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Abstract

We study the convergence analysis of the fixed points set of common solution of a one-
parameter nonexpansive semigroup, the set of solution of constrained convex minimization
problem and the set of solutions of generalized equilibrium problem in a real Hilbert space
using the idea of regularized gradient-projection algorithm. Also, we look at the strong
convergence of a modified gradient projection algorithm and forward-backward algorithm
in Hilbert spaces with numerical computations. We also introduce an iterative algorithm
for approximating a common solution of generalized mixed equilibrium problem and fixed
point problem in a real reflexive Banach space. Using our algorithm, a strong convergence
theorem is proved concerning an element in the intersection of set of solutions of general-
ized mixed equilibrium problem and the set of solutions of fixed point for a finite family
of Bregman strongly nonexpansive mappings.

Moreover, we study and analyze an iterative method for finding a common element of
the fixed points set of an infinite family of k-demicontractive mappings which is also a
solution to a zero of the sum of two monotone operators, with one operator being maximal
monotone and the other inverse-strongly monotone. We further extend our study from the
frame work of real Hilbert spaces to more general real smooth and uniformly convex Banach
spaces. In this space, we introduce an iterative algorithm with Meir-Keeler contractions
for finding zeros of the sum of finite families of m-accretive operators and finite family of
inverse strongly accretive operators. We apply our result to the approximation of solution
of certain integro-differential equation with generalized p-Laplacian operators.

Furthermore, we study the convergence theorem for a new class of split variational inequal-
ity and variational inclusion problem in Hilbert space. We further considered split equality
for minimization problem and fixed point sets, split fixed point problem and monotone
inclusion problems, split equilibrium problem and fixed point set for multivalued map-
pings. All these of our algorithms involve a step-size selected in such a way that their
implementation does not require the computation or an estimate of the spectral radius.

Again, an iterative algorithm that does not require any knowledge of the operator norm
for approximating a solution of split equality equilibrium and fixed point problems in
the frame work of p-uniformly convex Banach spaces which are also uniformly smooth is
introduced of which we studied the approximation of solution of split equality generalized
mixed equilibrium problem and fixed point problem for right Bregman strongly quasi-
nonexpansive mappings in q-uniformly convex Banach spaces which are also uniformly
smooth. We also study and analyze an iterative algorithm for finding a common element
of the set of the split equality for monotone inclusion problem and fixed point of a right
Bregman strongly nonexpansive mapping T in the setting of p-uniformly convex uniformly
smooth Banach spaces. Finally, we present numerical examples of our theorems and apply
our results to study the convex minimization problems and equilibrium problems.
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Chapter 1

Introduction

1.1 Background of study

Fixed point theory is concerned with solutions of the equation

x = Tx (1.1.1)

where T is (possibly) a nonlinear operator defined on a metric space. Any x that solves
(1.1.1) is called a fixed point of T and the collection of all such elements is denoted by
F (T ). For multi-valued mapping T : X → 2X , a fixed point of T is any x ∈ X such that
x ∈ Tx.

Fixed point theory is inarguably the most powerful and effective tools used in modern
nonlinear analysis. It is an active and fruitful area of research as it has vast applicabil-
ity in establishing existence and uniqueness of solutions of diverse mathematical models,
like solutions to optimization problems, variational inequalities and ordinary differential
equations. These models represent various phenomena arising in different fields, such as
steady state temperature distribution, neutron transport theory, economic theories, chem-
ical equations, optimal control of systems, models for population, epidemics and flow of
fluids.

For example, given an initial value problem{
dx(t)
dt

= f(t, x(t)),

x(t0) = x0.
(1.1.2)

This system is transformed into the functional equation

x(t) = x0 +

∫ t

t0

f(s, x(s))ds.

To establish the existence of solution of (1.1.2), we consider the operator T : X → X(X =
C([a, b])) defined by

Tx = x0 +

∫ t

t0

f(s, x(s))ds.

1



Then, finding a solution to the initial value problem (1.1.2) amounts to finding a fixed
point of T.

The existence (and uniqueness) of solution of equation (1.1.1), certainly depends on the
geometry of the space and the nature of the mapping T. Existence theorems are concerned
with establishing sufficient conditions under which the equation (1.1.1) will have a solution,
but does not necessarily show how to find them. There are many existence and uniqueness
theorems in the literature (see e.g Kato [92], Kirk [96], Kōmura [99]).

Though existence theorems do not indicate how to construct a process starting from a
nonfixed point and convergence of sequence to a fixed point, they nevertheless, enhance the
understanding of conditions under which the existence of such fixed points is guaranteed.

On the other hand, iterative methods for fixed points theory are concerned with approxi-
mation or computation of sequences which converge to solutions of (1.1.1).

The pivot of the iterative methods of fixed point theory is the Banach contraction mapping
principle, which states that a self mapping T on complete metric space (X, d) satisfying

d(Tx, Ty) ≤ kd(x, y), 0 ≤ k < 1, ∀x, y ∈ X, (1.1.3)

necessarily has a unique fixed point and for any starting point x1, the sequence {Tnx1}
converges to that fixed point.

Many authors, see for examples Alber [4], Boyd and Wong [22], have investigated more
general conditions under which a mapping will have a unique fixed point and also developed
iterative sequences that converges to such fixed points.

If k = 1 in inequality (1.1.3), the mapping T is called nonexpansive. There are many
examples which show that xn+1 = T n(x) need not to converge to a fixed point of a
nonexpansive mapping T, even if it has a unique fixed point. We then need to impose
additional conditions on T (and/or the space X) and also modify the sequence T n(x) to
ensure convergence to a fixed point of T.

These notable iterative algorithms were introduced for nonexpansive mappings namely,
the Krasnosel’skii sequence presented in [100] as: x1 ∈ X and

xn+1 =
1

2
(xn + Txn),

the Krasnoselskii-Mann algorithm given by: x1 ∈ X,

xn+1 = (1− λ)xn + λTxn, λ ∈ (0, 1),

the Halpern algorithm given in [84] as: u ∈ X arbitrary and

xn+1 = αnu+ (1− α)Txn,

and the more general Mann sequence presented in [119] as

xn+1 = (1− αn)xn + αnTxn.

Diverse convergence theorems have been proved for these sequences, depending on the
smoothness of the underlying space and/or the compactness of the mapping T.

2



Effort to establish convergence theorems for nonexpansive mappings is likely the most
rewarding research venture in nonlinear analysis. It has helped in the development of the
geometry of Banach spaces and other related class of mappings, namely, monotone and
accretive operators.

A mapping A : X → X is called τ -strongly monotone if

〈x− y, Ax− Ay〉 ≥ τ‖x− y‖, ∀ x, y ∈ X,

and A : X → X∗ is called τ -strongly accretive if

〈Ax− Ay, j(x− y)〉 ≥ τ‖x− y‖2, ∀x, y ∈ X,

where 〈., .〉 is the duality pairing between X and X∗, j(x − y) ∈ J(x − y) where J is
the normalized duality mapping. When τ = 0, these mappings are called monotone and
accretive respectively. If X is a Hilbert space, these two notions agree and they are simply
refereed to as monotone.

Accretive mappings have properties that are similar to those of monotone mappings. How-
ever, the use of the strongly nonlinear mapping J makes the study of such mappings diffi-
cult. In a sense, the duality mapping on a Banach space has all the properties of Banach
space that makes it differ from a Hilbert space and the space can be characterized, almost,
exclusively by the mapping.

These two ideas have been proved to be very useful in many areas of interest. The idea of
accretive operators vary often in partial differential equations and in the existence theory of
nonlinear evolution equations. On the other hand, the idea of monotone operators appears
in optimization theory and that, in particular, includes the increasingly important set-
valued mapping called the subdifferential. Given a convex, lower semicontinuous function
f, the subdifferetial is ∂f : X → 2X

∗
given by

∂f(x) := {x∗ ∈ X∗ : f(y)− f(x) ≥ 〈y − x, x∗〉,∀y ∈ ∀y ∈ X}.
The subdifferential is a monotone mapping and well known that 0 ∈ ∂f(x̄) if and only if
f(x̄) = inf

x∈X
f(x). This motivates the study of the more general problem of finding a zero

of monotone operators, i.e x̄ such that 0 ∈ Ax̄, of a monotone operator A.

The question on the existence of zeros is studied under the concept of maximal monotone
operators. A monotone mapping A is maximal monotone if the graph G(A) is a maxi-
mal element when graphs of monotone operators in X ×X∗ are partially ordered by set
inclusion. In that case, for any (x, y) ∈ X ×X∗, the inequality

〈y1 − y2, x1 − x2〉 ≥ 0, ∀x2 ∈ D(A), y2 ∈ Ax2

implies y1 ∈ Ax2. Maximal accretive mapping are defined accordingly.

The accretive operators are intimately connected with an important generalization of
nonexpansive mappings called the pseudocontractive mappings. A mapping is pseudo-
contractive in terminology of Browder and Petryshyn [26] if for x, y ∈ X, and for all
r > 0,

‖x− y ≤ ‖(x− y) + r[(x− Tx)− (y − Ty)]‖.

3



By a result of Kato [92], this is equivalent to

〈(I − T )x− (I − T )y, j(x− y)〉 ≥ 0.

Thus, a mapping T is pseudocontractive if and only if the complementary operator A :=
I − T is accretive. Moreover, the zeros of A coincides with the fixed points of T.

Another interesting relationship is that the resolvent of an accretive mapping A always
exists (i.e I + λA is invertible ) and it is nonexpansive. The resolvent of A is a set valued
mapping Jλ : X → 2X defined

Jλ(x) = (I + λA)−1x, λ > 0.

In this case, A−1(0) = F (Jλ). More Precisely, the mapping Jλ is in fact firmly nonexpan-
sive, i.e

‖Jλ(x)− Jλy‖2 ≤ 〈x− y, Jλ(x)− Jλ(y)〉, ∀x, y ∈ X.
The existence and approximation algorithms for zeros of maximal monotone operators are
usually formulated in relation with the corresponding problem for fixed points of firmly
nonexpansive mappings. This makes the study of firmly nonexpansive and the more
general pseudocontractive mappings an important tool for monotone operators and the
theory of optimization.

The metric projection operators have become a veritable tool in dealing with variational
inequality problems by iterative-projection method in Hilbert spaces. Variational Inequal-
ity Problem VIP(A,C) involving an accretive operator A and convex set C can be proved
to be equivalent to the fixed point problem involving the nonexpansive mapping

T = PC(I − λA)

for arbitrary positive number λ. Conversely, given a differentiable functional f, the VIP(∇f ,C)
is simply the optimality condition for minimization problem

min
x∈C

f(x). (1.1.4)

Metric projection operators in Hilbert spaces are accretive and nonexpansive and give
absolutely best approximations of any element of the closed and convex set. However, in
Banach space setting, this operator no longer possess most of those properties that made
them so effective in Hilbert spaces.

To study monotone-type mappings and the related pseudocontractive mappings in Banach
spaces, some analogues of Hilbert space type projection operators were introduced. These
mappings are natural extensions of the classical projection operators to Banach spaces.
They have also helped in the approximation of monotone operator in Banach spaces.

Fixed point theory is divided mainly into four branches, namely: set theoretical fixed point
theory, topological fixed point theory, fuzzy topological fixed point theory and metric fixed
point theory [10, 27, 94, 97]. In this study, we are interested in metric fixed point theory
with particular interest on Split Feasibility Problems (SFP) and some of its generalizations.
In particular, we study equilibrium problems, monotone inclusion problems, variational
inequality problems and minimization problems and obtain some important convergence
results which compliment, improve and generalize some existing results in literature.
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1.2 Research problems and motivation

In this section, we discuss the research problems and motivation for the study

1.2.1 Research problems

Many authors have studied and introduced different iterative algorithms for fixed point
problems, split monotone inclusion problems, convex feasibility problems, split feasibility
problems, split variational inequality problems, equilibrium problems and minimization
problems see for example [55, 56, 169, 180] and the references therein. These authors
have proved weak and strong convergence results in Hilbert spaces and to the best of our
knowledge not much has been done on split monotone inclusion problems, split equilibrium
problem in a more general setting of Banach spaces other than the Hilbert spaces.

In this work, we study the monotone inclusion problem in uniformly convex and uniformly
smooth Banach spaces. Also we extend some results on split variational inequality and
equilibrium problem and some of its special cases from Hilbert spaces to higher Banach
spaces.
Moreover, most of the results on split monotone inclusion, split equilibrium and split
variational inequality problems in Hilbert spaces require a prior knowledge of the operator
norm or the the estimation of the spectral radius which are not always easy to compute
or estimate. Thus, we introduce some iterative algorithm for solving split equilibrium
problems, split variational inequality problems and split monotone inclusion which do not
require the knowledge of the operator norm or spectral radius.

We also study the regularized gradient-projection algorithm for solving one-parameter
nonexpansive semigroup, constrained minimization and generalized equilibrium problem
in Hilbert spaces. Furthermore, we also carry out some studies on fixed point problems and
split feasibility problems using Bregman distance techniques in reflexive Banach spaces.

1.2.2 Motivation

1. Fixed Point problems:
Bruck [30] noted that apart from being an obvious generalization of the contraction
mappings, nonexpansive maps are important for the following reasons:

(a) Nonexpansive maps are intimately connected with the monotonicity methods
developed since the early 1960’s and constitute one of the first classes of non-
linear mappings for which fixed point theorems were obtained by using the fine
geometric properties of the underlying Banach spaces instead of compactness
properties.

(b) Nonexpansive mappings appear in applications as the transition operators for
initial value problems of differential inclusions of the form 0 ∈ du

dt
+T (t)u where

the operators T (t) are in general set-valued and are accretive or dissipative and
minimally continuous.
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(c) Many well-known algorithms in signal processing and image reconstruction are
iterative in nature and a wide variety of iterative procedures used in signal
processing and image reconstruction and elsewhere are special cases of the
Krasnoselskii-Mann iteration procedure, for particular choices of the nonex-
pansive operator, see [42].

Despite many existing results for nonexpansive type mapping in the literature, there
is still much to be done on other maps which are more general than nonexpansive
mappings.

2. Split feasibility problems: Recently, the split feasibility problem have been extended
to an infinite-dimensional Hilbert spaces, see [42, 120, 128, 127, 137, 138, 139, 135]
and have also been applied in solving problems in areas such as image restoration,
computer tomography and radiation therapy treatment planning, see [179, 160, 173,
186, 189, 193] and references therein for existing results on split feasibility problem.
Many authors have also studied split equality fixed point problems, split common
fixed point problems and split convex feasibility problems, see [42, 7, 82, 106, 161].

The study of split feasibility problem and split equality problem in Banach spaces
outside Hilbert space is rare. Thus, it is necessary to extend study in the frame work
of Banach spaces.

3. Split monotone inclusion problems:
An important and perhaps interesting topic in nonlinear analysis and convex opti-
mization concerns solving inclusions of the form 0 ∈ A(x), where A is a maximal
monotone operator on a Banach space X. Its importance in convex optimization is
evidenced from the fact that many problems that involve convexity can be formulated
as finding zeros of maximal monotone operators. For example, convex minimizations
and convex-concave mini-max problems, to mention but a few can be formulated in
this way. Furthermore, the variational inclusion problem is important generalization
of a variational inequality problem and has been extensively studied and general-
ized in different directions to study a wide class of problems arising in mechanics,
optimization, nonlinear programming, economics, finance and applied sciences. In
particular, the subdifferential of a proper, convex and lower semi-continuous (lsc)
function f on a Banach space X, ∂f is a maximal monotone operator and a point
p ∈ X minimizes f if and only if 0 ∈ ∂f(p).

Many authors have studied split monotone variational inclusion problem extensively
in Hilbert spaces by introducing different iterative schemes and proving convergence
theorems for solving split monotone variational inclusion problems in Hilbert spaces.

The point of interest here is that as important as the split monotone inclusion prob-
lem is, much have not been done on it in Banach spaces more general than Hilbert
spaces. Also, most of the existing results in Hilbert spaces involve iterative schemes
such as shrinking projection algorithm or require the knowledge of the operator norm
which sometimes may be difficult to compute. Thus, there is a need to introduce
simpler and much easier iterative algorithms or iterative algorithms that do not re-
quire any prior knowledge of the operator norm for solving split monotone variational
inclusion problem in certain Banach spaces.
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4. Generalized equilibrium problem:
Solving equilibrium problem represents an important area of mathematical sciences
as numerous problems in physics, optimization, operations research, economics, game
theory, financial mathematics and mechanics can be formulated as an equilibrium
problem. Equilibrium problems include variational inequalities, optimization prob-
lems, Nash equilibra problems, saddle point problems, fixed point problems and
complementarity problems as special cases, and the generalized mixed equilibrium
problems generalize the equilibrium problems.

In the theory of variational inequalities, variational inclusions and equilibrium prob-
lems, the development of an efficient and implementable iterative algorithms is inter-
esting and important. In past years, some iterative methods have been proposed to
solve the equilibrium problem and variational inequality problems in Hilbert spaces
and Banach spaces, see for instance [14, 126, 48, 144, 143, 195, 110] and the references
therein.

In literature, results on split equilibrium problems are mostly in Hilbert spaces and
also depend on a prior knowledge of the operator norm. Hence, it will be important
to introduce iterative algorithms for solving split equilibrium problems which do not
require knowledge of operator norm. Furthermore, there is also a need to obtain
iterative solution of split equilibrium problem or any of its generalizations in Banach
spaces more general than Hilbert spaces.

1.3 Objectives of study

The main objectives of this study are:

(a) To introduce iterative algorithms and prove strong convergence theorem for solving
split feasibility problems such that our step-size is selected in such a way that its
implementation does not involve the computation or estimation of the operator norm.

(b) To extend some existing result on split monotone inclusion problems and split gen-
eralized equilibrium problem from the frame work of Hilbert space to q-uniformly
smooth Banach spaces which are also uniformly convex.

(c) To propose an iterative method for solving split equality convex minimization prob-
lem of the form min{f(x) + g(x)} where f and g are convex functions and give some
applications.

(d) To propose a regularized gradient-projection algorithm for solving one-parameter
nonexpansive semigroup, constrained convex minimization and generalized equilib-
rium problems.

(e) To study strong convergence for Meir-Keeler contractions and a countable family
of accretive operators in the frame work of uniformly convex and uniformly smooth
Banach spaces with applications to certain integro-differential equations with gener-
alized p-Laplacian operators.
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(f) To obtain some strong convergence results for a new class of split variational inequal-
ity and monotone variational inclusion problems in Hilbert spaces with numerical
examples.

1.4 Organization of the thesis

The thesis is divided into seven chapters as follows:

In chapter 1, we give a brief historical background of our study, discuss the research
problems and motivation for the study, give the objectives of the study and finally describe
the organization of the thesis.

In chapter 2, we introduce some basic concepts and terms and give some existing results
and classical inequalities that are needed in establishing our results in this work. Some
notable results on metric projection in Banach and the concept of Bregman distance are
also discussed.

Our major work begins in Chapter 3 and this comprises of three sections.

In section 3.1, we give the definition of one parameter nonexpansive semi group and a brief
introduction of regularized gradient-projection algorithm in Hilbert spaces.
In section 3.2, we study an iterative algorithm for finding a common element of the fixed
points set of common solution of a one-parameter nonexpansive semigroup, the set of so-
lution of constrained convex minimization problem and the set of solutions of generalized
equilibrium problem in a real Hilbert space using the idea of regularized gradient-projection
algorithm under suitable conditions. We also give an application.
In section 3.3, a strong convergence theorem is proved concerning an element in the inter-
section of set of solutions of generalized mixed equilibrium problem and the set of solutions
of fixed point for a finite family of Bregman strongly nonexpansive mappings.

In chapter 4, we study the monotone inclusion, minimization and fixed point problem and
this comprises of 4 sections.
In section 4.1, a brief introduction of sum of two monotone operators and Peaceman-
Rachford algorithm is given.
In section 4.2, a strong convergence result is obtained for finding a common element of the
fixed points set of an infinite family of k-demicontractive mappings which is also a zero of
the sum of two monotone operators, with one operator being maximal monotone and the
other inverse-strongly monotone.
In section 4.3, we study an iterative algorithm with Meir-Keeler contractions for finding
zeros of the sum of finite families of m-accretive operators and finite family of α-inverse
strongly accretive operators in a real smooth and uniformly convex Banach spaces.We
also discuss application of this method to the approximation of solution to certain integro-
differential equation with generalized p-Laplacian operators.
In section 4.4, we propose a new modification of the Gradient Projection Algorithm (GPA)
and the Forward-backward Algorithm (FBA). Using our proposed algorithms, we estab-
lish two strong convergence theorems. We also apply our result to solve split feasibility
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problem and we give numerical example.

Chapter 5 is devoted to the study of split feasibility variational inequality and fixed point
problems and this comprises of 3 sections.
In section 5.1, we propose an algorithm involving a step-size selected in such a way that
its implementation does not require the computation or an estimate of the operator norm.
Using our algorithm we prove strong convergence theorem for finding a common element
that solves a class of split variational inequality problems.
In section 5.2, we propose an algorithm involving a step-size selected in such a way that
its implementation does not require the computation or an estimate of the spectral radius.
Using our algorithm we prove strong convergence theorem for common solution of a split
equilibrium problem, a variational inequality problem and fixed point problem for multi-
valued quasi-nonexpansive mappings in real Hilbert spaces.
In section 5.3, we propose an iterative algorithm involving a step-size selected in such
a way that its implementation does not require the computation or an estimate of the
spectral radius. Using our algorithm, we state and prove a strong convergence theorem
for approximating a common solution to a monotone inclusion problem and a fixed point
problem for multi-valued Lipschitz hemicontractive-type mappings whose image under a
bounded linear operator is a fixed point of a demicontractive mapping.

In chapter 6, we study split equality equilibrium, split equality monotone inclusion, split
equality minimization and fixed point problems in Banach spaces and this comprises of
three sections.
In section 6.1, an iterative algorithm for approximating a solution of a split equality min-
imization problem and split equality fixed point problem for demi-contractive mappings
is introduced. Using our iterative algorithm, we state and prove a strong convergence
theorem for approximating an element in the intersection of the solution set of a split
equality minimization problem and the solution set of split equality fixed point problem
for demicontractive maps. Our result do not require any compactness assumption and do
not require the prior knowledge of the operator norm.
In section 6.2, we propose a new iterative algorithm for approximating a common solution
of split equality monotone inclusion problem and split equality fixed point problem. Using
our algorithm, we state and prove a strong convergence theorem for approximating an
element in the intersection of the set of solutions of a split equality monotone inclusion
problem and the set of solutions of a split equality fixed point problem for right Bregman
strongly nonexpansive mappings in the setting of p-uniformly convex Banach spaces which
are also uniformly smooth. We also give an application.
In section 6.3, we study the approximation of solution of split equality generalized mixed
equilibrium problem and fixed point problem for right Bregman strongly quasi-nonexpansive
mappings in q-uniformly convex Banach spaces which are also uniformly smooth. We in-
troduce a simultaneous algorithm and prove strong convergence without prior information
of the operator norms involved.

In the last chapter, our contribution to knowledge is discussed and some areas of future
research are also pointed out.
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Chapter 2

Literature Review

In this chapter, we give definitions of some basic terms and concepts that will be useful
throughout the work. We also present some useful results and give detailed literature
review of concepts that are relevant to the work.

2.1 Preliminaries and definitions

Unless otherwise specified, X represents a Banach space with norm ‖.‖. The dual space
X∗ of X is the Banach space of all bounded linear functionals on X. It is endowed with
the norm

‖x∗‖X∗ := sup
‖x‖=1

〈x, x∗〉,

where 〈., .〉 represent the pairing between the elements of X and X∗. Given any sequence
{xn} in X, we take xn → x∗ to mean {xn} converges strongly to x∗ and xn ⇀ x∗ to mean
that {xn} converges weakly to x∗.

2.1.1 Some basic concepts and definitions

Definition 2.1.1. A mapping T : X → X is called L-Lipschitzian if there exists L > 0
such that

‖Tx− Ty‖ ≤ L‖x− y‖, ∀x, y ∈ X. (2.1.1)

Remark 2.1.2. If L = 1 in the inequality (2.1.1), the mapping is called nonexpansive and
if 0 < L < 1, it is called a strict contraction. It is well known that F (T ) is closed and
convex whenever T is nonexpansive.

Definition 2.1.3. A mapping T : X → X is pseudocontractive in the terminology of
Browder and Pertryshn [26] if

‖x− y‖ ≤ ‖(x− y) + r[(x− Tx)− (y − Ty)]‖, ∀x, y ∈ X, r > 0. (2.1.2)
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By the result of Kato [92], (2.1.2) is equivalent to

〈(I − T )x− (I − T )y, j(x− y)〉 ≥ 0.

Thus, a mapping T is pseudocontractive if and only if the complementary operator A :=
I − T is accretive.

Definition 2.1.4. Given a real Hilbert space H and a closed convex subset C of H, let
T : C → C be a mapping. Then T is said to be

(B1) strictly pseudocontractive if there exists µ ∈ [0, 1) such that

‖Tx− Ty‖2 ≤ ‖x− y‖2 + µ‖(x− Tx)− (y − Ty)‖2, ∀x, y ∈ C; (2.1.3)

(B2) demi-contractive if F (T ) 6= ∅ and there exists µ ∈ [0, 1) such that

‖Tx− Tp‖2 ≤ ‖x− p‖2 + µ‖x− Tx‖, ∀ (x, p) ∈ C × F (T ); (2.1.4)

(B3) quasi-nonexpansive if F (T ) 6= ∅ and

‖Tx− Tp‖ ≤ ‖x− p‖, ∀(x, p) ∈ C × F (T ). (2.1.5)

It is known that (2.1.3) is equivalent to

〈Tx− Ty, x− y〉 ≤ ‖x− y‖2 − 1− µ
2
‖(x− Tx)− (y − Ty)‖2, ∀x, y ∈ C. (2.1.6)

If µ = 1 in the inequality (2.1.4), the mapping is called hemicontractive. (2.1.4) is equiv-
alent to

〈Tx− Tp, x− p〉 ≤ ‖x− p‖2 − 1− µ
2
‖Tx− x‖2 ∀ x ∈ C, p ∈ F (T ). (2.1.7)

Definition 2.1.5. Given a mapping f : X → R ∪ {+∞}. We say that f is

� proper if
D(f) := {x ∈ X : f(x) <∞} 6= ∅;

� convex if

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y), ∀λ ∈ (0, 1), x, y ∈ D(f);

� lower semi-continuous (lsc) at x0 ∈ D(f) if

f(x0) ≤ lim inf
x→x0

f(x);

� Gâteaux-differentiable (G−differentiable) at x0 ∈ D(f), if there exists a bounded
linear mapping f ′ ∈ X∗ such that

〈h, f ′(x)〉 = lim
t→0

f(x0 + th)− f(x0)

t
;
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� Fre’chet-differentiable at x0 ∈ D(f), if it is G−differentiable at x0 ∈ D(f), with
derivative f ′(x0), and

lim
t→0

sup
‖h‖=1

∣∣∣∣f(x0 + th)− f(x0)

t
− 〈h, f ′(x0)〉

∣∣∣∣ = 0;

� subdifferential at x0 ∈ D(f), if there exists g ∈ X∗, called a subgradient element,
such that

f(x)− f(x0) ≥ 〈x− x0, g〉, ∀x ∈ X.
Remark 2.1.6. It is known that every convex lower semicontinuous function f is subdif-
ferentiable in the interior of its domain, see for example Cioranescu [64]. Moreover, f is
G−differentiable if and only if the subdifferential ∂f(x) contains only one element, namely
f ′(x) = ∇f(x), for each x ∈ D(f).

Definition 2.1.7. The subdifferential of a functional f at x0 is the set valued mapping
∂f : X → 2X

∗
defined by

∂f(x0) := {g ∈ X∗ : f(x)− f(x0) ≥ 〈x− x0, g〉} ∀x ∈ X.

The subdifferential is an increasingly important multivalued mapping due to its fre-
quent use in the theory of optimization. Many functions of interest, for example, the
absolute value function f(x) = |x| on R are not differentiable. They may however be
subdifferentiable. Therefore 0 ∈ ∂f(x̄) if and only if f(x) ≥ f(x̄) holds for all x ∈ X.
Finding a minimizer of f therefore is equivalent to finding an x̄ ∈ X with 0 ∈ ∂f(x̄). This
technique has been applied successfully for example in game theory and market economy,
in the existence theory for equilibra.

2.1.2 Duality mappings and characterization of some Banach
spaces

We present some characterization of Banach spaces according to their duality mappings.

It is a common knowledge that the domain of a function f is almost never compact in the
infinite dimensional spaces and therefore strong convergence is almost never guaranteed.
To enforce a form of convergence of a minimizing sequence, one uses some other properties
of the functional. In particular, one assumes that f is weakly lower semicontinuous, i.e ”if
xn ⇀ u, then f(u) ≤ lim inf f(xn)”. It is known that every convex lower semicontinuous
function is weakly lower semicontinuous.

If the mapping f is differentiable, then the convexity can be characterized exclusively by
the derivative as follows:

〈u− v, f ′(u)− f ′(v)〉 ≥ 0 ∀u, v ∈ X, (2.1.8)

where 〈., .〉 is the paring between the elements of the dual X∗ and X. Any mapping
A : X → X∗ satisfying the type of inequality (2.1.8), i.e

〈u− v,A(u)− A(v)〉 ≥ 0 ∀u, v ∈ X,
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is called a monotone mapping. We have noted that if f is convex and lower semicontin-
uous but not necessarily differentiable, we may still obtain the subdifferential of f. The
multivalued mapping ∂f satisfies the inequality (2.1.8) in the sense that

〈u∗ − v∗, u− v〉 ≥ 0, ∀u, v ∈ X, u∗ ∈ ∂f(u), v∗ ∈ ∂(v). (2.1.9)

This suggest that the inequality (2.1.8) is applicable to a wide range of areas including
multi-valued mappings.

Definition 2.1.8. Given a Banach space X with its dual X∗. We recall that

� a normed space X is called uniformly smooth if for every x ∈ X, ‖x‖ = 1, there
exists a unique x∗ ∈ x∗ such that ‖x∗‖ = 1 and 〈x, x∗〉 = ‖x‖,

� the modulus of convexity of X is a mapping δX : [0, 2]→ R defined by

δX(t) = inf

{
1−

∥∥∥∥x+ y

2

∥∥∥∥ : ‖x‖ = ‖y‖ = 1, ‖x− y‖ = t

}
, (2.1.10)

� and the modulus of smoothness is a mapping ρX : (0,∞)→ R defined by

ρX(t) = sup

{
1

2
(‖x+ y‖+ ‖x− y‖)− 1 : ‖x‖ = 1, ‖y‖ = t

}
. (2.1.11)

The space X is said to be uniformly convex whenever δX(t) > 0 for each t ∈ (0, 2] and

uniformly smooth if lim
t→0+

ρX(t)
t

= 0. Given real numbers p, q > 1, the space X is called

p-uniformly convex (resp. q-uniformly smooth) if for some constant c > 0,

δX(t) ≥ ctp (resp ρX(t) ≤ ctq).

Moreover, X is uniformly smooth if and only if X∗ is uniformly convex and vice versa.
Also, if 1

p
+ 1

q
= 1, then X∗ is q-uniformly smooth if X is p-uniformly convex and vice

versa.

Common examples of p-uniformly convex spaces are the Lp spaces, 1 < p < ∞. Given a
measure space (Ω,A, µ), we define a real Lebesgue space (Lp(Ω)), 1 < p <∞ as

Lp(Ω) :=

{
f, f : Ω→ R ∪ {+∞}, f is A−measurable,

∫
Ω

|f |pdµ <∞
}
.

In this case, (Lp(Ω), ‖.‖p), where

‖f‖p =

(∫
Ω

|f |pdµ
) 1

p

,

is a normed linear space.

In the special case that Ω = N and µ is the counting measure δ, the space

Lp(N) =

{
f, f : N→ R, f(n) = xn,

∫
N
|f |pdδ <∞

}
,
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corresponds to

lp :=

{
(xn)n :

∞∑
n=1

|xn|p <∞
}
.

Let q be the Holder conjugate exponent of p, i.e

q :=
p

p− 1
, 1 < p <∞.

For u ∈ Lq(Ω), we define the linear functional Fu on (Lp(Ω))∗ by

Fu(f) :=

∫
Ω

f.u dµ, f ∈ Lp.

The Holder inequality

|Fu(f)| =
∣∣∣∣∫

Ω

f.u dµ

∣∣∣∣ ≤ ‖u‖q‖f‖p
gives ‖Fu‖∗ ≤ ‖u‖q. Thus, the mapping

Ip : Lq(Ω)→ (Lp(Ω))∗, u 7→ Fu,

is a one to one bounded linear operator with ‖Ip‖B(Lq ,(Lp)∗) ≤ 1. With the isometry above
in mind, we will habitually identify the space (Lp)

∗ with Lq in the sense that for any
φ ∈ (Lp)

∗, there exist uφ ∈ Lq, such that 〈f, φ〉 =
∫

Ω
f.uφ dµ, ∀ f ∈ Lp, and ‖φ‖∗ = ‖uφ‖q.

It is well known, see for example Chidume [60], that

(i) X is p− uniformly convex if and only if X∗ is q− uniformly smooth.

(ii) X is q− uniformly smooth if and only if X∗ is p− uniformly convex.

Let X be a real p−uniformly convex and uniformly smooth Banach spaces with dual X∗

which is q−uniformly smooth and uniformly convex. We define the functional fp : X → R
by

fp(x) :=
1

p
‖x‖p, x ∈ X.

It is obvious that fp is strictly convex and lower semicontinuous. Then the subdifferential
of fp, which is actually the Fre’tchet derivative is denoted by Jp, where

Jp(x) = {jp(x) ∈ X∗ : 〈jp(x), x〉 = ‖x‖p = ‖jp(x)‖p}. (2.1.12)

This mapping Jp : X → 2X
∗

is nonlinear and is called the generalized duality mapping of
X.

For p = 2, the mapping J2 := J : X → 2X
∗

is called the normalized duality mapping.
When it is understood that J is single valued, we may use J(x) and j(x) interchangeably.
Some of its very useful properties are :

(a) For any x ∈ X, J(x) 6= ∅ (due to Hahn Banach theorem).
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(b) For any real number α, J(αx) = αJ(x), ∀x ∈ X.
(c) If X is a reflexive and smooth Banach space, then J is single-valued and onto.

(d) If X is strictly convex, then J is injective.

(e) If X is reflexive and strictly convex and X∗ is strictly convex then J∗ : X∗ → X∗∗

(= X) is a duality mapping on X∗ satisfying J−1 = J∗.

The normalized duality mapping characterize the reflexivity of a Banach space, as
shown in the result below:

Theorem 2.1.9. (Cioranescu [64]) Let X be a Banach space and J the normalized duality
mapping. Then X is reflexive if and only if⋃

x∈X

J(x) = X∗.

Below are other basic relationships that exist between the geometric property of Banach
space and generalized duality mappings, which can be found in [60] and [64]:

Proposition 2.1.10. Let X be a Banach space. Then the following assertions holds:

(a) X is smooth if and only if the generalized duality mapping Jp is single valued.

(b) X is uniformly smooth if and only if the generalized duality mapping Jp is norm to
norm uniformly continuous on bounded subsets of X.

(c) If X has a uniformly G−differentiable norm, then Jp is norm to weak∗ uniformly
continuous on bounded subsets of X.

Definition 2.1.11. (Browder [28]) A Banach space X is said to have a weakly continuous
duality mapping if there exists a p > 1 such that Jp is singled-valued and weak∗ sequentially
continuous, that is

if xn ⇀ x, then JP (xn) ⇀ JP (x) in the weak* topology.

Example of spaces with weakly continuous duality mapping are lp, 1 < p < ∞. For a
Banach space with weakly continuous duality, the following result holds:

Theorem 2.1.12. (Cioranescu [64] and Riech [152]) Suppose that X has a weakly con-
tinuous duality mapping Jp and that the sequence {xn} converges weakly to x. Then

lim sup
n→∞

‖xn − z‖p = lim sup
n→∞

‖xn − x‖p + ‖z − xn‖p

∀z ∈ X. In particular, X satisfies the Opial’s conditions; that is,

if xn ⇀ x, then lim sup
n→∞

‖xn − x‖ < lim sup
n→∞

‖xn − z‖

for all z ∈ X, z 6= x.

Below is another important property of the normalized duality mapping in Banach space
which can be found in [92].

Lemma 2.1.13. (Kato [92]) Let x, y ∈ X. Then ‖x‖ ≤ ‖x + αy‖ for every α > 0 if and
only if there exists j(x) ∈ J(x) such that 〈y, j(x)〉 ≥ 0.
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2.1.3 Metric projection in Hilbert spaces

Given a nonempty closed and convex subset C of a Hilbert space H, the metric projection
or the proximal mapping on C is a mapping PC : H → C such that for each x ∈ H, the
uniquely existing element PCx ∈ C satisfies

‖x− PCx‖ = min
y∈C
‖x− y‖.

A very important inequality that characterize the metric projection in Hilbert spaces is
stated below.

Proposition 2.1.14. For arbitrary x ∈ H, z = PCx if and only if

〈x− z, y − z〉 ≤ 0, ∀y ∈ C.

From this proposition, we derive that

(i) ‖PCx − PCy‖2 ≤ 〈x − y, PCx − PCy〉 ∀x, y ∈ H, that is, the metric projection is
firmly nonexpansive;

(ii) ‖x− PCx‖2 + ‖y − PCx‖2 ≤ ‖x− y‖2 ∀x ∈ H and y ∈ C;

(iii) if C is a closed subspace, then PC coincide with the orthogonal projection from H
onto C. Thus, for any y ∈ C, 〈x− PCx, y〉 = 0.

Remark: The convexity of the set C is very crucial in the existence of the mapping PC .
This can be seen in the example where C := {e1, e2, ..., en, ...} ⊂ l2, en =

(
0, 0, ..., n+2

n
, ...
)
.

Certainly, C is closed but not convex. It is easy to see that PC0 = ∅. In some case when
the structure of the convex set C is simple, we can easily calculate the metric projection
onto such a set.

Example 2.1.15. (a) Let C = B̄(u, r) = {y ∈ H : ‖y − u‖ ≤ r}. Then

PCx =

{
u+ r (x−u)

‖x−u‖ , if x /∈ C,
x, if x ∈ C.

(b) Given a nonzero mapping f : H → R and C := {y ∈ H : f(y) = α} a hyperplane,
then

PCx = x− f(x)− α
‖f‖2

f.

(c) Given a nonzero mapping f : H → R and C := {y ∈ H : f(y) ≤ α} a closed half
space, then

PCx =

{
x− (f(x)−α)

‖f‖2 f, if f(x) > α,

x, if f(x) < α.
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2.1.4 Bregman distance and some related notions

In 1967, Bregman [24] introduced a nice and effective method for using the so called
Bregman distance function ∆f in the process of designing and analyzing feasibility and
and optimization algorithms. This opened a growing area of research in which Bregman
distance technique is applied in various ways in order to design and analyze iterative
algorithms for solving equilibra and for computing fixed points of nonlinear mappings
(see, e.g., [2, 1, 3, 31, 34, 24, 36, 37, 39, 40, 41, 77, 98] and the references therein).

Let f : E → R be an admissible function, that is, a proper, lower semicontinuous,
convex and Gáteaux differentiable function. Under these conditions, we know that f is
continuous in the int(domf) (see [33]).

Definition 2.1.16. (Bregman [24]) Let f : X → (−∞,+∞] be a G−differentiable
function. The function ∆f : D(f)× intD(f)→ [0,+∞) defined by

∆f (y, x) := f(y)− f(x)− 〈∇f(x), y − x〉 (2.1.13)

is called the Bregman distance with respect to f.

Remark 2.1.17. [179]. The generalized duality mapping Jp is the derivative of the func-
tion fp(x) = (1

p
)||x||p. Given that f = fp in the definition above, the Bregman distance

with respect to fp now becomes

∆p(x, y) =
1

q
||x||p − 〈Jpx, y〉+

1

p
||y||p

=
1

p
(||y||p − ||x||p) + 〈Jpx, x− y〉

=
1

q
(||x||p − ||y||p)− 〈Jpx− Jpy, y〉. (2.1.14)

We note that the Bregman distance is not symmetric, therefore it is not a metric but it
has the following important properties for all x, y, z ∈ X:

(i) ∆p(x, x) = 0,

(ii) ∆p(x, y) ≥ 0,

(iii) ∆p(x, y) = ∆p(x, z) + ∆p(z, y) + 〈z − y, Jpx− Jpy〉,

(iv) ∆p(x, y) + ∆p(y, x) = 〈x− y, Jpx− Jpy〉.

For any p-uniformly convex Banach space X, the metric and Bregman distance have the
following relation:

k||x− y||p ≤ ∆p(x, y) ≤ 〈x− y, Jpx− Jpy〉,
where k > 0 is a fixed number.

The modulus of total convexity of f is the bifunction νf : int(domf) × [0,+∞) →
[0,+∞] which is defined by

νf (x, t) := inf{∆f (y, x) : y ∈ domf, ‖y − x‖ = t}.
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The function f is said to be totally convex at a point x ∈ int(domf) if νf (x, t) > 0
whenever t > 0. The function f is said to be totally convex when it is totally convex at
every point x ∈ int(domf). This property is less stringent than uniform convexity (see [36],
Section 2.3, page 92). Examples of totally convex functions can be found, for instance, in
[35, 36, 39].

We remark that f is totally convex on bounded subsets if and only if f is uniformly convex
on bounded subsets (see [39], Theorem 2.10, page 9).
The Bregman projection (cf. [24]) with respect to f of x ∈ int(domf) onto a nonempty,
closed and convex set C ⊂ int(domf) is defined as the necessarily unique vector ProjfC(x) ∈
C, which satisfies

∆f

(
ProjfC(x), x

)
= inf{∆f (y, x) : y ∈ C}. (2.1.15)

Let C be a nonempty, closed and convex subset of X, f : X → R be a G− differentiable
function and totally convex function and let x ∈ X. It is known from [39] that z =
ProjfC(x) if and only if 〈∇f(x)−∇f(z), y − z〉 ≤ 0 for all y ∈ C. We also have

∆f (y, Proj
f
C(x)) + ∆f (Proj

f
C(x), x) ≤ ∆f (x, y), ∀x ∈ X, y ∈ C. (2.1.16)

Similar to metric projection in Hilbert space, the Bregman projection with respect to
totally convex and G− differentiable function has a variational characterization (cf. [39],
Corollary 4.4, page 2.3).

Proposition 2.1.18. (see [174])(Characterization of Bregman Projections). Suppose that
f : X → R is totally convex and G− differentiable in int(domf). Let x ∈ int(domf)
and C ⊂ int(domf) be a nonempty, closed and convex set. If x̂ ∈ C, then the following
conditions are equivalent:

(i) The vector x̂ is the Bregman projection of x onto C with respect to f.

(ii) The vector x̂ is unique solution of the variational inequality

〈∇f(x)−∇f(z), z − y〉 ≥ 0, ∀y ∈ C.

(iii) The vector x̂ is the unique solution of the inequality

∆f (y, z) + ∆f (z, x) ≤ ∆f (y, x), ∀ ∈ C.
Definition 2.1.19. Let C be a nonempty, closed and convex subset of X and T : C → C
be any mapping. A point p ∈ C is called an asymptotic fixed point of T if C contains
a sequence {xn}∞n=1 which converges weakly to p and limn→∞ ||xn − Txn|| = 0. The set
asymptotic fixed points of T is denoted by F̂ (T ).

T : C → C is said to be

(i) right Bregman firmly nonexpansive if

〈Jp(Tx)− Jp(Ty), Tx− Ty〉 ≤ 〈Jp(Tx)− Jp(Ty), x− y〉, ∀x, y ∈ C,
equivalently,

∆p(Tx, Ty) + ∆p(Ty, Tx) + ∆p(x, Tx) + ∆p(y, Ty) ≤ ∆p(x, Ty) + ∆p(y, Tx),
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(ii) right Bregman strongly nonexpansive (see [118]) with respect to a nonempty F̂ (T ) if

∆p(Tx, y) ≤ ∆p(x, y), ∀x ∈ C, y ∈ F̂ (T )

and if whenever {xn} ⊂ C is bounded, y ∈ F̂ (T ) and

lim
n→∞

(∆p(xn, y)−∆p(Txn, y)) = 0,

it follows that
lim
n→∞

∆p(xn, Txn) = 0.

Remark 2.1.20. [118]. Every right Bregman firmly nonexpansive mapping is right Breg-
man strongly nonexpansive mapping with respect to F (T ) = F̂ (T ).

Definition 2.1.21. A mapping B : X → 2X
∗

is called monotone if

〈ξ − η, x− y〉 ≥ 0 ∀x, y ∈ E, ξ ∈ B(x), η ∈ B(y). (2.1.17)

B is said to be maximal if the graph of B denoted by G(B) is not properly contained in the
graph of any other monotone mapping. It is generally known that a monotone mapping B
is maximal if and only if 〈x− y, u− v〉 ≥ 0, for all (x, u) ∈ X ×X, (y, v) ∈ G(B) implies
u ∈ Bx.

The following are examples of monotone mappings.

Example 2.1.22. Let X be a real Banach space and f : X → (−∞,+∞] be a proper,
convex and lower semi-continuous function. The subdifferential ∂f of f defined by

∂f(x) = {ξ ∈ x∗ : 〈ξ, y − x〉 ≤ f(y)− f(x) ∀x ∈ x},

is maximal monotone (see [153]).

Example 2.1.23. Let X be a real Banach space, then the normalized duality mapping J
is monotone. Indeed for any x, y ∈ E, u ∈ J(x), v ∈ J(y), we have

〈x− y, u− v〉 = ||x||2 + ||y||2 − 〈x, v〉 − 〈y, u〉
≥ ||x||2 + ||y||2 − ||x||||v|| − ||y||||u||
= ||x||2 + ||y||2 − 2||x||||y||
= (||x|| − ||y||)2 ≥ 0.

Example 2.1.24. Let A be an n × n matrix with real entries. Consider the operator
f : Rn → Rn defined by f(x) = Ax. Then f is maximal monotone if f is a positive linear
operator (see [83]).

Definition 2.1.25. Let X be a p−uniformly convex Banach space and Jp be the generalized
duality mapping of X. The resolvent of a maximal monotone mapping B is the operator
ResλBp : X → 2X defined by

ResλBp := (Jp + λB)−1 ◦ Jp, λ > 0. (2.1.18)
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Remark 2.1.26. The resolvent operator ResλBp is a Bregman firmly nonexpansive operator.

Furthermore, 0 ∈ B(x) if and only if x = ResλBp (x) (see [151], for more details).

Let C be a nonempty closed and convex subset of X. The metric projection

PCx := argmin
y∈C

||x− y||

for all x ∈ X is the unique minimizer of the norm distance which can be characterized by
a variational inequality:

〈JXp (x− PCx), z − PCx〉 ≤ 0, ∀ z ∈ C. (2.1.19)

Similar to the metric projection, we define the Bregman projection as

ΠCx := argmin
y∈C

∆p(x, y),

∀ x ∈ X, which is the unique minimizer of the Bregman distance. The Bregman projection
can also be characterized by a variational inequality:

〈JXp (x)− JXp (Πcx), z − Πcx〉 ≤ 0. ∀ z ∈ C, (2.1.20)

which implies that

∆p(ΠCx, z) ≤ ∆p(x, z)−∆p(x,ΠCx), (2.1.21)

forall z ∈ C.

Definition 2.1.27. [179]. Let X be a p−uniformly convex Banach space. The function
Vp : X∗ ×X → [0,+∞) is defined by

Vp(x, y) :=
1

q
||x||q − 〈x, y〉+

1

p
||y||p, ∀x ∈ X∗, y ∈ X. (2.1.22)

Vp is nonnegative and Vp(x, y) = ∆p(J
∗
q (x), y) for all x ∈ X∗ and y ∈ X. Also, by the

subdifferential inequality, we have

Vp(x
∗, x) + 〈y∗, J∗q (x∗)− x〉 ≤ Vp(x

∗ + y∗, x), ∀x ∈ X, x∗, y∗ ∈ X∗ (see, [179]).(2.1.23)

Furthermore, Vp is convex in the second variable. Thus for all z ∈ X, we have

∆p

(
J∗q

(
N∑
i=1

tiJp(xi)

)
, z

)
≤

N∑
i=1

ti∆p(xi, z), (2.1.24)

where {xi}Ni=1 ⊂ E and {ti}Ni=1 ⊂ (0, 1) with
∑N

i=1 ti = 1 (see [1, 32, 158, 161, 179] for
more details).
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2.2 Equilibrium, split feasibility and variational in-

equality problems

2.2.1 Equilibrium problem

In this section, we give a brief survey of some classes of equilibrium problems. Throughout
this section C is a nonempty closed and convex subset of a Hilbert space H.

In 1994, Blum and Oettli [14] introduced the following Equilibrium Problem (in short
EP). Given a bifunction F : C × C → R, the EP is to find x ∈ C such that

F (x, y) ≥ 0, ∀y ∈ C. (2.2.1)

In solving the EP, it is assumed that the bifunction F satisfied the following:

A1. F (x, x) = 0 ∀ x ∈ C,

A2. F is monotone, i.e F (x, y) + F (y, x) ≤ 0 ∀ x, y ∈ C,

A3. lim supt↓0 F (tz + (1− t)x, y) ≤ F (x, y) for each x, y, z ∈ C,

A4. for each x ∈ C, the function y 7−→ F (x, y) is convex, lower semicontinuous.

The set of solution to (2.2.1) is denoted by EP(F ).

Generalized Equilibrium Problem (GEP)
In 1999, Moudafi and Théra [126] introduced the GEP which is to find x ∈ C such that :

F (x, y) + 〈Ax, y − x〉 ≥ 0, y ∈ C, (2.2.2)

where A : C → H is a nonlinear mapping. The set of solutions to (2.2.2) is denoted by
GEP(F ).

The EP and GEP have potential and useful applications in nonlinear analysis and math-
ematical economics as seen below (see Blum and Oettli [14]):

(1) Optimization: Let φ : C → R be a convex and lower semi-continuous function, the
minimization problem is to find x̄ ∈ C such that

φ(x̄) ≤ φ(y) ∀y ∈ C. (2.2.3)

Setting F (x, y) := φ(y)− φ(x), Problem (2.2.3) coincides with (2.2.1). The function
F is monotone in this case.

(2) Saddle point problem: Let ϕ : C1 × C2 → R. Then x̄ = (x̄1, x̄2) is called a saddle
point of the function ϕ if and only if for (x̄1, x̄2) ∈ C1 × C2,

ϕ(x̄1, y2) ≤ ϕ(y1, x̄2) ∀(y1, y2) ∈ C1 × C2. (2.2.4)
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Setting C = C1 × C2 and define F : C × C → R by

F
(

(x1, x2), (y1, y2)
)

:= ϕ(y1, x2)− ϕ(x1, y2).

Then x̄ = (x̄1, x̄2) is a solution of (2.2.1) if and only if (x̄1, x̄2) satisfies (2.2.4). F is
monotone in this case.

(3) Nash equilibria in non-cooperative game: Let I be a finite index set (the set of
players). For every i ∈ I, let there be given a set Ci (the strategy set of the i − th
player). Let C :=

∏
i∈I Ci. For every i ∈ I, let there be given a function fi : C → R

(the loss function of the ith player depending on the strategies of all players). For
x = (xi)i∈I ∈ C, we define xi = (xj)j∈I,j 6=i. The point x̄ = (x̄i)i∈I ∈ C is called Nash
equilibrium if and only if for all i ∈ I, there holds

fi(x̄i) ≤ fi(x̄
i, yi) ∀yi ∈ Ci, (2.2.5)

(that is, no player can reduce his loss by varying his strategy alone).
Define F : C × C → R by

F (x, y) :=
∑
i∈I

(
fi(x

i, yi)− fi(x)
)
.

Then x ∈ C is a Nash equilibrium if and only if x fulfills (2.2.1). Indeed: If (2.2.5)
holds for all i ∈ I, then it is obvious that (2.2.1) is fulfilled. If for some i ∈ I, we
choose y ∈ C in such a way that x̄i = yi. Then

F (x̄, y) = fi(x̄
i, yi)− fi(x̄).

Hence, (2.2.1) implies (2.2.5) for all i ∈ I. F in this case is not automatically
monotone.

(4) Fixed Point Problem (FPP): Let T : C → C be a given mapping. The fixed point
problem is to find x ∈ C such that

x = Tx. (2.2.6)

Setting F (x, y) = 〈x− Tx, y− x〉. Then x solves (2.2.6) if and only if x is a solution
of (2.2.1). Indeed: (2.2.6) ⇒ (2.2.1) is obvious. And if (2.2.1) is satisfied, then
choose ȳ = T x̄ to obtain

0 ≤ F (x̄, ȳ) = −||x̄− T x̄||2, (2.2.7)

hence, x̄ = T x̄. So (2.2.1) ⇒ (2.2.6). In this case F is monotone if and only if

〈Tx− Ty, x− y〉 ≤ ||x− y||2 ∀x, y ∈ C.

Hence in particular T is nonexpansive.
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(5) Convex differentiable optimization: Besides the straightforward connection between
optima and equilibria given in (1), there is a more subtle connection in the convex
differentiable case. Let Φ : C → R be convex and Gáteaux differentiable, with
Gáteaux differential DΦ(x) ∈ H∗ at x. Consider the problem

min{Φ(x) : x ∈ C}. (2.2.8)

It is well known from convex analysis that x̄ is a solution of (2.2.8) if and only if x̄
satisfy the variational inequality

x̄ ∈ C, 〈DΦ(x̄), yx̄〉 ≥ 0 ∀y ∈ C.
Upon setting F (x, y) := 〈DΦ(x), y− x〉, this becomes an example of our equilibrium
problem (2.2.1). The function F is monotone in this case, since the mapping
x 7−→ DΦ(x) is monotone, i.e

〈DΦ(y)−DΦ(x), y − x〉 ≥ 0 ∀x, y ∈ C.

(6) Variational operator inequalities: Let ψ : C → H∗ be a given mapping. The varia-
tional inequality problem is to find x̄ ∈ H such that

x̄ ∈ C, 〈ψx̄, y − x̄〉 ≥ 0 ∀y ∈ C. (2.2.9)

We set F (x, y) := 〈ψx, y − x〉. Then clearly (2.2.9) ⇐⇒ (2.2.1).

(7) Complementarity problem: This is a special case of the previous problem (6). Let C
be a closed convex cone with C∗ := {x∗ ∈ H∗ : 〈x∗, y〉 ≥ 0 ∀y ∈ C} denoting its
polar cone. Let A : C → H∗ be a given mapping. The complementarity problem is
to find x̄ ∈ H such that

x̄ ∈ C, Ax̄ ∈ C∗, 〈Ax̄, x̄〉 ≥ 0. (2.2.10)

It is easily seen that (2.2.10) is equivalent with (2.2.9). Obviously, (2.2.10)⇒ (2.2.9).
If (2.2.9) holds, then setting in turn y := 2x̄ and y := 0, we obtain from (2.2.9) that
〈Ax̄, x̄〉 = 0 and thereby, 〈Ax̄, y〉 ≥ 0, ∀y ∈ C. Hence (2.2.9)=⇒ (2.2.10).

Mixed Equilibrium Problem(MEP)
In 2008, Ceng and Yao [48] studied the MEP which is to find x ∈ C, such that

F (x, y) + φ(y)− φ(x) ≥ 0 ∀y ∈ C, (2.2.11)

where φ : C → R ∪ {+∞} is a nonlinear functional. The set of solutions of the MEP is
denoted by MEP(F, φ).

Generalized Mixed Equilibrium Problem(GEMEP)
Also, Peng and Yao [143] studied the GEMEP which is to find x ∈ C, such that

F (x, y) + 〈Ax, y − x〉+ φ(y)− φ(x) ≥ 0, ∀y ∈ C, (2.2.12)

where A : C → H is a nonlinear mapping and φ : C → R∪{+∞} is a nonlinear functional.
The set of solutions of GEMEP is denoted by GEMEP(F,A, φ).
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2.2.2 Split feasibility problem

The SFP introduced in 1994 by Censor and Elfving [50] is to find a point

x ∈ C such that Ax ∈ Q, (2.2.13)

where C and Q are nonempty closed convex sets in Rn and Rm respectively, and A is an
m×n real matrix. The SFP has wide applications in many fields, such as phase retrieval,
medical image reconstruction, signal processing, and radiation therapy treatment planning
(for example see [42, 49, 50, 51, 71, 194] and the references therein).
The SFP has also been studied by numerous authors in both finite and infinite dimensional
Hilbert spaces (for examples see [43, 51, 55, 88, 120, 128, 127, 137, 138, 139, 135, 179, 160,
173, 186, 189, 193]). It has been shown (see [188]) that if the SFP (2.2.13) has a solution,
then x∗ ∈ C solves SFP (2.2.13) if and only if it solves the fixed point equation

x∗ = PC(I − γA∗(I − PQ)A)x∗, (2.2.14)

where PC and PQ are the metric projections onto C and Q respectively, γ is any positive
real number, A is a bounded linear operator and A∗ is the adjoint of A.
Byrne [43] applied the forward-backward method, a type of projected gradient method,
to introduce the so-called CQ-iterative procedure for approximating a solution of (2.2.13),
which is defined by

xn+1 = PC(I − γA∗(I − PQ)A)xn, n ∈ N, (2.2.15)

where γ ∈ (0, 2
λ
) with λ being the spectral radius of the operator A∗A.

In 2009, Censor and Segal [55] introduced an important form of the SFP called Split
Common Fixed Point Problem (SCFPP), which is to find a point

x∗ ∈ F (T ) such that Ax∗ ∈ F (S), (2.2.16)

where T and S are some nonlinear operators on Rn and Rm respectively, A is a real m×n
matrix. Based on the properties of the operators T and S, called directed operators, they
presented the following algorithm for solving the SCFPP:

xn+1 = T (xn + γAT (S − I)Axn), ∀n ≥ 1, x1 ∈ Rn, (2.2.17)

where γ ∈ (0, 2
||A||2 ). They also obtained a convergence result for this algorithm.

