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ABSTRACT

In recent times, researchers, analysts and statisticians have shown a keen interest
in studying Extreme Value Theory (EVT), particularly with the application to
mixture models in the medical and financial sectors. This study aims to validate the
use of stable distributions in modelling three Johannesburg Stock Exchange (JSE)
market indices, namely the All Share Index (ALSI), Banks Index and the Mining
Index, as well as the United States of American Dollar (USD) to South African
Rand (ZAR) exchange rate. This study leverages the unique properties of stable
distributions when modelling heavy-tailed data. Nolan’s S0-parameterization
stable distribution (SD) was fitted to the returns of the three FTSE/JSE indices and
USD/ZAR exchange rate and a hybrid Generalized Autoregressive Conditional
Heteroskedasticity (GARCH)-type model combined with stable distributions was
fitted to each return series. The two-tailed mixture model of the Generalized Pareto
Distribution (GPD), stable distribution, Generalized Pareto Distribution referred to
as GSG, as well as the Stable-Normal-Stable (SNS) and Stable-KDE-Stable (SKS) was
fitted to evaluate its relative performance in modelling financial data. Results show
that the S0-parameterization SD fits the South African financial returns well. The
hybrid GARCH (1,1)-SD model competes favourably with the GARCH-GPD model
in estimating Value-at-Risk (VaR) for FTSE/JSE Banks Index, FTSE/JSE Mining Index
and the USD/ZAR exchange rate returns. The hybrid EGARCH (1,1)-SD competes
well against the GARCH-GPD model for the FTSE/JSE ALSI returns. Inconclusive
results are observed for the short position of the fitted GKG models; however, in the
long position, an appropriate fit of the GPD-KDE-GPD (GKG) model, where KDE is
the kernel density estimator, is emphasised for all four return series. The proposed
mixture models, GSG, SNS and SKS models, are found to be a good alternative in
fitting South African financial data to the commonly used GPD-Normal-GPD (GNG)
mixture model. The results of this study are important to financial practitioners, risk
managers and researchers as the proposed mixture models add more value to the
literature on the applications of extreme mixture models.

Keywords: Stable distributions, Nolan’s S0-parameterization, mixture models,
GPD-Normal-GPD, GPD-Stable-GPD, Stable-Normal-Stable, Stable-KDE-Stable,
Kolmogorov-Smirnov test, Anderson-Darling test, VaR, Kupiec likelihood ratio
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CHAPTER 1

INTRODUCTION

This chapter outlines the rationale of this study, related literature, statement of the
problem, aim and objectives, significance and scientific contribution of the study. It
also covers the research layout of the thesis.

1.1 Rationale of the study

The theory used to describe the likely occurrence of rare events or unusual behaviour
is referred to as Extreme Value Theory (EVT). This theory is commonly used to
create statistically sound models that can make valid inferences and in recent times
a plethora of extreme value mixture models are explored. It is well-known that in
the last decade South Africa has experienced bleak economic growth, high levels
of crime, corruption and unemployment. These societal concerns have intensified
with the unprecedented Coronavirus disease 2019 (COVID-19) global pandemic, the
Russia-Ukraine war and the Israel-Palestine conflict. The requirement for reliable
models that monitor the movement of volatile indices and exchange rates during
globally disruptive events is of major importance in curtailing risk and implementing
relevant macroeconomic structural changes and governance essential for financial
stability.

Literature references that financial data displays heavy tails as well as skewness
and a possible solution to dealing with this problem is to recommend a volatility
model that adequately describes the features of financial data. Noteworthy work
by Zhao (2010) proposed an extreme value mixture model that fits the Generalized
Pareto Distribution (GPD) model at the upper and lower tail, and the Normal
Distribution is fitted as the bulk model between the two tails. The mixture model
created by Zhao (2010) is an extension of literature by McNeil and Frey (2000)
where a two-stage model is developed where, at the initial stage, a Generalized
Autoregressive Conditional Heteroskedasticity (GARCH) model is fitted to capture
volatility clustering and the latter stage fits a GPD to the tails.

Stable distributions are a versatile four-parameter family of probability laws
that offer a reliable fit to the suggested model. Nolan (2003) highlights the application
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of stable distributions in financial modelling due to the fact that stable distributions
are a generalised form of the Normal or Gaussian distribution and allows for heavy
tails and skewness, which are characteristics very prominent in financial data. De Wet
et al. (2007) and Chinhamu et al. (2015) investigated the use of stable distributions to
South African financial indices or precious commodities, with results showing stable
distributions to be robust in modelling extreme risk in South African financial data
returns.

EVT has garnered significant interest in several industries, particularly the
financial industry. Based on the above, this study aims to explore extreme value
mixture models with the inclusion of stable distributions. The main contribution of
this thesis is to propose extreme value mixture models, namely, the GPD-Stable-GPD
(GSG), Stable-Normal-Stable (SNS) and Stable-KDE-Stable (SKS), where KDE
represents the Kernel density estimator, models to three FTSE/JSE stock market
indices and the United States of American Dollar to the South African Rand.
Distribution density plots of the fitted models will validate the adequacy of the
models on each of the return series investigated in this study. This study highlights
the usefulness of extreme value mixture models in the context and application of
a South African financial perspective and suggests the stable mixture models as
recommended distributions to consider when conducting financial analyses.

1.2 Literature Review

Nolan (2003) explored the application of stable distributions with exchange rate data,
specifically evaluating the exchange rate dynamics between the British Pound and
the German Mark. The data comprised of the daily exchange rate values spanning
from 2 January 1990 to 21 May 1996. Returns were computed for the data series, and
parameters were estimated using the Maximum Likelihood (ML) method. The data
was analysed using the fitted stable model and the suggested Normal distribution
model. Nolan (2003) also investigated the monthly exchange rates between the
United States (U.S.) Dollar relative to the Tanzanian Shilling. The data covered the
period from January 1975 to September 1997. The returns of the data were calculated
and the parameter estimation was conducted using the ML method. The study
observed that the exchange rate of Tanzanian Shilling showed heightened variability.

McCulloch (1997) investigated the appropriateness of stable distributions using
stock market data, specifically the stock price data referred to as the Centre for
Research in Security Prices (CRSP). The analysis covered a period of forty years,
from January 1953 to December 1992. The study calculated ML estimates as well as
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quantile estimates. Goodness-of-fit was assessed using graphical methods, which
involved analysing the Probability-Probability (P-P) plot and the stable density plot.
The diagnostics indicated an accurate fit.

Chinhamu et al. (2015) studied the preferred generalized hyperbolic distribution
for modelling gold price returns and compared it with fitted stable distributions.
The suitability of the distributions was evaluated using the Anderson-Darling test,
Bayesian information criterion (BIC), Akaike information criterion (AIC), and by
backtesting VaR estimates. It was discovered that the most suitable model for gold
returns varies depending on the VaR level, with both the stable distribution and the
generalized hyperbolic distribution effectively capturing extreme risk in gold returns.

Kallah-Dagadu (2013) assessed three methodologies for estimating α-stable
distributions. The study utilised the ML method, empirical characteristic function,
and sample quantile methods to estimate parameters for stable distributions, as well
as parameters for Normal and Cauchy distributions. This analysis was conducted
using data from the Ghana Stock Exchange All-Shares Index, the U.S. Dollar to
Ghana Cedi (USD/GHC) exchange rate, the British Pound Sterling to Ghana Cedi
(GBP/GHC) exchange rate, and the European Euro to Ghana Cedi (EUR/GHC)
exchange rate. The data from 2000 to 2011 was examined, showing that weekly
returns in Ghanaian financial data exhibit heavy tails and asymmetry. The study
concluded that the maximum likelihood method yielded the most accurate and
efficient estimates for fitting stable distributions to the data.

Naradh (2016) applied stable distributions to model exchange rates between
each of the BRICS (Brazil, Russia, India, China, and South Africa) countries and
the U.S. Dollar, examining both the univariate and multivariate scenarios. The
dataset comprises exchange rate data recorded between January 2011 and January
2016. Both the Kolmogorov-Smirnov test and the Anderson-Darling test indicate
that stable distributions provide a good fit for the returns of BRICS financial data.
Value-at-Risk (VaR) calculations and in-sample VaR backtesting were performed
following the International Basel Regulatory standards. The robustness of each
model describing the financial data was assessed using the Kupiec likelihood ratio
test and Christoffersen’s conditional coverage test. This study demonstrated the
efficacy of stable distributions in analyzing BRICS financial data.

Kateregga et al. (2017) discussed various parameter estimation techniques,
namely, the quantiles, logarithmic moments method, ML and the empirical
characteristics function (ECF) method on the α-stable distribution. Results from this
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study suggest the ECF method performs better than the ML method over several
values of the shape parameter α and skewness parameter β. The empirical analysis
was based on crude oil, natural gas, gasoline, corn, wheat, gold, silver and platinum
commodities data. A graphical analysis of the density and Quantile-Quantile (Q-Q)
plots analysed the fit of the fitted stable model. Kateregga (2017) explored a risk
management topic and applies the Malliavin calculus to derive a Bismut-Elworthy-Li
(BEL) representation formula for computing financial Greeks under the framework
of subordinated Brownian motion by an inverse α-stable process. It is noted that the
BEL model performs well and is recommended to investors in emerging markets to
construct hedge fund portfolios.

An extreme value mixture model, where the bulk segment is a parametric
distribution, and the GPD is modelled at the tails, was studied by Behrens et al.
(2004). The two distributions are spliced at some point known as the threshold that
is treated as a parameter to be estimated. This analysis used a truncated gamma
distribution as the bulk model.

Frigessi et al. (2002) introduced a dynamically weighted mixture model that
combines the GPD for the tail model with the Weibull distribution for the bulk
model. It is assumed that the model exhibits light-tailed behavior, where the GPD
predominantly governs the upper tail. The parameters were estimated using the
maximum likelihood method, and this model was applied to both simulated data and
the Danish fire loss data. The methodology presented in this work offers value for
unsupervised tail estimation in scenarios characterised by heavy-tailed distributions.

Do Nascimento et al. (2012) adopted a semi-parametric Bayesian approach
that includes for the bulk distribution, a mixture of weighted gamma densities and
the GPD model for the tail. BIC or DIC statistics is used to determine the number of
gamma components in the bulk model.

Like Do Nascimento et al. (2012) and extending on the work of Behrens et al. (2004),
Lee et al. (2012) proposed a mixture model comprising a mixture of exponential
distribution components below a threshold and the GPD is fitted for the threshold
excess. The EM algorithm is utilised for parameter estimation where a mixture of two
exponential distributions is used to model the Danish fire and medical claim data sets.

De Melo Mendes and Lopes (2004) evaluated a data-driven approach and
proposed a two-tailed mixture model. The GPD model is suggested to fit the tails and
a Normal distribution is used as the fitted model for the bulk density. The estimation
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process involves the ordering and standardisation of data. Hu (2013) summarises the
6-step estimation procedure.

A model similar to the work of De Melo Mendes and Lopes (2004) is investigated
by Zhao (2010), where Bayesian inference is used as the method of estimation. The
Normal distribution is recommended as the bulk distribution and GPD for the lower
and upper tails. A novel finding using this method is the bulk distribution does not
influence the fitting of the tail model. A potential limitation highlighted by Hu (2013)
deals with the misfit of the model, specifically the bulk model. Zhao (2010) applies
extreme value theory to financial data to investigate financial risks and extreme
events in markets. The GNG model was also implemented in neonatal data where
low birth weights of infants and days spent in the neonatal intensive care unit were
recorded. The usefulness of the GNG model is highlighted in both financial risk
management and critical health planning as well as medical staff resource allocation.

A flexible extreme value mixture modelling framework was defined by MacDonald
et al. (2011), where the standard kernel density estimator is the bulk model and the
GPD is the tail models. The performance of the proposed two-tailed mixture extreme
value model was evaluated by empirical analysis and simulation study to determine
normal physiological measurements for pre-mature infants.

Hu (2013) reviewed existing extreme value models and created a package in
the statistical programming language R. This study allowed for the easy application
of extreme value mixture models, which is not commonly available in any other
software application. Hu (2013) noted the various forms of mixture models, that is,
parametric, semi-parametric and non-parametric models and provided an automated
way to determine thresholds in mixture models. A simulation study carried out in
this study investigated the performance of various extreme value mixture models.
Results showed that the KDE model based on a non-parametric form of a mixture
model provided a good tail fit, whereas a reasonable fit is noticed with parametric
and semi-parametric form mixture models.

Recent research by Coulibaly et al. (2024), Teimouri (2020), Liu and Shi (2022), Zhao
et al. (2010) and Qiu (2024) further emphasise the significance and applicability of
stable distributions and mixture models in financial modelling.

Table 1.1 provides a summary of the related literature on stable distributions
and mixture model applications.
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Table 1.1: Summary of related literature.

Authors Title Models Findings Criticism/Gap

Nolan (2003) Modelling financial
data with stable
distributions

Stable model with
ML estimation

Financial data exhibiting heavy-tails are
effectively characterised by stable
distributions.

Certainty cannot be made
on tail probabilities.

McCulloch
(1997)

Measuring Tail
Thickness to Estimate
the Stable Index α: A
Critique

Stable distribution
(ML and quantile
estimation)

Many methods are unreliable in estimating
α and result in biased estimates.

Alternative models are
suggested that are not
sample size sensitive.
Formal goodness-of-fit
tests are needed to be
implemented.

Chinhamu et al.
(2015)

Evaluating risk in
gold prices with
generalized
hyperbolic and stable
distributions

Generalized
Hyperbolic and
Stable Distributions

Generalized Hyperbolic Distribution is
most adequate for modelling gold returns
with the stable distribution out-performing
at some VaR levels.

Gap for implementation of
stepwise functions and
mixture models.

Kallah-Dagadu
(2013)

Modelling Ghana
stock exchange
Indices and exchange
rates with stable
distributions

α-stable distribution ML estimation method is the best in
providing accurate stable estimates.

Results can be skewed for
large data sets where the
Central Limit Theorem can
be applied.

Naradh (2016) Multivariate
elliptically contoured
stable distributions
with applications to
BRICS financial data

Nolan’s S0-stable
model and GARCH
(1,1)-Stable

Stable distributions are an apt choice to fit
BRICS data where skewness and
heavy-tailed phenomenon are evident.

Scope to evaluate VaR
estimates and model
performance in the
multivariate stable case.

Kateregga et al.
(2017)

Parameter estimation
for stable
distributions with
application to
commodity futures
log-returns

Stable model ECF outperforms the ML method of
estimation

Formal model diagnostics
evaluating the fit of stable
models

Kateregga
(2017)

Stable Processes:
Theory and
Applications in
Finance

Stable and BEL
model

The BEL model fits well to various
energy,grain and metal commodities.

Explore a practical
application of the BEL
model.

Behrens et al.
(2004)

Bayesian analysis of
extreme events with
threshold estimation

truncated
gamma-GPD mixture
model

A Bayesian threshold methodology is
proposed for analysing extreme events.

Subjectivity of the choice of
prior models and model
mis-specification.

Frigessi et al.
(2002)

A dynamic mixture
model for
unsupervised tail
estimation without
threshold selection

Webull-GPD mixture
model

An unsupervised learning framework (no
prior knowledge required) is introduced by
a dynamic mixture model where no
separate threshold estimation is required.

Statistical practitioners
identify model fitting and
interpretation
complexities.

Do Nascimento
et al. (2012)

A semi-parametric
Bayesian approach to
extreme value
estimation

weighted
gamma-GPD mixture
model

The flexibility of a semi-parametric
modelling approach is shown to produce
robust models by considering the vast
characteristics of extreme data sets.

Hybrid modelling has
computational
complexities and is
difficult to implement.

Lee et al. (2012) Modelling insurance
claims via a mixture
exponential model
combined with
peaks-over-threshold
approach

exponential GPD
mixed model

An exponential mixture model is proposed
representing the claim size of insurance
claims. The EM algorithms used to ensure a
good fit to insurance data through an
iterative procedure.

An iterative EM estimation
approach is
computationally intense
for practitioners.

De Melo Mendes
and Lopes
(2004)

Data-driven
estimates for
mixtures

weighted EM
mixture model

The EM algorithm is used to support a
modelling approach that relies on the
underlying data set rather than subject
matter assumptions.

The model estimation
method can be
computationally
demanding and
challenging to implement.

Zhao (2010) Extreme value
modelling with
application in finance
and neonatal research

GNG model by a
Bayesian approach

Propose the novel Bayesian GNG model
with applications to finance and neonatal
health.

Model mis-specification
especially the bulk model
is a concern.

MacDonald
et al. (2011)

A flexible extreme
value mixture model

GKG A new proposed mixture model with GPD
tails and KDE bulk model.

MCMC in this model has a
long computational time.

Hu (2013) Extreme Value
Mixture Modelling
with Simulation
Study and
Applications in
Finance and
Insurance

various existing
mixture models

KDE mixture models provide a good fit
and a R package (evmix) created.

consider alternative
non-parametric bulk
model- the logspline
density estimator
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1.3. Statement of the problem

Given the recent literature presented in Table 1.1, there is limited research on mixture
models involving stable distributions. This study aimed at modelling financial data
using a mixture of stable distributions. This study extends the work of Naradh (2016),
Zhao (2010) and MacDonald et al. (2011) by proposing the GSG, SNS and SKS mixture
models which investigates the suitability of modelling South African financial data.

1.3 Statement of the problem

A plethora of extreme value mixture models have been developed by analytical
practitioners in recent times. There seems to be a vested interest in researching
the properties and applications of extreme value mixture models in various sectors,
particularly the stock market as well as the medical and financial service sectors. A
robust model of financial data should be able to capture the empirical properties of
data. There is empirical evidence that the tail distribution of financial data is heavier
than the Normal distribution. Nolan’s (2003) study showed the stable distribution to
be suitable for heavy-tailed financial data. There is a need to explore the suitability of
extreme value mixture models involving the stable distribution in capturing the tail
distribution of financial data.

1.4 Aim and Objectives of the Study

The main aim of this study is to investigate the suitability of extreme value mixture
models that include a component of stable distributions in either the tail or bulk
component of a mixture model in modelling South African financial data. This is
achieved by:

(i) Fitting the Nolan’s S0-parameterization stable model on South African financial
data;

(ii) Estimating VaR values of South African financial data using hybrid
GARCH-type combined with a stable distribution;

(iii) Proposing a GPD-Stable-GPD model and investigating its suitability in
modelling South African financial data;

(iv) Proposing Stable-Normal-Stable and Stable-KDE-Stable mixture models for
South African financial data and evaluating model fit to South African financial
data.
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1.5 Significance of the study

Many extreme value modelling frameworks have become frequently utilised to
evaluate risk in several industries, particularly the financial industry. The study of
extreme events is deemed important for many financial practitioners where EVT
methods are evaluated to provide statistically sound models for tail distributions.
These models ideally should provide reliable extrapolations that project beyond the
observed data range.

The occurrence of heavy tails in financial data is well-known in literature
and EVT methods as well as stable distributions are considered when examining
financial data. There is no general framework for defining extreme value mixture
models and the applications of such models are often not that straightforward.
Therefore, the enhancements of new extreme value mixture models from traditional
models need to be considered, especially in finance, where risk is of great concern.

This thesis contributes to a framework to understand extreme value stable distribution
mixture models, specifically the GPD-Stable-GPD (GSG), Stable-Normal-Stable (SNS)
and Stable-KDE-Stable (SKS) models, using Nolan’s S0-parameterization for the
respective bulk or tail models. The application of stable distributions in extreme
value theory and, furthermore in mixture models are relatively understudied or
under-explored. This thesis may fill the gaps in knowledge of existing literature and
propose a robust two-tailed model, suitable for financial applications, for dealing
with the fat tail phenomenon in financial data. Financial analysts, risk specialists and
academics interested in extreme value mixture modelling in South Africa are likely to
benefit from the insights in this study.

1.6 Scientific contribution of the study

The major contribution of this study is the application of stable distributions in
modelling South African financial data. The scientific contributions are as follows:

(i) Evaluate the usefulness of fitting the Nolan’s S0-parameterization stable model
to South African indices and exchange rate data.

(ii) Combining GARCH-type models with stable distribution covering the
innovations.
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(iii) Exploration of the GPD-Normal-GPD and the GPD-KDE-GPD mixture models
in modelling South African financial indices and exchange rate data

(iv) Proposing the GPD-Stable-GPD, Stable-Normal-Stable and Stable-KDE-Stable
models for modelling South African financial data.

1.7 Thesis structure

This thesis consists of a total of seven chapters. Following this introductory chapter,
Chapter 2 discusses the relevant research methodology in this study. Chapter 3
provides insights into the JSE stock market indices and United States of American
Dollar to South African Rand data sets by a statistical data analysis. The background
material and theoretical concepts of stable distributions are covered in Chapter 4.
Chapter 5 discusses the hybrid GARCH-type and stable distribution compared to the
GARCH type-GPD hybrid model. Chapter 6 develops the main scientific contribution
of this study by implementing the proposed two-tailed stable distribution mixture
models. Lastly, Chapter 7 summarises the findings and concludes the study.
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CHAPTER 2

METHODOLOGY

This chapter discusses the relevant research methodology and statistical tests used in
the study.

2.1 Tests for normality

2.1.1 Q-Q plots

The Quantile-Quantile (Q-Q) plot is a probability plot used to check if a data set
comes from a theoretical distribution. Quantiles of two probability distributions are
plotted together as a graphical method for comparison. In most cases, the Q-Q plot is
used to determine whether or not a data set follows a normal distribution.

As a rule of thumb, data points on the Q-Q plot that lie on the straight diagonal line
indicate normally distributed data. Alternatively, less normally distributed data is
indicated by data points that deviate from the straight line. It is important to note
that Q-Q plots are not a formal test for normality but merely provides an indication if
a data set roughly follows a normal distribution (Bobbitt, 2024).

2.1.2 Jacque-Bera test

The Jarque-Bera test is a common test to evaluate whether a sample of n data points
follows a normal distribution. The test procedure is based on a joint statistic that
comprises of skewness and kurtosis coefficients, and the test statistic is given by:

JB = n


(
b
1/2
1

)2
6

+
(b2 − 3)2

24

 . (2.1)

If Yi is independent and identically distributed (i.i.d) as well normally distributed,
then:

√
n
(
b
1/2
1 − 0

)
D→ N (0, 6) ,

√
n (b2 − 3)

D→ N (0, 24) . (2.2)
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2.2. Tests for autocorrelation

With standardisation:

Z1 =

√
n
(
b
1/2
1 − 0

)
√
6

D→ N (0, 1) , Z2 =

√
n (b2 − 3)√

24

D→ N (0, 1) . (2.3)

Therefore,
Z2
1 + Z2

2
D→ χ2

2. (2.4)

Under the null hypothesis of normality where skewness is 0 and kurtosis is 3, the
Jarque-Bera (JB) test statistic is asymptotically chi-squared distributed with 2 degrees
of freedom as the JB statistic is the sum of squares for 2 asymptotic standardised
Normal distributions. This suggests H0 is to be rejected at α level of significance if
JB ≥ χ2

1−α,2.

