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Abstract

The research of this thesis deals with the derivation of optimum designs for linear mixed
models. The problem of constructing optimal designs for linear mixed models is very broad.
Thus the thesis is mainly focused on the design theory for random coefficient regression
models which are a special case of the linear mixed model. Specifically, the major objective
of the thesis is to construct optimal designs for the simple linear and the quadratic regression
models with a random intercept algebraically. A second objective is to investigate the nature
of optimal designs for the simple linear random coefficient regression model numerically. In
all models time is considered as an explanatory variable and its values are assumed to
belong the set {0,1,...,k}. Two sets of individual designs, designs with non-repeated
time points comprising up to k + 1 distinct time points and designs with repeated time
points comprising up to k + 1 time points not necessarily distinct, are used in the thesis.

In the first case there are 2%*! — 1 individual designs while in the second case there are

2k +1

SV

— 1 such designs. The problems of constructing population designs, which
k

allocate weights to the individual designs in such a way that the information associated with
the model parameters is in some sense maximized and the variances associated with the
mean responses at a given vector of time points are in some sense minimized, are addressed.
In particular D- and V-optimal designs are discussed. A geometric approach is introduced
to confirm the global optimality of D- and V-optimal designs for the simple linear regression
model with a random intercept. It is shown that for the simple linear regression model with
a random intercept these optimal designs are robust to the choice of the variance ratio. A
comparison of these optimal designs over the sets of individual designs with repeated and

non-repeated points for that model is also made and indicates that the D- and V-optimal
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population designs based on the individual designs with repeated points are more efficient
than the corresponding optimal population designs with non-repeated points. Except for the
one-point case, D- and V-optimal population designs change with the values of the variance
ratio for the quadratic regression model with a random intercept. Further numerical results
show that the D-optimal designs for the random coefficient models are dependent on the

choice of variance components.
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Chapter 1

Introduction

Linear mixed models, which are models incorporating both fixed and random effects, are
proving to be valuable and exciting tools for modelling a wealth of biological data. In par-
ticular, the concept of a linear mixed model draws together seemingly disparate structures
such as split-plot, incomplete block and traditional agricultural models, models for repeated
measures, longitudinal data and spatial statistics. This thesis deals with the use of linear
mixed models for longitudinal data, which refers to data on individuals measured repeatedly
at different times. Linear mixed models have attracted enormous interest in the statistical
literature and present many fascinating challenges to researchers in applied statistics. One
specific area within the context of mixed models which has considerable potential for good
and meaningful research is that of constructing optimal experimental designs. The aim of

this thesis is therefore to construct optimal designs for these models.

The thesis is organized as follows. A formal introduction of the linear mixed effects
model, together with discussions on estimation of the model parameters and information

matrices are given in Chapter 2. This chapter also consists of a discussion on optimal designs

1



for linear mixed model and a review of related literature. The aims and objectives of the:
study, models of interest, designs and their spaces, design criteria and the data set that is
used in this study are described in Chapter 3. The construction of D-optimal designs for
estimating the parameters in the simple linear regression model with a random intercept as
precisely as possible is discussed in Chapter 4. In Chapter 5, V-optimal population desigﬁs
for the estimation of the mean responses at a vector of time points in the simple linear
regression model with a random intercept are considered. Chapter 6 presents D-optimal
population designs for estimation of the fixed effects in the quadratic regression model with
a random intercept. V-optimal population designs for estimation of the mean responses in
the quadratic regression model with a random intercept are discussed in Chapter 7. Optimal
designs for the precise estimation of parameters in the random coefficient regression models
are discussed numerically in Chapter 8. Finally, a summary of the results of this thesis with
some open design problems in the theory of linear mixed effects models is given in Chapter

9.

Mathematica (Wolfram, 1999), a product of Wolfram Research Inc. and GAUSS were

used extensively throughout chapters 4, 5, 6, 7 and 8.



Chapter 2

General Background

2.1 Linear mixed model

The linear mixed model methodology was first developed within the context of animal ge-
netics and breeding research by Henderson, Kempthorne, Searle and Krosigk (1959). In
recent years, however, the mixed model has also been introduced to analyze experiments
with complex data structures in a variety of other disciplines, for example medicine (Brown
and Prescott, 1999) and education (Goldstein, 1987). Many important statistical models
can be expressed as mixed effects models or in other words models which incorporate both
fixed effects and random effects. Examples of the underlying data sets include repeated
measures data (Lindsey, 1993; Vonesh and Chinchilli, 1997), longitudinal data (Diggle,
Liang and Zeger, 1994; Verbeke and Molenberghs, 1999), multilevel data (Goldstein, 1987),
block designs (Goos, 2002) and pharmacokinetic data (Davidian and Giltinan, 1995, pages
262-272). Different names are also used in the statistical literature to describe the mixed

model, reflecting the diversity of its use in many fields. These include hierarchical linear

3



2.2 Model 4

model, random effects model or variance components model and random coefficient regres-
sion model. The literature on linear mixed models is extensive and the basic results can
be found in Searle (1971, 1987), Searle, Casella and McCulloch (1992) and McCulloch and
Searle (2001). This thesis deals with the use of the linear mixed model for longitudinal data,
which refers to data on individuals measured repeatedly at different times. A more general
term is repeated measures data, which refers to data on individuals measured repeatedly

either under different conditions or at different times.

In the present chapter the linear mixed model and the estimation of its parameters are
briefly discussed and the related design problems and optimality criteria for the model are
introduced. Specifically, the linear mixed model is described in Section 2.2 and the point
estimation of the parameters of that model in Section 2.3. In Section 2.4, the information
matrices for fixed effects parameters and variance-components are considered. Section 2.5
deals with random coefficient regression models, as a special case of the linear mixed model.
Optimal design for the linear mixed model is discussed in Section 2.6. Finally, a brief review

of the related literature on optimal design for linear mixed models is presented in Section

2.7.

2.2 Model

When repeated measures of responses are taken for individuals from a population two levels
of variability arise, namely the between-individuals variability and the within-individual
variability. Let y; = (yi1,. -, %iq;)" be the d; X 1 vector of responses from the 7th individual

fori=1,2,..., K. In matrix notation the linear mixed model for the ith individual is given



2.2 Model 5

by

y;=X;B8+Z;b;+e;, i=1,...,K (2.1)
where
B is a p x 1 vector of unknown fixed effects which is common to the K individuals,
X, is a d; x p design matrix associating 3 to y;,
b; is a ¢ x 1 vector of random effects, i.e. the between-individual random effects,
Z; is a d; x ¢ design matrix which relates b; to the response y;, and
e, is a d; x 1 vector of random errors, i.e. a vector of within-individual errors.

The random effects vectors b; are assumed to be independently and normally distributed
with mean vector 0 and variance-covariance matrix G, i.e. b; ~ A (0, G), and the error
vectors e; are assumed to be independently and normally distributed with mean vector 0
and variance-covariance matrix R;, i.e. e ~ Ny (0,R;), for i = 1,2,..., K. Note that G
and R, are ¢ X ¢ and d; x d; matrices respectively. In addition, both b; and e; are assumed

to be independent within and between individuals.

Under the independence and normality assumptions for b; and e;, the marginal dis-
tribution of the response y; is normal with mean X;8 and variance-covariance matrix

V:=72;GZ; + R, ie y, ~ N(X,B,V;). Suppose that the matrices V;, 7 = 1,... K

3

depend on a vector of parameters 8. Specifically the parameter vector @ consists of the
K

q(g+1) +Zdi(di+1)

5 5 distinct variance-covariance elements of the matrices G and R;,

=1
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i =1,...,K. The elements of @ are called variance components. The marginal likelihood

function for the response of an individual can thus be expressed as
1(B.0:v) = o) Vi Pexp { Ly, - X By V! (v~ X.) b
fori=1,...,K.
The population model for all K individuals has the form

y=XB+Zb+e,

where
Y X, b, S
Y2 X, b, ey
y = y X = ) b= y €= »
Yk Xk bg ex

Z = diag{Z,Z,,...,Zx}, i.e. Z is the block-diagonal matrix with blocks Z; on the
main diagonal and zeros elsewhere, Var(b) = diag{G,G,...,G} and R = Var(e) =
diag{R;, Ry, ..., Rk}. The marginal distribution of y is N (X3, V), where

V = Zdiag{G,G,...,G}Z + R = diag{V1,V,,..., Vg}. Therefore the marginal like-
lihood function associated with the full vector of responses y follows from the individual

likelihood (2.2) as
L(B,0;y) = 2m) ™ |V| % exp { Yy -XBYV-1(y -Xp) } (2.3)
where n = Y1 d;.