Motivated by the work of Censor and Segal [55], Moudafi [128] presented the following
iterative scheme which does not involve the metric projections PC and PQ:

xn+1 = (1− αn) (xn + γA∗(S − I)Axn) + αnT (xn + γA∗(S − I)Axn) , n ∈ N,(2.2.18)

for approximating a solution of the SCFPP (2.2.16) and obtained a weak convergence
results when T and S are demi-contractive.
The SFP has been extended from the setting of Hilbert spaces to more general Banach
spaces by many authors. Schopfer et al. [154] introduced and studied the following
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algorithm (which is a generalization of algorithm (2.2.15)) for solving the SFP (2.2.13) in
p-uniformly smooth Banach spaces: For any x0 ∈ X1 and n ≥ 0,

xn+1 =
∏

C
J∗
[
JX1
p (xn)− tA∗JX2

p (Axn − PQ(Axn))
]
, (2.2.19)

where A∗ is the adjoint of a bounded linear operator A, t is any positive real number,
PQ is the metric projection onto Q and C,Q are nonempty, closed and convex subsets of
X1, X2 respectively. They obtained weak convergence result under the assumption that
the duality mapping of X is sequentially weak-to-weak continuous.

Wang [182] modified Algorithm (2.2.19) and obtained strong convergence result for the
following Multiple-Sets Split Feasibility Problem (MSSFP): Find

x ∈ ∩ri=1Ci such that Ax ∈ ∩r+sj=1+rQj, (2.2.20)

where r, s are two given integers, Ci, i = 1, 2, 3, . . . , r are closed convex subsets of X1

and Qj, j = r+ 1, . . . , r+ s are closed convex subsets of X2. He introduced the following
algorithm: For any x0 ∈ X1, define {xn} by

yn = Tnxn;

Dn = {u ∈ X1 : ∆p(yn, u) ≤ ∆p(xn, u)};
En = {u ∈ X1 : 〈xn − u, JX1

p x0 − JX1
p xn〉 ≥ 0};

xn+1 =
∏

Dn∩Xn(x0);

(2.2.21)

where Tn is defined for each n ∈ N by

Tn(x) =

{∏
Ci(n)(x); 1 ≤ i(n) ≤ r;

J
X∗1
q

[
JX1
p x− tnA∗JX2

p (I − PQi(n))Ax
]

; r + 1 ≤ i(n) ≤ r + s;
(2.2.22)

where i : N→ I is the cyclic control mapping

i(n) = n mod (r + s) + 1

and tn satisfies

0 < t ≤ tn ≤
(

q

Cq||A||p
) 1

q−1

. (2.2.23)

Very recently, Shehu et al. [179] introduced and studied the following iterative algorithm
for approximating a common solution of SFP and fixed point problems for right Bregman
strongly nonexpansive mapping in p−uniformly convex Banach spaces which are also uni-
formly smooth: For a fixed u ∈ C, u0 ∈ X1, define the sequences {xn}∞n=0 and {un}∞n=0

recursively by{
xn =

∏
C J

X∗1
q

[
JX1
p (un)− tnA∗JX2

p (I − PQ)Aun
]

;

un+1 =
∏

C J
X∗1
q

[
αnJ

X1
p (u) + βnJ

X1
p (xn) + γnJ

X1
p (Txn)

]
;

(2.2.24)

where 0 < t ≤ tn ≤ k <
(

q
Cq ||A||p

) 1
q−1

. They established strong convergence of algorithm

(2.2.24) under some suitable conditions.
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2.2.3 Variational inequality problem

The theory of VIP is known to be very useful in solving diverse mathematical problems
which include optimization problems, equilibrium problems, boundary valued problems,
among others. It is known that many mathematical problems can be posed as a VIP. In
particular, VIPs are known to be natural generalization of the theory of boundary value
problems and are considered in optimization theory as natural extension of minimization
problems (see [63]). We now give some examples of a VIP in the following subsection. To
do this, we first recall the definition of a VIP in a real Hilbert space H. Let A : H → H
be an operator and C be a nonempty, closed and convex subset of H. The VIP is the
problem of finding x∗ ∈ C such that

〈Ax∗, x− x∗〉 ≥ 0 ∀x ∈ C. (2.2.25)

We denote by Γ the solution set of the VIP (2.2.25). It is generally known that Γ is a
closed and convex subset of C (for example, see [165]).

A set valued mapping T : H → 2H is called monotone if for all x, y ∈ H, u ∈ T x and
v ∈ T y imply 〈x − y, u − v〉 ≥ 0. A monotone mapping T : H1 → 2H1 is maximal if the
graph G(T ) of T is not properly contained in the graph of any other monotone mapping.

It is well known that a monotone mapping T is maximal if and only if for (x, u) ∈ H×H,
〈x − y, u − v〉 ≥ 0, for every (y, v) ∈ G(T ) implies u ∈ T x. Let B : C → H be an
inverse strongly monotone mapping and let NCx be the normal cone to C at x ∈ C, i.e.,
NCx := {z ∈ H : 〈y − x, z〉 ≥ 0, ∀ y ∈ C}. Define

T x =

{
Ax+NCx, ∀x ∈ C,
∅, ∀x /∈ C.

Then T is maximal monotone and 0 ∈ T x if and only if x ∈ Γ, see [134].

Consider the following problem of finding the minimal value of a differentiable function f
over a closed interval I = [a, b]. For x∗ ∈ I, we have the following three possible cases,

1. if a < x∗ < b then f ′(x∗) = 0,

2. if x∗ = a then f ′(x∗) ≥ 0,

3. if x∗ = b then f ′(x∗) ≤ 0.

The above cases can be summarized as a VIP of finding x∗ ∈ I such that f ′(x∗)(x−x∗) ≥
0 ∀x ∈ I (see [7] for more details).

VIPs have been extensively studied in both finite and infinite dimensional spaces by nu-
merous authors. The break through in the study of VIPs in finite dimensional spaces
happened in 1980 when Dafermos [69] identified that a certain traffic network equilibrium
conditions had a structure of variational inequalities under the monotonicity assumption.
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Dafermos [69] used the techniques of the theory of variational inequalities to establish
existence of a traffic equilibrium pattern for which he developed an algorithm for the
construction of the pattern and derived estimates on the speed of convergence of the al-
gorithm. He also used his algorithm to estimate the user-optimized equilibrium pattern
for a simple network with two-way streets. His work attracted the interest of numerous
researchers, as a result of this, a lot of research efforts were devoted to the study of VIPs
in finite dimensional spaces (for example, see [70], [75], [101], [133]).

The study of VIPs was further extended to infinite dimensional spaces. There are several
monographs on VIPs in infinite dimensional spaces, however, we shall mention here a few.
Stampacchia [164] established the existence and uniqueness of the solution of problem
(2.2.25) under the assumption that A is a coercive and linear operator from a Hilbert
space H to its dual space H∗. Lions and Stampacchia [108] further considered the case
where A is positive or semicoercive. Hatman and Stampacchia [86] worked on partial
differential equations using the VIP (2.2.25) as a tool, with applications to problems
arising from mechanics. They proved the existence and uniqueness theorem of the solution
of problem (2.2.25) in a reflexive real Banach space when A is assumed to be a monotone
hemicontinuous operator. In fact they proved the following theorem.

Theorem 2.2.1. Let X be a Banach space and X∗ be its dual. Let A : X → X∗ be a
monotone hemicontinuous operator and K be a bounded convex subset of X. Then there
exists at least one solution of problem (2.2.25).

As we mentioned earlier, there are different methods or ways of obtaining solutions of
problem (2.2.25) in infinite dimensional spaces. The methods used by the authors men-
tioned above has to do with the existence and uniqueness of solutions of VIPs (see [165]
for detailed information on different approaches for solving problem (2.2.25)). Unlike the
existence and uniqueness problem which is only concerned with establishing conditions
under which problem (2.2.25) has solution, the iterative methods of finding solutions of
problem (2.2.25) are concerned with the actual computation or approximation of sequences
to a solution of problem (2.2.25).

Let C and Q be nonempty, closed and convex subsets of the real Hilbert spaces H1 and
H2 respectively. Let f : H1 → H1, g : H2 → H2 be inverse strongly monotone operators
and A : H1 → H2 be bounded linear operator. Consider the following problem which is
called the Split Variational Inequality Problem (SVIP): Find x∗ ∈ C such that

〈f(x∗), x− x∗〉 ≥ 0 ∀x ∈ C (2.2.26)

and such that y∗ = Ax∗ ∈ Q solves

〈g(y∗), y − y∗〉 ≥ 0 ∀y ∈ Q. (2.2.27)

If (2.2.26) and (2.2.27) are considered separately, we have that (2.2.26) is a VIP with its
solution set V IP (C, f) and (2.2.27) is a VIP with its solution set V IP (Q, g). The SVIP
was introduced and studied by Censor et al. [52]. They studied this problem as a pair
of VIPs in which they obtained a solution of one VIP in H1 whose image under a given
bounded linear operator A is a solution of the second VIP in the second space H2. They
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considered two approaches for establishing the solution of the SVIP (2.2.26)-(2.2.27). In
each of these approaches they proposed an iterative algorithm and using their algorithms
they obtained strong convergence results of the SVIP (2.2.26)-(2.2.27).

In 2012, Censor et al. [53] introduced the general Common Solutions to Variational In-
equality Problem (CSVIP), which consist of finding common solutions to unrelated varia-
tional inequalities for finite number of sets. That is, find x∗ ∈ ∩Ni=1Ci such that for each i =
1, 2, . . . , N,

〈Ai(x∗), x− x∗〉 ≥ 0, for all x ∈ Ci, i = 1, 2, . . . , N, (2.2.28)

where Ai : H → H is a nonlinear operator for each i = 1, 2, . . . , N and Ci is a nonempty,
closed and convex subset of H. They obtained the solution of problem (2.2.28) by con-
sidering first, a case where i = 1, 2 and later obtained the result of the problem for
i = 1, 2, . . . , N . They proposed the following algorithm and proved the corresponding
theorem.

{
x0 ∈ H,
xk+1 =

∏N
i=1(PCi(I − λAi))(xk).

(2.2.29)

Theorem 2.2.2. Let H be a real Hilbert space and Ci be nonempty, closed and con-
vex subsets of H for each i = 1, 2, . . . , N . Let Ai : H → H be αi-inverse strongly
monotone operators with λ ∈ (0, 2α) and α := mini{αi}. Assume that ∩∞i=1Ci 6= ∅ and
Γ := ∩Ni=1SOL(Ci, Ai) 6= ∅. Then any sequence {xk}∞k=0 generated by Algorithm (2.2.29)
converges weakly to a point x∗ ∈ Γ and furthermore,

x∗ = lim
k→∞

PΓ(xk). (2.2.30)

Censor et al. [54] also considered problem (2.2.28) in the case where the operator A is
a multivalued mapping. More precisely, they studied the following problem which they
called Common Solutions to Variational Inequalities Problem (CSVIP):
Let H be a real Hilbert space and Ci be a nonempty, closed and convex subsets of H with
∩Ni=1Ci 6= ∅. Let Ai : H → 2H be a multivalued mapping for each i = 1, 2, . . . , N . The
CSVIP is the problem of finding a point x ∈ ∩Ni=1Ci such that for each i = 1, 2, . . . , N ,
there exists ui ∈ Ai(x) satisfying

〈ui, y − x〉 ≥ 0 ∀y ∈ Ci, i = 1, 2, . . . , N. (2.2.31)

Their motivation stems from the observation that if Ai = 0, then the CSVIP (2.2.31)
reduces to the Convex Feasibility Problem (CFP) of finding a point x ∈ ∩Ni=1Ci. Also
observe that if Ci are the fixed point sets of a family of nonlinear operators defined on H,
then the CFP becomes the Common Fixed Point Problem (CFPP) (for example, see [53]
and [54]).

Recently, Tian et al [170] considered a class of generalized split feasibility problem for
finding an element that solves a variational inequality problem such that its image under
a given bounded linear operator is in the fixed point set of a nonexpansive mapping. They
proved the following weak convergence theorem:
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Theorem 2.2.3. Let H1 and H2 be real Hilbert spaces. Let K be a nonempty closed convex
subset of H1. Let A : H1 → H2 be a bounded linear operator such that A 6= 0, f : K → H1

be a monotone and k-Lipschitz continuous mapping and T : H2 → H2 be a nonexpansive
mapping. Setting Γ = {z ∈ V I(K, f) : Az ∈ F (T )}, assume that Γ 6= ∅. Let the sequences
{xn}, {yn} and {tn} be generated by x1 = x ∈ K and

yn = PK(xn − γnA∗(I − T )Axn),

tn = PK(yn − λnf(yn)),

xn+1 = PK(yn − λnf(tn)),

(2.2.32)

for each n ∈ N, where {γn} ⊂ [a, b] for some a, b ∈ (0, 1
‖A‖2 ) and {λn} ⊂ [c, d] for

some c, d ∈ (0, 1
k
). Then the sequence {xn} converges weakly to a point z ∈ Γ, where

z = limn→∞ PΓxn.

Observe that the operator PC(I − λA) appears in most of the algorithms stated above.
Hence, we present the connection between the fixed points set of the operator PC(I −λA)
and the solution set of VIP:

Proposition 2.2.4. [53]. Let C be a nonempty, closed and convex subset of a real Hilbert
space H and A : C → C be an inverse strongly monotone operator. If V IP (C,A) is the so-
lution set of the VIP (2.2.25), then for any λ > 0, we have that F (PC(I − λA)) =VIP(C,A).

Proof. Let λ > 0 and y ∈ C, then from the characterization of the metric projection (see
Proposition 2.1.14), we have that

x ∈ F (PC(I − λA)) ⇐⇒ x = PC(I − λA)x,

⇐⇒ 〈x− (I − λA)x, y − x〉 ≥ 0,

⇐⇒ 〈λA(x), y − x〉 ≥ 0,

⇐⇒ 〈A(x), y − x〉 ≥ 0,

⇐⇒ x ∈ VIP(C,A).

Hence, F (PC(I − λA)) =VIP(C,A).

2.3 Some important results

In this section, we give some useful and important results that will be needed in establishing
our main results.

Definition 2.3.1. A mapping T : H → H is said to be firmly nonexpansive if and only if
2T − I is nonexpansive or equivalently

〈x− y, Tx− Ty〉 ≥ ‖Tx− Ty‖2 ∀x, y ∈ H.
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Alternatively T is firmly nonexpansive if and only if T can be express

T =
1

2
(I + S),

where S : H → H is nonexpansive. For example, the projection mapping is firmly
nonexpansive.

Definition 2.3.2. A mapping T : H → H is said to be an averaged mapping if it can be
written as the average of the identity mapping I and a nonexpansive mapping; that is

T = (1− α)I + αS, (2.3.1)

where α ∈ (0, 1) and S : H → H is nonexpansive.

More precisely, when (2.3.1) holds, we say that T is α-averaged. Thus, firmly nonexpansive
mapping (in particular, projections) are 1

2
-averaged mappings.

Theorem 2.3.3. (Banach contraction mapping principle [13]). Let (X, d) be a complete
metric space and let f be a contraction on X. Then f has a unique fixed point.

Theorem 2.3.4. (Meir and Keeler [121]). Let (X, d) be a complete metric space and let
f be a Meir-Keeler contraction (MKC, for short) on X, that is, for every ε > 0, the exists
δ > 0 such that d(x, y) < ε + δ implies d(f(x), f(y)) < ε for all x, y ∈ X. Then f has a
unique fixed point.

Remark 2.3.5. It is well known that Theorem 2.3.4 is a generalization of Theorem 2.3.3
since contractions are proper subclass of Meir-Keeler contractions.

Lemma 2.3.6. Let H be a real Hilbert space, then the following well known identities
holds:

(i) ‖x+ y‖2 = ‖x‖2 + ‖y‖2 + 2〈x, y〉;

(ii) ‖x+ y‖2 ≤ ‖x‖2 + 2〈y, x+ y〉;

(iii) ‖λx+ (1− λ)y − z‖2 = λ‖x− z‖2 + (1 − λ)‖y − z‖2 − λ(1 − λ)‖x− y‖2, for any
λ ∈ (0, 1), x, y, z ∈ H;

(iv) 2〈x, y〉 = ||x||2 + ||y||2 − ||x− y||2 = ||x+ y||2 − ||x||2 − ||y||2, ∀ x, y ∈ H.
Proposition 2.3.7. (Characterization of Bregman Projection, see [174]). Suppose that
f : X → R is totally convex and Gateaux differentiable in int(domf). Let x ∈ int(domf)
and C ⊂ int(domf) be a nonempty, closed and convex set. If x̂ ∈ C, then the following
conditions are equivalent:

(i) The vector x̂ is the Bregman projection of x onto C with respect to f.

(ii) The vector x̂ is the unique solution of the variational inequality

〈∇f(x)−∇f(z), z − y〉 ≥ 0, ∀ y ∈ C.
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(iii) The vector x̂ is a unique solution of the inequality Df (y, z)+Df (z, x) ≤ Df (y, x) ∀y, z ∈
C.

Lemma 2.3.8. (see [175], Lemma 3.1): Let f : X → R be Gâteaux differentiable and
totally convex function. If x0 ∈ X and the sequence {Df (xn, x0)} is bounded, then the
sequence {xn} is bounded too.

Lemma 2.3.9. (see [175], Lemma 3.2): Let f : X → R be Gâteaux differentiable and
totally convex function at x0 ∈ X and let C be a nonempty, closed and convex subset of
X. Suppose that the sequence {xn} is bounded and any weak subsequential limit of {xn}
belong to C. If Df (xn, x0) ≤ Df (Proj

f
C(x0), x0) for any n, then {xn} converges strongly to

ProjfC(x0).

Lemma 2.3.10. [36]. The function f : X → R is totally convex on bounded set if and
only if it is sequentially consistent.

Lemma 2.3.11. [174]. If f : X → R is uniformly Fretchet differentiable and bounded on
bounded subsets of X, then ∇f is uniformly continuous on bounded subsets of X from the
strong topology of X to the strong topology of X∗.

Definition 2.3.12. (Demiclosedness property) Let T : H → H be a nonlinear mapping.
Then T is said to be demiclosed at y ∈ H, if {xn}⇀ x ∈ H and Txn → y, then y = Tx.

Lemma 2.3.13. (Demiclosedness principle) Let K be a nonempty, closed and convex
subset of a real Hilbert space H and let T : K → K be µ-strictly pseudocontractive mapping.
Then I − T is demiclosed at 0, i.e., if xn ⇀ x ∈ K and xn − Txn → 0, then x = Tx.

Lemma 2.3.14. [187] Assume {an} is a sequence of nonnegative real numbers such that

an+1 ≤ (1− γn)an + γnδn, n ≥ 0,

where {γn} is a sequence in (0, 1) and {δn} is a sequence in R such that
(i)
∑∞

n=0γn =∞,
(ii) lim sup

n→∞
δn ≤ 0 or

∑∞
n=0|δnγn| <∞.

Then lim
n→∞

an = 0.

Lemma 2.3.15. [115] Let {an} be a sequence of real numbers such that there exists a
subsequence {nj} of {n} with anj < anj+1 for all j ∈ N. Then there exists a nondecreasing
sequence {mk} ⊂ N such that mk → ∞ and the following properties are satisfied by all
(sufficiently large) number k ∈ N :

amk ≤ amk+1 and ak ≤ amk+1.

In fact, mk = max{j ≤ k : aj < aj+1}.
Lemma 2.3.16. [65, 185] Let C be a nonempty subset of H. The following statements
hold:

i If T : C → H is α-averaged, then for any z ∈ F (T ) and for all x ∈ C,

‖Tx− z‖2 ≤ ‖x− z‖2 − 1− α
α
‖Tx− x‖2.
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ii If T1 : H → H and T2 : H → H are α1 and α2-averaged, respectively. Then T1T2 is
(α1 + α2 − α1α2)-averaged.

Lemma 2.3.17. [114] Let {an} be a sequence of non-negative numbers such that

an+1 ≤ (1− αn)an + αnrn,

where {rn} is a sequence of real numbers bounded from above and {αn} ⊂ [0, 1] satisfies∑
αn =∞. Then

lim sup
n→∞

an ≤ lim sup
n→∞

rn.

Lemma 2.3.18. [116] Let H be a Hilbert space, f : H → H a contraction with coefficient
0 < α < 1, and A a strongly positive linear bounded operator with coefficient γ̄ > 0. Then,
for 0 < γ < γ̄/α,

〈x− y, (A− γf)x− (A− γf)y〉 ≥ (γ̄ − γα)‖x− y‖2, x, y ∈ H.
That is, A− γf is strongly monotone with coefficient γ̄ − γα.
Lemma 2.3.19. [192] Let H be a real Hilbert space. Then for all xi ∈ H and αi ∈ [0, 1]
for i = 1, 2, ..., n such that α1 + α2 + ...+ αn = 1, the following equality holds:

‖α1x1 + α2x2 + ...+ αnxn‖2 =
n∑
i=1

αi‖xi‖2 −
∑

1≤i,j≤n

αiαj‖xi − xj‖2.

Lemma 2.3.20. (Lopez et.al, [102]) Let H be a real Hilbert space. Let M : H → 2H be a
maximal monotone operator and B : H → H be an α-inverse strongly monotone mapping.
Then we have
(i) for r > 0, F (Tr) = (M +B)−1(0) := {x ∈ H : 0 ∈ (M +B)x};
(ii) for 0 < s ≤ r and x ∈ E, ||x−Tsx|| ≤ 2||x−Trx||, where Tr := (I+rM)−1(I−rB) =
JMr (I − rB).

Lemma 2.3.21. [195] Let C be a nonempty closed convex subset of a smooth Banach space
X. Let F : C × C → R be a bifunction satisfying conditions (A1)-(A4), A : C → X∗ be
a continuous and monotone mapping, φ : C → R be a lower semi-continuous and convex
function. Let r > 0 be any given number and x ∈ X, there exists z ∈ C such that

F (z, y) + 〈Az, y − z〉+ φ(y)− φ(z) +
1

r
〈J(z)− J(x), y − z〉 ≥ 0, ∀ y ∈ C. (2.3.2)

Define the resolvent mapping Tr : E → 2C as follows:+

T Fr (x) = {z ∈ C : F (z, y)+〈Az, y−z〉+φ(y)−φ(z)+
1

r
〈J(z)−J(x), y−z〉 ≥ 0, ∀ y ∈ C},

(2.3.3)
then, T Fr has the following properties:
(1) T Fr is single-valued,
(2) T Fr is a firmly nonexpansive mapping, that is,

〈T Fr z − T Fr y, JT Fr z − JT Fr y〉 ≤ 〈T Fr z − T Fr y, Jz − Jy〉 ∀z, y ∈ X,

(3)F (T Fr ) = GMEP (F,A, φ),
(4) GMEP (F,A, φ) is closed and convex.
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It is easy to see that the resolvent operator satisfies the following inequality: for all r > 0,
u ∈ GMEP (F,A, φ) and x ∈ X, then

∆p(x, T
F
r x) + ∆p(T

F
r x, u) ≤ ∆p(x, u). (2.3.4)

Lemma 2.3.22. [110] Assume that F : C × C → R is a bifunction satisfying (A1)-(A4).
For r > 0 and x ∈ H, define a mapping Qr : H → C as follows:

Qr(x) =

{
z ∈ C : F (z, y) +

1

r
〈y − z, z − x〉 ≥ 0, ∀ y ∈ C

}
.

Then the following hold:

(1) Qr is single-valued;

(2) Qr is firmly nonexpansive, i.e. ‖Qr −Qry‖2 ≤ 〈Qrx−Qry, x− y〉 for any x, y ∈ H;

(3) F (Qr) = EP (F );

(4) EP (F ) is closed and convex.

Lemma 2.3.23. [185]. Assume that {an}∞n=0 is a sequence of non negative real numbers
such that

an+1 ≤ (1− δn)an + δnσn + bn, n ≥ 0,

where {γn}∞n=0 and {bn}∞n=0 are sequences in (0, 1) and {δn}∞n=0 is a sequence in R such
that

(i)
∑∞

n=0 δn =∞;

(ii) either lim sup
n→∞

σn ≤ 0 or
∑∞

n=0 δn|σn| < 0;

(iii)
∑∞

n=0 bn <∞.

Then lim
n→∞

an = 0.

Lemma 2.3.24. (see [45]) Assume A is a strongly positive bounded operator with coeffi-
cient γ̄ > 0 on a real smooth Banach space X and 0 < ρ ≤ ‖A‖−1. Then ‖I−ρA‖ ≤ I−ργ̄.

Lemma 2.3.25. (see [166] Lemma 2.3) Let f be an MKC on a convex subset of a Banach
space X. Then for each ε > 0, there exists rε ∈ (0, 1) such that

‖x− y‖ ≥ ε =⇒ ‖f(x)− f(y)‖ ≤ rε‖x− y‖ ∀x, y ∈ C. (2.3.5)

Lemma 2.3.26. (see [11]) Let X be a Banach space and let A be an m-accretive operator.
For λ > 0, µ > 0 and x ∈ X, we have

Jλx = Jµ

(µ
λ
x+

(
1− µ

λ

)
Jλx
)
,

where JAλ = (I + λA)−1 and JAµ = (I + µA)−1.
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Lemma 2.3.27. (see [167]) Let {xn}, {zn} be bounded sequences in X and {βn} be a se-
quence in [0, 1] which satisfied the following condition: 0 < lim infn→∞ βn ≤ lim supn→∞ βn <
1. Suppose that xn+1 = (1 − βn)xn + βnzn for all n ≥ 0 and lim supn→∞(‖zn+1 − zn‖ −
‖xn+1 − xn‖) ≤ 0. Then, limn→∞ ‖zn − xn‖ = 0.

Lemma 2.3.28. (see [61] Let X be a real Banach space with Fréchet differentiable norm.
For x ∈ X, let β∗(t) be defined for 0 < t <∞ by

β∗(t) = sup

{∣∣∣∣∣‖x+ ty‖2 − ‖x‖2

t
− 2〈y, j(x)〉

∣∣∣∣∣ : ‖y‖ = 1

}
. (2.3.6)

Then, limt→0+ β∗(t) = 0 and

‖x+ h‖2 ≤ ‖x‖2 + 2〈h, j(x)〉+ ‖h‖β∗(‖h‖)

for all h ∈ X \ {0}.

In the result of Cholamjik and Suantai [61], the authors assumed that β∗(t) ≤ 2t for
t > 0. In our more general setting, throughout this work , we will assume that

β∗(t) ≤ ct, t > 0 and for some c > 1,

where β∗ is the function appearing in (2.3.6).
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Chapter 3

Equilibrium and Fixed Point
Problems

3.1 Introduction

One parameter family of mappings T := {G(t) : 0 ≤ t < ∞} is called a continuous
Lipschitzian semigroup on C if the following conditions are satisfied:

(1) G(0)x = x for all x ∈ C;

(2) G(s+ t) = G(s)G(t) for all s, t ≥ 0;

(3) for each t > 0, there exists a bounded measurable function Lt : (0,∞)→ [0,∞) such
that ‖G(t)x−G(t)y‖ ≤ Lt‖x− y‖, x, y ∈ C;

(4) for each x ∈ C, the mapping G(.)x from [0,∞) into C is continuous.

A Lipschitzian semigroup T is called nonexpansive if Lt = 1 for all t > 0 and asymptot-
ically nonexpansive if lim sup

t→∞
Lt ≤ 1. Let F (T ) denote the common fixed point set of the

semigroup T i.e., F (T ) := {x ∈ C : G(t)x = x,∀t > 0}.
Consider the following constrained minimization problem:

min
x∈C

g(x) (3.1.1)

where g : C → R is real-valued convex and continuously Fréchet differentiable functional.
Assume that the constrained convex minimization problem (3.1.1) has a solution, we
denote the set of solutions of (3.1.1) by Γ. The Gradient-Projection Algorithm (GPA)
generates a sequence {xn} according to the recursive formula

xn+1 = PC(I − γn∇g)xn, ∀n ≥ 0, (3.1.2)

where the parameters γn are real positive numbers, and PC is the metric projection from
H onto C. It is well known that the convergence of the algorithms (3.1.2) is determined by
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the gradient ∇g and the metric projection onto C. If the gradient ∇g is only assumed to
be inverse strongly monotone, then the sequence {xn} defined by the algorithm (3.1.2) can
only converge weakly to a minimizer of (3.1.1). If the gradient ∇g is Lipschitz continuous
and strongly monotone, then the sequence generated by (3.1.2) can converge strongly to
a unique minimizer of (3.1.1) provided the parameters γn satisfy appropriate conditions.

In 2011, Xu [185] proposed average mappings to GPA, and he constructed a counter
example which shows that the GPA does not have strong convergence in an infinite-
dimensional space. Moreover, he provided two convergent modifications of GPA which are
shown to converge in norm.

Also, in 2011 motivated by Xu, Cent et al. [47] presented the following iterative
algorithm:

xn+1 = PC [θnγf(xn) + (I − θnµF )Tn(xn)] , n ≥ 0, (3.1.3)

where f : C → H is and l-Lipschitzian mapping with constant l > 0, and F : C → H
is a k-Lipschitzian and η-strongly monotone operator with constants k, η > 0. Let 0 <
µ < 2η/k2, 0 ≤ γl < τ and τ = 1−

√
1− µ(2η − µk2). Let Tn and θn satisfy θn = 2−λnL

4
,

PC(I−λn∇g) = θnI+(1−θnTn). Under suitable conditions, it is proved that the sequence
{xn} generated by (3.1.3) converges strongly to a minimizer x∗ of (3.1.2).

In 2012, Tian and Liu [113] introduced the following iterative method in a Hilbert
space: x1 ∈ C and{

F (un, y) + 1
rn
〈y − un, un − xn〉 ≥ 0, ∀ y ∈ C,

xn+1 = αnγf(un) + (1− αnA)Tn(un), ∀ n ∈ N,
(3.1.4)

where F : C × C → R, un = Qrn(xn), PC(I − λn∇g) = θnI + (I − θn)Tnθn = 2−λnL
4

, and
{λn} ⊂ (0, 2/L, and {αn}, {βn}, {θn} satisfy appropriate conditions. Furthermore, they
proved that the sequence {xn} converges strongly to a point q ∈ Γ∩EP (F ), which solves
the variational inequality

〈(A− γf)q, q − z〉 ≤ 0, z ∈ Γ ∩ EP (F ).

However, it is known that the minimization problem (3.1.1) has more than one solu-
tion, so regularization is needed to find a unique solution. Now, consider the following
regularized minimization problem:

min
x∈C

gα(x) := min
x∈C

{
g(x) +

α

2
‖x‖2

}
,

where α > 0 is the regularization parameter, g is a convex function with a 1/L-ism
continuous gradient ∇g. Then the Regularized Gradient Projection Algorithm (RGPA)
generates a sequence {xn} by the following recursive formula:

xn+1 = PC(I − γ∇gαn)xn = PC [xn − γ(∇g + αnI)(xn)] , (3.1.5)

where the parameter αn > 0, γ is a constant with 0 < γ < 2/L, and PC is the metric
projection from H onto C. It is well known that the sequence {xn} generated by algorithm
(3.1.5) converges weakly to a minimizer of (3.1.1) in the setting of infinite-dimensional
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space (see [188]).
In 2010, Tian [169] combined the iterative methods of [116, 190] to propose a general

iterative method for approximating a fixed point of a nonexpansive mapping T defined
on a real Hilbert space. Let f be a l-contraction on C with 0 < l < 1, and let S be a
η-strongly monotone and k-Lipschitzian. For a constant µ satisfying 0 < µ < 2η/k2, a

constant t satisfying 0 < t < µ(η − µk2

2
)/l = τ/l, then for x0 ∈ H, define a sequence {xn}

recursively by

xn+1 = αntf(xn) + (1− αnµS)Txn, n ≥ 0, (3.1.6)

where F (T ) denote the fixed points of mapping T, i.e, F (T ) = {x ∈ H : x = Tx}.
Recently, motivated by the work of Tian [169], Tian and Liu [113], Ming Tian and

Si-Wen Jiao [168] introduced a new iterative algorithm: x1 ∈ C and{
F (un, y) + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀ y ∈ C,

xn+1 = αntf(xn) + (I − αnµS)Tλn(un), ∀ n ∈ N,
(3.1.7)

for finding a element of Γ∩EP (F ), where F : C×C → R, un = Qrn(xn), PC(I−γ∇gλn) =
Tλn , ∇gλn = ∇g + λnI, γ ∈ (0, 2/L). Under appropriate conditions, they proved that the
sequence {xn} generated by (3.1.7) converges strongly to a point q ∈ Γ ∩ EP (F ), which
is also a solution to the variational inequality

〈(µS − tf)q, q − z〉 ≤ 0, ∀ z ∈ Γ ∩ EP (F ).

In [177], Y. Shehu introduced an iterative scheme for finding a common element of the
set of common fixed points of a nonexpansive semigroup, the set of solution to a generalized
equilibrium problem and the set of solutions to a variational inclusion problem in a real
Hilbert space. In particular, they proved the following theorem:

Theorem 3.1.1. Let C be a nonempty, closed and convex subset of a real Hilbert space
H. Let F be a bifunction from C × C to R satisfying (A1)-(A4), ψ a µ- inverse-strongly
monotone mapping of C into H, A an α-inverse strongly monotone mapping of C into H
and M : H → 2H a maximal monotone mapping. Let T : {G(u) : 0 ≤ u < ∞} be a one-
parameter nonexpansive semigroup on H such that Ω := F (T )∩I(A,M)∩GEP (F, ψ) 6= ∅
and suppose f : H → H is a contraction mapping with a constant γ ∈ (0, 1). Let {tn} ⊂
(0,∞) be a real sequence such that limn→∞ tn =∞. Suppose {xn} and {un} are generated
by x1 ∈ H,{

F (un, y) + 〈ψxn, y − un〉+ 1
rn
〈y − un, un − xn〉 ≥ 0, ∀ y ∈ C and

xn+1 = βnxn + (1− βn)
(

1
tn

∫ tn
0
G(u)[αnf(xn) + (1− αn)JM,λ(un − λAun)]du

)
,

(3.1.8)
for all n 6= 1, where {αn}∞n=1 and {βn}∞n=1 are sequences in (0, 1) and {rn}∞n=1 ⊂ (0,∞)
satisfying:

(i) limn→∞ βn = 0,
∑∞

n=1 |βn+1 − βn| <∞;

(ii) limn→∞ αn = 0,
∑∞

n=0 αn =∞, ∑∞n=1 |αn+1 − αn| <∞;
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(iii) λ ∈ (0, 2α];

(iv) 0 < a ≤ rn ≤ b < 2µ, lim infn→∞ rn > 0,
∑∞

n=1 |rn+1 − rn| <∞;

(v) limn→∞
tn−tn−1

tn
1

αn(1−βn)
= 0.

Then {xn}∞n=1 converges strongly to z, where z := PΩf(z).

Lemma 3.1.2. [162]. Let D be a nonempty, bounded, closed and convex subset of a real
Hilbert space H and let T := {G(u) : 0 ≤ u < ∞} a nonexpansive semigroup on D, then
for any h ≥ 0,

lim
t→∞

sup
x∈D

∥∥∥∥G(h)

(
1

t

∫ t

0

G(u)xdu

)
−
(

1

t

∫ t

0

G(u)xdu

)∥∥∥∥ = 0.

Lemma 3.1.3. [168] Let H be a real Hilbert space and C be a nonempty, closed and convex
subset of H. Let f : H → H be a contraction with constant l ∈ (0, 1), and S : C → H
be a k-Lipschitzian and η-strongly monotone operator with k > 0, η > 0. Suppose that
∇g is 1/L-ism continuous. Let Qrn be sequence of mappings defined as in Lemma 2.3.22.
Consider the following mapping Xn on H defined by

Xn(x) = αntf(x) + (I − αnµS)TλnQrn(x), ∀x ∈ H, n ∈ N,

where PC(I−γ∇gλn) = Tλn , ∇gλn = ∇g+λnI, γ ∈ (0, 2/L), {αn} ⊂ (0, 1), µ ∈ (0, 2η/k2),

0 < t < µ(η − µk2

2
)/l = τ/l. Then Xn is a contraction. i.e.

‖Xn(x)−Xn(y)‖ ≤ (1− αn(τ − tl))‖x− y‖.

In this chapter, we study the common solution for one-parameter nonexpansive semi-
group, constrained minimization problem and generalized equilibrium problem, we also in-
troduce an iterative algorithm for approximating a common solution of generalized mixed
equilibrium problem and fixed point problem in a real reflexive Banach space.

3.2 Regularized gradient-projection algorithm for solv-

ing one-parameter nonexpansive semigroup, con-

strained convex minimization and generalized equi-

librium problems

In this section, motivated by the work of Y. Shehu [177], Ming Tian and Si-Wen Jiao
[168] and ongoing results, we prove strong convergence theorems for finding a common
element of the set of common fixed points of a nonexpansive semigroup, the set of solutions
to a generalized equilibrium problem and the set of solution to a constrained convex
minimization problem in a real Hilbert space. Our contribution lies in the fact that
our iterative method solves fixed point problem for nonexpansive semigroup, generalized
equilibrium problem and constrained convex minimization problem at same time.
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Lemma 3.2.1. Let C be a nonempty, closed and convex subset of a real Hilbert space H.
Let F : C × C → R be a bifunction satisfying (A1)-(A4), ψ : C → H be a monotone
mapping and let g : C → R be a real-valued convex function, and assume that the gradient
∇g is 1/L-ism with a constant L > 0. Let f : H → H be a contraction with the constant
0 < l < 1 and let S : C → H be η-strongly monotone and k-Lipschitzian. Fix a constant
µ satisfying 0 < µ < 2η/k2, a constant t satisfying 0 < t < µ(η − µk2

2
)/l = τ/l. Let

T := {G(u) : 0 ≤ u < ∞} be a one-parameter nonexpansive semigroup on H such that
Υ := F (T )∩ Γ∩GEP (F, ψ) 6= ∅, and {tn} ⊂ (0,∞) be a sequence such that limn→∞ tn =
∞. Suppose {xn}∞n=1 and {un}∞n=1 are generated by x1 ∈ H as follows:

F (un, y) + 〈ψxn, y − un〉+ 1
rn
〈y − un, un − xn〉 ≥ 0, ∀ y ∈ C;

Tλn(un) = PC(I − γ∇gλn)un;

xn+1 = βnxn + (1− βn)
(

1
tn

∫ tn
0
G(u)[αntf(xn) + (1− αnµS)Tλn(un)]du

)
,

(3.2.1)

where un = Qrn(xn), ∇gλn = ∇g + λnI, Tλn = PC(I − γ∇gλn), γ ∈ (0, 2/L). Let {βn},
{rn}, {αn}, {λn} satisfy the following conditions:

(i) limn→∞ βn = 0,
∑∞

n=1 |βn+1 − βn| <∞;

(ii) αn ⊂ (0, 1) limn→∞ αn = 0,
∑∞

n=0 αn =∞, ∑∞n=1 |αn+1 − αn| <∞;

(iii) {λn} ⊂ (0, 2/γ − L), λn = o(αn),
∑∞

n=1 |λn+1 − λn| <∞;

(iv) {rn} ⊂ (0,∞), lim infn→∞ rn > 0,
∑∞

n=1 |rn+1 − rn| <∞;

(v) limn→∞
tn−tn−1

tn
1

αn(1−βn)
= 0.

Then {xn}∞n=1, {yn}, {un} and
{

1
tn

∫ tn
0
G(u)yndu

}
are bounded.

Proof. First, we show that (I−γ∇gλn) is nonexpansive. For all x, y ∈ C and γ ∈ (0, 2/L),
we have

‖(I − γ∇gλn)x− (I − γ∇gλn)y‖2 = ‖(x− y)− γ(∇gλnx−∇gλny)‖2

= ‖x− y‖2 − 2γ〈x− y,∇gλnx−∇gλny〉+ γ2‖∇gλnx−∇gλny‖2

≤ ‖x− y‖2 − 2γ

L
‖∇gλnx−∇gλny‖2 + γ2‖∇gλnx−∇gλny‖2

= ‖x− y‖2 + γ

(
γ − 2

L

)
‖∇gλnx−∇gλny‖2 (3.2.2)

≤ ‖x− y‖2.

Next, we show that {xn} is bounded. Let p ∈ F (T )∩ Γ∩GEP (F, ψ) 6= ∅ and by Lemma
2.3.14, we know that

‖un − p‖ = ‖Qrn(xn)−Qrn(p)‖ ≤ ‖xn − p‖. (3.2.3)
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Now, let yn := αntf(xn) + (1− αnµS)Tλn(un), n ≥ 1. So

‖yn − p‖ = ‖αntf(xn) + (I − αnµS)Tλn(un)− p‖
≤ ‖(I − αnµS)Tλn(un)− (I − αnµS)Tλn(p)‖+ ‖(I − αnµS)Tλn(p)− (I − αnµS)T (p)‖

+αnt‖f(xn)− f(p)‖+ αn‖tf(xn)− µS(p)‖
≤ (1− αnτ)‖un − p‖+ ‖Tλn(p)− T (p)‖

+‖αnµSTλn(p)− αnµST (p)‖+ αntl‖xn − p‖+ αn‖tf(p)− µS(p)‖
≤ (1− αn(τ − tl))‖xn − p‖+ (αnµk + 1)‖Tλn(p)− T (p)‖

+αn‖tf(p)− µS(p)‖. (3.2.4)

For x ∈ C, note that
PC(I − γ∇gλn)x = Tλnx

and
PC(I − γ∇g)x = Tx.

Then we get

‖Tλnx− Tx‖ = ‖PC(I − γ∇gλn)x− PC(I − γ∇g)x‖
≤ λnγ‖x‖. (3.2.5)

It follows from (3.2.4) and (3.2.5) that

‖yn − p‖ ≤ (1− αn(τ − tl))‖xn − p‖

+αn(τ − tl)
[
λn
αn
.
(αnµk + 1)γ

τ − tl ‖p‖+
‖tf(p)− µS(p)‖

τ − tl

]
. (3.2.6)

From (3.2.1), we obtain

‖xn+1 − p‖ =

∥∥∥∥β(xn − p) + (1− βn)

(
1

tn

∫ tn

0

[G(u)yn −G(u)p]du

)∥∥∥∥
≤ βn‖xn − p‖+ (1− βn)‖yn − p‖
≤ βn‖xn − p‖+ (1− βn)(1− αn(τ − tl))‖xn − p‖

+αn(1− βn)(τ − tl)
[
λn
αn
.
(αnµk + 1)γ

τ − tl ‖p‖+
‖tf(p)− µS(p)‖

τ − tl

]
= [1− αn(τ − tl)(1− βn)] ‖xn − p‖

+αn(1− βn)(τ − tl)
[
λn
αn
.
(αnµk + 1)γ

τ − tl ‖p‖+
‖tf(p)− µS(p)‖

τ − tl

]
.
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Since λn = o(αn), there exists a real number M1 > 0 such that λn
αn
≤M1. Thus,

‖xn+1 − p‖ ≤ [1− αn(τ − tl)(1− βn)] ‖xn − p‖

+αn(1− βn)(τ − tl)M1(αnµk + 1)γ‖p‖+ ‖tf(p)− µS(p)‖
τ − tl

≤ max

{
‖xn − p‖,

1

τ − tl (M1(αnµk + 1)γ‖p‖+ ‖tf(p)− µS(p)‖)
}

...

≤ max

{
‖x1 − p‖,

1

τ − tl (M1(αnµk + 1)γ‖p‖+ ‖tf(p)− µS(p)‖)
}
, n ≥ 1.

So, {xn} is bounded. Hence, {yn}, {un} and
{

1
tn

∫ tn
0
G(u)yndu

}
are also bounded.

Lemma 3.2.2. Let C be a nonempty, closed and convex subset of a real Hilbert space H.
Let F : C × C → R be a bifunction satisfying (A1)-(A4), ψ : C → H be a monotone
mapping and let g : C → R be a real-valued convex function, and assume that the gradient
∇g is 1/L-ism with a constant L > 0. Let f : H → H be a contraction with the constant
0 < l < 1 and let S : C → H be η-strongly monotone and k-Lipschitzian. Fix a constant
µ satisfying 0 < µ < 2η/k2, a constant t satisfying 0 < t < µ(η − µk2

2
)/l = τ/l. Let

T := {G(u) : 0 ≤ u < ∞} be a one-parameter nonexpansive semigroup on H such that
Υ := F (T )∩ Γ∩GEP (F, ψ) 6= ∅, and {tn} ⊂ (0,∞) be a sequence such that limn→∞ tn =
∞. Suppose {xn}∞n=1 and {un}∞n=1 are generated by (3.2.1). Then lim

n→∞
‖xn+1 − xn‖ = 0

and lim
n→∞
‖un+1 − un‖ = 0.

Proof. From (3.2.4), we have

‖yn − p‖ ≤ (1− αn(τ − tl))‖xn − p‖+ αn(τ − tl) 1

τ − tl (M1(αnµk + 1)γ‖p‖+ ‖tf(p)− µS(p)‖)

≤ ‖xn − p‖+
1

τ − tl (M1(αnµk + 1)γ‖p‖+ ‖tf(p)− µS(p)‖)

≤ max

{
‖x1 − p‖,

1

τ − tl (M1(αnµk + 1)γ‖p‖+ ‖tf(p)− µS(p)‖)
}

+
1

τ − tl (M1(αnµk + 1)γ‖p‖+ ‖tf(p)− µS(p)‖)

≤ ‖x1 − p‖+
2

τ − tl (M1(αnµk + 1)γ‖p‖+ ‖tf(p)− µS(p)‖) .

Put D =
{
w ∈ H : ‖w − p‖ ≤ ‖x1 − p‖+ 2

τ−tl (M1(αnµk + 1)γ‖p‖+ ‖tf(p)− µS(p)‖)
}
.

ThenD is a nonempty, bounded, closed and convex subset ofH. SinceG(u) is nonexpansive
for any u ∈ [0,∞), D is G(u)-invariant for each u ∈ [0,∞) and contains {yn}. Without
loss of generality, we may assume that T := {G(u) : 0 ≤ u < ∞} is a nonexpansive
semigroup on D. By Lemma 3.1.2, we get

lim
n→∞

∥∥∥∥( 1

tn

∫ tn

0

G(u)yndu

)
−G(h)

(
1

tn

∫ tn

0

G(u)yndu

)∥∥∥∥ = 0, (3.2.7)
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for every h ∈ [0,∞). Furthermore, observe that

‖xn+1 −G(h)xn+1‖ ≤
∥∥∥∥xn+1 −

1

tn

∫ tn

0

G(u)yndu

∥∥∥∥
+

∥∥∥∥( 1

tn

∫ tn

0

G(u)yndu

)
−G(h)

(
1

tn

∫ tn

0

G(u)yndu

)∥∥∥∥
+

∥∥∥∥G(h)

(
1

tn

∫ tn

0

G(u)yndu

)
−G(h)xn+1

∥∥∥∥
≤ 2

∥∥∥∥xn+1 −
1

tn

∫ tn

0

G(u)yndu

∥∥∥∥
+

∥∥∥∥( 1

tn

∫ tn

0

G(u)yndu

)
−G(h)

(
1

tn

∫ tn

0

G(u)yndu

)∥∥∥∥
≤ 2βn

∥∥∥∥xn − 1

tn

∫ tn

0

G(u)yndu

∥∥∥∥
+

∥∥∥∥( 1

tn

∫ tn

0

G(u)yndu

)
−G(h)

(
1

tn

∫ tn

0

G(u)yndu

)∥∥∥∥ ,
from lim

n→∞
βn = 0 and (3.2.7), we get lim

n→∞
‖xn+1 −G(h)xn+1‖ = 0 and hence

lim
n→∞
‖xn −G(h)xn‖ = 0. (3.2.8)

Next, we show that ‖xn+1− xn‖ → 0, n→∞. Since ∇g is 1/L−ism, PC(I −∇gλn) =
Tλn , so we have that

‖Tλn(un−1)− Tλn−1(un−1)‖ = ‖PC(I − γ∇gλn)un−1 − (I − γ∇gλn−1)un−1‖
≤ ‖(I − γ∇gλn)un−1 − (I − γ∇gλn)un−1‖
= γ‖∇g(un−1) + λn−1un−1 −∇g(un−1)− λnun−1‖
= γ|λn − λn−1|‖un−1‖.

Thus, we get

‖yn − yn−1‖ = ‖(αntf(xn) + (I − αnµS)Tλn(un)− (αn−1tf(xn−1) + (I − αn−1µS)Tλn−1(un−1)‖
≤ ‖αntf(xn)− αntf(xn−1)‖+ ‖αntf(xn−1)− αn−1tf(xn−1)‖

+‖(I − αnµS)Tλn(un) − (I − αnµS)Tλn(un−1)‖
+‖(I − αnµS)Tλn(un−1)− (I − αn−1µS)Tλn−1(un−1)‖

≤ αntl‖xn − xn−1‖+ t|αn − αn−1|.‖f(xn−1)‖+ (1− αnτ)‖un − un−1‖
+‖Tλn(un−1)− Tλn−1(un−1)‖+ ‖αn−1µSTλn−1(un−1)− αnµSTλn(un−1)‖

≤ αntl‖xn − xn−1‖+ t|αn − αn−1|.‖f(xn−1)‖+ (1 + αn−1µk)‖Tλn(un−1)− Tλn−1(un−1)‖
+|αn − αn−1|.‖STλn(un−1)‖+ (1− αnτ)‖un − un−1‖

≤ αntl‖xn − xn−1‖+ |αn − αn−1|. (t‖f(xn)‖+ µ‖STλn(un−1)‖) + (1− αnτ)‖un − un−1‖
+γ(1 + µk)|λn − λn−1|.‖un−1‖.

Since from Lemma 3.2.1 {un}, {f(xn)} and {STλn(un)} are bounded, then there exists a
constant M2 > 0 such that

M2 ≥ max {γ(1 + µk)‖un−1‖, t‖f(xn)‖+ µ‖STλn(un−1)} , ∀ n ≥ 1.
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Hence

‖yn − yn−1‖ ≤ αntl‖xn − xn−1‖+ (1− αnτ)‖un − un−1‖
+M2(|αn − αn−1|+ |λn − λn−1|). (3.2.9)

From un+1 = Qrn+1(xn+1) and un = Qrn(xn), we note that

F (un, y) + 〈ψxn, y − un〉+
1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C (3.2.10)

and

F (un+1, y) + 〈ψxn+1, y − un+1〉+
1

rn+1

〈y − un+1, un+1 − xn+1〉 ≥ 0, ∀y ∈ C. (3.2.11)

Putting y = un+1 in (3.2.10) and y = un in (3.2.11), we have

F (un, un+1) + 〈ψxn, un+1 − un〉+
1

rn
〈un+1 − un, un − xn〉 ≥ 0

and

F (un+1, un) + 〈ψxn+1, un − un+1〉+
1

rn+1

〈un − un+1, un+1 − xn+1〉 ≥ 0.

So, from (A2), we have

〈ψxn+1 − ψxn, un − un+1〉+

〈
un+1 − un,

un − xn
rn

− un+1 − xn+1

rn+1

〉
≥ 0

and hence,

0 ≤
〈
un − un+1, rn(ψxn+1 − ψxn) +

rn
rn+1

(un+1 − xn+1)− (un − xn)

〉
=

〈
un+1 − un, un − un+1 +

(
1− rn

rn+1

)
un+1 + (xn+1 − rnψxn+1)− (xn − rnψxn)

−xn+1 +
rn
rn+1

xn+1

〉
=

〈
un+1 − un, un − un+1 +

(
1− rn

rn+1

)
(un+1 − xn+1) + (xn+1 − rnψxn+1)− (xn − rnψxn)

〉
.

It then follows that

‖un+1 − un‖2 ≤ ‖un+1 − un‖
{∣∣∣∣1− rn

rn+1

∣∣∣∣ ‖un+1 − xn+1‖+ ‖xn+1 − xn‖
}

and so we have

‖un+1 − un‖ ≤
∣∣∣∣1− rn

rn+1

∣∣∣∣ ‖un+1 − xn+1‖+ ‖xn+1 − xn‖.
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Without loss of generality, we assume that there exists w ∈ R such that rn > w > 0,
∀n ≥ 1. Then

‖un+1 − un‖ ≤ ‖xn+1 − xn‖+
1

rn+1

|rn+1 − rn|‖un+1 − xn+1‖

≤ ‖xn+1 − xn‖+
1

w
|rn+1 − rn|M3, (3.2.12)

where M3 := supn≥1 ‖un − xn‖.
From (3.2.9) and (3.2.12), we get

‖yn − yn−1‖ ≤ αntl‖xn − xn−1‖+ (1− αnτ)‖un − un−1‖+M2(|λn − λn−1|+ |αn − αn−1|)

≤ αntl‖xn − xn−1‖+ (1− αnτ)

(
‖xn − xn−1‖+

1

w
|rn − rn−1|M3

)
+M2(|λn − λn−1|+ |αn − αn−1|)

≤ (1− αn(τ − tl))‖xn − xn−1‖+
M3

w
|rn − rn−1|

+M2(|λn − λn−1|+ |αn − αn−1|). (3.2.13)

Let zn := 1
tn

∫ tn
0
G(u)yndu; n ≥ 1. Then we have

‖zn−zn−1‖ =

∥∥∥∥ 1

tn

∫ tn

0

[G(u)yn −G(u)yn−1]du+

(
1

tn
− 1

tn−1

)∫ tn−1

0

du+
1

tn

∫ tn

tn−1

G(u)yn−1du

∥∥∥∥ .
Given that(

1
a
− 1

b

)
b = −a−b

b
, a, b 6= 0; if p ∈ Ω, we can write

‖zn − zn−1‖ =
∥∥∥ 1

tn

∫ tn

0

[G(u)yn −G(u)yn−1]du+

(
1

tn
− 1

tn−1

)∫ tn−1

0

[G(u)yn−1 −G(u)p]du

+
1

tn

∫ tn

tn−1

[G(u)yn−1 −G(u)p]du
∥∥∥.

Thus,

‖zn − zn−1‖ ≤ ‖yn − yn−1‖+

(
2|tn − tn−1|

tn

)
‖yn−1 − p‖. (3.2.14)

Substituting (3.2.13) into (3.2.14), we obtain

‖zn − zn−1‖ ≤ (1− αn(τ − tl))‖xn − xn−1‖+
M3

w
|rn − rn−1|

+M2(|λn − λn−1|+ |αn − αn−1|)

+

(
2|tn − tn−1|

tn

)
‖yn−1 − p‖. (3.2.15)

From (3.2.1), we have xn+1 = βnxn + (1− βn)zn and this implies that

‖xn+1 − xn‖ = ‖βnxn + (1− βn)zn − βn−1xn−1 − (1− βn−1)zn−1‖
= ‖βnxn − βn−1xn−1 + βnxn−1 − βnxn−1(1− βn)zn − (1− βn−1)zn−1

+(1− βn)zn−1 − (1− βn)zn−1‖
≤ βn‖xn − xn−1‖+ (1− βn)‖zn − zn−1‖

+|βn − βn−1|(‖xn−1‖+ ‖zn−1‖). (3.2.16)
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Using (3.2.15) in (3.2.16), we obtain

‖xn+1 − xn‖ ≤ βn‖xn − xn−1‖+ (1− βn)
[
(1− αn(τ − tl))‖xn − xn−1‖+

M3

w
|rn − rn−1|

+M2(|λn − λn−1|+ |αn − αn−1|) +

(
2|tn − tn−1|

tn

)
‖yn−1 − p‖

]
+|βn − βn−1|(‖xn−1‖+ ‖zn−1‖)

≤ [1− αn(τ − tl)(1− βn)] ‖xn − xn−1‖+
M3

w
|rn − rn−1|+ |βn − βn−1|(‖xn−1‖+ ‖zn−1‖)

+M2(|λn − λn−1|+ |αn − αn−1|) +

(
2|tn − tn−1|

tn

)
‖yn−1 − p‖

≤ [1− αn(τ − tl)(1− βn)] ‖xn − xn−1‖

+D

[
|rn − rn−1|+ |βn − βn−1|+ (|λn − λn−1|+ |αn − αn−1|) +

2|tn − tn−1|
tn

]
,

where D := max{supn≥1(‖xn‖ + ‖zn‖), supn≥1 ‖yn − p‖, M3

w
,M2}. From Lemma 2.3.23

taking
δn = αn(τ − tl)(1 − βn), bn = 2D|tn−tn−1|

tn
and σn = D(|rn − rn−1| + |βn − βn−1| + |λn −

λn−1|+ |αn − αn−1|), by using conditions (i)-(v), it follows that

lim
n→∞

‖xn+1 − xn‖ = 0. (3.2.17)

Since lim
n→∞
|rn+1 − rn| = 0, then from (3.2.12) and (3.2.17), we have that

lim
n→∞

‖un+1 − un‖ = 0. (3.2.18)

Lemma 3.2.3. Let C be a nonempty, closed and convex subset of a real Hilbert space H.
Let F : C × C → R be a bifunction satisfying (A1)-(A4), ψ : C → H be a monotone
mapping and let g : C → R be a real-valued convex function, and assume that the gradient
∇g is 1/L-ism with a constant L > 0. Let f : H → H be a contraction with the constant
0 < l < 1 and let S : C → H be η-strongly monotone and k-Lipschitzian. Fix a constant
µ satisfying 0 < µ < 2η/k2, a constant t satisfying 0 < t < µ(η − µk2

2
)/l = τ/l. Let

T := {G(u) : 0 ≤ u < ∞} be a one-parameter nonexpansive semigroup on H such that
Υ := F (T )∩ Γ∩GEP (F, ψ) 6= ∅, and {tn} ⊂ (0,∞) be a sequence such that limn→∞ tn =
∞. Suppose {xn}∞n=1 and {un}∞n=1 are generated by (3.2.1). Then lim

n→∞
‖un − Tλn(un)‖ = 0

and lim
n→∞
‖yn − un‖ = 0.
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Proof. Furthermore, from (3.2.1), (3.2.2) and (3.2.3), we obtain

‖xn+1 − p‖2 =

∥∥∥∥βn(xn − p) + (1− βn)

(
1

tn

∫ tn

0

[G(u)yn −G(u)p]du

)∥∥∥∥2

≤ βn‖xn − p‖2 + (1− βn)‖yn − p‖2

= βn‖xn − p‖2 + (1− βn)‖αn(tf(xn)− µSp) + (1− αnµS)(Tλn(un)− p)‖2

≤ βn‖xn − p‖2 + (1− βn)
[
αn‖tf(xn)− µSp‖2 + (1− αnµS)‖Tλn(un)− p‖2]

≤ βn‖xn − p‖2 + (1− βn)
[
αn‖tf(xn)− µSp‖2

+(1− αnµS)(‖un − p‖2 + γ

(
γ − 2

L

)
‖∇gλn(un)−∇gλnp‖2)

]
≤ βn‖xn − p‖2 + (1− βn)

[
αn‖tf(xn)− µSp‖2

+(1− αnµS)(‖xn − p‖2 + γ

(
γ − 2

L

)
‖∇gλn(un)−∇gλnp‖2)

]
≤ ‖xn − p‖2 + αn‖tf(xn)− µSp‖2 + γ

(
γ − 2

L

)
‖∇gλn(un)−∇gλnp‖2.

