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ABSTRACT 

In this research the magnitude and sign of the quadratic electro-optic 

coefficients g
,.

xxx• g
>'Y

""' and gzzxx of' a crystal of potassium dihydrogen 

phosphate (KDP) have been determined by means of a Michelson 

interferometer. 

The first chapter introduces an eigenvalue multipole approach which is used 

in this thesis to account for the quadratic electro-optic effect in KDP. By 

way of justifying the theoretical approach adopted, examples are given of 

other electromagnetic phenomena which have been explained in terms of 

multipole contributions. The more usual index ellipsoid approach for 

describing electro-optic effects is presented together with commonly used 

procedures for solving for the principal axes of refraction and also for 

the.orientation of the index ellipsoid in the presence of an applied field. 

Mention is made of the practical applications of electro-optic effects, for 

which KDP is used extensively, following which the electro-optic properties 

of KDP are discussed and analyzed. For the most part, previous measurements 

of the quadratic electro-optic effect involve the use of static and dynamic 

polarimetric techniques. These methods of measurements are discussed and a 

motivation for repeating the investigation by interferometric means is 

given. 

In the second chapter an eigenvalue theory of light propagation is 

presented, within the electric dipole approximation, to describe 1 ight 

propagation in a non-absorbing crystal belonging to the symmetry point 

group of KDP, namely 42m, to which a low-frequency electric field is 

applied. In particular, the applied field is considered to act along the 
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crystallographic x-axis and the direction of light propagation is taken, in 

turn, to be along the crystallographic y- and z-axes, the last being the 

a.xis of highest symmetry. For these configurations expressions are derived 

for the field-induced birefringence in KDP proportional to the square of 

the applied field. 

An explanation of the phase-compensation method adopted for the measurement 

of the quadratic electro-optic coefficients of KDP is presented in the 

third chapter. This is followed by a detailed description of the 

experimental arrangement and the derivation of expressions for the induced 

path length changes in the two arms of the interferometer in terms of the 

field-induced properties of the KDP crystal and the piezoelectric reference 

plate. An account of the signal detection and lock-in technique is also 

presented. 

The fourth chapter presents the results determined in the present research 

project, by means of the phase-compensation method, for the various light 

propagation and field configurations used. The contributions to the 

observed effect due to various physical mechanisms present in the 

experimental system, not accounted for in the theoretical approach, are 

discussed. Results obtained in this research are then discussed in the 

light of previous results, and in the context of a bond-polarizability 

model. 

The thesis concludes with Chapter Five in which a brief summary is 

presented of the work undertaken, and an outline given of future research, 

to which the modulation interferometer developed for the KDP project may be 

applied. 
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1.1 INTRODUCTION 

CHAPTER ONE 

REVIEW 

1 

Historically, the term electro-optic effect was first used to describe a 

linear birefringence induced in a substance when a uniform electric field 

is applied to it. Although the scope has since broadened to include all 

effects induced by an electric field, whether uniform or not, the original 

meaning is implied when used in this thesis. 

Kerr { 1875) was the first to discover the existence of such an effect when 

he observed a birefringence induced by, and proportion�! to the square of, 

an electric field applied at right angles to the light path through a 

non-conducting liquid, such as carbon disulphide, and glass. This was 

followed some years l�ter by the observation by Rontgen and Kundt in 

crystalline quartz of. a birefringence linear in the field, when this field 

was applied perpendicular to the light path. Further investigations by 

Pockels of the linear electro-optic effect in crystals of quartz, 

tourmaline, potassium chlorate, and Rochelle salt revealed that it was 

independent of piezoelectrically-induced strain (Pockels 1906). 

Symmetry constraints restrict the existence of the Pockels effect, that is 

the linear electro-optic effect, to only non-centrosymmetric media, whereas 

the Kerr effect, or quadratic electro-optic effect, exists in media of any 

symmetry. The Kerr effect, being considerably smaller than the Pockels 

effect, is usually neglected when the linear effect is present. 
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1.1.1 Theoretical treatment of the electro-optic effect

In order to explain fully the electro-optic effect in crystals, a sound 

macroscopic theory is needed. Previously, an eigenvalue multipole approach 

by Graham & Raab (1990) proved successful in explaining the linear 

birefringence in cubic crystals when the theory made allowance for induced 

electric octopoles and magnetic qua.drupoles. In this approach multipole 

contributions of comparable magnitude induced by the electric and magnetic 

light-wave fields, and certain of their space and time derivatives, are 

consistently allowed for. 

Multipole contributions beyond that of the electric dipole have, in the 

past, been invoked to explain a variety of electromagnetic effects, both 

natural and field-induced. An explanation was given by Born {1918) of 

optical activity in a field-free fluid, in which a magnetic dipole 

contribution was implicit. Even earlier in 1882, Gibbs showed that the 

optical activity in a fluid could be accounted for by the interaction of 

the field gradient of a light wave with a molecule. This is essentially an 

electric quadrupole interaction. However, it was not until 1969 that the 

comparable magnitudes of electric quadrupole and magnetic dipole 

contributions were allowed for in a theory of optical activity of aligned 

molecules (Nakano & Kimura). This was followed by a theory given by 

Buckingham and Dunn (1971) of the same effect and with the same conclusions 

but with the important addition that the observed effect was shown to be 

independent of the choice of origin used in the specification of the 

displacement vector r, which enters multipole moment definitions. 

To explain the differential scattering of left and right circularly 

polarized light, Barron and Buckingham (1971) included contributions of 
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electric quadrupoles and magnetic dipoles. Later, electric octopole and 

magnetic quadrupole contributions were used to derive other differential 

light scattering expressions in a fluid (de Figueiredo & Raab 1981), as 

well as being shown to be responsible for Jones birefringence in certain 

non-magnetic crystals (Graham & Raab 1983; Graham & Raab 1994). 

Then in 1990 a propagation equation, essentially an eigenvalue equation, to 

this latter multipole order was developed (Graha.JII & Raab) to explain the 

very small linear birefringence observed in certain cubic crystals. Still 

to this order an explicit eigenvalue equation has recently been applied to 

al 1 32 non-magnetic point group symmetries of crystals to predict the 

various types of birefringence, and the responsible multipole 

polarizability tensors, which would occur for propagation along each of the 

three crystallographic axes (Graha.JII & Raab 1994). 

The theory presented in Chapter Two is based on the eigenvalue equation 

approach for light propagation of Graham and Raab (1990). It wi 11 be 

evident that the quadratic electro-optic effect in crystal! ine potassium 

di hydrogen phosphate (KDP) can be explained fully within the electric 

dipole approximation, where multipole contributions to the order of 

electric dipole are consistently allowed for. This eigenvalue approach 

allows us to derive an equation in terll\S of the crystal property tensors 

describing light propagation through a KDP crystal to which a low--frequency 

electric field is applied. Consequently, the induced birefringence in KDP 

which is proportional to the square of the applied field may be evaluated. 

Other approaches to the theory of the electro-optic effect usually involve 

describing the birefringence of a crystal in terms of an index ellipsoid, 
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or optical indicatrix. This method, which yields equivalent results to 

those of the eigenvalue approach in the electric dipole approximations, is 

used extensively in textbooks dealing with optical properties of crystals, 

such as those by Born and 'Wolf (1980}, Ya.riv and Yeh (1984), and Nye 

(1985). 

'Within the electric dipole approximation the field vector Din the presence 

of light wave fields 8 and� may be -written as 

( 1. 1) 

where P is the electric dipole moment density that may be expressed as 
a. 

p ex = a, a.{3(; fJ
( 1. 2) 

It is possible to rewrite eq. (1.1) in the following form 

D a: = c a:f3ft
fJ 

, ( 1. 3) 

where c
a:/3

, referred to as the dielectric tensor, is defined as 

C o:(3 = Co (c5 fX/3 + �
a,8

) ( 1. 4) 

The expression for the energy density for a polarized anisotropic medium is 

well known to be (Born & 'Wolf 1980) 

l U = - E. D 
2 - -

By means of eq. (1.3) this density may be expressed as

1 U = - 8 C 
Q

8Q 2 a O:r., ,-,

If one chooses principal dielectric axes such that «
a,a 

has 

components only of c,.,., Cyy , and c zz • then it follows that 

l 2 1 2 1 2 U = 2 8,.,c,.,. + 2 �yCyy + 2 € 2Cu 

or 

( 1. 5) 

(1. 6) 

non-zero 

( l. 7) 

( 1. 8) 

Replacing Dx/jicJJ , Dy/jicJJ , and D.,,/ficJJ respectively with a set of 

Cartesian coordinates x, y, and z, and defining the refractive index in 
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terms of the dielectric tensor as n� = c il/e0, where i = x, y, z, then one 

may rewrite eq. (1.8) as (see, for example, Yariv & Yeh 1984) 

'2 2 2 
X +� +�-1. 

2 2 2 
nK n:,, n2 

(1. 9} 

The above equation is referred to as the index ellipsoid of wave normals, 

in the principal coordinate system, where the origin O of the Cartesian 

axes is located at the centre of the ellipsoid and the axes are oriented to 

coincide with the principal axes of the ellipsoid. In this equation n 1 is 

the refractive index for a monochromatic wave propagating through the 

medium linearly polarized parallel to the i th axis. An ellipse formed by

the intersection of a plane through O with the ellipsoid has principal axes 

which coincide with the directions of the electric induction vectors of two 

light waves propagating normal to the plane, and the lengths of the axes 

are the inverse squares of the refractive indices of these waves. 

In previous work (see, for example, Kaminow 1974) an impermeability tensor 

is defined in terms of the dielectric tensor as 

l} =
afJ 

(1. 10) 

where this tensor is intended to express� in terms of D by means of the 

inverse of ca� such that

(1. 11} 

For a principal coordinate system eq. ( 1. 8) may be rewritten in terms of 

the impermeability tensor as 

(1.12} 

This equation yields an expression equivalent to that of the index 

ellipsoid which may be written as 
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( L 13) 

Accordingly, changes in the shape, size, and orientation of the index 

ellipsoid brought about by the electro-optically-induced change in 

refractive index may be expressed in terms of changes to the impermeability 

tensor. 

Pockels ( 1906) provided the first general treatment of the electro-optic 

effect. He derived the number and form of the relevant constants expected 

for the different crystal symmetry classes, where these numerical constants 

may be considered small corrections necessary to be applied to the index 

ellipsoid constants when an electric field is applied to the crystal. The 

constants that Pockels introduced were defined in terms of the electrical 

polarization, but were later redefined instead in terms of electric field 

(see, for exal!lple, Kaminow 19�4). Expressing these electro-optic constants 

in terms of the electric field-induced changes to the i.mpermeabil ity tensor 

one may write: 

�«�<�> - �
aiS

(O) = 6�«� = r
aiS

rEr + g
at3

r6ErEo + · · · ( 1. 14)

where only terms linear and quadratic in the applied field E have been 

retained. The coefficients r
at37 

and g
aiS

ro are respectively the linear (or

Pockels) and quadratic (or Kerr) electro-optic coefficients and are related 

directly to the structure and type of crystal under consideration. 

The electro-optically-induced changes to the index ellipsoid due to the 

presence of' an applied electric field may be used to obtain solutions to 

the eigenvalue problem of crystal optics. Procedures for solving for the 

principal indices of refraction and the orientation of the index ellipsoid, 

in the presence of an applied electric field, are discussed in a number of 

advanced optics textbooks and have recently been reviewed in an article by 
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Maldonado and G�lord (1988). 

The more usual approach, which is outlined by Nye (1985), involves solving 

a 3x3 determinantal equation, which is really a secular equation, from 

which the eigenvalues of the impermeability tensor may be found, and 

consequently the lengths and directions of the index ellipsoid determined. 

Another technique (see, for example, Born and Wolf 1980) involves a method 

of Lagrange multipliers in which a secular equation is again utilized from 

which the permitted directions of vibrations of the electric displacement 

vector Dare determined for a given path of phase propagation. A Richardson 

purification process (Hartree 1952) may also be used, :where the 

eigenvectors of wave propagation are determined on the basis of successive 

approximations for the eigenvalues. Other approaches have involved a Mohr 

circle construction technique {Nye 1985), similarity transformation 

methods, and more recently a Jacobi matrix method (Maldonado & Gaylord 

1988). 

In the past, a number of attempts have been made to relate the 

electro-optic effect observed in crystals to other similar effects, and 

also to understand the mechanism of the effect in terms of various models. 

Most of the ear 1 i er theoret 1 cal approaches were limited to the case of 

diatomic molecules. Theories have also been attempted on ionic crystals. 

For example, to obtain a non-linear equation for the polarization of a 

zinc-blende-type ionic crystal, Kelly ( 1966) used a generalized theory 

describing the dielectric properties of ionic crystals. From this result he 

was able to obtain an expression for the linear electro-optic coefficient 

for these crystals and calculate results for the linear coefficients of ZnS 
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and CuCl, which were in satisfactory agreement lofi th experiment. Later, 

using an electrostatic point-charge model and dielectric theory, Flytzanis 

(1969, 1971) calculated electro-optic coefficients of various diatomic 

crystals. 

Fowler and Madden (1984) performed ab initio cluster-type calculations, 

within a multibody perturbation scheme, of the hyperpolarizabllities of LiF 

and LiCl crystals, where the low-frequency electro-optic coefficients may 

be related to the static hyperpolarlzabilities (Kaminow 1974). The values 

obtained were in good agreement with those achieved experimentally from 

three-wave-mixing and third-harmonic generation experiments. 

Models for media with more general structures have also been proposed. Shih 

and Yariv (1980, 1982) presented a simple model in ter�s of bond properties 

to describe linear electro-optic effects in crystals of various structures 

and constituents. This approach has since been extended to the case of the 

quadratic electro-optic effect in LiF and KDP (Kucharczyk 1987, 1992) and 

will be discussed further in Section 4.7, where results obtained in this 

research are analyzed. 

Other approaches have included: an energy-band picture (DiDomenico & Wemple 

1969), a relation between Raman-scattering efficiencies and electro-optic 

coefficients measured at radio frequencies (Kami now 1967), two-oscillator 

models (Barker & Loudon 1972), a local-density-approximation scheme to 

compute the static electronic hyperpolarizabill ty for the alkali halide 

crystals (Johnson et al. 1987), and an application of perturbation theory 

to the wave equation (Nelson 1975). An estimation of the quadratic 

electro-optic effect in KDP vas made by Jamroz and Karniewicz {1979) based 
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on an anharmonic oscillator model. 

1.1.2 Practical applications of electro-optic effects 

In the past a large amount of experimental work has been done in the field 

of the electro-optical properties of materials. This interest stems from 

the electro-optic effects of these crystals being utilized in a wide range 

of applications in modern optical technology. 

