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Abstract

We study the convergence analysis of the fixed points set of common solution of a one-
parameter nonexpansive semigroup, the set of solution of constrained convex minimization
problem and the set of solutions of generalized equilibrium problem in a real Hilbert space
using the idea of regularized gradient-projection algorithm. Also, we look at the strong
convergence of a modified gradient projection algorithm and forward-backward algorithm
in Hilbert spaces with numerical computations. We also introduce an iterative algorithm
for approximating a common solution of generalized mixed equilibrium problem and fixed
point problem in a real reflexive Banach space. Using our algorithm, a strong convergence
theorem is proved concerning an element in the intersection of set of solutions of general-
ized mixed equilibrium problem and the set of solutions of fixed point for a finite family
of Bregman strongly nonexpansive mappings.

Moreover, we study and analyze an iterative method for finding a common element of
the fixed points set of an infinite family of k-demicontractive mappings which is also a
solution to a zero of the sum of two monotone operators, with one operator being maximal
monotone and the other inverse-strongly monotone. We further extend our study from the
frame work of real Hilbert spaces to more general real smooth and uniformly convex Banach
spaces. In this space, we introduce an iterative algorithm with Meir-Keeler contractions
for finding zeros of the sum of finite families of m-accretive operators and finite family of
inverse strongly accretive operators. We apply our result to the approximation of solution
of certain integro-differential equation with generalized p-Laplacian operators.

Furthermore, we study the convergence theorem for a new class of split variational inequal-
ity and variational inclusion problem in Hilbert space. We further considered split equality
for minimization problem and fixed point sets, split fixed point problem and monotone
inclusion problems, split equilibrium problem and fixed point set for multivalued map-
pings. All these of our algorithms involve a step-size selected in such a way that their
implementation does not require the computation or an estimate of the spectral radius.

Again, an iterative algorithm that does not require any knowledge of the operator norm
for approximating a solution of split equality equilibrium and fixed point problems in
the frame work of p-uniformly convex Banach spaces which are also uniformly smooth is
introduced of which we studied the approximation of solution of split equality generalized
mixed equilibrium problem and fixed point problem for right Bregman strongly quasi-
nonexpansive mappings in g-uniformly convex Banach spaces which are also uniformly
smooth. We also study and analyze an iterative algorithm for finding a common element
of the set of the split equality for monotone inclusion problem and fixed point of a right
Bregman strongly nonexpansive mapping 7" in the setting of p-uniformly convex uniformly
smooth Banach spaces. Finally, we present numerical examples of our theorems and apply
our results to study the convex minimization problems and equilibrium problems.
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Chapter 1

Introduction

1.1 Background of study

Fixed point theory is concerned with solutions of the equation
x=Tx (1.1.1)

where T is (possibly) a nonlinear operator defined on a metric space. Any z that solves
(1.1.1) is called a fixed point of 7" and the collection of all such elements is denoted by
F(T). For multi-valued mapping T : X — 2%, a fixed point of T is any x € X such that
xe€Tx.

Fixed point theory is inarguably the most powerful and effective tools used in modern
nonlinear analysis. It is an active and fruitful area of research as it has vast applicabil-
ity in establishing existence and uniqueness of solutions of diverse mathematical models,
like solutions to optimization problems, variational inequalities and ordinary differential
equations. These models represent various phenomena arising in different fields, such as
steady state temperature distribution, neutron transport theory, economic theories, chem-
ical equations, optimal control of systems, models for population, epidemics and flow of
fluids.

For example, given an initial value problem

{df}:’ = f(t.2(1). 119

x(tg) = wo.

This system is transformed into the functional equation

z(t) = xg —i—/t f(s,z(s))ds.

To establish the existence of solution of (1.1.2), we consider the operator T': X — X (X =
C(la,b])) defined by

Tx =xy+ /t f(s,z(s))ds.

1



Then, finding a solution to the initial value problem (1.1.2) amounts to finding a fixed
point of T.

The existence (and uniqueness) of solution of equation (1.1.1), certainly depends on the
geometry of the space and the nature of the mapping 7. Existence theorems are concerned
with establishing sufficient conditions under which the equation (1.1.1) will have a solution,
but does not necessarily show how to find them. There are many existence and uniqueness
theorems in the literature (see e.g Kato [92], Kirk [96], Komura [99]).

Though existence theorems do not indicate how to construct a process starting from a
nonfixed point and convergence of sequence to a fixed point, they nevertheless, enhance the
understanding of conditions under which the existence of such fixed points is guaranteed.

On the other hand, iterative methods for fixed points theory are concerned with approxi-
mation or computation of sequences which converge to solutions of (1.1.1).

The pivot of the iterative methods of fixed point theory is the Banach contraction mapping
principle, which states that a self mapping T' on complete metric space (X, d) satisfying

d(Tz,Ty) < kd(z,y), 0<k<1, Vr,y€ X, (1.1.3)

necessarily has a unique fixed point and for any starting point z, the sequence {7T,x}
converges to that fixed point.

Many authors, see for examples Alber [1], Boyd and Wong [22], have investigated more
general conditions under which a mapping will have a unique fixed point and also developed
iterative sequences that converges to such fixed points.

If £ = 1 in inequality (1.1.3), the mapping T is called nonexpansive. There are many
examples which show that z,,; = T"(x) need not to converge to a fixed point of a
nonexpansive mapping 7', even if it has a unique fixed point. We then need to impose
additional conditions on 7' (and/or the space X) and also modify the sequence T"(x) to
ensure convergence to a fixed point of 7.

These notable iterative algorithms were introduced for nonexpansive mappings namely,
the Krasnosel’skii sequence presented in [100] as: z; € X and

Tpy1 = 5(% + Txy,),
the Krasnoselskii-Mann algorithm given by: x; € X,
Tpo1 = (1= Nz, + ATz, A€ (0,1),
the Halpern algorithm given in [81] as: u € X arbitrary and
Tpr1 = apu+ (1 —a)Tx,,
and the more general Mann sequence presented in [119] as

Tpr1 = (1 —ap)x, + Ty,

Diverse convergence theorems have been proved for these sequences, depending on the
smoothness of the underlying space and/or the compactness of the mapping 7.
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Effort to establish convergence theorems for nonexpansive mappings is likely the most
rewarding research venture in nonlinear analysis. It has helped in the development of the
geometry of Banach spaces and other related class of mappings, namely, monotone and
accretive operators.

A mapping A : X — X is called 7-strongly monotone if

(r—y, Az — Ay) > 7|z —y

" Va,ye X,
and A : X — X* is called 7-strongly accretive if
(Az — Ay, j(z —y)) = tlle —y|*, Va,y € X,

where (.,.) is the duality pairing between X and X*, j(z —y) € J(x — y) where J is
the normalized duality mapping. When 7 = 0, these mappings are called monotone and
accretive respectively. If X is a Hilbert space, these two notions agree and they are simply
refereed to as monotone.

Accretive mappings have properties that are similar to those of monotone mappings. How-
ever, the use of the strongly nonlinear mapping J makes the study of such mappings diffi-
cult. In a sense, the duality mapping on a Banach space has all the properties of Banach
space that makes it differ from a Hilbert space and the space can be characterized, almost,
exclusively by the mapping.

These two ideas have been proved to be very useful in many areas of interest. The idea of
accretive operators vary often in partial differential equations and in the existence theory of
nonlinear evolution equations. On the other hand, the idea of monotone operators appears
in optimization theory and that, in particular, includes the increasingly important set-
valued mapping called the subdifferential. Given a convex, lower semicontinuous function
f, the subdifferetial is 0f : X — 2% given by

Of(z) ={z" € X" : f(y) — f(z) > (y — x,2"),Vy € Yy € X}.
The subdifferential is a monotone mapping and well known that 0 € df(z) if and only if
f(z) = in)f( f(z). This motivates the study of the more general problem of finding a zero
xe
of monotone operators, i.e  such that 0 € Az, of a monotone operator A.
The question on the existence of zeros is studied under the concept of maximal monotone
operators. A monotone mapping A is maximal monotone if the graph G(A) is a maxi-

mal element when graphs of monotone operators in X x X* are partially ordered by set
inclusion. In that case, for any (z,y) € X x X*, the inequality

(Y1 — Yo, w1 — x2) >0, VYoo € D(A), yo € Axy

implies y; € Ax,. Maximal accretive mapping are defined accordingly.

The accretive operators are intimately connected with an important generalization of
nonexpansive mappings called the pseudocontractive mappings. A mapping is pseudo-
contractive in terminology of Browder and Petryshyn [20] if for z,y € X, and for all
r >0,

|z —y <|[(z —y)+r[(z—Tz) - (y = Ty)]ll.

3



By a result of Kato [92], this is equivalent to
(I=T)x = =T)y,j(x—y))=0.

Thus, a mapping T is pseudocontractive if and only if the complementary operator A :=
I — T is accretive. Moreover, the zeros of A coincides with the fixed points of T

Another interesting relationship is that the resolvent of an accretive mapping A always
exists (i.e I + AA is invertible ) and it is nonexpansive. The resolvent of A is a set valued
mapping Jy : X — 2% defined

Inx) =T+ XA) "z, A>0.

In this case, A71(0) = F(Jy). More Precisely, the mapping .J is in fact firmly nonexpan-
sive, i.e

[3(x) = Iwyll* < (& =y, A(x) = J(y)), Y,y € X.

The existence and approximation algorithms for zeros of maximal monotone operators are
usually formulated in relation with the corresponding problem for fixed points of firmly
nonexpansive mappings. This makes the study of firmly nonexpansive and the more
general pseudocontractive mappings an important tool for monotone operators and the
theory of optimization.

The metric projection operators have become a veritable tool in dealing with variational
inequality problems by iterative-projection method in Hilbert spaces. Variational Inequal-
ity Problem VIP(A,C) involving an accretive operator A and convex set C' can be proved
to be equivalent to the fixed point problem involving the nonexpansive mapping

T = Po(I — \A)

for arbitrary positive number A. Conversely, given a differentiable functional f, the VIP(V f,C)
is simply the optimality condition for minimization problem
i ) 1.14

min f(x) (1.1.4)
Metric projection operators in Hilbert spaces are accretive and nonexpansive and give
absolutely best approximations of any element of the closed and convex set. However, in
Banach space setting, this operator no longer possess most of those properties that made
them so effective in Hilbert spaces.

To study monotone-type mappings and the related pseudocontractive mappings in Banach
spaces, some analogues of Hilbert space type projection operators were introduced. These
mappings are natural extensions of the classical projection operators to Banach spaces.
They have also helped in the approximation of monotone operator in Banach spaces.

Fixed point theory is divided mainly into four branches, namely: set theoretical fixed point
theory, topological fixed point theory, fuzzy topological fixed point theory and metric fixed
point theory [10, 27, 94, 97]. In this study, we are interested in metric fixed point theory
with particular interest on Split Feasibility Problems (SFP) and some of its generalizations.
In particular, we study equilibrium problems, monotone inclusion problems, variational
inequality problems and minimization problems and obtain some important convergence
results which compliment, improve and generalize some existing results in literature.
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1.2 Research problems and motivation

In this section, we discuss the research problems and motivation for the study

1.2.1 Research problems

Many authors have studied and introduced different iterative algorithms for fixed point
problems, split monotone inclusion problems, convex feasibility problems, split feasibility
problems, split variational inequality problems, equilibrium problems and minimization
problems see for example [55, 50, , | and the references therein. These authors
have proved weak and strong convergence results in Hilbert spaces and to the best of our
knowledge not much has been done on split monotone inclusion problems, split equilibrium
problem in a more general setting of Banach spaces other than the Hilbert spaces.

In this work, we study the monotone inclusion problem in uniformly convex and uniformly
smooth Banach spaces. Also we extend some results on split variational inequality and
equilibrium problem and some of its special cases from Hilbert spaces to higher Banach
spaces.

Moreover, most of the results on split monotone inclusion, split equilibrium and split
variational inequality problems in Hilbert spaces require a prior knowledge of the operator
norm or the the estimation of the spectral radius which are not always easy to compute
or estimate. Thus, we introduce some iterative algorithm for solving split equilibrium
problems, split variational inequality problems and split monotone inclusion which do not
require the knowledge of the operator norm or spectral radius.

We also study the regularized gradient-projection algorithm for solving one-parameter
nonexpansive semigroup, constrained minimization and generalized equilibrium problem
in Hilbert spaces. Furthermore, we also carry out some studies on fixed point problems and
split feasibility problems using Bregman distance techniques in reflexive Banach spaces.

1.2.2 Motivation

1. Fixed Point problems:
Bruck [30] noted that apart from being an obvious generalization of the contraction
mappings, nonexpansive maps are important for the following reasons:

(a) Nonexpansive maps are intimately connected with the monotonicity methods
developed since the early 1960’s and constitute one of the first classes of non-
linear mappings for which fixed point theorems were obtained by using the fine
geometric properties of the underlying Banach spaces instead of compactness
properties.

(b) Nonexpansive mappings appear in applications as the transition operators for
initial value problems of differential inclusions of the form 0 € % 4+ T'(¢)u where
the operators T'(t) are in general set-valued and are accretive or dissipative and
minimally continuous.



(¢) Many well-known algorithms in signal processing and image reconstruction are
iterative in nature and a wide variety of iterative procedures used in signal
processing and image reconstruction and elsewhere are special cases of the
Krasnoselskii-Mann iteration procedure, for particular choices of the nonex-
pansive operator, see [12].

Despite many existing results for nonexpansive type mapping in the literature, there
is still much to be done on other maps which are more general than nonexpansive
mappings.

. Split feasibility problems: Recently, the split feasibility problem have been extended
to an infinite-dimensional Hilbert spaces, see [12, , , , , , , ]
and have also been applied in solving problems in areas such as image restoration,
computer tomography and radiation therapy treatment planning, see [179, , ,

, , ] and references therein for existing results on split feasibility problem.
Many authors have also studied split equality fixed point problems, split common
fixed point problems and split convex feasibility problems, see [12, 7, 82, , ].

The study of split feasibility problem and split equality problem in Banach spaces
outside Hilbert space is rare. Thus, it is necessary to extend study in the frame work
of Banach spaces.

. Split monotone inclusion problems:

An important and perhaps interesting topic in nonlinear analysis and convex opti-
mization concerns solving inclusions of the form 0 € A(x), where A is a maximal
monotone operator on a Banach space X. Its importance in convex optimization is
evidenced from the fact that many problems that involve convexity can be formulated
as finding zeros of maximal monotone operators. For example, convex minimizations
and convex-concave mini-max problems, to mention but a few can be formulated in
this way. Furthermore, the variational inclusion problem is important generalization
of a variational inequality problem and has been extensively studied and general-
ized in different directions to study a wide class of problems arising in mechanics,
optimization, nonlinear programming, economics, finance and applied sciences. In
particular, the subdifferential of a proper, convex and lower semi-continuous (Isc)
function f on a Banach space X, 0f is a maximal monotone operator and a point
p € X minimizes f if and only if 0 € 9f(p).

Many authors have studied split monotone variational inclusion problem extensively
in Hilbert spaces by introducing different iterative schemes and proving convergence
theorems for solving split monotone variational inclusion problems in Hilbert spaces.

The point of interest here is that as important as the split monotone inclusion prob-
lem is, much have not been done on it in Banach spaces more general than Hilbert
spaces. Also, most of the existing results in Hilbert spaces involve iterative schemes
such as shrinking projection algorithm or require the knowledge of the operator norm
which sometimes may be difficult to compute. Thus, there is a need to introduce
simpler and much easier iterative algorithms or iterative algorithms that do not re-
quire any prior knowledge of the operator norm for solving split monotone variational
inclusion problem in certain Banach spaces.

6



4.

Generalized equilibrium problem:

Solving equilibrium problem represents an important area of mathematical sciences
as numerous problems in physics, optimization, operations research, economics, game
theory, financial mathematics and mechanics can be formulated as an equilibrium
problem. Equilibrium problems include variational inequalities, optimization prob-
lems, Nash equilibra problems, saddle point problems, fixed point problems and
complementarity problems as special cases, and the generalized mixed equilibrium
problems generalize the equilibrium problems.

In the theory of variational inequalities, variational inclusions and equilibrium prob-
lems, the development of an efficient and implementable iterative algorithms is inter-
esting and important. In past years, some iterative methods have been proposed to
solve the equilibrium problem and variational inequality problems in Hilbert spaces
and Banach spaces, see for instance [14, 126, 48, 144, 143,195, 110] and the references
therein.

In literature, results on split equilibrium problems are mostly in Hilbert spaces and
also depend on a prior knowledge of the operator norm. Hence, it will be important
to introduce iterative algorithms for solving split equilibrium problems which do not
require knowledge of operator norm. Furthermore, there is also a need to obtain
iterative solution of split equilibrium problem or any of its generalizations in Banach
spaces more general than Hilbert spaces.

1.3 Objectives of study

The main objectives of this study are:

(a)

To introduce iterative algorithms and prove strong convergence theorem for solving
split feasibility problems such that our step-size is selected in such a way that its
implementation does not involve the computation or estimation of the operator norm.

To extend some existing result on split monotone inclusion problems and split gen-
eralized equilibrium problem from the frame work of Hilbert space to g-uniformly
smooth Banach spaces which are also uniformly convex.

To propose an iterative method for solving split equality convex minimization prob-
lem of the form min{ f(z)+ ¢g(x)} where f and g are convex functions and give some
applications.

To propose a regularized gradient-projection algorithm for solving one-parameter
nonexpansive semigroup, constrained convex minimization and generalized equilib-
rium problems.

To study strong convergence for Meir-Keeler contractions and a countable family
of accretive operators in the frame work of uniformly convex and uniformly smooth
Banach spaces with applications to certain integro-differential equations with gener-
alized p-Laplacian operators.



(f) To obtain some strong convergence results for a new class of split variational inequal-
ity and monotone variational inclusion problems in Hilbert spaces with numerical
examples.

1.4 Organization of the thesis

The thesis is divided into seven chapters as follows:

In chapter 1, we give a brief historical background of our study, discuss the research
problems and motivation for the study, give the objectives of the study and finally describe
the organization of the thesis.

In chapter 2, we introduce some basic concepts and terms and give some existing results
and classical inequalities that are needed in establishing our results in this work. Some
notable results on metric projection in Banach and the concept of Bregman distance are
also discussed.

Our major work begins in Chapter 3 and this comprises of three sections.

In section 3.1, we give the definition of one parameter nonexpansive semi group and a brief
introduction of regularized gradient-projection algorithm in Hilbert spaces.

In section 3.2, we study an iterative algorithm for finding a common element of the fixed
points set of common solution of a one-parameter nonexpansive semigroup, the set of so-
lution of constrained convex minimization problem and the set of solutions of generalized
equilibrium problem in a real Hilbert space using the idea of regularized gradient-projection
algorithm under suitable conditions. We also give an application.

In section 3.3, a strong convergence theorem is proved concerning an element in the inter-
section of set of solutions of generalized mixed equilibrium problem and the set of solutions
of fixed point for a finite family of Bregman strongly nonexpansive mappings.

In chapter 4, we study the monotone inclusion, minimization and fixed point problem and
this comprises of 4 sections.

In section 4.1, a brief introduction of sum of two monotone operators and Peaceman-
Rachford algorithm is given.

In section 4.2, a strong convergence result is obtained for finding a common element of the
fixed points set of an infinite family of k-demicontractive mappings which is also a zero of
the sum of two monotone operators, with one operator being maximal monotone and the
other inverse-strongly monotone.

In section 4.3, we study an iterative algorithm with Meir-Keeler contractions for finding
zeros of the sum of finite families of m-accretive operators and finite family of a-inverse
strongly accretive operators in a real smooth and uniformly convex Banach spaces.We
also discuss application of this method to the approximation of solution to certain integro-
differential equation with generalized p-Laplacian operators.

In section 4.4, we propose a new modification of the Gradient Projection Algorithm (GPA)
and the Forward-backward Algorithm (FBA). Using our proposed algorithms, we estab-
lish two strong convergence theorems. We also apply our result to solve split feasibility



problem and we give numerical example.

Chapter 5 is devoted to the study of split feasibility variational inequality and fixed point
problems and this comprises of 3 sections.

In section 5.1, we propose an algorithm involving a step-size selected in such a way that
its implementation does not require the computation or an estimate of the operator norm.
Using our algorithm we prove strong convergence theorem for finding a common element
that solves a class of split variational inequality problems.

In section 5.2, we propose an algorithm involving a step-size selected in such a way that
its implementation does not require the computation or an estimate of the spectral radius.
Using our algorithm we prove strong convergence theorem for common solution of a split
equilibrium problem, a variational inequality problem and fixed point problem for multi-
valued quasi-nonexpansive mappings in real Hilbert spaces.

In section 5.3, we propose an iterative algorithm involving a step-size selected in such
a way that its implementation does not require the computation or an estimate of the
spectral radius. Using our algorithm, we state and prove a strong convergence theorem
for approximating a common solution to a monotone inclusion problem and a fixed point
problem for multi-valued Lipschitz hemicontractive-type mappings whose image under a
bounded linear operator is a fixed point of a demicontractive mapping.

In chapter 6, we study split equality equilibrium, split equality monotone inclusion, split
equality minimization and fixed point problems in Banach spaces and this comprises of
three sections.

In section 6.1, an iterative algorithm for approximating a solution of a split equality min-
imization problem and split equality fixed point problem for demi-contractive mappings
is introduced. Using our iterative algorithm, we state and prove a strong convergence
theorem for approximating an element in the intersection of the solution set of a split
equality minimization problem and the solution set of split equality fixed point problem
for demicontractive maps. Our result do not require any compactness assumption and do
not require the prior knowledge of the operator norm.

In section 6.2, we propose a new iterative algorithm for approximating a common solution
of split equality monotone inclusion problem and split equality fixed point problem. Using
our algorithm, we state and prove a strong convergence theorem for approximating an
element in the intersection of the set of solutions of a split equality monotone inclusion
problem and the set of solutions of a split equality fixed point problem for right Bregman
strongly nonexpansive mappings in the setting of p-uniformly convex Banach spaces which
are also uniformly smooth. We also give an application.

In section 6.3, we study the approximation of solution of split equality generalized mixed
equilibrium problem and fixed point problem for right Bregman strongly quasi-nonexpansive
mappings in g-uniformly convex Banach spaces which are also uniformly smooth. We in-
troduce a simultaneous algorithm and prove strong convergence without prior information
of the operator norms involved.

In the last chapter, our contribution to knowledge is discussed and some areas of future
research are also pointed out.



Chapter 2

Literature Review

In this chapter, we give definitions of some basic terms and concepts that will be useful
throughout the work. We also present some useful results and give detailed literature
review of concepts that are relevant to the work.

2.1 Preliminaries and definitions

Unless otherwise specified, X represents a Banach space with norm ||.||. The dual space
X* of X is the Banach space of all bounded linear functionals on X. It is endowed with
the norm

where (.,.) represent the pairing between the elements of X and X*. Given any sequence
{z,} in X, we take x,, — x* to mean {x,} converges strongly to x* and z,, — x* to mean
that {x,} converges weakly to x*.

2.1.1 Some basic concepts and definitions

Definition 2.1.1. A mapping T : X — X is called L-Lipschitzian if there exists L > 0
such that

[Tz — Tyl < Ljjz —yl|, Vr,yeX. (2.1.1)

Remark 2.1.2. If L = 1 in the inequality (2.1.1), the mapping is called nonexpansive and
if 0 < L < 1, it is called a strict contraction. It is well known that F(T) is closed and
convexr whenever T is nonerpansive.

Definition 2.1.3. A mapping T : X — X 1is pseudocontractive in the terminology of
Browder and Pertryshn [20] if

[z =yl <z —y) +ri(z = Tx) = (y =Ty, Vr,yeX, r>0. (2.1.2)
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By the result of Kato [92], (2.1.2) is equivalent to
(T =T — (T = Thy, i — 1)) > 0.

Thus, a mapping T is pseudocontractive if and only if the complementary operator A :=
I — T is accretive.

Definition 2.1.4. Given a real Hilbert space H and a closed convex subset C' of H, let
T:C — C be a mapping. Then T is said to be

(B1) strictly pseudocontractive if there exists p € [0,1) such that
1Tz —Ty|* < ||z —y|* + pll(e = Tz) = (y = Ty) I, Yo,yeC;  (2.1.3)
(B2) demi-contractive if F(T) # 0 and there exists p € [0,1) such that
1Tz = Tp|* < |z — plI* + plle = Tz||, V (z,p) € C x F(T); (2.1.4)
(B3) quasi-nonexpansive if F(T) # 0 and

[Tz~ Tpll < lz —pll, ¥(z.p) € C x F(T). (2.15)
It is known that (2.1.3) is equivalent to
1—p

(Te =Ty,x —y) < |lz =y’ = =z = To) = (y = TY)|, Vo,yeC. (2.16)

If 4 =1 in the inequality (2.1.4), the mapping is called hemicontractive. (2.1.4) is equiv-
alent to

]_ _
(Tz = Tpa—p) < o —plf ——FITe =2 ¥ zeC peR(T). (2.17)
Definition 2.1.5. Given a mapping f : X — RU {+o00}. We say that f is

e proper if
D(f) ={z € X: f(z) < oo} #0;

e convex if

fOr+ (1 =Ny) <Af(@)+ (1 =XNf(y), YA€ (0,1), =,y € D(f);
e lower semi-continuous (lsc) at xo € D(f) if

f(x0) < Timiinf f(x);

T—T0

o Gateaux-differentiable (G—differentiable) at vo € D(f), if there exists a bounded
linear mapping ' € X* such that

(h, £(2)) = tim LE0 ) = f(30).

t—0 t ’
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e [re’chet-differentiable at xy € D(f), if it is G—differentiable at xy € D(f), with
derivative f'(xq), and

lim sup f(zo +th) — f(x0)
=0 ||p=1 t

— (b, f'(w0))| = 0;

o subdifferential at xo € D(f), if there exists g € X*, called a subgradient element,
such that

f(x) — f(zo) > (x — z0,9), Yz € X.

Remark 2.1.6. It is known that every convex lower semicontinuous function f is subdif-
ferentiable in the interior of its domain, see for example Cioranescu [0/]. Moreover, f is
G—differentiable if and only if the subdifferential Of(x) contains only one element, namely
f'(x) =V f(x), for each x € D(f).

Definition 2.1.7. The subdifferential of a functional f at x¢ is the set valued mapping
Of : X — 2% defined by

Of(zo) :={g9€ X" : f(x) — f(xo) > (x — x0,9)} Vo € X.

The subdifferential is an increasingly important multivalued mapping due to its fre-
quent use in the theory of optimization. Many functions of interest, for example, the
absolute value function f(z) = |z| on R are not differentiable. They may however be
subdifferentiable. Therefore 0 € 0f(z) if and only if f(z) > f(z) holds for all z € X.
Finding a minimizer of f therefore is equivalent to finding an z € X with 0 € 9f(z). This
technique has been applied successfully for example in game theory and market economy,
in the existence theory for equilibra.

2.1.2 Duality mappings and characterization of some Banach
spaces

We present some characterization of Banach spaces according to their duality mappings.

It is a common knowledge that the domain of a function f is almost never compact in the
infinite dimensional spaces and therefore strong convergence is almost never guaranteed.
To enforce a form of convergence of a minimizing sequence, one uses some other properties
of the functional. In particular, one assumes that f is weakly lower semicontinuous, i.e ”if
T, — u, then f(u) <liminf f(x,)”. It is known that every convex lower semicontinuous
function is weakly lower semicontinuous.

If the mapping f is differentiable, then the convexity can be characterized exclusively by
the derivative as follows:

(u—wo, f'(u) — f'(v)) >0 Yu,v € X, (2.1.8)

where (.,.) is the paring between the elements of the dual X* and X. Any mapping
A: X — X* satisfying the type of inequality (2.1.8), i.e

(u—v,A(u) — A(v)) 20 Yu,v € X,
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is called a monotone mapping. We have noted that if f is convex and lower semicontin-
uous but not necessarily differentiable, we may still obtain the subdifferential of f. The
multivalued mapping 0f satisfies the inequality (2.1.8) in the sense that

(" —v 5 u—v) >0, Yu,v € X, u* € df(u), v*° € I(v). (2.1.9)

This suggest that the inequality (2.1.8) is applicable to a wide range of areas including
multi-valued mappings.

Definition 2.1.8. Given a Banach space X with its dual X*. We recall that

e a normed space X is called uniformly smooth if for every v € X, ||z|| = 1, there
exists a unique x* € x* such that ||z*|| = 1 and (x,z*) = ||z||,

e the modulus of convexity of X is a mapping dx : [0,2] — R defined by

T +vy

Sx (1) :inf{l -

[l =1l =1, o =sll =t} 2110
e and the modulus of smoothness is a mapping px : (0,00) — R defined by
1
px(t) = sup{§ (o +yll + e — yl) = 1+ 1zl = 1, Jlgll = t}. (2.1.11)

The space X is said to be uniformly convex whenever dx(t) > 0 for each t € (0,2] and

px(®) _

’ 0. Given real numbers p,q > 1, the space X is called

uniformly smooth if lim
t—0+

p-uniformly convex (resp. g-uniformly smooth) if for some constant ¢ > 0,
Sx(t) > et?  (resp p(t) < ct9).

Moreover, X is uniformly smooth if and only if X* is uniformly convex and vice versa.
Also, if 1—1) + % = 1, then X* is g-uniformly smooth if X is p-uniformly convex and vice
versa.

Common examples of p-uniformly convex spaces are the L, spaces, 1 < p < co. Given a
measure space (£, A, i), we define a real Lebesgue space (L,(€2)), 1 < p < oo as

L,(Q) := {f,f :Q = RU{+00}, fis A— measurable, / | fIPdp < oo} .
Q

In this case, (L,(€2), ||.||,), where

T ( / |f|pdu)‘°,

In the special case that 2 = N and p is the counting measure d, the space

is a normed linear space.

L(N) = {f,f N R f() = o [ 1775 < oo},

13



corresponds to
o
l, = {(xn)n : Z |z, |P < oo} .
n=1
Let g be the Holder conjugate exponent of p, i.e

q=——, 1 <p<oo.
p—1

For u € L,(Q), we define the linear functional F, on (L,(2))* by

F.(f) = /Qf.u dp, f € L,

The Holder inequality

R = | [ g ] < a1,
gives || Fyll« < ||ull4- Thus, the mapping

Iy Ly() = (Ly(Q)", ur By,

is a one to one bounded linear operator with ||1,||z(z,,(,)) < 1. With the isometry above
in mind, we will habitually identify the space (L,)* with L, in the sense that for any
¢ € (Ly)*, there exist uy € Lg, such that (f,¢) = [, fugdu, V f € Ly, and ||¢]. = |lug|q-

It is well known, see for example Chidume [60], that

(i) X is p— uniformly convex if and only if X* is g— uniformly smooth.
(ii) X is ¢— uniformly smooth if and only if X* is p— uniformly convex.
Let X be a real p—uniformly convex and uniformly smooth Banach spaces with dual X*

which is g—uniformly smooth and uniformly convex. We define the functional f, : X — R
by

1
fp(z) = ]—)||at||p, z e X.

It is obvious that f, is strictly convex and lower semicontinuous. Then the subdifferential
of fp, which is actually the Fre’tchet derivative is denoted by J,, where

Jp(x) = {Jp(x) € X* 2 (), 2) = [|2]|” = [7p ()]} (2.1.12)

This mapping J, : X — 2% is nonlinear and is called the generalized duality mapping of
X.

For p = 2, the mapping J, := J : X — 2% is called the normalized duality mapping.
When it is understood that J is single valued, we may use J(z) and j(z) interchangeably.
Some of its very useful properties are :

(a) For any z € X, J(z) # 0 (due to Hahn Banach theorem).

14



(b) For any real number «, J(az) = aJ(x), Vre X.

c) If X is a reflexive and smooth Banach space, then J is single-valued and onto.

(
(d

If X is strictly convex, then J is injective.

)
)
)
(e) If X is reflexive and strictly convex and X* is strictly convex then J* : X* — X**
(= X) is a duality mapping on X* satisfying J~! = J*.

The normalized duality mapping characterize the reflexivity of a Banach space, as
shown in the result below:

Theorem 2.1.9. (Cioranescu [0/]) Let X be a Banach space and J the normalized duality
mapping. Then X 1is reflexive if and only if

() = x~.

zeX
Below are other basic relationships that exist between the geometric property of Banach
space and generalized duality mappings, which can be found in [60] and [64]:

Proposition 2.1.10. Let X be a Banach space. Then the following assertions holds:

(a) X is smooth if and only if the generalized duality mapping J, is single valued.

(b) X is uniformly smooth if and only if the generalized duality mapping J, is norm to
norm uniformly continuous on bounded subsets of X.

(c) If X has a uniformly G—differentiable norm, then J, is norm to weak® uniformly
continuous on bounded subsets of X.

Definition 2.1.11. (Browder [28]) A Banach space X is said to have a weakly continuous
duality mapping if there exists a p > 1 such that J, is singled-valued and weak® sequentially
continuous, that is

if x,—uxz, then Jp(z,) — Jp(x) in the weak™ topology.

Example of spaces with weakly continuous duality mapping are [,, 1 < p < oo. For a
Banach space with weakly continuous duality, the following result holds:

Theorem 2.1.12. (Cioranescu [0/] and Riech [152]) Suppose that X has a weakly con-
tinuous duality mapping J, and that the sequence {x,} converges weakly to x. Then

limsup ||z, — z||” = limsup ||z, — z||” + ||z — z, ||
n—o0 n—oo
Vz € X. In particular, X satisfies the Opial’s conditions; that is,

if x, —x, then limsupl|z, — z| <limsup|z, — 2|

forall z e X, z # x.

Below is another important property of the normalized duality mapping in Banach space
which can be found in [92].

Lemma 2.1.13. (Kato [92]) Let z,y € X. Then ||z|| < ||z + ay|| for every a > 0 if and
only if there exists j(x) € J(x) such that (y,j(x)) > 0.
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2.1.3 Metric projection in Hilbert spaces

Given a nonempty closed and convex subset C' of a Hilbert space H, the metric projection
or the proximal mapping on C'is a mapping P : H — C such that for each x € H, the
uniquely existing element Pox € C' satisfies

— Pox|| = min ||z — y]|.
2~ Peal| = min |z — y|

A very important inequality that characterize the metric projection in Hilbert spaces is
stated below.

Proposition 2.1.14. For arbitrary x € H, z = Pox if and only if

(x —z,y—2) <0, VyeC.
From this proposition, we derive that

(i) ||Pcx — Peyll?* < {(x — y, Pox — Poy) Y,y € H, that is, the metric projection is
firmly nonexpansive;

(i) [l = Pox|* +|ly = Pexl|® < |lz — yl]* Vo € H and y € C;

(iii) if C' is a closed subspace, then P¢ coincide with the orthogonal projection from H
onto C. Thus, for any y € C, (z — Poz,y) = 0.

Remark: The convexity of the set C' is very crucial in the existence of the mapping Pe.
This can be seen in the example where C' := {e, €9, ..., €5, ...} Cla, €, = (0, 0,..., ”T”, ) .
Certainly, C is closed but not convex. It is easy to see that Po0 = (). In some case when
the structure of the convex set C' is simple, we can easily calculate the metric projection

onto such a set.

Example 2.1.15. (a) Let C = B(u,r) ={y € H : |y — u|| < r}. Then

w
Pog— T T EC
x, if xeC.

(b) Given a nonzero mapping f : H — R and C :={y € H : f(y) = a} a hyperplane,
then

flz) -
Por=2—"——"——1F.
117
(¢) Given a nonzero mapping f : H — R and C := {y € H : f(y) < a} a closed half
space, then

Pex = {a: B (fl(lj”)\\;a)f7 if f(z)>a,
s if f(z)<a.
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2.1.4 Bregman distance and some related notions

In 1967, Bregman [21] introduced a nice and effective method for using the so called
Bregman distance function Ay in the process of designing and analyzing feasibility and
and optimization algorithms. This opened a growing area of research in which Bregman
distance technique is applied in various ways in order to design and analyze iterative
algorithms for solving equilibra and for computing fixed points of nonlinear mappings
(see, e.g., [2, 1, 3, 31, 34, 24, 36, 37, 39, 40, 41, 77, 98] and the references therein).

Let f : E — R be an admissible function, that is, a proper, lower semicontinuous,
convex and Gdteaux differentiable function. Under these conditions, we know that f is
continuous in the int(domf) (see [33]).

Definition 2.1.16. (Bregman [2//) Let f : X — (—o0,+0o0] be a G—differentiable
function. The function Ay : D(f) x intD(f) — [0, +00) defined by

Ap(y,z) = fy) — f(z) —(V[(z),y —x) (2.1.13)
1s called the Bregman distance with respect to f.

Remark 2.1.17. [170]. The generalized duality mapping J, is the derivative of the func-
tion fy(x) = (%)HazH” Given that f = f, in the definition above, the Bregman distance
with respect to f, now becomes

1 1
Ap(z,y) = ~[[z][” = (. y) + [yl
q p
1
= 5 Uyl = llel?) + (o, =)
1
= o Ul = lyl) = (o = Sy, ). (2.1.14)

We note that the Bregman distance is not symmetric, therefore it is not a metric but it
has the following important properties for all z,y, 2z € X:

(i) Ap(z,2) =0,

(i) Ap(z,y) =0,
(i) Ap(x,y) = Ap(x,2) + Bp(2, ) + (2 —y, Sy — Jpy),
(i) Ap(z,y) + Bp(y, @) = (x —y, Sy — Jpy).

For any p-uniformly convex Banach space X, the metric and Bregman distance have the
following relation:

kllz = ylIP < Ap(z,y) < (x —y, Jpx — Jpy),
where k > 0 is a fixed number.

The modulus of total convexity of f is the bifunction v; : int(domf) x [0,400) —
[0, +00] which is defined by

I/f((l?,t) = mf{Af(y,a?) TS domf, ”y - ‘Q:H = t}
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The function f is said to be totally convex at a point x € int(domf) if vi(z,t) > 0
whenever ¢ > 0. The function f is said to be totally convex when it is totally convex at
every point x € int(domf). This property is less stringent than uniform convexity (see [36],
Section 2.3, page 92). Examples of totally convex functions can be found, for instance, in

[35, 36, 39].

We remark that f is totally convex on bounded subsets if and only if f is uniformly convex
on bounded subsets (see [39], Theorem 2.10, page 9).

The Bregman projection (cf. [24]) with respect to f of x € int(domf) onto a nonempty,
closed and convex set C' C int(domf) is defined as the necessarily unique vector Projé(x) €
C, which satisfies

Ay (ijg(g;),x) — inf{A(y,z): y € CY. (2.1.15)

Let C' be a nonempty, closed and convex subset of X, f : X — R be a G— differentiable
function and totally convex function and let = € X. It is known from [39] that z =
Projé(m) if and only if (Vf(z) — Vf(2),y —2) <0 for all y € C. We also have

Af(y,Projé(a:)) + Af(ijé(x),w) < Ag¢(z,y), VeeX, yeC. (2.1.16)

Similar to metric projection in Hilbert space, the Bregman projection with respect to
totally convex and G— differentiable function has a variational characterization (cf. [39],
Corollary 4.4, page 2.3).

Proposition 2.1.18. (see [17/])(Characterization of Bregman Projections). Suppose that
f X — R is totally convex and G— differentiable in int(domf). Let x € int(domf)
and C' C int(domf) be a nonempty, closed and convex set. If & € C, then the following
conditions are equivalent:

(i) The vector & is the Bregman projection of x onto C' with respect to f.

(11) The vector T is unique solution of the variational inequality

(Vf(@)=Vf(z),z—y) >0, VyeC.

(11i) The vector & is the unique solution of the inequality
Ap(y,z) + Ap(z, 1) < Ap(y,x), Vel

Definition 2.1.19. Let C' be a nonempty, closed and convex subset of X and T : C' — C
be any mapping. A point p € C s called an asymptotic fixed point of T if C' contains
a sequence {x,}5°, which converges weakly to p and lim,_, ||z, — Tx,|| = 0. The set
asymptotic fired points of T is denoted by F(T).

T:C — C s said to be
(i) right Bregman firmly nonexpansive if
<JP(T‘T) - Jp(Ty)7 TQZ - Ty> S <JP<Tx) - JP(Ty)a T — y>7 Vi’??y € C?
equivalently,

Ay(Tx, Ty) + Ap(Ty, Tx) + Ap(z, Tx) + Ap(y, Ty) < Ap(x, Ty) + Ay(y, Tx),
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(ii) right Bregman strongly nonexpansive (see [115]) with respect to a nonempty F(T) if
Ap(Tz,y) < Ay(,y), Vo€ O, y € F(T)
and if whenever {x,} C C is bounded, y € F(T) and

hm (Ap<$n, y) - AP(Txna y)) = 07

n—o0

it follows that
lim A,(x,, Tx,) = 0.

n—oo
Remark 2.1.20. [/18]. Every right Bregman firmly nonezrpansive mapping is right Breg-
man strongly nonexpansive mapping with respect to F(T) = F(T).

Definition 2.1.21. A mapping B : X — 2% is called monotone if
(—nz—y)=0Vz,y €L, € B(x),n€ By). (2.1.17)

B is said to be maximal if the graph of B denoted by G(B) is not properly contained in the
graph of any other monotone mapping. It is generally known that a monotone mapping B
is maximal if and only if (x —y,u—v) >0, for all (z,u) € X x X, (y,v) € G(B) implies
u € Bx.

The following are examples of monotone mappings.

Example 2.1.22. Let X be a real Banach space and f : X — (—o00,+0c]| be a proper,
convex and lower semi-continuous function. The subdifferential Of of f defined by

Of(x) ={§ea”: (§y—x) < fly) — f(z) Vo € x},
is mazximal monotone (see [157]).

Example 2.1.23. Let X be a real Banach space, then the normalized duality mapping J
is monotone. Indeed for any xz,y € E, u € J(z), v € J(y), we have

(@ —yu—v) = |zl + |yl = (z,v) = (y, )
>l + 1yl = (o]l = ylll]ul|
= |l=[]* + [lyl* — 2l|=[l||y]]
2
= (=l =1lyl)” = 0.
Example 2.1.24. Let A be an n X n matrix with real entries. Consider the operator

f:R™ — R"™ defined by f(x) = Ax. Then f is mazimal monotone if f is a positive linear
operator (see [57]).

Definition 2.1.25. Let X be a p—uniformly convex Banach space and J, be the generalized
duality mapping of X. The resolvent of a mazximal monotone mapping B is the operator
Resz’}B : X — 2% defined by

Res)® .= (J,+AB) "o J,, A >0. (2.1.18)

p
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Remark 2.1.26. The resolvent operator Res;‘B s a Bregman firmly nonexpansive operator.
Furthermore, 0 € B(z) if and only if x = Res)”(x) (see [151], for more details).

Let C' be a nonempty closed and convex subset of X. The metric projection

Pex = argmin ||x — y|
yelC

for all z € X is the unique minimizer of the norm distance which can be characterized by
a variational inequality:

(J]‘,X@—ch),z—Pc@ <0, VzeCl. (2.1.19)
Similar to the metric projection, we define the Bregman projection as

Hcl' = a?“gmm A10(1‘7 y)a
yelC

YV x € X, which is the unique minimizer of the Bregman distance. The Bregman projection
can also be characterized by a variational inequality:

(JX(x) = Jr (ex),z — ea) < 0.V z € C, (2.1.20)
which implies that
Aoz, z) < Ay, 2) — Ap(z, Hex), (2.1.21)

forall z € C.

Definition 2.1.27. [179]. Let X be a p—uniformly convex Banach space. The function
V,: X* x X — [0, +00) is defined by

1 1 .

Vp is nonnegative and V,,(v,y) = A,(J;(z),y) for all z € X* and y € X. Also, by the
subdifferential inequality, we have

Vp(a®, ) + (", J; (2%) —2) S V(2" + ¢, x), Vo € X, 2%, y" € X (see, [179]).(2.1.23)

Furthermore, V, is convex in the second variable. Thus for all z € X, we have

where {z;}¥, € E and {t;}}¥, C (0,1) with SN t; = 1 (see [I, 32, 158, 161, 179] for
more details).
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2.2 Equilibrium, split feasibility and variational in-
equality problems

2.2.1 Equilibrium problem

In this section, we give a brief survey of some classes of equilibrium problems. Throughout
this section C' is a nonempty closed and convex subset of a Hilbert space H.

In 1994, Blum and Oettli [1] introduced the following Equilibrium Problem (in short
EP). Given a bifunction F': C' x C' — R, the EP is to find € C such that

F(z,y) >0, VyeC. (2.2.1)

In solving the EP, it is assumed that the bifunction F' satisfied the following:

Al. F(z,2)=0 VzeC,
A2, F is monotone, i.c F(z,y)+ F(y,z) <0 Vaz,yeC,
A3, limsup, F(tz + (1 —t)z,y) < F(z,y) for each x,y,z € C,

A4, for each z € C, the function y — F'(z,y) is convex, lower semicontinuous.

The set of solution to (2.2.1) is denoted by EP(F).

Generalized Equilibrium Problem (GEP)
In 1999, Moudafi and Théra [126] introduced the GEP which is to find x € C such that :

F(z,y)+ (Az,y —2) >0, yeC, (2.2.2)

where A : C' — H is a nonlinear mapping. The set of solutions to (2.2.2) is denoted by
GEP(F).

The EP and GEP have potential and useful applications in nonlinear analysis and math-
ematical economics as seen below (see Blum and Oettli [11]):

(1) Optimization: Let ¢ : C'— R be a convex and lower semi-continuous function, the
minimization problem is to find z € C such that

o) <oly) Vyel. (2.2.3)

Setting F(z,y) := ¢(y) — ¢(z), Problem (2.2.3) coincides with (2.2.1). The function
F' is monotone in this case.

(2) Saddle point problem: Let ¢ : Cy x Cy — R. Then Z = (Z,Z2) is called a saddle
point of the function ¢ if and only if for (z1,75) € C} x Cs,

©(ZT1,92) < 01, T2) Y(y1,12) € C1 x Ca. (2.2.4)
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Setting C' = C; x (5 and define F': C x C — R by

F((@n,@2), (w1, 92)) = 9l 22) — (@1,02).

Then z = (%1, T2) is a solution of (2.2.1) if and only if (Z;, Z2) satisfies (2.2.4). F is
monotone in this case.

Nash equilibria in non-cooperative game: Let I be a finite index set (the set of
players). For every i € I, let there be given a set C; (the strategy set of the i — th
player). Let C' := [[,.; C;. For every i € I, let there be given a function f; : C — R
(the loss function of the i'" player depending on the strategies of all players). For
x = (2;)ie1 € C, we define 2* = (x;)es j2. The point T = (Z;);c; € C' is called Nash
equilibrium if and only if for all ¢ € I, there holds

fi(z) < fiZ' ) Yy € G, (2.2.5)

(that is, no player can reduce his loss by varying his strategy alone).
Define F': C' x C' = R by

F(x,y) = Z (fi(miayi) - fz(@)

i€l

Then z € C is a Nash equilibrium if and only if = fulfills (2.2.1). Indeed: If (2.2.5)
holds for all ¢ € I, then it is obvious that (2.2.1) is fulfilled. If for some i € I, we
choose y € C' in such a way that 7' = 3*. Then

Hence, (2.2.1) implies (2.2.5) for all ¢ € I. F in this case is not automatically
monotone.

Fized Point Problem (FPP): Let T : C' — C be a given mapping. The fixed point
problem is to find x € C such that

x="Tuz. (2.2.6)

Setting F'(x,y) = (x — Tx,y — x). Then x solves (2.2.6) if and only if x is a solution
of (2.2.1). Indeed: (2.2.6) = (2.2.1) is obvious. And if (2.2.1) is satisfied, then
choose y = Tz to obtain

0 < F(z,9) = —||lz - Tz[]%, (2.2.7)
hence, z =TZ. So (2.2.1) = (2.2.6). In this case F' is monotone if and only if

Hence in particular T' is nonexpansive.
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(5) Convez differentiable optimization: Besides the straightforward connection between
optima and equilibria given in (1), there is a more subtle connection in the convex
differentiable case. Let ® : ' — R be convex and Gateaux differentiable, with
Gateaux differential Dg(x) € H* at x. Consider the problem

min{®(z) : z € C}. (2.2.8)

It is well known from convex analysis that Z is a solution of (2.2.8) if and only if z
satisfy the variational inequality

zeC, (D¢o(Z),yz) >0 Yy € C.