The linear mixed model for repeated measures in the case where Var(e,) = 021,

i = 1,...,K, was introduced by Laird and Ware (1982). Lindstrom and Bates (1988)
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considered the more general case with Var(e;) = R, @ = 1,..., K, where R, is d; x d;
matrix which does not depend on i except for its dimension, i.e. it has the same structure
for each individual. Unless stated otherwise it is assumed in this thesis that R; = 0214,

i=1,...,K, and hence that R = diag{R|, Ry, ..., Rx} = 02 L,.

e

2.3 Estimation of the fixed effects and the variance

components

In studies on linear mixed models it is usual to consider the estimation of the fixed effects 8
and the variance components 6, and also the prediction of the random effects b. For a given
data vector y, the vector of random effects b is a realization of random variables which are
usually unobservable and these effects must therefore necessarily be predicted from the data
(Henderson, 1953). The prediction of the random effects as best linear unbiased predictors
(BLUP’s) is briefly discussed at the end of this section. More detailed discussions and
examples are given in Robinson (1991) and Searle, Casella and McCulloch (1992, Chapter
7). The emphasis in this thesis is however on the precise estimation of the fixed effects and

the variance components and attention is therefore confined to this problem.

2.3.1 Estimation of the fixed effects 3

Assume firstly that the variance components 8 are known. Then the fixed effects parameter
B can be estimated by the method of maximum likelihood (ML). Specifically it follows from

expressions (2.2) and (2.3) that the marginal log-likelihood function for the response vector
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y is given by

5 (4, 1 1 oy
lenL(B,B;y):—Z{Sln(%r)—l—iln[Vil+§(yi—Xi,B)Vi (yi_Xi;B)}' (2.4)

i=1

The maximum likelihood estimator of 3 is obtained by maximizing this function with respect

to 3. In particular, differentiating ¢ with respect to 3 yields

K

oL > (XVity - XViX ). (2.5)
i=1

ap
Equating the derivatives in (2.5) to zero gives the maximum likelihood estimator of 3 as

-1 g

K
b (zx;v;lxi) S xviy,
i=1 =1

with variance-covariance matrix

K -1
Var(B) = (Z XZV{IXz) :
i=1

The estimate of the fixed effects involves the variance components vector €. When 8 is
known, the estimate B is a function of @ through the variance-covariance matrices V;. In
practice, however, 8 is not known and must be estimated from the data. Estimation of 6

is discussed in the following subsection.

2.3.2 Estimation of the variance components

The two most widely used methods for estimating the variance components are maximum
likelihood, as introduced by Hartley and Rao (1967), and the restricted maximum likelihood

(REML) approach of Patterson and Thompson (1971).

The ML estimator of 8 is obtained by maximizing the marginal log-likelihood function

of y with respect to 8 and 8. Maximization of ¢ with respect to 8 and € requires solving
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the equations

of 0f
%—O and 8_0_0

for B and 8 simultaneously. The first equation yields

K
=] =1
as shown in Subsection 2.3.1. Thus B is a function of 8 and can be written as 3(8).

Substituting B(8) into ¢ yields this log-likelihood as a function of 8, i.e. £(6). The ML

R e X4("
estimator of 8, say @, can be found by solving the equation 8(0) = 0 (see Searle, Casella
and McCulloch, 1992, pages 234-235; Verbeke and Molenberghs, 1999, page 42). In practice

5 0(6)
56

method. Finally, substituting 8 by 6 in ,@(0) gives the ML estimator of 3, i.e. ﬁ = ﬁ(@).

the equation = 0 is solved numerically by iteration, e.g. using the Newton Raphson

One criticism of the ML approach to estimation of the variance components € is that
it takes no account of the loss of degrees of freedom that results from estimating the fixed
effects 3. As a result the estimates of the variance components are biased downward
(Verbeke and Molenberghs, 1999, page 43). To overcome this limitation Patterson and
Thompson (1971) proposed the restricted maximum likelihood approach. This approach
applies ML estimation techniques to the likelihood function of a set of error contrasts defined
as any linear combination Ay of the response y with zero expectation. 'The matrix A is
taken to be an (n — p) x n matrix of full row rank and is orthogonal to the columns of X,
i,e. AX = 0. Thus the distribution of Ay is normal with mean vector 0 and variance-
covariance matrix AV A’ ie. Ay ~N(0,AV A’) and does not depend on the fixed effects
B (Harville, 1974). The likelihood function associated with the vector of error contrasts can

be expressed as

Lapms(B,6;y) = (2m) =022 XX |2 XV 1|V v 2
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X exp{ 3y~ XpY V' (y-XP) }
where B8 = (X'V-1X)"' X'V-ly. Then the REML estimates for 8, say pgp, can be
obtained by maximizing Lremr(3,0;y) using an iterative procedure (see Searle, Casella
and McCulloch, 1992, Chapter 8). Observe that the likelihood function Lgga(8,6;y) and
hence the REML estimator of 8 does not depend on the choice of the matrix A. Finally

substituting 0 rEML into the expression ﬁ yields the associated estimate for 3.

2.3.3 Prediction of the random effects b

The parameters B can be estimated and the random effects b predicted together by maxi-

mizing

K
f(y,b;8,0) = [ [ f(vilb:) £(b:)

i=1

K
H{ d"/2|R|l/2} p{ %( Xﬂ Zb)IR_l(i_xi,B—Zibi)}

i=1
X 1 1y -1
(mr |G [ PP TR
with respect to 8 and 8. Specifically, the hierarchical log-likelihood function for fly,b;3,8)

can be written as

K
B, 6;y,b) = Z {In f(y:|bs) + In f(b;)}

1 1
:—Z{ ln 27[' 5ln|Ri|+§(yi—Xi,3~Zibi)’Ri_l(yi—Xiﬂ—Zibi)

+44

1 1.,
5 0(27) + 5 |G| + 5 b G lbi}. (2.6)
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Note that this function is not strictly a log-likelihood since the random effects b; are not
observed, and is therefore termed a hierarchical log-likelihood following Lee and Nelder

(1996).

Differentiating ¢(3, 8;y, b) with respect to 8 and b and equating the derivatives to zero

gives the system of equations known as the mixed model equations

/

X'R-'X X'R-1Z J¢] X'R-ly

ZR-'X Z'R-'Z+ G-! b Z'R-'y

(Henderson et al., 1959), where b is the predictor of b. Solving for B and b;, yields the

best linear unbiased estimator (BLUE) of 8 as
) K -1k
i=1 i=1
and the best linear unbiased predictors (BLUPs) of the b; as
b, =GZ/V;!(y,—Xp), i=1,... K.

The BLUE of B requires knowing V; whereas the BLUPs of b; require knowing both V;
and G. Note that the BLUP’s are termed predictors in order to distinguish them from the

estimators for the fixed effects.

2.4 Fisher information matrix

The information matrix for the parameters is equal to minus the expected value of the

matrix of second-order derivatives of the log-likelihood function, where the derivatives are
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with respect to the parameters (see Azzalini, 1996, page 73). Specifically, suppose that

is a vector of parameters in the model. Then the information matrix for e is given by

0% (e y)
L = _E( dadao! >

where ¢(c;y) denotes the log-likelihood function for y. The information matrix plays a
crucial role in inference. For example, according to the Cramér-Rao theorem for a sin-
gle parameter the inverse of the information matrix is proportional to the lower bound on
the variance of any unbiased estimator of the parameter. Further, it is well known that
the variance of the maximum likelihood estimator of the parameters can be approximated
asymptotically by the inverse of the information matrix (Azzalini, 1996, page 83). The
variance of the estimator of a parameter is a measure of its precision with small variance
associated with high precision. Thus, more generally, the information matrix for the pa-
rameters, or some function of that matrix, can be used as a measure of precision. For
this reason the information matrix forms the basis for optimality criteria in the design of

experiments.

For the linear mixed model introduced in the previous section, the generic parameter o
corresponds to the parameters 3 or @ or 8 and € together. Note that the variance-covariance
matrices of the ML and the REML estimators are both approximated by the inverse of the
information matrix (Verbeke and Molenberghs, 1999, page 64). The appropriate information
matrices for the parameters in the linear mixed model are presented in the next subsections.
The derivations of the information matrices are based on those presented in Searle, et al.

