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Abstract

This thesis is focused on the construction of optimal designs for detecting drug interaction
using the two-variable binary logistic model. Two specific models are considered: (1) the
binary two-variable logistic model without interaction, and (2) the binary two-variable logistic
model with interaction. The two explanatory variables are assumed to be doses of two drugs
that may or may not interact when jointly administered to subjects. The main objective of
the thesis is to algebraically construct the optimal designs. However, numerical computations
are used for constructing optimal designs in cumbersome cases. The problem of constructing
optimal designs is to allocate weights to specific points of the design space in such a way
that information associated with model parameters is maximized and the variances of the
mean responses are minimized. Specifically, the D-optimality criterion discussed in this thesis
minimizes the determinant of the asymptotic variance-covariance matrix of the estimates of
the model parameters. The number of support points of the D-optimal designs for the two-
variable binary logistic model without interaction varies from 3 to 6. Support points are
equally weighted only in case of the 3-point designs and in some special cases of the 4-point
designs. The number of support points of the D-optimal designs for the two-variable binary
logistic model with interaction varies from 4 to 8. Support points are equally weighted only in
case of the 4-point designs and in some special cases of 8-point designs. Numerous examples

are given to illustrate theoretical results.
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1

Introduction

1.1. Background

Experiments on drug interaction are conducted in many research areas such as agriculture,
pharmacology and medicine. Statistical modelling of responses to drug interactions is well de-
veloped in literature, and the models are now easily fitted using statistical software packages
such as SAS, STATA, SPSS, GENSTAT and R. Errors in statistical analysis such as choosing
the wrong model can be variously corrected. However, a poorly designed experiment such as
a clinical trial is difficult or impossible to correct at later stages, and thus as a consequence
results from a weakly planned experiment can be misleading. The focus of this thesis is on
the construction of optimal designs for detecting drug interactions from which synergy is the
desirable effect. The advantage of optimal experimental designs over classical experimental
designs, such as factorial designs, is that they provide accurate or precise answers to experi-
mental questions with minimum experimental effort or cost (see for example Atkinson, Donev
and Tobias (2007, p. 7). There are many optimality criteria in the theory of optimal designs.
The most applied optimality criterion is the D-optimality which maximizes information about
all the parameters of a statistical model by minimizing in some sense the variance-covariance

structure of the estimates of the parameters.

Even though the theory of optimal designs originated from the work of Smith (1918), it
was not fruitful until the 1950s when much research work started to be published (Elfving
(1952), Chernoff (1953), Guest (1958), Hoel (1958), Box and Lucas (1959), Kiefer (1958),
Kiefer (1959), and Kiefer and Wolfowitz (1960)). Since the 1970s, a large number of articles
on optimal designs emerged. Most of these were related to Kiefer’'s work, generally treating

optimal design for linear fixed effect models. Kiefer (1974) gives a good summary of the



Chapter 1 — Introduction

findings.

There are quite a few textbooks in the English literature written on optimal designs. These
are subdivided into two groups, textbooks and conference proceedings. As far as textbooks are
concerned, a comprehensive pioneering textbook on optimal design is that by Fedorov (1972).
The book by Silvey (1980) gives a very good summary while the books by Atkinson and Donev
(1992), and Atkinson et al. (2007) give a more accessible account to the theory of optimal
design. Other books are those by Pdzman (1986), Shah and Sinha (1989), Pukelsheim (1993)
and Fedorov and Hackl (1997). All these books focus on optimal designs for linear models.
Some other general books that treat optimal design for linear and nonlinear models are those
by Chernoff (1979), Ghosh and Rao (1996), Schwabe (1996), Dette and Studden (1997), Miiller
(1998), Liski, Mandal, Shah and Sinha (2001), and Seber and Wild (2003, Section 5.13).

There are also a number of published MODA (Model-Oriented Design and Analysis) con-
ference proceedings. MODA proceedings go back over many years, and include: Dodge,
Fedorov and Wynn (1988), Fedorov, Miiller and Vuchnov (1992), Miiller, Wynn and Zhigl-
javsky (1993), Kitsos and Miiller (1995), Atkinson, Pronzato and Wynn (1998), Flournoy,
Rosenberger and Wong (1998), Atkinson, Bogacka and Zhigljavsky (2001), Atkinson, Hackl
and Muller (2001), Bucchianico, Lauter and Wynn (2004), and Lépez-Fidalgo, Rodriguez-Diaz
and Torsney (2007).

The theory of optimal design has been developed extensively for linear models because of the
relative ease of constructing optimal designs for these models (see for example Fedorov (1972)
and Silvey (1980)), and for generalized linear and nonlinear models but with one explanatory
variable (see for example Abdelbasit and Plackett (1983), Wu (1988), Ford, Torsney and Wu
(1992), Atkinson and Donev (1992, Chapter 22), Sitter (1992), Sitter and Wu (1993), Torsney
and Musrati (1993), Haines (1993), Haines (1995), Sitter and Fainaru (1997), Sitter and Forbes
(1997), and Smith and Ridout (2003)). However, very little research has been conducted on
optimal designs for nonlinear and generalized linear models with more than one explanatory
variable because the construction of optimal designs for such models is challenging. Some
work has been done for generalized linear and nonlinear models for two variables without
interaction (see for example Burridge and Sebastiani (1992), Burridge and Sebastiani (1994),
Sitter and Torsney (1995a), Atkinson and Haines (1996), Myers, Montgomery and Vining
(2002), Atkinson (2006), and Atkinson et al. (2007)), and for more than two variables without
interaction (see for example Sitter and Torsney (1995b), and Torsney and Gunduz (2001)).
Very little research work was done on the construction of optimal design for generalized linear

and nonlinear models with two or more explanatory variables with interaction (see for example
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Kupchak (2000), Jia and Myers (2001), Wang (2002), and Wang, Myers, Smith and Ye (2006)).

1.2. Research problem and objectives

Problem: Responses to drug interactions are generally modelled using generalized linear
models (e.g. logistic and Poisson models) with at least two explanatory variables. This thesis
is focused on constructing optimal designs for the two-variable binary logistic models with
and without interaction. Once the theory is well established, generalization to binary logistic
models with more than two explanatory variables or to some other models can be considered

in further research.

Overall objective: The main aim of the study is to develop a new approach to analytically
and numerically construct D-optimal designs for the two-variable binary logistic models with

and without interaction on an unbounded and on a bounded design (dose) space.

Specific objectives

1. To construct D-optimal designs for the two-variable binary logistic model without inter-
action logit(p) = By + f1di + B2dy on the design space D = [0, 00) X [0, 00) and establish
conditions on the parameters 3y, 41 and (3 and design space D for the optimal design

to be supported on 3 or 4 points.

2. To construct D-optimal designs for the two-variable binary logistic model without in-
teraction logit(p) = fy + G121 + Boxe on the rectangular design space X = [a, b] X [¢, d]
where a, b, ¢ and d are real numbers and set up conditions on the parameters 3y, 3; and

(B2 and design space X for the optimal design to be supported on 3 to 6 points.

3. To construct D-optimal designs for the two-variable binary logistic model with interac-
tion logit(p) = By + B1dy + Bads + B12d1ds on the design spaces D = [0, 00) % [0, 00) and
provide conditions on the parameters 3y, 51, B2 and (15, and on the design space D for

the optimal design to be supported on 4 to 6 points.

4. To construct D-optimal designs for the two-variable binary logistic model with interac-
tion logit(p) = By + fix1 + Paxy + Prax1x9 on the design space X = [a,b] X [¢,d] and
provide conditions on the parameters Gy, 31, 2 and (5, and on the design space X for

the optimal design to be supported on 4 to 8 points.

5. To illustrate the theory of D-optimal designs for the two-variable binary logistic model
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without and with interaction using real world data relating to the detection of drug

synergy.

1.3. Overview of the thesis

This thesis is subdivided into eight chapters. In Chapter 2 some models for drug interaction
are reviewed. For each model, mathematical expressions of quantities termed relative potency
and interaction indices are derived. In Chapter 3, a general review of the notion of optimal
design is presented. Specifically the information matrices for generalized linear and nonlinear
models are introduced, then the optimality criteria and associated equivalence theorems are
presented. The equivalence theorem for each specific criterion is formulated. Since the focus
of the present research work is to construct optimal designs for estimating all parameters in
a given model, special attention is made on the D-optimality criterion. A general review,
and extension from the one- to the two-variable binary logistic model without interaction
is developed in Chapter 4. The approaches of constructing D-optimal designs for the two-
variable binary logistic model without interaction discussed are those introduced in Sitter and
Torsney (1995a), Atkinson and Haines (1996) and Jia and Myers (2001). These are shown to
give similar results under certain conditions. The extension of existing work is particularly
focussed on a new proof of D-optimality for the one-variable binary logistic model. In Chapter
5 a new approach for constructing D-optimal designs for the two-variable binary logistic model
without interaction on an unbounded design space is introduced, and extends the approaches
of Sitter and Torsney (1995a), and Jia and Myers (2001). Empirical constructions of D-optimal
designs for the two-variable binary logistic model without interaction on a rectangular design
space are introduced in Chapter 6. The purpose of the chapter is also to extend results found in
Sitter and Torsney (1995a), and Jia and Myers (2001) and to rationalize the numerical results
found in Atkinson and Haines (1996). Some results of the Chapter are used to illustrate the
usefulness of optimal designs over non-optimal but widely used designs. The construction of
D-optimal designs for the two-variable binary logistic model with interaction on unbounded
and bounded design spaces is discussed in Chapter 7. The main focus is to introduce a new
design approach which extends the methodology of constructing the 4-point D-optimal designs
introduced by Jia and Myers (2001) to 4- up to 8-point D-optimal designs. Finally, conclusions

are drawn in Chapter 8.




2

Review of Models for Detecting Drug

Interaction

2.1. Introduction

This chapter reviews some models for detecting drug interaction. Section 2.2 presents the types
of interaction that jointly administered drugs can exhibit. Section 2.3 reviews the notions of
relative potency, isobologram and combination index usually used by pharmacologists to assess
efficacy of drugs. Section 2.4 reviews models used in statistical literature for the detection of
drug synergy. For each model, the expressions of relative potency and combination index are

calculated when possible.

2.2. Types of interactions

The assessment of the joint action of two or more compounds, such as drugs, insecticides,
herbicides, fungicides and diverse poisons, is of great interest in many biological studies. In

this thesis, the terms compounds or drugs will be used invariably.

In practical investigations an experimenter has access to two or more compounds and may
wish to examine the response or the effect on individuals or on any experimental material when
these compounds are used jointly. In a medical framework, the effect can be the recovery or
the death of a number of patients, while in agricultural studies the effect can be the death
of a number of insects or the destruction of a certain quantity of weeds or other undesirable

plants.

A number of terms is employed to differentiate the effects of compounds when administrated
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jointly to individuals. The most commonly used are additivity, independence, no interaction,
synergy and antagonism. These terms are described in Plackett and Hewlett (1952), Hewlett
and Plackett (1959), Plackett and Hewlett (1963), Hewlett (1969), Finney (1971, pp. 232-252),
Abdelbasit and Plackett (1983), and a general review is given in Greco, Bravo and Parsons
(1995).

Two compounds are said to be independent or additive if they do not interact when admin-
istered jointly. Their effect or response is the same as if each compound was used alone. The
term additivity and independence are used respectively in reference to Loewe (1953) and Bliss

(1939) for the concept of no interaction.

Two compounds are said to be interacting when their combined effect or response differs from
that expected from additivity /independence. Synergy occurs if the joint effect is greater than
that of the sum of the expected individual effects. Conversely antagonism occurs when the
joint effect of the compounds is less than the sum of the expected individual effects (see for
example Finney (1971, p. 231), Giltinan et al. (1988), Greco and Lawrence (1988) and Greco
et al. (1995)). Tallarida (2000) gives a detailed account for drug interactions.

2.3. Relative potency, isobologram and combination index

The concepts of additivity, synergism and antagonism are better described through the notions

of relative potency, isobologram, and combination index.

2.3.1 Relative potency

Relative potency when no model is specified

Two compounds, say A and B, are said to exhibit similar action if they behave as if they were
the same except dilution or concentration effects. In other words, administering doses d; of
A and dy of B is the same as administering dose d; + pd, of A alone. The coefficient p is
called the relative potency of drug B compared to drug A. It represents the dose of the drug
A required to produce the same effect as one unit dose of the drug B. Hence, if p € [0, 1] is
the proportion of dose effect of equally effective doses of A and B, the relative potency of B
with respect to A is mathematically expressed as:

o EDIOOp,l

= 2.1
pp ED100P72 ( )
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where E D11 and E Dy, are respective dose concentrations of drugs A and B which offer
100 x p percent of response (see for example Finney (1971, p. 231), Abdelbasit and Plackett
(1982), and Stokes, Davis and Koch (2000, p. 331)). If the relative potency p, is the same
at any equally effective doses, it is often taken to be the ratio of the median effective doses,
denoted EDso 1 and E Dy, of the compounds. By EDsq it is meant the amount of dose or
concentration that causes a half effect of the range of the response. In medical studies, it is
often denoted by LDs, (LD standing for lethal dose) and originally indicated the amount of
drug or the concentration of drug that kills 50% of subjects in the sample under study. Hence,
the relative potency of B with respect to A is:

EDsg _ B2

= = 2.2
EDsg 5 022 22)

P

1
2

where 05, and 6,5 are the E D5y of drug A and B respectively.

Relative potency with generalized linear or nonlinear models

For a class of models termed generalized linear models (GLM) (to be defined later), the
respective general link functions between the probability of response p and the dose values d;

and do of drugs A and B are given by

g(p) = pi(Ind; — In py), (2.3)

and
9(p) = B2(Indy — In piy) (2.4)

where ) and (3, are respective slope parameters for drugs A and B (see O'Brien (2004)). The
median effective dose EDsq for each drug is obtained by noting that g(p) = 0 at p = 3. As
a consequence, the EDy,s for drugs 1 and 2 are respectively p; and po. Therefore, according

to (2.2), the relative potency of drug 2 with respect to drug 1 is

H1
1= 2.5
pz lu2 ( )
In general, from
9(p) = Bi(lnd; — In ), (2.6)

the EDgp, denoted p;, for the two drugs are given by

9(p)

+ In y;, 2.7
5 >0

Ind;py = In p;, =
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where ¢ = 1,2, and p is the proportion of response with 0 < p <1 . As a consequence,
Hip 1 1 M1
(i) =0 (=)~ (32).
Hap ( ) Br B H2

() = 966) (5~ 5 ) +1n(oy) 25)

The condition that p, = pL = p, where p is constant, is that 5 = 3 in (2.8). Thus, the

which is equivalent to

relative potency is defined only when the curves of the responses at each dose for the two
drugs have equal slope. For example, if the logistic model is used the dilution assumption
implies parallel lines on the logit scale. Assays that assume parallel relationship on the linear

predictor are called parallel lines assays (see Stokes et al. (2000, p. 331)).

Note that the results (2.5) and (2.8) remain the same if d; is used instead of Ind;, 1 = 1, 2.

2.3.2 Isobologram

[t is convenient to consider the suggestion of Giltinan et al. (1988) that if the potency of B
relative to A is p, a mixture containing d; units of drug A and ds units of drug B has an effect:
(1) equivalent to that for d; + pds units of A, then the two drugs are said to exhibit an additive
behavior;

(2) greater than that for d; + pds units of A, then the two drugs are said to exhibit synergism;
(3) less than that for d; + pdsy units of A, then the two drugs are said to exhibit antagonism.

One way of assessing relative effects of two drugs is drawing and examining isobolograms. The
isobologram is a visual method generally used by pharmacologists to detect departure from
additivity. The literature indicates that this method was introduced by Fraser in the 1870’s
(see for example Meadows, Gennings, Carter and Bae (2002)). An isobologram is a plot of
the contours of constant responses, termed isoboles. As an example, in medical terminology
consider the case where a dose combination (d;,ds) of drugs A and B kills a proportion p of
germs in the target population with 0 < p < 1. Then, the isobole associated with additivity or
no interaction is the straight line joining the points at 100p percent effective doses (EDjgop,1, 0)
and (0, ED1ggp,2) respectively, as in Figure 2.1. Synergy is claimed when the isobole is on the

left side of the additivity line and antagonism is claimed otherwise.

If d; and d, are doses of drug A and B respectively that produce additive effect, Figure 2.1
indicates that additivity, synergy and antagonism are respectively observed when:

dq n do
EDoopy  ED1ggp2

d1 Z 0, dg 2 0, - 1, (29)

8
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Antagonism

0, ED,
( 100p,2 ) Additivity

Synergy

v

(EDIOU,),I ,0)

Figure 2.1: Illustration of an isobologram: the straight line corresponds to additivity, the left
bowed line indicates synergy and the right bowed line indicates antagonism.
dy ds

dy > 0,dy >0, + <1, 2.10
! >= " EDiop1  EDigops (2.10)

and
d; do

_|_
EDoopy  ED1ggp 2

dy > O,dg > 0, > 1. (211)

The method of the isobologram presents two major disadvantages. Firstly, as a graphical

method, it is difficult to draw isoboles for assessing the relative effects of three or more drugs.

2.3.3 Interaction index or combination index

Consider two drugs A, B jointly given in amounts d; and ds to subjects for a defined purpose.
Suppose that EDggp,1 and EDjgop,2, with 0 < p < 1, are the dose of A and B respectively
giving 100p percent response of the desired effect. A measure of interaction introduced and
termed “interaction index” by Berenbaum (1977), or “combination index” by Chou and Ta-
lalay (1984), usually denoted by  is given by

_dy n dy
EDioopy  EDigopa

K (2.12)

It follows from equation (2.12) and the equations (2.9), (2.10) and (2.11) that two drugs

interact additively, synergically or antagonistically respectively when k =1, kK < 1, or Kk > 1.
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Furthermore, Berenbaum (1981) showed that the interaction index is directly related to the
isoblogram. In parallel lines assays, p is chosen as p = % in (2.12) so that EDjg,; and
EDigop2 are the median effective doses, EDsgs, of drugs A and B. A large review on the

isobologram and combination index methodology is given in Berenbaum (1989).

An advantage of the interaction or combination index over the isobologram, is that it is
defined for any number of drugs. The disadvantage of the interaction or combination index
is that it does not take into account the variability inherent to the data. In his Ph.D. thesis,
Kupchak (2000) derived some inference technique for assessing the interaction or combination
index for the two- variable binary logistic model. In the following section, expressions of k
for different models will be given. The main objective is to show that all the values of x have
similar analytical expressions. As a consequence only one model will be studied in subsequent

chapters for the construction of optimal designs.

2.4. Models for drug interaction

2.4.1 Effective dose models of Finney

(i) Continuous response

Suppose that two drugs A and B, in amounts d; and ds, are applied jointly to subjects in
a clinical trial study. O’Brien (2004) considered the model of Finney (1971, p. 262). One
consideration in O’Brien (2004) was for a continuous response and it was stated that the

effective dose for a mixture of the two drugs is defined as

zZ = d1 —+ gldg + 02\/ 91d1d27 (213)

where ), is the potency of drug B relative to drug A, and 6, is the interaction parameter.
Thus, additivity, synergy and antagonism occur respectively when 6, = 0, #; > 0 and 6, < 0.
The model relating the continuous response y with the effective dose z is the 3-parameter
log-logistic model given by

B
=TT +e (2.14)

where z is defined in equation (2.13) and e is assumed to follow the normal distribution with

Y

zero mean and constant variance o2, i.e. € ~ N(0,0?).

In model (2.14) with G3 > 0, the parameter (3, is the expected response at zero dose while 3,
and 3 are the D5y and the slope parameter respectively. When 3 < 0, (1 is the expected

response at “infinity dose”.

10
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Taking the expectation of y, in (2.14) and denoting it by 7, gives

B

which is a decreasing sigmoid when 3 > 0 and an increasing sigmoid when 3 < 0. This can

be checked by noting that 3, and (3, are positive, and at any value of z,

on —5153(é)’83
0z 21+ ()]

Thus, the sign of the parameter 33 determines the sign of the slope. Figure 2.2 illustrates the

two situations. Also, by performing simple algebra, model (2.15) can be written as

§,>0 A<

03 034

v
4

0 b, Z 0 B Z
(a) (b)
Figure 2.2: Graph of n(z,3) = Lﬂs: (a) B3> 0; (b) A3 < 0.
1+ (%)
n(z,B) = i (2.16)

1t exp{fs(z—p)}

where x = Inz and p = Infy. In this case the concentration or dosage is measured on a

log-scale.

A researcher may need to add a parameter 84 to model (2.16) and get:

2!

n(z,8) = B+ T (2.17)

In this case n = (4 is a lower horizontal asymptote at the right if §3 > 0 or a lower horizontal

asymptote at the left if 03 < 0. Figure 2.3 illustrates the two cases. The EDsy for model

11
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B1+B4 ! B1+B4 1

B, By

v
v

Figure 2.3: Graph of (z,8) = 6, + Lﬁa: (a) B3 > 0; (b) B3 < 0.
t+(3)
(2.17), found by taking n(z, 8) = b ;— 64, is
. B+ B4 5
EDsy = fs <ﬁ1 - ﬁ4> . (2.18)

It follows from equation (2.18) that £ D5y = (3 if and only if $; = 0. The Finney model (2.15)
in the continuous case was also discussed by Geric, Blum and Meier (1988) but they replaced

the interaction parameter 6y by 26, in (2.13).

The potency of drug B relative to drug A with model (2.15) can be calculated as follows.
Suppose that dy = 0, so that the effective dose given in (2.13) is z = d;. Then, (2.6) can be

written as
1
0= loglt (5) = 53(1H d1 —1In ILL)
so that the E Dsy for drug 1 is u; = p. Likewise, taking d; = 0 and z = 6,d, gives

1
0= IOglt <§> == 63(1I1 gldg —In ,u)

which implies that the EDsq for drug 2 is ps = Gﬂ Hence, according to (2.5), the relative
1

potency is

_H

1 — 01.
2 Lo

p

12
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The combination index for model (2.15) can be calculated as follows. As 6, is the relative
potency of drug 2 with respect to drug 1, the effective dose (2.13) written in terms of the dose
of drug 1 alone at E Dy is

dy + 01dy + 00/ 01drdy = 1,

or equivalently as

dy  Oidy  O5\/01did
G Ndy | Ovbiidy

L,
H1 H1 M1
or, since fi; = 9—11, as
d d did
Y = (2.19)
Mo 2 a2

Results (2.12) and (2.19) imply that the combination index for the Finney model is given by

K= 2 =1y ——2. (2.20)

Recall that in Finney models (2.15) with z given by (2.13), additivity, synergy and antagonism
occur if 5 = 0, 6 > 0 and 0y < 0 respectively. As a consequence, equation (2.20) indicates
that additivity, synergy and antagonism occur when x = 1, kK < 1 and k > 1 respectively.
Thus, the results obtained using the interaction parameter and the combination index are in

agreement

(i) Binary response

The binary response equivalent to (2.15), also discussed by O’Brien (2004) assumes that the

response variable is binary with expected probability of success given by

(2.21)

= Trew [ Bl (2.22)

where z is the effective dose defined in (2.13), x =Inz and p = In Gs.
If B3 > 0, then p takes the maximum value of 1 as z — oo. Conversely, p approaches the

minimum value of 0 as z — co. These two cases are illustrated in Figure 2.4.

Comments regarding the combination indices for models (2.21) and (2.22) are similar to those
of model (2.15). Model (2.21) or its equivalent (2.22) was discussed by Finney (1971) in the

framework of probit analysis.

13
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v
v

(@) B>0 (b)  Bi<0

Figure 2.4: Finney model, binary response: (a) 33 > 0, (b) 3 < 0.

Giltinan et al. (1988) analyzed the Finney models (2.15) and (2.21) as generalized nonlinear
models. They consider a mixture of d; units of drug A and ds units of drug B, where the
relative potency of drug B with respect to drug A is p. Then, if Y is the response variable,

Giltinan et al. (1988) stated that a model of simple similar action, i.e. no interaction, is

9() = o+ Blog(di + pds) (2.23)

where i = E(Y') and g is the link function of the mean response variable Y and the explanatory
variables Dy and D, with values d; and d, respectively. The detection of synergy was obtained

by comparing model (2.23) with the alternative model

1

g(p) = a+ Blog(di + pda + y(pdidz)?). (2.24)

Additivity, synergy and antagonism hold respectively when v =0, v > 0 and v < 0.

2.4.2 Greco models

(i) Continuous response

Greco and Tung (1991) considered the case when two drugs A and B in amounts d; and d;

are administered to subjects and the response of interest is a continuous random variable Y

14
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with expected value E. The expected value of the effect of d; and dy was modelled as

d d adyd
o oy = L (2.25)
pelg=gl™ pe[g g TR

where p; and py are median effective doses for drug A and B respectively, m; and my are
slope parameters for drug A and drug B respectively, E. is the maximum value of F and « is

the interaction parameter of the model.

Clearly, if m; # msy in model (2.25), it is not possible to find an explicit expression of E in

terms of d; and dy. However, if m;=msy=m, model (2.25) can be written as

= Be” (2.26)
C14am '
di | dy  didy o :
where 2 = — + — 4+« . Note that model (2.26) is similar to the effective dose model of

Hi o M2 12
Finney given in (2.16) with , = E., §; = 1 and 35 = m.

E, )
The value of the combination index for model (2.26) is obtained by setting £ = > This

gives y y 4 d
22 At
Hi o fe M o

Then, using the definition (2.12) and result (2.27), the combination index for the continuous

model (2.26) is

= 1. (2.27)

d d dy d
h=—4 —2=1—a—=2, (2.28)
Mo M2 M 2

This result is similar to result (2.20) obtained for the combination index using the Finney

model where the square root sign is omitted and 6, replaced by a.

It follows from equation (2.28) that if « =0, @ > 0 and a < 0, then Kk =1, k < 1 and k > 1

respectively corresponding to additivity, synergy and antagonism.

(ii) Binary response

Greco and Lawrence (1988) considered the case when the response variable Y is binary, i.e.
taking the coded values 0 and 1. If p is the probability of success then, E(Y') = p since this
is considered as a Bernoulli experiment. Similarly to the continuous model (2.25), Greco and
Lawrence (1988) stated that the binary response model for the detection of drug interaction
is

. T achidy —1 (2.29)

1 1
p p ](2m1+2m2)

e T
M1[q]m1 M2[1,p]m? MlMQ[%

where 1; and py are median effective doses for drug A and B respectively, m; and msy are

slope parameters for drug A and drug B respectively, and « is the interaction parameter of

15
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the model. As in model (2.25), if m; # my in model (2.29), it is not possible to find an explicit
expression of p in terms of d; and dy. However, if m;=my=m, model (2.29) can be written

explicitly as
Zm

:1—l—zm

P (2.30)

d d did
Wherez:—1+—2—i—a 172
12

. Note that model (2.30) is similar to the binary response effective
N )
dose model of Finney (2.21) with 5, =1 and 85 = m.

1
The value of the combination index for model (2.30) is obtained by setting p = 3 This gives

d d dy d

T (2.31)
M1 M2 Ha 2

and, thus the combination index is

dy dy
—1-—a—2
M1 M2 M f2

(2.32)

which is the same as (2.28) found for the continuous response case.

2.4.3 Plackett-Hewlett model

Giltinan et al. (1988) suggested that an alternative model to (2.24) is the model introduced
by Plackett and Hewlett (1952) defined as

g(p) = a+ By~ log(d] + p"dy), (2.33)

where 7 is the interaction parameter and p = il is the relative potency of drug B with
respect of drug A, p; and po being the median e#fgctive doses of drugs A and B respectively.
Additivity, synergy and antagonism are observed when n =1, n < 1 and 5 > 1 respectively.

The nature of interaction can be explained as follows. Since p; is obtained by taking g(u) = 0,

and dy = 0 in model (2.33), it follows that p = e~ 7. As a consequence, taking g(p) =0,

— | +l—] =L 2.34
(921 022 (2:34)
Equation (2.34) is referred to in many articles as the Hewlett-Plackett model (see for ex-

ample Hewlett (1969), and Machado and Robinson (1994)). Clearly, additivity, synergy and

antagonism occur respectively when 7 = 1, 7 < 1 and n > 1 because these three cases are

equation (2.33) becomes

represented by a straight line, a hyperbolic curve, and an elliptic curve, and hence agree with
the isobologram of Figure 2.1. However, it is not possible to express (2.34) as the combination
indices given by (2.20) and by (2.32).

16
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2.4.4 Response surface models

The most popular response surface model for drug interaction is the logistic model. This

involves the continuous response case and the binary response case.

(i) Continuous Response

Suppose that two drugs A and B are jointly administered to subjects in doses d; and ds
respectively. The expected response of interest in a continuous scale is the semi-nonlinear

model defined as

_ P
n(d, B) 1+ eXP(—ﬁo — Bidy — Bady — ﬂ12d1d2), (2.35)

or, equivalently as

IOg ﬁ n == 6() + 61d1 —+ 62d2 -+ 612d1d2. (236)

L —
Model (2.35) or its equivalent (2.36) is known as the continuous logistic model. The interaction
parameter is (j5. In the model (2.36) the interaction term d;ds is not in the same units as
the individual doses d; and d,. In addition, the model includes a placebo effect, obtained by

setting d; = dy = 0, and its value is

n(0,8) = Hexﬂ—;(—ﬂo)' (2.37)

Since exp(—0) > 0, the quantity (2.37) is always less than ;. Large positive values of
renders (2.37) close to (,, and large negative values of 3, renders (2.37) close to 0. Figure 2.5
is a graphical illustration of the value of (0, 3) defined by (2.37) for all possible values of 3.
Since, for active drugs, the placebo effect must be negligible, 3, must be negative and large

in absolute value.

The potency of drug B relative to drug A can be calculated as follows. Taking n = % in

model (2.36), dy = 0, or d; = 0 gives the EDsq’s for drugs A and B respectively, i.e.

= EDsg; = _bo fo = EDsgo = _b (2.38)

1 B
These results assumed to be positive have a meaning when (3, has opposite sign to that of
01 and 5. As discussed that Gy < 0, then §; > 0 and 35 > 0. However, in real world
situations, cases when 3y > 0, #; < 0 and f < 0 can also exist. In such cases the placebo
effect, response at zero doses, has the highest value. An example is when the response variable
is the amount of bacteria colonies remaining in a patient’s body after a certain period with
antibiotic treatments. The amount of colonies is expected to be higher when no treatment is

given, then decrease with the use of treatments.

17
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2 70.5)
B,

v

Figure 2.5: Graph of 7(0,3) = 14—#;(—50)'

Now, according to (2.2), the potency of drug B relative to drug A is

_m_ P (2.39)

M2_51

The combination index for model (2.35) or (2.36) can be calculated as follows. Setting 7 to

% in model (2.36) gives

d d dy d
H1 H2 M1 M2

Bo Sz i
81532

the interaction coefficient. Thus, according to (2.12), the combination index for model (2.35)

where 1 and s are the respective median effective doses given by (2.38) and oo = —

is
d d dy d
k=—4 2 =1—a—= (2.41)
i M2 B 2

which is the same expression as those given in (2.28) and (2.32). Recall from Section 2.3.3
that additivity, synergy and antagonism are observed if Kk = 1, kK < 1 and k > 1 respectively

which respectively Correspondﬂto a=0,a>0and a < 0. Therefore, if 5; > 0 and Gy > 0,
0012

results (2.41) where v = — lead to the following two cases.

102
(1) If By < 0, then additivity, synergy and antagonism are respectively observed when (815 = 0,

,812 > (0 and ﬂlz < 0.
(2) If By > 0, then additivity, synergy, and antagonism are observed when (315, = 0, f12 < 0,

18
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and (12 > 0 respectively. These results indicate that there are two cases of synergy for model
(2.35) corresponding to (1) By < 0, 31 > 0, B2 > 0 and B > 0, and (2) By > 0, B < 0,
By < 0 and 15 < 0, and two cases of antagonism corresponding to (1) Sy <0, §; > 0, §2 > 0
and 12 < 0, and (2) Gy > 0, 81 <0, B2 < 0 and f15 > 0. Since it was agreed to only discuss
the case when (3 < 0, in this subsequent chapters synergy will be discussed when 3y < 0,
B >0, B, > 0 and 85 > 0, and antagonism will be discussed when 3y < 0, 8, > 0, 5, > 0
and 15 < 0.

(ii) Binary response

If the response variable Y is binary with probability of response p, the continuous logistic

model (2.35) is replaced by the binary logistic model

1
_ , 2.42
=1 + exp(—fy — Srdy — Pady — Pradidy) (2.42)
or, equivalently,
logit(p) = log <ﬁ> = fo + Pidy + Padz + Pradidy (2.43)

with 0 < p < 1. Note that this model is similar to (2.35), or equivalently to (2.36), except
that the parameter (3, is fixed to 1. The placebo effect, the median effective doses, the relative
potency and the combination index are calculated in a similar way as for the continuous case.
The results are the same as those found for the continuous logistic model, but 3, is taken to
be 1. In his PhD thesis, Kupchak (2000) used model (2.42) for modelling drug interaction,

but assumed (15 = 0 in almost all the cases for the construction of optimal designs.

2.5. Conclusions

This chapter has reviewed some measures and models for detecting drug interaction. Drug
interaction can be detected in different ways. One way is a visual approach by observing
an isobologram which in turn is related to a descriptive measure termed combination index
or interaction index. A statistical approach of assessing drug interaction is to calculate the
coefficient of interaction or the interaction parameter. The relationship between the interac-
tion index and the interaction parameter was derived using various models. Specifically, four
models were discussed: (1) the effective dose models of Finney; (2) the Greco models; (3)

the Plackett-Hewlett model; and (4) the response surface models. It was shown that these
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models give similar information with respect to values of the combination index and the inter-
action parameter. Observed difficulties were that the Plackett-Hewlett model is constructed
differently from others, and it is in general difficult to write the mean response for the Greco
model. In this thesis, drug interaction will be detected using the interaction parameter rather
than the combination index since fitting models which incorporate interaction terms is very
well developed in statistical literature and statistical packages are now widespread. As the
models discussed in this chapter have many similarities, the theory of optimal designs will be

illustrated using the binary response case of the response surface models.
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3

Review of Optimal Designs

3.1. Introduction

This chapter reviews the theory of optimal designs. The aim of optimal design theory is
to provide values of explanatory variables in a model such that the information about the
parameters is provided as precisely as possible by reducing noise on these parameters. The
theory of optimal designs is well developed for linear models (see for Example Fedorov (1972)
and Silvey (1980)). However, generalized linear and nonlinear models are known to be suitable
for fitting some kind of data (see for example McCullagh and Nelder (1989), Dobson (2002),
Myers et al. (2002), and also Seber and Wild (2003)). Specifically, generalized linear models
and nonlinear models are useful to fit data for the detection of drug interaction (see for example
Finney (1971) and Tallarida (2000)). This chapter reviews the theory of optimal designs for
linear, nonlinear and generalized linear models and is structured as follows. Section 3.2 gives a
brief review of the definition of a generalized linear model, and associated information matrix
for the model parameters. Section 3.3 provides an extension of generalized linear models to
generalized nonlinear models. Section 3.4 gives examples of models which belong to generalized
linear and nonlinear models. Section 3.5 gives an overview of the theory of optimal designs,
and specifically presents popular optimality criteria. Section 3.6 discusses the construction
of optimal designs for linear models. Section 3.8 reviews the methodology of constructing
optimal designs for nonlinear models. Finally, Section 3.9 provides concluding remarks on the
Chapter.
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3.2. Generalized linear models and information matrix

3.2.1 Exponential family of distributions

Consider a random variable Y with probability density function (pdf) f(y; ) that depends on
a single parameter 6. The distribution of Y belongs to the exponential family if f(y;#) can

be written in the following form

f(y,0) = expla(y)b(#) + c(0) + d(y)] (3.1)

where a, b, ¢, and d are known functions. If a(y) = y, the distribution of Y is said to be
in canonical form and b(#) is called the natural parameter of the distribution. The normal
distribution, the poisson distribution, and the binomial distribution belong to the exponential
family of distributions since the pdf of each of them can be written in the form (3.1) (see

for example Dobson (2002, pp. 44-46)). The mean and the variance of the variable a(Y") are

given by
c(0) b"(0)c'(0) — ¢"(0)¥' ()
=FEla(Y)| =— d V Y] =
p=Ela(v)) = ~ g and Varla(v) o
(Dobson (2002, p. 47)).
3.2.2 Generalized linear models
Consider a set of N independent random variables Y7, Y5, ..., Yy with a distribution that

belongs to the exponential family. The following features define a generalized linear model
(GLM) (Nelder and Wedderburn (1972)).

1. Random component: The random variables Y; belong to the same exponential family in
the canonical form and are such that each of them has its own single parameter ;. That
is

f(yi; 0;) = exply;b(0;) + c(6;) +d(yi)], i =1,2,...,N.
In principle not all the parameters 6; are involved, but a set of parameters of interest
B = (Bo, B1s--.,0,)" with p < N.

2. Deterministic or systematic component: The linear predictor

i = Bo+ iz + Pz + ...+ Bpiy = @] B
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gives a linear combination of values of the explanatory variables X, X,, ..., X, for
1=1,2,..., N. The involvement of the linear predictor is the source of the terminology
generalized linear models. Tt should be noted that if Y; belongs to the exponential family

and is in canonical form then b(6;) = I8 for i =1,2,..., N.

3. Link function: The association between the mean response p; = E(Y;) and the linear
predictor 7; is
g(p) =i == B
where ¢ is a monotone, differentiable function called the link function (see McCullagh
and Nelder (1989, p. 27), Dobson (2002, p. 49), and Myers et al. (2002, p. 161)). The

link functions for common distributions are listed for example in McCullagh and Nelder
(1989, p. 31), and in (Myers et al., 2002, p. 162).

3.2.3 Information matrix

Consider independent random variables Y7, Y5, ..., Yy which satisfy the conditions of a GLM,
and suppose that p; = E(Y;). The likelihood function is defined by

N

L(B;y) = H f(yi; 0:)

i=1
where y is the N x 1 vector of observed responses, and the elements of the parameter vector

(3 are related to the parameters 6; through the link function. Thus, the log-likelihood can be

expressed as

l(,@;y) lnL /67 Z{yz z 0; }

The information matrix for 8 at a single vector = (1,21, Z9, ..., x,)7 is defined as
0%1(8;
M(z;8)=—-E (—(B ?)
0pBos

and is readily shown to be
1 o ol T_ 1 o 2 an an T_ 1 ol 2 T
w0 = vy (56) (36) = 7wy (37) (58) (38) ~ v (30) =2
(3.2)

0
where (%) is a (p+1) x 1 vector of partial derivatives of p with respect to each of component

0
of the vector B8 = (By, B1, -, Bp), <a—‘u> is a scalar and = ¢g~'(n) since g is a monotone
7
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function (Dobson (2002, p. 62-63). Thus, for the independent response variables Y; at «; with

1=1,2,..., N, the information matrix for 3 is given by

M(X: ) = ZW}( )(g;;) —y (3.3)

The information matrix (3.3) can be written in succinct form as

M(X;8)=X"WX (3.4)

where W is the diagonal matrix with (¢, 7)th element

1 8/@ 2 .
Var(¥) (8_m> and X is the N x (p+1)

design matrix with ith row 7 = (1, 2y;,...,2,) (Dobson (2002, p. 64)).

3.3. Generalized nonlinear models

The definition of the generalized nonlinear model (GnLLM) is the same as that of the generalized
linear model except that the predictor n; = n(x;;3) for i = 1,2,..., N is introduced with
n a nonlinear function in some or all the parameters B. Writing ¢g(u;) = n(x;; 3) gives
wi = g t(n(xi; B)) = h(z; B). Therefore, p; is itself a nonlinear function. Similarly to (3.2),

the information matrix for 3 at a single point @ is given by

M“ﬂ*ﬂm;><%><%) w&n<%3262)62> (35)

0
where (%) is a (p+ 1) x 1 vector of partial derivatives of n with respect to the (p + 1)

a2
parameters (3;, and (—H> is a scalar. Thus for the independent responses Y; at x;

Var(Y) \ On
with ¢+ =1,2,..., N, the information matrix for 3 is given by

e =3 atee =3y () (5) () -=we oo

=1 =1
1 O ?
d F
xmm><%) o

. o . 3m>T (6‘m oni 877;)
is the N x (p + 1) matrix with the i¢th row | — = , N . Clearly, the
v+ (55) = (G o555 Y

information matrix (3.4) is a special case of the information matrix (3.6).

where W is the N x N diagonal matrix with the (i,i)th element
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3.4. Examples

Example 3.1. Normal linear model

In this case,

(a) Y; ~ N(pi; 0?) and the normal distribution is a member of the exponential family (Dobson
(2002, p. 45)).

(b) The linear predictor can be expressed as n = z’ 3.

(c) The link function ¢ is the identity, i.e. u; = n; = = 3.

The information matrix (3.2) at a single point @ follows immediately from the fact that

O

Var(y;) = o?, [ =—

%) <a77¢1

written as M (x) = —Q:BmT. Clearly, this matrix does not depends on 3, and thus the notation
o

M (x; B) can be replaced by the notation M(x). The information matrix for N observations

at ¢;, 1 =1,2,..., N is then

on
> =1 and 8_7,[]; =, and thus the information matrix at point & can be

M(X) = %XTX (3.7)

T

where X is an N x (p + 1) matrix whose ith row is &; = (1, 2,1, T2, . . . , Tip)-

Example 3.2. Linear binary logistic model

(a) Suppose that the response variable Y is binary, taking values such as success and failure
coded 1 and 0, i.e. for a single observation, the random variable Y follows a Bernoulli distri-
bution with probability of success w. Therefore, for n; observations at x;, the random variable
Y;, withi=1,2,..., N, follows a binomial distribution with probability of success ;, that is
Y; ~ Binomial(n;, ;). In consequence, E(Y;) = n;m; and n; is assumed known. In addition,
the binomial distribution is a member of the exponential family (Dobson (2002, p. 46)).

(b) The linear predictor is n = 7 3.

(¢) The link function for 7 is the logit and is the natural parameter, namely

n = logit(r) = In . i —= '3

(Dobson (2002, p. 46)). This equation implies that 7 = . The information matrix

e
follows from the fact that Var(Y) = nn(1 —7), u = E(Y) = nm and for the logit link
ou ol on
) === — | = 1—m).
<3n> (%) (377) =)
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Thus, for a single observation , the information matrix (3.2) for 3 is
M(z; B) = nr(1 — m)zx”
and for N observations, the information matrix (3.4) is
M(X;8)=X"WX (3.8)

where W = diag{n;m;(1 — m;)} and X has the ith row & = (1,2y,...,7,) with i =
1,2,..., N. The information matrix (3.8) depends on the parameters 3 through W which is
1

a function of 7; = .
unction of 7; T+ exp{—278)

Example 3.3. Normal nonlinear models

Here

(a) Y; ~ N(u;;0%) and the normal distribution is a member of the exponential family.

(b) The predictor expressed as n = n(x; 3) is not linear.

N.

The information matrix (3.5) for @ follows immediately from the fact that Var(Y;) = 0% and

(¢) The link function is the identity, i.e. p; =n; with i =1,2,..

‘)

( MZ) = 1 and thus for a single observation at @, the information matrix (3.5) can be written

on;

as
Thus for N observations at x;, i = 1,2,..., N, the information matrix (3.6) for 3 is given by

M(X;B) = %FTF (3.10)

where F has the ith row (am Oni n;

, s . The information matrix (3.10) depends on
-y (8.10) depends on 5

through the elements of F'.

Example 3.4. Nonlinear binary logistic model

Here
(a) Y; ~ Binomial(n;; 7;) and the binomial distribution is a member of the exponential family.
(b) The predictor can be expressed as n = n(x, 3) and is not linear.

(¢) The link for 7 is the logit and is the natural parameter, namely

™

= n(z; B).

logit(7) = In ]
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The information matrix follows from the fact that Var(Y) = n7(1 — 1), p = nm and for the

logit link O _ (Om) (9m) _ nm(1 — 7). For a single observation «, the information
on on an

matrix is given by

] an\"
M(a; B) = nr(1 — 1) (%) (%) . (3.11)
Thus for N observations at x; with ¢ = 1,2,..., N the information matrix for 3 is
M(x;8) = FTWF (3.12)
where W = diag{n;m;(1 — 7;)} and F has the ith row (ggé, ggi s ggp) The information

matrix (3.12) depends on 8 through W and the elements of F'.

3.5. Aim, desigh and optimality criteria

3.5.1 Aim

The aim of optimal design is to choose a set of values of the explanatory variables in a design
space, say X, in order to maximize the information about a set of parameters so that these
parameters are estimated as precisely as possible. Hence, the precise estimation of model

parameters will lead to reliable inferences and predictions.

3.5.2 Design

A mapping that allocates inputs to suitable points in X is called a design measure or a design,
in short. The points of X at which the inputs are allocated are called support points. Designs

can be classified as exact or approximate.

Exact design

Consider an experiment in which N observations are made on the response variable. An exact

design measure £y is a mapping which allocates n; trials to each of k distinct points x; of the
k

design space X, where n; is an integer for ¢« = 1,2,...,k and an = N. Such a design is
i=1

symbolically represented as

ny N9 ... N
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"
The quantities A; = NZ corresponding to the support points @; for i = 1,2,...,k are called

design weights. The weights satisfy the condition

k
0<A <1 and ) A=1 (3.14)

i1
The design (3.13) is called an exact design since N\; = n; is an integer (Atkinson and Donev
(1992, p. 94), or Atkinson et al. (2007, p. 120)). Recall from Section 3.3 that the information
matrix for a generalized nonlinear model at N observations was given in (3.6) so which can

be written as

N on; o\ "
M(X;p3 ( ) ( ) =F"WF 3.15
(X;8) = Z 28) \ o3 (3.15)
. 1 aui . . . .
where w; is the scalar and W is a N x N diagonal matrix with w; as the
Var(Yi) \ On;
1,7)th element and F has the ith row , . For a GLM, = and
(1) ((%o aﬁl 0B, 35
F = X and in the normal case w; = —2. As a consequence of (3.15), the standardized or
o
average information matrix corresponding to the exact design (3.13) is given by
o n on; on; T
—M(EiB) =) —wi | = ) =F"WF 3.16
il =3 (55) (55) (3.16)

=1

i opi \ .
where W is a N x N diagonal matrix with #r() ((’3[7;) as the (7,7)th element and F
on; O o

, yeens see Fedorov and Hackl (1997, p. 18)). In this thesis,
950 9% an,) ( (1997, b 18))

has the ith row <

—Z a i ] : . . . . . .

the scalar w; = - gH will be called “model weight” in order to distinguish it with
NVar(Y;) on;

the design weight \; = 7\]

Approximate design

Suppose that in the design (3.13), the condition that n; is an integer is relaxed to the ratio
A= NZ with 0 < )\; < 1 for s = 1,...,k. This introduces the idea of approximate design.
Clearly, an approximate design & defines a measure () at each & € X. If the design measure
¢ is discrete with k& support points on X, then the quantities \; = {(x;) corresponding to the

support points x; for i = 1,2,...,k are called design weights. Hence, an approximate design

£y Lo ... Lk
_ , 3.17

28

is represented by
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k

with 0 < )\; <1 and Z)‘i = 1. Similar to (3.16), the standardized or average information
i=1

matrix corresponding to an approximate design is given, in the discrete case, by

k T
on; on; T
M B) = ANl = || =) =F WEF, 3.18
@8 =3 (55) (55) .19
. . . . .o )\z' aﬂz’ 2
where W is a N x N diagonal matrix with (7,7)th element w; = and F' has
Var(Y;) \ on

the 7th row <8m On: On ) .

0By 0" OBk

If the design measure is continuous on X, then the design weights are defined by means of a
probability density function which is a continuous function (), © € X such that () > 0
and [, &(x)de = 1.

For an approximate continuous design, the information matrix of the parameters is given by

o= [ esiose= [ S5 (2 () () w0 om

In practice continuous optimal designs are unusual and will not be treated in this thesis.

3.5.3 Optimality criteria

A design is said to be optimal if it maximizes the information on the parameters in such a way
that these parameters are evaluated as precisely as possible. This information is summarized
in the information matrix. Maximizing the information matrix of the vector of parameters 3
implies minimizing the asymptotic variance-covariance of 3. It is not possible to optimize a
matrix, except in the one-parameter case. Therefore functions of the information matrix which
are statistically meaningful are introduced. Some criteria, often called alphabetic criteria, have
been formulated for this purpose, mainly for linear regression models (see for example Fedorov
(1972), Silvey (1980), Atkinson and Donev (1992), and Atkinson et al. (2007)). These criteria
form the basis for other more sophisticated criteria such as those for nonlinear models (see for
example White (1973)).

The notion of convex or concave functions is important in defining some optimality criteria.
Concave and convex functions are defined as follows. Consider a design space X. A function
U(M(&;3)) is convex on X if for any « € [0,1] and for any two designs & and & defined on
X the inequality

U{aM (&, B) + (1 - a)M (&, 8)} < a¥{M (&, B)} + (1 — ) ¥{M (&, B)} (3.20)
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holds. Similarly, ¥ is concave on X, if for any « € [0, 1] and for any two designs & and &,

defined on X the inequality

U{aM (&, B) + (1 —a)M (&, 8)} = a¥{M (&, B)} + (1 — ) ¥{M (&, B)} (3.21)

holds (see for example Fedorov (1972, p. 70) and Silvey (1980, p. 17)). The optimality
criteria are classified with respect to minimizing a convex design criterion W{M (&;3)} or to
maximizing a concave design criterion W{M (&; 3)}. Optimality criteria are subdivided in three
main categories, namely determinant based, linear based, and minimax based. The following
definitions can be found in any of the monographs on optimal designs, such as Fedorov (1972),
Silvey (1980), Pazman (1986), Atkinson and Donev (1992), and Atkinson et al. (2007) as well

as in a vast number of articles on optimal designs.

3.5.4 Determinant based criteria
D-optimality

Definition 3.1. A design £* is said to be D-optimal if and only if it maximizes In |M(&; 3)]
or equivalently if and only if it minimizes In |M~(&; 8)] = —In |M(&; B8)|, where |M(&; B8)] is
the determinant of information matrix M (&; 3) for the parameters of a given model and £ is

an element of the set = of all possible designs on a design space X.

The letter D stands for determinant and the design criterion to be minimized is

Up{M(&B)} = —In|M(¢; B)]. (3.22)

D-optimality criterion has the following important properties:

e The function M(&8) — —In|M(&;3)| is a strictly convex function since it is the
reciprocal of In|M(&; B)| which is a strictly concave function Fedorov (1972, p. 71,
Lemma 2.2.2). Thus Wp{M(&;3)} corresponds to a global optimality criterion.

o If A\, Ag,... A\, are the eigenvalues of M (&;3), then the D criterion maximizes the
P p
1
determinant | M (&; B)| = H \; or minimizes |M ™1 (&; B)| = H " called the generalized

i=1 i=1
variance of 3 (see for example Silvey (1980, p. 10), Atkinson and Donev (1992, p.

42), and Atkinson et al. (2007, p. 53)). In fact in the generalized linear and nonlinear

case, |[M~1(&; B)] is asymptotically the variance-covariance matrix of the vector 3, that
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is B is approximately distributed as N(B, M 1(&;3)). In the linear regression case
with error term normally distributed with mean zero and variance o2, the distribution
B~ N(B,M~'(¢&;8)) is exact (Dobson (2002, p. 73)). The interpretation of this result
is that the D-optimality criterion minimizes the volume of the confidence ellipsoid of the

vector B of parameters given by
{B:(8-B)"M(&B)(B-B) < constant } (3.23)
where 3 is an estimate of B (Silvey (1980, p. 10)).

e The D criterion is invariant with respect to any linear transformation of the explanatory
variables (Atkinson and Donev (1992, p. 107), and (Atkinson et al., 2007, p. 136)).

The above properties make the D-optimality criterion the most used optimality criterion in

practical applications (Silvey (1980, p. 41)).

D, and Dg-optimality criteria

Suppose that A is a p x s matrix with s < p and interest is on estimating the s linear
combinations A7 3 of the parameters 3. Since the asymptotic variance-covariance matrix of
Bis M1(¢; 3), then the asymptotic variance-covariance matrix of AT3 is ATM1(€; B)A. As
a consequence, a criterion for estimating AT 3 similar to (3.22), is to minimize the following

criterion
Up, {M(&B)} =In|ATM (& B)Al (3.24)
This criterion was called the D s-optimality by Sibson (1974) to emphasize its dependency

on the matrix A (also see Atkinson and Donev (1992, p. 108), and Atkinson et al. (2007, p.
137)).

One special case of the D, optimality criterion is that for a single linear combination a’ 3.
In this case the determinant in (3.24) is not needed because a® M ~!(¢; B)a is a scalar. The
criterion which minimizes the quadratic form a” M ~1(&; B)a is called c-optimality and will be

discussed in Section 3.5.5.

Another special case of D, optimality is that for a linear combination of a subset of the
parameters of the parameter vector 8. In that regards, consider a p x 1 parameter vector 3
and suppose that, without loss of generality, the interest of the experimenter is on estimating
the vector 3, of the first s parameters 3y, 32, ..., s where s < p and the remaining p — s

parameters (.1, Bs19,..., 5, are taken to be nuisance parameters. This is a special case of

31



Chapter 3 — Review of Optimal Designs

D 4-optimality where AT = (I, 0), I, being the s x s identity matrix and 0 the s x (p — s)
null matrix. Here, the letter s stands for subset. The information matrix for the parameters

can be conformably partitioned as

M ) = ( Min(€:8) M€ ) ) |

Mlg(fwg) Mm(féﬁ)

The variance-covariance matrix of the estimates of B, is the upper s X s sub-matrix of
M~'(&; B) given by

MY (& B) = {M1(& B) — Mya(&; B) My (& B)ML (& 8)}

and the D,-optimal design maximizes the determinant

In [{MY (& B)} | = In [ My (€ B) — Mya(€&: 8) Mg (€ B)ME(E:B)] = n % (3.25)

(see Silvey (1980, p. 11), Atkinson and Donev (1992, p. 109) and Atkinson et al. (2007, p.
139)).

3.5.5 Linear optimality

Definition 3.2. Suppose that L is a p X ¢ nonnegative definite matrix of real coefficients. A

design &} is termed an L-optimal design if it minimizes a criterion of the form
U {M(&B)} = tr{M (& B)L} (3.26)

where tr{M~'(&;B)L} is the trace of the matrix M~1(¢; B)L, that is the sum of the (4,7)th
elements of M 1(&; B)L. The letter L stands for linear. The following two cases are possible.

1. Suppose that s is the rank of L with s < ¢. Then L can be written as L = AA” where

Ais a p x s matrix of rank s. In this case, the criterion (3.26) can be written as

U, {M(§B)} = tr{M (& B)L} = tr{M (& B)AA"} = tr{ATM (& B)A} (3.27)

and this criterion is called A4-optimality criterion (see Atkinson and Donev (1992, p.

114). Some special cases are the following
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A-optimality

The A-optimality is obtained by taking A = I, where I is the p x p identity matrix, to

give the following definition.

Definition 3.3. A design & is said to be A-optimal if and only if it minimizes the
criterion W4 M (& B) = tr {M1(&;8)} where tr {M~1(£;3)} is the trace of the inverse

of the information matrix of the parameters.

Note that

tr{M (& B)} = Z% = Zvar(ﬁi) (3.28)

where \;, i =1,2,...,p, are the eigenvalues of the information matrix M (&; 3). Clearly,

minimizing ¥4 M (§; 3) is equivalent to minimizing

W{M(EB)) = %tr (M6 8)) = %

p 1 1 p N
> =5 > var(B,) (3.29)
¢ i=1

i=1
so that A stands for “average”. The expression (3.29) shows that one disadvantage
of the A-optimality criterion is that it minimizes the average of the variances of the
parameters but does not take into account their covariances. Another disadvantage of

this criterion is that it is not invariant to a linear transformation of the explanatory
variables (Atkinson and Donev (1992, p. 107), and Atkinson et al. (2007, p. 136)).

c-optimality

If s =1, then A in (3.27) is the column vector ¢ and the c-optimality is obtained, which

is defined as follows.

Definition 3.4. A design & is c-optimal if and only if it minimizes the variance of the
estimate of the linear combination ¢’ 3 of the vector of parameters (3, which means that
&* minimizes the criterion U {M(&; 8)} = ¢ M~1(&; B)c over all designs £ € ZE where 2

is the set of all possible designs on a given design space.

Note that c-optimal designs are interesting since in some cases, parameters may not be
estimable but their linear combinations estimable or interest is on these linear combina-
tions. A disadvantage of c-optimum designs is that in some situations the information
matrix and therefore the design is singular. This renders calculations difficult or requires

the use of generalized inverses of the information matrices (Silvey (1978), Silvey (1980,
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p. 13), Atkinson and Donev (1992, p. 113), and Atkinson et al. (2007, p. 142)). Two

important special cases of c-optimality are the following:

(a) Precision on an individual parameter
If interest is on the parameter 3;, i = 1,2,...,p, then ¢"'=(0,0,...,1,0,...,0) with

1 at the ¢th position and 0 elsewhere.

(b) Two parameter contrasts
If interest is now on the precision of some contrasts 3; — 3;, ¢ # 7 and i,j =
1,2,...,p, then ¢'=(0,0,...,1,...,0,0,...,—1,0,...,0) with ¢; = 1, ¢; = —1 and
cg=0fori#j#1 and 1,5, =1,2,...,p.

An interesting feature of c-optimality is that it is invariant to linear transformation of

the explanatory variables as for D-optimality.

2. Suppose that interest is on several contrasts, say s contrasts C7 3, where C is a p x s
matrix of coefficients with elements in each row summing to 0. The criteria to be
minimized given by

VoM B)} =tr{C" M7 (& B)C) (3.30)
is called C-optimality (Atkinson and Donev (1992, p. 114), and Atkinson et al. (2007,
p. 143)).

3.5.6 Minimax criteria: G-and E-optimality

Minimax criteria are defined in terms of the variance of the predicted response. For a
linear model with normal errors, the variance of the predicted response :nTB is given by
d(x;&) = &' M~ (&)x and this result is exact. However, for a nonlinear model the approxi-

mate asymptotic variance of the predicted response n = n(x; B) is

iz, & ) = (S—Z)TM*(&B) (g—g) (3.31)

(see for examples O'Brien and Funk (2003)).
G-optimality

Definition 3.5. A design ¢/ is G-optimal if it minimizes the maximum standardized variance

d(z,&; B) of the predicted response over a design space X. In other words, the criterion
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Ue{M(&;B)} to be minimized by the choice of design & in the set = of all designs on the
design space X is given by

Pa{M(&: B)} = min maxid(e, & B)} (3.32)

where d(x, &; 3) is defined by (3.31).

E-optimality

Consider looking at the variance of the linear combination ¢’ B where ¢ € RP such that
c¢’c = 1, that is the vector ¢ lies on the unit sphere. The E-optimality criterion minimizes the
maximum variance of all linear combinations €73 for e lying in the unit sphere ¢’'e = 1 C R?,

and thus the following definition.

Definition 3.6. A design &}, is E-optimal if and only if it minimizes the variance of the linear
combination ¢’ 3 subject to ¢”¢ = 1. In other words, the criterion ¥ to be minimized by the

choice of design &}, in the set = of all designs on the design space X is given by

Up{M(& )} = max [ (M7 (& P))e]. (3.33)

Minimizing (3.33) is equivalent to minimizing the maximum eigenvalue of M~'(¢; 3) or equiv-
alently maximizing the minimum eigenvalue of M (&;3) by choice of designs £ in = (Silvey
(1980, p. 12) and Atkinson and Donev (1992, p. 107)).

3.6. Construction of optimal designs for linear models

3.6.1 Preliminaries
Aim

The aim of this section is to review methods of optimization of the criteria given in Sections
3.5.4 and 3.5.5.

Scope

The information matrix (3.7) for linear models does not depend on the parameters. Thus, the
theory flows smoothly and all extensions, as for example to generalized linear and nonlinear

models, are based on these ideas.
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3.6.2 Construction of exact optimal designs

Problem

The construction of exact optimal designs is difficult. Specifically the problem is rooted
in combinatorics. As an example, the D-criterion has been shown to be non-deterministic
polynomial-time hard (NP-hard), i.e. no fast solution is known (Welch (1982a)). In certain
cases it is possible to enumerate all possible designs and thus find the optimum. However this
approach rapidly becomes prohibitive in terms of computer-time as the size of the problem
increases (Welch (1982b)). Thus, at least in general, heuristic algorithms are needed for
constructing exact optimal designs and these do not guarantee to find the global optimum
(Atkinson and Donev (1992, p. 178), and Atkinson et al. (2007, p. 181)).