By means of the electro-optic effect it is possible to control the phase 

and intensity of optical radiation. A common application of the 

electro-optic effect is in light modulators which offer the possibility of 

high speed and accurately controlled manipulation of a laser beaJn or in 

control I ing the signal retardation. Moving mechanical parts which would 

otherwise have to be used do not allow modulation at the required 

frequencies, usually reaching up to the gigahertz range, due to their 

inertia. An ever-increasing number of appliances make use of this optical 

modulation. These range from optical beam deflectors and spectral tunable 

fi 1 ters to the impression of information into optical beams for 

communication purposes. Electro-optic devices are also used in analogue and 

digital signal processing and optical computing; as well as in the 

development of sensors to detect humidity, temperature, and electric 

signals at radio frequencies. 

The Kerr effect is utilized extensively in Q-switches in pulsed laser 

systems, and also in optical modulators and Kerr shutters, where the 

quadratic effect provides the advantage of effective modulation response at 

higher frequencies. 
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It may be concluded that the precise determination of the magnitude and 

sign of electro-optic coefficients is important not only for the 

optimization and design of electro-optic devices which are based on the 

effects, but also to acquire an insight into the physics of these and 

related phenomena. 

1. 2 A REVIEW OF POTASSIUM DIHYDROGEN PHOSPHATE

The particular electro-optic crystal under consideration in this research 

is crystalline potassium dihydrogen phosphate (KH2P04 }. Better known as 

KDP, its notable non-linear properties place it amongst the most widely 

known of the electro-optic crystals. It exhibits a large linear 

electro-optic effect which is utilized extensively in electro-optic 

devices. 

1.2.1 General properties of KDP 

Due to the large interest shown in the practical application of ICDP 

crystals, the properties of this compound have been investigated thoroughly 

over the past 50 years. A review of the general properties of KDP follows. 

At room temperature KDP crystals are paraelectric and belong to the 

tetragonal symmetry point group 42m. On cooling below about 123 K ICDP 

undergoes a ferroelectric phase transition and at these lower temperatures 

the crystal symmetry is orthorhombic llllll2. In both phases the crystals are 

piezoelectric. KDP is known to be transparent for wavelengths as short as 

0.2 µm and up to 2.0 µm, and over this range the index of refraction and 

electro-optic coefficients are known to be almost constant (Shih & Yariv 

1982}. 
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KDP crystals, grown at room temperature from water solution, are generally 

free from strains often found in crystals grown at higher temperatures, and 

tend to have good to excellent optical properties. It is possible to obtain 

commercially relatively large, good quality crystals which, though 

hygroscopic and fragile, may be cut and polished without difficulty. The 

resistivity of a KDP crystal is typically 1012 nm; this high resistance 

means that during experimentation at high electric field strengths there is 

no appreciable flow of current which could possibly lead to excessive 

heating of the sample. 

1.2.2 Electro-optic effects in KDP 

Crystals of the KDP-type family lack a centre of inversion and consequently 

they may simultaneously exhibit both linear and quadratic electro-optic 

effects, if permitted by symmetry considerations for the particular field 

and light directions chosen. In the following research, symmetry conditions 

are considered for which the linear electro-optic effect, and other 

odd-order effects, are eliminated. Consequently the quadratic electro-optic 

effect becomes the leading term. 

Due to symmetry constraints {Birss 1966) and intrinsic symmetry, only two 

independent components of the linear electro-optic tensor of KDP exist (see 

Section 2.2). These linear coefficients have been investigated thoroughly 

by several authors employing a number of transmission experimental 

t h i d f d t b 10 5 10-12 v-1 d _ ec n ques, an are Oun O e rxyz = - , X ffi an Py :u< - rxzy 

= - 8. 8 x 10-12 mv-1 (Landolt-Born.stein 1978). The quadratic electro-optic 

effects in KDP are described by seven independent components gxxxx• gzzu, 

&xxyy , &xxzz• gzzxx• g><yxy , and gxzxz (see Section 2. 2). In comparison with 

the linear effect, the quadratic effect in KDP is small and consequently 
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difficult to measure. As a result there is a large spread in the results 

obtained experimentally for these coefficients. With one notable exception 

(Grib et al. 1975), the methods for measuring the quadratic effect in JCDP 

have employed polarimetric techniques. 

Table 1. 1 reflects the large disagreement found in experimental results 

obtained thus far. Indeed, it has been noted {G6rsk1 & Kucharczyk 1987, 

1990) that the results obtained for KDP-group crystals for both the 

quadratic and fourth-order electro-optic coefficients by means of the 

dynamic and static polarimetric techniques differ by orders of magnitude. 

The range of these values cannot be explained in terms of the dispersion of 

the electro-optic coefficients or their temperature dependence, since the 

coefficients are known to be almost independent of the optical wavelength 

for the transparent region of "the crystal, and the results quoted were all 

obtained at room temperature. 

The fact that the measured values for the quadratic electro-optic 

coefficients of JCDP range over two orders of magnitude makes the 

remeasurement of these coefficients by a different technique important. 

1.3 TIIE MEASUREMENT OF ELECTRO-OPTIC EFFECTS 

In the polarimetric technique the electro-optic crystal 1s placed bet-ween a 

polarizer and analyzer, which are not necessarily crossed, and the 

intensity transmitted by the system is measured relative to that incident 

on it. The field-induced birefringence has been measured in this way in the 

past (see, for example, G6rski & Kucharczyk 1987). An arrangement typifying 

those used in polarimetric determinations of electro-optic coefficients is 

shown in Figure 1.1. 
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The relative light i.ntenslty transmitted by such an optical arrangement is 

given by (Born & Wolf 1980) 

I/1
0 

= cos2(1) - sin(2«)sin(2[«-xJ)sin2 (Ar/2) { 1. 15)

In the above equation I0 1s the light intensity of the incident beam, « is 

the angle between the transmission axis of the polarizer and the principal 

axis of the elliptical cross-section of the index ellipsoid, xis the angle 

between the transmission axes of the polarizer and analyzer, and Ar is the 

phase shift between the ordinary and extraordinary rays after passing 

through the retardance plate and the crystal of length I. An expression for 

the phase shift may be written as 

2nlAn Ar = f
0 

+ --
A 

, ( 1. 16)

where r0 is the phase shift introduced by the retardance plate, an is the 

field-induced birefringence, and ;\. is the wavelength of the propagating 

light wave. For specific experimental arrangements, in which the polarizer 

and analyzer are usually either parallel or crossed, the expression given 

in eq. (1. 15) for the relative light intensity is simplified. 

It follows that when an electric field is applied to the crystal, 

measurements of the change in intensity may be related to the field-induced 

birefringence An, where, for a particular configuration, An is related to 

the relevant electro-optic coefficients of the crystal and the applied 

field. Essentially, polarimetric techniques involve measuring the change in 

intensity of the transmitted light as a function of the field applied to 

the crystal. From this relationship, which has the form of eq. (1. 15), and 

from an expression for the field-induced birefringence for the particular 

applied field and light propagation directions being considered, values for 

the crystal's electro-optic coefficients in question may be found by 
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extrapolation. 

In the static polarimetric technique a de voltage is applied across the 

crystal sample. Electro-optic coefficients of the crystal are then 

determined from the change in intensity as a function of the applied 

voltage. Dynamic polarimetric methods involve the application of a 

sinusoidal electric field of low frequency w to the sample. This 

alternating voltage results in a modulation of the transmitted light 

intensity. It is therefore possible to perform a harmonic analysis of the 

transmitted signal by means of, for example, a lock-in amplifier. This 

method of detection affords a sensitivity unavailable in static measurement 

techniques. In the dynamic polarimetric method, 

electro-optic coefficients are obtained from 

values of the quadratic 

the dependence of the 

modulation index 1 2
"' /!

0 
on the square of the applied field, where I 2w is 

the intensity of the second harmonic of the modulated low-frequency field 

(Gorski & Kucharczyk 1987). 

The experimental determination of electro-optic effects is not restricted 

to polarimetric techniques and various interferometric approaches have also 

been utilized. This latter method offers a simple, yet sensitive, means of 

optical study. 

In the interferometric technique the sample to be investigated is placed in 

an arm of the interferometer. As the electro-optic effect leads to a 

birefringence induced in the sample by an electric field applied to it, a 

light beam propagating through the sample undergoes a shift in phase. This 

phase shift leads to a change in intensity of the interference pattern 

formed by the beams on recombining after having traversed the arms of the 
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interferometer. Measuring this intensity change allows the sample's 

electro-optic effect to be determined. 

Zook et al. (1967) made use of a modified Michelson interferometer in order 

to determine the sign, magnitude, and temperatw-e dependence of the linear 

electro-optic effect in LiNb03 crystals. Their experimental procedure 

consisted of measuring the modulated phase shift induced in the sample 

against that established by the sine-wave vibration of a reference mirror 

in the other arm of the interferometer. Adopting a different approach Onuki 

et al. ( 1972) used a Mach-Zehnder interferometer to determine the linear 

electro-optic coefficients of KDP, LiNb03, and a number of other compounds. 

Their method was based on compensating for the shift in phase induced in 

the sample by that induced in a reference material of known electro-optic 

response. A Mach-Zehnder interferometric approach has also been used to 

study electro-optic effects in thin films of LiNb03 (Fukunishi et al. 

1974). 

When applied to electro-optic measw-ements the interferometric method has 

several intrinsic advantages over the traditional polarimetric techniques. 

As well as being of comparable sensitivity, which is invaluable in 

measuring small electro-optic effects, the interferometric approach allows 

the changes in refractive indices along the principal axes of the crystal 

to be determined independently, along with the sign which enables 

individual electro-optic coefficients to be evaluated. The polarimetric 

method allows the possibility of determining only the absolute value of 

relative coefficients and not the magnitude and sign of each coefficient 

separately. It is important to know the signs of the coefficients when 

relating the quadratic electro-optic effect to other non-linear phenomena 
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and in applying theoretical models to non-linear susceptibilities. 

The method of measurement adopted in this investigation uses a 

vibrating-mirror Michelson interferometer to perform simple yet highly 

sensitive compensation measurements to determine 

electro-optic coefficients 

experimental method is detailed in Chapter Three. 

the

of 

quadratic 

KDP. This 



CHAPTER TWO 

THE QUADRATIC ELECTRO-OPTIC EFFECT IN KDP 

2. 1 AN EIGENVALUE EQUATION OF LIGIIT PROPAGATION

By means of the two Maxwell equations 

r:/ XE= -B 

17xH=D , 

17 

(2. 1) 

(2.2) 

an eigenvalue equation may be derived in terms of multipole polarizability 

tensors, which describes the propagation of a plane monochromatic light 

wave through a source-:free medium. In this thesis, non-magnetic crystals 

are considered for wavelengths far from absorption bands. As will be 

apparent later, the eigenvalue equation allows the two polarization 

eigenvectors to be determined, and expressions to be obtained for their 

respective refractive indices in terms of macroscopic polarizability 

tensors of the medium, for any direction of phase propagation o:f the light 

wave through the medium. 

When using Max\olell's equations to describe a range of electromagnetic 

effects in matter, it is convenient to adopt the multipole approach: the� 

and H field vectors in eq. (2. 2) are expanded in multi pole form, taking 

care to include in both fields multipole contributions of comparable 

magnitude. The relative magnitudes of multipole contributions to a physical 

effect are ordered as follows (de Figueiredo & Raab 1981): 

� { 
electric quadrupole

� {
electric octopole 

electric dipole ,,, N 

magnetic dipole magnetic quadrupole (2.3)

Correct forms for D and H in the electric octopole-magnetic quadrupole 

approximation are (GrahaJII et al. 1992) 



D « 

H = 

« 

£
0
1 + P « ex 

1 
- -'i/ Q

2 fJ aJ3
-1 

- M 
1 

lio 1J
Q'. 

+ -V M« 2 f3 cxf3 

.f. -'i/ V Q -
a r f3 al3r 

. . . , 
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. . . , (2.4) 

(2. 5) 

in which Greek subscripts are used to specify Cartesian components of a 

tensor. In eq. (2.4) P, ex and Q
a,87 

are respectively the electric

dipole, quadrupole, and octopole moments per unit macroscopic volume, while 

in eq. (2. 5) Mex and M
a,8 

respectively are the corr-esponding quantities for

the magnetic dipole and quadrupole moments. These multipole moment 

densities are the averages per unit macroscopic volume of the following 

moments of a charge distribution, defined by (Raab 1975) 

electric dipole p«

electric quadrupole q
ttf3 

electric octopole qexf3r

magnetic dipole m 
a. 

magnetic quadrupole mttf3 

= 

= 

= 

= 

= 

:Eqr«,

:Eqr a.r /3

:Eqr r
f3

r 
a. r

E@m) e.a.

E@m) (r 
1

i
,/ l«r 

fj
)

(2.6) 

' 

where q is the charge, m the mass, and � = � x E the orbital angular 

momentum of a particle that has a displacement� from an arbitrary origin 

inside the distributions. E denotes a summation over all its particles. 

A plane light wave of angular frequency w possesses electric and magnetic 

fields, �and�. as well as their space variation to all orders but, due to 

the simple harmonic property of a monochromatic wave, only two independent 

time derivatives of each, which are taken as the field and its first time 

derivative. The fields, and their space and time derivatives, of a light 

wave passing through a material induce multipole moments in a macroscopic 

volume element. To the order of electric octopole and magnetic quadrupole 

their densities are given by (Buckingham 1967; de Figueiredo & Raab 1981) 



P
a.

= aa/3
g

f3 
+ ���g� + ½aa/3rQrg� + �wa�rQr€a + ¼riaJ3ro'iJo'iJrg�

+ 1 b' 'iJ n t + + G jj + 1,.., <D + �H n jj 
6W aJ3ro ovr (3 

. • . aJ3 a W°'a.{3
-D

f3 <! cx.{3rvr fl
1 , 

• 

+ 2w
8 

a/3r v r '.B f3 + · · · •

= a (s + �a' is + � 'v g + �, Q � + ... + LIYn $
aJ3r r w aJ3r r 2 a.f3ro o r 2w aJ3ro o 1 -r r 

1 . 
+ -L' 'B + 

w aJ3r 1 

1 • 

+ -1.' 23 
w aJ3 � 

M�a c: 'H O 6 +
- a, ... r r 

+ ... '

+ . . . •
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(2.7} 

where the polarizability tensors a.
a/3

, a�
/3

' a
a/3r' a�7

• etc. are macroscopic

volume properties of the medium. 

