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ABSTRACT

This thesis presents the results of a study of the use of shape invariance
in supersymmetric quantum mechanics. The most original part of the thesis
comprises research on (i} the use of shape invariance in the momentum
representation (Chapter 5) and on (ii) the shape invariance of certain non-
relativistic and relativistic Coulomb problems and of a relativistic
oscillator (Chapters S5 and 6). This thesis also contains other contribu-
tions, namely (iii) a simple yet complete derivation of the basic results
of shape invariance (Chapter 1); (iv) some simple introductory examples on
the use of shape invariance {Chapter 2); (v) for all the problems
considered it 1is shown how in the treatment by shape invariance the
normalization of bound state eigenfunctions can be achieved (Chapters 1-6);
and (vi) in the determination of these eigenfunctions the results are
expressed in terms of hypergeometric functions (Chapters 3-6), rather than
other special functions. Use of the former functions clarifies the

presentation.



CHAPTER 1

INTRODUCTION, SUPERSYMMETRY AND SHAPE INVARIANCE

1.1 TINTRODUCTION

In this Chapter a discussion of the origins of supersymmetry and shape
invariance in quantum mechanics is presented (Sections 1.2.1 and 1.3.1).
The historical outline given in these Sections is by no means complete,
although it is hoped that the references quoted will complement the
discussion and enable the reader to easily find references to topics that
have been omitted.

In Section 1.2.2 the mathematical formalism of supersymmetric quantum
mechanics is presented. In this dlscussion we have emphasized those ideas
that are necessary for the introduction of the concept of shape invariance
in supersymmetric quantum mechanics. In Section 1.3.2 we introduce the
concept of shape invariance and derive the results which give explicit
algebraic expressions for the energy eigenvalues (Equation (1.41})) and
normalized energy eigenfunctions (Equation (1.46)) of quantum mechanical
systems with shape invariant potentials. Our derivation differs from those
presented in the literature in that we make use of a construction of two
hierarchies of Hamiltonians instead of the single hierarchy used in the
standard derivation. This approach simplifies the derivation of the above-
mentioned results, and it also provides a clearer insight into the factors
required to obtain normalized eigenfunctions. The normalization constants
are usually omitted in the literature.

The results obtained in Chapter 1 are applied to three simple quantum
mechanical systems in Chapter 2. The first example is the familiar

one-dimensional harmonic oscillator (Section 2.1), for which the method of



shape invariance is identical to the standard operator method of solving

this problem. The second example concerns orbital angular momentum
(Section 2.2)}. We show how shape invariance can be used to obtain the
orbital angular momentum quantum numbers and the spherical harmonics. In

Section 2.3 we consider the problem of an electron in a uniform magnetic
field.

In Chapter 3 we use shape invariance to determine the energy
eigenvalues and normalized coordinate-space eigenfunctions of certain
one-dimensional systems. Here we consider the one-dimensional Morse
potential (Section 3.1), the Rosen-Morse potential {unsymmetric and
symmetric cases =~ Section 3.2) and the first and second P&schl-Teller
potentials (Sections 3.3 and 3.4). The analysis of the first two examples
is presented in some detail to clarify the procedure. These problems (and
some of the others that are considered in this thesis) have previously been
treated by shape invariance in the 1literature to obtain the energy
eigenvalues and the (unnormalized) energy eigenfunctions. The treatment
given in this thesis shows how the normalization of bound state eigen-
functions can be performed using shape invariance. We also obtain these
eigenfunctions in terms of hypergeometric functions rather than (as is done
in the literature) in terms of Jacobi polynomials or ether special
functions. We believe the use of hypergeometric functions clarifies the
presentation and in Chapters 3-6 we have obtained the results in terms of
these functions.

In Chapter 4 the results obtained in Chapter 1 are expressed in a form
which is suitable for applicatien to the coordinate representation of
spherically symmetric problems in an angular momentum basis. We consider
the following problems: (i) the three-dimensional 1isotropic non-

relativistic oscillator (Section 4.2), (ii) the non-relativistic Coulomb



problem (Section 4.3), (iii) modified oscillator and Coulomb potentials
(Section 4.4) and (iv) the Eckart potential (Section 4.5). In Section 4.6
we show how the Hulthén potential can be obtained from the Eckart
potential, and in Section 4.7 we extend the results obtained for the one-
dimensional Morse and symmetric Rosen-Morse potentials obtained 1in
Chapter 3 to s states of the corresponding three-dimensional potentials.

In Chapter 5 we formulate the method of shape invariance in a manner
that 1is suitable for application to the momentum representation of
spherically symmetric systems in an angular momentum basis (Section 5.1).
In Section 5.2 we use the formulation of Section 5.1 to obtain the energy
eigenvalues and normalized radial momentum-space eigenfunctions of the
three-dimensional 1isotropic non-relativistic oscillator. The non-
relativistic Coulomb problem in the momentum representation is discussed in
Section 5.3.

In Chapter 6 we consider relativistic problems. A brief introduction
to the Klein-Gordon and Dirac equations is presented in Section 6.1. In
Section 6.2 we treat the Klein-Gordon and Dirac equations with a Coulomb
potential, in a form which is suitable for application to the coordinate
representation. We consider a Dirac oscillator in the coordinate represen-
tation in Section 6.3, and in the momentum representation in Section 6.4.
As a final example we discuss the one-dimensional Klein-Gordon equation
with a Coulomb-like potential in the momentum representation (Section 6.5).

We also compare the various types of shift operations that can be
constructed for most of the examples considered in Chapters 3-6. Namely,
those obtained by the method of shape invariance, the shift operations
obtained from the factorization method of Infeld and Hull, and the shift
operations for energy. These shift operations are presented in Tables at

the end of each Section.



The results presented on the application of shape invariance in the
momentum representation (Chapter 5), and on the relativistic Coulomb
problems (Chapter 6) have previously been published in the following two
papers:

1. de Lange, O.L. and Welter A. (1992). Shape Invariance with
Application to the Momentum Representation. Journal of Physics A
Mathematical and General, 25, 5753-60.

2. de Lange, O.L. and Welter, A. (1982). Shape Invariance of Coulomb

Problems. American Journal of Physics, 60, 254-7.

1.2 SUPERSYMMETRY

In this section a historical account of the developments leading to the
introduction of supersymmetry in quantum mechanics and the subsequent
applications of this theory are given (Section 1.2,1). The relation
between the method of supersymmetry 1in quantum mechanics and other
algebraic methods is also traced. A brief review of supersymmetric gquantum

mechanics is then presented (Section 1.2.2).

1.2.1 Historical review

The current interest in supersymmetry stems from work done in the early
nineteen seventies by a number of authors [1-3}, although the algebra
governing supersymmetry had been explored in some mathematical contexts
before this [4]. In 1871 Gol’'fand and Likhtman [1] discovered the
four-dimensional Poincaré superalgebra, and shortly thereafter Volkov and
Akulov [2] and Wess and Zumino [3] incorporated supersymmetry in field
theories. The current use of supersymmetry is mainly due to the work by
Wess and Zumino.

The term supersymmetry is usually associated with two properties.



Firstly, supersymmetry involves transformations of bosons into fermions and
vice versa (the Hamiltonian is invariant under such transformations).
Secondly, the algebra of supersymmetry is a graded Lie algebra which
involves both commutation end anti-commutation relations for the generators
of the algebra [5].

An important property of supersymmetry in field theory is that it has
led to the reduction of divergences which had plagued certain quantum
theories in the past. This success led immediately to the incorporation of
supersymmetry in quantum theories of gravity [8], which had run into
difficulties due to the non-renormalizability of the gravitational inter-
action. The study of supersymmetric theories of gravity (supergravity) is
still a major topic of interest [7], and it is envisaged that a unified
theory of all interactions will be supersymmetric in character.

Whether there is any evidence of supersymmetry in high energy particle
physics is still uncertain [8]. However, supersymmetry has been applied
successfully in atomic, nuclear, statistical and solid state physics [9].
The degeneracy of the Landau levels for a spin 4 particle in a uniform
magnetic field has been recognised to be supersymmetric in character for
the special case when the gyromagnetic ratio g = 2 [10]. The mathematical
properties of the superalgebra have been rigorously analysed by many
authors [11]. It has been remarked that supersymmetry is another example
of "when the mathematicians in all their wisdom have overlooked a beautiful
and most useful structure, and have come to appreciate it only at the
demand of physicists" [4].

The development of supersymmetry in quantum mechanics 1s due to a

simple model proposed by Witten [12] to demonstrate a system in which



dynamical supersymmetry breaking occurs.* Witten chose the simplest
example of supersymmetry in which there are only two generators (see
Section 1.2.2). This reduces the problem to one of supersymmetric quaatum
mechanics.

Since the inception of supersymmetry in quantum mechanics, a
considerable amount of work has appeared in the literature on the
applications of supersymmetry in quantum mechanics [13], and on the
relation between supersymmetry and other algebraic methods in quantum
mechanics (15, 18]. This work has provided a deeper insight into these
algebraic methods. The method of supersymmetry in quantum mechanics
involves the factorization of a given Hamiltonian (or some other operator)
into a linear operator and its adjoint (see Section 1.2.2). In terms of
differential equations, this is equivalent to replacing a linear second-
order differential equation by two linear first-order differential
equations. The mathematical groundwork describing the facteorization of
higher-order differential equations into systems of lower-order equations
had already been carried out in the eighteenth and nineteenth centuries
[14], but it was not until much later that these connections were pointed
out [15].

The idea of using a factorization method to solve certain quantum-
mechanical eigenvalue-problems was introduced by Dirac, Weyl and
Schrédinger (18]. This work was generalized in a classic paper by Infeld
and Hull [17], who obtained six classes of factorization types, and used
these to solve Schrodinger’s equation for all the known solvable one-

dimensional potentials. Infeld and Hull’s factorization method was later

* Broken and unbroken superymmetry is discussed in Section 1.2.2.



shown to be related to the Darboux transformation {18]. The equivalence of
supersymmetry in guantum mechanics to the factorization method has now been
firmly established [19], and further insight into this equivalence has been
given by the introduction of the concept of shape invariant potentials [20]

(see Section 1.3).

1.2.2 Supersymmetry in quantum mechanics

In supersymmetric quantum mechanics there are two operators Q1 and Q2 which
commute with the Hamiltonian H and anti-commute with each other, and whose
squares are equal to half the Hamiltonian. That is,

[Q:’H] = 0 (1.1)

{.,Q} =48 H, (1.2)
i j ij
for 1 and j equal to 1 or 2.

Consider the operators Q1 and Qz’ given by

o= —=@+qh, g=2lw-adh, (1.3)
vZ v2
where
o o . [0 A
Q= , Q'= ; (1.4)
A, 0 0 0
and
AX) = —— p+ ux) . (1.5)
* Ve

Here p and x are the one-dimensional momentum and position operators of a
particle of mass M; they satisfy the canonical commutation relation [21]
[x,p]l = th . {(1.8)
The superpotential, W(x), is a real function of x.
Using (1.3)-(1.5) in (1.2), we find that

AA_ O H 0

(1.7)

H =
SS

0 A ° H,



th A"_'sz é_" p2+ vi.[X) : (18)
with
2 h dWi(x)
V. (x) = Wix) + — (1.9)
. vam 9

It is straightforward to show that G2= (Q7)%= 0, and hence that (1.3)-(1.5)
satisfy (1.1} and (1.2). The operators H, are referred to as super-
symmetric partner Hamiltonians and V,(x) are supersymmetric partner
potentials.

Suppose that Ht possess discrete spectra, i.e.

HW >=Ep > (=012 ... (1.10)
It follows from (1.10), (1.8) and A_= ()" that

+

Ez 0. (1.11)
(This can be seen by premultiplying both sides of (1.10) by the bra <Mi|
and using the non-negativity of a norm.)

Supersymmetry is said to be dynamically broken if the ground state of
a quantum mechanical system is degenerate. If supersymmetry is unbroken
then there exists a single non-degenerate ground state, determined by an
annihilation condition (see equation (1.12)), with zero energy. We assume
throughout this work that supersymmetry is unbroken [12]: hence either A,
or A_ annihilates the ground state. We can, without loss of generality
[22], suppose the former and write

Ay, >=0. (1.12)
Premultiplying (1.12) by A , and using (1.8) and (1.10), ylelds

E=0. (1.13)

In the coordinate representation (1.12) corresponds to the first-order

differential equation,

h a -
hod w(x)]w (x) =0 (1.14)
[@ ax [e]



where w;(x) = <?|¢; > 1s the coordinate-space eigenfunction of the ground
state. Equation (1.14) has the solution

w;(x) = CDeXp[— !EE JXW(x]dx} ; {1.15)
where C0 is a constant to be determined so that w;(x] is normalized. In
practice, if the ground state eigenfunction ¢;(XJ is known, one could
determine W(x) from (1.15) using the relation

Wix) = - 22 (%c—- e yo(x) . (1.18)

vem

Alternatively, one could start with a known potential V_(x} and solve the
Riccati equation (1.9) for the superpotential W{x].

To establish the relationships between the eigenkets of H+ and H_ we
premultiply the eigenvalue equation of H (with N replaced by N+1)} by A, to
obtain

AH_[Vy > = EN+1A+|wu+1> ; (1.17)
Use of (1.8) in (1.17) shows that

H (A, |v,, Ot = ENH{Aand)) : (1.18)

) are eigenkets of H+ corresponding to energy E; . A similar

Hence A+’¢h "

+1
calculation yields
+ + +
H{A_[w, Db = EdA_fy, D . (1.189)
and therefore A_|w; > are eigenkets of H_ corresponding to energy E:. From
(1.18), (1.19}, (1.8) and the condition (1.12) for unbroken supersymmetry,
we obtain the following transformations*

- {— +
A w0 = YE, v, > (1.20)

and

+ + -
Ay > = \/E; [¥,,2 > (1.21)

* Note that if (1.13) does not hold, then E;+1 and E: in (1.20) and (1.21)

must be replaced by E. -~ E_ and E'- E ; see also (1.42) and (1.43).
N+1 O N O



E, e, > e > Eo

Fig.1.1 The spectra of the Hamiltonians (1.8) (see Ref. 21
Section 3.8). Examples of the transformations (1.20)

2 + -
and (1.21) are depicted. The kets [y > and MNH) are

doubly degenerate for N = 0,1,2, ... (see (1.22)).
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with

E=E (N=0,1,2, ...) . (1.22)
A detailed derivation of Equations (1.20)-{1.22) is provided in Appendix A.
The spectra of H, and examples of the transformations (1.20) and (1.21) are
depicted in Fig. 1.1. We see that the spectra of H; and H_ are identical

except that H+ has no normalizable eigenket with energy zero.*

1.3 SHAPE INVARIANCE IN SUPERSYMMETRIC QUANTUM MECHANICS

Shape invariance was introduced into quantum mechanics in 1883 as a "new
type of hidden symmetry" by Gendenshtein [20]. For systems with this
invariance property, the eigenvalues and eigenfunctions can be obtained by
a simple procedure which is essentially a generalization of tﬁe method of
shift operators for the one-dimensional harmonic oscillator [20].

In Section 1.3.1 an outline is given of the developments of shape
invariance in supersymmetric quantum mechanics since its introduction in
1983. In Section 1.3.2 a derivation is given of the main results which

will be used in the remainder of this thesis to obtain the eigenvalues and

eigenfunctions of various systems.

1.3.1 Higtorical Review
Three years after the introduction of the concept of shape invariance in
1983 [20], Dutt et al. [23] extended the results derived by Gendenshtein to

include calculations of the bound state eigenfunctions from the ground

* Choosing A_]w; > = 0 instead of (1.12) also has the consequence that the
spectra of H_ are identical, except that in this case it is H_ which has

no normalizable eigenket with zero energy.
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state using the results obtained by the introduction of shape invariant
potentials. Further work on the calculation of eigenvalues and eigen-
functions was carried out by Dabrowska et al. [(24].

The first formal! connection between supersymmetry, shape invariance
and solvable potentials was made by Cooper et al. [25] who investigated the
Natanzon class of potentials and showed that these are, in general, not
shape invariant. This work showed for the first time that shape invariance
is not a necessary condition for solvability. The equivalence between the
shape invariance condition and the factorization condition [17] was shown
by Stahlhofen [15,26) and Montemayor and Salem [27].

Besides the calculation of eigenvalues and eigenfunctions, the concept
of shape invariant potentials has been used in conjunction with super-
symmetry and a factorization method to generate other solvable potentials,
which are in general not shape invariant [28]. Shape invariance has also
been used to determine scattering amplitudes [29], and to evaluate path
integrals for shape invariant potentials {30].

The results of supersymmetry and shape invariance have been derived in
an abstract mathematical framework (31], and extended to include
applications in the momentum representation {32] (see Chapter 5). Recently
it has also been shown how Point Canonical Transformations map twelve types

of shape invariant potentials into two potential classes [33].

1.3.2 Shape invariance
Gendenshtein showed that if a potential is shape invariant, one can

) (s =0,1,2, ...), each member of

construct a hierarchy of Hamiltonians H'S
which is the supersymmetric partner of the adjacent member in the hierarchy
(see below). The method of constructing a hierarchy of Hamiltonlans to

solve for the eigenvalues and eigenfunctions has also been used by Sukumar

[34] without referring explicitly to the concept of shape invariance. The
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results obtained by Sukumar are the same as those obtained using shape

invariance.

If the supersymmetric partner potentials V+[x) also depend on a set of
parameters « (s = 0,1,2, ...}, then they are said to be shape invariant if
the following relation exists between them:

v, [x,a ) = V_[x,agﬂ] + Rl ) . (1.23)

Here o denotes a set of parameters with

a =fla} , (1.24)
+1 s

and the remainder, R(ocs} in (1.23) is independent of x.
Substituting (1.9) in (1.23), where W(x) is now also a function of « ,
s
we obtain the condition for shape invariance in terms of the superpotential

W(x, ocs):

dWix, o ) dW(x, e )
Ue(x,cxs] P SR M wg(x,as 1) - D Lt

m dx + m dx

It can be shown that equation (1.25) is equivalent to the factorization

+ Rla_ ). (1.25)
s+1

condition of Infeld and Hull [17,15,28,27].
The usual analysis [20,24] starts with a hierarchy of Hamiltonians
H5=Lp2+V(an+§:R(a) (s = 1,2 ) (1.26)
SH _x, e " ,2, ...) .
k=1
H =H . (1.27)

(Note that H'Y= H . Consequently H? and Y are supersymmetric part-

(s+1) (s = 1,2, ...) are also

ners; one can readily show that H(S) and H
supersymmetric partners [24].) In the following derivation we modify* this

analysis by considering two hierarchies of Hamiltonians, namely

* This modification clarifies the presentation, in particular the deriva-
tion of the energy-dependent factor zn(ao) in (1.46). In the literature

this factor is usually omitted [24,27].



14

(s)_ 1 2

H; = 5P * Vt(x,asl +k§1R(ak) (s =1,2, ...} (1.28)
(o)

H+ = Ht ; (1.29)

Taking the lower sign in (1.28) and replacing s by s + 1,
s+1

(se1)_ 1 2
- TPt V_(X.ag’l] + ¥ R(ak)
k=1
= l—-p2+ V (x,ee ) + E R{a ) (1.30)
2M + 777 k7 ’
k=1
where the shape invariance condition (1.23) has been used. Comparing
A (s) {s+1)
(1.28) and (1.30), and using (1.8), we see that H_~ and H_ are
supersymmetric partner Hamiltonians. Therefcre the results obtained from

supersymmetry in Section 1.2.2 apply to the eigenvalues and eigenkets of

these Hamiltonians. In particular, for discrete spectra, the energy

(s)

eigenvalues E;B) of H_°' must satisfy (see (1.22) and Fig. 1.1)

(s)_ ~(s+1)
ES=EC . - (1.31)

Furthermore, the right-hand slde of (1.30) is simply H.® so that

H(an: H(s) ) (1.32)

- +

Consequently if |wi(a )> denote the eigenkets of HiS), we can write,
8 -
- +
[ e, 3> = [y (a)> . (1.33)
The above properties of the spectra and eigenkets of the hierarchies (1.28)

are illustrated in Fig. 1.2.

