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Abstract

Fragmentation-coagulation equations arise naturally in many branches of engineering and science,
the applications stretching from astrophysics, blood clotting, colloidal chemistry and polymer sci-
ence to molecular beam epitaxy. In realistic application, the fragmentation and coagulation are
often coupled with growth, decay and/or sedimentation processes. The resulting models are used to
describe the evolution of a population in which individuals can grow, coalesce, split or divide, and
die. For example, in the phytoplankton dynamics, in addition to forming or breaking of clusters,
individuals within them are born or die and so the latter processes must be adequately represented
in the models. In the continuous case, the birth or death processes are incorporated into the model
by adding an appropriate first order transport term, analogously to the age and size structured
McKendrick models. In the discrete case, these vital processes are modelled by adding weighted
differences operators.

In this study, we focus on the discrete fragmentation-coagulation models with growth, decay or/and
sedimentation. The problem is treated as an infinite-dimensional differential equation, which con-
sists of a linear part (fragmentation, growth, decay and sedimentation term) and a nonlinear part
(coagulation term), posed in a suitable Banach space, X. We use the theory of semigroups of lin-
ear operators, perturbation of positive semigroups and semilinear operators for the mathematical
analysis of these models. The linear part of the models is shown to generate a semigroup which is
analytic, compact and irreducible and thus has the asynchronous exponential growth property.
These results are used to demonstrate the existence of global classical solutions to the semilin-
ear fragmentation-coagulation equations with growth, decay and sedimentation for a class of un-

bounded coagulation kernels. Theoretical conclusions are supported by numerical simulations.
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Chapter 1

(zeneral Introduction

1.1 Introduction

Coagulation and fragmentation models that describe the processes of objects forming larger clusters
or, conversely, splitting into smaller fragments, have received a lot of attention over several decades
due to their importance in chemical engineering and other fields of science and technology, see e.g.
[34, 74]. One of the most efficient approaches to modelling dynamics of such processes is through
the kinetic (rate) equation which describes the evolution of the distribution of interacting clusters
with respect to their size/mass. The first model of this kind, consisting of an infinite system of
ordinary differential equations, was derived by Smoluchowski, [67, 68], to describe pure coagulation
in the discrete case; that is, if the ratio of the mass of the basic building block (monomer) to the
mass of a typical cluster is a positive integer, and thus the size of a cluster is a finite multiple of

the masses of the monomers. The original Smoluchowski equation reads

dfz( ;Zk —jifimg(®) £ (1) Zkﬂfl V@), i>1, (1.1.1)

where k; ; is the coagulation rate (the rate at which a cluster of mass ¢ and a cluster of mass j join
each other to form a cluster of mass ¢ + j) and f;(t) is the number density of clusters of mass 1,
¢ > 1. The number density of clusters is a non-negative function. The first term on the right-hand
side describes the emergence of i-clusters by coagulation of smaller clusters, while the second term
gives the disappearance of i-clusters due to the coalescence with other clusters. The factor of % is
to ensure that double counting is avoided.

In many applications, however, it turned out to be advantageous to allow clusters to be composed
of particles of any size x > 0. This leads to the continuous integro-differential equation that was

derived by Miiller in the pure coagulation case, [53],

ou(t,z) 1

G2 [ ke = vt -t dy —uteo) [Tk puttady (112)



and extended to a continuous fragmentation—coagulation equation in [49]. The discrete version,

which involves also the binary fragmentation and the initial condition, is given by

dfz ) ;Zkl ]jfl ] f] Zk,jfl f]
=1
_%Z¢],z ]f?, Z '(/)z,] 1f_] (113&)
Jj=i+1
fi(0)=f), ix>1. (1.1.3b)

n (1.1.3a), the coagulation rate, k; ; and the fragmentation rate, ; ; are assumed to be non-
negative and satisfy:

kij =kji, Yi; = Vi, 1,5 > 1. (1.1.4)

The fragmentation here is a binary. The first term on the right-hand side represents the formation
of i-clusters by binary coalescence of smaller ones and the second term represents the death of the
i-clusters by coagulation with other clusters. The third term on the right-hand side represents the
fragmentation of ¢ clusters into two smaller ones and the fourth term represents the creation of
i-clusters from the breakage of larger ones. The factor of % is to ensure that double counting is
avoided. Setting 1; ; = 0, gives the pure Smoluchowski coagulation equation introduced earlier.
Similarly, setting k; ; = 0 gives the pure binary fragmentation equation, see [5, 16, 25, 47, 48, 72,
75, 73] and references therein. The total mass of the system, given by

oo

M(t)=>"ifi(t), t>0, (1.1.5)

i=1
is expected to be conserved.
Ball and Carr [4] considered the existence, uniqueness and mass conservation of solutions to problem

(1.1.3). Their study is concentrated on the case when the coagulation rates satisfy
kijg <k(i+j), 4j=1, (1.1.6)

where k > 0 is a constant, and with no further assumption on the fragmentation rates. Ball and
Carr showed the existence of a mild solution to the equation by taking the limit of solutions to
approximating finite-dimensional systems. Laurengot [44] presented another proof of the existence
for problem (1.1.3), under the same assumption (1.1.6), via the study of propagation of moments
for approximating solutions. Other existence results have been obtained in the literature for various

classes of fragmentation rates |28, 69] and when the coagulation rates satisfy the weaker condition

ki < kij, i,j>1. (1.1.7)



1.2 Fragmentation-Coagulation Model with Multiple Frag-

mentation

The discrete fragmentation-coagulation equation with multiple fragmentation was studied in [7,
44, 46, 65]. Multiple fragmentation means that the fragmenting clusters can break into more than
two pieces. The coagulation rate is still denoted by k; ;, while the fragmentation rate is given by
ai, and b; ; is the average number of i-mers produced after the breakup of a j-mer, with j > 7. The

fragmentation-coagulation model with multiple fragmentation is given by

il
h) ;Zkz s 5 Zk,jfz )58
=1

—aifit)+ Y azbi;f(t), (1.2.1a)

j=it1

fi0)=f7, ix>1 (1.2.1Db)

79

Note that for ¢ = 1, the first summation on the right-hand side of (1.2.1a) is zero. Also, as clusters

can fragment into two or more smaller pieces but not into bigger clusters, it is good to note the

following:
alzoa ai207 2227
(1.2.2)
bij =0, i>j.
Further, for this system to conserve mass, the following assumption has to be imposed
j—1
> by =i, §>2 (1.2.3)
i=1
Indeed, in this case, formal summation yields
(oo} (oo}
M(t) =Y ifi(t) =" _if(0), t>0, (1.2.4)
i=1 i=1
since
0o o o j—1
Z'L(_azft Z aj@',y‘fj) == daifi+ Y jajf; Y ibi;
i=1 j=it1 i=1 =2 i=1
(oo} (oo}
= — Zzazfz + Zjajfj =0, since a; =0
i=1 =1
and

<.

[e’s} 1 1—1 Jo%e) 1 0o 0o o oo
Zi<2 Z kijjfi-jfi— Z ki,jfifj) =3 Z Z tki—j i fimifi — Zziki,jfifj
=1 J=1 J=1 j=1li=j+1 i=1 j—l

oo

Z(l+] kljflfj ZZZkljfoj

i=1 j=1

1 o0 oo ]
hijfufi+ 5 S dkiifif

j=11l=1

Il
DN =

<

I
-
-~

Il
-

I
A“E‘ﬂ“g
[M]8

I
-
o~
Il
-

o0

ikijfif; =0.
1

M&

1j=



Remark 1.2.1. Equation (1.1.3) is a particular case of (1.2.1). Given the fragmentation rate
15 j, having the symmetry property as described in (1.1.4), we derive equation (1.2.1) from system
(1.1.3) by setting

Yij—i

aj

27/12] i and bzy—

Note that with these settings, the total number of clusters obtained after the breaking of a j-mer

equals
i-1 i1 Vi i
Yo=Y A g2
i=1 =1

i.e. the fragmentation process described by (1.1.3) is indeed binary.

In [65, Chapter 3], the author proved the existence and uniqueness of a strong solution to model
(1.2.1) via the theory of semigroups with the additional assumptions that the coagulation kernel

k; ; is symmetric and is uniformly bounded:

]Cij = k}j,i, ki,j < ki, i, > 1. (1.2.5)

,

1.3 Fragmentation-Coagulation with Growth, Decay and Sed-
imentation

In the last few decades it has been observed that also living organisms form clusters or split into
subgroups depending on circumstances, see e.g. [42, 57, 56, 30| for modelling concerning larger
animals, or [43, 1] for phytoplankton models. It turns out that also the process of cell division
may be modelled within the same framework, see e.g. [19, 64, 60, 18]. What was not always fully
recognized in some papers mentioned above was that the living matter has its own vital dynamics;
that is, in addition to forming or breaking clusters, individuals within them are born or die and
so the latter processes must be adequately represented in the models. In the continuous case, the
birth and death processes are incorporated into the model by adding an appropriate first order
transport term, analogous to the age or size structured McKendrick model, see [1, 13, 8, 18, 60].
On the other hand, in the discrete case the vital processes are modelled by adding the classical
birth-and-death terms to the Smoluchowski equation. Note that e.g. the pure birth terms (or pure
death terms) can be obtained by the Euler discretization of the first order differential operator of
the continuous case while the full birth-and- death problem can be thought of as the discretization

of the diffusion operator. This leads to the generalization of the model in (1.2.1):

df;
fdit) =gi-1fi-1(t) — gifi(t) + dix1 fir1(t) — difi(t) — sifi(t) — aifi(t)
(1.3.1a)
1
+ Z a’j ,jfj +2Zkz j]fl j fg Zk,jfl fj
Jj=i+1
with the initial conditions

fi(0)y=f, i>1 (1.3.1b)



The coagulation and fragmentation processes in (1.3.1a) are generally mass conservative, but the
growth, decay and sedimentation parts are not. Hence, there is a mass leakage or increase in the
system.

Most of the literature [1, 13, 8, 58, 62] deals with the continuous version of this model, hence,
the review to be given here will be for the continuous form of systems (1.3.1a). Ackleh and
Fitzpatrick [1], in their earlier work on the aggregation and growth processes in an algal population,
considered the continuous form of (1.3.1a) without fragmentation, decay and sedimentation term
using the theory of semigroups of operators in Lo ([zg, 21]). In [55, Chapter 5], the author considered
phytoplankton dynamics using the continuous form of (1.3.1a), without the growth, decay and
sedimentation term, with the assumption that only some part of the phytoplankton aggregates,
which gives a different coagulation model. The space used for the analysis was

X, = L ((x0, 00), #dz) = {4 : ]| = / tlde < oo},

Zo

In [13], the authors carried out the analysis of the continuous model in the space
X071 = Ll([xo, .’El), (1 + ZL’)d.’E) = Ll([l'(), 1'1), d.’E) N Ll([l'o, 1’1), :cdm),

where 0 < zg < 21 < 00, 29 and x; being the minimum and maximum size of the particles. The
existence and uniqueness of a strongly differentiable solution was proved in this space using the

theory of semigroups of operators.

1.4 Long Time Behaviour

One of the most important problems in the analysis of dynamical systems is to determine their long
time behaviour. The first systematic study of the long time dynamics of the binary cell division
model was carried out using semigroup theory in [31]; the semigroup approach was significantly
extended to more general models in [52]. Recently a number of results have been obtained by
the General Relative Entropy (or related) methods that lead to convergence of solutions in spaces
weighted by the eigenvector of the adjoint problem, see e.g. [32, 33, 11, 45, 50, 60, 61].

All of the above results concern models with a continuous size distribution. Recently it has been
observed, however, that a large class of discrete fragmentation equations has much better prop-
erties than their continuous counterparts, especially when considered in spaces where sufficiently
high moments of solutions are finite. In particular, the fragmentation operator in such spaces
generates a compact analytic semigroup. In this thesis, we explore these ideas for the growth-
decay-sedimentation-fragmentation equation, growth-decay-fragmentation equation and the decay-
fragmentation equation and we show, in particular, that under some assumptions on the coefficients
of the problem the solution semigroup is analytic, compact and irreducible and thus has the Asyn-

chronous Exponential Growth (AEG) property, see [3].



1.5 Outline of Thesis

In this study, we shall focus on the fragmentation-coagulation equation with growth, decay and
sedimentation. We investigate the existence of a unique strong, non-negative solution to vari-
ous forms of the fragmentation-coagualtion equation with growth, decay and sedimentation. We
employ the theory of semigroups of linear and semilinear operators, similar to [13, 7, 14, 8] to
show under which conditions these solutions exist. We also show under which conditions the semi-

groups are analytic and compact, and then, we investigate the long-time behaviour of the solutions.

In Chapter 2, we give some definitions and results of the semigroup of linear and semilinear oper-
ators used in proving the existence and uniqueness of solutions to the models. In Chapter 3, we
study the fragmentation equation with growth, decay and sedimentation, and prove the analyticity,
compactness of the solution semigroup and the long time behaviour of the model. We also give
some examples of such models with some numerical illustration of their properties. In Chapter
4, we study the fragmentation-coagulation equation with growth, decay and sedimentation. The
nonlinear coagulation term is added to the linear terms studied in Chapter 3. The results of the
linear parts are used to prove the local and global solution to the general model. Chapter 5 is the

conclusion of the thesis.

The work in Chapters 3 and 4 has been submitted to journals for publication. These papers

consist of excerpts of this thesis.



Chapter 2

Theoretical Background

2.1 Introduction

This chapter deals with the theoretical tools that are needed for the analysis of the models presented
in these studies. The method relies on the techniques of semigroups of linear and semilinear
operators. This method can be used to solve a large class of evolution equations which appear in
many disciplines such as biology, physics, chemistry, and engineering. Hence, we introduce some
basic definitions and results from the theory of semigroups of operators which will be used through

all the analyses done in this study.

2.2 Semigroups and their Generators

Let X be a Banach space over C with norm ||.| and let B(X) be the set of all linear bounded

(continuous) operators from X to itself.

Definition 2.2.1. A one-parameter family (S(t))i>0 C B(X) of bounded linear operators on X is

said to be a semigroup on X, if it satisfies
(i) S(0) =1,
(ii) S(s)S(t) = S(s+t) for all s,t > 0.

Definition 2.2.2. A semigroup (S(t))i>0 is said to be uniformly continuous with respect to the
operator norm ||.|| associated with X, if

lim [|S(¢t) — I|| =0,

Tim [1S(6) 1|
while it is said to be a strongly continuous or Cy—semigroup, if

li Sit)r —z|| =0
lim [1S(t)z ol =0,

forallx € X.



In view of Definition 2.2.1, we expect (S(t)):>0 to mimic the behaviour of the classical expo-

nential function. The following result shows that this is true.

Theorem 2.2.1. Let (S(t))i>0 be a Co—semigroup. Then there exist M > 1, w € R such that
IS < Me™, t>0. (2.2.1)

The class of Co—semigroups, that satisfy (2.2.1) is denoted by Co(M,w).

Proof. For the proof see [59, 37]. O

For our solution, in this study, to make physical sense, we need to incorporate positivity into

the Banach space setting, and we do this through the notion of a positive cone.
Definition 2.2.3. A subset E of a Banach space X is said to be a cone if

(i) feE=tfeE VYt>0, and

(ii)) f e Eand —f € E= f =0x,
where 0x 1is the zero vector in X.

The cone F is referred to as a positive cone if it is a convex subset of X and is closed with respect
to the norm ||.|| on X. In the sequel, we denote a positive cone of X by X . The cone X defines
a partial order in X. We say that x > y iff x —y € X,. It can be verified that the relation '>’,

defined in this way, satisfies all axioms of the partial order.
Definition 2.2.4. Let (S(t))i>0 be a Co—semigroup. We say that (S(t))i>0 s
(i) a Co—semigroup of contractions if (S(t))i>0 € Co(1,0);
(it) a positive semigroup if S(t)x > 0 for all x in the positive cone X1 of X;
(i4i) a sub-stochastic semigroup if it is a semigroup of contractions and is positive;
(iv) a stochastic semigroup if it is positive and ||S(t)z|| = ||z||, for all x € X ;.

Definition 2.2.5. Let (S(t))t>0 be a Co—semigroup. The linear operator A, with its domain
D(A), defined by the identity

Az — Tim S(h)x —x S(h)x — x

Jim, . , D(A) = {a: € X : lim

h—0*t

exists in X},
is called the infinitesimal generator of the Co—semigroup (S(t))i>o-

Directly from Definition 2.2.5 it follows that to each Cy—semigroup can be assigned a unique
infinitesimal generator (A, D(A)). The generator is linear, but generally unbounded in X, map
from D(A) to X. The converse is not true. Not every linear map (A, D(A)) is a generator of a
Cy—semigroup. To be an infinitesimal generator of a Cy—semigroup, operator A must satisfy some

extra conditions.



Theorem 2.2.2. Let (S(t))t>0 be a Co—semigroup, and let A be its generator. Then
(i) the domain of A is dense in X;
(ii) the operator A is closed.

Proof. See [38] for the proof. O

2.3 Generation Theorems

There is an intimate connection between the semigroup theory and Abstract Cauchy Problems
(ACPs)

d

% :AU, U(O) :f07
posed in X. In particular, if A is an infinitesimal generator of a Cy—semigroup (S(t));>o0, then the
solution of the corresponding ACP is given explicitly by u(t) = S(t)fo. Hence, a natural question

arises: under what conditions does an operator A generate a Cy—semigroup? Theorems that yield

this are known as generation theorems. To formulate the results, we need the following

Definition 2.3.1. The resolvent set p(A) of the operator (A, D(A)) is defined by
p(A)={ e C:R(NA) e B(X)},
where R(\; A) = (Al — A)~! is called the resolvent operator associated with operator A.

Theorem 2.3.1 (Hille-Yosida). A closed linear operator (A, D(A)) in X with dense domain D(A),
generates a Co—semigroup of contraction (S(t))i>o0 if and only if (0,00) C p(A) and the following
resolvent inequality holds

1
1RO A)) < 5,

Proof. See [59] for the proof. O

A>0.