2.2 Tests for autocorrelation

2.2.1 Autocorrelation

Autocorrelation measures the degree of similarity between successive observations
in a time-ordered series. In the classical linear regression model, it is assumed that
the disturbances ui exhibit no autocorrelation. That is,

E(uiuj) = 0, i ̸= j. (2.5)

2.2.2 Autocorrelation function

For a stationary process Yt with mean E(Yt) = µ and constant variance Var(Yt) =
E(Yt − µ)2 = σ. The covariance between Yt and Yt+k is expressed as:

γk = Cov(Yt, Yt+k) = E(Yt − µ)(Yt+k − µ), (2.6)

and the autocorrelation function (ACF) is expressed as:

ρk =
Cov(Yt, Yt+k)√

Var(Yt)
√
Var(Yt+k)

=
γk
γ0

. (2.7)

where k denotes a separation by k lags (Wei, 2006).
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2.2.3 Partial autocorrelation function (PACF)

After accounting for the mutual dependence of the intervening variables
Yt+1, Yt+2, . . . , Yt+k−1, the correlation between Yt and Yt+k can be investigated. The
conditional correlation

Corr(Yt, Yt+k|Yt+1, . . . , Yt+k−1), (2.8)

is known as partial correlation which for convenience is denoted by ϕkk. Consider a
regression model that includes k lagged variables, that is

Yt+k = ϕk1Yt+k−1 + ϕk2Yt+k−2 + . . . ϕkkYt + et+k,

where ϕki denotes the ith regression parameter and et+k is the error term. It can be
shown, by using Cramer’s rule, that the PACF, as denoted by Wei (2006):

ϕkk =

∣∣∣∣∣∣∣∣∣∣
1 ρ1 ρ2 · · · ρk−2 ρ1

ρ1 1 ρ1 · · · ρk−3 ρ2
...

...
...

...
...

ρk−1 ρk−2 ρk−3 · · · ρ1 ρk

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 ρ1 ρ2 · · · ρk−2 ρk−1

ρ1 1 ρ1 · · · ρk−3 ρk−2

...
...

...
...

...
ρk−1 ρk−2 ρk−3 · · · ρ1 1

∣∣∣∣∣∣∣∣∣∣

. (2.9)

2.3 Ljung-Box test

The Ljung-Box test is a frequently used statistical test used to determine
autocorrelation in a time series. The test statistic for the Ljung-Box test is represented
by:

Q = n (n+ 2)
h∑

k=1

r2k
n− k

, (2.10)

where n denotes the sample size, h is the number of lags being tested and rk

is the sample autocorrelation at lag k. The null hypothesis, which assumes no
autocorrelation, suggests the test statistic Q follows a chi-squared distribution with h

degrees of freedom
(
χ2
(h)

)
.
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2.4. Tests for ARCH Effects

2.4 Tests for ARCH Effects

2.4.1 ARCH LM test

The Autoregressive Conditional Heteroskedasticity Lagrange Multiplier (ARCH LM)
statistical test of Engle (1982) and described by Tsay (2005), aids with the detection of
ARCH effects in a time series. ARCH effects highlight the variability of a time series;
that is, periods of high volatility are followed by high volatility and vice versa for low
volatility, where periods of low volatility are followed by low volatility. The ARCH
LM test statistic is defined as:

LM = n×R2, (2.11)

where n is the sample size and R2 is the coefficient of determination of the squared
residuals from the regression.

2.5 Tests for unit root and stationarity

2.5.1 The unit root test

The unit root stochastic process is described by:

Yt = ρYt−1 + ut, −1 ≤ ρ ≤ 1, (2.12)

where ut indicates a white noise error term. When ρ = 1, in the case of the unit
root, the equation above transforms into a random walk model without drift, which
is a non-stationary stochastic process. Yt is regressed on the lagged value Yt−1 to
verify if the estimated ρ is statistically equal to 1. If this criterion is met, Yt is deemed
non-stationary. This concept forms the basis of unit root tests for stationarity. The
equation above is transformed by subtracting Yt−1 from both sides to yield

Yt − Yt−1 = ρYt−1 − Yt−1 + ut,

= (ρ− 1)Yt−1 + ut.

Alternatively, this can be expressed as

△Yt = δYt−1 + ut. (2.13)

where δ = (ρ − 1) and △ signifies the first difference operator. Equation (2.13) is
estimated and the null hypothesis is tested as follows:

H0 : δ = 0.
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2.5. Tests for unit root and stationarity

If δ = 0, then ρ = 1. This indicates a unit root, indicating that the time series under
consideration is non-stationary. If δ = 0, then equation (2.13) simplifies to

△Yt = (Yt − Yt−1) = ut, (2.14)

where ut denotes the white noise error term which is stationary, implying that the
first differences of a random walk time series are also stationary. To estimate equation
(2.14), the first differences of Yt are computed and regressed Yt−1 to assess whether
the estimated slope coefficient in this regression (= δ̂) is equal to zero or not. If = δ̂ is
zero, it is inferred that Yt is non-stationary. However, if = δ̂ is negative, it is inferred
that Yt is stationary.

Several considerations must be made when implementing the Dickey-Fuller
(DF) test procedure. A random walk process can exhibit no drift, drift, or a
combination of both deterministic and stochastic trends.
The DF test is estimated under three different null hypotheses:

1. Yt is a random walk: △Yt = δYt−1 + ut.

2. Yt is a random walk with drift: △Yt = β1 + δYt−1 + ut.

3. Yt is a random walk with drift
around a stochastic trend: △Yt = β1 + β2tδYt−1 + ut,

where t represents the time or trend variable. The null hypothesis in each of the above
cases is, H0 : δ = 0, that is, there exists a unit root and the time series is non-stationary.
The alternative hypothesis states that: H1 : δ < 0 which implies the time series is
stationary. If H0 is rejected, then in the first scenario, Yt is a stationary time series with
a zero mean. In the second case, it is suggested that Yt is stationary with non-zero

mean
(

β1

(1−ρ)

)
and lastly, Yt exhibits stationarity around a deterministic trend. The

estimation process involves using ordinary least squares (OLS) method, where the
estimated coefficient of Yt is divided by ts standard error to calculate the τ statistic.
Referring to the DF tables or any other statistical package, if the computed absolute
value of the τ statistic exceeds the DF critical τ values , we fail to reject the null
hypothesis. In such a scenario, the time series is non-stationary (Gujarati and Porter,
2009).
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2.5. Tests for unit root and stationarity

2.5.2 Augmented Dickey-Fuller test (ADF)

When the error terms are correlated, Dickey and Fuller developed an alternative
test called the Augmented Dickey-Fuller (ADF) test. The ADF test is performed by
augmenting the the DF test by adding the lagged values of the dependent variable
△Yt. The following regression equation is estimated

△Yt = β1 + β2t+ δYt−1 +
m∑
i=1

αi△Yt−i + ϵt, (2.15)

where ϵt denotes a pure white noise error term and △Yt−1 = (Yt−1 − Yt−2),△Yt−2 =

(Yt−2 − Yt−3) and so on. The number of lagged differences to include is determined
empirically, with the goal of ensuring that the error term becomes serially
uncorrelated. In the ADF test, δ = 0 is tested. The same critical values are
utilised because the ADF test adheres to the same asymptotic distribution as the
DF statistic.(Gujarati and Porter, 2009).

2.5.3 Philips-Perron test

The Phillips-Perron (P-P) test provides a more comprehensive approach to testing
unit root non-stationarity. This test is similar to the ADF test but incorporates an
automatic correction to the DF test to allow for autocorrelated residuals.
The Phillips-Perron test fits the following regression

Yt = α+ ρYt−1 + ϵt, (2.16)

where the inclusion or exclusion of a constant term or trend term is considered. Zρ

and Zτ are two statistics that are calculated as follows:

Zρ = n(ρ̂n − 1)− 1

2

n2σ̂2

s2n

(
λ̂2
n − γ̂0.n

)
, (2.17)

Zτ =

√
γ̂0,n

λ̂2
n

ρ̂n − 1

σ̂
− 1

2

(
λ̂2
n − γ̂0.n

) 1

λ̂n

nσ̂

sn
, (2.18)

γ̂j,n =
1

n

n∑
t=j+1

ûiût−j ,

λ̂2
n = λ̂0,n + 2

q∑
j=1

(
1− j

q + 1

)
λ̂j,n,

s2n =
1

n− k

m∑
t=1

û2i ,
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2.5. Tests for unit root and stationarity

where ut describes the OLS residual, k represents the number of covariates in
the regression model, q denotes the number of lags to use in calculating λ̂2

n and
σ̂ represents the OLS standard error of ρ̂. s2n is an unbiased OLS estimator of the
variance of the error terms.

The regression involves Y regressed on lagged Y rather than differenced Y

regressed on lagged Y . Zτ is the adjusted t-statistic, similar to the DF test:

ρ̂n − 1

σ̂
. (2.19)

The ML estimate of the variance of error terms is assumed when j = 0,

λ̂2
n = γ̂0,n + 2

q∑
j=1

(
1− j

q + 1

)
γ̂j,n,

where q represents the number of lagged covariances. When the covariances are zero,
it implies that the autocorrelation between error terms γ̂j,n is zero for j > 0. Therefore,
the second term in the equation is removed, and λ̂2

n = γ̂0,n. A replacement for Zτ

yields:

Zτ =

√
γ̂0,n

λ̂2
n

ρ̂n − 1

σ̂
− 1

2

(
λ̂2
n − γ̂0,n

) 1

λ̂n

nσ̂

sn
. (2.20)

In this scenario, λ̂2
n − γ̂0,n = 0, and the second term disappears. γ̂0,n

λ̂2
n

= 1 hence the

term
√

γ̂0,n

λ̂2
n

ρ̂n−1
σ̂ reduces to ρ̂n−1

σ̂ and therefore Zτ = ρ̂n−1
σ̂ . We notice the similarity as

in the standard DF test. When there is no autocorrelation between the error terms,
this aspect of the P-P test aligns with the DF test. The P-P test adjusts the DF test for
autocorrelation among error terms in a non-parametric regression framework. The
critical values follow the same distribution as those of the DF statistic.
If there is no autocorrelation among error terms, the covariances are equal leading to
the second term in the other P-P statistic becoming zero, where λ̂2

n = γ̂0,n,

Zρ = n(ρ̂n − 1)− 1

2

n2σ̂2

s2n

(
λ̂2
n − γ̂0,n

)
. (2.21)

In the above scenario, Zρ = n(ρ̂n − 1) which corresponds to the DF test (StataCorp,
2015).
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2.5. Tests for unit root and stationarity

2.5.4 Kwiatkowski-Phillips-Schmidt-Shin test

The Kwiatkowski-Phillips-Schmidt-Shin (KPSS) test evaluates whether a time series
exhibits stationarity around a mean or a linear trend as per the null hypothesis,
or displays non-stationarity attributable to the existence of a unit root under the
alternative hypothesis. The KPSS model consists of a series of observations that can
be described as the combination of three components: a deterministic trend, a random
walk, and a stationary error term. The model is formulated as follows:

Yt = ξt+ rt + ϵt, (2.22)

rt = rt−1 + ut, (2.23)

where Yt, t = 1, 2, . . . , T denotes a series of observations of the variable of interest, t
is the deterministic trend, rt is a random walk process and ϵt is the error term, which
by assumption is stationary. ut is the error term in the second equation above and is
a series of i.i.d. with mean 0 and variance σ̂2

u The null hypothesis of stationarity is
equivalent to the assumption that σ̂2

u of the random walk process rt equals to zero.
When ξ = 0, the null hypothesis implies Yt is stationary around r0. Conversely, if
ξ ̸= 0, then this suggests Yt is stationary around a linear trend. If σ̂2

u > 0, then Yt is
non-stationary due to the presence of a unit root.
By subtracting Yt from both sides of the first equation above, we have

△Yt = ξ + ut +△ϵt = ξ + wt, (2.24)

where wt by the assumption that the error terms (ϵt and ut) are i.i.d. is generated by
an AR (1) process where: wt = vt + θvt−1. The KPSS model may be described as:

Yt = ξ + βYt−1 + wt, (2.25)

wt = vt + θvt−1, β = 1. (2.26)

Equations (2.25) and (2.26 ) show a link between the KPSS and the DF test. In the
DF test, the parameter β is set to 1 assuming that θ, nuisance parameter is 0. The
assumption that β serves as the nuisance parameter and, therefore, tests if θ is
equal to -1. Under the assumption β = 0, a one-side Lagrange Multiplier (LM)
test is conducted with the null hypothesis, H0 : vσ2

u = 0. Here, ut is normally
distributed and, ϵt are iid random variables with a mean of 0 and a constant variance
σ2
ϵ (Kwiatkowski et al., 1992)
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2.5. Tests for unit root and stationarity

The statistic used in the KPSS test is as follows:

(a) Testing a null hypothesis of stationarity around a linear trend versus the
alternative hypothesis that a unit root is present. Let et, t = 1, 2, 3, . . . , T

represent the estimated errors obtained from a regression on Yt. The estimated
variance denoted by σ̂2

t is calculated as the sum of squared errors divided by
the number of observations T. Partial sums of errors are calculated from:

St =
t∑

t=1

et for t = 1, 2, . . . , T.

The LM test statistic is subsequently defined as:

LM =
T∑
t=1

S2
t

σ2
ϵ

. (2.27)

(b) Testing the null hypothesis of stationarity around the mean versus an alternative
hypothesis of the presence of a unit root, where et represents the estimated
errors computed as residuals from the regression on Yt; specifically, et = Yt− Ȳ .

The remaining definitions are left unchanged. The long-run variance is:

σ2 = limT−1E
[
S2
T

]
, (2.28)

The long-run variance is encountered when defining the asymptotic distribution
of a test statistic. Kwiatkowski et al. (1992) presents a consistent estimate of the
long-run variance, defined as

s2(k) = T−1
T∑
t=1

e2t + 2T−1
k∑

j=1

w(j, k)
T∑

t=s+1

etet−1, (2.29)

where w(j, k) denote weights determined by the chosen spectral window. The
Bartlett window is utilised by Kwiatkowski et al. (1992) by defining the weights
as w(j, k) = 1− j

k+1 . This ensures that s2(k) is non-negative. It is argued that
for quarterly data, lag k = 8 is considered optimal. Choosing k < 8, distorts
the test size and if k > 8 the power is reduced. Here, the KPSS test statistic
is determined by dividing the sum of squared partial sums by the estimated
long-run variance.

η̂ = T−2

∑
S2
t

s2(k)
. (2.30)

The symbols η̂µ and η̂t represent the KPSS test statistic for testing stationarity
around a mean and around a trend, respectively. The asymptotic distribution
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2.6. Goodness-of-Fit tests

of the KPSS test statistic is unconventional and converges to a higher-order
Brownian bridge.
The η̂µ statistic, testing for stationarity around mean converges to

η̂µ →
∫ 1

0
V (r)2dr.

The Brownian bridge is denoted by: V (r) = W (r)− rW (1) which is defined in
terms of a standard Wiener process W (r). When ξ ̸= 0, the KPSS test statistic,
η̂t for testing stationarity around a trend converges to a second-order Brownian
bridge, V2(r), which is described as :

V2(r)2 = W (r) + (2r − 3r2)W (1) + (−6r + 6r2)

∫ 1

0
W (s)ds.

The test statistic V2(r)2 converges weakly to the limit:

η̂t →
∫ 1

0
V2(r)

2dr.

To summarize, the KPSS test is carried out as follows:

(i) We test the null hypotheses where H0 : proposes stationarity around
a mean or trend versus the alternative hypothesis which suggests
non-stationarity of a time series due to the presence of a unit root.

(ii) Calculate the test statistic value.

(iii) If the calculated value exceeds the critical value at a specified level of
significance, we reject the null hypothesis of stationarity (Syczewska, 2010).

2.6 Goodness-of-Fit tests

2.6.1 Anderson-Darling (AD) goodness-of-fit test

The Anderson-Darling test statistic A2 is defined as:

A2
n = −

n∑
i=1

2i− 1

n

(
ln(F̂ (y(i))) + ln(1− F̂ (y(n+1−i)))

)
− n, (2.31)

where y(1) < . . . < y(m) represents the ordered sample size m arranged from
from smallest to largest and F (y) is the theoretical cumulative distribution against
which the sample is compared (Anderson and Darling, 1954). The null hypothesis
y(1) < . . . < y(m) stems from the underlying distribution F (y). The null hypothesis is
rejected at an α level of significance, if the test statistic A2 exceeds the critical value
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2.7. Model selection

from a table of critical values corresponding to different sample sizes. Typically,
the critical values of the Anderson-Darling test statistic vary depending on the
distribution under examination. The Anderson-Darling test (Anderson and Darling,
1954) is commonly used to assess the goodness-of-fit for various distributions.

2.6.2 Kolmogorov-Smirnov (K-S) test

The K-S goodness-of-fit test compares a fitted CDF F̂ (y) with an empirical CDF Fn(y)

in order to evaluate the adequacy of the fit. The empirical CDF, Fn(y), is defined as
the proportion of the observations Y1, Y2, . . . , Yn that are less than or equal to y. Fn(y)

is expressed as:

Fn(y) =
I(y)

n
,

where n represents the sample size and I(y) denotes the number of Yi’s ≤ y (Evans
et al., 2008). Dn, the K-S statistic is the maximum vertical distance between F̂ (y) and
Fn(y) across all values of y

Dn = sup
y

|Fn(y)− F̂ (y)|. (2.32)

The Dn statistic is computed from

D+
n = max

i=1,2,...,n

{
i

n
− F̂ (Y(i))

}
, D−

n = max
i=1,2,...,n

{
F̂ (Y(i))−

i− 1

n

}
, (2.33)

where Y(i) describes the statistic of ith order and letting

Dn = max{D+
n , D

−
n }. (2.34)

2.7 Model selection

In this study, Akaike information criterion (AIC) and Bayesian information criterion
(BIC) are used for model selection.

2.7.1 Akaike information criterion (AIC)

The Akaike Information Criterion (AIC) is a commonly used statistical metric
developed by Akaike (1974) for model selection. The AIC formula is calculated
as:

AIC = 2k − 2ln(L), (2.35)
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where k is the number of parameters in the model and L is the maximum likelihood
of the model. When comparing models, a lower AIC is preferred and indicates a
good model fit (Burnham and Anderson, 2004).

2.7.2 Bayesian information criterion (BIC)

The Bayesian information criterion (BIC), also referred to as the Schwarz Criterion,
was introduced by Schwarz (1978) as a metric for model selection. The BIC is
calculated as:

BIC = kln(n)− 2ln(L), (2.36)

where k is the number of parameters in the model, n is the sample size and L is the
maximum likelihood of the model.

2.8 Tests for asymmetry

2.8.1 Sign bias test

The sign bias test of Engle and Ng (1993) tests the presence of leverage effects in
standardised residuals to identify a possible mis-specification of the GARCH model.
The squared standardised residuals on lagged positive and negative shocks is noted
as:

z2t = c0 + c1 � Iϵt−1<0 + c2 � Iϵt−1<0ϵt−1 + c3 � Iϵt−1≥0ϵt−1 + ut, (2.37)

where I is the indicator function and ϵt is the estimated GARCH residuals. The null
hypothesis is H0 = c1 = c2 = c3 or jointly as H0 = ci for i = 1, 2, 3. The indicator
variable Iϵt−1<0 takes the value of 1 when the estimated residuals ϵt−1 is negative and
0 otherwise. The sign bias test evaluates the impact of both the positive and negative
shocks on volatility. The negative sign bias test considers the Iϵt−1<0 variable and
focuses on the impact of only large or small negative shocks on volatility. The positive
sign bias test uses the Iϵt−1≥0 and solely focuses on the impact positive shocks have
on volatility (Ghalanos et al., 2018).
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2.9. Forecasting evaluation metrics

2.9 Forecasting evaluation metrics

From a technical standpoint, measuring the performance of a fitted model is highly
important. There are different types of evaluation metrics that deal with the
performance of a time series model. In this research, the mean square error (MSE)
and the root mean square error (RMSE) evaluate the forecasting performance of the
fitted models.

2.9.1 Mean square error (MSE)

Mean square error (MSE) is the average of error squares and is defined as:

MSE =
1

n

n∑
i=1

(
Yi − Ŷ i

)2
, (2.38)

where Yi is the actual value, Ŷi is the predicted value and n is the sample size. MSE is
mostly positive and lower values are favoured. With the square term, larger errors
are penalised.

2.9.2 Root mean square error (RMSE)

Root mean square error (RMSE) is an extension of MSE and is the square root of the
Mean Square Error. The RMSE test statistic is defined as:

RMSE =

√√√√ 1

n

n∑
i=1

(
Yi − Ŷ i

)2
, (2.39)

The RMSE statistic is always positive and lower values indicate better performance.
In this case, the root term penalises error terms more.

2.10 Value-at-Risk and backtesting

2.10.1 Value-at-Risk

The Basel Committee on Banking Supervision adopts Value-at-Risk (VaR) as the
standard benchmark measure for evaluating market risk (BIS, 2016). The capital
requirements of financial institutions are derived from VaR estimates; therefore, tests
for assessing the out-of-sample forecast accuracy of VaR models through backtesting
procedures is essential (Escanciano and Olmo, 2010). VaR intends to estimate the
maximum potential loss for a portfolio over a specified period, where VaR estimations
focus on the tails of a distribution and robustness testing procedures for a model. For
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2.10. Value-at-Risk and backtesting

a random variable Z, describing the log return of a risky financial instrument with
distribution function F over a specified period, the VaR at a given probability p is
defined as the pth quantile of distribution F , specifically,

VaRp = F−1(1− p), (2.40)

where, F−1 denotes the quantile function.

Various backtesting procedures are employed to assess the effectiveness and
reliability of VaR estimates.

2.10.2 Kupiec likelihood ratio test

The Kupiec test, also known as the proportion of failures (POF) test, proposed by
Kupiec (1995), is widely recognised and utilised. The Kupiec test examines the
unconditional coverage (UC) property. The accuracy of the VaR model is assessed
by observing the failure rate, which is the proportion of instances where VaR is
exceeded in a given sample. The number of exceptions is represented by (y) and N

represents the number of exceptions by and the total number of observations the rate
of failure is expressed as y

N . If a VaR value is reported at the confidence level c, an
exception is defined as when the realized loss surpasses this VaR value. Therefore,
the expected number of exceptions y from N , the total observations expressed as
(1− c)N (Katsenga, 2013). The number of exceptions will vary from (1− c)N within
an acceptable range. The backtesting method allows for the calculation of the range
of y. Hence, acceptance or rejection of the VaR model may occur (Campbell, 2006).

