it
follows that pub = ka+axb, i.e., axb = ub—ra. Thus, b € {v|axv =
pv — ka}. The equation uk = ~y(a, b) shows that if (a,b) = 0, then
so is k. We conclude that x has the form x = 6 - (a,b), where 6
is a function of p. Therefore, - (a,b)0 = v(a,b) = A(A — 1)(a,b)
and pf = A\ — 1), if (a,b) # 0. This suggests that 6 = u — 1, so
k=(u—1)(a,b) and pu(p — 1) = A(A = 1). If p = A, then clearly
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equality holds. Furthermore, A(A—1) = —A(1 — A) so that we can
take p =1 — X and pu(p — 1) = A(A — 1) as required. It follows
that if (a,b) # 0, then v = pu(pu—1) and hence p = A or p=1—\.
In the case (a,b) = 0, k = 0 so that a x b = ub — ka = ub, so
p € Spec(a) and b is an eigenvector of a in the original algebra V.

0

The following remark will be useful in the next chapters.

Remark 2.5.5. (i) If pis not equal to A or 1 — A, then all eigenvectors of w
are of the form 0+ b € V', b an eigenvector of a in V. This follows from

Proposition [2.5.4] (2).
(ii) If b = a, then Kk = p — 1.

The following result is used to choose a basis for an extended unital
algebra V. From now on, we fix the following notation. For a vector v € V
and p € ad,, by %,(v) we mean a basis for p-eigenspace V,(v) = {u €
Viuxv =pu}. If v eV, theno =0+4+v € V is the image of v under the
embedding V — ‘7,0 — 0 4+ v. The following result can be used to pick a
basis for the extended unital algebras V.

Theorem 2.5.6. Let V' be an algebra over a field F equipped with a nonde-
generate symmetric bilinear form (-,-) : V. xV — F,a € V an azis such that
(a,a) =1 and V the unital extension of V sending the eigenvalue X of a to
the eigenvalue 0 of the idempotent w = a+ fa, in the notation of §2.5. Then

1. If a is primitive, then

(a) If \ =1 and 0 € Spec(a), then a basis for the ad,, 1-eigenspace is
KB (w) ={—-1+a}U{d|v € By(a)}, the ad,, 0-eigenspace has basis
PBo(w) = {a} and the rest of the ad,, eigenvalues are of the form
p=1—p,u e Spec(a)\ {1,0} with corresponding eigenvectors v, v
a p-etgenvector. It follows that

B, (w) U Bo(w) | {olv € B,.(a)}
u#1,0

is a basis for V. -made up of eigenvectors.

44



(b) If X\ = 1 and 0 ¢ Spec(a), then the ad, 1-eigenspace has basis
By (w) = {—1+4a}, the 0-eigenspace Vy(w) has a basis Bo(w) = {a}
and the rest of the ad,, eigenvalues are of the form p=1—p, u # 1
with corresponding bases %1, (w) = {v|v € B,(a)}. Consequently,

{(-1+ayufay |J {olveBua)

pESpec(a)\{1}

is a basis for V made up of eigenvectors.

(c) If \ # 1 and 1 — X\ € Spec(a), then a basis for the ad,, 1-eigenspace
is B1(w) = {=X+a} U{olv € B1_x(a)}, the ad,, 0-eigenspace
has a basis Bo(w) = {(A — 1)+ a} U{0]v € Br(a)} and all other
eigenvalues of ad,, are of the form p = o+ Bu, p & {1, A\, 1 — A},
with corresponding eigenvectors v,v being ad, p-etgenvectors. In
particular,

Bi(w)UZo(w) | {ilv € Bu(a)
pESpec(a)

BFEN1=A1

is a basis for V consisting of eigenvectors.

(d) If \ # 1 and 1 — X ¢ Spec(a), then a basis for Vi(w) is %y (w) =
{=X+a},Vo(w) has basis By(w) = {(\—1) +a} U{d|v € B(a)}.
All other eigenvalues of w have the form p = a + [Bu, where p is
an etgenvalue of a which is not equal to 1, and the corresponding
eigenvalues are of the form v, v p-eigenvalues of a. Thus,

B (w) U Bo(w) | {0lv e B}

pESpec(a)
p#l

is a basis for V. made up of eigenvectors.

2. If a is imprimitive, then let X be the basis for a* NVy(a), where a* :=

{v € Vl(a,v) = 0}. We have the following:

(a) If \ =1 and 0 € Spec(a), then %1 (w) = {—A+a}U{d|v € Hy(a)},
Bo(w) = {a} U{dlv € X}. The rest of eigenvalues of w are of the
formp=1—p,u+# 1,0 and a basis for V' consisting of eigenvectors
18

B (w) U Bo(w) | {0v € Bula)}.

pnESpec(a)
u#1,0
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(b) If X\ = 1 and 0 & Spec(a), then Bi(w) = {—\ + a}, Bo(w) =
{a} U{o|v € X}. For p € Spec(w) \ {1},p = 1 — p with u an
eigenvalue of a different from 1. Further, for every such p, the
corresponding eigenvectors are of the form v,v € V,(a). The set

B (w) U Bo(w) | ) {ojve B}

p€Spec(a)
p#l

is a basis for V consisting of eigenvectors.

(¢c) If X # 1 and 1 — X\ € Spec(a), then %1 (w) = {—A+a} U{0|v €
P1-\(a)}, Bo(w) = {(A=1) +a; U{0lv € By}, Boyp(w) = {0]v €
X}. All other eigenvalues of w are of the form p = o+ Bu, p #
1, A\, 1 — X\ and have eigenvectors v such that v is a p-ergenvector

of a. Thus,

By (w) U Bo(w) U Borp(w) | {0lve Bua)}
uESpec(a)

UALN 1=\

is a basis for V. made up of eigenvectors.

(d) If N # 1 and 1 — X\ & Spec(a), then %, (w) = {—\ + a}, Bo(w) =
{A=1)+a}, Boip(w) = {0lv € X} and all other eigenvalues of w
take the form p = o+ Bu with pu & {1, A} and have corresponding
eigenvectors of the form v, where v € %,,(a). It follows that

PBr(w) U Bo(w) Bosp(w) | {olv € B}
e

s a basis for V' consisting eigenvectors.

Before proving the theorem, we make a few observations.

(i) The vector 0 4 a is never an eigenvector of w = « + fa unless A = 1
or A = 0 is the eigenvalue to be made into the 0 eigenvalue for w.
Furthermore, if the idempotent a is imprimitive, vectors from V;(a) \ a
become a + [-eigenvectors. We have
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(04+a)x(a+ Ba) = (y(a,Ba))+ (a-a+ax*(Ba))
= v8(a,a) + (aa + Ba®)
= B+ (a+Pa
= MA—1):5+ (a+ f)a,by Proposition [2.5.4]

Thus @ = 0 + a is an eigenvector if and only if A = 1. The case A = 0
yields the same multiplication in V" as in V.

(ii) Since w = a + fa is an ad,, 1-eigenvector, so is a/f + a. But a = —1:2/\

and = ;=55 whence (a/8) = —\.
(ili) By construction, if v is a A-eigenvector of a, then o x w = 0y .

(iv) The vector (A — 1) + a is a zero eigenvector for w. We have

(A=1)+a)x(a+pa) = ((A—Da+~(a,Ba))+ ((A—1)fa+ aa+ Ba’)
(A=Da+8)+(A=1)B+a+p)a

B (<A—1>~(i%)““‘”'l—lm)

(D
T—2x "T—2x "1-2x)¢
= 0+4+0-a.

(v) If 1 — X is an ad, eigenvector, then for every (1 — \)-eigenvector v, ¥ is
an ad,, l-eigenvector. A direct computation shows this. We have

(0+0)*(a+08a) = (v8(a,v))+ (av + v (Ba))

= AMA—=1)(a,v) + (aw + B(v xa))

= MA—=1)(a,v) + (v + (1 = A)v)

= )\(A—l)~(a,v)+<—1_/\2)\+1_12/\~(1—)\)>v
= MA—=1)(a,v) +v

11 =1)-(a,v) +v, ifA=1

O AMA=1)-0+0, otherwise

= 0+4+v
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in either case, where in the second case we used the fact that a is
orthogonal to all eigenspaces V), (a), i # 1.

Proof of Theorem[2.5.6. 1. All the cases (a)-(d) follow from Proposition
[2.5.4] and the observatior}s above. Dimensions add and so the various
sets listed are bases for V.

2. The cardinality of X is dim(V;(a))—1. We can apply the Gram-Schmidt
orthogonalisation process to get a basis £, for Vi(a) extending a where
every pair of vectors is mutually orthogonal. In particular, for each
v e A\ a,(a,v) = 0. The number of such v is dim(Vj(a)) — 1. Set
X = %\ a. This together with an application of Proposition and
the observations above yield the result.

O

For each A\ € Spec(a) \ 1, we investigate the structure of the extended
algebra V in turn and determine the fusion rules for such algebras. The
full details of these investigations will be given in Chapters [4] and [5| for the
sporadic almost simple groups HS:2 and Suz:2.
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Chapter 3

Links with Algebraic Graph
Theory

In this chapter we discuss some links between algebraic graph theory and
the construction of axial algebras. Even though some of the results given
in this chapter can be stated in the more general setting of distance regular
graphs, we restrict our attention to strongly regular graphs, in particular,
those strongly regular graphs which admit rank three permutation groups.

We adopt the following notation throughout. By I' we refer to a strongly
regular graph with parameters (v, k, A\, 1), = {1,..,v} = E(I') and G =
Aut(T) acting transitively and rank three on Q. We show that if we identify
the vertices of a graph I' with standard vectors, we can impose an algebra
structure on some orthogonal projection space for the adjacency matrix A of
I, subject to conditions mentioned in §2.4.

3.1 Basic facts about strongly regular graphs

In this section we recall some basic facts about strongly regular graphs which
we will use for the rest of the chapter. We begin with introducing distance
distribution diagrams, where vertices are grouped together in partitions of €2;
a line is drawn from one partition to the other if there is an edge connecting
a vertex from the first to the second. A number is labeled on such a line
coming out of a partition indicating the number of neighours a typical vertex
in the partition has in an adjacent partition. If a number is written above
or below a partition, then it indicates the number of neighbours a vertex in
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the partition has in the same partition. A number inside a partition gives
the size of such a partition.

It can easily be seen that the the vertices in a strongly regular graph can
be represented by the following distribution diagram:

A

k—p

Figure 3.1: Distribution diagram for a strongly regular graph

Let H < G. Then the action of H on ) partitions 2. A diagram for the
distribution of vertices in such a case is then said to be an orbit diagram.

Because the graphs under discussion are regular, the adjacency matrix
A of such a graph has constant row and column sum. From this, it is clear
that the all-one row (or column) vector j is an eigenvector with corresponding
eigenvalue k. We call k the principal eigenvalue. Sometimes k is called the
trivial eigenvalue. Strongly regular graphs have three distinct eigenvalues.
The other eigenvalues different from & are called non-principal eigenval-
ues.

The parameters of strongly regular graphs satisfy several restrictions. We
will describe the ones relevant to our discussions here. The first result, which
we state without proof, gives the multiplicity of non-principal eigenvalues.

Theorem 3.1.1. Suppose that T is a strongly regular graph with parameters
(v, k, A\, ). Then the numbers

F,F,;(V_li <u—1><u—A>—2k)
2 V= A2+ 4k —p)

are non-negative integers.

We remark that strongly regular graphs are classified into two types ac-
cording to :

(a) Type I (Called conference graphs): These have (v — 1)(n — \) — 2k = 0.

(b) Type II: For these graphs, v/(u — A)? + 4(k — p) is a perfect square, d?,
say, with d dividing (v — 1)(u — A) — 2k.
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The non-principal eigenvalues r and s of a strongly regular graph can be
shown to be integers with opposite signs. The parameters can be expressed
in terms of the eigenvalues as:

A=k+r+s+rs, p==~k+rs.

We now discuss the geometry of the eigenvalues.

3.2 Geometry of eigenvalues

We recall that the adjacency matrix A of I' has three distinct eigenvalues
k,r,s, with multiplicities 1, I, I respectively. We thus can write A = kFEy +
rE1 + sEs, where Ey, E, Fy are the orthogonal projections of W = Q" onto
the three eigenspaces Wy, Wy, Wy of A.

In the ensuing discussion, we fix our focus on one of the non-trivial
eigenspaces, say V' = Wj. Suppose that z, is the vector which we iden-
tify with w € €2, and consider its projection v, = x,F;. We will identify F;
with the projection 7 : W — V. We first want to describe the coefficients of
the vectors v,,. By wf we denote an orbit or partition containing w;.

Fix a vertex w. We use the following notation for the neighbours of w.
Define

Nr(w) = A(w) ={a € Qw ~ a}

to be the set of neighbours of w. Further, set
N (w) = Q\ (Nr(w) U{w}).

Then {w}, Ny (w), Nf-(w) partition €.

The adjacency of vertices from each of these sets is summarised by the
diagram in Figure[3.1 We seek to find the projections of the standard vectors
x, of W to V. Consider the three-dimensional subspace U of W spanned by
the partition sums, i.e.,

U = (wy,ws, ws),

where
W1 = Ty, W2 = Z Lo
€N (w)
and
w3 = Z Lo
a€N{ (w)



We find the action of A on the subspace U as follows. The jth entry of w;A,
denoted (w;A);, is the sum

(wid); = Z wi Ay,
=1

where both w; and A;; belong to {0,1}. The summands are non-zero when
[ € wf and | ~ j. Now, this means that the value of (w;A); is dependent on
whether j € {w}, Nr(w) or w§. We have

(wid); = Y wady = {l € wf |l ~ j}.
1=1
That is, the sum is equal to the number of those &, for which both w; and A;;

are equal to 1. We consider the action of A on each w; each case separately.

(i) Set i =1.1If j € {w}, then we are looking for the number of vertices in
{w} adjacent to the vertices in {w}. Thus, in this case, this is zero since
our graph is simple. It follows that w; A is zero on {w}. If on the other
hand j € Nr(w), then we need the number of vertices of {w} adjacent
with a vertex in Np(w). The orbit diagram gives us this number as one.
It follows that w;A is one on Np(w). Finally, if j € N/ (w), then the
sum we seek is the number of vertices in {w} adjacent with a vertex in
N{.(w). This number is zero, from the orbit diagram. We conclude that
wlA = Wa.

(ii) Set ¢ = 2. Then we have that the coefficient of weA on {w} is
{l e Ne()ll ~j,j € {w}} = k.
The coefficient of wyA on Np(w) is
[{l € Nr(w)[l ~j,j € Nr(w)} = A,
while the coefficient of wsA on N (w) is
{l € Ne(w)ll ~j,j € Np(w)} = p.
Thus, we A = kwy + Aws + paws.

(iii) Similar arguments show that wsA = (kK — 1 — Nwg + (k — p)wy.
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Thus, the action of A on the subspace U has matrix

0 1 0
C=|k A "
0 (k=1-=2) (k—p)

Since the matrix C' has constant column sum, it is trivial to check that the
row vector (1 1 1) is an eigenvector, with corresponding eigenvalue k. The
characteristic polynomial of this matrix is

plx) = —2*+ (N+k—p)a®+ (= k+ pk — p+k)x — k(k — p)
= (e—k)(-"+A—pz+(k—p).

It follows that the other eigenvalues of C' are the roots of the quadratic
equation —x% + (A — p)z + (k — p) which non-principal eigenvalues of A have
to satisfy. Thus, using the fact that k£ is one eigenvalue and that the sum
of of the eigenvalues, including multiplicities, equals the trace, we have that
the other eigenvalues of C' are

A=) £ V=22 +4(k —p)
5 ,

each with multiplicity one. Consequently, if we so wished, we could use
this information to find the multiplicities F' and G of the eigenvalues in
the original adjacency matrix A. Without loss of generality, we set s =

Gt VAL ;APH(}C*“) and its multiplicity as an eigenvalue of A to be m.

Let v = (1 & &) be an eigenvector of C' corresponding to s. The coeffi-
cients of the projection of x, to V are constant on {w}, Nr(w), Nj(w). The
length of the projection onto V' is ”, thus the projection of z,, to V' becomes
vy = Ty + 2 Gy + 2 - Swz. We have shown:

Proposition 3.2.1. The projection v, of x,, to V has coefficients cg = =

14

onw, c; = 2& on Np(w) and c; = & on Np(w), where m is expressible in
terms of graph parameters.

We will also state the following result which generalises our analysis above
of the action of the adjacency matrix on subspaces of W spanned by sums
of sets which partition €.
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Proposition 3.2.2. Let G be a rank three permutation group on a finite set
Q and I" be a graph on which G acts transitively. Let H < G be a subgroup

of G, and let O1,Os,...,O be the orbits of H on ). Identify points w in )
with standard vectors x,, and let

w; = E Ty

a€0;

Suppose that A is the adjacency matrixz of I'. Then the action of A on U :=
(w;)¥_ has matriz B = [b;;] where b;; is the number of neighbours in O;
a fized vertex in O; has. That is, the matriz B has entries precisely the
numbers in an orbit diagram.

In subsequent chapters, we use the fact that the algebras we construct
support G-invariant scalar products. We conclude this section by proving a
result on the inner products of the projections of the vertices.

Lemma 3.2.3. Let T be a simple connected strongly regular graph with vertex
set Q and parameters (v, k, A\, 1); w € Q and v, be the projection of z,, to V
with the same notation as before. Then the following holds.

(i) The inner product (v,,v,) of v, with itself is given by
(Vy,v,) = g + kel + (v — k — 1)cs.
(i1) If w ~ «, then
(Voy, Va) = 2¢c1 + A2 4 2(k — X — 1)ciea + (v — 2k + N)cs.
(111) If w 7 o, then
(Vyy, Vo) = 2¢0C2 + pct +2(k — p) + (v — 2k — 2 + p)cs.

Proof. We note that for the standard vectors (z,, o) = dua, the Kronecker
delta.

(i) Write

Vy = CoTy, + C1 E T, + Co E Ty

a~w nobw
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Note that we use symmetry and linearity of the inner product in the
calculations that follow. We have

(Vs V) = (coxw+clzxw+022$n,coxw+clzxw+022wn)

anw nobw anw nobw
= c3(wy,, ) + coct Z(xw, To) + CoCo Z(xw, )
a~w nobw
+ci1co Z(xa, T,) + Z Z (To, Tor) + C102 Z Z(:ca, )
arw a~w o ~w a~w npbw
+ca¢p Z(mn, Ty,) + c201 Z Z(a:n, To) + € Z Z (T, Toy)
n~~w nfw avw nobw N’ gw
ST D)L RS 3}y
a~w ol ~w nobw ' fw
= cg—i—CfZl—i—chl
a~w nobw

= ¢+ G|INr(W)| + SN (w)] = ¢ + ke + (v — 1= k).