Upon setting F'(z,y) := (Dg(z),y — ), this becomes an example of our equilibrium
problem (2.2.1). The function F' is monotone in this case, since the mapping
x +— Dg(x) is monotone, i.e

(Do(y) — Do(z),y —x) 20 Va,yeC.

(6) Variational operator inequalities: Let ¢ : C' — H* be a given mapping. The varia-
tional inequality problem is to find z € H such that

zelC, Wr,y—z)>0 Vyel. (2.2.9)
We set F(x,y) := (¢x,y — x). Then clearly (2.2.9) <= (2.2.1).

(7) Complementarity problem: This is a special case of the previous problem (6). Let C'
be a closed convex cone with C* := {z* € H* : (z*,y) > 0 Vy € C} denoting its
polar cone. Let A: C — H* be a given mapping. The complementarity problem is
to find ¥ € H such that

zeC, AzeC*, (Az,z)>0. (2.2.10)

It is easily seen that (2.2.10) is equivalent with (2.2.9). Obviously, (2.2.10) = (2.2.9).
If (2.2.9) holds, then setting in turn y := 27 and y := 0, we obtain from (2.2.9) that
(Az,z) = 0 and thereby, (AZ,y) >0, Vy € C. Hence (2.2.9)= (2.2.10).

Mixed Equilibrium Problem(MEP)
In 2008, Ceng and Yao [18] studied the MEP which is to find x € C, such that

F(z,y) +¢(y) —d(x) >0 Vy e C, (2.2.11)

where ¢ : C' — R U {400} is a nonlinear functional. The set of solutions of the MEP is
denoted by MEP(F, ¢).

Generalized Mixed Equilibrium Problem(GEMEP)
Also, Peng and Yao [113] studied the GEMEP which is to find x € C, such that

where A : C'— H is a nonlinear mapping and ¢ : C' — RU{+o0} is a nonlinear functional.
The set of solutions of GEMEP is denoted by GEMEP (F, A, ¢).
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2.2.2 Split feasibility problem

The SFP introduced in 1994 by Censor and Elfving [50] is to find a point
x € C' such that Az € Q, (2.2.13)

where C' and ) are nonempty closed convex sets in R™ and R™ respectively, and A is an
m X n real matrix. The SFP has wide applications in many fields, such as phase retrieval,
medical image reconstruction, signal processing, and radiation therapy treatment planning
(for example see [12, 19, 50, 51, 71, 194] and the references therein).
The SFP has also been studied by numerous authors in both finite and infinite dimensional
Hilbert spaces (for examples see [13, 51, 55, 88, , , , , , , , , ,
, 186, 189, 193]). It has been shown (see [185]) that if the SFP (2.2.13) has a solution,
then x* € C solves SFP (2.2.13) if and only if it solves the fixed point equation

" = Po(I —vA*(I — Py)A)x™, (2.2.14)

where Po and Py are the metric projections onto C' and () respectively, v is any positive
real number, A is a bounded linear operator and A* is the adjoint of A.

Byrne [13] applied the forward-backward method, a type of projected gradient method,
to introduce the so-called CQ-iterative procedure for approximating a solution of (2.2.13),

which is defined by
Tny1 = Po(I —yA*(I — Py)A)z,, n €N, (2.2.15)

where v € (0, %) with A being the spectral radius of the operator A*A.
In 2009, Censor and Segal [55] introduced an important form of the SFP called Split
Common Fixed Point Problem (SCFPP), which is to find a point

x* € F(T) such that Ax* € F(95), (2.2.16)

where T" and S are some nonlinear operators on R" and R respectively, A is a real m xn
matrix. Based on the properties of the operators T" and S, called directed operators, they
presented the following algorithm for solving the SCFPP:

Tpy1 = T(x, +vAT(S — ) Az,), ¥Yn>1, 1, € R, (2.2.17)

where v € (0, W) They also obtained a convergence result for this algorithm.

Motivated by the work of Censor and Segal [55], Moudafi [125] presented the following
iterative scheme which does not involve the metric projections Pr and Pg:

Tpt1 = (1 —ay) (x, + yA* (S — 1) Az,,) + o, T (z, + YA* (S — 1) Ax,), n € N,(2.2.18)

for approximating a solution of the SCFPP (2.2.16) and obtained a weak convergence
results when 7" and S are demi-contractive.

The SFP has been extended from the setting of Hilbert spaces to more general Banach
spaces by many authors. Schopfer et al. [154] introduced and studied the following
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algorithm (which is a generalization of algorithm (2.2.15)) for solving the SFP (2.2.13) in
p-uniformly smooth Banach spaces: For any zy € X; and n > 0,

Toir = [ [T [15 (n) = A" T2 (A, — Po(Ax))] (2.2.19)

where A* is the adjoint of a bounded linear operator A, t is any positive real number,
Py is the metric projection onto ) and C, () are nonempty, closed and convex subsets of
X1, X5 respectively. They obtained weak convergence result under the assumption that
the duality mapping of X is sequentially weak-to-weak continuous.

Wang [182] modified Algorithm (2.2.19) and obtained strong convergence result for the
following Multiple-Sets Split Feasibility Problem (MSSFP): Find

x € Mi_,C; such that Az € N1, Q;, (2.2.20)

where r, s are two given integers, C;, i = 1,2,3,...,r are closed convex subsets of X;
and Q;, j =r+1,...,r+ s are closed convex subsets of X,. He introduced the following
algorithm: For any x¢ € X3, define {x,} by

Yn = Tnn;
D, ={ue Xy : Ap(yn,u) < Ap(xn,u)}; (2.2.21)
E,={ue Xy (t,—u, J)\wg — J ' x,) > 0};
T4l = HDnan (20);
where T, is defined for each n € N by
. < iln) < -
T (r) = {E}(Cl(f}f;); — ta A" T2 (I — Pg,m)) Az ; 71’ ;f?i(_nr’g T+ s; (2.2.22)
where i : N — [ is the cyclic control mapping
i(n) =nmod (r+s)+1
and t,, satisfies
0<t§tn§( d )1 (2.2.23)
CollAlfP
Very recently, Shehu et al. [179] introduced and studied the following iterative algorithm

for approximating a common solution of SFP and fixed point problems for right Bregman
strongly nonexpansive mapping in p—uniformly convex Banach spaces which are also uni-
formly smooth: For a fixed u € C, uy € X, define the sequences {x,}22, and {u,}°,
recursively by

v =1lcJa TX[;J;“(un) 1 AT (1 — Pg)Au,] ;
Unt1 = HC Jg! [anjg(l(u) + BnJi,Xl () + ’)/njg(l (Txn)} :

1

where 0 <t <t, <k < (W) o They established strong convergence of algorithm

(2.2.24)

(2.2.24) under some suitable conditions.
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2.2.3 Variational inequality problem

The theory of VIP is known to be very useful in solving diverse mathematical problems
which include optimization problems, equilibrium problems, boundary valued problems,
among others. It is known that many mathematical problems can be posed as a VIP. In
particular, VIPs are known to be natural generalization of the theory of boundary value
problems and are considered in optimization theory as natural extension of minimization
problems (see [63]). We now give some examples of a VIP in the following subsection. To
do this, we first recall the definition of a VIP in a real Hilbert space H. Let A: H — H
be an operator and C' be a nonempty, closed and convex subset of H. The VIP is the
problem of finding z* € C such that

(Az*,x —2*) > 0Vx € C. (2.2.25)

We denote by I' the solution set of the VIP (2.2.25). Tt is generally known that I' is a
closed and convex subset of C' (for example, see [165]).

A set valued mapping 7 : H — 2¥ is called monotone if for all x,y € H, v € Tx and
v € Ty imply (z — y,u — v) > 0. A monotone mapping 7 : H; — 251 is maximal if the
graph G(T) of T is not properly contained in the graph of any other monotone mapping,.

It is well known that a monotone mapping 7 is maximal if and only if for (z,u) € Hx H,
(x —y,u —wv) > 0, for every (y,v) € G(T) implies v € Tx. Let B : C — H be an
inverse strongly monotone mapping and let Nox be the normal cone to C at z € C)| i.e.,
Nex:={z€ H:{y—uz,2) >0, ¥y e C}. Define

Ax + Nex, Vzr e C,
Tx=
0, Vo ¢ C.

Then 7 is maximal monotone and 0 € 7z if and only if x € T, see [134].

Consider the following problem of finding the minimal value of a differentiable function f
over a closed interval I = [a,b]. For x* € I, we have the following three possible cases,

1. if a < z* < b then f'(z*) =0,
2. if z* = a then f'(z*) > 0,

3. if * = b then f'(z*) <0.

The above cases can be summarized as a VIP of finding 2* € I such that f'(z*)(z —2*) >
0 Vx € I (see [7] for more details).

VIPs have been extensively studied in both finite and infinite dimensional spaces by nu-
merous authors. The break through in the study of VIPs in finite dimensional spaces
happened in 1980 when Dafermos [09] identified that a certain traffic network equilibrium
conditions had a structure of variational inequalities under the monotonicity assumption.
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Dafermos [(9] used the techniques of the theory of variational inequalities to establish
existence of a traffic equilibrium pattern for which he developed an algorithm for the
construction of the pattern and derived estimates on the speed of convergence of the al-
gorithm. He also used his algorithm to estimate the user-optimized equilibrium pattern
for a simple network with two-way streets. His work attracted the interest of numerous
researchers, as a result of this, a lot of research efforts were devoted to the study of VIPs
in finite dimensional spaces (for example, see [70], [75], [101], [133]).

The study of VIPs was further extended to infinite dimensional spaces. There are several
monographs on VIPs in infinite dimensional spaces, however, we shall mention here a few.
Stampacchia [1641] established the existence and uniqueness of the solution of problem
(2.2.25) under the assumption that A is a coercive and linear operator from a Hilbert
space H to its dual space H*. Lions and Stampacchia [103] further considered the case
where A is positive or semicoercive. Hatman and Stampacchia [36] worked on partial
differential equations using the VIP (2.2.25) as a tool, with applications to problems
arising from mechanics. They proved the existence and uniqueness theorem of the solution
of problem (2.2.25) in a reflexive real Banach space when A is assumed to be a monotone
hemicontinuous operator. In fact they proved the following theorem.

Theorem 2.2.1. Let X be a Banach space and X* be its dual. Let A : X — X* be a
monotone hemicontinuous operator and K be a bounded convex subset of X. Then there
exists at least one solution of problem (2.2.25).

As we mentioned earlier, there are different methods or ways of obtaining solutions of
problem (2.2.25) in infinite dimensional spaces. The methods used by the authors men-
tioned above has to do with the existence and uniqueness of solutions of VIPs (see [165]
for detailed information on different approaches for solving problem (2.2.25)). Unlike the
existence and uniqueness problem which is only concerned with establishing conditions
under which problem (2.2.25) has solution, the iterative methods of finding solutions of
problem (2.2.25) are concerned with the actual computation or approximation of sequences
to a solution of problem (2.2.25).

Let C' and ) be nonempty, closed and convex subsets of the real Hilbert spaces H; and
Hj respectively. Let f: Hy — Hy, g : Hy — Hs be inverse strongly monotone operators
and A : Hy — H, be bounded linear operator. Consider the following problem which is
called the Split Variational Inequality Problem (SVIP): Find z* € C such that

(f(a*),z —2") >0Vz e C (2.2.26)
and such that y* = Ax* € @ solves
(9 ),y—y") 2 0Vy € Q. (2.2.27)

If (2.2.26) and (2.2.27) are considered separately, we have that (2.2.26) is a VIP with its
solution set VIP(C, f) and (2.2.27) is a VIP with its solution set VIP(Q,g). The SVIP
was introduced and studied by Censor et al. [52]. They studied this problem as a pair
of VIPs in which they obtained a solution of one VIP in H; whose image under a given
bounded linear operator A is a solution of the second VIP in the second space Hs. They
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considered two approaches for establishing the solution of the SVIP (2.2.26)-(2.2.27). In
each of these approaches they proposed an iterative algorithm and using their algorithms
they obtained strong convergence results of the SVIP (2.2.26)-(2.2.27).

In 2012, Censor et al. [53] introduced the general Common Solutions to Variational In-
equality Problem (CSVIP), which consist of finding common solutions to unrelated varia-
tional inequalities for finite number of sets. That is, find z* € NY_,C; such that for each i =
1,2,...,N,

(Ai(z"),z — 2%y >0, forallz € C;, i =1,2,... N, (2.2.28)

where A; : H — H is a nonlinear operator for each ¢ = 1,2,..., N and C; is a nonempty,
closed and convex subset of H. They obtained the solution of problem (2.2.28) by con-
sidering first, a case where ¢ = 1,2 and later obtained the result of the problem for
1 = 1,2,...,N. They proposed the following algorithm and proved the corresponding
theorem.

2% € H,
{ka - Hf\il(PCi<I — AA;)) (zF). (2.2.29)

Theorem 2.2.2. Let H be a real Hilbert space and C; be monempty, closed and con-
vexr subsets of H for each v = 1,2,...,N. Let A; : H — H be a;-inverse strongly
monotone operators with A € (0,2a) and « := min{e,;}. Assume that N2,C; # 0 and
[ =N ,SOL(C;, A;) # 0. Then any sequence {x*}2, generated by Algorithm (2.2.29)
converges weakly to a point x* € I' and furthermore,

z* = lim Pp(z"). (2.2.30)
k—o0
Censor et al. [51] also considered problem (2.2.28) in the case where the operator A is

a multivalued mapping. More precisely, they studied the following problem which they
called Common Solutions to Variational Inequalities Problem (CSVIP):

Let H be a real Hilbert space and C; be a nonempty, closed and convex subsets of H with
NY,C; # 0. Let A; : H — 2% be a multivalued mapping for each ¢ = 1,2,..., N. The
CSVIP is the problem of finding a point # € NY,C; such that for each i = 1,2,..., N,
there exists u; € A;(x) satisfying

(ujp,y—x) >0Vy e C;, i=1,2,...,N. (2.2.31)

Their motivation stems from the observation that if A; = 0, then the CSVIP (2.2.31)
reduces to the Convex Feasibility Problem (CFP) of finding a point z € NX,C;. Also
observe that if C; are the fixed point sets of a family of nonlinear operators defined on H,
then the CFP becomes the Common Fixed Point Problem (CFPP) (for example, see [53]
and [51]).

Recently, Tian et al [170] considered a class of generalized split feasibility problem for
finding an element that solves a variational inequality problem such that its image under
a given bounded linear operator is in the fixed point set of a nonexpansive mapping. They
proved the following weak convergence theorem:
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Theorem 2.2.3. Let H, and Hy be real Hilbert spaces. Let K be a nonempty closed convex
subset of Hy. Let A : Hy — Hy be a bounded linear operator such that A # 0, f: K — H;
be a monotone and k-Lipschitz continuous mapping and T : Hy — Hy be a nonexpansive
mapping. Setting T' ={z € VI(K, f) : Az € F(T)}, assume that ' # 0. Let the sequences
{zn}, {yn} and {t,} be generated by r, =z € K and

Yn = PK(xn - ’YnA*([ - T)A'Tn)v
tn, = PK(yn - )\nf(yn))a (2232)
Tni1 = Pr(Yn — Aaf(tn)),

for each n € N, where {v,} C [a,b] for some a,b € (O,W) and {\,} C e, d] for

some ¢,d € (0,1
z = lim, oo Pra,.

). Then the sequence {x,} converges weakly to a point z € T', where

Observe that the operator Po(I — AA) appears in most of the algorithms stated above.
Hence, we present the connection between the fixed points set of the operator Po(I — AA)
and the solution set of VIP:

Proposition 2.2.4. [73]. Let C be a nonempty, closed and convez subset of a real Hilbert
space H and A : C' — C' be an inverse strongly monotone operator. If VIP(C, A) is the so-
lution set of the VIP (2.2.25), then for any A > 0, we have that F' (Po(I — AA)) =VIP(C, A).

Proof. Let A > 0 and y € C, then from the characterization of the metric projection (see
Proposition 2.1.14), we have that

r € F(Po(I —MA)) <— x=Po(I—MNA)z,
— (- —-NA)z,y—1x) >0,
= (M(z),y —x) 20,
— (A(z),y —z) >0,
<= xz € VIP(C,A).
Hence, F (Po(I — AA)) =VIP(C, A). O

2.3 Some important results

In this section, we give some useful and important results that will be needed in establishing
our main results.

Definition 2.3.1. A mapping T : H — H s said to be firmly nonexpansive if and only if
2T — I is nonexpansive or equivalently
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Alternatively T is firmly nonexpansive if and only if 7" can be express
1
T=-(I1+5),
2
where S : H — H is nonexpansive. For example, the projection mapping is firmly
nonexpansive.

Definition 2.3.2. A mapping T : H — H 1is said to be an averaged mapping if it can be
written as the average of the identity mapping I and a nonexpansive mapping; that is

T=01-a)l+as, (2.3.1)
where a € (0,1) and S : H — H is nonexpansive.

More precisely, when (2.3.1) holds, we say that T"is a-averaged. Thus, firmly nonexpansive

mapping (in particular, projections) are %—averaged mappings.

Theorem 2.3.3. (Banach contraction mapping principle [13]). Let (X,d) be a complete
metric space and let f be a contraction on X. Then f has a unique fixed point.

Theorem 2.3.4. (Meir and Keeler [121]). Let (X,d) be a complete metric space and let
f be a Meir-Keeler contraction (MKC, for short) on X, that is, for every e > 0, the exists
d > 0 such that d(z,y) < e + 0 implies d(f(x), f(y)) < € for all x,y € X. Then f has a
unique fized point.

Remark 2.3.5. It is well known that Theorem 2.53./ is a generalization of Theorem 2.5.3
since contractions are proper subclass of Meir-Keeler contractions.

Lemma 2.3.6. Let H be a real Hilbert space, then the following well known identities
holds:

. 2 2 2
(1) llz +ylI” = [lz” + lyll” + 2z, v);
(ii) |z +yl* < llz)” + 2(y, = +y);

(iii) | Az + (1= Ny = z[|” = Mz = 2[|” + (1 = Mlly — 2| = A1 = M|z —yl*, for any
Ae(0,1), x,y,z € H;

(iv) 2z, y) = [lel* + [lyll* = lle =yl = [l + yII* = ll=[]* = [lyl]*, ¥V 2yeH

Proposition 2.3.7. (Characterization of Bregman Projection, see [17/]). Suppose that
f: X = R is totally conver and Gateauz differentiable in int(domf). Let x € int(domf)
and C C int(domf) be a nonempty, closed and conver set. If & € C, then the following
conditions are equivalent:

(i) The vector & is the Bregman projection of x onto C' with respect to f.

(11) The vector T is the unique solution of the variational inequality

(Vf(x) =V[(2),2=y) 20, Vy el
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(1it) The vector % is a unique solution of the inequality D¢ (y, 2)+Ds(z,x) < D¢(y,z) Yy, z €
C.

Lemma 2.3.8. (see [175], Lemma 3.1): Let f : X — R be Gateaux differentiable and
totally convex function. If xo € X and the sequence {D¢(xy,x)} is bounded, then the
sequence {x,} is bounded too.

Lemma 2.3.9. (see [175], Lemma 8.2): Let f : X — R be Gateaux differentiable and
totally convex function at xo € X and let C' be a nonempty, closed and convexr subset of
X. Suppose that the sequence {x,} is bounded and any weak subsequential limit of {x,}
belong to C. If Dy(xn, o) < Dy(Projl(zo), zo) for any n, then {x,} converges strongly to
P'r’ojé(:cg).

Lemma 2.3.10. [70]. The function f : X — R is totally conver on bounded set if and
only if it is sequentially consistent.

Lemma 2.3.11. [17/]. If f: X — R is uniformly Fretchet differentiable and bounded on
bounded subsets of X, then V [ is uniformly continuous on bounded subsets of X from the
strong topology of X to the strong topology of X*.

Definition 2.3.12. (Demiclosedness property) Let T : H — H be a nonlinear mapping.
Then T is said to be demiclosed aty € H, if {z,} = x € H and Tx, — y, theny =Tx.

Lemma 2.3.13. (Demiclosedness principle) Let K be a nonempty, closed and convex
subset of a real Hilbert space H and let'T : K — K be p-strictly pseudocontractive mapping.
Then I — T is demiclosed at 0, i.e., if v, = x € K and x, — Tz, — 0, then x = Tx.

Lemma 2.3.14. [187] Assume {a,} is a sequence of nonnegative real numbers such that
an—l—l S (]- - rYn)a'n + Vnéna n Z Oa

where {v,} is a sequence in (0,1) and {d,} is a sequence in R such that

I T
(ii) limsupd, < 0 or Y 27 [0n7n| < 0.
n—oo

Then lim a, = 0.
n—o0

Lemma 2.3.15. [/15] Let {a,} be a sequence of real numbers such that there exists a
subsequence {n;} of {n} with a,, < an,41 for all j € N. Then there exists a nondecreasing
sequence {my} C N such that my — oo and the following properties are satisfied by all
(sufficiently large) number k € N :

Umy, < Qg1 and Qg < ey
In fact, my = max{j < k:a; < aj+1}.
Lemma 2.3.16. [0, | Let C be a nonempty subset of H. The following statements
hold:
i If T : C'— H is a-averaged, then for any z € F(T) and for all x € C,

1—
«

T2 — 2|2 < & — 2> = —|| Tz — x>
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w If Ty H— H and Ty : H — H are ay and as-averaged, respectively. Then T\T5 1s
(o1 + ag — aqan)-averaged.

Lemma 2.3.17. [11]] Let {a,} be a sequence of non-negative numbers such that
an—l—l S (1 - an)an + QnTp,

where {r,} is a sequence of real numbers bounded from above and {a,} C [0,1] satisfies
> oy, = 00. Then

limsup a,, < limsupr,.
n—oo n—oo

Lemma 2.3.18. [/10] Let H be a Hilbert space, f : H — H a contraction with coefficient
0 <a<1, and A a strongly positive linear bounded operator with coefficient ¥ > 0. Then,
for0 <~ <7/a,

(@ =y, (A=yNx = (A=~ )y) > (3 —a)llz —yl*, =,y € H.
That is, A —~f 1s strongly monotone with coefficient 5 — ~ya.

Lemma 2.3.19. [192] Let H be a real Hilbert space. Then for all x; € H and «; € [0, 1]
fori1=1,2,....;n such that oy + as + ... + a,, = 1, the following equality holds:

n
larzy + cnas + o+ o =) aillwl = D iyl — ).

i=1 1<,5<n

Lemma 2.3.20. (Lopez et.al, [102]) Let H be a real Hilbert space. Let M : H — 21 be a
mazximal monotone operator and B : H — H be an a-inverse strongly monotone mapping.
Then we have

(i) forr>0, F(T,)=(M+B)"'(0):={xe€ H:0€e (M+ B)z};

(it) forO0<s<randx € E, ||lx—T,x|| <2||v—T,z||, where T, := (I+rM) 1 (I—rB) =
JM(I —rB).

Lemma 2.3.21. [195] Let C' be a nonempty closed convex subset of a smooth Banach space
X. Let F: C x C — R be a bifunction satisfying conditions (A1)-(A4), A: C — X* be
a continuous and monotone mapping, ¢ : C' — R be a lower semi-continuous and convex
function. Let r > 0 be any given number and x € X, there exists z € C' such that

F(z,y) + {Az,y — 2) + o(y) — ¢(2) + %(J(z) —J(x),y—2)>0,VyeC (232

Define the resolvent mapping T, : E — 2¢ as follows:+

TF(2) = {= € C: Flo,)+ (Az,y—2) +9{y) — 0(=) 4 (J(2) = J(2),y—2) 2 0, Yy € O},

(2.3.3)
then, T has the following properties:
(1) TF is single-valued,
(2) TF is a firmly nonexpansive mapping, that is,

(T72 =Ty, JT 2 = JT y) <(T72 =Ty, Jz = Jy) Vz,y € X,

(3)F(T) = GMEP(F, A, ¢),
(4) GMEP(F, A, ) is closed and convet.
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It is easy to see that the resolvent operator satisfies the following inequality: for all » > 0,
u€ GMEP(F, A, ¢) and x € X, then

Ay(2, TF2) + A (TFz,u) < Ay(x,u). (2.3.4)

Lemma 2.3.22. [110] Assume that F': C' x C' — R is a bifunction satisfying (A1)-(A4).
Forr >0 and x € H, define a mapping Q, : H — C' as follows:

1
Q- (r) = {zEC:F(z,y)—I—;(y—z,z—m) >0, VyEC’}.
Then the following hold:

(1) Q, is single-valued;

(2) Q. is firmly nonezpansive, i.e. |Q, — Quyl|°> < (Qrx — Quy, x —y) for any x,y € H;
(3) F(Qr) = EP(F);

(4) EP(F) is closed and convex.

Lemma 2.3.23. [155]. Assume that {a,}5°, is a sequence of non negative real numbers
such that
ani1 < (1 =6,)an + 6p0, +b,, n>0,

where {7,122 and {b,}52, are sequences in (0,1) and {§,}5°, is a sequence in R such
that

() 2200 On = 00;

(ii) either limsupo,, <0 or Y > d,l0,| <0;

n—oo
(iii) S by < 00,

Then lim a, = 0.
n—oo

Lemma 2.3.24. (see [/5]) Assume A is a strongly positive bounded operator with coeffi-
cient ¥ > 0 on a real smooth Banach space X and 0 < p < ||A||”". Then ||I—pA|| < I—p7.

Lemma 2.3.25. (see [100] Lemma 2.3) Let f be an MKC on a convex subset of a Banach
space X. Then for each e > 0, there exists r. € (0,1) such that

lz—yll > = |f(z) = fWI <rellz —yll Y,y eC. (2.3.5)

Lemma 2.3.26. (see [11]) Let X be a Banach space and let A be an m-accretive operator.
For A >0, u >0 and z € X, we have

Sz =J, (%: n (1 _ g) Jw) ,

where Jit = (I +XA)™" and J;} = (I + pA)~"
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Lemma 2.3.27. (see [107]) Let {x,}, {z,} be bounded sequences in X and {f,} be a se-
quence in [0, 1] which satisfied the following condition: 0 < liminf, . 5, < limsup,,_,. fn <
1. Suppose that x,11 = (1 — By)xy + Buzn for alln > 0 and limsup,,_, . (||zne1 — 20l —
|Zns1 — xnl]) < 0. Then, lim,_, ||z, — 24| = 0.

Lemma 2.3.28. (see [0]1] Let X be a real Banach space with Fréchet differentiable norm.
For x € X, let B*(t) be defined for 0 <t < oo by

B(t) = SUP{

Then, lim;_,o+ 5*(t) = 0 and

2
2+ tyll” — ll=l®
t

2<y,j(l‘)>‘ lyll = 1}- (2.3.6)

lz+ Rl < 2 )|* + 2k, (@) + [|Al1B*(I21])

for all h € X \ {0}.

In the result of Cholamjik and Suantai [01], the authors assumed that 5*(t) < 2t for
t > 0. In our more general setting, throughout this work , we will assume that

f*(t) <ct, t>0 and for some c¢>1,

where $* is the function appearing in (2.3.6).
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Chapter 3

Equilibrium and Fixed Point
Problems

3.1 Introduction

One parameter family of mappings 7 := {G(t) : 0 < t < oo} is called a continuous
Lipschitzian semigroup on C' if the following conditions are satisfied:

(1) G(0)x =« for all x € C
(2) G(s+1t) =G(s)G(t) for all s,t > 0;

(3) for each t > 0, there exists a bounded measurable function L, : (0, 00) — [0, c0) such
that |G(t)z — G(t)yl| < Lellz —yll, 2,y € C;

(4) for each x € C, the mapping G(.)z from [0, 00) into C' is continuous.

A Lipschitzian semigroup 7 is called nonexpansive if L, = 1 for all ¢ > 0 and asymptot-
ically nonexpansive if limsupL; < 1. Let F/(7) denote the common fixed point set of the

t—o0
semigroup 7T ie., F(T) :={z € C: G(t)x = z,Vt > 0}.
Consider the following constrained minimization problem:
min g(z) (3.1.1)

zeC

where g : C' = R is real-valued convex and continuously Fréchet differentiable functional.
Assume that the constrained convex minimization problem (3.1.1) has a solution, we
denote the set of solutions of (3.1.1) by I'. The Gradient-Projection Algorithm (GPA)

generates a sequence {x,} according to the recursive formula
Tpy1 = Po(I — v, Vg)x,, Yn >0, (3.1.2)

where the parameters 7, are real positive numbers, and Py is the metric projection from
H onto C. It is well known that the convergence of the algorithms (3.1.2) is determined by
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the gradient Vg and the metric projection onto C. If the gradient Vg is only assumed to
be inverse strongly monotone, then the sequence {x,} defined by the algorithm (3.1.2) can
only converge weakly to a minimizer of (3.1.1). If the gradient Vg is Lipschitz continuous
and strongly monotone, then the sequence generated by (3.1.2) can converge strongly to
a unique minimizer of (3.1.1) provided the parameters =, satisfy appropriate conditions.

In 2011, Xu [185] proposed average mappings to GPA, and he constructed a counter
example which shows that the GPA does not have strong convergence in an infinite-
dimensional space. Moreover, he provided two convergent modifications of GPA which are
shown to converge in norm.

Also, in 2011 motivated by Xu, Cent et al. [17] presented the following iterative
algorithm:

Tpni1 = Po [0y f(x,) + (I — 0,uF)T,(x,)], n >0, (3.1.3)

where f : C' — H is and [-Lipschitzian mapping with constant [ > 0, and F' : C' — H
is a k-Lipschitzian and n-strongly monotone operator with constants k,n > 0. Let 0 <
p<2n/k?0<~yl<7and 7 =1— /1 —pu(2n — pk?). Let T,, and 0, satisfy 6,, = Q’Q"L,
Pe(I—=\,Vyg) = 0,1+ (1—6,T,). Under suitable conditions, it is proved that the sequence
{z,} generated by (3.1.3) converges strongly to a minimizer z* of (3.1.2).

In 2012, Tian and Liu [I13] introduced the following iterative method in a Hilbert

space: x; € C' and

F 1 — >
{<%w+¢ywwn%»ﬂ7wea (3.1.4)

Tnr1 = Y f(uy) + (1 — 0, A) T (uy,), VneN,
where F : C x C = R, up, = Q. (zn), Po(I — \Vg) = 0,1 + (I — 6,)T,0, = 232 and
{\} € (0,2/L, and {a,}, {Bn}, {0.} satisfy appropriate conditions. Furthermore, they
proved that the sequence {x,} converges strongly to a point ¢ € I'N EP(F'), which solves
the variational inequality

(A=~f)g,q—2) <0, zeTNEP(F).

However, it is known that the minimization problem (3.1.1) has more than one solu-
tion, so regularization is needed to find a unique solution. Now, consider the following
regularized minimization problem:

. . g 2
min g (¢) = min { () + Zllo|}

where @ > 0 is the regularization parameter, g is a convex function with a 1/L-ism
continuous gradient Vg. Then the Regularized Gradient Projection Algorithm (RGPA)
generates a sequence {x,} by the following recursive formula:

Tni1 = Po(l =YV, )tn = Fo [zn — (Vg + anl)(24)] (3.1.5)

where the parameter a,, > 0, 7 is a constant with 0 < v < 2/L, and Py is the metric
projection from H onto C. It is well known that the sequence {x,} generated by algorithm
(3.1.5) converges weakly to a minimizer of (3.1.1) in the setting of infinite-dimensional

36



space (see [188]).

In 2010, Tian [169] combined the iterative methods of [116, 190] to propose a general
iterative method for approximating a fixed point of a nonexpansive mapping 7' defined
on a real Hilbert space. Let f be a [-contraction on C' with 0 < [ < 1, and let S be a
n-strongly monotone and k-Lipschitzian. For a constant u satisfying 0 < p < 2n/k?, a
constant ¢ satisfying 0 < t < p(n — "Tkz)/l = 7/, then for zy € H, define a sequence {z,}
recursively by

Tpi1 = aptf(z,) + (1 — apuS)Tx,, n >0, (3.1.6)
where F(T) denote the fixed points of mapping T, i.e, F(T) ={x € H : x = Tx}.
Recently, motivated by the work of Tian [169], Tian and Liu [L13], Ming Tian and
Si-Wen Jiao [168] introduced a new iterative algorithm: x; € C' and

T

Tpa1 = aptf(z,) + (I — anpuS)Ty, (u,), VneN, o

for finding a element of 'NEP(F), where F': CxC — R, u, = Q. (z,,), Po(I—~vVg,,) =
Ty, Vg, = Vg+ M\, v € (0,2/L). Under appropriate conditions, they proved that the
sequence {z,} generated by (3.1.7) converges strongly to a point ¢ € I' " EP(F'), which
is also a solution to the variational inequality

(uS—1tf)g,q—2) <0, Vzel'NEP(F).

In [177], Y. Shehu introduced an iterative scheme for finding a common element of the
set of common fixed points of a nonexpansive semigroup, the set of solution to a generalized
equilibrium problem and the set of solutions to a variational inclusion problem in a real
Hilbert space. In particular, they proved the following theorem:

Theorem 3.1.1. Let C' be a nonempty, closed and convex subset of a real Hilbert space
H. Let F be a bifunction from C' x C to R satisfying (A1)-(A4), ¥ a u- inverse-strongly
monotone mapping of C into H, A an a-inverse strongly monotone mapping of C into H
and M : H — 2 a mazimal monotone mapping. Let T : {G(u) : 0 < u < oo} be a one-
parameter nonexpansive semigroup on H such that Q := F(T)NI(A, MYNGEP(F,v) # 0
and suppose f : H — H is a contraction mapping with a constant v € (0,1). Let {t,} C
(0,00) be a real sequence such that lim,,_, t, = co. Suppose {x,} and {u,} are generated
by x1 € H,

buer = B+ (1= ) (2 27 G0 ) + (1 = ) Jas a1 — Adu,)Jds).
(3.1.8)
for all m # 1, where {a,}5°, and {B,}5>, are sequences in (0,1) and {r,}5>, C (0,00)
satisfying:

(i) limy, o B = 0, Zio:l |Brg1 — Bnl < o0;
(i1) Hmy, ooty =0, Y7 J =00, Y o |1 — | < 00;
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(1i1) X € (0,2al;
(iv) 0 < a<r, <b<2u, iminf, ,oor, >0, Y 7 [rps1 — 7] < 00;

. tn—tn_
(’U) hmn—>oo tn ! ozn(llfﬁn) = 0.

Then {x,}22, converges strongly to z, where z := Pof(2).

Lemma 3.1.2. [/02]. Let D be a nonempty, bounded, closed and convezr subset of a real
Hilbert space H and let T := {G(u) : 0 < u < 0o} a nonexpansive semigroup on D, then

for any h > 0,
G(h) G /0 tG@)W) - G /0 tG’(u)xdu)

Lemma 3.1.3. [108] Let H be a real Hilbert space and C' be a nonempty, closed and convex
subset of H. Let f : H — H be a contraction with constant | € (0,1), and S : C — H
be a k-Lipschitzian and n-strongly monotone operator with k > 0, n > 0. Suppose that
Vg is 1/L-ism continuous. Let Q,, be sequence of mappings defined as in Lemma 2.3.22.
Consider the following mapping X, on H defined by

lim sup
t—o00 zeD

o

Xn(x) = antf(x) + (I — anuS)Th, Qy, (x), Y € H, neN,

where Po(I—~vVgy,) = Tx,, Vg, = Vg+ I, v € (0,2/L), {a,} C (0,1), u € (0,2n/k?),
0<t<pun ’ﬁ) = 71/l. Then X,, is a contraction. i.e.

[Xn(z) = Xa()|| < (1 = an(r —t)[lx =yl

In this chapter, we study the common solution for one-parameter nonexpansive semi-
group, constrained minimization problem and generalized equilibrium problem, we also in-
troduce an iterative algorithm for approximating a common solution of generalized mixed
equilibrium problem and fixed point problem in a real reflexive Banach space.

3.2 Regularized gradient-projection algorithm for solv-
ing one-parameter nonexpansive semigroup, con-
strained convex minimization and generalized equi-
librium problems

In this section, motivated by the work of Y. Shehu [177], Ming Tian and Si-Wen Jiao
[168] and ongoing results, we prove strong convergence theorems for finding a common
element of the set of common fixed points of a nonexpansive semigroup, the set of solutions
to a generalized equilibrium problem and the set of solution to a constrained convex
minimization problem in a real Hilbert space. Our contribution lies in the fact that
our iterative method solves fixed point problem for nonexpansive semigroup, generalized
equilibrium problem and constrained convex minimization problem at same time.
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Lemma 3.2.1. Let C' be a nonempty, closed and convex subset of a real Hilbert space H.
Let F: C x C — R be a bifunction satisfying (A1)-(A4), b : C — H be a monotone
mapping and let g : C'— R be a real-valued convex function, and assume that the gradient
Vg is 1/L-ism with a constant L > 0. Let f : H — H be a contraction with the constant
0<l<1andletS:C — H be n-strongly monotone and k-Lipschitzian. Fix a constant
w satisfying 0 < p < 2n/k% a constant t satisfying 0 < t < u(n — “TICQ)/Z = 7/l. Let
T :={G(u) : 0 < u < oo} be a one-parameter nonexpansive semigroup on H such that
YT:=F(T)NTNGEP(F,¢) # 0, and {t,} C (0,00) be a sequence such that lim,, .. t, =
00. Suppose {x,}7, and {u,}>>, are generated by x1 € H as follows:
F(tn,y) + (T, y — tn) + 2y — tp, up — x,) >0,V y € C;

Tn

Ty, (un) = Pe(I = vV gx, ) un; (3.2.1)
Tt = Butn + (1= ) (£ Jy" Glu)ant [ (22) + (1= anpuS)Ty, ()} du),

where u, = Qr, (), Var, = Vg+ NI, T, = Pc(I —vVagy,), v € (0,2/L). Let {5,},
{rn}, {an}, {\n} satisfy the following conditions:
(i) Timpso0 B = 0, 32071 [Bnr1 — Pl < 00;
(ii) an C (0,1) limy, ooty =0, Y07 gty =00, Y o [Qg1 — | < 00;
(i) Do} € (0,217 = L), A = (@), X551 ust — Al < 005
(iv) {rn,} C (0,00), iminf, o7y >0, D07 |Ths1 — 7| < 00;

(1}) hmn—>oo tn_tin71 ozn(llf,b’n) = 0.

Then {x,}22 1, {yn}, {un} and {% I G(u)yndu} are bounded.

Proof. First, we show that (I —yVg,, ) is nonexpansive. For all z,y € C and v € (0,2/L),
we have

(I =7Var)x— I =Vo)ylP = [z —y) —v(Vor.z — Vo)’
|z —yl|* = 2v(x — v, Vgr,® — Vony) + V2| Var,z — Vo yl

2y
< e —yl? - Vg~ Vanyll> + 72 Var.a — Vvl

2
= |lz—yl® +~ (v - Z) IVgr,z — Vg,yll’ (3.2.2)

2
Iz = ylI™.

IN

Next, we show that {x,} is bounded. Let p € F(T)NT'NGEP(F,1) # () and by Lemma
2.3.14, we know that

[un = pll = |@r, (2n) = @r, ()| < [0 — pll- (3.2.3)
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Now, let y,, := antf(z,) + (1 — a,uuS)Th, (ur), n > 1. So

lyn =Dl = lantf(zn) + (I — anpS) Ty, (ua) — p
< M = anpS) T, (un) = (I = anpS) T, (p) || + (1 — anpS)Th, (p) = (I — anpS)T(p)]
+ant|| f(zn) = f(R) + anlltf(2n) — nS(D)|
< (1= an7)|lun = pll + |15, (p) = T(p)]]
FllanpuST, (p) — anpST(p)|| + antl||zn — pl| + anlltf (p) — nSP)||
< (1= an(r = th)|lzn — pll + (anpk + T3, (p) — T(p)||

Fanlltf(p) — pSO)|| (3.2.4)
For x € C, note that
Po(I — Vg, )x =Ty«
and
Po(l —~Vg)x =Tx.
Then we get

[T,z = T I1Pe(I =V g, )z — Fo(l = yVg)z|

< Al (3.2.5)
It follows from (3.2.4) and (3.2.5) that

lyn — 2l < (1 —an(r —tl)||z, — pl

An (Qnpk + 1)y
Fan (T —tl) {Q—-WHPH +

1tf(p) — uS(p)|
7 —tl

1 . (3.26)

From (3.2.1), we obtain

Joten =+ 1= (£ [ G0 - )

Ballzn —pll + (1 = Ba)llyn — pll
Bullza = pll + (1= B.)(L = an(r — )], = p| _
(1= B | 2 O DY 1850~ SO

2
I + =L
= (1= a7 —t)(1 = G)] |0 —

+a, (1 — B) (T —tl) -—

[ 21 —

IA A

1tf(p) — pS(p)|l]
T —tl '
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Since A, = o(«,), there exists a real number M; > 0 such that ;\l—" < M. Thus,

[ =2l < (1= an(r = )1~ 8] 2~ ]
(1 = Ba)(r — g1y n(Cnptk ¥ 1)7“5!\_4;[!\#(19) — uS(p)|

(My(ungih + Dol + £ (0) uS(p)H)}

1
< max ”flfn—PH,m

< max oy = ply g (o -+ D71 + 120~ S}

So, {x,} is bounded. Hence, {y,}, {u,} and { Jo" G( yndu} are also bounded.
[

Lemma 3.2.2. Let C' be a nonempty, closed and convex subset of a real Hilbert space H.
Let F : C' x C — R be a bifunction satisfying (A1)-(A4), ¢ : C — H be a monotone
mapping and let g : C' — R be a real-valued convex function, and assume that the gradient
Vg is 1/L-ism with a constant L > 0. Let f : H — H be a contraction with the constant
0<l<1andletS:C — H be n-strongly monotone and k-Lipschitzian. Fix a constant
/L satzsfymg 0 < u < 2n/k* a constant t satisfying 0 < t < u(n — “k )/l = 7/l. Let

={G(u) : 0 < u < oo} be a one-parameter nonexpansive sengroup on H such that
T =F(T)NTNGEP(F,v) # 0, and {t,} C (0,00) be a sequence such that lim, . t, =

00. Suppose {x,}>2 and {u,}>°, are generated by (3.2.1). Then lim ||x,11 — x,]| = 0
n—oo
and lim ||[u,41 — u,|| = 0.
n—oo

Proof. From (3.2.4), we have
1
lyn =2l < (1= an(r = t)))llzn = pll + an(r = t1) — (Mi(anpk + 1yllpll + [I£f(p) —

<t = pll + — (Mgt + Dl + 1 2) — 1S D))

< mac{ s = pll L O+ D1l + 165 6) — S

+

——7 (Milanpk +1)yllpl + [[tf(p) — uS(P)II)

< e = pll + 2y (Msangsk+ Dol + 167(5) — nS))
Put D = {w € H: |lw—p| < |z = pll + 7 (Mi(anpk + 1|l + 1tf(p) — nS®)I) }-
Then D is a nonempty, bounded, closed and convex subset of H. Since G(u) is nonexpansive
for any u € [0,00), D is G(u)-invariant for each u € [0,00) and contains {y,}. Without
loss of generality, we may assume that 7 := {G(u) : 0 < u < oo} is a nonexpansive
semigroup on D. By Lemma 3.1.2, we get

(& o) (2 [ o)

41

‘ =0, (3.2.7)

1S(p)ll)



for every h € [0, 00). Furthermore, observe that

I
Tpt1 — t_/ G(u)yndu
n Jo

| [ Gl ) =G (- [ G|

+ ‘G(h) (l / ; G(u)yndu> — G(W) i

”mn-&-l - G(h)xn-i-lH <

t

1n 2
< 2 ’ Tpt1 — t_/ G(u)yndu
n Jo
1 tn 1 tn
+ ‘(—/ G(u)yndu) — G(h) (—/ G(u)yndu) H
tn Jo tn Jo
I
S 2571 xn_t_/ G(u)yndu
n Jo
1 tn 1 tn
+ H (—/ G(u)yndu) — G(h) (—/ G(u)yndu) ,
tn Jo tn Jo
from lim 3, = 0 and (3.2.7), we get lim ||z,41 — G(h)z,41]| = 0 and hence

lim ||z, — G(h)z,| = 0. (3.2.8)

Next, we show that ||z,,1 — x,| = 0, n — oo. Since Vg is 1/L—ism, Po(I — Vg,,) =
T\, , so we have that
1T, (un—1) = Tx, -, (un-1)l| = [|[Pe(I =9Vga,)un-1 = (I =7V gAn_1)un—1]|
< N =vVga,Jun1 — (I =7Vgr, Jun||
YNV g(tn—1) + A1tin1 — Vg(un—1) = Aptin1|
VAn = An—t|[[ttn-1][-

Thus, we get
[yn —tnall = [(antf(zn) + (I = anpS)Ty, (un) — (an-atf(2n-1) + (I = an_1pS)Tx,_, (Un-1)]|
< lantf(zn) = ant f(zn-1) |l + llant f(zn1) — an-atf(2n-1)||
HI = anpS) T, () = (I = anpS) T, (un1)|
I = anpS) T, (un—1) — (I = a1 ppS) T, (un—1)|
< aptl||zn = zpaal| + tlan — an L[ f (@) | + (1= on7) lun — un|

T, (un—1) = T,y (Un-1) || + [Jan—1p6STx, _, (un—1) — npp STy, (un—1)||
< antll|ry — zpa|| + tlan — an | f(@n-0)l] + (1 + anapk) || Ty, (wn-1) = Tx, , (tn-1)]]
+lan = a1 [ [[STh, (un-1)|| + (1 — anT)[ttn — tn—1]]
< antlllen — wnall + lan — anal- (L (@)l + pll ST, (un-) D) + (1 = anT)lun = tn|]
(1 + pk) A — M| w1 ]
Since from Lemma 3.2.1 {u,}, {f(z,)} and {ST), (u,)} are bounded, then there exists a
constant M, > 0 such that

My > max {y(1+ pk) [funa|[, 1 f (zn) [ + @l STy, (un1)}, Vo =1,
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Hence

“yn - yn—IH < antlen - xn—l” + (1 - anT)H“n - Un—IH
+M2(|Oén — Oén,ﬂ + ’)\n — )\nfl‘). (329)

From 1 = @y, (Tny1) and u, = @y, (x,), we note that

1
F(“m y) + <wxn7y - un) + T_<y — Up, Up — xn) Z O, Vy S C (3210)
and
1
F(upi1,y) + (V&pi1,y — Ung1) + T—<?/ — Upg1, U1 — Tny1) > 0, Yy e C. (3.2.11)
n+1

Putting y = up41 in (3.2.10) and y = w,, in (3.2.11), we have

1
F(un>un+1) + <wxn7 Up+1 — un) + T_<un+1 — Up, Up — xn) 2 O

and
1

T'n+1

F(un+17 un) + <wxn+17 Uy — un+1> + <un — Up+1, Up+1 — xn+1> Z 0

So, from (A2), we have

Un — X Un41 — Tntl
(YTni1 = VT, Un — Uns1) + <un+1 — Uy, — St - > >0
T'n Tnt1

and hence,

r
V= <un B un+171”n(1/}xn+1 - WUn) + r - (unJrl - anrl) - (Un — xn)>

n+1

rn

= <un+1 — Up, Up — Un41 + (1 - > Un+1 + (*In—l-l - Tn¢xn+1) - (In - Tn¢xn)

Tn-i—l

T'n
—Tny1 t Tnt1
/rn—i—l

T'n
= Up+1 — Up, Up — Upy1 + 11—

) (un+1 - xn—&-l) + (*rn—l-l - Tn1/}xn+1) - (In - rn¢xn)> .