Theorem 2.3.2 (Feller-Miyadera-Phillips). A closed linear operator (A, D(A)) in X with dense
domain D(A), generates a Co—semigroup (S(t))i>0 C Co(M,w) if and only if (w,00) C p(A) and

the following resolvent inequality holds

n M
[R(A; A)"[| <

—_, A> > 1.
_()\_w)na w, n=

Proof. For the proof, see [37, 10]. O

2.4 Perturbation Theorems

Many practical problems take the form:

du
I Au+ Bu, u(0) = fo.



In these settings, we view operator B as a perturbation of A. If A generates a Cy—semigroup and
the perturbation B is not too ‘bad’, it is natural to expect that a suitable realization of the sum
A + B still generates a Cyp—semigroup. Special literature contains a large number of perturbation

results. Below, we mention two that are relevant for our studies.

Theorem 2.4.1 (The Bounded Perturbation Theorem). Let (A, D(A)) be the infinitesimal gen-
erator of a Co(M,w)-semigroup (Sa(t))i>o on X. If B € B(X), then (A+ B, D(A)) generates a
Co(M,w + M||B||)-semigroup (Sat+p(t))i>0 on X. Moreover, the semigroup (Sa+p(t))i>o0 can be

obtained via the Dyson-Philips expansion

Satp(t)r = i Va()z, Vo(t) =5a(t), Vari(t)z = /t Sa(t —s)BV,(s)xds, n>0. (2.4.1)
n=0 0
Proof. See [59, 37]. O

Theorem 2.4.2 (Kato-Voigt Perturbation Theorem). Let (4, D(A)) and (B, D(B)) be two oper-

ators in X = L1(Q, p), where (Q, ) is a measure space. Assume further that
(i) (A, D(A)) generates a sub-stochastic semigroup (Sa(t))i>o0;
(i1) D(B) 2 D(A) and Bx >0 for allz € D(B)y = D(B) N X4;

(i) for allx € D(A); = D(A)N X,
/ (Az + Bz)du < 0.
Q

Then there exists a smallest sub-stochastic semigroup (Sa(t))i>0 on X whose infinitesimal gener-

ator is an extension of (A+ B, D(A)). The generator G satisfies, for A > 0
=Y R\ A)BR(\, A)*z (2.4.2)
k=0

Proof. See [10, Corollary 5.17]. O

We state a corollary of the Kato-Voigt Perturbation Theorem which will be useful for our
analysis in this thesis. Sometimes, the operator may generate a Cy—semigroup which is not sub-

stochastic. The corollary is obtained by adding or substracting a diagonal operator.

Corollary 2.4.3. Let (A, D(A)) and (B, D(B)) be two operators in X = L1(2, u), where (2, p)

18 a measure space. Assume further that
(i) (A, D(A)) generates a positive Co(1,w)-semigroup (Sa(t))i>o;
(i) D(B) 2 D(A) and Bx >0 for allx € D(B)y = D(B)N X, ;

(iii) for all z € D(A)4 = D(A) N X4

/(Ax + Bz)dp < w/ xd.
Q

Q

10



Then there exists a smallest positive Cy(1,w)-semigroup (Sc(t))i>0 on X whose infinitesimal gen-

erator is an extension of (A+ B, D(A)). The generator G satisfies, for A > w
o
R(\,G)x = R(X\ A)BR() A)*x. (2.4.3)
k=0
Next, we give a definition for an operator B to be a Miyadera Perturbation of operator A and

then we state a Miyadera perturbation theorem.

Definition 2.4.1. Let (A, D(A)) generate a Co—semigroup (Sa(t))i>0 on X and let operator
B e B(D(A),X), i.e B is A—bounded. B is a Miyadera perturbation on A if it satisfies

| 1BSatt)slde < ale]. (2.4.4)
0
for some o and q with 0 < a < 00, 0 < g <1 and all z € D(A).

Theorem 2.4.4 (Miyadera Perturbation Theorem). If B is a Miyadera perturbation of A, then
(A+ B,D(A)) is the generator of a Co—semigroup (Sat+p(t))t>o0

Proof. The proof is in [10, Theorem 4.16]. O

2.5 Characterization of the Generator

In the previous section, we noticed the existence of a smallest semigroup (Sg(t))i>0 generated by

an extension (G, D(Q)) of (A+ B, D(A)). This semigroup satisfies

%Sg(t)szSG(t)f, VfeX and t>0. (2.5.1)

Since the Kato-Voigt Perturbation Theorem does not characterize the domain of the generator
explicitly, we present a summary of some techniques [10, Chapter 6], that allow us to provide such
a characterization. Full details of this can be found in [10, Chapter 6].

Let X = L1(Q,du), A be the generator of a substochastic semigroup on X and let B : D(A) — X

be a positive linear operator such that
/(A + B)udpy = —c(u), uwe D(A)y, (2.5.2)
Q

where ¢ is a non-negative functional defined on D(A), which can be written as an integral functional

as follows
c(u) = / s(z)u(z)dy, (2.5.3)
Q
for some positive measurable function ¢ and positive measure p’ and without any assumption on

the closedness or boundedness of c.

Definition 2.5.1. A positive semigroup (Sg(t))i>0 generated by an extension G of the operator

A+ B is said to be strictly substochastic if (2.5.2) holds with ¢ # 0.

11



Definition 2.5.2. A positive semigroup (Sg(t))i>0 generated by an extension G of the operator
A+ B is said to be honest if ¢ extends to D(G) and for any f € X, the solution u(t) = Sg(t)f of

(2.5.1) satisfies
d

dt Jo

For ¢ =0, the honest semigroups are the same as stochastic semigroups.

u(t)dp = u(t)] = ~e(u(r)). (25.4)

Theorem 2.5.1. The semigroup (Sg(t))i>o is honest if and only if G = A+ B .
Proof. [10, Theorem 6.13]. O

Corollary 2.5.2. The semigroup (Sg(t))i>o is honest if and only if for any v € D(G)+ we have

/ Gudp > —c(u). (2.5.5)
Q

The statement also holds true if we replace D(G)y by R(\, G) Xy for any A >0 .

Proof. [10, Corollary 6.14]. O

A number of alternative techniques for characterizing generators of semigroups arising in connec-
tion with Theorem 2.4.2 are developed in [10, Section 6.3]. They rely on the extension of the
operators that appear in the model, since they are easier to construct.

Let E := Lo(9, dp) denote the set of u-measurable functions that are defined on 2 and take values
in the extended set of real numbers, and let E; be the subspace of E consisting of functions that

are finite almost everywhere.

Let A, B be as defined in Corollary 2.4.3 and let F C E be defined by the condition: ¢ € F if
and only if for any non-negative and non-decreasing sequence (¢, )nen satisfying sup,,cy ¥n = |9],
we have sup,,cy(I — A)"'¢, € X. Under some natural assumptions on B, we construct another
subset of E, say G, defined as the set of all functions ¢ € X such that for any non-negative, non-
decreasing sequence (1, )nen of elements of D(B) such that sup,, ¥, = |1, we have sup,, B, < 0o
almost everywhere. We can then define mappings L: F, — X, and B: G, — E, by

L’(/} ‘= sup R(l’A)Tbn, w € F+a
neN

B/(/) = SUpBwn» ¢€G+7
neN

where 0 < ¢, < ¥4 for any n € N, and sup,, ¥, = 1. We extend the mapping L and B onto
F and G, respectively, by linearity [10, Theorem 2.64]. By [10, Lemma 6.18|, L is one-to-one
therefore, we can define the operator A with D(A) = LF C X by

Au=u—L 1y, (2.5.6)

so that A is an extension of A. This ultimately leads us to the following two important theorems

[10, Theorem 6.20 and Theorem 6.22] on the extension techniques:

12



Theorem 2.5.3. If (A, D(A)) and (B, D(B)) are operators in X such that (A, D(A)) generates
a substochastic semigroup G a(t);>, on X, D(B) D D(A), Bu >0 for u € D(B)+ and

/(Au + Bu)dp <0, (2.5.7)
Q

for all w € D(A)L, then, the extension G of A + B, that generates the smallest substochastic

semigroup on X described by Theorem 2.4.2 is given by

Gu = Au + Bu, (2.5.8)
D(G)={ue D(A)NDB): Au+ Bu € X, 1113_1 |(LB)"u| = 0}. (2.5.9)
n—-+0o0
Proof. [10, Theorem 6.20]. O

Theorem 2.5.4. If for any g € F such that —g + BLg € X and ¢(Lg) exists,
[ Ladu+ [ (=g +BLg)dn = c(Lo), (2.5.10)
Q Q
then G = A+ B.

Proof. [10, Theorem 6.22]. O

2.6 Spectral Theory

In this section, our attention is on the qualitative behaviour of Cy—semigroups introduced earlier.
We start by noting that the complement of the resolvent set in Definition 2.3.1 is called the
spectrum of A, o(A) := C\p(A4). This spectrum is a closed subset of C.

We give the definition of different subsets of the spectrum o(A).

Definition 2.6.1. Let A: D(A) C X — X be a closed operator.

1. The point spectrum of A is given by

op(A) :={A e C: X — A is not injective}.
2. The approzximate point spectrum of A is
0a(A) :={A € C: A\ — A is not injective or range(A — A) is not closed in X}.
8. The residual spectrum of A is
or(A) :={\ € C:range(A\] — A) is not dense in X}.

From the definition, we observe that o,(A) C 0,(A) and 0(A) = 0,(4) U o, (A).

Definition 2.6.2. Let A: D(A) C X — X be a closed operator. Then
s(A) :=sup{ReA: A€ o(A)}

1s called the spectral bound of A.

13



Definition 2.6.3. For a Cy—semigroup S = (S(t))>0, the quantity
wo = wo(S) := inf{w € R: there exists M, > 1 such that ||S(t)|| < M,e“" for all t >0}
1s called its growth bound.

We note that an operator A is said to be compact if the image of the unit ball has a compact
closure. Let K(X) denote the set of all compact operators on X. The essential norm, || - ||ess, of

an operator A € B(X) is the distance from A to the subspace IC(X) of compact operators, i.e.
[A]less = inf{[|A — K[ - K" € K(X)}.

Definition 2.6.4. The essential growth bound of the semigroup S = (S(t))i>0, with generator A
s given by

.1
Wess = wess(S) = Wess (A) = t1r>1£ E lOg ||S(t)||ess~

Definition 2.6.5. A Cy— semigroup (S(t))i>0 is called eventually norm continuous if there exists
to > 0 such that the function
t— S(t)

is morm continuous from (to,00) into B(X). The semigroup is called immediately norm continuous

if to can be chosen to be to = 0.

Theorem 2.6.1. (Spectral Mapping Theorem) Let (S(t))i>0 be an eventually norm-continuous
semigroup with generator (A, D(A)) on X. Then

a(SH)N\{0} =€, t>0.
Proof. The proof is in [38, Theorem V.2.8]. O

The above theorem implies that for eventually norm continiuous Cy—semigroups the following
is true [38, Corollary V.2.9]:
s(A) = wp. (2.6.1)

Theorem 2.6.2. Let (S(t))i>0 be a Co—semigroup on X with generator (A, D(A)). Then
wo = max{Wess, s(4)}.

Moreover, for every w > wess, the set 0. := g(A) N{\ € C: ReX > w} is either empty or finite.

In the latter case, the corresponding spectral projection has finite rank.
Proof. See [37, Corollary IV.2.11]. O

Theorem 2.6.3. Let S = (S(t))i>0 be a Co—semigroup with generator A and let i, ..., \, €
o(A) satisfy ReAq,...,Redp > wess(S). Then A1,..., N\, are isolated eigenvalues of A with finite

14



algebraic multiplicity. If Py, ..., P, denote the corresponding spectral projections and k1, ..., k, the

corresponding orders of poles of R(X, A), then
S(t) = S1(t) + ... + Sp(t) + Rp(2),

where
kp—

| &

S, (t) = et (A= X)) P, for n=1,..0p.

<

1
=0
Moreover, for every w > sup{wess(S)} U {ReX : A € a(A)\{\1,..., \p}} there exists M > 0 such
that

IR, ()| < Me™,

for allt > 0.

Proof. See [37, Theorem V.3.1]. O

2.7 Analyticity and Compactness

Definition 2.7.1. A closed linear operator (A, D(A)) with dense domain D(A) in X is called

sectorial if there exists 0 < § < T such that the sector
™
Yrigim {)\ eC:largA < Z + 5}\{0}
is contained in the resolvent set p(A), and if for each € € (0,0) there exists M. > 1 such that

M.
IR, A)|| < o forall 0#XN€ Xz 5. (2.7.1)

Definition 2.7.2. Let (S(t))i>0 be a Co—semigroup on X with infinitesimal generator A. (S(t))i>o0

1s said to be analytic if

(i) For some 6 € (0,7/2], S(t) can be extended to N5 where

As = {0} U Xs.

(11) For allt € As — {0}, (S(t))i>0 is analytic in t in the uniform operator topology.
The following result characterizes generators of bounded analytic semigroups.
Theorem 2.7.1. For an operator (A, D(A)) on X, the following statements are equivalent.
(a) A generates a bounded analytic semigroup (S(Z))zezgﬁu{o} on X.
(b) There exists 6 € (0, %) such that the operators et A generate bounded Co—semigroup on X.

(¢c) A generates a bounded Co—semigroup (S(t))i>0 on X such that range(S(t)) C D(A) for all
t>0, and
M :=sup [[tAS(t)] < oco. (2.7.2)
>0

15



(d) A generates a bounded Cy—semigroup (S(t))i>0 on X, and there exists a constant C > 0 such

that
) C
[R(r +is, A)|| < PR (2.7.3)
forallr >0 and 0 # s € R.
(e) A is sectorial.
Proof. The proof is in [37, Theorem I1.4.6]. O

Below, we study positive perturbations of positive analytic semigroups. In this context, the

following result (Arendt and Rhandi, [2]) is useful.

Theorem 2.7.2. Assume that X is a Banach lattice, (A, D(A)) is a resolvent positve operator
which generates an analytic semigroup and (B, D(A)) is a positive operator. If (A —(A+B), D(A))
has a nonnegative inverse for some X\ larger than the spectral bound s(A) of A, then (A+ B, D(A))

generates a positive analytic semigroup.

Proof. |9, Theorem 19]. O

Definition 2.7.3. A Co—semigroup (S(t))i>0 is called compact for t > to if for every t > to,

(S(t))t>0 is a compact operator. (S(t))i>o is called compact if it is compact for t > 0.

Theorem 2.7.3. Let (S(t))t>0 be a Co—semigroup and let A be its infinitesimal generator. The
semigroup (S(t))i>o0 is compact if and only if it is continuous in the uniform operator topology for

t >0 and R(\, A) is compact for A € p(A).
Proof. [59, Theorem 2.3.3]. O

In connection with Theorem 2.7.3, we note that a resolvent R(A, A) of a linear operator A is
compact for one A € p(A) if and only if it is compact for all A € p(A). Also, we note that analytic
semigroups are norm-continuous [38, Section II.5]. Hence, the results in Theorem 2.6.1 and (2.6.1)

hold for compact semigroups and analytic semigroups [38, Corollary V.2.10].

2.8 Interpolation Spaces

In this section, we quote several results from the theory of interpolation spaces. These spaces
play an important role in the analysis of the nonlinear fragmentation-coagulation models, when
the coefficients of the coagulation kernel are unbounded. Specifically, in Chapter 4 we employ the

following space [20, Chapter 3|
(X0, X1)ap={ue Xy ||uap <o}, 1<p<oo O0<a<l,

which is defined in terms of the given Banach spaces Xy C X7 and the functional

[[ul

1
= [ |
0
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K(t,u)= inf Afluollx, +tlluallx, |-
uo+ui=u
The space (Xo, X1)a,p, endowed with the norm ||| o , is an interpolation Banach space [20, Chapter
3]. That is, it is a Banach space such that
(i) for any 0 < a < 1, we have

Xo C (X0, X1)ap C X1,

where each embedding is continuous and

(ii) for any T' C B(X1,Y7), such that the restriction T : Xo — Yy C Y; is also continuous, the

following is true
170l (x0,X1)0p— (Yo, Yi)ap < ||T||?(o—>Y0||TH§(_1(i>Y1 1<p<oo, O<a<l, (2.8.1)

where ||| (x0,X1)0 p—(Yo,¥1)a., 15 the norm of bounded operator 7" : (Xo, X1)a,p — (Y0, Y1)a,p- The
inequalities of type (2.8.1) are known as interpolation inequalities. Note also that in (2.8.1) the
norm ||7'|(x,,x,)a p—(Yo,¥1)a, 15 Pounded by the product of norms multiplied by a constant factor
of 1. This expresses the fact that the interpolation functor (.,.)a,p, is exact, see [20, Definition
2.4.1] for more details.

In our application, Xy, X; are weighted Lebesgue type spaces. In this settings, the complete

characterization of (X¢, X1)a,p is contained in the theorem below.

Theorem 2.8.1 (The Interpolation Theorem of Stein-Weiss). Assume that 0 < p < oo and
0<a<l. Let w(z) =wy *(z)wf(z).
Then
(LP(U, wodp), L7 (U, widp))ap = L (U, wd).
Moreover, if
T € B(LP (U, wodp), LP(V,wodv)) N B(LP (U, widp), LP (V, w1 dv)),
then
17| Lo (U wdp) — Lo (vViwdw) SN Te 0,w0di)— Lo (V,d0dv)
-«
X NN 2o (Urr diay— Lo (Vioy o)
where W(x) = Wy~ (x) W ().

Proof. The proof is in [20, Theorem 5.4.1] O

2.9 Semilinear Equations

So far, we have dealt with the linear semigroup theory. In this section, we will give some definitions
and theorems relating to the theory of semilinear equations, which are useful in analysing more

difficult evolution equations.
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Definition 2.9.1. (Semilinear Abstract Cauchy Problem) Let X be a Banach space and let (G, D(G))
be an operator in X with associated semigroup (Sg(t))i>0. Furthermore, let F' be a nonlinear op-
erator which maps [0, T] x D into X where D(G) N D is not empty. Then, the abstract problem

du(t)
dt

= Gu(t) + F(t,u), u(0)=fo € D(G)ND, (2.9.1)
1s called a semilinear ACP.