The parameters needed for backtesting the VaR model using the Kupiec test
include, y, the number of exceptions, (N), the total number of observations and the
confidence level (c). The null hypothesis H0 is defined as:

H0 :
y

N
=

y∗

N
, (2.41)

where y
N represents the expected failure rate at a given confidence level c and

y∗

N denotes the observed failure rate. The Kupiec test is conducted similarly to a
likelihood ratio (LR) test, expressed as:

LUC = −2ln
[
(1− p)(N−y) py

]
+ 2ln

[(
1− y

N

)N−y ( y

N

)y]
, (2.42)

where p = (1 − c). Under the null hypothesis H0, the test statistic conforms to a
chi-squared distribution with 1 degree of freedom, χ2(1). If the value of LUC statistic
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2.10. Value-at-Risk and backtesting

is lower than the critical value χ2(1), then the model is considered adequate. Values
above the critical region indicate inaccuracies in the model and should consequently
be rejected (Katsenga, 2013).
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CHAPTER 3

DATA AND EXPLORATORY DATA
ANALYSIS

This chapter discusses data sources and presents the results of the exploratory data
analysis.

3.1 Data source

The FTSE/JSE stock market indices and exchange rate data, namely the All Share
Index (ALSI), Banks Index and the Mining Index, and United States of American
Dollar (USD) to South African Rand (ZAR) exchange rate was obtained from
McGregor IRESS (Bureau for Financial Analysis). This research selected the time
period between 13 August 2010 and 14 August 2020.

3.1.1 Exploratory data analysis

We explore the data sets used in this study. Figure 3.1 shows the time series plot of the
daily closing prices of three FTSE/JSE market indices and the USD/ZAR exchange
rate. Top left of the plots shown in Figure 3.1 is the FTSE/JSE ALSI, the top right is
the FTSE/JSE Banks Index, the bottom left is the FTSE/JSE Mining Index and the
bottom right is the USD/ZAR exchange rate.
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3.1. Data source

(a) FTSE/JSE ALSI (b) FTSE/JSE Banks Index

(c) FTSE/JSE Mining Index (d) USD/ZAR

Figure 3.1: Time series plots of daily closing FTSE/JSE indices and USD/ZAR exchange rate.

The time series plots shown on the left of Figure 3.1 indicate non-stationarity. Over
time, a general upward trend is observed for the FTSE/JSE All Share Index and
FTSE/JSE Bank Index. A general decreasing trend followed by an increasing trend is
observed for the FTSE/JSE Mining Index. An overall decreasing trend is observed
for the USD/ZAR closing prices.

The return series for each stock market indices and exchange rate are calculated as
the first backward differences as the index values natural algorithm. For day t, the
daily log return rt is defined as:

rt = ln(Pt)− ln(Pt−1),

where Pt is the closing price and day t and Pt.

Figure 3.2 shows the time series plots of the log-returns of each FTSE/JSE
stock market indices and USD/ZAR exchange rate.

26



3.1. Data source

(a) FTSE/JSE ALSI returns (b) FTSE/JSE Banks Index returns

(c) FTSE/JSE Mining Index returns (d) USD/ZAR returns

Figure 3.2: Time series plots of daily closing FTSE/JSE indices and USD/ZAR exchange rate
returns.

Figure 3.2 shows the time series plot of the log returns. The log returns are now
stationary as the mean fluctuates around 0. However, heteroskedasticity and volatility
clustering are evident due to the varying variance over time. Isolated instances of
extreme returns triggered by financial market shocks are apparent, such as the 2015
stock market crash and the global COVID-19 pandemic.
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3.1. Data source

Table 3.1 shows the descriptive statistics of the log returns of the four data sets
analysed in this study. From Panel A, the FTSE/JSE ALSI and FTSE/JSE Mining
Index have a positive mean, indicating the daily stock market indices have an
upward trend, whereas the negative mean of the FTSE/JSE Banks Index and
USD/ZAR indicated a negative trend over time. The excess kurtosis value signifies
the leptokurtic nature of the return series. This means that the empirical distribution
of the daily returns is much heavier than the well-known normal distribution.
Significant skewness and excess kurtosis values are observed in the Banks Index
returns, potentially reflecting the underperformance of the South African economy,
high unemployment rates, and the adverse impact of government support for the
state power utility, Eskom Holdings SOC Ltd which has proven to have negative
effects for South African Bank Index stocks (Changole, 2019).

In this study, the results of the normality and autocorrelation tests in Table
3.1 are discussed in conjunction with the Q-Q and ACF and PACF plots from Figure
3.3 and Figure 3.4-Figure 3.7, respectively.

Observing the findings from Panel C, indicate that at a 5% level of significance,
the null hypothesis of a unit root is rejected, suggesting that all return series are
stationary. According to the KPSS test results, all returns are stationary since all
p-values are 0.1, which is exceed 0.05; therefore the null hypothesis of stationarity is
rejected.

Table 3.1: Descriptive summary statistics of daily return of financial stock market indices
and exchange rate.

FTSE/JSE ALSI FTSE/JSE Banks Index FTSE/JSE Mining Index USDZAR

Panel A: Descriptive Statistics
Number of observations 2499.00 2499.00 2499.00 2675.00

Minimum 0.1023 2.3021 0.1589 -0.0460

Maximum 0.0726 0.0991 0.1346 0.0603

Mean 0.0003 -0.0008 0.0002 -0.0003

Skewness -0.7310 -41.0875 -0.1605 -0.1671

Excess Kurtosis 8.8822 1919.8771 6.0443 2.7766

Panel B: Testing for normality, autocorrelation and heteroscedasticity
Test Statistic p-value Statistic p-value Statistic p-value Statistic p-value

Jarque-Bera 8455.2667 < 0.0001∗∗∗ 385117.1320 < 0.0001∗∗∗ 3823.9300 < 0.0001∗∗∗ 874.3992 < 0.0001∗∗∗

Ljung-Box Q(10) 40.6628 < 0.0001∗∗∗ 2.0700 0.9958 22.3538 0.0134 3.8590 0.9535

Ljung-Box Q(10)2 2551.8000 < 0.0001∗∗∗ 0.0044 1.0000 1305.7000 < 0.0001∗∗∗ 127.1600 < 0.0001∗∗∗

ARCH LM Test 936.0966 < 0.0001∗∗∗ 0.0000 0.9900 50.0300 0.0000 15.4100 0.0000

Testing for unit root and stationarity
Unit root test Statistic p-value Statistic p-value Statistic p-value Statistic p-value

ADF Test –13.6259 0.0100 –12.9576 0.0100 –13.5509 0.0100 –14.7402 < 0.0001∗∗∗

PP Test -2586.908 0.0100 -2548.2810 0.0100 -2430.2470 0.0100 -2688.0280 0.0100

KPSS Test 0.1303 0.1000 0.0914 0.1000 0.2394 0.1000 0.0431 0.1000

Note. ∗∗∗ symbolises a very small p-value

The normal Q-Q plots for the three FTSE/JSE stock market indices and USD/ZAR
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exchange rate are shown in Figure 3.3. It is evident that there is a lack of fit for extreme
values for all returns, as the normal Q-Q plots show the tails for each return series to
be heavier than the normal distribution. The Jarque-Bera test results in Table 3.1 for
normality indicates a p-value less than 0.0001 for all four returns, thus rejecting the
normality assumption at all levels of significance. The null hypothesis of normality
for the Jarque-Bera test is rejected at 5% level of significance for all stock and currency
returns. This presumes considering heavy-tailed models when analysing the returns
series. The rejection of the normality assumption by the Jarque-Bera test is further
confirmed by the results from the normal Q-Q plots.

(a) FTSE/JSE ALSI returns (b) FTSE/JSE Banks Index returns

(c) FTSE/JSE Mining Index returns (d) USD/ZAR returns

Figure 3.3: Normal Q-Q plots of daily closing FTSE/JSE indices and USD/ZAR exchange
rate returns.

The ACF and PACF plots for each return series of the data are shown in Figures 3.4, 3.5,
3.6 and 3.7. The ACF and PACF plots for the FTSE/JSE ALSI and FTSE/JSE Mining
Index show serial correlation in the returns data, whereas the FTSE/JSE Banks Index
and USD/ZAR suggest no serial correlation in the return series data. Clearly, the ACF
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3.1. Data source

plots of the squared returns for the FTSE/JSE ALSI and FTSE/JSE Mining Index have
serial correlation, and no correlation is observed for FTSE/JSE Banks Index, whereas
some correlation is seen in the squared returns of the USD/ZAR return series. The
significant p-values of the Ljung-Box test in Table 3.1 for FTSE/JSE Banks Index and
USD/ZAR exchange rate fail to reject the null hypothesis of no autocorrelation. On
the contrary, the null hypothesis for FTSE/JSE ALSI and the FTSE/JSE Mining Index
is rejected, implying that the return series shows serial correlation. The ACF and
PACF plots confirm the results of the Ljung-Box test in Table 3.1.

(a) ACF of FTSE/JSE ALSI
returns

(b) PACF of FTSE/JSE ALSI
returns

(c) ACF of FTSE/JSE ALSI
squared returns

Figure 3.4: ACF and PACF plots of FTSE/JSE ALSI returns.

(a) ACF of FTSE/JSE Banks
Index returns

(b) PACF of FTSE/JSE Banks
Index returns

(c) ACF of FTSE/JSE Banks
Index squared returns

Figure 3.5: ACF and PACF plots of FTSE/JSE Banks Index returns.
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(a) ACF of FTSE/JSE Mining
Index returns

(b) PACF of FTSE/JSE
Mining Index returns

(c) ACF of FTSE/JSE Mining
Index squared returns

Figure 3.6: ACF and PACF plots of FTSE/JSE Mining Index returns.

(a) ACF of USD/ZAR
exchange rate returns

(b) PACF of USD/ZAR
exchange rate returns

(c) ACF of USD/ZAR
exchange rate squared returns

Figure 3.7: ACF and PACF plots of USD/ZAR returns.

3.2 Summary

In this chapter, the empirical properties of the daily closing prices of three FTSE/JSE
stock markets and USD/ZAR exchange rate returns were evaluated. The following
stylised characteristics of financial data were observed:

• The returns data in this study are characterised by heavy tails.

• Excess kurtosis is observed, implying the data series returns are leptokurtic.

• Serial autocorrelation is observed for FTSE/JSE ALSI and FTSE/JSE Mining
Index; however, no autocorrelation is seen in the FTSE/JSE Banks Index and
USD/ZAR.
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• Volatility clustering is observed over time.

These stylised facts can be captured by appropriate statistical models or distributions.
These suggested models/distributions are:

• Generalized Pareto distribution (GPD).

• Stable distributions (SD).

• GARCH-type model with heavy tail innovations such as the hybrid
GARCH-GPD or GARCH-SD models.

• Extreme value mixture models (parametric, semi-parametric or non-parametric
models).

3.3 Statistical software packages

In this study, we used the following R packages for the exploratory data analysis:
stats by Team et al. (2018), methods by Chambers (2008), fbasics by Wuertz et al.
(2017), tseries by Trapletti et al. (2015), TSA by Chan et al. (2022) and graphics by R
Core Team (2016).
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CHAPTER 4

UNIVARIATE STABLE
DISTRIBUTIONS

4.1 Introduction

Stable distributions are a unique class of models in the field of probability and
statistics. Stable models generalise the normal distribution and allow for heavy
tails therefore taking into account the modelling of rare phenomena or extreme
events. The study of stable distribution applications to real-world data by Nolan
(2001) shows the maximum likelihood (ML) method to be feasible in estimating
stable parameters to exchange rate, stock price, radar noise and ocean wave data
sets. Xu et al. (2011) demonstrated that for Chinese stock returns data, the fitted
α-stable model is better suited than the classical Black–Scholes model. Naradh (2016)
highlighted the usefulness of stable models for Brazil, Russia, India, China and South
Africa (BRICS) country exchange rates against the American Dollar in the univariate
and multivariate case. This chapter provides an introduction to univariate stable
distributions and builds on the work by Naradh (2016) by fitting univariate stable
distributions to South African financial data.

4.2 Stable distributions

Stable distributions, also commonly referred to as α-stable or Lévy α-stable, are
a subset of probability distributions that have several unique and interesting
mathematical properties. Stable distributions are particularly important in statistics,
finance and signal processing. This class is a four-parameter family of models that
is well known for heavy tails, which is a favourable characteristic for modelling
extreme events, financial returns and risk analysis (Nolan, 2014). The theory of
stable distributions stems from the novel work of sums on independent identically
distributed variables by Paul Lévy in the 1920s.
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4.2. Stable distributions

4.2.1 Definition of stable

Definition 4.1.1 (Nolan, 2003)

(i) The addition of two random variables that follow a normal distribution results
in another random variable that is also normally distributed. If Y follows a
normal distribution, then Y1 and Y2 are independent and follows the same
distribution to Y with any positive constants a and b.

aY1 + bY2
d
= cY + d, (4.1)

for c ≥ 0 and d ∈ R where d
= denotes being equal in distribution.

(ii) A random variable is considered symmetrically stable if it is both stable and
symmetrically distributed around 0, meaning Y

d
= −Y.

(iii) A random variable is classified as strictly stable when d = 0.

When adding independent normally distributed random variables, the sum has a
mean that is the sum of the individual means, and a variance that is the sum of the
individual variances. If Y follows a normal distribution with mean µ and variance
σ, then the expressions N(aµ, aσ2) and N(bµ, bσ2) appear on the left-hand-side of
equation (4.1). On the right-hand-side, the expression is denoted as N(cµ+ d, cσ2).
Applying the addition rule, we derive that c2 = a2 + b2 and d = (a + b − c)µ. The
term ”stable” is aptly used because the shape remains consistent even after addition,
as shown in equation (4.1). In the literature, the term sum stable is used to further
reinforce the addition property in equation (4.1). The term ”stable” should also be
differentiated from other distributions such as max-stable, min-stable, multiplication
stable, and geometric stable distributions. In older literature, different terms were
used. ”Stable” was referred to as what is now termed ”strictly stable”, while
”quasi-stable” corresponds to what we now call ”stable”. Two random variables, Y
and Z are considered to be similar if there exists constants A > 0 and B ∈ R where,
Y

d
= AZ +B. Therefore, the definition of stable can be rephrased as aY1 + bY2 and of

the same type as Y.

Stable distributions are theoretically appealing but challenging to apply in
practice. There are three specific cases with closed-form density functions that are
known to exhibit stable properties. The family of α-stable distributions is a rich class
and includes the normal, Cauchy and Lévy distributions as subclasses, which are
described below by their respective density functions. The stable parameters α, β, γ
and δ are further defined in the subsequent section.
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4.2. Stable distributions

(i) Normal/Gaussian distribution Y ∼ N(µ, σ2)

f(y) =
1√
2πσ

exp

[
− 1

2σ2
(y − µ)2

]
, −∞ < y < ∞. (4.2)

The normal distribution is stable with α = 2 and skewness β = 0.

(ii) Cauchy distribution Y ∼ Cauchy(γ, δ)

f(y) =
1

π

γ

γ2 + (y − δ)2
, −∞ < y < ∞. (4.3)

The Cauchy laws are stable with α = 1 and β = 0.

(iii) Lévy distribution Y ∼ Lévy(γ, δ)

f(y) =

√
γ

2π

1

(y − δ)3/2
exp−

[
γ

2(y − δ)

]
, δ < y < ∞. (4.4)

The Lévy distributions are stable with α = 1
2 and β = 1.

The normal and Cauchy distributions are both characterised as symmetric and
bell-shaped curves. The key difference between the two lies in the fact that the Cauchy
distribution exhibits heavier tails. However, the Lévy distribution is characterised
by skewness and has heavier tails in contrast to the Cauchy distribution (Nolan, 2015).

The normal distribution is widely utilised in financial modelling due to its
advantageous analytical properties, which are also shared by other members of the
stable distribution family (Yang, 2012a).
The reasons for the popularity of the Normal distribution in financial modelling
include:

• A straightforward and practical distribution that allows for the implementation
of numerical methods.

• The Central Limit Theorem and the Law of Large Numbers simplify statistical
problems by approximating distributions to be normal.

• Normally distributed random variables cluster around the mean, with
decreasing odds of deviation from the mean as one moves away from it.
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4.2. Stable distributions

Prominent financial frameworks relying on the normal distribution include (Stoyanov
et al., 2011):

(a) The Black-Scholes option pricing model.

(b) The Capital Asset Pricing Model (CAPM).

(c) Markowitz’s Modern Portfolio Theory.

4.2.2 Alternative definitions of stability

Definition 4.1.2 (Nolan, 2003)
A non-degenerate Y is stable if and only if for every, n > 1, there exists constants
cn > 0 and dn ∈ R such that

Y1 + ...+ Yn
d
= cnY + dn, (4.5)

where Y1, . . . , Yn are independent and identical copies of Y . Y is strictly stable if
dn = 0 for all n. The constant cn must take the form cn = n1/α where α is in
the interval (0, 2]. The definitions above rely on the distributional properties of Y .
Another way to characterize the distribution is through the Generalized Central Limit
Theorem. Stable distributions are best described using either their characteristic
function or Fourier transform. For a random variable Y with distribution function
F (y), the characteristic function is defined as:

ϕ(t) = E
(
eitY

)
=

∞∫
−∞

eitY dF (y), (4.6)

where ϕ(t) specifies the distribution of Y and the sign function is defined as:

sign y =


−1, y < 0,

0, y = 0,

1, y > 0.

Definition 4.1.3 (Nguyen and Sampson, 1991)
A distribution function F (y) is considered to be univariate stable if for every b1 > 0,
b2 > 0, real c1, c2, and there exists a positive number b and a real number c such that
for every scalar y, where −∞ < y < ∞,

F

(
y − c1
b1

)
∗ F

(
y − c2
b2

)
= F

(
y − c

b

)
, (4.7)
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4.2. Stable distributions

where ∗ represents the convolution operation.

The characteristic function ϕ of a univariate stable distribution is defined
by:

ϕ (t) = iut− γ |t|α
[
1 + iβ

t

|t|
ω (t, α)

]
, (4.8)

where −∞ < t < ∞, with −∞ < µ < ∞, −1 ≤ β ≤ 1, 0 < α < 2,
t

|t|
at t = 0 and for

all t :

ω(t, α) =

{
tanπα

2 , α ̸= 1,
2
π ln(|t|), α = 1.

A random variable with a stable distribution can be characterised by having
the same distribution as a linear combination of n independent copies of that random
variable. Its characterisation also hinges on the relationships among the coefficients
of this linear combination.
Definition 4.1.4 (Nolan, 2015)
A random variable Y is considered stable if and only if Y d

= aZ + b, where 0 < α ≤
2,−1 ≤ β ≤ 1, a is not equal to 0 , b ∈ R and Z is a random variable with characteristic
function

E
(
eitZ

)
=

{
exp(− |t|α [1− iβtanπα

2 (sign(t))]), α ̸= 1,
exp(− |t| [1 + iβ 2

π (sign(t))log |t|]), α = 1.
(4.9)

The distributions are symmetric when β = 0 and b = 0. In this case, the characteristic
function of aZ take the form ϕ(t) = e−aα|t|α .

4.2.3 Characterisation and parameterization of stable distributions

Stable distributions are characterised by four parameters:α, β, γ, and δ. The index of
stability, index of law or characteristic of the exponent is explained by the parameter α
where 0 < α < 2. The skewness parameter is represented by β where −1 < β < 1. The
distribution is symmetric when β = 0. If β > 0, distribution exhibits right skewness
and for β < 0, it shows left skewness. The shape of the distribution is defined by α

and β. γ > 0 describes the scale parameter. The rightward or leftward shift of the
distribution is denoted by δ and is called the location parameter. The distribution has a
leftward shift when δ < 0. Alternatively, the distribution has a rightward shift if δ > 0.

Various parameterizations are employed to describe stable distributions. This arises
from historical evolution and the numerous issues encountered during the analysis of
stable distributions. When working with data fitting or numerical methods, the first
parameterization is typically preferred. However, if one prefers to work with simple
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4.2. Stable distributions

algebraic structures, a different parameterization is recommended. For studying the
analytical properties of strictly stable distributions, yet another parameterization
would be beneficial. The notation S (α, β, γ, δ k) is used to denote the class of stable
distributions. The four parameters α, β, γ and δ are unknown and require estimation.
The integer k serves to differentiate between various parameterizations. (Nolan, 2015).
Definition 4.2.1 (Nolan, 2015)
Nolan’s S0-parametrization A random variable Y is S (α, β, γ, δ; 0) if

Y
d
=

{
γ
(
Z − βtanπα

2

)
+ δ, α ̸= 1,

γZ + δ, α = 1,
(4.10)

where Z ≡ Z(α, β) has characteristic function (4.9). In this case, Y has characteristic
function:

E
(
eitY

)
=

{
exp(−γα |t|α [1 + iβ

(
tanπα

2

)
(sign(t))× (|γt|1−α − 1)] + iδt), α ̸= 1,

exp(−γ |t| [1 + iβ 2
π (sign(t))× log(γ |t|)] + iδt), α = 1.

(4.11)

Nolan (2014) recommends using the S0-parameterization for statistical inferences
and numerical applications because it offers the simplest form of the characteristic
function that remains continuous across all four parameters. The S0-parameterization
defines a location-scale family. If Z ∼ S(α, β, γ, δ; 0), then for α ̸= 0, b ∈ R,
aZ + b ∼ S(α, sign(α)β, |a| γ, aδ + b; 0).

Definition 4.2.2 Nolan’s S1-parametrization (Nolan, 2015)
A random variable Y is S (α, β, γ, δ; 1) if

Y
d
=

{
γZ + δ α ̸= 1,

γZ +
(
δ + β 2

πγlogγ
)

α = 1,
(4.12)

where Z ≡ Z(α, β) has characteristic function (4.9). In this scenario, Y has
characteristic function:

E
(
eitY

)
=

{
exp(−γα |t|α [1− iβ(tanπα

2 )(sign(t))] + iδt) α ̸= 1,
exp(−γ |t| [1 + iβ 2

π (sign(t))log(γ |t|)] + iδt), α = 1.
(4.13)

Yang (2012a) discusses the following parameterizations by Zolotarev.

Definition 4.2.3 Zolotrev A-parameterization
A random variable Y is S (α, β, γ, δ;A) if the characteristic function can be expressed
as:

E
(
eitY

)
=

{
exp(γ[itδ − |t|α + it |t|α−1 βtanπα

2 ]) α ̸= 1,
exp(γ[itδ − |t|α − iβ 2

π tlog |t|), α = 1.
(4.14)
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4.2. Stable distributions

The characteristic functions in (4.14) exhibit discontinuities in the parameters that
define them. These discontinuities occur at all points of the form α = 1 and β ̸= 0.

Taking limits α⋆ → 1 (α⋆ ̸= 1), β⋆ → β ̸= 0, γ⋆ → γ and δ⋆ → δ, does not result in a
stable distribution with parameters α = 1, β, γ and δ; instead, it leads to an improper
distribution where the entire measure tends to infinity. Adding a shift to the location
parameter, −βtanπα

2 , removes this discontinuity.