/rn—i—l
It then follows that

T'n

i = 1 < T = {1~ -

wmfwmmﬂmm—%@
n+1

and so we have

T'n

mmrmwsb— st = s + st — 2l

n+1

43



Without loss of generality, we assume that there exists w € R such that r, > w > 0,
Vn > 1. Then

IN

“un-i—l — U | Hxn-l—l — T || + Tns1 — rn|||un+1 - xn-&-lH

Tn+1

1
< H.,,CnJrl — an + E’Tn+1 — Tn‘Mg, (3212)

where M := sup,,>; [|un — 2n|.
From (3.2.9) and (3.2.12), we get

||yn - yn—lu S antlen - xn—l” + (1 - anT)Hun - un—l” + M2(|>\n - )\n—1| + |an - O-/n—1|)
1
< aptll|z, — 1| + (1 — 1) <H:L‘n — Tyl + E!rn - rnl\Mg)

+M2(’)\n — )\n71| + |Ckn — Oén,1|)

M
< (L= an(r = t)llzn = Znoal + —lrn = 7o
+M2(’)\n — )\nfl‘ + |Oén — Oén,1|). (3213)

Let z, = % f(f" G(u)yndu; n > 1. Then we have

1 [t 1 1 fn—1 1 [t
lzn—2n_1] = —/ (G(u)yn — G(u)Yp_1]du + (— — ) / du + —/ G(u)yn_1dul| .

tn 0 tn tn—l 0 tn tn_1
Given that

(l—%)b:_aT_bv a,b+# 0; if p € Q, we can write

a

I 1 1 -1
oo =zl = [ [ 600w = Glmeildn s (3= ) [T G- - sl
n Jo n n—1 0
[t
s [ G - Gl
n tn—1
Thus,
2t, —th_
oo = 2ol = gl 4 (2= Y -l 210

Substituting (3.2.13) into (3.2.14), we obtain
M.

||Zn - Zn—1|| < (1- an<7 - tl))Hxn - xn—IH + _3|Tn - Tn—1|
w

+M2(|An - A'rL—1| + |an - an—ll)
Nt —t,_
+(J————i5n%%1—pw (3:2.15)

tn
From (3.2.1), we have x,41 = fpx, + (1 — B,)z, and this implies that

= ||5n$n + (1 - 571)2’71 — Bn-1Tp-1 — (1 - 5n—1)zn—1||

= Hﬁnmn — Bn—1Tp_1 + BpTp_1 — 5nxn71(1 - ﬁn>zn - (1 - 57171)2“*1
+(1 = Bn)zn-1 — (1 = Ba)zn-l|

BallTn — znall + (1 = Ba)llzn — 2o

F18n = Bual(lzn-all + [lzn-1l])- (3.2.16)

||xn+1 _an

IA
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Using (3.2.15) in (3.2.16), we obtain

M.
Hxn—&-l - xn” < Bn”xn - xn—IH + (1= Bn) [(1 — (T — tl))Hxn — Tno1| + ?3|Tn — Th—1

2t — the
N N R e | |

tn
+1Bn = Bual(llen—all + 1 20-1l])

M.
< [1 - an(T - tl)(l - /Bn)] ”In - $n—1|| + ﬁvn - Tn—1| + Wn - ﬁn—ll(Hxn—lH + Hzn—lH
2t, —th—
N N e | R
< 1 anlr = )1~ )]l — 20

Nt —t,_
4D [ = s 18, = Buca | (e = s+ o — ] + 2 Lol

where D = max{sup,>(||za| + [zal]); suppsy llyn — pll, 22, Ms}. From Lemma 2.3.23
taking

On = an(r = (1= ), by = 2272 and o = Dl =t + 18 = Buca| + P -
An—1| + |an — @n_1]), by using conditions (i)-(v), it follows that

lim ||zp41 — 2] = 0. (3.2.17)
n—oo
Since lim |r,411 — ry| = 0, then from (3.2.12) and (3.2.17), we have that
n—oo
lim ||[upe1 — unl| = 0. (3.2.18)
n—oo

]

Lemma 3.2.3. Let C' be a nonempty, closed and convex subset of a real Hilbert space H.
Let F : C x C — R be a bifunction satisfying (A1)-(A4), ¥ : C — H be a monotone
mapping and let g : C'— R be a real-valued convex function, and assume that the gradient
Vg is 1/L-ism with a constant L > 0. Let f : H — H be a contraction with the constant
O0<l<1landletS:C — H be n-strongly monotone and k-Lipschitzian. Fixr a constant
w satisfying 0 < p < 2n/k% a constant t satisfying 0 < t < p(n — “Tkz)/l = 7/l. Let
T :={G(u) : 0 < u < oo} be a one-parameter nonexpansive semigroup on H such that
T:=F(T)NT'NGEP(F,¢) # 0, and {t,} C (0,00) be a sequence such that lim,_, t, =
00. Suppose {x,}°°; and {u,}>2, are generated by (3.2.1). Then nh_)n;oHun — Ty, (un)|| =0

and lim ||y, — u,| = 0.
n—oo
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Proof. Furthermore, from (3.2.1), (3.2.2) and (3.2.3), we obtain

2

o =5l = [uien =0+ 0= 50 (3 [ 610w - G
< Bullan = pl* + (1= Bo)llyn — pI”
= Bullan = plI* + (1= Bo)llan(tf (@) = pSp) + (1 = anuS) (B3, (un) = p)II
< Bullan =PI+ (1= B) [anlltf (@) = uSpI* + (1 = @un) T3, (un) = pI’]
< Ballwa = vl + (1= B) | anlltf(@a) — Sl
+1 = ) =91+ (3= 2 ) 1900, (00) = VorlP)
< Ballwa = vl + (1= B)|anlltf(@a) = Sl

2
+1= a8l ~ 51+ (= 2 ) 1900, (00) = Vo)

2
< lwn = plI* + anlltf (zn) — uSp|* + v (v - Z) IV, (un) — Var,pl*.
Therefore we have

9
— (7 —~ Z) IVgr, () = Varnpl* < o —plI* = llzasr — plI* + awlltf(z4) — 1Sp||

< Nz = @all (2 = 2l + lenss = pll) + anlitf (2a) — uSpll*.

Since lim oy, = 0 and lim ||z,,41 — z,|| = 0 by Lemma 3.2.2 we obtain
n—oo n—oo

Tim [[Vgx, (un) = V[ = 0.
From (3.2.1), we obtain (noting that (I —~Vg,,) is nonexpansive)

1T, (un) = pl” 1Pe(I =7V gr, Jun — Pe(I =7V gAa)pll”

< [un = 7Vorun) = (0 = 7Vr.p), Th, (un) — p)]
= 5[l = 7Vgs,) = (0= T 0 )+ T3, ) =
(= 1V9r,) = (0= 1V 9r,0) = (T, () = )]
< 5 Dl = I+ 1T 1) = I 0 = T, () = 7V, 0 — Vs, DI
< & [l = P 1T () = 91~ s = T ()]

+27(un, — Th, (Un), Vor,n — Var,p) — V|V, un — VgAnPIIQ]-

So, we have

T, () = plI* <l = pl* = 1T, () = wal* + 29 (wn = Ta,,(un), Var, un — Vr,p)
| Var,tn — Var,pll”. (3.2.19)
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From (3.2.1) and (3.2.19), we have

2

|1 — ol
n

buten =)+ (1= ) ([ 16w~ Glalan)

< Ballen —pl” + (1= Ba)llyn — I’

< Ballwn — plI” + (1= Ba) (awlltf (@) — uSpl* + (1 — cupuS)|| Ty, (ua) — pl1?)

< Ballwn — plI” + awlltf (@) — wSpl* + (1= Ba)lllun — plI* = 1T, (n) — ta®
+29(up — Th, (un), Vr,un — Vor,0) — VIV r,tn — Var,pl’]

< Ballwn — plI” + awlltf (@) — wSpl* + (1 = Ba)lllzn — pI* = 1T, (n) —
+29(un — Th, (), Vgr,tn — Vg, 0) — 72 Vg, ttn — Var, pl’]

< lzw = plI* + anlltf (@) — wSp)* = (1 = Ba)llun — T, (un)|”

+2(1 = Bu)ylun = T, (un) {1V g5, un = Vgr,pll- (3.2.20)

From (3.2.20), we have

(1= Ba)llun — To,(w)® < Nwn = pl* = |20s1 — 2> + cnlltf (z,) — uSp||
+29||un — T, (un) ||| Vgr, tn — Vaa,pl|.

Since lim ||2,+1 — z,|| = 0 by Lemma 3.2.2 lim v, = 0 and lim ||Vgy, u, — Va,p|l = 0,
n—o0 n—o0 n—o0
we obtain

lim (1 — 8,,)||un, — Th, (u,)|| = 0.

n—o0

Since lim 3, = 0, we obtain
n—oo

lim ||u, — T, (u,)|| = 0. (3.2.21)

n—oo

From y,, = a,tf(z,)+(1—a,uS) Ty, (uy,), we obtain y, —Th, (u,) = an(tf(x,)—pSTh, (un))-
So,
Yy — T, (un)|| = an||(tf(zn) — pSTy, (un))|| = 0, as n — co. (3.2.22)

Next we show that lim ||u, — x,|| = 0. Indeed, for any p € F(T)NT' N EP(F), by Lemma
n—oo
2.3.22 we have

lun =l = 1@, (20) = Qr, ()]

1 2 2 2
= SUlza =pl" + llun = plI” = llun = al")-
This implies that
2 2 2
[un —plI" < lon = plI” = llun — 2. (3.2.23)
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Then, from (3.2.5) and (3.2.23), we derive that

levnt f () + (I = nuS) Ty, (un) — p|”
[((1 = anT)l[un = pll + antl]|zn = pl)) + Any (1 + cnpk)|Ip]l + anlltf (p)
= pI* + (@320 + 2c0tl) [l — pI* + N2 (1 + k) [[p])* + a1 ()

2
lyn — Dl

IAINA

— SN
— uS(p)|I?

207 (1 + ) lIpll 1t f (2n) — wS @) + 220y (1 + (1 + k)|l — pll-[Ip]

+20, (1 + t) ||z, — pll £ f (p) — nS(P)|l

IN

(14 antl? |20 = plI* = llun = @al® + Nor? (1 + cnpek)?|Ip|* + ol t.f(p) = uS (D)

207 (1 + ) lIpll 12 f (2n) = wS @) + 220y (1 + (1 + k)|l — pll-[Ip]

20 (1 + ) ||z = pl[-1£f (p) — 1S P)II

From (3.2.1) ,(3.2.24) and by the convexity of ||.||>, we obtain

2

1 [t
|Zni1 —p|> = ‘ Bu(xn —p) + (1= Bn) (15_/0 (G (w)yn — G(u)p]du>
< Ballzn —plI* + (1 = Ba)|lyn — I
< Ballwn =l + (1= Ba) [(1 + antl)?||zn — Il = llun — @l® + A2 (1 + anpek)?|pl|”
+a2|ltf(p) — S + 227 (L + ) |Ipll It (20) — 1S (p)]|
227 (1 + ) (1 + anpk) ||z — pl|[Ipl] + 2000 (1 + )| — pl|.[[Lf () — MS(Z?)H]-
Thus, we get

(1 - B'n)Hun - xn||2 < Bn”xn - p||2 + (1 - Bn) [(1 + O‘ntl)2||xn - p||2 - Hxn+1 - p”2

V(1 + k) |[p|* + a2t £ (p) — uS ()|
+2x\n7(1 + any)llpll It f (zn) — pS(p)|l
+2X,7(1 + (1 + anpk) ||z, — pll-[|p]l

200 (1 + ) ||z — pl[-1t.f (p) — 1S}

Since {z,} is bounded by Lemma 3.2.2 o, — 0, 5, — 0, A\, = 0, n — o0 and ||z, 41 —
zn|| = 0 by Lemma 3.2.2 we have

Tim. |un — x| = 0. (3.2.25)

Furthermore, from (3.2.21), (3.2.22), (3.2.24) and for every h € [0, 00), we have that

1G(R)yn — G(R)xul| < lyn — 24|
< un = || + [Jun — T, (un) ||
+|| T, () — ynl| — 0, 1 — 0. (3.2.26)

Hence, from (3.2.8) and (3.2.26), we obtain
1G(R)yn =zl < |G(R)yn — G(R)an|| + [|G(R)2n — 2]l = 0, 7 — o0,
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Also, we have that
[z = T, (un) || < [l2n = unll + Jun = T, (un) || =0, n — oo.
Hence, for every h € [0,00) we have that
IG ()Y = yall < NG (R)yn — wall + |20 — Do, (wa)[| + 1T, (un) = yall = 0, 1 — €3.2.27)

Next, we show that ||z, — T, (z,)|| = 0, n — occ.

Hxn =1, (xn)H ”xn — Up +u, — 1, (un) + 1, (un) =1, (un> =T\, (xn)“
2 — || + Jun — Tx, (wn)|| + 1T, (wn) — Th, (z0) ]

|Zn — wnl| + [Jun — T, (un)|| + [|tn — 24]].

IA A

From,(3.2.21) and (3.2.25), we have
|z, — Ty, (zn)]| = 0, n— cc.
From (3.2.21) and (3.2.22), we obtain that
[Yn = wnll < llun = Tx, (un)ll + [lyn — Tx, (un)|| = 0, 1 — o0. (3.2.28)

]

Lemma 3.2.4. Let C' be a nonempty, closed and convex subset of a real Hilbert space H.
Let F : C x C — R be a bifunction satisfying (A1)-(A4), ¢ : C — H be a monotone
mapping and let g : C' — R be a real-valued convex function, and assume that the gradient
Vg is 1/L-ism with a constant L > 0. Let f : H — H be a contraction with the constant
0<l<1andletS:C — H be n-strongly monotone and k-Lipschitzian. Fix a constant
w satisfying 0 < pu < 2n/k* a constant t satisfying 0 < t < u(n — “—f)/l = 7/l. Let
T :={G(u) : 0 < u < oo} be a one-parameter nonezpansive semigroup on H such that
T:=F(T)NTNGEP(F,¢) # 0, and {t,} C (0,00) be a sequence such that lim,_, t, =
00. Suppose {x,}5°, and {u,}>2, are generated by (3.2.1). Then

n—o0

where z = Py(I — pS +tf)z.
Proof. Now if we take a subsequence {y, } of {y,} such that

lim sup(y,, — 2z, —(pS — tf)z) = limsup(y,, — 2z, —(uS —tf)z), (3.2.29)

n—o0 n—oo

by (3.2.28) and y,, — ¢, we have that u,, — ¢. Note that

[t = T (un )| [ = T, (un) || + [T, (un) = T'(un) |

<
<l = T, (un) ]+ Ay [l
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Hence, by using the fact that ||u, — T\, (u,)|| — 0 by Lemma 3.2.3 and A\, — 0, we
get ||u, — T(uy)|| — 0. From Lemma 2.3.13 we get ¢ € F(T) = I'. Next, we show that
q € GEP(F,%). Since u, = Q,, x,, for any y € C, we obtain

1
F<un7y> + <'¢xmy - un) + T_<y — Up, Up — xn) Z O

Furthermore, replacing n by n; in the last inequality and using (A2), we obtain
1
</I7Z)'/1;n]'7 Y- unj> + 7“_<y — Up, Un — Tp) > F(y, unj)- (3.2.30)

nj

Let z; ==ty + (1 —t)q for all t € (0,1] and y € C. This implies that z; € C. Then, by
(3.2.30), we have

Up. — Ty
<Zt - unjawzt> Z <Zt - Unﬁ@bzt) - <Zt - uuj7wxnj> - <Zt - unja %> + F(Ztvu’nj>
nj

- <Zt - unj)l/}Zt - 1/Junj> + <Zt - un]'7 ¢U/nj - ¢xn3>

Up, — T,
_ <Zt — Up,, %> + F(2, Un, ). (3.2.31)
n;
Since lim ||z, — uy,|| = 0, we have lim |[¢)z,; — 1u,,| = 0. Furthermore, by the mono-
j—oo j—oo
tonicity of ¢, we obtain (2, — un;, V2 — Yuy,) > 0.
Since lim ||y, — un,;|| = 0 and limy,, = ¢, we obtain that limw,, = ¢. Then, using
j—o0 Jj—o0 j—o0
assumption (A4) in (3.2.31), we obtain
(zt — q,Vz) > F(z,q), j— o0, in (3.2.31). (3.2.32)

Using (A1), (A4) and (3.2.32), we also obtain

0 = Fl(z,2z) <tF(z,y)+ (1 —t)F(z,q)
< tF(zny) + (1= (e — ¢, )
< tF(z,y)+ (1 -0ty — q,vz)

and hence
0< F(z,y) + (1= 6){y — ¢, ¥z).
Letting ¢ — 0 and using assumption (A3), we have, for each y € C,
0 < Flg,y)+(y—q,vq). (3.2.33)

Hence ¢ € GEP(F, ).
Next, we show that ¢ € F(T). Assume that ¢ # G(h)q for some h € [0,00). Then by
Opial’s condition, we obtain from (3.2.27) that

liminf [|y,, — ¢l < liminf |y, — G(h)q||

j—00 j—o00

< liminf(llyn, — G(R)ya, Il +1G(R)yn; — G(R)ql)
<

lim inf ||y, —qf-
j—00
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This is a contradiction. Hence, ¢ € F(T). Thus ¢ € T := F(T)NI' N GEP(F,v). By
(3.2.29) and property of metric projection, we obtain

limsup{y, —2(uS —tf)2) = lim (yn, — 2, (5 = 1f)2)
= (y—z (WS —tf)z) <O0. (3.2.34)

]

Theorem 3.2.5. Let C' be a nonempty, closed and convexr subset of a real Hilbert space
H. Let F: C x C — R be a bifunction satisfying (A1)-(A4), ¥ : C — H be a monotone
mapping and let g : C'— R be a real-valued convex function, and assume that the gradient
Vg is 1/L-ism with a constant L > 0. Let f : H — H be a contraction with the constant
0<l<1landletS:C — H be n-strongly monotone and k-Lipschitzian. Fix a constant
w satisfying 0 < p < 2n/k?, a constant t satisfying 0 < t < u(n — “71“2)/[ =7/l. Let T :=
{G(u) : 0 < u < oo} be a one-parameter nonexpansive semigroup on H such that T :=
F(T)NTNGEP(F,¢) # 0, and {t,} C (0,00) be a sequence such that lim, o t, = 0.
Suppose {x,}°, and {u,}>2, are generated by (3.2.1). Then {x,}2, converges strongly
to z, where z := Py(I — pS +tf)z.

Proof. Now,

Y — 2 = antf(xn) + ([ - anUS)TAn (un) -z
= (({ = anpS) (T, (un) — (I — anpS) Ty, (2)) + (L — anpS)Th, (2) — (I — auuS)T'(2))
ot (f(zn) = f(2)) + an(tf(g) — pS(2)).

So, from (3.2.3) and (3.2.5), we derive
lyn — 21> = (I — anpS)(Tx, (un) — (I — npS)Th, (2), yn — 2)
+((I — apuS)Ty, (2) — (I — a,uS)T(2), yn — 2)
Fant(f(2n) = (@), Yn — 2) + an(—(uS = tf)z, yn — 2)

< (1= agn)llun — 2l — =]
AL+ b0 = 2]+ cntln = 2] — 2]
(= (S = 1f)z,yn — 2)
< (1= an(r — )l — I — ]
FA Y (L + anpk) || 2] lyn — 2]l + on (= (S = )2, yn — 2)
< (1= an(r = )5 (ke — 2I? + g — =IP)

An
o |(=(pS = tf)2,y0 = 2) + =1+ anpS) 2] Mlyn = 21| -

n

ol



This implies that

lon =21 < =
20, A
Mo —1) {HNS — )z = 2) + (L anph)2]] 1 — 2]
< (= au(r = )llen — 2l + T[4 = )z, — 2
1+ (7 —tl)
P21 4 k)l — =] (3.235)

n

Using (3.2.1) in (3.2.35), we obtain

ﬁn(mn - Z) + (1 - ﬁn) (tl

n

Hxn+1 - ZH2

[ 6w~ G

< Ballen =2l + (= B)llyn — =11
< Ballen =2+ (= B) (1 = (7 = ) — 2|
20, [ An |
ez |6~ thsm =2+ 20+ awb)lel v — 1| )
< (1= (1= Ban(r = D)]lan — =

20, (1 = B) [ An
s PR (— — - (1 Ay, —
T |08 )20 = =) (L k)2 — =)

Since {y,} is bounded by Lemma 3.2.1, there exists a constant M > 0 such that
M > lyn = 2], n=>1
Then, we have that
g1 — 2|I° < (1= 80)||lzn — 2]|* + anom, (3.2.36)

where 0, ;== (1—5,)an(T7—tl) and 0, := % (—(uS —tf)z,yn — 2) + 2—27(1 + apuk)||z|| M| .

By (3.2.34) and A\, = o(a,), we get limsupo, < 0. Now applying Lemma 2.3.23 to

n—o0

(3.2.36) we conclude that z,, — z as n — oo. This completes the proof. O

Remark 3.2.6. Ezamples of sequences {a, }22 1, {Bn}oy, {tn}oy, {rn}22, and {\,}5°,
in Theorem 5.2.5 are

1 1 1
1o ﬁn: 1 ly=n 1, = “ )\n:
(n+ 1)1 n+1 n+1

o, = n > 1.

1
ni

Corollary 3.2.7. : Let C' be a nonempty, closed and convex subset of a real Hilbert space
H. Let F : C x C — R be a bifunction satisfying (A1)-(A4), ¥ : C — H be a monotone
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mapping and let g : C' — R be a real-valued convex function, and assume that the gradient
Vg is 1/L-ism with a constant L > 0. Let f : H — H be a contraction with the constant
0<l<l Let T :={G(u) : 0 < u < oo} be a one-parameter nonexpansive semigroup on
H such that Y := F(T)NTNGEP(F,¢) # 0, and {t,} C (0,00) be a sequence such that
limy, 00 t,, = 00. Suppose {x,}52, and {u,};>, are generated by x1 € H as follows:

F(up,y) + (Y2n, y — uy) + %(y — Uy, Uy, — Tp) > 0,V y € C
Ty, (un) = Po(I — vV, )un; (3.2.37)
Tur = Bun + (L= 5) (& Jy" Glan fla) + (1 = )Ty, (un))du ).

where u, = Q. (), Vagr, = Vg+ M\, T\, = Poc(I —Vgy,), v € (0,2/L). Let {B,},
{rn}, {an}, {\n} satisfy the following conditions:

(Z) hmn—)oo ﬁn = 07 Zzozl |5n+1 - 5n| < 0Q;
(ii) an, C (0,1) lim, oo vy =0, Y00 Jaty =00, Y |1 — | < 00;
(1ii) {An} C(0,2/7 = L), Ay = o0lom), 2071 [Ans1 — Au| < 00;

(iv) {rn} C (0,00), iminf, o7 > 0, D07 |Tns1 — 7| < 00;

. tr—tn_
(v) lim,,_o ™ 1an(11_5n) =0.

Then {x,}>2 | converges strongly to z, where z := Py f(z).

3.2.1 Application

Consider the problem of finding a zero of maximal monotone operator in a Hilbert space
H. Tt is well known (see [25]) that the initial value problem

du(t)

pr Au(t) 30 for every t >0, u(0) =z,

for any x € D(A) has a unique solution u : [0,00) — H and D(A) is closed and convex.
Putting G(t)x = u(t), we have that the family of mapping 7 = {G(t) : 0 < t < oo} of
TA) onto itself is a one-parameter nonexpansive semigroup on m Moreover, we know
that from [25] that A='0 = F(T). So, we can apply our Theorem 3.2.5 to find zero of A

with H = D(A). Then the method (3.2.1) has the form z; € H,

Yn = (]- - Oén)l'»m
Tpi1 = (1= Bn)xn + Bn <i fOt" G(S)ynd8> , n>1.
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3.3 Common solution of generalized mixed equilib-
rium problem and Bregman strongly nonexpan-
sive mapping in reflexive Banach spaces

Let C' be a nonempty, closed and convex subset of a real reflexive Banach spaceX and
let ¢ : C — R be a lower semi-continuous and convex function and ¢ : C' — X* be
continuous monotone mapping. Let ©® : C x C — R be a bifunction satisfying the
conditions (A1) — (A4). Then the mixed resolvent of © is the operator

Resé,qﬁ’w : X — 2¢ defined by

Resh gy = {2€C:0(z,y) +¥(y) + (dz,y — )
HVf(z) = Vf@),y —2) > d(z) Vy € C}.

Note that if f: X — (—o0,400] is coercive and Gateaux differentiable function, then the
mixed resolvent O satisfies domReséﬂw = X (see [68] lemma 4.14).

Lemma 3.3.1. (see [08], Lemma 2.15): Let f: X — (—o00,400] be a Legendre function.
Let C be a nonempty, closed and convexr subset of X. If the bifunction © : C' x C' — R
satisfies the conditions (A1) — (A4), then

(1) Resé#}’w is single-valued;
(i1) Reséﬂw is a BFNE operator;

(i1i) the set of fized points of Resémb 1s a solution set of the corresponding generalized
mized equilibrium problem, i.e F(Resé,¢,¢) =GMEP(O,,v);

(iv) GMEP(©, ¢,v) is closed and convex subset of C,

(v) for allz € X and u € F(Resgd)’w), we have
Dy (u, Resé,qw(x)) + Df(Resg7¢7¢(m), z) < Dy(u, ).

In this section, we study the problem of finding a common solution of generalized
mixed equilibrium problem and bregman strongly nonexpansive mapping which is stated
as: Let X™* be the dual of a reflexive Banach space X, and C;, ¢ = 1,2, ..., N be nonempty,
closed and convex subset of X. Let T; : C; — C;, ¢ = 1,2,...N be N countable family
of Bregman strongly nonexpansive mappings such that F(7T;) = F(Ti), i=1,2,...N. Let
0; : C; x C; — R be a bifunction satisfying A(1) — (A44), ¢ : C; — R be lower semi-
continuous and convex functions and v; : C; — X™* be continuous monotone mappings,
for all i = 1,2,...N. Find z* € NI, F(T;) such that

We denote the solution set of (3.3.1) by Y. i.e,
T :={z" e N, F(T;): 2" € NL,GMEP(6;, ¢, 1)}
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Furthermore we propose an iterative algorithm and using the algorithm, we state and
prove a strong convergence result for approximation of a solution of problem (3.3.1) in
a real reflexive Banach space. Our theorem takes into account possible computational
errors.

Theorem 3.3.2. Let X be a reflexive Banach space and C;, i = 1,2,..., N be nonempty,
closed and convexr subsets of X. Let T; : C; — C;, i = 1,2,..., N be countable families
of Bregman strongly nonexpansive mappings such that F(T;) = F(E), 1 =1,2,...,N. Let
f X — R be a strongly coercive Legendre function which is bounded, uniformly Frechet
differentiable and totally convexr on bounded subsets of X such that C; C int(domf).
Let ©; : C; x C; — R satisfy conditions (Al) — (A4), let ¢; : C; — R be lower semi-
continuous and convex functions and ; : C; — X* be conlinuous monotone mappings, for
alli=1,2,...,N. Assume that T # (). Let u,zo € C; be arbitrary and the sequence {x,}
be generated by

= VI (@ Vf(u) + BV f(wn + ) + 1V f(Ti(zn +€))), i=1,2,...N;

i f i.
u,, = Resg_, 4. Un; | , (3.3.2)
Cpy1 = {2z € Cy s supysy Dy(z,ul) < anDy(z,u) + Dy(z, 2, + €4) };

Tyl = Pr0j£n+l(x0), n >0,

satisfying the following conditions:
(i) lima, =0, ay+ B +7m=1and 0 <a < By, <b<1, for some a,b> 0,
n—oo

(ii) lim e = 0.

n—oo
Then {z,} converges strongly to Proj{xo.

Proof. We first show that T C C,, Vn > 0.

Since T; is Bregman strongly nonexpansive, we have from ([176] Lemma 15.5) that F/(T;) is
closed and convex for each 7 = 1,2, ..., N. Also, from Lemma 2.6 we have that F(Res’éi’%wi) =
GMEP(0©;, ¢;,1;) is nonempty, closed and convex set. So we have T is nonempty closed
and convex set. Thus Proj{cf is well defined. Also, we know that T C C = Cjy. Now,
suppose that T C C}, for some k£ € R and let p € T. Then

Di(p,uj,) = Ds(p, Resb, 4, 0i)
< D(p,y)
= Ds(p, VI (anVf(u) + B,V f(z) + ek) + 1V f(Ti(zy + ek))
< anDg(p,u) + BuDs(p, xx + €;) + 7Dy (p, Tilwy, + e},))
< anDy(p,u) + BuDs(p, 2 + €}) + 1 Dy(p, x1 + €},
= . Ds(p,u) + (1 — ) Dy(p, wp, + €},)
< a,D(p,u) + Dy(p,zp + e€L). (3.3.3)

Hence p € Cy.1. By induction we can conclude that T C C,, Vn > 0.
Next, we show that lim Dy (z,,zo) exists.
n—oo
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Let p € T, then from (3.3.2), we have that =, = ijgn (%) and 41 = Projénﬂ(xo) €
Cry1 C C,. Also, by proposition 2.3.7(éii), we have that

D¢(xp,x0) = Dy <Pr0jén(x0),xo>
< Dy(p,xo) — Dy(p, Projl. (x0)) < Dy(p, o). (3.3.4)

Therefore, the sequence {Dy(z,,z0)} is bounded. From Lemma 2.3.8 we conclude that
{z,,} is bounded too.
We also have from proposition 2.3.7(iii) that

D¢(xps1,20) + Dp(xn, x0) < Dy(2p41, o). (3.3.5)

Hence the sequence {D(z,, o)} is increasing. Therefore, lim Dy (z,, x¢) exists. Therefore
n—oo
from (3.3.5), we have that

lim D¢(2p41,2,) = 0. (3.3.6)

n—oo

Next, we show that the sequence {z,} is Cauchy in C.
Since x,, = Projém (o) € Cy, C C,, for m > n, we have from proposition 2.3.7(iii) that

D(xpm,x,) = Dy (xm,PTOjén(JUO))

< D¢(xp,z0) — Dy <P7’0j£n(x0), xo)
= D¢(xm,x0) — Ds(xn, 20), (3.3.7)

which implies that D¢ (z,,, z,) — 0, as n, m — co. Since f is totally convex on a bounded
subset of X, we have from Lemma 2.3.10 that f is sequentially consistent. That is ||z, —
x,|| — 0, as n,m — oo. Hence, {x,} is a Cauchy sequence.

Since X is complete and C'is closed, there exists * € C such that {z,} converges to z*.
Thus, we have from condition (ii) that {(x, + €’ )} converges to x*.

Next, we show that lim, . ||V f(u') — Vf(z, +€.)|| =0, i =1,2,..., N. From Lemma
2.3.10, we have from (3.3.6) that

lim ||z,41 — 2] = 0. (3.3.8)
n—oo
For any ¢ = 1,2, ..., N, it follows from the definition of Bregman distance that

Dy(xn, zn + en) = [flen) = flante,) = (Vf(zn+e), 20— (2n +€))
= flzn) = flan +€,) +(Vf(zn +€,) €). (3.3.9)
Since f is bounded on a bounded subsets of X, we have that V f is also bounded on a

bounded subsets of X. Also, since f is uniformly Frechet differentiable, we have that f is
uniformly continuous on a bounded subsets of X. From condition (ii) we have that

lim Dy (2, z, +¢€,) = 0. (3.3.10)

n—oo

o6



For each i = 1,2, ..., N, we have from the three point identity that

Dy(wni1,n+€,) = Di(@ps1,20) + Dp(2n, 20 + €7,)
+<Vf($n) - Vf(ﬂ?n + efz)a Tpy1 — xn>

From (3.3.6), (3.3.8) and (3.3.10), we have that

lim Df(xn+1,xn+e ) =0.

n—oo

Since z,41 = Projc,,, %o, then we have from (3.2.3) and (3.3.12), that

Df(anrlauﬁz) S aan(xn+17u) + Df(mn+17xn + 6;) — 07 as n — 0.

That is

lim Dy (2,41,ul,) = 0.

n—oo

From (3.3.12), (3.3.13) and by using Lemma 2.3.9, we have,

lim ||u), — (z, +€.)|]| =0, i=1,2,...,N.

n—oo

From (3.2.16) and by Lemma 2.3.11, we have that

lim |V f(uy,) = Vf(za+e)] =0, i=12.. N

Next, we show that that z* € N, F(T;).
From (3.2.3), we have that

(3.3.11)

(3.3.12)

(3.3.13)

(3.3.14)

(3.3.15)

Di(p,yh) = Di(p, VI (Vf(u)+ BV f(xn+eh) +1mVf(Ti(w, +€l)))
(

< a,Ds(p,u) + BuDys(p,xn + €.) + 1Dy (p, Ti(z + €))
< @,Dy(p,u) + BuDs(p, w0 + €,,) + 1 Ds(p, w0 + €;,)
= a,D(p,u) + (1 — ) Ds(p, x, + €,)

< anDs(p,u) + Dy(p, x, + €).

From Lemma 3.3.1(v) we have that

Di(p,ul) + Ds(ul,yt) = Dy <p, Resgmmig/%) + Dy (Reséh%wiyfw y@)

From (3.3.16) and (3.3.17), we have

(3.3.16)

(3.3.17)

Dy(up, yh) < Dy(p,yy,) — Dy(p,ul) < anDy(p,u) + Dy(p, xn + €l,) — Dy(p, uj,)(3.3.18)

From (3.3.14),(3.3.15) and the three point identity, we have

lim Dy(u’,y’) =0, i=1,2,..,N.

n—oo
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From Lemma 2.3.9, we have
Jim |ul — il =0, i=1,2,..,N. (3.3.20)
By (3.3.20) and Lemma 2.3.11, we have that
Tim IVf(ul) = Vf@y)|=0,i=12,..N. (3.3.21)
From (3.3.15) and (3.3.20), we obtain
JLIEO||(xn+e;) —yil=0,i=1,2,..,N. (3.3.22)

From Lemma 2.3.11, we have

lim |V f(zn + el) = V) =0,i=1,2,..N. (3.3.23)

Let w!, = V f* (f—gan(mn +e,) + 22V (Ti(w, + e;))) , then

«

IVIGR) = VI = an¥F(0) = £ f i + ) = 1229 (T + b))
— VI - TVt el
- j"%Vf(Ti(xn +el))|. (3.3.24)
Since a,, — 0, as n — oo, we have from (3.3.24) that
lim IVF(yl) — V)| =0, i=1,2,..,N. (3.3.25)
From (3.3.12) and (3.3.25), we have that
Jim IVFf(wh) =V f(r,+e)]=0,i=1,2..,N. (3.3.26)
So we have that
0= lim [V f(ut) = V(e + )| = Jim =V, o))
VT + €)= Vet )]
= I (VAT + e))
CVf(z, + e;)n). (3.3.27)
By condition (i), we have
Tim ([VF(Ti(za +€,)) = V(za + )] =0, i =1,2,.N. (3.3.28)
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Since f is strongly coercive and uniformly convex and bounded subsets of X, we have that

f* is uniformly Fretchet differentiable on bounded subsets of X* (see [191] Proposition
3.6.2). Also, f is Legendre, thus by Lemma 2.3.11, we have
lim || Ty(x, +€l) — (z, +€))] =0, i =1,2,..., N. (3.3.29)
n—o0

From (3.3.29), we have that 2* € F(T}) = F(T}), i = 1,2, ..., N. Therefore, z* € NN, F(T}).
Next, we show that x* € NY,GMEP(0;, ¢;, ;).
For each p € T and for i = 1,2, ..., N, we have

Di(p,yn) — Dy(pouy) = flu) = f(y,)
H V() = VW) p = yn) + (Vi (), 4y — 1)
Since {u} is bounded, {V f(u})} is bounded too. Therefore, from (3.3.20) and (3.3.21),

we get

lim (D¢ (p,y,) — Dy(p.uy)) = 0.
That is,
lim (Df(p, Yn) — Ds(p, Reséi,@,w%)) =0,

n—oo
fE)r any p € T and fori = 1,2, ..., N. Since Reséh%wi is BSNE operator and F(Reséi’%wi) =
F(Resémi?wi), we have

: f i iy — () 5 —
7}13)10 Di(Resg, 4, pYnsYn) =0, i =1,2,.., N. (3.3.30)
Also, from (3.2.26) and (3.3.30), we have
lim Dy(Resl, , b (T +€h)) =0, i =12 N. (3.3.31)
n—r00 BAas

Thus, if {y,,} is any subsequence of {y,} which converges weakly to z*, then z* €
F(Reséi7¢i7wi) = F(Resémi’%) for i =1,2,...N. Hence z* € N, ,GMEP(0;, ¢;, ;).
Next, we show that z* = Proj{xo.

Since x,, = Projénxo, we have from Proposition 2.3.7 that

(Vf(xo) = Vf(zn),zn —2) > 0Vz € C,. (3.3.32)
In particular, we have
(Vf(xg) = Vf(ry),z, —T) >0VZ €Y C C,. (3.3.33)
Letting n — oo in (3.3.33), we obtain
(Vf(zg) =V f(z*),z"—2)>0VzeT. (3.3.34)

From Proposition 2.3.7 and (3.3.34), we have that z* = Proji.z.
Finally we show that {x,} converges strongly to Proji}xo.
Since x* = Proj} (), Tnp = Projénﬂ(mo) and T C C,,, we have

D¢(p41,20) < Df(PTOj£n+l($0), zo) = Dy(z", zo).

Hence, by Lemma 2.3.9, we obtain that {z,} converges strongly to x* = Proj{xo, as
n — o0.
O
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This completes the proof.

Remark 3.3.3. If X is a smooth, strictly convex and reflexive Banach space and f(x) =
%HSL‘HQ, then the algorithm (3.2.3) reduces to

Ui = 7 (@ (1) + Bud (0 + ) 70 (T + 64))) s i = 1,2, .N:
i _ ! i.

Uy, = Resg, 4, 5, Yn . '

Cpi1 = {2 € Cp i sup;sy (2, 1) < anp(z,u) +¢(2, 2, +€),) )

Tny1 = ]'_'[Cn+1<x0)7 n =0,

(3.3.35)

where J is the normalized duality mapping from X into 2%, p(z,y) = ||z||* — 2(x, Jy) +
lyll?, for all z,y € X, and the sequence {x,} converges strongly to Ily(zo) which is its
generalized projection from X onto T.

If in Theorem 3.3.2 ¢; = 0 and v¥; = 0 for all 7+ = 1,2,...N, then for the operator
Reséh ¢w( denoted by Reséi), we have the following corollary:

Corollary 3.3.4. Let X be a reflexive Banach space and C;, 1 = 1,2,..., N be nonempty,
closed and convexr subsets of X. Let T; : C; — C;, i = 1,2,..., N be countable families
of Bregman strongly nonexpansive mappings such that F(T;) = F(Ti), i =1,2,...,N.
Let f : X — R be a strongly coercive Legendre function which is bounded, uniformly
Fréchet differentiable and totally convex on bounded subsets of X with C; C int(domf).
Let ©; : C; x C; — R satisfy conditions (Al) — (A4), i = 1,2,...,N. Assume that T' =
{z* € NN, F(T;) : 2 € N EP(0;)} # 0. Let u,xq € C; be arbitrary and the sequence
{z,} be generated by

Yo = VI (@aVf(u) + BV f(an +€) + 1V f(Ti(an +6))), i =1,2,..N;
ul, = Res} yi;
Cry1 = {2z € Cp s supssy Dy(z,ul) < o Dyp(z,u) + Dy(z, 2, + €}) };
Tyl = Projénﬂ(xo), n >0,
(3.3.36)
with {a}, , {8,352, {1 }°2, and {e!} satisfying the following conditions:

(1) lima, =0, ay+ By +7 =1and 0 < a < By, Yo, an < b < 1, for some a,b > 0,
n—o0
(ii) lim el = 0.
n—oo
Then {x,} converges strongly to Proj{a:o.
3.3.1 Applications to zeroes of Bregman inversely strongly mono-

tone operators

Let the Legendre function f be such that

ran(Vf — A) Cran(Vf). (3.3.37)
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The operator A : X — 2% is called Bregman inversely strongly monotone (BISM) if
(domA) N (int(dom) f) # 0
and for any z,y € int(dom)f, and each £ € Az, n € Ay, we have

(€=n,(Vf(x) =& =V (Vf(y) —n)) >0.

The class of operators was introduced by Butnaru and Kassey (see [38]). For any operator
A: X — 2% the anti resolvent A7 : X — 2X" of A is defined by

Al =V o (Vf— A,

Observe that domA/ C (domA)N (int(dom)f and ran A’ C inf(dom) f. The operator A (see
[38]) is BISM if and only if the anti-resolvent A/ is single-valued BENE operator which
can be seen in [38]. From the definition of anti-resolvent and ([38] Lemma3.5) we obtain
the following proposition.

Proposition 3.3.5. (see [170]) Let f : X — (—o0,+00] be Legendre function and let
A X — 2% be a BISM operator such that A=1(0)* # 0. Then the following holds:

(i) A7H(0)" = F(AT),
(ii) for any u € A71(0)* and x € domA’, we have

Di(u, A) + Dp(Al 2, 2) < Dy(u, z).

So, if the Legendre function f is uniformly Fréchet differentiable and bounded on
bounded subset of X, then the resolvent Af of A is a single-valued BSNE operator which
satisfies

F(A)) = F(A7).

In Theorem 3.3.2 if we let T, = A/ and f be the Legendre function such that (3.3.37)
is satisfied, then we obtain the strong convergence result for approximating a common
solutions of zeroes of a finite family of Bregman inversely strongly monotone operator and
a common solution to a finite system of equilibrium problems.
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Chapter 4

Monotone Inclusion, Minimization
and Fixed Point Problems

4.1 Introduction

Let T : C'— C be a mapping. Then T is said to be:

(i) accretive if for all 2,y € C, there exists j(z — y) € J(x — y) such that
where J is the normalized duality mapping;

(ii) a- inverse strongly accretive if for all z,y € C, there exists j(z —y) € J(z — y) such
that
(Tx =Ty, j(x—y)) = ol|Tw = Tyl

for some a > 0;
(iii) m-accretive if T is accretive and R(I + A\T') = X, V X > 0;

(iv) strongly positive if X is a real Banach space and there exists 4 > 0 such that

(Tx, jz) > A|l|*,V = € C.

Let C be a convex subset of X, let K be a nonempty subset of C' and let p be a retraction
from C onto K, i.e, Px = x for each € K. P is said to be sunny if P(Px+t(z—Pz)) = Px
for each z € C. and t > 0 with Px + t(x — Px) € C. If there is a sunny nonexpansive
retraction from C onto K, K is said to be a sunny nonexpansive retract of C.

A set valued mapping M : H — 2 is called monotone if for all z,y € H,with u € M(x)

and v € M(y) then
(x —y,u—v) >0.
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A monotone mapping M is said to be maximal if the graph of M, denoted as G(M), is not
properly contained in the graph of any other monotone mapping, where for multivalued
mapping M,

G(M) ={(z,y) 1y € M(z)}.
It is well known that M is maximal if and only if for (x,u) € H x H, (z —y,u—v) >0

for all (y,v) € G(M) implies u € M(x). The resolvent operator J{ associated with M
and X is the mapping JM : H — H defined by

JW(x) = (I +AXM) 'z, € HX>0. (4.1.1)

It is known that the resolvent operator J¥ (z) is single valued, nonexpansive and 1-inverse
strongly monotone (see, for example, [25]). The inverse-strongly monotone (also referred
to as co-coercive) operators have been widely used to solve practical problem in various
fields, for instance, in traffic assignment problems (see for example, [15, 85] and the refer-
ences therein). It can easily be seen that (i) if 7' is nonexpansive, then I — 7' is monotone;
(7) the projection mapping P¢ is 1-ism.

A fundamental problem is to find a zero of a maximal monotone operator T : H — 2 in
real Hilbert space H
find re H: 0eTx. (4.1.2)

This problem includes, as special cases, variational inequality problems, non-smooth con-
vex optimization problems and convex-concave saddle-point problems. Therefore this
problem finds many important applications in scientific field such as image processing,
computer vision, machine learning and signal processing. It is known that the solution of
(4.1.2) is a fixed point of JI', Vr > 0 and the set of zeroes T71(0) := {x € H : 0 € Tz}
is closed and convex (see, for example, [103]).

In case, T is a general monotone operator, the classical algorithm to solve (4.1.2) is the
proximal point algorithm which can be traced back to the early works of Minty [122] and
Martinet [117]. See also the thesis of Eckstein [78] for detailed treatment of the subject.

The proximal point algorithm generates a sequence z,, according to the recursion

Top1 = T+, 1) (2,) (4.1.3)

where r,, > 0 is a regularization parameter. The operator J; := (I + r,T)"" is the so-

called resolvent operator, that has been introduced by Moreau [124]. In the context of
algorithms, the resolvent operator is often referred to as the backward operator. Rock-
afellar [119] has proved that the sequence z,, generated by the proximal point algorithm
(4.1.3) converges weakly to a point z* satisfying 0 € T'z*.

In many problems, however, the operator T' can be written as the sum of two maximal
monotone operators, i.e., T = A + B, such that the resolvent operators (I +rA)~! and
(I + rB)~! are much easier to compute than the full resolvent (I + AT)~'. Then, by
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combining the resolvents with respect to A and B in a certain way, one might be able to
mimic the effect of the full proximal step based on T. The two most successful instances
that are based on combining forward and backward steps with respect to A and B, are
the Peaceman-Rachford splitting algorithm [112],

Tpi1 = +rB) I —rA) I +rA) (I —rB)(x,),
and the Douglas-Rachford splitting algorithm [73],
Tpi1 = ([ +rB) (I +7rA)"YI —rB) +rB](z,).

These splitting techniques have been originally proposed in the context of linear opera-
tors and therefore cannot be applied to general monotone operators. In [107], Lion and
Mercier have analysed and further developed these splitting algorithms. Their idea was to
perform a change of variables z,, = (I +rB)~*(v,), such that the Peaceman-Rachford and
Douglas-Rachford splitting algorithms have meaning even for A and B being multivalued
operators. Regarding convergence of the algorithms, the Peaceman-Rachford algorithm
still needs to assume that B is single-valued but the Douglas-Rachford algorithm converges
even in the general setting, where A 4+ B is just maximal monotone.

In [76], Eckstein has pointed out that the Douglas-Rachford splitting algorithm can be re-
written in the form of (4.1.3). Hence, it is basically a certain instance of the proximal point
algorithm. Moreover, Eckstein has shown that the application of the Douglas-Rachford al-
gorithm to the dual of a certain structured convex optimization problem coincides with the
so-called alternating direction method of multipliers. It is remarkable, that the Douglas-
Rachford splitting algorithm and its variants have seen a considerable renaissance in the
modern convex optimization [23, 81]. The main reason for the renewed interest lies in the
fact that it is well suited for distributed convex programming. This is an important aspect
for solving large scale convex optimization problems arising in recent image processing and
machine learning applications.

Another important line of splitting methods is given by the so-called forward-backward
splitting technique [29, 82 , |. In contrast to the more complicated splitting tech-
nique discussed above, the forward-backward scheme is based (as the name suggests) on
the recursive application of an explicit forward step with respect to B, followed by an
implicit backward step with respect to A. The forward-backward algorithm is written as:

Tpi1 = (I +7,A)" Y —r,B)(x,). (4.1.4)

In the most general setting, where both A and B are general monotone operators, the con-
vergence result is rather weak [111], basically, r,, has to fulfil the same step-size restrictions
as unconstrained subgradient descend schemes. However, if in addition B is single valued
and Lipschtz, e.g., B is the gradient of a smooth convex function, the situation becomes
much more beneficial. In fact, if B is L- Lipschitz, and r,, is chosen such that r, < %, the
forward- backward algorithm (4.1.4) converges to zero of T = A + B [30, |. Similar
to the Douglas-Rachford splitting algorithm, the forward-backward algorithm has seen a
renewed interest. It has been proposed and further improved in the context of sparse
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signal recovery [66, (7], image processing [118], and machine learning [74] applications.
Recently, modifications of forward- backward algorithm (4.1.4) have been proposed and
studied in [102] and [62] and strong convergence results obtained.

Recently, Wei and Duan [131] presented the following iterative algorithm with errors in a
real smooth and uniformly convex Banach space:

xg € C,

Yn = Qcl(1 — o) (zn + en)],

20 = (1= Ba)an + Balaoyn + 200 @i (g — ruiBiya)),
Tnt1 = Y f(@n) + (I = wT)2n, n >0,

(4.1.5)

where C' is a nonempty, closed and convex sunny nonexpansive retract of X, Q¢ is the
sunny nonexpansive retraction of X onto C, {e,} C X is the error sequence, {4;}¥, is
finite family of m-accretive operators and {B;}¥, is a finite family of a-inverse strongly
accretive operators. T : X — X is a strongly positive bounded linear operator with
coefficient 5 and f : X — X is a contraction with coefficient k£ € (0, 1). J,ﬁi = (I +
rniA) 7Y for i = 1,2,..., N, Zﬁ\;oai =1,0<a <1, fori=0,1,2,..,N. Then {z,}
converges strongly to po € N, (A4; + B;)~10, which is also a solution of some variational
inequality problem.