Next we rewrite equations (1.8) and (1.9) to include the dependence on

the parameter « :
=
1 2

Ai(aS)A;(asl = 5P 7 Vi[as) : (1.34)
where
Ale) =+ Lo+ uie) (1.35)
.5 S Vﬂ 5
and
. dW(a )
Vile) = Wia) £ ——F (1.36)
- vaM

In (1.34)-(1.36) we have simplified the notation by omitting the dependence
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of A+,

V., and W on x. From (1.28) and (1.34) we see that
- B
(s)_ =
HO"'= A_{a)A, (a ) +k§iR(ak] (s=1,2, ...) . (1.37)

The annihilation condition (1.12) is
A+[as)|w0(as)> =0 (s =0,1,2, ...) (1.38)
and the ground-state energy of HiO) is (see (1.13))

(o) _
s =0 . (1.39)

E
Premultiplying (1.38) by A_(aa) and using (1.37) we obtain

[H*'- LRIy (@)> =0 . (1.40)
k=1

Letting s = N (= 1,2,...) in (1.40} and noting from {(1.31) and Fig. 1.2

that E(K)= E(O)
0 N

, we obtain from (1.40) an expression for the energy eigen-
values of HiO) in terms of the remainder R(ak), namely

N
E”=LRe) =12 ..). (1.41)
k=1

Equation (1.41) is a general formula for calculating the energy eigenvalues
of shape invariant potentials.
From (1.28) it is obvious that His) are also supersymmetric partner
Hamiltonians. Therefore the transformations (1.20) and (1.21) yield
~ _ -0 (s)_ (0) Fy +
A (e (e ) =e "(E "= E) lw,_ (e )> (1.42)

and
+ _ 18, (s)_ (0}, & -
A_(aﬁ)|¢n(a53> =e (EN+1 E, ) |¢N+1(aSJ> . (1.43)
In (1.42) and (1.43) we have included a phase factor et (see Appendix A).
(The energy-dependent factors in (1.42) and (1.43) are similar to those in
(1.20) and (1.21), except that they now explicitly include ground state

energies E[0)= E(S]
5 Q

which are simply zero in (1.20) and (1.21).) Examples
of the transformations (1.42) and (1.43) are depicted in Fig. 1.2. Using
(1.33) in (1.42) and (1.43) we obtain transformations for the kets of H'°,

- ~16,_.(s) {0) = ;
Al 3y (a)>=e "(E "~ E ]'&|wn_1(asﬂ;> (1.44)

Ao Wyt > = o 0 £ A )
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By repeated application of (1.45), we can generate all the excited states™*
fo, la 3> of H_ from [¢ (a)>. The result is:
-1K8
o e > = e Ty (adA («)A (). A (o Iy (), (1.48)

for N=1,2, ... . Here

{0} (0} y—=
- E )'2’
N k-1

N
?u(ao) =k51{E . (1.47)
and |y (@ )) satisfles (1.38) with s=N. The kets |y («)> in (1.46) are
normalized according to
<MN(aO)|¢N(aO)> =1
(see also (A.11} and (A.12)).
Equation (1.46) 1is a general formula for calculating the eigen-

functions of bound states of shape invariant potentials.

We prove (1.46) by induction. Setting N=1 in (1.46) we find that

_ -8, (0)_ (o %
|¢1(ao)> =e (El1 E, ) A_(a0}|w0{a1)> ,
which is (1.45} with s=0 and N=0. Assuming (1.46) is true for some N, we

must show that it holds for N+1. Let
B= « . (1.48)

Then (1.46) with N replaced by N+1 becomes

_ _-ie@ -1NO
lo,,, (e 0> =e v (a)A (e ){e” TA(BIA(B)...A_(B_ )[v (B

r, ()
_ -8 "N+1 0O
= e __—WN{BOJ A_(a ) fr (B) . (1.49)
Now
o -3 X o _w,-3
7,8 = la) =M(E"~E") = W(E -E") %, (1.50)

where (1.31) and (1.48) were used. Hence the ratio of the energy-dependent

factors in (1.49) is

L R T I
y. (e ) M(E -E ) % 1
N+1 0" _ k=1 N+t k-1 _ (E(O)— E(O))'}' (1.51)
7Ty (By) N o o-) MO | '
M(E -E )%
k=1 N+1 k

* We simplify the notation by omitting the superscript - on |wN> in (1.44)

and (1.45).
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Using (1.51) in (1.49), we obtain

W (o> = O B R (e oy (>
which is equation (1.45) with s=0.

The main results of this section are equations (1.41) and (1.46). 1In
the following Chapters we make use of these expressions, and show how they
enable one to calculate the energy eigenvalues and normalized ‘eigen-
functions of a Hamiltonian with a shape invariant potential. In Chapter 4
we show how the results obtained in this Section can be extended to treat

three~dimensional spherically symmetric systems, and in Chapter S we modify

these results to treat problems in the momentum representation.
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CHAPTER 2

SIMPLE SYSTEMS

This chapter is intended as an introduction to the use of shape invariance:
thus the theory presented in Chapter 1 is applied to solve certain simple
quantum~mechanical problems. Three systems for which the results are well
known are considered. The simplest of these is the one-dimensional
harmonic oscillator [1,2]. The standard operator method for the harmonic
oscillator closely resembles the method of shape invariance for this
problem. In fact, it has been noted that the method of shape invariance is
a generalization of the operator method for the harmonic oscillator [3].
In Section 2.2 shape invariance is used to determine the eigenvalues and
eigenfunctions for orbital angular momentum, and in Section 2.3 the problem

of an electron in a uniform magnetic field is treated by shape invariance.

2.1 ONE-DIMENSIONAL HARMONIC OSCILLATOR

The Hamiltonian of the one-~dimensional harmonic oscillator is given by

H = é_u P2+ V(x) , (2.1)
with

Vix) = 4Mox” | (2.2)
Here x and p are the position ard momentum operators: they satisfy the

canonical commutation relation
[x,p} = ifh . (2.3)
By inspection of (1.9), it is easy to see that the potential (2.2) can
be generated (to within a constant term) from the superpotential
Wix) = VIM wx . (2.4)

Furthermore, the potentials generated from the superpotential (2.4) satisfy
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the shape invariance condition (1.23] without necessitating the introduc-
tion of a parameter f{see {(2.6}). We could therefore set a = 1 in this
problem, however it is customary to let

o= w ., (2.5)
Substituting (2.4) in (1.38) we obtain

Vi(x,ls) = g+m3xzz +ho , (2.8)
which satisfies the shape invariance condition {1.23) with the remainder

R(as) = hw . (2.7)
Substituting (2.7) in (1.41) we obtain the energy eigenvalues of gl
corresponding to the potential V_(x.aOT

N
E:{O)= T hw = Nho (N=1,2, ...) , (2.8)
k=1

where E%°)= 0 (see (1.39)). Comparing Vu(x,ao) with (2.2), we see that
these differ by the constant -%hw, so that
H=H- }ho . (2.9)
Hence the energy eigenvalues of the Hamiltonian (2.1) are given by
E=E7 $ho = (N + }bw (N=0,1,2, ...) , (2.10)
which is the familiar spectrum of the one-dimensional harmonic oscillator.

Fig. 2.1 shows the oscillator spectrum compared with the spectra of H's?,

In terms of the superpotential (2.4), the operators A (x,« ) are
AL S

— p +V/§ wx . (2.11)
2m

It is apparent from (2.11) that A*[x,as) are identical to the traditional

Ai(x,xs) = %

raising and lowering operators a+ and a for the one-dimensional harmonic
oscillator [2]. The excited states wu(x] are given by (1.48), where the
ground state wo(x) can be found by solving equation (1.38)}. This calcula-
tion of wN(x) is identical to the standard operator method for ¢this
problem. The procedure will not be repeated here as it is well documented

in the literature [2].
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2.2 ORBITAL ANGULAR MOMENTUM
The orbital angular momentum operator L is obtained from the definition of
classical angular momentum. In classical mechanics, the angular momentum
of a particle with position vector r = (x,y,z)} and momentum p = (px,py,pz)
is defined by

L=rxp, (2.12)

or in tensor notation

= e“krjpk (i =1,2,3 0r %,y,z} . (2.13)
Here eijkis the totally antisymmetric tensor in three dimensions.

The quantum mechanical operator L 1is obtained by replacing the
position and momentum vectors by the position and momentum operators. The
relation (2.13) shows that L is linear, and using the commutation relations
defining the operators r and P, it can be shown that % is Hermitian and

{L,L] =ihe L . (2.14)

1 J ijk k

An operator that commutes with Li is

L% 12 1% 17, (2. 15)

~ x y z

This can be seen by expanding the commutator [Lg, Li] using (2.14) and

noting that eijk is an antisymmetric tensor. Thus Ez and one of the La

(traditionally taken to be Lz) can have simultaneous eigenkets:

L_|kn) = hojkm) (2.186)

L2 [km> = 1%°[km (2.17)
The algebraic solution for the eigenvalues m and k in (2.16) and (2.17) is
well documented in most textbooks on quantum mechanics [4]. In the
coordinate representation the kets in (2.16) and (2.17) turn out to be the
spherical harmonics.

In what follows we treat this problem using shape invariance with the
operators Lz and Ez expressed in terms of spherical polar coordinates. For

this purpose we need to define conjugate momentum operators to the angles B
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and ¢ shown in Fig. 2.2. In terms of Cartesian coordinates, the angles 8
and ¢ are given by
-1 A -1
@ =cos z and ¢ = tan y/x , (2. 18)

and the conjugate momentum operators to (2.18) are (5]

.4 0
=L = -ih — 2.19
and
p = ~ih|%= + Jeota (2. 20)
2] a6 ’ )
Furthermore, %2 is given in terms of (2. 18)-(2. 20)by [5]
L= pg + (sin@)(py - 40%) - 4n° . (2. 21)

2. 2.1 Shape invariance
Substituting (2. 21) in (2.17}, with pq& replaced by its eigenvalue hm, and

rearranging we obtain

2
[pe + V(e)]|km> = g|km)> , (2.22)
where
(m°- $n°
vig) = (2. 23)
. 2
sin @
and
e = ho(k+ 4) . (2.24)

Potentials of the shape (2.23) can be generated from the super-
potential

W(B,as) = -ha cote , (2.25)
where

as=s+m+1}-. (2.28)
Substituting (2. 25) in (1.38), where the differentiation is now with

respect to 8, yields the partner potentials
p'e (et 1)
voe,a) = —2°_ - p%° . (2. 27)
- g . 1
sin @



Fig. 2.2
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The system of spherical polar coordinates
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By inspection it can be seen that V_(G,ao) is the potential (2.23) minus
the constant term

%= h%(m + HZ . (2.28)
The partner potentials (2.27) satisfy the shape invariance condition (1.23)
with remainder

Rla) = n*(«’- a” ) . (2.29)
2.2.2 Eigenvalues
Substituting (2.29) in (1.41) gives the eigenvalues E;O) of the operator on
the left-hand side of (2.22) with the potential (2.23) replaced by
V_(Q,ab}. These are

EP= ) hla®- of ) = B (aP- o)

s 1 N o

N B S=
k=1

(N=1,2, ...), (2.30)

with Egn= 0. The eigenvalues cN corresponding to the potential (2.23) are
therefore equal to E;O) plus the constant term (2.28). This yields

e = ho? (N=0,1,2, ...) . (2.31)

N N
Substituting (2.31} in (2.24) and using (2.26) with s replaced by N and
solving for k® we find

K2= (N + m)(N +m + 1) . (2.32)
It is customary to write the eigenvalues kz in terms of the angular
momentum quantum number ¢ = N+m. The kets in (2.16) and (2.17) must be
normalizable, and % must be Hermitian in the Hilbert space of these Kkets.
As is well-known this places the following restrictions on the quantum
numbers ¢ and m:

L=0,1,2, ... (2.33)
and

m=<-¢ &1, ..., &1, €. (2.34)
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2.2.3 Coordinate-space eigenfunctions
In the coordinate representation (2.16) and (2.17) are
LZY&JS.¢J = hmY&J9,¢) (2.35)

and

]

2 2
L%, (8,9) = K26(&+1)Y, (0,9) , (2.38)

where we used (2.32) with £ = N+m. The orthonormality condition for the

Yem(e,qb) is
2N n
”
I ‘[ Ye,m,(e,qb)vem(e,gt)sme de do¢ = ‘Se'e'sm‘m . (2.37)
o] o]

The functions Yﬂm(9’¢) that are normalized in this way are known as
spherical harmonics.

We separate variables and write

Y, (6.8) = G&n(emm(qb) : (2.38)
From (2.16) with Lz given by (2.19), it is straightforward to find the

normalized function ﬁbm(dﬂ, namely

»(p) = —— '™ | (2.39)
m Vz—ﬂ

For N=0, #=m, so that the starting point for determining the function
Bem(e,ao) is B%(B,QN), which must be determined from the annihilation
condition (1.38) with s=N, In terms of Pg and U(S,aN] this yields the
first-order differential equation

(o - {r}cote}ea(e,a'{) =0 . (2.40)

- wld _
A+(8.(XN)®&[9,&N) = h[a-é-

The normalized solution to (2.40) is

- A a~_‘$‘
Bu(e,aNJ = CO(aN)sm e , (2.41)
vhere a = N + m + 4 (see (2.26)) and
_4yN+m }L
C(a) = L1 [(2N+2m+1)!] _ (2.42)
0 K N+m 2

2 (N+m)!

The phase factor (-1)™™ in (2.42) has been introduced for later

convenience.



27

For this problem, it is easier to determine G&Je,ao) directly from
@u(e,au). Operating with A~(e’au-1) on GM(O'aN) and setting the phase

factor in A_[G,anl) equal to unity gives

_ 1 d 2N+2m
A_(B.crn_i]@u(e,au) = hCO(aN) = Tcos8) n e , (2.43)
sin 8
where we used the identities
d . N#m, 1| d . 2N+2m
2 3B sin 8 = ——e sin e (2.44)
sin 6
and
d . d
E = sing m—e—) . [245)
Similarly, operating on (2.43) with A—[e‘an—z) yields
2
A (6,a A (8,a )0, (8,0) = hC (o) L 4 _sin®emg
- N-2 - N-1~ & N 0 N . Nem=2 2
sin 0 d(cos®)
(2.46)
Repeating the above steps N times we obtain
N
A(e,a)...A (6,@ )O,6,0) = hNCO(an) 1 d Rsinzmzme .
sin"® d(cos6)
(2.47)
According to (1.46),
G&u(e’ao) = TK(aO)A_(G,ao)...A_(e.an_l)ﬁ)&(e.an) , (2.48)
where
R -7 3 7
_ 2, 2 2 _ o-N[ (N+2m)! _ o oN[ (&4m)!
ruley) = [kglh oy ak-l)] =h [N!(2N+2m)!} =h [’(_e—mietzz)!'] '
(2.49)

In the last three steps we have used (1.47), (2.30), (2.26) and ¢ = N+m.
Note that in (2.49), m =o~ } and €= N+ - 3  From (2.47), (2.48),

(2.48), (2.41) and (2.42) we have
N 3 -m
(1) "[(2e+1) (e+m)1] % 1 d (sing)? | (2.50)

®, (8, ) = -
= ° 2£€!|~ 208-mit | sin"@ d(cosg) ™"

Finally, combining (2.33) and (2.50) we obtain the spherical harmonics

¢ 3 £-m
(-1) "[(22+1) (e+m) 1] . < pyM d -1
¥, (8,¢) = S explimiisiney ™ & (sine)
o ZEE!L an(L-mn)! _J L d(COSO]e—m
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Equation (2.51) is often written in terms of the associated Legendre

function P?(cose). This yields
1

m[(28+1)(&-m)!)? . m
Y, (6,9) = (-1) [‘T;lgf#’—} exp(ing)Pj(cose) (2.52)
where
n (-1) 5" gam) w gl 2t
Pe(cose) = 7 “(sing) 7 (sine)“" . (2.53)
2781 (¢=m)! d(cose) ™

2.3 ELECTRON IN A UNIFORM MAGNETIC FIELD IN THE BASIS H, p, L
z z

2.3.1 Introduction

Consider an electron with charge e (<0) and mass M in a uniform magnetic

field

B = (0,0,B) . (2.54)
Here § = be, where é is the wvector potential. We choose the gauge
A= +B(-y,%,0). We also choose the complete set of commuting observables

H, pz and Lz {21, where pz and Lz are the z components of the momentum and
orbital angular momentum of the particle. We work 1in cylindrical
coordinates p, ¢, z. In terms of these

X = pcos¢ , y = psing (2.55)

where p = (x°+ yEY%. Then

_ g B - o B
pz— ih 'a—z and Lz— ih 3—6 . (2.56)
For this particle, Schrédinger’s equation can be written as [6]
2 2 2 2 2
h™(1 4 3 3 1 3 Mw 3 M w~ 2
H¢=~——[_——-{p—]+———+———+i—————p]w=Ew (2.57)
2M|lp dp | dp P pa 6¢2 h a¢ ap?
where
_ e|B
= ek (2.58)
is the cyclotron frequency. We can eliminate the linear term in ga in
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»
(2.57) by defining the canonical conjugate of p, namely

.. [8 1
= -ih|z— + ~| . .

Pp ‘ [8p Zp] (2.59)

In terms of (2.56) and {2.59)
2
2 o) 2
H=é—Mp2- ha e h2L2+ Jhel + M0 (2.60)
P 8Mp 2Mp z z
In (2.860) we replace P, and Lz with their eigenvalues P and m. Making
r4

these substitutions and rearranging we obtain the eigenvalue equation

1 2

[zﬁ pp+ V(p)]w =eyP , (2.81)

where
h2 2 1 2 2
V(p) = Zp(n™= )= + (2.62)
p
and
P
e =E - 54~ +hom . (2.83)

Note that the problem (2.61) is similar to that of an isotropic three-

dimensional harmonic oscillator in an angular momentum basis (see

Chapter 4).

2.3.2 Shape invariance
Potentials of the shape (2.62) can be generated from the superpotential
A
W(ip,a } = — + Bp . (2.64)
s P

Here A and B are constants to be determined so that Lthe shape invariance

-

Obviously, [pp,p] = -ih. Also, the term 1/2p in (2.59) makes pp Hermitian:
it ensures that
s o] @ .
.. 38 ih .. 0 ih
o|_;pe i = —ipd_ _ 0
[ty - b [y~
o) 0

A similar term is required in spherical polar coordinates for the radial

momentum operator p_ (see Chapter 4) and in parabolic coordinates [7].
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condition (1.23) is satisfied, and so that V_(p.ao} is the potential (2.62)
to within a constant. Substituting (2.64) in (1.36) and comparing V_(p,ao)

with (2.62) we find that

u

1
A=- —([|m[+ %) (2.65}
vaH

and

B=43Muw . (2.66)

]
n

In (2.65) we have written |m| in place of m: this is in anticipation of
{2.B4), where it emerges that normalizability of the eigenfunctions RN
requires this replacement. To obtain a suitable expression for W(p,as) we
must introduce a parameter in either or both the constants (2.65) and
(2.66). Using (2.64)-{2.66) in (1.36) we find that

o
W(p,as) =- 1 2, +VIM wp (2.67)
Voo
where
@ = [m] + s + % (s =0,1,2, ...) . (2.68)
From (1.36), the partner potentials corresponding to the superpotential

(2.67) are
2

1 2 2 -
Volpa) = 5o (et 1];5 + P - Fhole F F) . (2.69)

These satisfy the shape invariance condition (1.23) with remainder

[\ k=

Rla ) = bw . (2.70)
Finally, setting s=0 in (2.68) we find that V_(p,ao) is the potential
(2.62) minus the constant term

+ho{lm[+ 1) . (2.71)

2.3.3 Energy Eigenvalues
The eigenvalues of the Hamiltonian with the potential V_(p.ao) are given by
(1.41). Using (2.70) in (1.41) we find

E;°’= Nhw (N=0,1,2, ...) , (2.72)
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since Ego}= 0. The eigenvalues € in (2.61) differ from E;O) by the
constant term (2.71). Hence using (2.83), (2.71) and (2.72) we obtain for
the eigenvalues E of (2.57)

E = é—M P‘:+ (N + ¥|m[+ 4m + $)he (N=0,1,2, ...) . (2.73)

Here N is the radial quantum number, m is the angular momentum quantum

number of Lz, and Pz is the eigenvalue of the momentum operator p .
z

2.3.4 Coordinate-space eigenfunctions
Since P, and Lz are constants of the motion we can write the eigenfunctions
in the form

W= 1 N(p]exp[i pzz + jm¢] ; (2.74)

N ‘/2—“ h

We use the method of shape invariance to determine the radial function
Rn(p). We start with the condition (1.38) with s=N expressed in the co-

ordinate representation. In this representation

A (p,a) + —i—p + Wip,x )
+
- N van P N

hfd, L] " Hp,a) . (2.75)

sLar 2P

Hence, according to (1.38), the function Rb(p.aN) is the solution to the

1}
I+

first-order differential equation

h (3 1
—_— = Wip, s =0 ., .76
[fzﬂ[ap * 2p] + Wip &N)]Ro(p o) (2.76)

It is easily verified that the normalized solution of (2.76) with H(p,aN)

and o  given by (2.67) and (2,68) is

_ |m|ox_ 2, 2
Ro[p,an) = Co[an)p exp(-p~/4a”) , {(2.77)
where
1
. 1 |m|+N Z
CO[uN) = W[2 (|l'lll+ N)!] (2.78)
and
o= /D (2.79)

Mw
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Next we determine Rlip,ab] by operating with A_(p,ao) on Ro(p,all.
Premultiplying by 71(ao) and setting the phase factor equal to unity we

obtain (see (1.46) and (1.47))

Ri(p,aol = Cl(ao)plmlP](pz/zaz)exp(—pz/4a2) : (2.80)
where
- 7
c o) = lm[+1 {(lml;|1)'] (2.81)
a [mj? bt 2
and the polynomial Pl(p2/2a2] is given in Table 2.1. Similarly, for

Ré(p,ab} we obtain from (1.46)

Ra(p,ao) = Cz(ab)pIijz(p2/2a2]exp(*p2/4a2) (2.82)
where
7
Cle) = : f(lml; 2]1] , (2.83)
al®l* |m|!L 2™ 3)

and PE(pE/ZaeJ is given in Table 2.1.
Equations (2.80) and (2.82) are particular cases of
_ [mf 2, 2 2, 2
RH(p,ao) = Cu(ao)p Ph(p /2a  Jexp(-p~/4a”) (2.84)

where

X i
c, () = l(lli [(fm[; N)!] (2.85)
al®l*np U 2lrl

and
P (p°/22%) = F (-N;[m]|+1;p%/2a°) . (2.86)
Here 1F1 denotes the confluent hypergeometric function

Y- riv+1) rw) j

i Fy(H:Bsu) =J§L 3T T(Wi-3) T(Bry) ¢

(2.87)

To prove that (2.84) holds for all N we use (1.45) with s=0 (see induction
proof: Ch 1). In order to obtain R (p,a ) we note that a = |m|+ % and o =
[m{+ %, so that RN(p,al) can be found simply by replacing |m| by [m[+ 1 in
(2.84) and (2.85). Using (2.75), (2.84) and (2.85) we find that (1.45)

reduces to
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u u d
[1 B-1 * B-1 aﬁJ1F1('N’B=“) = F (-[N+15B-1;u) , (2.88)
where B = |m|+ 2 and u = p°/2a®. The recurrence relation (2.88) is proved

in Appendix B.