Definition 2.9.2. A function u : [0,tmax) — X is said to be a classical solution to the semilinear
ACP (2.9.1) on [0,tmax) if u is continuous on [0,tmax), continuously differentiable on (0,tmax),
u(t) € D(G) for 0 <t < tmax and (2.9.1) is satisfied on [0, tmax) -

Definition 2.9.3. 4 function u : [0,tmax) — X s said to be a mild solution to the semilinear

ACP (2.9.1) on [0, tmax) if u is continuous on [0,tmax), u(t) € D for allt € [0,tmax), and
¢
u(t) = Sa(t) fo + / Sa(t— s)F(s,u(s))ds, 0<t<tpax. (2.9.2)
0

Definition 2.9.4. (Local Lipschitz Condition) An operator F on X is said to satisfy a local

Lipschitz condition if, for any given fo € X, there exists a closed ball

B, (fo) ={v € X :|lv— fol <r}

and a constant L such that ||F1p — Ful|| < L||¢ — pl| for all ¥, u € B.(fo), where L may depend on

fo and r.

Theorem 2.9.1. (Local Mild Solution) Let F satisfies Definititon 2.9.4. If (G,D(G)) is the
infinitesimal generator of a Co—semigroup (Sg(t))i>0 on X, then for every fo € X, there is a tmax

such that the ACP (2.9.1) has a unique mild solution u on [0,tmax). Moreover, if tmax < 00 then

Jim lu(t)]] = oo.

Proof. The proof is in [59, Theorem 6.1.4]. O

Theorem 2.9.2. (Local Classical Solution) Let (G, D(G)) be the infinitesimal generator of the
Co—semigroup (Sa(t))i>0 on X. If F is continuously differentiable on X, then the mild solution
of ACP (2.9.1) with fo € D(G) is classical.

Proof. The proof is in [59, Theorem 6.1.5]. O
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Chapter 3

The Fragmentation Equation with

Growth, Decay and Sedimentation

3.1 Introduction

Recent research on the fragmentation—coagulation models has been extended to include the diffu-
sion [23, 27, 71] or transport of clusters in space, or their decay and/or growth [8, 12, 13, 58, 62].
For instance, in the application to life sciences, the change in size of the clusters is due to their coa-
lescence and splitting as well as due to the death or birth of the organisms inside [56, 57, 42, 43, 51].
Particularly, in the phytoplankton dynamics, the removal of whole clusters caused by their sedi-
mentation is an important process that is responsible for the rapid clearance of the organic material
from the surface of the sea. The removal of clusters of suspended solid particles from a mixture
is also important in water treatment, biofuel production, or beer fermentation. In all these ap-
plications the size distribution of the clusters is a crucial parameter controlling the efficacy of the
process, [1, 43, 51]. Thus, models coupling the fragmentation, coagulation, birth, death and re-
moval processes are relevant in many applications and hence in this chapter we focus on analysing

the following system

df;
d*J; = gi-1fi-1 — gifi + dix1fir1 — difi
—sifi —aifi + Z a;b; ; f; (3.1.1)
j=it1

fi(0)=f" i>1,
where f = (f;)$2, gives the numbers f; of clusters of mass 4, and, to shorten notation, we adopt the
convention that gg = fo = 0. The nonnegative coefficients g;, d; and s;, i > 1, control the growth,
the decay and the sedimentation processes, respectively. The fragmentation rates are given by a;,

while b; ; is the average number of i-mers produced after the breakup of a j-mer, with j > 4. The

difference operators f — (gi—1fi—1 — ¢:fi)321 and f — (dit1fi+1 — difi)2, describe the rate of
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change of the number of particles due to, respectively, the birth and death process. The form of
these operators can be obtained as in the standard birth-and-death Markov process, see e.g. [21],
assuming that only one birth or death event occurs in a cluster of cells in a short period of time
so that an i-cluster only may become an 7 + 1, or an ¢ — 1-cluster. Setting g; =d;, =s; =0,7 > 1,
we arrive at the classical mass-conserving fragmentation-coagulation equation.

In the sequel, it is required that conditions (1.2.3) and (1.2.2) are satisfied. We shall also use the

fact that equation (3.1.1) can be written as the growth-sedimentation-fragmentation model

d o0
% =-qfi+ ;aibl,ifia
Gn _ fno1—(gn +a —I—s)f—i—iab ifi, n>2
dt In—1Jn-1 dn n n)Jn ' Mn,i) iy = 4
i=n+1
fa(0)= £, n>1, (3.1.2)

where a,, = a,, + dp,, n > 2, (with a; =0, sy = 0) and

An4+1bn nt1tdni1 T
Sntlonendf IOt - =+ 1,

bn,i = Bntitdntl (3.1.3)

aibn,i .
e 1 >n+ 2.

We note that the fragmentation part of the modified model (3.1.2) no longer is conservative as

i—1
d; . .
§ =31 - ——— > 9. 1.
nbn’l ! (1 Z((ZZ + d1)> < b L 2 (3 1 4)

n=1
Hence formulation (3.1.2) corresponds to the model with the so-called discrete mass-loss scenario,
with mass-loss fraction A, = d,/n(a, + d,), see [22, 36] and [66] for the mathematical analysis.
The analysis of pure fragmentation equations most often is carried out in the weighted space

X := ¢}, with the norm
oo

£y =D nlfal (3.1.5)

n=1

which, for a nonnegative f, gives the total mass of the ensemble. However, it is better to consider
(3.1.1) in the spaces with finite higher moments, X, := 6117, with the norm

£l =D nPlfal,  p>1. (3.1.6)

n=1

The reason being that in ¢}, summation on the fragmentation part of the model vanishes, while
in é;, summation the on fragmentation term plays a major role by introducing some dissipativity
into the system. In the sequel, for any infinite diagonal matrix P = diag(p,)n>1, we define the

operator P, in X, by P,f =Pf = (pnfn)n>1 on D(P,) ={f € X,;; Pf € X,}.

3.2 Analysis of the Subdiagonal Part

In this section, we shall consider the simplified problem corresponding to the subdiagonal part of

(3.1.2),
;l—{:/cf:g*f+(A+g°+DO+S)f, f(0) = fin. (3.2.1)
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where (G fln = gn-1fa-1, [9°fln = gnfu: [Afln = anfu, [P°fln = dufp, and [Sfln = snfn. We
denote for brevity T = A + G° + DY + S and consider the operator (7, D(T},)) defined, as above,
by T,f = Tf on D(T,) = {f € Xp; Tf € Xp}. Then G := G~ |p(r,) is a well defined positive
operator in X, and we can apply the substochastic semigroup theory, [10], to K|p(r,) =T, + G,
Let K} max denote the maximal extension of K,; that is, Kpmaxf =T f+ G~ f on

D(Kp,max) = {f S Xp; an|anfn + dnfn + Snfn +gnfn - gn—lfn—l‘ < OO}

n=2
Theorem 3.2.1. 1. If, for somep > 1 and g, > 0,

1P — P
lim inf (an +dy, + S, — gnm)n> > —00, (3.2.2)

n— oo npP

then there is an extension K, of T, + G, that generates a quasi-contractive (of type Co(1,w)
for some w € R) positive semigroup on X, and, moreover, K, = K, max. The resolvent

R(\, Kp) for X > w is given by

n—1

“~  fi gj
K n = E , >1, 2.

where 01 = g1 and 0, = g, +dp + Sp + an,n > 1.

2. If there is p' > p > 1 such that'

liming o T dntsn) o 0 (3.2.4)

n—oo gn
then (3.2.2) is satisfied. Moreover, D(K,) = D(A,) N D(D}p) N D(S,) N D(G)), where G, =
(G~ +3G°)b@,) = 9lp,) with

D(Gyp) = {f € Xpi Y gnfn = gn-1fu1] < oo}, (3.2.5)

n=2

and (Kp, D(K})) = (T, + Gy , D(T})).

3. If (3.2.4) is satisfied, then R(\, K,), A > w, is compact provided

liminf(a, + d,, + s,) = 0 (3.2.6)
n— o0
and either
i L s or lim —"—o, (3.2.7)
el Ao+ O n—o0 \g + 0,

for some fized Ay > w

In (3.2.4) and everywhere below, it is assumed that the numerical coefficients like an, dn, gn, $n, e.t.c. take
their values in the extended half line R4 = [0, 00) U {+oc0}, where for any a € (0, 0), we let G = oo. In particular,
according to this convention for a nonnegative sequence (gn)n>0, with gn = 0, n > ng, (3.2.4) holds for any finite

m’ > 0.
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4. 1If

n dn n
liminf 2t (3.2.8)

n—oo gTL
then (Kp, D(K))) = (G, + Ty, D(T})) = (G, + Gg +D2 + Ay + 5y, D(Ty)) and (Sk,(t))i>0
is an analytic semigroup. If additionally (3.2.6) is satisfied, then (Sk,(t))i>0 is compact.

Proof. ad 1.) We denote o,, = a,, + dp, + sp,n > 1. Let 0, —n Pgp((n+1)? —nP) > a > —oo for
n > 1. Then, if « < 0, for f € D(T,)+ we have

Z’np T +G an O'n+gn n gnflfnfl)

= - Z npo'nfn - Z npgnfn + Z(n + 1)pgnfn
n=1

= - Z nPop frn — Z((n + 1)p - np)gnfn

n=1

:_anfn (Un gnW_a>_aanfn

n=1

= —ci(f) + eolf), (3:29)

where ¢y is a bounded functional on X, and c; is nonnegative. If o > 0, we set o = 0 in the
formulae above. Thus, as in Corollary 2.4.3, there is an extension K, D G, + T}, generating a
smallest quasicontractive (with the growth rate w not exceeding ||cg||) positive semigroup. By
Theorem 2.5.3, K, C Kp max. We note that Ker(Al — Kp max) = {0} for A > s(K,), hence [10,
Lemma 3.50 & Proposition 3.52] gives K, = Kp max-

Let A > w. We use the formula from (2.4.3)

RO\ Kp)f = RNT)G, RAT) Y, feX, A>w (3.2.10)
k=0
Since R(A,T,) is represented by the matrix R(A) = diag (ﬁ) oy and G, is represented by
"/ n>1
G, we have R(\)[G"R(\)* = ('yi(f))i’jeN, where
i—1
o[ v st iz i=iek

2]
0, otherwise.

Since the convergence in X, implies the coordinate-wise convergence, we see that for each n the
component [R(X, K,)f]n of the series (3.2.10) terminates after n terms and hence the resolvent is
given by (3.2.3).

ad 2.) Since ¢; extends by monotonic limit to D(K},)+, for f € D(K,)+, [10, Theorem 6.8] we can
write

> = fim <Z O —nglfl)

n=1

:co(f)—cl(f)—ll_i)r&lpglfl (3.2.11)
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and hence the last limit exists. Further, we have

Cl(f) = nz::lnpfn (—O(—FO'TL _gnW>

_ - p _ 9n l
7;71 fnon <1 no <p+0<n)>>,

as —a > 0 (otherwise we set « = 0) If (3.2.4) is satisfied, then (possibly adjusting ny from the

previous part of the proof) for n > ng

n 1 n 1
1- 2 (p+0<>)21—p,+g O()zc’>o
Nnoy, n p noy, n

on account of p’ > p and g¢,/no, < 1/p’. Since ¢; extends to D(K,)y by monotonic limits,

we argue as in [7, Theorem 2.1] that any f € D(K,) is summable with the weights (nPo,,)n>1
and hence, by (3.2.4), it is also summable with the weight (n?~'g,),>1. Therefore, in particular,
D(K,) € D(A,) N D(DY) N D(S,) and hence also D(K,) C D(G)) holds by the definition of
D(Kp max). The converse inclusion D(A,) N D(DY) N D(S,) N D(G,) C D(Kp) = D(Kpmax) is
obvious. Further, from (3.2.11) we know that lim;_, o, {Pg; f; exists, and thus it must be 0. Indeed,
otherwise [Pg; f; > ¢ for some ¢ > 0 and large [ contradicting the summability of (n?~! Gn)n>1. But

then (3.2.11) implies that K, is honest, hence (K,, D(K,)) = (T, + Gp , D(T},)) by Corollary 2.5.2.

ad 3.) Though not strictly necessary, the estimates of the norm of the resolvent are instructive

and used also further down. To simplify the calculations, instead of || - ||}, we employ the norm

p]>

Nl =300, F;’zz)p) |fn| that is equivalent to || - ||, by virtue of the Gautschi inequality

I'(n+p)
I'(n)
which holds uniformly for all n > 1, and a fixed p > 0, with absolute constants 0 < ¢, < C,,, see

e.g. [40].

epn? < =CynP, n>1, (3.2.12)

Let f € X, and A > w. Then, changing the order of summation,

e’} o] F(n—|—p) 1 n—1 g
< E . E
RO Kp) - < Wn:l, L(n) A+0, E A+ 0,

1=1
1 0 0 C(n+p) (A+gn gn n—1 9
—A;W; T(n) (A+0n N+0.) X+,

1 > s F(n —|—p) n—1 9; n 9
S22 Ty - - 2.1
_A;\fln; L) \JtA+0; 11X+ (3.2.13)
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Now, we have

f: T(n+p) ﬁ 9 95
r(n) |11 3%e, ~ 11379,
j=i I =i J

n=t

~ T(i+p)
- T()
N n—1 N
I'(n+p) I'(n + p) 9j
|
L nzi;l T(n) EA+9 Z:: T(n) 113779
Litp) | Fntp-1)"F7 9
= 1
NORR A ngl T —1) 210,
N n—1 N
e L(n+p-1) 9; _ZF(ner) 9;
el I'(n) SA+0; L(n) +LA+0
I'(i +p)
= ——F= 3.2.14
N n—1 N
. Fn+p-—1) (N +p) 9;
+ lim |p Z H
N—oo el I‘(n) )\ -‘r- 9 F(N) =i )\ + Gj
Using (3.2.4), for sufficiently large j we have
9 _ 9i 195 J (3.2.15)

= < <
A0 Adgi+laj+di+s) " Aj+(G+p)g ~ P+
hence
N .
I'(N ; I'(N (N +1)I /
0 < limsup (N +p) 9 < lim sup (N +p) D(N + ,) (i —l—p‘)
N —o00 F(N) j=i A+ 9]’ N —o00 F(N) F(N +p'+ I)F(Z)

— limsu N T(N+pl@i+p)
Vo N4p T(N+p)TG)

on account of the Gautschi Inequality, see (3.2.12). Thus, (3.2.14) can be estimated from above by

+pz ”+p—1)H J

/
n=i+1 *‘7+p

+ n+ — DG +p
Z p+ Z p ( p)

n=1+1 ?’L+p)
_F(z‘+p) > M i
- T() ern;l F(i)F(n_i)B( 0 ), (3.2.16)

where B is the Beta function. The sum above can be computed explicitly. Indeed, using the

integral representation for the Beta function [63, Page 945], the Taylor series expansion

n+P D) i
17t - th ) t<17
107 3 R
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that converges pointwise in the interval (—1, 1), nonnegativity of the partial sums of the above

series in [0, 1) and the Lebesgue dominated convergence theorem, we obtain

n=i+1

-G /01 ((1 - t)p/”_l% HEZ:O mt"> dt
8 [

I
CTp+id) [ o ypa, Dl+i) 1
=Sty 0wt = Rt

Substituting the above into (3.2.16) and returning to (3.2.13), we obtain

1t ner—l ) d

- = p+z 1 4tn71 dt
), (0o s i)
1

/

IRO Kl < ==l (3.2.17)

To prove the compactness, we fix some Ag > w and consider the projections

PNf:(flaf%vaaOa)a N21 (3218)

Since Py R(Ag, K},) is an operator with finite-dimensional range, it is compact. We consider

n—1
I(n+p) Jil gj
|Pn—1R(Xo, Kp) f — R(Ao, Kp) fll« < Z T(n) Z)\| H hY +J0-
n=N 0% On 525 Aot 0

N—
= Z i1 + Z | fil Sitv.is (3.2.19)
=1 i=N
where .
—T(n+p 1 T g
Sii = 1
l, ; F(n) )\0 + en Jl;[ )\0 + 0]'
Now,
Sit1,i = J
i n;—l L(n)  Ao+6n E Ao + 0;
o n—1
1 F(n+p) on g
< su —
nzigl{an}; F(TL) Ao + 6, H )\0+0j
1\ <= TL(n+p) g T
< — 1— I i
i {on}; T'(n) < X +9n> 1157,
L\ &Tn+p) (7 9 g
o X (3% sty
1 ' T(s
< sup {} /p (z—|—p)7
n>i+1 (On p—p F(Z)
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where we used the estimates for (3.2.13). Hence,

Z|fi‘5i+1,i < sup { } Zm Z‘f"p
i=N

n>N+1

1
S Sup {} !
n>N+1 On yy

and, by (3.2.6), this term tends to 0 as N — oo, uniformly on the unit ball of X,.
Since, by (3.2.15),

(3.2.20)

p T p’+n_p+i.'“.p—i—nif‘(i)F(n—i—p—i—l)

()T +p) n
r@C(n+p)n+p’

H i n__ i n I'(n+ 1T+ p)
)\0+9

we have
Sua= S L tp) = 1 T+p) 1y 9
_; T(n) /\0+0 H)\0+0 TZ;VAOWLQN T(n) jH:iAoJraj
T(i +p) n—1 Di+p) v~ 1
< < .
< n;VAO+9nn—1+p* NGRP I vers
Hence,

N-1 e 9] .
1 I'(i +p)
il SN < T il
3 tnisw < ( 3 5bg ) S
i=1 n=N i=1
and, using the first option of (3.2.7) and combining the above estimate with (3.2.20), we see that

lim PN 1R()\0, ) R(Ao,Kp)

N—oc0

in the uniform operator norm. Therefore R(\g, K},) is compact.