Algorithms

There is a number of algorithms used in the search for exact designs on a given design space.
Some of them are the following:

(a) Enumeration: This consists of giving a complete list of all possible designs so that the
optimal one can be located. A more efficient way is to perform a branch-and-bound (Welch,
1982b). The method guarantees to find an optimal design, but computation becomes cumber-
some for high sized designs (Atkinson and Donev (1992, p. 178), and Atkinson et al. (2007,
p. 181)).

(b) Exchange algorithms: These algorithms are based on adding trials to a smaller candidate
design or deleting trials from a larger candidate design or exchanging points from the K initial
support points and from the list L of candidate support points. The aim is to obtain an im-
proved N-trial design for a given criterion. Exchange algorithms include DETMAX (Mitchell
(1974)) and the Fedorov algorithm (Fedorov (1972, Chap. 3)). The theory related to these
algorithms are summarized and extended in Atkinson and Donev (1992, Chapter 15), and in
Atkinson et al. (2007, Chapter 12).

(c) Other heuristic procedures: Examples include the Nelder-Mead simplex method (Nelder
and Mead (1965), simulated annealing (Haines (1987)) and genetic algorithms (Joshi and
Moudgalya (2004, p. 308)).
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3.6.3 Construction of approximate optimal designs

Idea

An approximate design was defined as a design of form (3.17). The theory associated with
approximate optimal design is powerful in the sense that it is based on a well documented

theory and, in particular, leads to the construction of global optimal designs.

Caratheodory’s Theorem

One of the important results in the theory of approximate designs is the Caratheodory’s
Theorem as it provides a priori the maximum number of support points of a D-optimal

design. The theorem is formulated as follows.

Theorem 3.1. Consider a design space X C R¥, and = the set of all designs £ on X and a
criterion ¥ defined on X. The Caratheodory’s Theorem states there always exist an approx-
imate design £ with number of support points at most equal to $k(k + 1) + 1 that satisfies
the criterion V. In particular, if the criterion ¥ is concave then the number of support points

of the optimal design £* is at most equal to $k(k + 1) (Silvey (1980, p. 16)).

Special case

Suppose that the number, £, of support points is equal to the number, p, of parameters and
consider the D-optimality criterion. The information matrix of the approximate design (3.17)

is given by
P

M) =) MNM(z)=X"WX (3.34)
i=1
where the design matrix X with ith row :cZT = (1,241, ®i2, . . ., i p—1) and the matrix of weights

A1 Ao Ap

W = diag <—2 have the same dimension p x p. The determinant of the informa-
o

) 27 T 52
tion matrix (3.34) factorizes to

ME)| = 1X"WX]| = |XPIW|= X ]] A (3.35)

i=1
Thus, the optimization problem separate to maximizing | X | with respect to the support points

p P
x; and |[W| = H A; with respect to the weights A; subject to 0 < \; < 1 and Z A = 1. The

i—1 =1

1
latter maximization leads to \;, = —, ¢ = 1,2,...,p. Thus, yielding a p-point D-optimum
p
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1

design with weights — at each support point (Fedorov (1972, pp. 84-85) and Silvey (1980, p.
p

42)).

3.7. The general equivalence theorem for approximate designs

The general equivalence theorem for approximate designs is defined using the concept of

directional derivative that can, in the present context, be defined as follows.

Definition 3.7. Suppose that = is the set of all designs £ on the design space X and consider
a design & € Z which puts weight one on & € X. The directional derivative of an optimality
criterion W{M (&)} at £ in the direction of &g is defined as
U{(l—a)M M —w{M
Sas6) — tim VUL M) + M (E)) — (M)

a—0 (6

(3.36)
The directional derivative (3.36) is a building block for the following theorem known as the
general equivalence theorem for optimal designs.

Theorem 3.2. Suppose that U is a convex criterion function on the set of information matrices
on the design space X. The general equivalence theorem states that the following three

assertions are equivalent.

1. The design £* minimizes W{M ()} for all £ € =;
2. The directional derivative ¢(x;£*) is greater than or equal to zero for all € X;

3. The directional derivative ¢(x;&*) attains its minimum at the support points of the

design.

This theorem is due to Kiefer and Wolfowitz (1960) and is reported in Atkinson and Donev
(1992, p. 96) and in Atkinson et al. (2007, p. 122). The general proof of the theorem is found
in Whittle (1973).

3.7.1 Directional derivatives for some criteria

The emphasis of this section is looking at the general equivalence theorem for the determinant-
based and the linear-based optimality criteria. For each criterion the discussion falls into two

parts: (a) deriving the directional derivative and (b) stating the theorem.
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D-optimality

Firstly, recall that the D-optimality criterion is Up{M(£)} = In|M~1(&)| = —In|M(&)].
0

Secondly note that a—{ln M|} =tr{ M ! Do where M is a nonsingular square matrix
« a

and « is a scalar (Fedorov (1972, p. 21)). Therefore, the directional derivative (3.36) for

D-optimality criterion is given by

Ses) — i~ QM)+ aM )+ In 1)

a—0 (¢

= —lim tr{[(1 - @) M(&) + aM(&)] ' (~M(6) + M(ée))}
= —tr{M~H[-M (&) + M(Ex)]}

= p—te[M (M (&)

= p—x'M &z

since M(£g) = zx’ and d(z;&) = tr[M~ 1 (Ozx?| = 2" M~ ()x (see for example Graybill
(1983, Theorem 9. 1. 20)). This result and the General Equivalence Theorem 3.2 imply that

General Equivalence Theorem 3.2 for D-optimality for linear models is the following.

Theorem 3.3. The following three assertions are equivalent for a D-optimal design, £, in a

design space X.

1. The design £* minimizes — In |M(&)| over all designs £ € =;
2. d(x; &) < p for all x € X;

3. The support points of the D-optimal design £* are real solutions of equation d(x;&*) = p
where d(z; &) = &7 M1 (&)x.

It immediately follows from this theorem that for approximate designs D-and G-optimality
are equivalent. This equivalence is an important result since minimax designs are in general

difficult to construct.
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D, and D,-optimality

The D 4-optimality criterion is given by the equation (3.24). Thus, for a linear model the

directional derivative of Wp, at ¢ in the direction of &, is calculated as follows.

$(e;6) = lim In |ATM (1 — )¢ + aég}A| — In |[ATM (A

= lim %{m |A"MY(1 — a)é + alg }A|}

= tr {{ATMTHOATHAT[-MTHE (- M (&) + M (Ex))MH(E)]A}}
= tol, — tr {{ATM (A TTATM T (Qzat MTH(E) A}

= s—d(x;¢)

where s = rank(A) and d(x; &) = £ M~ (E)A{ATM (A} TAT M~ (&)x. Thus, the Gen-

eral Equivalence Theorem 3.2 for the D, optimality can be formulated as follows.

Theorem 3.4. The following three assertions are equivalent for a D 4-optimal design.

1. The design &* minimizes In|ATM~Y(€)A| for all £ € Z;
2. d(z; &) < sforall x € X ;

3. The support points of the D4 optimal design are real solutions of d(x;£*) = s
where s = rank(A) and d(x; &*) = &' M) A{ATM () A}y TATM (&) .

The relationship between D4 optimality and D, optimality discussed in Section 3.5.4 implies

that the directional derivative for the D-optimality criterion is given by
$(a;€) = s — &' M H(§)z + x5 My (€)@

where 27 is partitioned as " = (x1, z3) and M () is conformably partitioned as in Section

3.5.4. Thus the equivalence theorem for D,-optimality is given by the following assertions.

Theorem 3.5. The following three assertions are equivalent.

(&) ‘ for £ € = where My (&) defined in Subsection 3.5.4

M

M (&)
My (&;8) Mia(€;8)
M{5(&; B) Mzz(f;ﬁ))

1. The design £* minimizes In ‘

?

is the (2,2) submatrix in M(&;8) = (

2. d(x,&*) < sforall z € X
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3. The support points of the D, optimal design are solutions of the equation d(x,£*) = s

where s is the number of parameters of interest and d(z, &*) = &7 M~ (") — & My (£)x,.

Linear criteria

Consider the linear optimality criterion defined in (3.26). The directional derivative is given
by

S 6) — lim WM HIL = )€+ aG )L — aM L

a—0 o
1 0 —1 —1
= lim o (1= )M () + 0l ()}
=tr{M (&)L} — 2" M~ (LM (&)x. (3.37)
Hence the General Equivalence Theorem 3.2 for L-optimality is given by the following asser-

tions.

Theorem 3.6. The following three assertions are equivalent.

1. The design &* minimizes tr{M~"(£)L} for all £ € Z;
2. dz; &%) < tr {MY&*)L} for all © € X;

3. The support points of the L-optimal design are real solutions of the equation d(x;&*) =
tr {M (&)L}

where d(z; &%) = 2T M Y(&)LM (&) .

Special cases

Two important special cases are the following:
(1) A-optimality
The directional derivative for the A-optimality is a particular case of (3.37) where L is replaced

by the identity matrix I, that is:

$(a;€) = tr{MH(E)} — ¥ [M7(9)] .

(2) c-optimality
If L = cc?, where ¢ is a p x 1 column vector, the directional derivative (3.37) may be written

as

o(x, &) ="M &e— {z" M &)z}
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3.7.2 Efficiency of a design

The efficiency of a design £ is a real number in the interval [0, 1], generally expressed as
a percentage, that gives the extent to which the design exhausts the information on the
parameters (see Pukelsheim (1993, p. 132)). In other words, the higher the information
obtained from the design & compared to other competing designs from the same set of designs

=, the higher the efficiency of the design £&. Two measures of efficiency are popular. One is

the D-efficiency defined by
M(£0) }””
Do = {— , (3.38)
| M (£ 0)]
where £ is an arbitrary design, £* is the optimal design and p is the number of the parameters

1
of the model. The ratio of the determinants in (3.38) is taken to the power — so that the
p

measure of efficiency is proportional to the design size for any dimension of the model (see
Atkinson and Donev (1992, p. 116), and Atkinson et al. (2007, p. 152)).

Another measure of efficiency is that of the L-type and minimax-type optimal design given by

(5 0)
Wog = —> 7 .
i U(¢: 0) (3.39)
where W(¢; 0) is the optimality criterion of interest. For example, the G-efficiency, is given by
E *
Ga= M) _ P (3.40)
d(€)  d(¢)

where d(£) = max d(x; &) (see Atkinson and Donev (1992, p. 116), and Atkinson et al. (2007,
S
p. 152)).

3.8. Locally optimal design construction for nonlinear models

3.8.1 Preliminaries

Problem

For generalized linear models (GLM) (but not the normal case) and generalized nonlinear
models (GnLM), the information matrix (3.18) or (3.19) is a function of the unknown param-

eters and this issue needs to be addressed.
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Scope

The theory of optimal designs for linear regression models discussed in Section 3.6 forms the
basis for handling the design problem for nonlinear models for which GLMs and GnLMs are
special cases. One of the approaches usually adopted is that of “locally optimal designs” which

is briefly discussed below.

3.8.2 Locally optimal designs

Idea and Equivalence Theorem

One way of addressing the problem of design dependency of the information matrix to the
model parameters is locally optimal design introduced by Chernoff (1953). The principle is
taking a best guess B° of the vector of parameters 8. In this case the information matrices
(3.18) and (3.19) for an approximate design do not depend on the parameters of the model, and
hence the optimality criteria discussed for the construction of optimal design for linear models
in Section 3.6 are applicable for locally optimal designs. The presence of B in parentheses
following the criterion’s notation is used to indicate the dependence on the best guess of 3
for locally optimal design. For example, D(3)- and ¢(3)- will stand for locally D-optimal and

locally c-optimum designs respectively.

Some models can be linear, but interest can be in a nonlinear function of the vector of pa-
rameters. Suppose for example that ¢ is a nonlinear function of the vector of parameters 3

with maximum likelihood estimator ¢g(3). The first order Taylor expansion about the true

parameter value 3 gives

o) = a0)+ | 55| B
Then,
ValgB) = |25 | var®) |55
= (@M (B)e(B), (3.41)
where ¢(8) = 9(6) and M‘l(ﬁ)zvar(,@). With a best guess of B, the optimum design is

B

obtained by referring to c-optimality discussed in Section 3.5.5.

A pioneering work on the calculation of optimal designs for nonlinear models is that of Box

and Lucas (1959). The one variable compartmental model with two parameters was used to
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illustrate the theory. The methodology used was that of an induced design introduced by
Elfving (1952), but this approach is complicated and can be unpracticable for a model with

more than one variable.

The General Equivalence Theorem 3.2 introduced by Kiefer and Wolfowitz (1960) for the
construction of optimal designs for linear models was extended to the case of the constructing
optimal designs for nonlinear models by White (1973). One of the elegant results established by
White (1973) is the equivalence between D(/3)-optimality and G(3)-optimality as summarized

in the following theorem.

Theorem 3.7. The following three assertions are equivalent.

1. The design £* is D(3)-optimal;
2. The design &* is G(B)-optimal;

3. sup d(x,£"; B) = p where p is the number of parameters in the model and d(x, £*; 3) =
Tex

tr{ M (z; B)M 1 (¢*,3)} is the variance of the predicted response similar to (3.31).

The importance of Theorem 3.7 is in handling minimax criteria, such as G(3)-optimality,
which are not based on differentiation. In fact, the above Equivalence Theorem permits the
evaluation of optimality by means of determinant based criteria, such as D(3)-optimality,

which are differentiable criteria. This renders the optimization relatively easy to perform.

In particular, the D-optimality based on Theorem 3.3 can be extended to GLM and GnLM

as follows.

Theorem 3.8. For a generalized linear or nonlinear model, the following three assertions are

equivalent for a D-optimal design on a design space X.
1. The design £* minimizes — In |M(&; 3)| for all £ € =;
2. d(x, &5 8) < pforall z € X

3. The support points of the D-optimal design £* are real solutions of the equation d(x, £*; 3)
tr{ M (x; B)M~(¢*,8)} = p where p is the number of model parameters.

3.8.3 Algorithms for constructing optimal designs

As stated previously, constructing an exact optimal design is a difficult combinatorial problem.

In most situations the construction of optimal designs is for approximate designs discussed in
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Section 3.6.3. For a generalized linear or nonlinear model, constrained nonlinear optimization
routines can be used in the search of candidate D-optimal designs. The constraints rely on

the weights and the design region X with
w; > 0, Zwi =1, and x € X. (3.42)

First suppose that the design region X is an ordered subset of R and that the scalar x.;, and
Tmax are respectively the minimum and the maximum values of a scalar z on X. That is for

any £ € X, Tpin < T < Tmax. It immediate follows that

T — Ty
0< <1,

Tmaz — Tmin
This expression is satisfied by the one to one transformation

T — Tmin

= sin’y,
Lmaz — Tmin
or, equivalently
T = Tmin + (xmaoc - Imm) sin’ Y, (343)
and
T — Lmyg
y = arcsin 4/ —————— (3.44)
Tmar — Lmin

where y € [0, g] The same process on support points x is repeated on the weights w. If, for

example, the D-optimality criterion is used for a candidate D-optimal design with %k distinct

support points and associated k weights, where some of the weights can be zeros, the criterion

Up(&;8) = In|M (& B)| is transformed into the criterion f(y1,vo,. .., %), i.e. a function

of k points and &k weights in a long (2k X 1) vector yi, 4o, - .., yor With y; constrained to be

T

on [O, 5} for e = 1,2,...,2k. Therefore the problem of calculating the values of x1, o, ...,
k

z of X and w; > 0 with Zwi = 1 which minimize the criterion ¥p (&, 8) = In|M(&; 8)
i=1

is transferred to the problem of calculating the values of w1, yo, ..., y9 which minimize

T
f(¥1,y2, - ., Yor) Where yi, ¥, ..., yox lie in the interval [0, 5] By reasonable starting values
Y, 49, ..., 99, a numerical optimization routine, such as Newton-Raphson, is used for finding
oh, b, oL, ok and wi wh, L. wh via oyl yh, ..., yh, at iteration r. Evaluating In [M1(E; B)]

at every step until convergence to final values y{, yg, e ygk provides final values :U{, a:{, ceey

ol and w!, wi, ..., wl which minimize In |M~'(¢; B)|.

The above algorithm for one explanatory variable, z, is easily extended for X C R* where k

is the number of explanatory variables in the generalized linear or nonlinear model. For each
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variable, say x; for j = 1,...k, the transformation (3.44) may be used for finding the value
of y;. Then, the back transformation (3.43) may used for finding the actual value of z;. This
method of constructing D-optimal designs will be used in numerical examples of this thesis

with Gauss code adjusted from procedures written by Haines in unpublished research work.

Another algorithm for constructing optimal designs given in Atkinson and Donev (1992, p.
103) and in Atkinson et al. (2007, p. 129) can be described as follows.

Atkinson and Donev (1992), and Atkinson et al. (2007) consider a design with &k support
points on a cubic design space of the form —1 < z; < 1 in the euclidian space R* where

i=1,2,...,k) and k is an integer greater or equal to 1. Then, they take
x; = sin z; (3.45)

as a transformation from unconstrained z; to constrained z;, for i = 1,2,... k. Atkinson
and Donev (1992), and Atkinson et al. (2007) state that optimal designs can first be con-
structed on the unconstrained design space of the z;, then the z; are back transformed to the
constrained space of the z; provided that subspaces used are such that (3.45) is a one-to-
one transformation). Furthermore, Atkinson and Donev (1992), and Atkinson et al. (2007)
specify the weights at the k support points of the candidate optimal design by the following

transformation
— 2
wp = SIn" zZy
2 2
wy = Sin 2y Ccos® 2
i—1
w; = sin?z H cos’z;  (i=2,3,...,k—1) (3.46)
i=1
k-1
_ 2
wp = H cos” z;.
j=1

For instance, if £ = 2 that is a case of a design with two support points, then the transformation
(3.46) is written as

wy = sin? z; and wy = cos? 2,
so that

wyp > 0,we > 0 and wy + wy = 1.

Atkinson et al. (2007, p. 130-131) use SAS IML to write a code for the numerical construction
of D-optimal designs on the design space [—1,1].
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3.9. Conclusions

This chapter has provided a brief review on optimal designs. The emphasis was on the defini-
tion of a design, the optimality criteria, the specific equivalence theorem for each optimality

criterion, and on algorithms for calculating locally optimal designs.

It was emphasized that optimal designs are model based. In particular, it was indicated that
generalized linear and nonlinear models constitute a large class of useful models in practical
situations such as in biomedical studies. The general forms of these models were summarized
and corresponding expressions of the information matrices were calculated. Some examples
were given, namely (1) the normal linear model, (2) the linear binary logistic model, (3) the
normal nonlinear model, and (4) the nonlinear binary logistic model. The expressions of the
information matrix for the different models were given, as these will be used in subsequent

chapters.

The designs were defined and classified as exact or approximate. Emphasis was on approximate
designs since they are easy to calculate. A review of the alphabetic design criteria was given.
These were broadly classified in three categories, namely (1) determinant based criteria, (2)
linear based criteria and (3) minimax based criteria. The General Equivalence Theorem of
Kiefer and Wolfowitz (1960) for constructing optimal designs for linear models was reviewed,
then adjusted to each optimality criterion discussed in the text. Furthermore, a review on
how the theory of optimal design for linear models can be extended to nonlinear models
using the idea of locally optimal design introduced by Chernoff (1953) was done, and the
referring Equivalence Theorem was introduced by White (1973). Finally, two algorithms for
constructing locally D-optimal design were provided, one related to Haines’ unpublished work
and another on Atkinson et al. (2007)’s approach in numerically constructing optimal designs

using respectively Gauss and SAS.
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Review of D-optimal Designs for the

Two-Variable Binary Logistic Model

4.1. Introduction

This chapter reviews some existing work on constructing D-optimal designs for the precise
estimation of the parameters of the two-variable binary logistic model that adequately de-
scribes the effects of two drugs administered jointly. In Section 4.2, some theory regarding the
general logistic model and associated designs is presented. In Section 4.3, the construction of
the D-optimal design for a single explanatory variable is reviewed and a proof for D-optimality
of the design is given. The two-variable binary logistic models without and with interaction
are introduced in Section 4.4. A brief account of the existing work on the construction of
D-optimal designs for the two-variable binary logistic model without interaction is given in
Section 4.5. Specifically, the approaches reviewed are those of Sitter and Torsney (1995a),
Atkinson and Haines (1996), and Jia and Myers (2001). Finally, in Section 4.6, a brief review
of work reported on the construction of the D-optimal designs for the two-variable binary
logistic model with interaction is presented. Specifically, the approaches reviewed are those
of Kupchak (2000), and Jia and Myers (2001).
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4.2. Binary logistic model and D-optimal designs

4.2.1 Model and information matrix

Consider a binary response variable Y; at the i’ setting of explanatory variables represented
by the vector &; = (z1, T2, ..., x)? fori =1,2,...,d > k+ 1. The two possible values y; at
x; can be coded as 1 for success or positive response and 0 for a failure or a negative response.
If the probability of success, say p;, at @; is described by the binary logistic model, then

1

e = e aTR) o
or equivalently
uizlq;upgzzhllpi —z' (4.2)
—Di
where x; = [1,a:iT]T and B = (0o, B1, B, ---,0k)" is the vector of model parameters (see

Dobson (2002, p. 115)). As in Example 3.2, the information matrix for 3 evaluated at x; is

1

M(z; B) = pi(1 — p))Tix, = pi(1 — p) [ -

] [1,z]] (4.3)

fori=1,2,....d > k+ 1.

4.2.2 Design

An exact design with d distinct support points @; is given by
1 T2 ... &g
- |
ny MNo ... Ng
d
where n; is the number of replications of @; for i =1,2,...,d > k+1, and N = an is the

i=1
total sample size. The exact design £ on a per point basis is given by

r r ... &g
fE:{ o 5 } (4.4)

N N " N

d
where Z % = 1. The approximate counterpart of design (4.4) is defined as
i=1

- ry Lo ... Ly
5_{/\1 PV /\d} (4:5)
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d

where the design weights A; satisfy the conditions 0 < A; < 1 and Z A; = 1. Now, using the
i=1

matrix (4.3), the information matrix for 3 evaluated at the approximate design (4.5) is given

by
M B) = Z)\iM(mi§B) = Z)\ipi(l — Di) [ ; ] [1, @] ] (4.6)

or more compactly
M(&8)=X"WX

h

where X is a d x (k + 1) matrix whose i"* row is [1,z]] and W is a d x d diagonal matrix of

weights whose (i,4)" element is

Recall from Section 3.5.4 that if = is the set of all designs on a design space X, then the
D-optimal design is the design that maximizes the determinant or log-determinant or, equiv-
alently, minimizes minus the log-determinant of the information matrix over all designs in =.
The construction of the exact D-optimal designs of the form (4.4) is a difficult combinatorial
problem (see Atkinson and Donev (1992, Chapter 15), and Atkinson et al. (2007, Chapter
12)). The difficulty of finding exact D-optimal designs has been circumvented by approxi-
mating the design &g in (4.4) with the design & in (4.5) which is much easier to construct
(Atkinson et al. (2007, p. 119)).

The design problem may be further simplified by reducing the problem to an equivalent
canonical form which is solvable independently of B (Ford et al. (1992), Sitter and Torsney
(1995a), Sitter and Torsney (1995b), Atkinson and Haines (1996), and Torsney and Gunduz
(2001)) as follows. Let B be a (k+ 1) x (k + 1) nonsingular matrix of the form

1 0 0 e 0

Bo B B2 oo D
B = b01 bll b21 RN bk:l (48)

L bogk-1) Dy bek1y --- Dreo1)
where b;; (i =0,1,...,kand j =1,2,...,k — 1) are coefficients of (k — 1) linear constraints
- 1 1 -
Uj = boj + bljxl + ijZL’Q +...+ bijk- Then, let B = B ] = [ ] =u for all x € X,
T u

and let X, = {u : B& = u,x € X} be the design space induced by the mapping x to u. The
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mapping « to u applied to the support points of design (4.5) results in the induced design

U, Uz ... Uy
u — s 4.9
g { /\1 )\2 e )\d } ( )
~ 1 1 ~ . .
and hence Bx; = B ] = [ ] =u; for:=1,2,...,d. In terms of the design &,, the
T; u;

information matrix (4.6) is

d
= Z Aipi(1 = pi)&:&;

—Zm —pi)B ' (BT

Z%pz —puga, | (B~
= B_IM(fu)( .
Consequently,
M(&) = BM(& 5)B" (4.10)

and |M(&,)] = |BI’/M(&;8)]. This means that maximizing |M(&,)| by choice of &, on X,
is equivalent to maximizing |M (&; B)| by choice of £ on X. Hence the optimal design & may

easily be found as the back transformation of the optimal design &, using mapping u to .

4.3. D-optimal design for the one-variable binary logistic model

The one-variable binary logistic model is model (4.2) with 8 = (8o, )" and & = [1,z]" where

x is a scalar, i.e. u = By + (.

The D-optimal design for the one-variable binary logistic model is a well known two-point

design. The following are some reported studies of this design.

Abdelbasit and Plackett (1983) considered model u = logit(p) = By + f1z re-parameterized
to u = logit(p) = f1(x — p) where p = —% and z € R, and found that a 2-point D-optimal
design has support points at probabilities olf response p = 0.824 and ¢ = 1 — p = 0.176, which
respectively correspond to logits u; = 1.5434 and uy = —1.5434. Atkinson and Donev (1992,
pp. 292-293), and Atkinson et al. (2007, pp. 399-400) considered model u = logit(p) = By+ 1z
where Gy = 0, #; = 1 and the scalar z is an element of the unbounded design space X = R. The
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authors found algebraically that the D-optimal design has two equally weighted support points
+1.5434, but did not prove global optimality of the design. Silvey (1980, pp. 59-60) briefly
reported the two-point design for the one-variable binary logistic model in a bounded design
space, but no proof of D-optimality of the design was provided. A relatively more detailed
geometrical /numerical construction of the two-point D-optimal designs on the design spaces
X = [a,b], X = [a,00) and X = (—o0, a], where a and b are real numbers, was introduced by
Ford et al. (1992). They discussed the construction of ¢- and D-optimal designs for nine one-
variable nonlinear models that are functions of u = 3y + ;2 among which is the one-variable
binary logistic model. Ford et al. (1992) expressed the optimal designs in “canonical form”, i.e.
in terms of u, and presented a geometric argument based on the minimum ellipsoid enclosing
the canonical design locus to prove D-optimality. A formal algebraic proof of D-optimality
of the two-point D-optimal design for model u = logit(p) = (s + f1z on the design spaces
X = [a,b], X = [a,00) and X = (—o0, a] is given by Sebastiani and Settimi (1997). Sebastiani
and Settimi (1997) report that White (1975) proved D-optimality of the D-optimal design in
the case of the unbounded design space R. However, this does not clearly appear to be the
case in White’s thesis (1975). Furthermore, the proof for the case of the design space R does
not immediately follow from the proof of Sebastiani and Settimi (1997).

The aim of this thesis is to construct D-optimal designs for model (4.2) with two variables.
Since the case of the one-variable model constitutes a building block for constructing such
designs, a new approach of algebraical construction of the two-point D-optimal design for
the one-variable binary logistic model in the unrestricted design space R is presented here.

Theorem 4.1 summarizes the results.

Theorem 4.1. The D-optimal design for a one-variable binary logistic model on the design
space R is an equally weighted two-point design with support points located on the logits
+u = 1.5434.

Proof

The proof of this theorem has two components, namely (i) construction of the candidate D-
optimal design and (ii) proof of D-optimality of the candidate D-optimal design.

Step (i): The one-variable binary logistic model is the binary logistic model (4.2) but with
z = [1,z]", where z is a scalar and B = (5, ;). Therefore, the logit for the model can be

written as u = logit(p) = Sy + f12. The information matrix for B at the 2-point candidate
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. . Ty T2 ..
D-optimal design & = { L } is given by
2 2
1< 1 1o 1,
(&) 2;;wm[%][1x4 2;;wm[% ﬁ] (4.11)
where ¥(u;) = pi(1 — p;) = ﬁ and u; = logit(p;) = Bo+ frz; for i = 1,2. The transfor-
eli

mation of this design problem to canonical form as in (4.8), (4.9) and (4.10) is accomplished

1 0
with B = . The transformation results in
Bo B
1 u
M(u) = BM(x;8)B = ¢(u) , |
u ou
and hence
Uj
M (&) = BM(&;0)B sz [ | u2]
where &, = { ull Uf . As in Atkinson and Donev (1992, p. 292) assume that the support
2 2

points of the candidate D-optimal design are symmetric about v = 0. Then the candidate

} (4.12)

M@J:BM@BBTzwwll O]

0 u?

two-point D-optimal design is

o

I
—
- §|
[ I~

and the corresponding information matrix is

for which the determinant is

’LL2 62u

D= [¢(u)]’ = Axent (4.13)

Differentiating (4.13) with respect to u and setting the result to zero gives

dD  2ue®™(1+u+e" — ue*)

- = =0.
du (14 ev)?

Therefore, the stationary points of D are v = 0 and the solutions for u to the equation

IL+u+e"—ue"=0. (4.14)
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The equation (4.14) has a unique solution for u > 0 for the following reasons. Firstly, consider

f(u) =1+ u-+e* —ue*. Clearly, f(u) is a continuous function on [0, c0). In addition, f(0) =

1
2> 0and lim f(u) = — lim we*(l — — — — — =) = —oo. Thus, the continuous function
U—>00 U—00 uev el
f(u) changes sign from positive to negative at least once on [0,00). Secondly, note that
d2
;;(gu) =—(14+u)e" <0 for u>0. Thus, the function f(u) is strictly concave on [0, c0),

and therefore the curve f(u) intersects the u-axis only once. In other words, the equation
(4.14) possesses a unique solution in the interval [0,00). Figure 4.1 (a) gives a graphical
representation of f(u) for u € [0, 00). Solving the equation (4.14) numerically gives u = 1.5434

as the unique solution on the interval [0, 00). The second derivative of D with respect to u is

0.50+

0.254
-, .., o000
-9 -7 -5 -3 -10 23456789

(a) (b) '

Figure 4.1: Plot of (a) the function f(u) =1+ u+ e* — ue* for u > 0, and (b) the function
eu—u*(l _|_eu*)2(u*2 +u2)

= . fi R.
g(u) 1+ o)’ or u €
d?D 2e*[(1+ 4u+ 2u®) + (2 — 6u?)e” + (1 — du + 2u®)e*”]
du? (1 + ev)s
d*D 1 d*D
so that — =—->0and — = —0.071 < 0. Thus, D possesses a minimum at
du? lu=0 8 du? lu=1.5434

u = 0 and a maximum at u = 1.5434. It follows from this result that the two-point design

(4.12) which maximizes determinant (4.13) is

. —1.5434 1.5434
& = X 1 . (4.15)

2 2

Step (i7): It remains to prove that the design (4.15) is D-optimal. This is done by invoking
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the Equivalence Theorem for D-optimality, i.e. by showing that the directional derivative

function, ¢(u, &), at the design & in the direction of any point u = Gy + 1z € R is such that

$u, &) =2 — tx[M7HE) M (u)] = 0

u

with equality holding at the support points of £. Equivalently, it has to be shown that the
standardized variance function d(u, &) = tr[M (&) M (u)] is such that

g(u) = d(u, &) = te[M ()M (u)] < 2
for all © € R with equality holding at the support points of £.

In the present case, simple algebra gives

e e P ) ) ([ R
g(u) = 1 o) = o) (1 + u*2> Vu € R, (4.16)

where u* = 1.5434. Note that the function g(u) is positive and even in u since g(—u) = g(u) >

0, Vu € R. The fact that g(u) is even implies that g(u) is symmetric about u = 0. Therefore,

any conclusion drawn for u > 0 is applicable to u < 0.

The derivative of g(u) with respect to u is

e~ (1 + 6“*)2[(11*2 +u? + 2u) — (u*2 +u? = 2u)et] eV (1 +ev)?

g'(u) = w2(1 + ev)? - w2(1 + ev)? h(u)
where
h(u) = v +u® + 2u — (u” +u® — 2u)e". (4.17)
2(1 +u* +e* —u'e?)

Now, ¢'(0) = 0 and ¢'(u*) = = 0 since u* is a solution of equation

u* (14 e*")
(4.14). Therefore u = 0 and u = u* are stationary points of the function g(u).

The second derivative of g(u) is

U4 e )22 4 w4 u?) (1 + €2) 4 du(l — %) + 4(1 — u? — u?)e]
u*2(1 + en)* '

gll(u) —

e (1+ e )?(4 — u*?)
SU*Z

Therefore v = 0 is a minimum of g(u) with ¢(0) =

> 0 since u* = 1.5434 < 2 implies that 4 — u*2 > 0.
e (14 et)?

Here, ¢"(0) =

~ 1.72 < 2. Also,

4
ve e 20142 + €2 420t — 2ure® 4 ut? — 4utet + urZe™) 4ev”
g'(u") = : = - 5 <0
u*2(1 + et )2 (1 + et )2
since 1 +u* 4+ e* — u*e* = 0 implies that
142e% 42" 4+2u* —2u*e? —4u*?e? +utte®™ = (1+u'+e* —u'e )2 —2u e = —2u™%e" .

35



Chapter 4 — Review of D-optimal Designs for the Two-Variable Binary Logistic
Model

Hence, u = u* corresponds to a maximum of g(u) with g(u*) = 2 as required. Figure 4.1 (b)

gives a graphical representation of g(u).

To prove that u = u* is the global maximum of g(u) for u > 0, consider evaluating the sign
of the slope of g(u) which is determined by the sign of A(u) in the expression (4.17). The
purpose of the derivations below is to show that h(u) > 0 for v € [0,u*] and h(u) < 0 for

u € [u*,00).

It follows from (4.17) that ~(0) = 0 and h(u*) = 2u*(1+u*+e* —u*e*’) = 0 since u* is solution

of the equation (4.14). Since h(u) is continuous on [0, 00), it has at least one stationary point in

(0,u*). Also, lim h(u) = — lim u?¢" = —oo. Figure 4.2 (a) gives a graphical representation
U— 00

U—> 00
of h(u). To prove that h(u) possesses only one stationary point on [0, c0), let

3

~
B

21—
C

0.0 0.5 1.0 1.5 2.0

(a)

Figure 4.2: Plot of (a) the function h(u) = v 4 u? 4 2u — (u* 4 u® — 2u)e® for u > 0, and
(b) the functions s;(u) = 2(1 + u) and ss(u) = (u? + u*? — 2)e* for u > 0.

s(u) = ' (u) = s1(u) — so(u) = 2(1 +u) — (u* + u** — 2)e"

where s1(u) = 2(1+u) and so(u) = (u?+u*?—2)e. Figure 4.2 (b) gives a graphical illustration
of s1(u) and s9(u). The number of solutions of the equation s(u) = h'(u) = 0 on [0,00) is
equal to the number of points of intersection of the curves s,(u) and sy(u). Clearly, s;(u) is
a straight line with intercept 2 and slope 2. Furthermore sy(u) is a convex function for all
u > 0 since

sy(u) = (u? + du + u*?)e" = (u? + 4u + 2.382)e" > 0
and, hence there is only one point of intersection of the curves of sy(u) and sy(u). In other

words the equation A'(u) = 0 has a unique solution u**, or equivalently h(u) has only one
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stationary point on [0, 00). Solving numerically gives u** = 1.032 which is a maximum since
h"(u) = 2 — (u? + u*? + 2u — 2)e* implies that A" (u*™*) = 2 — (u™*? + u*? + 2u*™* — 2)e¥ =
—7.855 < 0. Thus, the sign of h(u) and hence the sign of the slope of g(u) changes from positive
to negative only once at u* = 1.5434 on [0, 00). It can then be concluded that u* = 1.5434 is
the global maximum of g(u) on [0,00). By the symmetry of g(u) about v = 0 it can also be

concluded that —u* is the global maximum of ¢g(u) on (—o0,0]. W

4.4. Two-variable binary logistic models

There are two cases of the two-variable binary logistic model that are considered in this
thesis. These are the two-variable binary logistic model without interaction and the two-
variable binary logistic model with interaction. Both are used to describe the effects, on the
binary response, of two drugs administered simultaneously to subjects at various doses. Little
research appears to have been done on the construction of optimal designs for the two-variable
binary logistic model. Where research has been done, only the two-variable binary logistic
model without interaction was considered in most of the cases. Well-known studies on this
design problem are those by Sitter and Torsney (1995a), Atkinson and Haines (1996), and Jia
and Myers (2001). Sitter and Torsney (1995b), and Torsney and Gunduz (2001) extended the
work of Sitter and Torsney (1995a) to more than two explanatory variables. The two-variable
binary logistic model with interaction was considered by Kupchak (2000) in his PhD thesis
and by Jia and Myers (2001) in an unpublished report. Kupchak (2000) was mainly interested
in finding optimal designs for the precise estimation of the interaction parameter and, to a
very small extent, for the precise estimation of all model parameters, while Jia and Myers
(2001) were interested in finding D-optimal designs for the precise estimation of all the model

parameters.

4.4.1 Two-variable binary logistic model without interaction

The two-variable binary logistic model without interaction, which is also called the two-
variable first-order or main effects binary logistic model, or the parallel line two-variable
binary logistic model (Jia and Myers (2001)), is the binary logistic model described in Section
4.2 but with & = (z1,72)" and B = (8, 51, 32)7, i.e.

u = logit(p) = By + Br111 + Para. (4.18)
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Model (4.18) assumes that two drugs, say A and B, at doses or log-doses x; and x5 affect the
binary response additively, i.e. the model assumes that there are no drug interaction effects on

the binary response. The contours of constant logits specified by equation (4.18) are parallel

straight lines with slope —% in the (x1,x9)-space (Jia and Myers (2001)).
2

The information matrix for the parameter vector 8 = (o, 31, 32)7 evaluated at the approxi-

mate design & given by (4.5), with &; = (2,1, z50)7, is

d
M(&8) =) Nitb(ud) @@ (4.19)
i=1
where Z; = [L, ]| = (1,241, 7:2)" and ¢ (u;) = (1 f;ui)2 for u; = logit(p;) = Bo+O1xi+Fawiz

andi=1,2,...,d> 3.

4.4.2 Two-variable binary logistic model with interaction

The two-variable binary logistic model with interaction is the model described in Section 4.2
but with @ = (21, z3, 2122)" and 8 = (o, 81, B2, f12)", i.e.

u = loglt(p) = ﬂo + 611'1 + ﬂzl’g —+ ﬂlgl'léﬂg (420)

where the unknown parameter 15 # 0 is the interaction effect between two drugs, say A
and B. In other words, model (4.20) assumes that the two drugs affect the response both
additively and interactively, i.e. the model assumes that there are also drug interaction effects
on the binary response. The contours of constant logits specified by equation (4.20) are pairs

of hyperbolae in the (zy, z2)-space (Jia and Myers (2001)).

For model (4.20), the information matrix for the parameter vector 8 = (3, 51, B2, B12)T

evaluated at the approximate design £ given by (4.5), with @; = (x;1, Ti2, Ti1Ts0)", is

d
M(&B) =) \(w)z@] (4.21)
i=1
where Z; = [1,2]]" = (1, 251, 12, i) " and ¢(u;) = ﬁ for
et

u; = logit(p;) = Bo + biwi + Botio + Browarip and 1 =1,2,...,d > 4.

4.4.3 Practical examples

Example 4.1. Greco and Lawrence (1988) analyzed data originally reported by Martin (1942)
and presented in Table A.1 in Appendix A. Interest focussed on investigating the effect of
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jointly applying the insecticides rotenone and deguelin on the number of chrysanthemum
aphides that died.

SAS, PROC LOGISTIC, was used here to fit the two-variable binary logistic model with
interaction to the data in Table A.1 and the results are given in Table 4.1. Clearly, 5, > 0 and

Table 4.1: Parameter estimates together with their standard errors (s.e) and p-values for the
data reported in Martin (1942).

Parameters | Estimates s.e. p-value
Bo -1.9864 | 0.2071 | < 0.0001
o3t 0.4109 0.0429 | < 0.0001
B2 0.1473 0.0141 | < 0.0001
B2 0.0074 0.0061 0.2237

B2 > 0, but the interaction parameter (35 is not significantly different from zero. Therefore
the two insecticides rotenone and deguelin can be assumed to affect the mortality of aphides
additively. This example is used in Chapter 5 to illustrate the construction of D-optimal

designs for the two-variable binary logistic model without interaction.

Example 4.2. Greco and Lawrence (1988) and Kupchak (2000) analyzed data originally
reported by LePelly and Sullivan (1936) and presented in Table A.2 in Appendix A. Interest
focussed on investigating the effect of jointly applying the insecticides rotenone and pyrethrin
on the number of houseflies that died. The total number of insects exposed to each drug

combination was 1000.

SAS, PROC LOGISTIC, was used to fit the two-variable binary logistic model with interaction
to the data in Table A.2 and the results are given in Table 4.2. Clearly, 5; > 0, 5, > 0 and the
interaction parameter 3, is significantly greater than zero. Therefore rotenone and pyrethrin
affect the mortality of houseflies both additively and interactively. This is a case of the synergy
action of the two insecticides since 315 > 0. This example is used in Chapter 6 to illustrate the

construction of D-optimal designs for the two-variable binary logistic model with interaction.
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Table 4.2: Parameter estimates together with their standard errors (s.e.) and p-values for the
data of reported in LePelly and Sullivan (1936).

Parameter | Estimate s.e. p-value
Bo —2.2054 | 0.0510 | < 0.0001
ot 13.5803 | 0.3035 | < 0.0001
B 2.2547 | 0.0527 | < 0.0001
B2 1.6261 | 0.5874 | < 0.0056

4.5. Review of D-optimal designs for the two-variable binary logistic

model without interaction

4.5.1 Sitter and Torsney approach

Sitter and Torsney (1995a) considered constructing optimal designs for generalized linear
models with two explanatory variables without interaction. For the special case of the binary

logistic model (4.18), their approach to constructing D-optimal designs can be summarized as

follows.
1 0 0
In Sitter and Torsney (1995a), the matrix (4.8) isset to B= | B, £ [» | where by, by and
bo b1 by
by are real numbers with % # —. Hence, the information matrix (4.10) is
2
1
M(fu) BM f /6 Z )\zw uzl Ui 1 > Ui, uz? Z )\zgzgz <422>
Us2
where u; = By + Bzt + Botiz, wip = by + bixin + bavyp and g; = /Y (us1) [LUilanz]T for

i=1,2,...,d > 3. Thus, for given 3, maximizing |M (&,)| by choice of design &, is the same
as maximizing |M(&; 3)| by choice of design .

Sitter and Torsney (1995a) first considered the case of u; unbounded in R, and secondly the
case of u; bounded as a < u; < b with —00o < a < 0 and 0 < b < 0o. In both cases uy, was

assumed to be bounded as —1 < uy < 1. The design loci generated in the two cases, described
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in Sitter and Torsney (1995a) as 3 dimensional “signet rings”, are given by the sets

Gy, = {g ER®: g = uw(u)[l,u,u)’, uy €R, —1<uy < 1} (4.23)
and
G = {gER3:g: Y(u)[1,un,ug)’, a <up <b, —1<uy < 1} (4.24)

respectively. Clearly G C G,.

Sitter and Torsney (1995a) invoked Elfving (1952), Chernoff (1979) and Silvey (1980, p. 41)
in stating that the support points of the D-optimal design are the points of contact between
the ridges of G, and the minimum ellipsoid centered on the origin and enclosing GG,,. Sitter
and Torsney (1995b) invoked Sibson (1972), Silvey and Titterington (1972), and Silvey (1980,
Chapter 5) to assume the same arguments that the support points of the D-optimal design
are the points of contact between the ridges of G, and the minimum ellipsoid centered on
the origin and enclosing G,. Then, by arguments of symmetry of G, about uy = 0, and the
symmetry of ¢)(u;) about u; = 0, Sitter and Torsney (1995a) conjectured that the D-optimal
design for the two-variable binary logistic model without interaction is an equally weighted
design with support points at (—uy, —1), (u1, —1), (—u1, 1) and (uq, 1) for some u; > 0. Thus,

their approximate design (in terms of the logits) is

(_ub _1) (ulv _1) (_uh 1) (ula 1)
§u = { 1 | L L (4.25)
1 1 1 1
and for this design the determinant of the matrix (4.22) is proportional to
u263U1
D= 1" 4.26
(14 ew)s (4.26)
The first and second derivatives of D with respect to u; are given by
dD  upe™ (24 3uy + 2e" — 3ue™t)
du; (14 em)7
and
d*D " (24 4de™ 4+ 2e* + 12uy — 12u1e®™ + 9uf — 24ufe™ + uie®™)
du% N (1 + eu1)8 .
dD
Thus, — = 0 implies that u; =0 or
dU1
2 4+ 3uy + 2" — 3ue™t = 0. (4.27)
. . . . ) d*D 1
Solving equation (4.27) numerically for u; > 0 gives u; = 1.22291. Since —— =—>0
, duj lu=0 32
d°D
and — = —0.0017 < 0, then the respective minimum and maximum of determinant

du? lu=1.22291
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D are at u; = 0 and u; = 1.22291. Thus, design (4.25) which maximizes (4.26), in the (u1, us)-

space, is

. ) ) . (4.28)

g*—{ (—1.22291, 1) (1.22291, —1) (—1.22291,1) (1.22291,1) }
4 4 4 4

Sitter and Torsney (1995a) did not prove the D-optimality of design (4.28), but simply argued
D-optimality of the design using intuitive geometric arguments. The proof of D-optimality of

the design is given in Chapter 5 of this thesis.

In the case of the design locus G given by (4.24), Sitter and Torsney (1995a) report that the
support points of the D-optimal design are located on the ridge of GG, and that half of the
weights are put on the support points on us = —1 and the other half on the support points
on uy = 1. Furthermore, Sitter and Torsney (1995a) were interested in the number and the
patterns of the support points of the D-optimal design. For the two-variable binary logistic
model with no interaction, they report that the D-optimal design has 4 support points and

thus is a design of the form
(4.29)

for a*,b* € [a, b]. Sitter and Torsney (1995a) present the following cases of design &,.

(1) If (—1.22291,1.22291) C [a, b], then the D-optimal design is design (4.28), the design for
the case of design locus G, given in (4.23).

(2) If —1.22291 < a, then the candidate D-optimal design is (4.29) with ¢* = @ and b* =
min(b, u}) where u} maximizes the determinant of the information matrix M (&,) in (4.22) on
[a, b].

(3) If 1.22291 > b, then the D-optimal design is (4.29) with b* = b and ¢* = max(a, u}) where
v} maximizes the determinant of (4.22) on [a, b].

(4) If [a, b] C (—1.22291,1.22291), then the D-optimal design is (4.29) with ¢* = a and b* = b.

4.5.2 Atkinson and Haines approach

Atkinson and Haines (1996) considered constructing optimal designs for nonlinear and general-
ized linear models with the two-variable binary logistic model without interaction (4.18) as one
of the special cases. In model (4.18), the explanatory variables were taken to be —1 <z <1
and —1 < x5 < 1, and the D-optimal designs were found numerically. Their results indicated

that the designs are highly dependent on the values adopted for the parameters. In particular,
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the number of support points of the D-optimal designs were found to be 3, 4, or 6 depending
on the values of the parameters (,, §; and (,. Table 4.3 gives the D-optimal designs for
selected values of the parameters. Clearly, the number of support points, the weights and
the optimal logits are parameter dependent. The optimal logits in Table 4.3 are the same as
those found in Sitter and Torsney (1995a) and in Jia and Myers (2001) only for the design

& for which 8 = (0,3,1)".  Similar conclusions concerning parameter dependency of the

Table 4.3: D-optimal logits and the number of support points of the D-optimal designs of

Atkinson and Haines (1996) for selected values of the parameters of the two-variable binary

logistic model without interaction on the design space X = [—1,1] x [—1,1].
BT D-optimal designs
[((-1,-1) (-1 (LD (-1
0,1,1) | & =< 02041 02959 0.2041 0.2959
\ -2 0 2 0
[ (0.118,-1) (~1,0.118) (—1,1) (—0.118,1) (1,-0.118) (1,—1)
0,2,2) | & = 0.1306 0.1098 0.2654 0.1098 0.1306 0.2538
\ —1.764 —1.764 0 1.764 1.764 0
[ (~0.737,-1) (=1,-0.737) (=1,0.737) (0.737,—1)
(2,2,2) | & = 0.1686 0.1686 0.3314 0.3314
\ —1.474 —1.474 1.474 1.474
[ (—0.575,—1) (~1,1) (0.575,1) (1,-1)
(0,3,4) | & = 0.2381  0.2619 0.2381  0.2619
\ —1.363 -1 1.363 1
[((-1,-1) (=1,1) (—0.068,—1)
(3,3,1) | & = 3 5 3
\ -1 1 1.796
[ (—0.074,—1) (=0.741,1) (0.074,1) (0.741, 1)
(0,3,1) | & = i i i i
\ —1.22291 —1.22291  1.22291 1.22291

D-optimal designs for the two-variable binary logistic model without interaction on the design
space [—1,1] x [—1, 1] are reported in Chipman and Welch (1996).

The design patterns reported in Atkinson and Haines (1996) are very different to those re-
ported in Sitter and Torsney (1995a) because they are not restricted to 4-point designs. Clearly

63



Chapter 4 — Review of D-optimal Designs for the Two-Variable Binary Logistic
Model

the observed relationships between the design patterns and the parameter values need to be

explained.

4.5.3 Jia and Myers approach

The approach of Jia and Myers (2001) to constructing D-optimal designs for the two-variable
binary logistic model without interaction (4.18) is as follows. The authors assumed that the
support points of the D-optimal design lie on lines of constant logit in the (1, x2)-space. The
information matrix (4.19) depends on u through #(u). Since ¥)(—u) = 9 (u), it appears that

optimal logits are of the form +u. Jia and Myers (2001) imposed restrictions on the design
by, B

by B
Figure 4.3 displays the two logit lines +u and the two parallel lines that restrict the design

space of the form by, + bz + bexo = 0 and bgs + byxq + boxe = 0 with bg; # byo and

space. The vertices of the parallelogram, indicated by circles, were taken as candidate support

points of the D-optimal design. Support points on the same logit line were assumed to have

»
>

X,
\ by, +b,x, +byx, =0

by, +bx, +b,x, =0

v

0
/

—u=f, +Bx + p,x, u=p,+px +p,x,

Figure 4.3: The design for the two-variable binary logistic model without interaction u =
logit(p) = By + fix1 + Poxs: Jia and Myers (2001) approach. The support points of the

candidate D-optimal design are represented by circles.
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equal weights, denoted by and 5 for each candidate support point located on the logits
—u and u respectively. Simple algebra shows that the coordinates of the support points are
functions of u, b = (bo1, boa, b1, b2)T and B = (By, 51, B2)T. The determinant of the information

matrix (4.19) evaluated at the candidate design of Jia and Myers (2001) is given by

)\(1 — )\) (b()g — 601)2u263“
(bgﬁl — blﬂg)z(l + 6“)6 ’

Clearly the determinant (4.30) is maximized by A = 1. In addition, the determinant (4.30) is

D=

(4.30)

proportional to the determinant (4.26) if u; in (4.26) is replaced by u, and hence the optimal
values of u here are also u* = +1.22291. Thus, the approach of Jia and Myers (2001) gives
the same design as that of Sitter and Torsney (1995a) in the case of the design locus (4.23).
The approach of Jia and Myers (2001) for the two-variable binary logistic model without
interaction is also briefly discussed in Myers et al. (2002, pp. 240-241).

4.5.4 Some summary comments

There are some similarities, but also differences, among the results of Sitter and Torsney
(1995a), Atkinson and Haines (1996) and Jia and Myers (2001) on the D-optimal designs for

the two-variable binary logistic model without interaction.

1) Jia and Myers (2001) considered a design space restricted to lie inside the region defined by
two parallel lines by + b1 4+ baxy = 0 and bgy +by 21 +boxg = 0 with by; # by in (21, x2)-space.
The candidate D-optimal design derived using the model with u; = logit(p) = By + f121 + faz2
was found to be an equally weighted 4-point design with support points located in pairs on
each of the logit lines +u; = 1.22291.

2) Sitter and Torsney (1995a) used a canonical transformation from the (x1, z5)-space to the
(w1, uz)-space where u; = logit(p) = By + B1x1 + Poxe and uy = by + b1y + boxs. Then they
restricted us as —1 < uy < 1 and considered two design cases, namely the case of u; € R and
the case of u; € [a,b] with @ < 0 and b > 0. The D-optimal design in the case of u; € R
(design locus (4.23)) is an equally weighted 4-point design with support points located in
pairs on each of the logit lines +u; = 1.22291. The similarity of the results of Jia and Myers
(2001) and Sitter and Torsney (1995a) (design locus (4.23)) is due to the fact that for u; € R,
the design spaces of Jia and Myers (2001) and Sitter and Torsney (1995a) are equivalent. In
fact, the restriction —1 < uy < 1 in the design locus (4.23) is equivalent to the restrictions

b(n -+ blflil —+ bgl’g 2 0 and bog -+ bll'l -+ bQ(IJQ S 0 where b01 = bo +1 and bog = bo — 1. The above
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inequalities jointly define the set of points within the parallel lines by, + b1x1 4+ bexs = 0 and
boo + b1y + bexo = 0 in Figure 4.3 with u replaced by u;.

In the case of u; € [a,b] (design locus (4.24)), Sitter and Torsney (1995a) present four design
scenarios. Figure 4.4 indicates the restriction a < u; < b as the set of points within the
dashed lines u; = a and u; = b that are both parallel to the logit lines u;. The constraint
uy € [a,b] and the restriction —1 < uy < 1 jointly define a parallelogram design space in the

(w1, x9)-space. This case is not discussed by Jia and Myers (2001).

N by, +byx, +b,x, =0

SN u, =By +Bx +Byx,

SNy =B+ B+ Bhx,

Figure 4.4: The design for the two-variable binary logistic model without interaction u =
logit(p) = Bo + frx1 + Poxe: Sitter and Torsney (1995a) design locus (4.24) approach. The

support points of the candidate D-optimal design are represented by circles.

3) Atkinson and Haines (1996) considered designs on the design space [—1,1] x [—1,1] in
the (1, x9)-space and found that the number, which varies from 3 to 6, and patterns of the
support points and associated weights of the D-optimal designs are parameter dependent. Let
uy = Po + frx1 + Poxy. Clearly, (z1,29) € [—1,1] x [—1,1] implies that a < u; < b where
a=fy— [ — Py and b = [y + 1 + B2 are the values of the logit u; at the vertices A(—1,—1)
and C(1,1) in the design space [—1, 1] x [—1, 1] represented by the square ABCD in Figures
4.5 (a) and (b). The restriction a < u; < b is similar to that imposed by Sitter and Torsney
(1995a) on u; = Py + 121 + (222 in design locus (4.24). However, in Atkinson and Haines
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(1996), there are two restrictions on us = by + b1z + boxy instead of only one in Sitter and
Torsney (1995a). These two restrictions are —1 < uy = 21 < 1 (i.e. by = by = 0) and
—1§’U,2:$2§1 (1e b():bl:())

The difference between the designs of Atkinson and Haines (1996) and those of Sitter and
Torsney (1995a) and Jia and Myers (2001) can be attributed to the differences in the design
space restrictions. For example, consider Figure 4.5 (a) in the context of the design space of
Sitter and Torsney (1995a), and thus design locus (4.23). If u; € Rand —1 < ugp = 29 < 1,

= By + B + By, \\‘\‘ X,

. : ’ Tl =B+h+h=b
) N £ L e

\\\”\:ﬂu*'/)’l*'ﬁz:b B

—u = fy+ B+ B, T sy =Bt B+ B,

Figure 4.5: The design of the two-variable binary logistic model without interaction u =

logit(p) = Bo + fi1x1 + Poxs using [—1,1] x [—1, 1] as the design space of reference.

it follows that x; € R. Furthermore, if the optimal logits are the lines HE and GF', then the
support points of the D-optimal designs of Sitter and Torsney (1995a) are H, E, F' and G.
Note that the horizontal dashed lines in Figure 4.5 (a) extending the continuous lines serve
to indicate the intersections of the logits +u; and the parallel line restrictions in case the
restriction —1 < x; < 1 was not imposed on the design space. However, if the restriction
on —1 < x; < 1 is taken into account the points £ and G are outside the square ABCD.
Hence, the points E and G would not satisfy the requirements to be support points of the
D-optimal designs on the design space of Atkinson and Haines (1996). Similarly, considering
Figure 4.5 (b) and assuming that x5 € R with —1 < uy = 27 < 1, leads to a D-optimal
design with support points at E, F', G and H. Here the vertical dashed lines in Figure 4.5
(b) extending the continuous lines serve to indicate the intersections of the logits £u; and the
parallel line restrictions in case the restriction —1 < x5 < 1 was not imposed on the design

space. However, points £ and G are outside the square ABC D, and hence do not satisfy the
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conditions to be support points of the D-optimal designs on the design space of Atkinson and
Haines (1996).

Despite the difference in design space restrictions, there are cases where the designs of Atkinson
and Haines (1996) are similar to those of Sitter and Torsney (1995a), and Jia and Myers (2001).
For example, the designs are similar when the two logit lines —uy; = (g + 121 + foxs and
uy = By + B1x1 + Poxs intersect two parallel sides of the design space [—1, 1] x [—1,1]. In such
cases, 0 < uy < 1.22291 < min {8 — B2 + fo, 1 — B2 — Bo} as illustrated in Figure 4.6 (a), or
0 <up <1.22291 < min{fBs — 1 + Po, B2 — 51 — Po} as illustrated in Figure 4.6 (b). The two
conditions are jointly satisfied by 0 < u; < 1.22291 < min{|8 — Ba| + Bo, |81 — 2| — Bo}-

A

X, A
\ 1\
1 |

X,

=y +Bx + Box,

R -1 1

\ —u, = fy+ Bx+ b,

—u, =B+ Bix + Box, \ -
u, =By + Bix, + Box, )

(@)

Figure 4.6: The design for the two-variable binary logistic model without interaction
u = logit(p) = By + iz + Poxe: Atkinson and Haines (1996) approach. (a) 0 < u; <
1.22291 S min{ﬂl—ﬁg—f—ﬁo,ﬁl—ﬂQ—ﬁo} (b) 0< Ul S 1.22291 S min{ﬂQ—ﬁl—f—ﬂo,ﬁQ—ﬂl—ﬁo}.

In the three papers, namely those by Sitter and Torsney (1995a), Atkinson and Haines (1996)
and Jia and Myers (2001), the authors constructed D-optimal designs but did not provide
proofs of the D-optimality of their designs. In addition, the conditions for the D-optimality
of the 3-point, 4-point and 6-point designs of Atkinson and Haines (1996) need to be fully
investigated since rectangular design spaces are generally re-parameterized as in Atkinson and
Haines (1996) (see for example Atkinson and Donev (1992), Myers and Montgomery (1995),
and Atkinson et al. (2007)). These two issues will be addressed in this thesis, and the geometry
of Jia and Myers (2001) will be used since it is easier to visualize and to generalize than the

approach of Sitter and Torsney (1995a).
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4.6. Review of D-optimal design for the two-variable binary logistic

model with interaction

4.6.1 Kupchak approach

Kupchak (2000) investigated c-, G- and D-optimal designs for the two-variable binary logistic

model with interaction

u = logit(p) = By + frdi + Bady + Br2d1dy (4.31)

as specified in (4.20), where d; > 0 and dy > 0 represent the doses of two drugs, say A and B.
Kupchak (2000) first considered the case of designs for detecting “local synergy” which are
the ¢- and the G-optimal designs for the precise estimation of the interaction parameter ;5 in
the model with constant probability of response p. Next, he considered the case of the designs
for detecting “global synergy” which are the c-optimal designs for the precise estimation
of the interaction parameter (2, and the D-optimal designs for the precise estimation of
all the parameters under the assumption that 5 = 0, in the model with no constraint
on the probability of response p. This section briefly describes the Kupchak’s approach to
constructing optimal designs for detecting “local” and “global” synergy with emphasis on the

construction of D-optimal designs which are the main subject of this thesis.

Optimal designs for detecting local synergy

Kupchak (2000) considered model (4.31), with p constant, on the restricted design space

D, = {(dy, dy) : logit(p) = Bo + Sidy + Bada} .

The information matrix M (&; 3) for model (4.31), as given by (4.21), is singular because the
support points of the design lie on the straight line D,. Therefore, the D-optimality criterion

is not applicable in this case. However, the ¢- or the G- optimality criterion can be used.