(ii) Suppose that o ~ w. We write

vw—coxw+clwa+cl< Z 91:9) +CQZQJ,7,

O~w,0#a nbw

KA~

kAW

Vg = CpLo + C1T, + C1 Zmn + Co (wa) .

Yro
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The inner product (v, v,) becomes:

(Vs Va) = (Twr Ta) + Coc1 (Tu, T0) + o1 [ D (T, )

K~

KFw
+coc (Z(mw, :cfy)) + ¢160(Tay Ta) + €1 (Tas Ty
Yoo
+cf Z(xa, T) | +cics <Z(xa, x7)>
K vt
+cico ( Z (o, xa)> +c ( Z (g, a:w))
O~w, 07 O~w,07#c
+C? Z Z $9,[L’H +0162 ZZ(SB@,ZEV)
O~w 97504 KND‘ O~w Yha
0#a
+ca¢ Z(xn, a:a) + cacq Z(xn, T,) + 20y Z Z Ty, Ty)
now nyw e
+c Z Z(xm )
nfw yra

= 2cpc; + | Np(w) N Np(a)|el + | Np(w) N N(a)|eres
+Np(w) N Nr(a)lezer + [Np(w) 0 NT ()3

= 2cpc; +Aci+ (k—1—=Neer + (k=1 — Negen
+v—(k=A=1)—(k—XA—-1)=A-2)c;

= 2coc1 + A +2(k—1— Nciey + (v — 2k + N3,

since (zy, z,) in the sum

> 2 (@)

O~w,0Fa Ee
PO

is nonzero when xy = x, meaning that 6 is a common neighbour of w
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(iii)

and «; (zg, z,) in the sum

ZZ(SE%QJW)

O~w «
ot YA

is one when # = v and 0 is adjacent with w while not adjacent with «;

(2, x,) in the sum
Z Z(xna Tr)

K~V
ntw iy

is one when n = k, 1 is simultaneously a non-neighbour of w and a
neighbour of «; and (x,, z,) in the sum

ZZ(xmxv)

nbw Yo
is one when 1 = v and 7 is a non-neighbour of both w and «a.

Suppose that w % a. We write

Vy = CoTy, + C1 E Ty + CoXy + Co E Ty,

o’ ~w nobw
n#a
Vo = CoTy + C1 E Ty + CoTy + Co E Te.
o~ EHa
§Fw

Expanding, the inner product (v, v,) reduces to :

(Vs Va) = coCa(Ty,0) + ¢ Z Z(%,%) + 16y Z Z(ZEO/,.Tg)

o ~w o~a o' ~w Exta

§Fw

+c200(Ta, Ta) + C201 Z Z +c3 Z Z(mn, T¢)
npw o~ Nt Eta
n#a n#a §F£w

= 2cocy + ¢ |Np(w) N Np(a)| + e1¢| Nr(w) N Ny (o)
+e1ea| Nf(w) N Nr(a)| + e Np(w) 0 N (e

= 2cocy + pct + ((k — p) + (k — p)) crc
t—p—(k—p)—(k—p)-2)c

= 2cocy + pct +2(k — p)eiey + (v — 2k — 2+ p)c

as required.
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3.3 Norton algebra products on certain eigenspaces

In this section we describe the Norton algebra products on some eigenspaces
of strongly regular graphs. Recall the notation of the previous section. A
strongly regular regular graph I with parameters (v, k, A, 1) has three eigen-
values: k and two non-principal eigenvalues r and s, which for our purposes,
are distinct. We have that the space W = Q¥ has an orthogonal decomposi-
tion
W - W() @ W1 @ WQ.

For the remainder of the section, we fix our attention to a particular non-
trivial eigenspace V. Without any loss of generality, say V = W;. We set
U,t0 be the projection of xz,, for the vertex w. By Proposition [3.2.1] we can

write
Vy, =Co+ C1 5 Ty + Co g Ty

a~w nkw

The following result is useful in proving that the Norton product is not
identically zero on some subspace V' of W. We will make use of it in Chapters
[ and Bl We have:

Lemma 3.3.1. The square v> of the projection v, to V of the standard vector
x, has coefficients

otk +w—k—1)c onw;
caer +coct + (k= A —=1)(c1 + 2)eres + (v — 2k + A)é3 on Np(w);
and
caco + ucs + (k — p)(c1 + ez)eiea + cocs + (v — 2k + pu — 2)cs on Nj(w).

Proof. The square of v, under the point-wise product is

() =rw+ A wat G
a~w nbw
We use the diagram in Figure to find the projections of >z, and > z,
to V. We use 7 to denote the projection map W — V. For the coefficient
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of the projection of )z, on Np(w), we consider a single vertex a ~ w. We
have that « and w have A common neighbours, leaving the rest (k — A — 1)
neighbours of w as non-neighbours of a. Thus, 7(>_ z,) has coefficient kc;
on w and ¢y + Ac; + (K — A — 1)cg on Np(w). A typical vertex n o¢ w has u
neighbours in Np(w). Therefore, the remaining (k — p) neighbours of w are
non-neighbours of 7. We conclude that (> z,,) has coefficient pcy +(k—p)cz
on N (w). Consequently,

W(Z To) = kayz,+(co+ (E—A—1)ca+Aeq) Z To+ (per+ (k—p)e) Z .

a~w a~w nobw

The projection of a typical vertex n # w has coefficient ¢, on w and since
there are v — k — 1 such, the coefficient of 7(}_x,) onwis (v —k —1)co. A
vertex a € Np(w) has k — A —1 neighbours in N[.(w). It follows that 7 (> x,)
is

(k= A=1a+wv—k—1—(k—=XA=1)ca=(k—A—=1)c1 + (v =2k + Nz

on Np(w).

A typical vertex n € N{.(w) has p common neighbours with w, so has k—pu
neighbours in Nf. and v —k—1—(k—p) —1 = v — 2k + p— 2 non-neighbours
in the same set. The coefficient of 7(}_ z,) is therefore

co+(k—p)ey+ (v —2k+pu—2)co

on N[ (w). Thus,

W(Z ) = w—k—1)cz,+(E—A—1ec1 + (v — 2k + N)c2) Z Tq

Npkw anw

+ (co+ (k—per+ (v —2k+pu—2)c2) Y .
nFtw
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Thus, the square of v,, is 7((v2)*). That is,

V2 = com(ay,) + A (Z xa> +aTy (Z xn>

a~w nYpw

= cg (coxw + Zxa + Co an>

a~w nkw

+c3 (l{;clxw + (co+Aer + (B =X —1)cp) Z To + (per + (k= p)cs) an>

anw ne

+c5 ((V —k =1z, + (k=X =1y + (v — 2k + N)eo) Zxa

an~w

+ (co+(k—,u)cl+(v—2k:—|-,u—2)62)2xn> :
ntw

On simplifying, the coefficients are ¢ + kc} + (v — k — 1)c3 on w;

coer +ci(co+ A+ (k=X —=1)ez) + ¢ (k=X =1y + (v — 2k + New)
= ciertepl +(k—A—=1cca + A + (k=X —1Dewes + (v — 2k + N
= cher+ et + (k— X —1)(e; + ex)eren + (v — 2k + M)

on Nr(w); and

chea + i (pey + (k — p)ea) + c3(co + (K — p)er + (v — 2k + p— 2)ca)
= ey +pc + (k—p)(er + ea)eiey + (v — 2k + X —2)cd

on N(w). O
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Chapter 4

Algebras from HS

In this chapter we discuss the details of axial algebras for the Higman-Sims
group HS and its automorphism group HS:2. The Higman-Sims sporadic
simple group was constructed by Higman and Sims in [HS68] as an index 2
subgroup of the full automorphism group of a strongly regular graph with
parameters (100,22, 0,6), which they constructed as an extension of Witt’s
triple Steiner system S(3,6,22), though this graph had been constructed as
early as 1956 in Dale Mesner’s PhD thesis using different techniques. The
group was constructed as a primitive permutation group on 100 points in
which the stabilizer of a point has three orbits of length 1,22 and 77 respec-
tively. The permutation character of the group in this action decomposes as
1+ 22 4+ 77, where each number represents the degree of the corresponding
irreducible constituent. This shows that this group and its extension are
amenable to the Norton algebra treatment given in Chapter 2.

4.1 Character-theoretic checks

From the character table, either from the ATLAS or MAGMA, there are
two 77-dimensional irreducible modules. Both characters afforded by these
modules have intertwining number one and so the representations affording
these characters are real orthogonal. Furthermore, for one of the characters,
(Sym?y, x) = 1 whence the space of commutative products V@V — V is one-
dimensional and the particular module supports a commutative nonassocia-
tive algebra structure. In fact, all the character values for the 77-dimensional
character under consideration are rational. Thus, we will construct our alge-
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bras over the rationals. Let K = Cg(z) be the centraliser of an involution.
Then dimcinvg (V) = (x|, 1x) € {1,2}. It follows that the centraliser of an
involution fixes a one- or two-dimensional space in V. All character theoretic
invariants can easily be computed by MAGMA [BC94]. Because we will use
this argument often, we will record it in the following result.

Theorem 4.1.1. Let G be a finite permutation group, V an irreducible
module of G over a field F endowed with a commutative algebra product
x: VRV — V which commutes with the group action. Equivalently, suppose
that (Sym®xv, xv) # 0. Suppose that for an involution z € G, K = Cg(2) is
the centralizer of z in G. Suppose further, that W is the permutation module
for G. Set U = VNinvg (W), the space of fized points of K in V. If dimpU = 1
or 2, or equivalently, (xv|x, 1) € {1,2}, then the following holds.

(1) If dimpU = 1, then K fizes an idempotent in V.

(11) If dimpU = 2, then K fizes an idempotent in the algebra QQ QpV, where
Q@ 1s a quadratic extension of F.

Proof. (i) Suppose that * : V® V — V is a G-invariant commutative
algebra product with respect to the diagonal action of GG, that is

g-(u®v)=(g9-v)®(9-w), foral ge G.

We will denote by ab the image *(a ®b) of a ®b. Because U is invariant
under K,

k- (uv) =%k -u)®(k-v)) =*(u®v)=uv,for all u,v € U.

It follows that U is closed under the algebra product and is a one-
dimensional subalgebra fixed by K. Suppose that U = span(u;) as a
vector space. It follows that uv = kuy for all u,v € V. In particular,
u? = a(u))ur, a(u;) € Fand a = —2~u; is an idempotent in V fixed

a(u1)
by K.
(i) If dimp = 2, then, choosing a basis # = {uy, us} for U, we have for some

scalars aq, g € F, if w = aquy + asus, then for all k € K, k- w = w. In
particular,
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E-w? = k- (a?u% + (21 0)uqug + agug)
— (a%u% + (2@1&2)U1u2 + a%u%)

Let Uy = (w). Then U; is a one-dimensional subalgebra of V' fixed by
K. Suppose that w? = w. Then we have

2.2 2
ajuy + agus = aquj + (20q0)ugug + as.

Let
2 _ 7 / 2 "
U] = HiUy + HoUz, UnUz = (UL + fol, Uy = [LjU1 + [loUs

be expressions for u?, uyus and u3 as linear combinations of elements of
A, respectively. Then,

QiU + Uy = a%(ulul -+ ,LLQUQ) + 2041()[2(/LI1U1 -+ ,u/2u2) + a%(u/{ul -+ M/QIUQ)

= (ula% + 24 (agan) + 0/{04%) up + (ugozf + 2py + ugag) Us.

Linear independence of uq, us implies that

ar = pnaf + 2 (arag) + pfa; (4.1)

and

g = o0 + 2pi(arag) + a5, (4.2)

Thus we have a system of quadratic equations in a; and ay which has
algebraic roots. In particular, (0,0) is a solution and in a suitable
extension of IF, a non-trivial solution can be found.

]

The group HS has two classes of involutions, labelled, 2A and 2B while
HS:2 has four classes 2A,2B,2C and 2D. Because the classes of HS can be
recovered from those of HS:2, we will work with those of the latter. In the
following sections we will present the results of our construction of Norton
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algebras via eigenspace decomposition of the association scheme that arises
from the strongly regular graph srg(100,22,0,6). There are three classes in
this association scheme and these have sizes 1,22 and 77. We will construct
77-dimensional algebras on the 77-dimensional eigenspace using the Norton
product, i.e., point-wise multiplication followed by projection into the space.
It can easily be show that the adjacency matrix of the Higman-Sims graph I’
has three eigenvalues, namely, 22, —8 and 2, with multiplicities 1,22 and 77.

In the fashion of set Q = {1,2,...,100}, X = {z,|a € Q}, where
T4 is a 100-long vector with zeros everywhere except the a'" position, which
has a “17. Set W = QX = (X), the rational vector space with X an
orthonormal basis. Note that W corresponds to the permutation module.
We use the orthogonal decomposition

W =Wyd W, & Wy,

where W, is the 77-dimensional eigenspace. We shall set V' = W5.

We first show that the Norton product is not identically zero on our space
of interest. We begin by recalling some facts about the Higman-Sims graph
I'. The stabiliser of a vertex in this graph is the double cover of the Mathieu
group Moy, that is, Myy:2, and the stabiliser of an edge is L3(4):22. We show
the distribution diagram for I' in Figure 4.1}

16

Figure 4.1: Distribution diagram for the Higman-Sims graph

In what follows, we fix the following notation. Fix w € 2 := E(I") and let
H = G,,. Then the orbits of H in its action on 2 are {w}, Nr(w) and N[ (w),
of lengths 1,22 and 77 respectively. Let wy = x,,

and
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Moreover, let U = (wq,ws,ws) and A be the adjacency matrix of I'. Then
the action of A on U has matrix

0 1 0
B=122 0 6
0 21 16

The matrix B has eigenvalues 22, —8 and 2, which are the eigenvalues of
A. The 2-eigenspace is the 77-dimensional space V' of interest to us in this
chapter. It can easily be checked that the vector (1 111 737) is an eigenvector
corresponding to the eigenvalue 2. The multiplicity of 2 as an eigenvalue of
A is 77 so that the length of a projection to the 77-dimensional space V' is

Thus, the projection v,, of z, to V is:

7 1 7 7 3
Vy — ml’w—Fﬁ(m)U@“‘m(—ﬁ)
7 7 3
= 100 1+1—00 2—m 3

Thus, we have shown:

100

Lemma 4.1.2. Let V' be the 77-dimensional eigenspace of the adjacency
matrix of the Higman-Sims graph I'. Then the projection v, of a vertex a has

coefficient 155 on « on Np(o) and —135 on N ().

-
» 100 1

We now show that the Norton product is nonzero on V.

Lemma 4.1.3. Let m : W — V be the projection of W to the subspace V.
The Norton product V- x V — V given by

(u1 Ug ... Uloo) . (’Ul Vy... ’0100) = 7T<U1’l)1 U2Vy . .. uloovloo)

15 not identically zero.

id
100°

Proof. By Lemma3.3.1|with ¢y, ¢; and ¢y given above, v = 100,k =22, A =0
and p = 6, we have

231 21 9
2

- 2wy — Oy
Yo 500" T 500" " 500w 7 O

3

Throughout this chapter ¢y = TR

—_ 7 - _
€1 = 155 and ¢ =
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We also give details of how adjacent and non-adjacent vertices multiply
under the product. We first give the product of the projections of two vertices
w and « which are adjacent. We write

Uy = CoLy + C1To + C1 Z:Q%—CQZ%%—CQZ%,
13 U] v

Uy = C1Iw+Co$a+022$5+01zxn+022$7»
3 U] v

where £ runs over the neighbours Np(w) of w distinct from a;n € Np(a)\{w},
the set of neighbours of a distinct from w and ~ runs over the mutual non-
neighbours N.(w) N N[ () of w and a. We use the following diagram to
determine the projections of ) ¢, >z, and )z, to V.

Figure 4.2: Diagram for a pair of adjacent vertices for HS:2

From the diagram, we deduce that

T (Z x5> = 2leixy, + 2leaxy + (co + 20co) Zl‘g + (6¢1 + 15¢2) Z T,
3

Ew n

+(6¢1 + 15¢4) Z Ty,

Y
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T <Z 91;,7> = 2lcozy, + 211z + (5ey + 16¢2) Z ze + (co + 20c2) Z T,
n 13

n

+ (6¢1 + 15¢9) Z Ty,

5

7r (Z xy) = 56cy1, + 56270 + (161 +40c2) Y e + (1601 + 40c5) >
v 3

n
+ (co+ 10 +45¢3) Y .