TABLE 2.1 The constants Cu(ab] and the polynomials PN(u) in Equations
(2.80) and (2.82) for N = 0,1,2, The polynomial Po(u) is

obtained from {2.77) and the constant Co(aO) from (2.78).

N P (u) C. (o)
N N ¢]
0 ) ___1_LmrL-'[’}
aTmT¢1|m|! 2 m
C 1
. T -1 (e ]®
Jal+ 1 NOCYNA

2u 2

> - . u 1 (( m f%lil’
[m[+ T~ UIn[+ T3(Tm]+ 2) aT;T’1]m|;~_iT£T2! J
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CHAPTER 3

ONE-DIMENSIONAL SYSTEMS

In this chapter we consider the application of shape invariance to certain
one-dimensional systems. The following potentials are discussed: the
Morse potential (Section 3.1), the Rosen-Morse potential (unsymmetric and
symmetric cases - Section 3.2) and the first and second P&schl-Teller
potentials (Sections 3.3 and 3.4). The results obtained for the Morse and
symmetric Rosen-Morse potentials are extended to the s states of the
corresponding three-dimensional potentials in Chapter 4.

The above problems have previously been treated by shape invariance to
obtain the energy eigenvalues and the {unnormalized) energy eigenfunctions
[a]. The analysis given in this chapter has two purposes: (i} to perform
the normalization of the bound-state eigenfunctions using shape invariance,
and (i1) to compare the various types of shift operator, namely those given

by shape invariance, the Infeld-Hull type operators for changing para-

meters, and the energy shift cperators.

3.1 ONE-DIMENSIONAL MORSE POTENTIAL (2]
The three-dimensional Morse potential was proposed by Morse in 1829 to
model the motion of nuclei in diatomic molecules [2]. Morse considered the
three-dimensional problem with the angular momentum quantum number £=0 (see
Section 4.6). Here we discuss the one-dimensional potential

V(x) = Dlexp(~2x/a) - 2exp(-xsa}] , (3.1)
where D and a are positive constants. The potential (3.1) has a minimum
value -D at x=0. Also V(x)3 0 as x5 o and V(Xx)» o« as x+ -o. This is shown

in Fig. 3.1.



PV(xr

Fig. 3.1

<P

The classical one-dimensional Morse potential (3.1).
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Following Ref. 3 we define the dimensionless parameter

{
T
X = [EE‘ELZP] -4, (3.2)
h
and the operators
X=§-€n(2k+1] \ {3.3)
2n . (3.4)

In terms of these, the energy eigenvalue equation with the potential (3.1)

becomes
2
1 2 _a
[—2— Pyt wx)]w“m RS (3.5)
where
VX) = Le™® a(2k + 1)) . (3.6)

3.1.1 Shape invariance
By inspection of {1.36) and (3.6) we see that the superpotential associated
with the Morse potential must have the form

WX,@) = A - Be™" (3.7
vwhere A and B are constants and « is to be determined. Substituting (3.7)

in (1.36) we obtain the supersymmetric partner potentials

V+(X,ao} = g% - B[ZA ¥ l-—]e~x+ I (3.8)
- v2M
Comparing V_'(X,ao) with the potential (3.6) we see that
2v2M
and
A = =Es (3.10)
v2M

Next we must make an appropriate choice for the parameter . Censider the
simple expression

«=k-s (s =0,1,2, ...) . (3.11)
From (3.8)-(3.11) we have

_ 1 -2x 1 - 1.k, s
Vi(x,as) = & EH(&; xle '+ 58 (3.12)
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Thus V;(X,ab) is the potential (3.6) plus the constant

2
@ 2

0o _k

2M T 2M - (3.13)
Also, the partner potentials (3.12) satisfy the shape invariance condition
(1.23) with remainder

21 .2 2

R(as) = 2M(as-1 o) . (3.14)
From (3.7) and (3.9)-(3.11) we see that in terms of «_ the superpotential
is

W(X.a) = 1—-(:1‘!— ARy (3. 15)

VoM )

3.1.2 Energy eigenvalues
Using (3.14) in (1.41) we obtain the eigenvalues corresponding to the

potential V_[X,abJ

(oy_ 1 2 2 _
EN = ZM(ao an] (N =0,1,2, ...) , (3.16)
where we have included N=0O because E:”= 0 (see (1.39)). To obtain the

eigenvalues corresponding to the potential (3.6] we must subtract the

constant (3.13) from (3.16). Hence
;2
2Ma

where we have used (3.11) with s=N. Finally, substituting (3.2) in (3.17)

E= - 2) (3.17)

{k - N
2

and multiplying out, we obtain the energy eigenvalues of the bound states

of the one-dimensional Morse potential in the form

2 |+ 2
E=-bf1-2[—2_|"tv+ 3 s 12| (3.18)
2Ma“D 2Ma®D
Here
N=0,1,2 ...N ,
max

vhere h%ax is the largest integer less than k. This restriction on N must

be placed in order to obtain normalizable eigenkets (see (3.23) and [41).
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3.1.3 Coordinate-space eigenfunctions
The operators (1.35) with the superpotential (3.15) are

_ 1 8 _ 17X
A (X2 ) = vgﬁ(ilp“+ - ze ) . (3.19)

In the coordinate representation, the annihilation condition (1.38) with

s=N yields the first-order differential equation

1 (d -X _
@[ﬁ ‘o de ]wO(X,ocN) -0 . (3.20)

The solution to (3.20) is
= - .
wo(x.au) Co(aN)exp( aiX 5€ ), (3.21)

where CO(aN} is a constant to be determined so that
o
2
[ pxie|ax = 1. (3.22)
-0

In (3.22) we change the variable to u = e, and use the integral
(s 2]
J' u* e du = T(2) (3.23)
)

where z = 2k - 2N > 0. This yields
Cla) = [T(2k - 2Ny 17F (3.24)
The normalized eigenfunctions wN[X,ao) can be determined by substitu-
ting (3.21) in (1.46). Setting the phase factor in (1.4B) equal to unity,

we obtain for the first and second excited states

v, (X, ) = C (a )expl-(x-1)X]exp(-3e )P (™) (3.25)

and

Xy, (3.28)

-X
wa(X,abJ Ca(aolexpi—{k—z)X]eXp( e )Pate
where the constants CN(aO) and the polynomials PH(e_x) are given in
Table 3.1. The polynomial P0= 1 in Table 3.1 is obtained from (3.21), and

1
the constant C (e ) = [r(2k)1 %= [2kr(2k+1)/{r(2k+1)>21’} from (3.24).

By inspection of Pu(e—x] in Table 3.1, we see that

PN(e"‘) = 1F1(—N;2k—2N+1;e_x] (3.27)
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TABLE 3.1 The constants CN(aO) and the polynomials PH(e_x) in Equatiens

(3.25) and (3.26) for N =0,1,2.

-X
N Cn(ao) PN(e )
0 —2kr(2k+1)_ & 1
(r(2k+1)}®
i

[2(k-1)T(2k)] 7 1 -x

[{r(2k-1)}

5 2(k-2)r(2k-1) 1% Lo 2 %, 2 e 2%

21 (T (2k-3)} 2 2k=3 (2k-3) (2k-2) 21
where 1F1 is a confluent hypergeometric functlon (see (2.87)). Equations
(3.25) and (3.26) are particular cases of

U (X, ) = C (« )expl-(k-N)X]exp(-de™) F (-N;2k-2N+1;e %) , (3.28)
XN o) N O 11
where (see Table 3.1)
. _ 7
= [2k-NT(2k-N+1)]7 (3.29)

C (e )
" N1 (r2k-2n41) 2

To prove that (3.28) and (3.29) are valid for all non-negative
integers N, we must show that the identity

ALK e )y (Xa) =vE "y (Xa) (3.30)
holds (see (1.45) with s=0). Using (3.19) and (3.28), with k replaced by

k-1 to obtain w“(x.al), we find that the left-hand side of (3.30) is
(Zk—N—l)CN(al)

g expl-(k-N-1)X]lexp(~}e )¢ (X) , (3.31)

where
-X

_ _ e _ 1 d T I
9., (X) = [1 . Np— dX]lFl( N; 2k-2N-1;e %) . (3.32)

Setting u=e ® and B = 2k-2N-1 in (3.32), and using (B.1), we have
¢ (X)) =F (~[N+1];2k-2N-1;e7%) . (3.33)
N+1 11

It is easy to show that the factor independent of X in (3.31) is equal to
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Vf::: Cwﬂfab). Hence we obtain the right-hand side of (3.30).

In Table 3.2 the operators Ai(x,au) are compared with the shift
operators for a parameter Ai obtained from the factorization method of
Infeld and Hull [5] and the shift operators for energy Bi [3]. The shift
operators Ai factorize ZMHk, where Hk is the Hamiltonian with a Morse
potential; the shift operators Bi factorize an operator related to the
Hamiltonian [3]. The shift operations given in Table 3.2 are depicted in
Figs. 3.2-3.4. The shift operators obtained from the shape invariance and
Infeld-Hull factorization methods transform between eigenkets of different
potentials with the same energy, while the energy shift operations
transform between eigenkets with different energies belonging to the same
potential.

Inspection of Table 3.2 shows that the operators Ai(X,as) and A: are
simllar in form. This similarity is due to the egquivalence of the method
of shape invariance and the Infeld-Hull factorization method (B]. Using
the method of shape invariance the eigenfunctions are determined from
(1.48) (see also Fig. 3.2) and the energy eigenvalues from (1.41). In the
Infeld-Hull factorization method, the eigenfunctions are determined by
repeated applications of the raising operator A: to the ground state (see

Fig. 3.3), and the energy eigenvalues are determined from the requirement

of the non-negativity of the norm [5,7].

3.2  ROSEN-MORSE POTENTIAL (8]
The potential

Vix) = —Uosechax/a + Ultanh x/a , (3.34)
where Uo’ U1 and a are positive constants, was discussed by Rosen and Morse
in 1932 to describe the vibrational energies of polyatomic molecules [8].
The potential (3.34) has a minimum if Lﬂ< 2UO and tends to iU1 as x5 to

(see Fig. 3.85).
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TABLE 3.2 Shift operations for the one-dimensional Morse potential (3.1}.
The parameter k is given by (3.2). The notation |wN(X,as)> is
explained in Section 1.3.2; |Ek> and |Nk> are different
notations for the same ket. The energy eigenvalues E are given

by (3.17).

1. Shape invariance

_ 1,2 2 .4
A+(X.as)|¢h(X,as) B ;%ﬁtas an+s} |wN_1{X,as+1)>

_ 1,2 2 .3
A“(X'as] |‘I‘N(X’ustl) - ‘/?W(as aN+s) Ilﬂl(+1()(’ats]>

1,
where a = k - s and At(X,as) = ———(i1px— +e Tt o)

v2M ®

2. Shift operators for the parameter k (3,5]

1
AT = [k + § £ % nf17[Ek £ 1)

+ =X
= - = +i ] - 1+ 1
where n = k - N and A = *ip + 3¢ (k + & = &)

36 Shift operators for energy [3]

N (N+ 3 £3)(k-N(@k-N+ %7}
B [Nk> =
N

i

[N+1,k>

(2k - 2N F )%k - N 7 1)

+
where B; = iiexpx+ (N - k)e'+ (k + +)/(2k - 2N % 1)
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Fig. 3.4 Energy shift operations for the Morse potential.

+
B; are given in Table 3.2 and N is the vibrational

quantum number.
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x/a

Fig. 3.5 The classical Rosen~Morse potential (3.34).
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X
X = s (3.35)
and
- R
px_ h p)( \ (3.38]
Then
[px,X] = -i . {3.37)
The energy eigenvalue equation with the potential (3.34) can be rewritten
1 2 _
[ﬁﬁ po+ V(x)]w =, (3.38)
where
a2U6 5 azu1
V(X) = = sech™X + tanhX (3.39)
2
h h
and
o2
E = '—E E . (3.40]
h

In (3.40), E 1is the eigenvalue of the Hamiltonian with the potential

(3.34).

3.2.1 Shape invariance

Potentials of the shape (3.39) can be generated from the superpotential

WX, ) = —l-[ taphX + :—] : (3.41)
s oMl ® s
where
«a=k-s, (3.42)
q = Mazh_zul . (3.43)

and k is a solution to k(k+1) = 2Ma2h'zuo. That is,
_ A 1 2, -2 3
k= -3t H(1+8Man U2 (3.44)

Using (3.41) in (1.36) yields the potentials
2

o @ 2
o ) T 2 q _3 q
Vi(X,aS) = oM (a5+ 1)sech™X + M tanhX + 5N + ~ (3.45)
2Ma
Thus
V_(X.ao] = V(X)) + &, {3.46)

where V(X) is the potential (3.33) and



47

w1 (3.47)

The partner potentials (3.45) satisfy the shape invariance condition (1.23)
with remainder
_1 .2 2, 2 1,2 2, 2
R(a:s) = 2_M(as-1+ q /as_lJ éﬁ(“; q /as) ’ (3.48)
3.2.2 Energy eigenvalues

The eigenvalues corresponding to the potential (3.46) are given by (see

(1.41))
(o M
EN = ER(&S)
s=1
_ 1 2, 2,2 1 2 2,2
= Z_M(ao* q /a.oJ 2—M(aN+ q /a.N) , {3.49)
where E®”=0and N=1,2, ..., N with
s} max
2,-2,. %
N < k-(Ma"h "U )< . (3.50)
max 1

The restriction on N is required to ensure that the eigenfunctions (3.57)
L]
are normalizable . From (3.48), (3.47), (3.40) and (3.489) the energy

eigenvalues for the Rosen-Morse potential are given by
2

E = f_1_ (E(O)— <)
2 N
@ 2
h2 2 Ma Uf 1
= - 2[k-N)~ = =23 (3.51)
2Ma 2h (k-N}
where N = 0,1,2, ..., N and we have used (3.43) and (3.42) with s=N.

max

3.2.3 Coordinate—space eigenfunctions
The operators (1.35) with the superpotential (3.41) are

+ip + x tanhX + q—] . (3.52)

A(X,oc)=—[
x N ‘/m aN

Normalizability of (3.57) requires -(k-N)<-q/(k-N)<k-N. Here k~N>0 with
k given by the positive solution in (3.44)(see Ref. [3}, p.93). Hence

1
normalizability requires k-N>q<.
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The normalized solutions to equation (1.38) with s=N and A+(X,ah) given by

(3.52) are
v (X,a) = C (a)cosh™™X exp(-qx/m) , (3.53)
where
r2e ) L
CO(“N) i T g/a )T{a - q/a )J . e
N N N N

The excited states are obtained by substituting (3.52) and (3.53) in
N

. . @_ (0-F . (0)
(1.48). The factor v, in (1.48) is equal to kIzll(EN qu) , with EN
given by (3.49). The first two excited states are found to be
- -Qo+l -qX 1 1
¥ (X, ) = C (e Jcosh X exmeo_ 1]Pl[ytanh}(f ) (3.55)
N ~Ug+2 -gX 1
wz(x,ao) CZ(aO]cosh X exp{;o_ z]PB(%tanhX + 1) (3.56)

The constants Cl(ao) and. Cz(ao}, and the polynomials P and Pa’ are given

in Table 3.3. The polynomial PO= 1 in Table 3.3 is obtained from (3.53).

The constant Co(ao) is (see (3.54))

!
Ir2e) JY
()

Co! 0[0) = Lzao-l

F(ao+ q/ao)r(ao- q/ao)

2 2,2 _ +
(ao q /ao)r(2a0+ l)F[a0+ 1 q/ao)
2°%% {Ila + 1 - q/a )} er{e + 1 + q/a )

o (o 0 o (o}

Equations (3.55) and (3.56) are particular cases of

_ -a0+N N —qx
WN(X,aO) = CN(ao)cosh X exp [a = N]

0
x F (-N.2a - N+ Lia-N+1- xo—c_lﬂ—;{-tanhx «3), (3.57)
where
2 2 2 L
[(x -N)“~q“/({a -N)°IT' (2 -N+1)Ta_+1-q/(a _-N)] z
C.la) = (-1 2 ° o 0 0 |
noo 22“0"2“N:(aO-NJ<rraO-N+1—q/(aO-N)J}ar[ao+1+q/(ao-u)1

(3.58)

The validity of (3.57) and (3.58) can be extended to all non-negative
integers N by substituting (3.57), (3.58) and (3.52) in (1.45) with s=0. The

result can ke simplified to yleld the recurrence relation



TABLE 3.3 The constants Cu(ao) and the polynomials PN(Y) in Equations (3.55) and (3.56) for N = 0,1,2.

N C (a)) P (Y)
2 2, 2 1

. [ (2= q"/al )l (2 + Ve + 1 - ¥/a,) _]7 1

2 2

2°%% {r(e + 1 - q/e )}°Tla+ 1 + q/e )
o ;[_(ao— 1)°- qz_/(uo- 1)2]1"[2a0)l"[(a0+ 1 - q/lay- 1)) | % . 20 ;

ngau—am ~ 1{lle ~ q/(e_- 111}2T[o¢n+ 1+ q_/(_cxn— 1)] %5 a/(« 0 5

(e~ 2% q%/(e - 2)%IN(2g - DTl (g + 1 - a/(g - 2)] )3 2(2a 1) 2a_(2a - 1) .
2 = e et . - S e Y+ % et Y

2°*°7*2(e - 2)Mrle - 1 - q/la,- 2) 1 7Tle + 1+ a/(a - 2)] %y 1=a/ e, =2 lo=1=a/(e =2} 1Te "arla =2}

67
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B+N+1 B+N+1 d
[1 Y + Y(1 Y137]2F1[ N,B;C;Y) 2F1(—{N+1].B+1,C;Y) -

C+N B(C+N)
(3.59)
vwhere
B=2k-N-1, (3.60)
=t - N - 9
C k N P Tmy {3.81)
and
Y = J(tanhX + 1) . (3.62)

Equation (3.58) is proved in Appendix B.