In this chapter, we study the common fixed point of infinite family of demicontractive
mappings which is also a solution to the sum of two monotone inclusion problems. We also
study a countable family of accretive operators with Meir-Keeler contraction mappings in
Banach space and finally work on modified gradient projection algorithm studied by Shehu
and Gang Cai in [10].

4.2 Strong convergent result for monotone inclusions
and fixed point problem in Hilbert spaces

In this section, we introduce an iterative algorithm for finding a common fixed point of
an infinite family of demicontractive mappings which is also a solution to a monotone
inclusion (4.1.2), where 7' = A 4+ B with A being a maximal monotone operator and B
an a-inverse strongly monotone, in a real Hilbert space and prove strong convergence of
the sequence generated by our scheme. Our contribution lies in the fact that our iterative
method solves monotone inclusion problem of sum of two monotone operators and fixed
point problem of infinite family of demicontractive mappings at the same time.

For each i > 1, let S; : H — H be a k-demicontractive mapping. Let A : H — 2 be
maximal monotone operator and B : H — H be an a-inverse strongly monotone mapping.
Suppose I' := N2, F(S;) N (A+ B)~1(0) # 0. We study the following iteration method in
this paper: given x; € H, let the sequence {z,}°°, be generated by

Wy, = apry + (1 — ay)xy,
2n = (I +r,A)"Yw, — r,Bw,), (4.2.1)
Tpy1l = 2p + Zfil Bn,znﬁ(sz - I)Zn,
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where {a,}, {0} are in (0,1) and n € (0, 1;#’“) We prove that the sequence {z,}2,
generated by (4.2.1) converges strongly to a point in I'. To this end, we enumerate the
main assumptions used for the rest of the paper:

(H1) 3>, Bni =1, and liminff,; > 0 for each i € N,
n—oo

(H2) > ap, =400 and «a, — 0asn — oo,
n>1

(H3) 0 < liminfs, <limsupf, < 1 —k where k € [0, 1),
n—oo

n—oo

(H4) 0 < liminfr, <limsupr, < 2a.

n—o0 n—00
Remark 4.2.1. We observe that if S; = I, Yi > 1 in (4.2.1) above, then our iterative
method (4.2.1) reduces to the method studied in [102] and [62]. Therefore, our iterative
method (4.2.1) is more applicable than the methods studied in [102] and [62] since our
method solves monotone inclusion problem and fixed point problem.

Theorem 4.2.2. For each i € N, let S; : H — H be a k-demicontractive mapping.
Let A : H — 2% be a mazimal monotone operator and B : H — H be an a-inverse
strongly monotone. Suppose that T' # 0 and I — T is demiclosed at the origin. Assume
that conditions (H1)-(H4) hold. Then the sequence {x,} generated by (4.2.1) converges
strongly to q € I', where ¢ = Prxy.

Proof. We first show that {z,} is bounded. Let ¢ = Prz; and define T, := JA (I —
roB), ¥Yn > 1. Then, for all z,y € H, we have

| Twx — Toyll> < ||J2 (x — raBx) — J2 (y — rBy)|?
< ||z —y — ro(Bz — By)||”
= |lz —y|]> = 2ra(Bx — By, —y) + r2||Bx — By||*
< |z — y|[* = 2rna|| Bz — By||* + r2|| Bz — By|”
= ||z —y|[* = (2a — ru)ra|| Bz — By|[’
< lz =yl

Thus, T}, is nonexpansive for all n > 1. Furthermore,

v="Ta e r=(+r,A) " (z —r,Bx)
& r—r,Bx€x+r,Ax
< 0€ Ax + Buz.

Thus, F(T,) = (A+ B)~*(0), Vn > 1. In particular,

20 — qll = | Thwn — Thg| < |lwn, — ql|-
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Using the convexity of ||.|[* and the fact that S; is k-demicontractive, we have from
Lemma 2.3.6 (i) and (4.2.1) that

Hxn—&-l - Q||2 =

2+ fj BinB(Si — )2y — pH
i=1
< iﬁmHzn +1B(S; — 1)z, — q?
i=1
- 3 b (120 = all? + 2B2(Si = Dzall® + 208z — 4, (Si = D20
=1
= iﬁ (120 = all? +n2B2(Si = Dzall® + 208((0 — a)
=1
+(S; — Dzp — (Si — Dzn, (Si — 1)zy)
= fjﬁ (120 = all? +2B21(Si = Dzall® + 208(Siz0 = @, Siza — 20)
=1
— (S5 = 1)zl

- 1+k
S B [lzn = al* + 281(S: = Dzl + 208 (2 I(Si = Dzl = (s = Dzl
=1

IN

2

= 3 Bui|lza = all? + 02820(Ss = Dl = n8(1L = WI(S: = D)zall?]-

i=1
Hence we obtain
lznin = all* < llza—all®> = BuinB( =k —nB)|(S: = Dzl
i=1
< len —dll® < llwa —ql*. (4.2.2)
Hence, from (4.2.2) and (4.2.1), we obtain

[znir =gl < llwn =gl = [lonar + (1 = an)zn — g
= (1 = an)(zn — q) + an(z1 — q)|
< (1 =an)lzn — gl + onllzr — 4|

< max{||lz, —ql], [l — 4}

max{||z1 — ¢||, [|[x1 — ¢||}.

Hence {z,} is bounded and consequently {z,}, {Siz,} and {w,} are all bounded.
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Using Lemma 2.3.6 (i) in (4.2.1), we obtain

s 2
lanis = all? = |+ BuanB(Si = D —a
=1
<z = gl = 3 BuanB — k = mB)(Si = D)zl
1=1
< wa = all? = BumB(1 = k= nB)(S; = Dz
=1

= lawu + (1= ap)an —al® = Y BainB(1 =k =0B)(S; — Izl?
=1

= lon —dll* + anllzn — ull® — 200 (20 — g, 20 — w)

= BuanB(1 =k = nB)|(Si — I znl*. (4.2.3)
i=1

Since {z,} and {z,} are bounded, there exists M > 0 such that —2(z,, — ¢, z, —u) < M
for all n > 1. Therefore

|zn = all* = llon =gl + Y BanB( =k —nB)II(Si = 1)z
i=1

< 2|z, —ul]® + a, M. (4.2.4)

We now divide the rest of the proof into two cases.
Case 1 : Suppose that there exists ng € N such that {[|z, — ¢||};2,, is non-increasing.
Then {||z,, — ¢||} converges and

lZns1 — q|> = |n —q||* =0, n — oco. (4.2.5)
Subsequently from (4.2.4), we get

BninB(1 —k —npB)||(S; — ])Zn||2 < O‘?LHxn - U||2 + a, M
Hlzn — qll* = [|2ns1 — qll?, Vi>1. (4.2.6)

Using the fact that 5 € (0,1), n € (0, %), liminf/,; > 0 and the condition that a,, — 0
n—oo
in (4.2.6) we have that

|lzn — Sizall =0 n— 00, VieN. (4.2.7)

Observe that (I — r,B) is nonexpansive and J;i is firmly nonexpansive mapping. Then
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we get

||Zn - q”2 = HJ::L(wn - Tann) - Jri(q - TnBQ)||2

((wp = rpBwn) — (¢ = 1.Bq, 20 — q)
1
2
(w0 = rBuwa) = (= uBa) = (20— )]

IA

[l = 12 Bwn = (a = ra B> + 120 —

IN

i = P+ low = l? = = 20) = (B — B
= %[Hwn —q|l? + |20 — qll* = lwn — 2| + 2rn{wn — 24, Bw, — Bq)
—rp||Bw, — Bq|]*|.
Therefore

Iz —all* < Nlwn =gl = l[wn = 2al|* + 270 (wn — 2., Bw, — By)
—r2||Bw, — Bq||*. (4.2.8)
Furthermore, using Lemma 2.3.6 (i) in (4.2.1), we have
20 —al* < [l(wn = raBwy) = (¢ = raBg)|I”
lwn = ql|* = 2ro(wn — g, Bwn — Bq) + 73 || Bw, — Bqlf?

< Hwn_QH2_QO‘TTLHBwn_BQ||2+T7%||Bwn_BQH2

= |lw — gl = ra(2a = 1) || Bw, — Bq®

= Hmn_Q+O‘n(u_mn)||2_Tn(2a_7ﬂn)”Bwn_BQH2

= 20— all® + 200 (u — 20, 20 — @) + a3 |20 — ul* = r0(20 = 1,)|| Bw, — Bg|)?

< lon = gl? + 2002 — ullllzn = all + aflzn — ull* = 70 (200 = 1) || Bw, — Byl|*.

This implies that for some M* > 0 and condition (H4), we have

a(?a — b) || Bw,, — Bq||2 < ro(2a — )| Bw, — Bq||2

< lln = all* = lzns — glf?
+a2||zn — ul|* + o, M*. (4.2.9)
Using condition (H2) in (4.2.9), we obtain
lim || Bw,, — Bql| = 0. (4.2.10)
n—o0
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By (4.2.8), we have

lwn = zall* < Nwn = all* = ll2a = qlI® + 27wy — 20, Bw, — Bq) — 13| Bw, — By]|?
< lw, — q”2 — |lznt1 — ‘J”z + 2rp(wy, — 2, Bw, — Bq) — TZ”Bwn - BCI||2
= |lzn —q— an(z, — u)||2 — lznt1 — Q||2 + 21 (wy, — 2, Bwy, — Bq)
—rp||Bw, — Bq||*
< lan = all* + 2anllzn = gl e = ull + of |20 — ull® = |zper — qf]?

+2r, (wy, — 2y, Bw, — Bq) — r2||Bw, — Bq||?
= e = all” = 2 — alI* + 20n |20 — ull[l2n — qll + o[l — ull®
+27, (W, — 2y, Bw, — Bq) — r?||Bw, — Bq||>. (4.2.11)

Using condition (H2) and (4.2.10) in (4.2.11), we get
lim || T, w, — wy,|| = lim ||z, — w,| = 0.
n—yoo n—yoo
From (3.2.37), we have that
|wn — xn]| = 0, n — occ.
Since {z,} is bounded, we can extract a subsequence {z,,} of {z,} such that

limsup(z1 — ¢, x, — ¢) = lim (21 — ¢, x,; — q) (4.2.12)
Jj—o0

n—oo
and {z,, } converges weakly to some element p € H. Furthermore by the fact that
|lwp, — x,]| — 0, we have that w,, — p. Similarly, observe that lim ||z, — w,| = 0
n—oo

implies that z,, — p. Using (4.2.7) and the demiclosedness of (I —.5;) at the origin, we
have that p € N2, F(S;).

Since liminfr,, > 0, there exists € > 0 such that r, > ¢, Vn > 1. Then, by Lemma 2.3.20,

n—oo
we have
lim || Tow, — wy,|| < 2lim ||T,w, — w,|| = 0.
n—oo n—oo
By Lemma 2.3.13, we have that p € F(T.) = (A + B)~'(0). This implies that p €
NZF(S;)N(A+ B)~1(0) =T.

Next we prove that {z,} converges strongly to ¢q. From (4.2.1), (4.2.2) and Lemma 2.3.6
(i), we have

[Zns1 = qll* < Iz —qll* < [lwn —ql?
= 11 = aw)(@n — @) + an(z — 9|
< (1 —an)|lzn — qll? + 200 (1 — q, wy, — q). (4.2.13)

We observe that
(1 — q,wn — q) = (X1 — ¢, Wy — Tp) + {21 — ¢, 7 — q)
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By the fact that ||w, — z,|| = 0,n — oo and (4.2.12), we have that

limsup(z; — ¢, w, —¢) < lim (w1 —q, 2, —q) = (x1 —¢,p—q) <0.  (4.2.14)
j—o0

n—oo

Using Lemma 2.3.14 and (4.2.14) in (4.2.13), we obtain that ||z, —¢|| — 0. Thatis z,, — 0
as n — 0.

Case 2: Assume that there is no ny € N such that {||z, — ¢[[};2,, is monotonically
decreasing.

Set T, = ||z, — ¢||* for all n > 1 and let 7 : N — N be a mapping defined for all n > n,
(for some ny large enough) by

7(n) :=max{k e N: k <n,I'y <Tyi1},

i.e. 7(n) is the largest number k in {1,...,n} such that I'; increases at k = 7(n); note
that, in view of Case 2, this 7(n) is well-defined for all sufficiently large n. Clearly, 7 is a
non-decreasing sequence such that 7(n) — oo as n — oo and

0<TIm) < Ty, V> nyg.

Since {,()} is bounded there exist a subsequence of {z,n)}, still denoted by {z, ()}
which converges weakly to p € H.After a similar conclusion from (4.2.7), it is easy to see
that

lim ||ZT(n) - SiZT(n)H = 0.

n—oo

By using similar argument as in case 1, we conclude immediately that

and
lim Sup('zl — 4, Wr(n) — Q> <0.
n—oo
Observe that since lim ||zt — wry|| = 0, we also have w;) — p. Since I —5; is
n—oo

demiclosed and [|z;(,) — Sizrm)|| = 0 as n — oo, we have that p € N2, F(S;). Similarly,
we can show that p € (A + B)7'(0). Therefore, p € I'. At the same time, we note from
(4.2.13) that for all n > ny,

0

IN

2 2

2
< Q) [2(361 — 4, Wr(n) — q) — ”%(n) —q||
which implies that (since a;¢,) > 0)

2
Hx’f(n) B qH < 2<$1 — 4, Wr(n) — Q>

Thus,
lim sup|| 2, () — qH2 < 2limsup(z1 — ¢, Wy —q) < 0.

n—oo n—oo
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Hence
lim ||z-(n) — ¢|| = 0.
n—oo

Using (4.2.7) in (3.2.37), get
|Z7(m)11 — 2wyl = 0, n — oo.
Now,
[2r@my+1 = Trw) | S NTrmy+r = 2rwll + 1200y = W | + [[Wr ) = 22yl =0, 1 — oo
Hence, we deduce that
[2rmy+1 = all < 2zmy1 = Tl + [27m) —all = 0, n = oo,
and so

iz Py = Jim ooy =0

Furthermore, for n > ny, it is easy to see that I'-(,,y < T'r(ny41 if n # 7(n) (thatis 7(n) <n
),because I'; > I';4; for 7(n) +1 < j < n. As a consequence, we obtain for all n > ny,

0<T, <max{l;u),[rm)+1} = Drgyt1-

Hence limI',, = 0 and so {x,} converges strongly to ¢q. This completes the proof. O
n—oo

Let f and g be two convex, lower semi continuous functions from H to R U {+o0} such
that f is differentiable with L—Lipschitz continuous gradient, and ¢ is ”simple” meaning
that its ”proximal map”
||z —ylI?

2T
can easily be computed. Let us consider the following minimization problem

géig F(x):= f(z) + g(x) (4.2.15)

N .
z = argmin g(y) +

and assume that this problem has at least a solution.

In Theorem 4.2.2, take A := V f and B := dg, where V f is the gradient of f and Jg is the
subdifferential of g which is defined by dg(z) := {s | g(y) > g(2)+(s,y—=) Vy}. Therefore,
we obtain the following strong convergence result for finding a solution of problem (4.2.15)
which is also a common fixed point of an infinite family of k-demicontractive mappings.

Corollary 4.2.3. Let H be a real Hilbert space and for each i € N, let S; : H — H a
k-demicontractive mapping. Let f and g be two convex, lower semicontinuous functions
from H to RU{+oc} such that f is differentiable with Lipschitz continuous gradient, and g
is simple, be such that T := N2 F(S;)N(V f+0g)~1(0) # O Let {r,} denote a nonnegative
real sequence and L is the Lipschitz constant of V f. and I —S; is demiclosed at the origin.
Assume conditions (H1)-(H4) hold. Given x, € H, let the sequence {x,} be generated by

Wy, = apry + (1 — ay)xy,
2y = prox, (W, —r,V f(wy)), (4.2.16)
Tp+l = Zn + Zzoil 5n,z77ﬁ(sz - I)Zna

Then {x,} converges strongly to q := Pr;.
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4.3 Strong convergence result for Meir-Keeler con-
tractions and a countable family of accretive op-
erators in Banach spaces with applications

Let A: X — X be a single-valued nonlinear mapping and B : X — 2% be a set-valued
mapping where X is real smooth uniform and convex Banach space. We consider the
following inclusion problem: find u € X such that

€ (A+ B)zx. (4.3.1)
In this section, motivated by the works of Song et al. [163], Wei and Duan [181] and Shehu
and Cai [180], we study and prove strong convergence results, under some mild conditions,

using generalized forward-backward method which involve viscosity approximation method
with Meir-Keeler contractions for solving the inclusion problem (4.3.1) for a finite family
of m-accretive and «- inverse strongly accretive operators in the framework of uniformly
convex and uniformly smooth Banach spaces. Finally we provide some applications of our
result to certain integro-differential equation with generalized p-Laplacian operator. Our
results is interesting and it also improves and compliments the result of Song et al. [163]
and Wei and Duan [1841].

Lemma 4.3.1. Let X be a real smooth and uniformly convex Banach space and C be a
nonempty, closed and convexr subset of X. Let T : C — C' be a nonexpansive mapping
and f: C — C be MKC, M : X — X be a strongly positive bounded linear operator with
coefficient 4y > 0. Suppose that the duality mapping J : X — X* is weakly sequentially
continuous at zero, 0 <n < 1 and F(T) # 0. If for each t € (0,1), define Sy : X — X by

Six=tnf(x)+ (I —tM)Tx, (4.3.2)
then S; has a fized point x,, for each 0 < t < |[M||™", which converges strongly to the fized

point of T, as t — 0. That is lir%xt = xg € F(T). Moreover, xq satisfies the following
—

variational inequality
(M —nf)xo,j(xo —2)) <0, Vze F(T). (4.3.3)

Proof. From the definition of MKC, we can see that MKC is also a nonexpansive mapping.
Hence we obtain

St — Syl tnllf(z) = F@I + [[(1 = tM) (T = Ty)||
tnllf(x) = fFW)Il + @ = t9)[lz =yl
tnllz =yl + (1 = 9)]lz -y

[L—t(7 = kn)] |z —yl,

which implies that S; is a contraction since 0 < n < g Then Theorem 2.3.3 implies that
S; has a unique fixed point, denoted by x;, which uniquely solves the fixed point equation

VAN VAN VAN VAN

= 1tnf(z) + (I —tM)Tx,. (4.3.4)
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Next we show that the solution to the variational inequality (4.3.3) is unique. Suppose
both zg € F(T) and & are solutions of (4.3.3), without lost of generalities, we may assume
that there is a number € such that ||zg — Z|| > e. Then by Lemma 2.3.25, there exists a
number k& > 0 such that || f(x¢) — f(Z)|| < kel|zo — Z||. From (4.3.3) we obtain

(M —=nf)zo,j(xo —2)) <0,
(M —nf)z,j(@ — x0)) <0.

Adding up (4.3.5), we obtain

(4.3.5)

(M =nf)z = (M =nf)we,j( —x0)) = (M(&—20),j(& = 0)) = n{f(&) = f(0),J(Z — x0))
> AllE = zol* — knllz — ol
= (- )Ill'—l“oll
> (5 = kn)e®
> 0.

Therefore zp = Z and the uniqueness is proved. Hence z; is a unique solution of (4.2.3).

Now we show that {z;} is bounded. Indeed, we may assume with no loss of generality,
t < ||M|~", for all p € F(T), fixed ¢, for each t € (0,1).
Case 1 (||z: — p|| < €1): In this case, {z;} is bounded.

Case 2 (||z —p|| > €1): In this case, we obtain by Lemma 2.3.24 and 2.3.25 that there
is a number r; such that

1f (ze) = F) < rallee = pll (4.3.6)

Hence we obtain

|z: —pll = |ltnf(z:) + (I —tM)Tx, — pll
||t(nf(xt) - Mp) + (I - tM)(Txt - p)||

< tnf(x) = Mp)|| + (1 = t9) [z — pll
< tlnf(z) —nf @) +tnf(p) — Mpl + (1 = t7)[lx: = p|
< tnrallee = pll + tnf (p) — Mpll + (1 = t3) [z — pl|
Therefore
p) — Mp
lze —pl < Inf (p) I (4.3.7)
T
This implies that {x;} is bounded. Consequently {f(z;)} and {T'z;} are bounded.
Since {f(x;)} and {T'z;} are bounded, we obtain from (4.2.4) that
ey — Tay|| = t||nf(xe) — MTaxy]| — 0, as t — 0. (4.3.8)

To prove that z; — g (z9 € F(T)) as t — 0.

Since {z;} is bounded and X uniformly convex by Milman Pettis Theorem we have X
is reflexive. Hence there exists a subsequence {z;, } of {z;} such that z,, — z*. By (4.3.7)
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we have that z;, — Tz, — 0, as t,, — 0. Since X satisfies Opial’s condition, it follows
from Lemma 2.3.13 that 2* € F(T). Claim

||y, — || — 0. (4.3.9)

Suppose by contradiction, there is a number ¢, and a subsequence {z;,,} of {x;, } such
that ||z, — 2*|| > €. From Lemma 2.3.25, there is a number r., > 0 such that || f(z;,,) —
f@)ll < rella, — 27|, we have

|, =21 = tm(nf(2,) — Ma®, j(ar, —2%)) + (1= tw)(Tar, — %), j(21, — 7))
< tw(nf(z,) — Ax®, j(ar, — ) + (1= twd)||2r, — |

Hence, we obtain

Iz, — 2| < §<nf<xtm> M, j(, — 1))
< %Knﬂxtm) Cnf @), (e, — a%)) + (f () — Ma®, j(ze, — )
< %[nrmuxtm | 4 (nf () — M, (e, — ")),

Therefore

(0f (") = Ma* (i, = 3)

r, —z* <
|| tm || — ,?_777«60

(4.3.10)

Using the fact the duality map j is single valued and weakly sequentially continuous at
zero by (4.3.10), we get that x;, — z*. It is a contradiction. Hence, we have z;,, — z*.

Finally, we show that z* solves the variational inequality (4.2.3). Since

xy =tnf(xy) + (I —tM)Txy,

we obtain
(M —f)a, = —%(I—tM)(l T, (4.3.11)
Notice
(I =Ty — (I = T)z, j(w— 2)) >l — 2 — [T — Tl — |
> e — 2]” = |l — I
)
It follows that, for z € F(T),
(O = nf),jlo—2)) = — (I = tM)(T = Tha, (. — 2)
= (1= D)~ (I = T)z, (o — )+ (M = Tha (o, ~ 2))
< (M(I = T)zs, j(ar — 2)). (4.3.12)
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Now, replacing t in (4.3.12) with ¢, and letting n — oo, noticing that (I — T)z;, —
(I —T)x* =0 for z* € F(T), we obtain (M —nf)x;, j(zs — 2z)) < 0. That is z* € F(T) is
a solution of (4.2.3). Hence zy = x* by uniqueness. Hence, we have show that each cluster
point of {x;} as t — 0 equals Z, therefore, x; — & as t — 0. ]

Lemma 4.3.2. Let X be a real smooth and uniformly conver Banach space. Let C' be a
nonempty convexr and closed subset of E. Let A; : X — 2% (i =1,2,...,N) be m-accretive
operators such that D(A;) C C and let B; : C — X be a;-inverse strongly accretive
operators such that N (A; + B;)7'0 # 0. Let ag, ay, ..., an be real numbers in (0,1) such
that Zij\io a; = 1 and P, = aol + Zf\il aiJ;ifi(] — rn:Bi), where Jé"’i = (I + 747"
and 0 < 1y < % Vi=1,2,...N andn > 1. Then P, : C — C' is nonexpansive and
F(P,) =N, (A; + B;)7t0, for alln > 1.

Proof. First, we show that P, is nonexpansive for all n > 1. Let z,y € C. Then for
1=1,2,..., N, it follows that

17 = ruiB)e — (I = i Bolyl? I

|z —y —rni(Bix — Byy)

< lz = yl* = 2Bz — By, j(& —y)) + erp || Bir — By’
< lz = yl* = 2ru 0l Bie — Buyll* + ery ;| Bix — Buy||®

= |lz —yl” — (2a — eroi)ruil Bie — Byl

o

Thus (I — r,;B;) is nonexpansive for all i = 1,2,..., N. Since Jéﬁ'i and (1 — r,;B;) are
nonexpansive for all = 1,2,..., N, we get that

N
1Pz~ Pyl < aglle—yll + 3 a,

=1

Jvéf,i(l — i Bi)r — J;ifi(l - Tnsz)yH

IN

N
aollx =yl + > ail|(1 = rniBi)z — (1 — i Bi)y|
=1

N
< allz =yl + Y aille —yll
i=1

= [z =yl
Thus P, is nonexpansive for all n > 1.

Next we show that F(P,) = N, (A;+ B;) 710, for all n > 1. It is obvious that N, (A;+
B;)7'0 C F(P,). So, we are left to show that F(P,) C N¥ (A, + B;)~'0. Let u € F(P,).
Then P,u = u and for all v € N, (4; + B;)*0 C F(P,), we have

lu—v|| < agllu—v|+a Jéfl(l— rpaBi)u — vl + ... +ay ‘ N (I = rpnBy)u — v
< (ap+ay+...+an-1)|u—v| + aN||JT’iJ’VN(I — rpnBy)u — v
< (1=an)|u—o| +an ‘ JAN (I~ v Ba)u— ]|

Tn,N
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Therefore

|lu—wv| = (1 —an)||lu—2o|+an Jé{VN(I—TmNBN)u—U‘ ,

which implies that

Tn,N([ — Tn,NBN)u — UH .

Similarly,
I = raa B = o = = [T = r 1By au =
Then
Ju =l = 1 (Jr s (I = rop Br)u —v) || + I (Jr o = TnpBo)u—v) [ + ...

Zzll Zzll

an
= (Jrn (I =Py By)u—v) .
D it @i

By strict convexity of X, we have that

u—v=J, (I —rpBu—v=J, (I —rpoB)u—v=..=J, (I —r,nBy)u—uv.

Therefore, J,, (I — r,;B;)u =u, for i = 1,2,..., N. Then u € N, (4; + B;) 0.

Theorem 4.3.3. Let X be a real smooth and uniformly convex Banach space and C be a
nonempty, closed and convex subset of X, and let f: C' — C be a MKC. Let M : C — C
be a strong positive bounded linear operator, 7y > 0 such that 0 < n < 3. Suppose that the
duality mapping j : X — X* is weakly sequentially continuous at zero. Let A; : C' — 2%

be m-accretive operators and B; : C' — X be «a;-inverse strongly accretive operators, for
i=1,2,...,N such that N, (A; + B;)710 # 0. Let {x,} be generated by x, € X,

N .
{yn — Buzn + (1= 5,) [aoxn + i i (1= T’n,z‘Bz‘)“’n] ) (4.3.13)

Tpi1 = o f(xn) + Yn + (1 —30) ] — M)y, n > 1,

for all n > 1, whereJA = (I + rp;A)~" fori=1,2,.,N, and 0 < a; < 1, fori =
0,1,2,...,N, {a,}, {Bn} and {7} are real number sequence in (0,1) and {r,;} C (0,00).
Suppose that the above sequence satisfy the following conditions:

(i) im, oo, = 0, D07 | @y = 00;

(i) 0 < 1pi <22 and >07  |rpt1i — Tng < 00 form > 1 and i =1,2,..N, where c is a
constant,

(4i1) 1imy oo (Brt1 — Bn) = 0;

(iv) 0 < liminf, . v, < limsup,,_,. 7. < 1.
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Then {x,} converges strongly to a point xo € N, (A;+B;)~10, which is the unique solution
of the variational inequality: Vz € N, (A4; + B;) 0.

(M —=nf)zo, J (o — 2)) <0, (4.3.14)

where xy = sz_vzl(AiJrBi)qof(:pg), and Qnn (a,1B,)-10 1S the unique sunny nonexpansive
retraction of X onto N, (A4; + B;)~*0.

Proof. Put P, = aof—i—Z?;l aiJéii(I—Tn,iBi) and uy,, , = (I —rp;B;)xy, fori =1,2,3,...,N
and n > 1. Then we obtain from (4.3.13) and Lemma 4.3.2 that

| Bnen + (1 = Bn) Pozn — p|

18 (w0 — p) + (1 = Bu)(Pun — )|

Bullzn = pll + (1 = Ba)llzn — pll

|20 — - (4.3.15)

lyn — pll

IA A IA

From the definition of MKC and Lemma 2.3.25, for each € > 0 there is a number r. € (0, 1),
if ||x, — 2|| < € then ||f(z,) — f(2)]| < rellz, — z]|. it follows from (4.3.13) and (4.3.15)
that

|Tnir =2l = llownf(@n) +yntn + (1 = v0) I — M)y, — pl|
= |lan(nf(zn) — Mp) + (20 — p) + (1 = )T — M) (yn — p)||

0 f(zn) = Mpll + ynllzn = pll + (1 = 70 — an¥)[|l2n — pll

apnmax{rel[z, — pl, e} + anllnf(p) — Mpll + (1 — an¥) |20 — pll

max{(1 — a,)||zn — pll + annrel|z, — pll + anllnf(p) — Mpll,

(1 = an¥)llzn — pll + cnne + anlinf(p) — Mp||}

= max{(1 — a,¥ + annr)||z, — pll + anllnf(p) — Mpl|, (1 — an¥) ||z — pll
+anne + anlinf(p) — Mp|}

= max{[l - (an:>/ - 04n777“e)H|9€n - pH + OénHﬁf(p) - MPH, (1 - an;Y)Hmn _pH
+anne + anllnf(p) — Mpl|}.

IAIA

Inductively, we obtain

. I/ (p) = Mpl| ve+ lInf(p) ~ Mpl } n>1, (43.16)

lan — ol < max{uxo oy |
Y — N

Y

which implies that the sequence {z,} is bounded.
Next we show that ||z,+1 — z,| — 0, as n — oco.

First we consider HJ;‘:L+ Ut — J;,?;umH, if rp; < rpg1, then it follows from Lemma
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2.3.26 that

T T
A; A; n,i n,i A; A
J Unt+1; — Jrnfiun,i Jrnfi ( Upy1,; + (1 — ) Jrnz_,_l’iun—&—l,i) — Jr,:l-un,i
Tn+l, Tn+1,i

Tn+1,i

Tni A;

< Up41,4 T (1 — —) JTn+1 JUnt1s — Ung

rn—i—l 7 Tn+1,

Tn,i Tni yy
S ||un+1 7 un,i (1 - H JniLiun—&—l,i - un,i H

Tn+1,i Tn+1,
Tntli — Ty

< Nttt — Ung|| + o0 (4.3.17)

If 7414 < 7y, using similar proof as in (4.3.17), we obtain

i 7an,z — Tn+i
’ T s = T || < Ung1s — U ; oM, (4.3.18)
Combining (4.3.17) and (4.3.18), we have, for n > 1,
i 2|Tn,i —Tn ,z'|
‘ J;i:»l 1Un+1,7: JT ’iiunﬂ S Hun‘i’l,l - 'U/nﬂ” + T—"_Ml
2 Tn i Tn,i
< (I - 7"n+1,iBi)($n+1 —xn)| + ’Tn+1,i — Tn,i | Bixy || + %Ml
2 Tn i — Tngi
< Tt = 2ol + [Pngrs — ol || Bizn || + %Ml
(4.3.19)

Set My = (2 4 M) and using (4.3.19), we obtain

||Pn+1xn+1 - PnInH S

| a1 — x| + Mo Z Pmi — Ttil- (4.3.20)

i=1

ai (T, (T = 1B = T (1 = raiBi)an)

IN

Next, from (4.3.13), we get that

Tnp1 = Q) f (Tn) + Tn + (1 —7)] — @ M]Qpy,. (4.3.21)
Now, define

P w (4.3.22)

1=
Hence, we obtain

O‘n+177f($n+1) + Ynt1Tn+1 + [(1 - /7n+1)l - an+1M] Qn+11‘n+1 — Tn+1Tn41

R4+l — Zn = 1 ~
- In+1
_ O‘nf(xn> + Tndn + [(]— - ’Yn) — Oy ] in‘n Tndn
11—,
ay, Tnt1) — MQpi12, Qy, Tn) — MQ,x,
_ +1 [0f (Tn41) Qni1Tn+1] _ [ (xn) Qny] 4 Qni1Tnst — Qnim,
1— Yn+1 1— Tn
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which implies that

A1 [0f(@pi1) = MQpi1Zpsa| n an|nf(z,) — MQux,||
1 - Tn+1 1— Tn
+HQn+137n+1 - annH (4323)

[2n41 = 2ol <

Now, we estimate ||Qni1Zn11 — Qnnll.

HQn+1xn+1 - ann” = H [ﬁn+1xn+1 + (1 - 6n+1)Pn+1xn+1] - [ﬁnmn + (1 - ﬁn)ann] H
< (= Bus) 1 Pas1@nsr — Poa@all + [Bps1 — Bulll Paa|
+ﬁn+l||~rn+1 - CCn” + |6n+1 - 6n|||xn“

N
< (1= Bu)l#ass = @all + Ma(l = Busr) D g = usril + [Busr = Ball P
=1
+Bar1l|Tast = Tall + [Bus1 — Balllzal
N
< wpgr — 2l + Mo(1 = Bugs) Z 7 = Totril + [ Basr — Bulll Paanll

i=1

+|Bn+1 _Bn|||xn|| (4324

From (4.3.23) and (4.3.24), we obtain

O‘n+1||77f(xn+1) - MQn—i-lInHH I O‘n“nf(xn) - MannH

]-_/Yn—l-l 1_'771
N

+’|$n+1 - xn” + MZ(l - Bn-i-l) Z |Tn,i - Tn+1,i| + |5n+1 - 5n|HPn$n||

=1

[2n41 — 2ol <

+|Bn+1 _Bn|||an

Hence, we have

04n+1||77f(%+1) — MQn+1$n+1H i oannf(xn) - MannH

_ _ — <
Hzn+1 Zn” Hxn+1 ’ZC”H = 1 — Vot 1 — Tn

N
+Ms(1 — Bny1) Z |Tn7i - rn+1,i| + |Bns1 — Bull| Pan||
i=1

+Bnt1 — Balllznll- (4.3.25)

Since {x,}, {f(z,)} and {P,z,} and {Q,z,} are bounded by conditions (i), (i¢) and (i),
we have that

lim sup{||zn+1 — 2u|| = [|Tns1 — zal|} < 0. (4.3.26)

n—oo

Thus by Lemma 2.3.27, we obtain

lim ||z, — z,|| = 0. (4.3.27)

n—oo
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Hence we obtain from (4.3.23) and (4.3.27) that
lim ||zp41 — x| = 0. (4.3.28)
n—o0

Also from (4.3.13), we obtain

|Qnry — 20l < o — T || + (201 — Qnnl|
< lzn = zpgall + anllInf (@) | + 1M Quznl) + yallzn — Qnnl,

which implies that

1

_ <
|Qnry — 2,] < 11—

(lzn = 2ol + anlllnf (@) || + [[MQuanl])).  (4.3.29)

Hence from condition (i), (4.3.28) and (4.3.29), we get that

lim ||Qnz, — x| = 0. (4.3.30)
n—oo
Next, we estimate ||P,z, — ,||

| Povyy — 2|

which implies that

1
| Pry — xp|] < - |Tn — Qnanl| = 0, n— o0. (4.3.31)
Also we have
”yn_an = ”ann"’ (1 _ﬁn)ann _InH
= Bullzn — Puzn|| + || Potn — n|| = 0, n — co. (4.3.32)

Also we can obtain that
[Yn = Putnl| < [y — @nll + |20 — Pazall = 0, n — oo.
In similar way, we obtain

|Zns1 = Ynll < 1 Tns1 — Tnll + 20 — yull = 0, n — oc0.

From (4.2.7) and Lemma 4.3.2, we know that there exists z; such that z; = tnf(x;) +
(1 —tM)P,Tx; for t € (0,1). Moreover, z; — x¢ € F(P,) = NY_,(A; + B;)710, as t — 0,
and x¢ is the unique solution of the variational inequality (4.3.2).

Next we show that

limsup(nf(n) — Mz, j(x, — %)) <0, (4.3.33)

n—oo
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where & = lim;_,o x; with x; being the fixed point of the contraction
r—tnf(x)+ (1 —tM)P,Tx. (4.3.34)
Now, we take a subsequence {z,, } of {z,} such that

limsup(nf () - M. j(r, — ) = i (nf(#) — Mé,j(x,, — ). (43.35)
n—00 —00
We may also assume that z,, — ¢. Note that ¢ € F'(P,) by Lemma 2.3.13 and (4.3.33).
Since j is weakly sequentially continuous duality mapping, we obtain from Lemma 4.3.2
that

= nf(2) =Mz, j(zn, — 1)) <0.  (4.3.36)

Hence, we obtain
limsup(nf(z) — M, j(z, — 1)) < 0.

n—oo
Finally, we show that ||z, — 2| — 0, n — oco. To do this, we divide the rest of the proof
into two cases.
By contradiction, there is number ¢, such that
lim sup ||z, — Z|| > eo. (4.3.37)
n—oo

case 1. Fixed ¢ (1 < €), if for some n > N € N such that ||z, — Z|| > € — €, and for
the other n > N € N such that ||z, — Z|| < g — €. Let

w, = 20/ @) _(EMf’j()‘f”“ —9) (4.3.38)

From (4.3.33), we know that limsup,_,., M, < 0. Hence, there is a number N, when
n > N, we have M, <% —n. There exists no > N such that ||z,, — Z|| < €y — €1, then we
have

HxnoJrl - £||2 = Hanof(xm) + VnoTng + [(1 - 7”0)1 - anoM]yno - j:H?

= I =Ane) — ng M](yny — &) + tng (0 (2ng) = ME) + g (2 — &
= <[<1 - ’7710)] Qg ]yno — )+ ano(”f(xno) M‘%) + ’VM(CCHO - )
= )M Mz

< ( — Tno )L — Ong ](yno i')aj(xﬂo+1 - .Z')) + <Oén0 (Wf(l'no) -

)II*

r)
(Vo (Tng — £), J(Tng1 — )

= <[<1 - /7710)] - anoM](yno -
+an0 <77f(§;) - Miaj(xn0+1 - i)> + <")/n0(l'n0 - *@)aj(xn(ﬂrl - £)>

< (1 — Yno — anoﬁ)“mno - ‘%“”xno-i-l - iﬂ“ + O‘nonl|f($no) - f(j)HHxno—&-l
+C¥n0 (Uf(i’) - Mj:7j<xno+1 - j:)> + 7no‘|$no - jHHxno—H - t%H
[1 = any (¥ = m)l(€0 — €)|Tngr1 — Z|| + g (0f (2) = M2, j(2ng41 — T))
1 _ 1 .

< Sl —an (Y= m*(eo — e1)® + Slzng+1 = 2|

+an0 <77f(i') - Mi‘aj(xnoJrl - £)>7
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J(@ng1 = 7))

); (Tng1 — )

)7j(xn0+1 - iﬁ)) + O%U(f(xno) - f('f)7j(‘rno+1 - ‘%)>

(4.3.39)



which implies from (4.3.39) that

[ngn = 211 < [1 = any( = m*(e0 — €)% + 200, (nf (2) — M2, j(wpy41 — 2))
< 1= (7 = n)l(e0 — €2)” + 200 (0 f(2) = M2, j(@por1 — 2))
= [1=an, (7= 11— M,))(en — €1)?
< (eo—€)? (4.3.40)

Hence, we have
|Tng+1 — Z|| < €0 — €1, for eg > €.

In similar manner, we obtain
|zn — Z|| < €0 — €1, ¥ n>ng,

which contradicts the fact that limsup,,_, . ||z, — Z|| > €o.
Case 2. Fixed € (¢ < €), if ||z, — Z|| > € — € for all n > N € N, from Lemma
2.3.25, there is a number 7., (0 < r. < 1) such that
1 (zn) = F@)| < rllen —2fl, n>N. (4.3.41)

From (4.3.13) and (4.3.41), we obtain

[ngs1r — 217 = llewnf(@n) + Yotn + [(1 = 30)] — an My, — &[]
= (T =) — anM](yn — ) + n(nf (2n) — MZ) + yp(20 — 2
= < )

~—

(1 = vu) ] — an M](yn — &) + an(nf (7 MZ) + Y2, — 2)
= {(

(
(
V(20 — 2), j(Tn1 — )
(
(

IA
+

anf (& — M), j(zn — 2)) + (@0 — 2), (2041 — 2))

< (=7 —azn — &llllwnsr — 2l + omnrllen — &||2n4 — 2]
+omnf(2 = M), j(2ni1 — 2)) + nllen — 2|20 — 2|

[1—an(y - W)]H% $n+1||||$n+1 || + (omn f (& — M), j(2ni1 — I))

IN

L=y)I = anM](yn — ©), j (@01 — 2)) + (o (nf (2n) = MZ), j(2n11 — T))

(T =) = anM](yn — ), j (201 — 2)) + (an(nf (2n) = f(£)), J(Tn41 — L))

< [ —an(y - m")]—llwn —|* + —Ill’n+1 — &|* + {annf (& — M), j(z0sr — ),

which implies that

1 = 2" < [1 = an(§ = nn)ll2n — &) + 200 (nf (& — M), j (@041 — 2)). (4.3.42)

Hence from Lemma 2.3.14 and (4.3.42), we conclude that =, — & as n — oo, which
contradict the fact that ||x, — Z|| > €y — €;. This complete the proof. O

If : =1 and f is a contraction, then from Theorem 4.3.3 we obtain the following:
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Corollary 4.3.4. Let X be a real smooth and uniformly conver Banach space and C' be
a nonempty, closed and convex subset of X, and let f : C — C be a contraction mapping
with k € (0,1). Let M : C — C be a strong positive bounded linear operator 7y > 0 such
that 0 < n < %—’ Suppose that the duality mapping 7 : X — X* is weakly sequentially
continuous at zero. Let A : C — 2% be m-accretive operator and B : C — X be a-
inversely strongly accretive operator, such that (A + B)~'0 # 0. Let {z,} be generated by
the following algorithm:

{yn = Butn + (1= Ba) IS (I — 1 B)2y, (4.3.43)

Tnp1 = @) f (2n) + Y + (1L =) = anM)yn, n > 1,
for alln > 1, where J2 = (I +7r,A)™" , {a.}, {B,} and {~.} are real number sequence in
(0,1) and {r,} C (0,00). Suppose that the above sequence satisfy the following conditions:
(i) limy, ooy, =0, > 07 |ty = 00;
(i) 0 <1y, <2 and 307 |rpp1 — o < 00 forn>1 and c is a constant;
(iii) 1imn%o(6n+1 — Bn) = 0;
(iv) 0 < liminf, v, < limsup,_,. 7. < 1.

Then {x,} converges strongly to a point xo € (A + B)~'0, which is the unique solution of
the variational inequality: ¥z € (A + B)™0.

(M = nf)zo, J (2o — 2)) < 0. (4.3.44)

where Ty = Qa+p)— O)f( 0), and Qa+B)-1(0) 8 the unique sunny nonexpansive retraction
of X onto (A+ B)~%(0).

4.3.1 Applications

In this section, we give an application of our Corollary 4.3.4 to approximation of solution
of certain nonlinear integro-differential equation involving the generalized p—Laplacian.
Throughout this section, we shall assume N > 1 <r <min{p,p'} < 400, —|— =1,

l+?:1,and;+;f1

q
Let V = LP(0,T;W'?(Q)) and V* be the dual space of V. The norm in V will be
denoted by ||.||,, which is defined by

) N+1

. .
lu(z, Dl = ( / ||u<x,t>||’;vl,p<mdt) Cumb eV,

Also, let W = Lmax(ea’} (0 T Lmax{ea’} ().
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Now, using the result obtained in Corollary 4.3.4, we shall study the existence and
uniqueness of the solution and iterative approximation of the unique solution of the fol-
lowing nonlinear integro-differential equation.

(

V14| Vul?p
+g(z,u, Vu) + a1 2 [ udr = f(z,t) ae. inQx(0,T)

- <19, a(z) (1 + jﬁllz) |Vu|p_2Vu> € Bu(u(z)) a.eonT x (0,7)

\u(ac,()) =u(x,T),

9u _ div [a(w) (1 + M) |Vu|p2Vu} + b(x) |u|"%u + c(z)|u|""u

(4.3.45)

where ) is a bounded conical domain of the Euclidean space RY, I" is the boundary 2
with ' € C! and 9 denotes the exterior normal derivatives to I'. Also f(x,t) € W, a,b and
¢ are strictly positive bounded and continuous functions on €2 such that

0<a = infa(z) <a' =supa(z) < oo
€N zeQ

0<b- = infb(x) <bt =supb(z) <
€N zeQ

0<c = infe(x) <ct =supc(r) < oo
LS €N

Moreover, a; is a positive constant and 3, is the subdifferential of 9, where ¥, = ¥(z,.) :
R — Rforz el and ¥ : ' x R — R is the given function.

Lemma 4.3.5. [/57] Let A be m-accretive operator, then the mapping A : W — 2W s
m-accretive.

Lemma 4.3.6. [155] Define B : D(B) C L™t (o, 7; Whmax{prh(Q)) ¢ W — W by
(Bu)(z,t) = g(z,u, Vu) — f(z,1),

foru(z,t) € D(B). Then B is inversely strongly accretive.

Recently, Y. Shehu and G. Cai [180] proved the following theorem

Theorem 4.3.7. [150] u(x,t) € W is the unique solution of the nonlinear boundary value
problem (4.3.45) if and only if u(z,t) € (A + B)~1(0).

Now, using Theorem 4.3.7, Lemma 4.3.5 and 4.3.6 we obtain the following result.

Theorem 4.3.8. Let 2 < p < oco. Suppose A and B are the same as those in Lemma 4.5.5

and 4.3.6 respectively. Let f : W = Laxpr't(, Ty poaxtpe(Q)) — [raxder’} (o, Ty poaxier’t(Q))
be a fized contraction with coefficient k € (0,1). Let M : L™®p»}((, T; [max{prh(Q)) —
Lmaxtee’y (0, T; LPP'}(Q)) be a strong positive bounded linear operator 4 > 0 such that
0<n< 2% Suppose that the duality mapping jmaxipp) : X — X* is weakly sequentially
continuous at zero such that the following conditions are satisfied:

(i) im, ooy, = 0, D07 | vy = 00;
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(it) 0 <1y, <2 and 30 | |rpy1 — rp| < 00 forn > 1 and ¢ is a constant;
(iii) 1imy, o0 (Brt1 — Bn) = 0;

(iv) 0 < liminf, . v, <limsup, .. v < 1.

Let the sequence {u,(x,t)}>°, be generated by ui(x,t) € W,
Upt1(z,t) = annf(un(z,t) + Youn(x, t) + (1 — ) — ay M)y, n > 1. o

Then {u,(z,t)}°2, converges strongly to u(z,t) € (A + B)~Y(0), which is the unique
solution of the variational inequality: Vz(x,t) € (A + B)~'0.

(M = 0f Y, ), Gty (ul, 1) — 2(2,£))) < 0. (4.3.47)

where u(zr,t) = Quarp)—10)f(u(z, 1)), and Qayp)-1(0) 5 the unique sunny nonexpansive
retraction of E onto (A + B)~%(0).

4.4 Strong convergence results for convex minimiza-
tion and monotone variational inclusion problems
in Hilbert spaces

In this section, motivated by the above work of Y. Shehu and Gang Cai [16], we will modify
the GPA by adopting the idea of algorithm to the GPA. We observe that, to prove strong
convergence results for the GPA problem and other related optimization problems, the CQ
(modified Haugazeau) algorithms are often used. In some other cases (where algorithms
other than the CQ algorithm are used), some compactness conditions are assumed on the
operators under consideration, or the proof may be divided into two cases which may
result to a very long proof. Moreover, our method for proving strong convergence of our
algorithm will be different from that of the existing methods in the literature.

Theorem 4.4.1. Let C' be a nonempty, closed and convexr subset of a real Hilbert space
H. Suppose that the minimization problem (3.1.1) is consistent and Y denote its solution
set such that Y # (). Assume that the gradient Vg is L-Lipschitzian with constant L > 0.
Let the sequence {x,} be generated for fived x1,u € C by

(4.4.1)

Yn = QU + (1 - Oén)l’n,
Tpt1 = (1 - ﬁn)yn + ﬁnPC([ - AnVQ)?Jm n > 17

where {ay,} and {B,} are sequences in (0,1) and {\,} a sequence in (0, %) satisfying the

L
following conditions:
(i) lim, oo, = 0, D7 @ty = 00;
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(17) 0 < liminf, ,, A, <limsup,,_, . A\, < %;

(111) 0 < liminf, . 5, < limsup,,_,. 5, < 1.
Then {x,} converges strongly to z € T, where z = Pyu.