In terms of the relative orders of magnitude of the multipole moments in 

eq. (2. 3) the distortion or polarizabili ty tensors in eqs. (2. 7) fall into 

three groups: 

electric dipole 

electric quadrupole}magnetic dipole 

electric octopole}magnetic quadrupole 

This classification follows f'rom the quantum-mechanical expressions of 

these tensors derived in Section 2. 3. Depending on their behaviour under 

time and space inversion these polarizability tensors may be classified as 

time-invariant tensors Ci-tensors) or time-changing tensors (c-tensors), 

and as polar or axial tensors. For non-magnetic crystals, considered in 

this work, c-tensors need not be retained as they are properties of 

magnetic crystals only (Birss 1966). 
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Previously, multipole contributions beyond that of the electric dipole have 

been used to explain a number of electromagnetic effects, as is mentioned 

in Chapter One. In this chapter the theory of the quadratic electro-optic 

effect in crystalline potassium dihydrogen phosphate (KDP) is presented. It 

will become evident that this effect may be explained within the electric 

dipole approximation. Accordingly, the derivation of the eigenvalue 

equation for describing the propagation of a light wave in a crystal, to 

which a uniform electric £ield is applied, takes into account only induced 

electric dipoles. 

Considering D and Hin the presence of the light-wave fields only, one may 

write 

D = c
o
f5 t- p

a: ex a: 
-1 

H = µo � 
(l IX 

where for non-magnetic crystals 

(2.9) 

(2. 10) 

{2. 11) 

The electric field of a plane monochromatic light wave may be expressed in 

the complex form 

(2. 12) 

where n is the refract 1 ve index for the polarization state of amplitude 

! lo) propagating in the direction of the unit vector� along the waverront 

normal, and � is the angular frequency of the light wave. As a result, it 

is possible to express � in terms of 8 from eq. (2.1) as 

23 = �(0- X ft) ~ c� ~ (2. 13) 

By means of eqs. (2. lt) to (2. 13), �and� in eqs. (2.9) and (2. 10) may be 

expressed in terms of g, and so therefore may eq. (2.2), namely 
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(2.14) 

In the above equation the phase part of�. which is not necessarily zero 

for all space and time, has been cancelled. The propagation unit vector � 

of the light wave and the electric-field amplitude �
(o

J may be specified in

terms of a laboratory frame of Cartesian axes x, y, and z. As eq. (2. 14) is 

essentially the Maxwell vector equation eq. (2.2), it is really three 

equations wh.ich are obtained by setting a: = x, y, z in turn, leading to three 

linear homogeneous equations in the components of g< 0 > . These may be

written in the matrix form as 

2 1 
n v "o-y + a" y 

Co 

g,< 0) 
X 

:: 0 (2. 15) 

This equation may be re-arranged into a matrix eigenvalue form, namely 

n 2 (1 O"�} 
1 

- - -

0:: ,. X 
Co 

2 1 
- Il O" yfT X 

-

- «y .. 
£0 

n 20-zrTx 
1 

- -

- Cltz>< 
Co 

- 2n cr,. o-Y 

n 2 (1 f1' 2 ) 
-

y 

- 2 n 0-zrTy 

-

-

1 
n 20-xcr2 

1 g,< 0) cg ( 0 J 

- O:,.y 
-

ot,. z 
Co Co 

X " 

1 2 l 
g-

C o) �Co) 
-

a.y y 
- n O" yCT 2 

-

- O::yz 
Co Co 

y y 

1 n2 (1 CT�) 
1 

cg
( 0) 8( 0) 

c «zy 
- -

- O:z z 
Co 

z 

(2. 16) 

in which the eigenvalues are unity. This value constrains the refractive 

index n to a certain value for each of the eigenvectors, as spe·cified by 

the components of r0>, which represent the polarization forms which the 

medium wi 11 support for propagation in the direction of er. 

Equation ( 2. 14), or alternatively eq. (2. 16), is the fundamental 

equation within the electric dipole approximation for describing light
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propagation in a field-free non-magnetic medium. 

Instead of solving eq. (2. 16) for the polarization eigenvectors, it is 

simpler to approach the solution in another way. The condition that there 

are non-trivial so 1 ut ions for the three components of g!oJ is that the 

determinant of their coefficients should vanish. Thus 

2 ( 2 ) 1 n er" - 1 + 1 + - a:,. "
Co 

== 0 . 

This is the secular equation obtained from eq. (2.15). Its solution yields 

the values of n associated with each of the polarization eigenvectors, 

which may be found in turn by substituting back each n value into the three 

equations contained in eq. (2.iS). 

2.2 AN EIGENVALUE EQUATION IN THE PRESENCE OF AN APPLIED ELECTRIC FIELD 

2.2.1 General case for a non-magnetic crystal 

1 Consider a static, or low-frequency, uniform electric field� applied to a 

non-magnetic crystal. Within the electric dipole approximation the 

expression for the polarization density induced in the medium by a 

monochromatic plane light wave, in the presence of this applied field, is 

(Buckingham & Pople 1955) 

1 

+ a1
cx�7ot�E1Eo + •••

Alternatively, one may regard ex

«# 
in eq. (2. 11} to be

(2. 18) 

perturbed by the 

1 A low-frequency f'ield is considered to have a frequency well below

the lattice resonances of the medium. 
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applied £ield and write 

p °' = a:af3(�
)

g'f3 ' (2. 19) 

where ex a(E) may then be Taylor-expanded in powers of E as follows: 
CXp ~ 

(2.20) 

being the polarizabilily, and and the first- and 

second-order hyperpolarizability tensors of the medium respectively. These 

tensors are field-free properties. In a study of the quadratic 

electro-optic effect it is necessary to retain only the terms linear and 

quadratic in the applied field as higher-order terms are considered 

negligible. 

Thus from eqs. {2. 9) to (2. 11), and (2. 20) when a strong unirorm electric 

field is applied to a source-free non-magnetic medium, the expressions for 

D and� within the electric dipole approximation now become 

Da = EoE
Q'. 

+ (coa
ap 

(2.21) 

-1 

Ha. = µo /3a. (2.22) 

Following the eigenvalue approach described in Section 2. 1 and using the 

above expressions for� and�. one obtains 

[n2u �a - (n 2-1}�Na +�a.Na +!.._ f3 � E + !._ 7 a �EE�+ ... ]8�0 )
= 0. 

a ,.. "'f-' C O ....., 2£ 0 O:t->l 7 BC o a:..,7Q 7 Q I-' ( 2. 23) 

This ls the fundamental equation that was derived in eq. (2. 14) for 

describing light propagation, now modified in the presence of an applied 

low-frequency electric rield E. 

The three homogeneous equations obtained from eq. (2. 23) by let ting oc = 

x,y,z in turn yields the matrix equation 
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n 20' ,.cr :t + T .,,_ :t 
g< 0) 

" 

n 
2
0' 20' x + T z " 

(2.24) 

where 

T = 1
cx +!_(3 E +

1 
7 EE 

i J CO i J 2£ 0 1 J "I 7 0C O i j'1<S "I c'5 (2.25) 

The secular equation for determining n is then 

= 0 

(2.26) 

It is this equation that wi 11 now be used to determine the induced 

birefringence in KDP which is proportional to the square of an applied 

electric f'ield. 

2.2.2 Special case of the symmetry point group 42m 

Consider the specific case of a KDP crystal which at room temperature 

belongs to the uniaxial symmetry point group 42m. This crystal has three 

mutually perpendicular twofold axes of symmetry, one of which is an 

improper fourfold axis of symmetry. By convention it is this latter axis 

that is taken as the 3-axis (optic axis), whilst the two mutually 

orthogonal twofold axes, in the plane normal to 3, are designated the l­

and 2- axes such that the 1,2,3 axes form a right handed system. 

Crystal tensors are traditionally expressed relative to crystallographic 

Cartesian axes. If the laboratory x,y,z axes are chosen to coincide 

respectively with the crystal's 1,2,3 axes, then the off-diagonal 
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components of the polarizabi 1 i ty "'
o:13 

are zero since crystallographic axes

serve as principal axes for this second rank polar tensor (Birss 1966). For 

propagation of the light beam along the optic axis, ie o- :: (0,D, 1), eq. 

(2.26) may be written as 

- n
2 

+ 1 + T 
YY

Txz 

= 0 (2.27) 

Quantum-mechanical results for the polarizability tensor a.
o:/3

, given in

Section 2.3, show that it is symmetric on interchanging the subscripts « 

and�- It follows from eq. (2.20) that the hyperpolarizability tensors �
a.f3r

and '1
0!./378 

are likewise symmetric when the subscripts a. and � are 

interchanged, and that 7 o:/378 
is also symmetric in '¥ and 8. Making use of

this intrinsic symmetry as we�l as of tensor symmetry properties for the 

symmetry point group 42m, given in tables by Birss (1966), one may identify 

the non-vanishing independent components of a
tt/3

, �
cxf37

' and 7
a/378

, as well

as relationships between them, as follows: 

7yzzy = 7zyyz = 7zyzy = 7yzyz = 7xzxz = 7zxzx = 7xzzx "''1zxxz 

(2.28) 

If� is taken to be along the x-axis of the crystal, and use is made of the 

tensor symmetry properties in eqs. (2.28), then the secular equation in eq. 

(2.27) becomes 



- n 2 + 1 + 1 - + t 

7 

E2 
Co-K" 6Co 

KXXK 

0 

0 

0 0 

1 1 
E2 

1 + - «zz + s� �2ZXK 
Co '- o 

From the first row of eq. {2.29) it is evident that 
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(2.29) 

(2.30) 

where n0 is the so-called ordinary index of refraction. It is defined by 

2 1 
n

0 
= l + - «

,.,. .
Co 

(2.31) 

Substituting eq. (2. 30) into the equation on which the first row of' the 

determinant in eq. (2.29) is based yields the corresponding eigenvector 

�
(ol = cg,<ol ,O,O)

This is linearly polarized par�llel to the crystallographic x-axis. 

From the sub-determinant in rows two and three in eq. (2. 29) one obtains 

another refractive index given by 

n� � n� + 
�

£/yyxxE
2 - (

2
�e£of:3yuE)2 

, (2.32) 

where the binomial theorem was used and terms of f'ourth- and higher-order 

in the applied field were neglected, in keeping with earlier 

approximations. rn the above equation n. is the extraordinary refractive 

index def'ined by 

2 
n. = (2.33) 

When eq. (2.32} is substituted into either the second or third row of eq. 

(2.29) the corresponding eigenvector is found 

1 (3 E 
2Eo 

yzx (2.34) 

From this equation it is apparent that this second eigenvector has a small 
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component parallel to the direction of the wave propagation. 

Consequently, the Poynting vector and O" di verge slightly ( Graham & Raab 

1990}. From knowledge of the order of roagni tude of the polarizabili ty 

tensor f3yzx of KDP and the strength of the electric fields used in the 

experiment it is possible to calculate that is about 

Accordingly, to a good approximation the eigenvector under consideration 

may be taken to be polarized parallel to the crystallographic y-axis. 

Fol"'. the light propagation and applied field constraints considered, eqs. 

(2.30) and (2.32) give the change in refractive index of the two 

polarization eigenvectors due to the application of the electric field as 

An,. 
=n -n =-1

- r E2 + o (E 4) , (2. 35) x o 
12IloCa 

xxxx 

(2.36) 

Following the above approach for .ICDP, but now taking the direction of light 

propagation to be along the y-axis of the crystal, to which a field is 

applied in the x-direction, it is possible to determine that two 

polarization eigenvectors will exist for this propagation direction which 

have the following refractive indices and eigenvectors: 

2 
nx =

2 

Do +

2 n2 
= n

., 
+

t 
E2 6£ '( XKXX 

t 
E2 

SC '1 zzxx 
C 

to)= (8
(01

,0,0) •

(_1_ f3 E) 2 + 0 (E4)
2ncc O yzx (2.37) 

Accordingly, the change in refractive index of the polarization eigenvector 

°
Col 

__ (0,0,,;,
<o}

) f th· f" t· th 1· t· f 1 t . � o or 1s con 1gura ion on e app 1ca 10n o an e ec r1c 

field to the medium is given as 

(2.38) 

Table 2. 1 is presented to display the above theoretical discussion. 
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Tabulated are the field-induced changes in the refractive indices of the 

polarization eigenvectors for the light propagation constraints under 

consideration. 

In the above theoretical discussion the assumption that the crystal is 

optically inactive is implicit. Since KDP belongs to the 

non-enantiomorphous class of crystals it will not, in principle, exhibit 

optical activity for light propagation along the optic axis. Ho-wever, it is 

optically active for propagation off this axis. With this in mind the 

optical activity for light propagation along the crystallographic y-axis 

was checked but found to be negligible relative to the linear 

birefringence. This conclusion is in agreement with previous findings (see, 

for example, Kobayashi et al. 1988). 

Past work in the field of the quadratic electro-optic eff'ects in KDP was 

conducted on the basis of the formally equivalent method of the index 

ellipsoid. Accordingly, the literature on this effect in KDP tends to be in 

terms of the linear and quadratic electro-optic coefficients raf,3
7 

and 
go:J316

defined by means of the electric field-induced changes to the 

impermeability tensor in eq. (1.14). 

It follows from the def'inition of the impermeability tensor that the f'irst­

and second-order hyperpolarizability tensors ��
1 

and '
«�76

, defined by eq.

(2. 18), may be expressed ln terms of the linear and quadratic electro-optic 

tensors as (see Appendix A) 

1 2 2 

2£ /31jk = - n ; n Jr t jk. 

l 2 2 

- 1' IJkl := - n In Jg I j ti. 1 , 
6E

0 

where summation over the indices is no longer implied. 

{2.39) 

(2.40) 
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Equations (2.35), (2.36). and (2.38) may be written in terms of the 

corresponding electro-optic coefficients as 

A - - 1 3 EZun,. - 20 0 g,.,.,.,. , 

l!iny = ½n�[-gYY"" - n:(r
yz ,.)

2
]Ez 

flnz = �;[-gnu - n!(r yZl<J
2]E2 

(2. 41) 

(2.42) 

(2.43) 

It is convenient to describe the changes in refractive index of the 

polarization eigenvectors for a wave propagating through a mediwn in terms 

of changes to the index ellipsoid. The central cross-section of this 

ellipsoid is taken to be the plane perpendicular to the direction of 

light-wave propagation. The lengths of the principal semi-axes of this 

ellipse are measures of the principal refractive indices, and coincide with 

the directions of the electric induction vectors D, 

The length of the ellipse radius for a given a, where a. is defined as the 

angle between the direction of the electric vector of the incident 1 ight 

wave and the crystallographic x-direction, is a measure of the refractive 

index of the light wave polarized in this direction. Considering a field 

applied along the crystal's x-axis and the 1 ight to be propagating along 

the crystal's optic axis, one can show by means of eqs. (2.41) and (2.42)

that the change in refractive index at an angle a for the ellipsoid 

cross-section is given by 

,. ( ) 
1 ::l [ 2[ J 2 . 2 2 . 2 ]E2 un a. = - 2no ln. r

y
:tX sin a. + g)C,CX)(cos « + g

y
yxxSln a. (2.44) 

Measurements of the change in refractive index of the uniaxial KDP crystal 

for a light wave propagating along the optic axis polarized at an angle 

relative to the crystallographic axes, and for the applied field as 
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considered, should satisfy the above relation. 