(1992) and Verbeke and Molenberghs (1999).
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2.4.1 Information matrix for 8

Recall that the marginal log-likelihood for y;, the response of the ith individual, is given by
d; 1 1 s 1
0(B,0;y:) = ) In(27) — 2 In|Vi| - 5()’1; -X:B)V, (vi—XiB) (2.7)

fori = 1,...,K. Clearly, since the responses are independent, the marginal log-likelihood

associated with the full vector of responses y is

K

0B,0;y) =Y _U(8B,6;y:). (2.8)

=1
Now the first- and second-order derivatives of the ith individual log-likelihood (2.7) with

respect to B are given by

0L(B3,0;y;)

B XiVit(y: — X 8) (29)

and
a?g(ﬁ, 0)}’1)
opos

respectively. Therefore, for a given 8, the information matrix for 8 for the ith individual is

= XV X,

IB(Xiy Zz) — _F <82€(:B,0;yi))

oBos’

=X, V7' X; =X(Z; GZ, + R) ' X, (2.10)

where R; = 021, ¢ =1,..., K. It thus follows from (2.8) and (2.10) that the information

matrix for B8 over all individuals can be expressed succinctly as

K
(X, Z) = ) XV X, (2.11)
=1
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2.4.2 Information matrix for 0

q(g+1)
2

and let w; =y; — X; 8,7 =1,...,K. Note that w; ~ N(0,V;). Then differentiating the

Let 6; denote the jth element of the variance components vector 8, j =1,.. ., +1,

log-likelihood given in expression (2.7) with respect to 6; and using Results A.4.1 and A.4.2

from Appendix A yields

ol(B,0;y:;) 1 [(9 In |V V! w}

50, 2| a6, " “Vias,
__1 18V _ 1] ~1 0V,
=-3 [ (V 5, ) w,V; a4, 1 (2.12)

The second-order partial derivative of (3, 8;y;) with respect to the parameters 6; and 0,

is thus given by

82€(ﬁ,0»Yz)_
09,06,
| L0V, oV, _,0V,
¢t V<l _ / 1
z[r( i 58, aek) ( i aeae,) WiV 50, Ve B,
/ aV 1
F WV aekv J (2.13)

Since E(w; w}) = V; it follows that

L, 0V, 92V, 52V,
E(wv1 ZYi y- i):E{ (V‘ - -1 Vs
<W 90,00, ¢ T o006,V WY TV 50, 8

and

V. oV, AV,
E ,Vl : = 1 w
( 09, ' 80, ) E [ <V o9, ae W"”l’)]

OV, _ OV,
=tr | Vil—Vv/!
T(l 26, aek)

Substitution of these identities into the expectation of expression (2.13) yields

020(8,6; y,) 1 OVi. OV,
E _)§7z — _,_t. ._1
( 00,00, ) 2 ’“(Vz 20, aek>
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Thus the (7, k)th element of the information matrix from the 7th individual corresponding

to parameters ¢; and 6, is given by

0%(B,0;y:)\ 1 19Viy, 10V,
| 7y = _p(ZESBYIN 2y 2.14
Is,0.(Xs, Z:) E( 99, 96 ) 2r( 96, ' 06, 24

fori =1,..., K. Clearly, for the full data set y, i.e. for all individuals, this becomes

0V,
Ip,0,(X,Z) = Zt (V1 M).

Thus, the information matrix for 8, I4(X, Z), over all individuals is a matrix with (5, k)th

element equal to Iy, 4, (X, Z).

2.4.3 Information matrix for 3 and @

Taking the partial derivative of expression (2.9) with respect to 6, gives

0%0(B,0;y,) , 0V
L =X, 5, (yi—X;8)

and thus the information matrix for 8 and 6; is

0%(8,6;y:) A
_E< 013 99 ) —X 00;

E(yi — X;B) =0. (2.15)

It thus follows that the information matrix for 8 and @ jointly can be expressed in

block-diagonal form as

I(X,Z) 0

Iso(X,Z) = , (2.16)

0 IX,Z)

where the matrices I5(X, Z) and Iy(X, Z) are the information matrices over all individuals

for B and 0, respectively.
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2.4.4 Information matrix for ¢ and G

It is very common to consider V; = Z; G Z!+021,, with variance components corresponding

to o2 and the distinct element of G. The results pertaining to these components are a

e

special case of those in Section 2.4.2 and they are presented in this subsection. Two cases
are considered, one with V; = Z; GZ! + ¢21,, and the other with V; = ¢2(Z; G*Z/ + 1),

where G* = % G.

e

Case 1: V, =Z;,GZ, + 021,

, . 1
Suppose the vector of variance components 8 composes the variance o2 and the %

distinct elements of the variance-covariance matrix of b;, G. Let g, be the (r, s)th element

of G. Then
A
o7

Thus, from expression (2.14) it follows that

tr (V2. (2.17)

Loz, (Xs, Z;) = %tr (Vi_laviv_lavi> B

2 Vi 2
do? 9o

Furthermore,
AL oG
Vi _ g 95
Ogrs  OGrs Z

Since G is a symmetric matrix

oG u,u if r=s
Ogrs

u,u, +uul if r#s

where u, represent the rth column of the identity matrix Iy, (see Harville, 1997, pages
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999-300). Thus

IV, Z;u,u,Z;, if r=s
5 =
Ire ZowwZ) + ZowwZ!, if v A
- Zi0)% 0y if r=s
L Zi ()2 (5 T+ zi,(s)z;'(r), if r#s

or, equivalently,
oV,

0Grs

where z; (,y is the rth column of Z; and 9, is the Kronecker delta defined as

(2.18)

1
= 55 (20 Zig) + Zi()Zin)}

L, if r=s
(5‘rs: .
0, if r#s

Thus, from expressions (2.14) and (2.18) it follows that

— 1 -1 aV’L 1 8V1
Igra,gtu (X“ Zl) N 5 tr (Vz agrs Vi 5gzu>
ot
251"5 X 25114

1 . _ _ _
X 20rs % Qbtu {(Zg,(u)vi zi,(T))(Z;,(s)Vz‘ 1Zi,(t)) + (ZQ,(t)Vi ]Zi,(r))(zi,(s)vi 1Zi,(u))

-1 -1 _ _
+ (Zi,(u)Vi Zi,(s))(zfli,(r)vi Zi,(t)) + (Zi,(t)Vi 1Zi,(s))(Z§:,(T)V1‘ lZz',(u))}

tr {V (2o 020 (o) + 2i0) 2] Vit (2% + 2w ] }

[NCR I NOY [

1 B ) ) )
= 55 % P {(2 ) Vi 200 (20 Vi 200) 4 (20 ) Vi 2000y (2 Vi 200) } - (2.19)

Let C; = Z;V['Z; and let Ciyy = 2} ,)V[ 'z, () denote the (r,u)th element of C;.
Then (2.19) can be more written succinctly as

1

Fore % Dben {Ciru Cist + Ci 0 Ci i} . (2.20)

IQTSygtu (X'l:) Zl) =
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Furthermore, expressions (2.14) and (2.18) yield

1 -1 aVz -1 8V1 ]. _9 8V2
Ly o2 (Xi, Z) = 5 tr (Vz’ 90,V a02) 2 \Vi g
11 g2 /v 1y
=5 X gt {7 Vi zm + 20 Vit = 5 2m Vi B!

Let D, = Z, V2 Z, and thus D;,, = z;’(T)Vi‘in,(s) is the (r, s)th element of D,. Thus

1
Ly, 02(Xi, Zi) = 55 Dins: (2.21)

A convenient ordering for the elements of G was introduced by Mentré, Mallet and

-1
Baccar (1997). Specifically, let r.s = s+ T(LZ—)

. Then the term I, ,,.(X;,Z;) can be
taken to be the (r.s,t.u)th element of the information matrix for the distinct elements of
G, 1g(X;, Z;). Similarly, the term I, 2(X;, Z;) can be taken to be the (r.s,1)th element

of the joint information matrix for o? and G, Ig .2(Xj, Z;).

Now, using expressions (2.17), (2.20) and (2.21), the information matrix for

(g+1)

0 = (02,911,921, -, 9qq), 1€, for o2 and the g 5 distinct elements of G for the ith

individual is given by

L2o2(Xi, Zi) g o2(Xi,Z;)
Ie(Xi,Zi) - ‘ , 'l = 1,...,K. (222)
Ios2(Xi,Zi)  1a(Xy, Zy)

Then the information matrix for ¢2 and G over all individuals is equal to

K
(X, Z) = Y 1o(X, Zy).
i=1

Case 2: V,; =02 (2, G* Z, +1,,) where G* = i? G
Ue
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Let g7, be the (r, s)th element of G*. Then

AV, .