To use the second option of (3.2.7), first we re-write the formula for Sy ; as

= TI'(n+p) 1 e g; = 1 Tn+p 1o 9
S P = =
N, Z F(n) Ao + 6, g Ao + 0]‘ n§=;\/' Ao + 6, F(n) iz A+ Qj

T(i+p) — 1 T(n+p)
= I'(7) ZAO+9nF(n+p’)'

Then, using again the Gautschi inequality, for large ¢ and N > i we can write

np’—p
)\o + 6,

T(i+p) 1 T(n+p) N —p
ING) ZAOJrH Cn+yp) — s C¥N Z

—_ is summable (as A + 0, > cn,

. / . nP
for some constant C, since p’ — p > 0. Now, by assumption, o0,
o0

for some ¢ > 0 and large values of n, while p—p’ < 0), hence > /(L:;; converges to 0 as N — oo.
n:N n
Since NP7 monotonically converges to 0, we can use the Stolz—Cesaro theorem [54, Theorem

1.22]. We have

/ U 1 N+1
lim NP 7P li
N ) T T T A et Oy

:07
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by assumption, hence we see that

N-1 , [e'S) np_p/ 00
2 [filSni < (Np -p ;V » wﬂ) Z; il

and for the fixed A\ the result follows as above. The general case A > w, follows from this and the
standard resolvent identity R(A, K,) = R(Xo, Kp) + (Ao — A)R(Xo, Kp)R(X, Kp).

ad 4.) By (3.2.8), gn < C(an + dy, + sp) for large n and some C' > 0, hence (3.2.4) holds and
thus also the result of 2. holds. Moreover, (3.2.8) implies

D(A,) N D(DY) N D(S,) C D(T)

and hence, by 2.), D(K,) C D(T}). Since K, is an extension of (T, + G}, D(T},)), we see that
K, =T,+ G, , but then we also have K, = A, + D) + S, + G + G, . Further, since (T},, D(T},)) is
a diagonal operator, it generates an analytic semigroup and hence (K, D(1},)) also generates an
analytic semigroup by Theorem 2.7.2.

Now, the stronger assumption on g, allows for a simpler proof of the compactness without the

need for (3.2.7). By virtue of the above and [10, Theorem 4.3|, I — G, R(),T}) is invertible and
R(Aa Tp + G;) = R(Aa Tp)[l - G;R()‘v Tp)]_l'

In view of the last identity, it suffices to show that R(\,T},) is compact for some A > 0. For each
f € X, with || fl|fp) < 1, we have [|[R(X, T}) fllp) < 1/X and

o0

1 = 1
> 0P| RN Ty) fln] S:Bfo YTy 3" | fal S:EEO g
> = >

n=no

oo

Z nP|fnl.

n=ngo

If (3.2.6) holds, we have

=0.

1 1
li S =
nognoo :;}30 Ao, A+ liminf,, oo 0y

Hence the image of the unit ball B = {f € X : ||f[|] < 1} under R(A,T},) is bounded and
uniformly summable and therefore it is precompact, see [35, IV.13.3]. Hence R(\,T}) is compact

and the compactness of (Sk, (t))¢>0 follows from Theorem 2.7.3. O

Remark 3.2.2. We note that (3.2.8) also allows us to apply the Miyadera perturbation theorem,
see Theorem 2.4.4. Indeed, if (3.2.8) is satisfied, then we can find ng such that for n > ng + 1

(n+1)Pgn

<g<l1
np(gn+an) 1

and then w > 0 such that
1)P
max —EDO
1<n<no nP(gn + oy + w)
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Since the generation for T, + G, is equivalent to that for T), — wl + G, [10, Lemma 4.15|, the
Miyadera condition for T}, — wl + G, and f € D(T})4 reads

n -+ 1 pgn 1 —e (qn+cfn+w)6)
nP(gn + op + w)

n® fn

/ ||G ST —wi( f||[p]dt

oo

(n+1)P n+1)Pg,
SURR i T SR S s S
P(gn + 0 + w) W WP (gn + on)

IN

>
>

< qll fllp)

At the same time, if 0,,/g, — 0 as n — oo, then g, /(0. + g») — 1 and the above estimate is not

available.

3.3 Growth-Sedimentation-Fragmentation Equation

We introduce the following notation, see [7],

AP =P =P =P =Y kb, n>2, p>0. (3.3.1)
Then, for n > 2,
AV =1 <0, AP =0 AP >0, p>1. (3.3.2)

Further, let us recall the notation 61 = ¢g; and 0, = a,, + g, + dp + Sp, N > 2.

Theorem 3.3.1. 1. Let (3.2.4) be satisfied. If for some p’ >p>1

(p)
An P (3.3.3)

/

hrnlnf—
n—oo 0, NP P

holds, where as before o, = a, + dy, + sn, then

(va D<Kp)) = (Kp + D;_ + pr D<Kp))

= (T, + G, + Dif + B, D(T})) (3.3.4)

generates o positive semigroup in X,. If additionally (3.2.6) and (3.2.7) are satisfied, R(\,Y})

is compact for sufficiently large \.

2. If for some pg > 1
(po)

lim inf -~ —"— > 0 (3.3.5)
n—00 n nPo
holds, then for any p > 1
(Yp, D(Tp)) = (Ap + Sp + Gp + Dy + By, D(Ty)) = (Y, D(Y3)) (3.3.6)

generates a positive, analytic semigroup in Xp.
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Proof. ad 1.) Repeating the calculations in (3.2.9) for the full operator using f € D(K,);+ C
D(Ap)+ N D(DY)4 N D(Sy)4 and (3.2.5), we obtain

> nP[(Kp + D+ By)fln =Y _nP[(Ay + Dp+ Sp + Bp) fln + Y n”[Gpfln
n=1

n=1 n=1

Now, using the convention that ggfy = 0,

0o l
Z np[GPf]n = IILI& Z np<gn71fn71 - gnfn)
n=1 n=1

l

(Z((n + 1)10 - np)gnfn - (l + l)pgl+1fl+1)

I
5

oo

= Z((n +1)P = nP)gnfn

n=1

by the proof of Theorem 3.2.1, part 2. Hence

n=1 In
n—1
a 1 d 1\ 5
——1-—= EPbgp | ——(1—(1-= - =
On < np Z b ) On ( < n) ) O'n>
k=1
==Y Apoun’fp. (3.3.7)
n=1

Thus, if A, > 0 for large n, then there is an extension (Y, D(Y},)) of (K, + D, + By, D(4,) N
D(D9) N D(Sp) N D(G),)) generating a positive semigroup. Since

AP, (1 n 1 0
e o) fro () -
o, npP On n noy n On

where both %O (%) and ngT’fO (l) converge to zero due to the boundedness of d,, /o, and nng, <

n =

]% + en, with g, — 07 as n — oo (see (3.2.4)), we have A,, > A > 0 for some A and large n,
provided (3.3.3) is satisfied. We observe that, in view of (3.3.1) and the trivial inequality &= <1,
A < 1sothat 1 < p < p’ is a necessary condition for (3.3.3) to hold. Hence, if (3.3.3) holds,
D(Y,) € D(A,)ND(DY))ND(S,). Then, since D(B,), D(D;}) C D(A,)ND(DJ)ND(S,) and Y, is
a restriction of the maximal operator, D(Y,) C D(G,) and hence the first part of (3.3.4) is proved.
To prove the second part, we note that (K, D(K})) = (T, + G, D(T},)). Since K, + D;f + B, is

the generator, it is closed and thus

(Tp + Gp + Dy + By, D(T})) C (K, + Dy + By, D(K}))
= (K, + D} + By, D(K,)). (3.3.8)
On the other hand, D(K,) C D(D)) N D(A,) = D(D}) N D(By), hence Df + B, is K,-bounded
by [10, Lemma 4.1 & Theorem 2.65]. Let f € D(K,). Then f =lim,_ .« f, with f, € D(T,) and

limy, 00 Kp fro = limy 500 (T + G, ) f = Kpf. By Kp-boundedness, ((D;f + Bp) fn)nen converges.
By (3.3.8), T, + G, + D} + B, is closable and hence

Kpf + Dy f+ Bpf = lim (T, + G, + D + By) fo = (T, + Gy + Di + By)f.
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Thus

K, + D} + B, CT,+ Gy +Dj + B,

and (3.3.4) follows.
The compactness of R(\,Y,) follows from

R(\.Y,) = RO\ Kp)[I = (By + Dy )R(N Ky)| ™

where the second term on the right-hand side is a bounded operator by D(B, + D) = D(A,) N
D(DJ) D D(Kp). Thus the proof of the compactness of R(A,Y,) follows as in item 4.) of Theorem
3.2.1.
ad 2.) By [7, Theorem 2.1], if (3.3.5) holds for some pg, then it holds for any p > py. Hence,
we can fix a p for which (3.3.5) holds. Then, for f € D(T,) = D(A, + GS+ DY + 5,) = D(4,) N
D(GY) N D(DY) N D(S,), we obtain
inp[(Gp +D,+ Sy +A,+By)fln = iennpfn (((1 + 1>p - 1) ‘Z—”
n=1 n—=1

n

n—1
a 1 d 1\? s
_n _ D _n _ I _n
0, (1 np Zk b’“") 0, (1 (1 n) ) Hn>
k=1
== 00" f,On. (3.3.9)
n=1

Then we proceed as above. Since

(p)
0, = I A +d”0<1) —9"0(1> +2n

0, n? 0, \n n 0,’

where the terms 42O (%), %O (%) and Z* converge to zero due to the boundedness of 4=, ‘;—" and
7, ©n = ¢ > 0 for large n if and only if (3.3.5) is satisfied. Hence (Y}, D(T})) := (G + Dp + Sp +
Ap+ By, D(A,+ Gg + Dg +S,)) generates an analytic semigroup as a positive perturbation of the

diagonal operator (T}, D(T},)). However, by the closedness of K, + D} + B,

(Ap + Gp+ Dy + Sy + By, D(Ap + GO+ D) + S,)) = (T, + G, + D; + By, D(T}))

= (Tp +G; "’DS_ "’BpaD(Tp))

= (Y5, D(Yp)).

To conclude the proof, we show that if (3.3.5) holds for some py > 1, then it also holds for all
p € (1,po] and thus the argument of the proof applies for all p > 1. We let ¢;(p) = %, 1> 2,
p > 1. It can be verified that for any ¢ > 2 and p > 1, 0 < ¢;(p) < 1. This indicates, in particular,
that condition (3.3.5) is equivalent to the existence of constants & > 0 and § > 0 such that

Zlgg a—z =a >0,
and

inf ®i(po) = B > 0. (3.3.10)
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Straightforward computations yield for p > 1,7 > 2,
. i—1

1 i—1 . 1 . .
¢i(p) = = ;lln(;)f’bj,i >0, ¢ip)=-7 Zln2(§>prj,i <0,

so that each function ¢;(p) is monotone increasing and strictly concave with respect to p on (1, c0).
The monotonicity ensures that if (3.3.10) is satisfied for some pg, then it is satisfied for any p > pq.
On the other hand, since ¢;(1) = 0, ¢ > 2, the concavity implies that for p € (1, pg]

#(po) p—1
po_l(p—l)zﬁpo_l

bi(p) >

and hence
¢mn2mm{L

Hence (3.3.5) holds for all p > 1 and we conclude that for each p > 1, the sum (Y,, D(Y})) =

-1
;:)_1}5>0, p>1.

(T, + G, + D} + By, D(T},)) generates a positive analytic Co— semigroup (Sy, (t));>0 in Xp,. O

)
Remark 3.3.2. We note that (3.3.5) implies that both %= and An{ must be bounded away from 0
and thus, in particular, (3.2.8) is satisfied so that (Sk,()):>0 is an analytic and compact semigroup

in its own right.
We mention that if the sedimentation is sufficiently strong, the generation result extends to

p = 1. This is demonstrated in the following corollary.

Corollary 3.3.3. If the following assumption

10;
i S — 3.3.11
l?iigp(isri-di—gi) =6 s ( )

holds, then the sum (Y1,D(Y1)) = (Ty + Df + By + Gy, D(T1)) generates a positive quasi-
contractive analytic Co—semigroup (Sy, (t))e>0 in X1. If in addition, equation (3.2.6) is satisfied,

then (Sy, (t))i>0 is compact.

Proof. The operator T; is diagonal and it can be verified that the following is true:

(i) The resolvent is given by [R(\, T1) f]n = )\_{’én, n > 1, where 0,, = g, + S, + an.
(i) |ROLT)] < L, for A > 0.
(iii) The operator (T, D(T})) generates a substochastic semigroup (Sr, (t))¢>0 in 4.

(iv) The semigroup (S, (t)):>0 is analytic.

Since (G7, D(GY)), (D, D(D{)) and (By, D(By)) are positive operators and D(Ty) € D(G] +
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Dy + By), we can apply Corollary 2.4.3. For f € D(T})4, we have

o

Z Tlf + G f +D+ +B1f Z l:gn 1fn 1— (gn + Sp + ap +dn)fn +dn+1fn+1

n=1 _

- Z gn 1fn 1 — gnfn Z nsnfn + Z n(dn+lfn+l - dnfn)
n=1 n=1

anfn+z Z aj jfj

n=1 j=n+1

Zgnfn Znsnfn Zd fn—z gn — T Sn_dn)fn

n=1

5 Bt

HM8

= co(f) — e (f). (3.3.12)

Hence, there exists a smallest positive semigroup (Sy, (t))¢>0 generated by an extension (Y7, D(Y7))
of T1 + G + By. Note that ¢1(f) extends to D(Y7).
On the other hand, for f € D(Y}), using condition (3.3.11) for n > ng, we have

o0 o0
nb,

nen’ﬂ: n3n+dn_n—n
n;() ! n;()( gn) (nSy + dn — gn) f
<N (8 + dn — go) fu < er(f), (3.3.13)
n=ngo

i.e. D(Y1) C D(Ty). Hence, (Y1, D(Y1)) = (T1 + Gy + DI + By, D(Ty)).

By Theorem 2.7.2, (T + G| + D{ + By, D(T})) generates an analytic semigroup, since (77, D(T}))
is a diagonal operator that generates an analytic semigroup and (G7, D(GY)), (Df, D(D{)) and
(B1, D(By)) are well defined positive operators.

The proof of the last statement of the corollary follows as in the proof of Theorem 3.2.1(ad 4). O

If in equation (3.1.1) g; = 0, then the associated semigroup (Y71, D(Y7)) is substochastic.

Corollary 3.3.4. Assume the coefficients of the decay-sedimentation-fragmentation model, that is
when g; = 0, satisfy
lim sup = < oo. (3.3.14)

n—oo Sp
Then the operator (Y1, D(Y1)) = (A1+DY+S1+Df + By, D(A1+D%+51)) generates a substochastic
Co— semigroup (Sy, (t))i>0 in X1. The semigroup (Sy, (t))i>0 is analytic in X provided for some
>0
Cd, <s,, n>1. (3.3.15)

If in addition, equation (3.2.6) is satisfied, then (Sy, (t))i>0 is compact.
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3.4 Asynchronous Exponential Growth

Proposition 3.4.1. If assumptions (3.2.6) and (3.3.5) hold, then the semigroup (Sy, (t))i>0, p > 1,

s analytic and compact.

Proof. By (3.3.6), (Sy,(t))i>0 can be viewed as the semigroup generated by the perturbation
Y, =T, + (G, + D} + Byp) so, as in the proof of Theorem 3.2.1, R(), T;,)X,, C D(Y},) implies

R(A\Y,) = RO\ T,)(I = (G + Dy + Bp)R(\, T,) ™,
where, by the identity
(M = T,)R(\Y,) = (I = (G, + Dy + By)R\ 1)) ™,

the operator (I — (G, + D;f 4+ B,)R()\,T;,))~" is bounded. Hence, R(),Y,) is compact, provided
R(A,Tp) is compact and that was proved in Theorem 3.2.1. Since (Sy,(t)):>0 is analytic, its

compactness follows from Theorem 2.7.3. O
Proposition 3.4.2. The semigroup (Sy, (t))¢>o is irreducible if and only if g, > 0 for alln > 1.

Proof. Necessity. If g,, = 0 for some ng > 1, then the closed ny-dimensional subspace of X,
spanned by the canonical vectros e, = (d;)i>1, 1 < n < ng is invariant under the action of the
generator (Y}, D(T})) and hence the semigroup (Sy, (t)):>o is not irreducible.

Sufficiency. By [26, Proposition 7.6] it suffices to show that R(X,Y),)e, > 0 for all n > 1 and

for some fixed A > s(Y,,). To simplify the calculations, we use the representation
(vaD(Tp)) = (Kp + D;r + prD(Tp)) = (Kp + BP7D(TP))5

(see (3.3.6), corresponding to (3.1.2) and (3.1.3)), which combined with the resolvent formula from
(2.4.3), gives

ROY,)E = S0 ROVK)B RO KS, [ X, A> s(V). (3.41)
k=0

Let ng > 1 be fixed. From (3.4.1) and (3.2.3), we infer

[R(/\,Yp)eno}n 2 [R()‘7Kp)(l+ BpR(/\aKp))eno]n

n—

OO = = T =
= : 61 n 7 bz j e
;Awngij ot D b ;ij U

j=i+1

In view of our assumptions, the last formula indicates that [R()\7 Yp)eno}n > 0, provided n > nyg.

Moreover, for ng > 1,

[R(A\, Kp)BLR(A, Ky))en, |

Tlofl
nog—1 1 no—2 gi [e%s) 1 j—1 g
= J by ; 0 3.4.2
;)ﬁtong,l g/\+9j j;ﬂag 7])‘+9J’z:no)‘+91 > (3.4.2)
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for, if not, then

bi,nozoa 1<e<ng—1,

as all other terms and multipliers are positive. This contradicts (3.1.4) that requires

TLo—l

dn
> i, =1p — ——2— >0 no > 1.
i=1 e ano + d’ﬂo ’

Thus, if ng = 2, then [R(), Yp)eno]n >0 for n > 1. If ng > 2, then we consider the third term in
(3.4.1), evaluated at ey,

R\, Kp)[BpR(A, Kp)]Qeno = R(\, Kp)Bp[R(A, Kp)ByR(A, K )en,]

= R(\, K,)B, 9,

where ® = (¢,,),>1 is a sequence with ¢,, > 0 for n > ny — 1. Since in the proof of (3.4.2) we only
used the fact that R()\, K,)B, acted on a sequence with a positive ng entry, we see in the same
way that

[R(A\, Kp)[BpR(A, Kp)]Penglne—2 > 0.

Repeating the argument, for ng > k we have

[R(\, K,,)[BpR(N, Ky en, | >0, 1<k<ng—1

’ngfk

and hence R(X,Y,)e,, > 0. Since any f € X, ., f # 0, is bounded from below by a finite linear
combination of elements from {e,},>1, we conclude that R(),Y},), and hence (Sy, ());>0, are

irreducible. O
Thus [38, Theorem VI1.3.5] yields the following result.

