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Abstract

In this thesis, in the framework of Banach spaces, we study several iterative methods
for finding the solutions of many important problems in fixed point theory and opti-
mization. Some of these include the equilibrium problem, monotone variational inclu-
sion problem, variational inequality problem, split common fixed point problem and split
minimization problem. In addition, we study fixed point problem for some important
and interesting classes of mappings such as nonexpansive mappings, pseudocontractive
mappings, asymptotically demicontractive mappings, quasi-pseudocontractive mappings,
demimetric mappings and multivalued demicontractive mappings in real Hilbert spaces.
Furthermore, we study some other classes of mappings which include the class of Breg-
man quasi-nonexpansive mappings and Bregman relatively nonexpansive mappings in real
p-uniformly convex Banach spaces which are also uniformly smooth. Another important
problem considered is the split equality problem. The split equality problem has gained
attention from authors because of its vast applications to real life problems. This prob-
lem is known to contain several other optimization problems as special cases. Based
on its numerous applications, we study a multiple set split equality equilibrium problem
consisting of pseudomonotone bifunctions together with fixed point problem of certain
nonlinear mappings in p-uniformly convex and uniformly smooth Banach spaces. In each
case, we propose and study iterative algorithms for approximating the solutions of these
problems and prove strong convergence theorems under suitable conditions on the control
parameters. In most cases, we incorporate the inertial term which is known to speed up
the convergence rate of iterative schemes. In addition, we employ several efficient iterative
techniques which include the projection and contraction method, alternative regularization
method, modified Halpern’s method, inertial Tseng’s extragradient method and viscosity
approximation method. In all the cases, we design our algorithms in such a way that the
step size does not depend on the knowledge of the Lipschitz constants of the cost operator
or the norm of the bounded linear operators. We present some applications of our results
to solve convex minimization problems, multiple set split variational inequality problem,
image restoration problem, oligopolistic market equilibrium problem, among others. Also,
we present several numerical experiments to demonstrate the efficiency, applicability and
usefulness of our iterative schemes in comparison with several of the existing methods
in the literature. The results obtained in this thesis extend and improve many existing
results in the literature in a unified way.
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Chapter 1

General Introduction

1.1 Background of study

Let X and Y be two linear spaces and 7' : X — Y be a bounded linear operator. The
Split Inverse Problem (see [51]) (shortly, SIP) is defined as:

Find z* € X that solves I P, such that y* = Tx" € Y solves I P;, (1.1)

where I P, and [P, denotes the inverse problems in X and Y, respectively. The first
known SIP (1.1) is the Split Feasibility Problem (shortly, SFP) introduced and studied
by Censor and Elfving [51], where XY are Euclidean spaces and IP;, [P, are convex
feasibility problems. The SFP has the following definition:

Find 2* € C' such that Tz" € Q, (1.2)

where C' and () are nonempty closed and convex subsets of R" and R™, respectively and T
is an m x n real matrix. The SFP (1.2) has been deployed to model inverse problems which
arise from phase retrievals, signal processing, image restorations, radiation therapy treat-
ment planning, among others (see for example [34, 35] and the references therein). Several
optimization problems such as Split Variational Inequality Problem (SVIP), Split Common
Null Point Problem (SCNPP), Split Monotone Variational Inclusion Problem (SMVIP),
Split Common Fixed Point Problem (SCEFPP), Split Equilibrium Problem (SEP), Split
Minimization Problem (SMP), among others have been defined in terms of SFP (1.2), (see
for example [76, 168] and the references therein).

In the field of optimization and modern analysis, fixed point theory is one of the powerful
and efficient tool used for approximating the solutions of certain nonlinear mappings [13].
Let X be any given set and S : X — X be a self-mapping. A point x € X is called a
fixed point of S if z = Sz. On the other hand, for a set-valued mapping S : X — 2%, a
point x € X is called a fixed point of S if x € Sx. We denote the set of fixed points of
S by F(S). Fixed point theorems are theorems concerning the existence and properties of
fixed points as well as conditions under which a mapping has one or more fixed points.

The study of fixed point theory commenced in the nineteenth century and has wide range of
applications in several fields of science and engineering technology including computational

1



electromagnetism [108], Fredholm and Volterra integral equations, ordinary differential
equations [32], chaos theory and dynamical systems, [115, |. The concept of fixed
point theory was initially introduced by Poincaré [190]. In 1912, Brouwer [80] proved
a famous fixed point theorem “a continuous mapping on a closed unit ball for a finite
dimensional space R™ has a fixed point”. Moreover, in 1922, Banach [19] proved a fixed
point theorem for a complete metric space, which guarantees the existence of a unique fixed
point. Banach’s fixed point theorem is well known as the Contraction Mapping Theorem
(shortly, CMT). Thereafter, in 1930, Schauder [203] studied the compactness requirement
on the operator or on the feasible set, which was an extension of Brouwer’s [30] fixed point
theorem to an infinite dimensional spaces. Since then, there has been several modifications
and improvement in fixed point theory for both single-valued and set-valued mappings in
the literature, (see [1, 99, 2, , , ]). Afterward, in 1969, Nadler [172] studied the
CMT using the concept of Hausdorff metric and extended the CMT from single-valued
mappings to set-valued mappings. Since then, several authors have extended the CMT in
several ways, (see [20, 38, 40, 43, 79, 103] and the references therein).

It is well known that iterative schemes play a crucial role in finding solutions of many
fixed point and optimization problems. Picard’s iteration is one of the earliest and most
famous fixed point algorithm; that is, given zy € X, the sequence {z,}>°, determined by
the successive iteration method is defined by

Ty, = S(xp_1) = S"(x0), n=12, .., (1.3)

where S : X — X is a self-map consisting of at least one fixed point z* € F(S). (1.3)
is referred to as the Picard’s iteration. Some examples have shown that for nonexpansive
mapping S, the Picard iteration may not converge to a fixed point of S, even when such
fixed points exist (see for example [61]). Many fixed point iteration methods have been
proposed to conquer this limitation. Take for example, the Krasnoselskii [113] iterative
scheme for nonexpansive mappings finds its application in several areas of mathematics
and it is known to converge weakly in infinite dimensional space. Let X be a linear space
and S : X — X be a self-map. For zy € X and v € [0, 1], the sequence {x,}>, given by

Tpr1 = (1 =)z, +vSz,, n=0,1,2,.. (1.4)

is called the Krasnoselskii iteration [143]. The Krasnoselskii iteration {z,}22, (1.4) is
exactly the Picard iteration corresponding to the averaged operator S, = (1 — )l +~S
where [ is the identity operator and v € [0, 1]. Moreover, we have F(S) = F(S,) for all
v € (0,1].

Also, the Mann [165] iterative process is defined as follows: For zp € X, the sequence
{z,}5°, € X generated by

Tpi1 = (1 —ap)x, + @Sz, n=0,1,2, .., (1.5)

where {a, }22, C [0, 1] meets certain appropriate conditions.

Considering S,, = (1 — a;,)I + @S, then we have that F(S) = F(S,), for all a,, € (0,1].
If the sequence «,, = v (constant), then the Mann iterative algorithm obviously reduces
to the Krasnoselskii iteration.



The Ishikawa iterative algorithm is another fixed point algorithm that is mostly used
together with the Mann iterative algorithm [116]. The Ishikawa iteration was initially used
to approximate the solution of fixed point problem for a Lipschitzian and pseudocontractive
self-map of a convex and compact subset of a real Hilbert space. It is defined as follows:
Find zg € X such that

Tpr1 = (1 — ap)x, + anS[(1 = Bp)xn + BuSzy), n=0,1,2,.., (1.6)
where {a,}5,, {Bn}oe, C [0,1] satisfy certain appropriate conditions. The iterative
scheme given by (1.6) can be written in the form

Tpi1 = (1 — o)z + @nSyn, n=0,1,2,....

The Ishikawa iteration may be viewed as a two-step Mann iteration with two distinct
parameter sequences. If 3, = 0, the Ishikawa iteration reduces to Mann iteration.

Note that the iterative algorithms given by (1.4), (1.5), (1.6) and (1.7) all give weak
convergence. However, in the setting of infinite dimensional spaces, strong convergence
are often more desirable than weak convergence, (see for example [21]). For this purpose, in
1967, Halpern [95] initiated and studied the following iterative algorithm which converges
strongly to a fixed point of a nonexpansive mapping in the setting of real Hilbert space

H:

H

u,r| € i1, (18)
Tpi1 = apu+ (1 — ) STy,

where {a,, } is a sequence in [0, 1]. A vital generalization of the Halpern iteration algorithm
(1.8) is the viscosity iteration algorithm introduced by Moudafi [168] in real Hilbert space,

as follows:

H

et (1.9)
Tny1 = ang(Tn) + (1 — ) Sy,

where {a,} is a sequence in [0,1] and g is a strict contraction mapping on H. One
important advantage of Algorithm (1.9) over the Halpern iteration scheme (1.8) is that
it also converges strongly to a unique solution of some variational inequality problems
associated with the contraction mapping g.

Several other modifications of the above algorithms and many others have been employed
to solve optimization and inverse problems (see [30, , , , , , , ) 1.

The beauty of iteration algorithms is made manifest not only in their convergence analysis
but also in the rate at which they converge. One of the best means to speed up the
convergence rate of iterative schemes is to combine the iterative scheme with the inertial
technique. The inertial term denoted by 6,,(x,, —x,_1), is a remarkable tool for significantly
improving the performance of algorithms and it is known to have some nice convergence
features.



In 1964, Polyak [191] introduced a two-step iterative method known as the heavy-ball
method involving minimizing a smooth convex function A given by

n — dn Hn n — 4n-1)

U = n + n(@n = Tn-1) (1.10)
Tns1 = Yn — TAR(Ty,), n > 1,

where Ah is the gradient of h and 6,, € [0,1) is an extrapolation factor with step size r

that has to be chosen sufficiently small.

Also, in 2001, Alvarez and Attouch [12] introduced an inertial forward-backward splitting
method which is the modification of (1.10), and is given by

{yn =z, + en(wn - JIn,l),

1.11
Tpi1 =T +rM)ly,, n>1, (L11)

where M is a multi-valued operator. They proved a convergence result for approximating
solution of monotone inclusion problem under the condition > 0, ||z, — 2p—1|]* < +00
with {6,} C [0,1) in the setting of Hilbert space. Since then, there has been a growing
interest by authors working in this direction (see [70, 78, 83, , , D).

In this thesis, we devote time to study the equilibrium problem, variational inequalities,
monotone variational inclusion problem, minimization problem, fixed point problem and
other optimization problems in both Hilbert and Banach spaces. In addition, we present
several iterative schemes for finding the solution of these problems and we prove strong
convergence theorems for the sequences generated by these algorithms in all cases. We
carry out some numerical experiments to show the efficiency and applicability of our
algorithms and present some theoretical applications of our results.

1.2 Research problems and motivation

In this section, we discuss the research problems and motivation of our study.

1.2.1 Research problems

We study multiple set split equality equilibrium and fixed point problems (MSSEEFPP)
consisting of pseudomonotone bifunctions and the set of fixed points for two finite families
of Bregman quasi-nonexpansive mappings in the framework of p-uniformly convex Banach
spaces which are also uniformly smooth. Also, we consider the multiple set split equal-
ity convex minimization problems and multiple set split equality variational inequality
problems. Also, we look into split equality equilibrium, monotone variational inclusion
problem and fixed point problem for Bregman relatively nonexpansive mappings in p-
uniformly convex and uniformly smooth Banach spaces.

The inertial extrapolation technique has been widely used by many authors in order to
accelerate the rate of convergence of iterative algorithms. This method is characterized
by a discrete analogue of a second order dissipative dynamical system in time (see [185]).
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In this thesis, we propose several inertial-type iterative schemes in both real Hilbert and
Banach spaces. Moreover, we propose and analyze an Halpern-type subgradient extra-
gradient algorithm for approximating a common element of the set of solution of pseu-
domonotone equilibrium and common fixed point problem for a finite family of Bregman
quasi-nonexpansive mappings in uniformly convex and uniformly smooth Banach space
which is more general than related works done in real Hilbert spaces. In addition, in
the framework of real Hilbert spaces, we study and analyze split generalized equilibrium
problem with multiple output sets and common fixed point problem for an infinite family
of multivalued demicontractive type mappings.

Furthermore, we propose a modified relaxed inertial-type method for solving monotone
variational inclusion problem and common fixed point problem for nonexpansive mappings
applied to image restorations. In addition, we propose a relaxed double inertial Tseng’s ex-
tragradient method for solving non-Lipschitz split monotone variational inclusion problem
with fixed points constraints.

Moreover, we investigate the approximation of solutions of split minimization problem
with multiple output sets and common fixed point problem for a finite family of Breg-
man relatively nonexpansive mappings in uniformly convex and uniformly smooth Banach
spaces. The new method employs the inertial Halpern approximation technique. Also, in
the framework of real Hilbert spaces, we present a new algorithm for solving split common
fixed point problem for a class of asymptotically demicontractive mapping. We give an
example to illustrate that the class of asymptotically demicontractive mappings and the
class of demicontractive mappings are independent.

In addition, we consider the problem of finding the common element of the solution set
of variational inequality and fixed point problems involving quasi-pseudocontractions. We
propose a new Tseng’s extragradient method, which combines the relaxation technique
and inertial method with self-adaptive step size for solving the problem. Furthermore, we
propose an inertial extrapolation method for solving generalized split feasibility problem
in real Hilbert spaces. Also, in the framework of real Hilbert space, we study an iner-
tial scheme for solving two-level variational inequality and fixed point problem involving
pseudomonotone and p-demimetric mappings.

1.2.2 Motivation

We discuss the motivation of our study as follows:

1. Optimization Problems: In mathematical sciences and engineering technology,
optimization problem is the problem of finding the best possible solution from all
feasible solutions. In convex analysis and variational analysis, optimization and fixed
point theory have evolved to become a twin concept. This is known to include the
equilibrium problems, variational inequality problems, minimization problems and
the inclusion problems, to mention a few. These problems appear frequently in
many practical problems arising, for instance, in physics, engineering, game theory,
transportation, economics and network [$4] and have become an attractive field for
many researchers in both theory and applications (see [15, 164, 192]). All the afore-



mentioned optimization problems can be formulated in terms of the Split Feasibility
Problem (SFP).

Let C and () be nonempty closed convex subsets of real Hilbert spaces H; and Hs,
respectively and A : H; — Hj, be a bounded linear operator. The SFP is defined as
follows:

Find z* € C' such that Az™ € Q. (1.12)

The SFP which has attracted the attention of many authors due to its applicability
in various disciplines, such as image restoration, computer tomography and radiation
therapy treatment planning (see [52, 53, 55]) is known to be a generalization of the
convex feasibilty problem introduced by Censor and Elfving [51] in 1994. For finding
a solution of the SFP, Censor and Elfving [51] investigated the use of different kinds
of generalized projections in a single iterative process. Their proposed iterative
algorithm involves the computation of inverse of a matrix, which is known to be a
difficult task. To overcome this difficulty, Bryne [35] proposed the CQ algorithm,
which generates a sequence by a recursive procedure with suitable step-size and
only involves the computations of projections onto the sets C' and (), respectively.
However, it is known that the computation of projection onto an arbitrary closed
and convex set is also a difficult task. Yao et al. [217] introduced a self-adaptive
method which permits step-sizes being selected self-adaptively to solve SFP. We
observe that the normalized duality mappings in Banach spaces are nonlinear while
the normalized duality mapping in Hilbert spaces is an identity mapping, and the
adjoint operator A* of the bounded linear operator A from Banach space E; to
Banach space Es is a single-valued mapping from the dual space Es* of E5 to the
dual space E1* of E7, but the adjoint operator A* of the bounded linear operator A
from Hilbert space H; to Hilbert space Hs is a mapping from Hs to Hy. In addition,
the projection operators in Hilbert spaces are firmly nonexpansive, while the various
projections in the Banach spaces are no longer nonexpansive. Therefore, it is more
difficult to solve SFPs in Banach spaces than in Hilbert spaces. In view of this, we
study the SFP in Banach spaces and introduce new and efficient iterative algorithms
to approximate solutions of the SFPs.

Also, since the inception of the SFPs, many other optimization problems such as
the split minimization problem, split variational inequality problem, split monotone
variational inclusion problem and the split equality problem, (see [, 9, 58, 71, 74, 92,

, 124,192,205, 212,218, 237]) to mention a few have been introduced. We observe
that most of these split-type problems have only been studied in the framework
of Hilbert spaces. Motivated by this, we extend some of the existing results in
these areas to the framework of Banach spaces. However, we note that some of the
complexities encountered in trying to extend results in Hilbert spaces to Banach
spaces in some cases is the issue of convexity property which is easy to handle in
Hilbert spaces than Banach spaces which is due to the geometry of a Banach space.
In addition, it is known that the Bregman function fails to satisfy the triangular
inequality property in uniformly convex and uniformly smooth Banach spaces, as
well as in reflexive Banach spaces. This goes to explain why viscosity iteration
method cannot be applied in Banach spaces.
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2.

Spaces of interest: The Hilbert space H is known to have the most simplest ge-
ometric structure among all Banach spaces. Some of the geometric properties that
characterize Hilbert spaces which make it easier to compute in this space compared
to general Banach spaces include the availability of the inner product, and the non-
expansivity property of the nearest point map defined on a real Hilbert space onto
a closed convex subset C' of H. For instance, the well-known inequality in Hilbert
spaces defined thus: V z,y € H,

[l +yll* = llzl* + llyl* + 2(z, ). (1.13)

does not hold in general Banach spaces due to the lack of inner product. This makes
computing in general Banach spaces more difficult than in Hilbert spaces. However,
most real life problems do not exist in Hilbert spaces. Hence, to overcome these
difficulties, researchers introduced the concept of the duality mappings which can be
seen as a suitable analogue of the inner product in Hilbert space. Also, the distance
function (also known as the Bregman distance) has been used to make computations
less difficult to handle in Banach spaces. In view of this, we considered extending
some recent results from Hilbert spaces to Banach spaces as most real life problems
find applications in this space.

1.3 Objectives

The following are the objectives of this work:

(i)

propose a new and efficient iterative method for approximating the solution of pseu-
domonotone Equilibrium Problem (EP) and common fixed point problem for some
nonlinear operators in Banach spaces,

introduce and study the notion of Split Generalized Equilibrium Problem (SGEP)
with multiple output set. Propose a new iterative scheme for approximating the com-
mon solution of this problem and fixed point problem of certain nonlinear mappings
in real Hilbert space,

extend the notion of split equality equilibrium, Monotone Variational Inclusion Prob-
lem (MVIP) and fixed point problem from real Hilbert spaces to uniformly convex
and uniformly smooth Banach spaces,

to propose a Halpern type algorithm for solving Multiple Set Split Equality Equilib-
rium and Fixed Point Problem (MSSEEFPP) for finite families of quasi-nonexpansive
mappings in Banach spaces,

introduce iterative algorithms for approximating split-type problems and common
fixed point problems of asymptotically demicontractive mapping in Hilbert spaces,

introduce and study the concept of split minimization problem with multiple out-
put sets. Propose a new iterative algorithm for approximating the solution of this
problem in Banach spaces,



(vii)

(viii)

introduce new algorithm which employs relaxation and inertial techniques for ap-
proximating the solution of variational inequalities and fixed point problem of quasi-
pseudo-contractions,

propose a new relaxed double inertial Tseng’s extragradient algorithm for solving
non-Lipschitz split monotone variational inclusion problem with fixed points con-
straints,

present applications of our results to study real world problems which includes image
restoration, oligopolistic market equilibrium models, signal processing, electricity
distribution models among others,

provide some numerical examples to illustrate the performance and behavior of our
results and the comparative advantage of our algorithms with other existing algo-
rithms in the literature.

1.4 Main Results

The following are the main results in this thesis:

(i)

(i)

(i)

(vi)

Throughout this research work, we proved a strong convergent result in all our
convergence analysis. We remark that strong convergence of iterative schemes are
often more desirable that weak convergence result.

The strong convergence of our results in most cases does not rely on the usual two
cases approach often used in the literature to establish strong convergence.

In all cases, we carefully introduced and applied a self-adaptive stepsize technique
which does not depend on the prior knowledge of the Lipschitz constant or the norm
of the bounded linear operator.

Our results in most cases employs the inertial and relaxation terms. We know that
in the field of optimization, the inertial term is known to speed up the convergence
rate of iterative algorithms. Therefore, the combination of inertial and relaxation
terms, will guarantee more faster convergence of our algorithms.

We extended some well known results in the literature from Hilbert space settings
to Banach spaces.

Our numerical analysis shows the comparative algorithm of our research with some
existing works. This shows the applicability, efficiency of our proposed algorithms.

1.5 Organization of the thesis

We organize the thesis into eight chapters as follows:



Chapter 1 (General Introduction): In this chapter, we present a brief historical
background of our study. We also discuss the research problems and the motivation
for our study. Also, we highlight the objectives of the study and discuss in details the
organization of the thesis.

Chapter 2 (Preliminaries and Literature): In this chapter, we recall some basic
definitions, vital concepts, geometric properties and already established results which we
shall use to obtain our main results. We also introduce some of the optimization and fixed
point problems relevant in this work.

Chapter 3 (Split Generalized Equilibrium Problems and Fixed Point Problems
in Banach Spaces): The main results of this thesis begin with this chapter. We consider
iterative approximation of common solutions of split generalized equilibrium problem and
other optimization problem. Firstly, we introduce a strong convergent inertial Halpern
subgradient extragradient method for solving pseudomonotone equilibrium and common
fixed point problems in Banach spaces. Our proposed algorithm is designed in such a way
that it does not rely on the prior estimates of the Lipschitz constants of the pseudomono-
tone bifunction. Also, we introduce and study the notion of split generalized equilibrium
problem with multiple output sets. We propose a new iterative method which employs
viscosity approximation technique for approximating the common solution of the split
generalized equilibrium problem with multiple output sets and common fixed point prob-
lem for an infinite family of multivalued demicontractive mappings in real Hilbert spaces.
Under mild conditions, we prove a strong convergence theorem for the proposed method.
Our method uses self-adaptive step size which does not require prior knowledge of the
operator norm. Numerical examples are also presented to show the applicability of the
algorithm.

Chapter 4 (Split Monotone Variational Inclusion Problems and Fixed Point
Problems): This chapter comprises of two sections organized as follows. In Section 4.1,
we propose a new relaxed double inertial Tseng’s extragradient method with self-adaptive
step sizes for solving split monotone variational inclusion problem (SMVIP) involving non-
Lipschitz operators and fixed point problem of strict pseudocontractive mappings. Under
more relaxed assumptions, we prove that our proposed scheme converges strongly to a
minimum-norm solution of the aforementioned problem in real Hilbert spaces. We point
out that while the operators are non-Lipschitz, our method does not involve linesearch
procedure which is known to be time-consuming, but we employ a more efficient self-
adaptive step size technique that generates non-monotonic sequence of step sizes at each
iteration. Results of the numerical experiments demonstrate the comparative advantage
of our method over existing methods in the literature.

In Section 4.2, we propose a new self-adaptive method and prove that it converges strongly
to a minimum-norm solution of a generalized split feasibility problem in real Hilbert spaces.
The proposed method originates from an explicit discretization of a dynamical system
in time, which combines both the relaxation and inertial techniques for the purpose of
increasing the convergence rate of the scheme. The method requires that the underlying
single-valued operator A is monotone and Lipschitz continuous, and it uses some simple
self-adaptive step sizes that are generated at each iteration by some simple computations.
As a by-product, we obtain methods for solving other classes of generalized split feasibility



problems in real Hilbert spaces. The two major merits of the proposed algorithm in
solving image restoration problems over related algorithms are the higher signal-to-noise
ratio value and lower CPU time for generating recovered images. Finally, we compare our
methods with other related strong convergent methods in the literature.

Chapter 5 (Inertial Type Algorithms for Solving Variational Inequality Prob-
lems and Fixed Point Problems): In this chapter, we consider a general system of VIP
and other optimization problems. This chapter comprises of three sections. In Section 5.1,
we propose a new relaxed inertial Tseng’s extragradient method with self-adaptive step
size for approximating common solutions of monotone variational inequality and fixed
point problems of quasi-pseudo-contraction mappings in real Hilbert spaces. We prove
strong convergence result for the proposed algorithm without the knowledge of the Lip-
schitz constant of the cost operator. Additionally, we apply our results to approximate
solution of convex minimization problem and we present some numerical experiments to
demonstrate the efficiency and applicability of our method in comparison with some ex-
isting methods in the literature. Our proposed method is easy to implement as it requires
only one projection onto a constructible half-space.

In Section 5.2, we introduce an iterative algorithm which approximates the solution of
two-level variational inequality and fixed point problem in a real Hilbert space where the
underlying operators are pseudo-monotone and g-demimetric. Our proposed algorithm
is shown to converge strongly to the solution set of two-level variational inequality and
fixed point problem. Four numerical examples are presented to further demonstrate the
usefulness and applicability of our method. The result obtained extends, generalizes and
compliments several existing results in this direction of research.

In Section 5.3, we introduce a new inertial extrapolation algorithm for solving a certain
class of generalized split feasibility problems in two real Hilbert spaces. We prove that the
proposed method converges strongly to a minimum norm solution of the problem when
the underlying operator is pseudomonotone and uniformly continuous which are much
more weaker assumptions than the inverse strongly monotonicity assumption used in the
literature. In addition, our method uses self-adaptive step sizes that are generated at each
iteration by some simple computations, which allows it to be easily implemented without
the prior knowledge of the operator norm. Furthermore, some examples and numerical
experiments to show the efficiency and applicability of our method are also discussed in
the framework of infinite dimensional Hilbert spaces.

Chapter 6 (Split-Type Problems Minimization and Hierarchical Fixed Point
Problem): This chapter comprises of two sections. In Section 6.1, we propose a new
algorithm for solving split common fixed point problem for asymptotically demicontractive
mappings in two real Hilbert spaces and prove that our scheme converges strongly to a
solution of the problem. We present examples to illustrate that the class of asymptotically
demicontractive mappings and the class of demicontractive mappings are independent.
Moreover, our numerical experiments show the efficiency and applicability of our method
in comparison with a related method in the literature. The results obtained unify, improve
and extend so many related results in the literature in this direction.

In Section 6.2, we propose an accelerated iterative algorithm for approximating the solu-
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tion of split minimization problem with multiple output sets. We propose a new iterative
method, which employs an inertial Halpern approximation technique for approximating
the common solution of split minimization problem with multiple output sets and fixed
point problem for an infinite family of Bregman relatively nonexpansive mappings in the
framework of p-uniformly convex and uniformly smooth Banach spaces. Our iterative
method uses step sizes which do not require prior knowledge of the operators norm and we
prove strong convergence result. Moreover, we present some applications of our result and
further demonstrate the efficiency and applicability of our algorithm with some numerical
examples.

Chapter 7 ( Split Equality Equilibrium Fixed Point and Monotone Variational
Inclusion Problem): This section comprises of two sections. In section 7.1, we propose
and study a new and efficient algorithm for finding a common element of the set of so-
lutions of split equality pseudomonotone equilibrium, split equality monotone variational
inclusion and fixed point problems for Bregman relatively nonexpansive mappings in p-
uniformly convex and uniformly smooth Banach spaces. Our iterative approach makes use
of self-adaptive step sizes which does not require prior knowledge of the operator norm.
Furthermore, we apply our result to solve split equality variational inequality and split
equality convex minimization problems. The result presented in this section unifies and
extends several existing results in the literature.

In section 7.2, using an Halpern extragradient method, we study a new iterative scheme for
finding a common element of the set of solutions of multiple set split equality equilibrium
problems consisting of pseudomonotone bifunctions and the set of fixed points for two
finite families of Bregman quasi-nonexpansive mappings in the framework of p-uniformly
convex Banach spaces which are also uniformly smooth. For this purpose, we design an
algorithm so that it does not depend on prior estimates of the Lipschitz-type constants
for the pseudomonotone bifunctions. Furthermore, we present an application of our study
to investigate a common element of the set of solutions of multiple set split equality
variational inequality problems and fixed points set for two finite families of Bregman
quasi-nonexpansive mappings. Finally, we conclude with two numerical experiments to
support our proposed algorithm..

Chapter 8 (Conclusion, Contributions to Knowledge and Future Research): In
this chapter, we give the conclusion of our study and highlight the contributions of our
study to existing knowledge. We also identify and discuss possible areas of future research.
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Chapter 2

Preliminaries and Literature Review

In this chapter, we provide some definitions and concepts that will be useful throughout
our study. More so, we discuss some past and recent results on optimization problems
and give detailed literature review of some geometry of Banach spaces. Lastly, we recall
important results that are required in the proofs of the main results of this thesis.

2.1 Preliminaries

In this section, we state some useful definitions and important results on nonlinear map-
pings that are essential to this study. In addition, we present some geometric properties of
the spaces considered in this thesis. For more detailed information on certain concepts and
terminologies used in this section, we refer the reader to the following wonderful materials

271, [31], [45] and [G1].

2.2 Some operators in Hilbert spaces.

Let H be a real Hilbert space equipped with an inner product (.,.) and an induced norm
I|l.]l. Let C' be a nonempty, closed and convex subset of H and I : H — H be the identity
mapping on H. Let T': H — H be a nonlinear mapping. A point x € H is called a fixed
point of T if + = Tx. In what follows, we shall denote the fixed point set of T by F(T).
In addition, we denote by 'z, — 2’ and z, — 2/, the weak and strong convergence of
the sequence {z,} to a point z, respectively and w,(x,) denotes the set of weak limits of
{z,}, that is; w,(x,) = {z € H : z,, — x for some subsequence {z,, } of {z,}}.

Definition 2.2.1. A mapping T : H — H s called

1. monotone if

(Te — Ty,x—y) >0, Vuz,yeH,
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. pseudo-monotone, if

(Tz,y—2) >0= (Ty,y—x) <0V x,y € H;

. B-strongly monotone, if there exists a constant 3 > 0 such that

. B-inverse strongly monotone (ism), if there exists a constant B > 0 such that

(Tx —Ty,x—y) > BTz —Ty|>, Va,ye H;

. B strongly positive linear bounded operator, if there exists a constant § > 0 such that

(Tz,x) > B|z||>, Vz e H;

. k-Lipschitz continuous, if there exists a constant k > 0 such that
|Tx —Ty| < kllz—yll, VayecH

If k €0,1), then we say that T is a contraction.

. nonexpansive, if

1Tz =Tyl < lle—yl, VayeH

. firmly nonexpansive, if

| T2 —Ty||* < Tz — Ty,x —vy), Vaxy€H;
or equivalently ||Tx — Tyl + ||(I = T)xz — (I — T)y||* < ||z — yl?.
. averaged, if
T=01-a)+aS, «ac(0,1),

where S : H — H is nonexpansive and I is an identity mapping;

. quasi-nonezpansive, if F(T) # () and for any x* € F(T), we have

| Tz —Tx*|| < ||z —2%||, Vzxe€H,

. k-strictly pseudo-contractive mapping in the sense of Browder and Petryshyn [35], if
1Tz = Ty|* < llo — ylI* + &[|(I = T)z = (I = T)y|?, ¥V a,y € H;

where k € [0,1). If k = 1 in the last inequality, we say that T is pseudo-contractive
and if k =0, then T is simply nonexpansive.

13



12. k-demicontractive, if F(T) # () and there exists a constant k € [0,1) such that for
any z* € F(T), we have

1Tz —2*||* < |z — 2"||* + kllo — Tal*, ¥z €H;

13. k-demimetric, if there exist k € (—o0,1), V x € H and x* € F(T) such that

1—k
2

(x —a*,x —Tx) > |z — Tx|.

FEquivalently, T is k-demimetric, if there exists k € (—o0, 1) such that
T2z — 2*||* < ||o — 2*||* + k||lz — Tz||?, V2 € H and z* € F(T).

14. quasi-pseudocontractive (Hemicontractive), if F(T) # 0 and

| T2 —2*|]* < ||lo —2*|]* + || — Tx||?, Va €H andz* € F(T);

Quasi-pseudo-contractive mapping

0-demicontractive mapping

Quasi-non-expansive mapping

Remark 2.2.2. The following can be deduced from the above definition:

1. Every firmly nonexpansive mapping is nonexpansive.

If T is B-inverse strongly monotone, then T is %—Lipschitz continuous.
If T is nonexpansive, then I — T is monotone.

T is nonexpansive if and only if I — T is %-z’m)erse strongly monotone.
Every inverse strongly monotone operator is monotone and continuous.

Every firmly nonexpansive mapping is 1-inverse strongly monotone.

NS v L

FEvery nonexpansive mapping with the nonempty fized point set is quasi-nonexpansive.
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8. Every quasi-nonexpansive mapping 1s k-demicontractive.

9. It is obvious that the class of demicontractive mapping is a subclass of the class
of quasi-pseudocontractive (Hemicontractive) mappings as it generalizes the class of
demicontractive mappings and quasi-nonexpansive mappings. Moreover, the class
of demicontractive mappings includes the class of firmly nonexpansive and quasi-
noNerpansive mappings.

10. Every monotone mapping is pseudomonotone but the converse is not always true.

(See [120]).

We present the following examples:

Example 2.2.3. [107] Let R denote the set of real number with the usual norm and
T :R — R be a function defined by

_— { if (~00,0)
=3z, if [0,00).

Observe that F(T) = (—o0,0]. Then T is 1-demicontractive but not quasi-nonexpansive.

Example 2.2.4. [175] Let H be the closed interval [0, 1] with the absolute value as norm.
Define T : H— H by

1

57 S [07 %]7
Tx =

0, z¢€(s,1]

Obviously, F(T) = {%} Furthermore, for x € |0, %],

1 1 1
T——2:O< 12 2
Tz — 5l <le—3P+lr -l
and for x € (3,1],

1 1 1 1
To— TP — 22— 2 o — 22 2
Tz -3 =131 =5 <le =3I +1al

Hence, for x € |0, 1],
Ly Lo 2
Tx —T(2)|* < |z — ="+ |x — Tz|".
3 3
Next, we show that there is no a € [0,1) such that

1 1
|T35—T(§)|2 < |x—§|2+a|x—T.’Jc|2 vV 2 e |0,1].
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Let us assume on the contrary that there exists such «, then % < QLH < 1. For such «,

select © such that % <z < a+r1 It follows that o < 1;—‘” and so
1 1 1—
2= <P +ale = TP < |z — 2P+ Yo — Taf?
1 1
= —=Te TP

which is a contradiction. Therefore, T is quasi-pseudocontractive but not demicontractive.

The next example shows a countable family of quasi-pseudocontractions which are not
demicontractive.

Example 2.2.5. [222] Let H = (R*,||.||2). For 5 = (s1, S2,53,54) € R* and i € N define

(=5, 59, 53,0), otherwise.

Ts — {(%81782733,%)7 s4 € [0, %],
15 =
1

Then, F(T;) = {(0,0,0, %)} Let x*(0, 0,0, %) Now, for 5 = (s, 82, 83,54) € R* such that
ss € [0, 1], we obtain

4

o 54+i)° 1\°
o (5 (o)

ITi5 — 2" < (|5 — 2”||* + |5 — Tis]*.

2 TSN 2, 2, 2 2 2, 2, 2 1)\
| T35 — ¥||° = s1+sy+s3, [[5—a"|"=s7+sy3+s3+ (84— 3

and

It follows that

In the other case, let 5 = (s1, 82, 83,54) € R such that s4 ¢ |0, %], we have

1+i)\? 1
HTis—x*H2:< +Z) s%%—s%%—sg—l—

1 2
1 7 ||§—x*|]2:sf+s§+s§+ (34——)

2

and

54 1\2
5 = T3] = (%) E)

We also see in this case that
T35 — 2*|” < ||5 — 2*|]” + ||5 — Tis]>.
Therefore, V s € H,

T35 — 2| < |5 — 2" + |5 - Ti5))*, ieN.
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Next, we show that T; is not demicontractive, that is, there is no « € [0,1) such that
|Ti5 — 2*||* < ||s — 2*||* + «||s — T35]|*, V 5€ H, i€ N. Now,suppose contrariwise that
there exists such o, then by implication, % < a+r1 < 1. Forz* = (0,0,0, %) and such a,

select § = (s1, S, S3,84) such that % <8y < a+r1 This implies that o < 1;;94 and so
1N? 1—s4[[/5+i
||s—x*||2+a||s—1}s||2<s§+s§+s§+(54—5) + 544 K 1 s%—l—si)}
1 1-s 5+1
2 2 2, - 4 2
_51+32+s3+4+ 51 ( 1 >31.

In particular, consider 5 = (0, 59, 53, 84) € R, then the last inequality gives

1
Is —2*II* + alls = Tis|* < s3 + 55+ 7 = 15 — 2",

which is a contradiction. Hence {T;} is a countable family of quasi-pseudocontractive
mappings which are not demicontractive.

In addition, we consider an example of a monotone operator in quantum mechanics.

Example 2.2.6. [207] Let the operator

Au = —b*Au+ (f(2) + )u(z) + u(=) / )

)
R3 \:U—y\

where A =370 8‘9—; is the Laplacian in R3, b and c are constants, f(x) = fo(z) + fi(z),

K3

where fo(z) € L®(R?) and fi(x) € L*(R3). Let A := L + B, where the operator L which
s the schrodinger operator is the linear part of A and B defined by the last term. It is
known that B is a monotone operator on L*(R3), (see page 23 of [11]) which also implies
that A : L*(R?) — L*(R3) is also a monotone operator.

Definition 2.2.7. A bifunction f: C x C' — R is called

(a) strongly monotone on C, if there exists a constant B > 0 such that
fla,y) + fly,2) < =Blz —ylP’, ¥V a,yed;
(b) monotone on C, if
fle,y) + fly, ) <0, Va,yedl;
(c) strongly pseudomonotone on C' if there exists a constant B > 0 such that
f@y) =20= fly,r) <0, Vayel
(d) pseudomonotone on C, if
fl,y) 2 0= fy,2) <0, x,yeC;
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(e) f is said to satisfy the Lipschitz-type condition, if there exists constants c1,co > 0 such
that

fly)+ fy,2) = f@,2) —alle —yl* —ely -2, 2y2€C

Clearly, (a) = (b) = (d) and (a) = (¢) = (d). However, the converse is not necessarily
true is general.

A subset D of H is called prozimal if for each x € H, there exists y € D such that
||z — y|| = dist(z, D),

where dist(z, D) = inf{||z — y|| : y € D} is the distance from a point z to D.

Let H be a real Hilbert space. We denote by CB(H),CC(H) and P(H) the collections
of all nonempty closed bounded subsets of H, nonempty closed convex subset of H and
nonempty proximal bounded subsets of H, respectively. The Pompeiu-Hausdorff metric

(28] H on CB(H) is defined by

H(Dy, Dy) = max{ sup dist(z, Dy), sup dist(y, Dl)}, VD, Dy € CB(H).

zeDy y€D>

Let S : H — 2" be a multivalued mapping. An element z € H is called a fixed point of
S if x € Sz. The set of all fixed point of S is denoted by F'(S). That is, F'(S) = {z €
H :x € Sx}. We say that S satisfies the endpoint condition if Sp = {p} for all p € F(S5).
For multivalued mappings S; : H — 27 (i € N) with N2, F(S;) # 0, we say S; satisfies the
common endpoint condition if S;(p) = {p} for all i € N,p € N2, F(S;).

Recall that a multivalued (set-valued) mapping S : H — 2 is called
(i) L-Lipschitzian if there exists L > 0 such that
H(Sz, Sy) < Lllz —yl, Vo,y € H. (2.1)

In (2.55), if L € (0,1), then S is called a contraction while S is called nonexpansive
it L=1.

(ii) k-nonspreading if for all x,y € H
H?(Sz, Sy) < k (dist?(Sz, y) + dist*(z, Sy)) ; (2.2)
(iii) quasi-nonexpansive if F/(S) # () and
H(Sz,Sp) < |z —pll, Vo € H,p € F(5),

(iv) k-strictly pseudocontractive, if there exists a constant k& € (0,1) such that for all
x,y€e H

H*(Sx,Sy) < ||z —y|* +kl|lz—y— (a—b)||* Vaec Sz, be Sy; (2.3)
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(v) generalized k-strictly pseudocontractive [00], if there exists k € (0,1) such that
x,y € H and

H?(Sz, Sy) < ||z —y|* + kH*(Bz, By),
where B := 1 — S, and [ is the identity operator on H
(vi) demicontractive if F(S) # @ and
H?(Sx, Sp) < ||z — p||* + kdist(x, Sz)?, Vo € H,p € F(S) and k € [0,1), (2.4)
where dist is the distance between x and Sz.

Remark 2.2.8. If k=1 in (2.2), (2.3) and (2.4), we have a new set of mappings called
nonspreading, pseudocontractive and hemicontractive respectively.

Remark 2.2.9. Clearly, every multivalued quasi-nonexpansive mapping is a multivalued
demicontractive mapping. However, the following counter example demonstrates that the
converse is not always true.

Example 2.2.10. [110] Let H = R (endowed with the usual metric) and T : R — 2% be
defined by

[—(a+ 1)z, —2%Hz], 2 €(0,00)

Ty =

22y — (a+1)z], @€ (—00,0), Ya > 0.

Then, T is a demicontractive mapping but not quasi-nonexpansive.

The fixed point theory for multivalued mappings can be utilized in various areas such
as game theory, control theory, mathematical economics, market economy, differential in-
clusions and constrained optimization. They are also useful in generating critical points
in optimal control problems, energy management problems, signal processing and image
reconstruction, to mention a few. Therefore, the existence and approximations of fixed
points for multivalued mappings have been developed and investigated in the literature
(see for example [172]) and the references therein.

Definition 2.2.11. [/8/] Let H be a real Hilbert space, and let C' be a nonempty closed
convex subset of H. Let T : C' — C' be a nonlinear operator. Then, T is called

(i) asymptotically nonexpansive if there exists a sequence {k, } with k, > 1 and lim k, =
n—oo
1 such that
IT"(z) =TIl < knllz —yll, V neN, =y €C;
(11) asymptotically pseudocontractive if there exists a sequence {k,} C [1,00) with lim k, =
n—oo
1 such that
(T"x — Ty, x —y) < kullz —y||?>, VneEN, 2,y € C, (2.5)
it is easy to see that (2.5) is equivalent to

|77 = T2 < 2k, — Ve — g2+ le —y — (T2 =TI, ¥neN, wyeC;
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(111) k-strictly asymptotically pseudocontractive if there exists a sequence {k,}5°, with
lim k,, = 1 such that

n—oo

Tz —T™y||* < kpllz—y|?> +E[|(1=T")2z—(1-T")y||?>, VneEN, z,y<cC; (2.6)

(v) asymptotically demicontractive if there ezists a sequence {k,}>, such that lim k, =
n—oo
1, and for0 < k < 1,

|T"z — 2| < kpllz — 2*||* + k||]z — T"z||?, VneN, z€C, z*€ F(T);

or equivalently,
1 1
(o= T,z —2%) 2 S (1= e = Tl = (8 - De 2% (27)

Remark 2.2.12. If k, = 1, and T" = T in (2.6), then we obtain the class of strict
pseudocontractive mappings. The class of asymptotically demicontractive mappings and
the class of demicontractive mappings are independent as shown in the examples below.

Example 2.2.13. Let T : R — R be defined by Tx = —3x. Then the mapping T 1is
demicontractive but not asymptotically demicontractive.
It is clear that Fiz(T) = {0}. For € [%, 1) and x € R, we get
Tz — 0> = 9|z|?

< (1+168)|z|?

= |z — 0"+ BTz — z|.
Which shows that T is [-demicontractive. Suppose that T is k-asymptotically demicon-
tractive with sequence {k,}. Then there exists some Ny € N such that k, < 2 for n > Ny.

For such n which is even,
Tz — 0* = 3*"|z|*.

Bz — 0+ kT —z|* = E2|z|* + k(3" —1)%|z)?
< (543 =2(3")|z|?
< 32n|l’|2
= |T"z -0

Hence T is not a k-asymptotically demicontractive mapping.

Example 2.2.14. Let E = ly := {z = {2;}3°, : 2 € R,Y>_° |2 < 00} and B = {z €
by ||z|| < 1Y. Define T : B — {5 is defined by

2
Tx = (0,27, agxa, azxs, . . . ),

where {a;}32, is a real sequence satisfying: az > 0,0 < a; < 1,j # 2, and H;iz a; =
%. It 1s known that T s k-strictly asymptotically pseudocontractive but not k-strictly
pseudocontractive (see [15/]). Since Fiz(T) = {(0,0,0,...)} # 0, it then follows that T

15 k-asymptotically demicontractive but not k-demicontractive.

Remark 2.2.15. Although the classes of demicontractive and asymptotically demicon-
tractive mappings are independent, it is noteworthy that the metric projection Po is both
0-demicontractive and 0-asymptotically demicontractive.
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2.2.1 Metric projection

In this subsection, we define the metric projection in a real Hilbert space H and present
some of its basic properties with examples.

Definition 2.2.16. Let C be a nonempty, closed and convex subset of H. Recall that for
all x € H, there exists a unique nearest point in C' denoted by Pox such that

lo = Pex| <[l —yl, vyeC.

The mapping Pe is called the metric projection of H onto C. It is known that Pg is
nonexpansive and satisfies

(x —z,2 — Poz) > ||lv — Poz||* V2 €O, z€ H. (2.8)
The following are examples of metric projections of H onto different set C', some of which
are used in this thesis (see for example [150]).
The following are equivalent (see [0, 132] for details);

(.) Pc: H — C'is a projection of H onto C,
(13.) VeeH, (x—Pox,z— Pox)<0,VzeCl, (2.9)
(iti.)  VaxeH, |Pox—z|? < ||z —z|]? = ||Pcx —z|* V2z€C.
Example 2.2.17. Let C' = [a,b] be a closed rectangle in R™, where a = (ay, as, ..., ay)
and b= (by, by, ..., b,)T, then for 1 <i <n, we have
Qiy T < Ay,
(Pex)i= § x;, x4 € [a;, by,
bl'7 T; > bi?
is the metric projection with the it" coordinate.

Example 2.2.18. Let C' be the range of an m X n matrix with full column rank and A*
be the adjoint of A, then

Pox = A(A*A) T A%z
is the metric projection Po onto C.

Example 2.2.19. If C = {y € H : {(a,z) = a} is a hyperplane with a # 0 and o € R,
then

(a,r) — «

[lal[?

Example 2.2.20. Let C = {x € H : ||z —ul|| < r} is a closed ball centered at a € H with
radius v > 0, then

Po(z) =2 —

=)
Pog— 10T TTamal TEC
x, xeC.
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The following are important inequalities that characterize the metric projection.

Proposition 2.2.21. [220] Let C' be a nonempty closed and convex subset of a real Hilbert
space H. Given x € H and z € C. We have that z = Pox if and only if (x —z, z—1y) >
0, VyedC.

Proposition 2.2.22. Let C' be a nonempty closed and convex subset of a real Hilbert space
H and x € H. Then,
(a) |Por — Poyl|* < (Pex — Pey,x —y), Yy e C.
(b) |[Pex — Pey||? < ||z —yl|* — |lo — Pez[?, V y € C.
The interested reader should also check Section 3 of [91] for more properties of metric
projection.
Let us recall the indicator function of C' denoted by i and defined as
, 0, ifxed,
o =
oo, ifxé¢C.

Definition 2.2.23. A mapping S : H — H is said to be I — S demiclosed at 0, if for any
sequence {x,} that converges weakly to x € H and ||z, — Sxz,|| — 0, then Sz, = .

2.3 Some geometric properties of Banach spaces.

In this section, we discuss briefly some important definitions, examples and fundamental
theorems of some geometric properties of Banach spaces. Most of the results discussed in
this section can be found in [31, 39, 40, 41, 61, 210].

2.3.1 Reflexive Banach spaces.

Let E be a Banach space with its dual E*, which is the space of all continuous linear
functionals on E. We define the norm on the dual space E* of E denoted with ||.||g« by

[fllee = sup{[(f, )] - [[z]| < 1,2 € E},

where the pairing (f, z) is denotes the action of f € E* on x € E, that is (f,z) := f(z).
The bidual E**, which is the dual of E* with ||.||g+~ can also be defined as

][+ = sup{[(&, f)] : f € B |IfI| <1}, where £ € E™.

There is a canonical injection J : E — E** defined as follows: given z € FE, the map
f > (f,x) is a continuous linear functional on E*, thus it is an element of E** which is
denoted by Jz. Hence, we have that

(Ja, fYpep = (f,2)p+ p,¥Y x € E, and f € E*.

It is obvious that J is linear and isometry, that is ||Jz|| g« = ||z||g. Indeed, we have that

[ Ja]| g = sup{|(J, /)] - f € E5 I f <1} = sup{[{f, 2)] : f € E | ] <1} = |l=]].
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Definition 2.3.1. Let E be a Banach space and J : E — E** be the canonical injection
from E into E**. The space E is said to be reflexive if J is surjective, that is J(E) = E**.

Corollary 2.3.2. A Banach space E is reflezive if and only if its dual space E* is reflezive.

Examples of reflexive Banach spaces are the infinite dimensional spaces, L, and [, spaces
for 1 < p < oo, Hilbert and Sobolev spaces.
Below is an important result on the convergence of sequence in reflexive Banach space.

Theorem 2.3.3. [2/1] Assume that E is a reflexive Banach space and {x,} is a bounded
sequence in E. Then, there exists a subsequence {x,, } of {x,} that converges in the weak
topology o(E, E*).

2.3.2 Uniformly convex spaces

Definition 2.3.4. A Banach space E s said to be uniformly convex if ¥V € > 0 there exists
0 > 0 such that

[,y € E, [le]] < Llyl] < 1 and |lz —y|| > e] = [ 5

x+yH<1—ﬂ.

The uniform convexity is a geometric property of the unit ball if we slide a rule of length
e > 0 in the unit ball, then its midpoint must stay within a ball of radius (1 — J) for some
o> 0.

Example 2.3.5. The space LP are uniformly conver 1 < p < oo and the Hilbert spaces
are also uniformly conver.
Below is a very useful convergence result of uniformly convex spaces.

Proposition 2.3.6. Assume that E is a uniformly convexr Banach space. Let {z,} be a
sequence in E such that x,, — x weakly o(E, E*) and

lim sup || < [
Then x, — x.

Definition 2.3.7. A Banach space E is said to be strictly convex if for all x,y € E, x #
y, llz]| = |ly|]| = 1, we have

e+ (1= Nyl <1, ¥ e (0,1).

Example 2.3.8. [91] Let 0 > 0 and ko = ko(N) with norm ||.||, defined for x = {z,} € ko
by

o0

lella = llall, + (350,

i=1

where ||.||g, s the usual loo norm. Then the space (ko, ||.||s) for ¢ > 0 are strictly convex
but not uniformly convex, while ko with its usual norm is strictly convex.
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Definition 2.3.9. Let E be a Banach space with (dimension) dim(E) > 2. The modulus
of convezity of E is the function ég : (0,2] — [0, 1] defined by

r+y

5p(c) = inf {1 -

|- llell =il =1 e = 1o =1}

In particular, for a real Hilbert space H, we have

=1 i

Theorem 2.3.10. The modulus of convexity of a Banach space E given by g is a conver
and continuous function.

Theorem 2.3.11. A Banach space E is uniformly convez if and only if 0g(g) > 0 for all
e €(0,2].

Theorem 2.3.12. If E is a uniformly convex Banach space, then E is reflexive.

Definition 2.3.13. Let p > 1 be a real number, then a Banach space E s said to be
p-uniformly convez if there exists a constant ¢ > 0 such that dg(g) > ceP.

Example 2.3.14. If E =L, (or l,), 1 < p < oo, then

1. 0g(e) > me?, , if 1 <p <2

2. 0p(e) > e, if2<p<o0.

2.3.3 Uniformly smooth spaces

Definition 2.3.15. A Banach space E is said to be smooth if for every x € E, ||z| =1,
there exists a unique x* € E* such that ||x*|| = 1 and (z,x*) = ||z||.

Definition 2.3.16. A Banach space E is said to be uniformly smooth whenever given
e > 0 there exists § > 0 such that for all z,y € E with ||z|| =1 and ||y|| < 6, then

[z +yll + llz =yl <2 +ellyl.

Definition 2.3.17. Let E be a Banach space with dim E > 2. The modulus of smoothness
of E is the function pg : [0,00) — [0,00) defined by

lz+yll +lle—gll .

pe(r) = sup { L2212 ol = 1 1ol =7}

o+ 7yl + |l — 7yl
:sup{ el = 1=y L

2

Theorem 2.3.18. A Banach space E is uniformly smooth if and only if

im PE® o,
t—o+ t
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A B\

b

Figure 2.2. The geometric representation of convexity functions: Top Left: Uniformly
convex space; Top Right: uniformly convex set; Bottom Left: Convex and Non convex
set; Bottom Right: Convex function
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Theorem 2.3.19. Fvery uniformly smooth Banach space E is smooth.
Theorem 2.3.20. Let E be a Banach space with dual space E*, then we have that
1. E is uniformly smooth if and only if E* is uniformly convex.

2. E is uniformly convez if and only if E* is uniformly smooth.
Corollary 2.3.21. Every uniformly smooth Banach space is reflexive.

Definition 2.3.22. For ¢ > 1, a Banach space E is said to be q-uniformly smooth if there
exists a constant ¢ > 0 such that pg(t) < ctd, t > 0.

Proposition 2.3.23. Let E be a real Banach space, then

1. E is p-uniformly convez if and only if E* is q-uniformly smooth.

2. E is g-uniformly smooth if and only if E* is p-uniformly convex, and % + é =1.

2.3.4 Duality mappings

Definition 2.3.24. Let E be a Banach space with its dual E*. Given a gauge function ¢,
the mapping Jy, : E — 2" defined by
Jor = {a" € B (z,2%) = |[=[l[|2"]], [l="| = o(|[z[|), > € E}

is called the duality map with gauge function ¢. In particular, if ¢(t) = t, the duality map
J = Jy is called the normalized duality map.

Proposition 2.3.25. In a real Hilbert space H, the normalized duality map is the identity
map.

The normalized duality map J possess the following properties:

1. If F is smooth, then J is single-valued;
If F is strictly convex, then J is one-to -one;

If E is reflexive, then J is surjective;

= W N

If F is uniformly smooth, then .J is uniformly norm to norm continuous on each
bounded subsets of F;

5. If E* is uniformly convex, then J is uniformly continuous on each bounded subsets
of E and J is single-valued and also one to one.
Definition 2.3.26. Let E be a real Banach space with the dual E*, for p > 1, let p be a

gwen real number. The generalized duality mapping Jf from E to 2F" is defined as

Iy (2) ={a" € B" : (z,2") = |[|”, l|la"|| = [|«|"~", = € E}.

In a g-uniformly smooth Banach space E, the generalized duality mapping is injective
and satisfies J = (JF')™! where JF" is the generalized duality mapping of E*, (see
[10, 66]). The generalized duality mapping Jf is said to be weak to weak continuous if
T — & = (JFxy,y) = (JPx,y) holds for any y € E.
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2.3.5 Basic notions of convex analysis

We give the following important definitions which are used in subsequent chapters.
Let E be a real Banach space and f : E — (—o00,400| be a proper convex and lower
semicontinuous function. We denote the domain of f by Domf ={z € E: f(z) < +o0}.

Definition 2.3.27. Let D be a convex subset of a vector space X and f : D — RU{+o0}
be a map. Then,
(1) f is convex if for each A € [0,1] and x,y € D, we have

fOz+ (1 =Ny) <Af(x) + (1 =N f(y);
(i) f is called proper if there exists at least one x € D such that
f(z) # +oo;

(11i) f : Dom(f) — (—o0, 0] is lower semi-continuous at a point x € Dom(f) if

f(z) <liminf f(z,), (2.10)

n—o0

for each sequence {x,} in Dom(f) such that lim xz, = x. An ezample of a convex and
n—o0o

lower semicontinuous function is the indicator function dc : H — R of a nonempty closed
and convex subset C' of H defined by

o) = {o, ifreC,

+00, otherwise;

(i) f is upper semi-continuous at xo € D if

f(xo) > limsup f(x).

T—T0

Definition 2.3.28. Let H be a real Hilbert space and A : H — H be a bounded linear
map. We define a map A* : H — H by the relation

(Az,y) = (z, A%y),
for all x,y € H. The map A* is called the adjoint/dual of A.
Let x € int dom f, the subdifferential of f at z is the convex set defined by
Of(z) ={a" € E*: f(x)+ (y —x,2") < f(y), Vx € E}.
The Fénchel conjugate of f is the convex function f*: E* — (—o00, +0o0] defined by
[ (@%) = sup{{z", ) — f(x) : v € E}.
It is known that f satisfies the Young-Fénchel inequality

(x*,z) < f(x)+ ff(a") z € E, 2" € E".
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Moreover, the inequality holds if z* € 9f(x).

Given = € int domf and y € E, the right-hand derivative of f at x in the direction of y
is defined by

o) ot 100 = 1)

t—0+ t

(2.11)

The function f is said to be Gateaux differentiable at = if (2.11) exists for any y. In
this case, the gradient of f at z is the linear function 7 f(x) defined by (y, 7 f(z)) :=
f%(x,y) for all y € E. The function f is said to be Gateaux differentiable if it is Gateaux
differentiable at each = € int domf. When the limit as ¢ — 0 in (2.11) is attained
uniformly for any y € E with ||y|| = 1, we say that f is uniformly Fréchet differentiable
at x. Also, if f is Fréchet differentiable, the 57 f is norm to norm continuous (see [111]).

Definition 2.3.29. The function f: E — (—o00,+00| is called Legendre if it satisfies the
following conditions:

1. f is Gateauz differentiable, int domf # 0 and dom <y f = int domf,

2. f* is Gateauz differentiable, int domf* # () and dom <7 f* = int domf*.

One important and interesting Legendre function is %H.Hp (1 < p < ), where the Banach
space E is smooth and strictly convex, and in particular the Hilbert space. For more
examples of Legendre function, (see [22, 24]).

Remark 2.3.30. If E is a real reflexive Banach space and f is a Legendre function, then
we have

1. f is a Legendre function if and only if f* is a Legendre function,

2. (0f) ' =0f",

3. vf = (vf)7 ran yf = dom sy f* = int(domf*), ran 7 f* = dom 7 [ =
int(domf);

4. [ and f* are strictly convex on the interior of their respective domains.

Remark 2.3.31. If f : E — R is Gateaux differentiable and convez, then
[l +ty) — fz)

(y, v f(x)) = f(z,y) = lim :
i H(A =)z 4t +y) — f(2)
t—0 t
< lim (1—1t)f(x) +t{(gg +y) — f(z)

= flz+y) - f(2).
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Definition 2.3.32. [70] Let f : E — R be a convex and Gateaux differentiable function,
the Bregman distance with respect to f is the bifunction Dy : domf x int domf — [0, 00)
defined by

Di(z,y) = f(x) = fly) — (z =y, f(y)) (2.12)

It is worth mentioning that Dy is not a distance in the usual sense but enjoys the following
properties:

1. D¢(xz,xz) =0, but D¢(z,y) = 0 may not simply imply z =y,
2. Dy is not symmetric and does not satisfy the triangle inequality,

3. for x € domf and y, z € dom f, we have

4. for each 2z € E, we have Dy(z,7f* (N, t: 7 f(2:)) < N, t:D(2,2;), where
{2, }¥, C Eand {t;}¥, C (0,1) satisfies SN #; = 1.

More so, it is well known that the duality mapping Jf is the sub-differential of the func-
tional f,(.) = *||.||P for p > 1, (see [61]). Then, the Bregman distance D, is defined with

TP
respect to f, as follows:
Dyf.) = ~lllP = ~lell? — (TEz,y — 2
T p ’
1 1
= ||z’ = (S z, y) + =yl
q g p
1 1
=aHme—a\lpr—Ufw—ny,y)- (2.14)
Bregman distance has been studied by many researchers because of its nice and effective
characteristics in analyzing optimization and feasibility algorithms, (see [21, 38, 39, 10]

and the references contained in). The function V; : E x E* — [0, +-00] associated with f,
which is defined by [/1]

Vi(z,a*) = f(z) — (x,2") + f*(z*), Vz€E. (2.15)

Then Vi(x,2*) = Dy(z, 7 f*(2*)) for all z € E and z* € E*. Moreover, by subdifferential
inequality, we have

Vi, a™) + (v f*(@%) = 2,y7) < Viw, 2" +y7),

for all x € F and z*,y* € E*.

The modulus of total convexity at x is the bifunction vy : int domf x [0, +00) — [0, +00)
defined by

vp(at) = int{D;(y,x) -y € dom .|y — || = t}.
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The function f is said to be totally convex at x € int domf if vs(z,t) is positive for any
t > 0. Let C' be a nonempty subset of E, the modulus of total convexity of f on C' is the
bifunction vy : int domf x [0, +00) — [0, 4+00) defined by

vi(C,t) == {vs(z,t) : x € CNint domf}.

The function f is called totally convex on bounded subsets if v¢(C,t) is positive for any
nonempty and bounded subset C' and any ¢ > 0.

Proposition 2.3.33. [197] If x € int domf, then the following statements are equivalent:

1. the function f s totally conver,

2. for any sequence {y,} C domf,

lim D¢(y,,z) = 0= lim ||y, —z| =0.
n—oo

n—oo

Definition 2.3.34. [79] A function f is called sequentially consistent if for any two se-
quences {x,} and {y,} in E such that the first one is bounded,

lim D¢(yn,z,) = 0= lim ||y, — z,|| = 0.
n—oo

n—0o0

Proposition 2.3.35. [/1] If domf contains at least two points, then the function f is
totally convex on bounded sets if and only if the function f is sequentially consistent.

Proposition 2.3.36. [19/] Let f : E — R be a Gateaux differentiable and totally convex
function. If o € E and the sequence {Dy(xy,x0)} is bounded, then the sequence {x,} is
bounded.

The Bregman projection [30] (Projl(z)) with respect to f at = € int(domf) onto a
nonempty, closed and convex set C' C int(domf) is defined by

Dy(Projl(z),z) = ing D¢(y, x). (2.16)
ye
It is well-known that (see [39]) z = Projla if and only if (v f(z) — 7 f(2),y — 2) <0 for
all y € C'. We also have
Dy(y, Projl(x)) + Dy(Projt.(x),x) < Dy(y,2), ¥ v € B,y € C.

Similar to the metric projection in Hilbert spaces, the Bregman projection with respect to
totally and Gateaux differentiable functions has a variational inequality characterization,
(see [39]). Using (2.15), the function V, : E x E* — [0, 400) for 2 < p < oo is defined by

1 1 . .
‘/p(l‘,y):5||l’||p—<fb,y>+]—)||y||p, Vitek 7$€E'

V}, is nonnegative and V,(z*, ) = Dp(J" (*),z) for all z € E* and y € E*. Moreover, by
the subdifferential inequality

(Vf(x),y—x) < fly) — f(x),
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with f(x) = ||z||9, z € E*, then v f(x) = JF (x). So, we have

=1 !
(Jg (@), y) < —[le+yl" = =[l]* (2.17)
q q
From (2.17), we get
* * 1 * * * * 1 p
Vo(z® + 4", x) = EHOE +yll = +y ,I>+5||90||

1 * * * * * * 1
> Ellﬂf 17+ (y*, I (%)) — (2" +y ,93>+5H$Hp

1 * * 1 * * * *
= EHJJ 19— (z", x) +];H37Hp+ (y*, Jy (@) = (y" )

1 * * 1 * * *
= Ellx 19— (z", z) +§llx!|p+ (y*, J; (a") —x)

= V;?(x*’x) + <y*7 Jf*(fb*) - ‘T>a

for all x € F and z*,y* € E*.
For p-uniformly convex space, The Bregman distance also possess the following important
properties

Dy(z,y) = Dy(x, 2) + Dy(2,y) + (z — v, fo — ny>, Va,yze€E.

Dy(z,y) + Dy(y,z) = (x — v, Jfa: — ny>, Vax,y€eFE.

It is also known that the norm metric and the Bregman distance has the following relation,

(see [204]).
7l|z —yllP < Dyla,y) <z —y, Jjz — J]y), (2.18)

where 7 > 0 is some fixed number. Let C' be a nonempty, closed and convex subset of F,
the metric projection defined as

Pox = argmingec|lz —yl|, v € E

is the unique minimizer of the norm distance, which can be characterized by a variational
inequality:

<JpE(x — Pex),z— Pox) <0, Vze (.