Therefore we have

−γ
(
γ − 2

L

)
‖∇gλn(un)−∇gλnp‖2 ≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + αn‖tf(xn)− µSp‖2

≤ ‖xn+1 − xn‖(‖xn − p‖+ ‖xn+1 − p‖) + αn‖tf(xn)− µSp‖2.

Since lim
n→∞

αn = 0 and lim
n→∞
‖xn+1 − xn‖ = 0 by Lemma 3.2.2 we obtain

lim
n→∞

‖∇gλn(un)−∇gλnp‖ = 0.

From (3.2.1), we obtain (noting that (I − γ∇gλn) is nonexpansive)

‖Tλn(un)− p‖2 = ‖PC(I − γ∇gλn)un − PC(I − γ∇gλn)p‖2

≤ [〈(un − γ∇gλnun)− (p− γ∇gλnp), Tλn(un)− p〉]
=

1

2

[
‖(un − γ∇gλnun)− (p− γ∇gλnp)‖2 + ‖Tλn(un)− p‖2

−‖(un − γ∇gλn)− (p− γ∇gλnp)− (Tλn(un)− p)‖2
]

≤ 1

2

[
‖un − p‖2 + ‖Tλn(un)− p‖2 + ‖(un − Tλn(un))− γ(∇gλnun −∇gλnp)‖2]

≤ 1

2

[
‖un − p‖2 + ‖Tλn(un)− p‖2 − ‖un − Tλn(un)‖2

+2γ〈un − Tλn(un),∇gλnun −∇gλnp〉 − γ2‖∇gλnun −∇gλnp‖2
]
.

So, we have

‖Tλn(un)− p‖2 ≤ ‖un − p‖2 − ‖Tλn(un)− un‖2 + 2γ〈un − Tλn(un),∇gλnun −∇gλnp〉
−γ2‖∇gλnun −∇gλnp‖2. (3.2.19)
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From (3.2.1) and (3.2.19), we have

‖xn+1 − p‖2 =

∥∥∥∥βn(xn − p) + (1− βn)

(
1

tn

∫ tn

0

[G(u)yn −G(u)p]du

)∥∥∥∥2

≤ βn‖xn − p‖2 + (1− βn)‖yn − p‖2

≤ βn‖xn − p‖2 + (1− βn)
(
αn‖tf(xn)− µSp‖2 + (1− αnµS)‖Tλn(un)− p‖2)

≤ βn‖xn − p‖2 + αn‖tf(xn)− µSp‖2 + (1− βn)[‖un − p‖2 − ‖Tλn(un)− un‖2

+2γ〈un − Tλn(un),∇gλnun −∇gλnp〉 − γ2‖∇gλnun −∇gλnp‖2]

≤ βn‖xn − p‖2 + αn‖tf(xn)− µSp‖2 + (1− βn)[‖xn − p‖2 − ‖Tλn(un)− un‖2

+2γ〈un − Tλn(un),∇gλnun −∇gλnp〉 − γ2‖∇gλnun −∇gλnp‖2]

≤ ‖xn − p‖2 + αn‖tf(xn)− µSp‖2 − (1− βn)‖un − Tλn(un)‖2

+2(1− βn)γ‖un − Tλn(un)‖‖∇gλnun −∇gλnp‖. (3.2.20)

From (3.2.20), we have

(1− βn)‖un − Tλn(un)‖2 ≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + αn‖tf(xn)− µSp‖2

+2γ‖un − Tλn(un)‖‖∇gλnun −∇gλnp‖.

Since lim
n→∞
‖xn+1 − xn‖ = 0 by Lemma 3.2.2 lim

n→∞
αn = 0 and lim

n→∞
‖∇gλnun −∇gλnp‖ = 0,

we obtain
lim
n→∞

(1− βn)‖un − Tλn(un)‖ = 0.

Since lim
n→∞

βn = 0, we obtain

lim
n→∞
‖un − Tλn(un)‖ = 0. (3.2.21)

From yn = αntf(xn)+(1−αnµS)Tλn(un), we obtain yn−Tλn(un) = αn(tf(xn)−µSTλn(un)).
So,

‖yn − Tλn(un)‖ = αn‖(tf(xn)− µSTλn(un))‖ → 0, as n→∞. (3.2.22)

Next we show that lim
n→∞
‖un−xn‖ = 0. Indeed, for any p ∈ F (T )∩Γ∩EP (F ), by Lemma

2.3.22 we have

‖un − p‖2 = ‖Qrn(xn)−Qrn(p)‖2

≤ 〈xn − p, un − p〉
=

1

2
(‖xn − p‖2 + ‖un − p‖2 − ‖un − xn‖2).

This implies that

‖un − p‖2 ≤ ‖xn − p‖2 − ‖un − xn‖2. (3.2.23)
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Then, from (3.2.5) and (3.2.23), we derive that

‖yn − p‖2 = ‖αntf(xn) + (I − αnµS)Tλn(un)− p‖2

≤ [((1− αnτ)‖un − p‖+ αntl‖xn − p‖) + (λnγ(1 + αnµk)‖p‖+ αn‖tf(p)− µS(p)‖)]2
≤ ‖un − p‖2 + (α2

nt
2l2 + 2αntl)‖xn − p‖2 + λ2

nγ
2(1 + αnµk)2‖p‖2 + α2

n‖tf(p)− µS(p)‖2

+2λnγ(1 + αnγ)‖p‖.‖tf(xn)− µS(p)‖+ 2λnγ(1 + tl)(1 + αnµk)‖xn − p‖.‖p‖
+2αn(1 + tl)‖xn − p‖.‖tf(p)− µS(p)‖

≤ (1 + αntl)
2‖xn − p‖2 − ‖un − xn‖2 + λ2

nγ
2(1 + αnµk)2‖p‖2 + α2

n‖tf(p)− µS(p)‖2

+2λnγ(1 + αnγ)‖p‖.‖tf(xn)− µS(p)‖+ 2λnγ(1 + tl)(1 + αnµk)‖xn − p‖.‖p‖
+2αn(1 + tl)‖xn − p‖.‖tf(p)− µS(p)‖. (3.2.24)

From (3.2.1) ,(3.2.24) and by the convexity of ‖.‖2, we obtain

‖xn+1 − p‖2 =

∥∥∥∥βn(xn − p) + (1− βn)

(
1

tn

∫ tn

0

[G(u)yn −G(u)p]du

)∥∥∥∥2

≤ βn‖xn − p‖2 + (1− βn)‖yn − p‖2

≤ βn‖xn − p‖2 + (1− βn)
[
(1 + αntl)

2‖xn − p‖2 − ‖un − xn‖2 + λ2
nγ

2(1 + αnµk)2‖p‖2

+α2
n‖tf(p)− µS(p)‖2 + 2λnγ(1 + αnγ)‖p‖.‖tf(xn)− µS(p)‖

+2λnγ(1 + tl)(1 + αnµk)‖xn − p‖.‖p‖+ 2αn(1 + tl)‖xn − p‖.‖tf(p)− µS(p)‖
]
.

Thus, we get

(1− βn)‖un − xn‖2 ≤ βn‖xn − p‖2 + (1− βn)
[
(1 + αntl)

2‖xn − p‖2 − ‖xn+1 − p‖2

+λ2
nγ

2(1 + αnµk)2‖p‖2 + α2
n‖tf(p)− µS(p)‖2

+2λnγ(1 + αnγ)‖p‖.‖tf(xn)− µS(p)‖
+2λnγ(1 + tl)(1 + αnµk)‖xn − p‖.‖p‖
+2αn(1 + tl)‖xn − p‖.‖tf(p)− µS(p)‖

]
.

Since {xn} is bounded by Lemma 3.2.2 αn → 0, βn → 0, λn → 0, n → ∞ and ‖xn+1 −
xn‖ → 0 by Lemma 3.2.2 we have

lim
n→∞

‖un − xn‖ = 0. (3.2.25)

Furthermore, from (3.2.21), (3.2.22), (3.2.24) and for every h ∈ [0,∞), we have that

‖G(h)yn −G(h)xn‖ ≤ ‖yn − xn‖
≤ ‖un − xn‖+ ‖un − Tλn(un)‖

+‖Tλn(un)− yn‖ → 0, n→∞. (3.2.26)

Hence, from (3.2.8) and (3.2.26), we obtain

‖G(h)yn − xn‖ ≤ ‖G(h)yn −G(h)xn‖+ ‖G(h)xn − xn‖ → 0, n→∞.

48



Also, we have that

‖xn − Tλn(un)‖ ≤ ‖xn − un‖+ ‖un − Tλn(un)‖ → 0, n→∞.

Hence, for every h ∈ [0,∞) we have that

‖G(h)yn − yn‖ ≤ ‖G(h)yn − xn‖+ ‖xn − Tλn(un)‖+ ‖Tλn(un)− yn‖ → 0, n→∞.(3.2.27)

Next, we show that ‖xn − Tλn(xn)‖ → 0, n→∞.

‖xn − Tλn(xn)‖ = ‖xn − un + un − Tλn(un) + Tλn(un)− Tλn(un)− Tλn(xn)‖
≤ ‖xn − un‖+ ‖un − Tλn(un)‖+ ‖Tλn(un)− Tλn(xn)‖
≤ ‖xn − un‖+ ‖un − Tλn(un)‖+ ‖un − xn‖.

From,(3.2.21) and (3.2.25), we have

‖xn − Tλn(xn)‖ → 0, n→∞.

From (3.2.21) and (3.2.22), we obtain that

‖yn − un‖ ≤ ‖un − Tλn(un)‖+ ‖yn − Tλn(un)‖ → 0, n→∞. (3.2.28)

Lemma 3.2.4. Let C be a nonempty, closed and convex subset of a real Hilbert space H.
Let F : C × C → R be a bifunction satisfying (A1)-(A4), ψ : C → H be a monotone
mapping and let g : C → R be a real-valued convex function, and assume that the gradient
∇g is 1/L-ism with a constant L > 0. Let f : H → H be a contraction with the constant
0 < l < 1 and let S : C → H be η-strongly monotone and k-Lipschitzian. Fix a constant
µ satisfying 0 < µ < 2η/k2, a constant t satisfying 0 < t < µ(η − µk2

2
)/l = τ/l. Let

T := {G(u) : 0 ≤ u < ∞} be a one-parameter nonexpansive semigroup on H such that
Υ := F (T )∩ Γ∩GEP (F, ψ) 6= ∅, and {tn} ⊂ (0,∞) be a sequence such that limn→∞ tn =
∞. Suppose {xn}∞n=1 and {un}∞n=1 are generated by (3.2.1). Then

lim sup
n→∞

〈yn − z,−(µS − tf)z〉 ≤ 0,

where z = PΥ(I − µS + tf)z.

Proof. Now if we take a subsequence {ynk} of {yn} such that

lim sup
n→∞

〈yn − z,−(µS − tf)z〉 = lim sup
n→∞

〈ynk − z,−(µS − tf)z〉, (3.2.29)

by (3.2.28) and ynk ⇀ q, we have that unk ⇀ q. Note that

‖un − T (un)‖ ≤ ‖un − Tλn(un)‖+ ‖Tλn(un)− T (un)‖
≤ ‖un − Tλn(un)‖+ λnγ‖un‖.
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Hence, by using the fact that ‖un − Tλn(un)‖ → 0 by Lemma 3.2.3 and λn → 0, we
get ‖un − T (un)‖ → 0. From Lemma 2.3.13 we get q ∈ F (T ) = Γ. Next, we show that
q ∈ GEP (F, ψ). Since un = Qrnxn, for any y ∈ C, we obtain

F (un, y) + 〈ψxn, y − un〉+
1

rn
〈y − un, un − xn〉 ≥ 0.

Furthermore, replacing n by nj in the last inequality and using (A2), we obtain

〈ψxnj , y − unj〉+
1

rnj
〈y − un, un − xn〉 ≥ F (y, unj). (3.2.30)

Let zt := ty + (1 − t)q for all t ∈ (0, 1] and y ∈ C. This implies that zt ∈ C. Then, by
(3.2.30), we have

〈zt − unj , ψzt〉 ≥ 〈zt − unj , ψzt〉 − 〈zt − uuj , ψxnj〉 −
〈
zt − unj ,

unj − xnj
rnj

〉
+ F (zt, unj)

= 〈zt − unj , ψzt − ψunj〉+ 〈zt − unj , ψunj − ψxnj〉

−
〈
zt − unj ,

unj − xnj
rnj

〉
+ F (zt, unj). (3.2.31)

Since lim
j→∞
‖xnj − unj‖ = 0, we have lim

j→∞
‖ψxnj − ψunj‖ = 0. Furthermore, by the mono-

tonicity of ψ, we obtain 〈zt − unj , ψzt − ψunj〉 ≥ 0.
Since lim

j→∞
‖ynj − unj‖ = 0 and lim

j→∞
ynj = q, we obtain that lim

j→∞
unj = q. Then, using

assumption (A4) in (3.2.31), we obtain

〈zt − q, ψzt〉 ≥ F (zt, q), j →∞, in (3.2.31). (3.2.32)

Using (A1), (A4) and (3.2.32), we also obtain

0 = F (zt, zt) ≤ tF (zt, y) + (1− t)F (zt, q)

≤ tF (zt, y) + (1− t)〈zt − q, ψ〉
≤ tF (zt, y) + (1− t)t〈y − q, ψzt〉

and hence
0 ≤ F (zt, y) + (1− t)〈y − q, ψzt〉.

Letting t→ 0 and using assumption (A3), we have, for each y ∈ C,

0 ≤ F (q, y) + 〈y − q, ψq〉. (3.2.33)

Hence q ∈ GEP (F, ψ).
Next, we show that q ∈ F (T ). Assume that q 6= G(h)q for some h ∈ [0,∞). Then by

Opial’s condition, we obtain from (3.2.27) that

lim inf
j→∞

‖ynj − q‖ < lim inf
j→∞

‖ynj −G(h)q‖
≤ lim inf

j→∞
(‖ynj −G(h)ynj‖+ ‖G(h)ynj −G(h)q‖)

≤ lim inf
j→∞

‖ynj − q‖.
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This is a contradiction. Hence, q ∈ F (T ). Thus q ∈ Υ := F (T ) ∩ Γ ∩ GEP (F, ψ). By
(3.2.29) and property of metric projection, we obtain

lim sup
n→∞

〈yn − z(µS − tf)z〉 = lim
j→∞
〈ynj − z, (µS − tf)z〉

= 〈y − z, (µS − tf)z〉 ≤ 0. (3.2.34)

Theorem 3.2.5. Let C be a nonempty, closed and convex subset of a real Hilbert space
H. Let F : C × C → R be a bifunction satisfying (A1)-(A4), ψ : C → H be a monotone
mapping and let g : C → R be a real-valued convex function, and assume that the gradient
∇g is 1/L-ism with a constant L > 0. Let f : H → H be a contraction with the constant
0 < l < 1 and let S : C → H be η-strongly monotone and k-Lipschitzian. Fix a constant
µ satisfying 0 < µ < 2η/k2, a constant t satisfying 0 < t < µ(η − µk2

2
)/l = τ/l. Let T :=

{G(u) : 0 ≤ u < ∞} be a one-parameter nonexpansive semigroup on H such that Υ :=
F (T ) ∩ Γ ∩ GEP (F, ψ) 6= ∅, and {tn} ⊂ (0,∞) be a sequence such that limn→∞ tn = ∞.
Suppose {xn}∞n=1 and {un}∞n=1 are generated by (3.2.1). Then {xn}∞n=1 converges strongly
to z, where z := PΥ(I − µS + tf)z.

Proof. Now,

yn − z = αntf(xn) + (I − αnµS)Tλn(un)− z
= ((I − αnµS)(Tλn(un)− (I − αnµS)Tλn(z)) + ((I − αnµS)Tλn(z)− (I − αnµS)T (z))

+αnt(f(xn)− f(z)) + αn(tf(q)− µS(z)).

So, from (3.2.3) and (3.2.5), we derive

‖yn − z‖2 = 〈(I − αnµS)(Tλn(un)− (I − αnµS)Tλn(z), yn − z〉
+〈(I − αnµS)Tλn(z)− (I − αnµS)T (z), yn − z〉
+αnt〈f(xn)− f(q), yn − z〉+ αn〈−(µS − tf)z, yn − z〉

≤ (1− αnτ)‖un − z‖.‖yn − z‖
+λnγ(1 + αnµk)‖z‖.‖zn − z‖+ αntl‖xn − z‖.‖yn − z‖
+〈−(µS − tf)z, yn − z〉

≤ (1− αn(τ − tl))‖xn − z‖.‖yn − z‖
+λnγ(1 + αnµk)‖z‖.‖yn − z‖+ αn〈−(µS − tf)z, yn − z〉

≤ (1− αn(τ − tl))1

2
(‖xn − z‖2 + ‖yn − z‖2)

+αn

[
〈−(µS − tf)z, yn − z〉+

λn
αn
γ(1 + αnµS)‖z‖.‖yn − z‖

]
.
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This implies that

‖yn − z‖2 ≤ 1− αn(τ − tl)
1 + αn(τ − tl)‖xn − z‖

2

+
2αn

1 + αn(τ − tl)

[
〈−(µS − tf)z, yn − z〉+

λn
αn
γ(1 + αnµk)‖z‖.‖yn − z‖

]
≤ (1− αn(τ − tl))‖xn − z‖2 +

2αn
1 + αn(τ − tl)

[
〈−(µS − tf)z, yn − z〉

+
λn
αn
γ(1 + αnµk)‖z‖.‖yn − z‖

]
. (3.2.35)

Using (3.2.1) in (3.2.35), we obtain

‖xn+1 − z‖2 =

∥∥∥∥βn(xn − z) + (1− βn)

(
1

tn

∫ tn

0

[G(u)yn −G(u)p]du

)∥∥∥∥2

≤ βn‖xn − z‖2 + (1− βn)‖yn − z‖2

≤ βn‖xn − z‖2 + (1− βn)
(

(1− αn(τ − tl))‖xn − z‖2

+
2αn

1 + αn(τ − tl)

[
〈−(µS − tf)z, yn − z〉+

λn
αn
γ(1 + αnµk)‖z‖.‖yn − z‖

])
≤ [1− (1− βn)αn(τ − tl)]‖xn − z‖2

+
2αn(1− βn)

1 + αn(τ − tl)

[
〈−(µS − tf)z, yn − z〉+

λn
αn
γ(1 + αnµk)‖z‖.‖yn − z‖

]
.

Since {yn} is bounded by Lemma 3.2.1, there exists a constant M > 0 such that

M ≥ ‖yn − z‖, n ≥ 1.

Then, we have that

‖xn+1 − z‖2 ≤ (1− δn)‖xn − z‖2 + αnσn, (3.2.36)

where δn := (1−βn)αn(τ−tl) and σn := 2(1−βn)
1+αn(τ−tl)

[
〈−(µS − tf)z, yn − z〉+ λn

αn
γ(1 + αnµk)‖z‖M

]
.

By (3.2.34) and λn = o(αn), we get lim sup
n→∞

σn ≤ 0. Now applying Lemma 2.3.23 to

(3.2.36) we conclude that xn → z as n→∞. This completes the proof.

Remark 3.2.6. Examples of sequences {αn}∞n=1, {βn}∞n=1, {tn}∞n=1, {rn}∞n=1 and {λn}∞n=1

in Theorem 3.2.5 are

αn =
1

n
1
4

, βn =
1

(n+ 1)
1
4

tn = n rn =
n

n+ 1
λn =

1

n+ 1
n ≥ 1.

Corollary 3.2.7. : Let C be a nonempty, closed and convex subset of a real Hilbert space
H. Let F : C × C → R be a bifunction satisfying (A1)-(A4), ψ : C → H be a monotone
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mapping and let g : C → R be a real-valued convex function, and assume that the gradient
∇g is 1/L-ism with a constant L > 0. Let f : H → H be a contraction with the constant
0 < l < 1. Let T := {G(u) : 0 ≤ u < ∞} be a one-parameter nonexpansive semigroup on
H such that Υ := F (T ) ∩ Γ ∩GEP (F, ψ) 6= ∅, and {tn} ⊂ (0,∞) be a sequence such that
limn→∞ tn =∞. Suppose {xn}∞n=1 and {un}∞n=1 are generated by x1 ∈ H as follows:

F (un, y) + 〈ψxn, y − un〉+ 1
rn
〈y − un, un − xn〉 ≥ 0,∀ y ∈ C;

Tλn(un) = PC(I − γ∇gλn)un;

xn+1 = βnxn + (1− βn)
(

1
tn

∫ tn
0
G(u)[αnf(xn) + (1− αn)Tλn(un)]du

)
,

(3.2.37)

where un = Qrn(xn), ∇gλn = ∇g + λnI, Tλn = PC(I − γ∇gλn), γ ∈ (0, 2/L). Let {βn},
{rn}, {αn}, {λn} satisfy the following conditions:

(i) limn→∞ βn = 0,
∑∞

n=1 |βn+1 − βn| <∞;

(ii) αn ⊂ (0, 1) limn→∞ αn = 0,
∑∞

n=0 αn =∞, ∑∞n=1 |αn+1 − αn| <∞;

(iii) {λn} ⊂ (0, 2/γ − L), λn = o(αn),
∑∞

n=1 |λn+1 − λn| <∞;

(iv) {rn} ⊂ (0,∞), lim infn→∞ rn > 0,
∑∞

n=1 |rn+1 − rn| <∞;

(v) limn→∞
tn−tn−1

tn
1

αn(1−βn)
= 0.

Then {xn}∞n=1 converges strongly to z, where z := PΥf(z).

3.2.1 Application

Consider the problem of finding a zero of maximal monotone operator in a Hilbert space
H. It is well known (see [25]) that the initial value problem

du(t)

dt
+ Au(t) 3 0 for every t ≥ 0, u(0) = x,

for any x ∈ D(A) has a unique solution u : [0,∞) → H and D(A) is closed and convex.
Putting G(t)x = u(t), we have that the family of mapping T = {G(t) : 0 ≤ t < ∞} of
D(A) onto itself is a one-parameter nonexpansive semigroup on D(A). Moreover, we know
that from [25] that A−10 = F (T ). So, we can apply our Theorem 3.2.5 to find zero of A
with H = D(A). Then the method (3.2.1) has the form x1 ∈ H,{

yn = (1− αn)xn,

xn+1 = (1− βn)xn + βn

(
1
tn

∫ tn
0
G(s)ynds

)
, n ≥ 1.
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3.3 Common solution of generalized mixed equilib-

rium problem and Bregman strongly nonexpan-

sive mapping in reflexive Banach spaces

Let C be a nonempty, closed and convex subset of a real reflexive Banach spaceX and
let φ : C → R be a lower semi-continuous and convex function and ψ : C → X∗ be
continuous monotone mapping. Let Θ : C × C → R be a bifunction satisfying the
conditions (A1)− (A4). Then the mixed resolvent of Θ is the operator
ResfΘ,φ,ψ : X → 2C defined by

ResfΘ,φ,ψ = {z ∈ C : Θ(z, y) + ψ(y) + 〈φx, y − z〉
+〈∇f(z)−∇f(x), y − z〉 ≥ φ(z) ∀ y ∈ C}.

Note that if f : X → (−∞,+∞] is coercive and Gâteaux differentiable function, then the
mixed resolvent Θ satisfies domResfΘ,φ,ψ = X (see [68] lemma 4.14).

Lemma 3.3.1. (see [68], Lemma 2.15): Let f : X → (−∞,+∞] be a Legendre function.
Let C be a nonempty, closed and convex subset of X. If the bifunction Θ : C × C → R
satisfies the conditions (A1)− (A4), then

(i) ResfΘ,φ,ψ is single-valued;

(ii) ResfΘ,φ,ψ is a BFNE operator;

(iii) the set of fixed points of ResfΘ,φ,ψ is a solution set of the corresponding generalized

mixed equilibrium problem, i.e F (ResfΘ,φ,ψ) = GMEP (Θ, φ, ψ);

(iv) GMEP (Θ, φ, ψ) is closed and convex subset of C;

(v) for all x ∈ X and u ∈ F (ResfΘ,φ,ψ), we have

Df (u,Res
f
Θ,φ,ψ(x)) +Df (Res

f
Θ,φ,ψ(x), x) ≤ Df (u, x).

In this section, we study the problem of finding a common solution of generalized
mixed equilibrium problem and bregman strongly nonexpansive mapping which is stated
as: Let X∗ be the dual of a reflexive Banach space X, and Ci, i = 1, 2, ..., N be nonempty,
closed and convex subset of X. Let Ti : Ci → Ci, i = 1, 2, ...N be N countable family
of Bregman strongly nonexpansive mappings such that F (Ti) = F̂ (Ti), i = 1, 2, ...N. Let
Θi : Ci × Ci → R be a bifunction satisfying A(1) − (A4), φ : Ci → R be lower semi-
continuous and convex functions and ψi : Ci → X∗ be continuous monotone mappings,
for all i = 1, 2, ...N. Find x∗ ∈ ∩Ni=1F (Ti) such that

x∗ ∈ ∩Ni=1GMEP (Θi, φi, ψi). (3.3.1)

We denote the solution set of (3.3.1) by Υ. i.e,

Υ := {x∗ ∈ ∩Ni=1F (Ti) : x∗ ∈ ∩Ni=1GMEP (Θi, φi, ψi)}
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Furthermore we propose an iterative algorithm and using the algorithm, we state and
prove a strong convergence result for approximation of a solution of problem (3.3.1) in
a real reflexive Banach space. Our theorem takes into account possible computational
errors.

Theorem 3.3.2. Let X be a reflexive Banach space and Ci, i = 1, 2, ..., N be nonempty,
closed and convex subsets of X. Let Ti : Ci → Ci, i = 1, 2, ..., N be countable families
of Bregman strongly nonexpansive mappings such that F (Ti) = F̂ (Ti), i = 1, 2, ..., N. Let
f : X → R be a strongly coercive Legendre function which is bounded, uniformly Frechet
differentiable and totally convex on bounded subsets of X such that Ci ⊂ int(domf).
Let Θi : Ci × Ci → R satisfy conditions (A1) − (A4), let φi : Ci → R be lower semi-
continuous and convex functions and ψi : Ci → X∗ be continuous monotone mappings, for
all i = 1, 2, ..., N. Assume that Υ 6= ∅. Let u, x0 ∈ Ci be arbitrary and the sequence {xn}
be generated by

yin = ∇f ∗ (αn∇f(u) + βn∇f(xn + ein) + γn∇f(Ti(xn + ein))) , i = 1, 2, ...N ;

uin = ResfΘi,φi,ψiy
i
n;

Cn+1 = {z ∈ Cn : supi≥1Df (z, u
i
n) ≤ αnDf (z, u) +Df (z, xn + ein)};

xn+1 = ProjfCn+1
(x0), n ≥ 0,

(3.3.2)

satisfying the following conditions:

(i) lim
n→∞

αn = 0, αn + βn + γn = 1 and 0 < a < βn, γn < b < 1, for some a, b > 0,

(ii) lim
n→∞

ein = 0.

Then {xn} converges strongly to ProjfΥx0.

Proof. We first show that Υ ⊂ Cn ∀n ≥ 0.
Since Ti is Bregman strongly nonexpansive, we have from ([176] Lemma 15.5) that F (Ti) is
closed and convex for each i = 1, 2, ..., N.Also, from Lemma 2.6 we have that F (ResfΘi,φi,ψi) =
GMEP (Θi, φi, ψi) is nonempty, closed and convex set. So we have Υ is nonempty closed
and convex set. Thus ProjfΥ is well defined. Also, we know that Υ ⊂ C = C0. Now,
suppose that Υ ⊂ Ck for some k ∈ R and let p ∈ Υ. Then

Df (p, u
i
k) = Df (p,Res

f
Θi,φi,ψi

yik)

≤ D(p, yik)

= Df (p,∇f ∗(αn∇f(u) + βn∇f(xk + eik) + γn∇f(Ti(xk + eik))

≤ αnDf (p, u) + βnDf (p, xk + eik) + γnDf (p, Ti(xk + eik))

≤ αnDf (p, u) + βnDf (p, xk + eik) + γnDf (p, xk + eik)

= αnDf (p, u) + (1− αn)Df (p, xk + eik)

≤ αnDf (p, u) +Df (p, xk + eik). (3.3.3)

Hence p ∈ Ck+1. By induction we can conclude that Υ ⊂ Cn ∀n ≥ 0.
Next, we show that lim

n→∞
Df (xn, x0) exists.
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Let p ∈ Υ, then from (3.3.2), we have that xn = ProjfCn(x0) and xn+1 = ProjfCn+1
(x0) ∈

Cn+1 ⊂ Cn. Also, by proposition 2.3.7(iii), we have that

Df (xn, x0) = Df

(
ProjfCn(x0), x0

)
≤ Df (p, x0)−Df (p, Proj

f
Cn

(x0)) ≤ Df (p, x0). (3.3.4)

Therefore, the sequence {Df (xn, x0)} is bounded. From Lemma 2.3.8 we conclude that
{xn} is bounded too.
We also have from proposition 2.3.7(iii) that

Df (xn+1, xn) +Df (xn, x0) ≤ Df (xn+1, x0). (3.3.5)

Hence the sequence {Df (xn, x0)} is increasing. Therefore, lim
n→∞

Df (xn, x0) exists. Therefore

from (3.3.5), we have that

lim
n→∞

Df (xn+1, xn) = 0. (3.3.6)

Next, we show that the sequence {xn} is Cauchy in C.
Since xm = ProjfCm(x0) ∈ Cm ⊂ Cn for m > n, we have from proposition 2.3.7(iii) that

Df (xm, xn) = Df

(
xm, P roj

f
Cn

(x0)
)

≤ Df (xm, x0)−Df

(
ProjfCn(x0), x0

)
= Df (xm, x0)−Df (xn, x0), (3.3.7)

which implies that Df (xm, xn)→ 0, as n,m→∞. Since f is totally convex on a bounded
subset of X, we have from Lemma 2.3.10 that f is sequentially consistent. That is ‖xm −
xn‖ → 0, as n,m→∞. Hence, {xn} is a Cauchy sequence.
Since X is complete and C is closed, there exists x∗ ∈ C such that {xn} converges to x∗.
Thus, we have from condition (ii) that {(xn + ein)} converges to x∗.
Next, we show that limn→∞ ‖∇f(uin) − ∇f(xn + ein)‖ = 0, i = 1, 2, ..., N. From Lemma
2.3.10, we have from (3.3.6) that

lim
n→∞

‖xn+1 − xn‖ = 0. (3.3.8)

For any i = 1, 2, ..., N, it follows from the definition of Bregman distance that

Df (xn, xn + ein) = f(xn)− f(xn + ein)− 〈∇f(xn + ein), xn − (xn + ein)〉
= f(xn)− f(xn + ein) + 〈∇f(xn + ein), ein〉. (3.3.9)

Since f is bounded on a bounded subsets of X, we have that ∇f is also bounded on a
bounded subsets of X. Also, since f is uniformly Frechet differentiable, we have that f is
uniformly continuous on a bounded subsets of X. From condition (ii) we have that

lim
n→∞

Df (xn, xn + ein) = 0. (3.3.10)
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For each i = 1, 2, ..., N, we have from the three point identity that

Df (xn+1, xn + ein) = Df (xn+1, xn) +Df (xn, xn + ein)

+〈∇f(xn)−∇f(xn + ein), xn+1 − xn〉. (3.3.11)

From (3.3.6), (3.3.8) and (3.3.10), we have that

lim
n→∞

Df (xn+1, xn + ein) = 0. (3.3.12)

Since xn+1 = ProjCn+1x0, then we have from (3.2.3) and (3.3.12), that

Df (xn+1, u
i
n) ≤ αnDf (xn+1, u) +Df (xn+1, xn + ein)→ 0, as n→∞.

That is

lim
n→∞

Df (xn+1, u
i
n) = 0. (3.3.13)

From (3.3.12), (3.3.13) and by using Lemma 2.3.9, we have,

lim
n→∞

‖uin − (xn + ein)‖ = 0, i = 1, 2, ..., N. (3.3.14)

From (3.2.16) and by Lemma 2.3.11, we have that

lim
n→∞

‖∇f(uin)−∇f(xn + ein)‖ = 0, i = 1, 2, ..., N. (3.3.15)

Next, we show that that x∗ ∈ ∩Ni=1F (Ti).
From (3.2.3), we have that

Df (p, y
i
n) = Df (p,∇f ∗(αn∇f(u) + βn∇f(xn + ein) + γn∇f(Ti(xn + ein)))

≤ αnDf (p, u) + βnDf (p, xn + ein) + γnDf (p, Ti(xn + ein))

≤ αnDf (p, u) + βnDf (p, xn + ein) + γnDf (p, xn + ein)

= αnDf (p, u) + (1− αn)Df (p, xn + ein)

≤ αnDf (p, u) +Df (p, xn + ein). (3.3.16)

From Lemma 3.3.1(v) we have that

Df (p, u
i
n) +Df (u

i
n, y

i
n) = Df

(
p,ResfΘi,φi,ψiy

i
n

)
+Df

(
ResfΘi,φi,ψiy

i
n, y

i
n

)
≤ Df (p, y

i
n). (3.3.17)

From (3.3.16) and (3.3.17), we have

Df (u
i
n, y

i
n) ≤ Df (p, y

i
n)−Df (p, u

i
n) ≤ αnDf (p, u) +Df (p, xn + ein)−Df (p, u

i
n).(3.3.18)

From (3.3.14),(3.3.15) and the three point identity, we have

lim
n→∞

Df (u
i
n, y

i
n) = 0, i = 1, 2, ..., N. (3.3.19)
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From Lemma 2.3.9, we have

lim
n→∞

‖uin − yin‖ = 0, i = 1, 2, ..., N. (3.3.20)

By (3.3.20) and Lemma 2.3.11, we have that

lim
n→∞

‖∇f(uin)−∇f(yin)‖ = 0, i = 1, 2, ..., N. (3.3.21)

From (3.3.15) and (3.3.20), we obtain

lim
n→∞

‖(xn + ein)− yin‖ = 0, i = 1, 2, ..., N. (3.3.22)

From Lemma 2.3.11, we have

lim
n→∞

‖∇f(xn + ein)−∇f(yin)‖ = 0, i = 1, 2, ..., N. (3.3.23)

Let win = ∇f ∗
(

βn
1−αn∇f(xn + ein) + γn

1−αn∇f(Ti(xn + ein))
)
, then

‖∇f(yin)−∇f(win)‖ = ‖αn∇f(u)− αnβn
1− αn

∇f(xn + ein)− αnγn
1− αn

∇f(Ti(xn + ein))‖

= αn‖∇f(u)− βn
1− αn

∇f(xn + ein)

− γn
1− αn

∇f(Ti(xn + ein))‖. (3.3.24)

Since αn → 0, as n→∞, we have from (3.3.24) that

lim
n→∞

‖∇f(yin)−∇f(win)‖ = 0, i = 1, 2, ..., N. (3.3.25)

From (3.3.12) and (3.3.25), we have that

lim
n→∞

‖∇f(win)−∇f(xn + ein)‖ = 0, i = 1, 2, ..., N. (3.3.26)

So we have that

0 = lim
n→∞

‖∇f(win)−∇f(xn + ein)‖ = lim
n→∞

‖ βn
1− αn

∇f(xn + ein)

+
γn

1− αn
∇f(Ti(xn + ein))−∇f(xn + ein)‖

= lim
n→∞

( γn
1− αn

‖∇f(Ti(xn + ein))

−∇f(xn + ein)‖
)
. (3.3.27)

By condition (i), we have

lim
n→∞

‖∇f(Ti(xn + ein))−∇f(xn + ein)‖ = 0, i = 1, 2, ..N. (3.3.28)
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Since f is strongly coercive and uniformly convex and bounded subsets of X, we have that
f ∗ is uniformly Fretchet differentiable on bounded subsets of X∗ (see [191] Proposition
3.6.2). Also, f is Legendre, thus by Lemma 2.3.11, we have

lim
n→∞

‖Ti(xn + ein)− (xn + ein)‖ = 0, i = 1, 2, ..., N. (3.3.29)

From (3.3.29), we have that x∗ ∈ F̂ (Ti) = F (Ti), i = 1, 2, ..., N. Therefore, x∗ ∈ ∩Ni=1F (Ti).
Next, we show that x∗ ∈ ∩Ni=1GMEP (Θi, φi, ψi).
For each p ∈ Υ and for i = 1, 2, ..., N, we have

Df (p, y
i
n)−Df (p, u

i
n) = f(uin)− f(yin)

+〈∇f(uin)−∇f(yin), p− yin〉+ 〈∇f(uin), yin − uin〉.
Since {uin} is bounded, {∇f(uin)} is bounded too. Therefore, from (3.3.20) and (3.3.21),
we get

lim
n→∞

(
Df (p, y

i
n)−Df (p, u

i
n)
)

= 0.

That is,

lim
n→∞

(
Df (p, y

i
n)−Df (p,Res

f
Θi,φi,ψi

yin)
)

= 0,

for any p ∈ Υ and for i = 1, 2, ..., N. SinceResfΘi,φi,ψi is BSNE operator and F (ResfΘi,φi,ψi) =

F̂ (ResfΘi,φi,ψi), we have

lim
n→∞

Df (Res
f
Θi,φi,ψi

yin, y
i
n) = 0, i = 1, 2, ..., N. (3.3.30)

Also, from (3.2.26) and (3.3.30), we have

lim
n→∞

Df (Res
f
Θi,φi,ψi

yin, (xn + ein)) = 0, i = 1, 2, ..., N. (3.3.31)

Thus, if {ynk} is any subsequence of {yn} which converges weakly to x∗, then x∗ ∈
F̂ (ResfΘi,φi,ψi) = F (ResfΘi,φi,ψi) for i = 1, 2, ...N. Hence x∗ ∈ ∩Ni=1GMEP (Θi, φi, ψi).

Next, we show that x∗ = ProjfΥx0.
Since xn = ProjfCnx0, we have from Proposition 2.3.7 that

〈∇f(x0)−∇f(xn), xn − z〉 ≥ 0 ∀z ∈ Cn. (3.3.32)

In particular, we have

〈∇f(x0)−∇f(xn), xn − x̄〉 ≥ 0 ∀x̄ ∈ Υ ⊂ Cn. (3.3.33)

Letting n→∞ in (3.3.33), we obtain

〈∇f(x0)−∇f(x∗), x∗ − x̄〉 ≥ 0 ∀ x̄ ∈ Υ. (3.3.34)

From Proposition 2.3.7 and (3.3.34), we have that x∗ = ProjfΥx0.
Finally we show that {xn} converges strongly to ProjfΥx0.
Since x∗ = ProjfΥ(x0), xn+1 = ProjfCn+1

(x0) and Υ ⊂ Cn, we have

Df (xn+1, x0) ≤ Df (Proj
f
Cn+1

(x0), x0) = Df (x
∗, x0).

Hence, by Lemma 2.3.9, we obtain that {xn} converges strongly to x∗ = ProjfΥx0, as
n→∞.
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This completes the proof.

Remark 3.3.3. If X is a smooth, strictly convex and reflexive Banach space and f(x) =
1
2
‖x‖2, then the algorithm (3.2.3) reduces to

yin = J−1 (αnJ(u) + βnJ(xn + ein) + γnJ(Ti(xn + ein))) , i = 1, 2, ...N ;

uin = ResfΘi,φi,ψiy
i
n;

Cn+1 = {z ∈ Cn : supi≥1 ϕ(z, uin) ≤ αnϕ(z, u) + ϕ(z, xn + ein)};
xn+1 = ΠCn+1(x0), n ≥ 0,

(3.3.35)

where J is the normalized duality mapping from X into 2X
∗
, ϕ(x, y) = ‖x‖2 − 2〈x, Jy〉+

‖y‖2, for all x, y ∈ X, and the sequence {xn} converges strongly to ΠΥ(x0) which is its
generalized projection from X onto Υ.

If in Theorem 3.3.2 φi = 0 and ψi = 0 for all i = 1, 2, ...N, then for the operator
ResfΘi,φi,ψi( denoted by ResfΘi), we have the following corollary:

Corollary 3.3.4. Let X be a reflexive Banach space and Ci, i = 1, 2, ..., N be nonempty,
closed and convex subsets of X. Let Ti : Ci → Ci, i = 1, 2, ..., N be countable families
of Bregman strongly nonexpansive mappings such that F (Ti) = F̂ (Ti), i = 1, 2, ..., N.
Let f : X → R be a strongly coercive Legendre function which is bounded, uniformly
Fréchet differentiable and totally convex on bounded subsets of X with Ci ⊂ int(domf).
Let Θi : Ci × Ci → R satisfy conditions (A1) − (A4), i = 1, 2, ..., N. Assume that Γ =
{x∗ ∈ ∩Ni=1F (Ti) : x∗ ∈ ∩Ni=1EP (Θi)} 6= ∅. Let u, x0 ∈ Ci be arbitrary and the sequence
{xn} be generated by

yin = ∇f ∗ (αn∇f(u) + βn∇f(xn + ein) + γn∇f(Ti(xn + ein))) , i = 1, 2, ...N ;

uin = ResfΘiy
i
n;

Cn+1 = {z ∈ Cn : supi≥1Df (z, u
i
n) ≤ αnDf (z, u) +Df (z, xn + ein)};

xn+1 = ProjfCn+1
(x0), n ≥ 0,

(3.3.36)
with {α}∞n=1 , {βn}∞n=1 {γn}∞n=1 and {ein} satisfying the following conditions:

(i) lim
n→∞

αn = 0, αn + βn + γn = 1 and 0 < a < βn, γn, αn < b < 1, for some a, b > 0,

(ii) lim
n→∞

ein = 0.

Then {xn} converges strongly to ProjfΓx0.

3.3.1 Applications to zeroes of Bregman inversely strongly mono-
tone operators

Let the Legendre function f be such that

ran(∇f − A) ⊆ ran(∇f). (3.3.37)
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The operator A : X → 2X
∗

is called Bregman inversely strongly monotone (BISM) if

(domA) ∩ (int(dom)f) 6= ∅

and for any x, y ∈ int(dom)f, and each ξ ∈ Ax, η ∈ Ay, we have

〈ξ − η, (∇f(x)− ξ)−∇f ∗(∇f(y)− η)〉 ≥ 0.

The class of operators was introduced by Butnaru and Kassey (see [38]). For any operator
A : X → 2X

∗
, the anti resolvent Af : X → 2X

∗
of A is defined by

Af := ∇f ∗ ◦ (∇f − A).

Observe that domAf ⊂ (domA)∩(int(dom)f and ranAf ⊆ inf(dom)f. The operator A (see
[38]) is BISM if and only if the anti-resolvent Af is single-valued BFNE operator which
can be seen in [38]. From the definition of anti-resolvent and ([38] Lemma3.5) we obtain
the following proposition.

Proposition 3.3.5. (see [176]) Let f : X → (−∞,+∞] be Legendre function and let
A : X → 2X

∗
be a BISM operator such that A−1(0)∗ 6= ∅. Then the following holds:

(i) A−1(0)∗ = F (Af ),

(ii) for any u ∈ A−1(0)∗ and x ∈ domAf , we have

Df (u,A
f ) +Df (A

fx, x) ≤ Df (u, x).

So, if the Legendre function f is uniformly Fréchet differentiable and bounded on
bounded subset of X, then the resolvent Af of A is a single-valued BSNE operator which
satisfies

F (Af ) = F̂ (Af ).

In Theorem 3.3.2 if we let Ti = Afi and f be the Legendre function such that (3.3.37)
is satisfied, then we obtain the strong convergence result for approximating a common
solutions of zeroes of a finite family of Bregman inversely strongly monotone operator and
a common solution to a finite system of equilibrium problems.
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Chapter 4

Monotone Inclusion, Minimization
and Fixed Point Problems

4.1 Introduction

Let T : C → C be a mapping. Then T is said to be:

(i) accretive if for all x, y ∈ C, there exists j(x− y) ∈ J(x− y) such that

〈Tx− Ty, j(x− y)〉 ≥ 0,

where J is the normalized duality mapping;

(ii) α- inverse strongly accretive if for all x, y ∈ C, there exists j(x− y) ∈ J(x− y) such
that

〈Tx− Ty, j(x− y)〉 ≥ α‖Tx− Ty‖2,

for some α > 0;

(iii) m-accretive if T is accretive and R(I + λT ) = X, ∀ λ > 0;

(iv) strongly positive if X is a real Banach space and there exists γ̄ > 0 such that

〈Tx, jx〉 ≥ γ̄‖x‖2,∀ x ∈ C.

Let C be a convex subset of X, let K be a nonempty subset of C and let p be a retraction
from C onto K, i.e, Px = x for each x ∈ K. P is said to be sunny if P (Px+t(x−Px)) = Px
for each x ∈ C. and t ≥ 0 with Px + t(x − Px) ∈ C. If there is a sunny nonexpansive
retraction from C onto K, K is said to be a sunny nonexpansive retract of C.

A set valued mapping M : H → 2H is called monotone if for all x, y ∈ H,with u ∈ M(x)
and v ∈M(y) then

〈x− y, u− v〉 ≥ 0.
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A monotone mapping M is said to be maximal if the graph of M , denoted as G(M), is not
properly contained in the graph of any other monotone mapping, where for multivalued
mapping M ,

G(M) = {(x, y) : y ∈M(x)}.
It is well known that M is maximal if and only if for (x, u) ∈ H ×H, 〈x− y, u− v〉 ≥ 0
for all (y, v) ∈ G(M) implies u ∈ M(x). The resolvent operator JMλ associated with M
and λ is the mapping JMλ : H → H defined by

JMλ (x) = (I + λM)−1x, x ∈ H, λ > 0. (4.1.1)

It is known that the resolvent operator JMλ (x) is single valued, nonexpansive and 1-inverse
strongly monotone (see, for example, [25]). The inverse-strongly monotone (also referred
to as co-coercive) operators have been widely used to solve practical problem in various
fields, for instance, in traffic assignment problems (see for example, [15, 85] and the refer-
ences therein). It can easily be seen that (i) if T is nonexpansive, then I−T is monotone;
(ii) the projection mapping PC is 1-ism.

A fundamental problem is to find a zero of a maximal monotone operator T : H → 2H in
real Hilbert space H

find x ∈ H : 0 ∈ Tx. (4.1.2)

This problem includes, as special cases, variational inequality problems, non-smooth con-
vex optimization problems and convex-concave saddle-point problems. Therefore this
problem finds many important applications in scientific field such as image processing,
computer vision, machine learning and signal processing. It is known that the solution of
(4.1.2) is a fixed point of JTr , ∀r > 0 and the set of zeroes T−1(0) := {x ∈ H : 0 ∈ Tx}
is closed and convex (see, for example, [103]).

In case, T is a general monotone operator, the classical algorithm to solve (4.1.2) is the
proximal point algorithm which can be traced back to the early works of Minty [122] and
Martinet [117]. See also the thesis of Eckstein [78] for detailed treatment of the subject.

The proximal point algorithm generates a sequence xn according to the recursion

xn+1 = (I + rnT )−1(xn) (4.1.3)

where rn > 0 is a regularization parameter. The operator JTrn := (I + rnT )−1 is the so-
called resolvent operator, that has been introduced by Moreau [124]. In the context of
algorithms, the resolvent operator is often referred to as the backward operator. Rock-
afellar [149] has proved that the sequence xn generated by the proximal point algorithm
(4.1.3) converges weakly to a point x∗ satisfying 0 ∈ Tx∗.

In many problems, however, the operator T can be written as the sum of two maximal
monotone operators, i.e., T = A + B, such that the resolvent operators (I + rA)−1 and
(I + rB)−1 are much easier to compute than the full resolvent (I + λT )−1. Then, by
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combining the resolvents with respect to A and B in a certain way, one might be able to
mimic the effect of the full proximal step based on T. The two most successful instances
that are based on combining forward and backward steps with respect to A and B, are
the Peaceman-Rachford splitting algorithm [142],

xn+1 = (I + rB)−1(I − rA)(I + rA)−1(I − rB)(xn),

and the Douglas-Rachford splitting algorithm [73],

xn+1 = (I + rB)−1[(I + rA)−1(I − rB) + rB](xn).

These splitting techniques have been originally proposed in the context of linear opera-
tors and therefore cannot be applied to general monotone operators. In [107], Lion and
Mercier have analysed and further developed these splitting algorithms. Their idea was to
perform a change of variables xn = (I + rB)−1(vn), such that the Peaceman-Rachford and
Douglas-Rachford splitting algorithms have meaning even for A and B being multivalued
operators. Regarding convergence of the algorithms, the Peaceman-Rachford algorithm
still needs to assume that B is single-valued but the Douglas-Rachford algorithm converges
even in the general setting, where A+B is just maximal monotone.

In [76], Eckstein has pointed out that the Douglas-Rachford splitting algorithm can be re-
written in the form of (4.1.3). Hence, it is basically a certain instance of the proximal point
algorithm. Moreover, Eckstein has shown that the application of the Douglas-Rachford al-
gorithm to the dual of a certain structured convex optimization problem coincides with the
so-called alternating direction method of multipliers. It is remarkable, that the Douglas-
Rachford splitting algorithm and its variants have seen a considerable renaissance in the
modern convex optimization [23, 81]. The main reason for the renewed interest lies in the
fact that it is well suited for distributed convex programming. This is an important aspect
for solving large scale convex optimization problems arising in recent image processing and
machine learning applications.

Another important line of splitting methods is given by the so-called forward-backward
splitting technique [29, 82, 104, 107]. In contrast to the more complicated splitting tech-
nique discussed above, the forward-backward scheme is based (as the name suggests) on
the recursive application of an explicit forward step with respect to B, followed by an
implicit backward step with respect to A. The forward-backward algorithm is written as:

xn+1 = (I + rnA)−1(I − rnB)(xn). (4.1.4)

In the most general setting, where both A and B are general monotone operators, the con-
vergence result is rather weak [141], basically, rn has to fulfil the same step-size restrictions
as unconstrained subgradient descend schemes. However, if in addition B is single valued
and Lipschtz, e.g., B is the gradient of a smooth convex function, the situation becomes
much more beneficial. In fact, if B is L- Lipschitz, and rn is chosen such that rn <

2
L
, the

forward- backward algorithm (4.1.4) converges to zero of T = A + B [80, 171]. Similar
to the Douglas-Rachford splitting algorithm, the forward-backward algorithm has seen a
renewed interest. It has been proposed and further improved in the context of sparse
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signal recovery [66, 67], image processing [148], and machine learning [74] applications.
Recently, modifications of forward- backward algorithm (4.1.4) have been proposed and
studied in [102] and [62] and strong convergence results obtained.
Recently, Wei and Duan [184] presented the following iterative algorithm with errors in a
real smooth and uniformly convex Banach space:

x0 ∈ C,
yn = QC [(1− αn)(xn + en)],

zn = (1− βn)xn + βn[a0yn +
∑N

i=1 aiJ
Ai
rn,i

(yn − rn,iBiyn)],

xn+1 = γnηf(xn) + (I − γnT )zn, n ≥ 0,

(4.1.5)

where C is a nonempty, closed and convex sunny nonexpansive retract of X, QC is the
sunny nonexpansive retraction of X onto C, {en} ⊂ X is the error sequence, {Ai}Ni=1 is
finite family of m-accretive operators and {Bi}Ni=1 is a finite family of α-inverse strongly
accretive operators. T : X → X is a strongly positive bounded linear operator with
coefficient γ̄ and f : X → X is a contraction with coefficient k ∈ (0, 1). JAirn,i = (I +

rn,iAi)
−1, for i = 1, 2, ..., N,

∑N
i=0 ai = 1, 0 < ai < 1, for i = 0, 1, 2, ..., N. Then {xn}

converges strongly to p0 ∈ ∩Ni=1(Ai + Bi)
−10, which is also a solution of some variational

inequality problem.

In this chapter, we study the common fixed point of infinite family of demicontractive
mappings which is also a solution to the sum of two monotone inclusion problems. We also
study a countable family of accretive operators with Meir-Keeler contraction mappings in
Banach space and finally work on modified gradient projection algorithm studied by Shehu
and Gang Cai in [46].

4.2 Strong convergent result for monotone inclusions

and fixed point problem in Hilbert spaces

In this section, we introduce an iterative algorithm for finding a common fixed point of
an infinite family of demicontractive mappings which is also a solution to a monotone
inclusion (4.1.2), where T = A + B with A being a maximal monotone operator and B
an α-inverse strongly monotone, in a real Hilbert space and prove strong convergence of
the sequence generated by our scheme. Our contribution lies in the fact that our iterative
method solves monotone inclusion problem of sum of two monotone operators and fixed
point problem of infinite family of demicontractive mappings at the same time.

For each i ≥ 1, let Si : H → H be a k-demicontractive mapping. Let A : H → 2H be
maximal monotone operator and B : H → H be an α-inverse strongly monotone mapping.
Suppose Γ := ∩∞i=1F (Si) ∩ (A+B)−1(0) 6= ∅. We study the following iteration method in
this paper: given x1 ∈ H, let the sequence {xn}∞n=1 be generated by

wn = αnx1 + (1− αn)xn,
zn = (I + rnA)−1(wn − rnBwn),
xn+1 = zn +

∑∞
i=1 βn,iηβ(Si − I)zn,

(4.2.1)
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where {αn}, {βn,i} are in (0, 1) and η ∈ (0, 1−k
β

). We prove that the sequence {xn}∞n=1

generated by (4.2.1) converges strongly to a point in Γ. To this end, we enumerate the
main assumptions used for the rest of the paper:

(H1)
∑∞

i=1 βn,i = 1, and lim inf
n→∞

βn,i > 0 for each i ∈ N,

(H2)
∑
n≥1

αn = +∞ and αn → 0 as n→∞,

(H3) 0 < lim inf
n→∞

βn ≤ lim sup
n→∞

βn < 1− k where k ∈ [0, 1),

(H4) 0 < lim inf
n→∞

rn ≤ lim sup
n→∞

rn < 2α.

Remark 4.2.1. We observe that if Si = I, ∀i ≥ 1 in (4.2.1) above, then our iterative
method (4.2.1) reduces to the method studied in [102] and [62]. Therefore, our iterative
method (4.2.1) is more applicable than the methods studied in [102] and [62] since our
method solves monotone inclusion problem and fixed point problem.

Theorem 4.2.2. For each i ∈ N, let Si : H → H be a k-demicontractive mapping.
Let A : H → 2H be a maximal monotone operator and B : H → H be an α-inverse
strongly monotone. Suppose that Γ 6= ∅ and I − T is demiclosed at the origin. Assume
that conditions (H1)-(H4) hold. Then the sequence {xn} generated by (4.2.1) converges
strongly to q ∈ Γ, where q = PΓx1.

Proof. We first show that {xn} is bounded. Let q = PΓx1 and define Tn := JArn(I −
rnB), ∀n ≥ 1. Then, for all x, y ∈ H, we have

||Tnx− Tny||2 ≤ ||JArn(x− rnBx)− JArn(y − rnBy)||2
≤ ||x− y − rn(Bx−By)||2
= ||x− y||2 − 2rn〈Bx−By, x− y〉+ r2

n||Bx−By||2
≤ ||x− y||2 − 2rnα||Bx−By||2 + r2

n||Bx−By||2
= ||x− y||2 − (2α− rn)rn||Bx−By||2
≤ ||x− y||2.

Thus, Tn is nonexpansive for all n ≥ 1. Furthermore,

x = Tnx⇔ x = (I + rnA)−1(x− rnBx)

⇔ x− rnBx ∈ x+ rnAx

⇔ 0 ∈ Ax+Bx.

Thus, F (Tn) = (A+B)−1(0), ∀n ≥ 1. In particular,

‖zn − q‖ = ‖Tnwn − Tnq‖ ≤ ‖wn − q‖.
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Using the convexity of ‖.‖2 and the fact that Si is k-demicontractive, we have from
Lemma 2.3.6 (i) and (4.2.1) that

‖xn+1 − q‖2 =
∥∥∥zn +

∞∑
i=1

βn,iηβ(Si − I)zn − p
∥∥∥2

≤
∞∑
i=1

βn,i‖zn + ηβ(Si − I)zn − q‖2

=
∞∑
i=1

βn,i

[
‖zn − q‖2 + η2β2‖(Si − I)zn‖2 + 2ηβ〈zn − q, (Si − I)zn〉

]
=

∞∑
i=1

βn,i

[
‖zn − q‖2 + η2β2‖(Si − I)zn‖2 + 2ηβ〈(zn − q)

+(Si − I)zn − (Si − I)zn, (Si − I)zn〉
]

=
∞∑
i=1

βn,i

[
‖zn − q‖2 + η2β2‖(Si − I)zn‖2 + 2ηβ〈Sizn − q, Sizn − zn〉

−‖(Si − I)zn‖2
]

≤
∞∑
i=1

βn,i

[
‖zn − q‖2 + η2β2‖(Si − I)zn‖2 + 2ηβ

(1 + k

2
‖(Si − I)zn‖2 − ‖(Si − I)zn‖2

)]
=

∞∑
i=1

βn,i

[
‖zn − q‖2 + η2β2‖(Si − I)zn‖2 − ηβ(1− k)‖(Si − I)zn‖2

]
.