Theorem 3.4.1. Assume that g, > 0, n > 1 and (3.2.6) and (3.3.5) are satisfied. Then there
exist a strictly positive e € X, a strictly positive h € X7, M > 1 and € > 0 such that for any
fire X, andt>0

€70 Sy, (0" = (o, f7)ellp) < Me™. (3.4.3)

Note that in the absence of growth, g; = 0, the resulting decay-fragmentation equation men-
tioned in Corollary 3.3.4 also have the property of Asynchronous Exponential Growth. However,
the proof is quite different from the one presented above because the substochastic semigroup

(Sy; (t))¢>0 associated with this model is reducible.

Theorem 3.4.2. Assume g, = 0, n > 1 and assume that the decay-sedimentation-fragmentation
semigroup (Sy, (t))i>0 satisfies either p = 1 and conditions (3.3.14), (3.3.15) and (3.2.6) orp > 1
and conditions (3.3.5) and (3.2.6). Let

AL = — I;lelg 0, (3.4.4)
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be the negative strict minimum of the sequence (0,)5%,. Then there exist constants € > 0, M > 1

and e € Xp,e* € X such that for any f € X,
le= 1Sy, (8)f — (e, fle| < Me™". (3.4.5)
Proof. Let us introduce the dual space to X, = ¢,
Xy = {71 g 2= sup [ il < o0}
p =TI = sup Uil < o

with the duality pairing
(F 1) = fifi fEXp fr X
i=1

The following result is analogous to classical theorems on asynchronous exponential growth, see
e.g. [38, Theorem VI.3.5] since, however, (Sy, (t)):>0 is not irreducible, it requires a separate proof.
We follow the proof of [15, Theorem 4.3] with some modifications. Under the adopted assumptions,
R(\,Y,) is compact, hence o(Y},) is countable and consists of poles of R(A,Y}) of finite algebraic
multiplicity, [37, Corollary V.3.2]. Thus, in particular, the essential radius of the semigroup and
its essential growth rate satisfy, respectively, ress(Sy, (1)) = 0 and we,s(Y,) = —oo. Hence, any
half-plane {RA > a : a > —oo} contains only a finite number of eigenvalues of Y. Since, in
addition, (Sy, (t))¢>0 is positive, it follows that the peripheral spectrum of Y}, is additively cyclic
and, being finite, consists of the single point s(Y),) that is the dominant eigenvalue of Y),, see e.g.
[6, Theorems 48 & 49].

To prove that Ay = s(Y},), first we observe that, by (3.2.6), the infimum of 6,, is attained. Let
Py be the projection operator on X defined by

Pyu = (u1,usg, ...,un,0,...) for fixed N € N. (3.4.6)

The key observation is that the space PyX), is invariant under Y, = A, + DY + S, + D} + B,
(and thus under Sy,) for each N — this follows from the upper triangular structure of A, + D) +
Sy + D}t + By. Denoting Y,y = Y, |pyx,, we have 0(Y,,) = {—01,...,—0On} and s(Y};) > A\ as,
due to the invariance, any eigenvalue of Y}, is an eigenvalue of Y},,. On the other hand, assume
s := s(Y,) > A1. Then s is an isolated eigenvalue of Y, and hence there is a decomposition
X, = Xp, ® X,p,, where X, is the spectral subspace corresponding to s, whose dimension is at
least 1, while X, is a closed complementary subspace invariant under Y, on which sI —Y), is

invertible. In particular, (sI —Y,)X, C X,,. On the other hand, since s ¢ o(Y,, ) for any N

(sI=Y,)X, D (sI=Y,) | PvX, = | PnvX,
N=2 N=2

and the latter is dense in X,. This contradiction shows s(Y,) = A;.

By [37, Corollary V.3.2] we can write
Sy, (t) = Sy, (t) + R(t), (3.4.7)
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where there is € > 0 and M > 1 such that
[R()|| < M9, £ >0. (3.4.8)

The operator Sil/p has finite rank and hence is given by

k=1
Sy, (t) = <6“ > E,)H (3.4.9)

j=0
where k is the order of the pole A; = s(Y,,) and II is the corresponding spectral projection onto
the subspace of X, whose dimension equals the algebraic multiplicity m of A\;. We shall prove that
k=m=1.
The semigroup (S%,p (t))e>0 is finite-dimensional and it is generated by an operator which has
A1 = s(Y,) as the only eigenvalue. Since, by the previous part of the proof, ||6_>\1t5yp )] <1,
also [le™**S} (¢)|] < 1 and thus k = 1, for otherwise [le™*1*S}, (¢)|| would grow polynomially in ¢.
Using the inequality mgy+k —1 < m < myk, where m, is the geometric multiplicity, see e.g. [6, p.
19], for k = 1, we find m, = m which shows that to prove m = 1, it is sufficient to show my = 1.
We prove that m, = 1 by examining the adjoint operator Y,’. Arguing as in [15, Theorem 4.3],
we find that the operator Y, defined by

(Y [ = =017,
-1 (3.4.10)
(}/p*f*)] = 79jf; + djf;—l + a; ZbiJ i*7 J=2,3,...,
i=1
with the domain
1 =
DY) = {f* eX*: sup ‘—ejf; tdifi +a; Yy bijff| < oo}, (3.4.11)
iz i=1
is the adjoint of Y},.
Suppose that e* = (e],e3,...) is an eigenvector of Y, corresponding to the eigenvalue \; =

s(Y,) and assume A\ = —6fn,. Then we see that ¢} =0 for 1 < i < Ny — 1, the Ny-th equation is
satisfied irrespectively of e} , so €}, can be chosen in an arbitrary way and then e}, for N > Ny
can be recursively evaluated in a unique way (for a given ej‘\,o) as

N-1

dyey_1+an Y binel | . (3.4.12)
Jj=No

1

e = ———
y =
On — On,

Therefore, the geometric multiplicity of Ay = s(Y},) is at most 1. Hence, A\; = s(Y}) is a simple
dominating eigenvalue of Y,,. To complete the proof, let us find the explicit form of the spectral

projection II. For this we find the eigenvector e = (eq, eq,...) of Y}, belonging to A\ = —0x,. We
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observe that e satisfies

o
—On,e1 = —bhre +d2€2+§ ajbi e,
i=2
= :’
oo
—ONyENy—1 = —9N0716N071+dN06N0+§ a;bije;,
Jj=No
o0
0 = dnyt+1enp+1 + E a;bi je;,
j=No+1
oo
—ONpeNg+1 = —ONngr1eng+1 +dngr2enor2+ Y ajbije;,
j=No+2

We see that the equations for N > Ny+1 decouple from the system and are solved by ey = 0, N >
Ny + 1. Then the Ny-th equation is trivially satisfied and the remaining Ny — 1 equations form an

upper triangular system with Ny unknowns that can be solved recursively setting ey, = 1,

No
1
ey =-———|dntiens1 + Z ajbi,jej , 1< N<Ny-—1. (3413)
On — O, N
J=N+1
Choosing e* with ey, = 1, we obtain (e*,e) = 1, hence, by using the standard linear algebra

formula on Py X, and passing to the limit, we obtain the spectral projection

mf = (Zd;h)a = (", f)e
k=1

and, in view of (3.4.9),
S}lfp (t)f = eMUILf = eMt(e*, f)e. (3.4.14)

The last formula combined with (3.4.8) yields (3.4.5). O

3.5 An Alternative View of the Model

Previously, in Theorem 3.2.1, we have seen a regularizing role played by the diagonal operator
induced by T even in the case not involving the full fragmentation operator. In many applications,
however, (3.1.1) models a combination of two independent processes — the birth-and-death process
and the fragmentation process and it is important to investigate when they exist irrespective of

each other. In other words, we consider (3.1.1) as
%f:Gf+Df+Sf+(A+B)f, f(0) = fin. (3.5.1)
The pure birth-and-death problem
%f:Vf:gf+Df+$f, f(0) = i, (3.5.2)
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has been extensively analysed in the space Xy, see e.g. [10, Chapter 7]. Its behaviour in X,, p > 1,

creates, however, unexpected challenges. First, we observe

Example 3.5.1. If there is C' such that
g <Cn, n>1, (3.5.3)

then there is a realization of the growth expression G that generates a Cp—semigroup in X,. Indeed,
this again follows from the Kato—Voigt theorem. We consider G as the perturbation of G° by G~;

that is, we introduce G} = GO|D(G2)7 with
D(GY) ={f € Xp; G°f € X,,}.

Then, as in (3.2.9), for f € D(GY),

Z np[(GZO; + G;)f]n = Z npfn <gnW> S Cl”f”[p], (354)

n=1 n=0
for some constant C’. Hence, there is an extension of Gg + G, generating a Cp—semigroup in X.

On the other hand, if for some ¢,C > 0
ecn? < g, <Cn?, n>1q>1, (3.5.5)

then there is no realization of G with resolvent bounded in X, with ¢ < p+1. Indeed, the resolvent

of the generator, if it exists, must be given by (3.2.3),

R 1. 3.5.6
Sl ZAJrgnl;[Mrg "= (3.5.6)
Let us fix A\. Then .
9i < _ 9j
Z gx = ,
Jj=t )\+g] leIl )\+gj

where gy # 0, and, for f € X, 4,

00 n n—1 ) [eS) oS P n—1 )
1 f ) = Z Z H)\ijngEfiz,/\ZQnH/\jjgj
n=1 =1 J=1 1= n=1 J=1
- oo oo 1
ZQA;fig()\ZTn)ZQAO 1;fi2nqﬂf

Hence R) is not bounded if (3.5.5) is satisfied and hence, in particular, there is no realization of
G generating a Cp—semigroup in X,. We note that for ¢ = 2 and p = 1 we have a discrete version

of the nonexistence result obtained in [17, Remark 2].

Let us return to the full birth-and-death model (3.5.1). As before, we introduce Vp0 + V) =
Gy + Dy + Sy + G, + Dj on

D)) ={f € Xp; (G°+D"+8)f € X,}.
We have
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Theorem 3.5.1. 1. If
limsupl,, < C (3.5.7)

n—00

for some constant C € R, where

oo (2 ) o (1)

then there is an extension V,, of Vpo—i-Vp1 that generates a quasicontractive semigroup (Svy, (t))s>o0

on X,.

2. Condition (3.5.7) is satisfied if either
a) (3.5.3) is satisfied, or

b) ligsotip <l gntdy,= O(n?), s, = O(n?).
3. If any of the conditions of point 2. is satisfied, then V, = V. + V1.

Proof. ad 1.) of the theorem follows in a standard way as an application of the Kato—Voigt theorem.

For f € D(V,); we have

inp[(Gf, + D0+ S, + G, + D)l

n:loo p , ) 1 ) .

S (1) a1 (1-2)) o) = S
n=1 n=1

ad 2.) we observe that
<1+i)p—1=i+p(gr;1)+0<nlg>,
(-2 2o,
Thus, if 2a) is satisfied, then the positive part of T';, is bounded. If 2b) is satisfied, then
o (0 0 (3)) 2 o(4)

o (520 (3)

for sufficiently large n and hence T, is bounded from above.
ad 3.) To prove the last statement, we use the approach of [10, Theorem 7.11], based on the
technique which allows us to characterise the domain of the generator explicitly, see Theorem 2.5.4.

Let f € D(V,)+. Then

Z nP(—(gn + dn + $0) frn + gn-1fn—1 + dny1 frt1)

n=1

= him Z KP(—(gk + di + sk) fe + ge—1fr—1 + di41 frt1)
k=1

= Z kpfkrk + 7}1_>H;c(_g"f” + dnJrl fnJrl)npa (358)
k=1
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where the limit exists. For honesty, it suffices to prove that for any f € D(V,)4+

lim (—gnfn + dpti1 fryr)n? > 0.

n—oo

Assume, to the contrary, that for some 0 < f € D(V},)4, the limit is negative so that there exists
b > 0 such that
(=gnfrn + dns1frr1)n? < =0, (3.5.9)

for all n > ngy with large enough ng. Thus, for n > ng we have

b dy,
4 dnt1

fuz
ntgn gn

fnJrl

and, by induction,

So,

f > b + b dn+1 b dn+1dn+2 b dn+1dn+2dn+3 +
" nPgn (n+1)Pgpn gnt1 (n+2)Pgn Gnt19n+2 (n+3)Pgn gnt19n+29n+3

Hence, for arbitrary k

i

k
b 1 Ay
n Z - .
Ll O3t rewind | b

Because k is arbitrary, we obtain

%

b [ 1 At
> — > .
oz o\ L L e

P i=1 In+j

Thus, if
[ | =+ (3.5.10)

=0 (TL + Z)p j=1 In+j

© P

20

(where we put H(;:l - =1) is satisfied, then > > n?f, = 400 which contradicts f € D(V,)4.
Now, if (3.5.3) is satisfied, we have

— - > — = +o0.
i on \izg (0t 0P j=1 Inti L

Similarly, if assumption 2.b) is satisfied, we have

%

P [ 1 Ayt i P (=1 =1
)l DB il U e Z;g@w)ZCZn:*“’

n=1 i=0 j=1 Inti

where we used the integral estimate for the inner sum. Hence, the series is divergent. O
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By [7, Theorem 2.1|, under standard assumptions on the fragmentation coefficients F), = A, + B,

generates a quasi-contractive semigroup (Sg,(t)):>0-

Theorem 3.5.2. Assume the conditions of Theorem 3.3.1, item 1. and of Theorem 3.5.1, item 3.
are satisfied. Then 'Y, =V, + F, and

Sy, (t)f = lim (svp (2) Sr, (2>)nf fex, (3.5.11)

n—o0

uniformly on bounded time intervals.

Proof. First, we observe that D(V,) N D(F,) D D(G)) N D(Dy) N D(S,) N D(A,) and the latter is
dense in X,,. Next, we see that
(A= (Vp + Fp)|D(Vp) N D(Ap)
S M = (Vy + F,)ID(GS) 1 D(DY) 1 D(S,) N D(4y)

=[N — (T, + G, + D;f + B,)|D(T,).

Since (T, + Gy + Dy + By, D(T},)) is the generator of a semigroup, [N —(T,+G, +D, +B,)|D(T},)

is dense in X, for sufficiently large A. Indeed, if f € X, then f = (A - T, + G, + DJ + B,)u for

some u € D(T, + Gy + Dif + By) and u = lim,, 00 up, with u, € D(T},) and limy, 0 (T}, + G, +
D + Bp)un = Tp + Gy + D + Byu. But then f = limpyoo(Aun — (T, + G, + Dy + Bp)un);
that is, f € [\ — (T, + Gp + Df + B,,)]|D(T,).

Since both (Sy, (t))¢>0 and (SE, (t)):>0 are quasi-contractive, [59, Corollary 3.5.5] implies that

Vp + F), is the generator of a quasi-contractive semigroup. Now

M =Y, =X —T,+Gy +Df + B, =M — (D)+ D} +Gp +GY+5,) + (4, + By)

CAM -V, +F,

and, since both Y}, and V,, + F,, are generators, we must have Y, = V,, + F,,. Then (3.5.11) follows
from [59, Corollary 3.5.5]. O
3.6 Examples

We present, in this section, some examples to illustrate our theoretical investigation.

Example 3.6.1. We begin by considering the following growth-fragmentation problem

d o0

% =—gif1+ Y abiifi,
i=2

dfn

% :gn—lfn—l_(an+gn)fn7 n>2

fa0) = £ n>1, (3.6.1)
where
. i for n=1,

0 otherwise;
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that is, any particle breaks down into monomers. Since d,, = 0 for all n, we take any unbounded

(an)nen and (gn)nen satisfying
0 <~van <gn<gap, n>2, (3.6.2)

for some 0 < v < g. We note that in this settings

n—1
A%p) =nP — Z kPbgp =nf —n
k=1

and hence (3.3.5) is satisfied for any p > 1. Hence, the semigroup (Sy, (t)):>o that solves (3.6.1) is

analytic and compact in X, for any p > 1 and Theorem 3.4.1 holds. Moreover, we observe that

Ai=-g1fi+ Zaibl,ifia

=2

AMn = Gn-1fn-1— (an + gn)fna n>2 (363)
can be explicitly solved. Indeed, let A > 0 and, starting from the second equation, we get

91f1,A

nx — ; n >
Fra A+gn+anj1;[2>\+gj+aj

and

Zanblnfn)\ glfl)\z)\+an+gn1i[)\+gj+a’]

Now, by (3.6.2), m <c= 1+g < 1 and thus

< 2 < o0 3.6.4
ng)\+an+gnH)\+g +a.—912nc o0 ( )
=2 J J n=2

Hence, after dividing by g1 f1,» # 0, the first equation in (3.6.3) takes the form

n—1

_Ato nll .
VA = a9 ZA+an+gn1;[A+gj+aj = 9(Y)

n=2

and the eigenvalue problem reduces to the algebraic equation (\) = ¢(\). By (3.6.4), the series

defining ¢ is uniformly convergent on [0, c0), hence ¢ is continuous there and

oo ann n 9;
$(0) = .

n=2
Using (3.6.2), we have, for ¢ = ﬁ,
j— L, ld & 1d ¢? 12g—¢*> 1 1
$0)> —=> ng"t=-—> ¢"=-— = - =—|7—1);
© ngl,;2 gdan::2 gdgl—q g(1—q?* g\(1-9)?
that is,
1)2 -1
¢(0)2M>1’
g
provided
g+1<(y+1)?<(9+1)% (3.6.5)
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where the second inequality follows from v < g, implied by (3.6.2). We see that, in particular, if
v = g; that is, gn, = gan, (3.6.5) is satisfied. Also, limy_,oc ¢(A) = 0. On the other hand, ¥(0) =1
and limy_, o ¥(\) = 4+o00. Since ¢ is decreasing and ¢ is increasing, there is exactly one Ay > 0 for
which (3.6.3) has a solution (with arbitrary f; that can be set to 1). Moreover, we see that

n—1

o0 o0 o0
a,n? gj 9
E an,n? = g < g nPc" 7% < oo,
o Fua gln:2>\+an+gn]:[2)\+gj+aj_gl —~
J= n

and thus fx, = (fn,x,)nen is the Perron eigenvector of the generator Y,.