'—872 - Zi G Z:’ + Id1
and

—8& == O'Z Zi '({E Zi.

dgrs 997,

So, from the result in expression (2.18) it follows that

oV,
dgr,

2
g
5o {200 %) + B i ) (2.23)

Now, using expression (2.14)

1 -2 , 2 1
7y = 2w V2 (z.Gr z ,}: _ 2.24
(X Z) = 5t {Vi? (G 2+ 1)’} = 5 (2:24)
Furthermore, from expression (2.14), (2.20) and (2.23) it follows that
4
Ue
Loz 00, (X0 20) = 55 g {Cir Gt + Cisu i} = T Lgpe00 (X Z:) (2.25)

and

o;

Lo, 02(Z:) = 2 5 20rs

{V;l (Z; G* Z; + Id.i) (Zi,(r) sz_1 Zg’(s) + 2 (5) v! zg’(r))} ,

UZ ~1 * rpl 1
= 5= VI (ZiG 2+ 1) Cope = 55

Ci,-rs

Now using the Mentré et al. (1997) notation, the term I,. .- (X;, Z;) can be taken
to be the (r.s,t.u)th element of the information matrix for the distinct elements of G*,
Ig-(X;, Z;). Similarly, the term L. ,2(X;,Z;) can be taken to be the (r.s, 1)th element of
the joint information matrix for o2 and G*, Ig- 02(Xy,Z;). Thus, the information matrix

for
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0" = (02,911, Go1» - - - 95) for the dth individual, is given by

Iaz,az(Xh Zz) IG‘,UE(Xh Zz)
(X, Z)= | 7 =1 K (2.26)
Ig o2(Xi, Z)  Ia-(Xs,7Z;)

and the over all information matrix for o2 and G* is equal to

K
I-(X,Z) = > 10(X;, Zs).
i=1

2.5 Random coefficient regression models

As mentioned in the introduction section of this chapter, this thesis focuses on the use of the
linear mixed model for longitudinal data. Furthermore, it has been noted in Section 2.2 that
such data have two sources of variation, within- and between-individuals. This variation
can be introduced into a random coefficient regression model, which is a regression model
with some or all of the parameters considered to be random effects. The random coefficient

regression model can be written in terms of the linear mixed model as
yi=X;B8+2Z;b; +e,

where Z; = X; or Z; comprises a subset of the columns of X; with this subset the same for
all 4,7 =1,..., K. In the following subsections two cases are considered, first the special
case of the random intercept model and then the more general case of the random coefficient
model. Both of these models are considered in this thesis but particular attention is given

to the random intercept model.
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2.5.1 Random intercept model

The random intercept model is commonly used to describe longitudinal data. It is a special
case of the random coefficient regression model with the first column of the design matrix
X; equal to 14 and Z; = 1,4, where 14 is the d; x 1 vector of 1’s. Then under the linear
mixed model formulation, the general random intercept model for the ith individual can be
written as

Vi=XiB+14bi+e (2.27)

where the term b; is the random component of the intercept, and the other terms in the
model are the same as those introduced in Section 2.2. The random terms b;, i =1,..., K,

are assumed to be independently normally distributed with mean zero and variance ot

Then the variance of y; in (2.27) is given by
V=014 + 0834 = 021y, + 73 4,) (2.28)

2
where v = % is called the variance ratio (Longford, 1993, page 27) or the degree of
correlation (Goos, 2002, page 79). The random intercept model in (2.27) is also called the

compound symmetry model (Longford, 1993, page 28).

The observations within an individual are not independent because Cov(y;,yi;1) = o

ifj #j'. As Var(y;;) = of + o2, the observations within the same individual are correlated

with intra-class correlation coefficient

a;
p= 2

5
oy +o;

The intra-class correlation measures the similarity between observations within an individ-

ual and it is also known as repeatability (Henderson et al., 1959).
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The information matrices for B and @ in the random intercept model can be obtained
from the results for the linear mixed model. Recall from expression (2.10) that the infor-

mation matrix I5(X;, Z;) for the ith individual is given by
(X, Z;) = X, V1 X,

fori =1,...,K. Let X; = [1,4 Xi], where X comprises the columns of X; not corre-

sponding to the intercept. Then the information matrix for the ith individual is given

by
1, 5 1V, 1,V'X,
X! XVl XIViX,

Using Result A.2.1 from Appendix A with V; specified in (2.28), it follows that

_ 1 Y
\ (Iy, —- Ja,).

Further
- 1 Y d;
1, Villy = =1/, (I, — ——Jy )1y = —— "
di 3 d; o_g d,( d; 1+d1’}’ dz) (11 Ug(l‘l‘dl’\/),
VK, = 2RIy - — 30K = & (%%, - T %1,1 X,
: o2 1+d;y o2 | 1 gy e
and
Lo R X1,
XVilly, = = Xy — ————Jy )1y = i
d; O'g z( d; 1+dz’}/ dz) d; 0'@2(1+dz7)
Thus
1 d; 1'.5(1'
(X, Z;) = 2Ord | < 3 ~d1 ) N (2.29)
‘ ' Xilg, (14div) XiX; — X141, X;
fori=1,...,K. Clearly the overall information matrix for 3 is then given by

K
15(X,Z) = ) 15(X, Z,).
i=1
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Consider now the information matrix for 8 = (02, 02). Since V; = o2I; + 02J; it follows

that

v, oV,
(9—0'3 = Id. and TC'E = Jd,-

i

and thus that from expression (2.14)

1 (oa8V) 1 o\
. ) = — . = — T T 1 £ )
Igg,ag (Xz, Zz) 2tT‘ (Vz 80’3) 20-;1 [(d ) T (03 -+ di(fg

1 _10V; 2 o d;
Lz 52(Xi, Z;) = Sir (Vi 803) ~ 2(02 4 dio?)?

and

1 AS oV, d;
I X, Z)==tr{VIZ—2y 1) - "
23X Zi) 2" ( Yo ! 802) 2 (0% +d;0?)?

Therefore the information matrix for @ = (62, 0?) from the ith individual is given by

1 o? 2 d;
— |(d; =1 e "
ol {( )+ (03 + diol?) } (02 + d;o?)?
1
I(Xs,Z;) = 3 (2.30)
d; d?
(02 + dio})? (02 + diop)?
o2
and this can be written in terms of o2 and the variance ratio v = —’; as
Ue
1 d;
di — 1)+ :
B (S R
Ig(Xi, Zl) = 20_;1 (231)
d; d?
(1 +diy)? (1+diy)?
fori =1,..., K. Clearly the overall information matrix is given by

K
L(X,Z) =) "1o(X,, Z:).

=]
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Now consider the alternative parametrization of the variance components with 8 =
2
o) . . . .
(02,7) where v = —% Then the variance-covariance matrix of the response for the ith
Ue

individual y; is given by expression (2.28), that is by

Vi = 02(La, +7J4,)-

Hence
1 7
Vit =5l - J4,).
% 0_3( d; 1+d2"/ d.,)
Moreover
8Vi 1 avl
S5z — o2 Vi= Ll +7Js and = 0234,
Thus
1 0V, P
IU?:UZ(Xz', Zz) = 5 tr (‘/vZ 80-3) = E’
1 oV \? 42
1 X, Z;) = ~t V! i _ i
and

1 _,0V; oV, d.
IUQ Xi; Zi = —{ V 1 1V71 ? — t
00020 = (VUGS ) = st

Thus the information matrix for 8 = (¢2,) from the ith individual is given by

1
; ot o2 (1+d)
Io(X:,2:) = 5 (2.32)
1 d;

o (L+diy)  (1+dy)?
and the overall information matrix is equal to

K
1(X,Z) = > 1y(X:, Z).

i=1
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2.5.2 Random coefficient model

Consider the case when all parameters in the regression model are random, i.e. Z; = X,

fori =1,..., K. Then the linear mixed model can be rewritten as
yi=Xi(B+bi)+e=X;8;+e,

where 8, ~ N (8, G). Under the normality and independence assumptions relating to b; and
e;, the marginal distribution of y; is given by y; ~ M(X; 8, V;) where V; = X; G X/ +021,,.
Therefore by using Result A.2.4 from Appendix A the information matrix for 8 can be

expressed as
I5(Xi, Z:) = X{ (X GX! +0215) 7 Xi = {X[(021,) "' X, + G}

= {UX) 4Gy} (233)

1
where G, = ;G. Hence

A K
Var(g) = o { P

i=1

(Xi X))+ Gv]_l} :

Furthermore, when X; = Z; the (r.s, t.u)th element of the information matrix for G from
the ¢th individual, I¢(X;, Z;) in expression (2.20), becomes

1 _ -
(Ic)rsiu(Xiy Z;) = e X o {(Xﬁ,(r) Vi X)) (X5 Vi X))

+ (X () Vi ) (X Vi! Xi)} (2.34)
where xg,(u)Vi_lxi,(,‘) is the (r, u)th element of I5(X;, Z;) (Mentré et al., 1997).