It is not possible to derive an expression analogous to eq. (2.44) for 

light propagation along the crystallographic y-axis since the natural 

birefringence of the KDP crystal for this direction of light propagation 

forbids a beam polarized at angles off the crystallographic axes to remain 

linearly polarized. Such light will emerge from the crystal elliptically 

polarized. The derivation of the eq. (2.44) assumes the retention of linear 

polarization. In truth, under the presence of an applied field in the 

x-direction the KDP crystal is birefringent for light propagation along the

optic axis, but this birefringence is very small, and to a good 

approximation eq. (2.44) holds. 

2.3 QUANTUM-MECHANICAL EXPRESSIONS FOR POLARIZABILITY TENSORS 

The quantum-mechanical expressions for the polarizability tensors given in 

eqs. (2.7) allow one to deduce certain essential information about them, in 

particular: relationships between them where they exist, intrinsic symmetry 

of subscripts, relative orders of magnitude, and effect of an orlgin shift. 

These quantum-mechanical expressions may be derived by means of first-order 

perturbation theory, in which the electromagnetic perturbation Hamiltonian 

is expressed in the Barron-Gray gauge {Barron & Gray 1973; Raab 1975). 

Induced electric and magnetic multipole moments in the nth eigenstate may 

be obtained from expectation values of the corresponding operators using 

the perturbed eigenfunction. The quantum-mechanical expectation value of 

the electric dipole moment density P at a macroscopic volume element /J.V 
<X 

which is in quantum state n may be written to first-order in the light-wave 

perturbation as 
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(P«)n = (n(t)IP«ln(t))

=- (n c 0 J
{t) + n cn (t) + ... 1Pa.Jn < 01 (t) + n ( 1 J

(t) + ... )

= (P:
0

>) + 2'.Re(n ( 0 ) (t)IP«jn < 11 (t)) + ... . (2.45) 

Since any state of a system may be expressed as a linear combination of the 

eigenstates of a hermitian operator, we write 

jnCll
(t)) = l: a (t) 1/o

l
(t)) 

j j 
(2.46)

Then from time-dependent perturbation theory it may be shown for j * n that 

where 

In the above 

t 

a/tl = - fi J e-lwnJ tH�� ) dt 

H 1 1) denotes Jn the matrix element 

(2.47)

(2.48) 

of the first-order 

perturbation Hamiltonian between the time-independent unperturbed states, 

namely 

(2.49) 

The semi-classical Hamiltonian for describing a system such as the 

macroscopic volume element AV in an electromagnetic field is 

(2.50) 

where q is the charge of a particle in AV with mass m and momentum operator 

p, and V is the unperturbed potential energy operator. � and (/> are 

potentials at charge q which, for a source-free region of space, Barron and 
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Aa(�, t ) = ca�0
{¼[��{�, t)]

0
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1 + ¼[v���(�. t) ]

0
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0
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0
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(2.51) 

(2.52) 

where [ )
0 

denotes the origin value of' an expression. By means of these 

expressions the Hamiltonian in eq. (2.50) may be rewritten as 

H = >'! p2 + V
�m~ 

{2.53) 

In this Hamiltonian p, q a• qNn, m, and m a  are the quantum-mechanical 
a «r-- �Jo a O:r,, 

multipole moment operators of the macroscopic volume element, corresponding 

to the classical multipole moments defined in eqs. (2.6). 

The first -order perturbation Ha111iltonian in the electric octopole-magnetic 

quadrupole approximation is thus given by (Raab 1975)

1 
q¢ - p

o:(�a)o - "if!o:�(v�ga)o 

- 'i'°
a:,B

(V��a)o - .... (2.54) 

The Barron and Gray gauge choices t hus allow the first-order perturbation 

Hamiltonian to be cast in an explicit multipole form, unlike the more 

common gauges due to Lorentz and Coulomb. Then from eqs. (2.47) and (2.54) 

ait)=-�J
t
e_iWnJ t

[q 4>-p (G)o 
h O jn a

J n 0: 

- m ( :8 ) 0 - !..m ,,,a ( V a'B ) 0 - ••• ] dt .
«Jn lX 2 ....,..Jn r,, a 

g may be written explicitly in the form 

g = g<o> cosw[t - nr.cr/c]. - - - -

and 'Bin terms of g has, from eq. (2.13), been shown to be 

(2.55) 

(2.56) 
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Substituting these expressions into eq. (2. 55) and using the following 

integrals: 

t

J 
e -iwnJtcoswt dt

a.nd 

t 

J e -iwnJtsinwt dt 
. -twn Jt= le 

[ iw coswt - wnJ· s inwt] � 
2 2 

yield 

a (t) 
J 

It follows from eqs. (2. 49) 

W - WnJ 

and (2.59) that 
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(2.57) 

(2.58) 

(2.59) 

(2.60) 

The classical expression for the electric dipole moment per unit 

macroscopic volume induced by the fields� and� of a light wave, and also 

by their space and time derivatives, is, to the order of electric octopoles 

a.nd magnetic quadrupoles, 

Comparison of the classical and quantum-mechanical expansions given above 

yield a quantum-mechanical expression for the polarizability tensor a
af3 of
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the macroscopic volume element, namely 

a.
a./3 

= � L ZJnwjn�e((njpa.jj)(jlPr3ln>) = a:/3a. .
J$n 

In terms of the definition !:'. = p_llN, this may be written as 

a a = �AV I: Z w. 1{e, ( (n IP I j)(j IP a In)) == a:aa1.., u Jn Jn a: .,.. .,..a. 
j�n 

The permutation symmetry of the subscripts is a consequence of the 

herml tian nature of P. In the above w = - w was used. Also Z = ( ,,,2 -
jn nj jn Jn 

t.?)-1 ls a line-shape function which, where relevant, may be modified to 

allow for absorption (Buckingham & Stephens 1966; Weisskopf & Wigner 1930). 

Quantum-mechanical expressions for the other polarizability tensors are 

G' a(3 

= - �V L 2. w1m.((nJP jjXjlPaln>) = -a.� 
11 .J. Jn a .,.. ,..,a.

j .,..n 

= �V }: 2 w 1{e((njP jj)(J IQa jn>) = a a ,
Lt Jn jn a. ,_,;r a.;r,... j$n 

= - �V I: ZJn wJm((njP a. I jXJ IH(3 In>)
J'$n 

Ha(3-v = -h2 AV }: 2 w '.Re ( (n IP I j)(j I Ha In)) , 
a Jn jn CX. ,...'1 j�n 

H:a = - -h
2

AV L Z_ w:Jm.((n!P !J><JIHa In>) . 
""i..17 .J. JO a p,I' 

j.,..n 

In a similar way the quantum-mechanical expressions for the polarizability 

tensors in the expansions of Qa.�• Q
a./3'1' Ha.' and M

a./3 
in eqs. (2.7) can be

found. They are 
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From these expressions it is possible to deduce relationships between 

polarizability tensors as well as any symmetry in their tensor subscripts, 

and these are shown above. 
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The Michelson interferometer is a W'ell-known scientific instrument which 

has been used extensively to obtain accurate and reliable experimental 

results in a wide range of applications. In this experiment such an 

interferometer, with a sensitivity of 1x10-10 m, was used to determine the 

quadratic electro-optic coefficients gx,oc>< = g
YYYY

' gx><yy 
= g

YY
""' and 

gzzxx = Kun• for a .KDP crystal. 

The intensity of the interference pat tern formed by an interferometer is 

dependent on the optical path length difference of the two beams traversing 

the two arms of the interferometer. It is possible, by means of a 

photodiode, to detect the variation in intensity of the interference 

pattern and thus determine the change in path length, or shift in phase, of 

the optical beam responsible for the intensity change. 

The change in refractive index of a medium through which a light wave 

propagates will result in a shift in the phase of that beam. Since the 

electro-optic effect leads to a change in refractive index it was proposed 

to use a Michelson interferometer to measure the shift in phase of an 

interferometer beam which passes through an electro-optic medium to which a 

field is applied. In order to obtain a measure of the sign and magnitude of 

this induced phase shift, the field-induced path-length difference was 

compensated for by a known phase shift resulting from the application of an 

electric field to a ceramic reference sample for which the piezoelectric 

response had been determined, and to which the mirror in the other arm of 
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the interferometer was attached. Hence the field-induced change in 

refractive index of the medium, and subsequently its electro-optic effect, 

could be determined. 

In this research the interferometer be8.JII was propagated, in turn, along the 

crystallographic y- and z-axes of a KDP crystal to which an electric field 

was applied in the x-direction. This led to a change in the optical path 

length, in that arm of' the interferometer, which was dependent on the 

quadratic electro-optic effect. The particular components of the quadratic 

electro-optic tensor responsible for the observed effect, f'or the 1 ight 

propagation and applied field directions considered, were shown in Section 

2. 2 to be g,omo g
n
'""' and g22X)( . Consequently these coefficients could be 

determined by the proposed technique. 

3.2 TIIE EXPERIMENTAL .ARRANGEMENT

The experimental arrangement for the phase-compensation method proposed is 

shown schematically in Figure 3. 1. In the discussion that follows a 

detailed analysis of both the experimental arrangement and individual 

components is presented. 

3.2.1 The source of polarized light 

A He-Ne laser (Spectra-Physics model 105-1), with a 10 mW intensity and 

wavelength of 632. 8 nm, was used as a source of linearly polarized 1 ight 

for the Michelson interferometer. It was found that over the distance of 

the interferometer, this beam did not diverge appreciably. 

• 
0 

The fast and slow axes of the quarter-wave plate were oriented at 45 to 

the plane of polarization of the laser beam. Consequently, the light wave 
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passing through the quarter-wave plate was converted to circular 

polarization. This quarter-wave plate was cut from a 25 mm diameter mica 

disc, selected :for 632. 8 nm, and was mounted in a divided circle, with a 

resolution of 2' of arc, to allow for accurate orientation of the plate. 

Light transmitted through the quarter-wave plate was then passed through a 

Glan-Taylor polarizing prism, also mounted in a divided circle, which could 

0 

be rotated through 360 . By rotating the polarizing prism the light 

propagating in the interferometer could be set to any desired 1 inear 

po 1 ar i zati on. 

3.2.2 The beam splitter 

The beam splitter consisted of a transparent plane-parallel plate, slightly 

silvered on the one side, which directed light of equal intensity down the 

two arms of the interferomete�. In order for the path length in glass of 

the rays to be equal, it was necessary to place in the one beam an 

unsilvered plate identical to that used in the beam splitter. 

The beam splitter was found to display a small amount of anisotropy in that 

both vertically and horizontally polarized light were transmitted without 

any depolarization, whilst light polarized at an intermediate angle tended 

to be depolarized to a small extent. When only this depolarized component 

was al lowed to pass through the crystal, its 1 ntens i ty was far too weak to 

lead to any measurable electro-optic effect, even for voltages applied to 

the crystal far greater than those used in the experiment. It was 

determined experimentally that no depolarization of the interferometer beam 

occurred on transmission through the crystal srunple, its oil bath, and on 

reflection from the mirrors in either arm o:f the interferometer. 
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3.2.J The crystal and reference samples, and the detection system 

In the one arm of the interferometer the beam was reflected back along its 

path by a plane mirror fixed to the surface of a reference sample with a 

known piezoelectric response. Light in the other arm passed through a KDP 

crystal which was submerged in a silicon oil bath (placing KDP in oil was 

necessary since it is hygroscopic), and was then reflected back along its 

path by a fixed, highly polished, plane mirror. The reference sample and 

crystal are discussed separately, and in more detail, later in this 

chapter. 

The two beams emerging from the Michelson interferometer were made to form 

an interference fringe at the circular aperture in front of the photodiode. 

These fringes were manipulated by adjusting the interferometer mirrors, in 

order to achieve the widest spacing between them. This spacing was 

typically 4 mm. More attention will be given to the detection system later. 

3.3 STABILIZATION OF THE MICHELSON INTERFEROMETER 

The proposed compensation method for this investigation involves measuring 

very small phase shifts. With such an experimental technique it is 

important to ensure that the interferometer, and its components, are 

isolated from mechanical vibrations due to outside influences. With this in 

mind, a number of precautions were taken in the construction of the 

interferometer and its components. 

In order to provide sufficient isolation from mechanical vibrations, the 

optical bench was positioned on an anti-vibration mat which was in turn 

placed on a slate slab (1.20x0.90x0.05 m3) supported by five air cushions. 

In addition, thin flexible copper wires 40 mm long and 0.14 mm in diameter 
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were used to for• electrical contacts to the reference sample and crystal 

electrodes. The intention of these wires was tworold: firstly, to provide 

for isolation of the samples from their respective coaxial cables to the 

voltage supplies, and secondly to ensure the least possible amount of 

mechanical force was applied to the samples. Isolating the samples from the 

coaxial cable is important since alternating Coulomb forces along the 

length of the cables can cause them to vibrate. Tests were made using a 

microscope to determine whether the copper wires vibrated, but even at the 

highest voltages used in the research no such effect was observed. 

All the optical components were clamped to the optical bench by means of 

stands, the heights of which were adjustable. A screw gauge on each 

provided for accurate alignment of the co111ponents along the bench. The 

apparatus, assembled in this manner, was operated in an isolated room with 

no machinery working nearby. 

3.4 THE KDP CRYSTALS

3.4.1 General description 

In this research measurements were performed on two mechanically-free KDP 

crystals at room temperature. These were right parallelepiped in shape and 

had dimensions of approximately 50x50x5.0 mm 3 (length x width x thickness) 

and 38x30x6. 2 mm3 respectively. They were cut with their plane surfaces 

perpendicular to the three crystallographic planes, and in both crystals 

the two larger plane surfaces were parallel to either the xz- or yz-plane. 

It was these surfaces that were covered with a thin coat of conducting 

paint of low resistance in order to produce two electrodes to which a 

voltage could be applied. 
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A voltage applied across the crystal electrodes resulted in an electric 

field in the crystal which was, to the accuracy of the crystal cutting, 

parallel to either the crystallographic x- or y-axis. As these axes are 

indistinguishable for the symmetry point group 42m, it was decided that for 

the purpose of this experiment the field would be considered to be in the 

x-direction. Stray fields in the vicinity of the crystal were kept to a

minimum by the use of coaxial cables and short copper wires to each 

electrode. As relative changes in the position of the coaxial cable and 

sample did not affect readings in any way, it was concluded that the 

effects 01 stray fields could be neglected. 