Example 3.6.2. The dominant eigenvalue Ag can be explicitly found in certain cases. Let us
consider problem (3.1.1) with g, = gn,d,, = 0,s,, = 0 for all n € N and some g > 0 and with other
coefficients satisfying the assumptions of Theorem 3.4.1. Let f\ = (fn,A)nen € D(Y}) satisfy

Mix=—gfix+Y_ abiifix,
=2

AMaa =g —=1)fa1x — (an +gn)far + Z aibnifixn, n>2. (3.6.6)
i=n—+1

Multiplying the n-th equation by n and summing them, we obtain

A Z nfax =g Z N frx-
n=1 n=1

o0

The above is satisfied if either A =g or Y nf, » = 0. Since we know that the Perron eigenvector
n=1

must be positive, we obtain that A\g = g is the Perron eigenvalue. As a byproduct, we see that any

o0
eigenvector fy belonging to an eigenvalue A # g must satisfy > nf, » =0.

n=1
To conclude, let us consider the transposed matrix
—g1 g1 0 0 0
asbie  —(g92+ a2) g2 0 0
azbi s asba 3 —gs+as g3 0
A
anbl,n aan,n e _(gn + a'n) gn

Let Y, be the adjoint to Y, acting in X = {(vs)nen ;sggn_p|vn| < oo} and let f* € D(Y})).
Then, by definition

Y150 =Y k), feDy).

Taking f = (0p,~N)nen, We see that

N-1

Yy f¥ N = (Yo f) = Y franbon — (g + an) fi + gn fa = D7 I,

n=1

* 3 C T * * _ * . T *
hence Y, is a restriction of Y to D(Y,’) C D(Y, )={feX, : Y fe X} On the other

p,max

hand, let f* € D(Y,,.e); f € D(Yp). Then, since D(Y,) is a weighted ¢! space, [ Jx_; PnD(Y,),

p,max
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where Py is the projection defined in (3.2.18), is a core for Y,,. Using the fact that Y, PyD(Y,) is

finite-dimensional, for each N
YVUf* Puf) = (f*YoPnf) = (Y [*, Pnf)

and hence, passing to the limit with N — oo, f* € D(Yy). Thus Y = Y7 with D(Y}) =

DYy max):
Using the assumption that g, = gn, we see that h = (1,2,...,n,...) € D(Yp*) for any m > 1
and
Y, 'h = gh.
Thus, by Theorem 3.4.1,
Y (t) f" = e <§: nff;”) e+0(e”")
n=1

for some ¢’ < g, where e is the Perron eigenvector with unit mass; that is e = fi,/ > oo nfn x,-

To illustrate the formulas derived in the last two examples, we let p = 2, g = 1, a, = 2n,
fin = §,,1010 and integrate (3.6.1) numerically in the time interval ¢ € [0,20]. As evident from
Figure 3.1 and 3.2, the solution f(t) very quickly settles to its asymptotic limit (h, f™)e (see
Figure 3.1 (right)), while in complete agreement with Theorem 3.4.1, the deviation ||e~9* Sy, (t) f"—

(h, f™)ell;p) decreases exponentially as t increases (see Figure 3.2 (left)).

i | ,
5
-
= < 50
-~ 50 |
S =
i =
© S
f
\8}
20 0 " 20 0 "

Figure 3.1: The long time behavior of (3.6.1). The semigroup solution f(t) = Sy, (t)fim of (3.6.1)
(left); the asymptotic error e=*(Y»)t () — (h, fi")e (right).

A crucial role in the analysis is played by (3.3.5). It ensures that most of the mass of the daughter
particles is concentrated in smaller particles, [7]. A large class of fragmentation kernels, that can
be considered to be a discrete equivalent of the homogeneous kernels in continuous fragmentation,

satisfying (3.3.5), is presented in the next example.
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Figure 3.2: The long time behavior of (3.6.1). The asymptotic mass distribution (h, f)e (left)
and the evolution of the asymptotic error [|e=*2) f(t) — (h, f™)ellp, for t > 1 (right).

Example 3.6.3. Assume that by, can be written as [7],
k
bon=C)h(Z), 1<k<n-1, neN, (3.6.7)
n

where h is a Riemann integrable function on [0, 1] and {(n) is an appropriate sequence that ensures

that (1.2.3) is satisfied. By (1.2.3), we have

Since

for 1 < k < n, we have

"k (k) 1 !
lim th () :/ zh(z)dz
noeof—=n \n/ n-— 1 0
and thus
1
lim (n — 1){(n) =
”_’OO( ) fol zh(z)dz
Therefore
n—1 n—1
. EN? . EN? k 1
7}13;0; (n) hn = i (Y =1) 2, (n> h <n> no1
fol 2Ph(z)dz
Jo zh(z)dz
Thus )
(p) n? — Z k bk:,n
lim inf = lim k=1 >0
n—oo N n—o00 npb
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and hence (3.3.5) is satisfied.

We note that (3.6.7) is satisfied by the binary uniform fragmentation

Another example is offered by the binary fragmentation written in terms of a symmetric infinite
matrix (1; ;)i j>1 in equation (1.1.3a), when there is no coagulation occurring, k; ; = 0. Typical

cases in the polymer degradation are

wi’j = (Z +j)ﬂ7
iy = (i),
The first case gives a,, = %nﬁ (n—1) and by, ; = % and hence it is a uniform binary fragmentation

see the long time behavior of Sy (t)f™, with p =2, = L+, g, = d, = n'*P and fi" = 619,10,
» 10 n ,

in Figure 3.3 and 3.4). In the second case, we have

WP —n)P 2 ny A n\ 8
N 0N
and (3.6.7) is satisfied with

2

Ctn)="" and h(z)=2°(1- 2"~

an
(the typical qualitative behavior of Syp(t)fi", with p = 2, 8 = 1—10, dy = gn = n'tP and fin =
010,10, is shown in Figure 3.5 and 3.6 ).

Example 3.6.4. On the other hand, the fragmentation process given by

bio=2, and bi;=0b;_1;=1,

bni=0, i>2 2<n<i-2, (3.6.8)

s

does not satisfy (3.3.5) and, in fact, the corresponding semigroup is neither analytic, nor compact,

see [7], in any X,.
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e £ (1)

Figure 3.3: The long time behavior of (3.1.1), ¢;; = (i + j)?. The semigroup solution f(t) =
Sy, (t)f™™ of (3.1.1) (left); the asymptotic error e=*(¥») f(¢) — (h, f™)e (right).

0.8 1 =
= 04 s
X
I
0.6 |- 1 s
© <
504 1
~ : 02} |
< =
0.2 N g
T
0l 1= 0 -
0 10 20 5 10 15 20
n t

Figure 3.4: The long time behavior of (3.1.1), ¥, ; = (i + j)?. The asymptotic mass distribution
(h, f™)e (left) and the evolution of the asymptotic error [|e=*(Y»)f(t) — (h, fi")el|, for t > 1
(right).
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n 200 n 200

Figure 3.5: The long time behavior of (3.1.1), ; ; = (ij)?. The semigroup solution f(t) =
Sy, (t)f™™ of (3.1.1) (left); the asymptotic error e=*(¥») f(¢) — (h, f")e (right).

0.8 - . =
QE 0.4 .
0.6 1 sy
o <
e
S 0.4 N |
= < 02f .
= =
0.2 — g
T
0l X 0 :
| | | | | | |
0 10 20 5} 10 15 20
n t

Figure 3.6: The long time behavior of (3.1.1), 1; ; = (ij)”. The asymptotic mass distribution
(h, f"Ve (left) and the evolution of the asymptotic error |le=*(»)tf(t) — (h, f™Yellp), for t > 1
(right).



Chapter 4

The Fragmentation-Coagulation
Equation with Growth, Decay and

Sedimentation

4.1 Introduction

We will now focus on the semilinear equation:

df;
T gi—1fi-1 — gifi t dix1fiy1 —difi — sifi —aifi
00 1 i—1 00
+ ) abiifi+ 3 > kiciificifi =Y kijfiti, (4.1.1)
jmitl =1 =

fi0) = fi, i1,
The main aim of this chapter is to prove the existence of global classical solutions to (4.1.1) and
provide a working numerical scheme for solving it. Thanks to the results in Chapter 3 showing
that the linear part of the problem generates an analytic semigroup, (Sy, ()):>0, in this chapter
we significantly extended well-posedness results existing in the literature, see e.g. [7, 28|, by
considering more general models, removing many constraints on the coefficients of the problem

and proving all results for both mild and classical solutions considered by most earlier works.

4.2 Preliminaries

In view of the second part of Theorem 3.3.1, we define

Xpa =Af: e Xp N D), [ fllpa = (L +0)Flp},

where 0 := (0;)2,, (recall 6, = a; + ¢; + d; + s;) and consider the intermediate spaces X, o, =

(Xpy Xp1)a,1, 0 < a <1, where (-,-)q,1 is the standard real interpolation functor, see Section 2.8.
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We observe that both spaces X, and X, ; are weighted versions of ¢, consequently, Theorem 2.8.1
applies and the norm in X, , is given by the expression

£l =D iP(L+0:)%fil, 0<a<l. (4.2.1)

i>1

The interpolation functor (-, )41 is known to be exact, see Section 2.8 and equation (2.8.1). In our
case we observe that [|Sy, (t)x,-x, < co pe*rt, for all t > 0 and some fixed cg ,w, > 0, while,
due to the analyticity, ||Sy, (t)]|x,-x,, < “%2Zer!, t > 0, see Theorem 2.7.1(c). It follows that
Sy, (t) € B(Xp, Xp.o) and

1Sy, ®)llx,x,.. < 19y, O, % x, I8y, O%, -,
ctll_ac(lxp t Cap wpt

< %e% = T-lewp , t>0, 0<a<l. (4.2.2a)

In addition, since Sy, (t) € B(Xp1, Xp1) N B(X,, X,), by Theorem 2.7.1(c), similar arguments of

analyticity imply

HSYp (t)”Xp.’a*)Xp,a < Coypew”t, t>0, O<ax<l1 (4.2.21?))
and
1—
1Sy, O)llx,.0—x,0 < 19y, Ollx, % x, 15y, OI%, - x,,
% cle c
= Oﬁ%fe%t = e >0, 0<a<l (4.2.2¢)

In the sequel, we make use of the operator
(Yyp.5: D(Tp)) = (Yp +9Tp6, D(T,)),  [Tpsfli=—(1+6:)°fi, i>1,

where ~ is a positive parameter and 0 < 8 < 1. Using [59, Corollary 3.2.4] for 0 < 8 < 1 (and
obvious addition if 8 = 1) and an argument analogous to that in the proof of [7, Theorem 5.1|, we
verify that under the assumptions of Theorem 3.3.1, (Y, 53, D(T},)) generates a positive analytic
Co—semigroup (Sy, , ,(t))¢>0 in X, for all p > 1 and v > 0. Furthermore, for any f € X, 1, we

have

t
Sy%pﬁ (t)f = Syp (t)f — / Syp (t — S) [’)/TpﬁSy%pyﬁ (S)f] dS,
0
where the equality holds in the sense X, ;. Since all the operators (Sy, (t))¢>0, (Sy,, s(t))t>o0,
—T,, 5 are positive, we obtain initially
15y, s Dl x,-x, < Sy, Ollx,~x, 19y, , 5(Olx,»x,, < 15y, (Dlx,»x,,

and then

15y, ,.sO)llx,»x,0 < NSY, Ol x, X0 19,5 Olx, 0sx,0 < 1Sy, Olx, 0—x,15

uniformly in v > 0 and 0 < 8 < 1. So the estimates (4.2.2), with the constants cg p, ¢1 p, Ca,p and

/
«,p?

sufficiently large, i.e. if (4.2.2) holds with w, = 0.

Cy, p»> hold for the operator Sy. , ,(t) as well. In fact, (Sy, , ,(t))¢>0 is substochastic when v > 0 is
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4.3 Global well-posedness

In this section, we provide a well-posedness analysis of the complete semilinear model (4.1.1). We
assume that the condition (3.3.5) of Theorem 3.3.1 is satisfied. In addition, we impose the following

bound on the coefficients of the coagulation kernel
ki <wk((14+60;)*+(1+6;)%), i,j>1,0<a<l. (4.3.1)

The analysis proceeds in a number of technical steps. For the readers convenience the proofs of

main results are broken into a sequence of short independent statements.

4.3.1 Local analysis

The local analysis of the semilinear equation is presented below. We convert (4.1.1) into a Volterra
type integral equation and then employ a variant of the classical Picard-Lindel6f iterations to
obtain local mild solutions. Then, with some additional work we verify that the mild solutions
are classical. The calculations are similar to that of e.g. [59, Section 6.3] or [7] but, as some
intermediate estimates are needed for calculations in Section 4.4, we provide an outline of the

proofs.

Lemma 4.3.1. Assume for some p > 1 conditions (3.3.5) and (4.3.1) are satisfied. Then for each
fo € Xp o+ and some T > 0, the initial value problem (4.1.1) has a unique non-negative mild

solution f € C([0,T], Xp,a)-

Proof. (a) To begin, we cast the equation (4.1.1) in the form of an Abstract Cauchy Problem

(ACP), i.e.
df

% = Y’y,p,af+ F'y,a(f)7 f(O) = fO eX Qs

where
[Fya ()i =1+ 0:) fi + [FL ()]s — [F2(f)]s
i—1 00
= y(140:) fi + % S kicjificifi =Y kijfif, i>1, (4.3.2)
=1 =1

and v = (1 +wp + 2k)(1 + copll follp,a). A positive function (1 + 6;)* f; is added to the nonlinear

term in order to guarantee positivity. As noted above, (Sy.

-~ pa(t))t>0 is substochastic in X, and

for all ¢ € [0,7T] and some fixed T > 0, classical solutions of (4.1.1) satisfy

() = Sy, . (t)fo+ / Sy, (t—1)Fy o(f(r))dr. (43.3)

We demonstrate that the integral equation (4.3.3) is locally solvable.
(b) The map F, o : Xpo — X, is bounded and locally Lipschitz continuous provided (4.3.1)
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holds. The argument here is the same as in the proof of [7, Theorem 5.1], leading to

i—1 [e%s)
1 Ey 0 ()l = Zzp’ fi+%zki—j,jfi—jfj_Zki,jfifj
< flpa + 5 Z Z il fie J||fj|+Zszk,J|fb|\fj
j 11_]+1
= fllp.o + 5 ZZZ+Jpk,yllelfyl+lezk,glfz|\fy
g 1:=1

Using (i + j)P < 2P(:iP + jP), we get

1Fya(H)llp SV Flpa + 5227 £ P+ 60" + (1+6;))|f:]
j=1 i=1

+r2P Zj”lfjl Z((l +0:)" + (1+6;)%)|fil

+/€Zzp|fz|z (146 + (1 +6,)9|f

=l

poa + H2PT 1Z|fJ\Zz”1+0 ®| fi + K2P™ 12 1L +0)°151 > i®| £
=1

jl =1

+ k2P 1ny"lfjlz (1+6,)°| fs] + w2P~ 1Zj (1+6;) |fj|Z|fi|
=1

=
MZ#’H@ Ifz\ZIfJIHZzplfzIZH@ Il
< (v + 27260 f o) 1 f lpa (4.3.4)
and
IFw,a(f)—Fw,a(g)|p=i (v + 0 kafl ifi - iki,jfifj)
= -

1
- (7(1 +0:)%i + 5 Z ki—j.i9i-i9; — Z ki,jgigj)‘
j=1 j=1

1 oo o0 )
<A = gllpa + 5 S Phicglfioiti — g9i-i95]
j=1i=j+1
o0 o0

+Y P> kijlfif; — gigsl
i=1 =1

10000
<M =l 5 33206+ 3Pkl ~
IOOOO - -
+§ZZZ+J ki jlgllfi — il
j=11:=1

0 00
1.7

P

=1 j

fil |f] _gJ| +le|fz 9z|zk ,J|gj :
j=1

52



Again, using (i + j)P < 2P(i? + jP) and (4.3.1), we get

1Eya(f) = Fral@)lly S YIf = gllpa + 5277315 = g5 D P ((1+62)* + (1 +6;))I il

j=1 i=1

4 K2 1ZJ”IfJ—gJIZ + (1+0,))| il

+ r2P1 Z |91 Zi”((l +0:)% + (1460,)%)fi — gil
21912

+H2p—1ijp|gj|i<<1+9i>a+<1+ej>a>|fi—gi
272

i Kimm im 0%+ (L+0,)°)1; — ]

+nzm gzwz (14 6))gs

<ANf = gllpa + w2771 Z 1f5 =951 D P (L+6,)°| il

j=1 i=1

+ 22T (14 0,)°f5 — g Zip|f1:|

jfl

+ k2P 1Z]p|fjfgj|zl+0 “Ifil

=1

+/€2p712jp(1 +6;)°1f; *9j|Z|fi|
=1

Jj=1

+r2P7! Z 195 Zip(l +0:)1fi — g3l
=1 =1

+R2P7NY (146;)%g5] D Lfi — gil
i=1

j=1

+r2P7ES P11 Y (L 0)*|fi — gil
j=1 i=1

+R2PTEN TGP (L4 05)%1g51 > 1 fi — gil
=1

=1

RGO WA WD WAL

i=1

+ryP(146,)|f; — le\gJIMZ#’le gleHé‘ |9

i=1
<F = gllp.o + 627721 f = gllp.all Fllp.a + 62721 = gllp.algllp.a

= (v +2"%k(|If

We use estimates (4.3.4) and (4.3.5) to show in (c) that the nonlinear map

M(f) = Sy, (Do + / Sy, (t—7)Fya(f(r))dr,

pe + 19llp,0)) I1f = gllp.a- (4.3.5)
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is a contraction in the closed ball B.(f%) = {f : |f — f°llc(o,11,x,..) <} with 0 <7 <1 and

r(l —«) =
0<T< ) . 43.6
L e e o T (4.3.6)

(c) Let f2(t) = Sy.

v,P,x

of M. Indeed, for any f € B,.(f°)

(t)fo, t € [0,T). First, we show that B,.(f°) is invariant under the action

1= M eomsyer = | = s = [ Sr,,0 6= DIl 50

b,

IN

Hfo - SY%p,a(t)fOHp,a + H/O SY%p,a(t B T)F'Y’D‘(f(T))dT

p,x

t
< OgltaéXT/O ||SYA,.p,a (t - T)F'y,a(.f(T))”p,(XdT
Cor Tl—a
= ipiia I:/y + 2p+2l€||f||C([0,T]7Xp,a):| HfHC([OaT]%XPyﬂ)
CapT' ™

< g (tw 27 8) (1 + copll follpa)® <

where we used the inequality

Ifllcqor),xp0) = I1f = 2+ FOlleqor X,
<|If - f0||C([0,T],Xp‘Q) + HfOHC([o,T],Xp,a)

<r+ 1N eqorx,. ) < 1+ copllfollpa

combined with (4.2.2a), (4.2.2b), (4.3.4) and our definition of . Furthermore, with the aid of
(4.3.5), (4.3.6), in the same manner as above we have for f,g € B,.(f°),

t
M) = M@lloom e = 189, Of + [ Sy, (t =TVl (7)dr
0
t
= Sv (00 [ Sy, (6= DB alo(D)dr]
0
< 18y, (0o = 57, . Dol

oy / Sy, (t— TV o (F(7))dr — / Sy, (E— TV Fy a(g())dr o

<15 5.0 Dllp.a

|fo — gollp,a

t
+ /O 1Y .0 (& = Dlllc(0.11.%, 0) [ F,0 (F (7)) = F,a(9(T))[lp,adT

11—«
Ca,pT

<
T 1«

(14 wp+ 2p+4“)(1 + CO,p||f0||p,a)2||f - gHC([O,T],Xp,a)
1
<sllf = 9glleqorx,.0-

Hence, M : B.(f°) — B,.(f") is a contraction and the classical Banach fixed point theorem yields
a unique, mild solution of (4.1.1) in B,(f°) c C([0,T], Xp.a)-
(d) To complete the proof we note that the maps Fy and F5, defined in (4.3.2), are non-negative
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in X,\,. Assuming that f € B,.(fo)*, we have

(Fo())i = Y ki fifi < 26 fllpa(l+60:)°f;

j=1

< 26(r + [ folleqo.rx,.0)) (L +0:)% fi <v(1+0:) fi

and then [F), ,(f)]; > 0, ¢ > 1. The last inequality indicates that B,(fo)" is invariant under the

action of the map M and hence the local mild solution f is non-negative. O

To proceed further, we make use of the following modification of the Gronwall inequality,
sometimes called the singular Gronwall inequality, see e.g. [24, Lemma 8.1.1]. Since we need some

specific aspects of it, we shall provide an elementary proof.