Proof. 1t is well known that z € C solves the minimization problem (3.1.1) if and only if
z solves the fixed point equation.

z=Po(I — \Vyg)z,

where A > 0 is any fixed positive number. We may assume that (due to condition (ii))
2
0<a§)\n§b<z, n>1,

where a and b are constant. Furthermore it is well known that the gradient Vg is % -ism,
(I =X, Vg) is nonexpansive and that Po(I — AVyg) is 2:2E-averaged for 0 < A < 2. Hence,
we find that for each n, Po(I — A\, Vg) is #22L-averaged. Therefore we can write

2—\L 2+ AL
Fo(l = AVg) = ==+ =T = (1= )] + T, (4.4.2)

where T,, are nonexpansive, i, = % € a1, 1] € (0,1), a1 = % and b; = # < 1.

Let z, = Pc(I — A,V g)y,. Then by (4.4.2), we obtain

“Zn = PC([ - Aan)yn = (1 - :Un)yn + T Yn-
Firstly, we show that {x,} is bounded. Let z € T, from the above equality, we obtain

Iz = 2117 = (|1 = )t + pin Ty — 2|
(1= )y = 2l1° + pnl| Totpn = 211> = (1 = 1) |90 = Toym
< Hyn - ZH2 - Nn(l - :un)Hyn - Tnyn||2
<y — 2| (4.4.3)

I

Now, we obtain from (4.4.1) and and the convexity of norm that

”xn-I-l - 2”2 = H(yn —2) = Bulyn — zn)HQ
= Hyn - Zn||2 + BTQLHyn - Zn||2 - 25n<yn — ZyYn — Zn)
< Hyn_ZnH2 — Ba(1 _BTL)Hyn_ZnHQ- (4.4.4)
But,
1
Zp — Yn = ﬁ_(l‘n-&-l - yn)' (445)

Therefore, from (4.4.4), we obtain

1

[ e 5, (L= Bo)llens = Yall”. (4.4.6)
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Using (4.4.1) and (4.4.6), we get

|Zne1 — 2] < lyn — 2|
< anflu—zf| + (1= a)|zn — 2|
< max {[lz, — 2|, [lu — 2[}
< max{||x1—z||,||u—z||},

which shows that {z,} is bounded. We have from (4.4.5) that

é (xn+1 - yn)

2

o — al? = '
1
ol vl

o o Hanrl _ynH2
_ EZC_TZE__)' (4.4.7)

Using Lemma 2.3.6 (ii) and (4.4.1) (noting that a,, € (0,1)), we have

3

[y — 217 = [lom(u = 2) + (1 — ap) (@, — 2)|I°
O‘?z”“ - Z||2 + 200 (1 — an){u — 2,2, — 2) + (1 — O‘n)QH‘Tn - Z||2
_'_

(1 = a)lln — 2||”

2
a2 lu — z||* + 20, (1 — o) (u — 2,2, — 2)

IAIA

2 lu— z||* — 20, (1 — an){u — 2,2 — z,)
+(1 — ap)|lzn — 2> (4.4.8)
Putting (4.4.8) in (4.4.6), we obtain

lznen = 217 < aqllu— 2" — 200(1 — ) (u — 2,2 — @)

1
(1= an)l|n — 2> = =—(1 = Bu) || Tns1 — vnll?

n

= (I —ap)||an —2||* — an( —ap|lu— 2| +2(1 — ap){u — 2,2 — x,)

1
g (= Bl =), (4.4.9)
Let
1
L= —apllu— 2| +2(1 — o) (u— 2,2 — x,) + - (1= B)l|Tns1 — ynl?, n >(2.4.10)

Then, (4.4.9) becomes

|2 — 2)7 < (1 —an)|lan — 2]|* — anln. (4.4.11)
Since {z,} is bounded an so it is bounded below. Hence, I';, is bounded below. Further-
more, using Lemma 2.3.17 and condition (i) in (4.4.11), we obtain

limsup ||z, — 2||* < limsup(—I,)
n—00 n—0o0

= —liminfT,. (4.4.12)

n—oo
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Therefore, liminf,, ., I', is a finite. We have from (4.4.10) that

(1= B)l[enss — ynuz) |

liminf ', = lim inf <2<u — 2,2 — Tn) +

n—o0 n—00

1
an/Bn
Since {z,} is bounded, there exists a subsequence {z,, } of {z,} such that z,, — q¢€ H
and

. . o . . o - . . 2
hﬂgf r, = ]}i{go (2<u 2,2 — T, ) + - (1 = Bo)llTnp+1 — Ynll ) . (4.4.13)
Since {z,} is bounded and liminfT", is finite, we have that — 1ﬁ (1= Bu )1 Tn, 11 — Yn, |12
n—oo npPng

is bounded. Also, by assumption (iii), we have that there exists b € (0,1) such that
B, <b < 1 and this implies that —%—(1—3,,) > ——(1 — b) > 0 and so we have that

ankﬁnk ankﬁnk
= 15 (1 = Bu)l|Tng+1 — Yn,l|* is bounded. Observe from assumptions (i) and (iii) that
N PN

there exists a € (0,1) such that

0 < T o D — 0, k— oo.
T a
This implies that ;ﬂ — 0, k — oco. Therefore, we obtain from (4.4.7) and Zﬂ — 0, k—
np "k
oo that
|20, — Yni |l = |Pc(L — A, VG)Uny, — Yni || = 0, k — o0. (4.4.14)

From (4.4.5) and (4.4.14), we have that

||xnk+1 - ynk” = /BnkHznk - ynkH — 07 k — oo.
Hence,
||Ink+1 - xnkH < ||xnk+1 - ynkH + ||ynk - xnk” — O’ k — oo.

Observe that y,, — z* € C, k — oo since y,, —x,, = 0, k = oo and z,, =~ 2" € C, k —
co. We may assume that A,, — A; then we have 0 < XA < 2. Set T':= Po(I — AVyg), then
T is nonexpansive and we get from (4.4.14) that

[Pl = AV Yn, — Yl < NP = AVG)yn, — Po(I = Ao, V@) yn, || + 1 Pe(I = Ao, V@) Yy, — Yn, |
< NI = AV yn, — I = X VO Ui |l + [1Pe(I = M, V)Y — Y|l
= A = AV )l + 1 Pe( = A, V) Yy — Yyl — 0.

It then follows from Lemma 2.3.13 that z* € F(T). But F(T) = Y. Therefore we have
that z* € T. Now, we obtain from (4.4.10) and the property of Py that

- : 1 2
i, = Jim (200 20 =) + (1 B~ )
> 2lim(u—2z,2—a,,)
k—o0
= 2u—=z,z—2x2%) >0. (4.4.15)

Then from (4.4.12), we have that

limsup |2, — 2]|* < —liminf T, < 0.
n—00 n—00

Therefore, lim,,_,« ||z, — 2z|| = 0 and this implies that {z,} converges strongly to z. [
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We next investigate the problem of finding a zero of the sum of two monotone operators,
which is formulated as the following monotone variational inclusion problem: Find z € H
such that

0€ (A+ B)x, (4.4.16)
where A : H — H and B : H — 2" are two monotone operators in Hilbert space H.

Lemma 4.4.2. Let C be a nonempty subset of H, v € RT, T : C — H be v-ism and
v € (0,2v). Then I —~T is v/2v-averaged.

Proof. Set N =1 — 2vT. Since T' is v-ism, we obtain from Lemma (2.3.6) (i) that

[Nz — Ny[|* = [|(I —2vT)x — (I = 2vT)y|?
= (@ —y) —2v(Tz — Ty)|?
= |lz =yl + 4| T2 — Ty|* — dv(z —y, Tw — Ty)
< o —yll* + 4% T2 — Ty|* — 4% Tz — Ty||
=z -yl

Hence, N is nonexpansive. Thus, we obtain that
I—~T =(1—~/2v)] + (v/2v)] =T = (1 —v/2v)I + (v/2V)N.
Since v € (0,2v), then v/2v € (0, 1), thus we have that I — T is y/2v-averaged. O

We shall assume that problem (4.4.16) is consistent, namely its solution set, denoted by

© is nonempty. We now introduce an iterative algorithm that converges strongly to a

solution of (4.4.16). More accurately, our algorithm starts with an arbitrary initial guess

xo € H, and generates x, 1 according to the recursion process
Un = Qs + (1 = ), (4.4.17)
Tpp1 = (1= Bn)yn + BnJ'ynB([ = Y A)Yn-

Noting that © = F(J,, 5({ —v,A)) i.e z € O, if and only if

0€(A+B)xr=Ax+Br & x—~Azx € x+~Bx
& e (I+vB) I —-~A)x
& v=J,(I —~vA)x.

Let z € O, from Lemma 4.4.2, we obtain that I — 7,A is v,A/2v-averaged for every

n € N. Since J,, 5 is nonexpansive, then it is i-averaged. It follows from Lemma 2.3 (ii)
that J,, 5(I —7,A) is (2v +,) /4v - averaged. Let i, = 2222 in view of 7, € (0,2v), we

have that p, € (0,1). So J,, 5(I —v,A) is p,-averaged. Hence it follows from Definition
1.2 that

JyoB(I —mA) = (1 — pn)I + 1, (4.4.18)
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where T, is nonexpansive for every n € N. By (4.4.18), we obtain that
F(Jy,5(I =mA)) = F(T,).

Hence we obtain the following strong convergence theorem for finding a zero of the sum
of two monotone operators.

Theorem 4.4.3. Let A : H — H be a v-inverse strongly monotone mapping and B :
H — 2% be a monotone mapping. Let {v,} be a sequence in (0,2v) and let the following
conditions be satisfied:

(i) lim, oo, = 0, D0 ) @ty = 00;
(11) 0 < liminf, o v, < limsup,,_, . Vn < 2v;

(i7i) 0 < liminf, . B, < limsup,_,. 5n < 1.

Then the sequence {x,} generated by (4.4.17) converges strongly to a solution z of the
inclusion problem (4.4.16).

Proof. Set J,, p(1 =7, A)yn = Po(I — A,V g)yn, we obtain the desired result from Theorem
4.4.1 ]

4.4.1 Application to split feasibility problem

In this section, we give an application of Theorem 4.4.1 to Split Feasibility Problem (SFP).
The SFP is finding a point x such that

re€C and Bz € Q, (4.4.19)

where C' and () are nonempty, closed and convex subsets of Hilbert space H; and Hs,
respectively and B : Hy — H, is a bounded linear operator.

Clearly z* is a solution to the SFP (4.4.19) if and only if 2* € C' and Ba* — PyBa* = 0.
The proximity function ¢ is defined by

1
9(x) = || B — PoBz| (4.4.20)
and we consider the constrained convex minimization problem

. 1 2
rxr‘lelélg(x) = rxrlelé1§|]Ba: — PyBz||”. (4.4.21)

Then z* solves the SFP (4.4.19) if and only if z* solves the minimization problem (4.4.21).
In [9], the following CQ algorithm was introduced to solve the SFP,

Tyt = Po(I = AB*(I — Po)B)z,, n>0 (4.4.22)
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where 0 < A < ﬁ and B* is the adjoint of B. It was proved that the sequence generated

by (4.4.22) converges weakly to a solution of the SF'P.

We now propose the following algorithm as an application of Theorem 4.4.1 to obtain
a strong convergence iterative sequence to solve the SFP.

Theorem 4.4.4. Let C' and Q) be nonempty, closed and convex subset of real Hilbert
spaces Hy and Hy respectively, and B : Hy — Hy be bounded linear operator. Let g(x) =
$|Bx — PoBz||* and let Y = argmincecg(x) such that T # 0. Let the sequence {x,} be
generated for fived x1,u € C by

(4.4.23)

Yn = QU + (1 - an)mrm

where {a,,} and {B,} are sequences in (0,1) and {\,} a sequence in (0, HB2H2) satisfying

the following conditions:

(i) limy, o0ty =0, Y 07 @ty = 00,

(ii) 0 < Hminf, o Ay < Himsup, .o An < 27,

(111) 0 < liminf, . 5, < limsup,_,. B, < 1.
Then {x,} converges strongly to a solution z of the split feasibility problem (4.4.19)

Proof. By the definition of proximity function g, we have that Vg = B*(I — Py)B and Vg
is || B||*-Lipschitz continuous. Hence, by setting Vg = B*(I — Pg)B in Algorithm (4.4.1),
we obtain the desired result. O

4.4.2 Numerical example

In this section, we present numerical example with H; = H, = R* to illustrate the
performance of our algorithm.

Example 4.4.5. Let Vg(x) = B*(I — Py)Bx, where Bx = (3z1 + x3 + 23 — T4, —271 —
Ty — 33 + 224, 4T — Ty + Bx3 — 204,71 — To + T3 — 24), Q = {x € R* : (w,z) = b},

w=(-1,2,4,77, b=2, Py(z) = maX{O, M} w+ x. Since B is a bounded linear

[lwl]?
operator and Py is a metric projection onto @), then Vg is L-Lipschitz continuous with
L=|B|?=50. Let C ={z € R*: {y,x) > a}, y = (2,5, -7, 1T, a =3, Po(z) =

a_<y7$>

RS
Now, take o, = ﬁ, Brn = "3—J;1 and N\, = 557 Hence, Algorithm (4.4.23) becomes
_ 1 1 .
I = gt b (1 g ) (4.4.24)
Tner = (1= 5y + 52 Po(I = AB*(I = Po)B)yn, n > L.
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Figure 4.1: Errors vs number of iterations for Case 1.

We consider the following cases.

Case I Take 1 = (—1,2,1,0.5)T and v = (—1,2,1,-2)T.
Case II Take vy = (—1,2,1,0.5)T and u = (—1,7,1,-5)T.
Case II Take v, = (1,7,-5,3)T and u = (—1,7,1,-5)T.

Remark 4.4.6. We remark from this numerical example that different choices of x1 and
u within the specified spaces and range have no effect on the number of iterations required
for convergence and with very insignificant effect on the cpu run time as can be seen from
the Table aand corresponding figures. Th representation of the error (||x,+1 —x,||) against
the number of iterations in the figure. This is because the values of the error are either
thesame or very close to each other and so the curves overlap each other. Also, we have
seen from the table and graphs that the closer the values of x,, to zero, the less the number
of iterations required for the convergence.
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Figure 4.2: Errors vs number of iterations for Case II.
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Figure 4.3: Errors vs number of iterations for Case III.
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Table 4.1: Showing numerical results for Case I, Case II and Case III.

No. of iteration | Errors for Case | | Errors for Case Il | Errors for Case 111

1 - - -

2 1.7062 2.1097 3.5829
3 0.4044 0.7020 1.4746
4 0.2234 0.4231 0.8781
5 0.1531 0.3037 0.6089
6 0.1151 0.2383 0.4571
7 0.0911 0.1967 0.3596
8 0.0744 0.1675 0.2916
9 0.0622 0.1454 0.2415
10 0.0529 0.1280 0.2031
11 0.0456 0.1138 0.1729
12 0.0397 0.1018 0.1486
13 0.0349 0.0917 0.1288
14 0.0309 0.0830 0.1125
15 0.0276 0.0754 0.0989
16 0.0248 0.0687 0.0875
17 0.0224 0.0629 0.0779
18 0.0204 0.0577 0.0697
19 0.0186 0.0531 0.0627
20 0.0171 0.0490 0.0566
21 0.0157 0.0454 0.0514
22 0.0145 0.0421 0.0469
23 0.0135 0.0392 0.0430
24 0.0126 0.0366 0.0395
25 0.0118 0.0342 0.0365
26 0.0110 0.0321 0.0338
27 0.0104 0.0302 0.0315
28 0.0098 0.0284 0.0294
29 0.0092 0.0268 0.0275
30 0.0088 0.0253 0.0258
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Chapter 5

Split Feasibility Variational
Inequality and Fixed Point Problems

5.1 Introduction

In this chapter, we study a new class of split variational inequality and variational inclusion
problem in Hilbert space. Also we studied the common solution of equilibrium, variational
inequality and fixed point problems for multivalued mapping with an application to split
monotone inclusion problem in Hilbert space. Lastly we proved a strong convergence result
for finding fixed point of a multivalued Lipschitz hemicontractive mapping which is also a
solution of a monotone variational inclusion problem.

5.2 Strong convergence theorem for a new class of
split variational inequality and monotone varia-
tional inclusion problem in Hilbert spaces

In this section, motivated by the work of Tian et al [169], we propose an iterative algorithm
for the class of generalized split feasibility problem for finding an element that solves a
class of variational inequality problem and such that its image under a bounded linear
operator is in a fixed point set of a pseudocontractive mappings. We also prove that our
algorithm converges strongly to the common solutions. In all our results the step-size is
selected in such a way that its implementation does not involve the computation or an
estimate of the operator norm. Hence Our result improve and extend the result of Tian
et al [169] and other results in this direction.

Theorem 5.2.1. Let Hy and Hy be real Hilbert spaces and let K be a nonempty closed
and convex subset of Hy. Let A : Hi — Hy be a bounded linear operator, f : K — Hy be
1/a-ism mapping and T : Hy — Hy be p-pseudo contractive mapping for 0 < p < 1 such

that T = {z* € VI(K, f) : Ax* € F(T)} # (. Let the step size 7, be chosen such that

fore>0,~, € (6, “ﬂji'gi‘?;’;ﬂﬁg”g - e) , if TAu, # Au,; otherwise v, = (v being any
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nonnegative real number). Suppose the sequence {x,} is generated for arbitrary xi,u € K
by
up = (1 — ap)z, + anu,
Yn = Pr(un + 1 AY(T — I)Auy,), (5.2.1)
Tnt1 = Pr(Yn — Anf(Un)),

where the sequences {ay,} and {\,} satisfy the following conditions:

(7;) Qn € (07 1)7 Zan = +00,

n>1
(1) nh_}r{)loan =0,
(111) A\ € (0,2/a), a0 > 0.
Then {x,} converges strongly to x* € T, where x* = Pru.

Proof. First we show that (I — A, f) is nonexpansive. For all z,y € K and A\, € (0,2/q),
we obtain

1T =Xaf)e = (I =Xf)yll® = Nl —y) = Aalf (@) = F)II”

= |lz = ylI* = 2Xafx =y, f(2) = f(y) + Al f(2) = FW)I°
2\

< o= ol = 225w — S+ X205~ £
2 2 2

< Je=alf+ 20 (0= 2) 150 - s

< ool

Hence (I — A, f) is nonexpansive.
Next we show that {z,} is bounded.
From (3.2.1), we have

g — pII” 1Prc (47 A*(T = I) Au, — |

<l + 3 AT = 1) Au, — pl|?
< Jun _p”2 + fYTQLHA*(T - I)Aun||2 + 29 (tun — p, A(T' — 1) Auy,)
< un = plI* + 72l AT(T = D) Au||” + 290 (A(un = p), (T = T) Auy)
= Jun = plI* + 2| AT = 1) Auy |

+2v, [(Au, — Ap, T Au,, — Ap) — || Au,, — Asz]
< lun = plI* + AT = 1) Au, ||

—1
+27,, ||| Au, — ApH2 + %H(Aun — TAu,) — (Ap — TAp)H2 — [|Au, — Ap”2

= lun = pl* + 70 [l AT = D Au|* + (1 = 1) A, — T Aua|°] (5.2.2)
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From the choice of v, (5.2.2), (5.2.1) and using the fact that (I — \,f) is nonexpansive,
we obtain

s =2l < 1Px(yn — A (yn) — 2
< Ny — Aaf(yn) — 1|
< Alyn — 2l
< ”un—p”
= [[(1 = an)(@n —p) + an(u —p)|
< (1 =an)llzn —pll + anllu —p
< max{|[z, — pl|, [lu - pl}
< max{|[z1 —pl], [u —pll}-

Hence {z,}, {y,} and {u,} are bounded. We now divide the rest of the proof into two
cases to get strong convergence.

Case 1. Suppose that {||z,, — p||} monotonically decreasing, we have that lim {||z, — p||}
n—oo
exists. Hence

|Tns1 — ol — |20 — p|| =, 7 — 0. (5.2.3)

If T Au,, = Au,,, then
lim ||[A*(T — I)Au,|| = 0.
n—oo

Suppose that T'Au,, # Au,, then ~, € <e, (lﬂ’Aﬁ‘gf?)’L;quﬁglﬁ — e) and we have from (5.2.2)

that
|Zns1 —2I* < Nun = pI* + v [l AT = D Ay |* + (0 — 1)||T Auy, — Au,||]
< Hxn - p||2 + 04721“%1 - u||2 - 2O‘n<xn —DyTn — u>
9 [l AT — I) Au,||” + (0 — D||T Auy, — Auy||?]
< Naw —pl* + a2l — ull* = 200 (x0 — p, 2 — u)
— Y€l A*(T — I) Au, |)*. (5.2.4)
Therefore,

Y| AT = DAun || <l = pl* = [2ner = plI” + gl — ull®
—p Ty — P, Ty — ). (5.2.5)

Thus, we obtain
lim ||A*(T — I)Au,|| = 0. (5.2.6)
n—oo

Also from (5.2.4), we have

e —pl” < llaw —pl* + adllzn — ull® = 200(2, — p, 20 — )

7 [l A*(T = 1) Aun|* + (1 = D)||T Auy, — Aun|*] |
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which implies

Yl = I TAw, — Aup||* < N = plI” = 2nss = pl* + afllzn — ul
~200 {0 — p0n — w) + 7| AT — 1) Auy |,

Hence,
nh_g)lo T Au,, — Au,|| = 0. (5.2.7)
From (5.2.1), we have
lun — x| = anl|lzn — ul| = 0, n — . (5.2.8)

Again from (5.2.2), we obtain

1y — 2> = |1 Px(un + 7 AT — I)Auy,) — p|)?
< (Yo — Dy tn + 7 AN(T — 1) Au, — p)
= Ll = I o+ a4 90 A(T — 1) Au —
~llgn = p = (un + 1 A(T = I) Au,, — p)||°]
< %[Hyn = plI® + = plI* + Y [Yall AT = ) Au|* + (1 — 1)]| Au, — T Aus, ||
[y = 1 — AT = I) Auy |’
< %[Hyn —pl* + lun = 2I* = (lyn — wall® + V2 A*(T = I) Au, ||
=279 {Yn — Un, AN(T — I) Auy))]
< %[Hyn — I+ ltn = plI* = yn — vall® + 29| Ay — Aun||(T — 1) Aty
That is,
o= DI < = 21 = [ =l + 230l — Aw (T = DA (5.29)

Hence, from (5.2.9), we have

g = wnll® <l = plI* = llyn =PI + 29| Ayn — Aun[|[|(T — 1) Auw,|
<l = p 4 an(u = 2)|” = [2ns1 = pII* + 29[| Ays — Aug[[|[(T = T) Auy|
= ln = pl* + 200 (u = 2, 20 — p) + A} 20 — ul|* = [[2ns1 = pl|”
29| Ayn — Aun[[[(T" = I) Auy |
<l = pl* + 2anllwn = ullllzn = pll + |20 = u® = 2041 = pl”

+ 29| Ayn — Aun [ [(T" = 1) Aty .

This with condition (ii) implies that

2 2 2 2
lyn = unl® < llzn =PI = lenss = pII° + enllzn — ull® + 200 [z, — ull[l2n — pl
+27, || Ayn, — Au, ||| (T — 1) Auy|| — 0, n — oo. (5.2.10)
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Therefore,
lim |y, — un| = 0. (5.2.11)
n—oo

Next we show that lim || f(y,) — f(p)|| = 0.
n—oo

Zns1 =217 = [ Wn = Mf () — @ = Mf )
= Ny — 2> = 20y — 2, F(ya) — F () + A2[1 £ (ya) — (D)
< Alyn —pl* - &Hf(yn) FOI? + X2 f () — FO)II
< un —pl* - FHf(yn) — FOIP+ X2 f () — F)I?
< o= p et =)+ 30 (0= 2) 170) = SO

= lzn = plI* + 200(u — 20, 20— p) + ol — ull* + A (A ——) 1 (ya) = F0)II”

2 2 2
<l = pl” + 200l — ullllzn = pll + oqllzn —ull” + X (A ——> 1/ (yn) = F(P)II

This implies

o(2-0) 11t - 1)

IA

w (2= 0) 1) - 1)1

< 20z, — ulllen = pll + o}z, — ull”

Hlzn = plI* = |z = pII”

Since o, — 0 and ||z, — p||* = ||znp1 — p||> = 0 as n — oo, we obtain
i [7(0) = £)] =0, (5:212)

From (5.2.1) and Proposition 2.1.14 (i),(noting that (I — A, f) is nonexpansive), we obtain

s = plI* = 1Pe(yn — At (yn) — Polp — X f ()]
< Wn = A () = (0= Anf (P)); Tnsr — p)
< S = Auf @)~ 0~ AT + s — P
0 = M 0) = (0= A ) = (i = )P
< 2 [lvn =0l + Nt = I = s = 1) = Ml (5) — 7))
< 5[ = 212 + Bowes = Bl = s =l + 201 = v £ ) — S 3)

X2 f(ya) — FD)I1P|-
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Therefore,

”mn+1 _pH2 < “yn _pH2 - “mn+1 - yn||2 + 2/\n<xn+1 — Yn, f(yn> - f(p)>

—X2|| f(yn) — FD)II”.
(5.2.13)

Hence from (5.2.13), we obtain

Izt = vall® < Ny = 21 = l12nrs = vall® + 220 (@ns1 = Y, F () — £(2))
X2 () — FO)I1?
< anllu—p)* + | — pII* = 12t — P + 20 (@nt1 — Y, F(yn) — f(D))
X2 f () = FO)IP
< anllu =l + lzn = pI* = Zns1 — 21 + 2\l @i — vallll £ (wn) — FO = X2 £ ()

By using (5.2.12) and (5.2.14), we have

B 1P = Mo ) =~ il = B 17— | = 0. (5:215)
Also from (5.2.11) and (5.2.15), we obtain

21 = tnll = 101 = ynll + lyn — vall = 0, 7 — o0 (5.2.16)
From (5.2.8) and (5.2.15), we get

|Zns1 — znll = || Tns1 — wnl| + [|un — z0]] = 0, n — 0. (5.2.17)

Since {z,} is bounded and H, is a Hilbert space there exists a subsequence {z,,} of {z,}
such that z,, — z*, for some z* € H;. Furthermore, |z, 1 — || — 0 as n — oo, implies
that @, 11 — 2"

We now show that z* € VI(K, f), that is z* satisfies (f(z*),x — z*) > 0 Vx € K.
Let Nk 2z be the normal cone of K at a point z € K, then we defined the following set-valued
operator B : H — 21 by

fz4+ Ngz, z€e K
Bz =
0, z ¢ K.

Then, B is maximal monotone. Let (z,w) € G(M), then w — fz € Nz, and so we have
(z = 2p,q01,w — f2) > 0. (5.2.18)

From 2,41 = P (Yn; — A, f(Un;)), We have (2 —2p, 41, Tnj11— (Un; — An, f (Yn;)) > 0, which
implies

:L‘n.+1 —yn
<Z — Tnj+1, 7/\—] + f(ynj)> > 0.
n;
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From (5.2.18), we get

<Z_:Cn]~+17w> Z <Z_xnj+17fz>

Tnit1l — Yn,
> (2= Tny41, f2) — <z—$nj+1,%y]+f(ynj)>
xnj - ynj
== Z_xnj+1afz_f(ynj)_+>
— <Z — []jnj+1’ f,Z — f(xnj+1)> + <Z - xnj+17 f($/n/j+1) - f(ynj>>

xnj"rl - yn]'
— %= Tnjt1, S
n

> <Z = Lnj+1, f(xnj-l—l) - f(ynj)>

Tnd1 — Yn,
- <z — 1, +y> . (5.2.19)

Since f is inverse strongly monotone, hence it is Lipschitz continuous, and from (5.2.19),
we have that

i [ f(zns1) = f(ya)|| = 0. (5.2.20)

n—o0

Using (5.2.20) together with the fact that {,,,1} converges weakly to z*, we obtain from
(5.2.19) that (z — z*,w) > 0. Since B is maximal monotone, this gives that z* € B~*(0)
which implies that 0 € B(z*). Hence 2* € VI(K, f) that is (f(z*),z —2*) >0, Vz € K.

Also, since ||y, — u,|| — 0 as n — oo, we have that Au,, converges weakly to Az* and by
(5.2.7) and the fact that I — T is demiclosed at 0, we have

Az € F(T).

Hence x* € T. Next we prove that {z, } converges strongly to z*. From (5.2.1) and Lemma
2.3.6, we have

|z = * <y — 2% < Jlun — 27"

lonu + (1 — o)z — x*||2

(1 = an(zn —27) — an(z” — u)||2

< (1= ap)||zn — 2% = 200, (un — 2%, 25 — u). (5.2.21)
We observe that limsup[—2(u,, — z*, 2" —u)] < —2(p — z*, 2" —u) < 0 (since z* = Pru).

n—oo
Therefore from Lemma 2.3.14 ||z, — 2*|| — 0, as n — oo.

Case 2: Assume that {||z, — 2*||} is not a monotonically decreasing sequence. Set
T, = ||z, — 2*|* and let 7 : N — N be a mapping for all n > ng (for some ng large enough)
defined by

7(n) :=max{k e N: k <n, Ty < Ty}

Clearly 7 is a non-decreasing sequence such that 7(n) — oo as n — oo and

i1 = I'ry) = 0 Vn 2> nyg.
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Again from (5.2.5), we have
* 2 2 2 9
el AT = DAwrwll* < s = oI = 2w =PI + ol 2w — ul
—Qr(n)(Tr(n) = P Tr(m) — U) (5.2.22)
Thus, we obtain

lim [|A*(T — I) Aty (]| = 0. (5.2.23)

n—oo

Also from (5.2.4), we have
2 2 2
[2rmysr = 2lI° < [zrmy = pII° 4 @FllTem) — ull® = 200y (Trm) = Py Tr(n) — w)
. 2 2
et [V [A(T = D) Atz ||” + (1 = DT Aty — Attry 7]
which implies
2 2 2 2
Ve (L = T Atry = At I” < N2y = 2II” = [@reyr = pII” + oy lorgny — ull
« 2
Hence

lim || T Aty iy — Atz = 0. (5.2.24)

n—oo

By using the same argument as in case 1, we get that there is a subsequence {x(,,)} of
{Z+(m)} which converges weakly to z* € T as 7(n;) — oo.

At the same time, we note from (5.2.21) that for all n > ny,

0< ||$T(n)+1 - 5(7*”2 - H'TT(n) - x*Hz

* * * (12
< Qr(n) [2(1{, — X ,Ur(p) — T > - ||$T(n) - || }
which implies that (since a;¢,) > 0)

* (12 * *
er(n) —')" <2z~ s Ur(n) — T ).

Thus,
lim sup||@- () — SL’*H2 < 2limsup(z; — 2%, ur(m) — ") < 0.
n—o0 n—oo
Hence
Tim [z — 2™ = 0.

Using (5.2.15), we get
[2r(m)+1 = Yrwll = 0, 1 — oo

Now,
er(n)+1 - l"r(n)“ S ||x‘r(n)+1 - yr(n)H + HyT(n) — UT(n)H + ||u7(n) — fET(n)H — O7 n — oo.
Hence, we deduce that

|Zrmy+1 — 2| < Mry+1 — Te) |l + |27y — 27 = 0, n — o0,
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and so

iz Py = Jim ooy =0

Furthermore, for n > ny, it is easy to see that I'-(,,y < T'z(ny41 if n # 7(n) (thatis 7(n) < n
), because I'; > T';44 for 7(n) +1 < j < n. As a consequence, we obtain for all n > ny,

0<T, <max{l';x), FT(n)+1} = Lrny41-

Hence limI',, = 0 and so {x,} converges strongly to x*. This completes the proof. O]
n—oo

Corollary 5.2.2. Let H, and Hy be real Hilbert spaces. Let K be a nonempty closed and
convex subset of Hy. Let A : Hy — Hy be a bounded linear operator, f : K — Hy be 1/a-ism
mapping and T : Hy — Hy nonexpansive mapping such that Y = {z* € VI(K, f): Az* €

F(T)} # 0. Let the step size 7, be chosen such that for e >0, ~, € (e, % — e) ,

if T Auy, # Auy; otherwise v, = (7 being any nonnegative real number). Let the sequence
{z,} be generated for arbitrary xi,u € K by

up = (1 — ap)z, + anu,
Yn = Pr(up + 1 AT — I)Au,), (5.2.25)
Tpt1 = PK(yn - Anf(yn))a

where the sequences {a,} and {\,} satisfy the following conditions:

(i) an € (0,1), > a,, = +o0,

n>1
(i1) nh_)rgoan =0,
(iii) A\, € (0,2/c), 0 > 0.
Then {x,} converges strongly to x* € Y, where x* = Pyu.

Let f : H — H be a single valued nonlinear mapping and let M : H — 2 be a set valued
mapping. The Monotone Variational Inclusion Problem (MVIP) is to find z € H such
that

0€ B(x)+ M(x), (5.2.26)

where 0 is the zero vector in H. The set of solutions to the MVIP (5.2.26) is denoted
by I(B, M). For more information on MVIPs, see for example [105, , | and the
references therein.

It is well known that M : H — 2% is maximal if and only if for (z,u) € H x H, (z —
y,u—v) > 0 for all (y,v) € G(M) implies u € M (x). The resolvent operator Jé” associated
with M and 7 is the mapping Jé” : H — H defined by

Moy -1
(@) =T +nM)"z, v€Hmn>0. (5.2.27)
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It is a common knowledge that the resolvent operator Jf]‘/[ is single valued, nonexpansive
and 1-inversely monotone (for example see [25]) and the solution of (5.2.26) is a fixed point
of Jf]w (I —nB), Vn > 0 (see for example [125]). If f is v-inversely strongly monotone
mapping with 0 < n < 2v, then Jé”([ — nB) is nonexpansive and I(B, M) is closed and
convex [125].

Lemma 5.2.3. [25] Let M : H — 2! be a maximal monotone mapping and B : H — H
be a Lipschitz continuous mapping. Then the mapping G = M + B : H — 2%4is a mazimal
monotone mapping.

If in Corollary 5.2.2, T': Hy — Hy is taken to be the mapping J} (I — AB), we obtain the
following convergence result for finding a point 2* € VI(K, f) such that 0 € M(Ax*) +
B(Ax*).

Corollary 5.2.4. Let Hy and Hy be real Hilbert spaces. Let K be a nonempty closed and
convex subset of Hy. Let A : Hi — Hy be a bounded linear operator and f : K — H,
be 1/a-ism mapping. Let M : Hy — 212 be multivalued mazimal monotone mapping,

B : Hy — Hy be v-inverse strongly monotone mapping with 0 < n < 2v and assume that
' ={a* e VI(K, f) : 0 € M(Ax*) + B(Ax*)} # 0. Let the step size 7, be chosen such

| JM (I—nB) Aug — Aun || . .
: HAf(Jgf(z—nB)—I)Aun\F — e) ,if JY(I = nB)Au, # Auy; otherwise

that for e > 0, v, € (e

Yo = Y(7 being any nonnegative real number). Let the sequence {x,} be generated for
arbitrary r1,u € K by

U = (1 — ayp)z, + anu,
Tny1 = Pr(Yn — Mnf(yn)),

where the sequences {a,} and {\,} satisfy the following conditions:

(i) an € (0,1), > a,, = +o0,

n>1
(11) lim o, =0,
n—oo
(111) A € (0,2/a), a0 > 0.

Then {x,} converges strongly to x* € T', where z* = Pru.

5.2.1 Numerical example:

In this section we give numerical example in R (with the usual metric) to support Theorem
5.2.1 Let Hy = Hy =R and K = [-2,2] and Py : R — K be defined by

z, if reK
Po(z) — 5.2.29
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Figure 5.1: 1: errors vs number of iterations (top left and right); execution time vs accuracy
(bottom left); number of iterations vs accuracy (bottom right).

We define T': R — R by Tx = —2z. Also, we define A : R — R by A(z) = 3z, so that
A*(z) = 3z. Let f : K — K be defined by f(z) = £. Take ay, = 507, An = f{fl € (0,2/a),
for a > 0.

It is easy to see that T is u-strictly pseudo contraction with pu = %, fis é inverse strongly
monotone operator with i = 5 and A is linear operator, take v, € (e, 237 — ¢€). Hence for

u,z1 € K, our Algorithm (5.2.1) becomes

__ _4n 1
Uy — mxn + m”,
Yn = P (un — 2T70u,), (5.2.30)

Tnt1 = PK(yn - %f(yn»

1. Takeu =1 and z; = —1
2. Take u = —1 and z; = —1
3. Take u =1 and 1 = 2.

5.3 On split equilibrium problem, variational inequal-
ity problem and fixed point problem for multi-
valued mappings

In this section, we assume that H; and H, are real Hilbert spaces. Let D be a nonempty
closed and bounded subset of Hy. Let f, : D — H; be uniformly convergence sequence of
contraction mappings. Then there exists a real numbers p,, € (0,1) such that

[fn(x) = fa@Il < pullz —yll, Vz,y € D.

A subset C' of H; is called proximinal if, for each x € Hy, there exists ¢ € C' such that

le — ]| = inf{llz —y[ : y € C} = d(z, C).
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(bottom left); number of iterations vs accuracy (bottom right).
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Figure 5.3: 3: errors vs number of iterations (top left and right); execution time vs accuracy

(bottom left); number of iterations vs accuracy (bottom right).
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Let C' be a closed convex and nonempty subset of H;. It is well known that in a Hilbert
space, closed and convex sets are Proximinal (see for example, [90, ]). In the sequel,
we denote by C'B(H;) the collection of all nonempty, closed and bounded subsets of H;.
The Hausdorff metric H on C'B(H;) is defined by

H(A, B) := max{supd(z, B),supd(y, A)}, VYA, B € CB(H),

€A yeB

where d(z, A) := ingd@,y).
ye

Definition 5.3.1. Let S : H — CB(H) be a multi-valued mapping. An element p € H is
said to be a fixed point of S, if p € Sp. The mapping S is said to be: (i) nonexpansive, if
H(Sz,Sy) < ||z —yl, Yo,y € H;

(ii) quasi-nonexpansive, if F(S) # 0 and H(Sz,Sy) < ||z —p||, Yz € H, p € F(S).

Definition 5.3.2. A mapping S : C' — CB(C) is said to be a multivalued hemicontractive-
type mapping if F(S) # 0 and for all p € F(S), z € C,

H*(Sz, Sp) < ||z — p||> + ||z — ul|®, ¥ u€ Sx. (5.3.1)

A Fixed Point Problem (FPP, for short) for multi-valued mapping S is to find = € C such
that
x € Sx. (5.3.2)

The solution set of FPP (5.3.2) is denoted by F(S). Fixed point theory for multi-valued
mappings has many useful application in various fields, in particular, game theory and
mathematical economics. Thus, it is natural to extend the known fixed point results for
single-valued mappings to the setting of multi-valued mappings. Several authors have
investigated the approximations of fixed point of multi-valued nonexpansive mappings in

the literature (see, for example,[90, 95, , , , , , 181]).
Moudafi [125] introduced an iterative method, an extension of a method by Censor et
al. [50] for the following split monotone variational inclusion:

Find z* € H; such that 0 € f(z*) + By(z"),

and such that
y* = A{E* & H2 solves 0e g(y*) + BZ(y*)v

where B; : H; — 2%i is a set-valued mapping for i = 1,2. Later on Byrne et al. [11]
generalize and extend the work of Censor et al. [56] and Moudafi [125].

Lemma 5.3.3. [192] Let H be a Hilbert space. Let A, B € CB(H) and a € A. Then, for
€ > 0, there exists a point b € B such that ||a — b|| < H(A, B) + €. As a consequence of
this, taking e = H(A, B), we obtain that ||a — b|| < 2H(A, B).
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Let F7: C xC — R and Fy : Q X Q — R be nonnilear bifunctions and A : H; — H,

be bounded linear operator, then the Split Equilibrium Problem (SEP) is to find z* € C
such that

Fi(z*,2) >0, Vo e, (5.3.3)

and such that
y* = Az" € Q solves Fy(y*,y) >0, Yy € Q. (5.3.4)

When looked upon separately, we observed that (5.3.3) is the classical Equilibrium Problem
(EP) and we denote it’s solution set by EP(F;). The SEP (5.3.3) and (5.3.4) constitute a
pair of equilibrium problems which we have to solve so that the image y* = Ax* under a
given bounded linear operator A, of the solution the EP (5.3.3) in H; is the solution set
of EP (5.3.4) in another space Hy. The solution set of SEP (5.3.3) and (5.3.4) is denoted
by

Q={pe EP(F,): Ap € EP(F)}.

Motivated by the work of Censor et al.[55, 56], Moudafi [125], Byrne et al [11], Liu et
al. [111], Kazmi and Rizvi [93] obtained the following converges result.

Theorem 5.3.4. Let Hy and Hs be two real Hilbert spaces and C' C Hy and (Q C Hy be
nonempty, closed and convexr subsets of Hy and Hs, respectively. Let A : Hy — Hy be
a bounded linear operator. Let D : C — H; be a T-inverse strongly monotone mapping.
Assume that Fy : C x C — R and F» : Q X @ — R are two bifunctions satisfying
hypothesis (A1) — (A4) and Fy is upper semicontinuous in first argument. Let S : C' — C
be a nonexpansive mapping such that © = F(S)NQNT # 0. For a given zg = v € C
arbitrarily, let the iterative sequences {u,}, {x,} and {y,} be generated by

= TP + AN — 1) As);
Tpy1 = QpU + ﬁnxn + anSynv

where 7, C (0,00), A\, € (0,27) and v € (0,1/L), L is the spectral radius of the
operator A*A and A* is the adjoint of A and {a,,}, {8,} and {v,} are sequences in (0, 1)
satisfying the following

(1) an+5n+7n:17

(ii) Tim v, = 0 and Yo gty = 00,

(iii) 0 < liminf), <limsup), < 27, and lim [A,41 — A\,| =0,
n—oo

n—00 n—o00

(iv) 0 < liminfg, < limsupg, < 1,
n—oo

n—oo

(v) nh_)rgorn >0, >0 g1 — Tl < 00,

(vi) hm( Tt ):0.

n—o00 1_ﬁn+1 1_Bn
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Then the sequence {z,} converges strongly to z € ©, where z = Pguv.

Motivated by the work of Kazmi and Rizvi [93], we introduce an iterative scheme
for approximating a common solution of SEP(5.3.3) and (5.3.4), VIP (2.2.25) and FPP
(5.3.2) for multi-valued quasi-nonexpansive in real Hilbert space. Using our proposed
algorithm we prove strong convergence theorem for approximating a common solution of
SEP(5.3.3) and (5.3.4), VIP (2.2.25) and FPP (5.3.2) for multi-valued quasi-nonexpansive
in real Hilbert. In all our results the variable step-size is selected in such a way that its
implementation does not involve the computation or an estimate of the spectral radius.

Theorem 5.3.5. Let H; and Hy be two real Hilbert spaces and C' C Hy and QQ C Hy
be nonempty, closed and conver. Let A : Hy — Hy be a bounded linear operator and
A* the adjoint of A. Let f, : Hi — Hi be a sequence of p,-contractive mappings with
0<p<p,<p<land{f.(x)} is uniformly convergent for any x € D, where D is any
bounded subset of Hy. Let B : C — H; be T-inverse strongly monotone mapping. Assume
that F1 : C' x C' — R and Fy : Q X Q — R are two bifunctions satisfying hypothesis
(A1) — (A4) and Fy is upper semicontinuous in the first argument. Let S : Hy — CB(H,)
be a multi-valued quasi-nonexpansive mapping such that S is demiclosed at the origin,
Sp =A{p} Vp € F(S) and T := F(S)NQNT # 0. For arbitrary x, € H,y, define the
iterative sequence {u,}, {z,} and {y,} by

Up = JE (2 + 4 A% (T2 — 1) Az,),
Tpp1 = anfn(xn> + 5n37n + (5n(0'wn + (1 - O')yn), w, € an, n > 1,

F 2
H(J”?FJ)A%” with 0 <a < pu, <b<1,
| A* (Jp2 —1) Azy]|
m, € (0,00), Ay € (0,27), 0,p,p € (0,1) and {an}, {Bn}, and {6,} are real sequences in

(0,1) satisfying the following conditions

where v, = ln

(i1) nli_)rgoan =0and )" a, = 00;

(111) 0 < liminf), <limsup), < 27;
n—oo

n—oo

(’L’U) ﬁn261>0 6n2€2>0.

Then the sequence {x,} converges strongly to p € T where p = Py f(p).
Proof. Let p € T :=Fix(S)NQNT, iep € Q, we have p = Jf:llp and Ap = Jf;QAp. We
then obtain

lun = pl* = I (0 + 90 A (I = 1) Az — p|)

15 (@ + A7 (]2 = DAz, — I )]
e + A2 = 1) Azy = p||
|20 — p+ Y A*(J2 — 1) Az,
< lan = oI + 29n(wn —p, A2 = D) Aia) + 2| A*(JE — 1) Az, .

IN
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Thus,

lun = plI* = Nl = plI* + 29 (20 — p, A"(JJ2 = 1) Axy)
2| A (I = 1) Az, . (5.3.7)

Since Ap € F(JF?), we have that

(2 —p, A*<J7i2 —NAz,) = (A, —p), (J::f — I)Azy)
= (A(z,) — Alp) + (J;2 = 1) Az,
—(JP2 = DAz, (JI*> — I)Az,,)
= (JP?Ax, — Ap— (J[> — Az, (J> — 1) Az,)

< (P A, — Ap, (JI2 = DAw,) — (P2 = I) A ||”

Tn

1 -
5 1752 Ao = Apl]* + (I = DAz, |* = || Az, — AplP’]
(]2 = D) Az, ||

= L1z, — apl? — 1Az, — 4p17] - 2015 = DA,
= % :HJEA% — Ap|* - | Az, — Ap|* — ||(JF2 - I)Axnﬂ
< 5 [, — Apl> — || Az, — AplP — (I — 1) Az, ]
= —%H(J,ff — I)Az,|”.
Therefore,
(0 =, A" = D) Aw) < =58 = DAzl 5.35)

Substituting (5.3.8) into (5.3.7), we get

2 N 2
i =B < Mo =l = all (2 = DAzl + A" (I = D Az,
2
< Jan—pl
2 " 2
—2 (18 = DAz |* = 4" (I = 1) Az, ] (5.39)

Using the definition of ,, we have
[t — pll < [, = pl. (5.3.10)
Now, we estimate

1y — 21> = | Pe(u, — \Bu,) — Pe(p — A Bp)||®
< |[(tn, — ABuy,) — (p — A\ Bp)|”

< Nlun = pl* = Au(27 — Ao)|| By — Byl (5.3.11)
< lun — pl?
<z —pll*.
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Let z, := ow, + (1 — 0)y,. Then

lo(wn =p) + (1 = 0)(yn =)

ollwn —pll + (1 = 0)|lyn — Pl
oH(Ps(xn), Ps(p)) + (1 = o)|[zn — 1|
ollzn = pl + (1 = o)z, = pl

[0 — pll.