~

We denote the pointwise multiplication by % and the Norton product of v,
and v, by juxtaposition v,v,. The pointwise product is

2
Uy * Ug = CoC1ZT, + CoC1T o + C1C2 E Te + C1C2 g Ty + C5 g Ty
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Projecting, we obtain the Norton product as

VyVo = CpC1V, + CoC1V4 + C1CoT (Z Te + Z xn) + cgw (Z xv)
¥

13 n

= cyC1 (coxw + iz, +C1 Z Te + Co Z Ty + Co Z xﬂ,)
13 n Y
+cocq (clxw + coTy + Co Z Te+ ¢ Z Ty + C2 Z xﬂ,>
3

n Y

+c109 (21019% + 21cowy + (co + 20¢s) Z ze + (5ey + 16¢2) Z T,
13 n

+(6¢1 + 15¢2) Z x7> + 109 (21, + 21y 24
B

+(5¢1 + 16¢5) Z:c§+ co+20¢2) Yy + (601 + 15¢2) Y )

n v
= (ciey 4+ + 210102(01 + ¢) + 56¢3) 2, +
(coct + cier + 21eica(cy + c) + 56¢3) 24
+(coc1ca + coct + (5ey + 16¢3)ciey + (co + 20¢s)crcy + (16¢; + 40c,)c3) Z Te
3
+(coc1ca + coct + (5ey + 16¢3)ciey + (co + 20¢s)crey + (16¢; + 40c;)cl) Z T,
n
+(2coc1ca + (12¢; + 30¢y) ey + (co + 10¢; + 45¢3)c3) va
v
= (coci(co + 1) + 2Lerea(cr + ¢2) 4 5663)) @
+ (cocr(co + 1) + 2Lerea(ct + ¢2) + 5663)) @
+ (coci(er + c2) + (5er + 16c2)crea + (co + 20c2)cra + (1661 +40¢2)c3)) > e
13
+ (0001(01 + ¢2) + (5ey 4 16¢2)crca + (¢o + 20¢3)c102 + (1661 + 4002)c§)) Z T,
n

+ (2000102 + (12¢1 + 30¢2) 12 + (co + 10¢q + 4502)03) va
Y

21 21 1 3
= 500" 500 “+5ooz 5Jr5ooz ” ﬁ;x’y
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We conclude this section by giving the product of the projections of non-
adjacent vertices. Let o be a vertex which is not adjacent with w. We write

v, = (Ty) :cosz—|—02$a+clzaz9+clzx5+022xn+022x7,
0 3 ] v

Vo = T(Z4) :Cwa+coxa—l—clzmg+022x5+clzxn+022x7,
0 ¢ n v

where 6 ranges over the common neighbours of w and «, £ ranges over neigh-
bours of w which are not neighbours of «, 7 ranges over neighbours of o which
are not neighbours of w and v ranges over mutual non-neighbours of w and
a. From the diagram below, we have that

(o)
()
(x)
()

6c12, + 6124 + (co + Heo) Z g + 6¢9 Z x¢ + 6cy Z x,
0 ¢ n

+(2¢1 + 4c2) Z Ty

o

16¢1z,, + 16cox, + 162 Z zg + (co + 15¢) Z Te
0 13

+(6¢1 + 10c2) Z z, + (4c1 + 12¢5) Z T

n Y

16¢cox,, + 16c12, + 16¢9 Z zg + (6¢1 + 10¢3) Z Te
0 13

+(co + 15¢2) an + (4ey + 12¢9) Z:cv

n Y

60cox,, 4+ 60cox, + (20c; 4 40¢3) Z To
0

+(15¢; + 45¢,) <Z ret Y xn> + (co + 1201 + 47,0 Y .
£ n

o

The pointwise product is

2 2
Uy ¥ Vo = CoCaly, + CoCaly + €] E Lo + C1C2 E Te + C1Co E Ty + ¢ E Zny.
6 3 n ¥
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Projecting this product to V, we have that

UV Vo = C()CQUW—FCOCQ’UO;FC%TF (Z l‘g) +cicom (Z Te + Z xn> —i—cgw (Z x7> .
0 3 ] v

Figure 4.3: Diagram for a pair of non-adjacent vertices for HS:2
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That is,

UV = (Cfea 4 cocs 4 6¢] 4 16(ciea(er + c2)) 4 6063)
+ (chea + cocs + 66 + 16(crea(ct + 2)) + 60c3) T

+ (coc2(2¢1) + ¢ (co + 5ea) + 32165 + (20¢1 + 40¢2)c3) Z Ty

+ (cocrea + cock + 6cicy + (co + 15¢3)crey + (6¢y + 1002)0102
+(15¢; + 45¢9)c5 Z.Z'g + 0002 + (6¢1 + 10c2)cqco + cocrco
'3

+6¢2cy + (co + 15¢o)erco + (15¢; + 4502)c§) Z T,
n
+ (20003 + (2¢1 4 4¢2)E + 2(4ey + 12¢3)c1ep + (co + 12¢

+47¢5)c3) Z Ty

o

9 |
= 50 % T %) +%Z 9_W<Z$§+an)+%;%

The following result will be useful in our discussion of algebras for the groups
HS:2 and HS.

Proposition 4.1.4. Let G = HS:2, the automorphism of the sporadic simple
group HS of Higman and Sims, and W be its permutation module in its nat-
ural action on Q = {1,...,100}. Then W has a 77-dimensional constituent
V of W such that (Sym®xv, xv) = 1. Furthermore, Vs, the restriction of
V' to HS, is an irreducible HS-module which supports a commutative rational
algebra structure. The following assertions hold.

(i) For the conjugacy classes 2A,2B and 2C of involutions of G, let K =
Ce(2) be the centraliser of an involution z in each class in turn. Then,
(xvlk,1x) =1 and so K fizes a 1-dimensional subalgebra of V.

(i1) For the class 2D, let z be an involution in the class and K be its cen-
traliser in G. Then (xv|k,1lx) =2 and K fizes a 2-dimensional subal-
gebra of V.

Proof. A direct verification with MAGMA [BC94], shows that there is a 77-
dimensional character y such that (Sym?y,x) = 1 = (Sym®x|us, X|us), and
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both y and x/|gs, the restriction of x to HS, have Frobenius-Schur indicator 1.
By Theorem [£.1.1] V, the module which affords x, supports a commutative
algebra structure and the centralizer K, of an involution fixes a 1- or 2-
dimensional subalgebra in V. This is also true for V|ys. In fact, by Clifford’s
Theorem [2.2.3) (ii), V|us lies in V, and since dim V|ys = dim V, V]gs = V.
By Theorem [2.2.17, V is an orthogonal module, in fact, V' has an irreducible
Q-form so must be realizable over Q. From the ATLAS, [CCNT85|, G has 39
irreducible characters and of these, 38 are integer-valued, the only exception
being the character of degree 2050. A direct computation with MAGMA
shows that the number of irreducible Q-representations is 38, the number of
conjugacy classes of cyclic subgroups of G, by [Ser77, Corollary 1, p.103].
Thus all the 38 integer-valued irreducible characters of G have Q-forms. It
follows that V' is a rational algebra.

(i) Direct verification with MAGMA establishes this part.

(ii) This part also follows by a direct computation using MAGMA. O

4.2 Algebras from the class 24

In this section we present fusion laws for algebras for HS:2 where K is the
centraliser of an involution in the conjugacy class 2A. Let z € 2A be an
involution and K = Cg(2) be its centralizer in G. The centraliser has order
15360, is maximal in G and has shape 2'%6.S5. K fixes a one-dimensional
subspace in V' and in particular, an idempotent a. This group has two orbits
in its action on €, of lengths 20 and 80. The orbit diagram is depicted in
Figure [£.4. Throughout this section, u; and uy are the orbit sums of these

(2pe—(m)
18

6

Figure 4.4: The orbit diagram relative to the centraliser of a 2A involution

orbits respectively. Let U = (uj,us) as a linear subspace of W. We will
show that U NV is a one-dimensional subspace of V, and consequently a
one-dimensional subalgebra of V' thereby identifying axes fixed by K. By
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Proposition [3.2.2] we have the adjacency matrix A of I' has the following
matrix in its action on U:
B 6 4
{16 18]

The matrix B has eigenvalues 2 and 22. Since the space V of interest in
this chapter corresponds to the 2-eigenspace of the adjacency matrix A, we
conclude that U NV is 1-dimensional. We fix a basis for this space here. The
vector (1 — 1) is a 2-eigenvector of B, and it is not difficult to check that
a=u; — }Lug is a 2-eigenvector of A. Thus, a is a basis for the 1-dimensional
fixed subspace.

From the diagram, we have the projections m(u;) of u;,i = 1,2 are:

m(uy) = (co+6¢c;+ (20 =1 —6)co)ug + (4deg + (80 — 4)co)us

4 n 1
= ——u + —ug;
5 1 5 2,
m(ug) = [16¢; + (80 — 16)ca]uy + [co + 18¢y + (80 — 1 — 18)co]us
1 + ! (u1)
— ——U —Uo = —TT (U .
Flnt s 1

The square of @ under the pointwise product is (a*)? = u; + %6/(,62. Projecting,
the square under the Norton product becomes

a2 — a*2
1 1 15
= ’/T(’LLl) + 1—67T(UQ) = 7T(U1) + 1_6 (—W(Ul)) = E?T(Ul)
3 3 3
= —U; — —Uy = —a.
470167 4

Consequently, for the remainder of this section, we scale the Norton product
by % in order to make a an idempotent. For the purposes of use in the
extended algebra, it is convenient to scale the invariant inner product in
order to have (a,a) = 1. Recall that

1 1
(0%@) = (Ul,ul) - 5(“1#2) + 1—6(U27U2)
1 1
= 20— = — .80 = 25.
0 5 0+16 80 5

Thus, we scale the invariant form by %
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4.2.1 The fusion rules for the 77-dimensional algebra
for class 2A

Picking a basis for V, we find using MAGMA, that the ad, matrix has spec-
trum A = {11, —%57, %4, %5} which clearly shows that a is not primitive.
Setting up a basis for V' made up of eigenvectors, the —%—eigenspace splits
into two orbits under the action of the Miyamoto involution 7, corresponding
to a, one even and one odd. We note here that 7, is chosen so as to coincide
with the involution z. We use MAGMA to investigate how the eigenspaces

multiply and we get the following fusion law.

1E 1 4 10

* 1 3 3 3 3

1E 1 4 1E 1 1E 1 4 10

1 1’_3 1373 17_3 ’3 1’_3 ’3 173 3

1E 1E 1 1E 10

3 L, 3 13 1, 3 0 3

1 1 4 4 10

3 1’3’3 1’3 3

4 1 4

3 1’3’3 0
—10] | 1% 1,1
3 3 113

Table 4.1: Fusion law for the 77-dimensional algebra for class 2A

The even part V% (a), denoted —%E in Table , is spanned by all basis
3

vectors of the —%-eigenspace of the form %(v + v™) while the odd part,

_%O - V_O% (a) is spanned by basis vectors of the form (v —v™).

4.2.2 The extended algebras from the class 2A

Let A € Spec(ad,) \ 1 be the eigenvalue of a sent to the eigenvalue 0 of
w = a + fBa. The eigenvalues p of ad,, corresponding to the eigenvalues p of
ad, are obtained from the map p — o + Bu = p, as shown in Lemma [2.5.2]
For different values of A, we show the corresponding values of «, 8 and for
various eigenvalues u of ad, we list the corresponding eigenvalue p = o+ Su
of w. We present these in Table [4.2] For each of the eigenvalues A displayed
in Table , we form the extended algebra V' and find a fusion law satisfied
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i
T T 1
A SN

Ala=—15% | =1-2a p=a-+[u
_1I 1 3 0 2 1 4

3 5 5 5 5
: -1 3 -2 0 3 |2
it 4 3 3 1
3 5 —5 ! 5 0 |5
1 1 -1 3 3 510

Table 4.2: The eigenvalues of ad,, corresponding to those of an axis a fixed
by the centralizer of a 2A involution.

by V.

4.2.3 The extended algebra from class 2A with \ = —%

From line 1 of Table f.2] the eigenvalues p for ad,, corresponding to the ad,-

eigenvalues are 0, 1,% and % when A\ = —%. In this case, from the same line
1

of the table referred to above, we have a = =, 8 = % and hence v = %. Thus
we have w = % + ga. Applying E}roaosition 2.5.4] part (2), we find out that
410 2

A 5 05
up a basis for V' comprising eigenvectors. We use this decomposition to find
the fusion rules and we obtain the following table.

the ad,-eigenvalues are 078,16 Theorem [2.5.6] (2) again is used to set

x| 1 0F 2 2 09
11,2 0 1,2 2 0
0* 05,5 055 055 | 0°
2 1,07, 2 0,3 09
4 1,08,2| 09
0° 0"

Table 4.3: A fusion law for the extended algebra from the class 2A with
Y
3
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For the rest of the section, we use Theorem part (2) to pick a basis
for each extended algebra discussed in the following subsections. We present
fusion laws for each case.

4.2.4 The extended algebra from class 24 with \ = %

For this case, « = —1, 8 = 3so w = —143a is an idempotent obtained from a.
The constant y which controls the algebra structure has value vy = A(A—1)—2.
Using Proposition [2.5.4 we find that ad,, has spectrum

A= {117 _2577 357 057 210}
so that the algebra ? is primitive.

Picking a basis for V' consisting of eigenvectors using Theorem m (2), we
obtain the following fusion law.

*x |1 0 —2F 2 3 —20
1 |1 0 —2F 2 3 —20
0 0,3 —2F 2 —2F 9 0,3 —20
—2F 1,0, —2F 2 0,—2F 2 0 —20
2 1,0,—2%3 2 —20
3 1,0,3 —20
_90 1,0,—2% 2

Table 4.4: A fusion law for the extended algebra with \ = %
In this case, we set Vi = Vi (w) @ Vy @ VE(w) @ Va(w) @ Vs(w), Vo = V9, to

obtain a Z/2Z-grading. We conclude this subsection by giving the extended
algebra obtained from setting A = %.

4.2.5 The extended algebra from class 2A with \ = %

In this case a = %, g = —% and hence the algebra structure controlling
parameter v has value %. It follows that w = % — ga is an idempotent in
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V. By applying Proposition the matrix of the adjoint action of w has
spectrum
Ao §4 110 06 158
5 ) 5 ? 9 *

We choose a basis for V made up of eigenvectors using Theorem from
which we obtain the following fusion law using MAGMA.

From the table, we see that V, = V{¥(w) @ Vo(w) @ ‘N/% (w) @ Vi (w), V. =
VO (w) gives a Z/2Z-grading.

x| 1P 0 z 2 19

R I

0 0,2 : 0,2 0

: 1,0,2 173 19

2 10,2 19

v 15,43

Table 4.5: Fusion rules for the extended algebra with A = %.

4.3 Algebras from the class 2B

In this section we discuss axial decompositions of V' using an idempotent
fixed by the centralizer of an involution, where the involution is from the
class 2B of HS:2. Let z be such an involution. Then the centralizer K, of z in
G has order 5760, is maximal in G and has isomorphism type (2 x Ag.22).2.
The orbit diagram relative to K is shown in Figure below.

14

10

Figure 4.5: Orbit diagram with respect to the centraliser of a 2B involution

of HS:2
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Let u; and uy be the orbit sums of the orbits of K, respectively. By Propo-
sition [3.2.2], the action of the matrix A on the spaceU spanned by u; and us

1S
10 8
b= [12 14]

which has eigenvalues 2 and 22. Thus, U NV is a 1-dimensional subspace.
We have that (1 — 2) is a 2-eigenvector of B. We will set a = uy — 2

the rest of the section.
The pointwise product of a with itself is a** = u; + §u2. From the diagram
shown in Figure [4.5| we have the projections m(u;),i = 1,2 are:

ug for

W(ul) = (CO + 1001 + (40 —1- 10)02) Uy + (861 + (40 — 8)62) U9
3 2

= FU — Uz

5 )

m(u2) = (12¢; + (60 — 12)co) ug + (co + 14y + (60 — 1 — 14)co) ug
3 2

= —g’ul + g’U/Q.

We conclude that

2 *2\ 4
a> = m(a*?) —47T(u1) + 5”(“;)
= m(up) + 9 (—m(uwy)) = §7T(u1)
12
= gul — §u2 = ga.

For the remainder of the section, we scale the Norton algebra product by
three in order to make a idempotent.
The squared norm of a is

4 4

(CL, CL) = (u17u1) - g(Ul,UQ) + §(U2,U2)
4 4 200
— 40— -0+ --60= .
3 * 9 3

We will scale the invariant inner product by % in order to make a unit.
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4.3.1 The 77-dimensional algebra from the class 2B

A direct computation with MAGMA shows that the adjoint action of
the idempotent a has eigenvalues 1!,2% —238 010 319 that the —2- and 3-
eigenspaces split into even and odd parts under the action of the Miyamoto
involution 7, corresponding to a. The 1- and 2-eigenspaces are even while the
0-eigenvector is odd. Thus V' can be written as

V = Vi(a) & Va(a) & Voo(a)” & Vi (a) & Vi(a) & VS & Va(a).

Setting V, = Vi (a)®Va(a)@VE(a)®VE (a) and V. = Vy(a)@V G (a) B VL (a),
we have a Z/27Z-grading on V. The fusion rules are shown in Table below.

*x |1 2 —2F 3F 0 —20 3¢

1 |1 2 —2F 3E 0 -20 3¢

2 1,2,—2F 2 —2F 3F || 20 03° 290 0,3°
—2F 1,2,-2% ¢ —-29.0 —-29.0 0
3F 1,2 0,39 0 0,39

0 2,—2F 38 9 _2oF 9 3F
—20 1,2, —2F 0
30 1,2,3%

Table 4.6: Fusion rules for the 77-dimensional algebra from class 2B

The eigenvalues i of a transform to eigenvalues p = a + Su of w as shown
in Table £

1
—2 | 0 (2] 3

A a:—ﬁ b=1-2«a p=a+ Bu

2 1 2 4
—2 5 5 0 5 5 1
0 0 1 —2 0 2| 3

2 1 4 2 1
A R S N R e
3 5 —5 1 5 5] 0
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Table 4.7: ad,, eigenvalues corresponding to non unit eigenvalues of ad, with
z €28

4.3.2 Extended algebra with \ =2

As shown in Table , in this case a = %, B = —1% and hence v = 2. We g(?t

an idempotent w=3z— %a and by Theorem m the spectrum for ad,,

= {1',2 210, 119 ,010, 438} This shows that w is a primitive idempotent.

A basis plcked usmg Theorem [2 E is used to express V as a direct sum
of eigenspaces and the fusion law shown in the table below gives how the
various eigenspaces multiply.

R S 2 10 10
1 1 0 —%E %E % _%O %O
0 0.4F _1B  4F 2 1040 2 10 2 40
73 3 73 37 3 7’3 37 3 373

_%E 1,0 0 %7_%0 §7_%O %O
i 04| %47 N
5 L0.-3%5" 03" 04"

-1 1,0, -7 ¢
4© 1,0,4

Table 4.8: Fusion rules for extended algebra with \ = 2.
Here a Z/2Z-grading is obtained by setting V, = Vi(w) @ Vp(w) & VE (w) &
- - - - - 3
VE(w) and V_ = Va (w) ® VO (w) ®VE(w).
3 3 3

4.3.3 Extended algebra with A\ = —

If A\ = -2, then a = %, B = % and v = 6. The idempotent obtained from a
isw = % + %a. Applying Theorem m to see how the eigenvaluess of ad,
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transform, we have that the spectrum of ad,, is A = {03912, %10, %9}. We

use the same result to set up a basis for V' comprising eigenvectors. The
fusion law shown in the table below showcases how the eiegnspaces multiply.
We have the fusion rules shown in Table [£.9]

x| 1P 0" : 19 09 2

I 17,2 1192 0 19,2
0¥ 0%, 8 073 o 092 092
% 1E70E7§ 107§ Oo’g 107()07§
10 1E7% 1] 1E7%
0© OE,% OE,%
% 1E,OE,%

Table 4.9: The fusion rules for extended algebra with A = —2.

A 7/2Z-grading is obtained by setting V, = VF(w) @ V¥ (w) @
V. = VO(w) & VE(w) ® Vi (w).

(w) and

4
5

4.3.4 Extended algebras obtained by setting A =3

In this case Table shows that o = %, g = —% and v = 6. The spectrum of
ad,, is A’ = {0%°, é, %10, 139}, applying Theorem . We use the same the-

orem to find a basis for V' comprising eigenvectors. A MAGMA computation
with this basis yields the following fusion law shown in Table [4.10]
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E E 1 O o 3
E E 1 E 1 O 3 O 3
12 1F L) 121 119,80 19,2
0F 0%, 5 0732 o 092 092
1 E nE 1 O 3 o 3 O noO 3
: 12,071 19,8 09,2 19,092
19 I S R
o E 1 E 1
0 0%+ 07 %
14,07

Table 4.10: The fusion law for extended algebra with A = 3.