On account of KDP being hygroscopic it was necessary to place the crystal 

in a moisture-free environment. In this experiment the sample was placed in 

a bath containing optically inactive silicon oil, This bath was constructed 

of Perspex and had a length and width of 100 mm by 60 mm and was 50 mm 

deep. Windows, made of thin microscope cover slides, were mounted in its 

sides to allowed free transmission of the light through the bath. The whole 

unit was attached to a plate which could be accurately aligned through the 

use of three screw gauges independently displacing the bath in three 

mutually orthogonal directions. This facilitated the directing of the beam 

along the desired crystallographic axis. 

3.4.2 Orientation of the crystal samples 

Orientating the beam along the crystallographic z-axis was achieved by 

placing the crystal, in its oil bath, between two crossed polarizers and 

observing the transmitted berun projected onto a plane screen.A conoscopic 

image is formed when a uniaxial crystal is illuminated by a monochromatic 

light wave travelling along its optic axis. This picture consists of 



42 

alternating dark and illuminated circles (referred to as isochrome rings) 

and a black cross (formed by two isogyres) centered on the rings. The 

birefringence and lengths of the crystals used in this experiment wer-e such 

that they gave conoscopic images with closely packed isochromes and a well 

defined isogyre cross. When the incident light wave propagates directly 

along the optic axis of the crystal the middle of the isogyre cross (called 

the melatope) coincides with the centre of the field of vision. The bath 

was or-ientated until this was achieved. It was necessary to check routinely 

the crystal alignment by this lllethod between readings to ensure that no 

changes had occurred. 

No lsogyre cross is present for light propagating perpendicular to the 

optic axis of the uniaxial ICDP crystal. In order to align the crystal for 

this direction of light propagation, a less accurate method was adopted 

whereby the crystal was orientated until the laser beam reflected from its 

two plane surf"aces perpendicular to the y-axis coincide with the incident 

path. To the accuracy of the crystal cutting, the light was then considered 

to be propagating along the crystallographic y-axis. 

3.4.3 Alignment of crystal axes

For the purpose of this experiment it was necessary to know the angle of 

linear polarization of the beam incident on the crystal relative to the 

crystallographic axes. 

To achieve this a quarter-wave plate and Glan-Taylor polarizing prism were 

temporarily included in the interferometer arrangement being placed in the 

beam after the KDP crystal, where the light wave propagated along the 

crystallographic z-axis. The transmission axis of this second polarizer was 



43 

0 

set at 90 , and the fast and slow axes of the quarter-wave plate set at 

" 

45, to the linearly polarized beam incident on the crystal. A photodiode 

was then used to detect the intensity of the beam transmitted through the 

crystal and these optical components. This resulted in the arrangement 

shown in Figure 1.1. Under these circumstances eq. (1.15) for the relative 

intensity of the transmitted beam in such a system reduces to 

I/1
0 

= - sin(2a.)sin(2{a.-00] }sin2(.Ar) , (3. 1)

where a. is the angle of the incident light linear polarization with respect 

to the crystallographic axes, and Ar is the total phase shift. As an 

alternating voltage was applied to the crystal this led to an alternating 

phase shift and thus modulation in the relative light intensity. 

With a constant ac voltage applied along the x-axis of the KDP crystal a 

lock-in amplifier was used to detect the modulation intensity at the 

frequency of the applied voltage. On rotating the plane of linear 

polarization of the light incident on the crystal, and keeping the 

0 

transmission axis of the second polarizer at 90 and the fast and slow axes 

0 

of the quarter-wave plate at 45 , this modulation intensity was found to 

vary in magnitude. For a KDP crystal and the particular constraints being 

considered, the modulation intensity detected at the fundamental frequency 

can be shown from eq. (3.1) to have a maximum when the incident beam is 

linearly polarized at 45
° 

to the crystallographic axes (Gorski et al.

1994). Accordingly, this maximum. could be determined and the angle of the 

linear polarization of the incident beam could be found w1th respect to the 

crystallographic axes. When rotating the crystal in order to allow for 

1 ight propagation along the crystallographic y-axis, care was taken to 

rotate the crystal in a plane about the x-axis.
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3.4.4 Measurement of the voltage applied to the crystal 

The Philips wave synthesizer (model PM 5190) provided an ac signal of 50 mV 

rms which was fed into the high voltage amplifier allowing voltages of up 

to 4000 V rms to be applied across the crystal. The output of the 

high-voltage amplifier was maintained to within about 0. 1 % of the preset 

value by means of a feedback circuit which was lncorporated within the 

atnplifier. 

The quadratic electro-optic effects described by the three coefficients 

gxxxx , g
yyxx • and gzzxx• which are to be measured in this experiment, are 

typically very small. Accordingly it is necessary to apply large modulation 

voltages to the crystal in order to induce measurable effects. A 

high-voltage probe for tneasuring these voltages was available only for a 

limited period and consequently an alternative procedure was devised as 

follows. 

A 1 kO resistor was connected in series with the crystal. The ratio of the 

voltage drop across the resistor, measured on a Hewlett-Packard model 3478A 

multimeter, to that across the crystal, as determined by the high-voltage 

probe, was found to be constant over the range of voltages used in this 

experiment. This preliminary test with the probe gave confidence to the 

procedure used throughout all subsequent measurements which also relied on 

a constant ratio. For particular orientations of the crystal a measurable 

quadratic electro-optic effect was attainable with modulation voltages of 

the order of 1000 V rms. With a Oto 1000 V rms Escort multimeter (model 

EDM 2347) connected across the crystal, giving a precise value for its 

voltage, the compensation approach described in Section 4. 1 was used to 

determine the electro-optic effect. On disconnecting the Escort voltmeter 
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but otherwise leaving the crystal orientation unaltered, and with the 

multimeter across the 1 kO resistor, a voltage of similar but now unknown 

magnitude was applied to the crystal and the compensation procedure 

repeated. This, together with the known magnitude of the electro-optic 

effect, allowed the voltage across the crystal to be calculated and then 

compared with that across the 1 kQ resistor. This comparison was repeated a 

number of times for each of the two crystals studied. Higher voltages on 

the crystal were determined from the measured potential drop across the 

resistor, assuming firstly the same ratio as was found with the crystal 

voltage of about 1000 V and secondly that the constancy of this ratio held 

at the higher voltages used, as confirmed by the preliminary test with the 

high-voltage probe. 

Based on the scatter in the results obtained for the electro-optic 

coefficients by the compensation approach, which leads to a far greater 

uncertainty in the calibration than the precision of the voltage readings 

given by either multimeters used, the uncertainty in the voltage determined 

in this way was estimated to be within 5%. 

3.5 TIIE REFERENCE SAMPLES 

In the experiment two different types of reference sample were used, the 

first being quartz discs 5 mm thick and with a diameter of 15 mm. The disc 

faces were cut perpendicular to the crystallographic x-axis and, once 

polished, were flash-coated with aluminiUII to provide electrodes on each 

face which were also reflecting. A voltage applied across these plates 

resulted in a field along the x-axis of the quartz to the accuracy of the 

cutting of the crystal. 
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In the interferometer the quartz plates were oriented perpendicular to the 

incident light beall\, so reflecting the beam back along its path. Hence the 

only change in the light's path length resulted from a change in the 

crystal dimension in the crystallographic x-direction. The piezoelectr-ic 

coefficient responsible for this change when a field is applied to the 

plates is dxxx
, the magnitude of which for quartz has been measured 

extensively and a recommended value of 2. 3 x 10-12 mv-• given by 

Landolt-Bornstein (1979). 

For the other reference sample a ceramic disc was used which exhibited a 

large piezoelectric effect. This disc was approximately 3 mm thick and had 

a diameter of 16 nun. A small, highly polished, plane mirror was placed on 

one or the ceralll.ic's £'aces, both of which had thin conducting coats 

covering the surfaces which formed two electrodes. In the experimental 

arrangement this disc was placed in an arm of the interferometer and the 

beam was reflected of'f the mirror attached to its surface. A voltage 

applied across the electrodes resulted in a field-induced strain, which led 

to a change in the cerall\ic's dimensions, due to its piezoelectric effect, 

in the directlon of the interferometer beam. This resulted in a change in 

the optical path length of the radiation in that arm of the interferometer. 

The experimental results obtained when using both quartz samples and the 

ceramic plate were found to be of comparable magnitude and independent of 

the frequency of the applied field. However, the statistical scatter in the 

results obtained with the quartz plates was found to be about 25¼. This 

scatter is pr-obably due to unwanted vibrations caused by other 

piezoelectric coefficients which arise, in addition to dKxx
, from imperfect 

cutting and orientation of the crystal. The statistical scatter in results 
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when using the ceramic plate was found to be much lower. Consequently only 

this plate was used for subsequent measurements. 

The 50 mV rms signal from the Philips wave synthesizer was externally 

doubled in frequency and then passed through an amplifier and phase shifter 

so that voltages of up to 100 V rms of any phase could be applied to the 

reference sample with precisely twice the frequency of the signal applied 

to the crystal. Voltages applied to the reference sample were measured by a 

Hewlett-Packard model 3478A multimeter connected across the plate. Again,

as in the case of the crystal, stray fields were kept to a minimum by using 

short electrode connections and coaxial cables. Relative changes in the 

position of the reference sample and coaxial cables did not affect 

readings. indicating that stray fields were ne�ligible. 

3.6 FIELD-INDUCED CHANGES IN THE OPTICAL PATH LENGTH 

A change in the optical path length in either a.rm of the interferometer 

leads to a shift in the phase of the emergent wave. In the following 

discussion separate expressions for the shift in phase resulting from the 

application of an electric field to the crystal and reference sample are 

considered. 

J.6.1 Phase shift induced in the crystal

Applying a modulation voltage Vrnp(W) to the crystal, through which the 

interferometer beaJII passes, leads to an alternating shift in the optical 

path length in that arm of the interferometer. This shift is caused by the 

change in refractive index An of the sample, due to the quadratic 

electro-optic effect, and a change in length AL due to electrostricti ve 

dilation. The alternating change in phase of the light wave, observed at a 
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frequency 2w, due to this phase retardance has an amplitude given by 

o,c0p {2w) = 2k[Lli.n + (n-n1 )AL] , (3.2) 

where k = 211/A, n1 1 s the refractive index of the silicon oil surrounding 

the crystal, and Lis the length and n the refractive index of the crystal 

for propagation of the light along the particular crystallographic axis of 

the crystal. 

Chapter Two dealt with the change in refractive index as a result of the 

quadratic electro-optic effect and for the time being only these 

expressions for the field-induced changes will be considered. At this stage 

it is, however, important to note that other effects are also present in 

the physical arrangement which may contribute to the observed results. 

These are discussed in detail in Section 4.S. 

The frequency of the field applied to the two crystals used in the 

experiment, typically 390 Hz, was more than two orders of magnitude lower 

than the frequencies of piezoresonances of the samples (G6rski et al 1994). 

The crystals were therefore considered to be mechanically free. As a result 

the change in crystal length AL was at tr-ibuted solely to the 

electrostrictive strain of the sample. The strain induced in a material due 

to the electrostrictive effect, which is quadratic in the applied field, is 

given by (see, for example, Nye 1989) 

(3. 3) 

where 71tuJ is the fourth-rank electrostrict ion tensor, and E is the 

applied electric field. This electric field has an amplitude given by E = 

V /d in which V is the amplitude of the applied voltage and d is the 

distance between the electrodes. 
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The change in length li.L1 of a crystal sa.Jnple in the i 
th direction as a 

result of the induced strain is given by (see, for example, Nye 1985) 

li.L, = S,JLJ . (3. 4) 

It is the change in length of the crystal in the direction of light 

propagation that appears in eq. (3.2), caused by applying the field along 

the crystallographic x-axis. From eqs. (3.3) and (3.4) the relevant changes 

in the crystal length may be found, where use is made of symmetry tables 

given by Birss (1966): 

1. For light propagation along the crystallographic z-axis

li.Lz = '3' ,cxzzL2E2

2. For light propagation along the crystallographic y-axis

ti.L
y 

= '"I xx,yyL
yE2 = '"I yy><,cL� 2 

(3,5) 

(3.6) 

Unfortunately, the lack of electrostrictive data for KDP means that precise 

values for the electrostrictive contribution to c3rnP cannot always be 

found. In an effort to reduce its contribution, the oil in the KDP bath was 

chosen to have a refractive index close to that of the sample: this keeps 

the factor (n-n1) in eq. (3.2) small. The oil used in the experiment was 

found to have a refractive index n1 = 1.5572, which compares with the 

refractive indices of KDP for light polarized in the z-direction and in the 

y- or x-d i rect ions respect i ve 1 y of n, = ne = 1. 467 and n,. ,:, = n
0 

= 1. 507.

These values are for room temperature and� = 632.8 run (Landolt-Bornstein 

1979). 

Making use of eqs. {2.41), (2.43) and (2.44), as well as the above, one may 

show that the total change in phase of the light wave when the field is 
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applied to the crystal ls: 

1. For light propagating along the crystallographic z-axis and linearly

polarized at an angle a to the x-axis

z _ 2 L[ t 3
r. 2 • 2 2r ]2. 2) <5te:oP - k - 2noL&xxxxCOS a: ... gyyx1<s1n a +  n,.lryzx sin a 

2. For light propagating along the crystallographic y-axis and linearly

polarized, in turn, along the x- and z-axes

.5toP = 2kL[- ½n!g xxxx + {n0-n 1 h yy 0
]E

2

3.6.2 Phase shift induced in the reference sample 

(3.8) 

{3.9) 

In the other arm of the interferometer the alternating shift in the phase 

of the radiation, resulting from an alternating change in the optical path 

length, was a consequence of the piezoelectric effect of' the ceramic 

reference plate. An expression analogous to that given in eq. (3.4), but 

now in terms of the ceramic's change in thickness, is given by 

AL = dV
,.
,.r , (3. 10) 

where d is the piezoelectric coefficient, and V,..er is the ampll tude of the 

voltage applied to the plate, which produce a change in length in that 

direction. 

The piezoelectric response of the ceramic reference plate used in this 

research was found experimentally to be independent of the frequency of the 

applied field, up to frequencies of about 2 kHz. By means of a Fluke high 

voltage power supply, model 412B, a de field was applied across the ceramic 
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in order to determine its piezoelectric coefficient. It was found that for 

a de voltage of 1030 V the change in optical path length led to a shift in 

0 

phase of the interferometer beam of 180 , as read by means of the lock-in 

amplifier. As the interferometer beam has a wavelength of 632.8 nm, it was 

possible to calculate that the coefficient of the piezoelectric response of 

the reference sample had a magnitude of 3. 07x10-10 mv-1
• 

The alternating change in length of the ceramic reference sample, due to 

the application of a modulation voltage V,-er, leads to an alternating shift 

in the phase in radiation in that arm of the interferometer which may 

intuitively be seen to have an amplitude given by 

«5
,.
.,r = - 2kdV ,.