Iz = pll

IA N IA

By using (5.3.6), we have that

|41 — pll = llan fu(@n) + Buzn + 6nzn — p|
= llan(fa(®n) = fu(p)) + an(fu(p) — p) + Bulzn — p) + 0nlzn — D)
< an(|[fa(@n) = fa@) + 1fa () — Pll) + Bullzn — Il + dnllzn — pll
< ([l falzn) = fa@)I + [ fa(p) = pl) + (1 = aw)l|zn — |-

Hence,

201 = pll < an(llfulen) = fa(@) + [[fa(p) = pl) + (1 = an)llzn — pll. (5.3.12)

By the uniform convergence of { f,(x)} on D, there exists M > 0 such that || f.(p) — p| <
M, ¥n > 1. Hence, we have

”xn-i—l _pH S Oénanxn _pH + an||fn(p> _p” + (1 - an)”*fn _p”
< anpllzn = pll + anllfu(p) — Pl + (1 = an)llzn — pl|
= (anp+ (1 = an)llzn — pll + el fu(p) — 1l
= (1 = an(l = p))llzn — pll + anll fu(p) —

| fn(p) — pll
b

= (1= an(l =p))lln = pll + an(l = p) == —

M
< max{”xn —p||71Tﬁ}
<

M
S max{H:cl _pH71Tp}

Therefore, {z,} is bounded.
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By (5.3.6) and (5.3.10), we have that

[Tt _pH2 = |lanfn(@n) + BuZn + 6n2n _pH2
= |Bu(@n —p) + 0n(2n — p) + an(fulzn) — fulp)) + an(fulp) — p)H2

< |1Bu(@n = ) + 6u(20 — ) + an(fuln) — ()|
+20,,(fu(P) — P, Tnt1 — p)
< IBu(@n = ) + 6a(zn — DI° + @2 (falzn) — fu@)
+200 (B (w0 — p) + 00 (20 — D), fa(@n) — fa(p)) + 200(fu(p) — P, Tnt1 — p)
= Bn(ﬁn + 5n)||xn _pH2 + 5n<5n + 5n)|lzn - pH2 - 5n5n|’xn - ZnH2
+l [ (fa(@n) = Fa@)IIP + 200 (Ba (@0 = p) + 60(20 = P); fulwn) = fulp))
+200,(fn(p) = P, Tng1 — p)
< (ﬁn + 571)2”5% - pH2 - Bn(anxn - ZHHQ
+a | fa(zn) = faP)I” + 200 (Bulwn = P) + 0020 = p), fulza) = fulp))
+20,,(fu(P) — P, Tnt1 — p)
= (1= aw)?|zn = plI° = Bubulln — 24l
+ai |l fal@n) = fa@I + 200 (B0 — p) + 60(20 — P), ful@n) — fulp))
+20,,(fu(P) — P, Tnt1 — p)
< (1= on)’l|zn = plI* = Babullzn — 2all’
+agppllzn = plI + 200 (fu(p) = P, Tas1 — P) + 200 Ba(zn — D)
+0n (20 — D)l fa(20) — fu (D)l
< (1= on)’l|zn = plI* = Babullzn — 2all’

+O./ipi||$n _p||2 + 2an<fn(p) — P, Tny1 — p>

2500 (1 — a)||zn — pl|*- (5.3.13)

We divide the rest of the proof into two cases.

Case 1. Suppose that there exists ng € N such that {||z, — p||};Z,, is nonincreasing.
Then {|lx, — p||} converges and ||z, — p|| — ||zns1 — p|| = 0 as n — oo. By (5.3.6), we
obtain

|21 =2l < @il falwn) = plI* + Ballza — pII* + ball2n — pl”
< aullfal@n) = pII* + Ballza — plI* + du(ollzn — plI* + (1 = o) lyn — 2II%)
< anll fal@n) = plI* + (Ba + 08u)lln — pII* + (1 = o) Jun — pII*.

This implies that

2 2 2 2
~lun = pl* < |l Fa(@a) =PI + (B + 00120 = pII* = i1 — I

(1 - 0>5n
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From (5.3.8) and (5.3.9), we have that

2 w/ 15 2
Yo | I(T52 = DAy || = | A*(J)2 = 1) Az ] < lzn = plI* = llun — p”

1 « Bn + 0d
< oz - 2 n i 2 n n .
o 1- Qp . 2 1 - Qn . 2 On . 2

1 ay,
“ U=, [Hxn = pl* = llznr —p*| + A=o%, [an(l’n) —pl* = [|=n —p||2]

Since a,, — 0 as n — oo by condition (i), we have that
17 = DA = 3| A~ DAz, ] 50 as n - oo,

which by definition of v, implies that

pin(1 = )| (JE2 — 1) A, ||

—0 as n — oo.
|A*(JE2 = 1) Az ||”

Since 0 < a < p, < b <1 and |[|A*(JF> — I)Az,|| is bounded, we have that
[(JF? = T)Az,|| = 0 as n— .

Now,
HA*(Jf;Z — DAz, | = HAHH(J,fZ2 — DAz,|| -0 as n — oc.

By (5.3.13), we have that
Buballtn = zall* < llzn = plI* = Nnsr — plI* + My,
for some M; > 0 and this implies that
|zn — 2|l = 0, n — 0.
Hence,

< || fu(@n) — 20 || + Q|| 77 — 20]] = 0,1 — o0.

Similarly,
Jms1 = zall < nsr = 2all + 2 — zall = 0, o0,
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From (5.3.6) and the fact that Jf* is firmly nonexpansive, we have that

« 2
lun —plI* = ([T (@0 + 3 A (12 = 1) Azy) — pl|
* 2 1 2
= [[JpH (@0 + A2 = 1) Azn) = T ()|
= (u, —p, o, + %A*(Jff — DAz, —p)

< gl —pIP + s+ 70A* (I — DAz, —
~llun = p = (20 + A (I = D) Azo — )|’
< gl = bl + llrw — p A — D) Az, |
~lun = 2+ A" (I = D) Az
< Sl = ol + o — p+30A* (I — 1) Az,
e = all? 3l AT = D A = 2, — A (T~ DAz
= bt all 4+l = p AT = DAL —
| A*(JE2 = 1) Ay ||” + 2(tty, — T, 1A (J2 — 1) Ax,)]
= Sl = @l = Bl + 7l A* I — 1) A
+2(2n — P, A (I = D ADL) = [l — 2all® = 7l A" = 1) Ay |
+2(uy, — Xy, ’ynA*(Jf:f —I)Ax,)]
< gl =PI+ =PI i — a4+ 20— p, 70 A" (I — 1) A,
+2(uy, — Xy, ’ynA*(J,f —I)Ax,)]
< = I = Gl — 7all* + i — Py A* (I~ DA,
< Nt = I = lhn = 2l + 5l — P AT — DA

That is

1 *
= pl* <l = plI” — Sllun = 2all” + s — I |A* (I = DAz, (5.3.16)
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IN

20 = pI” = lwn = plI* + ullun = pIIIA* (72 = 1) Az
1
2 2
|z — plI” — m“ﬂcnﬂ —pl”+

+llun = I A*(T? = 1) Az,

Bt 00n
(1—0)d,

Qan 2

=T Iz = pl

1 falaa) —pII” +

- 2 1— (7% 2 Oy, 9
Halltn = P A (I = ) A, |

1 2 2 (079 2 2
T gyg L =P = s = pI°] + = ) = oI =l =]

+allun = plllA* (52 — I) A,

and this implies that

and

Next, we have

Hxn—H _pH2

IAINA

IN IN N

IN

|wn, — 20| = 0,n — o0,

1z — wnl| < ||l — 20| + |20 — 20| = 0,n — o0.

anll ful@n) = plI* + Ballzn — plI* + 8ull20 — pI?

| fa(@n) = PP + Ballzn — plI* + 6u(ollzn — plI” + (1 = 0)[lyn — pII)

| fa(@n) =PI + (Ba + 06|20 — plI* + (1 = 0)Sallyn — plI®

anll ful@n) = plI* + (B + 060) |20 — plI* + (1 = 0)8n[[tn — p — Au(Buy — Bp)|1?]
| fa(2n) =PI + (Ba + 06,) |20 — P

+(1 =)0, [lun — plI* = 2\ (un — p, Bu, — Bp) + A2 | Bu, — Bp|’]

anll ful@n) = plI* + (Ba + 060) |20 — plI* + (1 = 0)d0|2n — plI?

—(1 — 0)26, A7 || Buyn, — Bp||” + (1 — 0)6,22|| Bu,, — Bp||?

| fa(@n) =PI + (Ba + 06|20 — plI* + (1 = 0)Sll2 — plI*

+(1 = 0)onAn( Ny — 27)||Bu, — Bp||2,
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and so

1

2 Bntody 2
1—aq, 1—a,

L . L . 2

(079 2
+mﬂfn(l’n) —pll

1
= T ogp e =2l = = ol

e oy Mntn) =l = llea = 1]

Since a,, — 0 and 0 < lim A\, = A\ < 27, we have that
n—oo

lim || Bu,, — Bp|| = 0. (5.3.17)

Since P is firmly nonexpansive and (I — A, B) is nonexpansive by (5.3.6), we have

lyn = plI* = |1Pe(un — AuBu,) — Po(p — AuBp)||?

S <yn —D,Un — )\nBun - (p - )\an)>
1

= §(Hyn - p”2 + ”(I — A\ B)uy — (I — )‘nB)p”2 - Hyn — Up + A (Buy — Bp)HQ)
1

< §(||yn - p||2 + ”un - p||2 - ”yn — Up + )‘n(Bun - BP)H2>
1

= 5y = pI” + [lun = plI* = lyn — uall® = A2 || Bu, — Bpl|?
=2\ (Yp, — Up, Bu, — Bp))
1

< Slllyn - pI” + [lun = plI* = lyn — uall® = A2 || Bu, — Bpl|?
20 [Yyn — unl||| Bun, — Bpl|),

and so

g = 21I” < Nl = pII* = llya — unll* = A% Bun — Bp|?
+ 2Xn[[yn — unl||| Bun — Bp|| (5.3.18)
< Nl = pI” = llyn — wal® + 20lly — walll| Bun — Bpl.
From (5.3.6) and (5.3.18), we have

[@n1 — plI? < nllfu(2n) = plI> + (B + 06,) |20 — plI> + (1 — 0)dnllyn — |
< | ful@n) = P + (Ba + 06,) |20 — plI*
+ (1= 0)dnlllzn = pI” = 1y — wnll® + 2\ llyn — || Bun, — Bpl|]
< anll fal@n) =PI + (Ba + 064) 20 — I
+ (1= 0)dnllzn — plI* = (L= 0)Sullyn — wnll® + 2(1 — 0)6u A |y — walll| Bu,, — Bpl.
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Therefore, we have

1 2 2 Qp 2 2
ln =l < =55 [en =PI = ltmes =8I + =g ) = 21 = o =2

+ 2 (lynll + llun|Dl| Bun — Bpl|.

Since lim «v, = 0 and both {y,} and {u,} are bounded by (5.3.17), we have

n—oo

lim ||y, — u,| = 0. (5.3.19)
n—oo
From z, = ow, + (1 — 0)y,, we get

1
Hwn_ynH = ;[Hzn_unn_'_nyn_unm — 0, n— oo

So,
l|wy, — xn” < “wn - ynH + Hyn - un” + ”un - J"NH — 0, n— o0,

Therefore,
d(xp, Sxy) < ||z, —wy| — 0, n— . (5.3.20)

Since {z,} is bounded, there exists a subsequence {x,,} of {z,} such that z,, — 2* € H;
and

lim sup(f(p) — p, xn — p) = limsup(f(p) — p, Tn;, — p).
n—00 J—0
By demiclosedness principle for multi-valued map S at zero and (5.3.20), we have that
2+ € F(S).
Next, we show that z* € EP(Fy). Since u, = Jfz,, we have
Fy(tn, y) + 7Y = tn, up — 2,) >0, VyeC.

Un; —Tn

_ Z_>>
Tn -

i

It follows from monotonicity of F; that %(y—un, Up—Tn) > F1(y,u,) and hence <y — Up,,
Fl(y,un) Since ||u, — || = 0, d(xp, Sz,) < |2 — wp| — 0, n — oo, we get u,, — z*
and "Tz"’ — 0. It follows by Assumption 2.1(iv) that 0 > Fi(y,x*), Va* € C. For
O<t<landye€ C, lety =ty+ (1 —1t)z*. Since y € C, 2* € C, we get y, € C' and
Fi(y1,2*) <0. So from Al and A4 we have

0=Fi(y,y) <tF(y,y) + (1 —t)Fi(y, ") < tFi(ye, ).

Therefore, from A3 we have 0 < Fy(z*,y). Hence z* € EP(F}).

Next, we show that Az* € EP(F3). Since ||u, — z,|| = 0, u, — 2* as n — oo and
{z,} is bounded, there exists a subsequence {z,, } of {z;} such that x,, — z* and since
A is a bounded linear operator so that Ax,, — Az*.

Now setting v,, = Awz,, — JF?Az,,. It follows from (5.3.14) that Jim v, = 0 and
Az, — Uy, = JTkaA[Enk.

Therefore from Lemma 2.3.22 we have

1
Fy(Axy,, — vy, 2) + — (2 — (Azp, — vp, ), (Azy, — vn,) — Azy, ) >0, Vz € Q.

Ty,
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Since Fj is upper semicontinuous in the first argument, taking limsup of the above in-
equality as k — oo and using condition (iv), we obtain

Fy(Az*,2) >0, Vze€Q,

which means that Az* € EP(F3) and hence x* € Q.
Finally, by using the argument as in the proof of Theorem 3.1 of [134], we can show
that z* € I'. Meanwhile, since {f,,(z,)} is uniformly convergent on D, we have

limsup(f,(p) — p, zn — p) = limsup(fs,;(p) — p, Tn; — p)

n—r00 Jj—oo

= (f(p) —p,x" —p) > 0.
By (5.3.13), we get
21 — plI* < (1= 200(1 = p(L — o))z — plI* = Bubullzn — 2l
+ a2 (14 p*) |2 = plI* + 200 (fu(p) — P, Tns1 — p)
< (1= 20,1 = p)llzn — pII* = Babullzn — 2al”
+ i [ (14 ) lzn — plI* + 2(fu(p) — P, 2ni1 — )] -

(5.3.21)

Using Lemma 2.3.23 we have that x,, — p as n — oo.
Case 2. Assume that{||z, — p||} is not a monotonically decreasing sequence. Set I';, =
|z, — sz and Let 7 : N — N be a mapping for all n > ng ( for some ng large enough) by

7(n) :=max{k e N: k <n,I'y <y}
Clearly, 7 is non decreasing sequence such that 7(n) — oo as n — oo and
0<TI7n < Trmy+1, Y > no.

This implies that ||z-() — p|| < |2-@my+1 — pll, Yn > ne. Thus lim ||z, — p|| exists. In a
n—oo

similar way as in case 1, we can show that

IA*(J2 = DAz ]| =0, n— oco. (5.3.22)
Similarly,
[2rm) = wrw)l = 0, n— o0, (5.3.23)
so that
A(Tr(n)s STr(n)) < (| Tr(n) — wrml = 0, 1 — o0,
and

|2+ 41 = Tyl = 0, 0 — o0, (5.3.24)

We can also show that
HuT(n) — .%T(n)H — O, n — 09,

||w7'(n) - yT(n)H — 07 n— 007
and

(2 —DA,.. | =0, n—oc.

Tr(n)
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From the fact that {z,(,} is bounded, we have that there exists a subsequence of {2},
denoted as {x-(»}, that converges weakly to z* € Hy. Since ||tur(n) — Zrm)|| — 0, it follows
that w,¢,) — 2* € H;. As in Case 1, we can show that z* € T and

lim sup(fT(n) (p) — p, Tr(n)+1 — p) > 0.

n—0o0

By (5.3.13), we get

2 — 2 2
||1‘T(n)+1 —plf < (11— 2O“r(n)(l —p(1— aT(n))))Hx‘r(n) —plI” = Budnllzn — 20|
+ az(n)(l + ﬁZ)H.TT(n) _pH2 + 2047—(n)<f7—(n)<p) - b, xT(n)+1 - p>

. . . , (5.3.25)
< (1 =203y (1 = P))|Tr(ny — PII” + @2y (1 + 97 | Tr(m) — Pl
+ 207 () (fr(n) (P) = Py Tr(n)11 — D)-
Which implies that (noting that I';,) < I'z)41 and o,y > 0)
_ 2 _ 9
2(1 = p)|zrmy — 2" < )1+ 0°) |27y — 2l
+2(fr(n)(P) = Py Tr(ny+1 — P)- (5.3.26)
This implies that
fim sup|-(sy ] < 0.
n—o0
Thus
lim ||y — pl| = 0. (5.3.27)
n—o0
Therefore,

|Z7my+1 = 2l < |2r@m) — 2l + [[Tr ()11 — Tzl = 0, 1 — oo

Furthermore, for n > ny, it is easy to see that I';(,) < T'rpyqq if n # 7(n)
(that is, 7(n) < n), because I'; < I';4; for 7(n) +1 < j < n. As a consequence, we obtain
for all n > ng,

0 S Fn S maX{FT(n), FT(n)+} = FT(n)+1.

Hence limI',, = 0, that is, {z,,} converges to Z. This completes the proof. O

If S is a single-valued quasi-nonexpansive mapping. We obtain the following result.

Corollary 5.3.6. Let Hy and Hy be two real Hilbert spaces and C' C Hy and (Q C Hy
be nonempty, closed and conver. Let A : Hy — Hy be a bounded linear operator and
A* the adjoint of A. Let f, : Hi — Hp be a sequence of p,-contractive mappings with
0<p<py<p<land{f.(x)} is uniformly convergent for any x € D, where D is any
bounded subset of Hy. Let B : C — H; be T-inverse strongly monotone mapping. Assume
that Fy : C x C = R and F5 : Q x Q — R are two bifunctions satisfying hypothesis
(A1) — (A4) and F; is upper semicontinuous in the first argument. Let S : Hy — H;y be a
quasi-nonexpansive mapping such that I — .S is demiclosed at the origin, Sp = p Vp € Fix
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(S) and Y := Fiz (S)NQNT # 0. For arbitrary x, € Hy, define the iterative sequence
{un}, {zn} and {yn} by

Uy = Jril (n + fynA*(Jf:f —I)Ax,),
Yn = Pco(u, — A\ Buy,), (5.3.28)
Tot1 = Qufo(Tn) + Buxn + 0n(0Sx, + (1 — 0)y,), n>1,

Fy 2 .
% with 0 <a < p,, <b<1,
rn Tn

T € (0,00), Ay € (0,27), 0,p,p € (0,1) and {an}, {Bn}, and {0,} are real sequences in
(0,1) satisfying the following conditions

where Y = lin

(i1) Ji_gloan =0and )", a, = 00,

(17i) 0 < liminf), <limsup), < 27,

n—00 n—00

(iv) B, >€ >0 6, > e >0.

Then the sequence {x,} converges strongly to p € T where p = Py f(p).

5.3.1 Application to split monotone inclusion problem.

Let G : H; — 2t be a multivalued mapping. The multi-valued mapping G is said to be
monotone if for each x,y € H; any u € G(x),v € G(y), we have that

(u—v,x—y) >0.

A monotone multi-valued mapping G is said to be a maximal monotone mapping if the
Graph(G) = {(x,u) € Hyx Hy,u € Gz} is not properly contained in the graph of any other
monotone mapping on Hi, see [12]. To every maximal monotone multi-valued mapping
G, there is an associated mapping J¢ : H; — Hy, is called the resolvent of G, defined by

JU(x) = (I +\G)*(x), Vze H,

for some A > 0, where I is the identity mapping on H;. The resolvent mapping J¢ is single
valued and firmly nonexpansive (hence nonexpansive) ( see for example, [25, , 123] for
more details).

Let H, and H, be real Hilbert spaces. Let Gy : H; — 2 and G5 : Hy — 22 be maximal
monotone mappings. Let A : H; — H, be a bounded linear mapping. The split monotone

inclusion problem (see, for example, [130]) is to find z* € H; such that
0€ Gi(z*), a*eSz* (5.3.29)
and
0 € Go(Az"), (5.3.30)
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where S : H; — C'B(H;) is a multi-valued quasi-nonexpansive mapping. We shall denote
by U, the solution set of (5.3.29) - (5.3.30). That is,

U={z"€ H :0€ Gi(z") and Gy(Ax")}.
Putting F; = G; and F, = G5 in Theorem 5.3.5 we obtain the following result

Corollary 5.3.7. Let Hy and Hsy be two real Hilbert spaces and C' C Hy and Q C Hy
be nonempty, closed and conver. Let A : Hy — Hy be a bounded linear operator and
A* the adjoint of A. Let f, : Hi — Hy be a sequence of p,-contractive mappings with
0<p<pn<p<1land{f.(x)} is uniformly convergent for any x € D, where D is
any bounded subset of Hy. Let B : C — H, be T-inverse strongly monotone mapping.
Assume that Gy : Hi — 2" and Gy : Hy — 2™ are mazimal monotone mappings. Let
S : Hy — CB(H;) be a multi-valued quasi-nonexpansive mapping such that S is demiclosed
at the origin, Sp = {p} Vp € F(S) and Y := Fiz (S)NUONT # 0. For arbitrary x, € Hy,
define the iterative sequence {u,}, {x,} and {y,} by

Up = JE (2 + A (IS — 1) Axy,),
Tpt1 = Oénfn<xn) + 5n + 6n(awn + (1 - U)yn)u Wy € an7 n > 17

152 =1) Aal”
1A% (2 =) Az |

A €(0,27), 0,p,p € (0,1) and {an}, {Bn}, and {6,} are real sequences in (0,1) satisfying
the following conditions

where v, = i, > with 0 < a < p, <b<1,

(ii) lim a, = 0 and Yo g Oy = 00,

(#5i) 0 < liminf), < limsup), < 27,
n—oo

n—o0

(’L’U) ﬁn261>0 5n2€2>0-

Then the sequence {x,} converges strongly to p € Y where p = Py f(p).

5.4 Iterative solution of split fixed point problems
and monotone inclusion problems in Hilbert space

In this section, we introduce an iterative algorithm and prove a strong convergence theorem
for finding a fixed point of a multi-valued Lipschitz hemicontractive-type mapping which is
also a solution of a monotone variational inclusion problem (4.1.2), where 7" = M + B with
M being a maximal monotone operator and B an a-inverse strongly monotone mapping
and whose image under a bounded linear operator is a fixed point of a demicontractive
mapping. In our result the step-size is selected in such a way that its implementation
does not involve the computation or an estimate of the operator norm. Hence Our result
improves and extends many known results in this direction.
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Theorem 5.4.1. Let Hy and Hy be two real Hilbert spaces and let C' be a nonempty
closed and conver subset of Hy. Let A : Hy — Hs be a bounded linear operator and A*
the adjoint of A. Let M : H, — 2" be a mazimal monotone operator and B : C —
H, be T-inverse strongly monotone mapping. Let S : Hy — CB(H;) be a L-Lipschitz
hemicontractive-type mapping and T' : Hy — Hs be p-demicontractive mapping such that

YT :=F(S)N(M+ B)"'(0)N AT F(T) # 0. Let the step size v, be chosen such that for
(=T Azn—Azn|®

|A(T—1) Azy |?
any nonnegative real number). Suppose {an}, {Bn} and {6,} are sequences in (0,1) and
suppose the following conditions are satisfied:

some € > 0, vy, € (e, e) , if TAx, # Ax,; otherwise v, = (v being

(i) O + Bn + 0n = 1;
(i1) T}Lngoan =0 and Y )", a, = 00;

(111) 0 < liminfr, <limsupr, < 27;
n—00 n—0o0

(iv) i + By <Ay <A< e,

(v) Sp=A{p}Vpe X, (I—-T) and (I — S) are demiclosed at 0.
Then the sequence {x,} generated for any x1,u € Hy by

wy, = Po(x, + v, A" (T — I)Ax,),
2 = (I +r,M) " (w, — r,Bw,),
Yn = (1 - )\n)zn + )\nun7

Tnil = QuU + Bpv, + 0p2,, n > 1,

(5.4.1)

where u,, € Sz,, and v, € Sy, converges strongly to ¢ € T where ¢ = Pyu.

Proof. We first show that {z,} is bounded. Let ¢ = Pru and define T, = JM(I —
rnB), ¥n > 1. Then, T, is nonexpansive for all n > 1 and

20 — qll = | Twwn — Thgl| < |lwn — ql|-
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From (2.1.7), (5.4.1) and ¢ € T, we have

lwn —ql|?

| Po(zn + AT — I)Az,,) — QHQ

|2n + AT — 1) Az, — QHQ

2 — qll* + 72| A*(T = 1) Az, ||* + 290 (0 — ¢, A(T — 1) A,
lzn = qlI” + V2 AT(T = D) Az || + 290 (A2, — q), (T — 1) Azy,)
lzn = qlI* + V2| A*(T — I) Az |*

+27,[(Ax,, — Ap, T Ax,, — Aq) + (Ax,, — Aq, Aq — Ax,)]

lzn = qlI* + V2| A*(T — I) A |*

+29n[(Az, — Ag, TAzy — Ag) — || A, — Aq|’]

|77 — QH2 + '7721||A*(T - I)AanQ

1—
2y llAz, - Agl — U T Aw, - A, |~ | Az, — Ag]
=l 4 A2A(T — D Al + 3ot — DT A, — A,

2 = all® + Y lyallA*(T = 1) Azy||* + (1 = V)| T Az, — Az, |*)(5.4.2)

From the choice of 7, and (5.4.2), we get

Since S is hemicontractive-type mapping and u,, € Sz,, we obtain from (5.4.1) and (5.4.3)

that

2
yn — dl|

Also, since S is hemicontractive-type mapping and v, € Sy,, from (5.4.1) and (5.4.4), we

obtain

IA A

IN

lwn —all® < llza —all”. (5.4.3)

11 = A) (20 = @) + Anlun — @I

(1= A)[[zn — QHZ + Anllun — QHQ = A1 = M)z — un”2
(1= Xa)llzn = all* + AH (S, S0) = A(1 = A)l[20 — un®
(1= XN)zn — CIHQ + An (Hzn - C]||2 + || 2n — un”Q) — A1 =) l2n — UnH2
12 — QH2 + Anll2n — unHz = Al = An)lzn — un||2

| = all* + A% ll2n — ual.

lon =gl = (d(vn,59))* < H*(Sya, Sq)

Also from (5.4.1), we have

Since S is L-Lipschitzian mapping and |[u,, —v,|| < 2H(Sz,, Sy,), using (5.4.6), we obtain

2 2
< Nlyn = all” + lyn — vl
< ||mn_Q||2+)‘721||zn_un”2+ ||yn_vn||2- (545)
|| zn — yn”2 = [lzn — (1 = Ap)zn + )‘nun)”2
= 22|z, — ua|*. (5.4.6)

125

(5.4.4)



that

yn = vall® = (1= An) (20 = vn) + An(un — va)|°
= (1 =2A)llzn — Un||2+>‘ s — Un|‘2_)‘n(1_/\n>||zn_un”2
< (1 )‘n)”zn_vn” + Anllun — 'UnH2_)‘ (1_>‘n)‘|zn_un”2
< (1= M)|lzn = vall® + ANHE T 2, Tyin) — Mn(1 = A0 || 20 — 1|
< A=)z — Un” +4)‘nL2H2n_ynH -1 _)‘n)Hzn_unHQ
= (1=X)l|zn — Un”Q + 4N L2 |2, — unH2 — (1= M)|lzn — un]|f5.4.7)

Hence, substituting (5.4.7) into (5.4.5), we obtain that

v — Q||2 < e — QH2 + )‘72z||zn - un||2 + (1= A) 20 — Un||2 + >‘n(4L2>‘721 + A = D)lzn — un||2

= Jlan — gl + (1= X)|[20 — val|* + A (AL2X2 + 20, — 1)|| 20 — un||>- (5.4.8)
Thus, from (5.4.1), (5.4.8) and Lemma 2.3.19, we have that

201 — all* = llawt + Buvn + 6nza — g
nllu = glI* + Ballvn = all* + 8ullzn = all” = Badall 20 — vall”
||U - q”2 + Bn [Hxn - qH2 + (1 - /\n)Hzn - Un||2 + )‘n<4L2)‘§L + 2\, — 1)Hzn - un”ﬂ
+5nHZn - QH2 - Bn(anZn - U?’LH2
anllu =gl + (1= an)|zn — all* + Ba(l = An)l1 20 — v
FBaAALANE + 22X, — 1) 20 — un||2 — Bnbnllzn — vn||2
= anllu— gl + (1 — o)llzn — qll* + Ba(L = 65 — M) |20 — va®
—Budn(1 = 4L2X2 — 20\, |20 — un |- (5.4.9)

IN

IA

From assumption (iv), we have
1—4L*)2 —2), > 1—4L*X* —2XA >0 and (o, + 8,) — A\ <0, Vn > 1. (5.4.10)
Therefore, from (5.4.9) and (5.4.10), we have

|0 —all* < anllu—al® + (1 = @)z — gl
< max{[lu — qlf*, |z, — ql*}

max{|lu —q|f*, o1 — q|*}.
Hence {z,} is bounded. From (5.4.1), we have

|znir = all® = llanu+ Buvn + 6020 — gl

180 (0 = @) + Gu(zn = ) + 200w — ¢, 2011 — q)

Ballvn — qH2 + dnll2n — q”2 — Bndnll2n — un”Z + 200, (U — ¢, Tpi1 — q)

B [l = all” + Xa(4L2X 42X = D20 = ua|l” + (1 = A) |20 — val*)]
+5n||xn - Q||2 - BnénHZn - un||2 + 20471(“ — ¢, Tpy1 — Q>

(1= an)llzn — all* = Badn(1 = 4NEL7 = 20,) |2 — wa||”

1 Bn(n + B — M) l2n — vnl” + 200 (u — ¢, Tpyr — q). (5.4.11)

IA AN IA
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Which implies that
|Zner — gl < (1= a)||@n — ql|* + 200 (u — ¢, Zpsy — q). (5.4.12)

Now, to get strong convergence we divide the proof into two cases

Case 1. Suppose that there exists ny € N such that {||z, — ¢||} is decreasing for all
n > ng. Then, we get that {||x, — ¢||} is convergent. Hence we have that

lmir — all® — llz — P 0, 2 oo (5.4.13)
Thus, from (5.4.10) and (5.4.11), we have that

BrAn (1 — 4L2)‘i —2Mn)||2n — un”2 < (1 —oap)llo, — Q||2

—|[zni1 = ql” + 20w — ¢, 201 — q).
Hence form (5.4.10), (5.4.13) and the fact that «,, — 0 as n — oo, we have that
l|zn — un|| = 0 as n — oo, (5.4.14)
which implies that
d(zn, Szn) < |lzn —unl] = 0 as n — oco. (5.4.15)
Also, since S is Lipschitz we obtain from (5.4.6) and (5.4.14) that

[2n = vnll < llzn = wall + flun — vnl
< lzn = unll + 2L 20 = gl
= |lzn — unl| + 2L, ||z — un|| = 0 as n — oo. (5.4.16)

Suppose T'Az,, # Ax,, then v, € (e, (Tji‘gf"jg‘gfﬁ’ﬂﬁ - e> and from (5.4.2), we have

I l2n = qII” + vl |A*(T = D) Az ||* + (1 — 1)||T Ay — Azy||”]
|2 — qll* = Ve A*(T = I) A, |, (5.4.17)

“wn —q <
<

Also from (5.4.1), (5.4.8), (5.4.17) and Lemma 2.3.19, we have

Iz —al® < anllu —all” + Ballvw — all + 8ullza — all” = Budullzn — vall”

+0ul[wn — ql|> = 8uBallzn — val|®
S Oén““ - qH2 + ﬁn”mn - q“2 + ﬁn(l - )\n)Hzn - UnH2 - (SnﬁnHZn - UnH2

<
< an”u - Q||2 + B [”xn - QHZ + (1 - >‘n)||zn - vn”z + )‘n(4L2)‘i + 2\, — 1)||Zn - Un”ﬂ

B A (LN 42X, — D)||20 — un|)® + 0nll2n — q||” — Suynel| A*(T — I) Az, )%, (5.4.18)

which implies that

Onnel|A*(T = DAz, || < anllu—gl* = (1= an)[lan — ql|* = 01 — gff”
+B8n(1 = 60 — Ao)ll2n — UHHQ
+BpAn(AL2XN2 42X, — 1) |20 — un |- (5.4.19)
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From (5.4.13), (5.4.14), (5.4.16) and the fact that a,, — 0 as n — oo, we obtain
lim ||AY(T — I)Ax,| = 0. (5.4.20)
n—,oo

Also, from (5.4.17) and (5.4.18), we have

5n7n||TAxn - AanZ < an“u - Q||2 + (1 — an)||zn — Q||2 — || Tt — Q||2 + Bu(1 — 6p — /\n)”Zn - Un”Q
+ﬁnx\n(4L2>\i + 2\, — 1)||zn — un||2 + Sy ||AY(T — I)Aan2. (5.4.21)

From (5.4.13), (5.4.14), (5.4.16), (5.4.20) and the fact that «,, — 0 as n — oo, we obtain

lim || TAz,, — Az,|| = 0. (5.4.22)
n—oo
Now, from (5.4.1), we have
lwn =gl = [|Pe(zn + A (T — 1) Az,) — q||?
S <wn —q,Ty + PYnA*(T - I)Axn - Q>
1 . «
= 5lllwn = qlI* + |20 + 3 AT = D Azy, — q||* = [Jwn — g = (0 + 7 A"(T — [)Az,) — g
1 *
= §[Hwn - q“2 + [lzn — q||2 + Yu[Vul[A* (T — I)AanQ
+(u = DT Az, — Az |)*] = lwy — 20 — 1 AT — 1) Az, — q|"]
1
< Slllwn = qlI* + llen = gl* = llwn = 2l + Yal| Awy, — Az, |[|[(T = 1) Az ]

That is,

Hwn - q||2 < ”xn - q||2 - Hwn - anQ + 2'7n||Awn - AanH(T - ])Axn||-(5~4~23)

From (5.4.19) and (5.4.23), we obtain

| Zni1 — QHQ < apllu— Q||2 + Bn [Hxn - Q||2 + (1= A)llzn — UNHQ + /\n(4L2/\i + 2\, = D)flzn — UnHQ}
A6 ||wn — (]H2 — 0nfBnllzn — UHHQ
< anllu—gll* + Ballen — qll* + Ba(l = 60 = A)ll20 — val|”
AL + 27— Dz — P+ Sl — gl — B — P
+0n Y| Awn — Az ||| (T — 1) Az,

which implies that

Snllwn — al? < anllu—ql* + 1 — )|z — al” = | Zasr — all” + Ba(l = 60 — Aa)l|20 — val?
+BpAn (AL2N2 420, — 1) 20 — |
+00n|| Aw, — Az, ||||(T — 1) Az, (5.4.24)

From (5.4.13), (5.4.14), (5.4.16), (5.4.24) and the fact that a,, — 0 as n — oo, we obtain

lim ||w, — x,| = 0. (5.4.25)

n—oo
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Next, we have

Hxn-&-l - q”2 < an”“ - Q||2 + ﬁnnvn - Q||2 + 5”||Zn - QH2 - 5nﬁn||zn - UnHQ
< agllu=all® + B [llzn =l + (1= Aa)ll20 = vall* + A(AL2A% + 270 = D20 — unl’]
+0n [H(wn —rpBw,) — (¢ — ran)HQ} — Budnllzn — UN||2
= anllu =g + Bl = 60 = Xa)llz0 = vall” + BaAa(AL2X + 220 — D120 — wy
+Bnllzn — q|* + s [[|w, — qll* = 2rn(w, — q, Bw, — Bq) + r2||Bw, — BqHz]
< anllu =gl + (1= an)llzn — glI* + 6urn(ra — 27) || Bw, — By’
B (1 =80 = M) 120 — vnll® 4 Budn(AL2X2 + 20, — 1)]| 2, — ]|,
and so,

0urn(27 — )| Bwn — Ball® < aullu— gl + (1 = aw)l|z = qlf* = [|z0r1 — ql’

+Bn(1 = 0n = An)l2n — UnHQ + Bn)‘n(4L2)‘721 + 22X, — 1)[2n — unH2
Hence from condition (iii), we obtain that

lim ||Bw, — Bg|| = 0. (5.4.26)
n—oo

Observe that (I — r,B) is nonexpansive and J,{\f is firmly nonexpansive mapping. Then
we get

”Zn - q”2 = HJr]\:L[(wn - Tann) - Jyj}:{(q - 7"nBQ)HQ

<(wn - Tann) - (q - Tan7 Zn — Q>
1

2
(w0 = raBuwn) = (g = 72Ba) = (20— )]

1
> [l = all? + 1z = al* = ll(wn = 20) = ra(Bun = Ba)|?]

IN

[l = raBuwn = (g = 1aBa)|1* + |2 — al

IN

B %[Hw” —qlI* + llzn — ql” = llwn — zall* + 2rn(wy — 2y, Bwy, — Bq)
—r2||Bw, — Bq|]*|.
Therefore
20 — ql|? < ||wn — q||> = |wn — 20> + 27wy — 2n, Bw, — Bq) — 72| Bw, — Bq|[5.4.27)
By (5.4.1) and (5.4.27), we have

| Zng1 — QHZ < aplun — QHZ + (1 — a)|zn — Q||2 + Bl = 0p — An) |20 — UnHZ
—|—5n)\n(4L2)\i + 2\, — )|z — unH2 — Op||wn, — Zn||2
+205 7 ||wn — 2 ||| Bw, — Bql| — TiHBwn - Bqsz
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which implies that

2 2 2 2
5n||wn_zn|| < O‘n”u_q” +(1 _O‘n)Hxn_qH - Hxn-&-l _qH
+Bn (L = 0 — An)l|2n — UHHQ + Bn)‘n(4L2>‘721 +2X, = D)[zn — un||2

+26, 7 (||wnl| + ||2n]]) || Bwn, — Bgl|. (5.4.28)
Since lim «, = 0 and both {z,} and {w,} are bounded by (5.4.28), we have
n—oo
lim || T,w, —w,| = lim |Jw, — 2,|| = 0. (5.4.29)
n—00 n—0o0

Also, from (5.4.25) and (5.4.29), we obtain
|20 — 20l < |20 — wnl| + [|wn — zn]| = 0, n— 0. (5.4.30)
Therefore, from (5.4.1), (5.4.14), (5.4.30) and the fact that a,, — 0 as n — oo, we get

[Znt1 — 2nll < 201 = 2all + 120 — 20|
Han(u — Zn) + Bn(vn - Zn)” + Hzn - xn”
< apllu = zo|| + Bullvn — zull + |20 — xa]| = 0, as n — c0.(5.4.31)

Now, let z = Pyru. We claim that lim (u — z, 2,1 — 2) < 0. Since {x,,1} is a bounded
n—oo

sequence in a Hilbert space H, which is a reflexive Banach space, there exists a subsequence
{741} of {xn41} and an element in H, say p, such that

Tp,p1r —p and limsup(u — 2, 2p41 — 2) = Iim (u — 2, 2,41 — 2).
n—00 J—00
Since C' is weakly closed, we have p € C' and from (5.4.31) it follows that z,, — p as
j — o0. From (5.4.30), we obtain that z,, — p as j — oo and hence using the fact that
(I —5) is demiclosed at zero and (5.4.15), we conclude that

p € F(9).
Since liminfr,, > 0, there exists € > 0 such that r, > ¢, Vn > 1. Then, by Lemma 2.3.20,
n—o0
we have

lim || Tow, — wy|| < 2 lim ||T,w, — w,]] = 0.
n—0o0 n—oo

By Lemma 2.3.13, we have that p € F(T.) = (M + B)~*(0).

Moreover, since ||w, — z,| — 0, as n — oo, we have that Aw, converges weakly to Az~
and by (5.4.22) and the fact that I — 7" is demiclosed at 0, we get that

Ap € F(T).

Hence p € T. Since z = Pou and x,; — p, then from Proposition 2.1.14, we get that

limsup(u — z, 2,01 — 2) = lim(u— 2z, 2,41 — 2)
n—00 J—r0
= (u—2z,p—2z) <0. (5.4.32)
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Thus, since z € T, from (5.4.12), (5.4.32), condition (ii) and Lemma 2.3.23, we get
|zn — 2]] = 0 as n — oo.

Hence, z,, — z = Pru.

Case 2. Assume that{||z, — ¢||} is not a monotonically decreasing sequence. Set I, =
|z, — ¢q||* and let 7 : N — N be a mapping for all n > ng ( for some ng large enough)
defined by

7(n) :=max{k € N: k <n,T) <Tp}.

Clearly, 7 is non decreasing sequence such that 7(n) — oo as n — oo and
0< FT(TL) < FT(n)+1J Vn > no.
This implies that ||z, — ¢l < [|[Zr@m)4+1 — @], ¥n > no. Thus lim ||z, — ¢|| exists.
n—oo

Again, from (5.4.19)

Or(n)Yrm)€l|A(T — 1) Az, H2 < g llu — ql> - (1 - )| Tr(n) — = HSUT Ja1 — qll?
+/6T(TL)( - 5T(n) - Ar(n)) HZT(n) UT(n || + ﬁ’r (n) (4L2)\2
+22r () = Dll2r() = iy I (5.4.33)

Thus, we obtain

lim [|A*(T — I) Az, (|| = 0. (5.4.34)

n—oo

Also, from (5.4.21), we have

2 2 2 2
67'(71 f)/'r (n) ||TAIT (n) — AxT(n)H S OéT(n)”“ - QH + (]- - aT(n))”xT(n) - QH - ||x’r(n)+1 - QH
2
+67’(n)(1 — 67-(n) - )\T(TL))HZT(TL) — UT(n)H + ﬁT(n) T (4L2>\7—(n

+2/\ — 1)||Z7-(n — UT(n)||2
Hence
n—oo

By using the same argument as in case 1, we get that there is a subsequence {z.(,;} of
{27} which converges weakly to 2* € T as 7(n;) — oco. At the same time, we note from
(5.4.12) that for all n > nq,

*112 %112
0< HxT(n)-&-l - ” - HxT(n) - H
* * *12
S Qr(n) [2<u — T, Trn)+1 — T > - ||7~J‘r(n) - || ] y
which implies that (since a,¢,) > 0)

|27y = @*I” < 2(u = 2%, 2o (ay41 — a7
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Thus,

lim sup|| 2,y — m*”z < 2limsup(u — ", ()41 — 27) < 0.

Hence
lim HxT(n) — Qf*H = 0.
n—oo

Also, from (5.4.31), we have

”xT(n)—l—l — Tr(n) || < Qr(n) ||u — Z1(n) || + 67'(71) HUT(TL) — Zr(n) H
+|2r(n) — Ty || = 0, as n — oo. (5.4.37)
Hence, we deduce that
|Zr(my+1 — 2| < Ml@ry+1 — Te) |l + |27y — 27 = 0, n — o0,

and so
lim Ff(n) = lim Fr(n)+l = 0.

n—oo n—oo
Furthermore, for n > ny, it is easy to see that I';(,y < I'rpy41 if n # 7(n) (that is 7(n) < n
), because I'; > I'; 14 for 7(n) +1 < j < n. As a consequence, we obtain for all n > n,
0<T, < maX{FT(n)7 FT(TL)+1} = FT(TZ)+1‘
Hence limI',, = 0 and so {x,} converges strongly to z*. This completes the proof. O]
n—oo
Corollary 5.4.2. Let Hy and Hy be two real Hilbert spaces and let C' be a nonempty closed
and convex subset of Hy. Let A : Hy — Hy be a bounded linear operator and A* the adjoint
of A. Let M : Hy — 2™ be a mazimal monotone operator and B : C — H; be T-inverse
strongly monotone mapping. Let S : Hy — CB(H;y) be a L-Lipschitz hemicontractive-
type mapping and T : Hy — Hs be nonexpansive mapping such that T := F(S) N (M +

B)™Y0) N A7YF(T) # 0. Let the step size v, be chosen such that for some ¢ > 0, 7, €

| T Az, — Az, ||2
P AT 1) A ||
number). Suppose {ay}, {Bn} and {6,} are sequences in (0,1) and suppose the following
conditions are satisfied:

€ — 6) , if TAx, # Ax,; otherwise v, = (v being any nonnegative real

(ii) lim a, = 0 and Yoo s O = O;

(17i) 0 < liminfr, < limsupr, < 27;

n—00 n—00

(iv) ap+ By < Ay <A< e,

(v) Sp=A{p}Vpe X, (I—-T) and (I — S) are demiclosed at 0.
Then the sequence {x,} generated for any xi,u € Hy by
wy, = Po(x, + 7, A*(T — I)Ax,),
Z2n = (I +r,M)"Yw, — r,Bw,),
Yn = (1 - )\n)zn + )\nun7

Tn4+1 = Qpl + ann + 6nzn7 n > 17

(5.4.38)

where u, € Sz,, and v, € Sy, converges strongly to ¢ € T where ¢ = Pyu.
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5.4.1 Application to minimization problem

Let f and g two convex, lower semi continuous functions from H to R U {400} such that
f is differentiable with L—Lipschitz continuous gradient, and ¢ is ”simple” meaning that
its "proximal map”

: ||z —yl[?
% -
z = argmin {g(y) +

can easily be computed. Let us consider the following minimization problem

min F(x) := gg}r}{f(x) +g(x)} (5.4.39)

xeH

and assume that this problem has at least a solution. Recall that the subdifferential of a
function g : H — R at x is the set-valued operator on a Hilbert space H defined by

of () ={z€ H: f(y) > f(x) + (z,y —x)}; Vy € H,

and prox,,(z) = (I +~dg)~'(z), ~v>0.

It is well known that a point z* € H is a solution to the problem (5.4.39), that is, z* is
a minimizer of f(x) + g(z), if and only if 0 € V f(z*) + dg(z*), where V f is the gradient
of f. For any v > 0 this optimality condition holds if and only if the following equivalent
statements hold:

0 € Vf(@") +~0g(z7)
0 € AVf(z") —a" +a" +~v0g(z")
(I+409)(") € (I—7VN()
F o= (I 4+709) (I =V (")
= prox, (=" —yVf(z7)). (5.4.40)

The last two expressions hold with equality because the proximal operator is single-valued.
The final statement says that z* minimizes f 4 ¢ if and only if it is a fixed point of

prox. (I —vVf).

Definition 5.4.3. A mapping T : H — H is said to be averaged if it can be written as
T=(1-a)l+aS, where a € (0,1) and S : H — H is a nonexpansive mapping.

The condition v € (0, %], where L is the Lipschitz constant of Vf guarantees that
prox.,(I —yVf) is averaged and hence nonexpansive.

In Corollary 5.4.2, If we take T := prox, ,(I —~,Vf) with 7, € (0, 2], then we obtain a
strong convergence result for approximating a point z* which solves a fixed point problem
for multivalued Lipschitz hemicontractive mappings and also solves monotone variational
inclusion problems and the image under a bounded linear operator is a minimizer of sum
of two functions in real Hilbert spaces.
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Chapter 6

Split Equality and Fixed Point
Problems

6.1 Introduction

The Split Equality Fixed Point Problem (SEFPP) which generalizes the SFP (2.2.13) was
introduced by Moudafi and Al-Shemas [129]:

Find z € C:=F(T), ye @ :=F(S) such that Ax = By, (6.1.1)

where A : Hy — Hj, B : Hy — Hj are two bounded linear operators, F(T') and F(S)
denotes the sets of fixed points of operators T" and S defined on H; and H, respectively.
Note that if Hy = Hs and B = I (where [ is the identity map on Hj) in (6.1.1), then
problem (6.1.1) reduces to problem (2.2.13).

Further, Moudafi and Al-Shemas presented the following algorithm for solving the
SEFPP

{xn-‘rl = T(xn - ’}/nA*(Axn - Byn))7 (6 1 2)

Ynt+1 = S(yn + ”YnB*(Axn - Byn))a Vn > 1;

where T': H; — Hy, S : Hy — Hy are two firmly quasi-nonexpansive mappings, A : H; —
Hj3, B: Hy — Hj are two bounded linear operators, A* and B* are the adjoints of A and

B respectively, {v,} C (e — e) , Aax4 and Ap-p denote the spectral radius of

" AaxatApep
A*A and B*B, respectively. Moudafi established the weak convergence result for problem
(6.1.1) using algorithm (6.1.2).

Yaun-Fang et al. [79] presented the following algorithm for solving problem (6.1.1):

Va, € Hy, y1 € Hy;
T = (1 — o)y + @, T(x, — ¥ A*(Ax,, — Byy)); (6.1.3)

where T': Hy — Hy,S : Hy — H, are two firmly quasi-nonexpansive mappings, A : H; —
Hs3, B : Hy — Hj are two bounded linear operators, A* and B* are the adjoints of A and
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2

SNeaties e> (for € small enough), A s« 4 and Ag«p denote the

B respectively, {v,} C (e

spectral radius of A*A and B*B respectively and «,, € [a, 1]

( for some o > 0) and established a strong and weak convergence results.