(1) c-optimality criterion

For the precise estimation of the parameter 315, Kupchak (2000) proposed minimizing the

criterion

Var (Bo) = o™ M (& Pa (4.32)
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where M~ (&; B) is a generalized inverse of M (&; 3) for all M (&; 3) such that a =1[000 1]7 =
M(&;8)g, for some vector ¢ = [q1, 42,43, q), i.e. such that g is in the column space of
M(&;8). As the design € that minimizes criterion (4.32), Kupchak (2000) suggested, with no

explanation, the 3-point design

ED .0) (RED AED 0,ED
e = { ( oo ) (3 001> 100p,2)  ( 1100p,2) } (4.33)
1 2 1
logit(p) — logit(p) —
where EDjggp1 = M and EDp0 = M are the respective doses of A

1 2
and B associated with the fixed probability of response p. Kupchak (2000) used the General
Equivalence Theorem for c-optimality to prove that the design (4.33) is globally optimal.

(2) G-optimality criterion

On the design space D,, the information matrix M (&;3) is singular because the support
points of the design { lie on the straight line defined by D, and hence the D-optimality
criterion is not applicable. Kupchak (2000) invoked Atkinson and Donev (1992, p. 114) in

suggesting a design ¢ that minimizes the G-optimality criterion ¥,(&) = m[f)pl(} c'M—(&8)c
ce |0,

where ¢ = /¢ (u)[1,¢, (1 — ¢),c(1 — ¢)]” for some vector q such that ¢ = M (¢; B)q. Clearly,
¢’ M~(&;8)e = q¥c and hence, the criterion W, (€) is invariant to the choice of a generalized
inverse M~ (&;3). Kupchak (2000) proposed, without explanation, the 3-point G-optimal

design

1 1 1

e _{ (ED100p,1,0)  (3ED1gop,1, 5EDroop2) (0, EDigop,2) }
r =

3 3 3
and showed that the design is G-optimal under the null hypothesis that 3,5 = 0.

Optimal designs for detecting “global synergy”

Kupchak (2000) also considered model (4.31) with no constraint on the probability of response
p on the design space given by

D:{(dl,dg)ZOSdlga,OSdgéb}

where a and b are positive real numbers. For this case, Kupchak (2000) discussed the construc-
tion of c-optimal designs for minimizing Var(ﬁlg), and D-optimal designs for minimizing the
determinant of the asymptotic variance-covariance matrix of ,@ The two criteria are briefly

described below following Kupchak’s approach.
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(1) c-optimality criterion

Kupchak (2000) argued that fixing the vector of parameters B = (8o, B1, B2, B12)T at a known

value implies that the median effective doses E D51 = _ﬁ_ and FDso = = 2% of the drugs
1 2
A and B respectively are also known. This reduces the 4 parameter model (4.31) to the 2

parameter model
u = ogit(p) = Bo(1 — di — d5) + Grd; (434)
dy . dy
L 4=
EDsp, EDs,
for the parameters of model (4.34) evaluated at a single point &* = (d}, d5) is
(I—di—d3)* (L—dj—d3)did;
(1 —dj — d5)dyds didy?

where d] =

and ﬁ[ = 612ED50,1ED5072. ThllS, the information matrix

M(="; Bo, Br) = ¥(u) [

and the information matrix for the parameters of model (4.34) evaluated at the approximate

design of the form

5 — (dikl? dTQ) (dSD d;Q) s (d;klb d22) (4 35)
M Ao o Ad
is the 2 x 2 matrix
(I—djy —dyp)?* (1 —djy —dy)dydy,
M(& Bo, Br) = ) Aib(u [ . (4.36)
Z (1 —dfy — djy)d}ydfy ditd3

The c-optimality criterion proposed by Kupchak (2000) for the precise estimation of g7, and

hence for the precise estimation of 35, is the asymptotic variance of BI given by

Var(Br) = [M (& B, B1)] (4.37)

where [M1(&; Bo, 81)],y 1s the (2,2) element of M *(&; By, 6;). Kupchak (2000) showed that
if in model (4.34) 3y < —2v/2 and ; = 0, then the optimal design ¢ which minimizes criterion
(4.37) is

Kupchak (2000) also showed that for some ¢ where 0 < § < 1, if in model (4.34) 5y = 0 and
—2V/2 < By < —2.39936 where —2.39936 is a numerical solution of the equation By(1—e %) =
2(1 4+ e~%), then the optimal design £ which minimizes criterion (4.37) is

G:{ %(1—5;1—5) %(1+51,1+5) }

2 2
Finally, Kupchak (2000) reported that if gy > —2.39936, then the c-optimal design for esti-

mating ; is an unequally weighted two-point design with support points at (0,0) and at a

point (df, d%) which can only be determined numerically.
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(2) D-optimality criterion

Kupchak (2000) also considered constructing designs for the precise estimation of all the
parameters of model (4.31) with p not fixed, i.e. 0 < p < 1. Thus, he used the D-optimality

criterion
V(& 8) =log|M (& B)| = —log |M (& 8)].

As in (4.21), the information matrix M (&; 3) at the approximate design of the form

¢ :{ (di1,d1a) (da1,dsg) ... (da1,da2) }

(4.38)
A e Mg

is the 4 x 4 matrix

1 di dip  dudip
d; d? did;e  d?d;
M(&: B Zw wy | e T Tate (4.39)
dis  dpdin d%  dads
dil di? dz?l di2 dil d?z d?l d222

where 1(u;) = (14?—')2 for i = 1,2,...,d > 4. Kupchak (2000) used an example for nu-
el
merically constructing D-optimal designs. Then, he proved that, under the hypothesis that
(B2 = 0, any candidate D-optimal design is independent of the choice él)f the parameters 6cll and
B as follows. Kupchak re-parameterized model (4.31) with d] = ——— and d = .
’ (431) " EDiop, EDigop.2
to obtain

u = logit(p) = fo + Bid] + B35 + Biadid;

where 87 = B1EDoop1, 05 = B2EDigopz and Biy = B1aE Digop,1 E'D1gop,2- In terms of 8 =
(Bo, B1, Ba, B12)" and the alternative parameter vector B* = (8o, 87, 55, Bi5)", di and dj can

be expressed as

d d
dr = prdy ﬂldl and d Bady &dg
B1EDioop,r 57 B2E Do B
Hence, the vector € = (1, dy, do, dido)? is transformed to " = ﬁl —dy, b g, — b1 o —didy| = Bz
51 B " B
where _ -
1 0 0 0
B
B 0 ﬁ% 0
B2 ’
0 0 B 0
b1 B2
| 00 0 BT 63
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and the design (4.38) is transformed to the design

(o { (A dty) (dy,dsy) . (. ) } (4.40)

/\1 /\2 N )\d

As a consequence, the information matrix for the parameter vector 3* evaluated at the
design (4.40) is M (&4;8%) = BM(&y; B)B where M(&4;8) is given by (4.39). Therefore,
| M (&4+; 87)| = | BI*| M (&4; B)] and thus minimizing In |M (&5 8)| by choice of &4+ is equiva-
lent to minimizing In |M ~*(£4; B3)] by choice of £;. Furthermore, the directional derivative func-
tion is invariant to the choice of the parameters 5 and §y. In fact, M (&4-; 8%) = BM (&4; 3)B

and ¥ (u) = p(1 —p) = 5 imply that

_e
(1+e)
M~ (&4;8") = BT' M~ (¢4; 8)B ™,
and
()& M, B7)E = Y(w)@ B (B'M N6 B)B ') BE = Y(u)& M (& B)%.

Consequently, the directional derivation functions of the designs (4.38) and (4.40) are equal

because
o(@*, 60 B°) = 4 — ()T M~ (€0 B9 = 4 — ()@ M~ (65 8)Z = (. &4; B).

In addition to the discussion of D-optimal designs for the precise estimation of all the four
parameters of model (4.31), Kupchak (2000) also considered D-optimal designs for the precise
estimation of the parameters 5, and 5; of model (4.34) assuming that both £Dsp; and EDsg o
are known. Finally, Kupchak (2000) briefly discussed robust designs to misspecification of the
prior values of the parameter vector B = (8o, 81, B2, $12)T. These were Bayesian D-optimal
designs (see Chaloner and Lantz (1989), and Chaloner and Verdinelli (1995)) and minimax
D-optimal designs (see Sitter (1992), and King and Wong (2000)). For the Bayesian approach,
the uniform and the Gaussian distributions were used as priors for the parameters J3y, 51, B2

and [, and the number of support points increased as the prior became more diffuse.

4.6.2 Jia and Myers approach

Jia and Myers (2001) considered the construction of D-optimal designs for the two-variable
binary logistic model with interaction as specified in (4.20) following similar arguments to

those for the no interaction case. The following is a summary of their ideas.
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For fixed logit u, the equation

u = IOgit(p) = ﬁ() + 61£E1 + ﬁQ.IQ + ﬁlgl’ll’g (441)

with 312 # 0 is that of a hyperbola with orthogonal asymptotes x; = —% and z9 = —%. The
variables z; and x5 can be taken as doses or log-doses of two drugs, say A and B, respectively.
As for the case of no interaction, it is assumed that 5y < 0, 51 > 0 and 35 > 0. For each value

of u the graph defined by equation (4.41) has two branches which are symmetric with respect

to the point (x1, zg2) = (—%, —%) in the (z1,x2)-space. Using the transformation
21 = X1—X%
1 1 01 (4.42)
R2 = T2 — Zo2,
the equation (4.41) can be rewritten as
u = ﬂ; + ﬂlzzlzg (443)
or equivalently as
u—f
29 = 4.44
’ Pr2z1 ( )
* 6162 .
where ;5 = [y — B Thus for a given value of u, the hyperbola (4.44) has orthogonal
12

asymptotes z; = 0 and z; = 0 in the (21, z5)-space, and hence its graph has two symmetric

branches with respect to the point (0, 0).

If 55 = u the hyperbola (4.44) degenerates into the asymptotes z; = 0 and 2o = 0 or,

_ P _ B
B12 B2’

For u # (3, Jia and Myers (2001) suggested that the D-optimal design for model (4.41) or

equivalently for model (4.43) has 4 support points located on the lines of two constant response

equivalently the hyperbola (4.41) degenerates into the asymptotes z; = and 9 =

probability levels p; and py with p; < ps or equivalently logits u; < uy where u; = logit(p;)
for ¢ = 1,2. Specifically, one support point lies on each of the two branches of the constant
uy hyperbola, and likewise on each branch of the constant us hyperbola. In addition, Jia and
Myers (2001) chose the 4 support points of the candidate D-optimal design as vertices of a

parallelogram, and proposed the following three design cases.

1. u; < B < ug: In this case, the 4 branches of the u; and us hyperbolae are in 4 different
quadrants of the (z1,2o)-space. In other words, the support points of the candidate

D-optimal design are spread over the four quadrants of the (21, z2)-space. Figure 4.7 (a)

illustrates the case when 15 < 0, i.e. 29 = —% > 0 and zgy = —ﬂ% > 0, and Figure
4.7 (b) illustrates the case when (15 > 0, i.e. zg; = —% < 0 and xg = —% < 0.
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Figure 4.7: The hyperbola-based design for the two-variable binary logistic model with inter-
action u = (5 + Praz122 for ug < 5 < ug and (a) B2 < 0 and (b) 12 > 0 : the candidate

support points (211, 212), (221, 222), (—211, —212) and (—z91, —290) are represented by circles.

2. B; < u; < ug: In this case, the 4 branches of the u; and uy hyperbolae are located
in only two quadrants of the (z1, z0)-space. If 315 < 0, the branches of the u; and usy
hyperbolae, and hence the support points of the candidate D-optimal design, are in the
second and the fourth quadrants of the (z1, 23)-space as indicated in Figure 4.8 (a). If
(12 > 0 the branches of the u; and us hyperbolae, and hence the support points of the
candidate D-optimal design are in the first and the third quadrants of the (zy, z5)-space
as shown in Figure 4.8 (b).

3. up < ug < f5: As in case 2 the 4 branches of the u; and uy hyperbolae, and hence
the support points of the candidate D-optimal design, are in only two quadrants of the
(21, 29)-space, but the order is reversed. That is if 312 < 0 the branches of the u; and us
hyperbolae, and hence the support points of the candidate D-optimal design are in the
first and the third quadrants of the (21, 29)-space as shown in Figure 4.9 (a). If 815 > 0,
the branches of the u; and us hyperbolae, and hence the support points of the candidate
D-optimal design are in the second and the fourth quadrants of the (21, 29)-space as

shown in Figure 4.9 (b).

In constructing the D-optimal designs, Jia and Myers (2001) assumed equal weights for support
points located on branches of the same hyperbola (u; or us) in each of the Figures 4.7 to 4.9.
Now, letting z;; = A; > 0 and 29, = tA; for some ¢ € (0,00), it follows from (4.44) that
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Figure 4.8: The hyperbola-based design for the two-variable binary logistic model with inter-
action u = (5 + Biaz122 for 5 < uy < ug and (a) B2 < 0 and (b) B2 > 0 : the candidate

support points (211, 212), (221, 222), (—211, —212) and (—zg2;, —292) are represented by circles.

. u, =ﬁ5+ﬁ|2zlz2
22 . u, =B, + fi.z,2, ¥ | z x
Xy 4 u, =L +fz,2, T, | 2 4
|
(Zzwzzz) (_ Z“’_le) |
- |
u, =By + B.2,2,
(leazlz)
|
I
(_ Zir Z”) | (_ lev_zlz)
0 1
-5, | (_ ZZI’_ZZZ)
B I
(@) u <u,<pfy ad f,<0 b)) u <u, <pBy and B, >0

Figure 4.9: The hyperbola-based design for the two-variable binary logistic model with inter-
action u = 5 + B1az122 for uy < ugy < G5 and (a) 12 < 0 and (b) 12 > 0 : the candidate

support points (211, z12), (221, 222), (—211, —212) and (—zg;, —292) are represented by circles.

Z12 = le;f(l) and Z99 = :;;zol, and that (—211,—212) = (_Al’_z,;;f?) and (—2217—222) =
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(—tAy, —f;;ﬁ ). Hence, the approximate design corresponding to Figures 4.7 to 4.9 is

U1—ﬁf)k> ( Uz—ﬁf)k> ( U1—ﬁ3> ( Uz—ﬁ§>
A ) tA ) —-A , — —tA ,—
&= ( ' BraAq ! 15 DYANT ! B1aAq ! tB124
A 1-X A
2

1-X

2 2 2

(4.45)
on the (21, z2)-space. Jia and Myers (2001) used the transformation (4.42) to back transform
the coordinates of the support points of the above design from the (21, 29)-space to the (x1, z2)-

space.

The information matrix associated with the design obtained by back transforming design
(4.45) to the (x1,z2)-space is intricate and lengthy and is not reported here. However, its

determinant is given compactly by

N1 = A2 (uy — g )2 [t (uy — B5) — +(un — )
b= B+ o)L + o) ' (1:40)

Clearly, as highlighted by Jia and Myers (2001), D, approaches infinity as ¢ — 07 or ¢ — cc.
Therefore, D, has a finite value only if 0 < ¢ < co. The magnitude of ¢ determines the size of
the design space and hence the magnitude of the determinant D;. Giving a value to ¢ can be
interpreted as imposing a restriction on the design space. Jia and Myers (2001) state that in

many practical situations ¢ can be taken as 1, and for ¢ = 1 the determinant (4.46) becomes

)\2(1 _ /\)262u1+2u2 (u2 _ ’LL1)4

D, =
! By (1 + en )4 (1 + ez )

(4.47)

1

which is maximized by A = 3, and is symmetric in u; and up. Symmetry arguments imply

that u; = —us = u, and hence that the determinant (4.47) is proportional to
u4€4u
D= _ - 4.48
(14 ev)® (448)

which is the square of the determinant (4.13) in Section 4.3. This means that the determinant
(4.48) also has maxima at u = £1.5434.

Comments

The approach of Jia and Myers (2001) for constructing D-optimal designs for the two-variable
binary logistic model with interaction is based on relatively easy calculations since the can-
didate D-optimal designs have 4 support points, and are therefore equally weighted 4-point
designs (see Silvey (1980, p. 42). In addition, the fact that the support points of the candidate
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D-optimal designs are located on the two constant logits +u further simplifies the calculations
of the D-optimal designs for a given best guess of the parameters 3y, 31, G2 and 3;2. However,

the approach of Jia and Myers (2001) has the following drawbacks.

1. The reason for using the special case of ¢ = 1 in the expression (4.46) has the effect
of removing the dependency of the determinant D, on [, and hence results in “loss
of generality”. With such a restriction, it appears that Jia and Myers (2001) searched
for D-optimal designs in a limited class of designs. In addition, the dependency of the
location of the support points of the candidate D-optimal design on the value of A,
increases the degree of uncertainty about the design since in addition to guessing the

values of the parameters, the value of A; has also to be provided.

2. Jia and Myers (2001) do not prove the D-optimality of their design.
The geometric approach of Jia and Myers (2001) for the two-variable binary logistic model

with interaction will be used in a more elaborate way in Chapter 7 for constructing D-optimal

designs in a restricted design space.
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5

D-optimal Designs for the Two-Variable
Binary Logistic Model without

Interaction: Theoretical Results

5.1. Introduction

This chapter introduces a new design approach for the construction of D-optimal designs for
the two-variable binary logistic model without interaction and draws together the approaches
of Sitter and Torsney (1995a), Atkinson and Haines (1996) and Jia and Myers (2001). Specif-
ically, the approach takes into account the fact that for generalized linear models, for which
the binary logistic model is a special case, the D-optimal design depends on the parameter
vector and the design space. The chapter contains the following sections. Section 5.2 gives a
proof of D-optimality of the equally weighted 4-point design introduced by Sitter and Torsney
(1995a) for the design locus G, given in (4.23) and by Jia and Myers (2001). In the proof, the
design space is assumed to be the log-dose space. Section 5.3 discusses the construction of new
D-optimal designs, defined on the actual dose space, termed trapezium designs. The designs
obtained are 4-point or 3-point D-optimal designs depending on the value of the intercept
parameter 3y in the logit © = [y + (121 + [Boxo. Section 5.4 contains the conclusions for this

chapter.
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5.2. D-optimal designs with parallel line restrictions.

Section 4.5 described the approaches of Sitter and Torsney (1995a), Atkinson and Haines
(1996), and Jia and Myers (2001) to constructing D-optimal designs for the two-variable
binary logistic model u = logit(p) = By + 121 + P29 defined in Section 4.4.1. To obtain a
restriction on the design space, Sitter and Torsney (1995a) used the constraint —1 < uy < 1
where uy = by + b1z1 + bag is a straight line in (z1, z5)-space for a given value of uy. Setting
uy = 1 gives the same constraints as the two parallel line restrictions by, + byx1 + boxs = 0
and bgy + b1z + byxs = 0 implicitly used by Jia and Myers (2001). Note that the restriction
—1 < uy <1 can be generalized to —b < uy < b. For logit uy = [y + 121 + Foxs unrestricted,
the candidate D-optimal design in both approaches was an equally weighted 4-point design
with support points located on the intersection of us = +b and two logit lines which are
symmetric about the logit line vy = 0, and thus the candidate support points are of the form
(—u1, =b), (ug, =b), (—uy,b) and (u1,b) in (u1, ug)-space. Figure 5.1, where circles represent
the support points, is a graphical representation of the candidate 4-point D-optimal design of
Sitter and Torsney (1995a). The approach of Atkinson and Haines (1996) leads to the same

i b J\ C(ul,b)
[ ul
\r

=b D(u,,~b)

\4

Figure 5.1: Candidate 4-point D-optimal design of Sitter and Torsney (1995a) in the (uq, us)-

design space R x [—b,b] where b is a fixed real number. Circles are support points.

conclusion for certain values of the parameters Gy, (1 and [, (see Section 4.5.2; Table 4.3 for
B = (0,3,1)T, and item (3) in Section 4.5.4). The information matrix on a per point basis

evaluated at the 4-point design

- {A D B c}: { (=) (=) () <u11_,b>} 61)
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is

1 0 0
0 0 v

and its determinant is
D = [¢(u)]’ ulb?,
eyt

(1+em)2
the positive solution for u; to the equation

where ¥(u;) = The determinant D is maximized by +u* where u* = 1.22291 is

2 4 2e" + 3uy — 3ue" = 0. (5.2)

Thus, the design (5.1) is

1 1 1 1

g _{ (—1.22291, —b) (1.22291,—b) (—1.22291,b) (1.22291,0) }
4 4 4 4

and can be taken as a candidate D-optimal design. Hence, the following theorem.

Theorem 5.1. For the two-variable binary logistic model u; = logit(p) = Sy + G121 + foza

where p is the probability of positive response with u; unrestricted in R, and for the restriction

b
—b < uy = by + byxy + bazy < b where b_l % and b > 0, the design
2 2
* (_u*v _b) (u*7 _b) (_u*v b) (u*, b)
4 4 4 4
where u* = 1.22291, is D-optimal on the (uy, us)-space.
Proof
Let
1
M(u) =¢(w) | w [ T ur ug }
Ug
be the information matrix for B = (B, 51, 32)T evaluated at a one-point design with an

arbitrary support point u = (u;,us)” € R x [—b,b]. The D-optimality of design (5.3) is
proved using the Equivalence Theorem for the D-optimality criterion (3.3) by showing that
the directional derivative function

bu, &) =3 —tr [MTHE) M (u)] >0

u
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for all u = (uy,us)T € R x [—b,b] with equality holding at the support points of the design

», or equivalently, the standardized variance function

(€)= tr [M71(E) M (w)] < 3

U

for all w = (uy,u)? € R x [—b,b] with equality holding at the support points of the design
&u-
The standardized variance function d(u, &) is given by
V(1) ui | ud) el 4et)? ui |, u3
d(u, &) = 1 22t 1 =2 5.4
(’u’7€u) ¢(U*) + U*Q + bQ (1 + 6“1)2 + u*2 + b2 ( )
where u* = 1.22291. Clearly, if u; = +u* and uy = +b, then d(w,£’) = 3 at the support

points of design (5.3) as required. It remains to be shown that d(u, &) < 3 at any other point
u = (uy,u)” € R x [—b,b)].

Applying the fact that —b < uy < b = u2 < b? to (5.4) provides the inequality

wlu) [ up ] e+ ) (2u + uf)

I/)(U*) u*2 U*Z(]_ + €u1)2 )

It has to be shown that g(u;) < 3 for all u; € R. Note that g(u;) is an even function in

d(u,§,) < g(u1) =

uy since g(—uy1) = g(uy), and thus g(uy) is symmetric about u; = 0. Hence, g(u) is to be

investigated on [0, 00) since the conclusions will also apply to g(u;) on (—o0, 0].

The stationary points of g(u1) on [0, 00) are solutions for u; to the equation

Cdg(uy) e (14 e 2[(2u* + ud + 2uy) — (2u + u? — 2uy)e™]

!
or equivalently, the equation
h(uy) = (2u*2 +uf + 2up) — (2u*2 +uf — 2up)e" = 0. (5.5)
9 ) u* 3u* — 3u* u*
Note that ¢'(0) = 0 and ¢'(u*) = oe +ou - %€ — 0 since u* is the solution of equa-
u*(1 4+ ev")

tion (5.2). Therefore u; = 0 and u; = u* are stationary points of g(uy), or equivalently, u; = 0

and u; = u* are solutions of equation (5.5). The second derivative of g(u;) with respect to u;

is

e (14 e )?[(2 4 2u* + ud) (1 4+ €2) + dug (1 — €2) + 4(1 — 202 — u})e]
w2(1 + em)t :

g”(u1) —

e v (1+e“ )22 —u?)
102
e~V (1+e")?
2
24 4e" 26 4 dut — dute?™ + 3u? — 120 + 3ut?e?™
- u*2(1 + eu*)Q

Hence, ¢"(0) = = 0.480 > 0. Therefore g(u;) takes on a local mini-

mum value at 0 and ¢(0) = ~ 2.85 < 3. Also,

g"(u*) = —0.608 < 0
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which means g(u;) takes on its local or global maximum value at v*, and g(u*) = 3. It has to
be shown that g(u*) = 3 is the unique global maximum value of g(u;) on [0,00). Figure 5.2

suggests that g(u*) = 3 is indeed the global maximum value of g(u;) on [0, 00).

2 3 4 5 6 7 8 9
U

et v (1 + 6“*)2(2u*2 +u?)

Figure 5.2: Plot of g(u;) = (1 4 em)2
u* et

versus u; € R with «* = 1.22291.

To analytically prove that g(u*) = 3 is the unique global maximum value of g(uy) on [0, c0),
it has to be shown that ¢'(u1) > 0 on [0, u*] and that ¢'(u;) < 0 on [u*,00), or equivalently,
that h(u;) given by (5.5) is nonnegative on [0, u*] and less than or equal to zero on [u*, c0)
since the sign of ¢'(u;) is determined by the sign of h(u;). Figure 5.3 (a) suggests that indeed,
h(ui) > 0 on [0,u*] and h(u) < 0 on [u*, c0).

Note that h(uy) = hy(u1) — ha(uy), where hy(uy) = u? 4 2uy +2u*? is a parabola and hy(u;) =
(u? — 2u; + 2u*?)er. Figure 5.3 (b) displays the graphs of hj(u;) and ho(u;). On [0, 00)
both hy(u1) and ho(uy) are strictly increasing functions of u; since hj(ui) = 2(u; +1) > 0
and hy(ur) = (u? + 2u*? — 2)e"t = (u? + 0.991)e™ > 0. Clearly, hq(u;) is a convex parabola
on [0,00) and also hy(u;) is convex on [0,00) since hfj(uy) = (u? + 2u; + 0.991)e¥t > 0 for
all u; € [0,00). This means that, on [0,00), the graphs of hi(u1) and hy(u;) meet twice at
most. Since 0 and u* are solutions for u; to the equation h(u;) = 0, as was shown above,

it follows that hq(u1) and hs(u;) only meet at uy = 0 and w; = u*. This and the fact that
i hl(u1)
im

U —>00 hQ(Ul)

greater than or equal to zero on [0, u*]. B

= 0 imply that h(u1) = hi(uy) — he(uy) < 0 on [u*,00), and that h(u;) must be
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Figure 5.3: Plots of (a) h(uy) = 2u* +u2 4 2uy — (2u* + u? — 2uy)e™ versus u; > 0, and (b)
hy(ur) = 20 + u? + 2uy and hy(uy) = (2u*? 4 u? — 2uy)e™ versus uy > 0 with u* = 1.22291.

5.3. D-optimal designs on actual dose designh space

In this section D-optimal designs for the two-variable binary logistic model u = logit(p) = o+
frdi+ Bady are constructed on the actual dose design space D = [0, 00) X [0, 00). Specifically, it
is shown that if —oo < Gy < —1.5434, then the D-optimal design has 4 support points located
at the boundaries of the design space D. This design is termed a trapezium design because
its support points are vertices of a trapezium in D. It is also shown that if —1.5434 < 3y <0,
then the trapezium design degenerates to a 3-point D-optimal design, and if 3y — —oo, then
the trapezium design degenerates to the equally weighted 4-point D-optimal design as in Sitter
and Torsney (1995a), Atkinson and Haines (1996), and Jia and Myers (2001).

5.3.1 The design problem in canonical form

For actual doses d; and d; of two drugs under study, model (4.18) becomes

u = logit(p) = fo + Sidy + Bada, (5.6)
or equivalently,
u = logit(p) = fo + 21 + 22 (5.7)

where z; = f1d; > 0 and z5 = (ody > 0 assuming that Fy < 0, 8; > 0 and (5 > 0 as in Chapter

2, Section 2.4.4. The information matrix for the parameter vector B = (5o, 31, 52)T evaluated
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at the 1-point design d = (d;, d»)T for model (5.6) is M (d; 3) given by the information matrix
(4.3) evaluated at «; = d; for i =1,2,...,d > 3. Similarly evaluating the information matrix
(4.3) at the 1-point design z = (21, 29)” = (B1dy, B2d2)" for model (5.7) gives the information

matrix
eu
M(z; o) = BM(d; B)B" = —— 22" 5.8
(z760> ( 7/6) (1+6u)2zz ( )
1 0 0
where z = (1,21)T and B= | 0 3, 0 | is a nonsingular matrix since |B| = 3,32 > 0.
0 0 pf

A design £ for model (5.6) is design (4.5) with the z; replaced by d; = (d;1,dse)? for i =
1,2,...,d. The transformation of model (5.6) to (5.7) transforms the design & to

Z1 R9 ... Zq
. 5.9
5 { A A oo A } ( )
where z; = (21, 2i2)7 = (Bidi1, Podio)? with associated weights )\; such that )\; > 0 and
d

Z Ai=1fori=1,2,...,d. Note that under the assumption that 3y, < 0, #; > 0 and S > 0,
i=1
designs ¢ and &, are defined on the same design space D = [0, 00) x [0, 00).

d

Let M(E,; ) = Z AiM (z5; Bo) and M(&;8) = Y \iM(dy; B). Then design &, is D-optimal
=1 =1

with respect to maximizing |M(,; o)| if and only if design & is D-optimal with respect to

maximizing |M(&; B)|. In fact, note that |M(&,; 5o)| = |BM(&;8)B| = |BI*|M(&; 8)| where
B is the matrix defined in (5.8). This implies that maximizing |M(&; 3)| is equivalent to
maximizing |M(&,, By)|- Furthermore, the directional derivative function for D-optimality

associated with design £, for model (5.7) is given by

¢(za§z§ﬁ0) = —tI‘{M fzﬁo) (zﬁo)}

=3—tr{[B'M (& B)B™"| BM(d; 8)B} , since M(z; )) = BM(d; 3)B
=3—tr{M "(&B)M(d;B)}

which is the directional derivative function associated with design &. The equality of the
directional derivative functions implies that design &, is D-optimal with respect to maximizing
|M (&, Bo)| if and only if design £ is D-optimal with respect to maximizing |M(&; 3)].
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5.3.2 4-point D-optimal trapezium design

From the literature, as discussed in Section 4.5, it can be assumed that the support points of
the candidate D-optimal design for the two-variable binary logistic model without interaction
lie on two logit lines which are symmetric about v = 0. Furthermore, the support points
located on the same logit line are equally weighted (see for example Sitter and Torsney (1995a),
and Jia and Myers (2001)). In addition, it has been reported that the determinant of the
information matrix for the parameter vector B is an increasing function of the size of the
design space (e.g. see Jia and Myers (2001), and Myers et al. (2002, p. 240)). Hence, it can
be conjectured that the support points of a candidate 4-point D-optimal design, defined on
D = [0,00) x [0,00), are located at the intersection of the logit lines +u and the boundaries

of the design space D as illustrated in Figure 5.4. Thus, under the above assumptions, the

A

2

u=py+z +z,

v

<

—u=f+z+z, By+z,+2,=0
Figure 5.4: The pattern of a 4-point candidate D-optimal design for a two-variable binary
logistic model without interaction u = fy + 21 + 22 on the design space D = [0, 00) x [0, 00):

A, B, C and D are support points.

candidate 4-point D-optimal design in (z1, z5)-space is given by

52{ A B C D}:{(—u—ﬁo,m (0, —u — B) (0,u— Bo) (u—ﬂo,O)}

1A 1=X X A 1-X 1-A A
2

2 2 2 2

with 0 < A < 1 and 0 < u < —fy. The following theorem gives conditions on Fy, u and A

under which the design &, given above is D-optimal.
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Theorem 5.2. The respective optimal values of v and A in the candidate D-optimal design
of the form

(5.10)

1-X 1-X A

@:{ (—t— B.0) (0, —u—Bo) (0,1 fo) (u_ﬂo,o)}

for the two-variable binary logistic model u = logit(p) = Gy + 21 + 22 on the design space
[0,00) x [0,00) with parameter §, < —1.5434 are u* and A*, solutions for u and A to the

simultaneous equations

3(14+u+e" —ue)[(u+ Bo)* — 4\Bou] — (B —u®)(1+€*) =0

and
(1 —2X)(u+ Bo)? — 4A(2 — 3X\)Bou = 0.
2 * *2 4 2, %2 *4
Furthermore, u* € (1.22201: 1.5434) and x* = 0+ 080”4 ™ = V/B§ + 14F5u2 + ut (1, 2>.
12Bou* 2'3
Proof

Let M(&,; 3y) be the information of the vector of parameters 3 = (g, 31, 52)7 evaluated at
design &, given in (5.10). Then,

) 2 —u— By + 2 \u —u — [y + 2 u
M(&:; Bo) = §¢(u) —u— o+ 2\ (u+ Fy)? — 4\ Fou 0 (5.11)
—u — [+ 2\u 0 (u+ Bo)? — 4\ Bou

and the associated determinant is
(1= A u2e®[(u + Bo)?* — 4\Boul]

D =
(14 e)6

. (5.12)

The value and the interval for A in the candidate D-optimal design £, of the form (5.10) is
calculated as follows. Differentiating D, in (5.12), with respect to A gives

0D ue® {(1—2X)(u+ fo)? — 4X(2 — 3X) Bou}
o (1+ev)s '

D
Setting aa—)\ = 0 and solving for A gives
(1=2X\)(u+ Bo)* — 4M2 = 3\) fou =0 (5.13)

which is a quadratic equation in A, and hence has at most two solutions for A. Solving the

equation (5.13) for A gives

B2+ 68ou + u? — /B + 1452u2 + ut

A=\ =
126()U

(5.14)
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or

B2+ 68u + u® + /By + 1452u2 + ut

12ﬂ0u .
where 3y < 0 and v > 0. An admissible solution for A in (5.13) must satisfy the condition
0<A<L

)\:)\**:

(5.15)

Consider A = \**. Now

By + 148202 + ut = (82 + 66ou + u?)? — 126u(u + Fo)?
= (53 + 651 + u2)2 + 12| Bo|u(u + ﬁo)2 since By < 0

which implies that

\/ﬁé + 1452u2 + ut > \/(ﬂg + 680 + u2)? = |55 + 680u + u?| > 35 +66ou +u*,  (5.16)

and thus that

B2+ 68gu + u? + \/ﬁ§+14ﬁgu2+u4 > B3 + 66ou + u* + |53 + 650u + u?| > 0.

Hence, A** < 0 since in the expression (5.15) for A**, the numerator is nonnegative and the

denominator 123yu is negative. Thus, \** is not the required solution.

Consider A = X*. It follows from (5.16) that 82 + 68u + u? — \/B3 + 1432u® +u* < 0, and
hence A* > 0 since in the expression (5.14) for A\*, the numerator is not positive and the

denominator 125yu is negative. Furthermore,

(B2 — 66pu + u?)? = B + 1482u® +u* — 12Bgu(u — F)?
> By 4 14[53u? + u? since Fy < 0

which implies

\/ﬂ(‘)‘ +1483u? + ut < |82 — 68yu + u?| = BF — 68pu + u® since Gy < 0

and

1280u = B3 + 66gu + u* — (85 — 65gu +u*) < 55 + 6F0u + u? — \/ﬁé + 1432u? + u* < 0.

Hence A* < 1 since in the expression (5.14) for A*, the numerator and the denominator are
negative with the absolute value of the numerator less than or equal to that of the denominator.
Thus, for \* evaluated at u = u*, the candidate D-optimal value of u, is the required candidate

D-optimal value of \.
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For now, note that equation (5.13) can be written as

(U—Fﬂo)Q _2—3>\
INGou 1 —=2X\

(5.17)

1—2A
1 2
implies that 5 < A< 3 Hence, the candidate D-optimal value of A is A* given in (5.14) and

12
ye(=2).
“(23)

The value and the interval for u in the candidate D-optimal design £, of the form (5.10) is

< 0 which

Since (u + 3y)? > 0, 46u < 0 and A > 0, it follows from (5.17) that

calculated as follows. Differentiating D, in (5.12), with respect to u gives

0D (1= X)ue™ {3(1 +u+e" —ue")[(u+ ) — 4\Fou] + (85 — u?)(1 +e")}

ou (14 ev)7

oD
Setting — = 0 and solving for u gives © = 0 or u satisfying the equation

ou
314+ u+e" —ue)[(u+ B)* — 4\Bou] — (87 —u>)(1+e*) =0 (5.18)

Equation (5.18) cannot be solved analytically for u since its left hand side is a transcendental
expression in u. However, as it will be shown later, numerical solutions can be found for

0?D 1—M\3
given values of ). For now, note that ¥ = M > (), and hence D takes on a
Uu” lu=0
minimum value at u = 0. Note also that dividing both sides of (5.13) and (5.18) by 32 and
and

calculating the limits of the results as §; goes to —oo gives A =

N | =~

2 + 3u + 2e* — 3ue" = 0. (5.19)

The equation (5.19) is the same as (4.27) for which the unique solution for w on [0,00) is
u = 1.22291. Hence, when ff; tends to —oo, the trapezium design &, (5.10) tends to the
equally weighted 4-point parallelogram design discussed in Section 5.2.

Since —fy > u and —4AFyu > 0, it follows from equation (5.18) that
(85 —u®)(1+e")

14+u+e* —ue” = > 0. 5.20
3[(u+ fo)? — 4\ Boul] ( )

Hence, suitable optimal values of © must satisfy the inequality
1+u+e —ue" >0. (5.21)

Consider the function f(u) =14 u + e* — ue® on [0,00). The equation f(u) = 0 is the same
as (4.14) for which the unique solution on [0, 00) was found to be u = 1.5434. Furthermore, it
was shown in Theorem 4.1 that f(u) > 0 on [0,1.5434] and f(u) < 0 on (1.5434, 00). Hence,
for all By € (—o0; —1.5434), the candidate D-optimal value of u is u* € (1.22291,1.5434). B
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Numerical approximation of \* and u* for given f; € (—oo; —1.5434)

For a given value of (3, the values of A* and u* are the respective numerical solutions for A
and u to the simultaneous equations (5.13) and (5.18). Table 5.1 gives the solutions A* and

u* for selected values of ;.  Figure 5.5 displays the scatter plots of v* and A* versus [ in

Table 5.1: The relationship between [y, u* and A\*.

B u* A Bo u* \* Bo u* \F
-000 | 1.2229 | 0.5012 || -30 | 1.2252 | 0.5203 || -6.5 | 1.2666 | 0.5856
-400 | 1.2229 | 0.5013 || -20 | 1.2280 | 0.5302 -6 | 1.2734 | 0.5914
-300 | 1.2229 | 0.5020 || -15 | 1.2318 | 0.5400 || -5.5 | 1.2817 | 0.5978
-200 | 1.2230 | 0.5031 || -12.5 | 1.2356 | 0.5476 -0 | 1.2923 | 0.6051
-100 | 1.2231 | 0.5061 -10 | 1.2425 | 0.5587 || -4.5 | 1.3056 | 0.6132
-90 | 1.2232 | 0.5068 || -9.5 | 1.2445 | 0.5615 -4 | 1.3230 | 0.6223
-80 | 1.2232 | 0.5076 -9 | 1.2468 | 0.5646 || -3.5 | 1.3458 | 0.6323
-70 | 1.2233 | 0.5087 || -8.5 | 1.2495 | 0.5680 -3 | 1.3763 | 0.6430
-60 | 1.2235 | 0.5102 -8 | 1.2527 | 0.5717 || -2.5 | 1.4176 | 0.6537
-0 | 1.2237 | 0.5122 || -7.5 | 1.2565 | 0.5759 -2 | 1.4741 | 0.6628
-40 | 1.2242 | 0.5152 -7 | 1.2611 | 0.5805 || -1.6 | 1.5338 | 0.6666

the interval [—10, —1.6]. Both Table 5.1 and Figure 5.5 indicate that A* and »* are increasing

functions of Fy.

Now, let & be the design £, given in (5.10) with A = A* and v = u* respective solutions
for (A, u) to the simultaneous equations (5.13) and (5.18). The D-optimality of design &
is proved in Theorem 5.3 by showing that the standardized variance function d(z,&; G) =
tr{ M~1(&:5 Bo) M (z; Bp) } < 3 for all z = (21,22)7 € [0,00) X [0,00).

Theorem 5.3. The design

o { (—u" = B0,0) (0, —u" — Bo) (0,u" — ) <u*—ﬁo,o>}

12" 12" A A

(5.22)

2 2 2 2

for the two-variable binary logistic model u = logit(p) = Gy + 21 + 22 on the design space

[0,00) x [0,00) with parameter fy < —1.5434, where u* and A\* satisfy the equalities

(1 — 2\ (u* + Bo)? — 4\ (2 — 3A") Bou” = 0
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Bo

Figure 5.5: The scatter plots of A* (solid squares) and u* (solid circles) versus fy. Values of
A* and u* are respective solutions for A and u in the simultaneous equations (5.13) or (5.14)

and (5.18) respectively.

and
3(1+u* +e —ue)[(u + Bo) — 4N Bou’] — (B2 — u*?)(1 +e*) =0,

is D-optimal.

Proof

Let M(&;; By) be the information matrix (5.11) evaluated at design & given in (5.22), and let
M(z,3y) be the information matrix (5.8) evaluated at a one-point design with an arbitrary
support point z = (z1,22)" = (21,u — fy — 21)" € D =[0,00) x [0, 00) where u = logit(p) =
Bo+2z1+29 > (B since z; > 0 and 2, > 0. Theorem 5.3 is proved using the Equivalence Theorem

for the D-optimality criterion (3.3) by showing that the standardized variance function

d(z, €55 Bo) = tr [M 1 Bo) M (25 )] < 3

for all z = (21, 29)7 € D =[0,00) x [0, 00) with equality holding at the support points of the
design .
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The standardized variance function d(z, £; 3y) simplifies to

. _eu—u*(l + eu*)Q (’U, + ’U,*)Q — AN*uut (U _ BO)Q + 4[2% _ (u _ ﬁO)zl]
d(z,&;5o) = (1 + ev)2 { AN (1 = A )u2 (u* + Bo)2 — 4N Bou* } (5.23)
e (1 +e")? [ (u4 ut)? — AN uut (u— fo)?
<g(u) = (14 ev)? { AXF(1 — A% )ur? (u* + Bo)? — 4X*Bou* } (524

The inequality (5.24) follows from the fact that for fixed u € [y, o0) and z; € [0, u — (], the

parabola 22 — (u — 3y)z; takes on its maximum value of 0 at z; = 0 and 2, = u — .

Let 2* = (z2f,25)7 represent the support points of design &. It has to be shown that
d(z*,&506)) = 3 and g(u) < 3 for all u € [§y,00). The expressions d(z,&l; Fy) given in
(5.23) and g(u) given in (5.24) are simplified using an identity derived as follows.

The expression (5.14) for A* gives

A B2 + 6Bgu* + u*? — \/ﬁg + 1482u*? + u*
3N —1 3(82 + 2Bou* + u*2 — /B + 14F3u*2 + u*d)
_ (B3 +6Bou* +u*? — /] + 1465u*? + urh) (B3 + 2Bou + u* + /§ + 1465u*? + urd)
- 3(B2 + 2Bou* + w2 — /B3 + 14F3u*2 + u*t) (B2 + 2Bou* + u*2 + /B + 1432u*2 + u*d)
B 45()”*(2”*2 + 263 + \/ﬁé 4 145%,“*2 + u*4)
B 12f0u* (u* — Bo)?
2+ ) + VB T

3(u* - ,60)2
Hence,
N (ut = Bo)® _ 2(u? + B3) + /By + 14685 + !
1 = ; . (5.25)
Also,
9 *2 2 4 14 2,,%2 *4
IR S v Ukt n R/ BMEL TRR RS (5.26)
Thus, comparing (5.25) and (5.26) gives the identity
M (u* — 2
(u* + Bo)? — 4N Bou* = —é/\* _610) : (5.27)

Substituting the right hand side of (5.27) with the left hand side of (5.27) in (5.23) and in
(5.24) gives

oo (e ) [ (wtut)? — A uet (BN = 1) {(u — Bo)? + 4]z} — (u— Bo)z1]}
d(zagzv BO) - (1 4 6“)2 { 4)\*(]_ — )\*)U*2 + A*(U* - ;60)12 }
(5.28)
_ eu—u*(l + eu*)2 (u+ u*)z — 4\ uu* B —1)(u—p )2
<000 = "1y o2 { (1= A Nt — ) } foru =
(5.29)
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Evaluating (5.28) at 2 = z* = (2}, 25)7, the support points of design &7, is equivalent to sub-
stituting (u, z;) with (u*, 0) and with (u*, u*— fy). The two substitutions give d(z*, &% 6y) = 3
as required. What remains to be shown is that g(u) given by (5.29) is less than or equal to 3
for all u € [y, 00) and fy € (—oo, —1.5434). The following is an algebraic proof that g(u) < 3
for all u € [y, 00) and [y € (—o0, —1.5434).

Consider g(u) given by (5.29). The function g(u) is even on [y, — ] since u* the solution for

u to equations (5.13) implies that

ue" ™" (14" )2 {(1 = 2X)(u* + Bo)” — 4\ (2 = 3\) Bou*}
WA (L — A (w0 — Bo)2(1 + )2

and thus g(u) = g(—u). The symmetry of g(u) on [5y, — 5] implies that if g(u) < 3 on [0, — 5],

then g(u) < 3 on [, 0]. Hence, it has only to be shown that g(u) < 3 on [0, 00).

g(u) = g(—u) = 0,

Counsider g(u) on [0,00). Clearly, g(u*) = 3. It has to be shown that ¢'(u) > 0 on [0, u*] and
that ¢'(u) < 0 on (u*,00). After some simplifications, using the fact that

(1 — 2\ (u* + Bo)? — 4X* (2 — 3X") Bou* = 0,

the first derivative of g(u) with respect to u is

e (14 e")?h(u)

g'(u) = AN (1 — A )u2(u* — By)%(1 4 ev)? (5.30)

h(u) = (u* — Bo)?(u? + u® + 2u) + 4u*2 (3N — 1) (L — \*)(62 + u? + 2u)

(5.31)
—e [(u* = Bo)*(u*? + u? — 2u) + 4u*?(3N* — 1)(1 — M) (68 + u® — 2u)].

Hence, showing that ¢'(u) > 0 on [0,u*] and ¢'(u) < 0 on (u*,00) are respectively equivalent
to showing that A(u) > 0 on [0,u*] and h(u) < 0 on (u*,00).
Consider h(u) on [0,00). Clearly, h(0) = 0. Furthermore, the equality
3(1+u* + e —ue" )[(u' + Bo)* — 4MBou*] — (B2 —u?)(1+e“) =0
can be written as
u WP(Bur +4) + B2 (3u +2) — 65ut (2N — 1) (ut + 1)

© TG — )+ FBu —2) — 60w (2A — D — 1)’ (5.32)

Then, substituting " in (5.31) gives

by = 46 =6V )u (@ = F) [(1 = 22)(w" + By)® — 4N (2 = 3V h] _
B B(2 — 3u*) + 68(22* — 1) (u* — 1)u* + (4 — 3u*)u*? B
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since (u* + ()%(1 — 2X\*) —4X*(2 — 3)\*) Bou* = 0. Hence, h(u) = 0 has two solutions v = 0 and
u = u*. The fact that h(0) = h(u*) = 0 implies that h(u) has at least one stationary point
in the interval (0, u*) since h(u) is continuous on [0, oc). Furthermore, h(u) goes to —oo as u
goes to oo since

lim A(u) = — lim [(u* — Bp)? + 4u™*(3X* — 1)(1 — A\")]u’e” = —oo.

U—00 U—0

As a consequence, if there is only one stationary point for u € (0, 00) then the stationary point
would be a maximum and the equation h(u) = 0 would have only two solutions u = 0 and

u = u*. For illustration purpose, Figure 5.6 (a) indicates the profile of function h(u) when for

example By = —3.
30, 2004
D)
201 C
ol 150%
0 : : : J
0.0 0.5 1.0 1.5 2.0 100t
-101 u
—0 504
-301
—401 O + ; {
0.0 0.5 1.0 1.5

(a) (b) u

Figure 5.6: (a) Function h(u) and (b) functions s;(u) (dashed curve) and so(u) (solid curve)
for Gy = —3.

Stationary points of h(u) are obtained by solving s(u) = h'(u) = 0. In the present case
s(u) = h'(u) = s1(u) — so(u) where s1(u) = 2(u + 1)[(u* — Fo)? + 4u*2(3A* —1)(1 — M*)] is a
straight line with both slope and intercept equal to 2[(u* — (35)% + 4u**(3A* — 1)(1 — A*)] and
so(u) = [(u* — Bo)*(u*? + u? — 2) + 4u*2 (3N — 1)(1 — A*) (B2 + u® — 2)]e" is a convex function
on [0, 00) since sj(u) = [(u* — fp)? (u*? + u? 4+ 4u) + 4u*2 (3N* — 1) (1 — X*) (B2 + u* + 4u)]e* > 0.
In addition, note that s1(0) > s9(0). In fact,

51(0) — 52(0) = (u* — Bo)*(4 — u*®) + 4u™ (3N — 1)(1 — \*) (4 — 3)
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which can be written as:

51(0) — 55(0) = (u** — 20" Bo) (4 — w*?) + 16w (BN* — 1) (1 — X*) + B2[4 + 3u™® + w2 (3A*2 — 417)).

1 2
Clearly, u*?—2u* 8y > 0 because —3y > 0 and u* > 0. Furthermore, the conditions 3 < AT < 3

and 1.22291 < u* < 1.5434 shown in Theorem 5.2 imply that 4—u** > 0 and (3\*—1)(1—\*) >

12
0. Moreover, the quadratic convex polynomial f(\*) = 3\*? — 4)\* is negative on {5, §] and
has its minimum value at the boundary \* = 3 which corresponds to u* = —(G, = 1.5434.

Evaluating s;(0) — s2(0) at A* = ; and u* = —fy = 1.5434 gives s;(0) — s2(0) = 20.5547 >
0. Hence, the straight line s;(u) is above the convex curve ss(u) at w = 0 . Moreover,
UILIEO[SQ(U) —s1(u)] = 1}1_>r£10(u* — Bo)*u’e" = co. Hence, the convex curve sy(u) passes above
line s(u) as u — oco. The alternating values of the straight line s;(u) and the convex curve
so(u) at u = 0 and u = oo imply that line s (u) and curve sy(u) intersect only once on (0, 00),
and in particular only once on (0,—03). Figure 5.6 (b) illustrates the profiles of s;(u) and
so(u) when Gy = —3. The fact that s;(u) and so(u) intersects only once on [0, 00) implies
that the equation h'(u) = 0 has only one solution for u € [0,00). In other words, h(u) has a
single stationary point on [0, c0) and the stationary point is a maximum located in the interval
[0,u*]. Therefore, h(u) > 0 on [0,u*] and h(u) < 0 on (u*,o0), or equivalently, the sign of
¢'(u) changes from positive to negative only once at u = u*. Thus, overall the function g(u)
in (5.29) has a local minimum ¢(0) at « = 0 and a unique maximum g¢(u) = 3 at v = u* on
[0,00), and by symmetry about u = 0, g(u) has a unique maximum g(u) = 3 at u = —u* on
(6o, 0]. W

Numerical check of D-optimality for design ¢ given in (5.22)

D-optimality of a candidate optimal design is often checked numerically by verifying on a
plot that the standardized variance function is less than or equal to the number of model
parameters with equality holding at the support points of the candidate optimal design. Figure
5.7 displays the graphs of g(u) given in (5.29) versus u > 3y = {—8, —4, —2}. Note that g(u)
was evaluated at these values of 3y and the corresponding u* values that are displayed in
Table 5.1. Figure 5.7 indicates that g(u) < 3 for all u > Gy = {8, —4, —2}, with g(u) = 3
holding only at u = +u*, and hence suggests that the 4-point designs £ in (5.22) associated

with these values of §; are D-optimal.
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-8 —6 —4 —2

Figure 5.7: Function g(u) given by (5.29) with fy = —8 (solid line), 3y = —4 (dashed line),
Bo = —2 (dotted line).

Approximate relationship between 3, and u*

The values of v* and A\* in Table 5.1 were found for just the selected values of ;. Since all
values of fy with 8y € (—o0, —1.5434) are not enumerated, it may be of interest to approximate
the relationship between 3, and u* by a regression equation. Then, the value of \* can be
derived using the straightforward equation (5.14). The scatter plot of u* versus /3y illustrated
in Figure 5.5 indicates that an exponential function with a lower asymptote can represent u*
in terms of 3. Fitting an exponential function of the form u = 6y + 6,€%2% to the data using
moderate values of 3y (here, from §;, = —500 with steps of 10, then a change of steps to 1
from [y = —60 to —20, then steps smaller or equal to 0.5 beyond —20) gives the fitted model

0 = 1.2260 + 0.5716¢0-425650 (5.33)

with R? ~ 0.993. It can be important to evaluate the efficiencies of the design generated using
model (5.33) when compared to designs generated using solutions of the equation (5.18) as in
Table 5.1. Recall from Section 3.7.2 that D-efficiency of & relative to £} is defined by

D = {%}Up)
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where £ is an arbitrary design, & is the optimal design and p is the number of the parameters
of the model. In the present case p = 3, &} is the design (5.10) with A and u solutions of
the equations (5.13) and (5.18) respectively. Now & = £** is the counterpart of design (5.10)
obtained using @ given by (5.33), and A obtained from (5.14) evaluated at v = u. Table 5.2

provides the efficiencies for selected values of 3. Clearly, all the efficiencies are close to 1.

Table 5.2: Values of u*, u and D-efficiencies for selected values of .

Bo u* u D

-10 | 1.2425 | 1.2341 | 0.999973
-9 | 1.2468 | 1.2384 | 0.999973
-8 | 1.2527 | 0.2450 | 0.999977
-7 | 1.2611 | 1.2551 | 0.999986
-6 | 1.2734 | 1.2705 | 0.999997
-5 | 1.2923 | 1.2941 | 0.999999
-4 1 1.3230 | 1.3302 | 0.999982
-3 | 1.3763 | 1.3854 | 0.999972
-2 | 1.4741 | 1.4700 | 0.999995

Therefore, in practice there is little loss in efficiency if the optimal value of u is estimated

using model (5.33) instead of exact optimal value of u calculated using equation (5.18).

5.3.3 3-point design

In Section 5.3.2 it was shown that the 4-point D-optimal trapezium design exists if —oo <
By < —1.5434. In this section it is shown that if —1.5434 < 3y < 0, then the 4-point D-optimal

trapezium design degenerates to a 3-point D-optimal design.

Consider Figures 5.4 (a). Note that (z1,29) € [0,00) x [0,00), and hence the condition
for the 4-point design displayed in the figure is that —u — By = 2z; + 22 > 0. However, if
—u— By =21+ 2 <0, then z; = 20 = 0 and u > — [, and hence the 4-point design becomes
the 3-point design with optimal logits y < 0 and u > —f, > 0. Figure 5.8 (a) displays the
layout of the 3-point design. The 3-point design displayed in the figure has the following form:
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A=B O
“:ﬁn

@ Bo+z,+2,=0

Figure 5.8: Pattern of a 3-point D-optimal design for a two-variable binary logistic model

without interaction u = [y + 21 + 2o on the design space D = [0,00) X [0,00): (a) u = [y and

(Zl, 22) (O, 0) (O, u — 5()) (u — ﬂ(), 0)
£ A = L ! : (5.34)
u Bo u u

where u > 0. Let M(&,;5y) be the information matrix for the parameter vector 8 =
(Bo, B1, B2)T, on the (21, z3)-space, evaluated at design &, given by (5.34). Then,

ePo +o_e e(u—pFo)  e"{u—Po)
(I+efo)z = F(iter)?  (I4ev)? — (14ev)?
. B “(u=Fo) “(u=po)?
e (u—0Bo) 0 e*(u—0Bo)?
(1—}—6“)2 (1+eu)2
and its determinant is given by
B (u _ 50)4€2u+50
©27(1 4 ePo)2(1 4 eu)t
Maximizing D with respect to u is equivalent to maximizing
(U o ﬂ0)462u
=~ 7 - 5.36
: (14 ev)t (5.36)
with respect to w. Differentiating the expression (5.36) with respect to u gives
D 2e%"(u — 0)*(2 — By + u + 2e" + [oe* — ue)
— = . (5.37)
ou (14 ev)?
Hence, the candidate D-optimal value of w is a solution for u to the equation
2— 0o+ u+2e"+ Goe' —ue* =0 (5.38)
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which is greater than or equal to —f, and has a unique solution on [—f, 00) since it has
unique solution on [0,00). In fact, consider the continuous function of u, f(u) =2 — Gy +
u—+ 2e* + fpe — ue™ on [0,00). Clearly, f(0) =4 > 0 and 1}520 flu) =— Jggo ue® = —oo, i.e.
f(u) = 0 has at least one solution on [0, 00). In addition, f"(u) = (fy — u)e* < 0 since u > 0
and fy < 0. Hence, f(u) is concave on [0,00) and thus, f(u) = 0 or equation (5.38) has a

unique solution for u on [0, o).

Consider the special case when 3y = —u with u > 0. Figure 5.8 (b) is a graphical representa-
tion of the design for this case. The support points of the candidate D-optimal design are A,
B and C symbolized by circles. Setting Sy = —u in equation (5.38) gives 1 +u+e* —ue* =0
which is the same as equation (4.14) which was shown to have the unique solution u* = 1.5434
for u > 0. Furthermore, the equation is the same as equation (5.18) evaluated at fy = —u
and at \ = ;, the solution for A to the equation (5.13) when $; = —u. Thus, from this
observation and Theorem 5.2 it is deduced that fy = —u = —1.5434 forms the “boundary”
between the 3-point and the 4-point trapezium design. Table 5.3, second row, displays the
numerical solutions, u*, of equation (5.38) evaluated at selected values of 3y € [—1.5434,0].
The table suggests that the solutions u* of equation (5.38) form an increasing function of
fBo € [—1.5434,0]. What remains is to prove the D-optimality of the design (5.34) with
u = u* a solution of equation (5.38) for all 5y € [—1.5434,0]. The D-optimality of design &*

Table 5.3: Relationship between 3, and u*, and a local minimum u = w,, of g(u) where
u = fy + a(u* — ) and 0 < « < 1: 3-point D-optimal design.

Bo -1.543 -1.5  -1.25 -1 -0.75 0.5 -0.25 -0.15 -0.1 0
u=u* | 1.543 1.562 1.674 1.796 1.930 2.075 2.231 2.297 2.331 2.399
U = U, 0 0.001 0.043 0.132 0.255 0.404 0.571 0.642 0.679 0.753

given in (5.34) is proved in Theorem 5.4 by showing that the standardized variance function
d(z,&5 By) = te{M~1(&; Bo) M (z; By)} < 3 for all z = (21, 20)" € [0,00) x [0, 00).

Theorem 5.4. The design

(07 0) (07 ut — ﬂo) (U* - ﬂ0> O)

&= 3 : 3 (5.39)
Bo u u

for the two-variable binary logistic model u = logit(p) = Gy + 21 + 22 on the design space
[0,00) x [0,00) with parameter 3y € [—1.5434,0], where u* > 0 satisfies the equation
2 — By 4+ u* + 2% 4 Boe* — ute? =0, is D-optimal.
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Proof

Let M (&% By) be the information matrix (5.35) evaluated at design & given in (5.39), and let
M(z,3y) be the information matrix (5.8) evaluated at a one-point design with an arbitrary
support point z = (21, 22)7 = (21,u — fy — 21)T € D =[0,00) x [0, 00) where u = logit(p) =
Bo + 21 + 29 > [y since z; > 0 and 29 > 0. Theorem 5.4 is proved using the Equivalence
Theorem for the D-optimality criterion (3.3) by showing that the condition

d(2, &5 B0) = tr [M™H(E; fo) M (25 80)] <3

holds for all z = (21, 2)" € D = [0, 0) x [0, 00) with equality holding at the support points of

the design &*. Simple algebraic calculations show that for all z = (21, 25)T € [0, 00) x [0, 00),

3¢ {e7 (1 +e™)2(u—u")? + e (1 +)*[(u — fo)” + 2[z¢ — (u — Bo)z]]}
(u* — Bp)?(1 4 e)?
_ 3e® {e_ﬁo(l + eﬁo)g(u —u*)? + e_“*(l + e“*)g(u — ﬁO)Q}

<g(u) = (0 — o) 2(1 1 e")? for u > fy.  (5.41)

The inequality (5.41) follows from the fact that for fixed u > 3y and z; € [0,u — 3], the

parabola 27 — (u — [By)2; takes on its maximum value of 0 at 2y = 0 and z; = u — 5.

d(zvfju /60) =

(5.40)

Evaluating (5.40) at z = 2* = (z1,29)7, the support points of design £, is equivalent to
substituting (u, z;) with (5o,0), (u*,0) and (u*,u* — fy). All the three substitutions give
d(z,&E5 By) = 3 as required at the support of a D-optimal design. What remains to be shown
is that g(u) given by (5.41) is less than or equal to 3 for all u > §y € [—1.5434,0].