Hence we obtain

‖xn+1 − q‖2 ≤ ‖zn − q‖2 −
∞∑
i=1

βn,iηβ(1− k − ηβ)‖(Si − I)zn‖2

≤ ‖zn − q‖2 ≤ ‖wn − q‖2. (4.2.2)

Hence, from (4.2.2) and (4.2.1), we obtain

‖xn+1 − q‖ ≤ ‖wn − q‖ = ‖αnx1 + (1− αn)xn − q‖
= ‖(1− αn)(xn − q) + αn(x1 − q)‖
≤ (1− αn)‖xn − q‖+ αn‖x1 − q‖
≤ max{‖xn − q‖, ‖x1 − q‖}
...

≤ max{‖x1 − q‖, ‖x1 − q‖}.

Hence {xn} is bounded and consequently {zn}, {Sizn} and {wn} are all bounded.
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Using Lemma 2.3.6 (i) in (4.2.1), we obtain

‖xn+1 − q‖2 =
∥∥∥zn +

∞∑
i=1

βn,iηβ(Si − I)zn − q
∥∥∥2

≤ ‖zn − q‖2 −
∞∑
i=1

βn,iηβ(1− k − ηβ)‖(Si − I)zn‖2

≤ ‖wn − q‖2 −
∞∑
i=1

βn,iηβ(1− k − ηβ)‖(Si − I)zn‖2

= ‖αnu+ (1− αn)xn − q‖2 −
∞∑
i=1

βn,iηβ(1− k − ηβ)‖(Si − I)zn‖2

= ‖xn − q‖2 + α2
n‖xn − u‖2 − 2αn〈xn − q, xn − u〉

−
∞∑
i=1

βn,iηβ(1− k − ηβ)‖(Si − I)zn‖2. (4.2.3)

Since {xn} and {zn} are bounded, there exists M > 0 such that −2〈xn − q, xn − u〉 ≤ M
for all n ≥ 1. Therefore

‖xn+1 − q‖2 − ‖xn − q‖2 +
∞∑
i=1

βn,iηβ(1− k − ηβ)‖(Si − I)zn‖2

≤ α2
n‖xn − u‖2 + αnM. (4.2.4)

We now divide the rest of the proof into two cases.
Case 1 : Suppose that there exists n0 ∈ N such that {‖xn − q‖}∞n=n0

is non-increasing.
Then {‖xn − q‖} converges and

‖xn+1 − q‖2 − ‖xn − q‖2 → 0, n→∞. (4.2.5)

Subsequently from (4.2.4), we get

βn,iηβ(1− k − ηβ)‖(Si − I)zn‖2 ≤ α2
n‖xn − u‖2 + αnM

+‖xn − q‖2 − ‖xn+1 − q‖2, ∀i ≥ 1. (4.2.6)

Using the fact that β ∈ (0, 1), η ∈ (0, 1−k
β

), lim inf
n→∞

βn,i > 0 and the condition that αn → 0

in (4.2.6) we have that

‖zn − Sizn‖ → 0 n→∞, ∀i ∈ N. (4.2.7)

Observe that (I − rnB) is nonexpansive and JArn is firmly nonexpansive mapping. Then

68



we get

‖zn − q‖2 = ‖JArn(wn − rnBwn)− JArn(q − rnBq)‖2

≤ 〈(wn − rnBwn)− (q − rnBq, zn − q〉
=

1

2

[
‖wn − rnBwn − (q − rnBq)‖2 + ‖zn − q‖2

−‖(wn − rnBwn)− (q − rnBq)− (zn − q)‖2
]

≤ 1

2

[
‖wn − q‖2 + ‖zn − q‖2 − ‖(wn − zn)− rn(Bwn −Bq)‖2

]
=

1

2

[
‖wn − q‖2 + ‖zn − q‖2 − ‖wn − zn‖2 + 2rn〈wn − zn, Bwn −Bq〉

−r2
n‖Bwn −Bq‖2

]
.

Therefore

‖zn − q‖2 ≤ ‖wn − q‖2 − ‖wn − zn‖2 + 2rn〈wn − zn, Bwn −Bq〉
−r2

n‖Bwn −Bq‖2. (4.2.8)

Furthermore, using Lemma 2.3.6 (i) in (4.2.1), we have

‖zn − q‖2 ≤ ‖(wn − rnBwn)− (q − rnBq)‖2

= ‖wn − q‖2 − 2rn〈wn − q, Bwn −Bq〉+ r2
n‖Bwn −Bq‖2

≤ ‖wn − q‖2 − 2αrn‖Bwn −Bq‖2 + r2
n‖Bwn −Bq‖2

= ‖wn − q‖2 − rn(2α− rn)‖Bwn −Bq‖2

= ‖xn − q + αn(u− xn)‖2 − rn(2α− rn)‖Bwn −Bq‖2

= ‖xn − q‖2 + 2αn〈u− xn, xn − q〉+ α2
n‖xn − u‖2 − rn(2α− rn)‖Bwn −Bq‖2

≤ ‖xn − q‖2 + 2αn‖xn − u‖‖xn − q‖+ α2
n‖xn − u‖2 − rn(2α− rn)‖Bwn −Bq‖2.

This implies that for some M∗ > 0 and condition (H4), we have

a
(

2α− b
)
‖Bwn −Bq‖2 ≤ rn(2α− rn)‖Bwn −Bq‖2

≤ ‖xn − q‖2 − ‖xn+1 − q‖2

+α2
n‖xn − u‖2 + αnM

∗. (4.2.9)

Using condition (H2) in (4.2.9), we obtain

lim
n→∞
‖Bwn −Bq‖ = 0. (4.2.10)
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By (4.2.8), we have

‖wn − zn‖2 ≤ ‖wn − q‖2 − ‖zn − q‖2 + 2rn〈wn − zn, Bwn −Bq〉 − r2
n‖Bwn −Bq‖2

≤ ‖wn − q‖2 − ‖xn+1 − q‖2 + 2rn〈wn − zn, Bwn −Bq〉 − r2
n‖Bwn −Bq‖2

= ‖xn − q − αn(xn − u)‖2 − ‖xn+1 − q‖2 + 2rn〈wn − zn, Bwn −Bq〉
−r2

n‖Bwn −Bq‖2

≤ ‖xn − q‖2 + 2αn‖xn − q‖‖xn − u‖+ α2
n‖xn − u‖2 − ‖xn+1 − q‖2

+2rn〈wn − zn, Bwn −Bq〉 − r2
n‖Bwn −Bq‖2

= ‖xn − q‖2 − ‖xn+1 − q‖2 + 2αn‖xn − u‖‖xn − q‖+ α2
n‖xn − u‖2

+2rn〈wn − zn, Bwn −Bq〉 − r2
n‖Bwn −Bq‖2. (4.2.11)

Using condition (H2) and (4.2.10) in (4.2.11), we get

lim
n→∞
‖Tnwn − wn‖ = lim

n→∞
‖zn − wn‖ = 0.

From (3.2.37), we have that

‖wn − xn‖ → 0, n→∞.

Since {xn} is bounded, we can extract a subsequence {xnj} of {xn} such that

lim sup
n→∞

〈x1 − q, xn − q〉 = lim
j→∞
〈x1 − q, xnj − q〉 (4.2.12)

and {xnj} converges weakly to some element p ∈ H. Furthermore by the fact that
‖wn − xn‖ → 0, we have that wnj ⇀ p. Similarly, observe that lim

n→∞
‖zn − wn‖ = 0

implies that znj ⇀ p. Using (4.2.7) and the demiclosedness of (I − Si) at the origin, we
have that p ∈ ∩∞i=1F (Si).

Since lim inf
n→∞

rn > 0, there exists ε > 0 such that rn ≥ ε, ∀n ≥ 1. Then, by Lemma 2.3.20,

we have
lim
n→∞
||Tεwn − wn|| ≤ 2 lim

n→∞
||Tnwn − wn|| = 0.

By Lemma 2.3.13, we have that p ∈ F (Tε) = (A + B)−1(0). This implies that p ∈
∩∞i=1F (Si) ∩ (A+B)−1(0) = Γ.

Next we prove that {xn} converges strongly to q. From (4.2.1), (4.2.2) and Lemma 2.3.6
(ii), we have

‖xn+1 − q‖2 ≤ ‖zn − q‖2 ≤ ‖wn − q‖2

= ‖(1− αn)(xn − q) + αn(x1 − q)‖2

≤ (1− αn)‖xn − q‖2 + 2αn〈x1 − q, wn − q〉. (4.2.13)

We observe that

〈x1 − q, wn − q〉 = 〈x1 − q, wn − xn〉+ 〈x1 − q, xn − q〉
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By the fact that ‖wn − xn‖ → 0, n→∞ and (4.2.12), we have that

lim sup
n→∞

〈x1 − q, wn − q〉 ≤ lim
j→∞
〈x1 − q, xnj − q〉 = 〈x1 − q, p− q〉 ≤ 0. (4.2.14)

Using Lemma 2.3.14 and (4.2.14) in (4.2.13), we obtain that ‖xn−q‖ → 0. That is xn → 0
as n→∞.

Case 2: Assume that there is no n0 ∈ N such that {‖xn − q‖}∞n=n0
is monotonically

decreasing.

Set Γn = ‖xn− q‖2 for all n ≥ 1 and let τ : N→ N be a mapping defined for all n ≥ n0

(for some n0 large enough) by

τ(n) := max{k ∈ N : k ≤ n,Γk ≤ Γk+1},

i.e. τ(n) is the largest number k in {1, . . . , n} such that Γk increases at k = τ(n); note
that, in view of Case 2, this τ(n) is well-defined for all sufficiently large n. Clearly, τ is a
non-decreasing sequence such that τ(n)→∞ as n→∞ and

0 ≤ Γτ(n) ≤ Γτ(n)+1, ∀n ≥ n0.

Since {xτ(n)} is bounded there exist a subsequence of {xτ(n)}, still denoted by {xτ(n)}
which converges weakly to p ∈ H.After a similar conclusion from (4.2.7), it is easy to see
that

lim
n→∞
‖zτ(n) − Sizτ(n)‖ = 0.

By using similar argument as in case 1, we conclude immediately that

lim
n→∞
‖Tτ(n)wτ(n) − wτ(n)‖ = lim

n→∞
‖zτ(n) − wτ(n)‖ = 0

and
lim sup
n→∞

〈x1 − q, wτ(n) − q〉 ≤ 0.

Observe that since lim
n→∞
‖xτ(n) − wτ(n)‖ = 0, we also have wτ(n) ⇀ p. Since I − Si is

demiclosed and ‖zτ(n) − Sizτ(n)‖ → 0 as n → ∞, we have that p ∈ ∩∞i=1F (Si). Similarly,
we can show that p ∈ (A + B)−1(0). Therefore, p ∈ Γ. At the same time, we note from
(4.2.13) that for all n ≥ n0,

0 ≤ ‖xτ(n)+1 − q‖2 − ‖xτ(n) − q‖2

≤ ατ(n)

[
2〈x1 − q, wτ(n) − q〉 − ‖xτ(n) − q‖2

]
which implies that (since ατ(n) > 0)

‖xτ(n) − q‖2 ≤ 2〈x1 − q, wτ(n) − q〉.

Thus,
lim sup
n→∞

‖xτ(n) − q‖2 ≤ 2lim sup
n→∞

〈x1 − q, wτ(n) − q〉 ≤ 0.
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Hence
lim
n→∞
‖xτ(n) − q‖ = 0.

Using (4.2.7) in (3.2.37), get

‖xτ(n)+1 − zτ(n)‖ → 0, n→∞.
Now,

‖xτ(n)+1 − xτ(n)‖ ≤ ‖xτ(n)+1 − zτ(n)‖+ ‖zτ(n) − wτ(n)‖+ ‖wτ(n) − xτ(n)‖ → 0, n→∞.
Hence, we deduce that

‖xτ(n)+1 − q‖ ≤ ‖xτ(n)+1 − xτ(n)‖+ ‖xτ(n) − q‖ → 0, n→∞,
and so

lim
n→∞

Γτ(n) = lim
n→∞

Γτ(n)+1 = 0.

Furthermore, for n ≥ n0, it is easy to see that Γτ(n) ≤ Γτ(n)+1 if n 6= τ(n) ( that is τ(n) < n
),because Γj ≥ Γj+1 for τ(n) + 1 ≤ j ≤ n. As a consequence, we obtain for all n ≥ n0,

0 ≤ Γn ≤ max{Γτ(n),Γτ(n)+1} = Γτ(n)+1.

Hence lim
n→∞

Γn = 0 and so {xn} converges strongly to q. This completes the proof.

Let f and g be two convex, lower semi continuous functions from H to R ∪ {+∞} such
that f is differentiable with L−Lipschitz continuous gradient, and g is ”simple” meaning
that its ”proximal map”

x→ argmin
y∈H

g(y) +
||x− y||2

2τ

can easily be computed. Let us consider the following minimization problem

min
x∈H

F (x) := f(x) + g(x) (4.2.15)

and assume that this problem has at least a solution.

In Theorem 4.2.2, take A := ∇f and B := ∂g, where ∇f is the gradient of f and ∂g is the
subdifferential of g which is defined by ∂g(x) :=

{
s | g(y) ≥ g(x)+〈s, y−x〉 ∀y

}
. Therefore,

we obtain the following strong convergence result for finding a solution of problem (4.2.15)
which is also a common fixed point of an infinite family of k-demicontractive mappings.

Corollary 4.2.3. Let H be a real Hilbert space and for each i ∈ N, let Si : H → H a
k-demicontractive mapping. Let f and g be two convex, lower semicontinuous functions
from H to R∪{+∞} such that f is differentiable with Lipschitz continuous gradient, and g
is simple, be such that Γ := ∩∞i=1F (Si)∩(∇f+∂g)−1(0) 6= ∅ Let {rn} denote a nonnegative
real sequence and L is the Lipschitz constant of ∇f . and I−Si is demiclosed at the origin.
Assume conditions (H1)-(H4) hold. Given x1 ∈ H, let the sequence {xn} be generated by

wn = αnx1 + (1− αn)xn,
zn = proxrng(wn − rn∇f(wn)),
xn+1 = zn +

∑∞
i=1 βn,iηβ(Si − I)zn,

(4.2.16)

Then {xn} converges strongly to q := PΓx1.
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4.3 Strong convergence result for Meir-Keeler con-

tractions and a countable family of accretive op-

erators in Banach spaces with applications

Let A : X → X be a single-valued nonlinear mapping and B : X → 2X be a set-valued
mapping where X is real smooth uniform and convex Banach space. We consider the
following inclusion problem: find u ∈ X such that

0 ∈ (A+B)x. (4.3.1)

In this section, motivated by the works of Song et al. [163], Wei and Duan [184] and Shehu
and Cai [180], we study and prove strong convergence results, under some mild conditions,
using generalized forward-backward method which involve viscosity approximation method
with Meir-Keeler contractions for solving the inclusion problem (4.3.1) for a finite family
of m-accretive and α- inverse strongly accretive operators in the framework of uniformly
convex and uniformly smooth Banach spaces. Finally we provide some applications of our
result to certain integro-differential equation with generalized p-Laplacian operator. Our
results is interesting and it also improves and compliments the result of Song et al. [163]
and Wei and Duan [184].

Lemma 4.3.1. Let X be a real smooth and uniformly convex Banach space and C be a
nonempty, closed and convex subset of X. Let T : C → C be a nonexpansive mapping
and f : C → C be MKC, M : X → X be a strongly positive bounded linear operator with
coefficient γ̄ > 0. Suppose that the duality mapping J : X → X∗ is weakly sequentially
continuous at zero, 0 ≤ η < γ̄

2
and F (T ) 6= ∅. If for each t ∈ (0, 1), define St : X → X by

Stx := tηf(x) + (I − tM)Tx, (4.3.2)

then St has a fixed point xt, for each 0 < t ≤ ‖M‖−1, which converges strongly to the fixed
point of T, as t → 0. That is lim

t→0
xt = x0 ∈ F (T ). Moreover, x0 satisfies the following

variational inequality

〈(M − ηf)x0, j(x0 − z)〉 ≤ 0, ∀z ∈ F (T ). (4.3.3)

Proof. From the definition of MKC, we can see that MKC is also a nonexpansive mapping.
Hence we obtain

‖Stx− Sty‖ ≤ tη‖f(x)− f(y)‖+ ‖(1− tM)(Tx− Ty)‖
≤ tη‖f(x)− f(y)‖+ (1− tγ̄)‖x− y‖
≤ tη‖x− y‖+ (1− tγ̄)‖x− y‖
≤ [1− t(γ̄ − kη)] ‖x− y‖,

which implies that St is a contraction since 0 < η < γ̄
2
. Then Theorem 2.3.3 implies that

St has a unique fixed point, denoted by xt, which uniquely solves the fixed point equation

xt = tηf(xt) + (I − tM)Txt. (4.3.4)
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Next we show that the solution to the variational inequality (4.3.3) is unique. Suppose
both x0 ∈ F (T ) and x̂ are solutions of (4.3.3), without lost of generalities, we may assume
that there is a number ε such that ‖x0 − x̂‖ ≥ ε. Then by Lemma 2.3.25, there exists a
number k > 0 such that ‖f(x0)− f(x̂)‖ ≤ kε‖x0 − x̂‖. From (4.3.3) we obtain{

〈(M − ηf)x0, j(x0 − x̂)〉 ≤ 0,

〈(M − ηf)x̂, j(x̂− x0)〉 ≤ 0.
(4.3.5)

Adding up (4.3.5), we obtain

〈(M − ηf)x̂− (M − ηf)x0, j(x̂− x0)〉 = 〈M(x̂− x0), j(x̂− x0)〉 − η〈f(x̂)− f(x0), j(x̂− x0)〉
≥ γ̂‖x̂− x0‖2 − kη‖x̂− x0‖2

= (γ̂ − kη)‖x̂− x0‖2

≥ (γ̂ − kη)ε2

> 0.

Therefore x0 = x̄ and the uniqueness is proved. Hence x0 is a unique solution of (4.2.3).

Now we show that {xt} is bounded. Indeed, we may assume with no loss of generality,
t < ‖M‖−1, for all p ∈ F (T ), fixed ε1, for each t ∈ (0, 1).
Case 1 (‖xt − p‖ < ε1): In this case, {xt} is bounded.

Case 2 (‖xt−p‖ ≥ ε1): In this case, we obtain by Lemma 2.3.24 and 2.3.25 that there
is a number r1 such that

‖f(xt)− f(p)‖ < r1‖xt − p‖. (4.3.6)

Hence we obtain

‖xt − p‖ = ‖tηf(xt) + (I − tM)Txt − p‖
= ‖t(ηf(xt)−Mp) + (I − tM)(Txt − p)‖
≤ t‖ηf(xt)−Mp)‖+ (1− tγ̄)‖xt − p‖
≤ t‖ηf(xt)− ηf(p)‖+ t‖ηf(p)−Mp‖+ (1− tγ̄)‖xt − p‖
≤ tηr1‖xt − p‖+ t‖ηf(p)−Mp‖+ (1− tγ̄)‖xt − p‖.

Therefore

‖xt − p‖ ≤
‖ηf(p)−Mp‖

γ̄ − γr1

. (4.3.7)

This implies that {xt} is bounded. Consequently {f(xt)} and {Txt} are bounded.

Since {f(xt)} and {Txt} are bounded, we obtain from (4.2.4) that

‖xt − Txt‖ = t‖ηf(xt)−MTxt‖ → 0, as t→ 0. (4.3.8)

To prove that xt → x0 (x0 ∈ F (T )) as t→ 0.

Since {xt} is bounded and X uniformly convex by Milman Pettis Theorem we have X
is reflexive. Hence there exists a subsequence {xtn} of {xt} such that xtn ⇀ x∗. By (4.3.7)
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we have that xtn − Txtn → 0, as tn → 0. Since X satisfies Opial’s condition, it follows
from Lemma 2.3.13 that x∗ ∈ F (T ). Claim

‖xtn − x∗‖ → 0. (4.3.9)

Suppose by contradiction, there is a number ε0 and a subsequence {xtm} of {xtn} such
that ‖xtm − x∗‖ ≥ ε0. From Lemma 2.3.25, there is a number rε0 > 0 such that ‖f(xtm)−
f(x∗)‖ ≤ rε0‖xtm − x∗‖, we have

‖xtm − x∗‖2 = tm〈ηf(xtm)−Mx∗, j(xtm − x∗)〉+ 〈(1− tm)(Txtm − x∗), j(xtm − x∗)〉
≤ tm〈ηf(xtm)− Ax∗, j(xtm − x∗)〉+ (1− tmγ̄)‖xtm − x∗‖2.

Hence, we obtain

‖xtm − x∗‖2 ≤ 1

γ̄
〈ηf(xtm)−Mx∗, j(xtm − x∗)〉

≤ 1

γ̄
[〈ηf(xtm)− ηf(x∗), j(xtm − x∗)〉+ 〈ηf(x∗)−Mx∗, j(xtm − x∗)〉]

≤ 1

γ̄
[ηrε0‖xtm − x∗‖2 + 〈ηf(x∗)−Mx∗, j(xtm − x∗)〉].

Therefore

‖xtm − x∗‖2 ≤ 〈ηf(x∗)−Mx∗, j(xtm − x∗)〉
γ̄ − ηrε0

. (4.3.10)

Using the fact the duality map j is single valued and weakly sequentially continuous at
zero by (4.3.10), we get that xtm → x∗. It is a contradiction. Hence, we have xtn → x∗.

Finally, we show that x∗ solves the variational inequality (4.2.3). Since

xt = tηf(xt) + (I − tM)Txt,

we obtain

(M − ηf)xt = −1

t
(I − tM)(1− T )xt. (4.3.11)

Notice

〈(I − T )xt − (I − T )z, j(xt − z)〉 ≥ ‖xt − z‖2 − ‖Txt − Tz‖‖xt − z‖
≥ ‖xt − z‖2 − ‖xt − z‖2

= 0.

It follows that, for z ∈ F (T ),

〈(M − ηf)xt, j(xt − z)〉 = −1

t
〈(I − tM)(I − T )xt, j(xt − z)〉

= −1

t
〈(I − T )xt − (I − T )z, j(xt − z)〉+ 〈M(I − T )xt, j(xt − z)〉

≤ 〈M(I − T )xt, j(xt − z)〉. (4.3.12)
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Now, replacing t in (4.3.12) with tn and letting n → ∞, noticing that (I − T )xtn →
(I − T )x∗ = 0 for x∗ ∈ F (T ), we obtain 〈(M − ηf)xt, j(xt− z)〉 ≤ 0. That is x∗ ∈ F (T ) is
a solution of (4.2.3). Hence x0 = x∗ by uniqueness. Hence, we have show that each cluster
point of {xt} as t→ 0 equals x̂, therefore, xt → x̂ as t→ 0.

Lemma 4.3.2. Let X be a real smooth and uniformly convex Banach space. Let C be a
nonempty convex and closed subset of E. Let Ai : X → 2X (i = 1, 2, ..., N) be m-accretive
operators such that D(Ai) ⊆ C and let Bi : C → X be αi-inverse strongly accretive
operators such that ∩Ni=1(Ai + Bi)

−10 6= ∅. Let a0, a1, ..., aN be real numbers in (0, 1) such
that

∑N
i=0 ai = 1 and Pn = a0I +

∑N
i=1 aiJ

Ai
rn,i

(I − rn,iBi), where JAirn,i = (I + rn,iAi)
−1

and 0 < rn,i ≤ 2αi
c
∀ i = 1, 2, ..., N and n ≥ 1. Then Pn : C → C is nonexpansive and

F (Pn) = ∩Ni=1(Ai +Bi)
−10, for all n ≥ 1.

Proof. First, we show that Pn is nonexpansive for all n ≥ 1. Let x, y ∈ C. Then for
i = 1, 2, ..., N, it follows that

‖(I − rn,iBi)x− (I − rn,iBi)y‖2 = ‖x− y − rn,i(Bix−Biy)‖2

≤ ‖x− y‖2 − 2rn,i〈Bix−Biy, j(x− y)〉+ cr2
n,i‖Bix−Biy‖2

≤ ‖x− y‖2 − 2rn,iα‖Bix−Biy‖2 + cr2
n,i‖Bix−Biy‖2

= ‖x− y‖2 − (2α− crn,i)rn,i‖Bix−Biy‖2

≤ ‖x− y‖2.

Thus (I − rn,iBi) is nonexpansive for all i = 1, 2, ..., N. Since JAirn,i and (1 − rn,iBi) are
nonexpansive for all i = 1, 2, ..., N, we get that

‖Pnx− Pny‖ ≤ a0‖x− y‖+
N∑
i=1

ai

∥∥∥JAirn,i(1− rn,iBi)x− JAirn,i(1− rn,iBi)y
∥∥∥

≤ a0‖x− y‖+
N∑
i=1

ai ‖(1− rn,iBi)x− (1− rn,iBi)y‖

≤ a0‖x− y‖+
N∑
i=1

ai‖x− y‖

= ‖x− y‖.

Thus Pn is nonexpansive for all n ≥ 1.

Next we show that F (Pn) = ∩Ni=1(Ai+Bi)
−10, for all n ≥ 1. It is obvious that ∩Ni=1(Ai+

Bi)
−10 ⊆ F (Pn). So, we are left to show that F (Pn) ⊆ ∩Ni=1(Ai + Bi)

−10. Let u ∈ F (Pn).
Then Pnu = u and for all v ∈ ∩Ni=1(Ai +Bi)

−10 ⊆ F (Pn), we have

‖u− v‖ ≤ a0‖u− v‖+ a1

∥∥∥JA1
rn,1

(I − rn,1B1)u− v
∥∥∥+ ...+ aN

∥∥∥JANrn,N (I − rn,NBN)u− v
∥∥∥

≤ (a0 + a1 + ...+ aN−1)‖u− v‖+ aN‖JANrn,N (I − rn,NBN)u− v‖

≤ (1− aN)‖u− v‖+ aN

∥∥∥JANrn,N (I − rn,NBN)u− v
∥∥∥ .
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Therefore
‖u− v‖ = (1− aN)‖u− v‖+ aN

∥∥∥JANrn,N (I − rn,NBN)u− v
∥∥∥ ,

which implies that

‖u− v‖ =
∥∥∥JANrn,N (I − rn,NBN)u− v

∥∥∥ .
Similarly,

‖u− v‖ =
∥∥∥JA1

rn,1
(I − rn,1B1)u− v

∥∥∥ = ... =
∥∥∥JAN−1

rn,N−1
(I − rn,N−1BN−1)u− v

∥∥∥ .
Then

‖u− v‖ =
a1∑N
i=1 ai

‖
(
Jrn,1(I − rn,1B1)u− v

)
‖+

a2∑N
i=1 ai

‖
(
Jrn,2(I − rn,2B2)u− v

)
‖+ ...

+
aN∑N
i=1 ai

‖
(
Jrn,N (I − rn,NBN)u− v

)
‖.

By strict convexity of X, we have that

u− v = Jrn,1(I − rn,1B1)u− v = Jrn,2(I − rn,2B2)u− v = ... = Jrn,N (I − rn,NBN)u− v.

Therefore, Jrn,i(I − rn,iBi)u = u, for i = 1, 2, ..., N. Then u ∈ ∩Ni=1(Ai +Bi)
−10.

Thus F (Pn) ⊆ ∩Ni=1(Ai +Bi)
−10.

Theorem 4.3.3. Let X be a real smooth and uniformly convex Banach space and C be a
nonempty, closed and convex subset of X, and let f : C → C be a MKC. Let M : C → C
be a strong positive bounded linear operator, γ̄ > 0 such that 0 ≤ η < γ̄

2
. Suppose that the

duality mapping j : X → X∗ is weakly sequentially continuous at zero. Let Ai : C → 2X

be m-accretive operators and Bi : C → X be αi-inverse strongly accretive operators, for
i = 1, 2, ..., N such that ∩Ni=1(Ai +Bi)

−10 6= ∅. Let {xn} be generated by x1 ∈ X,{
yn = βnxn + (1− βn)

[
a0xn +

∑N
i=1 aiJ

Ai
rn,i

(I − rn,iBi)xn

]
,

xn+1 = αnηf(xn) + γnxn + ((1− γn)I − αnM)yn, n ≥ 1,
(4.3.13)

for all n ≥ 1, where JAirn,i = (I + rn,iAi)
−1 for i = 1, 2, ..., N, and 0 < ai < 1, for i =

0, 1, 2, ..., N, {αn}, {βn} and {γn} are real number sequence in (0, 1) and {rn,i} ⊂ (0,∞).
Suppose that the above sequence satisfy the following conditions:

(i) limn→∞ αn = 0,
∑∞

n=1 αn =∞;

(ii) 0 < rn,i <
2α
c

and
∑∞

n=1 |rn+1,i − rn,i| <∞ for n ≥ 1 and i = 1, 2, ...N, where c is a
constant;

(iii) limn→∞(βn+1 − βn) = 0;

(iv) 0 < lim infn→∞ γn ≤ lim supn→∞ γn < 1.
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Then {xn} converges strongly to a point x0 ∈ ∩Ni=1(Ai+Bi)
−10, which is the unique solution

of the variational inequality: ∀z ∈ ∩Ni=1(Ai +Bi)
−10.

〈(M − ηf)x0, J(x0 − z)〉 ≤ 0, (4.3.14)

where x0 = Q∩Ni=1(Ai+Bi)−10f(x0), and Q∩Ni=1(Ai+Bi)−10 is the unique sunny nonexpansive

retraction of X onto ∩Ni=1(Ai +Bi)
−10.

Proof. Put Pn = a0I+
∑N

i=1 aiJ
Ai
rn,i

(I−rn,iBi) and unn,i = (I−rn,iBi)xn for i = 1, 2, 3, ..., N
and n ≥ 1. Then we obtain from (4.3.13) and Lemma 4.3.2 that

‖yn − p‖ = ‖βnxn + (1− βn)Pnxn − p‖
≤ ‖βn(xn − p) + (1− βn)(Pnxn − p)‖
≤ βn‖xn − p‖+ (1− βn)‖xn − p‖
≤ ‖xn − p‖. (4.3.15)

From the definition of MKC and Lemma 2.3.25, for each ε > 0 there is a number rε ∈ (0, 1),
if ‖xn − z‖ < ε then ‖f(xn) − f(z)‖ ≤ rε‖xn − z‖. it follows from (4.3.13) and (4.3.15)
that

‖xn+1 − p‖ = ‖αnηf(xn) + γnxn + (1− γn)I − αnM)yn − p‖
= ‖αn(ηf(xn)−Mp) + γn(xn − p) + ((1− γn)I − αnM)(yn − p)‖
≤ αn‖ηf(xn)−Mp‖+ γn‖xn − p‖+ (1− γn − αnγ̄)‖xn − p‖
≤ αnηmax{rε‖xn − p‖, ε}+ αn‖ηf(p)−Mp‖+ (1− αnγ̄)‖xn − p‖
= max{(1− αnγ̄)‖xn − p‖+ αnηrε‖xn − p‖+ αn‖ηf(p)−Mp‖,

(1− αnγ̄)‖xn − p‖+ αnηε+ αn‖ηf(p)−Mp‖}
= max{(1− αnγ̄ + αnηrε)‖xn − p‖+ αn‖ηf(p)−Mp‖, (1− αnγ̄)‖xn − p‖

+αnηε+ αn‖ηf(p)−Mp‖}
= max{[1− (αnγ̄ − αnηrε)]‖xn − p‖+ αn‖ηf(p)−Mp‖, (1− αnγ̄)‖xn − p‖

+αnηε+ αn‖ηf(p)−Mp‖}.

Inductively, we obtain

‖xn − p‖ ≤ max

{
‖x0 − p‖,

‖ηf(p)−Mp‖
γ̄ − ηrε

,
γε+ ‖ηf(p)−Mp‖

γ̄
,

}
n ≥ 1, (4.3.16)

which implies that the sequence {xn} is bounded.

Next we show that ‖xn+1 − xn‖ → 0, as n→∞.
First we consider ‖JAirn+1,i

un+1,i − JAirn,iun,i‖, if rn,i ≤ rn+1,i then it follows from Lemma
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2.3.26 that∥∥∥JAirn+1,i
un+1,i − JAirn,iun,i

∥∥∥ =

∥∥∥∥JAirn,i ( rn,i
rn+1,i

un+1,i +

(
1− rn,i

rn+1,i

)
JAirn+1,i

un+1,i

)
− JAirn,iun,i

∥∥∥∥
≤

∥∥∥∥ rn,i
rn+1,i

un+1,i +

(
1− rn,i

rn+1,i

)
JAirn+1,i

un+1,i − un,i
∥∥∥∥

≤ rn,i
rn+1,i

‖un+1,i − un,i‖+

(
1− rn,i

rn+1,i

)∥∥JAin+1,iun+1,i − un,i
∥∥

≤ ‖un+1,i − un,i‖+
rn+1,i − rn,i

b
2M1. (4.3.17)

If rn+1,i ≤ rn,i, using similar proof as in (4.3.17), we obtain∥∥∥JAirn+1,i
un+1,i − JAirn,iun,i

∥∥∥ ≤ ‖un+1,i − un,i‖+
rn,i − rn+,i

b
2M1. (4.3.18)

Combining (4.3.17) and (4.3.18), we have, for n ≥ 1,∥∥∥JAirn+1,i
un+1,i − JAirn,iun,i

∥∥∥ ≤ ‖un+1,i − un,i‖+
2|rn,i − rn+,i|

b
M1

≤ ‖(I − rn+1,iBi)(xn+1 − xn)‖+ |rn+1,i − rn,i|‖Bixn‖+
2|rn+1,i − rn,i|

b
M1

≤ ‖xn+1 − xn‖+ |rn+1,i − rn,i|‖Bixn‖+
2|rn+1,i − rn,i|

b
M1.

(4.3.19)

Set M2 =
(

2
b

+M1

)
and using (4.3.19), we obtain

‖Pn+1xn+1 − Pnxn‖ ≤ a0‖xn+1 − xn‖+
N∑
i=1

∥∥∥ai (JAirn+1,i
(I − rn+1,iBi)xn − JAirn,i(I − rn,iBi)xn

)∥∥∥
≤ ‖xn+1 − xn‖+M2

N∑
i=1

|rn,i − rn+1,i|. (4.3.20)

Next, from (4.3.13), we get that

xn+1 = αnηf(xn) + γnxn + [(1− γ)I − αnM ]Qnxn. (4.3.21)

Now, define

zn =
xn+1 − γnxn

1− γn
. (4.3.22)

Hence, we obtain

zn+1 − zn =
αn+1ηf(xn+1) + γn+1xn+1 + [(1− γn+1)I − αn+1M ]Qn+1xn+1 − γn+1xn+1

1− γn+1

−αnf(xn) + γnxn + [(1− γn)I − αnM ]Qnxn − γnxn
1− γn

=
αn+1 [ηf(xn+1)−MQn+1xn+1]

1− γn+1

− αn [ηf(xn)−MQnxn]

1− γn
+Qn+1xn+1 −Qnxn,
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which implies that

‖zn+1 − zn‖ ≤
αn+1‖ηf(xn+1)−MQn+1xn+1‖

1− γn+1

+
αn‖ηf(xn)−MQnxn‖

1− γn
+‖Qn+1xn+1 −Qnxn‖. (4.3.23)

Now, we estimate ‖Qn+1xn+1 −Qnxn‖.

‖Qn+1xn+1 −Qnxn‖ = ‖ [βn+1xn+1 + (1− βn+1)Pn+1xn+1]− [βnxn + (1− βn)Pnxn] ‖
≤ (1− βn+1)‖Pn+1xn+1 − Pn+1xn‖+ |βn+1 − βn|‖Pnxn‖

+βn+1‖xn+1 − xn‖+ |βn+1 − βn|‖xn‖

≤ (1− βn+1)‖xn+1 − xn‖+M2(1− βn+1)
N∑
i=1

|rn,i − rn+1,i|+ |βn+1 − βn|‖Pnxn‖

+βn+1‖xn+1 − xn‖+ |βn+1 − βn|‖xn‖

≤ ‖xn+1 − xn‖+M2(1− βn+1)
N∑
i=1

|rn,i − rn+1,i|+ |βn+1 − βn|‖Pnxn‖

+|βn+1 − βn|‖xn‖. (4.3.24)

From (4.3.23) and (4.3.24), we obtain

‖zn+1 − zn‖ ≤
αn+1‖ηf(xn+1)−MQn+1xn+1‖

1− γn+1

+
αn‖ηf(xn)−MQnxn‖

1− γn

+‖xn+1 − xn‖+M2(1− βn+1)
N∑
i=1

|rn,i − rn+1,i|+ |βn+1 − βn|‖Pnxn‖

+|βn+1 − βn|‖xn‖.

Hence, we have

‖zn+1 − zn‖ − ‖xn+1 − xn‖ ≤
αn+1‖ηf(xn+1)−MQn+1xn+1‖

1− γn+1

+
αn‖ηf(xn)−MQnxn‖

1− γn

+M2(1− βn+1)
N∑
i=1

|rn,i − rn+1,i|+ |βn+1 − βn|‖Pnxn‖

+|βn+1 − βn|‖xn‖. (4.3.25)

Since {xn}, {f(xn)} and {Pnxn} and {Qnxn} are bounded by conditions (i), (ii) and (iii),
we have that

lim sup
n→∞

{‖zn+1 − zn‖ − ‖xn+1 − xn‖} ≤ 0. (4.3.26)

Thus by Lemma 2.3.27, we obtain

lim
n→∞

‖zn − xn‖ = 0. (4.3.27)
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Hence we obtain from (4.3.23) and (4.3.27) that

lim
n→∞

‖xn+1 − xn‖ = 0. (4.3.28)

Also from (4.3.13), we obtain

‖Qnxn − xn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 −Qnxn‖
= ‖xn − xn+1‖+ ‖αnηf(xn) + γn(xn −Qnxn)− αnMQnxn‖
≤ ‖xn − xn+1‖+ αn(‖ηf(xn)‖+ ‖MQnxn‖) + γn‖xn −Qnxn‖,

which implies that

‖Qnxn − xn‖ ≤
1

1− γn
(‖xn − xn+1‖+ αn(‖ηf(xn)‖+ ‖MQnxn‖)). (4.3.29)

Hence from condition (i), (4.3.28) and (4.3.29), we get that

lim
n→∞

‖Qnxn − xn‖ = 0. (4.3.30)

Next, we estimate ‖Pnxn − xn‖

‖Pnxn − xn‖ ≤ ‖xn −Qnxn‖+ ‖Qnxn − Pnxn‖
≤ ‖xn −Qnxn‖+ ‖βnxn + (1− βn)Pnxn − Pnxn‖
≤ ‖xn −Qnxn‖+ βn‖xn − Pnxn‖,

which implies that

‖Pnxn − xn‖ ≤
1

1− βn
‖xn −Qnxn‖ → 0, n→ ∞. (4.3.31)

Also we have

‖yn − xn‖ = ‖βnxn + (1− βn)Pnxn − xn‖
= βn‖xn − Pnxn‖+ ‖Pnxn − xn‖ → 0, n→∞. (4.3.32)

Also we can obtain that

‖yn − Pnxn‖ ≤ ‖yn − xn‖+ ‖xn − Pnxn‖ → 0, n→∞.

In similar way, we obtain

‖xn+1 − yn‖ ≤ ‖xn+1 − xn‖+ ‖xn − yn‖ → 0, n→∞.

From (4.2.7) and Lemma 4.3.2, we know that there exists zt such that zt = tηf(xt) +
(1− tM)PnTxt for t ∈ (0, 1). Moreover, zt → x0 ∈ F (Pn) = ∩Nn=1(Ai + Bi)

−10, as t→ 0,
and x0 is the unique solution of the variational inequality (4.3.2).

Next we show that

lim sup
n→∞

〈ηf(η)−Mx̂, j(xn − x̂)〉 ≤ 0, (4.3.33)
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where x̂ = limt→0 xt with xt being the fixed point of the contraction

x 7−→ tηf(x) + (1− tM)PnTx. (4.3.34)

Now, we take a subsequence {xnk} of {xn} such that

lim sup
n→∞

〈ηf(x̂)−Mx̂, j(xn − x̂)〉 = lim
k→∞
〈ηf(x̂)−Mx̂, j(xnk − x̂)〉. (4.3.35)

We may also assume that xnk ⇀ q. Note that q ∈ F (Pn) by Lemma 2.3.13 and (4.3.33).
Since j is weakly sequentially continuous duality mapping, we obtain from Lemma 4.3.2
that

lim sup
n→∞

〈ηf(x̂)−Mx̂, j(xn − x̂)〉 = lim
k→∞
〈ηf(x̂)−Mx̂, j(xnk − x̂)〉

= 〈ηf(x̂)−Mx̂, j(xnk − x̂)〉 ≤ 0. (4.3.36)

Hence, we obtain
lim sup
n→∞

〈ηf(x̂)−Mx̂, j(xn − x̂)〉 ≤ 0.

Finally, we show that ‖xn − x̂‖ → 0, n→∞. To do this, we divide the rest of the proof
into two cases.
By contradiction, there is number ε0 such that

lim sup
n→∞

‖xn − x̂‖ ≥ ε0. (4.3.37)

case 1. Fixed ε1 (ε1 < ε0), if for some n ≥ N ∈ N such that ‖xn − x̂‖ ≥ ε0 − ε1, and for
the other n ≥ N ∈ N such that ‖xn − x̂‖ < ε0 − ε1. Let

Mn =
2〈ηf(x̂)−Mx̂, j(xn+1 − x̂)〉

(ε0 − ε1)2
. (4.3.38)

From (4.3.33), we know that lim supn→∞Mn ≤ 0. Hence, there is a number N, when
n > N, we have Mn ≤ γ̄ − η. There exists n0 ≥ N such that ‖xn0 − x̂‖ < ε0 − ε1, then we
have

‖xn0+1 − x̂‖2 = ‖αn0f(xn0) + γn0xn0 + [(1− γn0)I − αn0M ]yn0 − x̂‖2

= ‖[(1− γn0)I − αn0M ](yn0 − x̂) + αn0(ηf(xn0)−Mx̂) + γn0(xn0 − x̂)‖2

= 〈[(1− γn0)I − αn0M ]yn0 − x̂) + αn0(ηf(xn0)−Mx̂) + γn0(xn0 − x̂), j(xn0+1 − x̂)〉
= 〈[(1− γn0)I − αn0M ](yn0 − x̂), j(xn0+1 − x̂)〉+ 〈αn0(ηf(xn0)−Mx̂), j(xn0+1 − x̂)〉

+〈γn0(xn0 − x̂), j(xn0+1 − x̂)〉
= 〈[(1− γn0)I − αn0M ](yn0 − x̂), j(xn0+1 − x̂)〉+ αn0η〈f(xn0)− f(x̂), j(xn0+1 − x̂)〉

+αn0〈ηf(x̂)−Mx̂, j(xn0+1 − x̂)〉+ 〈γn0(xn0 − x̂), j(xn0+1 − x̂)〉
≤ (1− γn0 − αn0 γ̄)‖xn0 − x̂‖‖xn0+1 − x̂‖+ αn0η‖f(xn0)− f(x̂)‖‖xn0+1 − x̂‖

+αn0〈ηf(x̂)−Mx̂, j(xn0+1 − x̂)〉+ γn0‖xn0 − x̂‖‖xn0+1 − x̂‖
< [1− αn0(γ̄ − η)](ε0 − ε1)‖xn0+1 − x̄‖+ αn0〈ηf(x̂)−Mx̂, j(xn0+1 − x̂)〉
≤ 1

2
[1− αn0(γ̄ − η)]2(ε0 − ε1)2 +

1

2
‖xn0+1 − x̂‖2

+αn0〈ηf(x̂)−Mx̂, j(xn0+1 − x̂)〉, (4.3.39)
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which implies from (4.3.39) that

‖xn0+1 − x̂‖2 ≤ [1− αn0(γ̄ − η)]2(ε0 − ε1)2 + 2αn0〈ηf(x̂)−Mx̂, j(xn0+1 − x̂)〉
≤ [1− αn0(γ̄ − η)](ε0 − ε1)2 + 2αn0〈ηf(x̂)−Mx̂, j(xn0+1 − x̂)〉
= [1− αn0(γ̄ − η −Mn)](ε0 − ε1)2

≤ (ε0 − ε1)2. (4.3.40)

Hence, we have
‖xn0+1 − x̂‖ < ε0 − ε1, for ε0 > ε1.

In similar manner, we obtain

‖xn − x̂‖ < ε0 − ε1, ∀ n ≥ n0,

which contradicts the fact that lim supn→∞ ‖xn − x̂‖ ≥ ε0.

Case 2. Fixed ε1 (ε1 < ε0), if ‖xn − x̂‖ ≥ ε0 − ε1 for all n ≥ N ∈ N, from Lemma
2.3.25, there is a number rε, (0 < rε < 1) such that

‖f(xn)− f(x̂)‖ ≤ r‖xn − x̂‖, n ≥ N. (4.3.41)

From (4.3.13) and (4.3.41), we obtain

‖xn0+1 − x̂‖2 = ‖αnηf(xn) + γnxn + [(1− γn)I − αnM ]yn − x̂‖2

= ‖[(1− γn)I − αnM ](yn − x̂) + αn(ηf(xn)−Mx̂) + γn(xn − x̂)‖2

= 〈[(1− γn)I − αnM ](yn − x̂) + αn(ηf(xn)−Mx̂) + γn(xn − x̂), j(xn0+1 − x̂)〉
= 〈[(1− γn)I − αnM ](yn − x̂), j(xn+1 − x̂)〉+ 〈αn(ηf(xn)−Mx̂), j(xn+1 − x̂)〉

+〈γn(xn − x̂), j(xn+1 − x̂)〉
≤ 〈[(1− γn)I − αnM ](yn − x̂), j(xn+1 − x̂)〉+ 〈αn(ηf(xn)− f(x̂)), j(xn+1 − x̂)〉

+〈αnηf(x̂−Mx̂), j(xn+1 − x̂)〉+ 〈γn(xn − x̂), j(xn+1 − x̂)〉
≤ (1− γn − αnγ̂)‖xn − x̂‖‖xn+1 − x̂‖+ αnηr‖xn − x̂‖‖xn+1 − x̂‖

+〈αnηf(x̂−Mx̂), j(xn+1 − x̂)〉+ γn‖xn − x̂‖‖xn+1 − x̂‖
≤ [1− αn(γ̂ − ηr)]‖xn − xn+1‖‖xn+1 − x̂‖+ 〈αnηf(x̂−Mx̂), j(xn+1 − x̂)〉
≤ [1− αn(γ̂ − ηr)]1

2
‖xn − x̂‖2 +

1

2
‖xn+1 − x̂‖2 + 〈αnηf(x̂−Mx̂), j(xn+1 − x̂)〉,

which implies that

‖xn+1 − x̂‖2 ≤ [1− αn(γ̄ − ηr)]‖xn − x̂‖+ 2αn〈ηf(x̂−Mx̂), j(xn+1 − x̂)〉. (4.3.42)

Hence from Lemma 2.3.14 and (4.3.42), we conclude that xn → x̂ as n → ∞, which
contradict the fact that ‖xn − x̂‖ ≥ ε0 − ε1. This complete the proof.

If i = 1 and f is a contraction, then from Theorem 4.3.3 we obtain the following:
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Corollary 4.3.4. Let X be a real smooth and uniformly convex Banach space and C be
a nonempty, closed and convex subset of X, and let f : C → C be a contraction mapping
with k ∈ (0, 1). Let M : C → C be a strong positive bounded linear operator γ̄ > 0 such
that 0 ≤ η < 2γ̄

k
. Suppose that the duality mapping j : X → X∗ is weakly sequentially

continuous at zero. Let A : C → 2X be m-accretive operator and B : C → X be α-
inversely strongly accretive operator, such that (A + B)−10 6= ∅. Let {xn} be generated by
the following algorithm:{

yn = βnxn + (1− βn)JArn(I − rnB)xn,

xn+1 = αnηf(xn) + γnxn + ((1− γn)I − αnM)yn, n ≥ 1,
(4.3.43)

for all n ≥ 1, where JArn = (I + rnA)−1 , {αn}, {βn} and {γn} are real number sequence in
(0, 1) and {rn} ⊂ (0,∞). Suppose that the above sequence satisfy the following conditions:

(i) limn→∞ αn = 0,
∑∞

n=1 αn =∞;

(ii) 0 < rn <
2α
c

and
∑∞

n=1 |rn+1 − rn| <∞ for n ≥ 1 and c is a constant;

(iii) limn→∞(βn+1 − βn) = 0;

(iv) 0 < lim infn→∞ γn ≤ lim supn→∞ γn < 1.

Then {xn} converges strongly to a point x0 ∈ (A+B)−10, which is the unique solution of
the variational inequality: ∀z ∈ (A+B)−10.

〈(M − ηf)x0, J(x0 − z)〉 ≤ 0. (4.3.44)

where x0 = Q(A+B)−1(0)f(x0), and Q(A+B)−1(0) is the unique sunny nonexpansive retraction
of X onto (A+B)−1(0).

4.3.1 Applications

In this section, we give an application of our Corollary 4.3.4 to approximation of solution
of certain nonlinear integro-differential equation involving the generalized p-Laplacian.
Throughout this section, we shall assume N ≥ 1, 2N

N+1
< r ≤ min{p, p′} < +∞, 1

p
+ 1

p′
= 1,

1
q

+ 1
q′

= 1, and 1
r

+ 1
r′

= 1.

Let V = Lp(0, T ;W 1,p(Ω)) and V ∗ be the dual space of V. The norm in V will be
denoted by ‖.‖v, which is defined by

‖u(x, t)‖v :=

(∫ T

0

‖u(x, t)‖p
W 1,p(Ω)dt

) 1
p

, u(x, t) ∈ V.

Also, let W = Lmax{p,p′}(0, T ;Lmax{p,p′}(Ω)).
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Now, using the result obtained in Corollary 4.3.4, we shall study the existence and
uniqueness of the solution and iterative approximation of the unique solution of the fol-
lowing nonlinear integro-differential equation.

∂u
∂t
− div

[
a(x)

(
1 + |∇u|p√

1+|∇u|2p

)
|∇u|p−2∇u

]
+ b(x)|u|q−2u+ c(x)|u|r−2u

+g(x, u,∇u) + a1
∂
∂t

∫
Ω
udx = f(x, t) a.e. in Ω× (0, T )

−
〈
ϑ, a(x)

(
1 + |∇u|p√

1+|∇u|2p

)
|∇u|p−2∇u

〉
∈ βx(u(x)) a.e on Γ× (0, T )

u(x, 0) = u(x, T ),

(4.3.45)

where Ω is a bounded conical domain of the Euclidean space RN , Γ is the boundary Ω
with Γ ∈ C1 and ϑ denotes the exterior normal derivatives to Γ. Also f(x, t) ∈ W, a, b and
c are strictly positive bounded and continuous functions on Ω such that

0 < a− = inf
x∈Ω

a(x) ≤ a+ = sup
x∈Ω

a(x) <∞

0 < b− = inf
x∈Ω

b(x) ≤ b+ = sup
x∈Ω

b(x) <∞

0 < c− = inf
x∈Ω

c(x) ≤ c+ = sup
x∈Ω

c(x) <∞.

Moreover, a1 is a positive constant and βx is the subdifferential of ϑx, where ϑx = ϑ(x, .) :
R→ R for x ∈ Γ and ϑ : Γ× R→ R is the given function.

Lemma 4.3.5. [183] Let A be m-accretive operator, then the mapping A : W → 2W is
m-accretive.

Lemma 4.3.6. [183] Define B : D(B) ⊂ Lmax{p,p′}(0, T ;W 1,max{p,p′}(Ω)) ⊂ W → W by

(Bu)(x, t) = g(x, u,∇u)− f(x, t),

for u(x, t) ∈ D(B). Then B is inversely strongly accretive.

Recently, Y. Shehu and G. Cai [180] proved the following theorem

Theorem 4.3.7. [180] u(x, t) ∈ W is the unique solution of the nonlinear boundary value
problem (4.3.45) if and only if u(x, t) ∈ (A+B)−1(0).

Now, using Theorem 4.3.7, Lemma 4.3.5 and 4.3.6 we obtain the following result.

Theorem 4.3.8. Let 2 ≤ p <∞. Suppose A and B are the same as those in Lemma 4.3.5
and 4.3.6 respectively. Let f : W = Lmax{p,p′}(0, T ;Lmax{p,p′}(Ω))→ Lmax{p,p′}(0, T ;Lmax{p,p′}(Ω))
be a fixed contraction with coefficient k ∈ (0, 1). Let M : Lmax{p,p′}(0, T ;Lmax{p,p′}(Ω)) →
Lmax{p,p′}(0, T ;Lmax{p,p′}(Ω)) be a strong positive bounded linear operator γ̄ > 0 such that
0 ≤ η < 2γ̄

k
. Suppose that the duality mapping jmax{p,p′} : X → X∗ is weakly sequentially

continuous at zero such that the following conditions are satisfied:

(i) limn→∞ αn = 0,
∑∞

n=1 αn =∞;
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(ii) 0 < rn <
2α
c

and
∑∞

n=1 |rn+1 − rn| <∞ for n ≥ 1 and c is a constant;

(iii) limn→∞(βn+1 − βn) = 0;

(iv) 0 < lim infn→∞ γn ≤ lim supn→∞ γn < 1.

Let the sequence {un(x, t)}∞n=1 be generated by u1(x, t) ∈ W,{
yn = βnun(x, t) + (1− βn)JArn(I − rnB)un(x, t),

un+1(x, t) = αnηf(un(x, t)) + γnun(x, t) + ((1− γn)I − αnM)yn, n ≥ 1.
(4.3.46)

Then {un(x, t)}∞n=1 converges strongly to u(x, t) ∈ (A + B)−1(0), which is the unique
solution of the variational inequality: ∀z(x, t) ∈ (A+B)−10.

〈(M − ηf)u(x, t), jmax{p,p′}(u(x, t)− z(x, t))〉 ≤ 0. (4.3.47)

where u(x, t) = Q(A+B)−1(0)f(u(x, t)), and Q(A+B)−1(0) is the unique sunny nonexpansive
retraction of E onto (A+B)−1(0).

4.4 Strong convergence results for convex minimiza-

tion and monotone variational inclusion problems

in Hilbert spaces

In this section, motivated by the above work of Y. Shehu and Gang Cai [46], we will modify
the GPA by adopting the idea of algorithm to the GPA. We observe that, to prove strong
convergence results for the GPA problem and other related optimization problems, the CQ
(modified Haugazeau) algorithms are often used. In some other cases (where algorithms
other than the CQ algorithm are used), some compactness conditions are assumed on the
operators under consideration, or the proof may be divided into two cases which may
result to a very long proof. Moreover, our method for proving strong convergence of our
algorithm will be different from that of the existing methods in the literature.

Theorem 4.4.1. Let C be a nonempty, closed and convex subset of a real Hilbert space
H. Suppose that the minimization problem (3.1.1) is consistent and Υ denote its solution
set such that Υ 6= ∅. Assume that the gradient ∇g is L-Lipschitzian with constant L > 0.
Let the sequence {xn} be generated for fixed x1, u ∈ C by{

yn = αnu+ (1− αn)xn;

xn+1 = (1− βn)yn + βnPC(I − λn∇g)yn, n ≥ 1,
(4.4.1)

where {αn} and {βn} are sequences in (0, 1) and {λn} a sequence in (0, 2
L

) satisfying the
following conditions:

(i) limn→∞ αn = 0,
∑∞

n=0 αn =∞;
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(ii) 0 < lim infn→∞ λn ≤ lim supn→∞ λn <
2
L

;

(iii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1.

Then {xn} converges strongly to z ∈ Υ, where z = PΥu.

Proof. It is well known that z ∈ C solves the minimization problem (3.1.1) if and only if
z solves the fixed point equation.

z = PC(I − λ∇g)z,

where λ > 0 is any fixed positive number. We may assume that (due to condition (ii))

0 < a ≤ λn ≤ b <
2

L
, n ≥ 1,

where a and b are constant. Furthermore it is well known that the gradient ∇g is 1
L

-ism,
(I−λn∇g) is nonexpansive and that PC(I−λ∇g) is 2+λL

4
-averaged for 0 < λ < 2

L
. Hence,

we find that for each n, PC(I − λn∇g) is 2+λnL
4

-averaged. Therefore we can write

PC(I − λn∇g) =
2− λL

4
+

2 + λnL

4
Tn = (1− µn)I + µnTn, (4.4.2)

where Tn are nonexpansive, µn = 2+λnL
4
∈ [a1, b1] ⊂ (0, 1), a1 = 2+aL

4
and b1 = 2+bL

4
< 1.

Let zn = PC(I − λn∇g)yn. Then by (4.4.2), we obtain

zn = PC(I − λn∇g)yn = (1− µn)yn + µnTnyn.

Firstly, we show that {xn} is bounded. Let z ∈ Υ, from the above equality, we obtain

‖zn − z‖2 = ‖(1− µn)yn + µnTnyn − z‖2

= (1− µn)‖yn − z‖2 + µn‖Tnyn − z‖2 − µn(1− µn)‖yn − Tnyn‖2

≤ ‖yn − z‖2 − µn(1− µn)‖yn − Tnyn‖2

≤ ‖yn − z‖2. (4.4.3)

Now, we obtain from (4.4.1) and and the convexity of norm that

‖xn+1 − z‖2 = ‖(yn − z)− βn(yn − zn)‖2

= ‖yn − zn‖2 + β2
n‖yn − zn‖2 − 2βn〈yn − z, yn − zn〉

≤ ‖yn − zn‖2 − βn(1− βn)‖yn − zn‖2. (4.4.4)

But,

zn − yn =
1

βn
(xn+1 − yn). (4.4.5)

Therefore, from (4.4.4), we obtain

‖xn+1 − z‖2 ≤ ‖yn − z‖2 − 1

βn
(1− βn)‖xn+1 − yn‖2. (4.4.6)
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Using (4.4.1) and (4.4.6), we get

‖xn+1 − z‖ ≤ ‖yn − z‖
≤ αn‖u− z‖+ (1− αn)||xn − z||
≤ max {‖xn − z‖, ‖u− z‖}
...