In Table 3.4 we compare the operators Ai(x,as) with the operators Af
obtained using the factorization method of Infeld and Hull [5]. In this
Table we have not given any shift operators for energy (that is, operators
which change N in (3.57)) because, as far as we know, it is not possible to
construct such operators for the Rosen-Morse potential. (However, for the
symmetric Rosen~-Morse potential one can construct shift operators for

energy - see Table 3.5 below. )

3.2.4 Syummetric Rosen-Morse potential [10]
The potential (3.34) with U1= O is known as the symmetric Rosen-Morse
potential. A graph of this potential is shown in Fig. 3.6. From (3.51) we

obtain the energy eigenvalues
h2 2
E= 2(k - N) (N=0,1,2, ..., N ), (3.83)

2Ma
where k is given by (3.44) with the positive sign, and from (3.50} Nmax< k.

To obtain the eigenfunctions for the symmetric Rosen-Morse potential

we first rewrite (3.52)~(3.54) with q=0. Hence

A (X,a) = — (ip + « tanhX) , (3.64)
- veM
" 0y
¢0(X.aﬂ) = Co(aﬂ)cosh X (3.85)

and

1
F(aN+ 17
{3.68)

Colay) = [F(})F(ax)
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TABLE 3.4 Shift operations for the Rosen-Morse potential (3.34). The
parameter k is given by the positive solution in (3.44), and g

is given by (3.43]. The energy eigenvalues E are given by

(3.51).

1. Shape invariance

1 1
A, () | (e )D = —[(a2 q*7el) - (af + o™/a; )1Z|w,  (a_ D
vad
s+1 N+s+1

1 2, 2 2 2. 2 )
A_(X.as] |WN(X,(ZS‘1)> = a{(a:-b q /as] - (aN* +q /e )]?|w)l¢1[as)>

where @ = k - s and A_(X,& ) = (tip.+ a tanhX + g/« )
s 4 s X S 8

Y-

2. Shift operators for the parameter k [5,3]

AT|EKD = (2Ma"hE « ¥k + L x D)% (kv F 2 PATEK £ 1D

£ .
where A = tip - (k + 4 * })tanhX - a/(k + ¥ £ F)




 V(x)

x/a

A 4

Fig. 3.6 The symmetric Rosen-Morse potential ((3.34)with U1= 0).
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To obtain (3.66) we have used the identity

227 r(a)r(a+d)
r'(2a) = ) (3.67)

red

Continuing as in Section 3.2.3, we obtain from wb(X,aN) the first and

second excited states wl(X.ao) and WZ(X,aO), which are odd and even
functions of X respectively. In general, ¢ (X,a ) is an even function of

X, and ¢ (X,ao) is an odd function of X. General expressions for these

2N+1
eigenfunctions can be obtained using (1.46). We first state the results

and then outline the proof. The even eigenfunctions are

(e} - r~tel -y _ UV NI -
¢én (X,ao) C2N (ao}cosh X 2F1( N, N ;% sinh"X) , (3.68)

i
(o -2N)T (N+ )T (o -N+$)] 2

(e)
C () = (3.69)
oo N![F(w})]zl"[tx0~N+1)
The odd eigenfunctions are
(o) _ o) ~®oy, . _ 3.2
Wk+1(x’“0) C2H+l[ao)cosh X sinhX 2F1{ N,N+1 NS sinh“X) , (3.70)
where
. ((a0~an-1)rm«»-g)r(ao-mm%
C2;+1(ao) - D) - (3.71)
N IP($)) T (e -N)

To prove (3.68)~(3.71) we first use (1.46) to obtain a transformation

which changes N by 2. It is easy to show that (see Appendix C)

O g (g0 E‘°’JJ‘}|wN+2(aO)> . (3.72)

A'[aO)A—(ai] I¢N(a2)> - [(EH+2 0 N+2 1

For the symmetric Rosen-Morse potential A_ is given by (3.64), and it can

be shown that

A (X e )A (X0 ) = -0'®« £ 3—[k(k-1)+<k—2)2—(k—1)(2k—1)sech2x
= o’ - 1 2 2M
d
(2k-1)tanhxa§] . (3.73)
Here ELO) is given by (3.49) with g=0 and
(2) 1 2 (0)
H “'= 5H px+ VQ(X,aél + E2 , (3.74)

where V_(X.aa) can be obtained from (3.45) with g=0. When using (3.73) in

(o)

(see
N+2

(3.72) we can replace ' by the energy eigenvalue E;2}= E
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(1.31)). Using (3.73), (3.48) with g=0 and (3.68) in (3.72) and simplify-

ing we obtain the recurrence relation

[ - EENEAALD) |, D ] oo
= F (-[N+1],B-1;%5u) ,  (3.785)
where
B=N-k+2 (3.78)
and
u = -sinh’X . (3.77)

The proof of (3.75) is given in Appendix B.
We can obtain the odd eigenfunctions (3.70) from (3.88) by using

(1.45) with s=0. Upon simplification this yields the recurrence relation

—-{2N-2B+1) - 2 _1y d N B-L-y) = -N B: 2.
(3.78)
where
B=N-k + 1 (3.79)

and u is given by (3.77). The proof of (3.78) is also given in Appendix B.
This completes the proof of (3.868)-(3.71).
In Table 3.5 the operators (3.64) are compared to the shift operators

obtained from the factorization method ef Infeld and Hull and the shift

operators for energy.

3.3  FIRST PUSCHL-TELLER POTENTIAL [10]
The potentials (3.80) and (3.93) were originally discussed by P8schl and
Teller in 1933 [10]. More recent work on these potentials can be found in

Ref. 11. The first Pdschl-Teller potential is

8% | wip-1) AG-1)] (3.80)

LSRR 2 2 2 ’
2Ma” |sin x/a cos x/aJ

where a is a positive constant and g and A are constants greater than one.

The potential (3.80) is depicted in the interval [Q0,Jma]l in Fig. 3.7 for
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Shift operations for the one-dimensional symmetric Rosen-Morse
potential ((3.34) with Lh= 0). The parameter k is given by
(3.44) with the positive sign and the energy eigenvalue E is

given by (3.63).

1. Shape invariance

1,2 2 .=
A+(X,as}[wN(X.as)> = ;%§(a§~ o f?|¢h-1‘x'“ ])

N+s s+l

_ 1,2 2 =
A_(X 0 ) | (Xoa ) = ﬁ(as @ T, (e )

where ¢ = k - s and A (X,a ) = —l—(tip + o tanhX)
s 8g s X s

v2M

2. Shift operators for the parameter k [5,9]
+ ]
AJED = [k + 3£ 1% (k - WAZ[Ek £ 1)

+
where A = tip - (k + % t F)tanhX .

3. Shift operators for energy [2]

. (N + 4+ 5 (k-N(@2k-N+37F )7
B, INKD = =T IN £ 1,kD

+
where B;= *icoshX P~ {k - N)sinhX .
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(3.80).

The first Pdschl-Teller potential

Fig. 3.7
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the three cases p=A, p<A and p>A.
Using the variables (3.35) and (3.36), the energy eigenvalue equation

with the potential (3.80) becomes

[%ﬁ Py V(X]]w =€V (3.81)
where
1 [ﬁ[p—l) A(A-l)]
V(X)) = + (3.82)
2Mlsinz)( coszx J
and
aa
g:-EE, {3.83)
h

Potentials of the shape (3.81) can be generated from the super-

potential

WiX,a ) = —L-[(A + @ JtanX - (M0 + a )CotX] , (3.84)
where

a=7s (s =0,1,2, ...) . (3.85)

s

Equation (3.84) in (1.3B) yields

\

V (Xox ) = [(u+s)(u+stl] L (Ars)(ass*l) (u+as2s)?|
+ s 2“[ .2 2
sin X cos X
and hence
V(Xo) = VX - f(u+ a)® (3.86)
- 2M ’ )
where V(X) 1is the potential (3.82). It can be shown that the shape

invariance condition (1.23) is also satisfied with remainder
Rla) = 2u+ A+ 28 = 1) (3.87)
s M
Substituting (3.87) in (1.41) and using (3.82) and (3.86) we find that the

energy eigenvalues for the first Poschl-Teller potential are given hy

2
E= -t (u+a+an? (N=0,1,2, ...) . (3.88)

2

2Ma
The eigenfunctions obtained from (1.46) and (1.38) are
- _ . a2 LM A
wN(X,mO) = CN(ao)zFI( N, p+A+N; -k sin“X)sin™ X cos™ X (3.89)
for N=0,1,2, ... , where

1
[2(u+A+2N)F(u+A+N)F[p+%+N)]7
(3.90)

CN(aO) = >
[ NE{T ()} “T(A+5+N) J
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The wvalidity of (3.83) and (3.90) can be proved for all non-negative
integers N by substituting these equations in (1.45) with s=0. This yields

the recurrence relation

_ B-N-1 u(1l-u) d N R = = -1:C-1:
[1 o1 u + —F aﬁ]zFi( N,B;C;u) = 2F1( {N+1],B-1;C-1;u) (3.91)

where
B=pu+A+N+2 C=p+3 and u=sinK. (3.92)
Equation (3.91) is proved in Appendix B. The various shift operations for

the first PSschl-Teller potential are given in Table 3.6.

3.4  SECOND POSCHL-TELLER POTENTIAL [10]

The second Péschl-Teller potential is given by

2
- A
Vix) = D - u(uzl] Al ;1)_ ) (3.93)
2Ma” [sinh x/a cosh " x/a
where a is a constant and u and A are constants greater than one. The

potential (3.93) s depicted in Fig. 3.8 for A>u-1>D. Using the variables

(3.35) and (3.38) and continuing in the same manner as in Section 3.3 we

obtain the eigenvalue equation

1 2
[5* P, *+ V(X)]w = ey , (3.94)
where
V(X) = %ﬁ “(“_;J - A(A+1J (3.95)
sinh™X cosh™X
and
az
h
Potentials of the shape (3.95) can be generated from the super-
potential
WiX,a } = —3—[—(u - « JeothX + (A - « Jtanhx] ; (3.97)
= \@R S s
where
o =35 . (3.98)

s

Using (3.97) in (1.36) it is easy to show that
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TABLE 3.6 Shift operations for the first Poschl-Teller potential (3.80).

The energy eigenvalues E are given by (3.88).

1. Shape invariance

1
A+(X,as]FwH(X,as)>»= ;§§[4au*s(p+A+aN§S)—4m8(u+A+as]]Qan_l(X,as+1)>

< 1 . 3
A"‘ { X, as) !wu(x’ as+1 ]> - ﬁ[ 4aN+s+1 (“+A+aﬂ¢s+1 ) 4OLS(p.+R+(xS) ] w’}{ﬂ (X, as )>
2
where « = s and A (X,a ) = —l—(iip - (pt+to JcotX + (A+a )tanX) .
8 Gt s X s s

28 Shift operators for the parameter k [5,12]

Af]Ek) =2((k + N (k - } ¢ %JZJ%IE,kt1>

+
where k = F(A+u) and A= tip -~ (W - 4+ FlecotX + (A - } £ F)tanX .
3. Shift operators for energy [12]
1
4 (N+3£2) (u+A+N-4x3) (p+a+2N) (2A£1+2N) (2u+1+42N) ) ?
B, | N> =

IN£1, k>
2
(u+Ax2+2N) (p+Az1+2N)

where Bi= *i sinX cosX P (u+a+2N)sin2X+%(u+A+2N)+[p(u—1}-A(h—l)/Z(p+h+2N11).
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Fig. 3.8

Fa st
hY =

The second Pdschl-Teller potential (3.93) for A > p-1 > 0.

> |
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1 (u+as](u+mst1] [R—as)[h—a ¥1) 5
V (X, o) = == - = + (A-p—-2a )
+ :
- s Ak sinth coshzx s
and hence
_ 1 _ 2
V”(X,ab) = V(X) + §H(A gl (3.99)

where V(X) is given by (3.95). Also the shape invariance condition (1.23)
is satisfied with remainder
Rla) = 2(A - p - 25 + 1) . (3.100)
s M
From (1.41), (3.99), (3.98) and (3.96) we obtain for the energy eigenvalues

of the second P&schl-Teller potential

2
E=- ——(Q-u-2N>° (3.101)
2Ma
for N = 0,1,2, ..., N , where N is the largest integer less than
max max

+(A - p) (see Ref. 3, p.104).

The eigenfunctions obtained from (1.46) and (1.38) are

WH(X.QOJ s CN(QO)EFI(—N,N+p—A;u+§;-sinhax) sinhMx cosh-AX ; (3.102)
where

1
I?(R—p—2N)r(u+%+N)F(A+%—N)}?
_ (3.103)

C“(ab] S
[ Mo pr®ra-p1-n)

The validity of (3.102) and (3.103) can be proved for all non-negative
integers N by substituting these equations in {1.45) with s=0. This yields
the recurrence relation (3.91) with

B=p-A+N+2 C=p+3 and u=-sinh’X . (3.104)
The various shift operations for the second Poschl-Teller potential are

given in Table 3.7.
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TABLE 3.7 Shift operations for the second Pdschl-Teller potential (3.93).

The energy eigenvalues E are given by (3.101).

1. Shape invariance

1
A+(X,as]i¢N(X,as)> = ;éﬁ[4aN+s(A~p—uN+s)—QaS(A—u—as)]%1wn_1(x,as+1)>

1
AX e )|y (Xa  )D= ;:§[4aww+l(l-u—aﬂ‘s‘l)—Qas(A—p—as)]&wa*lfx,as)>
2l
where « = s and Ai(X,a ) = L (tipx- (- JcothX + (A-a )tanhX) .
S s Vrﬂ =3 s
2.

Shift operators for the parameter k [5,13]
t 2
AJEKD = 2[(k - 3 £ $7~ (k- 1 - N)%1E,kt1>
+
where k = ${A-p+2) and A= tip ¢ (u - + ¥ ¥)cothX - (A + % £ J)tanhX .

3. Shift operators for energy [13]

" (N+323) (A-p-N+3% %) (A-p=2N) (2AF1-2N) (2u*1+2N) T
B INK> =

|N+1, kD
(A-uF2-2N) (A-pF1-2N) °

+
where B;= *i sinhXcosthx—(A—u~2N]sinh2X—%{A~u~2N)~[p(u~l)~A(A+1)/2(A—u—2N¥1L
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CHAPTER 4

SPHERICALLY SYMMETRIC SYSTEMS

In this Chapter we show how shape invariance can be used to treat certain
spherically symmetric problems. We first present a brief description of
how the results derived in Chapter 1 must be modified for spherically
symmetric problems (Section 4.1). In Section 4.2 we discuss the
three-dimensional isotropic non-relativistic oscillator. Here we present
the analysis in some detail to clarify +the difference between the

application of shape invariance to one-dimensional and spherically

symmetric systems. In Section 4.3 we treat the non-relativistic Coulomb
problem in an angular momentum basis; relativistic Coulomb problems are
discussed in Chapter 6. In Section 4.4 we show how the oscillator and

Coulomb potentials can be modified to include a repulsive Iinverse-square
term. The Eckart potential and the Hulthén potential are discussed in
Sections 4.5 and 4.6. In Section 4.7 we extend the results of the
one-dimensional Morse and symmetric Rosen-Morse potentials to the
corresponding three-dimensional cases. As a final example, we briefly
describe how the Manning-Rosen potential can be obtained from the Eckart
potential by making certain simple substitutions.

Except for the Hulthén potential, the above problems have previously
been treated by shape invariance to obtain the energy eigenvalues and
(unnormalized) eigenfunctions {1]. For the Coulomb problem, normalized
eigenfunctions have been determined using shape invariance [2]. In this
Chapter we perform the normalization of bound-state eigenfunctions for the

above systems using shape invariance. At the end of Sections 4.2-4.6 we
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compare the operators given by shape invariance to the Infeld-Hull type

operators that change a parameter, and the shift operators for energy.

4.1 INTRODUCTION
The results of supersymmetry and shape invariance derived in Chapter 1 can
easily be extended to treat spherically symmetric systems. This can be
achieved by replacing the operators % and p, respectively, by r = (5-517
and the radlal momentum operator [3,4]
p=4fp+ph = Lrp-in . (4.1)
These operators satisfy the commutation relation
[pr,P] = -ih . (4.2)
The results also apply to two non-relativistic spinless particles
interacting via a spherically symmetric potential V(r), where r = lzl— r,
is the separation of the two particles. The Hamiltonian HT can be

separated into Hamiltonians Hbm and H, associated with the motion of the

centre of mass and the reilative motion of the two particles. We write

H=H + H, (4.3)

T cm
where

- 1 2
H;m_ 2(m+ m ) P (4.4)
1 2

and

H = i p%+ ¥(r) (4.5)

55 P ; .

Here m and m, are the masses of the particles, g = E1+ 92 is the total

momentum, M the reduced mass and p = (mépl— mlpz)/(m1+ m2) [3].

It can be shown that p2= p2+ ré2 {3], and hence
, P . =
L2, E V(r)
H= o p+ + r
2M Fr 2][2

The operators H, %2 and Lz are a complete set of commuting operators: they
act on the kets |E&m> of an angular momentum basis. It is a general

property of spherically symmetric problems that the energy E does not



depend on the quantum number m [5].

For the purpose of operating on the kets [E&n) one can consider

instead of H the radial Hamiltonian

2
Hy- é_M o2 ol eu;n
r 2Mr

which is obtained from H by replacing Ez with its eigenvalues h%(e+1). In

+ ¥{(r) , (4.B8)

what follows we denote an eigenket of HZ by |E£>. The corresponding radial
coordinate-space eigenfunction is Rze(r) = <f|E£).

For the shape invariance method of Chapter 1, we denote the eigen-
functions for bound states by RN(r,aS], where N = 0,1, ... . In terms of

these, (1.38) and (1.44)-(1.46) are

A+(r,a;)R0{r,a§) =0 (4.7)
1
A (2 R (ra) = (- E°2R  (ra ) (4.8)
+ s N s N s N-1 s+1
_ ple)_ 0 F
A_(r,e )R (rie ) = (E - E™)*R  (r.a) {4.9)
and
R(r,a) = eduey Af{r,e )A (r,e) A(r,e )JRI(r,a) {4.10)
N o N="""To =" T N e N T ’
Here
Aroa) = % — p+ Wr,e ), (4.11)
- fz_ﬂ{ r
and T is given by (1.47). The partner potentials V _(r.« ) are given in

terms of the superpotential W[r,as) by (1.36) with x replaced by r.

4.2 THREE-DIMENSIONAL ISOTROPIC NON-RELATIVISTIC QOSCILLATGOR

The potential of the three-dimensional isotropic non-relativistic oscilla-
tor (hereafter referred to as the oscillator) is equal to %szr% The
eigenvalue equation for the radial Hamiltonian with this potential can be

written

1
H,|EE = [ﬁ P+ V(r)] |EE) = E|EE) ,

where

515)
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2
v(r) = h“—g;” Y (4.12)
2Mr
Potentials of the shape (4.12) can be generated from Lhe superpotential
hia + 1)
Wr,e ) = Vi wr - ———— | (4.13)
s V2N r
where
v = e+ s (s =0,1, ...) . (4.14)
Using (4.13) in (1.36) we find that
. h%(e + 1)(a +1%1)
v (r,e ) = M0 r"+ = = - holae + 1 7 4) . (4.15)
x s 2 s
2Mr
Thus
- - 3
V_(r,ao) = Vir} - ho(¢ + 3) , (4.16)

where V(r) is the potential (4.12). It can also be shown that the shape
invariance condition (1.23) is satisfied with remainder

R(as) = 2hw . (4.17)

Substituting (4.17) in (1.41) we obtain the energy eigenvalues of the
Hamiltonian with the potential (4.16)

E.”= 2Nnw (N=1,2, ...), (4.18)
where Eém= O (see (1.39)). The energy eigenvalues of the Hamiltonian with
the potential (4.12) are given by (4.18) plus the constant hw(& + ) (see
(4.16)). Hence

E= (2N + ¢ + %)hw (N=0,1,2, ...) . (4.18)

The coordinate-space eigenfunctions can be obtained by the separation

of’ variables

_ A

¥, (0) = R,(r)Y, (), (4.20)
where REE(P) = (|E£> is the radial coordirate-space eigenfunction and
Yzm(g) is a spherical harmonic (see Section 2.2). In this representation

the radial momentum operator is [3,4]

ih d
pr- l"_ d—EI' . (4.21)

We use the method of shape invariance to determine the radial



eigenfunctions Rx(r), where N is the radial quantum number.
Using (4.21) and (4.13) we find that the solution to the first-order

differential equation (4.7) with s=N is given by
2
= aN -r
Ro(r’ax} CO(aN)r exp 2;5 , (4.22)

where Co(an) is a constant to be determined so that
[+4]
2 2
[IR (e o) )?r%ar = 1 (4.23)
0

In (4.23) we change the variable to u = r?/a® and use the integral (3.23)
with z = o+ % This ylelds
C (a) = 142" ria+ T, (4.24)

where

a=,/}—]_;‘ _ (4.25)

We can determine the normalized radial eigenfunctions RN(r,ao] from

equation (4.10). Setting the phase factor in (4.10) equal to unity we find

that
rz &2 _rz ra
R"(r,ao) = CN(aO] L?E] eXp[-—z]lF1 [—N; e+ _5] ; (4.26)
2a a
where
€-N+2 -%-
cla) = (-1)¥ 23_% (2N+2£+1)’; . (4.27)
a meNI[(28+1)1!]
In equation (4.26)} n!!=n(n-2)...2(n even), = n(n-2)...1(n odd). One can

readily verify (4.26) and (4.27) by substituting these expressions in
(4.9) with s=0. On simplifying the result one obtains the recurrence
relation (2.88) with B=N+l+§ and u=r-/a°.