Counsider the function g(u) given by (5.41) and u* = —fy = 1.5434. Then, (5.41) reduces to

3e (1 + e* )2 (u? + u*?)
2u2(1 + e)?

g(u) = <3
eufu*(l _|_eu*)2(u2 _|_u*2)
u*2(1 + e)?

Theorem 4.1.

since

<2 for u* = 1.5434 and all u € [fy,00) as was shown in

Consider the case of u* > —f, with fy € [—1.5434,0]. It has to be shown that g(u) < 3
with equality holding only at v = [y and v = w*. Since u > [, u can be written as
u = [y + a(u* — By) where a@ € [0,00). In particular, u = Gy and u = u* respectively

correspond to & = 0 and « = 1. Hence, function (5.41) can be written in terms of « as

_ Beforalw =) [aZemu (14 e ) + (o — 1)%e P (1 + e%)?}

5.42
1+ eﬂoJrOé(u**ﬁo)]Q ( )

g9(a)

The aim of the following derivations is to show that g(«) attains the maximum 3 only at o = 0

and @ = 1, a minimum at « € (0,1), and that g(«) goes to 0 as « gets larger and larger.
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Clearly, g(0) = ¢(1) = 3 as required at the support points of a D-optimal design. The

stationary points of g(«) are zeros of the function

(o) = 2T (@) ~ ha(a)]
[1 + eforalu—po))?

where

hi(a) = [@®(u* — By) +2a] e ™ (1+ ") + [(a — 1)*(u* — By) + 2(a — 1)] e (1 4 €0)?
(5.43)

is a convex parabola in « and

ho(a) = " {[aQ(u* —Bo) —2a] e (14" )% + [(a—1)?(u* — By) — 2(a — 1)] e (1 4 6’80)2}
(5.44)
where u = fy + a(u* — ). The number of stationary points of g(«) given in (5.42) is the
number of solutions of ¢'(«r) = 0, or, equivalently of h;(a) = ho(). It follows from ¢'(«) and
the fact that u* is solution of equation (5.38) that

B 3{2—ﬁo+u*+(2+ﬂo—u*)e”*}
N 14+ ev”

g'(1) = 0.

Hence, g(«) has a stationary point at o = 1, or equivalently, h(«) and hy(a) given by (5.43)
and (5.44) meet at @ = 1. Curves h;(«) and he(@) intersect only twice on [0, 00) as it is shown

below.

First, note that hy(0) > hy(0). In fact, the condition u* > —f, implies that (u* + Gy) > 0,
and u* solution of equation (5.38) implies that (u* — 3y —2) = (u* — By +2)e™*" > 0. Hence,
h2(0) — hi(0) = (1 +e®)? {(u* — By +2) — (u* — By — 2)e P}

= (L4 P — o+ DL e ) > 0
Thus, curve hy(w) is above the parabola h;(a) at @ = 0. Furthermore, curve hy(«) has only

one point of inflexion on [0, c0), and hence intersects the parabola hi(«) in only one point «

other than o = 1. In fact, the second derivative of he(a) with respect to « is
hy(a) = (u* — ﬁo)eﬁﬁa(“*_ﬁo){(u* —Bo)? [e™ (1 +e") +e ™ (1+e")?] o
+2a(u* — Bo) [e ™ (L+€" )+ (1 —u* + Bo)e (1 +e™)?]
— 27 (14 e ) = 2(u* — By + e (1 +e®)* + (u* — Bo)?e (1 + 650)2}

The points of inflexion of hy(cr) are solutions of equation hj(«) = 0, and change of concavity

are determined by the sign of hlj(a). Since (u* — Fy)efo+r(w =F) > (0 zeros of hY(a) are those
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of the quadratic polynomial in a:

ha(a) = (u" = Bo)* e (14 )* + e (1 +e”)’] o” (5.45)
+ 2a(u* — By) [e‘“*(l + e )+ (1 —u* + fy)e™™(1 + eﬁO)Z]
— 2 (14 e ) = 2(u* — By + 1)67%(1 + 650)2 + (u* — ﬂo)Qef’gO(l + 6’80)2.

Using properties of quadratic equations, the product of the roots of hz(a) =0 is

—2e7% (14 e )% = 2(u* — By + 1)e P (1 + €%)% + (u* — Fy)?e (1 + e)?
(= B0 e w1+ e P+ e 1+ o)

s(fo, u") =
(5.46)

Clearly, the denominator of expression (5.46) is positive, and the two first terms of the nu-
merator are negative. The third term in the numerator of (5.46) is positive, but as 5y < 0,
then e %0 (14 ¢™)? is a decreasing function of 3, with 8y € [—1.5434, 0]. Hence, the numerator
attains its largest value —4.449 at §; = —1.5434. Therefore, s(fy, u*) < 0 for Gy € [—1.5434, 0]
which implies that hs(«r) has two points of inflexion of opposite signs, say a3 < 0 and a5 > 0.
However, a; is to be rejected because it is not in the domain [0, c0). Hence, hy(a) changes its
concavity only once on [0, 00) because ho(a) has only one point of inflexion s on [0, 00). Fur-
thermore, o = 1 belongs to the subset of [0, 00) where hs(«) is convex. In fact u* > —fF; > 0

and u* — 3y — 2 > 0 imply that e™* (1 + €*")? > e7%(1 + %)% and hence
hs(1) = [(u* = Bo)? +2(u* — Bp — )] e (14 €*)? — 2e (1 + &%)2 > 0.

Hence, hy(a) is concave on [0, ap] and convex on [ag, 00). As a consequence, the curve ha(u)
and the parabola h;(«) cross each other at @ = 1 and at another point «,, € (0,1). The above

derivations can be summarized as follows.

o If o € [0, ], then hy(a) — ho(a) <0, i.e. g(av) decreases on [0, ayy).
o If a € [am, 1], then hy(a) — ha(a) > 0, i.e. g(a) increases on [ay,, 1].
o If a € [1,00], then hy(a) — ha(a) < 0, i.e. g(a) decreases on [1, 00].

e Figure 5.9 shows the pattern of hi(«) and hy(a) for 3y = —1. The signs of the graph
are those of hy(a) — hao(c).

Hence, g(«) has maximum g(0) = g(1) = 3 and a local minimum g¢(«,,), and decays to zero as
« gets larger and larger. In other words, g(a) < 3 for all « € [0, 00), or equivalently, g(u) < 3
for all u € [B,00) where g(u) is given by (5.41). Hence, the design of the form (5.34) is
D-optimal. W
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Figure 5.9: Plots of functions h;(«) (dashed line) and hy(cr) (solid line) respectively given by
(5.43) and (5.44) for By = —1 (u* = 1.796). The sign + and — are those of hy () — ho(c).

Numerical check of D-optimality of design ¢! given in (5.34)

D-optimality of a design of the form (5.34) could be checked numerically by verifying that
the plot of the standardized variance function is less than or equal to the number of model
parameters with equality holding at the support points of the candidate optimal design. Figure
5.10 displays the graphs of g(u) versus u > ) = {—1.5434, —1, —0.25,0}. Note that g(u) was
evaluated at these values of 3y and the corresponding »* values that are displayed in Table 5.3.
Figure 5.10 indicates that g(u) < 3 for all u > [y = {—1.5434, —1, —0.25,0}, and hence the
figure indicates that the 3-point designs & associated with these values of 3, are D-optimal.
Note that unlike the case of the 4-point trapezium design discussed in Section 5.3.2, the local
minimum of ¢g(u) is not necessarily attained at u = 0 as evidenced by Figure 5.10. Table
5.3, last row, contains the local minimum values u,, = fy + o, (u* — By) of g(u) obtained by
numerically solving equation ¢’'(u) = 0 on [3,00) for some selected values of 3. Only the
case By = —1.5434 leads to a local minimum at u = 0. Values of u,, increase from 0 to 0.753

as [y increases from —1.5434 to 0
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Figure 5.10: Function g(u) given by (5.41) with By = —1.5434 (solid line), By = —1 (dashed
line), By = —0.25 (dotted line) and Gy = 0 (dashed and dotted line).

Approximate relationship between 3, and u*

An approximate equation for the relationship between 3y and u* can be found as follows. The
scatter plot of the data of Table 5.3 is represented by “circles” in Figure 5.11. The scatter
plot indicates that a straight line can fit the data. Fitting a simple linear model to the data
gives

7 = 2.3738 + 0.553873, (5.47)

with R? = 0.996. The fitted values of model (5.47) are represented by “plus” in Figure 5.11,

and clearly fitted values are not discernable from the observed values.

Finally, Table 5.4 provides the values of u* solution of (5.38), u given by (5.47) and the
efficiencies for selected values of ;. Table 5.4 reveals that all the efficiencies are close to 1.
Therefore, in practical situations there is no loss in efficiency if u estimated using model (5.47)

is used instead exact values of u calculated using equation (5.38).
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Figure 5.11: Scatter plot of the values of u for given values of 3y: O represent the observed

values of u, and + represent the fitted values of w.

Table 5.4: Values of u*, u and D-efficiencies for selected values of 3 in model u = logit(p) =

Bo + 21 + 2o where z; > 0 and 2z, > 0.

Bo u* u** Deg
-1.5434 | 1.5434 | 1.5191 | 0.999901
-1.5 1.5618 | 1.5431 | 0.999942
-1 1.7960 | 1.8200 | 0.999904
-0.75 ] 1.9295 | 1.9585 | 0.999862
-0.5 2.0746 | 2.0969 | 0.999918
-0.25 | 2.2313 | 2.2354 | 0.999997
0 2.3994 | 2.3738 | 0.999890

5.4. Conclusions

In this chapter, the construction of D-optimal designs for the two-variable binary logistic
model without interaction u = logit(p) = By + 121 + Pax9 on the (—oo, 00) X [—b,b] and the

[0,00) x [0, 00) design spaces as follows.

The design space (—o0,00) X [—b,b] is the (uy,us)-design space where wu; is the logit line
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u = o + B1x1 + Paxs assumed to take any value on (—oo,00) and uy = by + by + boxy is a
straight line in (z1, z2)-space R? for a given value of uy such that lines u = By + B1z1 + Fox
and uy = by + bixy + baxy are not parallel. Two parallel line restrictions were imposed by
setting —b < wy < b where b > 0, then D-optimal designs were shown to have 4 equally
weighted support points located on the intersection of the parallel lines uy = £b and the two
parallel logit lines v = +1.22291. This design case corresponds to the 4-point parallelogram
design of Sitter and Torsney (1995a) with design locus G,, which is equivalent to the 4-point
parallelogram design introduced by Jia and Myers (2001), and a special case of the 4-point
design of Atkinson and Haines (1996). This design case is also reported in Myers et al. (2002,
p. 240-241).

The design space [0, 00) X [0, 00) is the (dy, da) actual dose. On the design space [0, 00) X [0, 00),
two new D-optimal designs, a 4-point trapezium design with support points at the intersection
of the boundary of the design space and two parallel logit lines, and an equally weighted
3-point were found under the respective conditions that —oo < (G < —1.5434 and that
—1.5434 < By < 0 about the intercept parameter 3;. These designs were proved algebraically
and illustrated numerically to be D-optimal. The support points of the trapezium D-optimal
designs are points of intersection between the boundary of the design space [0,00) X [0, 00)
and two parallel logits lines © = +u* with u* positive and not necessary equal to 1.22291. It
was found that only support points located on the same logit line have equal weights, and that
if fy tends to —oo, then u* tends to 1.22291, which means that the 4-point trapezium design
introduced in this thesis tends to the 4-point parallelogram designs of Sitter and Torsney
(1995a), also in found in Jia and Myers (2001), Myers et al. (2002), and in Atkinson and
Haines (1996). For the 4-point D-optimal trapezium designs, closed expressions of weights
associated with the support points were derived algebraically. However, it was not possible
to express optimal values of u in closed forms. Instead a regression approach was used to
provide approximate D-optimal values u as functions of 3;. The efficiencies of the designs
constructed using these approximations relative to the optimal designs were found to be very
close to unity for selected values of the parameter 3y. A subset of results found in this chapter
are in Haines, Kabera, Ndlovu and O’Brien (2007).
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6

D-optimal Designs for the Two-Variable
Binary Logistic Model without

Interaction: Empirical Results

6.1. Introduction

Chapter 5 discussed the construction of D-optimal designs for the two-variable binary logistic

model without interaction
u = logit(p) = Bo + i1 + Pawa (6.1)

on the design space [0,00) x [0,00). The design space [0,00) x [0,00) is unbounded in the
sense that the upper limit on each axis is not specified. However, in practice such a limit is

predetermined leading to a rectangular design space of the form
X =A{(x1,22) : 21 € [a,b] and x5 € [¢,d]} (6.2)

where z; and x5 are either doses or log-doses, and a, b, c and d are real numbers. For example,
doses of drugs given to patients generally have predetermined lower and upper limits. This
chapter discusses the construction of D-optimal design for the two-variable binary logistic
model without interaction (6.1) on the rectangular design space X given in (6.2) which, for
simplicity of derivations, will be transformed to a square design space. As in Sections 2.4.4
and 5.3.1, it will be assumed the parameter values in model (6.1) satisfy the conditions 5y < 0,
G >0 and (5 > 0.

The chapter contains the following sections. Section 6.2 establishes the similarities of the

design spaces used by Sitter and Torsney (1995a), Atkinson and Haines (1996) and Jia and
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Myers (2001), then provides transformations of one rectangular design space to another rect-
angular design space. Section 6.3 discusses the construction of a 4-point trapezium and 3-point
D-optimal designs on a rectangular design space. Section 6.4 provides cases of non-trapezium
D-optimal designs on a rectangular design space. Section 6.5 discusses the construction of
4-point parallelogram D-optimal designs. Section 6.6 discusses the construction of D-optimal
designs with support points varying from 4 to 6. Section 6.7 provides a summary chart of
the designs patterns of the D-optimal designs for model (6.1) on the design space [0, b] x [0, ]
satisfying condition 25y + b(f + f2) = 0. Section 6.8 discusses the construction of 4-point
non-parallelogram designs. Section 6.9 gives a practical example of the application of some
of the design theory in this chapter. Finally, Section 6.10 contains the conclusions for this

chapter.

All candidate D-optimal designs for model (6.1) discussed throughout this chapter are classi-
fied as related to the trapezium design, or to the parallelogram, except cases when the number
of support points is greater than 4. D-optimal designs for simple cases are constructed an-
alytically using the Equivalence Theorem for D-optimality. In complex cases the patterns
of the candidate D-optimal designs are conjectured under specific conditions, and then the
D-optimal designs are constructed numerically using the Gauss program given in Appendix B.
D-optimality of the designs is checked by plotting the standardized variance function which
is p minus the directional derivative function on the design space, where p is the number of
model parameters (see Atkinson et al. (2007, p. 124)).

6.2. Preliminaries

Counsider the two-variable binary logistic model without interaction (6.1) where the explana-
tory variables x; and x, are elements of the rectangular design space X given by (6.2), and
are considered as dose or log-dose concentrations of two drugs. Candidate D-optimal designs
for model (6.1) were constructed by Sitter and Torsney (1995a), Atkinson and Haines (1996),
and Jia and Myers (2001) but with different designs spaces. The candidate D-optimal designs
of Jia and Myers (2001) for model (6.1) can also be found in Myers et al. (2002).

The D-optimal designs of this chapter will be constructed on the (zy,x2) design space with
a <z <band ¢ <zy <d. The (z1,22) design space [a,b] X [¢,d] underlie the (u,us) design
space used by Sitter and Torsney (1995a), and (z1,x9) designs spaces used by Atkinson and
Haines (1996), and Jia and Myers (2001). In fact, consider the two-variable binary logistic
model u = logit(p) = uy = By + Bi1x1 + F2x2 and a straight line of the uy = by + byzy + by
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b
forﬁxedugwhereﬁo<0,ﬁ1>0,ﬁ2>0and—1 % Ifa <z <bandc < 2y < d,

by 2
then a < uy < b, where a = By + fia + B¢ and b = [y + ($1b + P2d. Furthermore, the
restriction ¢ < x9 < d, can be written as ¢ < uy = 1y < d where by = by = 0 and b, = 1
in uy = by + b1y + byxy. Hence, there is a one-to-one correspondence between a D-optimal

designs in terms of (z1,x9) € [a,b] X [¢,d] and (u1,us) € [a, b] X [c,d].

Sitter and Torsney (1995a) considered two design cases in constructing D-optimal designs for
model (6.1). The first design case was reviewed in Section 4.5.1 in which w; is unrestricted,
but us restricted and this case was shown in Section 5.2 to be the same as the design case
used by Jia and Myers (2001). The candidate D-optimal design of Sitter and Torsney (1995a)
with u; unrestricted and Jia and Myers (2001) was an equally weighted 4-point design with
support points on the logit lines u* = £1.22291. The second design case of Sitter and Torsney
(1995a) reviewed in Section 4.5.1 was also a 4-point D-optimal design in the (u;, us)-space,
but with both u; and us restricted. Four candidate D-optimal designs were identified, but the
D-optimality proved in Section 5.2 was for only one of those cases. The construction of the
D-optimal designs for the other cases is discussed in subsequent sections of this chapter. The
main difficulty encountered in the construction of these designs is due to the dependence of

the candidate D-optimal designs on the model parameters and on the design space.

Atkinson and Haines (1996) considered numerical construction of D-optimal designs for model
(6.1) on the (xy,25) design space [—1,1] x [—1,1]. Clearly, the design space [—1,1] x [—1,1]
is the design space (6.2) witha=c=—1land b=d = 1.

For ease of calculations, it is usual to transform a rectangular design space such as [a, b] X [¢, d]

to another rectangular design space.

Generally, a linear transformation from one rectangular design space to another rectangular
or square design space can be constructed as follows. Consider the model u = logit(p) =
Bo + 11 + Poxe, and the transformation from the (xq,25) design space [a,b] X [¢, d] to the
(T 1news Tonew) design space [aq,b1] X [¢1,dq]. The relationships between points (xy,z5) and

(Z1news Tanew), and also between model parameters in design spaces [a, b] X [¢, d] and [aq, b;] X

_ (bi—ai)z:
Tlnew — b
_ (di—c)xs
Tonew = d

[c1,d;] are
abi—a1b)

=(
—‘ch1 —c1d) (63)
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and

h—
ﬁlnew - bl—gl ﬂl

ﬁQnew = df:; ﬁ? (64)
b1—a1b di1—c1d
Bonew = Bo + abi,Zi B+ Cdi,zi Ba.

In order to link results of the subsequent sections of this chapter with those in Section 5.2 and
Section 5.3, the (x1,x) design space [a, b] X [¢, d] that will be used is the square design space
[0, 6] x [0,b] obtained by setting a = ¢ = 0 and b = d. If required, the transformations (6.3)
and (6.4) will be used to transform the designs from the (zq,x2) design space [0, ] x [0, b] to

the (Z1new, Tanew) design space [a, b] X [c, d].

6.3. 4- and 3-point trapezium designs

6.3.1 4-point trapezium designs

The trapezium design was discussed in Section 5.3 where the design space was [0, 00) x [0, 00).
However, on the design space [0,b] x [0,b], the existence of a trapezium design depends on
the location of the optimal logit lines +u* relative to the vertices of the square [0, ] x [0, b].
Figure 6.1 (a) and Figure 6.1 (b) display the design patterns of candidate D-optimal designs
for arbitrary +u = Gy + G122 + Foxo.

Consider Figure 6.1 (a). Note that the logit line C'D is below the diagonal line F'H of the
square whose vertices are E, ', G and H, and the logit line AB is above the vertex F.
In addition, and more importantly note that the position of logit v = 0 in Figure 6.1 (a)
implies that the logit values at points F'(0,b) and H(b,0) are both positive, i.e. respectively
Bo + P2b > 0 and [y + 16 > 0. This design pattern is similar to the design pattern of Figure
5.4, and hence the 4-point D-optimal trapezium design exists if the following conditions are
satisfied: —oo < By < —1.5434, By + G1b > 1.5434 and [y + (2b > 1.5434, or, equivalently
1.5434 < —fy < oo and 1.5434 < min{ Gy + 510, By + FG2b} which implies that

1.5434 S min{—ﬁo, ﬂo + ﬂlb; ﬂo —+ ,ng} (65)

In this case, the D-optimal design is of the form

—u*—Bo 0) (0 *u**50> (0 U**ﬁo) (U**ﬂo 0)
f*: ( B ? 7 Be ’ ;6’2 B 7 (6.6)

1-X* 1-)* A A*

2 2 2 2

where for a given value of ), optimal values of A* and u* are solutions to the simultane-

ous equations (5.13) and (5.18). D-optimality of a 4-point trapezium design was proved in

110



Chapter 6 — D-optimal Designs for the Two-Variable Binary Logistic Model
without Interaction: Empirical Results

By +Bx +B,x, =0

\4
v

~u=fy+Bx +Bx,
(a) —u=py+Bx +px, u=py+Bx +fyx, ®)

Figure 6.1: Design patterns for the candidate D-optimal trapezium designs for the two-variable
binary logistic model without interaction u = (y + fix1 + foxs on the dose space D =
[0,6] x [0,0]: (a) 1.5434 < min{— 70y, Bo+ 51D, B+ G20} and (b) 1.5434 < min{—Fy — 51b, — Gy —
Bab, By + (1 + [2)b}. Circles represent support points.

Theorem 5.3.

Now, consider Figure 6.1 (b). The D-optimal trapezium design of this figure can be taken as
a symmetric reflection of the design of Figure 6.1 (a) with respect to the diagonal line FH.
Especially the position of the logit u = 0 implies that the logit values By + (526 and Gy + 310
respectively at points F'(0,b) and H(b,0) are now both negative. Reasoning as for the design
of Figure 6.1 (a), a 4-point D-optimal trapezium design is obtained if

1.5434 < min{—3y — 51b, — By — (b, Bo + (81 + B2)b}. (6.7)

The D-optimal trapezium design is of the form

(b —u—ﬁo—ﬁlb) (—u—ﬁo—ﬁzb b) (u—ﬁo—ﬁzb b) (b u—ﬁo—ﬁlb)

? 3 ? ? ’

- K 3 w R (6.9
2 2 2 2

Observe that the results obtained from the design of Figure 6.1 (a) can be used to calculate
the design of Figure 6.1 (b) since the design of Figure 6.1 (b) is a reflection of the design of
Figure 6.1 (a) about line FFH. In fact, if (z;,22) are coordinates of a support point of the

D-optimal trapezium design in Figure 6.1 (b) and (y,y») are corresponding coordinates of
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a support point of the D-optimal trapezium design in Figure 6.1 (a), these coordinates are

linked by the following transformation
(21, 22) = (b — Y2, b — y1) (6.9)

Suppose that u is the logit value in the design of Figure 6.1 (b). If @ is the corresponding
logit value in the design of Figure 6.1 (a) then the transformation (6.9) takes u to —u and
vice versa. Specifically assume that u = Gy + f121 + fex and that u = 5| + f1y1 + B5y2. The

transformation (6.9) gives

Bo+ By + Bayr = u = —u
= —0o — bix1 — Parz
= —fo = Bi(b—y2) — B2(b— y1)
= —fo — b(B1 + B2) + Bay1 + Prye
which implies that
By =—0Bo— (8L + B2)b
By =B (6.10)
By = b
The following example illustrates a situation where the parameter values in model u =

logit(p) = By + Six1 + [z lead to either the D-optimal trapezium design (6.6) or the D-

optimal trapezium design (6.8).
Example 6.1. Consider the two-variable binary logistic models without interaction u =
logit(p) = fo + S1x1 + [axe with parameter values 5; = f = 2, and a) §y = —2 and (b)
fo = —6 on the design space [0, 2] x [0, 2].
In part (a), condition (6.5) is satisfied since

1.5434 < min{—ﬁo == 2, ﬁo + ﬁlb == 2, ﬁo + ﬁzb == 2} = 2.
Hence, the appropriate D-optimal design is the 4-point D-optimal trapezium design (6.6), i.e.

. :{ (0.263,0) (0,0.263) (0,1.737) (1.737,0) }

(6.11)
0.1686  0.1686  0.3314  0.3314

since u* = 1.4741 for 5 = —2 (see Table 5.1). If the design space [—1,1] x [—1, 1] was used
instead of the design space [0, 2] x [0, 2], the transformations (6.3) and (6.4) give

Tinew = L1 — 1
Tonew = T2 — 1
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and
Brnew = 2
Bonew = 2
Ponew = 2

Hence, the D-optimal trapezium design (6.11) becomes

oo (—0.737,0) (0,—0.737) (0,0.737) (0.737,0)
0.1686 0.1686  0.3314  0.3314

which is the same as the D-optimal design found numerically by Atkinson and Haines (1996)
for B =(2,2,2)T.

The parameters of the model in part (b) satisfy condition (6.7) since

1.5434 <min{—0y — f1b =2, -0y — Bob =2, 60 + (1 + [2)b = 2} = 2.

In addition, the parameters of the model in part (b) are linked to those of the model in part
(a) by the transformation (6.10) by writing the parameters of the model in part (a) as 3 = —2
and 3] = 05 = 2. Hence, the D-optimal design for the parameters of the model in part (b)
obtained from the 4-point D-optimal trapezium design (6.11) using the transformation (6.9)
is
e = { (2,1.737) (1.737,2) (2,0.263) (0.263,2) } (6.12)
0.1686 0.1686 0.3314 0.3314

6.3.2 3-point designs

If in Figure 6.1 (a), A = B = E, then the design pattern is similar to the design pattern
in Figure 5.8 (a), and hence an equally weighted 3-point trapezium related D-optimal design
exists if 0 < —fy < 1.5434 and 1.5434 < min{Jy + B2b, Bo + $1b}, which is equivalent to

0 < —B < 1.5434 < min{By + B1b, By + Bab}. (6.13)

As model u = logit(p) = fo+ frz1 + P22 has 3 parameters, for given values of the parameters
a 3-point design puts weight % at each of its support points (Silvey (1980, p.42). In this case,
the D-optimal design is of the form

oo ] ©0 (07“*5250) (u*ﬂ?ﬂoﬂo) (6.14)

1

1 1
3 3 3
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where u* is the solution for u to the equation (5.38) for a given value of ;. D-optimality of

the design was proved in Theorem 5.4.

If in Figure 6.1 (b), A = B = G, then the parameters (3, (; and [, satisfy the condition

0 < By + (B1 + P2)b < 1.5434 < min{—0Fy — Bab, —fy — (1b}. (6.15)

Hence, as for the case of the 4-point D-optimal trapezium design, the 3-point D-optimal
design is obtained from the D-optimal design (6.14) using the transformations (6.9) to give
the D-optimal design

b)

o (b, —u*,/g;,ﬂlb) (7u*,§lo,ﬂ2bjb) (b

1 1
3 3

(6.16)

Wl

The following example illustrates cases where parameter values lead to a 3-point design on
the design space [0, 2] x [0, 2].

Example 6.2. Consider the two-variable binary logistic model without interaction u = 3y +
Brz1 + B2xs on the design space [0,2] x [0,2] and with §; = 3, § =2 and (a) §y = —1 and
(b) Ao = —9.

In part (a)
0<—fy=1<1.5434 <min{fy + 51b =5, By + b = 3} = 3.

Therefore condition (6.13) is satisfied so that a 3-point design of the form (6.14) is appropriate
to this example. Table 5.3 gives u* = 1.7960 for 5y = —1. Thus, the design (6.14) is

o :{ (0,0) (0,1.398) (0.932,0) }

1 L 1
3 3

(6.17)
3

In part (b), consider following transformation (6.10) by writing the parameters of the model
in part (a) as 8y = —1, ] = 3 and [, = 2. The parameters Gy = —9, ; = 3 and f = 2 lead
to a 3-point design since they satisfy condition (6.15). In fact,

0< o+ Bib+ f2b=1< 15434 < min{—py — p1b=3,—Fy — b =5} = 3.

Hence, the 3-point D-optimal design for this case can be obtained using the transformation
(6.9) on the 3-point D-optimal design (6.17) to give

o :{ (2,0.602) (1.068,2) (2,2) } (618)

1 1

1
3 3 3
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6.4. Some non-trapezium candidate D-optimal designs

The trapezium designs described in Section 6.3 have support points which either are all above
or all below the main diagonal of the design space [0, b] x [0, b] (see Figures 6.1 (a) and (b)). For
some values of the vector B = (8, 81, 32)” and the bound b, the conditions for the existence
of the D-optimal designs with these patterns may not always be satisfied, i.e. D-optimal
trapezium designs with design patterns in Figures 6.1 (a) and (b) may not exist. In such
cases, the alternative designs to be sought are the non-trapezium D-optimal designs which are
discussed in this section. A few design patterns for the 3-point and 4-point non-trapezium

designs are considered for illustration purposes.

6.4.1 4-point non-trapezium designs

Case of Figure 6.2 (a) pattern

Consider the design pattern of the candidate 4-point D-optimal design displayed in Figure
6.2 (a). The design pattern of Figure 6.2 (a) verify necessary conditions of a trapezium
design on the design space [0,b] x [0, 5] since By + $1b < 0 and By + (20 < 0. However, this
condition is not sufficient to obtain a trapezium design because the logit line JD in Figure
6.2 does not lie completely below the diagonal line F'H. Without any restrictions on x5 the
support points of the design can be A, I, J and D, i.e. point J is outside the design space
[0,6] x [0,b]. The restriction 0 < z, < b moves point J to F', and possibly changes the
positions of A and D in the x; direction, and the position of I in the x, direction. This
results in a non-trapezium design with support points A, I, F', D, and for which point I is
not necessarily on line AB. Furthermore, the distribution of the weights among the support
points is not expected to be systematic as in the case of trapezium designs. This makes the
analytic construction of non-trapezium D-optimal designs difficult. However, the D-optimal
designs can be constructed numerically for known values of the parameters 3y, 8; and G in
the model u = logit(p) = By + fiz1 + Faz2. In addition, the condition for design of Figure
6.2 (a) to exist is easy to establish. In fact, if the design pattern of Figure 6.2 (a) is possible,
then the following can be concluded. The vertex (0, 0) is not a support point of the candidate
D-optimal design and —oo < y < —1.5434 (see Theorem 5.2). Since point (0,b) is above the
logit line u = 0 and point .J is above the main diagonal of the design space [0, b] x [0, b], then
0 < By + Bab < 1.5434 < [y + B1b. Hence, overall, the condition for the 4-point candidate
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Figure 6.2: Design patterns for candidate 4-point D-optimal non-trapezium designs for the
two-variable binary logistic model without interaction u = By+ 121+ Fox2 on the design space
[0,B] x [0,b] with (a) 0 < By + B2b < 1.5434 < min{—3y, By + F1b} and (b) 0 < —Fy — B1b <
1.5434 < min{—0y — (2b, By + (51 + 52)b}.

non-trapezium D-optimal design of Figure 6.2 (a) to exist is
0 < B + f2b < 1.5434 < min{—fy, By + 31 b}. (6.19)

Note that one of the optimal logits is at point F, i.e. u = [y + (2b. The following example

illustrates a case where parameter values lead to the non-trapezium design of Figure 6.2 (a).

Example 6.3. Consider the two-variable binary logistic model u = logit(p) = o+ 121+ Pot2
on the design space [0, 2] x [0,2] where §y = —3, f1 =3 and f, = 2.

In this case 0 < fy + fob = 1 < 1.5434 < min{—0Fy = 3, By + (1b = 3} = 3. Thus, condition
(6.19) is satisfied and the D-optimal design exists with support points as in Figure 6.2 (a).
One of the optimal logits is u = By + b, = 1. The other optimal logits have to be found

numerically. Numerical optimization gives the following design

(z1, 2) (0.507,0) (0,0.767) (0,2) (1.493,0)
& = A =< 02653  0.0815 03262 03270 . (6.20)
u ~1478  —1466 1 1.478

This design highlights the fact that (0.507,0) and (0,0.767) are not on the same logit line and
thus do not have equal weights. Clearly, the support points of the design (6.20) displayed in
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Figure 6.3 (a) are not vertices of a trapezium. The standardized variance function, d(z, £*; 3),

2.0
151
1.0
4
0.5}
0.0 VN .
0.0 0.5 1.0 1.5 2.0
(O> X1

Figure 6.3: (a) Support points of the 4-point non-trapezium D-optimal design and (b) stan-
dardized variance function d(z,£*;3) for the two-variable binary logistic model without in-
teraction u = logit(p) = By + G121 + fax2 on the design space [0, 2] x [0, 2] and with parameter
vector B8 = (—3,3,2)T.

is plotted in Figure 6.3 (b). The graph indicates that at least numerically d(x,£*;3) = 3 at
the 4 support points of the design (6.20) and that d(x,&*;3) < 3 everywhere else on the
design space [0, 2] x [0, 2].

Case of Figure 6.2 (b) pattern

Now consider Figure 6.2 (b). The displayed design pattern is a reflection of the design pattern
of Figure 6.2 (a) about the diagonal line F'H. Hence the comments are similar to those
introduced for the design pattern of Figure 6.2 (a), but the signs of 3y + b and Gy + (2b have
changed from positive to negative. The support points of the candidate D-optimal design have
locations similar to vertices of the quadrilateral BC'JH but J is not necessarily on the line
CD. Also, one of the optimal logits is u = 3y + b3;. The condition for the design of Figure
6.2 (b) to exist is

0 < —fB — Bib < 1.5434 < min{— By — Bab, Bo + (81 + [2)b}. (6.21)

The following example is a case where parameter values lead to a non-trapezium design of the

form presented in Figure 6.2 (b).

Example 6.4. Consider the two-variable binary logistic model u = logit(p) = o+ 121+ Fo2
on the design space [0, 2] x [0,2] where §y = —7, §; = 3 and 5, = 2.
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Condition (6.21) holds since
0< —fo—Bib=1<1.5434 < min{—Fy — fob = 3, Bo + (B + Bo)b = 3} = 3.

Therefore, By + 23, = —1 is one of the optimal logits and the others can be calculated
numerically to give the following candidate D-optimal design
(21, 29) (2,0) (0.507,2) (1.493,2) (2,1.233)
&= A =4 0.3262 0.3270 0.2653 0.0815 . (6.22)
u -1 —1.478 1.478 1.466
Clearly, the support points of design (6.22) displayed in Figure 6.4 (a) are not vertices of a
trapezium.
2.0 v : v
1.5}
4
N1.0
0.5}
0.0 ‘ ‘ ‘
0.0 0.5 1.0 1.5 2.0

<O> X1

Figure 6.4: (a) Support points of the 4-point non-trapezium D-optimal design and (b) stan-
dardized variance function d(z,£*;3) for the two-variable binary logistic model without in-
teraction u = logit(p) = fy + G121 + fax2 on the design space [0, 2] x [0, 2] and with parameter
vector B8 = (—7,3,2)T.

The standardized variance function, d(z,&*; @), is plotted in Figure 6.4 (b), and the graph
suggests that design (6.22) is D-optimal.

6.4.2 3-point non-trapezium related designs

The construction of the 3-point D-optimal design on the design spaces [0,00) X [0,00) and
[0, ] x [0,b] was discussed in Section 5.3.3 and Section 6.3, respectively. There exists other

cases of 3-point D-optimal designs on [0, 5] x [0, b], and these are briefly discussed below.
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u=pf,+px +pB,x,

\
—u=pf+Bx +Bx, u=0 u=p+pBx+px,
@ b)

u=pfy+Bx +pB,x,

—u=pfy+Bx +B,x,

(c) (d)

Figure 6.5: Sample patterns of 3-point D-optimal designs for the two-variable binary logistic
model without interaction u = By + 121 + F222 on the design space [0,b] x [0, b].

Case of Figure 6.5 (a) pattern

Consider the design pattern displayed in Figures 6.5 (a). Clearly, the location of the logit u = 0
and the points F'(0,b) and H(b,0) in Figure 6.5 (a) imply that Gy + $16 > 0 and By + 520 > 0
so that the necessary conditions of a trapezium design on the design space [0,b] x [0, )] are
satisfied. Without the restrictions x; > 0 and x, > 0, supports A and B can be outside the
design space [0,b] x [0,b]. The restriction of the design space [0,b] x [0, b] and the location of
logit © = 0 moves point .J to F' and line AB degenerates to point A. Hence, the candidate
D-optimal design has support points £, D and F. The conditions for the existence of the
candidate D-optimal design are derived as follows. As point E at (0,0) is a support of the
candidate D-optimal design, then —1.5434 < B < 0 (see Theorem 5.4). Furthermore, since
point F' at (0,b) is above logit v = 0 and point J is above the main diagonal of the design
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space [0, b] x [0, b], then 0 < Gy + (2b < 1.5434 < By + (31b. Hence, overall the design of Figure
6.5 (a) must satisfy the condition

The optimal logits at support points E and F are u = By and u = [y + (b, respectively.
Hence, the construction of the D-optimal design is reduced to searching for the optimal logit

at point D. The form of the candidate D-optimal design is

(3’)1, $2) (Oa 0) (Oa b) (ua O)
¢ = A\ — 1 1 L (6.24)

3 3 3
u* Bo  Bo+ b u*

where u* is the optimal logit. The information matrix for 3 = (B, 51, 52)7 (4.19) evaluated
at design (6.24) is

eBo+bB2 + el B0 e“(u—L0) beBo+bB2
) (1+e,@o+b62)2 (1+€”‘)2 (1+650)2 3ﬁ1(1+eu)2 3(1+eﬂo+b52)2
LAy - e¥(u—fo) et (fBo—u)*
M(f, :3) - 3 3B1(1+ev)? 3ﬁ%(1+€u)2 0 (625)
aeBot+bB2 O b2eBot+bB2
3(1+€50+b52)2 3(1+€50+b52)2
and its determinant is
b2 (u — 2put20B0+b02
D= (u = f) (6.26)

T 2732(1 + €50)2(1 + ePothB2)2(1 4 v )2’

The determinant (6.26) is proportional to the square root of determinant (5.36) obtained for
the case of the 3-point design on the design space [0, 00] x [0, 00). Differentiating (6.26) with

respect to u gives

OD  bPe2Potbiatu(y — 50)(2 — By + u + 2e* + Foe — ue)
ou 2732(1 + €P0)2(1 4 ePotbh2)2(] 4 eu)3

(6.27)

Equating (6.27) to zero and solving the equation for u gives u = [y or u which satisfies the
equation
2 — B0+ u+2e" + Goe" —ue” =0. (6.28)

Equation (6.28) is the same as equation (5.38). It was shown in Section 5.3.3 that the equa-
tion (5.38) has a unique solution for u on [0,00), but it is also easy to show that it has a
unique solution on [fy, 00) where By < 0 and u > fy. In fact, consider the continuous func-
tion f(u) = 2 — By + u + 2e* + Bpe* — ue® on [By,00). Clearly, f(B) = 2+ 2% > 0 and

lim f(u) = — lim we" = —oo, i.e. f(u) =0 has at least one solution on [, c0). In addition,
U— 00 U— 00
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f"(u) = (Bo — u)e” < 0 since v > 0 and 3y < 0. Hence, f(u) is concave on [0, 00) and thus,

f(u) = 0 or equation (6.28) has a unique solution for u on [§y, 00).

Hence, the proof of D-optimality of design (6.24) follows from Theorem 5.4. The following is

an illustration of parameter values which lead to a design of the form (6.24).

Example 6.5. Consider the two-variable binary logistic model u = logit(p) = fo+ f121 + fox2
on the design space [0, 2] x [0,2] where fy = —1, §; =3 and [, = 1.

Condition (6.23) holds since
0< maX{—ﬁmﬂo + bﬂg} =1<1.5434 < By + B1b = 5.

Hence, the candidate D-optimal design is (6.24) where u* is the solution to equation (6.28).

Since Gy = —1, solving equation (6.28), or using Table 5.3, gives u* = 1.796, and hence
u*ﬁ— bo = 0.932. The two other optimal logits are §y; = —1 and [y + b3 = 1. Hence, the
candlidate D-optimal design (6.24) is
(z1, 7o) (0,0) (0,2) (0.932,0)
= A = ! ! ! . (6.29)
U —1 1 1.796

The support points of the design (6.29) are displayed in Figure 6.6 (a). The standard-
ized variance function d(x,£*; 3) is plotted in Figure 6.26 (b), and the graph suggests that
d(z,&*; B8) < 3 with equality holding only at each of the support points of the design (6.29).
Thus, the design (6.29) is shown numerically to be D-optimal.

If the design space [—1, 1] x[—1, 1] was used instead of [0, 2] x [0, 2], transforming the parameter
vector B = (—1,3,1)T using (6.4) gives B = (3,3,1)T and hence, the D-optimal design (6.29)

becomes

(1, ) (~1,-1) (=1,1) (—0.068,0)
i A - L L ! . (6.30)
U —1 1 1.796

Atkinson and Haines (1996) used a numerical approach with design space [—1, 1] x [—1, 1] and
parameter vector B = (3,3,1)T and found the same D-optimal design as (6.30).

Case of Figure 6.5 (b) design pattern

Now consider Figure 6.5 (b). Asin the case of the design pattern of Figure 6.5 (a), S+ 510 > 0

and By + (26 > 0 so that the necessary conditions of a trapezium design on the design space
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Figure 6.6: (a) Support points of the 3-point non-trapezium D-optimal design and (b) stan-
dardized variance function d(z,£*;3) for the two-variable binary logistic model without in-
teraction u = logit(p) = fy + G121 + fax2 on the design space [0, 2] x [0, 2] and with parameter
vector B = (—1,3,1)”. Design pattern of Figure 6.5 (a).

[0,b] x [0,b] are satisfied. If the design space was [0,00) X [0,00), then following the same
arguments as in the preceding case, the D-optimal design could be a 3-point design with
support points at F, D and J (see Section 5.3.3). Since D and J are located outside the
design space [0,b] x [0,b] they must move to H and F' respectively, hence resulting in a 3-
point candidate D-optimal design with support points at E, D and F. As F(0,0) is a support
point, then —1.5434 < By < 0 (see Theorem 5.4), and as logit line u is above the main diagonal
of the design space [0,b] x [0,b] and below the vertex G at (b,b), then

max{ﬁo + 5157 50 + 525} S 1.5434 S ﬁ() + (51 + 62)5
Hence, the design of Figure 6.5 (b) can exists provided that
0< maX{—ﬁg,ﬁo + 5157 60 + 625} < 1.5434 < ﬁ() + (51 + ﬂg)b (631)

Clearly, the optimal logit lines are u = Gy, u = [y + $1b and u = [y + (2b. The following

example illustrates this design case.

Example 6.6. Consider the two-variable binary logistic model u = logit(p) = o+ f121 + foz2
on the design space [0,2] x [0, 2] where §y = —1.4, 3; = 1.2 and (3 = 1.

Condition (6.31) is satisfied since

0< max{—ﬁo =14,080+ 01b=1,0y+ b= 06} =1.4<1.5434 < By + (61 + 62)6 = 3.
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Hence the candidate D-optimal design is given by

(21, 22) (0,0) (0,2) (2,0)
U —-1.4 0.6 1

To save space the plots of the support points and the standardized variance function d(x, £*; 3)
on the design space [0, 2] x [0, 2] are not reported here, but it can be demonstrated numerically

that d(x,£*; 8) < 3 with equality holding only at the three support points.

Case of Figure 6.5 (¢) design pattern

Consider Figure 6.5 (c¢). The design of Figure 6.5 (c¢) is the symmetric reflection of the design
of Figure 6.5 (a) with respect to the centre of symmetry of the design space [0,b] x [0, b].
Let (y1,y2) and (x1,x9) be corresponding support points in Figure 6.5 (a) and Figure 6.5 (c)
respectively. Then,

(21, m2) = (b —y1,b — 1) (6.33)
Clearly, if u is a logit line in Figure 6.5 (¢), the corresponding logit line in Figure 6.5 (a) is
u = —u. Hence, the vector of parameters 3 = (5o, 51, 02)T and B = (3}, 41, 3,)T in Figure
6.5 (c¢) and Figure 6.5 (a) respectively are linked by

By = —0Bo — (61 + B2)b
Br=1 (6.34)
55 = [o
In fact, assume that u = By + f1x1 + foxe and u = G + iz} + By, It follows from the
transformation (6.33) that

By + By + Bayz = u = —u
= —fo — biz1 — Paro
= —Bo = B1(b—y1) — B2(b — y2)
= —fo — (b1 + B2)b — Biyr — Baye

which implies the relations (6.34). The following example is a case where the design pattern

of Figure 6.5 (c) is derived from the design pattern of Figure 6.5 (a).

Example 6.7. Consider the two-variable binary logistic model u = logit(p) = o+ f121+ o2
on the design space [0, 2] x [0, 2] where 3y = —7, 31 = 3 and 5, = 1. The parameters 3y = —7,

01 =3 and B, = 1 of this example are linked to the parameters of Example 6.5, here written
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as By = —1, B] = 3 and B, = 1, by the relations (6.34). Hence, the following 3-point D-
optimal design with the pattern as in Figure 6.5 (c) is derived from design (6.29) using the

transformations (6.33) and is given by

(21, 72) (2,2) (2,0) (1.068,2)
&= A =\ 3 3 3
U 1 —1 —1.796

Case of Figure 6.5 (d) design pattern

The design of Figure 6.5 (d) is the symmetric reflection of the design of Figure 6.5 (b) with
respect to the centre of symmetry of the design space [0, b] x [0, b]. Using the same argument
as in the previous case, the support points (x1, z5) of the D-optimal design can be obtained
from support points (y1, y2) of Figure 6.5 (b) using the transformation (6.33). Parameters are
linked by the relations (6.34). The following example is a case where the design pattern of
Figure 6.5 (d) is derived from the design pattern of Figure 6.5 (b).

Example 6.8. Consider the two-variable binary logistic model v = Gy + (121 + P222 on the
design space [0, 2] x [0, 2] where 3y = —3, #; = 1.2 and 5, = 1. The parameters of this example
are linked to the parameters ) = —1.4, 8] = 1.2 and 8, = 1 of Example 6.6 by the relations
(6.34). Hence the 3-point D-optimal design with pattern as in Figure 6.5 (d) follows as

(1, 72) (2,2) (2,0) (0,2)

I
*
I
>
I
Wl

3
6 -1

O w2

U 14 -

6.5. General 4-point D-optimal parallelogram designs

6.5.1 Building block of 4-point parallelogram D-optimal designs

The assumption made in the construction of the 4-point D-optimal parallelogram designs by
Sitter and Torsney (1995a) and Jia and Myers (2001) in Section 5.2 was that one pair of the
support points lies on the logit line —u and the other pair on the logit line u with « unrestricted
in R. The optimal designs found under this assumption were equally weighted 4-point D-
optimal parallelogram designs with support points lying on the optimal logit lines +u* =
1.22291 only. This section discusses the construction of 4-point D-optimal parallelogram

designs for model u = logit(p) = By + 121 + 222 on the rectangular design space [0, b] x [0, ],
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and hence for #; > 0 and 35 > 0, the logit u is restricted by Gy < u < By + (81 + (2)b. It
will be conjectured and verified numerically that the support points of the candidate 4-point
D-optimal designs are not necessarily on logit lines of the form +u. The following results are

used to establish the conditions for the existence of these designs.

Consider Figure 6.7, and in particular the quadrilateral design pattern with support points A,
I, C and J. The quadrilateral ATC'J is a parallelogram if the slope (m;) of the line A.J is equal

to the slope (my) of the line IC' since both lines AT and JC have slope —g— The coordinates
2

g -
A H D

u= +0x +0,x
—u=f,+fx + pyx, Aot B+ b,

Figure 6.7: Building blocks for a parallelogram design for the two-variable binary logistic

model with interaction u = fy + 121 + (o2 on the design space [0, b] x [0, b].

of the support points are: A(=3= 50 ,0), 1(0, ==bo) - ¢(v=Bo=bB2b 3) and J(b, %) Hence,

B2 B1
u—Bo—pb u+5
my = — Ozﬁl(u_ﬁo_ﬁlb) and my = bt _ Bilu A+ fo + )
b+%f° Ba(u + Bo + B1b) “= ﬁgl ﬁzb — 0 Palu— By — Bab)

o uw— 0y — b u+ Gy + Db

It thus foll that = lies that =
us follows that m; = my implies tha T B B u— e
to 2060 + (1 + [2)b = 0. Thus, the condition for AICJ to be a parallelogram is

. Simple algebra leads

1 1
260 + (ﬁl + ﬁg)b =0 or, equivalently, ﬂo + 561[) + §ﬂ2b =0. (635)

Note that condition (6.35) implies that the logit line Gy + G121 + Gox2 = 0 passes through
b b
the point (5, 5) which is the centre of symmetry of the square design space [0,b] x [0, b].
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Equation (6.35) also implies that g + 510 = —(5y + (2b) which means that the logit values
at points F'(0,b) and H(b,0) in Figure 6.7 have opposite signs, i.e. either fy + £;b > 0 and
Bo + B2b < 0 or By + B2b > 0 and [y + B1b < 0. This fact was not the case for the trapezium
designs and related designs discussed in Sections 6.3 and 6.4 where 3y + (510 and Gy + (20
had the same sign. Equation (6.35) has an infinite number of solutions for fy, £ and [
which implies that there are an infinite number of parallelogram design patterns that satisfy
condition (6.35). However, these parallelogram design patterns can be classified into a few

broad categories described below.

6.5.2 4-point equally weighted designs

Consider the design patterns in Figures 6.8 (a) and 6.8 (b) where the candidate support points
A, B, C and D are represented by circles. In Figure 6.8 (a) #; >  and in Figure 6.8 (b)

B < Bo.

u=pfy+ B+,
/

o | S
Ll

0 \b \ \b " / 7 / i
—u=pfy+fx + b, : 2/7\\ 2

w=ht Bt B —u=fy+Bx + oy, B+ Bx +Bx, =0
ﬁo"’ﬂﬂﬁ"’ﬁzxz:() o TP TP, =

(a) (b)

Figure 6.8: Parallelogram design patterns for the two-variable binary logistic model without
interaction on the design space [0,0] x [0,b] and with parameters satisfying conditions 5y =
2814 B,) and (a) 0 < 21382 < 3, — 3, (b) 0 < 24882 < 3, — 33, .

In both figures, the 4 support points are vertices of a parallelogram with either 0 < x; < b and
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xe € {0,b} or 21 € {0,b} and 0 < x5 < b. Furthermore, the support points of the candidate
4-point, D-optimal design are located on two parallel logit lines +u which intersect only the
two horizontal sides of the rectangular design space. Thus the D-optimal designs with design
patterns in Figure 6.8 (a) and Figure 6.8 (b) are similar to those of Sitter and Torsney (1995a)
with design locus G,, and of Jia and Myers (2001), and are a special case of the designs of
Atkinson and Haines (1996). These designs were fully discussed in Section 5.2, and it was
proved in Theorem 5.1 that the D-optimal design is an equally weighted 4-point design with
support points on the logit lines u* = 4+1.22291. Note that as in the case of Sitter and Torsney
(1995a) and of Jia and Myers (2001), discussed in Section 4.5 and Section 5.2, no candidate
support point is on the logit u = 0. However, as it will be observed later the logit u = 0 serves
as a line of reference in deriving the conditions for existence of various design patterns. The
conditions on the parameters and the design space for which the designs of Figure 6.8 (a) and

Figure 6.8 (b) are possible are given below.

Consider the design pattern in Figure 6.8 (a). The pattern is possible if the abscissa of point
B is greater than or equal to that of /' and the abscissa of D is less than or equal to that
of H. Since the respective coordinates of F' and H are (0,b6) on logit line —u and (b,0) on
logit line u, the design pattern of Figure 6.8 (a) is possible if the condition (6.35) is satisfied,
Bo+ P2b < —u < 0 and 0 < u < fy + G1b, or, equivalently if the condition (6.35) is satisfied,
and 0 < u < —fy — b and 0 < u < By + (1b which simplifies to

fo= =50+ ) and 0 < u < G+ Bib= 2 (5 — ) (6:36)

b
since condition (6.35) implies that —Gy — G20 = Gy + B1b = §(ﬁ1 — [2). Since the optimal
value of u is u* = 1.22291, it follows from (6.36) that the conditions that an equally weighted

4-point parallelogram exists with 3, > [, are

2u*

b
where u* = 1.22291. Thus, if b > 0 and 3 = (0, 81, F2)" satisfy condition (6.37), then the
candidate D-optimal design with the pattern in Figure 6.8 (a) in the (zy, z2)-space is

—2u"+b(B1+52) —2u"+b(f1=B>) 2u"+b(B1=F2) 4, 2u"+b(B1+02)
5*:{( 0) ) ) O 68

o= o+ o) and 0 < 2 < 5, 5, (6.37)

21 261 261 261
1 1 1 1

4 4 4 4

where u* = 1.22291, or, equivalently, in the (u;, us) space, where u; = u and uy = 9, is

(6.39)

1 1 1 1

g*—{ (—1.22291,0) (—1.22291,b) (1.22291,5), (1.22291,0) }

4 4 4 4
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Note that the design & given in (6.39) can be deduced from the D-optimal design (5.3) by
transforming each point (u, z2) of design (5.3) to (u, 5(z2+b)). Then, it follows from Theorem
5.1 that the design & given in (6.39) is D-optimal, or, equivalently, the design £* given in
(6.38) is D-optimal.

In a similar way, the design pattern in Figure 6.8 (b) is possible if 23,+b(8;+32) = 0, fo+/51b <

b 2u
_5(51 + f2) and 0 < 7 < B2 — fi.
Hence, the conditions that an equally weighted 4-point parallelogram exists with F, > 3, are

—u < 0 and 0 < u < By + (b, or, equivalently, if 3y =

2u

< b (6.40)

Bo = —g(ﬁl + 3;) and 0 <

where u* = 1.22291.

Thus, if b > 0 and B = (5o, 81, $2)T satisfy the conditions (6.40), then the (z;,z;)-space is

0, —2u”+b(S1+52) b, —2u”+b(82—f1) b, 2u”+b(B2—P1) 0, 2u”+b(B1+52)
5*:{< ) ) ) 2

2[32 2032 232 232
1 1 1 1

4 4 4 4

where u* = 1.22291, or, equivalently, in the (u,x3) space is

; : ; (6.42)

e = { (0,—-1.22291) (b,—1.22291) (b,1.22291) (0,1.22291) }
u 1 .
4 1 4 4

Note that the conditions (6.40) are obtained from (6.37) by exchanging 3; and (5 in model
u = (g + P11+ Prxe. In addition, design (6.41) is obtained from design (6.38) by exchanging
the first and second coordinates of each support point of design (6.38). Hence, it also follows
from Theorem 5.1 that the design & given in (6.42) is D-optimal, or, equivalently, the design
&* given in (6.41) is D-optimal.

Finally, it can be deduced from conditions (6.37) and (6.40) that the conditions of existence
of an equally weighted parallelogram D-optimal design on the design space [0, 5] x [0, b] are

2u*

b

50:—2(514—52) and 0 < < |61 = B (6.43)

where u* = 1.22291 and |3 — ] is the absolute value of 5; — (5. The following example
illustrates a situation where the parameter values and the design space lead to equally weighted

4-point D-optimal designs given in (6.38) and in (6.41).

Example 6.9. Consider the two-variable binary logistic model without interaction u =
logit(p) = By + Bix1 + Boxy where (a) Gy = —4, 1 = 3 and B, = 1 and (b) G = —4,
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B =1 and B = 3 on the design space [0,2] x [0,2]. The parameter values of part (a) satisfy
condition (6.37) for design (6.38) since

2u*

50:—g(ﬁ1+ﬁ2) = —4 and =1.22291 < B — B = 2

Hence, the D-optimal design (6.38) is

(6.44)

1 1 1 1

. {(0.926,0) (0.259,2) (1.074,2) (1.741,0)}

The transformation of this design to the design space [—1,1] x [—1,1] is as follows. The

transformations (6.3) and (6.4) can be written respectively as

{~T1new:w:$l—l
Tonew = L2 — ) )
and
ﬂlnewZ%X?):?)
ﬁ?new:%X1:1
Bonew = =4+ 2 x3+ 82 x1=-4+3+1=0.

111 111
Therefore, the design (6.44) becomes

1 1 1

e :{ (—0.074, —1) (—0.741,1) (0.074,1) (0.741, —1) }

N

4 4 4

which is the same as the D-optimal design found numerically by Atkinson and Haines (1996)
for B =(0,3,1)".

The parameter values of part (b) of the example satisfy condition (6.40) for design (6.41) since

*

b 2
ﬁ0:—§(ﬁ1+ﬁ2):—4and . =1.22291 < B - =2.

Hence, the D-optimal design (6.41) is
. ) (0,0.926) (2,0.259) (2,1.074) (0,1.741)
&= 1 1 1 1 '
1 1 1 1
As expected this design can be obtained from design (6.44) by exchanging the first and the

second coordinate of each support point.
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6.5.3 4-point design with two equally weighted pairs of support

points

Consider the designs of Figure 6.9 (a). Here, it is assumed that 3; > 5. Note that the location
of the logit line u = 0 in Figure 6.9 (a) implies that Gy + 610 > 0 and [y + (20 < 0, and hence

the necessary conditions of a candidate 4-point parallelogram designs are satisfied. As the
b b

logit line u = 0 passes through the origin (5, 5) of the design space [0,0] x [0, b], then the

building block condition (6.35) for a parallelogram design is satisfied. As discussed in Chapter

u=f+fx +pyx,

b b L b
g /\\ u=ﬂ0+ﬁ|xl+ﬁ2x2 2 :A
—u=pf+fx + b,

~u=py+Bx + Byx, B+ Bx, + B, =0 B+ B+ B, =0
(a) (b)

Figure 6.9: Parallelogram design patterns for the two-variable binary logistic model without
interaction u = logit(p) = o+ 121+ Pox5 on the design space [0, b] X [0, b] and with parameters
satisfying conditions where (G, = —g(ﬁl + 35) and (a) 0 < By — B2 < % < B1+ Ba, (b)
0<52—ﬁ1§2'44%<51+ﬁ2-

4, Sections 4.5.1 and 4.5.4, if the restriction 0 < z; < b is not imposed in Figure 6.9 (a), then
the support points of the candidate D-optimal design are A, B, C' and D. However with the
restriction 0 < z; < b the candidate D-optimal design has support points A, F', C' and H. Note
that A and F are not on the same logit line and therefore are not expected to have equal design
weights. Similarly, points C' and H are not expected to have equal weights. However, points

A and C are on the respective logits —u and u, with v > 0, and are also symmetric about the
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b b A
centre (5, 5) of the design space. Thus A and C' are expected to have equal weights, say >

in a D-optimal design. In the same figure, points F' and H are symmetric with respect to the

centre of symmetry of the design space [0, b] x [0, b]. Hence, the two candidate support points

F and H are expected to have equal weights, say , in a D-optimal design. Condition

(6.35) implies that logit values at F' and H are respectively —a and a with a = g + (2b such

b b
that 0 <a = o+ fib= —fo — b = 5(51 —B2) Su< By +b(Bi+ Ba) = 5(51 + 32). Thus,
the conditions for the design pattern of Figure 6.9 (a) to hold are

2u

b

ﬁoz—g(ﬁ1+52) and 0 < B — B, < : < B+ B (6.45)

where u* = 1.22291 is the optimal value of v when if the restriction was imposed on u. The

candidate D-optimal design, in terms of (u,x2) space, is of the form
(—U, 0) (_a7 b) (U, b) (CL, 0)
£, = { \ . N (6.46)
2

where u > a = By + 416 > 0, and the optimal values of v and A are not necessarily equal to
1.22291 and 0.5 respectively. Clearly +a with a € (0,1.22291) are the logit values at the corner
points (0,b) and (b,0). The purpose of using (u, z5) space here, and not the (xy, zy)-space is

to obtain relatively readable expressions of the information matrix and its determinant.

Now, consider deriving the optimal values of u and A in design (6.46) algebraically. The

information matrix for the model parameters is

1- ) 2 0 b \ 2 0 b

— \e® el

M(ey: B) 2 _Ae 2 _ 6.47

(&u; B) 21 1 e1)? 0 2a ab —|—2(1_|_€u)2 0 2u ub (6.47)
b —ab b? b —ub b?

and its determinant is

DAL = N)e a4+ u)? [2e“TH 4 (1 — N)e®(1 4 ) + Ae (1 + €*%)]

D
41+ ) (1 + en)?