≤ max {‖x1 − z‖, ‖u− z‖} ,
which shows that {xn} is bounded. We have from (4.4.5) that

‖zn − yn‖2 =

∥∥∥∥ 1

βn
(xn+1 − yn)

∥∥∥∥2

=
1

β2
n

‖xn+1 − yn‖2

=
αn
βn

(‖xn+1 − yn‖2

αnβn

)
. (4.4.7)

Using Lemma 2.3.6 (ii) and (4.4.1) (noting that αn ∈ (0, 1)), we have

‖yn − z‖2 = ‖αn(u− z) + (1− αn)(xn − z)‖2

= α2
n‖u− z‖2 + 2αn(1− αn)〈u− z, xn − z〉+ (1− αn)2‖xn − z‖2

≤ α2
n‖u− z‖2 + 2αn(1− αn)〈u− z, xn − z〉+ (1− αn)‖xn − z‖2

≤ α2
n‖u− z‖2 − 2αn(1− αn)〈u− z, z − xn〉

+(1− αn)‖xn − z‖2. (4.4.8)

Putting (4.4.8) in (4.4.6), we obtain

‖xn+1 − z‖2 ≤ α2
n‖u− z‖2 − 2αn(1− αn)〈u− z, z − xn〉

+(1− αn)‖xn − z‖2 − 1

βn
(1− βn)‖xn+1 − yn‖2

= (1− αn)‖xn − z‖2 − αn
(
− αn‖u− z‖2 + 2(1− αn)〈u− z, z − xn〉

+
1

αnβn
(1− βn)‖xn+1 − yn‖2

)
. (4.4.9)

Let

Γn := −αn‖u− z‖2 + 2(1− αn)〈u− z, z − xn〉+
1

αnβn
(1− βn)‖xn+1 − yn‖2, n ≥ 1.(4.4.10)

Then, (4.4.9) becomes

‖xn+1 − z‖2 ≤ (1− αn)‖xn − z‖2 − αnΓn. (4.4.11)

Since {xn} is bounded an so it is bounded below. Hence, Γn is bounded below. Further-
more, using Lemma 2.3.17 and condition (i) in (4.4.11), we obtain

lim sup
n→∞

‖xn − z‖2 ≤ lim sup
n→∞

(−Γn)

= − lim inf
n→∞

Γn. (4.4.12)
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Therefore, lim infn→∞ Γn is a finite. We have from (4.4.10) that

lim inf
n→∞

Γn = lim inf
n→∞

(
2〈u− z, z − xn〉+

1

αnβn
(1− βn)‖xn+1 − yn‖2

)
.

Since {xn} is bounded, there exists a subsequence {xnk} of {xn} such that xnk ⇀ q ∈ H
and

lim inf
n→∞

Γn = lim
k→∞

(
2〈u− z, z − xnk〉+

1

αnkβnk
(1− βnk)‖xnk+1 − ynk‖2

)
. (4.4.13)

Since {xn} is bounded and lim inf
n→∞

Γn is finite, we have that 1
αnkβnk

(1− βnk)‖xnk+1 − ynk‖2

is bounded. Also, by assumption (iii), we have that there exists b ∈ (0, 1) such that
βn ≤ b < 1 and this implies that 1

αnkβnk
(1− βnk) ≥ 1

αnkβnk
(1− b) > 0 and so we have that

1
αnkβnk

(1 − βnk)‖xnk+1 − ynk‖2 is bounded. Observe from assumptions (i) and (iii) that

there exists a ∈ (0, 1) such that

0 <
αnk
βnk
≤ αnk

a
→ 0, k →∞.

This implies that
αnk
βnk
→ 0, k →∞. Therefore, we obtain from (4.4.7) and

αnk
βnk
→ 0, k →

∞ that

‖znk − ynk‖ = ||PC(I − λnk∇g)ynk − ynk || → 0, k →∞. (4.4.14)

From (4.4.5) and (4.4.14), we have that

‖xnk+1 − ynk‖ = βnk‖znk − ynk‖ → 0, k →∞.
Hence,

‖xnk+1 − xnk‖ ≤ ‖xnk+1 − ynk‖+ ‖ynk − xnk‖ → 0, k →∞.
Observe that ynk ⇀ x∗ ∈ C, k →∞ since ynk−xnk → 0, k →∞ and xnk ⇀ x∗ ∈ C, k →
∞. We may assume that λnk ⇀ λ; then we have 0 < λ < 2

L
. Set T := PC(I − λ∇g), then

T is nonexpansive and we get from (4.4.14) that

‖PC(I − λ∇g)ynk − ynk‖ ≤ ‖PC(I − λ∇g)ynk − PC(I − λnk∇g)ynk‖+ ‖PC(I − λnk∇g)ynk − ynk‖
≤ ‖(I − λ∇g)ynk − (I − λnk∇g)ynk‖+ ‖PC(I − λnk∇g)ynk − ynk‖
= |λnk − λ|‖∇g(ynk)‖+ ‖PC(I − λnk∇g)ynk − ynk‖ → 0.

It then follows from Lemma 2.3.13 that x∗ ∈ F (T ). But F (T ) = Υ. Therefore we have
that x∗ ∈ Υ. Now, we obtain from (4.4.10) and the property of PΥ that

lim inf
n→∞

Γn = lim
k→∞

(
2〈u− z, z − xnk〉+

1

αnkβnk
(1− βnk)‖xnk+1 − ynk‖2

)
≥ 2 lim

k→∞
〈u− z, z − xnk〉

= 2〈u− z, z − x∗〉 ≥ 0. (4.4.15)

Then from (4.4.12), we have that

lim sup
n→∞

‖xn − z‖2 ≤ − lim inf
n→∞

Γn ≤ 0.

Therefore, limn→∞ ‖xn − z‖ = 0 and this implies that {xn} converges strongly to z.
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We next investigate the problem of finding a zero of the sum of two monotone operators,
which is formulated as the following monotone variational inclusion problem: Find x ∈ H
such that

0 ∈ (A+B)x, (4.4.16)

where A : H → H and B : H → 2H are two monotone operators in Hilbert space H.

Lemma 4.4.2. Let C be a nonempty subset of H, ν ∈ R+, T : C → H be ν-ism and
γ ∈ (0, 2ν). Then I − γT is γ/2ν-averaged.

Proof. Set N = I − 2νT. Since T is ν-ism, we obtain from Lemma (2.3.6) (i) that

‖Nx−Ny‖2 = ‖(I − 2νT )x− (I − 2νT )y‖2

= ‖(x− y)− 2ν(Tx− Ty)‖2

= ‖x− y‖2 + 4ν2‖Tx− Ty‖2 − 4ν〈x− y, Tx− Ty〉
≤ ‖x− y‖2 + 4ν2‖Tx− Ty‖2 − 4ν2‖Tx− Ty‖
= ‖x− y‖2.

Hence, N is nonexpansive. Thus, we obtain that

I − γT = (1− γ/2ν)I + (γ/2ν)I − γT = (1− γ/2ν)I + (γ/2ν)N.

Since γ ∈ (0, 2ν), then γ/2ν ∈ (0, 1), thus we have that I − γT is γ/2ν-averaged.

We shall assume that problem (4.4.16) is consistent, namely its solution set, denoted by
Θ is nonempty. We now introduce an iterative algorithm that converges strongly to a
solution of (4.4.16). More accurately, our algorithm starts with an arbitrary initial guess
x0 ∈ H, and generates xn+1 according to the recursion process{

yn = αnu+ (1− αn)xn;

xn+1 = (1− βn)yn + βnJγnB(I − γnA)yn.
(4.4.17)

Noting that Θ = F (JγnB(I − γnA)) i.e x ∈ Θ, if and only if

0 ∈ (A+B)x = Ax+Bx ⇔ x− γAx ∈ x+ γBx

⇔ x ∈ (I + γB)−1(I − γA)x

⇔ x = JγB(I − γA)x.

Let z ∈ Θ, from Lemma 4.4.2, we obtain that I − γnA is γnA/2ν-averaged for every
n ∈ N. Since JγnB is nonexpansive, then it is 1

2
-averaged. It follows from Lemma 2.3 (ii)

that JγnB(I − γnA) is (2ν + γn)/4ν - averaged. Let µn = 2ν+γn
4ν

, in view of γn ∈ (0, 2ν), we
have that µn ∈ (0, 1). So JγnB(I − γnA) is µn-averaged. Hence it follows from Definition
1.2 that

JγnB(I − γnA) = (1− µn)I + µnTn, (4.4.18)
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where Tn is nonexpansive for every n ∈ N. By (4.4.18), we obtain that

F (JγnB(I − γnA)) = F (Tn).

Hence we obtain the following strong convergence theorem for finding a zero of the sum
of two monotone operators.

Theorem 4.4.3. Let A : H → H be a ν-inverse strongly monotone mapping and B :
H → 2H be a monotone mapping. Let {γn} be a sequence in (0, 2ν) and let the following
conditions be satisfied:

(i) limn→∞ αn = 0,
∑∞

n=0 αn =∞;

(ii) 0 < lim infn→∞ γn ≤ lim supn→∞ γn < 2ν;

(iii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1.

Then the sequence {xn} generated by (4.4.17) converges strongly to a solution z of the
inclusion problem (4.4.16).

Proof. Set JγnB(I−γnA)yn = PC(I−λn∇g)yn, we obtain the desired result from Theorem
4.4.1

4.4.1 Application to split feasibility problem

In this section, we give an application of Theorem 4.4.1 to Split Feasibility Problem (SFP).

The SFP is finding a point x such that

x ∈ C and Bx ∈ Q, (4.4.19)

where C and Q are nonempty, closed and convex subsets of Hilbert space H1 and H2,
respectively and B : H1 → H2 is a bounded linear operator.

Clearly x∗ is a solution to the SFP (4.4.19) if and only if x∗ ∈ C and Bx∗−PQBx∗ = 0.
The proximity function g is defined by

g(x) =
1

2
‖Bx− PQBx‖2 (4.4.20)

and we consider the constrained convex minimization problem

min
x∈C

g(x) = min
x∈C

1

2
‖Bx− PQBx‖2. (4.4.21)

Then x∗ solves the SFP (4.4.19) if and only if x∗ solves the minimization problem (4.4.21).
In [9], the following CQ algorithm was introduced to solve the SFP,

xn+1 = PC(I − λB∗(I − PQ)B)xn, n ≥ 0 (4.4.22)
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where 0 < λ < 2
‖B‖2 and B∗ is the adjoint of B. It was proved that the sequence generated

by (4.4.22) converges weakly to a solution of the SFP.

We now propose the following algorithm as an application of Theorem 4.4.1 to obtain
a strong convergence iterative sequence to solve the SFP.

Theorem 4.4.4. Let C and Q be nonempty, closed and convex subset of real Hilbert
spaces H1 and H2 respectively, and B : H1 → H2 be bounded linear operator. Let g(x) =
1
2
‖Bx − PQBx‖2 and let Υ = argminc∈Cg(x) such that Υ 6= ∅. Let the sequence {xn} be

generated for fixed x1, u ∈ C by{
yn = αnu+ (1− αn)xn,

xn+1 = (1− βn)yn + βnPC(I − λnB∗(I − PQ)B)yn,
(4.4.23)

where {αn} and {βn} are sequences in (0, 1) and {λn} a sequence in (0, 2
‖B‖2 ) satisfying

the following conditions:

(i) limn→∞ αn = 0,
∑∞

n=0 αn =∞,

(ii) 0 < lim infn→∞ λn ≤ lim supn→∞ λn <
2
‖B‖2 ,

(iii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1.

Then {xn} converges strongly to a solution z of the split feasibility problem (4.4.19)

Proof. By the definition of proximity function g, we have that ∇g = B∗(I−PQ)B and ∇g
is ||B||2-Lipschitz continuous. Hence, by setting ∇g = B∗(I −PQ)B in Algorithm (4.4.1),
we obtain the desired result.

4.4.2 Numerical example

In this section, we present numerical example with H1 = H2 = R4 to illustrate the
performance of our algorithm.

Example 4.4.5. Let ∇g(x) = B∗(I − PQ)Bx, where Bx = (3x1 + x2 + x3 − x4,−2x1 −
x2 − 3x3 + 2x4,−4x1 − x2 + 5x3 − 2x4, x1 − x2 + x3 − x4), Q = {x ∈ R4 : 〈w, x〉 = b},
w = (−1, 2, 4, 7)T , b = 2, PQ(x) = max

{
0, b−〈w,x〉||w||2

}
w + x. Since B is a bounded linear

operator and PQ is a metric projection onto Q, then ∇g is L-Lipschitz continuous with
L = ||B||2 = 50. Let C = {x ∈ R4 : 〈y, x〉 ≥ a}, y = (2,−5,−7, 1)T , a = 3, PC(x) =
a−〈y,x〉
||y||2 y + x.

Now, take αn = 1
3n+1

, βn = n+1
3n

and λn = n
25n+3

. Hence, Algorithm (4.4.23) becomes{
yn = 1

3n+1
u+ (1− 1

3n+1
)xn;

xn+1 = (1− n+1
3n

)yn + n+1
3n
PC(I − λnB∗(I − PQ)B)yn, n ≥ 1.

(4.4.24)
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Figure 4.1: Errors vs number of iterations for Case I.

We consider the following cases.

Case I Take x1 = (−1, 2, 1, 0.5)T and u = (−1, 2, 1,−2)T .

Case II Take x1 = (−1, 2, 1, 0.5)T and u = (−1, 7, 1,−5)T .

Case II Take x1 = (1, 7,−5, 3)T and u = (−1, 7, 1,−5)T .

Remark 4.4.6. We remark from this numerical example that different choices of x1 and
u within the specified spaces and range have no effect on the number of iterations required
for convergence and with very insignificant effect on the cpu run time as can be seen from
the Table aand corresponding figures. Th representation of the error (‖xn+1−xn‖) against
the number of iterations in the figure. This is because the values of the error are either
thesame or very close to each other and so the curves overlap each other. Also, we have
seen from the table and graphs that the closer the values of xn to zero, the less the number
of iterations required for the convergence.
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Figure 4.2: Errors vs number of iterations for Case II.
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Figure 4.3: Errors vs number of iterations for Case III.
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Table 4.1: Showing numerical results for Case I, Case II and Case III.

No. of iteration  Errors for Case I  

 

Errors for Case II 

 

Errors for Case III 

 

1 - - - 

2 1.7062                                     2.1097                                     3.5829                                     

3 0.4044 0.7020 1.4746 

4 0.2234 0.4231 0.8781 

5 0.1531 0.3037 0.6089 

6 0.1151 0.2383 0.4571 

7 0.0911 0.1967 0.3596 

8 0.0744 0.1675 0.2916 

9 0.0622 0.1454 0.2415 

10 0.0529 0.1280 0.2031 

11 0.0456 0.1138 0.1729 

12 0.0397                                     0.1018                                     0.1486                                     

13 0.0349 0.0917 0.1288 

14 0.0309 0.0830 0.1125 

15 0.0276 0.0754 0.0989 

16 0.0248 0.0687 0.0875 

17 0.0224 0.0629 0.0779 

18 0.0204 0.0577 0.0697 

19 0.0186 0.0531 0.0627 

20 0.0171 0.0490 0.0566 

21 0.0157 0.0454 0.0514 

22 0.0145 0.0421                                     0.0469                                    

23 0.0135 0.0392 0.0430 

24 0.0126 0.0366 0.0395 

25 0.0118 0.0342 0.0365 

26 0.0110 0.0321 0.0338 

27 0.0104 0.0302 0.0315 

28 0.0098 0.0284 0.0294 

29 0.0092 0.0268 0.0275 

30 0.0088 0.0253 0.0258 
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Chapter 5

Split Feasibility Variational
Inequality and Fixed Point Problems

5.1 Introduction

In this chapter, we study a new class of split variational inequality and variational inclusion
problem in Hilbert space. Also we studied the common solution of equilibrium, variational
inequality and fixed point problems for multivalued mapping with an application to split
monotone inclusion problem in Hilbert space. Lastly we proved a strong convergence result
for finding fixed point of a multivalued Lipschitz hemicontractive mapping which is also a
solution of a monotone variational inclusion problem.

5.2 Strong convergence theorem for a new class of

split variational inequality and monotone varia-

tional inclusion problem in Hilbert spaces

In this section, motivated by the work of Tian et al [169], we propose an iterative algorithm
for the class of generalized split feasibility problem for finding an element that solves a
class of variational inequality problem and such that its image under a bounded linear
operator is in a fixed point set of a pseudocontractive mappings. We also prove that our
algorithm converges strongly to the common solutions. In all our results the step-size is
selected in such a way that its implementation does not involve the computation or an
estimate of the operator norm. Hence Our result improve and extend the result of Tian
et al [169] and other results in this direction.

Theorem 5.2.1. Let H1 and H2 be real Hilbert spaces and let K be a nonempty closed
and convex subset of H1. Let A : H1 → H2 be a bounded linear operator, f : K → H1 be
1/α-ism mapping and T : H2 → H2 be µ-pseudo contractive mapping for 0 < µ < 1 such
that Υ = {x∗ ∈ V I(K, f) : Ax∗ ∈ F (T )} 6= ∅. Let the step size γn be chosen such that

for ε > 0, γn ∈
(
ε, (1−µ)‖TAun−Aun‖2

‖A∗(T−I)Aun‖2
− ε
)
, if TAun 6= Aun; otherwise γn = γ(γ being any
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nonnegative real number). Suppose the sequence {xn} is generated for arbitrary x1, u ∈ K
by 

un = (1− αn)xn + αnu,

yn = PK(un + γnA
∗(T − I)Aun),

xn+1 = PK(yn − λnf(yn)),

(5.2.1)

where the sequences {αn} and {λn} satisfy the following conditions:

(i) αn ∈ (0, 1),
∑
n≥1

αn = +∞,

(ii) lim
n→∞

αn = 0,

(iii) λn ∈ (0, 2/α), α > 0.

Then {xn} converges strongly to x∗ ∈ Υ, where x∗ = PΥu.

Proof. First we show that (I − λnf) is nonexpansive. For all x, y ∈ K and λn ∈ (0, 2/α),
we obtain

‖(I − λnf)x− (I − λnf)y‖2 = ‖(x− y)− λn(f(x)− f(y)‖2

= ‖x− y‖2 − 2λn〈x− y, f(x)− f(y)〉+ λ2
n‖f(x)− f(y)‖2

≤ ‖x− y‖2 − 2λn
α
‖f(x)− f(y)‖2 + λ2

n‖f(x)− f(y)‖2

≤ ‖x− y‖2 + λn

(
λn −

2

α

)
‖f(x)− f(y)‖2

≤ ‖x− y‖2.

Hence (I − λnf) is nonexpansive.
Next we show that {xn} is bounded.
From (3.2.1), we have

‖yn − p‖2 = ‖PK(un + γnA
∗(T − I)Aun − p‖2

≤ ‖un + γnA
∗(T − I)Aun − p‖2

≤ ‖un − p‖2 + γ2
n‖A∗(T − I)Aun‖2 + 2γn〈un − p,A∗(T − I)Aun〉

≤ ‖un − p‖2 + γ2
n‖A∗(T − I)Aun‖2 + 2γn〈A(un − p), (T − I)Aun〉

= ‖un − p‖2 + γ2
n‖A∗(T − I)Aun‖2

+2γn
[
〈Aun − Ap, TAun − Ap〉 − ‖Aun − Ap‖2]

≤ ‖un − p‖2 + γ2
n‖A∗(T − I)Aun‖2

+2γn

[
‖Aun − Ap‖2 +

(µ− 1)

2
‖(Aun − TAun)− (Ap− TAp)‖2 − ‖Aun − Ap‖2

]
= ‖un − p‖2 + γn

[
γn‖A∗(T − I)Aun‖2 + (µ− 1)‖Aun − TAun‖2] . (5.2.2)
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From the choice of γn, (5.2.2), (5.2.1) and using the fact that (I − λnf) is nonexpansive,
we obtain

‖xn+1 − p‖ ≤ ‖PK(yn − λnf(yn)− p‖
≤ ‖yn − λnf(yn)− p‖
≤ ‖yn − p‖
≤ ‖un − p‖
= ‖(1− αn)(xn − p) + αn(u− p)‖
≤ (1− αn)‖xn − p‖+ αn‖u− p‖
≤ max{‖xn − p‖, ‖u− p‖}
...

≤ max{‖x1 − p‖, ‖u− p‖}.

Hence {xn}, {yn} and {un} are bounded. We now divide the rest of the proof into two
cases to get strong convergence.

Case 1. Suppose that {‖xn− p‖} monotonically decreasing, we have that lim
n→∞
{‖xn− p‖}

exists. Hence

‖xn+1 − p‖ − ‖xn − p‖ →, n→∞. (5.2.3)

If TAun = Aun, then
lim
n→∞

‖A∗(T − I)Aun‖ = 0.

Suppose that TAun 6= Aun, then γn ∈
(
ε, (1−µ)‖TAun−Aun‖2

‖A∗(T−I)Aun‖2
− ε
)

and we have from (5.2.2)

that

‖xn+1 − p‖2 ≤ ‖un − p‖2 + γn
[
γn‖A∗(T − I)Aun‖2 + (µ− 1)‖TAun − Aun‖2]

≤ ‖xn − p‖2 + α2
n‖xn − u‖2 − 2αn〈xn − p, xn − u〉

+γn
[
γn‖A∗(T − I)Aun‖2 + (µ− 1)‖TAun − Aun‖2]

≤ ‖xn − p‖2 + α2
n‖xn − u‖2 − 2αn〈xn − p, xn − u〉

−γnε‖A∗(T − I)Aun‖2. (5.2.4)

Therefore,

γnε‖A∗(T − I)Aun‖2 ≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + α2
n‖xn − u‖2

−αn〈xn − p, xn − u〉. (5.2.5)

Thus, we obtain

lim
n→∞

‖A∗(T − I)Aun‖ = 0. (5.2.6)

Also from (5.2.4), we have

‖xn+1 − p‖2 ≤ ‖xn − p‖2 + α2
n‖xn − u‖2 − 2αn〈xn − p, xn − u〉

+γn
[
γn‖A∗(T − I)Aun‖2 + (µ− 1)‖TAun − Aun‖2] ,
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which implies

γn(1− µ)‖TAun − Aun‖2 ≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + α2
n‖xn − u‖2

−2αn〈xn − p, xn − u〉+ γ2
n‖A∗(T − I)Aun‖2.

Hence,

lim
n→∞

‖TAun − Aun‖ = 0. (5.2.7)

From (5.2.1), we have

‖un − xn‖ = αn‖xn − u‖ → 0, n→∞. (5.2.8)

Again from (5.2.2), we obtain

‖yn − p‖2 = ‖PK(un + γnA
∗(T − I)Aun)− p‖2

≤ 〈yn − p, un + γnA
∗(T − I)Aun − p〉

=
1

2
[‖yn − p‖2 + ‖un + γnA

∗(T − I)Aun − p‖2

−‖yn − p− (un + γnA
∗(T − I)Aun − p)‖2]

≤ 1

2
[‖yn − p‖2 + ‖un − p‖2 + γn

[
γn‖A∗(T − I)Aun‖2 + (µ− 1)‖Aun − TAun‖2]

−‖yn − un − γnA∗(T − I)Aun‖2]

≤ 1

2
[‖yn − p‖2 + ‖un − p‖2 − (‖yn − un‖2 + γ2

n‖A∗(T − I)Aun‖2

−2γn〈yn − un, A∗(T − I)Aun〉)]
≤ 1

2
[‖yn − p‖2 + ‖un − p‖2 − ‖yn − un‖2 + 2γn‖Ayn − Aun‖‖(T − I)Aun‖.

That is,

‖yn − p‖2 ≤ ‖un − p‖2 − ‖yn − un‖2 + 2γn‖Ayn − Aun‖‖(T − I)Aun‖. (5.2.9)

Hence, from (5.2.9), we have

‖yn − un‖2 ≤ ‖un − p‖2 − ‖yn − p‖2 + 2γn‖Ayn − Aun‖‖(T − I)Aun‖
≤ ‖xn − p+ αn(u− xn)‖2 − ‖xn+1 − p‖2 + 2γn‖Ayn − Aun‖‖(T − I)Aun‖
= ‖xn − p‖2 + 2αn〈u− xn, xn − p〉+ α2

n‖xn − u‖2 − ‖xn+1 − p‖2

+2γn‖Ayn − Aun‖‖(T − I)Aun‖
≤ ‖xn − p‖2 + 2αn‖xn − u‖‖xn − p‖+ α2

n‖xn − u‖2 − ‖xn+1 − p‖2

+2γn‖Ayn − Aun‖‖(T − I)Aun‖.

This with condition (ii) implies that

‖yn − un‖2 ≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + α2
n‖xn − u‖2 + 2αn‖xn − u‖‖xn − p‖

+2γn‖Ayn − Aun‖‖(T − I)Aun‖ → 0, n→∞. (5.2.10)
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Therefore,

lim
n→∞

‖yn − un‖ = 0. (5.2.11)

Next we show that lim
n→∞
‖f(yn)− f(p)‖ = 0.

‖xn+1 − p‖2 = ‖(yn − λnf(yn))− (p− λnf(p))‖2

= ‖yn − p‖2 − 2λn〈yn − p, f(yn)− f(p)〉+ λ2
n‖f(yn)− f(p)‖2

≤ ‖yn − p‖2 − 2λn
α
‖f(yn)− f(p)‖2 + λ2

n‖f(yn)− f(p)‖2

≤ ‖un − p‖2 − 2λn
α
‖f(yn)− f(p)‖2 + λ2

n‖f(yn)− f(p)‖2

≤ ‖xn − p+ αn(u− xn)‖2 + λn

(
λn −

2

α

)
‖f(yn)− f(p)‖2

= ‖xn − p‖2 + 2αn〈u− xn, xn − p〉+ α2
n‖xn − u‖2 + λn

(
λn −

2

α

)
‖f(yn)− f(p)‖2

≤ ‖xn − p‖2 + 2αn‖xn − u‖‖xn − p‖+ α2
n‖xn − u‖2 + λn

(
λn −

2

α

)
‖f(yn)− f(p)‖2.

This implies

a

(
2

α
− b
)
‖f(yn)− f(p)‖2 ≤ λn

(
2

α
− λn

)
‖f(yn)− f(p)‖2

≤ 2αn‖xn − u‖‖xn − p‖+ α2
n‖xn − u‖2

+‖xn − p‖2 − ‖xn+1 − p‖2.

Since αn → 0 and ‖xn − p‖2 − ‖xn+1 − p‖2 → 0 as n→∞, we obtain

lim
n→∞

‖f(yn)− f(p)‖ = 0. (5.2.12)

From (5.2.1) and Proposition 2.1.14 (i),(noting that (I−λnf) is nonexpansive), we obtain

‖xn+1 − p‖2 = ‖PC(yn − λnf(yn)− PC(p− λnf(p))‖2

≤ 〈yn − λnf(yn)− (p− λnf(p)), xn+1 − p〉
≤ 1

2

[
‖(yn − λnf(yn))− (p− λnf(p)‖2 + ‖xn+1 − p‖2

−‖(yn − λnf(yn)− (p− λnf(p))− (xn+1 − p)‖2
]

≤ 1

2

[
‖yn − p‖2 + ‖xn+1 − p‖2 − ‖(xn+1 − yn)− λn(f(yn)− f(p))‖2]

≤ 1

2

[
‖yn − p‖2 + ‖xn+1 − p‖2 − ‖xn+1 − yn‖2 + 2λ〈xn+1 − yn, f(yn)− f(p)〉

−λ2
n‖f(yn)− f(p)‖2

]
.
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Therefore,

‖xn+1 − p‖2 ≤ ‖yn − p‖2 − ‖xn+1 − yn‖2 + 2λn〈xn+1 − yn, f(yn)− f(p)〉
−λ2

n‖f(yn)− f(p)‖2.

(5.2.13)

Hence from (5.2.13), we obtain

‖xn+1 − yn‖2 ≤ ‖yn − p‖2 − ‖xn+1 − yn‖2 + 2λn〈xn+1 − yn, f(yn)− f(p)〉
−λ2

n‖f(yn)− f(p)‖2

≤ αn‖u− p‖2 + ‖xn − p‖2 − ‖xn+1 − p‖2 + 2λn〈xn+1 − yn, f(yn)− f(p)〉
−λ2

n‖f(yn)− f(p)‖2

≤ αn‖u− p‖2 + ‖xn − p‖2 − ‖xn+1 − p‖2 + 2λn‖xn+1 − yn‖‖f(yn)− f(p)‖ − λ2
n‖f(yn)− f(p)‖2.(5.2.14)

By using (5.2.12) and (5.2.14), we have

lim
n→∞

‖PK(yn − λnf(yn))− yn‖ = lim
n→∞

‖xn+1 − yn‖ = 0. (5.2.15)

Also from (5.2.11) and (5.2.15), we obtain

‖xn+1 − un‖ = ‖xn+1 − yn‖+ ‖yn − un‖ → 0, n→∞. (5.2.16)

From (5.2.8) and (5.2.15), we get

‖xn+1 − xn‖ = ‖xn+1 − un‖+ ‖un − xn‖ → 0, n→∞. (5.2.17)

Since {xn} is bounded and H1 is a Hilbert space there exists a subsequence {xnj} of {xn}
such that xnj ⇀ x∗, for some x∗ ∈ H1. Furthermore, ‖xn+1 − xn‖ → 0 as n→∞, implies
that xnj+1 ⇀ x∗.

We now show that x∗ ∈ V I(K, f), that is x∗ satisfies 〈f(x∗), x− x∗〉 ≥ 0 ∀x ∈ K.
Let NKz be the normal cone of K at a point z ∈ K, then we defined the following set-valued
operator B : H → 2H by

Bz =

{
fz +NKz, z ∈ K
∅, z /∈ K.

Then, B is maximal monotone. Let (z, w) ∈ G(M), then w − fz ∈ NKz, and so we have

〈z − xnj+1, w − fz〉 ≥ 0. (5.2.18)

From xnj+1 = PK(ynj−λnjf(ynj)), we have 〈z−xnj+1, xnj+1−(ynj−λnjf(ynj)〉 ≥ 0, which
implies 〈

z − xnj+1,
xnj+1 − ynj

λnj
+ f(ynj)

〉
≥ 0.
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From (5.2.18), we get

〈z − xnj+1, w〉 ≥ 〈z − xnj+1, fz〉

≥ 〈z − xnj+1, fz〉 −
〈
z − xnj+1,

xnj+1 − ynj
λnj

+ f(ynj)

〉
=

〈
z − xnj+1, fz − f(ynj)−

xnj+1 − ynj
λnj

〉
= 〈z − xnj+1, fz − f(xnj+1)〉+ 〈z − xnj+1, f(xnj+1)− f(ynj)〉

−
〈
z − xnj+1,

xnj+1 − ynj
λn

〉
≥ 〈z − xnj+1, f(xnj+1)− f(ynj)〉

−
〈
z − xnj+1,

xnj+1 − ynj
λnj

〉
. (5.2.19)

Since f is inverse strongly monotone, hence it is Lipschitz continuous, and from (5.2.19),
we have that

lim
n→∞

‖f(xn+1)− f(yn)‖ = 0. (5.2.20)

Using (5.2.20) together with the fact that {xnj+1} converges weakly to x∗, we obtain from
(5.2.19) that 〈z − x∗, w〉 ≥ 0. Since B is maximal monotone, this gives that x∗ ∈ B−1(0)
which implies that 0 ∈ B(x∗). Hence x∗ ∈ V I(K, f) that is 〈f(x∗), z − x∗〉 ≥ 0, ∀z ∈ K.
Also, since ‖yn − un‖ → 0 as n→∞, we have that Aunj converges weakly to Ax∗ and by
(5.2.7) and the fact that I − T is demiclosed at 0, we have

Ax∗ ∈ F (T ).

Hence x∗ ∈ Υ. Next we prove that {xn} converges strongly to x∗. From (5.2.1) and Lemma
2.3.6, we have

‖xn+1 − x∗‖2 ≤ ‖yn − x∗‖2 ≤ ‖un − x∗‖2

= ‖αnu+ (1− αn)xn − x∗‖2

= ‖(1− αn(xn − x∗)− αn(x∗ − u)‖2

≤ (1− αn)‖xn − x∗‖2 − 2αn〈un − x∗, x∗ − u〉. (5.2.21)

We observe that lim sup
n→∞

[−2〈un − x∗, x∗ − u〉] ≤ −2〈p− x∗, x∗ − u〉 ≤ 0 (since x∗ = PΥu).

Therefore from Lemma 2.3.14 ‖xn − x∗‖ → 0, as n→∞.
Case 2: Assume that {‖xn − x∗‖} is not a monotonically decreasing sequence. Set

Γn = ‖xn − x∗‖2 and let τ : N→ N be a mapping for all n ≥ n0 (for some n0 large enough)
defined by

τ(n) := max{k ∈ N : k ≤ n,Γk < Γk+1}.
Clearly τ is a non-decreasing sequence such that τ(n)→∞ as n→∞ and

Γτ(n)+1 − Γτ(n) ≥ 0 ∀n ≥ n0.
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Again from (5.2.5), we have

γτ(n)ε‖A∗(T − I)Auτ(n)‖2 ≤ ‖xτ(n) − p‖2 − ‖xτ(n)+1 − p‖2 + α2
n‖xτ(n) − u‖2

−ατ(n)〈xτ(n) − p, xτ(n) − u〉 (5.2.22)

Thus, we obtain

lim
n→∞

‖A∗(T − I)Auτ(n)‖ = 0. (5.2.23)

Also from (5.2.4), we have

‖xτ(n)+1 − p‖2 ≤ ‖xτ(n) − p‖2 + α2
τ(n)‖xτ(n) − u‖2 − 2ατ(n)〈xτ(n) − p, xτ(n) − u〉

+γτ(n)

[
γτ(n)‖A∗(T − I)Auτ(n)‖2 + (µ− 1)‖TAuτ(n) − Auτ(n)‖2] ,

which implies

γτ(n)(1− µ)‖TAuτ(n) − Auτ(n)‖2 ≤ ‖xτ(n) − p‖2 − ‖xτ(n)+1 − p‖2 + α2
τ(n)‖xτ(n) − u‖2

−2ατ(n)〈xτ(n) − p, xτ(n) − u〉+ γ2
τ(n)‖A∗(T − I)Auτ(n)‖2.

Hence

lim
n→∞

‖TAuτ(n) − Auτ(n)‖ = 0. (5.2.24)

By using the same argument as in case 1, we get that there is a subsequence {xτ(nj)} of
{xτ(n)} which converges weakly to x∗ ∈ Υ as τ(nj)→∞.

At the same time, we note from (5.2.21) that for all n ≥ n0,

0 ≤ ‖xτ(n)+1 − x∗‖2 − ‖xτ(n) − x∗‖2

≤ ατ(n)

[
2〈u− x∗, uτ(n) − x∗〉 − ‖xτ(n) − x∗‖2]

which implies that (since ατ(n) > 0)

‖xτ(n) − x∗‖2 ≤ 2〈x1 − x∗, uτ(n) − x∗〉.

Thus,
lim sup
n→∞

‖xτ(n) − x∗‖2 ≤ 2lim sup
n→∞

〈x1 − x∗, uτ(n) − x∗〉 ≤ 0.

Hence
lim
n→∞
‖xτ(n) − x∗‖ = 0.

Using (5.2.15), we get
‖xτ(n)+1 − yτ(n)‖ → 0, n→∞.

Now,

‖xτ(n)+1 − xτ(n)‖ ≤ ‖xτ(n)+1 − yτ(n)‖+ ‖yτ(n) − uτ(n)‖+ ‖uτ(n) − xτ(n)‖ → 0, n→∞.

Hence, we deduce that

‖xτ(n)+1 − x∗‖ ≤ ‖xτ(n)+1 − xτ(n)‖+ ‖xτ(n) − x∗‖ → 0, n→∞,
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and so
lim
n→∞

Γτ(n) = lim
n→∞

Γτ(n)+1 = 0.

Furthermore, for n ≥ n0, it is easy to see that Γτ(n) ≤ Γτ(n)+1 if n 6= τ(n) ( that is τ(n) < n
), because Γj ≥ Γj+1 for τ(n) + 1 ≤ j ≤ n. As a consequence, we obtain for all n ≥ n0,

0 ≤ Γn ≤ max{Γτ(n),Γτ(n)+1} = Γτ(n)+1.

Hence lim
n→∞

Γn = 0 and so {xn} converges strongly to x∗. This completes the proof.

Corollary 5.2.2. Let H1 and H2 be real Hilbert spaces. Let K be a nonempty closed and
convex subset of H1. Let A : H1 → H2 be a bounded linear operator, f : K → H1 be 1/α-ism
mapping and T : H2 → H2 nonexpansive mapping such that Υ = {x∗ ∈ V I(K, f) : Ax∗ ∈
F (T )} 6= ∅. Let the step size γn be chosen such that for ε > 0, γn ∈

(
ε, ‖TAun−Aun‖

2

‖A∗(T−I)Aun‖2
− ε
)
,

if TAun 6= Aun; otherwise γn = γ(γ being any nonnegative real number). Let the sequence
{xn} be generated for arbitrary x1, u ∈ K by

un = (1− αn)xn + αnu,

yn = PK(un + γnA
∗(T − I)Aun),

xn+1 = PK(yn − λnf(yn)),

(5.2.25)

where the sequences {αn} and {λn} satisfy the following conditions:

(i) αn ∈ (0, 1),
∑
n≥1

αn = +∞,

(ii) lim
n→∞

αn = 0,

(iii) λn ∈ (0, 2/α), α > 0.

Then {xn} converges strongly to x∗ ∈ Υ, where x∗ = PΥu.

Let f : H → H be a single valued nonlinear mapping and let M : H → 2H be a set valued
mapping. The Monotone Variational Inclusion Problem (MVIP) is to find x ∈ H such
that

0 ∈ B(x) +M(x), (5.2.26)

where 0 is the zero vector in H. The set of solutions to the MVIP (5.2.26) is denoted
by I(B,M). For more information on MVIPs, see for example [105, 106, 144] and the
references therein.

It is well known that M : H → 2H is maximal if and only if for (x, u) ∈ H ×H, 〈x−
y, u−v〉 ≥ 0 for all (y, v) ∈ G(M) implies u ∈M(x). The resolvent operator JMη associated
with M and η is the mapping JMη : H → H defined by

JMη (x) = (I + ηM)−1x, x ∈ H, η > 0. (5.2.27)
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It is a common knowledge that the resolvent operator JMη is single valued, nonexpansive
and 1-inversely monotone (for example see [25]) and the solution of (5.2.26) is a fixed point
of JMη (I − ηB), ∀η > 0 (see for example [125]). If f is ν-inversely strongly monotone
mapping with 0 < η < 2ν, then JMη (I − ηB) is nonexpansive and I(B,M) is closed and
convex [125].

Lemma 5.2.3. [25] Let M : H → 2H be a maximal monotone mapping and B : H → H
be a Lipschitz continuous mapping. Then the mapping G = M +B : H → 2H is a maximal
monotone mapping.

If in Corollary 5.2.2, T : H2 → H2 is taken to be the mapping JMλ (I − λB), we obtain the
following convergence result for finding a point x∗ ∈ V I(K, f) such that 0 ∈ M(Ax∗) +
B(Ax∗).

Corollary 5.2.4. Let H1 and H2 be real Hilbert spaces. Let K be a nonempty closed and
convex subset of H1. Let A : H1 → H2 be a bounded linear operator and f : K → H1

be 1/α-ism mapping. Let M : H2 → 2H2 be multivalued maximal monotone mapping,
B : H2 → H2 be ν-inverse strongly monotone mapping with 0 < η < 2ν and assume that
Γ = {x∗ ∈ V I(K, f) : 0 ∈ M(Ax∗) + B(Ax∗)} 6= ∅. Let the step size γn be chosen such

that for ε > 0, γn ∈
(
ε,
‖JMη (I−ηB)Aun−Aun‖2

‖A∗(JMη (I−ηB)−I)Aun‖2
− ε
)
, if JMη (I − ηB)Aun 6= Aun; otherwise

γn = γ(γ being any nonnegative real number). Let the sequence {xn} be generated for
arbitrary x1, u ∈ K by

un = (1− αn)xn + αnu,

yn = PK(un + γnA
∗(JMη (I − ηB)− I)Aun),

xn+1 = PK(yn − λnf(yn)),

(5.2.28)

where the sequences {αn} and {λn} satisfy the following conditions:

(i) αn ∈ (0, 1),
∑
n≥1

αn = +∞,

(ii) lim
n→∞

αn = 0,

(iii) λn ∈ (0, 2/α), α > 0.

Then {xn} converges strongly to x∗ ∈ Γ, where x∗ = PΓu.

5.2.1 Numerical example:

In this section we give numerical example in R (with the usual metric) to support Theorem
5.2.1 Let H1 = H2 = R and K = [−2, 2] and PK : R→ K be defined by

PK(x) =

{
x, if x ∈ K
2x
|x| , if x /∈ K (5.2.29)
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Figure 5.1: 1: errors vs number of iterations (top left and right); execution time vs accuracy
(bottom left); number of iterations vs accuracy (bottom right).

We define T : R → R by Tx = −2x. Also, we define A : R → R by A(x) = 3x, so that
A∗(x) = 3x. Let f : K → K be defined by f(x) = x

5
. Take αn = 1

4n+1
, λn = 2n2

n2+1
∈ (0, 2/α),

for α > 0.
It is easy to see that T is µ-strictly pseudo contraction with µ = 1

3
, f is 1

α
inverse strongly

monotone operator with 1
α

= 5 and A is linear operator, take γn ∈ (ε, 2
27
− ε). Hence for

u, x1 ∈ K, our Algorithm (5.2.1) becomes
un = 4n

4n+1
xn + 1

4n+1
u,

yn = PK(un − 27γnun),

xn+1 = PK(yn − 2n2

n2+1
f(yn)).

(5.2.30)

1. Take u = 1 and x1 = −1
2. Take u = −1 and x1 = −1
3. Take u = 1 and x1 = 2.

5.3 On split equilibrium problem, variational inequal-

ity problem and fixed point problem for multi-

valued mappings

In this section, we assume that H1 and H2 are real Hilbert spaces. Let D be a nonempty
closed and bounded subset of H1. Let fn : D → H1 be uniformly convergence sequence of
contraction mappings. Then there exists a real numbers ρn ∈ (0, 1) such that

‖fn(x)− fn(y)‖ ≤ ρn‖x− y‖, ∀x, y ∈ D.

A subset C of H1 is called proximinal if, for each x ∈ H1, there exists c ∈ C such that

‖c− x‖ = inf{‖x− y‖ : y ∈ C} = d(x,C).
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Figure 5.2: 2: errors vs number of iterations (top left and right); execution time vs accuracy
(bottom left); number of iterations vs accuracy (bottom right).
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Let C be a closed convex and nonempty subset of H1. It is well known that in a Hilbert
space, closed and convex sets are Proximinal (see for example, [90, 156]). In the sequel,
we denote by CB(H1) the collection of all nonempty, closed and bounded subsets of H1.
The Hausdorff metric H on CB(H1) is defined by

H(A,B) := max{sup
x∈A

d(x,B), sup
y∈B

d(y, A)}, ∀A,B ∈ CB(H),

where d(x,A) := inf
y∈A

d(x, y).

Definition 5.3.1. Let S : H → CB(H) be a multi-valued mapping. An element p ∈ H is
said to be a fixed point of S, if p ∈ Sp. The mapping S is said to be: (i) nonexpansive, if
H(Sx, Sy) ≤ ‖x− y‖, ∀x, y ∈ H;
(ii) quasi-nonexpansive, if F (S) 6= ∅ and H(Sx, Sy) ≤ ‖x− p‖, ∀x ∈ H, p ∈ F (S).

Definition 5.3.2. A mapping S : C → CB(C) is said to be a multivalued hemicontractive-
type mapping if F (S) 6= ∅ and for all p ∈ F (S), x ∈ C,

H2(Sx, Sp) ≤ ‖x− p‖2 + ‖x− u‖2, ∀ u ∈ Sx. (5.3.1)

A Fixed Point Problem (FPP, for short) for multi-valued mapping S is to find x ∈ C such
that

x ∈ Sx. (5.3.2)

The solution set of FPP (5.3.2) is denoted by F (S). Fixed point theory for multi-valued
mappings has many useful application in various fields, in particular, game theory and
mathematical economics. Thus, it is natural to extend the known fixed point results for
single-valued mappings to the setting of multi-valued mappings. Several authors have
investigated the approximations of fixed point of multi-valued nonexpansive mappings in
the literature (see, for example,[90, 95, 140, 155, 156, 177, 178, 181]).

Moudafi [125] introduced an iterative method, an extension of a method by Censor et
al. [56] for the following split monotone variational inclusion:

Find x∗ ∈ H1 such that 0 ∈ f(x∗) +B1(x∗),

and such that
y∗ = Ax∗ ∈ H2 solves 0 ∈ g(y∗) +B2(y∗),

where Bi : Hi → 2Hi is a set-valued mapping for i = 1, 2. Later on Byrne et al. [44]
generalize and extend the work of Censor et al. [56] and Moudafi [125].

Lemma 5.3.3. [132] Let H be a Hilbert space. Let A,B ∈ CB(H) and a ∈ A. Then, for
ε > 0, there exists a point b ∈ B such that ‖a − b‖ ≤ H(A,B) + ε. As a consequence of
this, taking ε = H(A,B), we obtain that ‖a− b‖ ≤ 2H(A,B).
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Let F1 : C × C → R and F2 : Q× Q → R be nonnilear bifunctions and A : H1 → H2

be bounded linear operator, then the Split Equilibrium Problem (SEP) is to find x∗ ∈ C
such that

F1(x∗, x) ≥ 0, ∀x ∈ C, (5.3.3)

and such that
y∗ = Ax∗ ∈ Q solves F2(y∗, y) ≥ 0, ∀y ∈ Q. (5.3.4)

When looked upon separately, we observed that (5.3.3) is the classical Equilibrium Problem
(EP) and we denote it’s solution set by EP (F1). The SEP (5.3.3) and (5.3.4) constitute a
pair of equilibrium problems which we have to solve so that the image y∗ = Ax∗ under a
given bounded linear operator A, of the solution the EP (5.3.3) in H1 is the solution set
of EP (5.3.4) in another space H2. The solution set of SEP (5.3.3) and (5.3.4) is denoted
by

Ω = {p ∈ EP (F1) : Ap ∈ EP (F2)}.

Motivated by the work of Censor et al.[55, 56], Moudafi [125], Byrne et al [44], Liu et
al. [111], Kazmi and Rizvi [93] obtained the following converges result.

Theorem 5.3.4. Let H1 and H2 be two real Hilbert spaces and C ⊆ H1 and Q ⊆ H2 be
nonempty, closed and convex subsets of H1 and H2, respectively. Let A : H1 → H2 be
a bounded linear operator. Let D : C → H1 be a τ -inverse strongly monotone mapping.
Assume that F1 : C × C → R and F2 : Q × Q → R are two bifunctions satisfying
hypothesis (A1)− (A4) and F2 is upper semicontinuous in first argument. Let S : C → C
be a nonexpansive mapping such that Θ := F (S) ∩ Ω ∩ Γ 6= ∅. For a given x0 = v ∈ C
arbitrarily, let the iterative sequences {un}, {xn} and {yn} be generated by

un = JF1
rn (xn + γA∗(JF2

rn − I)Axn);

yn = PC(un − λnDun);

xn+1 = αnv + βnxn + γnSyn,

(5.3.5)

where rn ⊂ (0,∞), λn ∈ (0, 2τ) and γ ∈ (0, 1/L), L is the spectral radius of the
operator A∗A and A∗ is the adjoint of A and {αn}, {βn} and {γn} are sequences in (0, 1)
satisfying the following

(i) αn + βn + γn = 1,

(ii) lim
n→∞

αn = 0 and
∑∞

n=0, αn =∞,

(iii) 0 < lim inf
n→∞

λn ≤ lim sup
n→∞

λn < 2τ, and lim
n→∞
|λn+1 − λn| = 0,

(iv) 0 < lim inf
n→∞

βn ≤ lim sup
n→∞

βn < 1,

(v) lim
n→∞

rn > 0,
∑∞

n=1 |rn+1 − rn| <∞,

(vi) lim
n→∞

(
γn+1

1−βn+1
− γn

1−βn

)
= 0.
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Then the sequence {xn} converges strongly to z ∈ Θ, where z = PΘv.

Motivated by the work of Kazmi and Rizvi [93], we introduce an iterative scheme
for approximating a common solution of SEP(5.3.3) and (5.3.4), VIP (2.2.25) and FPP
(5.3.2) for multi-valued quasi-nonexpansive in real Hilbert space. Using our proposed
algorithm we prove strong convergence theorem for approximating a common solution of
SEP(5.3.3) and (5.3.4), VIP (2.2.25) and FPP (5.3.2) for multi-valued quasi-nonexpansive
in real Hilbert. In all our results the variable step-size is selected in such a way that its
implementation does not involve the computation or an estimate of the spectral radius.

Theorem 5.3.5. Let H1 and H2 be two real Hilbert spaces and C ⊆ H1 and Q ⊆ H2

be nonempty, closed and convex. Let A : H1 → H2 be a bounded linear operator and
A∗ the adjoint of A. Let fn : H1 → H1 be a sequence of ρn-contractive mappings with
0 < ρ ≤ ρn ≤ ρ̄ < 1 and {fn(x)} is uniformly convergent for any x ∈ D, where D is any
bounded subset of H1. Let B : C → H1 be τ -inverse strongly monotone mapping. Assume
that F1 : C × C → R and F2 : Q × Q → R are two bifunctions satisfying hypothesis
(A1)− (A4) and F2 is upper semicontinuous in the first argument. Let S : H1 → CB(H1)
be a multi-valued quasi-nonexpansive mapping such that S is demiclosed at the origin,
Sp = {p} ∀p ∈ F (S) and Υ := F (S) ∩ Ω ∩ Γ 6= ∅. For arbitrary x1 ∈ H1, define the
iterative sequence {un}, {xn} and {yn} by

un = JF1
rn (xn + γnA

∗(JF2
rn − I)Axn),

yn = PC(un − λnBun),

xn+1 = αnfn(xn) + βnxn + δn(σwn + (1− σ)yn), wn ∈ Sxn, n ≥ 1,

(5.3.6)

where γn := µn
‖(JF2

rn−I)Axn‖
2

‖A∗(JF2
rn−I)Axn‖

2 with 0 < a ≤ µn ≤ b < 1,

rn ∈ (0,∞), λn ∈ (0, 2τ), σ, ρ̄, ρ ∈ (0, 1) and {αn}, {βn}, and {δn} are real sequences in
(0, 1) satisfying the following conditions

(i) αn + βn + δn = 1;

(ii) lim
n→∞

αn = 0 and
∑∞

n=0, αn =∞;

(iii) 0 < lim inf
n→∞

λn ≤ lim sup
n→∞

λn < 2τ ;

(iv) βn ≥ ε1 > 0 δn ≥ ε2 > 0.

Then the sequence {xn} converges strongly to p ∈ Υ where p = PΥf(p).

Proof. Let p ∈ Υ := Fix(S) ∩ Ω ∩ Γ, i.e p ∈ Ω, we have p = JF1
rn p and Ap = JF2

rn Ap. We
then obtain

‖un − p‖2 = ‖JF1
rn (xn + γnA

∗(JF2
rn − I)Axn − p‖2

= ‖JF1
rn (xn + γnA

∗
i (J

F2
rn − I)Axn − JF1

rn (p)‖2

≤ ‖xn + γnA
∗(JF2

rn − I)Axn − p‖2

= ‖xn − p+ γnA
∗(JF2

rn − I)Axn‖2

≤ ‖xn − p‖2 + 2γn〈xn − p,A∗(JF2
rn − I)Aixn〉+ γ2

n‖A∗(JF2
rn − I)Axn‖2

.
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Thus,

‖un − p‖2 = ‖xn − p‖2 + 2γn〈xn − p,A∗(JF2
rn − I)Axn〉

+γ2
n‖A∗(JF2

rn − I)Axn‖2
. (5.3.7)

Since Ap ∈ F (JF2
rn ), we have that

〈xn − p,A∗(JF2
rn − I)Axn〉 = 〈A(xn − p), (JF2

rn − I)Axn〉
= 〈A(xn)− A(p) + (JF2

rn − I)Axn

−(JF2
rn − I)Axn, (J

F2
rn − I)Axn〉

= 〈JF2
rn Axn − Ap− (JF2

rn − I)Axn, (J
F2
rn − I)Axn〉

≤ 〈JF2
rn Axn − Ap, (JF2

rn − I)Axn〉 − ‖(JF2
rn − I)Axn‖2

=
1

2

[
‖JF2

rn Axn − Ap‖
2

+ ‖(JF2
rn − I)Axn‖2 − ‖Axn − Ap‖2

]
−‖(JF2

rn − I)Axn‖2

=
1

2

[
‖JF2

rn Axn − Ap‖
2 − ‖Axn − Ap‖2

]
− 1

2
(‖JF2

rn − I)Axn‖2

=
1

2

[
‖JF2

rn Axn − Ap‖
2 − ‖Axn − Ap‖2 − ‖(JF2

rn − I)Axn‖2
]

≤ 1

2

[
‖Axn − Ap‖2 − ‖Axn − Ap‖2 − ‖(JF2

rn − I)Axn‖2
]

= −1

2
‖(JF2

rn − I)Axn‖2
.

Therefore,

〈xn − p,A∗(JF2
rn − I)Axn〉 ≤ −

1

2
‖(JF2

rn − I)Axn‖2
. (5.3.8)

Substituting (5.3.8) into (5.3.7), we get

‖un − p‖2 ≤ ‖xn − p‖2 − γn‖(JF2
rn − I)Axn‖2

+ γ2
n‖A∗(JF2

rn − I)Axn‖2

≤ ‖xn − p‖2

−γ2
n

[
‖(JF2

rn − I)Axn‖2 − γn‖A∗(JF2
rn − I)Axn‖2

]
. (5.3.9)

Using the definition of γn, we have

‖un − p‖ ≤ ‖xn − p‖. (5.3.10)

Now, we estimate

‖yn − p‖2 = ‖PC(un − λnBun)− PC(p− λnBp)‖2

≤ ‖(un − λnBun)− (p− λnBp)‖2

≤ ‖un − p‖2 − λn(2τ − λn)‖Bun −Bp‖2

≤ ‖un − p‖2

≤ ‖xn − p‖2.

(5.3.11)
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Let zn := σwn + (1− σ)yn. Then

‖zn − p‖ = ‖σ(wn − p) + (1− σ)(yn − p)‖
≤ σ‖wn − p‖+ (1− σ)‖yn − p‖
≤ σH(PS(xn), PS(p)) + (1− σ)‖xn − p‖
≤ σ‖xn − p‖+ (1− σ)‖xn − p‖
= ‖xn − p‖.

By using (5.3.6), we have that

‖xn+1 − p‖ = ‖αnfn(xn) + βnxn + δnzn − p‖
= ‖αn(fn(xn)− fn(p)) + αn(fn(p)− p) + βn(xn − p) + δn(zn − p)‖
≤ αn(‖fn(xn)− fn(p)‖+ ‖fn(p)− p‖) + βn‖xn − p‖+ δn‖zn − p‖
≤ αn(‖fn(xn)− fn(p)‖+ ‖fn(p)− p‖) + (1− αn)‖xn − p‖.

Hence,

‖xn+1 − p‖ ≤ αn(‖fn(xn)− fn(p)‖+ ‖fn(p)− p‖) + (1− αn)‖xn − p‖. (5.3.12)

By the uniform convergence of {fn(x)} on D, there exists M > 0 such that ‖fn(p)− p‖ ≤
M, ∀n ≥ 1. Hence, we have

‖xn+1 − p‖ ≤ αnρn‖xn − p‖+ αn‖fn(p)− p‖+ (1− αn)‖xn − p‖
≤ αnρ̄‖xn − p‖+ αn‖fn(p)− p‖+ (1− αn)‖xn − p‖
= (αnρ̄+ (1− αn)‖xn − p‖+ αn‖fn(p)− p‖
= (1− αn(1− ρ̄))‖xn − p‖+ αn‖fn(p)− p‖

= (1− αn(1− ρ̄))‖xn − p‖+ αn(1− ρ̄)
‖fn(p)− p‖

1− ρ̄
≤ max

{
‖xn − p‖,

M

1− ρ̄
}

≤ ...

≤ max
{
‖x1 − p‖,

M

1− ρ̄
}
.

Therefore, {xn} is bounded.
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By (5.3.6) and (5.3.10), we have that

‖xn+1 − p‖2 = ‖αnfn(xn) + βnxn + δnzn − p‖2

= ‖βn(xn − p) + δn(zn − p) + αn(fn(xn)− fn(p)) + αn(fn(p)− p)‖2

≤ ‖βn(xn − p) + δn(zn − p) + αn(fn(xn)− fn(p))‖2

+2αn〈fn(p)− p, xn+1 − p〉
≤ ‖βn(xn − p) + δn(zn − p)‖2 + α2

n‖(fn(xn)− fn(p))‖2

+2αn〈βn(xn − p) + δn(zn − p), fn(xn)− fn(p)〉+ 2αn〈fn(p)− p, xn+1 − p〉
= βn(βn + δn)‖xn − p‖2 + δn(βn + δn)‖zn − p‖2 − βnδn‖xn − zn‖2

+α2
n‖(fn(xn)− fn(p))‖2 + 2αn〈βn(xn − p) + δn(zn − p), fn(xn)− fn(p)〉

+2αn〈fn(p)− p, xn+1 − p〉
≤ (βn + δn)2‖xn − p‖2 − βnδn‖xn − zn‖2

+α2
n‖fn(xn)− fn(p)‖2 + 2αn〈βn(xn − p) + δn(zn − p), fn(xn)− fn(p)〉

+2αn〈fn(p)− p, xn+1 − p〉
= (1− αn)2‖xn − p‖2 − βnδn‖xn − zn‖2

+α2
n‖fn(xn)− fn(p)‖2 + 2αn〈βn(xn − p) + δn(zn − p), fn(xn)− fn(p)〉

+2αn〈fn(p)− p, xn+1 − p〉
≤ (1− αn)2‖xn − p‖2 − βnδn‖xn − zn‖2

+α2
nρ

2
n‖xn − p‖2 + 2αn〈fn(p)− p, xn+1 − p〉+ 2αn‖βn(xn − p)

+δn(zn − p)‖‖fn(xn)− fn(p)‖
≤ (1− αn)2‖xn − p‖2 − βnδn‖xn − zn‖2

+α2
nρ

2
n‖xn − p‖2 + 2αn〈fn(p)− p, xn+1 − p〉

+2ρ̄αn(1− αn)‖xn − p‖2. (5.3.13)

We divide the rest of the proof into two cases.
Case 1. Suppose that there exists n0 ∈ N such that {‖xn − p‖}∞n=n0

is nonincreasing.
Then {‖xn − p‖} converges and ‖xn − p‖ − ‖xn+1 − p‖ → 0 as n → ∞. By (5.3.6), we
obtain

‖xn+1 − p‖2 ≤ α2
n‖fn(xn)− p‖2 + βn‖xn − p‖2 + δn‖zn − p‖2

≤ αn‖fn(xn)− p‖2 + βn‖xn − p‖2 + δn(σ‖xn − p‖2 + (1− σ)‖yn − p‖2)

≤ αn‖fn(xn)− p‖2 + (βn + σδn)‖xn − p‖2 + (1− σ)‖un − p‖2.