The various types of shift operations for the three-dimensional
isotropic oscillator are shown in Table 4.1. The shift operators ?i(w) for

a parameter shift both ¢ and the energy.
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TABLE 4.1 Shift operations for the three-dimensional isotropic non-
relativistic oscillator. The energy eigenvalues E are given by
(4.19). The kets |E£) and |nf) are eigenkets of the radial
Hamiltonian Hg. The notation Rk(r,aé) is explained 1in
Section 4.1.
1. Shape Iinvariance
A (c,a JR (ra) = GN)PR_(r,e )
A(r,a )R (re_ ) = (200 + DEIR (roa)
1 [ h[as+ 1)
where o= & + s and A (r,a ) = ;ga tip + vIM wr - ~;§§—;——

2. Shift operatcors for the parameter £ [6]

1
R;(0) [EL) = [2ME + 2Mho(f + § £ 1)17|Exho, 221

+ -
where %, () = *ip - Mur - h(£ + 4 * $)r &

3. Shift operators for energy [7]
06> = [(n-t+121) (nee+221) 1 F|nt2, ¢
o0ty = [n-ts1e1) (nets2e) 1 ¥ [ne2, &

+ n + % ha % :

] nl
\UR I )

. .
where n = 2N + £ and Q"= * 1 rp -
n h " r

R
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4.3 NON-RELATIVISTIC COULOMB PROBLEM IN AN ANGULAR MOMENTUM BASIS

The energy-eigenvalue equation for an attractive Coulomb potential can be

written
1
[ZH 52+ vm] [E&> = E|EL . (4.28)
where
2
v(r) = 2B K (4.29)
2Mr
and k is a positive constant. Potentials of the shape {(4.29) can be

generated from the superpotential

hia + 1) K
Wir,a ) = ~ ——— + vIN ACERAE (4.30)
s Véﬂ r (3
where a is given by (4.14). From (4.30) and (1.36) we obtain
2
h(a + 1)(ax+ 1 2 1) 2
V+(r‘,as} = s 25 = ; + —zﬁk—_é . (4.31)
- 2Mr 2h (as+ 1)
Thus
h® 1
V_(r,a) = V(r) + = n (4.32)
Ma“ (a + 1)
0
where
= h°/(MK) (4.33)

and V(r) is given by (4.29). It is easy to show that the shape invariance

condition (1.23) is satisfied with remainder
2

Rla ) = [(as_1+ 1)72- (aa+ 1]-2] . (4.34)

2Ma
From (4.34), (4.14) and (1.41), and subtracting the constant in (4.32), we

obtain the energy eigenvalues of the potential (4.29)
2

h
2Ma’

The radial coordinate-space eigenfunctions are obtained in a similar

E = - (N + 2+ 1)72 (N=0,1,...) . (4.35)

manner to the eigenfunctions of the oscillator in Section 4.2. Using

(4.21) and (4.30) in (4.7) with s=N we obtain the radial eigenfunction

a
2r N -r
Ro[r,an} C (a )[(a + l)a] exp[__;_—___] , (4.386)
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where

_ 2 -3
c (a) = [(_ocu_-t-_l_:i] [Fza s 3177 . (4.37)

From (4.10) we obtain the normalized radial coordinate-space eigenfunctions

in the form

_ ar 4 . Hic i 2r
Re(ro ) = Cﬂ%’[m] e"*’[m}lpl[ N20Z gy (499

2 ¥
_ 2 F(Z&:N+2) . (4.39)
a N! (N+2+1}7[T(28+2) )

and the phase factor in (4.10) has been set equal to unity.
One can readily prove that (4.38) and {4.39) are valid for all
non-negative integers N. Using (4.38), (4.39), (4.34) and (1.41) in (4.9)

with s=0we find that (4.9) reduces to

N+B~1 u d ) _ - .
[1 B0 (8-2) Yt BT aﬁ]1F1( N;Biu) = F (~[N+1];B-2;u) , (4.40)
where B = 26+4 and u = 2r/[(N+&1)a)l. The proof of (4.40) is given in
Appendix B.

The various types of shift operations for the Coulomb potential are
summarised in Table 4.2. WNote that in Table 4.2 the energy shift operators
for the Coulomb potential require the introduction of a scaling operator

[7). The effect of this scaling operator on r and P, is given by

fr_ r *
AR o A

+ 3
A np= (ntl)p A™ . (4.41)
n T r n

In the method of shape invariance, the shift (4.41) is automatically

achieved by the introduction of the parameter (4.14).

4.4 MODIFIED OSCILLATOR AND COULOMB POTENTIALS
The oscillator and Coulomb potentials of Sections 4.2 and 4.3 can be
modified to include a repulsive inverse-square term hr_z, where A is a

positive constant. We can write the potentials (4.12) and (4.29) including

70



TABLE 4.2 Shift operations for bound states of the Coulomb potential (4.29). The energy
The notation for R (r,a ), |E£) and |nf)
N s

eigenvalues E are given by (4.35).

is explained in Table 4.1.

1. Shape invariance

h -2 -2 %
{(¢s+ 1) “- (au+s+ 1) °1 RN_l(r,as*i)

A (r,a)R(r,a) =
Tos N s M

_ h -2
P [ {as+ 1 (aN¢s+1 N+1

A (r,a ]Ru(r,a 1)
* st Y2M a

where a is given by (4.28), « = &s and A _(r,a ) = *
s - e v2M T VA r

2. Shift operators for the parameter £ (6]

+ e < .
R, [EQ = 12ME + W% (2 + § £ ) 2]J-"lls, 23
-1

where ?t = tip - h{Z + 2 Pritvpa e 32 )

Shift operators for energy [7]

3.
- 1
¢ Inty = {n”(n £ Dinln t 1) - L&+ 11}Z|ne1, &)
rp - -~ n] Here Ai is defined by (4.41).
r an n d

=3 Rl

+ +
where n = N + £ + 1 and Q;= A;[t

1L
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the term Ar 2 as follows:

2 2
- _ hoece+1) 22_h T(3+1) . %Ma?rz

vV (r) — + Mo (4.42)
© 2Mr® r? oMr?
and
2 2
V() = h 2(8:1) . 55 _ § _h 2(2;1) _ ; i (4.43)
2Mr T : 2Mr
where
= 2 -2,
E=-F+ [+ H%+ 2R 717 . (4.44)

From (4.42) and (4.43) and Sections 4.2 and 4.3, it is clear that
these potentials are shape invariant. The eigenvalues and eigenfunctions
of the modified oscillator and Coulomb potentials can therefore be obtained
by replacing & with Z in (4.18), (4.26), (4.27), (4.35), (4.38) and (4.39).
For example, for the modified oscillator potential (4.42), the energy
eigenvalues are given by (4.13) with & replaced by ¥¢: thus

E={2N + 1 +[(2+ H> 20721 7w (4.45)

Similarly, from (4.35) we obtain
£2
2Ma
for the energy eigenvalues of the modified Coulomb potential (4.43).

E=- N+ 4 +0e+ D% 2Mm'21‘l'}"2 (4.46)

2

Equations (4.45) and (4.46) show that the degeneracy of the oscillator and
Coulomb problems with respect to € is removed by the repulsive inverse-

square term in (4.42) and (4.43).

4.5 THE ECKART POTENTIAL
We consider the Eckart potential {1]

V(r) = A csch’r/a - B coth r/a , (4.47)
where A, B and a are positive constants. This potential tends to ~B as
r- o, becomes infinite as r» 0 and has a minimum if B>2A (see Fig. 4.1).

It is convenient to define the dimensionless operators

u=r/a and P = % P_ (4.48)
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Fig. 4.1 The Eckart potential {4.47).
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which satisfy the commutation relation [pu,uJ = -1, If we consider s

states (¢=0), we can write the energy eigenvalue equation with the

potential (4.47) in the form

1 2
[5_ p* V(U)JRN(U) = eNRN(u) . (4.49)
where
2 2
V{u) = = esch®y - ab coth u (4.50)
2 2
h h
and
2
a'kE
e == (4.51)
N B2

Here E denotes the energy eigenvalues of the potential (4.47).

Potentials of the shape (4.50) can be generated from the super-

potential
Wlu,o ) = —L[a coth u - q—] . (2.52)
5 }/éﬂ B Cts
where
@ = kK - s (s =0,1,2,...) (4.53)
and
q = lMa.th—2 . (4.54)

Here k is a solution to k(k + 1)= 2Ma®AR™2. That is
1 2,,-2, 4
k = -4+ 3(1 + 8Ma“Ah"") 7 . (4.38)
Which of these two solutions must be used is discussed below (see (4.72)).

Using (4.52) in {(1.36) we find

-1 - 2, _ 4

Vi(u,as) = ¥ as(as+ 1)Jesch™u v coth u + K(as) : (4.56)

where
_ 1 2 2 -2

x(aﬁ} = §H(as+ q e I (4.57)
Hence

V_(u,ao) = V{u) + n(ao) , (4.58)
where V(u) is the potential (4.47). Also, the shape invariance condition

(1.23) is satisfied with remainder



Rle ) = ={(o® - &%) + ¢®(a® - %)) . (4.59)
s [ s-1 s

1
2M s=1

Substituting (4.58) in (1.41) we obtain the energy eigenvalues correspon-

ding to the potential (4.50)

(o) _ 1 2, 2 -2
EH = n(ab) Zﬁfak+ qa, ), (4.60)
where N = 1,2, ..., nax and E;DL= 0. The restriction on N is discussed in

Appendix D, where it 1s shown that

1
N <k+ q? . (4.81)

ma

Using (4.53} and (4.54) in (4.60) and subtracting the constant x(ao), we

find the energy eigenvalues of the Eckart potential (4.47) are given by

2 2.2
E=—h2(N-k)2—MaZ ! . (4.62)
2Ma h? (N - k)
where N =0,1,2,...,N .
mAX

The normalized solution to (4.7) with s=N is
= -1 s Oy
Rb(u,aN] = Co(an)u (sinh u) exp(qu/an) , (4.863)
where

21 7%% (2 - 2a,+ 1) 3

Cla) = (4.64)
CRN. ar(aar( - 2e.)
and
q-a
X -/ (4.85)

It can be shown that the eigenfunctions generated from (4.10) are given by

~u
R{(y,a) = C («x )u'lfsinh u)_k#"exp[_gg] F [—N,Zk—N+1;2A+1;——fi———} ,
N 0 N O 21 “u_ u

k-N

At
(4.66)

where
2
2N-2k+1
C e - 2 L OOT(ZAN-2H)T @A) (4.57)
l a"N! (N-k)T(N-2k)2a[r(2a)]

and we have set a phase factor equal to unity. In (4.66) and (4.67) it is
understood that o« = k and A = —[q—azl/Zao. The validity of (4.86) and

(4.67) can be proved for all non-negative integers N by substituting these
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equations in (4.89) with s=0. This yields the recurrence relation (3.59)

with

-u
B=2k-N-1, C=2x+1 and Y= — (a.68)

-

u u
e -e
Consider now the behaviour of (4.66) as u» 0. The polynomial 2F1 in

k-1
" Thus corres-

(4.66) is proportional to u™ for small u, so that RH~ u
ponding to the negative and positive solutions, respectively, of (4.55) we
have

R~ T amatan)? (4.869)
and

3 2 2.1

R~ u 2 (1 + 8Ma"Ah ") % . (4.70)

Now for RN to be a solution to the Schrdédinger equation in Cartesian

coordinates, one must have [4,8]

uR“(u) 20 as u->0. (4.71)
The form (4.69) satisfies (4.71) whereas (4.70) does not. Hence we must
take
2, -2,
k = -4~ 411 + 8Ma“An" )7 | (4.72)

This is the expression for k which must be used in (4.62), (4.66) and
(4.867).

In Table 4.3 we compare the operators Ar(u,ts) with the operators R:
obtained from the factorization method of Infeld and Hull [8] (see
Appendix D). In this Table we have not given any shift operators for
energy because, as far as we know, it is not possible to construct such

operators for the Eckart potential.

4.6 HULTHEN POTENTIAL [10]
The Hulthén potential is given by [10]

vir) = ~Uo — (4.73)

where U and d are positive constants. The potential (4.73) tends to zero

76



TABLE 4.3 Shift operations for the Eckart potential (4.50). The energy

eigenvalues E are given by (4.62), q is given by (4.54) and k

is given by (4.72)}. The kets [Ek) are eigenkets of the radial

Hamiltonian with the Eckart potential.

1. Shape invariance

A+(u,as)RN(u,as)

1 2 2.2, 2 -2 17
— [(a¢+ g ® ) (a"+s+ qams)] Rn_l(u,a )

m s 5+l
A (u,a )R (u,¢ ) = = [+ qza—z) - (a? + Qa’z )]%R (u, & )
-7 s TN et s s N+sel Nes+1 N+l e
veM
where a« = k -~ s and A (u,a )} = =L (+ip + a coth u - qa'l)
S P S m u S [
2. Shift operators for a parameter

+ 2, -2
R |Ek) = [2MEah™™+ q°(k + }

+
vhere R'= t ip - (k + + %
u

+

+)coth u + gqlk + ¥ = %

1
1% e+ + 2 D217 E k2D

I
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as r> o, and to -« as r-= 0. This is shown in Fig. 4.2. The Hulthén

potential (4.73) can be obtained from the Eckart potential (4.47) by

putting

A =0, 13=~}u0 and a = 2d . (4.74)
Using (4.74) in (4.72) yields k = -1*. Substituting (4.74) in (4.47) we
find

~ _ 1 1

Vir) = uo&r/d_ = ,] . (4.75)

Comparing (4.73) and (4.75) it is clear that the energy eigenvalues
corresponding to the potential (4.73) can be obtained by adding the
constant %Uo to the energies in (4.62). Using (4.74) in (4.62), setting

k = -1 and adding the constant &l% we find

2 .2 242
E = - hg[” Ni‘;“”] (N=0,1,...,N ) (4.78)
8Md
2 2., -2
where v = 2Md“Uh “ and N < v-1 (see (4.61)).
0] max

Using (4.74) and k = -1 in (4.66) and (4.67) we obtain the normalized

coordinate-space eigenfunctions of the Hulthén potential

2 -u
_ 1Y N+1 -v _ _ . ©
Ru(u‘ao) = Cn(ao)u {sinh u) eXpLﬁ:T ]2F1[ N, 2k N+1’—?:__;GJ (4.77)

e U
- 2’“cN(ao)(r/d)"(1—e”"‘)e'k""2F1(—N,N+2A+2; Xkl e, (4.78)
where
-N _ 4372, N T(2A+N+1) *
2 CN(aO) =d (-1) (Nim;l)[(/\+N*1)(2A+N+1)2A] - (4.73)
To obtain (4.78) from (4.77) we have used the relation [11]
F (-N,B; C; z) = (1-2)VF [—N,C~B,~ C; —Z—} (4.80)
21 21 z~1

with z = e %, B = 2A+N-2k and C = 2xA+1.

* It is interesting to note that the positive solution in (4.55) gives k=0

when A=0; with this value of k the superpotential (4.52) is undefined

for s=0.



V(r}

Fig. 4.2

The Hulthén potential

(4.73).
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In Table 4.4 we compare the various shift operations for the Hulthén
potential. The operators Q: in Table 4.4 are not shift operators for
energy, they shift between eigenkets of the same A belonging to different
potentials (different v} [12]. They factorize an operator related to the
Hamiltonian with the Hulthén potential. The operators At(r,as] in
Table 4.4 are obtained by substituting (4.74) and k = -1 in the correspon-
ding expressions given in Table 4.3 for the Eckart potential. We do not
present the operators Ri obtained using the Infeld-Hull factorization
method for the Hamiltonian with the potential (4.73), since the operators

+ - +
R” and Rk , are undefined when k = -1 (see the operators i; in Table 4.3).
+

4.7 OTHER SPHERICALLY SYMMETRIC POTENTIALS

For certain one~dimensional problems we can extend the results obtained for
the energy eigenvalues and coordinate~space eigenfunctions to give the
eigenvalues and eigenfunctions of the corresponding three-dimensional

problem. In this Section we show how this can be achieved for the Morse

and the symmetric Rosen-Morse potentials.

4.7.1 Three~dimensional Morse potential

Here we consider the s states of the radial Hamiltonian (4.8) with the

potential
r-r r-rg
v(r) = D[exp[—Z ——a——~] - Zexp[— ——z—” 2 (4.81)
If we let X =r - o in (3.1) we obtain the Morse potential (4.81). Here

we assume the limit

ro/a 5> ® , (4.82)
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TABLE 4.4 Shift operations for the Hulthén petential (4.73).

o ]
elgenvalues E are given by (4.78) and v = (BMdZUOh 57

81

The energy

1. Shape invariance
. 2 o212 R “3 2%
A*(F,Cl )RN(I‘,Q ) B et Do 2 - -TE Ru_l(r,a +1)
© s \/2? s N+s s
1
: V2o o212 (2 i; N 2y
A (r,« IRN(r.a 1) = - 5 = = R +1{r,a o ey
s st »/2? o N+s+1 b
2
. o & - v
] et = — |+ =
where @ {s + 1) and Ai(r,ag) = [_1 5 pr+ 7z + Zas ]
2. Shift operators for an operator related to the Hamiltonian
with a Hulthén potential [12]
Qi]nk> = —(n-htl)(Znil)_l[n(n+l)(n+k+1)(nil)_1]%|ni1,h> s

where n = N+A+1l, A = (—2Md2h'2E)% and
-rsd.d 2]

Q:= £i(1-e” )¢ p * ne”% (2n:1) ' (n-42 )% (n-drd) « A




-
vhich ensures that P, is Hermitian with respect tc the bound states. In

the analysis of Section 3.1 we must therefore make the substitutions

X >u=(r - ro)/a -~ n(2k + 1) (4.83)
and
_a
px9 pu* R F; (4.84)

(see (3.3) and (3.4)). For bound s states the energy eigenvalues are given
by (3.18), and from (4.21) and (3.28) we obtain the eigenfunctions of the
potential (4.81)

R(ra) =zw(re), (4.85)
where wh(r,aol is given by (3.28) with X replaced by u (see (4.83)). From
(4.82) and (4.23) it is apparent that the normalization constants in the

functions wn(r,mo) above are the same as (3.29).

4.7.2 Three~dimensional symmetric Rosen—Marse potential
If we make the substitutions U1= 0 and x = r in (3.34) we obtain

v(r) = -U sech’r/a . (4.86)
We can extend the analysis for the one-dimensional potential (3.34) with
U1= 0 (Sect;on 3.3} to the three-dimensional case by making the substitu-
tions

X >u=rrsa (4.87)
and (4.84).

For bound states of the potential (4.88) we must have wN(O,aO) = 0,
where wN(O,aO) is given by (3.68) or (3.70), and (4.87). From (3.68) we

see that the even functlons violate the above condition, so that they must

be excluded. Hence the coordinate-space eigenfunctions for the bound s

E 3
The assumption that p is Hermitian with respect to the bound states
r

reguires that wN(O) =0 in (4.85) [12].
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states of the potential (4.86) are given by (4.85) and (3.70) with the
|
subkstitution (4.87), where we must include a factor 22 in (3.71) because

0 r < o whereas ~-o s X < oo.

1A

The energy eigenvalues are given by (3.63) where N = 1,3,...,N and
max

N <k (see (3.50) with U1= 0). Here k 1s given by the positive solution

ma

in (3.44).