Similar to the metric projection is the Bregman projection (the minimizer of the Bregman
distance) which is defined as

Hex := argmingecD,(x,y), v € E.
The Bregman projection can also be characterized by a variational inequality:
(JP(x) — JF(ex), z — Hex) <0,V z € C, (2.19)
from which one get

D,(ll¢x, z) < Dy(x, 2) — Dy(z,Hex), V 2z € C.
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Definition 2.3.37. A function f is said to be

1. strongly coercive, if

fwn) _

llzn||—oo ||Zn]|

2. super coercive, if

lim J@) +00

oo |||

Definition 2.3.38. [190] A point u € C is said to be an asymptotic fized point of T :
C — C if there exists a sequence {x,} in C' such that x, — u and ||z, — Tx,|| — 0. We
denote the asymptotic fized point set of T by F(T).

Definition 2.3.39. Let C' be a nonempty subset of int domf. An operator T : C' —
it domf is said to be

1. Bregman firmly nonexpansive (BFNE), if

(Tx — Ty, f(Tz) =7 f(Ty)) < (Tx - Ty, f(z) =V f(¥)),

for any x,y € C, or equivalently
DTz, Ty) 4+ Ds(Ty,Tx) + Dy(Tx,x) + Ds(Ty,y) < Ds(Txz,y) + Ds(Ty, x).
2. Bregman quasi firmly nonexpansive (BQFNE), if F(T) # 0 and
(Te—p,vf(x) = vf(Tz)) >0, Vzel peFT),
or equivalently,
D¢(p,Tx) + D¢(Tx,x) < D¢(p, ).
3. Bregman quasi-nonexpansive (BQNE), if F(T) # () and
D¢(p,Tz) < D¢(p,x), x € C, pe F(T).
4. Bregman relatively nonexpansive, if F(T) # 0, and
Dy(p,Tz) < Ds(p,x), ¥ p€ F(T), x € C and F(T) = F(T).

5. Bregman Strongly Nonexzpansive (BSNE) with F(T) # 0, if
Dy(p,Tx) < Dy(p,x) V2 € C, p € F(T)
and for any bounded sequence {x,}n,>1 C C,

Tim (Dg(p, &) = Dy(p, Tan)) = 0

implies that im D¢(Tx,,x,) = 0.
n—0o0
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2.4 Some important optimization problems

In this section, we briefly introduce and review some optimization problems that are
relevant in this study. Throughout this section, we denote by H and E a real Hilbert and
a Banach space, respectively.

2.4.1 Minimization problems

One of the most important problems in optimization theory and non-linear analysis is the
problem of approximating solutions of Minimization Problem (MP) which is defined as
follows: Find = € H such that

f(x) = minf(y), (2.20)

yeH

where f: H — (—o00, 00| is a proper, convex and lower semicontinuous function. For any
A > 0, the resolvent (or Moreau-Yosida approximation) of f in H is defined as (see [199])

, 1
J{(@) = Proz,f(z) = argmin | f(y) + oy lly = 2l|

for all x € H. It is generally known that Jf\c is well-defined and firmly nonexpansive for
all A > 0. Hence, J{ is nonexpansive for all A > 0. For simplicity, we shall write J, for
the resolvent of a proper, convex and lower semi-continuous mapping f. Furthermore,
we denote the solution set of problem (2.20) by arggéilril f(y). It is also known that F'(.Jy)

coincides with argminf(y).
yeH

In 1970, Martinet [163] introduced the well known Proximal Point Algorithm (PPA) which
is a powerful and one of the most popular tools for approximating solutions of MP (1.4).
Rockafellar [200] further studied the PPA in Hilbert spaces for approximating solutions of
unconstrained convex minimization problem in Hilbert spaces. Let f be a proper, convex
and lower semi-continuous function on H, the PPA is defined for z; € H by

. 1
Tpy1 = argmmueH[f(y) + KHU — :BnHQ] Vn > 1,
where A\, > 0 for all n > 1. It was shown that if f has a minimizer and Y >~ \, = oo,

then the sequence {z,} generated by the PPA converges weakly to a minimizer of f.
Recently, Moudafi and Thakur [170] considered the following MP,

min{g(z) + fr(Az) : x € Hi}; (2.21)

where g : H] — R U {400} is a proper, convex and lower semi-continuous function, and
fialy) == mingepm, {f(v) + 55||lu — y|[*} is the Moreau-Yosida approximate of the function
f of parameter A\ also called the proximal operator of f of order A and A : Hy — Hj is
a bounded linear operator. Let C' and () be nonempty closed and convex subsets of real
Hilbert spaces Hy and Hy, g : H; — RU{+400} and f : Hy — RU{+400} be two proper and
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lower semi-continuous convex functions. Let A : H; — Hs be a bounded linear operator,
then the Split Minimization Problem (SMP) is defined as follows: Find

x* € C such that z* = argmin,ccg(z), (2.22)
and such that

the point y* = Az € Q) solves y* = argminyeq f(y). (2.23)

We also consider the finite families of SMP, which is defined as follows:
z* € C such that z* = NN argming,ecgi(z), (2.24)
and such that
the point y* = Ax™ € @ solves y* = N/ argmingeq f;(y). (2.25)

For A > 0, x € Hy, we define

h(z) = %H(I — Proxyy) Az||*; (2.26)
l(x) = %H(I — Proxyg)z||?; (2.27)
0(x) = VIIVh(@)|]2 + [[Vi(2)] ] (2.28)

and

h(xy,) + 1(zy)

T = Pn 2w n>1, (2.29)
where 0 < p,, < 4. Then the gradient Vh and VI of h and [, respectively are
Vh(zx) := A*(I — Proxy,s)Ax; (2.30)
and
Vi(z) := (I — Prozyg)x. (2.31)
Using (2.26)-(2.29), Moudafi and Thakur [170] studied the following PPA and proved a

weak convergence theorem for the sequence generated by their algorithm to a solution of
SMP (2.22)-(2.23):

Given an initial point x; € Hj, assume that {x,} has been constructed and 0(x,) # 0,
then compute z, 1 as follows:

Tni1 = Proxag(z, — pn, A" (I — Proxyg)Ax,), Vn > 1. (2.32)

If 6(x,) = 0, then x,,1 = z, is a solution of MP (2.21) and the iterative process stops,
otherwise, we set n:= n+1 and go to (2.32).
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2.4.2 Split convex feasibility problem

The Split Feasibility Problem (SCFP) was first initiated by Censor and Elfving (see [51]).
Simply put, the SCFP involves finding an element in a nonempty, closed and convex subset
in one space (say, X) such that its image under a certain operator is in another nonempty,
closed and convex subset in the image space (say, V). Mathematically, the SCFP can be
stated as follows: Let C' and () be two nonempty, closed and convex subsets of n and m
dimensional Euclidean spaces. The SCFP is defined as

Find z* € C such that Az™ € Q, (2.33)

where A is a given n x m real matrix. The SCFP models many problems in the real
world such as signal processing, image processing and medical care (see [35, 52, 53, 54,

, 50] for more details). For instance, the image processing problems can be modeled
as a split convex feasibility problem. The vector x represents a vectorized image where
the entries of x, represent the intensity levels at each voxel or pixel. The set C' can be
selected to incorporate properties like positivity of the entries x while the matrix A can
describe a linear functional or projection measurements we have made as well as other
linear combinations of entries of x on which we wish to impose restrictions. The set () on
the other hand can be the product of the vector of measured data with other convex sets,
such as nonnegative cones that is used to describe the restrictions to be imposed [34]. For
more on this interesting description, see the works of ([34, 50]).

To solve the SCFP, Byrne [34] suggested the following C'Q algorithm whose sequence {z,,}
is generated by

Tp1 = Po(l —yA* (I — Py)A)x,, n>1, (2.34)

where the initial point z; € C, and v € (0,2/L), L is the spectral radius of the operator
A*A and A* is the adjoint of A. He proved a weak convergence of this method to a
solution of the SCFP with the assumption that the solution set is nonempty. Recently,
the SCFP where C' and or () are the solution sets of some optimization problems have
been considered in different settings.

2.4.3 Monotone inclusion problems

One of the most important problems in monotone operator theory is the Monotone In-
clusion Problem (MIP), which is also known as the problem of finding zeros of monotone
(accretive) operators. The monotone inclusion problem is to find an element = € H such
that 0 € B(x), where B : E — 2¥ is a multi-valued operator. This problem is very im-
portant in many areas such as convex optimization and monotone variational inequalities.
It is worth mentioning that every monotone operator on Hilbert spaces can be regular-
ized into single-valued, nonexpansive, Lipschitz continuous monotone operator by means
of Yosida approximation notion. For each p > 0, a nonexpansive single-valued mapping
J? :H — H defined by J7 = (I+pB) ™" is called the resolvent of B. It is well-known that
B7Y0) = F(Jf) for all u > 0 and Jf is firmly nonexpansive. Thus, for any u € F(Jf),
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we have that
||u—J5$||2+||J593—:B||2§||u—z||2. (2.35)

The inclusion problem can also be defined in terms of sum of two monotone operators M
and B, where one of the operators is single-valued and the other is a multi-valued operator.
Let B : E — 2F" be a maximal monotone operator and A : E — E* be a-inverse strongly
monotone operator, the MIP is to find x € E such that

0€ (A+ B). (2.36)

We denote by (A + B)~(0) the solution set of (2.36).

Based on a series of studies in the past years, the splitting method has been known
to be a popular method for solving (2.36). The splitting methods for linear equations
was introduced by Peaceman and Rachford [187]. Extensions to nonlinear equations in
Hilbert spaces were carried out by Lions and Mercier [151]. Since then, many authors
have considered approximating solutions of variational inclusion (2.36) using this method,
(see [98, 99, 76, 181, 207] and the references contained in).

We present the following definitions that are associated with monotone operators.

Definition 2.4.1. A multi-valued (set-valued) operator B : E — 25" with domain Dom(B)
and the range R(B) = {Bxz : © € D(B)} is said to be monotone if for x,y € Dom(B),a,b €
R(T), the following inequality holds:

(x —y,a—10b) > 0.
A monotone operator B is said to be maximal if its graph Gra(B) = {(z,y) : y € Bz} is
not properly contained in the graph of any other monotone operator.
If F is a strictly convex, reflexive and smooth Banach space and B : E — 2¥" is a maximal

monotone operator. Then, for any positive real number A\, we can define a nonexpansive
single-valued operator JP : E — E by

JP (%) == (J+ AB) ' J(x), z € E.

This operator is called the resolvent of B for A > 0. It is well known that B~'(0) = F(JP)
for all A > 0 and B7!(0) is a closed and convex subset of E.
Let f: E — (—o00,400| be a proper, lower semicontinuous and convex function and B be

a maximal monotone mapping from F to E*. For any A > 0, the mapping Res{ g =
domB defined by

Res{y = (Vf+AB) ' o/, (2.37)

is called the f-resolvent of B. It is well known that B~1(0) = F(Res] ) for each A > 0.
Let C' be a nonempty closed and convex subset of a reflexive Banach space E, the mapping
A E — 2F" is called Bregman Inverse Strongly Monotone (BISM) on the set C' if

C N (domf)N (int domf) # 0,
and for any z,y € C'N (int domf), £ € Ax and ( € Ay, we have that
€= fi(vflz) =) —vf(vfly) —¢) =0
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2.4.4 Split monotone variational inclusion problem

Let H, and H, be two real Hilbert spaces. The Split Monotone Variational Inclusion

Problem (SMVIP) in the sense of Moudafi [171] consists of approximating a point
Locate & € H; such that 0 € (A+ B)(2) (2.38)
and
y =Tz € Hy such that 0 € (D + G)(y), (2.39)

where A : H, — H; and D : H, — H, are single-valued mappings, B : H, — 2t and
G : Hy — 22 are multi-valued mappings and T : H; — H, is a bounded linear operator.

When A = D = 0, then Problem (2.38) and (2.39) reduces to the split variational inclusion
problem (SVIP). Problem (2.38) and (2.39) has continued to draw the attention of many
researchers due to its far reaching applications in many mathematical problems as it in-
cludes naturally split variational inequalities, split feasibility problems, split minimization
problems, split equilibrium problems and split hierarchical fixed point problems. In addi-
tion, several real life problems such as signal processing, image restoration problem, sensor
networks, computer tomography, data compression, linear inverse problem and machine
learning can all be mathematically modeled as SMVIP (2.38) and (2.39) (see for instance
[13, 35, 52, 51]). We denote the solution set of SMVIP (2.38) and (2.39) by

Q={2c(A+B)Y0): T2 € (D+G)(0)}.

For approximating the solution of SMVIP (2.38) and (2.39) in Hilbert spaces, Moudafi
[171] put forward the following iterative scheme:

Tpar = JEI™ =y A) (z + pT* (JS(I" —yD) = I'"*) Txy,), n>1; (2.40)

where 1 € (O, %) . L is the spectral radius of T*T, It and I"'2 are the identity operators on
H, and H,, respectively, Jf and J,? are the resolvents of B and G respectively; B and G
are maximal monotone, A, D are a1, ag-inverse strongly monotone and 7 € (0, 2¢), where
¥ = min{ay, as}. Moudafi [I71] proved that the sequence {z,} generated by (2.40),
converges weakly to a solution of SMVIP (2.38) and (2.39).

2.4.5 Split hierachical monotone variational inclusion problem.

Let By : Hy — 2t and B, : Hy — 292 be multi-valued mappings with nonempty values,
and f1 : H, — Hy, g : Hy — 22 be mappings. Let T : H;, — H; and S : Hy, — H, be
mappings such that F(T) # 0 and F(S) # 0. Let U := JP (I —=\f) and V := J2(I — \g).
The Split Hierachical Monotone Variational Inclusion Problem (SHMVIP) is defined as
follows:

Find #* € F(T) such that 2* € F(JJ' (I — \f)), (2.41)
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and such that

y* = Ax* € F(S) solves y* € F(J2(I — \g)). (2.42)
We denote by ©, the solution set of (2.41) and (2.42). Using the following iteration process,
Ansari and Rehan [13] proved the following weak convergence result.
Let A > 0 and take arbitrary o € H;. For a given current x,, € Hy, compute
Tpy1 = TU(x, + A" (SV — 1) Ax,,), (2.43)

1
where v € (0, rz2)-

2.4.6 Variational inequality problems

Let C be a nonempty, closed and convex subset of a real Hilbert space H and A: C — H
be a mapping, the Variational Inequality Problem (VIP) which was introduced by Lions
and Stampacchia [150] is defined as follows: Find x € C such that

(Az,y —x) >0, (2.44)

for all y € C. We denote by VI(C, A) the solution set of (2.44). The VIP is well known
to include several branches of mathematical and engineering sciences with a wide range of
applications in industry, finance, optimization and mechanics. Many important problems
such as signal recovery, power control, bandwith allocation, optimal control and beam
forming are special cases of (2.44), (see [09, : , ]). The gradient projection
method is the simplest and oldest projection method which is formulated as:

Tpi1 = Po(x, — NA(x,)), VYn >0, (2.45)

where A € <0, %2> , L is the Lispchitz constant of A and P is a projection of a real Hilbert

space H onto a nonempty, closed and convex subset C' of H is a positive real number. It
is well-known that the convergence of the gradient projection method requires that the
cost operator be strongly monotone (or inverse strongly monotone).

In order to weaken this assumption, Korpelevich [142] proposed the following extragradient
method

Yn = Po(z, — NA(xy,))
Tnt+1 = PC(yn - >‘A<yn)) vn Z 07 (246)

where \ € (0, %) and L is the Lipschitz constant of the cost operator A. The extragradient
method requires the computation of two projections onto the feasible set C' and two eval-
uations of the cost operator A at each iteration. This is known to affect the effectiveness
and applicability of the method especially when the cost operator A and the feasible set
C have complex structures. It is worthy to mention that several authors have improved
this method (see for example, [16, 18, 85, , L17]).

Remark 2.4.2. If we set B = N¢ in (2.36), then we obtain from the definition of normal
cone (see (2.5.44)) that JY°(I — AA) = Po(I — MA). In this case, we know that (A +
Ng)710) = VIP(C, A). That is the resolvent JP = Pc.

38



2.4.7 Equilibrium and split variational inequality problems

Another optimization problem which can be applied to solve solutions of VIP is the Equi-
librium Problem (EP). This was first introduced and studied by Blum and Oettli [29].
Many problems in physics, optimization and economics can be reduced to finding the
solution of EP. The EP is defined as follows: Find x € C' such that

F(z,y) >0, VyeC, (2.47)

where ' : C' x C'— R is a bifunction. We denote by EP(F,C') (2.47), the solution set of
(2.47).

Let F': C x C — R be a bifunction and f : H — H be a mapping . The Generalized
Equilibrium Problem (GEP) is defined as: Find = € C such that

F(z,y) + (f(x),y —x) >0, (2.48)
for all y € C. We denote by GEP(F, f) the solution set of (2.48).

Remark 2.4.3. If F = 0, the GEP (2.48) reduces to VIP (2.44) and when f = 0, the
GEP (2.48) reduces to EP (2.47).

In 2013, Kazmi and Rizvi [134] introduced and studied the Split Generalized Equilibrium
Problem (SGEP) in real Hilbert spaces, which is formulated as finding an element 2* € C
such that

Fi(z*,2)+ ¢1(2",2) >0, Ve el (2.49)
and
y* = Ax* € @ solves Fy(y*,y) + é2(y*,y) >0, Yy € Q, (2.50)

where Fi,¢; : C x C — R and F5, ¢ : @ x (Q — R are nonlinear bifunctions and
A : Hy — H, is a bounded linear operator. We denote the set of solutions of the SGEP
(2.49)-(2.50) by

SGEP<F1,¢1,F2,¢2) = {l’* S C:z" S GEP(F1,¢1) and Az* S GEP(FQ,QbQ)},

If F5 =0 and ¢ = 0, the SGEP reduces to the generalized equilibrium problem studied
by Cianciruso et al. [59] which is defined as finding an element 2* € C' such that

F(z*,z) 4+ ¢(z",2) > 0, Vo e, (2.51)

where F': C x C' — R and ¢ : @ X @ — R are two bifunctions. We denote by GEP(F, ¢)
the solution set of the GEP (2.51). The GEP is general in the sense that it includes as
particular cases, minimization problems, fixed point problems, Nash equilibrium problems
in noncooperative games, mixed equilibrium problems, variational inequality problems to
mention but few, see for example [17, 89, , , , |. When ¢ =0 in (2.51), the
GEP reduces to the classical Equilibrium Problem (EP) in the sense of Blum and Oettli

[29].
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Observe also from (2.49) and (2.50) that when ¢y, ¢2 = 0, the SGEP reduces to Split
Equilibrium Problem (SEP) in the sense of [133], which is defined as finding an element
x* € C such that

Fi(z*,2) >0, Vzel
such that
y* = Ax™ solves Fy(y*,y) >0, VyeQ.

We denote by SEP(F}, F3), the solution set of the SEP.

The Split Variational Inequality Problem (SVIP) was introduced and studied by Censor
et. al. [54] and they defined the problem as follows: Find z* € C such that

(filz*),x —a*) >0, Vz e, (2.52)
and such that

y* = Az" € @ solves (fa(y"),y —y*) >0, Vy € Q, (2.53)

where f; : C'— Hy and f5 : ) — Hj are nonlinear mappings. The SVIP have already been
used in practice as a model in intensity-modulated radiation therapy (IMRT) treatment
planning and the modelling of many inverse problems arising for phase retrieval and other
real-world problems such as data compression, sensor networks in computerized tomogra-
phy, for example, (see [67]).

For solving EP, we assume that the bifunction F' : C' x C' — R satisfies the following
assumptions:

(Al) F(z,x2) =0, for all x € C;

(A2) F' is monotone, i.e. F(x,y)+ F(y,z) <0, Vx,y € C;

(A3) for each x,y, z € C,limsup,_,, F(tz + (1 — t)z,y) < F(z,y);

(A4) for each x € C,y — F(z,y) is convex and lower semi-continuous.

Let r > 0 and x € H. Then, there exists z € C' such that

1
F(Z,y)+;<y—2,2—$>20, VyGC'

2.5 Some important lemmas
In this section, we recall some important definitions and lemmas which will be needed in
the proof of our main results.

Definition 2.5.1. Let H be a real Hilbert space and C' be a nonempty closed and convex
of H. A mapping T : C — C 1is said to be demiclosed at 0, if for any bounded sequence
{z,} C C such that {z,} converges weakly to x and lim,,_, ||z, —Tx,|| =0, then Tz = x.
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Definition 2.5.2. A single-valued mapping A : H — H is said to be hemi-continuous, if
for any x,y,z € H, the function t — (A(x + ty), z) is continuous at 0.

Lemma 2.5.3. [07] Let H be a real Hilbert space and T : H — H be L-Lipschitzian
mapping with L > 1. Denote K := (1 — &) I +&T((1—n) I +nT) if 0 <& <n< 1+\/11+T’
then the following conclusions holds.

(1) F(T) = F(T((1 - )] +nT)) = F(K);

(2) If T is demiclosed at 0, then K is also demiclosed at 0;

(3) In addition, if T : H — H is quasi-pseudocontractive, then the mapping K is quasi-
nonexpansive, that is,

|Kx —u|| < |lx —u*|| V2 e Hand u* € F(T) = F(K).

Definition 2.5.4. [23] A function ¢ : H — R is said to be Gateauz differentiable at x € H,
if there exists an element denoted by ¢ (x) € H such that

lim c(x+ hv) — c(x)
t—0 h

= (v,d(x)), Y veH, hel01],

where ¢ (z) is called the Gateaur differential of ¢ at x. Recall that if for each x € H, ¢ is
Gateaur differentiable at x, then c is Gateaux differentiable on H.

Definition 2.5.5. [23] A convex set ¢ : H — R is said to be subdifferentiable at a point
x € H if the set

Oc(z) ={z € H | cy) > clx)+(z,y—z) YVyec H} (2.54)

is nonempty. Fach element in Oc(x) is called a subgradient of ¢ at x. We note that if ¢ is
subdifferentiable at each x € H, then c is subdifferentiable on H. It is also known that if
c is Gateauz differentiable at x, then c is subdifferentiable at x and dc(zx) = {c(z)}.

Definition 2.5.6. Let H be a real Hilbert space. A function ¢ : H — R U {400} is said
to be weakly lower semicontinuous (w-lsc) at v € H, if

< Timi
c(x) < 17ILI—I>1—&Eof c(xy)

holds for an arbitrary sequence {x,}12% in H satisfying x, — .

Definition 2.5.7. A bounded linear operator D : C — H is called strongly positive if there
exists a constant ¥ > 0 such that

(Dz,z) > 7||z||?*, forall x€C.

Lemma 2.5.8. [100] Let C' be a nonempty closed and convex subset of H, y := Pc(z) and
p € C. Then

ly = pll* < llz = plI* = flz — ylI*.

Lemma 2.5.9. [77] Let C be a nonempty closed and convex subset of H. Let A: C — H
be a continuous, monotone mapping and z € C, then

2eVI(C/A) <— (A(x),x—z) >0V zeC.
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Lemma 2.5.10. [70] Let H be a real Hilbert space and A : C — H be a continuous
pseudomonotone mapping. Then, x* € VI(C, A) if and only if

(Az,x —2*) >0, Vo e C.

Lemma 2.5.11. [105] Assume that the solution set VI(C, A) of the VIP (2.44) is nonempty,
and C is defined as C := {x € H | ¢(x) < 0}, where ¢ : H — R is a continuously differ-
entiable conver function. Let & € C. Then, T € VI(C, A) if and only if either

1. A(z) =0, or

2. € 0C and there ezists ¢ > 0 such that A(Z) = —ed(z), where OC denotes the
boundary of C'.

Lemma 2.5.12. [02] Let H be a real Hilbert space and {x;};en be a bounded sequence in
H. For ¢, € (0,1) such that >~;°, 0; = 1, the following identity holds:

[o.¢] o0
1N b= dlled? = > 6l —
i=1 i=1

1<i<j<oo

Let C' be a nonempty convex subset of a real Hilbert space H. It is a known fact that the
mapping J : C' — H is uniformly continuous if and only if for every € > 0, there exists a
constant K < 400 such that

[Jz = Jy| < Kllz —yll +€ Va,yeC. (2.55)

Lemma 2.5.13. [201] Let H be a real Hilbert space and S : H — H be k-strictly pseudo-
contractive mapping with k € [0,1). Let Sy := ol + (1 — «)S, where o € [3,1). Then,
(i) F(S) = F(Sa),

(i1) S, is a nonerpansive mapping.

Lemma 2.5.14. [251] Let S be a k-strict pseudocontractive mapping on a closed and
convex subset C' of a real Hilbert space H, then I — S is demiclosed at any point y € H.

Lemma 2.5.15. [1/5] Suppose H be a real Hilbert space. In addition, let A : H — H
be a hemicontinuous, monotone and bounded operator, and B : H — 2% be a mazimal
monotone operator. Then, the operator (A + B) : H — 2% is mazimal monotone.

Lemma 2.5.16. [2/5] Let H be a real Hilbert space and T : H — H be a nonlinear
mapping, then the following results hold:

(i) f is nonexpansive if and only if the complement I — f is 5-ism,
(i) if f is v-ism and r > 0, then rf is %-ism,

(111) f is averaged if and only if the complement I — f is v-ism for some v >
for some 5 € (0,1), f is f-averaged if and only if [ — f is %—ism,

. Indeed,

N[ —=
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() if f1, is Pr-averaged and fy is Ba-averaged, where By, By € (0, 1), then the composite
J1f2 is B-averaged, where = 31 + Ba — B152.

Lemma 2.5.17. [219] Let H be a real Hilbert space and let n be a real number with
n € (—oo,1). Let T : H — H be an n-demimetric mapping. Then F(T) is closed and
convez.

Lemma 2.5.18. [01] Let H be a real Hilbert space, then ¥ x,y € H and o € (0,1), we
have

(i) 2(z,y) = l=lI” + lyll* = llz = ylI* = llz + ylI* = [l=[* = [ly[I*,
(it) low + (1 = a)yl|* = allz|® + (1 = a)yll* — a(l — a)llz —y]%,
(iti) |lz+yl* < ll=lI* +2{y, z +y).

Lemma 2.5.19. [70] Let E be a uniformly convez real Banach space. For arbitrary r > 0,
let B,(0) := {x € E : ||z|| < r}. Then, for any given sequence {x;}3°, C B,.(0) and for
any given sequence {\;}32,, in (0,1) with Y .2, N; = 1, there exists a continuously strictly
increasing convex function

g:10,2r] - R with ¢(0) =0,
such that for any positive integers i, j with v < j, the following inequality holds
I sl =Y Ml = D Mgl — 25).
i=1 i=1 ij=1

Lemma 2.5.20. [/ 1] Let E be a 2-uniformly smooth Banach space with the best smooth-
ness constant k > 0. Then, the following inequality holds:

Iz +ylI? < [|=]]* + 2{y, Jo) + 2||ky|]*, V 2,y € E.

Lemma 2.5.21. [2/]] Given a number r > 0, a real Banach space E is uniformly convex
if and only if there exists a continuous strictly increasing function g : [0,00) — [0, 00) with
g(0) = 0 such that

Az + (1= Nyll* < Ml + (1 = NIyl = A1 = Ng(llz = yl);
for all z,y € E with ||z|| <r and |ly|| <7 and X € [0, 1].

Lemma 2.5.22. [127] Let E be a uniformly convex and smooth Banach space and let
{zn}, {yn} be two sequences in E. If ¢(xp,yn) — 0 and either of {xz,} or {y,} is bounded.
Then, ||zn — ynl| — 0.

Lemma 2.5.23. [227] Let {1,,} and {p,} be two nonnegative real sequences such that
Totl S Tn+ pn, V0 2> 1

If 570 pn < 00, then lim 7, ewists.

n—o0
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Lemma 2.5.24. [150] Let {a,} be a sequence of nonnegative real numbers satisfying the
following relation:

an+1 S (]- - an)an + Onp +7n7 n Z 17

where {a,} is a sequence in (0,1) and {0,} is a real sequence. Assume that > v, < o0
and o, < a,M for some M > 0, then {a,} is a bounded sequence.

Lemma 2.5.25. [220] Let Hy and Hy be real Hilbert spaces. Let A : Hy — Hs be a
bounded linear operator with T # 0, and S : Hy — Hy be a nonexpansive mapping. Then
(1 — ST is ﬁ—ism.

Lemma 2.5.26. [275] Let {a,} be a sequence of nonnegative real numbers satisfying the
following relation,
An+1 S (1 - an)an + CYn(Sn, n 2 no,

where {a,} C (0,1) and {6,} C R are sequences satisfying the following conditions:

[o@)
> a, = o0 and limsup §,, <0, then, lim a, = 0.
n=1 n—00 n—0o0

Lemma 2.5.27. [17)] Let E be a Banach space, v > 0 be a constant, p, be the gauge
of uniform convexity of f and f : E — R be a continuous uniformly convex function on
bounded subset of . Then, for any x,y € B,, we have

f(zakxk) <" onf () — ol — )
k=0 k=0

for alli,j € NU{0}, o € B,,ap € (0,1) and k € NU {0} with > ap = 1. Here,
k=0
B, ={z€e E:|]z|]| <r}.

Lemma 2.5.28. [79] Let E be a reflexive Banach space, f : E — R be a strongly coercive
Bregman function and V' be a function defined by

V(z,z") = f(x) — (z,2") + f*(2¥), v € E, " € E".
The following assertions also hold:

Dy(x,7f*(z")) = V(x,2%), for allz € E and 2™ € E*.

Ve, 2*) + (v f(x") —z,y") < V(x,2"+y*) forall x € Fand z*,y" € E*.

Lemma 2.5.29. [21)] Let E be a real Banach space with Fréchet differentiable norm and
B*(t) be defined by

[z + tyl[* — [l

B*(t):sup{ ; — 2y, j(x)) :||y||:1}, Vee E and 0 <t < 0.
(2.56)
Then, lim;_,o+ 5*(t) = 0, and for all h € E such that h # 0, we have
[l + Al * < [ * + 2k, (@) + [ |R]15*(||A]])- (2.57)
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Remark 2.5.30. In Lemma 2.5.29, if *(t) < ct, fort > 0 and for some ¢ > 1, then we
obtain from (2.57) that

2(h, j(x)) < |l=]]* + cllh]]* — ||z — hl[*. (2.58)

Lemma 2.5.31. [79, 6] Let E be a Banach space and f : E — R a Gateaux differentiable
function which is uniformly convex on bounded subsets of E. Let {y }nen and {yn tnen be
bounded sequences in E. Then,

nh_)rgon@naxn) =0= nh_glo [y — 20| = 0.
Lemma 2.5.32. [2/8] Let E be a reflexive Banach space and f : E — R a convex function
which s bounded on bounded subsets of E. Then, the following assertions are equivalent:
(i) f is strongly coercive and uniformly conver on bounded subsets of E;

(i) dom f* = E*, f* is bounded on bounded subsets and uniformly smooth on bounded
subsets of E*;

(i1i) dom f* = E*, f* is Fréchet differentiable and <7 f* is uniformly norm-to-norm con-
tinuous on bounded subset of E*.

Lemma 2.5.33. [79] If domf contains at least two points, then the function f is totally
convex on bounded sets if and only if the function f is sequentially consistent.

Lemma 2.5.34. [19/] Let f : E — R be a Gateauz differentiable and totally convex
function. If xo € E and the sequence {Dy(xn,xo)} is bounded, then the sequence {x,} is
also bounded.

Lemma 2.5.35. [2/8] Let f : E— R be a continuous convex function which is strongly
coercive. Then, the following assertions are equivalent:

(i) [ is bounded on bounded subsets and uniformly smooth on bounded subsets of E,

(i1) f is Fréchet differentiable and <7 f* is uniformly norm-to-norm continuous on bounded
subset of E*,

(11i) domf* = E*, f* is strongly coercive and uniformly convex on bounded subsets of E*.

Lemma 2.5.36. [2/8] Let f : E — R be a continuous convez function which is bounded
on bounded subsets of E. Then, the following are equivalent:

(i) f is super coercive and uniformly conver on bounded subset of E,

(ii) dom f* = E*| f* is bounded and uniformly smooth on bounded subsets of E*,

(iii) dom f* = E*, f* is Fréchet differentiable and <7 f* is uniformly norm-to-norm contin-
uous on bounded subset of E*.

Lemma 2.5.37. [195] Let C be a nonempty closed and convex subset of a reflexive Banach
space E andx € E. Let f : E — R be a Gateauz differentiable and totally convex function.
Then,

(ii) Dy(y, PA(x)) + D(Pl(x), ) < Dy(y,x) ¥ y € C.
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Lemma 2.5.38. [79] Let f : E — RU{+4o00} be a convex function whose domain contains
at least two points. Then, the following statement hold:

(i) f is sequentially consistent if and only if it is totally convexr on bounded subsets.

(i) If f is lower semicontinuous, then f is sequentially consistent if and only if it is uni-
formly convex on bounded subsets.

(111) If f is uniformly strictly convex on bounded subsets, then it is sequentially consistent,
and the converse implication holds when f is lower semicontinuous, Fréchet differentiable
on its domain and the Fréchet differentiable <7 f is uniformly continuous on bounded sub-
sets.

Lemma 2.5.39. [100] Let {a,} be a sequence of non-negative number such that a,; <
(1 — an)a, + apry,, where {r,} is a sequence of real numbers bounded from above and
{an} C [0,1] satisfies Y a,, = co. Then limsup a,, < limsupr,,.

n—o0 n—oo

Lemma 2.5.40. [271] Let E be a Banach space, s > 0 a constant, ps the gauge of uniform
convexity of g and g : E — R a convex function which is uniformly convexr on bounded

subset of E. Then
(i) for any x,y € By and a € (0,1), we have

glaz + (1 —a)y) < ag(z) + (1 — a)g(y) — a(l — a)ps(l|lz — yl]),

(i) for any x,y € B,

ps(llz = yll) < Dy(x,y)-
Here, Bs:={z € E : ||z|| < s}.

Lemma 2.5.41. [155] Let {ay}nen be a sequence of real numbers such that there exists
a subsequence {n;}ien of {n}tnen such that a,, < a,,,, for all i € N. Then there exists a
subsequence {my }ren C N such that my — oo and the following properties are satisfied by
all (sufficiently large) numbers k € N:

Uy, < Upyeyy and Qg < Qg
In fact, mp = max{j < k:a; < aj1}.

Lemma 2.5.42. [60] If f and g are two convex functions on E such that there is a point
xo € domf Ndomg where f is continuous, then

f+g)(x)=0f(x)+dg(x), VxeE. (2.59)

Lemma 2.5.43. [17/] Let E be a real p-uniformly convex and uniformly smooth Banach
space, v > 0 be a constant. Let z,xp € E (k=1,2,..., N) and oy, € (0,1) with ch\; ay =
1. Then, we have

AT O (@), 2) <Y (i, 2) — asasgr (|15 () — T2 (2)]),

k=1

for alli,j € {1,2,.... N} and gt : RT — RT being a strictly increasing function such that
9:(0) = 0.
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For any z* € C, the subgradient of the convex function g(x*,.) at z* is represented by
Oag(z*, x*), that is,

Ohg(a®,a™) = {9 € E" : g(z7, )
*7/0

> g(z*,2") + (p,v —2*), Yvel}
={¢ € E":g(z",v) = (¢,v

— 2%, YoueCl).

Lemma 2.5.44. [272] Let K be a nonempty conver subset of a Banach space E. Let
g: K — R be a convex, subdifferentiable function on K. Then g attains its minimum at
x € K if and only if 0 € 0g(x) + Nk (x), where Nk (x) is the normal cone of K at x, that
18

Nig(z):={z € E": {(x —p,2) >0, Ve K}.

Lemma 2.5.45. [205] Let E be a real p-uniformly convex and uniformly smooth Banach
space, g : E — R be a strong coercive Bregman function and V, : E* x E — [0,400) be
defined by

1 1
Vy(x,x") = Z_?qup — (z,2") + ng*Hq, VaeFE o*e B

Then, the following assertions hold:

(1) V, is nonnegative and conves in the first variable.

(it) Dp(x, J (z%)) = Vy(z,2*), Yz € E, * € E*.

(iii) Vy(x,2*) + (JE (2%) — 2, y*) < Vp(2,2* +y*),V z € E, 2*,y* € E*.

Lemma 2.5.46. [2/5] Let ¢ > 1 and r > 0 be two fized real numbers. Then, a Banach
space E is uniformly convex if and only if there exists a continuous, strictly increasing and
convex function g : Rt — R*, g(0) = 0 such that for all x,y € B, and 0 < o < 1,

laz + (1 = a)yl|* < aflz[* + (1 = a)lly[|* = Wy(a)g(llz = yl)),

where Wy(a) == a?(l1 —a)+a(l —a)? and B, :={z € E: ||z|| <r}.

To solve pseudomonotone EP, the following assumptions will be needed:

Assumption A:

(A1) f is pseudomonotone, i.e., forall x,y € C, f(x,y) > 0= f(y,x) < 0and f(z,z) =0,
for all z € C.

(A2) f satisfies the Bregman-Lipschitz type condition on C|, that is, there exists two
positive constants ¢; and ¢y such that

f(Iay) + f(yu Z) > f(l’,Z) - ClAg(:U?x) - CQAg(ya Z)v v T,Y, 2 € Ca

where g : E — (—o00,400] is a Legendre function. The constants ¢; and ¢y are called
Bregman-Lipschitz coefficients with respect to g.

(A3) f(z,.) is convex, lower semicontinuous and subdifferentiable on C' for all z € C.
(A4) f is jointly weakly continuous on C' x C' in the sense that, if z,y € C and {z,} and
{yn} converges weakly to = and y respectively, then f(x,,y,) — f(z,y) as n — oc.
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Lemma 2.5.47. [52] Let C be a nonempty, closed and convez subset of a uniformly convex
and uniformly smooth Banach space E and f : C' x C' — R be a bifunction satisfying
conditions Ay — Ay of Assumption A. For the arbitrary sequences {u,} C C and {\,} C
(0,400), let {z,} and {t,} be sequences generated by

2 = argmin{ A, f (Un, w) + Ap(w,uy,) : w e C},
t, = argmin{ A, f(zn, w) + Ap(w,u,) : we C}.

Then, for all z* € EP(f),

1. <Jflun — Jflzn,w = 2n) < Aalf (U, w) — f(tn, 2n)]

2. Ap(z*,t,) < Ap(x*, uy) — (1 — Ape1) Ap(2n, upn) — (1 — Apc2) Ap(tn, 2n)-

Lemma 2.5.48. [220] Let C' be a nonempty closed and convexr subset of a real Hilbert
space H. Given x € H and z € C. We have that z = Pcx if and only if (v — 2z, z—y) >
0, VyeC.

Lemma 2.5.49. [210] Let C be a closed and convex subset of H, let h be a real-valued
function on H and define K := {x € C' : h(z) < 0}. If K is nonempty and h is Lipschitz
continuous on C'" with modulus 8 > 0, then

dist(x, k) > 0~ max{h(x),0},Vx € C,
where dist(z, K) denotes the distance function from x to K.

Lemma 2.5.50. [117, | Let Hy and Hy be two Hilbert spaces. Suppose A : Hy — Ho
s uniformly continuous on bounded subsets of Hy and M is a bounded subset of Hy. Then
A(M) is bounded.

Lemma 2.5.51. [2/0] Let {a,}5°, be a sequence of non-negative real numbers satisfying
Qp+1 S (1 - wn)an + wnbn + 9n7 n Z O,

where {n}22 1, {bn}2,, and {0,}5°, satisfy the conditions:

(i) Yo € 011, 3 v =00 or T[(1 - 1) =0

(#1) limsup b, < 0;

n—0o0

(111) 0, >0, (n>1), > 0, < .
n=1

Then lim a, = 0.
n—oo
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Lemma 2.5.52. [158, 225] Let {T',,} be a sequence of real numbers that does not decrease
at infinity, in the sense that there exists a subsequence {I'y;};>0 of {I'n} such that

Iy, <Tyy1 forall j>0.
Also, consider the sequence of integers {T(n)}n>n, defined by
7(n) :=max{k <n | Ty < T}

Then {7, }n>n, 1S a non-decreasing sequence satisfying lim,, o 7, = 00, and, for alln > ny,
the following two estimates hold:

Lemma 2.5.53. [179] Let B : E — 2F" be a mazimal monotone operator and A : E — E*
be a BISM mapping such that (A + B)™1(0%) # 0. Let g : E — R be a Legendre function,
which s uniformly Fréchet differentiable and bounded on bounded subset of E. Then,

Ag(u, Resyp 0 AG(x)) + Dg(Resyp 0 AZ(x), ) < Ag(u, ),
forany w€ (A+B)*(0"), v€FE and o> 0.

Lemma 2.5.54. [179] Let B : E — 2F" be a mazimal monotone operator and A : E — E*
be a BISM mapping such that (A + B)™1(0%) # 0. Let g : E — R be a Legendre function,
which s uniformly Fréchet differentiable and bounded on bounded subset of E. Then,

1. (A4 B)™1(0*) = Fiz(Res? 5 0 AY);
2. (Res?z 0 A9) is a BSNE operator with ~Fix(Res? ;0 A%) = Fiz(Res’, o A9).

Lemma 2.5.55. [202] Let {z,} C Ry, {a,} C (0,1) such that > 7, a, = 400 and
{d,} C R. Assuming that

Zni1 < (1 —ap)z, + apdy,, VYn > 0.
If limsup; . d,;, <0 for every subsequence {z,,} of {zn} which satisfies the relation
liminf (2,41 — 2n,) > 0,
j—o00

then lim,, o 2, = 0.
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Chapter 3

Split Generalized Equilibrium
Problems and Fixed Point Problems
in Banach Spaces.

3.1 Introduction

In this chapter, we present our results on psuedomonotone equilibrium problem and com-
mon fixed point problem of Bregman quasi-nonexpansive mappings in the framework of
p-uniformly convex and uniformly smooth Banach spaces. Furthermore, we present our
results on split generalized equilibrium problem with multiple output sets and common
fixed point problem for an infinite family of multivalued demicontractive mappings in real
Hilbert spaces. A review of some important works that motivate our study in this chapter
was done in Section 2.4.7.

3.2 Pseudomonotone equilibrium and common fixed
point problems

In this section, we study and analyze a Halpern-type subgradient extragradient algorithm
for approximating a common solution of pseudo-monotone equilibrium problem and com-
mon fixed point problem for a finite family of Bregman quasi-nonexpansive mappings in
the setting of p-uniformly convex Banach space which is more general than related works
done in real Hilbert spaces. Moreover, we prove a strong convergent theorem for our
algorithm. We apply our result to solve the classical variational inequality problem.

3.2.1 Main result

We present our algorithm and show its convergence analysis. First we begin with the
following assumptions.

50



Assumption 3.2.1.

~

. F is a p-uniformly convex real Banach space, which is also uniformly smooth.
2. C is a nonempty, closed and convexr subset of E.

3. f:C xC — R is a bifunction satisfying Ay — Ay of Assumption A.

4

. D E = E, j=12..,m:1s a finite family of Bregman quasi-nonexpansive
mappings such that I — D; is demiclosed at zero for each j =1,2,...,m.

5. The solution set Q := EP(f,C) N(;Z, Fiz(D;) # 0.

In addition, let {vn}, {en}, {7n;}jo be positive sequences satisfying the following con-
ditions:

(C1) {7} € (0,1), limy ooy =0, 2% 7 = oo.
(C2) {e,} € (0,1) such that lim < =

n—oo M

(C3) {nnj} € (0,1), > gmn; =1 and liminf, o 9,07, > 0.

We now present the main algorithm. The sequence {z,} is generated as follows:

Algorithm 3.2.2. Calculation of the sequence {z,}.
Initialization: Choose 1o € C, u € E, py >0, pe€(0,1), 0> 3 and setn=1.

Step 1. Given the iterates x,,_1 and x,, (n > 1), we choose 0,, such that 0 < 6, < 0,,, where

: n—1 €n -
B min { 251, et W n 7
O, = (3.1)
n—1 .
T otherwise.

Set

wy, = J 7! (J(zn) + 0, (J(Tp1) — J(a:n))) (3.2)
Step 2: Compute
ty = arg min{p, f (wn, 2) + A (2, wn) }-

If w, = uy,, set u, =v, and go to Step 4. Else, do Step 3.
Step 3: Compute

v, = arg micn{pnf(un, 2) + Ay(z,wy)},
zE n
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where Cn - {Z SO <J(wn) — PnPn — J(un)a < _Un> S 0}: and ¥n € 82f(wm un) Satisfying
J(wn) = pnipn — J(un) € Ne(un).

Step 4: Compute
2y = J 71 (%OJ(U“) + Z nnij(Djvn)) .
j=1
Step 5: Calculate x,1 and py.1 as follows:
Tn1 = J_l (’an(u) + (1 - '7n)‘](zn)) )

and

. (Ap (Un,wn)+Ap (Un,un))
mln{pn’ f(wn7'5n)_f(wn7u'ff))_f(u'flvvn) }

Pnt1 = Zf f(wn7vn) - f(wnaun) - f(unvvn) >0 (33)
Pn, Otherwise.

Set n =n+ 1 and revert to Step 1.
Remark 3.2.3. Indeed, from (3.1), it follows that

On
lim —||zp—1 — || = 0. (3.4)

In fact, we obtain the following:

Qonn—l - xn” S €n,

which follows from the above inequality and our hypothesis (C2) that

Consequently, by the norm-to-norm continuity of J, it follows that

Ox
lim —||Jz,—1 — Jz,|| = 0. (3.5)

n—0o0 ’yn

Lemma 3.2.4. The sequence {p,} generated by Algorithm 3.2.2 is well-defined and bounded.

Proof. Evidently, from (3.3), it is clear that that p,+1 < p, V n € N. This means that
Pn+1 1s monotonically decreasing. Furthermore, we obtain from Assumption A that

1A (Un, wy) + Ay (Vn, Up) > f(wn, v3) — f(wn, wn) — f(tn,vy).
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Hence

o (Ag (U, wn) + Ag(vn, un)) > 12 (Ag(um wy) + Ay(vn, Up))
J(wn, vy) = f(wn, un) — f(Un,vn) — ClAg(um wy) + C2Ag(vm Uy, )
1 (Ag (un, wy) + Ag(vn, un))
~ max{cy, 2 HAg(Un, wy) + Ag(vp, uy))
o
max{cy, o}’

Therefore, we conclude that the sequence {p,} is bounded by min{py, M} > 0,
which implies that lim p, = p > 0. [
n—oo

Lemma 3.2.5. Let {x,} be a sequence generated by Algorithm 3.2.2 such that {x,} is
bounded. Suppose conditions (C1) and (C2) hold, then for all x* € Q we have:

lim e—n <Ap($*,$n_1) - A‘P(x*a In)) = 0.

n—oo Q{n

Proof. Let x* € Q). Observe that

. , 1 ) 1, .
Ap(x*, Tn-1) — Ap(a™, zn) = ay\xn,lup —(@", J(@n-1)) + ];H:U 17

1
— p _ p * —
=~ (el = ) + 6o, T a) = ()
1 *
< Ml =zl + 1) = )l (36)

for some constant M > 0.

Applying (3.4) and (3.5), we obtain from (3.6) that

) M 6
im — * _ * < 1 . _
T 2 (A (0 wa) = Ayl ) ) < T (S e —
* 977«
12 1) = Tl =0,
which is the required result. [

Lemma 3.2.6. Suppose Assumptions 3.2.1 hold. The sequence {x,} generated by Algo-
rithm 3.2.2 1s bounded.

Proof. Let z* € Q. We obtain from (3.2) that

= 8 [, (01— 00 )
< (1= 00)Ap (2", 20) + Op (27, T —1). (3.7)
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From Algorithm 3.2.2; since v,, € (,,, we obtain that

which implies that

<J(wn) - J(“ﬂ)? Up — un> < pn<§0m Up — UN> (3'8)

Also, since @, € O f (wy, uy,), we have that

f(wmz> - f(wn;un) > <90n,2 —Un> VzeF.

In particular, we have

Jwn,vn) = f(Wn, Un) > (Pn, Un — Un). (3.9)
Using (3.8) and (3.9), we obtain
(J(wn) = J(Un), Vn — Un) < pp{ f(Wn,vn) — f(Wn, Un)}. (3.10)

Furthermore, since v, = argmin,ec, {pnf(un, 2) + Ay(2,w,)}, we obtain from Lemma
2.5.44 that

0 € 0 (pnf(un, ) + Ag(z,wn)) (vs) + Ne, (vn).

The above expression implies that there exists ¢, € 0af(un,v,) and ¢ € N, (vy,), such
that

Prfn + J(vn) — J(wy,) + ¢ = 0.
Furthermore, since ¢ € N, (vy,), for all z € ¢, we have (¢, z — v,) < 0. Therefore,
Pl @y 2 — Un) = (J(wy) — J(vp), 2 —vy), V2 €. (3.11)
Moreover, ¢, € Oaf(uy, v,) implies that

fun, 2) = f(tn,vn) = {@p, 2 —v,) V2 € (.

Thus,
P (f (tn, 2) = [ (s 0n)) = pu(Pn, 2 = Un) V¥ 2 € G (3.12)
Combining (3.11) and (3.12), we obtain
(J(wn) = J(vn), 2 = vn) < pp (f(Un, 2) = fltn,00)) ¥ 2 € Ga. (3.13)

Since z* € Q, then z* € EP(f,C). Observe that EP(f,C) C C C (,. Hence, by letting
z=2a* € EP(f,C) in (3.13), we get

(J(wn) = J(vn), 2" = vp) < pu (f (U, %) = f(tn, vn)) -
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Since f(z*,u,) > 0, then by the pseudo-monotonicity of the bifunction f, we have that
f(u,, z*) < 0. Consequently, we have

(J(wy) — J(vp), 2" — vy) < —puf(Un,vy). (3.14)
Adding (3.10) and (3.14) together gives
(J(wpn) — J(vn), 2" —vy) + (J(wn) — J(un), Uy — Uy)
< Pl f (wn, vn) = f(Wn, tn) = f(tn, vn) }-
Applying Bregman three point identity, (2.13) we have

Ay, vn) < Ap(a", wn) — Ap(tn, wn) — Ap(vp, un)
+ pn{f(wmvn> - f(wm un) - f(Un,Un>}'

Besides, we obtain from the definition of p,, that

Ap(z*,v,) < Ap(z*,wy) — Ap(tn, wy) — Ap(vn, up) (3.15)
P s 00) = (i) = S, vn)}
< 00, ) = 3y ) = By t) L (3 1) + By
n+1
= A, (2" w,) — (1 - ppn ,u) (Ap(tn, wn) + Ap(n, uy)). (3.16)
n+1

Since lim,, (1 — —&u> =1—p > 0, then there exists N € N such that

Pn+1

(1— P ,u)>0, Vn > N.
Pn+1

Hence, we have

Ay(z*v,) < Ay(x*,wy,), VYn > N. (3.17)

Also, from Algorithm 3.2.2 and the fact that D, is quasi-nonexpansive for each j € N, we
have

Ao ) = B, ( 7 (madto) + 3 nn,jJ<Djvn>)>

=1

< N0 Ap (T, vn) + Z M, Ap (2", Djvn)

j=1
S nn,OAp(:C*v Un) + Z nn,jAp(x*v Un)
j=1
= Ay(x", vy,). (3.18)

95



Therefore, we get

Ayla o) = & (57,07 (300 + (1= 7)) )

< A Ap(x™,u) + (1 —yn) A (2™, 2,) (3.19)
< PYnAp(x*? u) + (1 - ’Yn)Ap(m*’Un)

< lBp(z%, u) + (1= ) Ap(a”, wn)

< BBy, 0) + (1= ) [(1 = ) Ay, 2) + On(a”, 70 1)

< max{A,(z",u)}, max{A,(z", z,,), Ap(z*, p_1)} (3.20)

< max{A,(z", u)}, max{A,(z", zn), Ap(z™, xn_1)}.

Therefore, {A,(z*,x,)} is bounded and by Lemma 2.5.34, the sequence {z,} is also
bounded. Consequently, {z,}, {v.} {u.} and {w,} are all bounded. O

Lemma 3.2.7. Suppose we let r = sup,en{||J(vn)|, ||J(D;vn)]|} and let W, : E* — R be
the gauge of uniform convexity of the conjugate function g*. It follows that

Wq (nn,j)

Ap(a”, zn) < Ap(a”, vn) — TQ(I!J(%) — J(Djva)ll) (3.21)

where Wy(n,5) = (1n,0)* ZTzl Mnj + nn,O(ZTzl M)

Proof. Indeed, we obtain from Algorithm 3.2.2 that:

Ap(x*,2,) = A, (a; J <nn,0J(vn) - Xm: nnﬁjJ(Djvn)) )

Jj=1

= ‘/p (ZL’*, nn,OJ(Un) + Z nn,jJ(DjUn)> .

=1
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Furthermore, we get from Lemma 2.5.45 and Lemma 2.5.46 that
Ap(x*, 2p) = ]_)Hx 17 = npofa™, an ,J(Djon))
1
+ 5”7771,0J(Un) + Z Mg (Djon) ||

j=1

1
pHx 17 = mn0(z, J(vn)) an ", J(Djvn))

7j=1

1 (T
+ ol (@) + anuwmnq (q 3) g(17(wn) = (D))

1 *
:Z;nn,OHx 17+ Z%;Hx 17 = M0 (z", J(vn)) an z*, J(Djvn))

]1 7j=1

+;,7n0|u w) |4 + Zwu Djun)||* — (;7’”) (Il (vn) = J(Djvn)ll)
= o {31l P = 07, e + 210l

N ji;n"’j {%Hx*H” — (", J(Dyun)) + éHJ(Djvn)H"}

= Wals) g 170) = J(Dyu0)I)

q

= N0y (z%, v, +Z77m (" Dvn)

7=1

WQ(!U(W = J(Djwa)l).

Since D; is Bregman quasi-nonexpansive for each j € N, we obtain

A 20) € ool ) + 3 s Al ) — %Wg(HJ(Un)—J(DjUH)H)

7j=1

= A" v0) — quwn) IOy,

Next, we prove the strong convergence theorem for the sequence {x,} generated by our

proposed algorithm.

Theorem 3.2.8. The iterative sequence {x,} generated by Algorithm 3.2.2 under As-

sumption 3.2.1 strongly converges to x* € §2, where x* = Projé(u).

Proof. Suppose z* = Projé(u). Then from Algorithm 3.2.2 and by applying Lemma 2.5.45
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(iii), we have

Ap(a*, zpar) = Ay (2, T (3 (1) + (1= 70) I (20)))
1 @ () (1= 30 ()
<, (x (L= = () = () (3.22)

w(J(u "), Xpyr — TF)
- ( (2% + (1= ) J (2 >)+%<J<u>—J<x*>,an—x*>
< V@, T@) + (1= 3Vl T () + Al (1) — (@), s — )
— (1= )&, ) + A (T) — ("), s — ). (3.23)

Applying (3.21) in (3.22), we obtain
* * LL’ Un{
Al i) = (1) | 8560 00) = 0 1 5(0,) — 3Dy )|
+ Y (J(u) = J(z"), 2py1 — a¥). (3.24)
Furthermore, by applying (3.7) and (3.15) in (3.24) we have

By (" ns) < (1=7) [Ap@:*,wn)— (1 Ln) (prn,wn)wp(vmun))]

Prn+1

) [Wgw(m - J<Djvn>u>] o lT(W) = T, s — )
<(1-7) [(1 A" 1) + 0 (1 >}

— (1 =) (1 _ Pr u) <Ap(un, wy) + Ap(vn,un)>

Pr+1
= (1= ) o) g 50, = D)) + 70T (0) = Ta). s — )
* Pn
= (1= ) ) = (0= 30 (1= ) (B, w00) Ay 00, 00)
- (1= ) P21 0,) = S (D0 + (3.25)

Mmﬁwwz(%O%@ﬂ%FQ—AAﬂJM)+@M@—J@ﬂwml—ﬂ».

n

Thus, from (3.25), we have
p

- (1-

. M) (Ap(un,wn) + Ap(vn,un)) <A (x",xn) — Ap(a®, Tnt1) + 1 Vn,

pn+1
(3.26)
Also, from (3.25), we obtain
1oy Valmd) g0y~ (. < Azt 2,) — A (2 v 3.97
(1 =) . g([[J(vn) = J(Djun)l]) < Ap(x™, 20) — Ap(z*, Tpga) + 1 Wue  (3.27)

o8



Moreover, it follows from (3.25) that

Ap(x”, xpg1) < (1 — ) A (2", 2) + 10,V (3.28)

We now show that the sequence {z,} converges to z*. Let a, := Ay(x,,x%), it is easy to
see that (3.28) satisfies the inequality

CLn—&—l S (]- - 'Yn)an + '7n\IJn

To apply Lemma 2.5.55, it is enough to show that limsup ¥,,, < 0 for every subsequence
k—o0

{A (%, xp,)} of {A,(x*, x,)} satisfying the relation

liminf (A, (2", 2p, 1) — Ap(x™, 25, )) > 0. (3.29)

k—o00

Now, we assume that {A,(z*,z,,)} is a subsequence of {A,(z*, z,)} such that (3.29)
holds. Then, from (3.26) and by applying (3.29) and condition (C1), we have that

. Pn
lim Sup(l - 'Yn;) <1 - —k,u> (Ap(unka wnk) + Ap(”nka unk»
k—o0 Pry+1

< limsup <Ap(:1:*, Ty ) — Ap(2*, 2, 1) + ’ynk\Ifnk>

k—o0

= lim sup (Ap(x*, Tp, ) — Ap(27, xnk+1)>

k—o0

k—o00

< —liminf (Ap(a:*,xnkH) — Ap(x*,xnk)>

< 0. (3.30)
It follows that

lim sup (1 - ﬂu) (Ap(tn,, Wn, ) + Ap(Vny, Up, ) = 0. (3.31)

Since lim p,, exists, then lim e — 1. Using the fact that p € (0,1), it follows from
k—00 n—oo Prp+1
(3.31) that

Im Ay, (up,,wn,) =0;  Hm A,(v,,un,) = 0.
k—o0 k—o0

By Lemma 2.5.31, we obtain

klggo “unk - wnkH =0= l~ch—>Holo ”Unk - unkH (332)
Consequently, we have
lim ||vp, — wp, || < Hm ||v,, — wp, || + lim |Ju,, —w,, || = 0. (3.33)
k—00 k—o00 k—o0
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Similarly, from (3.27) and by applying (3.29), we have

limsup(1 — Vnk)WQ(HJ(UnQ — J(Dju,)ll)

k—s00
< liirisup (Ap(x*, Tp,) — Ay (2", 20y 11) + %k‘l’nk)
= lim sup (Ap(:c*, T, ) — Ap(z”, xnkﬂ))
k300
< —li’?gglf (Ap(x*,xnkH) — Ap(x*,xnk))
<0.
Therefore,

. W, Tin ,J
lim sup(1 — %,»%g(w(vnk) (D)) = 0.

k—o0

By condition (C3), we have

]}Lngog]|J(vnk) —J( D, )l=0, j=1,2,...,m.
By the property of ¢ and the fact that J~! is norm-to-norm continuous on bounded subsets
of E*, we have

lim ||v,, — Djv,, || =0, j=1,2,...,m. (3.34)

k—o0

Moreover, by applying condition (C3) and (3.34) we obtain

kh—{go |20, — Jon, || = kh—{{.lo 17,0 (i) + Znnkij(Djvmc) = J(vn,)]

j=1

< 1 (9 0ll Fom) = T )|+ 3 s 17(Dgen,) = T (0l = 0.

=1

By the norm-to-norm continuity of J~! on bounded subsets of E*, we get

lim ||z, — v, || = 0. (3.35)
k—o0

From (3.33) and (3.35), we have
lim ||z, — wy, || = 0. (3.36)
k—o0
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Recall that w,, = J~ ! J(2,) + On, (J(Tpy—1) — J(xnk))} . Then, by using (3.5) we obtain

fim |7(u,) = 7 (@,)]| = Jim 5o, - 25 (1) = T )| 0. (337

k—o0 i

By the norm-to-norm continuity of J~! on bounded subsets of E*, we get

kh_fgo ||wnk - xnk“ = 0. (338)

Then, from (3.32), (3.35), (3.36) and (3.38) we obtain
kh_{go ”znk B 'Ink“ = kh—>r£10 ank - ':Enk” = kh_{go ||unk - xnk” = 0. (339)

Furthermore, from Algorithm 3.2.2, we have

T (1) = T )| = i [ T(0) + (1= 30 (z2,) = T (22|

By the norm-to-norm continuity of J~! on bounded subsets of E*, we have

k:lggo ||xnk+1 — Zny || =0. (34())

Therefore, from (3.39) and (3.40) we obtain

Bim g, 41 = ]| = 0. (3.41)
—00

Next, since {x,} is bounded, then w,(x,) is nonempty. Let & € w,(x,) be an arbitrary
element. Then, there exists a subsequence {z,, } of {x,} which converges weakly to & € E.
Then, by (3.39) it follows that {u,, } converges weakly to & € E. Also, since

Up,, = arg Izrgg{pnkf(wnw z) + Ap(z, wnk)}’

it follows from Lemma 2.5.44 that
0€ 8<pnkf(wnk, z) + Ap(z,wnk)) (tn,,) + Ne(uy, ), z€C.

This means that
PPy + J(Un, ) — J(wy,) + ¢ =0, where ¢ € Ne(uy,). (3.42)
Observe that

<¢>Z_unk>§0, Vzel.
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Therefore, it follows from (3.42) that
<pnkgpnk’z - unk> + (¢, 2 — unk> = <J(wnk) - ‘](unk)v z = u”k)’

Consequently, we have

pnk<90nk7 z = U’"k) > <J<wnk) - ']<unk)7 e unk> (343)
Furthermore, since ¢,, € 0af (wy,, , un, ), we have
fwn,,2) = f(wn, tn,) = (Qnpy 2 — Up, ), V2zeC. (3.44)
Combining (3.43) and (3.44), we have

Doy (f(wnk,z) - f(wnk,unk)> > (J(wp,) — J(Un,), 2 — Up,), V2zeC, (3.45)
Since klim |wn,, — tn, || = 0 and J is uniformly continuous on bounded subsets of E, we
—00
have
i (1) = J(w,) | = 0. (3.46)

Consequently, passing limit & — oo in (3.45) and by applying condition (A4), (3.38) and
(3.46) we obtain

f(#,2) >0, VzeC,
which implies that,
T € EP(f,C). (3.47)

Also, since klim |Vn, — Djvn, || =0, j=1,2,...,mand v, — & by (3.39), then by the
—00

demiclosedness of I — D;, we obtain & € F(D;), V j=1,2,...,m. Therefore, it follows
that

ie [ F(Dy). (3.48)
Since & € wy,(x,) is arbitrary, then by combining (3.47) and (3.48), we have

wo(za) C EP(f,C) N ﬁ F(D;). (3.49)

j=1

To complete the proof, we need to show that klirn U, < 0. Firstly, we show that
—00

limsup(J(u) — J(z%), zp,,, —2) <0.

k—o00 o
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By the boundedness of {z,, }, there exists a subsequence {x,, } of {z,, }such that z,, — ¢
J J
and

lim (J(u) — J(z%),x,, — %) = lmsup(J(u) — J(z*), z,, —z*).
J—0o0 J k—00

Since z* = Projl,(u), then by (2.19) and (3.41) we get

limsup(J(u) — J(z*), 2p,,, — %)

k—o00
= limsup(J(u) — J(2%), 2y, — ) + limsup(J(u) — J(2"), Tn, ., 2., )
k—o0 k—o0
= lim (J(u) = J(27), 2, — 27)
J—00 J
= (J(u) = J(z"),q — 27)
<0. (3.50)

Recall that ¥,, = (Z—:(l — V) (Ap(x*, 1) — Ap(a™, ) + (J(u) — J(2%), Tpyr — a:*>>

Now, by Lemma 6.3.6 and (3.50) we have that limsup,_,. ¥,, < 0. Next, by applying
Lemma 2.5.55 to (3.28), we conclude that A,(z*,z,) = 0 as n — oo. By Lemma 2.5.31,
it follows that lim ||z,, —2*|| = 0. Hence, {z, } converges strongly to & € Q as required. [

3.2.2 Application

In this subsection, we apply our result to study the classical variational inequality problem
(VIP). Given an operator A : C'— E*. The VIP is formulated as finding a point

q¢* € C such that (z —¢", A(¢")) >0, VzeC. (3.51)

The solution set of VIP (3.51) is denoted by VIP(C, A).