This implies that

−‖un − p‖2 ≤ 1

(1− σ)δn

[
αn‖fn(xn)− p‖2 + (βn + σδn)‖xn − p‖2 − ‖xn+1 − p‖2

]
.
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From (5.3.8) and (5.3.9), we have that

γn

[
‖(JF2

rn − I)Axn‖2 − γn‖A∗(JF2
rn − I)Axn‖2

]
≤ ‖xn − p‖2 − ‖un − p‖2

≤ ‖xn − p‖2 − 1

(1− σ)δn
‖xn+1 − p‖2 +

αn
(1− σ)δn

‖fn(xn)− p‖2 +
βn + σδn
(1− σ)δn

‖xn − p‖2

=
1− αn

(1− σ)δn
‖xn − p‖2 − 1− αn

(1− σ)δn
‖xn+1 − p‖2 +

αn
(1− σ)δn

‖fn(xn)− p‖2

=
1

(1− σ)δn

[
‖xn − p‖2 − ‖xn+1 − p‖2

]
+

αn
(1− σ)δn

[
‖fn(xn)− p‖2 − ‖xn − p‖2

]
.

Since αn → 0 as n→∞ by condition (i), we have that

γn

[
‖(JF2

rn − I)Axn‖2 − γn‖A∗(JF2
rn − I)Axn‖2

]
→ 0 as n→∞,

which by definition of γn implies that

µn(1− µn)‖(JF2
rn − I)Axn‖4

‖A∗(JF2
rn − I)Axn‖

2 → 0 as n→∞.

Since 0 < a ≤ µn ≤ b < 1 and ‖A∗(JF2
rn − I)Axn‖ is bounded, we have that

‖(JF2
rn − I)Axn‖ → 0 as n→∞. (5.3.14)

Now,
‖A∗(JF2

rn − I)Axn‖ = ‖A‖‖(JF2
rn − I)Axn‖ → 0 as n→∞. (5.3.15)

By (5.3.13), we have that

βnδn‖xn − zn‖2 ≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + αnM1,

for some M1 > 0 and this implies that

‖xn − zn‖ → 0, n→∞.

Hence,

‖xn+1 − xn‖ = ‖αnfn(xn) + βnxn + δnzn − (αnxn + βnxn + δnxn)‖
≤ αn‖fn(xn)− xn‖+ αn‖xn − zn‖ → 0, n→∞.

Similarly,
‖xn+1 − zn‖ ≤ ‖xn+1 − xn‖+ ‖xn − zn‖ → 0, n→∞.
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From (5.3.6) and the fact that JF1
rn is firmly nonexpansive, we have that

‖un − p‖2 = ‖JF1
rn (xn + γnA

∗(JF2
rn − I)Axn)− p‖2

= ‖JF1
rn (xn + γnA

∗(JF2
rn − I)Axn)− JF1

rn (p)‖2

= 〈un − p, xn + γnA
∗(JF2

rn − I)Axn − p〉

≤ 1

2
[‖un − p‖2 + ‖xn + γnA

∗(JF2
rn − I)Axn − p‖2

−‖un − p− (xn + γnA
∗(JF2

rn − I)Axn − p)‖2
]

≤ 1

2
[‖un − p‖2 + ‖xn − p+ γnA

∗(JF2
rn − I)Axn‖2

−‖un − xn + γnA
∗(JF2

rn − I)Axn‖2
]

≤ 1

2
[‖un − p‖2 + ‖xn − p+ γnA

∗(JF2
rn − I)Axn‖2

−[‖un − xn‖2 + γn‖A∗(JF2
rn − I)Axn‖2 − 2〈un − xn, γnA∗(JF2

rn − I)Axn〉]]

=
1

2
[‖un − xn‖2 + ‖xn − p+ γnA

∗(JF2
rn − I)Axn‖2 − ‖un − xn‖2

−γn‖A∗(JF2
rn − I)Axn‖2

+ 2〈un − xn, γnA∗(JF2
rn − I)Axn〉]

=
1

2
[‖un − xn‖2 + ‖xn − p‖2 + γn‖A∗(JF2

rn − I)Axn‖2

+2〈xn − p, γnA∗(JF2
rn − I)Axn〉 − ‖un − xn‖2 − γn‖A∗(JF2

rn − I)Axn‖2

+2〈un − xn, γnA∗(JF2
rn − I)Axn〉]

≤ 1

2
[‖xn − p‖2 + ‖xn − p‖2 − ‖un − xn‖2 + 2〈xn − p, γnA∗(JF2

rn − I)Axn〉
+2〈un − xn, γnA∗(JF2

rn − I)Axn〉]

≤ ‖xn − p‖2 − 1

2
‖un − xn‖2 + 〈un − p, γnA∗(JF2

rn − I)Axn〉

≤ ‖xn − p‖2 − 1

2
‖un − xn‖2 + γn‖un − p‖‖A∗(JF2

rn − I)Axn‖.

That is

‖un − p‖2 ≤ ‖xn − p‖2 − 1

2
‖un − xn‖2 + γn‖un − p‖‖A∗(JF2

rn − I)Axn‖. (5.3.16)
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Hence,

1

2
‖un − xn‖2 ≤ ‖xn − p‖2 − ‖un − p‖2 + γn‖un − p‖‖A∗(JF2

rn − I)Axn‖

≤ ‖xn − p‖2 − 1

(1− σ)δn
‖xn+1 − p‖2 +

αn
(1− σ)δn

‖fn(xn)− p‖2 +
βn + σδn
(1− σ)δn

‖xn − p‖2

+γn‖un − p‖‖A∗(JF2
rn − I)Axn‖

=
1− αn

(1− σ)δn
‖xn − p‖2 − 1− αn

(1− σ)δn
‖xn+1 − p‖2 +

αn
(1− σ)δn

‖fn(xn)− p‖2

+γn‖un − p‖‖A∗(JF2
rn − I)Axn‖

=
1

(1− σ)δn

[
‖xn − p‖2 − ‖xn+1 − p‖2

]
+

αn
(1− σ)δn

[
‖fn(xn)− p‖2 − ‖xn − p‖2

]
+γn‖un − p‖‖A∗(JF2

rn − I)Axn‖,

and this implies that
‖un − xn‖ → 0, n→∞,

and
‖zn − un‖ ≤ ‖un − xn‖+ ‖xn − zn‖ → 0, n→∞.

Next, we have

‖xn+1 − p‖2 ≤ αn‖fn(xn)− p‖2 + βn‖xn − p‖2 + δn‖zn − p‖2

≤ αn‖fn(xn)− p‖2 + βn‖xn − p‖2 + δn(σ‖xn − p‖2 + (1− σ)‖yn − p‖2)

= αn‖fn(xn)− p‖2 + (βn + σδn)‖xn − p‖2 + (1− σ)δn‖yn − p‖2

≤ αn‖fn(xn)− p‖2 + (βn + σδn)‖xn − p‖2 + (1− σ)δn[‖un − p− λn(Bun −Bp)‖2]

≤ αn‖fn(xn)− p‖2 + (βn + σδn)‖xn − p‖2

+(1− σ)δn
[
‖un − p‖2 − 2λn〈un − p,Bun −Bp〉+ λ2

n‖Bun −Bp‖2]
≤ αn‖fn(xn)− p‖2 + (βn + σδn)‖xn − p‖2 + (1− σ)δn‖xn − p‖2

−(1− σ)2δnλnτ‖Bun −Bp‖2 + (1− σ)δnλ
2
n‖Bun −Bp‖2

≤ αn‖fn(xn)− p‖2 + (βn + σδn)‖xn − p‖2 + (1− σ)δn‖xn − p‖2

+(1− σ)δnλn(λn − 2τ)‖Bun −Bp‖2,
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and so

λn(2τ − λn)‖Bun −Bp‖2 ≤ ‖xn − p‖2 − 1

(1− σ)δn
‖xn+1 − p‖2

+
αn

(1− σ)δn
‖fn(xn)− p‖2 +

βn + σδn
(1− σ)δn

‖xn − p‖2

=
1− αn

(1− σ)δn
‖xn − p‖2 − 1− αn

(1− σ)δn
‖xn+1 − p‖2

+
αn

(1− σ)δn
‖fn(xn)− p‖2

=
1

(1− σ)δn

[
‖xn − p‖2 − ‖xn+1 − p‖2

]
+

αn
(1− σ)δn

[
‖fn(xn)− p‖2 − ‖xn − p‖2

]
.

Since αn → 0 and 0 < lim
n→∞

λn = λ < 2τ, we have that

lim
n→∞
‖Bun −Bp‖ = 0. (5.3.17)

Since PC is firmly nonexpansive and (I − λnB) is nonexpansive by (5.3.6), we have

‖yn − p‖2 = ‖PC(un − λnBun)− PC(p− λnBp)‖2

≤ 〈yn − p, un − λnBun − (p− λnBp)〉
=

1

2
(‖yn − p‖2 + ‖(I − λnB)un − (I − λnB)p‖2 − ‖yn − un + λn(Bun −Bp)‖2)

≤ 1

2
(‖yn − p‖2 + ‖un − p‖2 − ‖yn − un + λn(Bun −Bp)‖2)

=
1

2
(‖yn − p‖2 + ‖un − p‖2 − ‖yn − un‖2 − λ2

n‖Bun −Bp‖2

−2λn〈yn − un, Bun −Bp〉)
≤ 1

2
(‖yn − p‖2 + ‖un − p‖2 − ‖yn − un‖2 − λ2

n‖Bun −Bp‖2

+2λn‖yn − un‖‖Bun −Bp‖),

and so

‖yn − p‖2 ≤ ‖un − p‖2 − ‖yn − un‖2 − λ2
n‖Bun −Bp‖2

+ 2λn‖yn − un‖‖Bun −Bp‖
≤ ‖xn − p‖2 − ‖yn − un‖2 + 2λn‖yn − un‖‖Bun −Bp‖.

(5.3.18)

From (5.3.6) and (5.3.18), we have

‖xn+1 − p‖2 ≤ αn‖fn(xn)− p‖2 + (βn + σδn)‖xn − p‖2 + (1− σ)δn‖yn − p‖2

≤ αn‖fn(xn)− p‖2 + (βn + σδn)‖xn − p‖2

+ (1− σ)δn[‖xn − p‖2 − ‖yn − un‖2 + 2λn‖yn − un‖‖Bun −Bp‖]
≤ αn‖fn(xn)− p‖2 + (βn + σδn)‖xn − p‖2

+ (1− σ)δn‖xn − p‖2 − (1− σ)δn‖yn − un‖2 + 2(1− σ)δnλn‖yn − un‖‖Bun −Bp‖.
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Therefore, we have

‖yn − un‖2 ≤ 1

(1− σ)δn

[
‖xn − p‖2 − ‖xn+1 − p‖2

]
+

αn
(1− σ)δn

[
‖fn(xn)− p‖2 − ‖xn − p‖2

]
+ 2λn(‖yn‖+ ‖un‖)‖Bun −Bp‖.

Since lim
n→∞

αn = 0 and both {yn} and {un} are bounded by (5.3.17), we have

lim
n→∞
‖yn − un‖ = 0. (5.3.19)

From zn = σwn + (1− σ)yn, we get

‖wn − yn‖ =
1

σ
[‖zn − un‖+ ‖yn − un‖]→ 0, n→∞.

So,
‖wn − xn‖ ≤ ‖wn − yn‖+ ‖yn − un‖+ ‖un − xn‖ → 0, n→∞.

Therefore,
d(xn, Sxn) ≤ ‖xn − wn‖ → 0, n→∞. (5.3.20)

Since {xn} is bounded, there exists a subsequence {xnj} of {xn} such that xnj ⇀ x∗ ∈ H1

and
lim sup
n→∞

〈f(p)− p, xn − p〉 = lim sup
j→∞

〈f(p)− p, xnj − p〉.

By demiclosedness principle for multi-valued map S at zero and (5.3.20), we have that
x∗ ∈ F (S).

Next, we show that x∗ ∈ EP (F1). Since un = JF1
rn xn, we have

F1(un, y) + 1
rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C.

It follows from monotonicity of F1 that 1
rn
〈y−un, un−xn〉 ≥ F1(y, un) and hence

〈
y − uni ,

uni−xni
rn

〉
≥

F1(y, uni). Since ‖un − xn‖ → 0, d(xn, Sxn) ≤ ‖xn − wn‖ → 0, n→∞, we get uni ⇀ x∗

and
uni−xni

rn
→ 0. It follows by Assumption 2.1(iv) that 0 ≥ F1(y, x∗), ∀x∗ ∈ C. For

0 < t ≤ 1 and y ∈ C, let yt = ty + (1 − t)x∗. Since y ∈ C, x∗ ∈ C, we get yt ∈ C and
F1(y1, x

∗) ≤ 0. So from A1 and A4 we have

0 = F1(yt, yt) ≤ tF (yt, y) + (1− t)F1(yt, x
∗) ≤ tF1(yt, y).

Therefore, from A3 we have 0 ≤ F1(x∗, y). Hence x∗ ∈ EP (F1).
Next, we show that Ax∗ ∈ EP (F2). Since ‖un − xn‖ → 0, un ⇀ x∗ as n → ∞ and

{xn} is bounded, there exists a subsequence {xnk} of {xk} such that xnk ⇀ x∗ and since
A is a bounded linear operator so that Axnk ⇀ Ax∗.

Now setting vnk = Axnk − JF2
rn Axnk . It follows from (5.3.14) that lim

k→∞
vnk = 0 and

Axnk − vnk = JF2
rnk
Axnk .

Therefore from Lemma 2.3.22 we have

F2(Axnk − vnk , z) +
1

rnk
〈z − (Axnk − vnk), (Axnk − vnk)− Axnk〉 ≥ 0, ∀z ∈ Q.
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Since F2 is upper semicontinuous in the first argument, taking limsup of the above in-
equality as k →∞ and using condition (iv), we obtain

F2(Ax∗, z) ≥ 0, ∀z ∈ Q,
which means that Ax∗ ∈ EP (F2) and hence x∗ ∈ Ω.

Finally, by using the argument as in the proof of Theorem 3.1 of [134], we can show
that x∗ ∈ Γ. Meanwhile, since {fn(xn)} is uniformly convergent on D, we have

lim sup
n→∞

〈fn(p)− p, xn − p〉 = lim sup
j→∞

〈fnj(p)− p, xnj − p〉

= 〈f(p)− p, x∗ − p〉 ≥ 0.

By (5.3.13), we get

‖xn+1 − p‖2 ≤ (1− 2αn(1− ρ̄(1− αn)))‖xn − p‖2 − βnδn‖xn − zn‖2

+ α2
n(1 + ρ̄2)‖xn − p‖2 + 2αn〈fn(p)− p, xn+1 − p〉

≤ (1− 2αn(1− ρ̄))‖xn − p‖2 − βnδn‖xn − zn‖2

+ αn
[
αn(1 + ρ̄2)‖xn − p‖2 + 2〈fn(p)− p, xn+1 − p〉

]
.

(5.3.21)

Using Lemma 2.3.23 we have that xn → p as n→∞.
Case 2. Assume that{‖xn − p‖} is not a monotonically decreasing sequence. Set Γn =
‖xn − p‖2 and Let τ : N→ N be a mapping for all n ≥ n0 ( for some n0 large enough) by

τ(n) := max{k ∈ N : k ≤ n,Γk ≤ Γk+1}.

Clearly, τ is non decreasing sequence such that τ(n)→∞ as n→∞ and

0 ≤ Γτ(n) ≤ Γτ(n)+1, ∀n ≥ n0.

This implies that ‖xτ(n) − p‖ ≤ ‖xτ(n)+1 − p‖, ∀n ≥ n0. Thus lim
n→∞
‖xτ(n) − p‖ exists. In a

similar way as in case 1, we can show that

‖A∗(JF2
rτ(n)
− I)Axτ(n)‖ → 0, n→∞. (5.3.22)

Similarly,
‖xτ(n) − wτ(n)‖ → 0, n→∞, (5.3.23)

so that
d(xτ(n), Sxτ(n)) ≤ ‖xτ(n) − wτ(n)‖ → 0, n→∞,

and
‖xτ(n)+1 − xτ(n)‖ → 0, n→∞. (5.3.24)

We can also show that
‖uτ(n) − xτ(n)‖ → 0, n→∞,
‖wτ(n) − yτ(n)‖ → 0, n→∞,

and
‖(JF2

rτ(n)
− I)Axτ(n)

‖ → 0, n→∞.
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From the fact that {xτ(n)} is bounded, we have that there exists a subsequence of {xτ(n)},
denoted as {xτ(n)}, that converges weakly to x∗ ∈ H1. Since ‖uτ(n)−xτ(n)‖ → 0, it follows
that uτ(n) ⇀ x∗ ∈ H1. As in Case 1, we can show that x∗ ∈ Υ and

lim sup
n→∞

〈fτ(n)(p)− p, xτ(n)+1 − p〉 ≥ 0.

By (5.3.13), we get

‖xτ(n)+1 − p‖2 ≤ (1− 2ατ(n)(1− ρ̄(1− ατ(n))))‖xτ(n) − p‖2 − βnδn‖xn − zn‖2

+ α2
τ(n)(1 + ρ̄2)‖xτ(n) − p‖2 + 2ατ(n)〈fτ(n)(p)− p, xτ(n)+1 − p〉

≤ (1− 2ατ(n)(1− ρ̄))‖xτ(n) − p‖2 + α2
τ(n)(1 + ρ̄2)‖xτ(n) − p‖2

+ 2ατ(n)〈fτ(n)(p)− p, xτ(n)+1 − p〉.

(5.3.25)

Which implies that (noting that Γτ(n) ≤ Γτ(n)+1 and ατ(n) > 0)

2(1− ρ̄)‖xτ(n) − p‖2 ≤ ατ(n)(1 + ρ̄2)‖xτ(n) − p‖2

+2〈fτ(n)(p)− p, xτ(n)+1 − p〉. (5.3.26)

This implies that
lim sup
n→∞

‖xτ(n) − p‖ ≤ 0.

Thus
lim
n→∞
‖xτ(n) − p‖ = 0. (5.3.27)

Therefore,

‖xτ(n)+1 − p‖ ≤ ‖xτ(n) − p‖+ ‖xτ(n)+1 − xτ(n)‖ → 0, n→∞.

Furthermore, for n ≥ n0, it is easy to see that Γτ(n) ≤ Γτ(n)+1 if n 6= τ(n)
( that is, τ(n) < n), because Γj ≤ Γj+1 for τ(n) + 1 ≤ j ≤ n. As a consequence, we obtain
for all n ≥ n0,

0 ≤ Γn ≤ max{Γτ(n),Γτ(n)+} = Γτ(n)+1.

Hence lim Γn = 0, that is, {xn} converges to x̄. This completes the proof.

If S is a single-valued quasi-nonexpansive mapping. We obtain the following result.

Corollary 5.3.6. Let H1 and H2 be two real Hilbert spaces and C ⊆ H1 and Q ⊆ H2

be nonempty, closed and convex. Let A : H1 → H2 be a bounded linear operator and
A∗ the adjoint of A. Let fn : H1 → H1 be a sequence of ρn-contractive mappings with
0 < ρ ≤ ρn ≤ ρ̄ < 1 and {fn(x)} is uniformly convergent for any x ∈ D, where D is any
bounded subset of H1. Let B : C → H1 be τ -inverse strongly monotone mapping. Assume
that F1 : C × C → R and F2 : Q × Q → R are two bifunctions satisfying hypothesis
(A1)− (A4) and F2 is upper semicontinuous in the first argument. Let S : H1 → H1 be a
quasi-nonexpansive mapping such that I − S is demiclosed at the origin, Sp = p ∀p ∈ Fix
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(S) and Υ := Fix (S) ∩ Ω ∩ Γ 6= ∅. For arbitrary x1 ∈ H1, define the iterative sequence
{un}, {xn} and {yn} by

un = JF1
rn (xn + γnA

∗(JF2
rn − I)Axn),

yn = PC(un − λnBun),

xn+1 = αnfn(xn) + βnxn + δn(σSxn + (1− σ)yn), n ≥ 1,

(5.3.28)

where γn := µn
‖(JF2

rn−I)Axn‖
2

‖A∗(JF2
rn−I)Axn‖

2 with 0 < a ≤ µn ≤ b < 1,

rn ∈ (0,∞), λn ∈ (0, 2τ), σ, ρ̄, ρ ∈ (0, 1) and {αn}, {βn}, and {δn} are real sequences in
(0, 1) satisfying the following conditions

(i) αn + βn + δn = 1;

(ii) lim
n→∞

αn = 0 and
∑∞

n=0, αn =∞,

(iii) 0 < lim inf
n→∞

λn ≤ lim sup
n→∞

λn < 2τ,

(iv) βn ≥ ε1 > 0 δn ≥ ε2 > 0.

Then the sequence {xn} converges strongly to p ∈ Υ where p = PΥf(p).

5.3.1 Application to split monotone inclusion problem.

Let G : H1 → 2H1 be a multivalued mapping. The multi-valued mapping G is said to be
monotone if for each x, y ∈ H1 any u ∈ G(x), v ∈ G(y), we have that

〈u− v, x− y〉 ≥ 0.

A monotone multi-valued mapping G is said to be a maximal monotone mapping if the
Graph(G) = {(x, u) ∈ H1×H1, u ∈ Gx} is not properly contained in the graph of any other
monotone mapping on H1, see [12]. To every maximal monotone multi-valued mapping
G, there is an associated mapping JGλ : H1 → H1, is called the resolvent of G, defined by

JGλ (x) := (I + λG)−1(x), ∀x ∈ H1,

for some λ > 0, where I is the identity mapping on H1. The resolvent mapping JGλ is single
valued and firmly nonexpansive (hence nonexpansive) ( see for example, [25, 122, 123] for
more details).
Let H1 and H2 be real Hilbert spaces. Let G1 : H1 → 2H1 and G2 : H2 → 2H2 be maximal
monotone mappings. Let A : H1 → H2 be a bounded linear mapping. The split monotone
inclusion problem (see, for example, [130]) is to find x∗ ∈ H1 such that

0 ∈ G1(x∗), x∗ ∈ Sx∗ (5.3.29)

and
0 ∈ G2(Ax∗), (5.3.30)
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where S : H1 → CB(H1) is a multi-valued quasi-nonexpansive mapping. We shall denote
by f, the solution set of (5.3.29) - (5.3.30). That is,

f = {x∗ ∈ H1 : 0 ∈ G1(x∗) and G2(Ax∗)}.
Putting F1 = G1 and F2 = G2 in Theorem 5.3.5 we obtain the following result

Corollary 5.3.7. Let H1 and H2 be two real Hilbert spaces and C ⊆ H1 and Q ⊆ H2

be nonempty, closed and convex. Let A : H1 → H2 be a bounded linear operator and
A∗ the adjoint of A. Let fn : H1 → H1 be a sequence of ρn-contractive mappings with
0 < ρ ≤ ρn ≤ ρ̄ < 1 and {fn(x)} is uniformly convergent for any x ∈ D, where D is
any bounded subset of H1. Let B : C → H1 be τ -inverse strongly monotone mapping.
Assume that G1 : H1 → 2H1 and G2 : H2 → 2H2 are maximal monotone mappings. Let
S : H1 → CB(H1) be a multi-valued quasi-nonexpansive mapping such that S is demiclosed
at the origin, Sp = {p} ∀p ∈ F (S) and Υ := Fix (S) ∩ f ∩ Γ 6= ∅. For arbitrary x1 ∈ H1,
define the iterative sequence {un}, {xn} and {yn} by

un = JG1
λ (xn + γnA

∗(JG2
λ − I)Axn),

yn = PC(un − λnBun),

xn+1 = αnfn(xn) + βn + δn(σwn + (1− σ)yn), wn ∈ Sxn, n ≥ 1,

(5.3.31)

where γn := µn
‖(JG2

λ −I)Axn‖
2

‖A∗(JG2
λ −I)Axn‖

2 with 0 < a ≤ µn ≤ b < 1,

λn ∈ (0, 2τ), σ, ρ̄, ρ ∈ (0, 1) and {αn}, {βn}, and {δn} are real sequences in (0, 1) satisfying
the following conditions

(i) αn + βn + δn = 1;

(ii) lim
n→∞

αn = 0 and
∑∞

n=0, αn =∞,

(iii) 0 < lim inf
n→∞

λn ≤ lim sup
n→∞

λn < 2τ,

(iv) βn ≥ ε1 > 0 δn ≥ ε2 > 0.

Then the sequence {xn} converges strongly to p ∈ Υ where p = PΥf(p).

5.4 Iterative solution of split fixed point problems

and monotone inclusion problems in Hilbert space

In this section, we introduce an iterative algorithm and prove a strong convergence theorem
for finding a fixed point of a multi-valued Lipschitz hemicontractive-type mapping which is
also a solution of a monotone variational inclusion problem (4.1.2), where T = M+B with
M being a maximal monotone operator and B an α-inverse strongly monotone mapping
and whose image under a bounded linear operator is a fixed point of a demicontractive
mapping. In our result the step-size is selected in such a way that its implementation
does not involve the computation or an estimate of the operator norm. Hence Our result
improves and extends many known results in this direction.
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Theorem 5.4.1. Let H1 and H2 be two real Hilbert spaces and let C be a nonempty
closed and convex subset of H1. Let A : H1 → H2 be a bounded linear operator and A∗

the adjoint of A. Let M : H1 → 2H1 be a maximal monotone operator and B : C →
H1 be τ -inverse strongly monotone mapping. Let S : H1 → CB(H1) be a L-Lipschitz
hemicontractive-type mapping and T : H2 → H2 be µ-demicontractive mapping such that
Υ := F (S) ∩ (M + B)−1(0) ∩ A−1F (T ) 6= ∅. Let the step size γn be chosen such that for

some ε > 0, γn ∈
(
ε, (1−µ)‖TAxn−Axn‖2

‖A∗(T−I)Axn‖2
− ε
)
, if TAxn 6= Axn; otherwise γn = γ(γ being

any nonnegative real number). Suppose {αn}, {βn} and {δn} are sequences in (0, 1) and
suppose the following conditions are satisfied:

(i) αn + βn + δn = 1;

(ii) lim
n→∞

αn = 0 and
∑∞

n=0, αn =∞;

(iii) 0 < lim inf
n→∞

rn ≤ lim sup
n→∞

rn < 2τ ;

(iv) αn + βn ≤ λn ≤ λ ≤ 1√
1+4L2+1

,

(v) Sp = {p} ∀p ∈ Υ, (I − T ) and (I − S) are demiclosed at 0.

Then the sequence {xn} generated for any x1, u ∈ H1 by
wn = PC(xn + γnA

∗(T − I)Axn),

zn = (I + rnM)−1(wn − rnBwn),

yn = (1− λn)zn + λnun,

xn+1 = αnu+ βnvn + δnzn, n ≥ 1,

(5.4.1)

where un ∈ Szn, and vn ∈ Syn converges strongly to q ∈ Υ where q = PΥu.

Proof. We first show that {xn} is bounded. Let q = PΥu and define Tn := JMrn (I −
rnB), ∀n ≥ 1. Then, Tn is nonexpansive for all n ≥ 1 and

‖zn − q‖ = ‖Tnwn − Tnq‖ ≤ ‖wn − q‖.
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From (2.1.7), (5.4.1) and q ∈ Υ, we have

‖wn − q‖2 = ‖PC(xn + γnA
∗(T − I)Axn)− q‖2

= ‖xn + γnA
∗(T − I)Axn − q‖2

= ‖xn − q‖2 + γ2
n‖A∗(T − I)Axn‖2 + 2γn〈xn − q, A∗(T − I)Axn〉

= ‖xn − q‖2 + γ2
n‖A∗(T − I)Axn‖2 + 2γn〈A(xn − q), (T − I)Axn〉

= ‖xn − q‖2 + γ2
n‖A∗(T − I)Axn‖2

+2γn[〈Axn − Ap, TAxn − Aq〉+ 〈Axn − Aq,Aq − Axn〉]
= ‖xn − q‖2 + γ2

n‖A∗(T − I)Axn‖2

+2γn[〈Axn − Aq, TAxn − Aq〉 − ‖Axn − Aq‖2]

≤ ‖xn − q‖2 + γ2
n‖A∗(T − I)Axn‖2

+2γn[‖Axn − Aq‖2 − (1− µ)

2
‖TAxn − Axn‖2 − ‖Axn − Aq‖2]

= ‖xn − q‖2 + γ2
n‖A∗(T − I)Axn‖2 + γn(µ− 1)‖TAxn − Axn‖2

= ‖xn − q‖2 + γn[γn‖A∗(T − I)Axn‖2 + (µ− 1)‖TAxn − Axn‖2].(5.4.2)

From the choice of γn and (5.4.2), we get

‖wn − q‖2 ≤ ‖xn − q‖2. (5.4.3)

Since S is hemicontractive-type mapping and un ∈ Szn, we obtain from (5.4.1) and (5.4.3)
that

‖yn − q‖2 = ‖(1− λn)(zn − q) + λn(un − q)‖2

= (1− λn)‖zn − q‖2 + λn‖un − q‖2 − λn(1− λn)‖zn − un‖2

≤ (1− λn)‖zn − q‖2 + λnH2(Szn, Sq)− λn(1− λn)‖zn − un‖2

≤ (1− λ)‖zn − q‖2 + λn
(
‖zn − q‖2 + ‖zn − un‖2)− λn(1− λn)‖zn − un‖2

= ‖zn − q‖2 + λn‖zn − un‖2 − λn(1− λn)‖zn − un‖2

≤ ‖xn − q‖2 + λ2
n‖zn − un‖2. (5.4.4)

Also, since S is hemicontractive-type mapping and vn ∈ Syn, from (5.4.1) and (5.4.4), we
obtain

‖vn − q‖2 = (d(vn, Sq))
2 ≤ H2(Syn, Sq)

≤ ‖yn − q‖2 + ‖yn − vn‖2

≤ ‖xn − q‖2 + λ2
n‖zn − un‖2 + ‖yn − vn‖2. (5.4.5)

Also from (5.4.1), we have

‖zn − yn‖2 = ‖zn − ((1− λn)zn + λnun)‖2

= λ2
n‖zn − un‖2. (5.4.6)

Since S is L-Lipschitzian mapping and ‖un−vn‖ ≤ 2H(Szn, Syn), using (5.4.6), we obtain

125



that

‖yn − vn‖2 = ‖(1− λn)(zn − vn) + λn(un − vn)‖2

= (1− λn)‖zn − vn‖2 + λn‖un − vn‖2 − λn(1− λn)‖zn − un‖2

≤ (1− λn)‖zn − vn‖2 + λn‖un − vn‖2 − λn(1− λn)‖zn − un‖2

≤ (1− λn)‖zn − vn‖2 + 4λnH2(Tzn, T yn)− λn(1− λn)‖zn − un‖2

≤ (1− λn)‖zn − vn‖2 + 4λnL
2‖zn − yn‖2 − λn(1− λn)‖zn − un‖2

= (1− λn)‖zn − vn‖2 + 4λ3
nL

2‖zn − un‖2 − λn(1− λn)‖zn − un‖2.(5.4.7)

Hence, substituting (5.4.7) into (5.4.5), we obtain that

‖vn − q‖2 ≤ ‖xn − q‖2 + λ2
n‖zn − un‖2 + (1− λn)‖zn − vn‖2 + λn(4L2λ2

n + λn − 1)‖zn − un‖2

= ‖xn − q‖2 + (1− λn)‖zn − vn‖2 + λn(4L2λ2
n + 2λn − 1)‖zn − un‖2. (5.4.8)

Thus, from (5.4.1), (5.4.8) and Lemma 2.3.19, we have that

‖xn+1 − q‖2 = ‖αnu+ βnvn + δnzn − q‖2

= αn‖u− q‖2 + βn‖vn − q‖2 + δn‖zn − q‖2 − βnδn‖zn − vn‖2

≤ ‖u− q‖2 + βn
[
‖xn − q‖2 + (1− λn)‖zn − vn‖2 + λn(4L2λ2

n + 2λn − 1)‖zn − un‖2]
+δn‖zn − q‖2 − βnδn‖zn − vn‖2

≤ αn‖u− q‖2 + (1− αn)‖xn − q‖2 + βn(1− λn)‖zn − vn‖2

+βnλn(4L2λ2
n + 2λn − 1)‖zn − un‖2 − βnδn‖zn − vn‖2

= αn‖u− q‖2 + (1− αn)‖xn − q‖2 + βn(1− δn − λn)‖zn − vn‖2

−βnλn(1− 4L2λ2
n − 2λn)‖zn − un‖2. (5.4.9)

From assumption (iv), we have

1− 4L2λ2
n − 2λn ≥ 1− 4L2λ2 − 2λ > 0 and (αn + βn)− λn ≤ 0, ∀n ≥ 1. (5.4.10)

Therefore, from (5.4.9) and (5.4.10), we have

‖xn+1 − q‖2 ≤ αn‖u− q‖2 + (1− αn)‖xn − q‖2

≤ max{‖u− q‖2, ‖xn − q‖2}
...

≤ max{‖u− q‖2, ‖x1 − q‖2}.

Hence {xn} is bounded. From (5.4.1), we have

‖xn+1 − q‖2 = ‖αnu+ βnvn + δnzn − q‖2

≤ ‖βn(vn − q) + δn(zn − q)‖2 + 2αn〈u− q, xn+1 − q〉
≤ βn‖vn − q‖2 + δn‖zn − q‖2 − βnδn‖zn − un‖2 + 2αn〈u− q, xn+1 − q〉
≤ βn

[
‖xn − q‖2 + λn(4L2λ2

n + 2λn − 1)‖zn − un‖2 + (1− λn)‖zn − vn‖2〉
]

+δn‖xn − q‖2 − βnδn‖zn − un‖2 + 2αn〈u− q, xn+1 − q〉
= (1− αn)‖xn − q‖2 − βnλn(1− 4λ2

nL
2 − 2λn)‖zn − un‖2

+βn(αn + βn − λn)‖zn − vn‖2 + 2αn〈u− q, xn+1 − q〉. (5.4.11)
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Which implies that

‖xn+1 − q‖2 ≤ (1− αn)‖xn − q‖2 + 2αn〈u− q, xn+1 − q〉. (5.4.12)

Now, to get strong convergence we divide the proof into two cases

Case 1. Suppose that there exists n0 ∈ N such that {‖xn − q‖} is decreasing for all
n ≥ n0. Then, we get that {‖xn − q‖} is convergent. Hence we have that

‖xn+1 − q‖2 − ‖xn − q‖2 → 0, n→∞. (5.4.13)

Thus, from (5.4.10) and (5.4.11), we have that

βnλn(1− 4L2λ2
n − 2λn)‖zn − un‖2 ≤ (1− αn)‖xn − q‖2

−‖xn+1 − q‖2 + 2αn〈u− q, xn+1 − q〉.

Hence form (5.4.10), (5.4.13) and the fact that αn → 0 as n→∞, we have that

‖zn − un‖ → 0 as n→∞, (5.4.14)

which implies that

d(zn, Szn) ≤ ‖zn − un‖ → 0 as n→∞. (5.4.15)

Also, since S is Lipschitz we obtain from (5.4.6) and (5.4.14) that

‖zn − vn‖ ≤ ‖zn − un‖+ ‖un − vn‖
≤ ‖zn − un‖+ 2L‖zn − yn‖
= ‖zn − un‖+ 2Lλn‖zn − un‖ → 0 as n→∞. (5.4.16)

Suppose TAxn 6= Axn, then γn ∈
(
ε, (1−µ)‖TAxn−Axn‖2

‖A∗(T−I)Axn‖2
− ε
)

and from (5.4.2), we have

‖wn − q‖2 ≤ ‖xn − q‖2 + γn[γn‖A∗(T − I)Axn‖2 + (µ− 1)‖TAxn − Axn‖2]

≤ ‖xn − q‖2 − γnε‖A∗(T − I)Axn‖2. (5.4.17)

Also from (5.4.1), (5.4.8), (5.4.17) and Lemma 2.3.19, we have

‖xn+1 − q‖2 ≤ αn‖u− q‖2 + βn‖vn − q‖2 + δn‖zn − q‖2 − βnδn‖zn − vn‖2

≤ αn‖u− q‖2 + βn
[
‖xn − q‖2 + (1− λn)‖zn − vn‖2 + λn(4L2λ2

n + 2λn − 1)‖zn − un‖2]
+δn‖wn − q‖2 − δnβn‖zn − vn‖2

≤ αn‖u− q‖2 + βn‖xn − q‖2 + βn(1− λn)‖zn − vn‖2 − δnβn‖zn − vn‖2

+βnλn(4L2λ2 + 2λn − 1)‖zn − un‖2 + δn‖xn − q‖2 − δnγnε‖A∗(T − I)Axn‖2, (5.4.18)

which implies that

δnγnε‖A∗(T − I)Axn‖2 ≤ αn‖u− q‖2 − (1− αn)‖xn − q‖2 − ‖xn+1 − q‖2

+βn(1− δn − λn)‖zn − vn‖2

+βnλn(4L2λ2
n + 2λn − 1)‖zn − un‖2. (5.4.19)
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From (5.4.13), (5.4.14), (5.4.16) and the fact that αn → 0 as n→∞, we obtain

lim
n→∞

‖A∗(T − I)Axn‖ = 0. (5.4.20)

Also, from (5.4.17) and (5.4.18), we have

δnγn‖TAxn − Axn‖2 ≤ αn‖u− q‖2 + (1− αn)‖xn − q‖2 − ‖xn+1 − q‖2 + βn(1− δn − λn)‖zn − vn‖2

+βnλn(4L2λ2
n + 2λn − 1)‖zn − un‖2 + δnγn‖A∗(T − I)Axn‖2. (5.4.21)

From (5.4.13), (5.4.14), (5.4.16), (5.4.20) and the fact that αn → 0 as n→∞, we obtain

lim
n→∞

‖TAxn − Axn‖ = 0. (5.4.22)

Now, from (5.4.1), we have

‖wn − q‖2 = ‖PC(xn + γnA
∗(T − I)Axn)− q‖2

≤ 〈wn − q, xn + γnA
∗(T − I)Axn − q〉

=
1

2
[‖wn − q‖2 + ‖xn + γnA

∗(T − I)Axn − q‖2 − ‖wn − q − (xn + γnA
∗(T − I)Axn)− q‖2]

=
1

2
[‖wn − q‖2 + ‖xn − q‖2 + γn[γn‖A∗(T − I)Axn‖2

+(µ− 1)‖TAxn − Axn‖2]− ‖wn − xn − γnA∗(T − I)Axn − q‖2]

≤ 1

2
[‖wn − q‖2 + ‖xn − q‖2 − ‖wn − xn‖2 + γn‖Awn − Axn‖‖(T − I)Axn‖].

That is,

‖wn − q‖2 ≤ ‖xn − q‖2 − ‖wn − xn‖2 + 2γn‖Awn − Axn‖‖(T − I)Axn‖.(5.4.23)

From (5.4.19) and (5.4.23), we obtain

‖xn+1 − q‖2 ≤ αn‖u− q‖2 + βn
[
‖xn − q‖2 + (1− λn)‖zn − vn‖2 + λn(4L2λ2

n + 2λn − 1)‖zn − un‖2]
+δn‖wn − q‖2 − δnβn‖zn − vn‖2

≤ αn‖u− q‖2 + βn‖xn − q‖2 + βn(1− δn − λn)‖zn − vn‖2

+βnλn(4L2λ2
n + 2λn − 1)‖zn − un‖2 + δn‖xn − q‖2 − δn‖wn − xn‖2

+δnγn‖Awn − Axn‖‖(T − I)Axn‖,

which implies that

δn‖wn − xn‖2 ≤ αn‖u− q‖2 + (1− αn)‖xn − q‖2 − ‖xn+1 − q‖2 + βn(1− δn − λn)‖zn − vn‖2

+βnλn(4L2λ2
n + 2λn − 1)‖zn − un‖2

+δnγn‖Awn − Axn‖‖(T − I)Axn‖. (5.4.24)

From (5.4.13), (5.4.14), (5.4.16), (5.4.24) and the fact that αn → 0 as n→∞, we obtain

lim
n→∞

‖wn − xn‖ = 0. (5.4.25)
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Next, we have

‖xn+1 − q‖2 ≤ αn‖u− q‖2 + βn‖vn − q‖2 + δn‖zn − q‖2 − δnβn‖zn − vn‖2

≤ αn‖u− q‖2 + βn
[
‖xn − q‖2 + (1− λn)‖zn − vn‖2 + λn(4L2λ2

n + 2λn − 1)‖zn − un‖2]
+δn

[
‖(wn − rnBwn)− (q − rnBq)‖2]− βnδn‖zn − vn‖2

= αn‖u− q‖2 + βn(1− δn − λn)‖zn − vn‖2 + βnλn(4L2λ2
n + 2λn − 1)‖zn − un‖2

+βn‖xn − q‖2 + δn
[
‖wn − q‖2 − 2rn〈wn − q, Bwn −Bq〉+ r2

n‖Bwn −Bq‖2]
≤ αn‖u− q‖2 + (1− αn)‖xn − q‖2 + δnrn(rn − 2τ)‖Bwn −Bq‖2

+βn(1− δn − λn)‖zn − vn‖2 + βnλn(4L2λ2
n + 2λn − 1)‖zn − un‖2,

and so,

δnrn(2τ − rn)‖Bwn −Bq‖2 ≤ αn‖u− q‖2 + (1− αn)‖xn − q‖2 − ‖xn+1 − q‖2

+βn(1− δn − λn)‖zn − vn‖2 + βnλn(4L2λ2
n + 2λn − 1)‖zn − un‖2.

Hence from condition (iii), we obtain that

lim
n→∞

‖Bwn −Bq‖ = 0. (5.4.26)

Observe that (I − rnB) is nonexpansive and JMrn is firmly nonexpansive mapping. Then
we get

‖zn − q‖2 = ‖JMrn (wn − rnBwn)− JMrn (q − rnBq)‖2

≤ 〈(wn − rnBwn)− (q − rnBq, zn − q〉
=

1

2

[
‖wn − rnBwn − (q − rnBq)‖2 + ‖zn − q‖2

−‖(wn − rnBwn)− (q − rnBq)− (zn − q)‖2
]

≤ 1

2

[
‖wn − q‖2 + ‖zn − q‖2 − ‖(wn − zn)− rn(Bwn −Bq)‖2

]
=

1

2

[
‖wn − q‖2 + ‖zn − q‖2 − ‖wn − zn‖2 + 2rn〈wn − zn, Bwn −Bq〉

−r2
n‖Bwn −Bq‖2

]
.

Therefore

‖zn − q‖2 ≤ ‖wn − q‖2 − ‖wn − zn‖2 + 2rn〈wn − zn, Bwn −Bq〉 − r2
n‖Bwn −Bq‖2.(5.4.27)

By (5.4.1) and (5.4.27), we have

‖xn+1 − q‖2 ≤ αn‖un − q‖2 + (1− αn)‖xn − q‖2 + βn(1− δn − λn)‖zn − vn‖2

+βnλn(4L2λ2
n + 2λn − 1)‖zn − un‖2 − δn‖wn − zn‖2

+2δnrn‖wn − zn‖‖Bwn −Bq‖ − r2
n‖Bwn −Bq‖2,
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which implies that

δn‖wn − zn‖2 ≤ αn‖u− q‖2 + (1− αn)‖xn − q‖2 − ‖xn+1 − q‖2

+βn(1− δn − λn)‖zn − vn‖2 + βnλn(4L2λ2
n + 2λn − 1)‖zn − un‖2

+2δnrn(‖wn‖+ ‖zn‖)‖Bwn −Bq‖. (5.4.28)

Since lim
n→∞

αn = 0 and both {zn} and {wn} are bounded by (5.4.28), we have

lim
n→∞

‖Tnwn − wn‖ = lim
n→∞
‖wn − zn‖ = 0. (5.4.29)

Also, from (5.4.25) and (5.4.29), we obtain

‖zn − xn‖ ≤ ‖zn − wn‖+ ‖wn − xn‖ → 0, n→∞. (5.4.30)

Therefore, from (5.4.1), (5.4.14), (5.4.30) and the fact that αn → 0 as n→∞, we get

‖xn+1 − xn‖ ≤ ‖xn+1 − zn‖+ ‖zn − xn‖
= ‖αn(u− zn) + βn(vn − zn)‖+ ‖zn − xn‖
≤ αn‖u− zn‖+ βn‖vn − zn‖+ ‖zn − xn‖ → 0, as n→∞.(5.4.31)

Now, let z = PΥu. We claim that lim
n→∞
〈u − z, xn+1 − z〉 ≤ 0. Since {xn+1} is a bounded

sequence in a Hilbert space H, which is a reflexive Banach space, there exists a subsequence
{xnj+1} of {xn+1} and an element in H, say p, such that

xnj+1 ⇀ p and lim sup
n→∞

〈u− z, xn+1 − z〉 = lim
j→∞
〈u− z, xnj+1 − z〉.

Since C is weakly closed, we have p ∈ C and from (5.4.31) it follows that xnj ⇀ p as
j → ∞. From (5.4.30), we obtain that znj ⇀ p as j → ∞ and hence using the fact that
(I − S) is demiclosed at zero and (5.4.15), we conclude that

p ∈ F (S).

Since lim inf
n→∞

rn > 0, there exists ε > 0 such that rn ≥ ε, ∀n ≥ 1. Then, by Lemma 2.3.20,

we have
lim
n→∞
||Tεwn − wn|| ≤ 2 lim

n→∞
||Tnwn − wn|| = 0.

By Lemma 2.3.13, we have that p ∈ F (Tε) = (M +B)−1(0).

Moreover, since ‖wn − xn‖ → 0, as n → ∞, we have that Awnj converges weakly to Ax∗

and by (5.4.22) and the fact that I − T is demiclosed at 0, we get that

Ap ∈ F (T ).

Hence p ∈ Υ. Since z = PCu and xnj ⇀ p, then from Proposition 2.1.14, we get that

lim sup
n→∞

〈u− z, xn+1 − z〉 = lim
j→∞
〈u− z, xn+1 − z〉

= 〈u− z, p− z〉 ≤ 0. (5.4.32)
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Thus, since z ∈ Υ, from (5.4.12), (5.4.32), condition (ii) and Lemma 2.3.23, we get

‖xn − z‖ → 0 as n→∞.

Hence, xn → z = PΥu.

Case 2. Assume that{‖xn − q‖} is not a monotonically decreasing sequence. Set Γn =
‖xn − q‖2 and let τ : N → N be a mapping for all n ≥ n0 ( for some n0 large enough)
defined by

τ(n) := max{k ∈ N : k ≤ n,Γk ≤ Γk+1}.
Clearly, τ is non decreasing sequence such that τ(n)→∞ as n→∞ and

0 ≤ Γτ(n) ≤ Γτ(n)+1, ∀n ≥ n0.

This implies that ‖xτ(n) − q‖ ≤ ‖xτ(n)+1 − q‖, ∀n ≥ n0. Thus lim
n→∞
‖xτ(n) − q‖ exists.

Again, from (5.4.19)

δτ(n)γτ(n)ε‖A∗(T − I)Axτ(n)‖2 ≤ ατ(n)‖u− q‖2 − (1− ατ(n))‖xτ(n) − q‖2 − ‖xτ(n)+1 − q‖2

+βτ(n)(1− δτ(n) − λτ(n))‖zτ(n) − vτ(n)‖2 + βτ(n)λτ(n)(4L
2λ2

τ(n)

+2λτ(n) − 1)‖zτ(n) − uτ(n)‖2. (5.4.33)

Thus, we obtain

lim
n→∞

‖A∗(T − I)Axτ(n)‖ = 0. (5.4.34)

Also, from (5.4.21), we have

δτ(n)γτ(n)‖TAxτ(n) − Axτ(n)‖2 ≤ ατ(n)‖u− q‖2 + (1− ατ(n))‖xτ(n) − q‖2 − ‖xτ(n)+1 − q‖2

+βτ(n)(1− δτ(n) − λτ(n))‖zτ(n) − vτ(n)‖2 + βτ(n)λτ(n)(4L
2λ2

τ(n)

+2λτ(n) − 1)‖zτ(n) − uτ(n)‖2

+δτ(n)γτ(n)‖A∗(T − I)Axτ(n)‖2. (5.4.35)

Hence

lim
n→∞

‖TAxτ(n) − Axτ(n)‖ = 0. (5.4.36)

By using the same argument as in case 1, we get that there is a subsequence {xτ(nj)} of
{xτ(n)} which converges weakly to x∗ ∈ Υ as τ(nj)→∞. At the same time, we note from
(5.4.12) that for all n ≥ n0,

0 ≤ ‖xτ(n)+1 − x∗‖2 − ‖xτ(n) − x∗‖2

≤ ατ(n)

[
2〈u− x∗, xτ(n)+1 − x∗〉 − ‖xτ(n) − x∗‖2] ,

which implies that (since ατ(n) > 0)

‖xτ(n) − x∗‖2 ≤ 2〈u− x∗, xτ(n)+1 − x∗〉.
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Thus,
lim sup
n→∞

‖xτ(n) − x∗‖2 ≤ 2lim sup
n→∞

〈u− x∗, xτ(n)+1 − x∗〉 ≤ 0.

Hence
lim
n→∞
‖xτ(n) − x∗‖ = 0.

Also, from (5.4.31), we have

‖xτ(n)+1 − xτ(n)‖ ≤ ατ(n)‖u− zτ(n)‖+ βτ(n)‖vτ(n) − zτ(n)‖
+‖zτ(n) − xτ(n)‖ → 0, as n→∞. (5.4.37)

Hence, we deduce that

‖xτ(n)+1 − x∗‖ ≤ ‖xτ(n)+1 − xτ(n)‖+ ‖xτ(n) − x∗‖ → 0, n→∞,
and so

lim
n→∞

Γτ(n) = lim
n→∞

Γτ(n)+1 = 0.

Furthermore, for n ≥ n0, it is easy to see that Γτ(n) ≤ Γτ(n)+1 if n 6= τ(n) ( that is τ(n) < n
), because Γj ≥ Γj+1 for τ(n) + 1 ≤ j ≤ n. As a consequence, we obtain for all n ≥ n0,

0 ≤ Γn ≤ max{Γτ(n),Γτ(n)+1} = Γτ(n)+1.

Hence lim
n→∞

Γn = 0 and so {xn} converges strongly to x∗. This completes the proof.

Corollary 5.4.2. Let H1 and H2 be two real Hilbert spaces and let C be a nonempty closed
and convex subset of H1. Let A : H1 → H2 be a bounded linear operator and A∗ the adjoint
of A. Let M : H1 → 2H1 be a maximal monotone operator and B : C → H1 be τ -inverse
strongly monotone mapping. Let S : H1 → CB(H1) be a L-Lipschitz hemicontractive-
type mapping and T : H2 → H2 be nonexpansive mapping such that Υ := F (S) ∩ (M +
B)−1(0) ∩ A−1F (T ) 6= ∅. Let the step size γn be chosen such that for some ε > 0, γn ∈(
ε, ‖TAxn−Axn‖

2

‖A∗(T−I)Axn‖2
− ε
)
, if TAxn 6= Axn; otherwise γn = γ(γ being any nonnegative real

number). Suppose {αn}, {βn} and {δn} are sequences in (0, 1) and suppose the following
conditions are satisfied:

(i) αn + βn + δn = 1;

(ii) lim
n→∞

αn = 0 and
∑∞

n=0, αn =∞;

(iii) 0 < lim inf
n→∞

rn ≤ lim sup
n→∞

rn < 2τ ;

(iv) αn + βn ≤ λn ≤ λ ≤ 1√
1+4L2+1

,

(v) Sp = {p} ∀p ∈ Υ, (I − T ) and (I − S) are demiclosed at 0.

Then the sequence {xn} generated for any x1, u ∈ H1 by
wn = PC(xn + γnA

∗(T − I)Axn),

zn = (I + rnM)−1(wn − rnBwn),

yn = (1− λn)zn + λnun,

xn+1 = αnu+ βnvn + δnzn, n ≥ 1,

(5.4.38)

where un ∈ Szn, and vn ∈ Syn converges strongly to q ∈ Υ where q = PΥu.

132



5.4.1 Application to minimization problem

Let f and g two convex, lower semi continuous functions from H to R ∪ {+∞} such that
f is differentiable with L−Lipschitz continuous gradient, and g is ”simple” meaning that
its ”proximal map”

x→ argmin
y∈H

{
g(y) +

||x− y||2
2τ

}
can easily be computed. Let us consider the following minimization problem

min
x∈H

F (x) := min
x∈H
{f(x) + g(x)} (5.4.39)

and assume that this problem has at least a solution. Recall that the subdifferential of a
function g : H → R at x is the set-valued operator on a Hilbert space H defined by

∂f(x) = {z ∈ H : f(y) ≥ f(x) + 〈z, y − x〉}; ∀y ∈ H,

and proxγg(x) = (I + γ∂g)−1(x), γ > 0.

It is well known that a point x∗ ∈ H is a solution to the problem (5.4.39), that is, x∗ is
a minimizer of f(x) + g(x), if and only if 0 ∈ ∇f(x∗) + ∂g(x∗), where ∇f is the gradient
of f . For any γ > 0 this optimality condition holds if and only if the following equivalent
statements hold:

0 ∈ γ∇f(x∗) + γ∂g(x∗)

0 ∈ γ∇f(x∗)− x∗ + x∗ + γ∂g(x∗)

(I + γ∂g)(x∗) ∈ (I − γ∇f)(x∗)

x∗ = (I + γ∂g)−1(I − γ∇f)(x∗)

x∗ = proxγg(x
∗ − γ∇f(x∗)). (5.4.40)

The last two expressions hold with equality because the proximal operator is single-valued.
The final statement says that x∗ minimizes f + g if and only if it is a fixed point of
proxγg(I − γ∇f).

Definition 5.4.3. A mapping T : H → H is said to be averaged if it can be written as
T = (1− α)I + αS, where α ∈ (0, 1) and S : H → H is a nonexpansive mapping.

The condition γ ∈ (0, 2
L

], where L is the Lipschitz constant of ∇f guarantees that
proxγg(I − γ∇f) is averaged and hence nonexpansive.

In Corollary 5.4.2, If we take T := proxγng(I − γn∇f) with γn ∈ (0, 2
L

], then we obtain a
strong convergence result for approximating a point x∗ which solves a fixed point problem
for multivalued Lipschitz hemicontractive mappings and also solves monotone variational
inclusion problems and the image under a bounded linear operator is a minimizer of sum
of two functions in real Hilbert spaces.
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Chapter 6

Split Equality and Fixed Point
Problems

6.1 Introduction

The Split Equality Fixed Point Problem (SEFPP) which generalizes the SFP (2.2.13) was
introduced by Moudafi and Al-Shemas [129]:

Find x ∈ C := F (T ), y ∈ Q := F (S) such that Ax = By, (6.1.1)

where A : H1 → H3, B : H2 → H3 are two bounded linear operators, F (T ) and F (S)
denotes the sets of fixed points of operators T and S defined on H1 and H2 respectively.
Note that if H2 = H3 and B = I (where I is the identity map on H2) in (6.1.1), then
problem (6.1.1) reduces to problem (2.2.13).

Further, Moudafi and Al-Shemas presented the following algorithm for solving the
SEFPP {

xn+1 = T (xn − γnA∗(Axn −Byn));

yn+1 = S(yn + γnB
∗(Axn −Byn)), ∀n ≥ 1;

(6.1.2)

where T : H1 → H1, S : H2 → H2 are two firmly quasi-nonexpansive mappings, A : H1 →
H3, B : H2 → H3 are two bounded linear operators, A∗ and B∗ are the adjoints of A and

B respectively, {γn} ⊂
(
ε, 2

λA∗A+λB∗B
− ε
)
, λA∗A and λB∗B denote the spectral radius of

A∗A and B∗B, respectively. Moudafi established the weak convergence result for problem
(6.1.1) using algorithm (6.1.2).
Yaun-Fang et al. [79] presented the following algorithm for solving problem (6.1.1):

∀x1 ∈ H1, y1 ∈ H2;

xn+1 = (1− αn)xn + αnT (xn − γnA∗(Axn −Byn));

yn+1 = (1− αn)yn + αnS(yn + γnB
∗(Axn −Byn)), ∀n ≥ 1;

(6.1.3)

where T : H1 → H1, S : H2 → H2 are two firmly quasi-nonexpansive mappings, A : H1 →
H3, B : H2 → H3 are two bounded linear operators, A∗ and B∗ are the adjoints of A and
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B respectively, {γn} ⊂
(
ε, 2

λA∗A+λB∗B
− ε
)

(for ε small enough), λA∗A and λB∗B denote the

spectral radius of A∗A and B∗B respectively and αn ∈ [α, 1]
( for some α > 0) and established a strong and weak convergence results.
Based on the work of Moudafi and Al-Shemas [129], Chidume et al. [58] proposed the
following algorithm for solving the SEFPP for demi-contractive mappings:
∀x1 ∈ H1, ∀y1 ∈ H2;

xn+1 = (1− α) (xn − γA∗(Axn −Byn)) + αT (xn − γA∗(Axn −Byn)) ;

yn+1 = (1− α) (yn + γB∗(Axn −Byn)) + αS (yn + γB∗(Axn −Byn)) , ∀n ≥ 1;

(6.1.4)

where T : H1 → H1, S : H2 → H2 are two demi-contractive mappings. Chidume et
al. [58] proved weak and strong convergence theorems of the iterative scheme (6.1.4) to a
solution of the SEFPP in a real Hilbert spaces.