4.3.5 Extended algebra from class 2B with A =0

This case is quite mterestmg in that we have exactly the same multiplication
in V as in V. We have o = v = 0 and 3 = 1, from Table u It follows that

w = a is the idempotent Correspondlng to a. The spectrum for ad,, is
A/ _ {11 29 011 _238 319}

applying Theorem [2.5.6 which is the same as the one for ad, the only excep-
tion being that the 0-eigenspace has one additional dimension. The fusion
rules for this case are shown in Table .11l We use Theorem R2.5.6 to set
up a basis made up of eigenvectors and implement the multiplication of the
eigenspaces in MAGMA. We have the following fusion table.
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* |1 0F 2 —2F  3F 0° —20 30

1 |1 0 2 —2F 3F 0 —20 39
0F 0F 2 —2F 3F 0© —20 39

2 1,2,-2F 2, -2F 3F | 2000 29 (09,3° 09,639
—ZE 1,2,-2F 0 —29.09 —29.0° 0
37 1,2 | —29,09 0 09,39
0° 2, —2F 3F 2, —2F 2,3F
—20 1,2,—2F 0
30 1,2,3F

Table 4.11: Fusion rules for A = 0.

4.4 Algebras from the class 2C

In this section we discuss algebras obtained by extending the 77-dimensional
algebra V' by using eigenvalues of an idempotent fixed by the centralizer of
an involution in class 2C' of the group HS:2. Let z € 2C be an involution.
Then the centralizer K = Cg(2) has order 80640, is maximal in G and has
isomorphism type Sg x 2. The space fixed by the centralizer of an involution
has dimension one, by Proposition[4.1.4] and an idempotent a from this space
can be found.

Central to our discussion for the rest of this section will be the orbit diagram
relative to K. We discuss the details of this diagram here. The group K has
two orbits in its action on €2, of lengths 30 and 70 respectively. A vertex in
the orbit of length 20 has eight neighbours in the same orbit and 14 in the
other orbit; while a vertex in the orbit of length 70 has six neighbours in the
first and 16 in the orbit of length 70. The diagram is shown in Figure 4.6
below.
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3 16

Figure 4.6: Orbit diagram with respect to the centraliser of a 2C' involution
of HS:2

For the rest of the section, we set uy, us to be the orbit sums, i.e., uq, uy are
0, 1 vectors which are nonzero precisely at coordinates lying in the respective
orbits. Thus, the action of the adjacency matrix A, of I' on the space U =
(ui) 1,2y has matrix

8 6
B= {14 16} '
The matrix B has eigenvalues 2 and 22. We fix a basis for the 2-eigenspace.
It can easily be checked that (1 — 2) is a 2-eigenvector. Since our space

of interest corresponds to the eigenvalue 2 of A, we conclude that U and V'
meet in a 1-dimensional subspace. From the above, we can easily show that
a=u; — %ug is a basis of this subspace. We will show that this subspace is
a subalgebra, and hence that we have axes fixed by K.

As usual we will denote the projection of W to V' by m. We give the projec-

tions m(u;),7 = 1,2 of u; and uy here. From the diagram, we have

m(uy) = [17—070+8<%) +(30—1-29) <—%)]u1

7 3
T3
10" 10"

7T<UQ> = [1401 + (70 — 14)02] Uy + [CO + ]_601 + (70 —-1- 16)02] U9
7 3

= ——u + —uy = —m(uy).

The square a*? of the element a under point-wise multiplication is:

a? =, + EU,Q.
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Projecting, we have

CL2 - 7T(CL*2)
9 9 40
= 7(u) + 4—97(1&2) = m(u1) + 19 (—7(w1)) = E”(“l)
AT R

For the remainder of this section, we scale the Norton product by % in order to
make a an idempotent. Since g, us are orbit sums, {uy, us} is an orthogonal
linearly independent set. Thus, the squared norm of a is

3 3

(a,a) = (U1—§u2>(ul—§u2)
= () — 2(, 42) + (3, )
= (U1, 7 Uy, Ug 19 U, U2
6 9 300

Thus, we scale the invariant form by % to make a unit.

A MAGMA computation shows that the spectrum for ad, is A =

{1 —%14, %48, 7114}. The —%—eigenspace splits into two parts, one odd and

one even, under the action of the corresponding Miyamoto involution p := 7,.
The even part,

1
VE = Span ({i(v +oP)|v € %’ﬂa)})
is 20-dimensional while the odd part VY% = Span <{%(v —vP)|v € %’_g(@})

is 28-dimensional. In the fusion table below, the even part of the —%—

eigenspace is denoted —%E while the odd part is denoted —%O.
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3E 3 7 30
* 1 4 4 4 4
_3F 3 7 _30
1 1 4 4 4 4
_3E 1. -3F 3  _3F3 0 _30
4 4 014 4 4 4
3 1. _3Fs3 1 371 _30
4 ’ 4 7474 47 4 4
7 3 7
4 1’4’4 @
_30 1. _3F 3
4 74 04

Table 4.12: Fusion rules for the 77-dimensional algebra from class 2C

In the next subsections we will study unital extensions of the algebra V' by
sending in turn, eigenvalues A, of ad, to the 0-eigenvalue of w = o+ fa. The
resulting eigenvalues p of idempotents w = o + fa € V are shown in Table
4.13]

1
7] —3 E
4 4 4

A a:—ﬁ f=1-2«a p=a-+[u

3 3

3 3 9 0 3 )

3 3 2 3

—1 10 5 5 0 1

7 7 2 2

i 10 —: 5 1 0

Table 4.13: The ad,-eigenvalues corresponding to a fixed by z € 2C.

4.4.1 Fusion rules for extended algebra with \ = —%

For this case o« = 3,6 = 2 and v = 2. Applying Theorem [2.5.6| the

idempotent w = a + fa corresponding to a has spectrum 1'%,0%, 2 " 50 is
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not primitive. For A = —g, the parameter v equals % and w = = + %a, as

shown in Table We fix a basis for V by applying Theorem Thus,
we have the decomposition V = V;(w) @ VF (w) & f/%(w) ® VP (w) for V.
We investigate how the various eigenspaces multiply amongst themselves and
we obtain the following fusion rules.

* 1 0F % 0°
3

11,2 0 1,2 0
3 3 o

0" 0,2 0,2 0

g 1,0,2 0©

O 3

0 0,2

Table 4.14: Fusion rules for extended algebra for the class 2C with \ = —%

A 7,/2Z-grading is obtained by setting V, = Vi(w) ® V,F(w) ® VE(w) and
V. =VP(w).

5

4.4.2 Fusion rules for the extended algebra with )\ =

[NJISURTN [SV]

As can be seen from the eigenvalue transformation table, Table a =
and 3 = —2. It follows that v = —2. The idempotent a is transformed to
w = 2 — 2a. By applying Theorem [2.5.6] we find that the eigenvalues of ad.,,
are 0, 1,3 and —2 with multiplicities 15, 1,48 and 14 respectively. Since w is
an idempotent, we have w € \71(10) and so w spans its own 1-eigenspace so is
a primitive idempotent. We set up a basis for V consisting of 0-, 1-, 3- and
—2-eigenvectors by applying Theorem [2.5.6

Having chosen this basis for V, we investigate how the various eigenvectors
multiply among themselves and we get the following fusion table.
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*x |1 0 3P —2 30
1|1 0 3F -2 3¢
0 0,3, -2 0,3F 0,2 3¢
3P 1,0,3" 0 3¢
-2 1,0, -2 0
3¢ 1,0,3%

Table 4.15: Fusion rules for extended algebra for the class 2C with A\ = %

4.4.3 Fusion rules for extended algebra with \ = ;Z

Table shows that a = %, b= —% and so v = . Therefore, the idem-
potent w = 1—70 — %a. An application of Theorem shows that the 1-
eigenspace in this extended algebra is 49-dimensional so the idempotent w is
imprimitive. Fixing a basis for V' using the same theorem, ad,, has eigenval-

ues 0, % and 1 with multiplicities 15, 14 and 49 respectively.

Using this basis, verification by MAGMA shows that the eigenspaces multiply
according to the fusion rules shown in the table below.

* | 17 0 2 1©
17| 17 0 17,2 1©
0 0,2 0,2 0
2 17,0, 2 1©
o 2
1 1,2

Table 4.16: Fusion rules for extended algebra with A = %.
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We set V, = VE(w) ® Vo(w) @ Va(w) and V_ = VO(w) to obtain a Z/2Z

grading.

2
5

4.4.4 The case A =1

The case A = 1 is not usually interesting because whenever A is a unital
algebra with unit 1, then provided that a € A is idempotent, so is 1 —a. The
fusion rule in this case mirrors that in the 77-dimensional algebra. However,

for this case, we obtain fusion rules which are Seress. Substituting A = 1
in Equations 1) and ‘) we have o = =2~ =1, =1—2a = —1 and

2—1
whence v = % = (. Multiplication in the extended algebra becomes
(a+ Bv) * (o' + V') = ad + af'v' + o' Bv + BB v x 0.
Applying Theorem , the eigenvalues are 1!, ;148, —%14, 0!, %14. We use
MAGMA to investigate how the eigenspaces multiply and we have the fusion
law shown in Table £17

_3 1 7B 70
* 1 0 4 4 4 4
3 1 7E 70
1 1 0 T4 4 4 4
3 1 7E 70
0 0 T4 4 4 4
3 3 1 3 1
—i1 0,—%1 11 0 0
1 0.3 1 1F 17 70
4 ) 47 47 4 47 4 4
7E 0.1 7F 70
4 )47 4 4
70 0.1 7F
4 )47 4

Table 4.17: Fusion rules for 2C extended algebra with A = 1.

We note here that as mentioned above, the fusion rules are Seress.
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4.5 Algebras from the class 2D

In this section we discuss the axial algebras from the class 2D of involutions
for the double cover of the Higman-Sims group. The stabiliser K of an
involution in this class has order 3840 and is isormorphic to 2*4 : S5. This
group has four orbits in its action on €2, of lengths two, six, 32 and 60. The
diagram relative to K is shown in Figure Let u;,7 = 1,2,3,4 be the

Figure 4.7: Orbit diagram for the centraliser of a 2D involution

orbit sums of the orbits of K in the order given above. Then the action of
the adjacency matrix A of I' on the space U spanned by the u; has matrix:

0 2 1 0
6 0 0 2
B = 16 0 6 8
0 20 15 12

The eigenvalues of B are 2, —8 and 22, with multiplicities 2,1 and 1, re-
spectively. It follows that the subspace U NV of V fixed by the cen-
traliser of a 2D involution is 2-dimensional. It can easily be checked that

{10% —55),(01 —2 5)} forms a basis for the two—eigenspace. Then
a; = uy + %u;), — 1—10u4,a2 = Uy — %u;:, + %u4 forms a basis for the linear

subspace U N'V.
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From the diagram shown in Figure , we have the projections 7 (v;) of the
vectors v; are:

m(u1) = (co+ co)ur + 2cius + (¢1 4 c2) ug + 2couy
37 7 1

= —u + — U2 + — U3z — — Uy,

50 50 25 50

m(ug) = (6¢1)uy + (co + 5ea) ug + (6c2)us + (2¢1 + 4eo) uy

21 . 31 9 . 1
= —U] + —=Uy — —=U3 + —=Uy;
50 075072 50 ° 50

m(ug) = (16¢1 + 16¢2) uy + (32¢2) us + (co + 6¢1 + 25¢2) ug + (8¢1 + 24¢a) uy
16 24 11 4

= SoU1— Uzt ooUs — 5o U4l

25 25 25 25

m(ug) = (60c2)uy + (20¢; + 40¢o) us + (15¢1 + 45¢9) uz + (co + 12¢1 + 47¢5) uy

1 3, .1
= ——uU + -Us — —u3 + -uy.
51752 10° "5 "

We find the ad,, and ad,, matrices on U NV = (ay, az). The square of a;
under the point-wise multiplication is a? = u; + 6i4us + ﬁm. Projecting,
we have the square under the Norton product as :

1 1
al = W(afz) = m(up) + aw(w,) + mw(w)

s, T 3
T 50 T 50" T 5" T 5™
1716 24 11 4

+@ {%Ul — %Ug + 2—5U3 — 2—5U4:|

RS R 3,1
100 | 5T 5T g T 5t
183 127 351 121

= 250" " 1000 T 8000" ~ 2000"

The pointwise product of a; and as is:

oo = () () () ()

3 1
= Uz — ———Ug.

64 T 100"

4.
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Thus, the Norton product is

ajay = w(ay *ag))
3 1
= —6—47T(U3) - WW(UO

3716 24 11 A
- T [%“ T2 gt %“]
179 1 3 1
—m {—gul -+ gUz — Eu;g -+ gU4:|
43 141 11
= 250" T 1000" ~ 8000™ T 2000

Finally, we compute the square of as. The pointwise product is

a§2 = Us + aUg + WUA.

Upon projecting to V, we have

a; = (a3’
= (un) + () + ()
= T U2 647’(’ Uus 1007’(’ Uy
21 -, 31 9., 1
= |—=u + —=uUy — —=uUs + —u
5007502 50 ° 50 ¢

Lo 16, 24 4
64 |25 T 252 T 5" T 95t

179 1 3 1
—I—m {—gm + sz~ U + 5U4]
123 487 969 1
= 250" " 000"~ 000"~ 2000

In order for us to get [ad,,| and [ad,,], we need to express a;a;,i,= 1,2 in
terms of a; and as. Suppose that Zj‘zl s;u; lies in the 2-space ({aq, az)). Then

4
E SiU; = (a1 + Qa2
=1

+1 1 N 3 +1
= oy (u+ zuz — —u o | ug — —usz + —u
Lt Qs — 75U 2| Uz = QUs T 75l

= ou aoU (0% u « (0% .
i 2 8 82 3 ].01 102
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Thus, a; = s; and ay = s9. It follows that

) 183 127

YT 950" T 1000™
3,0, 43 .
= ——a; + ——ay, an
@1z 250" " 1000

) 123 487

a5, = + a
2 ai 2
250 1000
Therefore,
183 127
_ 250 1000
[adm] = 3 43
T 250 1000
_3 43
250 1000
ad =
[ad,,] 3 asr
250 1000

We wish to discuss how to get possible axes. Suppose that a = f1a; + faas
is an idempotent. Then we have

Brar + Paay = 1a1 + 2061 52a1a0 + /32%

e[,
- 250" " 1000™

3 43
* 5162{__556 1000“2}
g 123 . 487
2 1250™ ™ 1000
183 123
= {25051 51ﬁ2 25052] ai

[ 127 487

100051 61&2 1000

6 :| as.
That is,
183 123

25061 > fubs + o (43)

b=

and
127 487

Bo=——PB7 + 51ﬁ2

2, 4.4
1000 10005 (4:4)
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Since neither a; nor a, is idempotent, any non-trivial solution of the systems
of equations must have both 5; and 55 nonzero. Under this assumption, we
can set 31 or [y to one and it is not difficult to see that in either case, one of
the two resulting quadratic equations has a negative discriminant. It follows
that both equations are irreducible over Q.

The fact that one of the equations has negative discriminant in either case
necessitates working over some complex extension of Q but we do not pursue
this line of action here.
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Chapter 5

Algebras for the Suzuki
sporadic simple group

The sporadic simple Suzuki group Suz was constructed in [Suz69] as an index
two subgroup in the full automorphism group of a rank three graph I' on 1782
points in which the stabiliser of a point is the group Gs(4). The graph T' is
distance regular, of diameter two, so in particular, it is strongly regular. Its
parameters are (1782,416, 100, 96). The spectrum of the graph can be shown
to be 416,20 (—16)'%" using the results of Chapter 3. This information
can also be obtained from the literature, for example [BHKNQ9]. In this
chapter we discuss the axial algebras for the groups Suz and Suz:2.

5.1 Preliminaries

Throughout this chapter we fix the following notation. Let

Q={1,2,...,1782} and G = Suz:2. By T we refer to the strongly regular
graph whose vertex set is 2 and has parameters (1782,416, 100, 96). From
the information summarised in Table 2 of the introduction, an irreducible
character y = yg of degree 780 appears with multiplicity two in its symmet-
ric square, that is, (Sym?y, x) = 2 = dim(L(V V V,V); where the ordering
of characters follows that of the GAP Character Table Library [Brel2]. The
same character is labeled y7; in MAGMA [BC94]. We will set V' to be the
780-dimensional module affording . Similar arguments as those used to show
that the 77-dimensional module for the group HS:2 affords a rational rep-
resentation also show that the 780-dimension module V' under discussion
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affords a rational representation.

The fact that (Sym?®y, x) equals two implies that the space of commutative
algebra products on the 780-dimensional module is 2-dimensional. Further-
more, the Frobenius-Schur indicator of this irreducible character is one, or
equivalently, the intertwining number i(V, V) = 1; so that up to scalar fac-
tors, there is a unique non-degenerate bilinear form supported by V' which
is invariant under the action of G. The group G acts transitively on 2. The
stabiliser G, of a point w € €2 is G5(4). The stabiliser has three orbits in its
action on €, of lengths one, 416 and 1365. It is not difficult to see that the
orbit of length 416 consists of the neighbours of w, and the orbit of length
1365 comprises non-neighbours of w.

Consider the action of G on €0 x €. There is a one-to-one correspondence
between the orbitals of G and and the orbits of the stabiliser G, of the
point w, given by A < A(w) = {a € Q|(w, @) € A}. This action partitions
Q x Q) into three orbitals; the diagonal orbital Oy, of size 1782, and two other
orbitals, Oy, O3 of sizes 1782 x 416 and 1782 x 1365, respectively.

A vertex in the orbit {w} is adjacent to 416 vertices in the orbit of length
416, a vertex in the orbit of length 416 is adjacent to w, 100 vertices in the
same orbit and 315 in the orbit of length 1365. A vertex in the orbit of length
1365 is adjacent to 320 vertices in the same orbit and 96 vertices in the orbit
of length 416. We summarise this information in the orbit diagram shown in

Figure [5.1
@416 1@315 96 (1361

100 320

Figure 5.1: The orbit diagram for a point stabiliser
For each a € Q define z, € Q' as the row vector with one in the att
position and zeros elsewhere. Let X be the totality of all the x,’s, i.e.,
X =A{z.|a € Q}.

We define W = QX = Q'"™2. By j we mean the all one row vector of length
1782. Let A be the adjacency matrix of I'. Then A has three eigenvalues
k = 416,20, —16 of multiplicities 1, 780, 1001. Because the Suzuki graph I is
strongly regular, we have an orthogonal decomposition

W =Wyd W, & Wy,
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where Wy = (j),dim(W;) = 780 and dim(W,) = 1001, ie., Wy is the
eigenspace of A corresponding to the eigenvalue k,W; is the eigenspace of
A corresponding to the eigenvalue 20 and W5 is the eigenspace of A corre-
sponding to the eigenvalue —16. Henceforth, we set V' = Wj.