Variational inequalities have been found very useful in various real-world problems such
as optimization problems, minimax theorems, differential equations and in certain appli-
cations to economic theory and mechanics. For more details on variational inequalities
(see, [1, 96, 97, 180] and the references contained therein).

The mapping A : C' — E* satisfies the following conditions:
(D1) A is pseudo-monotone; that is for any z, y € C, we have
(Az,y — ) > 0= (Ay,y — ) 20,

(D2) A is K-Lipschitz continuous with respect to A,, that is, there exists a constant
K > 0 such that

A, (Az, Ay) < KAy(z,y), Vz,y e C,
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(D3) A is sequentially weakly continuous, that is, for any sequence {z,} C C, we have
r, — v € C implies that Az, — Az € E*.

Lemma 3.2.9. [82] Let C' be a nonempty, closed and convex subset of a reflexive Banach
space E, A: C — E* be a nonlinear mapping. Then,

Mo (JF [JE@) = 0AW)]) = argmin{0(z — y, A@) + Ayl 2)},  (352)
forallx € E, ye C and 0 € (0,4+0).

If we take f(z,y) = (A(z),y —x), YV x,y € C, then since @, € Osf(wy, u,), we have that

f(Wn, 2) = flwn,up) > (pn, 2 —uy), Vz€E,

which implies that

(A(wy), z —wy) — (A(wy), up — Wwy) > (Op, 2 — Uy).

Simplifying the last inequality, we obtain

<A(wn)_90n7z_un> 20, VZGE

From this, it follows that

(J(wn) — pnA(wy) — J(uy), 2 — uy) < (J(wy) — pron — J(un), 2 —up) <0, Vz€( CE.
(3.53)

Now, taking f(z,y) = (A(z),y —x), YV x,y € C, then the bifunction f satisfies conditions
(A1)-(A4) (see [32]). Hence, by applying Theorem 3.2.8 and Lemma 3.2.9, we obtain
the following result for approximating a common solution of pseudo-monotone variational
inequality problem and common fixed point problem for a finite family of Bregman quasi-
nonexpansive mappings in p-uniformly convex real Banach space, which is also uniformly
smooth.

Theorem 3.2.10. Let E be a p-uniformly convex real Banach space, which is also uni-
formly smooth and let C' be a nonempty, closed and convex subset of E. Let A: C — E*
be a mapping satisfying conditions (D1)-(D3) and let D; : E — E, j =1,2,....m
be a finite family of Bregman quasi-nonexpansive mappings such that I — D; is demi-
closed at zero for each j. Suppose that conditions (C1)-(C3) hold and the solution set
[':= VI(C, A)N;L, F(D;) # 0. Then, the sequence {x,} generated by Algorithm (3.2.11)

below converges strongly to x* € I', where x* = Proj%(u)‘

Algorithm 3.2.11.

Choose xg € C, u € E, py >0, pe€(0,1) and set n = 1. Given the iterates x,_,
and x,, we have
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rwn = J! (J(xn) + 0,(J(21) — J(:cn)))

up = Ho[J7H (T (wn) — puA(w,))]

Co=A{z€ E: (J(w,) — ppA(w,) — J(up), z — u,) < 0}
Un = ch[J_l(J(wn) — pnA(un))]

2= I (M0 (00) + Sy Mg (Dyon)

(vt =5 (0 + (= ) () ).

(3.54)

: B(Ap (un,wn)+Ap (vn,un))
mln{p“’ (Awn —Atn,vn—un) }

where the sequence of step sizes {py} is defined by ppi1 = < if (Aw, — A, v, — uy) > 0

Pn, oOtherwise,

and 0,, is defined by (3.1).

3.2.3 Numerical experiments

In this section, we provide some numerical experiments to show the convergence rate/performance
of our proposed iterative method, Algorithm 3.2.2 and compare it with some related meth-
ods in the literature.

In the numerical experiments, for our proposed Algorithm 3.2.2, we consider the case for
which m = 5 and choose = 0.9, v, = (2n—1+1), M0 = g Mg = 5(721T++11)v j=1,2,...,5.
In Appendix 9.1.1, we choose A, = 0.3, B, = 5"5. In Appendix 9.1.2, we choose { =
0.1, v = 0.4 and in Appendix 9.1.3, we take N = 1. In Tables 3.1.17, 3.1.18 and 3.1.19,
Iter. means the number of iterations while CPU means the CPU time in seconds.

Firstly, we consider the following two examples in finite dimensional spaces.

Example 3.2.12. Let the bifunction f be defined by

flzy) = [F()]" (y — =),

where T is the transpose of F(x) and F(x) = Mx + P(x) with M an p X p symmetric
semidefinite matriz and P is defined by:
[N

2
—|ly — : R?| .
A iyl v e

P(z) = argmin

We let C = {x € RP : Az < b}, where A € R?”? and b € RY with ¢ = 10. The
bifunction f is pseudo-monotone and satisfies conditions (A1)-(A4) of Assumption A.
In addition, for j =1,2,..m, let D; : R? — RP be defined by Dj(x) = 55 = Tj(x). It is
easy to verify that D; is Bregman quasi-nonexpansive for each j = 1,2,...,m. We choose
u=uz1 = (1,1,...,1), zy = 2u € C and different cases of p.
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Example 3.2.13. Consider the Nash-Cournot oligopolistic equilibrium model [150]. Let
the bifunction f € R™ be defined as

f(x,y) = (P +Qy +r,y —x),

where r is a vector in RP and P, Q) are two matrices of order p such that Q) is symmetric
positive semidefinite and () — P is symmetric negative semidefinite. We define the set C
such that C' = {x € RP : Az < b}, where A € R¥*? is a random matriz and b € RY with
q = 10. It is easy to see that f is pseudo-monotone and satisfies conditions (A1)-(A4) of
Assumption 3.2.1 with the Lipschitz constants ¢y = cg = %.

For the optimization program in Algorithm 5.2.2, we have the following steps:

L 7
— argmin{=2" H,z + b}
Uy = arg Izrélél{QZ nZ + by 2},

where H, = 2p,Q + I and b, = p, [(P — Q)w, + 1] — wy;
and

1 _ -
v, = arg min [§zTan + bfz} , (3.55)

ZGCn

where H, = 2p,Q + I and b, = p, [(P — Q)w, + 1] — w,. Also, since ¢, € Oaf (Wn,un),
we see that @, = 2Qu, + (P — Q)w, + r. Furthermore, letting a,, = (I — p,(P — Q))w,, —
(200,Q + Iuy, — ppr, we get that ¢, = {x € R? : {a,, x) < (an,un)}.

Equation (3.55) is a quadratic convex program which can be solved efficiently using Matlab
Optimization Toolbox. In addition, forj =1,2,..m, let D; : RP — R? by D;(z) = % =T;.
It is easy to verify that D; is Bregman quasi-nonexpansive for each j = 1,2,...,m. Also,
r, P and Q are selected randomly and u = xy = 1 = (1,1,...,1) € C with different cases

of p.

We next consider the following example in infinite dimensional space.

Example 3.2.14. Let E = (5(R) be the linear spaces whose elements are all 2-summable
sequences {x;}32,

o0
ly=A{x: 2z = (21,29,...,24,...), T; €ER and Z |z;|* < oo},

=1

with inner product (.,.) : ly X ly — R and norm ||.|| : {3 — R defined by

o0 o0 2
(wy) =Y i and |zf| = (Zw) L where x = {2}, y={ui}2 € b
=1 i=1

Let C ={x € E : ||z| < 1}. Define the bifuntion f: C x C — R by

floy) =@ = [zl y —2), Va,yel
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It can easily be verified that f is pseudo-monotone and satisfies conditions (A1)-(A4) of
Assumption A with Lipschitz constant ¢; = ¢y = g Also, for 7 = 1,2,...m, we define

D; : ly — Uy by Dj(z) = & = T;(x). It is easy to verify that D; is Bregman quasi-

nonexpansive for each j =1,2,....m.
We test Example 5.2.12, Example 3.2.13 and Example 3.2.1/ under the following experi-
ments:

Experiment 3.2.15. In this experiment, we check the behavior of our method by fixing
the other parameters and varying 0 in Fxample 3.2.12. We do this to check the effects of
this parameter and the sensitivity of our method on it.

We choose qn = 35U, gn = g and p € {5,10,15,20}. Using |[zp1 — x| < 107 as
the stopping criterion, we plot the graphs of ||x,+1 — xn|| against the number of iterations
in each case. The numerical results are reported in Fig. 3.1 and Table 3.1.17.

Experiment 3.2.16. In this experiment, we check the behavior of our method by fixing
the other parameters and varying €, in Example 5.2.13 We do this to check the effects of
this parameter and the sensitivity of our method on it

We consider e, € { 2n+1)3, (2n+5)3, (2n+1)4, (2n+5)4, 2n+1 = } which satisfies Assumption 3.2.1
(5)(C2). We choose g = 55U, Gn = 57U andp € {5 10,20,30}. Using ||xni1 — x| <
10~* as the stopping criterion, we plot the graphs of Han - xn|| against the number of
iterations in each case. The numerical results are reported in Fig. 3.2 and Table 3.1.18.

Experiment 3.2.17. In this experiment, we check the behavior of our method by fix-
ing the other parameters and varying p in Example 5.2.1/. We do this to check the
effects of this parameter and the sensitivity of our method on it. We consider p €
{0.5,1.0,1.5,2.0,2.5}. Using ||Tps1 — Tn|| < 107 as the stopping criterion, we plot the
graphs of ||zn41 — x|l against the number of iterations in each case. We choose u =

11 _ _n __n ; ; o4
(1,55 ) tn = iy gn = 3,57u and consider different cases of initial values xo and

x1 as follows:
Case 1 : @9 = (5,25, 135" ) @1 = (Ligogo ).
Case 2 : xg=(2,1,%,-- ), 2y = (1,%,1,..-).
Case 3 : o= (L, &, &, ), a1 = (1,41,

Case 4 : xoz(g,l—g,?)—z,---% $1=(1,%,%,---).

The numerical results are reported in Fig. 3.5 and Table 3.1.19.
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Iteration number (n) Iteration number (n)
Figure 3.1: Top left: p = 5; Top right: p = 10; Bottom left: p = 15; Bottom right: p =
20.
Table 3.1.17. Numerical results for Example 3.2.12 (Experiment 3.2.15).
Alg. Alg. Alg.
Cases ﬁ@p . ;11;” é f;”;p ; 9.2.2 9.2.2 9.2.2
o o (0 =23) (0 =6) (0=9)
_5 CPU 0.0819 0.0478 0.3500 0.0356 0.0518 0.0323
P=2 Her, 9 14 48 5 5 5
CPU 0.0870 0.0462 0.4494 0.0501 0.0481 0.0603
p=10 Iter. 10 11 56 6 6 6
CPU 0.1107 0.0513 0.5404 0.0574 0.0541 0.0527
p=15 Iter. 11 12 01 0 0 o
CPU 0.1158 0.0608 0.4254 0.0723 0.0554 0.0575
p=20 Iter. 11 12 65 7 7 7

Table 3.1.18. Numerical results for Example 3.2.13 (Experiment 3.2.16 ).
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Figure 3.2: Top left: p = 5; Top right: p = 10; Bottom left: p = 20; Bottom right: p =

30.
Alg. Alg. Alg.
App. App. App. 3.2.2 3.2.2 3.2.2
Cases 9.1.1 9.1.2 9.1.3 (&n = (2 = (& =
1 2 1
@rs) i) Gaed)
_, CPU 0.1510  0.1280  0.6744  0.0838  0.0852  0.0930
P=9 rter. 10 22 17 7 7 7
CPU 0.0949  0.0786  0.4007  0.0781  0.0620  0.0580
p=10  Iter. 12 23 57 8 8 8
CPU 0.1115  0.0480  0.4606  0.0782  0.08/8  0.0754
p=20 Iter. 13 11 69 9 9 9
CPU 0.0892  0.0803  0.5/78  0.0551  0.0723  0.080/
p=30  Iter. 13 13 7 9 9 9

Table 3.1.19 Numerical results for Example 3.2.1/ (Experiment 3.2.17).
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——Alg 3.2 (p = 2.0)}
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Figure 3.3: Top left: Case 1; Top right: Case 2; Bottom left: Case 3; Bottom right: Case

4,
Alg. Alg. Alg.
Cases g”;p : g”;p ) g“;p . 3.2.2 3.2.2 3.2.2
- - - (p=05) (p=10) (p=1.5)

| CPU 0.005,  0.0047  0.0044  0.0152  0.0113  0.0113
Iter. 2 2/ 44 9 9 9

) CPU 0.0037  0.0067  0.0041 0.0115  0.0098  0.0099
Iter. 20 2 14 9 9 9

P CPU 0.0008  0.0018  0.0012  0.0029  0.00251  0.0031
Iter. 2/ 24 14 9 9 9

y CPU 0.0026  0.0036  0.0027  0.0027  0.0031 0.0044
Iter. 20 24 44 9 9 9

Remark 3.2.18. We use distinct starting points, values of p and vary the other parameters
i FExperiment 5.2.15, Experiment 5.2.16 and Fxperiment 3.2.17 respectively, we get the
numerical results shown in Tables 3.1.17-3.1.19 and Figures 3.1-3.3. We compared our
method, Algorithm 5.2.2 with the methods in Appendiz 9.1.1, Appendix 9.1.2 and Appendix

9.1.5.

In addition, we observe the following from our numerical tests and experiments:
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e [n the numerical experiments, we randomly selected the parameters and noted that
regardless of the choices made, the number of iteration does not change and no sig-
nificant difference in the CPU time.

o In Experiment 5.2.15, we examine the sensitivity of 6 for each case of p in order to
know if the choices of 0 affect the performance of our method. Clearly, from Table
3.1.17 and Fig. 3.1, the number of iterations for our method is well behaved for
0 € {3.0,6.0,9.0,12.0,15.0}. In addition, there is no significant difference in the
CPU time as we vary the value of 6.

e In Fxperiment 3.2.16, we examine the sensitivity of €, for each case of p in order
to know if the choices of €, affect the performance of our method. Clearly, from

Table 3.1.18 (md Fig 3.2, the number of iterations for our method is well behaved

2
for e, € { 2n+1)3, 2n+5 3, (2n+1 5 Gy (2n+1)0} Moreover, there is no significant

difference in the CPU tzme as we vary the value of B,,.

o In Experiment 3.2.17, we erxamine the sensitivity of p for each starting points in
order to know if the choices of p affect the performance of our method. Clearly, from
Table 3.1.19 and Fig. 3.3, the number of iterations for our method is well behaved
for p € {0.5,1.0,1.5,2.0,2.5}. In addition, there is no significant difference in the
CPU time as we vary the value of 6.

o From Tables 3.1.17-3.1.19, Fig. 5.1, Fig. 3.2 and Fig. 3.3, we noted clearly that
in terms of number of iterations, our method, Algorithm 3.2.2 performs better than
the existing methods in Appendiz 9.1.1, Appendix 9.1.2 and Appendixz 9.1.3 and no
significant difference in the CPU time.
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3.3 Split generalized equilibrium problem with mul-
tiple output sets.

In this section, we introduce and study the notion of Split Generalized Equilibrium Prob-
lem with Multiple Output Sets (SGEPMOS). We propose a new iterative method which
employs viscosity approximation technique for approximating the common solution of the
SGEPMOS and common fixed point problem for an infinite family of multivalued demi-
contractive mappings in real Hilbert spaces. Using our algorithm, we state and prove a
strong convergence result of our iteration sequences. Our method uses self-adaptive step
size which does not require prior knowledge of the operator norm. An application to Split
Variational Inequality with Multiple Output Sets (SVIPWMOS) was considered.

The following results are needed:

Lemma 3.3.1. [2/9] Let H be a Hilbert space. Let x,y,z € H and «, 3,7 € R such that
a+ B+~ =1. Then, we have

lax + By +721* = all=l* + Bllyll* +~12lI* — aBlle — ylI* — arllz — 2I* = Bylly — 2|

Assumption 3.3.2. Let C' be a nonempty closed convex subset of a Hilbert space H. Let
F:CxC—=Rand¢p:C xC — R be two bifunctions satisfy the following conditions:

(Bl) F(z,z) >0 for all z € C,
(B2) F is monotone, i.e., F(z,y) + F(y,z) <0 Vz,y € C;
(B3) F is upper hemicontinuous, i.e., for each z,y,z € C,

limsup F(tz + (1 — t)x,y) < F(z,y);

t—o00

(B4) For each x € C fixed, the function y — F(z,y) is convex and lower semicontinuous;
(B5) ¢(x,z) >0 for all z € C;

(B6) For each y € C fixed, the function z — ¢(x,y) is upper semicontinuous;

(B7)

B7) For each z € C fixed, the function y — ¢(z,y) is convex and lower semicontinuous,

and assume that for fixed r > 0 and z € C,. there exits a nonempty compact convex
subset K of H and = € C'N K such that

1
F(y,x)—i—qﬁ(y,x)—i—;(y—x,x—z) <07 vyEC\K

Lemma 3.3.3. [15/] Let C' be a nonempty, closed and convez subset of a real Hilbert space
H. Let F:CxC —=Rand¢:C xC — R be bifunctions satisfying the assumptions
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B1-B7 and ¢ is monotone. Forr > 0 and for all x € H, define a mapping (SRR N
as follows:

1
TOr = {2 € C 1 F(a ) + 6(a'y) + - ly —a"" —2) 20, Wy O},
Then, the following conclusions hold:

(i) T s single-valued;
(i1) TP s firmly nonexpansive, i.e., for any x,y € H,

T = Ty |2 < (100 = Ty — y); (3.56)

(iii) Fio(T\5%) = GEP(F, ¢):;
(iv) GEP(F, ) is compact and convet.

Lemma 3.3.4. [2/0] Let H be a real Hilbert space. A mapping T : H — H is firmly
nonexpansive if and only if its complement I — T is firmly nonexpansive.

3.3.1 Main result

In this section, we present a modified viscosity-type algorithm for approximating a common
element of the set of solution of the split generalized equilibrium problem with multiple
output sets and the common fixed point problem for an infinite family of multivalued
demicontractive mappings in real Hilbert spaces.

Let C' be a nonempty closed convex subset of a real Hilbert space H. For:=1,2,..., N, let
C; be nonempty closed convex subset of Hilbert spaces H; and let A; : H — H; be bounded
linear operators. Let F.¢ : C' x C — R, F;,¢; : C; x C; — R be bifunctions satisfying
assumptions (B1)-(B7) in Assumption 3.3.2 and for each j € N, let S; : H — CB(H)
be a family of multivalued demicontractive mappings with constant k; € (0, 1) such that
I — S; is demiclosed at zero and S;(p) = {p} for each j € N,p € N, Fix(S;). Suppose the
solution set denoted by

I:= ﬁ Fix(S;) NGEP(F,¢) N (ﬂ A7HGEP(F;, ¢))) # 0. (3.57)

=1

Let g : H — H be a p-contraction with constant p € (0,1). Let {a,,}, {0n}, {ttn}, {7}, 7 €
N, be sequences in (0,1), and {¢,,;} is a sequence of positive real numbers for each
i=0,1,2,...,N and n > 0. Let {x,} be a sequence generated as follows:

Algorithm 3.3.5.

Step 0: For any xog € H, let Hy = H,Ty = I, Fy = F, ¢y = ¢ and set n = 0.
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Step 1: Compute
Un = Z ﬁi,n |:xn - 7—1',7114:< ([HZ - T,ﬂ(ZFZ’d)Z))Azxn] . (358)

Step 2: Compute

Yn = TnoUn + D VniZh, (3.59)
j=1
where 25 € Sjv,, j=1,2,...
Step 3: Compute
Tpt1 = Qng(xn) + 0pxn + fnyn, n € N. (3.60)

Update:

— I = T5) A | . (3.61)
A (1 = T Ay |2 i

Setn =n+1 and go to Step 1.

The following assumptions are needed in order to establish the strong convergence result
for Algorithm 3.3.5:

(Al) lim o, =0 and > 7 ja, = 00, and ay, + 0, + fy = 1, 1, C [, ] C (0,1);
n—oo

(A2) > 0Yms =1, ligri)i;lf Yn,j(Yno—k) > 0foreach j =1,2,..., where k := sup,~,{k;} <
L;

(A3) {Bin} C le,d] € (0,1) such that 3% Bin = 1,{6in} C [e, f] € (0,2);

(A4) r;>0foreachi=1,2,..., N,max;—o1__ n{sup,{¢in}} = K < 0.

Lemma 3.3.6. The sequence {x,} generated by Algorithm 3.3.5 is bounded.

Proof. Let p € T', we get A;p = Tffi’%)Aip, for each ¢ = 0,1, ..., N. Thus, by the convexity
of the function | - ||* we obtain

N
lva =2l = 1> Bin (xn — TinAf (1™ — Tﬁf“f’”)/lifrn) —pl?
1=0
N

i
=0
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Applying the firmly nonexpansiveness of I — TT(F %9 for each i = 0,1,..., N, we obtain

|20 — T A (I — T90) Ay, — pl|?

= N = pl 2T (17— TE) AP

— 27 o (AT (I — T,,(ZFi’qsi))Aixn, Ty — D)

— |l — pI? + 72| A; (1% = TE99) Ay, |2

— 27 (I — qufi’¢i))Aixn, Az, — Aip)

= |lzn — pl|> = 27, (I — Tr(f“bi))Aixn — (1" — T}iFi"z)i))Aip, Az, — Aip)
+ 72N Ap (I — TF90) Ay, |2

< N = Bl 27l (17— T90) A

2 A7 (17 = T35 A P+ 61,)

| (17— T30) A

= ||z — I = 05n(2 — 0;0) — : (3.63)
| Az (19 — T) Ay |12 + i
which follows from (3.62) and (3.63) that
N H; (Fi,04) 4
2 2 ||(I =1 )Azan
Up =" <z =17 = Y Binblin(2 =0, —— . (3.64

Now, from Algorithm 3.3.5, Lemma 2.5.12 and the fact that S; is demicontractive for each
J € N we have that

yn = Pl = llyn.00n + Z Y7 = DIl

= [[Yn,0(n "’Z’Yﬂj Ol

oo
= Ynollvn = plI* + Z%,jHZ% =l =Y Wovngllon =z

j*1 Jj=1

<7n0||vn p||2+2’7’ng Svna jp Z’ynO'Yn]an j||2
7j=1

< Tnollvn — plI* + Z’ij[”vn — pl? + kdist(v,, Sjvn)Q] - Z%o%,jﬂvn — 2
Jj=1 Jj=1

< Ynollvn = pI* + D aglllvn = pl* + kllvn — 23 Z% 0Ynjllvn = 23
j=1

= Jloa = plI> = X i (o = B)llwn — 231>

j=1
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It follows from (3.64) that

o0
lyn = 21> < M|z = 1% = D Vs (im0 = F)llon — 24|
j=1

N ; (Fisi) 4
(1" = T7") Aiza|
i=0 | 4; (I =T )Aﬂ:nH + Gim
and it follows from the conditions (A2)-(A4), that
[y — DI < [J2n — pII. (3.66)
Further, by applying (3.66) we have
[Zn1 = pll = long(zn) + 6520 + pinyn — D
< anllg(zn) = Pl + Sullzn — pll + pnllyn — pll
< an(llg(zs) = gl + llg(p) = pll) + dullzn = pll + pallyn — pl
< an(pllzn = pll + llg(p) = pll) + dullzn = pll + pallzn — pll
= (pom + 0n + pin) |20 — pll + anllg(p) — pl
an(l —p)llg(p) —p
= (1= au(1 = ), — pl + 22— 2lotr) 7]
—p
< maX{Hxn _pH7 Hg(p) _pH }
L=p
It therefore follows by induction that
g\p)—Dp
s | < ma { s —pJ, EPL= P,
—p
Hence, {z,} is bounded and consequently, {v,}, {y,} and {27} are all bounded. O

It is easy to see that the operator Prog is a contraction. Thus, by the Banach Contraction
Principle, there exists a unique point z* € I" such that * = Pr o g(z*). It follows from
the characterization of the projection mapping that

(g(z") — 2",z —2*) <0, Vzel. (3.67)

Lemma 3.3.7. Let {x,} be a sequence generated by Algorithm 3.3.5 and let p € T'. Then,
under conditions (A1)-(A4) and Assumption 3.3.2 the following inequality holds for all
ne€N:
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20,1 — p]>
2 n 2
Tni1 —p||° < (1 — | lzn—p
|| +1 || (1 anp) || ||

20, (1 = p) [ o, My 1
(I—ap) [2(1=p) (1-0p)

ﬂnl_an j
[zhm%o B)llon — 2311

v | (1 = T A
=0

| Az (IHi _TF ¢Z>Axn||2+¢m

(9(p) = P Tnt1 — p)}

Proof. Let p € I'. By applying Lemma 2.5.18(iii) and (3.65), we have

2041 = plI* = [lang(xn) + 0nn + ptnyn — Il
< |I5n(xn - p) + Mn(yn - p)||2 + 2an<g(mn) — Py Tpy1 — p>
< ool — plI* + i llyn — DII? + 200 i)z — pllllyn — pll + 200 (g(20) = D, Tng1 — )
< Onllzn = pl* + 1 llyn — DI + Ontin (120 — DII* + lyn — pIIP) + 20m(g(2n) — 9(p), Tng1 — D)
+20,(9(p) — P, Tnt1 — P)
= On (O + fin) ”xn _pH2 + Un(:un + 5n)||yn _pH2 + 2an<g(xn) - g(p),$n+1 - p)
+ 20, (g(p) = D, Tny1 — P)

S&ﬂ—ammm—MF+mﬂ—awh%—pW—E:%A%p—MMW—%W
j=1

N “ (]Hi . T1~(iFi’¢i)) Aixn”4
- Zﬁz,nez,n(2 in (Fydi) ]
= A7 (19 = T2 ) Al + 61

+ 2anpllzn = pllllens = pll + 200 {g(p) = p, Tns1 = p)

< (1= an)llzn = plI* = pa(1 — o) [Z%,j(%,o = k)lvn — 231”

jfl
| (1% = T) A
s (1 —T“” @) A2+ 61

}+mmﬂmn—MP+H%Hr—mm

N
+ Z ﬁi,nei,n(Q - ez,n)
=0

+ 200 (9(p) = P, Tn1 — p)
= ((1 = o) + anp) llzn = pII* + anpllznss = plI* + 200 (g(p) — P, Tns1 — )

—uarﬂ%ﬁEj%ﬂ%ﬁ—mmm—ﬁw

=1
| | (17 - ) A
A; (11 = T Ay 2 + %]

N
+ Z ﬁi,nei,n(z - ez,n)
=0
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Consequently, we obtain

(1 =2, + a2 + aup) N 20,

241 — plI* < . 2 — plI> + =——{9(p) — P, Tnr1 — p)
" (1- anp) (1 - Oznp) "
,an 1 — j

— [E%J (o = ) — 4P

v I (1 = 1) A
1=0

Ay (1% - TW ) At + Gi
(1 = 2a, + aup) a? 20,

n

(1 — p) ||l’n _p”2 + _(1 — p) ||l’n _pH2 + m(g(p) — P, Tpnt1 —p>
n n n

a0 IS = e — 24
n j=1
N I (1 =T A
= Az (1% = ) Aall? + i

~ 2a,(1=p) o ol 20,(1 = p) [ oMy 1
<(1 <1—anp>>”" P [2(1—p> =)

2
e [Zv (o — Bl — 2

v I (1 =T A )
+ Z Binbin(2 —6;n) ]
=0

n A <[H TF ¢1>Aan2+¢m

(9(p) = P, Tnr — )

where M; := sup{||z, — p||? : n € N}. Hence, the proof is complete. O

Theorem 3.3.8. Suppose that conditions (A1)-(A4) and Assumption 3.3.2 hold. Then,
the sequence {x,} generated by Algorithm 3.3.5 converges strongly to & € ', where & =

PF og(i)

Proof. Let & = Py 0 g(&). From Lemma 3.3.7, we obtain

A 20571 1 - A
st — 2] < (1 _ M) I — 22

(1 - Oénﬂ)
20,(1 — p) [ oM,y 1 N .
(1—ap) {2(1 —p)  (1—p) (9(2) — T, 21 — £U>] (3.68)

Next, we show that the sequence {||z,, — Z||} converges to zero. In order to establish this,
by Lemma 2.5.55, it is enough to show that limsup,_, . (¢(Z) — &, zn,+1 — &) < 0 for every
subsequence {||x,, — ||} of {||x, — &||} satisfying

lim inf <||:Enk+1 [P £||> > 0. (3.69)
k—o0
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Now, suppose that {||z,, — Z||} is a subsequence of {||z,, — Z||} such that (3.69) holds.
Then,

timinf (|2, o1 — 22 =, = 3l°) = liminf | (|0, 01— &l = llzn, — )
k—o0 k—o0

(l#nr = 2l + [, —21)

> 0. (3.70)

Again, from Lemma 3.3.7 we have

Mnk ank _ 12 < 1 — 2a”k[1 — p] A2
ail_ty Z’y o = Blln, = 4 < (1= =0 o, 1
. 20, (1 = p) 1, My 1
— l[znr1 — 2+ 5
wr (I—ap) L2(0—p)  (1—p

~

$(0(2) = &2 = )]

By applying (3.70) together with condition (A1), we obtain

%f—;“p))sz Bllons = 4,2 0, k= oo
Consequently, we have
i {fon, — 2 1=0 j=12,.. (3.71)
It then follows that
kh_}rgo dist(vp, , Sjvn, ) < h_}m [vn, — 2, [| =0, j=1,2,.. (3.72)

By similar argument, we obtain from Lemma 3.3.7 that

N ; (Fi,¢1) 4
‘ H(IHl—T Ay, ||
Jim g, {Z B i (2 = O, ) ¥ ) At ~0
i=0 | 4; (I ¢ )A$nkH + iy,

Vi=0,1,2,..,N.
By condition (A3), we have

H (IHi _ Tngi’@))Aifnk ”4
| Az (TH: = TH)) Az, |12 + im,

—0, k—oo, Vi=0,1,2,... N. (3.73)
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It follows from the boundedness of the operators A;, the nonexpansivity of the mappings

T5#%) and the boundedness of the sequence {z,,} that

L := max;_q,. n{sup,{||A; (I — T,«(ZF"’@))Aixnk||2}} < o0. Therefore, it follows from

(A4), that

H (IHZ' _ TvglEi’¢i))AiInk||4 N H (]Hi _ Tf"’@))Aixnkll‘l

A3 (19 = Ti590) A |2 + i, L+K
Using the last inequality together with (3.73), we have

lim [|(17 — T Ay, | =0, Vi=0,1,2,..,N.

k—o00

Furthermore, we obtain from (3.58) that
N
Jim o, — 0] = | ;ﬁi,nmmk/x:(ﬂf = T30 A, |
1=

Applying (3.74) together with (A3), it follows from the last inequality that

kh_{go ank o xnkH = 0.
Also, from (3.59) and (3.71), we have that
Hynk - U”k“ = ‘|7nk70(vnk B U"k) + Z’Vmwj(’zz% - vnk)H
j=1

[e.9]
< Z%k,jnvnk - ZfzkH — 0, k — oo.
j=1

Observe that from (3.71) and (3.77), we have

e = 20 | < 9 = Ol + llvn, — 25,1 0, k=00, Vj=12..

It follows from (3.76) and (3.77) that

||$nk - ynk” S ||xnk - U”k” + ||Unk - ynk” - O’ k — oo.

Consequently, by applying condition (A1) we have

meﬁq - x”k” = Ha”kg(xnk) + 5nkxnk + Moy Yny, — x”k”

< O‘nng(xnk) - xnk“ + 5nkank - xnkH + Unk|’ynk - xnk” — 07

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)

k — oo.

(3.80)

To complete the proof, we need to show that w,(x,) C I'. Since the sequence {z,} is
bounded, then wy,(x,) is nonempty. Let Z € w,(x,) be an arbitrary element. Then, there
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exists a subsequence {z,, } of {z,} such that z,, — = as k — oco. From (3.76), we have
that v,, — z. Now, from the fact that I —.S; is demiclosed at zero for each j = 1,2, ...,
and since from (3.71) lim [v,, — 2} || = 0 as k — oo for each j = 1,2,..., we have that

k—o00

z € Fix(S;) for all j = 1,2, ... Hence, z € N2, Fix(S;). Also, since for each i = 0,1, ..., N,

j:
A, is a bounded linear operator, it follows that A;z,, — A;z. Thus, by the demiclosedness
principle it follows from (3.74) that A;z € Fix(Trlji"z’i) for all + = 0,1,..., N. Hence,

Az € N (GEP(F;, ¢;)). Consequently, we have 7 € T, which implies that w,,(z,) C T

By the boundedness of {xz,, }, there exists a subsequence {z,, } of {z,, } such that x,, —
J J

2t and

lim (g(2) — 2, z,, — )= limsup(g(z) — 2, z,, — T).
J—00 7 k—00
Since & = Py o g(2), then from (3.80) and (3.67), we have
lim Sup(.g(‘%) - ‘(i'7 Ty — :i‘> = lim Sup<g(A) — L, Ty l‘nk>
k—o0 k—o0
+ limsup(g(z) — &, z,, — T)
k—o0
= limsup(g(z) — 2, z,, —T)
j—00 J
= (g(2) — 2,2" — 2) <0, (3.81)

Applying Lemma 2.5.55 to (3.68), and using (3.81) together with the fact that lim,, ., o, =
0, we deduce that lim,,_,« ||z, — Z|| = 0 as required.

]

If we take ¢; = 0,7 = 0,1,2,..., N in Theorem 3.3.8, we have the following consequent
result for approximating a common solution of the set of solution of split equilibrium
problem with multiple output sets and the common fixed point problem for an infinite
family of multivalued demicontractive mappings in real Hilbert spaces.

Corollary 3.3.9. Let C be a nonempty closed convex subset of a real Hilbert space H.
Foriv=1,2,..., N, let C; be nonempty closed convex subset of Hilbert spaces H; and let
F.F;, and A; be as defined in Theorem 3.3.8. For each j € N, let S; : H — CB(H) be a
family of multivalued demicontractive mappings with constant k; € (0,1) such that [ —S; is
demiclosed at zero for each j € N. Suppose the solution set denoted by I' := (2, Fiz(.S;) N
EP(F)Nn( Ny, A7 (EP(F;))) # 0, and conditions (A1)-(A4) and Assumption 5.5.2 hold.
Then, the sequence {x,} generated by the following algorithm converges strongly to & € T,
where & = Pr o g(z).

Algorithm 3.3.10.

Step 0: For any xo € H, let Hy= H,Ty = I, F, = F and set n = 0.
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Step 1: Compute

N
Un =Y Bin {xn — i Ay (I - T,fi)Aixn} . (3.82)
i=0
Step 2: Compute
Yn = Tn,0Un + Z 7n,qu%7 (383)
j=1

where 25 € Sjv,, j=1,2,...
Step 3: Compute

Tpt1 = Qng(xn) + 0pxn + fnyn, n € N. (3.84)

l!pdate:
3i,n 0 :

A (1 = TE) A2+ i

Setn =n+1 and go to Step 1.

3.3.2 Application

Let C be a nonempty closed convex subset of a real Hilbert space H, and B : H — H be
a single-valued mapping. The Variational Inequality Problem (shortly, VIP) is defined as
follows:

Find z* € C' such that (y —a2*,Bz") >0, VyeC. (3.85)
The solution set of the VIP is denoted by VI(C, B). Variational inequality was first intro-
duced independently by Fichera [87] and Stampacchia [215]. The VIP is a useful math-

ematical model, which unifies many important concepts in applied mathematics, such
as necessary complementarity problems, network equilibrium problems, optimality con-
ditions, and systems of nonlinear equations (see [90, 130]). Several methods have been
proposed and analyzed for approximating the solution of VIP (3.85) (see [5, 6, 49, ]
and references therein).

Let C be a nonempty closed convex subset of a real Hilbert space H. For ¢ =1,2,..., N,
let C; be nonempty closed convex subset of Hilbert spaces H; and let A; : H — H; be
bounded linear operators. Let B : C' — H,B; : C; — H; be monotone mappings. The
Split Variational Inequality Problem with Multiple Output Sets (shortly, SVIPMOS) is
formulated as finding a point z* € C such that

e VI(C,B)N (ﬂA VICz,B)))#Q). (3.86)
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We denote the solution set of problem (3.86) by F. By taking Fi(z,y) := (y —z, Bix),i =
0,1,2,..., N, where Fy = F, By = B, then the SVIPMOS (3.86) becomes the problem of
finding a solution of split equilibrium problem with multiple output sets. Consequently,
Corollary 3.3.9 can be used to approximate the common solution of SVIPMOS (3.86)
and the common fixed point problem for an infinite family of multivalued demicontractive
mappings S; : H — CB(H),j € N in real Hilbert spaces, where the solution set denoted
by I':= (2, Fix(S;) N F is assumed to be nonempty.

3.3.3 Numerical examples

This section provides some examples to illustrate the implementation of our proposed

methods, Algorithm 3.3.5. In our experiment, we let g(z) = %, o, = ﬁ, Op =
371——15—14’ Hn = 1 - Qn — (5n7 for ¢ = 071727 let Ty =1 = 0'577ﬁi,n = %7 Yno = %7771,]’ =
2]%, 7 = 1,2,.... Moreover, we consider the effect of varying values of the following
parameters 0;, = 2%%., 1.0, 3%”,, 1.5, 4%1,, 1.9, ¢i, = 0.5, 4%2., 1.0, 2%1., 2.0, 3%1 on our method.

All numerical computations were carried out using Matlab version R2019(b). We plot the
graphs of errors against the number of iterations in each case. The stopping criterion used
for our computation is ||z, 11 — z,|| < 107. The numerical results are reported in Figures
3.4, 3.5, 3.6 and 3.7 and Tables 3.2.11, 3.2.12, 3.2.13 and 3.2.14. In Tables 3.2.11-3.2.14,
“Iter.” means the number of iterations while “CPU” means the CPU time in seconds.

Example 3.3.11. Let H, H; = R? fori=0,1,2, with H = Hy. We define the mappings
F=F :R2xR >R F:RxR — Rand F, : R?> x R2 = R respectively by
F(x,y) = =322 + zy + 2¢%, Fi(z,y) = —42% + 2y + 3y* and Fy(z,y) = —5y> + 2y +
Sry — 5xy? for each ¥ = (11,22) € R? and y = (y1,y2) € R Also, fori = 0,1,2, let
o =0 : R2xR> - R, ¢ : R2xR?> = R and ¢ : R? x R2 — R be defined by
oz, y) = 22 —zy, o1(x,y) = 2x(x — y) and ¢o(x,y) = Sy* — 2x respectively for each
r = (v1,22) € R? and y = (y1,y2) € R*. For some r > 0, we obtain by some simple
calculation that

z —2r
1+ 5r

1
v = TFéy — y = TFérg —

P U= +1u, r and w=TM"y =
”

14+ 5r

Let A; : R? = R? be given by Ai(x) = 75 where x = (x1,15) € R®. Let S; : C — C(B) be
defined by

It is easy to see that S; is demicontractive for each j =1,2,....

Table 3.2.11. Numerical results for Example 3.3.11 (Experiment 1).
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Cases Oin = 2%” Oin =1 O n =|0in =|0in =
2 1.5 3
3+ P,
1 CPU 0.0155 0.0128 0.0096 0.0140 0.0150
time(sec)
No of Iter. 14 14 14 14 14
2 CPU time | 0.0136 0.0088 0.0128 0.0139 0.0150
(sec)
No of Iter. 1/ 1 14 1 14
3 CPU time | 0.0137 0.0089 0.0145 0.0162 0.0161
(sec)
No of Iter. 1/ 1 14 1 14
4 CPU time | 0.0135 0.0123 0.0097 0.0146 0.0151
(sec)
No of Iter. 14 14 14 14 14

Table 3.2.12. Numerical results for Example 3.3.11 (Experiment 2).

Cases (bi,n =0.5 ¢i,n = Qbi,n = 91'7” = Qi,n =
e 1.0 o 2.0

1 CPU 0.0138 0.0090 0.0132 0.0156 0.0092
time(sec)
No of Iter. 14 14 14 14 14

2 CPU 0.0139 0.0089 0.0128 0.0144 0.0140
time(sec)
No of Iter. 1 1 14 1 14

3 CPU 0.0139 0.0091 0.0148 0.0151 0.0093
time(sec)
No of Iter. 14 14 14 14 14

4 CPU 0.0136 0.0088 0.0140 0.0152 0.0092
time(sec)
No of Iter. 14 14 14 14 14

The next example is in the framework of an infinite dimensional Hilbert spaces.

Example 3.3.12. Let H, H; = {5 for i = 0,1,2, ... be the linear spaces whose elements
consists of 2-summable sequences (1, xa, ..., x;,...) of scalars, i.e.,

by ={z:2=(r1,29,...,24...) and Z |lz;]* < oo},
i=1
with an inner product (.,.) : by X {5 — R defined by

(z,y) = inyi where © ={x;}2,, y=A{y}Z, € b

=1

For i = 0,1,2, let the mapping A; : lo — (5 be defined by A;x = (%,%, Im )
Jor all x = {xy ), € b and A} : by — Uy be defined by Ajz = (%,%,..,2,..) for
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Figure 3.4: Top left: Case 1; Top right: Case 2; Bottom left: Case 3; Bottom right: Case
4.

all z = {z,}°_, € ly. Define the mapping F; : o x ls — R by F;,= F such that
F(z,y) = —2*+y* V o={x}2,, y={vi}2. and ¢; =0, for each i = 0,1,2. It is
easy to see that

1—7r

TED y = — g
" 5r +1

Also, for j =1,2,..., we define S; : C' — CB({3) by
Sjz = [0, =]

Vi=1.2, .
50 Y

It is easy to see that S; is 0-demicontractive for each j =1,2,... and Fiz(S;) = {0}.

Table 3.2.13. Numerical results for Example 3.3.12 (Experiment 1).
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Figure 3.5: Top left: Case 1; Top right: Case 2; Bottom left: Case 3; Bottom right: Case
4.

Cases Oin = QLJFZ Oin =1 Oin =|0in =|0in =
= 1.5 yET
3+i 4+1
1 CPU 0.0544 0.0112 0.0144 0.0130 0.0158
time(sec)
No of Iter. 33 33 33 33 33
2 CPU 0.0129 0.0093 0.0153 0.0133 0.0138
time(sec)
No of Iter. 34 33 34 33 34
3 CPU 0.0134 0.0124 0.0096 0.0142 0.0137
time(sec)
No of Iter. 33 33 33 33 33
4 CPU 0.0161 0.0174 0.0164 0.0166 0.0133
time(sec)
No of Iter. 33 33 33 34 34

Table 3.2.14. Numerical results for Example 3.3.12 (Experiment 2).
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Figure 3.6: Top left: Case 1; Top right: Case 2; Bottom left: Case 3; Bottom right: Case
4.

Cases ¢i,n =05 ¢i,n = Cbim = gi,n = Qi,n =
= 1.0 507 2.0

1 CPU 0.0132 0.0100 0.0112 0.0116 0.0118
time(sec)
No of Iter. 33 33 33 33 33

2 CPU 0.0154 0.0122 0.0102 0.0146 0.0138
time(sec)
No of Iter. 33 33 33 33 33

3 CPU 0.0141 0.0100 0.0133 0.0141 0.0140
time(sec)
No of Iter. 33 33 33 38 38

4 CPU 0.0161 0.0169 0.0142 0.0169 0.0160
time(sec)
No of Iter. 33 33 33 34 34

We test these examples under the following experiments:

Experiment 1:
In this experiment, we check the behavior of our method by fixing the other parameters
and varying 0, ,,. We do this to check the effects of the parameter 6;,, on our method.

For Example 3.3.11 We consider the following cases for the initial value of z :

Case 1 : o = (0.78,1.25);
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Figure 3.7: Top left: Case 1; Top right: Case 2; Bottom left: Case 3; Bottom right: Case

4.

Case 2 : xg
Case 3 : xg

Case 4 : xg

(3.78,1.25);

= (4,2);
= (-1,-5)
Also, we consider 6;,, € {2%1, 1.0, 3%1., 1.5, 4%2.,

and Figure 3.4.

1.9}, which satisfies Assumption (A3). We
use Algorithm 3.3.5 for the experiment and report the numerical results in Table 3.2.11

For Example 3.3.12 We consider the following cases for the initial value of z :

Case 1 : xg

Case 2 : xg

Case 3 : xg

Case 4 : x

(2,1

L)
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Also, we consider 0;,, € {2+ 1.0, 2= 5o L 5, 2= 15> 1.9}, which satisfies Assumption (A3). We
use Algorithm 3.3.5 for the experiment and report the numerical results in Table 3.2.13
and Figure 3.6.

Experiment 2:
In this experiment, we check the behavior of our method by fixing the other parameters
and varying ¢, ,,. We do this to check the effects of the parameter ¢;, on our method.

For Example 3.3.11: We consider the following cases for the initial value of xg :

Case 1 : zg = (0.78,1.25);
Case 2 : xop = (3.78,1.25);
Case 3 : zg = (4,2);
Case 4 : xg = (—1,-5).
Also, we consider ¢;,, € {0.5, 7> 0 L 0, > 570 2. 0, — 545 1> Which satisfies Assumption (A4). We

use Algorithm 3.3.5 for the experiment and report the numerical results in Table 3.2.12
and Figure 3.5.

For Example 3.3.12: We consider the following cases for the initial value of xg :

Case 1 : z9=(2,1,%, --+);
Case 2 : xg = (4,-2,1,--);
Case 3 : w9 = (—3,2,—2,--);

Case 4 : mg= (6,1,%,-++).

Also, we consider ¢;,, € {0.5, 2 o L 0, - 5 2- 0, - 547 > which satisfies Assumption (A4). We
use Algorithm 3.3.5 for the experiment and report the numerical results in Table 3.2.14

and Figure 3.7.
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Chapter 4

Split Monotone Variational Inclusion
Problems and Fixed Point Problems

4.0.1 Introduction

In this chapter, we present our result on relaxed double inertial Tseng’s extragradient
method with self-adaptive step sizes for solving split monotone variational inclusion prob-
lem (SMVIP) involving non-Lipschitz operators and fixed point problem of strict pseudo-
contractive mappings. Furthermore, results on generalized split feasibility problem over
a solution set of monotone variational inclusion problem was studied. For each of these
problems, we propose iterative algorithm with self-adaptive step size for approximating the
solution and prove strong convergence theorem. We also give applications of our results
and illustrate our algorithms with numerical examples.

4.1 Non-Lipschitz split monotone variational inclu-
sion problem with fixed points constraints

In this section, we prove that our proposed scheme converges strongly to a minimum-norm
solution of the aforementioned problem in real Hilbert spaces. We point out that while
the operators are non-Lipschitz, our method does not involve linesearch procedure which
is known to be time-consuming, but we employ a more efficient self-adaptive step size
technique that generates non-monotonic sequence of step sizes at each iteration. Results
of the numerical experiments demonstrate the comparative advantage of our method over
existing methods in the literature. Our result extends and complements several existing
results in the direction of this research in a unified way.

4.1.1 Main result

In this section, we present our algorithm. Firstly, we begin with the following assumptions
under which the strong convergence theorem for the algorithm is established.
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Assumption 4.1.1. Let Hy and Hs be real Hilbert spaces. We make the following as-
sSumptions:

(1) (a)A: Hy — Hy and D : Hy — Hs are monotone and uniformly continuous.
(b) B: Hy — 2" and G : Hy — 22 are mazimal monotone operators.
(¢) T : Hi — Hy is a bounded linear operator such that T'# 0 and T* : Hy — H; is
the adjoint of T'.
(d) S : Hy — H; is a k-strict pseudocontractive mapping.
(e) The solution set T := Fiz(S) N Q # (.

(2) {an}n 1 APn e n=1’ {endoe, Amdize, {rntiZy, {7971}?10:1: {Sn}i'f:l and {tn}i'f:l are all

positive sequences which satisfy the following conditions:

En T,

. _ oo _ ono_ n _ <

(a){a,,} C (0,1), nlggoa" 0, Y. o= JL%an OT}LIEOQn 0,0<a<
b)0< k<K <1,0<0 <0 <1,0<9 < <1, limk, =0, limo, =

0, lim ¥, =0, 7, s, <400 and Y .~ t, < +o0, «a€ [k,1).
n—oo

Below is our proposed scheme for this paper.

Algorithm 4.1.2.
Initialization: Suppose 0, 0,71, 1 > 0, xg,x1 € Hy be arbitrary and xo = by.

Iterative Steps: Set n:= 1. Calculate z,1 as follows:
Step 1. Given the iterates x,_1 and x, (n > 1), we choose 0,, such that 0 < 6,, < 0,,, where

m1n{9,m} /Lfl’n #l'n,l
0, = (4.1)

0, otherwise.

Step 2. Set
Wy = Ty, + en(xn - xn—l)-
Compute
= (I +7.G) " (I = D) Twy, (4.2)
where
1 (Hn"'_H)HTwn anI .
Yn+l = mln{ |DTwn—Dynll Tn + Sn} ) Zf DTwn 7é Dyna (43)
Yn + Sn, otherwise,
and

Zn = Yn — Yn(Dyn — DTw,).
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Step 3. Compute
by = wp + 0, T (2, — Twy,),

where
OntN)|Twn—znl> «
ny = 4wz IT*(Tw,, — 2.)|| # 0, (0.4
0, otherwise.
Step 4. Choose o, such that 0 < g, < 0,, where
min {Qa an_ﬂ-gnﬂ“ }7 if by, # bp—1
0, otherwise.
Step 5 : Compute
Up = (I + X B) " (I — M\ A)l,,
where
3 (on+)lun—Inll :
A1 = mm{ [Aun—ALl A ”"}’ ¥ At 7 Abn, (4.6)
A+ 1, otherwise,
and
Uy = Up — A\ (A, — Aly).
Step 6. Compute
Tpt+1 = (1 - ¢n)ln + ¢n5avna (47)

where

Setn:=n+1 and go back to Step 1.

Remark 4.1.3. Observe from (4.1) and Assumption 4.1.1 (2)(a) that

lim O, ||z, — 21l =0 and  lim —||lz, — 2,1 = 0.
n—00 n—oo n

Similarly, we obtain from (4.5) and Assumption 4.1.1 (2)(a) that

lim 0n by — bua| =0 and  lim 2|b, — b, || = 0.
n—00 n—00 Uy,
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Lemma 4.1.4. The sequences {v,} and {\,} of step sizes generated by Algorithm 4.1.2
under Assumption /4.1.1 are well-defined and bounded.

Proof. Since D is uniformly continuous, using (2.55), we have that for any given € > 0,
there exists K < +oo such that || DTw,,— Dy, || < K||Tw,—y,||+¢. Furthermore, whenever
DTw, — Dy, # 0 for all n > 1, we obtain

(ki + ’{)HTwn - yn” > (Kn + ’{)HTwn - ynH _ (ki + ’{)“Twn - yn” _ hn +K > K
|DTw, — Dy,|l = K| Twn —yull +€ (K +e)|Twn — yall N TN’

where € = € ||Tw,, — y,|| for some € € (0,1) and N = K +¢;. It follows from the definition
of ¥,41 that the sequence {,} has lower bound min{ 4, v} and has upper bound ; + V.

By Lemma 2.5.23, the limit lim =, exists and lim 7, = ~. Obviously, we have that
n—o0 n— oo

v E [min{%,vl}, v + \II}; where ¥ = > s,,.
Similarly, we obtain lim A\, = \ € [min{%,)\l}, A+ Cﬂ; for some M > 0 where ® =
n—0o0

>t O

Lemma 4.1.5. Suppose ||T*(Tw, — z,)|| # 0, then the sequence {n,} generated by Algo-
rithm 4.1.2 has a positive lower bound.

Proof. Let ||T*(Tw, — z,)|| # 0, it follows that

= (O + ) || Tw, — 2,2
" | T*(Tw, — 2,)][?

Since T' is a bounded linear operator, ¥ € (0,1) and lim ¥, = 0, we have
n—oo

(O + D[ Twn = 20l _ G+ DI Twn = 2> _ (Gn+9)
[T*(Twy — z)[* -~ (TIPI(Twn — 22 A —

Thus, ﬁ is a lower bound of {n,}. O

Lemma 4.1.6. Let Assumption 4.1.1 (2) hold. Then, there exists a positive integer N
such that ¥, + ¥, 2elintr) = Anlonto) o (0,1) Vn > N.

Yn41 An+1

Proof. Since 0 < ¥ <9 <1 and lim ¥, = 0, there exists a positive integer N; such that

n—o0

0<d+9,<d <1, ¥n> N,

Also, since 0 < k < k' <1, lim K, =0 and lim =, = ~, we obtain
n—oo n—oo

lim (1_%(’%—*“)) =1l-rk>1-K >0
Thus, there exists a positive integer Ny such that

W/n(’fn + “)
7n+1

1-— >0, Vn>N,.
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In the same vein, there exists a positive integer N3 such that

(0 + 0)

1—
/\n+1

>O,VTLZN3

Now, setting N = max{Ny, Ny, N3}, we have 9,, + ¥, Tnlkntr) — Anlonto) o 0,1) Vn >

Yn+1 An+1

N. ]

Lemma 4.1.7. Suppose Assumptions 4.1.1 holds and let {z,} be a sequence generated by
Algorithm 4.1.2. Then, for all T € T, we have

2 2
lzw = T2 < [Tt — T2 — (1 - 28525y g, (4.8)
2
’YnJrl
and
’Yn(’in"i_’i)
oo =l < 2 7, (4.9)

Proof. From (4.3), we obtain

(K + K)
n+1
Observe that (4.10) holds for both DTw,, = Dy, and DTw, # Dy,. Let £ € T, then we

have Tz € (D + G)~!(0). From Step 2 and by applying (4.10) and Lemma 2.5.18 (i), we
obtain

|DTw,, — Dy,|| < | Tw, — yul|l, VYn eN. (4.10)

Hzn - TjH2 :“yn - ’Vn(Dyn - DTwn) - Tj||2
= lyn — TZ|> + 2| Dy — DTw,||* = 290 (yn — TT, Dy, — DTw,)
= |lyn — Tw,||> + | Twn — TZ|* + 2(yn — Twy, Tw,, — TT)
+ 21Dy, — DTw,||* — 290 {yn — TZ, Dy, — DTw,)
= [[Twy, — TZ|* + ||y — Twa|l* = 2(yn — Tw, yn — Twy)
+2(yn — TWn, Yo — TT) + 72| Dy — DTw,* = 29, (y — TF, Dy, — DTw,,)
= [|Tw, — T|” = ||y — Twn||* + 2(yn — Twn, yp — T)
+ || Dy, — DTwy||* — 2vn(yn — T, Dy,, — DTw,,)
= HTwn - Tf||2 - ”yn - Twn”2 - 2<Twn —Yn — '7n(DTwn - Dyn)ayn - TJ_:>
+ 72| Dy — DTw, ||?

2 2
_ Yolkp + K
< 17w, ~ 7ol = (1 2R s, 2
ﬁyn-i-l
— 2(Twy, — Yn — Y(DTw, — Dy,),yn, — TT). (4.11)

Now, recall from Step 2 that vy, = (I +7,G) (I — v,D)Tw,, which implies that (I —
YnD)Tw, € (I +v,G)y,. Since G is maximal monotone, there exists h,, € Gy, such that
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which implies that

1
hp, = — (Tw, — Y DTw, — y,) . (4.12)

n

Furthermore, since Tz € (D+G)1(0), we have 0 € (D+G)T'(z) and Dy,,+h,, € (D+G)y,.
In addition, since D + G is maximal monotone, we obtain

(Dyp, + hpyyn — Tz) > 0. (4.13)

Using (4.12) and (4.13), we have

1

which implies that
(Twy, — yp — Yo (DTw,, — Dy,),y, — Tx) > 0. (4.14)
Therefore, applying (4.14) in (4.11), we obtain

2 2
o — T2 < [Twn — Ta? — (1= 2T gy i (415)
72+1

Additionally, from the definition of z, and inequality (4.10), we have

Yn(bin + K)
n+1

Izn = ymll < [Twn = yn]l-

This completes the proof. n

Lemma 4.1.8. Let {x,} be a sequence generated by Algorithm j.1.2 under Assumption
4.1.1. Then, {x,} is bounded.

Proof. Let z € Y. From Step 1 and Assumption 4.1.1 (2), we obtain that 0, 1z, —x,_1|| <
e, V n € N, and by implication we have

0
N — T < n L0, asn — oo
an O{TL

Thus, there exists M; > 0 such that

0.,
Lz — Zpa|| < My V1 €N.
(8]

n

Thus, from Step 2, we have

”wn - j}” < “xn - j}” + Qonn - xn—IH

_ 7
= llzn =l + an—=|zn = Tna| (4.16)
< |len — @[ + oM. (4.17)
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Furthermore, by Lemma 4.1.6 there exists N € N such that (1 — M) >0V n>N.
n+1
Therefore, from (4.8), we have

|zn — TZ||* < || Tw, — ||, ¥ n>N. (4.18)
Using Lemma 2.5.18, (4.18) and the definition of b,,, we have
16y, — Z|* = [Jwn + 1, T (2, — Twy) — 7|12
= |lwn — Z|* + 2| T* (20 — Twn)||* + 200w, — &, T*(2, — Tw,)) (4.19)
= |wn — Z|* + 2| T* (2, — Twy)||* + 200 (Tw,, — T, 2, — Tw,)
= llwn = Z|* + na I T* (20 — Tw,)|I?
+ 1 [l2n = TZ|* = [ Twy = T3|* — || 20 — Twa|]
< lwn = 2[1* + 11T (20 — Twa) I* = |20 — Twa®

= llwn = 2)1* = mulllzn — Twall* = 0l T (20 — Twn)|I7]. (4.20)
If |T* (2, — Twy)||?|] # 0, we obtain from (4.4) that
120 = Twall* = 1l T (20 — Tw,)|* = (1 = (9 + 9)) [ Twy — 2a|* > 0. (4.21)
It follows from (4.17) and (4.20) that
b, — Z|| < ||wn, — Z|| < ||xn — Z|| + My, V> N (4.22)

On the other hand, if ||T*(z, — Tw,)||* = 0, then from (4.19), ||b, — Z|| < ||w, — Z|| clearly
holds.

Next, observe that from (4.6) we have

(on +0)

Au,, — Al || <
n e

lun = Lll, VR eEN. (4.23)

Observe that (4.23) holds for both Au, = Al, and Au, # Al,. Now, from the definition
of v, and by applying (4.23) we have

|vn — f“2 = |lun — An(Au, — Al,) — ‘%“2
= [Jup — Z||* + N2|| Auy, — AL |* — 2\ (up — T, Au,, — Aly,)
=l = Lal” + b0 — Z|° + 2{un — Ly, by — ) + N3] Au, — AL ||
=2\, (up, — T, Au,, — Aly,)
= ||ln — Z)* + Jun — Lall® = 20un — Ly, un — 1) + 2{up — Ly, uy — 7)
+ A2 || Au,, — AL|? — 200 (u,, — T, Au,, — Al,)
= [l — Z||* = [Jun — La]|* + 2(wp — Ly, tp — Z) + N2 || A, — ALy
=2\, (uy, — T, Au,, — Aly)
= 1ln — Z||* = [t — La||* = 2{ — tn — Au(Al, — Auy), u, — T)
+ A2|| Au, — AL |?
<o = ol - (1- 22020 o, — g,
n+1

— 2(l, — up — M(Al, — Auy), uy, — ). (4.24)
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From u, = (I + A\,B)"Y(I — M\, A)l,, we have (I — X\, A)l, € (I + \,B)u,. Since B is
maximal monotone, there exists d,, € Bu,, such that

(I = My )y =t + Andl,

which implies that

1
A = 5 (= wn = M Al,). (4.25)

Since 7 € T, we have 0 € (A + B)z and Au,, + d, € (A + B)u,. Since A + B is maximal
monotone, we obtain

(Au, + dy, u,, — ) > 0. (4.26)

Substituting (4.25) into (4.26), we obtain

1
—(l,, — up — M AL, + M\ Auy, u, — ) >0,
A

which gives
(I, — up — A (Al — Auy),u, — ) > 0. (4.27)

Applying (4.27) in (4.24), we have

_ _ A (o, +0)?
o = alP < 1t =l = (1= 252D o, — 2 (4.29

n+1

By the definition of v,, and applying (4.23), we obtain

[0 — | < An(on + )

Uy, — Uy]]. 4.29
2y Lo (1.29)

Now, from Step 4 and Assumption 4.1.1 (2), we have

O by — by ]| € 2 =0, asn — oo. (4.30)
o, Qo

n

By the definition of [,,, we have

1l — || = 1(1 = ) (b + 00 (by — bo1)) — |
= [|(1 = ) (b — @) + (1 — ) 00 (b — bp—1) — |
< (1= an)||bn — Z[| + (1 = ) 0nllbn — bua || + ]| Z|

(
(

_ On -
L= by = 2l +an (1= a) &, < bl el @)

n

By (4.30), we obtain

: On _ _
i | (1= ) 228, = 6,11 + | = L

n—oo
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Thus, there exists My > 0 such that

(1- an)z—nﬂbn —boa|| + |17 < Ma, VneEN. (4.32)

n

Combining (4.31) and (4.32), we have

1Ly — 2| < (1 = a)||bw — Z|| + M, ¥ n > N. (4.33)

By Lemma 4.1.6 there exists N € N such that (1 — M) >0V n > N. Thus, from
(4.28) we obtain

n+1

v, — 2|1 < ||ln — Z|I>, ¥n>N. (4.34)

Using the last inequality together with (4.22) and (4.33) we obtain

[on = Zl| < [lIn — 2] < (1 = an)|Jwn = Z|| + anMa (4.35)
< (1 —ap)(||zn — || + +anMy) + Mo
<

(1 — ap)||zyn — Z|| + an(M; + M,).
Now, from Step 6, (4.34),Lemma 2.5.13 and Lemma 2.5.18(iii), we obtain

[@n41 — jH2 = [[(1 = &)l + PnSavn — 3_7H2

(1 = &n)(ln — ) + n(Savn — j)HQ

(1= &n)llln — j“2 + nllSatn — j||2 — (1 = #n)onllSavn — ln||2

(1 = &n)lln — jHZ + Gnl|vn — 1_7”2 — (1 = ¢n)n || Savn — ln||2

110 = 2] = (1 = ¢n)bnl| Savn — Ll (4.36)

which follows from (4.35) that

IAINA

[#nt1 — 2| < |in — 2|
< (1 —ap)||lxn — || + an(My + My)
=(1—a,)l|zn — Z|| + an K
< max{||z, — z||, K}

< max{||lzy — ||, K}.

where K = M) + Ms. Therefore, the sequence {x,} is bounded. Consequently,

{wn}, {yn}, {zn}, {bn}, {ln}, {un}, {vn} are all bounded. O
Lemma 4.1.9. Suppose Assumption 4.1.1 hold; lim ||b,, — wy, || = 0 = Lm ||, — vy, ||
j—o0 j—o0

and {x,} is a sequence generated by Algorithm 4.1.2. If there exists a subsequence {x,,;}
of {x,} which converges weakly to an element & € Hy, then & € Q.
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Proof. Let z € 2. Then, we obtain from (4.20) and (4.21) that
Iba, — 3l < i, — 312 = 1y [L = (B, + )] [ Twn, — 2|2, (437)
which implies that

oy [ = Wy + )] 1T, — 20, < e, = 2l = 1w, — 22
<, = by 12 4+ 2w, = by lllon, — 2. (4:38)

Since {by,} is bounded, then by the hypothesis that lim ||b,, — wy, || = 0, from (4.38) we
n—oo

obtain

im 7,,, [1 — (O, + 19)} | Twn, — zn].H2 =0,
j—o0

which by the conditions on the control parameters implies that

lim ||Twy, — 2, || = 0. (4.39)
j—00
From (4.8), we obtain
2 2
20, = TZ||* < || Twn, — T7|* — (1 - 2—> 17w, — yn, I,
Tj+1

which implies that

2
Tnjia

)HTwnj = Yo, |I* < | Twn, = TZ|* — ||20, — T||*
o e e
+ 2(Twy, — 2n;, 20, — TT) — |20, — TZ|)?