Recently, Rahaman et al [147] considered the split equality generalized mixed equilib-
rium problem and fixed point problem for certain nonlinear mappings in Hilbert spaces.
They obtained the following simultaneous iterative algorithms and proved strong conver-
gence theorems based on the algorithm under some mild conditions:

F (λ1un + (1− λ1)b, u) + 〈T (un), u− un〉+ φ(u)− φ(un) + 1
rn
〈u− un, un − xn〉 ≥ 0,

G(λ2vn + (1− λ2)c, v) + 〈S(vn), v − vn〉+ ψ(v)− ψ(vn) + 1
rn
〈v − vn, vn − yn〉 ≥ 0,

xn+1 = (1− αn)(un − γnA∗(Aun −Bvn)) + αnP (un − γnA∗(Aun −Bvn)),
yn+1 = (1− αn)(vn + γnB

∗(Aun −Bvn)) + αnQ(vn + γnB
∗(Aun −Bvn)),

(6.1.5)

for every u, b ∈ C, v, c ∈ Q and n ≥ 1, where λA and λB denote the spectral radii of

A∗A and B∗B respectively, {γn} is a positive sequence such that γn ∈
(
ε, 2

λA+λB
− ε
)

, for

sufficiently small ε, P : H1 → H1 and Q : H2 → H2 are demicontractive mappings, {αn}
is a sequence in (k,1) and {rn} ⊂ (0,∞) which satisfies some conditions.

Also, Karahan [91] studied a similar algorithm and proved a strong convergence theorem
under some certain conditions:

F (λ1un + (1− λ1)b, u) + 〈T (un), u− un〉+ φ(u)− φ(un) + 1
rn
〈u− un, un − xn〉 ≥ 0,

G(λ2vn + (1− λ2)c, v) + 〈S(vn), v − vn〉+ ψ(v)− ψ(vn) + 1
rn
〈v − vn, vn − yn〉 ≥ 0,

xn+1 = (1− αn)P1(un − γnA∗(Aun −Bvn)) + αnP2(un − γnA∗(Aun −Bvn)),
yn+1 = (1− αn)P3(vn + γnB

∗(Aun −Bvn)) + αnP4(vn + γnB
∗(Aun −Bvn)),

(6.1.6)

where P1, P2 : H1 → H1 and P3, P4 : H2 → H2 are nonexpansive mappings.

In this chapter, we study the split equality minimization and fixed point problem for
pseudocontractive mapping. Also we extended some results on split equality monotone
inclusion and split equality generalized mixed equilibrium problems from the frame work
of Hilbert space to p uniformly convex and uniformly smooth Banach space. We give
applications and numerical example to illustrate the performance of our algorithms.
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6.2 On split equality minimization and fixed point

problems

We now consider the following Split Equality Minimization and Fixed Point Problem
(SEMFPP).

Let H1, H2 and H3 be real Hilbert spaces, A : H1 → H3 and B : H2 → H3 be bounded
linear maps. Let f1 : H1 → R and f2 : H2 → R be differentiable maps with L1 and
L2-Lipschitz continuous gradients respectively. Let gi : Hi → R (i = 1, 2) be ”simple”
maps. The (SEMFPP) is to find x∗ ∈ F (T ) and y∗ ∈ F (S) such thatf1(x∗) + g1(x∗) = min

x∈H1

[f1(x) + g1(x)],

f2(y∗) + g2(y∗) = min
x∈H2

[f2(x) + g2(x)],
(6.2.1)

and Ax∗ = By∗. where T : H1 → H1 and S : H2 → H2 are two nonlinear mappings.
Assume that this problem has a solution, let’s denote the solution set of (6.2.1) by Υ.
Furthermore, we propose an iterative scheme and using the iterative scheme, we state and
prove a strong convergence result for the approximation of a solution of problem (6.2.1).

Theorem 6.2.1. Let H1, H2, and H3 be real Hilbert spaces. Let T : H1 → H1, S :
H2 → H2 be demicontractive mappings with constants k1 and k2 respectively, such that
I − S and I − T are demi-closed at 0. Let fi and gi (i = 1, 2) be two convex and lower
semicontinuous functions such that f1 : H1 → R and f2 : H2 → R are differentiable with
L1 and L2- Lipschitz continuous gradient, g1 : H1 → R and g2 : H2 → R be simple maps
and A : H1 → H3, B : H2 → H3 be bounded linear operators. Assume that the solution

set Υ 6= ∅ and let the step-size γn ∈
(
ε, 2||Atn−Brn||2
||A∗(Atn−Brn)||2+||B∗(Atn−Brn)||2 − ε

)
, n ∈ Ω

otherwise, γn = γ(γ being any nonnegative value), where the set of indexes Ω = {n :
Atn −Brn 6= 0}.
Let u, x0 ∈ Q1 and v, y0 ∈ Q2 be arbitrary and the sequences {(xn, yn)} be generated by



tn = (1− αn)xn + αnu;

rn = (1− αn)yn + αnv;

un = Proxδng1(I − δn∇f1)(tn − γnA∗(Atn −Brn));

vn = Proxδng2(I − δn∇f2)(rn + γnB
∗(Atn −Brn));

xn+1 = (1− ζn)un + ζnTun;

yn+1 = (1− ψn)vn + ψnSvn;

(6.2.2)

where {δn} is a sequence of positive real numbers and {αn}, {ζn} and {ψn} are sequences
in (0, 1), with conditions

i limn→∞ αn = 0,
∑∞

n=1 αn =∞,

ii ζn ∈ (a, 1− k1) ⊆ (0, 1) for some a > 0,
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iii ψn ∈ (b, 1− k2) ⊆ (0, 1) for some b > 0.

Then {(xn, yn)} converges strongly to (x̄, ȳ) in Υ.

Proof. Clearly γn is well defined since for any (x, y) ∈ Υ, we have

〈A∗(Atn −Brn), tn − x〉 = 〈Atn −Brn, Atn − Ax〉 (6.2.3)

and

〈B∗(Atn −Brn), y − rn〉 = 〈Atn −Brn, By −Brn〉. (6.2.4)

Adding (6.2.3) and (6.2.4) and taking into account the fact that Ax = By, we obtain
∀n ∈ Ω,

||Atn −Brn||2 = 〈A∗(Atn −Brn), tn − x〉+ 〈B∗(Atn −Brn), y − rn〉
≤ ||A∗(Atn −Brn)||||tn − x||+ ||B∗(Atn −Brn)||||y − rn||.

Therefore, for n ∈ Ω, that is, ||Atn − Brn|| > 0, we have ||A∗(Atn − Brn)|| 6= 0 or
||B∗(Atn −Brn)|| 6= 0. Thus γn is well defined.
Let (p, q) ∈ Υ, we have from (6.2.2) that

‖un − p‖2 = ‖Proxδng1(I − δn∇f1)(tn − γnA∗(Atn −Brn))− p‖2

≤ ‖tn − γnA∗(Atn −Brn)− p‖2

= ‖tn − p‖2 − 2γn〈tn − p,A∗(Atn −Brn)〉+ γ2
n‖A∗(Atn −Brn)‖2.

(6.2.5)

From Lemma 2.1 and noting that A∗ is adjoint of A, we have

−2〈tn − p,A∗(Atn −Brn)〉 = −2〈Atn − Ap,Atn −Brn〉
= −‖Atn − Ap‖2 − ‖Atn −Brn‖2 + ‖Brn − Ap‖2.

(6.2.6)

From (6.2.5) and (6.2.6), we obtain

‖un − p‖2 ≤ ‖tn − p‖2 − γn‖Atn − Ap‖2 − γn‖Atn −Brn‖2

+ γn‖Brn − Ap‖2 + γn
2‖A∗(Atn −Brn)‖2.

(6.2.7)

Similarly, from (6.2.2), we have

‖vn − q‖2 ≤ ‖rn − q‖2 − γn‖Brn −Bq‖2 − γn‖Atn −Brn‖2

+ γn‖Atn −Bq‖2 + γ2
n‖B∗(Atn −Brn)‖2.

(6.2.8)

Adding inequality (6.2.7) and (6.2.8), and using the fact that Ap = Bq, we obtain

‖un − p‖2 + ‖vn − q‖2 ≤ ‖tn − p‖2 + ‖rn − q‖2 − γn[2‖Atn −Brn‖2

− γn(‖A∗(Atn −Brn)‖2 + ‖B∗(Atn −Brn)‖2)]

≤ ‖tn − p‖2 + ‖rn − q‖2.

(6.2.9)
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From (6.2.2) and the fact that T is demi-contractive, we obtain

‖xn+1 − p‖2 = ‖(1− ζn)un + ζnTun − p‖2

= ‖(1− ζn)(un − p) + ζn(Tun − p)‖2

= (1− ζn)2‖un − p‖2 + ζ2
n‖Tun − p‖2 + 2ζn(1− ζn)〈un − p, Tun − p〉

≤ (1− ζn)2‖un − p‖2 + ζ2
n[‖un − p‖2 + k1‖un − Tun‖2]

+2ζn(1− ζn)

[
‖un − p‖2 − 1− k1

2
‖un − Tun‖2

]
= (1− 2ζn + ζ2

n)‖un − p‖2 + ζ2
n[‖un − p‖2 + k1‖un − Tun‖2]

+2ζn‖un − p‖2 − 2ζ2
n‖un − p‖2 − ζn(1− ζn)(1− k1)‖un − Tun‖2

= ‖un − p‖2 − ζn(1− ζn − k1)‖un − Tun‖2

≤ ‖un − p‖2. (6.2.10)

Similarly, we have that
‖yn+1 − q‖2 ≤ ‖vn − q‖2. (6.2.11)

Adding (6.2.10) and (6.2.11), and using (6.2.9), we have

‖xn+1 − p‖2 + ‖yn+1 − q‖2 ≤ ‖un − p‖2 + ‖vn − q‖2

≤ ‖tn − p‖2 + ‖rn − q‖2. (6.2.12)

From (6.2.2), (6.2.12) and Lemma 2.2, we obtain

‖xn+1 − p‖2 + ‖yn+1 − q‖2 ≤ ‖(1− αn)(xn − p) + αn(u− p)‖2 + ‖(1− αn)(yn − q) + αn(v − q)‖2

≤ (1− αn)‖xn − p‖2 + αn‖u− p‖2 + (1− αn)‖yn − q‖2 + αn‖v − q‖2

= (1− αn)[‖xn − p‖2 + ‖yn − q‖2] + αn[‖u− p‖2 + ‖v − q‖2]

≤ max{‖xn − p‖2 + ‖yn − q‖2, ‖u− p‖2 + ‖v − q‖2}
...

≤ max{‖x0 − p‖2 + ‖y0 − q‖2, ‖u− p‖2 + ‖v − q‖2}.

Hence, {‖xn − p‖2 + ‖yn − q‖2} is bounded. Consequently {xn}, {yn}, {tn}, {rn}, {un},
{vn}, {Axn}, {Byn} are bounded. From (6.2.9), we obtain

‖xn+1 − p‖2 + ‖yn+1 − q‖2 ≤ ‖tn − p‖2 + ‖rn − q‖2 − γn[2‖Atn −Brn‖2

−γn(‖A∗(Atn −Brn)‖2 + ‖B∗(Atn −Brn)‖2)]

≤ (1− αn)[‖xn − p‖2 + ‖yn − q‖2] + αn[‖u− p‖2 + ‖v − q‖2]

−γn[2‖Atn −Brn‖2 − γn(‖A∗(Atn −Brn)‖2 + ‖B∗(Atn −Brn)‖2)],

which implies

ε2
(
||A∗(Atn −Brn)||2 + ||B∗(Atn −Brn)||2

)
≤ (1− αn)

[
||xn − p||2 + ||yn − q||2

]
+αn

[
||u− p||2 + ||v − q||2

]
−
[
||xn+1 − p||2 + ||yn+1 − q||2

]
.(6.2.13)

We divided the remaining part of the proof into two cases to establish strong convergence.
Case 1: Assume that {||xn − p||2 + ||yn − q||2} is monotone decreasing, then {||xn − p||2 + ||yn − q||2}
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is convergent, thus

lim
n→∞

[(
||xn+1 − p||2 + ||yn+1 − q||2

)
−
(
||xn − p||2 + ||yn − q||2

)]
= 0.

It follows from (6.2.13) that

(||A∗(Atn −Brn)||2 + ||B∗(Atn −Brn)||2)→ 0, as n→∞.
Since Atn −Brn = 0, if n /∈ Ω, we have

lim
n→∞

||A∗(Atn −Brn)||2 = lim
n→∞

||B∗(Atn −Brn)||2 = 0. (6.2.14)

From (6.2.2), we have

||tn − xn||2 = ||(1− αn)xn + αnu− xn||2
= α2

n||u− xn||2 → 0, as n→∞.

=⇒ lim
n→∞

||tn − xn||2 = 0. (6.2.15)

Similarly, we have

lim
n→∞

||rn − yn||2 = 0. (6.2.16)

Also, from (6.2.2), Lemma 2.3.6 (iii) and Lemma 2.3.6 (iv), we have that

||un − p||2 = ||Proxδng1(I − δn∇f1)(tn − γnA∗(Atn −Brn))− p||2
≤ 〈un − p, tn − γnA∗(Atn −Brn)− p〉
=

1

2
[||un − p||2 + ||tn − γnA∗(Atn −Brn)− p||2

−||un − p− (tn − γnA∗(Atn −Brn)− p)||2]

≤ 1

2
[||un − p||2 + ||tn − p||2 + γ2

n||A∗(Atn −Brn)||2

+2γn||tn − p||||A∗(Atn −Brn)||
−(||un − tn||2 + γ2

n||A∗(Atn −Brn)||2 − 2γn〈un − tn, A∗(Atn −Brn)〉])
=

1

2
[||un − p||2 + ||tn − p||2 + 2γn||tn − p||||A∗(Atn −Brn)||
−||un − tn||2 + 2γn〈un − tn, A∗(Atn −Brn)〉]

≤ 1

2
[||un − p||2 + ||tn − p||2 + 2γn||tn − p||||A∗(Atn −Brn)||
−||un − tn||2 + 2γn||un − tn||||A∗(Atn −Brn)||]

≤ 1

2
[||un − p||2 + (1− αn)||xn − p||2 + αn||u− p||2

+2γn||tn − p||||A∗(Atn −Brn)|| − ||un − tn||2
+2γn||un − tn||||A∗(Atn −Brn)||]

≤ 1

2
[||un − p||2 + ||xn − p||2 + αn||u− p||2

+2γn||tn − p||||A∗(Atn −Brn)||
−||un − tn||2 + 2γn||un − tn||||A∗(Atn −Brn)||], (6.2.17)
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which implies

||un − p||2 ≤ ||xn − p||2 + αn||u− p||2 + 2γn||wn − p||||A∗(Atn −Brn)||
−||un − tn||2 + 2γn||un − tn||||A∗(Atn −Brn)||. (6.2.18)

From (6.2.10) and (6.2.18), we have

||xn+1 − p||2 ≤ ||xn − p||2 + αn||u− p||2 + 2γn||tn − x∗||||A∗(Atn −Brn)||
−||un − tn||2 + 2γn||un − tn||||A∗(Atn −Brn)||. (6.2.19)

Similarly, we have

||yn+1 − q||2 ≤ ||yn − q||2 + αn||v − q||2 + 2γn||rn − q||||B∗(Atn −Brn)||
−||vn − rn||2 + 2γn||vn − rn||||B∗(Atn −Brn)||. (6.2.20)

Adding (6.2.19) and (6.2.20), we have

||xn+1 − p||2 + ||yn+1 − q||2 ≤ ||xn − p||2 + ||yn − q||2 + αn[||u− p||2 + ||v − q||2]

+2γn[||tn − x∗||||A∗(Atn −Brn)||
+||rn − y∗||||B∗(Atn −Brn)||]
−[||un − tn||2 + ||vn − rn||2]

+2γn[||un − tn||||A∗(Atn −Brn)||
+||vn − rn||||B∗(Atn −Brn)||]. (6.2.21)

Using (6.2.14) together with the fact that αn → 0, as n→∞ in (6.2.21), we have

lim
n→∞

[
||un − tn||2 + ||vn − rn||2

]
= 0,

which implies

lim
n→∞

||un − tn||2 = 0 (6.2.22)

and

lim
n→∞

||vn − rn||2 = 0. (6.2.23)

Observe that since T is demicontractive and p ∈ F (T ), so we have

||Tx− p||2 ≤ ||x− p||2 + k1||x− Tx||2
=⇒ 〈Tx− p, Tx− p〉 ≤ 〈x− p, x− p〉+ k1||x− Tx||2

=⇒ 〈Tx− p, Tx− x〉+ 〈Tx− p, x− p〉 ≤ 〈x− p, x− p〉+ k1||x− Tx||2
=⇒ 〈Tx− p, Tx− x〉 ≤ 〈x− Tx, x− p〉+ k1||x− Tx||2

=⇒ 〈Tx− x, Tx− x〉+ 〈x− p, Tx− x〉 ≤ 〈x− Tx, x− p〉+ k1||x− Tx||2
||Tx− x||2 ≤ 〈x− p, x− Tx〉 − 〈x− p, Tx− x〉+ k1||x− Tx||2

=⇒ (1− k1)||Tx− x||2 ≤ 2〈x− p, x− Tx〉. (6.2.24)
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From (6.2.2) and (6.2.24), we have

||xn+1 − p||2 = ||(1− ζn)un + ζnTun − p||2
= ||un − p+ ζn(Tun − un)||2
= ||un − p||2 + ζ2

n||Tun − un||2 − 2ζn〈un − p, un − Tun〉
≤ ||un − p||2 + ζ2

n||Tun − un||2 − (1− k1)ζn||Tun − un||2
= ||un − p||2 + ζn(ζn − (1− k1))||un − Tun||2. (6.2.25)

Similarly, we have that

||yn+1 − q||2 ≤ ||vn − q||2 + ψn(ψn − (1− k2))||vn − Svn||2. (6.2.26)

Adding (6.2.25) and (6.2.26), we have

||xn+1 − p||2 + ||yn+1 − q||2 ≤ ||un − p||2 + ||vn − q||2 + ζn(ζn − (1− k1))||Tun − un||2
+ ψn(ψn(1− k2))||vn − Svn||2
≤ ||tn − p||+ ||rn − q||2 + ζn(ζn − (1− k1))||Tun − un||2
+ ψn(ψn − (1− k2))||vn − Svn||2
≤ (1− αn)

[
||xn − p||2 + ||yn − q||2

]
+ αn

[
||u− p||2 + ||v − q||2

]
+ ζn(ζn − (1− k1))||un − Tun||2

+ψn(ψn − (1− k2))||vn − Svn||2. (6.2.27)

Let Kn = ζn((1− k1)− ζn)||un − Tun||2 + ψn((1− k2)− ψn)||vn − Svn||2,
then

Kn ≤ (1− αn)
[
||xn − p||2 + ||yn − q||2

]
−
[
||xn+1 − p||2 + ||yn+1 − q||2

]
+αn

[
||u− p||2 + ||v − q||2

]
→ 0, as n→∞,

which implies
||un − Tun||2 + ||vn − Svn||2 → 0, n→∞.

That is

lim
n→∞

||un − Tun||2 = 0, (6.2.28)

and

lim
n→∞

||vn − Svn||2 = 0. (6.2.29)

From (6.2.28), we have

lim
n→∞

||xn+1 − un|| = lim
n→∞

ζn||un − Tun|| = 0. (6.2.30)

Similarly, from (6.2.29), we have

lim
n→∞

||yn+1 − vn|| = lim
n→∞

ψn||vn − Svn|| = 0. (6.2.31)
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From (6.2.15) and (6.2.22), we have ||xn − un|| ≤ ||xn − tn||+ ||tn − un|| → 0,
which implies that

lim
n→∞

||xn − un|| = 0. (6.2.32)

Similarly, from (6.2.16) and (6.2.23), we have

lim
n→∞

||yn − vn|| = 0. (6.2.33)

Also, from (6.2.30) and (6.2.32), we have

||xn+1 − xn|| ≤ ||xn+1 − un||+ ||un − xn|| → 0, as n→∞
,
which implies that

lim
n→∞

||xn+1 − xn|| = 0. (6.2.34)

Similarly, from (6.2.31) and (6.2.33), we have

lim
n→∞

||yn+1 − yn|| = 0. (6.2.35)

Since {xn} is bounded, there exists a subsequence {xnk} of {xn} such that {xnk} converges
weakly to x̄ ∈ H1. By (6.2.32) and (6.2.15), we have that {un} and {tn} converges weakly
to x̄ and by the demi-closeness of I − T at 0 and (6.2.28), we have that x̄ ∈ F (T ). Since
{yn} is bounded, there exists a subsequence {ynk} of {yn}) such that {ynk} converge weakly
to ȳ ∈ H2. By (6.2.33) and (6.2.16), we have that {vn} and {rn} converge weakly to ȳ
and by the demi-closeness of I − S at 0 and (6.2.29), we have that ȳ ∈ F (S).
Also, since A and B are bounded linear operators, we have that {Atn} converges weakly
to Ax̄ and {Brn} converges weakly to Bȳ.
Next, we show that Ax̄ = Bȳ.

||Ax̄−Bȳ||2 = 〈Ax̄−Bȳ,Ax̄−Bȳ〉
= 〈Ax̄−Bȳ,Ax̄−Bȳ + Atn − Atn +Brn −Brn〉
= 〈Ax̄−Bȳ,Ax̄− Atn〉+ 〈Ax̄−Bȳ,Atn −Brn〉+ 〈Ax̄−Bȳ,Brn −Bȳ〉
= 〈Ax̄−Bȳ,Ax̄− Atn〉+ 〈Ax̄,Atn −Brn〉 − 〈Bȳ,Atn −Brn〉

+〈Ax̄−Bȳ,Brn −Bȳ〉
= 〈Ax̄−Bȳ,Ax̄− Atn〉+ 〈x̄, A∗(Atn −Brn)〉 − 〈ȳ, B∗(Atn −Brn)〉

+〈Ax̄−Bȳ,Brn −Bȳ〉
≤ 〈Ax̄−Bȳ,Ax̄− Atn〉+ ||x̄||||A∗(Atn −Brn)||+ ||ȳ||||B∗(Atn −Brn)||
+ 〈Ax̄−Bȳ,Brn −Bȳ〉 → 0, n→∞,

which implies that ||Ax̄−Bȳ|| = 0. Hence Ax̄ = Bȳ.

Let pn = tn − γnA∗(Atn −Brn).
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Then ‖pn − tn‖2 = γn
2‖A∗(Atn −Brn)‖2 → 0 as n→∞,

and
‖un − pn‖ ≤ ‖un − tn‖+ ‖tn − pn‖ → 0 as n→∞. (6.2.36)

We get from (6.2.36) that

‖proxδng1(pn − δn∇f1(pn))− pn‖ → 0. (6.2.37)

Similarly, if we let an = rn + γnB
∗(Atn −Brn), we obtain

‖proxδng2(an − δn∇f2(an))− an‖ → 0. (6.2.38)

Hence by Lemma 2.3.13 (demiclosedness principle) we have wω(pn) = wω(xn) ⊂ Υ. There
exists a subsequence {xnk} of {xn} such that xnk ⇀ x̄, for some x̄ ∈ Υ. By similar
argument, we get ȳ ∈ Υ. Hence (x̄, ȳ) ∈ Υ.
Next, we show that ({xn}, {yn}) converges strongly to (x̄, ȳ).
From (6.2.12), we have

||xn+1 − x̄||2 + ||yn+1 − ȳ||2 ≤ ||tn − x̄||2 + ||rn − ȳ||2
= (1− αn)2||xn − x̄||2 + α2

n||u− x̄||2 + 2(1− αn)αn〈xn − x̄, u− x̄〉
+(1− αn)2||yn − ȳ||2 + α2

n||v − ȳ||2 + 2(1− αn)αn〈yn − ȳ, v − ȳ〉
≤ (1− αn)2

[
||xn − x̄||2 + ||yn − ȳ||2

]
+ αn

[
αn||u− x̄||2

+ 2(1− αn)〈xn − x̄, u− x̄〉+ αn||v − ȳ||2
+2(1− αn)〈yn − ȳ, v − ȳ〉

]
. (6.2.39)

Since lim sup
n→∞

〈xn−x̄, u−x̄〉 ≤ 〈p−x̄, u−x̄〉 ≤ 0 and lim sup
n→∞

〈yn−ȳ, v−ȳ〉 ≤ 〈q−ȳ, v−ȳ〉 ≤ 0,

applying Lemma 2.3.14 to (6.2.39), we have that ({xn}, {yn}) converges strongly to (x̄, ȳ).

Case 2. Assume that {||xn − p||2 + ||yn − q||2} is not monotone decreasing. Set Γn =
||xn − p||2 + ||yn − q||2 and let τ : N → N be a mapping defined for all n ≥ n0 (for some
large n0) by

τ(n) := max{k ∈ N : k ≤ n,Γk ≤ Γk+1}.
Clearly, τ is a non-decreasing sequence such that τ(n)→∞, as n→∞ and

Γτ(n) ≤ Γτ(n)+1,∀n ≥ n0.

From (6.2.13), we have

ε2
(
||A∗(Atτ(n) −Brτ(n))||2 + ||B∗(Atτ(n) −Brτ(n))||2

)
≤ (1− ατ(n))[||xτ(n) − p||2 + ||yτ(n) − q||2]

−[||xτ(n)+1 − p||2 + ||yτ(n)+1 − q||2]

+ατ(n)[||u− p||2 + ||v − p||2]

≤ ατ(n)[||u− p||2 + ||v − q||2]. (6.2.40)

Therefore,(
||A∗(Atτ(n) −Brτ(n))||2 + ||B∗(Atτ(n) −Brτ(n))||2

)
→ 0, as n→∞.
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Note that Atτ(n) −Brτ(n) = 0, if τ(n) 6∈ Ω.
Hence,

lim
n→∞

||A∗(Atτ(n) −Brτ(n))||2 = 0, (6.2.41)

and

lim
n→∞

||B∗(Atτ(n) −Brτ(n))||2 = 0. (6.2.42)

Using the same argument as in case 1, we have ({xτ(n)}, {yτ(n)}) converges weakly to
(x̄, ȳ) ∈ Γ.
Now for all n ≥ n0,

0 ≤ [||xτ(n)+1 − p||2 + ||yτ(n)+1 − q||2]− [||xτ(n) − p||2 + ||yτ(n) − q||2]

≤ (1− ατ(n))[||xτ(n) − x̄||2 + ||yτ(n) − ȳ||2]− [||xτ(n) − p||2 + ||yτ(n) − q||2]

+ατ(n)[ατ(n)[||u− x̄||2 + ||v − ȳ||2] + 2(1− ατ(n))(〈xτ(n) − x̄, u− x̄〉+ 〈yτ(n) − ȳ, v − ȳ〉)],

which implies

||xτ(n) − x̄||2 + ||yτ(n) − ȳ||2 ≤ ατ(n)[||u− x̄||2 + ||v − ȳ||2] + 2(1− ατ(n))(〈xτ(n) − x̄, u− x̄〉
+〈yτ(n) − ȳ, v − ȳ〉)→ 0.

Hence
lim
n→∞

(||xτ(n) − x̄||2 + ||yτ(n) − ȳ||2) = 0.

Therefore,
lim
n→∞

Γτ(n) = lim
n→∞

Γτ(n)+1 = 0.

Moreover, for n ≥ n0, it is clear that Γτ(n) ≤ Γτ(n)+1 if n 6= τ(n) (that is τ(n) < n) because
Γj > Γj+1 for τ(n) + 1 ≤ j ≤ n.
Consequently for all n ≥ n0,

0 ≤ Γn ≤ max{Γτ(n),Γτ(n)+1} = Γτ(n)+1.

Thus, limn→∞ Γn = 0. That is {(xn, yn)} converges strongly to (x̄, ȳ).

Corollary 6.2.2. Let H1, H2, and H3 be real Hilbert spaces Let T : H1 → H1, S :
H2 → H2 be two nonexpansive mappings such that I − S and I − T are demi-closed at
0. Let fi and gi (i = 1, 2) be two convex and lower semicontinuous functions such that
f1 : H1 → R and f2 : H2 → R are differentiable with L1- and L2- Lipschitz continuous
gradient, g1 : H1 → R and g2 : H2 → R be simple maps and A : H1 → H3, B : H2 → H3

be bounded linear operators. Assume that the solution set Υ 6= ∅ and let the step-size

γn ∈
(
ε, 2||Atn−Brn||2
||A∗(Atn−Brn)||2+||B∗(Atn−Brn)||2 − ε

)
, n ∈ Ω

otherwise, γn = γ(γ being any nonegative value), where the set of indexes Ω = {n :
Atn −Brn 6= 0}.
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Let u, x0 ∈ Q1 and v, y0 ∈ Q2 be arbitrary and the sequences {(xn, , yn)}) be generated by



tn = (1− αn)xn + αnu

rn = (1− αn)yn + αnv

un = Proxδng1(I − δn∇f1)(tn − γnA∗(Atn −Brn))

vn = Proxδng2(I − δn∇f2)(rn + γnB
∗(Atn −Brn))

xn+1 = (1− ζn)un + ζnTun

yn+1 = (1− ψn)vn + ψnSvn

(6.2.43)

where {δn} is a sequence of positive real numbers and {αn}, {ζn} and {ψn} are sequences
in (0, 1), with conditions

i limn→∞ αn = 0,
∑∞

n=1 αn =∞,

ii ζn ∈ (a, 1− k1) ⊆ (0, 1) for some a > 0,

iii ψn ∈ (b, 1− k2) ⊆ (0, 1) for some b > 0.

Then {(xn, yn)} converges strongly to (x̄, ȳ) in Υ.

Corollary 6.2.3. Let H1, H2, and H3 be real Hilbert spaces. Let T : H1 → H1, S : H2 →
H2 be k1-strictly pseudocontractive and k2-strictly pseudocontractive mappings respectively
such that I −S and I −T are demi-closed at 0. Let fi and gi (i = 1, 2) be two convex and
lower semicontinuous functions such that f1 : H1 → R and f2 : H2 → R are differentiable
with L1- and L2- Lipschitz continuous gradient, g1 : H1 → R and g2 : H2 → R be simple
maps and A : H1 → H3, B : H2 → H3 be bounded linear operators. Assume that the

solution set Υ 6= ∅ and let the step-size γn ∈
(
ε, 2||Atn−Brn||2
||A∗(Atn−Brn)||2+||B∗(Atn−Brn)||2 − ε

)
, n ∈ Ω

otherwise, γn = γ(γ being any nonegative value), where the set of indexes Ω = {n :
Atn −Brn 6= 0}.
Let u, x0 ∈ Q1 and v, y0 ∈ Q2 be arbitrary and the sequences ({xn}, {yn}) be generated by



tn = (1− αn)xn + αnu

rn = (1− αn)yn + αnv

un = Proxδng1(I − δn∇f1)(tn − γnA∗(Atn −Brn))

vn = Proxδng2(I − δn∇f2)(rn + γnB
∗(Atn −Brn))

xn+1 = (1− ζn)un + ζnTun

yn+1 = (1− ψn)vn + ψnSvn

(6.2.44)

where {δn} is a sequence of positive real numbers and {αn}, {ζn} and {ψn} are sequences
in (0, 1), with conditions

i limn→∞ αn = 0,
∑∞

n=1 αn =∞,
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ii ζn ∈ (a, 1− k1) ⊆ (0, 1) for some a > 0,

iii ψn ∈ (b, 1− k2) ⊆ (0, 1) for some b > 0.

Then {(xn, yn)} converges strongly to (x̄, ȳ) in Υ.

6.2.1 Application to the split equality monotone variational in-
clusion problem

Let H1, H2 and H3 be real Hilbert spaces, A : H1 → H3 and B : H2 → H3 be two bounded
linear operators. Let f1 : H1 → H1, f2 : H2 → H2 be α1, (respectively, α2)-inverse strongly
monotone mappings and M1 : H1 → 2H1 , M2 : H2 → 2H2 be maximal monotone mappings.
The split equality monotone variational inclusion problem (SEMVIP) is to find x∗ ∈ H1

and y∗ ∈ H2 such that

0 ∈ f1(x∗) +M1(x∗), (6.2.45)

0 ∈ f2(y∗) +M2(y∗), and Ax∗ = By∗. (6.2.46)

Let SOL(fi,Mi), (i = 1, 2) be the solution set of SEMVIP. The operator JMi
σ (I−λφ) (i =

1, 2) is an averaged nonexpansive operator and F (JMi
σ (I − λfi)) =SOL(fi,Mi), i = 1, 2,

where σ > 0, λ ∈ (0, 2α) and JMi
σ (I −λφ) is the resolvent of Mi with parameter σ (see for

example [6, 136]).
Averaged nonexpansive mapping with nonempty fixed point set is also quasi-nonexpansive.
In Corollary 6.2.2, if we let T = JM1

σ (I − λf1) and S = JM2
σ (I − λf2), then we obtain a

strong convergence result for approximating a common solution of SEMVIP and SEMFPP.

6.3 Split equality for monotone inclusion problem and

fixed point problem in real Banach spaces

In this section, we study the following problem:

Let X1, X2 and X3 be p−uniformly convex Banach spaces which are also uniformly smooth
and A : X1 → X3, B : X2 → X3 be bounded linear operators. Let Mi : X1 → 2X

∗
1 , Ni :

X2 → 2X
∗
2 i = 1, 2, ...,m be multivalued maximal monotone mappings and T : X1 → X1,

S : X2 → X2 be right Bregman strongly nonexpansive mappings: Find x̄ ∈ F (T ) and
ȳ ∈ F (S) such that

0 ∈Mi(x̄), (6.3.1)

0 ∈ Ni(ȳ) and Ax̄ = Bȳ. (6.3.2)

Furthermore, motivated by the recent work of Shehu et al. [179] we propose a new iterative
algorithm and using the algorithm, we state and prove a strong convergence result for the
approximation of a solution of problem (6.3.1)-(6.3.2).
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6.3.1 Main result

Theorem 6.3.1. Let X1, X2 and X3 be three p-uniformly convex Banach space which are
also uniformly smooth and A : X1 → X3, B : X2 → X3 be two bounded linear operators.
Let Mi : X1 → 2X

∗
1 , Ni : X2 → 2X

∗
2 i = 1, 2, ...,m be multivalued maximal monotone

mappings and T : X1 → X1, S : X2 → X2 be right Bregman strongly nonexpansive map-
pings such that F (T ) = F̂ (T ) and F (S) = F̂ (S). Suppose that Γ 6= ∅ and {αn}, {βn}, are
sequences in (0, 1). Let u, x0 ∈ X1 and v, y0 ∈ X2 be arbitrary and the sequence {(xn, yn)}
be generated by



vn = ResλNmp ◦ResλNm−1
p ◦ · · · ◦ResλN1

p JX2
q

[
JX2
q (yn) + tnB

∗JX3
p (Axn −Byn)

]
;

un = ResλMm
p ◦ResλMm−1

p ◦ · · · ◦ResλM1
p J

X∗1
q

[
JX1
p (xn)− tnA∗JX3

p (Axn −Byn)
]

;

wn = J
X∗2
q

[
(1− βn)JX2

p (vn) + βnJ
X2
p Svn

]
;

zn = J
X∗1
q

[
(1− βn)JX1

p (un) + βnJ
X1
p Tun

]
;

yn+1 = J
X∗2
q

[
αnJ

X2
p (v) + (1− αn)JX2

p wn
]

;

xn+1 = J
X∗1
q

[
αnJ

X1
p (u) + (1− αn)JX1

p zn
]
,

(6.3.3)

with conditions

(i) limn→∞ αn = 0,

(ii)
∑∞

n=1 αn =∞,

(iii) 0 < t ≤ tn ≤ k ≤
(

q
2Cq ||A||q

) 1
q−1

, 0 < t ≤ tn ≤ k ≤
(

q
2Dq ||B||q

) 1
q−1

,

(iv) βn ∈ (a, b) for some a, b ∈ (0, 1).

Then {(xn, yn)} converges strongly to (x̄, ȳ) ∈ Γ.

Proof. Let (x∗, y∗) ∈ Γ, Φm = ResλMm
p ◦ResλMm−1

p ◦ · · · ◦ResλM1
p , where Φ0 = I and Ψm =

ResλNmp ◦ResλNm−1
p ◦· · ·◦ResλN1

p , where Ψ0 = I. Let an = J
X∗1
q

[
JX1
p (xn)− tnA∗JX3

p (Axn −Byn)
]

and
bn = J

X∗2
q

[
JX2
p (yn) + tnB

∗JX3
p (Axn −Byn)

]
. Then, using (2.1.25), (6.3.3) and Lemma
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2.1.27, we have

∆p(un, x
∗) = ∆p(Φ

mJX
∗
1

q

[
JX1
p (xn)− tnA∗JX3

p (Axn −Byn)
]
, x∗)

≤ ∆p(Φ
m−1JX

∗
1

q

[
JX1
p (xn)− tnA∗JX3

p (Axn −Byn)
]
, x∗)

...

≤ ∆p(J
X∗1
q

[
JX1
p (xn)− tnA∗JX3

p (Axn −Byn)
]
, x∗)

=
1

q
||JX1

p (xn)− tnA∗JX3
p (Axn −Byn)||q − 〈JX1

p (xn), x∗〉

+tn〈Ax∗, JX3
p (Axn −Byn)〉+

1

p
||x∗||p

≤ 1

q
||JX1

p (xn)||q − tn〈Axn, JX3
p (Axn −Byn)〉+

Cq(tn||A||)q
q

||JX3
p (Axn −Byn)||q

−〈JX1
p (xn), x∗〉+

1

p
||x∗||p + tn〈Ax∗, JX3

P (Axn −Byn)〉

=
1

q
||xn||p − 〈JX1

p (xn), x∗〉+
1

p
||x∗||p + tn〈Ax∗ − Axn, JX3

p (Axn −Byn)〉

+
Cq(tn||A||)q

q
||(Axn −Byn)||p

= ∆p(xn, x
∗) + tn〈JX3

p (Axn −Byn), Ax∗ − Axn〉

+
Cq(tn||A||)q

q
||Axn −Byn||p. (6.3.4)

Similarly, from (6.3.3) and Lemma 2.1.27, we have

∆p(vn, y
∗) ≤ ∆p(yn, y

∗)− tn〈JX3
p (Axn −Byn), By∗ −Byn〉

+
Dq(tn||B||)q

q
||Axn −Byn||p. (6.3.5)

Adding (6.3.4) and (6.3.5) and using the fact that Ax∗ = By∗, we have

∆p(un, x
∗) + ∆p(vn, y

∗) ≤ ∆p(xn, x
∗) + ∆p(yn, y

∗)− tn〈JX3
p (Axn −Byn), Axn −Byn〉

+
Cq(tn||A||)q

q
||Axn −Byn||p +

Dq(tn||B||)q
q

||Axn −Byn||p

= ∆p(xn, x
∗) + ∆p(yn, y

∗)

−
[
tn −

(
Cq(tn||A||)q

q
+
Dq(tn||B||)q

q

)]
||Axn −Byn||p.(6.3.6)

Using condition (iii) in (6.3.6), we have

∆p(un, x
∗) + ∆p(vn, y

∗) ≤ ∆p(xn, x
∗) + ∆p(yn, y

∗). (6.3.7)

From (6.3.3) and (2.1.24), we have

∆p(zn, x
∗) = ∆p

(
JX

∗
1

q

[
(1− βn)JX

∗
1

p un + βnJ
X∗1
p Tun

]
, x∗
)

≤ (1− βn)∆p(un, x
∗) + βn∆p(Tun, x

∗)

≤ (1− βn)∆p(un, x
∗) + βn∆p(Tun, x

∗)

≤ ∆p(un, x
∗). (6.3.8)
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Similarly, we have

∆p(wn, y
∗) ≤ ∆p(vn, y

∗). (6.3.9)

From (6.3.3) and (6.3.8) and (2.1.24), we have

∆p(xn+1, x
∗) = ∆p

(
JX

∗
1

q

[
αnJ

X1
p (u) + (1− αn)JX1

p zn
]
, x∗
)

≤ αn∆p(u, x
∗) + (1− αn)∆p(zn, x

∗)

≤ αn∆p(u, x
∗) + (1− αn)∆p(un, x

∗)

(6.3.10)

Similarly, from (6.3.3) and (6.3.9), we have

∆p(yn+1, y
∗) ≤ αn∆p(v, y

∗) + (1− αn)∆p(vn, y
∗). (6.3.11)

Adding (6.3.10) and (6.3.11) and using (6.3.7), we have

∆p(xn+1, x
∗) + ∆p(yn+1, y

∗) ≤ αn [∆p(u, x
∗) + ∆p(v, y

∗)] + (1− αn) [∆p(un, x
∗) + ∆p(vn, y

∗)]

≤ αn [∆p(u, x
∗) + ∆p(v, y

∗)] + (1− αn) [∆p(xn, x
∗) + ∆p(yn, y

∗)]

≤ max{∆p(u, x
∗) + ∆p(v, y

∗), ∆p(xn, x
∗) + ∆p(yn, y

∗)}
...

≤ max{∆p(u, x
∗) + ∆p(v, y

∗), ∆p(x0, x
∗) + ∆p(y0, y

∗)}. (6.3.12)

Therefore, {∆p(xn, x
∗)+∆p(yn, y

∗)} is bounded and consequently, {∆p(un, x
∗)+∆p(vn, y

∗)},
{xn}, {yn}, {un}, {vn}, {Axn} and {Byn} are all bounded.

Also, from (6.3.3) and inequality (2.1.23) with y∗ = −αn(JX1
p (u)− JX1

p (x∗)), we obtain

∆p(xn+1, x
∗) = ∆p

(
JX

∗
1

q

[
αnJ

X1
p (u) + (1− αn)JX1

p (zn)
]
, x∗
)

= Vp
(
αnJ

X1
p (u) + (1− αn)JX1

p (zn), x∗
)

≤ Vp
(
αnJ

X1
p (u) + (1− αn)JX1

p (zn)− αn(JX1
p (u)− JX1

p (x∗)), x∗
)

−〈−αn(JX1
p (u)− JX1

p (x∗)), JX
∗
1

q

[
αnJ

X1
p (u) + (1− αn)JX1

p (zn)
]
− x∗〉

= Vp
(
αnJ

X1
p (x∗) + (1− αn)JX1

p (zn), x∗
)

+ αn〈JX1
p (u)− JX1

p (x∗), xn+1 − x∗〉
= ∆p

(
JX

∗
1

q

[
αnJ

X1
p (x∗) + (1− αn)JX1

p (zn)
]
, x∗
)

+ αn〈JX1
p (u)− JX1

p (x∗), xn+1 − x∗〉
≤ αn∆p(x

∗, x∗) + (1− αn)∆p(zn, x
∗) + αn〈JX1

p (u)− JX1
p (x∗), xn+1 − x∗〉

≤ (1− αn)∆p(zn, x
∗) + αn〈JX1

p (u)− JX1
p (x∗), xn+1 − x∗〉

≤ (1− αn)∆p(un, x
∗) + αn〈JX1

p (u)− JX1
p (x∗), xn+1 − x∗〉. (6.3.13)

Similarly, we have

∆p(yn+1, y
∗) ≤ (1− αn)∆p(vn, y

∗) + αn〈JX2
p (v)− JX2

p (y∗), yn+1 − y∗〉. (6.3.14)

Adding (6.3.13) and (6.3.14), we have

∆p(xn+1, x
∗) + ∆p(yn+1, y

∗) ≤ (1− αn) [∆p(un, x
∗) + ∆p(vn, y

∗)]

+αn
[
〈JX1

p (u)− JX1
p (x∗), xn+1 − x∗〉+ 〈JX2

p (v)− JX2
p (y∗), yn+1 − y∗〉

]
≤ (1− αn) [∆p(xn, x

∗) + ∆p(yn, y
∗)]

+αn

[
〈JX1

p (u)− JX1
p (x∗), xn+1 − x∗〉

+〈JX2
p (v)− JX2

p (y∗), yn+1 − y∗〉
]
. (6.3.15)
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We now consider two cases to establish the strong convergence of {(xn, yn)} to (x̄, ȳ).
Case 1. Suppose that {∆p(xn, x

∗)+∆p(yn, y
∗)} is monotone non-increasing, then {∆p(xn, x

∗)+
∆p(yn, y

∗)} is convergent. Thus,

lim
n→∞

[(∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))− (∆p(xn, x
∗) + ∆p(yn, y

∗))] = 0.

From (6.3.8), (6.3.9), (6.3.10) and (6.3.11), we have

0 ≤ (∆p(un, x
∗) + ∆p(vn, y

∗))− (∆p(wn, x
∗) + ∆p(zn, y

∗))

= (∆p(un, x
∗) + ∆p(vn, y

∗))− (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))

+ (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))− (∆p(wn, x
∗) + ∆p(zn, y

∗))

≤ (∆p(xn, x
∗) + ∆p(yn, y

∗))− (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))

+αn (∆p(u, x
∗) + ∆p(v, y

∗)) + (1− αn) (∆p(un, x
∗) + ∆p(vn, y

∗))

− (∆p(un, x
∗) + ∆p(vn, y

∗))→ 0, as n→∞,

which implies

lim
n→∞

(∆p(un, x
∗)−∆p(zn, x

∗)) = lim
n→∞

(∆p(vn, y
∗)−∆p(wn, y

∗)) = 0. (6.3.16)

Also, from the definition of zn, we have

∆p(zn, x
∗) = ∆p

(
JX

∗
1

q

(
(1− βn)JX1

p (un) + βnJ
X1
p (Tun)

)
, x∗
)

≤ (1− βn)∆p(un, x
∗) + βn∆p(Tun, x

∗)

= ∆p(un, x
∗) + βn [∆p(Tun, x

∗)−∆p(un, x
∗)] .

(6.3.17)

Also, from (6.3.16), (6.3.17) and condition (iv) we obtain

βn (∆p(un, x
∗)−∆p(Tun, x

∗)) ≤ ∆p(un, x
∗)−∆p(zn, x

∗)→ 0, as n→∞. (6.3.18)

Since {βn} is bounded (see condition (iv)), we have

lim
n→∞

(∆p(un, x
∗)−∆p(Tun, x

∗)) = 0. (6.3.19)

Similarly, we have

lim
n→∞

(∆p(vn, y
∗)−∆p(Svn, y

∗)) = 0. (6.3.20)

Since T and S are right Bregman strongly nonexpansive mappings, then from (6.3.19) and
(6.3.20), we have

lim
n→∞

∆p(Tun, un) = 0

and
lim
n→∞

∆p(Svn, vn) = 0

respectively, which implies

lim
n→∞

||Tun − un|| = 0 (6.3.21)
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and

lim
n→∞

||Svn − vn|| = 0. (6.3.22)

From (6.3.6) and (6.3.13), we have

[
tn −

(
Cq(tn||A||)q

q
+
Dq(tn||B||)q

q

)]
||Axn −Byn||p

≤ (∆p(xn, x
∗) + ∆p(yn, y

∗))− (∆p(un, x
∗) + ∆p(vn, y

∗))

= (∆p(xn, x
∗) + ∆p(yn, y

∗))− (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))

+ (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))− (∆p(un, x
∗) + ∆p(vn, y

∗))

≤ (∆p(xn, x
∗) + ∆p(yn, y

∗))− (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))

+(1− αn) (∆p(un, x
∗) + ∆p(vn, y

∗))− (∆p(un, x
∗) + ∆p(vn, y

∗))

+αn
[
〈JX1

p (u)− JX1
p (x∗), xn+1 − x∗〉+ 〈JX2

p (v)− JX2
p (y∗), yn+1 − y∗〉

]
= (∆p(xn, x

∗) + ∆p(yn, y
∗))− (∆p(xn+1, x

∗) + ∆p(yn+1, y
∗))

+αn(〈JX1
p (u)− JX1

p (x∗), xn+1 − x∗〉 −∆p(un, x
∗))

+αn(〈JX2
p (v)− JX2

p (y∗), yn+1 − y∗〉 −∆p(vn, y
∗))→ 0, as n→∞.

That is,

lim
n→∞

[
tn −

(
Cq(tn||A||)q

q
+
Dq(tn||B||)q

q

)]
||Axn −Byn||p = 0.

Since 0 < t
(

1−
(
Cqkq−1(||A||)q

q
+ Dqkq−1(||B||)q

q

))
≤
(
tn −

(
Cq(tn||A||)q

q
+ Dq(tn||B||)q

q

))
, we

have

lim
n→∞

||Axn −Byn||p = 0. (6.3.23)

From the definitions of an and bn, we have

||JX1
p an − JX1

p xn|| = ||JX1
p (xn)− tnA∗JX3

p (Axn −Byn)− JX1
p (xn)||

≤ tn||A∗||||JX3
p (Axn −Byn)||

≤
(

q

Cq||A||q
) 1

q−1

||A∗||||Axn −Byn|| → 0, n→∞.

Since J
X∗1
p is norm to norm uniformly continuous on bounded subsets of X∗1 , we have

lim
n→∞

||an − xn|| = 0. (6.3.24)

Similarly, we have

lim
n→∞

||bn − yn|| = 0. (6.3.25)
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Since ResλMm
p is a right Bregman firmly nonexpansive mapping, we have

∆p

(
ResλMm

p (Φm−1an), x∗
)

+ ∆p

(
x∗,ResλMm

p (Φm−1an)
)

+ ∆p(Φ
m−1an,ResλMm

p (Φm−1an)) + ∆p(x
∗, x∗)

≤ ∆p(Φ
m−1an, x

∗) + ∆p

(
x∗,ResλMm

p (Φm−1an)
)
,

which implies

∆p

(
ResλMm

p (Φm−1an), x∗
)

+ ∆p

(
Φm−1an,ResλMm

p (Φm−1an)
)
≤ ∆p(Φ

m−1an, x
∗).

That is,

∆p(Φ
m−1an,Φ

man) ≤ ∆p(Φ
m−1an, x

∗)−∆p(Φ
man, x

∗). (6.3.26)

Similarly, we have

∆p(Ψ
Nbn,Ψ

N−1bn) ≤ ∆p(Ψ
N−1bn, y

∗)−∆p(Ψ
Nbn, y

∗). (6.3.27)

Adding (6.3.26) and (6.3.27), we have

∆p(Φ
m−1an,Φ

man) + ∆p(Ψ
N−1bn,Ψ

Nbn)

≤ ∆p(Φ
m−1an, x

∗) + ∆p(Ψ
N−1bn, y

∗)−
(
∆p(Φ

man, x
∗) + ∆p(Ψ

Nbn, y
∗)
)

...

≤ ∆p(an, x
∗) + ∆p(bn, y

∗)−
(
∆p(Φ

man, x
∗) + ∆p(Ψ

Nbn, y
∗)
)

(6.3.28)

≤ (∆p(xn, x
∗) + ∆p(yn, y

∗))−
(
∆p(Φ

man, x
∗) + ∆p(Ψ

Nbn, y
∗)
)

= (∆p(xn, x
∗) + ∆p(yn, y

∗))− (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))

+ (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))− (∆p(un, x
∗) + ∆p(vn, y

∗))

≤ (∆p(xn, x
∗) + ∆p(yn, y

∗))− (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))

+(1− αn) (∆p(un, x
∗) + ∆p(vn, y

∗))− (∆p(un, x
∗) + ∆p(vn, y

∗))

+αn
[
〈JX1

p (u)− JX1
p (x∗), xn+1 − x∗〉+ 〈JX2

p (v)− JX2
p (y∗), yn+1 − y∗〉

]
= (∆p(xn, x

∗) + ∆p(yn, y
∗))− (∆p(xn+1, x

∗) + ∆p(yn+1, y
∗))

+αn(〈JX1
p (u)− JX1

p (x∗), xn+1 − x∗〉 −∆p(un, x
∗))

+αn(〈JX2
p (v)− JX2

p (y∗), yn+1 − y∗〉 −∆p(vn, y
∗))→ 0, as n→∞, (6.3.29)

which implies

lim
n→∞

∆p(Φ
m−1an,Φ

man) = lim
n→∞

∆p(Ψ
N−1bn,Ψ

Nbn) = 0. (6.3.30)
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By the same argument as (6.3.26)-(6.3.28), we have

∆p(Φ
m−2an,Φ

m−1an) + ∆p(Ψ
N−2bn,Ψ

N−1bn)

≤ ∆p(an, x
∗) + ∆p(bn, y

∗)−
(
∆p(Φ

m−1an, x
∗) + ∆p(Ψ

N−1bn, y
∗)
)

≤ (∆p(xn, x
∗) + ∆p(yn, y

∗))−
(
∆p(Φ

man, x
∗) + ∆p(Ψ

Nbn, y
∗)
)

= (∆p(xn, x
∗) + ∆p(yn, y

∗))− (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))

+ (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))− (∆p(un, x
∗) + ∆p(vn, y

∗))

≤ (∆p(xn, x
∗) + ∆p(yn, y

∗))− (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))

+(1− αn) (∆p(un, x
∗) + ∆p(vn, y

∗))− (∆p(un, x
∗) + ∆p(vn, y

∗))

+αn
[
〈JX1

p (u)− JX1
p (x∗), xn+1 − x∗〉+ 〈JX2

p (v)− JX2
p (y∗), yn+1 − y∗〉

]
= (∆p(xn, x

∗) + ∆p(yn, y
∗))− (∆p(xn+1, x

∗) + ∆p(yn+1, y
∗))

+αn(〈JX1
p (u)− JX1

p (x∗), xn+1 − x∗〉 −∆p(un, x
∗))

+αn(〈JX2
p (v)− JX2

p (y∗), yn+1 − y∗〉 −∆p(vn, y
∗))→ 0, as n→∞, (6.3.31)

which implies

lim
n→∞

∆p(Φ
m−2an,Φ

m−1an) = lim
n→∞

∆p(Ψ
N−2bn,Ψ

N−1bn) = 0. (6.3.32)

Continuing in the same manner, we have that

lim
n→∞

∆p(Φ
m−3an,Φ

m−2an) = · · · = lim
n→∞

∆p(Φ
1an,Φ

2an) = lim
n→∞

∆p(an,Φ
1an) = 0,(6.3.33)

and

lim
n→∞

∆p(Ψ
N−3an,Ψ

N−2an) = · · · = lim
n→∞

∆p(Ψ
1an,Ψ

2an) = lim
n→∞

∆p(an,Φ
1an) = 0.(6.3.34)

From (6.3.30), (6.3.32), (6.3.33) and (6.3.34), we can conclude that

lim
n→∞

∆p(Φ
l−1an,Φ

lan) = 0, l = 1, 2, . . . ,m,

lim
n→∞

∆p(Ψ
r−1bn,Ψ

rbn) = 0, r = 1, 2, . . . , N.

Which implies

lim
n→∞

||Φlan − Φl−1an|| = 0, l = 1, 2, . . . ,m, (6.3.35)

lim
n→∞

||Ψrbn −Ψr−1bn|| = 0, r = 1, 2, . . . , N. (6.3.36)

Also, we have that
lim
n→∞

‖an − Φ(an)‖ = 0.

Hence,

lim
n→∞

||an − un|| ≤ lim
n→∞

[
||an − Φ1an||+ ||Φ1an − Φ2an||+ · · ·+ ||Φm−1an − un||

]
→ 0,(6.3.37)
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which implies

lim
n→∞

||an − un|| = 0. (6.3.38)

Similarly, we obtain

lim
n→∞

||bn − vn|| = 0. (6.3.39)

From (6.3.24) and (6.3.38), we have

lim
n→∞

||xn − un|| = 0. (6.3.40)

Similarly, we have

lim
n→∞

||yn − vn|| = 0. (6.3.41)

Also we have

‖xn − Txn‖ = ‖xn − un + un − Tun + Tun − Txn‖
≤ ‖xn − un‖+ ‖un − Tun‖+ ‖Tun − Txn‖
≤ 2‖un − xn‖+ ‖un − Tun‖.

Hence from (6.3.21) and (6.3.40), we obtain

lim
n→∞

‖xn − Txn‖ = 0. (6.3.42)

Similarly, from (6.3.22) and (6.3.41) we obtain

lim
n→∞

‖yn − Syn‖ = 0. (6.3.43)

Since JX1
p and JX2

p are uniformly continuous on bounded subsets of X1 and X2 respectively,
we have from (6.3.35) and (6.3.36) that

lim
n→∞

||JX1
p Φlan − JX1

p Φl−1an|| = 0, l = 1, 2, . . . ,m, (6.3.44)

and

lim
n→∞

||JX2
p Ψrbn − JX2

p Ψr−1bn|| = 0, r = 1, 2, . . . , N. (6.3.45)

Since {xn} is bounded in X1 and X1 is reflexive, there exists a subsequence {xnj} of {xn}
that converges weakly to x̄. By (6.3.42), we have that x̄ ∈ F (T ) since F (T ) = F̂ (T ). Also
since {yn} is bounded in X2 and X2 is reflexive, there exists a subsequence {ynj} of {yn}
that converges weakly to ȳ. By (6.3.43), we have that ȳ ∈ F (S) since F (S) = F̂ (S).

Next, we show that 0 ∈Ml(x̄) and 0 ∈Mr(ȳ), for each l = 1, 2, . . . ,m and r = 1, 2, . . . , N .
Let i ∈ {1, 2, 3, ...m}. Let (z, η) ∈ G(Ml), then η ∈ Mlz., From Φlan = ResλMl

p (Φl−1an),
we have that

JX1
p Φl−1an ∈

(
JX1
p + λMl

)
Φlan,
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which implies
1

λ

(
JX1
p Φl−1an − JX1

p Φlan
)
∈MlΦ

lan.

By the monotonicity of Ml, for each l = 1, 2, . . . ,m, we have

〈η − 1

λ

(
JX1
p Φl−1an − JX1

p Φlan
)
, z − Φlan〉 ≥ 0.

This implies

〈η, z − Φlan〉 ≥
〈

1

λ

(
JX1
p Φl−1an − JX1

p Φlan
)
, z − Φl−1an

〉
.

Since {xn} converges weakly to x̄, we have from (6.3.44) and (6.3.40) that

〈η, z − x̄〉 ≥ 0.

Hence, by the maximal monotonicity of Ml, we have that 0 ∈Ml(x̄). Since i was arbitrary,
we have 0 ∈ ∩ml=1Ml(x̄).