Lemma 4.3.2. Letw € Lo 100((0,T])NL1((0,T)), 0 < T < 00, be a nonnegative function satisfying

u(t) < t% + 01/0 u(T)(t — 7)"%dr, t e (0,7, (4.3.7)

where v < 1,0 < a < 1 and ¢,c; > 0. Then there is a constant C(,«,T), independent of ¢, such

that

C(v,a,T)

u(t) < & LR e (0. (4.3.8)

Proof. First we observe that, for any § < 1,0 <1 and a < b < 0o, we have
b 1
/ (b—1)B(t — a)-bdt = (b—a)—fH“/ (1 = v)~Po=3dy
a 0
=B(1-8,1-208)(b—a)P0%, (4.3.9)
where B is the beta function. Since u satisfies (4.3.7), it follows from (4.3.9) that

/ot <tu—(?>ad7 : / STt / e (/ <ru—(8s)>ads) "

=c(by % 0,)(t) + c1,a /Ot u(s)(t — s)t2%ds, (4.3.10)

where * denotes the Laplace convolution, 6(t) = t* and ¢1o = c1B(1 — a,1 — ). Inserting

(4.3.10) into (4.3.7), we obtain
¢
w(t) < cby(t) + ce1 (0 % 04)(t) + 2.0 / u(t)(t — 7)1 72%dr, t € (0,7, (4.3.11)
0

with ¢2, = ¢1¢1,o. Note that the convolution 6., * 0,; exists for any choice of v < 1 and x < 1,
since

(0, %0,)(t) =Bl —~,1 —r)t'" 7" = B(1 — 7,1 — k) 0y 41 (). (4.3.12)

Furthermore,

C(y,r,T)

tY ’

(6, % 6,)(t) < t e (0,7, (4.3.13)

where C (v, k,T) is a positive constant.
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If 1 — 20 > 0, then we can infer from (4.3.11) and (4.3.13) that

c(14C(y,a,T))
Y

t
u(t) < —|—cz7at172a/ u(7)dr,
0

and then apply the standard arguments used to establish Gronwall-type inequalities to obtain the
desired result. Otherwise, we repeat the above process inductively, using (4.3.12) and (4.3.9), until

we arrive at

u(t) < eO(t) + ) (uk Ogrn_or41)(t), (4.3.14)

where k € N is such that 2¥(1 —a) — 1 > 0,

2k _1
O(t) = 0,(t) + Cg-?c)y(ew *Ora—ri1)(t),
1

ﬁ
Il

and each c&f‘;l, r=1,2,...k, is a positive constant, independent of c. Hence,
t
ult) < eO(t) + i) 2 a1 / u(r)dr. (4.3.15)
’ 0

Since by a < 1, we have ra—r+1 < 1 for any r > 1, from (4.3.13) we infer that there is a constant

C1(vy,,T) > 0 such that
T
o) < %

and O is integrable on [0, T]. Hence, a classical Gronwall inequality leads to

cC(y,a,T)

u(t) < -

)

for some constant C(v, o, T') and this gives (4.3.8). O
To simplify the notation, in the calculations below, we employ the symbol ¢ to denote a positive

constant whose particular value is irrelevant.

Lemma 4.3.3. Under assumptions of Lemma 4.3.1, the mild solution f(t) is Holder continuous

with exponent 1 — «, i.e.

11—«
ch (4.3.16)

pa — tl—a?

(¢ +h) = f(t)

for allt € (0,T] and some ¢ > 0.
Proof. By virtue of (4.3.3), we have
1f(E+h) = f(O)llpa < (Sy, 0t +h) =Sy, , . () follp,a

+ H/turh Sy, , (t+h—T)Ey o (f(7))dr

b,

][ 80 (e =) = (=)

p,x

= J1+ Js + Js.
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First we infer, by (4.2.2a) and (4.2.2c),

J1 < /hHSYW,p,a (1) [Y4,p,05Y, .. () fo]

hl « hl «@
< ﬁ”ﬁ)”pa S e

h
dr
dr < c||SYw,,a(t)f0|p71/ e
b, o T

For J; and Js, in the same manner as in part (c¢) of Lemma 4.3.1, we obtain

a t dr
Jo < ch! ||f||2C([O,T],Xpya)a J3 < C/ (T +h)— f(T)”paﬁ
0 (t—7)
Combining the estimates, we get
chl=« dr
17+ )~ @l < S +c/ 7+ 1) = SOl

Hence, the bound (4.3.16), with a constant ¢ > 0 that depends on «, T" and the initial data f

only, follows directly from Lemma 4.3.2 with vy =1 — a. O

Lemmas 4.3.1 and 4.3.3, combined together, yield

Theorem 4.3.4. Assume that conditions (3.3.5) and (4.3.1) are satisfied. Then, for each fo €
Xp,a there is T =T(fy) > 0 such that the initial value problem (4.1.1) has a unique non-negative
classical solution f € C([0,T], Xp.o) NCH(0,T), X,) NC((0,T), Xp1).

Proof. First we prove the differentiability of f in X, for ¢ > 0. From (4.3.3),
flt+h) — (1)
h

. t+h
= PO [ Sl B

wr [ (86— )= Sv, (6= 7)) Py f(0))dr o= 4 Do+ o

We observe that, by the analyticity, Sy, , ., (t)fo € D(T},) for t > 0, so that

: .Sy, (h) =1
e T
= Y'y,p,aSY%p,a(t)fO
in X,. By (4.2.2c) we have
. C
[T 73| = [1Y5,p,05v, .0 () follp < 11,0 @) follps < =5 1 ollp.a- (4.3.17)

The strong continuity of (Sy:

Y,Pyx

(t))t>0, the continuity of f (see Lemma 4.3.1) and estimates (4.3.4),
(4.3.5) combined together, show that in X,

Hhm I

1 t+h
i B, = |fim 7 [ Sinat+ b= 0P a(fr)dr

h—0 h

= 1Fya(fO)lp < e

p
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To find limy,_. I3, we first show that

H% /Ot (SYw,pya (t+h—7)= Sy, (t— T)>F%a(f(7))dTHp =0

By (4.3.16), we have

H}lLi_r% L|| = Jim % /0 (Sywa (t+h—7)—=Sy,,.(t— r)>FW(f(r))dT (4.3.18)
= H/o Y’y,p,ozSY,y‘p,a (t - T)F'y,a(f(T))dTHp
< [ 1Yy, = Dl £7)) = FraF )
0
+ H/O Yy 08, (= 7By o (F(0)dr]|
<o [ 18t = DEL ol = Pyl F )l
105y, 4 () = D Eya(f ()l
< c/o o F(7) ~ FDllpadr + e < cta—l/o (t-7)Cdr+c<e  (4319)

where ¢ > 0 depends on ¢t > 0, o, T and &, the constants that appear in (4.2.2), and the initial
data fy. Thus,

t
lim I = / Yy p.aSYy 0 (t = T)Fy o (f(7))dT.
0

—0
Combining all our calculations,

o S = F(0)
h—0 h

| =0 i 04 i a1 i el < 3
h—0 h—0 h—0

we conclude that % € X, for any t > 0 and the continuity of each of the above limits shows
that f € C1((0,T),X,) is a classical solution. The same calculations (specifically the variation
of costant formula (4.3.3), the estimate (4.3.19) and the inclusion Sy, , ()X, C X1, t > 0)
demonstrate also that f € C((0,T), Xp1). O

Remark 4.3.5. The calculations presented above, in particular (4.3.17) and the last but one
inequality in (4.3.19), show that [|Y,f(¢)[l, < 7%=, t > 0, provided fy € X, o. Since the graph
norm |- ||, + Y, ||, and || ||1 are equivalent in X,,ND(T},) (as D(T,) = D(Y,) and both operators
are closed), it follows that

C
1FOlp1 < 7=, >0, (4.3.20)

for fo € Xp o and hence || f||1(j0,77,x,,) < 0o. The last fact is crucial for the numerical analysis

presented in Section 4.4.

4.3.2 Global non-negative solutions

Below we show that classical solutions of (4.1.1) emanating from non-negative initial data are

globally defined. Our analysis requires the following observation.
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Lemma 4.3.6. Assume that fo € Xy, o+ and for some wy

gi —di
)

-5 <wi, 1>1 (4.3.21)
Then, under the assumptions of Theorem 4.3.4, the local solution satisfies

Ifll < el foll, € (0,T(fo)). (4.3.22)

Proof. Since f € X, a4, we know that every term of (4.1.1) is separately well-defined for t €
(0,T(fo)) (as the solution takes values in D(X,, 1)) and is differentiable in X, 1, and hence in Xj.
Thus

d - AW
@ <3 (=i + L= )ifs < il F )l

i=1

and (4.3.22) follows from the standard Gronwall inequality. O

Two remarks are in place here. First, in the case of pure fragmentation-coagulation models
(si =9; =d; = 0,4 >1) or in the absence of growth (g; = 0, ¢ > 1), we have w; < 0. Second,
even in the absence of sedimentation, the bound (4.3.22) still holds provided there is a reasonable

balance between the growth and the death processes.

Theorem 4.3.7. Under the assumptions of Theorem 4.3.4 and Lemma 4.8.6, any solution of
(4.1.1) with fo € Xpa,4, p > 1, is global in time.

Proof. (a) To begin, we observe that for any f € X, o + we have

iz‘p[Ypf]i = iipaifi {g’ Ai;(;p) + (1 - (1 - %)3%

_«@+1Y—QZ—Z}S%¢Nm+@WW

where, by (3.3.5), ¢, and 3, are positive constants that only depend on the coefficients of (4.1.1)

()
and p (in fact one can take ¢, to be any positive constant smaller than liminf; % A;, ). By

(4.3.1), the nonlinearity F' admits the bound

SOEF() = 5 YOS+ ks fidy
i=1 j=1i=1
< S S @ i ki fids = U v + 1l la),

j=1i=1

with an absolute constant co > 0, where we used the estimate [7, Equation (5.21)]
(i) =" =37 < (2" = D)1 +5771)

for the weight. By (4.3.23) and the non-negativity of the local classical solution f(¢), for t € (0,T)

we obtain
d
eIl = =coll fllpx + Boll Fllp + c2(l £l £llp-1.0 + [fllp-1ll Fll1.a)- (4.3.23a)
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On the other hand, again by (4.3.1), we have

IEHp < (L+27) Y1651 D kil fil < 277260 £l £llpeas

j=1  i=1
while the variation of constants formula and the analyticity of the semigroup (Sy,(t))i>0 (see
estimates (4.2.2)) imply

ewp(th)

t
pir < 00 | follp.a + 272y / @I llpadr. (4.3.23b)

17 e

We use estimates (4.3.23) to demonstrate that the non-negative local classical solutions cannot
blow up in a finite time. For technical reasons, we separately consider two cases, 1 < p < 2 and
2 < p<oo.

(b) Let 1 < p < 2. Then (4.3.23a) implies

o1+ BpllFllp + 2¢2[ £111 11 /1

1,

d
Z1fllp < —cpllf

To bound the product term, we use an approach similar to that of [28] and employ Holder’s

inequality with the exponent ¢ = é > 1 to obtain

1flla < WA ISR < A5 IR

and then, using Young’s inequality,

2—«

1 [ == -
2 £ lf e < epll Fllpa + (2e2) 7= () T

P

Hence
d 1 /a\Toa 22
SNFOlp < Bollflp + ea) ™ (S) A
i
so that the Gronwall inequality, combined with (4.3.22), gives us the bound
1 [0 %a W' W’
1F@llp < [1+ @e) ™7 () 77 | folly = Baupe s olly
P

where w;, < max{ﬂp7 f:—zwl}. We combine this with (4.3.23b) to obtain

T,

Ol < copllfoll + 2 oottt [ D)
-

Proceeding as in the proof of Lemma 4.3.2, we conclude that

If@)llp,a < Op,@(”fO”p,a)eQP’ata (4.3.24)

where Cp o (|| follp,«) > 0 depends on the coefficients of the model (4.1.1), parameter 1 < p < 2 and
the norm || fo||p,« of the initial data, while the exponent 2, , > 0 is completely controlled by the
parameter 1 < p < 2 and the coefficients of (4.1.1) only. Hence, the case 1 < p < 2 is settled.

(¢c) When 2 < p < oo, we use Holder’s inequality with the exponent ¢ = p’ := % > 1. Since

0 < a <1, we have %(qa — 1) < «, consequently

p—1 1
o 17170

£l < 115, (P + 00500 ) < f

i=1
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and, by Young’s inequality,

c 1\1=P /2¢co\P 1
el Al lp-ra < Zflpa+ (1= =) (22) IARE
p Cp
A similar procedure yields also
c 1\1=P /2¢co\P 1
el il flra < P lpa+ (1= =) (Z2) IAIEE.
p Cp

Hence, using (4.3.23a), we obtain

d
ZF o < Bl Fllp + 3l FITE

where v, > 0 only depends on p > 1 and the parameters of the model (4.1.1). From part (b) and
the continuity of the embedding X; o C X3 o, we have

1F @ e < 1FOlloe < Coallfollaa)e™",

that is, || f(¢)]l1,o grows at most exponentially. Hence, the classical Gronwall inequality yields

£y < Bape?' Il follp

also for 2 < p < oo, where constants B, p, oJ]’, > 0 depend on p and the parameters of (4.1.1) only.
As in part (b) of the proof, the last estimate, together with the inequality (4.3.23b), yields the
exponential bound (4.3.24) for 2 < p < co. We conclude that for any p > 1, the norm || f(¢)||,o of
the local solution f emanating from a non-negative initial datum cannot blowup in a finite time.

Hence, any such solution is defined globally. O

Remark 4.3.8. In the strong sedimentation case, (3.3.11), the analysis of Theorems 4.3.4 and
4.3.7 extends to the case of p = 1, since then we also have the analytic fragmentation semigroup
in X; and the estimates can be repeated almost verbatim. In fact, the analysis of Theorem 4.3.7
becomes much simpler as the X; norm of the solution does not blow up in finite time by Lemma

4.3.6 provided (4.3.21) is satisfied and thus (4.3.23b) is immediately applicable with p = 1.

Remark 4.3.9. We note that Theorem 4.3.7 significantly extends global solvability results ob-
tained earlier in the context of the pure fragmentation-coagulation model (see [7]), where the exis-
tence of global solutions is established under much more restrictive assumptions that 6; = a; < ci®,

i > 1, for some constants ¢, s > 0 and the exponent « of (4.3.1) satisfies 0 < as < 1.
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4.4 Numerical Simulations

4.4.1 The Truncated Problem

In numerical simulations, we approximate the original infinite-dimensional system (4.1.1) by the

following finite-dimensional counterpart:

N
du;
dtl = gi—1u; — Oju; + dip1uipr + Z ajbi ju;
Jj=i+1
= N ons o XL 4.4.1
5 D ity = ) kiguitg + =Y D ki jtnty, )
i=1 j=1 j=1n=N+1—j

’LLZ'(O):U()’,L'7 ].SZSN

The quadratic penalty term ensures that the discrete coagulation process is conservative — this
property is important when dealing with pure fragmentation-coagulation models.

Let Py : X, — RY and Iy : RY — X, denote the projector from X, onto RY and the
embedding from RY into Xp, respectively. Below, we shall show that if u®™) is the solution of the

(N)

truncated problem (4.4.1) with the initial condition w; °, then the sequence I nu)

approaches f

as the truncation index IV increases.

Theorem 4.4.1. Assume (3.3.5), (4.3.1) and (4.3.21) hold. The truncated problem in (4.4.1) is

locally solvable, i.e. for each p > 1 there exists some T > 0 such that for each N
u™) € C([0,T), Xp.0) N CH(0,T), X,) NC((0,T), Xp1), (4.4.2)

and the respective norms of u'N) are bounded independently of N. If, in addition, the initial datum

uéN) is non-negative, (4.4.2) holds for any fized T > 0. Finally, if for some ¢ > p—1, ¢ > 0

we have fy € X;_H@ and limpy _ o0 ||INu(()N) — follp.a = 0, then Inu™) — f in C([0,T), Xp.o) as

N — co.