< ||Twng — Zn; ||2 + 2||TwnJ - Zn]HHzn] - Tj||
It follows from (4.39) and Assumption 4.1.1 (2) that

lim ||Twy,, — yn,|| = 0. (4.40)
j—00

Now, let (v,w) € Graph(D + G), then, w — Dv € Gu. Since y,, = (I + 7,,G) (I —
Yn; D)Tw,,, we have
Twnj - P)/nj DTwnJ € ynj + f}/nj Gynj7

which implies that

1
’Y_(Twnj - yn]- - an DTwnj) 6 GyTLJ
nj

Thanks to the maximal monotonicity of G, which guarantees that

1
(V= Y, w — Dv — —(Twn]. — UYn; — ynjDTwn].)> > 0. (4.41)
Y,
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Using (4.41) and the monotonicity of D, we have

1
(V= Yn;,w) > (U —=Yn,, Dv+ —(Twy,; — Yn, — Y, DTwy,,))

U]

= (V= Yn;» DV — Dyp;) + (U — Yn;, DYn; — DTwy,)

1
+ (v — Yn;s T(Twnj - ynj>>

nj

1
> (V0 = Yn;, Dyn, — DTwy,) 4 (v — Yn,, T(Twnj — Yn,))- (4.42)

nj

Moreover, we obtain from the definition of w,, and 0, and by Remark 5.2.4 that
lim |lwy, — ;|| = im Oy, [|2n, — 24,-1]| = 0. (4.43)
j—oo j—oo

Furthermore, since x,;, — & € Hi, then it follows that there exists a subsequence {w,; } of

{wy} such that w,, — 2. Also, since T' is a bounded linear operator, we have Twy,, — T'%.
It follows from (4.40) and the continuity of D that

Yn, — T% and jlii?o | DTw,; — Dyn,|| = 0. (4.44)

Thus, passing limit as j — oo in (4.42), we obtain

(v—=Tz,w) >0, VY(v,w)e Graph(D + G). (4.45)

Thus, by the maximal monotonicity of D + G, we conclude that T# € (D + G)~1(0).
Also, by applying similar argument used in obtaining (4.40), (4.42), (4.43), we have

lim |1, — ;|| =0, (4.46)
j—oo
lim ||l,,, — by, || = 0, (4.47)
Jj—o0

(0= tup,,w) >0, ¥V (0,w) € Graph(A+ B). (4.48)

In the same vein, since x,,, — & € Hi, we obtain using (4.43) and our hypothesis lim ||b,,, —
j—o0
wy, || = 0 together with (4.46)-(4.48) that {wy,}, {bn, }, {ln,} and {u,,} all converge weakly

to 2. Hence, we have

(0 —2,w) = lim (0 — up,;, w) >0, V (0,0) € Graph(A+ B).

Jj—00

By the maximal monotonicity of A + B, we conclude that & € (A + B)~!(0). Therefore,
z e .

]
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Theorem 4.1.10. Let {z,} be an iterative sequence generated by Algorithm 4.1.2 such
that Assumptions J.1.1 are satisfied. Then, {x,} converges strongly to an element T € Y,
where ||Z|| = min{||p|| : p € T}.

Proof. Let £ € Y. Since £ = min{||p|| : p € T}, we have z = Py(0). We obtain using
Cauchy-Schwartz inequality, Step 2, Lemma 2.5.18 and (4.16) that

[Jwy, — jHQ = ||[zn + On(Tn — Tn-1) — j”z
= ||lzn — f‘|2 + 200 (20 — T, Ty — Tpo1) + HZHIR - xn—1||2

< lwn = Z|° + 200]lz — 2|20 — pa || + O3 ll2n — 20|
_ _ Or,
= ||lzn — xHQ + Onllzn — Tna||2l|zn — 2| + ana_Hxn — Znal])
<@, — jH2 + Onl|Tn — Tna||[an My + 2]z, — Z]]]. (4.49)

Now, since {z,} is bounded, then, there exists M3 > 0 such that «,M; + 2|z, — Z|| <
M;, ¥ n > 1. It follows from (4.49) that

|wy — Z|]? < ||zn — Z||* + Op]|2n — || M. (4.50)

In the same way, we obtain from Lemma 2.5.18 and (4.30) that

11y — 2> = (1 = o) (bn + 00 (b — bu1)) — ||
= [|(1 = an)(bp — Z) + 0n(1 — an) (b — by1) — O‘nj||2
<[(1 = an) (b = Z) + 0a(1 = ) (b — bu1) II” + || 7], (4.51)

But

1(1 = ) (b = 7) + 0a(1 = ) (bn — by |I?
<(1- an)2||bn - ifH2 +2(1 — ) 0nl|bn — Z[[[br — by || + Qi”bn - bn—1||2

< (1= @)oo =l + ol = bocal (200 00) b = 7+ 0 22, — )
< (1 —ap)[b, — f||2 + 0ul[bn, — bp—1|| (2[|bn — Z|| + €, M3)

for some My > 0. Thus, there exists My > 0 such that 2||b, — Z|| + o, My < My, Vn > 1.
Using (4.51), we get

It = 2 < (1= an)llbn — Z1* + 2nllbn — b | Ma + o7 |17

=1 —an)bn —Z|* + an (g—””bn — bp—1 || My + an||a:||2) . (4.52)

Since {l,} is bounded, then there exists M5 > 0 such that 2||b, — b, 1| My + a,||z[* <
Ms, ¥ n > 1. It follows from (4.52) that

Il — Z||* < (1 — )by — Z||* + M. (4.53)
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Using Lemma 2.5.18, Lemma 2.5.13, (4.20), (4.28), (4.50) and (4.53), we obtain from Step
6 that

1 = 2] = (1 = ¢u)l + PnSavn — T
= [|(1 = ¢n)(ln — Z) + Pn(Savn — 3_7)H2
= (1 = ¢n)[lln — fHZ + Gnl| Savn — fH2 — (1 = ¢n)@nl| Savn — ln||2
< (1 =)l — j||2 + ¢nllvn — ff||2 — (1 = ¢n)dn | Savs — ln||2

_ _ Ao, +0)?
< (1= ol =12+ 0 [l =31 = (1= 25T o, ]
n+1
- (1 - ¢n)¢n“5avn - lnH2
_ N(o, +0)?
o — 3 — 61 (1 _ 2lon o) ) ot — ]2

o
— (1 = ¢n)@nll Savn — lull? (4.54)
B /\fL on+0)?
< (1l =7+ s = 6 (1= 25D -1
n+1
— (1= ¢n)bnllSavn — In? (4.55)
_ )\i on 4 0)?
< (1 aullun = alP + ants = 6 (1= 252D -
n+

- (1 - ¢n>¢n’|savn - lnH2
< (1 —ap)|lzn — f||2 +0,(1 — ay)||xn — zp1|| M3 + o, M5
Ao, +0)?
— On (1 - g) “un - ZNHQ - (1~ ¢n)¢n||savn - ZNHQ- (4.56)

A+
Furthermore, we obtain from (4.50), (4.54), and Lemma 2.5.18(ii) that

nsr =22 < 1l — 27
= [I(1 = an)(bp — 7) + (1 = an)on(by — bp1) — T ?
<1 = ap)(by = 2) + (1 = an)on(by = bu-1)||* + 20 (—7, L, — T)
< (1= an)?[lbn = Z)* +2(1 = an) onlbn — Z||[|bn — bua || + 05116 — baa|®
+ 200, (—Z, 1y — Tpi1) + 200, (=T, Ty — T)
< (1= ap)lfwn — jHQ +2(1 — ) onllbn — Z[[[|bn — b || + Qeran - bn—IH2
+ 200 |2 ln = Tnga || + 200 (=T, Tng1 — T)
< (1= an)llzn — 2l + Onllwn — 21| Ms] + 2(1 — @) 0n[bn — Z[[[1bn — boa |
+ Qi”bn - bn—1||2 + 20, [|Z|| ||l — Zpgr || + 2000 (=7, 2py1 — T)

bn

< (1 —ay)|lz, - EHQ + an (1 — O‘n)a Hxn - xn—IHM?)

n

On _
+2(1 - O‘n)oé_an = bp1[||bn — Z|

On _ _ _
+ 0nllbn — bn—1||a_||bn — bl + 22| [[ln — g || + 2(=2, Tpps — x>]

n

< (1 — )|z, — Z|* + an®,, (4.57)
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where

P, = (1_0%)2_2Hxn_mn—1”M3+2(1_an)§_:an—bn—IHan_f“'f'gnnbn_bn—ln%an_bn—ln
+2[Z(|[[ln = nga | + 207, 2p11 — T).

Next, we claim that the sequence {||mn — §7||} converges to zero. Indeed, in view of Lemma

2.5.55 and by Remark 4.1.3, it is enough to establish that lim sup(—z, z,,,, — ) < 0 and

k—o0

klim I, — @n,41]] = 0, for every subsequence {Hxnk - J_UH} of {Hxn - EH} satisfying
—00
lim inf <||xnk+1 P j;||) > 0. (4.58)
k—ro0

Now, let {H:cnk —:Z'H} be a subsequence of {Hxn—fH} such that (4.58) holds. From (4.56),
we get

. )‘721 (On, + 0)2
lim sup [¢nk (1 - % [y, — lnk“2

k—o0 Mgyt

gnmam(u—ammL%—ﬂF—MmH—xw
k—o0

Nk

On,
o (2250 ), = a2+ 08 ) )
= timin ([, — 27 — o, - 2?)

<0.

Since klim oy, =0, it follows from Assumption 4.1.1 (2) that
—00

In like manner, we obtain from (4.56) that

lim sup(1 — ¢, )@n, [|Satn, — lnk||2

k—o0

< tmsup (1= o, = 2l = o, —alf
k—o0

On,
e (220 o, — o |3+ ) )
n

= —liminf (||zn,., = 2" = [l2n, — 2[*)

<0.
Consequently, by the conditions of the control parameters, we obtain

lim || Savn, — || = 0. (4.60)

k—oo
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In addition, we obtain from (4.55) and (4.37) that

||xnk+l - || 1 —ap, ||bnk - f||2 + a, M5

(
( )
(1 ank)Hwnk - ‘fHQ - ,r]nk[l - (197% + 19)]||Twnk - an||2 + OénkM5
(1 = an )z, = Z[* = 10y [1 = (O, + D] Twn,, — 2, ||
0 ( ank)Hxnk _:Enk—1||M3+ankM5'

+ IA A I/\

By applying (4.58), Assumption 4.1.1 (2), Lemma 4.1.5 and the fact that klim oy, =0 we
—00
have

lim sup (9, [1 = (On, + D) Twn, — 20, |)

k—00

< tmsup (1= o, = 2l = e,

k—o00

O
+ Qpy, (a . (1 - O‘nk)Hxnk - xnk—1||M3 + M5) )

ng
= — h;gg&lf (Hxnk-H ‘%HQ - ||xnk - j||2)
< 0.
Therefore,
lim ||Twy,, — 2z, || =0
k—o0

It is easy to see from Step 3 that

||bnk - w”k” = nnkHT*(znk - Tw”k)” = (19711@ + ﬁ)HTwnk - an” — 0 as k — oo. (461)

Observe that when ||T%(z,, — Twy,, )| = 0, clearly, ||b,, — wy, || =0
Also, from Step 5, we obtain

Hlnk - b”k” < (1 - ank)||bnk - bnk” + (1 - ank)Q”kank - bnk71|| + ankankH

On
= (1= 0 22 g = b+ ] )

Nk

Since lim a,, = 0, we get
k—o0

lim ||l,, — bn,|| = 0. (4.62)
k—o0

Using (4.29) and (4.59), we obtain
lim ||v,, — u,,|| = 0. (4.63)
k—o0

Combining (4.59) and (4.63), we obtain

—00 k—o00
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It is easy to see from (4.60) and (4.64) that

B (St = vl < i (Satin, = by |+ ey = 2, ) = 0. (4.65)

k—o0

Using (4.62) and (4.64), we obtain
1 (16, = | < T (= b |+ [0, = Ly ) = 0. (4.66)
Now, by Remark 4.1.3, we obtain
||wnk - z”k” = 9”k||$nk - x”k—l” — 0, k— oo. (467)
Since {b,} is bounded, it follows from (4.62), (4.65) and (4.66) and Step 6 that
Ha:nk+1 o bnk” < (1 o ¢nk>||lnk o bnk” + qbnkHSavnk o bnk” — 0 as k — oo. (468)
Also, using (4.61) and (4.68), we obtain

T [, = ) < B (s, = bl o, — e, ) =0, (469
Moreover, we obtain using (4.62) and (4.68) that

10 [, = gl < 10 (g = b+ 0y, = b)) = 0. (4.70)

k—00

It follows from (4.67) and (4.69) that

lim ||2y,,, — 2| = 0. (4.71)

k—o0

Since {xnk} is bounded, then w,(x,) is nonempty. Now, suppose z* € w,(x,) be arbi-
trarily selected. Then, there exists a subsequence {z,,} of {x,} such that z,, — z* as
k — oo. Using (4.67), we get w,,, — 2* as k — 0o. Now, employing Lemma 4.1.9 together
with (4.61) and (4.64), we have

zt e Q. (4.72)

From (4.64), (4.70) and (4.71), we have that v,, — z* as k — oco. Furthermore, since
I — S, is demiclosed at zero, then by Lemma 2.5.13 and the fact that ||S,v,, — vn, || — 0,
we have

" € Fix(S,) = Fix(9). (4.73)
Since x* € wy,(x,) is arbitrary, we obtain using (4.72) and (4.73) that
wy(x,) C Y.

Additionally, since {z,, } is bounded, then there exists a subsequence {xnk]} of {z,,} that
weakly converges to ' € H; and

lim (-2, x,, —Z)=limsup(—2, z,, — 7).
J—r0 7 k—o0
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Since = P~ (0), we have

limsup(—z, z,, — ) = lim (—z, Ly, — 7) = (-7, 2 —7) <0. (4.74)

k—o0 J—0

From (4.71) and (4.74), we obtain

limsup(—Z, @, ,, — ) = limsup(—2, z,, — ) = (-7, z' — ) <0. (4.75)
k—o0 k—o0

Applying Lemma 2.5.55 to (4.57) and using (4.75) combined with (4.70), and the fact that

by . on . .
kh_)rgoﬁ\\xnk — Ty, || =0, klgglo in’; |6n, — bny_, || = 0 and kh_)rgo oy, = 0, we obtain that
lim ||z, —2*|| = 0.
n—oo
Consequently, we conclude that {x,} converges strongly to the point z = Py(0). O

4.1.2 Applications

In this subsection, we apply our result to study some optimization problems and fixed
point problem.

Split Equilibrium Problem and Fixed Point Problem
Let C' and @ be two nonempty, closed and convex subsets of a real Hilbert spaces H; and
Hs, respectively. Let f: C xC — Rand g: @ x Q — R be two bifunctions. The Split
Equilibrium Problem (SEP) is defined as follows:

Locate z* € C that solves f(z*,2) >0V x € C (4.76)

such that
y* =Tz € Q solves g(y*,y) >0V y e Q. (4.77)

Observe that whenever H; = Hy, g = 0 and T' = Iy, then problem (4.76) and (4.77)
reduces to the well-known classical Equilibrium Problem (EP) (4.76).

For solving equilibrium problem, we assume that the bifunction f satisfies the following
conditions:

F1

flz,z) =0V zeC,
F2) f

is monotone, that is, f(x,y) + f(y,z) <0V z,y € C,

(F1)
(F2)
(F3) for each z,y,z € C, limyo f(tz + (1 —t)z,y) < f(z,9);

(F4) for each x € C, the mapping defined by y — f(x,y) is convex and lower semicontin-
uous.
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The following lemma is needed to solve equilibrium problems (4.76) and (4.77).

Lemma 4.1.11. Let f be a bifunction satisfying (F1)— (F4), and let By be a multi-valued
mapping from H into itself defined by

5 {{x*eH:f@,y)z (y—za)¥yeC) ifreC
fr =

0, otherwise.

Then By is mazimal monotone with domain D(By) C C and B;l(O) = EP(f), where
EP(f) denotes the solution set of EP (4.76). On the other hand, the resolvent JI :=
(Iy —i—’ny)_l of By is defined by

1
fon * . * EE
Jix ={x EC.f(:U,y)—l—;(y—a:,:U —z)>0,VyeC}VreH.

With Lemma 4.1.11 in mind and setting D = 0,A = 0 in Theorem 4.1.10, we obtain
the following relaxed double inertial method from Algorithm 4.1.2 for approximating the
common solution of split equilibrium problem (4.76) and (4.77) and fixed point problem
of strict pseudocontractive mappings in the framework of real Hilbert spaces.
Algorithm 4.1.12.

Initialization: Suppose 0, 0,71, 1 > 0, xg,x1 € Hy be arbitrary and xo = by.

Iterative Steps: Set n:= 1. Calculate x, 1 as follows:

Step 1. Given the iterates x,_1 and x, (n > 1), set

Wy, = Tp + 0Ty — Tp_1)
Yn = J? Tw,

Tn

Ynt1 = VYn T Sn-

Step 2. Compute
b = wy, + 0, T (yn — Twy),

where

(4.78)

I+ || Twn —yn || . "

[ e i | T (Twn — ya) |2 # 0,

Tn = _
0, otherwise.

Step 3. Compute
Uy, = J{nln
)\n+1 =\ + 1y
Tp4+1 = (1 - an)ln + ¢n5aun>

where
Se =0l + (1 —a)S.

Setn:=n+1 and go back to Step 1.
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Theorem 4.1.13. Let f : HH X Hi — R and g : Hy x Hy — R be two bifunctions
which satisfy conditions (F1) — (F4) and assume Y := {a* € Fiz(S,) N EP(f) : Tx* €
EP(g)} # 0. Suppose Assumption J.1.1 holds, then the iterative sequence {x,} generated
by Algorithm 4.1.12 converges strongly to an element of Y.

Split convex minimization problem and fixed point problem

Let fi : Hi — R and f; : H, — R be two convex and continuously differentiable functions,
g1 : HH — R and ¢ : H, — R be two convex and lower semi-continuous functions, and
let T': Hi — H, be a bounded linear mapping. We define the Split Convex Minimization
Problem (for short, SCMP) as follows:

Locate T € H, that solves f1(Z) + ¢1(Z) = Helgl [fi(z) + g1(2)], (4.79)
r€H;
such that § = T € Hy solves fa(y) + g2(y) = ;ggl [f2(y) + g2()]. (4.80)
2

Observe that when H; = Hy = H, fo =0, go = 0 and T' = Iy, then the SCMP (4.79) and
(4.80) becomes the convex minimization problem (see [20]). We denote by Y the solution
set of SCMP.

It is a known fact that the gradients V f; and V f; of f; and f5, respectively, are monotone
and continuous (see [20]). In addition, the subdifferentials dg; of ¢g; and Jgs of gy are
maximal monotone (see for instance [201]). Moreover, it is known that

A(@) + (@) = min[fi(2) + 91(2)] == 0€ [VA(Z) +0g:(2)].

Therefore, if we let A = Vf;, D = Vfy, B = 09, and G = 0go in Theorem 4.1.10,
we obtain the following consequent relaxed double inertial scheme for approximating the
common solution of SCMP (4.79) and (4.80) and fixed point of strict pseudocontractive
mappings.

Algorithm 4.1.14.

Initialization: Suppose 6, 0,71, A1 > 0, xo,x1 € Hy be arbitrary and xo = by.

Iterative Steps: Set n:= 1. Calculate z,.1 as follows:

Step 1. Given the iterates x,—1 and x,, (n > 1), set
Wy = Tp + 0z, —xp_q).
Then compute
Yn = proa’ (Tw, — 1,V foTw,) = (I + Y 0g2) H(Tw, — v,V faTw,).

where

o (kR | Twn =yl } -
) ’I’L+ n» v T n V n
it = {mm{nwﬂwnmynn T TS N J2Twn 7V oy (4.81)

Yn + Sns otherwise,

Zn = Yn — Tn(V foy, — V foTw,).
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Step 2. Compute
by = wp + 0, T (2, — Twy,),

where
DA || Twn—2zn |2 . *
o { SR I (T =) P £ 0 52)
0, otherwise.
Up, = proxs. (bn — AV fily) = (I + A091) "l — MV filn),
where
. on+0o)|[un—In .
A =40 {—ﬁvmzlvmnlfl’ An ¥ t”} ¥ Vit 7 Vi, (4.83)
An + th, otherwise,

Step 3. Compute

Up = Up — )\n(vflun - Vflln)
Tpt+1 = (1 - ¢n)ln + ¢nsavna

where
Sa=al+(1—-a)S.

Setn :=n+1 and go back to Step 1.

Theorem 4.1.15. Let f1, f2, 1,92 and T be as defined above and assume that Y = {z* €
Fix(Sy) Nprox(fi, g1) : Tax* € prox(fa, go)} # 0. Suppose Assumption J.1.1 holds, then the
iterative sequence {x,} generated by Algorithm j.1.1/ converges strongly to an element of
T.

4.1.3 Numerical example

In this section, we demonstrate the numerical behavior of our method, (Pro Alg. 4.1.2) as
well as comparing it with some related methods. In particular, we compare its performance
with Algorithm 9.1.4 proposed by Kazmi & Rizvi (Kaz & Riz Alg.), Appendix 9.1.5
proposed by Izuchukwu et al. (Iz et al. Alg.), Appendix 9.1.6 proposed by Thong et al.
(Th et al. Alg.), Appendix 9.1.7 by Shehu & Ogbuisi (Sh & Ogb Alg.), Appendix 9.1.8
by Izuchukwu, Riech et al.(Iz, Re et al. Alg.) and Appendix 9.1.9 by Wang et al. (Wa et
al. Alg.).

The codes for the numerical analysis are implemented in Matlab 2021 (b) and performed
on a personal computer. For our numerical simulations, we arbitrarily select the starting
points zg,x; € Hp (see the cases below). We also choose the parameters (randomly)
v = 0.03, A\ = 0.1, = 085, o =082, «o=0.125, k=097, o = 081,90 =
0.9, Sz = 2 and the control sequences a, = 5=, ¢n = 5(1 — ), &, = m,rn =
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maﬁn = %,ﬁn = ﬁ,an = %,sn = %,tn = % in Algorithm 4.1.2 and we
take fn(z,) = 0.52,, A, = 0.05,7 = 7, = 0.03, v = 0.5, p = 0.01, 8, = 5(1 — a,) in

Algorithm 9.1.5. In addition, take w, = ﬁ, 0, = 0.4 in Algorithm 9.1.6 and Algorithm

9.1.8. Also, take by = 1, by =1, £€=1, =1, &= 0.01 in Algorithm 9.1.8. Let
Xn = gurs: Tn = sy 1 = 0.4, az = 0.6 in Algorithm 9.1.9.

Example 4.1.16. Let Hy = Hy = R, be the set of all real numbers equipped with the inner
product (z,y) = xy ¥V z,y € R and the corresponding norm | - |. Define A : Hy — H,
by Az := z +sinz, B : H, — 21 by Bx = 32, D : H, — H, by Dx = 3z and
G : Hy — 22 by Go = 22 for all x € R. Clearly, A is %—z’nve'rse strongly monotone and B
1s maximal monotone. Similarly, it is easy to see that D is monotone and G is mazximal

monotone. Let Tx := %, Vo € R. Then T is a bounded linear operator on R with adjoint

T'y=% VyeR.

We consider different initial starting points as follows:
Case 1: Take xog = 137 and x1 = 18

Case 2: Take xo = 15 and x1 = —15

Case 3: Take xo = —39 and r1 = —16

Case 4: Take xo = —128 and x; = 15.

We compare the performance of our Algorithm 4.1.2 with other related methods. We plot
the graph of errors against the number of iterations in each case using |T,11 — o, < 1074

as the stopping criterion. The numerical computations are reported in Figure 4.1 and
Table 4.1.16.

Table 4.1.16. Numerical Results for Example 4.1.16
Case 1 Case 2 Case 3 Case 4

Iter. CPU Time Iter. CPU Time Iter. CPU Time Iter. CPU Time
Kaz Alg. 31 0.0047 26 0.0046 28 0.0041 31 0.0041

Iz Alg. 58 0.0080 52 0.0083 68 0.0087 75 0.0077

Th Alg. 540 0.0111 424 0.0129 489 0.0112 475 0.0108

Sh Alg. 50 0.0037 40 0.0036 50 0.0036 56 0.0032

IzR Alg. 84 0.0194 67 0.0074 77 0.0073 78 0.0069

Wa Alg. 38 0.0099 37 0.0091 37 0.0086 37 0.0091

Pro Alg. 19 0.0090 19 0.0074 19 0.0078 19 0.0081
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In the next example, we compare our proposed Algorithm 4.1.2 with Algorithm 9.1.4,
Appendix 9.1.5, Appendix 9.1.6, Appendix 9.1.7 and Appendix 9.1.9 which are all strong
convergence result.

10t

102

Iteration number (n)

10°

—¥— Kazmi & Rizvi Alg.

—&— lzuchukwu et al. Alg.
Thong et al. Alg.
Shehu & Ogbuisi Alg.

—+— Izuchukwu, Riech et al. Alg.
—+—— Wang et al. Alg.
100 —A— Proposed Alg. |
10t E|
102 E
10% ¢ €
104k 4
5 . I
10
10° 10 10° 10
Iteration number (n)
10° w
—¥— Kazmi & Rizvi Alg.
—&— lzuchukwu et al. Alg.
" Thong et al. Alg.
104 Shehu & Ogbuisi Alg.
—+— Izuchukwu, Riech et al. Alg.
—+—— Wang et al. Alg.
100k —A— Proposed Alg. ]
10t F E
102 E
103 E
107 3
10 I .

10°

Case 1V.

10

102

Iteration number (n)

Example 4.1.17. Let Hy = Hy = (l(R,||.||e,), where l5(R) := {z = (x1, 29, ...),
R : > 2 |i* < 400} endowed with the norm ||z,

convex subsets C' and () of Hy and Hs, respectively, where C' and () are defined by

respectively. We set Jf} = Po and J)\Gn = Pgy. Then, the projection operators Pc and Py

C:={x €la(R): ||z — Dbl <3} and Q :={x € la(R) : ||z — b, < 1},
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(2 2i)?, ¥ o € bR).
Now, consider the Split Variational Inequality Problem (SVI,P) with nonempty closed and



have the following explicit formulas

z—b
Po(a) = S, +h e =ble >3, (2) = Ea b lle=ble > 1,
Q
z |z = blle, <3, z, |z — blle, < 1,

where b= (1,3,3,...) . Also, let T : (5(R) — l5(R) be defined by
_ T2 I3
Tr = (0,(131, 573 ,) y Ve gQ(R)

Then, T is a bounded linear operator with adjoint T, defined by Ty = (yg, 8, ) , Vye
l5(R).
Define the mapping A, D : l5(R) — (5(R) by

A(z) = (:Ule_x%, 0,0, ) and D(x) = (53316_13%, 0,0, ) ., respectively.

Now, let B = 06c and G = 0d¢g in Theorem 4.1.10 (where §c and dq are the indicator
functions) and use

1
Tol, = 3 (H:cn — Po(x, — fynAxn)HQ + || Tx, — Po(Tx,, — )\nDTxn)HQ) <e€

for stopping criterion, where € = 107,

We consider four cases for our numerical experiments:
Case 1: Take xg = (—7,1,— ,) and x, = (2, 1, ;, )
Case 2: Take xo = (8,1,%,...) and z; = (1,0.1,0.01, ...)
Case 3: Take xq = (9, 1, é, ..) and 1 = (—=2,0.2,—0.02, ...)

Case 4: Take xqg = (—6,1, — ,) and x| = ( 3,1, — ,) .
The numerical results are dzsplayed i Figure 4.2 and Table 4.1.17.

Table 4.1.17. Numerical Results for Example 4.1.17
Case 1 Case 2 Case 3 Case 4

ool

Iter. CPU Time Iter. CPU Time Iter. CPU Time Iter. CPU Time
KR 26 0.0117 26 0.0098 26 0.0093 25 0.0085

Izu 57 0.0075 57 0.0074 58 0.0076 56 0.0071

Thn 620 0.0153 1248 0.0173 478 0.0150 1759 0.0189

She 42 0.0061 43 0.0070 43 0.0065 42 0.0069

IR 169 0.0129 194 0.0121 168 0.0034 203 0.0126

Prop 41 0.0117 41 0.0132 41 0.0132 41 0.0132
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4.2 Generalized split feasibility problems.

In this section, we propose to solve Generalized Split Feasibility Problem (GSFP) over the
solution set of Monotone Variational Inclusion Problem (MVIP) which is defined as:

Find z* € H, such that z* € (A+ B)~'(0) and Tz* € F(S), (4.84)

where B : H; — 21 is a maximal monotone operator, T' : H; — H, is a bounded linear
operator, A : H; — H; is a monotone and Lipschitz continuous operator and S : Hy — Hy
is a nonexpansive mapping.

Lemma 4.2.1. [2//] Let H be a real Hilbert space and S : H — H be a nonexpansive
mapping with F(S) # 0. If {x,} is a sequence in H converging weakly to x and if {(I —
S)x,} converges strongly to y, then (I — S)x =y.

4.2.1 Main result

In this section, we present our method and discuss some of its features. We begin with
the following assumptions under which our strong convergent result is obtained.

Assumption 4.2.2. Let Hy and Hy be two real Hilbert spaces. We assume that the
following conditions hold:

(1) (a) B : Hy — 2™ is a mazimal monotone operator.
(b) A: Hy — Hy is a monotone and Lipschitz continuous operator (but the Lipschitz
constant need not to be known).
(¢c) S : Hy — Hj is a nonexpansive mapping.
(d) T : Hi — Hy is a bounded linear operator such that T # 0.
(e) The solution set I := {z € (A+ B)~1(0) : Tz € F(S)} is nonempty.

(2) {00351, {Bn}oy, {en}d2y and {1, }52, are positive sequences satisfying the follow-
ing conditions:

(a){6,} C (0,1), lim 6, = 0, > 0, = 0.
€n
lim — = 0.
(b) lim 7 0

n—oo

(c) By C (a,1 —0,) for some a > 0.
(d) {in} C [b,1], lm ¥, exists for some b > 0.

Henceforth, we define Gz := T*(I — S)Tx for all x € Hy. Thus, it follows from Lemma
2.5.25 that G is 2||T||*-Lipschitz continuous.
We now present the proposed method.

Algorithm 4.2.3. Initialization: Choose sequences {0,521, {5n} 1, {en}o2, and {1,122,
such that the conditions from Assumption 4.2.2 (2) hold and let v1,A\y > 0, u,m €
(0,1), o >3 and xg,x; € Hy be given arbitrarily.

Iterative Steps: Setn :=1.
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Step 1. Given the iterates x,_1 and x, (n > 1), choose v, such that 0 < «,, < &,,, where

min {n_ﬁ;ip Hxn_e;Wl” }, if T, # Tpq
= (4.85)

n—1

— otherwise.

Step 2. Set
Wy = Ty + (T — Tp1).

Then, compute

Up = Wy, — VGw, and y, = in(] — XAy, = (I +XNB) I — M\ A)u,, (4.86)

where
: M”un_wnH ;
Yogr =4 {ihegaly ) i Gun # G, (4.87)
Vs otherwise
and
min { plestel A if Aw, # Ay,
An, otherwise.
Step 3. Compute
Tpt1 = (1 - /Bn - en)un + anna (489)

where z, := (1 — ¥p)u, + ¥y, <yn + A (A(un) — A(yn))>

Stopping criterion: Ify, = u, = w, = x,, then stop, otherwise, set n:=n+ 1 and go
back to Step 1.

Remark 4.2.4. \,1; < A, Vn €N and lim A\, > min{\,, 7}.
n—oo

Indeed, from (4.88), it is obvious that A\,+1 < A, ¥n € N. Furthermore, since A is
L-Lipschitz continuous, we get in the case of Au, # Ay,, that

An - —,An 2 _7>\n 9
+1 min { ||Aun — AynH min I

which by induction implies that A, > min{\,, £}. This gives that the limit of {\,} exists
and lim X\, > min{\;, 7}.
n—oo

Since G is 2||T||*-Lipschitz continuous, then in a similar manner, we have from (4.87)

that Yp+1 < v Vn € N and lim v, > min {’h, —QHQLﬁ”z }
n—oo
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We now show that the stopping criterion of Algorithm 4.2.3 is valid.

Lemma 4.2.5. If y, = u, = w, = x, in Algorithm 4.2.3, then x, € I

Proof. Let y, = u, = w, = x,. Then, from (4.86), it is clear that x,, = Jf’; (X — A A(xy)).
This implies that z,, € (A+ B)~1(0). From (4.86), we also obtain that x, = x, —v,Gz, =
xp — ¥ T*(I — S)Tx,, which implies that T*(I — S)T'z,, = 0. That is,

STx, =Tx, + Z,
where 7%z = 0. Now, let z € I', then we obtain that
| T2, — Tz||* = |Tzn — T2||* + 2{x, — 2, T*Z)

=Tz, — Tz|* + 2(Tx, — Tz, %)

=Tz, — Tz + 2" — | 2

= STz, — Tz|* — || 2|

< | Tz, — Tz|* = |I2I%,
which implies that [|z|| = 0. That is, Z = 0. Hence STz, = Tz,, which gives that

Tz, € F(S). Therefore, z, € I'.
[l

Lemma 4.2.6. Let Assumption 4.2.2 hold and let {x,} be a sequence generated by Algo-
rithm 4.2.5. Then {x,} is bounded.

Proof. From (4.88), we have that

| Au,, — Ay, || < |t — ynl|| Vn €N (4.90)

Ui
A1
holds for both Au,, = Ay, and Au, # Ay,. Now, let x* € I'. Then, by Step 3, we obtain

20 = 212 = (1 = )t + i + o (Alun) = Aly) — 2°

= H(l - Q/’ﬂ)(“ﬂ - I*) + ¢n(yn - :U*) + UnAn (A(un) - A(?Jﬂ)) ||2

= (1= ) lun — 21 + dpllyn — 2" * + Yp A0 Aun) — Alyn) |

+ 2¢n(1 - ¢n)<un - I*7 Yn — J}*>

+ 200 (1 — ) A (un — 27, A(un) — A(yn)) + 2¢2An<yn — 2", A(un) — A(yn)).  (4.91)

Using Lemma 2.5.18 (i), we obtain
2t — ",y — 2") = [t — 2* + llyn — 27" = un — wl®. (4.92)
Combining (4.91) and (4.92), we get

Iz — %1% = (1 = ) [lun — 21> + ullyn — 21> + V2N A(un) — Alyn) ||
— n (1 — ¥n)[Juy — ynH2 + 200 (1 — Yn) A (up — 27, Aun) — A(yn))
+ 2020 (Y — @, Aun) — Alyn)). (4.93)
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Now, from (4.86), we obtain

Ay, + Up — MAuy, — yp) € (A+ By,

1
3
Since z* € I', we have that 0 € (A + B)(z*). Hence, we obtain from Lemma 2.5.15 that

(Yo = tn — M (Alyn) — Alun)), yn — %) <0,
which implies that
(Yn =ty yn = %) < An{A(yn) — Alun), yn — 7). (4.94)

Now, observe that

*

[y — 2 1* < Ny — wnll® + lun — 2" |1* + 2(yn — i, up — @ >
< n = 212 = [y — unll* — 2%(14( n) = (yn), Yn >, (4-95)

where the last inequality follows from (4.94). Substituting (4.95) into (4.93), and using
(4.90), we obtain

2o = 21 < (1 = ¥u)llun = 2*[1* + ¥n [[lun — 272 = [Jun — yal|?
= 22 {A(un) = A(yn) s Yo — )] = (1 = ) [lun — vl I* + Y2 AR Alun) — Alyn)[I?
+ 20 (1 = ) A (un — 2%, A(n) = A(yn)) + 205 0 (Y — %5 Aun) — Ayn))
= [lun — 21 = (2 = ) ltn — yull* + AL Alun) — Alyn) |
— 2 An(A(un) — A(Yn), Y — 27) + 2¢2An<yn — 2", A(ug) — A(yn))
+ 2%(1 - wn))‘n<un -, A(un) - A(yn)>
= [lun — 21 = (2 = ) ltn — yull* + VAL Alun) — Alyn) |2
+ 290 (1 — ) A A(un) — A(Yn), tn — Yn)

2
<l = 2 = 02 ) s — il 2N, —
n+1
+ an(l - ¢n)AnAL||un - yn||2
n+1
2
=||un—x*||2—wn{2—wn—< R SR ]nun allZ. (4.96)
)\n-i-l >\n+1

Since the limit of {\,} exists (see Remark 4.2.4 (d)), then lim A, = lim A,.;. Also, by
n—oo n—oo
Assumption 4.2.2 (2)(d), there exists ¥ € (0, 1] such that ¢» = lim %,,. Thus, we obtain
n—oo
that

An , A2
n n+1

Hence, there exists ny € N such that 2 — v, — 2(1 — Qﬂn)n/\i‘ >0 Vn > nyg.
Thus, we obtain from (4.96) that
|z — ¥ < |lup — 2¥|| VR > ny. (4.98)
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Observe from Lemma 2.5.25 and Lemma 2.5.16 (ii), (iii), that (I —~,,G) is v,|| T'||*-averaged.
That is, (I — 7,G) = (1 — ) + B,V,, ¥V n €N, where 8, = 7,||T||* € (0,1) and V,, is
nonexpansive for all n € N. Therefore, we can rewrite w,, from (4.86) as:
= (1 = Bn)wn + BnVow,, n>1. (4.99)
Thus, we obtain that
[un — 2*|> = (1 = Bo)llwn — 21> + Bul Vawn — [ = Ba(1 = B) [ Vowy — wn|?
< Jwn — 2*[|* = Ba(1 = B) [ Vatwn — wn|? (4.100)
< flwn — "%

Now, from Step 1 and Assumption 4.2.2 (2), we have that a,||z, — x,—1|| <€, Vn €N,
which implies that

anxn Tpo]] < ;—n — 0, as n — oc. (4.101)
Hence, there exists M; > 0 such that
%Hxn | <M, VneN. (4.102)

Thus, from Step 2, we obtain

Hwn - I*H < ”xn - x*H + O‘n“xn - CUn—lH

=l — || + 0 o, —lan — 2ol
< l@n — 2™ + 0, M, (4.103)
and so,
[un — 2| < [Jwn — 2| < [lan — ™[] + 00 M. (4.104)
From (4.89), we obtain
[Zn41 — 27 = [[(1 = Bn — On)un + Buzn — 27|
= [[(1 = B = On)(un — &%) + Bu(2n — %) — 027
< (1= Bn = 0n)(un — &%) + Blzn — 27)[| + Onl2"]. (4.105)
Note that

(1 = Ba=0n) (un — @) + Bu(zn — ")

=(1—8n— 0n>2||un - x*”Q +2(1 = Bn — 0n) Bu(un — 2%, 20 — %)

+ Ballzn — 27|

< (L= B =0 llun — 2" |* + 2(1 = B = 00) Bullun — 2|20 — 27|

+ Ballzn — 27|

< (1= 8o = 00)llun — 2| + (1 = Ba = 02) Bullun — 27|

1—0n— en)ﬂnuzn - H2 + Ballzn — 2|12
L= By = 0) (1 = )l — 2*|* + (1 = 0,) Ballz0 — 27| (4.106)
L= By = 0) (1 = )l — 2| + (1 = 0,) Bl — 2"

= 0n)?llun — 2|7,

ININ

(
(
(
(1
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which implies from (4.104) and (4.105) that

[enia = 2| < (1= On)llwn — 27| + 6n(1 = 0,) My + 0 ]| 27]]
< (1= Ol — 27| + On([l”[| + My).

It follows from Lemma 2.5.24 that {x,} is bounded. O

Lemma 4.2.7. Let {x,} be a sequence generated by Algorithm 4.2.3 such that Assumption
4.2.2 holds. If there exists a subsequence {x,, } of {x,} which converges weakly to a point
z € Hy and lim ||u,, — yn, || =0= lim |u,, —2,,|. Then, z €.

n—oo n—oo

Proof. From Step 2 and (4.101), we have
Qn
Let {z,, } be a subsequence of {x,} which is weakly convergent to a point z € H;. Then,

the subsequences {u,, },{y,,} and {w,, } are weakly convergent to z € H;.

We first show that Tz € F(S). To do this, recall from Remark 4.2.4 that lim v, >

n—oo

|w, — || = 6 |z — 2p_1]] = 0, as n — oo. (4.107)

min {'yl, W} > 0. Let lim v, =~ > 0, since {T*(I — S)Tw,, } is bounded, we get that
n—oo
(1=, T (I—=S)T ) wp,—(I—=~T*(I=S)T)wn, || = |V, =Y/ T*(L—=S)Twy,|| = 0, as k — oo.
That is, klgg} |tn, — (I —~T*(I — S)T)w,,|| = 0, which implies from (4.107) and our
hypothesis that
lim [wy, — (I =TI = S)T)w,, || = 0. (4.108)

k—o0

Thus, we obtain from Lemma 2.5.55, that z € F(I—yT*(I— S)T). Hence, using the same
line of argument as in the proof of Lemma 4.2.5, we obtain that Tz € F(5).
Now, let (v, w) € G(A+ B), then w — Av € B(v). Also, we obtain from (4.86) that

1
—(ttny = A Aty — Yny) € B(Yny)-

Ay
Thus, by the monotonicity of B, we obtain that
1
ng

Using (4.109) and the monotonicity of A, we obtain

1
<U - ynkaw> 2 <'U - ynkaAU + _<unk - ynk) - Aunk>

Ao
= <’U — Yny» Av — A(ynk)> + <U — Yny» A(ynk) - A(unk>>
1
+ <U = Ynys )\_(unk - ynk))
N
1
> <U — Ynp A(ynk) - A(unk>> + <U = Ynys )\_(unk - ynk)) (4110)
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Recall that hm Ay > min{A;, 7} > 0, klim |tn, — Yn, |l = 0 and by the Lipschitz
—00
continuity of A hm | A(tn, ) — A(yn, )|l = 0. Hence, passing limit as k — oo in (4.110),
k—o0

we obtain

(v—z,w) > 0.

Also, by Lemma 2.5.15, A + B is maximal monotone, thus, 0 € (A + B)z. This together
with the fact that Tz € F(S) gives that z € I O

Theorem 4.2.8. Suppose that Assumption /.2.2 holds. Then, the sequence {x,} generated
by Algorithm /.2.3 converges strongly to x* € T', where

|z*|| = min{]||z| : z € T'}.
Proof. Let x* € I'. Then, we obtain from (4.98), (4.100) and Step 2 that

(1 = Bn)un+Bnzn — x*H2 = [|(1 = Bu)(un — %) + Bnlzn — :B*)H2

=(1- Bn) [ — x*HQ + BZHZn - I*HQ +2(1 = Bn)Bulun — %, 2, — %)
(1= Ba)?llun — "I + Ballzn — 2™ 1* + 2(1 = Bu)Ballun — 2"l 120 — 27|
(1= B)?llun — 2|1 + Ballzn — 27|
(1
= (

+ IANIA

— Bn)Bn (”un - x*HQ + [l2n — x*HQ)
- Bn)”un - :E*||2 + /BnHZn - x*||2
|w, — 2*||*. (4.111)

IN

On the other hand, we have

*

lwp — 2 ||* = |2 — 2*|* + 200 {2 — 2%, 20 — 2p1) + p |20 — 20 |2
< lan — 2" [* 4+ 2ap |0 — 27| |20 — 2pa || + Qg2 — 20|
= llan — 27II* + anllzn — zaallllzn — 27| + anllzn — 20 ll)
< ”3371 - m*HQ + 3O‘n|lxn - $n_1||M2, (4-112)

for some M, > 0. Combining (4.111) and (4.112), we obtain

(1 = B)tn + Bz — 2*|1* < |2 — %)% + 3|7 — 201 || Mo (4.113)

Thus, from Step 3 and Lemma 2.5.18 (ii), we obtain

|Znt1 — x*HQ = |(1 —0,) [(1 — Bn)tn + Bnzn — fﬁ} - [Qnﬁn(un — zn) + an*]

< (1 - en)QH(l - 6n)un + Bnzn — x*l|2 - 2<0n6n(un - Zn) + 0", Tpi — CL’*>

< (L= 0)[I(1 = Bu)tin + Bnzn — m*Hz + 200080 (un — 2n), " — Tpy1)

+ 20, (z*, =¥ —x,01)

< (1= 0u)l[(1 = Ba)un + Buza — (1> + 20, Bnlltn — 2al|.[|2" — T |

+20,(z", =" —xpq1). (4.114)
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Therefore, using (4.113) and (4.114), we have

€01 — a*[)* < (1= 6n) ||z — 2*]]? + 3(1 = bn) ||z — 21 || Mo
+ 20,6, ||un — 2ol |2* — Ty || + 20, (z", =" — xpi1)
= (1= 6)||lzy — 2*|?

ay, .
+ 0y, [39_(1 — On)l|2n — T [[ My + 28, ||ty — 24 |27 — 2ppd |

+2(z", z* — xnﬂ)}
= (1= 0) |z — 2*|]* + Opd,, ¥n > ny, (4.115)
A,
where d,, := [39—(1 —O) || wn — Tt || Mo + 26, ||un — 2al|- |2 — Zpga || + 2(z*, z* — xn+1>] :
To show that the sequence {Hxn — x*H} converges to zero, by Lemma 2.5.55, it is enough

to show that limsup d,,, < 0 (where {d,, } is a subsequence of {d,,}), for every subsequence
k—ro0

{Hxnk - m*||} of {||a:n - x*u} satisfying
lim inf (Hxnﬁl —2*| = ||Tn, — ;U*H) > 0. (4.116)
—00

Now, suppose that {||xnk - a7*||} is a subsequence of {||xn - x*||} such that (4.116) holds.
Then,

liminf ([l 01 = 2% = 2, —2*[2)

= lim inf ((J2n1 = @ = low, = " D(lznsr = 2]+ on, = 2°)) 2 0. (4117)

k—o0

Now, by Step 3, we obtain

[@nsr = 22 = [[(1 = B = 00) (un — &%) + Balzn — 27) — ™|
= [|(1 = Bn — On)(un — %) + B2 — x*)HQ = 20,((1 = B — On) (un — %)
+ Bu(zn — %), a*) + O ]|2"|?
<N = B — O) (tn — ) + Bulzn — 2°)[]> + 6, Ms, (4.118)

for some M3 > 0. Substituting (4.106) into (4.118), we have

1 = 2|7 < (1= B = 0) (1 = 0n)[lun — 2| + (1 — ) Ball 20 — 2"[|* + 0, M.
(4.119)
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Using (4.96), (4.112) and (4.119), we obtain

[Eapsals

< (1= B = 0n)(1 = ) lun — 2*[* + (1 = 6,)Bn (Hun —a*||?

)\2
- 1/}11 2 — wn - ( wn)nA - ¢nn 22 ] Hun ynH2> + enM?)
n+1 n+1
2 |2 An A 2
= (1= 0,) un — 2|7 = (1 = 00) Buthn |2 — ¥ — 2(1 — )+ %77 32 [tn — Yl
)‘n—i-l /\n+1
+ 0, M;
« An
< (1 - en)Q[Hxn - ||2 + 3an”xn - -’Bn—1||M2} - ( )6n¢n {2 Pn — 2(1 - %)77/\ )
n+
A2
— a1 2 ] tn — yn|* + 0, Ms
n+1
. Q, An
S ||~17n — X ||2 + Hn |:39_||xn - xn—IHM? + M3:| - (1 - en)ﬁnd)n |:2 - wn - 2( ¢n)nA )
n n+
A 2
by o =l
)‘721—0-1
Hence, by (4.102) and (4.117), we obtain
. Ang A 2
lim sup(l - gnk)ﬁnkwnk 2 - wnk - 2(1 - ¢nk)n/\ wnkn /\2 Hunk ynk”
k—o00 ne+1 ng+1
< limsup {nxnk = 2 = i — |+ O[3V, + Mg]}
k—o0
— limsup { |, = 2| = [Ja1 — 2"}
k—o0
= —liminf {[Jen, 11 — 2| = llz, — 2"} <0,
which implies from (4.97) that
lim ||, — Yn,|| = 0. (4.120)
k—o0

Using (4.119), (4.98) and (4.100), we obtain

Hxn—&-l - fk”Q (1= B = 0n)(1 — 0n)|lun — x*Hz + (1 = 0n)Bnll2n — x*HQ + 0, M3
(1= 60,2)?[|un — 2*|* + 6, M5

[|wn, — x*Hz — Bn(1 = Bl Vawn — wnH2 + 60, M3

|

Lpn — x*HQ + 3ay|| Ty — Tp_1||Ma — B (1 = Bo)||Vaw, — wn”2 + 0, M3.

VAN VAN VANRVAN
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Thus, by (4.117) we obtain

hmsup ﬁnk(l - /Bnk)HVnkwnk - wnkHQ] < hmsup [Hxnk - x*HQ - HxnkJrl - x*HQ
k—o0 k—o0

+ O,,,, [3M M + M;)

= —liminf [on, 1 — 2|7 = l|ea, — 2*[?] <0,
k—oo
which implies that

11_}1};1O | Vi W, — wh, || = 0. (4.121)

Thus, we obtain from (4.99) that

Using (4.122) and (4.107), we obtain

lim ||up, — 2, || = 0. (4.123)

k—o0

Observe from Step 3 and (4.120) that

||an - ynk” = (1 - wnk)”unk - ynk” + wnk’l)\nk<Aunk - Aynk)H
< (1 - ¢nk)||unk - ynk” + wnk)\nkL”unk - ynk” —0 as k— oo. (4'124)

Thus, from (4.120), we obtain
|2n,, — Un, || = O. (4.125)
Also, from Step 3, we obtain
|41 — Ung || < Brp |20y, — Ung || + Oy l|tin, || = 0 as k — oo. (4.126)
Thus, we obtain from (4.123) and (4.126) that

Since {xnk} is bounded, there exists a subsequence {mnk} of {xnk} which converges
J
weakly to some z € Hy, such that

limsup(z*, 2" —x,,) = lim (z*, 2" —x, )= (2", 2" —2). (4.128)
k—o0 J—roo J

Also, we obtain from (4.120), (4.123) and Lemma 4.2.7 that z € T.
Thus, since z* = Pr0, we obtain from (4.128) that

limsup(z*, =" —x,,) = (z*, =¥ —2) <0,
k—o0
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which implies from (4.127) that

limsup(z*, 2" —x,, ) <0. (4.129)

k—o0

Q.

Now, recall that d,,, = [3 (1 —=Op )| Tn, — Trp—1||Ma + 280, ||tn, — 20, ||-|2* — Ty 11| +

s

2(x*, x* — xnk+1>].

Thus, by (4.129), (4.101) and (4.125), we obtain limsupd,, < 0. Hence, we get that

k—ro0
lim ||z, — 2*|| = 0. Therefore, we conclude that {z,} converges strongly to z* = Pr0.
n—oo

Some Corollaries

If we set B = N¢ in Algorithm 4.2.3, then we obtain from the definition of normal cone
(see (2.5.44)) that J\'O(I —AA) = Po(I—AA). In this case, we know that (A+ Ng)~(0) =
VIP(C,A). Thus, we obtain the following consequent result.

Algorithm 4.2.9. Initialization: Choose sequences {0,152, {Bn}oy, {€n}oey and {1n}22,
such that the conditions from Assumption 4.2.2 (2) hold and let vi,\y > 0, u,n €
(0,1), « >3 and xy,x; € Hy be given arbitrarily.

Iterative Steps: Setn :=1.

Step 1. Given the iterates x,_1 and x, (n > 1), choose v, such that 0 < «,, < &, where

: n—1 €n .
min {n+a—1’ |lzn—2n—1|l 1 Zf Tn 7& Tn—-1
Qp = (4.130)
n—1 .
— otherwise.

Step 2. Set
Wy, = Tp + Qp (g — Tpq).

Then, compute

Uy = Wy — VG, and y, = Po(I — N\ A)uy,, (4.131)
where
min { eeceel g b if Gu, £ Gu,
Va1 = |Guun =Gion ] _ (4.132)
Vs otherwise
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and

: Nl[un—=ynll A\ if A A
)\n+1:{mln{Aun—Ayn”’ ”}’ if Aun 7 Ayn, (4.133)

" otherwise.
Step 3. Compute

where z, = (1 — ¥y )uy + Uy (yn + A, (A(un) — A(yn))> .

Stopping criterion: Ify, = u, = w, = x,, then stop, otherwise, set n:=n+ 1 and go
back to Step 1.

Corollary 4.2.10. Suppose that Assumption J.2.2 holds with B = Ng and I' := {z €
VIP(C,A) : Tz € F(S)}. Then, the sequence {z,} generated by Algorithm /.2.9 con-
verges strongly to x* € T', where ||z*|| = min{||z| : z € ['}.

If A =0, then we obtain the following consequent result.

Algorithm 4.2.11. Initialization: Choose sequences {0,152 1, {8221, {en}2y, {¥n}22,

n=1’

such that the conditions from Assumption 4.2.2 (2) hold and let v; >0, p € (0,1), a >3
and xg,x1 € Hy be given arbitrarily.

Iterative Steps: Setn :=1.

Step 1. Given the iterates x,—y and x,, (n > 1), choose o, such that 0 < o, < &,,, where

min {n1;£17 Hxn_e;n71” }, Zf Tn 7é Tn—1
O 1= (4.135)

n—1

r— otherwise.

Step 2. Set
Wy = Ty + (T — Tp_1).

Then, compute
Up = Wy, — VGw, and vy, = Jﬁun, (4.136)
where 1r>1fi A > A >0 and
min {M, %} ,if Guy, # Guy,.
Va1 = |Guun =Gion ] _ (4.137)
Yns otherwise
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Step 3. Compute
Try1 = (1 = B — On)tn + Brzn, (4.138)

where zp := (1 — ¥p)un + Y Yn.

Stopping criterion: If y, = u, = w, = x,, then stop, otherwise, set n :=n+ 1 and go
back to Step 1.

Corollary 4.2.12. Suppose that Assumption 4.2.2 holds with A = 0 and I' := {z €
B7Y0) : Tz € F(S)}. Then, the sequence {x,} generated by Algorithm J.2.11 converges
strongly to * € T', where ||z*|| = min{||z|| : z € T'}.

Remark 4.2.13. If we set HL = Hy = H and T =1 = S in Algorithms }.2.3, /.2.9 and
4.2.11, we recover relaxed inertial methods for solving the classical MVIP (see [17]), VIP
(see [1/]) and NPP (see [120]), respectively. Furthermore, under appropriate settings, Al-

gorithms /.2.3, 4.2.9 and J.2.11 reduce to relaxed inertial methods for solving the classical
SMVIP of Moudafi [171], SVIP of Censor et al. [5/] and SCNPP, respectively.

4.2.2 Application to image restoration problems

First, consider the following Split Linear Inverse Problem (SLIP), which is modified from

[26]:
Find z* € H; such that P(z") + G(2*) = min [P(x) + G(z)], and Tz* € F(5)(4.139)

r€H,
where P : H; — R is convex and continuously differentiable, G : H; — R is convex and
lower semi-continuous, T': H; — Hs is a bounded linear operator and S : Hy — H, is any
nonlinear mapping.

Now, recall that problem (4.139) contains as a special case, the following image restoration
problem (which is our main interest for this application):

min {|| Dz — b3 + Alle]l:}. (4.140)
zeR

where A > 0, # € R¥ is the original image to be recovered, b € RM is the observed
image and D : RY — RM is the blurring operator. In this case, P(z) = ||Dz — b||3 and
G(z) = Azl

To apply Algorithm 4.2.3 to solve the image restoration problem (4.140) via numerical
computations, we recall that since P is convex and continuously differentiable, then the
gradient VP of P is monotone and continuous. Also, since GG is convex and lower semi-
continuous, then the subdifferential 0G of G is maximal monotone. Moreover,
P(z*)+ G(z") = HGIgl [P(z)+ G(z)] < 0e (VP(z") + 0G(x")).
Z 1

Thus, we can set A = VP and B = 9G in our algorithm, where VP is || D||* Lipschitz
continuous and monotone. We then consider the (256 x 256) Cameraman Image and
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128 x 128 Medical Resonance Imaging (MRI) from MATLAB Image Processing Toolbox.
Moreover, we use the Gaussian blur of size 9 x 9 and standard deviation o = 4 to create the
blurred and noisy image (observed image). Also, we measure the quality of the restored
image using the signal-to-noise ratio defined as

[ = ]2

where x is the original image and x* is the restored image. Note that, the larger the
SNR, the better the quality of the restored image. We also choose the initial values as
20 =0 RN and z; =1 € RV*M and take 9, = DT

Then, the results are reported in Table 1 which shows the CPU time and SNR values for
each algorithm, and Figure 1 which shows the original, blurred and restored images. The
two major advantages of our Algorithm over the other two algorithms are the higher SNR
value and lower CPU time for generating the recovered images.

Table 4.2.2. Numerical results for image restoration problem 4.140
Algorithms Cameraman MRI
CPU SNR CPU  SNR

Algorithm 4.2.3

17.4408 34.2025

3.1058 27.0411

Tian & Jiang Alg.

21.2987 27.9775

6.7426  22.3356

Chidume & Nnakwe Alg. 21.6154 18.5223 6.9751 18.2135

4.2.3 Numerical experiments

In this section, we discuss the numerical behavior of our proposed methods; Algorithm
4.2.3, Algorithm 4.2.9 and Algorithm 4.2.11. Furthemore, we compare them with related
strong convergent methods in the literature; namely, the method of Tian and Jiang [229]
and the method of Chidume and Nnakwe [0, Algorithm (3.1)] (other related methods in
the literature are mostly weak convergent methods).

The codes for the numerical analysis are written in Matlab 2016 (b) and performed on
a personal computer with an Intel(R) Core(TM) i5-2600 CPU at 2.30GHz and 8.00 Gb-
RAM. In Tables 1-4, “Iter.” means the number of iterations while “CPU” means the
CPU time in seconds. In our numerical computation, we randomly choose the relaxation
stepsize 1, and the starting points xg, 21 € Hy (see the cases below). We also choose the
parameters (randomly) 73 > 0, u,n € (0,1), & > 3 (the choices of these parameters will
be discussed in Remark 4.2.17), and the control sequences 6,, = n%p Bn = %—Hn, a, = Qy,
and €, = ngT}n for Algorithm 4.2.3, Algorithm 4.2.9, Algorithm 4.2.11; A\, = ﬁ for Algo—
rithm Tian and Jiang [229], Chidume and Nnakwe [(4, Algorithm (3.1)]; A, = 32%=
Algorithm 4.2.11; v, = W for Algorithm Tian and Jiang [229], Chidume and Nnakwe
(64, Algorithm (3.1)]; and «,, = n+1 for Algorithm Tian and Jiang [229].

Furthermore, we define TOL,, := 1 (||, — Jf (20 — AAz,)||* + || Tz, — ST, ||?) for Algo-
rithm 4.2.3; TOL,, := 1 (||, — Pc(xn — Mz ||? + || T2, — STx,||?) for Algorithm 4.2.9,
Algorithm Tian and Jiang [229], Chidume and Nnakwe [64, Algorithm (3.1)];
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TOL, := % (||, — JPx,||* + ||Tx, — STx,||?) for Algorithm 4.2.11; and use the stopping
criterion TOL,, < ¢ for the iterative processes, where ¢ is the predetermined error. Note
that if TOL,, = 0, then z,, is a solution of the problem under consideration.

Example 4.2.14. Let Hy = Hy = Ly([0, 1]) be equipped with the inner product

(2,y) = / c(Oydt ¥ 2y € L([0,1]) and 2] = / 2(OPdt Va,y, € Lo((0,1]).

Now, define the operators A, B : Ly(]0,1]) — Lo([0, 1]) by

A(t) = /01 (x(t) _ (:tsiJ cosx(s)) ds + 62;—6t1x € Lo([0,1]),

e2 —

Bz (t) = max{0,z(t)},t € [0, 1].

Then A is Lipschitz continuous and monotone, and B is mazimal monotone on Ly(|0, 1]).

Let T : Ly([0,1]) — L2([0,1]) be defined by

Tx(s) :/0 k(s,t)z(t)dt ¥ x € Lo([0,1]),

where k is a continuous real-valued function defined on [0,1] x [0,1]. Then, T is a bounded
linear operator with adjoint

T*a(s) _/0 K(t, $)e(t)dt ¥z € Lo([0,1]).

Let S : Ly([0,1]) — Lo([0, 1]) be defined by

Sx(t) = /01 tz(s)ds, te0,1].

Then, S is nonexpansive. Indeed, we have

2

[Sa(t) — Sy(t)|* = I/0 t(a(s) —y(s)|* < (/0 tla(s) — y(S)IdS)

< / 2(s) — y(s)[?ds = ||z — y]°

Now, let C = {x € Ly([0,1]) : {y,z) < b}, where y = e¢' + 1 and b = 10, then C is a
nonempty closed and convex subset of Ls([0,1]). Thus, we define the metric projection Pc
as:

Pote) = | WY (3>,
¢ r, if (y,7) <b.
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For Algorithm Tian and Jiang [229], we define h : Ly([0,1]) — Lo([0, 1]) by

hx(t) :/0 %x(s)ds, t e [0,1].

Then, h is a contraction.
We now consider the following cases for the relaxation stepsize 1, and the starting points
Lo, T/

Case 1: Take z4(t
Case 2: Take x4(
(

) =3, 2o(t) =t and Y, = 5.
)
) =

t)=s () o(t) =t —i—landwn:ﬁ.
Case 3: Take z1(t) = cot(t), xo(t) = sin(t) and ¢, = ﬁ.
Case 4: Take x1(t) = €', zo(t) =t +t+ 1 and ¢, = F2.

The numerical results are displayed in Table 4.2.1/ and Figure 4.4.

Table 4.2.14. Numerical results for Example 4.2.14 with ¢ = 107".

Algorithm Algorithm : . Chidume
Cases 4.2.9 4.2.11 Tian Jiang — no we
1 CPU 15.8066 7.2564 21.7214 35.9767
Iter. 6/ 51 114 158
9 CPU 17.8827 7.6196 61.6392 137.3976
Iter. 39 32 96 140
3 CPU 20.486 9.6206 55.5797 144.6658
Iter. 42 35 102 145
J CPU 22.8433 10.4064 46.0686 50.3887
Iter. 82 63 109 158

Example 4.2.15. Let Hy = Hy = {5, where {5 = l5(R) := {x = (21,29, ..., 74, ...), T; €

R : > |ai* < oo}, with inner product (.,.) : o X {5 — R defined by (x,y) == > o0, iy
i=1

and the norm ||.|| : lo = R by ||z|| :== /Do |zil?, where v = {x;}2, and y = {y;}32,.

Define the mapping A : €y — ly by Ax = (Ilg‘xl‘, W;'”', s w“;'“”', ) Va € ly. Then, A

is Lipschitz continuous and monotone (see [1]]).
Let B : ly — 5 be defined by B(x) = (2x1, 229, ..., 2x;,...) Ya € ly. Then, B is mazimal
monotone.

Let T : Uy — Uy be defined by Tx = (0, Ty, 5, %, ) for all x € l5. Then, T is a bounded

linear operator on ly with adjoint T*y = (yg, S ) for all y € 05.

Now, C = {z € by : ||[x — alle, < r}, where a = (1,4,5,---) and r = 3. Then C is a
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nonempty closed and convexr subset of ly. Thus,

' — <
o) — {a: i Il —alle, <7

IIzI—_aﬁe r+a, otherwise.

2

Furthermore, we define the mappings S, h : by — ly by Sx = (0,21, x2,...) and hx =
(0, R ) for all x € Uy, and consider the following cases for the relaxation stepsize
Un and the starting points xg, xy:

Case 1: Take x1 = (1,5,%,-++), ©0 = (3,2, 15, ) and 1, = 52

1273 25210 nt5
Case 2: Tuke x1 = (3,3, 15,-++), 2o = (1,3,3, ) and ¢, = 5.
Case 3: Take x1 = (1,%,35,-*), o= (3,1, 5, ) and 1, = o
Case 4: Tuke x1 = (3,1,%, ), wo= (1,1, 5, ) and ¢, = 2.

The numerical results are displayed in Table 4.2.15 and Figure 4.5.

Table 4.2.15. Numerical results for Example 4.2.15 with ¢ = 1075.