8
r (3. 11) 

3.7 THE DETECTION SYSTEM 

The interference pattern formed by the interferometer was focused, by means 

of a converging lens, on the aperture of a photodiode. This photodiode was 

operated at 30 V and its response to changes in light intensity was found 

to be linear over the range used in this investigation. Amplification. of 

the s1gnal was achieved by a preamplifier built into the photodiode 

circuitry, that could be adjusted to give xl, x5, xlO, or x50 signal 

enhancement. The photodiode output was connected via a coaxial cable to the 

input of the lock-in amplifier (EG & G Princeton Applied Research model 

5210). A background signal of the order of 2 µV, resulting from the laser 

intensity, was. detected when no voltages were applied across either the 

reference or crystal samples. 

An input signal for the lock-in amplifier reference was talcen from the TTL 

output of the Philips wave synthesizer. Selection keys on the front panel 
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of the lock-in amplifier allo1ored for easy adjustment of all its functions. 

The 2F mode was selected, which meant that the reference channel operated 

at twice the frequency w of the applied reference signal. This was 

necessary to facilitate second-harmonic 111easurements. The signal channel 

input from the photodiode could be fi 1 tered by means of a low-pass, 

band-pass, or notch filter tuned manually to any desired frequency, or 

automatically to the reference channel operating frequency. The band-pass 

filter was selected, automatically tuned to 2w, which provided attenuation 

of the signal above and below 2w. In addition to these fi 1 ters the signal 

could be passed through a separate line-reject (notch) filter tuned 

automatically to either F or 2F. These line filters operated independently 

of the other filter functions. The F mode for the line-reject filter was 

selected in this research to provide attenuation of more than 34 dB at a 

stopband of ±1% at the line frequency w. This was also necessary in order 

to facilitate second-harmonic measurements. 

The sensitivity of the lock-in amplifier had a range of 100 nV to 3 V full 

scale deflection, but was typically set at 1 mV. A time constant setting of 

between 300 ms and 3 s was usually selected, depending on the stability, 

from the permitted range of 1 ms to 3 ks. The maximum dynamic reserve of 

the lock-in amplifier was 60 dB. 

3.8 THE COMPENSATION TECHNIQUE 

For the applied field and light propagation constraints considered in this 

investigation, the application of a voltage of frequency w to the KDP 

crystal leads to an alternating phase shift of frequency 2"1 of the beam 

passing through the crystal. This alternating phase shift was due to the 

quadratic electro-optic effect and electrostriction of the crystal. 



53 

Similarly, the application of a voltage of frequency 2w across the ceramic 

disc resulted in an alternating phase shift of the beam in that arm of the 

interferometer due to the piezoelectric effect. These alternating phase 

shifts led to a modulation, at 2w, of the intensity of the interference 

pattern incident on the photodiode. 

As the lock-in amplifier was set to detect signals modulated at 2w from the 

photodiode, it gave an amplltude of the total field-induced phase shift in 

the interferometer which was displayed on its analogue and digital outputs. 

A second digital display gave the phase of the alternating phase shift with 

respect to the phase of the reference signal. 

In order to compensate for the alternating phase shift induced by applying 

the modulation voltage of fixed amplitude to the KDP crystal with the 

alternating shift produced in the ceramic reference sample, it was 

0 

necessary to ensure that the two alternating shifts were 180 out of phase. 

This was achieved by means of the phase shifter {see Figure 3. 1), which 

allowed the phase of the modulation voltage applied across the ceramic disc 

to be adjusted, which in turn shifted the phase of the retardation. 
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CHAPTER FOUR 

EXPERIMENT AL RESULTS AND DISCUSSION 

4. 1 TIIE COMPENSATION APPROACH

One necessary test, which was conducted before measurements were made in 

this research, was to determine whether the magnitude of the induced change 

in phase of the light beam passing through the KDP crystal depended on the 

frequency of the modulation voltage applied to the crystal. Such a 

dependence should not, in principle, be observed, as the applied voltage 

frequencies were well below those of piezoresonances of the samples, and 

over the range of these frequencies the dispersion of the quadratic 

electro-optic coefficients is negligible. For a fixed amplitude of the 

voltage and for various frequencies in the range used, namely 200 to 800 

Hz, no such dependence could be found. 

With the modulation voltage applied across the KDP crystal, the reference 

and photodiode signals were brought into phase at the lock-in amplifier in 

order to maximize the amplifier's output. This output was then monitored as 

the amplitude of the alternating voltage applied to the ceramic disc was 

varied. When compensation between the signals in either arm of the 

interferometer was achieved a zero output was displayed on the lock-in 

amplifier, and the voltage applied to the ceramic was taken as being the 

compensation voltage. 

When compensation was achieved the shifts in phase in either arm of the 

interferometer were equal in both magnitude and sign. Under these 

circumstances one ma.:y conclude from eqs. (3. 7) to (3. 9), ·and (3. 11) that: 
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1. For 1 ight propagating along the crystallographic z-axis and 1 inearly

polarized at an angle « to the x-axis

2dVref 
=

3 2noLEKDP 
( 4. 1) 

2. For 1 ight propagating along the crystallographic y-axis and linearly

polarized, in turn, along the x- and z-axes

(4.2) 

( 4. 3) 

In eqs. (4.1) to (4.3). E,0p and V,...,r are respectively the amplitudes of 

the modulation electric field 1:Uld voltage for the KDP and reference sample 

when compensation is achieved. Landolt-Bornstein (1979) gives the value for 

the linear electro-optic coefficient which appears in eqs. (4. 1) and (4. 3) 

as -8. 8 x 10-12 mv-1
• Consequently, the terms in these equations involving 

this component amount to the order of 10-22 m2V-2 which, being two orders

of magnitude smaller than the measured effect, can be neglected (G6rskl et

al. 1994). 

4.2 DATA COLLECTION 

The longer and thinner o,f the two crystals available for use in the 

experiment produced, because of its greater optical path length, a sharper 

conoscopic iJnage than the other and thus could be aligned with greater 

certainty. Also, as the second crystal was both thicker and shorter the 

changes in the optical path length it induced were smaller for the applied 

voltages. This meant that the photodiode output obtained with the second 
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crystal had a poorer signal-to-noise ratio. Accordingly, it was decided to 

use the longer and thinner crystal in this investigation whilst the other 

was used, where possible, as a check for the consistency of results. 

The signs of the electro-opt 1c coefficients measured in this experiment 

were determined on the basis that a positive voltage applied to the ceramic 

disc lead to a decrease in optical path length in that arm of the 

interferometer. In this way for modulation voltages of the same phase 

applied to the KDP and ceramic samples the phase of the induced alternating 

shifts of radiation in each arm of the interferometer were noted. 

4.2.1 Light propagation along the crystallographic z-axis 

Before proceeding with the measurements all the optical components, except 

the beam splitter, were aligned perpendicular to the interferometer light 

path. This was achieved by careful orientation of the components concerned 

until the beam reflected of each face retraced the path of the incident 

light. Care was also taken to ensure the maximwn transmission of the beam 

through the interferometer. The crystal itself, placed in the oil bath in 

an arm of the interferometer, was oriented as described in Section 3.4 so 

that the beam was directed along its z-axis. This arrangement is depicted 

in Figure 4. l(a). 

The compensation voltage across the reference sample was measured for 

voltages applied to the KDP crystal which resulted in fields in the range 

2. O to 4. o x 105 vm-1, and for various angles ex of linear polarization of

the incident light wave, where a is the angle between the crystallographic 

x-axis and the direction of polarization of the light wave propagating

O 0 

through the crystal. This angle was varied between -90 and 90 by means of 
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the Clan-Taylor polarizing prism (see Figure 3. 1), so covering all possible 

planes of linear polarization. For the incident light polarized at 0
° 

the 

quadratic electro-optic coefficient responsible for the field-induced 

alternating phase shift is gx""x' while for light polarized at j90
° 

I the 

coefficient is g
yyxx · This latter coef.ficient is found to be considerably 

smaller in magnitude and opposite in sign to the gxxxx · As the angle of the 

incident light polarization is rotated from 0 through to j9o
o 

l the 

contribution due to the gxxxx coefficient becomes less dominant and that of 

the g
yyxx coefficient more so. It was found experimentally that for angles 

of polarization greater than !60
° 

I the signal for the induced alternating 

phase shift was small, strongly affected by noise, and its phase unstable. 

This is because for these angles the g
yy

.x coefficient becomes the more 

0 

dominant, and being small and giving rise to a signal 180 out of phase 

with that due to gx,o<><• it is-difficult to obtain a sensitive and stable 

reading for the range of applied voltages used. 

With the compensation voltages obtained, eq. (4. 1) was used to determine 

values for for the measured 

angles a. These values, denoted by the symbol r, were plotted as a function 

of «, as shown in the polar plot in Graph 4.1. Each point plotted on this 

graph corresponds to the mean of approximately 300 experimental readings. A 

simple least squares analysis was performed on the experimental points, 

where the function on the right hand side of eq. (4. 1) was differentiated 

with respect to the parameters g""""' gn'"'" and 1'uzz• The effect of' the 

last being taken as small. In this analysis it was assumed that the 

uncertainty in the measured values was contained within r and that the 

angle a was known to a greater precision. This is a reasonable assumption 

since the angle of linear polarization of the light incident on the crystal 
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shown is the best-fit curve determined by a least squares 

analysis. 
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could be set to within 2' of arc by means of the divided circle bearing the 

Glan-Taylor prism. From this analysis results for gxxx>< -

and together with their 

experimental uncertainty. By means of these two results it was possible to 

plot the best-fit curve shown in Graph 4. 1, satisfying the theoretical 

relationship given in eq. (4.1). From the curve an indication ls given of 

the extent to which the experimental points agree with the theory. The 

experimental points were found to have a standard deviation of about 6% 

from the best-fit curve. 

From the best-fit curve the following results for � = 0
° 

and 190
°

1 

respectively were obtained: 

-3

-(4.0 0.5) 10-20 m2v-2 (4.4) g"""" - 2Cno-n,Jno 1'x,c2z = ± X 

gyyxx -
-3 2(no-n,)no 1'x,.z:r 

= (0.2 ± 0.1} X 10-20 m2v-2 (4.5) 

The second crystal, with a larger signal-to-noise ratio and being more 
0 

difficult to align accurately, yielded a result only for a =  0, which from 

eq. (4.1) is given by 

-3 g"""" - 2(no-n,lno 1'xnz = -(4.4 ± 0.7) X 10-20 m2v-2 • (4.6)

The results in eqs. (4.4) and (4.6) may be seen to agree within the limits 

of their experimental uncertainty. 

4.2.2 Light propagation along the crystallographic y-axis

Due to the natural birefringence in KDP when light propagates off the optic 

axis, no relationship as shown in Graph 4. 1 could be plotted for light 

propagating along the crystallographic y-axis. 
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With the optical system aligned, the beam was directed along the y-axis of 

the crystal as described in Section 3. 4. This arrangement is shown in 

Figure 4.1(b). Compensation voltages were then measured for the two cases 

of the incident light linearly polarized in turn along the crystallographic 

x- and z-axes. From these compensation measurements and with the use of

eqs. (4. 2) and (4.3) the following results, for this light path, were 

obtained: 

g,moc - 2(n0-n,)n:
3
7yyx>< = -(3. 9 ± 0. 6) X 10-20 m2V-.2

guxx - 2{ne-n1 )n:
3
7yyJCJC = -(0. 6 ± 0. 1) X 10-.20 m2V-.2

(4.7) 

(4.8} 

The close agreement of the experimental results given in eqs. (4. 4) and 

(4.7) suggest that the values of the quadratic electrostrictive 

coe:fficients 'a'uz:z and Tyyxx are either nearly equal or that their 

contributions to the quadratic.electro-optic terms are negligible. 

4.3 EXPERIMENTAL UNCERTAINTIES

Equations (4.1) to (4.3) from which the experimental results are calculated 

in this research contain several variables. The uncertainties quoted in the 

results given in eqs. (4.4) to (4.8) take into account the uncertainties in 

these measured variables as well as the statistical scatter in the results 

obtained by compensation means. Misalignments in the angle of linear 

polarization of the incident light wave with respect to the 

crystallographic axes and the contributions due to possible fringing field 

e:ffects are also discussed as possible sow-ces of uncertainties. 
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4.3.1 Uncertainties in the measured variables 

The dimensions of the two KDP crystal samples used in this research were 

measured by means of a travelling microscope which was accurate to within 

0.01 mm. To obtain reliable results for the dimensions of the crystals a 

large number of readings was taken over the entire surfaces of both. The 

accuracy of the crystal dimensions measured in this way was estimated to be 

within 0.8%. 

The compensation voltage necessary to be applied to the ceramic disc and 

1 
the voltage applied to the KDP crystal were measured by means of 5- - digit 

2 

Hewlett-Packard multimeters. These meters have a precision to within ±0.4¾ 

for the range and frequencies of the voltages being measured in this 

experiment. Accordingly, the error in V
,-

ef was due to the uncertainty in 

finding the compensation position, or zero output on the lock-in amplifier, 

rather than the precision of the measurement of the voltage. Similarly the 

error in the voltage applied across the crystal was determined not by the 

limitations of the voltmeter but by the accuracy of the calibration 

technique. Section 3.4 dealt with this particular uncertainty. 

The piezoelectric response of the ceralllic disc, as mentioned ln Section 

3.6, was found by determining the magnitude of the de voltage necessary to 

be applied to the it in order to result in a phase shift of 180 in the 

optical radiation in that arm of the interferometer. This procedure was 

repeated at intervals during the research and on the basis of these results 

it was determined that such a voltage was of the order of (1030 ± 20)V. The 

error in this result outweighs the uncertainty in the voltage supplied by 

the Fluke DC power supply, which has an accuracy specified to be better 

than ±0.25% of its preset value. In order to determine the piezoelectric 
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coefficient of the plate from this result, the wavelength of the radiation 

used is required. For a He-Ne laser this was taken to be 632. 8 nm. The 

uncertainty in the ceramic plate's piezoelectric coefficient was calculated 

to be ±2. 2%. 

4.3.2 Statistical spread of the results 

The results obtained for the compensation voltage appl led to the ceramic 

disc for the various angles of incident light polarization, and for both 

directions of light propagation, had varying amounts of statistical 

scatter. For this reason a large number of readings was taken in each case 

and the standard error S
n 

in the results estimated. The standard error in a 

reading is given as 

where x is the mean of a set of n readings of x1• 

In the cases of eqs. (4. 6) to (4. 8), where the results were obtained 

directly from measurements and not by graphical means, this standard error 

was included in the uncertainty in the results. In the case of the plotting 

of the polar plot in Graph 4. 1, the standard error in the results for Bxxxx

simple least mean squares analysis, where the function to be satisfied was 

that given in eq. (4.1). 