We seek to find the projections of the standard vectors x,, of W to V. Consider
the three-dimensional subspace U of W spanned by the orbit sums, i.e.,

U= <’LU1,U]2,U)3>,

where
W1 = Ty, Wy = Z Lo
a€NT (w)
and
W3 = Z Lo
a€ENY (w)

Let A be the adjacency matrix of I'. From § 3.2, the action of A on the
subspace U has matrix

0 1 0
C = |416 100 96
0 315 320

Since the matrix C' has constant column sum, it is trivial to check that the
row vector (1 1 1) is an eigenvector, with corresponding eigenvalue 416. The
other eigenvalues of this matrix are —16 and 20, all with multiplicity one.
Thus, the subspace U intersects V' in a one-dimensional space. We find
an eigenvector corresponding to the 20-eigenvalue. Such an eigenvector is
(1 157 — &), i.e., the vector (1,&,&) of § 3.1is (1 12z — &=). Following the
notation of Chapter 3, we write v,, for the projection of z,, to the 780-space
V. We get the following result about the projections of standard vectors in
W to V.

130
297

on non-neighbours

Proposition 5.1.1. The projection v, of x,, to V' has coefficients cy =
on w, ¢y = pas on neighbours Nr(w) of w and ¢y = — 5=
N (w) of w.

Proof. Apply Proposition with m = 780,v = 1782,& = 12; and & =
1

10
— 6 [
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5.2 A basis of algebra products

In this section we choose a basis for the space of algebra products on the
780-dimensional space V' for the Suzuki group. The following is the main
result of this section.

Theorem 5.2.1. Let V' be the 780-dimensional subspace V of W and f :
VVV — V be the Norton product. Then f is nonzero on V. Furthermore,
if m: W — V is the projection of W onto V, then the map g : VVV =V
defined on X = {z,} by

Oy otherwise

g(xw, %) = {W (ZGGNF(w)mNF(a) xe) if w~ a,

and extended linearly, is nonzero. Additionally, {f, g} forms a basis for the
space L(V V' V, V) of commutative algebra products on V.

We prove the theorem in a series of lemmas. First we show that the Norton
algebra product f is not identically zero on V.

Remark 5.2.2. Since the number of common neighbours \ a pair of adja-
cent vertices has is nonzero for the Suzuki graph I, it is clear that g is not
identically zero.

Lemma 5.2.3. The Norton product f is nonzero on V.

Proof. Fix w € €2, and let v,, be the projection of x,, to V. Set v = 1782, k =
416, A = 100, u = 96, ¢y = %,cl = % and ¢y = —%. Then an application
of Lemma [3.3.1] yields

5135 1975 7
_ .2 - —
flowva) = = 505"+ Troass 2"~ 5as06 2

a~w notw
£ 0y

]

We also discuss how the projections of a pair of adjacent vertices and a pair
of non-adjacent vertices multiply. We start with a pair of adjacent vertices.
Let a € Q2 be adjacent with w. We write

vw:coxw+clxa+clg (’E,{—FCQE Ty,

K~YW
rde npw
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—clxw—l—coxa—l—clg a:a—l—CQE x

o’ ~va 7' pw
o' £w

The pointwise product is

Uy * Vo = CpC1T, + cf Z Tg + CoC1T, + C1Co ng + C1Co Z Ty + c% wa,
9 € K 7
where 6 € Np(w) N Nr(a); € € Np(w) N Nf(«); k ranges over N[ (w) N Np(a),
and vy ranges over N[.(w) N Nf(«), the set of mutual non-neighbours of w and
«. We use the diagram below to express the projections of w, a, > -, g, 25 T,
>« s and >z, in terms of each of these vectors.

248

Figure 5.2: The diagram for the Suzuki graph relative to an adjacent pair

We have

v, =7m(x,) = coﬁw—I—cla:a+clzx9+clz$§+022zn+022x7
130 25
= 207" T 1188 a+11882 9+1188Z 5_2972
2
_ﬁ;%ﬁ (5.1)
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Vo = T(Ts) = clxw—|—coaz:a—|—clz::c(9—|—0223x5—|—clz::1:,£—|rch::c7
0 '3

925 130 925
= Tisste T og7” ”+1188Z e_ﬁz er1188Z

2
~%97 >y (5.2)
ol

™ (Z a:g) = 100c12,, + 100c120 + (co + 36¢; + (100 — 1 = 36)c2) >
(4

+(20¢1 + 80cz) Z ze + (20¢1 + 80c2) Z Ty
I3 K

+(24¢; + (100 — 24) ¢, wa

625 229 35
= 2t o 2972 o ﬁ e~ g 20
2
__= : 5.3
297 x’Y’ ( )

y

T (Z x§> = 315c12, + 3150220 + (63c1 + (315 — 63)c2) > _ g

0

+(co +80c1 + (315 — 1 — 80)ca) > we + (75ey + (315 — T5)en) >,
13

+(72¢1 4 (315 = 72)cy va
875 5 4

_ oD 2N - 4
1327~ 337 T 132 Z Tot oy ng 132 & ST > w5 d)

Y
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T <Z xﬁ> = 315cym,, + 315¢120 + (63c1 + (315 — 63)ca) Y _ o

6
+(75¢1 + (315 = T5)ca) > _ e
§
+(co + 80cy + (315 — 1 = 80)ca) Y e

+(72¢1 + (315 — 72) s wa

70
- _ﬁx“+ o 132Z a 132Z et 1;“
—%Zwv; (5.5)
Y

m (Z %) = 1050c22,, + 105027 + (252¢1 + (1050 — 252)c5) >
0

+(240¢; + (1050 — 240)cy) Y _ e

+(240 + (1050 — 240)c2) >~ xs

+(co 4 248¢; + (1050 — 1 — 248)cy) Zx,y

v

700
= —%%; To g To — =5 —a E Ty
26

Projecting, the Norton product becomes

VoVa = CoClU, + CoC1Vq + C%T&' (Z :L’g) + cicom (Z $§> + cicom (Z x,{>
0 13 K

+e3m (; x7> :
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Substituting the expressions for the various projections given in Equations
(5.1) through (5.6)) in the Norton product, we have

625 70 700
VoUq = (0(2)61 + cocf + EC% +315¢tcy — 3312~ @Cg) Lo
+ [ coct + cie +@CZ—ECC —I-%CC —@0237 X
0€T + €C1 + 55=¢1 — 5312 + 15510 = 5o Cola | Ta

+ (cgcl + cocf + %cf -2 (%) C1Cy — %cé) er
+ (cocf + cpcico — %cf + %0102 — %0102 — %cg) ng
+ (000102 + cocf — %cf — %0102 + %0102 — %cg) Zx,{
+ (2000102 — %c? -2 (%) c1Co + %cg) Z{:xw

- 4;34714518 T 4;34714518 Yo 473094148 29: o 4705448 2

£
5 19
T 470448 DT 935224 >

K ¥

We also discuss how a pair of non-adjacent vertices multiplies. In the ensuing
discussion, we fix w and consider o which is non-adjacent with w. We have
the diagram shown in Figure 5.3l We note that the group G does not act
transitively on the set of edges e with e € N{.(w) N N{.(«), the set of mutual
non-neighbours of w and a. We split the set of mutual non-neighbours into
two parts according to the orbits of edges; with one part having cardinality
20 and the other having cardinality 1024.

We will write

Vy = coxw+02xa+clza¢9+clzx§—|—022x,{+0223:7+022x7/,
0 3 K v 04

Vo = Cwa—i—cl:va—i—chxqucQngqLchxﬁ—i—cQZxV—k@Z%/,
0 ¢ K y v
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Figure 5.3: Diagram for a pair of non-adjacent vertices

where 6 ranges over the set Np(w) N Nr(«) of common neighbours of w
and «;¢ ranges over the neighbours of w which are not neighbours of «;
k € Nl(w) N Nr(a), the neighbours of w which are non-adjacent with w, and
7,7 range over the subsets of N{.(w)NN{.(«) of sizes 1024 and 20, respectively.
The projections of the vectors > @, > x¢, > x4,y T, and Yz are given
below.
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We have:

()

()

96¢12, + 96174 + (co + 20c1 + (96 — 1 — 20)ca) Y
0

+(24c1 + (96 — 24)c) Y we + (24er + (96 — 24)c2) Y e

+(21ey + (96 — 21)ca) Y @y + (481 + (96 — 48)ca) Y

-

2

g9 2"

% S, (5.7)
~

200

>
200 35 2
wl‘w—i-@xa—l—@ze:l‘e—i—@z&:ﬁg—f—
25
—% Z .f»y +
ol
3207, + 320¢220 + (80c1 + (320 — 80)c2) > _
0
+(co + T6¢1 + (320 — 1 — 76)cy) Z e

+(72¢1 4 (320 — 72)¢y Zxﬁ 75c1 +(320 = 75)c42) )

~

+(48¢1 + (320 — 48)cy) wa
200 119
e a*ﬁz ; 2972 ﬁ‘ﬁ 2

85 244
I8 & T ﬁzx” (5:8)
vy vy
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(2

32002, + 320¢120 + (801 + (320 — 80)cz) > a9
0

(72c1 + (320 — 72)ca) > _ ¢
3

(co 4+ T6¢, + (320 — 76 — 1) ey Z T+ (T5e1 + (350 — T5)ca) Y

~

(48¢; + (320 — 48)cy) Z Ty
640 2000 119
“a997"¢ 907 297Z 7 297 297 +ﬁ O

85 244
1188 2~ T 297 Z T (5.9)

1024cy,, + 1024051, + (224¢; + (1024 — 224)c5) Y
0

+(240¢; + (1024 — 240)cy) Y e + (240cy + (1024 — 240)c5) >
§
+(co + 240c; + (1024 — 1 — 240)c5) >,

v

+(2560c1 + (1024 — 256)cy) Y
,Yl

2048 200

gy (e )~ g 2 9‘@(237“2%)

o4 ; 5.10
oo () 10
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™ <Z a;y> = 20ca(7y + 2a) + (101 + (20 — 10)c2) >

0

+(3Cl + (20 — 3)02> Z T¢
3

+(3c1 4 (20 = 3)e2) > w4 (5er + (20 = 5)ea) Y

vy
+(co + 16¢1 + (20 = 1 = 16)c5) >y

’Y/
40 85 61
- gt gy S = g (S D)
) 224
— A1
+1188Z 2972‘73V (5.11)

The pointwise product is

2
Uy ¥ Vo = CoCaly, + CoCaTq + €] E Ty + C1C2 E Te + C1C E T
0 13 K

+c3 (Z Ty + Z%) : (5.12)

Projecting the point-wise product to V, we have the Norton product is

VyVa = CpCaly + CoCoVy + c?w (Z :v9> + cicom (Z x5> + cicom (Z xﬁ>
0 13 K
+cam (Z Ty + Z ZL‘,Y/) . (5.13)
ol 04

Substituting the expressions for v, v, as well as the other projections given
in Equations (5.7)) through (5.11)) into Equation ({5.13]), we have

79 5 19
Voo = ~gene (et Ta) = g 20: 10T 935004 (; Te ; x”)
79 73
T 1881792 ; Y 117612 ;x”
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We next show that the product g is independent with the Norton product
f. Before we discuss this result, we will recast the product in a group the-
oretic setting. Let w,a be adjacent vertices. Set H = Gy, o, the set-wise
stabiliser of the set in GG. Then H has four orbits in its action on €2, namely,
{w, a}, Np(w)NNr(a), (Np(w) NN (a))U(Np(w)NNp(a)) and Ni (w) NNp(a)
of lengths 2, A\, 2(k — A\ — 1) and (n — 2k + \), respectively. Here we assume
that A # 0, otherwise the product g is identically zero, as is the case when
G = HS:2. For our case here A\ = 100 so that our product is nonzero and
the orbit lengths are 2,100,630 and 1050. We will label the orbits O, Oy, O3
and Oy, respectively. Then we can rewrite the product g as

Q (Zeem xé’) if (o, 8) € O,

’ (5.14)
0 otherwise.

g(xon xﬁ) = {

It can easily be proven, from the definition that G, gy» = (G{a,g})h, h e (.
This fact, together with the fact that the orbits of G, gy» are permutations
of the orbits of G by h, shows that g commutes with the group action.
We will compute the square of the projection v, of a vertex w under the
second product. For convenience, we write

UV, = CoTy, + C1 g To 1+ Co E Ty

an~w Yohw

Furthermore, we set

W1 = Ty, W = E Lo, W3 = E Loy

anw Yohw

we have v2 = c2w? + 2cociwiwy + 2cocowiws + Gwy + 2¢1cowrws + cws.
Since the graph is simple, w? = Oy. If we pick a neighbour « of w, all the
common neighbours of w and « lie in the orbit of length 416 consisting of
the neighbours of w, so that wjwy = 416 (%) = 100wy. A vertex v € N,
is non-adjacent with w so that w;ws = Oy . There are 416 x 100 = 41600
ordered pairs ao with a, o/ € Np(w). The end points «, o of such an ordered
pair are adjacent with w, have 36 common neighbours in Nr(w) and 63 in

N{(w). Thus,

36 63
2 = 41600 |1 - =
w2 Wit gy Taee

= 41600w; + 3600ws + 1920ws.

w3
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From the diagram given in Figure a vertex in N, (w) has 315 neighbours
in N[(w), so there are 416 x 315 = 131040 ordered pairs ay with o € Nr(w)
and v € N/ (w). Of the common neighbours of the endpoints of a typical
adjacent pair a7y, 20 lie in Np(w) and the rest lie in N{.. Thus,

20 80
— 131040 | 22
W2t 116" T 365"

= 6300w + 7680ws.

3

From the same diagram, a vertex v € N{.(w) has 320 neighbours in N|(w),
therefore there are 1365 x 320 = 436800 ordered pairs both of whose end
points lie in N{(w). If 49" is such a pair, then 7 and 4’ have 24 common
neighbours in Nr(w) and 76 common neighbours in N/(w). We conclude
that
, 24 76
wy = 436800 mwg + 136511)
= 25200w, + 24320ws.

3

Thus, before projecting,

0P = 20w + 2coe1 (100w 4 Oy ) + 2¢1¢2(6300ws 4 7680ws)
+¢7(41600w; + 3600w, + 1920ws) + ¢5(25200w; + 24320ws)
= 41600c3w,; + (200coc; + 12600c; ¢y + 3600¢3 + 25200¢3 )w;
(15360c; ¢y + 19205 + 24320c3 )ws
1625000 246425 19720

T 788209 1788209 2T 88200

ws.
Recall that

m(wy) = 416¢1w; + (co + 100c; + (416 — 1 — 100)cg)wy

+<9601 + (416 - 9662))11)3

2600 125 40
w — Wy — —W,
207 ' 297 % 297 ¥

and

m(ws) = (v—k—1Decxy, + ((k—=X—1)cr + (v — 2k + N)ca)ws

(co+ (b —p)er + (v = 2k + p = 2)c)ws
910 175 14

— oo W1 — 5oaW2 T SoWws,

w
99 396 99

+
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from the proof of Lemma [3.3.1] Projecting, we have,

2 16250007T(w)+246425ﬂ(w)_19720 ()
@ T 88209 788209 TV 88209

(1625000 (130 246425 (2600 19720 910
B < 88209 (297) * ( 88209 > < 297) (88209) ( )) o
1625000 [ 25 246425 (125 19720 175
+< 88209 <1188> - < 88209) (ﬁ) a (88209) ( 396)) 2
(1625000 ( 2 ) (246425> ( 40) (19720) ( >)
+ — + —— ws
88209 \ 297 88209 297 88209
1016600 48875 15640
20403 "' T 29403 ~ 20403

This product, is however, a multiple of the corresponding product under the
Norton product. From the proof of Lemma [5.2.3] the square of v, under
the Norton product is 558183056101 + 4;8128 Wy — 5878906 ws. The following calculation
establishes the linear independence of the products f and g.

Recall the diagram for an adjacent pair given in Figure (.2l  For
convenience, we use the following notation for the wvarious vectors

s Ta Y T, 27 Ty D¢ Te and Y, xp. Bach of these vectors is denoted by

w;,t=1,2,...,6, in order. Then we have
Vy = CoWi + C1Ws + Ccows + cowy + crws + C1We;
Vo = CLW1 + CoW2 + CLW3 + CoWy4 + CoWs5 + C1Wg

and consequently,

Vola = cociwi + (g 4 c])wiwsy + (cocr + crep)wiws + (cocy + c1ca)wyiwy
(coca + ) wyws + (cocy + c)wiwg + cocrws + (coca + ¢1)*waws
(coca + crea)wawy + (coer + erca)waws + (coey + ) wawg + ¢1cows

(crco + c3)wswy + (c] + c3)wsws + (& + c1c0)wswg + 3w

+ + + +

(crc2 + c3)waws + 2¢;cawywe + crcows + (5 + ceg)wsw
+cwg. (5.15)

For the remainder of the section, we adopt the following notation. Let O; =

{w}702 = {a}v Os = Nf‘(w) N NW(O'/)704 = Nl/“(w> N Nl/“<a)’
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Os = Nr(w) N N/ (a) and Og = Np(w) N Nr(«). Furthermore, we denote
the setwise stabiliser of the set O3 by H. We will give details of how H acts
on the sets of edges of type O;0; for all 7, j in the table below in order to
be able to calculate the products of w;,w;. From the table, we have that
wi = wiwz = wiwy = w3 = wowy = wows = Oy,

1

wiwz = 155 (100wg) = we;

315 100
= 8011)5 + 63w6;

1 1
wws = 315 (80 - ——Wws + 20 - —wﬁ)

1 1
= 100 63 ——ws + 36 - —
it (w2 O g T 100w6>

= 100wy + 20ws + 35wg;

1 1
W3z = 315 (80 - ——ws + 20 - —w6>

315 100
= 80ws + 63ws;
1 1
Woryllg = 100 (U]l + 63 - ﬁll)g + 36 - mﬂ]ﬁ)

= 100wy + 20ws + 36ws;

1 1 1 1
2 = 25200 30 — 46 - 17 — 6-—
hE Wa 90 et A0 aagWa A e Ws 0 1

= 25200w;y 4 2400ws + 1104w, + 1360ws + 1512w;

1 1 1 1
= 925200 (14 ——ws + 62 18 ——ws + 6 —
et ( 3158 707 To50™ T 3 T 100)

315 1050 315 100"
—  3680ws + 4368w, + 4640ws + 3528wg:

1 1 1 1
+50400 <16 < ——ws3 + 60 - wy +20 —ws +4- 6)
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Type | Orbit length | Distribution (common neighbours)
O Oy O3 04 O Og
0,0, 0
0,0, 1 100
0103 0
0,04 0
0,05 315 80 20
0,04 100 1 63 36
050, 0
0503 315 80 20
0,04 0
0205 0
0504 100 1 63 36
0303 25200 1 30 46 17 6
0304 25200 14 62 18 6
50400 16 60 20 4
315 80 20
030s 3150 8 72 8 12
20160 20 60 20
0304 6300 1 24 56 7 12
16800 12 64 12 12
16800 12 64 12 12
0,04 25200 22 54 22 2
201600 18 58 18 6
0405 25200 18 62 14 6
50400 20 60 16 4
04054 25200 14 66 14 6
0505 25200 1 17 46 30 6
0504 6300 1 7 56 24 12
0604 3600 11 21 42 21 14