(6.48)

The respective derivatives of D with respect to A and u are

OD  b*(a+u)?e ™ A2 = 3N )e" (1 + ) +2(1 — 2))e™™ + (1 — 4X + 3)3%)e(1 + )]
o\ 4(1 + e2)4(1 + eu)*

and

AD  *A(1 = N)(a+ u)e 't
ou A1+ en)(1+e%)d

{(a Fu) [(1— A)e(1— €) + (1 — ") (2A(1 + €2%) + (1 + 3X)e®)] +

2(1 — N)e?(1 + €3) + 2e%(1 + €%) [(3 — A)e® + A(1 + 2)] }
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Hence, the optimal values of A and u are the solutions for (A, u) to the simultaneous equations
A2 = 30)e"(1 4 ) + 2(1 — 20)e™™ + (1 — 4\ + 3X%)e?(1 + €**) = 0 (6.49)
and

(a+u) [(1T—A)e"(1—e™) +e(1—e")(2A(L + €**) + (1 + 3\)e?)] (6.50)
+2(1 — N)e*(1 4 €™) 4+ 2e"(1 + €“) [(3 = N)e* + A(1 + )] = 0.

An analytical closed form solution for u is not possible since neither of the equations is a
linear function of u. However, for a given u, an analytical closed form solution for A can be
found from equation (6.49) which is a quadratic polynomial in A. The two possible solutions
of (6.49) for A are

S
" 6.51
So + /53 ( )

and g
A = ! (6.52)

where S; = e?(1 +€")?, Sy = e?(1 +€")? + (" — ) (e"* — 1) and Sy = [e*(1 +e")? — (e" —
e?)(e?T — 1)) + e(1 + €*)*(e" — e2)(e*™ — 1). A feasible solution must be positive and less

than 1.

Consider A* as defined in (6.51). Since, u > a > 0, then A* > 0 because S; > 0, Sy > 0 and
S3 > 0. Furthermore \* < 1 because Sy + /S5 — 51 = (e“ — e%)(e*™ — 1) + S5 > 0. Hence,
A* is a feasible value of A since 0 < A* < 1.

Now, consider A** as defined in (6.52). Clearly, A** > 1. This is achieved by showing that S; >
Sy—+/S3. In fact, S)—(Sa—+/S3) = —(e“—e®)(e*™%—1)++/S3. Note that (e*—e®)(e*t*—1) > 0,
S > 0 and S3 — [e* — e?)(e?T* — 1)]> = e*™(1 + e%)%(1 + €*)? > 0 which implies that

Sz > (e¥ — %) (e®t* — 1). Hence S; > Sy — /S3, and therefore \** is not a feasible value of
A

Solving the equation (6.50) numerically, evaluated at a given value a = Gy 4+ (1b of the logit
at the corner point (b,0) and at weight A = \*, for u gives u* as the candidate optimal logit.
For example, Table 6.1 gives values of u* and A* for selected values of a. The values a = 0 and
a = 1.22291 are included only to indicate boundary optimal values of A and u. Figure 6.10
displays the scatter plot of u* (circles) and A\* (squares) versus a in the interval [0,1.22291].
Both Table 6.1 and Figure 6.10 indicate that \* is an increasing function and u* is a decreasing

function of a. A scatter plot of u* versus a is displayed by “circles” in Figure 6.10. Clearly
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Table 6.1: Values of u* and \* for selected values of a = Gy + 31b: 4-point D-optimal paral-
lelogram design for model u = logit(p) = By + f121 + 222 with two equally weighted pairs of

support points.

a u* A*
0 2.1150 | 0.4017
0.1 2.0340 | 0.4064
0.125 2.0139 | 0.4077
0.25 1.9144 | 0.4146
0.375 1.8165 | 0.4223
0.5 1.7205 | 0.4314
0.625 1.6267 | 0.4410
0.75 1.5355 | 0.4518
0.875 1.4474 | 0.4636
1 1.3629 | 0.4762
1.15 1.2671 | 0.4971
1.22291 | 1.22291 0.5
2.25
2.00L
[S5)
1.75% ® 4 u* /U
® %
1.50L & .
1.251
1.00¢L
0./75¢L %
A
0.50| o o o o o o o
0.25¢
0.00 w ‘ ‘ ‘
0.25 0.50 0.75 1.00 1.25
a

Figure 6.10: The scatter plot of A* (solid squares) and u* (open circles) and u** (plus) versus
a. Values of A* and u* are respective solutions for A and u in the simultaneous equations (6.49
or 6.51) and (6.50) respectively, and u** is given by (6.53).

a straight line with a negative slope can fit the data. The regression line for v* as a simple
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linear function of a on [0,1.22291] is
u* = = 2.0994 — 0.733a (6.53)

with R? = 0.999. The scatter plot of u** versus a is represented by “plus” symbols in Figure
6.10. Clearly, the points (a,u**) are very close to the points (a,u*), and hence are good fit. If
u™* is used instead of u*, it can easily be checked that each D-efficiency, given by expression
(3.38) with p = 3, of the design (6.46) with u = u** relative to the design (6.46) with u = u*

is practically equal to 1.

For a candidate D-optimal design £, D-optimality can be checked by plotting the standardized

variance function d(u, &) = tr[M (&) M (u)] versus u > fBy. In this case

eV (1 4 ) (1 4 €% ) (s, + s9)

dlu. &) = D2AA(1 — A%)[2e2u" 4 (1 — A*)e?(1 4 e27) 4+ X e (1 + €22)](a + u*)2(1 + e¥)?
(6.54)
where
19 (A= Dae®  Aure 17 (1= A)e et 1° )
si=b {_ [ Qte2 —l—e“*)Q] * [ Qrer (1 +e“*)2] ! }
and
(= AF)et et (1= XYae(u—a)  MNu*e® (u-+u*)
2 2{ Ate (1t eu*)Q} { [ Qtez  (1ten) ] b2z, = b)t

) (1 _ )\*)a2€a /\*u*Qeu*
225 + . }
(14 e2)? (1+ev)?
Setting u = [y + f1x1 + Faxg in (6.54) transforms d(u, &) with u > Gy to d(x, £ 3) with
x = (11, 22)7 €[0,b] x [0,b]. The following example illustrates the case of Figure 6.9 (a).

Example 6.10. Consider the two-variable binary logistic model without interaction u =
logit(p) = By + Bix1 + [ax2 on the design space [0,2] x [0,2] where fy = =2, 3, = % and
B, = 1. Here, b =2 and 23 + (B + ()b = 0. In addition, 8; — o = 1 < 1.22291 < —f; = 2.
Therefore condition (6.45) is satisfied. Thus, a 4-point design of the form (6.46) is expected.
Moreover, a = [y + 10 = 1. Then,* from Table 6.1, the* optimal values of v and A are
u* = 1.3629 and \* = 0.4762. Hence, /\? = 0.2381 and = (.2619, and the design (6.46)

is given by

. (was) | [ (-1.363,0) (~1,2) (1.363,2) (1,0)
v B 0.2381  0.2619  0.2381 0.2619
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or in the (x1, z5)-space by

(71, 72) (0.425,0) (0,2) (1.575,2) (2,0)
£ = A =¢ 02381 02619 0.2381 0.2619 . (6.55)
u ~1.363 -1 1.363 1

The standardized variance function (6.54) associated with design (6.55) is

(27.117 — 24.1872, — 18.951z, + 9.12922 + 6.51122 + 5.930z, 25 )"
(14 ev)?

d(z, &% 8) = (6.56)

where u = —2+1.521+0.525. The support points of the candidate D-optimal design (6.55) are
represented by symbols in Figure 6.11 (a) and are vertices of a parallelogram. Furthermore,
the function (6.56) represented in Figure 6.11 (b) confirms numerically that d(z,£*; 8) = 3 at
the four support points of the design (6.55) and d(z,£*; 8) < 3 elsewhere in [0, 2] x [0, 2] and
thus the figure suggests global optimality of the design (6.55).

2.0 , : -
1.5}
N1.0
0.5}
0.0 A ‘ ‘
0.0 0.5 1.0 1.5 2.0

(O> X1

Figure 6.11: (a) Support points and (b) the standardized variance function d(x,£*; 3) for the
two-variable binary logistic model without interaction u = logit(p) = [y + (121 + fPo2 on the
design space [0, 2] x [0, 2] and with parameter vector 3 = (-2, %, %)T

If the design space [—1,1] x [—1,1] was used instead of the design space [0,2] x [0, 2], the

1" 31\
parameter vector corresponding to (—2, 2’ 5) is (0, §,§> and the new variables are
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Tinew = 1 — 1 and Zopeywy = 22 — 1 so that the design (6.55) becomes

(21, 12) (—0.575,—1) (=1,1) (0.575,1) (1,—1)
= A = 0.2381 0.2619  0.2381  0.2619 . (6.57)
u —1.363 -1 1.363 1

The design (6.57) corresponds to that constructed numerically by Atkinson and Haines (1996)
for the parameter vector 8 = (0, %, %)T using the design space [—1,1] x [—1, 1].

Now, consider the designs of Figure 6.9 (b) where it is assumed that 3, < (2 and 205, +b(5; +
f2) = 0. Reasoning in a similar way as for the design pattern of Figure 6.9 (a), the D-optimal
design corresponding to Figure 6.9 (b) has support points at H, B, F and D, and the design

pattern exists if the following conditions are satisfied

2u

b* < B+ B (6.58)

Bo = —g(ﬁl + 32) and 0 < B, — B <

In this case the candidate D-optimal design, with support points expressed in term of (u, z1),

- { o) (50 @0 <u;b>} (6.5

is

2

where 0 < —a = —f0y — p1b = g(ﬂg — ) <1.22291 < 3(51 + f32) and the optimal values of u

and A have to be calculated.

To summarize, it can be deduced from the conditions (6.45) and (6.58) that the conditions
of existence of a 4-point parallelogram D-optimal design with two equally weighted pairs of
support points on the design space [0, 5] x [0, b] are

2u*
b
where u* = 1.22291 and |3, — (.| is the absolute value of 8; — (.

50:—5(514—52) and 0 < [B1 — (2] < < B+ B (6.60)

6.5.4 4-point design with support points at the vertices of the de-
sign space

Consider the design patterns in Figures 6.12 (a) and Figure 6.12 (b) with support points E,

F., G and H.

In each of the two figures, the logit line u = 0 passes through the centre of the design space

[0, 6] x [0,b], but the logit lines +u pass outside the design space. Then, the conditions for
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u=pf+ B +pyx,

u= B+ By + By,

By + B+ Byx, =0

\
By + B+ By, =0

_M:ﬁo+ﬁ1x1+ﬁ:xz _u:ﬂ0+ﬁlxl+ﬁ2x2

Figure 6.12: Parallelogram design for the two-variable binary logistic model without interac-
tion u = logit(p) = By + frz1 + Faxs with 208y + (81 + B2)b = 0 and support points at the
vertices of the design space [0,b] x [0, b].

the design patterns of Figure 6.12 (a) to hold are By = —2(8, + f2), —u* < fy < o + B2 < 0,
and 0 < By + 51b < By + b(51 + 2) < u* which can summarized as

*

o= (B ) and 0 < i — B < B+ o <

; (6.61)

where v* = 1.22291. In a similar way, the conditions for the design patterns of Figure 6.12
(b) to hold are

%

ﬂoz—g(ﬂﬁﬁz) and 0.< B~ 61 < fr+ f < o

where u* = 1.22291. It follows from the conditions (6.61) and (6.62) that the conditions of

(6.62)

existence of a 4-point parallelogram D-optimal design with support points at the vertices of
the design space [0, ] x [0,b] for model u = logit(p) = By + frx1 + oo with 8 # [y and
260 + b(ﬂl + 52) =0 are

*

Bo = —g(ﬁl + 32) and 0 < |31 — Bo| < By + 2 < 2u

; (6.63)

where u* = 1.22291 and |3, — (] is the absolute value of 5; — (. Since the feasible optimal

logit lines must intersect the design space, the candidate D-optimal designs corresponding to
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Figure 6.12 (a) and Figure 6.12 (b) are the same as designs (6.46) and (6.59) with u replaced
by —fy. For example, the design corresponding to the design pattern in Figure 6.12 (a) in

terms of (z1,z5) coordinates is of the form

('Tl; 1‘2) (07 O) (07 b) (ba b) (ba O)
S TR A R R (6.64)
u fo —a -G a

b
where a = §(ﬁ1 — f3) > 0 and only the optimal value of A needs to be calculated. Similarly, the
design corresponding to the design pattern in Figure 6.12 (b) in terms of (z1,x2) coordinates

is of the form

(Ila x2) (07 0) (07 b) (b7 b) (b7 0)
=9 4 =1 3 @ 1 o (6:65)
u Do a —f —a

where a = g(ﬁz — 1) > 0 and only the optimal value of A needs to be calculated. The optimal
values of A and u are still those satisfying the simultaneous equations (6.49) and (6.50) with
u = u* = —f). Hence, the optimal weight is A = A* given by (6.51) with u = —f,. The
standardized variance function is also (6.54) with u = —f,. The following example is an
illustration of parameter values and the design space for a 4-point D-optimal design with

support points at the vertices of the design space.

Example 6.11. Consider the two-variable binary logistic model without interaction u =
logit(p) = Bo + frz1 + P2x2 on the design space [0,2] x [0,2] where y = —1, ; = 0.6 and
Ba = 0.4. Clearly the parameters satisfy conditions (6.61) since

*

b 2
50:_5(514-52):_1 and 0 < B — B =02< B+ B=1< == 122201,

b
Hence, a 4-point D-optimal design with support points at the vertices of the design space

[0,2] x [0,2] is conjectured. The weight (6.51) is \* = 0.4716 obtained for © = —f, = 1 and
a = fy+ 20 = 0.2. The resultant D-optimal design of the form (6.64) is therefore given by

(Ith) (070) (072) (272) (270)
&= A = 0.2358 0.2642 0.2358 0.2642
U -1 —0.2 1 0.2

6.6. D-optimal designs for the case when (5, = 3, and 3, + b3; = 0

The parallelogram D-optimal designs in Section 6.5 were constructed on the design space
[0, 0] x [0,b] under the assumption that 3; # (B, and 25 4+ b(51 + (2) = 0 (condition (6.35)).
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Now, consider the case when ) = (5 and 23y + b(31 + 2) = 0 which imply that 5, = 3, and
Bo + 0831 = 0. These conditions imply that 8y + 03, = By + bB2 = 0 which is equivalent to the
logit line u = 0 passing through the vertices (b,0) and (0,b) of the design space [0, b] x [0, b].
Figures 6.13 (a) and (b) display the patterns of the candidate D-optimal designs in this case.
Figure 6.13 (a) displays the pattern of a candidate 4-point D-optimal design with support
points E, F, G and H, while Figure 6.13 (b) displays the pattern of a 6-point D-optimal
design with support points A, I, F', C, .J and H. Tt will be conjectured later that the latter
design is a mixture of the 4-point D-optimal designs with support points A, F', J and H, and
the 4-point D-optimal design with support points I, H, C' and F'.

u=pfy+Bx +B,x,
u=py+px +pByx,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

[SNRS
S
/

~ :

A B+ Bixi+Box, =0 ;
—u=py+Bx +fyx, E
—u=fy+px +B,x, Byt Bixi +Box, =0

(a) (b)

Figure 6.13: 6- and 4-point designs for the two-variable binary logistic model without interac-

tion u = logit(p) = By + G121 + Po2 on the design space [0, b] x [0,b] with 28, + (8, + B2)b = 0.

Case of Figure 6.13 (a) design patterns

Consider the design pattern in Figure 6.13 (a) with support points at E, F', G and H. This
design pattern is the same as the designs in Figures 6.12 (a) and (b) when the logit v = 0
passes through the vertices (b, 0) and (0, b) of the design space which implies that a = 0. It was
found in Section 6.5 that for a € [0, 1.22291], the value at the boundary a = 0 is u* = 2.1150,
and that «* is a decreasing function of a (see Table 6.1 and equation (6.53) or Figure 6.10).
Hence, if §; = 35 and 3y = —2(51 + f2), a candidate 4-point D-optimal design with support
points at the vertices of the design space exists if the logit lines u* = +2.1150 passe at (0, 0)
and (b,b) or outside the design space [0,b] x [0,8], i.e. if By + b(B1 + F2) = bB; < 2.1150 and
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—2.1150 < By = —bf4, or, equivalently, if

2.1150
fo=—bBrand 0 < f =fh < ——. (6.66)

The optimal logits are u = (3, passing through point E, u = §y + b3, passing through point
F,u = By +b(f + 2) = —fFp passing through point G, and v = §y + bf; passing through
point H in Figure 6.13 (a). The design weights are still calculated using A\* given in (6.51)

with a = 0 and u = —fy to give

(1 + eP0)?

AF = )
2(1 + €200) 4+ /1 + 14e200 + 400

(6.67)

Hence, the D-optimal design in this case has the same pattern as design (6.64) where a = 0,
ie.
(:be?) (070) (07b) (b
£= A =4 5 B =
u Bo 0 -6 O

The following example illustrates the discussion.

b) (b,0)

N>

(6.68)

Example 6.12. Consider the two-variable logistic model u = logit(p) = By + fr21 + a2 on
the design space [0, 2] x [0, 2] where the parameter vector is 3 = (—2,1,1)7. In this example,
a=0Go+268=0,0+b01=0,0,=0=1< L;BO = 1.0575. Hence, a candidate D-optimal
design is the design in (6.68) with Gy = —2. Further, the optimal logits are a = 0, ) = —2
and —fy = 2 and +u = —f; = 2. The optimal weight is (6.67) where 5y = —2 to give
A* = 0.4082. Hence, ; = 0.2041 and 1_7/\* = 0.2959. Therefore, the candidate D-optimal

design of the form (6.68) is

($17$2) (070) (072) (272) (270)
¢ = A =< 0.2041 0.2959 0.2041 0.2959 . (6.69)
u -2 0 2 0

The standardized variance function (6.54) is

28.926 — 23.711xy — 23.711xy + 7.5992% + 7.59922 + 8.513x 72 )€e"
1 2

d(@,¢":B) = Ty

(6.70)

where u = —2 + x1 + x5 and (21, 22) € [0,2] x [0, 2].

The support points of the design (6.69) are represented by symbols in Figure 6.14 (a). The
standardized variance function d(x,&*;3) illustrated in Figure 6.14 (b) suggests that the
design (6.69) is D-optimal.
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2.0

0.5}

0.0

0.0 0.5 1.0 1.5 2.0

<Q> X4

Figure 6.14: (a) Support points of the D-optimal design and (b) the standardized vari-
ance function d(x,&*;3) for the two-variable binary logistic model without interaction
u = logit(p) = fy + Bix1 + B2x9 on the design space [0,2] x [0, 2] and with parameter vector
B=(-211)T.

Adding —1 to each coordinate in design (6.69) leads to the same result as that found numer-
ically by Atkinson and Haines (1996), and Atkinson et al. (2007, p. 403) using the design
space [—1,1] x [~1,1] and parameter vector 3 = (0,1,1)7.

Comment
2.1150

A slight departure from the conditions Fy+b0; = 0 and/or 0 < 3 = 5 < on the design
space [0,b] x [0,b] can still lead to a 4-point D-optimal design with support at the vertices
of the design space. However, the weights at the support points of the candidate D-optimal
designs are not expected to be equal and they cannot be calculated using result (6.67). The

following example is a numerical illustration.

Example 6.13. Consider the two-variable logistic model u = logit(p) = Gy + 121 + fozn
on the design space [0,2] x [0,2] where the parameter vector is B = (—2.114,1.05,1.04)7.
In this case b = 2 and condition (y 4+ b3; = 0 is not satisfied since Gy + b3; = —0.014.
Here, the logit line u = 0 passes just below the centre (0,0) of the design space [0, 2] x [0, 2].
Furthermore, the logits at (0,2) and (2, 0) depart slightly from a = 0 since 3y + b3; = —0.014
and Gy + bfy = —0.034. As the logits at (0,2) and (2,0) are not of the form +a, then result
(6.51) cannot be used in the calculation of weights at support points of the candidate D-

optimal design. The candidate D-optimal design constructed numerically for this example
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is

(‘/Ehx?) (070) (0’2) (272) (270)
& = A = 0.1944 0.2985 0.2086 0.2985 . (6.71)
U —2.114 —-0.034 2.066 —0.014

Note that no pairs of logits are exactly equal. Also, the weights at points (0,0) and (2,2)
are not equal. The support points of the design (6.71) are represented by triangle symbols in
Figure 6.15 (a). The standardized variance function d(z,&*; ) illustrated in Figure 6.15 (b)
suggests that the design (6.71) is D-optimal.

2.0

0.5}

0.0

0.0 0.5 1.0 1.5 2.0

<Q> X4

Figure 6.15: (a) Support points of the D-optimal design and (b) the standardized vari-
ance function d(x,&*;3) for the two-variable binary logistic model without interaction
u = logit(p) = fo + P11 + Poxe on the design space [0,2] x [0, 2] and with parameter vector
B = (—2.114,1.05,1.04)7.
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Case of Figure 6.13 (b) design patterns

Consider Figure 6.13 (b). The design pattern of Figure 6.13 (b) is generated by the design
pattern of 6.13 (a) by moving the logit lines +u from the vertices £ and G to the interior of
the design space. Recall from the above subsection that the conditions for the existence of
the design pattern of Figure 6.13 (a) is that §y = —b8; and 0 < 8, = (5 < 2'1150. Thus, it
is clear that the condition for the existence of the design patterns of Figure 6.13 (b) is that
b = b and B = fy > 20

Without the restriction 0 < zy < b, and with the assumption that 6, > [, the candidate

. The candidate D-optimal designs can be found as follows.

4-point D-optimal design would have support points A, B, C' and D in Figure 6.13 (b). As
discussed in Section 6.5 (see design pattern of Figure 6.9 (a)), the restriction 0 < z; < b
would force the candidate 4-point D-optimal design to have support points A, F, C' and H in
6.13 (b). Similarly, without the restriction 0 < x5 < b and with the assumption that 5, < fs,
the candidate 4-point D-optimal design would have support points I, K, J and L. Then, the
restriction 0 < x5 < b would force the candidate 4-point D-optimal design to have support
points I, F', J and H. However, as the equality #; = 5 is equivalent to the simultaneous
inequalities 31 > (5 and B; < [, it can be conjectured that none of the suggested designs
would be D-optimal on its own. Intuitively, the symmetry in parameters 3; and (3, generated
by the equality 5, = [, indicates that the candidate D-optimal designs are those with support
points symmetric with respect to the logit line « = 0. Hence, the candidate D-optimal designs
are the 4-point designs with support points A, F', J and H, or I, H, C and F', and the 6-point
design with support points A, I, F', C', J and H. The candidate D-optimal designs for these

3 cases are discussed below.

Design with support points A, F', J and H

Consider Figure 6.13 (b). The line A.J is perpendicular to the logit line u = 0, line F'H. In fact,
_ ﬁ1(u — Bo — ﬁ1b)

it was found in Section 6.5 (see Figure 6.7) that the slope m; of line AJ is m; =

Bo(u + Bo + 1)
Since #; = (o and By = —bB; = —bfy, then m; = 1. Clearly, the slope of the line FFH is
mo = —1. As my X my = —1, then the line A.J is perpendicular to the line FFH. Furthermore,

the triangle AHJ is isosceles in H since the distances from A and J to H are both equal
to E. Hence, points A and J are equidistant from the logit line v = 0, line F'H, and it is
reasolnable to assume that the support points A and J will be equally weighted with weight
%. The design pattern AFJH is not a parallelogram, and hence the support points F' and
H are expected to be unequally weighted. If Ay is the weight of support point F, then the

weight of support point H must be A3 =1 — Ay — Ay. Thus, under the conditions Gy = —bf;
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and 3y = [, the candidate D-optimal design with support points A, F', J and H has the form

g:{ (b+5,0) (0,0) (b,—%)  (b0) }

A Ao I S Y

N (6.72)

The information matrix for the parameters 3 and #; = (5 evaluated at design (6.72) is

(1+e“)2—)\1(1—e"')2 b{ﬁo(l—/\l—)\2)(1+€u)2+2)\16"(u+2[30)} b[ﬁo)\z(l-l—eu)Q—Q)\lueu]
4(1+e"’)2 . 4ﬁ0(1+e“)2 ) 4/60(1+e“)2
b{Bo(1-A1—X2)(1+e“)> 42X 1% (u+280)}  D*{B3(1-M1—X2)(1+e*)?+2A1e"[B5 +(u+Po)?]} _ Ab2uet
460 (1+ev)? 482 (1+ev)? 2080 (1+ev)?
b[Boa(1+e*)2 -2 ue?] _ MbPuet b2[ﬁ3A2(1+e")2+2)\1u28“]
4Bo(1+e¥)? 200 (1+e¥)? 405 (1+ev)?
(6.73)

where u > 0 and 0 < A\; < 1 for 7 = 1,2, and the determinant of the information matrix
(6.73) is

. b4/\1u26“ {ﬂg/\g [(1 — )\1 — )\2)(1 —+ 6“)2 —+ /\16“[u2(1 — )\) + 4(1 + /\zﬁou)]]}
a 1665 (1 + ") '

D (6.74)

It is difficult to find the optimal values of u, and A, Ay € (0,1) which maximizes D given
by (6.74) analytically. However, the following example indicates that the 4-point D-optimal

design (6.72) can be obtained numerically.

Example 6.14. Consider the two-variable binary logistic model without interaction u =
logit(p) = fo + f1x1 + Poxe on the design space [0,2] x [0,2] where the parameter vector is
B =(—4,2,2)". Here b = 2. Since 3, = 3y =2 > @ = 1.0575 and Gy + b6, = 0, a 4-point
D-design of the form (6.72) is expected. The Mathematica directive:

NMaximize[{D,O < /\1 < 1,0 < )\2 < 1,11 > O}, {)\1,)\2,11}]

gives D = 0.001317 or —In [M (€% 8)] = 6.632, A, = 0.4808, \» = 0.3267 and u = 1.7644.
Hence, the candidate 4-point D-optimal design (6.72) is given by

(21, 2) (1.118,0)  (0,2) (2,0.882) (2,0)
= A =< 0.2404 0.3267 0.2404  0.1925 ;. (6.75)
u —1.764 0 1.764 0

The corresponding standardized variance function is

90.879 — 85.611x; — 85.611x5 + 23.08622 + 23.086x2 + 39.439x, 25 )e"
1 2
(14 ev)?

d(z, & 8) = (6.76)

where u = —4 + 221 + 2x5. The support points of design (6.75) are displayed in Figure
6.16 (a). The standardized variance function (6.76) is plotted in Figure 6.17 (b). Clearly,
d(z,&*; B8) < 3 with equality holding at 6 support points among which the 4 support points
of design (6.75) form a subset.
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Figure 6.16: Support points of two equivalent 4-point D-optimal designs for the two-variable

binary logistic model without interaction u = logit(p) = o + (121 + B2x2 on the design space
[0,2] x [0,2] and with parameter vector 3 = (—4,2,2)T.
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0.0 0.5 1.0 1.5 2.0 + < > ST’
- S
(a) X (b) /L

Figure 6.17: (a) Support points of the 6-point D-optimal design and (b) the standardized
variance function d(x, £*; 3) given in (6.76) for the two-variable binary logistic model without

interaction u = logit(p) = Bo+ B121+ Po22 on the design space [0, 2] x [0, 2] and with parameter
vector B3 = (—4,2,2)T.
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Design with support points I, H, C' and F'

The same arguments which yielded design (6.72) can be used to construct a candidate D-

A
optimal design with support points / and C' each with weight 71, and support points H
and F' with respective weights Ay and 1 — Ay — Ay. Under the conditions §, = —bf; and

2.1150
By = B3 > ———, the form of the candidate D-optimal design is

b

gz{ (0,b+15) (0,0) (—2.b)  (0,b) } (677

% Ag % 1—X =X
which is obtained from design (6.72) by interchanging the coordinate values of the support
points. Hence, the determinant of the information matrix for the parameters 3y and 3; = o
evaluated at design (6.77) is also (6.74). Then, the D-optimal values for « > 0 and Ay, Ay €

(0,1) for design (6.72) and the present design (6.77) are the same.

Example 6.15. (Example 6.14 continued). Using the results found in Example 6.14, the
4-point D-optimal design (6.77) is given by

(z1,22) (0,1.118) (0,2) (0.882,2) (2,0)
£ = A =<{ 02404 0.1925 0.2404  0.3267 (6.78)
u ~1.764 0 1.764 0

with the same criterion value —In | M (£%; 3)| = 6.632 as in Example 6.14. The support points
of design (6.78) are displayed in Figure 6.16 (b), and the standardized variance function is
again plotted in Figure 6.17 (b) and suggesting that the design (6.78) is D-optimal.

Design with support points A, I, ', C, J and H.

An example of a 6-point D-optimal design with support points A, I, F, C, J and H was
constructed numerically by Atkinson and Haines (1996), and is reported in Atkinson et al.
(2007, p. 403) to be a convex combination of two 4-point D-optimal designs. In the context
of the design pattern of Figure 6.13 (b), the 6-point design is the convex combination

Design AIFCJH = «a(Design AFJH) + (1 — «)(Design ITHCF)

where the mixing constant « is such that 0 < o < 1. As the analytic derivations were not
given by Atkinson et al. (2007, p. 403), and comprehensive derivations are difficult, the aim
of the following discussion is to sketch the rationale of the 6-point D-optimal design patterns

and then provide evidence supporting the theory by a numerical example.
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Consider Figure 6.13 (b). It was shown in the above paragraphs that the lines AJ and IC are
perpendicular to the logit li)r\le u = 0, line F'H, so that the support points A and J are equally
weighted each with weight — 5 , and the support points I and C' are equally weighted each with

weight % If A5 is the weight of support point F', then the weight of support point H must be
A3 = 1—A; — As so that the sum of the weights of the six support points equals 1. Hence, under
the conditions Gy = —bf; and G, = B, > 21150

support points A, I, F', C, J and H has the form

, the candidate 6-point D-optimal design with

b bu bu bu
([ 0EED 00 R) 00 (5 6.k (b,0) . (6.79)
% % A3 % % 1—X —A2— X3

The information matrix for the parameters 3y and ) = (3, evaluated at design (6.79) is given
by
mip Mz M3

M(f?ﬂ): Mo1 Mgz 123 (6-80)

ms31 M3z M33
where

(1=X2)(1+e*)2 A1 (1—e*)?

my; =

4(14ev)?

b{Bol(1-A2—As)(1+e™)? —Aa(1—€)?|+2(A1 —A2)ue} _
mao1 . =2 4ﬁ0(1+2€u) — = M2

B2 {B3I(1 X2 —A3)(1+e¥)?— A1 (1—e*)?[+2ue™ [(A +A2)ut+2M1 fo]}
Mmoo 4ﬂ2(1+€u)2

b{[As(1+e*)2+4 2e%]—2ue (A1 A2)}t
ms1 : 4ﬁo(i+€“)2

b2uet (A4
My = —lygaragt = ma
_ {AFAs(1+e")?[+2ue [(M+A2)ut2B0 A0}

M3z = 4B (1tev)?

withu >0and 0 < \; < 1fore=1,2,3.

The expression for the determinant of the information matrix (6.80) is a long completed
expression and hence is not reported here. Furthermore, it is difficult to find the optimal
values of u > 0, and Ay, Ay, A3 € (0,1) which maximize the determinant of the information
matrix given by (6.80) analytically. However, the following numerical example suggests that
the 6-point D-optimal design (6.79) can exist, and is a mixture of the 4-point D-optimal
designs (6.72) and (6.77).

Example 6.16. (Example 6.14 continued). Consider Example 6.14 and suppose a 6-point

D-optimal design has the form (6.79). The assumption of a 6-point design follows the fact that
2.1150

fo=—b0 =—4dand 3 = o =2 >

determinant of the information (6.80) with respect to u and the three weights A, Ay and A3

= 1.0575. Mathematica was used to maximize the
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but failed to converge. However, numerical calculation using the Gauss program in Appendix

B gives the following 6-point design

(1.118,0) (0,1.118) (0,2) (0.882,2) (2,0.882) (2,0)
&=1< 01306 01098 0.2654 0.1098  0.1306 0.2538 . (6.81)
~1.764 —1.764 0 1.764 1.764 0

Clearly, the patterns of the support points and corresponding weights agree with those con-

jectured theoretically. The weights, say AP of the design given in (6.81) are the convex

7 bl

combinations
AP = a4 (1 - a)a? (6.82)

7 7

where /\Z(-l) are weights associated with the support of the design (6.75), and )\52) are weights
associated with the support of design given (6.78) for ¢ = 1,2,...,6, and « is the mixing
constant. The expression on the right hand side of equation (6.82) is such /\Z(j) = 0 if the
ith support point in design (6.81) is not present in the jth design, for i = 1,2,...,6 and
j =1,2. A comparison of the weights in designs (6.75), (6.78) and (6.81) indicates that the
mixing constant of the convex combination (6.82) is o = 0.5433. For example, the support
point (1.118,0) in design (6.81) is present in design (6.75) and absent in design (6.78), and
thus the weight 0.1306 at the support point (1.118,0) in design (6.81) can be calculated
as AP = 0.5433 x 0.2408 + (1 — 0.5433) x 0 = 0.1306. Similarly, the weight 0.1098 at
the support point (0,1.118) in design (6.81) can be calculated as AS”) = 0.5433 x 0+ (1 —
0.5433) x 0.2404 = 0.1098. As the support point (0,2) in design (6.81) is present in both
designs (6.75) and (6.78), the weight 0.2654 at (0,2) in design (6.81) can be calculated as
)\§3) = 0.5433 x 0.3267 + 0.4567 x 0.1925 = 0.2654. The weights at the remaining 3 support
points in design (6.81) can also be derived from the weights of the same support points in
designs (6.75) and (6.78). The support points of the design (6.81) are represented by symbols
in Figure 6.17 (a). Note that superimposing one of Figure 6.16 (a) and Figure 6.16 (b) upon
the other gives Figure 6.17 (a). The standardized variance function is still (6.76), and is again
plotted in Figure 6.17 (b). The criterion value for the design (6.81) is —In |M(£*; 3)| = 6.632,
i.e. the same as in the two 4-point D-optimal designs (6.75) and (6.78).

5-point D-optimal designs

Slight deviations from the condition 20y + b(31 + 32) = 0 or 31 = [y > % can still lead
to a 6-point D-optimal design which is a mixture of two 4-point D-optimal designs, but, for
brevity, examples are not discussed. For instance, the parameters Gy, = —4, #; = 2.04 and

fa = 2 do not satisfy condition 23, + b(; + 32) = 0, but lead to a 6-point D-optimal design,

148



Chapter 6 — D-optimal Designs for the Two-Variable Binary Logistic Model
without Interaction: Empirical Results

but for brevity the example is not discussed. However, the departure from the conditions of
a 6-point design can be such that no 6-point design is still D-optimal. The following example
indicates that a small change of the parameter J; = 2 to f5 = 1.9 leads to a 5-point D-optimal

design.

Example 6.17. Consider the two-variable logistic model u = logit(p) = Gy + 121 + foxn
on the design space [0,2] x [0,2] where the parameter vector is 8 = (—4,2,1.9)". Here,
B =2 > 1.0575, and B2 = 1.9 > 1.0575, but 25, + b(5; + B2) = —0.2 < 0. In this case
the logit line By + Bix1 + fPoxy = 0 does not pass through the centre (1,1) of the design
space [0,2] x [0,2], but has been slightly translated upward. Numerical calculation gives the
following 5-point design

(x4, 22) (1.118,0) (0,2) (1.010,2) (2,0) (2,0.943)
&= A =<{ 02023 03097 0.0873 0.2233 0.1774 . (6.83)
u ~1.763  —0.2  1.820 0 1.791

The support points of the design (6.83) are represented by symbols in Figure 6.18 (a). Figure
6.18 (b) gives a plot of the standardized variance function d(x,&*; ). The plot suggests that
the design is globally optimal.

2.0 ‘ v
1.5}
o
o 10F ‘
0.5}
0.0 s LA s
0.0 0.5 1.0 1.5 2.0
<G) X4

Figure 6.18: (a) Support points of the D-optimal design and (b) the standardized vari-
ance function d(x,&*;3) for the two-variable binary logistic model without interaction
u = logit(p) = By + P11 + P22 on the design space [0,2] x [0, 2] and with parameter vector
B=(-4,2,19)
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6.7. Summary chart for the case when 25, + b(; + (2) =0

The D-optimal parallelogram designs in Section 6.5 and the D-optimal designs in Section 6.6
share the condition that 23y + (81 + 52)b = 0. Figure 6.19 displays a chart that summarizes
cases when 23y + (81 + 82)b = 0. The case of b = 2 was taken for illustration purpose and the

pattern will be similar for any other value of b.

B
6- or 4- point design

Slight deviation from g, =4,
4-point equally weighted design

ﬁ| :ﬁz

B, - B 21.22291 5-point designs
2T A=

12291 A
4-point design with /lf«'";’,/v//
(0,b) and (b,0) being  ~Z”
support points _,v;';;f/
1.0575 /" 4-point design with 4-point equally weighted design
(0,b) and (b,0) being
4-point design support points
with (0,0),(0,b)

(bb), (b,0)as [0< A - B, <1.22291
support points

B,- B, 2122291

1.0575 122291 5

Figure 6.19: Pattern and number of support points of the D-optimal design for the two-
variable binary logistic model without interaction u = logit(p) = (g + [121 + [a29 on the
design space [0,b] x [0,b] with b = 2 and when 25, + (8, + $2)b = 0.
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6.8. Non-parallelogram designs

6.8.1 Non-parallelogram designs with 1 or 2 nonconsecutive sup-

port points at the vertices of the design space

In Section 6.5, it was shown that for the two-variable binary logistic model u = logit(p) =
Bo + Bix1 + (owe with By # [, the necessary condition for the existence of a D-optimal
parallelogram design is that 20y + (01 + (2)b = 0, or equivalently, that the logit line u = 0
passes through the centre of the design space [0, b] x [0, b]. If the condition does not hold, then
the D-optimal designs, if they exist, are non-parallelogram designs. Examples of such designs
are the trapezium and related designs discussed in Section 6.3. For these designs, the logit
line u = 0 intersects two non parallel sides of the design space [0,b] x [0, b], or equivalently
Bo + £1b and [y + (20 have same sign. In addition, it was found in Section 6.6 that the D-
optimal designs associated with conditions 20y + (31 + 52)b = 0 and 31 = 5 > 1.0575 are not

parallelogram designs, but have 5 or 6 support points.

In this section, non-parallelogram D-optimal designs for the case when the logit line u = 0
does not pass through the centre of the design space [0,b] x [0, b] but intersects two parallel
sides of the design space are considered. For example, see Figures 6.20 (a) to (c¢) in which the
logit line v = 0 intersects the horizontal sides of the design space [0,b] x [0, b]. Similar design
patterns, not presented here, are those in which the logit line u = 0 intersects the vertical

sides of the design space.

The analytical construction of D-optimal designs with design patterns such as those displayed
in Figures 6.20 (a) to (c) is expected to be more difficult than the construction of D-optimal
parallelogram or trapezium designs because of the asymmetry of the designs induced by the
logit u = 0 passing off centre of the design space. However, conditions for the existence of the
D-optimal designs can be derived as in Section 6.4. This section considers the construction
of 4-point D-optimal designs with patterns in Figures 6.20 (a) to (c¢) only. Four-point designs

with 3 support points at the vertices of the design space are discussed in Section 6.8.2.

Case of Figure 6.20 (a) design pattern

Consider Figure 6.20 (a). Using similar arguments to those used in Sections 6.4 and 6.5, the

candidate D-optimal design with the design pattern in Figure 6.20 (a) can only have support
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u=p+px +px,

%\c ¢

G

—u= B, +Bx +pyx,
()

1 \

: \ .

. ) > X
0 f\ N \
—u=f,+Bx +B,x, u=0 R

u=p,+pBx +p,x,
(c)

Figure 6.20: 4-point D-optimal designs for the two-variable binary logistic model without
interaction u = logit(p) = By + f121 + 222 on the design space [0, b] x [0, b] with 26y + (61 +

B2)b # 0 and one or two nonadjacent vertices support points.

points indicated by circles. In this case the following conditions hold:
Bo < —u" < Bo+ b < 0and 0 < fy+ Gib < u' < By + (81 + Ba2)b
where u* = 1.22291. The two conditions can be summarized as

0< max{—ﬁo - ,62b, ﬁo + 61()} S 1.22291 S min{—ﬁo, 60 + (61 + ﬂg)b} (684)
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Clearly, the respective candidate optimal logits at the support points F' and H are 3y + bfs
and [y + bF;. As the design pattern in Figure 6.20 (a) is the same as the design pattern
in Figure 6.9 (a) but with condition (6.35) not satisfied, the candidate D-optimal design is
expected to be an unequally weighted 4-point design of the form

o { (—572,0) (0,0) (=5—20) (b,0) }

(6.85)
A Ao A3 1= A — Ao — A

where u} # ub, uf > 0, uj > 0, and the design weights A; with 0 < A\; <1 (i =1,...,4) are

not necessarily equal.

Example 6.18. Consider the two-variable binary logistic model u = logit(p) = fo+ 121+ Fex2
on the design space [0,2] x [0,2] where the parameter vector is 8 = (—3,2,1.4)7. In this
example, 20y + 2(51 + (2) = 0.8 # 0. Therefore condition (6.35) is not satisfied. Furthermore

0 < max{—fBy—2B, = 0.2, B +26; = 1} = 1 < 1.22291 < min{—By = 3, Bo+2(B1 + =) = 4.6} = 4.6.

Thus, condition (6.84) holds and an unequally weighted 4-point design with two vertices
as support points (0,2) and (2,0) is expected. Numerical calculations give the following

unequally weighted 4-point design as expected:

(21, 2) (0.665,0) (0,2) (0.850,2) (2,0)
= A =< 0.2937 02774 0.1212 0.3077 ;. (6.86)
u —~1.671  —0.2  1.498 1

The support points of the design (6.86) are represented by symbols in Figure 6.21 (a). Clearly
these support points follow the shape of the quadrilateral AFC'H in Figure 6.20 (a), and thus
are not vertices of a parallelogram. The standardized variance function d(x,&*; 8), for all
x! = (z1,15) €[0,2] x [0, 2], represented in Figure 6.21 (b) suggests that the design (6.86) is
D-optimal.

Case of Figure 6.20 (b) design pattern

Again using similar arguments to those used in Sections 6.4 and 6.5, the candidate D-optimal
designs with the design pattern in Figure 6.20 (b) have support points indicated by circles.

In this case the following conditions hold:
Bo < —u" < By + b <0and 0 <u™ < Gy + Bib
where ©* = 1.22291. The two conditions can be summarized as
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<O> X1

Figure 6.21: (a) Support points and (b) the standardized variance function d(x, £*; 3) for the
two-variable binary logistic model without interaction u = logit(p) = [y + (121 + Po2 on the

design space [0, 2] x [0, 2] and with parameter vector 8 = (—3,2,1.4)T.

Clearly, the optimal logit at support point F'is 3y + bF,. The support points A and D are
symmetric with respect to v = 0, and hence are expected to have equal weights as in Figures
6.8 (a) and 6.8 (b). Hence, the expected candidate D-optimal design corresponding to the
design pattern of Figure 6.20 (b) is

—ui—po 0 0.b uz—Bo—bB2 b u}—fo 0
g* _ ( 51)\ ) ) ( ) ) ( B1 ’ ) ( 51)\ s ) (688)
23 Ao 1— X o
where u} # ub, ui > 0, uj > 0, and the design weights A; with 0 < \; <1 (i =1,...,2) are

not necessarily equal.

Example 6.19. Consider the two-variable binary logistic model u = logit(p) = Bo+ 5121+ o2
on the design space [0,2] x [0,2] where 3y = —3, 31 = 3 and 3, = 1. Here, b = 2, —f3; = 3,
— 08y — P2b =1, and By + 41b = 3 so that

0< —ﬂo - /ng < 1.22291 < min{—ﬁo,ﬁo + ﬁlb}

Therefore condition (6.87) is satisfied, and thus the suitable candidate D-optimal design is of
the form (6.88). Hence one of the optimal logits is By + 20 = —1. Numerical calculations
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give the following 4-point candidate D-optimal design

(21, 22) (0.574,0) (0,2) (0.755,2) (1.426,0)
£ = A = ¢ 0.2608 0.2497 0.2287  0.2608 . (6.89)
u 1279 -1 1.265 1.279

The support points of the candidate D-optimal design (6.89) are represented by symbols in
Figure 6.22 (a). Observe that these support points are not vertices of a parallelogram and that
points (0.5737,0) and (1.4263,0) have equal weights as expected. In addition, the candidate

D-optimal design has only one vertex support point at (0,2). The standardized variance

2.0

A4
1.5}
N 1.0
0.5}
0.0 A . A
0.0 0.5 1.0 1.5 2.0
<O> X1

Figure 6.22: (a) Support points and (b) the standardized variance function d(x, £*; 3) for the
two-variable binary logistic model without interaction u = logit(p) = [y + f121 + Bo2 on the

design space [0, 2] x [0, 2] and with parameter vector 3 = (—3,3,1)7.

function d(x, £*; 3) represented in Figure 6.22 (b) has a value of 3 at the four support points
and values less than 3 elsewhere in [0, 2] x [0, 2], and thus the design (6.89) is demonstrated

to be D-optimal, at least numerically.

Case of Figure 6.20 (c¢) design pattern

The design pattern of the support points in Figure 6.20 (c¢) can be obtained from those of
Figure 6.20 (b) by symmetric reflection about the centre of the design space [0,b] x [0, b].

Using the same arguments as those developed for the previous case, the design of Figure 6.20
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(¢) holds provided the following condition is satisfied
0 < Bo + fib < 1.22291 < min{—fy — Bob, Bo + (61 + B2)b}- (6.90)

The expected candidate D-optimal design corresponding to the design pattern of Figure 6.20
(¢) is thus given by

—ui—Bo —u]—Bo—bB2 us—PBo—bpB2
L—0 L b 2 b b,0
oo [ CERO GRS 0) 691
M 3 122 L= — A
where uf # ub, uf > 0, uj > 0, and the design weights A; with 0 < A\; <1 (i =1,...,2) are

not necessarily equal.

Example 6.20. Consider the two-variable binary logistic model u = logit(p) = fo+ 5121+ Fo22
on the design space [0, 2] x [0, 2] where 5y = —3, 31 = 2 and , = 0.5. For this example,

0< fo+ Bib=1<1.22291 < min{—Fy — Bob, Bo + (1 + 32)b} = 2.

Therefore, condition (6.90) is satisfied. Hence, the expected candidate D-optimal design is of
the form (6.91). One of the optimal logits is Gy + 26, = 1. Numerical calculations give the
following 4-point candidate D-optimal design:

(z1, 22) (0.867,0) (0.361,2) (1.639,2) (2,0)
& = A =< 02287 02608  0.2608 0.2497 . (6.92)
u ~1.265 —1279  1.279 1

This design satisfies the conjectures in terms of support points and weights. The support
points of design (6.92) are represented by symbols in Figure 6.23 (a) and clearly these points
are not vertices of a parallelogram. The standardized variance function d(x, £*; 3) represented

by Figure 6.23 (d) suggests that the design (6.92) is D-optimal.

6.8.2 Non-parallelogram designs with 2 or 3 consecutive support

points at the vertices of the design space

This section discusses the construction of 4-point non-parallelogram D-optimal designs with
two or three adjacent support points at the vertices of the design space [0,b] x [0,b]. The
patterns of the designs is displayed in Figures 6.24 (a) to (d). Note that for all the four design
patterns, the logit line u = 0 passes off the centre of the design space, but intersects the two

horizontal sides. Furthermore, one of the logit lines —u and u passes outside the design space.
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Figure 6.23: (a) Support points and (b) the standardized variance function d(x, £*; 3) for the
two-variable binary logistic model without interaction u = logit(p) = [y + 121 + fPo2 on the

design space [0, 2] x [0, 2] and with parameter vector 8 = (—3,2,0.5).

Case of Figure 6.24 (a) design pattern

Consider Figure 6.24 (a). On the design space [0,00) X [0,00) and under the condition that
0 < —fy < 1.5434, the D-optimal design is known to be an equally weighted 3-point design
(see Section 5.3.3). Following Sitter and Torsney (1995a), and Jia and Myers (2001), on the
design space (—o0,00) x [0,b], the support points of the candidate D-optimal design are A,
B, C, and D, and lie on the optimal logit lines u* = +1.22291 (see Section 5.2). Now, on the
design space [0,0] x [0,0], the points A, B, and D are outside the design space. Using the
same arguments as in Section 6.8.1 for the design space [0, b] x [0, b], the candidate D-optimal
designs has support points E, F', C, and H in Figure 6.24 (a). Hence, 3 of the 4 candidate
optimal logits are u = (3, passing through point E, u = By + (b passing through point H, and
u = [y + Bob passing through point F'. The candidate optimal logit passing through point C,
and the unequal weights of the support points have to be calculated. The conditions for the

existence of the design pattern of Figure 6.24 (a) are
—1.5434 < By < By + Pob < 0 and 0 < By + (1 < 1.5434 < By + (81 + [2)b
and the two conditions can be summarized as
0 < max{— 08, Bo + fi1b} < 1.5434 < By + (B1 + B2)b. (6.93)

Example 6.21. Consider the two-variable binary logistic model u = logit(p) = Bo+ 5121+ Fo22
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Figure 6.24: 4-point D-optimal designs for the two-variable binary logistic model without

interaction u = logit(p) = By + Fiz1 + Fax2 on the design space [0, b] x [0, ] with 26, + (61 +
B2)b # 0 and two or three adjacent vertices support points.

on the design space [0, 2] x [0, 2] where y = —1.4, 3; = 1.2 and 5 = 0.6. In this case,

0< max{—ﬂo =14,50+ /b= 1} = 1.4 < 1.5434 < Gy + 2(,61 + 62) =2.2.
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Thus, condition (6.93) is satisfied and hence the design pattern of Figure 6.24 (a) is conjectured
to hold. The D-optimal design corresponding to this case is

(1‘1,1'2) (07 O) (07 2) (15167 2) (270)
= A = ¢ 0.2864 0.2797 0.1371  0.2968 » . (6.94)
u -14  -02 16194 1

The support points of the design (6.94) are represented by symbols in Figure 6.25 (a) and

2.0 v
1.5t
N
> 1.0
0.5}
0.0 ‘ ‘ ‘
0.0 0.5 1.0 1.5 2.0
<O> X1

Figure 6.25: (a) Support points and (b) the standardized variance function d(zx,£*;3) of
the D-optimal design for the two-variable binary logistic model without interaction u =
logit(p) = Bo + fiz1 + Paz2 on the design space [0,2] x [0,2] and with parameter vector
B=(-14,1.2,0.6)T.

clearly, are not vertices of a parallelogram. As expected no pair of weights are equal for
the design (6.94). Furthermore, Figure 6.25 (b) demonstrates that the standardized variance
function d(x,£*;3) = 3 at the 4 support points and d(u,&*;3) < 3 elsewhere as required
for an optimal design. Hence, the design (6.94) is demonstrated to be D-optimal, at least

numerically.

Case of Figure 6.24 (b) design pattern

Consider Figure 6.24 (b). Using similar arguments to those used in the case of Figure 6.24
(a), the support points of the candidate D-optimal design corresponding to Figure 6.24 (b)
are F, F', C and D. Hence, 2 of the 4 candidate optimal logits are u = 3, passing through
point £ and u = [y + (b passing through point F. The candidate optimal logit passing
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through points C' and D, and the unequal weights of the support points have to be calculated

numerically. The conditions for the existence of the design pattern of Figure 6.24 (b) are
—1.5434 < By < o+ B2b < 0 and 0 < 1.5434 < By + B1b
and the two conditions can be summarized as
0 < —0y <1.5434 < By + f1b. (6.95)

Example 6.22. Consider the two-variable binary logistic model u = logit(p) = Bo+ 0121+ P22
on the design space [0,2] x [0,2] where §y = —1.4, §; = 1.8 and f, = 0.6. This example is
the same as Example 6.21 except that the value of 3; changes from 1.2 to 1.8. This implies
that 0 < —fFy = 1.4 < 1.5434 < By + 16 = 2.2 and thus condition (6.95) holds, and hence the
candidate D-optimal design is that with the pattern displayed in Figure 6.24 (b). Calculations

gives the following candidate D-optimal design

(21, 22) (0,0) (0,2) (0.840,2) (1.618,0)
£ = A =< 03117 02749 01034 03100 . (6.96)
u ~14  -02 1312 1.512

Observe that no pairs of the 4 support points have equal design weights. The support points
of the design (6.96) are represented by symbols in Figure 6.26 (a). As expected these support
points are not vertices of a parallelogram. Figure 6.26 (b) suggests that the design (6.96) is
D-optimal since the standardized variance function d(x, £*;3) = 3 at each of the 4 support
points of the design (6.96), and d(x,&*;8) < 3 elsewhere in [0,2] x [0,2]. Thus, the design

(6.96) is demonstrated to be D-optimal, at least numerically.

Case 3 of Figure 6.24 (c) design pattern

Consider Figure 6.24 (c¢). The design pattern of Figure 6.24 (c) is the symmetric reflection of
the design pattern of Figure 6.24 (a) with respect to the centre of the design space [0, b] x [0, b].
Hence, the support points of the candidate D-optimal design are A, F', GG, and H. Reasoning
in a similar way as for the design pattern of Figure 6.24 (a), the condition for the existence

of the design pattern of Figure 6.24 (c) is
0 < max{—0y — Bab, Bo + (51 + B2)b} < 1.5434 < — ;. (6.97)

Example 6.23. Consider the two-variable logistic model u = logit(p) = By + 121 + fozn
on the design space [0,2] x [0,2] where Gy = —2, 3; = 1.2 and 3, = 0.5. For this example,
condition (6.97) holds since

0 <max{—fy— fob=1,00+ (B1 + fo)b =14} = 1.4 < 1.5434 < - = 2.
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Figure 6.26: (a) Support points and (b) the standardized variance function d(zx,£*;3) of
the D-optimal design for the two-variable binary logistic model without interaction u =
logit(p) = Bo + fiz1 + Faz2 on the design space [0,2] x [0,2] and with parameter vector
B=(-14,18,0.6)T.

Therefore, a design pattern of the form displayed in Figure 6.24 (c) is conjectured. The

candidate D-optimal design for this case is

(thQ) (036270) (072) (272) (270)
= A =< 0.1697 02860 0.2715 0.2728 . (6.98)
u ~1.566  —1 1.4 0.4

The support points of the design (6.98) are represented by symbols in Figure 6.27 (a) and the
standardized variance function d(x,£*; 3) is represented in Figure 6.27 (b). Figure 6.27 (a)
illustrates that the support points of the design (6.98) have the pattern of Figure 6.24 (c¢) and
Figure 6.27 (b) demonstrates, at least numerically, that the design (6.98) is D-optimal.

Case of Figure 6.24 (d) design pattern

Consider Figure 6.24 (d). The design pattern of Figure 6.24 (d) is the symmetric reflection of
the design pattern of Figure 6.24 (b) with respect to the centre of the design space [0, b] x [0, b].
Hence the support points of the candidate D-optimal design are A, B, G and H. Reasoning
in a similar way as for the design pattern of Figure 6.24 (b), the condition for the existence
of the design pattern of Figure 6.24 (d) is

0 < Bo+ (B1+ B2)b < 1.5434 < — By — Bab. (6.99)
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Figure 6.27: (a) Support points and (b) the standardized variance function d(zx, £*; 3) of the
D-optimal design for the two-variable binary logistic model without interaction u = logit(p) =
Bo + Bix1 + 2w and with parameter vector is 3 = (—2,1.2,0.5)7 on the design space [0, 2] x
[0, 2].

Example 6.24. Consider the two-variable logistic model u = logit(p) = By + f121 + [oz2 on
the design space [0,2] x [0,2] where §y = —3, 51 = 1.6 and 5, = 0.5. In this example,

0< Bo+ (81 + Ba)b=1.2< 15434 < —fy — Bab = 2.

Therefore, condition (6.99) holds. Hence the appropriate design pattern is of the form in-
dicated in Figure 6.24 (d). The corresponding candidate D-optimal design is conjectured to
be

(z1, z2) (1.002,0) (0.255,2) (2,2) (2,0)
£ = A = 0.111 0.303  0.310 0.276 ;. (6.100)
u ~1.397  —1591 1.2 0.2

The support points of the design (6.100) are represented by symbols in Figure 6.28 (a) and the
standardized variance function d(x,£*; 3) is represented in Figure 6.27 (b). Clearly, Figure
6.28 (a) illustrates that the design (6.100) has the design pattern of Figure 6.24 (d) and Figure
6.28 (b) suggests that the design (6.100) is D-optimal.
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Figure 6.28: (a) Support points and (b) the standardized variance function d(x, £*; 3) of the
D-optimal design for the two-variable binary logistic model without interaction u = logit(p) =

Bo+ B1x1+ Bomy on the design space [0, 2] x [0, 2] and with parameter vector 8 = (—3,1.6,0.5).

6.9. Practical example

Consider the data analyzed by Martin (1942) and by Greco and Lawrence (1988) presented in
Table A.1. The purpose of the experiment which generated the data was to examine the lethal
effect of two insecticides, rotenone and deguelin, on chrysanthemum aphids. The explanatory
variables, d; and dy, were concentrations in milligrams per littre, mg/1, of the two insecticides.
The design setting appears to be 16-point ray design on the design space [0,10.2] x [0, 50.5]
with 5 support point points on each of the rays d; = 0 and d, = 0, and 6 support points
on the ray dy ~ 4d;. Greco and Lawrence (1988) fitted the binary response model (2.29) in
Section 2.4.2. The results for the present data were that the interaction parameter was not

significantly different from zero.

The aim of introducing this example here is first to show that the two-variable binary logistic
model without interaction, discussed in this chapter, provides similar results to those reported
by Greco and Lawrence (1988). Secondly, and more importantly, the example is chosen as a
real life application of the trapezium design introduced in this thesis, and in order to show
that the 4-point trapezium design is more efficient than the 16-point design used to generate
the data. It has been found in Section 4.4.3, Example 4.1, that fitting the two-variable
binary logistic model with interaction u = logit(p) = [y + Sidy + fads + [r2didy to the
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present data set gives the estimates 512 = 0.0074 (p-value = 0.2237). Since the interaction
parameter is not significantly different from zero, fitting the two-variable binary logistic model
without interaction u = logit(p) = [y + f1d; + [ads gives parameter estimates 30 = —2.0297,
Bl = 0.4276 and Bg = (0.1554 all significantly different from zero. Transforming the rectangular
design space [0, 10.2] x [0, 50.5] to the square design space [0, 2] x [0, 2] using the transformation
(6.4) gives Bonew = —2.0297, Bipew = 2.1808 and fapey = 3.9239. For this example

1.5434 < min{—Bonew = 2.0297, Bonew + Binewb = 2.3319, Bonew + Bonewd = 5.8181} = 2.0297.

Hence, condition (6.5) holds and thus the candidate D-optimal design is conjectured to be a

4-point trapezium design. The design for this example is therefore

(x4, 22) (0.257,0) (0,0.143) (0,0.892) (1.605,0)
£ = A =< 01688  0.1688  0.3312  0.3312 (6.101)
u ~1470  —1470 1470 1.470

where 27 = 5.1d; and 25 = 25.25d; following transformations (6.3). The support points of the
design (6.101) are represented by symbols in Figure 6.29 (a) and are vertices of a trapezium.
The weights associated with points located on the same logit are equal as expected for a

4-point trapezium design. For all & = (x1,25)" with (2, 22) € [0,2] x [0, 2], the standardized

2.0
1.5F
N1.0}
X ’
X il
ol /
!
0.5} ] o 5 7
o,oP A . . L A
0.0 0.5 1.0 1.5 2.0

. | ]

Figure 6.29: (a) Support points of the D-optimal design and (b) the standardized vari-
ance function d(x,&*;3) for the two-variable binary logistic model without interaction
u = logit(p) = By + P11 + P22 on the design space [0,2] x [0, 2] and with parameter vector
B = (—2.0297,2.1808, 3.9239)" for Martin (1942) data.
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variance function d(zx, £*; 3) plotted in Figure 6.29 (b) suggests that the design is D-optimal
since d(x, £; 3) < 3 with equality at the support points of the design (6.101).

The D-optimal design for the original data can be obtained using the transformations (6.3)

and is given by

(dv, do) (1.311,0) (0,3.611) (0,22.523) (8.1855,0)
¢ = A =< 01688  0.1688  0.3312 03312 p.  (6.102)
u —1.470  —1470  1.470 1.470

Now, consider calculating the efficiency of the 16-point design, £, used to generate the data
of Table A.1 relative to the D-optimal design £* given by (6.102). The determinant of the
information for the parameter vector 8 = (—2.0297,0.4276,0.1554)T evaluated at design £ is
|M(&;8)] = 1.071, while the determinant of the information matrix of the same parameter
vector at design (6.102) is | M (£*;8)| = 3.106. Hence, the D-efficiency (3.38) for the original
design & relative to the D-optimal design (6.102) is

[ M(EB)] }”3 _
pa={ ey —om

Thus, since Deg = 0.701 < 1, then the 4-point D-optimal trapezium design (6.102) is more
efficient than the 16-point ray design used to generate the data of Table A.1.