4.3.J Uncertainty in the angle of linear polarization 

0 

In this research it is quite possible that the direction of O for the 

incident 1 ight' s 1 inear polarization was not exactly along the x-axis of 

the crystal. Consequently, it is necessary to calculate what influence 
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small errors �a. in « �ould have on the experimental results. 

For light propagation along the crystallographic z-axis it was possible to 

use the best-fit curve to calculate the magnitude of the uncertainties in 

the experimental results for g'"""' 

-3 0 

2(n 0-n1)n0 1xxu for errors in a. up to 3 . These errors were relatively

-3 
small for g"""" - 2(no-n 1)n0 1',.x,z being within ±0. 2%, but much larger for

g
YY

"" - 2(n0-n1)n:
3
7xxzz being within ±25%. The result given in eq. (4. 6)

was assumed to have a similar uncertainty resulting from errors in « as was 

the case ln eq. (4. 4).

To calculate the errors arising from ocx for 1 ight propagation along the 

crystallographic y-axis, it was necessary to take readings for linear 

polarization of the incident beam slightly off the crystal axes. For these 

small angles the birefringence, and resulting ellipticity, was overlooked. 

From these results the uncertainties, for deviations in the angle of linear 

polarization of up to 3
° 

for the case of gxux -

found to be ±0.8%, and for &zzxx - 2(ne-n 1)n;
3
1

yyxx was within ±6.0%.

4.3.4 Fringing fields 

When a voltage is applied across the KDP crystal electrodes the field 

:formed is not necessarily restricted directly between the plates in the 

sample, since it is possible for a :field to exist around the crystal edges. 

This field is referred to as a fringing field and is depicted in Figure 

4.2. It was a necessary precaution to check that this field did not induce 

an optical birefringence in the oil surrounding the crystal measurable at 

2w. 
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W'i th this in mind two parallel steel wires 5 mm apart and of 0, 31 mm 

diameter, which were under tension, were positioned, in the absence of the 

crystal, in the oil bath perpendicular to the direction of light 

propagation. These wires simulated the upper and lower ends of the 

electrodes in the entrance and exit faces of the crystal. The light beam 

passed between the wires to which an ac voltage from the high-voltage 

ampli.fier was applied. These wires produced a field in the silicon oi 1 

which, in part, simulated the fringing field around the edges of the 

thinner crystal used in the final measurements, and also polarized the oil 

directly between the wires. As a result, any effect induced in this manner 

would have to be larger than that induced in the oil by the fringing field 

around the edge of the crystal. 

It was found that these pariallel wires did in fact induce an effect 

detectable at 2�. As this was very small it was subject to a high 

signal-to-noise ratio and only a maximwn value for its contribution could 

be estimated. No dependence on the angle of light polarization could be 

detected. The measurable effect induced in such a manner was included as an 

uncertainty in the final results. 

On determining� magnitude of this effect it was possible to conclude that 

it contributed the following uncertainties: 

-3
±0.5% to gXXXX 

- 2 ( no-n 1 ) no 'l xxzz 

±0.5% to g ,.,., .. , 
-3

- 2(n0-n 1)n0 a' yyxx 

±10% to gyyxx 
-3 

- 2 ( n0-n1)n0 '( XXZ2 

±3.3¼ 
-3 

to gz:a:xx - 2(ne-n,)n. 1' yyxx 
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4.4 ELECTROSTRICTIVE CONTRIBUTION TO THE PHASE SHIIT 

Equations (4.1) to (4.3) contain two electrostrictive coefficients: 'lyyxx 

and 'lxx:a:z· In order to determine the magnitudes of the quadratic 

electro-optic coefficients contained within these equations, it is 

necessary to evaluate the electrostrictive terms. Only two electrostrictive 

coefficients for .ICDP have, as yet, been evaluated. These coefficients 

designated Qzzzz and Q,.)<ZZ • which are specified in terms of the 

polarization rather than applied field, have been determined accurately by 

means of a neutron and grunma ray diffraction technique, in which changes in 

the lattice constants of KDP at low temperature were induced by an applied 

field (Troussant et a.l. 1988), These values are given as

Ozzzz = (2.95 :t 0.02) X 10-1 m4c-2 

Oxxz:z = (2.74 ::!: 0.04} X 10-1 m4c-2 

and are known to be weakly dependent on temperature in the paraelectric 

phase. 

From Kaminow ( 1974) the coefficients Qiijj and 'litJJ are related by 

(4.9) 

where £
0 

is the permittivity of free space and c;(O) is the diagonal 

component of the low-field dielectric constant, with the same understanding 

of repeated subscripts as in eqs. (2.39) and (2.40). One finds, by means of 

eq. (4.9), that for .ICDP at room temperature 

.Y zzzz � 0. 9 X 10-20 m2V-2 

'¥ un :;:: Q. 8 X l□-
20 m2v-2

These results suggest that the electrostrictive coefficients of KDP that 

enter eqs. ( 4. 1) to ( 4. 3) are of the order of magnitude of 10-20 m2v-2
• 

From this deduction, -3 -3 
and the values 2(n

0
-n 1)n 0 

= 0. 029 and 2(ne-n,)n9 =
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-0.055, the electrostrictive contribution in these equations may be seen to

be small and the measured results due mainly to the quadratic electro-optic 

effect. If one assumes that the absolute values of the electrostrictive 

coefficients for KDP are no greater than 5 x 10-20 m2v-2
, and including the 

electrostrlctive contributions as an uncertainty in the measured effect, 

then the results for the quadratic electro-optic coefficients of KDP 

obtained in this experiment may be given as 

g,ocxx = -(4.0 ± 0.6) X 10-20 m2v-2 

gyyxx = gxx yy = (0.2 ± 0.2) X 10-20 m2y-2

g,,,o, = g, Zyy 
= -(0.6 ± 0.3) X 10-20 m2v-2 

4.5 PHYSICAL COMPONENTS OF THE OBSERVED QUADRATIC EFFECT 

In an experiment such as the one conducted in this investigation the 

field-induced change in the refractive index is due not only to the 

electro-optic effect, but also to the stress induced in the crystal due to 

the electrostatic attraction of the electrodes. Under these conditions an 

expression for the electric field-induced change in the refractive index 

due to the quadratic electro-optic effect may be given by (see, for 

example, Bohaty and Ha.usstihl 1977): 

��
�� 

= g
a,875E

7
E5 + qa�75�7a ' (4. 10) 

where g
a,/3Ta is the quadratic electro-optic tensor component, and q

a/3T� 
and

o-
75 are respect! vely components of the piezo-optic and the mechanical

stress tensors. 

The measurements in this experiment were carried out with a field applied 

to the crystal which was modulated at a frequency well below its 

fundamental piezoresonance frequencies. In these circumstances the crystal 

is free to deform and the applied field will induce strains in the material 
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through the piezoelectric and electrostrictive effects, where the variation 

in the strain follows the modulation field. As the crystal is free to 

respond, it is by convention considered to be unclamped and the quadratic 

electro-optic coefficient measured under these conditions is designated 

g
a�oo (constant stress),

If the field applied to the crystal were modulated at a frequency well 

above the fundamental piezoresonance frequencies, the crystal would not 

deform, in which case it is considered to be clamped. The quadratic 

electro-optic coefficient obtained under these conditions is called the 

primary (or true) coefficient, and is designated g
a�oo (constant strain).

Because their measurement conditions are not the same, the electro-optic 

coefficient g
a�70

, measured in this experiment, differs from g
a�oo by (see,

for example, Kaminow 1974) 

( 4. 11) 

where p
a�E� and 7

0
�E� are the elasto-optic and quadratic electrostrictive

coefficients respectively. The term on the right hand side of eq. (4.11) 

describes the elasto-optic-electrostrictive contribution to the quadratic 

electro-optic effect. 

In this experiment the crystal was mounted in such a way to allow strains 

to take place as freely as possible and under these conditions eq. (4.11) 

holds. 

The electro-optic coefficient g
a�oo measured in this experiment may be

related to the primary quadratic electro-optic coefficient, the 

elasto-optic-electrostrictive contribution, and the term resulting from the 
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piezo-optic effect and the stress due to the attraction of the electrodes 

by (see, for example, Gorski et al. 1994) 

g E E = g E E + p 7 E E + q tT • ( 4 12) 
��7� r � cx$r� r o «rcA r�cA r � cx$ro r� 

4.6 DISCUSSION OF RESID..TS

Table 4. 1 shows experimental results for the quadrabc electro-optic 

coefficients of KDP which have been published previously, as well as those 

obtained in this research. Past methods of measurement involved using 

static and dynamic polarimetric approaches, with the notable exception of 

the value g
zuz 

< 2. 4 x 10-21 m2v-2
, which was estimated for KDP by 

electro-optic deflection techniques (Crib et al. 1975). Comparison of the 

results obtained in this experiment with the published ones shows that the 

magnitudes of results from this work are comparable to those obtained by 

the dynamic polarimetric method (G6rski & Kucharczyk 1987; Jamroz & 

K.arniewicz 1979) and by Crib et al. (1975}, but are two orders of magnitude 

smaller than those obtained employing the static technique (Perfilova & 

Sonin 1967; Jam.roz et ai. 1979}. 

For the directions of the applied field and light path used in this 

experiment the linear electro-optic effect is, in principle, non-existent 

and the quadratic response becomes the leading effect. However, it must be 

noted that factors such as the imperfect cutting of the crystal, 

inaccuracies in crystal alignment, and to a certain extent the angular 

divergence of the laser berun lead to changes in the considered constraints. 

Also, KDP is known to exhibit a large piezoelectric effect which can lead 

to vi brat ions of the sample and deviate the light beam from the desired 

direction of propagation (Kucharczyk 1992). 
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Kucharczyk and G6rski (1983} performed a numerical estimation, neglecting 

the effect of the quadratic coefficients, of a possible dependence, through 

the linear electro-optic coefficients, on the square of the applied field 

of the induced birefringence of a KDP crystal for slight angular deviations 

of the light wave propagation and applied field directions. The divergence 

of the laser beaJTI was not considered. They concluded that in some 

particular cases a linear or near linear dependence on the square of the 

applied field of the induced birefringence is brought about by the linear 

electro-optic effect, and that it was perhaps this dependence �hich lead to 

the larger results estimated by the static polarimetric techniques. It is 

evident that while interpreting results for KDP in these configUI"'ations, 

possible contributions from the linear electro-optic effect should be 

recognized. 

In this experiment the importance of relating the phase modulation observed 

in the KDP unambiguously to the quadratic electro-optic effect was 

appreciated. For light propagating along the optic axis of KDP, to which a 

lo-w-frequency electric field is applied in the crystallographic 

x-direction, the induced electro-optic effect quadratic in the applied

field, for which the coefficients g,.""x and g
yy><x are responsible, should 

satisfy the relation given in eq. ( 4. 1). Checking whether the 

experimentally observed effect quadratic in the applied field transforms 

according to this relationship provides confirmation that the observed 

effect is indeed related to these coefficients. Accordingly, for light 

propagation along the optic axis, the dependence of the induced 

electro-optic effect on the angle of incident light polarization, was 

checked. From Graph 4. 1 it may c:::learly be seen that a satisfactory 

agreement between the experimental results and the theoretical dependence 
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was obtained. It may be concluded that in this experiment contributions due 

to lower-order effects did not lead to any significant influence. 

4.7 BOHD-POLARIZABILITY MODEL 

The bond-polarizability model is one of several theoretical approaches that 

has been invoked in the past to discuss electro-optic effects of KDP�type 

crystals. This theoretical study of the electro-optic effect was developed 

by Shih and Yariv (1980, 1982) based on the single-energy-gap model {Penn 

1962) applied to a dielectric by Phillips and Van Vechten (1969), and also 

on the bond-charge calculation of bond non-linearity (Levine 1973a, b). It 

takes into account the dependence of the crystal's optical susceptibility 

on the bond-rotation and bond-stretch induced by the applied low-frequency 

electric field. From this relation. an expression for the electro-optic 

coefficient of the crystal can·be derived. 

In their papers Shih and Yariv (1980, 1982) derive a general expression for 

the linear electro-optic coefficient of crystals, which they then apply to 

a wide range of samples, including KDP. Their theoretical results are found 

to be in very good agreement with those obtained experimentally. Kucharczyk 

(1987) extended their approach in order to derive an expression for the 

ionic contribution to the quadratic electro-optic coefficient of LiF, and 

in a later paper (Kucharczyk 1992) considered the quadratic effect in KDP. 

In the following discussion the bond-polarizability model of the 

electro-optic effect in KDP, as proposed by Shih and Yariv (1980, 1982) and 

extended by Kucharczyk ( 1987, 1992), is briefly reviewed so that the 

results obtained in this research may be considered in the context of this 

approach. This method wi 11 enable us, by means of the value guu - gyyxx 

determined in this experiment, to evaluate the ionic parts of the primary 
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quadratic electro-optic coefficients g,.,.,.., g
YY

"'" and guxx for KDP. 

The term l.n eqs. (4.4) and (4.5) which arises from the 

electrostrictively-lnduced change in path length, as shown eqs. (3.5) and 

(3.6), cancels when the relative value of g"""" - gyy,o, is found. It is 

evident from eq. (4.12) that the quantity g,00,,. - g
yyx>< measured in this 

investigation differs from by the 

elasto-optic-electrostrictive and the piezo-optic and mechanical stress 

components. However, for the symmetry point group 42m, to which KDP 

belongs, the symmetry restrictions imposed on the elasto-optic and 

electrostrictive tensors (Birss 1966) reduce the combined 

elasto-optic-electrostrictive contribution to the term 

P:;:;xx l ( r"""" - 1
:;

:;xx>. Knowledge of the elasto-optic coefficients of KDP 

frorn Landolt-Bornstein (1979), · namely p"""'" - P
yy

"" = 0. 002, along with the 

predictions made previously for the magnitude of the electrostrictive 

coefficients of KDP, suggests that the combined contribution to ixxxx -

gyyxx due to the elasto-optic-electrostrictive coefficients is of the order 

of 10-22 m2v-2
, which is at least two orders of magnitude smaller than the 

measured effect. 