Algorithm Algorithm : . Chidume
Cases 4.2.9 4.2.11 Tian Jiang o kwe

1 CPU 0.0566 0.0325 1.0297 1.0889
Iter. 76 56 449 509

P CPU 0.0449 0.0208 1.0290 1.0679
Iter. 67 51 449 506

3 CPU 0.0394 0.0223 1.0268 1.0719
Iter. 74 55 449 510

) CPU 0.0389 0.0199 1.0290 1.0676
Iter. 83 60 449 510

Example 4.2.16. In many practical problems, it s important if the minimum-norm so-
lutions of such problems can be found. Such problems can be formulated mathematically
as (see, for instance [200, Example 3.4]):

Find x* € H such that ||z*|| = min{||z|| : z € H}, (4.141)

where H is a real Hilbert space. Note that (4.141) can be reformulated as the following
particular variational inequality problem:

Find z* € H such that (z*,2* —z) <0, Vo € H. (4.142)

Now, let Hy = Hy = Lso([a,b]), C ={z € Ly(|a,b]) : (a,z) = b} and Q = {x € Ly([a,b]) :
(a,x) > b}, for some a € Ly([a,b]) — {0} and b € R.
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Then, x* minimizes ||.||+d¢c if and only if 0 € O (||.|| + 0¢) (z*) and T'z* minimizes ||.||4+0¢
if and only if 0 € O (||.|| + dg) (T'z*), where éc (defined as éc(x) =0 if v € C and 400,
otherwise) and d¢ denote the indicator functions of C' and @, respectively. Now, if we set
in (4.84), A=0, B=(||.||+dc) and F(S) = O (||.|| + dg), then problem (4.84) becomes
the following problem:

Find z* € C such that z* = argmin{||z| : x € C}, (4.143)
and such that
Tx* € Q solves Tx* = argmin{||ly|| : v € Q}. (4.144)

It is known that the solution to problem (4.143)-(4.144) is a minimum-norm solution (see
[2006, Example 3.4]).

Now, for the numerical computation, we define the bounded linear operator T as in Example
4.2.14. We also choose the starting points and relazation stepsize as in Case 1-Case 4
of Example 4.2.1/. The numerical results are reported in Table 4.2.16 and Figure 4.6.

Table 4.2.16. Numerical results for Example 4.2.16 with ¢ = 1075.

Algorithm Algorithm . . Chidume
Cases 4.2.9 4.2.11 Tian Jiang o we
1 CPU 19.8207 15.4169 29.0280 50.9212
Iter. 121 101 136 182
9 CPU 26.5295 25.8138 87.9523 187.6199
Iter. 92 83 119 165
g CPU 41.3551 34.5019 82.0133 204.0348
Iter. 95 93 125 170
y CPU 25.2010 22.7278 77.0343 96.5969
Iter. 110 99 152 178

Remark 4.2.17. We now summarize this section by highlighting some of the observations
from the numerical results.

e During the numerical computations, we observed that irrespective of the choices of
the parameters y1,\1 > 0, u,n € (0,1) and o > 3, the number of iteration does
not change and no significant difference in the CPU time. Therefore, we randomly
choose these parameters.

e Throughout the experiments, we see clearly that both in CPU time and number of
iterations, Algorithm 4.2.11 outperforms Algorithm /.2.3 and Algorithm 4.2.9. This
is expected since Algorithm 4.2.11 does not require any evaluation of A and the
stepsize A\, in Algorithm 4.2.11 does not involve any form of “inner loop” during
implementation, which are required in Algorithm 4.2.5 and Algorithm 4.2.9.
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e [t can also be seen from the tables and figures that Algorithm /.2.3 and Algorithm
4.2.9 perform better than Algorithm Tian and Jian [229] and Algorithm (3.1) of
Chidume and Nnakwe [0/]. This is also expected due to the presence of both re-
laxation and inertial steps in our methods. We can also see from the cases that
irrespective of the choices of the relaxation stepsize, our proposed methods converge
more than twice as fast as the other methods.
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Chapter 5

Inertial Type Algorithms for Solving
Variational Inequality Problems and
Fixed Point Problems

5.1 Introduction

In this chapter, we propose some inertial-type algorithms for solving some optimization
and fixed point problems. Strong convergence of the algorithms are established under
mild assumptions. We demonstrate the performance of our algorithms with numerical
examples.

5.2 Variational inequality and fixed point problems

In this section, we introduce a new relaxed inertial Tseng extragradient method with self-
adaptive step size for approximating common solutions of monotone variational inequality
and fixed point problems of quasi-pseudo-contraction mappings in real Hilbert spaces. We
prove strong convergence result for the proposed algorithm without the knowledge of the
Lipschitz constant of the cost operator. Moreover, we apply our results to approximate
solution of convex minimization problem and we present some numerical experiments to
show the efficiency and applicability of our method in comparison with some existing
methods in the literature. Our proposed method is easy to implement. It requires only
one projection onto a constructible half-space.

5.2.1 Main result

In this section, we present our proposed method and discuss some of its important features.
We begin with the following assumptions under which our strong convergence result is
obtained.
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Assumption 5.2.1. Suppose that the following conditions hold:

1. The set C' is defined by
C={reH]|cx) <0}
where ¢ : H — R satisfies the following conditions:
(a) c : H — R is a continuously differentiable convezr function such that ¢(.) is
M -Lipschitz continuous;
(b) c(x) is weakly lower semicontinuous (w-lsc) on H.
2. (a) A: H — H is monotone and L-Lipschitz continuous with constant L > 0.

Howewver, prior knowledge of the Lipschitz constant is not required for the im-
plementation of the proposed algorithm.

(b) T : H — H is a K-Lipschitz continuous quasi-pseudo-contractive mapping,
which s demiclosed at zero and with K > 1.

(¢) The solution set Q = F(T) N VI(C, A) is nonempty.

(d) D: H — H is a strongly positive bounded linear operator with coefficient Y and
f: H — H is a contraction with coefficient p € (0,1) such that 0 < v < %.

3 a1, ABu IS and {7, )12 are positive sequences satisfying the following con-

ditions:

(a) a, € (0,1), lim a, =0, > a, =400, lim ﬁ:O,O<01 < B, <

n—-+4oo n—-+oo (67%

co < 1.

(b) {¢pn} C (0,1] such that n1_1>moo<bn pe(0,1,0<é<pu< \/—+7

(c) 0<d<+/(1—¢)2—¢)+ (1 —r2)—(1—¢) for some r > 0.

Algorithm 5.2.2.
+oo

Initialization: Choose sequences {a, }125, {8n}25 and {7, }125 such that the conditions
from Assumption 5.2.1(8) hold and let Ay > 0, « > 3 and xg, 11 E H be given arbitrarily.
Set n = 1.

Iterative Steps:

Step 1. Given the iterates x,_1 and x,(n > 1), choose 8, such that 0 < 0,, < 0,,, where

In ,
g, — { ST ey o # T (5.1)
n — . .
n-l_ otherwzse.
nt+a—1

Step 2 Compute

Wy = Ty + en(xn - xnfl)a

138



Step 3 Construct the half-space
Cn =1z € H : c(w,) + {(wy,),r —w,) <0}
and compute
yn = Po, (W, — A\yAw,),

where

3 wn—yn|l ; _
mm{||Awn—AynH+Hc'<wn>—c'<yn>u> An}’ if || Awy — Ayn|l
Ani1 = I (wn) = ¢ (ya)|| #0,  (5:2)

Ans otherwise.

Step 4. Compute

Step 5. Compute
Tpt1 = ayf(w,) + (I — o, D) [(1 — Bo)tn + ﬁthn},

where

V= (1= &)1 +£T((1 — p)I + pT).

Setn =n+1 and go back to Step 1.

Remark 5.2.3. (a) Our method only requires one projection onto a half-space C,,, which
can be easily computed. Hence, our method is less computationally expensive than several
other methods in the literature (see for example, [}/, 10/]), for solving variational inequal-
ity problems. By the definition of the subgradient, we observe that C' C C,,.

(b) The step size {\,} given by (5.2) is generated at each iteration by some simple compu-
tations. Thus, {\,} is easily implemented and does not depend on the Lipschitz constant
of the cost operator.

(c) Step 1 of Algorithm 5.2.2 is also easily implemented since the value of ||z, — T, _1]| is
known before choosing 6,,.

Remark 5.2.4. Observe that from (5.2) in Algorithm 5.2.2, we have A\,+1 < A, Vn > 1.
Moreover, since A is L-Lipschitz continuous and ¢ is K-Lipschitz continuous, we obtain
in the case of ||Aw, — Ayl + || (wy) — ¢ (yn)|| # 0 in Algorithm 5.2.2, that

: 0|wn — yall } . { 0 }
)\n - ) )\n Z ) )‘n )
o { [Awn — Aynl| + ¢ (wn) — ¢ (ya) | ERVEN

which by induction, implies that {\,} is bounded below by min {HLK, )\1} . Since {\,} is

monotone nonincreasing, it follows that the limit exists, and lim A\, > min{LJrLK, A} >
n——+o0o
0.
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Remark 5.2.5. By Assumption (5.2.1) 3(a), one can easily verify from (5.1) that

On,
lim 6,||z, — z,—1||=0 and lim —||x, —z,_1]| = 0. (5.3)
n—r—+oo n— n
Lemma 5.2.6. Let p € Q and {x,} be a sequence generated by Algorithm 5.2.2 under
Assumption 5.2.1. Then, we have the following inequality:

2

An
n+1 n+1

— Al — a2 (5.4)

Proof. Let p € Q. Then, p € C C C,,. Since y,, = P¢, (w, — \,Aw,,) and p € C,,, then by
the characterization of Pp, we have

or equivalently

Next, applying Lemma 2.5.18(i), we get

2(wn = Yn, Yn — D) = [[wn, — plI* = |wn = yall* = [y — p||*- (5.6)

By the monotonicity of A, we obtain

(AU, Yn — ) = (Ayn — Ap, yn — p) + (Ap, Y — D)
> (Ap,yn — p). (5.7)

Substituting (5.6) and (5.7) in (5.5), we have

19 — 2lI* < lwn = plI* = wn — yall*> — 22X (AW, — Ayp, Y — D) + 20, (Ap, p — Yn).
(5.8)

Next, using the definition of ¢, and Lemma 2.5.18, we obtain

Itn — sz = |(1 = ¢n)wn + dnYn + PnAn(Aw, — Ayy) — p“2
= [|(1 = ¢n)(wn — p) + GuYn — ) + GpAn(Aw, — Ayn)HQ
= (1= ¢n)*[lwn — 2l + O3 llyn — pII* + SR AL Aw,, — Ay, |®
+ 200 (1 = @) (Wi — Py Yn — P) + 20000 (1 — &n)(wn — p, Aw,, — Ayn)
+ 20,85 (Yo — 0, Awy, — Ayy)
= (1= ¢n)*[lwn — 2l + O3 llyn — pII* + SR AL Aw,, — Ay, |®
+ ¢n<1 - (bn) [Hwn - pH2 + Hyn _pH2 - Hwn - yn||2]
+ 22 Pn (1 — én)(wy — p, Awy, — Ayn) + 2)‘n¢721<yn — p, Aw, — Ay,)
= (1 - gbn)”wn p”2 + ¢n||yn - p”2 - gbn(l - an)Hwn - yn||2
+ dp Al Aw, — Ay, 1®
+ 20,00 (1 — @) (wy, — p, Aw,, — Ayp) + 20,02 (Y — p, Aw, — Ay,). (5.9)
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Using (5.8) in (5.9), we get

Itn = plI* < (1 = ¢u)llwn = plI* + dulllwn — plI* = llwn = yall® = 22 (Awn — Ay, yn — p)
+ 2)‘n<Apap - yﬂ)} - an(l - ¢n)||wn - yn||2 + gbi)‘iHAwn - Ayn||2
+ 200 (1 — dn) AWy, — p, Awy, — Ayn) + 2¢$L)‘n<yn —p, Aw, — Ayn)
= [|wn, — pH2 = Pn(2 — Pn)lJwn — ynH2 + Qﬁ)‘?LHAwn - AynH2
+ 20,00 (1 — dn) (Awy, — Ay, Wy — Yn) + 20000 (AD, P — Yn)- (5.10)

Now, we consider the following two cases:

Case 1: Ap=0. If Ap =0, then from (5.10), we have

[t — plI? < lJwn — plI> = 60 (2 — dn)lwn — ynll? + G2 AL || Aw,, — Ay, ||?
+ 20,00 (1 — n) (Awy, — Ay, wy — Yn)

>\TL
< flwn = plI* = ¢a(2 = @u) lwn = yall® + 626 5™ wn — yull*

A1
An 9
n+1
2 2 >‘721 )\n 2
= |lw, — p|| _¢n[2_¢n_5 \2 _2(1_¢n)5>\ an_yn|l
n+1 n+1
2 2 )\721 )\n 2 2
SHwn_pH _¢n[2_¢n_5 2 _2(1_¢n)5 _K]Hwn_ynu )
)‘nJrl >\n+1

for some k > 0, which is the required inequality.

Case 2: Ap # 0.
By Lemma 2.5.11, it follows that p € OC and there exists k£ > 0 such that Ap = —kd/(p).
Observe that ¢(p) = 0 since p € JC. By the subdifferential inequality (2.54), we get

c(yn) = c(p) + (' (p); yn — p)

—1
= —(Ap,yu — 1),
which implies that
(Ap,p = Yn) < Ke(Yn)- (5.11)
Since y,, € C,,, we get
c(wp) + (¢ (wn), Y — wn) < 0. (5.12)

Again, by applying the subdifferential inequality (2.54), we have

(Yn) + (¢ (Yn)s wn — Yn) < c(wy). (5.13)
Adding (5.12) and (5.13), we have
c(Yn) <A (Yn) — (Wn), yn — wy). (5.14)



From (5.11) and (5.14), we obtain
(Ap,p — yn) < K¢ (Yn) — ¢ (wn), Y — wn). (5.15)
Also, observe that
2A (! (yn) = € (W), Yo — wa) < AN (yn) — ¢ (wi) [* + K[y — wal|”. (5.16)
Applying (5.15) and (5.16) in (5.10) and using the definition of the step size, we get
tn = plI* < [lwn = pI* = 602 = du)llwn — yall* + du A7 | Awy — Ayal|?
+ 2)\n¢n(1 - ¢n)<wn - ynyAwn - Ayn> + ¢n)\iHC/(yn) - Cl<wn)H2 + ¢n"’€2”yn - wnH2
= [Jwn — p||2 — On(2 — &) ||wn — ynH2 + ¢n/\721 [”Awn - AynH2 + Hcl(yn) - C/(wn)HQ]

+ 2>\n¢n(1 - gbn)(wn — Yn, Awn - Ayn> + ¢n’€2”yn - wn”2
2

)\n
< lwn = pl* = ¢a(2 = @u) lwn = yall* + 620" 5™ l[wn — yull*

A
>\n 2 2 2
+ 2¢,(1 _an)é)\ |wn = Ynll” + Gnk”||wn — yal|
n+1
2 2 )\721 >\” 2 2
:Hwn_pH _¢n[2_¢n_6 9 _2(1_¢n)6 _H}l‘wn_ynH 9
)\n—i-l )‘TLJrl

which is the required inequality. Hence, we have the desired result.

]

Since the limit of {\,} exists, lim, {00 Ay = limy, 1 o0 Apy1. Thus, by Assumption (5.2.1)
3(b) and 3(c), we have

N2 A
: 2 M o R 2 o 2
nl_lgloo Gnl2—¢p— 0 %, 2(1 gbn)é)\nH ] =¢[2—¢— 6 —2(1—¢)d —r*] > 0.

Hence, there exists ng > 1 such that for all n > ng we have

A2 An

lim ¢,[2 — ¢, — 65 —2(1 — ¢,)0 —K*] > 0.
"_IEIOO¢ [ i A1 (=) Ant1 K} ~
Consequently, from (5.4) we have that for all n > ny,
[tn = pll < [lwn —pl. (5.17)

Lemma 5.2.7. Let {z,} be a sequence generated by Algorithm 5.2.2. Then, under As-
sumption 5.2.1, {x,} is bounded.

Proof. First, we claim that Po(l — D + ~f) is a contraction on H. For all z,y € H, we
have

|Po(I — D +~f)x — Po(I — D +~f)yl I—=D+~f)x— (I —D+~f)yl
I — D)z — (I =D)y|l+~If(x) = fyl
Nz =yl +yollz =yl

(v =)z = yll

<|
<|
<

I(
I(
(1 -
(1 -
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Since 0 < (1 — (7 —vp)) < 1, Po(I — D + ~f) is a contraction. Thus, there exists p €
such that p = Po(I — D +7f)(p). Since p € €2, then we have that Vp = p. Next, from the
definition of w,,, we obtain

|wn = pll = |20 + On(n — 201) — p|
< |wn = pll + Onllzn — 201
On
= llzn = pll + an—=llen — 2ol (5.18)

n

By (5.3), there exists M; > 0 such that

O,
—|zp — xpa|| < My, Vn2>1, (5.19)
a

n

and so, it follows from (5.18) that

|wn = pll < [|2n —pl| + My, Vn > 1. (5.20)

Let T,, = (1 — B,)I + B3,V for each n > 1. By the conditions on ¢ and p, and by Lemma
2.5.3, we know that V is quasi-nonexpansive. Consequently, we have that

|Tntn — pll = (1 = Bu)tn + BVt — p
< (1= Bu)ltn —pll + BullVt, — pll
< (1= Bu)lltn = pll + Bulltn — pll
= [[tn — I (5.21)

Now, by applying (5.17), (5.20) and (5.21) we obtain for all n > ny,

||xn+1 _pH = ||an7f(wn) + (I - anD)Tntn - p”
= |lan(vf(wn) — Dp) + (I = an D)(Tty, — p)||
< apvf(ws) = Dp| + (1 = an¥) | Tntn — pl|
< ap|v(f(wn) = f(p)) + (vf(p) = Dp)|| + (1 — a¥)|tn — 1|
< anypllwn — pll 4 anl|vf (p) — Dpl| + (1 — an¥) (|20 — pl| + M)
< an7p(||xn _pH + aan) + O‘nH’Vf(p) - Dp” + (1 - O‘Tﬁ)(Hxn _pH + aan)
= (1= an(7 = 70) 20 = pll + v f (p) — Dpll + (1 — an(7 — 7)) an My
lvf(p) — Dpll LM ]
¥ —=p Y =P

< (1= (¥ =70) |20 — pll + (3 — 7p) [

||7f(p)_DpH+ M, }

< max {|lv, —pl,
TP TP

< max { e, - 2,

IIW‘(p)—DpllJr M, }
J—p Y —p
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This implies that the sequence {z,} is bounded. Consequently, {w,},{y.} and {¢,} are
also bounded.

0
Lemma 5.2.8. Suppose {w,} and {y,} are sequences generated by Algorithm 5.2.2 such
that lir+n [ wn = yul| = 0. If {wn,} converges weakly to some & € H as j — 400, then
n—-+0o0
P e VI(C,A).

Proof. Since w,; — &, by the hypothesis of the lemma it follows that y,, — 2 as j — +o0.
Also, since y,,; € C,,, then by the definition of C,, we get

C(anj) + (c'(wnj), ynj - w’ﬂj> S 0

Applying the Cauchy-Schwartz Inequality, we have

c(wn;) < 1€ (wn, )l [[Yn; — wn,I (5.22)

Since /(+) is Lipschitz continuous, it follows that it is bounded on any bounded subsets
of H. Hence, by the boundedness of {w,} there exists a constant M > 0 such that
| (wn;)|| < M for all j> 0. Then, from (5.22) we obtain

c(Wn;) < M||yn; —wn,|| =0 as j— 4o, (5.23)

By condition 1(b) in Assumption 5.2.1, we have ¢(2) < lim Jinf c(wn;) < 0. This implies
Jj—+o0

that £ € C. By the characterization of P, we obtain
(Yn; — Wny + A, AWy, 2 —yp,) 20, V2zeCCCy,.

Since A is monotone, we have

0 S <ynj - wn]-7 Z = ynj> + /\n]- <Awnj7 Z = ynj>
- <ynj - 'I,Unj, Z— Z/nj> + )\nj <Awnj7 Z — wnj> + >\nj <Awn]‘7 wnj - ynj>
S <yn] - wnj7 Z — yn]> + )\nj <A27 Z— 'I.Unj> + )\nj <Awnj7 wnj - ?Jn]>
Letting j — 400, and since lim ||y,, — wy,|| = 0, we have
J—r+oo
(Az, z—12) >0, VzeC.
Applying Lemma 2.5.9, we have that z € VI(C, A). O

Lemma 5.2.9. Let {z,} be a sequence generated by Algorithm 5.2.2. Then, under As-
sumption 5.2.1, we have the following inequality for allp € @ and n € N :
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200, (Y — p) 20,y =9p) f ¥,
2 2
Tppr —PII" < (1 — ————=)l|xn — =
lzn1 =l ( (1 — a,yp) )H ! (1 — a,yp) {2(7 —qp)°
(1 = )? + anyp) 6,
+3M — —||Tn — Tp_1]| + / Dp, xps1 —p
2 27 — 7p) anH 1] (7 —p )<’Y (p) — +1 >}

(1—a,y)? 5 A2 An 2 2
— D2 — P — O —2(1 — Pp)0—— — = Yn

(1-— oaﬁp){¢ [2-¢ A1 (1= ) Ant1 2 Jlhen =l

+ BalL = B) [Vt — tal*}.
Proof. Using the Cauchy-Schwartz Inequality and Lemma 2.5.18, we get

|[wn _p||2 = ||zn + Op(Tn — Tn1) _p“2
= Hxn - p||2 + einn - xnleQ + 29n<xn — D, Tn — xn—1>
<|[zn _p||2 + erzszn - :En_1||2 + 20, ||zn — Tra]||zn — Pl
= ||z, —p||2 + Oul|n — Tna||(Onl|2n — Tna|] + 2[|zn — pl])
< | = pl® + 3Maby| |27 — 21|
= ||zn —p|!2+3Mzoznz—”Hxn — Tnall, (5.24)

where My := sup,en{||zn — ||, Onl|Tn — xn-1]|} > 0.
Now, applying Lemma 2.5.18, (5.4) and (5.24), we have

[Tt — plI* = [[(1 = B)(tn — ) + Bu(VE, — p)|?
< (1= Bu)ltn — p”2 + Bal|Vt, — p”2 = Bu(1 = Bn)||Vt, — tn||2
< (1 - 6n)||tn - p”2 + ﬁn”tn - p”2 - 671(1 - ﬁn)Hth - thQ
= [ltn — plI* = Bu(1 = B[Vt — ta|?
2 2 )\2 )\ 2 2
< |lw, — pl| ¢n[2_¢n_(5 7 —2(1—¢y)0 -k ]Hwn_ynH
>\n+1 )\n+1

- Bn(l - ﬂn)Hth - tn||2- (525)

Next, by applying Lemma 2.5.18, (5.24) and (5.25) we obtain
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[2n41 = plI* = llawyf(wn) + (I = anD) Tty — plf?
= [lan(vf(wn) = Dp) + (I = anD)(Tutn — p)I|?
S (1 - an’?)2||Tntn - p||2 + 20-/n<’7f(wn) - Dpa Tpy1 — p>

A2 An

< (1_an/y)2<||wn_p||2_¢n[2_¢n_52 2 _2(1_¢n)5
>‘n+1

2 . 2
o = ]~

= Bn(1 = B,)|IVt,, — tnIIQ) + 20,7 (f (wn) — f(P), Tng1 — p) + 200 (v f(p) — Dp, Tpi1 — p)

_ A2 An
< (1_an’Y)2<||wn_p||2_¢n[2_¢n_52)\2 _2(1_¢n)5)\ _’12}Hwn—yn”2
n+1 n+1

= AL = BIIVEw = 1a]2) + anyp (I = I + lass = PII?) + 200(vf(p) = Dp, s = )

_ On
< (1= au7)? (12w = pII* + 3Ma00 =" |20 = 201

n

22 A
— 6n[2 = 6 = 0*5% — 21 = 6)3 — ] = gall? = Bul(L = B)[ Vo — tal?)
n+1 n+1

6,
+ anyp(llan =PI + 30t ="l = Tl + s = PI12) + 200(1F () = Dp, i1 — ).

n
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Consequently, we get

(1 — 2007 + (n7)* + anp)

[ 11 = plI* < T ap) || — |

AL _(fi”fnjp‘;"w) [ = | + ﬁ#wm ) = D, = 1)
G2 o0 = Pt = 200 = )i =~

+ BalL = 8u) [V, — ta]?}

- 2 O,y T,
vang (02 00) By 4 ufﬁw )= Dp,uss 1)
ez 00 = Pt 200 = )37 =~

Bl = ) [Vtn — tall*}

_ _— =2

< (1= T e =i+ e e
pang gt s L r() -~ D )
e o2 = 00 = 5 20 = )35 =

+ Bl = B) [V — a2}

where M3 := sup{||z,, — p||* : n € N}. This gives the required inequality. O

Theorem 5.2.10. Let {z,} be a sequence generated by Algorithm 5.2.2 under Assumption
5.2.1. Then, the sequence {x,} converges strongly to a point p € Q, where p = Po(I —
D+~ f)p is a solution of the variational inequality

(D =~f)p,p—z) <0, Vo € Q.

Proof. From Lemma 5.2.9, we obtain

200 (Y = 7p) 200 (Y —yp) § ¥
U O e [ (= e
1— nY 2 n en
A . O, 1+ 5=y (0 0) = Do =9 |- (5.26)
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Now, we claim that the sequence {||z,, —p||} converges to zero. To establish this, by Lemma
2.5.55, it suffices to show that limsup(yf(p) — Dp, xn, 11 — p) < 0 for every subsequence

k—4o00

{llzn, = plI} of {llzn — pll} satisfying
fiminf (2,1 — | = 20, — pl)) > 0 (527)
—+00
Suppose that {||z,, — p||} is a subsequence of {||x,, — p||} such that (5.27) holds.

Again, from Lemma 5.2.9 we get

(1 ank’Y) 2 2 2
(1 . Ozn,ﬂ >¢ k|: Qb k )\%k_i_l ( ¢ k) Ank—‘,—l K ]HU} k y k“
20, (Y = 7p) 200, (Y —Vp) {0,V
1—]“—) Ty —p2— T —p2+ k { — M.
( Ty Mone = Bl =l =l + 52— {5 2

1—a,3)?+ap, 0,
(O )+ ) o+

+ 3M- —
? 2(7 — ) U, (7 —p)

(vf(p) — Dp, Tny 41 —p>}-
Applying (5.27) and the fact that limj_, | a,, = 0, we have

2

m% 2= g —

2 2
— ne — YUnill- — 0, k— .
oo R, = | o0

—2(1— ¢y, )0

2
)‘nk—l—l )\nk—l—l

By the conditions on the control parameters, we get

[wny, = Yn I =0, &k — +o0. (5.28)

Following similar argument, from Lemma 5.2.9 we obtain

IVt,, —tn |l =0, k— +o0. (5.29)
From the definition of ¢,, in Step 4 and (5.28), we have

< (1 - ¢nk)’|wnk - w”k” + ¢nk<’|ynk - wﬂk” + )\nkHAynk - Awnk”)

Nk

)\nk+1

An, O
ne+1

Consequently, by (5.28) and the conditions on the control parameters we obtain

< ¢nk(Hynk - wnkH +0 Hwnk - ynkH)

i e, = w,, ]| = 0. (5.30)
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From (5.28) and (5.30) we have

iy, =t | = 0. (5.31)

Now, from Step 2 and by (5.3), we have

kl—lgrt-loo ||wnk - x”k” = kEI—Poo ank’|xnk - xnk—IH = 0. (532)

Next, by applying (5.29), we get

||Tnktnk - tnk” = ||(1 - /Bnk)tnk + /BnkVnktnk - tnk” (533)
< (1 - ﬁnk)thk - tnk” + 5nkHVnktnk - tnkH - 07 k — +o0.

Now, by using (5.30), (5.31), (5.32) and (5.33) we obtain

kETOO thk o xnk” = 07 kEI«Poo Hynk o xnk” = 07 kggloo HTnktnk o w”k“ = 07
i [Ty, = 20, = 0. (5.34)

Consequently, by applying the fact that klim ay, = 0 we get
—+00

[Zni1 = T || = [, 7 f (i) + (I — i, D) Ty tn, — o, |l
< O‘ﬂk”Vf(“’ﬂk) - D"Enk” + (1 - ank7)||Tnktw - xnk” —0, k— +oo.
(5.35)

To complete the proof, we need to show that w,(z,) C €. Since {z,} is bounded, then
w,(x,) is nonempty. Let x* € w,(x,) be an arbitrary element. Then, there exists a
subsequence {x,, } of {z,} such that x, — z* as k — 4o00. By Lemma 5.2.8 and (5.28),
we obtain z* € VI(C,A). Consequently, we have w,(z,) C VI(C,A). From (5.34), we
have that t,,, — 2* as k — +o00. Since I — V is demiclosed at zero, it follows from (5.29)
and Lemma 2.5.3 that z* € F(V) = F(T). That is, w,(z,) C F(T). Thus, we have
w,,(x,) C S

Moreover, from (5.34) it follows that w,{z,} = w,{t,}. By the boundedness of {z,, },
there exists a subsequence {xnkj} of {x,, } such that Ty, — o' and

dim (yf(p) — Dp, zp, —p) = limsup(yf(p) — Dp, x,, —p) = limsup(yf(p) — Dp,t,, —p).
J=rtoo ’ k—+o00 k—+o00
(5.36)

Since p = Po(I — D +~f)(p), it follows from (5.36) that

lmsup(yf(p) = Dp, &n, = p) = Hm (vf(p) = Dp, &n,, —p) = (7/(p) = Dp, z' —p) <0.
(5.37)
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Hence, from (5.35) and (5.37), we get

limsup(yf(p) — Dp, Tp11 — p) = limsup(yf(p) — Dp, Tn; 11 — Tny)

k—+o00 k—+o0
+ limsup(yf(p) — Dp, Tn, — p)
k—+o0
= (vf(p) = Dp, 2" —p) <0. (5.38)

Applying Lemma 2.5.55 to (5.26), and using (5.38) together with the fact that
lim,, 4 o0 2—’;||xn — || = 0 and lim,,_,, « o, = 0, we deduce that lim,_,, ||z, —p|| =0
as required.

O

5.2.2 Applications

In this subsection, we apply our results to study convex minimization problem.

Let C' be a nonempty closed and convex subset of a real Hilbert space H. Let ¢ : C — R be
a convex function. The convex minimization problem is formulated as finding an element
x* € C, such that

¢(r*) = min ¢(x). (5.39)

zeC

The solution set for the convex minimization problem (5.39) is denoted by :

'={z"eC:¢(z") = rgcnelg o(x)}-

We need the following lemma in establishing our next result.

Lemma 5.2.11. [290] Let H be a real Hilbert space and C' be a nonempty closed convex
subset of H. Let ¢ be a convex function of H into R. If ¢ is differentiable, then z is a
solution of the problem (5.59) if and only if z € VI(C,V¢), where V¢ is the gradient of
0.

By applying Theorem 5.2.10 and Lemma 5.2.11, we have the following consequent result
for approximating a common solution of convex minimization problem and fixed point of
quasi-pseudo-contractions in Hilbert spaces.

Theorem 5.2.12. Let H be a real Hilbert space and T : H — H be a K-Lipschitz
continuous quasi-pseudo-contractive mapping, which is demiclosed at zero and with K > 1.
Let ¢ : H — R be a differentiable convex function such that V¢ is a—ism. Let {x,} be a
sequence generated as follows:

Algorithm 5.2.13.

Initialization: Choose sequences {a, }125, {8} and {7, }125 such that the conditions

from Assumption 5.2.1(8) hold and let Ay > 0, « > 3 and xy, 1 € H be given arbitrarily.
Setn = 1.

Iterative Steps:

150



Step 1. Given the iterates x,_1 and x,(n > 1), choose 0, such that 0 <0, < 0,,, where

6 — {min e o b o # oo, (5.40)
nZ;il , otherwise.
Step 2 Compute
Wy = Tp + Op (20 — 1),
Step 3 Construct the half-space
Cp={z € H: c(w,) + (¢ (w,),z —w,) <0}.
and compute
Yn = Po, (W, — N\, Vow,),
where
i { o s M f o ¥ 76w = Voul
Ant1 = +|¢ (wn) = ¢ (yn) || # 0, (5:41)

An, otherwise.

Step 4. Compute
tn := (1 — Pp)wy, + ép (yn + /\n(ngSwn — ngyn)).

Step 5. Compute
Tnt1 = anyf(wy) + (I — a,D) [(1 — Bu)tn + ﬁthn}u

where

V= (1= &)1 +£T((1— p)I + pT).

Setn =n+1 and go back to Step 1.

Suppose that the solution set Q) = F(T)NI is nonempty and other conditions of Assumption
5.2.1 are satisfied. Then, the sequence {x,} converges strongly to a point p € ), where
p= Po(l — D+ ~f)p is a solution of the variational inequality

(D —=~f)p,p—2) <0, Vz € Q.

Proof. Taking A = V¢ in Theorem 5.2.10, the desired result follows by applying Lemma
5.2.11. m
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5.2.3 Numerical example

In this section, we proceed to perform two numerical experiments to show the computa-
tional efficiency of our Algorithm 5.2.2 in comparison with Appendix 9.1.10, Appendix
9.1.11, Appendix 9.1.12 and Appendix 9.1.13. The graph of errors is plotted against the
number of iterations in each case. All numerical computations were carried out using
Matlab 2019(b). The parameters are chosen as follows:

e Let f(z) = s, then p = % is the Lipschitz constant for f. Let D(x) = ith

2 wi
: 2
constant v = %, then we take v = 1 which satisfies 0 < v < %. Choose a = 3, \;

_ _2 _ 2 )2 2n+1
0-87an - M77n - (3n_+1) 7/377, - 3n+2a¢n - 5Z+2

in our Algorithm 5.2.2.

e Take Sz = iz in Appendix 9.1.10.

o Let Uxr = —%:L‘,én =

= 312—L5 in Appendix 9.1.11, Appendix 9.1.12 and Appendix
9.1.13.

Example 5.2.14. Let C = {x € R? : ¢(x) := 2? — x5 < 0}, where v = (1, x2). Define the
operator A : R? — R? by
A(x) = (3h(xy), 221 + x2)

where

e(s—1)+e, if s>1,
h(s) =< e* if —1<s<1,

Y

s+ +et, if s< -1

Then, it can easily be verified that A is monotone and L-Lipschitz continuous with L =
V9e? + 5. Moreover, ¢ is a continuously differentiable convex functions with Lipschitz con-
stant M = 2. Also, we have that k = 3vVe?>+1 (see [107]). Define T : H — H by
Tx = —2x. ThenT is 2-Lipschitzian quasi-pseudo-contractive. We take &€ = 0.2, u = 0.25.
We test the algorithms for four different starting points as follows:

Case I: xg = (—1,2), 2y = (—2,7);
Case II: xq = (1,2), 21 = (—2,5);
Case III: g = (2,5),21 = (—1,4);
Case IV: zg = (4,21),21 = (3,6).

The stopping criterion used for our computation is |x, 1 — x,| < 1072, We plot the graphs
of errors against the number of iterations in each case. The numerical results are reported
in Figure 5.1 and Table 5.1.14.
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Table 5.1.14 Numerical results for Example 5.2.14

App. App. App. App. Alg.
9.1.10 9.1.11 9.1.12 9.1.13 5.2.2
Case | CPU time | 0.0152 0.0114 0.0212 0.0186 0.0199
(sec)
No of Iter. 5 12 15 20 7
Case 11 CPU time | 0.0152 0.0102 0.0148 0.0138 0.0180
(sec)
No. of Iter. 5 12 15 20 8
Case 111 CPU time | 0.0150 0.0102 0.0168 0.0245 0.0227
(sec)
No of Iter. ) 12 15 20 7
Case IV CPU time | 0.0147 0.0124 0.0099 0.0105 0.0210
(sec)
No of Iter. 5) 12 15 20 8

Example 5.2.15. Consider the infinite dimensional real Hilbert space H = L?([0, 1]) with
the inner product defined by

1
(u,v) :/ u(t)v(t)dt, Y u, ve H
0
and the induced norm

1
||u||:/ lu(t)|2dt, Yu e H.
0

Let C[0,1] denote the continuous function space defined on the interval [0,1] and ¢ €
C10,1] be an arbitrary fived continuous function. Let C := {x € H : ||pz|| < 1}. It can
easily be verified that C' is a nonempty closed convex subset of H. The operator A : H — H
15 given by

(Au)(t) = max{0,u(t)}, Vte[0,1], u€ H.

It is easy to see that A is monotone and Lipschitz continuous on H with the Lipschitz
constant L = 2. Define c: H — R by

1
c(w) = 5(lleull® =1), Vued,

then ¢ is a convez function and C is a level set of ¢, i.e., C = {u € H : c¢(u) < 0}.
Moreover, c is differentiable on H and ¢'(u) = @?u, YV u € H. Moreover, we have that
k= e? (see [10]]). Here, we choose o(t) =et, Vte|0,1]. Let T : H— H be defined by
Txr = —gm. Then T s E—Lipschitzian quasi-pseudo-contractive. We take & = 0.3, u = 0.35

_ 2n N N - 0 N 3
and b, = 3% in Appendiz 9.1.11, Appendiz 9.1.12 and Appendiz 9.1.13.

We test the algorithms for four different starting points as follows:
Case I: w9 =2t> +t3 4+ 1,21 = 3 + 3t2 — 2;
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Figure 5.1:  Top left: Case I; Top right: Case II; Bottom left: Case III; Bottom right:
Case IV.

Case II: xog =3+ 3t + 1,11 = exp(—t);
Case III: xq = 3t* — 2,7, = sin 2t;

Case IV: xg = 483 +t + 1,21 = cos(t).

The stopping criterion used for our computation is || p 1 —x,|| < 1072, We plot the graphs

of errors against the number of iterations in each case. The numerical results are reported
wmn Figure 5.2 and Table 5.1.15.

Table 5.1.15 Numerical results for Example 5.2.15

App. App. App. App. Alg.

9.1.10 9.1.11 9.1.12 9.1.13 5.2.2
Case 1 No of Iter. 13 6 8 11 5
Case 11 No. of Iter. | 15 7 9 12 5
Case III No of Iter. 13 6 8 11 5
Case IV No of Iter. 15 7 9 12 5
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5.3 Two-level variational inequality and fixed point
problems involving pseudomonotone and
0— demimetric mapping
In this section, we introduce an iterative algorithm that approximates the solution of
two-level variational inequality and fixed point problem in a real Hilbert space where the
underlying operators are pseudo-monotone and g—demimetric. An iterative algorithm
was developed and shown to converge strongly to the solution set of two-level variational
inequality and fixed point problem. Four numerical examples are presented to further

demonstrate the usefulness and applicability of our method. The result obtained extends,
generalizes and compliments several existing results in this direction of research.

5.3.1 Main result

Assumptions

(S1) The feasible set C' is a nonempty closed convex subset of real Hilbert space H.

(S3) The operator A : H — H is L;—Lipschitz continuous, pseudomonotone on H and
sequentially weakly continuous on C.
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(S3) Given I as the identity operator on H, let T : H — H be a uniformly continuous
o—demimetric operator with (I — 7T') demiclosed on zero. Also, let 0 < h < t,, <
(1 —p) forall n > 1.

(S4) The operator f: H — H is an L—contraction with L € (0, 1).

(S5) The solution set of the variational inequality is nonempty. That is, VI(C, A) # (.
Also, Q # () where Q :={x € VI(C,A) : T(z) =x}.

(Se) Let {ay}n>1 and {7y, }n>1 be positive sequences such that a,, € (0,1), lim «, = 0,

n—oo
> a, =00, and lim 2 = 0.
n>1 n—soo &n

We introduce and study the following algorithm:

Algorithm 5.3.1. Calculation of the sequence {x,}.
Initialization: Let o > 0, p € (0,1), 8 € (0,2)

Iterative Steps: Given the current iterate x,, calculate x,.1 as follows:

Step 1: Given z,_1,x, with n > 1, choose 6,, such that 0 < 6,, < 0, where

. _1 .
0. {mln{nﬁl-i-s’ ||Z'n_’y;fln71”}7 Zf Ln 7& Ln-1

n—1

—t otherwise

Step 2: Compute
Wy, = Ty, + 9n<xn - xn—l)

Yn = PC(wn - TnAwn)

Step 3: Compute z, = w, — Bn,d, where
dn = Wp — Yn — Tn(Awn - Ayn)

and

0, otherwise.

Wn—Yn,dn :
Dy 1= {( A Loif d #0,

Step 4: Compute
Up = 2n — tu(2n — T'2y),

Tnss = anf(0) + (1 — an)on. (5:42)
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Update

(5.43)

: Wn —Yn -
o mm{p—Han_Ay'LH,Tn}, if Aw, # Ay,,
n+1 — .
Tns otherwise.

Step 5: Setn:=n+1 and go to Step 1.

Remark 5.3.2. The sequence {7,} generated by (5.43) is a non-increasing sequence and

) . 1
1 =7 > =1
lim 7, =7 > min{ 7y, L}

Moreover, we have that

Tn+1

We begin with the following lemmas which are critical in obtaining our strong convergence
result.

Lemma 5.3.3. Let {x,}n,>0 be a sequence in H iteratively generated by Algorithm 5.5.1.
Assume that the conditions (S1) — (Sg) hold, then {z,} is bounded.

Proof. Let 2* € VI(C, A). We obtain from the definition of w, that

|wy, — || = [|2n + On(20 — 2p1) — 7|

< o — 2| + Onllzn — 20|

n

Now from Step 1, observe that 0|z, — z,_1|| <., V n > 1, which implies that

en n
— |z — Tpea|| < Jn 0, as n — oc. (5.44)
a a

n n

Thus, there exists K; > 0 such that

On
—|zp —xpa|| < Ky, Vn2>1, (5.45)
o'

n

and so,

|w, — || < ||zp — 27| + Ky, Yn > 1. (5.46)

Since y,, = Po(w, — 1,Aw,,), we obtain from properties of projection that,

(W, — T AWy — Yp, Y — %) > 0. (5.47)

Also, since z* € VI(C,A) and y, € C, we have that (Az* y, — x*) > 0. By the pseu-
domonotonicity of A, we get that,
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Since 7, > 0, we have that
(TaA(Yn), yn — 27) > 0. (5.49)
Using (5.47) and (5.49), we obtain that;

(Y — ", Wy — Yp — Tn(Aw, — Ay,)) > 0. (5.50)

Equivalently,
(Y — ", dy,) > 0. (5.51)

Observe from Step 3 and (5.51) that

<wn - :E*; dn> = <wn — Yn, dn> + <yn - :L‘*7 dn>
> Wy — Yn, dp)- (5.52)

Using Algorithm 5.3.1, (5.46) and (5.52), we get that (using the fact that ||d,| # 0),

120 — 2*)|* = llwn — Bnudy, — 2*||
= Jwn — 2*|1 + 8202 ||dn]|> — 280 (w — ¥, dy,)
< Jwn — 2|17 + 8200 (W — Yn, dn) — 2800 (Wn — Yn, din)
= lwn, — x*Hz — (2= B) B {wn — Yn, dn)
= flwn — 2*|]> = (2 = B) B|mndn]?

1
< [Jwn — 27" - 52 = Bllwn = znl®
1
< |z, — 2*||* — E(?—ﬁ)”wn—anQ—l—anKl. (5.53)

Using Algorithm 5.3.1, (5.53) and the definition of 7', we obtain that,

lon = 2711 = llzn = ta(zn — T2n) — 2|7
= |lzn — 2% + 2|2 — Tznl|* — 2tn(2n — T2n, 20 — T%)
< Hzn - x*”z - tn(l — 00— tn)”zn - TZnH2

P
< an = 2™ = 22 = Bllwn = 2all® = ta(l = 0 = ta) |20 — Tzu|l* + @ K.

p
(5.54)

Again, using Algorithm 7.2.3, (5.54), and the fact that f is a contraction, we obtain that;
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1 — 21" = flowf(vn) + (1 = an)v, — 2"||*
< ol f(va) = f(@) + f(@7) = 27| + (1 = an)[Jon — 2"°
< 20u[Lljvn — 2*|* + /(") — 2" "] + (1 — an)[Jvn, — 2"
= [1 = on(1 = 2L)][Jvn — 2" + 2001 f(=") — 27|

* 2 * *
< [ (1= 2L — [P (1~ 2) e () —
— bl = (1 = 20)|(1 = 0 = tn) |20 — T2 |?
1
- 5(2 = B)[1 = an(l = 2L)][lw, — 2,
+ ap[l — a,(1 — 2L0)]o, K (5.55)
Using the assumptions S5 and Sg, and for some K5 > 0, we have that;
2
[#ns1 = 2" |* < [1 = an(l = 20)]([lzn = 2"|]° + K2) + an(1 = 2L) 77 | f(=") — 27|,
(5.56)

If we define M := max {||zo — 2*||* + Ky, 157 || f(z*) — 2*||*}, then it is easy to see that

|Zns1s — 2> < M for all n > 0. (5.57)

Thus, {z,}>°, is bounded. Consequently, {w,}, {Aw,}, {yn}, {Avyn}, {20}, {T2,}, and
{v,} are all bounded. W

Lemma 5.3.4. Suppose that conditions S1 and Sy hold, and {x,}5°, is a sequence gen-
erated by Algorithm 5.3.1, then, there exists ng € N such that

2
N o, :
1wy — ynI* < 51120 — wal] Y n > ne. (5.58)

(1)) _

Proof. From Algorithm 3.1, we easily see that,

dnll = l[wn = Yn — Ta(Awy — Ay || > [Jwn — yul| — Tol| Awn — Ay, ||

Tn
2 ”wn_yn” — W ||wn_yn||
Tn+1
Tn
= (1= =)l =yl (5.59)

n+1

But lim (1 — ) =1—pu > 0. So, there exists ny € N such that

n—00 Tntl

n 1—
2B yn>a,
Tn+1 2

I—p



Therefore, for each n > ng, we have that ||d,|| > 52 (w, — .| > 0.

Moreover,

HdnH < “wn - yn” + TNHAwn - Ayﬂ”
-

< lwn = ynll + p—llws, — ya|
Tn—i—l

Tn

= (14w =l V0=,
Tn—i—l

Thus, for each n > ng, we obtain that,
2 Tn \? 2
ldall? < (1 1) lwn =
Tn+1

Also, from Algorithm 5.3.1, we get that,
<wn — Yn, dn> = <wn — Yn, Wn — Yn — Tn(Awn - Ayn)>
= |Jwy, — yn||2 — Tn(Wn — Yn, Aw, — Ayy)

T’I’L
L
n+

So, for each n > ng, we obtain from (5.61) and (5.62);

_ <wn - ymdn> > (1 N Mﬁ)
e > = A\
I+ p—

Tn+1

Also, from Algorithm 5.3.1 and (5.62), we obtain that;

Tn
Ml = G = g ) > (1= ) o = g

Thus, from (5.64) and Algorithm 5.3.1,

Tn \ 1
o =gl < (1= )l

Tn \ 7! 11
=(1- - ) ﬁ ndn 2
(1) P
Tn \~ 11
=(1-— n ) 2, — Wy, 2 - -
Thus, using (5.63) in (5.65), we obtain that,
2
N ), :
(1 -rz)7]
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Lemma 5.3.5. Let {x,} be sequence generated by Algorithm 5.5.1 under Assumptions S.
Suppose that there exists a subsequence {x,,} of {x,} which converges weakly to z € H
and blim |wn, — Yn, || =0, then z € VI(C, A).

— 00

Proof. Clearly, from Algorithm 5.3.1 and Assumption Sg, we obtain that,

0
|lwn, — 24| = an—||xn — 21| < Tn 5 0asn— o (5.66)
Qp Op

Since {z,} is bounded, there exists a subsequence {z,,} of {x,} which converges weakly
to z € H. From (2.9), we have that;

(W — Toy AWy, — Ynys & — Yn,) <0, Vel
Rearranging, we obtain that,
1

r(wnb—ynb,x—ynQ < (Awp,, T — Yn, ), Vaoedl.
np

Thus,
1
—(Wny — Ynyy & — Yny) + (AWny, Yy — Wy ) < (Awp,, x —wy,), Ve C. (5.67)

ny

Fix z € C. Since {w,, } is bounded and A is Lipschitz continuous, then { Aw,, } is bounded.

Also, using the assumption that blim | W, —Yn, | = 0 and, taking lim inf of (5.67) as b — oo,
—00

we get

lign inf(Aw,,, r — wy,) > 0. (5.68)

— 00

By assumptions that blim |Wn, — Yn, || = 0, and A is Lipschitz continuous, we get that

—00

lim ||Aw,, — Ay, || = 0. (5.69)
b—o0

It is easy to see that,
(AYny s T — Yny) = (AYn, — AWn,, x — Wy, ) + (Awy,, v — wy,) + (AYn,, Wn, — Yn,) (5.70)
Using (5.68) and (5.69) in (5.70), we get that;
liggglf(Aynb, T — Yn,) > 0. (5.71)

Let us choose a decreasing sequence of positive numbers {f,} with blim By = 0. For each
— 00

b € N, we denote by N, the smallest positive number such that

Since {f} is decreasing, then the sequence {N,} is increasing. Furthermore, for each
b € N, since {y,,} C C, we assume that Ayx, # 0 (else, yu, is a solution of of VI(C,A)).

Set

Abe
my = %

C Ay P
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where (Ayy,, mn,) = 1 for each b € N. From (5.72), for each b € N, we obtain that,

<Abe’ T+ Bmeb - be> Z 0. (573)

Since A is pseudomonotone, we obtain that,

(A(z + Bymn,), x + Bymu, — yn,) > 0.

Thus,

(Az,x —yn,) > (Ax — A(x + Bymy, ), ¢ + Bomn, — Yn,) — Bo{Az, my,). (5.74)

Since {x,, } converges weakly to & as b — oo, then, using (5.66) and the assumption that
blim |wn, — Yn, |l = 0, we easily obtain that y,, — Z as b — oco. By sequentially weakly
— 00

continuity of A, we have that Ay,, — AZ as b — oo. Assume that Az # 0 (otherwise, =
is a solution), by the sequentially weakly lower semicontinuity of norm, we have that

0 < ||Az|| < liminf ||Ay,, ||.
b—o0

Since {yn,} C {yn,} and B, — 0 as b — oo, we have that,

li 0
0 < limsup ||Bymny, || = hm sup ( by > < Do G <

S < =0.
b0 [AYn, ||/~ liminfy o0 [| Ay, [| — [[Az]

Thus, ||Gymny,|| — 0 as b — oco. Hence, taking the limit as b — oo in (5.74), we obtain
that,
(Az,x — ) > 0.

Since « € H is arbitrary, we obtain from Lemma 2.5.10 that z € VI(C, A) &

Lemma 5.3.6. Let {x,},>0 be a sequence in H iteratively generated by Algorithm 5.5.1.
Assume that ¢, = (1 — L)ay,, and assumptions S; — Sg hold, then

2 =2 < (1= ) [l = 2"+ 00 4+ G (@) — 27 00 — 2. (5.75)

1-L
Proof. From Algorithm 5.3.1, (5.54), Lemma 2.5.18 and Assumption Sg, we obtain that,

st — 27117 = o F(on) + (1 — )n — 7|
— Jlanlf () = F@)] + (1= an)lon — 7] + anlf(27) — 7]
< onlf(on) — F@)] + (1= an)vn — #°][12 + 20 (s — 2", f(2%) — 27)
< [1— (1= D)a)lvn — 22 + 200 (01 — 7°, F(&") — 2°)
< [1= (1= D)an][n — 27| + 200{tnss — 27, f(27) — 27)
+U—%1—LMAmma—%@—BHL—H—LMAMm—%W

—ta(l =0 —ta)[1 = (1 = L)an]ll2n — Tzl|*.
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So, using assumption S, we obtain that,
lZnsr = 27 < [1 = (1 = L)ag]llen — 27| + [1 = (1 = L)ew]an K,

+(1- L), (f(x™) —x", xpy — 27) (5.76)

1-L

If we let ¢, = (1 — L)a,, then we obtain from (5.76) that,

2 * * *
lns = 272 < (1= Go) [l = " + 0B | + G4 f (@) = 2,y — 7). (577)

Theorem 5.3.7. Let {x,}n,>0 be a sequence in H iteratively generated by Algorithm
5.3.1. Assume that the conditions (S1) — (Sg) hold, then {x,} converges strongly to

z" = Po(f(z7)).

Proof.
From Lemma 5.3.3, {z,,}5°, is bounded. Let 2* = Po(f(2*)). Now, from Algorithm 7.2.3,
(5.54), and Lemma 2.5.18, we obtain that,

201 — 271 = [lem fva) + (1 = an)v, — 27|
< HOénf(Un) + (1 - O‘n)vn — " — an(f(vn> - x*)HQ
+ 200, (f(vy) — 2", pyq — %)
< (1= ag)|lvn — 2| + 20, (f(va) — 2", 2py1 — 2)

< (1= an)llzn — 2| + 200 (f(vg) — 2", 2py1 — 27)
(2 - B)(l - an)Hwn - ZnH2 + (1 - an)anKl

—an)tn(1 — 0 —1t)||2n — TZnH2

- an)Hxn - x*“Q + 204n<f(vn) — 2", Ty — $*>

2—-8)1 = ay)|lw, — anz + an K

IN
e, e e

—ap)tn(1 = 0 —t)||2n — Tzal|*. (5.78)
To show that the sequence {||z,+1 —z*||} converges to zero, we consider two possible cases:

Case 1: Suppose there exists nyg € N such that the real sequence ||z, — z*|| is decreasing
for all n > ng. It then follows that ||z, — z*|| is convergent. Since {z,} is bounded, then
from (5.78), assumption S3, and using the fact that a,, — 0 as n — oo, we obtain that

lim ||z, — Tz,|| = 0, lim |Jw, — z,|| = 0. (5.79)
n—oo n—oo
From Algorithm 5.3.1, we get that;

lvn — zu|l = tullzn — Tzn|] — 0 as n — oo,
B (5.80)
|Tni1 — vnl| = anl| f(vn) —va]| = 0 as n — oo.
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Thus, using (5.66), (5.79), and (5.80), we obtain that,

21 = Zall < 2ty = vnll + l[on = 20l + 120 = wnll + flwn = 2n]
— 0 as n — oo. (5.81)

From the results above, we can easily deduce that,

|Tnsi1 — 2ol = 0 as n — oo. (5.82)
Claim:
lim sup <f(x*) — " X, — x*> <0. (5.83)
n—oo

Proof of Claim: Let {x,, },>0 be a subsequence of {x,},>0 such that

lim sup <f(x*) — "z, — :c*> = lim <f(:r;*) — ", Ty, — :c*> (5.84)

n—00 q—00

Since {Zy, }4>0 is a bounded sequence in H, there exists a subsequence {,,, }1>0 of {Zn, }40
which converges weakly to z in H. Hence, z,, — T as b — oco. For convenience, and
WLOG, we will represent {z,, }s>0 by {Z4, }s>0-

Recall from Lemma 5.3.4,
o\ 2
)
<1 + 'uT"bH)
(1= r725)o]

Using (5.79), we have that ||w,, — yn,|| = 0 as n — oco. Thus, using Lemma 5.3.5, and
the fact that x,, — T as b — oo, we have that z € VI(C, A).

||wnb - ynb||2 < 2 ||an - wnb||2 v ny > ng.

Next, we show that z € Q. From (5.79) and the fact that (I —T') is demiclosed at zero,
we can deduce that z € F(T).

Therefore, it follows from our argument above that € {2. Thus, we obtain from Lemma
2.5.26 and (5.83) that

lim sup <f(x*) —x x, — x*> = lim <f(a:*) -z, Xy, — x*> <0. (5.85)

n—00 q—00

Also, using the fact that ||z, — x,] — 0 as n — oo, we get from (5.85) that,

lim sup <f(q:*) — " g — :c*> <0. (5.86)

n—oo

Recall that from Lemma 5.3.6, we obtain that,
2

1 — 2" < (1= G) [Ilwn — 2" + anKl] G (f@7) =2t 2y —a®). (5.87)
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Thus, by Lemma 2.5.26, it follows that ||z, — z*|| converges strongly to zero as n — oo.
Hence, {x,} converges to z* € ). This completes the proof for the first case.

Case 2: Suppose that there exists a subsequence {||z,; —2*|[}52, of {||x;, — 2*||}n>0 such
that ||z,, —2*|| < ||#n;41 — 27| for all j > 0, then we obtain by Lemma 2.5.41 that
there exists a non-decreasing sequence {my}7>, C N such that m; — oo as k — oo and
|Zm, — 2| < [, 11 — 2*| for all k € N. Since the sequences {z,, }72, is bounded, we
obtain from (5.66), (5.79), (5.80) (and using the arguments displayed in Case 1) that as
k — oo;

Wi, — T |y, [ Winy — Zme || — 0
[t0ms = el [0, = 2| 58)
vak - kaH? ||xmk+1 - UmkH — 0.
Applying (5.88), we obtain that,
|Zm41 — T, || = 0 as k — oo. (5.89)
Furthermore, following the arguments used in Case 1, we obtain that
lim sup <f(x*) — " Ty, — x*> <0. (5.90)
k—00
Again, using (5.89) and the same arguments as case 1, we have that,
lim sup <f(x*) — T Ty 1 — ;1:*> <0. (5.91)

k—o0

Again, from Lemma 5.3.6 and using the fact that ||z,,, — 2*||* < ||Zm,+1 — 2*||* for any
k € N we obtain by rearranging that,

Cnillm, = 271 < e = 277 = Nemerr = 27 + Gy 7= (1) = &7 20 — &%)

+ (1= G ), K. (5.92)

Applying Lemma 2.5.41, we obtain that,

* * * 2 * * *
Cnillze =2 1° < flwm = 27I° = mes = @77 + Gu =7 (f(27) = 2%, 21 — 27)
+(1 = Gy ) v, K. (5.93)
Thus, it follows that limsup ||z — 2*|| = 0. Hence, klim |z — a*|| = 0.
—00

k—o00

Thus, z, — x* as n — oo. This completes the proof. B

Remark 5.3.8. Theorem 5.5.7 provides an iterative scheme for approximation of the so-
lution of two-level variational inequality and fized point problem where the A is Lipschitz
continuous and pseudo-monotone and T is o—demimetric. The result extends to solu-
tion of variational inequality problem of monotone operators since every pseudo-monotone
operator 1S monotone.
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5.3.2 Numerical example

In this section, we give some numerical examples to show the applicability and conver-
gence of Algorithm 5.3.1. We will also present some graphical representations of the
convergence of our scheme. All numerical computations were carried out using Matlab
version R2021(b).

In our computations, we choose 79 = p = 0.1, v, = n%l and v, = m forall n > 1
and we select § = {0.1,0.5,1.0,1.9} in order to find the value of § that gives the best

approximate solution.

In the first two examples, we consider the quadratic programming problem in the form
below

min® = 270z + Y7z
subject to x € R" (5.94)
96’120, 2217 y T,
in an n—dimensional Fuclidean space. When © is symmetric and positive-definite, then,
A = 0Ox+Y is pseudo-monotone and Lipschitz continuous with the Lipschitz constant as

L=1e].

Example 5.3.9. For the first example, we consider the choices of © and Y for H = R*
as seen in [05]:

4 -1 0 0 -1
-1 4 -1 0 -1
0= 0 -1 4 -1/ Y= -1
0 0 -1 4 —1

We now define the operators T and [ as;

Ty Iy
sin xs Lo
Tx = ., fx= % , r€EH.
I3 COS T3 T3
sin x4 Ty

The functions defined, sequences and constants satisfies conditions of Theorem 5.5.7 such
that x* € Q where x* = (1,0,0,0). To approximate the solution of (5.94) using Algorithm
5.5.1, we take ||py1 — Tn|| = 1075 as the stopping criterion and choose the starting points
as follows:

Case 1: Take 1 = (5,5,3,4) and xo = (0,0.5,0,0.5)

Case 2: Take x1 = (4,5,4,2) and zo = (1,0.5,1,0.5).
We plot the graphs of errors against the number of iterations in each case. The numerical
results are reported in Figure 5.5 and Table 5.2.9.
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Table 5.2.9. Numerical results for Example 5.3.9

B=01]B=05 |B=10 |B=19

Case 1 No. of Iter. 61 54 35 105

CPU time | 0.0162 0.0103 0.0075 0.0133

(sec)
Case 2 No. of Iter. 62 53 32 104

CPU time | 0.0148 0.0127 0.0081 0.0182

(sec)

B B

%
1R
3
3
%
3

Number of iterations Number of iterations

Figure 5.3: Left: Case 1 with various [3; Right: Case 2 with various f.

Example 5.3.10. Here, we consider the choices of © andY for H =R’ as seen in [50]:

12 2 2 2 -1
25 6 6 6 -1
=12 6 9 10 10|, Y=]-1
2 6 10 13 14 -1
2 6 10 14 17 -1
The operators T and f are given as;
T T
Sin o Ty
Txr = T3 ., fx= 1—10 3 |, xz€H.
SN T4 Ty
L5 s,

It is obvious that the functions, sequences and constants defined satisfies conditions of
Theorem 5.3.7 such that * € Q where x* = (1,0,0,0,0). To approzimate the solution of
(5.94) using Algorithm 7.2.3, we take ||z,11 — x,|| = 107 as the stopping criterion and
choose the starting points as follows:

Case 1: Take z; = (0.5,5,0.5,5,0.5) and zo = (1,0.5,1,0.5,1)
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Number of iterations

0 40 60
Number of iterations

Figure 5.4: Left: Case 1 with various ; Right: Case 2 with various f.

Case 2: Take 1 = (2,1,0.5,5,1) and xy = (2,1,1,0.5,2).

We plot the graphs of errors against the number of iterations in each case. The numerical
results are reported in Figure 5./ and Table 5.2.10.

Table 5.2.10. Numerical results for Example 5.3.10

B=01|B=05 |B=10 |[B=19
Case 1 No. of Iter. 62 29 21 172
CPU time | 0.0480 0.0183 0.0162 0.0331
(sec)
Case 2 No. of Iter. 62 29 21 172
CPU time | 0.0175 0.0105 0.0084 0.0359
(sec)

The last two examples are in infinite dimensional spaces.

Example 5.3.11. Let H = ({5(R),].||,), where lo(R) := {z = (21,29, 23,...),7; € R :
S < oo} and ||z, = (02, 4i]2)2, ¥V x € l(R). Let C = {x € L(R) : |zy] < 1=
1,2,3,...}. Thus, we have explicit formula for Pc. Now, define the operator A : l3(R) —

1
Axr = (||xH + —) x,
2] + a

for some a > 0. Then, it is easy to see that A is pseudomonotone on l5(R) (see [220]).

Additionally, define the mapping T : lo(R) — (2(R) by Tax = (0,21, x9,...). Then, T is
demimetric on ls(R).
We take ||z,11 — n|| = 1073 as the stopping criterion and choose the starting points as

follows:
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Case 1: Take 1 = (2,1, %, ..) and xo = (3,1, ;, )

Case 2: Take v, = (—2,1, —%, ..) and o = (4,1, }L, )
Case 3: Take x1 = (—2,1, —%, ..) and xog = (=3, 1, —%, )
Case 4: Take 1 = (2,1, %, ..) and xg = (—4,1, —}l, ).

We plot the graphs of errors against the number of iterations in each case. The numerical

results are reported in Figure 5.5 and Table 5.2.11.

Table 5.2.11. Numerical results for Example 5.3.11

=01 | 5=05 | =10 | =19

Case 1 No. of Iter. 85 35 21 142
CPU time | 0.0836 0.0220 0.0271 0.0725
(sec)

Case 2 No. of Iter. 84 33 21 142
CPU time | 0.0309 0.0146 0.0101 0.0392
(sec)

Case 3 No. of Iter. 84 33 21 142
CPU time | 0.0168 0.0063 0.0047 0.0266
(sec)

Case 4 No. of Iter. 85 33 21 142
CPU time | 0.0167 0.0048 0.0028 0.0221
(sec)

Example 5.3.12. Consider the infinite dimensional Hilbert space H = L?[0,1] with the
inner product (see [111])

(u,v)y = /01 u(t)v(t)dt, Yu, ve H

and the corresponding norm

1 3
||u||:(/ u(t)2dt)  VueH
0

Let p, R be two real numbers such that R > p > (k—_k;l) R > 0 for some k > 1. Take the

feasible set C = {u € H : ||u|| < p} and the operator A: H — H given by

Afw) = (R—|all)z, Vo e H.
Note that the operator A is not monotone. Since k—fl < ® < p, we can choose x € C such
that k—fl < ||Z|| < ¥ and then set j = kx. Also, since ||y|| = k[|Z]| < k.(}) = p, it is easy
to see that y € C. Moreover, since ||Z|| > k—fl >0 and k > 1, we obtain

(A(7) — A9),7 —7) = (1 = k)*||Z]]* (R — (1 + K)l|z]]) <0.
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Error
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Number of iterations Number of iterations

Error
Error
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Number of iterations Number of iterations

Figure 5.5: Top left: Case 1; Top right: Case 2; Bottom left: Case 3; Bottom right: Case
4.
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It is easy to see that the operator A is pseudomonotone on C. Indeed, if (A(x),y —x) >0
for all xz,y € C, i.e., (R— ||z||)z,y — z) > 0, then we have (x,y — x) > 0 since ||z|| <
p < R. Thus, we obtain
(Aly)y —a) = (B=yl) v,y — 2)
> (B=lyly vy —z) = (x,y — 1))
(R =1y} ly —=]* = 0,

since ||y|| < p < R. Also, define the mapping T : H — H by Tx = 5. Then, it is easy to
show that T is demimetric on H.