6.10. Conclusions

In this chapter, the construction of the D-optimal designs for the two-variable binary logistic
model without interaction u = logit(p) = By + (121 + oz on the design space [a, b] X [, d],
transformed to [0,b] x [0, 0] for ease of calculations, was discussed. The candidate D-optimal
were investigated semi-analytically and semi-numerically. Conditions for the existence of the
design patterns of the candidate D-optimal designs were derived and the optimal designs were
constructed numerically, and the optimality of the designs checked graphically. The number
of support points of the D-optimal designs varied from 3 to 6. In cases when Gy + 810 > 0
and 3y + B2b > 0 and the logit line u = 1.5434 lies below the diagonal line joining points (0, b)
and (b,0), the D-optimal designs were found to be same as the 4-point trapezium and the
3-point designs discussed in Chapter 5. In addition cases when [y + 316 < 0 and (y 4 [B20 < 0
and the logit line u = —1.5434 lies above the diagonal line joining points (0,b) and (b,0), the
D-optimal designs were also found to be 4-point trapezium D-optimal designs and the 3-point

D-optimal designs. The term trapezium is taken in the sense that parallel sides are logit lines.
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Non-trapezium D-optimal designs were found in cases when [y + (616 and Sy + (B2b have the
same sign, but the logit line u = 1.5434 passes above at least one of the points (0, b) and (b, 0).

In cases when the signs of Gy + 516 and [y + f2b alternate but with 3; # [ and the logit

b
line u = 0 passes through the origin of the design space [0,b] x [0,b], i.e. Gy = —M,

2
the candidate D-optimal designs were found to be same as the 4-point parallelogram designs
of Sitter and Torsney (1995a), and Jia and Myers (2001), and some cases of Atkinson and
Haines (1996) discussed in 4 and in Section 5.2. D-optimal parallelogram designs for model

u = logit(p) = Bo+ G121+ G225 on the design space [0, b] x [0, b] were also found when 3y = —b8;
and 3, = 3 <

. Candidate D-optimal designs with 5 or 6 support points were found in
2.1150

cases when ) = 35 > and By = —bf3;. Cases of 4-point non-parallelogram designs were

found when the signs of 3+ $;b and By + fob alternate, and 3y # B, but with §, # —2402),
A practical example on the joint effect of two insecticides was used to show that optimal
designs use less experimental runs but are more efficient than some well known experimental

designs.
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7

D-optimal Designs for the Two-Variable

Binary Logistic Model with Interaction

7.1. Introduction

Drugs, insecticides, or other compounds may exhibit a synergistic effect when administered
in combination. Some models for detecting an interaction between two drugs were reviewed
in Chapter 2. This chapter will deal with the construction of D-optimal designs for the

two-variable binary logistic model with interaction

u = logit(p) = Bo + Sr21 + Pz + Bra122 (7.1)

discussed in Section 2.4.4. In the model (7.1), z; € R and z5 € R can be taken as dose or
log-dose concentrations of two drugs. The theory of statistical tests for drug interaction is
well developed. For example, Hosmer and Lemeshow (2000) and Collett (2003) describe the
applications to data that is described by the binary logistic regression model without and
with interaction. However, very little work exists in literature on the construction of optimal
designs for detecting drug interaction. D-optimal designs for the precise estimation of the
parameters of the two-variable binary logistic model with interaction (7.1) was discussed by
Jia and Myers (2001). The class of the designs discussed by Jia and Myers (2001) is narrow
since the designs were restricted to equally weighted 4-point designs with support points being
the vertices of a parallelogram whose two opposite sides lie on the logit lines ©v = 4+1.5434
(see Section 4.6.2). In addition to these restrictions on the class of the designs, Jia and Myers
(2001) did not prove the D-optimality of their 4-point design. These two issues are addressed
in this chapter by further investigating the candidate D-optimal design patterns introduced

in Jia and Myers (2001). In particular, the D-optimal designs do not necessarily need to
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have 4 support points, and the support points of the D-optimal designs do not necessarily
have to be equally weighted. Kupchak (2000), as reviewed in Section 4.6.1, also discussed the
construction of D-optimal designs for the two-variable binary logistic model with interaction
(7.1), but his interest was mainly in constructing designs for the precise estimation of the
interaction parameter (315 alone, and for the precise estimation of all the parameters assuming
that the interaction (15 = 0. In this chapter, analytical and numerical constructions of
D-optimal designs for the precise estimation of all the four parameters in model (7.1) are
undertaken. The approach used to construct candidate D-optimal design patterns is that of

Jia and Myers (2001) with some modifications and extensions.

This chapter contains the following sections. Section 7.2 gives a proof of the D-optimality of
the design of Jia and Myers (2001) for the two-variable binary logistic model with interaction.
Section 7.3 discusses a variant of the design approach of Jia and Myers (2001) on the design
space (—00,00) X [¢, d] where ¢ and d are real numbers. Section 7.4 discusses the construction
of the D-optimal designs for synergy using the two-variable binary logistic model (7.1) with
parameters satisfying the conditions Fy, < 0, §; > 0, S > 0 and (2 > 0. Section 7.5
discusses the construction of the D-optimal designs for antagonism using model (7.1) with
parameters satisfying the conditions Gy < 0, #; > 0, 82 > 0 and (13 < 0. Section 7.6
briefly discusses the construction of D-optimal designs for synergy and antagonism for model
(7.1) with respectively 3y > 0, 31 < 0, 32 < 0 and B2 < 0, and 3y > 0, 3, < 0, f2 < 0
and o > 0. Two practical examples of constructing D-optimal designs for synergy and
antagonism are given in Section 7.7 and Section 7.8 concludes the chapter. Throughout the
chapter, D-optimal designs for simple cases are constructed analytically using the Equivalence
Theorem for D-optimality. In complex cases the patterns of the candidate D-optimal designs
are conjectured under specific conditions, and then the D-optimal designs are constructed
numerically using the Gauss program in Appendix C. The D-optimality of the designs is

checked graphically by plotting the standardized variance function over the design space.

7.2. D-optimality of the design of Jia and Myers

In Section 4.4.2, the equation u = Gy + f1x1 + Pexs + Fr2x122 given in model (7.1), with
(z1,79) € R?, was described by Jia and Myers (2001) as an hyperbola with centre

(9501,3502) :< 52 —h

3o 5 ) for a fixed value of u. Then model (7.1) was re-parameterized to
12 P12
model

u = logit(p) = B + Braz122 (7.2)
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P13
Pra

and (z1,29) = <x1 +

where 5 = [y — is the value of the logit u given in (7.1) with (x1,22) = (201, Zo2),

B B

, Lo + —> € R? is the transformed value of an arbitrary (z1,s)

612 612
—P B

by translation which moves the centre <ﬁ—, 3 ) to (0,0) (see Figures 4.7 to 4.9). Jia
12 P2

and Myers (2001) suggested for model (7.2) a 4-point candidate D-optimal design & with
support points located on each of the two branches of the hyperbolae u; = (; + (122122 and
ug = 35+ B122120 With u; < us. The abscissa of the support points located on the two branches
of the hyperbola u; were chosen as z;; = A; and 231 = —A;, and those on the hyperbola
ug as z9 = tA; and z4; = —tA; where A} > 0 and t € (0,00). In addition, Jia and Myers
(2001) assumed that the support points located on the same hyperbola, or logit line, have
equal weights. Hence, the candidate D-optimal design proposed by Jia and Myers (2001) for
model (7.2) on the (21, z2) design space R? is of the form

U1—5S> ( U2—5§> ( U1—5S> ( UQ_ﬂf)k)
A ) tA ) —-A , — —tA ,—
&= ( ' BraAy ' 175 DYANT ' BraAy ! tB12A
A 1-)
2

A 1-)
2 2

2

(7.3)
Jia and Myers (2001) set ¢ = 1 so that the support points of the candidate D-optimal design
(7.3) are vertices of a parallelogram and obtained an equally weighted 4-point design with
support points on the two logit lines u* = £1.5434. Hence, the design (7.3) of Jia and Myers
(2001) can be written as

A, —— 10 Ay, —Ay, —A,,—— 0
& = ( RN RN VU BLA, Y B A
1 1

1 1
4 4 4 1
where A; > 0 and u* = 1.5434. Jia and Myers (2001) did not prove the D-optimality of the
above 4-point design. However, a proof for D-optimality of the design £* is easy by noting that
model (7.2) is explicitly defined by only two parameters 5 and ;5. The following proposition
is on the D-optimality of the design &*.

Proposition 7.1. The design

) () (o) (o)
& = ( RN Y UBLA, Y BLA, YT BLA, ,
1 1

1
1 1 1 1

(7.4)

for the two-variable binary logistic model u = logit(p) = ¢ + (122122 on the design space R?,

where Ay > 0 and u* = 1.5434, is D-optimal.
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Proof
The information matrix for 8 = (33, 512)7, in model (7.2), evaluated at a support point

z=(z21,29)7 is

M(z;m:i[ ! ]u m]:il ! ] (7.5)

(T+e")? | 22 (L4+e")? | 2129 2323

Furthermore, the information matrix for 8 = (3, 312)7 evaluated at the 4-point design (7.4)
is
1o e’ 1 —5—3
M(E:8) = ZM(Zi;ﬁ) T e | L ()
i—1 B12 ﬁfg

where u* = 1.5434. The D-optimality of design (7.4) is proved by showing that the standard-
ized variance function d(z,£*;8) = tr {M (& B)M(2;8)} < 2 for all z = (21, 2)T € R?
with the equality holding at the support points of design £*. Let uw = 35 + 3122122 where

(21, 22) € R?. Simple calculations combined with the results of Theorem 4.1 lead to

Ul % B) — e (1 + e )2 (w*? + 832 + 205 fraz120 + $52222)
(Z7§ 7[3) - u*2(1 _|_€u)2

B eu—u* (1 _|_eu*)2(u*2 —|—’LL2)
o U*2(1 +€u)2

<2

for all v € R with the equality holding at v = v*. B

7.3. An alternative to the design of Jia and Myers

7.3.1 Equally weighted 4-point D-optimal designs on the design
space R X [c,d]

In Section 4.6.2, it was argued that setting ¢ = 1 leads to a narrow class of designs, particularly
designs with support points which are vertices of a parallelogram. In addition, guessing the
value of Ay in design (7.4) further narrows the class of D-optimal designs. This section
discusses an alternative approach for constructing a 4-point D-optimal design without an
explicit knowledge of A, and without forcing the candidate 4-point D-optimal designs to have
support points at the vertices of a parallelogram. In this regard, consider the two-variable
binary logistic models (7.1) and (7.2). As in the case of the construction of D-optimal designs
for the two-variable binary logistic model without interaction discussed in Chapters 5 and 6,
a restriction on the design space R? is needed for constructing D-optimal designs for the two-

variable binary logistic model with interaction (7.1). To obtain a restriction on the design space
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R? for model (7.1), assume that x; € R and 25 € [¢, d] where ¢ and d are fixed real numbers.

By

The restriction ¢ < xy < d is equivalent to ¢* < z; < d* in model (7.2), where ¢* = ¢+ ——

iz
and d* =d+ ﬂ Since z1 € R, it follows from (7.1) that the logit u is unrestricted and hence

12
u can theoretically be any real number. Also, as in Jia and Myers (2001), assume that the
support points of the D-optimal design are located on two logits u; and us with u; < us. As

in Section 4.6.2, the following three design cases can be considered.

1. uy < 3 < uy. Figure 7.1 (a) displays the design pattern for this case when (1 < 0,
and Figure 7.1 (b) displays the design pattern for the case when ;5 > 0. The support
points of the candidate 4-point D-optimal design are A, B, C' and D which are spread
in the 4 quadrants of the (z1, z5) design space with z; € R and z, € [¢*, d*].

A

u = By + Bix, + Box, + foxix,

|
|
|
0 i
/ | Uy = By + Bix, + Brxy + Boxx,
|
I
|

/ u, = By + Bix, + Box, + Binx X,
u =By + Bix, + Box, + Boxix,

(@ < fy<uyand B, <0 (b) u,<py<u,and B, >0

Figure 7.1: Design patterns of the candidate D-optimal design for the two-variable binary
logistic model with interaction u = logit(p) = By + B121 + faa + fr22129 on the (z1, x9) design
space R x [¢, d] and for the case of u; < G5 < ug: (a) f12 < 0; (b) B12 > 0. Circles are support

points.

2. 5 < uy < ug. Figures 7.2 (a) and (b) display the respective design patterns for this
case when 315 < 0 and 315 > 0. The support points of the 4-point candidate D-optimal
design are A, B, C' and D which are in the following two quadrants of the (21, z2) design
space: (a) second and fourth quadrants when 12 < 0; and (b) first and third quadrants
when ;5 > 0.
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z X
51 | | e
2 | %2 =yt B+ By + Boxry, —L]
I |
|
d D ol Uy = By + Bx, + Byx, + Boxx, |
|
1P\ a|\C
| 0 X
— 1 >
(xowxoz) Z; i N
______ |(an xoz) ¥ 2y

= By + Bx, + Byx, + Boxx,

Uy =By + Bx, + Byx, + Byxx, /r

(a) By <u,<u,and B, <0 (b) B, <u, <u,and f,>0

Figure 7.2: Design patterns of the candidate D-optimal design for the two-variable binary
logistic model with interaction u = logit(p) = fo + 121 + faz2 + B122129 on the (21, x2) design
space R X [¢,d] and for the case of 3§ < u; < ug: (a) B2 < 0; and (b) f12 > 0. Circles are

support points.

3. up < up < G. Figures 7.3 (a) and (b) display the respective for this case when 12 < 0
and 12 > 0. The support points of the 4-point candidate D-optimal design are A, B,
C and D which are in the following two quadrants of the (zy, zo) design space: (a) first
and third quadrants when 2 < 0; and (b) second and fourth quadrants when ;5 > 0.

Proposition 7.2 formalizes the fact that each of the 4-point designs with design patterns
displayed in Figures 7.1 to 7.3 is D-optimal.

Proposition 7.2. The design

u* —fBo—pac c —u*—Bo—pac c u*—Bo—pad d —u*—fBo—pad d
f* _ B1+P12¢c B1+p12e B1+p12d B1+pB12d (7 6)
B 1 1 1 1 ’ '
4 4 4 4

where u* = 1.5434, for the two-variable binary logistic model with interaction u = logit(p) =
Bo + Prx1 + Poxg + Biawizo on the design space R X [¢,d] where ¢ and d are constants, is

D-optimal.

Proof
Consider Figures 7.1 to 7.3. In each of the figures, the support points of a candidate 4-
point D-optimal design £ for model u = logit(p) = fy + fi21 + Boxe + [r2x122 on the design
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=y + Bix, + Boxy + Bpxix,

uy =y + Bx + Boxy + Boxix,

&

X, I = By + Bix + Boxy + Boxix, | % 1
I I
| | d
I I
I |
| Uy = By + Bix + Box, + B, |
d , C
1 | 0 X
| f >
| | 103)
o1 Xo ERY z
________________ Y e [ RN SN
\\ I | L
| |
X,
\ l ;1 I
0 | |
B Al |
: | nanar
I I
| I
I

(@) u,<u,<fand B, <0 (b) u;<uy < fyand f, >0

Figure 7.3: Design patterns of the candidate D-optimal design for the two-variable binary
logistic model with interaction u = logit(p) = By + 121 + foa + frox129 on the (z1, x2) design
space R X [¢,d] and for the case of u; < uy < 5 (a) B12 < 0; and (b) f12 > 0. Circles are

support points.

up — P — Pac Uy — fo — Pac Uy — fo — fod
Space R x [C, d] are A (W,C>, B <W,C>, C <W,d> and
D (Ul — o — Pad

5t Bad ,d). As model u = logit(p) = By + 121 + Poxy + Frax129 has 4 parameters,
1 12

then the weights associated with the 4 support points of £ are equal. Then the candidate
4-point D-optimal design for model u = logit(p) = By + G121 + Poxa + f122122 on the (1, x9)

design space R X [¢,d] is of the form

uz—Bo—pBac c u1 —Bo—pBac c us—Bo—pBad d u1 —Bo—pB2d d
€= B14+B12¢c 7 B1+B12¢ 7 B1+B12d B14+B12d (7 7)
1 1 1 1 ' '
4 4 4 4

Let M(&; B) be the information matrix for the parameters of model u = logit(p) = o+ 121+
Baxy + Prax1xe evaluated at the design € given by (7.7). The determinant of M (&; B) is

B (d _ 0)462(u1+u2)(u1 _ u2)4
= 256(0: + Brac)? (01 + Brad)>(1 + e )1 (1 + em2)d

Dy

which is proportional to
62(U1+U2)(u1 _ 'U/2)4

D=
(14 eu)4(1 + ev2)?

(7.8)
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which, in turn, is proportional to the determinant (4.47) in Section 4.6.2. Therefore, D and

thus D, is maximum at us = —u; = u* = 1.5434. Consequently, the candidate D-optimal
design of the form (7.7) is
u—Bo—fac |, —u*—fo—Bre u—Bo—fad 4 —u"—fo—frd g
& = B1+Pizc B1+Bi2ec B1+B12d p1+Br2d (7 9)
1 1 1 1 ’ '
1 1 1 4

where u* = 1.5434. Clearly, the candidate D-optimal design £* given in (7.9) is the same
as the design (7.6). It remains to prove D-optimality of the design (7.9) by showing that
the standardized variance function is less than or equal to the number of parameters 4 with
equality holding at the support points of £*. The standardized variance function associated
with the design (7.9) is

2¢" " (14 e )* {[u™ + (so + 5121)%] (22 — ©)* + [ + (@0 + 171)%] (z2 — d)*}
(d _ C)Q'U,*Q(l + eu)Q

d(z, & B) =
(7.10)
where 5o = fy+8ac, 51 = Bi+Biac, qo = Bo+Pad, 1 = P14 Br2d and @ = (31, 22)" € Rx[c, d].
Note that as 1 € R, then sq + s1z1 = By + [oc + S1x1 + Piaxic is the branch intersecting the
line x5 = ¢ of an arbitrary hyperbola v = §y + f121 + Pos + [rox1w9. Similarly, qo + q1z1 =
Bo + Bod + P11 + Bradxy is the branch intersecting the line xy = d of the arbitrary hyperbola
u = By + bixy + Poxra + Prawiza. Thus, the standardized variance function (7.10) can be
simplified to
2e47 (1 4 % )2 (u*? + u?) [(29 — €)% + (w3 — d)?]

d(w,f*;,ﬁ) = (d— c)2u*2(1 _|_€u)2

(7.11)

Clearly, d(z,£*; 8) = 4 at all the 4 support points of the design (7.9) at which © = £u* and
Ty = ¢ or 2o = d. It remains to show that d(z,&*;8) < 4 for all (21, 22)" € R x [¢,d]. In
(7.11) the quadratic polynomial f(zs) = (x9 — ¢)* + (22 — d)? = 223 — 2(c + d)z2 + ¢* + d? has
d— o attained at xy = # Then, since ¢ < zy < d, then f(z3) has

the global maximum (d — ¢)? attained at zy = ¢ or x5 = d. Hence,

the global minimum

u—u* u*\2(,,2 *2
2e" 7 (14 € ) (u® + u*?) <4
w*?(1 + e)? -

d(z, &% 8) < g(u) =

eu—u*(l + 6u*)2(u2 4 ’LL*2)
U*2(1 + 6“)2
is D-optimal. B

since < 2 (see Theorem 4.1 in Section 4.3). Thus, the design (7.6)
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7.3.2 D-optimal designs on the design space [0,b] x [0, d]

In practical situations the design space is bounded. In the case of two drugs, say A and B, the
doses or log-doses 21 and 5 can be from a rectangular design space of the form [a, b] X [¢, d]
where «a, b, ¢ and d are real numbers. Because of the restrictions a < z; < band ¢ < x5 < d
on both z; and x5, the number of points of intersection of the curves of the hyperbolae u; and
ug in each of the Figures 7.1 to 7.3 and the design space boundaries is no longer necessarily 4,
but can vary from 4 to 8. Hence, various design patterns with the number of support points
varying from 4 to 8 can result depending on the values of the model parameters and the design
space [a, b] X [c,d]. In such cases, it can be conjectured that the optimal positive logit is not

necessary u* = 1.5434.

Asin Section 6.2 of Chapter 6, suppose that the original design space [a, b] X [¢, d] is transformed
to a new design space [aq, b1] X [¢1,d;] for the sake of ease of constructing the designs on the
new space. Then as in (6.3), the support points on [ay, b1] X [¢1, d1] are (T1pew, Tonew) given by

_ (bi—a1)w1—(abi—a1b)
Tinew — a
(
c

1

b—
_ (di—c1)xa—(cd1—c1d)
Tonew = d—

(7.12)

However, because of the additional interaction term (152125 in model (7.1), the new parame-

ters are no longer given by (6.4), but are given by

(
_ (b—a)p (b—a)(cd1—c1d) P12
’Blnew T bi—ax + (b1—a1)(d1—e1)

Bonew = (d—c)B> (d(*c)(ab)l(*‘llb)ﬁ)m
di—c di—c1)(b1—a
) 3 — (lb—al)(d—c)ﬁlzl N (713)
12new (b1fa(1)(dlfclg ( : ( . )
_ ab;—a1b)f51 cdy—c1d) B abi —a1b)(cdi—c1d)Bia
. Bonew = Bo + bi—a1 + di—c1 + (b1—a1)(d1—ec1)

In order to reduce complications in the notations and calculations, the design space that will
be used throughout this chapter is the square [0, b] x [0, b] obtained by setting ¢ = ¢ = 0 and
d = b in the design space [a, b] X [¢, d]. If required, the transformations (7.12) and (7.13) will be
used to transform the designs from the (x, x2) design space [0, b] x [0, b] to the (Z1new, Tonew)

design space [ay, b1 X [c1,dy].

As discussed in Chapter 2, if G, < 0, 8; > 0 and B > 0, then there is synergy between
two drugs if B2 > 0, no interaction between the drugs if 52 = 0, and antagonism between
the drugs if 15 < 0. The construction of D-optimal designs on the square [0,b] x [0, 5] will
first be discussed assuming that the two drugs interact synergically, and then the results will
be extended to some cases of antagonistic interaction. Other cases of antagonism will be

discussed independently when deduction from synergy is difficult.
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7.4. D-optimal designs for synergy

Consider the two-variable binary logistic model with interaction (7.1) on the design space
[0, 6] x [0,b]. It has to be noted that under the assumptions that 3y < 0, 8; > 0, 5> > 0 and

Bia >0, 85 = Bo — % < By < 0. Furthermore, in the case of synergy (51 > 0) with logit u

fixed, #; > 0 and (3, > 0, the centre | ———, ——) of the hyperbola given by (7.1) is outside
12 12
the design space [0,b] x [0,b] since the coordinates of the centre are all negative. Because

the branches of any hyperbola are symmetric with respect to its centre, the pattern of the
candidate D-optimal design will depend on the location of the 4 branches of the hyperbolae
tu = [y + f1x1 + Poxe + Prax129 relative to the design space [0,b] x [0,b]. As discussed in
Section 4.6.2 and Section 7.3, these branches may be spread in the four quadrants of R? if

|85| < 1.5434 or in just two quadrants if |55] > 1.5434, where 85 = [y — %62.
12

Section 7.4.1 discusses D-optimal designs for the case when (z1, x9) € [0, 00) X [0, 00) and |G| <
1.5434 while Section 7.4.2 considers the designs for the cases when (x1,x9) € [0,b] x [0, 5] and
|85| < 1.5434. Section 7.4.3 discusses the designs for the cases when (x1,x2) € [0,00) x [0, 00)
and G < —1.5434, and when (2, 22) € [0,0] x [0,b] and F; < —1.5434.

7.4.1 D-optimal designs on [0,00) x [0,00) when |5 < 1.5434

Consider the two-variable binary logistic model (7.1) where (x1,z2) € [0,00) X [0, 00). Recall
from Section 4.6.2 and Section 7.3 that if |55] < v = u* = 1.5434 and —c0 < z; < o0
and ¢ < x5 < d, then the 4 hyperbolic branches corresponding to logits +u = 1.5434 are

spread in the 4 quadrants of R? generated by the asymptote lines z; = —22 and Ty = —ﬁ.

Pz Pz
If (z1,73) € [0,00) X [0,00), then only points located in the first quadrant of R? can be

the support points of the candidate D-optimal design. Figure 7.4, without the upper limits
x; = b and x9 = b, displays the pattern of one such candidate D-optimal design. Also,
: * lﬁQ
since By = [y —

12
—u=—u* < 35 < By <0 where u* = 1.5434, or, equivalently

< By <0, then hyperbolic curves in Figure 7.4 satisfy the condition

0< —fy < —3 < 1.5434. (7.14)

The construction of the D-optimal design with the design pattern displayed in Figure 7.4 can
be done as follows. As in Section 5.3.3 on the 3-point D-optimal design, point E(0,0) is one
of the support points of the candidate D-optimal design. Therefore one of the optimal logits
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F(0.) G(b,b)

—u

H(b,0) X

"B

B
IBJZ

Figure 7.4: Design pattern of the candidate D-optimal design for the two-variable binary
logistic model with interaction u = logit(p) = By + f121 + foa + Frax122 on the design space
[0,00) x [0,00) where By < 0, 8y >0, 8 >0, 812 >0, 85 = o — % and 0 < —f) < —f; <
1.5434 < 0. Circles are support points.

is u = fy. As with the case of the two-variable binary logistic model without interaction, the
u— u—
fo ,0) and B(0, ﬁ—ﬁo), the points of intersection of the

other two support points are A(
logit line u = By + Bi1x1 + oo + ﬁlgxllxg and the bounda2ry of the design space [0, oc] x [0, 00].
However, a design with support points A, B, and E is singular for estimating the interaction
parameter (5 since the interaction term in model (7.1) vanishes at the three support points.
Hence, there is a need of an interior support point, say .J in Figure 7.4 at which the interaction
term in the model does not vanish. In order to account for the potency of the second drug

with respect to the first drug, the coordinates of the interior support point J should satisfy

B

drug (see Section 2.4.4). Hence, xo = %xl, i.e. J is the point of intersection of logit line, say
2
B2 B1

uy, and the interior ray joining E(0,0) and the centre (_E’ _E) of the hyperbolae logit +u.

Ray designs for similar models are also discussed in O’Brien (2004), and in Kupchak (2000,

the condition x5 = —x; where p = 22 is the potency of the second drug relative to the first
P

pp. 126-138). The coordinates of the interior point .J are positive solutions for z; and x5 to
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the simultaneous equations

— bn
{ 2 2 (7.15)

U1 Bo + Brx1 + Bozo + [raz179.

The solution for (z1,z3) to the equations (7.15) is

_ Ba V/B1B2[B81B2+B12 (u1—o)]
T = Bz + B1812 (716)
_ 1 \/51/32[/31[32-1-512(“1—[30)}
Toy = —DBL
2J Bz B20812 :

Hence, the candidate D-optimal design £ with support points represented by circles in Figure
7.4 is

(21, 2) (0,0) (07 ug—fo) (ug—lﬁo, 0) (217, T27)
£ = A = z L 1 L (7.17)
u Bo u u (7

where x1; and x9; are given by (7.16). The information matrix for the parameter vector
B = (Bo, B1, B2, B12)T evaluated at design (7.17) is

mir My2 M3 Mg
Mo1 Moz M2z Mog
M(&B) =

m3; M3z T3z Maa

Mgy My TN43 T4y

where

_ 1 o
T <(1+€“)° + (1+e“1) * (1+e50)2>
e (u—Bo) el (\/51ﬁ2(—ﬂ0[312+u1512+[3152)—ﬁlﬁg)

mia = Mg =

461 (1+ev)’ 461812 (1+e1)?
mi3 = Mgz = e’ (u 50)452(1—1-6 )2 e 1(\/ﬁ1ﬁ2 —Bof12+u1B12+61062)— ﬁ1ﬁ2)
4ﬁ2ﬁ12(1+6"1)
el (\/,31,32 —BoBr2+u1B12+8162)— ,31,32)
Mg = My = 4ﬁ1ﬁ12ﬁ2(1+8u1)
— e"(ﬂofu)% 61(\/ﬂ152 (—BoBrztu1Biz+p1P2)— ﬂlﬁz)
B0y’ BT, (e )T (7.18)
el (\/ﬁlﬁz(—ﬁoﬁ12+mﬁ12+ﬁ1ﬁ2)—[31[32) '
M = e = 15,2, 5oL e")’
etl (\//31[32(—ﬁoﬁ12+mﬁ12+ﬁ1ﬂ2)—[31[32)3
Mag = Tz = 15368, Ba(1 e 1)’ ‘
m _ e*(Bo—u)? 6"1(\//31/39 [30[31z+u1[312+[3152)—ﬁ1/32)2
5 1517 46357, (1+e1)?
el (\/,31,32 —BoBi2+u1B12+58162)— ,31,32)
e s 1B (1)

e"1 (\/5152(*50312+u1ﬂ12+,31,32)*5152) !

m = - -
i 4B3 L, B3 (1+e1)?
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The determinant of M(¢; 3) is

Do (u — Po)*efotautul {5?2 (w1 — B0)? + 8B1B2[8182 + B2 (u1 — Bo)] — 4128182 + P12 (w1 — Bo)lv/B1B2[B1 B2 + Biz(u1 — Bo)]}
N 2568282 8%, (1 4 ¢P0)2(1 + e*)3(1 + e¥1)2

which is proportional to the product of

4 2
(u— o) e™
D, =t (7.19)
(14 ev)
and
b {5%2(“1 — B0)? +8B1B2[8182 + B12(u1 — Bo)] — 4[28182 + B12(u1 — Bo)1v/B1B=2[B1B2 + Biz(u1 — 50)]} e"1 (7.20)
uq = . .

(1+ev1)?

Expression (7.19) is the same as the determinant (5.36) which was shown to have equal

maximum values at v = (y and u = u* where u* is the unique solution, on [0,00), of the
equation

2— 0o +u+2e" + foe" —ue” =0 (7.21)

for 0 < —fFy < 1.5434 (see equation (5.38)). The second row of Table 5.3 contains values of

u* for selected values of f3.

For a given value of the parameter vector B = (8o, 31, B2, B12)*, the value of u; which max-
imizes (7.20) can be found numerically. The D-optimality of the numerically constructed
design (7.17) can be checked using the graph of the standardized variance function d(x, &; 3)

versus ! = (z1,23) € [0,00] X [0, 00] as illustrated in the following numerical example.

Example 7.1. Consider the two-variable binary logistic model with interaction u = logit(p) =

Bo+ G114 Poxa+ Praxi e where (21, 25) € [0, 00] x [0, 00] and with parameter values Gy = —0.5,
By =2, By = 1.5 and B15 = 3. In this example, B15 = 3 > 0 and 3} = [y — ﬂﬂ—f’ = —1.5s0

that 0 < —f, = 0.5 < —f§ = 1.5 < 1.5434. Hence, condition (7.14) is satisfied. Therefore,
the expected D-optimal design is of the form (7.17). Since, 3y = —0.5 > —1.5434, the second
row of Table 5.3 gives u* = 2.075 as solution for u to the equation (7.21). Furthermore, the
function (7.20) is
~ {110.25 4 81uy + 9uf — (51.96 + 20.79uy )\/4.5 + 3u; | €
v (1+em)” '
The graph of D,, versus u; > 3y = —0.5 displayed in Figure 7.5 indicates that the D,, has

only one maximum on [—0.5,00). Differentiating D,, with respect to u; and numerically
“L = 0 for u; gives the solution u} = 2.832. Setting By, = —0.5, 3, = 2, B, = 1.5,
Uy
B2 = 3, u=2.075 and u; = 2.832 in design (7.17) gives

solving

(0,0) (0,1.717) (1.287,0) (0.541,0.721)

e={ 1 ! S (1.22)
—0.5 2.075 2.075 2.832
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. . 110.254-81u1+9 2_ 51.96+20.79 V4.5+3 vl
Figure 7.5: Graph of the function D,, = { ar ((Heul)Q u) uife
By = —0.5.

versus uy >

The support points of the design (7.22) are represented by triangles and a diamond in Figure

7.6 (a). The standardized variance function associated with design (7.22) is

TR
,/;HHW‘\\
AN
f (TN
T

‘\““\““\““\\““M““\\ /
A {
><N 21 i oo ;}““‘\\“u“‘\“u\‘uu‘\

4 : (RN

(l

{11
‘\‘\

il

Figure 7.6: (a) Support points of design (7.22) and (b) the standardized variance function
d(x, £*; 3) on the design space [0, 00] x [0, 00] where B = (—0.5,2,1.5,3)T. The triangles and
a diamond are support points of design (7.22).

180



Chapter 7 — D-optimal Designs for the Two-Variable Binary Logistic Model
with Interaction

d(z, 6 8) = ﬁ{nm — 26447, + 34.6227 — 19.8325 + 1422125 — 56.692712

119.4722 — 42.520,22 + 597.8495%953}

where u = —0.5 + 2x; + 1.5z + 32129 and (21, 22) € [0,00) X [0,00). The function (7.23)
plotted in Figure 7.6 (b) has maximum value of 4 at the 4 support point of the candidate
D-optimal design (7.22). Hence, the design (7.22) is D-optimal.

7.4.2 D-optimal designs on [0,b] x [0,b] when |G}| < 1.5434

Reconsider Figure 7.4 but with the design space restricted to the square [0,b] x [0,b]. Re-
stricting the design space to [0,b] X [0, b] is practical as was argued in Section 7.3.2, and gives

rise to the following candidate D-optimal design cases.

Case when 1.5434 < min(fy + 51b, B + [20)

In this case, the points (0,b) and (b,0) lie above the logit line v = 1.5434. This condition

combined with condition (7.14) gives the design condition
0 < —By < =05 < 1.5434 < min(By + B1b, Bo + [2b) (7.24)

where 35 = By— % The candidate D-optimal design which satisfies condition (7.24) is design

(7.17). Furthermore, the parameter values in Example 7.1 satisfy condition (7.24) since

0<—B=05<—0 =15< 15434 < min(f + Bib, By + fab) = 2.5.

Case when [y + 810 < 1.5434 < By + (2

In this case, the points (b,0) and (0,b) lie below and above the logit line u = 1.5434. This

condition together with condition (7.14) gives the design condition

5152
Bz

design (7.17) with support point (

where G5 = 3y — The candidate D-optimal design which satisfies condition (7.25) is

u—p3

O,O) replaced by (b,0). That is, design
1

(0,0) (0,%=5%)  (5,0) (21, T25)

’ B2
e={ 11 1 b (7.26)
u

1
Bo Bo + Bib U1
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The determinant of the information matrix for 8 = (3o, 81, B2, 312)T evaluated at design (7.26)
is the product of (7.20) and

H_ (u - 50)2(50 + 515 o 50)2€u+/6’o+,81b B 5121)2(“ o 60)2€u+50+,31b
- (1 + ev)2(1 4 ePo+Brb)2 (14 e®)2(1 + efothib)2

(u— fo)e" ,
A en? and the latter is the square root of (7.19). Hence,
eu

the optimal value of w is still the solution for u to the equation (7.21).

which is proportional to D, =

Example 7.2. Consider the two-variable binary logistic model with interaction u = logit(p) =
Bo + frz1 + Baxa + [raxizo on the design space [0,2] x [0, 2] where 3y = —0.5, f1 =1, 3o =2

and (12 = 3. In this example, 35 = Gy — 5162 ~ —1.17, By + 51b = 1.5 and Gy + B2b = 3.5
12
so that condition (7.25) is satisfied. Thus, the expected D-optimal design should be (7.26)

with optimal logits Gy = —0.5 and 3y + 510 = 1.5, and the respective optimal logits u and u,
which maximize (7.19) and (7.20). For §, = —0.5, Table 5.3 gives u = 2.075 as the optimal
value of logit u. Setting Sy = —0.5, f; = 1, B = 2 and S = 3 in D, given by (7.20), and
then solving le =0 for uy gives u; = 2.725 as the optimal value of logit u;. Hence, the

candidate D-optimal design (7.26) is

(0,0) (0,1.287) (2,0) (0.944,0.472)
=3 1 L 1 1 . (7.27)
—05 2075 15 2.725

The support points of design (7.27) are represented by triangles and a diamond in Figure 7.7

(a). The standardized variance function corresponding to design (7.27) is

d(z, £ 08) = ﬁ{nm — 17.0221 + 10.9622 — 26.4425 + 0.8921 25 — 22.252%7,

7.28
+34.6202 — 42.012,22 + 408.56933333} (7:28)

where u = —0.5 4+ 21 + 2z + 32129 and (21, x5) € [0,2] x [0,2]. The function (7.28) plotted
in Figure 7.7 (b) clearly indicates that design (7.27) is D-optimal.

Case when [y + (20 < 1.5434 < By + (1b

This case is similar to the case when fy + 010 < 1.5434 < () + (b (discussed above) except
that now the respective points (0,b) and (b, 0) lie below and above the logit line u = 1.5434.
Thus, the design condition (7.25) becomes

—1.5434 < 53 < By < Po+ [Bb < 1.5434 < By + [ib (729)
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0.0 0.5 1.0 1.5 2.0

(a) X1

Figure 7.7: (a) Support points of design (7.27) and (b) the standardized variance function
d(z, £ B) on the design space [0,2] x [0,2] where 3 = (—0.5,1,2,3)T. The triangles and a
diamond are support points of design (7.27).

where 35 = Bo— % The candidate D-optimal design which satisfies condition (7.29) is design

(7.17) with support point B(0, “gfo) replaced by C(0,b). Furthermore, the construction of the

D-optimal design which satisfies condition (7.29) is as for the case when 3y + 31b < 1.5434 <
Bo + P2b above.

Case when [y + 31b, Bo + (0] < 1.5434

In this case, the points (b, 0) and (0, b) lie on or below the logit line v = 1.5434. This condition
together with condition (7.14) gives the design condition

—1.5434 < 3 < Bo < [Bo + Bib, o + 5ab] < 1.5434. (7.30)

The candidate D-optimal design which satisfies condition (7.30) is design (7.17) with the

respective support points (“glﬂo,O) and (O, “gfo) replaced by (b,0) and (0,b). That is, design

(0,0) (O,b) (b, 0) (ZL’L],ZL’QJ)
£ = : ! 1 1 : (7.31)

4 4 4 4

Bo  Bo+B2b Bo+ Bid Uy

In this case, the determinant of the information matrix for 3 = (8y, 31, B2, B12)* evaluated at
design (7.31) is proportional to (7.20).
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Example 7.3. Consider the two-variable binary logistic model with interaction u = logit(p) =
Bo + f1x1 + Boxs + Frax129 on the design space [0, 2] x [0, 2] where Gy = —1, 8, = 0.9, 2 = 1.2

and 12 = 3. The parameter values in this example satisfy condition (7.30) since
—1.5434 < By = —1.36 < By = —1 < Bo + 1b = 0.8 < By + (20 = 1.4 < 1.5434.

Hence, the candidate D-optimal is (7.31) where the logit u; maximizes (7.20). Setting Gy = —1,

oD, .
fy =0.9, f; =12 and B2 = 3 in (7.20), and then solving 5 L =0 for u; gives u; = 2.151
Uy

so that the candidate D-optimal design is

(0,0) (0,2) (2,0) (0.867,0.650)
&= 411 i i 411 . (7.32)
-1 1.4 0.8 2.251
The support points of design (7.32) are represented by triangles and a diamond in Figure 7.8

(a). The standardized variance function associated with design (7.32) is

2.0

0.5}

0.0

0.0 0.5 1.0 1.5 2.0

(a) X1

Figure 7.8: (a) Support points of design (7.32) and (b) the standardized variance function
d(z, &% B) on the design space [0,2] x [0,2] where 8 = (—1,0.9,1.2,3)T. The triangles and a
diamond are support points of design (7.32).

d(z,c 8) = @{20.34 — 20.34z1 + 9.762% — 20.3475 + 7.2T7125 — 5.66222,

(7.33)
113922 — 5.821,22 + 169.31x$x§}

where u = —1 + 0921 + 1.229 + 32125 and (21, 29) € [0,2] x [0,2]. The graph of function
(7.33) displayed in Figure 7.8 (b) attains the maximum of 4 at the 4 support points of design
(7.32), and hence design (7.32) is D-optimal.
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7.4.3 D-optimal designs on [0,00) x [0,00) or [0,b] x [0,b] when 5§ <
—1.5434

Now, consider the case when 3f < —1.5434. As discussed in Section 4.6.2, with the help
of Figure 4.8 (b), the hyperbolic curves corresponding to this case are in the first and third

quadrants generated by the asymptotes z; = —& and x9 = —5—1. However, in the case of
12 12
synergy on the design space [0,00) X [0,00), only hyperbolic branches in the first quadrant

intersect the design space. Furthermore, as §; < fy, condition 8] < —1.5434 can be split into
two cases: (a) 5 < —1.5434 < fy < 1.5434; and (b) 5§ < By < —1.5434. The construction of

D-optimal designs for these two cases will be discussed separately.

D-optimal designs on [0, 00) % [0,00) or [0,b] x [0,b] when fF < —1.5434 < (3, < 1.5434

Firstly, consider the design pattern of the candidate D-optimal design, on the design space
[0,00) x [0,00) and for the case when f; < —1.5434 < By < 1.5434, displayed in Figure 7.9
(a). Since the design space and the condition —1.5434 < 3, are as in Section 7.4.1, all the
results of Section 7.4.1 apply to this case. Hence, the candidate D-optimal design in this case
is of the form (7.17).

Secondly, consider the design pattern of the candidate D-optimal design, on the design space
[0,06] x [0,b] and for the case when f < —1.5434 < (3, < 1.5434, displayed in Figure 7.9 (a).
The D-optimal designs are constructed on this design space in the same way as discussed in

Section 7.4.2. The following numerical example illustrates the construction of the designs.

Example 7.4. Consider the two-variable binary logistic model with interaction u = logit(p) =
Bo + 121 + Paxa + [raxio on the design space [0,2] x [0,2] where 3y = —1.5, 1 = 3, 3o = 2
and 312 = 4. The parameter values in this example satisfy the condition §j < —1.5434 <
Bo < 1.5434 since 35 = —3 < —1.5434 < By = —1.5 < 1.5434. Hence, a 4-point D-optimal
design with 3, = —1.5 as one of the optimal logits is expected. The other two optimal logits
u and wu; are obtained as follows. Table 5.3 gives u = 1.562 as the optimal value of logit u
if By = —1.5. Setting By = —1.5, f1 = 3, B2 = 2 and By, = 4 in D,, given by (7.20), and

U1

8u1
candidate D-optimal design (7.17) is

then solving = 0 for uy gives u; = 2.272 as the optimal value of logit u;. Hence, the

(0,0) (1.021,0) (0,1.531) (0.437,0.656)
e={ 1 1 ! : . (7.34)
~15  1.562 1.562 2.272

The support points of design (7.34) are represented by triangles and a diamond in Figure 7.10
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F(0,b) G(b,b)

H(p.0)

®)

Figure 7.9: Design patterns of the candidate D-optimal design for the two-variable binary
logistic model with interaction u = logit(p) = By + f1x1 + oy + [raxizy where Gy < 0,
B1 >0, B >0and Bi5 >0, and (a) 55 < —1.5434 < By < 1.5434 and (b) 8 < o < —1.5434.

Circles are support points.

(a). The standardized variance function associated with design (7.34) is

d(z, & 8) = ﬁ{%.& — 52.54x1 + 52.522% — 35.04x9 + 7.4671 29 — 55.392%1,

7.35
193.3522 — 369622122 + 704.7095%:53} (7.35)

where u = —1.5 + 31 + 229 + 42129 and (21, x9) € [0,2] X [0,2]. The graph of function (7.35)
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2.0
1.5p
1.0
L 4
0.5}
0.0 w o
0.0 0.5 1.0 1.5 2.0
<0> X

Figure 7.10: (a) Support points of design (7.34) and (b) the standardized variance function
d(x,£*;3) given in (7.35) on the design space [0,2] x [0,2] and with parameter vector 8 =
(—1.5,3,2)T. The triangles and a diamond are support points of design (7.34).

displayed in Figure 7.10 (b) attains the maximum of 4 at the 4 support points of design (7.34),
and hence the design (7.34) is D-optimal.

D-optimal designs on [0, 00) X [0,00) or [0,b] x [0,b] when 3} < fy < —1.5434

Consider the design pattern of the candidate D-optimal design, on the design space [0, 00) X
[0, 00) and for the case when 5 < By < —1.5434, displayed in Figure 7.9 (b). In this case both
logit lines +u = 1.5434 pass through the design space [0, 00) X [0,00). As in Section 7.4.1, the
support points of the candidate D-optimal design are: the points of intersection A, B, C' and
D of the logit lines of the form +u and the boundary of the design space [0, 00) x [0, 00); and
the respective points of intersection J; and .J; of the ray zy = —1:1;1 and the logit lines u; and
uy where u; < uy (see Figure 7.9 (b)). Thus, the candidate D—?)ptimal design has at most 6
support points. The analytical construction of this design is cumbersome because of the large
number of support points and the fact that the support points are not all equally weighted.
However, the design can be numerically constructed. Under the assumption that the support

points on the same logit line are equally weighted, the candidate D-optimal design on the
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design space [0, 00) X [0, 00) is given by

(%:5070) <07 %;50) (07 Ugfo) (Uglﬂojo) ($1J17x2J1) (I1J27:E2J2)

- B ¥ ¥ % VRS T VR VW
(7.36)
where
_ B + \/,31,32[,31,32+ﬂ12(u1—ﬁ0)}
T = B2 B1B12 (737)
_  _ B + \/[31[32[[31[32+ﬁ12(u1—[30)}
T2 = B2 B2B12
and y
_ B B182[8182+4812(u2—0Fo)]
= P2 + B1B12 (738)
T B + \//31[32[[31[32+[312(u2—[30)]
S P2 B2612 :

Now, consider constructing candidate D-optimal designs on the design space [0, 0] x [0, b] and
for the case when 5 < By < —1.5434. The restriction of the design space to [0,b] x [0, b]
implies that the design of the form (7.36) exists only when the logit line u* = 1.5434 lies
below the vertices (0,b) and (b, 0) of the design space [0, b] x [0, b]. If the logit line u* = 1.5434
lies above at least one of the vertices (0,b) and (b,0), it can be conjectured that a candidate
D-optimal design does not necessarily follow the pattern of design (7.36). The conditions of
existence of possible D-optimal designs on the design space [0,b] x [0, b] are given below, and
selected numerical examples are used to demonstrate that the number of support points range

from 4 to 6, and associated weights are not necessarily equal.

Case when 3y < —1.5434 < 1.5434 < min(fy + (10, Bo + (2b)

In this case, the point (0,0) lies below the logit line v = —1.5434 and the points (0,b) and
(b,0) lie above the logit line u = 1.5434 as indicated in Figure 7.9 (b). This condition together
with condition 35 < By < —1.5434 gives the design condition

ﬁg < 60 < —1.5434 < 1.5434 < min(ﬂg + ﬁlb, ﬁo + ﬁQb) (739)

The candidate D-optimal design which satisfies condition (7.39) is still design (7.36).

Example 7.5. Consider the two-variable binary logistic model with interaction u = logit(p) =
Bo + B1x1 + Paza + Prazi1x2 on the design space [0,2] x [0,2] where Sy = =3, 31 =4, fo =3
and (1, = 5. In this case,

By = —5.4 < By = —3 < —1.5434 < 1.5434 < min(fy + B1b, fo + P2b) = 3. Therefore, condition
(7.39) is satisfied, and the D-optimal design is expected to be of the form (7.36). The design
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was calculated using the Gauss program in Appendix C and the result was the 6-point design

(0.417,0) (1.083,0) (0,0.556) (0,1.444) (0.172,0.229) (0.434,0.579)
=< 00895 02429  0.0894  0.2429 0.0870 0.2483 . (7.40)
~1.333  1.333  —1.333  1.333 —1.431 1.734

Figure 7.11 (a) displays the location of the support points of design (7.40) on the design space
[0,2] x [0,2], and Figure 7.11 (b) displays the graph of the standardized variance function
d(x,&*;3). The graph in Figure 7.11 (b) suggests that design (7.40) is D-optimal.

2
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0 1 2
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Figure 7.11: (a) Support points and (b) the standardized variance function of the D-optimal
design for the two-variable binary logistic model with interaction v = logit(p) = Gy + frz1 +
Boxy + 122179 on the design space [0, 2] x [0,2] and with parameters Gy = —3, f1 =4, fo =3
and 12 = 5. The triangles and diamonds are support points of design (7.40).

Case when Gy < —1.5434 < By + (16 < 1.5434 < By + [2b

In this case, the point (0,0) lies below the logit line u = —1.5434, the respective points (b, 0)
and (0,b) lie below and above the logit line v = 1.5434. This condition together with the
condition fj < By < —1.5434 gives the design condition

,66 < [y < —1.5434 < By + B1b < 1.5434 < By + (ob. (741)

The candidate D-optimal design which satisfies condition (7.41) is design (7.36) with support

point (“EfO,O) replaced by (b,0). In the candidate D-optimal design, the support points

(“_ﬁo , O) and (b, 0) no longer lie on the same logit line. The effect of this is that the weights

B1
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of these points as well as those of the support points (%:’30, O) and (O, 7“/8;/60) may no longer

conjectured to be equal. This is confirmed by the following examples.

Example 7.6. Consider the two-variable binary logistic model with interaction u = logit(p) =
Bo+ G121 + Paa + Br2x122 on the design space [0, 2] x [0, 2] where 5y = —3, ) = 2, f; = 3 and

1» = 5. In this example, 3 = —4.2 < By = —3 < —1.5434 < o+ fib=1 < 1.5434 < fy + Bob = 3
so that condition (7.41) is satisfied. The candidate D-optimal design calculated using the
Gauss program in Appendix C is the 6-point design

(0.810,0) (2,0) (0,0.537) (0,1.463) (0.303,0.205) (0.727,0.485)
£ =14 00050 02491 0.1114  0.2447 0.1420 0.2478 . (7.42)
~1.381 1 —1.390  1.390 —1.469 1.670

Figure 7.12 (a) indicates the location of the support points of design (7.42) on the design space
[0,2] x [0,2], and Figure 7.12 (b) displays the graph of the standardized variance function
d(x,&*; B). The graph in Figure 7.12 (b) suggests that design (7.42) is D-optimal.
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Figure 7.12: (a) Support points and (b) the standardized variance function of the D-optimal
design for the two-variable binary logistic model with interaction u = logit(p) = Gy + frz1 +
foxy + [rax129 on the design space [0,2] x [0,2] and with parameters Gy = =3, /1 =2, fo =3
and 1o = 5. The triangles and diamonds are support points of design (7.42).

In Example 7.6, the pairs of support points which would otherwise lie on the same logit
and hence be equally weighted in the absence of the restriction on the design space, lie on

different logits and are unequally weighted. Depending of the values of the parameter vector
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B = (Bo, b1, B2, 12)T and the design space [0, b] x [0, b], the weights of some support points can
be so small such that the 6-point D-optimal design is practically a less than 6-point D-optimal
design or degenerates to a less than 6-point D-optimal design. Example 7.6 and the following

example illustrates this.

Example 7.7. Consider the two-variable binary logistic model u = logit(p) = Gy + 11 +
Boa + (122129 on the design space [0, 2] x [0, 2] where Gy = =3, 51 = 2, f5 = 3 and 15 = 1.
This example is the same as Example 7.6 except that here ;5 = 1. In this example, condition
(7.41) for expecting a 6-point D-optimal design is also satisfied. However, the candidate
D-optimal design calculated using the Gauss program in Appendix C is the 5-point design

(2,0) (0,0.532) (0,1.468) (0.345,0.245) (1.048,0.698)
£ =123 02494 0.1048  0.2460 0.1509 0.2489 . (7.43)
1 —1.404  1.404 —1.490 1.921

Figure 7.13 (a) indicates the location of the support points of design (7.43) on the design space
[0,2] x [0,2], and Figure 7.13 (b) displays the graph of the standardized variance function
d(z,&*; 3). The graph of Figure 7.13 (b) suggests that design (7.43) is D-optimal.

2

() X1

Figure 7.13: (a) Support points and (b) the standardized variance function of the D-optimal
design for the two-variable binary logistic model with interaction v = logit(p) = Gy + frz1 +
Baza + B122122 on the design space [0,2] x [0,2] where 3y = =3, 51 = 2, f2 = 3 and (15 = 1.
The triangles and diamonds are support points of design (7.43).

In Example 7.7, a 6-point D-optimal design with 2 support points on each of the x-axis,
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To-axis and the ray z, = §I1 was expected. However, the second support point on the -
axis was found to be (0.848,0) with weight 10~ which meant that the 6-point D-optimal was
practically the 5-point design (7.43). It should also be noted that the interior support point

(0.345,0.245) of design (7.43) does not exactly lic on the ray z, = 2z, as expected.

Case when ) < —1.5434 < By + (ab < 1.5434 < By + (b

This case is similar to the case of 3y < —1.5434 < [y + (1b < 1.5434 < [y + (2b (above)
except that in this case the respective points (0, b) and (b,0) lie below and above the logit line
u = 1.5434. Thus, the condition for the candidate 6-point D-optimal design is

By < Bo < —u* < By + fob < u” < S + Sib.
Furthermore, the construction of the D-optimal designs in this case is as for the case of
Bo < —1.5434 < By + 51b < 1.5434 < By + Ba2b
above.

Case when 3y < —1.5434 < [y + (b, Bo + [1b] < 1.5434

In this case, the point (0,0) lies below the logit u = —1.5434, the respective points (b, 0)
and (0,b) lie on or below the logit line u = 1.5434. This condition together with condition
B < Bo < —1.5434 gives the design condition

By < Bo < —1.5434 < [By + B1b, By + [P2b] < 1.5434. (7.44)

The candidate D-optimal design which satisfies condition (7.44) is design (7.36) with respective
support points (%, O) and (O, “E—f“) replaced by (b,0) and (0, b). The effect of this change
is that the pattern of the other support points in design (7.36) may also be modified, and thus
the support points of the resulting candidate D-optimal design may not have equal weights

as in the following example.

Example 7.8. Consider the two-variable binary logistic model v = logit(p) = 5y + f1x1 +
Poy + (122122 on the design space [0,2] x [0,2] where Gy = =3, 51 = 2, f5 = 2 and 15 = 5.
In this case 3 = —3.8 < By = =3 < —1.5434 < By + b = [p + B2b = 1 < 1.5434.
Hence, condition (7.44) is satisfied. Therefore, the vertices (2,0) and (0,2) belong to the
support points of the candidate D-optimal design. The Gauss program in Appendix C gives
the following 6-point design.

(0.770,0) (2,0) (0,0.769) (0,2) (0.273,0.273) (0.647,0.647)
=14 00133 02490 00135 02490  0.2260 0.2492 . (7.45)
~1461 1 —1462 1 ~1.534 1.684
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Figure 7.14 (a) indicates the location of the support points of design (7.43) on the design space
[0,2] x [0,2], and Figure 7.14 (b) displays the graph of the standardized variance function
d(x,&*; 8). The graph of Figure 7.14 (b) suggests that design (7.45) is D-optimal.

2

() X1

Figure 7.14: (a) Support points and (b) the standardized variance function of the D-optimal
design for the two-variable binary logistic model with interaction v = logit(p) = Gy + frz1 +
[ata + Prax1x9 on the design space [0, 2] x [0,2] and with parameters Gy = —3, f1 = 2, fo = 2
and 12 = 5. The triangles and diamonds are support points of design (7.45).

In Example 7.8, note that the coordinates of each interior support point are equal because

B1 = Bo = 2 implies the interior ray is xo = %xl = 2. That the support points (0.770,0) and
(0,0.769), the corresponding logits —1.461 and 1.462, and the corresponding weights 0.0133
and 0.0135 are slightly different can be attributed to accumulated small numerical errors
during the optimization process. Note that derivatives or gradients used during optimization

were calculated numerically by the optimization routines.

The following example conjectures that a 4-point D-optimal design can be obtained when a
6-point D-optimal design is expected as a result of a large difference between the values of the

parameters 3, and Js.

Example 7.9. Consider the two-variable binary logistic model u = logit(p) = Gy + S1x1 +
oy + B122122 on the design space [0,2] x [0,2] and with parameter values G, = —3, §; = 2,
B2 = 1.5 and (12 = 5. This example is the same as Example 7.8 except that here 5, = 1.5. In
this example, condition (7.44) for expecting a 6-point D-optimal design with (0,2) and (2, 0)
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as two of its support points is satisfied. Furthermore, the interior support points are expected
to lie on the ray x5 = 371 which is not the axis of symmetry of the design space [0, 2] x [0, 2]
as was the ray xo = x; in Example 7.8. The D-optimal design in this case was found to be

the 4-point design

(2,0) (0,2) (0.427,0.154) (0.564,0.805)

= 1 1 L L (7.46)
0 1 —1.587 1.604

Figure 7.15 (a) indicates the location of the support points of design (7.46) on the design space
[0,2] x [0,2], and Figure 7.15 (b) displays the graph of the standardized variance function
d(z,&*; 8). The graph of Figure 7.15 (b) suggests that the design (7.46) is D-optimal.

2

() X1

Figure 7.15: (a) Support points of the D-optimal design and (b) the standardized variance
function for the two-variable binary logistic model with interaction u = logit(p) = 6o+ f121 +
(a9 + B122122 on the design space [0, 2] x [0, 2] and with parameters 3y = —3, 31 =2, f2 = 1.5
and (12 = 5. The triangles and diamonds are support points of design (7.43).

In Example 7.9, note that in addition to the reduction of number of support points of the D-
optimal design from 6 to 4, none of the interior support points is located on the ray z, = ga:l.
Hence, it can be conjectured that a complete loss of “balance” was generated by the presence
of the support points (0,2) and (2,0) and the asymmetric ray x5 = 3% with respect to design
space [0,2] x [0, 2].
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7.5. D-optimal designs for antagonism

This section discusses the construction of D-optimal designs for detecting drug interaction

using the two variable binary logistic model with interaction

u = logit(p) = Bo + Bia1 + Bowz + Prowi22 (7.47)

on the design space [0,b] x [0,b] where Gy < 0, 3; > 0, B2 > 0 and 2 < 0. As discussed
in Chapter 2 this case represents antagonism. It was also found that antagonism can also be
observed with the same model when 3y > 0, #; < 0, 85 < 0 and (12 > 0. However, as it was
earlier stated the construction of D-optimal design is to be discussed only for the first case.
The construction of D-optimal designs in the second case will be easily deduced from the first
case. A brief discussion on the construction of D-optimal designs for antagonism using model

(7.47) in the second case will be presented in Section 7.6.

For model u = IOglt(p) = 60 + 611)5‘1 + 621'2 + 612ZB15E2 with 50 < 0, 61 > 0, 62 > 0 and
B2 < 0, +u are hyperbolae whose centre is (—&, — A ) € R?*. The logit value at the centre

B12 B12
512

of the hyperbolae +u is 3y = 5y — . The location of the centre of the hyperbolae +u

12
and the logit value 3} relative to the design space [0,b] x [0, ] determine the patterns of the
candidate D-optimal design. This section is subdivided as follows. Sections 7.5.1 discusses

the construction of D-optimal designs on the design space [0,b] x [0,b] when |35] < 1.5434
/BA
Bz
space [0,b] x [0,b] when §f > 1.5434, and —5—2 > b and —ﬁ > b. Sections 7.5.3 discusses

the construction of D-optimal designs of the case when |50| < 1.5434, and —ﬁ < b and

_ b
P12

|85] < 1.5434, and either

and —£% > b. Section 7.5.2 discusses the construction of D-optimal designs on the design

< b. Section 7.5.4 discusses the construction of D—optlmal designs of the case when

—ﬂ2<band 61>b or —=2 > bh and — 51<b Section 7.5.5

discusses the construction 0? D-optimal de&gns of the caﬂse when G5 > 1.5434 and —g—l <b
and —ﬂ - < b. Section 7.5.6 discusses the construction of D-optimal designs of the case when
By < —1.5434, and —i < b and —ﬁ < b. Section 7.5.7 discusses the construction of D-
optlmal designs of the case when 55 > 1 5434, and either —gz < band — ﬁl > b, or —gz >0
and _B < b. Finally, Section 7.5.8 discusses the construction of D- optlmal designs of the
case when [; < —1.5434, and either —52 < b and —ﬂﬂl > b, or —ﬂ’gz > b and — 51 <b.
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7.5.1 D-optimal designs when |3}| < 1.5434, and —% > b and —% > b

Consider model (7.47) on the design space [0,b] x [0,b] where 3y < 0, 51 > 0, f > 0 and
Bia < 0, and where —1.5434 < ¢ = B, — 282 < 1.5434, P b and =2 5 For

frz P12 P2
this model, Figure 7.16 (a) indicates that the centre (_/g_ﬁ)’ —%) of the hyperbolae +u is
outside the design space [0, b] x [0, b] and that the branches of hyperbolae £u are in 4 different
B2

quadrants generated by the asymptotes z; = an Ty = —%. The support points of the

Bz
candidate D-optimal design for this case are points A, B, G and J marked by circles in Figure

7.16 (a).