4.7.3 Manning-Rosen potential [13]

Here
2

B(B — Le

-r/a.2 -rra| ’ (4.88)
e ) 1 -e€

h
2Ma?| (1 -

where B{f - 1) and « are positive constants. We can obtain the potential

-2r/a me-r/a
vir) S

(4.88) from the Eckart potential (4.47). If we let

r > ar, {4.89)
2
B = 2 - 3[84' 1) (4.90)
2Ma
and
P
B = 2 o + B(B - 1)] (4.91)
2Ma

in (4.47) we obtain the potential (4.B8) minus the constant (4.91). From
{4.80) and (4.72) we find

k = 3B - 1), (4.92)
and from (4.91) and (4.54) we obtain

q= 4la + BB - 1)] . (4.93)

Substituting (4.892) and (4.91) in (4.62) and adding the constant
(4.91) we obtain the energy eigenvalues corresponding to the potential

(4.88) in the form

2 2
_ h™ [A-B-v(v+2B))
E= - , (4.94)
a2l 2(B+v) ]
where
v =2N-28 +1 (N=0,1,...,N ) (4.95)
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and
- - 117,
N .S (B - 1) + }a + B(B )]
see (4.61). The coordinate-space eigenfunctions for the potential

can be obtained by substituting (4.89)-(4.83) in (4.66) and (4.87).

(4.88)
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CHAPTER 5

SHAPE INVARIANCE WITH APPLICATION TO
THE MOMENTUM REPRESENTATION [1]

In Section 5.1 we formulate the method of shape invariance in a manner that
is suitable for application to the momentum representation. Then two
examples are discussed: the isotropic non-relativistic oscillator (Section
5.2) and the non-relativistic Coulomb problem (Section 5.3). For these
problems we use the formulation of Sectlon 5.1 to determine the energy
eigenvalues and normalized momentum-space eigenfunctions for bound states.
The content of this Chapter is based on the paper: de Lange, O.L. and
Welter, A. (1882). Shepe invariance with Application to the Momentum
Representation. Journal of Physics A: Mathematical and General, 25,
5753-60. A relativistic (Dirac) oscillator and a relativistic Coulomb

problem are discussed in Chapter 6.

S. il SHAPE INVARIANCE IN THE MOMENTUM REPRESENTATION

In this Section we present the method of shape invariance in a form that is
suitable for application to the momentum representation of spherically
symmetric potentials in an angular momentum basis. The formulation is
similar to that in Chapter 4 but with some differences.

Instead of r and p we introduce the operators p = (p'p)% and
. ol

1
r= ¥
p 7

which satisfy the commutation relation [2])

) = = (p-r + ih) , (5.1)

o>
o>

‘r + -

‘Tl

_ 4, df(p)
[r‘P,f‘(p)] = ih O (5.2)

For the problems considered below, we make use of the identity [3]

re= r'§+ pL?, (5.3)

~
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to introduce the radial operator (5.1).

Next we consider the operators

Bt(p,Bs) = iirpf(p) + W(p,BS] . (5.4)
where Bs (s = 0,1,...) is a set of parameters and i(p,ﬁs) and f(p) are
determined below (Sections 5.2 and 5.3). (The ordering of r and f(p)

p
adopted in (5.4) is for later convenience.) We then construct operators

which are second order in r , namely
P

S
{(s)_ 2, T ¢ 5 _
A= [rpf(p)] + Vi(P,Bs) +u§iR(Bk) (s =1,2, ...) , (5.8)
where
A= B (p,8 )B.(p,g ) = [r £(p) 1% ¥, (p,B) (5.86)
* * o' TF ) P + o )
and
_ 2 di(p,le
Vi(p,ﬁs) = (p,BSJ + hf(p] —dp— (5.7)
The operators AiS) play the role of Hisl in Chapter 1. The partner
"potentials" ?+(p,85) are shape invariant if
V+(p.BsJ = V_(p,Bs+1] + R(Bs+1] c (5.8)

where ﬁ(BSJ is independent of p and Bs+1= g(B ).

S

Suppose ALS) possess discrete spectra and consider the eigenvalue

equations
(g)g _ 5 (s)y _
At RN(p,BS] = AH RN(p.BsJ (N=0,1, ...) , (5.9)
where ﬁu(p,ﬁs) is a normalized radial momentum-space eigenfunction. By

analogy with (1.38}) we suppose that

B+[p,Bs)RO{p.BSJ =0, (5.10)
then
A%< g (5.11)
0
(see (1.239)).

If the shape invariance condition (5.8) 1is satisfied then the

. . . 0 .
eigenvalues and momentum-space eigenfunctions of Ai ) are given by formulae
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which are similar to (1.41) and (1.44)-(1.47):

N
(0)
Ay = ZR(BRJ , (5.12)
k=1
= - i () [ (0), A=
B,(P.BIR(P,B) =e (A"~ 2A") R.,(P-B_.) (5.13)
= RT PN NI =
B_(p,B )R (p,B )} =e (A -A")°R _(p.B), (5.14)
- - _“{¢ - -
R(P.B) =e v B_(p,B)B_(p.B}...B_(p.B,_ IR (p,B) , (5.15)
N
4 (0_ {0, -F
o T ) ° (5.18)
k=1
for N =1,2, ... . The phase ¢ in (5.13)-(5.15) is a real constant.

For spherically symmetric problems in an angular momentum basis, the
momentum-space eigenfunctions can be obtained by the separation of
variables [4]

Vg, () = R (P)Y, (B) .

where ﬁtétp) = (b]Eﬂ) is the radial momentum-space eigenfunction and
Yem(g) = <§|8m> is a spherical harmonic (see Section 2.2}. (The kets [Ef)
are eigenkets of an appropriate radial operator - see below.) A similar
calculation to that presented in Section 2.2 yields the spherical harmonics
Y&ﬁg), which can be obtained by replacing % by ﬁ: that is, the angular
coordinates 68 and ¢ of ﬁ in (2.50) are replaced by the angular coordinates
ep and ¢p of ﬁ. In the following two Sections we denote the radial
momentum-space eigenflunctions by ﬁﬂ(p,ﬁo), where N is the radial quantum
number.

In Sections 5.2 and 5.3 we give two examples to which the results
(5.12)-(9.16) can be applied, namely the Iisotropic non-relativistic
oscillator and the Coulomb problem in an angular momentum basis. Two

further applications, to a relativistic oscillator and a relativistic

Coulomb problem are discussed in Sections 6.4 and 6.5.
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5.2 OSCILLATOR IN AN ANGULAR MOMENTUM BASIS

We start with a radial Hamiltonian for the isotropic non-relativistic
oscillator expressed in a form which is quadratic in r [2]. Using (5.3)
it Is easy to show that

Hy= %szr:+ V(p) (5.17)

where
= _ 2,2 1 12
V(p) = FMw"hee(e + D=+ 5P (5.18)
P
Comparing (5.17) and (5.8), we take f = VM w. “Potentials" of the shape

(5.18) can be generated from a "superpotential"

= 1 l
W = 1 _ 1 4. .
(p,BS) 20 hw(Bs+ 1)p - p (5.18)

Substituting (5.18) in (5.7) we find

V+(p,Bs) = %mw?hz(as+ Die+ 1 ¢ 1)15 + %E po- hola + 1 F ) . (5.20)
If BO= ¢, then
V_(p.B) = Vip) - hw(l + ) , (5.21)

where V(p) is the potential (5.18). Also, if

B_= &+ s (8.22)
then the potentials (5.20) satisfy the shape invariance condition (5.8)
with constant remainder

R = 2hw . (5.23)

In (5.8) let V_(p,Bo) be given by (5.21): comparing the result with
(5.17) we see that

A= B noe + ) (5.24)
From (5.12), (5.23) and (5.11) we have A;”= 2Nhw, and hence for the eigen-
values of H, we obtain the familiar result E = (2N + &+ 3)ho, where
N =20,1, ... is the radial quantum number.

With ﬁ(p,ﬁﬂ) given by (5.138) with s=N and

SN 1 (5.25)

o p dp

the normalized solution to (5.10) with s=N is
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_ 2BN+2 ? : By p?
Ro(p’Bn) ol I o exp[- —| . (5.28)
1
P, (28N+ 1)) ) 2p,
Here Py= vMhe and n!t!'= n(n-2) ...2(n even), = n(n-2)...1{n odd). The
normalized radial momentum-space eigenfunctions for N = 1,2, ... can be

obtained by substituting (5.26) in (S.15). The first few of these are

found to be particular cases of

e 2 2
R = oiNe P - P = s B
RH(p,BO] =e C“(ao) P, exp Sz 1F1[ Ny &% =l i (5.27)
Po Po
where
Le2-N ]
11|72
c () = [23 . (22‘“2”*”! (5.28)
[pon?m[(zul)!!] J
and the confluent hypergeometric function 1F1 is defined by (2.87). The

identifications (5.27) and (5.28) can be extended to all nen-negative

integers N: we use (5.27) in (5.14) with s=0 to obtain

[1 ~ 7 :—% ) _t:_ 3 gﬁ]lFl(-N; &3 u) = 1Fl(--[N+li; &rd; u) (5.29)
(u = pa/ps). which is the recurrence relation (2.88), with B = {+3%.

The radial momentum space eigenfunctions (5.27) can also be obtained
from the results in Section 4.2. Comparing the radial Hamiltonian (4.6)
with the potential %ere. with (5.17) and (5.18), we see that these

transform into each other under the substitutions

1
r & g P (5.30)

and

p & ~Mwr . (5.31)

r p
From (5.30), (5.31), (4.21) and P> vho, it is clear that r/a < P/P,
Thus (5.27) and (5.28) can be obtained by replacing r and a by p and Py
respectively in (4.26) and (4.27).

The various types of shift operations for the isotropic non-

relativistic oscillator in the momentum representation are given Iin

Table 5.1.



TABLE 65.1

S0

Shift operations for the three-dimensional isotropic non-
relativistic oscillator in the momentum representation. The
energy eigenvalues E are given by E = (2N+2+§—)hw. The notation
ﬁﬁ(p,BsJ and |E€> is explained in Section 5.1. The kets |n&)

and ’EQ) denote the same ket.

where 8 = f+s and B, (p,B) = VM w[tirp— 55 + h(g + 1)p

i Shape invariance

1
+=
{2Nhw) RN_ltp,B )

s+1

B+(p.{3E)RN(p,BS]

B_(p,Bs)ﬁu(p,B ) [2[N+1]hw]%'§n§1(p,ﬁs)

s+l

L

———

2. Shift operators for the parameter ¢ [4]
1

PRI |ES = ¢ LB(E + note + § £ 21| |Etha, 13
¢ * oM t 31| |Ftho,

+
where P,(w) = ¥ ir - - h(e+ 3t 4)

T

e
Mt

3. Shift operators for energy (4]

éiinf,): [(n—ﬂ+111]{n+£+2t1)]%[niz‘ £

2

= st_ -1 _ P
where n = 2N + ¢ and Qn— R PL Whe +

3 1
n+ﬂ2-i-z-.
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S48 COULOMB PROBLEM IN AN ANGULAR MOMENTUM BASIS

Our starting point is the radial Hylleraas equation for the Coulomb problem

[5,6]

2 2 2
[[% r‘P(pz_ 2ME)] .\ 2(£+1J(p2— 2ME) }|E£> = 4p§[E£> . (5.32)
P

where Py~ Mk/h and k is the constant in (4.29). We consider bound states

(E<0O) and define

w = p/VY-2ME , r= vV-2ME rp : (5.33)
In terms of these (5.32) can be written

H,|EC) = |EL) , (5.34)
where

A=t 0] (5.35)

) h "u !

Viu) = 2(¢ + 1) (u% u™®) (5.36)

and
2p§
5=“HT"2£(£+ 1) . (537)

In applying the formulae in Section 5.1 we replace p and rp with u and

r . Comparing (5.35) and (5.6) we take f(u) = (u®+ 1)/h. With

Wu,B) = (B + N - ) (5.38)
and

85= ¢+ s (5.39)
in (5.7) we find that

V,(WB) = (B+ DB+ 1% 1)(u™ - 208 DBF 1F 1) (5.40)
For s=0, (5.40) yields

V_(u,B) = Vlw - 2(e+ D+ 2), (5.41)

where V(u) is given by (5.36). One can readily show that the potentials
{5.40) satisfy the shape invariance condition (5.8) with remainder
ﬁ(BSJ =80+ 8s + 4. (5.42)

From (5.12), (5.338) and (5.42) we obtain
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;°’= 4N+ SEN + 8N . (5.43)

In (5.8) let §~(u,60) be given by (5.41). Then

A

A= - 22+ 1)+ 2) . (5.44)
From (5.37), (5.43) and (5.44) we have
2
2 2p0
gN“+ 8N + BN = - W 28(2 + 1) - 2(¢ + 1)(e + 2) , (5.45)
which yields the Bohr formula
2
p
E = - Z% (N+2+1)7°, (5.46)
where N = 0,1, ... is the radial quantum number.

With Q(u,ﬁn) given by (5.38) with s=N and r_by (5.25) and (5.33), the
normalized solution to {(5.10) with s=N is

~ 1
248w 6(BN+ 1]4(BH!)2 T B

2, 1]BN*2 . (5.47)

R (u,B.) =
° X p32n(28H+ 1) (u

By substituting (5.47) in (5.15) we generate the normalized radial
momentum-space eigenfunctions for N = 1,2, ... . It is straightforward

though tedious to show that the first few of these are particular cases of
e

3 __=iNg u _ ' ) 2 =)

RN(U, BO)—e CN(BO)W 2F1[ N, 2&+2+N; e‘*‘g’. (u™+1) 7] . (5.48)
Here

fé‘g‘5(2+N+1)4(£s)2(22+N+1]{] . g

C(B) =
Noo [ p§2nN![(28+1)!]2 )

u is given by (5.33) and (5.46], 2F1 is a hypergeometric function and BO= 2.

The validity of (5.48) and (5.48) for all non-negative integers N can be
proved by using (5.48) and (5.498) in (5.14) with s=N. With x = (u®+ 1)
this yields

2¢ + 3 dx

[1-2x+ 21 = x)x d]2F1{~N,2£+4+N; +%; %) =2F1(~[N+1],2£+3+N: &3 x) ,

(5.50)
which is the recurrence relation (3.91) with B = 28+4+N and C = £+3.

The various types of shift operations for the Coulomb problem in the

momentum-representation are given in Table 5.2.
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TABLE 5.2 Shift operations for the Coulomb problem in the mcmentum

representation. The energy eigenvalues E are given by (5.48).

The notation R (p,B), [EE and |n&) is explained in Table 5.1.

1. Shape invariance
= Py -2 -2.% =
B+(p.BS)RN(p.Bs} = ;%§ [(Bs+ DA (BN+S+ 1) 71 RH-I(p’Bs+1)
= Po -2 -2.% =
B—(p’Bs)Ru(p’Bsn] = & [((3; EE (Bumf 1)7%) RN+1(p,BS)

where u and r are given by (5.33), BS= L+ s

and B,(u,8) = ¢ £ r (u® 1) - (B¢ Dlu- "),

2. Shift operators for the parameter ¢ [6]
1EEy = 3 i2p [1 + 2MpPE( + 3 & DPITE, &1
FgilFk2 = ¥ 12p,[1 + 2Mp, 2 ® B INE 21
+ - -
where P;e = 3 ih.lrp{pz- 2ME) + (e + 3 £ 1)p 1(p2+ 2ME)
3. Shift operators for energy [6]
t _ -1 3
Q |ng> = ={n{n £ 1) '[n(n £ 1) - &¢& + 1)1} ?|nt1, &
n
2
= 4 +_ i Py
where n=N+{¢+ land Q=A"[(F spr+2(n ¥1) — - n 2
n n h " p 2 2 2
np+ p
+ + +
Here the action of A on p and r is A;np = (n % 1)pAn
n

=3

r

+ +

and o~ £ = P_a” [6]
n N ntl n
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CHAPTER 6

RELATIVISTIC PROBLEMS

Certain relativistic problems can be treated by shape invariance and also
by the factorization method [1]. In this Chapter we show how shape
invariance can be used to obtain the energy eigenvalues and the radial
eigenfunctions for the following relativistic systems:
(i) the Klein-Gordon and Dirac equations with a Coulomb potential in
the coordinate representation [2] (Section 6.2),
(i1) a Dirac oscillator [3] in the coordinate and momentum representa-
tions (Sections 6.3 and 6.4) and
(iii) the one-dimensional Klein-Gordon equation with a Coulomb-like
potential in the momentum representation [4] (Section 6.5).
We start by giving a brief introduction to the Klein-Gordon and Dirac

equations for a charged particle in an electromagnetic field (Section 6.1).

6.1 INTRODUCTION
Consider a relativistic particle of charge g and rest mass m, in an
electromagnetic field with vector and scalar potentials A(r,t) and @(r,t).

Let H denote the Hamiltonian of this particle and let

B (p, ém , (6.1)
X, (r.ict) , (6.2)

(g =1,2,3,4). The four-vector potential is
A (x ) =[A(x), = olx)] . (6.3)
[T ~ T ¢ v
The relativistic equations for a spin O or spin } particle can be written

in an abstract form (5]. It can be shown that the Klein-Gordon equation is

2 2
(D, + mye J|y>=0, (6.4)
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and the Dirac equation is

(ix“D“+ moc]|w> =0 s (6.5)
Here
D=p-qA (6.6)
wo Pum
is the gauge-covariant derivative with P, ihas/ét. Also
¥, = (iBx, B) , (6.7)
u —~
where
0 o
a= G (6.8)
o O
1 0
g = (6.9)
o -1

and ah are the Pauli matrices

In (6.4) and (6.5) a repeated Greek index implies summation from 1 to 4.
Consider a stationary state |w(t]> of a time independent scalar
potential ®(r). The time evolution of |¢{t))> is given by (6]
[w(t)> = |¢> exp(-iEt/h)
where E is the energy eigenvalue. Then (6.4) and (6.5) become

%% mch) [¥D> = (E - a)®|yD (6.10)

2
(c p+ m
and
2
(ca-p + mec YD = (E ~ q@)|¢> . (6.11)
For the Klein-~Gordon equation, the ket fW> is a scalar, and for the Dirac

equation, |w> and {y| are the column and row vectors (bi-spinors)

m
¥,
¥,

| |W4> J

The Dirac ket {(6.12) is normalized according to

and (|, < |, <l <@, ]) - (6.12)
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4
Wl> =Ll =1. (6.13)
A=1

Next we consider spherically symmetric electrostatic potentials. For

2

the Klein-Gordon equation with such a potential, the operators H2, L and

Lz are a complete set of commuting operators [1]: they act on the kets
|#> = |E&m> of an angular momentum basis (see Section 4.1). For the Dirac

equation we denote the spin operator by § = %hg and the Dirac operator by

X o0
K=gh'EL+1) = [ ] : (5.14)
0 -X
where
o 0
T=|" . (6.15)
~ 0 o

The total angular momentum operator is J = L + S. Then H, ﬂz, gz and K are
a complete set of commuting operators [7].

The eigenvalue equations for ﬂz' Jz and K are [7]

> = 12505 + 1) [ d=% % ..., (6. 16)

J_|¥D> = bm|y) (m=J3, -j+1. ..., J) (6.17)
and

K[¢) = k|y) . (6.18)
Here k denotes the Dirac quantum number

k=-n(j+ 3, (6.19)
where

T T e A (6.20)

The Dirac ket |¢) is the bi-spinor

|¢>

o
|2,

where

wp] [|w3>]
¢ = and = ; (6.22)
i [|w2> %= e

This completes our introductory remarks on the Klein-Gordon and Dirac

(6.21)

equations.
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6.2 RELATIVISTIC COULOMB PROBLEMS
In this Section we consider the Klein-Gordon and Dirac equations (6.10) and

(6.11) for a charged particle in an attractive Coulomb potential

2
qa(r) = - & (6.23)

It is convenient to define the operators
u = Er and p=E'p . (6.24)
u r
These satisfy the commutation relation [pu,u] = -ih. Using the identity
2 2, 2 2 . . 2 .
L°= r"(p™~ p7) [8], (6.23) and (6.24) in (6.10) and replacing L” by its

r

eigenvalues h22(2+1), we obtain the Klein-Gordon equation in the form

1 2 -

Eﬁg p_* V(u]]R[u) = gR{u) , (B6.25)
where
2

V(u) = - 5 + E_SES_I_§1 n (6.26)

u 2

2m u

o]

Here k = har/moc, where 79 = an/hc is the atomic number times the fine

structure constant. The parameters 8 and ¢ for the Klein-Gordon equation

aTre
8 =1, (6.27)
)l
= [{2+ 5% FP12- (6.28)
and
2
]TlOK
€= —=, (6.29)
2h“A

where A is a dimensionless function of energy,
A = [°E%/(mc’- )17 (8.30)
For bound states (E < mocz}, A is real. The eigenfunctions R(u) in (6.25}
denote the radial coordinate-space eigenfunctions ¢ |E{> (see Chapter 4).
In the Dirac equation (6.11), we can eliminate p in favour of P using

. From the

i3>

the relation [9] a'p = o« p + irhlocr(g-g + h), where €= oo
Dirac equation with the potential (6.23) one can also obtain a second-order

equation of the form (6.25). This can be done by first performing a
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similarity transformation of the Dirac-Coulomb equation and then decoupling

the resulting first-order equations [10]. The eigenfunctions of the

transformed Dirac-Coulomb problem have the form
iR, (rIVY_(B)

R (r)v-?ve
L ey

¥(r) = (6.31)

()
mm
Here the angular functions Vf are the usual spinor spherical harmonics
m
[11]. The radial functions RU and RL are solutions to (6.25) with V(u)

given by (6.26) and

:
s = (_1)J+£+?' if R = Ru
(6.32)

i

R 1
~(-1)3** T jr R =R

C= 10§+ P2 A1 (6.33)
and J = € *# 4 [12). The parameters € and A are given by (6.29) and (6.30).