Proof. (a) System (4.4.1) is an ODE with a smooth vector field, hence it is locally solvable for any
N > 0. Let

Ynfli=gi—1fi —0ifi+dizaifiyn, 1<i<N, [Ynfli=0, i>N,

(G fli = Ont1,iGi—1fi1, 121,

where for each i € N, (6;;)32; is the Kronecker delta concentrated at i. We see that the linear
part of the truncated equation (4.4.1) acts on the elements of the finite-dimensional subspace

In(RY) C D(T,) according to the formula

Ynf=Y,f —Gnf.
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Since the operator G is non-negative and bounded, direct application of the variation of constants

formula implies that the semigroup (Sn(t)):>0 generated by (Y, D(T,)) satisfies

SN (D)l x,—x, < 1Sy, Olx,-»x,, 1S8vOlx,~x,. < ISy, ®)lx,-x, .

SN (B)lx,—x,, < ISy, Olx,—x,.> (4.4.3)

so that all estimates involving (Sn(t))¢>0 are uniform in N > 0. Hence, the analysis of Theo-
rems 4.3.4 applies, i.e. for some 7" > 0 (that, in general, depends on p > 1, the initial condition
and the coefficients of the problem) inclusion (4.4.2) holds and the respective norms are bounded
independently of N.

Assuming that the initial datum u(()N) is non-negative, we proceed as in Theorem 4.3.7 to show
that the inclusion (4.4.2) holds for any fixed T' > 0 uniformly in N. Hence, the first two claims of
Theorem 4.4.1 are settled.

(b) To prove the last claim, we derive the equation governing the evolution of the numerical

error eV (t) := Py f(t) —u™)(t) € RNt > 0. We have

dB(N) [eS)
i gimre™] = Oiel™ +dipiel) + D agbigel) + Oy idis fira
j=it1
N

1
_'_22]% M f]—l—uN- N de ij-l-u )§N))

s (™) + MUY

Gkjnfifn — > kijfifi,

—j j=N+1

M)y =e, 1<i<N,

or, in a compact form,
de™)
dt

= Ywe®) + Hy ()™ + (B f - BN S - B f), e™(0) =),

where, for a given f and u™), Hy (t)e™) is linear in e¥) and

N

ON,i
[Ejo\rf]izfsN,idiJrlfiJrlv [ENf = Z Z Jkjn it

j=1n=N+1—j

[ENf Z kﬂflf]) 1<Z<N

J=N+1
In what follows we will use two inequalities based on the properties of the function [0,a] > z —
o(x) :==2"(a—x)", a > 2,r > 0. Clearly, ¢ is symmetric, nonnegative with ¢(0) = ¢(a) = 0 and
has a single maximum at « = a/2. Thus, for z € [1,a — 1] we have ¢(z) > (a — 1)". In particular,

for ¢ > 0 and a = N + 1 we have
NI<jUN+1-j5) 1<j<N, (4.4.4)
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where the inequality for ¢ = 0 is trivial, and for p > 1, using (4.4.4) and j < N

P(N L1 — )P
N1 =TI e e (145)
J
Then, by (4.3.1), (4.3.4), the fact that f is globally defined by Theorem 4.3.7, and by (4.4.5),

Hye®™) satisfies

1 N N
1Hxe™], 52#’21@ (e + 1)
N N
N N N
Z Z e8]+ g™ 1el))

N
LRSS (el + )

j=1n=N+1—j

< 1+ 251 lpa (1 fllp.a + 4 lpa) < elle™]p,a,

where (4.4.5) was used to get

NP~ 12 Z (N)an\+|u(N)H6(N |)

j=1ln=N+41—j

N N
. _ N N
=TGN ST kya(1eV Nl ) 1)
j=1 n=N+1-j
N N
. . N N
<SS (N 4+ 1= )Pk (18] ful + 1™ 11eM))
j=1 1—j

] =

N+
N
. N N
ST Pk (el + Y leN)).
n=N+1—j

.
I
-

Similarly, using (4.4.4) to estimate E} f, we have

IEX fllp < (N +1)0n11|fval, (4.4.6)

IEN fllp < eNPZT Y| fllgall fllg+ra < eNP7I7H,

IEX fllp < @l = Pn)fllp.ar

where all generic constants ¢ > 0 are uniform in N > 0. The last four bounds, combined with the

variation of constants formula,
t
eM(t) = Sy (t)el) + / Sn(t — ) (H(T)e™N (1) + B f(7) — Ey (1) — E(r))dr,
0
(4.4.3) and (4.2.2), yield

1™ @) llpa < Elles™ lpa + (T = Pr) Flleqo,r x, ) + NP4

(N) t 0
+ C/ ||€ ||Pg L S e +c wd’r, te [O,T],
0 (t—1)
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with a constant ¢ > 0 that does not depend on the truncation parameter N > 0. Further, by
(4.4.6) and (4.3.20), we have

1B F Oy, [* (V + Do ia () oy (U,
/1 t—r ar A t—ne TSN e

t
< éNl_p/ 797 Nt —7)"%dr = éB(a,1 —a)N'"P =eN'"P,
0

where, as before, ¢ > 0 is independent of N > 0. Thus, using (4.3.8) with v = 0 and
c=elleq lp.a+ 1T = Pr) o)., + NP0+ N17P)
in a fixed finite time interval [0, 7], we conclude that

[ @) lpa < C[lle™

lpa + 11 = Pn) flleqor),x,.0) + NPma—l 4 Ni-P|

with C' > 0 independent of N > 0. Note that limy_, ||e(()N)||p,a = 0, by our assumptions, and
the convergence of ||(I — Pn)f(t)|/x, . to zero is indeed uniform on [0, 7] by Dini’s theorem [54,
Theorem 8.4]. Hence,

N) _

]\/h—r>noo ||INU’( f”c([OvT]vXqu’) = 0

and the last claim of the theorem is settled. O

4.4.2 Simulations

Below, we provide several numerical illustrations to the theory developed above. In our simulations,

we make use of the following two fragmentation kernels:

2
bij = —= 4.4.7
A ( a)
ol o 197t
bij = wa]l) o) = - D itte(j i), o> -1 (4.4.7b)
=1

The coagulation process is driven by one of the unbounded kernels (see e.g. [14, 41, 29] for the

references and particular applications)

kij = k(i + ]1/3)§ (4.4.8a)
kij = ka(i + k3)(J + ks), (4.4.8b)
where k1, ko and k3 are positive constants. The transport, the sedimentation and the fragmentation

rates are chosen to be

gi = gia7 d’i = d257 Si = Si’Y) a; = aiéa

for all i > 1, except for d; = a; = 0.

In view of Theorem 3.3.1, in the calculations below it is assumed that either

max{a, 8,7} <4, p>1, (4.4.9a)
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or

max{3,0} <~, p=1. (4.4.9b)

The conditions ensure that the associated semigroups (Sy, (t)):>0, equipped with either of the

fragmentation kernels (4.4.7a) or (4.4.7b), are analytic in X,, p > 1.

4.4.2.1 The pure fragmentation-coagulation scenario

Example 1. To begin, we consider (4.1.1) with ¢ = d = s = 0, fragmentation kernel (4.4.7a)
and coagulation kernel (4.4.8a). Here, the coagulation coefficients satisfy k; ; = O(i% + j%) hence
Threorem 4.3.7 applies, provided § > g. In our simulations, we let: N =200, a =1, § = 1 and
ki =5-10"2. Since N is fixed, we shorten the notation setting u™) = u. As the initial conditions,
we take

un(0) =10, 5<n <20 and wu,(0)=0 otherwise

and integrate (4.4.1) in time interval [0, 1] using ode15s built-in Matlab ODE solver. The results
of simulations are shown in Figure 4.1, 4.2 and 4.3.

At the initial stage (the left diagram in Figure 4.1), the coagulation process does generate large
clusters with n > 20. However, due to the fragmentation, the densities associated with very large
particles steadily go to zero and the solution settles near a steady state distribution. The right
diagram in Figure 4.1 further illustrates this, where the evolution of mass nu,(t) concentrated at
the clusters of size 1 < n < 80 is plotted. As predicted by Theorem 4.3.7, the strong fragmentation
processes acting in the model prevents uncontrollable mass absorption by the clusters of extremely
large sizes. Ome can see that after a short transition stage, the mass distribution (concentrated
initially in the aggregates of size 5 < n < 20) quickly settles near a fixed state, in which the bulk
mass of the ensemble accumulates in clusters of moderate size.

The behaviour of the total number of particles ||u|lo and the total mass of the system ||u|; are
shown in Figure 4.2 while the higher order moments ||u||2, ||u||3 are shown in Figure 4.3. The right
diagram of Figure 4.2 shows, in particular, that the process is conservative (the total mass of the
ensemble does not change), while Figure 4.2(left), and Figure 4.3 indicate that the solution settles

near a steady state.

Example 2. In our second example, we employ the fragmentation kernel (4.4.7b) with o = 107!
and the coagulation kernel (4.4.8b) with k2 = 51073 and k3 = 1. Note that k; ; = O(i* + j2)
and, in view of (4.3.1), we let § = 2.5. The remaining set of parameters is identical to those used
in Example 1.

In the settings described above, the growth rate of the quantities k; ; is superlinear. Hence,
the pure coagulation models lead to a formation of a massive particle outside the system (the so
called gelation phenomenon, see [70] and references therein). In addition, the moment conditions,

proposed in [7] in context of the discrete pure fragmentation-coagulation models, are also not
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Figure 4.1: Evolution of the pure fragmentation-coagulation model (4.1.1) with the coagulation
kernel (4.4.8a) and the fragmentation kernel (4.4.7a): number of clusters u, (t) (left); distribution

of cluster masses nu,(t) ( right).
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Figure 4.2: Evolution of the pure fragmentation-coagulation model (4.1.1) with the coagulation
kernel (4.4.8a) and the fragmentation kernel (4.4.7a): the total number of particles (left); the total

mass (right).
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Figure 4.3: Evolution of the pure fragmentation-coagulation model (4.1.1) with the coagulation

kernel (4.4.8a) and the fragmentation kernel (4.4.7a): higher order moments.
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Figure 4.4: Evolution of the pure fragmentation-coagulation model (4.1.1) with the coagulation
kernel (4.4.8b) and the fragmentation kernel (4.4.7b): number of clusters u, (¢) (left); distribution

of cluster masses nu, (t) (right).
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Figure 4.5: Evolution of the pure fragmentation-coagulation model (4.1.1) with the coagulation
kernel (4.4.8b) and the fragmentation kernel (4.4.7b): the total number of particles (left); the total

mass (right).
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Figure 4.6: Evolution of the pure fragmentation-coagulation model (4.1.1) with the coagulation

kernel (4.4.8b) and the fragmentation kernel (4.4.7b): the higher order moments.

68



satisfied. Nevertheless, the example falls in the scope of Theorem 4.3.7 and, as predicted by
the theory, the numerical solution demonstrates qualitative features similar to those observed in
Example 1, see Figure 4.4, 4.5 and 4.6. The total mass is preserved (i.e. no shattering and/or
gelation occur) and after a short transition stage the numerical trajectory settles near a stationary

particles/mass distribution.

4.4.2.2 The growth-decay-sedimentation-fragmentation-coagulation scenario

Example 3. We consider the complete model (4.1.1), withg=d=s=a=1,8=~=0 and
a = 0 = 1. The fragmentation and the coagulation processes are controlled respectively by the
kernels (4.4.7a) and (4.4.8a), with k; = 5-1073. The truncation index N, the time interval [0, T
and the initial condition ug are chosen to be the same as in Examples 1 and 2.

As demonstrated by Figures 4.7, 4.8 and 4.9 in the presence of the transport processes the
qualitative dynamics of the model (4.1.1) changes (compare Figures 4.7, 4.8 and 4.9 with the
figures in examples 1 and 2. The death and the sedimentation processes dominate and yield a slow

decay in each of the moments ||ul|,, p=0,1,2,3 as time increases.

Ny, (t)

Figure 4.7: Evolution of the growth-decay-fragmentation-coagulation model (4.1.1) with the co-
agulation kernel (4.4.8a) and the fragmentation kernel (4.4.7a): number of clusters wu,(t) (left);

distribution of cluster masses nu, (t) (right).

Example 4. To provide a further illustration of the effect of transport processes on the dynamics
of (4.1.1), we repeat the computations but with the fragmentation and the coagulation kernels from
Example 2. To ensure global solvability of the model, welet g=d=s=a=1, 8 =7 =0 and
a=4§=25.

With these settings, the birth and the fragmentation terms dominate and we expect the to-
tal mass of the ensemble to grow. As shown in Figures 4.10, 4.11 and 4.12, this is indeed the
case for t close to zero. However, as time goes on, the contributions of the growth and the de-
cay /sedimentation processes compensate each other and the numerical solution settles near an

equilibrium state.
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Figure 4.8: Evolution of the growth-decay-fragmentation-coagulation model (4.1.1) with the coag-
ulation kernel (4.4.8a) and the fragmentation kernel (4.4.7a): the total number of particles (left);
the total mass (right).
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Figure 4.9: Evolution of the growth-decay-fragmentation-coagulation model (4.1.1) with the coag-

ulation kernel (4.4.8a) and the fragmentation kernel (4.4.7a): higher order moments.
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Figure 4.10: Evolution of the growth-decay-fragmentation-coagulation model (4.1.1) with the co-
agulation kernel (4.4.8b) and the fragmentation kernel (4.4.7b): number of clusters wu,(t) (left);

distribution of cluster masses nuy,(t) ( right).
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Figure 4.11: Evolution of the growth-decay-fragmentation-coagulation model (4.1.1) with the co-
agulation kernel (4.4.8b) and the fragmentation kernel (4.4.7b): the total number of particles (left);
the total mass (right).
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Figure 4.12: Evolution of the growth-decay-fragmentation-coagulation model (4.1.1) with the co-
agulation kernel (4.4.8b) and the fragmentation kernel (4.4.7b): higher order moments.

The example demonstrates a certain degree of flexibility of model (4.1.1). A proper interplay
between the fragmentation and the transport components of the equation allows for simulation
of a wide range of realistic scenarios arising within coupled transport-fragmentation-coagulation

systems.

4.4.2.3 The Strong Sedimentation Case
Our last two examples demonstrate behaviour of (4.1.1) with sufficently strong sedimentation. In

this settings, the model is globally well posed in X7, provided (3.3.11) and (4.3.1) are satisfied.

Example 5. Welet g=1,d=s=a=1,a==9 =1 and v = 2. The fragmentation and the
coagulation kernels and all other parameters are the same as in Example 1.

The results of simulations are shown in Figures 4.13 and 4.13. The strong sedimentation (see
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condition (3.3.11)) describing the death of clusters, prevents uncontrolled mass absorption by the
clusters of large sizes. The right diagram in Figure 4.13 demonstrates the bulk mass of the system
remains concentrated in clusters of moderate size. As time goes on, both processes lead to a steady

decay in the total mass of the system.

200 ~

nuy, (t)

Figure 4.13: Evolution of the growth-decay-sedimentation-fragmentation-coagulation model (4.1.1)
in X7 with the coagulation kernel (4.4.8a) and the fragmentation kernel (4.4.7a): number of clusters

un(t) (left); distribution of cluster masses nu, (t) (right).
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Figure 4.14: Evolution of the growth-decay-sedimentation-fragmentation-coagulation model (4.1.1)
in X, with the coagulation kernel (4.4.8a) and the fragmentation kernel (4.4.7a): the total number
of particles (left) and the total mass (right).

Example 6. In our last example, we make use of the fragmentation and the coagulation kernels
from Examples 2 and 4. Further, weset g=1,d=s=a=1,a==9J=1and y=2.

As mention earlier, the growth rate of the quantities k; ; is superlinear and one expects gelation
in context of pure coagulation models. Nevertheless, in complete agreement with the theory, the
simulations show (see the evolution of the clusters masses in the right diagram of Figure 4.15) that
in the presence of a sufficiently strong decay-sedimentation process the latter scenario is impossible,

and the solution remains bounded in X; settings (see the right diagram in Figure 4.16). It is worth
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Figure 4.15: Evolution of the growth-decay-sedimentation-fragmentation-coagulation model (4.1.1)
in X; with the coagulation kernel (4.4.8b) and the fragmentation kernel (4.4.7b): number of clusters
un (t) (left); distribution of cluster masses nu, (t) (right).
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Figure 4.16: Evolution of the growth-decay-sedimentation-fragmentation-coagulation model (4.1.1)
in X; with the coagulation kernel (4.4.8b) and the fragmentation kernel (4.4.7b): the total number
of particles (left) and the total mass (right).

mentioning that in this example the mechanism preventing gelation is connected with the strong
sedimentation, in contrast to Examples 2 and 4, where the central role is played by the strong

fragmentation.
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Chapter 5

Conclusion

We studied the discrete fragmentation-coagulation equation with growth, decay and sedimentation.
Most papers on this type of equation deals with the continuous case. However, the discrete case

has some important properties, as we have demonstrated in our study.

We considered the discrete coagulation—fragmentation models with growth, decay and sedimen-
tation. We proved that for a large class of growth-decay-sedimentation-fragmentation problems
the solution semigroup is analytic and compact and thus has the Asynchronous Exponential Growth
property. In Corollary 3.3.3, we demonstrated that for a strong sedimentation term, s;, i > 1, the
generation results extends to the case when p = 1. We noted that a calculation procedure similar
to the ones for general model in X, could be repeated for the fragmentation equation with growth
and decay only; that is, when the sedimentation term is zero, s; = 0. An alternative view of the
fragmentation equation with growth and decay only was given in Section 3.5. The chapter was

concluded with some examples of this equation with some numerically illustrations.

In Chapter 4, we looked at the fragmentation-coagulation equation with growth, decay and sedi-
mentation. That is, a nonlinear coagulation term is added to the linear part of Chapter 3. Using
the theory of interpolation spaces and under some condition on the coagulation term, we prove the
existence of the local and global classical solution to the semilinear equation. The analysis pre-
sented in Section 4.3 shows that, irrespective of the coagulation rates, the model is always globally
well posed, provided the fragmentation (in the case of p > 1), or the sedimentation (for p = 1)
dominate. This is in contrast to pure coagulation models, see e.g. [70] but confirms earlier results
obtained in a more restricted setting in the discrete, [7, 28], and continuous, [39], cases. Theoretical

conclusions are completely supported by the numerical simulations presented in Section 4.4.
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