For our numerical result, we choose R =15, p=1, k= 1.1. The exact solution of the
problem is x*(t) = 0. Since the solution is known, we use the sequence E(x,) = ||z, —x*||
for each n > 0 to illustrate the numerical behaviour of our algorithm. The projection on C
is computed by the explicit formula Po(x) = x if ||z|| < p andPo(z) = i o |lz|| > p. We
take ||z,1 — x|l = 1072 as the stopping criterion and choose the starting points as follows:

Case 1: Take x1 = 1% and xo = t3 cost
Case 2: Take v, = t3 and xo = exp(—2t)
Case 3: Take 1 = t* and xy = sin 2t
Case 4: Take v, = t° and xg = t? exp(—t).

We plot the graphs of errors against the number of iterations in each case. The numerical
results are reported in Figure 5.6 and Table 5.2.12.

Table 5.2.12. Numerical results for Example 5.3.12

B=01 =05 |[B=10 |B=19

Case 1 No. of Iter. 9 8 7 6
CPU time | 2.2148 0.8072 0.6564 0.6117
(sec)

Case 2 No. of Iter. 9 8 7 6
CPU time | 1.0137 0.6741 0.6032 0.5348
(sec)

Case 3 No. of Iter. 9 8 7 6
CPU time | 1.1558 0.7063 0.6036 0.5523
(sec)

Case 4 No. of Iter. 9 8 7 6
CPU time | 1.2158 0.8600 0.6336 0.5204
(sec)
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Figure 5.6: Top left: Case 1; Top right: Case 2; Bottom left: Case 3; Bottom right: Case
4.
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Remark 5.3.13. Fxamples 5.5.9, 5.53.10, 5.3.11, 5.5.12 shows that even though our as-
sumption is that B € (0,2), our proposed method perform best in terms of number of
iterations and CPU time when B ~ 1.
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5.4 An inertial extrapolation method for solving
generalized split feasibility problems

In this section, we propose a new inertial extrapolation method for solving a certain class of
generalized split feasibility problems in two real Hilbert spaces. We prove that the sequence
generated by our algorithm is strongly convergent to a minimum norm. Furthermore,
some examples and numerical experiments to show the efficiency and implementation of
our method were also discussed in the framework of infinite dimensional Hilbert spaces.

5.4.1 Main result

In this section, we first state the assumptions under which our strong convergence result
is obtained.

Assumption 5.4.1. Suppose that the following conditions hold:

(1) (a) The set C is a nonempty closed and convex subset of the real Hilbert space H;.
(b) A: Hy — H; is pseudomonotone, sequentially weakly continuous and uniformly
continuous on bounded subsets of C.

(¢c) S : Hy — Hy is a nonexpansive mapping, where Hy is a real Hilbert space.
(d) T : Hi — Hj is a bounded linear operator such that T # 0.
(e) The solution set ' :={z € VI(C,A) : Tz € F(S)} is nonempty.

(2) {an}22, and {€,}°° | are positive sequences satisfying the following conditions:
(a) oy, € (0,1), Tim_ v, = 0, >y = 00.
€
(b) Jim == =0.

(c) Bn C (a,1 — ) for some a > 0.

Henceforth, we define Gz := T*(I — S)Tx for all x € Hy. Thus, it follows from Lemma
2.5.25 that G is 2||T||*-Lipschitz continuous.
We now present the proposed method of this paper.

Algorithm 5.4.2. Initialization: Choose sequences {a, }o2, {Bn}e, and {€,}22, such
that the conditions from Assumption 8.1 (2) hold and let 71 > 0, 6,0 € (0,1), 6 €[0,1)
and xg,x1 € Hy be given arbitrarily. Set n = 1.

Iterative Steps:
Step 1. Given the iterates x,_1 and x,(n > 1), choose 0, such that 0 <0, < 0,,, where

min{@,Mﬁ}, men 7é117n71
g, = (5.95)

0, otherwise.
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Step 2.

Set
Wy = Ty + Op (T — Tp1).

Then, compute

Up = Wy — T,Gw, and z, = Po(u, — A(uy)). (5.96)

Step 3. Compute y,, := up — (U — 2,,), where n, := o™ and m,, is the smallest nonnegative
integer satisfying
o
(Al = 20) 2 Tl = (5.97)
Step 4. Compute
T = (1 — Bn — an)u, + B Pe, (uy), (5.98)
where C,, = {x € H: F,(x) < O} and
Update:
- 8| wn —un|| '
Tasy = min { [[Gwn—Gun||’ Tn} ) Zf Gwn 7£ Gum (5100)
Tns otherwise.

Stopping criterion: If z, = w, = u, = x,, then stop, otherwise, set n :=n+ 1 and go
back to Step 1.

Remark 5.4.3.

(a)

(b)

Assumption 5.4.1 (1) (b) requires that the operator A is pseudomonotone and uni-
formly continuous which is much more, a weaker assumption than the monotonicity

and Lipschitz continuity assumption used in [225, [, as well as the inverse strongly
monotonicity assumptions used in other papers for solving split variational inequality
problems (see for example [5/, , , , /). Thus, our method is applicable

for a much more general class of Pseudomonotone and uniformly continuous opera-
tors.

In addition, our method requires at each iteration, only one projection onto C and
another projection onto the half-space C,,, which can be easily computed. In fact,

(A(yn) un—=yn) ;
PC (Un) — Up — WA(%’L)? Zf <A(yn)a Up — yn> > 0;
U, if (AWn), un — Yn) < 0.
Hence, our method is less computationally expensive than other methods in the lit-
erature [5/, , |, for solving the split variational inequality problems.
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Remark 5.4.4. If {y,} is bounded, then F,, is Lipschitz continuous.
Indeed, if {yn} is bounded, then by Lemma 2.5.50, there exists M > 0 such that || A(y,)|| <
M for all n > 1. Thus, for each x,y € C, we obtain

() = Fn()ll = [[{An), 2 = yn) — (Alyn) ¥ — )
= [[{A(yn), = = )|
< [[A(yn)llllz =yl
< Mz -yl

Therefore, F, is Lipschitz continuous.

We now show that the stopping criterion of Algorithm 5.4.2 is valid.
Lemma 5.4.5. If z, = w, = u, = x, in Algorithm 5.4.2, then x, € I.
Proof. 1f z, = w, = u, = x,, then from (5.96), it is clear that x, = Po(z, — A(x,)).

Also, we obtain that z, = z, — 7,Gz, = =z, — 7,7*(I — S)Txz,, which implies that
T*(I — S)Tx, = 0. That is,

STx, =Tx, + Z,
where 7%z = 0. Now, let z € I', then we obtain that

| T2, — Tz||* = |Tzn — T2||* + 2{x, — 2, T*Z)
= ||Txz, — T2||* +2(Tx, — Tz, 2)
= [Tz, — Tz + 2|* — ||z
= [|STwn — T2||* — ||z
< [Tz, — T2|* — ||z,
which implies that [|z|| = 0. That is, z = 0. Hence STz, = Tz,, which gives that

Tx, € F(S). Therefore, z,, € I'.
O]

Next, we show that the limit of the stepsize {7,} generated by (5.100) exists.

Lemma 5.4.6. The limit of the stepsize {1,} ezists and lim 7, > 0.
n—,oo

Proof. From (5.100), it is obvious that 7,1 <7, ¥n € N.
Also, we know by Lemma 2.5.25 that G is 2||T||*-Lipschitz continuous. Thus, we get in
the case of Gu,, # Gw, that

. { S|lwy — uy| } > mi { Y }
Tpal =MiN ——————— 7, » > Min ——— 7, > .
|Gwn — Gua| 2|2

Hence, by induction, we obtain that {7,} is bounded below by min {ﬁ, 7'1} . Hence,

the limit of {7,,} exists and lim 7,, > min {7’1, ﬁ} > 0.
n—oo D
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Lemma 5.4.7. Let Assumption 5./.1 hold and let {x,} be a sequence generated by Algo-

rithm 5.4.2. Assume that the subsequence {x,, } of {x,} converges weakly to a point z*,

and klim |n, — tn, || =0, klim | tn,, — wn, || =0 and klim |tn, — 2n,|| =0, then x* € T
—00 —»00 —00

Proof. By Lemma 2.5.48 we obtain
(U, — A(Un,) — 2, ©—2p,) <0, Ve,
which implies that
(Uny — Zngy, T — 20y ) < (AUp,), *—2zn,), VaeC.

Hence

(Uny, = Zngy T — 2Zny) + (A(un,), 2y — Uny) < (A(up,), ©—uy,), Ve e €. (5.101)

Fix z € C and let £k — oo in (5.101). Since klim |tn,, — 2n, || = 0, we have
—00

0< li]£n inf(A(up, ), x — Uy, ) Vrel. (5.102)
—00

Now, choose a sequence {0} of positive numbers such that oy 1 < 9y, V k> 1 and o —
0 as k — oo. Then, for each ¢, we denote by Ny (which exists as a result of (5.102)) the
smallest positive integer such that

(A(tn, ), & — Un;) + 6 20 Vj > Np. (5.103)

Since {0y} is decreasing, we have that {Ny} is increasing. Furthermore, we set for each
k>1, my, = %, provided A(uy, ) # 0. Then it is easy to see that (A(un, ), mn,) =
1 for each k > 1. Thus, by (5.103), we have that

k

<A(UN,€),I’ + 51€me — U'Nk> Z 0,
which implies by the pseudo-monotonicity of A that
(A(x + dpm, ), © + dgmp, — un,) > 0. (5.104)

Since {x,, } converges weakly to z*, we obtain by our hypothesis that {u,, }, {2, } and
{wy, } also converge weakly to x*. Thus, by the sequentially weakly continuity of A, we
have that {A(u,, )} converges weakly to A(z*). If A(z*) =0, then z* € VI(C, A). On the
other hand, if we suppose that A(x*) # 0, then by the weakly lower semicontinuity of || - ||,
we obtain that

0 < | AG)] < liminf [ A(u,,)].
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Since {un, } C {un,}, we obtain that

. . Ok )
0 < limsup ||0xm =limsup | ————
< I sup loma, | = lin sup (HA(unk)u

lim sup 0y,
< k—o0
~ liminf || A(uy, )|
k—o0
0
< =0.
[A(z)]

Therefore, klim |0kmun, || = 0. Thus, letting k — oo in (5.104) yields
—00

(A(z),x —2%) >0 Vz € C, (5.105)
which implies by Lemma 2.5.9 that z* € VI(C, A).

Now, to show that Tz* € F(S), recall that Lemma 5.4.6 gives that lim 7,, = 7 > 0.
n—oo

Furthermore, since G = T*(I — S)T is Lipschitz continuous, {T*(I — S)Tw,, } is bounded.

Hence, we get that

(=7 T (1= )T )ity — (=7 T (1= 8Tt | = [ —7 [T (I—S) Tt | =5 0, a5 s > .

That is, klim lun, — (I —7T*(I — S)T)w,, || = 0, which implies by our hypothesis that
—00

lim ||wy,, — (I = 7T*(1 = S)T)w,,|| = 0. (5.106)

k—o00

Thus, we obtain from Lemma 2.5.55, that * € F(I—7T*(I—S)T). Hence, using the same
line of argument as in the proof of Lemma 5.4.5, we obtain that T'z* € F(S). Therefore
el

O

Lemma 5.4.8. Suppose Assumption 5./.1 holds. Then, the sequence {x,} generated by
Algorithm 5.4.2 is bounded.

Proof. From Lemma 2.5.16 (ii), (iii), and (iv), u, can be written in the form

where 3, = 7,||T'||* and V}, is a nonexpansive mapping for each n € N. That is, (I — 7,,G)
is 7,||T'||*-averaged.
Now, let z* € I', we obtain from (5.107) that
[l — 2|1 = [|(1 = Ba)wn + BuVarwn — 27|
= (1= Bn)||lwn — x*”Q + Bul [Vawy, — I*HQ — Bn(1 = B)|Vaw, — wn||2
< wn — 2*(]* = Bu(1 = Ba)|[Vawy — w,|? (5.108)

178



On the other hand,

[fwn — || = |20 + Op(Tn — Tp1) — 27|

< ||xn —JI*H +07L||In _l‘n—lH

= ||z, — x| —I—OZna—nHan — Tp1]l.
n

On n :
Now from (5.95), we observe that —||x,, — z,_1|| < " 5 0. Thus there exists M, > 0
a a

en n n
such that — ||z, —z,1|| < M; Vn>1,
Qn
and so,
lun = 27| < [|wn — 27| < [|lzn — 27| + an M. (5.109)
From (5.98), we obtain
Hxn—&-l - 'CE*H - H(l - Bn - an)un + 5nPCnun - :U*H
= [|(1 = Bn — an)(un — 2%) + Bu(Pe,un — ) — a2”||
< (L = B — an)(un — %) + Bn(Fo, un — 27| 4 a7 (5.110)

Note that
(1 = B — an)(up — %) + Bu(Po,un — 27
=(1-Bn— an)2||un - x*||2 +2(1 = Bn — an)Bulun — 2%, Po,un, — 27%)
+ Ball Po, up — 7|
<(1-8- an)QHUH - :E*||2 +2(1 = By — an) Ballun — 2™|[|[ P, un — 2|
+ Bal| Pe, un — 2|2
<(1—=B,— an)QHun - x*HQ + (1 = Bn — o) Bullun — *I*HQ
+ (1 = B — an) Bul| Poyun — I*||2 + BgHPCnun - l‘*||2
< (1= Bp—an)(1 = a)||un — 2*|]* + (1 — ) Bn|| Po, un — 2% 2 (5.111)
< (1= Bo = ) (1 = ag)|un — 2| + (1 = ) Bal luy — 27|
= (1= ay)?||u, — 2",

which implies from (5.109) that

(1 = B — o) (un — &%) + BulPe,un — 27)|| = (1 — an)|[wn — 27|[ + (1 — an)on My
< (1 —ap)||zn — || + an M. (5.112)

Now, combining (5.110) and (5.112) gives

041 = 27| < (1 = an)lfen — ™[] + an||2*|| + My
= (I = an)llzn = 27| + an(||27[| + My).

It follows from Lemma 2.5.24 that {z,} is bounded. Consequently, {A(u,)}, {u,}, {w.},
{z,} and {A(y,)} are also bounded. O
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Lemma 5.4.9. Let {z,} be generated by Algorithm 5.4.2 such that Assumption 5.4.1 holds.
Assume that kh_)rgo | Pe,, tny, — Un, || =0 = kh_}rgo T || Uny — 20 ||%, then kh_)r{)lo |ttn, — 2n, || = 0.

Proof. From Step 3, we have that 7, = o™ with a € (0,1). Hence, {n,} C (0,1) is
bounded. Thus, there exists a subsequence {n,, } of {n,} such that lilgn inf n,,, > 0.
—00

Case 1. Suppose that lilgn inf ,,, > 0. Then
—00

N [y, — znkHZ

0 S ||unk - anHQ = T

Y

which implies that

1
lim sup [|tn, — 2n, ||* < lim sup (nnkHunk — an||2> (hm sup —)

k—oo k—oo k—oo nnk

—(limsu ||ttn, — = ||2> !
= D T Ve 7 lilgri}infnnk

=0.

Hence, limsup ||u,, — 2p, || = 0. Therefore, lim |ju,, — 2| = 0.
k—o0 k—o00

Case 2 . Suppose that lign inf n,, = 0. Then, we may assume without loss of generality that
—00

lim n,, =0 and lim |lu,, — 2, || =a > 0.
k—ro0 kﬁoi
Define @, — tn, = —0n, (20, — Un,, ). Since {z,, — uy,, } is bounded and klim N, = 0, then
« —00
T (17, — 1, ]| = 0. (5.113)

From the step-size rule and definition of g, we have

(AGus)s e = 2 < Gl = 20, Wk € N,
This implies that,
2({A(Un,)y Un, — 2Zny) + 20AFn,) — Altn,); U, — 2n,) < 0||Un, — 20, ||?, ¥k € N,
Setting fin, := y, — A(uy, ), we obtain
2(Un,, — fnyy Uny — Zng) T 2(AGn,) — A(Un, )y Uny — 2ny) < O|Un,, — an||2, Vk € N.
Using Lemma 2.5.18(ii) we have

2<unk = Hngs  Uny, — an) = ||unk - anHQ + ||unk - /LnkHQ - ||an - /”Lnk:”Q'
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Therefore,

||unk - /’Lnk||2 - ||an - :U’nk”2 < (0 - ]‘>||unk - an||2 - 2<A(gnk) - A(“”%)? Uny, — Zﬂk>7
Vk € N.

Since A is uniformly continuous on bounded subsets of C' and (5.113), if @ > 0 then the
right hand side of the inequality above converges to (0 — 1)a < 0 as k — oo. From the
last inequality, we obtain

tim sup (|, = o |2 = 120, = i, I2) < 7 = 1) < 0.

k—o0

—(c—1)a

For e = > 0, there exists N € N such that

[ty = o2 = 2 = |2 < (0 = Va4 € = © <0 VEeN k> N;

(0 —1)
2
Thus
||unk _/’LnkH < ||an _:LLTLkH Vk € N,k} > N.

which is a contradiction to the definition of z,, = P¢ (unk — A(unk)) Hence a = 0, the
proof is complete. O

Theorem 5.4.10. Suppose that Assumption 5./.1 holds. Then, the sequence {x,} gener-
ated by Algorithm 5./.2 converges strongly to the point v* € ', where

|l*|| = min{||z| : z € T'}.
Proof. Using Lemma 2.5.8 and Lemma 2.5.49, we obtain

[1Pe, (un) — 2] < [Jun — 27| = || Pe,, (n) — un|*
= ||up — 2*||* — dist*(uy, C,)

*|12 1 2
< llun = o[ = (= Fu(un))

2
ety — zn||2> . (5.114)
Furthermore, we have
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Let ¢, = (1 — Bn)un + BnPc, (1), then we obtain

|| — x*||2 = |[(1 = Bn)un + BnPo, (un) — x*HQ

= [1(1 = Bu)(un — 2) + Bu(Pe, (un) — 2)|[?

=(1- 671)2““71 z ||2 "_BiHPCn(un) —Z ||2 +2(1 = Bo) Bulun — 2%, P, (un) — %)
< (1= Bu)lfun = 27[1* + Bol Pe, (un) — 2" + 2(1 = Ba) Ballun — 27| P, (wn) — 7]
< (1= Ba)?|lun — 21> + B2l Pe, (un) — 27(|* + (1 = Ba) Bl [t — 27| (5.115)
+(1—Bn n||PCn(un)_x*||2

=(1- 5n)\|un = &"|[* + BullPe, (un) — ="

< wp — 27| (5.116)

On the other hand, we have
|[wy, — x*HQ = [|zn + On(2n — Tp1) — -73*"2
< ||z, — :E*||2 + 200 (Tn — 2%, Tp —Tpo1) + QiHIn - xn—1||2
< — 2|17 + 200 |20 — 27|20 — @ocal| + Oz — 20a [

= [z — 2*|* + Onlzn — 2o || 2|20 — 27 + Onll2 — 20]])

S ||$n—$*||2+8n||$n—[)§n_1||Mg, (5117)
for some M; > 0. Combining (5.116) and (5.117) we obtain
16n = 2712 < [fon — 2712 + Bul [0 — s || M. (5.118)

Since ¢, = (1 — By)u, + BnPe, (uy), we have u,, — ¢, = Bn(u, — Pe, (uy)). Therefore it
follows that
Lptl = (bn — QplUp = (1 - an)¢n - Oén(un - ¢n) = (1 - an)¢n - a’nﬁn(un - PCn(un))
Thus, from Lemma 2.5.18 (ii), we obtain
|n1 — 2| = [|(1 = an)n — nfBnun — Po, (un)) — 2*[]?
= H(l - O‘ﬂ)(¢n - x*) - (Oénﬁn(un - PCn(un>> + O‘nx*)H2
<(1- an)2|‘¢n - x*HQ — 2{anBn(un — Po, (un)) + n™, Ty — %)
< (1= ap)|pn — :E*||2 + 2(nBn(un — Po,(un)), " — 2pi1)
+ 20, (x*, F — Tpy)
< (1 = an)lln — 2> + 20080 [un — P, (un) ]| = 2014
+ 20, (2", X — Tpy1). (5.119)
Therefore, using (5.118) and (5.119), we have
21 — :1:*||2 < (1= ap)|lzn — x*HQ + (1 = an)bpl|zn — 201 || My
+ 200, 8p|un — Po, (un)[l[|l2" — Tnsa || + 200 (2", 27 — 2041)

0, .
= (1 —an)llzn — 27| + an [a—(l = an)||n = 2pa[[Ma + 26, [un = Fo, (un)[[||2" = 24|

n

+2(z", " — a:n+1>]
= (1 — )|z — 2% > + and,, (5.120)
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Or
where d,, := [a—(l—anﬂ|xn—xn_1||M2+25n||un—Pcn(un)||||x*—xn+1||+2<x*, x*—xn+1>].

To show that the sequence {||:vn — 93*||} converges to zero, by Lemma 2.5.55, it is enough

to show that limsup d,,, < 0 (where {d,, } is a subsequence of {d,}), for every subsequence
k—o0

{Hxnk - x*||} of {||xn . x*H} satisfying
timinf ([l 41— 21 = ||, — 2]} = 0

Now, suppose that {||xnk - ZL‘*H} is a subsequence of {||mn - x*||} such that
liminf (|| =] = [z, —2"[[) > 0

then, Tim inf (Hxnkﬂ T :c*H2>

= lim inf (([znesr = 2"l = ll2n, = " D (lener = 2*l| + llan, —2*I)) 0. (5.121)

k—o00

Now,

|Zns1 — 2| = |[(1 = Bo — an)tn + BuPe, (un) — 2|2
= |1 = Bn — an)(un — 2%) + Bu(Pe, (un) — %) — ana” H2
=[|(1 =B —« )(un_x )+ Bu(Pe, (un) — )“2
=20 ((1 = B — ) (un — 2°) + Bu(Po, (un) — 2%), ") + aq||z7||?
< H(l_@n_anxun_aj ) + Bu(Pe, (un) —

for some M3 > 0. Substituting (5.111) into (5.122), we have

|2n1 = 2*[]* < (1= B — ) (1 = )| [un — 2| + (1 = ) Bal | P, (un) — 2|* + i M.
(5.123)

)2 + o, M, (5.122)

Using (5.114), (5.117), and (5.123), we have
[Zars =217 < (1= B — )1 — a)llun — 2| + (1 = @) Bulfun — 2|
— (1= )by ( Sy “ ||ty — 22| ) + o, Ms
= (1 - an)’lfun — 2> — O—aMM<7nWm—zM) + My

On

2
2
n -~ “n nM
Tl 2al) -+ b

gumfwﬂf—u—awm(

<n_*2‘9nn_n7M_1_nn_
< llow = "I+ Bullen = anall bt (1= )5 (32

2
mwwm)+%%

On
= ||mn - m*||2 + ap, |:_H'Tn — xnﬂHMQ + M3]
an

2
~ (=) (T2l — 5
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Hence

2
g
R G I e o e

Oy,
+ (07 [a—‘|In — ZEn_1||M2 + M3:| .

By (5.121) and (5.124), we obtain

2
. 9T
lim sup ((1 — Oénk)ﬂnk (2—m’“||unk - an||2) )

k—o0

k—o0 k—o0

< lim sup {Hxnk | [N :B*||2} + lim sup a,, [MlMg + M3:|
= limsup { ||, — " |[* = [|a1 — 2]}
k—o0

= —liminf {[[z, 1 = 2" = |2, — 2|2} <0,

which implies that
— 00
Now, from Step 3, we have
ynk = unk - amn (unk - an) = U’nk - nnk <unk - znk) .
Thus, by (5.125), we obtain that
kh—>I£lo [ty = Y, |l = 0.
Also, observe that equation (5.111) and (5.122), gives
101 — 2" < (1 = o) lun — 2*||* + 0 Ms.

Substituting (5.108) into the last inequality above, we obtain

Hxn—I—l - x*HQ <(1-ay) [Hwn - x*HQ - Bn(l - ﬂN)“Vnwn - wn”2 + o, M;

(5.124)

(5.125)

(5.126)

<(1-ay) [”xn - x*Hz + eonn - xn—1||M2 — Bn(1 = Bn)(1 — an)HVnwn - wn||2

+CYnM3.
Hence
Bu(1 = B2) (1 = ) [[Vawn = wy||? < [l — 2|1 = [|appr — 2|12

On
+ o, |:a—||ZEn - ZEn_1||M2 + M3 .
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By (5.121) and (5.127), we obtain

limsup | B, (1= B, )| Vi, = 2] < Timsup [, = 22 = a1 — |

k—o0 k—o0

k—o0

+ lim sup oy, [Mle + M3:|

= —liminf [an, 1 — 2|7 = l|oa, — "[?] <0,
k—o0

which implies that

lim ||V, wn, — wy, || = 0.
k—o00

Thus, we obtain from (5.107) that
k;h—>Igo ||unk — Wny, H = kh_g}o BnkHVnkwnk — Wpy, H = 0.

Also, combining (5.117) and (5.123) we have

ne1 = 21" < (1= By — ) (1 = @) llun — 2" + (1 — @) Bl — 27

1 — an)Bul| Po, tn — un||2 + o, M3

IN

— (
(1 - an) Hun -z H2 - (1 - an)ﬁnHPCnun - un||2 + o, M;
|zn — 2 H2 + Onlln — 21 ||Ma — (1 — ) Bul| Po, un — unH2 + o, M3

(5.128)

(5.129)

* 0”
<l =+ | 2 0+ M| = (1= )P, =

n

which implies that

(1 = ) Bl Poyun — Un||2 < ||, — x*||2 — ||Zn1 — x*HQ +ap {MlM? + M3} .

Thus, we obtain by (5.121) that

lim [|Pe,, tny, — tn, || = 0.
k—ro0

Combining this with (5.125), we obtain from Lemma 5.4.9 that

lim ||wn, — 25, ]| = 0.
k—o0

Furthermore, from Step 2 we obtain

o

Hwnk - $nk” = Qi aﬂHfﬂnk - $nk71H —0 as k — 0.

Nk

Using (5.129) and (5.133), we obtain

lim ||u,, — 2| = 0.
k—ro0
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From (5.98) and (5.131), we have
||xnk+1 - unkH < /Bnk”Panunk - unk” + ankHunkH — 0.

Thus, we obtain from (5.134) that

kh—glo ||x7lk+1 - xnkH =0.

Since {xnk} is bounded, there exists a subsequence {xnk} of {xnk} which converges
J
weakly to some T € Hy, such that

limsup(z*, z* —x,,) = lim (z*, 2" —z, )= (2", 2" —2).
k—o00 VERES !

Also, we obtain from (5.129), (5.132), (5.134) and Lemma 5.4.7 that z € T..

From x* = Pr0, we obtain

limsup(z*, =" —x, )= (z*, z*—z) <0.
k—ro0

Since limy o0 || Tny,, — Zn, || = 0, we obtain

limsup(z*, z* —xy,,,) <0. (5.135)

k—o0

O
Now, recall that d,,, := [a (1= an ) |zn, — 21l Ma + 285, |tn, — P, (tn,)

ng

0% = @ | #2027, @ = )]
On ,
Hence, by (5.135), lim, 0o —||Zs, — Zp-1]| = 0, (5.131) and Lemma 2.5.55, we obtain
O
lim ||z, —z*|| = 0.
n—oo
Therefore, {z,,} converges strongly to x* = Pr0. ]

5.4.2 Numerical example

In this section, we provide numerical example of the algorithm considered in Section 3 of
this paper and compare it with Algorithms (9.1.14), (9.1.15) of Takahashi et al. [220] and
Algorithm (9.1.16) of Tian and Jiang [229].

The codes are implemented in Matlab 2016 (b). We perform all computations on a personal
computer with an Intel(R) Core(TM) i5-2600 CPU at 2.30GHz and 8.00 Gb-RAM.

Example 5.4.11. Let Hy = Hy = L*([0,1]) with norm ||z|| := \/fol |z(t)|?dt and inner
product (z,y) := fol x(t)y(t)dt, Yo,y € L*([0,1]). Define the operator A : L*([0,1]) —
L*([0,1]) by

A(z)(t) == eIl /Ota:(s)ds, Vo € L*([0,1]), t<€]0,1].
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Then, A is uniformly continuous and pseudomonotone but not monotone on Hy (see [
Let C:= {z € L*([0,1]) : {(a,z) < b} where a =1+ 1 and b= 1, then

b—(a,z)
llall

a+z, (a,z) >0,

2
L2

Pc(ZL‘) =
T, (a,x) <D.

We also define the mapping S : L*([0,1]) — L*([0, 1]) be defined by

Sx(t) = /Oltx(s)ds, t €0,1].

Then, S is nonexpansive. Indeed, we have

1S(t) — Sy(t)P = | / nast < ( | 1t\x<s>—y<s>\ds)2
< / 2(s) — y(s) *ds = ||z — ylI*

Thus, we obtain that
1
152 =Syl = [ 152(t) = Sy(O)F < llo = I
Also, let T : L*([0,1]) — L?([0,1]) be defined by T(x(t)) = fol x(t)dt Y x € H.
For Algorithm (9.1.16), we define h : Ly([0, 1]) — Lo([0, 1]) by

ha(t) :/o %x(s)ds, t €0,1].

Then, h is a contraction mapping.

For the parameters, we choose o, = 5n+2, Bp=2%—a,, 0,=0, and ¢, = ~5%r. Further-

]).

more, we randomly choose xg,x1 € Ly([0,1]), 7 > 0 and d,a,0,0 € (0,1) (see the cases
below). Note that in our method, the stepsize {T,} is generated in each iteration. But for

Algorithms (9.1.14), (9.1.15) and (9.1.16), we shall take 7, = —2”’11"||Z'

We now consider the following cases for our numerical results shown in Figure 5.7 and

Table 5.3.14 below.
Case 1: Take x4(t
Case 2: Take xq(t
Case 3: Take x4(t
Case 4: Take z4(t

33, x(t) =t, 0=0.1, 7 = 100.

t, xo(t) =1t>—3,0=0.1, 7 = 100.

2t% xo(t) = €', 0 = 0.9, 7 = 10.
24t+1, 2o(t) =€+t 60=0.9, 7 =10.

)
)
)
)
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Table 5.3.14. Numerical results.

Alg. Alg. Alg. Alg.
54.2 | (9.1.14) | (9.1.15) | (9.1.16)
Case 1 | No. of Iter. 31 67 63 56
CPU time | 2.235 8.767 4.679 4.276
(sec)
Case 2 | No. of Iter. 26 53 51 45
CPU time | 1.910 7.178 4.088 3.726
(sec)
Case 3 | No. of Iter. 26 54 52 46
CPU time | 3.377 8.418 4.395 0.5523
(sec)
Case 4 | No. of Iter. 29 62 58 52
CPU time | 1.2158 | 0.8600 | 0.6336 | 4.358
(sec)

Remark 5.4.12. The stopping criterion used for our numerical computations is ||x,41 —
x| < 1071 We plot the graphs of errors against the number of iterations in each case.
The figures and numerical results are shown in Figure 5.7 and Table 5.5.14, respectively.
From the figure and table, it can be inferred that our algorithm (Algorithm 5.4.2) outper-
forms Algorithms (9.1.14), (9.1.15) and (9.1.16), in both number of iterations and time
taken for the computation.

Therefore, our method is more efficient than Algorithms (9.1.14), (9.1.15) and (9.1.16).
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Figure 5.7: Errors vs Iteration numbers(n): Case 1 (top left); Case 2 (top right); Case
3 (bottom left); Case 4 (bottom right).
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Chapter 6

Split-Type Problems Minimization
and Hierarchical Fixed Point
Problems

6.1 Introduction

In this chapter, we present an algorithm for solving split common fixed point problem
for asymptotically demicontractive mapping in two real Hilbert spaces. Under some mild
conditions, we prove that the proposed method converges strongly to a solution of the
problem. We give examples to illustrate that the class of asymptotically demicontractive
mappings and the class of demicontractive mappings are independent. In addition, we
introduce and study the notion of Split Minimization Problem with Multiple Output Sets.
We propose a new iterative method, which employs an inertial Halpern approximation
technique for approximating the common solution of Split Minimization Problem with
Multiple Output Sets and fixed point problem for a finite family of Bregman relatively
nonexpansive mappings in the framework of p-uniformly convex and uniformly smooth
Banach spaces. Moreover, we present several numerical experiments to show the efficiency
and applicability of our method in comparison with a related methods in the literature.

6.2 Split common fixed point problem of asymptoti-
cally demicontractive mappings

Let U: H — H; and T : Hy — H, be two mappings with nonempty fixed point sets and
A : Hy — H, be a bounded linear operator. The split common fixed point problem (in
short, SCFPP) is defined as follows:

Find z* € H; such that 2" € F(U) and Az* € F(T). (6.1)
We shall denote the solution set of the SCFPP (6.1) by
Q:={2* € F(U) such that Az* € F(T)} = F(U)NA™" (F(T)),
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where U and F' are k-strictly asymptotically demicontractive mapping and p-strictly
asymptotically demicontractive mapping respectively.

6.2.1 Main result

Lemma 6.2.1. Let U : H — H be a k-strictly asymptotically demicontractive mapping.
Define U™ = (1 — \)I + N U™ for any A\, € (0,1 — k). Then, for any v € H and
z* e F(U),

Uz —2*[]> < [1 =X (1= 62)] [lo — 2*[]* = Au(1 — k = M) [|U"z — 2.

Proof. Firstly,

U3z =" |* = [z — 2") + Aa (U2 — 2) |
= [|o — 2*|]* + 20 (U2 — z, 2 — 2*) + N2 ||U"z — z|)?, (6.2)

applying inequality (2.7), we have
20 (U —z,0 — %) < A\o(k — )|z — Uz — A1 — £2) ||z — 2*||?, (6.3)
adding (6.2) and (6.3), we get
Uz =2 < (L= A (L= 12)] flz = 2" [F = A [L = & = Au] |07 =
which is the desired result. ]

Lemma 6.2.2. Let A : Hi — Hy be a bounded linear operator and T : Hy — Hy a
B-strictly asymptotically demicontractive operator with 3 < 1. If A=Y (F(T)) # 0, then

120 — pA*(1 = T") Azyy — 2*|* < [L+ pl|AI*(Br — 1)] |20 — 2"
—p((L=B) = pl Al = T Az, (6.4)

||I)

where z, € H, Ax, # T(Ax,), z* € A~ (F(T)) and p € (0,

Proof. Since T is (-strictly asymptotically demicontractive, we have

|zn — pA*(I — T™)Azy, — 2*||* = |20 — 2¥||* — 2p{x, — 2%, A*(I — T™) Ax,,)
AT — T A, |
Nl — 2 — 2p( A, — Ax®, (1 — T Azy) + 2] A°(T — T) Ax, |
< e —2"|7 = p[(1 = B[ Azy — A2”|* + (1 = B)|| Az — T Az, ||”]
+p|A( = T") Az, |
< llzn = 21" + P AIP(8y — Dllwn — 27[* = p(1 = B)| Az — T Az, ||*
+p|AY (] = T") Az, |?
= [1+pllAIP(87 = D] llen — 2|1 = p((1 = B) = pllAIP)I(T = T") A%,

where the inequality follows from (2.7). O
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Lemma 6.2.3. Let H, and Hy be two real Hilbert spaces. A : Hy — Hy be a bounded
linear operator and A* : Hy — Hy be the adjoint of A. Let U : Hi — Hy and T : Hy — H>
be k-strictly asymptotically demicontractive mapping with sequence {r,} € [1,00) and [3-
strictly asymptotically demicontractive mapping with sequence {5, } € [1,00), respectively.
Assuming F(U) #0, F(T)#0 and Q:={z* € Hy:2* € F(U) and Az* € F(T)} #0.
Let f : Hy — H; be a contraction mapping with constant v € [0,\%) and {z,} be a
sequence generated by x1 € Hy and

Tpi1 = UL (Oznxn + Y f () + 0p (xn — pA*(I — T”)Amn)) ., n>1, (6.5)
where
Uy =1-=X\)I+\U"
and the following conditions are satisfied:
(A1) 0<a< )\, <b<1-—xk;

(A2) a, €10,1),0,, 7, € (0,1) such that a,, + v, + 6, = 1,lini>inf5n >0, li_>m Yo =0 and
D et Y = 00

(A3) p € (0, jxp)s

(A4) Yooii(kp = 1) < oo and 3572, (B — 1) < oo;

(A5) (k= 1) = o(7a) and (B} — 1) = o(7a).
Then, {x,} is bounded.

Proof. Let p € Q2. Then,
Uip = (1= An)p + AUSp = p.

Set t, = x, — pA* (I —T") Az, and w, = anT, + Yo f(Tn) + Ontn.
It therefore follows from Lemmas 6.2.1 and 6.2.2 that

|URw, = pll < [1 =X (1= 57)] [[wn = pll (6.6)
and

ltn = pll < [1+ pllAIP(8; = D] llzn — pl- (6.7)
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Thus, it follows from (6.5), (6.6) and (6.7), that

|Zn1 — pll = [[UNw, — p|
<[1=X(1=k2)] lw. —p

< 1= (1-57)] (%Hxn = pll + | f (@) = pll + Onlltn —pll)

< [1=X (1=#7)] (%IIf(frn) pll + anllzn = pl

+ 00 [1+ ol AI(B7 = D] [l — p||>

< L= (T=w3)] [L+pllAIP(B: - 1)] (%Ilf(rcn) —pll+ (1 =m)llzn —p||>

< (1+0n)(1+én) (%[Ilf(l’n) — f@I+11fp) —pll] + (1 =) |20 — p||>

< (1+w) (wnxn ol allFB) = ol + (1 = 7). —p||)

(1 =0)[If(p) — pH)
1—w

— (14w ( (1= (1 = ) n — o +
i) =1,

< (1 4 wy) max{||z, — pl|,

Z +w;) max{|jz, — p|), ||f() pH}

where o, = )\n(lin — 1) and ¢, = p||A||*(8% — 1). Also, since w, = 0, + ¢, + 0,0, and
> wp < 00, it follows that {||z,4+1 — p||} is bounded. Consequently, {z,}, {t,}, {w,} are
all bounded. O

We now present the following convergence theorem.

Theorem 6.2.4. Let H, and Hy be two real Hilbert spaces. A : Hy — Hy be a bounded lin-
ear operator and A* : Hy — Hy be the adjoint of A. LetU : Hy — Hy and T : Hy — H be
uniformly Ly-Lipschitzian k-strictly asymptotically demicontractive mapping with sequence
{kn} € [1,00) and uniformly Ls-Lipschitzian [(-strictly asymptotically demicontractive
mapping with sequence {f,} € [1,00), respectively. Assuming F(U) # 0, F(T)# 0 and
I —U and I — T are demiclosed at 0. Let f : Hy — H; be a contraction mapping with

constant v € [0, \/Li) and suppose

Q:={2*€e H :2*€ F(U) and Az* € F(T)} # 0.
Let {z,} be a sequence generated by x1 € Hy and
Tpy1 = UL (anazn + Y f (z) + Oy (a:n pA*(I — T")Axn)) , n>1, (6.8)
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where
Uy=0-=N\)I+ 0"

and the conditions (A1) - (A5) are satisfied. Then, the sequence {x,} generated by (6.8)
converges strongly to p € €, where p s the unique solution of the variational inequality
problem: Find p € Q) such that

(I - fip,r—p)>0 Vzxe. (6.9)

Proof. Since f is a v-contraction mapping, then for all x,y € Hy,

I = Pz =T = Pyl = [z =)+ (fy) = F@) |
< |lz =yl + [/ y) = f2)]
< (T+v)llz -yl (6.10)

on the other hand,

(I=fle =~ fly,z—y)=(z—y,v—y) — (f(@) = fly),r—y)
> ||z -yl — vllz -yl
= (1=o)|lz -yl (6.11)

Thus, we have from (6.10) and (6.11) that (I — f) is (1 4+ v)-Lipschitz continuous and
(1—w)-strongly monotone, respectively. Therefore, it follows from Lemma 2.5.9 that there
exists a unique element p € €2 such that (6.9) is satisfied.

We now prove that the sequence {z,} is strongly convergent to p. Set ¢, = x,, — pA*(I —
T™)Ax,, and w, = a,x, + Vo f(zn) + Ontn.

Firstly,

(f(zn) =D, tn —p) = (f(zn) — f(p),tn — D) + {f(p) — D, tn — D)
< N f(xn) = ) lItn = pll + (f(p) = P, tn — D)

(1f () = FDIP + Ita — 2IIP) + (f(P) — po bt — p)

1
1wmn—mﬁ+gwn—mﬁ+<ﬂm—p¢n—m. (6.12)

Also,

1 () = plI* < (1f (2a) = F D) + 1 (0) = 2I1)

< (vllz = pll + 11.f () = pll)*
< 20°[|lzn — pI* + 211 (p) — pII*. (6.13)
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Now, from Lemma 2.5.18, (6.12), (6.13) and Lemma 6.2.2, we have

n 571
< Jlan(an = p) + (1= an) (7= F @a) + ———to = p) |

n n

n 51’L
< allen = pl? + (1= an) | 72 f () + 7=ty = [

= O‘n”xn - p”2

1= an) (2t — ol +2

2

671 o 2
(1) = it =) + = 1P

TnOn
— 1

(1 —ay)?
2% + 090, 2 0p + Tl 2

(1 —a) |zn — pl|I + mﬂtn - )
S OénH:L‘n _p”2

20%7, + v*Ynn 2
T

< nllen — pl* + (

+0n [(1+ n)llzn — plI* = p((1 = B) = pl AIP)I(T = T7) Az, ||?] >

N ( 2Yn0n (f(p) —pitn — D) + (12_%71)“]“(19) —pIIQ)

< (1=[t= @+ 72Dl = o

F (T ) it =)+ 2 1) )

+¢uM — 0up((1 = B) = pllAIP)I(I — T7) Az *. (6.14)
Moreover, from Lemma 6.2.1 and (6.14), we obtain
101 = pII* = U wn — plf?
<Tallwn = plI* = A1 = & = Aa) [wn — USwa]*
<r (1= l1 = (0 722007 o P

- Un

20, 29 9
F (T 0 et =)+ 1) 5l

+ onM = 0p((1 = B) = pl| AIP) (1 - T")Axnll2) — (1=K = X)) lwn — Uwa|?
<7 (1= tn) [0 — pII* + nbn + 70 M — 1.6,p((1 — B) — pl| AL — T™) Ay, ||?

— (1 =k = X)) ||w, — UfwnH2
S(l - 7vZ}n>||xn _p“2 + ¢nbn + (Tn¢n + Un)M - Tnénp((l - /8) - p||A||2)||(I - TN)AIHHQ

— (1 — K5 = M) |Jw, — Udw,||? (6.15)
<(1 = )0 — PlI* + Ynbn + (Tathn + 00) M, (6.16)
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— 2 _ n\ g2 — m@m[f(@)—pl®+26n(f () —P,tn—p))
where 7, = 1= Au(1=#7), ¥ =70 [1— (1+1j_an)v o b = 2= (kiﬂ?k(H%)vg) =,

on = An(ry, = 1), dn = pl|AI*(B] — 1) and M := sup,en{llzn — p[*}-

To complete the proof, we now consider the following two cases:

Case 1. Suppose there exists some ny € N such that {||z,, —p||} is monotone decreasing for

n > ng. Then by the boundedness of {||x,—p||}, it implies that lim (||z,+1—p||—|zn—pl|) =
n—oo

0. Then we obtain from (6.15) that

Ta0up((1 = B) = pll AT = T™) Ay |* + Aa(1 = 5 = M) [[wn — URw,|?
< (1 =vu)llzn = pl* = llwnsr = plI* + by + (Tadpy + 00) M.

(6.17)
Since nlgg} ||z, — p|| exists, ¥, — 0, o, — 0 and ¢, — 0, we have
nlg& (I —T")Az,|| =0 (6.18)
and
nh_{ﬁlo |wy, — Uyw,|| = 0. (6.19)
Observe from (6.18) that
|A*(I — T™) Ax,,|| < |A*||[(I — T™)Ax,]|> = 0 as n — oo. (6.20)
Thus, using (6.20), we derive that
[wn =zl < ynllf(2n) = @nll + (1= ) p| AL = T7) Az |
— 0 as n — oo. (6.21)
Also, we have that
tn — zn|| = p||A*(I = T")Ax,|| = 0, as n — oo. (6.22)
Using (6.21) and (6.22), we obtain
nhjEO l|w, — t,]| = 0. (6.23)
Next, we prove that
i s = = 0.
Indeed, from (6.19) and (6.21), we have that
[ 11 = @nll = |(1 = An)wn + AU wn — 2
< lwn = zall + Anllwn = Uiwa|
—0 as n — oo. (6.24)
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It then follows from (6.21) and (6.24) that
|wn — wy—1|| = 0, as n — oc. (6.25)
Moreover, since U is uniformly L;-Lipschitzian, we have that

|wn — Uwp|| + U wy, — Uw,||

|wy, — UMwy || + Li[|[U™ tw, — wy||

|wy, — Umwy || + Ly (JJU wy, — U w4+ | U™ g — wya ||
+||wn—1 - wn”)

Jwy, — Umwy || + Ly (L |lwn — woa]l + U wpo1 — wyoa |

+lwn—1 — wyl]). (6.26)

”wn - an”

IA A IA

Therefore taking the limit of (6.26) and using (6.19) and (6.25), we get
|wy, — Uw,|| — 0, as n — oo (6.27)
and by similar argument we obtain that
|Az, — TAx,|| — 0, as n — oo. (6.28)

Since {xn} is bounded, there exists a subsequence {xnk} of {xn} which converges weakly
to some z* € H as k — oo. By linearity, it follows that Ax,, — Ax* as k — oo. Thus, it
follows from (6.28) and the fact that (I —T') is demiclosed at 0 that Az* € F(T). Also, we
conclude from (6.21) that w,, — x*. Moreover, since (I —U) is demiclosed at 0, it follows
from (6.27) that 2* € F'(U). Therefore, z* € ). we conclude by showing that z,, — p as
n — oo. Since z* € 2, we have from (6.9) that

(I = f)p,2" —p) > 0. (6.29)

Also, from the choices of {v,} and v, it is easy to see that
St =30 (1= (14 7,)v?) = oo and ¢, — 0 as n — oo. Using (6.22) and
(6.29), we obtain

limsup(f(p) — p,tn —p) = lim (f(p) — p,tn, —p) = im(f(p) — p, s, —p).  (6.30)

n—00 k—o0 k—o0

Thus, we obtain from (6.29) and (6.30) that

limsup(f(p) — p,tn —p) = (f(p) —p, 2" —p) < 0.

n—oo

So that

limsup b,, < 0. (6.31)

n—oo

Hence, by (6.16), (6.31) and Lemma 2.5.51, we obtain

lim ||z, —p| = 0.
n—oo
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Case 2: Suppose that {||z, — p||} is not a monotone decreasing sequence. Then for any
no, there exists an integer n > ng such that ||z, — p|| < ||z441 —p||. Let 7: N — N be a
mapping defined for all n > ng for some ngy sufficiently large enough by

7(n) :=max{k € N:ng <k <n, ¢p < dpi1}.

Then {7(n)} is a non-decreasing sequence such that lim 7(n) = oo and
n—oo

0 < ||zrmm) — pl| < [|T7()+1 — p|| for all n > ny. (6.32)
Following similar argument as in Case 1, we get

lim ||wT(n) — U)\wT(n)H = 0, T}LIEO ||([ — T)AI’T(n)H = 0,

n—o0
nh_{go [wrn) = Z7m) || = 0, nll_{{)lo [trn) = Tzl = 0,
T (wry) = trll = 0, T {2711 = @2 || = 0,
and
lim Sup<f(p> - D tT(n) _p> <0. (633)
n—oo

Thus, it follows from (6.16) and (6.32) that

0 S (1 - w’r(n))HIT(n) - pH - ||x’r(n)+1 - pH + ¢T(n)b7(n) + (TT(n)¢T(n) + UT(n))M
0 < (1= vrw)l#r)+1 = Pll = lZrmy+r — Pl + Yrybrmy + (Trm)rn) + Orm)) M
= _¢T(n)||x7(n)+1 - p” + wT(n)bT(n) + (TT(H)¢T(H) + UT(n))M;

which implies that

(T‘r(n)gbr(n) + UT(H))M
z/}7'(71)

Hence by (6.33) and conditions (A2) and (Ab), taking the limit of (6.34), we get

1% 7(n)+1 — DIl < briny) + (6.34)

lim ||x7(n)+1 —pll=0.
n—oo
Consequently, we have that
Jim {27 = pll = 0.

It therefore follows by Lemma 2.5.52 that

0 < lan —pll < max{l[zn —pll, 2z = 2lI} < 271 =PIl

Thus lim ||z, — p|| = 0 and therefore, we conclude that {z,} converges strongly to p.
n— o0

We have proved that in both cases, the sequence {z,} converges strongly to p € €2, where
p is the unique solution of the variational inequality problem (6.9). [
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We now present the consequences of our main result.

Corollary 6.2.5. Let Hy and Hy be two real Hilbert spaces. A : Hy — Hy be a bounded
linear operator and A* : Hy — Hy be the adjoint of A. Let U : Hi — Hy and T : Hy —
Hy be uniformly Li-Lipschitzian k-strictly asymptotically demicontractive mapping with
sequence {kp} € [1,00) and uniformly Lo-Lipschitzian B-strictly asymptotically

demicontractive mapping with sequence {f,} € [1,00), respectively. Assuming F(U) #
0, F(T)# 0 and I —U and I — T are demiclosed at 0. Let u € Hy be arbitrary and

suppose
Q:={z*€e H :2*€ F(U) and Az* € F(T)} # 0.
Let {x,} be a sequence generated by x1 € Hy and
Tn1 = UY (ann + Yot + 6, (20 — pA* (I = T")Azy)), n>1, (6.35)
where
U =(1=X\)I+\U"

and the conditions (A1) - (A5) are satisfied. Then, the sequence {x,} converges strongly
to p € ), where p = Pqu.

Corollary 6.2.6. Let Hy and Hy be two real Hilbert spaces. A : Hy — Hy be a bounded lin-
ear operator and A* : Hy — Hy be the adjoint of A. Let U : Hy — Hy and T : Hy — H be
uniformly Ly-Lipschitzian k-strictly asymptotically demicontractive mapping with sequence
{kn} € [1,00) and uniformly Ls-Lipschitzian [(-strictly asymptotically demicontractive
mapping with sequence {f,} € [1,00), respectively. Assuming F(U) # 0, F(T)# 0 and
I —U and I — T are demiclosed at 0. Let f : Hy — H; be a contraction mapping with
constant v € [0, \/Li) and suppose

Q:={z*€eH :2*€ F(U) and Az* € F(T)} # 0.
Let {z,} be a sequence generated by x1 € Hy and
Top1 = Uy (Wf (zn) + (1 = 3) (2, — pA(I = T™)Azy,)), n>1, (6.36)
where
U = (1=X\)I+\U"

and the conditions (A1) - (A5) are satisfied. Then, the sequence {x,} generated by (6.36)
converges strongly to p € ), where p is the unique solution of the variational inequality
problem: Find p € Q such that

(I fp,x—p)>0 Ve

Proof. The proof follows from the proof of Theorem 6.2.4 by taking «,, = 0 for all n €
N. O
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Following similar procedure as in the proof of Theorem (6.2.4), we obtain the following
corollaries:

Corollary 6.2.7. Let Hy and Hy be two real Hilbert spaces. A : Hy — Hy be a bounded
linear operator and A* : Hy — Hy be the adjoint of A. Let U : Hi — Hy and T : Hy — H,
k-demicontractive mapping - demicontractive mapping, respectively. Assuming F(U) #

0, F(T)# 0 and I —U and I —T are demiclosed at 0. Let f : Hy — Hy be a contraction

mapping with constant v € [0, \%) and suppose

O :={z*€H :2*€ F(U) and Az* € F(T)} # 0.
Let {x,} be a sequence generated by x1 € Hy and
Ty = Uy (anxn + Y f(xn) + 0p (xn — pA (I — T)Axn)) ., n>1, (6.37)
where
Uy = (1= AT+ AU

and the conditions (A1) - (A5) are satisfied. Then, the sequence {x,} generated by (6.37)
converges strongly to p € 2y, where p is the unique solution of the variational inequality
problem: Find p € Q1 such that

(I—- fip,x—p)>0 Ve

6.2.2 Numerical examples

In this section, we demonstrate the efficiency and applicability of our proposed method
with numerical example in the framework of an infinite dimensional Hilbert spaces and
give numerical comparison with Algorithm (9.1.17).

Example 6.2.8. Let H) = {x € {5 : ||z|| < 1}, where (5(R) := {x = (1,29, ..., 2pn,...),2; €
R: 3220 |oi* < oo}, ol = (Z; [2:f*)2 V @ € 6(R) and By = (6(R), [ - [[2). We define
U . H1 — H1 by

Ux = (O,[L‘idgﬂ]g,aglﬂ& ce ), Vx € H1

where {a;}32, is a real sequence satisfying: ay > 0,0 < a; < 1,j # 2, and [[}2,a; = 3,
x € lo(R), T : Hy — Hy by Tx = %x,V:v € Hy and A : Hi — Hy by Ax = 2x. Then
T is 0- asymptotically demicontrative with sequence {1 + 2%} and U 1is 0-asymptotically
demicontractive. In the case F(U) = F(T) = {(0,0,0,...)} and Q = {(0,0,0,...)}. We
choose a; = %((3121]2);), for 3 >2,6, =aq, = i Tn = %H, p = 0.05, A\, = 0.85 and
we define f: Ey — Fy by f(x) = %a:, for all x € E;1. We make different choices of initial
values x1 as follows:

Case I: x1 = (%, L %, c);

Case II: xlz(%,%,%, )5
Case III: x1 = (%, -L L)
Case IV: z1 = (
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Using MATLAB 2017(b), we use the various choices above to test the efficacy and com-
putability of our iterative scheme and compare with Algorithm (9.1.17). The stopping
criterion used for our computation is ||Tpy1 — .| < 1077, We plot the graphs of errors
against the number of iterations in each case. The figures and numerical results are shown
in Figure 6.1 and Table 6.1.15, respectively.

10° : 10° P
—~—Alg. 3.4 —-Alg. 3.4
—Alg. 1.8 —Alg. 1.8
102F
=E
x
! 4l
10
=4
x
10°®
108 . . . 108 . . .
0 5 10 15 0 5 10 15
Iteration number (n) Iteration number (n)
10° ; 10° ;
—~—Alg. 3.4 —~—Alg. 3.4
—Alg. 1.8 —Alg. 1.8
102 1072
= =
\ a4 ) "
+10 <10
=4 =4
= =
10°® 10°®
10-8 I I I 10-8 I I I
0 5 10 15 0 5 10 15
Iteration number (n) Iteration number (n)

Figure 6.1: Example 6.2.8: Top left: Case I; Top right: Case II; Bottom left: Case III;
Bottom right: Case IV.
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Table 6.1.15. Numerical results for Example 6.2.8.

Algorithm Algorithm
(6.36) (9.1.17)
Case I CPU time | 0.0017 0.0018
(sec)
No. of Iter. 14 17
Case 11 CPU time | 0.0026 0.0027
(sec)
No. of Iter. 15 18
Case I1II CPU time | 0.0025 0.0026
(sec)
No. of Iter. 14 17
Case IV CPU time | 0.0016 0.0017
(sec)
No. of Iter. 14 18

6.3 Split minimization problem with multiple output
sets and common fixed point problem.

We consider the problem of approximating a common solution of the Split Convex Mini-
mization Problems With Multiple Output Sets (SCMPWMOS) and fixed point problem
for a finite family of Bregman relatively nonexpansive mappings S;,7 = 1,2,...m, in the
framework of p-uniformly convex Banach spaces which are also uniformly smooth. That
is, find an element x* such that

m N
S ﬂ Fix(S;) Nargmin f N <ﬂTi_1(arg min fi)>, (6.38)
j=1

=1

We denote by I' the solution set of problem (6.38).

Let E be a p-uniformly convex uniformly smooth Banach space and f : E — (—o00, +00]
be a proper, convex and lower semicontinuous function. The proximal operator Prox,; :
E — FE associated with f with respect to the Bregman distance is defined as

1

Prox, f(z) := arg I&IB {f(“) + h

Ap(u,m)} Vue kL.
Proximal operators have very interesting properties which are suitable for solving mini-
mization problems. Take for example, Prox, f is firmly nonexpansive; that is,

[Proxf(z) — Proxaf(y)|I* < llz — yl|* = [|(z — Prox, f(x)) — (y — Proxaf(2))|*, ¥ z,y € E.

On the other hand, the set of fixed points of Prox,f(x) is the set of minimizers of f,
(see [25]) for more properties of the proximal operators and the references contained

therein. Furthermore, we note from Bauschke et al. [25] that dom Prox,f C int domg
and ran Prox, f C domg Ndomf, where g(z) = %||x||p and it is convex and Gateaux dif-
ferentiable. Also, if ran Prox, f C int domg, then Prox, f is Bregman firmly nonexpansive
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and single-valued on its domain if int domg is strictly convex.

We have the following result from the work of Aoyoma et al. [16]:
<Prox’;(:p) -z, J (x - Prox{(a:)) > >0, Vr e FE, z* € argmin f. (6.39)

Lemma 6.3.1. [79] Let g : E — R be a conver and Gateaux differentiable function. Let

f B — (—o0,+00] be lower semi-continuous and convex function such that dom(g) N
dom(f) # 0 and ran(Prox}) C int(domg). For allx € E, w € F(Proil) and X\ > 0, then,
we have the following

A, (u, Prozl(z)) + Ay(Prozl(z), z) < Ay(u, z).

6.3.1 Main result

In this section, we present our proposed method and highlight its features. We begin with
the following assumptions under which our strong convergence result is obtained.

Assumption 6.3.2.

1. E;, i = 0,1,2,..., N (where Ey = E) are p-uniformly convex real Banach spaces
which are also uniformly smooth.

2. Ty E— E;, i=0,1,2,...N (where Ty = I¥) are bounded linear operators.

3. [+ E — (—o0,+00] and f; : E; — (—o0,+00|, i=0,1,2,...N (where fo = f) are
proper convex and lower semi-continuous functions.

4. Sj: E— FE, forj=1,2,...,m are Bregman relatively nonexpansive mappings.

5. T'i={z* € (jL, Fiz(S;) Nargmin f N NY, 77! (argmin f;)} # 0.
Let {a,} and {B;,} be positive sequences satisfying the following conditions:

(i) {an} C (0,1) such that > o, = oo and lim o, =0, B, C [a,b] C (0,1) such
— n—oo

n=1

N
that Y Bin = 1;
i=0

(ii) Let {e,} be a positive sequence such that €, = o(ay,), that is, lim - 0,
n—o0 O[n

(iii) 0 > 0 and fori=0,1,--- N, let \! be such that _min N{inf ANt =X>0,

(iv) {¢n;} € (0,1), Z;n:o Onj =1 and liminf, o ¢no¢Pn; > 0 for each j.
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Algorithm 6.3.3. Calculation of the sequence {x,}.

Initialization: Let z9,z; € E, choose 8, such that 0, € [0,0,] where

€ €
a min 97 - ) - ) Zf Ip # Tp-1,
O = { l2n = @l V5 (@n) — JE (@) }

0, otherwise.

(6.40)

Step 0: Forxy € E, let By = E,T, = I?, Pro:vf\c% = Proz’ and set n = 1.

Iterative steps: Given iterates x,_1, =,, compute {x,} as follows:

(10 = T3 [ T (@) + 00 (1) = Th(w))]

= T8 | S (TE0) = T2, (1% = Procfy T, )|

2z = Jg <¢n,0J§(yn) +> ¢n,jJ§(5jyn)> (o4
Tpy1 = S (anjg(u) +(1-— an)Jg(zn)>7

\

Suppose that for e > 0, we choose the stepsize T, in such a way that

q||T;(w,) — Proxfi T (wy,)||P =
Tin € e,( I7i(w) ( /\"), (wn) —6) , V. neq, (6.42)
Coll Ty T3, (1% — Proxls ) Ti(wy)||?

for small enough €; where the index set Q = {n € N : Tj(w,) — (Proz; Ti(w,) # 0)},
otherwise, T, = T;, T; 15 any nonnegative real number for each i =0,1,..., N.

We now highlight some of the features of our proposed algorithm.
Remark 6.3.4.

e The step size {Ti,} given by (6.42) is generated at each iteration by some simple
computation. Thus, Algorithm 6.5.3 is easily implemented without prior knowledge
of the operators norm.

o Also, the inertial technique employed is easily implemented since the value of ||z, —
Tn_1| is a priori known before choosing a,.

Remark 6.3.5. By conditions (i) and (1i), it can be verified from (6.40) that
lim 0,2, — 2, 1| =0 and lim 6,||J5 (z,) — JE (zn_1)| = 0. (6.43)
n—00 n—oo

Lemma 6.3.6. Let {z,} be a sequence generated by Algorithm 6.3.3 such that {z,} is
bounded. Suppose conditions (i) and (ii) hold, then for all z* € T, we have:

)
lim — <Ap(xn,1,a:*) — Dp(y, x*)) =0.

n—oo O{n
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Proof. Let x* € I'. Observe that

Bylrer.a) = Ayl ) = lracr | = (E @) x’) + o7

1 1
(= P _ P * - *||p
(Gllaall = (B, 2") + <"

1 *
=~ (Il = llzall?) + E () = TE (), )
1 *
< Ml =l + 1T (@) = Tl (644

for some constant M > 0.

Since lim £ = (0, then it follows from Remark 6.3.5 that

n—oo &n
.0, . €n
lim — ||z, — zp,1]] < lim — = 0. (6.45)
n—00 iy, n—00 (y,
Similarly, we have that
.0,
lim —2||JE (x,) — JE (2n_1)|| = 0. (6.46)
n—oo O{n

Applying (6.45) and (6.46), it follows from (6.44) that

.0, . . ) M 0,
T (A, ) = Byl a”)) < Jim (T s —
* 971
o | = E () = TE (200
p— 07

which is the required result.
m

Lemma 6.3.7. Let {z,} be a sequence generated by Algorithm 6.5.3 such that Assumption
6.3.2 holds. Then, {x,} is bounded.