Consider now the case where Z; comprises a subset of the columns of X, i.e. when a

subset of the coefficients B are random. Let 8 = (B, B,], where B, is a vector of fixed
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effects and B, is a vector of random effects and let the matrix X; be conformably partitioned

as Xi = [Xli Xgi] where Xgi = Zi, 1= 1,2, RN K. Then
yi =Xy B+ X0 (B + bi) + e, = X; B, + e,

where

0
ﬁi::ﬁ—l_
b;

Suppose that the variance-covariance matrix of b; is Go. Then, under the assumption that

0

b;
where
0 0
G = ,
0 Gy

the distribution of the response y; for the ith individual is normal with mean X; 3 and
variance-covariance matrix V, = X;GX! + 021, = X3 Gy X}, + 021,,. Therefore the

information matrix for @ from the ith individual can be written as

Iﬁ(Xi, Zl) - X; (Xl GXZ + 0'3 Idi)—l X,; = [0’3 (Xi Xi)_l + G]_l

1 _ 1 0 0
= — [(XiX)™ +G,] b = (XX
ag ag
€ ¢ 0 Gy,
where
0 0 1
G7 = and ng == Go.
0 Gz, oe

The information matrix for the variance components @ can be derived from the results of

Subsection 2.4.4, specifically from expression (2.26).
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2.5.3 Invariance to linear transformation of X;

Consider the random coefficient model with Z; = X, which can be written as
yi=XiB+Xib; + e

where b; ~ N(0,G), e; ~ N(0,021) and b; and e; are independent, 7 = 1,2,..., K.

Suppose that the columns of the design matrix X; are linearly transformed as
X:r=X;A, i=1,...,K

where A is a p X p nonsingular matrix. Then the transformed model can be written as
yi =X 8"+ X! b} +e;,

where 8* = A~! B and b = A~!'b; with b} ~ A(0,G*) and G* = A~'G (A~!'). Thusa
linear transformation of the columns of X; induces the transformation 8* = A~! 3 in the
fixed effects and b} = A~!b; in the random effects. More particularly the structure of G

after transformation depends on A and is very often not preserved (Longford 1993, pages

98-93).

For example, consider the simple linear regression model with X = [1 x| where x is a
column vector of observations x and suppose that 2* = a + bz, where a and b are nonzero

constants. Then

1 a 1 a
X=X , e A=
0 b 0 b
Let
911 912
G 1t 9
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Since
A-l 1 —a/b
0 1/b
it follows that
2a a?

g1 — —b—912 + pgzz
G'=A"'G(A7Y =
a

Consider now the following cases.
(i) For the random intercept model with g2 = ga2 = 0,

g 0

G = =G’

0 0

and thus the structure of G is preserved.

(ii) If g1y = 912 = 0, i.e. when the model has a random slope, then

0 0
G = but G = 92

B2
0 g2

@’ —a

-a b

In this case the structure of G is totally changed. That is, for the random slope model

the linear transformation may result in a different structure for G unless a = 0.

Note more generally that for the random coefficient model, the variance-covariance matrix

of the response for the ith individual y; does not change due to a linear transformation of

the columns of X;. That is, V! = X! G* (X*) + ¢21 = V,. Therefore the information

matrices

Le-(X5) = (X3) (V)7 X}

)



2.6 Optimum design for the linear mixed model 29

and

I5(X;) = X, V{l X;
are closely related through Ig-(X}) = A’I5(X;) A. However, due to the change that may
oceur to the variance-covariance matrix of the random effects on a linear transformation of

the explanatory variables, the nature of the underlying model may change.

2.6 Optimum design for the linear mixed model

Methods of estimation for the fixed effects 8 and the variance components 8 for the linear
mixed model have been discussed in Section 2.3. These methods are well-known and have
been widely treated in the literature (see for example Verbeke and Molenberghs, 1999).
However, few studies relating to the construction of optimal designs for the precise estima-
tion of B and @ have been reported. The goal of this thesis is to investigate such designs
and the necessary background to the theory of optimal design for the linear mixed model is
now presented in this section. Much of the material is based on the seminal papers of Mallet
and Mentré (1988), Mentré et al (1995), Cheng (1995), Lohr (1995), Mentré et al (1997),

Abt, Liski, Mandal and Sinha (1997), Abt, Gaftke, Liski and Sinha (1998), and Atkins and
Cheng (1999).

2.6.1 Design problem

In optimal experimental design the general objective is to select values of the control vari-

ables so that the quantities of interest are estimated as precisely as possible. For the linear
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mixed model described in Section 2.2 attention focusses on the fixed effects 3 and the vari-
ance components 8. Thus designs which in some sense maximize the information on these
parameters and which are constructed by an appropriate choice of the design matrices X,
and Z, fori = 1, ..., K are sought. Note that for the random coefficient model the design
matrix Z; comprises a subset of the columns of X; and thus the design problem reduces
to a consideration of the design matrices X;, # = 1, ..., K. In this thesis only random

intercept and random coefficient models are considered.

2.6.2 Exact and approximate population designs

Suppose that repeated measurements are taken on a group of n individuals either at different
times or on different conditions or different factor levels. Suppose further that the group can
he divided into r cohorts and that the ith cohort comprises n; individuals each with design
matrix X; corresponding to d; observations. Note that the total number of individuals is
given by n = 3. n;. The matrices X; are distinct with dimension d; x p where p is the
number of parameters in the parameters vector of interest, . This specification defines an

exact population design, &,, which can be conveniently summarized as

Xy, oo, X,
fn =
ny, ey Ny
The design matrices X;, ¢ = 1,...,r, which comprise the support of the population design,

are taken from a set S of all possible such matrices. The set S can be finite, specifically
S = {Xy,..., Xk}, or infinite. Note also that Y";_ n;d; observations are taken in total.

Now using I,(X:) as the Fisher information matrix for cohort ¢ and dropping the dependence
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on Z;, the information matrix for the population design &, can be expressed as

Ia(én) = Z niIa(Xi)'

In the linear mixed model the parameter vector a corresponds to 3 or 8 or both and I,(X;)

to the associated information matrix.

An approximate population design is a probability measure £ on the space S which
assigns a weight v; to the ith individual design matrix X;, where 0 < v; < land >, v =1,

that is
X, ., X, r
£ = ’ , 0<wi<l with Y v=1
Uy, ..., Ur i=1
It is often convenient to express the weights associated with an approximate design £ on a
per observation rather than a per individual (or per cohort) basis. Specifically let w; be the

weight per observation for the ith individual design matrix X;, ¢ = 1,...,r. Then, since

there are d; observations associated with that individual, the weights v; are given by

v — w; /d;
b wi/d;
and conversely
Wi — V; di
CoXud
fort=1,...,7. The approximate design can thus be expressed as
Xy, oo, X, r
6: , O<w; <1 with szzl
Wy, ..., Wy i=1

The information matrix corresponding to X; can be expressed on a per observation basis as
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and is often referred to in this form as the standardized information matrix. Then the

information matrix for the design £ on a per observation basis is given by
M. (€) =Y wiMq(X)).
i=1 :

This formulation involving the weights per observation, w;,@ = 1,...,7, is used throughout

this thesis.

In the above discussions an approximate design was taken to be a probability measure on
the set of design matrices S which has finite support. This can be justified more generally
as follows. Let M be the set of all information matrices of the form M,(X;) for X; € S.
This set is compact and convex (see Theorem 2.1.2, Fedorov, 1972, page 66). Then by
Carathéodory’s Theorem any information matrix can be represented as a weighted sum of m

p(p+1)
2

information matrices where m < +1 with p the number of parameters in the vector

o (see Silvey, 1980, page 72). Thus, for any approximate population design ¢, there exists

another approximate population design ¢ with finite support such that My (€) = Ma(€)

(Mentré et al, 1997).

Once an approximate optimum design has been constructed there can be problems with
its implementation in practice. Specifically the weights associated with the designs do
not necessarily translate to integer numbers of individuals in a cohort and thus to integer
numbers of observations. In other words, if there are n individuals in total in an experiment,
then the allocation of nv; individuals to cohort ¢ for ¢ = 1,..., K may not be integer.
In many studies the near-optimal exact design is obtained by using the closest integer
assignment to the approximate allocation but this may not be optimal in the exact design

sense. However, Cook and Nachtsheim (1980) and more recently Pukelsheim and Rieder
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(1992) and Pukelsheim (1993, pages 325-327) have developed algorithms for constructing

exact designs from given approximate optimum designs which are highly efficient.

2.6.3 Optimality criteria

Consider the linear mixed model with parameters 8 or 8 or both 3 and 8 corresponding to
the generic parameter ce. The aim of optimal experimental design is to in some sense max-
imize information on the parameters. Since it is not possible to maximize the information
matrix itself, at least for p > 1, it is usual to consider a convex function of the information
matrix M, (£), ¥{M,(€)}. Such a function ¥ is called an optimality criterion. If it does
not lead to ambiguity () will be used to denote W{M,(¢)}. There are a number of such
criteria and those of D- and of L-optimality are discussed, within the context of the linear

mixed model, in the next two subsections.