Table 5.2: Distribution of common neighbours of end points of edges

1 1
— (31508 + 20160 - 20)w5 + —— (315 - 80 + 3150 - 72 + 20160 -
wywy = = (3150 8 + 20160 - 20)uwy + < (315 - 80 + 3150 - 72 + 20160 - 60)uw

1 1
— (3150 8 + 20160 - 20) w5 + —— (315 - 20 + 3150 - 12
315 ( " T " Jwo

= 1360ws + 1392w,4 + 1360ws + 441ws;
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315 1050 315
= 6300wz + 480ws + 336w, + 140ws + 756ws;

1 1 1 1
wswg = 6300 <w2+24~—w3+56~——|—7~—w5—|—12~1—00)

1
wi = 57z (33600 - 12 4 25200 - 22 + 201600 - 18) w

1
+ﬁ (33600 - 64 4 25200 - 54 + 201600 - 58) wy

1
+% (33600 - 12 4 25200 - 22 + 201600 - 18) ws

1
+ﬁ (33600 - 12 + 25200 - 2 + 201600 - 6) wg

= 14560ws + 14480w,4 + 14560ws + 16632ws;

1 1
wiws = 7= (25200 18 + 50400 - 20) ws + 7 (25200 - 62 + 50400 - 60) s

1 1

—— (25200 - 14 + 50400 - 1 — (25200 - 400 - 4

517 (25200 - 14+ 50400 - 16) w; + 755 (25200 - 6 + 50400 - 4) w

= 4640w3 + 4368w, + 3680ws + 3528wg;

14 66 14 6
— 25200 (s + 2wy + s+ —
(e (315”3 050 TR T 100“’6)

= 1120ws + 1584w, + 1120ws + 1512wsg;

5152 " 1050 315 100"°
= 25200w; + 1360ws + 1104w, + 2400ws + 1512w

17 46 30 6
w: = 25200 (w1 + —w Wy + ——ws + — >

6300 byt 28 2 2
wsW = w —W w. —W —W
e Y315 2 T 050 315 0 100 0

= 6300w; + 140w3 + 336w, + 480ws + 756ws

and

: 3600 Tyt oy o 4 2
w = w w: —W w —W —W
6 P T T 1050 f T 315 0 T 100 °

= 3600(w; + wsy) + 240w;3 + 144w, + 240ws + 504ws.
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Substituting the various products w;w; in Equation ([5.15)), this simplifies to

VuUa = (100coc; 4+ 100002 + 31500¢;¢o)w + (100coe; + 10000¢? + 31500¢; ¢o)ws
+(20coe; + 80cocy + 2320¢7 + 14940¢) ¢y + 24240¢3 )ws
+(2208¢% + 14784c ¢y + 24608¢5)wy
+(20coe; + 80cocy + 2320¢7 + 14940¢; ¢y + 24240¢3)ws

(e + T2coc1 + 126¢0c, + 265663 + 14616 ¢ + 2412962 )we
78125 3715 118 3715 60206

= 3200 T ) ~ 55500™% ~ 38200 ~ 38200 " T 38209 "

Recall that the projection 7 (w;) are given in Equations (5.1)) through ([5.6)),
with the necessary adjustments. We will recall the projections here for the
ease of access to the reader. We have

W(wl) CoWn + cpwy + cows + cowy + C1Ws + C1We;
’/T(’LUQ) = w1 + CoWa + C1Ws + CoWy + CoWs + C1We;
70 875 6 4 5 49
7r(w3) = —ﬁwl -+ EMQ + ﬁw;; — §w4 — @wg, — @w@‘;
(w2) 700( ) 40 . 26 40 7
m(w = ——(w Wy) — —W — Wy — — W5 — —Wg
1 g9 LTI/ ggts T g T gt T g e
875 70 5 4 6 49
7T(’UJ5) = Ewl — ﬁwg — ﬁﬂ)g — §w4 + ﬁw5 — Ewﬁ
and
() 625 ) - B 2y 320
s = — — ——=W3 — —=W4 — ——= ——Ws.
0 207 1 TP 97 297t 297 0 T 207 0

113



After projecting, we have
B 78125 70 118 700
Vol = ((M)( (88209)( 3) <88209) (_E>
3715 875 60206\ [ 625
88209) (132) (88209) (29 ))
78125 3715 875 118 700
(88209) (88209) 132) (88209) (_®>

+

3715 60206 (625

88209) ( ) (88209) (ﬁ))

78125 3715\ [ 6 118 40
88209) <88209 _> a (88209> <_®>

3
(
!
(
((88259)< ) (ssam) (~2) )
3
(
(s
(

+

_|_

1
78125 3715 118 \ /26
8820) (8820) < 33 (8820) (?)
715 60206 2
o) (35) * (5w ) (7)) =
78125 3715 5 118 40
88209) )= (m) (—@) - (m) (—@)
3715 60206 35
) (1 )  (goa) (~307) )
78125 3715 19 118 7
88209) (m) <_@) B (m) <_®>
(3715) < 49) (60206) (229))
83200 ) \ 132 83200 ) \ 297
48875 2605 196 2605 17492

= 202081 2 T 59103 T 59103 T 29203 T 20403

Lemma 5.2.4. Let f, g be products defined on the space V' of this chapter.
Then f and g are linearly independent.

+

|
E

+
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Proof. 1t is easy to see that the products

79 19
~ 5806 e T %e) — 47044.8 Z 10 535224 (Z Te Z x“)

79 73 79 19
T Iss1792 ;x” T 117612 ; T2 = 806t T W)~ 9355018

9 185
1881792 % 7 2352240 470448 "

and

48875 2605 196 2605 17492

594031 T W2) T 5003 T 59203 T 29403 T 29403

We

of v,,v, where w, « are adjacent, under the products f and g respectively,
are linearly independent. We conclude that the products f and g are linearly
independent. O

Proof of Theorem[5.2.1. By Lemma {f,g} is a linearly independent
set, and since dim(L(V vV V,V)) = 2, it is a basis for L(V vV V, V). O

We note that general algebra products ¢ = a1 f + asg where not all of ay
and as are zero can be parametrised using the points of a projective line. If
g # 0, identify ay f + aog with aja;* € Q, and set oo := f.

5.3 Algebras from the class 24

In this section we discuss the algebras which have axes fixed by the centraliser
of an involution from the class 2A. Let z € 24 and set K := Cg(z). Then K
is a maximal subgroup of G of order 6635520 and shape 2'76.U;(2).2. The
dimension of the space fixed by the centralizer of an involution is one since
1 = (x|k, k). The group K has two orbits in its action on €2, of lengths
54 and 1728 respectively. For ease of reference, we will denote the orbit of
length 1728 by O; and the orbit of length 54 by O,. We use the following
diagram (Fig|5.4) in what follows.

We let
Z Ty, Uz = Z Loy

we01 ac0q
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32 404

Figure 5.4: The diagram for Suz:2 relative to 2'76.U,(2).2

Then the action of the adjacency matrix A of the Suzuki graph I' on the
subspace U = (uq, us) has matrix

404 384
€= [12 32}‘

The matrix C' has eigenvalues 416 and 20. Therefore, the space U fixed by
the group K meets V' in a one-dimensional space. We will fix a basis for this
space in the next paragraph.

We find an eigenvector corresponding to the 20-eigenvalue. It can easily be
seen that (1 — 32) is a 20-eigenvector of C. Thus, we will let a = u; — 32us.
We find the projections of u; and us to V. From the diagram, we have

m(u) = (co+404c; + (1728 — 1 — 404)co) uy + (384c¢; + (1728 — 348)cy)
1 32

= - —

33

U2,

U
33

7r(u2) = (12C1 + (54 — 12)62) U + (C() + 3261 + (54 —1- 32)02) U2

= —iu —|—¥u——(u)
T T3zt T gzt T T

We find the square of a under the Norton product. Before projecting, the
pointwise product is

a*? = uy 4 (—32)%uy = uy + 1024us,.
Thus, under the Norton product,

a?> = w(w)+ 10247 (us) = 7(uy) + 1024(—7(uy))

= —10237T(U1)
— 1023 ( 2 32
- 3311 7 33"

= —=3lu; + 992us = —31(u; — 32u,) = —3la.
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Consequently, we scale the Norton product f by —3% to make the vector
a an idempotent. In what follows, we use MAGMA to compute ad, under
the Norton algebra product. The ad,-eigenvalues are 1, 3—;}, %, %, —%, where
all the eigenspaces save the —%—space are even, while the latter splits into
an even and odd part. We use MAGMA to investigate how the eigenspaces
multiply and find a fusion law. The 780-dimensional algebra is axial, obeying

the fusion law shown in Table 5.3

1 41 10 21 _1FE _10
93 31 31 31 31
1 1 41 10 21 _1E _10
93 31 31 31 31
41 (o2 1F a1 _1F a1 1P 4110210 1F |10
93 7317317 31 937 31 937 31 937 317 31 31 31
10 1 1o 21 10 21 a _1F _10
31 7317 31 317 31 937 31 31
21 1. 1o 4 _1F _10
31 731 937 31 31
_ 1B 1.4 1021 1B 10
31 79373172317 31 31
_10 4 10 21 1B
31 7937 317 31° 31

Table 5.3: The fusion law for the 780-dimensional algebra from the class 2A
for Suz:2

5.3.1 Fusion laws for the extended algebras

In this section we give fusion laws for extended algebras for different values
of \. We will not give a lot of details as most of this follows closely the work
presented for HS. Recall from Chapter [2] that given an algebra V' over
a field F endowed with an inner product (-,-) : V. x V — F, we can form a
unital extension V := F & V of V by combining the algebra multiplication
with the inner product as follows:

(n+v)x (0 +0") = +v(v,0) + (' +7v+v*0),
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where n 4+ v,1' + v/ € V,~ is a structure-controlling parameter in V and =
denotes multiplication in V. Furthermore, v is chosen so that w = o/ + f'a
is an idempotent where o/ = ﬁ,ﬁ’ = ﬁ,’y = A —1) and A is the ad,-
eigenvalue chosen to be mapped to the O-eigenvalue of V. Recall also that
the inner product (-,-) is scaled so that (a,a) = 1.

We begin with the case A = 1 and note that the resulting fusion law is Seress.
From Theorem [2.5.6) 1(b), the eigenvalues of ad,, where w = 1 — a are as
follows: 1,0,92 2110732 The 1_ (-, 52 21 4pd %—eigenspaees are entirely

1937 317 317 31" 1 937 31 b
. 32 e 32
evgn7 while the £-eigenspace splits into an even part £33, and an odd part
% , of dimensions 342 and 384 respectively. We can use the fusion law shown

in Table 5.3 to obtain a fusion law for this extended algebra, or alternatively,
a direct computation with MAGMA. We obtain the fusion law illustrated in

Table (5.4

1 0 52 21 10 32F 320
93 31 31 31 31
52 21 10 32F 320
1 1 @ 93 31 31 31 31
0 0 52 21 10 32F 320
93 31 31 31 31
52 0.2 10 32F 52 32F 52 32F 52 21 10 32F | 320
93 7317 317 31 937 31 937 31 937317 317 31 31
21 0.21 10 21 10 52 32F 320
31 7317 31 317 31 937 31 31
10 0. 2L 52 32F 320
31 ’ 31 937 31 31
32F 0.52 21 10 32F || 320
31 7937317 317 31 31
320 H H 0.52 21 10 32F
31 7937317 317 31

Table 5.4: Fusion law for the extended algebra with A =1

Next we consider the case A = %. The eigenvalues for ad,, are 1,0, —1,2, —4,
by Theorem 1(d). A MAGMA computation shows that all the
eigenspaces save the —4-eigenspace are even. The —4-eigenspace splits into
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an even part and an odd part of dimensions 342 and 384 respectively. The
fusion law is shown it Table 5.5 below.

1 0 —1 2 —4F —40
1 1,0 1,0 —1 2 —4F —40
0 0,1,—-1,2,—4F 0,—4F —1 2,0,—4F 0,—-1,2,—4F | —49
-1 1,0,—1,2  —1,2 0, —4% —40
2 1,0,—1 0, —4” —40
—4F 1,0,—1,2,—4F | —49
_40 1,0,—-1,2,—4

Table 5.5: Fusion law for the extended algebra with A\ = %

For the case A = %, the eigenvalues for ad,, are 1,0,1/3,—1, by Theorem
2.5.6] 1(c). The l-eigenspace, the 0-eigenspace and the 1/3-eigenspace are
entirely even, while the —1-eigenspace splits into an even part and an odd
part of dimension 342 and 384 respectively. The fusion law satisfied by V is
shown in Table [5.6]

The next extended algebra arises from the extension by unit where the eigen-
value A = % is mapped to the O-eigenvalue of the extended algebra. Theorem
1(c). gives the eigenvalues for the idempotent w as 1,0,2/3 and 2. All
the eigenspaces are completely even save for the 2-eigenspace which splits
into an even part and an odd part of dimension 342 and 384 respectively. A

fusion law satisfied by V is shown in Table .

For the algebra obtained by setting A = —Sil, an application of Theorem
1(d) shows that the eigenvalues for ad,, are 1,0,4/9,1/3,2/3. The 0-
eigenspace splits into an even part and an odd part of dimension 343 and
384 respectively. Table [5.8| illustrates a fusion law that the multiplication in
this extended algebra obeys.
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1 0 1/3 —1F —19
1 1,0 1,0 1/3,—1%  1/3,—1F —19
0 1,0 1/3,—1% 1/3,—1F —19
1/3 1,0,—-1% 1,0,1/3,—1F —1©
—17 1,0,1/3,—1% —19
—1¢ 1,0,1/3,—1F

Table 5.6: Fusion law for the extended algebra with A = %

5.3.2 Algebras from 2A under the product g

We conclude this section by discussing the algebras obtained from the class
2A under the product g. We call an edge wa of I" to be of type O,0; if w € O;
and o € O;.

The group K acts on the set of ordered pairs whose end points both lie in Oy
with four orbits, of lengths 34560, 110592, 276480, and 276480, respectively.
Let wa be an ordered pair from the orbit of length 34560. Then w and « have
eight common neighbours in Oy and 92 in O;. An ordered pair in the orbit of
length 110592 has endpoints that have all the 100 common neighbours lying
in 01.

For an ordered pair from the first orbit of length 276480, the end points
have 98 common neighbours in O;. A typical ordered pair wa in the second
orbit of length 276480 is such that w and a have four common neighbours
in the orbit Os, and 96 common neighbours in O;. Thus, using the fact that
coefficients are uniformly distributed over O; and Os, the square of u; (we
will abuse notation and denote this by u?) before projecting is :

1
ul = 1798 (34560 - 92 + 110592 - 100 + 276480(98 + 96)) uy

1
+54 (34560 - 8+ 276480(2 + 4))
—  39280u; + 35840us.

The group K has a transitive action on the set of edges of type 0,05 and has
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1 0 2/3 2F 20
1 1,0 1,0 2/3,28  2/32F 20
0 1,0 2/3,2F 2/3,2F 20
2/3 1,0,2F 1,0,2/3,2" 20
2F 1,0,2/3,2F 20
90 1,0,2/3,2%

Table 5.7: Fusion law for the extended algebra with A = %

1 | 1,07 1,07 5 3 3 0
0 L0738 55 30553 083 0R3F] o
: R B I N
3 L0753 53 | o
2 1,07, 2 0°
0 1,0%4,3.3

Table 5.8: Fusion law for the extended algebra with \ = —3—11

two orbits of lengths 3456 and 17280 in its action on the set of edges of type
0105. An adjacent pair wa is such that w and « have 80 common neighbours
in O; and 20 in Os. Of those ordered pairs of type O;0; lying in the orbit of
length 3456, the end points have all their common neighbours in Oy; while
the end points of those edges of type O10; lying in the orbit of length 17280
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have 92 common neighbours in O; and eight in Oy. Thus, before projecting,

2 _ 80-32-54 +20-32-54u
2 = 1728 54 2

= 80u; 4+ 640us;

1 17280 - 8
= 4 1 172 2 _—
wy = 1o (3456 - 100 + 17280 - 92) uy ( - )u2
= 1120u; + 2560us.
Now,
a® = (uy — 32uy)?

= u — 64ujuy + 10243
= 39280u; + 35840uy — 64 (1120u; + 2560us) + 1024 (80u; + 640usy)
= 49520u; + 527360us.

Projecting, we have

a? = 495207 (uy) + 5273607 (us)
= 495207 (uy) — 5273607 (uy)
= —4778407 (u,)

1
= —477840 (—u1 — —)

= —14480 (u; — 32uy) = —14480a.

Using MAGMA, we get the fusion law in Table [5.9] where the eigenvalues

7 25 129 62 41 49 _ 26 i
505> — T80’ T8I’ 9057 181 3630 —gos are assigned the symbols a-h respectively.

5.4 Algebras from the class 28

In this section we present fusion laws for algebras obtained from the class
2B of involutions in Suz:2. Let z be an involution in this class. Then the
centralizer K = Cg(z) = 22.1(3,4).2? and has order 322 560. The restric-
tion of x to K contains the principal character and so the dimension of the
intersection of the space fixed by the centralizer of an involution with V' is
1 = (x|, 1k). The group K has three orbits in its action on 2, of lengths
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108 296

Figure 5.5: Orbit diagram: vertices
672

141120

51840 372960

Figure 5.6: Orbit diagram: edges

42,480 and 1260 respectively. We present diagrams (Figure and Figure
showing how the various orbits connect, as well as showing how many
edges of each type there are.

For the rest of the section, O; denotes the orbit of length 42, O, is the
orbit of length 480 and Oj is the orbit of length 1260. In the following table,
we summarise information about how K acts on the sets of edges of types
0,0;,i,5 € {1,2,3}.

In the next table, we summarise the distribution of common neighbours of a
typical edge in each orbit over the orbits Oy, Os, O3 of K in its action on ).
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From Figure 5.5 we have by Proposition |3.2.2] the action of the adjacency
matrix A of the graph I" on the fixed space of K has matrix :

16 14 8
B =160 108 112
240 294 296

The matrix B has eigenvalues —16,416 and 20, so that the fixed space meets
the algebra V' in a one-dimensional subspace. It is easy to verify that

(1h% — 1) is a 20-eigenvector of B. It follows that a = w; + j5ws — s5ws,
where
wi =Y xa,i€{1,2,3}.
a€e0;

We consider the projections of the vectors w; to V. We make use of the
diagram in Figure 5.5 We have:

m(wy) = (co+ 16c; + (42 — 1 — 16)co)wy + (14ey + (42 — 14)cy)wo
+(8C1 —+ (42 — 8)02)'LU3
20 7 2

= @Ull —+ %"LUQ — ﬁwg;

m(wy) = (160¢; + (480 — 160)cy)wy + (co + 108¢; + (480 — 1 — 108)¢y)w,
+(112¢1 + (480 — 112)c5)ws
40 7 4

= —w + s5We — ssws = 2m(wy);

33 33 33

m(ws) = (240c; + (1260 — 240)co)wy + (294¢; + (1260 — 294)co)wo
(eo + 2961 + (1260 — 1 — 206)cs)ws
20 7

= —Zwy — —wy + —wy = =3 ().
le 22w2+11w3 7(wy)

We find the square of @ under the Norton product. The pointwise product

1S
a”® = w + x 2w + L 2w
"Ta0) 7 10) °

49 1
= w+ Wa + ——Ws.