Based on the work of Moudafi and Al-Shemas [129], Chidume et al. [58] proposed the
following algorithm for solving the SEFPP for demi-contractive mappings:

V£L'1 € Hl, \V/yl < HQ,
Tpi1 = (1 —a) (x, — vyA*(Ax, — Byn)) + oT (x, — yA*(Ax,, — By,)); (6.1.4)
Yns1 = (1 — a) (yn + vB*(Az, — By,)) + oS (yn + vB*(Az, — Byy,)), Yn > 1;

where T' : Hy — H;, S : Hy — H, are two demi-contractive mappings. Chidume et
al. [58] proved weak and strong convergence theorems of the iterative scheme (6.1.4) to a
solution of the SEFPP in a real Hilbert spaces.

Recently, Rahaman et al [117] considered the split equality generalized mixed equilib-
rium problem and fixed point problem for certain nonlinear mappings in Hilbert spaces.
They obtained the following simultaneous iterative algorithms and proved strong conver-
gence theorems based on the algorithm under some mild conditions:

F(Aun 4 (1= A)b,u) + (T (un), u — un) + ¢(u) — ¢(un) + 7 (u — tp, un — 2,) >0,
G(Agvn + (L= Ao)e, v) + (S(vn), v = vg) +¥(v) = ¥(vp) + 1=V = Vo, V0 = Ya) = 0 6.15)

Tpr1 = (1 — ap)(up — 1A (Au, — Buy,)) + a, P(u, — v, A*(Au, — Buy,)),
Yns+1 = (1 — an) (v + v B*(Au,, — Boy)) + @, Q (v, + v B*(Au, — Buy,)),

for every u,b € C, v,c € Q and n > 1, where A4, and Ag denote the spectral radii of
A*A and B*B respectively, {7,} is a positive sequence such that v, € (e, ﬁ — e), for

sufficiently small €, P : H; — H; and @ : Hy — Hj are demicontractive mappings, {a,}
is a sequence in (k,1) and {r,} C (0, 00) which satisfies some conditions.

Also, Karahan [91] studied a similar algorithm and proved a strong convergence theorem
under some certain conditions:

F(Atn 4 (1= A)b,u) + (T (un), u — un) + ¢(u) = ¢(un) + 7 (u = tn, un — 2,) >0,

G(Av, + (1 — A)e,v) + (S(vy), v — ) + 1(v) — ¥(vy,) + é<” — Un,Un = Yn) = 0’(6.1.6)

T

Tpr1 = (1 — ap) Py (up — 1 A*(Au, — Boy)) + an Pa(uy, — v, A*(Au, — Buy,)),
Yns1 = (1 — o) P3(vy, + ¥ B*(Au,, — Buy)) + o Py(v, + v B*(Au, — Buy,)),

where P, P, : Hy — H, and P5, P, : Hy, — H, are nonexpansive mappings.

In this chapter, we study the split equality minimization and fixed point problem for
pseudocontractive mapping. Also we extended some results on split equality monotone
inclusion and split equality generalized mixed equilibrium problems from the frame work
of Hilbert space to p uniformly convex and uniformly smooth Banach space. We give
applications and numerical example to illustrate the performance of our algorithms.
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6.2 On split equality minimization and fixed point
problems

We now consider the following Split Equality Minimization and Fixed Point Problem
(SEMFPP).

Let Hy, Hy and Hs be real Hilbert spaces, A : Hy — Hs and B : Hy, — H3 be bounded
linear maps. Let f; : H — R and f; : Hy — R be differentiable maps with L; and
Lo-Lipschitz continuous gradients respectively. Let g; : H; — R (i = 1,2) be "simple”
maps. The (SEMFPP) is to find 2* € F(T') and y* € F(S) such that

fi(@®) + gi(z*) = min[fi(x) + gi1(z)],
vt (6.2.1)
fo(y") + g2(y*) = min[fa(z) + ga(2)],

rEHo
and Azx* = By*. where T': Hy — H; and S : Hy — H, are two nonlinear mappings.
Assume that this problem has a solution, let’s denote the solution set of (6.2.1) by Y.
Furthermore, we propose an iterative scheme and using the iterative scheme, we state and
prove a strong convergence result for the approximation of a solution of problem (6.2.1).

Theorem 6.2.1. Let H,, H,, and Hs be real Hilbert spaces. LetT' : Hi — Hy, S :
Hy, — Hy be demicontractive mappings with constants ki and ko respectively, such that
I — S and I —T are demi-closed at 0. Let f; and g; (i = 1,2) be two convex and lower
semicontinuous functions such that fi : Hy — R and fs : Hy — R are differentiable with
Ly and Lo- Lipschitz continuous gradient, g, : Hi — R and g5 : Hy — R be simple maps
and A : Hy — Hsz, B : Hy — H3 be bounded linear operators. Assume that the solution

. 2||Atn—Bra||?
set T # 0 and let the step-size 7, € <e, A, Bro P B (AL —Br)? — e) ,n € €

otherwise, v, = ~y(v being any nonnegative value), where the set of indexes @ = {n :
At,, — Br, # 0},
Let u,xg € Q1 and v,yy € Q2 be arbitrary and the sequences {(x,, yn)} be generated by

(t, = (1 — an)z, + apu;

T = (1 — ap)yn + ay;

up, = Proxs, g, (I — 0,V f1)(t, — A" (At,, — Bry));
vy, = Proxs, g, (I — 0,V fa)(ry, + 1 B*(At, — Bry,));
Tor1 = (1 = Cu)up + G Tuy;

(Yn+1 = (1 - %)Un + U, Svp;

(6.2.2)

where {0, } is a sequence of positive real numbers and {c,}, {¢,} and {1, } are sequences
in (0,1), with conditions

. . o
i limy, oo 0, =0, D 7 @, = 00,

i Gy € (a,1 — k) € (0,1) for some a >0,
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iii Y, € (b1 — ko) C(0,1) for some b > 0.
Then {(zn,yn)} converges strongly to (z,y) in Y.

Proof. Clearly 7, is well defined since for any (z,y) € T, we have

(A*(At,, — Bry), t, — z) = (At,, — Bry, At,, — Ax) (6.2.3)
and

(B*(At,, — Bry),y — rn) = (At,, — Br,, By — Bry,). (6.2.4)

Adding (6.2.3) and (6.2.4) and taking into account the fact that Az = By, we obtain
Vn € (),

||At,, — Brn||2 = (A*(At, — Bry),t, —z) + (B*(At,, — Bry,),y — 1)
< [|A"(At, — Bro)l|[|tn — || + |[B*(At, — Bro)l|lly — ral|.

Therefore, for n € Q, that is, ||At, — Bry,|| > 0, we have |[A*(At, — Br,)|| # 0 or
|| B*(At,, — Bry,)|| # 0. Thus 7, is well defined.
Let (p,q) € T, we have from (6.2.2) that
lun = pII* = [[Prozs, e, (I = 6.V f1)(tn = 3 A" (At — Bry)) = p*
< |ltn = 9 A" (At = Bra) = pl” (6:25)
= |ltn = plI* = 23 (tn — p, A (Atn — Bra)) + 72l A" (At — Bry)|”

From Lemma 2.1 and noting that A* is adjoint of A, we have

—2(t, — p, A*(At,, — Bry)) = —2(At,, — Ap, At,, — Bry,)

6.2.6
= Aty — AplP — Aty — BrolP + | Bra — Apl?. ©*
From (6.2.5) and (6.2.6), we obtain
Hun - p||2 < th _pH2 - ’YnHAtn - Ap||2 - 7n||Atn - BrnHQ (6 9 7)
+ Yol | Bry, — Ap||” + 7.2 || A" (At, — Br,)|I”. -
Similarly, from (6.2.2), we have
2 2 2 2
Uy — < ||r, — — Y|\ Br, — B — v.|lAt, — Br,
o= al <l — I~ 50l B — Ball? — 3l P e

+ Yall At = Ball® + 2B (At — Bra)|.
Adding inequality (6.2.7) and (6.2.8), and using the fact that Ap = Bgq, we obtain

lun = DI + llon = all” < [ltn = pII* + [lIrn = all* = 7a[2]| Aty — Bra|*
— (A" (At — Bro)|I” + |B* (Atn — Bra)|)] (6.2.9)
< tw = l* + [l — al”.
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From (6.2.2) and the fact that T is demi-contractive, we obtain

7011 _pH2 = |1 = Gu)un + G T, _pH2
(1 = ¢a) (un = p) + (T, = p)|I*
(1= G)?llun — plI* + T n — plI* + 260 (1 = o) (un — p, T — p)

< (1= G)?lun = plI* + Glllun = plI* + Fallun — Ty |’]
1—-k
+2Cn(1_<n> ||un—p||2— 1||Un_Tun||2
= (1=2G + llun — plI” + Clllun — plI* + kallwn — Tua|?]
+26alJun — plI* = 2C2 un — plI* = Gu(1 = Gu) (1 = k) [|un — Tun|®
= un =l = Ga(1 = G — K1) |un — T, ||
< un —pl*. (6.2.10)

Similarly, we have that
Y1 — qll* < llon — qlf”. (6.2.11)

Adding (6.2.10) and (6.2.11), and using (6.2.9), we have

),
2 2 2 2
[Zns1 = DI + s —all” < JJun — 2" + [Jvn — 4|
< ltn = pl* + Irn — gl (6.2.12)

From (6.2.2), (6.2.12) and Lemma 2.2, we obtain

2 2 2 2
[ents = D7 + lynia —all” < (1= an)(@n —p) + an(u = p)[" + [(1 = an)(yn — @) + an(v — 9|
2 2 2 2
< (T =an)llzn = plI” + anllu = plI” + (1 = an)llyn — gl + anllv =4
2 2 2 2
= (L= an)[llen = plI” + llyn — qll"] + anlllu = plI” + [lo — qlI7]
2 2 2 2
< max{|lzn — plI” + llyn — qll”, lu = plI” + [lv — ¢ll"}
2 2 2 2
< max{|lzo — plI” + llyo — glI”, [lu — plI” + lv —qlI"}-

Hence, {||z, — p||? + ||yn — ¢|°} is bounded. Consequently {z,}, {yn}, {tn}, {rn}, {tn},
{vn}, {Ax,}, {By,} are bounded. From (6.2.9), we obtain

ne1 = D" + lgnsr —all* < [t =217 + I — all” = 2] Aty — Bra|®
(| A"(Aty, — Bro)||* + || B*(At, — Br,)[|")]
2 2 2 2
< (I —an)lllzn = 2"+ llyn — all'T + anlllu = pl” + [[v = ql]
— 2l Aty — Bro|” = ([ A*(Aty, = Bro)|I* + | B*(Atn — Bra)|*)],
which implies
¢ (I[A*(At, — Bro) |l +|B*(At, — Bro)|IP) < (1= a) [[lzn = pl* + |y — all’]
+ay [[Ju = pl|* +[lv = q|’]
—[lznts =PI + [|yns1 — ql[1p.2.13)

We divided the remaining part of the proof into two cases to establish strong convergence.
Case 1: Assume that {||z, — p||* + ||yn — ¢||*} is monotone decreasing, then {||z, — p||* + ||y — q||*}
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is convergent, thus

Tim [(|2ns1 = Pl + [gner = all2) = (la = Pl + llyn — al|)] = 0.
It follows from (6.2.13) that
(||A*(At,, — Bry)||* + ||B*(At, — Br,)||*) — 0, as n — oc.
Since At, — Br, =0, if n ¢ Q, we have
lim ||A*(At, — Br,)||* = lim ||B*(At, — Br,)||*> = 0. (6.2.14)
n—o0 n—o0
From (6.2.2), we have

[t — anQ = [|(1 = an)ry + apu — anz

= a2llu—z,|]* =0, as n — 0.

= lim |[t, — z,]|> = 0. (6.2.15)
n—0o0
Similarly, we have
. . 2 _
Tim {jry, — ynl* = 0. (6.2.16)
Also, from (6.2.2), Lemma 2.3.6 (iii) and Lemma 2.3.6 (iv), we have that
lun = plI* = [|Prows,g, (I = 6,V f1)(tn — A" (At, — Bry)) — pl|*
< <un —Dp,tn — ’ynA*<Atn - Brn) - p>
1

sllun = pII” + lltn = 1 A" (At = Bra) — |l

i~ (n — 70A* (Al — Bro) —p)|
< gl = pIP + lltw = I + 214" (At — B

¥l — pllIIA° (At — Bry)|

(i = tal P+ A (At = BrI? = 23ty — 0, A° (At — Br))
= 2 lln = Bl + It — DI + 230l 6 — plIIIA* (At — Br)

—||un — 15n||2 + 279, (uy, — t,, A*(At,, — Bry,))]

1 *
< Sllun — PP + [tn = pII* + 29nlltn — pl||[|A* (AL, — Bry)||
—||un — thQ + 29| |un — o ||[| A" (At — Bry)||]
1
< Sl —plI? + (1 — o)z — pII> + anllu — p|
+27 [t — pl|[|A* (At — Bry)|| — |[un — tn||2
+27n|[un — tol|[| A" (At — Bry)|[]
1
< Sllua = plI* + [[zn = pl|* + anllu — pl”
+27n[tn — pll[|A" (AL, — Br,)||
—||un — thQ + 29 |[un — tal|[|A" (At — Bry)l|], (6.2.17)
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which implies

lun = pII* < Nwn = pl* + anllu = p|* + 29| [wn — pll||A*(At, — Bra)]|

|t — tal|* + 27|t — ta||[|A* (At — Bry)||. (6.2.18)

From (6.2.10) and (6.2.18), we have

|znsr = pI* < Mo = pIIP + anllu = p|* + 29[ [tn — 27[||| A (At, — Bry)|
—||un — tn||2 + 29 |[un — tal|[|A" (AL, — Bry)||. (6.2.19)

Similarly, we have

g1 = all® < lyn = dll* + anllo = gl|* + 29[l = gl|||B*(At, — Br, )|

—[|vn = Tl + 27 |vn — ||| B* (At, — Bry)|l. (6.2.20)

Adding (6.2.19) and (6.2.20), we have

1201 = DI+ llyarr = dl* < Jlon =PI + [lyn — all” + anlllu = plI* + [[v = gl |]
+2[|[tn — 27[|[[A" (At — Bry)||
+lrn — y*||B* (At — Bry)|]
—[[|un — th2 + |on — Tn||2]
+2m[|[un — tal[|| A" (AL, — Bra)||

+||vn — ||| B* (At,, — Bry)l]]- (6.2.21)

Using (6.2.14) together with the fact that oy, — 0, as n — oo in (6.2.21), we have
lm [||un, — ta||” + [Jvn — ral ] =0,
n—oo

which implies

. . 2 _
nh_}r& ||y, — to]|* =0 (6.2.22)

and
lim ||, — r||* = 0. (6.2.23)

n—oo

Observe that since T is demicontractive and p € F(T'), so we have

|Tx — pl|®

— (Tx—p, Tz —p)

— (Tx—p,Te—z)+ (Tx —p,x —p)
= (Tx —p,Tx — )

— (Tx—z,Tx—z)+ (x —p,Tx — x)
| T2 — ||

— (1 —k)||Tx — z||?

(VAN VAN VANNE VAN VARSI VARSI VAN
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[l = plI* + ku[lw — T

(@ —p,x—p)+ kal|w — Tl
(@ —p,x—p)+ kul[w — Tal?
(x = Tw,z —p) + ki|lw — Tl
(x — T,z — p) + killz — Ta||”
(x —p,x—Tz) — (x —p,Tx — ) + ky||z — T|?
2

(x —p,x—Tx). (6.2.24)



From (6.2.2) and (6.2.24), we have

|z —plP = 11 = Gu)un + G Tup — plf?

[t — P+ Cu(Tup — un)||2

[lun = pII* + GlITun — w|[* = 26 {un — p, wn — Tun)

< fun _pHQ + C,%HTUn - unHZ — (1= k)Gl Tun — unH2

[l = pII* + GG = (L= Ea))[Jup — T . (6.2.25)

Similarly, we have that

11 = all” < lJon = all* + u(thn = (1 = K2))[[vn — Svg . (6.2.26)

Adding (6.2.25) and (6.2.26), we have

tn =PI + [Jon = ql]? + (G = (1 = E) || Tun — unl|?
¢n<¢n(1 - k2))||vn - Svn||2

[tn = Pl + l1rn = all* + GG = (1 = E)[|Tun — unl]?

Un (P — (1= k2))[|[vn — Sva|[”

(1= a) [llzn = pI1* + llyn — alPP] + an[llu = plI? + [l — q|[?]
(G — (1 = k) ||un — Ty |

+Un (Un, — (1 — k)| |vn — Sval| [ (6.2.27)

Let K = Gu((L — k1) = Gu)llun — Tun|[* + ¢ (1 = k2) — ¥n)|[vn — Sval[*,

1z =PI + [[ynsr — gl l”

+ IN + IN + DA

then

Ko < (U= o) [lln = pIP + 119 = al’] = (e = oI + llynar = all?]
+ap [|Ju—p|P +[lv —¢|[’] =0, as n — oo,

which implies
||un - Tun”2 + ||Un - S'UnH2 — 07 n — o0.

That is
Jim {Ju, — Tu,||> =0, (6.2.28)
and
Tim v, — Sv,||> = 0. (6.2.29)
From (6.2.28), we have
Tim [z =] = lm Golfun = Tunl[ = 0. (6.2.30)

Similarly, from (6.2.29), we have

im ||ypt1 — || = lim ¥y||v, — Sv,|| = 0. (6.2.31)
n— o0 n—o0
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From (6.2.15) and (6.2.22), we have ||z, — u,|| < ||zn — ta|] + ||tn — un|| — 0,
which implies that

lim ||z, —u,|| = 0. (6.2.32)
n—oo

Similarly, from (6.2.16) and (6.2.23), we have
lim ||y, — va|| = 0. (6.2.33)
n—oo

Also, from (6.2.30) and (6.2.32), we have

|2nsr = @nll < [2n41 = wnll + [fun — 20l =0, as n— oo

;vhich implies that

71113010 ||Zni1 — zn|| = 0. (6.2.34)
Similarly, from (6.2.31) and (6.2.33), we have

Jim {lgni1 = ynll = 0. (6.2.35)

Since {x,} is bounded, there exists a subsequence {z,, } of {z,} such that {z,, } converges
weakly to z € Hy. By (6.2.32) and (6.2.15), we have that {u,} and {¢,} converges weakly
to  and by the demi-closeness of I — T at 0 and (6.2.28), we have that z € F(T). Since
{yn} is bounded, there exists a subsequence {yy, } of {y,}) such that {y,, } converge weakly
to y € Hy. By (6.2.33) and (6.2.16), we have that {v,} and {r,} converge weakly to y
and by the demi-closeness of I — S at 0 and (6.2.29), we have that § € F(S).

Also, since A and B are bounded linear operators, we have that {At,} converges weakly
to Az and {Br,} converges weakly to BY.

Next, we show that Az = By.

|Az — By||* = (Az — By, Az — By)
(Az — By, Az — By + At,, — At,, + Br, — Bry,)
= (Az — By, Az — At,) + (Az — By, At, — Bry,) + (Az — By, Br,, — BY)
(Az — By, Az — At,,) + (Az, At,, — Br,) — (By, At, — Bry,)
+(Az — By, Br,, — By)
= (A7 — By, Az — At,) + (z, A*(At,, — Br,)) — (y, B*(At,, — Bry,))
+(Az — By, Br,, — BY)
< (AT — By, AT — At,) +|[3]|||A*(At, — Bry)|| + ||3]]]|B*(At, — Br,)]|
+ (AZ — By, Br, — By) — 0,n — o0,

which implies that ||AZ — By|| = 0. Hence Az = By.

Let p, = t,, — v, A*(At, — Bry,).
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Then ||pn — to||* = 1 2||A*(At, — Br,)||*> = 0 as n — oo,
and
lun, — Pull < |ltn — tall + |t — ol = 0 as n — oc. (6.2.36)

We get from (6.2.36) that

|\proxs, g, (Pn — 0,V f1(Pr)) — pul| — 0. (6.2.37)

Similarly, if we let a,, = r,, + 7, B*(At, — Br,), we obtain
|\proxs, g, (an — 0,V fao(an)) — an|| — 0. (6.2.38)

n) C Y. There

Hence by Lemma 2.3.13 (demiclosedness principle) we have w,(p,) = w,(x
z € Y. By similar

exists a subsequence {z,, } of {z,} such that z,, — =z, for some
argument, we get y € Y. Hence (z,7) € Y.

Next, we show that ({x,},{y,}) converges strongly to (Z, 7).

From (6.2.12), we have

|2n1 = Z[* + Ny —l1* < ltn = 2|7 + [ — 9l
= (I —an)?||lzn —2|> + 2||u — Z|* + 2(1 — o) (T, — T, u — T)
+(1 = an)?[lyn — 911> + aillv = gl* + 201 — an)an(yn — 4,0 — )
(1- O‘n)Q [Hxn - f||2 + |[yn — ﬂ||2] +ap [anHu - j||2
+ 2(1 — ap){wy — Z,u — T) + apl|v — g2
+2(1 — o) (yn — 7,0 — )] (6.2.39)

IN

Since lim sup(x, —Z,u—2) < (p—z,u—z) < 0 and limsup(y,—v,v—9) < (¢—y,v—y) <0,
n—o00 n—00

applying Lemma 2.3.14 to (6.2.39), we have that ({z,}, {y,}) converges strongly to (z, 7).

Case 2. Assume that {||z, — p||* + ||yn — ¢||*} is not monotone decreasing. Set I',, =
\|zn, — pII* + |lyn — q||* and let 7 : N — N be a mapping defined for all n > ng (for some
large ng) by

7(n) :=max{k e N: k <n,I'y <Tp}.

Clearly, 7 is a non-decreasing sequence such that 7(n) — oo, as n — oo and
Ly < Trgny41, Ve 2 no.
From (6.2.13), we have
& (JJA* (At = Bro)I2 + 1B (At = Broa)l2) < (1= o) l1ray = pIP + [ — all?
~llzrmyer =PI + vz — alf?]

+orw[llu = pl* + [Jv — pl]?]
armlllu—pl2+ v —ql|¥].  (6.2.40)

IN

Therefore,

A*(Atrn) — Bren) 24 ||B* Atrn) — Br(n) — 0, as n — oo.
(n)
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Note that AtT(n) - BTT(n) = 0, if T(n) Q/ Q.

Hence,

Tim [|A*(At ) — Breg)|[* =0, (6.2.41)
and

Tim | B*(Atrn) — Br.m)|]? = 0. (6.2.42)

Using the same argument as in case 1, we have ({z;(m)}, {yrm)}) converges weakly to
(z,9) €T
Now for all n > ny,

0 Hzrmy+1 =PI + Nyrey+1 — all?] = [|zrey =PI+ [Yrm) — all]
(1 = v ey = ZI* 4+ [yrey — GIP] = [lzr@my = 2IIZ + [|yr@) — al ]

+or(lorlllu = 2l + [l = 7117 + 21 = o) (@) = Ty = T) + (Yrw) — F:0 = D)),

IA A

which implies

Nzrny = 2|17 + |yrey — 917 < arlllu—Z])* + |Jv = 9l1*] + 2(1 — arny) ((2r(n) — T, u — T)
+<y7(n) — Y,V — g>) — 0.

Hence
Jim (Il = 71+ gy = 511P) = 0.

Therefore,
lim FT(n) = lim FT(n)—i—l = 0.

n—oo n—oo
Moreover, for n > ny, it is clear that I'; () < I'zy41 if n # 7(n) (that is 7(n) < n) because
[;>T4 for7(n) +1<j<n.
Consequently for all n > ny,

0 <T, <max{l';x), Fr(n)+1} = Loyt

Thus, lim,, . Iy, = 0. That is {(x,, y,)} converges strongly to (z, 7).
[

Corollary 6.2.2. Let H,, H,, and Hs be real Hilbert spaces Let T : Hy — Hy, S :
Hy — Hy be two nonexpansive mappings such that I — S and I — T are demi-closed at
0. Let f; and g; (1 = 1,2) be two convex and lower semicontinuous functions such that
fi: HH — R and fy : Hy — R are differentiable with Li- and Lo- Lipschitz continuous
gradient, g, : Hi — R and g : Hy — R be simple maps and A : Hy — Hs, B : Hy — Hj3
be bounded linear operators. Assume that the solution set T # O and let the step-size

2|| Aty — Bry||2 B
Tn € (67 A AT —Br P15 (AL B~ €) " € &

otherwise, ~v, = (v being any nonegative value), where the set of inderes Q = {n :

At, — Br, # 0}.
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Let u,xg € Q1 and v,yy € Qo be arbitrary and the sequences {(x,,,yn)}) be generated by

(t, = (1 — ap)z, + apu

rn = (1 — a,)yn + anv

u, = Proxs, 4, (I — 9,V f1)(t, — mA*(At, — Bry))
vy, = Proxs, g, (I — 0,V fa)(rn, + 1 B*(At, — Bry,))
Tpr1 = (1 = Cu)up + G Ty,

(Un+1 = (1 - ¢n)vn + Sy,

(6.2.43)

where {0, } is a sequence of positive real numbers and {c,}, {¢,} and {1, } are sequences
in (0,1), with conditions

¢ limy, o, =0, Y07y, = 00,
it Cp € (a,1 — k1) € (0,1) for some a >0,

iii Y, € (by1 — ko) C(0,1) for some b > 0.

Then {(zn,yn)} converges strongly to (z,y) in Y.

Corollary 6.2.3. Let Hy, H,, and Hs be real Hilbert spaces. LetT : Hy — Hy, S : Hy —
Hy be kyi-strictly pseudocontractive and ko-strictly pseudocontractive mappings respectively
such that I —S and I —T are demi-closed at 0. Let f; and g; (i =1,2) be two convex and
lower semicontinuous functions such that f; : Hi — R and fo : Hy — R are differentiable
with Ly- and Lo- Lipschitz continuous gradient, g, : Hy — R and g, : Hy — R be simple
maps and A : Hi — Hs, B : Hy — Hj be bounded linear operators. Assume that the

. . —_ ’r’n 2
solution set T # () and let the step-size 7y, € (e, ||A*(Atn—BQT!L?ﬁg-FﬁB*'('Atn—Brn)H2 — e) ,n €N

otherwise, v, = (v being any nonegative value), where the set of inderes Q = {n :
At,, — Br, # 0}.
Let u,xg € Q1 and v, yg € Q2 be arbitrary and the sequences ({x,}, {yn}) be generated by

(t, = (1 — an)z, + apu

rn = (1 — )y, + anv

un, = Proxs, 4, (I — 9,V f1)(t, — A" (At,, — Bry))
vy, = Proxs, g, (I — 6,V f2)(rn + v B*(At,, — Bry))
Tor1 = (1 = Co)un + G Ty,

 Un+1 = (1 - ¢n)vn + YnSvy,

(6.2.44)

where {0, } is a sequence of positive real numbers and {c,}, {¢,} and {1, } are sequences
in (0,1), with conditions

. . x
i limy, oo 0, =0, D 7 @, = 00,
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i Cn € (a,1 — k1) € (0,1) for some a >0,

@i Y, € (b1 — ko) C(0,1) for some b > 0.

Then {(xn,yn)} converges strongly to (Z,y) in Y.

6.2.1 Application to the split equality monotone variational in-
clusion problem

Let Hy, Hy and Hs be real Hilbert spaces, A : H; — Hz and B : Hy, — H3 be two bounded
linear operators. Let f, : Hy — Hy, fo : Hy — Hs be ay, (respectively, as)-inverse strongly
monotone mappings and M; : H; — 281 M, : H, — 22 be maximal monotone mappings.
The split equality monotone variational inclusion problem (SEMVIP) is to find z* € H;
and y* € H, such that

0 € foly") + Ms(y™), and Az = By". (6.2.46)

Let SOL(f;, M;), (i = 1,2) be the solution set of SEMVIP. The operator JMi(I — \¢) (i =
1,2) is an averaged nonexpansive operator and F(Ji(I — \f;)) =SOL(f;, M;), i = 1,2,
where 0 > 0, A € (0,2a) and J¥i(I — \¢) is the resolvent of M; with parameter o (see for
example [0, 130]).

Averaged nonexpansive mapping with nonempty fixed point set is also quasi-nonexpansive.
In Corollary 6.2.2, if we let T = JM(I — \f;) and S = JM2(I — \f,), then we obtain a
strong convergence result for approximating a common solution of SEMVIP and SEMFPP.

6.3 Split equality for monotone inclusion problem and
fixed point problem in real Banach spaces

In this section, we study the following problem:

Let X7, X5 and X3 be p—uniformly convex Banach spaces which are also uniformly smooth
and A : X; — X3, B: X5 — X3 be bounded linear operators. Let M; : X; — 2%, N; :
Xy — 2% 4 =1,2,...,m be multivalued maximal monotone mappings and 7 : X; — X1,
S : Xy — X5 be right Bregman strongly nonexpansive mappings: Find z € F(T) and
y € F(S) such that

0 € M;(z), (6.3.1)
0 € N;(y) and Az = By. (6.3.2)
Furthermore, motivated by the recent work of Shehu et al. [179] we propose a new iterative

algorithm and using the algorithm, we state and prove a strong convergence result for the
approximation of a solution of problem (6.3.1)-(6.3.2).
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6.3.1 Main result

Theorem 6.3.1. Let X1, Xy and X3 be three p-uniformly conver Banach space which are
also uniformly smooth and A : X1 — X3, B : Xy — X3 be two bounded linear operators.
Let M; : X1 — 251, N; : Xy — 2% 4 = 1,2, ....m be multivalued mazimal monotone
mappings and T : X1 — X1, S : Xo — X5 be right Bregman strongly nonexrpansive map-
pings such that F(T) = F(T) and F(S) = F(S). Suppose that T # 0 and {a,}, {Bn}, are
sequences in (0,1). Let u,zo € X1 and v,yo € Xs be arbitrary and the sequence {(xn,yn)}
be generated by

(v, = Resg‘Nm o Res?)Nm—l 0---0 Res;‘N1 J(}XQ *[Jéxg(yn) + tnB*JZfQ(Axn — Byn)} :
Uy = R?}Mm o Resﬁj‘/["“1 0---0 Rengl J(;Xl [Jz;xl(xn) — tnA*J;Q” (Az, — Byn)} :
wy, = Jg ? [(1 — ﬂn)JXQ(vn) + ﬁnJXQSvn} :
2= J 0 [(1 = B) 5 () + Bud T
Ynt+1 = JqXS [anJ;(Q( )+ (1 —ay JXan} ;

( Tnt1 = J&Xf [ S () 4+ (1 — @) N 2]

(6.3.3)

with conditions
(i) lim, o v, =0,
(it) D0y an = 0,
= T
(iii) 0 <t <ty <k < (st )"0 <t <t <k < (sptam)
(iv) B, € (a,b) for some a,b € (0,1).
Then {(x,,yn)} converges strongly to (z,y) € T.

Proof. Let (z*,y*) € T, ™ = Res;‘Mm o Res;\Mmfl 0---0 Resl’}Ml, where ®° = J and U™ =
ResyNmoResyNm-1o- - .oRes)y™ where U = I. Let a,, = quf [J;fl (zn) — t, A" T (Az,, — By,)]

and
b, = J(}X; [JX2(yn) + tn B*JX3 (A, — Byy)]. Then, using (2.1.25), (6.3.3) and Lemma
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2.1.27, we have
Ap(up, %) = A @™ TS [T (@0) — 8, A" T (A, — Bya)] ,2")
<A@ [ ) — 0,A S (Av, — By,)] a”)

A (JXl [J Yx,) —t A*JX“(A:B,L Byn)} , ")
= gHJfl (xn) = tn A" T3 (A — Byn)||* = (J3 (), 27)

1
(A", S (A, = Bya) + |||

1 ‘ C,(t,||AlY
1
— (" (wn), %) + ]‘DHQ;*HP + to(Aa*, J5* (Az, — By,))
]- * ]‘ * * 3
— 5|]a:n||p — (Jfl(xn),x )+ ]—?||x I|P + t,(Az* — Az, JI‘,X (Azx, — By,))
C,(t,||Al])Y
Gl A" s~ By
= Ay(x,,2")+ tn<J:(3(Axn — By,), Az* — Ax,)
ta|lAlY
+Cq( (‘]| H) HAIL’n—Byan (634)

Similarly, from (6.3.3) and Lemma 2.1.27, we have

Ap(Un,y*) < Ao y") — tal 2 (Ax,, — Byn), By* — Byy)

tn||Bl])?
—i—&ﬂflmn — By, |[P. (6.3.5)

Adding (6.3.4) and (6.3.5) and using the fact that Az* = By*, we have
Ap(tn, ) + Ap(vn, ") < Ap(@n, %) + Ap(Yn, y*) — tn<J;(3(Aa:n — By,), Az, — By,)
Cy(tn]|A D,(t.||B||)?

(A, DD

= Ap(xnv )+ A (ynv )
Caltnl|A[)T | Dy(tn]|B]])?
- [tn - ( + . )} ||Az,, — By,[(6.3.6)

q

||Az,, — By

Using condition (iii) in (6.3.6), we have
Ap(tn, %) + Ap(vn, y*) < Ap(@n, ™) + Ap(yn, y"). (6.3.7)
From (6.3.3) and (2.1.24), we have
Dyl a®) = By (JT (1= Ba) T un + BT Ty ] 27
(1 — Bn)Ap(un, %) + By (Tuy, ™)

(1 = Bn)Ap(un, ") + By (Tuy,, ™)
Ap(tp, "), (6.3.8)

VANVANRVAN
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Similarly, we have
Ap(w’na y*) S Ap(vna y*) (639)
From (6.3.3) and (6.3.8) and (2.1.24), we have
Ap(tnen, @) = Ay (I3 [on ) () + (1= an) [ 2], 27)
< @Ay (u, ") + (1 — ) Ap(2n, %)
< apAp(u, ™) + (1 — a)Ap(up, )
(6.3.10)
Similarly, from (6.3.3) and (6.3.9), we have
Ap(Ynt1,¥") < anAp(v,y") + (1 — o) Ap(vn, y%). (6.3.11)
Adding (6.3.10) and (6.3.11) and using (6.3.7), we have
Ap(@ni1,27) + Bp(Yni1,¥") < an [Ap(u, 27) + Ap(v,47)]
an [Ap(u, %) + Ap(v, y7)]
max{A,(u,z") + A, (v, y"

Ap(tn, %) + Ap(vn, y*)]
Ap(znv )+A (Yn, "))

INIA A

max{A,(u, z") + A, (v,y"), Ay(zo,2") + Ay(yo,y")}. (6.3.12)

Therefore, { A, (2, 2*)+A,(yn, y*)} is bounded and consequently, { A, (uy, 2*)+A,(v,, y*)},
{z,}, {yn}, {un}, {vn}, {Az,} and {By,} are all bounded.
Also, from (6.3.3) and inequality (2.1.23) with y* = —ay,(J;* (u) — J;**(2*)), we obtain
Ap(Tpy1,2%) = A, (J;q [OszXI( )+ (11— an)Jxl(zn)] ,:c*)

=V (andy (u) + (1 — @) Iy (20), 27%)

< V (O‘RJ;Q( )+ (11— O‘ﬂ)‘];(l(zn) - an(JX1< ) — J;ﬁ (%) 7x*)
—(=an (T () = Syt (@), I eyt (u) + (1 = ) T3 (20)] — %)
Vp (a2 (@) + (1 ozn)JXl(zn) o) + o (X (w) — T
Ay (15 [on T (@) + (1= ) ;1 (z0)] ) + 0 (1 (u
an Ay (2", %) + (1 — ) Ay (20, ) + an<Jf1 (u) — Jfl(:ﬁ*
(1 — ) A (2, ) + (S (u) — J;fl ()

)

l’*), Tp+1 — $*>
- J;ﬁ (x*)7xn+1 - J}*>

y Tn41 — .CE*>
 Tpy1 —T7). (6.3.13)

p

(1 — an)Ap(tup, x*) + an(Jfl(u) — Jfl (x*

INIA A

Similarly, we have
Ap(Yni1:9*) < (1= an)Ap(0n, y*) + {2 (0) = L2 ("), Y1 — y). (6.3.14)
Adding (6.3.13) and (6.3.14), we have
Ap(@ni1,77) + Bp(Yni1,y") < (1= an) [Ap(un, 27) + Ap(0n, y7)]
+on [(J7 (u) — J,f(l (%), i1 = 27) + (72 (V) = T2 ("), Y1 — y7)]
< (1= an) [Ap(@n, %) + Ap(yn, y7)]

- J;ﬁ(SE >7$n+1 - x*>

(2 (0) = L) Yo — ) |- (6.3.15



We now consider two cases to establish the strong convergence of {(z,,y,)} to (Z,7).
Case 1. Suppose that {A,(z,, z*)+A,(yn, ¥*) } is monotone non-increasing, then {A,(z,, %)+
Ay(Yn,y*)} is convergent. Thus,

lim [(Ap(Zn1,27) + Bp(Unt1, 7)) = (Bp(wn, 27°) + Ap(yn, y*))] = 0.

n—o0
From (6.3.8), (6.3.9), (6.3.10) and (6.3.11), we have

(Ap(tn, @) + Ap(n, ¥*)) — (Ap(wn, %) + Ap(20,Y7))

(Ap(tn, %) + Ap(vn, ")) = (Bp(@nt1,2") + Bp(Uns1,¥7))

+ (Ap(@n41,77) + By (Yns1,Y7)) — (Bp(wn, 27) + Ap(2n,y7))
(Ap(Tn, ) + Ap(Yn, ¥*)) — (Dp(@nt1, 27) + Ap(Ynt1, 7))

Fon (Ap(u, %) + Ap(v,y*)) + (1 = o) (Ap(un, %) + Ap(va, y))
— (Ap(tun, ") + Ap(vpn,y*)) — 0, as n — oo,

0

IN
g

which implies

lm (Ap(un, 2*) — Ap(zn, 2")) = lm (Ap(vn, y*) — Ap(wn,y*)) = 0. (6.3.16)

n—o0 n—oo

Also, from the definition of z,, we have

Ap(zn, ") = A, (J;q ((1 - Bn)sz(l(un) + ﬁnJ;ﬁ (Tun)) ,x*)
< (1= Bn)Ap(tn, %) + BnAp(TUy, x¥)
= Ap(tup, %) + By [Ap(Tup, ) — Ap(ty, "))
(6.3.17)

Also, from (6.3.16), (6.3.17) and condition (iv) we obtain
B (Ap(tn, ) — Ap(TUn, %)) < Ap(tn, z°) — Ap(zn, ") = 0, as n — co. (6.3.18)

Since {f,} is bounded (see condition (iv)), we have

lim (A, (up, %) — Ap(Tu,, %)) = 0. (6.3.19)
n—o0

Similarly, we have
lim (A, (vn, y*) — Ap(Svn,y*)) = 0. (6.3.20)
n—o0

Since T" and S are right Bregman strongly nonexpansive mappings, then from (6.3.19) and
(6.3.20), we have
lim A, (Tup, u,) =0

n—oo

and
lim A,(Sv,,v,) =0

n—oo

respectively, which implies

lim ||Tu, — uy|| =0 (6.3.21)

n—o0
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and

lim ||Sv, —v,|| = 0. (6.3.22)
n—o0

From (6.3.6) and (6.3.13), we have

q q
[tn_ <Cq(tn||A||) L Da(talBI) ﬂ | Az, — Buyn||?
q q

< (Ap(@n, 27) + Ap(yn, y7)) — (Bp(un, 27) + Ap(vn, 7))
= (Ap(xm ) (ym )) (Ap(xn-i-la ) + A (yn-&-l’y*))
+ (Ap(2ntr, @ )+ Ap(yn+1,y7)) = (Ap(un, %) + Ap(vn, y7))

IN

(Ap(Tn, ) + Bp(Yn, ¥*)) — (Dp(nt1,2%) + Ap(Ynt1, 7))
+(1 = an) (Ap(Un, %) + Ap(vn, ¥*)) — (Ap(tn, %) + Ap(vn, y"))
o, [(LX(w) = LX(2*), By — 27) + (T2 (0) = IX2(y7), Ynrs — 7))
= (Ap(wn, ") + 4, (yn, ¥") — (Ap(Tnt1, 2°) + Ap(Ynt1,¥"))
+an (1 @), Tngn — 1) — Ap(up, )
(

u) — ")
o (2 (v) — JXQ( Vo Uni1 — YY) — Dp(vn, y*)) — 0, as n — oo.

That is,

Alhe D Bl|)?
i [ - (Gl DUEDY g o

Since 0 < t(l _ (chq*(HAu)q L Dqkq*I(HBH)q» < (tn— <0q<tnuAH>q n Dq<tn||BH>q>>’ wo

q q q q

have

lim ||Az, — By,||’ = 0. (6.3.23)
n—oo

From the definitions of a,, and b,,, we have

00— FSll = 0 () — AT (A — By) — I )
< [T, (Azn — By,

1

q a1
< |A*|[[| Az — Byal| > 0, n — oc.
Qmmw)

Since J, ' is norm to norm uniformly continuous on bounded subsets of X7, we have

lim ||a, — z,|| = 0. (6.3.24)
n—oo

Similarly, we have
Tim {[b, — ynl| = 0. (6.3.25)
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AMm

Since Res,™™ is a right Bregman firmly nonexpansive mapping, we have

A, (ResyM™ (@7 ay,), %) + A, (2%, Resy)™ (@7 1ay)) + Ap(P™ ' an, Res)™™ (97 1a,)) + Ay(a*, 2%)
< AP Hay, 2%) + A, (2, Res)M ™ (@7 1ay,))

which implies
A, (Resy™™ (9" ay,), %) + A, (27 ay, Res) M (9™ a,,)) < AL (O™ ay, 27).
That is,
AL (D" a,, ®Ma,) < AL (P a,, zt) — Ay (P ay, ). (6.3.26)
Similarly, we have
Ap(UV,, WD) < AL(IN ) — AUV, ), (6.3.27)
Adding (6.3.26) and (6.3.27), we have

Ap(®" ay, D" a) + Ay (TN D, WD)
Ap(q)mfl(lm Sﬂ*) + Ap(\I/Nilbna y*) - (Ap<q)man7 :L'*) + AP(\IJme y*))

< Ay(an, )+ (n,y*) (Ap(@™ay, z*) + Ap(¥NVb,, y)) (6.3.28)
< (Ap(@n, ) 4+ Ap(Un, y) = (Ap(@™an, ) + Ap (¥ by, "))
= (Ap(zn, ") + (yn, ) = (Ap(@ns1,27) + Bp(Ynt1,97))
+ (Ap(Tn+1,27) + Bp(Yns1,¥7)) = (Bp(n, &) + Ap(vn, y7))
< (Bp(@n, 7)) + Ap(Yn, ¥7)) = (Bp(@nt1, 2) + Bp(Ynr1,¥7))

")
(1 = an) (Ap(un, @) + Bp(vn, 47)) = (Bp(un, %) + Ap(vn, y"))
e (7 () = Ly (@), @ — 27) + (T2 (0) = T2 (0"), Ynr — )]
= (Ap(an, 27) + Ap(Yn, ¥7)) = (Ap(nt1, 27) + Ap(Uns1,97))
+au (( ;(l(u JXl(
(

) — ) Tngr — x7) = Ap(un, 7))
o (L2 (0) = L2 Y), Yni1 — ¥*) — Ap(vn,y")) = 0, as n — oo,  (6.3.29)

which implies

lim A, (" ta,, ®"a,) = lim A,(TV1b,, ¥Vb,) = 0. (6.3.30)

n—oo n—oo
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By the same argument as (6.3.26)-(6.3.28), we have

Ap(@™ 2y, @ ay) + A (U ?h,, U T,)
Ap(an, %) + Ap(bn, y*) — (Ap<(1)m L, @ ") + Ap(\PNilbmy*))
(Ap(xm )+ A (?Jm ") — (Ap(q)mamx*) + Ap(\I/me y*))
= (Bp(@n, %) + Bp(yn, y7)) = (Ap(ngr, 27) + Ap(Yns1,47))
+ (Ap(Tn+1,27) + Dp(Ynt1,Y")) — (Ap(tn, ) + Ap(vn, y7))
(Ap(@n, 2%) + Ap(Yn, ¥7)) = (Bp(Tns1, 27) + Dp(Ynt1,97))
+(1 = an) (Ap(un, %) + Ap(vn, ¥7)) = (Ap(un, 2°) + Ap(vn, y"))

IA A

IA

o [(J7 () = T (@), @nsr — @) + (L2 (0) = L2 (Y")s Ynsr — 47)]

= (Bp(@n, 2) + Bp(yn, ¥7)) = (Bp(Tns1,77) + Ap(Ynt1,47))
+Oén(< U JXl( )axn-i-l_x) AP(“H’x*))

which implies

lim A, (@ %a,, ®" ta,) = lim A, (¥ 2p,, UV 1p,) = 0.

n—oo n—oo

Continuing in the same manner, we have that

lim A, (™ ?a,, ®" ?a,) = -+ = lim A,(®'a,, P%a,) = lim A,(a,, ®'a,)
n— 00 n— 00 n—00

and
lim A,(VY?a,, WV 2%q,) = - = lim A,(V'a,, ¥2a,) = lim A, (a,, ®'a,) =
n—o0 n—o00 n—o0

From (6.3.30), (6.3.32), (6.3.33) and (6.3.34), we can conclude that

lim A (<I>l Ya,, ®'a,) =0, 1=1,2,...,m,

n—oo

lim A, ("', ¥"b,) =0, r=1,2,...,N.

n—oo

Which implies

lim ||®'a, — &' ta,|| =0, 1=1,2,...,m,

n—oo

lim [|[U"b, — U™ 'b,||=0, r=1,2,...,N.
n—o0o

Also, we have that
lim ||a, — ®(a,)|| = 0.

n—00

Hence,

T () -
Fan({T2(0) = T2 ), gt — ) — Ap(vay)) > 0, as n— o,

(6.3.31)

(6.3.32)

= ((6.3.33)

(6.3.34)

(6.3.35)

(6.3.36)

lim [[a, —u,|| < lim [||a, — @ ay,|| + [|®'a, — PPan|| + -+ + ||[®" ' a, — u,||] —03.37)
n—00 n—r00
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which implies

nh_}r{)lo llan — uy,|| = 0. (6.3.38)
Similarly, we obtain

lim ||b, — v,|| = 0. (6.3.39)

n—oo

From (6.3.24) and (6.3.38), we have

lim ||z, —u,|| = 0. (6.3.40)
n—oo

Similarly, we have
nll_{l;lo ||yn - Un|| =0. (6'3'41)

Also we have

lTn — wn + wp — Tup + Ty — Ty |
Hxn - Un” + Hun - T“ﬂ” + ||Tun - Tan
2up = wpl| + [Jun — Tyl

|2n — T, ||

IAIA

Hence from (6.3.21) and (6.3.40), we obtain

lim ||z, —Tx,| =0. (6.3.42)

n—oo

Similarly, from (6.3.22) and (6.3.41) we obtain

Tim |y, — Synl = 0. (6.3.43)

Since J;** and JX* are uniformly continuous on bounded subsets of X and X, respectively,
we have from (6.3.35) and (6.3.36) that

: X1 gl X1 gl-1 _ _
nh_>nolo|\Jp Da, — O a,|| =0, I=1,2,...,m, (6.3.44)
and
lim |[JX207, — 20 || =0, r=1,2,...,N. (6.3.45)
n—oo

Since {z,} is bounded in X; and X is reflexive, there exists a subsequence {z,,} of {x,}

A

that converges weakly to z. By (6.3.42), we have that z € F(T) since F(T') = F(T). Also
since {y,} is bounded in X, and X is reflexive, there exists a subsequence {y,,} of {yn}

that converges weakly to y. By (6.3.43), we have that g € F(S) since F(S) = F(S)

Next, we show that 0 € M;(z) and 0 € M,.(y), foreachl =1,2,...,mandr=1,2,...,N.
Let i € {1,2,3,..m}. Let (z,7) € G(M,), then n € M., From ®'a, = Res)"(®'"a,),
we have that

Jyrea, € (S + AM,) 9lay,
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which implies

1
3 (o e, — J 1 dla,) € M Pay,.
By the monotonicity of M;, for each [ =1,2,..., m, we have

1
=5 (o, — N dlay,) 2 — Dla,) > 0.
This implies
1
(n,z — dlay,) > <X (sz(lcl)l_lan — Jflq)lan) 2 — @l_lan> i

Since {x,} converges weakly to Z, we have from (6.3.44) and (6.3.40) that

(n,z—1x) > 0.

Hence, by the maximal monotonicity of M;, we have that 0 € M;(Z). Since i was arbitrary,

we have 0 € N, M, (Z).
By similar argument, we obtain that 0 € N2, M,.(¥).
We now show that Az = By.