Similarly, an estimation of the magnitude of the piezo-optic and mechanical 

stress contribution may be made from the values of the piezo-optic 

coefficients of .KDP from Landolt-Bornstein (1979), and also from the 

equation for the induced mechanical stress <T for the field applied along 

the crystallographic x-axis (Haussilhl & Weber 1977) 

<T
,,.,. = - ½ E: 0C1(0)E2 (4.13) 

Calculations show that the total piezo-optic and mechanical stress 

contribution is similarly two orders of magnitude smaller than the measured 
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effect. As a consequence of these deductions, the following approximation 

may be made: 

(4. 14) 

Ka.ml now and Johnston ( 1967, 1969) showed that the primary electro-optic 

effects may be explained in terms of two types of microscopic interaction: 

the first being regarded as a purely electronic (or non-lattice) 

contribution, and the second an ionic (or lattice) contribution. 

Accordingly, the primary quadratic electro-optic effect may be expressed in 

terms of its purely electronic and ionic parts as 

-el ec -ion g
a/3�0 = g

«�7� + g
aJ370 . (4. 15) 

The electronic contribution arises from the applied electric field directly 

modifying the electronic susceptibility (or refractive index) in the 

absence of lattice displacements, while the ionic contribution is a result 

of the applied field producing a lattice displacement which in turn 

modifies the electronic susceptibility. Because of the high frequencies in 

the optical regime, where the ionic motion is unable to follow the field 

reversals, it is only the electronic contribution to the electro-optic 

effect which accounts for such phenomena as harmonic generation and usually 

optical-mixing. It has been shown that the magnitude of the electronic 

contribution to the quadratlc electro-optic coefficients for KDP can be 

obtained from \.lave-mixing measurements on this crystal. 

Yariv and Yeh (1984) derive an expression for the electronic part of the 

primary quadratic electro-optic coefficient in terms of the third-order 

ti l t"bil"t (a)E op ca suscep 1 1 y X1Jk1 as



-elec 
g1Jk 1 =

(3)E
12 l'.1 I I< 1 

2 2 
( n ) 1 1 ( n ) JJ 
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(4. 16) 

where the notation (n2
) 11 is explained in eq. (1.3). From the values of 

(3)E (3)E 
;t,000, and Xyyxx determined for KDP by means of wave-mixing experiments 

(Levenson & Bloembergen 1974; Eichler et al. 1977), it follows that the 

electronic contribution to the difference of g,...,,,. - gYY"" is of comparable 

magnitude to the elasto-optic-electrostrictive and piezo-optic and 

mechanical stress contributions, and can likewise be neglected. 

Shih and Yariv (1982) express the macroscopic susceptibility of a crystal, 

in the bond-polarizability model, as 

1 
xct./3 = v E �ncxncxcxna' {4.17) 

where ex is the relevant direction cosine, fln is the bond polarizabilityncx 

along the bond direction, and the summation is taken over all bonds 

contained within the unit cell of volume V. This equation incorporates the 

assumption that the total of the susceptibilities of the individual bonds 

leads to the bulk susceptibility of a crystal. 

It is known that three bonds exist in the KDP crystal. These are: H-0, K-0, 

and P-0. Levine (1973b) argues that in the paraelectric phase of KDP only 

the P-0 bond will contribute to the observed non-linear susceptibility. Due 

to its high ionicity the K-0 bond is considered to contribute a negligible 

amount (Shih & Yari v 1982), and the H-0 bonds, owing to their isotropic 

distribution, tend to cancel each other in their contribution to the 

second-order non-linear susceptibility and are of small magnitude in the 

third-order susceptibility (Kucharczyk 1992). 

Previous treatments of second-harmonic generation (Levine 1973b) and the 
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linear electro-optic effect (Shih & Yariv 1982) of KDP have, when the 

tran sverse component of the P-0 bond susceptibility is neglected, yielded 

theoretical results in good agreement with those obtained experimentally. 

The following theoretical discussion is carried out under the assumption 

that all non-linearity in KDP resides in the P-0 bond, and it is only the 

longitudinal component of this bond that need be considered. 

By means of the bond-polarizability approach Kucharczyk (1987, 1992) 

derives an expression for the ionic contribution to the primary quadratic 

electro-optic coefficient of a crystal. For KDP this expression is 

+ �n(P-O)fc{(f - 112)« a 
a
« a r + a (a � + a � 

nan� n� no n� n� a� n« �� 

( 4. 18) 

where R is the bond length, Q is the relative shift of the ions induced by 
� 

the low-frequency electric field applied to the crystal, and f3(P-0) is the 

polarizability of the longitudinal component of the P-0 bond. The terms f

and F describe changes in the bond polarizability caused by the variations 

in bond length, and are given by the equations 

f = 

R (8f3(P-0)]�(P-0) 8R 

F = R2 

(8�2(P-0)]2�(P-0) aR2 

A displacement of the bond charge leads to a change in the bond 
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polarizabillty. When the lattice is fixed, the factor fc is related to this 

change by 

R -(af3{P-O))
�(P-0) BE 

In their paper Yariv and Yeh (1982) give the relative displacement of the 

ions in terms of the Szigeti effective charge e5 as 

3E c
0

[c{o) - c(�)]c(oo) ex 
Qa. = ----------e,.(c(oo) + 2]N 1 

{ 4. 19) 

where N1 is the density of pairs of ions, do) and dcu) are respectively 

the static dielectric constant and the low-frequency electronic dielectric 

constant, and Ek represents the applied low-frequency field in the kth 

direction. 

�(P-0) can be expressed in terms.of the total macroscopic susceptibility of 

KDP x(P-0), using eq. (4.17), as 

�(P-o) � z{P-□)Ea.:;v. 

Accordingly, by means of the equation {Levine 1973b) 

d !� x = [J3 ( P-0) f c/RV] La:,,«2«x , 

(4.20)

(4.21) 

2W values of d
yzx = 0. 63 x 10-12 mv- 1 (Landolt-Bornstein 1979), x(P-0) � O. 85 

(Shih & Yarlv 1982), and the direction cosines for KDP (Nanlcano et al.

1973) may be used to yield an order of magnitude for fc/R for KDP of 10-12 

mv-1 {JCucharczyk 1982). Similarly Kucharczyk ( 1982) estimated values for 

the Szigeti effective charge to obtain a magnitude for Q/R of 10-10 m2v-2•

These two estimates indicate that the order of magnitude of the last 

contribution on the right-hand side of eq. (4. 18) is about 10-22 m 2v-2 

which, being two orders of magnitude smaller than the measured 

coefficients, can be neglected (Kucharczyk 1992).
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Taking this assumption into account one can simplify the expression ln eq. 

(4.18) for the ionic contributions to the quadratic electro-optic effect. 

For the coefficients considered in this research: 

-ion 
gXlCX I< = { (F - 2f + 4)a! + 

-ion 
g

)')'XX = { (F - 2f + 
) 2 24 «x«y 

-ion { (F - 2f + 4) a.!a�g2;,xx = 

where IC is defined as 

KE = 
Q'. 

(2t - 5)a! + 1} 
«!} )( IC, 

- a.�} x K 

/3(P-OJQ 
Q'. 

X IC • (4.22) 

(4.23) 

(4.24} 

In the derivation of the ab<?ve equations it was necessary to use the 

fol lowing relationships (Kucharczyk 1987)

8 2 C( 
na 

8Q
2 

a2ct 
na

8Q
2 

/3 

2 
3a (a na: nQ'. 

R
2 

2 a: (Jct� 
na. 

R
2 

- 1)

1) 

An equation, analogous to eq. (4.16), from Yariv & Yeh (1984) gives 

2W 
-elec _ _  �dyf"r

yzx - n 

Consequently, by means of the relation 

-elec -Ion 

ryu = ryzx + ryzx 

(4.25) 

and the values of r
yzx = - 2W 

8.8 X 10-12 mv-I and d
yz x = - 0.63 X 10-12 mv-1 

-lon given by Landolt-Bornstein {1979), r
yzx may be evaluated to be - 8. 3 x

From this result for the factor f may be evaluated by 

means of the expression for the ionic contribution to the linear 
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electro-optic coefficient given by (Shih & Yariv 1982; Kucharczyk 1992) as 

-Ion ryzx 
x(P-O)Q(f-2)E«x«y

0Cz 

Rn
4 

fp� 
(4.26) 

where the values for the direction cosines of the P-0 bonds and the bond 

lengths for KDP are taken from Nankano et al. ( 1973). This calculation 

yields the value f = 2.475.

Equations (4.22) and (4.23) lead to 

(4.27) 

From the results for gxxxx - g
yyxx obtained in this investigation and the 

calculated value of f, eq. (4.27) may be used to obtain the value F = 

10.57. Using these values for f and F in eqs. (4.22) to (4.24), one then 

calculates 

-ion
5.09 10-20 

m2V-2 
gxxxx =

-

X 

-ion 
0.89 10-20 

m2v-2
gyyxx 

= -

X 

-ion
1.68 10-20 m2v-2gzzxx = -

X 

These results agree well with the results obtained experimentally where the 

elasto-optic-electrostrlctive components contributing to the observed 

quadratic electro-optic effect are taken to be of the order 1 x 10-20 

m 2v-2, and the electronic contribution is assumed to be negligible. 
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CHAPTER tlVE 

CONCLUSION AND FUTURE POSSIBILITIES 

In this thesis the quadratic electro-optic effect observed in KDP was fully 

accounted for by an eigenvalue theory of wave propagation (Graham & Raab 

1990) which consistently allows for induced electric dipoles. By means of a 

quantitative theory in terms of multipole property tensors of a crystal, 

the polarization eigenvectors were determined, and expressions derived for 

their refractive indices, for the specific wave propagation and applied 

field directions used in the present work. In this investigation the light 

propagation directions were taken to be along the crystallographic y- and 

z-axes of the non-centrosymmetric KDP crystal to which an electric field

was applied in the x-direction. This al lowed the quadratic effect to be 

determined in the absence of a linear electro-optic effect, which is 

non-existent for the conf'igurations considered. 

The method of measurement proposed in this experiment consisted of using a 

vlbrat ing-mlrror Michelson interferometer to perform a simple and rapid, 

yet sensitive, determination of the quadra.t ic electro-optic coefficients 

&><xx><• and &
zz)(I( 

of KDP by phase compensation means. The 

experimental technique permitted the absolute determination of certain 

quadratic electro-optic coefficients of' KDP to be made. The sign and 

magnitude of the relevant coefficients were found to be: 

&x,.xx 
= -(4.0 ± 0.6) X 10-20 m2v-2 

8yy><1< = (0.2 ± 0.2) X 10-20 m2v-2 

g;UI<" 
= -(0.6 ± 0.3) X 10-20 m2v-2 

Previous methods of measurement for the relative quadratic electro-optic 

coefficients of KDP by static polarimetric means yield values two orders of 
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magnitude greater than those found in this work. However, the magnitude of 

our results are in agreement with those for the relative quadratic 

electro-optic coefficients that were found by a dynamic polarimetric 

technique and also from a diffraction experiment. The :findings of this 

research lend support to the argument by Kucharczyk (1992) that values for 

the non-linear electro-optic coefficients of KDP determined by static means 

are overestimated. 

Finally, the results of this experiment were discussed in the context of a 

bond-polarizability approach (Shih & Yariv 1980, 1982; Kucharczyk 1990, 

1992), and values for the ionic part of the primary quadratic electro-optic 

coefficients calculated. 

The literature on the quadratic electro-optic effect of crystalline 

ammonium dihydrogen phosphate (ADP), which belongs to the KDP-type family 

in that it has the same point group symmetry, shows a similar inconsistency 

to KDP in the values of the relevant coefficients obtained by static and 

dynamic polarimetric methods. Using a dynamic technique G6rski and 

Kucharczyk ( 1987) found the value of the coefficient I g,.,.,.,. - g
YY

"" I for 

ADP to be 4. 7 x 10-20 m 2v-2
, whilst the results obtained for the same 

coefficients by the static means are at least an order of magnitude greater 

(Perfilova & Sonin 1967; Lomova & Sonin 1968). The smaller magnitude is 

within the sensitivity of our apparatus and future investigations of the 

quadratic electro-optic effect in ADP is a viable prospect. 

Jones (1948) predicted the existence of a linear birefringence which for 

particular systems may exist simultaneously with the normal linear 

birefringence, the difference being that its fast and slow axes are 
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• 0 

or1ented at 45 to those of the normal birefringence. To the best of our 

knowledge no measurement of such a birefringence has, as yet, been made. 

However, van Staden (1993), predicts that for light propagating along the 

optic axis of crystals belonging to the symmetry point groups 4 and 6, and 

for particular directions of the applied electric field, a Jones 

birefringence linear in the applied field will co-exist with the normal 

Pockels birefringence. Furthermore, in both these symmetry point groups, 

the two types of birefringence are accounted for by different components of 

the non-linear hyperpolarizability tensor �
a.(37

. From the known range in the 

order of magnitude of Pockels coefficients, these two birefringences ought 

to be measurable by means of our experimental method, the problem remaining 

being to distinguish them. 
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RELATION BETWEEN THE HYPERPOLARIZABILIIY TENSORS /3 af3r AND 1 o:/316 

AND THE ELECTRO-OPTIC CONST ANTS r af3r ANO g
ap76.
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Within the electric dipole approximation the polarization density induced 

in a non-magnetic source-free medium by a monochromatic plane light wave, 

in the presence of an applied electric field�. is given by 

1 1 

pa= aa13
8

13 + taf31
t

/3
E

7 + �o:(376��E
7

E6 + ··· ( A. 1} 

where tis the electric field of the wave. Considering Qin the presence of 

an applied field one may write, to the order of electric dipoles, 

In the above equation 

c
af3 

= c 0 (6
ap 

+ �
ap

)

and 

(A.2) 

(A.3) 

(A. 4) 

where terms of third- and higher-order in the applied field have been 

neglected. 

Defining the electric field-induced changes to the impermeability tensor in 

terms of the electro-optic constants gives: 

(A. S) 

From the definition of the impermeability tensor, eq. (1.10). it follows 

that 

+ .il.7J = 

Co 

lJ o:/3 a.(3 £ a/3 + Ac o:(3

This may be written in subscript (but not a tensor) notation as 

(A.6) 
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ll1J + A l11J =
C o 

C tJ( 1 + Ac,/c1J} 

= S!_ - Colt.Cu
c,j Ct JCIJ '

therefore 

(A.7) 

Assuming that c,_F tJ ;:::: c11eJJ as implied by Yariv & Yeh { 1984), and using

eqs. (A.4) and (A.5), one may write 

Thus 

r E +g EE =-
1 J« a. I J<X/3 IX (3 

� E  
2 lj« « 

� = - n2n2r 
2£0 1 Jlt l j 1 jk

-::-=-11 = - n2n2g 6C0 tjkl 1 j ijkI , 

Co EE 
6 1' i JIX{:3 a. /3 

C C 

ii J j 
(A. 8) 

(A.9) 

(A.10) 

where the expression for the principal indices of refraction is given as n� 

= c11/f�0, and smnmatlon over the indices is not implied. 
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