1600 100
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Projecting, we have that

-2 ws) + ()
1600 2 T 1p0™

49 1
= 7(w)+ m(%(wl) + m(_?’”(wl)

19 3
S (T S
( 100 100) m(w)

—§ @w+lw—£w
~ o32\33' 66 2 33°

a® = m(w)

5 +7 1
= —w;+ Wy — —w

s '64 % 16 °

5( +7 1 ) 5
= —(w + —=wy — —w3) = =a.

8 164 2 10 Y8

Thus, in order to have a to be an idempotent, we scale the Norton product
f by g. Using MAGMA, we find the eigenvalues of an idempotent a from
the V-subspace fixed by the centralizer of an involution. We find that a
is primitive and has eigenvalues 1, %, —%, —21—0, —%, % and % The —%-,
—%—, %— and %—eigenspaces split into even and odd parts, while the rest
of the eigenspaces are entirely even. As usual we we follow the convention
of writing ¥ for the even part of the u-eigenspace and p© for the odd part.
We have the fusion law shown in Table for the algebra in which the
eigenvalues %, —%, —2%, —%, %, 2—75 are assigned the symbols a, b, ¢, d, e and
f, respectively.

In Table[5.14] the eigenvalues 5/3,7/4,17/12 are assigned the values a, b and
¢, respectively.

The eigenvalues 17/22, —3/22, —2/11,—7/22,5/22 are assigned the symbols
a,b,c,d and e in Table 5.18

5.4.1 The extended algebras for the class 2B

In this subsection we present the fusion laws for the extended algebras. Since
a is primitive, the eigenvalues of the extended algebras can be found using
Theorem [2.5.6] (1). We use MAGMA routines to obtain the fusion laws for
each unital extension. We will present the fusion tables without comment
from now on. The eigenspaces which split can be inferred from the tables,
and all details follow from Chapter 4 and the discussion for the 2A case. The
fusion laws are given in Tables [5.13}5.18|
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In Table |5.13| the eigenvalues %, %, 3—(1), %, %, % are each assigned the sym-
bolsabcdeandf

The eigenvalues 5/7,—1/28, —
e, respectively, in Table [5.15]
In Table [5.16] the eigenvalues 7/10,1/30, —1/10,2/15,3/10 are assigned the
symbols a through e respectively.

The eigenvalues 2/3,1/9,1/12,7/36,1/3 are assigned the symbols a,b, ¢, d
and e in Table 517

% % % are assigned the symbols a, b, ¢, d and

5.4.2 Algebras under the product g

In this subsection we discuss the algebras obtained by considering the algebra
product g. We use the diagram in Figure and Table to find the
products w?}, wyws, wews and wi. We have:

40 672
2 = 672 = 2
W 67 180 wy + 60 1260 wg = Hbwy + 32ws;

4 36 60
— 6720 (= 6720 6720
Wi (42> W (480) w2 (1260>
— 640w, + 504ws + 320uws;

= 10080 i -+ 10080 10 + 10080 °0
wiwy = o)W 180 ) 2 1260
= 960w; + 840wy + 448ws;

= (14 - 480 + 14 - 960 + 6 - 10080 + 20 - 160 - 2 + 6 - 20160) w

1
+@ (44 - 480 4 44 - 960 + 28 - 10080 + 20 - 20160 + 28 - 20160) w,

1
+—— (42480 + 42 - 960 + 66 - 10080 + 66 - 20160 + 78 - 20160) ws

1260
= 5760w; + 2736wy + 2880ws;
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1
waws = 5 (4 - 20160 + 4 - 40320 + 2 - 80640) w

1
—i-@ (28 - 20160 + 28 - 40320 + 24 - 80640) w

1
+-—— (68 - 20160 + 68 - 40320 + 74 - 80640) w

1260
= 9600w; + 7560wy + 8000ws;

and

75 (810080 +2- 80640 + 2 - 161280) w

180
1

+ (52 - 10080 + 76 - 40320 + (70 + 76) - 80640 + 70 - 161280) wy

1260
= 13440w; 4 21000wq + 21152ws.

We now compute a? under the product g. Before projecting, we have

) LT 1 \?
@ = A\ T 10"

7 1 19

= wi+2 —2 w;

Wit elgg )T 210 ) s T Te00 ™

7 1
9 — 2
(400) 2t + 155"
7
= (36ws + 32uws) + 55 (640wn + 504w, + 320w5)
1 49
— 7 (960w, + 840w, + 448ws) + oo (5760w, 2737w, + 2880w,)

7
~300 (9600w, + 7560wy + 8000ws3)

1
g (13440wy + 210000, + 21152w)

34 9359 1853
= —w+ wy + ws.

3 100 25
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After projecting, we have

34 9359 1853
a2 = gw(wl) + Wﬂ—<w2) + 2—57T(w3)

34 9359 1853

= pr(w) + o @r(w) + —-=

_ (31,9359 3(1853) ()
— \5 " R0 o5 )™\

(=3m(w1))

T T p0 WWUT o5 (33" T g6 T 331
86 301 43 86

002t 5"

= 1— ——=

5
Thus, we scale the product g by —% to make a an idempotent. Using
MAGMA, we obtain the fusion law in Table for the algebra where axes
are fixed by the centraliser of a 2B involution. For reasons of space, we drop
the superscript F for the even part of a space which splits. The eigenvalues
302 521 511 _ 468 _ 563 38 _ 853 _ 281 554 81 _ 853

130 1290 430 430 1720 13 5160 43 43 430 516 Are assigned symbols a-k

in order.

5.5 Algebras from the class 2C

In this section we discuss the subalgebra of dimension two fixed by the cen-
traliser of an involution in the class 2C' of involutions. Let z € 2C be an
involution. Then the centraliser K := Cg(2)of z in G has order 2 419 200
and is isomorphic to Jy : 2 X 2, which is the stabiliser of an ordered pair in
the Suzuki graph I'.

The group K has four orbits on §2 of lengths 2, 100,630 and 1050. We fix the
following notation. By 01,0, 03 and O, we refer to the orbits of lengths
two, 100, 630 and 1050 respectively. As before we identify w € Q with the
standard vector x,. We want to study the subalgebra U that is fixed by
the subgroup K. This has the orbit sums as a basis in W. We will use the
following for the orbit sums:

w; = Z Ty

we;

We first give information about how K acts on the graph. The two vertices
in O are adjacent, a vertex in O; has 100 neighbours in O, and 315 in Os. A
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vertex in Oy has two neighbours in O, 36 in O, 126 in O3 and 252 neighbours
in O4. A vertex in O3 has exactly one neighbour in Oy,20 in O, 155 in O3
and 240 neighbours in Oy4; while a vertex in O4 has 24 neighbours in Oy, 144
in O3 and 248 neighbours within O,. We summarise this information in the
orbit diagram depicted in Figure[5.7. It follows by Proposition that the

1 36
315 252
1 24
144
630 510 1050
155 248

Figure 5.7: Orbit diagram for the centraliser of a 2C" involution

action of A on U has matrix:

1 2 1 0
B_ |100 36 20 24
~ 315 126 155 144

0 252 240 248

The matrix B has constant column sum so that (111 1) is an eigenvector with
corresponding eigenvalue 416. The other eigenvalues are —16 and 20, with
multiplicities 1 and 2 respectively. It follows that the subspace U intersects
V' in a two-dimensional subspace. We will fix a basis for this subspace in the
ensuing discussion.

It can be easily checked that the vectors (1 2 — £ 0),(1 106 0 — =) form a
basis for the 20-eigenspace of B. We let

- +2 1 B n 19 1
a1 = W1 5w2 15“’3, Gy = Wy 100w2 50w4.
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We can easily check that ai,ay € V. We perform the calculation for a;. We
have :

2 1
CllA = (w1 + 521)2 — E’w?,) A
2 1
= wlA —+ UJQA — 1—5U}3A

2
= (w1 + 2w2 + wg) + g (10011)1 + 3611)2 + 20’(1]3 + 24w4)

1

= 2021)1 + 8w2 - %wg, =20 (U)l + ?U)g - 1—1521)3) = 200,1.

We conclude that a; € V. Similarly, as € V. Thus, {a;,as} is a basis for
U= ian(W) NV.

We discuss the projections of each of the vectors w;,i € {1,...,4} to V. The
projection of wy to O has coefficient %3‘; +T88 = 1514858, since a vertex in O; has
exactly one neighbour in O;. Since a vertex in Oy has two neighbours in Oy,
wy has coefficient 2 (1188) = 29 - The projection of w; to O3 has coefficient
% + ( 297) since a vertex in Oz has one neighbour in O;. Because both

vertices in O; are not adjacent to any vertex in Oy, the coefficient of the

projection of wy to wy is 2 (—2%7) 297 Let 7 : W — V be the projection
of W to V. Then we have shown that
545 25 17 4
W(wl) wy, + —

1183 5042 " 1188 T 297"

A vertex in O is adjacent with 100 vertices in O, so that the projection
of wy to O; has coefficient 100 (1188) = %. Because a vertex in O, has
36 neighbours in Oy and hence 63 non-neighbours in the same orbit, the
coeflicient of wy on Oy is ;gg + 36 (1188) + 63 ( 297) = %. A vertex in Osy
has 20 neighbours in O,, leaving behind 80 non-neighbours in Oy. Thus, the

coefficient of wy on Oj is

25 2 35
20 ( —— — ) =
0 (1188) 80 ( 297) 297

The projection of wy has coefficient 24 (1188) + 76 ( 297) = —23—7 on O4. We
conclude that
2500 229 35 2
7(wy) = T1ag ! + 39702 T 597 W ~ 597 Wa-
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The coefficient of the projection of w3 to Oy is 315 (1188 237) = ‘;’gg, since a

vertex in O; has 315 neighbours and 315 non-neighbours in O3. The coefficient

on Oy is
25 2 49
126 | —— 630 —126) [ —— )| = ——.
(1188) * ) ( 297) 66

A vertex in O3 has 155 neighbours in O3 and 630 — 1 — 155 = 474 non-
neighbours in the same orbit. The coefficient of the projection of w3 on O3

18
130 25 2 67
— 41 —_— 474 | —— | = —.
297 159 (1188) 47 ( 297) 132

The projection of w3 to O4 has coefficient

25 2 8
144 [ == S (=) ==
(1188)+(630 )( 297) 33

(ws) 595 49 L 67 67 8
m(w3) = —w; — — - —
VT2 66 2 1320 33t
Because O, and O, are non-adjacent, the projection of w4 to O has coefficient
1050 ( 700 . The coefficient of the projection of wy on O, is

Consequently,

297) -

25 2 7
252 () 4 (1050 — 252) [ — =z | = ——.
(1188) * )< 297) 99

On 03, the projection of wy has coefficient 240 (122:) + (1050 — 240) (=52 ) =
99. Finally, the projection of w4 to O4 has coefficient

130 25 2 26
248 [ =) 4+ (1050 — 1 — 248) [ ———= | = =
ag7 T4 (1188) + (1050 8) ( 297> 99

Therefore, the projection of w4 to V is:

(1) = 700 7 40 n 26

(W) = ——w; — —Wy — —W3 + —Ww

! 99 1T 99" T 99" T gg

We next find the ad,,-matrices, ¢« = 1,2 on U with respect to the two alge-
bra products. We start with the Norton product. The square of a; before

projecting, is



Projecting to V, we have :

w(ai?) = m(w) + gemlun) + poem(us)
545 25 17 4
- (1188w1 TR RETT R ﬁw‘*)
4 [2500 229 35 2
T3 [1188w1 T o972 T o978 T ﬁw“}
1 [595 49 67 8
295 {@wl - 6—6w2 + @'LU;} - §w4}
1211 1204 17 116

1485t 74052 T 7405 T 7aas

To express this product as a linear combination of a; and as, note that for
some scalars aq, an € Q,

L2 LY L 10 1
G W gt g Ws | a2 | W gt T gt

~ (on tagun o+ (2o 20
= aq Q2 )W 50[1 100052 w9 W3 Wy.

a1aq + 209

We conclude that the coefficients oy and «y for a% are

17 17 116\ 232
—(—15) (ot ) = L ap = (=50) (ot ) = 222,
o= (=19) ( 7425) 195702 = (=50) ( 7425) 297

Thus, a? = %al + %a; Before projecting, the pointwise product of a; and
Qs 1is:

. L2 1 L 19 1

a a = w —Wo — —W w — Wy — —W

e LT g2 153 " 00 2 50 ¢
19

= W + ﬁwg.
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Projecting to V, we obtain

19

m(a; xaz) = w(wy)+ %U}Q
545 25 17 1
:(M%M+EW”U%W_EWO
19 (2500101 29 __Eﬁlug__._%_uu)
250 \ 1188 * T 2972 T 297" T 297
245 1246 53 173
= 306" T 12372 T 9300 12375
53 346
= —@Oh + ECL%
where —% = (—15)- (%) and % = (—50) - (—12173375) )

Finally, under the Norton product, the pointwise product a3 before project-
ing is
361 1

10 0002 T 2500

2
a; = wp +

Projecting, we have that:

m(ay?) = w(w) + 15)6010077(1112) + 5 51007T(’LU4)
545 25 17 4
::Qmw+@w+mwrﬁwg
361 (2500 229 35 2
10000(1188w1 55?“@_'555“%__§§?u“>
1 700 7 40 2
3500 (‘@“ﬂ T 92 gt T @W)
T 4613 6 49
13200 T 660002 66000 ° 33000
653 449
~ T 1400™ T 660"

Therefore, the adjoint action of a; and as relative to the Norton product f
have matrices:

17 232 _ 53 346
105 297 f 660 495
ad, | = ad =
[ad,, ] T a , [ada,) s i
660 495 1400 660
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We find the ad,,-matrices ,7 = 1, 2, with respect to the second algebra prod-
uct g. We first give more information about the Suzuki graph I'. As mentioned
at the beginning of section, the stabiliser of an ordered pair wa € E(I") is the
group K = J5:2 x 2, and this group acts on €2 with four orbits. The lengths
of the orbits are 2,100,630 and 1050 respectively. We discuss the way the
vertices from these orbits connect with vertices from the same orbit and from
different orbits.

There are two ordered pairs with end points in the orbit O;. There are 200
ordered pairs wa with w € O; and o € Oy. We remark that if ¢ # j, then the
number of ordered pairs wa with w € O; and « € O; is equal to the number
of ordered pairs aw with o € O; and w € O;, since the graph I' is undirected.
The number of ordered pairs wa with w € O and a € Oy is 630.

There are 3600 ordered pairs both of whose end points lie in Oy. Ordered
pairs wa with w € Oy and o € O3 number 12600. There are 25200 ordered
pairs wa with w € Oy and o € Oy.

The number of ordered pairs wa with both end points in O3 is 97650, while
the number of ordered pairs wa with w € O3 and a € Oy is 151200.

Finally, there are 260400 ordered pairs with both end point lying in the orbit
O4. We summarise this information in the orbit diagram shown in Figure
5.8, where we collect the edges according to the orbits they link; and the
number of edges of each type emanating from a typical point of each orbit is
displayed.

2 3600
<:§:>200 200/ 700
630 25200
630 25200
12600 151200 /"
630 51900 1050
97650 260400

Figure 5.8: Orbit diagram for the centraliser of a 2C" involution: edges

To compute the products of the vectors w;, it is necessary for us to know the
distribution of the common neighbours of adjacent vertices of each type.
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The ordered pairs in O; have all the common neighbours of the end points
lie in Oy. An adjacent pair wa,w € O1, a € Oy is such that the pair has one
common neighbour in Op, 36 in Oy and 63 in O3. An edge wa with w € O,
and « € Oz is such that w and « have 20 common neighbours in Oy, and 80
in 03.

An adjacent pair both of whose end points lie in O, is such that the end
points have two common neighbouirs in Op, 14 in O,, and 42 each in Oj
and Oy4. If w € Oy and a € O3 are adjacent, then they have one common
neighbour in Oy, 12 in 0,31 in O3 and 56 in O4. For wa € E(T'), with
w € Oy and a € Oy, the vertices w, a have six common neighbours in O, 28
in O3 and 66 in O,.

The end points w, o € O3 of an edge wa have one common neighbour in Oy,
six in 09,47 in O3 and 46 in O4. For wa € E(I'),w € O3 and a € Oy, the
vertices w, a have four common neighbours in O, 36 in O3 and 60 in Oy.
Finally, two adjacent vertices from O, have twelve common neighbours in
05,24 in O3 and 64 in O4. Table [5.20]is a summary of this information. The
edges are catergorised under types O;0;,1 <1 < j < 4, where this notation
denotes that the first endpoint w of an ordered pair wa lies in the orbit O;,
while the second point « lies in O;. We note that for ¢ # j, there are edges of
the form O;0; which we do not display as they are captured in O;0;. We are
now ready to give the products of the vectors w; amongst themselves under
the second product g.

From the preceding discussion, and the fact that coefficients of products are
equally distributed over orbits, we have the following products:

w? = (2 x 100) /100wy = 2w, (5.16)
(200 x 1) N (36 x 200) . (63 x 200)
wiw = —Ww w w
12 9 ! 100 2 630 3
= 100w, + 72wy + 20ws, (5.17)
ST 1000 2 630 °
= 126wy + 80ws, (5.18)
Wi1Wy = OW, (519)
) 3600 x 2 . 3600 x 14 N 3600 x 42 N 3600 x 42
w = w w w —_— W
2 2 ! 100 2 630  ° 1050
= 3600w; + 504w, + 240ws + 144wy, (5.20)
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1-12600 . 12 - 12600 . 31 - 12600 . 56 - 12600
wow = w w —_— W — W
273 2 ! 100 ° 630 1050

= 6300w; + 1512wy 4 620ws + 672w,. (5.21)

The rest of the products, namely w3, wsw, and w3 are not straight forward
to obtain, as the group K does not act transitively on the sets of edges of
the form 0303, 0304 and O40,4. We will look at these separately.