The transformed radial functions must be normalized according to [13]

fa <]

‘ 2, =2
I|R{r)|2r2dr = L 1+28 4+ i (6.34)
B 2. -2 | 41 + 72A_2

2v1l + ¥ A

where the upper sign applies if R is RU, and the lower sign if R is RL.

According to (6.34), if A = then RL(FJ = 0.
The nonrelativistic Schrodinger-Coulomb equation is also a particular
case of (6.28): it corresponds to the parameters

¢=t, (6.35)

)
A [wzmocz/Z(mocz— E)1Z , (8.386)

d = 1 and € given by (6.23). Note that for the nonrelativistic equation

the rest mass energy is included in the energy E.

The parameters A, £ and 8 are summarized in Table 6.1.



TABLE 6.1 The parameters A, { and & in (6.25)

g9

Klein-Gordon Dirac Schrédinger

| 1
A {72E2/(m§c4- Ez)]% [72mocz/2(mocz- E})]?

|
¢ e hZ- 21T - [(e+3) 2 421F g
S 1 d =7 if R = RU 1

= -5 if R = RL
n= (-nith?

6.2.1 Shape invariance
We now prove the shape invariance of the above Coulomb problems. In

applying the formulas of Section 4.1 to (6.25), we must replace r with u

and p_with p_ in (4.7)-(4.11). Potentials of the shape (6.26) can be

generated from the superpotential

ha K
Wlu, @ ) = - : o+ V?—mo hT 3
E Vzmo u s

where
a=s + &+ XS+ 1) .
s

From (1.36) and (6.37) we have

hle {w £ 1) mbxz
V+(u,as) - g * s S2 * 22
B 2m u 2ha
C s
Thus
m x>
V_(u,ao) = V(u) + 2 .
2h ao

where V(u) is the potential (6.26). Also, the partner

(8.37)

(6.38)

(6.39)

(6.40)

potentials (B6.39)
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satisfy the shape invariance condition (1.23) with remainder

2
R(a)=-L1—-—1—J. (6.41)

6.2.2 Energy eigenvalues

From (1.41), (6.41) and (1.338) we have

(o) mczrj'c2 1 1
Eﬁ = - % - (N=0,1,2, ...) . (6.42)
2h x o

The right-hand side of (6.42) is equal to the eigenvalues € of (6.25) plus

the constant moxz/(Zhgaz) (see (6.40)). Hence, using (6.28), we find that

A%= ai (6.43)
= (N+Z+ 38+ 1))° (N=0,1, ...} . (6.44)

Note that in the Dirac case, if j = £-% then R does not exist if N=0 (see
(6.34), (6.44) and (6.32)). From this and (6.44) it follows that for
J = &% the values of A® start at (g+1)°,

We can now write down the energy eigenvalues. From (B6.44), (6.27),

(6.28) and (6.30) we obtain for the positive-energy eigenvalues of bound

states of the Klein-Gordon equation

E = moc2{1 « 7°IN + o+ Ve o° ]_2}_%'. (B.45)
Similarly, for the Dirac equation we find

E=mc™1+ "IN+ /(y%)z— R (6.46)
where N20 if j = £-4.  For the Schrédinger equation, (6.35), (6.36) and
(6.44) yield

E=mc’l1- H(N+e+ 1771, (6.47)
which is the rest-mass energy plus the Bohr value.

In (6.44)-(6.47) the radial quantum number N = 0,1, ... is equal to
the number of times that the operator A_(r.as) must be applied to generate

R(r,a_ ) from R (r,x ) (see (4.10) and Table 6.2).
N ) o X
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6.2.3 Coordinate-space eigenfunctions

To use (4.10) we must first determine the normalized function Ro(r,aN).

This can be obtained from the first-order differential equation (4.7) with
s=N. Using (4.11) (with r and p_replaced by u and pu). (6.37) and (6.43)
in (4.7) with s=N, and normalizing the solution, we obtain

- )M F 5]
Ro(r,aN) = (-1) a,y [T{2a+1)] [5;] exp zah ; (6.48)

Here A = a = N+q+4(3+1), a,= (h/ZmOC?)A for the Schrodinger equation, and

a, = (h/Zmocv)(A2+ 72)% for the Klein-Gordon and Dirac equations. In (6.48)

we have for later convenience chosen a phase factor equal to (-1)N.
Substituting (6.48) in (4.10), and using (6.42) and (6.43), we obtain

the normalized eigenfunctions of (6.25) in the form

Rira) =e M ?c ()" A'o_lex - Ll RPN 22 T (6.49)
N ol A n % las PI7 5o [,F ' 7% eter 7 '

A Gy A

where AO= @«=q+ +(8 + 1) and

]
C(2A + N) z
Cla) = 2 ; (6.50)
N N

e 122 + N){F(2Ao)]2

One can extend the identifications (6.49) and (5.50) to all non-negative
integers N by induction. Using (6.49), (6.50) and (6.42) in (4.9) with
s=0, we find that (4.9) reduces to (4.40) with B = 2A0+ 2 and u = r/ah.
Equations (6.49) and {6.50) give the normalized radial eigenfunctions
for the Schrdodinger and Klein-Gordon equations; in these the choice of
phase @ in (6.49) is arbitrary. For the Dirac equation there are three
additional steps that must be performed to obtain eigenfunctions.

(1) The phase 8 is determined by substituting (6.49) in the transformed
first-order Dirac equations. For this purpose one can use the
limiting form as r-» O, and hence 1F1 can be replaced by 1 - F/ZAoaA'
This yields 6=r if j = t+4, and 6=0 if j = £-3 [14].

(i1) The functions (6.49) are normalized to unity. Thus the normaliza-

tions (6.34) require that an extra factor, equal to the square root
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of the right-hand side of (6.34), be included in (86.50).

(iii) To obtain eigenfunctions for the original Dirac equation, one must
apply the inverse of the similarity transformation used to derive
(6.25), (6.26) and (6.29)-(6.31). This procedure has been
described in detail in the literature [12,13] and will not be
repeated here.

In Table 6.2 we compare the transformations for shape invariance of
the above Coulomb problems with the shift operations for energy of these
problems, Note that in Table 6.2 the energy shift operators require the
scaling operators A;. These are similar tc the scaling operators A: for
the non-relativistic Coulomb problem (see Section 4.3). The effect of
these operators on r and P is given by
*r = y Ai

A aA a

A

+ x
Alalpr— aht1prbh . (6.51)
In Table 6.2 we have not given the Infeld-Hull shift operators that change
the vailue of the orbital angular momentum quantum number <: these are

discussed in Refs. [16].

6.3 SHAPE INVARIANCE OF A DIRAC GSCILLATOR [17]
In this Section we consider the Dirac equation

H|¥> = ih g—t]@ (6.52)
with the Hamiltonian

H = ca-(p - imwBr) + micﬁ , (6.53)
where v is a positive constant, a is given by (6.8) and B by (6.8). The
system described by (6.52) and (6.53) is referred to as a Dirac oscillator
[17]. It can be shown that the operators ﬂz. Jz and K commute with the
Hamiltonian (6.53) [17]. The action of these operators on the kets |¥) in

(6.52} is given by (6.16)-(6.18).
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TABLE 6.2 Transformations for bound states of the Klein-Gordon, Dirac and
Schrodinger equations with a Coulomb potential. The energy eigenvalues are
given by (6.45), (6.46) and (6.47). For the Klein-Gordon and Schrédinger
equations RN(r-,aO] denote the radial functions in (6.31). The kets |[AZ)
denote the upper or lLower elements of the transformed Dirac ket in an
angular momentum basis [1]. The parameters A, ¢ and & are given in
Table 6.1, ;A is defined in Section 6.2.3, and u and pu are given by

(6.24). For the Schrddinger and Klein-Gordon equations one can set 8=0;

for the Dirac equation €=m if j = &% and 0=0 if j = £&-% [14].

1. Shape invariance

~i6 2.-2,% -2 -2 ,%
e (dm c"h) Fla T oa ) R, (re )

It

A+(P,as)RN(r,aS)

]

18 2 -2.%, -2_ -2 %
A_(r',ocs]RN(r.as ) =e [i-rnoxh yete = ) Ry, (moa ),

+1

where k is the constant in {6.26), « = s+¢+4(&+1) and
-

ih ah
A (u,a ) = ¢ p - =+ vVinm h'c ;
- s V2m0 “ \/21110 u ° as

2. Shift operators for energy (15]
* *+i0, - ] +
QAIAQ = e AT A1) (A (A1) - c(c+5)1}73;'c|u1,q> ,

where Bi«; = (QL[Ag> 7/ <Ai1,cjkii,c>)% ,

+ * -1 -1 t i
- +3 13 ;
Qy AA(..lh rp - zra, + A) and A, are defined by (6.51)
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The Hamiltonian (6.53) is in 2x2 block form. Therefore the eigenkets

in (6.52) can be written as

(e = o2y ; (6.54)

where the factors i and 0-9 have been introduced for later convenience.

Using the relation a'p = @ p_* ir'%aig-& + h), where o = a-f [8], we can

eliminate p and r in (6.53) in favour of the radial operators p and r.
~ i r

This yields

H=cap+ iher '« BK - imcwx r + mcB , (6.55)

rr r 0 r a

where we have used (6.14) and Bzz 1 (see (6.8)). Using (6.14), (6.15),

(6.55) and (6.54) in (6.52) we find for energy eigenkets that

=1 . .
R 0 cp_+ ihcr "X + im cor 1|w>h
s -1 "
cp + iher "X - im cuwr 0 U'Elw>l
E - moc2 0 i|w>u
= 2 A 2 (6.56)
0 E + m C °'£f¢)1

From (6.56) it is straightforward to write down the coupled equations

. -1 _ 2
(icp_+ her K - mocwrllw>i— -(E - m C )!w>b (6.57)
and
. -1 2 ,
(icp - her X + mocwr)|w>b= (E + m e )Iw>i . (6.58)
A A A AL2 .
Here we have used o-T XK = -X o'T , [pr,g-rl = 0 and (¢:7)"= 1 [18]. It is

obvious that g-? commutes with r. Decoupling (6.57) and (6.58) we find

P [¥> |4,
é}_ po+ E—Eigi%l + %mowzrz Ul = hwlA +(k * )1 & (6.59)
Mo  F Z2m_r |w> IW>
0 L L
where
Ez— mic4
A= —2 (6.60)
Zhwmoc

In terms of j = &3, (6.59) can be written in the convenient form

2

1 2 h°C(c+1) 2 2

50— P+ clg =+ J‘,mowp > = ho(a + k + 3)|yD . (6.61)
0 2m0r
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Here |¢> denote the elements Iw)b or Iw)ﬁ' The parameters ¢ and & are

given by
=2,
3 = 4 if |¢p) = |¢/)U , (6.82)
E=¢&-m,
& =-%if |[y>= [¥> (6.63)

and k and 1 are given by (6.19) and (6.20). The kets (6.54) must be
normalized according to (see (6.13))

QB> = o), + @ley= 1 (5.64]
since (g-f)2= 1. This requires [3]

o9,

218

Because the potential in (6.61) has the same form as (4.12), we can

(1 + mOCZ/EJ , (6.65)

1 - nc%E) . (6.66)

obtain the energy eigenvalues and normalized coordinate-space eigen-
functions from the results obtained in Section 4.2. Replacing ¢ with £ in
{4.19) and equating the right-hand side of (4.19) with hw(A + k + 8) (see
(6.61)), we obtain the energy eigenvalues of the Dirac oscillator

E = imncz{l + 2hw(moc2)4[2N + 8+ 1+ 7§+ %)]}% . (6.867)
for N =0,1, ... . Here we have used (6.80), (6.62), (6.63), (6.19) and
(6.20). From (B6.65)-(6.67) and (6.20) we see that when N=0 and j = &+,
|4, does not exist for E<O and |¢>l dees mot exist for E>O.

The coordinate-space eigenfunctions for the Dirac osclllatcer are given

by ¥(r,t) = & |¥), where

i Fﬂ(r)vg (£)
¥(r,t) = exp(-iEt/h) . (6.68)
~ o f G (rIV (F)
~ ~ N& jm ~
Here
Fuz(r) = M+CH£RN£,
GHE(P) = [sign.E)M_CN,g,RN,e, , (6.869)
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where Eﬂw(r) are radial coordinate-space eigenfunctions and me(ﬁJ are the
spinor spherical harmonics [11]. In (6.69), &= 4&&n and N’'= N-1 if
J= &4, N=NIif j= &3 [3]. The constants

M= [3(1 % mocz/E}l‘l’ (6.70)
are required because of the normalizations (6.64)-(6.66). From (4.26) and

(4.27) we obtain

LND 2 2 _rz r2
Ruﬂ(r’ao) = e Cne(ao) [E] exp[——g]lb“1 [—N; &+ 'E] , (6.71)
2a a
where
2E M2 o0 4 22+ 1)1
Ceel%) = |75 =| = (6.72)
a meNI[(228 + 1)11]
In (4.26) we set the phase factor ¢~1N8 equal to unity. For the Dirac

oscillator the phase 6 can be determined by substituting the limiting form
as r-+ 0 of Fu!i(r) and Gne(P) in the coupled first-order Dirac equations
(6.57) and (6.58). This yields

2+ 3,

R

and the factor sign E in (B8.69).

It
{]

2] T 1f

0 if j

The various types of shift operations for the radial eigenfunctions
(6.71) of the Dirac oscillator in the coordinate representation can be
obtained from the shift operations presented in Table 4.1. Here we must
replace ¢ with ¢ (see {6.62) and (6.63)) and use the expression (6.67) for

the energy elgenvalues E.

6.4 DIRAC OSCILLATOR IN THE MOMENTUM REPRESENTATION

Here we consider equation (6.52) with the Hamiltonian (6.53)} expressed in
terms of the radial operator rp (see (5.1)). We can eliminate r and p in
favour of r and p in (B.53) using the relation a'r = apr‘p— ih—lap('f-g + h)

where ap= g‘§ [19]. This yields for the Hamiltonian
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H=imcwarpf -m chwp'la BKR + cap + m caB " (6.74)
0 PP 0 P p 0
where we have used (6.14), (6.8), (6.9) and (5.1). From (B.52), (6.54)
with % replaced by g, and (6.74) we obtain for the upper and lower elements
of energy eigenkets the coupled equations
-1 _ 2,,
(—lmocwrp+ mchwp K - cp) YD = ~(E - m )i |y) , (6.75)
. -1 _ 2
(-1mocwrp- m chwp™ X + cp)i|w>b— (E + m.c )|w>1 . (6.76)
Comparing (6.75) and (6.76) with (6.57) and (6.58) it is clear that
these equations transform into each other, apart from the factor 1
multiplying ]w>h in (6.75) and (6.78), under the substitutions
p & —mowr‘p ; (6.77)
r e (mow)'ip . (6.78)
Thus the radial momentum-space eigenfunctions for the Dirac oscillator can
be written down by replacing r/a in (86.71) with p/po, where

P= vhoha = h/a, and a with p_ in (6.72). Hence we obtain for the radial

elgenfunctions
€2
= Pz -b 3 Pz
Rﬂ[p,ao) = CN(ab] | exp ;rz ol a5 =) (6.79)
Po Po Py
where
£~n+2 e K
¢12 (2N + 22 + 1) . (5.80)

C(a) = (-ni)
NR pgn%N![(Zﬁ +1)11]°

The phase factor [~ni)£ in (6.80) is required because of the factor i
multiplying ]w)b in (6.75) and (6.76). This factor can also be determined
by considering additional factorizations for the Dirac oscillator [20].
The energy elgenvalues are given by (6.67).

The various types of shift operations for the radial eigenfunctions of
the Dirac oscillator in the momentum representation can be obtained from
the shift operations presented in Table 5.1. Here we must replace ¢ with ¢
{(see (6.62) and (6.63)) and use the expression (6.67) for the energy

eigenvalues E.
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6.5 KLEIN-GORDON EQUATION WITH A ONE-DIMENSIONAL "COULOMB" POTENTIAL IN
THE MOMENTUM REPRESENTATION [4]
As a final example we consider a spinless relativistic particle with rest

mass m, moving in the one-dimensional potential
a2
Vix) = - T%T : (6.81)

If we let qd = -2q2/|x| in the Klein-Gordon equation (6.10), replace p
X

with -ihd/dx and set py= p= 0O , we obtain the eigenvalue equation

d® 29E  o° 2
;;E + Ro[x] + ;5 wix) = A%(x) , (6.82)
where
y = 2%/he (6.83)
A = (mc/m)(l - )7 (6.84)
and
€ = E/mc” . (6.85)

It can be shown that the motions to the right and left of the origin are

independent: that is, a particle in the right (or left) region will remain

there indefinitely [4,21].

In the momentum representation (6.82) becomes [4]

2 d2 d 2 *
[(& - 1JE° — + (2 - vE)E 3 (2 + y )]¢ (E) =0 . (6.86)
as® £
Here
£ =2/(1 = ivq) , (B.87)
q-= p/(eymoc) ; {(6.88)
v = ezmoc/hl ; (6.89)

+
and ¢ 1is the Fourier transform
m

otip) = (2nmn)? j dx exp(-1px/hI" (x)
—co

In this tranform w+(x) denotes the solution for a particle confined to x>0,

and ¥ (x) the solution for a particle confined to x<O.
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To treat (6.86) using shape invariance, we must rewrite it in a form

that is similar to (5.6). This can be done by making the substitution
#°(£) = Cg (&) , (6.90)
where
g (&) = &g - NTPY (6.91)

and to simplify the notation we have omitted superscripts * on g or Q.
Here v is defined by (6.1i06) and C is a normalization constant. Using

{(6.90) and (6.91) in (6.86) we find

[[ng(s)12+ V(s)]n(e) -t s DO (6.92)
where

xg= i S_E , (6.93)

£(§) =€ - 1 (6.94)
and

Vig) = /&% (v - 2°)/E . (6.95)

Equation (6.92) is the desired form which we treat by shape invariance.

Potentials of the shape (6.95) can be generated from the "super-

potential"
W(E,B) = -B /€ + (B v)/2g (6.96)
s S S S
where
B=k + s (6.97)

and k is the solution to k(k - 1) = -y°. That is

ke ftd-AY. (6.98)
(For regular solutions to (6.86) we must take the upper sign in (6.98)
[21}.) From (5.7) and (6.96) we find

B (Bt 1) B (B 1)+v [Bj+ v]z
= + (6.99)

V,(§,B8) = =
+
T s €2 E 2[35
(In (5.7) we must set h=] because we are using dimensionless variables.)

Using B_(B - 1) = ~»% (see (6.97) and (6.98)) in (6.99) it is easily

verified that
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230

2 2

— - BtV
V_(ﬁ,BOJ = V(g) + [——J ' (6. 100)
where V(€) is the potential (6.95). It can also be shown that (6.99)

satisfy the shape invariance condition (5.8) with remainder

Bz v 2 32+ 12
R = [_52% | _ |B__
R(Bs) = |28 58 ; {(6.101)
s=1 s
Consider bound states of (6.86) (that is, E<mocz}. The eigenvalues
2 2 2 2
@ _ [Bo*? Byrv
A“ = —ZB'—'— - T (N=O,1. ..-) b (6.102)
0 N
obtained from (6.101} and (5.12), are equal to the eigenvalues —}{u+1)2
plus the constant [(B§+ v]/2{30]2 (see (6.92) and (6.100)). Hence
B2+ v)* .
—=F = 3y + 1)7 . {6.103)
X
Using (6.97) with s=N, (6.89), (6.84) and {6.85) in {6.103) we find
E=mc[1+ 5N+ 2T (6.104)
where N = 0,1, ... and k is given by (6.98) with the upper sign.
Finally we use shape invariance to calculate the momentum-space eigen-
+
functions for bound states ¢;(€,BOJ. These are determined from (5.10),
(5.15) and (5.4) with ﬁn(p,ﬁs) replaced by S%(p,ﬁs) and with the super-
[ 2
potential given by (6.96)., The unnormalized solution to (5.10) with s=N
is
Q(£8) = |—or B"(e ~ 1) Bu) /2By (6.108)
0o "N £ ~ 1 ’ '
The momentum-space eigenfunctions QN[E,BO) for N=1,2, ... can be obtained
by substituting {(6.105) in (5.15). In these calculations care must be

taken to use the correct expression, in terms of N, for the v which appears

The function gv(ﬁ) introduced in (6.90) does not preserve the normaliza-
+

tion of ¢;(E) when treating (6.92) using shape invariance. For this

reason we do not follow the normalizations as in the previous examples.