Definition 4.2.4 Zolotrev M-parameterization
A random variable Y is S (α, β, γ, δ;M) if the characteristic function can be defined
as follows:

E
(
eitY

)
=

{
exp(γ[itδ − |t|α + it(|t|α−1 − 1)βtanπα

2 ]) α ̸= 1,
exp(γ[itδ − |t|α − iβ 2

π tlog |t|), α = 1.
(4.15)

Note the similarities between Nolan’s S0-parameterization and Zolotrev
M-parameterization where adjustments are made primarily to γ and δ to
better align with the traditional concepts of scale and location parameters. Similarly,
Nolan S1-parameterization corresponds to Zolotrev A-parameterization. The
cumulative distribution function satisfies F (y; γ) = F (y/γ; 1), where γ represents
the scale parameter in the classical definition for some distributions. Nolan’s
S0-parameterization, Nolan’s S1-parameterization and the scale parameter γ fall
under this category. Some parameterizations mimic the scale parameter; where, it is
observed as a combination of scale parameters and some other parameters, like the
Zolotrev A-parameterization.

Definition 4.2.5 Zolotrev B-parameterization
A random variable Y is S (α, β, γ, δ;B) when the characteristic function is defined as:

E
(
eitY

)
=

{
exp(γ[itδ − |t|α exp(−iπ2βK(α)sign(t))]) α ̸= 1,
exp(γ[itδ − |t|α (π2 + iβlog |t|sign(t))]), α = 1,

(4.16)

where K = α− 1 + sign(1− α). The parameters in this formulation have the same
range of values as in the A-parameterization. Similar to the A-parameterization,
the B-parameterization exhibit discontinuities at points where α = 1. However,
the B-parameterization yields a limit distribution that exists and remains stable as
α⋆ → 1+, β

⋆ → β, γ⋆ → γ and δ⋆ → δ. In this expression → 1+ describes convergence
to 1 from above.
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4.2. Stable distributions

Zolotarev (1986) discusses the following parameterizations:

Definition 4.2.6 Zolotrev C-parameterization
A random variable Y is S (α, β, γ, δ;C) if the characteristic function is denoted by:

E
(
eitY

)
= −δ|t|α exp

(
− i

(
π

2

)
θαsign t

)
, (4.17)

where the parameters vary within their respective limits: 0 < α ≤ 2, δ > 0, |θ| ≤
θα = min(1, 2/α− 1).

Definition 4.2.7 Zolotrev E-parameterization
A random variable Y is S (α, β, γ, δ;E) when the characteristic function is expressed
as:

E
(
eitY

)
= −ν

1
2

(
log|t|+ τ − i

(
π

2

)
θsign t

)
+ C(ν−

1
2 − 1), (4.18)

where C ≈ 0.577 (Euler constant) and the parameters vary within their limits:
ν ≥ 1

4 , |θ| ≤ (1, 2
√
ν − 1), |τ | < ∞. It is crucial to establish the appropriate

parameterization for stable distributions prior to random variable generation,
hypothesis testing, and parameter estimation. Below are some conversions between
different parameterizations.

S0 → S1

β1 = β0, γ1 = γ0, δ1 =

{
δ0 − βγtanπα

2 , α = 1,

δ0 − β 2
πγlnγ, α ̸= 1.

(M) → (A)

βA = βM , δA = δM − βM tanπα
2 , γA = γM , if α ̸= 1,

βA = βM , δA = δM , γA = γM , if α = 1.
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4.2. Stable distributions

4.2.4 Distribution and density functions

Yang (2012a) suggests that stable distributions do not have explicit closed-form
cumulative distribution functions or probability density functions. Nolan (2001)
explores a numerical method for computing densities, and Zolotarev (1986) shows in
detail the integral form of density functions for stable distributions.

Zolotarev (1986) states that the integral formula in the M-parameterization,
defined by

ζ = ζ(α, β) =

{
−βtanπα

2 α ̸= 1,
0 α = 1.

(4.19)

θ0 = θ0(α, β) =

{
− 1

αarctan(βtan
πα
2 ) α ̸= 1,

π
2 α = 1.

(4.20)

c1(α, β) =


1

π

(π
2
− θ0

)
α < 1,

0 α = 1;

1 α > 1.

(4.21)

V (θ;α, β) =

 (cosαθ0)
1/α−1

(
cosθ

sinα(θ0+θ)

)α/α−1
cos(αθ0+(α−1)θ)

cosθ α ̸= 1,
2
π

(
π/2+βθ
cosθ

)
exp

(
1
β (

π
2 + βθ)tanθ

)
α = 1, β ̸= 0.

(4.22)
The integral formula is very complex which is the reason why there various setbacks
exist for the applications of stable distributions.

Theorem 4.3.1 (Nolan, 2015)
All non-degenerate stable distributions are continuous with an infinitely differentiable
densities where, f(y|α, β, γ, δ; k) denotes the density function and F (y|α, β, γ, δ; k)
denotes the distribution function of an S(α, β, γ, δ; k) distribution. When the scale
parameter γ = 1 and the location parameter δ = 0, the distribution is standardised.
The density function and distribution function of the standardised distribution are
denoted respectively by f(y|α, β; k) and F (y|α, β; k). Stable densities are defined
over the entire real line or half a line. The half-line scenario occurs when α < 1 and
β = −1 or β = 1. Further details are provided in Lemma 4.3.1 concerning specific
limits.
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4.2. Stable distributions

Lemma 4.3.1 (Nolan, 2015)

supportf(y|α, β, γ, δ; 0) =


[δ − γtanπα

2 ,∞), α < 1 and β = 1,(
−∞, δ + γtanπα

2 ], α < 1 and β = 1

(−∞,+∞), otherwise.

(4.23)

supportf(y|α, β, γ, δ; 1) =


[δ,∞), α < 1 and β = 1,

(−∞, δ] α < 1 and β = 1

(−∞,+∞), otherwise.

(4.24)

The term tanπα
2 is a constant, as is often seen when working with stable distributions.

We observe as α ↑ 1, then tanπα
2 ↓ −∞. There is a discontinuity at α = 1. This is

troublesome when working with stable distributions. It is also possible that if |β| = 1,
then as α ↑ 1, the support in Lemma 3.3.1 tends to R naturally.

The reflection property is a basic fact of stable distributions.

Property 4.3.1 Reflection Property (Nolan, 2015)
For any α and β, P ∼ S(α, β; k) where k = 0, 1, 2

P (α,−β)
d
= −P (α, β). (4.25)

Random variables P (α, β) have density and distribution functions that
satisfy: f(y|α, β; k) = f(−y|α,−β; k) and F (y|α, β; k) = 1 − F (−y|α,−β; k). If
Y ∼ S(α, β, γ, δ; k) then −Y ∼ S(α,−β, γ,−δ; k). Therefore, f(y|α, β, γ, δ; k) =
f(−y|α,−β, γ,−δ; k) and F (y|α, β, γ, δ; k) = 1− F (−y|α,−β, γ,−δ; k).

If β = 0, the reflection property suggests f(y|α, 0; k) = f(−y|α, 0; k). This
implies that the density and distribution functions are symmetric around 0.

Graphically, it is observed that as α decreases, the peaks of bell-shaped symmetric
stable distributions get higher, the region closest to the peak gets lower and the
tails get heavier. The distribution is skewed with the right tail heavier than the left
tail P (Y > y) > P (Y < −y) for large y > 0 when β > 0. A stable distribution is
classified as entirely right-skewed when β = 1. β < 0 is a reflection of β > 0 by the
reflection property. In this case, the left tail is heavier than the right tail. A stable
distribution is classified as entirely left-skewed when β = 1. A non-standardised
Normal distribution is obtained when α = 2. In this case, tanπα

2 in equation (4.9).
The distribution is characterised as always symmetric, and the characteristic function
is real irrespective of the value of β. It can be represented as, P (2,−β)

d
= −P (2, β).

Typically, all stable distributions become symmetric as α = 2 and β is challenging to
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estimate accurately, which diminishes its significance in practical applications.

Stable distributions do not have a known formula for the location of the mode. All
stable distributions can be described as unimodal. m(α, β) denotes the mode of
Z ∼ S(α, β; 0) distribution. m(α,−β) = −m(α, β), by the reflection property. It can
also be numerically observed that P (Z > m(α, β)) > P (Z < m(α, β)) when β > 0

(more mass to the right of the mode). By the reflection property, when β < 0, then
P (Z > m(α, β)) < P (Z < m(α, β)) and there is more mass to the left of the mode. If
β = 0, then P (Z > m(α, β)) = P (Z < m(α, β)) = 1/2 (Nolan, 2015).

Property 4.3.2 (Yang, 2012a)
Let Y ∼ S(α, β, γ, δ) and f(y) and F (y), denote the density and distribution function,
respectively. When α = 2, the normal distribution exhibits asymptotic tail properties.
For α < 1, stable distributions have one tail when β = ±1, and two tails otherwise. In
certain scenarios, these distributions can exhibit asymptotic power laws with heavy
tails.

(i) Paretian tail density
The tail densities and probabilities of non-Normal stable distributions
asymptotically follow power laws. If 0 < α < 2 and −1 < β ≤ 1, then as
x → ∞,

1− F (y)

γαcα(1 + β)x−α
→ 1,

f(y)

αγαcα(1 + β)x−(α+1)
→ 1, (4.26)

where cα =
sin(πα2 )Γ(α)

π
.

Likewise for the lower tail properties, −1 ≤ β < 1 as x → ∞ :

F (−y)

γαcα(1− β)x−α
→ 1,

f(−y)

αγαcα(1− β)x−(α+1)
→ 1, (4.27)

(ii) Stable distributions are unimodal.

(iii) The laws of stability have densities with uniformly bounded derivatives of
every order.
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Property 4.3.3 (Yang, 2012a)
For any parameter quadruples (α, βk, γk, δk) and all real numbers h and ck, k =

1, . . . , n, uniquely determine a parameter quadruple (α, β, γ, δ) where,

S(α, β, γ, δ)
d
=
∑
k

ckS(α, βk, γk, δk) + h.

In the A-parameterization, the dependence of the quadruple (α, β, γ, δ) on the selected
parameters and values is:

δ =
∑
k

δk |ck|α ,

δβ =
∑
k

δkβk |ck|α sign(ck),

δγ =
∑
k

δkγkck + h0,

where h0 = h if α ̸= 1 and h0 = h− 2
π

∑
k δkβkcklog |ck| if α = 1.

Property 4.3.4 (Yang, 2012a)
For any two parameter quadruples (α, β, γ, δ) and (α, β, γ

′
, δ

′
), we uniquely

determine real numbers a > 0 and b where,

S(α, β, γ, δ)
d
= aS(α, β, γ

′
, δ

′
) + λb,

with the A-parameterization, the dependence of a and b on the parameters is describes
by:

a = (γ/γ′)1/α, (4.28)

b =

{
δ − δ

′
(γ/γ′)

1
α−1, α ̸= 1,

δ − δ
′
+ 2

πβlog(γ/γ
′), α = 1.

(4.29)

This property is used to standardise any stable distribution by letting δ = 0 and γ = 1.
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4.2. Stable distributions

4.2.5 Properties of stable laws

The basic properties of Nolan’s S1−parameterization are summarised; that is Y ∼
S(α, β, γ, δ; 1) without proof.

• When β = 0, it is implied that the stable distribution is symmetric.

• The reflection property is such that: −Y ∼ S(α,−β, γ,−δ; 1).

• All stable laws have densities f(y) that are smooth and unimodal.

• The support of Y is the whole real line and exceptions occur when α < 1 and
β = 1, where the support is [δ,+∞) or if α < 1 and β = −1. In this scenario, the
support is (−∞, δ].

• Tail behaviour: When α < 2 and −1 < β ≤ 1, then the density and distribution
functions have an asymptotic power law. As y → ∞,

1− F (x) = P (X > x) ∼ γαcα(1 + β)x−α, (4.30)

f(x|α, β, γ, δ; 0) ∼ αγα(1 + β)x−(α+1), (4.31)

where cα =
sin(πα2 )Γ(α)

π
. The stable Paretian distribution is employed in

the non-Gaussian scenarios due to the similar tail behaviour to the Pareto
distribution. For all, α < 2 and −1 < β < 1, both tail probabilities and densities
asymptotically follow power laws. However, when β = −1, the right tail of the
distribution does not exhibit an asymptotic power law. Similarly, when β = 1,
the left tail does not exhibit as asymptotic power law.

• The Generalised Central Limit Theorem is fundamental property of stable
distributions.

• Fractional moments: When α < 2, E|X|p is finite for 0 < p < α, and infinite
for p ≥ α. For α < 2, the population variance is infinite, and for α ≤ 1, the
population mean is undefined. This is an observed consequence of the power
law tail behaviour (Nolan, 2014).
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4.2. Stable distributions

4.2.6 Sum of stable random variables

The fundamental property of stable distributions is that sums of α−stable random
variables are also α−stable. However, the specific results can vary depending on the
parameterization used.

Property 4.5.1 (Nolan, 2015)
The properties of S(α, β, γ, δ; 0) distributions are as follows:

(a) If Y ∼ S(α, β, γ, δ; 0), then for any non-zero a and real number b

aY + b ∼ S(α, (sign a)β, |a| γ, aδ + b; 0).

(b) The characteristic density, distribution and characteristic functions exhibit joint
continuity across all four parameters (α, β, γ, δ).

(c) If Y1 follows a S(α, β1, γ1, δ1; 0) distribution and Y2 follows a S(α, β2, γ2, δ2; 0);
where, Y1 and Y2 are independent, then Y1 + Y2 follows a S(α, β, γ, δ; 0)

distribution where

β =
β1γ

α
1 + β2γ

α
2

γα1 + γα2
, γα = γα1 + γα2 ,

δ =

{
δ1 + δ2 + tanπα

2 [βγ − β1γ1 − β2γ2], α ̸= 1,

δ1 + δ2 +
2
π [βγlogγ − β1γ1logγ1 − β2γ2logγ2], α = 1.

The expression γα = γα1 + γα2 represents the general rule for adding variances of
independent random variables and applies for both parameterizations.

Property 4.5.2 (Nolan, 2015)
The properties of S(α, β, γ, δ; 1) distributions are as follows:

(a) If Y ∼ S(α, β, γ, δ; 1) then for any non-zero a and real number b

aY + b ∼

{
S(α, (sign a)β, |a| γ, aδ + b; 1), α ̸= 1,

S(1, (sign a))β, |a| γ, aδ + b− 2
πβγalog(|a| ; 1), α = 1.

(b) The characteristic density, distribution, and characteristic functions remain
continuous except at α = 1, where they exhibit discontinuities.

(c) If Y1 follows a S(α, β1, γ1, δ1; 1) distributions and Y2 follows a S(α, β2, γ2, δ2; 1);
where, Y1 and Y2 are independent, then Y1 + Y2 follows a S(α, β, γ, δ; 1) where

β =
β1γ

α
1 + β2γ

α
2

γα1 + γα2
, γα = γα1 + γα2 , δ = δ1 + δ2.
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4.2. Stable distributions

Property 4.5.1 demonstrates that γ and δ serve as the standard scale and
location parameters in the Nolan’s S0-parameterization but not in the Nolan’s
S1-parameterization when α = 1. Part (c) in the first parameterization indicates that
location parameter, δ is the sum δ1 + δ2.

By induction, formulas can be derived for the sum of n stable random variables.
Let Yj ∼ S(α, βj , γj , δj ; k), j = 1, 2, . . . n, and independent and arbitrary w1, ..., wn,
the sum is denoted as:

w1Y1 + w2Y2 + ...+ wnYn ∼ S(α, β, γ, δ; k), (4.32)

where

γα =
n∑

j=1

|wjγj |α ,

β =

∑2
j=1 βj(sign(wj)) |wjγj |α

γα
,

δ =



∑
j wjδj + tan πα

2 (βγ −
∑

j βjwjγj), k = 0, α ̸= 1,∑
j wjδj +

2
π (βγlogγ −

∑
j βjwjγj log |wjγj|), k = 0, α = 1,∑

j wjδj , k = 1, α ̸= 1,∑
j wjδj − 2

π

∑
j βjwjγj log |wj|, k = 1, α = 1.

If βj = 0, for all j then β = 0 and δ =
∑

j wjδj . Additionally, we observe an important
property known as the scaling property for random variables.
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4.2. Stable distributions

When the terms are independent and identically distributed,

Yj ∼ S(α, β, γ, δ; k),

then,
Y1 + ...+ Yn ∼ S(α, β, n1/αγ, δn; k), (4.33)

where

δn =


nδ + γβtanπα

2 (n1/α − n), k = 0, α ̸= 1,

nδ + γβ πα
2 nlogn, k = 0, α = 1,

nδ k = 1.

The shape of the sum of n terms remains unchanged from the original shape. It should
be noted that stable distributions uniquely possess this property, as highlighted by
Nolan (2015)).

4.2.7 Stable parameter estimation

In this study, the Nolan’s S0-parameterzation for univariate stable parameter
estimation is adopted. The ML estimation method is the most widely used approach
in stable parameter estimation. A simulation study by Ojeda (2001) found that the ML
method provides the most accurate results followed by the empirical characteristic
function method, the quantile method, and lastly, the fractional moment method
(Nolan, 2003).

4.2.8 Maximum likelihood estimation

The parameter vector represented by θ⃗ = (α, β, γ, δ0), and the density function is
denoted by f(x|θ⃗). The parameter space is denoted by Θ = (0, 2]× [−1, 1]× (0,∞)×
(−∞,∞). The log-likelihood function for an independent and identically distributed
stable sample Y1, . . . , Yn is expressed by:

L(θ⃗) =

n∑
i=1

log f(Yi|θ⃗).

Due to the absence of closed-form formulas for general stable densities, computing
the likelihood function poses challenges. The R program stable by Robust Analysis
Inc. (2013) computes reliable stable densities for α greater than 0.1 and any β, γ

and δ0. The McCulloch (1986) quantile method, initially utilised to approximate the
parameters and the parameter space can constrain a method to maximise it, called the
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4.3. Empirical results

quasi-Newton method. DuMouchel (1971) and DuMouchel (1973) indicated that if θ⃗0
lies within the interior of the parameter space Θ, the maximum likelihood estimator
is consistent and asymptotically Normal with mean θ⃗0 and covariance matrix given
by n−1B where B = (bij) is the inverse of the 4 × 4 Fisher information matrix I.

Entries in I are expressed by:

Iij =

∫ ∞

−∞

∂f

∂θi

∂f

∂θj
dy.

The behaviour of the estimators is not known when θ⃗ is close to the boundary of
the parameter space. The distribution of the estimator gets skewed away from the
boundary. When α = 2 or β = ±1, θ⃗ is on the boundary of the parameter space. At
the boundary point, the Normal distribution for the estimators tends to a degenerate
distribution. Away from the boundary, large sample confidence intervals for each of
the parameters are given by

θ̂i ± Zα
2

σθ̂i√
n
.

where σθ̂1 · · · σθ̂n are the diagonal entries of B (Nolan, 2001).

4.3 Empirical results

In this section, the S0-parameterization stable model by Nolan (2001) is fitted to the
daily closing prices of the FTSE/JSE ALSI, FTSE/JSE Banks Index and FTSE/JSE
Mining Index and the USD/ZAR exchange rates. Stable parameters are estimated
under Nolan’s S0-parameterization using maximum likelihood estimation. Table 4.1
reports the values estimated for each stable parameter on the returns of the financial
data under investigation. The results are presented and discussed in the subsequent
sections.

Table 4.1: ML stable parameter estimates for South African financial data returns.

Returns α̂ β̂ γ̂ δ̂

All Share Index 1.7316 -0.2464 0.0060 0.0008
Banks Index 1.7522 -0.0894 0.0097 0.0004

Mining Index 1.7436 <0.0002 <0.0002 <0.0002
USD/ZAR exchange rate 1.7729 -0.3250 0.0059 0.0003

The skewness parameter β is negative for all returns, therefore indicating that each
fitted univariate stable distribution is skewed to the left. Since the location parameter
δ > 0 for all returns it can be implied that the fitted distributions have a rightward
shift.
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(a) All Share Index (b) Banks Index

(c) Mining Index (d) USDZAR

Figure 4.1: Q-Q plots for financial market indices and exchange rate returns.

Figure 4.1 displays Q-Q plots that visually appear compressed and dominated by
extreme values. The heavy tails observed in these Q-Q plots suggest significant
variability in extreme order statistics. Therefore, deviations from the straight-line
Q-Q plot are challenging to assess. This also shows that extreme tails from the
data set are lighter than the stable model (Nolan, 2005). The Q-Q plots imply the
inadequacy of the fitted stable model at extreme values. Therefore, the discrepancies
mentioned about the Q-Q plots highlight the focus on formal model adequacy tests
such as the Anderson-Darling goodness-of-fit test.

Empirically, we compare the densities of the daily returns to univariate S0

stable distribution. Figure 4.2 shows graphically a close fit of the estimated univariate
S0 model to the daily returns of the data, as the fitted stable model does not deviate
much from the returns of each financial index and exchange rate. A better fit for the
data is provided over most of the range, with extreme tails being overestimated.
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(a) All Share Index (b) Banks Index

(c) Mining Index (d) USDZAR

Figure 4.2: Stable density plots for financial market indices and exchange rate returns.

The AD test statistic and corresponding p-values are reported in Table 4.2. The fitted
stable distributions fits the data well since the p-values are greater than 0.05 for all
the returns. We conclude that the fitted S0(α, β, γ, δ) model is adequate for fitting the
returns of the financial market indices and exchange rate.

Table 4.2: Anderson-Darling goodness-of-fit test for daily returns.

Returns Test Statistic p-value

All Share Index 0.6649 0.5888

Banks Index 0.4813 0.7659

Mining Index 0.4025 0.8462

USD/ZAR exchange rate 1.6934 0.1364
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4.3.1 VaR and backtesting

Table 4.3 presents the VaR estimates at both the long and short positions for each of
the returns series under various confidence levels.

Table 4.3: VaR estimates of financial market indices and exchange rate price returns using
fitting stable model.

VaR Estimates

Short position Long position
Returns 1% 2.5% 5% 95% 97.5% 99%

All Share Index -0.0317 -0.0212 -0.0158 0.01535 0.0193 0.0264

Banks Index -0.0466 -0.0324 -0.0249 0.0246 0.0314 0.04367

Mining Index -0.0491 -0.0344 -0.0266 0.0271 0.0349 0.0497

USDZAR -0.0301 -0.0209 -0.0160 0.0142 0.0177 0.0232

VaR estimates in Table 4.3 demonstrate the acceptable limits of risk exposure under
different market conditions and allow practitioners to mitigate losses.

In Table 4.4, the p-values of the Kupiec likelihood ratio test are presented,
providing insights into model validity.