Proof. Let * € I'. Then we have from (6.3.3)

Ap(wy, z°) = Ap(Jh (Joxy + 0, (Joxn_1 — Joxy,), ")
< (1= 0,)Ap(zn, 2") + 0, (1, 27). (6.47)
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Also, we obtain from (6.41) that

N
Ap(yn, %) = A, (J%* (Z Bin(J(wn) — 7Ty J5, (I — Prox]; )Tz(wn)>> :c>
=0
N
=V <Z Bin(Jp(ws) — Ti,nﬂ*Jfgi(I PrOXfZ )ﬂ(wn))wr*)
— —||x > — Zﬁm — T T (I% — Proxl ) Ti(w,)), o)
—|| Z Bin(Th(wn) = 7 n T T (I — Proxl )T (w,)) |

1
= —|lz*|]P — (Jo(w,), z*) + BinTim(Ti*, J5 (17 Proxfl T (wy,
pH 17 = (J&( Z . ) Ti(wn))

=0

N
1 . , ,
+ 5” > BinlTp(wa) = 1T T3, (1% = Prox{ ) Ti(w,)) |1 (6.48)
By the convexity property of A,, we have that

N N
1D Bin(Th(wn) = 7T T, (1% = Prox{ ) T(wa)|[7 < D Binll T (wn)
i= i=0
— 70T T, (1% = Proxfi )T, (w,) ||

Thus, by applying Lemma 2.55, we obtain
15 (wn) = Tin Ty T, (1% = Prox{ ) Ti(wn) || < || Tpw|”
— qTin Wy, ﬂ*Jgi(IEi — Prox{%)Ti(wn»
+ Cyrl I T3, (1% — Prox{ )T, (w,)||°
= |[wall” = 47,0 {Titwn, J5, (1" = Prox]; ) Ti(wy))
+ Cyrl 1T T3, (1% = Proxi ) Ty(w,)[|%

Substituting this into (6.48), we obtain

1 _ 1
Byl a) = "I = () +Zﬁmmz ) T (1% = Proxf Ty (wa)) + o

N q
) . Ti,n * ; i
- Z ﬁi,nTi,n <T’l(wn)7 ng([Ez - PYOXZ\Z)T;(’LU”)) + Z 52',71 qq HTz ([EZ - PYOX];%)Ti(wn)Hq
i =0

wn7 _'_ Z ﬁz nTi n ’L - n(wn)a ng ([El - PI‘OX{Z )E(wn»

Tivn * i i
+Zﬂm "q T (1% = Prox{ )T (w1 (6.49)
=0
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By applying (6.39), we obtain

(Ti(*) = Ty(wn), T, (I = Prox{ ) Ti(wn)) = (Ti(a") = T;(wn) — Proxy; T;(wn)
+ Prox{i%Ti(wn), Jgi(IEi — Prox{%)ﬂ(wn»
= —[|(1% — Prox], )T (wn)|I?
+ (Ti(z™) — Prox{%’]}(wn), Jp (I — Prox{é)’]}(wn))
< —[|(1% = Prox{i )T (w,)||P. (6.50)

Substituting (6.50) into (6.49) and applying (6.42) , we obtain

Ay 7)< Dyfut. Zﬁmm(H ~ Proxd, YT w,) *
o
A Proxm(wn)uq) (6.51)
< A (wn, 7). (6.52)

Also, from Algorithm 6.3.3 and by applying Lemma 2.5.43 together with the Bregman
relative nonexpansivity of S; for each j =1,2,...,m, we obtain

Ap(zn, ") = A, <‘];IE* (¢n,OJ§<yn) + Z ¢n7jJ1pE(Sjyn)) J x*>
< 00Dy (Yn, ) + Zsbm (Siyn &™) = Sno Y bnigr (175 (wn) — TH(Sjum)|)
j=1
< ¢nOA Yn, T +Z¢TL] yn? _¢n,02¢n,jg:(”‘]§<yn> - J]]_)W(S]yn)n)
j=1

= 8p(Yn, ") = Pno Z ni9r (1T (yn) = TE(Siyn)ll) (6.53)
j=1

< Ap(Yn, 7). (6.54)

Futhermore, from Algorithm 6.3.3, (6.47), (6.51), (6.52) and (6.54), we have
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<, Ap(u, %) + (1 — ) Ay (2, )
< andy(t,2°) + (1= ) Ay, )
< anAp(u, %) + (1 — o) Ap(wy, z¥)
< anAp(u, %) + (1 — an)[(1 — 0,)Ap (20, %) + 0,8, (211, )]

< max{Ap(u, "), max{A,(z1,x"), Ap(zo, 2") }} < c0.

Thus, {A,(x,, 2*)} is bounded. Consequently, {A,(wy, ")}, {A)(Yn, 2*)} and {A, (2, y*)}
are bounded. Therefore, it follows from Lemma 2.5.31 that {w,}, {z,}, {y.} and {z,}
are all bounded. O

We now prove the strong convergence theorem for the proposed algorithm.

Theorem 6.3.8. Let {z,} be a sequence generated by Algorithm 6.3.3 under Assumption
6.3.2. Then, the sequence {x,} converges strongly to x* € I, where x* = llru.

Proof. Let * € I'. Then from Algorithm 6.3.3, (6.51), (6.53) and Lemma 2.5.45(iii), we
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have

Ap(@ni1, %) = Ap(Jg. (onJi(u) + (1 — an) J5(20)), 27)
= Vy(andp(u) + (1 — an)Jn(zn), %)
anJp(u) + (1 = an)Jp(2n) — an(Jp(u) — JEg(27)), %)
Jp(u) = J5(2"), Tpsr — 27)
anJp(@7) + (1 = an) Ji(2n), 27) + (S (u) — J5(27), Tngr — 27)
( — an)Vp(Jg(20), 2%) + i (Jp(u) — ("), Xpyr — 27)

Wi
= (1= an)Bp(2n, &%) + an(Jp(u) = Jp(x7), Tnys — 27)

< (1 - an) AP(?me*) - ¢n,0 Z ¢n,jg:(||‘]£‘(yn> - J§<Sjyn)”)]
j=1

ol
Vi(
+ozn<
Vil

T () = T, 2 — )

< (1 - a) Ay, 2) — (1 - Z BunTin (|| ~ Prox} )T (w,)|?
Cqu'({'rjl * TP E; fi q
= ST T (1 — Prosy )T w,)|

— (1= @)dn0 ) Dug9r (195 () = TE(Si5a)l1)
j=1

+ o (Jp(u) — JE(2"), Tpr — 27)
< (1 —ay)[(1— O0n)Ap(Tn, z*) + QnAp(xn—l»x*)]
+ an(Jp(u) — J5(2"), Tpi1 — 27)

(10w Zﬁmnn(ll ~ Proxls T3, P

Cqngnl * TP E; fi q
. |15 T, (1™ — Proxy, )T (w) |

— (1= an)$no Y Snigr (15 () = J5(Siym))

N
< (1= 0y (o) = (1= ) Y Bt (1005 = Proxfy T P
1=0

CqTi({;l * TP E; fi q
. |5 T, (1™ — Proxy, )T (w) |

— (1= an)gno Z Dni9r (15 (Wn) — JE(Siun)|l) + anthn, (6.55)
j=1

where



Thus, it follows from (6.55), that

N -1
C,r
(1= 00) 3105 = Proxfy Twn)|? = S T2, (15— Procf ) Tiw, )
i=0
<Ay, %) — Ap(Xpt1, %) + anthy,. (6.56)

Similarly, from (6.55) we obtain

(1= ) dno Y bnigi (1 T5(wn) = Ta(Siyn)l) < Apln, 2%) = Ap(@ns1, &%) + iy,
j=1
(6.57)

Furthermore, from (6.55) we obtain

Ap(zpg1,2") < (1 — ) Ap (2, 27) + anthy,. (6.58)

We now show that {z,} converges strongly to z*. Let a,, := A,(x,,2*). It is easy to see
that (6.58) satisfies the inequality

Any1 S (1 - an)an + Canw

Using Lemma 2.5.55, it suffices to show that limsup,_,. ¥,, < 0 (where {1, } is a sub-
sequence of {1,}), for every subsequence {A,(z,,,z*)} of {A,(z,,z*)} satisfying the
condition

k—o0

lim inf <Ap(a;nk+1,x*) — Ap(:cnk,a:*)> > 0. (6.59)

Now, suppose that {A,(z,,,2*)} is a subsequence of {A,(x,, ")} such that (6.59) holds.
Then using (6.56), (6.59) and condition (i), we have that

N
insup(1 = ) Y, (7 = Prosfy )Ti(un, )1
=0

k—o0
q—1

C,1:
- S 72 g (15~ Prosfy )Ti(wn, )

)‘;%

k—o0

S limsup (Ap(xnkvx*) - Ap(xnk-i-la QS*) + O‘nkqvbnk)

= lim sup (Ap(a:nk,m*) — Ap(xnk+1,$*)>

k—o0

< —liminf (Ap(xnkﬂ, ") — Ay(xy,, x*))

k—o00

<0. (6.60)

210



Observing that by the choice of our stepsize 7;,,, it follows that

B ql|T: (wny) — (Proxys )Ti(wa,)|”
Ti({nk < P Jf — €, (661)
Call T3 I, (1% = (Proxy, )Ti(wn,)) |17

which implies from (6.61) that

60 * i 3 3
qulTi T, (1% — (Prox; )Ti(wn,))|| < (HTi(wnk) — Proxf, )Ty(wn,)|I”

M M
CoTny _ _
- S g (1 Proxf )Ti(wn "),
(6.62)
Thus by passing the limit as k¥ — oo, from (6.60) and (6.62), we obtain
Jim Ty J% (1% — Prox]i )Tj(w,,)||?=0, Yi=0,1,2..,N. (6.63)
—00 ¢ n

Similarly, from (6.60), (6.61) and condition (i) of Assumption 6.3.2, we obtain that

lim || 7} (wy, ) — (Prox{%k)il}(wnk)np =0, Vi=0,1,2,... N. (6.64)

k—o0

Also, we obtain from (6.57) and (6.59) that

(1 — )by olimsup Y - Gy 07 (15 () — T (S )1

k—o0 =1

< lim sup (Ap(a:mev x*) - Ap(ﬁnk+1v :E*) + am¢m«)

k—o0
= lim sup (Ap(a:nk, ") — Ap(zp, 41, x*))

k—o00

k—o0

= — liminf (Ap(wnk+1,x*) - Ap(a:nk,x*))

<0.

Thus, by conditions (i) and (iv), we have

(1 = o )Gn0limsup Y by gy (15 () — J5(Siga)ll) = 0.
=1

k—oo 7
J_

Consequently, we obtain

klggog:(”‘]g(ynk) - Jg(sjynk)n) =0, j=L2,....m
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By the properties of g7, it follows that

k;h—>Igo ||J§(ynk) - Jg(sjynk)n =0, 7=12,....m.

Since J%, is norm-to-norm uniformly continuous on bounded subsets of E, we obtain
klim Y, — Siun I =0, j7=1,2,...,m. (6.65)
—00
Recall that w,, = J}. [Jg(:cnk) + 0 (S (1) — Jg(xnk))} . Tt then follows from Remark
6.3.5 that

tim (75 (wn,) = Jh@n )l = 1 6, 1T (20, 1) = Thwn, ) = 0. (6.66)

k—o0

By the uniform continuity of J#. on bounded subsets of E* and (6.66), we obtain that

lim ||w,, —z,,|| = 0. (6.67)

k—o0

Also, from (6.41) and (6.63), we have

N
1T () = TE(wn )| < D BimTome IT7 T3, (15 — PrOX@Lk)Ti(wnk)ll — 0 as k— oo,
=0

(6.68)

for all i = 0,1,2,..., N. By the uniform continuity of Jf.. on bounded subsets of E*, we
obtain that

lim ||yn, — wn, || = 0. (6.69)

k—o0

Thus, it is easy to see from (6.67) and (6.69) that

Jim {|yp, — @, || = 0. (6.70)
—00
Moreover, we get from condition (iv) and (6.65) that
B [Tz, = T < Jim (6,0l T8 0n) = TE @) |+ D sl B (Si0me) = T (5,
j=1
=0.
It follows from the uniform continuity of Ji. on bounded subsets of E* that
klim |2n, — Yn, |l = O. (6.71)
—00
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It is not difficult to see from (6.69) and (6.71) that

—00 k—o0

Similarly, from (6.70) and (6.71), we have

Tim [z, = 0, | < 0 (120, = 0|+ e = 20, l]) = 0. (6.72)

Also, from (6.3.3) we obtain

< a, [|Tg(w) = Jg(zn) | + (1 = an )| T (2n,) — Jp(zn )l = 0, k =00 (6.73)

Since J}. is uniformly continuous on bounded subsets of E*, we obtain
lim ||mnk+1 - znk” = 0.
k—o0

Applying this together with (6.72), we get

lim ||z, +1 — Zn, || = 0. (6.74)
k—o0
We now show that klim ¥, < 0. To do this, we need to show that
— 00

lim sup(J&(u) — Jo(z*), xp, 41 — ") < 0.

k—o0

Since {z,, } is bounded, there exists a subsequence {:pnk]} which converges weakly to z € F
such that

lim sup(J(u) — Jo(x*), xp, 41 — ) = lim (Jo(u) — Jg(x*),xnkjﬂ —a"). (6.75)

k—o0 Jj—00

To complete the proof, we need to show that w,(x,) C I'. Since {z,} is bounded, then
w,(x,) is nonempty. Let Z € w,(x,) be an arbitrarily chosen element. Then, from (6.67)
and (6.70), there exists a subsequence {xnk]} of {x,, } which converges weakly to z € E and
subsequence {ynkj} of {yn, } which converges weakly to z € E. Also, Wy, = I € E. Since
for every 1 =0,1,2,--- , N, T; is a bounded linear operator, we obtain Tiw,, — Tz € E;
as k — oo. From (6.64), we obtain T;z € Fix(PrOX];’; ) for i = 0,1,2,---, N, which

g
implies that £ € argmin f N ﬂf\il T, ! (argmin f;) . Also, from (6.65) and the fact that
F%x(Sj) = Fiz(S;), for all j = 1,2,...,m, we have that z € Fiz(S;) forall j =1,2,...,m.
This implies that z € ()., Fiz(S;). Thus, z € I'. Since T € w,(z,) is an arbitrary
element, then we have w,(z,) C T.
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Since z* = Iru, then from (2.19) and (6.74) we obtain

lim sup(Je(u) — Jo(x*), xp,+1 — %) < limsup(Jh(u) — Jo(z*), xpn, — )
k—ro0 k—o0

+ lim sup(Jo(u) — Jo(a™), Tp, 41 — Tn,,)

k—o00
= lim (Ji(u) — Jp(2"), 2n,, — 27)
J—00 J
= (J(u) — Jo(z"),z — z*) <0. (6.76)

By applying Lemma 2.5.55, Lemma 6.3.6 and (6.76) to (6.58), we conclude that
Ap(zy, %) — 0 as n — oo. Therefore, we conclude by Lemma 2.5.31 that {x,} converges
strongly to z*. O]

We have the following corollary as a consequent result of our main result.

Let E; = H;,© = 0,1,--- , N be real Hilbert spaces. We obtain the following result for
approximating a common solution of split minimization problem with multiple output sets
and common fixed point problem for a finite family of quasi-nonexpansive mappings in
real Hilbert spaces.

Corollary 6.3.9. Let E; = H;,i =0,1,--- | N, with Hy = H be real Hilbert spaces, and T;
be bounded linear operators such that T; # 0 with Ty = I*. Let f : H — (—o0, +o0|, fi:
H; — (—o00, +00] be proper, convex and lower semi-continuous functions. Let S; : H — H,
for 3 =1,2,...,m be quasi-nonexpansive mappings which are demiclosed at zero and such
that T' := {z* € (L, Fiz(S;) N argmin f N ﬂfvzl T, ' (argmin f;)} # 0. Suppose that
other conditions of Assumption 6.3.2 are satisfied. Let xo, x1 € H and {x,} be a sequence
generated as follows:

(wn =Tp+ en(xn - xn—l)
N

Zn = (bn,()yn + Z;nzl ¢”7j5jyn
( Tn+1 = QplU + (1 - an)zn’ n Z L.

Choose 0, such that 6,, € [0,0,] where

€
_ in<f, ———— f xn n—1,
f, - ”““{ ’||xn—xn_1||}’ ¥ on # oo (6.77)

0, otherwise,

Suppose that for e > 0, the step size T, is chosen such that

2||T;(wn) — (Prozli ) Ty(w,)|?
Tin € | € — —¢€ vV ne Q’
| Ty (IH: — Proali ) Ty(w,)]|?

(6.78)

for small enough €; where the index set Q = {n € N : T;(w,) — (Proz{iﬂ(wn) #0)},
otherwise, T;, = T;, T; s any nonnegative real number for each i = 0,1, . ", N. Then, the

sequence {x,} converges strongly to x* = Pru, where Pr : H — T" is the metric projection
of H onto T'.
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6.3.2 Applications

Equilibrium Problem

Let C' be a nonempty closed and convex subset of the Banach space F and g : C' x C' — R
be a bifunction. We recall that the equilibrium problem (EP) consists of finding the point
x € C such that

g(z,y) >0 V yeC. (6.79)
Let & € C. Setting
9(z,7) == o(y) —o(z) Vel

the equilibrium problem (6.79) coincides with the convex minimization problem (2.20) and
the function g satisfies the following conditions:

(i) g(z,z) =0 VzeC,

(ii) g is monotone, i.e., g(x,y) + g(y,x) <0, V x,y € C,
(iii) limsup,_o9(tz+ (1 —t)z,y) < g(z,y) V z,y,z € C.
)

(iv) for each z € C, the function — g(x,y) is convex lower semi-continuous.

The solution set to (6.79) is denoted by EP(g). The resolvent of the bifunction g is the
function Resg : B — 2C defined by (see, [7, , )

Resﬁ(x) ={zeC:g(z,y)+ (Ad(z) — Ad(z),y —2) >0, V ye C}. (6.80)

Proposition 6.3.10. (see [195]) Let ¢ : E — (—o00,+00] be a coercive and Legendre
function. If the bifunction g : C' x C' — R satisfies the conditions (i)-(iv), then

. Res? 15 single-valued,

° Resg’ is Bregman firmly nonexpansive,

F(Res)) = EP(g),
e EP(g) is a closed and conver subset of C,

for all z € E and q € F(Res])

Ay(q, Res) () + Ag(Res) (x),2) < Ay(q, ).

Observe that every Bregman firmly nonexpansive mapping is Bregman relatively non-
expansive mapping. Hence, by setting S; = Resz’;f, 7 = 1,2,...,m in Theorem 7.2.6,
then we have a strong convergence theorem for approximating a common solution of split
minimization problem with multiple output sets which is also a common solution of a

215



finite family of equilibrium problems in p-uniformly convex Banach spaces which are also
uniformly smooth.

Zeroes of Bregman Inverse Strongly Monotone Operators
Let the Legendre function g be such that

ran(Ag — B) C ran(Ag), (6.81)

the operator B : E — 2F" is called Bregman Inverse Strongly Monotone (BISM) if
(domB) N (int(domg)) # B and for any z,y € (int(domg)) and each ¥ € Bx, n € By, we
have

(¥ —n,(Ag(z) =) — Ag™(Ag(y) —n)) > 0. (6.82)

This class of operators was introduced by Butnariu and Kassay (see [12]). For any operator
B : E — 27" the anti-resolvent B9 : E — 2F of B is defined by

B9 := Ag* o (Ag — B). (6.83)

Observe that domBY C (domB) N (int(domg)) and ranB? C int(domg). The operator B is
BISM if and only if the anti-resolvent BY is a single-valued Bregman Firmly Nonexpansive
Mapping (BFNM) (see [12]). Some examples of BISM operators can be seen in [12]. From
the definition of anti-resolvent and ([12], Lemma 3.5), we obtain the following proposition.

Proposition 6.3.11. Let g : E — (—o0, +00| be a Legendre function and let B : E — 2F°
be a BISM operator such that B=(0)* # 0. Then the following statements hold:

(i) B~1(0)" = F(BY)

(ii) for any v € B71(0)* and x € domBY, we have

Dy(u, BY) + Dy(B?,z) < Dy(u, x).

So, if the Legendre function g is uniformly Fréchet differentiable and bounded on bounded
subsets of E, then the anti-resolvent BY of B is a single-valued Bregman Firmly Nonex-
pansive Mapping (BFNM) which satisfies

F(B9) = F(BY).

(see [194], Lemma 1.3.2).

In Theorem 6.3.8, if we let S; = BY and let g be the Legendre function such that (6.81)
is satisfied, then we obtain a strong convergence theorem for approximating a common
zero of a countable family of Bregman inverse strongly monotone operators which is also
a solution of split minimization problem with multiple output sets in p-uniformly convex
and uniformly smooth Banach spaces.
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6.3.3 Numerical Examples

This section provides some numerical experiments to illustrate our iterative Algorithm
6.3.3 and check the effects of the key parameters on our method.

Example 6.3.12. Let E=R?>=FE;, i =0,1,2,3 and f(z) = ||z||2 for all z € R?, be the
FEuclidean norm. For a unit ball B, the projection onto B is given by

T if leflz > 1

llll2

X, if x|l < 1.

Then, the prozimal operator Prox' (x) is given by

(1-@t)e i lall>1

ll]l2

Proz i(z) := (6.84)
0, if x|z < 1.

The proximal operator (6.84) is called the block soft thresholding (see [7]).

Let Tyx := (i + 1)z, where z : (z1,72) € R?2. We now consider the following problem:

N
x* € argmin f N (ﬂ T, ! (argmin f;)) # 0.
i=1
Also, let Sj: C x C — R be defined by
2 .
Sjx :3—jx, g=1,2,...,7
It 1s easy to see that S; is relatively nonexpansive for each j =1,2,...,7. Take o, = n+r1

forallm > 1, u = (1,1), Bin = i, bno = %, bnj = #,j =1,2,---,7, then the
iterative Algorithm 6.5.3 becomes

(wn =Ty + Op(xy — 20 1)

Yn =Yg I (wn — 1 T3 (Ti(wn) — mef%Ti(wn)))

= (%(yn) +30, #(%‘%))

_n_

_ 1
\In""l = a1 + PERRY

forn > 1. Suppose that for € > 0, the step size 7;, is chosen such that

2| T (wn) — (Proxfi )T (w,) |
Tin € | €, s —€] V neql,
| Ty (14 — Proal}, ) Ty(w,)||?

(6.85)
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for small enough €; where the index set Q := {n € N : T;(w,) — (Prozf Ti(w,) # 0)},

otherwise, T;, = T;, T; s any nonnegative real number for each i = 0,1, 2, 5.

Using ||Tps1 — oa]| < 1072 as the stopping criterion, we plot the graphs of ||Tn,11 — Tn|
against the number of iterations in each case. The numerical results can be found in Fig.
0.2, Fig. 0.3, Table 6.2.12 and Table 6.2.15.

Table 6.2.12. Numerical results for Example 6.3.12 (Experiment 1).

Cases =15 =20 =25 =30 =35
1 CPU 0.0125 0.011} 0.0115 0.0108 0.015}
time(sec)
No of Iter. 40 40 40 40 40
2 CPU 0.0207 0.0181 0.0131 0.0121 0.0181
time(sec)
No of Iter. 40 40 40 40 40
3 CPU 0.0121 0.0141 0.0137 0.0118 0.0157
time(sec)
No of Iter. 40 40 40 40 40
4 CPU 0.0128 0.0116 0.0122 0.0107 0.0152
time(sec)
No of Iter. 40 40 40 40 40

Table 6.2.13. Numerical results for Example 6.3.12 (Experlment 2).

Cases €= (an)Q € , =€ 1 = e X =€ ,
(n+5)2 (n+3)3 (n+1)* (n+4)%
1 CPU 0.0166 0.0127 0.0157 0.0164 0.0157
time(sec)
No of Iter. 40 40 40 40 40
2 CPU 0.0122 0.0121 0.0125 0.011} 0.0159
time(sec)
No of Iter. 40 40 40 40 40
3 CPU 0.0128 0.0125 0.0120 0.0112 0.0160
time(sec)
No of Iter. 40 40 40 40 40
4 CPU 0.013/ 0.0119 0.0123 0.0113 0.0159
time(sec)
No of Iter. 40 40 40 40 40

The next example is in infinite dimensional Hilbert space.

Example 6.3.13. Let E = L*([0,2n]) = E;, i = 0, 1, 2, 3 with norm ||z|| = ( 027r |x(t)[2dt)2
and the corresponding inner product z,y) fo t)ydt, Vv z,y € L*([0,27]). Sup-
pose C == {z € L*([0,27]) : J; T2 D) z(t)dt < 1} and CZ = {x € L*([0,27]) : fo% lz(t) —
sin(t)|*> < 16} are subsets of E and E;, respectively. Define T : L? ([0,2x]) — L* ([0, 27])

by T(2)(t) = [Z7 e ta(t)dt for all € L2 ([0,2n]) and Tya(t) = [i7 & (x(t))dt. It is easy
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Figure 6.2: Top left: Case 1; Top right: Case 2; Bottom left: Case 3; Bottom right: Case

4.

to see that T and T; fori = 0,1,2,3 are bounded linear operators. Also, for j =1,2,...,7,

let S;: L* ([0, 27]) — L*([0,27]) by

1
Sjx = Z—jx,

Vi=1,2,...,T7

It is easy to see that S; is relatively nonexpansive for each j = 1,2,...,7. Let f = i¢
fi = ic, be the indicator functions on C and Cj;, respectively, then Proxyf = llo and

Proxy f; = l¢,. Also, we choose uw =t + 1,
Then Algorithm 7.2.3 now becomes

(

L xn—‘rl = (7L+2)

forn > 1. Suppose that for e > 0, the step

7
2= (3a) + L]z
Lt +1) + 2e,

ay = (anl)v/Bi,n = 4117 (bn,() - %7 ¢n,j = 2]%

= T4 (w0 = T (Ti02) — Proc, Tiw,))
" (6.86)

(Siun))
(n+2)
size T; n 15 chosen such that
2||T;(wn) — (Proxfs ) Ti(wy)||?

(Prozy,) —¢| V¥V neq, (6.87)

Tin € €, )
7 ( |17 (17 — Proal}, ) T (w,)|?
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Figure 6.3: Top left: Case 1; Top right: Case 2; Bottom left: Case 3; Bottom right: Case
4.

for small enough €; where the index set Q = {n € N : T;(w,) — (Prox’ﬁi]}(wn) #0)},
otherwise, 7;,, = T;, T; is any nonnegative real number for each i = 0,1,2,3. Using ||x,+1 —
T,|| < 1072 as the stopping criterion, we plot the graphs of ||xn1 — x| against the number

of iterations in each cases. The numerical results are reported in Fig. 6.4, Fig. 6.5, Table
6.2.14 and Table 6.2.15.

Table 6.2.14. Numerical results for Example 6.3.13 (Experiment 1).

Cases =02 0=04 =006 =028 =10
1 CPU 18.2522 9.5605 9.6427 9.9466 6.4868
time(sec)
No of Iter. 42 42 42 42 42
2 CPU 76.3470 78.2310 | 71.6249 | 73.9699 | 22.42/4
time(sec)
No of Iter. 42 42 42 42 42
3 CPU 55.4661 54.4661 | 50.8791 | 51.8060 | 0.0161
time(sec)
No of Iter. 42 42 42 42 14
4 CPU 17.956 18.2225 | 10.8839 | 6.2995 7.1470
time(sec)
No of Iter. 42 42 42 42 42
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Figure 6.4: Top left: Case 1; Top right: Case 2; Bottom left: Case 3; Bottom right: Case
4.

Table 6.2.15. Numerical results for Example 6.3.13 (Experlment 2).

Cases €= (n+2)2 € ) = |e€ , € , € ) =
(n+3)? (n+3)3 (n+3)3 (n+1)*

1 CPU 7.1705 7.0260 7.0490 7.1383 7.6806
time(sec)
No of Iter. 42 42 42 42 42

2 CPU 5.6297 5.5916 5.6409 6.2183 27.9355
time(sec)
No of Iter. 42 42 42 42 42

3 CPU 6.1491 5.6183 5.5601 6.2239 27.7076
time(sec)
No of Iter. 42 42 42 42 42

4 CPU 6.9287 6.7615 6.7168 6.7157 7.7159
time(sec)
No of Iter. 42 42 42 42 42

We test these examples under the following experiments:

Experiment 1:
In this experiment, we check the behavior of our method by fixing the other parameters
and varying # and € in Example 6.3.12. We do this to check the effects of these parameters
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Figure 6.5: Top left: Case 1; Top right: Case 2; Bottom left: Case 3; Bottom right: Case

4.

on our method. We consider the following cases for the initial values of xq, 7 :

Case 1 :

Case 2

Case 3

Case 4

Zo

)

. 2o

. X

(1.00,1.25); a1 = (0.34,1.30)

(1.50,2.60); z; = (0.75,1.40)

(—2.50,1.30); a1 = (1.75, —0.45)

(2.50, —1.30) x; = (1.75,0.45).

Also, we consider 6 € {1.5,2.0,2.5,3.0,3.5} and ¢, € {(nimg, 2 1

1 2
(n+5)2° (n+3)37 (nt D)% (n+4)4}

report the numerical results in Fig. 6.2, Fig. 6.3, Table 6.2.12 and Table 6.2.13.

Experiment 2:
In this experiment, we check the behavior of our method by fixing the other parameters
and varying # and € in Example 6.3.12. We do this to check the effects of these parameters
on our method. We consider the following cases for the initial values of xg, x; :

Casel : zg=t+5; z;=13+1t+1,
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Case 2 : xg = e%; x; = 3¢,

Case 3 : g =¥, oz =t+1,

Cased : xg=t>+t+3;, 1 =t+2.

We consider 0 € {0.2,0.4,0.6,0.8,1.0} and ¢, € {(njl)g, (njg)Q, (nfl)g, (nfg)g, (nj1)4} which

the numerical results in Fig. 6.4, Fig. 6.5, Table 6.2.14 and Table 6.2.15.
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Chapter 7

Split Equality Equilibrium Fixed
Point and Monotone Variational
Inclusion Problems

7.1 Introduction

In this chapter, we devote time to study new algorithms for finding a common element
of the sets of solutions of split equality pseudomonotone equilibrium, split equality mono-
tone variational inclusion and fixed point problems for Bregman relatively nonexpansive
mappings in p-uniformly convex and uniformly smooth Banach spaces. In addition, we
study multiple sets split equality equilibrium problems and set of fixed points for two finite
families of Bregman quasi-nonexpansive mappings in the framework of uniformly convex
and uniformly smooth Banach spaces.

7.2 On split equality equilibrium, monotone varia-
tional inclusion and fixed point problems.

In this section, we propose and study a modified Halpern method for approximating the
common solution of split equality equilibrium, monotone variational inclusion and fixed
point problem of Bregman relatively nonexpansive mappings in p-uniformly convex Banach
spaces which are uniformly smooth. We apply our result to solve split equality variational
inequality and split equality convex minimization problems and present several numerical
examples to back our algorithm.
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7.2.1 Main results

In this section, we first establish the following lemma needed in the convergence analysis
of our main theorem.

Lemma 7.2.1. Let E be a reflexive Banach space, T : E — E be a Bregman relatively
nonexpansive mapping and B : E — 2" be a mazimal monotone operator. Suppose
g: E — [—00,00] is a Legendre function, which is uniformly Fréchet differentiable and
bounded on bounded subsets of E and A : E — E* be a BISM mapping such that (A +
B)~(0) # 0. Then,

Fiz(T(Resl 0 A%)) = Fir(T) N Fiz(Resl ; o AZ).
Proof. Clearly, Fix(T) N Fix(Res? o A9) C Fix(T(Res?j o A%2)). We only need to prove

that Fix(T(Resf o A%)) C Fix(T) N Fix(Res! o AY). Let = € Fix(T(Res! o AZ)) and
y € Fix(T) N Fix(Res? ; 0 AZ), then

AP(Z/? LC) = AP(Z/a T<Res¢gyB © Ag)x)
< Ay(y, (Res 0 AY)w). (7.1)

Now, by applying Lemma 6.3.1 and (7.1), we have

AP ({L‘, (ReSgB © A‘Z)ZL’) S Ap(ya I) - AP (y7 (ReSgB © Ag)l’)
< Ap(?/u r) — Ap(y,:c)
= 0.

Hence, = € Fix(Res? ; 0 A9).
Next, we show that = € Fix(7T) since z € Fix(T(Res, o A9)) and z € Fix(Res’j o AY),
we have

Ap(z,Tz) = Ap(z, (T(Res?y 0 A%))z)
=Ay(z,2)
= 0.

Hence, = € Fix(T'). This implies that « € Fix(T)NFix(Res? ;0A2). Therefore, we conclude
that Fix(T'(Res?p o A%)) = Fix(T') N Fix(Res? ; o A9). O

Throughout this section, we assume that

Assumption 7.2.2.

1. Ey, Ey and FEs3 are three p-uniformly convex real Banach spaces which are also
uniformly smooth.

2. C' and Q are two nonempty closed and conver subsets of Fy and Esy respectively.

3. A: E1 — E3 and B : E5 — E3 are bounded linear operators.
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4. f1:CxC —=Rand fy: QxQ — R are bifunctions satisfying Ay — Ay of Assump-
tion A.

5 T :FE, — Ey and S : Es — E5 are Bregman relatively nonexpansive mappings.

6. Ay : By = EYf and Ay : Ey — E5 are BISM operators. By : Ey — 281 and
By 1 By — 252 are mazimal monotone operators.

7. Assume that T := {a* € Fiz(T)N (A1 + B1) Y (0)NEP(C, f1), y* € Fiz(S)N (A +
By)7H(0) N EP(Q, f2) such that Az* = By*} # 0. Let {a,}, {B.} and {\.} be
positive sequences satisfying the following conditions:

(i) ay € (0,1), lim, oo, =0, Y7 0, =00.
(i1) Bn € (0,1) and 0 <liminf, .. B, < limsup,,_, . 5, < 1.
(iii) {\,} C (0,h), where h = min{é,é} and ¢y, ¢y are the Bregman-Lipschitz
coefficients of f; for 1 <i < 2.

Algorithm 7.2.3. For fized uw € Ey and v € Es, choose an initial guess (x1,y1) € Ey X Es.
Suppose that the nth iterate (x,,y,) C Ey X Ey has been constructed; then we compute the
(n + 1)th iterate (41, Yns1) via the iteration

(u, = Jfr <JpEl(:1:n) — Y A* TP (Azy, — Byn)>,

2, = argmin{ \,, f1(up, w) + Ap(w,u,) : we C},

t, = argmin{\, f1(z,, w) + Ap(w,u,) : we C},

Tuvr =y | () + (L= @) [BudP (0) + (L= Bo) P (T (Rest, o Aﬁa)w]) ,

vp = Jp? (JEQ(yn) + W B* I (Az, — Byn)),
gn = argmin{\, fo(v,, d) + Ap(d,v,) : d € Q},
hy, = argmin{\, fo(gn, d) + A, (d,v,,) : d € Q},

Yo = Jo <aanEz (0) + (1= o) | B2 () + (1 = B) JE2(S(Res g, 0 Aga)hn)]>,

(7.2)

7

—1
A, —Byn||? ¢

where v, € | e, o al|Azn = Byn| o — € ., n € Q, for small
CqllA*Jp° (Azn—Byn)||1+Qq| B* Jp ° (Azn—Byn) |2

enough €; Cy and Q), are constants of smoothness of Ey and Es, respectively. Otherwise,
Yo =7 (7 being any nonnegative value), where the set of indezes Q = {n : Ax,— By, # 0}.

Remark 7.2.4. From Algorithm 7.2.3, g : E — R is a strongly coercive Legendre function
which is bounded, uniformly Fréchet differentiable and totally convex on a bounded subsets
of E such that C' C intdomg.

Lemma 7.2.5. Let {x,} and {y,} be sequences generated by Algorithm 7.2.3 such that
Assumption 7.2.2 hold. Then, {z,} and {y,} are bounded.
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Proof. Let (x*,y*) € T'. Then, from (7.2), Lemma 2.55 and Lemma 2.5.45, we have

Ap(up, x*) = A, <in‘ (JpEl(:vn) — WA I (A, — Byn)> , :c*)
=V, (S () = 3 A TE (A, — Byy), )

1 . )
= 5\|JpEl(fEn) — 1A J;?B(Aa:n — By,)||? = <Jfl (Tn), %)

1
+ (A I (Az, — By,), z*) + Z—?Hx*Hp

1 C .

< 5||Jfl(xn)llq — (S (Ax, — Byn), Az,) + F%ZHA JP(Azy — Byy) ||
* * 1 *
— (P (@n), %) + (I (Ax, — By), Az*) + ];le [

1 * 1 * *
= 5H%H” — (S (), 2") + ];Ha? I” — (7 (Ay — Byn), Azy — Az*)
+ Saa) 4 g5 (A, — By |7

q

= Ap(xy,x") — 7,1(]1?3(141;” — Byy), Az, — Az™) + %75|\A*Jf3(z4xn — By,)||%
(7.3)

Similarly, we obtain

Q
q'7n||B JE3 (Axn - Byn)Hq'

(7.4)

Ap(Vn, ) < Ap(Yn, y*) — '7n<J£3(A$n — By,), By* — Byn) +

Adding (7.3) and (7.4), with Az* = By*, we obtain

Ap(umw*) + Ap(vmy*) < Ap(ajm )+ A (ym °)

q—1
—Tn ||A$n — By,||” — %; (O HA*JEJ(Axn - Byn)”q + QqHB JEJ(Axn — By,) Hq)}
(7.5)

Thus,

Ap(tin, ) + Ap(vn, ") < Ap(@n, 27) + Ap(yn, y7)- (7.6)
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Also, from Algorithm 7.2.3 and Lemma 2.5.43, we have
Ap(Tpi1, %) = A, <JQET (am]fl (w) + (1 — ay) [ﬁanl (tn)

+(1- ﬁn)JpE1 (T'(Resp, © A{’U)tn)] ) , x*)

Ap(tn,x ) )JAp(T (Res) p, o Af, )tn,27)

1 —an) B (tn, ") + (1 — ay)(1 — ﬁn)Ap((Resi’,Bl o AY Vt,, ")
Ap( ) )
A

VAN VAR VAR VAN

Similarly, we have

Ap(Yns1,97) < By (0,57) + (1 = an) Ap(vn, y7). (7.8)
Hence, from (7.6), (7.7) and (7.8), we have
Ap(@ns1,77) + Ap(Yni1,¥7) < o (Dp(u,27) +

Ap(v
+ (1= an) (Ap(n, )
< max{A,(u,z") + A

YY)

+ Ay (Yn, )

p(V,U)s Ap(Tn, @) + Ap(Yn, y*) }

< mas{ Ay, 7%) + Ap(0,57), Ay, 7) + Ayl y ) hn > 1.
(7.9)

Thus, {Ay(zn, 2*) + Ay (yn, y*)} is bounded. Consequently, {A,(z,,2*)} and {A,(y,, y*)}
are bounded. Therefore, it follows from Lemma 2.5.34 that {z,}, {yn}, {u.} and {v,} are
all bounded. O

Theorem 7.2.6. Let {(zn,yn)} be a sequence generated by Algorithm 7.2.3 under As-
sumption 7.2.2. Then the sequence {(xn,yn)} converges strongly to (x*,y*) € T.

Proof. Let (z*,y*) € I'. Then from Algorithm 7.2.3 and Lemma 2.5.45(iii), with g, =
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—a (JE (u) — JF (2*)), we have
Ap(wns @) = A, (Jf f (O‘nJ? (1) + (1= an) 8.7 (1)

(1= B) P T (Resd 5, © AL )| ) , )

= ¥y (20 4 (1= ) [T (1) + (L= B, (T (Resy, 0 42,)0)] ")
= ¥y (20 4 (1= ) [T (0) 4 (1= 50} (TRt o A2, )0)]

~ (U0 = I @) ) = (I ()~ I ),

I (20 + (1= ) [T (1) + (L= B, (T (Resy, 0 42,)0)] ) = )

- (aanl (%) (1= )[BT (1) + (1 = B) 2 (T (Rest s, 0 AL, )1)]. )

+ o (JP (u) — TP ("), 2y — )

= A, (Jqu (anjfl () + (1 — ap) [meEl (tn) + (1 = Bo) JP (T (Resl 5, o Aga)tn)} ) , x)

+ o (S (u) — TP ("), 2y — 2F)

< anAp(z™,27) + (1 = an) Bulp(tn, %) + (1 — an)(1 = Bn) Ap(T(Resf g, 0 A, )tn, ")
+ o (JP (u) — TP ("), Tpin — 2F)

< (1= ) Ap(tn, %) + o (S (u) — TP (%), 21 — 2¥)

< (1= ) Ap(tn, &) + an (S (u) = TP (@), 2y — 2¥).

Similarly, we obtain

Ap(yni1,y") < (1= ) Bp(vn, ") + 0l Ty (V) = L2 (Y7), Yoss — ¥7).-
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Therefore, we obtain from (7.6) that
Ap(Tni1,27) + Bp(Yni1,y") < (1= ) (Ap(um %) + Bp(vn, y*))
o (U 0= 20 = ) 0 S )
< (1 —an) (Ap(fﬂm )+ Ap(Ynry )>
an <<JpE1 (W) = B (&%), pgr = 27) + (2 (0) = T2 (Y"), Yo — y*>)

=(1—ay) (Ap(:cn, )+ Ay (Ynyy )) + apnd,, VYn > nq, (7.10)

where d,, := | (JP'(u) = P (2*), 2nga — ) + (J2(0) = T2 (), Y1 — )

To show that the sequence {(x,,y,)} converges strongly to (z*,y*), using Lemma 2.5.55,
it is enough to show that limsup,_,. d,, < 0 (where {d,,} is a subsequence of {d,}),
for every subsequence {A,(x,,,z*)} of {A,(x,, %)} and {Ay(yn,,y*)} of {Ap(yn,y*)}
satisfying the condition

k—oo

lim inf ([Ap(xnkﬂ, ) 4 Ap(Ynps1,¥)] — [Ap(Tny, ) + Ap(ynk,y*)}> >0. (7.11)

Now, using (7.2) and Lemma 2.5.47, we have
Ap(Tni1, 2°) = A, (Jqu (anjfl (u) + (1 = ap) [5an1 (tn)

+ (L= B) I (T (Rest oAi’U)tn)D,x*>

< CVnAp( ,z") (tna ) 4+ (1 —an)(1 - ﬁn)Ap(tm ")

u, ")+ (1 — o) fn

= 0, Ap(u, %) + (1 — o) Ap(tn, )
u, ™) + ( )A

A

< anAp(u, %) + (1 — o) Ap(tn, %) — (1 — ) (1 — A1) Ap (2, wn)
— (I —an) (1 — Anc2) Ap(tn, 2n)- (7.12)

Similarly,

Ap(Unt1,Y") < anAp(v, ") + (1 — ) Ap (v, ¥") — (1 — @) (1 — Anc1) Ap(gns vn)
- (1 - O‘n)(l - Anc?)Ap(hnagn)~ (7.13)
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Adding (7.12) and (7.13), we get

Ap(xn-‘rl, ZE*) + Ap(y’n-‘rl? y*) S Oy, [AP(U, ZL'*) + Ap(v7 y*)}

+ (1= ) [Ap(tn, 27) + Ay (v, y*)]
— (1 =) (1 = A1) Ap(2n, uy)

— (1 —an)(1 — Ae2) Ap(tn, 2,)

— (1= o) (1 = Anc1) Ap(gn, i)

— (1= an)(1 = Auc2) Ap(hn, gn)-

Therefore, using (7.5) and the last inequality above, we have

Ap(anrla x*> + Ap(ynJrla y*> S On [Ap(ua l’*) + Ap(v7 y*)} + (1 - O‘n) [Ap(xm 37*) + Ap(yn: y*)}

q—1
(1= ann @rAa:n - Byl - % (chA*J,?%Axn Byl

QB I (A, — Byn>|\qﬂ

— (I —an)(1 = Anc1) Ap(2n, tn) — (1 — ) (1 — Npca) Ap(tn, 2n)
— (1= an)(1 = A1) Ap(gn, vn) — (1 — ) (1 — Anc2) Ap(hn, Gn).-
(7.14)

From (7.11), Assumption 7.2.2 (7)i and (7.14), we have that

k—o00

. et .
lim sup ((1 o [HAJ:% ~ By - B (chA T Az — Byn)|I
QB TE (A, Bymuq)})

< lim sup (ank [Ap(u, ") + Ap(v,y*)] +(1—ay,) [Ap(xnk,a:*) + Ap(ynk,y*)}

k—o0

— [Ap(xnk+17 m*) + Ap(ynk+17 y*):|>

k—o0

S — lim sup <|:Ap(xnk+la l’*) + Ap(ynk+1? y*)} - [Ap(l'nkv .Z'*) + Ap(ynwy*)})
<0. (7.15)

Following the same process as in (7.15), we obtain from (7.11), Assumption 7.2.2 (7)i and
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(7.14) that

lim sup ((1 — ) ((1 — A €1 (2 s Uny ) + (1= A c2) Ayt s 20y

k—o00

+ (1 - Ankcl)Ap(gnmvnk) +(1 - )‘nkc2)Ap<hnk7gnk)>>

< lim sup (O‘nk [Ap(ua r*) + Ap(“??f)] + (1 — ap,) [Ap(xnka$*) + Ap(ynkay*)}

k—o0

- [Ap(xnk+1> QZ*) + Ap(y”k+17 Zﬁ)})

k—o0

< - lim sup <[Ap(xnk+1u SE*) + Ap(ynk+17 y*ﬂ - [Ap(xnkv .T*) + Ap(ynkvy*)}>
<0. (7.16)

Let 1, = Cq||A*Jf3(Axnk — By, )||* + Qq\|B*Jf3 (Az,, — By,,)||9. By the condition on
the stepsize 7, , we have that

,yq—l < QHAZL'nk - Bynka N
" Py,

€,

which implies that

72;1¢nk < QHAI% - Bynk”p — €n,-
Thus by (7.15), we obtain that ap% < ||Azy, — Byn,||P — 72(1; Yn, =0, as k — oo.
Therefore Cy||A* T (A, — Byn, )| + Qql| B*J* (A, — Byn, )9 = 0 as k — oo. It
follows that

lim [|A*J(Az,, — By,,)|* =0, (7.17)
k—o0

and
lim ||B*J*(Az,, — By, )|’ = 0. (7.18)
k—o0
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Also, we have from (7.15) that

k—o0

lim sup ((1 - ank)’ynk |:|’Axnk - Bynk||p:|>

k—o0

< limsup (ank [Ap(u, %) + A (v, 5)] + (1= 0, ) [Ap(@ny 27) + Ap (Y )]

q

% " . Tn
- [Ap(xnk-f—lv x ) + Ap(ynk-i-la Yy )]) + lim sup 7k¢nk

k—o0

k—o0

< —limsup ([Ap(xnzﬁ-la $*) + Ap(ymc-l—lv y*)} - [Ap(xnkv :E*) + Ap<ynk’ y*>]>

~a
+ lim sup —£4),,,
k—ro0 q
<0. (7.19)
Therefore, we conclude from (7.15), (7.16) and (7.19) that

lim ||Ax,, — By, ||’ =0, (7.20)
k—o0

( .
limyyo0 Ap(2ng s Un, ) =0,

hmk—>00 Ap(tnka an) =0,

(7.21)
limy 00 Ap(gny s Un,) = 0,
\hmk—mo Ap(hnka gnk) = 0.
Therefore, by Lemma 2.5.31, we obtain
(..
limy 00 ||an - unkH =0,
limy o0 ||tnk — Zny || =0,
(7.22)
khmkﬁoo thk - gnkH = 0.
Also, by Lemma 2.5.47, (7.22) and Lemma 2.5.31, we have
lim [[t,, — up, || =0 (7.23)
k—o0
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Similarly, we have
lim [|v,, — hn, || = 0. (7.24)
k—o00

Furthermore, let

o= Ji (Bad P (ta) + (1 = Bo) JPH (T (Res?, 0 A% )t,)) and n, = Jg 2 (B 22 (hy)
+ (1= Ba)JE>(S(Res? g, 0 A9, )hy)). Then by (2.14) and Lemma 7.3.1, we have

AT, %) = A, (Jqu (ﬁanEl (tn) + (1 — ﬁn)Jfl (T(Res?p, o A‘{U)tn)),x*)
1
= 5llfﬂ*ll” — B (I, 7)) — (1= Bu) (JPH (T (Resl 5, 0 A, )tn), 27)
1
+ 5Hﬁanl (tn) + (1 = Bn) J7 (T (Rest g, 0 Af,)t,) ||

1 1
< ]gﬁanC*Hp +(1- ﬂn)]—?HI*H” = Bul Ty tn, 2") = (1= B) (S (T(Resy , 0 Af, )tn), 2%)

+ 2Bl + E P TRet, 0 42,0017

- ) (7810, — P (T Rest, 0 42,0 )

= Byt 1) + (1= Bu)A((T(Resty, 0 AL ), %)

- )80, — g (T (Ress 0 20

< Ayltna) = T8 (55, — (T (Rest, 0 AL 1))

< Ayl a) = SOy 5, — I (T (Rt 0 AL 1) (7.25)

Combining (7.25) and (7.2), we have,

Ap(ns @) = andy(,2%) + (1= @) | Ay (un, 7°)

Wala) (e s
= )80, — P (T (Rest o A2,)0)])]

< o Ap(u, ) 4+ (1 — o) Ap(Ty, %)

- (1= ) By (18 1) - TP T Re 0 At ). (720

Similarly, we obtain

Ay v) < (v, 57) + (1 — ) Ag(yry™) — (1 - a@@g(wf%m

— Jf?(S(ResgBQ o A5 ) |). (7.27)
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Adding (7.26) and (7.27), we have
Bps1,8%) + Byt §7) < anlBplu,07) + Ap(v,57)] + (1 = an)[Ap(anya”)
* W B” 1 1
+ Ap(yn v — (1= an)#g(wf (tn) = J," (T(Resy, 0 A, )t |
IE(h) — JE(S(Rest, 0 45, ha)). (7.28)

Using (7.11) and (7.28), we obtain

lim sup ((1 = ) B0 o 18 1, ) = I (T (Rt © AT, )]

k—o0 q

+ ||J52(hnk) — Jf2(S(ResgB2 o Agg)hnk)u))
k—o0

< lim sup (ank [Ap(u,x*) + Ap(vmy*)] + (1 - O‘nk)[Ap(xnmx*) + Ap(ynmy*)]

- [Ap(xnk+1’ :L‘*) + Ap(ymg-q-u y*)]>

< —limsup ([Ap(xnk-s-u {E*) + Ap(ynk-s-my*)] - AP[(‘TM? l‘*) + (ynk’ y*)])

k—o0
<0. (7.29)
Hence,
. Wo(Bny)
]}1_{20 %g(njfl(tnk) — JP(T(Reslp, 0 A, )tn,)||) = 0.

Therefore, we obtain that

lim g(|[;" (t,) — J," (T(Resyp, 0 Af,)ta,)|) = 0.

k—o00

Since ¢ is continuous and the fact that Jf T is norm-to-norm uniformly continuous on
bounded subsets, we have

lim [ T(Restp, 0 A%, o, — b, | =0 (7.30)
Similarly, we obtain
klggo |S(Res] 5, 0 A9, )y, — b, || = 0. (7.31)

From the definition of u,,, we have

HJpEl (unk) - JpE1 ($nk)’| = HJpEl(xnk) - VnkA*JpEs(Axnk - Bynk) - Jfl (f’cnk)H
= Yo | A" T2 (Azy,, — By, )|l = 0 as k — oo. (7.32)
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Furthermore, since E; is uniformly smooth, J;" is norm-to-norm uniformly continuous on
bounded subsets of F, then we have

lim ||y, — 2| = 0. (7.33)
k—o0

Similarly, we have
T o, — g, | = 0. (7.34)
—00

Observe that from (7.23) and (7.33), we have

tn, — Topll < lltne — Ungl] + [|[tny, — Tnill = 0 as n — oo. (7.35)
Similarly, we obtain from (7.24) and (7.34) that

1 = Y | < Mg = On |+ 1my, = gl = 0 as 0 — oo, (7.36)
Now, from (7.2) and Lemma 2.5.31, we have

lim [[JP 2, — J7 || = 0. (7.37)

k—o0

Similarly, from (7.2) and Lemma 2.5.31, we have

B LTy = T || = 0. (7.38)

Now, applying the fact that Jf ! is norm-to-norm uniformly continuous on bounded subsets
of £, we get

T [, — 1o, = 0. (7.39)
Similarly, we obtain
khalgo Hynk+1 - hnk H = 0. (740)

We can therefore conclude from (7.35) and (7.39) that

’}erolo |Znyyy — Zn, || = 0. (7.41)
Similarly, from (7.36) and (7.40), we have

B {lyng = yn, || = 0. (7.42)

From (7.35) and (7.36), there exist subsequences {tnkj} of {t,,} and {hnkj} of {h,, } that
converge weakly to z € C' and § € @ respectively. Using (7.30) and (7.31) together
with Lemma 2.5.54 and Lemma 7.2.1, we have that 7 € Fix(T) N Fix(Res]z o A{,) =

Fix(T)NFix(Res! 0Af{,) and § € Fix(S)NFix(Res 0A43,) = F%X(S)HF%X(ResgBQOAgU).

236



Next, we show that z € EP(f;,C) and y € EP(fs, Q). We know from Lemma 2.5.47(i)
that

)\nk [fl(unwznk) - fl(umww)] < <Jflunk - Jflznk, Rng w)

< e = Ty 2 2 — w0l (7.43)
By the uniform continuity of J and using (7.22) in (7.43), we have
A [ 1(Z,2) — fr(Z,w)] <O0. (7.44)

From (7.44), we obtain that fi(Z,w) > 0. Similarly, we have that f3(g,w) > 0. Hence,
NS EP(fl, C) and TS EP(fQ, Q)

Also, we show that |Az — By|| = 0. Since A : E; — E3 and B : Ey — Ej3 are bounded
linear operators, {z,, } and {y,, } converges weakly to Z and y respectively. We let d € Ej
be arbitrary such that

d(Az,, ) = (do A)(xy,,) = (do A)(Z) = d(AZ).
Similarly, we have
d(Byn,) = (do B)(yn,) = (d o A)(y) = d(BY).

This implies that Az, — By,, — Az — By. Also, by weakly semi-continuity of the norm,
it follows that

|Az — Byl||P < liiggjlf |AZ,, — Byn, || = 0. (7.45)
Thus, Az = By. Therefore (z,y) € I.

We now show that the sequence {(z,,y,)} converges strongly to (z*,y*). Recall that since
{zn, }, {yn,} are bounded, there exist subsequences {xnkj} of {z,,} and {ynkj} of {yn, }
which converges weakly to Z, ¢ in E; and FEs respectively such that

lim sup <<Jfl (u) — Jfl ("), Ty — ™) + (JpE2 (v) — JpEQ(y*)a Ynp+1 — Z/*>)

k—00

< Jim ((Jfl () = 7 (@7), n 1 — 27 + (T2 (0) = T2 (V") Yy, +1 — Z/*>)
= ((Jfl (w) = Iy (27), & — ") + (J;2(v) = T2 (y"), 5 — y*>>- (7.46)

Hence, we obtain that

lim sup ((JPEl(u) — JpE1 (%), Tpp1 — &*) + (JPEQ(U) — JpEQ(y*), Ynp+1 — y*>)

k—o0

<<Jfl(U) = @), T =2 + (L2 (0) = LR () § y*>>

0. (7.47)

IN
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On substituting (7.47), and Lemma 2.5.47 into (7.10), we conclude that {(z,,y,)} con-
verges strongly to (z*,y*) € T. O

7.2.2 Application

Convex minimization problem

Let |, Es and F5 be three p-uniformly convex real Banach spaces which are also uniformly
smooth and ¢; : By — (—o0,+0], g2 : Ey — (—00,400] be proper, convex and lower
semi-continuous functions which attains their minimum over E; and FEs respectively. Let
A: Ey — FE3, B: Ey — E3 be two bounded linear operators and 1" : F; — FEy, S :
E, — E, be Bregman relatively nonexpansive mappings such that Fix(7) =Fix(T) and
Fix(S) =Fix(S).

Now, consider the following Split Equality Fixed Point Convex Minimization (SEFPCMP)
[119]: Find z* € Fix(T') and y* € Fix(S) such that

g1(2") = min g, (), (7.48)
%2(y") = min ga(y), and Az® = By". (7.49)

It is well known that the above SEFPCMP can be formulated as follows: Find z* € Fix(T")
and y* € Fix(S) such that

0 € dgi(x"), (7.50)

0 € Jg2(y*), and Az* = By". (7.51)

where dg; and Jgo are the subdifferentials of g; and gy respectively. It is a known fact that

the subdifferentials dg; and dg, are maximal monotone whenever g; and g, are proper,

convex and lower semi-continuous functions. Hence, by applying Algorithm (7.2), we ob-

tain the solution of the SCFPCMP (7.48)-(7.49).

Split equality variational inequality problem

Consider the particular split equality equilibrium problem corresponding to the functions
f1 and f5 defined by:

fl(x7y> = <Ml’,y - (L’>, v T,y € Ca
f2(x>y) = <N$,y - fﬂ), Vm,y € Qa
with M : C C Ey — Ej and N : Q C By — E3. The classical split equality variational
inequality problem is of the form:
find z* € C' such that (Mz*,y —2*) >0, Vy e C,
and y* € @ such that (Ny*,z—y") >0, Vz € Q,
such that Mz" = Ny*. (7.52)
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When considered separately, (7.139) is the classical Variational Inequality Problem (VIP)
whose solution set is VI(M, C) and VI(NV, @), respectively. Variational inequalities have
been found very useful in several real-world problems such as optimization problems, min-
imax theorems, differential equations and in certain applications to economic theory and
mechanics. For more study of systems of variational inequalities (see, [, | and the
references contained therein).

Lemma 7.2.7. [52] Let C' be a nonempty, closed convex subset of a reflexive, smooth and
strictly convexr Banach space E, A : C' — E* be a mapping. Then

e (JF [JE (@) = AM(y)]) = arg mingAw — y, M(y)) + Ay(w, o)}, (7.53)
forallz € E, ye€ C and X € (0,+00).

Settlng f1($7y> = <M!E,y - ZL’>, v T,y € C? and f2(x7y> = <Nl‘7y - ZE), V%y € Q n
Algorithm (7.2), we obtain the following important result.
Suppose that

Q= {z* € Fiz(T) N (A, + B;) "1 (0) N VI(M, O),
y* € Fiz(S)N (As + By) 1 (0) N VI(N, Q) such that Ma* = Ny*} # 0. (7.54)

Algorithm 7.2.8. For fited u € Fy and v € E,, choose an initial guess (x1,y1) € E1 X Fs.
Suppose that the nth iterate (x,,y,) C Ey X Ey has been constructed; then we compute the
(n + 1)th iterate (41, Yns1) via the iteration

Uy = qET <JE1(a:n) — ’ynA*Jf?’(A:En — Byn)>,

Zn = HC[JZFE(J;?l(un) = MM (un))],
ty = o[Jy (TP (20) — AN (1)),

Tyl = ink <o¢anl (u) + (1 — ay) [ﬁanl (t,) + (1 — Bn)Jfl (T(Res(’;B1 o A{U)tn)]> ,
E

0 = 77 (IE () + 30 BT (A — Byn) ).
gn = TcJy* (JE2 (1) — AN (v)]

hy = e[y (T2 (w,) — AN (g,))]
Y1 = g (anJ£2 () + (1= ) [Baf(ha) + (1 = B)JE(S(Bes), o Azg>hn>]> ,

(7.55)

Further, we choose the stepsize 7y, such that

a—1 qllAzn—Byn||?
,yn 67 « 783 v 7E3
Cyql|A* Jp ° (Axn—Byn)||94+-Qq|| B* Jp ° (Azn,—Byn

1
T e) n € I, for small enough

€, where Cy and Qg are constants of smoothness of Ey and Es, respectively. Otherwise,
Yo =7 (v being any nonnegative value).
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Suppose the following conditions are satisfied:

(i) o €(0,1), limy oo, =0, D7, = 0.

(ii) B, € (0,1) and 0 < liminf, . £, <limsup,_ . 5, < 1.
(iti) {A.} C (0,p), where p = 2T and 7 is given by (2.18).

Corollary 7.2.9. Let fi(z,y) = (Mz,y —x), VYV z,y € C, and fo(z,y) = (Nz,y —
x), Vx,y € Q and (7.54) holds, then the sequences {x,,y,} generated by Algorithm
(7.55) converges strongly (z*,y*) € .

Proof. The proof is similar to the proof in [31]. O

7.3 Multiple set split equality equilibrium and fixed
point problems.

In this section, using an Halpern extragradient method, we study a new iterative scheme for
finding a common element of the set of solutions of multiple set split equality equilibrium
problems consisting of pseudomonotone bifunctions and the set of fixed points for two
finite families of Bregman quasi-nonexpansive mappings in the framework of p-uniformly
convex Banach spaces which are also uniformly smooth. For this purpose, we design an
algorithm so that it does not depend on prior estimates of the Lipschitz-type constants
for the pseudomonotone bifunctions. Furthermore, we present an application of our study
to investigate a common element of the set of solutions of multiple set split equality
variational inequality problems and fixed points set for two finite families of Bregman
quasi-nonexpansive mappings. Finally, we conclude with two numerical experiments to
support our proposed algorithm.

We need the following already established result in the sequel.

Lemma 7.3.1. [2/5] Let ¢ > 1 and r > 0 be two fized real numbers. Then, a Banach
space E is uniformly convex if and only if there exists a continuous, strictly increasing and
convex function g : Rt — R*, g(0) = 0 such that for all x,y € B, and 0 < o < 1,

lez + (1 = a)y[|* < afz]|* + (1 = ) [y]|* = We(a)g(llz = yl]),

where Wy(a) :=a?(1 —a)+a(l —a)? and B, :={z € E: ||z|| <r}.

7.3.1 Main result

In this section, we present our method and discuss some of its features. We begin with
the following assumptions under which our strong convergent result is obtained.

Assumption 7.3.2. We assume that the following conditions hold:
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(1) (a) E1, Ey and Es are three p-uniformly conver and uniformly smooth real Banach
spaces.

(b) C; and Q; are nonempty closed and convexr subsets of Ey and Es, respectively,
fori=1,2,.... N and j =1,2,..., M.

(¢) A: Ey — E3 and B : Ey — E3 are bounded linear operators.

(d) fi : C; x C; = R and g; : Q; x Q; — R are bifunctions satisfying conditions
C7 — C4 of Assumption A.

(e) Ds: By — Ey and Gy : Es — Es are Bregman quasi-nonezpansive mappings such
that I — D4 and I —Gy are demiclosed at zero for each s =1,2,...,l andt = 1,2, ..., m.
(f) Assume that the solution set

T foe Ny F(D) NN EPCi £, 5 € N F(G) NN, EPQy5) : Az =
By} #0.

(2) {82322y, {ansto, {nmi}iy are positive sequences satisfying the following condi-
tions:

(a){Bn} C (0,1), lim B, =0, > B, =00,70>0,4>0,k€(0,1),e€(0,1).
n—oo
(b) {ans} C (0,1), lezo Qs = 1 and liminf oy, g, s > 0.

n—o0

(¢) {nns} € (0,1), 30 7me =1 and liminf oy, > 0.

We now present the proposed method of this paper.

Algorithm 7.3.3. For fized u € Ey and 9 € Ey, choose an initial guess (xg,yo) € F1 X Fy.
Suppose that the nth iterate (z,,y,) C Ey X Ey has been constructed; then we compute the
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(n + 1)th iterate (41, Yns1) via the iteration

(

sn = b (T8, (@n) = pu A" T, (A, — Byy) ).

ai, = argmin{ fi(s,, o) + =Ay(0,5,) 1 0 € Ci},
2! = argmin{ fi(a’, o) + %AP(U, sp): o€ i}
Obtain the farthest element of 2 from s, i.e.,
i € argmax{A,(s,,2.):i=1,..,N}.

Set zin =z,

s (an,gjgl(én) +3 amngl(DsZn))
Tp+1 = szi‘ (57“]%1 (:u) + (1 - Bn)ng (un)> )

tn = Ji (Jf%g(yn) + pa B I, (Azy, — Byn)),
b, = argmin{g;(t,, ) + ﬁAP(Sﬂtn) D op € Q5
B, = argmin{g (b, ) + 5By (p.1a) © @ € Q).
Obtain the farthest element of hl, from t,, i.e.,
Jn € argmax{A,(t,,h)) :j=1,...,M}.
Set hir =0,

= T (1005, (0n) + 31 1o T7, (i)

Yn+1 = Jig (ﬁw’& () + (1 = Bn)Jp* (Un)>,

(7.56)

\

where

all Az, — By, |l )
n e 9 - 9 n E Q,
g <C (CQHA*J,%S(Axn “ Byl + Q1B 5, (Az, — Byl
(7.57)

for small enough ¢; C, and Q4 are constants of smoothness of Ey and Ey, respectively.
Otherwise, p, = p (p being any nonnegative value), where the set of indexes Q = {n :

Az, — By, # 0}.

. al,5n)+Ap( : i i
mln{Tn’ mln {fz(Sn zp() fz(s):al fz al Zl)}} if filsn: ) = filsn, @) — fl( ns n) 0,

Tn+1 =
Tn, otherwise.
(7.58)
and
. e(Ap (b tn)+Ap (h, b, , o
o min { A, min {AQHmbI a3 b if gy (1, ) - g (b)) — g5(b), 1) > 0,
Ans otherwise.
(7.59)
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Remark 7.3.4.