It is relevant at this point to introduce the notion of the directional derivative of a
convex function W(¢). Specifically let the design {x represent the design which puts unit
mass at a single design matrix X € S and let the design ¢’ be given by &' = (1 — €)¢ + ¢ €y
for any € with 0 < e < 1. Then the derivative of the criterion ¥(£) at ¢ in the direction of

&x, is given by
BEx,€) = lm = [U{(1 = OML() + Malx)) — (UML), (239)

This directional derivative provides a powerful tool in the construction of optimal designs.
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2.6.4 D-optimality

One of the best known and most widely used optimality criteria is that of D-optimality. In
the context of the linear mixed model this criterion is specified as the determinant of the
population information matrix, [M,(€)|, where Mg(§) = D -7_; wi M, (X,). Maximization
of |[M4(¢)| is equivalent to maximization of In|M, ()| and the design £* is said to be

D-optimal if it maximizes the function

V(&) = In Mo (&)] - (2.36)

The General Equivalence Theorem for D-optimality presented in the seminal paper of
Kiefer and Wolfowitz (1959) relates to the standard optimal designs for regression models
but can be modified to accommodate population designs. Specifically suppose that all the
information matrices M, (X;), where X; € S, are nonsingular. Then the following lemma is
a necessary precursor to the formulation of the Equivalence Theorem for population designs

and is based on Lemmas 2.2.2 and 2.2.3 in Fedorov (1972, page 71).

Lemma 2.6.1 The function In |M,(€)| is concave on the set of information matrices M.
Furthermore, for a population design &, the directional derivative of U(£) = 1n |M,(¢)] at &

in the direction of &, is given by

¢(£x:§) = tT{MO,(f)_I Ma(fx)} - D

where p is the number of parameters specified in the vector ce.
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Proof

It follows from the convexity of the set of information matrices that a design £ = (1 —¢) &, +

€éx,0 < ¢ < 1, has information matrix
M(§) = (1 — ) Ma(&1) + € Mo (&x)- (2.37)
Thus from Result A.2.2 of Appendix A it follows that
M. ()] = [Ma (€] Ma (&I

and hence that
In[Ma(€)| > (1 —¢) In M, (&) + € In |Ma(&x)] -
Thus In |[M,(£)| is concave on the set M.

To prove the second part of the lemma, take the logarithm of the determinant of the

information matrix specified in (2.37) as

In M ()] = In |(1 — €) Ma(&1) + e Ma(&x)] -

Differentiating with respect to e yields

%ln IMa(§)] = tr{[(1 —¢) M., (&1) + fMa(gx)]_lg[(l — €)My (&1) + €M, (éx)]}

= t’f‘{Ma(g)_l[Ma(éx) - Ma(él)]}

Then from Result A.4.1 of Appendix A and from the fact that M, (€) = M,(&;) when e =0

it follows that
$(6xs) = limy - In ML (6)] = b7 (ML(6) " Ma(60)} — p.
a

The General Equivalence Theorem for D-optimal population designs is now presented.
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Theorem 2.6.1 The following three conditions on the D-optimal population design £* are

equivalent:

1. The design &€* mazimizes In |[Ma(€)|.
2. The design €* minimizes maxxes tr{M;!(§) Ma(X)}.
3. The support of £&* is contained in the set of design matrices, X, such that
tr{M; (") Ma(X)} = p
where p is the number of parameters in o.

The proof of this theorem follows from Lemma 2.6.1 and is given in Fedorov (1972, pages

71-73), Cheng (1995) and Mentré et al. (1997).

The Equivalence Theorem provides methods for the construction of and for verifying the
D-optimality of a design. However, it says nothing about the uniqueness of the optimum
designs. In this thesis, the uniqueness of optimal designs is not considered in any detail.
Thus designs constructed numerically and found to be optimal are described and would
appear to be unique. However it is recognized that other designs which are optimal and

which are based on more or fewer support designs may well exist.

D-optimal population designs can be compared on the basis of their efficiencies. Specif-
ically, the D-efficiency of an arbitrary design £ with respect to a D-optimal population

design £* is defined as

_(IMa@©1)”
28 (239)

where p is the number of parameters in the vector a (Atkinson and Donev, 1992, page 116).
o 1.
The ratio is raised to the power ’ in order for the efficiency to be normalized with respect

to the number of parameters of interest.
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Recall the discussions on invariance to linear transformation from Subsection 2.5.3.
Specifically, for a linear transformation of the form X! = X; A the information matrices
for B and B, I5(X;) = X; V71X, and Ip-(XF) = (X)) (V™' X2, are related through
Ig-(X7) = A'I5(X;) A. Therefore the standardized information matrices for 8 and 8* at

the population design ¢

g L (X2
Mg-(&) = > wMp(X}) = > w, ™ fi 9
i=1 i

i=1

and

M;g(€) = ZwiMﬁ(Xz’) _ Zwi Iﬂ(d).(i)

=1

are also related through Mg-(¢) = A’ Mg(£) A. Thus
[Mj-(€)] = |A*|M(€).

Since A is a constant, maximizing In [Y"7_ w; Mg-(X})| is the same as maximizing
In 377, wi Mg(X,;)| and thus the D-optimal population design for 3 is invariant to a linear

transformation.

Recall from expression (2.14) that the (j, k)th element of the information matrix from

the ¢th individual corresponding to parameters 8; and 6y is given by

1 A oV,
Lo, 0.(Xs) = 5tr (V;l 50 \% %k)
; ,

fori=1,..., K. Note also that the overall variance of the ith response V; does not change
with a linear transformation X} = X; A. This implies that

1 w1 OV OV
19;9;(Xi) = 5157' ((Vz’) 1%(‘71') : 6; ) = Lg;0,(Xi)

because V; = V}. Therefore the standardized information matrices for 6

Mafe) = 3w

=1
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and

. I (X
Mg‘(g)zzwi 9;-1)
i=1 *

are the same. Thus the D-optimal population designs for € are also invariant to linear

transformation.

However, it is important again to emphasize that for the random coefficient regression
model, the variance-covariance matrix for the random effects in a linearly transformed model
G* can be structurally different from G. In other words, the nature of the random terms
in the underlying model can change with a linear transformation and hence a particular

D-optimal population design for 3 or @ can be optimal for two quite different model settings.

2.6.5 L-optimality

Let A and B be p X p matrices. Then a function L which satisfies the following three

conditions
i. L(A+B)=L(A)+ L(B),
ii. L(cA) = cL(A), where ¢ is a constant, and
iii. for a positive semi-definite matrix A, L(A) > 0

is called a linear function. Optimality criteria which are based on such linear functions of
M !(¢) have been widely used in many design problems. According to Fedorov (1972, page
122) a design &* is said to be linear-optimal or L-optimal if it minimizes a criterion of the

form

UL(§) = L{M;'(€)}.
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The following Lemma is a necessary precursor to the formulation of the Equivalence
Theorem for L-optimal population designs and is based on Lemma 2.9.1 in Fedorov (1972,

pages 123-124).

Lemma 2.6.2 The function L{M;(£)} is a convex function on the set of information
matrices M. Furthermore, for a population design &, the directional derivative of Vi (§) =

L{MZY (&)} at & in the direction of & is given by
¢r(éx, &) = L{M;(€)} = L {M;"(6) Ma(&) M1 (6)} -

Proof

As for Lemma 2.6.1, the proof follows from the convexity of the set of information matrices,

that is from expression (2.37). Thus from Result A.2.2 of Appendix A it follows that

M, H(§) = {(1 =) Ma(&) + e Ma(&)} ' < (1 - ) M7 (&) + e M7 (&),

Then from the conditions defining L-optimality,

L1 = ) Ma(&1) + e Ma(&)] 7} < (1 =€) L{MZ (&)} + € L {M" (&)}
and thus L {M;1(£)} is convex on the set M.

To prove the second part of the lemma, note that by Result A.4.2 from Appendix A

W_ai@ = =M (€) [Ma(éx) — Ma(&1)] MZ1(€).

Then, in view of the linearity of the function L,

. aM(;l -1 -1 -1
o) =t L () < L) - 1 (Mo M0 M 0)
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where M, (€) = M, (&) when e = 0. a

The General Equivalence Theorem for L-optimal population design £* is now presented.

Theorem 2.6.2 The following three conditions on the L-optimal population design £* are

equivalent:
1. The design & minimizes L{M;!(£)}.
2. The design £ minimizes maxxes L{M;' (&) M, (&) MZ1(€)}.
3. The support of £ is contained in the set of design matrices X such that

L{MZN(€") Ma (&) M (€)} = L{M, ()}

The proof of this theorem follows from Lemma 2.6.2 and is given by Fedorov (1972, pages

125-127).