Table 4.4: Kupiec p-values for financial indices and exchange rate returns.

p-value of Kupiec Test

Short position Long position
Returns 1% 2.5% 5% 95% 97.5% 99%

All Share Index 0.0300 0.9464 0.4644 0.7115 0.2849 0.5527

Banks Index 0.5395 0.4765 0.2758 0.2758 0.6544 0.6900

Mining Index 0.5395 0.5665 0.5212 0.9233 0.3440 0.2986

USD/ZAR 0.2456 0.7009 0.4169 0.9118 0.3855 0.6662

According to Table 4.4, at a 5% level of significance, the Kupiec test suggests that the
fitted stable model is a suitable fit at almost all VaR probability levels for each of the
returns. This conclusion is drawn as the p-values are greater than 0.05; indicating
that, the null hypothesis of model adequacy is not rejected. Indicators for model
inadequacy may be observed for the FTSE/JSE All Share Index returns at the 1% VaR
probability level based on the observed p-value at a 5% level of significance; however,
at a 1% significance level the fitted stable model is a fairly good fit.
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4.4 Concluding remarks

To summarise, this chapter provided a comprehensive understanding of stable
distributions and focuses on stable model definitions, parameterizations, probability
density functions as well as special cases of stable distributions. Stable parameter
estimation was also discussed extensively with a core focus on the maximum
likelihood method. The shortcomings of stable distributions, specifically focusing on
financial industry applications, were discussed. The daily log returns of 3 indices and
the Dollar/South African exchange rate were analysed using the fitted univariate
Nolan’s S0-parameterization stable distribution. The results validate the work by
Nolan (2014) where stable distributions are a flexible class of probability laws that
effectively capture the characteristics of South African financial data. The estimation
of stable parameters is feasible, and diagnostics show that large sets of financial
data with heavy tails and skewness are well described by stable distributions, as
evidenced by the Anderson-Darling goodness-of-fit test. Furthermore, VaR estimates
and VaR in-sample backtesting using the Kupiec likelihood ratio test emphasise the
robustness of the fitted stable models. This study notes some challenges with stable
distributions which are highlighted as:

Complexity and computational intensity

Research by Nolan (2003) identifies the difficulty with application of stable
laws. The most significant setback is the lack of closed-form expressions for the
probability density functions, except for three exclusive cases, that is, the Normal,
Cauchy and Lévy distributions. Computing stable densities with this setback is
numerically difficult and computationally intensive and poses a problem in analytical
calculations for practical applications. Without closed-form densities in stable
distributions, computationally intensive numerical methods are applied leading
to slower and inaccurate VaR calculations. Inaccurate VaR estimates and added
uncertainty in backtesting may overestimate or underestimate risk which have
negative implications for financial institutions from an operational and regulatory
compliance stand point. For financial analysts, careful consideration is required for
stable model applications in financial risk management where accuracy, speed and
utmost adherence to financial regulations are of paramount importance.

Parameter estimation challenges

Nolan (2014), Kateregga et al. (2017), Robust Analysis Inc. (2013) and work by
several notable researchers emphasize the challenges of estimating stable parameter
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estimates. Stability, skewness, scale and location parameters are the four parameters
characterised by stable distributions that are difficult to estimate simultaneously.
Stable parameter estimation requires specialised numerical techniques due to the
complexities of the underlying mathematics. Traditional estimation methods like the
maximum likelihood estimation procedure are computationally intensive and are
prone to convergence issues, thus leading to biased or unreliable parameter estimates.
Inaccurate parameter estimates result in inaccurate VaR estimates and impact
backtesting results that introduce model risk, where the applied VaR estimation
procedure is fundamentally flawed. This risk can translate into other forms of
financial risk due to risk profile misjudgment and raise concerns about model validity.

Lack of intuitive interpretability

Stable models that are typically not of traditional Gaussian characteristics
are challenging to conceptualise intuitively. Those familiar with the concept of the
Normal distribution and the central limit theorem find the ideology of stability
counter-intuitive, where linear combinations of i.i.d stable random variables are
stable and have the same distribution form. Stable distribution parameters do
not correspond to mean and variance in the same way as other distributions are
represented thus traditional risk measures like standard deviation and VaR are likely
to be misleading. As a result, financial industry professionals may struggle with
interpretation and communicating results from stable model analysis with audiences
not familiar with the nuances of stable distributions.

Heavy tails and extreme risk estimation

Stable distributions are valued in practice for the ability to model heavy tails
which is highly important in capturing extreme events, however, this flexible quality
potentially introduces the risk of model overfitting in empirical data applications.
Specifically, the ability to model a wide range of data often leads to models that
capture noise rather than the underlying data trends. Model overfitting has negative
implications for reliability and model predictive power and can provide inadequate
results with out-of-sample data. Overestimation could result in conservative VaR
measures, where, although the likelihood of unexpected losses is reduced, financial
institutions need to account for the capital required for the overestimation of risk
which is an inefficient use of capital resources.
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Limited adoption and acceptance

The adoption of stable distributions is attractive in theory, however, adoption and
acceptance in practical applications within industry, specifically the financial industry
has been limited. The challenges and complexities highlighted above, advanced
mathematical methods and niche knowledge about stable distributions as a subject
matter may deter financial practitioners from industry utilisation as analysts and
researchers alike, may prefer to adopt simple and familiar models like the Normal
distribution. A major factor contributing to the limited adoption is the lack of
software available to apply stable distributions. While there are software libraries
available like Robust Analysis Inc. (2013) for working with stable models, these
are not commonly available and offer advanced features that require a licensing
fee. The lack of integration of stable models imply that practitioners rely on less
familiar tools or need to develop custom solutions which is a significant hurdle is
stable distribution analyses. The absence of industry-standard support in terms of
models, software and regulatory acceptance makes it challenging to implement
stable distributions in a professional environment.

While stable distributions offer a theoretically strong framework for modelling data
that exhibits heavy tails and skewness, the disadvantages need to be considered. The
lack of closed-form densities, challenges with parameter estimation, issues with
interpretability and the absence of software availability make stable distributions
more challenging to apply that traditional approaches. For practitioners, researchers
and statistical analysts, these drawbacks require a thoughtful and deliberate
approach in stable distribution application, often emphasing the need for specialised
knowledge, mathematical tools and software to address the complexities identified
with stable distributions.

Chapter 5 covers the GARCH-Stable hybrid model, in which a practical application
of stable distributions is conducted.
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CHAPTER 5

GARCH-TYPE MODELS WITH
STABLE DISTRIBUTION AND

GENERALISED PARETO
DISTRIBUTION

5.1 Introduction

Generalised autoregressive conditional heteroskedasticity (GARCH) models, stable
models and the Generalised Pareto distribution (GPD) are effective for dealing with
volatility and heavy-tailed data. The combination of these concepts brings about
the development of the GARCH-stable (GARCH-SD) and GARCH-GPD hybrid
models. Atsmegiorgis et al. (2016) modelled the Korean Composite Stock Price Index
returns using a GARCH (1,1) framework with normal, t, generalised hyperbolic
and generalised Pareto distributed errors. A comparative analysis to estimate
model performance was carried out using VaR violations and the Kupiec exceedance
test. Ilupeju (2016) compared the relative performance of the GARCH-type model
combined with various heavy-tailed distributions including the stable and GPD
models for the FTSE/JSE ALSI returns. Accurately forecasting and handling financial
risk is highly crucial when dealing with the uncertainty of extreme events. Sometimes,
traditional models fail to capture the dynamics of extreme market movements. In
this chapter the GARCH-GPD hybrid model is analysed to better understand the
volatility clustering and heavy-tailed phenomenon in financial markets, particularly
the South African financial market. The fitted GARCH-GPD models will then be
compared to the fitted GARCH-SD models.

5.2 GARCH framework

The GARCH (1,1) model is suggested for the volatility clustering phenomenon.
The GARCH (1,1) model is known for its simplicity and effectiveness in modelling
conditional variance in finance and econometrics.
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5.2.1 The ARCH model

The Autoregressive conditional heteroskedasticity (ARCH) model introduced by
Engle (1982) has been extensively investigated by many researchers. Consider a
log-return series wt as

wt = µt + at,

at =
√
σtϵt,

(5.1)

where ϵt is a white noise, ϵt ∼ N(0, 1). The ARCH(m) process proposed by Engle
(1982),

σ2
t = α0 +

m∑
i=1

αia
2
t−i. (5.2)

where α0 > 0, βj ≥ 0 are considered to ensure strictly positive variance. In general,
q is of high order because of the prominent volatility clustering phenomenon in
financial markets. The unconditional variance is given by,

E[a2t ] =
α0

1−
∑max(m,s)

i=1 αi

. (5.3)

The process is covariance stationary if and only if the sum of the autoregressive
parameters,

∑m
i=1 αi < 1 (Poon, 2005).

5.2.2 The GARCH model

An extension of the ARCH model is the generalised ARCH (referred to as GARCH)
model. For a high-order ARCH(m) process, it is more parsimonious to model
volatility as a GARCH(m, s), as noted by Bollerslev (1986). For a log-return series wt,
we define at = wt − µt as the innovation at time t. Thus, at follows a GARCH(m, s)

model if
at = σtϵt,

σ2
t = α0 +

m∑
i=1

αia
2
t−i +

s∑
j=1

βjσ
2
t−j ,

(5.4)

where ϵt denote a sequence of iid random variables with mean 0 and variance 1. We
observe that α0 > 0, αi ≥ 0, βj ≥ 0 and

∑max(m,s)
i=1 (αi + βj) < 1. It is understood

that αi = 0 for i > m and βj = 0 for j > s. The constraint αi + βi implies that the
unconditional variance of at is finite whereas the conditional variance σ2

t evolves
over time. Equation (5.1) above simplifies to an ARCH(m) model if s = 0. The αi and
βj are referred to as ARCH and GARCH parameters, respectively. For the properties
of the GARCH model, the following representation is used. Let ηt = a2t − σ2

t so
σ2
t = at − ηt. By substituting σ2

t−i = a2t−i − ηt−i (i = 0, . . . , s) into equation (5.1), ee
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now formulate the GARCH model as follows:

a2t = α0 +

max(m,s)∑
i=1

(αi + βi)a
2
t−i + ηt −

s∑
j=1

βjηt−j , (5.5)

where E (ηt) = 0 and Cov(ηt, ηt−j) = 0 for j ≥ 1. Equation (5.2) denotes an ARMA
form for the squared series a2t . Thus, the GARCH model resembles an ARMA model
but with squared series a2t . Using the unconditional mean of the ARMA model, we
obtain:

E[a2t ] =
α0

1−
∑max(m,s)

i=1 (αi + βi)
, (5.6)

where the denominator is non-negative.
We examine the simplest form of GARCH models, specifically the GARCH (1,1)
model:

σ2
t = α0 + α1a

2
t−1 + β1σ

2
t−1 0 ≤ α1, β1 ≤ 1 (α1 + β1) < 1. (5.7)

A large a2t−1 or σ2
t−1 leads to a large σ2

t . This indicates that a large a2t−1 tends to be
followed by another large a2t generating volatility clustering. It can be demonstrated
that if
1− 2α2

1 − (α1 + β1)
2 > 0, then

E(a4t )[
E(a2t )

]2 =
3
[
1− (α1 + β1)

2
]

1− (α1 + β1)2 − 2α2
1

> 3. (5.8)

Like the ARCH models, the GARCH (1,1) model exhibits heavier tails than that of
the normal distribution. For the GARCH (1,1) model, we consider that the forecast
origin is h. The one-step ahead forecast is:

σ2
h+1 = α0 + α1a

2
h + β1σ

2
h,

where ah and σ2
h are known at time index h. The one-step ahead forecast is:

σ2
h(1) = α0 + α1a

2
h + β1σ

2
h,

a2t = σ2
t ϵ

2
t is used for multistep forecasts. Therefore, the volatility equation is

formulated as:
σ2
t+1 = α0 + (α1 + β1)σ

2
t + α1σ

2
t (ϵ

2
t − 1),

when t = h+ 1, we have

σ2
h+1 = α0 + (α1 + β1)σ

2
h+1 + α1σ

2
h+1(ϵ

2
h+1 − 1).
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Since E
(
ϵ2h+1 − 1|Fh

)
= 0, the two-step ahead volatility forecast at the origin satisfies

the equation
σ2
h(2) = α0 + (α1 + β1)σ

2
h(1).

Generally,
σ2
h(ℓ) = α0 + (α1 + β1)σ

2
h(ℓ− 1), ℓ > 1. (5.9)

From equation (5.6), repeated substitutions show that the ℓ-step ahead forecast is:

σ2
h(ℓ) =

α0

[
1− (α1 + β1)

2
]

1− α1 − β1
+ (α1 + β1)

ℓ−1σ2
h(1).

Hence,
σ2
h(ℓ) →

α0

1− α1 − β1
, ℓ → ∞,

only if α1+β1 < 1. In the GARCH (1,1) model, as the forecast horizon tends to infinity,
the multistep ahead volatility forecasts converge to the unconditional variance of at,
assuming Var(at) exists (Tsay, 2005).

Parameter estimation

The GARCH (m, s) is discussed by Yang (2012b) as:

σt = α0 +
m∑
i=1

αiϵ
2
t−i +

s∑
i=1

βiσt−i,

ϵt = vt
√
σt,

where σt defines the conditional variance and vt is the white noise term.

To estimate the parameters of GARCH models with given k,m and s, we
have

yt = C +
k∑

i=1

aiyt−i + ϵt, (5.10)

ϵt = vt
√
σt, (5.11)

σt = α0 +

m∑
i=1

αiϵ
2
t−i +

s∑
i=1

βiσt−i, (5.12)

where vt represents the white noise term. ϵt follows a normal distribution with mean
zero and conditional variance σt, i.e.

p(ϵt|ϵt−1, . . . , ϵ0) =
1√
2πσt

exp

(
−ϵ2t
2σt

)
. (5.13)
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The log-likelihood function of the parameter vector is expressed as:

θ = (α0, α1, · · · , αs, β1, · · · , βm)T is

L(θ) =

n∑
t=s+1

lt(θ) =

n∑
t=s+1

(
− 1

2
ln2π − 1

2
lnσt −

ϵ2t
2σt

)
. (5.14)

Therefore,
∂lt(θ)

∂θ
=

(
ϵ2t
2σ2

t

− 1

2σt

)
∂σt
∂θ

, (5.15)

∂2lt(θ)

∂θ∂θT
=

(
ϵ2t
2σ2

t

− 1

2σt

)
∂2σt

∂θ∂θT
+

(
1

2σ2
t

− ϵ2t
σ2
t

)
∂σt
∂θ

∂σt

∂θT
, (5.16)

where
∂σt
∂θ

=
(
1, ϵ2t−1, · · · , ϵ2t−s, σt−1, · · · , σt−m

)T
+

m∑
i=1

βi
∂σt−i

∂θ
. (5.17)

The gradient is

∇L(θ) =
1

2

n∑
t=s+1

(
ϵ2t
σ2

− 1

σt

)
∂σt
∂θ

, (5.18)

The Fisher information matrix is denoted as:

J =

n∑
t=s+1

E

[(
ϵ2t
2σ2

t

− 1

2σt

)
∂2σt

∂θ∂θT
+

(
1

2σ2
t

− ϵ2t
σ3
t

)
∂σt
∂θ

∂σt

∂θT

]

= −1

2

n∑
t=s+1

E

(
1

h2t

∂ht
∂θ

∂ht

∂θT

)
.

(5.19)

Consider the GARCH (1,1) model

ϵt = vt
√
σt, (5.20)

σt = α0 + α1ϵ
2
t−1 + β1ht−1, (5.21)

to estimate the coefficients θ = (α0, α1, β1)
T , where

∇L(θ) =
1

2

n∑
t=2

(
ϵ2t
σ2
t

− 1

σt

)
∂σt
∂θ

, (5.22)

and

J = −1

2

n∑
t=2

E

(
1

σ2

∂σt
∂θ

∂σt

∂θT

)
, (5.23)
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with
∂σt
∂θ

=
(
1, ϵ2t−1, σt−1

)T
+ β1

∂σt−1

∂θ
. (5.24)

5.2.3 Exponential generalised autoregressive conditional
heteroskedasticity (EGARCH)

The Exponential generalized autoregressive conditional heteroskedasticity
(EGARCH) model is a time series model where the conditional volatility of
financial returns is modelled. This model allows for asymmetries between positive
and negative shocks on the conditional variance, where the volatility clustering
phenomenon observed in financial data is captured. The EGARCH model is specified
as:

yt = µ+ at,

ln σ2
t = α0 +

p∑
i=1

αi (|ϵt−i|+ γiϵt−i) +

q∑
j=1

βjlinσ
2
t−j , (5.25)

where yt is the time series at time t, the mean of the GARCH model is depicted by µ,
at is the residual at time t, σt notes the volatility at time t, the series αi are parameters
of the ARCH component of the model and βi are the GARCH parameters of the
model. The standardized residuals are ϵt.

5.2.4 Threshold GARCH (TGARCH)

The threshold GARCH (TGARCH) model was created by Zakoian (1994) and Glosten
et al. (1993) to capture the effect of asymmetric volatility for positive and negative
shocks. A threshold parameter is used to investigate the different reactions to positive
and negative shocks where typically volatility increases more with negative shocks
than positive ones.
The TGARCH (p,q) model is given by:

σ2
t = α0 +

p∑
i=1

(αi + γiNt−i) ϵ
2
t−i +

q∑
j=1

βjσ
2
t−j , (5.26)

where σ2
t is the variance, α0 is a constant, αi is the ARCH effect of the model, γiNt−i

represents the asymmetric effect that is multiplied by the effect of a positive or
negative shock. When ϵt−i > 0 then it represents a positive shock, conversely
when ϵt−i < 0 then a negative shock is represented. βjσ2

t−j represents the GARCH
component of the model.
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5.2.5 Asymmetric Power ARCH (APARCH)

The Asymmetric power ARCH (APARCH) model was introduced by Ding et al. (1993)
as an extension of GARCH models. Tsay (2014) describes the APARCH model as:

σδ
t = α0 +

p∑
i=1

αi (|ϵt−i| γiϵt−i)
d +

q∑
j=1

βjσ
δ
t−j , (5.27)

where α0, αi, βj is positive. αi and βj are the ARCH and GARCH coefficients
respectively. γi is the leverage coefficient. δ is a symmetric power transformation of σt.

This study considers the scenario where δ = 1 and p = q = 1; therefore, the
volatility equation for the APARCH (1,1) model is represented as:

σt = α0 + αi (|ϵt−1| γiϵt−1) + β1σt−1.

5.3 Generalised Pareto distribution (GPD)

The Generalised Pareto distribution (GPD) is a classic probability model used in EVT
where the tails beyond a certain threshold value are modelled.

Coles et al. (2001) assumes Y1, . . . Yn be a sequence of independent and identical
random variables, over a suitable threshold u the excess Y − u can be approximated
by the GPD model F (y|u, σu, ξ).
The GPD is characterised by the probability distribution function defined as:

F (y|u, σu, ξ) =


1−

[
1 + ξ

(
y − u

σu

)]−1/ξ

+

ξ ̸= 1,

1− exp

[
−
(
y − u

σu

)]
+

ξ = 1,

(5.28)

where y > u, σu and
[
1 + ξ

(
y − u

σu

)]
are greater than 0. σu is the scale parameter

with threshold u. The shape parameter is determined by the tail distribution of the
GPD model and is represented by ξ. ξ = 0 refers to an exponential tail, ξ > 0 indicates
a heavy tail, and ξ < 0 is a short tail with a finite end upper point u− σu

ξ
.
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5.3.1 Maximum likelihood estimation of the GPD model

Assume y1, . . . , yn be a sequence of iid random variables which are exceedances
above u, the threshold parameter. Let nu be the number of observations above u:

logL (σu, ξ, Y ) = −nu log σu −
(
1 +

1

ξ

) nu∑
i=1

log

[
1 + ξ

(
yi − u

σu

)]
, (5.29)

where ξ ̸= 0 and
[
1 + ξ

(
yi − u

σu

)]
> 0. The expression

[
1 + ξ

(
yi − u

σu

)]
suggests

y < µ− σu
ξ
.

When ξ = 0, equation 5.29 is:

logL (σu, Y ) = −nu log σu −
nu∑
i=1

(
yi − u

σu

)
. (5.30)

5.3.2 Threshold selection

Hu (2013) notes that threshold selection remains an area of ongoing research in the
literature. The tradeoff between variance and bias is imminent in the threshold
selection process. Coles et al. (2001) states if the chosen threshold is too low, then
there is a violation of the underlying asymptotic arguments of the derived GPD
model. Contrastingly, high variance is experienced when the chosen threshold is
too high. Therefore, threshold selection becomes an important choice where the
model provides an apt approximation as compared to parameter estimate variance.
Commonly, various diagnostic plots investigate the fit of the model as well as
selecting the threshold. This study mentions three approaches for threshold choice
described by Coles et al. (2001). These include the evaluation of the parameter
stability plot, mean life residual plot and the model fit diagnostic plots.

5.3.2.1 Parameter stability plot
Assume the excesses over a high threshold u follow the GPD model with parameters
ξ and σu. If b > u, for any higher threshold, then the excesses still follow a GPD
model with parameter ξ and a scale parameter of:

σb = σu + ξ (b− u) .

If the scale parameter σb is re-parameterized:

σ∗ = σb− ξb.
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Given that u is a high threshold, σ∗ is independent of b. Work by Hu (2013) suggests
that u should ideally be selected where the shape and re-parameterized scale
parameter remains constant after sampling variability is considered. When a suitable
threshold is reached, the excess over the threshold u follows GPD.

5.3.2.2 Mean residual life plot
Hu (2013) notes if the excess Y − u is approximated by the GPD model, then for a
threshold u, the mean excess is described as:

E (Y − u|Y > u) =
σu

1− ξ
, for ξ < 1.

For a higher threshold b > u , the mean excess function is defined as:

E (Y − b|Y > b) =
σb

1− ξ
=

σu + ξ (b− u)

1− ξ
, for ξ < 1.

Once a suitable high threshold u is chosen, the mean excesses E (Y − u|Y > u) is a
linear function of u.
The plot points of the sample mean residual life plot is drawn using:(

u,
1

nu

nu∑
i=1

(yi − u)

)
,

where yi is the observation above the chosen threshold u and nu is the number of
observations above u. The excesses b > u in the mean residual plot changes in a
linear fashion with u for a high enough threshold u. When sampling variability is
included, the threshold to be selected should be chosen where the relationship of
mean excesses of all higher thresholds are linear. Coles et al. (2001) acknowledge the
interpretation of the mean residual plot to be a difficult undertaking. The parameter
stability plot and the mean residual life plot are frequently used and popular choices
for graphically choosing the threshold.

5.3.2.3 Model fit diagnostic plot
Standard statistical model diagnostic plots like the quantile plot, probability plot,
return level plot and the empirical versus the fitted density plot can be utilised for
not only checking the model fit but also the suitability of the chosen threshold.
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5.4 Empirical results

5.4.1 Fitting the GARCH type models

This study examines the optimal GARCH-type model capable of effectively capturing
the volatility clustering phenomenon. The ML approach is used to get the GARCH
(1,1) model with Normal innovations to the return series data. The ML parameter
estimates and associated p-values for the fitted GARCH (1,1) model are shown in
Panel A of Table 5.1 and Panel B presents the results of the Ljung-Box and ARCH LM
test statistics.