+
The normalization of the functions ¢;(E) is performed in Appendix E.



in (6.105) and (6.96). For positive energy solutions v>0 (see (6.98)) and

hence from (8.103) we obtain

v = k + N . (6.106)

The QN(p,B ) which is used in the shape invariance calculations is
S

associated with the parameter

Ve k+ N+ s {6.107)
that appears in the eigenvalue of (6.92) (see (1.31)). Thus the value of v
to be used in the 2 (£,8) and the ﬁ(g,ﬁs), that are contained in (5.10)
(with s=N), (5.15) and (5.4), is given by (6.107) with s=0.

The first few functions obtained from (5.15) are found to be
particular cases of

Q(£.8) = €€ - 1J‘i*k*“*”2F1(—N,k+1; 2k; €) . (6.108)
Here Boz k (see (6.97)). The identification (6.108) can be extended to all
non-negative integers N: we use (6.108) in (5.14) with s=0 to obtain

[1 B(2B~N-1)+2N E(1~€) d ]

T D22 & * 2Bl dE)z

Fl(—N,B+1; 2B; &)

= JF (-[N+1]1,B; 2B-2; §) , (6.109)
where B=k+1. (In the calculation leading to (6.109) the v contained in the
superpotential (6.96) is given by Vs k+N+1 - see above.) Equation
(6.109) is proved in Appendix B.

From (6.90), (6.91}) (with v = k+N), (E.15) and (6.108) we obtain the
normalized momentum-space eigenfunctions for the one-dimensional Klein-

Gordon equation with the potential (6.81). Fer N=0,1, ... we find
ket
¢i(p)80) = CN(BO) 2 Kol ZFl["‘N,k"'l; Zk. ng‘] . (8110)
[1£1(p/hA) ] S Lt

Here
A

2
1 1(zm [ (2k+N) ’ ——
vBX [4%"INI (2k+2N){T(k+4) 1?

C (B) =

k = 3+(3-737 and (see (6.84), (6.85) and (6.108)) A = [1+5 2(N+k) 217" .
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APPENDIX A

We prove that the transformations (1.20) and (1.21) are valid for unbroken

supersymmetry. From (1.18) we see that

- -+
AV, D= Col¥, s> (A.1)

and from (1.19),
A_Iw;} = C:""‘;+s'> X (A.2)

where 8’ and & are integers (see (1.10)). Premultiplying (A.1) by A we
obtain
— = +
A—A+lwn+1> - CHA—IwN—5>
=cc . |v. )
TN N—alwﬂ—6+6’>" (G
where we used (A.2) with N replaced by N-8. Using (1.8) and (1.10) in
(A.3) we find
- — — + —

a1 |""N+1> - Cncu-alwn-6+6’> ’ (A.4)
which shows that

§'-8=1. (A.S)
If we take N=0, (A.1) yields

# -+

Al > =Cllv g - (A.B)
Because the index labelling the kets is non-negative (see (1.10)), it
follows from (A.B8) that 8 = 0. Now (A.5) in (A.2) with N=0 yields

+ -

Al = Colvs, (A.7)
Because & is an integer = 0, we have from (A.7) that &=0 or -1. Consider
the possibility § = -1 in (A.7): premultiplying (A.7) by A . and using
(1.8), (1.10) and the condition (1.12) for unbroken supersymmetry we have
E;]w;> = 0, and hence E;= 0. The last result contradicts the property that
for unbroken supersymmetry E;> O (see Fig. 1.1), and thus & # -1,

Therefore 8=0 and from (A.5) we have &8’= 1. Hence (A.1) and (A.2)

yield



+

Acl¥y = Cylvy>

and
+ +, -
A-lwu> = Cﬂlwu+1> )

Taking the norm of (A.8), we find

- 2_ - - _ =
ICNI B <wn+1lA—A+|wu+1> = Ba

Hence, choosing a phase factor equal to eie, we have

Using 8=0, &8’=1, (A.11) and (A.12) in (A.4) we obtain

Equations (A.38)-(A.13) yield (1.20)-(1.22).
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(A.9)

(A.10)

{A.11)

(A.12)

(A.13)
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APPENDIX B

We prove the following recurrence relations for hypergeometric functions:

u d

u —_ o . i
[1 = BTN- + B+N aﬁ]lpl(_N’ B; u) —11‘-1( [N+1], B; u) , (B.1)
[ u u d _ - . R=1.
k'1 - B_"'T + é—:'l— a'a]IFl( Ny B, Ll) —1F1( [N"'l]» B 1. u) . (BZ]
( N+B-1 u d _ .
~1 - WW u + §_—1 d_U:]].FI(_N' B, u) ~1F1(-[N+1], B 2; U) ’ (B3]
[, _ N+B+1 N+B+1 d L~ e , )
‘1 oG u + BIN+CY u(l—u)aa]ZFl( N,B; C; u) -2F1( [N+1]; B+1; C; u) ,
(B.4)
[, B-N-1 u(1-u) d PN o
~1 - -1 u + W— CE]ZFI(_N,B’ (&5 u) —2F1( [N+11,B 1y C-1: u) M
(B.5)
[ B(2B-N-1)+2N u(1-u) 4 Bl - b (L N
L1 A1) (25-2) Y * ST aszpl[ N, B+1;2B; u) —2F1( [N+1],B;2B-2;u) ,
(B.B)
2(2B-1)(B-1)}+2N{2N-2B+3) 2(2N-2B+3) _ g_
[1 - (2N+1) (2B-1) Ut R (eee WUl
— . . = - _1. 1.
X 2F1( N, B; ‘}-, u) 2F1( {N+11,B-1; =, u) , (B.7)

2N-2B+1 _2(u-1) d . - F (N R, 3.
~ (2N+1)(2B-1) [1 ﬁ—_mTch]zF1( N.B; 4 u) =R Bl & uii (B, 8)

Here N is a non-negative integer. The function
N

JF (5N B u) = ):aj(N,B]uj . (B.9)
j=0
vhere
]
_ (=1)" T(N+1) r(B)
is a confluent hypergeometric function. The function
N .
F (-N,B; C: u) = La (N,B,C)u’ , (B.11)
21 J
j=0
vwhere
_ r{B+i)
aj(N,B,C) . aj[N,C)W N (B. 12)

is a hypergeometric function.
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The left~hand side of (B.1)-(B.7) has the form

N+1 .

Ibu (B.13)
J=0 )

where b0= 1. The left-hand side of (B.8) has the form
T bu’ (B.14)

where b0= 1 (see below).

B.1 PROOF OF (B.1)

Substituting (B.S) and (B.10) on the left-hand side of {(B.1] we obtain

- e =
b= 1+ gl em - e oim

if 1=<j=N, and

1

Bper™ WoB A0 E)

Substituting (B.10) in these equaticns we find
bJ= aJ(N+1,B) (1= j=N),
bN¢1= aN+1[N+1,B) 3
Hence (B.13) is equal to the right-hand side of (B.1)].

B.2 PROOF OF (B.2)

Here

i B-1
if 1=j=<N, and

-1
bm‘ B-1

Substituting (B.10) in these equations yields

_ j o1
b = [1 + —:—]aJ(N,B) 51 a5-1(N’B)
a (N,B)

N

bj= aJ(N+1,B—1) (1 s Jj=N)

b"+1= au+1(N+1'B“1)

Hence (B.13) is equal to the right-hand side of (B.2).
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B.3 PROOF OF (B.3)

Here

= o SR o W
b, [1 * B-lJaj(N’B} 11 (8-2) 251 B

if 1=j=N, and

_ N+B-1
be™ = DBz (N B)

Substituting (B.10) in these equations yields
bj= aj(N+1,B—2] (1 = j=N)
bN+1= aN+1(N+l,B—2)

Hence (B.13) is equal to the right-hand side of (B.3).

B.4 PROOF OF (B.4)

Here
_ . N+B+1 _ (N+B+1) (N+B)
b= 1+ B__(N+C]]ajtw,s,c1 SO 2, (N,B,0)

if 1=j=N, and

b = - (N+B+1)(N+B)
N+1 B(N+C)

Substituting (B.12) in these equations yields

aN(N,B,C) .

bJ= aj(N+1.B+l,C) (1 =j=<N)

b =a {(N+1,B+1,C)
N+1 N+1

Hence (B.13) is equal to the right-hand side of (B.4).

B.S5 PROOF OF (B.5)

Here

_ J B-N-1+j-1
= o N S e Sy
b [1 + C—l]aj( ,B,C) { o ]aj_l(N,B,C)

if 1=j=N, and

__ B-1
wea” © o1 H(BO

Substituting (B.12) in these equations yields
b,= aj(N+1,B—1,C~1) (1 =3=N)

by, = &, (N+1,B-1,C-1)



Hence {B.13) is equal to the right-~hand side of (B.5).

B.6 FPROOF OF (B.B)

Here

= J _ [B(2B-N-1)+2N J-1
b, [l ¥ 213;1']"“1(”’13”’23) (zB217z6-1) * 281

if 1=j=N, and

]a (N, B+1,2B)
3-1

b = - B(2B+N-1)
N+l (2B-2) (2B~1)

Substituting (B.12) in these equations yields

ah(N,B+1,2B) -

bj= a)(N+l,B.ZB—2) (1 =3 =N)
b = a_ (N+1,B,2B-2)
N+l N4t
Hence (B.13) is equal to the right-hand side of (B.B).

B.7 PROOF OF {(B.7)

Here

_ . 2.j(2N-2B+3) _ 2(28—1)(B—1)+2(N—j+1)(2N-2B+3]
bj* [1 (2N+1)(2B—1T]aJ(N’B’%] [ (2aN+1)(2B-1) ]

x aj-l(N,B,})

if 1=j=N, and

o 2(B=1)

1
i Tl G i

Substituting (B.12) in these equations yields
bj= aj(N+1,B—1, 3) (1 =j =N}
= _1 1
b= 2y, (N41,B-1,4)

Hence (B.13) is equal to the right-hand side of (B.7).

B.8 PROOF OF (B.8)

Substituting (B.11) and (B.12) on the left-hand side of (B.8) we obtain

;- (2N+1)(2B-1) 2N-2B+1 2N-2B+1 j

117

b= -(2N-2B+1) [[1 L2 ]aj(N,B,,}) N EEJ_*L)ad(N,B,%}] (B. 15)

if 1sjsN-1, and

p = _~(2N-2B+1) [1 _ _2N ,]aN(N‘B,_}) . (B. 18)

N (2N+1)(2B-1) AN—2B+1
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Substituting j=0 in (B.15), it is easy to check that b0= 1. Using (B.12)
itn {B.15) and (B.16) we find
b= N,B,#)
J aJ( %
b = aN(N,B.g—)

Hence {B.14) is egual to the right-hand side of (B.8).
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APPENDIX C
We prove the result
_ (0)_ (0}, (0 _(Q)yqF
A_(aO)A_[al)|wR[a2)>-- [(EN+2 Eo J(E&§2 E1 )1 IWN§e(aO)>-. (C. 1)

which is used in Section 3.2.4. Replacing N by N+2 in (1.46) and setting
the phase factor e‘me equal to unity, we obtain

[¥y,500,)> = Tia{% A e dA (a) oo A (e DY (e > (C.2)
Let

(C.3)

= &
Bn N+2

then (C.2) becomes

Iw&+e(ao)> = 7.0 A (e A (e 1A _(B) ... A_(B,_ )|y (B )}

1N+2(a03

= W A_(mO)A"(a.‘L) IwN(BO)> 2 (C.4)

where we have used (1.46) with @ replaced by st
Now

N 1 N 1

_ _ (2) | (@) =%_ (0 toy,-+
'J‘N{ﬁo) WH(GLZ] kl__Tl[EN Ek—l) kl=11(Eu+z Ek+1} . (C.5)
where (1.31) and (C.3) were used. Hence the ratio of the energy-dependent

factors in (C.4) is
N+¢2

Tz (%) kE‘}.(E}((?-;— Ef:if%' (0 L(0)), (0 (0), ~%

WN(BO) =5 o o _'}: [(EH+2_ Eo ](EN+2— E1 )] . (C.8)
T(E - E ")
k=1 N+2 k+1

Using (C.6} in (C.4) we obtain (C.1).
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APPENDIX D

We derive the Infeld-Hull type shift operators for the parameter k in the
Eckart potential ({(4.47). We also use the Hellmann-Feynman theorem to
determine the condition for bound states of this potential to exist.
Consider the Infeld-Hull factorization type 6 {type F in ref. 17 of
Ch. 1) {1] with d = 0 and B replaced by iB. Then
cotB(x + d) » -icothBx , (D.1)
cosecB(x + d) 3 ~icschfix (D.2)
and the potential (3.87) in Ref. 1 becomes
V,(x) = 1o (-2hBq’coth@x + K°B’k(k - 1)eschBx) . (D.3)

In order to keep the same notation used in Section 4.5, we define

1 2
HK— 2—M: + vk+1 (D.4)
and let
q’= qhra . (D.5)

Thus according to {(D.4) we must replace k by k+1 in the operators and
coefficients (but not 1in |Ek>J for factorization type B6. Using the
operators (4.48}, equations (D.1), (D.2) and (D.5), we find that (D.3) with
k replaced by k+1 is the potential (4.47) if B = afl, and if g and k are
given by (4.54) and (4.72) respectively. Hence from (3.88), (3.89) of

Ref. 1 and (D.1) we obtain the shift operations

= . -1
ﬁRkIEk) = [#ip - (k+g*d)cothu + qlk+3:3) 1 |Ek>

- (2MEa%h% ko442 (ke he 21T |E k1D (D.6)

For the Hulthén potential k = -1 (see Section 4.6), which results in

) being undefined (see Table 4.3). Because the

the operators R' and R
k ke
Infeld-Hull factorization method requires the factorizations [1]

T A= oMH + F
k+1 k k+i ¥

and
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AA =2MH + G ,
k k¢l k+1 k
we see that it 1is not possible to use this method to treat the Hulthén
+
potential. Here ?; are operators which are functions of r and p whereas
r
+
A; are functions of x and p .
X
To find the condition for the existence of the bound states, we use

the Hellmann-Feynman theorem [2]. Treating A in (4.47) as a continuous

variable and using (4.62) and (4.72) in

(B OO ok
oA dA ok 8aA '
we find
s 2
2 \ _ 2(k-N) Ma"B _
{csch™u) = ST o) 1| . (D.7)

The left~hand side of (D.7) is positive, hence we can determine for which
values of k-N bound states exist. Since k<0 (see (4.72)) we find that
either

—q%? k - N<O (D.8)
or

1

k - N> g9 . (D.9)
Here q and k are given by (4.54) and (4.72). The condition (D.9) implies
that N < k - q%, which is not satisfied if N = 0,1, ... . From (D.8) we
see that there is a maximum value for N,

1

N <k+q?, (D. 10)

max
above which there are no bound states. Because N = 0, (D.10) shows that

~ ' -
301 « 8Ma2An™2)%s 1] < (uaBn DT (D.11)

Hence for fixed M, a and A, there is a minimum value of B, below which no

bound states exist.
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APPENDIX E

We perform the normalization of the eigenfunctions

+ _ k+1 o . .

¢H(E,3O] = CN[BO)E 2F1( N,k+l; 2k; &) (E. 1)
for the one-dimensional Klein-Gordon equation with a Coulomb-like potential
(Section 6.5). These eigenfunctions must be normalized according to

[+ +]
I = {|¢5ce.8))%p = 1 (E.2
= [loge.8)]%p = 1. .2)

—

To simplify the notation we denote the coefficients a (N,B,C) in the
j
hypergeometric function (B.11) by
a,= a](N,B,C) : (E.3)

Using (B.11), (E.1) and (E.3) in (E.2) we obtain

[s4]
I = lc (B ) 2 ;:agjﬂul N a (E’}£+k+1 d
I e TRl I j La, P
~ {=0 =
L = " Jekt, ¥ Bek+t
=[ct3)] L Sap, [ €)™ e (E.4)
N o JREA
§=0 £=0
-
In what follows it is convenient to change the variable to
€ = _“_]f i: ’ (E.S)
where
z = p/hA (E.6)

(see (6.87)-(6.89)). In terms of (E.5) and (E.B), (E.4) becomes

I = na[c (B )]2 ;: )Nja u, pi*iva2 T az (E.7)
N0 y=0 &=0 I ¢ = (1tiz)j+k+1(1:iz)£+k+1

The integral in (E.7) can be evaluated using the relation [1]

[0¢]

dat _ 2m(a+b) !XT
f (a+it)™(b-it)™ T (x+y-1)B(x,y) ’ (E.8)
~Q

where B(x,y) = I'(x)C(y)/T(x+y) is the beta function. Using (E.8), (E.3),

(B.10) and (B.12) in (E.7) and simplifying, we find

2,2k

I = pAlC (B )%™k M (k+4) 1°(r(N+1) 12 S, (E.9)
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where

(-1 F(2k+ j+8+1)

JTET TONTI=3) T (N 1= L) (2k+ 3) T (2K+D) (E. 10)

L

o 2=0

™~ =

S =
N
§

and we have also used the identity (3.67). The sum over j in (E.10) can be

expressed in terms of a hypergeometric function using (B.11}, (B.12) and

(B.10)}. Hence

L £
_ 1 (-1)" 2k+¢ _ . )

5= fTEE?TTﬁ:TT-Egg i FNe1ZE) 2F1( N, 2k+&+1; 2k; 1) . (E.11)

Now
(C—B)N

2F1[—N,B; C; 1) = _Tfﬁ:rh' (E.12)
where the Pochhammer symbol (a)N= a(a+1) ... (a+N-1), (a)0= 1. (The
identity (E.12) is proved below.) Next we use (E.12} in (E.11): the
factor (C—B)K in (E.12) is equal to

(2k—2k-£~1)x= (—8—1)“= (=8-1)(-8)...(~£-2+N) , (E.13)
which is zero except when £ = N-1 and £ = N. Thus (E.11) becomes

_ 1 -1 2k+N-1 o 1 2k+N _ 2k+2N
SNT F(2K)TIN+T) [(N—l)! rz VYN R (N”)’] NIT(2k+N)
(E.14)
Thus (E.14), (E.8) and (E.2) yield
(2k) I (2k+N) :
c(8) = L [ |- (E.15)
VX |45IN (2Kk+2N) [T(k+4) ]

This completed the normalization of the eigenfunctions (E.1).

Finally we prove the identity (E.12} by induction. For N=O0,

2F1(O,B; C; 1) = (C—BJO/[CJO= 1 since (C}O= 1. Assuming (E.12) is true for

some N, we must show that

(C—B)m1
2F]('[N"'1],B; & 1) = T . (EIS)
N+1
Consider the left-hand side of (E.16). From (B.11) we have
N+1
Fy(-[N11,B; C; 1) = Ta (N+1,B.C) (E.17)
=0

where a (N,B,C) is defined in (B.12). Now write
j
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aj(N+1,B.C] = aj(N.B,C) + bj(N+1,B,C] (E. 18)
if 0<j=N, and

aN*l(N+1,B,C) = b“*l(N+I,B,C) : {E. 19)
Using (B.12) and (B.10) in (E.18) we find that

b (N+1,B,C) = =*— a {N+1,B,C) ,
J 17

_J
N+
for 0<j<N+!. Thus

N+1
1 _ B

) bJ{N+1,B,C) = W ¥ (J+1)aj+1(N+1,B,C) |

J=a j=0 j=0

La(NB+1,C+1) ,  (E.20)

Q|

where in the last step we have (B.12) and (B.10). Substituting

(E.18)-{E.20) in (E.17) and using the induction hypothesis (E.12) we obtain

2F1(’{N+1],Bi C; 1) = —TET;— =

SR (E.21)

because (C} = (C)_ _/(C+N) and C(C+1) = (C)_ . This proves (E. 1B).
N Nel N N+1
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