The group K has four orbits in its action on the set {walw,a € O3} of
edges both of whose end point lie in Oz. The lengths of the orbits are
630, 6300, 40320 and 50400, respectively. A typical edge wa with w,a € O3
lying in the orbit of length 630 is such that w and « have 20 common neigh-
bours in O, and 80 common neighbours in O4. An ordered pair in the orbit of
length 6300 has end points which have twelve common neighbours in O,, 16
in O3 and 72 common neighbours in O4. An edge in the orbit of length 40320
has endpoints which have 40 common neighbours in O3 and 60 common
neighbours in O4. Finally, adjacent vertices w, a with wa lying in the orbit
of length 50400 have one common neighbour in Oy, six in Og; 47 and 46
common neighbours in the orbits O3 and Oy, respectively. Thus the product

2 5o
ws 1s:

, _ L5040 <20-630+12-63004—6-50400)w2
2 100
16 - 6300 + 40 - 40320 + 47 - 50400
+’( 630 )7”3
+_(80-630%—72-6300%—60-40320%—46-50400)QH
4

1050
= 25200w; + 3906w; + 6480w; + 4992w, (5.22)

The action of K splits the set of ordered pairs wa,w € O3 and a € Oy into
two orbits of lengths 50400 and 100800, respectively. The end points w, a of
an edge wa lying in the orbit of length 50400 have six common neighbours
in Oy, 32 in O3 and 62 common neighbours in O4. The end points of an edge
in the orbit of length 100800 have four common neighbours in Oy, 36 in O3
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and 60 common neighbours in O4. Consequently;,

Ww3wys =

6 - 50400 + 4 - 100800 32 - 50400 + 36 - 100800
Wo + w3
100 630
62 - 50 + 60 - 100800
1050 4
= 7056w, + 8320w + 8736w, (5.23)

To get the product w?, we consider the action of K on the set of the 260400
edges both of whose end points lie in O4. The group has three orbits in this
action. The lengths of the orbits are 25200, 33600 and 201600. A typical edge
wa in the orbit of length 25200 has end points w and « sharing two common
neighbours in Oy, 44 in O3 and 64 in Oy.

The end points w,a of an edge in the orbit of length 33600 have twelve
common neighbours in Os, 24 in O3 and 64 in Oy.

An edge in the orbit of length 201600 is adjacent with vertices w, a which
share six common neighbours in Oy, 36 in O3 and 58 in O4. Thus, we have,

e = 100
44 - 25200 + 24 - 33600 + 36 - 201600
+ w3
630
. 54 - 25200 + 64 - 33600 + 58 - 201600
w
1050 4
—  16632w, + 14560w; + 14480w,. (5.24)

9 (2 - 25200 + 12 - 33600 + 6 - 201600> w
2

We find the the products a?, ajas, a3 under the second product. Before pro-
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jecting to V., we have

1 2 2 1

wl(wl + ng — 1—5w3) + g’ll)g(wl + ng — 1—511)3)

1( +2 1 )

- Wy — —W

15 1T 52T s

2—1—2 L +2 w—|—4w2 2ww lww

w —W{Wy — —WW —w —wi — — R —

T D S DT St A T
I

—%wgwg—l—%w?)

2—1—4 2 wa + 4w2 4ww + 1 w2, by commutativit

w —W{Wy — —W — w5 — — — ,

LT ptntia T titls T ety T g2t T o0 51, BY Y

4 2
2w + = (100w + 72w + 20ws) — = (126wp + 80wy)

4
+%(3600w1 + 504ws + 240w3 + 144wy)

4
—7—5(630011)1 + 1512wy + 620wz + 672w,)

1
——(25200w; + 3906w; + 6480w;s + 4992wy)

125

s, 4 1304 502 704
—W —Wy.

WL g W2 T g s T gt

Projecting to V, we have

1504 592 704
m(ad) = 432r(wy) + 2—57r(w2) + 1—57T(w3) + %W(w@

o (45, BT 4
= — Wy — ——=W
1188 T 5942 T 1188 T 297™

1504 /2500 229 35 2
T (1188w1 T g7 T g7 T ﬁw‘*)

592 /595 49 67 8

T (E“’l BT T ﬁ“’”‘)

704 /700 7 0 26
‘|’7—5 (—9—911)1 — @U)Q — @@Ug + 9—9’LU4)
120584 256928 22768 98044
= oo T o5 W2t gy WP T aop WM
22768 197888
= TTgg Mgy ™
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22768 _ 22768 197888 _ _ 98944
where —=50% = T35 (—15) and 55 = —%52(=50).

Likewise, the square of as is

SNV E CIVS EVNE DM IS B
@2 = T 160" T 50" T 100" 1002 7 50"
1 (0n + o1
50 N 100 T 50

—w2+£ww—iww +£ww+ 22w2 19 1ww
O 100 M 50 U 100 2 " \100) 2 100 50 2t

1 119 . 2,

- - — w

50 YT T 50 T 100 2T\ Tg )
4199 10679 1697 131

= w1y + Wa

25 550 W2 T g5 s T g5t

Projecting, we have

4199 10679 1697 131
m(a3) = 5 T(w1) + e m(we) + o (ws) — o)

4199 ( 245 25 17 4 )

95 \ 1188t T 504" T 1188™® ~ 297"

10679 (2500 229 35 2 )

250 \ 1188 ' " 297"% " 297" T 297"

1697 /595 49 67 8
ﬁ(@ Y6 T e T 3 )
131 700 7 40 26

T1% (—@ ‘17 gt 2‘@“’3%“’4)
194327 247499 19321 25229

825 5250 W21 105 W T o5 W
19321 50458

275 165

9.

The final piece to get the required matrices is to determine the product of
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a; and ay. Thus,

2 1 19 1
ajty = w1 + gwg — ng |l w + 1—00w2 — %UM

2 19 1 R L2019 5 21
= w oW Wy — W W —WoW e 7 p— 7
L7700 22 50 VT2 T 510002 5 50 200
1 1 19 IR
——w3w1 — — + —WwW3Ww — - —WaW
15 2 157100 ° 2" 15 50 °¢
_ w2+ﬁww—iww+£w2—iww_iww
= T 00 T 5 M T 9502 T g 2T T
19
— —w—3
1500w2w3—|—750w Wy
— 2ws 4 22 (100w + T2ws + 20ws) — -0
- 2 100 2 37 5 W
19
525 (3600wn + 504w, + 240w + 144w)
1 1
—— (1512w, 4 1120ws + 1584w,) — — (126w + 80ws)
125 15
19
_TaﬁUBMMM+150w2+6ﬂMQ+GDwQ
1
+ﬁ%(nm&@+4wmm@+8ﬂmw@
1264 6563 1424 176
= w w w —Wy.
5 25 2T 75 3T gt

Finally, projecting to V, we have

1264 [ 545 25 17 4
WW”:'?_QBW”GQW+M%W_EWQ

@ (2500w1 + @wg — ﬁwg, — iw4)
125 \ 11881 T 207" T 207" T 297
1424 (595 49 67 8
e (Ewl — %wg + @wg — §w4>
176 (700 740 26

+E5 (_Ewl - ®w2 — ®w3 + ®w4>

149576 457352 16072 98806
- UL 9375 2T o475 B T 123751

495
16072 %_197792

et —_ a as.
165 *+ 7 495 ?
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We conclude that the matrices of ad,,,? = 1, 2 relative to the second product
are:

22768 197888 16072 197792
g __ 99 297 g __ 165 495
[adg,|? = , [adg, ] =
_ 16072 197792 19321 50458

165 495 T 275 165

Recall that a general algebra product ¢ = a1 f + asg, for some constants
ay and ap. We wish to identify possible axes in the subalgebra U. We set
u = [ray + Paasg, f1, P2 € Q. For u to be an idempotent,

frar + Baas = ad,(u) = uxu
= (ﬁlal + Braz)(Brar + Praz)
Biai + 261 Baaras + Baas
= sap + tag, say.

Thus, s — 8y = 0 and t — S5 = 0. But we have
ad,(u) = Biglar,ar) +261620(a1, as) + B30(ar, az)

= 512 [ f(ar, a1) + azg(ar, ar)] + 25162 [on f(ar, az) + aag(as, az))
+63 [ar f (a2, az) 4 azg(az, az)]

9 17 232 22768 197888
= 61 —a1+ ——=as | +ay | — ap + as

495" " 297 99 207
+251 P2 {al (: ﬁal + %az) + o (— 16072a1 + 197792a2>}
660" " 495 165 192
, 653 449 19321 50458
b2 {0‘1 (_4400a1 - @“2> T <_ 275 T 165 a2>}
17 22768 53 16072
= (51 {495 41~ 99 } 20152 [—@ T a2] +
[ 653 19321
62{"44000“'_ 275 QQ}) “
232 197888 346 197792
+'({§§?O“‘+ 297 ‘”4 Pi+ {495 05 a{‘5152
+ {@&1 + 50458042} 52) a
660 165 2) 72
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The conditions for u to be an idempotent become :

17 22768 53 16072
= ( a2) B? 42 ( Oéz) B152

10517 99 6601 165
653 19321
(_44000‘1 T 275 )52 B, (5.25)
232 197888 \ ., (346 197792
- (== 9 —ee
<2970‘1+ 207 “)51 (495 T 95 >ﬁ162
49 50458\ .,
+(66O M 65 0‘2) by = P (5.26)

Since Equations ([5.25]) and (5.26)) are linear in a; and s, we have the matrix
equation:

653 A2 22768 32144 19321

49561 _3305152 110072 ( At + o5 P1b2 + 55 ) o3 o b

282 32 | 692 449 n2 197888 395584 50458

mﬁl 1020102 + 55555 207 BE + 495 51524-%52 o B2
(5.27)

We discuss the cases where u = p1aq or u = PBaaq, with 31, f2 nonzero in the
respective cases. In the first case, 85 = 0. The matrix equation becomes :

22768
495/82 ﬁl o _ 61 (5 28)
232 197888 ’ '
29751 297 B Q2 0
_ 23190 _ 435
Thus, we have o = 70105, 02 = ~ 7781,

If on the other hand, u = faas, B2 # 0, then 8; = 0 and Equation ({5.27))
becomes:

_ 653 p2 19321 2
4400B2 275 /62 a1 — 0 (5 29)
449 92 50458 22 '
@/@2 165 65 &) B2
which has solution oy = 2340, = 3265

2653753 ° T 5307455 "
We consider the case a = f1a; + [Baas with §; # 0, B2 # 0. In this case, we

want the algebra product ¢ = a; f +asg to associate with the unique bilinear
form. In particular, we want to have (ajas,a) = (a1, aza). But, we have
asa = ¢(ag,a)
= Big(az, a1) + Bag(az, as)
= Bilonf(a, a1) + aaglaz, a1)] + B2 [ar f(az, az) + azg(as, as)] .
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Expanding, we have

. 5 [ 53 . 346 N 16072 N 197792
p— —_—— — a —
2 LU 7660 T 20952 2\ 7165 T 405 2
iy o (- 653 +449 N 19321 +50458
21\ T 100" T 660" ) T\ T a7 T 16 2
16072 653 19321
= {—@ 151 — 165 —— b — 1400 o Py — 975 04252} a1
346 197792 449 50458
{495 181+ 195 s + — 660 aifs + 165 04252] as.
On the other hand,
a1a2 ¢(a1,a2)
= aif(as,a2) + azg(ar,az)
_ (58 . 346 a 16072 197792
= U660 T 195" 2\ 7165 " T405 2
_ (B3, 16072 . 346 N 197792
- 660 165 %) T \495 T 495 )R
The inner products become:
(1102, 0) 53 16072 N 346 N 197792 Biay + 8
1042, 660a1 165 Qo | Q1 495a1 495 Qg | A2, 0147 202
B 53 16072 8
= 660 1 165 Qg | a1, P107
. 346 197792\ 8
95 1 195 2 2, Y101
([ 53 16072 8
6607 T 165 7)) v
. 346 197792 P
—
4951 T T 42) On 2@
53 16072 346 197792
= —(@ 1 s )51( ai,ar) + (@@1—% 195 042) Ba(az, as)
. 346 197792 8 53 N 16072 Y )
195 T Ta95 )P T a0 ™M T T1es 7)) 7)) W2
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16072 653 19321
(alua’2a) = ( {—@ 181 — 165 ——afy — 4400 ayfe — 575 04252] ai
346 197792 449 50458
[@ 181 + 195 042514—@041524- 165 04252] a2)
16072 653 19321
= [—@ 181 — 165 gy — 4400 ayfBs — 575 CY252] (@17611)
346 197792 449 50458
+ [@ 181 + 195 04251*—%04152-1— 165 04252] (a1, as).
Now,
( - N ) 1 N 9 1
ai,ay) = w1 5w2 15w3,w1 5w2 15w3
B 1+4+ 1 406
N 5 225 225’
( ) +2 1 . 19 1
al, a = w WwWo — —W3, W — Wy — —W
1, W2 1 52 15 3, W1 1002 504
2 19 269
= 14=. = ===
5 100 250
and
( ) . 19 1 N 19 1
Ao, A = w —W — Wy —W —W
2002 ! 100 27 50 T T 100" T 50™
(Y + 1 2_2073
N 100 50/ 2000’
using the fact that (w;, w;) = ¢;;, since the entries of w;,i = 1,2,3 are 0, 1.
We conclude that
( ) 295427 Bt 47182912 Bt 52643 5, - 5380458 6380458 8
a1, a [0 —_— — —_—
1 371250 71T 185625 2t T 825000 2T 20625 2°
and
( - 295427 8 +47182912 " +28723 Byt 12515477 5
@)= 5507t T 185625 61875 172 T Te1g75 2P
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Equality of (ajaq,a) and (a;, asa) gives the equation:

52643 6380458 28723 12515477
525002 * 0625 227 = Grars 2 T Torgrs 2l (330)
That is,
43037 6625897
0 = 6625897
24750072 T 1875 2%

_ (43037 +6625897a 4
— \247500" " " 61875 )P

It follows that a; = 2i5300335;38a2.

For the case By = 0, we set §; = 1 and hence a; = 273014990 and ag — 11423758 - Com-
putation with MAGMA gives the eigenvalues of the corresponding idempo-
tent as : 2106 1 681 5346 _ 1111 _ 702 _ 1633 _ 696 533 _ 2271 5619 14}y

A5 7049) ©0 281967 70497 70497 7049~ 281967 70497 140987~ 7049’ 7049

multiplicities 63, 1, 160, 1, 28,90, 160, 140, 36, 28, 1, respectively. Thus, the or-
thogonal decomposition arising from the adjoint action of the idempotent
does not span the whole space. A similar result is obtained for the case
where 5, = 0 and 35 # 0. Since in the last case discussed f; plays no role, we
conclude that the orthogonal decompositions of spaces arising from idempo-
tents arising for the class 2D do not span our algebra V. Thus, we need to

pass to an extension field to get all the eigenvalues.

5.6 Algebras from the class 2D

In this section we show that the fixed space of the centraliser of a 2D invo-
lution intersects V' in the trivial subspace. Let K be the centraliser of an
involution in the class 2D. Then K has order 380160 and has isomorphism
type Mio:2 x 2. The group K has two orbits in its action on 2, of lengths
792 and 990, respectively. The distribution diagram is shown in Figure |[5.21|
By Proposition [3.2.2] the matrix of the action of A on the subspace spanned

—go 1240 192@

176 224

Table 5.21: Distribution diagram relative to a 2D centraliser
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by the orbit sums is :

176 192
€= [240 224] '
The matrix C' has eigenvalues 416 and —16. We conclude that the intersection
invg(W) NV = {0w}. Thus, we cannot identify axes from this class of
involutions.

146



b yonpoiad o) I9punN SUOTIN[OAUT /g Aq POXI Soxe 10] MB[ UOISIL] :6'G 9[RBT,

Jopotgn
f'poqn  [90DQDT
y'b y'b 2P0l
y‘b y‘b ‘D 2°q
y‘b y ‘D 2 PO
y'b y'b D o P9 Pl
y'h y'b w9 g qQ 2poiqn
y'b y b o'poiq fo [ ['vo [g'v 2P
Y b / g p 2 q
Y b ! 2 p 2 q

147




Type  Size  Action transitive or not

0,0, 672 Yes
0,04 6720 Yes
0103 10080 Yes
0,0, 51840 No, five orbits
0,05 141120 No, three orbits
0505 372960 No, five orbits

Table 5.10: Summary of action of the centraliser of a 2B involution on edges

Type | Orbit length | Distribution (common neighbours)
O O O3
0,0, 672 0 40 60
0,0, 6720 4 36 60
0,04 10080 4 40 56
480 14 44 42
960 14 44 42
050, 10080 6 28 66
20160 2 20 78
20160 6 28 66
20160 4 28 68
0503 40320 4 28 68
2 80640 24 74
10080 8 40 52
40320 0 24 76
0303 80640 2 28 70
80640 0 24 76
161280 2 28 70

Table 5.11: Distribution of common neighbours for end points of edges
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Type | O1 | Oy | O3 | Oy
0.0:] 0 [ 100] O 0

00,5 | 1 36 | 63| O

005 | 0O 20 | 80| O

0,05 | 2 14 | 42 | 42
0,05 | 1 12 | 31 | 56
0,0, | 0O 6 28 | 66
0305 | 1 6 47 | 46
030, | 0O 4 136 | 60
0,04 | 0O 12 | 24 | 64

Table 5.20: The distribution of common neighbours of edges of various types
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Chapter 6

Conclusion

In this chapter we summarize the whole thesis and discuss some possibilities
for future work as well as some limitations faced in the work.

6.1 Overview

In this thesis we have described ways of constructing axial algebras admitting
the sporadic simple groups HS and Suz, together with their automorphism
groups. The aim of the constructions was to provide a common source of
these sporadic simple groups. G. Michler [Mic06l, Mic10] has attempted such
a scheme by way of an algorithm which he used to construct many of the
sporadic simple groups. We have mentioned in the introduction that the
sporadic simple groups have been obtained by ad hoc methods under differ-
ent circumstances and that an open problem post classification, is to find a
unifying theory explaining their existence.

The theory of axial algebras is another possible attempt for such a unifying
theory. The present work fits into this framework, and as a first attempt,
tries to construct axial algebras for the sporadic groups. In particular, it
will be very desirable to construct axial algebras for the pariahs. In work
not presented in this thesis, we have shown, using methods described in the
thesis, that axial algebras for Janko’s group J; exist.

From the rank 3 graph of Livingstone, backed with character theory, we see
that a 56-dimensional module of J; supports a commutative algebra struc-
ture and that such an algebra admits a unique, up to scalar, symmetric
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Ji-invariant bilinear form which associates with the algebra product.

An algebra invariant under .J; was constructed over the quadratic field Q(v/5)
by the eigenvector decomposition of the permutation module of the rank 3
permutation representation of J; via the association scheme arising from the
rank 3 graph. However, in identifying axes, we find that the eigenvalues of
idempotents are irrational and do not have nice representations over Q(v/5).

This creates a computational problem since the computations are messy and
consume a lot of memory.
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