Table 5.1: ML estimates of parameters for the GARCH (1,1) model using normal innovations
with corresponding goodness-of-fit statistics for financial stock and exchange rate
returns.

Panel A
Financial stock returns

Parameter estimates FTSE/JSE ALSI FTSE/JSE Banks Index FTSE/JSE Mining Index USD/ZAR exchange rate

α̂0 0.0000 0.0000 0.0000 0.0000

α̂1 0.0884 0.1479 0.0583 0.0442

β̂1 0.8891 0.7691 0.9289 0.9447

Panel B
p-values of the corresponding to the parameter estimates or test statistics

α̂0 0.0466 < 0.0000 0.0549 0.1417

α̂1 < 0.0000 < 0.0000 < 0.0000 < 0.0000

β̂1 < 0.0000 < 0.0000 < 0.0000 < 0.0000

Ljung-Box 0.1308 0.8106 0.1455 0.2262

ARCH-LM 0.5060 0.9833 0.1892 0.1726

From Table 5.1, the coefficient β1 for each stock returns under investigation is
significant as the p-value is greater than 0.05. This is related to the measurement
of volatility persistence, which suggests that periods of high volatility is followed
by periods of low volatility, and vice versa. The p-values of the Ljung-Box test
exceed 0.05; therefore, at a 5% level of significance, there is evidence to reject the
null hypothesis of serial correlation. This suggests that the GARCH (1,1) model with
Normal innovations indicates no serial correlation in the returns of each financial
stock index and exchange rate. According to the ARCH LM test confirms the ARCH
effects of each return series.
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Table 5.2 shows the test statistics and associated p-values for the sign bias test.

Table 5.2: Sign bias test of return series.

Panel A
Financial stock returns

Sign-bias estimates FTSE/JSE ALSI FTSE/JSE Banks Index FTSE/JSE Mining Index USD/ZAR exchange rate

Sign-bias 1.5437 1.1174 0.7800 0.5062

Negative sign-bias 0.1009 0.0020 1.3182 0.6277

Positive sign-bias 2.5654 0.5379 1.1302 1.6774

Joint effect 24.3508 1.2914 4.0531 4.1492

Panel B
p-values of the corresponding to sign-bias estimates

Sign-bias <0.0001 0.2639 0.4355 0.6127

Negative sign-bias <0.0001 0.9984 0.1876 0.5303

Positive sign-bias < 0.0001 0.5907 0.2583 0.0936

Joint effect < 0.0001 0.7312 0.2558 0.2458

The sign bias test indicates p-values greater than 0.05, except for the FTSE/JSE ALSI.
The negative and positive sign bias p-values greater than 0.05 suggests that there were
significant positive and negative reaction shocks to the returns, except for FTSE/JSE
ALSI. The joint effect was notably significant for ALSI, indicating that returns are
asymmetrical. Table 5.2 shows that ALSI returns exhibit asymmetry and best captured
by asymmetric GARCH-type models.
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Table 5.3 shows the parameter estimates for the asymmetric GARCH-type models for
the FTSE/JSE ALSI returns.

Table 5.3: ML parameter estimates for asymmetric GARCH-type models with Normal
innovations on FTSE/JSE ALSI returns.

Asymmetric GARCH-type model
Parameter estimates EGARCH (1,1) APARCH (1,1) TGARCH (1,1)

Panel A
FTSE/JSE ALSI returns

α̂0 –0.2015 0.0002 0.0000
α̂1 –0.1342 0.0682 0.0000
β̂1 0.9783 0.9244 0.9070
γ̂1 0.0863 1.0000 –
δ̂1 – 1.0000 –
η̂11 – – 0.1397

Panel B
p-values of the corresponding to the parameter estimates or AIC/BIC

α̂0 < 0.0000 < 0.0000 0.0025
α̂1 < 0.0000 < 0.0000 < 0.0000

β̂1 < 0.0000 < 0.0000 < 0.0000

γ̂1 < 0.0000 < 0.0000 –
δ̂1 – < 0.0000 –
η̂11 – – < 0.0000

AIC –6.5637 –6.5603 –6.5594
BIC –6.5520 –6.5486 –6.5478

Table 5.3 presents the results of fitting the EGARCH (1,1), APRACH (1,1) and
TGARCH (1,1) models to the FTSE/JSE ALSI returns. According to the AIC and BIC
values, a GARCH-type model is the best asymmetric model for a set of returns, while
the EGARCH (1,1) model is for the FTSE/JSE ALSI returns.
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5.4.2 Fitting the hybrid GARCH-type-SD models

Standardised residuals of the best GARCH-type model are extracted, and stable
parameters are estimated using ML estimation with Nolan’s S0– parameterization.
This approach yields a hybrid GARCH-type-SD model, where the volatility of
innovations is governed by stable distributions.

Table 5.4 shows the ML parameter estimates of SD fitted to the standardised
residuals derived from the suitable GARCH-type model along with the Anderson
Darling goodness-of-fit test statistics and corresonding p-value.

Table 5.4: ML parameter estimates of the hybrid GARCH-type-SD model.

Parameter Estimates
Financial stock returns

FTSE/JSE ALSI FTSE/JSE Banks Index FTSE/JSE Mining Index USD/ZAR exchange rate

α̂ 1.9012 1.9052 1.9149 1.8474

β̂ –0.8719 –0.1299 –0.1567 –0.5224

γ̂ 0.6689 0.6586 0.6714 0.6396

δ̂ 0.0834 –0.0102 –0.0028 0.0634

AD test 0.8937 −∗ 0.5147 1.5819
(p-value) (0.4181) (< 0.0001) (0.7319) 0.1581)

Note. ∗ No AD statistic available for FTSE/JSE Banks Index

Stable parameter estimates are presented in Table 5.4, and the Anderson-Darling
goodness-of-fit test provides a good fit of the stable model to FTSE/JSE
ALSI, FTSE/JSE Mining Index and USD/ZAR exchange rate GARCH residuals.
Inconclusive results are obtained for the FTSE/JSE Banks Index, thus leading to an
evaluation of the fitted stable density plots.
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Figure 5.1 shows the stable density plots of fitted GARCH residuals for each return
series.

(a) FTSE/JSE ALSI (b) FTSE/JSE Banks Index

(c) FTSE/JSE Mining Index (d) USD/ZAR

Figure 5.1: Stable density plots of fitted GARCH residuals for each stock market indices and
exchange rate return series.

Stable density plots in Figure 5.1 demonstrate that the estimated univariate
S0(α, β, γ, δ) model is effective in describing the residuals obtained through the
GARCH-type model. This is evidenced by the good fit observed between the stable
fitted model and the return series data.
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5.4.3 Fitting the hybrid-GARCH-type GPD models

In the previous section, a GARCH-type-SD model was fitted to the return series. In
this section, the standardised residuals was extracted from the GARCH-type model,
and the GPD was fitted by the ML estimation approach. The new model is combines
a GARCH-type model and GPD, which is referred to as a hybrid GARCH-type-GPD
model. The GPD model is applied to the upper (gains) and lower tails (losses).
Thresholds for the model are determined using the mean residual life plot and the
parameter stability plot. Additionally, the Pareto quantile plot will confirm the
threshold. Figure 5.2 presents the mean residual life plots, and Figure 5.3 shows the
Pareto quantile plots for the return series data evaluated in this study.
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(a) FTSE/JSE ALSI positive standardised
residuals

(b) FTSE/JSE ALSI negative
standardised residuals

(c) FTSE/JSE Banks Index positive
standardised residuals

(d) FTSE/JSE Banks Index negative
standardised residuals

(e) FTSE/JSE Mining Index positive
standardised residuals

(f) FTSE/JSE Mining Index negative
standardised residuals

(g) USD/ZAR exchange rate positive
standardised residuals

(h) USD/ZAR exchange rate negative
standardised residuals

Figure 5.2: Mean residual life plots of fitted GARCH residuals for each stock market indices
and exchange rate return series.
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(a) FTSE/JSE ALSI positive standardised
residuals

(b) FTSE/JSE ALSI negative standardised
residuals

(c) FTSE/JSE Bank Index positive standardised
residuals

(d) FTSE/JSE Bank Index negative
standardised residuals

(e) FTSE/JSE Mining Index negative
standardised residuals

(f) FTSE/JSE Mining Index negative
standardised residuals

(g) USD/ZAR exchange rate positive
standardised residuals

(h) USD/ZAR exchange rate negative
standardised residuals

t

Figure 5.3: Pareto quantile plots of fitted GARCH residuals for each stock market indices and
exchange rate return series.
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Table 5.5 shows the GPD residual parameters of the GARCH-type GPD model.

Table 5.5: ML parameter estimates of hybrid GARCH-type-GPD model.

Financial stock and exchange rate returns
FTSE/JSE ALSI FTSE/JSE Banks Index FTSE/JSE Mining Index USD/ZAR exchange rate

Tail Upper Lower Upper Lower Upper Lower Upper Lower
Threshold (u) 1.3200 1.500 1.0600 1.0900 1.0600 1.0600 1.3100 1.4000

Number of exceedances 188 172 313 313 306 334 200 211
ϵ̂ 0.4499 0.6640 0.5282 0.5019 0.5752 0.6278 0.4558 0.6064

SE(ϵ̂) 0.0456 0.0699 0.0445 0.0371 0.0469 0.0448 0.0469 0.0630
σ̂ –0.0172 –0.0687 0.0007 0.2584 –0.0370 –0.0491 0.0905 0.0649

SE(σ̂) 0.0706 0.0728 0.0624 0.0497 0.0582 0.0460 0.0750 0.0779

In the next section, Value-at-Risk estimates and backtesting procedures are used to
compare the fitted GARCH-type hybrid model in both SD and GPD cases.

5.4.4 VaR estimation and backtesting

VaR values are calculated at various levels. Table 5.6 shows VaR estimates at different
VaR probability levels of the suitable hybrid GARCH-GPD and GARCH-SD models
for the financial market and USD/ZAR exchange rate returns. Table 5.6 shows that
the VaR models resulting from VaR estimates are within the same ranges for both
the short and long positions. The VaR estimates from the fitted hybrid GARCH-type
models are backtested using the Kupiec likelihood ratio test. The corresponding
p-values of the Kupiec likelihood ratio test at different VaR levels are summarized in
Table 5.7. The fitted GARCH-GPD and GARCH-SD models are highly suitable for
the observed return series in this study across nearly all VaR levels.

Table 5.6: VaR estimates for financial market indices and exchange rate returns using the
fitted hybrid GARCH-GPD and GARCH-SD models.

Financial stock returns Hybrid Model
VaR estimates at different levels
Short position Long position
2.5% 5% 95% 97.5%

FTSE/JSE ALSI
EGARCH (1,1)–GPD 1.8110 1.5032 1.7099 2.1495
EGARCH (1,1)–SD –2.0928 –1.6655 1.5604 1.8478

FTSE/JSE Banks Index
GARCH (1,1)–GPD 1.9116 1.5451 1.61010 2.0931
GARCH (1,1)–SD –1.9652 –1.6100 1.5513 1.8868

FTSE/JSE Mining Index
GARCH (1,1)–GPD 1.9476 1.5668 1.6627 2.0703
GARCH (1,1)–SD –1.9859 –1.6295 1.5818 1.9170

USD/ZAR exchange rate
GARCH (1,1)–GPD 1.8350 1.4968 1.6806 2.1234
GARCH (1,1)–SD –2.0848 –1.6355 1.5124 1.8219
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Table 5.7: p-values of the Kupiec likelihood ratio test for financial indices and exchange rate
returns.

Financial stock returns Hybrid Model
VaR estimates at different levels
Short position Long position
2.5% 5% 95% 97.5%

FTSE/JSE ALSI
EGARCH (1,1)–GPD 0.7479 0.6851 0.9304 0.5618
EGARCH (1,1)–SD 0.9464 0.5212 0.0480 0.4766

FTSE/JSE Banks Index
GARCH (1,1)–GPD 0.9514 0.5527 0.3170 0.3985
GARCH (1,1)–SD 0.2849 0.3170 0.7156 0.5665

FTSE/JSE Mining Index
GARCH (1,1)–GPD 0.7496 0.3288 0.9963 0.5665
GARCH (1,1)–SD 0.2849 0.5212 0.0600 0.9514

USD/ZAR exchange rate
GARCH (1,1)–GPD 0.8156 0.5356 0.9823 0.8895
GARCH (1,1)–SD 0.4547 0.4685 0.6717 0.8156

Since the observed p-values exceed 0.05, we accept the null hypothesis of model
adequacy. The GARCH-GPD model indicates model inadequacy for the 99% VaR
level for the FTSE/JSE Banks Index returns, whereas the fitted GARCH-SD models
show model inadequacy for the FTSE/JSE Mining Index returns at the 99% VaR
level, considering a 5% level of significance. However, at a 1% significance level,
the robustness of the fitted GARCH-SD models is highlighted across all VaR levels,
whereas the fitted GARCH-GPD still shows model inadequacy at the 99% VaR level.
The most robust VaR model is summarised at each VaR level. Table 5.8 presents the
most appropriate hybrid GARCH-type model selected at different VaR levels for the
returns of the financial indices and USD/ZAR exchange rate returns.

Table 5.8: Most suitable hybrid GARCH type model chosen for financial indices and
USD/ZAR exchange rate returns across different VaR levels.

Financial stock returns
Selected hybrid GARCH type models at different VaR levels
Short position Long position

2.5% 5% 95% 97.5%
FTSE/JSE ALSI EGARCH (1,1)-SD EGARCH (1,1)-GPD EGARCH (1,1)-GPD EGARCH (1,1)-GPD

FTSE/JSE Banks Index GARCH (1,1)-GPD GARCH (1,1)-GPD GARCH (1,1)-SD GARCH (1,1)-SD
FTSE/JSE Mining Index GARCH (1,1)-GPD GARCH (1,1)-SD GARCH (1,1)-GPD GARCH (1,1)-SD
USD/ZAR exchange rate GARCH (1,1)-GPD GARCH (1,1)-GPD GARCH (1,1)-GPD GARCH (1,1)-GPD

Table 5.8 shows that there is no hybrid model that outperforms another across all VaR
levels for all financial stock returns. For FTSE/JSE ALSI, the EGARCH (1,1)-GPD
model is the most robust VaR model at the 5% short position and at all long positions.
For the FTSE/JSE Banks Index, GARCH (1,1)-SD is the robust model at all levels
of the long position, and the GARCH (1,1)-GPD model is the robust model at all
levels of the short position. For the FTSE/JSE Mining Index, the GARCH (1,1)-GPD
is the best VaR model at the 2.5% VaR level at short position and 5% VaR level at
long position. At the 5% VaR level short position and 2.5% VaR level at long position,
the GARCH (1,1)-SD is the most appropriate VaR model for the FTSE/JSE Mining
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index. The GARCH (1,1)-GPD model performs well at all VaR levels for USD/ZAR
exchange rate returns.

Preliminary tests were undertaken to examine the characteristics of each return series
and to highlight the stylised properties of financial data such as volatility clustering
and heteroskedasticity. In this study, each FTSE/JSE indices and USD/ZAR exchange
rate exhibited leptokurtic behaviour and stationarity; therefore, the hypothesis of
normality is rejected. Serial correlation is observed in the FTSE/JSE ALSI Index and
FTSE/JSE Mining Index, contradicting the assumption of no serial correlation and
heteroskedasticity when fitting an appropriate statistical distribution. However,
according to McNeil et al. (2015), some financial return series exhibit serial correlation.
Empirical evidence of financial data properties, including ARCH effects in each
return series, suggests employing a GARCH-type framework with heavy-tailed
distributions such as the GPD and Nolan’s S0-parameterization stable distribution
(SD). The suitability of the GARCH (1,1) model is confirmed for each return series,
except for FTSE/JSE ALSI, where asymmetric effects are evident. The EGARCH (1,1)
model was found to best capture the volatility present in FTSE/JSE ALSI returns.
The GDP model applied to the tail distribution, has shown to capture tail asymmetry
consistent with findings from McNeil and Frey (2000), which uses a conditional
method for estimating tail innovations of a GARCH-type model using a heavy-tailed
distributions recommended by extreme value theory (EVT). The stable density plots
and model diagnostics indicate a good fit of the residuals for each financial return
series, aligning with Nolan (2003). This suggests a robust approach to modelling
the tail behavior of fitted GARCH-type models. The fitted GARCH-type SD model
demonstrates superior performance compared to the fitted GARCH-type GPD model
at various VaR levels using the Kupiec likelihood backtesting procedure, particularly
in the upper tail (gains) for the FTSE/JSE indices. This highlights the robustness of
the fitted hybrid GARCH-type SD model when assessing tail innovations in South
African financial data.

5.5 Concluding remarks

Each return series was fitted with a GARCH-type model, with the FTSE/JSE
ALSI returns being best described by the asymmetric EGARCH (1,1) model. The
standardised residuals are drawn out and fitted with the Nolan’s S0-parameterization
model. A graphical evaluation of the stable density plots shows a close fit between
the fitted model and the actual values of the data return series for each stock market
indices and exchange rate. The GARCH-type-SD model combines the strength of
GARCH models and the stable model’s favourable characteristics of dealing with
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data that deviates largely or experiences extremes, providing a nuanced approach to
understanding market-driven fluctuations. The hybrid GARCH-SD model has shown
to be an advantageous model for capturing the volatility clustering phenomenon
in South African financial markets. This chapter also describes the GPD model
where the threshold selection and parameter estimation are evaluated. The hybrid
GARCH type-SD model and the hybrid GARCH type-GPD were fitted to the return
series where model diagnostics show that both the GARCH (1,1)-GPD and GARCH
(1,1)-SD models provide a parsimonious fit to the South African financial data. A
VaR analysis was conducted where VaR estimates were calculated, and the Kupiec
likelihood backtesting procedure was applied to both fitted models to assess model
performance. VaR estimates and VaR in-sample backtesting validate the robustness
of the fitted GARCH (1,1)-SD and GARCH (1,1)-GPD model in both long and short
positions. However, from both models, neither outperforms one another. This study
highlights some challenges with the GARCH-type hybrid models as:

Model complexity and estimation challenges

Hybrid GARCH-type SD models add a stable distribution component to the
innovations of a fitted GARCH model. These hybrid models are criticised for the
increased complexity. The main issue is the lack of closed-form densities for stable
distributions which complicates the parameter estimation process. Computational
inefficiencies can arise due to the estimation of additional parameters. This
complexity can render models less practical for real-time financial applications, as the
demand for more advanced estimation techniques is required and longer processing
times. Similarly with GARCH-type GPD hybrid models, computational issues arise
as there is a need to estimate additional GPD parameters to the fitted GARCH-type
model.

Assumptions and model limitations

Model assumptions of the GARCH-type SD models often are not in alignment
with real world data. The characteristics of heavy tails and skewness may not be
appropriate for all financial time series. The heavy-tailed nature of stable distributions
can lead to overestimation of risk or misrepresentation of the underlying volatility
process. Additionally, assuming a constant tail index over time may fail to account
for the dynamic changes in financial markets. The choice of threshold for the GPD
can greatly impact the model performance, and selecting an inappropriate threshold
may result in misleading conclusions about tail risks. Moreover, the GPD assumption
of independence among extreme values might not accurately capture the reality
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observed in financial markets, where extreme events can be clustered or influenced
by shared factors.

Risk of overfitting

The GARCH-type hybrid SD and GPD models at likely to introduce the risk
of overfitting. Model overfitting can result in poor predictive performance and
unreliable risk forecasts when applied to new data. The overfitting risk highlights the
need for rigorous validation and testing to ensure that the model provides reliable
forecasts and risk assessments.

Data sensitivity and practical implementation

The practical implementation of GARCH-type SD models can be challenging
due to the sensitivity of stable parameters and assumptions. Small variations in these
parameters can lead to significant changes in model outputs, making the models less
robust in practical applications. Additionally, the need for specialised parameter
estimation techniques and statistical software can limit usability in real-world
financial settings. Lastly, although GARCH models with GPD models are intended to
effectively capture tail risks, there is excessive emphasis on extreme events, leading
to overly conservative risk estimates. This focus on rare occurrences can result in a
risk management approach that is overly cautious and may not accurately reflect the
actual risk profile of financial portfolios.

In financial modelling, while GARCH-type SD and GARCH-type GPD hybrid models
provide advanced techniques for capturing volatility and extreme value behaviour,
such models are not without criticisms. The challenges related to model complexity,
assumptions, overfitting, and practical implementation must be meticulously
addressed to ensure that these models deliver valuable insights and precise risk
assessments. Tackling these issues effectively requires a balanced approach that
combines robust estimation techniques, thorough validation, and a comprehensive
understanding of market dynamics. In conclusion, the GARCH model paired with
the stable distribution or GPD as a hybrid model suggests a powerful approach in
financial econometrics to attain data-driven insights for the South African financial
market and in Chapter 6 various mixture models are explored including models with
a stable distribution component.
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CHAPTER 6

EXTREME MIXTURE MODELS

6.1 Introduction

In this chapter, extreme value theory is integrated with mixture modelling as an
alternative approach to understanding data complexities. Extreme mixture modelling
contributes to understanding not only extreme events but also the modelling of
data between those extremes, that is, the bulk model. Noteworthy work by Zhao
(2010) and Zhao et al. (2010) proposed an extreme value mixture model that fits
the GPD model at the upper and lower tails, and the Normal distribution is fitted
as the bulk model between the two tails. The mixture model proposed by Zhao
(2010) and Zhao et al. (2010) is an extension of literature by McNeil and Frey (2000)
where a two-stage model is developed where, at the initial stage, a Generalized
Autoregressive Conditional Heteroskedasticity (GARCH) model is fitted to capture
volatility clustering and the latter stage fits a Generalized Pareto Distribution (GPD)
to the tails. This chapter builds on the work by Zhao (2010) by considering stable
distributions to extreme mixture modelling in South African financial data.

6.2 Mixture models

With statistical model development, there is often the challenge of depicting data that
may have a varied combination of underlying descriptors. A powerful way to tackle
such complexities is to harness mixture models by making an assumption that any
given data set may be described by a mixture of probability distributions. This chapter
presents sophisticated frameworks, namely the GPD-Normal-GPD, GPD-KDE-GPD,
GPD-Stable-GPD, Stable-Normal-Stable and the Stable-KDE-Stable model for dealing
with skewness and the heavy-tailed phenomenon in data.

6.2.1 GPD-Normal-GPD (GNG)

The work of De Melo Mendes and Lopes (2004) inspired Zhao (2010) to consider the
GPD-Normal-GPD mixture model, with the lower and upper tail modelled by the
GPD model to capture both low and high extreme values. The center of the model
distribution or bulk model is a fitted Normal distribution.