(a)

(b)

(c)

Algorithm 7.3.3 solves split equality equilibrium problem consisting of two strongly
convex optimization problems in parallel for 1 = 1,2,..., N as well as another two
strongly convex optimization problems in parallel for j = 1,2,..., M under bounded
linear operators.

The step size {p,} given by (7.57) is generated at each iteration by some simple
computations. Thus, {p,} is easily implemented without the prior knowledge of the
operator norms || A|| and ||B||. Similarly, the step size {1,,} given by (7.58) and step
size {\n} given by (7.59) does not depend on the prior estimates of the Lipschitz-like
constants of the pseudomonotone bifunctions f;, it =1,2,...,N and gj, Jj =
1,2,..., M, unlike the step sizes used in [52, | which require finding the prior
estimates of the Lipschitz-like constants of the pseudomonotone bifunctions, which
1s known to be computationally expensive.

Moreover, our result in this study extends the results in [112, , | from the
framework of Hilbert spaces to Banach spaces.

7.3.2 Convergence analysis

Lemma 7.3.5. The sequences {1,,} and {\,} of step sizes generated by Algorithm 7.3.3
are well-defined and bounded.

Proof. Clearly, from (7.58) and (7.59) we have 7,11 <7, Vn € Nand A\,;1 <\, VneN.
This implies that {7,,} and {\,} are monotonically decreasing sequences. Moreover, it
follows from condition C5 of Assumption A that

f,;(sn,zfl) fi(sn, n) fz( a., n) < k1A, (aﬁl,sn) + koA, (zn,an) Vi=1,2, .. N.

Hence, we obtain for all i =1,2,.... N

R (A, 5n) + Bp(2,0,)) o K (Bplan, sn) + Bp(25,60;,))
fi(Sn,ZﬁJ fz(sm ) fZ( Qs n) N kl,iAp(ainn) +k2 ZA (zn,a;)
K (Ap(ar,, sn) + (25, a;,))

- maX{ku,kz,z}(Ap( no Sn) + (25, )
K

>
- max{ku, k2,i}

Similarly, we obtain

nr-n

€ (A (b, tn) + Ap(hi, b)) - €
9i(tn, b)) — gj(tn, bh) — g;(bh, b3) — max{ciy,ca;}

V=12 .M.

Hence, we conclude that {7,,} has lower bound min{r, m} > 0 and {\,} has
1<i< re

lower bound
min{\, m} > 0. It then follows that lim 7, =7 >0 and lim A\, = A > 0. [
1<5<m T

n—o0 n—o0
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Lemma 7.3.6. Let Cj,i = 1,2,...,. N and Q;,j = 1,2,..., M be nonempty, closed and
conver subsets of Ey and Es, respectively. Suppose that f; : C; x C; - R, i =1,2,.... N
and g; : Q; x Q; — R, j =1,2,..., M are bifunctions satisfying conditions Cy — Cy.
Then, for all (Z,y) € T we have

Tn

A (7, 21) < A(T, $0) — (1 K > (Ap(a;,sn) + Ap(z;,a;)), Vi=1,2..,N

Tn+1

and

A7, 1) < Ay(Fsta) — <1 - e;” ) (A5 ta) + Ap(h b)), V5= 1,2, M,
n+1
(7.61)

Proof. Since z!, = argmin{ f;(a!,0) + %Ap(a, sp): o € C;}, then from Lemma 2.5.44 we
get

0 € Oa(7afilar, z,) + Bp(21,: 50)) + Ney (23)-

Then, there exists £ € dafi(al, 2%), £ € Ng, (%), such that

TL”ZTL

Tl + Jh (2) — Jo (50) + €= 0. (7.62)
Also, by the definition of 9y f;(al, 2%), we obtain
fila,, o) = fila,, 2) = (o — 2,,€), Vo€l
If we replace ¢ with Z in the inequality above, we have
filal,z) — fi(al,22) > (x —2..€&), VTeT. (7.63)
Using the definition of Ng,(z!) together with (7.62), we have
(o0 — 2z, b (2) — J% (s0)) = (2, — 0,&), VoeC;. (7.64)
Again, if we let 0 = Z in (7.64), we get
(T — 20, Jh (2h) — Jh (sn)) = Talz — 7,6), VT eET. (7.65)

The combination of (7.63) and (7.65) gives

(@ — 2, I, (20) = Jp, (50)) 2 Tl filan, 2,) — filay,, 7)) (7.66)
Z Tnfi(a;iw Z;)v
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because f;(z,a’) > 0 and f; is pseudomonotone on C; V i = 1,2,..., N. Similarly, since
a! = argmin{ f;(s,, o) + %AP(O', sp): o € C;}, we obtain

(ay, = 2, Jp, (a3) = Jg, (s0)) = 7o [fi(sn, 23) — filsn, @3,)] - (7.67)
Using (7.66) and (7.67) together, we get

(T — 2, Jp, (2) = T, (s0)) + {ay, — 25, Tpy (a5,) = T, (50))
> Ty [fi(snv Z:z) — fi(sn, a;) + fi(aiw Z’:z)} .

Applying Bregman three point identity (2.13), we obtain

Ap(j’ Z;LL) < Ap(fi‘v Sn) - Ap(aiw Sn) - Ap(z;iw a;) + Tn{fi(sn’ ZZ’L) - fi(sm a:z) - f(aﬁw Z’:L)}

Furthermore, by the definition of 7,,, we obtain

Ap(ffa Z:z) < Ap(ja Sn) — Ap(afw Sn) — Ap(zi ai)

Tn i i i i
+ Tn-l—l{fi(SnyZn) _fi(snvan) _fl(anvzn)}
Tn+1
< D@, 80) = Ayl 8a) = A2k ah) + = (Bpla, 50) + Ay, )
n+1
— A(2, ) — (1 _ TTnl,@> (Bplah 50) + A (25 al))- (7.68)
n+
Following similar procedure, we obtain
. A, . o
Ay, H) < Ay, 1) — (1 — 5 ) (890 ta) + DB, 00). (7.69)
n+1
O
Observe that since lim (1 — %Fa) =1— k> 0, then there exists K € N such that
n—o00 n+1
T?'L
<1— /1)>0, Vn > K.
Tn+1
Hence, from (7.68) we get
A (z,20) < A(Z,8,), Vi=1,2...,N, n>K. (7.70)
Similarly, from (7.69) we obtain
A (5, h) < Ap(9,t,), VYn>LeN. (7.71)
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Lemma 7.3.7. Suppose {x,} and {y,} are iterative sequences generated by Algorithm
7.8.3 under Assumption 7.3.2. Then, the sequences {x,} and {y,} are bounded.

Proof. Let (z,y) € Y. Since D; is Bregman quasi-nonexpansive for each s = 1,2...,[, we
obtain from (7.56) that

l
Ay (T, u,) = A, (f, Jo (%Ojgl(zn) + Z an,sjgl(Dszn))>
s=1
l

< o p(T,20) + Y o A(T, Di7Zy)

s=1

l
S an,OAp<j7 211) + Z O‘n,sAp<j7 211)

s=1

= Ay(T, Z,). (7.72)

Similarly, we obtain

Ap(F,vn) < Dy(7,0n). (7.73)

Furthermore, from (7.56), Lemma 2.55 and Lemma 2.5.45, we obtain

Ay(Z,8,) = A, (f I (ng (€)= paA*Th (Az, — Byn)>)

— %(i, ng (xn) — pnA*Jgg(Axn — Byn)>

1
= —||2l” = (&, Jg, (zn)) + pn (¥, A" T, (Azn — Bya))

=3

+ {1 JE, (2n) = pnA* Tz, (Awn — Bya)||*

—_

< Sl = (@ T (@) + pn (AT, T, (Azn = Byn))+

1 Cy o .
+ 15 @)ll" = on (i, (A — Byn), Ava) + = 0| AT, (Azn — Byn) |
1, 0 1 i
= 1" = @ Ty (wa)) + 21T (@n)l* = on (T, (A = Byn), Avn = AT)

& ‘
+ fﬂ%llz‘l Ty (Azy — By,)||?

=A,(z,2,) — pn<J§3(A$n — By,), Az, — Ax) + %p%||A*JI;E3(Aa:n — By,)||?.
(7.74)
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Similarly, we have

Qu o1
08| B T, (Ax, — By,

(7.75)

Ap(F,tn) < Bp(U,yn) — pu(Jp, (ATn — Byn), BY — Byy,) +

Combining (7.74) and (7.75) and noting that Az = By, we have
Ap(T, 80) + Ap(, 1n) < Ap(Z, 20) + Ap(Y, Yn)

—1
(Cq|rA*J§3<Axn — By)|l? + Q1B (Ax, — Byn>||q)} .

= Pu| [ Azn = Byn” =

(7.76)
Hence,
Ap(T; 5n) + Ap(Y,tn) < Ap(T,20) + Ay (Y, Yn)- (7.77)
Also, from (7.56) and applying (7.70) we obtain
Ayt nsn) = By (78 (B, )+ (1= 80, ) )
< BnAp(ffu ) ( /Bn)Ap(j7 un)
< BnAp(i'a ) ( ﬁn)Ap(i.v n)
< Bnp(Z, 1) + (1 = Bn) Ap(T, Sn)- (7.78)

In like manner, we have

Ap(F Y1) < Bulp(7,0) + (1 = Bn) Ap(¥, 1) (7.79)

It follows from (7.77), (7.78) and (7.79) that

A (27 xn—&-l) + A (y yn—i—l) < ﬁn< ( U) + Ap<g7 19)) + (1 - ﬁn) (Ap(j’ Sn) + AP(@? tn))
< Bu(Ap(T, 1) + Ap(5,9)) + (1 = Ba) (Ap(T, 2n) + Ap(7, Yn))
< maX{Ap(ZE, ) + Ap(?], v), Ap(xu Tn) + Ap(ga Yn)}

< maX{AP(fv :u) + Ap(ga 19)7 Ap(j:a xN) + AP(@? yN)}7 (780)
N =max{K, L}.

Therefore, {A,(Z, z,)+A,(Y, yn) } is bounded and consequently {A,(z, z,,) } and {A,(y, yn) }
are bounded. Hence, by Lemma 2.5.34, the sequences {z,}, {y,} are bounded. Therefore,
{sn}, {ab}, {20}, {un}, {ta}, {02}, {h?} and {v,} are all bounded. O

Lemma 7.3.8. Assume that r = sup{||Jp, (Z.)||, |J5, (DsZn)||} and let (Z,) € Y. Then,
the following inequality holds:
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Ap(T, Zng1) + Ap(Y, Ynt1) < Bn [Ap(T, 1) + Ap(4,0)] + (1 = B) [Ap (T, 20) + Ly (Y, yn)]

(-8 (% (178, ) = 78, (D)) + 2228 11, 6,) — 2, (G (221,)

where Wy (am,s) = (an0)? Zi:l O‘n,s+an,0<2fq=1 an,s)? and Wo(nnt) = (no)? Z?;l Nt +
nn,O(Zgl nnvt)q'

Proof. Let (z,y) € Y. Then, from (7.56), Lemma 2.5.45 and Lemma 7.3.1, we obtain

!
Ap(T,un) = A, (:f Jgf (an,ngl(zn) + Z an,sjgl(Dsén)»
s=1
:%(x onoJp, (2 Za’” ElDzn)

1 —
= Jl3l” = ano (@, T, () Zans z,J% (Dyz,))

1
+ 5|yan,0JE +Zans (Dyz,)]|

1

]_QH‘rH - anO z, JEl Zn Zans szn»

1 W, (aun,s) _ _
+ 5an,0||‘]E1 2DIP + Zanslngl z)||7 = =22 g (115, (20) — 5, (DsZa) )

1 1
= ]_)O‘n0||x||p+zans_”x” — ao(T, Jg, Zans D,z,))

s=1

1 T2 (Z)|P + J? P M JP(zY— JP (D.z

"’qan,OH E Z)|IP + Zansn El D.z,)| q (H El(zn) El( szn)”)

1 S|P T P z _ P z p

=an,o{5uxu (& 0 (z)) + ||JEl<n>H}
P _ P b~ 1 14 z p
}jam{—uxu (@78, (Dz) + L1 (D) }

W, (o s _ _
LA R AR
W n,s — —
= 0D (T, Z) + Zam (%, DyZ,) — Mg(njgl(zn) — I8 (Dyz)|]).-

s=1
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By the Bregman quasi-nonexpansivity of Dy for s =1,2,...;[, we get

l
— [ — — — W an S — —
Ap(E 1) < gy (E. ) + 3 g, 70) — W10 e 2y e (D))

q

i)

s=1

= A7) Wg(|ugl<zn> — (D)) (7.82)

By the definition of z,, 41 and applying (7.70) and (7.72), from (7.82) we obtain

)
< Bu(@ ) + (1 By) (Ap@s, 5) - Wguua(zn) - J§1<Dszn>||))
)

< BnAp(Z, 1) + (1 — Bn)A(Z, Sn)
1 Wy(,s) D5\ TP .
(1 ﬁn>—q 9175, (z0) = Jp, (DsZ0)]). (7.83)

Following similar argument, we have

L@E(ﬁn¢)

Ap(7 Ynt1) < Pulp(,0) + (1 = Bn) Ap(Y, tn) — (1 = Fn) (15, (0n) — J5,(Gu0)).

(7.84)
By adding (7.83) and (7.84), and applying (7.77), we get
Aol 010) + By Ftms0) < B (3300210 B0, + (1= B B0(5.50) + Ay(3. 1)
- = (P ) - g, (D20 + g 13, 6) - G )
< B L8000+ B0l + (1= B, 0) + 30070
- = ) (g (1, ) = (D) + g (15, 6) ~ TG ).

which is the required inequality.

We now present the main theorem for our proposed algorithm as follows.

Theorem 7.3.9. Suppose {(zn,yn)} is a sequence generated by Algorithm 7.3.3 under
Assumption 7.5.2. Then, {(x,,yn)} converges strongly to (z,y) € T, where & = Iy (u)
and g = Iy (99).
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Proof. Let (z,y) = (IIy(u),y(¥9)). It follows from Algorithm 7.3.3 and by applying
Lemma 2.5.45 (iii) that

Ap(@, 1) = Ay (7, T (BuTB, (1) + (1= Bo)JE, (1))
Yy (5 Bu Tl (1) + (1= )8 ()

< (. B, 0+ (1= 5017 () = 5 (78,10 — T ()

4 BulTh (1) — Ty (), s — 3)

= Vo (080T @) 4 (L= B (1)) Bl ) = T, (0 — 2

< Bulhp(E,7) + (1= B Ayl ) + Bl (1) — T (2), i1 — 7)

< (1= BAYE, 50) + Bl (1) — T8, (), Bns — 7). (7.85)

In the same vein, we have

Ap(7, Yns1) < (1= Bu)Ap(@, tn) + BulJ5, (0) — T, (F), Yns1 — U)- (7.86)

Hence, by adding (7.85) and (7.86) and applying (7.77), we get

Ap(®, Tng1) + Bp(Y, Ynt1) < (1= Bu)[Ap(T, 80) + Ay (Y, 10)]
+ B ((JE, (1) = JE, (T), @nir — T) + (T, (9) — T, (5), Y1 — 7))
< (1= Bu)[Bp(T; ) + Ap(F: yn)]
+ B ((JE, (1) — JE, (T), @nsr — T) + (T, (V) — T, (§), Y1 — 7))
= (1 = Bu)[Ap(Z, &) + Ap(H, yn)] + BuXn, V21, (7.87)

where Xn = (<J§1 (:u) - ng (E)a Tpy1 — f> + <‘]§2 (79) - Jgg (g)a Yn+1 — g>)

In order to show that {(z,,y,)} converges strongly to (z,%), by Lemma 2.5.55, we only
need to show that

lim supy,_, o Xn, < 0 for every subsequence {A,(zy,, %)} of {A,(z,,7)} and {A,(Yn,,9)}
of {A,(yn,y)} satisty the inequality

k—o00

lmw<mmen+%m%wﬂ—MWww+%m%m)20 (7.88)
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Now, from Algorithm 7.3.3 and Lemma 7.3.6, we obtain

Ay (T wnin) = By (7, T8 (BB, (1) + (1= Bu) T, ()

< ﬁn ( ) (1 - Bn)Ap<x’un>
< ﬁn ( ) (1 - Bn)Ap@_j? 2n>
< BrBp(p, ) 4+ (1 = Bn) Ap(T, 5n)

—(1-5) (1 Tn+lﬁ> (Ap( Sn) + A2, n)). (7.89)

In the same vein, we obtain

A (y yn—i—l) < Bn ( ) (1 _Bn>AP( )
== (17 0] (8,000 + A0k (70

Adding (7.89) and (7.90) together, we obtain

AP('Tv Tpy1) + Ap(g> Ynt1) < Bn[Ap( T)+ A (19 g+ (1= ﬁn)[Ap('Tv Sn) + A;D(y» tn)]

—(1-8) (1—7215) <A (@i, $0) + A, (20, ain )
~ =) (1= 2n) (800000 + Ayln ). 791)

Applying (7.76) in (7.91), we obtain
Ap(T2n 1) + Ap(: Yni1) < BulBp(p, 7) + By (0, 9)] + (1 = B0)[Ap(Z, 2n) + Ay (7, )]

q—1
— (1= B)n [nAo:n - Byl - 2 (Oq||A*J§3<Axn _ Byl

QB (Ax, - Byn>||q)]

) (1 ) (e + A0 a)

Tn+1

=) (1= 250) (Bolet) + B0 87 (7.92)

)\nJrl
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By (7.88), Assumption 7.3.2 (2)(a) and (7.92), we obtain

q—1
Pry,

lim sup ((1 — Bui) P |:||Axnk — By, ||” —

k—o0

(anA*Jf%Axnk Byl

QB I Az, — BWHQ)D

k—o0

S lim sup (ﬁnk [AP(IJ’: fi') + Ap(ﬁ, g)} + (1 - Bnk) [Ap(f’ xnk) + Ap(g’ ynk)]
— [Ap (@, Ty 1) + Ay (7, ynk+1)}>

= — lim inf ([Ap(xa xn;ﬁ-l) + Ap(ga ynk-H)] - [Ap(fv xnk) + Ap(g’ ynk)])

k—o00

<0. (7.93)

In the same vein as in (7.93), we get using (7.88), Assumption 7.3.2 (2)(a) and (7.92)
that

lim sup <(1 — Buy) (1 — ili) (Ap(a;i’:;k ,Sny) + Ap(zif,;’“, af{?f))

k—00 Tnk-i-l

. (1 - )\)\nk n) (Ap(bi’;k,tnk) + Ap(hi’;k,bi?))>

ng+1

k—o0

< limsup (ﬁnk (A (1, @) + A (0, 9)] + (1 = B [Ap(Z, T0y) + Dp(F, Yny )]

_ [Ap(j;, Tnt1) + Ap(Y, ynm—l)})

k—o00

= — liminf ([Ap(x, Trgt1) + Dp (s Yng1)] — [Ap(T, 20,) + Ap(Y, ynk)]>

<0. (7.94)

Now, suppose we let o, = Cyl|A*Jp, (Azy, — Byn, )|+ Qql|B* T3, (A, — Byn,)||?. Using
the condition we placed on our step size p,, , we have that

pq_l < ql| Ay, — Byn, || .
" Oy,

¢,

it follows that

pgzj@nk < q||A$”k - Bynk”p - Cana (795)
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Hence, by (7.93) and (7.95) we have

q—1

COn < (||Axnk — By, |I” — P an> — 0, as k— oo.
q

Thus, Cy||A*Jg, (Azn, — Byn,)||? + Qql|B* Jp, (Azy, — Byn, )9 = 0 as k — oo,
which implies that

lim ||A*J§3(Amnk — By, )||? =0, (7.96)
k—oco

and
lim || B*Jg, (A, — Byn,)||? = 0. (7.97)
k—o0

Additionally, we obtain from (7.93) that

k—o0

k—o00

< lim sup (ﬁnk [Ap(u, z)+ ALY, gj)} + (1= Bn,) [Ap(i", T, ) + Ap(Y, ynk)}

T i : I
_ [Ap(ﬂf,ﬂfnk—s—l) + Ap(y>ynk+1)}> + limsup(1 — 5nk)7k£)nk

k—o00

k—00

= —liminf ([Ap($’ xnkJrl) + Ap(ga ynk+1>] - [Ap(iv :Unk) + Ap(gj’ ynk)])
<0. (7.98)
Thus, we conclude from (7.93), (7.94) and (7.98) that

lim || Az, — By, || =0, (7.99)

(limk_>Oo Ap(afz"kk ,Sny.) = 0,
limy_ oo Ap(zg;’“ , ai’;’“) =0,
(7.100)
limy, 00 Ap(bniF 0, ) = 0,

| limyso0 Ay (B, b ) = 0.
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Therefore, by Lemma 2.5.31, we obtain

(T oo [lan = s, || = 0,
limysee |2 — amt|| = 0,
im0 D7 — to, || = 0,
| Ty || — B[] = 0.

Observe that by (7.101) and Lemma 2.5.31, we have
lim ||s,, — 2t | =0,  lim Ay(s,,, zmt) = 0.
k—o0 k—oo

In like manner, we have

. Jn . Jn
I}LHOIO [ty = P || = 0, klggo Ap(tn,, hin) = 0.

By the definitions of 7,, and j,, it follows that

lim Ap(sp,, 2, ) =0, i=1,2,...,N, and lim A,(t,, .kl )=0, j=1,2,...

k—o00 k—oo

Consequently, we have

||—O j=12,.

N> nk

lim |[s,, — 2, | =0, i=1,2,...,N, and lim |¢
k—ro0

k—o00

From (7.60) and by applying the three-point identity (2.13) and (7.105), we have

(1 — lii> Ap(a;k,snk) <ALz, 8,) — Ap(z 2 )

) “ng
Tnk—i-l

IN

Ap(ju Snk) - A ( €, nk) + A (Snkv nk)

= (T — sp,, ng(zi ) — ng(snk» —0, k— oo.

Nk
Hence, we have
Ay(al, ,sn,) =0, k—oo0, i=12,... N.
Consequently, we obtain
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lai — su |l =0, k—oo, i=12 .. N. (7.106)

Nk

Following similar procedure, we have

o, —t, |l =0, k—o0, j=12,...,M. (7.107)

Nk

Furthermore, using (7.81) and (7.88), we have

limsup(1 — 5,,) (M9<||J§1(an) - ng(Dsfnk)H)

k—o0 q
Wq(ﬁm,t) (

+ Wallas) o2 3,,) - J&(Gtenk)u))
< lim sup (ﬁnk [Ap (1, ) + Ap(9,9)] + (1= B [Ap(T, ) + Dp(F, Y )]

— [Ap(i‘, mnk+1) + Ap(ga ynk+1)}>

= —liminf ([Ap(fa Tryt1) + Ap(7, ynﬁl)} - [Ap(ja Ty, ) + Dp(7, ym)])

k—o0

<0. (7.108)

Thus,

k—o0

- W 7% ,S _ _ W 7’]”7 — _
lim < q(q ; )g(HJﬁl(znk) — J% (DsZa,)|) + q(q kt)g(HJgZ(an) — J§2(Gt0nk)||)> _

Hence, we have
]}LIEOg(||J§1(zW) — Jb (DszZa)|]) =0, s=1,2,...,1,
’}Lrgog(||Jg2(§nk) — JgQ(Gténk)H) =0,t=1,2,...,m.

By the property of g, and sine J}% B and J1 E; are norm-to-norm uniformly continuous on
bounded subsets of Fy and FEj respectlvely, then we obtain

lim ||DsZp, — Zn, || =0, Vs=1,2,..0 (7.109)
k—o0
and
Jim G0, — O, | =0, V t=1,2,...m. (7.110)
—00

Observe that from (7.56) and by (7.99) we obtain

17, ($ni) = T, (@n )| = [T, (2n,) = pny A" T, (A, — Byn,) — Jp, (0, )|
= pn[|A" g, (A2y, — By, )|l = 0 as k — oo. (7.111)
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Also, because F; is uniformly smooth, J%f is norm-to-norm uniformly continuous on
bounded subsets of F, then we have

kh_)ralo |Sn, — Zn, |l = 0. (7.112)
In the same vein, we get

lim ||t,, — yn.|| = 0. (7.113)

k—o00

Moreover, it is easy to see from (7.105) and (7.112)

lim 2!, — 2, || < lim ||2), — sp, || + lim ||s,, — 20, ]| =0, V i=1,2,..,N. (7.114)
k—o0 k k—o0 k k—oco

In the same way, we obtain from (7.105) and (7.113) that

||thk — Y, || < ||thk —to 1ty = Ynll = 0 as k— o0, V j=1,2,... M. (7.115)

Moreover, we obtain from (7.56) and (7.109) that

l
Ich—>n<;lo ”ng (unk) - J§1<an)|| = ”ank,UJg1 (znk) + Z a%ngl(Dsan) - ng(znk)n
s=1
l

< ol I8, (Z) = G|+ D tngs I, (DsZn) = T, (2.

s=1

which implies that
Jim (8 (tn,) = T3, 7o, ]| = 0

By the uniform continuity of J]%ik on bounded subsets of £} we have

lim [[tp, — Zn,|| = 0. (7.116)

k—o0

Hence, from (7.114) and (7.116) we obtain

lim [Ju,, — 2, | =0, V i=1,2 ., N. (7.117)
k—o0

Similarly, we obtain
lim |jv,, —h | =0, ¥V j=1,2,.., M. (7.118)
k—o00

It is easy to see from (7.114) and (7.117) that

||unk - x”k” < ||unk - Z’:LkH + ||Z721k - xnk” —+0 as k— oo. (7'119)
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Similarly, we obtain from (7.115) and (7.118) that

1on, = Y| < Nlvm, = BN+ 1B, = Y|l = 0 as & — oo (7.120)

Furthermore, from (7.56) and the the fact that klim Bn, =0, we obtain
— 00

T (173, (2ay0) = T, ()] = 0.
In the same way, we get

T (172, (o, ) — T2, (0] = 0.

—00

Since J7%. is norm-to-norm uniformly continuous on bounded subsets of E}, we obtain
1

lim ||z, +1 — U, || = 0. (7.121)
k—o0

Similarly, we get
lim ||y, +1 — vn, || = O. (7.122)
k—o0

Hence, from (7.119) and (7.121), we obtain

B [0 = | =0 (7.123)

In the same vein, from (7.120) and (7.122), we get

klim Hynk—H - ynk“ =0. (7'124)
—00

Since {z,} and {y,} are bounded, then w,(x,) and w,(y,) are nonempty. Now, let
(x*,y*) € wy(xpn,yn) be arbitrary elements. Then, there exists subsequences {x,, } of
{z,} and {yn, } of {y,} that converge weakly to z* € E; and y* € E,, respectively. Also,
from (7.114) and (7.115), {2}, } converges weakly to z* € C; for each ¢ = 1,2,..., N and
{Ri, } converges weakly to y* € Q; for each j = 1,2, ..., M. Using (7.109) and (7.110), and
by the demiclosedness of I — Dy and I — Gy, we obtain

e F(Ds), V s=1,2,..,1 and y* € F(Gy), V t=1,2,....,m, (7.125)

which implies that

" € ﬂ F(Ds) and y* € ﬁF(Gt). (7.126)

s=1 =
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Next, recall that

. . 1
@y, = arg mind fi(sn, 0) + —Ay(0, 50,)}-

Using Lemma 2.5.44 and applying condition (C4), we get

0€ 82(Tnkfi(8nk’ a;k) + Ap(aizk’ Snk)) + NCz(a';LIk)

Hence, there exists ¢}, € 95 f;(sn,,al, ) and &, € Ng,(aj,, ) such that

TS, + J5, (ah,) = JB, (sn,) +Sh, = 0. (7.127)

Nk

Since &, € Ng,(a}, ), (w—aj, .5, ) < 0 for all w € C;, then this together with (7.127)
gives
T (w — aly <k ) > (al, —w, Jp (al, ) — J% (sn,)), VweC, (7.128)

n Nk

Again, since ¢, € 95 f;(sn,,ap, ), We obtain
fi(sne,w) = filsngral, ) > (w—al, ¢t ) YweC,. (7.129)

Nk

Combining (7.128) and (7.129), we obtain
Tny, [fi(snkvw> - fi(snwaizk)} > <a;k — W, ng(a;k) - ng(snk»v Vwe Civ
which implies that

Tny, [fi(snm a;k) - fi(Snk,WH

<
< V5, (su.) = Jg, (ap, lllay, — wll. (7.130)

Since J, is uniformly continuous, applying (7.106) to (7.130) and using (7.112) together
with the fact that z,, — z*, we get

—filz*,w) <0, YVwe(C;, i=1,2,...,N,
which implies that

filz",w) >0, YwelC;, 1=1,2,...,N.
Hence, we have

N
v €[ VEP(C;, ).

i=1
Similarly, we obtain

9i(y*,2) >0, Vz€Q;, j=12,...,M,
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which implies that
M

v e (EP@0)

j=1

Next, recall that {z,, } and {y,, } converges to z* and y*, respectively, where A : £y — Ej
and B : Ey — Ej3 are bounded linear operators. Then, by (7.99) and the weakly lower
semi-continuity of the norm we have

|42° = By || < liminf || Az, — By, || =0,
which implies that

Ax* = By*

Since (z*,y*) € w,(xn, ys) is an arbitrary element, then it follows that

Weo (T, Yn) C Y.

Next, by the boundedness of {x,, } and {y,, }, there exist subsequences {:cnkj} of {z,,}
and {ynkj} of {y,, } such that Ty, — z € E, and Y, — 7 € By and

Jj—00

i ((5,0) = I8, 00, =) + B, (0) = TE(5) s, ~ 1))

~ limsup <<ng (1) — T (2). 2y — ) + (2 (9) — T2, (3) e — y>)

k—o0

Since & = IIy(u) and g = Iy (¥9), then by (2.19), (7.123) and (7.124) we have

k—o0

lim sup <<J§1 (1) = g, (B), By = T) + (T, (9) = T, (0), Ymyeyr — ?7>>

k—o0

—tnsup ({5, (0) = I8, (0,7, = )+ (5, ) = TE, 0)s s, )

+ lim sup ((Jgg (19) - Jgg (g)7 Ynyp — g) + <J§2 (19) - ng (g)v ynk+1_y7Lk>)

k—o0

— Iim (<J§1(u) — T3 (@), 2y, = T) + (T8, (9) = T8 (D), — y>)

= (Jg, (1) = JE, (@), & — @) + (Jp, (V) = JE,(9),9 — )
< 0. (7.131)

Hence, by (7.131), we have limsup x,, < 0. Therefore, by applying Lemma 2.5.55 to

k—o0

(7.87), it follows that {(x,,y,)} converges strongly to (Z,y) € T as required.
[
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Some Corollaries

The following consequent result can easily be obtained from Theorem 7.3.9 by setting
l=m=N=M=1.

Corollary 7.3.10. Let E;, FE, and E3 be three p-uniformly convex Banach space, and
C,Q be nonempty, closed and conver subsets of E1 and E,, respectively. Suppose f :
CxC—=Randg:QxQ — R be bifunctions satisfying (C1)-(C4) of Assumption A.
Let A : By — E3 and B : Ey — FE3 be bounded linear operators, and let D : E; — E
and G : Fy — FEs be Bregman quasi-nonexpansive mappings such that I — D and [ — G
are demiclosed at zero, and T = {z € F(D)N EP(C,f), y € F(G)NEP(Q,g) : Az =
By} # 0. Suppose other conditions of Theorem 7.3.9 hold. For fized p € E1 and 9 € E,
and initial point (xo,yo) € F1 X Ea, let {(x,,yn)} be a sequence generated as follows:

Sn = J%{ <‘]§1 (Tn) — pnA*Jgg, (Az, — Byn));

yn = argmin{ f(s,, o) + =A,(0,s,) . o€ C},
2, = arg min{ f(yn, o) + %AP(G, sp): o€ C}.
tn = I (im0 I8, (20) + Q1 JB (D2,))

tr = T Budl (1) + (1 - @»ngun)),

/

(7.132)

tn = Jps (ng(yn) + pnB*Jg, (Ax, — Byn)>,

by = argmin{g(tn, ¥) + x-Ap(0,tn) 1 ¥ € Q},

hn = argmin{g(bn, ) + 3-8, (p,tn) : 0 € Q}.

Un = J%f (nn,OJJgg(hn) + 77n,1J§2(Ghn))

Ynt1 = Jhy <5nJ§2(19) +(1- ﬁn)J;fQ(vn))a

\
| Az =By, | o

where pn € | G, (cqA*J§3(Axn—gyn>||q+czf||B*J§3<Axn—Byn)|q - C) » m € 8, for small

enough C; Cy and Q4 are constants of smoothness of Ey and Es, respectively. Otherwise,
Pn = p (p being any nonnegative value), where the set of indexes Q = {n : Az,, — By,, # 0}.

. . r(A n,Sn A Zn,Yn ;
ey = {mm {Tm min{ f(Si,ZZ()yff(szl—f_an)DEf(gn,)z)n)}}’ if [ (Sny2n) = f(SnsYn) = f(Yn, 20) >0,

Tns otherwise.
(7.133)
and
. . e(A n,ln A n,Yn y
- min { A, min{ 7 Sp0ete bl o AL f g1, ha) = gt b) = 9(bas ) > 0,
n+1 —
n otherwise.
(7.134)
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Then, the sequence {(xn,yn)} generated by (7.132) converges strongly to (z,y) € Y.

Let £, = H,, r =1,2,3 bereal Hilbert spaces, then we obtain the following consequent re-
sult for approximating a common solution of multiple sets split equality pseudo-monotone
equilibrium problem and common fixed point problems of quasi-nonexpansive mappings
in real Hilbert spaces.

Corollary 7.3.11. Let Hy,, H, and Hj be three real Hilbert spaces, and let C; and Q)
be nonempty closed and convexr subsets of Hy and Hs, respectively, fori=1,2,.... N and
J=1,2,...,M. Suppose f; : C; x C; = R and g; : Q; x Q; — R are bifunctions satisfying
(C1)-(C4) of Assumption A. Let A : Hy — Hj and B : Hy — Hj be bounded linear
operators. Let Dy : Hi — Hy and Gy : Hy — Hy be quasi-nonexpansive mappings such
that T = {z € (\_, F(D.) Ny EP(Ci f), 5 € (Vi F(G) NV, EPQy5) : A —
By} # (0. Suppose other conditions of Theorem 7.3.9 hold. For fized n € Hy and ¥ € Ho
and initial point (xo,yo) € H1 X Ha, let {(zn,yn)} be a sequence generated as follows:

’sn = <:1cn — pnA*(Ax, — Byn)),

ai, = argmin{7, f;(sy, 0) + 3llo — sul|* 1 o € Ci},
zh = argmin{7, fi(a},0) + Lo — s,[[* 1 o€ Ci}.
Obtain the farthest element of 2 from s, i.e.,

in € argmax{3|ls, — z;||* i =1,...,N}.

Set zir = z,

Up = poZn + Zi:1 i s(DsZzy)

Tng1 = Bn(p) + (1= Bn)(un),

ln = (yn + pnB* (A, — Byn)>,

b, = argmin{\,g;(t, ) + 5l — 6>+ € Qs
hy, = argmin{A,g; (0, @) + 3l — tall” @ € Q;}.
Obtain the farthest element of hl, from t,, i.e.,

jn € argmax{3||t,, Wi |?: j=1,..., M}.

Set hi» =0,

Up = 77n70‘§n + Z;il nn,t(Gtén)
it = Bul) + (1= B)(02),

(7.135)

2|| Az, — Byn||?
where p, € |, <A*(AxnBgn)ll2+lg*(llx41n8yn)2 — §> , n € Q, for small enough (.

Otherwise, p, = p (p being any nonnegative value), where the set of indexes Q = {n :
Azx,, — By, # 0}.

Tn4+1 = is

Tns otherwise.

(7.136)
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and

. . € bzz*tn 2 h%*b% 2 3 . . . .
A\ B min {)‘nv 1221}\/[{5gj(tn|,|hf;)fg]"‘(ti,”b3{)fgj(||b¥'“h£;)}}’ Zf gj(tna h%) - gj(tm bgz) —9j (b%, h’ﬁz) > 07
n+1 — - =

An, otherwise.
(7.137)

Then, the sequence {(xn,yn)} generated by (7.135) converges strongly to (z,y) € T.

7.3.3 Application

Multiple Set Split Equality Variational Inequality Problem

In this subsection, we apply our result to study the Multiple Set Split Equality Variational
Inequality Problem (MSSEVIP).

Let U : C — E* be a nonlinear mapping. The classical variational inequality problem
(VIP) is formulated as locating a point

z* € C' such that (z —2*,U(z")) >0, VzeC. (7.138)

The solution set of VIP (7.138) is denoted by VI(C,U). Variational inequalities have
been found very applicable in several real-world problems such as optimization problems,
minimax theorems, differential equations and in certain applications to economic theory
and mechanics. For more details on variational inequalities (see, [4, , | and the
references therein).

Now, we consider the multiple sets split equality variational inequality problem defined as
follows:

find z € C; such that (U;z,2 —%) >0, Vee(C;, i=1,2,..,N
and y € Q; such that (Viy,y—9y) >0, YyeQ;, j=1,2,... M
such that Az = By, (7.139)

where U; : By — Ey, V; : E5 — Ej, are two nonlinear mappings, and A : £} — E3 and
B : Ey — Ej5 are two bounded linear operators. When viewed separately, (7.139) consists
of two classical multiple sets variational inequality problem (MSVIP) whose solution sets
are denoted by VI(C;, U;) and VI(Q);, V), respectively.

Let U : C — E* be a nonlinear mapping. Then, U is said to be

(D1) pseudo-monotone; if for any z, y € C', we have

(Uz,y—x) > 0= (Uy,y —x) >0,

(D2) K-Lipschitz continuous, if there exists a constant K > 0 such that
Uz = Uyl < K|z =y, Yo,yecC,
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(D3) sequentially weakly continuous, if for any sequence {z,} C C, we have x,, =z € C
implies that Ux,, — Ux € E*.

We need the following lemma to establish our next result.

Lemma 7.3.12. [52] Let C' be a nonempty, closed convezr subset of a reflexive, smooth
and strictly convex Banach space E, U : C'— E* be a nonlinear mapping. Then

e (T [T5(2) = AU ()]) = argmin{Aw — 4, U(y)) + Ayfw, 2)}, (7.140)
forallz € E, y € C and X € (0,400).

Setting fi(z,y) = (Uiwr,y —x), Va,y € C;, @ =1,2,..,N and g;(z,y) = (Vjz,y —
x), Vr,y € Q;, j=1,2,..., M in Algorithm (7.3.3), then the bifunctions f; and g; satisfy
conditions (Cy — Cy) of Assumption A (see [32]).

Hence, by applying Theorem 7.3.9 and Lemma 7.3.12, we obtain the following consequent
result for approximating a common solution of multiple sets split equality variational
inequality problem and common fixed point problem for finite families of Bregman quasi-
nonexpansive mappings in p-uniformly convex real Banach spaces which are also uniformly
smooth.

Theorem 7.3.13. Let Ey, Es and E5 be three p-uniformly conver and uniformly smooth
real Banach spaces. Let C;, 1 = 1,2,.... N and Q;,7 = 1,2,...., M be nonempty, closed
and convex subsets of Ey and Es, respectively. Let U; : C; — E* and V; : Q; — E* be
two nonlinear mappings satisfying conditions (D1)-(D3) above. Let Dy : By — Ey, s =
1,2,....0 and Gy : E5 — E,, t = 1,2,....m be two finite families of Bregman quasi-
nonexpansive mappings such that I — Dy and I — G, are demiclosed at zero for each s
and t, respectively. Suppose that Assumption 7.5.2 2(a)-2(c) holds and the solution set

={z € F(D,) N VI(C;,U;), y € F(Gy)NVIQ;,V;): Az = By} # 0. Then, the
sequence {x,,y,} generated by Algorithm (7.3.14) below converges strongly to (z,7y) € Y,
where T = Iy (u) and y = y(¥).

Algorithm 7.3.14.

For fixed i € Ey and ¥ € Es, choose an initial guess (xg,yo) € Ey X Ey. Suppose that the
nth iterate (x,,y,) C E1 X Ey has been constructed; then we compute the (n+ 1)th iterate
(Tnat1, Yns1) via the iteration
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Sn = J%f (JJZ:J (Tn) — pnA*Jp (Ax, — Byn))a
a, = e, [J5: (g, (s0) — Tli(sn))],  i=1,2,..,N
2, = e, [T (T3, (a) — Ui(s0))]; i:1,2,...,N
in € arg maX{A ($p,28) i =1,..,N}, =
= Iy (T}, (20) + S 1amJ§1 (D2 )

Tpy1 = J%f (571(]%1 (:u) + (1 - Bn>‘]g1 (U,J),

th = Jg’* (ng (yn) + pnB*ngg (Axn - Byn)>7
b, =T, [Jp 2 (JE (ta) = MVi(ta))] 5 =1,2,.., M
by, =TI jwf?uf?( W)= AV G =1,2,..M
Jn € argmax{A,(t,,hl) :j=1,.., M}, hi» =49,
Up = J%; (1,075, (On) + D20 Mt T, (G16))

Yn+1 = J%; (571‘]2‘2 (19) + (1 - 6n)<]52 (Un)

Zn

\

1

allAza—Byal” 7
where p, € (C (C AT P C) n € €, for small

Azyn—Byn)||1+Qq|| B* J

enough ¢, C, and Q, are constants of smoothness of Ey and Es, respectively. Otherwise,
Pn = p (p being any nonnegative value), where the set of indexes Q = {n : Az, — By, # 0}.

min {Tn, mm { 5(: Sg);iﬁ(fa% ))}}, if (Uis, —Ual, 2t —a') >0,
Tn+1l = "

Ts otherwise.

and

min {)\n, min { (Ap(bg“t")Jr.AP.(h%a”?))}}, if (Vjtn — Vbl hi — b)) > 0,

1<i<M — (Vitn—Vjbh,hiy—bp, neme T

An, otherwise.

)\n+1 =

7.3.4 Numerical example

In this section, we demonstrate the efficiency and applicability of our proposed method

with two numerical examples. In all the experiments, we consider the case when [ = m =
N =M =5.

Example 7.3.15. Let E, = R™ r = 1,2,3 equipped with induced norm ||z|| = /> i, |z

and the inner product (x,y) = > ", xy;, for all v = (x1,22,...,2,) € R™ and y =
(Y1, Y2, s Ym) € R™. Let C; = Q; = C, where the feasible set C' has the form

C={(z1,22,....,xm) ERY :|z| <1, k=1,2,...,m}.
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Consider the following problem:

N M
Find (z,y) € T :={z € F(D,)n()EP(Ci. f), §€ F(G)N()EPQ;,g;): Az = By},
i=1 j=1

where f; : R™ x R™ — R is given by

n

filw,y) =D (qay} — awad), i=1,2,...,N,
k=1
where g, € (0,1) is randomly selected ¥ i = 1,2,.... N, k=1,2,....,m and Dg : R™ — R™
15 defined by:
x

Dy(z) = St 1 Vs=12..1.

In the same vein, let g; : R™ x R™ — R is given by

= Z(ijyz —qpry), j=1,2,.., M,
k=1

where g;, € (0,1) is randomly selectedV j =1,2,..., M, k=1,2,..,5 and G, : R™ — R™
1s defined by:

Gi(z) = Hil Vi=1,2,..5.

It is easy to see that conditions (C1)-(C4) of Assumption A are satisfied and Ds, Gy
are Bregman quasi-nonexpansive mappings fors =1,2, ...l andt =1,2,....m respectwely,

I — Dg and I — Gy are demiclosed at zero. Moreover, we define A(x) = g and B(x) = 3,
then A and B are bounded linear operators. Furthermore, YT = {0}. In this example, we
choose B, = ==, Kk =0.36, 75 =0. 24 e=05 X=04, Qo= Qus=

5 NEINETEk . ; 8n+11”
s1—g2q), s=12,...,5, muo= 4n+7, Mt = 51— 35) t=1,2,...,5. Using
w < 10™* as our stopping criterion, we generate randomly different starting points

(1, ), (zo,yo) € E1 X Ey, for different cases of m = 20,50, 100, 500.

We plot the graphs ||x,+1 — ©n|| against the number of iterations. The numerical results
can be seen in Figure 7.1.

The next example is presented in an infinite dimensional space setting.

Example 7. 3 16. Let E, = L?([0,1]), r = 1,2,3 with the induced norm given by

x| = x(s)|?ds and the corresponding inner product (z,y) . Let the
0 0
feasible sets C cmd Q; be defined as follows:

Ci={reH: |z| <1} i=1,2,...,5 and Q;:={r € H: |z, <1} j=1,2,..5.

Let fi(x, y) = (Siz,y — ) and g;(v,y) = Tz, y — ) wz’th the operators (S;z)(t) =
max{0, = }for i =1,2,...,5 and (Tjz)(t) = max{() }fO?“j = 1,2,....,5. Then, it
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Iteration number (n) Iteration number (n)

Errors
Errors

0 20 40 60 80 100 120 0 50 100 150 200

Iteration number (n) Iteration number (n)

Figure 7.1: Top left: m = 20; Top right: m = 50; Bottom left: m = 100; Bottom right:
m = 500.
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—A— Algorithm 3.2 (x,) —A— Algorithm 3.2 (x,)
N —— Algorithm 3.2 (y,) N —— Algorithm 3.2 (y,)
10'F q 10'F q

Iteration number (n) Iteration number (n)

‘ T T T T T P T T T T T )
10°g, —&A— Algorithm 3.2 (x,) | 4 | —&— Algorithm 3.2 (x,)
—— Algorithm 3.2 (y,) 4 —— Algorithm 3.2 (y, )

Iteration number (n) Iteration number (n)

Figure 7.2:  Top left: Case I; Top right: Case II; Bottom left: Case III; Bottom right:
Case IV.

is easy to see that each f; is monotone (and by implication, pseudomonotone) on C;.
Similarly, g; is pseudomonotone on @Q);. Furthermore let Dg: H— H and Gy, : H - H

be defined by Dg(x)(t) = % and Gy(z)(t) = 2t , then the mappings Ds and Gy are quasi-
nonezpansive V. s = 1,2,...,5 and t = 1,2,....,5. Moreover, we define A(x)(t) = ﬂ and
B(z)(t) = x(t , then A and B are bounded linear operators. The solution set T = {O} We

choose 3, = n—1i-27 Qno = 27:;13 Op,s = (1 - 27:;13) s=1,2,...,5, Mo= 272125 Mnt =
ti- ey o0 U5 k=050, =063, =075 A =083 and using
w < 107 as stopping criterion.

We choose fized points = t2 + 2,9 = 4% + 3 and different starting points as follows:

Case l:zg=t>+4, yy=t3+2t+1

Case Il: 2y =t* +5, yo=t>+t+3

Case III: 2y = sin(2t), yo = cos(5t)

Case IV: g = exp(t), yo = exp(2t).

We plot the graph of errors against the number of iterations in each case. The numerical
results can be found in Figure 7.2.
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Chapter 8

Conclusion, Contributions to
Knowledge and Future Research

8.1 Conclusion

In this thesis, we present several explicit iterative algorithms for approximating solutions
of certain finite and infinite families of fixed point problems of different nonlinear mappings
combined with certain optimization problems. The results obtained in this thesis were ob-
tained in both Hilbert and Banach spaces, most especially the p-uniformly convex Banach
spaces where we employed the notion of Bregman distance. In chapters 1 and 2, we briefly
explained some definitions and examples of certain nonlinear mappings, state some exist-
ing results and gave some geometric properties of our spaces of interest. Our main results
are found in chapters 3 to 7, where we discussed our contributions to Equilibrium Problem
(EP), Monotone Variational Inclusion Problem (MVIP), Variational Inequality Problem
(VIP), Minimization Problem (MP) and some other important optimization problems. In
all the chapters, we stated and proved strong convergence theorems. In most cases, we
used the concept of inertial and relaxation terms in our algorithms to speed up the rate
of convergence of our iterative schemes. In addition, in most cases, we employed a unique
approach (which does not involve two case approach) different from the methods common
in literature to prove our convergence results. All proposed methods are provided with ac-
curate mathematical formulations and corresponding convergence theorems. We discussed
some applications and usefulness of our results and put forward some numerical examples
to show the behaviour and performance of our iterative algorithms over existing ones.

8.2 Contributions to knowledge

Below are the highlights of our contributions to knowledge in this thesis which we present
in the form of remarks.

Remark 8.2.1. In chapter three of this thesis, we studied Halpern and viscosity type iter-
ative algorithms to approrimate solutions of certain optimization problems. We developed
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an iterative scheme to approrimate a common solution of pseudomonotone equilibrium
problem which is more general than the monotone-type equilibrium problems studied by
most researchers. Moreover, we obtain a strong convergent result by employing a suitable
self-adaptive step size technique devoid of the prior information of the Lipschitz constants
of the pseudo-monotone bifunction nor any linesearch technique for implementation. We
apply our result to solve the classical variational inequality problem. Also, we introduce
and study the notion of Split Generalized Equilibrium Problem with Multiple Output Sets
(SGEPMOS). We propose a new iterative method which employs viscosity approximation
technique for approzimating the common solution of the SGEPMQOS and common fixed
point problem for an infinite family of multivalued demicontractive mappings in real Hilbert
spaces.

Remark 8.2.2. Most method of the existing methods for solving Split Monotone Vari-
ational Inclusion Problem (SMVIP) require that the single-valued mapping be Lipschitz
continuous. In this thesis, we propose a new relaxed double inertial Tseng’s extragradi-
ent method with self-adaptive step sizes for solving split monotone variational inclusion
problem (SMVIP) involving non-Lipschitz operators and fized point problem of strict pseu-
docontractive mappings. Under more relaxed assumptions, we prove that our proposed
scheme converges strongly to a minimum-norm solution of the aforementioned problem in
real Hilbert spaces. We point out that while the operators are non-Lipschitz, our method
does not involve linesearch procedure which is known to be time-consuming, but we employ
a more efficient self-adaptive step size technique that generates non-monotonic sequence
of step sizes at each iteration.

Remark 8.2.3. The work considered in Section 6.3 of this thesis extends the work of Ma
et. al. [155], Kazmi and Rizvi [133] in the sense that they studied the common solution
problem of split feasibility and fixed point problems, whereas in our result, we considered a
common solution problem of pseudomonotone equilibrium, split feasibility and fized point
problems of relatively nonexpansive mapping. Also, the work in this article extends the
work of [213] in the sense that we considered an inertial type algorithm to approzimate
solutions of split feasibility problem, fized point problem and pseudomonotone equilibrium
problem in the framework of Banach spaces, whereby they only considered a split feasibility
problem and pseudomonotone equilibrium problem in the framework of Hilbert spaces.

Remark 8.2.4. Furthermore, in this thesis, we proposed a new self-adaptive method and
proved that it converges strongly to a minimum-norm solution of generalized split feasibility
problem in real Hilbert spaces. The proposed method follows from an explicit discretization
of a dynamical system, which combines both the relazation and inertial techniques for
the purpose of increasing the convergence rate of the scheme. The method requires that
the underlying single-valued operator is monotone and Lipschitz continuous, and it uses
some simple self-adaptive step sizes that are generated at each iteration by some simple
computations. As a by-product, we obtained methods for solving other classes of generalized
split feasibility problems in real Hilbert spaces. The two major advantages of our algorithm
in solving image restoration problems over related algorithms are the higher signal-to-noise
ratio value and lower CPU time for generating recovered images.
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8.3 Future research

Computations in fixed point theory have been carried out by researchers working in this
direction in linear and nonlinear spaces. Different optimization problems have been intro-
duced and studied in both linear and nonlinear spaces. For instance, the EP also known as
Ky Fan’s inequality was introduced by Blum and Oettli [29] and it plays a very important
role in many fields such as variational inequalities, game theory, mathematical economics,
to mention a few. One of the most popular methods for approximating solutions of EP
is the proximal point method which was introduced by Martinet [163] for convex mini-
mization and further generalized by Rockafellar [200], and usually imposes the monotone
assumption on the bifunctions. Since then, several other methods have been introduced to
solve this problem. Korpelevich [142] introduced an extragradient method for solving EP.
The advantage of extragradient algorithm is that it can be applied to solve the class of
pseudomonotone bifunctions and can be computed easily than the PPA. This method has
been considered by many authors in linear spaces. Just recently, extragradient method
was introduced to nonlinear spaces. The main reason for extensions are the fact that
non-convex problems in linear spaces can be transformed into convex problems non-linear
spaces, and constrained optimization problems can also be transformed into unconstrained
ones. Thus, nonlinear spaces are more suitable frameworks for the study of optimization
problems. One of the recent results of EP in Hadamard maniford is the result of Cruz
Neto [177]. He introduced the following iterative algorithm and proved that their sequence
converges to the solution of EP. From an initial point xy € €2, compute x,,y, for each
n € N as follows:

Y = arg mingeq{S(x,,t) + ﬁdz(:pn, t)};
Tpy1 = arg mintEQ{S(t> yn) + i(ﬁ(aﬁn, t)}a

where A\, C (0,+00). We observe that very few authors have considered this method in
Hadamard manifolds.

In our future research, we hope to consider the approximation of solutions of pseudomono-
tone EP without the Lipschitz constants and prove some strong convergence results in
Hadamard manifolds. Also, we hope to introduce the inertial term to this method in
Hadamard manifold as this will increase the rate of convergence of iterative algorithms in
this space. Lastly, we hope to extend, adapt and utilize the notion of Bregman distance
in iterative methods to approximate the solutions of pseudomonotone EP in Hadamard
manifolds.
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Chapter 9

Appendices

9.1 Lists of Appendices

The following are the lists of all appendices used in this thesis:

9.1.1 Appendix

Algorithm 9.1.1. [7110]

Initialization: Choose xy, u € C and the sequences {a,},{Bn} and {\,} such that

. 1
Yo = argmin{, f(zn, y) + 50y, 20) 1y € O},

. 1
2y = argmin{ A, f (yn, y) + §¢(y7 r,) :y € C}

oy = e d ™" (W (1) + (1 = 3) (Bad 20 + (1 = Ba) T Dz))

1
) 2¢o

where 0 <a <\, <b< min{ﬁ }, D E — FE is a quasi-¢-nonerpansive mapping.

Algorithm 9.1.2. [110]

Initialization: Choose xy, u € C and the sequences {aw,}, {Bn} and {\,} such that
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o = oxgmin{A, (7 ) + 50(y, ) 1y € O},
Find m the smallest nonnegative integer such that
{Zm,n = (1 =&™)xn + EMYn,
fZmn, Tn) = f(Zmms Yn) > & (Yns Tn)-
Set p, =& and z, = zmp
choose g, € Oof (2, 7,) and compute w, = e (Jx, — 0,9n)
vf (20, )
1912
Tn1 = Hod ™ (1 (w) + (1 = ) (BoJwy + (1 = Ba) ] Dwy))

where o, = if Yo # xn and o, =0 otherwise.

where {\,} C [\, 1],A € (0,1], D : E — E is a quasi-¢-nonexpansive mapping.

Algorithm 9.1.3. [57]

Initialization: Iterative Step: Suppose {x,} is a sequece generated by x; € C. Calcu-
late x,.1 as follows:

w!, = argmin{\,g;(v,,w) + Dy(w,z,) :w € C} i=1,.., N,

2 = argmin{\,g;(w’, 2) + Dy(2,2,) : 2 € C} i=1,...,N,
in € argmax{D (2 x,), i =1,2,...,N}, z, = 2",

Yn = vf* (nn,ovf(zn) + Znn,jvf(zn,j)) y  Rnj € T}Zna

j=1

Tni1 = Projh, (V (1Y £(gn) + (1 = 7)YV (yn)))

where T; : C — CB(C) is a multivalued Bregman relatively nonexpansive mapping, {\,} C

[a,b] C (0,p), where p=min{-, =}, lim ¢, =q € E.
1727 "nooo

9.1.2 Appendix

Algorithm 9.1.4. [177]

Uy = Jf (wn + ’yT*(Jf — I)Txn)
Tpy1 = anf(xn) + (1 - Cl{n>SUn,

Algorithm 9.1.5. [12]]

Initialization: Choose p >0, v € (0,1), 0 < A <\, < 2« and the sequences {ay, }, {dn}
and {9,} such that
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w, = Pc (:cn — T Jg(Tx, — JuGTxn)) ,
Yp = Jﬁ([ — MA)w,
Tpi1 = W fn(Th) + Gpxn + 0, (vSx, + (1 —v)y,), Y n>1,

where B and G are mazximal monotone operators, A : H — H 1is a-inverse strongly
monotone, S : H — CB(H) is a set-valued quasi-nonexpansive mapping, f, : H — H s
pn-contractive mappings. {an},{én} and {0,} are real sequences in (0,1) satisfying the
following conditions:

(Z) an+¢n+(5n = 17'
(ii) > ay, = o0;

(11i) 0 < e1 < ¢, and 0 < €1 < 9,,.

Algorithm 9.1.6. [22/]

Initialization: Choose > 0, x¢,x1 € H and the sequences {w,}, {an} and {\,} such
that

Wy, = Ty + O (2, — 25_1)
Yn = Jf [w, — A\ T*(I — Jf)Twn}
Zn = Wy, — Wpd(Wn, Yn),
where d(Wy, Yn) = Wn — Yn — An [T*(I — JE)Twn —T(I — JuG)Tyn}
<wn — Yn, d(wm yn)>
ld(w, yn)[*
Tpni1 = (1 —ap)z, + anf(xy,),

Wy 1=

where {)\,} C [a,b] C (0,1) with L = ||T|]*

L

Algorithm 9.1.7. [200]

Initialization: Iterative Step: Suppose {x,} is a sequece generated by x; € C. Calcu-
late x,11 as follows:

w, = (1 —ay)z,
anrl = (1 - ¢n)yn + ¢nsym v n 2 07

where 0 < p < 2u, 2p and v € (0, %), L s the spectral radius of the operator T*T'. The
sequences {ay,} and {¢,} are real sequences in (0,1) with the conditions
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(i) lim, oo, =0, Y% v, = 00;

(i1) 0 < liminf ¢,, < limsup ¢, < 1 — k.

Algorithm 9.1.8. [120]

Initialization: Choose n > 0, b; € (0,1), i = 1,2, xzo,x; € H and the sequences

{wn}, {an}, {vn} and {\.} such that

Wy, = Ty + O (2, — 20 1)
i 4 ollTwn—ynll :
where 7n+1 = — { ”DTw"_DynH ’ ")/n} ! Zf DTwn 7é Dym
s otherwise,

tAn = Twn - éCnvm
where v, = Tw, — Yp — Y [DTw, — Dy,],

T n ~— Yny, Un . ,
Gim ) i w205 otheruise, G, =0
Un
by = Wy + 0, T, — Twy,),

HTwn - £n||2
| T*(Tw, — t,)
Up = JL (b — Ay Aby),

in J ballon—unll .
mln{m’ An}, if Ab, # Au,,

where n, € {6,

where A1 =
An, otherwise,

Zn = bn - gwnrn
where Ty, = by — up — Ay [Ab, — Auy],

by — Up, Th ) .
W, = g) if o #0; otherwise, w, = 0;

Tp+1 = (1 - (bn)wn + (bnzvr

E _ g:| if t, # Tw,, otherwise n, =1,

Algorithm 9.1.9. [27)]

Initialization: Choose n > 0, xo,21 € H and the sequences {w,}, {an}, {y} and

{A\n} such that such that
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Wy, = Ty + Qn(xn - xn—l)
Yp = J’i [Tw, — v, DTw,)

. En+r)||Twn—yn .
min { |<D(Tw:—)[|)lyn,ng—lg|/n>\7 Tn t+ Sn} ) Zf <DTU)n - Dyna Twn - yn>,

Vn + Sn, otherwise,

where Ypi1 = {

tAn =Tw, — CuTn,
where 1, = Tw, — Ypn — Yn [DTw, — Dy,],
. (al + Xn)<Twn - yn7 Tn>
Cn = 5 ,
[l
by = Wy, + 0T (L, — Twy,)
N Twn—ta® i 2
where n, = 4 1T Twa—tn)?’ if [ T*(Twn, — 1) # 0,
0, otherwise.

if rn #0; otherwise, (, = 0;

Up = J)i (Qn - )\nAQn)a

min { ‘< (0'n+0)||un—Qn|| >‘ 3 )\n + tn} ) Zf <Aun - Aqn7 Up — Q’n>7

Atn—Agn,un—qn

where A1 =
{/\n + t,, otherwise,

Zp, = by, — wpvy,
where Uy, = Qn — Uy — A\ [Agn — Auy],
o (CL2 + 7rn)<bn — Up, Un)

n T

5 , if v, #0; otherwise, w, = 0;
[[on]

Tp+1 = (1 - 571 - ¢n - CYn)bn + 5nzn + ¢nc_7n

where 6,, and p,, are as defined in Algorithm 4.1.2.

9.1.3 Appendix

Algorithm 9.1.10. [1//]

xo € H,

Yn = Po(xn — pAxy,),

T,={z € H: (r, — pAzx, — yp,x — y,) < 0},
Zn = a0 + (1 — ) Pr, (20 — pAyn),

Tp1 = Bnxn + (1 — B,)Szn,

where p € (O, %), S : H — H is a quasi-nonexrpansive mapping.
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Algorithm 9.1.11. [22)]

xo € H,

Yn = Po(x, — pAx,),

T,={x € H: (x, — pAxy, — Yn, T — yn) < 0},
zn = Pr, (1, — pAyy),

Tpe1 = (1 — ap — 0n) 20 + 0,U 20,

where p € (O, %), U: H — H is a A\-demicontractive mapping with 0 < \ < 1.

Algorithm 9.1.12. [22)]

Initialization: Given 19 > 0, p € (0,1). Let xy € H be arbitrary. Iterative Step:
Calculate x,1 as follows:

Yn = Po(x, — 1, Ax,,),

zn = Pr, (vn — 7 AYn),

T,={x € H:{(r,— 1AT, — Yn,x — yp) < 0},
Tpt1 = Quf(zn) + (1 — an)[(1 = )20 + 0,U 2y, |

where
: pllzn—ynll q
Tty = mln{M7 Ty W Ay — Ay, # 0,
] =
Ts otherwise

where U : H — H is a A-demicontractive mapping with 0 < \ < 1.

Algorithm 9.1.13. [22)]

Initialization: Given 19 > 0, p € (0,1). Let xy € H be arbitrary. Iterative Step:
Calculate z,1 as follows:

Yn = PC(xn - TnAwn)a
Tot1 = O f(zn) + (1 — an)[(1 = )20 + 0,U 2y, |

where z, = yn — T,(Ay,, — Az,), and
in 4 #llzn—ynll : B

Tarr =9 (el 7} if Awa = Ay, £ 0,
Tns otherwise

Setn:=n+1 and go to Step 1.

where U : H — H 1is a A-demicontractive mapping with 0 < \ < 1.
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9.1.4 Appendix

Algorithm 9.1.14. [220]

Tpi1 = I (0 + 1 TS — I)Txy), n>1, (9.1)
where J2 := (I + \,B)™, 0 < liminf)\, < limsup), < oo and 0 < liminfr, <
n n—»00 n—00 n—00

: 1
limsup 7, < G
n—oo

Algorithm 9.1.15. [220]

where Z:lﬂn(l—ﬁn) =00,0<a< )\, <b< ﬁ and Zl|)\n—)\n+1| < 0.

Algorithm 9.1.16. [220]
Let xy € C, define the sequence {x,}, {yn} and {t,} by

Yn = Po(x, — 1, 7*(I — S)T'x,,),
ln = PC(yn - /\nAQ/n))v

Wy = PC(yn - )\nA(tn))a

Tpt1 = auh(z,) + (1 — ap)wy,

(9.3)

for each n € N, where {1,,} C [a,b] for some a,b € ( ) and {\,} C [c,d] for some

o L
TR

k

k-Lipschitz continuous operator and h is a contraction on C'.

1
c,d € (07 — 1,8 : Hy — Hy is a nonexpansive mapping, A : C'— Hy is a monotone and

9.1.5 Appendix

Algorithm 9.1.17. [227]

T, € Hy (9 4)
Tpr1 = Ty + Buf(xn) + VU (2n — pn AL — T)Az,), n>1, '

where f is a contraction, {an}, {8}, {1} C (0,1) with ay, + Bn +7m =1, {pn} C (0,4),
where U and T are firmly nonexpansive mappings.
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