Since A : X; — X3 and B : Xs — X3 are bounded linear operators,and {z,} and {y,}

converges weakly to z and ¥y, respectively we have that for arbitrary f € X3,

f(Azy) = (f o A)(xn) = (f 0 A)(T) = [(AT).

Similarly
f(Bxn) = (f o B)(yn) = (f o B)(y) = [(BY).

This convergence implies that
Ax, — By, — AT — By.
Also, by weakly semi-continuity of the norm, it follows that
||Az — By|| < lim inf ||Az,, — Byy|| = 0.
That is, Az = By. Therefore (Z,7) € T.
We now show that {(z,,y,)} converges strongly to (z, ).
Ap (2, un) < (1= Bn)Ap(tn, un) + Bnp(Tup, u,) — 0, as n — oo.

Also, we have

Ap(@ntr, ) = ( qX [anJX1 - an)‘]zg(lzn] 7un)
< anAp(u,un) + (1 - ozn)A,,(zn,un) — 0, as n — o0,
which implies
lim ||z,41 — un|| = 0.
n—oo
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Similarly, we have

7}1_{210 [|Yn+1 — vnl| = 0. (6.3.50)

From (6.3.40) and (6.3.49), we have

lim ||z41 — 2,]| = 0. (6.3.51)
n—oo

Similarly, we have
nh_)rglo [Yn+1 — ynl| = 0. (6.3.52)

From (6.3.15), we have

Ap(xn—i-lv Z) + Ap(Yni1, ) < (I—ap) [Ap(xm T) + Ap(Yn, Y]

o (S (u) = JXN(E), tnpa — T)
+<J;f(2 (’U) - J;Q (g)7yn+1 - @) . (6353)

Using Lemma 2.3.14 in (6.3.53), we conclude that {(x,,y,)} converges strongly to (z,7).
Case 2: Suppose that there exists a subsequence {n;} of {n} such that

Ap(@n;, @) + Dp(Uni ¥) < Dp(@ni41,27) + Dp(yn,11,47) Vi €N

By Lemma 2.3.15, we can find a nondecreasing sequence {my} C N such that m; — oo
and for all £ € N, we have

Ap(xmka J]*) + Ap(ymm y*) S A;D(a‘jmug-i-la JI*) + A:D(ymk—i-la y*)

and

Ap(Tr, ) + Ao (U, ¥°) < Ap(Tings1, ) + Ap(Yrmpt1, Y. (6.3.54)

Then, by the same arguments as in (6.3.16), (6.3.17) and (6.3.18), we have that

]}Lrglo | T Uy, — U, || =0 (6.3.55)
and
kh_)rrolo |SUm, — Um, || = 0. (6.3.56)

From (6.3.15), we have

Ap(xmk-i-l: j) + Ap(ymk-i-l; g) < (1 - amk) (AP<Imk7 j) + Ap(ymkv g))
o (10 (w) = T (), 1 — )

) = @) Y = D)), (6:357)
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which implies

QX (Ap(xmm:f) + Ap(ymmg)) < (Ap(l‘mk, ‘f) + Ap(ymmg)) - (Ap(xmk-i-la i‘) + Ap(ymk"rl?g))
i, (0 (W) = @), 21 — 7)

F () = T2 (), Yrs — D))
oy (54 (0) = I (@), 0 — )

HI2) = L2 @) Yo = D)) (6.3.58)

IN

That is

(Ap (@ Z) + DYy, 7)) < ((T () = Ty (@), Byer = T) + (L2 (0) = T2 (), Y1 — 7)) -
Which implies

lim (A, (2, ) + Ap(Ym,,¥)) = 0. (6.3.59)

k—00

From (6.3.54) and (6.3.59), we have
Ap(xknj) + Ap(ykag) < Ap<xmk+17 J_:) + Ap(ymk-i-la g) - 07 as k — o0,

which implies that {(zx,yx)} converges strongly to (z,7). Thus, {(z,,y,)} converges
strongly to (z,y) € T. O

Corollary 6.3.2. Let X1, X5 and X3 be three p-uniformly convex real Banach spaces which
are also uniformly smooth and A : X1 — X3, B : Xo — X3 be two bounded linear opera-
tors. Let M : X; — 2%, N : Xy — 2%2 be multivalued mazimal monotone mappings and
T: X, — Xy, S: Xy — Xy be right Bregman strongly nonexpansive mappings such that
F(T) = F(T) and F(S) = F(S). Suppose that T := {(z,§) € F(T) x F(S) such that 0 €
M(z), 0 € N(y) and AT = By} # 0 and {a,}, {5.}, are sequences in (0,1). Let u, zg € X3
and v, yo € Xy be arbitrary and the sequence {(x,,y,)} be generated by

(00 = Resy™ T3 [T (y) + taB* 1)1 (A, — Bya)]
Uy = Resh™ Jg 0 [JX0(2) — t, AT T3 (A, — Byn)]
Wa = Jo 2 [(1 = Bo) S (00) + B2 S0n] ;

= o [(1= Ba) X (un) + B T
Yny1 = J;q [O‘nJ;(Q( )+ ( — Qn JXQU)n} ;
Tpyr = Jod [oszz;Xl(u) + (1 — ) JXlzn} :

(6.3.60)

with conditions

(1) lim,, o o, =0,
(i) 3 ey Q= 00,
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1 1

q—1 q—1
(iii) 0 <t <t,<k< (m) 0<t<t,<k< (W) ,
(i) B € (a,b) for some a,b € (0,1).

Then {(x,yn)} converges strongly to (z,y) € T.

Recall that in a real Hilbert space, the duality mapping .J, becomes the identity mapping
I. Thus, the resolvent of M now becomes:

Res?™ = (I + AM) Yol = I+ M) = JN.

p

Also note that if H is a real Hilbert space, then H = H*. Using these facts, we obtain the
following corollary in real Hilbert spaces.

Corollary 6.3.3. Let Hy, Hy and Hs be three real Hilbert spaces and A : Hy — Hs, B :
Hy, — Hj; be two bounded linear operators. Let M; : H, — 211 N, : Hy, — 22
1 =1,2,...,m be multivalued maximal monotone mappings andT : Hy — Hy, S : Hy — Hy
be strongly nonexpansive mappings. Suppose that T # () and {a,}, {B.}, are sequences in
(0,1). Let u,zo € Hy and v,yy € Hy be arbitrary and the sequence {(xn,yn)} be generated
by

’Un = J)]\Vm o Jivm_l ©---0 ‘]/J\V1 [Yn + tn B* (A, — By, ;
Uy = JMm o JVm oo MY [, — t, A*(Ax, — Byy)];
Wy, = (1 = Bn)vn + BnSup;
zn = (1= Bp)un + BT up;

Ynt1 = @0+ (1 — ap)wp;

(6.3.61)

(Znt1 = au+ (1 — o) 2,

with conditions

(i) > 7 an = 00,

QHAxn_BynHQ
(iii) t, € (e, 5
||A*(Az, — By,)| > + || B*(Azn, — By,
being any nonegative value), where the set of indezes Q@ = {n : Azx,, — By, # 0},

T e),n € Q otherwise, t, =t (t

(iv) B, € (a,b) for some a,b € (0,1).

Then {(x,yn)} converges strongly to (z,y) € T.
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6.3.2 Application to split equality variational inequality problem
and split equality fixed point problem

Let D: C C X — X* be strongly positive bounded linear mapping with coefficient 7 > 0
and f:C C X — X* be a contraction mapping with coefficient 0 < @ < 1. Then Lemma
2.3.18 also holds in a more general Banach space, i.e., we have that (D —~f) is a monotone
operator in X. Indeed, for all z,y € C'and 0 <~y < I, we obtain

(D=7flx—(D—-vf)y,z—y) = (Az—Ay—(fx— fy),x—y)

(Ar — Ay, x —y) —v(fz — fy,x —y)
Tl =yl = Al fz = fyllllz =yl
7|z —ylI* = vallz -yl

>
>

which implies that (D —~vf)x — (D — vf)y,x —y) > 0.
It can also be shown that (D —~f) is a Lipschitzian mapping. Indeed, Vz,y € C, we have

(D =7f)z =D —=7f)yl-

1Dz — 7 fx — Dy + 7 fyl|«

[Dz — Dyll« + 7| fz — fyll

klz =yl + rallz =yl

(k + ar)|lx —yl, (6.3.62)

IA AN IA

which implies that (D — 7 f) is Lipschitzian with coefficient L = k+ ar. Hence, (D —7f) is
a monotone and L-Lipschitz mapping if 0 <y < . Therefore, if we define M : X — 2X"
by

iy (6.3.63)

where Ngax is the normal cone of C' at x, defined by

Mx:{é)\/cx—i—(D—Tf)x if vecC,

Nex ={w e X" : (w,z —y) >0, Vy € C}.

Then, M is maximal monotone and M~1(0) = VIP(C, D — 7f) (see, for example, [[150],
Theorem 3]), where VIP(C, D — 7f) is the solution set of the variational inequality prob-
lem: Find 2* € C such that

(D—=71f)z",y—2") >0 VyeC. (6.3.64)

Let I'* := {(z,y) € F(T)xF(S), such that (z,y) € (", VIP(C, D, — 7 f))x ("L, VIP(Q, D, — 7))
Then, we state the following theorem for approximating a common solution of split equal-

ity variational inequality problem and split equality fixed point problem, whose proof

follows from the proof of Theorem 6.3.1.

Theorem 6.3.4. Let X, X5 and X3 be three p-uniformly convex real Banach spaces which
are also uniformly smooth and C, @ be nonempty, closed and convexr subset of X1, Xo
respectively. For eachl=1,2,... mandr=1,2,... ., N, let D;:C — X{, D, : Q — X
be strongly positive bounded linear mappings with coefficient 7 > 0 and f; : C — X7,
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Jr 1 Q — X3 be contraction mappings with coefficient 0 < o < 1 such that 0 <~y < ~. Let
T:Xy — Xy, §: Xo — Xy be right Bregamn strongly nonexpansive mappings such that
F(T) = F(T) and F(S) = F(S). Let A: X, — X3, B : X5 — X3 be two bounded linear
operators and T* # (. Let the sequence {(xn,yn)} be generated by Algorithm 6.3.3, then
{(xn,yn)} converges strongly to (z,y) € I'*.

Remark 6.3.5. Our work extend results for split equality monotone inclusion problem
from the framework of Hilbert spaces to the more general p-uniformly convexr Banach spaces
which are also uniformly smooth.

6.4 Solving split equality equilibrium and fixed point
problems in Banach spaces without prior knowl-
edge of the operator norms

Let Hy, Hy and Hj be real Hilbert spaces, C' and () be nonempty closed convex subsets of
H, and H, respectively. Let F': CxC — R, G : @ x ) — R be bifunctions, T": H; — Hy,
S : Hy — Hy be nonlinear operators and ¢ : H; — Hy, 1o — H, be real-valued functions.
The Split Equality Generalized Mixed Equilibrium Problem (SEGMEP) is to find z € C
and y € () such that

F(Z,z)+ (TZ,z — &) + ¢(x) — ¢(T) > 0, YV z € C,
G(,y) + Sy, —9) +¥(y) —¥(y) 20, Vy e Q,

and
AZ = By,

where A : Hi — Hs, and B : Hy, — Hj are bounded linear operators. We denote the
set of solutions for the SEGMEP by SEGMEP(F,G,T,S,¢,1). It is easy to see that
the SEGMEP consist of two generalized mixed equilibrium problems with sets of solutions
GMEP(F,T,¢) and GMEP(G, R, ).

In this section, we consider the split equality problems in p-uniformly convex Banach
spaces which are also uniformly smooth. We propose a simultaneous iterative algorithm for
approximating a common solution of split equality fixed point problem for right Bregman
strongly quasi nonexpansive mappings and split equality generalized mixed equilibrium
problem in p-uniformly convex Banach spaces. We also introduce a choice of stepsize
for our algorithm so that the algorithm does not depend on the operator norms. Our
results in this paper extend and improve the result of Rahaman et al [117] and Karahan
[91] from Hilbert space to more general Banach spaces and many recent results on split
equality fixed point problem and common solution of split equality fixed point problem
and equilibrium problem obtained by many authors in literature.
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6.4.1 Main results

Theorem 6.4.1. Let X;, X5 and X3 be p-uniformly conver real Banach spaces which
are also uniformly smooth, C' and ) be nonempty closed convex subsets of X; and X5
respectively and A : X1 — X3, B : Xo = X3 be bounded linear operators and A* : X; — X}
and B* : X5 — X be the adjoint of A and B. Let F: C xC - Rand G:Q xQ — R
be bifunctions which satisfy conditions (A1)-(A4), S : C — X; and R : Q — X} be
continuous monotone mappings and ¢ : C — R U {+oo} and ¢ : Q@ — R U {+o0} be
convex and lower semicontinuous mappings. Let Ty : C' — C and Ty : Q — Q) be right
Bregman strongly quasi-nonexpansive mappings such that F(Ty) = F(Tl) and F(Ty) =
F(TQ) respectively. Suppose I' := SEGMEP(F,G,S, R, ¢, 0)NF(T1)NF(Ty) # (. Choose
an initial guess xo € X1 and yo € Xo and let {ay,},{Bn} be sequences in [a,b] C (0,1).
For a fitedw € C and v € Q, assume that the nth iterate {(x,,yn)} C (X1 X Xa) has been
constructed, then we calculate the (n + 1)th iterate (Tp41,Ynt1) via the formula:

U = TE T3 (X (@) — ta A" X3 (Az, — Byn)),
Toa1 = g (an X0 (W) + (1 = ) (Bu T X0 () + (1= Ba) I Thwy)),
Un = TG T 2 (I3 (yn) + taB* JX3 (A, — Byy)),
Y1 = Iy 2 (X2 (0) + (1 = ) (Ba 22 (v3) + (1 = Ba) JX2) Tovy)),

(6.4.1)

where the stepsize t,, is choosen in such a way that

A n - B n P qfll
tn6<67< _ q|| Az Yul| - _€> ) neq.
CqHA*JP (Axn_Byn)||q+Qq||B*Jp (Axn_Byn>||q

for small enough €, otherwise t,, = t(t being any nonegative value ), where the set of indices
Q= {n: Az, — By, # 0}. Suppose the following conditions are satisfied:

(1) nli_)rgoozn =0and >, a, = 00,

(it) (1 —an)a< (1—0,),a€c(0,3),

(i1i) 0 < liminf3, < limsupf, < 1,
n—0o0 n—00

(iv) higlogf > 0.

Then the sequence {(x,,yn)} strongly converges to a solution (z*,y*) € I

Proof. Let (z*,y*) € . This means that 7" z* = «*, T1z* = 2*, T%y* = y*, Thy* = y* and
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Az* = By*. Thus, from (6.4.1) and (3.2.3), we have

Ap(tp, z¥) Ap(T,iJ;q(J;(I (@n) — tnA*J;(B(Axn — By,)), ")
A (T (T (@) — 6, A" T3 (A, — Byy)), @)
V(T (1) — £ A" (A, — Byy), o)

IN

1 * *
= 5||J§(1(56n) — ty AT Ay — By, || = (T3 (20), 27)

1
(A" (Azn — Bya), ") + ]gllx*llp

IN

1 C
gHJfl(ﬂ?n)Hq — t(J3 (A, — Byy), Azy) + j]tZHA*JfB(A% — Bya)||?
— (X (), )
1
X * *
+tn<‘]p (A, — Byyn), Az") + 5“37 IS

1 * 1 * 3 *
= lleall = (% ), 2% + et = (5 (A — Bya), Az, — Aa”)

C, .
—|-?th||14 J;Q’(Axn — Byy)||?

= Ay(zn, ") — tu (S} (Azy, — By,), Az, — Az”)

td
+C8 e A, — By (6.4.2)

Following similar process, we obtain
Ap(ny") < Ap(Yn,y*) — tn<JpX3<A$n — Byy), By" — Byn)
+%HB*J;{3 (Ax, — By,)||*. (6.4.3)

Adding (6.4.2) and (6.4.3), noting that Axz* = By*, we have

Al @)+ Byl y") < Ayl @) + Ayl y") = || Ao — Byall?
tat
”q (Col|A* T3 (A, — Bya)||
+Qql| B T (A, — Byn)uq)] (6.4.4)
Thus
Ap(Un, %) + Ap(Vn, ¥*) < Ap(@n, %) + Ap(Yn, ¥¥). (6.4.5)

Also from (6.4.1) and (2.1.24), we have

Ap(Ensr, @) = Ap(JXT () (W) + (1= an)(Bady (un) + (1= B) ) Thwn)), o)
— ( (anJX1 (w) + (1 — ay)Bn JXl(un) +(1—a,)(1— Bn)JflTlun),x*)
< p(uv 2¥) + (1 — an) Bulp(tn, %) + (1 — an) (1 = Bn) Ap(Trug, z7)
< Ap(%ﬂf )+ (1= an) Bulp(un, @) + (1 — o) (1 = B) Ap(up, %)
= Ap(u, ™) + (1 — a)Ap(uy, x¥). (6.4.6)
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Similarly, we have
Ap(Uns1,¥") < anBp(v,y7) + (1 — o) Ap(vn, y"). (6.4.7)
Hence, from (6.4.5),(6.4.6) and (6.4.7), we have

Ap(Tns1,27) + Bp(Ynr1,¥7) < an(Bp(u, 27) + Ap(v,57)) + (1 — an) (Ap(un, 27) + Ap(vn, y7))
< ( p(U, %) + Ap(0,47)) + (1 — an) (Ap(2n, 27)
Ap(Yn,y")) (6.4.8)
< maw{Ap(ua %) + (Bp(v,y7), Ap(Tn, ) + Bp(Yns y*)

< maz{Ay(u, 2%) + (Ap(v, 47), Ap(20, ) + Ap(yo, y7) }

. Thus {Ap(Tni1, 2°)+A,(Ynt1, y*) } is bounded. Consequently, {A,(x,, z*)} and {A,(yn, y*)}
are bounded. It therefore, follows that {x,}, {y.}, {u,} and {v,} are bounded.
Furthermore, from (6.4.1) and inequality (2.1.23), with § = —au,(J,(u)™ — J X' (%)), we
have
Ap(tnin,a”) = Ap(J7 (andy (u) + (1= o) (B (un) + (1 = Ba) Ty Ty, @)
= Vpleny () + (1 = an)(Buy (un) + (1 = Ba) Ty Thun), %)
= Vol (w) + (1 = ) (Budp ™ (wn) + (L= Ba) Ty Thwn) — an (S, (u) — T3 (7)), 27
(35 () = ), T2 (@ T3 () + (1= ) (B2 (1) + (1 = 85 Tyu)
= Vplanp" (2%) + (1= o) (Bu ;" (n) + (1 = Ba) ) Ty ) 27)
o (S (u) — X (a7), gy — )
= A () (@) + (1= an)(Bady (un) + (1= Ba) ) Thtn)), )
o (S (u) — X (a7), gy — )
= A () (@) + (1= an)Bady (un) + (1 = ) (1 = Ba) [ Ty ), 27)
+on () (u) — S (7)), sy — 27)
< anAp(@®, 27) 4 (1= B) By (tn, &%) + (1 = an) (1 = Bn) Ap(Tyun, )
b0 (@) = I @), s — )
< (1= an)Ap(un, %) + an(‘];ﬁ (u) — J;ﬁ (%), Tpy1 — %),

Similarly, we can obtain
Ap(yn—I—la y*) S (1 - an)Ap(vmy*) + O‘n<‘];(2 (U) - ‘];;XQ (y*)v Yn4+1 — y*>

Therefore, from (6.4.6), we have

Ap(xn-i-la x*> + Ap(yn+la y*> < (1 - QN)(AP(Unax*) + AP(Umy*))
—i—an((J];Xl(u) - Jfl (%), Ty — ) + (J;(Q(v) — JI‘,)Q(y*),ynH —y")
< (1= ) (Ap(@n, ) + Ap(Yn, y7))
Fan (T (u) = T (27), g — )
HI2 () = L2 (Y Ynir — ¥7))- (6.4.9)



Now, by setting s, (z*,y*) := Ay(zn, %) + Ap(yn, y*), we divide the remaining proof into
two cases.

CASE 1: Suppose there exists ng € N such that s,(z*, y*) is monotonically non-increasing
for all n > ng. Then {s,(z*,y*)} converges as n — oo and so

Sp(2*,y") — Spp1 (2™, y") — 0 as n — oo.

Moreover, from (6.4.4) we have

tn [HAxn — By,||P — %(CQHA J;(3<A$n — By)[|* + Q| B J;{3(Axn — Byn)||?)
< Dyl t) 4 Aplyort”) — (Al 1) + (Ap(om,5")). (6.4.10)

Putting A, := Cy||A*J3 (Azn, — Byn)||9+ Qq||B* J,*3 (A, — Byy)||9, we have from (6.4.10)

ta!

tn |:||Axn - Byan - n S A;p(xny ) + A (yn) ) - (Ap(una I*> + (Ap(vna y*))

= su(@y") = Snra (2, Y7) + snia (2", y7)
_(Ap(una .T*) + (Ap(vna y*)) (6411)

It follows from (6.4.9) and (6.4.11) and the fact that a,, — 0 as n — oo that

a1

n| < (@ y") — s (@ y) 4 (1= an) (Ap(un, 27) + Bp(vn, y))

(T (u) = T (27), agn — %) + (2 (0) = T2 (Y) Ynsr — ¥)
—(Ap(un, %) + (Ap(vn,y")) = 0, (6.4.12

ta|ll Az, — Bya|l” -

as n — 0o. By the condition on the stepsize t,, we have that

-1 ql| Az, — By,||?
< —
n An 6’

which implies that
tfflAn < q||Az,, — Byn||P — €A,

Thus AL .
tq*
0 < ||Az, — By|)” —
q

Therefore,
Cyl|A* T3 (Axy, — Byn)||* + Qql|B* I (A, — By, )||” — 0 as n — oc.

It follows that

lim ||A*JX (Az, — By,)||? =0, (6.4.13)
n—oQ

and
lim ||B*JX" (Az, — By,)||? = 0. (6.4.14)
n—oo
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Also, we have that

tnl[Azn — Bynl[” < sn(2%,y%) = sna (2%, 47) + (1 — an) (Bp(tn, %) + Ap(vn, 7))
+an(<Jg;XI (U) - J;;JX1 ('x*)aanrl - .1'*> + <J1;X2 (U) - Jgﬁ (y*)a Yn+1 — y*>)

a
—(Ap(tun, ") + (Ap(vn, y*)) + E"An — 0,

as n — oo. Hence

li_>m || Az, — By,|[P = 0. (6.4.15)
Putting
kn = B, up + (1= B2) L Thug, (6.4.16)
and
ln = Bn‘];(Q,Un + (1 - 571)(]]5{27—‘21%, (6417)
we have,
Ap<kn>$*) S ﬁnAp(um *) (1 - 671) (Tluna *)
S BnAp(una ) (1 - ﬂn) (um *)
= Ap(up,x"). (6.4.18)
Similarly, we obtain that
Ayl y") < Ap(vn, y"). (6.4.19)
Hence
Bk 2) + Ayl y) < (At 2°) + By (00 57)). (6.4.20)

Hence, form (6.4.20), we obtain

(Ap(tn, &%) + Ap(vn, y7)) = (Ap(kn, 27) + Ap(ln, y"))
(Ap(@n, 27) + Ap(Yn, y7)) = (Bp(Tni1,27) + Bp(Uns1,¥7))
F(Ap (@1, 27) + Ap(Ynt1, 7)) — (Bp(kn, 27) + Ap(ln, y"))
(Ap(Zn, 27) + Ap(Yn, ¥)) = (Bp(Tnt1, ) + Bp(Unt1, 7)) + an(Bp(u, 27) + Ap(v, 7))
(1 = an)(Ap(Un, ) + Bp(vn, 7))
—(Ap(kn, ™) + Ap(ly,y")) — 0, as n — oo. (6.4.21)

IAIA

IN

Thus
lim (A, (up, %) — Ay(ky, %)) = 0. (6.4.22)

n—o0

Similarly, we obtain
lim (A, (vn, ¥*) — Ap(ln, y")) = 0. (6.4.23)

n—oo
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But

Apllin @) < Bubyltun )+ (1 — B Ap(Trum, 2°)
= Bnlp(un, %) = Bulp(Thtm, &%) + Ap(Thtin, £7)
< A (U, ) + By [Ap(Un, 7)) — Ap(Thuy,, )] .

Hence, since a,, — 0 as n — oo and by (6.4.22), we have

Bn(Ap(Thtn, %) — Ap(tn, 7)) < Ap(up, 2°) — Ay(ky, ) = 0, n — oo.

Therefore

lim (A, (Tiup, ) — Ap(up, z*)) = 0.

n—o0

Similarly, we have

lim (A, (Tov,, y*) — Ap(vn,y*)) = 0.

n—oo

Since T and T3 are right Bregman strongly quasi-nonexpansive, we have

nh_)n;() A, (T, uy) =0,

and
lim A,(Tyv,,v,) = 0.
n—oo

Therefore
lim ||Thu, —u,|| =0,
n—oo

and
lim ||Tyv, — v,]| = 0.
n—oo

(6.4.24)

(6.4.25)

(6.4.26)

(6.4.27)

(6.4.28)

(6.4.29)

(6.4.30)

(6.4.31)

Since {u,} and {v,} are bounded, there exist subsequences {u,,} of {u,} and {v,,} of

{v,,} which converges weakly to & € C' and y € @ respectively. Since F(T7) =

F(Ty) and

F(Ty) = F(T3), it follows from (6.4.30) and (6.4.31) that & € F(T}) and § € F(T5).

We now show that + € GMEP(F, S, ¢) and § € GMEP(G, R, ).

Putting w, = J;. (JXl(xn) tn A* T (Azn—Byy)) and z, = J2 (T2 (yn)+ta B* T3 (A —
By,)), then u,, = Tann and v, = T z,. We note from (6.4.2),(6.4.3) and (6.4.4) that

Ap(wn, ) + Ay (20, y*) < Bp(@n, ) + Ap(Yn, y7)-
It follows from (2.3.4) that

Ap (W, ) + Ap(2n, vn) AW, TEwy) + Ap(2n, T 2,)

p(Un,Y"))
(Vs y))
Ap<yn+17 y*))

< (Ap(wn, 27) + Ap(zn, y7)) — (Ap(un, 27) + A
< (Ap(@n, 7)) + Ap(yn, y7)) — (Bp(un, 27) + 4,
= (Dp(@n, %) + Ap(Yn; ¥7)) — (Bp(@ng1, 77) +
H(Ap(Tnt1, %) + Ap(Ynt1,Y7)) — (Ap(tn, 2°) + Ap(vn, y7))
< (Ap(@n, 27) + Ap(yn, y7)) = (Bp(@nt1, %) + Bp(Ynt1, ¥7))

Fan(Ap(u, z%) + Bp(v,47)) + (1 = an) (Ap(un,
—(Ap(un, %) + Ap(vn,y")) = 0, n — 0.
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Hence
lim A, (wy,,u,) =0,

n—oo
and
nll_}Ilolo Ay (2, vy) = 0.
Thus
lim ||w, — u,|| =0, (6.4.33)
n—oo
and
lim ||z, — v,|| = 0. (6.4.34)
n—oo

Since X; and X5 are uniformly smooth, Jfl and J;(? are uniformly continuous on bounded
subsets of X; and X, respectively. Thus

: X X
7}1—{1010 [y wn — T || =0, (6.4.35)
and
Jim X2 2 — JX20,]] = 0. (6.4.36)

From the definition of w,,, we have
137w = Tl = 17 () = ta AT (Azy — Bya) — J7 ()|
= t,]|A* T (Az, — By,)|| = 0, n — oo.

Since X7 and X5 are uniformly smooth, Jlf(l and J;(Q are uniformly continuous on bounded
subsets of X; and Xj, respectively. Thus, we have

|wn — 2| = 0 n— oo.

In similar way, we obtain
lzn — ynll = 0, n — oc.

Also, we obtain that
120 = vnll < |20 — wall + [wn — unl| =0, 1 — oo,
and
[yn — vnll < llyn = 2nll + llzn — vl = 0, n = oc.
By the definition of Tf; , we have for any v € C' and r > 0

F(tn, 1) + (St 1 — ) + b(w) — un) + Tiu;ﬁun — T — uy) > 0.

n

By (A2), we obtain

IN

F(u,uy,) —F(uy,,u)

< (Sup,u — up) + d(u) — d(uy) + riuzfﬁu" — T 2w, u — uy).

n
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For any t € (0,1) and u € C, define u; = tu + (1 — t)z. Then u; € C. It follows by the
monotonicity of S that

1
F(ug,un) — o(wg) + o(uy) < (Sup, — Sug,u — uy) + (Sug, u — up) + T—(J;ﬁun — I Wy, u — uy,)

n

Loy X
< (Sug,u— u,) + E<Jp My — J Wy 10— ).

It follows from (6.4.35) and the fact that u,, — &, as n — oo, that
F(ug, ) — o(ug) + o(2) < (Sug, u — ). (6.4.37)
By (A1) and (A4) and the convexity of ¢, we have

0 F(ug, ug) 4 o(ug) — d(uy)

< P () + (1~ F (e, ) + 10(u) + (1 — 6(2) — o{u)
= U(F(ur, u) + ¢(u) = ¢(ur)) + (1= ) (F(ur, &) + 6(2) — d(us))
< H(F(ug,u) + d(u) — dplur)) + (1 — ) (Sug, u — ). (6.4.38)

By (A3), the weakly lower semicontinuity of ¢ and the continuity of S| letting ¢ — 0, we
obtain

F(z,u) + ¢(u) — o(2) + (Sz,u—2) >0, Yu € C.

This shows that # € GMEP(F, S, ¢).
Following similar argument, we can show that § € GMEP(G, R, ).

We now show that Az = By.
Since A : X; — X3 and B : Xy — X3 are bounded linear operators, and {x,} and {y,}
converges weakly to Z and ¢, respectively, we have that for arbitrary f € X3,

f(Azn) = (f 0 A)(zn) = (f 0 A)(2) = f(AZ).
Similarly
f(Bxn) = (f o B)(yn) = (f o B)(9) = f(BY).
This convergence implies that
Ax, — By, — Az — By.
Also, by weakly semi-continuity of the norm, it follows that

||Az — By||P < liminf ||Az,, — By,||" = 0. (6.4.39)
n—oo

That is, Az = By. Therefore (z,79) € T'.

We now show that the sequences {(z,,y,)} strongly converges to (z*,y*) = Ir(u,v).
From (6.4.9), we have

Ap(Tpt1, 7)) + Ap(Unt1,¥") < (1= ) (Ap(@n, 2°) + Ap(Yn, "))
Fan (0 (u) = 0 (2"), gy — 27
HIX2(0) = T2 (") g — y7)). (6.4.40)
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Choose subsequence {x,,} of {z,} and {y,,} of {y,} such that

lim sup<J§“(U) - J;(I ("), Xps1 — 2") = lim <J;(1 (u) — J;f(l(ff*)ﬂnﬁl — ),
n—00 J—ro0

and

lim Sup<J}‘7X2 (U) - J;;XQ (y*)a Ynt+1 — y*> = lim <J;5(2 (’U) - JZ;XZ (y*)a ynj+1 - y*>

n—00 Jj—oo

Since r,;, — 7 and y,, — ¥, it follows from (2.1.20) that

liinﬁsolip(Jfl (u) = L (a"), tpg — 2") = ]h_)rglo(J];Xl(u) — JXN(a"), w41 — )
= (S (u) = JXM(2*),z — ") <0, (6.4.41)
and

lim sup{J;2(v) = J*(y7) g —y") = BT (0) = T2 (5), g1 = 97))
= (J2(v) = J2(y"), 5 —y*) <0. (6.4.42)
Using Lemma 2.3.14 in (6.4.40), we conclude that
Ap(Tn, %) + Ap(Yn,y*) = 0, n — 0. (6.4.43)

Thus, Ay(z,, 2*) — 0 and Ay(yn,y*) — 0, n — oco. Therefore z,, — z* and y,, — y*.

Case 2: Assume that {s,(z*,y*)} is not monotonically decreasing. Let 7 : N — N be
a mapping for all n > ng (for some ng large enough) defined by

7(n) =max{k € N: k <n, 7 < 7py1}
Clearly, 7 is nondecreasing sequence such that 7(n) — oo, as n — 0o and
0 < s:m) (@, y") < sry (@, y7), Vn > ng.
After a similar argument as in Case 1, it is easy to see that

lim ||A*J};X3 (AZr(n) — Byrm))||* = 0,

n—oo

and

lim HB*Jfg(AJcT(n) — By-m)||* = 0.

n—oo

Following similar analysis as in Case 1, we immediately conclude that lim |[Az,) —
n—oo

By [P = 0; lm ||tr(ny — Thtrmy|| = 0 and lim ||v-(,) — Thv,|| = 0. Also we have that
n—oo n—oo
limsup(JX (u) — Jo (27), Trnyp1 — %) <0 (6.4.44)
n—oo
and
i sup (2 (0) = T3, ayes — 7)< 0. (6.4.45)
n—o0
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Now Since {2y} and {y;(,)} are bounded, there exist subsequences of {x(,)} and {y-(n)}
still denoted as {#()} and {y,@)} which converge weakly to Z € X; and § € X, respec-
tively. From (6.4.9), we have

Srm+1 (250 < (1= Q) Semy (07, Y7) + Qo) (0 (1) — T (%), Tr (1 — 27)
Since s-(n) (2%, y*) < Srmy1(a*, y*), it follows from (6.4.46) that
(97 € (I (0) = T ),y = 2°) + () = ), Yoty — 1)
Then from (6.4.44), (6.4.45) and (6.4.46), we have that
hm ST(”)($*7 y*) = hm (AP(:UT(H)? iL'*) + Ap<y7(n)7 y*)> = 0

n—oo n—o0

Hence, lim A, (27¢n),2*) = 0 and lim A, (y-(n), y*) = 0. Thus we have

n—00 n—00
Jim |2ry — 27| = 0 and Tim [Jy,m) —y7|] = 0.
Also, we have
Jim ||y — 27 =0 and - lim [y — 7| = 0.

Furthermore, for n > ng, it is easy to see that s, (2, y*) < sy (a*,y") if n # 7(n)
(that is, 7(n) < n), because sg(z*,y*) > spp1(a*,y*) for 7(n) + 1 § k < n. As a conse-
quence, we obtain for all n > ng

0< 3n<x*a y*) < maX{ST(n) (:L'*, y*)a Sr(n)+1 ($*, y*)} = ST(n)—i-l(x*v y*>'
Hence, lim s, (z*, y*) = lIm (A, (2, 2°)+Ap(yn, y*)) = 0. Thus lim Apy(z,,, 2*) = lm A, (yn, y*).
Therefore, we have
lim ||z, —2*|| =0 and lim ||y, —y*|| = 0.

This implies that the sequences {(z,,y,)} strongly converges to (z*,y*) = IIp(u, v). This
completes the proof. O

6.4.2 Numerical example

We give an example in (R?,|| - ||2) of our main Theorem 6.4.1. Let X; = Xy = X3 = R3,
with p =2, T = (21,79, 23) and § = (y1,¥9,93). Let F: R? x R® - R3 S : R® — R3 and
¢ : R3 — R? be defined by

- Ly, 1 N = I ‘

F(z,y) = —52 + 27 S(z) =z and ¢(z) = % respectively.
For any r > 0 and 7 € R3, Lemma 2.3.21 ensures that ethere exists z € R3 such that for
any § € R?
_ L _ N
F(z,9) + (52,5 — 7) + ¢(5) = ¢(2) + (7 -2, - 2) 2 0.
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Then, we obtain
F — j

Tz = )
ra 3r, +1
Also, let G : R3 x R3 - R?, R:R?® — R? and ¢ : R* — R3 be defined as

G(u,v) = —3u + 2uv + >, R(u) =2u and (i) = u° respectively.

For any r > 0 and @ € R?®, Lemma 2.3.21 ensures that there exists @w € R? such that, for
any 0 € R?, we have

G(u,v) + (Ru,v — u) + ¥ (v) — () +%(@—a,a—u—)> > 0.

Then, we also obtain that

|

Cu= .
m 8rp + 1

Now take C' := {Z = (1,79, 23) € R®: (a,T) > b}, where a = (1, —3,5) and b = 4, then
b— <C_L7 >

lal[?

Kl

HC((Z’) = PC(.T) = a—+

Also, take Q := {y = (y1,92,y3) € R®: (¢,y) = d}, where ¢ = (4,5,6) and d = 2, then

_ _ d— G-, -
Ho(p) = Po(p) = max {0, =% e

Then, let 73 = IIg and T = Ilg respectively. Furthermore, let A : R* — R3 and
B : R?® — R? be defined by

4 -2 1 1 5 6 8 Y1
Az)y=( 1 3 2 To and B(y)=1 7 4 -1 Y2
1 0 7 xT3 8 4 1 Ys
Choosen r,, = Z—jr;, M = 55 +2 and (3, = 5” 1) then our algorithm (6.4.1) becomes

Uy = 5’1;25(% — t,AT(Az,, — Bi,)),
= _ 1 In+1| 5n—1 - —
Tl = gorsl T gy [6(n+1) Un + Gnr )Hc(un)]v (6.4.47)
Un = 921?0 (Un + t, B (AT, — BYn)), o

= In+1l| 5n—1 ~
Ynt1 = 9n+2v + on2 [G(n—l-l)vn * & +1)HQ(Un)}a

where AT and B” are transpose of A and B respectively and the step size t, is choosen
in such a way that

e <€ 2||Az,, — By, |? B 6)
"||AT(AZ, — Bin)||? + || BT(AZ, — Bya)||?

otherwise, t, = t (¢t being any nonnegative value), where the set of indexes Q = {n :
Az, — By, # 0}.
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Figure 6.1: Case A(i): errors vs number of iterations (top left and right); execution time
vs accuracy (bottom left); number of iterations vs accuracy (bottom right).

We make different choose of Zy, 7y, @ and v in order to see how change in initial values
affect the number of iterations. We note that the choice of ¢,,, as long as it is in the range,
does not have any significant effect on both the number of iterations and cpu time.
Case A

(i) Take 7o = (1,1,0.5)7, 5o = (—0.5,1,2.2)", u = (—1,0,—1)7 and v = (2,1, —2)7.

(ii) Take Top = (4,1, )T, 5o = (0,1,3)T, u = (5,1, -3)T and v = (0.5,1, 3)7.

Case B

(i) Take Zg

)7, = (1,3,—1)T and 7 = (3,4, -2)".
(ii) Take oy = T

5
~2,1,10)T, 5o = (2, ,i=(—1.5,0,4)" and v = (0,5, —2)7.
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Figure 6.2: Case A(ii): errors vs number of iterations (top left and right); execution time
vs accuracy (bottom left); number of iterations vs accuracy (bottom right).
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Figure 6.3: Case B(i): errors vs number of iterations (top left and right); execution time
vs accuracy (bottom left); number of iterations vs accuracy (bottom right).

174



|Znt1 — Znll

Time (sec.)

Figure 6.4: Case B(ii): errors vs number of iterations (top left and right); execution time

100

107!

102

T
| —— a1 — o]

1 =
=
|

1T
£

=
20 40 60 80 100

i 1 e
E | | | i E
10-8  107¢ 107* 1072

max{||Tnt1 — Tall, [Yn+1 — ynll}

104

10°

102

10!

| = llyns1 —

,_.
3
03]

max{”xn-i-l - an, Hyn-i-l - ynH}

10-% 107*

Pﬂ
3

N

vs accuracy (bottom left); number of iterations vs accuracy (bottom right).

175



Chapter 7

Contribution to Knowledge and Area
of Future Research

In this chapter, we give a summary of the results obtained in this work which serve as our
contribution to knowledge. Also, possible areas of future research are also identified and
discussed.

7.1 Contribution to knowledge

We now highlight our contributions in this work.

1. Tian et al. [169] introduced a new iterative algorithm for finding a common element
of the set of solutions of the constrained convex minimization problem and equi-
librium problem. Motivated by the works of Shehu [177] and Tian et al. [169], in
Theorem 3.1.1, we propose a new iterative algorithm for finding a common element
of the fixed points set of common solution of a one-parameter nonexpansive semi-
group, the set of solution of constrained convex minimization problem and the set
of solutions of generalized equilibrium problem in a real Hilbert space using the idea
of regularized gradient-projection algorithm under suitable conditions. Hence our
results here improve, extend and compliment the work of Tian et al. [169].

2. In 2010, Riech and Sabach [175] used the CQ algorithm to obtain strong conver-
gence result for finitely many maximal monotone mappings B; using the Bregman
distance for computation. Moreover, in 2017 Truong Minh Tuyen [172] introduced
three parallel iterative methods which use techniques of Bregman distance, Bregman
projections, Bregman strongly nonexpansive operators and hybrid or shrinking pro-
jection methods for solving systems of generalized mixed equilibrium problems in
real reflexive Banach space. We know that the CQ algorithm is difficult to compute.
Hence, our result in Theorem 3.3.2 extend the results of [172] and [175]. Also our
method of proof here is shorter, easier to read and less technical.
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3. The following contributions were made in Theorem 4.3.3:

(i) We know that the Meir-Keeler contraction is a generalization of the contraction
mapping. Moreover, the condition

(Bx — By,j((I —rB)x — (I —rB)y) >0

for all x,y € E and for all » > 0 assumed in the result of Wei and Duan [131]
is dispensed in our result. Hence, our results improve the results of Wei and
Duan [184].

(ii) It is well known that real smooth and uniformly convex Banach space are more
general than Hilbert space or ¢g-uniformly smooth Banach space and also our
normalized duality mapping j is weakly sequentially continuous in most of the
existing related work is weaken to j weakly sequentially continuous at zero.
Hence our result extends the results of Song et al. [163].

We also point out some differences between the presentation of our method of proof
of Theorem 4.4.1 and that of Theorem 2.4 of [16] viz:

(i) The major key in proving Theorem 4.4.1 is to show that limsup,,_,..(—I',) <0
as given in (4.4.15) and using Lemma 2.3.17 in (3.3.10).

(ii) In our convergence analysis, we did not make use of Lemma 2.3 of [16], which
was used in the convergence analysis of proof of Theorem 2.4 in [10]; rather we
used Lemma 2.3.17 in this result.

4. Our result on Theorem 5.3.5 extends and compliments some recent results in the
following ways:

(i) Our result improves and extend the result of Kazmi and Rizvi [93], from single-
valued nonexpansive to multi-valued quasi-nonexpansive mappings.

(ii) In contrast with other related methods, our algorithm does not require any
estimate of some spectral radius. Our iterative scheme is proposed with a way
of selecting the step-size 7, such that its implementation does not need any
prior information about the spectral radius of the operator A*A. The constant
step-size v in the result of Kazmi and Rizvi [93], for example, depends on the
spectral radius of the operator A*A and we know that computing the spectral
radius of this operator A*A can be difficult to find at times. Therefore, our
result improve and extend the result of Kazmi and Rizvi [93].

5. Tian et al [169] considered a class of generalized split feasibility problems for finding
an element that solves a variational inequality problem such that its image under a
given bounded linear operator is in the fixed point set of a nonexpansive mapping
and obtained weak convergence. In Theorem 5.2.1 we propose an iterative algorithm
for the class of generalized split feasibility problem for finding an element that solves
a class of variational inequality problem and such that its image under a bounded
linear operator is in a fixed point set of a pseudo contractive mapping. We also prove
that our algorithm converges strongly to their common solutions. In all our results
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the step-size is selected in such a way that its implementation does not involve the
computation or an estimate of the operator norm. Hence our result improve and
extend the result of Tian et al [169] and other results in this direction.

6. In [58], the author imposed the demi-compactness condition on the demicontractive
mappings to obtain strong convergence result. Also, in [59], the author imposed
the hemi-compactness condition on the multi-valued demicontractive mappings to
obtain strong convergence result. However, in Theorem 6.2.1 we obtained strong
convergence results without imposing these conditions on the mappings considered
in our study. Hence, our results show that these conditions can be dispensed with.

7. Our result in Theorem 6.3.1 extends results for split equality monotone inclusion
problem and split equality fixed point problem from the frame work of Hilbert spaces
to the more general p-uniformly convex Banach spaces which are also uniformly
smooth.

8. It is worthy to note that the assumption of demicompactness of the nonlinear oper-
ators in the results of Rahaman et al. [117] and Karahan [91] is too strong. Also the
algorithms (6.1.5) and (6.1.6) depend on the operator norms ||A|| and ||B]|| of the
bounded linear operators A and B respectively are in general not easy to compute (or
at least, estimate). Even in finite dimensions, computing the norm of bounded linear
operator is a difficult task (see [37]). Hence our result in Theorem 6.4.1 extends the
results of Rahaman et.al. [117] and Karahan [91] also Theorem 6.4.1 extends the
results of Rahaman et.al. [117] and Karahan [91] from Hilbert space to p-uniformly
convex Banach spaces which is also uniformly smooth.

7.2 Future research

Let us recall that the inertial term is based upon a discrete version of a second order
dissipative dynamical system [%] and can be regarded as a procedure of speeding up the
convergence properties (see, e.g.,[5] and some reference therein). Recently, there have been
increasing interests in studying inertial type algorithms, see, for example, inertial forward-
backward splitting methods [112], inertial Douglas-Rachford splitting method [19], inertial
ADMM [20], and inertial forward-backward-forward method [21]. Some inertial algorithms
for solving nonsmooth and nonconvex optimization problems have been recently studied in
[17, 18]. For example, it is known that acceleration scheme developed by Nesterov improves
the theoretical rate of convergence of forward-backward method from the standard O(k™!)
down to O(k™?) and the inertial extrapolation scheme of Nesterov’s accelerated forward-
backward method is actually o(k~2) rather than O(k™2) (see [105]). These results and
other related ones analyzed the convergence properties of inertial type algorithms and
demonstrated their performance numerically on some imaging and data analysis problems.

In [5], Alvarez and Attouch translated the idea of the heavy ball method in [115, 116]
to the setting of a general maximal monotone operator using the framework of proximal
point algorithm. The resulting algorithm is called the inertial proximal point algorithm
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and it is written as:

Yn :mn—f_an(xn_xn—l)a (72 1)
Tpy1 =T +r,B) Yy, n>1 o
Alverez and Attouch [5] proved that under the condition
> anlzn = a0 |® < o0, (7.2.2)

the algorithm (7.2.1) converges weakly to a zero of B.
In [131] Moudafi and Oliny introduced an additional single-valued, coercive and Lipschitz
continuous operator A into the inertial proximal point algorithm,

Yn = Tn + an(xn - xn—l): (723)
Tpi1 = (I +7r,B) Y (yn — 1, Ax,), n>1.
Moudafi and Oliny [131] obtained a weak convergence result using their algorithm (7.2.3)
and condition (7.2.2) imposed above in [5]. As remarked in [109], the algorithm (7.2.3)

does not take the form of a forward-backward splitting algorithm, since operator A is still
evaluated at the point x,, for a;,, > 0.

Recently, Dong, Jiang, Cholamjik and Shehu [72] studied and proved strong conver-
gence results using a combination of Hangazeau’s algorithm and Nesterov’s acceleration
scheme to solve the inclusion problem (4.3.1) in the frame work of real Hilbert space. They
proposed the following algorithm

r
Yn = Tn + an(xn - .an,l),

2n = (I + 71, B) (Y — 10 AYn),
Co={ueH:|z,—ul|®* <|zn —u|® =20 {p — w1 — 2p) + 2 ||xp1 + 2%},
Qn={ue H:(u—x,x0—x,) <0},

( Tnt1 = Pcann<$0)'

(7.2.4)
where «,, € (0,1) and r,, € (0,00). Under some mild conditions, they prove that {x,}
converges strongly to z € (A + B)~1(0).

7.2.1 Research question
. The following questions will be at the core of future research work:

1. Can we develop iterative method with inertial extrapolation term which does not
involve the construction of the sets C, and @, as given in [72] and the sequence
of iterates generated by this method converges strongly to a solution of z € (A +

B)(0) 0.
2. Can we extend the result in [19] to strongly nonexpansive mappings?

3. Can we extend the results of [19] and [72] to reflexive Banach spaces with some
appropriate geometric property?
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4. Can we obtain strong convergence result of [19] in a real Hilbert space?.

5. Can we develop iterative method with inertial extrapolation term for most of our
results in this thesis?
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