78



6.2. Mixture models

Zhao (2010) shows the GNG distribution function as:

G (f |θ) =


ϕ (ul|u, β) [1−G (−y|ηl, σl,−ul)] , y ≤ ul,

ϕ (ul|u, β) , ul < y < ur,

ϕ (ur|u, β) + 1− ϕ (ur|u, β)G (−y|ηr, σr,−ur) , y ≥ ur,

(6.1)

where, θ = (ul, σul
, ηl, µ, β, ur, σur , ηr) , G (·|η, σ, u) are the GPD distribution function

for the upper (shown by subscript r ) and lower tail (shown by subscript l), where
η denotes the shape parameter and σ is the scale parameter and the threshold
expressed as u. ϕ (·|µ, β) is the Normal distribution with mean µ and β as standard
deviation.

This study considers the parameterized tail fraction approach specified by
Hu (2013).

Parameterised Tail Fraction Approach

Define ϕul
= P (Y < ul) and ϕur = P (Y > ur) where the distribution function is

defined as:

G (f |θ) =


ϕul

[1−G (−y|ηl, σl,−ul)] , y ≤ ul,

ϕul
+ (1− ϕul

− ϕur)
ϕ(y|µ,β)−ϕ(ul|µ,β)
ϕ(ur|µ,β)−ϕ(ul|µ,β) , ul < y < ur,

(1− ϕur) + ϕurG (y|ηr, σr,−ur) , y ≥ ur,

(6.2)

where, θ = (ul, σul
, εl, µ, β, ur, σur , ηr) .

GNG parameter estimation

This work makes use of the evmix R package by Hu and Scarrott (2018) along with
the evir and ismev packages. In this study the evmix package estimates GNG and
GKG mixed model parameters where the threshold is treated as a parameter and is
also estimated.

The GNG parameter vector is described by θ = (µ, β, ul, σul
, ηl, ur, σur , ηr)

where:

• µ represents the normal mean,

• β represents the normal standard deviation,

• ul and ur are the lower and upper tail thresholds respectively,
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• σul
and σur denote the lower tail and upper tail GPD scale parameter

respectively,

• ηl and ηr specify the lower and upper tail GDP shape parameter.

6.2.2 Univariate kernel density estimator

Hu (2013) describes the traditional kernel density estimator as:

f̂ (y; y, λ) =
1

nλ

n∑
i=1

K((y − yi)/λ), (6.3)

where K(�) is the kernel density function which is usually symmetric and λ is the
bandwidth parameter. K(y) ≥ 0 and

∫
K(y) dy = 1 are two conditions that are

satisfied by the kernel function.

Scale notation Kλ(y) = λ−1K
(y
λ

)
is used to denote another formula for the

kernel function:

f̂ (y; y, λ) =
1

n

n∑
i=1

Kλ (y − yi) . (6.4)

An interpretation of the kernel estimate at a point y by Wand and Jones (1995) is the
average of n kernel ordinates at that specific point. Uniform, normal and bi-weight
among other functions are suggested by literature for kernel functions. The Gaussian
probability density function is a popular choice for the kernel function, where the
bandwidth λ takes the role of standard deviation and controls the spread of the kernel.
Wand and Jones (1995) also note that the choice of the kernel function is not as critical
as the choice of the bandwidth.

6.2.3 Selecting the bandwidth

Various methods for choosing the bandwidth λ are discussed in the literature. The
simplest way to select the bandwidth parameter λ is to plot various values and choose
the parameter value that best suits the underlying density. The other possible method
to select the bandwidth parameter is to minimise an error criterion, for example, the
Mean Square Error (MSE).

6.2.4 GPD-KDE-GPD

This study also assesses the adequacy of the GPD-KDE-GPD extreme value mixture
model to South African financial data. The KDE is the kernel density estimate for
the central bulk model between a lower and upper threshold with the GPD model
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applied beyond these thresholds.

The evmix package in R by Hu and Scarrott (2018) describes the cumulative
distribution function (CDF) with three components. The lower tail model with trail
fraction ϕul is described by the KDE model up and till the lower threshold y < ul :

F (y) = H (ul) [1− Gl(y)] , (6.5)

where, H (y) represents the kernel density estimator of the CDF and Gl(Y ) is the
conditional GPD with negated threshold and y value.

Between the thresholds ul ≤ y ≤ ur, the KDE bulk model is defined as:

F (y) = H(y). (6.6)

Above the upper threshold ur, that is, where y > ur is the conditional GPD denoted
as:

F (y) = H (ur) + [1−H (ur)]Gr (y) , (6.7)

where Gr (y) is the CDF of the GPD tail model.

6.2.5 GPD-Stable-GPD (GSG)

In this study, the distribution function of the GSG model is derived in a similar
approach to that of the GNG model by Zhao (2010) using Nolan’s S0-parameterization
for the bulk stable model component. The GSG distribution function is described as:

G (f |θ) =


ϕ (ul|u, β) [1−G (−y|ηl, σl,−ul)] , y ≤ ul,

ϕ (ul|α, β, δ, γ) , ul < y < ur,

ϕ (ur|u, β) + 1− ϕ (ur|u, β)G (−y|ηr, σr,−ur) , y ≥ ur,

(6.8)

where, θ = (ul, σul
, ηl, α, β, γ, δ, ur, σur , ηr) , G (·|η, σ, u) are the GPD distribution

function for the upper (shown by subscript r ) and lower tail (shown by subscript l)
with η the shape parameter and σ the scale parameter and threshold u. ϕ (·|µ, β) is
the stable distribution function of S0-parameterization with parameters α, β, γ and δ.

GSG parameter estimation

This study fits the GSG model in a piecewise manner. Each of the return data series is
spliced where the GPD distribution is fitted at the tails and the S0-parameterization
stable distribution is fitted as the bulk model. The GSG parameter vector is described
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by θ where,

• α, β, γ and δ denote stability, skewness, scale and location parameters,
respectively, for the stable bulk distribution,

• ul and ur are the lower and upper tail thresholds respectively,

• σul
and σur denote the lower tail and upper tail GPD scale parameter

respectively,

• ηl and ηr specify the lower and upper tail GDP shape parameter.

6.2.6 Stable Normal Stable (SNS)

This study also explores the fit of a newly proposed Stable-Normal-Stable (SNS)
model using Nolan’s S0-parameterization on the South African currency and stocks.
The SNS mixture model is a two-tailed model where the Normal distribution is fitted
as the bulk model, and the S0-parameterization stable distribution is fitted to the tails.
The SNS model is described as:

F (y|θ) =


ϕ (ul|µ, σ) [1−G (−y|αl, βl, γl, δl)] , y ≤ ul;
ϕ (ul|µ, σ) , ul < y < ur;
ϕ (ur|µ, σ) + [1− ϕ (ur|µ, σ)G (−y|αr, βr, γr, δr)] , y ≥ ur,

(6.9)

where, θ = (αl, βl, γl, δl, µ, σ, αr, βr, γr) , G (�|α, β, γ, δ, u) are the fitted stable
distribution function for the upper (shown by subscript r) and lower tail (shown by
subscript l) with ϵ, the four stable parameters and threshold u.ϕ(�|µ, σ) is the normal
distribution with mean µ and σ as standard deviation.

6.2.7 SNS parameter estimation

The SNS parameter vector is decribed by θ where,

• µ represents the Normal mean,

• σ represents the Normal standard deviation,

• αl, βl, γl and δl denote stability, skewness, scale and location parameters,
respectively, for the lower tail model,

• αr, βr, γr and δr denote stability, skewness, scale and location parameters,
respectively, for the upper tail model.

In this study, a piecewise method of estimation is used to create the SNS model.
The basic principle behind the piecewise method is the assumption that data follows
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different distributions over its range; therefore, the mixture model should be modelled
in “pieces”. Huang et al. (2017) implemented a piecewise mixture model instead of
a single parametric approach to improve the accelerated evaluation of automated
vehicles with results that confirmed the accuracy and efficiency of the piecewise
mixture distribution. Also, to the best of our knowledge, analytic software that
makes use of stable models at the tails of extreme value mixture models has not been
explored before. In this context, the thresholds need to be pre-determined before
proceeding to fit the respective stable tail and normal bulk model.

6.2.8 Stable-KDE-Stable (SKS) mixture model

A two-tailed Kernel Stable model, namely, the Stable-KDE-Stable model, is evaluated
in this study. MacDonald et al. (2011) proposed a two-tailed model by joining a
standard kernel density estimator between two extreme value GPD tail models. Hu
(2013) describes the two-tailed model introduced by MacDonald et al. (2011) as:

F (y|θ) =


ϕul

[1−G (−y|ϵl, σul
,−uul

)] , y ≤ ul;

ϕul
+ (1− ϕul

− ϕur)
H (y|Y, λ)−H (ul|Y, λ)
H (ur|Y, λ)−H (ul|Y, λ)

, ul < y < ur;

(1− ϕur) + ϕurG (y|ϵr, σur , ur) , y ≥ ur,

(6.10)

where θ = (Y, λ, ul, σul
, ϵl, ϕul

, u2, σur , ϵr, σur) is the parameter vector. ϕul
and σur are

estimated as sample proportions less than the lower threshold ul and above the upper
threshold ur. G (−y|ϵl, σul

,−uul
) and G (y|ϵr, σur , ur) represents the unconditional

GPD function for y < ul and y > ur respectively. H(�|y, λ) is the distribution function
of the kernel density estimator where λ is the bandwidth.

6.2.9 SKS parameter estimation

In this research, a similar modelling approach as the SNS mixture model is applied
to the SKS mixture model. The notable difference is in the central bulk distribution
which is the fitted KDE, with bandwidth parameter λ. The parameter vector is
expressed as θ = (αl, βl, γl, δl, λ, αr, βr, γr, δr).

The rationale behind choosing the SNS and SKS mixture models is primarily
because of the flexible characteristics of the S0-parameterization stable model. Stable
distributions are known to have a robust fit to the underlying data and, therefore, an
apt choice when considering the tail component of EVT mixture models. With this,
the prediction of extreme events is likely to be more accurate than traditional EVT
modelling approaches.
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6.3 Empirical results

Each stock market indices and exchange rate return series will be fitted with the
mentioned mixture models to investigate and evaluate the performance of models
that are a combination of several probability distributions. This will allow for an
in-depth look at both the bulk and tail components of each mixture model. It is
noted that mixture models provide flexibility when commencing model building in
data analysis. The separate parameters of each component that make up the mixture
distribution can shed light on some valuable insights within the data return series.

6.3.1 Fitting the GNG and GKG models

This work explores the evmix package available in R by Hu (2013) as well as the evir
and ismev packages. This section uses the evmix package to estimate the GNG and
GKG mixed model parameters, where the threshold is considered a parameter and is
also estimated.

Table 6.1 provides the estimates of the GNG model using the evmix package
in R for the FTSE ALSI, FTSE Banks Index, FTSE Mining Index and United States
American Dollar to South African Rand exchange rate.

Table 6.1: ML parameter estimates with corresponding standard errors in prentice of the
GNG mixture model using the evmix package in R.

Financial Stock return
GNG parameter estimates FTSE/JSE ALSI FTSE/JSE Banks Index FTSE/JSE Mining Index USD/ZAR

µ̂
0.0007 0,0003 0,0003 -0,0001

(0.0002) (0.0004) (0.0003) (NULL)

β̂
0.0084 0,0138 0,0149 0,0086

(0.0002) (0.0005) (0.0003) (NULL)

ûl
-0,0033 -0,0151 0,0110 0,0086
(0.0022) (0.0035) (0.0008) (NULL)

σ̂l
0.0070 0,0087 0,0096 0,0101

(0.0003) (0.0014) (0.0006) (NULL)

η̂l
0,0600 0,3304 0,1829 0,0069

(0.0315) (0.0598) (0.0571) (NULL)

ûl
0.0106 0,0040 0,0212 0,0170

(0.0012) (0.0026) (0.0009) (NULL)

σ̂r
0.0054 0,0106 0,0116 0,0115

(0.0005) (0.0005) (0.0012) (NULL)

η̂r
0.1473 0,0336 0,1224 0,1463

(0.0649) (0.0321) (0.0831) (NULL)

GPD-KDE-GPD parameter estimates are shown in Table 6.2 using the evmix package
in R for the three stock market indices and the United States American Dollar to
South African Rand exchange rate.
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Table 6.2: ML estimates of GKG mixture model using the evmix package in R.

Financial Stock return
GPD-KDE-GPD Parameter Estimates FTSE/JSE ALSI FTSE/JSE Banks Index FTSE/JSE Mining Index USD/ZAR

λ̂ 0.0015 0.0023 0.0022 -0.0007
ûl -0.0116 -0.0175 -0.0200 -0.0118
σ̂ul

0.0064 0.0092 0.0111 0.0068
η̂l 0.1744 0.1790 0.1224 0.0170
ûr 0.0115 0.0197 0.0203 0.0109
ûr 0.0106 0.0040 0.0212 0.0170
σ̂ur 0.0057 0.0080 0.0098 0.0048
η̂r 0.1426 0.3349 0.1829 0.1463

In Table 6.2, λ̂ denotes the estimated bandwidth of the kernel. ûl, σ̂ul
, η̂l represents

the respective threshold, scale and shape parameters for the lower GPD tail estimates.
Likewise, ûr, σ̂ur , η̂r describes the upper GPD tail estimated parameters for respective
threshold, scale and shape parameters.
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Figures 6.1 to Figure 6.4 shows the density plots for the fitted GNG. GKG and normal
models for the FTSE/JSE ALSI, FTSE/JSE Banks Index, FTSE/JSE Mining Index and
United States American Dollar to South African Rand exchange rate.

Figure 6.1: Fitted GNG and GKG mixture model FTSE/ALSI.

Figure 6.2: Fitted GNG and GKG mixture model FTSE/Banks Index.
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Figure 6.3: Fitted GNG and GKG mixture model of the FTSE/Mining Index.

Figure 6.4: Fitted GNG and GKG model USD/ZAR.

The fitted GNG and GKG model distribution plots are shown in Figures 6.1 to 6.4
for each stock index and American Dollar to South African exchange rate. Notably,
the two-tailed GNG and GKG model is a good fit across the entire range of data
as compared to the commonly used normal distribution. For the FTSE/JSE Banks
Index the plot is visually compressed due to the return series having extreme values;
nevertheless, the GNG and GKG model outperforms the Normal model. In the case
of the USD/ZAR exchange rate the GKG model outperforms the GNG and Normal
model over the entire return series. Observations from these plots suggest the need
for more formal model adequacy testing. Application of VaR estimation and Kupiec
likelihood test could offer a more formal method of evaluating for model robustness.
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Table 6.3 and Table 6.4 show the VaR estimates and p-values of the Kupiec likelihood
backtesting procedure, respectively, to the South African financial data sets evaluated
in this study.

Table 6.3: VaR estimates of financial market indices and exchange rate price returns using
fitted GNG and GKG model.

Fitted Model Returns
VaR level

Short position Long position
1% 2.5% 5% 95% 97.5% 99%

GNG

FTSE/JSE ALSI 2.1880 2.7394 1.0394 0.1328 0.0360 0.1591
FTSE/JSE Banks Index 2.1880 2.3034 1.0011 2.5317 3.2157 < 0.0002

FTSE/JSE Mining Index 1.5811 0.3367 0.0076 0.2122 0.2004 0.1645
USD/ZAR 0.0214 0.0696 0.0599 50.1711 66.2705 34.5848

GKG

FTSE/JSE ALSI -0.4199 -0.2601 -0.1392 0.0159 0.0205 0.0274
FTSE/JSE Banks Index -0.0454 -0.0334 -0.0255 0.0251 0.0328 0.0461

FTSE/JSE Mining Index -0.0491 -0.0364 -0.0276 0.0273 0.0355 0.0480
USD/ZAR -0.0278 -0.0214 -0.0166 0.0145 0.0184 0.0242

Table 6.4: p-values of the Kupiec likelihood ratio test for financial indices and exchange rate
returns.

Fitted Model Returns
VaR level

Short position Long position
1% 2.5% 5% 95% 97.5% 99%

GNG

FTSE/JSE ALSI 0.1391 0.0980 0.3080 0.7156 0.8495 0.6900
FTSE/JSE Banks Index 0.1391 0.1290 0.3170 0.1116 0.0729 0.9984

FTSE/JSE Mining Index 0.2086 0.5617 0.9304 0.6451 0.6544 0.6851
USD/ZAR 0.8836 0.7935 0.8066 < 0.0002 < 0.0002 < 0.0002

GKG

FTSE/JSE ALSI - - - 0.3080 0.7496 0.6900
FTSE/JSE Banks Index 0.8401 0.2665 0.7858 0.3170 0.3985 0.6851

FTSE/JSE Mining Index 0.5395 0.8457 0.9963 0.9233 0.9514 0.6851
USD/ZAR 0.8836 0.8895 0.4877 0.4877 0.5411 0.4553

VaR estimates for the FTSE/JSE indices and USD/ZAR and corresponding Kupiec
p-values are presented in Table 6.3 and Table 6.4, respectively. From Table 6.4, it
is observed that at a 5% level of significance, the Kupiec test indicates the fitted
GNG model is most suitable at almost all VaR levels for each of the returns since the
p-values are greater than 0.05. Therefore, there is no basis to reject the null hypothesis.
Conversely, the observed p-values for the long position on the USD/ZAR exchange
rate returns are below 0.05, indicating a model misfit; however, a substantial fit is
observed in the short position for the return series. Inconclusive results are seen for
the short position of the fitted GKG model; however, for all return series, p-values
are greater than 0.05. Thus, it can be inferred that at 5% level of significance the null
hypothesis of model adequacy is accepted, therefore highlighting the robustness of
the fitted GKG model.
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6.3.2 Fitting the GNG and GSG using the piecewise modelling technique

This section investigates the fitting of EVT mixture models using a technique that
separates the return series into various quantile ranges or segments and then
modelling the tail and bulk components at the quantile cut-off points. This allows for
ease of computationally fitting varied probability distributions over the same data
range. Table 6.5 shows the estimated parameters for the GNG and GSG at each of the
defined quantile thresholds.
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6.3. Empirical results

Figure 6.5 to Figure 6.8 show the density plots for the fitted model on the bulk model
segment of the return data series.

Figure 6.5: FTSE/JSE ALSI returns Bulk density plots for fitted models.

Figure 6.6: FTSE/JSE Banks Index returns Bulk density plots for fitted models.
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6.3. Empirical results

Figure 6.7: FTSE/JSE Mining Index returns Bulk density plots for fitted models.

Figure 6.8: USD/ZAR returns Bulk density plots for fitted models.

Figures 6.5, 6.6, 6.7 and 6.8 depict the fitted models over each quantile range. The
Normal and stable bulk models were fitted using the piecewise method, and the
GNG model was fitted using the evmix package, where only the bulk model is
compared. The stable density plots show that for each return series, over the
specified quantile range, the fitted stable and normal models are almost equivalent
and suggest a better fit than the normal bulk model estimates than that of the GNG
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6.3. Empirical results

model fitted using the evmix package. Graphically, these density plots show that
the Stable model is a fitting alternative model when considering the bulk portion of
extreme value mixed models.

Table 6.6 shows the RMSE test statistics to evaluate bulk model fitting for
each return series.

Table 6.6: Calculated Root Mean Square Error (RMSE) for the fitted bulk model.

FTSE/JSE ALSI returns
q̂0.01 < GNG∗ < q̂0.99 q̂0.025 < GNG∗ < q̂0.975 q̂0.05 < GNG∗ < q̂0.95 q̂0.10 < GNG∗ < q̂0.90

RMSE 22.0654 28.0044 33.9154 43.6685
q̂0.01 < GSG < q̂0.99 q̂0.025 < GSG < q̂0.975 q̂0.05 < GSG < q̂0.95 q̂0.10 < GSG < q̂0.90

RMSE 22.0534∗ 28.1462 33.7439 43.5186
q̂0.01 < GNG < q̂0.99 q̂0.025 < GNG < q̂0.975 q̂0.05 < GNG < q̂0.95 q̂0.10 < GNG < q̂0.90

RMSE 22.7114 27.3275∗ 30.9252∗ 35.9534∗

FTSE/JSE Banks Index
q̂0.01 < GNG∗ < q̂0.99 q̂0.025 < GNG∗ < q̂0.975 q̂0.05 < GNG∗ < q̂0.95 q̂0.10 < GNG∗ < q̂0.90

RMSE 14.5759 22.0992 21.3052 23.6056
q̂0.01 < GSG < q̂0.99 q̂0.025 < GSG < q̂0.975 q̂0.05 < GSG < q̂0.95 q̂0.10 < GSG < q̂0.90

RMSE 14.5023∗ 22.0722∗ 21.2906 23.6152
q̂0.01 < GNG < q̂0.99 q̂0.025 < GNG < q̂0.975 q̂0.05 < GNG < q̂0.95 q̂0.10 < GNG < q̂0.90

RMSE 14.6812 21.1061 19.2387∗ 19.2320∗

FTSE/JSE Mining Index
q̂0.01 < GNG∗ < q̂0.99 q̂0.025 < GNG∗ < q̂0.975 q̂0.05 < GNG∗ < q̂0.95 q̂0.10 < GNG∗ < q̂0.90

RMSE 13.9428 16.5807 20.6607 25.1563∗

q̂0.01 < GSG < q̂0.99 q̂0.025 < GSG < q̂0.975 q̂0.05 < GSG < q̂0.95 q̂0.10 < GSG < q̂0.90
RMSE 13.8906∗ 16.5575∗ 20.6415 25.1573

q̂0.01 < GNG < q̂0.99 q̂0.025 < GNG < q̂0.975 q̂0.05 < GNG < q̂0.95 q̂0.10 < GNG < q̂0.90
RMSE 14.1288 15.8854 18.4725∗ 20.1934

USD/ZAR
q̂0.01 < GNG∗ < q̂0.99 q̂0.025 < GNG∗ < q̂0.975 q̂0.05 < GNG∗ < q̂0.95 q̂0.10 < GNG∗ < q̂0.90

RMSE 22.4805 28.3340 34.1813 44.8735
q̂0.01 < GSG < q̂0.99 q̂0.025 < GSG < q̂0.975 q̂0.05 < GSG < q̂0.95 q̂0.10 < GSG < q̂0.90

RMSE 22.4455* 28.3735 34.1076 45.2201
q̂0.01 < GNG < q̂0.99 q̂0.025 < GNG < q̂0.975 q̂0.05 < GNG < q̂0.95 q̂0.10 < GNG < q̂0.90

RMSE 22.4802 26.9819∗ 30.5722∗ 35.5594∗

Note.
∗ represents the minimum RMSE within the quantile range

GNG∗ represents the GDP-Normal-GPD piecewise mixture model
GNG represents the GPD-Normal-GPD model with Bayesian inference by Zhao (2010) and Zhao et al. (2010)

Results from Table 6.6 show that for the FTSE/JSE ALSI returns, the GNG model
performs well at the 2.5%, 5% and 10% lower quantile thresholds and 97.5%, 95%
and 90% upper quantiles thresholds; however, for the 1% (lower) and 99% (upper)
quantile threshold, the GSG model outperforms both the piecewise GNG as well
as the GNG model by Zhao (2010) and Zhao et al. (2010). For the FTSE/JSE Banks
Index returns, the GSG provides a better fit at the 1% and 2.5% (lower quantiles)
as well as the 99% and 97.5% upper quantile thresholds, whereas the GNG model
with Bayesian inference performs better at the 5%, 10% (lower) and 95% and 90%
(upper) threshold. The FTSE/JSE Mining Index returns have similar results to that
of the FTSE/JSE Banks Index return series data. However, it is observed that the
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6.3. Empirical results

piecewise GNG model is a good fit for the 10% and 90% threshold since the RMSE
test statistic yielded the lowest value when compared to the other two models. The
GNG model by Zhao (2010) and Zhao et al. (2010) is observed to be a good fit for
the USD/ZAR return series and is outperformed by the GSG at the 1% and 99%
quantile thresholds. Generally, results from Table 6.6 favours the Bayesian GNG
model at certain threshold quantile points, although in some instances, the GSG
model is shown to be a better-fitted model. We check goodness-of-fit using the
Anderson-Darling goodness-of-fit tests to evaluate the GSG model performance. The
AD-test and corresponding p-values are shown in Table 6.7

Table 6.7: Anderson Darling goodness of fit test of the GSG mixture model.