Note that in Theorem 2.6.2 if L {MZ'(¢)} > 0 the L-optimal population design &* will

be unique (see Fedorov, 1972, page 128).

More recently Atkinson and Donev (1992, page 113) defined the L-optimal criterion as

a special case of that introduced by Fedorov (1972) and specifically as

Vr(6) = tr{M;1(6)Q},

where Q is a p X p matrix of coefficients. Note that if Q is nonnegative definite of rank
s < p it can be expressed in the form Q = BB’ where B is a p x s matrix of full column

rank. Tt then follows that

V(&) = tr{M;'(6)Q} = tr{M,(¢)BB'} = tr{B'M!(¢)B}.
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If Q = cc, then tr{M;'(¢) cc'} equals ¢/ M7 (€) ¢, the variance of the estimator of the
linear function ¢’ &, and thus the L-criterion reduces to that of c-optimality. Also if Q =1,

then the criterion Wy (¢) = tr{M;!(¢)} reduces to A-optimality.

Suppose that interest centers on the precise estimation of the mean responses at a given
set of design points. Suppose further that these design points are assembled in a matrix
X, of full row rank. The maximum likelihood estimator of the mean responses at X, in
mode] (2.1) is equal to X, B and its asymptotic variance based on a design ¢ is given by
X, Mgl(f)X’g. Thus a suitable optimality criterion is that of average variance, termed

V-optimality, and expressed proportionally as
Uy (€) = tr {X, Mz (&)X, } = tr {M;(6) X)X, } .

This is clearly a special case of the L-optimality criterion introduced by Atkinson and
Donev (1992) and thus, in turn, of that introduced by Fedorov (1972, page 122). The
subscript V' is used to indicate that the criterion relates to the variances of mean responses.
Thus a V-optimal design is that design for which ¥y (€) is minimized over the set of all
possible population designs. V-optimality is an important and widely used criterion and
was introduced within the context of the linear mixed model by Abt et al. (1997). It is

used extensively in this thesis.

Note immediately that the V-optimality criterion is invariant to linear transformation
(see Subsection 2.5.3). This follows directly from the fact that the mean response X 3 is
itself invariant to such transformation. Recall however that in case of the random coefficient
regression model the nature of the random terms in the underlying model can change with

a linear transformation and hence that a particular V-optimal design can be optimal for

two quite different model settings.



2.6 Optimum design for the linear mixed model 42

Since V-optimality is a special case of L-optimality, it follows immediately from Lemma
2.6.2 that the directional derivative of Uy (€) = tr{Mjz'(¢) X! X,} at ¢ in the direction of

éx 1s given by
v (éx, &) = tr {M5' () XX, } — tr {M5'(€) M (&) M5 (€) X[ X, } .

Further the General Equivalence Theorem for V-optimal population designs is given in the

following theorem as a special case of Theorem 2.6.2.

Theorem 2.6.3 The following three conditions on the V -optimal population design £* are

equivalent:
1. The design & minimizes tr {Mz'(€)X!X,}.
2. The design & minimizes maxxes tr {Mz'(€) Mp(éx) M5! (6) X/ X, }.
3. The support of £* is contained in the set of design matrices X such that

tr {Mg ' (£") Mip (&) M5 1(€) XX, } = tr {M5"(€") X[ X, } .

V-optimal population designs can be compared on the basis of their efficiencies. Specifi-

cally, the V-efficiency of an arbitrary design ¢ with respect to a V-optimal population design

&* is defined as
= tr{MEl(g*)X’g X,}
‘ tr{Mz" (&)X, X,}
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2.7 A brief review of the related literature

2.7.1 Optimal designs for the fixed effects

There are few studies reported in the literature on the construction of optimal designs
for mixed models and many of these have already been referred to in Section 2.6. These
literature once again are drawn together here for the sake of completeness. At the end
of this subsection some general studies, which are not discussed in Section 2.6, are briefly

reviewed.

The concept of D-optimal population designs was first introduced by Mallet and Mentré
(1988) for estimation of parameters in nonlinear mixed model. They also introduced an
Equivalence Theorem for D-optimal population designs. Later Mentré et al. (1995) and
Mentré et al. (1997) discussed this concept in more details for the same model. Mallet
and Mentré (1988) and Mentré et al. (1997) propose an algorithm to construct D-optimal
population designs. Further they compute D-optimal population designs based on a finite
set, of individual designs for a linearized nonlinear mixed model, which is in effect a random
coeflicient model, numerically. The individual designs in this set have sizes which vary from
1 to m where m is the number of time points in the experiment. In addition, they introduce
cost functions which are based on the number and nature of observations in an individual,

and on the duration of experiment for each individual.

Cheng (1995) and Atkins and Cheng (1999) consider optimal population designs for
the quadratic regression model with a random intercept on the interval [-1, 1], where the

random intercept in this model is a random block effect. Cheng as well as Atkins and
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Cheng discuss the Equivalence Theorem for D-optimal population designs. Cheng gives
a candidate two-point D-optimal population design (that is, design with blocks of size
two) for fitting quadratic regression model and shows its global optimality by invoking the

Equivalence Theorem.

Atkins and Cheng (1999) extend the results of Cheng’s two-point D-optimal designs to
general block size for fitting quadratic model. Further they discuss A-optimal population
designs and show that in some cases knowing the D- and A-optimal designs when all of the
random errors are uncorrelated can help to find D- and A-optimal population designs for

fitting random intercept models.

Abt, Liski, Mandal and Sinha (1997) present optimal population designs for the simple
linear regression model with errors having a compound symmetry. This model is equivalent
to a random intercept model. Abt et al. (1997) construct approximate optimal population
designs for precise estimation of the slope parameter f; in the simple linear regression model
based on specified sets of individual designs defined on the set {—k, —k+1,...,0,... k —
1,k} algebraically. They use the design criterion which minimizes the variance of the
generalized least squares estimator of 3. Further, they derive V-optimal population designs

for growth prediction algebraically. However, they do not introduce Equivalence Theorem

to check the global optimality of the V-optimal designs and optimal designs for 3,.

In a second paper, Abt, Gaffke, Liski and Sinha (1998) consider optimal population
designs for quadratic regression model with errors having a compound symmetry. They
calculate A-, D- and E-optimal approximate population designs for precise estimation of
the slope and quadratic parameters based again on specified sets of individual designs

defined on the set {—k,—k+1,...,0,.... k — 1,k} numerically. They also construct V-
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optimal population designs for growth prediction based on these sets numerically and in
addition they examine depends of optimal designs on the variance ratio. However, they do

not introduce Equivalence Theorem for any of the criterion used.

Tan and Berger (1999) compute D-optimal designs for polynomial regression models
with a random intercept numerically and compare them to designs with equally spaced time
points. Verbeke and Lesaffre (1999) discuss the design aspect of longitudinal experiments

when drop-out is to be expected.

The construction of optimal block designs has been considered by many authors, for
example, Pukelsheim (1983), Bagchi (1987), Yah (1988), Atkinson and Donev (1989), Shah
and Sinha (1989), Mejza and Kageyama (1995), Morgan (1997). More recently Goos and
Vandebroek (2001) and Goos (2002) have derived results on exact D-optimal response sur-

face designs in the presence of random block effects.

Several authors have discussed optimal designs for generalized linear mixed models, for
example, Snijders and Bosker (1993; 1999, pages 141-154), Moerbeek, Van Breukelen and
Berger (2001) and Moerbeek and Ausems (2003). Ouwens, Tan and Berger (2002) compute
locally D-optimal designs for first- and second-degree polynomial random coefficient models

with first-order autoregressive serial correlation numerically.

Jones and Wang (1999) and Jones, Wang, Jarvis and Byrom (1999) have computed

D-optimal discrete designs for nonlinear mixed model numerically.
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2.7.2 Optimal designs for the variance components

Khuri (2000) provides a comprehensive review of the literature on designs for estimating
variance components. In this subsection, studies which are related to this thesis are dis-

cussed.

The information matrix for variance components and hence the design criteria are func-
tions of the unknown variance components, for example, see expressions in (2.30) and (2.32).
Thus, the choice of an efficient design cannot be made without some knowledge of these
variance components. In this case there are two approaches to compute the optimal designs,
local and Bayesian optimality criteria. The local optimality criteria require specifying some
prior values of the variance components (Chernoff, 1953). Mukerjee and Huda (1988) and
Giovagnoli and Sebastiani (1989) discuss locally optimal designs for estimation of variance
components in multifactor and one-way random effects models, respectively. The Bayesian
optimality criteria allow one to put a prior on the unknown parameter and thus avoid
the overdependence on a single value of the parameter (Atkinson and Donev, 1992, page
197). Lohr (1995) gives Bayesian optimal designs for estimation of functions of variance

components and the variance components themselves in one-way random effects model.