The relationship between the support points (x,z3) in Figure 7.16 and the support points
(y1,y2) in Figure 7.4 is given by

(1, 22) = (—y2 + b, —y1 + ). (7.48)

This transformation is the composition of the translation from point (0,0) to point (b,b)
followed by the reflection with respect to the line passing through point G' and perpendicular
to line GI. By inspection of Figure 7.16 (a), it is clear that each curve u in Figure 7.16 (a)
is the image of curve u = —u in Figure 7.4 by the transformation (7.48). The relationship
between the parameter vector B’ = (8}, 3,, 35, 35)T of the model in terms of (yi, 1) and
parameter vector 3 = (B, 81, B2, B12)T of the model in terms of (z1,x5) is derived from the

transformation (7.48) as follows.

Bo + Byt + By + Blayiye = U = —u
= —fo — B1z1 — Pam2 — P1271%2
=00 — Bi(—y2 +b) — Ba(—y1 +b) — Bra(—y2 + b)(—y1 +b)
= —Bo — Bib — B2b — Br2b® + (B2 + Br2b)y1 + (B1 + Br2b)yz — Bray1ye

and, hence
By, = —Bo—Bib— [ab— Piob? Bo = —By—Bib— By — Biab°
B = B+ b ) B = BB (7.49)
By, = B+ Buab Po = Pr+Prab
Bl, = —Pu B2 = —P

!

Then, using the transformations (7.48) and (7.49), the ray y, = 6—}y1 in the (y1,y2) space is
2
transformed to the ray

_ B + 51be (B2 — B1)b
B + Bi2b ! B2 + Bi2b
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X2

B

—u—pB, = Bb b
Bi+Bub

|

E(0,0) }
H(bn)\ \u |

|

—u

-y Bib
® B[ 5+ B ‘b]

Figure 7.16: Design patterns for the candidate D-optimal design for the two-variable logistic
model with interaction u = logit(p) = B+ 5121+ G222+ Fr22122 on the design space [0, b] x [0, b]
with By < 0, B1 > 0, B2 > 0, B2 < 0, —% > b and —% > b where (a) |55] < 1.5434 and (b)

B > 1.5434. Circles are support points.

in the (x,2z5)-space. In summary, the candidate D-optimal design with the design pattern
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displayed in Figure 7.16 (a) is

(1, 22) (0,0) (%75) (b; %) (21, @21)
U Bo —u —u Uy

and its support points are related to those of design (7.17) by the transformations (7.48)
and (7.49). The following numerical example demonstrates the application of transformations
(7.48) and (7.49) to deriving design (7.51) from design (7.17).

Example 7.10. Consider the two-variable binary logistic model u = logit(p) = By + frz1 +
Baza + Prax129 on the design space [0, 2] x [0, 2] with parameter values §, = —18.5, §; = 7.5,
fo = 8 and (13 = —3. Transforming theses parameter values using the transformation (7.49)
gives ) = —0.5, 8] = 2, #, = 1.5 and (], = 3 which are the values of the parameters of the
model in Example 7.1. Hence, it can be conjectured that the D-optimal design for the model
in this example can be derived from the D-optimal design (7.22) in Example 7.1 using the
transformation (7.48) with b = 2 to obtain

(2,2) (0.284,2) (2,0.713) (1.279,1.459)
&= 1 1 1 1
7 4 4 4

0.5 —2.075 —2.075 —2.832

Note that with the parameters of this example ray (7.50) is x5 = 0.7521 + 0.5, and clearly the
interior support point (1.279,1.459) belongs to this ray.

7.5.2 D-optimal designs when §; > 1.5434, and —4* > b and —4- > b

Consider the design pattern displayed in Figure 7.16 (b) where the support points of the candi-
date D-optimal design are marked by circles. The candidate D-optimal design £ corresponding

to the design displayed in Figure 7.16 (b) is

—u—fo—Bab —u—Lfo—fab —Bo—pB1b —Bo—p1b
(b’ 7315%12%) ( %1-5%12% ’b> (uﬁﬁoﬁmﬂbl ’b) (b’ uﬁfl?@fll)) (@15, 220) (210, %27,)

=1y y y e
—u —Uu U u U1 U2
(7.52)

where )\4: 1—)\1—)\2—)\3.

Clearly, the design pattern in Figure 7.16 (b) is the reflection of the design pattern in Figure
7.9 (b) with respect to line F'H. Hence, the support points (21, z5) in Figure 7.16 (b) can be
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derived from the support points (yi,y2) in Figure 7.9 (b) using the relationship
(Il, .1?2) = (—y1 + b, —Y2 + b) (753)

In addition, logit line u in the design of Figure 7.16 (b) corresponds to a logit line u = —u in
the design of Figure 7.9 (b). That is, the candidate D-optimal design with the design pattern
in Figure 7.16 (b) can be derived from the design (7.36) using (7.53). As in Section 7.5.1,
the relationship between the parameter vectors 8" = (3}, 81, 35, 3»)" in the design displayed
in Figure 7.9 (b) and 8 = (8o, 51, B2, B12)T in the design displayed in Figure 7.16 (b) can be

calculated as follows.

Bo + Biyr + Bayz + Biayrye = U = —u
= —fo — B1z1 — Pam2 — P1271%2
=00 — B1(—y1 +b) — Ba(—y2 + b) — Bra(—y1 + b)(—y2 + b)
= —Bo — Pib — B2b — Br2b® + (B1 + Br2b)yr + (B2 + B12b)y2 — Bray1ye

so that
By = —Po—Bib— fab— Prab? fo = —By—Bib— phb — Biob?
By = B+ Pib PN B = B+ Ppbd (7.54)
B, = B+ PBisb Bo = By+Piab
B, = P Pz = —bi

Furthermore, the equation of the ray passing through points G and I in Figure 7.16 (b) is
given by (7.50).

Example 7.11. Consider the two-variable binary logistic model u = logit(p) = By + f1z1 +
Baxg + Pr2x122 on the design space [0, 2] x [0, 2] and with parameter values Gy = —31, 3; = 14,
B = 13 and (15 = —5. Transforming these parameter values using the transformation (7.54)
gives ) = —3, | =4, B, = 3 and (3], = 5 which are the values of the parameters of the model
in Example 7.5. Hence, the D-optimal design for the model in this example can be derived
from the D-optimal design (7.40) in Example 7.5 using the transformation (7.53) with b = 2
to obtain the 6-point D-optimal design

(1.583,2) (0.917,2) (2,1.444) (2,0.556) (1.828,1.771) (1.566,1.421)
&=< 00895 02429  0.0895  0.2429 0.0870 0.2482
1.333  —1.333 1333  —1.333 1.431 —1.734

4
For the parameter values of this example, ray (7.50) is xo = %13
interior support points (1.566,1.421) and (1.828,1.771) of the above design belong to this ray.

and clearly the two
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7.5.3 D-optimal designs when |3}| < 1.5434, and —% < band —% <b

In Section 7.5.1, Figure 7.16 (a) was used to show that if |3} < 1.5434 then the branches
of the hyperbolae +u = (g + B1x1 + Boxs + [Biox1x9 are sgread in the 4 quadrants generated

by the asymptotes 1 = ~22 and Ty = ~ 2 o< -2 <pand 0< —2L < b, then the
12 12 12 12
centre of the hyperbolae t+u is inside the design space [0, b] x [0, b]. Consequently, the branches

of the hyperbolae +u may intersect the boundaries of the design space at between 4 and 8
points. Thus, the number of support points of the candidate D-optimal design is expected to
vary from 4 to 8. In this section, a candidate D-optimal design with a simple 8-point design
pattern is used to demonstrate the analytical construction of the D-optimal designs in this
case. Then, the existence conditions for more complicated design patterns are derived, and
numerical examples are used to illustrate the construction of the corresponding D-optimal

designs.

4 and 8 point D-optimal designs with a simple design patterns

Consider the design pattern displayed in Figure 7.17 where the design points are represented
by circles. The conditions for the 8-point design pattern in the figure are that 0 < u < —/,

b b
B35 = Bo — 818 — (), and that the centre of the hyperbolae u is (5, 5) which is also the

B2
centre of the design space [0,b] x [0,b]. These conditions imply that 8, = (3 = —% and

bro = 4% with Gy < 0. Note that if 0 < u < —fy and the centre of the hyperbolae +u is
g, g), then the 8-point design pattern becomes a 4-point design with support points (0, 0),

(0,b), (b,0) and (b,b).

Next, consider the construction of the candidate 8-point D-optimal design, &g, with the 8-point

design pattern discussed above. The support points of the design are equidistant from the

common centres of both hyperbolae +u and the design space [0, 0] x [0, b]. Hence, the support

points of the candidate 8-point D-optimal design &g can be assumed to be equally weighted.
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A

ﬁo”

D(b(uz‘;oﬁu)’ \/ 25,

b
(b(ﬂ )j J F(b,b(’inTiu)J
clo. 2‘13 ;“
> S
b
2

R X(m-wo ,, .

oMl b

Figure 7.17: Support points of an 8-point D-optimal design for the two variable binary logistic
model u = By + f1x1 + B2xs + Biax122 on the design space [0,0] x [0,b] with 6 = 8 = Qﬁo
Pz = 41%7 and fy < 0. Circles symbolize support points.

The design matrix associated with the equally weighted 8-point D-optimal design &g is

(Bo+u)b
1 —%ﬁo ; 0 , 0
—+u
1 0 —(ﬂ%ﬂo ; 0
—U
1 0 %ﬂo 0 |
1 (ﬁogu)b b (ﬁozu)bz
_ 2 2
X = 1 (ﬂo—(;)b b (50—8)”2 ’ (7'55)
PO b (Geon?
—u —u
1 b %ﬂo 02[30 _
1 b (Bo+u)b  (Botu)b?
T 200 280
0—u
B 1 2030 0 0 i
u
where 0 < u < —f, and the matrix of model weights is W = gﬁ[&; where Iy is
eu

the 8 x 8 identity matrix. Hence, the information matrix for the vector of parameters 3 =
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(Bo, B1, B2, Br2)T is given by

[ 1 b b b?
2 2 1
o b bA(383+u?) b2 b3(382+u?)
2 832 4 16432
M(&:8) = XTWX = T | W g e (7.56)
(1+e) 2 T 832 1662
v B3G5 +u?)  bP(365+u?) BB +u?)
| 4 1632 1632 832 ]
and its determinant is
b8u2e4u(u2 +5§)2
D1 —
102458 (1 + ev)8
which is proportional to
2 4u(, 2 212
p= e+ 5 (7.57)
(1+e)8
The derivative of In D, in (7.57), with respect to u is
dinD 2 4u 8e 2[03(1 + e" + 2u — 2ue®) + u?(3 + 3e* + 2u — 2ue)]
=2 144 s — = >
du u u?+ 65 1+ev uw(u? + G5)(1 + ev)
(7.58)
and the second derivative of In D is
d*InD  —2(3% + 3u* 8e"
nD 2 +3uw) 8t (7.59)

du? u?(u? + 33)? (14 ev)?

This means that equation = 0 has a unique solution, u*, for v which depends on [y,
and that D takes on its maximum at this unique solution for u. Note that solving for w in

equation (7.58) is equivalent to solving for u in equation
B(1+e" + 2u — 2ue) + u*(3 + 3e* + 2u — 2ue®) = 0. (7.60)

Furthermore, recall that the candidate 8-point D-optimal design discussed above becomes the
4-point D-optimal design if —3; > u > 0. This means that the branches of the hyperbolae
+u pass on or beyond the vertices of the design space [0,b] x [0,b]. Thus, in the case of a
4-point design the optimal logit v > 0 is u = — . The largest optimal value of u in the case
of a candidate 4-point D-optimal design with support points (0,0), (0,b), (b,0) and (b,b) is
obtained by setting u = — [ in equation (7.60) and then numerically solving the equation for
u to obtain u = 1.5434 as the unique solution. It follows that the candidate 8-point D-optimal
design is possible if —oco < 3y < —1.5434, and that the candidate 4-point D-optimal design is
possible if —1.5434 < 3, < 0. Dividing the two sides of equation (7.60) by (2, then setting
Bo equal to a very large number, in absolute value, in equation (7.60) and then numerically
solving the equation for u, gives u = 1.04363. Table 7.1 provides the values of optimal u = u*
for selected values of By when Gy < —1.5434. The results in Table 7.1 suggests that as

202



Chapter 7 — D-optimal Designs for the Two-Variable Binary Logistic Model
with Interaction

Table 7.1: Relationship between (§; and D-optimal values of u for the two-variable binary

logistic model with interaction when (G, < —1.5434.

Bo u* Bo u* Bo u* Bo u*
-1000 | 1.0436 -7.5 | 1.0659 -5 1.0947 -3 1.19146
-500 | 1.0436 -7 1.0693 || -4.75 | 1.1004 -2.75 1.2208

-50 1.0441 -6.5 | 1.0735 -4.5 | 1.1071 -2.5 1.25921

-10 1.0561 -6 1.0788 || -4.25 | 1.1151 -2.25 1.3098
-9.5 | 1.0575 -5.5 | 1.0856 -4 1.1247 -2 1.37630

-9 1.0591 || -5.75 | 1.0820 || -3.75 | 1.1364 -1.75 1.4610
-8.5 | 1.0609 -5.5 | 1.0856 -3.5 | 1.1507 -1.6 1.51992

-8 1.0632 || -5.25 | 1.0898 || -3.25 | 1.1687 || -1.5434 | 1.5434

increases from —oo to —1.5434, the optimal of u increase from 1.04363 to 1.5434. Hence, it can
be conjectured that for the candidate 8-point D-optimal design discussed above, the optimal
value of u is such that 1.04363 < u < 1.5434. What remains to be proved is the D-optimality
of the designs. The following theorem provides the proofs.

Theorem 7.1. Consider the two-variable binary logistic model with interaction u = logit(p) =
Bo + 121 + Poa + Prawi o on the design space [0, b] x [0,b] where 5y < 0, 81 > 0, f> < 0 and

B2 < 0. Suppose that the 35 = [y — % = 0 and that the centre of the hyperbolae +u is

b b
(5, 5), or, equivalently that 8 = f, = —2% and B, = %2 with §; < 0. Then the following
hold.

1. If By < —1.5434, then the D-optimal design, &, for the model is an equally weighted 8-

: : : : (Botu*)b (Botu*)b (Bo—u*)b (Botu*)b
point design with support pomts( 550 ,0),(0, 550 ),(O, 550 ),( 5% ,b),

(%, b)7 (b, %), (b, %) and (%, 0) where u* is the solution for u

to the equation

B2(1 4 e* + 2u — 2ue”) + u*(3 + 3e* + 2u — 2ue") = 0.
0

2. If —1.5434 < By < 0, then the D-optimal design for the model is the equally weighed

203



Chapter 7 — D-optimal Designs for the Two-Variable Binary Logistic Model
with Interaction

4-point design

(II; I2) (0/ 0) (07 b) (b7 b) (b7 0)
G=y 2 =9 i i i i
u Bo —Bo Bo —Bo

Proof

1. Let M(x;B3) and M(&; B) be the respective information matrices for 8 = (8, 81, B2, B12)"
evaluated at a single point & = (z1,22)T € [0,b] x [0,b] and at design &;. It has to be shown
that the standardized variance function d(z, £*; 8) = tr[M (x; B) M (£, B)] < 4 with equality
holding at the support points of &;.

Let u be the logit at point (z1,x2) € [0,b] x [0,b]. Then, the conditions 1 = 5 = —@ and
Bi2 = % imply that u = logit(p) = Bo+ S121+ Bom2+ Brav129 = fo— %iﬁ - %3524‘4%151372 €
[B0, — o). Using the simpler of the expression of u above, the standardized variance function

d(x,&5; B) can be written as

et U (1 4 ev")? {b4u*2(3u2 +u*?) + b4ﬁg(u2 + 3u*?) — 3283u*?x122(21 — b) (22 — b)}

d(z,&3;8) = P+ o2 (1 D)
(7.61)
B eu—u*(l 4 eu*)? [u*2(3u2 +u*2) +,83(U2 + 3u*2)]
<g(u) = w2 (ur2 + 5(2))(1 + ev)2 : (7.62)

The inequality (7.62) follows from the fact that xyzo(x; — b)(x2 — b) > 0 on [0,b] x [0, b].
Clearly, at the support points of &, d(x, &5; B) = g(u*) = 4 as required at the support points
of a D-optimal design. It remains to be shown that g(u) < 4 for all u € [y, — /] where
fo < —1.5434. The function g(u) is even on [y, —f)] since g(—u) = g(u). Hence, consider
showing that g(u) < 4 for all u € [0, —/f] since it will then follow that g(u) < 4 for all
u € (B, 0].

_dglu) _ e (14 e Ph(w)

= h
du w2 (u*? + G2)(1 + ev)3 where

The derivative of g(u) with respect to u is ¢'(u)

h(u) = B3 (2u+ 2ue” + u? — u?e™ + 3u*? — 3u*?e™) + u*?(6u + 6ue” + 3u® — 3u?e” +u*? — u*?e").

(7.63)
Thus, the solutions for u to the equation ¢'(u) = 0 are the same as the solutions for u to the
equation h(u) = 0. Now, h(0) = 0 and

R(u*) = 2u*[B2(1 + e* + 2u* — 2u*e™ ) + u™(3 4 3e* + 2u* — 2u*e” )] =0

since u* is solution for u to the equation (7.60). This means that u = 0 and u = u* are at least

two stationary points of g(u). However, u = 0 corresponds to a minimum for the following
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reasons. The second derivative of g(u) evaluated at v = 0 is

o e (L e P (12— w?) 4 G~ 3u)] | e (L e V()
7= 8 (5 + ) G A

fu*) = u?(12 — u*?) + 32 (4 — 3u™?) (7.65)

has the same sign as ¢”(0). The fact that u* is solution for u to the equation (7.60) implies

that . .
g = u*?(2ute" — 3 — 2u* — 3e"")
O 14 2ur e — 2urer

and hence f(u*) can be written as

o Aut (= 20t 4+ 4)e — (w4 20t +4)] fi(u?)
fu®) = @ — Dev — @u £ 1) =) 0 (7.66)

where f(u*) = (u*? —2u*+4)e*" — (u*?+2u*+4) > 0 and fo(u*) = (2u*—1)e* —(2u*+1) > 0.
The functions f;(u*) and fo(u*) are positive on [1.04363,1.5434) for the following reasons:
(1) The fact that u* satisfies B2(1 + 2u* + ¥ — 2u*e®’) + u*%(3 + 3e* + 2u* — 2u*e’ ) = 0
2u*?(e" + 1)
——5— > 0.

u? + 3§
(2) The derivative of f,(u*) with respect to u* is f|(u*) = 2(e* — 1) + u*(u*e* —2) > 0

for all u* € [1.04363,1.5434], i.e. fi(u*) is strictly increasing on [1.04363,1.5434) and hence
its smallest value is f;(1.04363) = 1.348 > 0. Thus, the inequality (7.66) holds true which

implies that ¢”(0) > 0, and hence u = 0 corresponds to a minimum of g(u). It remains to be

implies that fy(u*) = (2u* — 1)e* — (2u* +1) =

shown that u = u* is the only stationary point at which g(u) takes on its maximum value on
[0, —B3]. This is equivalent to showing that h(u) = 0 given by (7.63) posses roots 0 and u*

only on [0, — ] or has only one stationary point on [0, —3].

The continuity of h(u) and the fact that h(0) = h(u*) = 0 imply that h(u) has at least one
stationary point on [0,u*]. Consider the behavior of h(u) on [0,00]. The first derivative of

h(u) with respect to w is
h'(u) = s1(u) — s2(u) (7.67)

where s1(u) = 2(1 +u) (52 + 3u*?) is the equation of a straight line with intercept 2(33 + 3u*?)
and slope 2(43 + 3u*?); and so(u) = (u* + 3uu*® + 352u™? + Fiu® — 203 — 6u™?)e is a
strictly convex function on [0, 00) since the second derivative of so(u) with respect to u is
shy(u) = [u*?*(12u + 3u? + u*?) + G5 (du + u? 4+ 3u*?)]e* > 0. At u =0, K (0) = 51(0) — s9(0) =
B2(4 — 3u*?) + u?(12 — u*?) = f(u*) given by (7.66) which was shown to be positive on
(1.04363, 1.5434). This means that u = 0 is not a stationary point of h(u), and s;(u) > so(u)
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at u=0. At u = u*,
W(u*) = s1(u) — so(u*) = 2 [B(1+u + e —2u™e" ) +u*(3+ 3e" + 3u* — 2u*?e"’)] <0

for the following reasons. The fact that u* is the solution for u to the equation (7.60) implies
that
Bl 4+u*+e") +u?(3+3e") = —B2u? + 262u e — 2u™ + 2u™e” .

Hence,

B (u*) = s1(u*) — s2(u*) =2 [ﬁg(l +u* +e) +u?(3+3e) — 262u e + 3utd — 2u*4e“*}
=2 [— 202 Qﬁgu*e“* —2u*3 4 2y — 2ﬁgu*26“* + 3u* — 2u*4e“*]

=2 [2(1 — u*)u*(ﬂg + u*2)e“* + u*(u’k2 — ,33)] <0

because u* > 1.04363 > 1 and u*? < (2. This means that u = u* is not a stationary point of
h(u), and s;(u) < so(u) at u = u*. The facts that s;(u) is a straight line with s1(0) > s2(0),
s9(u) is convex on [0,00) and sy(u*) > si(u*) imply that curves si(u) and so(u) intersect
only once on [0,00] and the point of intersection, which is clearly a maximum, is on [0, u*].
Hence, A'(u) = 0 has a unique solution for u on [0, 00) which implies that h(u) has a unique

stationary point on [0, 00).

In conclusion, ¢'(u) = 0 has the unique solution u = u* on [0,00) which implies that on
[0, =], g(u) attains a global maximum of 4 at © = u* as was to be proved. The symmetry of
g(u) about w = 0 implies that [3y, 0], g(u) attains a global maximum of 4 at u* = —u* which

completes the proof.

2. The proof for D-optimality of the candidate 4-point D-optimal design &; given in Theorem
7.1 is deduced from the D-optimality of the 8-point design & as follows. Setting ux = [
implies that 8-point D-optimal design & degenerates to the 4-point design ;. Thus, design &}
is the same as design £§ when pairs of support points on the same hyperbolic branch are taken
at each of the 4 vertices of the design space [0, b] x [0,b]. The fact that the 8-point design &
has been shown to be D-optimal implies that the 4-point design £ is also D-optimal. W

Remark

Consider Figure 7.17. Let élil) be the equally weighted 4-point design with support points
A, C, E and G, and let 51(12) be the equally weighted 4-point design with support points B,
D, Fand H. If By < —1.5434, p; = B = —22 and B, = 22, then the equally weighted
8-point D-optimal design with support points A , B, C, D, E, F, G, H is &g = % (&El) + 6&2)).
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Furthermore, the designs @El), @(f) and &g are equally efficient as shown below. The respective

design matrices associated with designs @El) and @(‘2) are

(Botu)b
1 %BO (8 ’ )b "
1 0 0—U 0
(1) _ o
X4 - 1 (Bo—u)b ZO (Bo—u)b? (7.68)
2060 200 _
1 b (Botu)b  (Bo+u)b?
2ﬂ0 Qﬂo
and ( |
Bo+u)b
1 0 %,30 0
@) 1 Botwb b (Bo+u)b?
0= s wewe | (7.69)
(Bo—u)b 260 250
1 ;,30 0 0
1 U
where 0 < u < —f, and for both designs the matrix of model weights is W = _6—14
4 (14 ev)?
eu

where I, is a 4x 4 identity matrix. The respective information matrices for 8 = (3, 51, B2, B12)"
evaluated at designs fil) and ff) are M(fil); (3) and M(ff); () given by

1 b b B
2 2 4
u b B2(3A5+u?) b2 B> (385 +u?)
W), gy _ 2.3y __ ¢ 2 863 4 1643
M(£4 ’ﬂ) - M(£4 7/3) - —u2 b sz b3(3,38+u2) b3(3ﬁgiu2) . (770)
(]. +e ) 5 T Sﬁg 1658
b B(3E4u2)  B(3EIru?)  bY(G2+u?)
[ 4 1663 1663 803

Clearly, the information matrix (7.70) is equal to the information matrix (7.56). Therefore
ME:B)| = M E:B)| = M (Es; B))
which implies that designs fil), 5&2) and & are equally efficient.

Regression approximation of the 8-point D-optimal design

Table 7.1 displays numerical solutions for u to the equation (7.60) for various values of f; <
—1.5434. The data in Table 7.1 were used to determine a regression equation that can be used
to determine optimal value, u*, of u from a given ;. For example, for —5 < §y < —1.5434,

the equation was found to be
u™ =1 =1.0835+ 2.1598 exp( /o) (7.71)

with R? = 0.999. Figure 7.18 also indicates that equation (7.71) fits the data in Table 7.1
reasonably well. The following examples demonstrate numerically the application of equation

(7.71) as well as verify Theorem 7.1.
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1.6 T T T T T T

1.2} ]

1.0

-45 —-40 -35 -30 -25 -2.0 -=1.5

Bo

Figure 7.18: Scatter plot of the values of u for given values of 3 for the two-variable binary
logistic model with interaction with u = logit(p) = By + f121 + B2x2 + Fr2x129 on the design
space [0,b] x [0,b] and with parameter values ) = [, = —%, Lo = % and =5 < G <
—1.5434: The “O” represent the observed values of u, and the “+” represent the fitted values

of u.

Example 7.12. Consider constructing the D-optimal design for parameters of model u =
logit(p) = Bo + fi1x1 + Paxe + Praxixe on the design space [0, 2] x [0,2] and with parameters
Bo = =3, B1 =3, B = 3 and (12 = —3. The hyperbola u is centred at (1,1) which is also
the centre of the design space [0,2] x [0,2]. Since, 55 = 0, /1 = [ = —%7 B2 = 4520 and
By < —1.5434, it follows from Theorem 7.1 that an equally weighted 8-point D-optimal design
is expected. For 3y, = —3, Table 7.1 indicates that the optimal logit value is u* = 1.1915.

Therefore the candidate 8-point D-optimal design in this example is

(0.60,0) (1.40,0) (0,0.60) (0,0.1.40) (0.60,2) (1.40,2) (2,0.60) (2,1.40)
& = 1 1 1 1 1 1 1
8 8

—1.191 1.191 —1.191 1.191 1.191 —-1.191 1.191 —1.191

0| —

8 8 8 8 8

(7.72)
The 8 support points of design (7.72) are represented by triangles in Figure 7.19 (a). The
graph of the standardized variance function d(x,£*; 3) associated with design (7.72) is dis-
played in Figure 7.19 (b). The figure indicates that d(x, £*;3) < 4 with equality holding at
the 8 support points of design (7.72) which suggests that the design (7.72) is D-optimal.
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2.0 v v
1.5}
4 4
N1.0
0.5—} ‘
N
=
0.0 LA A <
0.0 0.5 1.0 1.5 2.0 47 A
=
<0> X4 <b> ()

Figure 7.19: (a) Support points and (b) the standardized variance function of the D-optimal
design for the two-variable binary logistic model with interaction u = logit(p) = 5o + fr21 +
Boxg + [rax1zo on the design space [0,2] x [0,2] and with parameter values Gy = B2 = —3,
f1 = B2 = 3. The triangles are support points of design (7.72).

Now, for f, = —3, equation (7.71) gives u** = u = 1.1910 which is almost equal to the
optimal value v* = 1.1915 given in Table 7.1. The approximate value v** = 1.1910 leads to
an 8-point design, &g, with the same values of support points and weights as the D-optimal
design (7.72), and hence the efficiency of design & relative to the D-optimal design &5 is
it (IM(Ss;BH)‘l‘ .
| M (& B)]

Example 7.13. Consider constructing the D-optimal design for parameters of model u =
logit(p) = fo + fi1x1 + [axe + frax122 on the design space [0, 2] x [0,2] and with parameters
Bo=—14, 6y =14, 5 = 1.4 and 15 = —1.4. The parameter values and design space in this
example are such that g, = 3, = —%7 Bi2 = 4% with b = 2 and —1.5434 < 3y = —1.4 < 0.
Thus, it is expected that the D-optimal design for the model in this example is an equally
weighted 4-point design with support points at the vertices of the design space [0, 2] x [0, 2].
Therefore, the optimal logits are u = —f3y = 1.4 and —u = 3y = —1.4. Thus, the candidate

4-point D-optimal design is the 22 factorial design
(0,0) (2,0) (0,2) (2,2)
L A T T (1.73)
-14 14 14 -14
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The support points of the design (7.73) are represented by symbols in Figure 7.20 (a). The
standardized variance function of design (7.73) is given by Figure 7.20 (b). The figure indicates
that design (7.73) is D-optimal.

20y : : : -
1.5
N1.0
0.5}
0.0M ‘ ‘ ‘ 4
0.0 0.5 1.0 1.5 2.0

<Q> X4

Figure 7.20: (a) Support points and (b) the standardized variance function of the D-optimal
design for the two-variable binary logistic model with interaction v = logit(p) = Gy + frz1 +
Boxg + [rax12o on the design space [0,2] x [0,2] and with parameters fy = 12 = —1.4 and
By = B2 = 1.4. The symbols are support points of design (7.73).

General design patterns

The 4-point and the 8-point D-optimal designs discussed above have simple design patterns as

well as equally weighted support points because of the assumption that 55 = Gy — % = 0and

B12
hyperbolae +u where u = Gy + S121 + B2 + S1ax122. Without this assumption, the structure

b b
the centre <§, 5) of the design space [0, b] x [0, b] coincides with the centre (— 22, —%) of the

of the candidate D-optimal design can be complicated, and hence the analytical constructions
of the designs is very difficult. However, even without the assumption, certain design patterns
and structures of the candidate D-optimal designs can still be derived under certain symmetry
conditions. This section discusses the construction of the D-optimal designs with such design
patterns and structures of the candidate D-optimal designs. The construction of the D-optimal

designs is done numerically due to the high complexity of analytically constructing the designs.
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The design patterns and structures of the candidate D-optimal designs in this section are
discussed with reference to Figure 7.21.
u=py+Bx +pbrx, + f,xx,

A
—u=py+px, + B,x, + B,xx,

—u :,Bo +ﬁ1x1 +,32x2 +ﬁ12x1x2 u zﬁo +ﬂ1x1 +ﬂ2x2 +,512x]x2

Figure 7.21: General design patterns for an 8-point D-optimal design for the two-variable
binary logistic model u = By + B1x1 + Boxe + Bi2x122 on the design space [0, b] x [0, b] where
fo <0, 3 >0, 52 >0, 1o <0and |55 = o — g—;ﬂlﬂ < u* = 1.5434. The candidate support

points are represented by circles.

The following is a brief description of Figure 7.21. The point W;(%,2) is the centre of the

design space [0,b] x [0,b] while the point Wg(—%,—%) is the centre of the hyperbolae
+u = [+ G121 + Boxo+ Biax122. The lines I.J and M N are the asymptotes of the hyperbolae
+u, and the lines OT and RS are the diagonals of the design space [0, b] x [0, b] with respective
equations xo — x; = 0 and 21 + x5 = b. The median lines of the design space [0, ] x [0, ] are
the lines KL and M N with the respective equations x5 = g and r; = 3" The support points

of a candidate 8-point D-optimal design are A, B, C, D, E, F', G and H.
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Symmetry conditions and their implications

Consider the 8-point design with support points A, B, C, D, E, F, G and H displayed in
Figure 7.21.

Symmetry of the hyperbolae +u about OT and RS

Symmetry about OT implies that OT passes through point W5, or equivalently, that 5, = (5.
In this case, the following pairs of points are expected to have equal weights: {A, B}, {C, H},
{D,G}, and {E, F'}.

Symmetry about RS implies that RS passes through point W, or equivalently, that 3, +
B2 + bB12 = 0. In this case, the following pairs of points are expected to have equal weights:
{A, F}, {B,E}, {C,D}, and {H,G}.

Symmetry of the hyperbolae +u about KL and P(Q)

Symmetry about KL implies that KL passes through point W5 and C' and B are at the same
distance from KL, or equivalently, that 25y + b3 = 0 and 23, + $12b = 0. In this case, the
following points are expected to have equal weights: {A, D}, {B,C}, {E, H}, and {F,G}.

Symmetry about P(Q implies that PQ passes through point W, and A and H are at the same
distance from P(Q), or equivalently, that 20, + b3; = 0 and 206, + (120 = 0. In this case, the
following points are expected to have equal weights: {A, H}, {B,G}, {C, F'}, and {D, E}.

Symmetry of the hyperbolae +u about the point W)

Symmetry about W; = W, implies that the two lines M N and I.J pass through the centre
of the design space [0,b] x [0, 5], or equivalently that 3; = 5, and 1 + 3 + b2 = 0. That
is 1 = (o and 28, + b2 = 0. In this case, the following points are expected to have equal
weights: {A, E}, {B, E}, {C,G}, and {D, H}.

Symmetry of the hyperbolae +u about the point Wi, and about KL and PQ

In case, the following conditions are satisfied: 20,4063, = 0, 28y + b8 = 0 and 26, + b2 = 0,
or equivalently, 81 = ([, = —% and (19 = % which is the case of the equally weighted

8-point design discussed above.

The implications of the above symmetry conditions on the weights of the support points of
the candidate 8-point D-optimal design with the design pattern displayed in Figure 7.21 were
derived assuming that the 8 support points are the expected ones. However, depending on

the values of the model parameters and the design space, the number of support points of
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the candidate D-optimal design may not necessarily be equal to 8. For example, in Theorem
7.1, an 8-point D-optimal design exists if Gy < —1.5434 and the design becomes a 4-point
D-optimal design if —1.5434 < §y < 0. In general, the four hyperbolic branches of +u may
not be equidistant from the vertices of the design space [0, b] x [0, b] which results in a 4-point
or an 8-point design. Thus, in theory the number of support points of a candidate D-optimal
design may vary from 4 to 8 depending of the values of the model parameters and the design
space [0, b] x [0, b].

D-optimal design patterns on [0,5] x [0,b] when |5}| < 1.5434

Consider Figure 7.21. The condition that the curves of the hyperbolae +u = Gy + B1z1 +

Boxo + PBrax1wo be spread in the four quadrants generated by the asymptotes x; = —% and
Ty = —% was found to be || < 1.5434. Clearly, the hyperbolic curves of +u will be within
the design space [0,b] x [0, 5] when the following conditions are satisfied:
o< Wb B vl _,
o P2 B
and
0< u* — By — 0B <_&< —u* — fo — b <,
B1 + b0z B2 Bi + 0Bz
or equivalently,
Oy < —u* < 68 <u* < o+ by (774)
and
Bo+b(Br+ Bo) + 02012 < —u* < By < u* < Py + b (7.75)

where u* = 1.5434. Combining conditions (7.74) and (7.75) gives condition
max{ﬁo, ﬁ() —+ (61 +62)b+612b2} S —15434 < ﬁé < 15434 S min{ﬁo —|—ﬁ1b, ﬁo —|—,62b} (776)

Various violations of condition (7.76) results in candidate D-optimal designs with the number
of support points varying from 4 to 8. The following are conditions of the candidate 4-point

to 8-point D-optimal designs with corresponding numerical examples.

Case of candidate 8-point D-optimal designs

An 8-point design is expected if the inequalities in condition (7.76) are all strict, i.e.

max{ﬁo, ﬁ() + (61 + ﬁQ)b + ﬁlng} < —1.5434 < ﬁg < 1.5434 < min{ﬁo + ﬁlb, ﬁ() + ﬁgb},
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or, equivalently,

651 < 1.5434 < min{— 0, o + Bib, o + B2b, —fo — (61 + P2)b — Pr2b’}. (7.77)

In such a case, all the branches of the hyperbolae +u in Figure 7.21 intersect the design space

[0, 6] x [0, b], but no point of intersection is a vertex of the design space.

Table 7.2 displays examples of numerically constructed 8-point D-optimal designs on the design
space [0,2] x [0,2] and for selected values of B = (B, 31, B2, B12)T which satisfy conditions
(7.77). The designs were constructed using the Gauss program in Appendix C and the D-

optimality of the designs were checked using the plots of the standardized variance function.

Table 7.2: D-optimal designs with 8 support points for selected values of parameters for model
u = logit(p) = By + frx1 + Paxe + [rax1xs on the design space [0,b] x [0,b] where £y < 0,
B >0, B2 >0, B2 <0, B1 + B12b <0, B + S12b <0, |6a<| < 1.5434 with b = 2.

B D-optimal designs
-3 xy | 0472 | 1.028 0 0 0.314 | 0.686 2 2
4 1 & | x 0 0 0.629 | 1.371 2 2 0.555 | 0.873
A ] 0.1881 | 0.0960 | 0.0396 | 0.0387 | 0.1728 | 0.1405 | 0.1587 | 0.1657
-5 w | -1.114 | 1.114 | -1.114 | 1.114 | 1.114 | -1.114 | 1.114 | -1.114
3 xp | 0475 | 1.025 0 0 0.650 | 1.017 2 2
—4 1 & | x 0 0 0.475 | 1.025 2 2 0.650 | 1.017
—4 A | 0.1115 | 0.0870 | 0.1126 | 0.0862 | 0.1600 | 0.1414 | 0.1594 | 0.1419
5 w | -1.099 | 1.099 | -1.099 | 1.099 | 1.099 | -1.099 | 1.099 | -1.099
-3 xp | 0.464 | 1.036 0 0 0.964 | 1.536 2 2
& | T 0 0 0.464 | 1.036 2 2 0.964 | 1.536
A | 0.1112 | 0.1380 | 0.1168 | 0.1340 | 0.1380 | 0.1112 | 0.1340 | 0.1168
—4 w | -1.142 | 1.142 | -1.142 | 1.142 | 1.142 | -1.142 | 1.142 | -1.142

Consider the designs &7, & and & in Table 7.2. The design &} in Table 7.2 is an 8-point design
because the model parameter values satisfy conditions (7.77), and the weights of the support
points are all different because none of the symmetry conditions discussed above holds. For
design &;, the conditions are satisfied as well as the symmetry condition 3, = 3,. Hence, the

following pairs of support points are almost equally weighted.

{(0.475,0), (0,0.475)} , {(1.025,0), (0, 1.025)} , {(0.650, 2), (2, 0.650)} , {(1.017,2), (2,1.017)} .
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Finally, for design &3, conditions (7.77) and conditions 3; = (3 and 23, +b812 = 0 are satisfied,
and hence there is symmetry relative to the center of the design space, and hence the following

pairs of support points are equally weighted.

{(0.464,0), (1.536,2)} , {(1.036,0), (0.964, 2)} , {(0,0.464), (2,1.536)} , {(0, 1.036), (2, 0.964)} .

Cases of 7-point design patterns

A 7-point D-optimal design is expected if one of the inequalities in condition (7.76) does not
hold. The following are examples of when a 7-point D-optimal design on the design space
[0, 0] x [0,b] can be expected.

Bo + (81 + B2)b + Brab® < —1.5434 < By < 85 < 1.5434 < min{ By + Bib, Bo + B2b}.  (7.78)
This is the condition for the support points A and B in Figure 7.21 to be both (0, 0).

fo < —1.5434 < By + (B1 + B2)b+ B12b® < B < 1.5434 < min{fy + B1b, By + Bob}.  (7.79)
This is the condition for the support points £ and F' in Figure 7.21 to be both (b, b).

max{ 3, Bo + (61 + B2)b+ Bi2b®} < —1.5434 < 35 < By + Bib < 1.5434 < By + Bob  (7.80)
This is the condition for the support points G and H in Figure 7.21 to be both (b,0).

max{ 3, Bo + (61 + B2)b+ Bi2b®} < —1.5434 < 35 < By + Bob < 1.5434 < By + b (7.81)

This is the condition for the support points C' and D in Figure 7.21 to be both (0, b).

In Table 7.3, the design £} is an example of a numerically constructed 7-point design on the
design space [0,2] x [0,2] and for the value of B = (8, 1, 32, 12)” which satisfy condition
(7.78). The design was constructed using the Gauss program in Appendix C and D-optimality
of the design was checked using the plot of the standardized variance function. Note that none
of the symmetry conditions discussed above is satisfied and hence the 7-point D-optimal design

&} is not symmetric.
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Table 7.3: D-optimal designs with 4 to 7 support points for selected values of parameters for
model u = logit(p) = fo+ fr21 + B22 + Srax122 on the design space [0, b] x [0, b] where 3y < 0,
B1 >0, By >0, B2 <0, B + Pr2b <0, By + P12b < 0 and |5S| < u* with b = 2.

B D-optimal designs

-1 Ty 0 0.714 0 0.493 | 0.821 2 2
3 & | xo 0 0 0.766 2 2 0.535 | 0.854
2.8 A 1 0.2252 | 0.0666 | 0.0207 | 0.1950 | 0.1504 | 0.1767 | 0.1654
-5 U -1 1.143 | 1.143 | 1.146 | -1.146 | 1.146 | -1.146
-3 x| 0.746 0 0 0.931 2 2

2 & | wo 0 0.672 2 2 0 0.850

2.2 A 1 0.0625 | 0.1963 | 0.2306 | 0.1786 | 0.2281 | 0.1039

—2.5 u | -1.509 | -1.522 1.4 -1.393 1 -1.379

-3 xy | 0.755 0 0 2 2

2 & | o 0 0.681 2 0 2

2.2 A 1 0.0696 | 0.1910 | 0.2450 | 0.2444 | 0.2500

—1.7 u | -1.490 | -1.503 1.4 1 -1.4

—1.5 1 0 0 2 2

1.3 & | x 0 2 0 2

1.2 A 0.25 0.25 0.25 0.25

-1 U -1.5 0.9 1.1 -0.5

Case of candidate 6-point D-optimal designs

A 6-point D-optimal design is expected if 2 of the 4 vertices of the design space [0, 6] x [0, b] in

Figure 7.21 are support points of the candidate D-optimal design. This means that there are
4

5) = 6 conditions under which a 6-point D-optimal design can be expected. The following

is the list of the 6 conditions
—1.5434 < [ﬂo, ﬂo -+ (ﬁl + ﬁg)b + ﬁlgbz] < ﬁg < 1.5434 < min{ﬂo + ﬁlb, ﬁO + ﬁgb} (782)

This is the condition for the pairs {A, B} and {E, F'} of support points in Figure 7.21 to be
(0,0) and (b,b), respectively.

max{ 3, By + (61 + B2)b+ Bi2b*} < —1.5434 < 35 < [Bo + Bib, Bo + (2] < 1.5434.  (7.83)

This is the condition for the pairs {C, D} and {G, H} of support points in Figure 7.21 to be
(0,b) and (b,0), respectively.
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ﬁo + (ﬁ1 + ﬂz)b + ﬂ12b2 < —1.5434 < ﬁo < ﬁg < ﬂo + ﬁgb < 1.5434 < ﬂo + ﬁlb (784)
This is the condition for the pairs {A, B} and {C, D} of support points in Figure 7.21 to be
(0,0) and (0,b), respectively.

Bo + (ﬁ1 + 62)[) + 612()2 < —1.5434 < fy < ﬁg < Bo+ [1b < 1.5434 < By + Pab. (785)

This is the condition for the pairs {A, B} and {G, H} of support points in Figure 7.21 to be
(0,0) and (b,0), respectively.

Bo < —1.5434 < By 4 (B1 + Ba)b + Bi2b® < 85 < Bo + fab < 1.5434 < By + Sib (7.86)

This is the condition for the pairs {C, D} and {FE, F'} of support points in Figure 7.21 to be
(0,b) and (b, b), respectively.

Bo < —1.5434 < By 4 (B1 + Bo)b + Biab® < BF < Bo + f1b < 1.5434 < Gy + Bob  (7.87)

This is the condition for the pairs {G, H} and {E, F'} of support points in Figure 7.21 to be
(b,0) and (b, b), respectively.

Design &; in Table 7.3 is an example of a numerically constructed 6-point D-optimal design on
the design space [0,2] x [0, 2] and for the value of B = (39, 81, B2, F12)” which satisfy condition
(7.83). The design was constructed numerically using the Gauss program in Appendix C and
the D-optimality of the design checked using the plot of the standardized variance function.
Note that none of the symmetry conditions discussed above is satisfied and hence the support

points of the 6-point D-optimal design &; are unequally weighted.

Cases of candidate 5-point D-optimal designs

A 5-point design is expected if 3 of the 4 vertices of the design space [0, b] x [0, b] in Figure 7.21
4
are support points of the candidate D-optimal design. This means that there are (3 =1

conditions under which a 5-point D-optimal design can be expected. The following is the list

of the 4 conditions.
—1.5434 < [ﬂo, ﬁo + (ﬁl + ﬂz)b + ﬂlng] < ﬁg < ﬂo + ﬁgb < 1.5434 < ﬂo + ﬁlb (788)

This is the condition for the pairs {A, B}, {C, D} and {E, F'} of support points in Figure 7.21
to be (0,0), (0,b) and (b,b), respectively.

—1.5434 < [607 6() + (61 + 62)[) + ﬁlgbZ] < 68 < ﬁ() + 61() < 1.5434 < ﬁ() + 62[) (789)
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This is the condition for the pairs {A, B}, {G,H} and {E, F'} of support points in Figure
7.21 to be (0,0), (b,0) and (b, b), respectively.

Bo + (B1 + B2)b + Bi2b® < —1.5434 < By < 85 < [Bo + Bub, Bo + (2b] < 1.5434. (7.90)

This is the condition for the pairs {4, B}, {C, D} and {G, H} of support points in Figure
7.21 to be (0,0), (0,b) and (b, 0), respectively.

Bo < —1.5434 < By + (B1 + Bo)b + Brab® < By < [Bo + Bib, Bo + Bob] < 1.5434. (7.91)

This is the condition for the pairs {C, D}, {G,H} and {F, F'} of support points in Figure
7.21 to be (0,b), (b,0), and (b, b), respectively.

Design &5 in Table 7.3 is an example of a numerically constructed 5-point D-optimal design
on the design space [0,2] x [0,2] and for the value of B8 = (8o, 81, (2, B12)" which satisfy
condition (7.91). The design was constructed using the Gauss program in Appendix C and
the D-optimality of the design checked using the plot of the standardized variance function.
Note that none of the symmetry conditions discussed above is satisfied and hence the support

points of the 5-point D-optimal design & are unequally weighted.

Case of candidate 4-point D-optimal design

A 4-point D-optimal design is expected if all the 4 vertices of the design space [0,b] x [0,0] in
Figure 7.21 are support points of the candidate D-optimal design, or equivalently, if all the 4
inequalities in condition (7.76) do not hold. That is, if

85| < max{—P, Bo + Bib, Bo + Pab, —Bo — (B + Ba)b — Bi2b*} < 1.5434. (7.92)

Design &} in Table 7.3 is an example of a numerically constructed 4-point D-optimal design
on the design space [0,2] x [0,2] and for the value of B = (B, 51, B2, B12)T which satisfy
condition (7.92). The design was constructed using the Gauss program in Appendix C and

the D-optimality of the design checked using the plot of the standardized variance function.

7.5.4 D-optimal designs when |G| < 1.5434, and either —£* < b and

_ B _ B _ B
By > b, or 55 > b and 5y < b

B10a

For By < 0, 81 > 0, B2 > 0 and [1» < 0, if |35] = |Fo — | < 1.5434, then the hyperbolae
12
+u = By+ G121+ Boxo+ Prax w9 are spread in the four quadrants generated by the asymptotes

7y = ——= and z, = ——- as in Figures 7.22 (a) and (b). If in addition to the condition on

612 612
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B[’u’ﬁn 7ﬁlb.b]
B+ Bob

@ (b) X =—2x

Figure 7.22: Design patterns of the candidate D-optimal designs for the two-variable binary
logistic model with interaction u = logit(p) = Gy + Bix1 + fexa + Pr2x122 on the design
space [0,b] x [0,b] where (a) By + Bob < —u < 5 < u < By + (81 + [B2)b + Bi2b* and (b)
Bo+ Bib < —u < B5 < u < fy+ (Br + Ba)b + Grab”.

B, 0< —& < b and —ﬁ > b, then the candidate D-optimal design has 4 support points

B2 P12
indicated by circles in Figures 7.22 (a). The 4-point D-optimal design with the design pattern

of Figure 7.22 (a) is possible if
—u — o — [Pob ﬁ2<U—ﬁ0—5zb<b

0< P e B o S 7
— Bi+bbie B2 Bi+bB812

or equivalently, if

Bo+ B2b < —u < By <u < Bo+ (B1 + B2)b + Brab”. (7.93)
B B2

On the other hand, if in addition to the condition on §§, 0 < ——— < b and ——= > b, then
12 12

the candidate D-optimal design has 4 support points indicated by circles in Figures 7.22 (b).

The 4-point D-optimal design with the design pattern of Figure 7.22 (b) is possible if

Bo+ Bib < —u < B <u < By + (B + Bo)b + Brab?. (7.94)
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Theorem 7.3 is about the D-optimality of the candidate 4-point D-optimal designs with the
design patterns of the form displayed in Figures 7.22 (a) and (b).

Proposition 7.3. The design

—1.5434- 60 —1.5434—6o—Pab L5434—Bo—pb 1 L5434-f ()
5* _ B1 ’ B1+PB12b ’ B1+pB12b ’ B1 ’ (7 95)
L 1 1 1 1 :
1 1 1 1

for the two-variable binary logistic model u = logit(p) = fy + S121 + foza + Biax122 on the
design space [0, b] x [0,b] with the model parameters satisfying the conditions fy < 0, 3 > 0,
By > 0 and B2 < 0, and fy + Bob < —1.5434 < Bf < 1.5434 < By + (B1 + B2)b + Piab?, is
D-optimal. Similarly, the design

(0 1.5434750) (b 1.54347,807/6117) (b 71.54347,807/61b> (0 71.54347,80)
5* — ’ B2 ’ B2+0120 ’ B2+P12b ’ B2 (7 96)
2 1 1 1 1 '

2 Z 1 Z

for the two-variable binary logistic model u = logit(p) = fy + S121 + foza + B1ax122 on the
design space [0, b] x [0,b] with the model parameters satisfying the conditions fy < 0, 5 > 0,
By > 0 and B2 < 0, and By + f1b < —1.5434 < B < 1.5434 < By + (B1 + B2)b + Piab?, is
D-optimal.

Proof

Consider design & given by (7.95) as the candidate D-optimal design for the 4-parameter
two-variable binary logistic model u = logit(p) = By + B1x1 + Poxa + Pr2x129 on the design
space [0,b] x [0, b] with design pattern displayed in Figure 7.22 (a) where the support points
are represented by circles. The pattern of design points in Figure 7.22 (a) indicates that the

candidate D-optimal design is of the form

—u—=p —u—Bo—p2b u—fo—Pab u=p
& = ( B g 0) ( 51+%12(J ! b) ( 51-£ﬁ12b ’ b) ( B 5 0) (7 97)
! 1 1 1 1 )
4 1 4 1

where u satisfying equation (7.93). Clearly, the design & given (7.97) has the same form as
the design (7.6), where ¢ = 0 and d = b, which was shown to be D-optimal in Proposition 7.2.
Hence, the optimal value of u in design (7.97) is u = u* = 1.5434 so that the design (7.95) is

D-optimal and condition (7.93) becomes
Bo + (ab < —1.5434 < < 1.5434 < By + (B + B2)b + Biab?. (7.98)

Now, consider the 4-point design & given by (7.96) corresponds to the case when |55| < 1.5434,
and —% > b and —% < b. Clearly, Figures 7.22 (a) and (b) suggest that the candidate
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D-optimal design & with support points corresponding the design pattern in Figure 7.22 (b)
can be obtained from design & given in (7.95) by exchanging the parameters 3, and .
Hence, the design (7.96) is D-optimal provided that condition (7.94), where v = u* = 1.5434,
is satisfied. The transformation on parameter values and support points from design (7.95)

to design (7.96) can be derived as follows.

A support point (x1,z5) of design (7.96) can be a transform of a support point (y;,y2) of

design (7.95) using the transformation

(21, 22) = (Y2,0 — y1). (7.99)

Clearly, a logit line u in the design of Figure 7.22 (b) is image of a logit line w = —u in Figure
7.22 (a). The correspondence between the values of the parameters can be obtained as follows.

Assume that u = & + B1y1 + Byy2 + Bt y2. Setting u = —u gives

By + Biyr + By + Brayiys =t = —u
— Bo — By — ﬁQ(b - ?/1) - ﬁlzyQ(b - y1)
= —0o — Bob + Boyr — (51 + Bi2b)y2 + Biayiye,

and hence
s = —fo— Bab Bo = —Fy—PB1d
1= A — | A= A b (7.100)
5 = —01— Pigb B2 = —p
12 = ﬁlQ ﬁlZ = ﬁig

For example, applying the transformations (7.99) and (7.100) to the second support point of
design (7.95) gives the second support of design (7.96) since x; = yo = b and

—1.5434 — By — Byb  1.5434 4 (By + bB;) + b(B5 + Biob)  1.5434 — By — Bib
By + Biab B1 + Biab B2 + Bi2b

Other support points of design (7.96) can be obtained from the support points of design

xgzb—ylzb—

(7.95) in the same way. The weights of the corresponding support points of designs (7.95)
and (7.95) remain equal. Hence, design & given in (7.96) is also D-optimal because it is the
image of the D-optimal design (7.95) through the transformations (7.99) and (7.100). H.

The following numerical example illustration the above theoretical results.

Example 7.14. Consider the two-variable binary logistic model with interaction u = logit(p) =
Bo + Brx1 + Boxe + [Frax1xe on the design space [0,2] x [0,2] and with parameters G, = —4,
01 =5, By =1 and (12 = —1.2. In this example,

Bo+ Bob = —2 < —1.5434 < (5 ~ 0.17 < 1.5434 < By + (B1 + B2)b + B12b* = 3.2.
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Hence, the condition (7.98) is satisfied, and thus the candidate D-optimal design associated

to this example given in (7.95) is

(0.491,0) (0.176,2) (1.363,2) (1.109,0)

6*_ 1 1 1 1

1= 4 1 1 4
—1.5434 —1.5434 1.5434 1.5434

The support points of the design & are represented by triangles in Figure 7.23 (a), and the
standardized variance function is displayed in Figure 7.23 (b) which suggests that the above

design is D-optimal.

20—y v
1.5}
N0
0.5}
0.0 A L A
0.0 0.5 1.0 1.5 2.0
<0> X4

Figure 7.23: (a) Support points and (b) the standardized variance function of the candidate
D-optimal design for the two-variable binary logistic model with interaction u = logit(p) =
Bo + Bix1 + [oxs + Praxixe on the design space [0,2] x [0,2] and with parameter vector
B=(-4,51-127.

Comments

If in Figure 7.22 (a) or Figure 7.22 (b) some branches of the optimal hyperbolae +u = 1.5434
pass through vertices of or outside the design space [0,5] x [0,b], then the vertices become
support points of the D-optimal design instead of any other point outside the design space.
Consequently, the logits at the support points, for example at B and C, are not necessarily

equal to the optimal logits +u = 1.5434. The following numerical example is an illustration.
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Example 7.15. Consider the two-variable binary logistic model with interaction u = logit(p) =
Bo + Brx1 + Boxe + [Frax1xe on the design space [0,2] x [0,2] and with parameters §, = —4,
B1 =5, B = 1.3 and [, = —1.2. The design space and the model parameter values in this
example are the same as those in Example 7.14 with 8, = 1 replaced by 3 = 1.3. In this case

—1.5434 < By 4 fob = —1.4 < B; = 1.42 < 1.5434 < By + (B1 + (2)b + Brab® = 3.8.

Hence, the D-optimal design has the pattern of design (7.95), but with the vertex (0,2)
expected to be one of the support points. The presence of this vertex support point forces
some of the support points to lie off the optimal logits +1.5434. Indeed, numerical calculations

of the D-optimal design for the model in this example gave the 4-point design

(0.491,0) (0,2) (1.156,2) (1.109,0)
5*_ 1 1 1 1

2= 4 4 4 4
—1.5434 —-14 1.6053 1.5434

Figures 7.24 (a) and (b) indicate the location of the support points on the designs space
[0,2] x [0,2], and that the design is D-optimal.

2.0 —w
1.5F
o
% 1.0k
050
0.0 A L A
0.0 0.5 1.0 1.5 2.0
<O> X1

Figure 7.24: (a) Support points and (b) the standardized variance function of the D-optimal
design for the two-variable binary logistic model with interaction u = logit(p) = Gy + frz1 +
Baza+ B122122 on the design space [0, 2] X [0, 2] and with parameters 3y = —4, 3; =5, 32 = 1.3
and 1o = —1.2. The triangles are support points of the design.
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7.5.5 D-optimal designs when 3; > 1.5434, and —% < b and —% <b

BrBa

For By < 0, By > 0, B2 > 0 and B2 < 0, if G5 = By — > 1.5434 then the hyperbolae
12
+u = [y + fix1 + Poxs + Brox1xo are located in the first and third quadrants generated by

the asymptotes x; = — 22 and @, = —ﬁ as illustrated in Figure 7.25. If in addition to the

5& 12

oftsbte)
Bi+Bab )~

(a) \

Figure 7.25: Design patterns of the candidate D-optimal designs for the two-variable binary

logistic model with interaction u = logit(p) = By + 121 + Poa + [Fr2x122 on the design space
[0, b] x [0,b] where max(8y, Bo + (61 + Bo)b + Br12b?) < —u < u < 5 < min(By + S1b, Bo + [2b).

Circles represent the support points.

By o

condition on j, 0 < ——— < b and 0 < ——== < b, then the candidate D-optimal design has

12 12
the 8 support points indicated by circles in Figure 7.25. Using the same reasoning as in Section

7.5.3, the 8-point D-optimal design with design pattern in Figure 7.25 is expected if
max (o, Bo + (61 + F2)b + Br2b?) < —1.5434 < 1.5434 < G5 < min(By + Bib, Bo + Bob).  (7.101)

As in Section 7.5.3, violations of at least one of the inequalities in condition (7.101) leads to
candidate D-optimal designs with fewer than 8 support points. The following are conditions
of the candidate 4-point to 8-point D-optimal designs with corresponding numerical examples.
The designs were constructed using the Gauss program in Appendix C and the D-optimality

of the designs checked using the plot of the standardized variance function.
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Case of candidate 8-point D-optimal designs

An 8-point D-optimal design is expected if condition (7.101) holds, but with strict inequality

signs. For example, the designs &} in Table 7.4 is an examples of numerically constructed

8-point D-optimal designs on the design space [0, 2] x [0, 2] and for the parameter values 3 =

(Bo, B1, B2, B12)T which satisfy condition (7.101). None of the symmetry conditions discussed in

Section 7.5.3 are satisfied for design £ and hence the support points of the 8-point D-optimal

design & are unequally weighted.

Table 7.4: D-optimal designs for selected values of parameters for model v = logit(p) =
Bo + i1 + [axe + Biax12o on the design space [0,b] x [0,b] where 5y < 0, 51 > 0, 5y > 0,
Biz <0, 81+ Biab < 0, By + B12b < 0 and 85 > 1.5434 or G5 < —1.5434 with b = 2.

B D-optimal designs
-3 x; | 0.311 | 0.689 0 0 0.966 | 1.534 2 2
& | w9 0 0 0.466 | 1.034 2 2 1.311 | 1.689
A ] 0.1327 | 0.1502 | 0.0831 | 0.1342 | 0.1309 | 0.0878 | 0.1526 | 0.1285
-5 w | -1.135 | 1.135 | -1.135 | 1.135 | 1.135 | -1.135 | 1.135 | -1.135
9 x| 1.689 | 1.311 2 2 1.034 | 0.466 0 0
—6 | & | 0 0 0.466 | 1.034 2 2 1.311 | 1.689
—6 A 1 0.1327 | 0.1502 | 0.0831 | 0.1342 | 0.1309 | 0.0878 | 0.1526 | 0.1285
5 w | -1.135 | 1.135 | -1.135 | 1.135 | 1.135 | -1.135 | 1.135 | -1.135

Case of candidate 7-point D-optimal designs

A 7-point D-optimal design is expected if one vertex of the design space is a support point

of the candidate D-optimal design. The following are conditions of when a 7-point D-optimal

design on the design space [0,b] x [0,b] can be expected.