By similar argument, we obtain that 0 ∈ ∩Nr=1Mr(ȳ).

We now show that Ax̄ = Bȳ.
Since A : X1 → X3 and B : X2 → X3 are bounded linear operators,and {xn} and {yn}
converges weakly to x̄ and ȳ, respectively we have that for arbitrary f ∈ X∗3 ,

f(Axn) = (f ◦ A)(xn)→ (f ◦ A)(x̄) = f(Ax̄).

Similarly
f(Bxn) = (f ◦B)(yn)→ (f ◦B)(ȳ) = f(Bȳ).

This convergence implies that

Axn −Byn ⇀ Ax̄−Bȳ.

Also, by weakly semi-continuity of the norm, it follows that

||Ax̄−Bȳ|| ≤ lim inf
n→∞

||Axn −Byn|| = 0. (6.3.46)

That is, Ax̄ = Bȳ. Therefore (x̄, ȳ) ∈ Γ.

We now show that {(xn, yn)} converges strongly to (x̄, ȳ).

∆p(zn, un) ≤ (1− βn)∆p(un, un) + βn∆p(Tun, un)→ 0, as n→∞. (6.3.47)

Also, we have

∆p(xn+1, un) = ∆p

(
JX

∗
1

q

[
αnJ

X1
p (u) + (1− αn)JX1

p zn
]
, un
)

≤ αn∆p(u, un) + (1− αn)∆p(zn, un)→ 0, as n→∞, (6.3.48)

which implies

lim
n→∞

||xn+1 − un|| = 0. (6.3.49)
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Similarly, we have

lim
n→∞

||yn+1 − vn|| = 0. (6.3.50)

From (6.3.40) and (6.3.49), we have

lim
n→∞

||xn+1 − xn|| = 0. (6.3.51)

Similarly, we have

lim
n→∞

||yn+1 − yn|| = 0. (6.3.52)

From (6.3.15), we have

∆p(xn+1, x̄) + ∆p(yn+1, ȳ) ≤ (1− αn) [∆p(xn, x̄) + ∆p(yn, ȳ)]

+αn

[
〈JX1

p (u)− JX1
p (x̄), xn+1 − x̄〉

+〈JX2
p (v)− JX2

p (ȳ), yn+1 − ȳ〉
]
. (6.3.53)

Using Lemma 2.3.14 in (6.3.53), we conclude that {(xn, yn)} converges strongly to (x̄, ȳ).
Case 2: Suppose that there exists a subsequence {ni} of {n} such that

∆p(xni , x
∗) + ∆p(yni , y

∗) < ∆p(xni+1, x
∗) + ∆p(yni+1, y

∗) ∀ i ∈ N.

By Lemma 2.3.15, we can find a nondecreasing sequence {mk} ⊂ N such that mk → ∞
and for all k ∈ N, we have

∆p(xmk , x
∗) + ∆p(ymk , y

∗) ≤ ∆p(xmk+1, x
∗) + ∆p(ymk+1, y

∗)

and

∆p(xk, x
∗) + ∆p(yk, y

∗) ≤ ∆p(xmk+1, x
∗) + ∆p(ymk+1, y

∗). (6.3.54)

Then, by the same arguments as in (6.3.16), (6.3.17) and (6.3.18), we have that

lim
k→∞
||Tumk − umk || = 0 (6.3.55)

and

lim
k→∞
||Svmk − vmk || = 0. (6.3.56)

From (6.3.15), we have

∆p(xmk+1, x̄) + ∆p(ymk+1, ȳ) ≤ (1− αmk) (∆p(xmk , x̄) + ∆p(ymk , ȳ))

+αmk

(
〈JX1

p (u)− JX1
p (x̄), xmk+1 − x̄〉

+〈JX2
p (v)− JX2

p (ȳ), ymk+1 − ȳ〉
)
, (6.3.57)

156



which implies

αmk (∆p(xmk , x̄) + ∆p(ymk , ȳ)) ≤ (∆p(xmk , x̄) + ∆p(ymk , ȳ))− (∆p(xmk+1, x̄) + ∆p(ymk+1, ȳ))

+αmk

(
〈JX1

p (u)− JX1
p (x̄), xmk+1 − x̄〉

+〈JX2
p (v)− JX2

p (ȳ), ymk+1 − ȳ〉
)

≤ αmk

(
〈JX1

p (u)− JX1
p (x̄), xmk+1 − x̄〉

+〈JX2
p (v)− JX2

p (ȳ), ymk+1 − ȳ〉
)
. (6.3.58)

That is

(∆p(xmk , x̄) + ∆p(ymk , ȳ)) ≤
(
〈JX1

p (u)− JX1
p (x̄), xmk+1 − x̄〉+ 〈JX2

p (v)− JX2
p (ȳ), ymk+1 − ȳ〉

)
.

Which implies

lim
k→∞

(∆p(xmk , x̄) + ∆p(ymk , ȳ)) = 0. (6.3.59)

From (6.3.54) and (6.3.59), we have

∆p(xk, x̄) + ∆p(yk, ȳ) ≤ ∆p(xmk+1, x̄) + ∆p(ymk+1, ȳ)→ 0, as k →∞,

which implies that {(xk, yk)} converges strongly to (x̄, ȳ). Thus, {(xn, yn)} converges
strongly to (x̄, ȳ) ∈ Γ.

Corollary 6.3.2. Let X1, X2 and X3 be three p-uniformly convex real Banach spaces which
are also uniformly smooth and A : X1 → X3, B : X2 → X3 be two bounded linear opera-
tors. Let M : X1 → 2X

∗
1 , N : X2 → 2X

∗
2 be multivalued maximal monotone mappings and

T : X1 → X1, S : X2 → X2 be right Bregman strongly nonexpansive mappings such that
F (T ) = F̂ (T ) and F (S) = F̂ (S). Suppose that Γ := {(x̄, ȳ) ∈ F (T )× F (S) such that 0 ∈
M(x̄), 0 ∈ N(ȳ) and Ax̄ = Bȳ} 6= ∅ and {αn}, {βn}, are sequences in (0, 1). Let u, x0 ∈ X1

and v, y0 ∈ X2 be arbitrary and the sequence {(xn, yn)} be generated by



vn = ResλNp JX2
q

[
JX2
q (yn) + tnB

∗JX3
p (Axn −Byn)

]
;

un = ResλMp J
X∗1
q

[
JX1
p (xn)− tnA∗JX3

p (Axn −Byn)
]

;

wn = J
X∗2
q

[
(1− βn)JX2

p (vn) + βnJ
X2
p Svn

]
;

zn = J
X∗1
q

[
(1− βn)JX1

p (un) + βnJ
X1
p Tun

]
;

yn+1 = J
X∗2
q

[
αnJ

X2
p (v) + (1− αn)JX2

p wn
]

;

xn+1 = J
X∗1
q

[
αnJ

X1
p (u) + (1− αn)JX1

p zn
]
,

(6.3.60)

with conditions

(i) limn→∞ αn = 0,

(ii)
∑∞

n=1 αn =∞,
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(iii) 0 < t ≤ tn ≤ k ≤
(

q
2Cq ||A||q

) 1
q−1

, 0 < t ≤ tn ≤ k ≤
(

q
2Dq ||B||q

) 1
q−1

,

(iv) βn ∈ (a, b) for some a, b ∈ (0, 1).

Then {(xn, yn)} converges strongly to (x̄, ȳ) ∈ Γ.

Recall that in a real Hilbert space, the duality mapping Jp becomes the identity mapping
I. Thus, the resolvent of M now becomes:

ResλMp = (I + λM)−1 ◦ I = (I + λM)−1 =: JMλ .

Also note that if H is a real Hilbert space, then H = H∗. Using these facts, we obtain the
following corollary in real Hilbert spaces.

Corollary 6.3.3. Let H1, H2 and H3 be three real Hilbert spaces and A : H1 → H3, B :
H2 → H3 be two bounded linear operators. Let Mi : H1 → 2H1 , Ni : H2 → 2H2

i = 1, 2, ...,m be multivalued maximal monotone mappings and T : H1 → H1, S : H2 → H2

be strongly nonexpansive mappings. Suppose that Γ 6= ∅ and {αn}, {βn}, are sequences in
(0, 1). Let u, x0 ∈ H1 and v, y0 ∈ H2 be arbitrary and the sequence {(xn, yn)} be generated
by



vn = JNmλ ◦ JNm−1

λ ◦ · · · ◦ JN1
λ [yn + tnB

∗(Axn −Byn)] ;

un = JMm
λ ◦ JMm−1

λ ◦ · · · ◦ JM1
λ [xn − tnA∗(Axn −Byn)] ;

wn = (1− βn)vn + βnSvn;

zn = (1− βn)un + βnTun;

yn+1 = αnv + (1− αn)wn;

xn+1 = αnu+ (1− αn)zn,

(6.3.61)

with conditions

(i) limn→∞ αn = 0,

(ii)
∑∞

n=1 αn =∞,

(iii) tn ∈
(
ε,

2||Axn −Byn||2
||A∗(Axn −Byn)||2 + ||B∗(Axn −Byn)||2 − ε

)
, n ∈ Ω otherwise, tn = t (t

being any nonegative value), where the set of indexes Ω = {n : Axn −Byn 6= 0},

(iv) βn ∈ (a, b) for some a, b ∈ (0, 1).

Then {(xn, yn)} converges strongly to (x̄, ȳ) ∈ Γ.
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6.3.2 Application to split equality variational inequality problem
and split equality fixed point problem

Let D : C ⊂ X → X∗ be strongly positive bounded linear mapping with coefficient τ > 0
and f : C ⊂ X → X∗ be a contraction mapping with coefficient 0 < α < 1. Then Lemma
2.3.18 also holds in a more general Banach space, i.e., we have that (D−γf) is a monotone
operator in X. Indeed, for all x, y ∈ C and 0 < γ < τ

α
, we obtain

〈(D − γf)x− (D − γf)y, x− y〉 = 〈Ax− Ay − γ(fx− fy), x− y〉
= 〈Ax− Ay, x− y〉 − γ〈fx− fy, x− y〉
≥ τ ||x− y||2 − γ||fx− fy||||x− y||
≥ τ ||x− y||2 − γα||x− y||2,

which implies that 〈(D − γf)x− (D − γf)y, x− y〉 ≥ 0.

It can also be shown that (D− γf) is a Lipschitzian mapping. Indeed, ∀x, y ∈ C, we have

‖(D − τf)x− (D − τf)y‖∗ = ‖Dx− τfx−Dy + τfy‖∗
≤ ‖Dx−Dy‖∗ + τ‖fx− fy‖∗
≤ k‖x− y‖+ τα‖x− y‖
≤ (k + ατ)‖x− y‖, (6.3.62)

which implies that (D−τf) is Lipschitzian with coefficient L = k+ατ. Hence, (D−τf) is
a monotone and L-Lipschitz mapping if 0 < γ < τ

α
. Therefore, if we define M : X → 2X

∗

by

Mx =

{
NCx+ (D − τf)x if x ∈ C,
∅ if x /∈ C, (6.3.63)

where NCx is the normal cone of C at x, defined by

NCx = {w ∈ X∗ : 〈w, x− y〉 ≥ 0, ∀y ∈ C}.

Then, M is maximal monotone and M−1(0) = V IP (C,D − τf) (see, for example, [[150],
Theorem 3]), where V IP (C,D− τf) is the solution set of the variational inequality prob-
lem: Find x∗ ∈ C such that

〈(D − τf)x∗, y − x∗〉 ≥ 0 ∀y ∈ C. (6.3.64)

Let Γ∗ := {(x̄, ȳ) ∈ F (T )×F (S), such that (x̄, ȳ) ∈ (∩ml=1V IP (C,Dl − τfl))×
(
∩Nr=1V IP (Q,Dr − τfr)

)
}.

Then, we state the following theorem for approximating a common solution of split equal-
ity variational inequality problem and split equality fixed point problem, whose proof
follows from the proof of Theorem 6.3.1.

Theorem 6.3.4. Let X1, X2 and X3 be three p-uniformly convex real Banach spaces which
are also uniformly smooth and C, Q be nonempty, closed and convex subset of X1, X2

respectively. For each l = 1, 2, . . . ,m and r = 1, 2, . . . , N , let Dl : C → X∗1 , Dr : Q→ X∗2
be strongly positive bounded linear mappings with coefficient τ > 0 and fl : C → X∗1 ,
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fr : Q→ X∗2 be contraction mappings with coefficient 0 < α < 1 such that 0 < γ < τ
α

. Let
T : X1 → X1, S : X2 → X2 be right Bregamn strongly nonexpansive mappings such that
F (T ) = F̂ (T ) and F (S) = F̂ (S). Let A : X1 → X3, B : X2 → X3 be two bounded linear
operators and Γ∗ 6= ∅. Let the sequence {(xn, yn)} be generated by Algorithm 6.3.3, then
{(xn, yn)} converges strongly to (x̄, ȳ) ∈ Γ∗.

Remark 6.3.5. Our work extend results for split equality monotone inclusion problem
from the framework of Hilbert spaces to the more general p-uniformly convex Banach spaces
which are also uniformly smooth.

6.4 Solving split equality equilibrium and fixed point

problems in Banach spaces without prior knowl-

edge of the operator norms

Let H1, H2 and H3 be real Hilbert spaces, C and Q be nonempty closed convex subsets of
H1 and H2 respectively. Let F : C×C → R, G : Q×Q→ R be bifunctions, T : H1 → H1,
S : H2 → H2 be nonlinear operators and φ : H1 → H1, ψ2 → H2 be real-valued functions.
The Split Equality Generalized Mixed Equilibrium Problem (SEGMEP) is to find x̄ ∈ C
and ȳ ∈ Q such that

F (x̄, x) + 〈T x̄, x− x̄〉+ φ(x)− φ(x̄) ≥ 0, ∀ x ∈ C,
G(ȳ, y) + 〈Sȳ, x− ȳ〉+ ψ(y)− ψ(ȳ) ≥ 0, ∀ y ∈ Q,

and

Ax̄ = Bȳ,

where A : H1 → H3, and B : H2 → H3 are bounded linear operators. We denote the
set of solutions for the SEGMEP by SEGMEP (F,G, T, S, φ, ψ). It is easy to see that
the SEGMEP consist of two generalized mixed equilibrium problems with sets of solutions
GMEP (F, T, φ) and GMEP (G,R, ψ).

In this section, we consider the split equality problems in p-uniformly convex Banach
spaces which are also uniformly smooth. We propose a simultaneous iterative algorithm for
approximating a common solution of split equality fixed point problem for right Bregman
strongly quasi nonexpansive mappings and split equality generalized mixed equilibrium
problem in p-uniformly convex Banach spaces. We also introduce a choice of stepsize
for our algorithm so that the algorithm does not depend on the operator norms. Our
results in this paper extend and improve the result of Rahaman et al [147] and Karahan
[91] from Hilbert space to more general Banach spaces and many recent results on split
equality fixed point problem and common solution of split equality fixed point problem
and equilibrium problem obtained by many authors in literature.
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6.4.1 Main results

Theorem 6.4.1. Let X1, X2 and X3 be p-uniformly convex real Banach spaces which
are also uniformly smooth, C and Q be nonempty closed convex subsets of X1 and X2

respectively and A : X1 → X3, B : X2 → X3 be bounded linear operators and A∗ : X∗3 → X∗1
and B∗ : X∗3 → X∗2 be the adjoint of A and B. Let F : C × C → R and G : Q × Q → R
be bifunctions which satisfy conditions (A1)-(A4), S : C → X∗1 and R : Q → X∗2 be
continuous monotone mappings and φ : C → R ∪ {+∞} and ψ : Q → R ∪ {+∞} be
convex and lower semicontinuous mappings. Let T1 : C → C and T2 : Q → Q be right
Bregman strongly quasi-nonexpansive mappings such that F (T1) = F̂ (T1) and F (T2) =
F̂ (T2) respectively. Suppose Γ := SEGMEP (F,G, S,R, φ, ψ)∩F (T1)∩F (T2) 6= ∅. Choose
an initial guess x0 ∈ X1 and y0 ∈ X2 and let {αn}, {βn} be sequences in [a, b] ⊂ (0, 1).
For a fixed u ∈ C and v ∈ Q, assume that the nth iterate {(xn, yn)} ⊂ (X1×X2) has been
constructed, then we calculate the (n+ 1)th iterate (xn+1, yn+1) via the formula:

un = T FrnJ
X∗1
q (JX1

p (xn)− tnA∗JX3
p (Axn −Byn)),

xn+1 = J
X∗1
q (αnJ

X1
p (u) + (1− αn)(βnJ

X1
p (un) + (1− βn)JX1

p T1un)),

vn = TGrnJ
X∗2
q (JX2

p (yn) + tnB
∗JX3

p (Axn −Byn)),

yn+1 = J
X∗2
p (αnJ

X2
p (v) + (1− αn)(βnJ

X2
p (vn) + (1− βn)JX2

p )T2vn)),

(6.4.1)

where the stepsize tn is choosen in such a way that

tn ∈
(
ε,
( q||Axn −Byn||p
Cq||A∗JX3

p (Axn −Byn)||q +Qq||B∗JX3
p (Axn −Byn)||q

− ε
) 1
q−1
)
, n ∈ Ω,

for small enough ε, otherwise tn = t(t being any nonegative value ), where the set of indices
Ω = {n : Axn −Byn 6= 0}. Suppose the following conditions are satisfied:

(i) lim
n→∞

αn = 0 and
∑∞

n=0 αn =∞,

(ii) (1− αn)a < (1− βn), a ∈ (0, 1
2
),

(iii) 0 < lim inf
n→∞

βn ≤ lim sup
n→∞

βn < 1,

(iv) lim inf
n→∞

rn > 0.

Then the sequence {(xn, yn)} strongly converges to a solution (x∗, y∗) ∈ Γ.

Proof. Let (x∗, y∗) ∈ Γ. This means that T Frnx
∗ = x∗, T1x

∗ = x∗, TGrny
∗ = y∗, T2y

∗ = y∗ and
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Ax∗ = By∗. Thus, from (6.4.1) and (3.2.3), we have

∆p(un, x
∗) = ∆p(T

F
rnJ

X∗1
q (JX1

p (xn)− tnA∗JX3
p (Axn −Byn)), x∗)

≤ ∆p(J
X∗1
q (JX1

p (xn)− tnA∗JX3
p (Axn −Byn)), x∗)

= Vp(J
X1
p (xn)− tnA∗JX3

p (Axn −Byn)), x∗)

=
1

q
||JX1

p (xn)− tnA∗JX3
p (Axn −Byn)||q − 〈JX1

p (xn), x∗〉

+tn〈A∗JX3
p (Axn −Byn), x∗〉+

1

p
||x∗||p

≤ 1

q
||JX1

p (xn)||q − tn〈JX3
p (Axn −Byn), Axn〉+

Cq
q
tqn||A∗JX3

p (Axn −Byn)||q

−〈JX1
p (xn), x∗〉

+tn〈JX3
p (Axn −Byn), Ax∗〉+

1

p
||x∗||p

=
1

q
||xn||q − 〈JX1

p (xn), x∗〉+
1

p
||x∗||p − tn〈JX3

p (Axn −Byn), Axn − Ax∗〉

+
Cq
q
tqn||A∗JX3

p (Axn −Byn)||q

= ∆p(xn, x
∗)− tn〈JX3

p (Axn −Byn), Axn − Ax∗〉

+
Cqt

q
n

q
||A∗JX3

p (Axn −Byn)||q. (6.4.2)

Following similar process, we obtain

∆p(vn, y
∗) ≤ ∆p(yn, y

∗)− tn〈JX3
p (Axn −Byn), By∗ −Byn〉

+
Qqt

q
n

q
||B∗JX3

p (Axn −Byn)||q. (6.4.3)

Adding (6.4.2) and (6.4.3), noting that Ax∗ = By∗, we have

∆p(un, x
∗) + ∆p(vn, y

∗) ≤ ∆p(xn, x
∗) + ∆p(yn, y

∗)− tn
[
||Axn −Byn||p

−t
q−1
n

q
(Cq||A∗JX3

p (Axn −Byn)||q

+Qq||B∗JX3
p (Axn −Byn)||q)

]
. (6.4.4)

Thus
∆p(un, x

∗) + ∆p(vn, y
∗) ≤ ∆p(xn, x

∗) + ∆p(yn, y
∗). (6.4.5)

Also from (6.4.1) and (2.1.24), we have

∆p(xn+1, x
∗) = ∆p(J

X∗1
q (αnJ

X1
p (u) + (1− αn)(βnJ

X1
p (un) + (1− βn)JX1

p T1un)), x∗)

= ∆p(J
X∗1
q (αnJ

X1
p (u) + (1− αn)βnJ

X1
p (un) + (1− αn)(1− βn)JX1

p T1un), x∗)

≤ αn∆p(u, x
∗) + (1− αn)βn∆p(un, x

∗) + (1− αn)(1− βn)∆p(T1un, x
∗)

≤ αn∆p(u, x
∗) + (1− αn)βn∆p(un, x

∗) + (1− αn)(1− βn)∆p(un, x
∗)

= αn∆p(u, x
∗) + (1− α)∆p(un, x

∗). (6.4.6)
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Similarly, we have

∆p(yn+1, y
∗) ≤ αn∆p(v, y

∗) + (1− αn)∆p(vn, y
∗). (6.4.7)

Hence, from (6.4.5),(6.4.6) and (6.4.7), we have

∆p(xn+1, x
∗) + ∆p(yn+1, y

∗) ≤ αn(∆p(u, x
∗) + ∆p(v, y

∗)) + (1− αn)(∆p(un, x
∗) + ∆p(vn, y

∗))

≤ αn(∆p(u, x
∗) + ∆p(v, y

∗)) + (1− αn)(∆p(xn, x
∗)

+∆p(yn, y
∗)) (6.4.8)

≤ max{∆p(u, x
∗) + (∆p(v, y

∗),∆p(xn, x
∗) + ∆p(yn, y

∗)}
...

≤ max{∆p(u, x
∗) + (∆p(v, y

∗),∆p(x0, x
∗) + ∆p(y0, y

∗)}

. Thus {∆p(xn+1, x
∗)+∆p(yn+1, y

∗)} is bounded. Consequently, {∆p(xn, x
∗)} and {∆p(yn, y

∗)}
are bounded. It therefore, follows that {xn}, {yn}, {un} and {vn} are bounded.
Furthermore, from (6.4.1) and inequality (2.1.23), with ȳ = −αn(Jp(u)X1 − JX1

p (x∗)), we
have

∆p(xn+1, x
∗) = ∆p(J

X∗1
q (αnJ

X1
p (u) + (1− αn)(βnJ

X1
p (un) + (1− βn)JX1

p T1un)), x∗)

= Vp(αnJ
X1
p (u) + (1− αn)(βnJ

X1
p (un) + (1− βn)JX1

p T1un), x∗)

= Vp(αnJ
X1
p (u) + (1− αn)(βnJ

X1
p (un) + (1− βn)JX1

p T1un)− αn(JX1
p (u)− JX1

p (x∗)), x∗)

−〈αn(JX1
p (u)− JX1

p (x∗)), JX
∗
1

q (αnJ
X1
p (u) + (1− αn)(βnJ

X1
p (un) + (1− βn)JX1

p T1un))− x∗〉
= Vp(αnJ

X1
p (x∗) + (1− αn)(βnJ

X1
p (un) + (1− βn)JX1

p T1un), x∗)

+αn〈JX1
p (u)− JX1

p (x∗), xn+1 − x∗〉
= ∆p(J

X∗1
q (αnJ

X1
p (x∗) + (1− αn)(βnJ

X1
p (un) + (1− βn)JX1

p T1un)), x∗)

+αn〈JX1
p (u)− JX1

p (x∗), xn+1 − x∗〉
= ∆p(J

X∗1
q (αnJ

X1
p (x∗) + (1− αn)βnJ

X1
p (un) + (1− αn)(1− βn)JX1

p T1un), x∗)

+αn〈JX1
p (u)− JX1

p (x∗), xn+1 − x∗〉
≤ αn∆p(x

∗, x∗) + (1− βn)βn∆p(un, x
∗) + (1− αn)(1− βn)∆p(T1un, x

∗)

+αn〈JX1
p (u)− JX1

p (x∗), xn+1 − x∗〉
≤ (1− αn)∆p(un, x

∗) + αn〈JX1
p (u)− JX1

p (x∗), xn+1 − x∗〉,

Similarly, we can obtain

∆p(yn+1, y
∗) ≤ (1− αn)∆p(vn, y

∗) + αn〈JX2
p (v)− JX2

p (y∗), yn+1 − y∗〉.

Therefore, from (6.4.6), we have

∆p(xn+1, x
∗) + ∆p(yn+1, y

∗) ≤ (1− αn)(∆p(un, x
∗) + ∆p(vn, y

∗))

+αn(〈JX1
p (u)− JX1

p (x∗), xn+1 − x∗〉+ 〈JX2
p (v)− JX2

p (y∗), yn+1 − y∗〉)
≤ (1− αn)(∆p(xn, x

∗) + ∆p(yn, y
∗))

+αn(〈JX1
p (u)− JX1

p (x∗), xn+1 − x∗〉
+〈JX2

p (v)− JX2
p (y∗), yn+1 − y∗〉). (6.4.9)
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Now, by setting sn(x∗, y∗) := ∆p(xn, x
∗) + ∆p(yn, y

∗), we divide the remaining proof into
two cases.
CASE 1: Suppose there exists n0 ∈ N such that sn(x∗, y∗) is monotonically non-increasing
for all n ≥ n0. Then {sn(x∗, y∗)} converges as n→∞ and so

sn(x∗, y∗)− sn+1(x∗, y∗)→ 0 as n→∞.

Moreover, from (6.4.4) we have

tn

[
||Axn −Byn||p −

tq−1
n

q
(Cq||A∗JX3

p (Axn −Byn)||q +Qq||B∗JX3
p (Axn −Byn)||q)

]
≤ ∆p(xn, x

∗) + ∆p(yn, y
∗)− (∆p(un, x

∗) + (∆p(vn, y
∗)). (6.4.10)

Putting Λn := Cq||A∗JX3
p (Axn−Byn)||q+Qq||B∗JX3

p (Axn−Byn)||q, we have from (6.4.10)

tn

[
||Axn −Byn||p −

tq−1
n

q
Λn

]
≤ ∆p(xn, x

∗) + ∆p(yn, y
∗)− (∆p(un, x

∗) + (∆p(vn, y
∗))

= sn(x∗, y∗)− sn+1(x∗, y∗) + sn+1(x∗, y∗)

−(∆p(un, x
∗) + (∆p(vn, y

∗)). (6.4.11)

It follows from (6.4.9) and (6.4.11) and the fact that αn → 0 as n→∞ that

tn

[
||Axn −Byn||p −

tq−1
n

q
Λn

]
≤ sn(x∗, y∗)− sn+1(x∗, y∗) + (1− αn)(∆p(un, x

∗) + ∆p(vn, y
∗))

+αn(〈JX1
p (u)− JX1

p (x∗), xn+1 − x∗〉+ 〈JX2
p (v)− JX2

p (y∗), yn+1 − y∗〉)
−(∆p(un, x

∗) + (∆p(vn, y
∗))→ 0, (6.4.12)

as n→∞. By the condition on the stepsize tn, we have that

tq−1
n <

q||Axn −Byn||p
Λn

− ε,

which implies that
tq−1
n Λn < q||Axn −Byn||p − εΛn.

Thus
εΛn

q
< ||Axn −Byn||p −

tq−1
n

q
Λn → 0, as n→∞.

Therefore,

Cq||A∗JX3
p (Axn −Byn)||q +Qq||B∗JX3

p (Axn −Byn)||q → 0 as n→∞.

It follows that

lim
n→∞

||A∗JX3

p (Axn −Byn)||q = 0, (6.4.13)

and

lim
n→∞

||B∗JX3

p (Axn −Byn)||q = 0. (6.4.14)
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Also, we have that

tn||Axn −Byn||p ≤ sn(x∗, y∗)− sn+1(x∗, y∗) + (1− αn)(∆p(un, x
∗) + ∆p(vn, y

∗))

+αn(〈JX1
p (u)− JX1

p (x∗), xn+1 − x∗〉+ 〈JX2
p (v)− JX2

p (y∗), yn+1 − y∗〉)

−(∆p(un, x
∗) + (∆p(vn, y

∗)) +
tqn
q

Λn → 0,

as n→∞. Hence

lim
n→∞

||Axn −Byn||p = 0. (6.4.15)

Putting
kn = βnJ

X1
p un + (1− βn)JX1

p T1un, (6.4.16)

and
ln = βnJ

X2
p vn + (1− βn)JX2

p T2vn, (6.4.17)

we have,

∆p(kn, x
∗) ≤ βn∆p(un, x

∗) + (1− βn)∆p(T1un, x
∗)

≤ βn∆p(un, x
∗) + (1− βn)∆p(un, x

∗)

= ∆p(un, x
∗). (6.4.18)

Similarly, we obtain that

∆p(ln, y
∗) ≤ ∆p(vn, y

∗). (6.4.19)

Hence

∆p(kn, x
∗) + ∆p(ln, y

∗) ≤ (∆p(un, x
∗) + ∆p(vn, y

∗)). (6.4.20)

Hence, form (6.4.20), we obtain

0 ≤ (∆p(un, x
∗) + ∆p(vn, y

∗))− (∆p(kn, x
∗) + ∆p(ln, y

∗))

≤ (∆p(xn, x
∗) + ∆p(yn, y

∗))− (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))

+(∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))− (∆p(kn, x
∗) + ∆p(ln, y

∗))

≤ (∆p(xn, x
∗) + ∆p(yn, y

∗))− (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗)) + αn(∆p(u, x
∗) + ∆p(v, y

∗))

+(1− αn)(∆p(un, x
∗) + ∆p(vn, y

∗))

−(∆p(kn, x
∗) + ∆p(ln, y

∗))→ 0, as n→∞. (6.4.21)

Thus
lim
n→∞

(∆p(un, x
∗)−∆p(kn, x

∗)) = 0. (6.4.22)

Similarly, we obtain
lim
n→∞

(∆p(vn, y
∗)−∆p(ln, y

∗)) = 0. (6.4.23)
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But

∆p(kn, x
∗) ≤ βn∆p(un, x

∗) + (1− βn)∆p(T1un, x
∗)

= βn∆p(un, x
∗)− βn∆p(T1un, x

∗) + ∆p(T1un, x
∗)

≤ ∆p(un, x
∗) + βn [∆p(un, x

∗)−∆p(T1un, x
∗)] .

(6.4.24)

Hence, since αn → 0 as n→∞ and by (6.4.22), we have

βn(∆p(T1un, x
∗)−∆p(un, x

∗)) ≤ ∆p(un, x
∗)−∆p(kn, x

∗)→ 0, n→∞. (6.4.25)

Therefore

lim
n→∞

(∆p(T1un, x
∗)−∆p(un, x

∗)) = 0. (6.4.26)

Similarly, we have

lim
n→∞

(∆p(T2vn, y
∗)−∆p(vn, y

∗)) = 0. (6.4.27)

Since T1 and T2 are right Bregman strongly quasi-nonexpansive, we have

lim
n→∞

∆p(T1un, un) = 0, (6.4.28)

and
lim
n→∞

∆p(T2vn, vn) = 0. (6.4.29)

Therefore
lim
n→∞

||T1un − un|| = 0, (6.4.30)

and
lim
n→∞

||T2vn − vn|| = 0. (6.4.31)

Since {un} and {vn} are bounded, there exist subsequences {uni} of {un} and {vni} of
{vn} which converges weakly to x̂ ∈ C and ŷ ∈ Q respectively. Since F (T1) = F̂ (T1) and
F (T2) = F̂ (T2), it follows from (6.4.30) and (6.4.31) that x̂ ∈ F (T1) and ŷ ∈ F (T2).

We now show that x̂ ∈ GMEP (F, S, φ) and ŷ ∈ GMEP (G,R, ψ).

Putting wn = J
X∗1
q (JX1

p (xn)−tnA∗JX3
p (Axn−Byn)) and zn = JX2

q (JX2
p (yn)+tnB

∗JX3
p (Axn−

Byn)), then un = T Frnwn and vn = TGrnzn. We note from (6.4.2),(6.4.3) and (6.4.4) that

∆p(wn, x
∗) + ∆p(zn, y

∗) ≤ ∆p(xn, x
∗) + ∆p(yn, y

∗).

It follows from (2.3.4) that

∆p(wn, un) + ∆p(zn, vn) = ∆p(wn, T
F
rnwn) + ∆p(zn, T

G
rnzn)

≤ (∆p(wn, x
∗) + ∆p(zn, y

∗))− (∆p(un, x
∗) + ∆p(vn, y

∗))

≤ (∆p(xn, x
∗) + ∆p(yn, y

∗))− (∆p(un, x
∗) + ∆p(vn, y

∗))

= (∆p(xn, x
∗) + ∆p(yn, y

∗))− (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))

+(∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))− (∆p(un, x
∗) + ∆p(vn, y

∗))

≤ (∆p(xn, x
∗) + ∆p(yn, y

∗))− (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))

+αn(∆p(u, x
∗) + ∆p(v, y

∗)) + (1− αn)(∆p(un, x
∗) + ∆p(vn, y

∗))

−(∆p(un, x
∗) + ∆p(vn, y

∗))→ 0, n→∞. (6.4.32)
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Hence
lim
n→∞

∆p(wn, un) = 0,

and
lim
n→∞

∆p(zn, vn) = 0.

Thus

lim
n→∞

||wn − un|| = 0, (6.4.33)

and
lim
n→∞

||zn − vn|| = 0. (6.4.34)

Since X1 and X2 are uniformly smooth, JX1
p and JX2

p are uniformly continuous on bounded
subsets of X1 and X2, respectively. Thus

lim
n→∞

||JX1
p wn − JX1

p un|| = 0, (6.4.35)

and
lim
n→∞

||JX2
p zn − JX2

p vn|| = 0. (6.4.36)

From the definition of wn, we have

‖JX1
p wn − JX1

p xn‖ = ‖JX1
p (xn)− tnA∗JX3

p (Axn −Byn)− JX1
p (xn)‖

= tn‖A∗JX3
p (Axn −Byn)‖ → 0, n→∞.

Since X1 and X2 are uniformly smooth, JX1
p and JX2

p are uniformly continuous on bounded
subsets of X1 and X2, respectively. Thus, we have

‖wn − xn‖ → 0 n→∞.

In similar way, we obtain
‖zn − yn‖ → 0, n→∞.

Also, we obtain that

‖xn − un‖ ≤ ‖xn − wn‖+ ‖wn − un‖ → 0, n→∞,

and
‖yn − vn‖ ≤ ‖yn − zn‖+ ‖zn − vn‖ → 0, n→∞.

By the definition of T Frn , we have for any u ∈ C and r > 0

F (un, u) + 〈Sun, u− un〉+ φ(u)− φ(un) +
1

rn
〈JX1

p un − JX1
p wn, u− un〉 ≥ 0.

By (A2), we obtain

F (u, un) ≤ −F (un, u)

≤ 〈Sun, u− un〉+ φ(u)− φ(un) +
1

rn
〈JX1

p un − JX2
p wn, u− un〉.
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For any t ∈ (0, 1) and u ∈ C, define ut = tu + (1 − t)x̂. Then ut ∈ C. It follows by the
monotonicity of S that

F (ut, un)− φ(ut) + φ(un) ≤ 〈Sun − Sut, u− un〉+ 〈Sut, u− un〉+
1

rn
〈JX1

p un − JX1
p wn, u− un〉

≤ 〈Sut, u− un〉+
1

rn
〈JX1

p un − JX1
p wn, u− un〉.

It follows from (6.4.35) and the fact that un ⇀ x̂, as n→∞, that

F (ut, x̂)− φ(ut) + φ(x̂) ≤ 〈Sut, u− x̂〉. (6.4.37)

By (A1) and (A4) and the convexity of φ, we have

0 = F (ut, ut) + φ(ut)− φ(ut)

≤ tF (ut, u) + (1− t)F (ut, x̂) + tφ(u) + (1− t)φ(x̂)− φ(ut)

= t(F (ut, u) + φ(u)− φ(ut)) + (1− t)(F (ut, x̂) + φ(x̂)− φ(ut))

≤ t(F (ut, u) + φ(u)− φ(ut)) + (1− t)〈Sut, u− x̂〉. (6.4.38)

By (A3), the weakly lower semicontinuity of φ and the continuity of S, letting t → 0, we
obtain

F (x̂, u) + φ(u)− φ(x̂) + 〈Sx̂, u− x̂〉 ≥ 0, ∀u ∈ C.
This shows that x̂ ∈ GMEP (F, S, φ).
Following similar argument, we can show that ŷ ∈ GMEP (G,R, ψ).

We now show that Ax̂ = Bŷ.
Since A : X1 → X3 and B : X2 → X3 are bounded linear operators, and {xn} and {yn}
converges weakly to x̂ and ŷ, respectively, we have that for arbitrary f ∈ X∗3 ,

f(Axn) = (f ◦ A)(xn)→ (f ◦ A)(x̂) = f(Ax̂).

Similarly
f(Bxn) = (f ◦B)(yn)→ (f ◦B)(ŷ) = f(Bŷ).

This convergence implies that

Axn −Byn ⇀ Ax̂−Bŷ.

Also, by weakly semi-continuity of the norm, it follows that

||Ax̂−Bŷ||p ≤ lim inf
n→∞

||Axn −Byn||p = 0. (6.4.39)

That is, Ax̂ = Bŷ. Therefore (x̂, ŷ) ∈ Γ.

We now show that the sequences {(xn, yn)} strongly converges to (x∗, y∗) = ΠΓ(u, v).
From (6.4.9), we have

∆p(xn+1, x
∗) + ∆p(yn+1, y

∗) ≤ (1− αn)(∆p(xn, x
∗) + ∆p(yn, y

∗))

+αn(〈JX1
p (u)− JX1

p (x∗), xn+1 − x∗〉
+〈JX2

p (v)− JX2
p (y∗), yn+1 − y∗〉). (6.4.40)

168



Choose subsequence {xnj} of {xn} and {ynj} of {yn} such that

lim sup
n→∞

〈JX1
p (u)− JX1

p (x∗), xn+1 − x∗〉 = lim
j→∞
〈JX1

p (u)− JX1
p (x∗), xnj+1 − x∗〉,

and

lim sup
n→∞

〈JX2
p (v)− JX2

p (y∗), yn+1 − y∗〉 = lim
j→∞
〈JX2

p (v)− JX2
p (y∗), ynj+1 − y∗〉.

Since xnj ⇀ x̄ and ynj ⇀ ȳ, it follows from (2.1.20) that

lim sup
n→∞

〈JX1
p (u)− JX1

p (x∗), xn+1 − x∗〉 = lim
j→∞
〈JX1

p (u)− JX1
p (x∗), xnj+1 − x∗〉

= 〈JX1
p (u)− JX1

p (x∗), x̄− x∗〉 ≤ 0, (6.4.41)

and

lim sup
n→∞

〈JX2
p (v)− JX2

p (y∗), yn+1 − y∗〉 = lim
j→∞
〈JX2

p (v)− JX2
p (y∗), ynj+1 − y∗〉)

= 〈JX2
p (v)− JX2

p (y∗), ȳ − y∗〉 ≤ 0. (6.4.42)

Using Lemma 2.3.14 in (6.4.40), we conclude that

∆p(xn, x
∗) + ∆p(yn, y

∗)→ 0, n→∞. (6.4.43)

Thus, ∆p(xn, x
∗)→ 0 and ∆p(yn, y

∗)→ 0, n→∞. Therefore xn → x∗ and yn → y∗.

Case 2: Assume that {sn(x∗, y∗)} is not monotonically decreasing. Let τ : N → N be
a mapping for all n ≥ n0 (for some n0 large enough) defined by

τ(n) = max{k ∈ N : k ≤ n, τk ≤ τk+1}.

Clearly, τ is nondecreasing sequence such that τ(n)→∞, as n→∞ and

0 ≤ sτ(n)(x
∗, y∗) ≤ sτ(n)+1(x∗, y∗), ∀n ≥ n0.

After a similar argument as in Case 1, it is easy to see that

lim
n→∞

||A∗JX3

p (Axτ(n) −Byτ(n))||q = 0,

and

lim
n→∞

||B∗JX3

p (Axτ(n) −Byτ(n))||q = 0.

Following similar analysis as in Case 1, we immediately conclude that lim
n→∞
||Axτ(n) −

Byτ(n)||p = 0; lim
n→∞
||uτ(n) − T1uτ(n)|| = 0 and lim

n→∞
||vτ(n) − T1vv|| = 0. Also we have that

lim sup
n→∞

〈JX1
p (u)− JX1

p (x∗), xτ(n)+1 − x∗〉 ≤ 0 (6.4.44)

and
lim sup
n→∞

〈JX2
p (v)− JX2

p (y∗), yτ(n)+1 − y∗〉 ≤ 0. (6.4.45)
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Now Since {xτ(n)} and {yτ(n)} are bounded, there exist subsequences of {xτ(n)} and {yτ(n)}
still denoted as {xτ(n)} and {yτ(n)} which converge weakly to x̄ ∈ X1 and ȳ ∈ X2 respec-
tively. From (6.4.9), we have

sτ(n)+1(x∗, y∗) ≤ (1− ατ(n))sτ(n)(x
∗, y∗) + ατ(n)(〈JX1

p (u)− JX1
p (x∗), xτ(n)+1 − x∗〉

+〈JX2
p (v)− JX2

p (y∗), yτ(n)+1 − y∗〉). (6.4.46)

Since sτ(n)(x
∗, y∗) ≤ sτ(n)+1(x∗, y∗), it follows from (6.4.46) that

sτ(n)(x
∗, y∗) ≤ 〈JX1

p (u)− JX1
p (x∗), xτ(n)+1 − x∗〉+ 〈JX2

p (v)− JX2
p (y∗), yτ(n)+1 − y∗〉.

Then from (6.4.44), (6.4.45) and (6.4.46), we have that

lim
n→∞

sτ(n)(x
∗, y∗) = lim

n→∞
(∆p(xτ(n), x

∗) + ∆p(yτ(n), y
∗)) = 0.

Hence, lim
n→∞

∆p(xτ(n), x
∗) = 0 and lim

n→∞
∆p(yτ(n), y

∗) = 0. Thus we have

lim
n→∞
||xτ(n) − x∗|| = 0 and lim

n→∞
||yτ(n) − y∗|| = 0.

Also, we have

lim
n→∞
||xτ(n)+1 − x∗|| = 0 and lim

n→∞
||yτ(n)+1 − y∗|| = 0.

Furthermore, for n ≥ n0, it is easy to see that sτ(n)(x
∗, y∗) ≤ sτ(n)+1(x∗, y∗) if n 6= τ(n)

(that is, τ(n) < n), because sk(x
∗, y∗) ≥ sk+1(x∗, y∗) for τ(n) + 1 ≤ k ≤ n. As a conse-

quence, we obtain for all n ≥ n0

0 ≤ sn(x∗, y∗) ≤ max{sτ(n)(x
∗, y∗), sτ(n)+1(x∗, y∗)} = sτ(n)+1(x∗, y∗).

Hence, lim
n→∞

sn(x∗, y∗) = lim
n→∞

(∆p(xn, x
∗)+∆p(yn, y

∗)) = 0. Thus lim
n→∞

∆p(xn, x
∗) = lim

n→∞
∆p(yn, y

∗).

Therefore, we have

lim
n→∞
||xn − x∗|| = 0 and lim

n→∞
||yn − y∗|| = 0.

This implies that the sequences {(xn, yn)} strongly converges to (x∗, y∗) = ΠΓ(u, v). This
completes the proof.

6.4.2 Numerical example

We give an example in (R3, || · ||2) of our main Theorem 6.4.1. Let X1 = X2 = X3 = R3,
with p = 2, x̄ = (x1, x2, x3) and ȳ = (y1, y2, y3). Let F : R3 × R3 → R3, S : R3 → R3 and
φ : R3 → R3 be defined by

F (x̄, ȳ) = −1

2
x̄2 +

1

2
ȳ2, S(x̄) = x̄ and φ(x̄) =

1

2
x̄2 respectively.

For any r > 0 and x̄ ∈ R3, Lemma 2.3.21 ensures that ethere exists z̄ ∈ R3 such that for
any ȳ ∈ R3

F (x̄, ȳ) + 〈Sx̄, ȳ − x̄〉+ φ(ȳ)− φ(x̄) +
1

r
〈ȳ − x̄, x̄− z̄〉 ≥ 0.
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Then, we obtain

T Frnx̄ =
x̄

3rn + 1
.

Also, let G : R3 × R3 → R3, R : R3 → R3 and ψ : R3 → R3 be defined as

G(ū, v̄) = −3ū+ 2ūv̄ + v̄2, R(ū) = 2ū and ψ(ū) = ū2 respectively.

For any r > 0 and ū ∈ R3, Lemma 2.3.21 ensures that there exists w̄ ∈ R3 such that, for
any v̄ ∈ R3, we have

G(ū, v̄) + 〈Rū, v̄ − ū〉+ ψ(v̄)− ψ(ū) +
1

r
〈v̄ − ū, ū− w̄〉 ≥ 0.

Then, we also obtain that

TGrnū =
ū

8rn + 1
.

Now take C := {x̄ = (x1, x2, x3) ∈ R3 : 〈ā, x̄〉 ≥ b}, where ā = (1,−3, 5) and b = 4, then

ΠC(x̄) = PC(x̄) =
b− 〈ā, x̄〉
||ā||2 ā+ x̄.

Also, take Q := {ȳ = (y1, y2, y3) ∈ R3 : 〈c̄, ȳ〉 = d}, where c̄ = (4, 5, 6) and d = 2, then

ΠQ(ȳ) = PQ(ȳ) = max
{

0,
d− 〈c̄, ȳ〉
||c̄||2

}
c̄+ ȳ.

Then, let T1 = ΠC and T2 = ΠQ respectively. Furthermore, let A : R3 → R3 and
B : R3 → R3 be defined by

A(x̄) =

 4 −2 1
1 3 2
1 0 7

 x1

x2

x3

 and B(ȳ) =

 5 6 8
7 4 −1
8 4 1

 y1

y2

y3

 .

Choosen rn = n+1
n+2

, αn = 1
9n+2

and βn = 5n−1
6(n+1)

, then our algorithm (6.4.1) becomes
ūn = n+2

5n+5
(x̄n − tnAT (Ax̄n −Bȳn)),

x̄n+1 = 1
9n+2

ū+ 9n+1
9n+2

[
5n−1

6(n+1)
ūn + n+7

6(n+1)
ΠC(ūn)

]
,

v̄n = n+2
9n+10

(ȳn + tnB
T (Ax̄n −Bȳn)),

ȳn+1 = 1
9n+2

v̄ + 9n+1
9n+2

[
5n−1

6(n+1)
v̄n + n+7

6(n+1)
ΠQ(v̄n)

]
,

(6.4.47)

where AT and BT are transpose of A and B respectively and the step size tn is choosen
in such a way that

tn ∈
(
ε,

2||Ax̄n −Bȳn||2
||AT (Ax̄n −Bȳn)||2 + ||BT (Ax̄n −Bȳn)||2 − ε

)
,

otherwise, tn = t (t being any nonnegative value), where the set of indexes Ω = {n :
Ax̄n −Bȳn 6= 0}.
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Figure 6.1: Case A(i): errors vs number of iterations (top left and right); execution time
vs accuracy (bottom left); number of iterations vs accuracy (bottom right).

We make different choose of x̄0, ȳ0, ū and v̄ in order to see how change in initial values
affect the number of iterations. We note that the choice of tn, as long as it is in the range,
does not have any significant effect on both the number of iterations and cpu time.
Case A
(i) Take x̄0 = (1, 1, 0.5)T , ȳ0 = (−0.5, 1, 2.2)T , ū = (−1, 0,−1)T and v̄ = (2, 1,−2)T .
(ii) Take x̄0 = (4, 1, 1)T , ȳ0 = (0, 1, 3)T , ū = (5, 1,−3)T and v̄ = (0.5, 1, 3)T .
Case B
(i) Take x̄0 = (5, 1, 5)T , ȳ0 = (−0.5,−3, 2)T , ū = (1, 3,−1)T and v̄ = (3, 4,−2)T .
(ii) Take x̄0 = (−2, 1, 10)T , ȳ0 = (2, 1,−2)T , ū = (−1.5, 0, 4)T and v̄ = (0, 5,−2)T .
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Figure 6.2: Case A(ii): errors vs number of iterations (top left and right); execution time
vs accuracy (bottom left); number of iterations vs accuracy (bottom right).
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Figure 6.3: Case B(i): errors vs number of iterations (top left and right); execution time
vs accuracy (bottom left); number of iterations vs accuracy (bottom right).
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Figure 6.4: Case B(ii): errors vs number of iterations (top left and right); execution time
vs accuracy (bottom left); number of iterations vs accuracy (bottom right).
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Chapter 7

Contribution to Knowledge and Area
of Future Research

In this chapter, we give a summary of the results obtained in this work which serve as our
contribution to knowledge. Also, possible areas of future research are also identified and
discussed.

7.1 Contribution to knowledge

We now highlight our contributions in this work.

1. Tian et al. [169] introduced a new iterative algorithm for finding a common element
of the set of solutions of the constrained convex minimization problem and equi-
librium problem. Motivated by the works of Shehu [177] and Tian et al. [169], in
Theorem 3.1.1, we propose a new iterative algorithm for finding a common element
of the fixed points set of common solution of a one-parameter nonexpansive semi-
group, the set of solution of constrained convex minimization problem and the set
of solutions of generalized equilibrium problem in a real Hilbert space using the idea
of regularized gradient-projection algorithm under suitable conditions. Hence our
results here improve, extend and compliment the work of Tian et al. [169].

2. In 2010, Riech and Sabach [175] used the CQ algorithm to obtain strong conver-
gence result for finitely many maximal monotone mappings Bi using the Bregman
distance for computation. Moreover, in 2017 Truong Minh Tuyen [172] introduced
three parallel iterative methods which use techniques of Bregman distance, Bregman
projections, Bregman strongly nonexpansive operators and hybrid or shrinking pro-
jection methods for solving systems of generalized mixed equilibrium problems in
real reflexive Banach space. We know that the CQ algorithm is difficult to compute.
Hence, our result in Theorem 3.3.2 extend the results of [172] and [175]. Also our
method of proof here is shorter, easier to read and less technical.

176



3. The following contributions were made in Theorem 4.3.3:

(i) We know that the Meir-Keeler contraction is a generalization of the contraction
mapping. Moreover, the condition

〈Bx−By, j((I − rB)x− (I − rB)y〉 ≥ 0

for all x, y ∈ E and for all r > 0 assumed in the result of Wei and Duan [184]
is dispensed in our result. Hence, our results improve the results of Wei and
Duan [184].

(ii) It is well known that real smooth and uniformly convex Banach space are more
general than Hilbert space or q-uniformly smooth Banach space and also our
normalized duality mapping j is weakly sequentially continuous in most of the
existing related work is weaken to j weakly sequentially continuous at zero.
Hence our result extends the results of Song et al. [163].

We also point out some differences between the presentation of our method of proof
of Theorem 4.4.1 and that of Theorem 2.4 of [46] viz:

(i) The major key in proving Theorem 4.4.1 is to show that lim supn→∞(−Γn) ≤ 0
as given in (4.4.15) and using Lemma 2.3.17 in (3.3.10).

(ii) In our convergence analysis, we did not make use of Lemma 2.3 of [46], which
was used in the convergence analysis of proof of Theorem 2.4 in [46]; rather we
used Lemma 2.3.17 in this result.

4. Our result on Theorem 5.3.5 extends and compliments some recent results in the
following ways:

(i) Our result improves and extend the result of Kazmi and Rizvi [93], from single-
valued nonexpansive to multi-valued quasi-nonexpansive mappings.

(ii) In contrast with other related methods, our algorithm does not require any
estimate of some spectral radius. Our iterative scheme is proposed with a way
of selecting the step-size γn such that its implementation does not need any
prior information about the spectral radius of the operator A∗A. The constant
step-size γ in the result of Kazmi and Rizvi [93], for example, depends on the
spectral radius of the operator A∗A and we know that computing the spectral
radius of this operator A∗A can be difficult to find at times. Therefore, our
result improve and extend the result of Kazmi and Rizvi [93].

5. Tian et al [169] considered a class of generalized split feasibility problems for finding
an element that solves a variational inequality problem such that its image under a
given bounded linear operator is in the fixed point set of a nonexpansive mapping
and obtained weak convergence. In Theorem 5.2.1 we propose an iterative algorithm
for the class of generalized split feasibility problem for finding an element that solves
a class of variational inequality problem and such that its image under a bounded
linear operator is in a fixed point set of a pseudo contractive mapping. We also prove
that our algorithm converges strongly to their common solutions. In all our results
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the step-size is selected in such a way that its implementation does not involve the
computation or an estimate of the operator norm. Hence our result improve and
extend the result of Tian et al [169] and other results in this direction.

6. In [58], the author imposed the demi-compactness condition on the demicontractive
mappings to obtain strong convergence result. Also, in [59], the author imposed
the hemi-compactness condition on the multi-valued demicontractive mappings to
obtain strong convergence result. However, in Theorem 6.2.1 we obtained strong
convergence results without imposing these conditions on the mappings considered
in our study. Hence, our results show that these conditions can be dispensed with.

7. Our result in Theorem 6.3.1 extends results for split equality monotone inclusion
problem and split equality fixed point problem from the frame work of Hilbert spaces
to the more general p-uniformly convex Banach spaces which are also uniformly
smooth.

8. It is worthy to note that the assumption of demicompactness of the nonlinear oper-
ators in the results of Rahaman et al. [147] and Karahan [91] is too strong. Also the
algorithms (6.1.5) and (6.1.6) depend on the operator norms ||A|| and ||B|| of the
bounded linear operators A and B respectively are in general not easy to compute (or
at least, estimate). Even in finite dimensions, computing the norm of bounded linear
operator is a difficult task (see [87]). Hence our result in Theorem 6.4.1 extends the
results of Rahaman et.al. [147] and Karahan [91] also Theorem 6.4.1 extends the
results of Rahaman et.al. [147] and Karahan [91] from Hilbert space to p-uniformly
convex Banach spaces which is also uniformly smooth.

7.2 Future research

Let us recall that the inertial term is based upon a discrete version of a second order
dissipative dynamical system [8] and can be regarded as a procedure of speeding up the
convergence properties (see, e.g.,[5] and some reference therein). Recently, there have been
increasing interests in studying inertial type algorithms, see, for example, inertial forward-
backward splitting methods [112], inertial Douglas-Rachford splitting method [19], inertial
ADMM [20], and inertial forward-backward-forward method [21]. Some inertial algorithms
for solving nonsmooth and nonconvex optimization problems have been recently studied in
[17, 18]. For example, it is known that acceleration scheme developed by Nesterov improves
the theoretical rate of convergence of forward-backward method from the standard O(k−1)
down to O(k−2) and the inertial extrapolation scheme of Nesterov’s accelerated forward-
backward method is actually o(k−2) rather than O(k−2) (see [108]). These results and
other related ones analyzed the convergence properties of inertial type algorithms and
demonstrated their performance numerically on some imaging and data analysis problems.

In [5], Alvarez and Attouch translated the idea of the heavy ball method in [145, 146]
to the setting of a general maximal monotone operator using the framework of proximal
point algorithm. The resulting algorithm is called the inertial proximal point algorithm
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and it is written as: {
yn = xn + αn(xn − xn−1),

xn+1 = (I + rnB)−1yn, n ≥ 1.
(7.2.1)

Alverez and Attouch [5] proved that under the condition∑
αn‖xn − xn−1‖2 <∞, (7.2.2)

the algorithm (7.2.1) converges weakly to a zero of B.
In [131] Moudafi and Oliny introduced an additional single-valued, coercive and Lipschitz
continuous operator A into the inertial proximal point algorithm,{

yn = xn + αn(xn − xn−1),

xn+1 = (I + rnB)−1(yn − rnAxn), n ≥ 1.
(7.2.3)

Moudafi and Oliny [131] obtained a weak convergence result using their algorithm (7.2.3)
and condition (7.2.2) imposed above in [5]. As remarked in [109], the algorithm (7.2.3)
does not take the form of a forward-backward splitting algorithm, since operator A is still
evaluated at the point xn for αn > 0.

Recently, Dong, Jiang, Cholamjik and Shehu [72] studied and proved strong conver-
gence results using a combination of Hangazeau’s algorithm and Nesterov’s acceleration
scheme to solve the inclusion problem (4.3.1) in the frame work of real Hilbert space. They
proposed the following algorithm

yn = xn + αn(xn − xn−1),

zn = (I + rnB)−1(yn − rnAyn),

Cn = {u ∈ H : ‖zn − u‖2 ≤ ‖xn − u‖2 − 2αn〈xn − u, xn−1 − xn〉+ α2
n‖xn−1 + xn‖2},

Qn = {u ∈ H : 〈u− xn, x0 − xn〉 ≤ 0},
xn+1 = PCn∩Qn(x0).

(7.2.4)
where αn ∈ (0, 1) and rn ∈ (0,∞). Under some mild conditions, they prove that {xn}
converges strongly to x ∈ (A+B)−1(0).

7.2.1 Research question

. The following questions will be at the core of future research work:

1. Can we develop iterative method with inertial extrapolation term which does not
involve the construction of the sets Cn and Qn as given in [72] and the sequence
of iterates generated by this method converges strongly to a solution of x ∈ (A +
B)1−(0) 6= ∅.

2. Can we extend the result in [19] to strongly nonexpansive mappings?

3. Can we extend the results of [19] and [72] to reflexive Banach spaces with some
appropriate geometric property?
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4. Can we obtain strong convergence result of [19] in a real Hilbert space?.

5. Can we develop iterative method with inertial extrapolation term for most of our
results in this thesis?
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[99] Y. Kōmura, Nonlinear semi-groups in Hilbert space, J. Math. Soc. Japan, 19 (1967),
493-507.

[100] Krasnosel’skii, Two observations about the method of successive approximations,
Uspehi Math. Nauk, 10 (1955), 123-127.

[101] J. Kyparisis, Sensitivity analysis framework for variational inequalities, Mathemati-
cal Programming, 38(1987), 203-213.

187
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