Chapter 3

Aims and Objectives of the Study

3.1 Introduction

The theory of optimal design for the linear model was mainly developed for responses that
are independently and identically distributed. This thesis is concerned with the derivation
of optimum designs for linear mixed models, which are the models that are appropriate
for describing certain correlated responses. The problem of constructing optimal designs
for linear mixed models is, however, very broad. Thus, this thesis is mainly focussed on
optimal design theory for random coefficient regression models which are special cases of
the linear mixed model. The broad aim of the study is to obtain explicit expressions for

optimal designs for these models.

This Chapter is organized as follows. In Section 3.2, the design problem and the data
set that is used in this thesis are described. The models, designs, design criteria of interest,

and the aims and objective of the thesis are discussed in Section 3.3.
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3.2 Problem

In longitudinal studies, it is common for a researcher to take measurements on individuals
at equally spaced time points. This design is very often not optimal for longitudinal experi-
ments. For instance, if the researcher knows that the relation between the response and the
time points is a simple linear regression with uncorrelated errors then it would be more ef-
fective to take measurements at the extreme time points in order to estimate the regression
parameters precisely. However, for longitudinal studies, measurements on an individual at
different time points are very often correlated. Therefore, the selection of optimal time
points should consider the correlation structure of the measurements. An example of a
longitudinal experiment is an animal experiment in which a researcher may be interested
in collecting data at a fixed number of time points, say two, three or more, due to some
constraints such as one on the total number of measurements. Then the design questions
posed by the researcher are at which time points to take measurements, how many repeated
measurements to be made on each animal, how many animals to use in the study and how
to optimally allocate the time points to the animal so as to estimate the parameters of the

model as precisely as possible.

This study was motivated by a data set from an experiment undertaken at the Inter-
national Livestock Research Institute (ILRI), Kenya (Duchateau, Janssen and Rowlands,
1998, page 13). The objective of the research was to compare breed differences in suscep-
tibility to the disease trypanosomosis. The animals used in the experiment are from two
different cattle breeds, N’Dama and Boran. Six animals were taken from each breed. The
percentage packed cell volume (PCV), which is the percentage of the volume of the blood

serum taken up by the red blood cells, was measured for each animal at a series of fourteen
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different time points following experimental infection with trypanosomosis. The data are
shown in Table 3.1. Duchateau, Janssen and Rowlands (1998) fitted different models to
this data, including a simple linear regression model with a random intercept where the

animals are included as a random effect.

If the researchers were to redesign the experiment, some of the questions to be considered
from the design point of view would be: how many animals should be allocated to different
designs t, where t is a vector of time points, and how many measurements should be taken
at each time point within a design t in order to estimate the fixed effects, the variance
components and the mean responses of an appropriate linear mixed model as precisely as
possible. These questions inspired the present study and capture the aim and essence of

this thesis, which is to provide answers to these questions.

3.3 Aims and Objectives of the study

The optimal design problem introduced in Section 3.2 is now formulated within a more

specific framework.

3.3.1 Models

Consider a longitudinal experiment with K individuals. Suppose that each of the K in-
dividuals provides measurements y;; at d; time points ti; taken from the set {0,1,...,k},

where j = 1,...,d;, i =1,..., K and k is an integer. Furthermore, suppose that the time



Table 3.1: PCV (%) at a series of 14 different time points following experimental trypanosomal infection in cattle from

the N'Dama and Boran breeds.

Days following infection

Breed Animal 0 2 4 7 9 14 17 18 21 23 25 29 31 35

Boran 1 362 359 353 354 354 315 255 344 341 258 287 216 213 178
2 359 385 359 36.0 363 363 252 31.5 30.6 287 290 239 213 181
3 295 333 292 299 29.0 299 21.3 274 255 255 248 236 22.6 204
4 285 2716 279 277 293 267 213 267 252 236 23.6 200 194 172
5 304 295 288 287 287 27.1 207 252 229 232 229 207 19.1 185
6 337 362 333 322 309 296 226 303 283 258 245 216 175 159
N’Dama 1 304 330 333 319 306 312 27.7 28.0 283 27.7 258 26.1 245 226
2 375 318 36.5 357 357 338 334 315 325 347 306 31.5 252 287
3 324 304 317 312 315 277 271 274 29.0 280 274 283 26.1 229
4 343 330 27.5 36.3 34.1 306 27.7 29.9 280 27.1 26.7 287 239 226
5 304 321 321 309 306 296 236 29.0 29.6 287 27.1 258 26.1 242

6 404 375 388 370 389 319 271 315 31.2 331 354 306 287 26.1
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t;; is the only explanatory variable for the response y;;. The following three models for this

experimental setting are considered in the thesis.

1. Simple linear regression with a random intercept

The simple linear regression model with a random intercept is given by
Yij :ﬁo_}—ﬁltij—}_bi—l_eij) j: 1,...,di, 1= ].,...,K’ (31)

where it is assumed that the ith individual effect b; is M'(0, 02), that the random error
associated with the jth observation on the ith individual e;; is (0, 0?), and that b;
and e;; are independent for j = 1,...,d; and i = 1,..., K. The intercept 3, and slope

B, are the fixed effects and of and ¢ comprise the variance components.

The matrix form of model (3.1) is
yi:Xi,8+1dibi+ei, 7 = ]., ey K,

wherey; = (yi1 ¥i2. .. ¥ia,)'s Xi = [14, t:] is the design matrix with t; = (¢, tia, . .. ytia,)'
a vector of time points, B8 = (6, 61) and e; = (e, ei0,...,€i,)". Furthermore

b; ~ N(0,0¢), & ~ N(0,0%1,,) and 8 = (02, 62) is the vector of variance components.

2. Quadratic regression with a random intercept

The quadratic regression model with a random intercept is given by
Yij = Bo +bi+ Biti; + Botl ey, 5=1,...d;, i=1,..., K. (3.2)

It is again assumed that b; ~ N(0,07), that e;; ~ N(0,02) and that b; and e;; are

independent for j = 1,...,d; and i = 1,... K. The matrix form of this model is
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similar to that for the simple linear regression case except that here 8 = (6,, 81, 52)

and X; = [1; t; (t?)], where t&& = (13,13, ..., t2,).
3. Simple linear random coefficient regression model

The simple linear random coefficient regression model is given by

Yi; = (Bo+bo) + (B + b tij+ ey, 7=1,2,...,d;, i=1,2.. . K (3.3)
where bg; and by; represent the occurrence of random effects. It is assumed that
boi ~ N(0,03), that by, ~ N(0,02), that e; ~ N(0, 03)'and that bo; and by; are
correlated with Cov(boi, b1;) = obge,. Further it is assumed that the error terms ey
are independent of by; and by; within and between individuals. Therefore, the vector
of variance components is given as 6 = (07,07, 07, Guoe, ). The matrix form of model
(3.3) is

yi=XiB+Z;b; + e
where Z; = X; = [14, t;] with t; = (i1, ti2, .., tig,)'s B = (8o, B1)', by = (bos, bis)' and
e = (€, €i2,...,€q,). Let b; = (bo;, by;)" be the vector of the random effects. Then

for the above model

2
Ub Ub b
0 001
Var(b,)) =G = ,
2
Oboby Oy,

bi ~ N(O, G) and e;, ~ N(0,0'S Idi).

3.3.2 Designs

Consider the longitudinal experiment described in the previous subsection. The d-point

design t = (t1,...,tq), where t; € {0,1,...,k}, which puts equal weight on each point
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is termed a d-point individual design. The space of all such designs for d = 1,...,k + 1
is relevant to the design problems in this thesis and specifically, the optimal population
designs are constructed from this space and its subspaces. "“Two sets of individual designs
are considered in this thesis; the set of designs with non-repeated points, i.e. with 0 <¢; <
... < tg < k and the set of designs with repeated points, i.e. with 0 <¢; < ... <t;<k.

The spaces of designs for both cases are described below.

Space of designs with non-repeated time points

Consider the set consisting of all possible d-point individual designs ¢ = (£1, s, . . ., t4) which

put equal weights on the distinct time points ¢y, o, ..., ty with
tje{O,l,...,k}and0§t1<t2<...<td§/c (34)

where k is an integer with £ > 1 and d < k+ 1. The space of designs for non-repeated

points can thus be defined as the set

Sd,lc:{t: t:(t17t2)~--7td)7tj€{O>1>"'>k}>jzla"-7d> OStl<t2<'~<tdSk}-

kE