Bo + (B1 + B2)b + Prab® < —1.5434 < fy < 1.5434 < B < min(By + B1b, Bo + Bab). (7.102)

This is the condition for the support points A and B in Figure 7.25 to be both (0, 0).

By < —1.5434 < By + (B1 + Bo)b + Biob® < 1.5434 < B < min(By + Bib, o + Bab). (7.103)

This is the condition for the support points E and F' in Figure 7.25 to be both (b, ).

For example, in Table 7.5, the design &} is an example of a numerically constructed 7-point
D-optimal design on the design space [0,2] x [0, 2] and for the value of B = (3, 51, B2, B12)"
which satisfy condition (7.103).
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Table 7.5: D-optimal designs for selected values of parameters for model v = logit(p) =
Bo + frxy + Paxe + Biazix2 on the design space [0,b] x [0,b] where Gy < 0, 51 > 0, 53 > 0,
B2 <0, By + B12b < 0, By + B12b < 0 and G > 1.5434 with b = 2.

G D-optimal designs
-3 x| 0.253 | 0.604 0 0 2 1.259 2
& | we 0 0 0.443 | 1.057 | 1.630 2 2
A | 0.1652 | 0.1863 | 0.0636 | 0.2388 | 0.1367 | 0.0048 | 0.2046
-5 w | -1.227 | 1.227 | -1.227 | 1.227 | 1.219 | 1.222 -1
-1 x 0 1.032 0 2 1.288 2
25 | & | 2o 0 0 0.712 | 0.968 2 2
3.5 A 1 0.2203 | 0.1349 | 0.1448 | 0.1348 | 0.1449 | 0.2203
-3 u -1 1.580 | 1.490 | 1.580 | 1.490 -1
-3 x| 0.338 | 0.912 0 0 2
4.8 | & | xo 0 0 0.406 | 1.094 2
4 A 1 0.1339 | 0.2411 | 0.1339 | 0.2411 | 0.250
—2.5 w | -1.376 | 1.376 | -1.376 | 1.376 3

Case of 6-point design patterns

A 6-point D-optimal design is expected if 2 vertices of the design space [0, b] x [0, b] in Figure
7.25 are support points of the candidate D-optimal design. In such a case, the vertices (0, 0)
and (b,b) both lie on the logit line u = —1.5434 or are above and below the logit line u =
—1.5434, respectively. Hence, a 6-point D-optimal design is expected if

—1.5434 < [Bo, Bo + (B1 + B2)b + B12b%] < 1.5434 < min(By + Bib, Bo + Fab). (7.104)

This is the condition for the pairs {4, B} and {B, F'} of support points in Figure 7.25 to
be (0,0) and (b,b), respectively. In Table 7.5, the design & is an example of a numerically
constructed 6-point D-optimal design on the design space [0,2] x [0,2] and for the value of
B = (B, b1, B2, 12)T which satisfies condition (7.104).

Case of 5-point design patterns

Consider Figure 7.25. A 5-point candidate D-optimal design is expected in either of the
following cases: (1) two branches, one of —u and one of u lie at or below point (0,0), and
the other two branches one of —u and one of u lie above point (0,0) but below point (b, b);
or (2) two branches, one of —u and one of u lie at or above point (b,b) and the other two

branches, one of —u and one of u lie below point (b, b) but above point (0,0). Hence, a 5-point
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D-optimal design may exist if one of the following two conditions is satisfied.

Bo + (B1 + B2)b + Prab® < —1.5434 < 1.5434 < By < B < min(Bo + Bib, Bo + Bab). (7.105)
This the condition for the support points A and B in Figure 7.25 to be both (0, 0).

Bo < —1.5434 < 1.5434 < By + (B1 + P2)b + Bi2b® < 85 < min(By + B1b, Bo + Fab). (7.106)

This is the condition for the support points E and F' in Figure 7.25 to be both (b,b). For
example, in Table 7.5, the design &5 is an example of a numerically constructed 5-point D-
optimal design on the design space [0,2] x [0,2] and for the value of B = (3, 51, B2, B12)"
which satisfy condition (7.106).

7.5.6 D-optimal designs when f§; < —1.5434, and —£> < b and —£L <
b

For 3y < 0, B >0, B > 0 and Sy < 0, ifﬁg:50—5152

12
hyperbolae +u = Gy + B1x1 + (axa + 1o are located in the second and fourth quadrants

< —1.5434 then the branches of the

generated by the asymptotes x; = — 22 and z, = —g—l as in Figure 7.26.
12 12
If in addition to the condition on 3j, 0 < —ﬂ <band 0 < —& < b, then the candidate

D-optimal design has the 8 support points indil(:Qated by circles in %igure 7.26. Note that the
relationship between support points (x, z5) of this candidate 8-point D-optimal design and
the support points (y1, y2) of the candidate D-optimal design with the design pattern displayed
in Figure 7.25 is given by

(x1,22) = (—y1 + b, ya). (7.107)

Clearly, if u is a logit line in the design of Figure 7.26, then the corresponding logit line in
Figure 7.25 is u = —u. The correspondence between the values of the parameters can be

obtained as follows. Assume that u = ) + B1y1 + Byy2 + Biay1ye. Setting u = —u gives

By + Biyr + Byys + Bioyiy: = i = —u
= —fo — biz1 — Pare — Prami®o
= —Bo = Bi(=y1 +b) — Poyz — Bra(—y1 + by
= =B = Bib+ Biyr — (B2 + Br2b)yz + Brayiya
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xz i / / D(_M_ﬁﬂ_ﬂlh b]
u— B, — B,b J Bi+Bub
E[i,h ~— —
T

C(bgfufﬁo 7ﬂ|b)
B+ Bib

)

Figure 7.26: Design patterns of the candidate D-optimal designs for the two-variable binary
logistic model with interaction u = logit(p) = By + f121 + foa + Fr2x122 on the design space
[0, 0] x [0,b] where max (o, 8o + (1 + 82)b + B12b?) < —u < u < B5 < min(By + Sib, By + (B2b).

and, hence
s = —Po— b Bo = —Fy—PBd
! = A PR :Bl, , (7.108)
2 = _52 - 5125 ,32 = _52 - 5126
12 = ﬁl? /312 = 612

For example, consider point C' in Figure 7.25. Using the notation above, assume that

C (0, ag—,’%) The transformations (7.107) and (7.108) give 1 = —y; + b = b and

:u—ﬁ(’) :u+ﬂ0+ﬁ1b: —u— By — Bib
ﬂé _62 _612b 624‘612[)

T2

and these are coordinates of point C' in Figure 7.25. Also, note that if 66" = [ — % for

12
design pattern in Figure 7.25 and 35 = By — % for the design pattern in Figure 7.26, it
follows from (7.108) that

o =gy - 0% = g gy BB el (ﬂo - MQ) = /%

B Bra Bra
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Consequently, for u* = —1.5434, condition 55‘/ > u* is transformed to —3; > u* or, equiva-

lently, to 85 < —u*.

For example, the support points of the D-optimal design & in Table 7.4 are obtained from
those of the D-optimal design & in Table 7.4 using the transformation (7.107). The weights
at support points of design & are the same as those of design &, but the optimal logit at
each support point of design & has an opposite sign to that of the logit of the corresponding
support point of design ;.

7.5.7 D-optimal designs when 3; > 1.5434, and either —% < b and

_ b _ DB _ b
5y > b, or 55 > b and By < b

For Gy <0, #1 >0, B2 >0, 12 < 0 and 5 = [y — %, if 55 > 1.5434, then the branches of

12
the hyperbolae +u = By 4+ bixy + boxo + Bi1ax129 are located in the first and third quadrants

22 and 2, = — =% as indicated in Figure 7.27 (a) and

BlQ 12
o

(b). The support points of the designs are represented by circles in the figures. If _5_ <b
12
b

and ——— > b, then the candidate D-optimal design has the design pattern displayed in Figure

12
7.27 (a), and if _5_2 > b and —ﬁ < b, then the candidate D-optimal design has the design

12 12
pattern displayed in Figure 7.27 (b).

generated by the asymptotes z; = —

Consider the design pattern displayed in Figure 7.27 (a). The support points at A, B, C' and
D are points of intersection of the boundary of the design space [0,b] x [0,b] and the two
branches of the hyperbolae +u. However, the interaction parameter 315 may not be estimable
from a design with support points A, B, C and D since the interaction term in model vanishes
at the four support points. Hence, there is a need of an interior support point, say the vertex
(b, b) at which the interaction term in the model does not vanish. The choice of vertex (b, b)
as a support point is sensible because it is an obvious substitute for the imaginary points
of intersection of the boundary of the design space and the two branches of the hyperbolae
+u which do not intersect the design space. Thus, the candidate D-optimal design with the
design pattern displayed in Figure 7.27 (a) is

(20) () (02) (20) o
§= A o A3 M s (7.109)
—u —1 u u Bo + (51 + B2)b + Brob?
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b : Q Eb.b)

Figure 7.27: Design patterns of the candidate D-optimal designs for the two-variable binary
logistic model with interaction u = logit(p) = By + 121 + foxa + Fr2x122 on the design space
[0, 6] x [0,b] and with parameter values with (a) By < —1.5434 < 1.5434 < [y + feb < B <
Bo + Bib and (b) By < —1.5434 < 1.5434 < By + Bib < (5 < [y + SBab.
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5

where 0 < )\; < 1 and Z A; = 1. Clearly, the condition for the existence of design (7.109) is
i=1

Oo < —1.5434 < 1.5434 < By + (2b < ﬁg < Bo+ Bib (7110)

Table 7.5 displays two examples of the numerically constructed D-optimal designs of the form
design (7.109) on the design space [0, 2] x [0, 2] and for selected values of the parameter vector
B = (B, b1, B2, B12)T.  Note that the values of the model parameters which obtained & in

Table 7.6: D-optimal for selected values of parameters for model u = logit(p) = By + frz1 +
Baza + P1ax122 on the design space [0,b] x [0,0] and with parameters satisfying conditions

—5—2<band—ﬁ>bor—g—2>band—ﬂ<b.
12 /812

Brz Brz

6] D-optimal designs

-3 x1 | 0325 | 0.875 0 0 2

5 | & | a2 0 0 0.541 | 1.459 2

3 A* 1 0.1339 | 0.2411 | 0.1339 | 0.2411 | 0.2500
—2 v* | -1.376 | 1.376 | -1.376 | 1.376 5
-3 X1 0 0 0.541 | 1.459 2

5 [ & | xo| 0325 | 0.875 0 0 2

2 A 10.1339 | 0.2411 | 0.1339 | 0.2411 | 0.2500
-2 w* | -1.376 | 1.376 | -1.376 | 1.376 5

Table 7.6 satisfy condition (7.110). In fact,

Bo=-3<—15434 < 15434 < By + fob=3< B =45 < By + fib=T.

Now, consider the design pattern displayed in Figure 7.27 (b). The candidate D-optimal
design with this pattern is

(0.75%) (=52.0) (0.452) (4520) (.0

£ = A Ao As A A (7.111)
—U —U u U ﬁo + (61 + 62)[) + ﬁlng

where 0 < A; < 1 and Z/\Z» = 1. Note that a support point (z;,x2) of the design (7.111) is

=1
related to a support point (y1,¥y2) of design (7.109) by the transformation

(@1, 22) = (Y2, 1) (7.112)
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Clearly, if u is a logit line in the design of Figure 7.27 (b), then the corresponding logit line
in Figure 7.27 (a) is «' = u. The correspondence between the values of the parameters can be
obtained as follows. Assume that u' = 8 + Biy1 + Byy2 + Bloy1y2. Setting u' = u gives
By + Biyn + Boys + Broyiye = = u
= o + b1 + Baxa + Praz12
= B0 + B1y2 + Pay1 + Bray2tn

Hence, the respective parameter vectors 3 = (3o, 1, b2, S12)T and 8" = (5}, B, 3%, B12)T are
linked by

By = fo
ho = b (7.113)
By = 5
ﬁiQ - ﬁlQ-

For example, the vector of parameters 3 = (—3,5, 3, —2)7 for the candidate D-optimal design
&5 is linked to the vector of parameters 3 = (—3, 3,5, —5) for the design & in Table 7.6 by the
relations (7.113). Thus the support points of the design & can be derived from those of design
& by the transformation (7.112). The weights and the optimal logits remain unchanged.

7.5.8 D-optimal designs when ﬁg —1.5434, and either —£= < b and
—L > b, or —£= >band —5L <b

For By < 0, B >0, B, > 0, f15 < 0 and G = fy — %ﬁ 2 if B < —1.5434, then the branches

of the hyperbolae +u = [y + Gix1 + Poxs + ﬁlza:lxg are located in the second and fourth

quadrants generated by the asymptotes x; = _5_ and xo, = —?—1 as indicated in Figures
12 12
7.28 (a) and (b). The figures display the design patterns of the candidate D-optimal designs,

and the support points of the designs are represented by circles in the figures. If —ﬁ% <b

and —g—l > b, then the candidate D-optimal design has the design pattern displayed in Figure
7.28 (a), and if —2% > b and — ’81 < b, then the candidate D-optimal design has the design

pattern d1splayed in Flgure 7.28 (b)

Consider the design pattern displayed in Figure 7.28 (a). The candidate D-optimal design
with the displayed design pattern is
u—p u—Bo—pB1b —u—fBo—p1b u—p
( B : ’ 0) (b’ 524:),31217 ) (b’ 52+,%12b ) (0’ B2 0) (0’ b)
£ = A As A3 M\ As (7.114)
u u —u —u Bo + B2b
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Figure 7.28: Design patterns of the candidate D-optimal designs for the two-variable binary
logistic model u = logit(p) = By + S1x1 + Boa + fr22122 on the design space [0, b] x [0, b] with
(a) By < Bt < Bo+ (B1 + B2)b + Prab?® < —1.5434 < 1.5434 < fo + f1b and (b) fy < B <
Bo 4+ (81 + Bo)b + B12b* < —1.5434 < 1.5434 < [y + (ob.
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5
where 0 < A; < 1 and Z/\Z- = 1. Note that design (7.114) can be obtained from design
i=1

(7.109) using the transformation

(@1, 22) = (b= Y1, 92) (7.115)

where (1, x2) is a support point in design (7.114) and (y,y2) is a support point in design
(7.109). If u is a logit line for a design pattern in Figure 7.28 (a), then the corresponding logit
line in Figure 7.27 (a) is u = —u. Hence, the relationship between parameters can be derived

as follows using the transformation (7.115).

By + Biyy + Boya + Brayiye = U = —u
= —Po — brix1 — Boy — Prami®y
= =P = B1(b—y1) — Bay2 — Bra(b — y1)ye
= —fo — Bib+ Biyr — (B2 + Br2b)y2 + Brayi e

and, thus
v = —Bo—hHb Bo = —By—pBib
1= A P = A (7.116)
y = —P2— P2b B2 = —f5—Pb
12 = /812 512 = 512

Hence, the condition (7.110) for the existence of design (7.109) is transformed to condition
Bo < B < Bo+ (B4 Bo)b + Prab® < —1.5434 < 1.5434 < By + f1b. (7.117)

For example, the parameter values for design & in Table 7.7 satisfy condition (7.117), and
hence a design of the form (7.114) can be conjectured. Furthermore, the parameters of design
& in Table 7.7 are linked to those of design & in Table 7.6 by the transformation (7.116).
Consequently, the support points and associated weights and logits of design &}, in Table 7.7

can be calculated from those of design & in Table 7.6 using transformation (7.115).

Now, consider the design pattern displayed in Figure 7.28 (b). The candidate D-optimal
design with the displayed design pattern is given by

(5ase) (os2) (0.252) ((50) 00
§= A p A3 M\ As . (7.118)
u u —u —u Po + p1b

Design (7.118) can be obtained from design (7.109) by the transformation

(71,29) = (y1,0 — y2) (7.119)
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Table 7.7: D-optimal designs for selected values of parameters for model v = logit(p) =
Bo + Brx1 + Boxe + Brax1x9 on the design space [0,b] x [0,b] and with parameters satisfying
conditions 3 < —1.5434 with —% <band —L£L > b, or —% > b and —’8—12 < b.

Biz B
B D-optimal designs

-7 x| 1.675 2 2 1.125 0

5 | & | 2o 0 0.541 | 1.459 0 2

1 A*]0.13391 | 0.1339 | 0.2411 | 0.2411 | 0.2500
-2 u* | 1.376 1.376 | -1.376 | -1.376 -5
-7 X1 0 0.541 | 1.459 0 2

1 | & | xo| 1675 2 2 1.125 0

5 A 0.1339 | 0.1339 | 0.2411 | 0.2411 | 0.2500
-2 u* | 1.376 1.376 | -1.376 | -1.376 -5

where (1, x9) is a support point in design (7.118) and (yi,y») is a support point in design
(7.109). The transformation (7.119) which is similar to transformation (7.115) by interchang-
ing the roles of x; and x,. Therefore, the relationship between parameters can found from

equations (7.116) by interchanging the roles of 5, and (2 to obtain

y = —Po— [ab Bo = —F)— B0

1 = —B1—Pi2d — B = —p]—Fb (7.120)
y = Do Ba = By

12 = P2 B2 = Plo.

For example, the parameter values in Table 7.7 and equations (7.120) indicate that the
support points of design & in Table can be obtained from those of design &; in Table 7.6 using
the transformation (7.119). The weights and the logit values remain unchanged. Equivalently,
design & in Table 7.7 can be deduced from design &} in the same table by exchanging x; and

x5 coordinates of support points.

7.6. Other cases of synergy and antagonism

Recall from Section 2.4.4 that in the two-variable binary logistic model

u = logit(p) = By + Six1 + Boxa + Braz172 (7.121)

two cases of synergy and two cases of antagonism were possible. Synergy occurs when 3 < 0,

B >0, 8, >0and B >00r Gy >0, 51 <0, B <0 and B2 < 0. Antagonism occurs
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when Gy < 0, By > 0, B3 > 0and Bio < 0or By >0, 6y <0, f5 <0 and (2 > 0. The
construction of D-optimal designs for synergy when Gy < 0, #; > 0, B2 > 0 and (15 > 0 was
discussed in Section 7.4, and that for antagonism when 3y < 0, 8; > 0, B2 > 0 and (12 < 0
in Section 7.5. This section briefly discusses the construction of the D-optimal designs for
model u = logit(p) = By + Bi1x1 + Boxa + [raxo for synergy when Gy > 0, 31 < 0, #3 < 0 and
B12 < 0, and for antagonism when Gy > 0, #; < 0, 82 < 0 and ;2 > 0.

Consider model (7.121) for synergy on the design spaces [0, 00) x [0, 00) or [0,b] x [0, b] where
Go > 0, f1 <0, B < 0 and B2 < 0. In this case, —g—g < 0 and —ﬁ < 0 so that the

12 12
asymptotes x; = D and zo = _ b of the hyperbola (7.121) intersect in the third quadrant

512 612

of R?. The construction of D-optimal designs for this case is the same as that of Section 7.4
by multiplying each parameter &, 51, 2 and (15 by —1. In fact, multiplying both sides of
(7.121) by —1 gives model

U= BO + lel + BQZ’Q + Blg.’L'lfL'Q (7122)

where U = —u, By = —0y < 0, By = =01 >0, By = —f35 > 0 and By = — (12 > 0. Clearly,
model (7.122) is that of synergy discussed in Section 7.4. If the design space remains the same,
the support points and weights of the D-optimal design remain unchanged, but the optimal

logit u* changes to —u*.

Now, consider model (7.121) for antagonism on the design spaces [0, 00) X [0, 00) or [0, b] % [0, b]
where Gy > 0, 81 <0, B2 < 0 and 315 > 0. In this case, _56_2 > (0 and —ﬁ > 0 so that the

12 12
asymptotes 1 = ) and xy = _ B of the hyperbola (7.121) intersect in the first quadrant

612 612

of R?. The construction of D-optimal designs for this case in the same as that of Section 7.5
by changing the signs of the parameters 3y, 81, f2 and (2. In fact, multiplying both sides of
(7.121) by —1 gives model

U= B() + B1$1 —+ BQiEQ + BlgiﬂlfL‘Q (7123)

where U = —u, By = =03, < 0, By = =01 >0, By = =35 > 0 and By = — (12 < 0. Clearly,
model (7.123) is that of antagonism discussed in Section 7.5. If the design space remains the

same, the support and weights remain unchanged, but the optimal logit u* changes to —u*.

7.7. Practical examples

The objective of this section is to demonstrate the real world applications of the design the-

ories and conjectures in this chapter to constructing D-optimal designs for detecting synergy
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or antagonism. ”Real world” means that real life experimental data which is adequately de-
scribed by the two-variable binary logistic model with interaction will be used to re-design
the experiments using the estimated model parameters as the values of the parameters. The
second objective of this section is to show that D-optimal designs discussed in this chapter
may be more efficient than designs which are used in life because of their practicality and/or

convenience.

Example 7.16. The data set in Table A.2 is from LePelly and Sullivan (1936) and was
reported by Greco and Lawrence (1988). Two insecticides, rotenone and pyrethrin, were
sprayed either alone or jointly to a species of flies, the chrysanthemum aphids. The total
number of insects exposed to each drug combination was 1000. The response of interest was
the number of insects killed. The explanatory variables, d; and do, were dose concentrations in
mg/cc (grams per centimeters cubed) of the two insecticides. The design appears to be a 15-
point ray design, on the design space [0, 0.350] x [0, 2], with 5 support points on each of the rays
d; = 0 and dy = 0, and 5 support points on ray dy ~ 5d;. Greco and Lawrence (1988) fitted
the binary response model (2.29) in Section 2.4.2 to the data, and found that the interaction

parameter was significantly positive suggesting that the two drugs act synergistically.

PROC LOGISTIC in SAS Version 9.2 was used fit the two-variable logistic model with in-
teraction logit(p) = u = By + fidy + fads + Biadidy to the data. The estimates of the model
parameters are given in Table 7.8. Table 7.8 indicates that Gy < 0, #; > 0, B2 > 0 and

Table 7.8: Parameter estimates for the two-variable binary logistic model with interaction

u = logit(p) = By + frx1 + Paxe + Praxio for the data of Table A.2.

Drug/combination Parameter | Estimate | p-value
Intercept Bo —2.2054 | < 0.0001
Rotenone o5 13.5803 | < 0.0001
Pyrethrin B2 2.2547 | < 0.0001
Rotenone.Pyrethrins | G1o 1.6261 < 0.0001

B2 = 1.6261 > 0. Thus, rotenone and pyrethrin interact synergically. Also, the relative
13.5803

2.2547
Consider transforming model u = logit(p) = By + fidi + Fads + Fr2dids on the design space
D = [0,0.35] x [0, 2], with the estimates in Table 7.8 taken as the model parameter values, to

potency of rotenone to pyrethrin is p =

model u = logit(p) = By + Bix1 + fhxe + Biaz1x9 on the design space X = [0,2] x [0, 2] using
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transformations (7.12) and (7.13). This is accomplished by letting

(Ilax2) — (d17d2)7 (xlnew;x%ww) — (171,1‘2) and (60716111751newaﬁ2new7612new) = (6{)76176&7612)7

and setting a = c=a; = ¢, =0, b =d = d; = 2, and by = 0.35. The process obtains

By = —2.2054, 8] = 2.3766, By = 2.2547 and (3}, = 0.2846 which satisfy condition (7.39).

Thus a 6-point D-optimal design is expected with two support points on line z; = 0, two
/

support points on line x5 = 0 and two interior support points on ray zo = —}xl ~ 1.054x;.

2
The D-optimal design constructed using the Gauss program in the Appendix C is the 6-point

design
(0.320,0) (1.536,0) (0,0.337) (0,1.619) (0.149,0.157) (0.911,0.960)
. 0.1149 0.2475 0.1149 0.2475 0.0252 0.2500
<= —1.446 1.446 —1.446 1.446 —1.489 2.374
0.191 0.809 0.191 0.809 0.184 0.915

(7.124)
where the last row contains the probabilities of responses at the support points. Clearly, the
support points are practically located on the 3 rays z; = 0, x5 = 0 and x5 = 1.054. Support
points located on the same logit have equal weights. The optimal logits, and in turn the
probabilities of responses increase with the increase of each insecticide given alone or given
in combination with the other insecticide. Hence, confirmation of synergistic effect of the two
insecticides. The location of the six support points of the D-optimal design is indicated by
triangles and diamonds in Figure 7.29 (a). The graph of the standardized variance function
d(x,&*; 3) is displayed in Figure 7.29 (b), and it suggests that design (7.124) is D-optimal.
The D-optimal design (7.124) can be back-transformed to the original actual doses design
space D = [0,0.35] x [0, 2] using (7.12). In this case, the back-transformation of the support

points is d; = 'Txl = 0.175z; and dy = x5 to which gives the following 6-point design

(0.056,0) (0.269,0) (0,0.337) (0,1.619) (0.026,0.157) (0.159,0.960)

g = 0.1149 0.2475 0.1149 0.2475 0.0252 0.2500
—1.446 1.446 —1.446 1.446 —1.489 2.374
0.191 0.809 0.191 0.809 0.184 0.915

(7.125)
Note that on the original design space D = [0, 0.35] %[0, 2], the two interior points (0.026,0.157)
and (0.159,0.960) are practically located on the interior ray dy = 6d;.

Now, consider calculating the efficiency of the equally weighed 15-point ray design, say &, used
to generate the data in Table A.2 relative to the D-optimal design £* given by (7.125). The de-
terminant of the information for the parameter vector 3 = (—2.2054, 13.5803, 2.2547, 1.6261)%
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Figure 7.29: (a) Support points and (b) the standardized variance function of the D-
optimal design for the two-variable binary logistic model with interaction u = logit(p) =
Bo + Bix1 + Poxs + [raxixe on the design space [0,2] x [0,2] and with parameter vector
B = (—2.2054,2.3766, 2.2547,0.2846)" for the data set in Table A.2 reported by Le Pelly and
Sullivan (1936).

evaluated at design £ is |[M(&;8)| = 1.39341 x 107?, while the determinant of the infor-
mation matrix of the same parameter vector at design £* given in (7.125) is |M (£ 8)] =
3.18527 x 107%. Hence, the D-efficiency (3.38) of design ¢ relative to the D-optimal design

(7.125) is
M (&) }”4
Deg = {— = (0.813.
| M (& B)]
As Deg = 0.813 < 1, the 6-point D-optimal design (7.125) is more efficient than the 15-point
ray design used to generate the data in Table A.2.

Example 7.17. The data set in Table A.3 is from Giltinan et al. (1988). Two insecticides,
A and B, were sprayed either alone or jointly to tobacco budworms, known under the name
of Heliothis virescens. The total number of insects exposed to each drug combination was
30. The response of interest was the number of killed budworms in 4 days after spray of
insecticides. One worm in each of 3 batches was lost of follow up, making observations on
29 instead of 30 budworms in these groups. The explanatory variables, d; and ds, were dose
concentrations in ppm (parts per million) of respectively the two insecticides. The design
appears to be a 20-point 5-ray design on the design space [0, 30] x [0, 30] with 4 support points
on each of the rays d; = 0 and dy = 0, dy = 3d,, dy = d; and d; = 3d,. Giltinan et al. (1988)
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fitted model (2.24) in Section 2.4.2 to the data, and found that the interaction parameter was

significantly negative suggesting that the two insecticides act antagonistically.

PROC LOGISTIC in SAS Version 9.2 was used to fit the two-variable binary logistic model
with interaction logit(p) = u = fy + Sidy + fads + Prodids to the data. The estimates of
the parameters are given in Table 7.9. Table 7.9 indicates that Gy < 0, 31 > 0, B, > 0 and
B2 < —0.0092 < 0. Therefore, A and B interact antagonistically.

Table 7.9: Parameter estimates for the two-variable binary logistic model with interaction

u = logit(p) = By + B1x1 + Paxe + Biax12 for the data of Table A.3.

Drug/Combination | Parameters | Estimates | p-value
Intercept Bo —2.5190 | < 0.0001
A B 0.1636 | < 0.0001
B Bo 0.1693 | < 0.0001
A-B B2 —0.0092 0.0005

Consider transforming the model u = logit(p) = Gy + f1z1 + Faxa + Fr2x122 on the design
space D = [0, 30] x [0, 30], with parameter estimates in Table 7.9 taken as the model parameter
values, to model u = logit(p) = 3+ 3|z, + Bhxa+ frax122 on the design space X = [0, 2] x [0, 2]
using transformations (7.12) and (7.13). This is accomplished by letting

($1,$2) = (d17d2)7 (lenewax2new) - (x17$2) and (ﬁOnew;61new>52newaﬁ12new) = (5(1)7ﬁ17ﬁ57ﬁ12)7

and setting a = c=a; =¢; =0, b =2, by =d; = 30. The process leads ) = —2.5190, ] =
2.4540, 85 = 2.5395 and (], = —2.0700 to give u = —25190+2.4540x; +2.539525 — 2.0700z 5.
These parameters satisfy condition (7.79) for a candidate D-optimal design with at most 7
support points with vertex (2, 2) as one of the support points. The candidate D-optimal design
constructed using the Gauss program in the Appendix C is the 5-point design

(0.450,0) (1.603,0) (0,0.434) (0,1.549) (2,2)

. 0.1300 0.2450 0.1300 0.2450  0.2500

& = . (7.126)
—1.416 1.416 —1.416 1.416 —0.812

0.195 0.805 0.195 0.805 0.307

where the last row contains the probabilities of response at the support points. Clearly, the
probability of response increases when the dose of each drug given alone increases. However,

the probability of response is dramatically reduced with high doses of the two drugs when
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given together. Hence, confirmation of the antagonistic effect of the two insecticides A and
B. The location of the five support points of the D-optimal design are indicated by triangles
in Figure 7.30 (a). The graph of the standardized variance function d(z,&*; 3) is displayed
in Figure 7.30 (b), and it suggests that design (7.126) is D-optimal. The D-optimal design

2.0
Wf)’
><N 1.0}
0.5
4
0.0 A . N
0.0 0.5 1.0 1.5 2.0
<O) X

Figure 7.30: (a) Support points and (b) the standardized variance function of the D-
optimal design for the two-variable binary logistic model with interaction u = logit(p) =
Bo + Bix1 + Poxs + Fraxixe on the design space [0,2] x [0,2] and with parameter vector
B = (—2.5190, 2.4540,2.5395, —2.0700)” for the data set in Table A.3 reported by Giltinan
et al. (1988).

(7.126) can be back-transformed to the original actual dose design space D = [0,30] x [0, 30]

using (7.12). In this case, the back-transformation of the support points is d; = 2= 1524

and dy = 2T = 1525 which gives the following 5-point design

(6.750,0) (24.045,0) (0,6.510) (0,23.235) (30,30)

. 0.130 0.245 0.130 0245  0.250

& = . (7.127)
~1.416 1416  —1.416  1.416  —0.812

0.195 0.805 0.195 0.805 0.307

Now, consider calculating the efficiency of the 20-point 5-ray design, say £, used to generate
the data of Table A.3 relative to the D-optimal design £* given by (7.127). The determinant of
the information for the parameter vector 8 = (—2.5190,0.1636,0.1693, —0.0092)7 evaluated at
design £ is | M (&; 8)| = 2153.28, while the determinant of the information matrix of the same
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parameter vector at design £* given in (7.127) is |M (£*; B)| = 440410. Hence, the D-efficiency
(3.38) of design ¢ relative to the D-optimal design (7.127) is

[ M B)] }”“ _
va={jirci) 0

As Deg = 0.264 is very small compared to 1, the 5-point D-optimal design (7.127) is more
efficient than the 20-point ray design used to generate the data of Table A.3.

O’Brien (2004) discussed the assessment of drug interaction of the data in Table A.3 using
separate ray models constructed on the basis on the Finney (1971) model for binary responses
given by (2.22) in Section 2.4.1. O’Brien (2004) assessed the interaction effect of the two
insecticides A and B for data on each interior ray and on d; = 0 and dy = 0 by evaluating
combination indices given in Section 2.3. The results were that all the combination indices
are significantly greater than 1, and hence the insecticides exhibit antagonism along all the 3

interior rays do = 3dy, ds = dy and dy = 3ds.

Consider assessing interaction effect and constructing D-optimal designs for data in Table A.3
corresponding to each of the three interior rays supplemented by data on rays d; = 0 and

dy = 0 with the two-variable binary logistic model with interaction (7.1) used in this thesis.
Ray dg = 3d1
In this case, the estimates of the parameters of model ulogit(p) = By + fidy + fods + Sradids

are given in Table 7.10. As the interaction parameter (5 is negative, but not significant (p-

Table 7.10: Parameter estimates for the two-variable binary logistic model with interaction
u = IOglt(p) = 60 + 516[1 + ﬁgdg + ﬂlgdldg for the data of Table A.3 on ray dg = 3d1

Drug/Combination | Parameters | Estimates | p-value
Intercept Bo —2.100 | < 0.0001
A 51 0.1415 | < 0.0001
B B2 0.1404 | < 0.0001
A-B B2 —0.0038 0.3631

value = 0.3631), additivity can be concluded on ray dy = 3d;. Estimates of parameters using
the two-variable binary logistic model without interaction u = logit(p) = Sy + Si1di + Pads
are given in Table 7.11. Since fy = —2.064 > —1.5434, (3, + 3083; = 2.06 > 1.5434 and
Bo+305, = 1.875 > 1.5434, then condition (6.5) for a trapezium design is satisfied. Therefore,
the D-optimal design is the 4-point trapezium design (6.5) where b = 30, and (\*, u*) are
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Table 7.11: Parameter estimates for model u = logit(p) = By + [1dy + fads for the data of

Table A.3 on ray dy = 3d;.

Drug/Combination | Parameters | Estimates | p-value
Intercept 0o —2.064 | < 0.0001
A B 0.1370 | < 0.0001
B Bo 0.1313 | < 0.0001
solutions of the simultaneous equations (5.13) and (5.18). For f, = —2.064, the optimal

solution is (A*, u*) = (0.6618, 1.466), and hence the D-optimal corresponding to the parameters
of Table 7.11 is

(4.367,0) (25.765,0) (0,4.556) (0,26.884)

. 0.1691 03309  0.1691  0.3309

& = (7.128)
~1.466  1.466  —1.466  1.466
0.188 0.812 0.188 0.812

Ray d2 = d1

Parameter estimates are given in Table 7.12. Because the interaction parameter (315 is negative,

Table 7.12: Parameter estimates for the two-variable binary logistic model with interaction
u = IOglt(p) = 60 + ﬁldl + ﬁgdg + 612d1d2 for the data of Table A.3 on ray dg == dl.

Drug/Combination | Parameters | Estimates | p-value
Intercept Bo —2.1080 | < 0.0001
A B 0.1382 | < 0.0001
B B2 0.1414 | < 0.0001
A-B B2 —0.0102 0.0002

and significant (p-value = 0.0002), antagonism can be concluded on ray dy = d;. Consider
transforming the model v = logit(p) = Gy + 121 + foxa + Pr2x122 on the design space
D = [0,30] x [0,30], with parameter estimates in Table 7.12 taken as the model parameter
values, to model u = logit(p) = [+ B1x1+ Byxe+ B1ox129 on the design space X = [0, 2] x [0, 2]

using transformations (7.12) and (7.13). This is accomplished by letting

(Ila x2) = (dh d2)7 (Ilnew; x2new) - (1’17 x?) and (/607161117 ﬁlnewa 62new7 612new) = (6(,)7 617 ﬂéa 512)7
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and setting a = c=a; =¢; =0, b =2, by = d; = 30. The process leads ), = —2.1080,
By = 2.073, B, = 2.121 and (3], = —2.295. The parameters of this model satisfy condition
(7.77) of an 8-point D-optimal design. The D-optimal design constructed using the Gauss
program in Appendix C for data on rays d; = 0, d, = 0 and dy = d; of the data in Table A.3
is indeed the following 8-point design.

(5.80,0) (24.71,0) (0,5.67) (0,24.15) (4.93,30) (30,4.44) (30,20.32) (20.51,30)
. ] 01165 00803 0.1341 00822 01618  0.1625  0.1285 0.1341
] —1307 1307 —1.307 1307 1.307 1307 —1.307  —1.307
0213  0.787 0213  0.787 0.787 0.787 0.213 0.213
(7.129)
Ray d; = 3d,

The parameter estimates are given in Table 7.13. The interaction parameter 35 is negative,

Table 7.13: Parameter estimates for the two-variable binary logistic model with interaction
u = IOglt(p) = 60 + 51d1 + ﬁgdg + 612d1d2 for the data of Table A.3 on ray dl == Sdg

Drug/Combination | Parameters | Estimates | p-value
Intercept Bo —1.9310 | < 0.0001
A 51 0.1319 | < 0.0001
B B2 0.1366 | < 0.0001
A-B B2 —0.0065 0.0976

but not quite significant (p-value = 0.0976). Hence, additivity can be concluded on ray d; =
3dy. Estimates of parameters using the two-variable binary logistic model without interaction
u = logit(p) = By + f1dy + Bady are given in Table 7.14. Since fy = —1.8676 > —1.5434,

Table 7.14: Parameter estimates for the two-variable binary logistic model without interaction

u = logit(p) = By + [1dy + Pads for the data of Table A.3 on ray d; = 3ds.

Drug/Combination | Parameters | Estimates | p-value
Intercept Bo —1.8676 | < 0.0001
A B 0.1159 | < 0.0001
B B2 0.1284 | < 0.0001

Bo + 306, = 1.6094 > 1.5434, and [y + 300, = 1.9844 > 1.5434, then condition (6.5) is
verified and therefore, and the D-optimal design is the 4-point trapezium design (6.5) where
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b = 30, and (A\*,u*) = (0.6646,1.492) solutions of the simultaneous equations (5.13) and
(5.18). Hence, the D-optimal corresponding to the parameters of Table 7.14 is

(3.239,0) (28.989,0) (0,2.923) (0,26.167)

. 0.1677  0.3323  0.1677  0.3323

¢ = . (7.130)
~1.492 1492  —1.492  1.492

0.184 0.816 0.184 0.816

7.8. Conclusions

In this chapter, the construction of the D-optimal designs for the two-variable binary logistic
model with interaction u = logit(p) = By + f1x1 + Faza + Prax122 on the design spaces
(—00,00) X [¢,d], [0,00) X [0,00) and [0,b] x [0,b] was discussed. The equally weighted 4-
point, with support points on two pairs of hyperbolae +u = [y + Six1 + Boxe + S1aw129,
introduced by Jia and Myers (2001) was proved to be D-optimal. An alternative 4-point
D-optimal design on the design space X = (—o0, 00) X [¢, d], also with support points on the
hyperbolae +u, was introduced in this chapter. The design was constructed from a candidate
4-point, D-optimal whose support points were the points of intersection of the hyperbolae
uy = Bo + Brx1 + Poxa + Prex1ze and uy = Gy + Sy + Poxa + S127122 and the boundary
lines £o = ¢ and x5 = d of the design space X. This approach of constructing the 4-point
D-optimal design was extended to constructing D-optimal designs on the [0, 00) X [0, 00) and
the [0,0] x [0,b] design spaces. The number of support points of the D-optimal designs on
the design [0, b] x [0, ] space, which can easily be transformed to a rectangular design space
[a,b] x [c,d], varied from 4 to 6 for synergy and from 4 to 8 for antagonism depending on
the size of the design space and the model parameter values. Because the interaction term in
the model vanishes at design support points on the boundaries of the [0, 00) x [0, 00) and the
[0, 6] x [0, b] design spaces, D-optimal designs without interior support points are singular for
estimating the interaction parameter ;5. This problem was resolved by choosing candidate
D-optimal designs with one or two interior support points defined by the intersection of the
interior ray x, = —1x1 and one or two branches of the hyperbolae u; and uy,. Simple D-
optimal designs suci as equally weighted 4-point and 8-point designs were constructed semi-
analytically and semi-numerically in simple cases such as those of equally weighted 4-point
and 8-point designs. Otherwise, conditions for the existence of the design patterns of the
candidate D-optimal designs were derived, then the D-optimal designs for specific examples

were constructed numerically, and the D-optimality of these designs was checked graphically.
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Two practical examples, one on synergy and another on antagonism, were used to illustrate
the usefulness of the design strategy adopted in this chapter in terms of their efficiency and
cost reduction due to the use of fewer experimental runs over designs used to generate the

data.
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Conclusions

In this thesis, D-optimal designs for the two-variable binary logistic model without and with

interaction for detecting drug interaction were investigated.

In Chapter 4, the D-optimal design for the one-variable binary logistic model u = logit(p) =
Bo+ Bz on the design space R which is known to have two support points on logit u = +1.5434
was shown to be D-optimal. The D-optimality of the 2-point design for the one-variable binary
logistic model on the design space R was derived since it is relevant to the construction of

D-optimal designs for the two-variable binary logistic model with interaction.

In Chapter 5, theoretical constructions of D-optimal designs for the two-variable binary logistic
model without interaction u = logit(p) = By + f121 + [ax2 on the design spaces (—oo, 00) X
[—b,b] and [0,00) x [0,00) were discussed. For u unrestricted, the equally weighted 4-point
parallelogram candidate D-optimal design, with support on the logit lines v = 4+1.22291, of
Sitter and Torsney (1995a), Jia and Myers (2001) also found in Myers et al. (2002), and in
Atkinson and Haines (1996), was proved analytically to be D-optimal on the design space
given by the (u1,us)-space (—o0,00) X [—b,b] where u; = logit(p) = By + Six1 + Poxe and
us = by + by + baxs. Two new D-optimal designs, for the two-variable binary logistic
model without interaction u = logit(p) = fy + Bix1 + G2xe on the (x1,z5) design space
[0,00) x [0,00), a 4-point trapezium design and a 3-point design respectively associated with
the conditions about the intercept parameter 3y, —oo < Fy < —1.5434 and —1.5434 < (3, < 0,

were introduced and proved to be D-optimal.

In Chapter 6, D-optimal designs for the two-variable binary logistic model without interaction
u = logit(p) = Bo+ 121+ Box9 on the bounded design space [0, b] x [0, b] were semi-analytically
and semi-numerically investigated. In some cases, the D-optimal designs were found to be

similar to the parallelogram and the trapezium D-optimal designs discussed in Chapter 5,
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and in other cases the design patterns were very different. The candidate D-optimal designs
termed trapezium designs and non-trapezium designs satisfy the necessary condition that
either By + B1b > 0 and By + 320 > 0 or By + 51b < 0 and [y + b < 0. The candidate
D-optimal designs termed parallelogram designs and non-parallelogram designs satisfy the
necessary condition that the signs of Gy+ 516 and o+ F2d alternate. The case when Gy+3,0 = 0
or By + b = 0 lead to candidate D-optimal designs with 4 to 6 support points. A practical
example on the joint effect of two insecticides was used to show that optimal designs can
be less expensive in terms of experimental runs, and more efficient than some well known

experimental designs.

In Chapter 7, D-optimal designs for the two-variable binary logistic model with interaction,
u = logit(p) = Bo+ P11+ faxa+ B1ax1 22, on the design spaces (—oo, 00) X [¢, d] and [0, b] x [0, b]
were investigated. In the case of the design space (—o0, 00) X [¢, d], candidate equally weighted
4-point D-optimal designs were suggested and calculations indicated designs with support
points located on the hyperbolic logit lines u = +1.5434. Then, the design was proved to be
optimal algebraically. In the case of the design space [0,b] x [0,b], the candidate D-optimal
designs were found to have 4 to 6 support points for synergistic effect and 4 to 8 support
points for antagonistic effect. The candidate D-optimal designs were proved to be optimal
algebraically in the simplest cases of equally weighted 4- or 8-point designs. In complicated
cases with unequally weighted design points, the patterns of various candidate D-optimal
designs were conjectured and the conditions of existence of these design patterns were derived
algebraically. Then D-optimality of these designs was checked graphically by plotting the
standardized variance function. Real world examples were used to demonstrate the usefulness
of the D-optimal designs and their superiority relative to some designs generally used in

experimentation.

The results of this thesis on constructing D-optimal designs for the two-variable binary logistic
models without and with interaction on a subset of the space R? can be extended in further
research, at least numerically, to binary logistic models with more than two explanatory
variables on a subset of R¥ where k is an integer greater than or equal to 3. Future studies
can also be done by constructing optimal designs for other models containing two or more
explanatory variables such as the Finney models reviewed in Chapter 2. Furthermore in order
to avoid problems of parameter misspecification, the Bayesian or minimax methodologies can
be used in constructing D-optimal designs for nonlinear and generalized linear models with

two or more explanatory variables.
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A

Data sets

Table A.1: Data from Martin (1942): the total number and the number of dead chrysanthe-

mum aphides due to joint application of rotenone and deguelin concentrates.

Rotenone (mg/l) | Deguelin (mg/l) | Total number | Number of

of insects dead insects
10.2 0.0 o0 44
7.7 0.0 49 42
5.1 0.0 46 24
3.8 0.0 48 16
2.6 0.0 50 6
0.0 20.5 48 48
0.0 40.4 50 47
0.0 30.3 49 47
0.0 20.2 48 34
0.0 10.1 48 18
5.1 20.3 50 48
4.0 16.3 46 43
3.0 12.2 48 38
2.0 8.1 46 27
1.0 4.1 46 22
0.5 2.0 47 7
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Table A.2: Data from Le Pelly and Sullivan (1936): the total number and number of dead

houseflies due to joint application of rotenone and pyrethrin concentrates.

Rotenone (mg/l) | Pyrethrin (mg/l) | Number of insects | Number of dead insects
0.100 0.0 1000 240
0.150 0.0 1000 440
0.200 0.0 1000 630
0.250 0.0 1000 810
0.350 0.0 1000 900

0.0 0.500 1000 200
0.0 0.750 1000 350
0.0 1.000 1000 530
0.0 1.500 1000 800
0.0 2.000 1000 880
0.050 0.250 1000 270
0.075 0.375 1000 530
0.100 0.500 1000 640
0.146 0.729 1000 820
0.196 0.979 1000 930

Table A.3: Data from Giltinan, Capizzi, and Malani (1988): Mortality in response to two

insecticides A and B.

A (ppm) | B (ppm) | Number | Dead | | A (ppm) | B (ppm) | Number | Dead
0.000 30.000 30 26 3.250 3.250 29 4
0.000 15.000 30 19 1.625 1.325 29 0
0.000 7.500 30 7 19.500 6.500 30 20
0.000 3.750 30 3 9.750 3.250 30 13
6.500 019.500 30 23 4.875 1.625 29
3.250 9.750 30 11 2.438 0.813 30 0
1.625 4.875 30 3 30.000 0.000 30 23
0.813 2.438 30 0 15.000 0.000 30 21
13.000 13.000 30 15 7.500 0.000 30 13
6.500 6.500 30 d 3.750 0.000 30 d
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B

Gauss program for the construction of
D-optimal designs for the two-variable
binary logistic model without interaction

on a rectangular design space

@ — D-optimal designs for model v = logit(p) = By + Si121 + faxe — @
@ — on the rectangular design space [a,b] X [¢,d] — @

output file=optdes.out reset;

library optmum,pgraph;

# include optmum.ext;

graphset;

format 15,6;

@—Rectangular design space—@
a=0;b=2,¢c=0;d=2;

w o,

; “Minimum and maximum x; values” a ~ b;

“o»

; “Minimum and maximum x, values” ¢ ~ d;

@—Optimality criterion—@
W,

; “Minimizing -In(det)”;

mult=1;

@ — Best guess of parameters and starting design — @
/*Martin’s data*/
b0=-2.0287;
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b1=2.1808;

b2=3.9239;

npts=4;

dmat={0.2 0,0 0.2,0 1,1.5 0};

wvec=ones(npts,1) /npts;

dwmat=dmat~wvec;

“7.“Best guess of the parameters b0 b1 b2” b0~bl~b2;
“Starting design”;

2

“Number of support points = ” npts;

“Support points and weights = 7 dwmat;

@ — Grid over the design space [a,b] X [¢,d] — @
ng=>1;

ax1=(b-a) /(ng-1);

dx2=(d-c),/(ng-1);

gridx1=seqa(a,dx1,ng);

gridx2=seqa(c,dx2,ng);

grid=gridgen(ng);

ntop=16;

@ — Optimization process — @
yO0=constr(dwmat);

{ v,f,g,h } = optmum(&fun,y0);
dwmat=unconstr(y);
y=constr(dwmat);

crit=fun(y);
infomatopt=infomat(dwmat);

invmat=inv(infomatopt);

@ — results — @

o,

;“optimal design”;

bl

“Number of support points = 7 npts;

“Support points and weights = 7 dwmat;

“ 7. “Criterion value ” crit;

?

“ 7 “Optimum information matrix 7 infomatopt;

b

“7-“Tnverse of the optimum information matrix ” invmat;
bl )
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@ — Standardized variance function d(x, £*; 3) at the support points — @
stdvgrid=stdvarf(infomatopt,dwmat].,1:2]);
expu=exp(b0+b1*dwmat].,1]+b2*dwmat|.,2]);

pvec=expu./(1+expu);

lvec=In(pvec./(1-pvec));

“ 7 “Optimal design, p and logit(p) at support points” stdvgrid ~ pvec ~ lvec;

@ — Plot of d(x,&*; B) over a grid — @
stdvgrid=stdvarf(infomatopt,grid);
matcont=reshape(stdvgrid[.,3],ng,ng);
_pdate = 0;

fonts( “simplex complex microb simgrma”);
2tics(0,3,1,0.5);

xtics(0,2,0.5,0.1);

ytics(0,2,0.5,0.1);

zlabel(“d(z, £ 8)”);

xlabel(“x]1[");

ylabel(“x]2[");

_pnum = 2;
_pnumht = 0.25;
_paxht = 0.2;

_pmcolor = {0,0,0,0,0,0,0,0,15};
_pmsgetl = {0.8 0.7 0.3 0 1 0 0};
/*-pmsgstr="(b)";

/ surface(gridx1’,gridx2,matcont’);
stdvgrid=rev(sortc(stdvgrid,3));
ddmax=stdvgrid[1:ntop,.];

(A VA1

:“maximum d(x,£*; 3) values over the rectangle [a,b] x [¢,d] 7 ddmax;

@ — Procedure - Function for minimization — @
proc fun(y);

local dwmat,imat,crit;

dwmat=unconstr(y);

imat=infomat(dwmat);

crit=-mult*In(det(mmat));
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retp(crit);
endp;

@ — Procedure to generate grid on the rectangle [a,b] X [¢,d] — @
proc gridgen(ng);

local grid,k,i,j,toler;
toler=0.0000000001;
grid=zeros(ng*ng,2);
k=1;

i=1;

do until i > ng;

=L

do until j > ng;
if(abs(gridx1[i]) < toler);
gridx1[i]=0;

endif;

if(abs(gridx2[j]) < toler);
gridx2|j]=0;

endif;
grid[k,.]=gridx1[i]~gridx2][j];
k=k+1;

J=i+L

endo;

i=i+1;

endo;

retp(grid);

endp;

@ — Procedure - Information matrix — @

proc infomat(dwmat);

local n,dmat,wvec,x1,x2,expu,vterm,xmat,wmat,imat;
n=rows(dwmat);

dmat=dwmat[.,1:2];

wvec=dwmat[.,3];

x1=dmat|.,1];

x2=dmat].,2];
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expu=exp(b0+b1*x1+b2*x2);
vterm=sqrt(expeta)./(1+expeta);
xmat=vterm.*(ones(n,1)~x1~x2);
wmat=diagrv(zeros(n,n),wvec);
imat=xmat’.*wmat.*xmat;
retp(imat);

endp;

@ — Procedure - Unconstrained x and A to constrained y— @
proc constr(dwmat);

local y,dmat,i,wvec,den;
y=zeros(3*npts-1,1);

/* transform support points */
dmat=dwmat|.,1:2];

i=1;

do until i>npts;
yvli,1]=arcsin(sqrt((dmat[i,1]-a)/(b-a)));
yli+npts,1]=arcsin(sqrt((dmat[i,2]-c) /(d-c)));
i=i+1;

endo;

/* transform weights */ wvec=dwmat][.,3];
den=1.0;

i=1;

do until i>npts-1;
y[i+2*npts,1]=arcsin(sqrt(wvec[i]/den));
den=den-wvec]i];

i=i+1;

endo;

retp(y);
endp;

@ — procedure - constrained y to unconstrained x and A— @
proc unconstr(y);

local dmat,i,wvec,yw mult,dwmat;

/* transform support points */

dmat=zeros(npts,2);
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i=1;

do until i>npts;
dmat[i,1]=x1min+(xImax-x1min)*sin(y[i,1])*sin(y[i,1]);
dmat[i,2]=x2min+(x2max-x2min)*sin(y[i+npts,1]) *sin(y[i+npts,1]);
i=i+1;

endo;

/* transform weights */

wvec=zeros(npts,1);

yw=y[2*npts+1:3*npts-1,.];

mult=1;

i=1;

do until i>npts-1;
wvec[i,1]=sin(ywl[i,1])*sin(ywli,1]) *mult;
mult=mult*cos(ywl[i,1])*cos(ywli,1]);

i=i+1;

endo;

wvec[npts,1]=mult;

dwmat=dmat~wvec;

retp(dwmat);

endp;

@ — Procedure to calculate the standardized variance function — @
proc stdvarf(mopt,grid);

local ngrid,stdvgrid,i,matx;
ngrid=rows(grid);

stdvgrid=grid zeros(ngrid,1);

i=1;

do until i > ngrid;
matx=infomat(grid[i,.]~1);
ddgrid[i,3]=sumc(diag(inv(mopt)*matx));
i=i+1;

endo;

retp(stdvgrid);

endp;
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C

Gauss program for the construction of

D-optimal designs for the two-variable

binary logistic model with interaction on

a rectangular design space

@ — D-optimal designs for model u = logit(p) = By + Si1x1 + Poxs + Sraxizy — @

@ — on the rectangular design space [a,b] X [¢,d] — @

output file=optdes.out reset;
library optmum,pgraph;

# include optmum.ext;
graphset;

format 15,6;

@—Rectangular design space—@
a=0;b=2,¢c=0;d=2;

w o,

; “Minimum and maximum x; values” a ~ b;

“o»

; “Minimum and maximum x5 values” ¢ ~ d;

@—Optimality criterion—@
W,

; “Minimizing -In(det)”;

mult=1;

@ — Best guess of parameters and starting design — @

/*LePelly and Sullivan data*/
b0=-2.2054;
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b1=2.3766;

b2=2.2547;
b12=0.2846;
npts=4;

dmat={0.3 0,1.5 0,0 0.3,0 1.5,0.2 0.2,0.9 0.9};
wvec=ones(npts, 1) /npts;

dwmat=dmat~wvec;

“7:“Best guess of the parameters b0 bl b2 b12” b0 ~bl~b2~b12;
“Starting design”;

7

“Number of support points = 7 npts;

“Support points and weights = 7 dwmat;

@ — Grid over the design space [a,b] X [¢,d] — @
ng=>o1;

ax1=(b-a) /(ng-1);

dx2=(d-c)/(ng-1);

gridx1=seqa(a,dx1,ng);

gridx2=seqa(c,dx2,ng);

grid=gridgen(ng);

ntop=16;

@ — Optimization process — @
yO0=constr(dwmat);

{ v,f,g,h } = optmum(&fun,y0);
dwmat=unconstr(y);
y=constr(dwmat);

crit=fun(y);
infomatopt=infomat(dwmat);

invmat=inv(infomatopt);

@ — results — @

o,

;“optimal design”;

bl

“Number of support points = 7 npts;

“Support points and weights = 7 dwmat;

)

“ 7. “Criterion value ” crit;

?

“ 7 “Optimum information matrix 7 infomatopt;

b

“7-“Tnverse of the optimum information matrix 7 invmat;
bl )
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@ — Standardized variance function d(x, £*; 3) at the support points — @
stdvgrid=stdvarf(infomatopt,dwmat|.,1:2]);
expu=exp(b0+b1*dwmat|.,1]+b2*dwmat|.,2]+b12*dwmat[.,1].*dwmat[.,2]);
pvec=expu./(1+expu);

lvec=In(pvec./(1-pvec));

“7:“Optimal design, p and logit(p) at support points” stdvgrid ~ pvec ~ lvec;

@ — Plot of d(x,&*; B) over a grid — @
stdvgrid=stdvarf(infomatopt,grid);
matcont=reshape(stdvgrid[.,3],ng,ng);
_pdate = 0;

fonts( “simplex complex microb simgrma”);
ztics(0,4,1,0.5);
xtics(0,2,0.5,0.1
ytics(0,2,0.5,0.1
zlabel(“d(z, £ 8)7);
xlabel(“x]1]”);
ylabel(“x]2[");

)i
).

?

_pnum = 2;
_pnumht = 0.25;
_paxht = 0.2;

_pmeolor = {0,0,0,0,0,0,0,0, 15};
_pmsgetl = {0.8 0.70.30 10 0};
/*-pmsgstr="(b)";

/ surface(gridx1’ gridx2,matcont’);
stdvgrid=rev(sortc(stdvgrid,3));
ddmax=stdvgrid[1:ntop,.];

o,

;“maximum d(x, £*; 3) values over the rectangle [a,b] x [¢,d] 7 ddmax;

@ — Procedure - Function for minimization — @
proc fun(y);

local dwmat,imat,crit;

dwmat=unconstr(y);

imat=infomat(dwmat);
crit=-mult*In(det(mmat));

retp(crit);
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endp;

@ — Procedure to generate grid on the rectangle [a,b] X [¢,d] — @
proc gridgen(ng);

local grid,k,i,j,toler;
toler=0.0000000001;
grid=zeros(ng*ng,2);
k=1;

i=1;

do until i > ng;

=1

do until j > ng;
if(abs(gridx1[i]) < toler);
gridx1[i]=0;

endif;

if(abs(gridx2[j]) < toler);
gridx2[j]=0;

endif;

grid[k,.|=gridx1[i] ~ gridx2[j];
k=k+1;

J=I+L

endo;

i=i+1;

endo;

retp(grid);

endp;

@ — Procedure - Information matrix — @

proc infomat(dwmat);

local n,dmat,wvec,x1,x2,x3,expu,vterm,xmat,wmat,imat;
n=rows(dwmat);

dmat=dwmat[.,1:2];

wvec=dwmat[.,3];

xl=dmat[.,1];

x2=dmat[.,2];

x3=x1 .*x2;
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expu=exp(b0+b1*x1+b2*x2+b12*x3);
vterm=sqrt(expeta)./(1+expeta);
xmat=vterm.*(ones(n,1)~ x1 ~ x2 ~ x3);
wmat=diagrv(zeros(n,n),wvec);
imat=xmat’. *wmat.*xmat;

retp(imat);

endp;

@ — Procedure - Unconstrained x and A to constrained y— @
proc constr(dwmat);

local y,dmat,i,wvec,den;
y=zeros(3*npts-1,1);

/* transform support points */
dmat=dwmat|[.,1:2];

i=1;

do until i>npts;
yvli,1]=arcsin(sqrt((dmat[i,1]-a)/(b-a)));
yli+npts,1]=arcsin(sqrt((dmat[i,2]-c) /(d-c)));
i=i+1;

endo;

/* transform weights */ wvec=dwmat][.,3];
den=1.0;

i=1;

do until i>npts-1;
y[i+2*npts,1]=arcsin(sqrt(wvec[i]/den));
den=den-wvec]i];

i=i+1;

endo;

retp(y);
endp;

@ — procedure - constrained y to unconstrained x and A — @
proc unconstr(y);

local dmat,i,wvec,yw mult,dwmat;

/* transform support points */

dmat=zeros(npts,2);
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i=1;

do until i>npts;
dmat[i,1]=x1min+(xImax-x1min)*sin(y[i,1])*sin(y[i,1]);
dmat[i,2]=x2min+(x2max-x2min)*sin(y[i+npts,1]) *sin(y[i+npts,1]);
i=i+1;

endo;

/* transform weights */

wvec=zeros(npts,1);

yw=y[2*npts+1:3*npts-1,.];

mult=1;

i=1;

do until i>npts-1;
wvec[i,1]=sin(ywl[i,1])*sin(ywli,1]) *mult;
mult=mult*cos(ywl[i,1])*cos(ywli,1]);

i=i+1;

endo;

wvec[npts,1]=mult;

dwmat=dmat~wvec;

retp(dwmat);

endp;

@ — Procedure to calculate the standardized variance function — @
proc stdvarf(mopt,grid);

local ngrid,stdvgrid,i,matx;
ngrid=rows(grid);

stdvgrid=grid zeros(ngrid,1);

i=1;

do until i > ngrid;
matx=infomat(grid[i,.]~1);
ddgrid[i,3]=sumc(diag(inv(mopt)*matx));
i=i+1;

endo;

retp(stdvgrid);

endp;
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