FTSE/JSE ALSI returns
q̂0.01 < GSG < q̂0.99 q̂0.025 < GSG < q̂0.975 q̂0.05 < GSG < q̂0.95 q̂0.10 < GSG < q̂0.90

AD Test Statistic 4.1462 2.2196 2.9447 6.0759
p-value 0.0074 0.06979∗ 0.0292∗∗∗ 0.00089

FTSE/JSE Banks Index
q̂0.01 < GSG < q̂0.99 q̂0.0025 < GSG < q̂0.975 q̂0.05 < GSG < q̂0.95 q̂0.10 < GSG < q̂0.90

AD Test Statistic 1.8054 0.82216 2.2493 7.1648
p-value 0.1178∗ 0.4653∗ 0.0673∗ 0.0003

FTSE/JSE Mining Index
q̂0.01 < GSG < q̂0.99 q̂0.0025 < GSG < q̂0.975 q̂0.05 < GSG < q̂0.95 q̂0.10 < GSG < q̂0.90

AD Test Statistic 2.2836 0.4490 2.8948 8.0201
p-value 0.0645∗ 0.7991∗ 0.0310∗∗∗ 0.0001

USD/ZAR
q̂0.01 < GSG < q̂0.99 q̂0.0025 GSG < q̂0.975 q̂0.05 < GSG < q̂0.95 q̂0.10 < GSG < q̂0.90

AD Test Statistic 4.7302 2.9236 3.4248 5.7556
p-value 0.0039 0.0299∗∗∗ 0.0168∗∗∗ 0.0013

Note. ∗ and ∗∗∗ indicates significance at 5% and 1% respectively

The results from the Anderson-Darling goodness-of-fit tests confirm the results seen
in the stable density plots where the suggested GSG model serves as a good fit
at the 2,5% and 97,5% as well as the 5% and 95% quantile thresholds. For the
FTSE/JSE ALSI return index series, the fitted stable bulk model favours the null
hypothesis at a 5% level of significance for the 2,5% and 97,5% quantiles. At a 1%
level of significance, the 5% and 95% quantiles indicates that the fitted stable model
is significant. Favourable results are seen for the Banks Index and Mining Index
returns where the suggested stable bulk model is considered fitting, at a 1% level of
significance, for the 1% and 99%, 2,5% and 97,5% in addition to 5% and 95% quantile
thresholds. The recommended fitted bulk stable model is significant at a 1% level of
significance for the 2,5% and 97,5% along with the 5% and 95% quantile thresholds.

6.3.3 Fitting the SNS and SKS models

SNS parameter estimates are shown in Table 6.8, where µ̂ denotes the estimated
normal mean, σ̂ is the estimated normal standard deviation of the normal bulk
model. α̂l, β̂l, γ̂l, δ̂l represents the lower stable tail estimated parameters. Similarly,
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6.3. Empirical results

α̂r, β̂r, γ̂r, δ̂r describes the upper stable tail estimated parameters. Table 6.8 also
shows the bulk parameter estimates for the SKS model. Since a piecewise estimation
approach was adopted, the fitted stable tail model is the same as Table 6.8 for each
quantile threshold point; therefore, only the bandwidth parameter λ for the KDE bulk
model is estimated.
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6.3. Empirical results

Figure 6.9 shows the upper and lower tail density plots at various threshold quantiles
for the FTSE/JSE ALSI returns.

Figure 6.9: FTSE/JSE ALSI stable lower tail model density plots (left) and upper tail density
plots (right).
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6.3. Empirical results

Figure 6.10 shows the upper and lower tail density plots at various threshold quantiles
for the FTSE/JSE Banks Index returns.

Figure 6.10: FTSE/JSE Banks Index stable lower tail model density plots (left) and upper tail
density plots (right).
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6.3. Empirical results

Figure 6.11 shows the upper and lower tail density plots at various threshold quantiles
for the FTSE/JSE Mining Index returns.

Figure 6.11: FTSE/JSE Mining Index stable lower tail model density plots (left) and upper
tail density plots (right).
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6.3. Empirical results

Figure 6.12 shows the upper and lower tail density plots at various threshold quantiles
for the USD/ZAR returns.

Figure 6.12: USD/ZAR stable lower tail model density plots (left) and upper tail density plots
(right).

Figures 6.9, 6.10, 6.11 and 6.12 shows that the fitted stable tail segment of the SNS
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6.3. Empirical results

and SKS model fits best for all returns at all tail quantiles specifically the extreme
data values. Overfitting is noticed as the tail section reaches the bulk component,
which is expected behaviour of stable models where variability is noticed. Mixed
results are seen for the 99% upper tail of the Banks Index, where descriptive statistics
have previously shown extreme kurtosis and heavy tails. Generally, this suggests
the stable model for the tails as a worthy alternative to the tail model for risk-averse
practitioners. Table 6.9 shows the results of the Anderson Darling Goodness-of-fit
test on the lower tail component of the fitted SNS and SKS models.

Table 6.9: Anderson Darling goodness-of-fit test for the lower tail of the fitted SNS and SKS
piecewise mixture models.

Lower Tail Quantiles
1% lower tail 2.5% lower tail 5% lower tail 10% lower tail

FTSE/JSE ALSI
AD Test Statistic 0.2363 0.5988 0.8688 1.0311

p-value 0.9771 0.6485 0.4337 0.3413
FTSE/JSE Banks Index

AD test Statistic 0.2298 0.4069 0.7775 1.3615
p-value 0.9800 0.8414 0.4973 0.2133

FTSE/JSE Mining Index
AD Test Statistic 0.2286 0.4062 0.9290 2.0496

p-value 0.9805 0.8421 0.3966 0.0863
USD/ZAR

AD Test Statistic 0.6671 3.2959 0.7694 1.7949
p-value 0.5855 0.0195 0.5034 0.1195

The results from the Anderson-Darling goodness-of-fit tests in Table 6.9 confirm the
results seen in the stable density lower tail plots where the suggested stable model
serves as a good fit at all quantile thresholds for the lower tail. For each of the four
return index series, the fitted stable tail model favours the null hypothesis of model
adequacy at a 5% level of significance for all quantiles, thus confirming formally that
the stable models ought to be considered for the tail portion of extreme value mixture
models. Table 6.10 shows the results of the Anderson Darling goodness-of-fit test for
the upper tail innovations for the SNS and SKS models.
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6.3. Empirical results

Table 6.10: Anderson Darling goodness-of-fit test for the upper tail of the fitted SNS and
SKS piecewise mixture models.

Upper Tail Quantiles
99% lower tail 97.5% lower tail 95% lower tail 90% lower tail

FTSE/JSE ALSI
AD Test Statistic 0.1315 0.8604 1.2868 1.3250

p-value 0.9996 0.4390 0.2366 0.2244
FTSE/JSE Banks Index

AD Test Statistic 0.5916 0.8516 0.5783 1.5101
p-value 0.6543 0.85164 0.6685 0.1741

FTSE/JSE Mining Index
AD Test Statistic 0.2703 0.3339 0.7417 2.729

p-value 0.9584 0.9104 0.5247 0.03771
USD/ZAR

AD Test Statistic 0.2674 0.6262 0.9962 1.1420
p-value 0.9602 0.6230 0.3591 0.2906

Table 6.10 shows the results of the Anderson Darling goodness-of-fit test on the upper
tail component of the fitted SNS and SKS models. Similar to Table 6.9, results from
the Anderson-Darling goodness-of-fit in Table 6.10 confirm that the suggested stable
upper tail model serves as a good fit at all quantile thresholds except for the 90%
upper tail quantile threshold for the FTSE/JSE Mining Index return series. The fitted
stable tail model fails to reject the null hypothesis of model adequacy at a 5% level of
significance. At a 1% level of significance, the upper tail fitted stable model is deemed
to be a good fit at all upper quantile threshold points, once again confirming the
flexibility and robustness of fitted stable distributions for the tail portion of extreme
value mixture models.
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6.3. Empirical results

Figure 6.13 shows the density plots of the fitted bulk model at various threshold
quantiles for the FTSE/JSE ALSI return series.

Figure 6.13: FTSE/JSE ALSI returns Bulk density plots for fitted models.

Figure 6.14 shows the density plots of the fitted bulk model at various threshold
quantiles for the FTSE/JSE Banks Index return series.

Figure 6.14: FTSE/JSE Banks Index returns Bulk density plots for fitted models.
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6.3. Empirical results

Figure 6.15 shows the density plots of the fitted bulk model at various threshold
quantiles for the FTSE/JSE Mining Index return series.

Figure 6.15: FTSE/JSE Mining Index returns Bulk density plots for fitted models.

Figure 6.15 shows the density plots of the fitted bulk model at various threshold
quantiles for the USD/ZAR return series.

Figure 6.16: USD/ZAR returns Bulk density plots for fitted models.

The fitted normal and KDE model density plots for the SNS and SKS models are
shown in Figures 6.13, 6.14, 6.15 and 6.16 above for each stock indices and South
African exchange rate. Evidently, the KDE model is a good fit across the entire range
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6.4. Concluding remarks

of the bulk data as compared to the commonly used normal distribution. However,
the Normal model is a close second alternative to model bulk data over the bulk
return series range. This seems to be the opposite for the FTSE/JSE Banks Index
where the fitted Normal model outperforms the KDE model. This study places
more focus on the stable tail component where model robustness is of great interest,
especially from an extreme value mixture modelling perspective.

6.4 Concluding remarks

In this chapter, the theoretical framework of the GNG, GSG, SNS and SKS
piecewise models was explored with defined probability density functions and
parameter vector descriptions. The rationale behind implementing an empirical
analysis on these mixture models was to account for the various behaviours of
South African financial data over multiple probability distributions, providing
a tailored approach to represent the data and account for rare events or market shocks.

The evmix package in R by Hu and Scarrott (2018) provided a computationally
sound method of applying the GNG and GKG models. Parameter estimates for both
the GNG and GKG were estimated and the density plots were investigated. VaR
estimates and the VaR in-sample backtesting procedure, the Kupiec likelihood test
indicated that the fitted GNG and GKG models are well-suited at most VaR levels
except for the USD/ZAR long position and the GKG short position. This insinuated
the limitations of the fitted models and prompted the application of a more suited
heavy tailed model in the mixture model gains and losses position.

This chapter also used a piecewise modelling technique to fit the GNG and
GSG. The main focus in the piecewise fitted models, in this case, was to compare the
stable bulk model component to the Normal fitted models. The fitted stable bulk
model performed well when observing the density plots of the fitted bulk models
over the specified quantile range, thus suggesting a fitting alternative for considering
the bulk component model in EVT mixture modelling. RMSE test statistics depicted
mixed results in terms of the GSG bulk model and favoured the fitted GNG bulk
model. However, the AD test results for the GSG model confirmed a good fit.
Overall, inconclusive results were observed when considering a stable bulk model;
nevertheless, this probed an investigation to inspect stable model performance in
the tail component of EVT mixture models. A possible solution for dealing with
inconclusive results from the stable bulk model is to consider model re-specification
or alternative robust estimation techniques.
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6.4. Concluding remarks

Likewise, the SNS and SKS models were fitted using the piecewise method
to achieve a more nuanced estimate of the stable tail model component. A graphical
analysis of the stable tail density plots implied a relatively good fit; however,
overfitting was seen as the tail models tended towards the bulk model threshold.
This is typical behaviour of stable models to overfit when variablity is noticed in the
data series. This suggested suitability of stable models from an EVT modelling point
of view to capture and predict rare or unusual events. The AD test confirmed the
appropriateness of the lower and upper stable tail models.

Extreme mixture models, when applied to financial data, present several challenges.
One major issue is the need to carefully select components that accurately represent
the tail behaviour of financial returns, which can lead to overfitting, particularly with
smaller datasets. To address this, it is essential to employ regularisation techniques
and cross-validation methods. Regularisation helps mitigate overfitting by penalising
excessively complex models, while cross-validation assesses the model performance
on new data to ensure it fits effectively. Additionally, leveraging domain knowledge
and expertise to guide the bulk or tail model component selection and using Bayesian
methods for parameter estimation can help balance model complexity with predictive
accuracy.
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CHAPTER 7

CONCLUSION AND
RECOMMENDATIONS

In this concluding chapter, the findings of this study are summarised and the aims and
contributions are reflected upon. In addition, this chapter discusses the limitations of
the study and provides recommendations for future research.

7.1 Conclusion

In the financial industry, there has been a longstanding tradition of assuming
that financial returns conform to a normal distribution. The Gaussian paradigm
comprises of many favourable analytical properties align with those found in the
stable distribution family (Yang, 2012a).

The Normal distribution is favoured in financial modeling for several reasons:

• It is a simple and practical distribution that allows for the implementation of
numerical methods.

• Normally distributed random variables cluster around a central mean; as one
moves away from the mean, the odds of deviation exponentially decrease.

• The Central Limit Theorem and the Law of Large Numbers are fundamental
properties in statistics that simplify complexities by approximating distributions
to be normal. Stoyanov et al. (2011) mentions the Black-Scholes option pricing
model, Capital asset pricing model and Markowitz’s modern portfolio theory as
notable financial modelling frameworks which utilise the Normal distribution
as the analytical foundation.

Empirical analysis by Pele and Mazurencu-Marinescu (2012) on the Bucharest Stock
Exchange demonstrates that the normal distribution underestimates the likelihood
of extreme events, whereas the application of stable models significantly enhances
predictions of extreme events. Jama (2009) rejects the Gaussian model with evidence
from the Johannesburg Stock Exchange (FTSE/JSE) and notes more reasonable
results for VaR and Conditional VaR for stable models as compared to estimates

107



7.1. Conclusion

derived from the Gaussian distribution. Numerous studies with empirical evidence
suggest the normal distribution fails to adequately capture extreme returns often
observed in financial markets. Thus, to overcome the shortcomings and inadequacies
of the Gaussian approach, modelling financial asset returns using the family of stable
models is suggested as a better alternative.

Initial descriptive statistics tests were conducted to ascertain the underlying
nature of each return series. Each of the daily log returns of the three FTSE/JSE
indices and the Dollar/South African exchange rate has shown to be non-stationary,
with evidence of heteroskedasticity and volatility clustering. The Jarque-Bera test
for normality rejects the assumption for normality, thus reinforcing the criticisms
of the Gaussian approach highlighted by Pele and Mazurencu-Marinescu (2012).
This has prompted the exploration of stable distributions as an alternative for
financial modelling. The fitting of a statistical distribution usually presumes
no serial correlation and heteroskedasticity. However, the empirical properties
of financial returns, as recognized by McNeil et al. (2015) describes that some
returns in financial data show serial correlation. This is the case with FTSE/JSE
All Share Index and FTSE/JSE Mining Index where serial correlation is noticed.
The maximum likelihood method was utilised to estimate stable parameters under
Nolan’s S0-parameterization. Results from the Anderson-Darling test validated the
suitable fit of stable distributions for all return series. VaR estimates were computed
and the Kupiec likelihood test confirms the robustness of the stable model at most
VaR levels. These findings emphasize the significance of fitting stable models when
describing South African financial data where fat-tails and asymmetry are prevalent.

In this study, evidence for empirical properties of financial data with ARCH
effects in reach return series implies the use of the GARCH-type framework with
heavy-tailed distributions such as the GPD and Nolan’s S0-parameterization stable
distribution. The suitability of the GARCH (1,1) model was confirmed for each
return series, except for FTSE/JSE ALSI, where asymmetric effects were observed.
The EGARCH (1,1) model was identified to best account for the volatility present
in FTSE/JSE ALSI returns. The GDP model fitted to the tail distribution has been
shown to capture asymmetry in the tail model in research by McNeil and Frey (2000).
Tail innovations are estimated using a conditional method of GARCH-type models
using heavy-tailed distributions recommended by extreme value theory.

Extreme behaviour, rare phenomena and disasters have long been of interest
to researchers and analysts alike. The ability to model and predict these events is a
powerful statistical tool. This study centers around the principles of Extreme Value
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7.1. Conclusion

Theory and mixture models with a core focal point around stable distributions. The
theory of extremes allows for the understanding of data complexities, especially
in the tail model, and when combined with mixture models, the underlying data
series is modelled in a nuanced manner that is more descriptive, leading to precise
predictions. Stable distributions are largely justified in finance, due to the accuracy of
capturing large fluctuations and various empirical properties such as heavy tails,
asymmetry, and volatility, which are frequently found in financial data.

The over-arching aim of this thesis was to propose novel EVT stable mixture
modelling methodologies to unpack insights within South African stock market
indices and exchange rates. This was studied in detail by exploratory data analysis,
sound stable modelling using the ML estimation procedure and applying the theory
of extreme values practically. The stable package by Robust Analysis Inc. (2013) and
evmix by Hu (2013) packages were used to explore mixture models in an EVT context.

Several conclusions can be obtained from the research outputs of this study.
Referring to the aims outlined in Chapter 1, the following inferences can be made:

(i) Each data return series were analysed using the fitted univariate Nolan’s S0-
parameterization stable distribution. This study substantiates the results of
Nolan (2014) that stable distributions are a flexible class of probability laws that
can sufficiently capture the characteristics of South African financial data.

(ii) The GARCH (1,1) model was applied to each return series, and the sign bias test
showed asymmetry for FTSE/JSE ALSI returns only. Subsequently, the GPD and
Nolan’s S0 -parameterization stable models were fitted to the best GARCH-type
model residuals. Model diagnostics indicate that both the GARCH (1,1)-GPD
and GARCH (1,1)-SD models provide a parsimonious fit to the South African
financial data. VaR estimates and VaR in-sample backtesting using the Kupiec
likelihood ratio test highlight the robustness of the fitted GARCH (1,1)-SD
model in both the long and short positions.

(iii) The GNG and GKG, as well as the GSG models have shown to be an adequate
fit of the underlying data series through the graphical fit evaluations either
by observing the density plots, the AD test or by evaluation using the Kupiec
likelihood ratio backtesting procedure.

(iv) The proposed EVT, SNS and SKS models were introduced, and model
diagnostics show promising models that are flexible in nature in capturing
the primary characteristics of heavy tails, skewness and volatility clustering in
South African financial data.
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Extreme value models and stable distributions have been shown, through previous
research, to be invaluable in the contribution to financial analyses where the properties
of heavy tails and skewness are prevalent. Designing and implementing innovative
extreme value stable mixture models that combine the strengths of stable distributions
and mixture models provides an improved representation of tail behaviour for
extreme events. The developed models were applied to various empirical South
African financial data sets to provide insights into tail risk analysis and demonstrate
the practical utility of the proposed extreme value mixture models. Individuals
concerned with extreme losses, such as risk analysts, insurers, policy makers and
risk-averse investors, may find stable mixture models beneficial. This research notes
that the versatility of stable distributions paves the way for future work in extreme
value stable distribution mixture modelling.

7.2 Limitations of the study

The limitations and inadequacies of the traditional Gaussian model fitting approach
can be discussed at length and often suggests the exploration of newer models as
done by the work of Zhao (2010) and MacDonald et al. (2011), where the GNG
and GKG models are investigated respectively. Bayesian inference is considered
throughout the analysis, where the threshold is considered to be a parameter needed
to be estimated.

Research by Mukhodobwane et al. (2022), Chinhamu and Chifurira (2019)
and Makatjane and Molefe (2020) illustrate the satisfactory performance of the GPD
model in the context of the South African financial industry. Hu (2013) notes that
the GPD is commonly fitted at the tails of extreme value mixture models. While the
GNG and GKG may be great model alternatives, Hu (2013) highlights a possible
drawback where model mis-specification is probable. The Normal bulk distribution
influences the tail fit if mis-specified. The shortcomings of the Gaussian framework
are frequently emphasised in this study and thus leads to the research of applying a
stable bulk model. Stable distributions have proven to be a flexible class of models
that may remedy the issue of model mis-specification in the bulk component of EVT
mixture models. In this regard, the GSG model is proposed as a possible alternative.

MacDonald et al. (2011) also highlights a drawback with proposed mixture
models in industry, which is the mis-specification of the bulk model, which has
a large impact of the fit of the tails. The non-parametric KDE model is applied
to the bulk model to deal with computational and inference challenges. With
this, new EVT mixture models, namely the SNS and SKS models, are proposed as
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possible alternative models to be explored since Nolan’s S0 stable distribution is a
flexible class of distributions that account for asymmetry and heavy tails provides a
reasonable model for tail behaviour. It is also important to note stable distributions
have an absence of an analytical PDF with infinite and undefined moments making
empirical analysis challenging. This study looks into novel models that prove to be
sound alternatives to exploring Extreme Value theory in a South African financial
context; however, with novelty comes limitations. The SNS and SKS models in the
current state can only be considered in a piecewise manner and not in its entirety
due to computational challenges as stable distributions describe a family of models;
this includes the Gaussian model among other parametric distributions such as
the Cauchy and Lévy model. Model validation also becomes a challenge due to
computational complexities. The data sets used in this study have minimal influence
on the methodologies of these models as the ideology behind the SNS and SKS
models were derived from the extensive research and empirical analysis of univariate
stable distributions that lead to a natural progression to explore mixture model
applications. In essence, both the SNS and SKS models can be probed further with
other datasets in various industries that exhibit heavy tails and skewness.

7.3 Recommendations

Based on the research findings, exploratory analysis, financial extreme value mixture
modelling, the following recommendations can be made:

• The application of extreme value mixture models in achieving a better
understanding of the South African financial industry where financial
modelling risk strategies are applied and validated.

• The application of the SNS and SKS models across the African continent with
similar economies or in other industries where the novel mixed models that
depict real-world occurrences are required and valued.

• This study identifies that there is no statistical software available to estimate
and evaluate the goodness-of-fit of the SNS and SKS mixture models; thus, as
future work, the development of a software package is recommended.

• VaR and backtesting procedures for the proposed stable mixture models.
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